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Chapter 1

Introduction

This thesis is concerned with the study of quantitative aspects of the stability
of certain dynamical systems that exhibit some type of strong hyperbolic features.
The content of Chapters 2 and 3 is closely related to the the topic of open dynamical
systems, which aims to understand the evolution of systems with holes in the phase
space. This topic has received increasing attention in the last few years; see | ]
for an exposition of such systems.

In Chapter 2, we establish rigorous scaling laws for the average bursting time
for bubbling bifurcations of an invariant manifold, assuming the dynamics within
the manifold to be hyperbolic. This type of global bifurcation appears in nearly
synchronized systems, and is conjectured to be typical among those breaking the
invariance of an asymptotically stable hyperbolic invariant manifold. We consider
bubbling precipitated by generic bifurcations of a fixed point in both symmetric
and non-symmetric systems with a codimension one invariant manifold, and discuss
their extension to bifurcations of periodic points. We also discuss generalizations
to invariant manifolds with higher codimension, and to systems with random noise.
Most of this work was published in | |, jointly with Brian R. Hunt.

In Chapter 3, we consider a piecewise smooth expanding map of the inter-

val possessing two invariant subsets of positive Lebesgue measure and exactly two



ergodic absolutely continuous invariant probability measures (ACIMs). When this
system is perturbed slightly to make the invariant sets merge, we describe how the
unique ACIM of the perturbed map can be approximated by a convex combination
of the two initial ergodic ACIMs. The result is generalized to the case of finitely
many invariant components. This work, joint with Brian R. Hunt and Paul Wright,
was recently accepted for publication, | .

The goal of Chapter 4 is to investigate a data assimilation procedure (DAP),
an ensemble Kalman filter (EKF) studied in | ], in the context of hyperbolic
systems. We show that for every trajectory on an attractor, the predictions produced
by the DAP remain close to the truth for all time provided the ensemble is properly
initialized, making the DAP reliable. We deal with the case of one-dimensional
unstable direction first, and later extend to higher dimensional unstable spaces.
A feature of this approach is that no model linearizations are involved, making it
efficient and potentially of interest for applications in high dimensional systems.

Lyapunov exponents are also investigated.



Chapter 2
Scaling laws for bubbling bifurcations

2.1 Introduction

The goal of this article is to quantify how quickly an attracting invariant man-
ifold with internally chaotic dynamics loses stability through a bubbling bifurcation
in a certain class of systems. This type of bifurcation occurs when the invariant
manifold ceases to be a asymptotically stable due to one of its embedded orbits
becoming unstable in a direction transverse to the manifold | |. Under this
circumstance, the invariant manifold can still attract a set of positive Lebesgue mea-
sure (and thus, support a physical measure). However, this attractor is extremely
sensitive to small perturbations that make the manifold non-invariant. This scenario
arises, for example, in physical systems with approximate (but not exact) symme-
try, and can give rise to intermittent dynamics called bubbling, where a trajectory
spends most of its time near the manifold but occasionally bursts away.

There are experimental results and formal calculations for particular models
that predict scaling laws for the average time between bursts and the size of the
perturbed attractor as a function of bifurcation parameters in generic bifurcation
scenarios, see [ ] and references therein. Our results make rigorous the
theoretical predictions presented in | ], concerning scaling laws for the average

interburst time in terms of parameters and positive Lyapunov exponents of the



bifurcating orbit. We prove the validity of similar scaling laws for more general
dynamical systems displaying bubbling bifurcations. These results are applicable to
generic systems, as well as to systems that have inherent symmetries.

The scaling laws we describe involve two parameters. One is a normal pa-
rameter as defined in | |. The normal parameter does not affect the invariant
manifold nor the dynamics within it; but does affect the dynamics transverse to the
manifold. The other parameter is a symmetry-breaking parameter that we call ¢,
which when nonzero, perturbs trajectories from the manifold that is invariant for

g = 0. An example with two such parameters is as follows.

(Un, Un) > (Unt1, Vnt1) = (G(Un, 0) + k(vn — up), G(Un, @) + k(un —vy)).  (2.1)

Here, the invariant manifold for ¢ = 0 is the synchronization manifold v = v. The
coupling strength k is a normal parameter.
In this article, we consider a model of such systems in the form of skew-product

as follows:
(xna yn) = (xn—‘rh yn—l—l) = (T(xn)a F(Ina Yn,y D, Q))a (22)

where p and ¢ are the parameters of the model. We consider x and y to be coor-
dinates along and transverse to the invariant manifold, respectively, where we have
made the simplifying assumption that the dynamics of x are independent of y and
the parameters. We study the case of a uniformly hyperbolic base map T with an
invariant SRB (or physical) measure p.

For ¢ = 0, we assume that the system has an invariant manifold {(z,y)|y = 0},
that the corresponding invariant measure p X g undergoes a bubbling bifurcation

4



at a fixed point (z*,0) at p = 0 and that p is a normal parameter in the sense of
[ ]. More generally, our results apply to systems that can be written in the
form (2.2) by a choice of coordinates in a neighborhood of an invariant manifold.
We discuss the scope of this model in §2.3.2. In more general cases, the orbit losing
stability could be a periodic orbit. At various points in this paper we discuss how
to extend our results to this case.

For ¢ = 0, trajectories in the basin of u x dy visit every neighborhood of (z*,0).
For definiteness, we assume that (z*,0) is stable to perturbations of y for p < 0 and
unstable for p > 0. The results of | | imply that generically, when p > 0 is
sufficiently small the invariant measure p x dp still has a basin of attraction with
positive Lebesgue measure. For p > 0 and ¢ # 0, trajectories that come close to
(z*,0) can burst away from y = 0. Depending on the y dynamics, trajectories that
burst may come back close to y = 0 and repeat the bursting behavior, or they may
remain away from y = 0. The former type of dynamics is called bubbling and the
latter, transient dynamics. The existence of a physical or SRB measure for p > 0
and ¢ # 0 and its dependence on parameters is a difficult question. Some results in
this direction, in the context of partially hyperbolic diffeomorphisms, can be found
in | | and references therein. Our results do not distinguish between bubbling
and transient phenomena, and estimate the average time it takes for a trajectory
initialized near y = 0 to burst for the first time. In the case of bubbling, we expect
this average bursting time also to be representative of the average time between
bursts. For the sake of exposition, we refer to the bifurcation that leads to bursts

as a bubbling bifurcation, whether or not bubbling actually occurs.



The scaling of the average bursting time for small p and ¢ depends on the type
of bifurcation the fixed point (z*,0) undergoes when ¢ = 0 and p passes through
0. Asin | |, we consider both the case of a generic transcritical bifurcation
(Theorem 2.1) and that of a generic pitchfork bifurcation (Theorem 2.2). Our main
results are stated in §2.2.2. We study two qualitatively different forms of bursting:
multiplicative and additive. In the former case, bursts are driven by the dominant
effect of the expansion parameter p. In the latter case, bursts occur due to the
accumulation of perturbations to the system, quantified by ¢. (In | ], these
were called drift-dominated and noise-dominated, respectively. We have adopted the
new terminology to avoid possible confusion with other common uses of the former
terms.) We also distinguish between hard and soft bifurcations. A hard bifurcation
occurs when the maximum burst size changes suddenly as p increases, while in a
soft bifurcation the maximum burst size increases gradually with p.

Besides providing a proof for the results predicted in | ], we extend the
range of parameters over which the scaling law is valid, obtaining uniform bounds
for the logarithm of the average bursting time, proportional to the sum of positive
Lyapunov exponents of the bifurcating fixed point in the invariant manifold. Fur-
thermore, we extend those results to more general dynamics: the scaling law is valid
for skew-product systems with uniformly hyperbolic maps in the base variables
() and for fiber (y) dynamics displaying a generic type of bifurcation explained
in §2.2.1 (conditions (i)-(v)) and generalized in §2.3.2. These bifurcations include
generic transcritical and pitchfork bifurcations of fixed points. Period-doubling bi-

furcations can also be treated with our tools, since the second power of a map



with a period-doubling bifurcation gives a map with a pitchfork bifurcation. No-
tice that a saddle-node bifurcation is not possible because the normal parameter
assumption ensures that the fixed point persists on both sides of the bifurcation.
Transcritical bifurcations can occur when the system is not symmetric with respect
to reflection about the invariant manifold, while systems with reflectional symmetry
will commonly have pitchfork bifurcations. As an example, the coupled system (2.1)
is symmetric for ¢ = 0, but if one of the coupling terms is eliminated it becomes
asymmetric.

The structure of the paper is as follows. In Section 2.2, we first set up a
model system in §2.2.1 and derive a Taylor approximation to F' that we use in the
subsequent sections. We state the main results in §2.2.2, and discuss three gener-
alizations in §2.2.3; the case of a periodic bifurcating orbit in 2.2.3.1, the case of
multiple transverse directions in 2.2.3.2, and a case of systems with random pertur-
bations in 2.2.3.3. In Section 2.3 we analyze the dynamics and bifurcation of the
invariant manifold. In §2.3.1, we prove some quantitative results about recurrence
in hyperbolic systems that are relevant for our tasks. In §2.3.2, we discuss the mech-
anism of bubbling bifurcations and a generalization of the model presented in §2.2.1
to which our results apply. In Section 2.4 we prove the main results. In §2.4.1 we
establish upper and lower bounds for the average bursting time in the linear regime
(where the nonlinear terms in the Taylor approximation are small). In §2.4.2 we

complete the proofs, extending those results to the nonlinear setting.



2.2 Statement of results

2.2.1 The model

Throughout this paper, we assume that we have a dynamical system with a
compact, connected, hyperbolic invariant manifold X that undergoes a bubbling
bifurcation. In our context, a bubbling bifurcation will be understood as the one
that occurs when a parameter crosses a value at which the invariant manifold loses
asymptotic stability. This loss of stability is due to one embedded orbit becoming
unstable. In the terminology of | |, at the bifurcation, the normal Lyapunov
exponent to the invariant manifold X becomes 0 on one orbit but remains negative
on other orbits.

To separate the dynamics on X from the transverse dynamics, we will work
with skew-product systems: we assume that (near X) the dynamical system can be
written in the form (2.2), where T : X O is a transitive C? Anosov diffeomorphism
or a uniformly expanding map, and F is C'™! in z and is C? as a function of y, p
and g. We let p1 be the SRB measure for 7" (see 2.3.1.1).

For ¢ = 0 we impose the following conditions:

(i) F(z,0,p,0) = 0 for all  and p, so that X = {(z,y)|y = 0} is an invariant

manifold.

(ii) z* € X is a fixed point. We let A be the sum of positive Lyapunov exponents
of z* associated to T'.
(iii) X is asymptotically stable for p < 0, g—g(x, 0,0,0) > 0 for all x, %—5(3:*, 0,0,0) =

8



1 and %(m*, 0,0,0) > 0, so that p = 0 is a bifurcation value corresponding

to the loss of asymptotic stability of X.

We remark that the assumption that %—i(x, 0,0,0) > 0 always holds if the map (2.2)
is a diffeomorphism, because then %—g(x, 0,0,0) must be nonzero for all z, and if it is
negative we consider the second iterate of (2.2). The following assumption related

to (iii) is generalized to the non-degeneracy condition (iii”) in §2.3.2.

(iii") The global maximum of %—5(~, 0,0,0) is unique and occurs at z*. This implies
that the orbit (z*,0,0,0) is the only orbit becoming unstable as p passes

through 0.

(iv) The bifurcation of the fixed point z* as p goes through 0 is either a generic
transcritical bifurcation (in the asymmetric case) or a generic pitchfork bifur-

cation (in the symmetric case, where F(z,y,p,0) = —F(z, —y, p,0)).
We also assume the non-degeneracy condition:

(v) %—I;(x*, 0,0,0) # 0, so that varying ¢ from 0 breaks the invariance of X near

*

T .

With these requirements in mind, our model takes the following form:

4

Tn+1 = T(xn>

\ Yn+1 = F(xnay’mpa Q) (23)

= (f(zn) + h(2n)p)yn + q9(zn) + Olqy + p*y + pg + ¢ + ¥?),

\

where f(x) = %—5(1‘,0,0,0), g(x) = %—Z(m,0,0,0), h(z) = %(m,0,0,0). Notice that
%(9&, 0,0,0) = 0 for all £ > 1 by condition (i) above.

9



For definiteness, we assume ¢ > 0, and we think of ¢ as the strength of the
asymmetry in the system; we also refer to the term gg(x) as the kick. By (iii)
above, f(z*) =1 and h(z*) > 0, and by the non-degeneracy condition (v), we have
g(xz*) # 0. In fact, without loss of generality, we assume g(z*) = 1 = h(z*). This
amounts to possibly rescaling ¢ and p, and possibly changing the sign of .

For p > 0 and ¢ = 0, the invariant manifold X is no longer asymptotically
stable due to the fixed point x* becoming unstable in a direction transverse to the
manifold. However, since 0 < f(z) < 1 for & # z*, then most orbits close to X
continue to be attracted to X. This is due to the fact that when p is small, the
transverse dynamics is contracting outside a neighborhood of x = x*.

Let a(z) = ﬁ%(w,0,0,0), where p € {2,3} corresponds to the most signifi-
cant non-linearity of the dynamics of z* for ¢ = 0, that is, p = 2 for a transcritical
bifurcation and p = 3 for a pitchfork bifurcation. Then a(z*) # 0, and without loss
of generality, we can rescale y to assume a(z*) = +1. The remaining higher order
terms involve only higher powers of y, p and q.

If the system does not have inherent symmetry constraints, we have generically

that p = 2, and the bifurcation that 2* goes through as p crosses 0 is a transcritical

bifurcation. In this case, we can write:

F(z,y,p.q) = (f(x) +h(x)p)y +q9(z) + a(x)y* + Olqy + P’y +pa+ ¢* +°), (2.4)

with a(z*) # 0.
On the other hand, if the system is symmetric with respect to changing the

sign of y, or if z* undergoes a period-doubling bifurcation and we consider the

10



second iterate of the map, the generic value is p = 3 and the corresponding generic

bifurcation for x* is a pitchfork bifurcation. In this case, we can write:

F(a,y,p,q) = (f(x) +h(2)p)y+qg(x) + alx)y’ +b(x)y* + Olgy +p°y +pa+¢* +y"),

(2.5)
with a(xz*) # 0 and b(z*) = 0 (of course, b(x) = 0 for all x if F(x,y,p,0) is an odd
function of y).

In both scenarios, the size of the bursts may be small and determined by the
size of the perturbation parameters. We call this case a soft transition; it happens
if ga(z*)g(z*) < 0 in the asymmetric case, and if a(2*) < 0 in the symmetric case.
If ga(z*)g(x*) > 0 in the asymmetric case or a(z*) > 0 in the symmetric case, the

size of bursts is not so limited; we call this case a hard transition.

2.2.2 Main results

In order to state the results, we introduce some notation. For a fixed threshold

Y > 0 and {(z,,Yn) }nez, trajectory of (2.2), we define its bursting time as:
(Y, 20, y0) = min{|yn| > Y}.

Recall that p is the SRB measure for T : X O. For y, fixed, we define the average

bursting time as:

1

(Y,y0) = — / (Y, 2,y)du(x)dy.
23/0 X x[—yo0,y0]

Since perturbations from the invariant manifold y = 0 are proportional to ¢, we will
generally consider yy to be of order ¢ and set 7(Y') := 7(Y, ¢). We will simply write
7 when the threshold is clear from the context.

11



Remark 2.2.1. Our proofs also apply to the case where T' is a nontransitive Anosov
diffeomorphism or, more generally, an Axiom A diffeomorphism, with z* belonging
to a hyperbolic attractor A. In this case, the basin of the SRB measure p supported
in 4 may no longer have full Lebesgue measure, and there may be other SRB

measures for T, supported away from A.

Our main result in the case of generic transcritical bifurcations (p = 2) is the

following.

Theorem 2.1. Consider a family of skew product systems as in (2.3), with F' as
in (2.4) satisfying all conditions in § 2.2.1 above (2.3). Assume that p,q > 0.
Then, there is a constant C' > 1 and a threshold Y independent of p and ¢ in the
hard transition case (ga(z*)g(z*) > 0), and proportional to max(p, \/q) in the soft

transition case (ga(z*)g(xz*) < 0), such that the scaling of the bursting time satisfies:

e (Multiplicative case). For each e > 0, if (p, ;%) is sufficiently close to (0,0) and

-1
q > p?eP¢? | then

e (Additive case). There exists C' > 0 independent of p, ¢ and the map 7" on X

such that for (g, %2) sufficiently close to (0, 0),

(Recall that A is the sum of positive Lyapunov exponents of the fixed point z*.)

This result is proved in §2.4.2.1.

12



In the case of pitchfork bifurcations, which are generic for symmetric systems

(p = 3), the main result is:

Theorem 2.2. Consider a family of skew product systems as in (2.3), with F as
in (2.5) satisfying all conditions in Section 2.2.1 above (2.3). Assume that p,q > 0.
Then, there is a constant C' > 1 and a threshold Y independent of p and ¢ in
the hard transition case (a(z*) > 0), and proportional to max(,/p, /q) in the soft

transition case (a(z*) < 0), such that the scaling of the bursting time satisfies:

e (Multiplicative case). For each ¢ > 0, if (p, pi%) is sufficiently close to (0,0)

P ~ 1
and ¢ > p2e PC” | then

e (Additive case). There exists C' > 0 independent of p, ¢ and the map 7" on X

SV

such that for (¢, £-) sufficiently close to (0, 0),
1 Y

C—IA S Og71—< )

q_%

< CA.

This result is proved in §2.4.2.2.

The results predicted in [ ], with the additional hypothesis that ¢ is
not exponentially small compared to p, are consequences of Theorems 2.1 and 2.2.

These results are:
Corollary 2.3. Consider the following model systems of bubbling bifurcations:

Tpr1 = 2z, (mod 1) 25)
2.6

Ynt1 = (f(xn) +p)yn +ayh +4q for |y‘ <landpe€ {2’ 3}7

13



where f(0) = 1, 0 < f(x) < 1 for z # 0, a # 0, and parameters p,q > 0 are
1
sufficiently small. In the multiplicative regime (pﬂfpl > q > pﬁe*pcp, for some

C > 1), for a threshold Y chosen as in the theorems above, the average bursting

time obeys the following scaling laws:

1 Y
&(2) =log2, when the coupling is asymmetric (p = 2) and
(.5)=(00) - log £
1 Y
lim L(WZ =log2, when the coupling is symmetric (p = 3).
(p,~%)=(0,0) L ]og 2
p2 p lal'/2q
We have included in the conclusion of Corollary 2.3 terms from | ] in-

volving a; while these terms do not affect the limits, they may make the limits

converge faster.

Remark 2.2.2. The function f(x) = cos(2mx) considered in | | does not meet
our hypotheses because for technical reasons we have assumed f to be positive.

However, our proofs can be adapted to such an f.

2.2.3 Generalizations

Here, we discuss three generalizations of our results. The first one concerns
the replacement of the bifurcating fixed point by a periodic orbit. The second one is
about the case of multidimensional transverse direction, that is, when the invariant
manifold has codimension greater that one. The last one is to the case of random

additive noise.

14



2.2.3.1 Periodic bifurcating orbit.

In case the bifurcating orbit is periodic of period d instead of a fixed point,
after imposing non-degeneracy conditions, we could set up a model for bubbling
bifurcations similar to that of 2.2.1. In this situation, when x gets near the periodic
orbit, we would study the d-th power of T. The main difference with the fixed point
case is that instead of having just one fixed point to keep track of, we would have d
of them, and this introduces some technical difficulties. Although we do not carry
out in detail all the calculations needed for this generalization, we do discuss the
differences with the fixed point situation and provide ideas of how to extend the

theorems in this case; see Remarks 2.3.7, 2.3.9 and 2.4.8.

2.2.3.2 Multidimensional transverse direction.

In this section we discuss a generalization of our analysis to the case when
the codimension of the bifurcating invariant manifold X is larger than 1. As in
hypotheses (i), (ii) and (iii) in §2.2.1, we assume that the attracting chaotic invariant
manifold disappears when a direction transverse to X becomes unstable, that the
orbit that first becomes unstable is a fixed point z*, and that the bifurcation occurs
at the parameter value p = 0.

Let ¢ represent the multidimensional directions complementary to x. Our

model system (2.3) then becomes:

15



Tn41 = T(xn)

gn-i—l = F(.%’n, gn7p> q)
If Fis sufficiently smooth with respect to ¥, p and ¢, we can bound the higher order
terms as before. Following | ], we impose the non-degeneracy condition that
for p = ¢ = 0, the fixed point z* has a unique neutral direction transverse to X with
eigenvalue 1, and that all other eigenvalues of %—? (*,0,0,0) have magnitude less than
1. We choose a norm defined by an inner product for ¢, such that the corresponding
norm of %—I;(x*, 0,0,0) is equal to 1. Corresponding to (iii’), we assume that there
are functions f and h on X, with f having a unique maximum of 1 at x = x*, such
that H%—g(x, 0,p,0)|| = f(z) + h(x)p + O(p?). Then, one can show that the largest
eigenvalue of %—I;(:p*, 0,p,0) is 1 + h(x*)p + O(p*). We call ¥(p) the corresponding
eigenvector for the adjoint to %—I;(:c*, 0,p,0), and let g(z) = %—Z(x, 0,0,0). Then, we

can bound the growth of the norm of ¥ as in the one-dimensional case,

Gns1] < (f(zn) + h(2)p)|Fn] + allG(zn) || + Oq|Fn] + PP|Tn] + pa + ¢ + 7))

Thus, the analysis of §2.4.1.2 remains applicable. We can bound the growth of

the norm of ¢ from below in a similar way, with an additional error term of order
|0 — 27| Gl
Ynt1-V(p) 2 (f (zn) + h(@0)p) Y- U(p) + qG(zn)- ¥(p)
+0(q|Gn] + PGl +pg + @ + |Fal* + |20 — 2*||70]).
(If g(z*)-v(0) < 0, we change the sign of ¢.) In order for the analysis in §2.4.1.1

to be applicable, the conditions that need to be satisfied are that g(z*)-7(0) # 0,

16



corresponding to (v), and, additionally, non-degeneracy conditions analogous to
(iv) making x* undergo a transcritical or pitchfork bifurcation. The main remaining
complication to adapting the arguments in § 2.4 is that there is no analogue of
Lemma 2.4.1 in this case, because the direction of / can rotate while = is away from

T*.

