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Preface

This thesis is divided into two (plus one) parts.

In Part I we describe the classical system, the structure of constraints and gauge
transformations, and carry out the reduction process to find the reduced phase space
of the theory.

In Part II we describe Isham’s group-theoretic method of quantization, find an
appropriate group to carry the quantization, and discuss some general aspects of
the resulting quantum theory.

These two parts, which form the proper thesis, are almost verbatim copies of my
authorial solo papers, [1] and [2], respectively.

We also add a Part III discussing some perspectives and outlooks, with a much
more philosophical and speculative flavor, and consequently less polished and rigor-
ous than the proper thesis.

For a compilation of the main symbols, definitions and conventions used in the

text, see Appendix A.
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1 Introduction

One of the grand goals of modern physics is to develop a consistent theory of quan-
tum gravity, a problem that has confounded physicists for almost a century and is
still unresolved despite intense research. Without the help of experimental evidence
to steer us in the right direction, possibly the best course of action is to commit to
a set of principles and proceed through logic and mathematical rigor to explore the
ultimate consequences of these choices. Here we adopt the principle that quantum
gravity is a quantum mechanical theory of gravity, and moreover that it is obtained
from a canonical quantization of general relativity. The first principle derives from
the perspective that quantum mechanics is based on a very rigid structure (namely,
the complex linear structure of operators on Hilbert spaces), which has been tested
in many different scenarios with no hint of violation — before adventuring into the
exploration of more radical fundamental theories, it is fair to take the conserva-
tive stance and simply trust quantum mechanics until further conceptual revision
is called for. The second principle is that of canonical quantization, a prescrip-
tion proposed by Dirac to infer the quantum theory underlying a given classical
theory, which has been remarkably successful in many situations. Although it is
possible (and even likely) that the “fundamental” theory of quantum gravity does
not correspond to a quantization of general relativity, it is still plausible that such
a quantization could provide a partial, approximated picture for quantum gravity

and yield sufficient insight to motivate the next leap forward in this endeavor.



In this work we develop a non-perturbative canonical quantization of causal
diamonds in (2+1)-dimensional gravity. By causal diamonds we mean a class of
finite-sized, globally-hyperbolic spacetimes whose Cauchy slices have the topology
of a ball — each “diamond state” is defined as the maximal development of Ein-
stein’s equation from initial data given on a Cauchy slice. The motivations, which
will be further explained in this introduction, are two-fold. The first is that we
want to better understand quantum gravity in a quasi-local sense. That is, what is
the proper notion of “spacetime subregion” (or even “spacetime” itself) in quantum
gravity, given that there are no compactly-supported gauge-invariant observables in
gravity and therefore no clear notion of locality? At least from the classical per-
spective, causal diamonds are the natural object to study as they best represent a
finite self-contained subsystem of spacetime. The second motivation is to explore
a particular program for canonically quantizing gravity which seems promising in
many situations, in arbitrary dimensions, based on the symplectic reduction of the
phase space using a convenient gauge-fixing of time by constant-mean-curvature
surfaces. If one can prove that this gauge-fixing is well-posed for the class of space-
times under consideration, the constraints simplify and, and in many cases, can be
solved (in principle) yielding a universal characterization of the reduced phase space
as the cotangent bundle of the space of conformal geometries on the Cauchy slice.
However, for this method to apply to the problem, we need to assume some energy

condition (at the classical level) and also some boundary condition. Here we assume



pure gravity with a non-positive cosmological constant and “Dirichlet condition”
for the metric induced on the boundary of the Cauchy slice. Moreover, to have a
better handle on the problem, and particularly on its quantization, we assume 241
spacetime dimensions.

This work is divided into two (plus one) parts. In Part I we describe the classical
system, the structure of constraints and gauge transformations, and carry out the
reduction process to find the reduced phase space of the theory; in Part II we describe
Isham’s group-theoretic method of quantization, find an appropriate group to carry
the quantization, and discuss some general aspects of the resulting quantum theory.
These two parts are almost verbatim copies of my authorial solo papers, [1] and [2],
respectively. Some of the results are also summarized, in a brief but fairly explicit
manner, in [3].! In addition to these two parts, which form the proper thesis, we
also include a Part 11T with some perspectives and outlooks, displaying a much more

philosophical and speculative flavor, and consequently less polished and rigorous.

1.1 Motivations

It has long been known that perturbative canonical quantization of general rela-
tivity, expanded around a fixed background geometry, does not lead to a complete

theory. In particular, it is not renormalizable since the coupling parameter, G,

While a few aspects of this research were carried out in collaboration with my advisor, and
paper [3] is coauthored with him, nearly all of the work represented in the thesis is my own.



has negative mass dimension in spacetime dimensions equal or greater than three.”
There remains the hope that a careful, non-perturbative quantization of general
relativity could still be meaningful. Among the other challenges encountered in
the quantization of gravity, one is the famous problem of time [5, 6, 7]. As time
is a dynamical aspect of gravity, as opposed to a background entity, its role and
place in the quantum theory is enigmatic. Another issue is the non-linearity of
the constraints of general relativity, particularly in the momentum variables, which
severely complicates attempts to proceed with the quantization exactly and non-
perturbatively. Lastly, a notable peculiarity of gravity is the absence of local, or
even compactly supported, observables. This is because any physical observables
must be invariant under gauge transformations, and therefore must be invariant
under general spacetime diffeormorphisms (at least those that are supported away
from the boundary). Thus, the general notion of locality, and even the meaning of
subregions, is particularly fuzzy in quantum gravity.

In view of these general challenges, we attempt to the address the following two

main points in this work:

1. We wish to better understand how to describe quantum gravity in finite re-

gions of space(time). In particular, what can be learned if we take the classi-

2Notwithstanding this power-counting argument, gravity in three spacetime dimensions is actu-
ally perturbatively renormalizable, which can be seen when expressed as a topological Chern-Simons
theory [4]. For a closed Cauchy slice this is expected since the theory has a finite number of degrees
of freedom, but in asymptotically AdS or in the presence of spatial boundaries the conclusion may
not be as clear—in fact, since the theory has no local degrees of freedom, the question of pertubative
renormalizability, in the context of local quantum field theories, might be ill-posed.



cal notion of a self-contained subregion of spacetime, i.e. a causal diamond,
and quantize (Einstein-Hilbert) gravity inside it. More precisely, we wish to
quantize the class of spacetimes consisting of causal diamonds in pure general
relativity (including a cosmological constant), where a causal diamond is de-
fined as the maximal development of initial data, satisfying the constraints,

given on a bounded acausal spatial slice.

2. We wish to continue the exploration of a program for quantizing gravity
non-perturbatively by explicitly reducing the phase space via a particular
gauge-fixing for time defined by a CMC (constant-mean-curvature) condition
[8, 9, 10]. If one is quantizing a class of spacetimes in which each spacetime
admits a regular CMC foliation (i.e., where the leaves are defined by hav-
ing a constant trace of extrinsic curvature, a.k.a, mean-curvature), then the
constraints of general relativity can be cast into a more manageable form,
in terms of the Lichnerowicz equation; if one can prove certain existence and
uniqueness properties for the solution of this equation, then quite generally the
reduced phase space (of pure gravity) ends up being 7*[ConGeo(X)], i.e., the
cotangent bundle of the space of conformal geometries® on the Cauchy slice.
This yields a non-perturbative characterization of the reduced phase space,

which completely resolves the issues related to the constraints and gauge in-

3The space of conformal geometries, ConGeo(X), is the space of equivalence classes of metrics
h on a manifold ¥ where two metrics are identified if they can be related by a combined Weyl
scaling and diffeomorphism push-forward, h ~ ¥.Qh; the class of metrics h, positive functions 2
and diffeomorphisms ¥ participating in this quotient depends on the details of gravitational system
being reduced.



variance of gravity at the classical level; accordingly, it is in principle easier
to take the next step and try to quantize the resulting (reduced) theory non-

perturbatively.

Another reason for attempting to combine these two points is that certain space-
times do not admit CMC foliations (or even a maximal slice), due to global reasons.
For example, any non-flat spacetime with topology T2 x R, satisfying the timelike
convergence condition (i.e., Ric(u,u) > 0 for all timelike vectors ), does not posses
a maximal slice [11, 12, 13, 14, 15|, and therefore cannot be treated with this Lich-
nerowicz method. Even if there is a foliation by CMCs, the Lichnerowicz equation
may not have the desired existence and uniqueness properties (e.g., see [16]). If one
could properly quantize local regions of spacetime via this Moncrief-Lichnerowicz
approach, and glue the resulting “quantum causal diamonds” to form a larger space-
time, then one would have a theory of quantum gravity describing a much larger
class of spacetimes.

While promising in principle, the actual implementation of this program for
general causal diamonds, in arbitrary dimensions, would be a quite ambitious ef-
fort. First, it would involve a classification of the space of conformal geometries in
n-dimensional manifolds with boundaries, which is not a fully solved mathemati-
cal problem; second, one would have to develop a non-perturbative quantization of
such space, which would presumably be challenging. In view of the difficulties, it

is worthwhile to study the problem in a simplified setting, where we might have a



better handle on both the physics and the mathematics. In this work, the problem
of interest is 241 dimensional (Einstein-Hilbert) gravity with a nonpositive cos-
mological constant in the domain of dependence of a topological disc, hereinafter
simply referred to as a causal diamond. For reasons that will be explained later, the
class of spatial metrics are restricted by a “Dirichlet boundary condition”, that is,
the (induced) metric is fixed at the boundary of the disc. We reiterate that this is
not a theory of a single causal diamond, but rather a dynamical theory of gravity
in the class of globally-hyperbolic spacetimes whose Cauchy slices are topological
discs (with fixed induced corner metric). The reason for considering a nonpositive
cosmological constant is that it ensures that the spacetime can be entirely foliated
by CMC surfaces, thus providing a natural notion of time for causal diamonds,
and allowing the application of the CMC gauge-fixing of time, and also that the
associated Lichnerowicz equation can be proven to have the desired existence and
uniqueness properties.

There exists an extensive literature on (2+1)-dimensional gravity systems. A
limited sample of references includes work on spacetimes with closed spatial slices
(where the reduced phase space is finite-dimensional) [4, 17, 9, 8, 10, 18, 19, 20, 21,
22], on spacetimes with finite timelike boundary [23, 24, 25], and on asymptotically
AdSs spacetimes[26, 27, 28, 29, 30, 31, 32, 33]. The study of causal diamonds can
be valuable to improve the understanding of subsystems or “regions of spacetime’

in quantum gravity — as mentioned above, the dynamical nature of spacetime and



the diffeomorphism invariance of the theory, which precludes the existence of local
(or quasi-local) observables, makes the notion of “subregions of spacetime” par-
ticularly fuzzy — deservedly, they have received a great deal of attention recently
from a variety of different approaches attempting to unveil their quantum properties
[34, 35, 36, 37, 38]. In this work we intend to push the analysis further by developing
a fully non-perturbative quantization of (pure) gravity in causal diamonds space-
times, via the phase space reduction approach paired with Isham’s group-theoretic
quantization. While simple enough to be exactly solvable classically, due to the ab-
sence of local degrees of freedom, the system has nevertheless an infinite-dimensional
reduced phase space of “boundary gravitons”. (A recent paper by Witten [39] revi-
talizes this program for canonically quantizing gravity, applying a similar approach

to asymptotically Anti-de Sitter spacetimes.)

1.2 Summary

We begin with a somewhat detailed summary of the contents of the thesis. The goal
is to provide a quick guide to the main ideas and results, in view of the extensive

nature of the paper.

Note: Appendix A contains a compilation of the main symbols, definitions and

conventions used in the text.



1.2.1 Summary of Part I

In quantizing a gauge theory one must, sooner or later, deal with the constraints
and gauge invariance of the theory. There are two mainstream routes of proceeding.
The first route, called the Dirac approach, is to first quantize the theory ignoring
the constraints, and then impose the constraints at the quantum level. That is, if
the (unconstrained) phase space is covered by conjugate coordinates ¢* and p;, and
there is a set of constraints C, = 0, the quantization goes by first constructing a
Hilbert space carrying a representation of the Heisenberg algebra [?f,@] = ihéij,
and then restricting to the physical subspace defined by states satisfying the con-
ditions éa]w> = 0, and to physical, gauge-invariant observables that commute with
the constraints, [O,@a] = 0. The second route, called the reduced phase space
approach (Sec. 2), is to first impose the constraints at the classical level, remove all
the associated gauge ambiguities, and then quantize the resulting (gauge-free) the-
ory. There is no a priori guarantee that the two approaches to quantization would
lead to the same quantum theory. Here, for the quantization of causal diamonds,
we shall focus on the reduced phase space approach.

The gravitational system of our interest is defined (Sec. 3.1) as the class of
maximal developments, under the vacuum Einstein’s equations (with a non-positive
cosmological constant), of all initial geometric data (satisfying a certain boundary

condition) given on a manifold with the topology of a 2-dimensional disc (with

4Tt may be necessary to only impose these constraints weekly, i.e., in between physical states.



boundary). According to the ADM (Arnowitt-Deser-Misner) formalism, the geo-
metrical data consists of a spatial metric hy, and an extrinsic curvature K, which
must satisfy the momentum constraint V,(K% — Kh®) = 0 and the Hamiltonian
constraint KK, — K2 — Ry +2A = 0, where K := Kh,;, is the trace of the
extrinsic curvature and Ry is the Ricci scalar for hgp. Each given geometric data
defines a causal diamond. We reiterate that we will be quantizing not a single causal
diamond, but the class of all such causal diamonds satisfying a certain condition on
the corner (i.e., the boundary of any Cauchy slice) metric. Note that a typical
causal diamond in this class is not the intersection of the past and future of two
timelike-separated points, but rather it will have horizons with a ridged, mountain-

like appearance, as in Fig. 1. In general the momentum constraint is the simpler

Figure 1: A typical causal diamond, obtained by maximally developing geometric
data on a Cauchy slice with disc topology.

one to solve, since it is linear in the momentum variable; the trouble in general rel-

10



ativity is solving the Hamiltonian constraint. We implement a program (Sec. 3.2)
based on the gauge-fixing of time by surfaces of constant mean-curvature. That is,
given any foliation of a causal diamond, one uses the gauge flow generated by the
Hamiltonian constraint to re-foliate the diamond into slices of constant K, which
varies monotonically along the foliation and thus define a suitable time coordinate
7= —K. As K is now a time-dependent constant, on each spatial slice, only the

ab . — fab _ %K h% . remains as a dynamical variable to-

trace-free part of K%, o
gether with hg,. In this gauge, if one starts with some “seed data”, (hgp, o), which
is taken to satisfy (at least) the momentum constraint, which now reads V,0% = 0,
then it may be possible to deform this seed data into “valid data”, i.e. so that both
the momentum and Hamiltonian constraints are satisfied, via an appropriate Weyl
transformation, (hgp, 0%) = (e?hap, e 2?0%); the condition for this deformed data
to satisfy the constraints is that ¢ must satisfy a non-linear elliptic equation called
the Lichnerowicz equation.

Three things must be checked in order to establish the non-perturbative valid-
ity of this (partial) gauge-fixing prescription, and a fourth one to ensure utility.
First, one needs to ensure that the CMC foliation always exists and is unique for
every causal diamond within the class of causal diamonds under consideration. We
will argue (Sec. 4.1) that the foliation exists and covers each diamond entirely as

T ranges from —oo to oo, provided that A < 0; the case A = 0 can be included

by a continuity argument. The second point is that the CMC foliation can be at-

11



tained by a gauge transformation, starting from any other foliation (Sec. 4.2). It is
thus important to make sure that generic smearings of the Hamiltonian constraint,
Hn) := [ d%eVhn(K®PKy, — K? — Ry + 2A), where 1) vanishes at the boundary
O0Y (since all Cauchy slices ¥ in a causal diamond meet at the corner), must be
gauge-generators. As the constraints are first-class, H[n] is a generator of gauge
provided that it produces a well-defined flow in the (pre) phase space. With respect
to the symplectic form Q = g d% 6% A Shap, where 79 = /h(K® — Khe), the
flow of a phase space function is regular if and only if it has well-defined functional
derivatives, i.e., if 0H|[n] is of the form fz d%(A™5hgy, + Baydw®). In the present
case, one notices that for arbitrary boundary conditions, only the H|[n] with van-
ishing normal derivative of 1 at the boundary are gauge generators; in other words,
corner boosts (which tilt the angle at which the Cauchy slice meets the corner) are
not gauge transformations, but rather non-trivial transformations between different
states. However, if one imposes a “Dirichlet boundary condition”, where the induced
metric at the boundary is fixed, then all H[n], with n|s = 0, are gauge-generators.
Therefore we restrict the class of spatial metrics in this way, so that the CMC gauge
is attainable. Third, one needs to ensure that the Hamiltonian constraint can be
solved by a Weyl transformation, that is, for any seed data (hgp, 7%) there must ex-
ist a solution ¢ of the associated Lichnerowicz equation. We show that the equation

always has solutions, for all 7, as long as A < 0 (Sec. 4.3). Fourth, in determining

the reduced phase space, it is important that there are no residual, unfixed gauge

12



directions; in this language, one needs to prove that there is a unique solution ¢
for any given seed data. This can be shown to also follow from A < 0, together
with the fact that the Dirichlet boundary condition requires ¢|s = 0, as we consider
only seed data that satisfies the boundary condition (Sec. 4.3). Uniqueness is es-
sential since it implies that when two seed data related by a Weyl transformation,
(1, 0") = (e*h,e?*0), are used as inputs in the Lichnerowicz algorithm, they will
each be deformed into the same output valid data. This means that the constraint
surface (i.e., the set of all valid data) can be identified with the set of equivalence
classes of seed data under Weyl transformations (acting trivially at the boundary).

Up to this point we have dealt with the gauge associated with time refoliations,
and solved the constraints; we need next to deal with gauge associated with spatial
diffeomorphisms. As one could anticipate, it is possible to show that two valid data
that can be related by a diffeomorphism that is trivial at the boundary, (h/,, o’ “b) =
(Ushap, \I/*a“b), where ¥ : ¥ — 3 satisfies ¥|y = I, are gauge related. The reduced
phase space is the space of physically distinguishable solutions to the equations of
motion, or equivalently the space of valid initial data modulo gauge transformations.
Thus, here it can be identified with the set of equivalence classes of valid data
under these “boundary-trivial” spatial diffeomorphisms, or equivalently the set of
equivalence classes of seed data under boundary-trivial conformal transformations.

The reduction process can be summarized in a diagram, Fig. 2.

The reduced phase space, just identified with the space of seed data modulo

13



ADM data: (hgp, K)

1% = ‘constan
CMC condition K=*“constant”

~

Time gauge-fixed data: (hgp, 0)
Impose M. C.
Seed data: (hgp, %),
Impose H. C. mod by Weyl mod by Conf (= Weyl x Diff)

\

Valid data (satisfying all constraints) ~ (Seed data)/Weyl

mod byly

Reduced Phase Space ~ ((Seed data)/Weyl)/Diff ~ (Seed data)/Conf

L

Figure 2: Starting with ADM data, satisfying the Dirichlet condition on the (in-
duced) boundary metric, we gauge-fix “time” by imposing the CMC condition. Then
we impose the momentum constraint (M. C.) to define “seed data”. Further impos-
ing the Hamiltonian constraint (H. C.) leads to “valid data” (i.e., data satisfying all
the constraints); from arguments involving the Lichnerowicz equatlon the space of
valid data can be identified with the space of seed data modulo (boundary-trivial)
Weyl transformations. The reduced phase space is then obtained by further quoti-
enting the space of valid data by (boundary-trivial) diffeomorphisms; this identifies
the reduced phase space with the space of seed data modulo (boundary-trivial)
conformal transformations.

conformal transformations, can also be identified with the cotangent bundle of
conformal geometries on the Cauchy slice (Sec. 5.1), with its natural symplectic
form. To get a “taste of why” note that, locally in the space of metrics, the in-
finitesimal directions that will be quotiented out by conformal transformations are
hap = (L+A)hap = hap+Ahap and hap = hap+ Lehap = hap+2V (4&p); then note that

0% in the seed data is characterized by two properties, tracelessness and divergence-

14



lessness, and consequently o can naturally be thought of as 1-form on the cotangent
space of ConGeo(X) at [h] = [¥,Qh] since the pairing (o, 0h) = [ d*zvVho®Shg,
is insensitive to the directions that will be projected out, namely (o, Ahy) = 0 and
(o, £ehay) = 0.

Particularizing to the case where X is a disc, D, with the Dirichlet condition
on the (induced) boundary metric, we can show (Sec. 5.2) that the space of con-
formal geometries is Diff"(S')/PSL(2,R), i.e., the group of (orientation-preserving)
diffeomorphisms of the circle modded by the three-dimensional PSL(2, R) subgroup
of projective special linear transformations in two real dimensions. (At the algebra
level, iff(S1) can be identified with the space of vector fields on S!, and the psl(2, R)
subalgebra then corresponds to the three lowest “Fourier modes”, 0y, sinf dy and

cos 0 0y.) The reduced phase space is therefore

P = T*(Diff*(S')/PSL(2,R)) (L.1)

with the natural symplectic form associated with the cotangent bundle structure.
We also present another method for carrying out the reduction of the phase
space based on a suitable “choice of coordinates” on the (pre) phase space (Sec. 6).
Inspired by the previous argument, we note that by starting with “conformal coor-
dinates” one can immediately detect the null directions of the symplectic form, and
then identify the reduced phase space as a “level-set” in these coordinates. In this

part we are more rigorous in discussing gauge transformations in terms of the degen-
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erate directions of the symplectic form. This analysis is particularly relevant when
there are boundaries, since transformations that would naively be gauge in the bulk
can become physical symmetries (mapping between distinct physical states) when
acting non-trivially in a neighborhood of the boundary — in particular, we justify
that only diffeomorphisms that act trivially on the boundary are gauge. An advan-
tage of this alternative approach is that it provides a natural “coordinatization” of
the reduced phase space, along with the explicit quotient map from the redundant
but concrete geometrical variables (namely, metrics and extrinsic curvatures) to the
physical but abstract variables describing the reduced phase space. This is useful
because what characterizes a quantum theory is not the structure of the Hilbert
space itself, but the way in which meaningful physical observables are represented
in the Hilbert space.” When we come to the quantization, the variables in the re-
duced phase space will be those to become (self-adjoint) operators in the Hilbert
space; it is therefore essential that we can understand their physical meaning, i.e.,
what experimental measurement would be described by that particular operator.
Having this explicit map from the abstract variables back to concrete, geometrical
variables is therefore valuable in this program.

The conformal coordinates are defined using the fact that, on a disc, any two met-

rics are conformally-equivalent (Sec. 6.1). That is, given any reference metric hyp,

®Recall that any two separable Hilbert spaces, as typically considered in physics, are isomorphic.
One can take a countable orthonormal basis {U,} in one Hilbert space and another countable
orthonormal basis {®, } in the other Hilbert space, and simply define a unitary map between them
by W,, — ®,,. Therefore the Hilbert space of a simple Harmonic oscillator is the same as the Hilbert
space of the Standard Model of particle physics.
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any other metric hyp, can be obtained via a conformal transformation, kg = U, Qhq,
for some diffeomorphism ¥ and Weyl factor €2 (which are generally not boundary-
trivial). We can then “pull-back” the traceless and divergenceless (with respect to
hap) extrinsic curvature o through this conformal map as 7% := Q?U*¢®. In

@b is traceless and divergenceless with respect to the reference metric

this way, o
hay. Instead of using geometric variables (hab,a“b) to describe the seed data, we
can now use conformal coordinates (¥, €, a%). The Dirichlet condition on the in-
duced boundary metric fixes the boundary value of €2 in terms of the boundary
action of W, 1) := ¥|y, and the Lichnerowicz equation then fixes uniquely the entire
value of Q in terms of 1) and 7%°; thus the constraint surface is parametrized (Sec.
6.2) only by (¥,5%). At this stage, by looking at the symplectic form, it becomes
evident that changing ¥ — U’ is a gauge transformation as long as ¥|y = V'|s;
which leads (Sec. 6.3) to a partial phase space reduction (¥,5%) s (1, 7). The
fact that % is traceless and transverse (with respect to hg,) implies that it can
be described by boundary data. More precisely, the space of such @ is natu-
rally isomorphic to the subspace of diff*(S!) (the dual Lie algebra of Diff(S!))
that annihilates the psl(2,R) subalgebra of diff(S!); this space will be denoted by
Offf*(S 1), and its elements by &. At this stage, the phase space is thus described by
(1,0) € Difff(S') x fof*(S D). But by direct inspection of the symplectic form we
find that there are still three null directions per phase space point. The component

of these directions on the Diff*(S') factor are directly related to PSL(2,R), but
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they also have a non-trivial component along the Offf*(Sl) factor (Sec. 6.4). We
construct explicitly a map J that quotients out those directions, leading to the fully
reduced phase space P = T (Diff*(S')/PSL(2,R)).

Lastly we study the Hamiltonian generating time-evolution between CMC slices
(Sec. 7). We first review some basic facts about determining the Hamiltonian
in a gauge-fixed, reduced phase space approach (Sec. 7.1). In a pure reduction
process, the Hamiltonian on the reduced phase space is simply obtained by “pushing-
forward” the original Hamiltonian. This push-forward is well-defined because, in a
consistently formulated dynamical theory, the Hamiltonian is gauge-invariant and
therefore constant within the pre-image (under the quotient map) of any point
of the reduced phase space. When there is a gauge-fixing involved, the original
and reduced Hamiltonians generating evolution along the “time parameter” are not
related so simply. The easiest manner to determine the reduced Hamiltonian is by
looking at the action (Sec. 7.2), from which we recover the expected result [40] that
the Hamiltonian generating evolution between CMC slices is given, at time 7, by
the area of the slice with K = —7. Despite its simple geometrical interpretation,
its expression in terms of reduced phase space variables is highly non-trivial since
it is defined implicitly with respect to solutions of the Lichnerowicz equation. In
fact, it is only evident from its formula that it is a well-defined function on the
partially-reduced phase space, Difft(S1) x Dioff*(S 1). As a check of consistency (Sec.

7.3), we show explicitly that this Hamiltonian is indeed a well-defined function on

18



T* (Diff"(S*)/PSL(2,R)). Because this Hamiltonian is a complicated function on the
reduced phase space, it is interesting to explore some regimes where it can be solved
analytically, or at least approximated (Sec. 8). This is relevant if one wishes to
describe the quantum dynamics of the system. We stress that while the full classical
reduction and the kinematical part of the quantization (i.e., representing a complete
algebra of observables on a Hilbert space) are performed non-perturbatively, the
dynamics (in CMC time) may well only be only amenable to approximate analysis.

Other than App. A — glossary, symbols and conventions — there are two more
appendices. Appendix B is a review of the Riemann mapping theorem, a special
case of the uniformization theorem, which shows that all (Riemannian) metrics on
a disc are conformally-equivalent. Appendix C describes the embedding picture,
explaining how to construct a map from a point in the reduced phase space to a
causal diamond embedded in AdSs (or Minks if A = 0). For intuition and artistic

purposes, some accurate pictures of causal diamonds are displayed.

1.2.2 Summary of Part II

By solving all the constraints of general relativity and eliminating the associated
gauge ambiguities, we have shown in Part I that the the fully reduced phase space for
the causal diamonds, with fixed boundary metric, is P = T* (Diff*(S')/PSL(2,R)),
with the natural symplectic form coming from the cotangent bundle structure. The
problem then becomes quantizing a non-gauge theory. Canonical quantization is a

remarkable tool discovered by Dirac that is based on the principle that the classical
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theory and its corresponding quantum theory share (roughly) the same underlying
algebraic structure of observables (Sec. 9.1). In its original and simplest incarnation,
one takes a complete set of canonically conjugate coordinates x* and pj, satisfying
the Poisson algebra {z?, i} = (5ij, and then defines the quantum theory in such a
way that self-adjoint operators X* and P; form an irreducible representation, on
a Hilbert space, of the analogous algebra %[X i,Pj] = (5ij, where h is the Planck
constant (which has dimensions of angular momentum, like [X, P]). This rule has
worked magnificently in many different scenarios, from the quantization of Newto-
nian particles in Euclidean space to relativistic fields in Minkowski space. There
is, however, an important limitation: it only produces a sensible quantum theory if
the phase space has a natural linear structure, P = R??, so that there is a natural
class of global coordinates z* and pj, ranging from —oo to +oo, which can be used
to produce a preferred quantum theory. In particular, notice that from the assump-
tion that P is self-adjoint it follows that e*’/i" is a well-defined, bounded, unitary
operator for any a € R; and if X has an eigenvector |i)) with eigenvalue = € R, then
it follows from the algebra [X, P] = ik that e*”/"|¢)) is another eigenvector of X
with eigenvalue x4+ a; therefore, if the spectrum of X (and similarly that of P) is not
empty (i.e., the theory is non-trivial), then it must be the whole real line. For this
reason, when the phase space has a non-trivial topology, or lacks a natural global
chart of “Cartesian coordinates”, a more sophisticated method of quantization is

necessary.
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In our case, while T*(Diff"(S')/PSL(2,R)) happens to be topologically con-
tractible, it appears not to have a natural linear structure. Opportunely, it does
admit a natural group action, as the configuration space Q := Diff'(S')/PSL(2,R)
is a homogeneous space for the group Diff"(S!), so it is reasonable to employ Isham’s
group-theoretic method of quantization [41, 42]. In this method (Sec. 9.2), one takes
a transitive® group G of symplectic symmetries of the phase space and uses it to
define a set of classical observables and their corresponding quantum operators,
where the Hilbert space is constructed to carry a (projective) irreducible unitary
representation of the group. The justification comes from the core principles of
canonical quantization: any element £ in the Lie algebra g of G generates a Hamil-
tonian flow X¢ on the phase space, to which is associated a Hamiltonian charge
Hg (solution of dH¢ = —ix, w); given any basis §; of g, i = 1...dim(g), we have a
set of classical charges H; := H¢, whose Poisson algebra is homomorphic to g, i.e.,
&, &) = cfjék = {H,; H;} = cfij (we assume that the group has been extended, if
necessary, to incorporate a non-trivial central charge that could otherwise subvert
this homomorphism); moreover, the transitivity of G implies that this set of charges
is complete in the sense that the specification of their value determines the phase
space point (up to, possibly, a discrete ambiguity); therefore, the underlying group of
symmetries ensures that there is a well-grounded, complete and algebraically-closed

set of classical charges on the phase space, which can then be quantized according to

SA group G acts transitively on a manifold M if for any two points x, 2’ € M there exists g € G
such that 2’ = gx.
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the traditional rule, i.e., H; — fAIl where ]{1\71 are self-adjoint operators on a Hilbert
space forming an irreducible representation of the algebra %[ITIZ, fI]] = cfjflk In
this context, G is called the canonical group, and the H’s are canonical charges.

As an example, in the case of a particle on the Euclidean line (i.e., phase space
P = T*R), notice that p generates translations in z while z generates translations
in —p. So instead of thinking of the coordinates x and p as the elementary ingre-
dients for quantization, reverse the logic and think of this R? group of symmetries,
(z,p) = (x + a,p — b), as the starting point, i.e., where now = and p are derived
from the group as the associated canonical charges. In this case, the corresponding
Poisson algebra does introduce a non-trivial central charge, {z,p} = 1, implying
that we need to consider a central extension of R?, namely the Heisenberg group
H(3) = R2, Accordingly, the quantum theory is constructed in terms of a unitary
irreducible representation of G:=H (3), which is unique (up to unitary equivalence)
and precisely the familiar one realized by square-integrable C-valued wavefunctions
on R.

To construct a natural canonical group for the causal diamonds we start with
the group G = Diff"(S!) acting on the configuration space Q = Diff"(S')/PSL(2,R)
from the left as d4[¢)] := [¢ o ], where ¢, 1 € Diff(S') and [¢] € Q. This action
is transitive on @ and naturally lifts to a G-action gqb on the cotangent bundle
P = T*Q, in which 1-forms p at [¢] are pulled-back by ¢! to a 1-form at [¢¥], i.e.,

gqu = 6:;,1 p. While this action indeed defines a symplectic symmetry of 75, it is not
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transitive on P because it does not move points “vertically” (i.e., along the fibers of
T*Q). There is a general prescription (Sec. 9.3) to extend such a group G, acting
transitively on Q, to a group G acting transitively on T*Q as symplectomorphisms.
The core step is to find a representation of G on some vector space V with the
property that at least one of the G-orbits is diffeomorphic to Q. In this setting,
every dual vector a € V* defines a “momentum translation” as follows: as Q is
embedded in V, tangent vectors to Q can be identified with vectors v in V', and
thus « defines a 1-form field on Q@ mapping v € TQ to a(v) € R; this 1-form
field can then be used to translate p € T*Q as p +— p — «, which thus defines a
group action of V* on P. This vertical action is a symplectomorphism, and most
importantly the combined G and V* actions form a transitive group G:=V*xG
of symplectomorphisms of the phase space T*Q.

With this general machinery at hand, we can return to our causal diamonds
(Sec. 10). Despite the apparent promise of starting with the Diff"(S!) action, we
could not find a linear representation of it with the required property of having
an orbit diffeomorphic to Difff(S')/PSL(2,R). Fortunately, it happens that the
coadjoint representation of the Virasoro group does have an orbit diffeomorphic to
Difff(S')/PSL(2,R). The Virasoro group, being a central extension of DiffT(S?!)
by R, Vira = D@ 1), can just as well be used as the group of “configuration
translations”, G = Vira, where the central element acts trivially on the configuration

space, i.e., d(¢q)[¥)] := [¢ 0 ¥]. That is, the configuration space can be equivalently
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expressed as the homogeneous space Q = Vira/(PSL(2,R) x R). For completeness
and compatibility of notation, we review some basic facts about the Virasoro group
(Sec. 10.1), and properties of its adjoint (Sec. 10.1.1) and coadjoint (Sec. 10.1.2)
representations, with particular interest in describing how Diff"(S')/PSL(2,R) is
embedded as a coadjoint orbit of Virasoro into V' = vira® (the dual Lie algebra of
Vira). Thus, we propose (Sec. 10.2) that the quantization of causal diamonds should

be based on the canonical group that is the semi-direct product
G =V* x G = (vita*)* x Vira (1.2)

where Vira acts as “configuration translations” (i.e., lifted from the action on the
configuration space, thus moving points “laterally” on 7%Q) and the abelian normal
subgroup (vita®)* ~ vita acts as “momentum translations” (i.e., moving points
vertically on 7%Q). In more detail, this group acts on the phase space as follows:
when Q is realized as a coadjoint orbit of Virasoro, a point [¢] € Q is identified
with a vector in vita™; a point p in phase space (which is, say, a 1-form at [¢)]) is
identified with a pair (p, [¢]), where p is some dual vector in vira® (i.e., an element of
(vita™)* ~ vira); then a group element (é\, gg) € vivax Viraactsonpas ' ¢ 5 (p, [¥]) =
(adaﬁ— g, [¢1)]), where ad denotes the adjoint action of Vira on vita. To close this
section, we describe (Sec. 10.3) how to lift the group action to the partially-reduced
phase space & = Diff* (S1) x fof*(S 1) (whose structure is simpler to manipulate) and

also to the constrained ADM phase space P (characterized in terms of geometrical
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variables, which can therefore be useful in extracting the physical meaning of the
symmetries and the associated charges).
The next step (Sec. 11) is to evaluate the canonical charges associated with G =

~

vita x Vira, denoted by H #8)’ where (7;§) € g = vira®@vita (in which vira® denotes
the algebra of the abelian group vita, i.e., vita® is isomorphic to vita as a vector space
but has a commutative algebraic structure). This can be obtained from the general
formulas derived in Sec. 9.3 for phase spaces with a cotangent bundle structure.
The Vira part of G act as configuration (or lateral) translations and therefore the
corresponding charges are interpreted as “momentum variables”, denoted by Pf =
H g and the (abelian) vita part of G act as momentum (or vertical) translations
so the corresponding charges are interpreted as “configuration variables”, denoted
by Q7 := H ). These charges can be decomposed in a convenient Fourier basis:
note that elements 2 of vira are characterized by a vector field on S! plus a central
component, §A = £(0)0p + x¢, and the vector field can be expanded in a Fourier
series, £(0) = > ez £,e™M?; the canonical charges can then be decomposed in terms
of momentum modes P, := Hg.cinog,), & momentum central charge Pp := H(pz),
configuration modes @y := H(.inoy,,0) and a configuration central charge Qr :=
Hzp). Also, the additive constant ambiguities in the definition of the canonical

charges can be chosen so that no additional central charges appear in the Poisson

algebra, in which we take Pr = 0 and ()7 = 1. The Poisson algebra of the canonical
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charges then becomes

{P,, Pn} =i(n—m)Pim
{Qn P} = i(n = m)Quim — 4min>6 .m0

{Qnan} =0 (13)

Notably, this corresponds to a bmss algebra, which is known to be the algebra of
asymptotic symmetries at the null infinity of asymptotically-flat spacetimes in 241
dimensions [43].

Since these charges will become the basic operators in the quantum theory, it is
important to understand their physical meaning (Sec. 11.1). In fact, as the Hilbert
space is always assumed to be separable (i.e., to have a countable topological basis)
in quantum mechanics, there is nothing distinguishing about the Hilbert space itself
(other than its dimension) and all the information characterizing a particular theory
lies in the way that relevant physical observables are represented on the Hilbert space
(see footnote 5). The canonical charges derived from Isham’s method have explicit
formulas in term of variables describing the reduced phase space, but since these are
quite abstract the underlying spacetime meaning of the charges must be uncovered.
We explain (Sec. 11.1.1) that the P charges are associated with diffeomorphisms
acting non-trivially at the boundary and their value are related to Fourier modes of
K t%s?, the components of the extrinsic curvature K, of the CMC slice along the

tangent (¢*) and normal (s®) unit vectors at the boundary of the disc. Of notable
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mention, the charge Py generates uniform rotation of the boundary (i.e., SO(2)
isometries of the boundary metric) and therefore can be interpreted as the spin (or
angular momentum) of the diamond; moreover, its value is simply related to the
twist (Sec. 11.1.2) of the corner loop.” The physical interpretation of the @ charges,
on the other hand, has been far more elusive (Sec. 11.1.3). We know some properties
that they must satisfy, and can speculate on what they could measure, but their
precise meaning will be left for future examination.

Finally, we arrive at the quantum theory (Sec. 12), constructed from a (projec-
tive) unitary irreducible representation of canonical group G = virax Vira or rather,
as revealed from the Poisson algebra of canonical charges, the group BMSs. Since
this group is a semi-directed product of a group G = Vira with an abelian group
vita, Mackey’s theory of induced representations [44] can be employed to obtain the
unitary irreducible representations of G [45] (modulo possible limitations associated
with the infinite dimensionality of the group [46]). The result (Sec. 12.1) is that the
quantum theory is characterized by a choice of coadjoint orbit of Virasoro together
with a choice of (projective) unitary irreducible representation of the correspond-
ing little group (i.e., the subgroup of Vira that leaves any particular point of the

orbit fixed). The most natural choice is to take the orbit diffeomorphic to the con-

"The twist of a loop embedded in a three-dimensional space is the integrated torsion (with
respect to proper length) along the loop. The torsion measures how a normal frame that is carried
along the curve, as close as possible to being parallel transported (more precisely, Fermi-Walker
transported) rotates around the axis aligned with the curve. The twist can also be interpreted
as measuring the holonomy for (Fermi-Walker) transporting a frame along the loop, i.e., after the
completion of the loop the transported frame will return boosted with respect to the original frame,
and the boost angle is equal to the twist.
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figuration space, in which case the little group is PSL(2,R) x R, where R comes
from the central element of Vira and is assumed to be represented trivially. We
justify this choice from the Casimir matching principle (Sec. 12.2), which proposes
that the value of Casimir operators should be matched between the classical and
the quantum.® In particular, we consider two types of Casimir operators related
to the monodromy-class and winding number of the coadjoint orbits of Virasoro.
With this refinement, the Hilbert space is realized (Sec. 12.3) by wavefunctions on
Q = Diff*(S')/PSL(2,R) valued in unitary irreducible representations of PSL(2,R).
The quantum theory can also be directly constructed from the algebra, which is the

quantization of the Poisson algebra above,

~ ~

[]3”7 Pn] = (m —n)Poim
[@na ﬁm] = (m - n)@n—f—m + 47Tn35n+m,0

[@nv@m] =0 (1'4)

but note that ﬁn and @n are not expected to be self-adjoint but rather to satisfy
(ﬁn)Jr = ﬁ,n and (Q\n)Jr = Q\,n, mimicking the classical relations (P,)* = P, and

(Qn)* = Q—_p. We use this to derive the spectrum of P,.

8(Classically, Casimir operators Poisson-commute with a complete algebra of observables and
therefore are constant functions on the phase space. Quantum-mechanically, Casimir operators
commute with all other operators and therefore are realized as a multiple of the identity in any
(complex) irreducible representation. At either level, the Casimir takes the same value on any
physical state, so it is natural to assume that the value of a quantum Casimir should match with
with the value of its classical counterpart. (This principle leads to Dirac’s electric-magnetic charge
quantization when quantizing a particle on a sphere from Isham’s perspective [47].)
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We discuss two important observables in the quantum theory. First, we show
(Sec. 12.5) that the twist 7 of the corner loop, also related to the spin of the
diamond, is quantized in the quantum theory according to

_ 167%(p

T="

(n+s), nezZ (1.5)

where s =0 or 1/2 and / is the total length of the corner loop and ¢p is the Planck
length. Lastly, the charge @0, which happens to commute with the spin, can be
shown (Sec. 12.4) to have a continuum spectrum that is bounded from above and
unbounded from below, attaining a maximum value of 27 at a (generalized) state

described by a wavefunction ¥([¢]) localized at the PSL(2,R)-class of the identity

It is worthwhile to notice that this accomplishes only the kinematical part of
the quantization, i.e., characterizing the Hilbert space and the manner that the
canonical observables are represented on it. A complete quantization would also
involve the description of the dynamics, such as successfully representing the time-
evolution Hamiltonian (discussed in Part I) and possibly other relevant observables
which are expressible in terms of the canonical ones. The limitations and future
prospects of our quantization are considered in the discussion (Sec. 13).

In addition to App. A — glossary, symbols and conventions — we include
three other appendices. App. D describes the topology of the configuration space,

Q = Difff(S')/PSL(2,R). App. E offers a general review of Mackey’s theory of in-
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duced representation and the associated notion of systems of imprimitivity. App. F
discusses projective representations and its relationship to central extension (by

2-cocycles) of the group.
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Part 1

Classical reduction

2 Reduced phase space

One of the fundamental assumptions of physics is that the laws of nature should be
deterministic. That is, the knowledge of the state of a (closed) system at a given
time should allow us to completely know its state at any future (or past) time. More
precisely, let the state of the system be denoted by ; if the system is at the state
1o at the initial time ¢t = 0, then the equations of motion should uniquely determine
P(t) = F(vo;t) as a function F' of the time ¢ and the initial state. Certain theories,
however, are described by equations of motion that are not deterministic, so that
to each initial condition there corresponds a class of solutions [¢] to the equations
of motion that satisfies the initial conditions. The principle of determinism then
implies one of two things: (7) the theory is incomplete, so that further equations of
motion or constraining conditions are necessary to make the time evolution unique;
(79) there is a redundancy in the description, so that only the equivalence classes of
solutions, compatible with the initial conditions, are really physical. Thus, assuming
that the theory is complete leave us with option (i), meaning that the physical space
of states is only a quotient of the prototypical space of states, under the projection

¥+ [1]. Such theories are called gauge theories, and states 1 and ' within the
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same equivalence class, [¢)] = [¢'], are said to be “gauge-equivalent” or “related by
a gauge transformation”.

A notorious example of a gauge theory is electromagnetism. The equations of
motion are d*F = 4n*J, where F' := dA is the electromagnetic strength and A is
the electromagnetic potential. Since the equations of motion depend only on F', it is
insensitive to the change A — A+ da, where « is any real function on the spacetime.
Therefore, for any solution A of the equations of motion, and any function « that
vanishes in a neighborhood of the spatial slice at t = 0, we have that A’ = A+ da is
also a solution of the equations of motion, satisfying the same initial conditions. In
this way, the theory is incomplete unless we admit that the change A — A + da is
not physically observable, i.e., the physical states are described by the equivalence
classes [A] = [A + da].

The consequence of a gauge ambiguities for the Hamiltonian description is the
appearance of constraints in the phase space [48]. To see this, let us consider a
system described by a finite set of configuration variables ¢*, i = 1,...n, associated

with an action principle S = [dt L(g, ). The equation of motion are

d OL 0L
_—— - — = 2.1
dt 0¢*  0q* (2.1)
From the chain rule it follows
O*L 0’L . OL
— ) = ——¢ + — 2.2
20i? = “oagag? T ag (22)
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Note that a necessary and sufficient condition for this set of equations to have a
unique solution, given initial values for ¢ and ¢, is that we can solve algebraically
for the second time derivatives in terms of the lower time derivatives, i.e., that we

can put it in the form §* = E'(q, ). This is equivalent to say that

O%L
det < 5 aqi) £0 (2.3)

where the argument of the determinant is understood as a n X n matrix with indices

i and j. If we define the momenta p conjugated to g by

oL
Pii= g (2.4)

then the non-degeneracy condition translates into

Opi
det <8q'j> #0 (2.5)

This determinant is equal to the Jacobian of the Legendre transformation (g, q) —
(¢,p), mapping the space of “positions and velocities” to the phase space, and the
non-degeneracy condition thus implies that this map is (locally) invertible. In a
gauge system the equations of motion do not have unique solution, which requires
(2.3) to be zero and therefore implies that the transformation (g, ¢) — (g,p) is not

(locally) invertible. In other words, the image of the Legendre transformation is
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a surface S (of dimension less than 2n) in the phase space P. Hence there are
constraints C, = 0 on the phase space specifying the location of this surface.

Let us assume that the constraint surface S is a manifold smoothly embedded in
the phase space, and call p : § — P the embedding map. The symplectic form on
P, Q = dp; Adqt, can be pulled back to the constraint surface, defining a “symplectic
form” w := p*Q on §. The reason for the quotations is that although w is closed
(since dw = §(p*Q) = p*0Q = 0) it may fail to be non-degenerate, i.e., there may
exist certain null directions { along & such that 1w = 0. If it happens that w is
degenerate, so it is called a pre-symplectic form, then the null directions are precisely
the gauge directions. This is because given any Hamiltonian H : § — R, the vector
flow X generated by H is defined to be a solution of 0H = —ixw, but it is clear
that for any solution X then X’ = X + ¢ is also a solution. Therefore £ are the
directions corresponding to the ambiguities in the time evolution, and thus moving
along & must not correspond to a change in the physical states. An interesting fact
about the gauge directions is that they are surface-integrable, in the sense that the
vector field commutator of two null fields £ and £’ is another null field. This follows

from the identities 11x ] = [£x,1v] and £x = dvx + 1x9, which applied to w gives

e ew = Letgrw — 1gr (1ew +1¢0w) =0 (2.6)

where it was used that 1cw = 1w = 0 and ow = 0. The set of all null vector fields

thus form an (infinite-dimensional) algebra, and the set of all gauge transformations
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(flows along null directions) form a group. The “integrated” surfaces whose tangent
vectors at every point are null are called gauge orbits. A simple linear algebra
argument reveals that the dimension of such surfaces must be at most equal to the
number of constraints (in fact, it matches the number of first class constraints”).
The reduced phase space, ’ﬁ, is the space of physically distinct states, defined by
the quotient of S under the gauge transformations, or in other words, the equivalence
classes of gauge orbits. There is a natural symplectic form @ (closed and non-
degenerate) on the reduced phase space, having the property that its pull-back
under the quotient map J : § — P is equal to w, i.e., w = J*w. This can be seen
by a constructive approach. Given p € ﬁ, let p € S be a point in the pre-image of
p under J, i.e., J(p) = p. Given two vectors X,Y € Tp75, consider any two vectors

X,Y € T3S that project to X and Y under J,, i.e., J.X = X and J.Y =Y. Define,

(2.7)

Now we must show that this definition is consistent, in the sense that it must not
depend on the particular point p chosen in the pre-image of J, nor on the particular
vectors chosen in the pre-image of J,. Note that if ¢ is a gauge transformation on

S implementing a flow along null vector fields, then by definition of the projection

9A constraint is first-class if its symplectic flow (under the original pre-symplectic form Q) is
tangent to the constraint surface, and it is second-class otherwise. A first-class constraint always
leads to a degenerate w: if C' is a first-class constraint then its flow X, defined from 6C' = —ixQ,
will be tangent to S; so if T is any vector tangent to S we have 0 = §C(T) = —Q(X,T) = —w(X,T),
implying that X is a null direction for w.
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map we have J o ¢ = J. This implies that the kernel of J, at p consists of null
vectors £ at p, i.e., J,£ = 0 if and only if 2cw = 0. Therefore X is defined up to the
addition of a null vector, £. As replacing X by X + ¢ in the right-hand side of (2.7)
does not affect the result, this definition is insensitive to the choices of vectors in
the pre-image of J,. Now we consider the ambiguity in the choice of p. First note
that gauge transformations ¢ are symmetries of w, ¢*w = w, which follows from
Lew = d1ew +1¢0w = 0. Second note that for any other point ' in the pre-image of
p under J, there must exist a gauge transformation ¢ such that o’ = ¢(p). It follows
from J,¢, = J, that X’ := ¢, X and Y’ := ¢,Y are vectors at p’ in the pre-image

of X and Y under J,.. Hence,

w(X' Y

showing that (2.7) is independent of the choice of p € J~1(p). Therefore we have
shown that there exists a antisymmetric 2-form w on P satisfying w = J*w. To
finish the story, we must show that w is closed and non-degenerate. Note that

= dw = J*dw. But since J is a projection map, so J, has maximum rank, then
J*6w = 0 implies that dw = 0, establishing closedness. Now let 1 be a vector on
P such that 1w = 0, and let 77 be a vector on S that projects to n under J, i.e.,

J«n =mn. We have,

ww() = w(i,-) = J'0(, ) = (), Ju(-)) = @ ( (1)) = 0 (2.9)
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implying that 7 is a null vector. But null vectors are in the kernel of J, and hence
n = 0, establishing non-degeneracy.

The definition of the reduced phase space above suggests a explicit procedure
for its construction. The reduction process will generally go through the following

steps:

1. From the Lagrangian L, compute the conjugate momenta, p = dL/dq, and see
whether there are constraints among the phase space variables, C!(gq,p) = 0.
The superscript “1” is because these constraints coming directly from the
Lagrangian, without imposing the equations of motion, are called primary

constraints (not to be confused with “first-class” — footnote 9).

2. Compute the Hamiltonian H and find all secondary constraints C? coming
from the equations of motion, i.e., following from imposing that the primary
constraints must be respected by time evolution, dC'/dt = {C',H} ~ 0,
where the approximate sign indicates that the equality holds when all con-
straints are satisfied (note that the Poisson brackets are evaluate without
imposing any constraints). The same process must be repeated for the sec-
ondary constraints, and tertiary constraints and so forth until no additional
constraints are found. Once this process ends we can forget about this clas-
sification into primary, secondary, etc, and simply treat all the constraints on

the same footing.

3. The set of all constraints determines the surface S, so we compute the re-
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striction of the original (pre)symplectic form 2 to S, w = Qls. If w is
non-degenerate, S is already the reduced phase space (this is the case if all
constraints are second-class). If w is degenerate, we must identify its null

directions and the corresponding gauge orbits.