2.2.3.3 Random perturbations.

The results are generalized to some random dynamical systems, where the
deterministic mismatch g(z,) is replaced by a stationary sequence of independent
random variables g,. This is presented in §2.5. We could also treat the case of

combined random noise and deterministic mismatch with our methods.

2.3 Invariant manifold: dynamics and bifurcation

2.3.1 Dynamics on the invariant manifold

In this section, we present results we need for the base dynamics given by 7', a
transitive C? Anosov diffeomorphism. We assume 7 has a fixed point z*, and derive
quantitative dynamical properties that are used in our estimates in §2.4, following
references | I, [ ] and | ].

We note that all results of this section also apply to expanding maps. In
particular, the model system with base dynamics given by T'(z) = mz (mod 1) is
rich enough to give a good understanding of most of these properties. For general

T, the analysis we present is somewhat more involved.
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2.3.1.1 Existence of Markov partitions and SRB measures.

Classical works of Sinai | | and Bowen | | show that uniformly hyper-
bolic dynamical systems have Markov partitions of arbitrarily small diameter. Such
partitions allow one to study the dynamics in symbolic terms, since all invariant
measures of hyperbolic systems are projections of invariant measures on symbolic
systems that are semi-conjugate to 7.

Moreover, given any point € X, Pesin and Weiss show | , Thm. 3] that,
after possibly passing to a power of T', a Markov partition R can be chosen in such
a way that z is in the interior of a Markov rectangle. We will choose such a special
Markov partition with the hyperbolic fixed point z* in the interior of a rectangle we
call Ry.

Because of our hypotheses on 7', there is always an invariant measure that is
physically relevant: the SRB or physical measure | , ]. We will call it p.
This measure is the one of interest for us, since its basin contains a full Lebesgue
measure set of trajectories. Another relevant property of u is exploited in §2.3.1.3,
namely, that the g measures of cylinders around a point (see definition below) are
asymptotically determined by the sum of positive Lyapunov exponents.

For a fixed Markov partition R = {Ro,...,Rp_1} of (X,T), we denote by
w;(z) the index of the partition set to which T%(z) belongs, provided that T%(x)
belongs to only one partition set. Note that this is undefined on the set for which
T*(z) belongs to the boundary of a partition set, which has y measure zero | ,

Prop. 3.1]. We denote by Q7% the set of sequences (w;)icz C ¥p allowed by the
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dynamics of T. Cylinder sets are nonempty sets S C X of the form S = {z €
X|wi(x) = bk < i < k+1}, up to a set of u measure zero, for some k € Z, 1 > 0
and b; € {0,1,...,D — 1}. Such a cylinder set S has length [ + 1 and is based
at k. We write C(k,k + ) to denote the collection of all cylinders of length [ 4 1
and base k. We say that two cylinders S; € C(k;, k}), i = 1,2, are determined by
non-overlapping words if either k] < ky or k) < k.

Below, we use P, to denote the probability of an event with respect to p. For

example,
Pu(we = b) = p({z € Xlwi(z) = b}).

We also use E, for the expectation with respect to pu.

2.3.1.2 Expected hitting time.

For a p measurable set S with p(S) > 0, let 7¢(z) be the first time the orbit
of x visits (or hits) S, that is, 75(z) = min{k > 0|T*(x) € S}. By ergodicity, the
hitting time Tg(x) is finite for p almost every x € X and defines a u measurable
function on X. The following lemmas relate the expected hitting time with pu(S).
The first one, which follows from | , §5], gives an upper bound and holds for
cylinder sets. The second one gives a lower bound and is valid for all measurable

sets S of sufficiently small measure.

Lemma 2.3.1. There exists a constant U = U(T,R) > 1 such that for every
cylinder set S,

() = [ ms(an(a) <

7s) = [ Ts(x)du(x) < .

! X 1(5)
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Lemma 2.3.2. If 4(S) < § then

E,(1s) := /XTg(x)d,u(x) > iS)

Proof. Let Sy, := {z € X|r5(z) = k}. Hence Sx C T7%(S) and therefore u(S;) <

w1(S), which gives the lower bound

ZkuSk =ZZM :ZZNSk =Z< u( ))
LﬁJ Ll
> 2 (1—ju(S)) = Lu(ls)J - L““’M;( 1Y )
1 O g+ 1\ 1—pu(9) 1
et )2 (1) 4 2
where the last inequality follows from the fact that p(S) < 1. O

2.3.1.3 Consecutive number of iterates near a fixed point.

It is necessary for our purposes to understand the distribution of the number
of consecutive iterates a trajectory spends in a neighborhood of the fixed point x*.

Following traditional notation, we let
B.(n,€) := {z| dist(T"x, T"2) < e Vi = 0,1,...,n}.

A trajectory z stays within € of x* for n iterates if x € By« (n,€). Let Z := {\ >

Ao > -+ > Agimx | be the Lyapunov spectrum of 7" at z*. Let
dim X
A= Z (A4, where (\); := max(),0), and y := €.

i=1

A lower bound on the number of iterates close to z* is given by:
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Lemma 2.3.3. There exist constants C' = C(T) and ¢ = ¢(Z) such that for all
0 > 0 sufficiently small,

((By=(n,0)) = C67x .

Proof. 1t is shown in | , § 4.4] that for € > 0 sufficiently small there is some

constant C' = C(T, €) such that
p(Bye(n,€)) > Cx 7"

Also, by Corollary 6.4.17 in | |, if € > 0 is sufficiently small, there is a con-
stant A = A(T) such that if z € Bg«(n,¢€) then for 0 < ¢ < n, dist(T'z,2*) <

.....

and let o = 2log x/\ and k = [M] Then Ace** < § and if k > 0 we have

1(Bye (n,8)) > p(Bye (n + 2k, €)) > Cx =020 > Cgex ™, -

Obtaining upper bounds for the time spent close to z* requires a better un-
derstanding of the dynamical properties of T. Let &y(x),&1(z), ... be the number
of consecutive iterates the trajectory of x spends in successive visits to a Markov
rectangle Ry containing z* in its interior.

The following lemmas will be useful in §2.4.1.

Lemma 2.3.4. There is a constant A = A(T,R) > 0 such that for every k € N and

t > 0 we have:

Pu(fk > t) < AX_t~

Proof. This is a consequence of the so-called exponential cluster property for uni-
formly hyperbolic systems (see e.g. | : ]): there are constants C' and
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0 < 1 such that given any two cylinders S € C(0,a) and S’ € C(0,b),
IPL(SNT(S)) = Pu(S)Pu(S)| < CPL(S)Pu(S")6" .

(Notice that T-"(S") € C(n,n+b), so n —a represents the gap between the symbols
determined by membership in S and those determined by membership in 7-"(5").)
In particular, there is a constant C' such that for any two cylinders S and S’ deter-
mined by non-overlapping allowed words, we have that S and S’ are independent up

to a multiplicative factor C' in the following sense:

P,(SNS") <CP,(S)P,(S") and hence P,(S|S") <CP,(S),

where by P,(S5]S’) we mean the conditional probability Pﬁ};is(gjg),).

To prove the lemma, we fix k and consider the following countable partition Z
(modulo sets of 1 measure 0) of 27 as follows. Each element of Z consists of the
cylinder set of sequences w that share all symbols up to 7, where 7, is the start of
the k-th sequence of 0’s. For example, for k = 1, sequences of the form 101... and
1001 ... would belong to the same element of Z, but sequences of the form 110. ..
would be in a different element of the partition. This is a partition modulo sets of
1 measure 0 since with probability 1, 7, < oc.

By the exponential cluster property, we know that for any Z € Z,
Pu(& > 1]2) < CP,(0).
where 0, is the sequence consisting of ¢ zeros. Therefore,

Pu(&r > 1) = > Pu(é > t|Z)Pu(Z) < CPL(0)) Y Pu(Z) = CP,(0y).

ZeZ ASYA
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The lemma follows from the fact that for rapidly mixing systems, there exist

positive constants \, A such that:
P,(0,) < Ae ™.
Furthermore, since p is an SRB measure, we can take A =logy = A | . O
Given a constant ¢ < 1, let 7, := Z?:o g

Lemma 2.3.5. For ¢ < 1 fixed, there are constants B and 0 < 6 < 1, such that

whenever B <t, <t,
pr =Pume >t nj >t forj=1,....k—1) < AGF\

Proof. First, we show that for any values of ¢,¢;, the events {& = t} and {n; >
tjfor 0 < j < k} are independent up to a multiplicative factor C' given by the
exponential cluster property. Let us make use of the partition Z from the proof of
Lemma 2.3.4 and let Zy ={Z € Z :n; > t; for 0 < j < k}. We remark that Z; is
well defined, since for 0 < j < k, n; is constant p-almost everywhere in each Z € Z.

Thus, we have:

Pu(&e =t >t for 0 < j<k)=> Pu(& =t >t for 0<j < k[Z)P(Z)
ZeZ

= 3" P& = t|2)Pu(2) < CBL0)B(n; 2 1, for 0 < j < k)

ZEZy
< CAX'P,(n; > t; for 0 < j < k).

Now, using Lemma 2.3.4 as the base step, valid for all t,,t, we will prove
our result by induction. Assume we know that for some k,t, and ¢ we have that
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i < AGFx~t. Then, for k + 1 we have:

prrr <o PG = s, = B2 >t for j=0,... k)
+P, ({1 >t —cti,m; >t for j=0,...,k)

< 30T CAXT)(ABR Y U2)) + O(Ax (1)) (405X ™)

< A@’%O( D 1) N SR

X(%*l),l

This establishes the inductive step and the result provided

(:-1)
0 =AC )1(— +1)x =98 and B is large enough that § < 1.
X(Efl) — 1

Let Ny =& +& + -+ + &

Lemma 2.3.6. For 3 sufficiently large and 0 < ¢ < x#/2 | there is a constant

0 < # < 1 such that
fin(t) == Pu(Ny >t + kB, N; > jBfor j =0,... .k — 1) < AP,

Proof. By an argument analogous to the proof of Lemma 2.3.5, the events {&, > t}
and {N; > jB for 0 < j < k} are independent up to a multiplicative factor C.
Using Lemma 2.3.4 as the base step, valid for all ¢, we will proceed by induction.
The base step follows from Lemma 2.3.4. Assume we know that for some k and ¢

fie(t) < AG%xt. For k + 1 we have:
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1 () < S OP (& = 8)iin(t + B — 8) + CPu(Ergr > [+ B)fix(0)

< APFC A O (t+ B+ 1) < AGF+Iy

provided 6 := AC (t + 6+ 1) x?. For any choice of 3, this last inequality gives
explicit restrictions on the allowed size of ¢ in order for § < 1. In particular, for

sufficiently large 3, the argument is valid for any ¢ < y?/2. n

Remark 2.3.7. The analysis of this section dealt with the dynamics close to a fixed
point x* of T'. Results of this section can be adapted to study the dynamics close
to a periodic orbit of period d after taking the d-th power of T. This extension is
not completely trivial, since in this case we would have d fixed points 27, ..., 2z} to
simultaneously keep track of. However, straightforward extensions of the arguments
in §2.3.1.3, yield similar bounds for the analogue of &, n, Vi in this setting. In
this case, A would be replaced by the sum of positive Lyapunov exponents of the

A

periodic orbit and xy = e* would change accordingly.

2.3.2 Bifurcation of the invariant manifold

In this section, we discuss the genericity of conditions (iii) and (iii’) of §2.2.1
about the bifurcation of the invariant manifold when ¢ = 0. While condition (iii’)
is non-generic, we will weaken it to a condition (iii”) that we characterize as a

non-degeneracy assumption.
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The assumption in condition (iii) that X is asymptotically stable for p < 0

oF
oy’

implies that the Lyapunov exponent, equal to the average of log is nonpositive
for all invariant measures of 7" when p < 0. Recall that f(x) = 86—1;(33,0,0,0) > 0,
and observe that f is Lipschitz by our smoothness hypothesis for F. Then by
continuity, the average of log f(z) is nonpositive for all invariant measures of 7', and
further (by condition (iii) again) the average is zero for the delta measure at z*.
Thus, among all invariant measures of T', the average of log f(x) is maximized at
the bifurcating orbit. It has been conjectured | ] and numerically supported
[ | that generically, maximizing (optimal) invariant measures occur at measures
with periodic support. In this respect, we expect in general the loss of stability of
X to occur at a periodic orbit, and for simplicity we consider the case of a fixed
point x*. Furthermore, it is a topologically generic property of Lipschitz and smooth
functions | ] to have a unique maximizing invariant measure. Condition (iii’)
makes the stronger assumption that pointwise the maximum of log f(z) occurs at
*

x*. We can easily weaken this assumption by requiring that it be true for some

change of coordinates. Specifically, we consider
g =mn(x)y, with n(z) >0 for all x € X and n(z*) = 1. (2.7)

Under such coordinate change, the evolution equations for system (2.3) and param-
eters p = ¢ = 0 become:

Tpr1 =T (xy)
(2.8)

gnJrl = F<xnagn7070)7

with F(z,7,0,0) = n(T(z))F(z,0,0,0) + g]%f(w) + O(5?). The corresponding
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coefficient of the linear term in the Taylor expansion of F' with respect to § becomes:

Thus, condition (iii’) can be replaced by

(iii”) There exists a change of coordinates of the form (2.7) for which f has a unique

global maximum at x*.

The following lemma suggests that it is plausible to expect such a change of

coordinates.

Lemma 2.3.8. Let f : X — R be a positive Lipschitz function. Suppose that
among all T invariant measures, the average of log f is maximized at (the measure
supported on) a fixed point z*. Then, there exists a change of coordinates of the

form (2.7) for which the global maximum of f occurs at z*.

Proof. Let ¢(x) = log f(x). This is well defined and Lipschitz, since f is positive
and Lipschitz. Existence of a change of coordinates § = n(x)y changing f into f is

equivalent to having a solution to the following co-homological equation:

¢(x) = ¢(x) + (T (x)) — P(x), (2.9)

where ¢(z) = log f(x) and (z) = logn(z).
When T is uniformly hyperbolic, the normal form theorem | , 4.7] ensures

the existence of a Lipschitz solution ¢ to (2.9) with the following property.

$(z") > ¢(x) + U(T(w)) — (z) =: 6(x).
Therefore, the change of coordinates from f to f given by f (z) = e?@ f(2) has a
global maximum at x*. O]
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With this result in mind, condition (iii”) is similar to the assumption that the

average of log f(z) over invariant measures of 7" has a unique maximum at x*.

Remark 2.3.9. Lemma 2.3.8 extends to the case when the average of log f over
the space of T' invariant measures is maximized at a periodic orbit x7, ..., z}; after
a coordinate change, the global maximum of f occurs at all d points of the orbit.
In this case, our non-degeneracy assumption is that f is maximized only at these d

points.

2.4  Proof of main results

All results in this section refer to dynamical systems of the form (2.3), satis-

fying assumptions (i)-(v) in §2.2.1 as well as either (iii’) in §2.2.1 or (iii"”) in §2.3.2.

2.4.1 Average bursting time in the linear regime

The goal of this section is to derive a scaling law for the logarithm of the
average bursting time 7, valid for burst amplitudes small enough that we can use a
linear approximation to the y dynamics. We consider the effect of nonlinear terms
in the following section. We set a threshold y value Y, and investigate the average
time it takes for an initial condition starting close to X to burst (or escape) to the
threshold.

When p is small, Lebesgue almost all orbits of 7" will spend most of their time
in the region in which f(z)+ h(z)p < 1, so that the y dynamics are contracting

near y = 0. However, since x* is in the support of u, the = trajectory of Lebesgue
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almost every orbit will visit arbitrarily small neighborhoods of x* and thus remain
close to x* for arbitrarily long period of time, eventually resulting in a burst.

A quantitative understanding of this statement allows us to find a cylinder set
S C X such that whenever the = trajectory enters it, the trajectory is guaranteed
to reach the threshold Y. From this, we obtain an upper bound for the average
bursting time in terms of 1(5), since once in S, the time it takes to burst is relatively
negligible.

The lower bound needs further work, since in order to establish it, an under-
standing of all possible escape routes to the threshold Y is needed. In this part, we
will identify a set S’ C X (not necessarily a cylinder but a union of cylinders) such
that the x coordinate of any trajectory that escapes must visit S’ before escaping.
The definition of the set S’ depends on the fact that trajectories may escape not
only through one long sequence of expansive iterates, but instead could follow a se-
quence of alternating expanding and contracting periods. We note that our results
will show that the former is asymptotically the most likely escape route, provided ¢
is bounded below as in the multiplicative cases of Theorems 2.1 and 2.2. The set
S’ also depends on an intermediate y threshold that is presented in §2.4.1.2.

In order to establish upper and lower bounds on the average bursting time, we
restrict ourselves to finding lower and upper bounds on the measure of trajectories
that initiate a burst, p(S) and p(S"). This is enough for our purposes, in view of
Lemmas 2.3.1 and 2.3.2.

We introduce two parameters for the threshold size: a = % quantifies the

number of iterates to reach the threshold for x = 2* and p = 0, ignoring higher
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order terms. The non-linearity parameter s = measures the size of the

_yr
max(pY,q)
dominant non-linear term Y?, relative to the largest term in the linearization of
Yn+1 — Yn at x, = x*. Note that p,q and s determine Y and hence .

Next, we bound the higher order terms in (2.3) by oply| + (¢, where o and
¢ can be made arbitrarily close to 0 by making p, ¢ and s small. In particular, we
assume (,0 < 1.

Throughout this section, we write 7 = 7(Y) = 7(aq), and recall that A =
Z?i:llX()\i)Jr = log x is the sum of positive Lyapunov exponents of z* for . We

also recall that gA is upper bound on the kick ¢(g(x) + (). Let 0 < ¢ < 1 be an

upper bound on f(z)+ h(z)p for x ¢ Ry and define

logl
= 1 1 (4 (pe))
(2) = L+ and K (p, o) = I SEE
zlog(1+ 2) pal(pa)

We say that parameters p,« satisfy condition (%) if « is sufficiently large
(independent of p and ¢) and either pa < %log %, or pa > %log% and K(p,«a) > 1.
We remark that when pa is sufficiently large and p,q and s are sufficiently small,

log %

K(p,a) > 1if k(p) := ]lgeva > a. The main result of this section is the following.

Theorem 2.4. For sufficiently small parameters p, ¢ and s for which the threshold
size « satisfies condition (%), there is a constant C' > 1 independent of p, ¢ and the

map 7" on X such that

C 1A < M < CA.
5 log(1 + pa)

Moreover, in the limit that o — oo and either pao — 0 or pa — oo, C' can be taken

arbitrarily close to 1.
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In order to prove the theorem, we first show that there is a manifold X_z, :=
X x {—kq}, with # = O(1) that gets mapped above itself (in the y direction),
therefore preventing all initial conditions starting above it to escape the strip X X
[—aq, aq] from below. Then, we establish the upper and lower bounds in §2.4.1.1

and §2.4.1.2, respectively.

Lemma 2.4.1. There is a constant & independent of p and ¢ such that the image
of any initial condition (zo,y) of (2.3) with yo > —Rq satisfies y; > —F&q for all
sufficiently small p and ¢. Moreover, in this case, there exists £ > 0 independent
of p and ¢ such that every trajectory for which y, > —kq that remains in the set
|z — x*| < & for a sufficiently long number of iterates ng, independent of p and g,

reaches a positive y value, that is y,, > 0.

Proof. Consider 7 sufficiently small so that when |z¢g —z*| < & we have that g(xo) >
%, h(zg) < %, and such that there is 0 < r < 1 depending only on f such that for
|zo —a*| > Z, f(xg) < 1—2r. When p and q are sufficiently small, 1+ 2p > f(xq) +
(h(zg)+o0)p for |xg—x*| < &, and 0 < f(xo) + (h(zo) —0)p < 1—7 for |z —a*| > .
Let & > M. For |zg—2*| < @ and yo > —Rq, y1 > —qR(1+2p)+ (3 —()g.
Hence, if p and ¢ are sufficiently small, ¢ < § and y; > —&g. For |zg — 2*| > & and
Yo > —FRq, we have y; > —Rq(1—7r)+q(mingex{g(x)} — (). If p and ¢ are sufficiently
small, ¢ < 1 and by the choice of &, y; > —&q.

For the second statement, we know that if |xg — 2*| <  and yo > —F&gq, then

1

Y1 — Yo = (3 — ¢ — 2pk)q. The result follows from the fact that we can apply the

estimate repeatedly, as long as |x; — z*| < 7. ]

31



2.4.1.1 Upper bound for the bursting time.

In this section, we take an initial condition (xo, yo) starting above the manifold
X x {—F&q} and find a neighborhood of x = z* so that whenever the trajectory
remains in it for a sufficiently long number of iterates, it is guaranteed to escape.

First, we present a simple upper bound useful in the additive case. Another
upper bound will be obtained in Proposition 2.4.3 by taking into account the ex-

pansiveness close to z*.

Proposition 2.4.2. For any ¢ > 0, if p,q and s are sufficiently small, and « is

sufficiently large, we have:

log 7

< (14 ¢€)A.

«

Proof. Assume L — 1 is a Lipschitz constant for | f| + |g| + |h|. Let 0 < 5 < 1, >0

15 5

, La} Then, for p,q and s sufficiently small, if

sufficiently small and = min{

/

|z — 2*| < Z we have g(z) — ¢ >0 > 0 and f(z) + (h(z) —o)p >1— Lz >1— 2%

In this situation, for |z, — z*| < # and y, < ag we have:

Unir > (F(@a) + h(@)p)yn — o0la] + a(9(22) = ) > v + (1 — €)dg.

Therefore, a trajectory starting with a positive y value reaches the threshold if it

a(1+42€)

stays in the region |z —z*| < 7 for at least —: 7 consecutive iterates.

<

Q = =
—€)é )

")
Thus, in this setting, we can take S = B« (% n+4mng) as a surely escaping set, where

no = O(1) is as in Lemma 2.4.1. By Lemmas 2.3.1 and 2.3.3, it follows that there

is a constant U = U(T) such that for sufficiently large o, an upper bound on the
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logarithm of the average bursting time is

1 ! ~
logT < Aﬂ +loglU —logz.
4]

Since ¢ > 0 may be arbitrarily small and § can be made arbitrarily close to 1 for

p,q and s sufficiently small, the statement follows. n

Proposition 2.4.3. For any ¢ > 0, if p,q and s are sufficiently small and p« is
sufficiently large, an upper bound on the logarithm of the average bursting time is

given by:

log 7
5 log(1 4 pa)

< (14 ¢)A.