. To find the reduced phase space, we mention two convenient ways to quotient

by the gauge orbits that may be useful:

e The first way is to “gauge-fix”, which means introducing additional con-
straints in such a way that all constraints become second-class. In geo-
metrical terms, we would look for a submanifold S’ of S with the property
that it intersects with each gauge orbit at precisely one point. In this case,
the reduced phase space P can be identified with S’ , and the symplectic
form @ is simply the restriction of w to &’. A gauge-fixing approach is
not always possible, something known as the Gribov phenomenon. As
an example, consider the case where the gauge orbits are isomorphic to a
group, G, in such a way that S is a principal G-bundle over the reduced
phase space 75; in this case, the existence of a “gauge-fixing condition”
corresponds to say that there exists a global cross section S’ of S, which

is only possible if the bundle is trivial, i.e., S ~ P xG.

e The second way is to “change coordinates” in a suitable manner. If it
is possible to cover § with a coordinate system, there may be classes of

coordinates such that the pre-symplectic form becomes simpler, and the

38



null direction become evident. For example, consider S ~ R?* covered
with coordinates {x1,x2,p1,p2} and a pre-symplectic form w = §(p1 +
p2) A 0(x1 + x2); this symplectic form suggests a change of coordinates
to x1+ = x1 £ x9, p+ = p1 £ p2, so that w = Ip4 A dx4, revealing that
the appropriate quotient map is J(x1,z2,p1,p2) = (¢' == x4, p == py),

where {2/,p'} are coordinates on P ~ R2. This approach may also not

be always possible, as & may not admit a global coordinate system.

Note that both ways can be used in conjunction, each one removing part of the

gauge ambiguities. Still these two procedures may not be enough, as there may

remain some residual gauge ambiguities that have to be addressed in a spe-

cialized manner. When treating the causal diamond, we will employ the first

way to deal with the ambiguities associated with the time diffeomorphisms,

the second way to deal with the spatial diffeomorphisms, and there will remain

a small (finite) number of ambiguities that will need to be removed in a third

To wrap up, let us return to the discussion at the beginning of this section about

deterministic evolution. If the equations of motions are deterministic, then there

is a one-to-one correspondence between solutions to the equations of motion and

initial data. Since the phase space is the space of “initial data” (as it is isomorphic

to the space of “initial positions and velocities”), we can look at the phase space as

the space of “solutions to the equations of motion”. This perspective is taken as the
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basis of the covariant construction of the phase space for field theories, which avoids
having to pick an arbitrary time direction and spatial slice and simply consider
the field configurations that satisfy the equations of motion in spacetime. In this
construction, one starts with the space C of all field configurations on spacetime and
define the phase space P as the submanifold consisting of configurations satisfying
the equations of motion. The (pre)symplectic structure follows from the action,
and it may be degenerate on P. Accordingly, this degeneracy corresponds to gauge
ambiguities and the reduced phase space is defined by quotienting over all the gauge
transformations. In this way, we can think of the reduced phase space as the space of
all physical solutions to the equations of motion (where gauge-equivalent solutions
are regarded as the same physical solution).

Since the reduced phase space is a “standard” phase space, in the sense that
it has a (non-degenerate) symplectic structure, it is amenable to the application of
canonical quantization. In particular, there are no subtleties associated with gauge
ambiguities when it comes to the quantization, for all the gauge has already been
eliminated at the classical level. The fact that only the physical, gauge-invariant
degrees of freedom are undergoing quantization is a highly appealing feature of this
approach, giving some confidence that the class of quantum theories obtained are
“natural”. Nevertheless, this approach does not come without drawbacks. One of
them is that the reduced phase space usually has a non-trivial topology, or at least

does not have a natural vector space structure, which requires more sophisticated
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schemes of canonical quantization, such as geometric quantization or group-theoretic
quantization. Also, certain observables like the time-evolution Hamiltonian may
become complicated when written in terms of the “canonical observables” (i.e., the
“¢’s and p’s”) compatible with the phase space topology, and this may lead to
severe operator-ordering ambiguities. Since there is no general proof that the Dirac
approach is equivalent to the the reduced phase space approach (in fact, there are
examples where they are known to disagree — for a study in the case of general
relativity see, e.g., [49]), it is worth to explore both approaches, and in this work we

focus on the latter.

3 The causal diamond

In this section we define the dynamical system of interest, the causal diamond. We
also provide a brief outline of the phase space reduction procedure, discussing the

details in the subsequent sections.

3.1 The system

We define the causal diamond as the domain of dependence of a spatial slice X having
the topology of a disc D (i.e., a 2-dimensional ball). More precisely, we define the

spacetime as the maximal development of the initial-value problem associated with
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Einstein’s equations for pure gravity with a nonpositive cosmological constant A,

Gab + Agab = 0 (3.1)

given a Riemannian metric Ay, and extrinsic curvature K on 3 ~ D. Our choice of
boundary conditions, to be later justified, is that the induced metric on the spatial

boundary is fixed

s =7 (3.2)

where 7 is a given (fixed) metric on 9% ~ S!. Since we can parametrize the points
of the boundary by the length with respect to -, the only intrinsic attribute of this
metric is the total length, £, of the boundary.

According to the ADM (Arnowitt-Deser-Misner) formalism [50], the (pre)phase
space P corresponds to the space of all Riemmanian metrics, satisfying the Dirichlet
boundary condition, together with the space of all extrinsic curvatures on the ball
3. ~ D. For definiteness, let us denote the space of Riemannian metrics on the
spatial disc by Riem(D;~), consisting of all positive-definite symmetric tensors of
type (92), hap, on D satisfying hlspp = 7; and denote the space of all extrinsic
curvatures on D by Sym(D, (2)), consisting of all symmetric tensors of type (2),

K on D. The (pre)phase space then have the trivial product structure

P = Riem(D;~) x Sym(D, (%)) (3-3)
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One could worry about the degree of smoothness of these function spaces. In the
study of partial differential equations, such as the initial value problem of Einstein’s
equation, it is natural to consider Sobolev spaces. The Sobolev space W’“’(U ),
where k € N, 1 < p < oo and U is a open subset of R", is defined as the space of
all functions f : U — R such that f and its (weak) derivatives of order equal or
less than k are in LP(U). (The generalization for functions valued in R™ is natural.)
These spaces are convenient for they are Banach spaces (complete normed vector
spaces), which facilitates certain proofs of existence of solutions by allowing one to
construct sequences of approximate solutions that converge to an exact solution.
The case p = 2 is particularly interesting because it is a Hilbert space, implying
that its (topological) dual is isomorphic to itself. This allows us to think of the
phase space as a cotangent bundle, in a precise way, as we explain next. Note that
Riem(D) can be seen as the open region of Sym(D, (03)) defined by the conditions
det(h) > 0 and tr(h) > 0. Since Sym(D, (03)) is a linear space, we can assume that
it is a Sobolev space W*2(D) of symmetric-matrix-valued functions on D. Then the
topology of Riem(D) is inherited from Sym(D, (03)). A tangent vector to Riem(D)
can be seen as a vector in Sym(D, (%)), and due to the linearity of this space, the
tangent vector can be naturally identified with an element of Sym(D, (05)) itself.
We can write,

Th[Riem(D)] ~ Sym(D; (%)) (3-4)

where T}, denotes the tangent space at h € Riem(D). The space of 1-forms at h
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can be defined to be the (topological) dual of Sym(D, (%)), and since that is a
Hilbert space, the dual is isomorphic to itself. Nevertheless, it is most natural to
characterize the space of 1-forms as Sym!(D, (%)), the space of symmetric tensor
densities of type (2p) and weight 1. In this way, the action of a dual vector m on a

vector (, at h, is given by contracting them and integrating over D,

7(¢) ZZ/anmﬂabCab (3.5)

The space of tensor densities is isomorphic to the space of tensors since they can be

related by a factor of a power of \/det(h); in particular, 7% = \/det(h)7%, where

7 is a standard tensor. Therefore,

T;;[Riem(D)] ~ Sym' (D, (%)) ~ Sym(D, (%)) (3.6)

where T} denotes the cotangent space at h € Riem(D, ). Since Riem(D) is an open

subset in a vector space, its tangent and cotangent bundles are trivial. So,
T*[Riem(D)] = Riem(D) x Sym(D, (29)) (3.7)

Our configuration space, however, contains the additional restriction on the in-
duced boundary metric, so it is Riem(D,~). This condition affects the tangent

space, since tangent vectors (, tangent to curves Riem(D,y), are now subjected to
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the homogeneous boundary condition

Cant™’|,,, =0 (3.8)

where t% is a vector on D tangent to 0D. Nonetheless, since the condition above
refers to a set of measure zero in D, it does not affect the space of cotangent vectors,
which can still be taken to be elements 7 of Sym?!(D, (2)) acting on vectors as in

(3.5). The cotangent bundle thus continues to have a trivial structure,

T*[Riem(D, )] = Riem(D, ) x Sym(D, (%)) (3.9)

which equals the (pre)phase space P in (3.3). The symplectic structure will be

described next.

3.2 An outline of the reduction process

Here we present a brief outline of the gauge reduction process for the diamond,
based on the gauge-fixing of time by CMC slices, following a general program of
quantization via phase space reduction introduced by Moncrief et al [9, 10, 51]. (See
also a more recent paper reviving this program [39].) The details will be explained
in the main sections of the paper.

Let us first discuss the constraints on the phase space. For this class of diamond-

shaped spacetimes, it is natural to set up the ADM decomposition with respect to a

45



family of surfaces anchored at the S! boundary. In fact, these are the only Cauchy
surfaces in a diamond. This corresponds to restricting to lapse functions that vanish
at the boundary, N|gs = 0, and shift vectors that are tangent to the boundary,
N% g € T(0X) C T(X). The action functional can be defined between any two

such surfaces as

S = ﬁ /d% V—g(R —2A) (3.10)

up to boundary terms. (Notice that R stands for the Ricci scalar associated with
the spacetime metric g, while the symbol R will be reserved for spatial metrics.)
We wish to define the system in such a way that the spacetime solution (within
the diamond) can be fully determined from initial data on a slice; we take the

(pre)symplectic form © to be the conventional one from the ADM formalism'”

Q= /d%c 87 A Shap (3.11)

°Tn field theories, the bulk part of the symplectic form is uniquely determined from the (bulk
part of the) Lagrangian, but there are often ambiguities in choosing its boundary term [52, 53, 54].
In some settings, such as in dynamically-closed theories defined in a spacetime “cylinder” with
appropriate conditions on the timelike boundary, one can (almost) determine the boundary term
for the symplectic form by insisting that the action principle is well-posed (in the sense of admitting
stationary points when the configuration variables are fixed at the initial and final Cauchy slices)
[65]. As an open-system, it is unclear how to fix these ambiguities for a causal diamond without
further structure; in particular, it seems that one needs to specify how the causal diamonds are to be
embedded as subsystems of a larger spacetime, or describe condition for the symplectic flux across
the horizons [56]. (See, however, [57].) Here we take the simplest choice, where the symplectic form
is just the integral over the Cauchy slice of a local symplectic current, which is consistent with a
self-contained causal diamond.
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where 7% is the momentum conjugate to the spatial metric hy, defined by
7% =/ (K“b - Khab) (3.12)

with K = K®hg,;, being the trace of the extrinsic curvature. Note that “6” denotes
the exterior derivative in phase space.

The ADM Hamiltonian takes the pure-constraint form

H= 16; = / 4% [N\/E (K“bKab K- R+ 2A) - 2Nbvaw“b} (3.13)
>

where R and V are respectively the Ricci scalar and covariant derivative on X
associated with hg,. The derivative of a density is defined by converting it to a
tensor, applying the derivative and then converting back to a density of the same
weight; that is, here we have V,m% := h1/2V,(h~1/27%). Note that K® is an
implicit function of hq, and 7 obtained by inverting (3.12); in 241 dimensions it
is given by K% = h=Y2(z% — 7h?®), where 7 := 1%hg, is the trace of 7®. The

variation with respect to N yields the Hamiltonian constraint
K%Ky —K?>—R+2A=0 (3.14)
and the variation with respect to N* yields the momentum constraint

V(K% — Kh) =0 (3.15)
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While the momentum constraint is linear in the momentum variables, similarly to
electromagnetism, the Hamiltonian constraint is non-linear. This non-linearity is
partially responsible for the relative difficulty in dealing with the constraints of
gravity.

An interesting method for solving the constraints of general relativity is the
Lichnerowicz method [58, 59, 60, 16, 9]. The goal is to convert the Hamiltonian
constraint, which is a non-linear differential equation involving tensor fields K% and
hap, into a differential equation for a single scalar field ¢, which is accomplished by
a suitable Weyl transformation. Let us introduce the traceless part of the extrinsic

curvature, 0®, which in 2+1 dimension is given by

1
o= K% — 5Kh“” (3.16)
The constraints then become
ab 1 2
o Uab—R+2A—§K =0 (3.17)
1
Va (aab — 2Kh“b> =0 (3.18)

Now suppose that we have a set of input data, (hg, 0, K), that satisfies the mo-
mentum constraint but not necessarily the Hamiltonian constraint. The idea is
to deform this data by a suitable pointwise conformal transformation (i.e., a Weyl

transformation), preserving the momentum constraint, until the Hamiltonian con-
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straint is satisfied. Consider the transformed data (hgp, %, K) defined by

K =w(¢)K (3.19)

where ¢ : 3 — R is a scalar function on ¥ and f: R — R and w : R — R are real
functions to be specified. (Note that f(¢) and w(¢) are to be understood as f o ¢
and wo¢.) If we assume that the metric hgyp, in the input data satisfies the boundary

condition, we can impose the Dirichlet boundary condition on ¢,

¢lye =0 (3.20)

so that the deformed data ﬁab also satisfies the same boundary condition for the
induced metric. This will ensure that the physical initial data generated by this
method (i.e., the data that satisfies both the momentum and the Hamiltonian con-
straints) will also satisfy the boundary conditions. The momentum constraint for

the deformed data becomes,

(F6) + w(@)e™) V'K + (7/(6) + 2£(8)) 0"Vt + 0/ (8)e *K V"6 =0

(3.21)
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where it was used that (hep, 0%, K) satisfies the momentum constraint, i.e., V,0% =
%VbK . Here V is the covariant derivative associated with ﬁab. The Hamiltonian

constraint becomes,

b~ ~ 1~
U“baab—R+2A—§K2 =

1
= e_¢V2¢+62¢f(gb)2aabJab —e PR+ 2A — §w(¢)2K2 =0 (3.22)

In the left hand side, %G, = Eacﬁbdbvabg‘:d; in the right hand side, 0%y, =
hachpao ™o and V2 = h**V,V,,.

Given functions f and w, the constraints have thus become a pair of coupled
differential equations for the scalar ¢. For this method to be useful, we would like
to be able to choose f and w in such a way that the equations become as simple
as possible and, most importantly, that the equations admit solutions for a large
class of input data (hep, 0, K). The most useful choice comes up in conjunction
with a gauge-fixing for the time: we consider the constant mean curvature gauge
(abbreviated as “CMC”), in which the spatial slices are taken to have a constant

trace of extrinsic curvature,

K|, =—1 (3.23)

where 7 is a constant parameter on Y. In the case of the diamond, we will establish
that by varying 7 from —oo to oo the spacetime will be foliated with Cauchy slices.

Note that the “initial time”, 7 = 0, corresponds to the maximal slice (i.e., the slice
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with maximal area). In this gauge, the first term of the momentum constraint (3.21)

vanishes, suggesting the following convenient choices for the functions f and w,

Fl@)+2f(¢)=0 — f(g)=e2

w(p) =0 — w(p)=1 (3.24)

With those choices the momentum constraint is automatically satisfied for any ¢,

provided that the input data satisfies

Vao® =0 (3.25)

Also, note that ¢ is determined as the solution of a single differential equation

coming from the Hamiltonian constraint (3.22),

V23— R+e %0%, —e?x =0 (3.26)
where
1,

is a time-dependent parameter. Equation (3.26) for ¢ is called the Lichnerowicz
equation. Note that A < 0 implies that x > 0 for all times, and this will be used for
proving existence and uniqueness of solutions ¢ to the Lichnerowicz equation (for

any Dirichlet boundary condition, such as in (3.20)). This means that for any input
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data (hgp, 0%, —7), in the CMC gauge, we can always generate a unique set of valid
initial data given by (e®hqp, e 220, —7).

The Lichnerowicz method thus yields the following characterization for the con-

ab

strained phase space, S. As mentioned above, a set of input data . = (hgp, 0%, —7)

corresponds to one and only one set of valid initial data, (e®hgy, e 2?0, —7), where
¢ is the unique solution of (3.26). Now given any scalar field A : ¥ — R van-
ishing at the boundary, A|sx = 0, consider a deformed set of input data ' =
(e Mgy, e 20, —7). The Lichnerowicz problem for .#” leads to a unique valid data

(e? eMhgy, e 2 e 0% 1) where ¢’ is the unique solution of

V2 — R + e ¥ (e 0®) (e 0 (€M hae) (€ hpa) — ¥ x = 0 (3.28)

with boundary condition ¢/|gx = 0. Here V' and R’ are associated with b/, := e gp.

This equation can be rewritten in terms of V2 and R as,

e W2y — e (R—V2)) + e e Py — ey =0 (3.29)

or equivalently,

V2@ +A) = R+ e @ Ngtbg,, — @y =0 (3.30)

which has the same form as (3.26), with the same boundary condition, but in the
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variable ¢’ + \. Therefore ¢’ + A = ¢ is the unique solution, implying that the initial

data obtained from .#” is the same one obtained from .7, i.e., (e‘b/ekhab, e 20 e=2Agab, —T)

(e¢hab,e_2¢aab, —7). Consequently, each Weyl-related equivalence class of input
data,

(haba Uaba _T) ~ (eAhalM 6_2/\0aba _7—) ) A‘az =0 (331)

corresponds to a unique set of valid data (e®hgp, e 2?0%, —7). In other words, the

constraint surface S can be identified with this space of equivalence classes

S = [(hav, *) ~ (*hap, e >0 ")) (3.32)

where 7 has been omitted since it does not transform under this Weyl transforma-
tion.

The constraint surface S contains null directions, corresponding to the gauge
transformations associated with spatial diffeomorphisms on the CMC slices Y. Let
U : 3 — 3 be a boundary-trivial diffeomorphism of ¥, i.e., a diffeomorphism that
acts trivially on the boundary,

U)oy =1 (3.33)

where I is the identity map. It is clear that if we apply such a diffeomorphism to

a set of initial data we will produce a physically equivalent set of data.'' In this

"Note that diffeomorphisms which are not boundary-trivial are not allowed for they generally
do not preserve the Dirichlet boundary condition for the induced metric. The only exception is the
SO(2) family of isometries of the boundary, but those are true symmetries of the system, not gauge
transformations.
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way, the reduced phase space P can be identified with the quotient of S under those
boundary-trivial spatial diffeomorphisms. Using the above characterization for the

constraint surface, (3.32), we can identify the reduced phase space as

ﬁ = {(habv Uab) ~ (\Ij*e)\haby \I’*€72>\0'ab)} (334)

Note that the transformation of the metric, hqp — W, hap, is a general boundary-
trivial conformal transformation, i.e., a combination of a Weyl transformation and
a diffeomorphism, (¥, ), satisfying the boundary condition (¥, \)|ss = (I,0).1? We
are going to review how the space of equivalence classes in (3.34) can be identified
with the cotangent bundle of the space of conformal geometries on 3. The space
of conformal geometries on X, denoted by ConGeo(X), is the space of equivalence
classes of Riemannian metrics quotiented by boundary-trivial conformal transfor-
mations,

ConGeo(X) = {hgp ~ Ve hgy} (3.35)

Thus the phase space can be identified as

P = T*[ConGeo(X)] (3.36)

This result quite general and comes up whenever the system admits a CMC gauge

12The nomenclature here may differ from other references, which sometimes restrict the term
“conformal tranformation” to those that satisfy h., = \I/*exhab; instead we refer to those very
special conformal transformations as conformal isometries.
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and the Lichnerowicz method is “nicely” posed (i.e., there are existence and unique-
ness theorems for the associated Lichnerowicz equation). In the case of the diamond,

we will see that the reduced phase space is given by

P = T*[Difft(S") /PSL(2, R)] (3.37)

where Diff(S1) is the group of orientation-preserving diffeomorphisms of the bound-
ary 0¥ ~ S' and PSL(2,R) is the projective special linear group in 2 real dimensions
(which is a 3-dimensional closed subgroup of Difft(S'), in a way that will be de-
scribed later).

We will also discuss another approach for reducing the phase space, in Sec.
6. The idea is to “change coordinates” from (hqp, ™) to a new set of variables
(U, ®,0%), where ¥ is a diffeomorphism of ¥ ~ D and ® : ¥ — R is a scalar
function. This change of coordinates is defined by taking a standard metric hqp,
such as the Euclidean metric on ¥ (i.e., the metric of a flat disc, dr? + r?df? with
unit radius), and considering the conformal transformation (¥,®) from h,, into
hay = W, Phg,. This is allowed because of the uniformization theorem, which en-
sures that any two metrics on a topological disc can be related by a conformal
transformation. The contraint surface S can then be covered with “coordinates”
(U, 5%), where % satisfies the divergenceless condition V,5% = 0 (where here V
is the derivative associated with hqp). The symplectic form becomes evidently de-

generate with respect to “bulk diffeomorphisms”, suggesting a reduction to a (not
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fully) reduced phase space that can be covered with “coordinates” (¢, 5%), where
Y 1= W|gx is the boundary action of W. This space has the topology Diff"(S') x
“functions on S' not containing the Fourier modes 1, sin and cos”. By a simple
analysis, we can determine that there are still three degenerate directions to be
removed, corresponding to the PSL(2, R) subgroup of Difff(S!), ultimately leading
to the (fully) reduced phase space (3.37). Not only this alternative approach serves
as a check of the earlier result, but it is also very useful as it provides an explicit
“change of coordinates” from the “natural” variables describing the reduced phase
space to the more easily interpretable geometric quantities like spatial metric and
extrinsic curvature.

Before proceeding with more technical developments, it is interesting to under-
stand what the classical states described in (3.37) actually represent. First note that
in three spacetime dimensions there are no “local” gravitational degrees of freedom
(i.e., there are no gravitational waves). This is because the Weyl tensor vanishes

identically, meaning that the curvature is completely determined by the Ricci tensor,

Rabed = 2 (ga[cRd]b - gb[cRd}a) - Rga[cgd}b (338)

and the Ricci tensor is fixed by Einstein’s equation. Therefore the metric can be “lo-
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cally” determined using normal coordinates,'? leaving no physical (gauge-invariant)
degree of freedom left. If there is no matter present, Einstein’s equation imply that
Rab = 2Agab7 S0

Rabed = 2Aga[cgd}b (339)

implying that the metric is maximally symmetric. In the case A < 0 this means
that the spacetime is locally Anti-de Sitter (AdSs), and in the case A = 0 the space-
time is Minkowski (Minks). Thus our diamond is “locally AdSs” (resp. “locally
Minks), meaning that the neighborhood of any point in the bulk can be isometri-
cally embedded into global AdSs (resp. Minks) spacetime. In fact, since we are
considering trivial topology for the Cauchy slices, the entire diamond can be iso-
metrically embedded as a region of AdSs (resp. Minks) spacetime. Consequently,
the only degrees of freedom are associated with the global shape of the diamond.
In other words, the space (3.37) must be describing diamond-shaped regions of AdS
spacetime, with a fixed boundary length £. It is reasonable to ask whether the phase
space can be identified with a special subset (or classes of equivalence) of embedded
diamonds in AdS;. However, the formal analysis of the reduced phase space paired

with the explicit embedding construction (App. C) there is no natural one-to-one

!3The Riemann normal coordinates are defined with respect to the exponential map (associated
with the metric) in the following way. Given a manifold M with metric gqp, let U C M be a
neighborhood of zo € M such that the exponential map (based at xo), exp,, : Toy M — M, is an
isomorphism between an open neighborhood V of T, M and U. This means that for any z € U
there exists a unique v € V' C Ty, M such that z = exp, (v). Given a basis e, of Ty, M we can
decompose v = z*e,. The normal coordinates on U, with respect to zo and e, is defined by
assigning coordinates z* to x. The metric gq on U (or a open subset of U) can be reconstructed
from the value of the curvature (and all its derivatives) at zo, and it is given (to first order) by

Guv (T) = Ny — %Rum,g(())xo‘xﬁ + .-+, where e, is taken to be orthogonal.
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Figure 3: The phase space consists of causal diamonds in AdSs (or Minks if A = 0)
with topologically trivial Cauchy slices (discs) whose corner loops have fixed length

l.

correspondence between points in the phase space with any special subset of em-
beddings. We will explain this point in more detail in App. C. Finally, note that
any such a diamond-shaped region in AdSs can be fully specified by giving how the
S boundary, with length ¢, embeds into AdS3. More precisely, let C C AdSs be
a (spacelike, achronal) loop in AdSs, with length ¢, satisfying the condition that it
is the boundary of a spacelike topological disc D, then the domain of dependence
of D determines a unique diamond; moreover, observe that the diamond so defined

depends only on C', but not on D.
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4 Constant mean curvature foliation

In this section we show that the class of spacetimes consisting of causal diamonds,
with nonpositive cosmological constant, admits a nice foliation by surfaces of con-
stant mean curvature. Some pertinent references are [61, 62, 63, 64]. Moreover, the
Lichnerowicz problem set up with respect to such a foliation is well-posed in the
sense that the solutions to the Lichnerowicz equation exist and are unique given the

boundary conditions.

4.1 The foliation is nicely behaved

One fundamental step in the reduction process is the preliminary gauge-fixing of
time by the choice of a constant-mean-curvature (CMC) foliation of the spacetime.
It is therefore essential that we can guarantee the a priori existence and regularity
of such a foliation for all possible initial data, that is, all causal diamonds with fixed
boundary metric. For motivation, we shall begin this section with a very simple
argument based on Raychaudhuri’s equation establishing some nice properties of
CMC slices in our class of spacetimes, such as the fact that there can exist at
most one CMC slice with a given 7 = —x, and if two CMC slices exist such that
75 > 711 then CMC, is entirely to the future of CMCy. In the next subsection,
we cite a general theorem ensuring the existence and regularity of a foliation by
CMCs. Finally we prove that a slice approaching the future horizon of the diamond

has arbitrarily negative supremum of mean curvature (supx — —oo) while a slice
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approaching the past horizon has arbitrarily positive infimum of mean curvature
(inf kK — 00), which implies that the foliation covers the whole causal diamond as 7
ranges from —oo to oo.

The Raychaudhuri’s equation governs how a congruence of geodesic expands,
twists and shears. If £ the unit vector tangent to a congruence of timelike geodesics
in a (1+d dimensional) spacetime with metric ggp, and hgp = gap + €& is the
“spatial metric” (i.e., h% is the projector onto the subspace orthogonal to ), we
define the following parameters associated to the congruence: expansion 6 := V,£%,
shear o4 := V(&) — é@hub and twist wap := V[,&. The equation describing how
the geodesics expand in time is

o

1
i £V 0 = —gHZ — Rabfaé'b — a0 ™ + wWapw®™® (4.1)

where s is the proper length along the geodesics and R, is the Ricci curvature
associated with gq;. The equation for the twist is

2

€ vcWab = d

Owap, + 20 W) (4.2)

and we can see that if w,, = 0 at one point of a geodesic then it will remain zero along
that geodesic. Frobenius theorem says that the congruence is (locally) hypersurface
orthogonal if and only if wy, = 0; hence, if the congruence is defined by shooting

geodesics orthogonally from a codimension-1 surface, then wq;, = 0.
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Let ¥1 and Y9 be two compact, acausal surfaces, sharing the same boundary,
with constant mean curvatures ki and ko, respectively. Take I' = ¥; N Y9 as the
set of points where the two surfaces intersect each other; I' will divide X7 and o
into patches, Zﬁ and Zé, such that the spacetime region between each Eil and Eé
is “lens shaped”. More precisely, let us define ¥} and ¥4 to be coverings of ¥; and
39, respectively, by compact connected regions satisfying the following properties:

(i) Either i NI =03 =92, =¥ NT or X} =X C T

(ii) If X§ # ¥ then Int(X}) is either entirely to the future or entirely to the
past of Int(X5).

Now the argument can be made for each i. Let us first consider the case where
K1 # K2, 0 Xt # . Suppose that ¥} is to the future of 3¢ and consider the set of
all timelike geodesics from ¢ to X%; let v be one geodesic with maximum length.
Evidently the length of 7 is non-zero. Moreover v would be orthogonal to both %}
and Y. Now consider a congruence of geodesics around 7 starting orthogonal to .
Since this congruence starts non-twisting (w,, = 0) it would remain hypersurface or-
thogonal; to a first-order approximation, ¥ would be orthogonal to the congruence
at the point where it intersects with 4. Therefore, at the point where ¢ intersects
with v we have § = k1 and at ¥} we have § = ky; also, 04, would correspond to the

traceless part of the extrinsic curvature of ¥} and X% at the respective points. We
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can then integrate the Raychaudhuri’s equation from 3¢ to ¥4 to get

1
Ko — K1 = /ds % =— /ds <292 + 00 — 2A> (4.3)

where we have particularized to d = 2, used Einstein’s equation Ry, = 2Ag, and
£,£% = —1. Note that, for a non-positive cosmological constant, the left-hand side
is non-positive. Thus ke < k1. That is, if a CMC is entirely to the future of
another CMC, then the latter must not have a smaller mean curvature. We can
easily strengthen the conclusion if we assume that (i) k1 and k2 are not both zero
or (i) the spacetime is negatively curved, A < 0. In case (i) we see that §2 must
be non-vanishing on some portion of the maximal curve, and in case (i7) we have
—2A > 0. In both cases the left-hand side of the equation is negative, implying that
Ko < k1. In particular, this means that two CMCs sharing the same boundary, with
different x’s, satisfying one of these conditions must not intersect at points in their
interior; and the CMC with the smallest £ will be to the future of the other one.
Note also that if the two k’s are infinitesimally close to each other then the CMCs
must be infinitesimally close to each other, as can be seen from the inequality

length(~y) < |52 — 1]

4.4
~ min, (62/2 + g4,0%) — 2A (44)

We have therefore seen that, if one of these conditions are satisfied, then the CMCs

(if they exist) would never intersect each other (except at their common boundaries),
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they would be temporally ordered (i.e., as k decreases the CMCs move to the future)
and they must foliate a region of the space (i.e., there can be no gap between CMCs
with infinitesimally close ’s).

Not covered in the previous argument is the case of maximal slices (k = 0)
in flat spacetime (A = 0) with zero extrinsic curvature. The previous argument
cannot not rule out the possibility that there are more than one maximal slice,
and perhaps with a gap between them (i.e., a region between two maximal slices
devoid of any CMCs). This simplest manner to approach this case is by considering
a continuity argument. Namely, one can see that the foliation varies smoothly
(in a given background manifold) with respect to infinitesimal variation of the A
parameter; as the foliation is well-behaved for all A < 0, with no gap at x = 0,
which remains true in the limit A — 07, implies that the foliation is also well-

behaved at A = 0.

4.1.1 Crushing singularity

Consider a globally-hyperbolic connected spacetime, having a compact Cauchy slice
3. All Cauchy slices are homeomorphic, so consider an arbitrary homeomorphism
between any slice 3 to a reference slice Yo, which allows us to compare points x in
different slices. Let X_ and ¥ be two (sufficiently regular) Cauchy surfaces (closed
or with a common boundary) with mean curvatures K_(z) and K (x), respectively,
and suppose that X7 is entirely to the future of ¥~. Now, if K (z) < K_(z) then

for any (continuous) function K (x) such that K, (z) < K(x) < K_(z), there exists
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[64] a slice X, between ¥_ and ¥, whose mean curvature is K (x).

Combined with the previous arguments establishing the nice properties of CMC
slices, it follows the CMC foliation exists and spans the whole spacetime if one can
show that the future and past horizons are crushing singularities [64, 65]. More
precisely, the future horizon N (i.e., the boundary of the future domain of depen-
dence of a Cauchy slice) is said to be a crushing singularity if there exists a family
of surfaces E;\r such that limy_ oo Z;\r = NT and limy_, supEiK = —o0; and the
past horizon N~ is similarly said to be a crushing singularity if there exists a family
of surfaces 3, such that limy_,o X, = N~ and limy_,o infE;K = +4o00. In words,
this means that one could find a family of surfaces approaching the future horizon
whose mean curvature is arbitrarily negative at every point, and similarly a family a
surfaces approaching the past horizon whose mean curvature is arbitrarily positive
everywhere. Then for any constant K € (—oo,+00), there will exist a slice with
K(x) = K; as shown before, these slices will be unique (for each K) and continu-
ously ordered in time, 7 = —K, with no gap (i.e., an open region not sliced by any
CMC), thereby defining a regular CMC foliation of the whole diamond.

Here we shall argue that for any causal diamond in our phase space the future
horizon is a crushing singularity. A completely analogous analysis can be used to
show that the past horizon is also a crushing singularity. The proof will not be
fully rigorous, but we hope that it will be sufficiently convincing. The idea is to

consider a surface S that is very close to a null surface N/ (whose null generators
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are geodesic), and in a suitable coordinate system adapted to A/, argue using a
first order approximation (in the parameter describing the nearness of S to N) that
we can define S with arbitrarily negative K. Note that S is not an entire Cauchy
slice since \V typically corresponds only to a portion of the future horizon, which
is not a manifold because of the caustics. In fact, it appears that, in general, the
future horizon can always be described by a finite number of null manifolds N,
emanating from the corner 0%, and meeting at the graph-like caustics—see Fig. 12
for a representation of a typical shape of the horizon. We will consider a set of S;,
near their respective N, and join them smoothly in a neighborhood of the caustics,
by “rounding off” their intersection.

First let us review the coordinate formula for the mean curvature of a surface.
Suppose that in some open spacetime region, there are coordinates ¢ and z® such

that the surface S can be described as the zero-set of the function

S:=t— f(x) (4.5)

where f is some real function of the x®. Let n be the unit vector normal to S,
which implies that n® = cg®(dS), for some factor ¢. This factor can be determined
by the normality condition; assuming that the surface is spacelike, —1 = n%n, =

c2g®(dS),(dS)y, which gives

gab dSy

e
V/—dS.dSe

3
Il
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where the £ sign must be selected based on some choice of orientation. For a Cauchy
slice in the diamond, we define K., = h¢,V.n; with an n pointing to the future.

The mean curvature is then given by

ab
K:Van“::tva< g7 dSy >

V—=dS.dS¢

In coordinates, z# = (¢, %), this reads

1 gt o, S
K=+——0,|+v— 4.8
=g u( g ﬁg”@&%é’) (4.8)

where /—g := y/—det(g). From the definition of S, 9,8 = (1, =04 f).
Now consider a null manifold A/ (co-dimension 1 in spacetime'?) whose null

(future-pointing) generators are u$. These generators are geodesic, i.e.,
utVoub =0 (4.9)

We shall recall here the Gaussian null coordinates [66], characterizing a neighbor-
hood of . Let AT denote the affine parameter along these geodesics, dA* (u4) = 1.
Let C be a spatial manifold (co-dimension 2 in spacetime) embedded in N, orthog-

onal to k., and let z® be coordinates on it. Extend these coordinates z* to A/ by

141n this section the spacetime is assumed to be of dimension greater than or equal to 3.
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taking 2’ constant along the null generators,

£y, (z) =0 (4.10)

and consider that AT = 0 at C. These define a coordinate system (A*;z%) on N,
and we denote the vector fields tangent to x* by 0;. At every point of N define
the null vector u_ orthogonal to 0;, past-pointing, and satisfying the normalization

condition

() (wy)a = 1 (4.11)

Extend u_ away from A by requiring that it is geodesic,

ut Vau’ =0 (4.12)

Let A~ be the corresponding affine coordinate, dA~(u_) = 1, assumed to vanish at
N. Then extend the coordinates (A*;z%) away from N by taking them constant
along u_,

Ly A =£, (2")=0 (4.13)

These define coordinates (A_, AT; 2%) in a spacetime neighborhood V of N.
Let us investigate some properties of this coordinate system. First note that, at

N, uy is everywhere orthogonal to 9;. This follows from the fact that uy - 9; =
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(u4)q(0;)* =0 at C and
utV, <u+ba§?) = Ut Va0 = u 00Vl =0 (4.14)

where it was used that u, satisfies the geodesic equation, the coordinate condition
£y, 0; = 0 and that u, is everywhere null in N. Second note that since u_ is defined
away from N by the geodesic condition, it is null everywhere in V. Moreover, the

inner product between u_ and any other basis vector is constant within V), as follows

ut Vyq (u_bui) = u_bu‘iVaui = u_bu‘}rVaub_ =0

ut V, (u,b(?f) = u,bu‘ivaaﬁ’ = u,bﬁfvaub, =0 (4.15)

where, in each line, we used (in order) the geodesic equation for u_, the coordinate
conditions, £,_uy = 0 and £,_0; = 0, and the fact that u_ - u_ = 0 in V. Thus,
Ut -u— =1 and 0; - u— = 0 in V. Finally, note that the derivative of uy - u; along

u_ vanishes at N,

1
iuﬁva(u%ui) = u+bu‘ivaui = u+bu‘eraub, = uiva(mrbub,) — u_buivaiﬁ’F =0

(4.16)
The reason why this generally only vanishes at N is because uy is typically only

geodesic (utVqu% = 0) at N.

The metric components in this coordinate system thus satisfy the following prop-

68



erties in V,

94— =9g(ut,u-) =1
g—— =g(u_,u_)=0

g—i =g(u—,0;) =0 (4.17)

and the additional properties at A/,

g+ =g(ug,uy) =0
g+i = g(uy,0;) =0

8,g++ = u‘iVa(u+ . u+) = 0 (4.18)

We define h;j := g(0;, 0j). Since we wish to study the properties of spacelike surfaces
approaching A/, and the exterior curvature (and the mean curvature) contain one
derivative away from the surface, we will consider a first order expansion of the

metric in A™. Thus, in matrix form, up to first order in A ™,

0 1 0
g~ 1 0 |gu (4.19)
0 gyi| hij

where the components are ordered as (— + 4). Note that gy; is first order in A™,

hij is zeroth order and g4 does not appear since it is second order (due to the last
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equation in (4.18)). The inverse metric matrix, to first order in A™, reads

0 1| —ggh

g~ 1 0 0 (4.20)

—hi G+j 0 hiJ

where h% denotes the inverse of hij. To first order in A™, the determinant is given
simply by

det(g) ~ —det(h) (4.21)

where it was used that det(g + dg) ~ det(g) + det(g)tr(g~1dg).

Now let us consider a surface S described by the zero-level of S,

S:=\" —ef(\T;2h) (4.22)

where € is a (positive) “small” parameter to make it explicit that S is near N.
Suppose that at C, intended to represent a piece of the diamond corner, we have
f(0;2%) = 0, indicating that the surface emanates from the corner (as it is intended

to represent a portion of a Cauchy slice). In the coordinates constructed above,

0,8 = (1, —€04 f, —€0; f) (4.23)

If f is “order 17, then we will be interested in a neighborhood with A\~ < ¢, so we
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can use the first-order approximations above to write

9" 0,8 ~ (—edy f,1;=hY g j — eh 0, f) (4.24)

“_»

where terms such as egﬂ'hij@j f, that would appear in the component, are

neglected for being of order €2. Also, we have
g""0,50,8 ~ —2e0; f (4.25)

The mean curvature of S is therefore

<o (vignos
K~ \/Ea“ (\/ﬁ\/m> (4.26)

where the + sign was chosen so that n* = +¢**9,.5/+/2e04 f points to the future
— the reasoning is that, as A\~ grows towards the past (i.e., the interior of the
diamond), we need

d\"(n)=n" = i@ <0 (4.27)

v 268+f

which implies that

+(—edy f) <0 (4.28)

but in order for S to be spacelike, 0,S0"S ~ —2e0, f < 0, which is consistent with

the + choice above. Since the argument of the derivative in (4.26) is independent
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of A7 in this approximation, we have

Yo, 7.
+ 04 <1 > - Lai (\/ﬁh g+t ch 33f>

1 1
K= (\/Ea+\/ﬁ> \/268+f \/268+f \/2€a+f

(4.29)
Note that the first two terms are order ¢ /2, while the third term is order €'/2;
therefore the first two terms dominate in the limit € — 0. In addition, the quantity

inside parenthesis in the first term can be identified, in this approximation, with the

expansion parameter © of the null generators of A/, so we have

) 1

Now note that © is bounded from above, as follows. Since the corner is smooth
and compact, © at C has compact image. Any causal diamond has a compact null
horizon, meaning that © can evolve with respect to the Raychaudhuri equation. In
the present case one can show that © must decrease along u™, so it will either run
to —oo (if a conjugate point appears, i.e., nearby null generators of A converge to
a point), or it may simply stops at a finite value if N ends before a conjugate point
appears (say, when the null generators of A/ intersect with another A/ emanating
from another portion of the corner). The conclusion is that there exists a finite ©
such that

0O < O (4.31)
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and consequently, within the approximations,

O 1

Now let f be solution of the equation

1 0

where kg is some (negative) constant. This will imply that

Ko

K< —
V2e

(4.34)

so by taking € — 0 we have that S will have a mean curvature whose supremum is
less than an arbitrarily negative number.

We need to make sure that equation (4.33) has sensible solutions, i.e., represent-
ing a spacelike surface within the diamond, for all Oy € R and at least one kg < 0.

The equation is linear in ((A\";z) :=1/1/0+ f, and the general solution is

AT

¢t z) = C(0;2)e O + /-10/ dr e~ (A7)0 (4.35)
0
Then,
AT 1
FA2) = /O I D) (4.36)
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where it was used that f(0;z) = 0. Note that f(A*;z) > 0, which is consistent
with the surface being inside the diamond. In order for it to be spacelike we need
d4 f > 0, which is equivalent to say that ((A*,z) > 0 for AT within its (finite) range.
But since ¢(0;z) > 0 can be chosen arbitrarily large (i.e., the surface can be made
to start arbitrarily close to being tangent to N'), then the term involving ko will
not have the opportunity to make ¢ become negative. To make this more precise,
say that the maximum value of AT at given z € C is A*. (In what follows we will
omit the z argument.) Now consider three cases, where ©g at x is zero, positive
or negative. If ©p = 0, then ((A") = ((0) + roAT; thus we need ((0) > —roA™.
If ©9 # 0, then C(AT) = (C(0) — ko/Op)e™ " + ko/Op; thus if Oy < 0 we need
¢(0) > Kko/©g, and if ©g > 0, we need ((0) > —(’3—(())(690/\+ —1). These impose upper
bounds on d4 f at C; moreover, since C is compact, this bound can be satisfied with
0+ f(0; x) strictly positive for all z € C.

Lastly we must address the fact that the future horizon of the diamond is not
a manifold, since it has singularities at the top. In three spacetime dimensions,

5

the singular subset seems to have a (1-dimensional) graph-like shape.'® Suppose
that C and C’ are disjoint intervals of the corner, and suppose that the null surfaces
emanating from them, N and N’, meet at a line segment J. The surfaces S and

S’, respectively approaching AN and N’ with arbitrarily negative mean curvature,

would meet in a singular fashion slightly to the past of 7. The idea is to “round off”

'5The symmetric diamond is exceptional as its future horizon is a cone, with a unique singular
point at the top.
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this intersection, by interpolating them with a surface H that is approximately a
quadratic surface—a piece of an ellipsoid. We wish to show that if at least one of the
radii of the ellipsoid tends to zero, the mean curvature diverges; and, in particular,
if it is curved so that the “center” is to the past of the surface, as H would be,
then it diverges negatively. Thus, if we do the rounding off close enough to 7, then
SUH US’ will have arbitrarily negative mean curvature.

To define H, consider a coordinate system (¢;z) in a neighborhood of J that
is small enough so that the metric can be approximated by the Minkowski metric,

ds? = —dt? + d(x')? +d(2%).1° Let H be described as the zero-level of the function
H(t;z) =t — h(z) (4.37)

where h is some real function of z. Then formula (4.8) applies, yielding

ih % 8;hd;0;hd;h
K= Z 0 (1 = (am?) =" ZJ: N (4.38)

where i,j € {1,2}, (0h)? := >, 8;h0;h, and 9*h := Y, 8;0;h. The plus sign was
chosen so that the normal vector n is future-pointing, d¢(n) > 0. Now suppose that
‘H can be approximated by a quadratic surface, meaning
1 2
h=—2)a;(x) (4.39)

2

i

16The spacetime curvature corrections to this metric will not influence the argument.
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for coefficients a;. We get,

K= _ i i _ >i(ai)? (@) ; (4.40)
=3 ai(@)? 1= Y, a2 ()2

17

Note that for this surface to be spacelike we need (0h)? = Y, a?(z%)*> < 1, which
implies a upper bound on the range of z!. This could be satisfied if we choose
|z?| < 1/(v/2|ai]). Now let us say that x! is oriented along J and z? is orthogonal.
If J is a smooth 1-dimensional manifold, and H is going along it, then a; will

be bounded while as can be taken to be arbitrarily positive. Therefore the main

contribution from the numerators are for ¢ = 2, which gives,

1-— a%(z1)2

SR

K%—ag

s < —as (4.41)

implying that the mean curvature of H can be made arbitrarily negative, and con-
sequently the mean curvature of S UH U S’ can be made arbitrarily negative by
pushing it towards AU J U N’ with a sharp rounding off at the top.

This argument can be extended to the case where the null surfaces meet at a
vertex of the singularity graph, or for the symmetric diamond where the singularity
is a point. An analogous argument also applies for the past horizon, showing that a

surface with arbitrarily large mean curvature can be constructed.
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4.2 The CMC gauge is attainable

We have seen that for any causal diamond in our class of spacetimes (i.e., a state
in our system), the CMC condition defines a unique foliation that refers only to
intrinsic geometrical structures of the spacetime. This is, therefore, a good non-
perturbative prescription to fix the “gauge of time”. But why do we have a “gauge
of time” in the first place? If we are inclined to regard the diamond as a “self-
contained” system, the underlying intuition is that classically the only ingredients
we have to construct a diamond spacetime solution is an abstract topological disc
and a set of data (hab,ﬂ“b) on it, and there is nothing physically unique about
what time coordinate is used to evolve the equations of motion away from the
disc, (hap, T) = (hay(t), 7(t)), so one could take (hqy(t), 7%(t)) as the “initial
data” for any ¢ and the resulting solution should correspond to the same physical
spacetime. This is essentially the statement that refoliations of the spacetime are
gauge. However, from the perspective of the Hamiltonian formalism, we cannot be
this vague about what we choose to regard as gauge or not, as they have a sharp
definition in terms of the null directions of the symplectic form. If one is determined
to ascribe gauge status to certain transformations, it is mandatory to make the
appropriate modifications to the theory or specific choices of boundary conditions.
As we have discussed in the introduction, we wish to understand the implementation
of the CMC gauge fixing program, so we must determine what boundary conditions

will imply that refoliations of spacetime are in fact gauge, so that the CMC foliation
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can be attained via a gauge transformation. We will show in this section that this
condition is precisely the fixing of the induced boundary metric, hlg = 7.

As the constraints of General Relativity are of first class, they generate gauge
transformations. The Momentum constraint is know to generate spatial diffeomor-
phisms, while the Hamiltonian constraint generate evolution between Cauchy slices.

We are therefore interested in a smearing of the Hamiltonian constraint,
Hy[N] := / PeNVh(KPKy — K? — R+ 2A) (4.42)

where the lapse function N vanishes at the boundary, N|g = 0, since two Cauchy
slices in a causal diamond always meet at the corner. Recall that b = \/E(K ab _
Kh). However, this charge will not generate a gauge transformation if it doesn’t
generate a (regular) symplectic flow in the first place. Recall that a charge Q
generates a symplectic flow X according to the equation 6Q) = —ix (2. Now consider
the (pre)symplectic form Q = o d?x 51 A Shgy, which is purely a bulk integral. For
any (smooth) vector field X in phase space, define (X")y, := ix0ha, and (X™)% :=

ix0m®. We have

i) = / P [(X7)hgy — (X" (4.43)
b))
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Thus 6@ will only be associated with a regular vector field X, via §QQ = —ixQ, if
5Q = / &z [Aabahab n Babéw“b] (4.44)
b

for smooth functions A% and B,y; in particular, 6@ must contain no boundary terms
involving variations of the dynamical fields. If that is the case, we say that @ is
symplectically differentiable. The conclusion is that Hy[N] is a gauge-generator if
and only if it is symplectically differentiable.

The variation Hy gives, on-shell,
5 / PaevVh N(KPKqy — K2 — R+ 2A) = / BPaevVh N6(K® Ky, — K2 — R) (4.45)

Note that the variation of N itself is irrelevant here since it would end up multiplying
a constraint. The variation of KK, — K? will naturally have the form of a integral
of differentials of the dynamical fields over the bulk, so it will not cause issues with

differentiability. The only term that could cause issues is
SR = —6hayRY + V(V°6hay — hP°V 4hye) (4.46)

since the presence of differentials inside derivatives means that, upon integration

by parts and application of Stokes theorem, these differentials may end up in a
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boundary piece. In fact, the boundary piece one gets is

/ d?zVh N(-sR) 2 — / dsn®N(V°Shgy — PV 0hye)
6]

+ / ds (n®VONShay — naVINh"Shy)  (4.47)
o

where £ means that the two sides differ only by bulk integrals not containing spatial
derivatives of field differentials, ds is the proper length measure on the boundary
and n® is the unit normal (outward-pointing) vector to the boundary (and tangent
to the Cauchy slice).

Imposing that the lapse function vanishes at the corner, the boundary integral

in the first line goes away, leaving
5Hy 2 / ds (1PN NOha, — 1oV N Shy (4.48)
o

Let t* be the unit vector tangent to the corner, so hg, = neny + taty. Since N =0
along the corner, t*V,N = 0 which implies that V*N = An® for some scalar A on

the boundary. We therefore get
5Hy 2 — / ds A\(h® — nn)Shgy = — / ds M4 5h, (4.49)
19} 0

We see that Hy[N] is symplectically differentiable, for arbitrary lapse satisfying
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N|s = 0 (so, in particular, arbitrary A := n*V,N # 0), provided that

t6hgy = 0 (4.50)

which is equivalent to say that the induced boundary metric on 0% must be fixed.

Note that if we do not fix this boundary condition, one can still evolve from
one Cauchy slice to another, but the charge generating that trasformation would
be an “augmented” version of Hy, where we add to it a boundary term, Qy :=
2/ 5 dsn?V N. The boundary term ensures that Ho+Qp is differentiable (assuming
(n*V,N) = 0) and thus generate a regular symplectic flow. However, on-shell, Hy+
Qs =~ g, which is not a constant in phase space and thus does not generate a gauge-
transformation. In other words, if the Dirichlet boundary condition is not imposed,
deformations of the Cauchy slice that tilt the angle that it makes with the corner are
non-trivial transformations between distinct physical states. In higher dimensions,
the charges generating these corner boosts are given by analogous expressions, but

with ds replaced by the induced volume form on the boundary.

4.3 Existence and uniqueness for the Lichnerowicz equation

Here we justify the claim that the Lichnerowicz equation, first appearing in (3.26),
always has one and only one solution for any given boundary condition. The proof
is a straightforward modification of O’Murchadha and York paper [67] — they

consider 341 spacetime dimensions, in which case the Lichnerowicz equation is
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polynomial in the Weyl factor (in fact, this polynomial form is true for all dimensions
greater than 2+1). We wish to adapt their argument to 2+1 spacetime dimensions,
in which case the Lichnerowicz equation has an exponential form in terms of the
Weyl factor. See also [9].

On the spatial disc D, the Lichnerowicz equation associated with pre-initial data
S = (hgp, 0™, 7) is

V%h)gzb = Ry — 0o ae”? 4 xe? (4.51)

where R(;) and V) are respectively the Ricci scalar and the covariant derivative
for the metric h,,. Before proceeding, it is worth noticing that if the Lichnerowicz
equation associated with the pre-inital data .# and boundary condition ¢|sp = ¢
has a unique solution ¢;, then the Lichnerowicz equation for a Weyl-tranformed data
" = (eMhgp, e P 0%, 1) and boundary condition ¢'|sp = ¢ — A also has a unique
solution given by ¢, = ¢s — A. This can be easily seen from the transformation
properties of the Laplacian and the Ricci scalar, as discussed around equation (3.28),

since the Lichnerowicz equation for .#” can be re-expressed as
v?h) '= (R(h) - v%h))‘) - 67)\0'ab0'ab67¢l + e)‘xe¢/ (4.52)

revealing that ¢’ + A\ satisfies the same equation as ¢, with the same boundary
condition.

To prove uniqueness of solution, suppose that (4.51) has a solution ¢4 and con-
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sider the transformation in which A = ¢, so that the Lichnewowicz equation for ¢/,

as in (4.52), becomes
th)qs’ = e o%oy, (1 - 6_¢/) + ety <e¢/ - 1> (4.53)

with vanishing boundary condition for ¢'. As expected, ¢’ = 0 is a solution. Now
multiply this equation by ¢’ on both sides and integrate over X, with respect to the

volume form associated with Ay,
/gb'V%h)gb’ = / [e_)‘aabaabgb, (1 — e_‘ﬂ) + ety (€¢/ — 1)] >0 (4.54)

observing that the right-hand side is nonnegative since ¢/(1 — e~?') and ¢'(e? — 1)
are nonnegative for any ¢/, and 0o, and y are also nonnegative. But integrating

the left-hand side by parts gives

/ OVl = / V- (¢'Ve) - / (V)" <0 (4.55)

where the first term vanishes by using Stokes’ theorem and imposing ¢’ = 0 at
the boundary. We therefore conclude that V(h)gb’ = 0 and, given the boundary
condition, also that ¢ = 0. That is, this equation has no solutions other than
¢ =0 and thus (4.51) has no solutions other than ¢s.

In O’Murchadha and York paper, two proofs of existence are offered. Here we
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shall only revisit one of the proofs, based on the construction of a sequence of
functions that converge to the solution. To unclutter the notation, let us write

(4.51) in its general form

Ve = F(¢:iz), dlop = ¢ (4.56)

where

F(¢;x) = c(z) — a(x)e™? + b(z)e? (4.57)

in which a(x) and b(x) are nonnegative functions on 3, and c¢(z) is a function on
3. As explained, for the purposes of proving existence and uniqueness of solutions,
we can always perform a transformation ¢ — ¢ — V2X, a — ae ™, b — be* and
© — @ — AMgp (which is the form of the problem expressed in (4.52)). With this
freedom, ¢ and c¢ can be chosen to be any given functions, according to convenience,
and a and b will fall into one of the three cases below:

(i) a>0and b > 0. This is the case of main interest, when 0*c,;, > 0 and
x > 0. For reasons that will become clear, it is convenient to choose ¢ to be any
negative constant, cy < 0.

(74)  a >0 and b= 0. This is the case for the maximal slice (7 = 0) with zero
cosmological constant. Here we can choose ¢ as any function such that c¢(x) > 0 if
a(x) >0 and ¢(z) =0 if a(z) = 0.

(797) a=0and b= 0. The existence of solution for this case is trivial since we
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can choose ¢ = 0 so the equation reduces to V2¢ = 0.

In all cases we could choose, e.g., ¢ = 0, but this would not amount to any real
simplification.

The core of the proof lies in the existence of functions ¢4 and ¢_ on 3, with

¢+ > ¢_, such that

F(¢4) >0, ¢orlop > ¢

F(QZ)*) SO’ ¢7|8D SQD

and we can see that this is true for cases (i) and (ii) above. For case (i), the b
term dominates as long as ¢4 is sufficiently large, making F' > 0; and for ¢_ very
negative the b term is suppressed and the a term dominates wherever a > 0, while
the ¢ := ¢y < 0 term ensures that /' < 0 even in regions where a = 0. For case (1),
the c¢(x) term dominates when ¢, is very large, making F' > 0; while the a term
dominates when ¢_ is very negative, making F' < 0. It will be convenient (and it is
possible) to take ¢_ and ¢4 to be constants satisfying ¢_|sp < ¢ < ¢4|op-

Note that if we had a “case (iv)” in which @ > 0 and b < 0 then it would not
be generally possible to find ¢ and ¢_ satisfying the desired conditions. This is
would be the case for a positive cosmological constant, as y = —2A + 72/2 < 0 for
7 in some interval around 0, i.e., around the maximal slice. The problem occurs at
any points where o, vanishes, so that @ = 0. At these points, F' = ¢ + be? is a

monotonically decreasing function of ¢, so it is not possible to have both ¢4 > ¢_
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and F(¢-) <0 < F(d4).
The proof begins by constructing a sequence of functions ¢,, recurssively defined
by

V2¢y — ki = F($n-1) — Kbn_1 (4.58)

with boundary condition ¢, |sp = ¢, where

oF
9¢

K= max max
z€D ¢_<¢p<¢4

<¢;w>\ (4.59)

and the starting function is ¢g := ¢. Note that x is well defined because, for each
x, ¢(x) is in the compact interval [¢_(z), ¢4 (z)], and then z is maximized over the
compact set D. We will omit the reference to the metric in V = V) because it only
matters to us that the metric is Riemannian, as this ensures that the differential
operator in (4.58), L := V? — k, is strictly elliptic'”. The goal is to prove that
this sequence is monotonically decreasing, in the sense that ¢, < ¢,_1, and also
bounded from below by ¢_. This ensures that the sequence converges and, by a
simple argument, that the limit is the solution of (4.56).

First let us see that, if the limit exists, it should be the solution of (4.56). As a
note of consistency, observe that the solution is a fixed point of the iteration. That
is, if ¢,_1 is a solution for some n > 1, V¢, 1 = F(¢,_1), then V(¢ — ¢p_1) —

K(¢n — ¢n—1) = 0, with boundary condition (¢, — ¢n—1)lop = ¢ — ¢ = 0, and it is

'7A linear second order differential operator L = A;;(x)0;0; + Bi(x)0; + C(z) is called strictly
elliptic on a domain 2 if there is A > 0 such that A;;(2)&:&; > A&, x € Q, for all vectors €. (Sum
over repeated indices implied.)
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clear that ¢, = ¢,—1. Now we proceed with the proper proof. Suppose that ¢ is the
limit of the sequence {¢, }, meaning that for every e > 0 there exists N such that
| — ¢n| < € for all n > N. This assumes that the convergence is uniform, which is
guaranteed by Dini’s theorem as long as the limit ¢ is continuous'®. For n > N + 1

we have |p,_1 — ¢n| < 2¢, so subtracting F(¢,) on both sides of (4.58) we get

|V2¢n —F(on)| = |k(¢n — bn-1) + F(dn-1) — F(¢n)|
< K|¢n - ¢n71‘ + |F(¢n71) - F(¢n)|
< 2K’¢n - ¢n—1‘

< 4dke (4.60)

showing that ¢, converges (weakly'?) to a solution of V2¢ — F(¢) = 0.

Now let us show that the sequence of solutions ¢, is monotonically decreas-
ing and bounded from below. We start by reviewing a important result from the
theory of linear elliptic differential equations [68]. Given a strictly elliptic differen-
tial operator L, as defined in footnote 17, with C'(x) < 0, and given a function f,

let u be the solution of —L[u] = f with boundary condition u|sp = ¢. A func-

'8 Dini’s theorem states that if a monotonically increasing (or decreasing) sequence of continuous
real functions on a compact topological space converges pointwise to a continuous function, then
the convergence is uniform.

19Tn the theory of differential equations, a function u is said to be a weak solution of the differential
operator F on a domain D if [, 1 Elu]l € = 0 for all smooth functions £ supported on arbitrary compact
subsets of Int(D); it is assumed that integrations by parts have been formally applied to the integral
so as to move all the derivatives from u to £ (thus u may be a weak solution for F even if it does
not have well-defined derivatives). For example, a weak solution ¢ for (4.56) is required to satisfy
f(V2¢ —F(9))E = f(¢V2£ — F(¢)¢) = 0 for all smooth £ that vanishes in a neighborhood of the
boundary of the disc. The result above shows that V¢, — F(¢,) converges to zero, which implies
that ¢, converges to a weak solution of (4.56).
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tion u* is called a supersolution of this differential equation if —L[u*] > f and
ut|ap > ; similarly, a function v~ is called a subsolution of this differential equa-
tion if —L[u~] < f and u™|spp < ¢. If u™ is a supersolution then u < u*t, and
if u~ is a subsolution then u~ < u. The equation (4.58) defining ¢,, satisfies the
conditions of the theorem since L = V? — k is strictly elliptic with C = —x < 0, and

here f = f,—1 := —F(¢n—1)+KPn—1. The simplest way to construct a supersolution

+

&, in which case —L[¢]] = k¢;', so we can take

is to consider a constant function ¢

¢ = max(k ™" fr-1,¢) (4.61)

where the maximization also runs over D. (Note that k # 0, except in case (7i7)

above, which is trivial.) Similarly, we can construct a subsolution by taking

¢y = min(k" fr1,0) (4.62)

Therefore, the (sub)supersolution theorem implies that

min(’i_lfn—la ©) < ¢n < maX(H_lfn—la ©) (4.63)

As mentioned before, the starting point is ¢ := ¢. In the equation defining ¢ we
have k1 fy = —k 1 F(¢y) + ¢ < ¢, where we have used that F(¢,) > 0. Thus,

since ¢ < ¢y, it follows from (4.63) that ¢1 < ¢4 =: ¢g. Also, as ¢p_ < ¢ < ¢4
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and F(¢-) <0< F(¢y), we have F(¢1) — F(¢-) < k(¢4 — ¢-), so that k" fo =
kL F(py)+ b > —k " F (¢ )+ ¢ > ¢_ and it follows from (4.63) that ¢ > ¢_.

Having established that ¢_ < ¢1 < ¢o9 = ¢4, we now proceed by induction:

suppose that ¢— < ¢p—1 < P2 < ¢4+ for n > 1 and show that ¢ < ¢, <
On—1 < ¢4+. Replicating the argument above, let us first prove that ¢, > ¢_.
In the equation defining ¢, we have k= 'f, 1 = —k 'F(¢p_1) + ¢n_1, SO using
|F(¢n-1) = F(¢-)| < K(dn—1 — ¢-) we see that k™" fo1 >~k F(p-) +¢— > .
Hence ¢, > min(k~'f,_1,¢) > min(¢_,p) = ¢_. Next we prove that ¢, < ¢p_1.

Subtracting equation (4.58) for ¢, from that for ¢, we get

V2(¢n — dn-1) — £(dn — dn-1) = F(dn-1) — F(dn-2) + k(dn—2 — dn_1) (4.64)

This equation satisfies the super/subsolution theorem for the same operator L =
V2 — k, where here we have u = ¢, — ¢,,_1 and f = F(¢,_2) — F(pn_1) — (pn_2 —
¢n—1). Since |F(¢n—2) — F(pn-1)| < k(dn—2 — pn—1) we see that f < 0. Moreover,
for n > 1, (¢p — dn_1)lap = ¢ — ¢ = 0, implying that max(k~1 f, u|sp) = 0 and thus

¢n — dn—1 < 0. This concludes the proof that ¢_ < -+ < ¢, < dpp—1 < -+ < .

5 Quotienting by conformal transformations

In this section we will fill in some of the details left out in Sec. 3.2. In partic-

ular we show that the reduced phase space is isomorphic to the cotangent bun-
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dle of the space of conformal isometries of the disk (subjected to the appropriate
boundary conditions) and that this space of conformal geometries is isomorphic to
Difff(S')/PSL(2,R). This identification of the phase space with the cotangent bun-
dle of space of conformal geometries of the Cauchy slice is known in the literature
and quite generic in the context of gravity [9, 10], but our presentation is slightly

different and specialized to the case of our interest.

5.1 The cotangent bundle of the space of conformal geometries

We have explained in Sec. 3.2 that the reduced phase space for the causal diamonds

is, as given in (3.34), isomorphic to the space of equivalence classes

P = {(hap, 0?®) ~ (Ve hap, Ve 0%} (5.1)

where U : ¥ — ¥ is a boundary-trivial diffeomorphism of the disc (i.e., ¥ acts as
the identity on the boundary of the disc) and A : ¥ — R vanishes at the boundary
of the disc. Here we shall describe the cotangent bundle of the space of conformal
geometries of the disk in a way that makes explicit that it is isomorphic to P.
First let us describe the cotangent bundle of a quotient space in general terms.
That is, given a manifold M and a Lie group G that acts on M, we wish to
characterize the cotangent bundle of the space of orbits, 7%(M/G), in terms of
the cotangent bundle of the manifold, T*M. The goal is to later particularize

to the case where M is the space of Riemmanian metrics on a disc and G is the
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group of boundary-trivial conformal transformations. We shall assume that M /G
has a manifold structure, which is guaranteed [69, 70] to happen (at least in finite
dimensions) when the stabilizer group of this action is a closed subgroup of G. Let
us think of M as a principal G-bundle over M /G, denoting by p : M — M/G
the quotient map that takes a point z € M to the equivalence class [z] := {x ~
Agx; g € G}, where Ay is the diffeomorphism on M produced by g € G. Since p is
a projection map, the push-forward p, is a surjection from T; M onto Tj, (M/G).
Also, if two vectors £ and & at z project to the same vector under p,, then they
must differ by an element of the kernel of p,, i.e., & = £ + n for some 7 satisfying
p«n = 0. This means that Tj,(M/G) is isomorphic to the quotient of T, M by
ker(p.), where two vectors at x € M are identified if they differ by an element of
ker(p.). In display,

Tiy)(M/G) = Te M [ker(ps) (5.2)

There is also another way to characterize T(; (M/G) by noticing that vectors at
any points along the fiber over [z] all project to vectors at the same base point [x].
We have po Ay = p, for all g € G, as p projects the whole fiber to the same base
point. This implies that p,Ag. = p, and therefore the vector £ at x has the same
image under p, as the vector Ag.§ at Ajx. Moreover, since A, is a diffeomorphism of
M, its derivative Ay, induces an isomorphism between the tangent spaces T, M and
T, oM, and this isomorphism preserves the kernel of p.. Thus, if £ at z projects

to a given vector at [z], then the only other vectors on T'M that project to the
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same vector are given by Ag.(§ + ) for all g € G and all n € ker(p,). In display,
the tangent bundle of M /G is identified with the following quotient of the tangent

bundle of M

T(M/G) ={6~ Agu(§+1m); g € G, § € TM and 1 € ker(p.)} (5.3)

where the projection on the tangent bundle of M/G, 7 : T(M/G) — M/G, is
simply given by m([{]) = p(w(§)), where m : TM — M is the projection on the
tangent bundle of M and £ € T'M is any representative of the class [{] € T(M/G).

Now, most importantly, let us describe the cotangent bundle of M/G. If & is
a l-form at [z] € M/G, then its pull-back to x € M via p has the property of

annihilating the whole kernel of p,

pra(n) = a(p«n) = a(0) =0 (5-4)

where 77 € ker(p,). On the other direction, every 1-form « at x € M that annihilates
ker(ps) defines a 1-form at [z] € M/G. This can be seen from the characterization
of vectors at [z] given in (5.2), since such an « defines a linear map to R which
satisfies a(§) = a(& + n) for every vector £ at = and n € ker(p,), and therefore is
a well-defined linear map from Tj,;(M/G) to R. Moreover, if we denote by a the

1-form at [z] defined in this way from «, it is clear that o = p*a, showing that there
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is an isomorphism

T (M/G) = {a € T;M; where a(n) = 0 for all n € ker(p.)} (5.5)

Similarly to the other characterization of the tangent bundle, 1-forms on M /G can
also be described in terms of a quotient over 1-forms at different points along the
fiber p~!([x]). From the identity p o Ay = p we have that A;,lp* = p*, and it
follows that the ker(p,)-annihilating 1-forms at x are related via A7, to the ker(px)-
annihilating 1-forms at Agz. In fact, if 7 is any vector in ker(p«) at Agz then A, -1,7
is in ker(ps) at z; so if o annihilates ker(ps) at = then 0 = a(A,-1,m) = A;,la(n),
revealing that A;_la annihilates ker(p,) at Agz. In addition, if « at x is related to
a at [z], then A;_la are also related to the same «, for all ¢ € G. This gives the
characterization of the cotangent bundle of M /G as the following set of equivalence

classes

T*(M/G) ={a~ A 1a;9 € G, where o € T" M satisfies a(ker(p,)) = 0} (5.6)

Now we can particularize the results above to the case of interest, where M is
taken to be space Riem(D; ) of Riemmanian metrics h on the disc D satisfying the
desired boundary condition for the induced boundary metric, h|s = 7, and G is the
group of boundary-trivial conformal transformations on the metric. The topology

of Riem(D;~) can be defined by seeing it as an (open) subset of the vector space
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Sym3(D) of symmetric type-(0) tensors on D (which can be assumed to be some
Sobolev space, although we shall not worry about these details). Naturally a tangent
vector ¢ at any point h € Riem(D;~) can be identified with &, € Sym$(D*), where
Sym3(D*) is the subset of Sym9(D) for which &,,t*t® = 0 for any vector ¢* tangent

to the boundary S'. The tangent bundle of Riem(D;~) is trivial and equal to
T[Riem(D;~)] = Riem(D; ) x Sym$(D*) (5.7)

Dual vectors « at any point h € Riem(D; ), taken to be continuous linear functions
from vectors to R, can be naturally identified with symmetric type-(2g) tensors agp

on D. The pairing will be defined as

a() = /ﬁhoﬂbfab (5.8)

where ¥, is the volume form associated with h.?° The cotangent bundle has the

trivial structure

T*[Met(M)] = Riem(D;~) x SymZ(D) (5.9)

The group of boundary-trivial conformal transformations, G = Con(D*), act on
the metric as Ay o)h 1= W.Qh, where ¥ is a diffeomorphism of the disc acting as

the identity at the boundary and €2 is a positive real function that equals 1 at the

20 As the boundary S* has measure zero in this integration, the boundary condition on the vectors
implies no constraints on the dual vectors, which is why they are identified with matrices in Symg(D)
instead of Sym3(D*).
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boundary. The kernel of p, is composed of vectors tangent to the orbits of this
action, i.e., the vectors in Riem(D;~) induced from the algebra of G. That is, if X

is an element of the algebra of G, the induced vector nX is

0
M = 5 Nexp(t) b (5.10)
t=0

and this is in ker(p,). We can separately consider vectors induced from infinitesimal
diffeomorphisms and from infinitesimal Weyl scalings. Let us begin with (boundary-
trivial) Weyl scalings, where a typical algebra element is denoted by W and the
exponentiation defines a curve on the group exp(tW) = (I, ), in which w is a real
function on the disc vanishing at the boundary. The induced vector at a point h in
Riem(D;~) is

77% = getwhab = whgp (5.11)
ot t=0

Next, an infinitesimal (boundary-trivial) diffeomorphism is labeled by a vector field
V on the disc, vanishing at the boundary, and the exponential defines a curve on the
group exp(tV) = (U, 1), in which W4y is the diffeomorphism defined by running
along the integral curves of V for a parameter length ¢t. The induced vector at a

point A in Riem(D;~) is

5
Moy = 57 Vivahay| = —Lvha = =2V Vy) (5.12)
t=0

where V is the derivative associated with h. The set of vectors n"V' and 7", for
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all W and V, spans the kernel of p,. With this we can determine the space of
ker(p,)-annihilating 1-forms at h, thus providing a characterization for 1-forms at

[h] according to (5.5). So
0=an")= /ﬁha“bwhab (5.13)

for all w implies that o must be traceless with respect to h, i.e., a®hg, = 0; and
0= Oé(nv) = —2/19h()4abV(aVb) = Q/ﬁhvaa“bvb (5.14)

for all V implies that o must be divergenceless with respect to h, i.e., Voa® = 0.
Note that there is no boundary term in the integration by parts performed above
because V vanishes at the boundary. Those conditions on « are clearly familiar to
us: if a2 is interpreted as an extrinsic curvature on the disc, the traceless condition
would correspond to the gauge-fixing of time by CMC surfaces (which leaves only
the traceless part of the extrinsic curvature as dynamical), and the divergenceless
condition would correspond to the momentum constraint.
Finally, we are interested in describing the cotangent bundle of Riem(D;v)/Con(D*)

globally according to (5.6). To this end, it only remains to compute the pullback of
1-forms by Ay q). But first we should compute the push-forward of a vector £ by

A(\p’Q). Naturally &,; is tangent at hy, to the curve hyp + t€up, so its push-forward
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should be tangent to the curve W, Q(hg, + t€ap), that is,

A(‘II,Q)*gab = U, Q8 (515)

If « is a 1-form at h, its pull back A’("\I,’Q)a is based at A(_\I}@)h = Q"W 'h and
satisfies

Ay gy(§) = a(Aw,0)f) = /ﬁhaab\l’*ﬁﬁab (5.16)

where here £ is a vector at A(£7Q)h. Using that ﬁQ,l\p;lh = Q7' 1Yy, we can

rewrite the last integral as
/ 9™, 0y = / W [Pgorg i (07 0 (5.17)
and from the diffeomorphism invariance of integrals,
Ay gy(§) = a(Mw,0)f) = /199—1\1/*1h(92\11*1aab)§ab (5.18)
which allows us to read off
( ?\I,VQ)a)”’b = Q2u g (5.19)
or, taking the inverse transformation,

(Afg.g)1 )™ = L0 % (5.20)
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Therefore, as a point in T*Riem(D;~) is labeled by the pair (hqp, a®), the charac-

terization (5.6) for the cotangent bundle of Riem(D;~y)/Con(D*) gives

T* (Riem(D;7)/Con(D%) = {(hap, &™) ~ (¥uldhap, T.Q%0);
(¥,9) € Con(D*), where (hqp, a®) € T*Riem(D;~)

satisfies hgpa®™ = 0 and VMo = 0} (5.21)

This is precisely the characterization of the reduced phase space for the causal

diamonds displayed in (3.34), which proves the claim that

P = T*(Riem(D;~)/Con(D*)) (5.22)
We stress that this result relies on that fact that the group of conformal transforma-

tions acts trivially at the boundary, as it was important that there was no boundary

term coming from Stokes’ theorem in (5.14).

5.2 The space of conformal geometries on a disc

Now we wish to provide a more direct characterization for the configuration space,
i.e., the space of conformal geometries on a disc Q := Riem(D;~)/Con(D*). Accord-
ing to the Riemann mapping theorem, in complex analysis, given any non-empty
simply-connected open subset of the complex plane C, which is not all of C, there

exists a biholomorphic map onto the open unit disc D := {z € C,|z| < 1}. The
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Carathéodory theorem extends this theorem to closed sets, stating that if f maps
the open unit disc D conformally onto the (bounded) open set U C C, then f has
a continuous one-to-one extension to a function from the closure of D, D, onto the
closure of U, U, if (and only if) OU is a Jordan curve?'. This can be applied to
our problem, yielding that for any two matrics h and h’ there exists an orientation-
preserving diffeomorphism ¥ and a Weyl factor € such that A’ = ¥,Qh. As before,
we shall denote a general conformal transformation by the pair (¥, Q).

This means that if we had no constraint on the form of (¥, Q) at the bound-
ary, all metrics on the disc would be conformally equivalent. In other words,
Riem(D;~)/Con(D) consists of a single point. However, because of the constraints,
some states will no longer be conformally connected, so Riem(D;~)/Con(D*) will
be non-trivial. In order to determine it, note that Q = Riem(D;~v)/Con(D*) is a
homogeneous space for the group Difft(S1). Namely, given a diffeomorphism acting

on the boundary of the disc ¢ € Difff(S'), define its left action on a conformal

geometry [h] € Riem(D;~)/Con(D*) by

$[h] = [U,Qh] (5.23)

where ¥ € Difft (D) is any extension of ¢ to the interior of the disc, so that ¥|y = ¢

2LA Jordan curve is a simple closed curve, i.e., a non-self-intersecting continuous loop on the
plane.
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and € is any positive function on the disc such that its boundary value Q|5 satisfies

oy =i 'y (5.24)

that is, so that the boundary condition on the metric is preserved. This action is
well-defined, for suppose one chooses different extensions ¥’ and €', associated with

the same 1, then

Y[h] = [V.Q'R]
=[(V o U™ 1), 0, (0 1A
= (V' o U 1), (YY) o U)W, Q]

= [W, Q0] (5.25)

where from the second to the third line we used the relation ¥.QT = (¥, Q)V, T =
(Qo U HW,T, for any diffeomorphism ¥, multiplicative scalar £ and tensor T’; and
from the third to the fourth line we used that ¥ oW1 and (2'Q~1)oW~1 are trivial at
the boundary, due to the boundary conditions, so their action is within the Con(D*)
classes. Thus the action depends only on 1, not on the extensions. It also does not
depend on the metric representative, i.e., ¥[h] = Y[®,Ah] if (P,A) € Con(D*),
stabilising that the action is indeed well-defined. Finally, note that this action is
transitive on Q, due to Riemann mapping theorem, so that Q is a homogeneous space

for Difff(S1). Consequently, Q@ = Diff"(S')/H for some little group H € Difff(S!).
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The little group is the subgroup of Diff"(S!) that leaves any particular metric h
on the disc invariant.?> For convenience, and without loss of generality, choose the
metric A corresponding to the Euclidean round disc, described in polar coordinates
as

h = dr? + r2d6? (5.26)

where r € [0,4/27] and 0 = [0,27). If ¢ € H, then it must extend to a conformal

isometry of the disc,

Conlso(D) := Conlso(h) := {(Y,0) € Con(D), Y.0h = h} (5.27)

and any conformal isometry of A must correspond to a v = Y|y € H. Therefore, we

conclude that H is isomorphic to Conlso(D), so that

Q = Riem(D;~)/Con(D*) = Diff(S")/Conlso(D) (5.28)

where Conlso(D) is seen as a subgroup of Diff"(S!), defined by restricting (Y, ©)
T|s, and the quotient is from the right, i.e., ¥ ~ ¥ ov iff v € Conlso(D).

The group of conformal isometries of the round Euclidean disc is known to be
PSL(2,R) [71]. Here we present a quick review of the proof. We assume for simplicity

that £ = 2m, so the disc has unit radius — the group of conformal isometries is

22The group of conformal isometries for any two metrics on the disc are homomorphic: if (1,0)
is a conformal isometry for the metric A, then (¥,Q)(Y,0)(¥,Q)"! is a conformal isometry for
b o= U,.Qh.
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clearly insensitive to the boundary length. The idea is to rephrase the problem in
the language of complex analysis: the unit Euclidean disc can be naturally identified

with the unit complex disc

D={z€eC, |2 <1} (5.29)

with the standard flat metric on C. An (orientation-preserving) conformal isometry
of the disc then translates into a biholomorphic map f : D — D, as can be seen
in App. B, particularly equation (B.9). Any such f, which we call a conformal
automorphism of I, must map the interior of D onto itself, |f(z)| <1 <= |z| <1,
and its boundary 0D onto itself, |f(z)| = 1 <= |z| = 1. Consider the Mobius

transformation given by

M(z) = —— (5.30)

where b := f(0) € D, with [b|] < 1. Notice that this is a conformal automorphism
of D, as [M(2)] =1 <= |z =1 and M(0) = —b € int(D). Since the space
of conformal transformations form a group (with the multiplication being the map
composition), we have that the map F' = M o f is a conformal automorphism of D.
Moreover, it satisfies F/(0) = 0. By Schwarz lemma, applied to both F' and F~!, we
must have

F(z)=¢¥2 (5.31)
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for some 8 € R. Hence,

Zﬁz—l—e*lﬁb B 20
= e —_— =

=M oF(z) = M 1(e# .
/) ° F(z) (€72) 1+eBbz  © 1-az

(5.32)

where a := —e~*Pb is just another number in I satisfying |a| < 1. This is, therefore,
the most general form of a conformal automorphism of the unit disc, characterizing
Conlso(D).

Note that Conlso(D) forms a 3-dimensional group with topology S! xR2. In fact,
this group is precisely PSL(2,R) = SL(2,R)/Z5, the projective special linear group
in two real dimensions, i.e., consisting of 2 x 2 real matrices with unit determinant
modded by the center {I, —I}. The way in which PSL(2,R) appears most explicitly

is by studying the group of conformal automorphisms of the complex upper plane

H={z€eC, Im(z) >0} (5.33)

The group of automorphisms consists of transformations

az+b
cz+d

(5.34)

where a,b, ¢,d € R and ad—bc > 0. But notice that an overall scaling of (a, b, ¢, d)
A(a, b, c,d) does not affect a transformation, so we can restrict to ad — be = 1; how-

ever, this leaves a residual (a,b,c,d) — —(a,b, c,d) that needs to be modded out.
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This set of transformations thus corresponds to PSL(2,R). Since H is conformally
equivalent to D (i.e., they are related by a biholomorphic map), Conlso(D) is ho-
momorphic to PSL(2,R).

The group of conformal automorphisms of the disc can be seen as a subgroup of
Difff(S!) by restricting its action to the boundary. If a point at coordinate # in 9%
is represented by z = ¢ in D, then

0 p @0 = P o+sem)
0\ 1 7 0%
f(e")=e P G e (5.35)

where a = pe'®, with p € [0,1) and « € [0,27), and

v = arcsin

psin(f — «)
V14 p2—2pcos(f — a)] (5.36)

with v € (—m/2,7/2]. Hence, the associated map v = Y|y on J%, defined from

etv(0) — f(eie)7 is

v(0) =0 + 5 + 2arcsin

V14 p%—2pcos(f — a)

psin(f — «) ] (5.37)

which sits inside Diff"(S!).

104



6 Reduction via conformal coordinates

In this section we consider another approach to the phase space reduction. This is
based on a suitable “coordinate change” motivated by the previous result: instead
of parametrizing the configuration space by spatial metrics, we parametrize it by
conformal maps, as we will explain. This approach serves as a confirmation for
the previous results and it also has the advantage of providing an explicit map
between the physical, gauge-invariant degrees of freedom and the more concrete (but

redundant) geometrical variables such as the spatial metric and extrinsic curvature.

6.1 Conformal coordinates

By virtue of the uniformization theorem, any Riemannian metric hyp, on 3 ~ D can
be obtained from a reference metric hy, via some conformal transformation. That
is, there exists a (orientation-preserving) diffeomorphism ¥ : D — D and a positive
scalar ® : D — R™ such that

hap = W Phyy (6.1)

Because of the boundary condition on h, hlsp = <, the boundary value of ® is

determined from the boundary action of ¥, ¢ := U|yp,

(I)E‘QD = ¢*_17 (62)
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In this way, we can use conformal maps (¥, ®) € Diff *(D) x,C*°(D,RT), where x
indicates that the boundary condition (6.2) on @ is satisfied,?® as “coordinates” for
the configuration space Q ~ Riem(D, ). Note that the map (¥, ®) transforming h
into A is not unique, since we can always compose it (on the right) with a conformal
isometry (o, ®g) of h, that is, if hey = Vo Pohap, then (U, &) := (U, ®) o (U, ®g)
also maps h into h. But this is not a problem since these “conformal coordinates”
still cover the whole configuration space, and this non-uniqueness only amounts to
additional gauge ambiguities being introduced in the description, which will all be
removed in the end.

To cover the phase space we need also the momentum “coordinates” associated
with the extrinsic curvature. As our choice of time gauge has eliminated the trace-

b

part of K, we must consider only its traceless part, ¢%. It is convenient to use

the conformal map (¥, ®) to transform % to the reference disc D. So we define

the transformed traceless extrinsic curvature, &, as

g0 = d 5w, 1o (6.3)

where s is a power which will be chosen so as to simplify the momentum constraint.

This can be equivalently written as

0% = ¥, 559 (6.4)

**More precisely, Diff" (D) x, C*(D,R*) := {(¥, ®) € Diff*(D) x C=(D,R"); ®h|,, = i '7}.
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evidencing the isomorphism between ¢’s and &’s defined by the conformal map
(U, ®). In this way, we see that the triplet (¥, ®,5) can be used as “coordinates”
for the (unconstrained) phase space. This can be seen as an enlargement of the

phase space from P = Riem(D, ) x Sym(D, (2,0)) to
P := Diff ' (D) x, C°°(D,R") x Sym(D, (2,0)) (6.5)

where x., refers to condition (6.2). As mentioned before, this enlargement consists

of extra gauge directions being introduced, which will be eventually removed.

6.2 Imposing the constraints

Now we impose the constraints. First, consider the momentum constraint, (3.18),

which in the CMC gauge becomes
Vao® =0 (6.6)

that is, 0 must be transverse with respect to h. Now we want to investigate how
this condition translates when transformed to D, i.e., when expressed in terms of h
and . Since V is covariantly constructed from h, equation (6.6) transforms nicely

under diffeomorphisms,

po! (vg%ab) = v(rh) (mp*—laab) ~0 (6.7)
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so we have

v(eh) (®56“b> —0 (6.8)

The left-hand side corresponds to a Weyl transformation, which yields
. _ _ 1 _ o,
v(@h) (qﬁaab) = 0V + (s 4+ 20715V, 0 = 0" ha B V0 = 0 (6.9)

where V is the covariant derivative associated with h. The last term vanishes because
the tracelessness of o (with respect to h) implies that & is traceless (with respect
to h). Thus we see that the choice s = —2 is particularly convenient as it makes
condition (6.6) equivalent to

Vo™ =0 (6.10)

that is, & must be transverse with respect to h. Second, consider the Hamiltonian

constraint (3.17), which in the CMC slice with K = —7 becomes
0%, — RM — =0 (6.11)

where y = —2A + %72 and R is the Ricci scalar associated with h. As before we

apply ¥ ! to this expression to get

(U2 ae) (U2 ) (B Lo ™) (05 10 — RO~y = 0 (6.12)
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that is,

(®hae) (Phpa) (@ 25%) (@ 25%) — RW —y =0 (6.13)

which yields

VA= R+ e 6% —e*x =0 (6.14)

where A = log®, R is the Ricci scalar associated with h and %5, is contracted

using h. For convenience, we can choose h to be the metric on a flat unit disc

h = dr? + r2d6? (6.15)

where (r,0) € [0, 1] x [0, 27) are the usual polar coordinates on the disc. In this way,
R=0.
To sum up, we are considering a change of coordinates on the unconstrained

phase space from (hqp, 0®) to (U, \,5%) defined by

hap = Ve hyy, (6.16)

0 = U, e P (6.17)

where hgp is the Euclidean metric on the reference disc D and * is a traceless
(with respect to h) symmetric tensor on D. Because of the boundary condition on

h, hlsyx = 7, the boundary value of X is determined from the boundary action of W,
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Y= ¥lop,

eh|  =yrly (6.18)

The constraint surface S is determined by imposing condition (6.10) on ¢ and taking
A to satisfy

VA + e 26%G — e =0 (6.19)

The arguments of the previous sections imply that (6.19) has unique solution de-
pending on & (via the 3G, term) and on ¥ (via the boundary conditions). There-
fore, S can be “covered” with coordinates (¥, &%), where & is traceless and trans-
verse with respect to h. More precisely, the map (¥,5%) — (hgy, o) is a projec-
tion map from Diff* (D) x Sym(D, (2,0); TT[h]), where TT[h] means “traceless and

transverse with respect to 2", onto S. Note that we can think of

S := Diff" (D) x Sym(D, (2,0); TT[h]) (6.20)

as an enlargement of S, where additional gauge ambiguities have been introduced. In
fact, it is equivalent to think that we are first enlarging P into P and then applying
the constraints to get S, or to think that we are first applying the constraints on P
to get S and then enlarging it into S. For concreteness, let us call the projection

from S to S by T: S — S, so that

T(U,5%) = (hay, 0%) = (U, hgy, Ue” P 5%0) (6.21)
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where )\ satisfies (6.19).

Now we want to pull-back the (pre)symplectic form w on S to S,

gl
Il
~
&

(6.22)

which corresponds to “writing w in (¥, ) coordinates”. The tangent vector 7 at a
point (¥, ) of S can be expressed as (X, a) € TyDiff " (D)@ Ty [Sym(D, (2,0); TT[h])].
Since Sym(D, (2,0); TT[h]) is a vector space, it can be naturally identified with its
tangent space, so that T5[Sym(D, (2,0); TT[h])] ~ Sym(D, (2,0); TT[h]). Informally
speaking, X can be seen as the vector tangent to a one-parameter family of diffeo-
morphisms, ¢t — ¥;. To be more precise, we can use the group structure of Diff* (D)
to left-translate X to the identity I, and note that the tangent space to I can be
naturally identified with vector fields on D (satisfying the condition that the vectors

at the boundary are tangent to it, since automorphisms of D must map 0D into

itself). Introducing some notation, let us call

X =ly-1.X (6.23)

where 1y (9) = Wo ¥’ is the left multiplication on Diff " (D). As X € TyDiff " (D), let
us denote the associated vector field on D by £ € Vecto(D), where Vecto(D) is the
space of vector fields on D satisfying the parallel boundary condition &|gp € T(0D).

In this way, we can define X as being the vector tangent to the curve t — ol at
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t = 0, where I';y = Exp(t§) is the diffeomorphism corresponding to flowing along the

integral curves of ¢ for a parameter ¢. Thus, we have the identification
Tiw,5)S ~ Vecto(D) & Sym(D, (2,0); TT[h)) (6.24)
which allows us to express 7 in the form

7= (£ a") (6.25)

where ¢ € Vecto(D) and o € Sym(D, (2,0); TT[h]). If j and 77’ are vectors tangent
to S at some point (¥, ), and 7 := Ty7 and 7 := T,7j are the corresponding pushed
vector to S, then

w(7,7') = w(n,n) (6.26)

Since w is the restriction to S of Q, given in (3.11), and n and 1’ are tangent to S,

we also have

w(7,7) = Qn, 1) (6.27)

Note that  involves the conjugate momentum 7%, which from definition (3.12) and

relation (3.16) can be written as

7% = \/det(h) (O’ab + ;Thab> (6.28)
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Taking the exterior derivative (on the unconstrained phase space P) gives

1 1
om% = \/det(h) [&;“b +3 (J“thd — Th*hb 4 QThathd> 6hcd} (6.29)

and replacing this on € yields

1
0= / A% 57 A Shap = / I ((wb + 2a“bh6d5hcd> A 6hap (6.30)
D D

where

V), = d’z+\/det(h) (6.31)

is the natural volume form associated with h.2*

4

In order to evaluate Q(n,7’), we compute the “variations” §hay(n) and 65%(n)
for a pushed vector n = T,7. First note that since Riem(D;~) is a subspace of
Sym(D, (0,2)), we can think of a “variation of h” as a difference between nearby
metrics, so that dhqy(n) € Sym(D, (0,2)).2° Similarly, Sym(D, (2,0)) is a vector

space, so that a “variation of ¢” can also be thought of as a difference between

nearby tensors and 66**(n) € Sym(D, (2,0)). Thus, for 77 = (£, @) € T(y 5)S, hap(n)

?41n a covariant language, given an orientable manifold M with orientation n-form ¥, the natural
volume form ¥, associated with a metric h is defined as ¥, = wv, where the scalar w > 0 is such
that ¥x (e, e2,...en) =1 for any (oriented) orthonormal basis {e1,e2,...en}.

25To say this more precisely, we are regarding has (z) as a function from S into Tz<2’0)’symD, the
space of symmetric (2,0) tensors at z € D, where hgy(x) takes a point p € S and returns the
corresponding value of the metric at € D. Since the target space is a vector space, dhqs(z) can
be defined in the usual manner, i.e., given a vector n € TS we define dhap(x)(n) := n(has(z)) =
%hab(x)[pt], where p; is a curve on S tangent to 7.
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and §0%(n) are given by

Shap(1) = % (W0 T ] (6.32)
60®(n) = % [(xp o rt)*e—”%gb} (6.33)

where the derivative is evaluated at t = 0, I'; = Exp(t£), 0® = a%t and ), is the

solution of (6.19) associated with (¥ oI, d¢). By distributing the derivative we get

_ d AT AT d)\t
Ohap(n) = Vs [dtrt*(e hap) + € habﬁ (6.34)
d X dagb
ab _ “w —2A=aby _ o, —2X=ab %" —2)\ 90
50 (n) = U, [dtn*(e ) —2e7 Mt e P (6.35)
which yields
Shap(n) = W | = Le(€ ) + e s (6.36)
o (n) = U, [_££(6—2)\&ab) _ 9ke 2Agab 4 —2X ab (6.37)
where « is defined as
X\
k(z; U, a,n) = ditt (6.38)
t=0

which is a function of x € D depending implicitly on (¥,5) and n. Thus for the
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first term in (6.30) we obtain

60 A Shap(n, 1) = Wee™ | £5C Lerhay — 2(L£eX — K)TP Lerhgy, +

+ (££/A - H,)fgﬁabﬁab - fglilabaab — {(f, Oé) <~ (fl, O/)} (6.39)

where ' = k(z;V,5,7") and {(,a) < (£,a’)} consists of the previous terms but
with (£, @) exchanged with (£, ). Also, for the second term in (6.30), we have
1 1 _ _
5ambh“lahcd A Shap(n, 1) = Uy iﬁabfffhabh‘:di’ghcd +

+ (£e — n)&abi’gﬁab —{(& ) < (¢,d)} (6.40)
Therefore,

Q(n, ) = /D Iape [fgaab£§,ﬁab — Lerhagpa®™ + %beghbﬁcdfgﬁcd —{(&, ) & (€,d)}
(6.41)

where we have used that ¥, = Uy ., = Pi«.n; and that integrals are invariant

under automorphisms, i.e., [ A = [ ¥, A. Note that the factor (£¢X — k) does not

appear because it multiplies £ 5/(6‘”’71&1,), which vanishes due to the tracelessness of

o. Now using that

Dorg, = 05, (6.42)
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we get,

Qn,n') = /D vy, [£§5ab£g'f_lab — Lerthagpa®™ + %5’ab£§’ﬁabBCd£§Bcd —{(¢,a) < (€,d)}
(6.43)

which is an integral defined entirely on the reference disc (D;h). Writing the Lie

derivatives in terms of covariant derivatives (with respect to h), i.e., £ehap = 2@((1&,)

and ,,Egﬁab = £V.5% — 2V, £05b¢ we obtain

a(1.17) = ) =2 [ 9394 [ (80 — o) = (9.8 - €£9.8) 0"

—2 /8 b, [(&,o/ab - gaab) 3 g’]ba—ab} (6.44)

In the second line we have used Gauss’s law, so n* is a unit (outward-pointing)
normal vector at 0D ~ S! and df is the measure induced on D. Since h was
chosen to be the unit-radius metric on the disc, df is just the differential of the
angle coordinate, 0 € [0, 27).

Before fully appreciating the previous result, it is useful to understand better
a quantity like [df ne®&,, where n is normal and ¢ is tangent to the boundary.
In Cartesian coordinates {z,y} on (D, h), the symmetry and traceless of & implies

that its components have generic form

G = (6.45)
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for u, v € C*°(D,R). It is convenient to think of these components as parts of a

complex function f: D — C defined by

f(2) :==u(z) +iv(z) (6.46)

where z = z+iy, u(z) := u(z, y) and similarly for v. In this notation, we immediately
see that the condition that & is transverse to h, 00" = 0, translates into the

condition that f is analytic,

ou_ o
oxr Oy

ou ov

a—y =" (6.47)

In particular this implies that f is completely determined on D from its value on
the boundary 0D. To see this note that u and v are harmonic functions, that is,
they satisfy

u  0%u B 0?v 0%

Therefore, the general solution for u on D is

u= Z r" (a,, cosnb + by, sinnf) (6.49)

n>0

where {r, 8} are the usual polar coordinates (defined by x = rcosf and y = rsin6).

It is clear that u is uniquely determined from its boundary value 4(0) := u(r = 1, 0).
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Now note that

ov ov ou ou
so that
ou ou
_ _ou gu 51
v(z,y) v(0,0)—&—/y( 8ydac—i— 8a:dy) (6.51)

where v is any curve joining (0,0) to (z,y) € D. We see that v is completely

determined from wu, modulo the choice of its value vg at the origin,

v =g+ Z r" (by, cosnb — a, sinnf) (6.52)
n>0

Note that vy can be absorbed in by, so that the general solution for & can be written

as

sinnf cosnd —cosnf sinnb
g => 1" |ay + by, (6.53)

n20 cosnfl —sinnf sinnf  cosnf
for coefficients a,, and b,,. This expansion (6.53) will be taken as defining the coeffi-
cients a,, and b,, which will be called the Fourier coefficients of . Let n be the unit
normal vector field and t = Jy be the unit tangent vector field on the boundary,
OD ~ S'. That is, at the point (z,y) = (cos,sin @), we have n = cos 09, + sin 69,

and t = cos 60, — sin §0,. Then,

gty = ucos 20 — vsin 20 = Z [an cos(n + 2)8 + by, sin(n + 2)6] (6.54)
n>0
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If £ = f0p is a tangent vector field on the boundary, where f € C*°(S*, R), we have

/ 105%n,6, — / 40" [an cos(n + 2)6 + b, sin(n + 2)6] £(6) (6.55)

n>0

From the Fourier coefficients of &, we define the quadratic form ¢ on the boundary
by

a(0) := -2 Z [ay, cos(n + 2)0 + by, sin(n + 2)60] d6” (6.56)

n>0
This provides a convenient identification between 7% (a symmetric, traceless and
transverse tensor on D) and & (a quadratic form on 9D ~ S “missing” the Fourier
modes 1, sin# and cosf). It is also convenient to introduce some notation for this
space of ¢’s. The Lie algebra of Diff"(S'), denoted 2iff(S1), is naturally represented
by vector fields € on S'. We can write it as £ = f&p, where f € C>(SY,R). The
dual Lie algebra, denoted 0iff*(S1), is naturally represented by quadratic forms o
on S'. We can write it as a = a(0)df?, where a € C*(S',R). The reason for

representing dual vectors in this way is because it leads to the natural pairing

a(é) = / ad6?(f0y) = / 40 a(0)£(6) (6.57)

and this will simplify certain formulas (especially in the part about coadjoint or-
bits). Now observe that the space of ¢’s, as defined in (6.56), is the subspace
Dioff*(Sl) of diff*(S!) “missing” the Fourier modes 1, sinf and cosf. Another way

to characterize Oiff*(Sl) is to notice that its elements annihilate the generators
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£ = 8y, sinfdy, cosh y of psl(2,R) C diff(S'), that is,
¥ (S := {& € iff*(S1); where &(£) = 0 for all € € psl(2,R) C diff(S*)} (6.58)
To sum up, we have identified
Sym(D, (2,0); TT[R]) = 0iff (") (6.59)
in a natural way. In this language, the quantity in (6.55) can be expressed as

/ d0 G%n, &, = —%8(5) (6.60)

where ¢ € 0iff(S1) is simply the restriction of £ to dD ~ S, which is well-defined
since & is tangent to OD. Correspondingly, the symplectic form in (6.44) takes the

form

w(m,7) = &) — & () +6(1€, &) (6.61)

where & € fof*(S 1) is related to a® in the same way as in (6.56), and analogously
for & and a/?. Note that the Lie brackets is independent on taking the restriction

—

to 8D before or after computing the bracket, i.e., [£, ] = [€,£/].

120



6.3 Removing the bulk diffeomorphisms

The expression above for the symplectic form on S = Diff " (D) xSym(D, (2,0); TT[h])
clearly reveals a “huge” part of the gauge ambiguities. That is, bulk diffeomorphisms
acting trivially on the boundary are pure gauge transformations. In particular, this
means that any 7 = (£, «) where £ vanishes at the boundary corresponds to a de-
generate direction of @. Therefore, any two points (¥,5) and (¥/,5) in S such
that the diffeomorphisms ¥ and ¥’ have the same boundary action, ¥|gp = ¥'|sp,

correspond to the same physical state. Thus, we have the following reduction

Diff" (D) x Sym(D, (2,0); TT[h]) — Diff(S") x diff*(S*)

(T,5%) — (¥,6) (6.62)

where 1 € Diff(S?),

b= ; (6.63)
D

is the boundary action of ¥. Note that the quotient is really acting only on this
b

diffeomorphism factor, ¥ + 1), while the association 7*° + ¢ is just the isomorphism

discussed above. For concreteness, let us refer to this phase space as

S := Diff"(S1) x viff*(S1) (6.64)
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and to the corresponding quotient map as R : S — S. The symplectic form on S,
denoted by @, must satisfy @ = R*®. First note that the push-forward of a vector

7= (£a%) in S is given simply by

R.(&,a") = (£,&) (6.65)

where é is, as before, the restriction of ¢ to the boundary. Thus, one can easily
verify that

G, 7) = &(€) - &) +6(£,€) (6.66)

~

defines the desired symplectic form & on S, where /) = (£,&) and 7' = (¢, &) are
tangent vectors at (1, 7).

We must investigate if there are remaining gauge directions to be eliminated,
that is, if @ has is degenerate (and thus possess null directions). Suppose that

i = (£, &) is a null direction of @, 130 = 0, that is, @(7,7") = 0 for all vectors 7.

First let /' = (0, &), for a generic &' € Offf*(S 1), This implies that

&(m,7)=-&(€) =0 (6.67)

But from the definition of fof*(Sl), (6.58), we have that only the ps((2,R) subset

of Diff(S!) is annihilated by all &. Therefore, if 7j is a null direction, we must have

26The tangent space to a point (¢, &) € Sis being characterized in a way analogous to how we
characterized the tangent space for S, that is, T, 3)3 ~ Diff(S*) @ 0iff* (S1), so a generic vector is

represented by a pair 7 = (€, &), where £ is a vector field on S* and @ is an element of fof* (SH).
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£ € 0y Dsinhdy ® cosdy. Now consider i/ = (£,0), for a generic £ € diff(S?).

This implies that

&(n,7) = &(E) +5(,€) =0 (6.68)

Let & = adf?, £ = f8y, & = f'0y and, with a slight abuse of notation, & = od6?.

Then, according to the pairing defined in (6.57), we have

o(n,7) = /d@ (af' +o(fouf — fOaf)) = /d0 f'(a— fOgo —200pf) (6.69)

where we used [y, f'0g] = (fOpf'— f'Dg )0y and, in the last equality, we integrated
by parts so as to factorize f’. Note that since f’ is arbitrary, we conclude that 7) is

null only if

a = fOpo + 200 f (6.70)

Therefore, we have showed that @ has exactly three degenerate directions at a generic

point (7]}, odh?),

M = (0s, Dgordd?)
7l = (sin @ Dy, (sin @ g + 2 cos O o) dbH?)

fl3 = (cos 0 Dy, (cos O Do — 2sin 6 07)dh?) (6.71)

Note that they must be somehow associated with the PSL(2, R) subgroup of Diff"(S?!),

since the é—component of the null directions coincide with the generators of psl((2,R).
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If the &-component of these null directions were equal to zero, then the reduced
phase space would be simply [Difft(S*)/PSL(2,R)] x Dioff*(Sl). Note that this
is a trivial vector bundle which is locally isomorphic to the cotangent bundle of
Difft(S1)/PSL(2,R), since the cotangent space at the projection of the identity,
[I] € Difft(S')/PSL(2,R), is isomorphic to Ofﬁ*(Sl). Based on the first approach
for reducing the phase space, we actually know that the correct topology for the
reduced phase space is actually the cotangent bundle of Difft(S1)/PSL(2,R), that
is, T*[Diff"(S')/PSL(2,R)]. Intuitively, we can think that the fact that the null
directions are “tilted” instead of purely “horizontal” (i.e., their &-component is non-
zero) leads to a quotient that is not just the trivial bundle [Diff"(S')/PSL(2,R)] x

0iff*(S1), but rather the “twisted” bundle T*[Difff(S1)/PSL(2, R)].>"
6.4 Removing the residual PSL(2,R)
With the insight above, we will prove that the (fully) reduced phase space is

P = T*[Diff"(S")/PSL(2,R)] (6.72)

by showing that (i) there is a natural projection map J : Difff(S!) x Dfﬁ*(Sl) —
T*[Diff"(S')/PSL(2, R)] and that (i) the canonical symplectic form @ on T*[Difft(S1) /PSL(2, R)],

associated with its cotangent bundle structure, which is closed and non-degenerate,

2"It is interesting to note there is a surprising symplectomorphism between
T*[Difft(S")/PSL(2,R)] and [Difft(S*)/PSL(2,R)] x [Diff(S')/PSL(2,R)], for the natural
symplectic structures on each space, provided by the Moss map. Despite this classical equivalence,
the quantization may depend on the particular “presentation” of the phase space. In our approach
T*[Difft(S")/PSL(2,R)] is certainly the more natural presentation.