Proof. Using the Lipschitz assumptions on f,g and h, we can find £ > 0 to be
specified later, and § > 0 so that for |z —z*| < Z we have f(z)+ (h(z)—0o)p > 1+3p
for some 0 < ¥ < 1— 0 and g(x) — ( > 6 > 0. By the choices of % and #, every
trajectory with initial condition yg > —FKq that is in the region |xr — 2*| < ¥ for

ng iterates we have that y,, > 0. Hence, if the trajectory remains in the region

|z — x*| < T for another iterate, we will have that

Yngr1 = (f(Tng) + Mg )P)Yn + 9(Tne)q — O |pYn,| — Cq

> (1 + AP)Yno + 04,

and if |z — 2*| < & for another n consecutive iterates,

~ \no 5
Yno+n Z (1+7p) %_Tg

Hence, all orbits that remain in the region |z — 2*| < Z for time
Apats
5
log(1 +7p)

~ log
n .=
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will reach the threshold ag within n steps.
Thus, in this setting, we can take S = B,«(Z,n) as a surely escaping set. By

Lemma 2.3.3, we know that there are constants C' = C(T") and ¢ = ¢(T") such that:
u(S) > Caex .

Thus, by Lemma 2.3.1 we have that there is a constant U = U(T) such that an

upper bound on the average bursting time 7 = 7(Y) is:
T < U ?X" +h. (2.10)

Therefore, there is a constant U = U(T) such that for any ¢ > 0, if p, ¢ and s

are sufficiently small and « sufficiently large, we have:

c 10g’woi+5
log7 < (14 - )A(ng+ ——29 ) +1ogU(1 — log ).
OgT‘( 2) (no log(1+vp)) cgU(l ~logd)

Furthermore, we can make ¥ and 5 arbitrarily close to 1 by making %, p,q and

s sufficiently small and pa sufficiently large. Choosing z = the proposition

__p
log(1+pa)’

follows. O

2.4.1.2 Lower bound for the bursting time.

To get a lower bound for the bursting time, we need to consider different escape
routes. For a given 1y, in order for a trajectory starting at height less than gyq to
escape, it needs to get total expansion by a factor of ;io This expansion can be
achieved in one long sequence of expansive iterates, which corresponds to the case

presented in the previous subsection, or in several expansive sequences.

34



An important characteristic of our model is that the linearized contraction rate
between any two expansive sequences is bounded above by some factor 0 < ¢ < 1
independent of p and «, and that it takes a long time to recover from it. These
consideration will allow us to show that the measure of initial conditions that initiate
an escape is comparable to the measure of initial conditions that escape in just one
sequence of expansive iterates.

The goal of this section is to find a set S’ C X that every escaping orbit must
visit in order to escape. More precisely, the last time a trajectory lies below an
intermediate threshold (specified below) before escaping, its = coordinate must lie
in S’. In order to define S’, we will consider the z dynamics in symbolic terms.
For this, we fix a Markov partition R for T, as in §2.3.1. Growth in the y term
happens when a trajectory spends a long time in the expansive neighborhood of
xz*. When a transition from expansive to non-expansive sequence (or vice versa)
occurs, there is a contraction as described above. We will represent a point x in X
by two sequences of numbers: &(x), & (), . . ., indicating the number of consecutive
iterates the x trajectory spends in a Markov rectangle containing the fixed point x*
and & (z),&(x), . .., indicating the number of consecutive iterates the z trajectory
spends outside of it. We also let Ny, := & +& + -+ & and Ny, := & + - - - + &. All
of these numbers can be thought of as random variables on the Borel probability

space (X, p). Our set S” will be defined in terms of consecutive sequences of &.

Remark 2.4.4. In the case of the maps T'(z) = mx (mod 1), there exists a Markov

partition for which the sequence of §; corresponds to a sequence of iid geometric ran-
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dom variables on the Borel probability space (X, ). In this case, calculations can be
done directly, using only properties of elementary discrete probability distributions.

In general, the random variables &; are not independent. However, the expo-
nential cluster property (also known as 1) mixing property with exponential decay)
used in §2.3.1.3 allows one to show, in our parameter range, that the total proba-
bility of escape can be still compared with the probability of escaping through only

one long sequence of consecutive expanding iterates. This was estimated in §2.4.1.1.

First, we establish a lower bound in the average bursting time in terms of
pa, that is of special interest in the case when the multiplicative effect is negligible
(small pa). Later, in Proposition 2.4.6, we establish a sharper lower bound for the
multiplicative case (large p«).

We set A = [|g]|oo +¢ = O(1), so that ¢gA is a global upper bound on the kick.
For the Markov partition R, we let Ry be the rectangle containing x*, and define
Ay = sup,ep,19(7)} + ¢, so that gA, bounds the kick on R,. We recall that the
partition R can be chosen with arbitrarily small radius. Hence, Ay can be made
as close to 1 + ¢ as desired. Also, let I' = sup,cg, {h(z) + c}; then I' can be made

arbitrarily close to 1 4 o.

Proposition 2.4.5. Let [(z) = =*5 and let € > 0. If p,q and s are sufficiently

small, « is sufficiently large, and pa < %log %, we have:
logT > (1 — €)l(pa)Aa.

Proof. To establish this, we let Ay = i We also fix B > 0 as in the statement

Aq
(I+0)pa)*
of Lemma 2.3.5 and choose time 0 to be the last time that the y trajectory is below
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Bgq, so that for n > 1, y,, never goes back below Bg before exceeding the threshold

Y. Notice that for x, € Ry,

Ynt1 < (f(@n) + (h(zn) + 0)p)yn + A0 < (1 +Tp)yn + qAo.

First, we consider only escaping trajectories for which & < a for all i before es-
caping. The measure of the remaining escaping trajectories will be included directly

in the final estimate. Then, by induction on &, for £ < a,

(1+Tp)—1 < elPe

_ 1 .
ye — yo(1 + I'p)* < g/ < quF—p < gA¢.

Next, for z, ¢ Ry we have y,+1 < ¢y, + ¢/, so by induction on £,

~ - qA
Yere < o1+ Tp) +qlhof) + 7—.

Let ¢ = ¢(1 4+ T'p)®. Then ¢ < 1 if p,q and s are sufficiently small and pa < %log %

By induction, we obtain:
k

. gA < s
YN, +N, < Cky() + m +qA0(ZCk ]fj)'
=0

If the threshold Y = agq is reached within k£ > 1 expansive sequences, then

recalling that yy < Bq we must have:

k ~
Zék*jf‘ S oz—~ckB L A .
g A Ao(1 —¢)(1—¢)

In this context, we will say that a trajectory escapes by route k if k41 is the smallest
integer for which the above holds. The set S” mentioned above consists of the union
of trajectories that may initiate an escape by route k over all £ € N, and those for
which there exists some ¢ with & > « before escaping. We let ¢ be the smallest so
that £ > «, and denote its measure by fi,.

37



To bound fi,, we use the proof of Lemma 2.3.5 with t = a and ¢ = ¢ defined
above. Adding over ¢, we get that ) _ fi, < AX*Q, for some constant A independent
of p,q and a.

Given any € > 0, if « sufficiently large (depending on € but independent of p
and ¢), we can apply Lemma 2.3.5 with ¢t = (1 — E)Aio > B and t, = B. We obtain
that the measure u;, of x trajectories that initiate an escape by route k£ decays
exponentially with k. For £ = 1, Lemma 2.3.4 implies that p; < Axf(lfe)ﬁl().

Combining the previous two paragraphs, we get that there exists some constant

L such that the total measure p(S’) is bounded by

o

u(s') < Ly 7%,

Recalling that ¢ — 0 as (p,q,s) — (0,0,0) and that Ay can be chosen ar-
bitrarily close to 1 by choosing R appropriately, and (p,q, s) sufficiently close to
(0,0,0), we combine the previous estimate with Lemma 2.3.2, and conclude that for

a sufficiently large, pa < %log% and p, g and s sufficiently small we have:

logT > (1 —€)l(par)Acr. O

log 1
o BX P Twa))

Recall that K(p,a) :=

pal(pa)
Proposition 2.4.6. Let € > 0. For sufficiently small p,q and s for which pa <

%log% and K(p,«) > 1, a lower bound on the scaling of log 7 is:

logT > (1—¢€)(1— Z(pa))AM’

where [(pa) — 0 as pa — oo.
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Remark 2.4.7. The restriction on the size of « in terms of p can be improved by
taking into account the fact that typically, trajectories spend a long time outside of
the expanding region before coming back to it. This would allow larger thresholds
«. However, sufficiently large values of a would still need to be excluded. Therefore,

we only present the argument as stated in Proposition 2.4.6.

Proof of Proposition 2.4.6. Now we fix B > 0, to be specified later, and for the
moment choose time 0 to be the first time that the y trajectory exceeds Bq and vy,
never goes back below Bq before escaping. After a sequence of expansions corre-
sponding to a block of length £ followed by a contraction, similarly to the proof of

Proposition 2.4.5, we have:

Yeqé _
S (R R

< (1+Tp)t (1 + B(lA—c)c + 20 1(1??)5)0

< (1+ Fp)f<1 + B T %5)0
Let E(p) :=log(1 + I'p). Then, by induction on k,

log (%) < N E(p) + klogc+ Z§:1 log (1 + ﬁ + %fj)
0

< Nk<E(p) +%1> —i—k(logc—i—ﬁ).

Therefore, for a trajectory to initiate an escape without returning to the region
y < Bgq before reaching the threshold, we need to have the following inequality

holding for some k,

a Ay A
— < — —_ B
log 7= (Nktt Nz—1)<E(p) + B ) + k(logc—ir B(1— C)C)
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Equivalently,

A

log & logc+m

Niyi — Ny > by — k U
* = BEp)+52 E(p)+52

=: My(a,p, B) + k(p, B) =: My(a, p, B).

We will say that such a trajectory escapes by route k. This condition depends
only on the x dynamics and will be used to bound the total measure of trajectories
that initiate an escape by route k£ from above. In this setting, we define the set
S’ € X as the union of all trajectories that can initiate an escape by route k over
all k € N.

By Lemma 2.3.6, we know that if 3 is sufficiently large and M, is not expo-

nentially large in 3, there is a constant 0 < @ < 1 such that
(1( Ny — Ni_y > My + kB) < AGFy Mo,

alog(1+pa 7 2
Now, we set B = %, and recall that [(z) = m. For p,q and s

sufficiently small, the restriction in the size of M relative to [ is satisfied as long as

logl
B Py 4 ch
_GEX (p+1/ )

K(p,a) = > 1.

(67

Then, by Lemma 2.3.2, the measure of S’ is bounded by u(S") < %X_MO. In

consequence, for sufficiently small p, g and s we have:

log(14po)—log log(1+pay)

— " log(14Tp)+Ao m

log T —|—logﬁ —log4

i log(1+pa) . 7 log(14pa)
> (1 G)Ap—(l—i-l(pa)) > (1= e)(1 = l(pa)) A==
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If parameters p, a satisfy condition (%), upper and lower bounds from Propo-

sitions 2.4.3 and 2.4.6 combined yield Theorem 2.4.

Remark 2.4.8. In case the bifurcating orbit is periodic, {z},...,z}}, the corre-
sponding f and h in the analogue of Equation (2.3) for T¢ have the same value at
all points of the bifurcating periodic orbit. Furthermore, there are smooth conjuga-
cies between the fiber maps restricted to small neighborhoods of the d fixed points.
In general, we would not be able to normalize g simultaneously at all d points; in-
stead, we would normalize g so that its maximum value on the periodic orbit is 1.
The estimates for the lower bound would need to be modified accordingly. The ones

for the upper bound remain valid.

2.4.2 Proof of scaling laws

In this section, we extend the linear analysis presented in §2.4.1 to the nonlin-
ear setting, and complete the proof of the results stated in §2.2.2. We also obtain
results that are valid in a parameter range broader than that of Theorems 2.1 and
2.2, as claimed in the introduction.

With the normalizations described in §2.2.1 and after possibly rescaling ¥, the
y dynamics on the fiber over the fixed point z* is described as follows. In the case

of transcritical bifurcations (general case), Equation (2.4) becomes
Y1 = (14 P)yn £y + Olayn + pyn +pa+ ¢ + 1), (2.11)
and in the case of pitchfork bifurcations (symmetric case), Equation (2.5) becomes

Ynt1 = (1 + D)yn £ ¥ + Olqyn + p°yn + pg + ¢ + 1)) (2.12)
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In | |, Zimin, Hunt and Ott have classified the effect of the nonlinearities
depending on whether they accelerate or confine the burst. They call them hard
and soft transitions, respectively. We will analyze these two scenarios. We also
distinguish between multiplicative (drift-dominated) and additive (noise-dominated)
bubbling phenomena, which occur depending on the relative sizes of the parameters
p and q. Roughly speaking, when the effect of p is dominant, we call it multiplicative
bubbling, and when it is negligible, we call it additive bubbling.

We note that the analysis from §2.4.1.2 is applicable in the nonlinear setting
since it deals with a lower bound for the bursting time. On the other hand, we have

to adjust the upper bound estimates from §2.4.1.1 to incorporate nonlinear terms.

2.4.2.1 Asymmetric case: generic transcritical bifurcation.

Here, we show two scaling laws valid for generic asymmetric bubbling bifurca-
tions. They are valid for a threshold Y independent of p and ¢ in the hard transition
case (a(x*)g(x*) > 0), proportional to p in the multiplicative case of soft transition
(a(z*)g(x*) < 0), and to /g in the additive case of soft transition, as will be shown
in the proofs. In this setting, the y dynamics of the fixed point x* can be written

as (2.11).
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Multiplicative bubbling.

Proposition 2.4.9. If p* > 4q > ﬁ, there exists a constant C' > 1 independent

of p, q such that if (p, q) is sufficiently close to (0, 0),

ca< 8Ty
%log(l +5)

Furthermore, for any € > 0, if (p, z%) is sufficiently close to (0,0),

Proof. Assume is p?> > 4q. The attracting fixed point of the y dynamics is our
threshold of interest in the soft transition case (¢ = —1). Since y, ~ p, we set
a = r%, for some 0 < r < 1. In this case, the parameter s introduced in §2.4.1 is
simply r = s, so s — 0 if r — 0.

The hard transition case (¢ = 1), where no attractor is given by the local
analysis, corresponds to the scenario where a linear regime takes place and then it
is replaced by a nonlinear one. We set a threshold o = r§ to separate the linear
and nonlinear behaviors, for some r > 0 independent of p and q.

Let us take an initial condition yy = %. Assuming p is small and ¢ is small but
not extremely small compared to p, %k:(p) > %, Theorem 2.4 implies the following

scaling for sufficiently small r:

C 1A < logr—(rm2 < CA,
1log(1 + ™)
p q

which, in turn, implies:

C_1log(1 + %)A _ log 7(rp)

< CA.
log(1 + %2) ]l)log(l + %2)
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In the hard transition case, the burst is not confined in a small region. It
may be of order one. In this setting, we also investigate the average bursting time
associated to a threshold Y, which is determined by the y value at which the higher
order terms become significant, for example of size 13> To bound log 7(Y) from
below, we use 7(Y) > 7(rp) for rp < Y. We choose a threshold Y < 1, that is
reached for all sufficiently small values of p and ¢ and such that the higher order
terms are bounded by 3y? for rp <y < Y.

To find an upper bound on the scaling of log T, we extend the analysis in
§2.4.1.1. There we found n such that if x spends n consecutive iterates in the region
|z—x*| < Z, then at the end of those iterations, y > aq = rp. We can guarantee that
y > Y if x spends ¢ additional iterates in the region |z —x*| < #, where we determine
t as follows. When |z, —2*| < Zand rp <y <Y, Yut212 < Y1 < (142p)yn+372.
Hence, we have that y,, .1 < %yn.

Calling the time at which y exceeds rp time 0, we can bound from below the
solution of our original difference equation with the solution y(t) of a differential

2

equation inductively if we can check y(0) = rp and y(n + 1) < y(n) + 3y(n)*. For

values n < % — %, this is the case for the solution of
3
)= —Y°, 0) =rp.
y=gv, y0)=rp

This solution is given by y(t) = ﬁ

rp 32

. Y .
From this, we conclude that an extra ¢ = 3282 < 32 32 - 32 jionqteg
’ 3 Yrp 3rp 3 3rp

in the non-contracting region would oblige a burst of size Y. Thus, proceding as in
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(2.10), for p,q and r sufficiently small, we have the following bounds:

log(1 + 2
o1 g( ¢ )A _ logT(Y)2 ( N 2 )A.
log(1+ &) 5 log(1+ £°) rlog(l+ £)

In particular, if we fix a sufficiently small value for r, the first statement follows.
We obtain the second statement, corresponding to the asymptotic scaling for
log 7(Y) in the parameter regime considered in | ], p* > q as follows. For

any € > 0, if (p, q) is sufficiently close to (0,0) and %2 sufficiently large, we can let

r= X 11 = and obtain from the previous bounds:
08708 °g
1 Y
(1-eA< 087 2) < (14 €A —
Floa

Additive bubbling.

Proposition 2.4.10. If p? < 4q, there exists a constant C' > 1 independent of p, g

such that if (p, q) is sufficiently close to (0,0),

log 7(Y)
1
q2

C'A < < CA.

Proof. Assume p? < 4q. In the case of a soft transition (¢ > 0), the attracting fixed
point for the y dynamics is y. ~ ,/q. Our threshold of interest is of the order of /g.
Hence, we choose o = r\/ia. In this case, r = y/s and condition s is small when 7 is
small.

In the hard transition case, the linear term is negligible with respect to the kick.
Therefore nonlinear terms become significant when the kick becomes negligible, and
no intermediate regime is governed by the expansive linear term. In this setting,
we investigate the threshold aq = r\/q¢ ~ y., which separates the constant and

nonlinear behaviors.
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In both cases we first require to reach o = =, for some 0 < r < 1 sufficiently

Va’

small, corresponding to the predominance of the linear regime. From Theorem 2.4,

if p, ¢ and r are sufficiently small, we obtain:

log 7(r\/q)

A

Va

C'1-1)A < < CA.

In the hard transition case, by reasoning similarly to the multiplicative case,

we obtain that to pass from the linear setting to the threshold Y of order 1, %{7
extra iterates in the non-contracting region suffice. Hence, we have:
1 Y 32
Clr(1-r)A < og+() < A(CT + —)
-1 3r
q2
Hence, if we fix a sufficiently small value for r, Proposition 2.4.10 follows. O

2.4.2.2 Symmetric case: generic pitchfork bifurcation.

Here, we show two scaling laws valid for generic pitchfork bubbling bifurca-
tions. They are valid for a threshold Y independent of p and ¢ in the hard transition
case (a(r*) > 0), proportional to ,/p in the multiplicative case of soft transition
(a(z*) < 0), and to /g in the additive case of soft transition, as will be shown in

the proofs. In this setting, the y dynamics of the fixed point x* can be written as

(2.12).
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Multiplicative bubbling.

Proposition 2.4.11. If p* > %q2 and ¢ > W\/f)’ there exists a constant C' > 1

independent of p, ¢ such that if (p, ¢) is sufficiently close to (0, 0),

log 7(Y)

C A< < CA.

3
5 log(1+£%)

(S

p

Furthermore, for any € > 0, if (p, 7) is sufficiently close to (0,0),

1 Y
(1-p<—8TE) (14 ga,
2
5 log(1+£%)
Proof. Assume p3 > %qz. The soft transition case occurs when a = —1. In this

situation, the cubic equation has three real roots and the continuation of the fixed

point 0, y. = /p, is stable. In this case, we set a = r\/Tﬁ, where r corresponds to
Vs, and therefore s is small when 7 is.
The hard transition case occurs when a = 1. The threshold corresponding to
a = T\/Tﬁ corresponds to the transition between linear and nonlinear behaviors.
The analysis is similar to the previous subsection. Let us take an initial con-

dition yo = I. Assuming that p is small and \/iﬁk(p) > %, by Theorem 2.4 we

get:
log 7(r/D)

3
%log(l + ’%)

3
2
quog(l +rh-)

A< < CA.

3
p2
log(1 + £=)

As in the asymmetric case, when the transition is hard, we are also interested
in bursts up to order one, whose size Y is determined by higher order terms, but
independent of p and q. We choose it in such a way that the higher order terms are
bounded by %y3 for r\/p <y <Y. In this case, if |z, — 2*| < T and y,, > r\/p, we
know that y, + 243 < yni1 < (14 2p)yn + 305
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Asin §2.4.2.1, yyil > g, and we consider the differential equation:

Yy = %y ) y(0> - T\/ﬁa

with solution given by y(t) = , /%”ﬂpt.
256
128 _ 128

This function bounds from below the solution of our system up to ¢t = 92 o

This is the time it takes the solution of the differential equation to reach Y. Hence,

we get that an extra t = 9%1 iterates in the non-contracting region would oblige

a burst of size Y. Thus, if p,q and r are sufficiently small, we have the following

bounds:

3
log(1 4 r22
o108 )y o _log7(¥) <C(1+;>A.
P r2log(1 4+ &)

q

v
SV

3
log(1 + 7%) 5 log(1+25)
Hence, if we fix a sufficiently small value for r, the first statement follows.

Furthermore, we obtain the asymptotic scaling for log 7(Y") in the parameter regime

considered in | 1, p% > q, as follows. For any € > 0, if (p,q) is sufficiently

close to (0,0) and % sufficiently large, we can let r = Ioglolg %] and obtain from the

previous bounds: q
(1—E)A<LO/3)%<(1+E)A. O

5 log(1+£%)
Additive bubbling.

Proposition 2.4.12. If p* < 2I¢?, there exists a constant C' > 1 independent of

p, q such that if (p, ¢) is sufficiently close to (0,0),



Proof. Assume p? < %qZ. Analogously to the asymmetric case, we first consider the
linear regime, determined by the fact that y, ~ /q. We set the threshold ag = r¥/q.
In this setting, r = /s, and from Theorem 2.4, for € > 0, if p, ¢ and r are sufficiently

small, we obtain:

As above, in the hard transition case, to pass from the linear setting to a threshold

Y of order 1, 12282 extra iterates in the non-contracting region suffice. Hence, for
9r4q3

sufficiently small p, ¢ and r we have:
Cclr(1— gr)A < losmV) _ (Cr + %) A.

— 1
- 97”2
3

[}

Hence, if we fix a sufficiently small value for r, Proposition 2.4.12 follows. n

2.5 Random mismatch for symmetric systems

In this section, we carry out the analysis in the case when the perturbation
q9(z,) in (2.3) is replaced by an additive noise term of the form gg,, where {g, }nen
is a sequence of independent random variables identically distributed on [—1,1],
according to a probability distribution P. This could represent a random noise
or mismatch in a synchronized system. We choose ¢ to be the maximum noise
amplitude, so that —1 and/or 1 is in contained in the support of P.