124



pulls-back to Diff(S?) x diff*(S1), ie., & = J*@.

6.4.1 Proof of (i): Existence of the projection map J

We begin by proving that this projection map exists. Consider the following theo-
rem, which we will prove below.

Theorem: Let G be a Lie group and let H be a (closed) subgroup of G. Denote
the Lie algebra of G by g and the Lie algebra of H by b (naturally, b is a subalgebra
of g). Define the annihilator of b, denoted by g*, as the subspace (not necessarily a
subalgebra) of the dual Lie algebra of G, g* C g*, such that h (and only ) is in the

kernel of all elements of g*. That is,

gt ={cecg o) =0ifEchCg} (6.73)

Let G/H be (left) coset space of H in G and denote by ¢ : G — G/H the cor-
responding quotient map, g — [g] = gH. Then there is a natural, well-defined

quotient map J : G x g* — T*(G/H),

J(g,0) =0 (6.74)

5(X) = 6(2(X)) (6.75)
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where X € Tl (G/H) is a tangent vector at [g], X € T,G is any vector at g in the
pre-image of X under g (ie., ¢ X = X ), and = is the Maurer-Cartan form?®. It is

interesting to visualize this map as part of the following commutative diagram

G x §* — T*(G/H)

| s

G —* — G/H
where p1 : G x g* — G is the projector on the first Cartesian factor, p1(g,0) = g,
and 7 : T*(G/H) — G/H is the projection map of the cotangent bundle (which
maps a dual vector to the point it is based at).

We must show that the map J is well-defined and surjective.?” The only arbi-
trariness in the definition of J is the choice of X in the pre-image of X under G+, SO
we must show that if we choose another X satisfying ¢, X’ = X then the right-hand
side of (6.75) is unchanged. First let us characterize the kernel of g, i.e., given a
point g € GG, what are the tangent vectors v € T;G such that g,y = 07 If t — I'; is
a curve starting at g and tangent to -, the condition ¢,y = 0 implies that, to first
order in ¢, I'; must be projected to a fixed point, i.e., ¢(I';) =~ [g]. This implies that
there must exist a curve t — h; in H, starting at e, such that I';y =~ gh;, where ~
means up to first order in ¢ (i.e., the two curves define the same tangent vector at

t = 0). But this implies that v = [, ¢ for some ( € TcH ~ h. The conclusion is

28The Maurer-Cartan form, Z, is a g-valued 1-form on G defined as follows. Let lg : G =G
be the left translation by g, i.e., l;(g’) := gg'. Given X € TyG, we have E(X) := [ -1, X, where
lg-1, X € T.G ~ g.

2Rigorously, a map f is a quotient map if it is surjective and the topology of the codomain
is induced from f (i.e., U is open iff f~'(U) is open). We are only proving surjection here, but
subsequently we will show that ker(J.) has constant dimension which can be used to prove this
topological condition.
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therefore

@X =0 iff E(X)ebhcCg (6.76)

Given a vector X at [g], let X and X' be two vectors at g in the pre-image of X
under g, ie., X = ¢ X' = X. Thus ¢+«(X’ — X) = 0 and, from the result above,
E(X’ — X) € h. That is, E(X’) = E(X) + ¢ for some ¢ € h. If we use X’ in the
right-hand side of (6.75), we get o(E(X’)) = o(E(X)) + o(¢) = o(E(X)), since
o € g* annihilates the b subspace, which yields the same result as if we had used X.
We conclude that J is well-defined. To prove surjectiveness, we must show that for
any o € T*(G/H), there exists a point (g,0) € G x g* such that J(g,0) = &. Since
q: G — G/H is surjective, there is always a g € G such that 7(c) = [g]. Now let &
be a generic dual vector at [g] on G/H and pull it back to g, ¢*&, and further pull
it back to e, [*¢*G. This defines an element of g* because, given any ¢ € h we have

g

that g.lg.¢ =0, so [5q*5(¢) = 0(gxlg«() = 0. Thus, for any X e Tl (G/H),

J(9,15¢°5)(X) = Lq"5(2(X)) = 5(qulguly-1.X) = 5(q.X) = F(X) (6.77)

*

54"0) is in the pre-image of & under J, so we conclude that

which means that (g,
J is surjective. This finishes the proof of the theorem.
An interesting property of the map J is that it has constant kernel dimension

equal to dim(h), or more precisely, there is an isomorphism between b and ker(Jy)

everywhere in G x g*. This follows from the fact that, in the course of proving the
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theorem above, we have constructed an isomorphism between T[Z](G /H) and g*. In
particular, given any g € G, we can see that the map o € g* +— 7 € T[’;](G/H),
where 5(X) := o(X), for any X satisfying ¢.X = X, and the map & € T[’;](G/H) —
lgq*o € g* are actually inverses of each other. Therefore, since the fibers of these
two bundles are isomorphic and the base space G is collapsed to G/H, we see that
a number dim(fh) of directions are mapped to zero at each point. In fact, we can
derive an explicit formula for ker(J,). Let n = (X,a) € T,G & g* be a vector in
ker(J,) at (g,0) € G x g*,

Jn=Ju(X,a) =0 (6.78)

From the commutative diagram, m o J = g o p1, we get m,Jun = 0 = qup1+7 = ¢ X,
so from (6.76) we have Z(X) € h. Let X = [,.(, where ( € b, and let ¢t — h; be a
curve in H C G starting at e and tangent to . Thus the curve t — gh; in G starts
at ¢ and is tangent to X. Also, the curve t — o +ta in g* starts at o and is tangent
to a. Thus the curve t — (ght, o +ta) in G x g* starts at (g,0) and is tangent to
n = (X, ). Since this curve projects entirely to the fiber over [g] under J, we can
define the pushed vector by the derivative

d
J*(X, a) = £J(ght,a—0—ta) (679)
t=0

where we are making use of the natural identification between vertical vectors in

T5[T*(G/H)] and the fiber itself L )(G/H). Let Y be a vector at [g] and let Y

c
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is a vector at g satisfying ¢.Y = Y. We note that the vector Y: := rp,Y, where
ry is the right-translation in G' by g, is a vector at gh; satisfying ¢.Y; = Y. This
follows from the fact that, as [g] = [gh] for h € H, then ¢ = q o rp, which implies

that ¢.Y: = qurp,Y = ¢.Y = Y. Consequently,

J(ghi,0 4+ ta)(Y) = (o + ta) (E(Y2)) = (0 + ta) (Lghe)-14ThexY) (6.80)

Since the right and left translations commute, the argument of the dual vector above
can be written as l(ght)—l*rht*y = lht_l*lg_l*rht*y = lht_l*rht*lg_l*y'

Before further manipulations of the expression above, let us introduce the adjoint
map, a recurrent object for the remainder of this paper. Given a group G the adjoint

action of g € G on ¢ € G is defined as

Ady(g") = 99’9 (6.81)

Noting that Ady(e) = e, the push-forward operation maps T,.G into itself. This
gives rise to a natural action of G on its Lie algebra g, which we also refer to as the

adjoint action of G on g and denote as

adg{ := Adg«& (6.82)

where { € g ~ T.G. For a fixed element £, we can think of ad,§ as a map from G
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into g, that is, we can define ad {(g) := ad4¢. The push-forwards of this map sends
a vector ) € T.G' ~ g to a vector in T¢g; but since g is a vector space, any of its
tangent spaces can be naturally identified with g itself; therefore (ad £). can be seen

as a map from g to itself. We then define the adjoint action of g on g as

ad,§ := (ad §).«n (6.83)

This adjoint action is directly related to the Lie algebra product,

ad,& = [n, ] (6.84)

While it is straightforward to show this using the formal definition of the Lie product
in terms of the Lie brackets of left-invariant vector fields, we can trivially see it from a
matrix realization of G: in this case the group exponential coincides with the matrix
exponential, exp(n) = e, and a vector tangent to a matrix-valued curve is simply
given by the standard parameter-derivative of this curve; then ad,§ = (ad§).n =
dad€(e) = Ladné = Letée ™ = n¢ — &n = [, €], where the t-derivatives are

all evaluated at ¢t = 0.

Let us return to the expression lht_1*rht*lg_1*Y. Note that [jorg—1 =r 100, =
Ad,. Therefore lh;1*rht*lgf1*Y = Adh;1*E(Y) = adh;1E(Y), which gives
J(ghs, o +ta)(Y) = (0 + ta) (Adht_l*E(Y)) (6.85)
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SO

(J.(X, ) (V) = a(E(Y)) + %a (Ady- . 2W))| = aE(Y)) - o (adE(Y))

t=0

(6.86)
where we have used that h; ! is tangent to —C at t = 0, so %Adht—l*E(Y) =
%adht_1E(Y) = (adZE(Y)), (=¢) = —ad¢E(Y), where % is evaluated at ¢t = 0.

We will also define the coadjoint action of g € G on ¢ € g* by
coadgo := Adj .o (6.87)

where on the right-hand side o is seen as a 1-form at e. The reason for taking the
inverse of g in Ad* is so that the coadjoint action composes nicely, i.e., coady o
coady = coadgy. Also, analogous to the definition of the adjoint action of g on g,

we define the coadjoint action of g on g* by

d
coad¢o := acoadgta (6.88)
=0

where t — g; is a curve in G starting at e and tangent to ¢ € g. It is worth noting,
for later reference, that coadgo(§) = Ady-10(£) = 0(Ady-1,§) = o(ady-1£) and, by
taking g as a curve g; tangent to a vector n at e and evaluating the ¢t-derivative we
get that

coad,o(§) = —o(ad,§) (6.89)
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revealing that coad,, is minus the algebraic dual of ad,,.

Returning again to the evaluation of J., we can equivalently write (6.86) as

(J«(X,a)) (V) = (a + coadz(xyo) (E(Y)) (6.90)

recalling that Z(X) = ( is the vector tangent to t — h;. So, given the identification

Ver(T5[T*(G/H)]) ~ T:(E)(G/H), we have

Ji(lg«C, ) = J (g, + coadco) (6.91)

where ¢ € . Therefore, n = (X, ) € ker(J) if and only if Z(X) € h and

a = —coadg(x)o (6.92)

This confirms that, at every point (g,0) € G x g*, the kernel of .J, is isomorphic to
b via the map

h — ker(Jy), (= n=(lg«(¢,—coad¢o) (6.93)

Note that these collapsing directions are “tilted” in the bundle G' x g*, in the sense
that pa.n # 0, which is reminiscent of the the null directions in (6.71).

We are interested in the particularization of the theorem for G' = Difff(S?!)
and H = PSL(2,R). Let us express it in the notation we have been using before.

The theorem states that there exists a projection map J : Diff"(S!) x Di}ff*(S h—
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T*[Diff"(S')/PSL(2, R)] defined by

J.8) =5, 5(7) = 6(ly-1.) (6.94)

where 77 € Tjy)(Diff"(S')/PSL(2,R)) and 7 € T Diff"(S) is any vector satisfying
g7 = 1 (with ¢ : Difff(S') — Difft(S')/PSL(2,R) being the quotient map). The

kernel of J, is given by

€ ker(Jy) iff 7= (¢, —coadea), ¢ € psl(2,R) (6.95)

Note a slight difference in notation: as explained in footnote 26, a tangent vector
at a point (¢, ) € Diff(S?) x fof*(Sl) is being characterized as (&, &) € 0iff(S') @
Oiff*(S 1); but during the discussion of the above theorem a tangent vector at (g,0) €
G x g* was characterized as (X, a) € T,G®g*. Of course, these two characterizations
are naturally equivalent since g can be identified with T, G via the map l4; moreover,
despite the use of similar notation, we expect that the context should prevent any
confusion as it should be clear whether the first component of the pair belongs to g

or TyG. We can explicitly compute the coadjoint action using the relation (6.89),

coad¢5(§) = —6(adc€) = —a([¢,¢]) (6.96)

where ¢ € psl(2,R) and ¢ € 2iff(S'). As discussed previously, we can characterize
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0iff(S1) and 0iff*(S!) using vector fields and quadratic form fields on S*, so we write
G = 0db?, ( = 205 and € = fOy. Before we proceed, we must explain an unfortunate
(and potentially confusing) aspect of this notation: the Lie brackets on diff(S!),

€, ETaifs, differs by a sign from the vector field brackets on S, [¢,¢/]s1. That is,

€, & i = —[€, €] s (6.97)

In order to clarify this point, let us use a more explicit notation. Let G = Diff(M)
be the group of diffeomorphisms on a manifold M. Let f, : G — M be the action
of 1 € G on the point z € M, i.e., fz(¢) := ¢(z). As with any group action, to
any element of the algebra & € g we can associate a vector field on M defined by
Vels == fox€&. The group of diffeomorphisms is special in the sense that this map is
an isomorphism, allowing us to identify g ~ Vect(M).>" Since G acts on the left of
M, there is an anti-homomorphism between the Lie algebra of GG and the vector field
algebra of M, that is, [Ve, Vo] = Vier - This is perhaps aesthetically unpleasing,
but completely transparent. Confusion may arise, however, when we start writing &
as a shorthand for V;. In this case, one solution is to always specify which bracket

is being used by writing [£, &' Jais := [€,&'] and [§, ' v = [Ve, V], so we would have

39The are some subtleties associated with the infinite dimensionality of the group of diffeomor-
phisms, such as the fact that the exponential map is not surjective in any neighborhood of the
identity (although it has dense image). So we can think of this identification of diff(M) with
Vect(M) as a practical/formal characterization of diff(M).

134



€, &gy = —[€, &' m- In this manner, we can write (6.96) more precisely as

coad6(§) = —0(adc€) = =5 ([¢, ayy) = 6([¢, €] 1) (6.98)

Thus, if we denote coad;& = o'df?, we have

re of 0z B _870_ %
/d@af—/dﬁa(Zaa— 80)—/(19( 250 QJBH)f (6.99)

Since this is valid for any ¢ € ?iff(S?) (i.e., for any f € C°°(S,R)), we conclude

that

o do 0z 9
coad¢o = — (Zé)Q + 2086) do (6.100)

Therefore we see that the collapsed directions under the projection J (i.e., the kernel

of J,) are given, according to (6.95), by
i = (209, (2090 + 200p2)d0?) (6.101)

where z is any linear combination of 1, sin 8, cos . These directions precisely match
the null directions (6.71) of @ on S , confirming that J is the desired quotient map

to the reduced phase space.
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6.4.2 Proof of (ii): The natural symplectic form is the physical one

Now that we have shown that the reduced phase space P has topology T*[Diff*(S') /PSL(2, R)],
we must figure out what is the correct symplectic structure on it. The symplectic
form & on P must be such that J*@ = &, where & is the symplectic form on S. The
natural guess is the canonical symplectic form associated with the cotangent bundle
structure of T*[Diff"(S')/PSL(2,R)]. Let us review how it is constructed and then
show that this is indeed the correct choice.
Let T* M be the cotangent bundle of a manifold M and let 7 : T*M — M be
the projection map (which maps a dual vector to the point it is based at). There is

a natural 1-form on T*M, called canonical potential 1-form 6, defined as

0(n) := o(mn) (6.102)

where n € T,(T*M). In words, “given a vector n at o € T* M, we project it down

to M and act with o on it”. Taking the exterior derivative of 6 yields a 2-form,

w=df (6.103)

which is called the canonical symplectic 2-form on T* M. Note that it is indeed a
symplectic form since it is closed and non-degenerate.

So let # be canonical potential 1-form on T*[Diff"(S')/PSL(2,R)] and let us
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evaluate its pull-back to S, § = J*. If  is a vector at (¥,&) € S, then

0(7) = 6(Jui)) = J (v, 6)(muJe)) = J (4, 6) (gxp147) (6.104)
where we have used the definition of # and the relation moJ = gop;. But note that

p1«7) is obviously a vector at ¢ € Difff(S!) which projects to g.p1+7 under g, so by

the definition of J we have

0() = 6(ly—1.p11) (6.105)

If ) is expressed as (&, &) € diff(S!) @ Dioff*(Sl), we have that pi.7) = &, so

() = (&) (6.106)

Since the exterior derivative commutes with the pull-back, we have & := J*(w) =

J*(d) = d(J*#) = df. The exterior derivative of a 1-form is generally given by

o (i, i) = 20 — 7' 10(7)] — 0([7, 7)) (6.107)

where A[0(7')] denotes the directional derivative of the scalar field A(7) along the
vector 7}, and [7},7)'] denotes the Lie brackets of the vector fields 7 and 7. Note that
since df is a tensor it depends only on the values of 7 and 7 at the point where it is
evaluated, so the right-hand side of this formula is independent of how 7 and 7’ are

extended to vector fields in a neighborhood of the evaluation point. A particularly
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convenient choice is to take 77 = ({,&) and 7' = (¢/,&’) with &, &', & and & being
constants in a neighborhood of (,7). In other words, # is extended into a vector
field in such a way that p1.7 is a left-invariant field on Difff(S') and ps.7 is a fixed
point in Oioff*(Sl). With this choice we note that 6(7/) = &(&') is a function on

Difff(S1) x Offf*(Sl) depending only on ¢ (not on ). Thus,

= a(¢) (6.108)

where the first term on the second line vanishes because we can take a horizontal
curve t — (,7) as tangent to (£,0), so that %3(5’) = 0; for the second term on
the second line we can take the vertical curve ¢t — (1, & +t&) as tangent to (0, &), so
that 4 (& +t&)(¢') = a(¢). Analogously, 7'10(7)] = & (€). Lastly, consider the term
0([n, 7)) which is given by 0 (Ly-1,p14[1,77']). Given our choice, we have p1.7j = L&
and pr.ff = ly€, so that both fields are projected nicely®' to Difft(S!), which
implies that pi.[7, 7] = [P1+7, P1+0] = [Lpu&s Lps&'] = Ly [€, EToigy, where in the last

step we used the definition of the Lie algebra product as being homomorphic to the

3!Note that, in general, vector fields cannot be pushed through a (non-injective) map. Let
f: M — N be a smooth map and let V be a vector field on M. For each x € M we can define
the push-forward f.V; to y = f(z) € N. But if f is not injective, there may exist ' # x such
that f(x’) =y, and in general the push-forward f.V,s to y will not coincide with f.V;. If a vector
field V on M satisfies f.Vp = fuVy for all z, 2’ € f~'(y), for all y € N, then we say that V is
projected nicely by f to N'. The Lie brackets behave nicely under nice projections, in the sense
that f.[V,V'] = [f.V, fiV'].
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Lie bracket algebra of left-invariant fields. Thus,

010, 7)) = 6([&, & o) = —([&, € ]s1) (6.109)

So we have

w(,i) = a(g) - &'(€) + ([, ¢ ls1) (6.110)

which matches exactly with the symplectic form on S given in (6.66), confirming

that the correct symplectic form w on P is precisely the canonical symplectic form

w=w=db (6.111)

where 6 is the canonical potential 1-form on T*[Diff"(S!)/PSL(2,R)]. This concludes

the reduction process from P = Riem (2, ) xSym(E, (2,0)) to P = T*[Diff(S)/PSL(2, R)].

6.5 Diagrammatic summary

In Fig. 4 we illustrate the reduction process via conformal coordinates in a diagram-

matic way.

7 The reduced Hamiltonian

The Hamiltonian description of a dynamical system involves the specification of a
phase space (its topology and symplectic structure) and a Hamiltonian function

which generates time evolution. Having already completed the specification of the
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P = Riem(X%,v) x Sym(X

enlargenV \nstramts

P :=Diff*(D) x, C®(D,R") x Sym(%
constr;mts\‘ Agement
:= Difft (D) x Sym(D

bulk-diffeos quotient

~

S := Difff(S1) x viff*(S1)

PSL(2,R) quotient

P = T*[Diff"(5) /PSL(2, R)]
Figure 4: A diagrammatic summary of the phase space reduction process for the
diamond. From P to P the phase space is enlarged by introducing “conformal
coordinates” (¥,Q,5%), and the constraints define a submanifold S. The order of
these two steps can be interchanged, first going to S by imposing the constraints
and then enlarging to S by introducing conformal coordinates (V, 5%). From S to

S the bulk diffeomorphisms are removed, and to P the remaining PSL(2,R) action
is quotiented out.

reduced phase space P for the diamond, we now proceed to computing the Hamilto-
nian H which generates time-evolution according to our gauge-fixed choice of time,

i.e., evolution along the CMC foliation.

7.1 General review

First, let us recall how every symplectic motion on a phase space corresponds to an
action principle. Let P be a phase space with symplectic 2-form w. Locally, let 8 be

the symplectic potential 1-form for w, i.e., w = df. Given any function H : P — R,
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Figure 5: A curve 7 on the phase space P is deformed by the vector field n, while
its endpoints remain fixed.

define the action principle

Sy] = / (0 — Hdt) (7.1)

Y

where 7 : [0,1] — P is a curve on the phase space.’” The domain of S is given
by all smooth curves v with fixed endpoints. Note that this is just a covariant
way to write the usual phase space action principle: from Darboux’s theorem there

are always local coordinates {p;, ¢’} such that w = dp; A dg* and 0 = p;dq’; then

if v(t) = (pi(t),q*(t)), so the tangent vector is 4 = pia% + ¢ 6‘}, we have S[y] =
fol(pz‘(ii — H)dt = fol Ldt, where L is the Lagrangian associated with H. Now
we consider an infinitesimal deformation of v by a vector field n and evaluate the

corresponding variation of the action. [See Fig. 5.] More precisely, if ®,(s) is the

32Rigorously, in order to think of dt as a legitimate 1-form, the integral should be defined on
the extended phase space, P x R, where the “time” is adjoined to the usual phase space. In this
way, the integral is evaluated along the lifted curve T'(¢) := (y(¢),t). However we shall not be so
pedantic about this.
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diffeomorphism associated with flowing along n by a parameter-length s, define

55 = 2 5[, (s) 0

s=0

From the definition of S we have

S

d d d
—S[® so'y:/ Q—Hdt):/q) $)* (0 — Hdt
S enl = g0 [ i | #ale) @
and since the derivative is evaluated at s = 0 this gives a Lie derivative,
0S8 = / Ly (0 — Hdt)
¥
We have

£y0 = 1,d0 + du,)0

£ (Hdt) = (£, H)dt = (1, dH)dt

which leads to

08 = / (1w — (2vydH )dt) + 1779’87
g

(7.2)

(7.3)

(7.5)

(7.6)

where the boundary term vanishes because 7 = 0 at the endpoints of 7 (recall that

we are only allowing deformations that keep the endpoints fixed). This integral can
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be expressed as

1
0S = / dt (130yw — 1,dH) (7.7)
0

where 4 is the vector field tangent to «v. Thus we have
1
08 =— / dt v, (1vyw + dH) (7.8)
0

The variational principle says that 65 must vanish for all first-order deformations

of the curve 7, i.e., for all i, so we conclude that
dH = —15w (7.9)

That is, the time evolution associated with the action S (i.e., the curve ~(t) satis-
fying the equations of motion) is precisely the symplectic motion generated by the

Hamiltonian H.

7.2 The CMC Hamiltonian

We have learned that if one starts with an action S which can be written in the form
(7.1) for some phase space function H, then H is the Hamiltonian which generates
t-evolution. This tells us how to obtain the Hamiltonian on the reduced phase space.

We begin with the Einstein-Hilbert action (3.10), written in the ADM form,

S = / dt ( /Z A% 7 hgy — H) (7.10)
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where H is the Hamiltonian given in (3.13). The ADM decomposition must be
associated with our gauge-fixed choice of foliation, by CMC slices, so ¢ must be
some monotonic function of the CMC time 7 = —K. However we will leave this
relationship unspecified for now, simply keeping in mind that 7 is some function of
t, i.e.,, 7(t). As we must consider only paths restricted to the constraint surface,

where H = 0, we have

S = /dt/ d% m®hg, (7.11)
)

The goal is to write this action as an integral over curves on the reduced phase
space. To do so, let us first “pull-back” this action to the enlarged space S. Given
a curve ¥(t) = (hap(t),c®(t)) on the contraint surface S, there are curves J(t) =
(U(t),5%(t)) on S which map into v under the transformation (6.21), i.e., y(t) =
T;(7(t)). Note that we have a subscript on 7 to emphasize that this map is time-
dependent since T' depends on 7 through A, solution of (6.19). That there are many
74 associated to each 7 is just a consequence of the fact that S has more gauge

ambiguities than S. From (6.28) and (6.42) we have
1 -
e =0, [19}; (e%—“b + 2Th“b>] (7.12)

The “velocity” hgp can be written as 0hap(%), where ¥ is the vector tangent to ~. If

7 = (&, %) is the vector tangent to 7, then from a computation similar to what led
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to (6.36) we obtain
Shap() = T [~ £e( hap) + )'\e’\ﬁab} (7.13)

where A := %)\t, with \; being the solution of (6.19) for the curve (¥(t),5%(t); 7(t)).

Putting these together we get
1 - _ o
S = / dt / 9; (ﬂ&ab + 2Thab> <—£5(e’\hab) + )\e’\hab) (7.14)

where the ¥, goes away because V¥ is an automorphism of D and the integral is thus

invariant. Distributing the product we have

1 _ d
S = / dt / I <—a“b£§hab — QThabfg(e/\hab) + Tdte)‘) (7.15)

Let us analyze each of these three terms. The first term can be written as a total

a

spatial derivative, since % is transverse with respect to hqp, and so we can apply

Gauss’ theorem,

—/ﬂhﬁabi’gfbab = —2/19h5abvafb = —Q/ﬂhva (5_ab€b> = -2 /d(g na5'ab§b
(7.16)

From the association 6% ¢ &, defined in (6.60), we identify

- [ o3 £ = (8 (7.17)
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where f is the restriction of £ to dD. This reveals that this term depends only
on the curve 4(t) := ((t),5(t)) projected from S to S, where ¥(t) = ¥(t)|sp
and 5%(t) <+ &(t). In particular, note that the tangent vector to 4 is given by
’*y = (é, &), where a® & @. In fact, this term really looks like a pg term on S. Our

goal, however, is to have a pg term on P. From formula (6.106), relating 6 = J o

and &, we can express this term as

5(6) = J*0(7) = 6(J:) (7.18)

This further reveals that this term depends only on the curve 4 := J o 4 projected

from S to 75, since J,y = 5 is precisely the vector tangent to 7. Thus we have

— / 07,6 £ chay = 0(7) (7.19)

which is the desired pg term on the reduced phase space. The second term on (7.15)

can be worked out as follows,
1 - - 1 - -
—5Th Le( hap) = =5 (gcvc(ek)hab + ekwag,,) - 7V, (ekga) (7.20)

so again we have a total spatial derivative and we can apply Gauss’ theorem,

1 _ _
5 / I h® £¢(Mhay) = —7 / IVa (X6) = -~ / donae’e =0 (7.21)
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and we conclude that it vanishes since ¢ is tangent to the boundary. Finally, the

third term on (7.15) can be integrated by parts (in time) to yield

i foue == facsy foue +[r [,
dtt— [V5e’ =— [dt — [ Ve + |7 | Dpe (7.22)
/ dt ) " dt | " ",

Therefore, up to a time-boundary term (which does not affect the equations of

motion), we have cast the action in the form

Sy = A (9— / 9y dT> (7.23)

where 7 is the projection of v to the reduced phase space. We conclude that the

reduced Hamiltonian conjugated to the time variable 7 must be given by
H= / 07 (7.24)

Although it should follow just from consistency that this H is a well-defined function
on 75, we will show it explicitly. Before presenting a technical proof, let us give a
physical interpretation for this Hamiltonian, which should by itself clarify why H is

well-defined on the reduced phase space. From (6.42) and (6.16) we have

- / oy = / Dy, (7.25)
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since ¥ is the covariant volume element, it transforms nicely under a diffeomorphism,
ie, Og-1, =V, 19,,. Using the invariance of the integral under automorphisms, we
*

get

H= / O (7.26)

That is, H is equal to the area of the CMC slice with mean curvature K = —7.
Since this is a gauge-invariant property of the spacetime, it should be a well-defined
function on the reduced phase space. This Hamiltonian associated with evolution

along CMC slices is known as the York Hamiltonian [40].

7.3 The Hamiltonian is well-defined

Now, just for completeness, we will prove explicitly that H in (7.24) is a well-defined
function on P. First we note that H is a well-defined function on & , H (1,5), since A
is the unique solution of (6.19) where ¢ is determined by & via the mode expansions
in (6.53) and (6.56) and the boundary value of A is determined by ¢ = ¥|sp via
(6.18). We therefore just need to show that H projects nicely through J to P, ie.,
that H(¢,5) = H(¢/,&') whenever J(, &) = J(¢/, ).

Let us go back, temporarily, to the notation used in the theorem proven in point
(7) after (6.72). We wish to have an explicit characterization of the pre-image under
J of points in T*(G/H); in particular, we want to know how the gauge group H

acts on G x g*, for the orbits of H are precisely the pre-images under .J of points in
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T*(G/H). Consider a transformation on G x g*, (g,0) — (¢, "), such that

J(g,0) = J(g',0") (7.27)

This requires that [g] = [¢'], and so there must exist h € H such that ¢’ = gh. Also

J(g,0) (V) = J(gh,o")(V) for all vectors V at [g] € G/H. This implies

o(E(X)) = o' (E(X")) (7.28)

where X and X’ are vectors at ¢ € G and gh € G, respectively, such that ¢, X =
q+X" = V. Note that, given X at g, we can always choose X’ = r,, X as the vector
at gh. This follows from the fact that ¢(g) = q(gh) = qorp(g), s0 ¢« X' = qu(rpX) =

¢« X = V. Thus we have

0(lg-1.X) = 0" (Ugny-1271:X) = 0" (l-1,ly- 1,73 X) = 0" (Ady 1,0, 1,X)  (7.29)

As we can choose any V at [g], in particular we can choose V = ¢.l4.&, for any
€ € g, so we conclude that o/ = Adj o or, using the definition of the coadjoint action
introduced in (6.87),

o' = coadj,-10 (7.30)

149



Thus we can define the (right) H-action I';, on G x g* by

I'n(g,0) := (gh,coady-10) (7.31)

and this is precisely the gauge group of G x g*, that is, J(g,0) = J(¢’,¢’) if and only
if (¢',0") =T'h(g,0) for some h € H. Note that this result can be straightforwardly
used to derive the kernel of J, as characterized in (6.93).

Particularizing to Difft(S1) x Dioff*(S 1), we consider the transformation

(¥, 6) = (¥',6') = (Y, coad,-16) (7.32)

where ¢ € PSL(2,R). We are interested in computing how A changes under this

transformation. Recall that A is the solution of

VA4 e 26%G, — erx =0 (7.33)

with boundary conditions

AL -1
hl = 34
eh| (e (7.34)

The transformed A, )\, will be the solution of

V2N + e N5y — Ny =0 (7.35)
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with boundary conditions

X 1
hl = .
ethl = (7.36)

Let us first study how the boundary conditions for A and )\ are related. Recall that
PSL(2,R) action on S is simply the boundary action of the diffeomorphism part of
the conformal isometries of D, that is, given ¢ € PSL(2,R) C Diff"(S'), there exists

a unique ® € Diff" (D) satisfying ®|sp = ¢ and a unique Q € C>°(D,R*) such that

h = ®.Qh (7.37)
We have
ME| =Tty =t e (7.38)
SO
}_l‘aD = e_)‘<p* ) op ©Ox e_)‘o‘pe/\/ﬁ’aD (7.39)
so we can identify
eoetN| —qf (7.40)
oD oD
which gives
X| = (op+log) ‘w (7.41)

This suggests a convenient change of variables from ) to X defined as

A=, (N —log Q) (7.42)
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since this implies that A is subjected to the same boundary conditions as A, that is,

A

(7.43)

oo = oo

It is natural to wonder if  also satisfies the same equation as A, which would imply
that A = A. To investigate this possibility, consider the action of the Lichnerowicz

operator (for &) on A,

L) = V2 4 e 6%5,, — ety (7.44)

The first term can be manipulated as

2 5 2 2 2
VE A= V2 0. (N —log2) = . [V2, 1 (X — log Q)} — o, [V(QE)(X ~log Q)
(7.45)
where V%h) denotes Laplacian covariantly associated with h, and it transforms in a

simple manner under the Weyl scaling

VA=, Q_1V?ﬁ)(A'—logQ)}: [Q v, )X} (7.46)

in which we used that V%ﬁ) log Q@ = 0.3 The second term gives,

7’\aabab—e @2 (N ~log Q) zab Tap = Py {7XQ<I> (0’ Ub)} (7.47)

33 As explained before, this follows from the fact that ®,'h and Qh are both flat and the Ricci
curvature transforms like Rz = Q! (R<}_L) - V<h) log Q)
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and the 7%, term can be written as
ot (a“baab> = ¢! <Bacﬁbdaab5cd) = QhaoQhpg (P, 15%) (D L5e?)

and so

e 55, = @, [Q?’e_xl_zacﬁbd(@;l&“b)(<I>;1c7'cd)

The third term is easy to compute,

exx — 2N log )y g, [Q_1€>\,X}

(7.48)

(7.49)

(7.50)

Now let us see how the transformation & — &' is expressed as % — "%, Given a

vector field é on S!, representing an element of the algebra of Diff(S!), we have

A~

5 () = Ad56(E) = 6(Adpd) = 5(.6)

(7.51)

where we used that adg,é = go*g . This formula for the adjoint action on a group

of diffeomorphisms is intuitive because ad,, is a linear map on the space of vectors

fields f and it carries a representation of the group, so it is natural to guess that it
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should act as the push-forward ¢,.** From the identification (6.60) we obtain

/195 5’lab£§/_lab = /195 5’ab£¢.*§ﬁab (7.52)

where £ is any extension of é to D. In principle this equality is also valid for an
arbitrary extension of ¢ to D, but we chose to extend it as ® for convenience. Pulling

out the diffeomorphism on the right side of the equality gives

/ 95 5% £ chay = / @, [ (8716°) £e(®; )] = / Do (716%) £¢(Qhas)
(7.53)

where we used the invariance of the integral under a diffeomorphism. Note that
(CI’*_lﬁab)fg(QiLab) = (@:15ab) [JggQ?Lab + Qféﬁab] = Q(@:lﬁab)féﬁab (7.54)

where the first term inside the brackets vanishes because of the transverseness of

g, ie., (@710 hyy = Q1@ 5% hep) = 0. Thus,

/ 0, &P Lehay = / Oy, (2@, 15%) Lehap (7.55)

34Here is the proof. Let M be a manifold and Diff(M) be its group of diffeomorphisms. Let
the action of Diff(M) on M be denoted by I'p(¥)) := (p), where p € M, so the vector field
induced by £ € 2iff(M) is given by Xf, = I'p.§. Given two diffeomorphisms ¢ and %, note that
o¢ = Ppp ' = Ady o), which can also be expressed as Lyp) 0o Ady = ¢ oI'y. Taking the
derivative of this expression and acting on £ gives xAdee Vs (XS), where ady := Adys. Under

% (p)
the identification & ~ X this reads adyé = ¥.&.
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so we can identify

5" = 02159 (7.56)

This identification is legitimate because Q?®, 1% is traceless and transverse with
respect to ®,Qh = h and it is associated with ¢’ via (6.60). With this expression,

we can rewrite the second term in (7.44) as
efxﬁaba,ab _ efé*(A’flogQ)a,aba,ab — &, Qflef/\’(}/ab(}/ab (7.57)
Putting the three terms together we obtain
L =307 | V2N + e V5% — e x| =0 (7.58)
so we conclude that X is in fact equal to A, which implies that
N=Xo® +1log (7.59)

The transformed Hamiltonian is then

HW,8') = /ﬁﬁe” - /1959@‘1’*‘“ — /%Ilh@;l& — /cb;l (05" = Hw,5)
(7.60)

finishing the proof that H is indeed a well-defined function on P.
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8 Approximations for the Hamiltonian

The Hamiltonian generating evolution along CMC slices is, as we have just seen,
a T-dependent function on the reduced phase space given by the area of the CMC
slice with mean curvature K = —7. Despite its simple geometric interpretation,
this function is extremely complicated: in order to evaluate H at a point p € 75, we
need to take any (,5) € J~!(p) and solve the differential equation (6.19) for A, in
which & enters through the term %64, and 1) enters as a boundary condition, and
then integrate e* over the disc D. It is thus worthwhile to investigate whether there
are certain regimes in which the Hamiltonian can be approximated by something

simpler. There are three independent length scales in our problem,
e the boundary length, ¢;

e the AdS length, faqg := \/%7;

e the Planck length, ¢p := hG;

and we recall that we are considering ¢ = 1. As usual in quantum field theory, we
shall also consider h =1, so £p = G. We wish to explore the different limits of these

scales.

8.1 Reintroducing the physical scales

Let us explicitly reintroduce these scales in our formulas. As we wish to take hgy

as corresponding to the unit-radius (dimensionless) disc, h = dr? + r2d#?, let us
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redefine the conformal map in (6.16) as

2
hap = <27T> U, gy (8.1)

and the boundary condition (6.18) reads

e)‘B’ _ (L _2¢—1 (8.2)
oD 2w » 7 '

In this way, the length scale is fully encoded in hg, while ) and A are dimensionless.

In particular, if v = (¢/27)%d6?, then
A 702 —1 302
de = dé .
ehdd”| =1 (8.3)

There is no reason not to make that choice since v can always be parametrized
by proper length, and we can define the unit disc by a uniform rescaling of the

boundary. Similarly, a reasonable redefinition of the map in (6.17) would be
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so that 6% is dimensionless, since o has dimensions of length=2.>> However, a
more natural redefinition turns out to be

N
o = 167lp (277) W,e 25 (8.5)

which also leads to a dimensionless . The reason for introducing this ~G factor
is because the correct expression for the conjugate momentum, when the overall

(167G)~! factor in the action is not omitted, is

1 1
ab __ ab | ~_1ab
™= det(h) <a + 27’h ) (8.6)

so this (16wG) ™! factor appears in the rightmost side of the expression (6.30) for the
pre-symplectic form €. In this way, the inclusion of the 167¢p in (6.17) exactly can-
cels this factor in the corresponding (pre-)symplectic form on S, @, given in (6.44).

In fact, (6.44) is correct as it stands, as ¢ will not appear either. This is because ¢,

5 . . . . . .
35 A brief comment on how we are assigning dimensions to tensors. The length of a curve ~ is

given by fdt\/hab"y“"y”, and this must have dimension L. The tangent vector 4 can be defined

for its action of functions as ¥(f) = < f(y(t)), so we see that it is natural to associated dimension

T~ to 4, where T is the dimension of the parameter ¢t. Therefore, from the formula for the length
of v, we have L ~ Tv/haT—1T—1, so we conclude that the metric h,p must have dimension 2.
This is consistent with a typical expression like h = da® + dy?, where the coordinates = and y

have dimension L. The extrinsic curvature is defined by a formula like Ko, = %.£,he where

n is a unit vector (and so m must have dimension Lil). Therefore, Kup ~ IflL22 ~ L. Since
h%®hy. = 62, and 62 is naturally dimensionless, we must have h®® ~ L~2. Note that this gives
K = Koph® ~ LL™% ~ L™, which is consistent with the interpretation that K gives the rate (per
unit of normal length) that the volume 69 of a piece of the surface changes, K = 2 499 - Tastly,

50 dl
K = hop K.y~ L72L7%L ~ L73, so 0 have dimension L 2.
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as introduced above, can be completely absorbed in an effective redefinition of A,

hap = \Ij*e)\—l-Q log(¢/2) Eab

O_ab — 167T€P\II*€_2(/\+2 log(Z/Qﬂ))&ab (87)

and A does not appear explicitly in (6.44). This means that all formulas in the
remaining of that section are correct as they stand. In particular, the association
% G, the projection map J, and the fact that the symplectic form on P is equal
to the canonical 2-form associated with its cotangent bundle structure all remain
unchanged. There are only two formulas that need to be updated in view of (8.7),
the Lichnerowicz equation (6.19) and the reduced Hamiltonian (7.24). Since the
Lichnerowicz equation is a direct consequence of the Hamiltonian constraint, (6.11),

which is independent of the overall factor (167G)~! in the action, we have

V2 (A + 2log(£/2m)) + e~ AF2108E2m) (16700 p5Y) (167 pagy) — M H2108E2M)y =
(8.8)

which gives

_ 9 2 2 2 9 2
v2)\ + (3 7;€P> &aba'ab 6_)\ - <2€_‘_> <£2 + 7—2> 6/\ = 0 (89)
AdS

where we wrote x explicitly to display the AdS length. The reduced Hamiltonian

gets a factor (167G)~! from the action, and another from the effective redefinition
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of A, so it becomes

. 2
H = (16mlp)~" /19,—16(“21%("/2”)) = 64ﬁ3€P /19,—16* (8.10)

Note that it has dimension of length because it is conjugated to a time, 7, which has
dimension of length™!. While the overall factor in the Hamiltonian is not particu-
larly interesting, the different length scales still enter implicitly through A, which is
a solution of (8.9).

Let us now study more carefully the behavior of the Lichnerowicz equation (8.9)

in different regimes. For reference, let us cast it in the more compact form
VI + ke —xe* =0 (8.11)

where

2m20p\ 2
K= <3 “/P) 7 (8.12)

is some sort of kinetic energy term, since it is quadratic in % which is a “momen-

¢ \2 2 72
X = () ( + ) (8.13)
2 E?Ads 2

is a dimensionless version of x, just a (time-dependent) constant. It is worth noting

tum” variable, and

that this equation can be derived from a variational principle. The underlying
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functional is given by
1
I[N\ = / U3, <2|V>\|2 + re N+ )‘(eA) (8.14)
D

where |[VA]2 = h®V AV, ). In the extremization, the variable A : D — R is varied
with its boundary value fixed by (8.3). Computing the variation of I up to second

order in dA gives

oI = — / 9; (WA + e — )‘(eA) X+ % / 95 (\WMQ + e A% + )Ze’\d)\Q)

(8.15)
so from the first-order term we recover (8.11) and from the second-order term we
conclude that the extremum is a (global) minimum of I. There is a simple pictorial
interpretation for this variational principle: we imagine A as specifying the config-
uration of a membrane in D x R. This membrane is a cross-section of this (solid)
cylindrical space, fixedly attached to the boundary (as determined by ), which can
be deformed up and down in the bulk. The first term in the functional is an elas-

tic potential energy of a “Hookean” membrane®® and, in the minimization process,

36The term “Hookean” is used here to describe an elastic membrane that sustains a tension
proportional to the local stretching factor, i.e., 7 = k(da’/da) where da’ is the area of a piece of
membrane with relaxed area da. If 6a’ is further stretched by an infinitesimal normal displacement
ds, its area will change as da’ — da’ + [ dlds, where dl is the length element along the boundary of
da’. The work done to stretch this piece is §U = [dl7ds = [dl k(da’/6a)ds = (k/da) [ d(da’)(da") =

N 2
géaa/éa, The total potential energy of the membrane is thus U = [ 6a§ (%) . Now consider the

membrane in the Euclidean cylinder D x R, and say that z = A = 0 is the relaxed configuration.
Then for a generic configuration z = A(z), obtained by deforming the membrane vertically, (z,0) —
(z, M(x)), a relaxed piece of area da = d% will be stretched to da’ = /1 + [VA[2d%z, so the potential
energy (for k = 1) will be given by U = [, d% 5 (1 + [VA]?) = 5 + [, d%x 5|VA].
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it offers a resistance against stretching the membrane too much; the second term,
proportional to the kinetic energy &, tries to pull the membrane upwards; and the
third term, acting as a time-dependent external force, tries to pull it downwards.
This picture provides a clear way to see that the Hamiltonian tends to increase with

the kinetic energy «, just as in typical systems.

8.2 Liouville equation

The Lichnerowicz equation, (8.11), is a quite complicated non-linear partial differ-
ential equation. It is remarkable that it can be solved exactly in the case of zero

momentum. In 1853, Liouville decided to study the equation
————-2=0=0 (8.16)

managing to find a general analytic solution for it [72]. This is equation, which we
shall call the Liouville equation, is quite reminiscent of (8.11) when the kinetic term

is absent,

VA —xe* =0 (8.17)

In fact, they are related by a change of variables Q = e* and

u=2x+1y

v=1o — iy (8.18)
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where z and y are Cartesian coordinates on (D,h). Since u and v are just the
complex coordinates associated with (z,y), we shall use the more standard notation

of z=x + iy and Z = & — iy. The general solution for this equation is given by

f'(2)g'(2)

A =log | —
SN - f(2)9(2)

(8.19)

where f and g are arbitrary meromorphic and anti-meromorphic functions on D ~
D, and f" and ¢’ are their respective first derivatives. Since A must be smooth and

real on D, we must impose some additional conditions for f and g. To ensure reality,

the simplest condition is to take g(z) = f(z), so we would get

oL ] 520,

o S
To ensure smoothness, we may require that f’ is nowhere vanishing on D and that
the image of f is either entirely in D or in C — D, so the denominator never vanishes.
An interesting solution is the one corresponding to the symmetric diamond, i.e.,
the state (1, 5) = (I,0). This is the diamond whose maximal surface is an Euclidean
disc. This case is particularly simple so that we do not even need to use the general
solution described above, as the corresponding Lichnerowicz reduces to an ordinary
differential equation for Ag(r,0) = A\o(r), in polar coordinates,

1 d )\0 _ )\O o
T (Tdr) xe'’ =0 (8.21)
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satisfying boundary conditions A\(1) = 0 and Aj(0) = 0 (where the derivative condi-

tion is so that Ag(r, ) is regular at the origin). The solution is given by

8C X +4++/8x+16
)\0(7",9) = lOg(O_CC'_’,"2)2> 5 C = X )_(2 X (822)

Notice that this result can also be obtained from the general solution (8.20) for the

function

flz) = ~C (8.23)

In fact, the choice f(2) = /xC/z also leads to the same result, revealing that
different fs may correspond to the same solution.

We can compute explicitly the Hamiltonian for the symmetric diamond. Insert-
ing (8.22) into (8.10) we get

_ 02 0

1
Hy= ——— 27T/ rdr (") =
64730p " Jy 32720p (1 i 1)

(8.24)

Observe that, as expected, the Hamiltonian is maximal at 7 = 0, decreasing mono-

2

tonically as 7° increases.

8.3 Large boundary length

An interesting regime is that of a large boundary length compared to the AdSs
length, i.e., £ > laq5. Basically we are interested in the limit where ¥ is large,

presumably when compared to the scales of the kinetic term ke* and the boundary
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values Alg = 2logv’, but the precise conditions for the approximations to hold
will be defined later. Note that this is also achieved for very late or earlier times,
when |7| > ¢~1. In this limit we expect that the contribution of the kinetic term
should be subdominant when compared to the “external force” ye*. Thus, it should
in principle be possible to perturbatively expand the Hamiltonian around the zero-
momentum solution, which we know exactly. Instead of tackling the full problem, let
us consider a simpler version of it where we expand around the symmetric diamond
state (¢, ) = (I,0).

Let us assume that, in a certain neighborhood of the state (¢,¢) = (I,0), the

solution to the Lichnerowicz equation (8.11) can be written as

A=A+ 0 (8.25)

where \g is the solution associated with the (I,0), given in (8.22), and A < 1 is a

small correction. The Lichnerowicz equation then reads

VZ(Ao + 0A) + ke 20e™ — getoedr = 0 (8.26)

which can be approximated, to first order in JA, as

V26N — 30N = —ke 0 (8.27)
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where we expanded e* ~ 14 §) and neglected the (higher order) term xd\. Since
Aol = 0, the boundary condition for A must be entirely supplied by d\|s = 2logv)'.
Since dA < 1 we must require

2logy’ < 1 (8.28)

that is, the diffeomorphism must be sufficiently close to the identity. Notice that
if Kk = 0 and ¢’ = 1 the perturbation would vanish and the solution would be
A = Ag, as expected. It is convenient to decompose the perturbation into two parts
depending on the “source” causing 6\ not to vanish. Namely, write A = 6\, + A,

where )\, and 0, are defined by the equations

V26Ag — xeM0N; =0, dNglo = 2log 1)’ (8.29)

V20, — X€M0N, = —ke ™ Aplo =0 (8.30)

In this way, 0\, satisfies a homogeneous equation “sourced” by a nontrivial boundary
condition (so it is associated with “position” variables ¢ = 1) and J\, satisfies an
inhomogeneous equation, “sourced” by the kinetic term, with a trivial boundary
condition (so it is associated with “momentum” variables p = &). Let us analyze
the typical behaviors of these two equations below.

The position-sourced perturbation equation, (8.29), can be cast as a minimiza-
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tion problem associated with the functional
1 _
Ll = 5 /d% (19ul? + xeu?) (8.31)

The minimizer u : D — R of I, satisfying the boundary condition u|s = 2log?)’, is
the solution d\,; of (8.29). Using the “elastic membrane” interpretation discussed
around (8.14), we see that the term |Vu|? tries to keep the membrane as flat as
possible and term u? tried to keep it as close to u = 0 as possible. The u? term

comes accompanied by the factor ye*. In the limit ¥ > 1 we can approximate C'

in (8.22) by (Y + v/8X)/x?, so we have

8

(1 —r2 4+ 8/)2)2

et ~ (8.32)
Note that this factor is ~ 10 in most of the interior of the disk, growing to a huge
value ~ x near the boundary. This means that, if ¥ is large enough, it will bring the
membrane to zero as soon as it leaves the boundary, which would then just remain
close to zero in the interior. See an example in Fig. 6.

The momentum-sourced perturbation equation, (8.30), can also be cast as a

minimization problem, associated with the functional

1 _
Lu] = 3 /d2x <|Vu]2 + yetou? — 2/4;6_)‘0u) (8.33)
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Figure 6: Typical solution for 6]\, in the large  limit.

The minimizer, satisfying the boundary condition u|g = 0, is the solution d\, of
(8.30). In the membrane interpretation, the terms |Vu|?and u? act like before, and
the term linear in w tries to pull the membrane up. The coefficient of the linear

term is (—2 times)

ke N & %X (1 —r? 4 \/8/2)2 (8.34)

Note that this factor is of order ~ kx/8 in most of the interior of the disc, going to
~ k near the boundary. Therefore the kinetic term may actually have a significant
effect near the center of the disc. To estimate its influence, we combine the u? and

the u terms by “completing the square”,

—Xo 2 2
e ou? — 2ke M0y = yeto (u _ ke 5 ) — 3% (8.35)
xero

Hence we see that the effect of these terms combined in the functional is to pull the
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membrane toward the “equilibrium” configuration ueq,

—o 4
Ueq 1= — 5 = 42 0% x> <1 —r? 4 \/8/)_() (8.36)

where we used the definition (8.12) of  in terms of &2 := %G5 and the definition
(8.13) of ¥ in terms of x. The term |Vu|? will offer some resistance to deforming
membrane from u = 0 (the flattest configuration) to ueq, so we expect that u will
be (roughly) bounded by ucq. Nonetheless, we still expect that the minimizer u will
be of the same magnitude as ueq, so in order for our approximation to be legitimate
(i.e., u < 1) we need to assume ueq < 1, which implies

(¢/tp)?
1674y

5_2

< (8.37)

If, for example, 72 is not large so that y ~ 2 /Ei dg> then the right-hand side becomes
~ Eids/&TQE%, which can be satisfied for a large range of ¢ if £445 > ¢p. Let us
now consider the behavior of the solution near the boundary. There the coefficient
2ke™ 0 is suppressed by a factor of ~ 8/x while the coefficient ye® is enhanced
and attains values of order ~ x. Consequently, the equation tries to make the
membrane very flat as it approaches the boundary. In particular, we expect the
normal derivative of 6\, to be very small near the boundary.