In this case, we can treat bursts in the negative y direction in the same way
as bursts in the positive y direction. In the asymmetric case, having bursts in

both directions implies a hard transition, but the possibility that bursts may be
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more likely to initiate in the opposite direction from the y? term makes the average
bursting time harder to bound from above.

In this section, we treat the case of symmetric y dynamics. A significant part
of our previous analysis remains applicable in both the symmetric and asymmetric
cases. In particular, since ¢ bounds the noise term, the lower bound on the average
bursting time remains unchanged. For the upper bound, we have to find the expected
time to get a long sequence of coherent kicks, enough to push the trajectory beyond
the threshold. By a coherent sequence, we mean that there exists some 6 > 0 such
that |gx| > 0 for a sequence of consecutive values of k and all these g; have the
same sign. In the deterministic case, we were able to choose some 6 > 0 so that
whenever a trajectory was sufficiently close to x*, the kick was of size at least 6. In
the random case, we will choose ) depending on the distribution of the noise. In
what follows, we assume P has negative and positive values in its support. If this
was not the case, the analysis from the deterministic case would be applicable, with
4 a lower bound on g, and the upper bound on the scaling from Proposition 2.4.3

changed to

log 7
%log(l +5)

< (1+¢)A.

Remark 2.5.1. Our methods are also suitable to study the case of combined random
noise and deterministic perturbation. The case that the support of P has both
positive and negative values corresponds to the case where the size of the noise is

larger than the perturbation. Though our analysis here only treats the case where

the perturbation is independent of x, it is not hard to remove this restriction.
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Multiplicative case.

We proceed as in Section 2.4.1.1 to establish an upper bound for the bursting
time. As in the proof of Proposition 2.4.3, we can find 2 = O(p) so that for

|z — x*| < & we have

flx)+ (h(z) —o)p>1+4p forsome 0 <7 <1—o0, and also

P(g > 6) > 0 and P(g < —0) > 0 for some 0 > 0.

As in Section 2.2.1, the y dynamics are given by (2.5). Due to the symme-
try in y, a sufficiently long sequence of kicks in the same direction combined with
expansion, guarantee a soft burst, which in the multiplicative case corresponds to
y =~ /p. Asin Section 2.4.2.2, an extra number of expansive iterates implies a hard
burst. Hence, for sufficiently small values of p and ¢, we have in the hard transition

case a(z*) > 0:

Proposition 2.5.2. If p* > 2¢? and ¢ > W‘/f), p and ¢ are sufficiently small, there

exist a constant C' > 1 and a threshold Y independent of p, g such that

log7(Y)  _ Clog(l - §) (A —logmin{P(g > §),P(g < —6)}).

3 — 3
5 log(1+£%) log(1+ £-)

C A<

The last term comes from the requirement of a long sequence of coherent
noise. This is essential, since in the case of non-coherent realizations of the noise,
trajectories can spend several steps close to |y| = ]%. This does not happen for the

deterministic case due to the instability of the fixed point of (2.5) which is close to

q
p

o1



In the particular case of noise given by Bernoulli random variables with pa-
rameter %, under the same assumptions on parameters as in the above proposition,

the scaling law is simplified to:

< 18T oA 1 10g2).

5 log(1 + %)

CA

Additive case.

Assume p,q and the non-linearity parameter s are sufficiently small. The
following upper bound for the bursting time is obtained by considering the escaping
route given by the occurrence of sufficient consecutive non-contracting coherent

kicks. In this setting, we choose & such that

P(g > 26) > 0, P(g < —26) > 0 for some § > 0 and
@)+ h)p >1-2,
so estimates in the additive case of Section 2.4.1.1 apply.
The upper bound from Section 2.4.1.1 corresponds to 7 = £ non-contracting

iterates, and the additional term in the estimate below comes from the requirement

of n consecutive coherent kicks, which was automatic in the deterministic case:
log 7(aq) < C(A — logmin{P(g > 20),P(g < —20)})a,

for some C' > 1 independent of p, q.
Furthermore, when the drift is negligible, a number of the order of « of coherent

kicks are needed to escape. Using arguments analogous to Section 2.4.1.2 we can
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find a constant C' > 1 such that:
C~'Aa < log7(aq).
Combining the two estimates and assuming p and q are sufficiently small yields:

Proposition 2.5.3. For p* < 2(¢?, there exists a constant C' > 1 independent of

p, q such that

Cfl IOgA < logT(aq)
B Q

< C(A —logmin{P(g > 20),P(g < —25)}).
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Chapter 3
Approximating invariant densities of metastable systems

3.1 Introduction

Metastable systems are studied in relation with phenomena ranging from
molecular | | to oceanic | | dynamics. Typical trajectories of these
systems remain in one of its almost invariant (metastable or quasi-stationary) com-
ponents for a relatively long period of time, but eventually switch to a different
component and repeat this behavior. Quantitative aspects of these phenomena
have been studied through eigenvalue and eigenvector approximation techniques for
Markov models | , |. Here, we are concerned with rigorous approximation
results for eigenvectors—in particular those that correspond to stationary measures
of the dynamics—in a more general (non-Markov) setting.

Broadly, our setting concerns the approximation of absolutely continuous in-
variant probability measures (ACIMs) for certain hyperbolic maps with metastable
states. These systems arise from perturbing an initial system 7 with two disjoint
invariant sets I;, I,. of positive Lebesgue measure. The initial map has two mutually
singular ergodic ACIMs, u; and p,.. When Tj is perturbed in such a way that I; and
I, lose their invariance and the perturbed map 7, has only one ACIM pu,, we are
interested in approximating u. using p; and p,.. Specifically, the systems we consider

are piecewise C? expanding maps of an interval; see Figure 3.1.
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Our results can be understood in the context of dynamical systems with holes
as follows. As the invariance of the two initially invariant sets is destroyed by the
perturbation, we think of the small set of points I; N7~ I, that switch from [ to I,
and likewise the set I, N7 11, as being holes in the initially invariant sets. From
this point of view we expect to be able to approximate ., for small €, by a convex
combination oy + (1 — a)u, of the two initially invariant measures, with the ratio

a/(1 — a) depending on the relative sizes of the holes.

j A—

\
\
4
/
p
p

-

Figure 3.1: Dashed: initial system. Thick: metastable system.

Before discussing our results, we present two illustrative examples. We begin
with a simple random system. Consider the family of Markov chains in two states

[ and r, with transition matrices

1- €l—r €l—r
QE = )
€r—l 1 - €r—l
where € = (€, €,;). We are interested in the behavior when € ~ 0. When € = 0,

the two sets [, = {l} and I, = {r} are invariant, giving rise to the two ergodic
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stationary probability measures y; = 6; and p, = 9,. When ¢_,,. > 0, there is a
unique stationary probability measure

Ol €r
e = Qtefly + (1 - ae)ﬂm where - _ﬂ-
1 - Qe €l—r

Observe that the ratio of the weights a./(1 — a.), i.e. pe(1})/ (1), is equal to the
inverse ratio of the sizes of the holes, €, /€.

Next, we consider two billiard tables D;, D, in the plane, as indicated in Fig-
ure 3.2. For x € {l,r}, let T, : I, O be the corresponding billiard map, i.e. the
Poincaré map for the first return of the billiard flow to 0D.. We use |0D| to denote
the perimeter of D,. A general reference for hyperbolic billiards is | |, where
one can find the background for the assertions below. We use the usual coordinates
(s,) on I, where s is arc length on 0D,, and ¢ € [—7/2,+7/2] is the angle be-
tween the outgoing velocity vector and the inward pointing normal vector to 0D,.
Then it is well known that 7} leaves (normalized) Liouville measure pu, invariant,
where p, has the density ¢, := dp./dsdp = [2]0D,|] ! cosp. Next, for € > 0, let h,
be a subsegment of 0D; N D, of length €, and let D, be the billiard table resulting
after h. is removed. The corresponding density for the invariant Liouville measure
of the billiard map is ¢, = [2(]0D,| + |0D,| — 2€)]~* cos . Thus as € — 0,

(0 . |8Dl|

e = oy + (1 — a)p,, where T~ o 10D,

provided some care is taken to define all of the density functions involved on the
same space. Note that if we define the holes H, . := T, '(h, x [-7/2,+7/2]), then
we can rewrite o/ (1 — o) = p,.(H,.)/pu(H ), so that again the ratio of the weights
equals the inverse ratio of the sizes of the holes. This example is most meaningful

o6



when T;, T,, and T, are all ergodic, which is the case for the tables in Figure 3.2;

see §8.15 in [C'NO6].

Figure 3.2: Two ergodic billiard tables connected by a hole.

In our main result, Theorem 3.1, we extend the principle behind the examples
above to the deterministic setting of piecewise C? expanding maps, under fairly
general conditions described in §3.2. We show that as ¢ — 0 the invariant density
¢, of T. converges in L' to a convex combination of the ergodic invariant densities of
Ty, with the ratio of the weights given by the limiting inverse ratio of the sizes of the
holes. We emphasize that our results do not require any of the piecewise expanding
maps involved to have a Markov partition.

The density ¢, corresponds to an eigenvector with eigenvalue 1 for the Perron-
Frobenius operator acting on a suitable space of functions. Our assumptions imply
that for e > 0, the operator has 1 as a simple eigenvalue, and also another real simple
eigenvalue slightly less than 1. In Theorem 3.2, we characterize the eigenvectors of

this lesser eigenvalue by showing that asymptotically they lie on the line spanned
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by du/dx — du,/dzx.

Unlike the two examples above, in the setting of piecewise C? expanding maps
we have no explicit formulas for the invariant densities; even their existence is non-
trivial. Our methods rely on the fact that the densities of the ACIMs for T, are of
bounded variation | |. Hence, they can be decomposed into regular and singular
(or saltus) parts, as in | ]. The key technical portions of our proofs include es-
timating and exploiting the locations and sizes of the jumps at the discontinuities of
the invariant densities, which occur on the forward trajectories of the critical points
of T,.

This work is related to other recent work involving metastable systems and
piecewise expanding maps. Recently, | | studied metastable systems arising
from piecewise smooth uniformly expanding maps with two invariant intervals. They
perturbed such an initial map by a family of Markov operators close to the identity to
produce a family of metastable systems for € > 0. The associated Perron-Frobenius
operators acting on a suitable space of functions have 1 as a simple eigenvalue and
another simple eigenvalue p. < 1. As € — 0, p. — 1, and the authors rigorously
computed the derivative lim. ,o+ (1 — p)/e. This provides information on the sta-
tionary exchange rate between the metastable states. Their work may be used to
show a corresponding result in our setting.

Our work is also related to current and ongoing investigations on linear re-
sponse. These problems have the feature that, as Ruelle | | puts it, it is pos-
sible to formulate conjectures based on intuition or formal calculations, but the

proofs often involve overcoming intricate technicalities. In our setting, we know
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that p.(l;) — «a as € — 0. A pertinent open problem would be to try and char-
acterize the higher-order terms R(¢) := pu.(I;) — a. We do not expect R(€) to be
differentiable at ¢ = 0 in general. As shown in | ], linear response fails pre-
cisely when the perturbations 7, are transverse to the topological class of Ty, at
least for certain piecewise expanding unimodal maps Ty that are topologically mix-
ing. Results of | | show that in that setting the unique ACIM ¢, of T. satisfies
|pe — ¢o| ;1 = O(eloge), where ¢y is the unique ACIM of Tj. | ] gives examples
where this estimate is optimal.

Theorem 3.1 can also be regarded as a statement of stochastic stability in the
sense that as the size of the perturbation goes to zero, the invariant measures that
describe the statistics of Lebesgue almost every orbit have a computable limit. In the
uniformly hyperbolic setting, this phenomenon has been studied in the ergodic case;
see for example | |. In recent years, there has been work in studying stochastic
stability outside the setting of uniformly hyperbolic systems. For example, in | ],
the authors work at the boundary of expanding maps, in | ] in the context of
non-uniformly hyperbolic diffeomorphisms and | | treats diffeomorphisms with
dominated splitting.

Another interesting problem for further research is to extend our results to
higher dimensional piecewise hyperbolic maps. While we use techniques specific to
one-dimensional maps, we are optimistic that the main elements of our proof, found

in §3.3.2, can be generalized.
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3.2 Statement of results

In this section, we define a class of dynamical systems with two nearly invariant
(metastable) subsets. They are perturbations of a one-dimensional piecewise smooth
expanding map with exactly two invariant subintervals I; and I, of positive Lebesgue
measure. On each of these intervals, the unperturbed system has a unique ACIM.
The perturbations break this invariance by introducing what we consider to be holes
in the intervals; the hole(s) in I; map to [, and vice versa. Each perturbed system
will have only one ACIM, and we will determine an asymptotic formula for its
density in terms of the invariant densities of the unperturbed system.

Let I =[0,1]. In this paper, a map T : I O is called a piecewise C*? map with

C={0=cy<c < <cqg=1} as a critical set if for each i, T|(, ) extends

Cit1
to a C? function on a neighborhood of [c;, ¢;r1]. We call T uniformly expanding
if its minimum expansion, inf,cp¢, |75(2)|, is greater than 1. As is customary for
piecewise smooth maps, we consider T to be bi-valued at points ¢; € C where it is
discontinuous. In such cases we let T'(¢;) be both values obtained as x approaches
¢; from either side, and T'(¢;+) the corresponding right and left limits. If a,b € C,
T'|[a,5) Will be used to specifically denote the restriction of T with T'|j4(a) = T'(a4.)
and Tju.n(b) = T(b-).

We use Leb to denote normalized Lebesgue measure on I and L! to denote the

space of Lebesgue integrable functions on I, with norm [f|;, = [, |f(z)| dz. Also,

for f: I — C, we let |f| be the supremum of f over I and var(f) be the total
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variation of f over [; that is,

var(f) = sup{i|f(x,) —flri)|in>1,0<zo <z < - <z < 1}
i=1

For clarity of presentation, we do not state our results under the broadest pos-
sible assumptions. However, see §3.2.4 for a number of relaxations of the hypotheses

below.

3.2.1 The initial system and its perturbations

We assume that the unperturbed system is a piecewise C? uniformly expanding
map Ty : 1 O with Cop = {0 =cpo < c10 < -+ <cao= 1} as a critical set. There is
a boundary point b € (0, 1) such that I; := [0, 4] and I, := [b, 1] are invariant under
To, i.e. for x € {l,r}, Tyl (I.) C I.. The existence of an ACIM of bounded variation

for Tp|y, is guaranteed by | ]. We assume in addition:

(I1) Unique ACIMs on the initially invariant set.

1o

7. has only one ACIM p,, whose density is denoted by ¢, := du./dx.

The uniqueness of such an ACIM can be guaranteed by transitivity or by additional
conditions described in | |. From (I1), it follows that all ACIMs of T} are convex
combinations of the ergodic ones, p; and ..

We define the points in Hy := T, *{b}\ {b} to be infinitesimal holes. These are
all points that map to the boundary point b, except possibly b itself. Our reasons
for excluding b from the set of infinitesimal holes will be explained in §3.2.4. An

immediate consequence of this definition is that Hy C Cj.
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(I2) No return of the critical set to the infinitesimal holes.

For every k > 0, (T¥Cy) N Hy = 0.

This is a non-degeneracy condition that may be difficult to check for specific sys-
tems. However, one can show that any piecewise C? expanding map of the interval
can be approximated by maps satisfying (I2), by making arbitrarily small C? per-
turbations. Such perturbations can be constructed inductively, first adding to T
an arbitrarily small C? perturbation to obtain T; 01 such that (T:Co) N Hy = 0.
Successive perturbations should be made so that after the k—th perturbation the
resulting map Tp, satisfies (7| ékaO) N Hy = (. Furthermore, each perturbation can
be made small enough compared to previous perturbations to guarantee that the
sum of the perturbations converges in C? and that for each j, the distance between
T&kCo and Hy does not decay to zero as k — oc.

In general, functions of bounded variation are only defined modulo a countable
set. However, as we will see in §3.4.2, condition (I2) implies that ¢, can be defined
so that it is continuous at each of the infinitesimal holes in I,. Thus it is meaningful

to discuss the values of ¢, at such points.

(I3) Positive ACIMs at infinitesimal holes.
¢; is positive at each of the points in HyN I}, and ¢, is positive at each of the

points in Hy N I,.

For example, this will be the case if Ty|;, and Tp|, are weakly covering,' see | ].

LA piecewise expanding map T : I O with C ={0=1co < ¢} < --- < cq = 1} as a critical set is

weakly covering if there is some N such that for every i, UN_T%([c;, ci41]) = I
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(I4) Restriction on periodic critical points.

Either

(I4a) infyepne, |T5(x)| > 2, or
(I4b) Ty has no periodic critical points, except possibly that 0 or 1 may be

fixed points.

Because Tp may be bi-valued at points in Cy, a critical point ¢; o is considered periodic
if there exists n > 0 such that ¢;o € T{(¢;0). Condition (I4) is necessary in order
to ensure that the perturbed systems defined below satisfy uniform Lasota-Yorke
estimates. Since we cannot exclude the possibility of the forward orbit of a critical
point containing other critical points, these uniform estimates do not follow directly
from the original paper [ ], but rather from later works, see §3.4.2.

For what follows, we consider C?-small perturbations 7, : I O of Ty for € > 0.
This means that a critical set for 7. may be chosen as C. = {0 = ¢p < 1, <
-+ < cge = 1}, where for each i, € — ¢; is a C? function for € > 0. Furthermore,
there exists & > 0 such that for all sufficiently small ¢, there exists a C? extension

A

Tie:lcio—0,¢ip10+ 0] > Rof T, and TM — Ti,g in the C? topology. We

[Ci,esCit1,e]?
also assume:
(P1) Unique ACIM.

For € > 0, T, has only one ACIM p., with density ¢, := dpu./dx.

(P2) Boundary condition.
The boundary point does not move, and no holes are created near the bound-
ary; precisely,
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(P2a) If b ¢ Cy, then necessarily Ty(b) = b. We assume further that for all € > 0,

T.(b) = b.

(P2b) If b € Cy, we assume that Ty(b—) < b < Ty(by), and also that b € C, for

all e.

If the boundary point does move under the perturbation, condition (P2) often
can be satisfied by performing a smooth change of coordinates close to the identity;

see §3.2.4.

3.2.2 Main results

The central question of this study is, for small ¢, how can we asymptotically
approximate ji by a convex combination of 14 and p,? To that end, let H;, :=
LNT7YI,) and H, . := I, N"T"'(I;). We refer to these sets as holes. Once a T.-orbit
enters a hole, it leaves one of the invariant sets for Ty and continues in the other. As
e — 0, the holes converge (in the Hausdorff metric) to the infinitesimal holes from
which they arise.

Condition (P1) ensures that for e > 0, at least one of the holes has positive
Lebesgue measure. In view of (I3), without loss of generality, we suppose that

p(Hp ) > 0 and define

{.h.r. =1lim MT(HT’E),
e—0 Ml(Hl,E)

if the limit exists. ({.h.r. stands for limiting hole ratio.)

Theorem 3.1 (Approximation of the invariant density). Consider the family
of perturbations T, of Ty under the assumptions stated in §3.2.1. Suppose that [.h.7.

64



above exists. Then as ¢ — 0,

e L—1> ag+ (1 —a)p,, where = l.h.r.
-«
We allow for [.h.r. = 400, in which case o = 1. Several straightforward

generalizations of the above result are discussed in §3.2.4.

Remark 3.2.1. The limit [.h.r. will always exist as long as the perturbations open
up holes H; . whose size is truly first order in e: For simplicity, suppose that there
are only two infinitesimal holes, h; € I; and h, € I,. Then we can always write

H, .= (h. — ase+o0(€), hy + boe +0(€)) for x € {l,r}, and if a; + b; > 0, then

¢r(hr)(ar + by)

= ) b

For example, this will be the case if T, = Ty + €g + o(€) for some smooth function g
with g(h;) > 0.

The case when the limit [.h.7r. does not exist is addressed in §3.2.4.

Remark 3.2.2. An alternative definition of [.h.r. is as a limit of a ratio of escape

rates: For x € {l[,r}, we can consider a dynamical system with a hole, where orbits

stop upon entering the hole, by using the unperturbed map Tj|;, with H, . as the
hole. See | | for an exposition of such systems. Let R, . be the exponential

escape rate of Lebesgue measure and suppose that there is only one infinitesimal hole

in each initially invariant interval. Then as € — 0, . (Hy()/Ree — 1. | ) ]

Next, let L. be the Perron-Frobenius operator associated with T, acting on

the Banach space BV = {f : I — C : var(f) < oo}* with the variation norm, and

2In fact, we work in the quotient space obtained by identifying two functions of bounded
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let o(L,) denote the spectrum of L. It follows from e.g. | , Thm. 8.3(b)] that
Ly has one as an isolated eigenvalue of multiplicity two. Furthermore in | ]
the authors show that for fixed small 6 > 0 and for every ¢ > 0 small enough,
o(L)NBs(1) consists of exactly two eigenvalues, 1 and p, < 1, each of multiplicity 1.
Ase — 0, p. — 1 and the total spectral projection of L. associated with o(L.)NBs(1)
converges (at a given rate in an appropriate norm) to the total spectral projection of
Ly associated with o(Ly) N Bs(1). Note that in §3.4.2 we will verify that a uniform
Lasota-Yorke inequality (3.7) holds in our setting. This is the only assumption of

[ ] that is neither trivial nor well-known in our context.

Theorem 3.2 (Characterization of the eigenspace corresponding to the
lesser eigenvalue). For each ¢ > 0 small enough, there is a unique real-valued

function ¢, € BV satisfying Lctbe = petbe, [tbe]0 = 1, and flz edx > 0. As e — 0,
Lt 1 1
= =~ — =y
(0 2¢l 2¢

Remark 3.2.3. Suppose p; and pu, are both mixing for Ty. Given a typical ini-
tial density f € BV (i.e. one with nonzero coefficient of 1. when expressed as a
linear combination of eigenvectors), as L f — ¢, the deviation L f — ¢. becomes

approximately proportional to v, for n large.

variation if they differ on at most a countable set. As no confusion arises, we use the same

notation for a function and its equivalence class.
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3.2.3 Examples

The three piecewise linear maps shown in Figure 3.3 satisfy assumptions (I1)-
(I4) from §3.2.1. In all three cases, normalized Lebesgue measure restricted to the

left or right intervals is the unique ACIM of the corresponding restricted system.

hy b h, hy b h, hy b h,

Figure 3.3: Piecewise linear maps giving rise to metastable systems.

Adding a small C? perturbation ¢ : I x [0,¢) — I such that g(-,0) = 0 and
for € # 0, g(b,e) = 0, g(h;,€) > 0 and g(h,,€) < 0 gives a one-parameter family of

perturbations T, := Ty + g(-, €) satisfying assumptions (P1) and (P2).

Leb(H, )
Leb(H, )

If lim,_,q = [.h.r., by Theorem 3.1, the invariant densities ¢, associated

to T, satisfy

be AN aLeb|;, + (1 — a)Leb|,, where = L.h.r.
The possibility [.h.r. = oo is allowed, and in this case,

It
e — Leb|y,.

Other initial maps 7y for which Theorems 3.1 and 3.2 are applicable are shown

in Figure 3.4.
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Figure 3.4: Examples of initial maps Ty which give rise to metastable systems for

which our results hold.

3.2.4 Generalizations

Our results extend, with essentially the same proofs, to yield the following

straightforward generalizations.

Multiple invariant sets.

We can also allow Tj to have m > 2 invariant sets of positive Lebesgue measure
I, ..., I, provided it has a unique ACIM ¢; = dy;/dx on each I;. The invariant
sets may be intervals or a union of intervals. See Figure 3.5. For simplicity, we limit
ourselves to the case when, for € > 0, all of the transitions between the initially
invariant sets are first order in €, i.e. for i # j, w;(I; N T, '1;) is either identically 0
or equals € - f3; j + o(€) for some f3;; > 0. In this case, under assumptions that are
straightforward generalizations of (I11)-(I4), (P1) and (P2), the unique invariant den-
sity ¢, of T, converges as ¢ — 0 to a convex combination of the ¢;. The coefficients
may be determined from the corresponding coefficients of the stationary measure
for the continuous time finite state Markov chain whose transition matrix has the
off-diagonal entries €- 3; ;. (One can easily check that the stationary measure for this
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Markov chain is independent of e for all small € > 0, and also that our assumptions
imply that the transition matrix is irreducible and hence has a unique stationary
measure. )

If m > 2, the analogue of Theorem 3.2 says only that the eigenfunctions for 7T,
whose eigenvalues approach 1, but are distinct from 1, limit on the space of linear

combinations of invariant densities for 7j with integral 0.

A

N

Figure 3.5: Initial maps Ty which give rise to metastable systems for which our
results can be generalized. The initially invariant sets are I; = [0,1/4] U [1/2,3/4]
and Iy = [1/4,1/2]U[3/4,1] (left) and [, = [0,1/4], I, = [1/4,3/4] and I3 = [3/4, 1]

(right).

Boundary condition.

The restriction that the boundary point does not move when 7T is perturbed
is inessential; when it is relaxed, it simply means that the metastable states for
T, are slight perturbations of the initial invariant sets. In this case, a smooth
change of coordinates restores the hypothesis (P2). For example, when b ¢ C,
assumption (P2a) is actually superfluous, although the definitions in the statement
of Theorem 3.1 must be modified slightly. As remarked earlier, necessarily Ty(b) = b.
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Furthermore, the graph of Ty intersects the diagonal transversely at this point. Thus
for all small € > 0, there is a unique point b, near b satistfying T.(b.) = b.. Then the
quasi-invariant sets for T, are [; . := [0, b.] and I, . := [b., 1], and the corresponding
holes are defined by H;. := I, N1 (1,.) and H,. := I, N T '(I;.). Aside from
these minor modifications, the statements and proofs of our main results remain the
same.

When b € Cy, (P2b) can be relaxed by no longer requiring that b € C. for all
€. In this case, when ¢ > 0, C. contains a point b, that converges to b as ¢ — 0,
and the quasi-invariant sets and holes must be redefined as above. However, it
is still essential to assume that no holes are created near the boundary, which we
enforce with the assumption that 7y (b—) < b < To(by ). For example, if T.(z) = [(3z
mod 1/2)43€]-15<1/2+[(—32 mod 1/2)+1/2—€| 1,512, then all of our assumptions
aside from (P2) hold, with b = 1/2, u, = Leb|;,, and [.h.r. = 1/3. However, as
e — 0, ¢, N ¢,. The difficulty is that orbits ejected from I, by T, immediately

return to I,.

Multiple limiting densities.

When the limit [.Ah.r. in §3.2.2 does not exist, we let

IM(Hne)
wi(Hy o)

Since the function is continuous in € > 0, our arguments show that the set

of limit points for ¢. as e — 0 is precisely

{@¢l+(1—@)¢r: a e[l.h.r.,l.h.r.]}.




3.3 Proofs of the main theorems

In this section, we state the main properties of the invariant densities of the
initial system and its perturbations. Then, we present the proofs of Theorems 3.1
and 3.2. For notational convenience, we will assume that there are only two in-
finitesimal holes, h; € I; and h, € I,; the proof without this restriction is essentially

unchanged.

3.3.1 Properties of the invariant densities

Here we record some of the relevant characteristics of the density functions
e, O1, ¢ First, if f € BV, we can — and will — choose a representative of f with
only regular discontinuities, i.e. for each z, f(z) = (limy—,— f(y) +lm, .+ f(y))/2.
Then, following | ], we can uniquely decompose f = £ + f% into the sum of
a regular and a singular (or saltus) part. Here ™9 is continuous with var(f™?) <
var(f), and f*¢ is the sum of at most countably many step functions. We write
foal = Y ues Sully, where S is the discontinuity set of f, s, is the jump of f at u,
and H,(z) = —1if # < u, —5 if # = w and 0 if > u. This representation imposes

the boundary condition f**(1) = 0. Furthermore, var(f**) =" ¢ [s.| < var(f).

Proposition 3.3.1 (Key facts about the invariant densities). There exists

€0 > 0 such that:

(i) Uniform bound on the variations of the invariant densities.

sup var(¢.) < +o0.
0<e<eg
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(iii)

Also, var(¢y), var(¢,) < 4o0.

Uniform bound on the Lipschitz constant of the reqular parts.
For 0 < € < €, each of the ¢/ is Lipschitz continuous with constant Lip(¢®Y),
and

sup Lip(¢/“) < 4o0.

0<e<eg

Also, ¢;“ and ¢ are Lipschitz.

Approzimate continuity near the infinitesimal holes.

For x € {l,r}, for each n > 0, there exists § > 0 such that for all 0 < € < ¢,
var(,. s p.+5(¢2") := the variation of ¢** over [h, — 6, h. + 8] < 7.
Also, ¢, is continuous at h,.

The proof of Proposition 3.3.1 is technical, and so we defer it until §3.4.2.

3.3.2 Proofs

We recall that for any C1,Cy > 0, {f € BV : |f|;. < Cy,var(f) < Co} is

pre-compact in L'. This fact will be used repeatedly in what follows.

Proof of Theorem 3.1

Using (i) of Proposition 3.3.1, we are able to choose a sequence of values €

converging to 0 such that ¢. converges in L' to some function, which we denote

by ¢. Using the fact that ¢, is a fixed point of the Perron-Frobenius operator L.

associated to T, (see §3.4.1 for the definition), one can verify that ¢q is an invariant
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density for Ty, and so there exists o such that ¢g = ag; + (1 — a)p,.. We will verify
that necessarily «/(1 — «) = l.h.r.. From this it follows that there is exactly one
limit point of ¢, as € — 0, and Theorem 3.1 follows.

Now for € > 0, pe(Hye) = pe(Hye), because [; = Hy o U (I, \ H o) and
T:'(I) = H, o U (I, \ Hy) are disjoint unions (modulo sets of zero Lebesgue mea-

sure), and ¢ = dpue /dz is an invariant density for T... We will show that as ¢ — 0,

pe(Hie) = opu(Hie) +o(1) - u(Hye), (3.1)

pe(Hpe) = (1= a)p(Hper) +0(1) - pr(Hrer), (3.2)

from which the equation a/(1 — «) = [.h.r. and hence Theorem 3.1 follows immedi-
ately.
We prove only Equation (3.1), since the proof of Equation (3.2) is analogous.

Write

pe(Hye) = Qe dr = ¢rdx +/ (per — atpy) dx
H

Hl,e’ Hl,e’ 1€

= au(He) + O ( Sup e (x) — 04<Z5l(37)|) - Leb(H,er).
FAS 1,¢!
But as € — 0, H;» — hy in the Hausdorff metric, and then py(H;)/Leb(H; o) —

¢i(hy) > 0, because ¢; is continuous at h;. Thus our proof is completed by the

following:

Lemma 3.3.2. As ¢ — 0,

sup |¢e(x) — ag(x)] — 0.

QCGHZ’E/
Although this uniform convergence might at first seem surprising, Proposi-

tion 3.3.1 (ii) and (iii) essentially say that near h;, {¢«} behaves like a family of

73



equicontinuous functions.

Proof. We proceed by contradiction. Suppose that there exists C' > 0 and a subse-
quence €’ — 0 of the € values such as that for each €”, there is a point x.» € Hj
with |¢per(xer) — agy(xer)| > C. Necessarily, x.r — hy as € — 0.

We restrict all functions of interest to the left subinterval I;. Set . :=
¢ —ag and wer = ¢ —agi™, so that ¢ —ag; = Yer +wer. Using (ii) of Propo-
sition 3.3.1, let L be such that for all sufficiently small €, Lip(v.s) < L. Next, we
use (iii) with n = C/5 and make sure to choose the corresponding 6 < C'/(5L) small
enough so that var[hl_57hl+5](oz¢f“l) < O/5 as well. Thus varp,_sp,+(wer) < 2C/5.

Then if x € [h; — §, by + 6], and €” is sufficiently small, z.» € [h, — 0, hy + ] and
|Yer () + wer ()]
2 "}/6//(:[}6//) —|— Q,)G// (1'61/)’ — |’y€// (x) + we// (,Z') — ’}/6// (l‘en) — (,L)E// ({Ee//)|

>C —[L-20+2C/5 > C/5.

1
But this contradicts that v + wer = ¢ — gy 50 L

Proof of Theorem 3.2

First, we observe that the results of | | guarantee that for small € > 0,
pe < 1 is a simple eigenvalue of multiplicity 1. Hence there are exactly two real-
valued eigenfunctions, £, satisfying L. = pepe and ||, = 1. But for such
functions, [Ydx = [ Lapedr = pe [ e dz, so [1)edz = 0. We have the following

uniform bound on their variations, whose proof we defer until §3.4.2.
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Lemma 3.3.3 (Uniform bound on the variations of the ). There exists

€1 > 0 such that supg .., var(y.) < +oo.

Let ¢y be any limit point in L' of 9. as € — 0. Then, since p. — 1, it follows
that 1y is invariant under Ly, and is thus a linear combination of ¢; and ¢,. Since
[Yol;r = 1 and [ty dz = 0, necessarily ¢y = :I:%gbl F %qﬁr. Hence we can uniquely

specify 1. by the condition [ I Ve dx > 0, and Theorem 3.2 follows.

3.4 Proofs of the properties of the densities

In order to prepare for the proofs of Proposition 3.3.1 and Lemma 3.3.3, it will
be convenient to first show how to derive such properties for an invariant density
of a single, fixed piecewise expanding map. We do this in §3.4.1. Then, in §3.4.2,
we prove Proposition 3.3.1 and Lemma 3.3.3 by showing how such estimates can be
made uniformly for the family of maps T¢, ¢ > 0.

Before beginning, we remark that if f € BV, then for each z, |f| < |f(z)|+
var(|f]) < |f(x)| + var(f). Integrating, we find that |f| < |f|;. + var(f). We will

use this fact repeatedly below.

3.4.1 Properties of an invariant density for a single piecewise expand-
ing map

Let T : I O be a piecewise C? uniformly expanding map, with C = {0 = ¢y <
g < -+- < ¢g = 1} as a critical set. Let £ be the associated Perron-Frobenius

operator, i.e., the transfer operator acting on densities. We begin by briefly re-
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viewing a method for finding an invariant density of 7. Such a method was intro-
duced in | |; see Chapter 3 in [ ] for a more modern exposition. Let Ay =
inf,er\c |T"(z)| > 1 be the minimum expansion and Dy = sup,q4c [T"(z)| / [T'(x)| be

the distortion of T. Then if f € BV, x ¢ TC,

d

Lf(z) = f(&(@)) &) 15 (x), (3.3)

i=1

where J;, =T

[Ciflyci]([ci—17 CzD and & = (T

e nei]) 0 Ji = [¢io1, ¢]. One can show
that there exists constants § € (0,1) and Cry such that for eachn > 1 and f € BV,

the following Lasota-Yorke inequality holds:

var(L"f) < CryB"var(f) + Cry | fl;: - (3.4)

In fact, 3 can be chosen as any number greater than A\;', although we will not use
this fact. Set F,, = % ZZ;& L*1. Then F, L—1> ¢, where ¢ € BV is the density of an
ACIM for T'. Using Helly’s Theorem, one has that var(¢) < CpLy.

We wish to characterize the properties of the regular and singular terms in the
decomposition ¢ = ¢" + ¢**. First, let us define a hierarchy on the set of points
in the postcritical orbits S = Ups1T*C by #(u) := inf{k > 1 : u € T*C}. The
following characterization is motivated by the discussion of the invariant densities
for unimodal expanding maps found in | ] and | ]. In particular, in | :
§3.3] a norm is introduced on the sequence of jumps of ¢ along the postcritical orbit

with weights that grow exponentially in #(u).
Lemma 3.4.1. Given the hypotheses above,

(a) ¢"*9 is Lipschitz continuous. Furthermore, there exists a constant Cgs =
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Cais(Ar, D7) such that Lip(¢"9) < Cais(1 4 Cry). Cais(Ar, D) can be defined

so that it depends continuously on Ay > 1, Dy > 0.

(b) The discontinuity set of ¢ is a subset of & = Up>1T*C. If we write ¢*% =

> ues Sully, then for each m > 0, Z{ue&#(u) |sul <A™ Cry.

>m}

Proof. We begin by noting from Equation (3.3) that F}, is smooth except possibly
at points in Uy ~'T*C. Write F' = > < s,,H, Then we can show that |s,,|

decays uniformly exponentially fast in #(u), i.e.

Sublemma. For each m,n > 0, Z{ue&#(u)>m} |Sun| < A" Cry.

Proof of the Sublemma. If m > n, Z#(u)>m |Sun] = 0, and Z#(u)>0 |Sun| = var(Fs) <
var(F,) < Cry. Since F,, = “1LF, ; + 1 if #(u) > 1 we see from Equation (3.3)

with f = F,,_y that |s,,| < ”T’l)\}l Z{UG&TUZH} |Spn—1]. Thus if 0 <m < n,

Z |Su,n|§ Z ngl)\j_‘l Z |5v,n—1|

#(u)>m #(u)>m {veS: Tv=u}
n—1
< A Sl <
=~ n T Z |Su,n 1| =~
#(u)>m—1
n—m
< AT o] <A .
> n T Z ‘Su,n ml ~ )\T C'LY
#(u)>0

In the inequalities above, we use the fact that if #(u) > 1, then T~ (u) does not

contain any critical points. 0

Using a diagonalization argument, we may find a subsequence n; such that

for each u, s,,; converges as n; — oo to some number, which we write as s,. In
. . _ L

particular, for each m, > H(u)>m |5u] < A™Chy, and Fi;” — F*d where we define

Feal = 3 s 8,H,. Furthermore, a standard distortion estimate (see for example
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the proof of Proposition 3.3 in | ]) shows that there exists a constant Cgis such
that for each n > 0, Lip((£"1)") < Cais |L"1] < Cais(1 + var(£"1)). Here, Cyis
depends only on the minimum expansion and on the distortion of T'. In particular,
sup,,>; Lip(#,%) < Cais(1 + Cry). By the Arzela-Ascoli Theorem, we may find a
continuous function F"* such that some subsequence of {Fgfg } converges in L™ to
Fres.

By the uniqueness of the decomposition ¢ = ¢"9 + ¢**, we conclude that

@9 = F9 and ¢* = F**. Lemma 3.4.1 follows.

3.4.2 Proofs of Proposition 3.3.1 and Lemma 3.3.3

We prove only the claims about ¢, for € > 0, and leave the claims about ¢;, ¢,
to the reader.

Let L. be the Perron-Frobenius operator (3.3) associated to 7,. The first key
step is to prove that the £, with e sufficiently small satisfy Lasota-Yorke inequalities
with uniform constants. Let A, and D, be the minimum expansion and distortion
of T,, respectively. Then as ¢ — 0, A\c — A\g and D, — Dy. Furthermore, T, is a
piecewise C? uniformly expanding map that is a small C? perturbation of Ty, and
the two critical sets C., Cy are e—close together. This is not sufficient to guarantee
uniform Lasota-Yorke inequalities, see for example | , 86] or [ ]. How-
ever, such uniform inequalities do follow with the additional assumption (14), which

guarantees that either (a) we have Ao > 2 or (b) Tj has no periodic critical points,
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except possibly the points in 91 as fixed points. We assume the former case in our
presentation here, and comment on the latter case at the end of this section.

Fix A € (2,)). The original proof from | | shows that if f € BV is
real-valued,

var(Lef) < (22 var(f) + Ce | f],1

where

Ce = D./A 4+ 2max|ciy1, — cz»7€|_1 . (3.5)
(Compare also | ][62].) Iterating, we find that for sufficiently small ¢, for all
such fand n > 1,

var(L; f) < B"var(f) + Cry | fl1 (3.6)

with 8 = 2A\7! and Cry = 2Cy/(1 — 2X\71). Similar estimates can be made for
complex-valued f by applying (3.6) to the real and imaginary parts separately.
Since each T, has a unique ACIM, we know from our discussion in §3.4.1 that for
sufficiently small € > 0, % Z;é £k L, ¢ as n — oo. It follows from Lemma 3.4.1
that var(¢.) and Lip(¢r) are uniformly bounded.

Next, we prove (iii). Given n > 0, choose n large enough that A™"Cry < 7.
Using (12), we can choose d > 0 so small that for 0 < k < n, (T¥Co) N [hy — 26, by +
20] = . Tt follows that for e sufficiently small, (T*C.) N [hy — 8, h. + 0] = 0 as well.
Using part (b) of Lemma 3.4.1 with m = n, we then see that vary,, 55, 16/(¢:) <.

Finally, to prove Lemma 3.3.3, we use Equation (3.6) with f = 1., n chosen
so large that 8" < 1/2, and € chosen so small that p > 3/4. It follows that

var(y.) < Cry/(pl — ") < 4CLy.
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Modifications when the minimum expansion is not bigger than two

If, in assumption (I4), the minimum expansion of Tj is Ay < 2, one derives
Lasota-Yorke estimates for £y by first fixing N large enough so that A}’ > 2. Then
the arguments from | ] used above will yield a Lasota-Yorke estimate for £},
and this can be interpolated to give similar estimates for £y. One can try to obtain
uniform estimates for L., but the arguments used above will only work if the critical
points for TV are in a one-to-one correspondence with and very close to those of
TY, compare Equation (3.5), as would be the case if Co N (Up—,'T*Cy) = 0.

V

Ty Tg Te Tg

Figure 3.6: Creation of small intervals of differentiability.

Unfortunately, this will never be the case in our setting, at least when b € Cj.
This is because the infinitesimal holes in H are necessarily critical points, and they
are mapped to b by Ty. Because at least some of the infinitesimal holes must be
mapped across the boundary point when € > 0, this means that necessarily T will
have more critical points than T, and these additional critical points will create
very short intervals on which T2 is smooth; see Figure 3.6. However, this problem
can be dealt with using assumption (I4b). Specifically, in | | it is shown that

because of the restriction on the periodic critical points, the growth in the number
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of the very short intervals on which 7 is smooth as n increases can be controlled,
and that uniform Lasota-Yorke estimates can still be made. Precisely, there exists

€0 > 0 and constants 8 € (0,1), Cry such that for each ¢ € [0,¢], n > 1 and

f e BV,

var(L! f) < CryB"var(f) + Cry | f|;: - (3.7)
The proof of this is essentially identical to the proof of Lemma 3.2 in | ] (see
also her Remark 3.4, and compare the proof of Lemma 8 in | ]), and so we omit

it. The rest of the proofs of Proposition 3.3.1 and Lemma 3.3.3 proceed as above.
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Chapter 4
A data assimilation method for hyperbolic systems

4.1 Introduction

In data assimilation, algorithms to best combine data collected from mea-
surements with forecasts from a mathematical model are sought. See | ] for an
overview of data assimilation methods. In ensemble data assimilation, we work with
a set of model state vectors, called an ensemble, that intends to describe and keep
track of position and uncertainty of the system state. See | | for an overview
of ensemble data assimilation.

Each data assimilation cycle consists of two steps: forecast and analysis steps.
In the ensemble approach, the forecast step takes as initial conditions the analysis
ensemble from the previous cycle and evolves each ensemble member separately
according to an appropriate model, generating the background ensemble. Then,
the information collected from measurements is used to produce the new analysis
ensemble, by adjusting the background ensemble toward the data observed. Since
the model state may not be measured directly, in general the analysis step uses
an observation function (also called a forward operator) that quantifies what the
measurements should be for a given model state. At this step, data is filtered
according to the algorithm, and adjustments are made along a space determined by

the ensemble members.
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An example where data assimilation is used heavily is in forecasting the
weather. This is the motivation behind the present work. Weather models are
very high dimensional, as the state of the system comprises information about the
Earth’s entire atmosphere. At the resolutions currently used, there are millions of
variables involved. The main goal is to predict the state of the system in the fu-
ture; that is, weather forecasting. Data assimilation is required because the current
state of the system is not well determined by current observations. In this context,
observations are measurements meteorological variables, such as temperature, at
various locations. A successful data assimilation procedure combines information
collected from the observations with the forecast generated by the weather model,
and produce, at each step, a good approximation to the corresponding state of the
system.

In more general terms, a problem of interest in data assimilation is to identify
a trajectory of a dynamical system that produces a given sequence of observations
(time series), whether or not the ultimate goal is predicting the future behavior of
the system.