Let us now proceed to find an approximated expression for the Hamiltonian H

in this regime. It is interesting that we can obtain a general result for H without
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the need to fully solve (8.27). Expanding ¢’* ~ 1 + §\ in (8.10) we get

~ o~ 02
H ~ H, d?z e\ .
0+ =T / Te (8.38)

where I;TO is given exactly in (8.24), but can also be approximated in the large y

limit as
~ £2

Hym — 8.39
07 16720p\/2x (8.39)

Considering the decomposition of dA in 0\, and 0, we can define two parts for the

Hamiltonian perturbation,

" 2

§H, := 647‘;3 0 / d*x o), (8.40)
~ 02

SH, = / Pa M5N, (841)

so that H ~ Hy + 5ﬁq + 5flp. The slick observation here is that d\ is integrated
against a rotationally-symmetric function, e, implying that only the zero Fourier
mode of 0\ contributes to the Hamiltonian. Moreover, since dA satisfies a linear
equation associated with the rotationally-symmetric operator V2 —ye?, the Fourier

modes are all independent and we can therefore solve specifically for the zero mode.
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Consider the zero modes of the “sources” given by

1
To = o /da 21og 1/ (6)

Ko(r) : 1/d¢9 k(r, 0)67/\0(’")

:277

and the zero modes of the perturbations

1
SAD) = — / dh o),

q 2
SAO) . — 1 / df S\
Y4 271' D

(8.42)

(8.43)

(8.44)

(8.45)

Integrating (8.29) and (8.30) in @, using the polar expression for the Laplacian, we

get

ror \' ar
10 ( a5AY)

0)
10 ( DN > Ce® 0, A, =T

2920 ) s hosy(0) 0)), —
o r 8r> Xe 0N, Ko, 0M\’0o=0

(8.46)

(8.47)

Note that the term proportional to x is precisely what appears in the integrands of

(8.40) and (8.41). Therefore, if we integrate the equations above in rdr we should
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get

~ 2 o1 1o asnl?
SH, = 2 dr = | -=— 4 A4
1 64m30p /0 " T)Z [r or (r or (8.48)
~ 2 o110 anl
5Hp = 647‘[‘3£P2 /0 rdr § [7"87" (T 8: + KO (849)
which gives
. 2 1 96AY
H,= - 1 :
oHq 2rpx  Or | (8.50)
SH. — 02 l 85)\;(70) N 1 /1d7’7‘(1 - 7‘2)2 /d@lﬁ (8.51)
P 32n20p \ ¢ Or ., 167 Jg '

where in the last integral, involving x, we approximated (1—72+./8/%)? ~ (1—r?)2.
In our study of the typical behavior of )\, and d),, we noted that d\, grows

steeply near the boundary in the limit of large . In fact we can show that, in this

= TO\/g (8.52)

r=1
The proof goes as follows. The function multiplying 5)\5]0) in (8.46) ca be approxi-

limit,
a5
or

mated by
= AR~ P (559
where
P = 1+:/2/7>‘< (8.54)
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In this new variable 7, equation (8.46) becomes approximately

(0) (0)
1
1d ?dME L R (8.55)
rdr dr (1—-72)2

whose general solution reads

c1(1+72) + c2(2 + log 7 — 72 log 7)
1—72

0
A = (8.56)

for real coefficients ¢; and cp. In order for 5)\1(10) to be regular at r =0 (7 = 0) it

is necessary that co = 0. The boundary condition is that 5)\510) =Tpatr=1,or

7=1/(1++/2/x), which implies

2
c1="Yoy/ = 8.57
Z (8.57)
The first derivative in r gives
AN doN) . \F 47 (658)
dar— dr V(=) ‘

Note that at » = 0 we have dé)\((lo)/dr = 0, as expected (to avoid a kink at the
origin). At r = 1, we obtain (8.52).

The above result yields,

Uags

57, = taas
1 167mlp\/2x 0

(8.59)
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where we have written y in term of y. We should note however that, to first order

in 6\, To actually vanishes. This follows from the fact that ¢ is a diffeomorphism,

SO

27r:/d91p’(9):/d9610gw/%/de(l—i—logw’):%r—i—ﬂ”fo

Hence, in our approximations,

§H, =0

(8.60)

(8.61)

We have indicated that 6\, tends to flatness near the boundary, so the derivative

term 1s subdominant in this case. Therefore we have

_ 1
0H, = 27T€p/ drr(l —r?)? /d& 52
0

Using the Fourier expansion of #¥, given in (6.53), we obtain

52 =" = > A" (anam + babp) cos[(n — m)0)]

n,m>0

whose zero mode is

1 ~2 _ 2n 2 12
2ﬂ_/d90 —247“ (az +b;)

n>0

Finally, using the result

1
(n+1)(n+2)(n+3)

1
/ drr?" (1 —r?)? =
0
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we obtain

0H, =167%p Y G+ b (8.66)
P (n+1)(n+2)(n+3) ’
n>0
Hence, the Hamiltonian in this regime becomes approximately
a% + b% Pl Ads (8 67)

H ~ 1672¢
4 P%(n+1)(n+2)(n+3) 8lpy/2

That is, in this regime, the system behaves as a (countably infinite) collection of
independent free “Newtonian particles”, each with kinetic energy p2/2M,, where
the “effective mass” is given by

(n+1)(n+2)(n+3)
32720 p

M, ~ (8.68)

However, we should only read off the “effective masses” after expressing the coeffi-
cients a, and b, in terms of the canonical momenta P,, which is a topic for Part II.
This detail aside, the masses above tend to grow with the mode number n, which
is satisfying since this means that the modes associated with a more oscillatory di-
amond corner®’ are more massive, and thus more difficult to “excite”. Finally, we

remark that this approximate form of the Hamiltonian should be interpreted with

care, as we must not forget that the exact Hamiltonian, although bounded from

37 As we are going to discuss later, the “momentum variables” are related to how the corner loop
of the diamond wiggles in a lightlike direction, while the “position variables” are related to how it
wiggles in a spacelike direction. This interpretation also provides a way to see that “larger p” tends
to increase the Hamiltonian (since a more lightlike boundary can enclose a larger area for a given
perimeter) and a “larger ¢” tends to decrease the Hamiltonian (since more spatial wiggling tends
to shrink the enclosed area).
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below, does not have a minimum (similar to an exponential, e* > 0). Therefore, the
symmetric diamond is not the “ground state”, as one could perhaps think by just
looking at this approximated Hamiltonian, but there are states with lower “energy”.

It would be interesting to carry out the Hamiltonian expansion up to higher

orders, where higher terms in e®*

would be kept. At second order we expect a non-
trivial potential V(1)) to appear. Note that, at first order, one could be erroneously
led to believe that one is expanding around a minimum of the Hamiltonian, since
p?/2M is minimized at p = 0. However, we know, non-perturbatively, that the
symmetric state (¢,5) = (Z,0) is not a minimum of the Hamiltonian, but rather a
saddle point. In fact, since the Hamiltonian corresponds to the area of the CMC
slice, it is bounded from below (by zero) but it has no minimum (since there is no
regular state with exactly zero area). This feature is reminiscent of Liouville field

theory, whose potential has an exponential form, V(¢) = e?*? and has shown many

links to low-dimensional gravity [73, 74, 75, 76, 77, 78, 79].
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Part 11
Group-theoretic quantization

9 Group-theoretic quantization

Canonical quantization is a fantastical tool discovered by Dirac that allows one to
infer the quantum theory underlying a given classical theory. It is based on the
idea that the dynamical laws of classical and quantum theories, and the underlying
mathematical structures describing those laws, are fundamentally analogous. The
traditional approach to quantization usually involves a choice of conjugate coordi-
nates, x’s and p’s, on the phase space which are promoted to quantum operators
satisfying the canonical commutation relations. However, this approach does not
apply directly to phase spaces with nontrivial topologies, or lacking a natural linear
structure, since they do not admit a (natural) global coordinate chart. Since the re-
duced phase space of the diamond, T*(Diff"(S')/PSL(2, R)), does not have a natural
linear structure, we must resort to more general canonical quantization schemes. In
particular, as this phase space is the cotangent bundle of a homogeneous space, it
is natural to consider Isham’s group-theoretic approach to quantization [41, 42] in
which the quantum theory is based on a transitive group of symmetries of the phase
space. This section contains a brief introduction to the basic principle of canonical

quantization, followed by a general review of Isham’s group-theoretic quantization
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scheme, which is finally specialized to the case of phase spaces with a cotangent

bundle structure.

9.1 The basic canons of quantization

Canonical quantization posits that the quantum theory should retain the dynami-
cal laws of the classical theory, to the highest possible extent, while replacing the
classical notion of kinematics by the appropriate quantum notion, where states go
from points in a phase space to vectors (or rather, rays) in a Hilbert space and
observables go from real functions on the phase space to self-adjoint operators on
the Hilbert space. More precisely, classical observables are real functions f on a

phase space, endowed with a Poisson algebra coming from the symplectic structure,

frcg=1{f9} (9-1)

in a corresponding quantum theory, observables are self-adjoint operators f\ on a

Hilbert space, endowed with a commutator algebra
Af* Gi= & [Af/\] (9.2)
QY= Fl-9 .

where the complex unit is included so that the product returns a self-adjoint operator
and f is a dimensional constant (interpreted as the Planck constant). The principle

of canonical quantization is that given an appropriate subalgebra of observables
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in the classical theory, A¢, there would be an homomorphism ¢ to a corresponding
subalgebra of operators in the quantum theory, Ag. That is, q : Ac — Ag is a linear
association from classical observables to quantum observables, f — f:: q(f), such
that q(f*cg) = q(f)*gq(g), or, in the more familiar notation, [f, gl =ih {/f,-g\} The
intention is to preserve, to a sensible extent, the dynamical structure of the theory.
Namely, the time evolution of a classical observable f under the Hamiltonian H is
given by

af
=)y 93)

while, in the quantum theory, the time evolution (in the Heisenberg picture) of an

observable funder the Hamiltonian H is given by
[f, H] (9.4)

indicating that mapping { f, H} — % []?, H | is precisely what is needed to ensure that
df /dt is mapped to df/ dt, so that the quantization map is preserved in time. How-
ever, as explained below, there are often obstructions in constructing such a quan-
tization map, consistently, for all observables. Accordingly, different quantization
schemes propose different manners to construct a “most consistent” quantization
map.

In general, the classical subalgebra of observables A¢ is assumed to be complete

in the sense that the specification of the value of all f € A¢ completely determines
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the state (i.e., point in the phase space), possibly up to a finite ambiguity (i.e., any
point in the phase space has a neighborhood whose points are uniquely determined
by the values of the f’s). Such a subalgebra of observables, when selected as the
basis for quantization, will be called a canonical algebra, and its elements canonical
observables or also canonical charges. It would be desirable if this homomorphism
could be taken to satisfy some basic properties, such as:

(1) Mapping the constant unit function, v : P — {1} C R, to the identity
operator, i.e., q(u) = 1;

(71) Commutativity with composition by real functions, i.e., for any real function
o :R—=R, q(o(f)) =o(q(f)). (Ak.a., the von Neumann rule.)
One may consider these properties desirable for the following reasons. First, an
observable that takes the same value 1 at every classical state should correspond
to an operator whose spectrum contains the single value 1, which is the identity.
Second, if one has designed a classical experiment to measure a given observable
f, then the same experiment can also be used to measure any other function ¢
of f by simply running it and acting on the output data with ¢; at the quantum
level one could expect that the same principle is true, in that if this experiment is
run and the system is found to be in an eigenvector |a) of q(f) with eigenvalue «,
then the same experiment could be used to measure q(¢(f)), and the same state |a)
would also be an eigenvector of the corresponding quantum operator with eigenvalue

¢(a) — but, by definition, the operator that has the same eigenvectors |a) as q(f),
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with corresponding eigenvalues ¢(«), is precisely ¢(q(f)). In principle, this second
property would allow one to extend the quantization map to the entire algebra of
observables, since any observable can be (locally) written in terms of a complete
set of observables — such an extension is not unique due to operator-ordering am-
biguities. In addition, the corresponding notion of completeness at the quantum
level is that the algebra must be represented irreducibly in the Hilbert space. This
is based on the correspondence between symplectomorphisms, at the classical level,
with unitary transformations, at the quantum level. Namely, an algebra of clas-
sical observables is complete, in a sense equivalent to the discussed above, if the
symplectomorphisms it generates act transitively on the phase space, i.e., any two
states can be connected by “evolving along” some observable; at the quantum level,
an algebra is represented irreducibly if there is no (non-trivial) invariant subspace,
which implies that by acting on a state with all elements of the algebra (and their
products) the whole Hilbert space is spanned, i.e., any*® two quantum states can be
connected by the unitary exponentiation of some observable in the algebra.
Naturally one would first attempt quantizing the entire algebra of observables,
but fundamental obstructions are generally encountered, as revealed by Groenewold-
van Hove no-go theorem.? In general, there is no quantization map that commutes

with the composition by real functions (i.e., that satisfies the von Neumann rule).

38Rigorously, the orbit of a state may not be the full Hilbert space, but rather a dense subset.

39Gtrictly speaking, Groenewold-van Hove theorem, in its standard formulation, applies only for
trivial phase spaces, P = R*". See [80] for details. The result has been extended to other cases,
and it is expected that this kind of obstruction is generic [81]. However, some examples have been
found where a full, unobstructed quantization is possible [82, 83].
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Moreover, one would expect that a quantization is sensible only if it preserves the
natural relationship between the classical and the quantum notions of algebra com-
pleteness discussed above. That is, if A¢ is a complete algebra of classical observ-
ables and there exists a subalgebra A, C A¢ that is also complete at the classical
level, then the quantization Ac — Ag, where Ag is represented unitarily and irre-
ducibly on a Hilbert space, naturally induces a unitary representation of .A’Q on the
same Hilbert space, by restricting to the corresponding subalgebra of Ag, and it
would be physically reasonable if this representation were also irreducible. Nonethe-
less, it is not true in general that there exists an irreducible representation of Ag
such that all of its classically-complete subalgebras are represented irreducibly (and
therefore also quantum-complete).

The traditional proposal by Dirac applies well for linear phase spaces, i.e., those
isomorphic to a vector space R?", with some preferred set of global conjugate co-
ordinates z’ and p;, satisfying {xi,pj} = (5ij. These 2n coordinates, together with
the constant function 1, form a Heisenberg algebra of observables that is complete.
Therefore, they could be used as basis for quantization, that is, the quantum theory
would be based on a unitary irreducible representation of the Heisenberg algebra,
[X i,Pj] = ih&ij. There are two important aspects of this quantization that must
be stressed. First, the quantum theory is only sensible if the coordinates are global
and range from —oo to co. The reason is that, according to Stone-von Neumann

theorem [84], the Heisenberg algebra has a unique (up to unitary equivalence) ir-
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reducible unitary representation: the states are described by the familiar C-valued,
square-integrable wave-functions on R™, ¥(z), on which the canonical observables

act as

(X)) (z) = 2° T ()

ov
ozt ()

(PU)(z) = —ih (9.5)

The spectrum of X' is therefore the whole real line.*’ Second, the quantization is
only natural insofar as the coordinates are natural, for generally different choices
of coordinates may lead to inequivalent quantum theories (e.g., because of operator
ordering issues associated with non-linear transformations between coordinates).
In the case of a particle on an Euclidean plane, one may argue that Cartesian
spatial coordinates, selected by the flat metric, paired with their conjugate momenta,
provide a natural basis for quantization. (In fact, different Cartesian systems are
linearly related, so all such quantizations are equivalent.)

If the phase space is non-trivial, in the sense that there is no natural global
coordinate system to employ, then one must be more careful to carry out the quan-

tization. Two very simple examples are: a particle living on a half-line or on a

40 Another simple manner to see this is the following. Suppose there are self-adjoint operators X
and P satisfying the algebra [X, P] = 4. Since P is self-adjoint, it can be exponentiated, so e~ tab/n
is a well-defined bounded operator for any a € R. Now suppose that X has a eigenvector |z), with
eigenvalue © € R. Then it derives from the algebra that efi’lp/h\@ is an eigenvector of X with
eigenvalue z+a. Therefore, if the spectrum of X is not empty (so the representation is non-trivial),
then it must be the whole R. Rigorously, X does not have eigenvectors in the strict sense, since
“would-be” eigenvectors associated with a continuum spectrum are non-normalizable, but it still
has eigenvectors in a limiting sense, i.e., if A is in the spectrum then there exists a sequence of
non-zero vectors ¥,, such that lim, o (X — X\)U,|/|Un| = 0 [84].

183



sphere, where the phase spaces are respectively T*RT and T*S2. In the first case, it
may appear that one could take coordinates > 0 and p, still satisfying {x,p} = 1,
but as we have seen the quantization would not be sensible since there is no unitary
representation of this algebra in which the spectrum of X is restricted to positive
numbers. In the second case, the non-trivial topology of the sphere implies that
there is no global system of coordinates. When there is no global chart, one could
still try to quantize a local chart, which may be sensible in certain approximations,
but global and topological aspects would be missed. In particular, the spin variable
S = J- N, where J is the angular momentum and N is the unit vector describing
the (angular) position of the particle, turns out to be quantized in integer mul-
tiples of /2, dissimilar to what happens for a particle on a plane R? (i.e., local
chart) where the spin is continuous — in fact, this quantization of spin is directly
related to Dirac’s quantization of the electric-magnetic monopoles, eg = nh/2. It is
worthwhile to note that the Stone-von Neumann theorem, establishing uniqueness
of the representation, is very particular to the Heisenberg algebra, which in turn
is very particular to trivial phase spaces — in other cases, the kinematical part of
the quantization (i.e., finding a self-adjoint representation of canonical variables) is
itself a potentially complicated problem, and the structure of the Hilbert space is
only determined after this stage is resolved (for example, in the case of a particle on
the sphere, different spin values correspond to inequivalent quantum representations

[47)).
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In view of these complications, different frameworks have been developed to em-
ploy the canonical principles of quantization to nontrivial phase spaces. Among
them we can mention geometric quantization [85, 86, 87, 88, 89], deformation quan-
tization [90, 91, 91] and group-theoretic quantization [41, 42, 92, 93]. They all offer
a prescription that attempts to find a reasonable balance that minimizes the extent
that the classical and quantum algebras fail to be homomorphic, that the von Neu-
mann rule is violated, and that the classical and quantum notions of completeness
disagree. Due to the form of the reduced phase space for causal diamonds, reveal-
ing a natural underlying group structure, we shall focus on Isham’s group-theoretic

formalism.

9.2 Isham’s quantization scheme

Isham proposed that one should identify a transitive group of symplectic symmetries
of the phase space and use it to generate both a special set of classical observables
and their associated quantum self-adjoint operators [41, 42]. Such a group will be
called the quantizing group, or also the canonical group. For intuition, see the
introduction (Sec. 1.2.2) where we discuss the trivial case of a particle on the line,
i.e., a phase space T*R = R?. Let us now review the general formalism underlying
this approach.

Consider a phase space P with symplectic 2-form w. Assume that the phase
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space is a homogeneous space for some Lie group G of symplectic symmetries.*!

That is, there is a left action of G on 73, I': P — 75, that preserves the symplectic
form,

Nw=w (9.6)

forall g € é, and is transitive, i.e., given any two points p,p’ € P there exists ge G
such that p’ = T'z(p). Each element E in the Lie algebra g of G induces a vector field
Xg on ﬁ, as follows. The algebra g is naturally identified with the tangent space
of G at the identity, 7. eé, SO E can be seen as a vector tangent to a curve g; on G
starting at e; acting with this curve on any point p € P defines a curve pe :=1I'g,(p)

on P starting at p, and therefore a vector Xg tangent to p. More formally,

Xely = 6p:(® (97)

where ¢, : G — P is defined by ¢p(g) = I'z(p). This map is an anti-homomorphism

from g into the algebra of vector fields on ﬁ, ie.,
[Xg, X5 = X[ﬁ,g] (9.8)

As I'z preserves w, we have £ x;w =0, 50 Xzis a (locally) Hamiltonian field. Thus

d(z ng) =£ Xew =1 ngw = 0, where 2 denotes the interior product. That is, 2 X;w

41The tilde will typically indicate symbols referring to the phase space 75, such as the group G.
Symbols referring to the configuration space Q, such as the group of “translations” G in the next
subsection, will typically be denoted without accents. While the tildes cause an unfortunate clutter
in this section, this choice of notation will prove convenient in the rest of the paper.
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is closed and therefore locally exact, so that
dHg = —ixw (9.9)

admits local solutions Hg, called canonical charges, defined up to addition of a
constant function on P. In order to properly regard these charges as canonical
observables, they need to be globally defined on ﬁ, so we assumed that G strictly
generates globally Hamiltonian fields on P. This set of charges will be (classically)
complete as a consequence of the transitiveness of the group action.

The symplectic form endows the space of functions on the phase space with an
algebraic structure, A¢, where the product is given by the Poisson bracket: since w
is non-degenerate, any function f on P can be associated with a unique vector field
Xy on P via the relation df = —u1x,w; the Poisson bracket between two functions,

f and f’, is defined by

{1, 17} = —w(Xp, Xp) (9.10)

It is straightforward to show that the vector field associated with { f, f'} is —[Xf, X /],
so there is an anti-homomorphism from the Poisson algebra of charges to the al-
gebra of their associated vector fields. For the canonical charges, {Hg, Hy} is
then associated with the vector field —[Xg, X5 = X[gﬂ’ which thus imply that

d({Hg, Hz} — H[gfﬂ) = 0. Therefore the map & Hp is a homomorphism from g
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into Ac up to central charges, i.e.,
{Hg, Hﬁ} = —w(Xg, Xﬁ) = H[gm + z(g,ﬁ) (9.11)

where z(g, 77) is constant on P. If the central charge z(g,ﬁ) is not trivial (i.e.,
it cannot be removed by a redefinition of the charges Hg — H5~+ f (5), for some
f 9 = R), we can always extend the group by a central element so that the extended
algebra, E, with topology §® R, has product law [(£; a), (77; b)] = ([, 7]; 2(£,7)). The
new group (obtained by exponentiating E) has a natural action on P, where the
central element acts trivially, and the new charges are related to the old ones simply
by H(E;a) = Hg—i— a. Consequently, the map ({, a) — H(E,a) is a true homomorphism.
In this way, if we start with a candidate canonical group that generates non-trivial
central charges when acting on the phase space, then we can restart the process with
the appropriately extended group as the canonical group. Thus, we will assume G
is chosen such that

{He Hy} = H (9.12)

(€71

i.e., so that § — A¢ is a true homomorphism.*?

42for example, in the case of P= TR, the natural group to consider is R? acting as translations
on P, ie., (a,b) € G acting on (z,p) € P as Lup)(z,p) = (z + a,p +b). Its algebra g = R? is
commutative, and the associated charges can be taken as H, g = ap— Sz, where (o, 3) € §. A non-
trivial central charge appears in the Poisson algebra, {H gy, H(o/ ,p)} = a8’ — Ba’. The algebra
can be extended by the central element to E with product law [(a, 8;7), (&', 8';7")] := (0; a8’ —Ba’),
known as the (3-dimensional) Heisenberg algebra, §(3). The exponentiation of this algebra defines
the Heisenberg group, H(3) = ]1/@, with topology R3, whose product rule can be expressed as
(a,b;c)(a’,b';¢') = (a+a’,b+b5¢+ ¢ + 2ab’ — 1ba’). Thus the quantization should be based on
G = H(3), instead of the original candidate R?. This group acts on P as L(a.pie) (@, p) = (x+a,p+D)
and the associated charges are taken to be H, 3.4) = ap — Bz + 7.
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The quantum theory is constructed from G as follows. Let U : G — Aut(H) be
an irreducible unitary representation of G on a Hilbert space H. As any algebra
element E € g generates a one-parameter subgroup of G through exponentiation,

t— exp(tg), they can be associated with self-adjoint operators H gon H via
Ul(expté) =: e'le/™ (9.13)

It follows from this definition that the map E — ffg is a homomorphism from g into

Ag, the algebra of self-adjoint operators on H,

[Hg, Hy] = H

1
e & (9-14)

Therefore, considering (9.12) and (9.14), we see that the the association between
each classical charge H 3 and the corresponding generator H £ of the unitary repre-
sentation,

Hg’—) Hg, (9.15)

is a homomorphism from A¢ into Ag. This is called the quantization map, for the
quantization based on the group G.

The quantization process is summarized as follows:
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Xg U(expf)
Hg oo > fIg

A transitive group G of symplectomorphisms defines classical charges and their
corresponding quantum operators. On the classical side, each element E in the
Lie algebra g induces a Hamiltonian vector field X§~ on 73, which in turn defines a
Hamiltonian charge H, & On the quantum side, the group element exp £~ is represented
by a unitary operator on H, whose self-adjoint generator is I;Tg. The association
Hg > ﬁg is, by construction, a homomorphism between Ac and Ag.

As global phases are unphysical, the true space of quantum states is the ray space,
R :=H/U(1), corresponding to the quotient of the Hilbert space H by phases e €
U(1). Accordingly, symmetries must be represented by unitary operators up to a
phase. These are known as projective representations of the group G , more precisely
defined as homomorphisms from G to the group of projective unitary operators on
R, PU (H) := {U ~ eU; where U € % (H) and § € R}. It is a general theorem
(reviewed in App. F) that projective irreducible unitary representations of G are
in one-to-one correspondence irreducible self-adjoint representations of a central
extension of the Lie algebra g by 2-cocycles. As explained later, we will append to

the quantization prescription a principle of Casimir matching, which implies that
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if g is properly represented on the phase space as in (9.12), without additional
central charges, then the quantum theory should be constructed from irreducible
representations of g, without further extensions. Equivalently, the quantum theory
should be constructed from unitary irreducible representations of the universal cover
of G. In this manner, we can understand Isham’s method as a prescription to
generate an algebraically-closed complete set of classical observables, H & associated
to some symmetry structure of the phase space, which is then quantized according
to the standard rule of canonical quantization, where the same algebra is irreducibly
represented by corresponding self-adjoint operators H gona Hilbert space.

We mentioned that the reason for requiring a transitive action on the phase
space is so that the set of generated charges is classically complete, i.e., that any
function on P can be (locally) expressed in terms of the Hgs. In fact, note that
transitivity implies that, at any p € 75, any tangent vector X € T, p75 is equal to Xg
for some & € §. Then, for any V € Tp75, ng(V) = —w(Xg V) will not vanish for
at least one E, since w is non-degenerate. In words, there is no direction V along
which all charges are (locally) constant, confirming that any function on P can be
locally written in terms of the charges. A more geometrical way to see this involves
the momentum map, u : P — g*, defined by u(p)(g) = Hg(p), where p € P and
E € g. The observation above implies that . is injective® and therefore u is an

immersion. Consequently, any p € P has a neighborhood U C P such that e is

43Since g* is a vector space, tangent vectors can be identified with elements of g* itself. In this

way, fix @ TP — g" is given by pu.(V)(§) = dHz(V) = —w(Xg V), so . (V) is zero if and only if
V =0.
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an embedding of U/ into §*. Now, given any basis & for g, there is an associated
coordinate system {&;} on §* defined by &;|; := a(&;), where & € §*. It follows that
wa; =H & Given any smooth real function f : U — R, there exists a neighborhood
U of u(U) and a smooth real function f : & — R, such that f = p*f. As f can
be written in terms of the coordinates ¢;, f can be written in terms of the charges
Hg "

The prescription, as formulated by Isham, is intended to provide a general frame-
work for quantization and, as such, refers only to the minimal structure necessary
for a “kinematical quantization”, i.e., producing sensible homomorphism between a
classically-complete subalgebra of observables to a corresponding quantum-complete
subalgebra of self-adjoint operators. The job is not finished, however, until a partic-
ular representation of the canonical observables is determined and other physically
relevant observables (which are classically expressed in terms of the canonical ones)
are also promoted to self-adjoint operators on the Hilbert space. In particular, the
time-evolution Hamiltonian, describing the dynamics of the system, may often not
be part of the canonical algebra, and need to be included in the quantum theory
eventually. These additional observables that may need to be quantized often help
selecting a preferred class of irreducible representations of the canonical algebra,
therefore partially reducing the ambiguities in the quantization.

Another rule that we employ for filtering the representations is the Casimir

matching principle. Casimir operators are elements in the center of a universal

HIf f(@) = F(@1,az,...), for some F : R%™® 4 R then f(p) = F(Hg (p), Hg,(p), - . .).
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enveloping algebra.*> At the classical level, the completeness of the algebra implies
that Casimir observables are constant on the phase space. At the quantum level,
Schur’s lemma implies that in any irreducible (complex) representation Casimir
operators are multiples of the identity. At both levels, Casimirs take the same value
for all states. Thus, if the classical system is to arise from a classical limit of the
quantum system, the eigenvalue of the quantum Casimir observable should match
the value of the corresponding classical Casimir. In the study of the quantization of
a particle on a sphere, in the presence of a magnetic monopole, from the perspective
of Isham’s method, this principle plays a key role in the argument leading to Dirac’s

charge quantization condition, eg = nh/2 [47].

9.3 Phase spaces with a cotangent bundle structure

Now we discuss a general method, also described by Isham [41, 42], for constructing
a transitive group of symplectomorphisms of phase spaces that are the cotangent
bundle of homogeneous manifolds. Consider a phase space P = T*Q, with the
canonical symplectic form w = df associated with the cotangent bundle structure,

where the configuration space Q is homogeneous space for some Lie group G. Let

45 A universal enveloping algebra is a formal extension of a Lie algebra consisting of polynomials
of the algebra elements, where the product is defined by treating the elements as operators in
an abstract representation. For example, say that a, 8, v and 0 are elements of g, then af + v
belongs to the universal enveloping algebra of g and the product with § is given by [af + v, ] :=
a[f, 0] + [a, 68 + [, 6.
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us denote the left G-action on Q by 0 : G — Diff(Q), or simply by

gz := 0g(x) (9.16)

where x € Q. There is a natural lift of this action to the cotangent bundle, §:G—

Diff(’P), given by

dg(p) == 527129 (9.17)

which maps the fiber over x = 7(p), where 7 : P — Q is the bundle projection, to
the fiber over gx. That is, the lifted action satisfies the identity 7 o gg = dg 0.
The symplectic potential 6 is invariant under such a transformation, which can
be seen as follows. If V € Tp75, then 5’;9(‘/) = Q(gg*V), and from the defini-
tion of # this is (gg(p))(w*gg*V); from the definition of the lifted action this is
equal to (5;_1p(7r*gg*V) = p((sg—l*ﬂ'*gg*V), and using the identity above we get
P(64-1.0g:7:V) = p(m:V) = 0(V), that is, g;@ = 6. Consequently, g;d@ = dg;H = dob,
ie.,

rw=w (9.18)

so the group G, associated with Q, acts as symmetries of the phase space.

The group G alone cannot serve as the quantizing group though, since it does
not act transitively on the phase space. Rather, it acts only “laterally” on the phase
space, so we must enlarge the group by including also transformations along the

¢

fibers of the bundle. A natural choice for a “vertical” transformation is to consider
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momentum translations by 1-forms, that is, given a 1-form field o on Q, define

Calp) =p—« (9.19)

where « on the right-hand side is evaluated at 7(p). We can compute how the
symplectic potential changes under this transformation as follows. Given any V €

Tpﬁ, we have

GO(V) = 0(CaxV) = (Cap) (TeCasV) = (p — ) (mV) = (0 = 7" ) (V) (9.20)

where we have used that (, acts vertically and thus satisfies the identity 7o (, = .

The symplectic 2-form then transforms like

CGw=w—7"da (9.21)

Therefore, in order to have a symmetry we must restrict to closed 1-form fields,
da = 0. As we shall see, it is necessary to restrict further to exact 1-forms, o = df,
where f € C*°(Q,R), so that the associated charges are globally defined on the
phase space.

The space of all exact 1-form fields on Q, which is infinite-dimensional, is un-
necessarily large for our purposes, as we are interested in constructing a “minimal”

transitive group of symmetries acting on the phase space. That is, given the principle
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discussed in Sec. 9.1 that the classical and quantum notions of algebra completeness
must agree, we should always focus on canonically quantizing an algebra that has no
proper classically-complete subalgebras, so that this principle is vacuously satisfied.
(Note the analogy with the case of a trivial phase space, where only the Heisen-
berg algebra is canonically quantized, as opposed to the whole algebra of classical
observables.) If Q is n-dimensional, we would hope that “just about” n generators
would already suffice to produce a transitive action (of course, we need at least n).
There is a natural algorithm to select an appropriate subset of exact 1-forms that
acts transitively along the fibers of 7% Q and is compatible with the G-symmetries,
in the sense that their (-action combines with G into an extended group. It begins
by finding a linear representation of G on a vector space V such that at least one G-
orbit O in V is diffeomorphic to @. Then, any dual vector o € V* can be naturally
seen as an 1-form field on V, and it can be restricted to O ~ Q to define a 1-form

field on Q. This 1-form field is exact because the function f, : V — R defined by

fa(v) == a(v) (9.22)

satisfies @ = df, (note the slight abuse of notation here, where the subscript a of
f is an element of V* while @ in the left-hand side is the corresponding 1-form
field on V). The group of momentum translations generated by o € V* in this way
acts transitively along the fibers of T*Q, i.e., given any p and p’ on the same fiber,

7(p) = w(p’), there is always a € V* such that p’ = p — o = (,(p). We shall refer

196



to this realization of the configuration space as an orbit in a vector space as the
embedding realization.

Combining the “horizontal” and “vertical” transformations discussed above, we
get a transitive group of symmetries of the phase space with structure G=V*x G,

acting on the phase space as

L(a,g)(P) == 0,-1p — (9.23)

The product rule on G is defined so that T composes appropriately,

(a,9)(d.g") = (a+ 0510, g9) (9.24)

where o and o/ are seen as 1-form fields on Q. More abstractly, o (5;_104 corre-
sponds to the dual representation of G on V*, which can be denoted by a — ga,

SO

(a,9)(', ') = (a+ g, g9") (9.25)

where o and o’ are seen as elements of V*. This group, or an appropriate central
extension of it, can be taken as the quantizing group.

Let us now compute the classical charges associated with the group G=V*"xG.
First we consider the G part of the group. If £ € g is an element of the algebra

of G, let )A(;g denote the vector field induced by & on P. The associated charge P,
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interpreted as a “momentum variable”, is defined by
dP: = 1gW = —z;QdH = d[f(X¢)] (9.26)

where we have used that 6 is invariant under the G action, so £ 5%19 =13, df+da )}50 =

0. Up to an additive constant, we can therefore choose
P, = p(X¢) (9.27)

where X¢ := W*)AQ.‘LG Second, we consider the V* part of the group. Since V* is a
vector space, we can naturally identify it with is Lie algebra. If o € V*, seen as an
element of the Lie algebra of V*, let Y, denote the vector field induced by « on P.

The associated charges @), interpreted as a “configuration variable”, is defined by

dQuy = —1y,w = —1y,df = — £y, 0 = Cm =1"a =7"dfo = d(foom)
=0

(9.28)
where we have used 1y, 0 = 0, the result in (9.20), and the relation « = df,. Thus,

up to an additive constant, we can choose

Qa = fa o (929)

45Note that )Z'g does project nicely under 7, as can be seen from the fact that we can alternatively
define X¢ as the vector field induced by £ on Q (via the action of G on Q). In fact, let bp(g) = gp
and ¢ (g) = gz, where p € Pandz € Q, then Xg = qbp*.f and let us define X¢ := (bw*.ﬁ, so because
of the relation 7(gp) = g (p), which translates into 7 o ¢, = r(p), We have X¢ = T Xe.
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Note that in the embedding realization « € Q is seen a vector in V specifying a
point in the orbit O ~ Q, so this expression for the charge, evaluated at p € 75,
reads simply Q, = a(x), where x = 7(p).

Now let us discuss the general form of the algebra of those charges. Since G has
a semi-direct product structure, its Lie algebra is a semi-direct sum g = V* gg. If
the elements of g are denoted by (a; €), the product rule derived from (9.24) is given
by

[(:8), (@3€)] = (£x,0 — £x.0s[6,€) (9.30)

in which [¢,¢'] is just the product rule in g. As we know, the Poisson algebra of
the charges P: and @, should form a representation up to central charges of the

underlying symmetry algebra, so we can generically write

{Pe, Po} = Peen+ 2(6,€)
{QOMPE} = Q,nga + Z(Oé,{)

{Qa, Qu} = 2(a, ) (9.31)

where 2(£,¢'), z(a, &) and z(«, ') are the 2-cocycle elements (which are constants
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on the phase space).*” To be explicit, let us write the charges computed above as

Pe = p(X¢) + ce

Qo = faom+cq (9.32)

where c¢¢ and ¢, are generic constants (on the phase space) depending linearly on
& and «, respectively. We wish to derive a formula for the 2-cocycles z in terms of
these additive constants c.

Let us start with the @ charges. Their Poisson brackets are

{Qaa ch’} = _W(Yaa Yo/) =0 (9.33)

At the same time, [, '] =0, 50 Q[q,o/] = 0, which gives

2(a,a’) =0 (9.34)

regardless of c.

Now we consider the P charges. Their Poisson brackets are

{Pe, Po} = —w(Xe, Xg) = —dO(Xe, Xgr) (9-35)

“"Note that we are using a simplified notation here, in which z(&, &) := 2((0;€), (0;£")), z(, €) :=
2((a;0), (0;¢)) and 2(c,@’) := 2z((;0), (’;0)). In fact, this is what we mean whenever we write
an element of g or V* in a place supposed to feature an element of g.
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which can be manipulated as

d6(Xe, X¢)) = 15 dB(X¢) = — (f)@e - dz;(e&) Xe = (0(Xe)) Xe = Xe (0(Xe))
(9.36)

where the last term is read as the vector )~(5 deriving the scalar 9()~( ¢). Thus
Xe <0(X§/)> = £3, ((9(X§/)> — 9 <.,£’)~(£X5/) -y ([Xg, Xg,]) (9.37)

so we get

d0(Xe, Xer) = 0 ([5(5,5('5,]) (9.38)

In addition,

0 (IXe, Xel) = p (m[Xe, Xel) = p ([Xe, Xe'l) = —p (Xieer) (9.39)

Hence,

{Pe, P} = p (Xpeen) (9.40)

which leads to the 2-cocycle

2(§,8) = —ceen (9.41)

We see that we can eliminate this 2-cocycle by choosing c¢¢ = 0.
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Next we consider the mixed () and P brackets, which give

{Qas Pe} = —w(Ya, Xe) = —df(Ya, Xe) = —1,d8(Xe) = 7" a(Xe) = a(Xe) (0.42)

and, since this should be a function on the phase space, it should be more precisely

written as a(X¢) ow. Thus,

Z(a,f):a(Xg)OW—f£X§ao7T—C£X€a (9.43)

This cocycle may be non-trivial, i.e., it may not be removable by a choice of ¢,. In
that case, we must centrally extend G by this 2-cocycle, so that the Lie algebra of

the new group is isomorphic to the Poisson algebra of the new charges.

10 The canonical group for the diamond

Now we apply Isham’s scheme to the reduced phase space of the diamond, P =
T*(Difff(S')/PSL(2,R)). Being a cotangent bundle over a homogeneous space,
Q = Difff(S')/PSL(2,R), we may try to construct the quantizing group for this
phase space according to the algorithm in the previous section. The natural choice

for the group G here is Difft(S'), acting on the left of Q as

Y] = [ o y] (10.1)
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where [¢9] = ¢(¢) is the quotient by the right PSL(2,R) action. The definition
above makes sense because the quotient acts from the right, so if x € PSL(2,R),
V' vx] = [Wx] = [¢'] = ¢'[]. The next step is to find a representation of
Difft(S1), on a vector space V, such that at least one G-orbit O in V is isomor-
phic to Difff(S')/PSL(2,R). However, we are not aware of a representation of
Difff(S!) which has this property. On the other hand, it is well known that the
coadjoint representation of the Virasoro group does have an orbit isomorphic to
Difft(S1)/PSL(2,R) [94, 95, 96, 97]. Moreover, it is just as natural to choose G as
the Virasoro group, Vira, given that it is a central extension of Diff*(S') and we

can simply define its action on Q such that the central element acts trivially.

10.1 The Virasoro group

Let us begin by recalling the definition of the Virasoro group and its Lie algebra.
(For reference see, e.g., [98, 99, 100, 101, 45].) The Virasoro group, Vira, is a one-
dimensional central extension of Diff"(S!) which can be defined from its Lie algebra,
the Virasoro algebra, vita = DW), a central extension of diff(S!). An element € of
the Virasoro algebra is characterized by an element ¢ of 9iff(.S1) (which is identified

with a vector field £(6)9p on S'), together with a central element component, z¢,

where x € R and ¢ is a vector in the center of viva. Thus, we write

~

€ =€(0)9p + 2€ € vira (10.2)
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Sometimes we may also write E = & + x¢; we hope that it will be clear from the
context whether ¢ is referring to the vector field £(0)0p or just the real function £(6).

The product rule in viva is defined by

(€05 + 22,70 + &) = (€' — &) 0 + @ / do (n€" — &™) (10.3)

where the prime denotes derivative with respect to 6. Note that the dy component
in the right-hand side is equal to the product of £9y and 19y in the algebra diff(S!),
which is minus the vector field brackets of these fields on S! (see the “diff(S!)” entry
in App. A). Also, note that ¢ spans the center of the algebra.

The global topology of the Virasoro group, defined as the exponentiation of vita,
is not completely fixed. We shall take it to have topology Diff (S') x R, so that it

can be characterized by pairs

~

Y= (¢,r) € Vira (10.4)
where ¢ € Diff"(S!) and r € R. Note that an alternative option would be to define
the exponentiated group as being simply connected. This corresponds to “unwrap-
ping” the Diff"(S1) factor (i.e., taking its universal cover), given that Diff"(S!) has
fundamental group Z due to its SO(2) subgroup of rotations (see App. D). Later,

when considering quantizations based on projective representations, we will discuss

its universal cover (denoted by Vira).
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The Lie algebra vita can be exponentiated into the group Vira with the help of

Baker-Campbell-Hausdorff formula, which reads

—~ R ~ 1~ 1~ ~ 1 =
where EA, 7 € vita and the “--” consists of higher-order algebra products. This

formula allows us to reconstruct the group, at least in a neighborhood of the iden-
tity."® From the Baker-Campbell-Hausdorff formula, it is clear that when restricting
to 2 = £0y the exponential map yields Diff"(S!), and when restricting to fA = zc the

exponential map yields (R, +). So let us define

(1¢, x) = exp(£p + xC) (10.6)

in which

Ve 1= expys(£y) (10.7)

where expyis; denotes the exponential from diff(S 1) into Diff(S'). Using that ¢ is a

central element, the Baker-Campbell-Hausdorff formula also gives

exp(£dy) exp(xc) = exp(£dy + x¢C) (10.8)

“8Rigorously speaking, this is only true for finite-dimensional algebras, since in this case it can
be shown that the exponential map yields a diffeomorphism between a neighborhood of 0 in the
algebra and a neighborhood of e in the group. In fact, the exponential map from ?iff(S') into
Difft(S') is not surjective, even in a neighborhood of the identity. This happens because there are
diffeomorphims ), arbitrarily close to the identity, that do not admit a “square root”, i.e., there is
no ¢ such that ¢ = ¢>. If ¢ were equal to the exponential of some algebra element, 1) = exp(£),
then ¢ = exp(£/2) would be the square root of .
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which in the notation above reads

(e, x) = (vg, 0)(I, ) (10.9)

With a natural extrapolation we can pose

(. 7r) = (¥, 0)(L,7) (10.10)

for all ¢ € Diff"(S!) and r € R, which implies that every element of Vira can be

decomposed as a product of an element of Diff"(S') C Vira and an element of the

center R C Vira.
Next we derive the general form for the product rule in Vira. First, write (10.3)

in the compact form [£0p + 2¢, 10 + yc| = [£0p, NOsloijs + w(&, n)c, where w(,n) is

the bilinear functional of £ and 7 given by
w(&,n) = /d9 (77{"’ — 577’”) (10.11)
From Baker-Campbell-Hausdorff formula we get,

exp(£0p + x¢) exp(ndy + yc) =
= eXP[ <€ +n+ %[§>n]biff +- ) Oy + (90 +y+ %w(fjﬁ) + %w(& (€, nlais;) + - )

= eXp[(f—l—ﬁ—l— %[é,n]mf,: +- ) 89} exp[(:ﬂ—l—y—i— Wi, n))e (10.12)
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where W(&,7) = Lw(&,n) + 5w(€ [€ nlug) + - s a (real) function of & 1y €
iff(S1). The first factor can be identified as the product rule in Diff"(S!), while

the second factor gives a central element,

exp(§0y + ) exp(nde +yc) = (Yeiby, O)(L, x+y+W(E,m)) = (Yeibn, z+y+W(E,n))
(10.13)
Since & determines )¢, we can by a slight abuse of notation write W (¢, n) as

W (v¢,1y). The general product rule in Vira then reads

(¢, a)(¢,b) = (¥, a+ b+ W (), d)) (10.14)

Note that this derivation only defines W when acting on diffeomorphisms in the
image of the exponential map (see footnote 48), but we can smoothly extend the
domain of W so as to include the exceptional points. This function is called the
Bott 2-cocycle, and it can be explicitly expressed as W (1, ¢) = [q1 log(1 o) dlog ¢,

where the prime denotes derivative with respect to the angle [101].

10.1.1 Adjoint representation and orbits

Let us now consider the adjoint representation of the Virasoro group on its Lie
algebra, and the corresponding adjoint representation of the Lie algebra on itself.

As always, the adjoint representation of the Lie algebra on itself is given by the
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algebra product,

adeg, +4e(n0p +yC) = (n€' —&1') dp +¢ / do (ne" — &n'™) (10.15)

As the adjoint action of the algebra on itself also corresponds to the “derivative” of
adjoint action of the group on the algebra, we can think of adgﬁ as the infinitesimal
change of 7] as one deform the identity in the group along a curve tangent to EA
(see the “Ady, ady and ad¢” entries in App. A). Therefore we can “integrate” the
action above to obtain the adjoint representation of the group. First note that ¢
is represented trivially, i.e., ads = 0. Upon integration, it is clear that (I,r) will
also be represented trivially, i.e., ad(7,) = 1, where 1 denotes the identity operator
on vita. Using the decomposition property in (10.10), and the fact that the adjoint

action forms a representation of the group, we have

ady,r) = ad,0) 1) = ad(y,0ad(,r) = adgy.p) (10.16)

that is, the adjoint action does not depend on the central component of 12 = (¢,r).
Accordingly, we can simplify the notation and just write ad, instead of ad > while
keeping in mind that this refers to the adjoint representation of Vira, not Diff"(S?1).
Note also that, since adg’c\ = 0, the adjoint map should act trivially on ¢, i.e.,
adyc = ¢. Thus we have,

adyn = ady(n0p) + yc (10.17)
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and we can focus on ady(n0dp). Note that adg(ndg) changes both the dp and the
central components of 1. Since the way it changes the dy component is exactly the
same as the action of the adjoint map in Diff"(S'), we conclude that the “integrated”

action must have the form

ad (nds) = v, (n9) + Ay ()E (10.18)

where A is some -dependent linear functional of . We can get a clue about what

is Ay by computing the product of two adjoint maps,

adyadgn = ady(¢un + Ap(n)e) = Yudpan + (Ay(dun) + Ag(n)) T (10.19)

where, for notational simplicity, 7 is being written in place of 1(6)dy. But since the

adjoint map forms a representation of the group,

adyady = ad(y,0)ad(y,0) = ad(y.0)(6.0) = ad(e,w(w.¢) = adys (10.20)

which gives

adgadgn = (Yé)«n + Aye(n)C (10.21)

Hence we conclude that A must satisfy the relation

A¢¢ = Ad, 0 ¢x + Aqs (10.22)
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A solution to this relation can be obtained from the Schwarzian derivative [100], a

map from Diff"(S!) into C°°(S*, R) defined as

S[1o) :

_ ") g <w"<9>>2

70 2 \0(0) (10-23)

in which 9 is being realized as a monotonous map from [0,27] into R satisfying

P(2m) = 1(0) + 27. It satisfies the relation

Sl o ¢] = (S[] 0 ¢) (¢')* + S[d] (10.24)

that is, S[y¢](0) = S[¥](4(0))¢' (0)* + S[¢](0). Comparing with (10.22), we infer

Ammzn/wsmwmw> (10.25)

where & is a coefficient to be adjusted. If § = ¢(#), we have

(7100) | := &+(19p) = n(0)¢' (0)3g (10.26)
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that is, 7(0) = ¢'(0)n(f). Then,

Aoln) = [ d0 S[6)(6) (0
— . [[db (S[610(6))6'(0)" + SIe)(8)) (0
—x [86/OSIIGE)F O)n(6) + Ao()
—x [ S[U1(0)n(0) + Ao

= Ay(dun) + Ay (n) (10.27)

where in the second line we used property (10.24) and in the fourth line we changed
the integration variable from 6 to . Finally, in order to determine x, we compute
the derivative of (10.17) and demand that it matches with (10.15). If ¢ — ¢, is a

curve in Diff(S!) tangent to & € 0iff(S?), then we have

d

adg(n) = —ady, (n) = [§; nloi; + ¢k /d@

i Tswa@ne)  (1028)

dt

where the derivative is evaluated at t = 0. If £ = £(0)0y, then a possible choice for

the curve is ;(0) = 0 + t£(0), so that S[y](0) = t£”(0) + O(t?). Thus,

ade(n) = (n€' —&n') Op +¢r / do ey (10.29)
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Note that, by integrating by parts, we have [d§&"n = — [df&n™, and so we see

that the choice k = 2 reproduces (10.15). That is,

wdgi = (00w +2 (3+2 [ a0 51010)9(0)) (1030)

where 1) = (¢, 7) and 7 = ndy + ye.
Before moving on to the coadjoint representation, let us show that there are no
orbits of the adjoint action which are isomorphic to Diff"(S')/PSL(2,R). To do so,

define the little algebra of 7] € vita, with respect to the adjoint action, as

baa(7) := {€ € vita, adgh) = 0} (10.31)

The little group of the orbit of 77 under the adjoint action is the exponentiation
of the little algebra h,q(7). Since ¢ is adjointly represented as the zero oper-
ator, it always belongs to the little algebra. If there exits some orbit isomor-
phic to Difff(S1)/PSL(2,R) then there must exist some little group isomorphic to
PSL(2,R) x R, where R refers to the center of Vira, and so there must exist some
little algebra isomorphic to psl(2,R) @ ¢. As we shall see, however, there is no such
little algebra for the adjoint action. Note that a necessary condition for & € Bad (1)
is

ng' —¢&n' =0 (10.32)

so in every open interval of S! in which 1 # 0 we have & = k7 for some constant k.
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This condition is therefore also sufficient, since it implies n&”" — &n = 0. There are
three cases to consider,

(7) If n vanishes only at isolated points, and at least one of its derivatives do not
vanish at each of those points, then by requiring that £ is smooth we get that £ = kn
on the whole S1. In this case the little algebra is two-dimensional, h,q(7}) =n S ¢;

(73) If n vanishes only at isolated points, and all of its derivatives also vanish at
n of those points (called “flat points”), then the smoothness of £ is not sufficient to
relate k’s at different sections R; of S', where each R; is the closed interval between
two consecutive flat points. In this case, £ can be piecewise-defined as £(6) = k;n(6),
for 6 € R;, and so the little algebra is (n+1)-dimensional, h,q4(77) = (n®n---E&n) S

(iii) If n vanishes in an open set of S!, then ¢ is not restricted on that interval
and the little algebra is infinite-dimensional;

Note that cases (i) and (i7¢) do not have the right dimension to be isomorphic to
psl(2,R) @ ¢, but case (i) can have 4 dimensions if n = 3. However, it does not

have the right algebraic structure, since it is commutative.

10.1.2 Coadjoint representation and orbits

Now we consider the coadjoint representation of Vira on its dual Lie algebra, vita®,
and the corresponding coadjoint representation of vita on virta®. Similar to our
manner of characterizing elements of 9iff*(S'), we characterize elements of vira* as

a = a + agc where a := a(6)df? is a quadratic form on S' and ¢ is dual to ¢ in the
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sense that ¢(n + y¢) = y. The pairing of & € vita® with 1) € viva is defined as
a(m) = /1 a(n) + agy = /d@ a(@)n(0) + agy (10.33)
S
From the definition of the coadjoint action (see “coad,” entry in App. A) we have

coadw,r)& (;]\) = (ad(d,yr)q ﬁ) =a (ad(lb—l’_r_w(d)’d,fl))ﬁ) (10.34)

which from (10.30) gives

coad(y @ (7) = @ (¢;1n +e (y +2 / do S[v=(9) n(t‘))))
— [0 + 200 [ a05[67116)n(8) + aay

= (¢« (adh?) + 2a0S[p 10 + aoc) (1) (10.35)
where, as usual, 1, = ¢~ 1*. Therefore,
coad(y @ = ¥ (add?) + 200 S~ ]d0? + e (10.36)

Note that r also acts trivially through the coadjoint map, so we can use the shortened

notation coad,. For later reference, we can evaluate the push-forward explicitly to
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get

a(y™H(0)) — 2a0S[¥](v " (0))

02 d6* + agc (10.37)

coady (adf? + aq?) )

where we have used (10.24) to relate S[t)~!] with S[t)]. The coadjoint representa-
tion of the group leads to a coadjoint representation of the algebra, obtained by
differentiation. The simplest way to derive this representation is by using directly
the adjoint representation of the algebra, given in (10.15), since the coadjoint action

is (minus) the dual of the adjoint action. We have,

coadg&(ﬁ) = —&(adgf)\) = —a <(n£' —&n') 0 + E/dH (ng" — 577"'))
_ _ /dea (né-/ o 577/) — ag /de (né-/// o é—n///)

= — /d@n (2a§' + & + 20405”’) (10.38)
from which we read
Coadg&’ =— (2a§' +&a + 2a0§”’) do? (10.39)

Naturally, this can also be obtained by explicitly differentiating (10.37).
To show that there is a coadjoint orbit of Vira which is isomorphic to Diff (S1)/PSL(2, R),

it is convenient to define the little algebra of & € vita®, with respect to the coadjoint
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action, as

Beona (@) := {£ € vita, coadza = 0} (10.40)

Note that the central element, ¢, is always in heoaq. Let us particularize to the
little algebra of &g := agdf? + ac, where ap € R is a constant. The equation for
fA € Beoad (odb? + ac) reads

apl +af” =0 (10.41)

This differential equation (of the third order) has a general solution of the form
& = ho + hy coswl + hg sin w6 (10.42)

where hg, h1 and ho are integration constants and w = m. Note that if w € Z
then all terms are allowed, but otherwise only the hg term is allowed (since £ must
be 27-periodic so as to be smooth on S'). In particular, if ag = a, so that w = 1,
then the little algebra is spanned by 9y, cosf 0y, sinf Jy and ¢, which is precisely

psl(2,R) @ ¢. Hence, the coadjoint orbit of
E=d0*+7¢ (10.43)

is isomorphic to Difff(S1)/PSL(2,R). Rigorously speaking, this statement is spec-
ulative since we have only considered the little algebra, and thus we would like

to confirm that the little group of € is indeed PSL(2,R) x R. The little group of
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a € vita®, with respect to the coadjoint action, is defined as

Heoad(@) == {(¥,7) € Vira, coad(y o = a} (10.44)

Naturally the center of Vira, (I,r), is always in the little group. Given formula

(10.37) for the coadjoint action, particularized to & = df? + ¢, we have

1 - 25[¥](v~1(9))
W ($=1(0))?

coadyé| = do* +¢ (10.45)

so the condition that v is in Heoaq(€) translates into

(10.46)

We now wish to show that PSL(2,R) C Heoaq(€). Recall that PSL(2,R) C Diff*(S*)
is defined as the boundary action of the group of holomorphic automorphisms of the
complex unit disc D C C. That is, if » € PSL(2,R) C Difft(S!), then there exists
a holomorphic function f : D — D such that f(e?) = ¢ In fact, f is a Mobius

transformation with the general form

eib zZ—Q

f(z) = (10.47)

1—az
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where b € R and a € D (see App. B). From the chain rule we have

¢1_de

=i (10.48)

in which z = ¢ is at the boundary of the disc, 9D ~ S'. From this, we can show

that

sWl=" 5 () = — 228[f] (10.49)

_w/// 3 w// 2_1_7’/)/2
R 2<> 2

where §[f] is the Schwarzian derivative for holomorphic functions, defined analo-

gously to (10.22) by

_ drld g <d2f/sz>2 (10.50)

5 =
=) =2 df Jdz
This derivative has the property that §[f] = 0 if and only if f is a Mobius trans-
formation. Therefore §[f] vanishes for the PSL(2,R) transformations, and relation
(10.49) implies that v satisfies (10.46), establishing that PSL(2,R) is indeed in the

little group of & = d#? +¢.*?

“9Note that only inclusion has been proven, PSL(2,R) xR C Heoad (€), not equality. The fact that
the little algebra is psl(2,R) & ¢ implies that Hcoaa(€) cannot be a higher-dimensional extension of
PSL(2,R) x R. While in principle it could be a discrete extension, PSL(2,R) cannot be discretely
extended within Diff"(S').
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10.2 The canonical group for the reduced phase space

In view of the result above, and Isham’s algorithm discussed in Sec. 9.3, it is possible

to construct the quantum theory based on the group

G = (vita™)* x Vira (10.51)

in which the Virasoro group acts as the generator of “configuration translations”

on Difft(S1)/PSL(2,R) and the abelian group (vira*)* ~ vira (whose product rule

A~y

is given by vector addition, 77’ := 7 + 1) acts as the generator of “momentum

translations” along the fibers of T*(Diff"(S')/PSL(2,R)).

We now describe explicitly how this group acts on the phase space. A point [¢/]
in the configuration space can be conveniently characterized by giving a Virasoro
element that maps df? + ¢ into [¢)]. Since the central elements (I,7) act trivially, we
need only to use elements of Diff"(S') in this characterization. In other words, the

coadjoint representation of the Virasoro group provides a explicit projection map

¥+ [1b], from Difft(S*) to Difff(S1)/PSL(2,R), given by

1 —28[](¥~"(0))
W (=1(0))?

[¢)] := coady(d6” +¢) = Ao + ¢ (10.52)

The coadjoint action on [¢] is, as expected, just the right-action by Diff(S') pro-
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posed in (10.1),

o[¥] == coadg[i] = coadgcoady (df* + ¢) = coadyy (d6* + ) = [py)] (10.53)

so that we have 44, = coady. Elements of the group will be denoted by

(@ ¢) € G (10.54)

where 7} € bita given the natural identification (viva*)* ~ vita. The action of G on

the phase space is, according to (9.23),

F(ﬁf) (p) = 5;?7117 = coad;%flp -1 (10.55)

in which, p, a 1-form at [¢)] € Q C vira®, can be seen as the restriction of an
element of (vita®™)* ~ vita, naturally identified with a 1-form field on vira®, to Q.
In this view, coad(*%1 is simply the dual representation of coad on (vita™)*, which is

naturally identified with the adjoint representation on vira, so that

F(ﬁf) (p) = adgp — 7 (10.56)

The group product rule then reads,

~

(& O)E W) = (€ +ady, 90 (10.57)
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so, evidently, the semi-direct product is defined with respect to the adjoint action
of Vira on vita.

The algebra of the group, g = vita® & vira, is given, as in (9.30), by

~ o ~ e

(8, 780 = (£xy 71— £x.75 6.8 (10.58)
where [2, 5’ | is the product in vita. Note that the abelian factor, associated with the
momentum translations, is denoted as vita® to emphasize that, while this factor is
isomorphic to vita as a vector space, it is not the usual viva algebra but rather a

commutative version of it, as [(7;0), (77;0)] = 0. It is straightforward to show that

7 = —adgh = [7,€] (10.59)

(@), @3] = ([.€] - [, € [€,€)) (10.60)

where the commutators appearing on the right-hand side refer to the product on vita.
Note that the elements (7;0), generating momentum translations, form an abelian
(normal) subalgebra, and the elements (0; E), generating configuration translations,

form a Virasoro subalgebra.

It is convenient to express this algebra in the usual harmonic basis, where the
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functions £(0) and (@) are expanded in their Fourier modes. That is, we define the

basis as

L,= (O;emeﬁg), R = (0;¢)

K, = (eM™9y;0), T =(¢:0) (10.61)

where n € Z. In this basis, the algebra product reads

[Ln, L] = i(n — m) Ly — 4min®S, 4 moR

(Ko, Lin) = i(n — m) Ky m — 471in®6pm 0T

[Kna Km] =0
[T, #] =0 (10.62)

where ¢§ is the Kronecker delta and “#” denotes “any element”, so R and T form

the center of the algebra.

10.3 Lifted group action on pre-phase spaces

We have described how the canonical group G= (bira™)* x Vira acts on the reduced
phase space P = T*(Diff"(S')/PSL(2,R)), but it is also useful to understand how
this group action can be lifted to an action on the partially-reduced phase space

S = Diff(S') x D{)ff*(S 1) and, ultimately, on the original (constrained) phase space
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‘P coordinatized by ADM variables.

~

The action on P by the group element (7; ¢), denoted by F(ﬁ 3 and defined in

(10.56), can be “pulled-back” or lifted to an action on S, denoted by J *F(ﬁ,q;) and

defined in such a way that the following diagram is commutative

SJI‘
1|

%))

J

H

P—LtsP

~

that is, J o (J*T') = I" o J, where the subscript label (7; ¢) of I' and J*T' has been
omitted. Of course, being a group action, the map (7; gg) = J *F(ﬁ.@ is required to

be a homomorphism from G to the group of diffeomorphisms on S.

In the definition of ', (10.55), let p = J(¢,5) so

L7 (W,0) = coadyr J(4,6) =7 (10.63)

Note that it maps the 1-form J (1), ) at the point [¢)] = ¢(¢)) to a 1-form at ¢[¢p] =
coadsq(v), which is clear from the pull-back coadjoint map (also recall that 7), seen as
an element of (vita®)*, defines a 1-form at ¢[t)] by restricting it to the configuration
space Q, seen as the coadjoint orbit of & = df? +¢). Now let X be a vector tangent
to Q at [p1] defined as

X = qulyyst (10.64)

where ¢ € 0iff(S'). The whole tangent space at [¢t)] is spanned by these vectors.
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Applying the 1-form L'e $)J(¢, &) to X gives

L5y (1, 6)X = J(,6)(coady1,qelyé) — A(X) (10.65)

Let us focus on the first term on the right-hand side. An identity that will be useful

is goly = coadyg o ¢ which can be shown as follows

qolg(v) = q(9) = coadyye = coadycoadye = coady o (1)) (10.66)

where we have used formula (10.52) for ¢ : Difft(S') — Difff(S1)/PSL(2,R) C vita*.

The derivative of this identity allows us to get

J(36,8) (condy1,quln€) = T, 8)(@uly12lppn) = T (6, 8)(qulye) = 5(E)
(10.67)
where the definition of J has been used in the last step. Now let us consider the
second term, 7j(X). Define the notation coad &(1)) = coady€, so that ¢ = coade.

Note that, at the identity ¥ = I, q. = (coad &), is precisely equal to the coadjoint

action of vita on vita”®, i.e., (coad €).{ = coad¢e. Then

(X)) = N(qlgy+&) = N(coadyy«q.§) = coady, n(coade) (10.68)

As coad;‘,w is a linear map from vita into itself, the same argument used to go from
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(10.55) to (10.56) applied here to replace coadg,, by ad(4y-1, yielding

N(X) = ad(gy)-17(coad¢E) (10.69)
We then define the map Y : Difft(S!) x viva — 2iff*(S?) by

Tyn(§) := ady-17(coad¢E) (10.70)

As the notation suggests, it is convenient to think of T as Diff"(S1)-labeled linear

map from vira to diff*(S!). We then have,

L7 (0.6)X = (5 = Tou)(€) (10.71)

We need to infer what J*I" has to be in order for J o J*F(ﬁ@ (1, 5)X to reproduce
the same result. We know that J*T' @) (1, &) must project to a 1-form at [¢t)] under

J, which suggests the obvious guess

T'T (5.4, 0) = (¢9,6 — Toy]) (10.72)

This can be easily confirmed by projecting it under J and acting on X , J(d, 6 —
Toui)(X) = (8 — Top) (Ellpps€)) = (5 — Yy)(€), matching with (10.71). Note
that the image of T is actually contained in the D{)ff*(Sl) subspace of iff*(S!),

since every £ € psl(2,R) is in the little group of €, so coad¢e = 0. Thus, for every

225



¢ € Difff(S1), Ty : viva — Oioff*(Sl), and it makes sense to have Y 4,7 subtracted
from & as it gives another element of fof*(S h.

It is convenient to have a more explicit expression for Y7, since its definition
(10.70) is quite abstract. Using expression (10.30) for ad,-1% and (10.39) for coad¢e

we get,

v - - dengz;g))) (26/0) +2¢"(0)) = 2 [ a0 [(ngz;g))))’ . (n%g))))”’] £(0)

(10.73)

where integration by parts was used in the last step. We have also used that

¥ 1 (n0g)|e = "fﬁ((g)”a@. Note that the central component of ad,-17) does not con-

tribute since coad¢e has no central component. Therefore we can read off

(S (e

which is manifestly belongs to fof*(S h.

Let us briefly comment on how the group action lifts to the original (constrained)
phase space, described in terms of metrics and extrinsic curvatures. The state (1, o)
corresponds to the metric hyy = Uyethy, and the (traceless part of the) extrinsic
curvature 0™ = ¥,e 225%, where U is any extension of ¢ to the disc and X satisfies

the associated Lichnerowicz equation. Under a transformation (¢,5) — (¢',5")

there will be corresponding transformations of (i) ¥ s W', (i) 3% — &'* and also

of the Weyl scalar (iii) A — X. Let us discuss each one of these changes under
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(1/]7 8) = J*F(ﬁ@(l/fa 8) = (dn/]a 00, - T(ﬁwﬁ) = (1//7 8-,):

(7) If ® is any extension of ¢ to the disc, then ®WV is an extension of ¢ to the disc.

We can therefore take U/ = ®P.

(ii) Recall that & and 6% are related via
@) = — / 956 £ s (10.75)

Since Tyl € Offf*(Sl), we can use this same expression to define a symmetric
traceless and divergenceless tensor T‘gjj)ﬁ, that is, Twﬁ(é\) =—f ﬁgT%ﬁo{fgﬁab.

Then ¢"* = 5% — T4\ 7).

(iii) The Weyl scalar A changes for two reasons. First the “source term”

Tab
in the Lichnerowicz equation changes, and second the boundary values Ay for that
equation also changes. Note that Ay satisfies eMNod#? = ¢ 1y, so as ¥ — ¢1p we have
e*odh? = (¢p)'y. While there is no explicit formula for X, as it is a solution of
this modified Lichnerowicz equation with modified boundary conditions, we know

that the map A — X is well-defined due to the existence and uniqueness properties

of solutions of that equation.

A very simple example to discuss is the SO(2) rotation, i.e., the action of the
group element (7), QAﬁ) = (0,7ry,) where r,(§) = 0 + ¢ (modulo 27). In that case the
pre-phase space point changes as (1, 5) — (rg1, &). Note that 7* does not change.

Also, Ay does not change (using the convention that v o< df?) since eModh? =
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V(R Yy = ¢ty = e*2df?. Consequently the Weyl scalar A does not change.
Therefore, if R, is any extension of r, to the disc, b, = (Ry,V).e gy = (Ry)shap
and 0’ = (R,0).e ™ PGhy, = (Ry)«0®, showing that (7, $) = (0,7,) really corre-

sponds to a rotation of the initial data on the Cauchy slice.

11 The canonical charges for the diamond

In this subsection we shall compute the charges associated with the canonical group,
G = vita x Vira, and the corresponding Poisson algebra of them. As in (9.27), the

~

momentum charges are associated with elements (0;¢) and given by

Pe(p) = p(Xg) (11.1)

where p € T*(Diff"(S1)/PSL(2,R)) and Xgis the vector field on Difff(S1)/PSL(2,R),
evaluated at [1)] = 7(p), induced by & € vita. And, as in (9.29), the configuration

charges are associated with elements (77;0) and given by

Qa(p) = (7 (p)) (11.2)

where 7(p) is seen as a vector in vita®, as in (10.52).
Now we show that this choice of charges, with no constants added, form a legit-

imate representation of g, i.e., without additional central charges.”’ In particular,

50The reason for saying “additional” central charges is because g already has a non-trivial center
given by (¢;0) @ (0;¢).
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this implies that there is no need to centrally extend the group G by a 2-cocycle.
As explained in subsection 9.3, the only 2-cocycle that can be non-trivial is the one

~

mixing the an arts of the algebra, i.e., z . According to (9.
ixing the P and @ p f the algebra, i.e., 2((7,0), (0,£)). According to (9.42),

{Qa Pe} = (X)) (11.3)

Since z is constant on the phase space, it suffices to evaluated it at a single point.
Most conveniently, we choose to evaluate it at p = pg = 0 on the fiber over € =

df? + ¢. At this point, Xg = coadgg, so we have

~

{Q5, Pe}(po) = 7(coadge) = coadg£(7)) = —&(adgh) = ([7,¢]) (11.4)

But from expression (11.2) for the charge, and from the product rule (10.60), we

have
Hgo).08) = Himaro) = Qg (11.5)
which evaluated at py gives
Hy (00,0 (P0) = [7,€1(8) = E([7, €)) (11.6)

~

matching exactly with {Q7, Pg}. Therefore z((77;0), (0;¢)) = 0.
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The harmonic basis in (10.61) defines a basis of charges given by

P, :=Hp,

Qn = Hg, (11.7)

together with the central charges Hr and Hp. From the general expressions for
the charges, we can compute explicitly the values of the central charges (which are

constants on the phase space). We get, at a point p € T*(Diff(S')/PSL(2,R)),

Hr =p(Xe) =0 (11.8)

where Xz = 0 because the coadjoint action of ¢ is trivial. If 4 is such that 7(p) =
coadyg, then

Hr =¢(n(p)) = c(coadye) =1 (11.9)

where we have used that the ¢ component of coady¢ is always 1¢, for any 1, as in

(10.52). In this way, the Poisson algebra of the canonical charges becomes

{Pp, P} =i(n —m)Pyim
{Qna Pm} = ’L(TL - m)Qner - 47Tin36n+m,0

{Qn; Qm} =0 (11.10)

revealing that the algebra of momentum charges is just isomorphic to diff(S!), after
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all. That is, the whole effect of having taken the Virasoro group as the group of
“configuration translations”, was not really to extend the algebra of configuration
translations, but rather to introduce a central charge in the commutators mixing
the configuration and momentum charges. It turns out that this algebra is equal to
a bmss algebra of asymptotic symmetries of asymptotically flat three-dimensional
gravity, as described in [43, 45].

There are particularly explicit expressions for the charges on the partially-
reduced phase space S = Difft($?) x fof*(S 1. We start by pulling back the P

charges under the J map. If p = J(1, ), we have
Pep) = J (¥, 6)(Xg) = (I Xp) (11.11)

where Yg is any vector at ¢ that projects to Xg under ¢q. Given a € vita®, define

the coadjoint map from Vira to vira™ as

-~

coad a(vy) = coadza (11.12)

Naturally, since the central elements of Vira have a trivial coadjoint action, we can
also think of the same map as being from Diff"(S!) to vita* by simply replacing 121\

by 1. Note that derivative of this map gives the coadjoint action of vita on vita®,

(coad a)*Ez Coadga (11.13)
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In this notation, the quotient map ¢ : Difft(S*) — Diff"(S')/PSL(2,R), as realized
in (10.52), is simply written as

g =coadée (11.14)

where & = df?+¢, and the vector field X induced by £ € 2iff(S') C vira at & € vira*
is given by

X¢ = (coad @) & (11.15)

If ¢ € Difff(S') is such that & = coadyée, we get
X¢ = (coad(coadye)), & (11.16)
Observe that, given any ¢ € Diff(S'), we have
coad(coady€)(¢) = coadgcoadye = coadgye = coad (1)) = coad € o ry(p) (11.17)
where 7, is the right-multiplication in Diff"(S1). Thus,
Xe = (c0ad €)4rysl = quTyul = Qulyalyp—1.794E = q*l¢*(ad$ﬁ1§) (11.18)

where [, is the left-multiplication in Difff(S') and ad® is the adjoint map in

iff(S'). This reveals that Yg can be chosen as lw(ad?;f_flﬁ), and therefore

P = J(1,6)(Xg) = 6(ad)}, £) = coad 5 (€) (11.19)
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Ifo e Dioff*(S 1) is seen as an element of vita*, & = & + 0¢, we have that coadz)iff& =
coadyo (the two coadjoint maps always match when acting on elements with no ¢

components). So we can write

Pe = coady3(6) = (4-5)(6) (11.20)

or, a little bit more explicitly,

(-1
PAy),6) = [df Mg(e) (11.21)

Now we pull-back the @ charges under J, which is trivial since it is enough to write
7(p) = coadyé, yielding

Qa(p) = (coad ) (11.22)

or, more explicitly,

1 - 25[](¢—(9))
P (p=1(0))?

Qoih, &) = / a6 n(®) +y (11.23)

where 7 = n(6)9y + yc.

11.1 Geometrical interpretation of the charges

Statements made about a quantum theory are only useful to the extent that one

can interpret their classical consequences. That is, in order to extract physical in-
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formation from a quantum theory one needs not only to know the properties of
some self-adjoint operators, but it is important that one can match those operators
to classical observables, which in principle could be tested and understood through
classical experiments. So far we have already encountered one observable to which
we could give a simple geometric interpretation: the CMC time-evolution Hamilto-
nian which corresponds, at a time 7, to the area of the CMC slice with K = —7.
In the previous section the canonical charges were defined quite abstractly on the
reduced phase space 75, and were also given in terms of (1,5) € S , which are still
abstract parameters characterizing the diamond. In order to understand their phys-
ical meaning we should try to express them in terms of something more concrete
like ADM variables, (hgp, K), for these have a simple geometrical meaning (the

metric and extrinsic curvature of the CMC slices).

Note: This section relies heavily on the content and notation of Part I. Impor-
tantly, one should notice that in this section ¥ € Diff"(X) denotes an extension
of 1 € Difft(S') to the Cauchy slice, and should not be confused with quantum

wavefunctions that will appear later.

11.1.1 Momentum charges

Let us begin with the P charges. Formula (11.20), in conjunction with (10.75), gives
P =6 1¢) = _/ﬂhaab,fmlgﬁab (11.24)
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where in the last expression ¥ is any extension of v to a diffeomorphism of the
disk and ¢ is, with a slight abuse of notation, any smooth extension of £ (at the
boundary) to a vector field on the disk. Now we insert factors of e*, where X is the

solution of the associated Lichnerowicz equation, as follows
Pr=6(te) = — / e PGP Ly 1 hay (11.25)

Using relation 9,5 = e’ and hy, = V.erhy, we have eMyy = Vy-1p,- Also,
notice that 6’/\«5\1,*—155&1; = £\I,*_15 (e/\ﬁab) - (£\I,:1€e’\)fzab, but the second term would
vanish when contracted with 3%, so we can replace 6’\5\1,*—1571@ = £q,;1§ (eABab)
in the integrand. Finally, from P — W;lhab and 0% = U,e 225% we have

e g% = W 15%  Thus, we get
P = _/ﬁwzlhqz*laab%:lg (U7 hp) = —/qz*l (0h0 Lchay]  (11.26)
and since integrals are invariant under diffeomorphisms,

P; = —/ﬁhaabfghab (11.27)

As 0 is transverse with respect to hgp, this can be converted to a boundary integral

P = -2 / Ipo®V & = —2 / df c®n &y (11.28)
1o}
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where n® is the unit (outward-pointing) vector field normal to the boundary. Finally,

using % := K% — %K h? and the orthogonality between n and ¢ (at the boundary),
P =2 / df K pneb (11.29)
19}

which is fully expressed in terms of geometrical quantities.

Since we are interested in the physical interpretation, it is worthwhile to rein-
troduce the physical scales, as explained in Sec. 8.1. We note that (11.24) remains
unchanged, but there are factors of ¢ and ¢p in the transformation to hgp, and o,

so (11.28) becomes

_ 1
8mlp

P; = / ds Kyn?eb (11.30)
0

where ds is the element of length with respect to hy,. Now we wish to re-express &,
which is an abstract vector on S!, in terms of a vector associated with the physical
boundary of the Cauchy slice. If ¢* is the unit vector tangent to the boundary of

the diamond, hapt®® = 1, and if we assume that the physical boundary metric is®!

g 2
v = (2) do* (11.31)
7T

then

o — %(ag)a (11.32)

51There seems to be no reason not to make this assumption, since any v can be parametrized by
proper length so that v = ds?, and then the angle coordinate 6, with respect to which £ = £(0)0,
can be defined simply by 6 := 27s/£. Later, in Sec. 12.5, we will argue that different choices lead
to physically equivalent theories, even at the quantum level.
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Therefore, with this choice £€* = £(0)(0g)* = £(0)(£/2m)t?, we have

14

Pr=———" [ ds Kyun®(0)t® 11.33

where 6 = 27(s/f), with s being the length along the boundary from some refer-
ence point (a change of this reference point amounts to redefining the charges by
phases, P, — ¢™?P, and Q,, — €"¥(Q,,, which clearly leaves the canonical algebra
invariant).

Let us discuss the Py charge in more depth, as it has some interesting features.

From the expression above, with £ = 0y, we see that

14

Py=——" [ ds K n® 11.34
b=~ 1o /8 s Kan (1134)

Notably, Py generates a SO(2) dynamical symmetry of the diamond, corresponding
to rigid rotations of the boundary. It is therefore natural to call Py the spin of
the diamond. This can be seen in two ways. First, as Py = Pp,, its Poisson flow
is generated by 0y acting on the configuration space Diff"(S')/PSL(2,R). More
precisely, a finite rotation by the angle ¢, acting on S! as R, (0) = 6 + ¢, will act
on the configuration space as Ry,[1)] = [R, 0 9]. We can show explicitly that the
Hamiltonian is invariant under such a transformation, so that { Py, H } =0, implying
that Py is conserved under time evolution.

Another way to see that Py corresponds to a rotational symmetry is by con-
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sidering directly the ADM formalism. In this context the Hamiltonians takes the

form

—

1
Hyurl N, N] = 7 /E a2 [NJE (K“bKab _K2-R+ QA) - 2Nbvaw“b}

(11.35)
up to boundary terms. The Hamiltonian, labelled by a lapse N and a shift N
parameters, can be interpreted as generating spacetime diffeomorphisms along the
vector Nu® + N%, where u® is the unit future-directed vector normal to the spatial
slice. When the lapse and shift are non-trivial at the boundary, the expression
above may not define a regular Hamiltonian function on the phase space, i.e., a
function that can be associated with a regular Hamiltonian flow. More precisely,
note that this association is defined via dH = —ux(), so if the symplectic form
Q) is given by the integral of a symplectic current on the Cauchy slice without
boundary terms, Q = fz 87 A Shgp, then the right-hand side of this relation gives
fE(X M) ap0T® — (X™)®5 Ry, revealing that the left-hand side must be of the form
0H = fz: A®Sh gy, + Bapdm® for a solution to exist. In other words, H generates a
regular symplectic flow if and only if it has a well-defined functional derivative. In
this case we say that H is symplectically differentiable. Since the Poisson bracket
is defined in terms of the associated Hamiltonian vectors, functions only have well-
defined Poisson brackets if they are symplectically differentiable. Accordingly, we
may need to add appropriate boundary terms to expression (11.35) in order to define

regular Hamiltonians. A trick to find these boundary terms is to vary the bulk
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Hamiltonian Hp,ji given in (11.35) and, if this produces boundary terms, we add
suitable boundary terms Hy to cancel it, so that 0 H = § Hpc+ 0 Hg is purely a bulk
integral (not containing spatial derivatives of field variations). If the Hamiltonian
does acquire a non-trivial boundary term in this manner, then its on-shell value
will be H =~ Hgy, implying that 0 H = —1x €2 # 0 and consequently the phase space
transformation X induced by H is not gauge. In other words, the diffeomorphism
generated by N and N® would not be a gauge transformation but rather a non-
trivial symmetry. Let us consider the case where N vanishes at the boundary and
N9y is tangent to the boundary, i.e., N® o t*.°? The variation of the term involving

N in (11.35) gives

0Hpu = “bulk term involving N7 — /ds Nn? (Vb5hab — thVacSth) 4.
0

167lp

(11.36)
where n? is the unit spatial outward-pointing normal vector field on the boundary,
and the “ -.” refers to terms involving N°. Since we chose N|s = 0, no boundary
terms come from N. Now the term involving N¢ gives

1
SHpu = “bulk terms” — ——— / dsngNy (h_1/267r“b n hbcéhcdh‘l/Qéw“d) (11.37)
87T£P o

52A diffeomorphism generated by N* would not in general preserve the boundary metric, unless
N® x t* by a constant factor. Nevertheless, in Sec. (11.1.3) we will argue that there is a way in
which these Hamiltonians produce well-defined flows by virtue of the CMC gauge-fixing constraint.
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This boundary term is in fact exact (as a phase space form) and can be written as

1
SHpux = “bulk terms” — & [ / ds naNbK“b] (11.38)
87T£P o

which implies that the Hamiltonian must be “corrected” with a boundary term as

follows

1
H = Hpx + /dS’I’LaNbKab (11.39)
87T€P o

Thus, if N® is non-zero at the boundary, the on-shell value of the corresponding

Hamiltonian is non-trivial

1
H[N®|p = £ on-shell = 55— / dsna& K™ (11.40)
87T€P o

Using convention (11.31) for the boundary metric, so that £€* = £(0)(9g)* = £(0)(¢/2m)t?,
we get

¢
H[N®|o = & on-shel = ~—5,— a K% =_p 11.41
[N“lo = & on-shell 167207 /adsn £(0)ty e ( )

In particular, when N is an isometry of 7, £ = 9y,

14

H[N®|5 = (09)"]on-shell = ——57—
[N*|o = (0p)*)on-shelr 16720,

/ dsnaty K% = — P, (11.42)
0

Thus we see that this Hamiltonian, generator of rigid rotations of the boundary,
corresponds to (minus) the charge Py = Pj,, justifying its denomination as the spin

of the diamond. (The reason for the minus sign is due to our conventions of how
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Difft(S1), or Vira, acts on the phase space.)

We can show that Py is preserved under CMC time evolution (or, equivalently,
the Hamiltonian generating CMC time evolution is rotation-invariant). In fact, Py is
independent of the spatial slice altogether. Let H g be the Hamiltonian correspond-
ing to a shift N that matches (9)® at the boundary and no lapse, which as we have
just seen reduces to —Fy on-shell; and let Hy be the Hamiltonian corresponding
to a lapse N which deforms one Cauchy slice into another (thus vanishing at the
boundary) and no shift. The change of Py with respect to slice change is then given

by

Py=—{Hg, Hy} = —{Hﬁ,/dzx N(z)Ho(z)}
__ / iz N(2){Hg, Holz)}
= / d*z N £ 3 Ho
_ / &2 N (VoNHo + NV, Ho)
_ / d*x Vo (NN"Hy) — / d*x N“VaNHo
- /a ds NngN*(h'*Ho) + Hz v

=Hg n~0 (11.43)

In the first line we wrote Hy explicitly in terms of the Hamiltonian constraint Ho;
in the third line we used that H; generates spatial diffeomorphisms; in the fourth

line we wrote the Lie derivative in terms of covariant derivatives (note that Hy is
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a density); in the fifth line we integrated by parts; in the sixth line we used Gauss’
theorem and identified the bulk term as the Hamiltonian corresponding to the lapse
£ 3N; and in the last line we used that N is tangent to the boundary (so n,N® = 0)

leading to the conclusion that Py vanishes on-shell (i.e., on the constraint surface).

11.1.2 The spin/twist relationship

After having geometrically expressed Py as an integral of the extrinsic curvature
along the boundary and recognized it as the spin of the diamond, we now provide
another nice interpretation for it as being the twist of the corner of the diamond.
First, let us define the twist of a curve embedded in a three-dimensional space.
Consider a closed spacelike curve ¢ : S' — M embedded in an oriented Lorentzian
space M.?? Let t be the unit vector tangent to g and a® := t?Vt® be the acceleration
vector. Since t is normalized, a is orthogonal to ¢, so let us define n as the unit
vector aligned with a (assumed not be lightlike or zero). The plane tn defines a
frame along the curve, whose third normal vector can be defined as u® := e*“tyn.,
where € is the volume element on M. The torsion quantifies the rate (with respect
to proper distance) that this frame rotates along the curve, and can be defined as
X = sign(n)u,(t*Vyn®) = sign(n)eqapt’nc(t¢V  n®), where sign(n) := n,n®. The
twist T of the (closed) curve is then defined as the integrated torsion along the

curve,

T := sign(n) /ds €apet"n(t4V gn®) (11.44)

53The concepts discussed here also apply naturally for Riemmanian spaces.
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where ds is the element of length along the curve.”® What is interesting about the
twist is that it can be evaluated with the expression above using any unit normal
vector n, not necessarily the one aligned with the acceleration. This can be seen by
evaluating this expression with two unit normal vectors n and n. If both vectors
are spacelike, we can write 72 = cosh(p)n + sinh(¢)u, where ¢ : S* — R denotes the

(hyperbolic) angle of rotation between n and n. We get
bc1dvg ~a b, c(d a de
€abct NtV gn®) = €apet n(t*Vyn®) — I (11.45)

If both n and n are smooth along the curve, so that ¢ is periodic, the integral
of dy/ds will vanish, and therefore the twist can be defined as in (11.44) for any
(smooth) spacelike unit normal vector field n. One can verify that the definition
also applies for timelike normal vectors, thanks to the factor of sign(n). Note that
the twist is always well-defined, even when the torsion is not (the torsion is only
well-defined if the acceleration is not vanishing and not lightlike).

We can also provide a formula for the twist which refers to lightlike normal
vectors. This may be pertinent since the two inward-pointing null vectors are the
generators of the future and past horizons of the diamond. Let k1 be the future (+)
and past (—) inward-pointing null vector fields orthogonal to the curve, normalized
like (ky)q(k—)* = 1. If n is a smooth (outward-pointing) spacelike normal field

along the curve, and u is the (future-pointing) vector field normal to both n and t,

5Some references include numerical factors like 1/27 in the definition of the twist, which we
choose not to do.
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then we can write kx = (—n +u)/v/2. Now writing 7 = (7 + 7)/2, where the first
T is expressed as in (11.44) with n as the normal vector and the second 7 with u

as the normal vector, we see that
T = / ds €qpet’ (ks) 1TV (k)" = F / ds (kx)at* Vi (ks)" (11.46)

Note that this involves both £, and k_, essentially evaluating how much one changes
with respect to the other.

Interestingly, relation (11.45) provides another interpretation for the twist, as
follows. Let 7 be a unit (spacelike) normal Fermi-Walker transported® along the
curve, thus satisfying

DIVRY = 'V, i + it = 0 (11.47)

When n comes back to the initial point, after a loop, it may not coincide with its
original value. If n is any smooth (spacelike) unit normal field along the curve, we
can define the (hyperbolic) angle ¢ of n with respect to n as before. But now ¢ is
not necessarily periodic, so let Ay := @fnal — @initial P the total angle accumulation
after a loop. Integrating both sides of (11.45) in ds yields zero for the left-hand side

(since € would be contracting with two t’s), T for the first term on the right-hand

55The Fermi-Walker transport gives a natural notion of “parallel transporting” a frame along a
curve, while keeping it aligned with the curve. More precisely, this is defined by parallel-transporting
a frame for an infinitesimal distance and then projecting the normal vectors orthogonally to the
curve and the tangent vector along the curve. The Fermi-Walker transport coincides with the
parallel transport if (and only if) the curve is a geodesic. The Fermi-Walker derivative is defined
by DEWVo® :=t"V,v® + (apt® —tpa®)v®, where t and a are respectively the tangent and acceleration
vectors of the curve ¢, and it has the property that D(};Wv“ = 0 if (and only if) v is Fermi-Walker
transported along the curve.
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side and —Agp for the last term. Therefore, we have

T = Ay (11.48)

revealing that the twist 7 can be interpreted as a holonomy induced on the normal
bundle of the curve, expressing how the parallel-transported normal frame comes
back rotated after a loop. A similar result also holds for lightlike vectors, using
(11.46). In this case, let ki be a pair of Fermi-Walker transported inward-pointing
null vectors orthogonal to the curve, normalized like (k4 )q(k—)® = 1, and let ks
be any smooth (normalized) pair of inward-pointing null vectors orthogonal to the
curve. We can write Ei = eX+=k for some scalars y+. The normalization conditions
imply that - = —x4. From a relation analogue to (11.45), for the integrand of
(11.46), we conclude that

T = FAys (11.49)

where Ax 1 := (X4 )final — (X+ )initial 1S the phase difference accumulated along a loop.
That is, the future and past null generators of the Cauchy horizon of the diamond
come back boosted (rescaled with respect to each other) after being transported
along the corner loop of the diamond.

Let us now see that Py is directly related to the twist of the boundary. Let u be
the unit timelike (future-pointing) normal vector to the CMC, so that K, = Vyu,,

where V denotes the spacetime covariant derivative. Let n be the unit outward-
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pointing normal vector to the boundary, parallel to the CMC, and t* be the unit
vector tangent to the boundary, assumed to be oriented such that €(u,n,t) = 1,

where € is the spacetime orientation. Then (11.34) can be integrated by parts as

!
-~ 16724p

14
ds ugt® b= ——— 11.
/(9 suqt’Vyn 167r2€pT (11.50)

showing that the spin Py is proportional to the twist 7, with a proportionality
factor involving the ratio between the boundary length and the Planck length (in
units where i = 1).

This relationship between twist and spin can be seen as an analogue, in lower di-
mensions, of a result obtained in [102], in which the edge mode structure of gravity in
3+1 dimensions is analyzed from the covariant phase space perspective. It is found
that the charges generating volume-preserving diffeomorphisms of the corner (S52)
are related to the curvature of the connection on the normal bundle of the corner,
as naturally defined from its embedding into the ambient spacetime. For our causal
diamonds, volume-preserving diffeomorphisms of the corner (S') are precisely the
isometries of the boundary metric. In this case, the normal bundle of the corner also
inherits a natural connection from the ambient spacetime, but one cannot define a
non-trivial curvature tensor since the base space is 1-dimensional. Nevertheless, due
to the non-trivial fundamental group of S* (unlike S?), there is another kind of in-
variant associated to the connection: the holonomy defined by parallel transporting

the normal frame along the loop. As we have seen, this holonomy is described by a
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boost angle which is interpreted as the twist of the corner.

On a separate note, the twist of a curve has also appeared in an analysis of the
holographic entanglement entropy in the context of two-dimensional conformal field
theories with a gravitational anomaly [103], but it is unclear whether this has any

relation with our work.

11.1.3 Configuration charges

The interpretation of the () charges appears to be much less simple. Unlike the P
charges which are related to a local integration of K, along the boundary, the @
charges seem to be related in a non-local way with the curvature of the boundary
as embedded in the CMC itself.

We can still establish some general properties of the @ charges. First, note
from (11.23) that the Q’s do not depend on &, but only on . In fact, it is a
function on the configuration space so it depends only on the PSL(2,R)-class of 9,
[¢] € Difft(S1)/PSL(2,R). A given spatial metric hqy, uniquely determines one such
equivalence class [¢], as can be seen from App. B. There we explain an algorithm
for constructing a v given a hg, but it contains an ambiguity associated with the
conformal automorphisms of the unit complex disc which translates into a PSL(2, R)
indeterminacy, ¥ ~ vy, where y € PSL(2,R). On the other direction, a class
[¢)] determines a spatial metric up to boundary-trivial conformal transformations,
[h] = [®.Oh], where ® € Difft(X) acts as the identity on the boundary and the

function © € C*°(X,R") is 1 at the boundary. This can be seen from Sec. 6, where
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we explain how a given v determines the boundary value of the Weyl factor A from

the condition on the boundary metric,

halo = VxMohaplo (11.51)

so the only ambiguities are on extending 1 — ¥ and Ay — A to the interior of the

disc, producing the spatial metric

hap = Vi Ahyy (11.52)

that is, one could instead have chosen to extend these variables as ¢ — ® o ¥ and
A — OA, where (®,©) is boundary-trivial. Also, it is clear that could have started
with ¢y instead, and such a choice affects Ag; however, it does it in such a way that
the conformal transformation (¥, {2) should be replaced by (¥,Q) o (£,T'), where
(E,T) is a conformal isometry of hqy,. Consequently, (¥, Q) o (Z,T) defines the same
metric hy. We thus conclude that the ) charges depend only on the conformal

class of the spatial metric,

Qn([¥]) = Qn([has]) (11.53)

with a slight abuse of notation.
It should be remarked that the fact that @, depends only on the (conformal class
of the) spatial metric does not mean that @, cannot be expressed in a format that

involves the extrinsic curvature. That is, K could appear as long as it is combined
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with other quantities to produce a conformal invariant of hyp. This is plausible only
because the canonical charges are defined intrinsically on the reduced phase space,
so any statements regarding their relationship with the ADM variables should be
understood as being valid on-shell (i.e., assuming that the constraints hold), and
consequently the extrinsic curvature is not independent from the spatial metric. In
fact, it may well be that the extrinsic curvature appears in the most “natural form”
of Q, i.e., the form with the most readily physical interpretation.

A second property, of )y in particular, is that it must be bounded from above,
attaining a maximum value of 27 when [¢)] = [I], and unbounded from below [45]. In
this configuration, Q,([I]) = [dfe™’ = 276,0. This will be discussed in Sec. 12.4,
where we shall see that the same property also holds in the quantum theory.

Lastly, we comment on an alternative point of view, based on the ADM analysis
of corner symmetries, that may be helpful in clarifying the meaning of the ) charges.
We shall refrain from going into much detail here since, to the extent that it applies
to the present question, it is still an speculation.”® The main point is to notice that,
as proven in Sec. 4.2, the condition of fixing the induced boundary metric implies
that all refoliations of the causal diamond can be achieved via gauge transformations.
Moreover, we have also proved that, within the considered class of causal diamond
spacetimes, a regular foliation always exists defined by the CMC condition, K = —,

which provides a universal gauge-fixing of time. We can think of this gauge-fixing

56Based on collaboration with Laurent Freidel, Luca Ciambelli and Ted Jacobson.
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as introducing a constraint to the ADM phase space

C.l¢] :== /Ed%gb(K +17) (11.54)

where ¢ is a scalar labeling this family of functions. This can be seen as a constraint
conjugate to the generator of refoliations, i.e., C;[¢] and H[N, 6], with N|g = 0,
form a family of second-class constraints. By themselves, generic corner-deforming
ADM Hamiltonians H[N, N |, where N and N are arbitrary at the boundary, would
typically violate the boundary condition on the metric. But since C[¢] generates
Weyl transformations on the spatial metric, we can always find linear combinations
of H[N, N] and C,[¢] that preserve the boundary condition. We conclude that the
following Hamiltonian is symplectically differentiable and, for the appropriate choice

of ¢, generates a flow that preserves the boundary condition

H[Nv ]\7] = Hbulk[Nv N]+CT[¢(N7 N)]+2/

ds {thct“anab — N°n t "t Koy, — NA]
o]

(11.55)
where A is the (scalar) acceleration of the corner as embedded in the spatial slice,
ie., 9V, t® = —Anb.>7 There is another manner to write this expression which is
interesting. From the perspective of the diamond spacetime, there are three direc-

tions that are special at the corner: one is along the corner itself, (N, N) = (0, £t),

5TIn a rigorous treatment of the second-class constraints in the ADM phase space, this Hamil-
tonian, with the appropriate constraint terms added, is precisely what should be used to compute
Dirac brackets as regular Poisson brackets, i.e., {Hg, - }p ~ {H,- }.
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and the others are along the null rays of the diamond future horizon, (N,N) =
(¢, —¢"n%), and past horizon, (N, N) = (—(~,—("n%). The charges associated
with the horizon flows are related to the expansion parameters, ©F, of the respec-
tive null generators; O is defined as the rate of change of length of a piece of corner,
relative to its length, as it is transported along the null generators, u® —n®. There-

fore, we have three species of charges,

Corner diffeomorphisms: (N, N) = (0,£t%) — H[¢] = 2/ds &t n Ky
0

Future horizon flow: (N,N) = (¢*,—¢*n%) — H[(T] = Z/ds (te,
1o}

Past horizon flow: (N,N) = (—(~,—("n%) — H[(7] = —2/ ds¢ ©_ (11.56)
0

The charges associated with the corner diffeomorphisms are, as shown in 11.41, iden-
tified with (minus) Pz. We speculate that the @ charges are related to some (possibly
non-linear) function of the expansion parameters, i.e., the charges associated with

horizon flows. The investigation on this front is left to later work.

12 The quantum theory

The quantum theory is constructed based on a (projective) unitary irreducible rep-
resentation of the transitive symmetry group G = vira x Vira. Note that, in this
case, quantization amounts to finding a class of suitable quantum theories, in which

the (complete) subalgebra of canonical observers can be properly represented on the
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Hilbert space — as explained in Sec. 9.1 this is unlike the case of a phase space with
a vector space structure, where the quantization is based on the Heisenberg group
which has a unique unitary irreducible representation (given a fixed value of h).
Equivalently, as explained in App. F, projective unitary irreducible representa-
tions of a group are in one-to-one correspondence with (true) unitary irreducible
representations of (the universal cover of) a central extension (by 2-cocycles) of the
group, which in turn are in one-to-one correspondence with self-adjoint irreducible
representations of the Lie algebra (of the extended group). Note however that, be-
cause of the Casimir matching principle discussed in Sec. 9.2, central elements of the
algebra are to be represented with the same value as their classical counterparts, so
if the Poisson algebra associated with the canonical group is truly homomorphic to
the Lie algebra of the group, then we should not consider further central extensions
of the algebra, even if in principle one is admissible. We showed in Sec. 11 that the

Poisson algebra generated by the action of vita x Vira reduces to

{P,, Pn} =i(n—m)Pim
{Qna Pm} = ’L(TL - m)Qner - 47Tin35n+m,0

{@n,Qm} =0 (12.1)

so not only there is no need to extend vira x Vira further, but the central charge
associated with the Vira factor should be represented trivially. In this manner,

even though we had to extend Difff(S?) into Vira for the purpose of constructing

252



an appropriate transitive group of symplectomorphisms on the phase space, the
algebra of configuration translations is reduced to the original diff(S') algebra when
realized as a Poisson algebra of momentum charges on the phase space, so the
ultimate effect of that extension was only to introduce a central charge in the mixed
bracket between momentum and configuration charges.

It is also worth noticing that the algebra above happens to be the bms;s algebra
of asymptotic symmetries at null infinity of asymptotically-flat spacetimes in three
dimensions, as obtained in [43]. The group underlying this algebra is known as
BMSs3, or the Bondi—Metzner—Sachs group in three dimensions. See that BMSs is
not a subgroup of virta x Vira, but rather the latter is a central extension of the
former.

In this way, the quantum theory is therefore based on some unitary irreducible

representation of the “quantized” version of the classical Poisson algebra (12.1), in
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which the Poisson bracket {,} is replaced by —i[,],%

~

(m —n) Poim

[P, P

[Q\na ﬁm] = (m - n) Q\n—s—m + 47Tn35n+m,0

[@nv@m] =0 (12'2)

where ﬁn and @n are operators on the Hilbert space H corresponding, respectively,
to the observables P, and ),,. Note that they are not supposed to be self-adjoint
since their classical counterparts are not real (as they are associated with complex
Fourier modes of diffeomorphisms of S!). Instead, these operators should satisfy

the conjugation relations

(@Qn) =Q-n (12.3)

which mimic the classical relations (P,)* = P, and (Qn)* = Q—_,. We shall
use the terminology that such a representation of the algebra is unitary, so that

momentum and configuration variables labelled by real diffeomorphisms are self-

58Recall that we are using units where i = 1. One would have to be careful in recovering A
explicitly in these formulas. In particular, in Sec. 8.1, we have essentially borrowed the A from
quantum mechanics in writing classical formulas for the metric hqp and extrinsic curvature o in
terms of the (dimensionless) quantities hqp and 5°°. Had we not made the choice & = 1, the physical
symplectic form on the reduced phase space would actually be hw, where w is the (dimensionless)
symplectic form associated with the cotangent bundle structure of T*(Diff"(S')/PSL(2,R)). This
i would appear in the definition of the canonical charges, and eventually cancel with the 1/i% in
the homomorphism to the quantum algebra.
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adjoint operators and consequently the group of (real) symmetries is represented
unitarily.
The unitary operators corresponding to the canonical transformations are ob-

tained exponentiating the respective algebra elements. That is, we have

U (exp(t(7;0))) = e (12.4)

U (exp(t(0;€))) = e (12.5)

where t is a real parameter, exp denotes the Lie exponential in G = vita x Vira

~

and elements of its Lie algebra are denoted by (7;£) € vita® &vita. The Casimir

matching principle implies, from 7" = 1, that @g =1, so

U(exp(t(;0))) = U(((1,4); (1,0)) = e (12.6)

and also, from R = 0, that 133 =0, so

U(exp(t(0;¢))) = U(((,0); (1, 1)) = 1 (12.7)

where I € Diff"(S'). We have used here expression (10.6) parametrizing elements
of Vira in terms of exponential of algebra elements.
If the representation is constructed directly at the group level, as in Sec. (12.1)

below, then the configuration and momentum operators are obtained by differenti-
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ating the unitary operators,

~ 0

Q7 =1 g U(expt0))| (12.8)

Be= i LU (exp(t(0:€ 12.9
e= i Vet D) (129)

It automatically follows from the fact that U forms a representation of G that these
P’s and @Q’s satisfy the appropriate algebra, and from the unitarity that they will

be self-adjoint (provided that the labels £ and 7 are real diffeomorphisms).