In this paper, we investigate dynamical properties of a data assimilation algo-
rithm, an ensemble Kalman filter (EKF) studied in | |, assuming the under-
lying system is uniformly hyperbolic. The Kalman filter was introduced in | ].
It is optimal, in a least square sense, for the case of linear model and observations
with white noise. Extensions to the non-linear setting (Extended KF) have been
developed, see for example | ]. They involve linearizations and model-size
matrix inversions, thus making computations costly for high-dimensional systems.
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Ensemble Kalman filters were introduced in | |, and further developed and
tested in | , |. They keep track of a set (ensemble) of trajectories,
and are suitable for parallel computations. More recently, methods with determin-
istic choice of ensemble elements have been developed | , , ,

, , |. The algorithm studied here belongs to this class. While
we consider a particular algorithm, we believe our methods of proof can be adapted
to other deterministic EKF.

In order to track a system f : M O, usually referred to as the truth and known
only to within some accuracy, it is necessary to be able to adjust forecasts along
all unstable directions. The number of these may be much smaller than the total
dimension of the system. In this case, we can hope to keep track of the truth by
keeping track of the evolution of an ensemble of trajectories surrounding an approx-
imation to the truth, with the number of elements in the ensemble related to the
number of unstable directions. Hyperbolic systems possess a well defined number
of unstable directions, independent of the trajectory. For this reason, they provide
a tractable setting to investigate the properties of EKF. Because the differences be-
tween ensemble members determine directions in which EKF can make adjustments,
the number of ensemble members must exceed the dimension of the unstable space
in order to be able to correct errors in all unstable directions.

A fundamental property of hyperbolic systems is shadowing. This property
ensures that for any 0 > 0 there exists some € > 0 such that every e—pseudo-orbit
of the system is d—shadowed by a real orbit. An e—pseudo-orbit of f is a sequence
{Zn}a<n<y € M for which || f(z,) — xns1| < € for all a < n < b, and it is said to be
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d—shadowed by the orbit of z if ||z, — f"(z)|| < 0 for all @ < n < b. See | :
§18] for a precise statement of the shadowing lemma.

The main result of the paper, presented in Proposition 4.3.1 and generalized
in Proposition 4.4.4, ensures that for hyperbolic attractors with &% < k dimensional
unstable spaces, the shadowing property holds for a non-empty open set of initial
k-member EKF, under Takens’ genericity conditions | ] for the observation
function. This property guarantees that the data assimilation procedure is reliable,
in the sense that when appropriately initialized, its trajectory provides an approx-
imation for the true trajectory to within a small error for all future time. In other
words, the data assimilation system, driven by the real system, synchronizes with it.
Consequences for the approximation of positive Lyapunov exponents of the system
are also presented.

The defining property of unstable spaces, and more precisely the existence of
invariant unstable cones in some dynamical systems, suggests a convenient way of
identifying meaningful ensemble members, by thinking of the differences between
ensemble members as vectors in the tangent space. Namely, if we intend to track
the dynamics near a particular trajectory, we may keep track of the evolution of
tangent vectors under the (tangent) dynamics. A consequence of the theorem of
Oseledec | | is that for almost every initial trajectory (with respect to an in-
variant measure for the system) almost every vector approaches the most unstable
direction for that trajectory. If we are careful to orthogonalize and normalize the
vectors at each step we can identify the other unstable spaces in the Oseledec fil-

tration as well, through the standard numerical procedure for estimating Lyapunov
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exponents; see the Appendix of | . In | | an alternative algorithm to
identify spaces of the Oseledec splitting is introduced.

The task we just described, including the computation of the tangent map, may
be costly, computationally or otherwise. In fact, considerable human time is devoted
to linearizing weather models, see p. 215 and Appendix B of | |. Moreover,
dealing with derivatives significantly increases, at the least, storage requirements.
As an alternative, we can evolve ensemble vectors according to f instead of Df.
This is analogous to using the secant method instead of Newton’s method as a root-
finding algorithm in calculus or numerical analysis. If the size of the ensemble vectors
is small, of order €, the distance between the image of a point and its linearization is
of order €2.! We would like to show that under some circumstances, this procedure
indeed produces ensemble vectors that lie inside an unstable cone. When this is the
case, if the cones are strictly invariant, once inside the cones, the algorithm would
keep successive iterates of the ensemble inside unstable cones. On the one hand,
this would allow to adjust errors accumulated in unstable directions. On the other
hand, it would permit to iterate the procedure.

It would be of great interest to find extensions of our results to more general
underlying dynamical systems. For example, non-uniformly hyperbolic systems are
believed to provide adequate models for several phenomena in the natural sciences.
They also share some properties with the systems treated here, such as existence of

stable and unstable manifolds for Lyapunov regular points, and some of them also

'In general, it would be necessary to use the exponential map to identify tangent vectors with

points in the space.
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have complete strict (or eventually strict) invariant families of cones as described in
[ |. However, in general, stable and unstable spaces do not depend continuously
on the base point. Hence our proofs do not extend directly to that setting, and other
techniques would be necessary to study the problem in such generality.

The structure of the paper is as follows. In §4.2, we present the main result,
after introducing the setting and discussing the initialization of the ensemble. In
§4.3, properties of the ensemble Kalman filter are established for the case of one-
dimensionally unstable hyperbolic systems. These properties are generalized to the
case of higher dimensionally unstable hyperbolic systems in §4.4. The main reason
to separate the two cases is to present the control of nonlinear terms in §4.3, and
leave the main complications of the extension to higher dimensionally unstable cases,

which lie at the linear level, to §4.4.

4.2 Statement of results

4.2.1 Setting

We start by describing our hypotheses for the forecast model and the obser-

vation function.
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4.2.1.1 Model

Throughout the paper, let f : M O be a C? diffeomorphism of a Riemannian
manifold? of dimension N, with a uniformly hyperbolic attractor of A C M. That
is, a compact set invariant under f for which there is an open set U C M such that
A Cint(U) and Np>of"(U) = A. The hyperbolicity condition means that, restricted
to A, there is an f invariant splitting of the tangent spaces T,M into unstable
(expanding) and stable (contracting) spaces, T,M = E* & E?, and constants A >

1 > p such that

|Dfovl| > Mv|| Vv e E* and ||Dfv| < pljv|| Yo e E”.

A reference for hyperbolic systems is | ].

Remark 4.2.1. This is not the usual definition of hyperbolicity, in the sense that we
are already working with a metric adapted to f. This assumption simplifies some
calculations, but does not restrict the scope of the paper since adapted metrics
always exist. Moreover, even if a metric (e.g. Euclidean) is not adapted to a

hyperbolic system f, it will be adapted to a suitable power.

For the reminder of the paper, we also assume that for each f periodic point
x of period k < 2N + 1 the eigenvalues of Df* are distinct. This open and dense
property in Dif f(M) is needed for Takens’ embedding theorem to apply; see The-

orem 4.2.1.2 for the statement.

2To avoid technical difficulties, we assume M is a Euclidean space, a cylinder or a torus so there

is no need to make use of the exponential map to identify tangent vectors with points in the space.
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4.2.1.2 Observation function

For f fixed, we consider generic C? real-valued observation functions h : M —

R in the sense of the following theorem, which will be repeatedly used in this paper.

Theorem (Takens embedding theorem, | ). Let f: M O asin §4.2.1.1. Then,

for smooth proper® functions h : M — R, it is a generic property that the map

x> (h(@), h(f(2)), h(f*(2)), ..., h(f*" (2)))
is an embedding, i.e. one-to-one proper immersion.

We note that this result has been (or may be) refined in a couple of ways
that may be relevant for concrete applications. On the one hand, generalizations of
Theorem 4.2.1.2, such as those in | | may be useful. In short, they allow to
reduce the number of measurements from 2N + 1 to 2dim A + 1, where A is the
attractor of f under consideration. This would improve the estimates significantly,
as errors grow exponentially with the number of steps considered.

On the other hand, there may be multiple observations available at each step,
say [ scalar measurements. To extend our results to this setting, a multidimensional
version of Takens’ theorem is needed. Such an extension may be established fol-
lowing Takens’ original proof. Therefore our proof could be adapted to, in some
appropriate sense, generic h : M — R!, and reduce the number of forecast steps

considered by a factor of [. It is also possible to reduce to the one-dimensional case

3A function is proper if the inverse image of every compact set is compact. This is always the

case for smooth functions if the domain is a compact manifold.
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by assimilating observations sequentially, as discussed in | , 87.4] or | ,

§3]. We do not present all the details here.

4.2.2 Main result

Definition 1. A DAP with initial ensemble £ is called c—reliable if the predictions
it produces eventually shadow the true trajectory within error c. We say that a
family of DAPs depending on a parameter €, and having initial ensembles {&.}¢=o,
is O(e)— reliable if there is some constant ¢ independent of € such that for all € > 0
sufficiently small, the DAP associated to parameter e with initial ensemble &, is

ce—reliable.

Consider f : M O as in §4.2.1.1 and h : M — R as in §4.2.1.2. The main
result of this paper concerns the reliability of a family of DAPs associated to f
and h, provided they are properly initialized. This family is called the k-member
ensemble Kalman filter (kMEKF). The iterative algorithm defining the A MEKF and
its correspondence with that of | | will be discussed in detail in §§4.4.1 and
4.4.2. Here we include the definition for the reader’s convenience.

Let € > 0. The kMEKF corresponding to € is constructed using the following
iterative procedure. After step n — 1, we start with an ensemble of k vectors with

Fa 3 a
mean T, ; and displacement vectors v, ,

1 < j < k. The corresponding back-

ground mean at step n is denoted by #° and the corresponding displacements by

90



b

ins Where

k
b1 —a a
xfz y Z (@1 + Uj,n—1)a
j=1

b — —b
Ujn = f(xg—l + U?,n—l) — T

The average value of the measurements of & will be h, := 1 Z?Zl h(xh 4+ 0%,). The
measurement of h from the true trajectory x, will be denoted by vy, = h(x,). To

define the analysis ensemble at step n, we introduce some further notation. For

1<j <k, let
1 1 o
jn ‘= ;(h(fz + U;?,n) - hn)? %21 = (k’ _ 1) Zq]z,nu
j=1
! (1 ! ) if g, # 0 0 otherwise, and
Vo= —=|1——=) if ¢, ,Vn = 0 otherwise, an
a Vit
1 k
b
Von = Z qj,nvj,n'
(k1) 2
The analysis ensemble is defined by:
n - En n
e L DL ()
1+q; ¢
UZ,]' = Uz,j — TnqjnVon, for 1 < ] < k.

Let f : M O be as in §4.2.1.1, and let A be a k* dimensionally unstable

attractor for f, i.e. dim E* = k*. Assume k > k" and 2y € A. Our main result is:

Main Result. For generic observation function h there is a family {Z.}.~o of open
sets of initial ensembles such that whenever &, € 7., the kMEKF with initial ensem-
bles &, and noiseless observation of h is O(e)—reliable. The same conclusion holds
if the measurement of h has noise, provided its size is bounded by a small multiple
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of €, and also when the observations are generated by a pseudo-trajectory, provided

its distance to a true trajectory is sufficiently small.

Remark 4.2.2. Sets of initial ensembles for which the kMEKF is O(¢)—reliable
are described explicitly in §4.4.3.1. Roughly speaking, they consist of ensembles for
which ||zo—T¢|| < v/€ and such that the corresponding perturbations are of adequate
spread and lie sufficiently close to the unstable space Ej . The last condition is

discussed and explained in §4.2.3.

This result is proved using an inductive scheme. In §4.3 it is established for the
case k = 2 (see Proposition 4.3.1 and Corollary 4.1). The general case is deferred to
§4.4 (see Proposition 4.4.4). The proofs follow a similar strategy, but the analysis at
the linear level is straightforward in the former. Hence, we concentrate in controlling
nonlinear terms in §4.3, and leave the complications at the linear level coming from

higher dimensional unstable dynamics for §4.4.

4.2.3 Initialization of the ensemble

In this section we discuss how to identify an initial ensemble of trajectories
that is appropriate for the EKF to be reliable. Proofs are left for subsequent sections.
The most desirable characteristic of an initial ensemble is to well approximate the
unstable space of the true trajectory. Even in the case of perfect model, which is
the one treated here, this is a non-trivial task, as unstable spaces depend on the
infinite future of the system.

An unstable cone at z, K¥, is a subset of T, M of the form K¥ = {(v,,vs) €

x?
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E' @ E: = T, M|||vs]| < ¢|lvy]|} for some constant ¢ > 0. The initialization we
propose relies on the forward invariance of unstable cones for uniformly hyperbolic
systems. This property ensures the existence of a family of cones K C T,(M)
surrounding the unstable space E¥ C T,(M) that is invariant under Df. More-
over, in the uniformly hyperbolic setting, the invariance is strict, in the sense that
Df.K}! C intK}‘(r) U {0}. Thus, an unstable cone at a point = gets mapped inside
the interior the corresponding cone at f(x) under the tangent dynamics Df. As we
do not make use of the linearization, but of the map itself in the forecast step, strict
invariance is essential to allow for the small errors associated to this difference to be
negligible. This permits to ensure that when the displacements of ensemble vectors
from the mean are small and lie inside the unstable cone, so do their corresponding
images under f.

The above justifies the existence of an open set of ensembles having the desired
property of remaining close to the unstable space under application of the dynamics.
However, there is still something to be said about how to identify them. A reasonable
approach is as follows. We may start with a cloud of points sufficiently dense
in a sphere of small radius around the point z. By forecasting according to f,
projecting back to a small sphere around f(z), and repeating this procedure for
a few steps, we could identify finite time unstable directions, which necessarily
contain unstable cones. In fact, by performing a Gram-Schmidt orthogonalization
procedure, we may be able to estimate the dimension of the unstable space. This
estimate would dictate the number of ensemble members to keep track of during the

data assimilation procedure. It is also possible to approximate positive Lyapunov
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exponents by keeping track of the total expansion or contraction gained along the

forecast steps.

4.3 Properties of the EKF for hyperbolic systems with one-dimensional

unstable spaces

Let f : M O be a diffeomorphism having a one-dimensionally unstable hy-
perbolic attractor A, as in §4.2.1.1. We show that for generic C? function h, as in
§4.2.1.2, the 2-member ensemble Kalman filter (2MEKF) is O(e)—reliable, in the

sense of Definition 1.

4.3.1 Evolution equations

First, we write down the equations for the 2MEKF, following | ]. See
also the simplification discussed in §4.4.1.

Let € > 0. Starting from an initial ensemble of analysis vectors zi_, £ v%_;,
we obtain the new background vectors at step n by forecasting according to f. We

denote these background ensemble vectors by z° #+ v?. Thus,

— 1 —a a —a a
xz §(f($n—1 + Un—l) + f(gjn—l - Un—l))?
vfi = f@h1 +vny) — fz:z

The average value of the corresponding observation will be h,, = 2(h(z} + v}) +

h(z’ — v%)). The measurement of h from the true trajectory x, will be denoted

by yn = h(zy,). Let g, := L(h(Z% 4+ v2) — h,). The corresponding analysis vectors,

€
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obtained using an ensemble square root filter, are ¢ + v?, with:

2q —
a b n n
= n — hn ) *

1
Ua: b

" T "

4.3.2 Basic definitions and notation

Under Takens’ genericity conditions (see Theorem 4.2.1.2), it is ensured that

for every x € M, the vectors

{Vh(), (Dfo)"Vh(f(2)), (Df2) VR(f*(2)), ..., (DY) VA(F*¥ (2))}

span T, M, for all x € M.

% — 1 _ 1 u [T :
Let ¥(z) := @ eos L8R B0 = TeoTvic): Where v € E7 is a unit length
vector. We note that 4(z) < oo whenever Vh(x) and v¥ are not orthogonal. By

compactness of A, there is some constant 4 > 0 such that

> ilelgj:gljgjv{‘y(fj ()}

We note that 7 is finite by the non-degeneracy condition on h. Whenever ¥(z) < ¥
we will say that the angle £(Vh(x), E¥) is good.

Using the Taylor expansion of h around 7%, we know that for |[v? ]| small,
T, £v,) = h(T,) £ VAT, - v, + O(log ).

Hence, h, = h(@;,) + O(||v}|*) and eg, = VA(T}) - vp, + O([|vp[[*).
We have assumed the metric is adapted, and A > 1 > p are strict lower and
upper bounds on the expansion, respectively contraction, along unstable and stable
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spaces. Then, whenever z and y are sufficiently close we have, || f(z) — f(y)||. >
Mz =yl and [|f(z) = f(y)|ls < pllz — y||s, where ||||us) denote distance along
unstable (stable) spaces, to be defined precisely in the sequel. Let A be a Lipschitz

constant for f, and L a Lipschitz constant for h.

4.3.3 Outline of inductive estimates

Here we introduce some further notation aiming to outline the ideas behind
the inductive arguments in the coming sections. The new notation in this section is

not required in subsequent sections. For any n, let

L(v*, BY
An = ( n’ & )7
€
/Ua
)
T, — T2
o =zl
€
. |zn — T5 |l
S, = —a nie.

Relevant properties of the ensemble can be expressed in terms of the above quanti-
ties. For example the shadowing property is equivalent to {X}, },en being bounded.
The ensemble size is bounded provided {V, },en is bounded.

We will later show that the following inequalities hold, provided ||z, —Z2]|, ||v%||

and £(ve, B ) are sufficiently small. First,

Tn

if £(Vh(zpi1), EY ) is good,

Tn+1

AV, if L(Vh(zpg), EY ) is bad.
Thus, {V,} remains bounded if the number of consecutive bad angles is bounded

above. Next, there exist some 0 < v < 1 and C,C" > 0, depending on f and h, such
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that

An+1 S I/An + CXTL -+ C/Vn.

There exist some 0 < < 1 and C,C" > 0, depending on f and h, such that
Spi1 < uS, + CAVX, + C'V2
In general, for &,, we only have
X1 <A1+ OV)A,.

These estimates provide some insight on the evolution of the quantities A,,, V,,,

S,, X, with respect to n. However, showing that X, is bounded requires some further

— Nz

considerations. It is in fact fruitful to study the quantities Q,, := ozl

instead
of X,. For appropriate choices of the initial ensemble, the size of the perturbation

elements in the Kalman filter somehow keeps track of the the distance to the truth.

Indeed, when good angles £(Ey , , Vh(zn41)) occur, Qny1 <1+ \/Qnice provided
1+2-%

the smallness assumptions above. In fact, contraction by a factor arbitrarily close

1

to occurs provided Q,, is not too small. When bad angles occur, there may

1+2&—;2
be exponential growth of the quotient Qé—:l, but if the number of consecutive bad
angles is bounded above, this growth rate can be controlled in such a way that the
expansion is compensated by the contraction gained by the occurrence of a good
angle. These arguments are enough to show that {Q,,} is bounded, and furthermore,
that it is eventually of order one. The same conclusion holds for {A4,} and {S,}.

In the next section, we present an inductive scheme making the above estimates

rigorous. It is valid for ||v§|| = O(€), and the quantities ||zo —Z&|| and £L(v, E*(z0))
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sufficiently small. As we will see in Proposition 4.3.1, in this setting, the shadowing

property is guaranteed.

4.3.4 Inductive scheme

We will now establish the fundamental properties of the 2MEKF generated by
f M O using an inductive scheme. In short, the 2MEKF will be O(¢)—reliable
provided the ensemble has been initialized in such a way that the displacement
vector vg lies in a sufficiently narrow unstable cone and that the distance from the

ensemble mean to the true trajectory is sufficiently small.

Proposition 4.3.1 (Properties of 2-member ensemble Kalman filter).

Let xg € A. Then, the following holds.

e For generic observation function h, there is a family {Z,}.~o of open sets of ini-
tial ensembles such that whenever &, € Z,, the 2MEKF with initial ensembles
{&:}e=0 and noiseless observation of h is O(e)—reliable. More precisely, this is
the case for all 2MEKF initialized in such a way that the inductive hypothesis
from §4.3.4.1 holds for suitable choice of constants C',...,C5. Moreover, the

ensemble spread remains proportional to e.

e The same conclusion holds if the measurement of h has noise, provided its
size is bounded by a small multiple of €, and also when the observations are
generated by a pseudo-trajectory, provided its distance to a true trajectory is

sufficiently small.

The proof of these results occupies the remainder of this subsection.
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4.3.4.1 Inductive hypothesis I H(C1, Cy, C3, Cy, Cs, €)

Definition 2. Let ¢ > 0. We say that the ensemble with mean z{ and pertur-
bations v? (or concisely, the ensemble at time n) satisfies the inductive hypothesis

IH,(Cy,Cy,C3,Cy, Cs, €) if the following holds:
(1), Lower bound on spread of ensemble.

Cre < vy ll-

(i7), Unstable cone.

L(vy, E} ) < Cae.
(ii), Upper bound on spread of ensemble.

loll < Cse.

(1), Shadowing.

|70 — 7| < Cye.
(v),, Bound on distance along stable direction.

2 = T3 ]ls < Csé®.

4.3.4.2 Inductive step

In this section we show that if € > 0 is sufficiently small and

ITHy(Cy,Cy, C3A 2N, C4,C5,¢) is  valid at the initial  time, then

4o, — 725 is a shorthand for sup veBLL Jluf=1 [(z, — T2) - 0|
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IH,(Cy,Cy,C3,Cy, Cs,€) will remain valid at all times n > 0, provided e is suf-
ficiently small and some relations between the constants C1, ..., C5 are satisfied. As
for each value of € the set of ensembles for which these conditions are valid contains
a non-empty open set, this is enough to prove Proposition 4.3.1.

The letters C, C’ will denote positive constants independent of € and C4, . .., Cs,
but may depend on f and h, and are allowed to change from one appearance to the
next. The letter v will denote a constant between 0 and 1 with the same properties
as C. The notation O, is similar to the asymptotic O notation, but the constants
involved are allowed to depend on C4, ..., C5 as well.

For the rest of this section we suposse the standing assumption
[Hy(Cy,Co, CsK 2, Cy, Cs,€) and TH,,(Cy, Co, C, Cy, Cs,€) for all m < n (IH)
is valid for some n > 0, and some (yet to be determined) constants C1,...,Cs. We

will show that I H,1(Cy, Cs, Cs, Cy, Cs, €) holds. The proof proceeds by induction

provided C1, ..., C5 are chosen appropiately.

Proof of (iii),+1. For any m > 0 we have
lomiall < llomga [l < Aflop, -

Hence, by the standing assumption (IH), for all 0 < n < 2N we have that (i7),1 of
IH,1(Cy,Cy, Cs,Cy, Cs, €) holds.
For n > 2N, we observe that when the angle £(E ,Vh(z,,)) is good and is
e sufficiently small, if (iv),,_1 holds, then we have
Ye

1
lomll = ——=llvmll < —

V14 2¢2, V2
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By the genericity condition on h a good angle will occur within any 2/V 4 1 consec-

utive steps, so we can choose m between n — 2N + 1 and n + 1. Then, choosing

“2N .