12.1 Wavefunction realization

Let us now discuss the general representation theory for the canonical group G =
vita x Vira. Since this group has the form of a semi-direct product between a
locally compact separable group G = Vira and an abelian group vira, it is natural
to employ Mackey’s theory of induced representations [44]. (We offer a brief guide
to Mackey’s theory in App. E.) It should be stressed, nonetheless, that Mackey’s
theory formally only applies to finite dimensional groups, so we must be mindful
that the existence, irreducibility and exhaustivity of the representations produced
by Mackey’s algorithm are not guaranteed (see however [46]). We note that the
representation theory of BMSs has been studied recently [45, 104, 105, 106, 107],
from Mackey’s perspective, motivated by the important place of this group in the

context of asymptotically-flat gravity in three dimensions.
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According to Mackey’s theory, an irreducible unitary representation of G =
vita x Vira is characterized by a choice of an orbit O on vita® (generated by the
dual action of Vira on vita™, in this case the coadjoint action), together with a
choice of an irreducible unitary representation of the little group Hp associated
with O (i.e., O ~ Vira/Hp). The Hilbert space He is realized as the space of
sections ¥ of an associated bundle S — G x4 S — 0,” where % : Ho — Aut(S)
is an irreducible unitary representation of the corresponding little group Hp on a
“little” Hilbert space S. Informally, we can think of this associated bundle as a
space defined by gluing a copy of § to each point of O, and accordingly think of the
quantum states ¥ as wavefunctions “living” on the orbit O valued in & — thus S,
if non-trivial, describes some sort of “internal states” or, in the language of particle
physics, “intrinsic spin” degrees of freedom. We explain below how the group acts
on this representation.

The group structure of vira x Vira, expressed in (10.57), is that Vira acts as the

adjoint map on vira. In the notation of (E.12), § : Vira — Aut(vita) is

65 = ad 0 (12.10)

where 7:[)\ € Vira and 7 € vita. The corresponding dual action on bvita®, denoted by

59A fiber bundle with total space E, base manifold M and fibers F is denoted by F — E — B.
Note that the second arrow corresponds to the bundle projection map from F to B, and the first
(hooked) arrow only indicates that F' can be embedded into E as a fiber (although this embedding
is not canonical).
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0 : Vira — vira™, is precisely the coadjoint map,
p Yy

51262 = Coadﬂ;a (12.11)

where a € vita®. Given an element ag € vita*, let O denote its orbit, i.e., the set of

all points 512)\5(0 = coad QZEJZ in vita®, for all 1} € Vira. The associated little group is
Ho := {X € Vira, coadgag = ap} (12.12)

Consequently, O is homeomorphic to Vira/H». Now consider the principal bundle
Hp < Vira — O, in which the projection map ¢ : Vira — O ~ Vira/Hp is simply
the group quotient, ¢(1) = [¢}], where [¢)] = [¢%] for all X € Hp. More concretely,
the quotient map can also be realized as @Z — coadag. Given an irreducible unitary
representation % : Ho — Aut(S) of Hp on some vector space S, the associated
bundle § — Vira x¢y § — O is vector bundle over O with fibers S, defined as

follows: let the total space be the set of equivalence classes

Vira xg, S := {[J, ¢l = [QZS(\, % (X Y)¢]; where {ﬂ\ € Vira, X € Ho and ¢ € 8}
(12.13)

and the projection map ¢(%) : Vira x4 S — O be

¢([¢.<]) = a($) = [ (12.14)
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This bundle has a natural linear structure defined by

[0, A + X< = N[, ] + N [ih, <) (12.15)

Also, the Vira action on O has a natural lift to a Vira action on the associated

bundle, denoted by L : Vira — Diff{ Vira x4, S) and defined by

Lgliho) = [60.] (12.16)

where gg € Vira. Finally, assume that O admits a measure p that is quasi-invariant
under Vira.%Y Representations defined for equivalent measures (i.e., having the same
sets of measure zero) are unitarily equivalent, and under quite general conditions a
homogeneous space admits a unique (up to equivalence) quasi-invariant measure (see
footnote 92). In App. D we discuss a possible quasi-invariant measure for the orbit
O = Q. The Hilbert space H is defined as the space of sections of the associated

bundle,

H := [ (Virax48) := {U : O — Virax4S; satisfying ¢%)(¥(a)) = a for all & € O}

(12.17)

80Tf f : M — N is a measurable map and y is a measure on M, the push-forward of u to N is
defined by f.u[B] := u[f ' (B)], where B is any Borel subset of N and f~' designates the pre-image
under f. A measure p on a homogeneous space G/H is said to be quasi-invariant with respect to
G if p and its push-forwards pg := dg.p, for all g € G, are equivalent to each other (i.e., have the
same sets of measure zero).

259



with the inner product given by

(T, ') = /O du(@) (U (@), ¥ (@))) := /O du(@) (s(a@),<'(@)) (12.18)

where U(a) = [¢(@),<(@)], ¥(a) = [)(a),<'(@)] and (,) denotes the inner product
in S. (Note that ¥ and ¥’ must be expressed in terms of the same )€ g (@) in
this formula.) The irreducible unitary representation produced by this construction,

U : vita x Vira — Aut(H), is then

. _dp-
UG, $)U(d) = e~ 5 CZf’(a) L$<@(coad$,la)) (12.19)

~

where (7, ¢) € vira x Vira and du(g/ dp is the Radon-Nikodym derivative associated
with the measure . The form of this representation is compatible with our intu-
ition in the sense that vita corresponds classically to momentum translations and is
quantum-mechanically represented as a pointwise phase rotation of the wavefunc-
tion, and Vira corresponds classically to configuration translations and is quantum-
mechanically represented as translations of the wavefunction (i.e., notice that L$
maps \Il(coadq;_l&’), which belongs to the fiber over coadg_la, to a point on the
fiber over coada(coada_la) =a.)

Let us see how the conditions from the Casimir matching principle manifests

here. Considering the group element (¢c; T ), where ¢ € R and I = (1,0) is the
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identity of Vira, formula (12.19) reads

Ute 1) ¥(a) = e @O L(T(a)) = e 1 O0(q) (12.20)

since Lz acts trivially on the bundle. Comparing with (12.6) we conclude that

a@) =1 (12.21)

that is, the orbit O must be chosen so that its central component is 1. Now consider
the central element of Vira, (0; (0,7)), where € R. Notice that since it acts trivially
via the coadjoint map on vita®, it always appear in Hp for any orbit. That is, Hp
is always a central extension of the corresponding little group Ko of Difft(S1),

Ho = Ko Xext R, and moreover O ~ Vira/Ho = Diff'(S')/Ko. According to
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(12.19) we have

= MU (Q) (12.22)

where in the first line we used that (0; (0,r)) acts trivially on O (and, in particular,
the Radon-Nikodym derivative is 1); in the second line we wrote ¥ (&) = [QZ(&), s(@)]
(where, technically, & — (&) is a local section) and used the definition (12.16) of
the lifted action; in the third line we used that the central element commutes with
any other; in the fourth line we used that (0; (0,7)) € Hp so the equivalence relation
(12.13) defining the associated bundle can be applied; in the fifth line we used that
(0; (0,7)), being central, must be unitarily represented as e’ for some A € R; in the
sixth line we used the linear property (12.15) of the associated bundle; and in the
last line we simply returned to the ¥ notation. The condition (12.7) thus implies
that A =0,

w((1,r) =1 (12.23)
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i.e., the central factor of Hp must be represented trivially on §. In summary, the
Casimir matching principle applied to the central elements T" and R implies that the
representations of the canonical group should be restricted to those where the orbit
O has unit central component in vita®™ and the central factor of Ho = Kp Xzt R is

trivially represented on S. Formula (12.19) then reduces to

U((n,t); (¢,7)) W (@) = et %(&) Ly(¥(coady1@)) (12.24)

where & = a(f)df? + ¢ and, as usual, a(n) = [ df a(f)n(d). Notice that now only
¢ € Diff"(S') (and not the central component of (}5) appears in the Radon-Nikodym
derivative, L and coad.

From (12.8) and (12.9) we can compute the action of the quantized versions
of the (non-central) canonical charges, @n and 135, on the wavefunctions. For the
configuration charges we have

Qo (@) = i Ulexp(A(n,0):0))¥(@)

= a(n)¥(a) (12.25)

where the A derivatives, here and next, are evaluated at A = 0. For the momentum
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charges we have

P (@) = i 2 U(exp(A(0:6)) ¥ (@)

o\
.0 Altexp(Ae) ~ o
Y #(O‘)Lexr)(/\f) (\P(Coade’q’()‘f)*la))
_ i@ (12.26)

where % is a derivative operator defined as

~ 0 duex AE) ~ ~
DV () = — DY %(a}Lexp(M)(\Il(coadexp(&)qa)) (12.27)

A=0

As expected from a derivative, this operator is linear under addition, Z¢(¥ + ¥') =
D¢V + Z:V', and satisfies a form of Leibniz rule under multiplication by scalars,
De(fV) = fPDe + (Xef)V, where f : O — C and X¢ is the vector field on O
induced by ¢ € 9iff(S'). Moreover, they form an anti-representation of Diff"(S?!),
(D¢, Der] = = Deer)-

Finally, note that we should in principle consider the universal cover of the group
in order to describe all projective representations. The group G = vita x Vira has
fundamental group Z, due to the Vira factor, which has been defined in Sec. 10.1
such that the fundamental group Z is inherited from Difft(S'). As described in

App. D, the universal cover of Difff(S!), Difff(S'), can be characterized as the
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space of diffeomorphisms of the real line, ¢ : R — R, satisfying the condition

V(0 +2m) = P(8) + 27 (12.28)

Thus, elements of the universal cover of Vira, Vira, can be expressed as

¢ = (¢,7) € Vira (12.29)

The center Z of Diff"(S') consists of functions ¢(0) = 6 + 2wn, n € Z, all of
which project to the identity in Diff"(S'). Let us indicate the quotient Diff"(S') —
Diff"(S')/Z = Diff"(S") simply by ¢ ~ . Similarly, the center of Virais Z xR, i.e.,
consisting of elements @ = (0 4 27n,r). We can describe the relationship between
these two extensions (i.e., one by the 2-coclycle R and other by the fundamental
group Z) in terms of a commutative diagram

b € Vira — ¢ € Diff(s")

¢ € Vira — ¥ € Diff(s")
where the arrows indicate group projections (or, in the reverse direction, group
extensions). The diagram also helps elucidating the notation, i.e., see that “hat”
denotes central extensions by 2-cocyles and “underline” denotes unwrapping by the
fundamental group Z (the two accents are independent).

Evidently, the center Z x R C Vira acts trivially through the coadjoint map
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from Vira to vita®, so

coadi = coadj = coady (12.30)

where the coadjoint map on the right-hand side is just the one from Vira to vita®,
given in (10.37). This means that the coadjoint orbits of Vira are exactly the
same as the ones of Vira, the only difference being that the little group for Vira
of an orbit O, denoted by H, is some Z-cover of the little group Hp for Vira.
Therefore, the wavefunctions are still based on the same set of orbits, but they may
carry “internal indices” in some projective unitary irreducible representations of the
little group Hp. In summary, the wavefunctions describing a projective unitary
irreducible representations are sections of the bundle S — Vira x4, & — O, where

U : Hp — Aut(S) is a unitary irreducible representation of the little group H .

12.2 The monodromy and winding number Casimirs

If there are any Casimir invariants associated with the canonical algebra of observ-
ables, we can use the Casimir matching principle (explained at the end of Sec. 9.2)
to filter out some representations. We have seen that the central 7" and R elements
of C~}, which are the simplest Casimir invariants, imply that the orbits must be re-
stricted to those with central component equal to 1 (& = a(6)d#*+¢) and the central
R factor of the little group must be trivially represented. In this section we discuss
a family of non-trivial Casimir invariants of bmss associated with the monodromy

structure of coadjoint orbits of Virasoro.
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Note that a classical observable that depends only on the @,, charges, C({Q}),
can be unambiguously quantized to an operator C = C({@n}), as there are no
operator-ordering issues by virtue of the commutativity of the @Q,’s. Furthermore,

(12.25) implies that this operator acts on the wavefunctions by multiplication,

CU(@) := C{Qn}]¥(@) = C{Qn(@)}¥ (@) (12.31)

where Q,, (@) = a(e™0y) = [ df e () =: 2mav,. These numbers a, are of course

just the Fourier components of «,

a=> ane ™d> +¢ (12.32)
neL

In particular, note that if we define the following diff*(S1)-valued operator,

. 1 A —inb 102 | ~
Q= > Que™do* +¢ (12.33)
nez
we get, in a formal sense,
QU (a) = a¥(a) (12.34)

whose meaning is that, given any function C : diff*(S') — R, we can associate to it

a quantum operator C defined by

C:=C(Q) (12.35)
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and it follows that

CU(@) := C(a)T(a) (12.36)

Note that such an operator is defined in any irreducible representation of vita x Vira
in which T' = 1.

If one finds a function C : 2iff*(S1) — R that is constant on every orbit O C
via®, i.e.,

O(@) = C(coady@), for all ¢ € Diff(S*) (12.37)

which is therefore a classical Casimir observable (by restricting it to O = Q), then
C = C(Q) will also be a quantum Casimir operator. In fact, a family of such
functions exists [45] and is given by the trace of the k-th power of the monodromy
matrix, M. More explicitly, the function C} is taken as

0 1

2w
Cr(@) := Tr[M*) = Tr | Pexp /0 do k ) (12.38)
a(f
0

4

where k € N, & = «a(0)df? + ¢, and Tr and Pexp are respectively the trace and
the path ordered exponential (on the space of 2x2 matrices). We shall refer to this
Casimir, which in the quantum theory is given by

R 2 0 1
Crp:=Cr(Q)=1r gzexp/ do k (12.39)
0

ZnGZ Qneiine
8T
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as the Monodromy operator of k-th order.%!

Let us recall the how the monodromy matrix is defined. (See, e.g., [45] for
details.) Associated to each element & = «(#)df* + ac € vita* there is a Hill’s
operator J4% = 4a(%22 + () acting on the space of real densities of weight —1/2
on R (i.e., objects that transform under diffeomorphisms like F'(0) = f (9)(d0)_%,
where f is a scalar). The space of solutions of J#%F = 0 forms a two-dimensional

space, which can be displayed as a vector

F:= (12.40)

It is assumed that these solutions are normalized with respect to the Wronskian,
W (Fy, Fy) := FiF) — F,F{ = —1. These solutions are not 2w-periodic in general,
but due to the 27-periodicity of a(6) it follows that a 27-translation corresponds to
a change of basis in the space of solutions, i.e., there exists a matrix M € SL(2,R)
such that

F(0 + 21) = MF(0) (12.41)

This M is called the monodromy matrix associated with & in the basis F. A change

of basis F — SF, where S € SL(2,R) (so that the Wronskian norm is preserved),

51To be more precise, C is not a standard Casimir of virax Vira, because T is replaced by the value
1. The “closest” one could get to defining aACasimir element of the universal enveloping algebra
of vita x Vira would be to replace &= >, Qne~ ™ by = Y onez Qne~ ™% which does not make
sense since one cannot divide by the abstract symbol T'. Nevertheless, this operator deserves to be
called a “quantum Casimir” since it is the direct quantization of the classical Casimir C[{Q»}], is
well-defined in any physically relevant irreducible representation (i.e., those where T'= 1), and is
represented as a multiple of the identity in each of these representations.
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induces a change M +— SMS~!. Consequently, there is a basis-independent map
from vita® to the space of conjugacy classes of SL(2,R), a — [M]. Moreover, it is
true that HGF = 0 & Hloaq,a(«F) = 0, for any ¢ € Difff(S'). Tt follows that
this map from vita® to conjugacy classes of SL(2,R) is constant along each orbit
O and, in particular, the traces of powers of M are real functions constant on the
coadjoint orbits of Virasoro.

For an orbit with constant representative &g = adf?+¢ this expression evaluates
to

Cr(ap) = 2 cos (kmy/ag) (12.42)
For the orbit @ = Q, the representative is, as given in (10.43), € = d#? + ¢, and
therefore it is associated with the Casimir value

Cr(8) = 2(-1)% (12.43)

The Casimir matching principle thus restricts the possible quantum theories to
those associated with orbits whose k-th power of the monodromy matrix has trace
2(—1)F. This leaves three possibilities for the SL(2, R) conjugacy classes of M, whose

representatives are

270



It appears that there are no other scalar matrix-invariants that can be used to
distinguish these cases.

It is possible to extend the Casimir matching principle to include other types of
invariant objects, which we call generalized Casimir operators.’? Let us define the
monodromy class operator, 9, valued in the space of conjugacy classes of SL(2,R),

by

2 0 1
M = ,@exp/ do (12.44)
0

Znel Qnefma
81

This generalized operator is well-defined, both mathematically and physically: each
entry of the 2x2 matrix is a function of the @n’s, which are commuting operators and
can therefore be simultaneously diagonalized (or measured), and then the SL(2,R)
conjugacy class of these “eigenmatrices” can be evaluated. In fact, the wavefunctions

U(a) are precisely the eigenvectors of this operator, and we can formally write

MP (&) = [Ma]T(a) (12.45)

52 A possible formulation of a more generally applicable Casimir matching principle is as follows.
Suppose that classically there is a function of the canonical observables, C'({Hg}), valued in some
space ./, which is constant on the phase space. Given any function f : . — R, it is clear
that f o C is constant on the phase space and therefore it is classical Casimir observable. Say
that C admits a natural quantization C' in the sense that, given any function f : . — R, there
is a naturally associated quantum operator éf = fo C(f[g) that commutes with all canonical
observables, [éf, f[g] = 0, and is compatible with composition by real functions, CA'Wf/ = go(éf,),
where ¢ : R =+ R. Each C t is therefore a quantum Casimir and must be irreducibly represented
as a multiple of the identity. If, in a given representation, there exists ¢ € . such that éf = f(c),
for all f, then we say that C has a -eigenvalue ¢ in that representation. It is then possible, in

principle, to measure the .-value of 6, and the result of such measurement is the same for all
quantum states, so we assume that this value should be matched with the classical .#-value of C.
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The corresponding classical invariant is simply the SL(2,R) conjugacy class of the

monodromy matrix, M, which in the case of Q = Difft(S')/PSL(2,R) evaluates to

[Mg] = (12.46)

Thus we assume that the quantum theory should realize 9t = [Mg], which selects

the orbits O whose monodromy class is

Mo] = (12.47)

The only coadjoint orbits in this monodromy class are those with the following

constant representatives [45]

&M .= n%df% + ¢, where n € 27+ 1 (12.48)

These orbits have topology Diff"(S')/PSL(™(2,R), where PSL™ (2, R) is the sub-
group of Difft(S!) generated by the subalgebra 9y, sin(nf)d and cos(nd)dy.
There is another invariant associated with coadjoint orbits of Virasoro, the wind-

ing number [45]. This is a discrete parameter also associated with Hill’s equation.
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Given a (Wronskian-normalized) solution vector F, define the map

[0,27) — RP!

0 [F(0) ~ AF(0); \ € R] (12.49)

which should be seen as going from S* (the [0, 2) interval of R) to S! (identified with
RP'). The number of complete wrappings of the domain [0, 27) into the codomain
RP! induced by this map is called the winding number, w. By definition, w €
Z. The winding number is independent of the basis of solutions F and invariant
under the coadjoint action, wg = Weoad,a- Therefore, w is constant along each
coadjoint orbit. Classically, the winding number of Q is 1. Quantum mechanically
the winding number operator, tv, can be constructed solely from the @n’s, and it

acts on wavefunctions as

w(d) = wg U(a) (12.50)

From the (generalized) Casimir principle, we conclude that the representations

should be restricted to those with orbits with unit winding number,

wo =1 (12.51)

From the family of orbits in (12.48), the only candidate that has winding number
1is €M = & = dh% + ¢ That is, we conclude that the quantum theory should be

based on the orbit O = Q = Diff"(S')/PSL(2,R), which we call the natural orbit.
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12.3 The natural orbit and PSL(2,R) indices

The natural choice for the orbit is

O = Diff*(S')/PSL(2,R) (12.52)

so that the wavefunctions “live” on the configuration space (i.e., their domain is
Q). This was justified in the previous section from the Casimir matching principle,
using the central element 7' = 1, the monodromy operator 91 and winding number
operator t. The little group is K = PSL(2,R), so that the wavefunctions carry an
internal index in some (projective) irreducible unitary representations of PSL(2, R).

The representation theory of PSL(2,R) is well-known [108, 109, 110, 111], so we
briefly recapitulate it here to set up the notation. First note that since PSL(2,R)
is non-compact simple Lie group, the only finite-dimensional irreducible unitary
representation is the trivial one [112]. The trivial representation would produce a
quantization of the causal diamonds characterized by C-valued wavefunctions living
on Q, which undoubtedly would be the “simplest guess” for the Hilbert space for
the phase space T*Q. The other possibilities unveiled by the general quantization
thus correspond to wavefunctions carrying infinitely many “internal states”. The
psl(2,R) subalgebra is generated by the elements 9y, €9y and e=dy of diff(S'), so

in an irreducible unitary representation, %/, the respective self-adjoint generators,
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vg, vy and v_,% will satisfy the algebra

[UOv U+] = U+
[vo,v_] = —v_

[v_,v4] = 2vg (12.53)

There is one (independent) Casimir operator

C:=v¢ - = (v_vy +vivl) (12.54)

which must be represented as a multiple of the identity,

1
— 2 _ =
C=u 1 (12.55)

where p? € R, and p serves as a label for the representation. Now, as vg is self-
adjoint, we can assume that it has at least one eigenvector |j;u) (possibly in the
weak sense, i.e., as a non-normalizable limit of a sequence of vectors) with eigenvalue
JeR,

voljs ) = Jlis ) (12.56)

Since vy generates the SO(2) subgroup of PSL(2,R), we must have, in a true rep-

% More precisely, Z (exp((co + 1€ 4+ c_e™")dy)) = e~ H(covotesvitevo)
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resentation,

e?mo — 1 (12.57)

so j € Z. We will later comment on its projective representations. From the algebra
we see that v, if non-trivial, act as ladder operators for vg, i.e., (vi)¥|j;p) o
|7 £ k; ). This is compatible with the previous observation that the spectrum of vy

is a subset of Z. Using this ladder structure to build a basis we have

vLljip) = (j + (u + ;)) VESSN) (12.58)

where the vectors |j;u) are not necessarily normalized.* We have the following

exhaustive list of possibilities:

1. Trivial representation: If p = —1/2 (so ¢ =0) and 0 € Spectrum(uvy), then all
the generators annihilate |0; x). This is one-dimensional and, in fact, the only

finite-dimensional unitary representation.

2. Discrete series representation: If k := p+1/2 € Z—{0}, then notice that states
with j = £k will be annihilated by vs. Thus, for each k, there are two distinct
representations: one where v_|k; u) = 0, so Spectrum(vg) = {k, k + 1, ...};

and another where vy | — k; ) = 0, so Spectrum(vg) ={..., =k — 1, —k}.

54Since the basis is discrete, these vectors can be normalized. By computing ”U+|j;/.£> ”2 =
(J; plv—v4|j; p) with formula (12.58), one finds the relation

o1 o 1 . .
(]+§—N><]§M|J§M>:<J+§+M><J+1;M|J+1§M>
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3. Limit of discrete series representation: If k := p+1/2 = 0 and 0 ¢ Spectrum(vy),
then there are two distinct representation: one where v_|1; u) = 0, so Spectrum(vg) =
{1, 2, ...}; and another where v |—0; u) = 0, so Spectrum(vg) = {..., =2, —1}.

Notice that, unlike the previous case, the spectrum does not start from k.

4. Principal (spherical) series representation: If 4> < 0, then there is no minimal
or maximum weight, i.e., Spectrum(vg) = Z. The representations for p and

—u are equivalent.

5. Complementary series representation: If p € (—1/2,0) U (0,1/2) this also de-
fines a representation in which Spectrum(vg) = Z. The reason that not all
weR-— %Z is permissible is that, as can be seen from (12.58) and partic-
ularly footnote (64), some states |j;u) required to be included in the basis
would have negative norm, so the representation would not be unitary. The

representations for u and —u are equivalent.

If we consider projective representations of the canonical group, where the Vira
factor is unwrapped to Vira, the little group of the natural orbit Q would become
K := PSL(2,R), i.e., the universal cover of PSL(2,R), where the SO(2) ~ S! sub-
group of PSL(2,R) is unwrapped to R. In this way, the wavefunctions would also
carry internal labels in projective representations of PSL(2,R). The only modifi-
cation in the analysis above is that condition (12.57) should not be imposed [111].

The consequence is that the spectrum of vg is shifted by a fixed parameter, i.e.,

Spectrum(vg) = s + Z, where s € [0,1). Thus, together with u, s is another label
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classifying the unitary irreducible representations, which have the form

U0|j;:ua S> = (] +S)|j;:ua 5>

. . 1 .
V|5, 8) = <J+si <u+2>> £ 15 p,8) (12.59)

with j in (some subset of) Z. The trivial representation obviously only exists when
s = 0, but the other unitary irreducible representations listed above are described
in a completely analogous manner for each s, only with the appropriate shifts in
the conditions for pu. For example, in the discrete series representation the con-
dition would be k = p+ 1/2 F s € Z — {0}, thus in one case v_|k;pu,s) = 0, so
Spectrum(vg) = {s+ k, s+ k+1,...}; and in the other vy| — k;pu,s) = 0, so
Spectrum(vg) = {..., s—k—1, s—k}. We anticipate that, from the analysis of the
spin in Sec. 12.5, together with the assumption that the quantum theory incorpo-
rates a CMC time-reversal symmetry, we find that only the s = 0 and s = 1/2 cases
are allowed. This corresponds to restricting only to the double cover of PSL(2,R),
ie., SL(2,R).

Finally, let us discuss one simple manner to relate this representation of the
little group with the canonical charges of the diamond, particularly, Py, P; and
P_;. Given a wavefunction ¥(a&), let us study how the momentum operators act
when evaluated at the conformal class of the identity, [¢/] = [I], i.e., at the point

€ =df?+¢ of Q C vira*. Write ¥(2) = [I,<], where ¢ € S. The PSL(2,R) subgroup
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of Diff(S') stabilizes this point, so for any x € PSL(2,R), formula (12.24) gives

U(0; (x;0))¥(€) = Ly (¥(€))

= LX[I?G]

= [x;¢]

= [I,% (x)s] (12.60)

Writing x = exp[(co + cye? + c_e )dy] and differentiating with respect to the

coefficients, we obtain

PyU (&) = [I,vos]
PU(E) = [I,v4]

P_W(@) =[I,v_q] (12.61)
or, if we define W75 (2) := [I, |5; u, s)], we have

ByWits(8) = (j + 5)WIHs(2)
~ . 1 e
Pywlits(g) = (j + s+ <u + 2)) PItLis ()

P Wiks () = <j +5— (u + ;)) IS (2) (12.62)
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and also

Cwis (@) = (M - fl) B (2) (12.63)

where

U T
(=P -3 (13_1131 + P1P_1> (12.64)

Note that Z is not a Casimir for the canonical group é, and therefore we cannot use
the Casimir matching principle to deduce its value.

We emphasize that the relations above, connecting the action of the psl(2,R)
momenta to the little group representation %, are valid on any wavefunction but
only when evaluated at the specific point @ = € (i.e., [¢)] = [I]). Nevertheless,
for wavefunctions localized at the conformal class of the identity, [I], the formulas
above are true operator actions (i.e., valid for all & € O). More precisely, consider

the state \I/f]? * defined as

~

\I;j%s(&) _ [¢(a),5(a,é)|j;u, s>] foraeVy (12.65)

(1]
0 fora ¢ V

where V is any open neighborhood of [I] € Q, ZZ : YV — Vira is any local section of
PSL(2,R) x R < Vira — Diff"(S')/PSL(2,R) satisfying @Z(é} =17, and § is a Dirac
delta on Q. This state is non-normalizable, so it must be understood as “generalized

wavefunction”.%

55See “Rigged Hilbert spaces” [113, 114].
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12.4 The spectrum of @0

An interesting observable to discuss in the quantum theory is the Qg charge. Clas-
sically we have seen that it should correspond to some conformal invariant of the
spatial metric (assuming the phase space constraints are satisfied). Moreover, it
commutes with the spin Py and therefore is rotation-invariant in that sense. Quan-
tum mechanically, in a representation based on the natural orbit, the spectrum of
@0 is continuous, unbounded from below and bounded from above by 27, as we
explain in this section. Lastly, we remark that the spectrum of @0 will be used in
the next section to evaluate the spectrum of the spin/twist, ﬁo.

In the context of asymptotically-flat spacetimes in 2+1 gravity, the group of
asymptotic symmetries at the null infinity is BMS3 [43]. The Qq charge would play
the role of (minus) the total energy. The total energy generates an asymptotic
diffeomorphism along the future null infinity, i.e., translations in the v parameter
(where u is the retarded null coordinate, u = ¢t — r).%° It was shown by analysis of
the wavefunction representation of bmss that the energy has a continuous spectrum,
always unbounded from above and, in some representations, bounded from below.
This is regarded as proof of energy positivity in 2+1 asymptotically-flat gravity

[117).

56Tn the so-called BMS gauge, the (vacuum) metric takes the form ds® = 8Ge(0)du?® — 2dudr +
8G (5(0) + udoe()) dudd + r*>do?, where () and j(0) are interpreted as densities of energy and
angular momentum, respectively. The total energy is £ = i O%d@ €(0). This reveals a quirk of
asymptotically-flat gravity in 241 dimensions: the asymptotic diffeomorphism generated by the
total energy F, J,, is not necessarily timelike. In particular, for the Minkowski solution, 0, is
timelike only if £ < 0. When E > 0 the solutions correspond to the somewhat exotic “flat space
cosmologies”[115, 116]. It is debatable whether E should still be called “energy” in the cases where
it generates a spacelike flow.
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We can straightforwardly import this result [45] to our theory of causal diamonds.
Let us succinctly state the argument here. The action of @0 on a wavefunction V()
is expressed in (12.25) as

Qo¥(@) = a(dy) ¥ () (12.66)

and, in the characterization & = coadye = [¢/], it follows from (10.45) that

Qo¥([v]) =

/dee 1 — 28] (w‘l(e))q,(w (12.67)
0

P (p=1(0))?
Therefore, any properties that are classically satisfied by Qo on the orbit O = Q, will
also be satisfied quantum-mechanically. (In fact, this is true for any function of the
@ charges since they act as multiplication on the wavefunctions.) The property of
interest here is a general inequality involving the Schwarzian, known as the average

lemma [98, 74, 118, 45], which reads

2 2 1— ¢/(9)2
/0 do S[v(6) g/o b —— (12.68)

which is saturated if and only if ¢» € PSL(2,R). Now let us replace ¢ be 1! in this

inequality, and rewrite it as

2w

/%de (¢—1’(9)2 n 2S[¢—1](9)> < | db=2r (12.69)
0

0

Using relation (10.24) to express S[¢p~1] in terms of S[¢], and also ¢~1'(9) =
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1/4'(h71(9)), we get

L= 2SI (0)
/0 W — g S (12.70)

From the formula for Qg above, it follows that the possible eigenvalues are less or

equal to 2w. Moreover, it is clear that any real value below 27 is attainable by at

least one .57 Therefore, we have
Spectrum(Qg) = (—oc, 2] (12.71)

While most eigenspaces of @0 are highly degenerate, as there are many diffeomor-
phism classes [¢)] on which Qg takes the same value, there is one eigenspace that is
special: the one associated to the maximum eigenvalue 2. From the average lemma,
the inequality is saturated only when ¢ € PSL(2,R), that is, when [¢)] = [I]. This

implies that the (non-normalizable) wavefunctions W7

K introduced in 12.65, are the

only (generalized) states in which Qo = 2,

QoW = 2m i (12.72)

Moreover, by direct evaluation, we see that these states are annihilated by all other
Qn’s,

@n\y{;f =0, forn#0 (12.73)

%"For example, consider ¥(0) = 6 + £sin(nf), where n € Z and 0 < x < 1. This de-
scribes a valid diffeomorphism of S* since ¥'(f) = 1 + wcos(nf) > 0. If x < 1, then
Qo([v~1]) = 027rd9 (25[¥](0) + ' (0)?) ~ —3m(kn)®> + 2. Since (kn)* can be any positive real
number, Qo([¢)~*]) can be arbitrarily negative.
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Classically, these states correspond a causal diamonds whose spatial geometries are

in the same conformal class as the symmetric disc.

12.5 Spin/Twist quantization

The quantum theory reveals a quite interesting result: the spin, which we have
interpreted as the twist of the boundary loop, is quantized. To see this, note that

]3n and @n satisfy the following commutation relations with ]30,

[Py, P,] = nP,

[Py, Qn] = nQy, (12.74)

We are interested in representations in which 130 is self-adjoint (since Pl = ]3_0),
so it must have a real spectrum. Let us say that P has an eigenvector |s) with
eigenvalue s € R; even though, rigorously, it is not guaranteed a priori that ]30 has
any eigenvectors/eigenvalues. The commutation relations above imply that both
ﬁn and @n act as ladder operators for ﬁo, raising its eigenvalues by n. That is,
P,|s) and Qy|s), if non-zero, are eigenvectors of Py with eigenvalue s + n. Since
the canonical algebra must be represented irreducibly, the whole Hilbert space is
spanned by acting with all P,’s and @n’s (and their products) on the any given
state, such as |s). Also, note that any string of P’s and @’s also acts as a ladder

operator for ]30, raising the eigenvalues by some integer: for example, ]31(133)2@_4ﬁ2

raises spin eigenvalues by 1 + 2 x 3 —4 + 2 = 5. Therefore we conclude that the
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spectrum of Py is some subset of {s + n;n € Z}, where s is some (fixed) real
number.’® Next we show that the spectrum of ﬁ() is in fact equal to s + Z, that is,
there are no level gaps.

First, note that since the spectrum of ]30 is discrete (i.e., consisting of isolated
points), it must be that P, is diagonalizable by (normalizable) eigenvectors, whose
eigenvalues coincide with the spectrum [84, 119, 120]. Let |¥;) be a (normalizable)
eigenvector of ﬁo with eigenvalue s + j, for some j € Z. Now suppose that either of
the values s+ j+1 or s+ j —1 do not belong to the spectrum of ﬁo, and let us show
that this leads to a contradiction. We consider the case where s 4+ j — 1 is assumed

not to be in the spectrum, as the other case is analogous. We should have

Q_1|T;) = P4|¥;) =0 (12.75)

From the algebra of P and @, as in (12.2), we have

[Q1, P_1] = 2(27 — Qo) (12.76)

and contracting with |U;) we get

(@15 Py 0) — (PL0;|Q105) = 2(T;12m — Qo) (12.77)

68 At this stage, s should not be confused with the shift parameter of the little group representation
described in Sec. 12.3. But, as the notation suggests, they will be eventually related.
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where we used that <\Ilj|@1 = (\IIJ\CA)L = (@_1\Ifj|. In Sec. 12.4 we showed that
the spectrum of @0, for the natural orbit O = @, is bounded from above by 2,
only attaining the maximum on the non-normalizable states concentrated at the

conformal class of the identity, ;. Therefore,

(W;]2m — Qo|¥;) > 0 (12.78)

since ¥} is normalizable (and thus not equal to W(;). Most importantly, this expec-

tation value is non-zero. Hence, if (12.75) is true,

(PL5Q105) = —2(W5)2m — Qo[W;) # 0 (12.79)

implying, in particular, that

Q1]T;) #0 (12.80)

On the other hand, note that

(Qu;|Q17;) = (U;]Q_101]T;)
= (U;1Q1Q_1|;)

=0 (12.81)

where we used the commutativity of the @ ’s. From the non-degeneracy of the Hilbert
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space metric it follows that

Q1¥;) =0 (12.82)

which is in contradiction with (12.80). Therefore we conclude that (12.75) is false,
so the value j + s — 1 must belong to the spectrum. The same argument applies
to any value j + s in the spectrum, implying that its two neighbors are also in the
spectrum. We have thus proved that the spectrum of 130, in any non-trivial unitary

irreducible representation based on O = Q, is

Spectrum(Py) = s + Z (12.83)

Without loss of generality, s can be taken to be in the interval [0, 1).

The value of s can be restricted by assuming time-reversal symmetry. That
is, if one wishes to implement the CMC time-evolution Hamiltonian (discussed in
Sec. 7.2) into the quantum theory, in such a way that its classical time-reversal

symmetry 7 — —7 is preserved,’” then there must exist an anti-unitary operator

69Under time-reversal the ADM variables change as hqp — hap, c®® — —0 and 7 — —7. This
is because the induced metric does not depend on the time orientation but the extrinsic curvature
Kap = Vaup is defined with u being “future directed”, which flips sign when time is reversed.
In terms of the conformal variables this translates into ¥ — 9, *® — —5*® and 7 — —7. The
time-evolution Hamiltonian, related to the area of the CMC slice, depends only on the solution A to
the Lichnerowicz equation which is not sensitive to this change of signs. This transformation is an
anti-symplectic symmetry. Finally note that, classically, P, depends linearly on 0%, so it changes
sign, and @, depends only on ¥ which does not change.
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acting on the canonical algebra as

Tp3t =P,

70,5 = 0, (12.84)

Naturally, this implies that T|s) is an eigenvector of ]30 with eigenvalue —s, so the
spectrum of ]30 must be symmetric under a change of sign. Therefore, s must be
integer or half-integer, so the spectrum of 130 must be either Z or % + 7.

The value of s is naturally related to the representation of the little group in
the wavefunction realization. In the representation based on the natural orbit,
O = Q, the wavefunctions carry internal indices associated with (projective) unitary
irreducible representations of PSL(2,R), as described in 12.3. In particular, consider
the state W7 defined in (12.65). This state is a (generalized) eigenvector of Py, for
according to (12.62) we have

Pywiit = (j + 5) Wt (12.85)

where j some integer. Therefore, we see that the shift parameter characterizing the
spectrum of ﬁo is the same s parameter labeling the (projective) representation of
the little group PSL(2,R). In particular, notice that the restriction to s = 0 or
s = 1/2, imposed by the time-reversal symmetry, implies that we need to consider

only true representations of the double cover of PSL(2,R), that is, SL(2,R). The
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case s = 0 is possibly the most natural, associated with a “bosonic” diamond, while
s = 1/2 corresponds to a “fermionic” diamond (in the sense that a rotation by
27 flips the sign of the wavefunction). Lastly, note that all values of j € Z are
contained in the spectrum of 130, as proven directly from the canonical algebra,
even if the representation of PSL(2,R) is one of those that only include a subset of
integers (this can be interpreted as the fact that Py is the “total spin”, which is not
entirely accounted for by the “internal spin” but also receives a contribution from
the “orbital angular momentum” of the wavefunction).

Combining the quantization condition above with formula (11.50), relating the
spin Py with the twist 7 of the boundary loop, yields a quantization condition for

the twist

_ 167%p

T="

(n+s), neZ (12.86)

where s = 0 or 1/2. Therefore we see that the twist can only change in discrete
increments defined by the ratio of the Planck length to the boundary length. In
particular, this is consistent with our intuition about the “classical limit” in the
sense that the size of this increment goes to zero as £ > £p, so a classical diamond
would be in a state with a very large number of “twist quanta”.

Now let us determine if our choice of boundary metric v = (£/27)2d6? was merely
a convention, or whether it has true physical implications. Note that Py := Py, is
defined with respect to the reference unit disc, so the choice of v = v(6)d6? will affect

its geometrical interpretation. In particular, the tangent vector to the boundary, ¢¢,
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with unit norm with respect to the physical metric v, would be generally given by

1
t9g = ———0p (12.87)
v(0)

which of course reduces to (11.32) when v(#) = (¢/27)?. Accordingly, formula

(11.33) is updated to

12 27/
Pe=———— Kagpn® 12.
(3 1671'26]3 /8d8 abl / t ( 88)

where £ = £(0)0y. Thus, the charge generating isometric rotations of the boundary,
the physical spin S, corresponding to a £% o t* with a constant coefficient as given

in (11.42), will not in general be equal to Py, but instead

¢
— ds Kgn™® = P, 12.
S 167T2€P/3 S p1 &y ( 89)
where
12
&y 1= Op (12.90)

27\

In particular, S = Py only when v(0) = (¢/27)%. The defining characteristic of &,
is that it is a nowhere vanishing vector field on the boundary with total parameter-

length £. In fact, for any two choices of boundary metric, v and 7/, with the same
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total length ¢, there exists a diffeomorphism 1/ : S — S such that

g (12.91)

and, consequently,

&y = b, (12.92)

In particular, if with one choice of boundary metric the spin gets associated with
the operator ﬁg, then with another choice it would be associated with the operator
ﬁ¢*§ instead. The specific choice of the boundary metric, beyond the information
contained in the total length ¢, would therefore be physically meaningful if the
spectrum of ]Sw*g were different than that of ]35. We now show that this is not the
case. That is, we will show that there is a unitary map relating ]31/,* ¢ with ]35, so they
must have the same spectrum. In fact, as one could naturally guess, the unitary
map generating this transformation is associated with the canonical group action by
the element (0; ) € (vita*)* x Vira, where ¢ = (1, 7) (in fact the central component
of 1 does not matter since it is represented trivially). Take formula (12.5) defining

ﬁg and sandwich it between U (0; @Z) and its adjoint,

U((0:9)U (exp(t(0: WU ((0:8) = U0 ) *PU((0:d)  (12.93)
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On the left-hand side we have

U((0;9)U (exp(t(0; DU (03 )T = U((0; 9) exp(£(0;€)) (0;90) ™)
= Ulexp(tad o, (05€)))
= U (exp(t(0; & + Ay(£)2)))
= U(exp(t(0;4:£)))U (exp(t(0; Ay (£)2)))
= U(exp(t(0;4.£)))

= e~itPuue (12.94)

where on the first line we used the definition of a representation; on the second line
that, for any Lie group, Adgy exp(§) = exp(ady€); on the third line expression (10.18)
for the adjoint action on Vira; on the fifth line we factored out the central piece; on
the sixth line we used that the central element of Vira is represented trivially; and

on the last line we used again (12.5). On the right-hand side we have

U(O:0))e " TEU(0:1))f = MO0 (12.95)

so we conclude

U((0: ) PeU((0;9))T = Pye (12.96)

as we intended to show.
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13 Conclusion

In this work we have explored the canonical quantization of causal diamonds in
(2+1)-dimensional gravity, with a non-positive cosmological constant, via the re-
duced phase space approach, in conjunction with Isham’s group-theoretic quantiza-
tion method. In this discussion section we recapitulate on what has been achieved,
from a general perspective, and comment on possible future directions to explore.
As explained in the introduction (Sec. 1), a motivation for this project was to
understand how causal diamonds, which serve as the prototype notion of subsys-
tems in classical gravity, could be described in quantum mechanics. The concept of
a subsystem lies at the core of the current philosophical framework of physics, in
which one imagines the universe as consisting of a net of subsystems, such that in
some regimes certain “pieces of the universe” can be satisfactorily described inde-
pendently from the “rest of the universe”, and if two such subsystems are allowed
to interact then their union becomes the new subsystem under consideration. Nat-
urally this philosophy is intimately related to the principle of locality and causality,
where causally-disconnected regions of spacetime can be treated as independent sub-
systems. Nevertheless, quantum gravity points to the necessity of a fundamental
revision of this concept due to the absence of compactly-supported gauge-invariant
observables. There are two plausible directions to address this point: one would be
to quantize gravity in the whole universe and then try to figure out what is the net of

subsystems at the quantum level (e.g., by trying to find some “order” in the highly
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intricate algebraic structure of observables); and the other would be to quantize
the classical gravitational notion of subsystems (i.e., causal diamonds) and use the
resulting quantum objects as building blocks to construct the theory of quantum
gravity in the whole universe. It is unclear which approach is more promising, and
whether they would be equivalent in any sense, but here we chose to investigate
the latter. What we have achieved is only a first step in this program, as we have
described a fully non-perturbative kinematical quantization of causal diamonds by
treating them as a self-contained system. A next step would be to consider how (or
if) quantum causal diamonds can be sewn together to assemble the entire spacetime.

Aligned with the goal of implementing a rigorous, non-perturbative quantization
of a gravitational system, a second motivation we had was to continue the explo-
ration of Moncrief’s program of quantizing gravity. In this program, one employs
a convenient gauge-fixing of time where the spacetime is foliated by surfaces of
constant-mean-curvature. This provides a surprisingly general prescription to solve
the constraints of gravity in a variety of cases (i.e., those admitting such a foliation),
removing the associated gauge ambiguities, and ending with a reduced phase space
equal to the cotangent bundle of an appropriate space of conformal geometries on
the Cauchy slice. Most applications of this idea have been to systems with a closed
Cauchy slice, and here we applied it to causal diamonds whose Cauchy slice has a
finite boundary. We made some simplifying assumptions, so that the problem could

be treated more concretely, such as considering pure gravity (i.e., General Relativity
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with no matter fields), lower spacetimes dimension (i.e., 2+1) and a trivial topology
for the Cauchy slice (i.e., a disc). It could be interesting to extend the formalism
to more general causal diamonds, in higher dimensions, with matter and non-trivial
topologies. We have also considered that the (induced) metric on the boundary is
fixed. The only intrinsic parameter characterizing this condition is the total length /¢
of the corner, in the sense that two choices of boundary metrics with the same total
length are related by a symplectomorphism at the classical level and, according to
our quantization, a unitary transformation at the quantum level. This condition was
introduced so that the CMC gauge would be attainable (i.e., so that an arbitrary
Cauchy slice could always be deformed into a CMC surface), and for that reason it
is not clear whether this boundary condition could be altered or removed. Lastly,
we have decided to carry out the reduction of the phase space from the perspective
of the ADM formulation, described in terms of spatial metrics and extrinsic cur-
vatures, in part because the boundary condition on the metric was expressed very
naturally. It could also be interesting to investigate the phase space reduction from
the perspective of the Chern-Simons formulation, which is described in terms of a
pair of SL(2,R) connections [4, 121, 20, 28, 122].

To quantize the reduced phase space, P = T*(Diff"(S')/PSL(2,R)), which is
manifestly a homogeneous space for Diff"(S'), we employed Isham’s group-theoretic
approach to canonical quantization. From the structure of this phase space, we found

that a natural canonical group on which to base the quantization is G = vira x Vira.
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When realized as symplectic symmetries of the phase space, the group interestingly
reduces to BMS3 (i.e., the central charge associated with Vira is trivially realized,
matching with the algebra obtained in [43]). The quantum theory is thus constructed
to carry an irreducible unitary representation of the associated algebra, bmss, which
according to Mackey’s theory of induced representations is characterized by a choice
of a coadjoint orbit of Virasoro together with a choice of a (projective) irreducible
unitary representation of the corresponding little group [45]. In the most natural
case, according to the Casimir matching principle, the quantum states are identi-
fied with wavefunctions “living” on Diff"(S')/PSL(2, R) with an “internal index” in
some projective irreducible unitary representations of PSL(2,R) (or, assuming CMC
time reversal symmetry, a true irreducible unitary representation of SL(2,R)). This
canonical group appeared naturally in our reduction procedure, but it is worth notic-
ing that there is a non-trivial symplectomorphism between T*Q, with the natural
symplectic form associated with its cotangent bundle structure, and O x Q, with
the natural symplectic structure that each factor Q inherits as a coadjoint orbit of
Virasoro [31]. Thus, while those two phase spaces are isomorphic, the quantization
for the latter would most naturally be based on the group Vira x Vira, thus produc-
ing a different set of representations. In fact, @ x Q is the most natural realization
for the reduced phase space of asymptotically AdSs spacetimes, and Vira x Vira
is the symmetry structure of a CFT5, which is a manifestation of the holographic

principle [30, 29, 28].
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We emphasize that we have only constructed a non-perturbative kinematical
quantization of the system, i.e., obtained a family of possible quantum theories that
are naturally associated with the classical phase space, carrying a representation of
the canonical observables. A complete quantization needs in addition a description
of the quantum dynamics, i.e., finding a suitable manner to represent the classical
time-evolution Hamiltonian as a self-adjoint operator on the Hilbert space. While we
have a classical description of the Hamiltonian generating evolution in CMC time,
whose value has the very simple geometric interpretation of measuring the area of
the CMC slice [40], it is expressed as a highly complicated formula in terms of the
reduced phase space variables. In particular, that formula involves the solution to
the Lichnerowicz equation, which cannot be written in closed-form. We do not see
a straightforward way to effectuate such a quantization, at least non-perturbatively,
for even if an explicit formula for the Hamiltonian as a function of the canonical
charges were to be found, there would likely be serious operator-ordering ambigui-
ties which would need to be resolved. A more realistic goal would be to address the
dynamical portion of the quantization at the perturbative level. As we have seen
in Sec. 7.2, there are regimes where the Hamiltonian can be approximated, even
becoming “free” (i.e., quadratic in momentum-like variables) for states sufficiently
close to the symmetric diamond, in the limit of large boundary length compared to
the AdS length. Notice, however, that the symmetric diamond is not a “classical

vacuum state” for the time-evolution Hamiltonian since there are states with lower
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“energy” (i.e., area), even in a neighborhood of that state. In fact, while the classi-
cal Hamiltonian is manifestly bounded from below, it has no minimum, much like
the Hamiltonian for Liouville field theory whose potential has an exponential form
V(¢) = €?*? (indeed Liouville theory has been linked to three dimensional gravity
before [73, 74, 75, 76, 77, 78, 79]).

Another set of questions concerns what a “quantum causal diamond” really
means. At the classical level we arrived at the interpretation that the states (i.e.,
points in the reduced phase space) correspond to shapes of causal diamonds embed-
ded into AdS3 (or Minks if the cosmological constant vanishes). That is, a causal
diamond with a round maximal slice and another one with an oval maximal slice
are distinct classical states, with physically distinguishable properties (e.g., if one
shoots geodesics across the maximal slice, starting normal to the boundary at one
point and ending at the other side of the boundary, in the first case they would
all have the same length while in the second case some would be longer than oth-
ers). In fact, we have shown that there is a map from each point of the reduced
phase space to a causal diamond in AdSs or Minks (or, more simply, to a loop of
length ¢ that is the boundary of a spacelike disc). However, for this interpretation
to hold it is essential that both the (),, and P, coordinates are specified simultane-
ously, which of course is not feasible in the quantum theory since these observables
do not commute. This apparent breakdown of the fabric of spacetime is expected

in a generic theory of quantum gravity, and there is no reason to believe that a
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quantum spacetime should have properties similar to those of a manifold (except of
course in some semi-classical limit). In our specific realization, in addition to the
non-commutativity of the geometrical variables, note also that: as the CMC time is
chosen before quantization, it retains a classical character in the quantum theory,
thus standing on a different footing than “space” in the quantum picture; second,
even the concept of a spatial geometry is deformed since, while the configuration
variables (i.e., the @n’s) do commute, they are not in direct correspondence with
the spatial geometry of the CMC slices, but rather with the conformal geometry
of the slices. Accordingly, it would be valuable to better understand what kind of
“spacetime” emerges, from our quantization, as the “interior” of a quantum causal
diamond, possibly shedding some light on what is the meaning of a “subsystem of
a quantum spacetime”, or even what is a “quantum spacetime” itself.

To make sense of the quantum geometry of causal diamonds, a reasonable first
step is to understand the physical meaning of the canonical observables. In this
paper we mostly focused on the meaning of the momentum charges (i.e., the P,’s),
which were found to be related to Fourier modes of the component K;t*n® of the
extrinsic curvature of the CMC slices at the corner, where t* and n® are unit vectors
on the slice tangent and normal, respectively, to the boundary. Of distinguished
significance is Py which can be interpreted as the twist of the corner loop, therefore
being classically a property of the diamond shape itself (i.e., independent of choices

of spatial slices). In the quantum theory we showed that the twist is quantized,
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in any non-trivial representation, in integer (or half-integer) multiples of 1672¢p /.
This is a non-trivial result since the twist is a continuous parameter classically (in
fact, we can see that when the length of the loop is much larger than the Planck
length, the spacing between twist levels goes to zero, recovering the expected classi-
cal behavior). One might speculate that there is some sense in which this result can
extrapolated to a general statement about the twist of loops in three-dimensional
gravity (and perhaps even in the presence of matter fields, since the “twist quantum”
is independent of the cosmological constant).