Cy > 251 (4.1)

together with the standing assumption (IH) imply that (¢ii),; holds for € sufficiently

small.

Proof of (i),4+1. Recall that A > 1 is a strict lower bound on the expansion of f
along E* and L is a Lipschitz constant for h. Then, ¢,4+1 < L|jvl,,||. Moreover, if

|ve]] > Che, and € is sufficiently small we have

€ €

o2l > [ ———
Vet + 2020l 12 ey + 212

Then, (7)1 is guaranteed by choosing C such that

1 1

Proof of (i7),11. Let us assume Csye is sufficiently small. Then,

K(U?L+17Eu ) - K</U£L+17 Ey )

Tn4+1 Tn+1

< L(vyy1, Dfzgon) + £(Dfagv, Dfs,vn) + £(Dfo, v, By L)

Tn+1

< CCye + Cyrve + O, (€2).

Hence, (ii),1 holds, for e sufficiently small, as long as
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Proof of (v),4+1. For the background ensemble, we have
|1 = Toialls < Nz = F@)s + (@) — Tl < Cope® + COZE* + OL(€).
Therefore,

|Zns1 — fZ-ﬂ,—l”s < |lwpg1 — f?z-ﬂ,—l”s + ||jfz+l - f%-}—lns

T 2ni1 V)
< Cspe® + CO3€ nt1 — P P+ O (€
< Cspe” + COFE + | (ynta +1)1+2q721+1 . | (€)

C/
< Csue® + CC3e* + ?Hxn — 7| [|v%||Cae + O, (%)

CC2 + C'CyC5C
_l’_
Cs

< Cse’( )+ Ou(e%).

Hence, (v),11 holds, for e sufficiently small, as long as

CC§+C/CQC3C4
Cs

<l—p| (4.4)

Proof of (iv),+1. Let 7(n) be the number of iterates after the last good angle, minus

one. We will show
Lemma 4.3.2. There exist some constants o and 64 such that
20 = To || < Cao™ ™ Joi].

Remark 4.3.3. Lemma 4.3.2 and the already established property (i), com-
bined with the fact that good angles occur at least once in every 2N consecutive

iterates guarantee the shadowing property

|z, — T < C3Cio*Ne =: Cye.
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Proof of Lemma /J.3.2. Applying the triangle inequality to Evolution Equations (*)

gives

_ - B Cllwb
T — T || < Az — 75 ||(1 + HenH)

< AL+ CGCs)jzy — T3 l.

. Cl
We consider two cases. Let us fix K < GETTeAL

Case 1 ||z, — 72| < Ke.
Then ||z,41 — %, || < AK€, and therefore ||z,,11 — 7% || < A(1+CC3)Ke <

Che < [[v%,,]]. The only restriction on Cy imposed by this case is Cy > 1.

Case I1 ||z, — || > Ke.
In this case, (v), implies that £(z, — 7y, E; ) = O,(¢). In view of (i7),, we
also have £(z, =g, v5) = O.(€). Let B, = || D fy,v" ()|, where v*(x,) € £}

n’-n

is a unit length vector. Then,

lvniall = Ballvgll + Ou(€?),

B
[vpiall = —”2 — [Jup]| + O.(€%),
A /1 + %
||$n+1 - f?LHH = 5n||xn - ff{H + O*(62)-

To estimate ||z,41 — T, ||, we consider two further subcases.

Case Ila |cos L(xpi1 — Thyq, VR(2441))| > K, where £ > 0 is a small constant,
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depending on f, h, C7 and Cj, to be specified later. Then,

_ B _
l2ni1 = Tl = 75 7 llon — T

COS 4<33n+1 - f7%4-17 Vh(xn-kl))

O.(€
cos £ (v 1, VI(T41)) )L

+ Bullrn — T, [[(1 —

5n — 2 64407-(70 2
=—— 5z, =Tl + O.(€") £ ——=Ilvpll + O.(€).
1+2¢2 VI+242,, "

In particular, in this case ||z, — 7%, < Cao™™ |0l || + Ou(e?).

Furthermore, |z,11 — T%,4| < O4UT(Z>2 v, ]| + O.(e?) when the angle
2.4
Y

L(EY  Vh(x,41)) is good.

Tn41?

Case Ib | cos £(Tpt1 — T8 1, VR(2n41))| < K. Then,

_a _ Crllvn| —a
l2n 1 = Traall < Bullzn = Z3l|(1+ —2) < (1 + CCsr)|zn — T3 |

< /14 2G|V A2 (1 + CCsr) Cao™ ™o | + OL(E).

Choosing k < , ensures that Case IIb implies a bad angle £(E} ., Vh(zn11)).

L
A Vhllso
Requiring also that

4N C?
<\/1 +2C3|VA|Z 21+ CCyr) ) < 14251

72

ensures that (iv),,; holds with o > /1 + 2C2||Vh|2,k2(1 + CCsk), provided e is

sufficiently small and C’4 > 1. O

The last restriction on the constants C', ..., C5 sufficient for the induction to

move forward is therefore

04 Z CgO’QN . (45)

Hence, the induction can be carried on by choosing, in that order, constants
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C1,Cs,Cy, Cy and Cs, satisfying the boxed inequalities. The result holds for suffi-
ciently small e.

Finally, we extend the proof to the case of noisy observation. We remark that
this case also covers the situation when the measurements do not come from a true
trajectory, but from a pseudo-trajectory, provided its distance to a true trajectory
is sufficiently small. Let us assume that the noise in the measurement of A from
the true trajectory is bounded by Be. The analysis above remains applicable with
minor changes, provided B is sufficiently small. A further subdivision of Case Ila
is necessary, depending on whether |Vh(z,41)| > H or |Vh(z,41)| < H, for some
constant H. (Optimizing the choices of k and H, to in turn maximize the noise size,
B, is possible from the inequalities below.) The restrictions on the size of B and
constants C',...,Cs can be made explicit by adapting the previous computations

to this case, obtaining;:

CC% + C'CyC3C, n BC,yCs
C’5 \/§C5

B
max{2BC'3, E} < Cl,

<1_/“L7

2

B\ 4N
<\/1+zcg||wugoﬁ2<1+ccgm)+ C(i’; ) < 1+2%,
1

C3B\4N C?
2 172 1
(\/1+26’3H (1+CC3H) + o ) <1—|—2:y2.

1

4.3.5 Achieving the inductive hypothesis

The induction presented in §4.3.4.2 motivates the following definition.

Definition 3. Given ¢, C1, ..., C5 > 0, we say that an initial ensemble £ is attracted
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to ITH(CY, Cy, Cs, Cy, Cs, €) if for some n, the n-th iterate of £ under the 2MEKF sat-
isfies

IHn(Cl,CQ,03K_2N,C4,C’5,e). We say that the initial ensembles {& }e~o are at-
tracted to TH(Cq,Cy,Cs,Cy, Cs, €) if there exists n such that for all e sufficiently

small, the n-th iterate of & under the 2MEKF satisfies I H,,(C1, Cs, CgK_zN, Cy,Cs,€).

Remark 4.3.4. When € > 0 is sufficiently small and C1, ..., Cs satisfy the boxed
inequalities, the inducive arguments from §4.3.4.2 imply that if an ensemble & is
attracted to IH(Cl, CQ, Cg, C4, C5, 6), then IHn(Cl, CQ, Cg, C4, 05, 6) holds for all

sufficiently large n.

Let C,...,C5 be constants for which the induction in §4.3.4.2 is valid, with
all boxed inequalities in the proof of Proposition 4.3.1 strict. Then, we have the

following.

Proposition  4.3.5. Consider initial  ensembles  {£}o  satisfying
I1H (C~’1, Cy, C~’3K_2N, Cy, Cs, ¢) for constants that also satisfy the boxed inequalities.

Then, for generic h, the ensembles {5'6}90 are attracted to IH(CY, Cy, Cs, Cy, Cs, €).

Proof. The proof generalizes that of Proposition 4.3.1. We observe that if € > 0 is
sufficiently small, condition (ii7) of the inductive hypotesis is attracting in the sense
that if a good angle occurs at step n (this happens at least once within any 2N 41 con-
secutive steps for generic h), then condition (iii) of I H,(C4, Cs, C;),K_?N, Cy,Cs,€) is

satisfied, as the proof of Proposition 4.3.1 shows. The rest of the inductive argument

remains applicable.
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Conditions (i), (i), (4v) and (v) are also attracting in some sense, but not as
simply as (7i7). The constants Cy, Cy4, Cy and Cs, in that order, can be improved
until conditions (i), (iv), (#7) and (v) of IH,(C, Ca, 03K_2N, Cy, Cs, €) are achieved,
and they are maintained thereafter. Here, we explain how to reach (iv) in detail,
as is the most involved, and omit the details of the proofs for the other constants,
which use similar ideas.

We go back to the cases presented to establish (iv) in the proof of Proposi-

tion 4.3.1. We observe that if the ensemble is in Case I, condition (iv) is valid at the

||$n+1_52+1||

T deteriorates with respect to the same
n+1

next step. In Case IIb, the quotient
quotient at time n by a fixed multiplicative factor that can be controlled by the choice
of k, up to higher order terms in €. In Case Ila, this quotient gets reduced by a factor

independent of x, up to higher order terms in e. Again using the non-degeneracy con-

dition on h, and choosing a sufficiently small value for k, we can ensure exponentially

Hzn+1_§%+1“

llvz

==, until it gets to order 1. (The exponential
n+1

fast decrease of the quotient
decrease occurs along times of good angles. In between, this quotient may dete-
riorate, but this deterioration is controlled by k). In particular, condition (iv) of
[H,(Ch,Cy, CsK N, Cy, Cs, €) is achieved.

The upper bound on ¢ for which this argument applies is determined by higher
order terms ignored in the above estimates. It depends on f,h and the values of

..., Cs. O

Remark 4.3.6. In fact, when the quantities ||zo — Z§|| and £(vg, EY ) are small,

but much larger than e, the 2MEKF algorithm is still useful. Indeed, the induc-
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tive procedure from §4.3.4.2 remains applicable when IH(Cy,Cy, Cs,Cy,Cs,€) is
replaced by TH(Cy,Cy, Cs,Cy,Cs,€,6) with € < 6 < c¢y/e, for some ¢ > 0, where

TH(Cy,Cy,Cy,Cy, Cs,€,6) defined as follows.

Definition 4. Let ¢,0 > 0. We say that the ensemble satisfies the inductive hy-

pothesis I H,(C1, Cy, Cs,Cy, Cs,€,0) at time n if the following holds:
()2 Lower bound on spread of ensemble: Cje < ||v?].

(#7)], Unstable cone: £(ve, E* ) < Csd.

(4ii1)° Upper bound on spread of ensemble: |[v¢| < C3d.

(iv)8 Shadowing: ||z, — 72| < C46.

(v)° Bound on distance along stable direction: ||z, — 72|, < Cs62.

In this case, the proof of Proposition 4.3.5 remains applicable and yields the

following.

Corollary 4.1. Let ¢ > 0 be sufficiently small. Assume that
ITHy(C, Cs, C'3K_2N, Cy, Cs, €,6) holds for some initial ensembles {E€ }eso, with con-
stants (7, ..., C5 satisfying the boxed inequalities in §4.3.4.2. Then, there exists
some ¢ > 0 independent of € such that whenever € < § < ¢y/e, the forward evolution
of & under the 2MEKF satisfies I H,,(Cy, Cy, C3, Cy, Cs, €,8) for all n > 0. Moreover,
&, is attracted to ITH(Cy,Cy,C5,Cy, Cs,€). In other words, the 2MEKF with initial

ensembles {&.}esg is O(e)—reliable.
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4.3.6 Lyapunov exponent

A consequence of the properties of 2MEKF presented above is that the posi-
tive Lyapunov exponent of the true trajectory can be well approximated using the
ensemble.

Let x¢ be any initial condition. Let x; denote its trajectory, and z; := 77, Z; :=
zj +vf, with T}, 0§ are as in Equations (*). Let v* be the unstable direction of
o, Xn = %log | Df7v"|| be the n-th step approximation to the positive Lyapunov

exponent of xg, and y = lim,,_,, Xx» the corresponding Lyapunov exponent.

Proposition 4.3.7. Let x, := %Z;:ol logw. Assume that the initial

ll2—Z;ll

ensemble satisfies 1 Hy(Cy, Cy, C5A QN, Cy, Cs, €), for constants C1, . . ., Cj satisfying

the boxed inequalities (4.1)-(4.5). Then, for generic h, we have

1Xn = Xall = Ou(e)
uniformly on n. In particular, ||lim, . X» — X|| = O« (e).

Proof. This follows from the shadowing property of 2MEKF (iv), invariance of
unstable cones (ii), and the boundedness of 2MEKF (iiz), showed in Proposi-

tion 4.3.1. ]

Remark 4.3.8. In fact, any data assimilation algorithm for which the mean of
analysis members shadows the true trajectory, and the displacement vectors have
uniformly bounded spread and lie close to the unstable direction also gives a good

approximation of the positive Lyapunov exponent of the true trajectory.
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4.4  Properties of the EKF with higher dimensional unstable spaces

In this section we generalize the properties of the 2MEKF presented in §4.3
to systems with higher dimensional unstable spaces. For the rest of the section, we
let f: M O be a diffeomorphism having a k£" dimensionally unstable hyperbolic
attractor A, as in §4.2.1.1 and h : M — R be generic in the sense of §4.2.1.2. In
this case, we consider an ensemble Kalman filter with £ > k* members, which is

denoted EMEKF'.

4.4.1 Simplification in analysis step

Here we show a simplification of the analysis step presented in | ] in the
case of scalar observation function. This allows to reduce the computational com-
plexity of the algorithm to quadratic order in k, instead of cubic. The simplification
is a consequence of the following simple lemmas, whose content can be traced back,

at least, to Potter’s work in 1964 | : ].

Lemma 4.4.1. Let Q be a k—dimensional row vector, and let ¢> = QQT. Then,

1

the symmetric square root of (I + QTQ)~! is given by

1

1
1+ ¢?

(I+QTQ)2 =1 —v(Q)QTQ, where 4(Q) = p (1+

)

Proof. We drop the @ dependence of v(Q) for brevity. Now, we verify the claim

directly. First, we note that I —yQT(Q is symmetric. We let M = QT'Q, and observe

°For Q = 0, 7(Q) := 0. To ensure that I —v(Q)QTQ is positive definite, the minus sign must

be chosen in the definition of v(Q).
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that M? = ¢?M. Thus,
(I =1Q"QP(I+Q"Q) = (I = 2yM +*M?) + (M — 2yM? +*M°)
=1+ (=27 + @V +1-2¢y+ ¢*v*)M.
The choice of v ensures that the second term vanishes. O]

Lemma 4.4.2. The matrix W = I—yQ” Q has an orthonormal basis of eigenvectors,

with \/11—2 as a simple eigenvalue of corresponding eigenvector Q7 and 1 as an
+q

eigenvalue with multiplicity £ — 1.

Proof. The first claim follows from symmetry of W. The second claim can be
checked directly. The last claim follows from the fact that for every v € R* such

that v QT = 0, vQT Qv = 0 and thus Wov = v. O

4.4.2 Evolution equations

Let € > 0. The evolution equations of the kMEKF are as follows. At time
n — 1 we start with an initial ensemble of vectors with mean ¢ _; and displacement

vectors v¢

in—1, 1 < Jj < k. To obtain the corresponding background vectors at step

n, we forecast according to f. Let us denote the mean of these background ensemble

vectors by #° and the corresponding displacements by vé’n Thus,

k
—i 1 —a a
xlrjb = E Z f(wn—l + Ujm,—l)?
j=1

b — —b
Uj,n = f(wZ—1 + ’U?,n—l) = Ly

The average value of the corresponding observation will be h,, := % 25:1 h(fz+v§?7n).

The measurement of h from the true trajectory x,, will be denoted by y,, = h(x,,).

111



For 1 < j <k, let gj, := L(h(Z, +v?,) — hy). To be consistent with the nota-
tion used in | ], we let X° be the matrix whose columns are the displacement

vectors v?jn and Y” the row vector with entries €q;,,. To make use of the simplification

presented in §4.4.1, we let Q,, = \/]:TRYT? and ¢> = ﬁ Z?Zl ¢, = QuQf. The

corresponding mean and displacement analysis vectors, obtained using an ensemble

square root filter, are given by:

78 =2+ X2 ((k — DE+ (YOTY)) T (YD (yo — Ton)

n

1 _
=l X2 = 5 QTR — o
_ fz 1 1 (yn - hn)Xb(YT?)T,

(k—1)€ 1+¢ "

X=X +QTQu) "2 = X(I — v(Q.)QLQ,) =: XIW,,

with 7(Qn) = é(l — ﬁ) for @, # 0 and y(0) = 0, as in Lemma 4.4.1. Let

k
1 1
ni=——X2(Y))T = U
Vo, (k—l)E n( n) (k_l)zq], Uj,n
7=0
Then, the equations above simplify to: °
n - En n

70 = sz + (y ) vo, 7 (*%)

1+¢2 €

U?L,j = Uﬁ,j - ’Y(Qn)qj,nvo,n, for 1 <j<k.

In words, the coordinates of the displacements of analysis ensemble members from
the mean in the ordered basis formed by the background ensemble, i.e. the columns

of X?

n?

are given by the columns of W,,, and the transformation from background

SWhen k = 2, ¢1,, = —¢2,n and therefore g7 = 247 ,,. Moreover vo, = 2¢1,,v1,,. This yields

Equations (*).
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_1
to analysis ensemble is a contraction by a factor of (1 + qfl) 2 in the direction
determined by Q,, (equivalently, by Y.*); in model space, this contraction is achieved

by a displacement in the direction of vy ,,.

4.4.3 Inductive scheme

We now generalize the proof of reliability of the 2MEKF to higher dimensions.
The main differences between the two cases arise at the linear level. While for
systems with one-dimensional unstable spaces the linear analysis is straightforward,
the lack of conformality in the forecast step and the fact that at each analysis step
there is contraction along (at most) one direction make the inductive step somewhat
more challenging in the higher dimensional case.

Adopting a strategy similar to that of §4.3.4 and relying on Takens’ embed-
ding theorem proves to be fruitful. In fact, properties (iii) and (v), generalize rather
directly. Maintaining a lower bound on the spread of the ensemble in all unstable
directions, corresponding to (i), and establishing the shadowing property, corre-
sponding to (iv), require some further work. Property (i) would remain valid in
the setting of kK = k" + 1 ensemble members. Here, it is slightly modified to allow
for larger ensemble, k > k* + 1.

The main result of the one-dimensional unstable setting, Proposition 4.3.1, is
extended to the case of k* > 1 unstable directions and k& > k% ensemble members

in Proposition 4.4.4.
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4.4.3.1 Inductive hypothesis IH*(Cy, Cy, C3, Cy, Cs, €, )

Definition 5. Given €,0 > 0, we say that the ensemble satisfies the inductive

hypothesis TH,F(Cy, Cy,C3,Cy, Cs, €,9) at time n if the following holds:

(i+) Lower bound on spread of ensemble:

k
Cie <Y (v-v8,)? Vwe Bl with o] = 1.
j=1
(7i4+) Closeness of ensemble perturbations to unstable directions:

k
(v vf)? < C3% Ve Byl with o] = 1

j=1
(7i1+) Upper bound on spread of ensemble:
[vf,ll < Cs0, V1<j<k.

(7v+) Shadowing:

ln — 5| < Cad.

(v+) Bound on distance along stable directions:

(o~ 2) 0] € Gt ¥ € B2 with o] = 1

Remark 4.4.3. For k = 2, the existence of a constant C satisfying (i+) implies

the existence of a (possibly different) constant satisfying (7) of §4.3.4.1. Also, (i+)
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and (ii+) combined yield (i7) of §4.3.4.1. See Remark 4.4.14 for another implication

of (i+).

4.4.3.2 Inductive step

Now, we will extend the main result of §4.3, Proposition 4.3.1, to this setting.
Assuming the genericity conditions on f and A stated in the beginning of the section,

we have the following.

Proposition 4.4.4 (Properties of k-member ensemble Kalman filter). Let 2, € A.
Then, there is a family {Z.}.~o of open sets of initial ensembles such that whenever
E € I, for all € > 0, the kAMEKF with initial ensembles {&.}.~o and noiseless
observations of h is O(e)—reliable.

The same conclusion holds if the measurement of h has sufficiently small noise
of order ¢, and also when the observations are generated by a pseudo-trajectory,

provided its distance to a true trajectory is sufficiently small.

Strategy of the proof. As in §4.3.4.2, the proof of Proposition 4.4 follows from an
inductive procedure. We will show that there exist constants C,...,Cs, ¢ > 0 such
that whenever ¢ > 0 is sufficiently small, ¢ < § < ¢/e and
THS (Cy, Cy, C'3K72N, Cy,Cs,€,0) holds for some ensembles {& }.~o, then, the for-
ward evolution of & under the AMEKEF with noiseless measurements of A satisfies
ITH(Cy,Cq,C3,Cy,Cs,€,0) for all n > 0. The O(e) reliability of kMEKF follows as
in the case of 2MEKF. We restrict ourselves to the noiseless case, as the extension
to the noisy setting is also similar to that of the 2MEKF. To this end, we divide
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the proof of Proposition 4.4.4 in several paragraphs, that give the conditions on the

constants ¢, C1, ..., Cs for the induction to follow.

Remark 4.4.5. Constants C5 and C; are independent of the other ones and may
be made explicit from our arguments. The remaining relations among constants
C1,...,C5 in this setting are similar to those obtained in §4.3.4.2. In the coming
paragraphs we show how to perform the inductive step without obtaining these

relations explicitly.

Standing assumption and notation. For the rest of this section we suppose the

standing assumption

THF(Cy, Co, CsK 2N 0y, Cs,¢,8) and TH(C,, Cy, Cy, Cy, Cs, €, 8) for all m < n
(TH+)
is valid for some n > 0, and some (yet to be determined) constants C1,...,Cs. We
will show that T H, ,(Cy, Ca, Cs, Cy, Cs, €,0) holds. The proof proceeds by induction
provided e is sufficiently small, some relation between € and ¢ holds, and C1, ..., Cs
are chosen appropriately.
Before presenting the proof of the inductive step, we introduce some notation

and useful remarks.

Definition 6. For each = € A, let

1
['(x) := max  min and

|wl|=1 n’€{0,..2N} [wT (D f7" VI h(f~ (x))|’

[':=supl'(z).
€A
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Remark 4.4.6. We note that for generic h, it happens that I'(z) < oo for all

x € M, because the set {w : ||w|| = 1} is compact and by Takens’ theorem,
{(DF™"YIVA(f~ () }o<n<an span T, M. Moreover, T' < oo because T'(z) is con-

tinuous in x and A is compact.
Definition 7. We say that h makes a good angle with E¥ at time n’ if

1
max - 7 <T.
lwl=1, were |wT (D f7")IVh(f~ (x))|

Remark 4.4.7. Since dim E = k“, the definition of I' combined with elemen-
tary orthogonality considerations implies that for any z, there exists a subset of k*

numbers,
{g1(z) < -~ < gru(2)} € {0,...,2N}

such that for each 1 <7 < k%, h makes a good angle with E¥ at time g;(x).

Remark 4.4.8. Recall that f is a diffeomorphism and for all n € Z, DfI'EY =
EY. (.- Because the norm of Df; is uniformly bounded for z € A and [n| < 2N,
there is some T > 0 independent of x € A such that whenever A makes a good angle
with E¥ at time 0 < n’ < 2N, we have that

1
ma ;
=1, were_,  [wTVA(f (x))]

5= (2)

r.

IN

Definition 8. We say that the angle £(E¥, Vh(z)) is good if

1

-~ <.
Hw||irll,a1}j€E;; |lwTVh(z)| —

(Note that using the standard definition of angle between a vector v € RY and a

linear subspace £ C RN to be £(E,v) := mingep jo} £(w,v), we have that the

angle L(EY, Vh(x)) is good exactly when ||Vh(z)|||cosi{(E;;,Vh(xm <T.)
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Remark 4.4.9. By Remarks (4.4.7) and (4.4.8), in each sequence of 2N +1 consecu-
tive iterates f~2V(z), ..., f~1(x), z there are at least k* good angles, say at times 0 <
91(z) < -+ < geu(x) < 2N. Moreover, the vectors {(D fr ““NTVh(f~9%@) (2)) }1<icpo

may be chosen to be linearly independent.

Proof of (iti+),41. Specifically, we prove the following.

Proposition 4.4.10 (Bounded ensemble). Let C3 > T'k? where k is the number
of ensemble members and I' is given by Definition 6. Then, whenever ¢ and € are
sufficiently small, independently of n, and € < ¢ < /e, then [[vf,,, ]| < C36 for all

1<j <k, ie. (#ii+),s1 holds.
The proof of the Proposition 4.4.10 relies on the following lemma.

Lemma 4.4.11. Let € be sufficiently small, and m < n. Then, there exists ¢ > 0
independent of m and n such that whenever € < 6 < ¢y/e and [V, _an |l < C36 for

some m > 0 and all 1 < j < k, we have the following. For all m — 2N <n/ <m, ’

(1) (X5 Vhw|| < Ve,

2N b T_(Df" =)V hy k
(II) ” (Df Xm—2NWm—2N s Wn’) [(Df»=m)Th, /|| || < ||(Dfn/7m6)Tth/H>

where Vh,y is a shorthand for VA(f™ (z)). Furthermore,

(ITI) For any m — 2N <n/ <m,

(Dfn/_m)Tth/ kE

xXe)T =
||( m) H(Dfnffm)Tth/”H —= H(Df”/*m)th"'H

"If n’ < 0 the content of (I)-(IV) is meaningless.
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(IV)

I(X7)" | < Tke.

Proof of Lemma 4.4.11. Assume ¢ > 0 sufficiently small, € < 0 < ¢y/e and [|vj m—an]] <

C36 for some m <mn and all 1 <j <k.

e Proof of (I). Let m — 2N < n' < m. Then,

IX) T V hl| = 1 (X)) = 7(Qu)Q Qur (X)) Vi |

= (7 = 7(Qu)Qu Q)Y | +O(max V5 11%)

k _
= VL QT+ O(max (o2, < Ve,
1<5<k ’

where the last inequality is valid for sufficiently small ¢ > 0.

e Proof of (II). Let m — 2N < n’ < m. Recall that

XY =Dfy1 Xy |+ O(max |02, ), and X2 = X, W,

1<j<k

where D f, is the linearization of f at the point z¢, and W,, was introduced

in §4.4.2. Then, in view of the standing assumption (ITH+),

fn QT']IVQNXI) —onWm—on ... Wy + O( max ||U A1)

m= 1<j<k
Then, if ¢ > 0 is sufficiently small, the following holds for all sufficiently small

e > 0.
(X2 Vhy| < Vke =
(D™= 2N X Wihon . W) Vhy| < ke =

(DS X, oy Wan-an - Wo) T(DfY ™) V| < ke =

(DfY =) By | < ke
(DS =) N b |7 (D f=m) TV hay ||

(DN X oy Winan .. W)

119



e Proof of (III). Since W, is a (non-strict) contraction for every n’, we have that

avr (D™ Vhy
X
I B |
( Jm m)Tth’
< ||(Df2NXzz—2NWm*2N . "Wn’) (D7 =) hyy || |+ O(lrilagi ijn H ).

Hence, if ¢ > 0 is sufficiently small, for all sufficiently small ¢ > 0 and all

m — 2N < n’ < m we have that

(Df =" By - ke

Xt .
1) D = hel| = TV

m

e Proof of (IV). First, note that for all v,w € RY such that w'v # 0 we have

T
that ||v|| = o Using (ITI) and the definition of I' we have,

| cos £L(v,w)] "

I(X5) "I < & max [lof,|

0<5<k

a Df'=myTyp,
I(Xe)T 5! |

m/|(DfY =) TVh,,||
<k
0%k m— 211{/'12;11’<m | cos £L(v$,,, (Df=m) TV )|
< k2e
max min -
2 ooV < (D)7 [ 008 £, (DF7 )V )
k2
= max min ¢ < Tk?.

=l 2t meaNwm [WT(D =)V h,y |

O

Proof of Proposition J./.10. Let C3 > T'k?, and assume ¢,c > 0 are sufficiently
small. By the standing assumption (IH+), [[vf,|| < C’3K_2N6 for all 1 < j <k, then
ijnH <(C3dforalll <j<kand0<n<2N.

Furthermore, it follows from Lemma 4.4.11 and the choice of C3 that whenever

m—an || < C36 for some m and all 1 < j <k, then [[vf,,[| < Cze, forall 1 < j < k.

[ ml

7,
Hence, when n > 2N, using the standing assumption (IH+) we have that v, | <

Cie < C36 foralll1 <j<k. O
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Proof of (i+),+1. Before presenting the main result of this part, we introduce some
notation. For each m > 0 and ¢ € T7, M, the dual space of Tz M, let

S (e,
R

O (V) =
where [[¢]* = supy, = [¢(v)]. Given a basis {wi,...,wy} of Tou M for which
w; € B for 1 < j < k* = dimFE* and w; € E® for k* < j < N, we con-
sider the dual basis {wj,...,wy} of T% M, defined by wi(w;) = d;;. The spaces
EY = (), ... w.), B¥ = (w),...,wy), are independent of the particular choice of

the vectors wi,...,wy. In fact, the one-to-one correspondence between T*M and

TM induced by the Riemannian metric on M defines a one-to-one correspondence

between E¥ and Est.

We let
k
zo= inf ¢%(¢) = min ¢4 () = min ¥ (v-0f,)%
very, 0 very, v, =1
] =1 llvl=1

Let ¢° (¢) and 22, be defined analogously.

The main result of this part is the following.

ey . A2-1\3 3
Proposition 4.4.12 (Spread of ensemble). Let C; < min{( = ) ’L(1+kK2)C§}’
where where A > 1 is a strict lower bound on the expansion along unstable di-
rections, A is a Lipschitz constant for f, k is the number of ensemble members and
the constants L and M are defined in the course of the proof. Then, whenever ¢ and

e are sufficiently small, independently of n, and € < § < ¢y/€, then, 28, > C3é?, ie.

(i+)n11 holds.

Before the proof, we show two auxiliary estimates.
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Lemma 4.4.13. For every m > 0,
(1) 20, > Nz,

(2) For all & € Ty M, ¢5,(v) = 177 Gr ().

Proof of (1). For any » € T%, M, linear approximation yields

%U(Ufn,j) = Df*¢(vsm—1,j) + O*(52)a

where Df* : T*M O is defined by D f*y(v) = (D fv), for ¢ € Tf M, v e T, M.

Therefore, when 1) # 0,

_IDF

Let D'f = (Df*)~!, the so-called the co-differential of f. The spaces E* and E*¥
are invariant under D’f, by the corresponding invariance of E* and E* under Df.

Moreover, for ¢ € E;j’, we have that

Dol = sy P DD

wery Aoy ]| vepn{oy DS
— sup |¢(U)| < )\71 sup ‘w(vﬂ — Afluwu*
veE¥\{0} |D fol veEX\{0} o]l
Thus,
ooy = e )+ 0.(5%) > ot (1) + O.(5)
" Dyl ’ m T
Thus, if ¢ is sufficiently small, 28, > \22¢,_,. O

Proof of (2). We work at step m, and to simplify the notation, we drop the explicit
dependence on m. Let v € TiyM, and let w € T, M be the vector such that
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(v) = v - w. Using Cauchy-Schwartz inequality,

(vy - w)? =

<

OO wp).

J=1

Then, 7(”0 ) w)2 < (kil) (1 - \/11+q2) Zfﬂ(”? ) w)z'

Equations (**) yield

Z = Z(U? cw)? 447 Z(ijo : - Z”VZ ) (g0 - w)

]:

,_.
<.
Il

—

= Z(U? cw)? 47 Z(ijo ~w)? = 2y(k = 1)(vo - w)?

=D (@ w)* + (k= 1)y(vo - w)*(vg* — 2)

= Sk w)? — (k — Do w1+ ) 2 > -w)?

- 2
l+¢> — 1+¢ o

where the last inequality follows from the calculation above. Thus,

6W) 2 75 0'0).
O
Letting w = Vh, it is straightforward to get the following.
Corollary 4.2.
k 1 k
> (- 5 (2 Vh). (4.6)
Jj=1 q Jj=1

Proof of Proposition /./.12. Let ¢ € E%ﬁ M, such that ||[o||* = 1. We think of
n+1

1 as a horizontal vector, so ¥(v) = v for all v € TE?H»IM; thus Yy? = 1. Let
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Dh = Dh* + Dh® with Dh* € E* and Dh* € E*. Let us decompose @) = 1, + 1y,

where ¢, € (Dh"), and vy such that X} (X2 )T (Dh*)" = 0. Then,
¢ n—i—l( n—i—l)TwT = ¢hX2+1( n+1)Twh +w0 n+1( n+1)Tw0
Also, by Lemma 4.4.13(2),

VX g (X )T > 1 +4q +1¢h Xo (X )Tk + o X0 (X)) 0 + O.(6%).

Fix K > 1 to be determined later.

Case I ¢oypf < Kyt
Then,

a (1/1) > I;L+1<¢> . %+1(¢) + O*((S)

n+1 - -
Lbdgna 14+ ZEB b ()

= 1 4 DaonT ob 1 () *
(k=1)e2  yppl

Pt (V)
> = + 0.(9)
1+ BB (1+ K)gh (v)

Pha ()
+ O,(0).
T+ BB AK G () )

[ AL2N2 3 a )\2zﬁ
Let L = TR Then, Lemma 4.4.13(1) yields ¢%,,(¢) > %, for 0

sufficiently small.

Case I ot > Kl

By Cauchy-Schwartz inequality,

Wl < \/%%on VR < %wodﬁ -

Hence,

1=y’ < (1+ V2 horba .

-
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Then,

G511 (1) = Yoy Py (o) + O.(67)

> L)+ 0.5 2

+0O.(5%).
(1 )

i1 (t0)
1+%

Hence, for ¢ sufficiently small, Lemma 4.4.13(1) yields ¢%_(v) > 112
=

Choosing K = (%)% and M = (9L)3 yields oL () > ’\2—2(11 whenever K > 1.

1+0(25)3
1 a 3¢?
When K <1, 7 Z - < 1 and therefore 25 | > e > TarAE

: 133
Thus, z¢ > min{z, ()‘}41) 2 (1+kA

} By the standing assumption (ITH+)

and the choice of C}, the proof is complete. O

Remark 4.4.14. Condition (i4), implies that there is a constant C' > 0 such that

when the angle £(Vh,,, E} ) is good and 0 is sufficiently small, ¢, > C.

Proof. Let Dh,, = Dhy + Dh; with Dh} € E;‘; and Dh; € E;'n Dhy =0 if
and only if Vh, LE} . By Definition 8 of good angle, there exists some C' > 0 such

that when the angle £(Vh,,, E} ) is good, ||Dh ||* > C. In this case,

2 u
%= 2 e ZDh )2+ 0.(0)

1
2k — 1) | DR |["@, (DR ) + O.(0)

1
> 62(]{2——]_)0201262 + O*<5)

Letting C' =
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Proof of (4i4),+1. The proof of (ii+) follows similarly to that of Proposition 4.4.12.

For each m > 0, we let

Zno= sup G, (1) = max ¢f,(¢) = max Y (v-v],,)%

/ ul
VeEs, \0) vers Ve, =1

We define 2°, analogously.

Then, we have the following.

Proposition 4.4.15 (Closeness to unstable directions). There exists some Cy > 0
independent of n such that whenever ¢ and e are sufficiently small, independently

of n, and € < 0 < ¢y/e, then 22, < C30%, ie. (ii+),41 holds.
As above, the proof relies on two auxiliary estimates.
Lemma 4.4.16. For all m > 0,
(1) 2, < 228, + O(C26Y).
(2) Forall ¥ € Ty M, ¢5,(¥) < 67, (¥).

Proof. The proof of (1) is analogous to that of Lemma 4.4.13(1), we note that the
constant in front of the O(C3%§?*) error term depends on f and h only. Part (2)

follows directly from the proof of Lemma 4.4.13(2). ]

Proof of Proposition /./4.15. Follows directly from Lemma 4.4.16, by choosing Cs

sufficiently large compared to Cj. O

Proof of (v+),41. The proof of (v+) is entirely analogous to that of (v).
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Proof of (iv+),41. To shorten notation, for each m > 0, we let S zalb)

be the displacement of the analysis (background) ensemble mean to the truth.

The goal of this part is to show the following.

Proposition 4.4.17 (Shadowing). There is a constant Cy depending on f,h,C}
and C3 and independent of n such that whenever ¢ and e are sufficiently small,

independently of n, and € < § < ¢\/e, then [|d} || < C4d, ie. (iv+),4q holds.

Before presenting the proof we establish some properties of 4% We will write

a(b)

4% in coordinates with respect to the ensemble displacements v,, 7, up to small

error terms. Thus, let e%” be such that du” = XmPea® 4 0,(6%). (Note that

From §4.4.2, we know that X! ., = Df, X%+ O,(6%) and d°,,, = Df, d% +
0,(6?). Then, we get

53
Qi1 = Dfu Xinch + O(8%) = XD, e, + Ou(=).

For the analysis step, from equations (**) we get

(Ymt1 — Pms1) Vo,m+1

dty=do o+

For convenience of notation, we now drop the m + 1 indices for the reminder of this
paragraph, writing indices only when necessary. Recall that y—h = Vh-d*+0,(6%) =

Dhd® + 0,(5%) and vy = 72 X0 (V") = 2= XY (X)) DAT + O.(£). Then,

(k—1)e (k—1)e
o= ! ! XX DAY Dhd® + o*(f)
1+ ¢?(k—1)e €2
= X1 - ! ! (XY DhT DhX?)eb + (9*(5—4)
14+ ¢? (k—1)e? €2
= XW I - ! ! (X"TDATDhX")eb + O*(5—4).
1+ ¢?(k—1)e €2
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Since Y = DhX® + O,(6°%) and Q = ﬁ}/b, we can write

1 63 5t

d* = XW(I — 7 (@Q"Q+ O*(E—Q))eb - O*(?)'

We can simplify the last expression by recalling that W = I — (Q)QT Q. Straight-

forward algebra shows that

1 54

0" = X — ~(1- QTR+ 0.(5).

q 1+ ¢?
Since ¢> = QQT, up to an error proportional to ‘2—3 <4 e? ., is obtained from e?, by

contracting in the direction of Q7 by a factor of ﬁ, and leaving all orthogonally

complementary directions unchanged. From Corollary 4.2, we know that in model

space, the analysis step contracts the total projection onto Vh by a factor of \/11+_2
q

by means of adjusting in the direction of X°(Y?)? (equivalently, vy).
The argument above shows that, in the linear approximation, the map e? —
eq .1 is a (non-strict) contraction. Furthermore, using Remark 4.4.14, we have that

each time a good angle £(Vh,, , E¥ ) occurs, the contraction is by a factor

Tm Tm

By Remark 4.4.9, we know that the composition of the 2/N + 1 consecutive contrac-
tions ey, — €5 oy, includes at least £* = dim E* contractions by at least v in
linearly independent directions. This implies that the composition is a contraction
on E", though the contraction factor may be close to 1 if the contraction direc-
tions are close to being linearly dependent. But for generic h, we can bound the

contraction factor away from 1 by compactness, as in Remark 4.4.6.
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Proof of Proposition /./4.17. Let C,1 be a space spanned by k" linearly independent
directions of contraction of strength at least v = (1 + é’)_%. The existence of such
a space is guaranteed by the previous paragraph. Furthermore, the choice can be
made in such a way that there exists a (sufficiently large) K independent of = and

n for which, up to higher order terms, all vectors inside a cone

Jves, |l
ICn—‘rl — {U = V¢, —+ UC#_H‘/UCH+1 € Cn-‘rl?UC#_H S C?i_—',-la —chn-&-l H < K}
n+1

1—12

1
—1+K2) 2. In particular, that is the case for all v € C,,41.

are contracted by at least (1 —

When ¢€,§ are sufficiently small, we may incorporate higher order terms to
get that the orthogonal projections of e, to C,1; are uniformly bounded, say by
C, independent of n. In Proposition 4.4.10 we proved that the columns of the
matrix X, ; are bounded by Csd. Therefore, the orthogonal projections of df_ | to
X 1Cny1 are bounded by C.d, with C, independent of n.

By the choice of Cpi1, £(X21Cri1, By ) = O*(ﬁ—j), and the multiplicative
constant is controlled by the choice of ¢. Hence, if ¢ > 0 is sufficiently small,
£(X8,Ch oy, EY, ) is bounded away from zero independently of n. Combining this

with the already established property (v+) yields an upper bound on ||d%_, || pro-

portional to § and depending on f, h, C, C3 and smallness of € and c. n

4.4.3.3 TImprovement to O(e) reliability

Let us assume that ]H(]L(é'l, Cs, C~'3K_2N, Cy,Cs, e, 9) holds for some sufficiently
small ¢ and € with € < § < ¢4/€, and suitable constants Ch,...,Cs. In §4.4.3.2, we

have just proved that TH(Cy, Cy, Cs, Cy, Cs, €,8) remains valid for all n > 0.
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As in the case of one-dimensionally unstable direction, we can improve this

result to the following.

Corollary 4.3. Let C1, ..., C{ be any constants for which the induction of §4.4.3.2
applies. Then, there exist (Cy, ..., C5) arbitrarily close to (C1, ..., C%) such that if
e is sufficiently small, TH(Cy, Cy, Cs,Cy, Cs, €, €) holds for all sufficiently large n,

i.e. TH(Cy,Cq,C3,Cy,Cs, €, €) is attracting.

Proof. 1t follows from the induction of §4.4.3.2 and the proof of Proposition 4.4.10
that, for all n. > 2N + 1, [vf,]| < Cse for all 1 < j < k, so that (iii+) of
TH{(Cy, Cy, OgK_2N, C4, Cs, €, €) is attracting.

For (i+), we refer to the proof of Proposition 4.4.12. Since the fixed point

Zy 1= (%)362 of F(z) := —222_ is a global attractor, we can also conclude that

4
14 0I( %)
(i+) is attracting.

The remaining properties may be established in a similar manner; see also the

proof of Proposition 4.3.5. O]

4.4.4 Lyapunov exponents

The kMEKF also allows to approximate the maximal Lyapunov exponent of
fla, as in §4.3.6. For an initial ensemble with mean 7§ € A and perturbations X§
satisfying the standing assumption (IH+), with constants C1, ..., Cs for which the

inductive procedure of §4.4.3.2 holds, we have the following.
Proposition 4.4.18.

.1 iy m— 1 a _
Xmax := lim - log |Dfe |l = hmn_mﬁ log || X2(Wo ... W) M| + O(e).
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Moreover, when k£ = k" 4+ 1 we have
o 1 n -1
Xmax = hmn_mﬁ log || (Hj:()Wj) | + O(e).

Proof. Let us consider matrices f)fj such that for large 7, f)f] is O(e) close to D f,,
and

Xo = (gD f;) X§ Wy ... W,
The shadowing condition (iv) of §4.4.3.1 yields
X = T log [T, D | + O
Moreover, since
M0 Df; X5 = Xe(Wo... W)™,

and the span of the columns of X§ contains a k" dimensional space inside an unstable

cone around £

—_— ]_ n ~ I ]- a —
hmn_mﬁ log |TI7_, D f;|| = hmn_mﬁ log || X2 (Wo ... W) .

For the second part, let us assume k& = k*+ 1. We observe that the upper and lower

bounds on the ensemble spread (i) and (iii) of §4.4.3.1 yield
Cel|(Wo ... W)Y < |1XE(Wo ... W)Y < VECse||(Wo ... W) 7Y

(The upper bound is straightforward. For the lower bound, we use that for each
[, (1) W; has an orthonormal set of eigenvectors, and all but one of them have
eigenvalue 1. The remaining one is Q7 , whose corresponding eigenvalue is smaller,

(2) (1,...,1)QT = 0, and (3) Zero is a singular value of X2 of multiplicity one,

131



corresponding to the fact that 25:1 v§, = 0; the other k" singular values of X'
are greater than or equal to Ce, for some constant C' independent of [, due to
Proposition 4.4.12.)

Hence,
T 1 n T 1 -1
hmn_moﬁ log ||Hj:0ij|| = hmn_woﬁ log ||(Wo ... W)~
Combining, we obtain the result,
— 1 1
Xmax = hmn—)oog log ||(Wo ... W) | + O(e).
m

Remark 4.4.19. In §4.3.6 we gave a simpler approximation to xmax based on the
expansion of the ensemble during the forecast steps being essentially a scalar process.
The approximation above is based instead on accounting for the contraction of the
ensemble during the analysis steps. For a multidimensionally unstable system, the
latter approach is computationally simpler, making use of the already computed

)
Wj S.
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