The physical interpretation of the configuration charges (i.e., the @,’s) has
proved much more elusive. Although we have given explicit formulas for these
charges in terms of the PSL(2,RR)-class of the boundary diffeomorphism, which in
turn is explicitly related to a conformal class of spatial geometries on the CMC
slices, we could not provide an interpretation in terms of simple geometrical prop-
erties of the shape of the causal diamond. A path currently under consideration
attempts to understand the structure of corner symmetries directly at the ADM
level, by analyzing the differentiability conditions for the ADM Hamiltonians (i.e.,
the boundary terms that need to be included so that the corresponding Hamilto-
nians generate regular symplectic flows on the phase space, and consequently have
well-defined Poisson brackets with other charges). We find that the P,’s are pre-
cisely the charges associated with diffeomorphisms tangent to the corner, but there

are another two sets of charges associated with deformations of the corner in the
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normal directions. These normal deformation charges, when evaluated on the con-
straint surface, are related to the expansion parameter of the null rays of the future
and past horizons at the corner. In this paper we have shown that two families
of charges (P’s and @’s) should suffice to parametrize the reduced phase space, so
it may be speculated that the Q),,’s are related to some function of the expansion
parameters of the null generators of the horizons. Another hint in this direction is
that BMS3 is, as we have mentioned, notably associated with asymptotic symmetries
on the null infinity of asymptotically-flat spacetimes in three dimensions. It is thus
plausible that there exists an alternative point of view in which the causal diamonds
are described by charges directly associated with the horizons in a neighborhood of
the corner, making the analogy with asymptotically-flat spacetimes more explicit.
Finally, we comment that it would be interesting to investigate the thermody-
namic and entanglement properties of the quantum causal diamonds. A Holy Grail
of quantum gravity is still to explain the Bekenstein-Hawking entropy formula from
a microscopic point of view, and this entropy is widely believed to correspond to a
measure of the entanglement across the black hole horizon. In fact, it is expected
that a similar formula for the entanglement entropy should also hold for generic en-
tangling surfaces. Naturally this can be analyzed in the context of causal diamonds,
e.g., [123, 124, 37, 125, 126, 36, 127, 128, 129, 130, 131]. The research on the ther-
modynamics of causal diamonds has been mainly perturbative in nature, so having

a concrete quantum theory of causal diamonds could be valuable in understanding
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their thermodynamic and entanglement structures from a non-perturbative perspec-
tive. In the microcanonical ensemble, the entropy is given by the logarithm of the
number of states compatible with specified values of some “macroscopic” charges,
typically the energy and angular momentum. Taking the “energy” to mean the CMC
time-evolution Hamiltonian, the entropy S(&, J) should be defined as the logarithm
of the number of eigenstates of H and Py with eigenvalues (around), respectively, £
and J.” Curiously, in the entanglement equilibrium argument [123, 37], variations
of the maximal slice with fixed volume play a key role — this condition is quite
analogous, in our case, to fixing the value of H (at 7 = 0), as it has the interpreta-
tion of being the “volume” (in two dimensions) of the maximal slice. To properly
evaluate the dimension of the subspace with H < £ requires us to understand its
spectrum, which requires us to understand how to represent H in the Hilbert space.

However, as mentioned earlier, this is a topic for future research.

"0ne could also consider the entropy associated with fixing Qo (and Pp), as Qo can be regarded
as some kind of “quasi-local energy”. However, the spectrum of Qo is continuous and thus it seems
that a corresponding entropy can not be properly defined.

302



Part 111

Perspectives and outlooks

To conclude this thesis, we will discuss some general aspects surrounding the project,
including possible ramifications and other ventures motivated by it, reaching beyond
the main line of this work. In particular, we have in mind here quantum gravity in a
broader perspective, not necessarily limited to (2+41)-dimensional causal diamonds.
In this section, a higher level of speculation and personal philosophical inclinations
are expressed, and we include ideas that are unpolished and consequently not on

the same standard of rigor as the rest of the thesis.

14 On quantum mechanics (and canonical quantization)

As explained in the introduction, our starting premise was based on two principles:
(7) that quantum gravity is a quantum mechanical theory of gravity and (i) that
this quantum theory is obtained from a canonical quantization of general relativity.
While this may be a perfectly reasonable axiomatic basis, it could be worthwhile to
investigate deeper the roots of these assumptions.

On point (4), it is not difficult to imagine that a theory describing physics at the
Planck scale may look nothing like quantum mechanics, but only reduce to quantum
mechanics and general relativity in their appropriate regimes. A humbling exercise is

to recall that the jump in length scales from “classical physics” to “atomic physics”
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is roughly 7 orders of magnitude (i.e., from small quotidian scales, ~ 1 mm, to the
radius of a hydrogen atom, ~ 107 m), whereas the conceptual jump from Newto-
nian physics to quantum mechanics is immense; while it is quite remarkable that
quantum mechanics works so well (in its relativistic field-theoretical incarnation) all
the way down to the minuscule scales accessible by the Large Hadron Collider (i.e.,
~107¥m or ~10TeV), this is still 16 orders of magnitude away from the Planck
scale (i.e., ~1073%°m). Thus, we may well be much further from blazing a trail to-
wards quantum gravity than those at Newton’s time would have been in anticipating
quantum mechanics. Alternatively, a more optimistic view would be that, as now
the knowledge of physics is much more vast and robust, the constraints in developing
novel theories, in a way which is consistent with all current observations, are much
tighter. In any case, it is important to reflect on whether a satisfactory theory of
“quantum gravity” has not been yet achieved merely because of the technical com-
plications and lack of clarity in the efforts to embed gravity into the framework of
quantum mechanics, or rather because of some fundamental incompatibility between
these two domains.

The dynamical nature of the spacetime is certainly an aspect of gravity that
poses some deep conceptual challenges. For example, in the standard conception
of physics, it appears that all kinds of measurements ultimately refers to observing
positions and times, and the “irreducible components” of any measuring device are

rulers and clocks. In traditional quantum mechanics (and quantum field theory),
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the spacetime is a classical entity on which the concept of events have a natural
objective reality — moreover, the spacetime appears from our experience to be
“smooth”, in the sense that it can be appropriately modeled as a real differentiable
manifold. When the very notion of spacetime is assumed to become quantum, the
associated notion of events must be reinterpreted, raising the question of “what an
observation really is?” It has been argued [132, 133, 134] that even the motivation
for using real (or complex) numbers in quantum gravity may be questionable: if
observations always come down to measuring distances and times, and one admits
that spacetime may fundamentally be modeled on something different than a real
differentiable manifold, then why should we expect physical quantities to be real (or
complex) valued? This questioning may motivate one to look for alternative categor-
ical frameworks for physics, e.g., theories constructed directly on a Topos different
from the category of Sets.”! Another issue concerns the concept of probability, which
is central to quantum mechanics, but becomes unclear if one understands quantum
gravity to include cosmology: if the universe is the “whole”, it cannot be replicated
to allow a frequentist interpretation of probabilities; and if there is a single state,
what would be the need for a Hilbert space?

It should be noted that these concerns refer to the ambitious attempt of for-

mulating a fundamental theory of quantum gravity, or at least one that brings us

" Topoi are a special kind of category in which sub-objects (of any object) have a (pseudo-
Boolean) logical structure. Sets is a special Topos whose underlying logic is Boolean. This ingrained
logical structure offers a general framework to write any theory of physics in a realist sense, i.e., so
that one can associate a logical algebra to propositions about the system, which have “truth-values”
when evaluated on “states”. The requirement of realism seems particularly desirable if the goal is
to construct a theory of the whole universe, without external observers.

305



closer to describing physics near the Planck scale. There is nothing, as far as we
know, inconsistent with the effective, perturbative incorporation of gravity into the
framework of quantum field theory, as long as one is content with describing physics
at low energies [135]. In fact, the effect of gravitons (or quantized metric pertur-
bations) is consistent with cosmological predictions (e.g., on the cosmic microwave
background radiation) in simple models of inflation [136]. Lingering skepticism may
also be (at least partially) addressed with the recent proposals of “tabletop exper-
iments” for quantum gravity [137], which are expected to provide further evidence
of the (standard) quantum nature of gravitons in the near future.

On point (i7), it seems desirable to better understand what is really behind
canonical quantization. In Sec. 9.1, we explained that one justification of principle
is that dynamics is expressed in very analogous ways in the classical (Poisson) and
quantum (commutator) algebras, offering a natural manner to construct a quanti-
zation map that is preserved in time. But the concept of time in gravity is much
different than in other domains where canonical quantization has been successfully
applied: in gravity time is dynamical, or better, there is no preferred “time” as
everything is relational.”” It is also worth noticing that, at the classical level, the
only observational content of a theory is the space of solutions to the equations

of motion of the observables, which only determines the topology of the (reduced)

"1n standard quantum field theory there is also no single preferred “time”, but there is a preferred
“class of times” defined by inertial frames of reference. Even in the context of field theory in curved
spacetimes, any time function which defines a foliation of the spacetime by Cauchy surfaces is
sufficient to construct a consistent quantum theory. Of greater importance here is that the notion
of causality is fixed (non-dynamical), while in gravity even the causal structure is dynamical and
state-dependent.
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phase space. The symplectic structure is something extra: it depends on the form
of the equations of motion (or a choice of Hamiltonian).”® We may thus worry that
canonical quantization is, at its roots, too intertwined with a notion of an external,
non-dynamical time. Adding to this, in the typical application of canonical quanti-
zation, the (pre-)phase space is parameterized by “initial data” on a slice of time,
which is another reference to classical notion of time. We will return to this point
when we discuss the CMC gauge-fixing of time (Sec. 17).

To be clear, the concerns enunciated above refer only to an “a priori justifi-
cation” of canonical quantization, and it is entirely possible that it could still be
valid in its pure form, when abstracted to pose that there is a fundamental con-
nection between certain classical (Poisson) and quantum (commutator) algebras of
observables, without explicit reference to a time-evolution. It would be interest-
ing to identify general characteristics or conditions in classical and quantum the-
ories expected to be necessary for canonical quantization to work. Say, given a
quantum theory 7 with classical limit classical(T; conditions), where “conditions”
specifies how this limit is defined (e.g., some energy restriction, decoherence, coarse-
graining, reinterpretation, renormalization, etc), then is there a quantization such
that quantization(classical(T; conditions)) = T7 As it is, the question is too vague,
but one could start with more specific, simple examples. In particular, one could

consider situations where the classical theory has emergent features not present in

"Relatedly, two actions are classically equivalent provided that they are stationary at the same
configuration histories, but the symplectic form also depends on how the action behaves in a
neighborhood of its stationary points.
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the original quantum theory, and ask questions such as “is QCD hidden among the
possible quantizations of the chiral model?” or “could one infer that matter is made
up of particles from quantizations of hydrodynamics?”.

We will return to non-linear sigma models in Sec. 15.3, but let us briefly com-
ment on the case of hydrodynamics here. At the deeper lever, a fluid consists of a
collection of quantum particles, and due to the discrete (point-like) nature of these
particles there is no explicit diffeomorphism symmetry. At the classical coarse-
grained level, this bunch of (decohered) particles appear to form a continuum, “the
fluid”, and all fluid configurations (say, described by the velocity flow) are related
through diffeomorphisms. In the quantization of this fluid, it is thus natural to
consider unitary representations of the diffeomorphism group. But how accurate is
the resulting picture? Of course, many representations will fundamentally retain
this “continuous aspect” (e.g., wave functions on the classical configuration space),
but what is interesting”* is that there are also representations associated with dis-
crete “configuration spaces” [138]. While the actual dynamics of these “pointlike
quantum objects” may not be entirely accurate, one may at least take it as a hint of
what “could be” making up the fluid. As we have mentioned, in case of our causal
diamonds, the canonical group was actually (vita™)* x Vira, and just for simplicity
we chose to assume (vita®)* ~ vita; but it should be stressed that one could consider
more exotic “distributional” group actions, and also representations based on non-

regular orbits, at least to get a flavor of what “could be” those more fundamental

" Mentioned to me by Laurent Freidel.
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structures making up the spacetime.

While it is healthy to keep such points in mind, it is also clear that without strong
physical intuition, and possibly new experimental inputs, it would be easy to fall
into misguided philosophical ventures. This perspective is what motivates our con-
servative approach, as expressed (in a much summarized form) in the introduction,
Sec. 1. That is, while we cannot justify a priori the validity of quantum mechanics
and the applicability of canonical quantization, it is valuable to understand exactly
what it can and what it cannot give us. In this work, we tried to honor this perspec-
tive by being as careful as possible, both with the non-perturbative treatment of the
constraints of the underlying theory (general relativity) and with the application of
a method of canonical quantization that respects the global structure of the phase

space.

15 On non-trivial phase spaces

One aspect that we have greatly emphasized is that the quantization scheme should
respect the global structure of the phase space. Classical mechanics is very local in
phase space, in the sense that if we only know about a neighborhood V of a point
p € P of the phase space, then we can still flow, from that point, with respect to
any Hamiltonian, until we reach the edge of V. Thus, the global structure of the
phase space is only noticed once a trajectory runs for enough time so as to “wrap

around” the phase space. In quantum mechanics, states are fundamentally “spread
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out”, and the global structure of the phase space often has deep influence in the
quantum theory, like affecting how operators are represented on the Hilbert space,
their spectrum and their properties (such as self-adjointness, unitarity, etc).

If one wishes to investigate questions such as the fundamental structure of the
spacetime, it is important to consider these details. For example, one of the few
available and widely accepted theoretical tests for a quantum gravity theory is to
explain the black hole entropy from a microstate counting, but one would expect
that such a counting would be sensitive to the spectrum of basic observables defining
the black hole (e.g., its mass and spin).

A very familiar example where the topology of the configuration space affects
the spectrum of certain operators is the case of a particle on a circle (P = T*S! =
S x R): the momentum does not have a continuous real spectrum, but rather it is
discretized in integer multiples of h/¢, where ¢ is the length of the circle. Next we

discuss some other examples of non-trivial phase spaces that we have explored.

15.1 A particle on the sphere

The case of a particle on a 2-sphere is possibly one of the simplest where the phase
space is not a just obtained by (linearly) cutting and gluing an Euclidean space. To-
gether with Ted Jacobson, I analyzed this case, including a magnetic monopole flux,
as a warm-up exercise to better understand Isham’s group theoretic quantization
[47]. The abstract is replicated below:

“The problem of quantizing a particle on a 2-sphere has been treated by numer-
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ous approaches, including Isham’s global method based on unitary representations
of a symplectic symmetry group that acts transitively on the phase space. Here
we reconsider this simple model using Isham’s scheme, enriched by a magnetic flux
through the sphere via a modification of the symplectic form. To maintain complete
generality we construct the Hilbert space directly from the symmetry algebra, which
is manifestly gauge-invariant, using ladder operators. In this way, we recover alge-
braically the complete classification of quantizations, and the corresponding energy
spectra for the particle. The famous Dirac quantization condition for the monopole
charge follows from the requirement that the classical and quantum Casimir invari-
ants match. In an appendix we explain the relation between this approach and the
more common one that assumes from the outset a Hilbert space of wave functions
that are sections of a nontrivial line bundle over the sphere, and show how the
Casimir invariants of the algebra determine the bundle topology.”

Notably, see how even some background parameters, which are not operators
in the theory, may have their value constrained by some matching principle. In
particular, here the famous Dirac charge quantization condition (i.e., eg = nh/2,
where e is the electric charge, g is the magnetic charge and n € Z) follows from the
Casimir matching principle together with the assumption that the quantum theory
is non-trivial.

It is also interesting to see how, in this group-theoretic approach, the exact quan-

tization compares with a “perturbative quantization”, where one simply uses local
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phase space conjugate coordinates, (X1, P1, X2, P»), as the basis of the quantization.
Consider the excerpt below, from the same paper:’”

“The difference between the quantizations on a plane and on a sphere can be
understood from a group-theoretic perspective, in terms of the “planar limit” of the
sphere, as follows. We expect that a particle that remains near the north pole of the
sphere at all times should not be able to “feel” the global structure of the sphere.
Thus, in some limit, the quantum mechanics on a sphere must reduce to the usual one
on a plane. To see how this works, consider a “sector” of the Hilbert space in which
X1:=Ny ~0, Xy := Ny~ 0 and N3 =~ 1, where 0 < 1 is the angle around the north
pole where the particle is localized. Note that the “vertical momentum” Ps ~ 0|P)|
is small in this sector, so we can approximate J; ~ —Py — egX1, Jo =~ P — egXo
and J3 ~ X P> — XoP, — eg, where terms of order §> were neglected. In this
sector, the algebra reduces to [X;, P;] = ihd;j N3, J3 behaves as the generator of
rotations for X; and P;, and N3 becomes a central element (taking the value 1 in
the relevant representation). This deformation of the algebra is known as the Inénii-
Wigner contraction. At the group level, this corresponds to a deformation of the
Euclidean group E3 = R3 x SO(3) into (R? x R) x (R? x SO(2)), where the first
factor is generated by (X1, Xo; N3) and the second by (Py, P3; J3). This contracted

group can be reexpressed as H(2) x SO(2), where H(2) is the Heisenberg group in

" Notation: consider that the Euclidean group, E(3) = R® x SO(3), is generated by the charges
(N1, N2, N3; J1, J2, J3), where N; are the components of a unit vector specifying the angular position
of the particle and J; are the components of angular momentum (modified by the magnetic flux,
J=N x P—egN).
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two spatial dimensions, generated by (X1, Py, Xo, P2; N3), and SO(2) is the rotation
group around the origin, generated by Js. Note that S := J3— (X1 Po—X2P1) = —eg
is a Casimir operator, interpreted as the intrinsic spin of the particle. Since J3
differs from X1 P, — XoP; only by a Casimir operator, it follows that the irreducible
representations of H(2) x SO(2) are also irreducible when restricted to H(2). As
H(2) has a unique irreducible unitary representation, this confirms that we do in fact
recover the quantum mechanics on a plane (for any value of the intrinsic spin Casimir
S). It is interesting to note an important difference between the plane and the
sphere: the subgroup SO(2) of E5 was “pulled out” of SO(3) during the deformation,
so it appears as a factor in H(2) x SO(2) rather than as a subgroup of SO(3). The
spin is therefore not quantized on a plane, because the SO(2) gets “unwrapped”
to R when considering projective representations (that is, when considering the
universal cover of the group). Thus the quantization of the spin on a sphere is a

truly topological effect.”

15.2 A particle on the half-line

Another case that I have studied (with a paper in preparation [139]) is the quan-
tization and quantum mechanics of a particle living on the half-line, R*. Such a
dynamical system is associated with a phase space that is the cotangent bundle
of the configuration space, T*R*T = R™ x R, and the symplectic form is given by

w = dp Adx, where x € RT is a position (configuration) coordinate and p € R is the
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conjugate momentum.’® The half-line is to be regarded as the entire physical space,
instead of a subspace of the line, so an intrinsic perspective is imperative. One
can think of this system as describing certain mini-superspace models of cosmology
[140, 141, 142, 143], where the configuration variable is the volume of the universe
(and thus strictly positive) and the conjugate variable is the Hubble constant; or
(141)-dimensional gravity from the reduced phase space point of view [144], for
the only gauge-invariant property of a metric on a 1-dimensional space is the total
proper length, another strictly positive configuration variable.

As emphasized earlier, the traditional Dirac quantization method is not appro-
priate since there is no unitary irreducible representation of the Heisenberg algebra
in which Z has a spectrum contained in RT. A natural alternative is the affine quan-
tization, which has been advocated by many authors [145, 146, 147, 148, 149, 92, 93].
The focus of my analysis is on how this different quantization affects the self-
adjointness of certain operators, including a class of simple time-evolution Hamil-
tonians. It is a well-known mathematical fact that, in infinite-dimensional Hilbert
spaces, being symmetric is a necessary but not sufficient condition for being self-
adjoint, which means that it is possible to have non-unitary dynamics (in particu-
lar, with the possibility of “leaking away” from the configuration space) even if the

Hamiltonian is symmetric.”” In particular, the choice of operator-orderings, within a

"®Note that the phase space is topologically trivial, in the sense of being symplectomorphic to
R?, with conjugate coordinates ¢ := Inz and 7 := zp. This is somewhat analogous to the case of
the diamond, where the phase space is also contractible (see App. D).

"7 A dense (possibly unbounded) linear operator A is symmetric if AT = A in Dom(A") NDom(A),
and it is self-adjoint if additionally Dom(A") = Dom(A).
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class motivated by the affine symmetry, is crucial in determining the self-adjointness
of the Hamiltonian.

Curiously, it is revealed that even a classically “free” Hamiltonian, H = p?/2m,
which certainly does not lead to a classically closed system (i.e., there is noth-
ing preventing the particle from reaching z = 0 in finite time), can still be made
self-adjoint for certain operator-orderings, thus making the system closed quantum
mechanically. Morally, this phenomenon can be seen as the opposite of tunneling,
in that quantum effects would help closing the system. We also compare the affine
quantization of a particle on the half-line with the Dirac quantization of a particle
on the line, which is confined to the half-line by a potential barrier, showing that
there are subtle differences in the conditions for unitarity of time evolution.

Perhaps even more surprisingly, we discover a phenomenon where a poten-
tial that diverges to —oo as ¢ — 0 may lead to a self-adjoint Hamiltonian H =
p?/2m + V(x). In such a case, the time evolution is unitary and thus the particle
is dynamically confined to the half-line. In other words, it is as if the potential acts
as a wall, even though it is really a precipice, holding the particle in the “positive
half” of the line. This is highly non-intuitive from a classical perspective since such
a potential attracts the particle to x = 0, in an accelerated fashion, thus pushing it
towards the “negative half” of the line in finite time (in fact, the classical system is
only closed if the potential diverges to +00). The explicit examples of such exotic

potentials are constructed in a particular way where they diverge to —oo as ¢ — 0 in
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a certain oscillatory manner. For this reason, we may wish to call this phenomenon

“resonance-induced barricade”.

15.3 Non-linear sigma model

Another interesting problem, of greater ambition, is to develop a fully non-perturbative
quantization of the non-linear sigma model. The common analysis of non-linear
sigma models is usually done in a perturbative framework, looking only at a small
neighborhood of a point in the target space and thus only probing the “local quan-
tization”. (See related discussion in Sec. 15.1.) In a paper being prepared by myself
[150], I attempt to “set up” the problem for global quantization by describing a tran-
sitive symmetry group that acts naturally on the phase space. As this group (likely)
admits many unitary irreducible (projective) representations, it would be interest-
ing to see what kinds of quantum theories lie among the possibilities. In particular,
as certain low-energy limits of QCD can be described by non-linear sigma models
(namely, the chiral model), one may wonder how much of QCD could be “inferred”
just from this effective model. This exercise might teach us about our chances of
inferring something fundamental about quantum gravity just from general relativity.
I present here a few formulas for the non-linear sigma model whose configuration
space is C = Maps(R3, S?), that is, where the spacetime manifold is R x R and the

target space is S?. The action is

5= / 042/ 9" kA Dy 0P
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where ¢4 are local coordinates on S? and rap is the SO(3)-invariant metric on
it (normalized so that the sphere has area 4m). In Cartesian coordinates for the

spacetime, the corresponding Hamiltonian is

1
H = 3 /d3x (ﬁABWAWB + kapVe? - vqu)

where 74 are the conjugate momenta.
A natural canonical group would be one that acts (on field variables) as a 3-

dimensional Euclidean group at each point in (physical) space,
G = Maps(R?, R3* x SO(3)) = Maps(R3,R**) x Maps(R?, SO(3))

A generic group element is denoted by («, R), and a generic algebra element is de-
noted by (c, ). Let us think of the configuration space as the orbit of Maps(R?3, SO(3))
acting on a given vector yo € Maps(R3, R3), say xo(z) = e3 (i.e., north-pole in tar-
get space, constant in space). In components, the field will be denoted by x*(z),
where i = 1,2,3 is an index in the “embedding target space”, satisfying x*x* = 1.

The canonical charges are given by
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where X, (x) is the vector field on the sphere (based at the spatial point ) induced
by the rotation generator n(x). In components (in the embedding target space), we
have 7(X,) = me? and a(x) = a;x*. In terms of these charges, the Hamiltonian

reads

1= [ (P@P@) + 9@ (@) Q' (2)

in which

Pl(a:) = P(eléx)

Q' () = Q(e'dy)

where 6,(2') = (2’ — x) is the Dirac delta function. These operators satisfy the

algebra

[Pi(x), Pj(2")] = i€;ijid(x — 2')Pi(x)
[Pi(2), Q7 (a")] = ieijid(z — 2')Q'()

[Q'(2), @ ()] =0

with the Casimir conditions
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Using Mackey’s theory, and assuming the trivial representation for the little group
H = Maps(R3,U(1)), we get a wave function representation, ¥ : Maps(R3, $?) — C,

for this algebra

ow

ox'(x)

(Q"(2)V)(x) = x"(2)¥(x)

(Pi(2)®)(x) = —ieijx’

where V¥ is taken as a function on Maps(R?,R?). Note that the expressions above
are independent on how W is defined away from the sphere y'x* = 1. In this

representation, the Hamiltonian acts as

1 5 5 S
HY(x) =5 /d39«“ [— % ((\x\zéij - Xin)W) +Vx' - Vx' ¥(x)

Notice the appearance of the projector inside the derivative, ensuring that the result
will not depend on how W is defined away from the sphere.
We can also work in momentum space, which is convenient because of the spatial

derivatives. Define,

Pi(k) := P(eipx) = /d3a; e'ke py(x)

@z(k) — Q(eipk) _ /d?:xezk‘zQz(x)
where pi(x) = €** is the plane wave function. These are just the Fourier transform
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of the position-based charges. They satisfy the algebra

[Pi(k), P} ()] = i€ Pu(k — k')
[Pi(K), Q7T (k)] = ien Q' (k — k')

Q' (k), Q7T (K")] = 0

and the reality conditions f’j(k) = Py(—k) and @j(k:) = Qi(—k). In terms of these,

the Hamiltonian reads

3 _ . ~.
= ;/ élwl;s (P ) Bith) + [KPQT (1)Q'(R))

We can also define “a-operators” as

ai(k) == Pi(k) + i|k|Q" (k)

so that the Hamiltonian becomes

3
1= [ el tasth)
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The algebra of these operators are not so nice though,

(kKM = ] k= K= K+ ¥
[al(k)’aj(k/)] = €451 < 2k — k| a(k — k/) + 2k — K| @ (—k + k/)

) k+ K|+ |kl + |K] |k + K| — |k| — |K]|
lk‘ 'k/ = 1€;; | ki-i—k/-i- T—ki—k‘/
lai(k), a; (K)] = ieiz < Mer ] kTR e )

/ / / /
[az( )7‘1]( )] €41 ( 2|k—|—k/| CLZ( + )+ Q‘k—{—kj/‘ al( )

We see that although the Hamiltonian looks very simple (in fact, it looks “free”), all
the “non-linearity” of the model is encoded in the algebra of operators. In particular,
notice how the algebra (in momentum space) mixes different spatial scales.

The quantization per se will be left for future work, but it would involve finding
unitary irreducible representations of this algebra which also carries a representation
of the Poincaré group. Note that, in such a representation, it would automatically
follow from the “free” form of the Hamiltonian that its spectrum is bounded from

below.

16 On subsystems

The notions of subsystems or subregions are quite fuzzy in quantum gravity, possibly
much more than the notion of spacetime itself.

Let us start with the naive picture of a “fluctuating geometry” on a fixed mani-
fold, and try to think of gravity as typical QFT. Since spacetime diffeomorphisms are

gauge transformations in gravity, there can be no (gauge-invariant) observables that
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are supported in a (compact, proper) subregion of the spacetime. That is, say an
observable O is supported in a (not necessarily proper) region V of the (connected)
spacetime M, in the sense that O is constructed out of local fields ¢(z) (includ-
ing the metric) with € V. In a suggestive notation, we may write O = F|[¢p(x)]
(but note that F has infinitely many arguments, indexed by V x “number of fields”).
Now consider a gauge transformation which acts on local fields as ¢ := 1* ¢, where

¥ € Diff( M), and consequently acts on O as

U0 = V' F[p(x)] = F[Vo(z)] = F[¢"o(x)]

Since *¢(z) is supported at ¢ (z), U*O is thus is supported in (V). Now, if O is

gauge-invariant, it must be that O = W*O for all ¥, and in particular

V=14(V)

for all 4. This is only possibleif: (i) V = 0; (i7) V = M; or (iii) ¥V = OM (where OM
denotes either the manifold boundary of M or the asymptotic/conformal boundary
of M). Case (7) is trivial (i.e., O = 0); in case (i¢) the observable is completely spread
over the entire manifold; and in case (iii) the observable lives at the boundary. (In
a way, we may think of the holographic principle as further asserting that case (i)
either does not happen or is equivalent to case (iii).) Accordingly, one of the core

structures of QFT is put under stress: there is no microcausality.
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From another point of view, it can also be seen that in effective, perturbative
quantum gravity, dressed observables at spacelike separated regions (with respect
to a background spacetime) always fail to commute [151, 152, 153].

The deeper point is that, in gravity, the notions of subregions and causal struc-
tures are fundamentally relational and state-dependent. That is, it is clear that we,
here at Earth or in our lab, can still make local observations — but they are always
in reference to something else, say the corner of the room. But matter is composed
of particles, which are quantum excitations, so the references themselves are states
in the theory and these “effectively local observables” only exist in small sectors of
the full Hilbert space in which the observer/reference “exists”. In other words, such
an observer may be understood as some class of states displaying some identifiable
feature, like a “lump” of coherent field excitations spread over a sufficiently small
spatial region (or thin tube in spacetime). It is only within a sector where an ob-
server exists that “approximately local” observables can be defined. The same goes
for subregions: the only way to define “where is the boundary” of a subregion is
to refer to such an observer. Thus, it is natural to believe that local observables
or subregions are concepts that simply do not exist in proper quantum gravity, and
are emergent concepts that only make sense in very special small sectors of the full
Hilbert space.

But how could one make this idea of observers and relatively-local observables

more concrete? What basic properties a state should satisfy in order to contain a
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observer/reference? That is, what are such “identifiable features”? How to construct
dressing with respect to such a feature, given that it is inherently quantum? Or is
it that those concepts only make sense in regimes where the observer behaves in a
fully classical manner? And how do these concepts manifest at different levels (e.g.,
full quantum gravity or effective field theory)?

Although it feels unnatural, it is also conceivable that in a full theory of quan-
tum gravity there is some intrinsic prototypical notion of subregions, in the sense
that there is an underlying structure to the operators in the theory which organizes
them in a way that allows one to reconstruct some notion of topology or causality.
In a typical (non-gravitational) quantum field theory, operators are naturally orga-
nized as nets of von Neumann algebras (i.e., maps from the directed preordered set
of spacetime subregions into the space of von Neumann subalgebras of operators).
This is a great amount of additional structure on the space of operators, which would
not survive in quantum gravity. But perhaps there could be weaker structures which
could survive, e.g., the spectrum of certain important operators such as the total
energy (in classes of spacetime with a non-trivial conformal boundary). An inter-
esting work [154] suggests that just the spectrum of the Hamiltonian may contain
enough information to reconstruct a notion of locality: generic spectra most likely
are not compatible with any local structure, very few spectra are compatible with

one local structure, and even fewer are compatible with more than one structure
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(and those very special cases are then said to exhibit “duality”).”™

We see thus two main routes in trying to understand the role of subsystems. One
is what we followed in the work, namely taking the classical notion of subsystems
(i.e., causal diamonds™) as the basis for quantization, producing of a “piece of
quantum spacetime”, and then attempting to construct the whole of the quantum
spacetime from the pieces; the other is to quantize the whole spacetime and, at the
quantum level, try to identify a viable concept of subsystem (even if only emergent,
or approximate, in special regimes). The former seems more practical, but the latter

seems to me more likely to be correct.

17 On gauge-fixing time

In our reduction process we dealt with “time diffeomorphisms” by a particular gauge-
fixing prescription based on CMC slices (and subsequently quotienting out the spa-
tial diffeormorphisms). The reduced phase space is independent of how exactly the
reduction process is carried out. In particular, it is independent of the choice of
gauge-fixing, provided that the choice is legitimate (i.e., that it is globally well-

defined, intersecting every gauge orbit in non-empty, non-disjoint submanifolds). If

"8 The result is derived for finite dimensional Hilbert spaces, and it is unclear whether it generalizes
to infinite dimensions. The notion of locality is, roughly speaking, based on whether it is possible
to factorize the Hilbert space into a “network of qudits” and express the Hamiltonian as a sum of
operators supported in clusters (of limited size) of nearby factors.

™There are also other classical notions that could be considered. For example, the region of
spacetime that is “operationally accessible” to an observer with a finite lifetime (i.e., the set of
events that the observer can send a signal to and receive one back from). This is a subclass of our
causal diamonds, consisting of “pointy diamonds”, defined as the intersection of the causal past of
a point with the causal future of another point (in the past of the former).
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there is a consistent canonical quantization, it should therefore not be affected by
such a procedure.

However, as mentioned above (Sec. 14), there are some concerns. In particular,
canonical quantization is full of ambiguities and there are other features of the phase
space, beyond its symplectic structure, that affect what one may consider “natural”
choices. For example, the choice of the quantization group may be influenced by
how the phase space presents itself. In our case (and similarly any reduction & la
Moncrief), the phase space presents itself as a cotangent bundle, 7*Q, where Q =
Difft(S1)/PSL(2,R), and that structure is additional to the symplectic one. The
construction of the canonical group started from a physically motivated symmetry
(namely, diffeomorphisms acting non-trivially along the corner of the diamond), but
the extension to a transitive group of symplectomorphisms was motivated by the
cotangent bundle structure.

Another issue is whether this classical choice of time really breaks the full dif-
feomorphism invariance of the theory. On the face of it, that might indeed be the
case as time remains a real parameter while spatial geometric observables become
quantum operators. Philosophically that is a bit disconcerting, for two reasons.
First, it seems that physical significance is being assigned to observations made at
a sharp, global time. Second, and more importantly, it is unclear how to interpret
this time at the quantum level. Classically, given a causal diamond, it is fine to ask

“what is the value of a given observable at the slice with constant mean curvature
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k = —777, but quantum mechanically there is no well-defined spacetime geometry
so what does it even mean to ask “what is the result of measuring a given operator
at time 7”7 One could perhaps make sense of “S-matrix” type of observations, for
the limits 7 — Zoo have a simpler (classical) interpretation as corresponding to
the past and future horizons, but even the meaning of that is not as clear at the
quantum level.

Returning to the point about breaking the diffeomorphism invariance, a fair
way to address this question would be to check whether other (intrinsic®’) gauge-
fixings of time also lead to the same quantum theory (or, more precisely, that there
is at least one quantum theory in the intersection of all such quantizations). The
problem with this approach is that it is exceedingly difficult to find other gauge-fixing
prescriptions that are globally well-defined in gravity. In that regard, Moncrief’s
program may stand at a very unique position. If there are no other gauge-fixings
that work properly in gravity, in some useful class of spacetimes, does it endow
this mathematical prescription with a physical significance? And what ensures that
there are not many other prescriptions which are just not known?

Finally, there is the question of the applicability of the CMC gauge-fixing pre-
scription. In the introduction we pointed out that some spacetimes may not admit

CMUC slices, and that one possible motivation to consider causal diamonds is that

80Tt seems important that the choice of time is “internal”, i.e., defined only from the available
(physical) structures within the system. An example of the contrary, leading to failure, is the naive
attempt to quantize a single (scalar) relativistic particle in Minkowski, whose action is the proper
length of its worldline, S = [ds = [ d\\/nu&#3", by gauge-fixing time using a background time
coordinate. In that case, the resulting quantum theory is not compatible with causality as one
could define localization (position) operators, in contradiction with Hegerfeldt’s theorem [155].
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one could apply this rigorous quantization “locally” (in spacetime) and subsequently
attempt to construct a larger “quantum spacetime” from these pieces (even if the
classical limits of these larger spacetimes do not admit CMCs). One may worry that
this separation of scales is not consistent in quantum gravity: even in arbitrarily
small regions of spacetime, there could be fluctuations of geometry and topology
such that not even local CMC slices exist. It is thus unclear if the quantum space-
time produced by gluing “topologically trivial quantum causal diamonds” is con-
sistent and complete, or whether one needs to explicitly include all “topologically

non-trivial quantum causal diamonds” in the sewing Kkit.

18 On boundary conditions (and gluing)

A potential limitation of our approach to causal diamonds was the choice of the
boundary condition, fixing the induced metric on the boundary (or, in higher di-
mensions, the boundary volume element). This choice was required to justify the
applicability of Moncrief-Lichnerowicz program of phase space reduction, specifically
so that the CMC gauge was accessible (i.e., generic Cauchy slices could be deformed

8L This, of course, attributes a “classical reality” to

into CMCs via gauge flows).
the boundary length, which is now a fixed real parameter ¢. While it could still be

possible that such a parameter gets “quantized”, similarly to how eg was quantized

811n (2+1)-dimensions one could avoid this limitation by focusing strictly on boundary charges,
which should be sufficient to characterize the phase space since there are no local degrees of free-
dom. However, such approaches are not generalizable to higher dimensions, while the Moncrief-
Lichnerowicz naturally is. In fact, this was our main justification for following this route.
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in the case of the particle on the sphere (namely, via the Casimir matching princi-
ple), this does not happen for the causal diamond. In fact, ¢ does not even feature
explicitly in the bmss algebra. (Nevertheless there are other mechanisms where ¢
could get quantized, as it appears in other physical observables such as the CMC
time-evolution Hamiltonian, which is the CMC volume, and certain requirements
on the representation of such operators, like lower boundedness of spectrum, could
impose restrictions on parameters such as £.)

In any case, it still seems physically inappropriate to fix the boundary metric
(or, in higher dimensions, the boundary volume element). For one, we would expect
that all aspects of the geometry, including any length or volume elements, to be
true quantum observables, that is, described by operators in the theory. Second, to
advance on the goal of sewing causal diamonds into a larger spacetime mesh, it seems
important to have “free” boundary conditions, so that generic causal diamonds can
be attached to each other.

So how could we drop this boundary condition? A natural solution is to employ
the idea of edge modes, particularly in the context originally described by Donnelly
and Freidel [156, 102, 157] (and subsequently by others [52, 158, 159, 160, 161, 162]).
Essentially, the idea is to enlarge the (pre-)phase space by introducing “auxiliary”
degrees of freedom along the edge, whose function is to modify the symplectic form in
such a way as to restore generic gauge transformations into the formalism (even those

that are “broken”, or rather promoted to non-trivial symmetries, near the bound-

329



ary). These edge modes can be understood as “minimally-structured observers”,
or frames of reference, registering the field configurations (and a certain number of
normal derivatives) at the boundary. For example, in the case of electromagnetism

in a (spatial) region 3, the “standard” symplectic form is given by

wg:/éEAéA
%

where E is the electric flux (n—1)-form and A is the magnetic 1-form (considering an
(n + 1)-dimensional spacetime). Naively, general transformations A — A + d\ (and
E — E), where A : ¥ — R, would be gauge; but it turns out that only those with
Aoy = 0 are actually gauge.®” One can then enlarge the phase space by introducing

edge modes, p € QY(¥) and £ € Q"1(¥), adding to the symplectic form a term

woy = de N dy
ox

where ¢ and e can be respectively interpreted as “measuring” the values of A\ and
the normal electric flux, E- 77, at the boundary. The enlarged phase space, ﬁz}, is

defined as a “fusion product”,

Ps = Ps X1, Pos

82This is assuming that there is an (omitted) coupling to charged matter. In particular, if X
approaches a non-zero constant at the boundary, the Hamiltonian charge associated with this flow
is simply (proportional to) the electric charge contained in the region (assuming dA = 0). If there
is no matter, then any A that approaches a constant at the boundary is also gauge, but those that
approach a non-constant at the boundary are still not gauge.
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where Hy := ¢ — E|sx ~ 0 imposes the “flux constraint”, and the total symplectic
form is

Wy = Wy, + wys,

It can be verified that the flow in P, defined by A+ A+dXand ¢ — p—\ (and E —
FE and € — ¢) is indeed gauge. The result of this construction is to “restore” the naive
gauge transformations, while still preserving the original symmetries. In particular,
the symmetries formerly associated with A’s that approach non-zero values at the
boundary now correspond to a flow that changes only the edge modes, A — A and
¢ = p+a (and E — E and € — ¢), where a : 0¥ — R. Note that, in this form,
it is quite explicit that the symmetries are fundamentally associated with boundary
fields.

The story is very similar in gravity, with the diffeomorphism gauge being “bro-
ken” at the boundary, but restored with the introduction of appropriate edge modes.
In this case, we may think of the edge modes as providing the minimal structure to
delineate the location of the corner of the diamonds, as well as its “orientation” (i.e.,
a orthonormal frame on it). Not all these edge modes are necessary for our purposes:
we only need the corner boosts in order to reintroduce the gauge directions that al-
low generic deformations of Cauchy slices. Similarly to the case of electromagnetism,
the “edge mode phase space” (associated with boosts), Py, consists of a volume
element (n — 1)-form € on 0¥ (in an (n + 1)-dimensional spacetime), analogous to

the electric flux, and a conjugate scalar hyperbolic angle variable ¢ (registering the
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“tilt” of the Cauchy slice as it intersects with the corner), analogous to the bound-
ary U(1) EM phase. The “flux constraint”, in the fusion product, here just enforces
that ¢ is induced from the bulk geometry, that is, Hy := ¢ — i,93|9x ~ 0, where
Uy, is the spatial volume element (associated with the metric h) and n is the unit
vector normal to the boundary (tangent to the Cauchy slice). With that, one could
carry out the Moncrief-Lichnerowicz reduction in the “bulk phase space”, Px, and
have the remaining edge modes neatly accounted for in Pyx. Roughly speaking,
the process would thus be to first turn Ps. into Ps, X i, Pos, and then reduce it to
Ps X f, Pox.

Another benefit of this construction is, as alluded before, the natural manner in
which different subregions can be glued together. The point is that, in non-abelian
gauge theories, the set of observables in a union of regions is larger than what can
be constructed from observables in each region separately. In particular, a Wilson
line passing through (and only through) regions ¥ and ¥’ is supported in YUY, but
cannot be constructed from observables in ¥ and ¥’ alone. At the classical level,
the phase space of ¥ U Y’ can be defined by another fusion product between the
enlarged phase spaces of each region. Namely, if ¥ and Y’ intersect only at their

boundaries,
Psusy = Ps Xgg Psy = (Ps Xm, Pos)XNs (732' Xm PBE’)

where S = 90X N 0¥ and Xg denotes the fusion product where the “fluxes” are
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matched on S, Hg := (Hy — H))) |s ~ 0, and the flow generated by Hg is quotiented

over. A very similar “fusion product” construction also applies to the quantum level.

19 On diffeomorphism charges

The Hamiltonian charges associated with diffeormorphisms that act non-trivially
near the boundary of spacetime play a key role in many discussions of quantum
gravity. A notable example is the work of Brown and Henneaux [26] showing that
there is a large group of symmetries associated with “large diffeomorphisms” in
asymptotic AdSs and, when realized as Hamiltonian charges on the phase space,
the algebra acquires a non-trivial central charge ¢ = 3¢/2G. This result is regarded
as one of the first hints towards the holografic principle for the extended group,
Vira x Vira, is also the group of symmetries of a 2-dimensional CF'T. Furthermore,
it was later discovered [163] that, by assuming modular invariance and applying
Cardy’s formula, one correctly obtains the Bekenstain-Hawking entropy for the BTZ
black role. This group was also used in [30] as the basis for the reduced phase space
construction: as there are no bulk degrees of freedom, the “large diffeomorphisms”
should act transitively on the reduced phase space (i.e., the degrees of freedom are
only “edge modes”, ignoring topological modes that could exist if the Cauchy slice
were non-trivial).

It is thus natural to consider the role of boundary diffeomorphisms in causal

diamonds. In fact, as we discussed above (Sec. 18), they are central to the for-
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malism of edge modes [156, 102, 157, 52, 158, 159, 160, 161, 162]. Very recently,
the boundary diffeomorphism charges have been computed, from a covariant phase
space perspective, for causal diamonds in (2 + 1)-dimensions [164]. These charges
have nice and simple geometric interpretations.

It should be pointed out, however, that there is an important difference between
asymptotic AdSs (or other asymptotic spacetimes) and causal diamonds. In the
former case, the group of asymptotic diffeomorphisms does act legitimately on the
reduced phase space. In fact, the asymptotic diffeomorphisms are defined precisely
as the set of diffeomorphisms that preserve the class of asymptotic spacetimes under
consideration, and thus they always map a state into another state. In the case of
causal diamonds this does not happen, at least when normal translations of the
corner are allowed. In fact, as these boundary diffeomorphisms act by deforming
the diamond corner, there is not preventing them from “pushing it too far”, that is,
deforming a “nice corner” into a loop that is not acausal or that develops crossings
and knots, and thus can no longer be the corner of another diamond. In other
words, the Hamiltonian flow of generic boundary diffeomorphism charges will not be
complete, reaching the “end of phase space” in finite parameter-length. While these
charges do cover the phase space with regular coordinates, they are not appropriate
“canonical charges” to be used as the basis of quantization, at least from Isham’s
perspective. Equivalently, it would seem that the unitary representations of the

corner group are not (entirely) relevant for the “quantum theory” of this system.
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The situation is analogous to quantizing a particle on the half-line, as we ex-
plained in Sec. 15.2: the coordinates x > 0 and p cover the phase space and also
form a closed algebra (together with the constant function 1), but they do not expo-
nentiate to a group acting on the phase space and thus they do not lead to a sensible
quantum theory (namely, the spectrum of z is not contained in R"); instead, one
could use the affine group to quantize the system, whose charges are x and xp.

We may have a possible “trade-off” at hand in the case of causal diamonds: while
boundary diffeomorphism charges are physically natural and have a nice geometric
interpretation, then do not form a viable basis for quantization; on the other hand,
the bmsjs charges that we have constructed were derived from a group of symmetries
that acts properly on our phase space, and thus can be used for quantization, but
unfavorably half of them (namely, the @ charges) seem to lack a simple geometric

interpretation.

20 On symplectic ambiguities

As discussed before (Sec. 14), the symplectic structure is not classically observable,
as it depends on a choice of action. Usually, the action is sufficient for uniquely
determining the symplectic form, but the situation can be subtle in field theories
defined in certain spacetimes. (As we will emphasize later, the issue is not with field
theories per se, but with dynamically open systems.) In particular, there might

be ambiguities affecting boundary terms in the symplectic form, which can most
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readily be seen from the covariant perspective. The action in an (n+ 1)-dimensional

spacetime (region) M is given by

S:/L+/ [
M oM

where L is the bulk spacetime (n+ 1)-form Lagrangian and [ is the boundary space-
time n-form lagrangian. Generally, L = Ed¢p + dO, where E = 0 imposes the
equations of motion and © is a spacetime n-form and field-space 1-form. It is often

taken [165] that the symplectic form is obtained from © as

w:/é@
¥

where Y is a Cauchy slice. However, as can be immediately noticed, © is only defined
(from 6S) up to the addition of a closed spacetime n-form. For simplicity, let us
assume trivial spacetime topology so that this closed form is necessarily exact, i.e.,
equal to da for some spacetime (n—1)-form «. This alternative choice, ©' = ©+da,

consequently defines a different symplectic form

w':/é@':/5@+/d5a:w+ oo
b ) D %

where it was used that d§d = dd. This reveals an ambiguity in the symplectic

structure, particularly affecting the “boundary component” of the symplectic form.
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In certain scenarios, one can use well-motivated physical principles to resolve
this ambiguity. A nice situation is described by Harlow and Wu [55], considering
“cylinder-shaped”, dynamically-closed regions of spacetime. The principle invoked
is simply that the “stationary-action principle is well-posed”. That is, if OM is
decomposed as a past Cauchy slice ¥_, a (timelike) cylinder boundary I' and a
future Cauchy slice ¥, and one considers a class of field configurations ¢ where
¢|s, =: ¢+ are fixed (as standard in setting up the variational problem in mechanics)
and ¢ (and possibly some number of derivatives) satisfy all the a priori boundary
conditions on I', then the variational principle is well-posed if S[¢] has at least one

stationary configuration. In general, the variation of S gives

5S:/ME5¢+/E (@+51)-/E(@+5Z)+/F(@+51)

where the orientation of X4 are chosen to be the same. The first condition for a
stationary point is that £ = 0, so the equations of motion must be solvable. For a
generic class of theories and boundary conditions, the integral on I could prevent
a stationary configuration from existing.®® The situation for the integrals over ¥4
is generally much better since the imposition that d¢|s, = 0 is often sufficient
for ensuring that they vanish. It is thus reasonable to assume that, in a well-

posed theory, things must work out such that [, (© + 1) contributes, at most, with

% For example, in a free scalar field theory, L = 1d¢ A xd¢ (and | = 0), one has © = xd¢ J¢.
Unless the boundary conditions are Dirichlet or Neumann, O|r is non-trivial and, by infinitesimally
deforming ¢ (around the kernel of E) with a tiny but sharp bump as it approaches I', it is possible
to make .5 arbitrarily large.
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boundary terms (since 0I' = 0¥, U0X_ C ¥y UX_). A simple and quite generic
way to have this is if

(@+(5l)|p =dC

for some spacetime (n —1)-form and field-space 1-form C. The view here is that the
“inputs” of the physical theory consist of specifying L (which is associated with the
bulk dynamics) and the boundary conditions, and then an [ and a C' are, if possible,
introduced a posteriori with the purpose of making the variational principle well-

posed. In this case, note that the on-shell first-order variation of .S is

58%/ (®+6l)—/ c—/ ©+i)+ [
Sy o5, _ ox_

From a logic similar to what was discussed in Sec. 7.1, it is justified to identify the
symplectic potential as the terms at the “future time” (i.e., ¥4 U9X, ), from which

the symplectic form is simply the (field-space) exterior derivative,

w:5</ (@+51)—/ c>:/ so— [ sC
oy %y oy %y

As the condition (© + dl) | = dC' is generally “hard” to satisfy, the ambiguity in ©
being replaced by © + da would force a unique different choice of C', namely C' + a.
That is, the symplectic form w is, in this case, insensitive to the ambiguity.

A similarly well-motivated and sufficiently constraining prescription is, however,

not fully developed for causal diamonds. A fundamental difference may be in that
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causal diamonds are inherently not dynamically closed: things can go in (through
the past horizon) or out (through the future horizon). There has been some effort
in proposing resolutions for these ambiguities in open systems, usually assuming
some sort “symplectic flux condition” through the horizons [56, 53]. It is unclear
to me how natural they are (or how can they be chosen) in the context of causal
diamonds. An interesting but quite different approach is proposed in [57], where
they adopt an “a priori path integral” perspective. My intuition is, however, that
the path integral is simply a particular realization of the representation theory of
canonical observables, and can only be justifiable a posteriori, at least in the context
of canonical quantization (in particular, I am not questioning the consistency or
validity of a point of view in which path integrals are truly axiomatic).

In any case, the point is that the reduced phase space for causal diamonds,
and particularly the structure of edge modes, is subject to this ambiguity in the
symplectic form. In the absence of a good prescription for resolving the ambiguity,
it appears that the only reasonable approach is to generalize the formalism to include
all possible choices. It may be that the correct choice of symplectic structure will
only become clear after all causal diamonds are glued together into a dynamically-
closed universe, say to guarantee the consistency of the whole theory or reproduce

physically expected results (e.g., the proper counting for black hole microstates).
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21 On matter

Another interesting generalization would be to include matter. For simplicity, one
could start with simple additions like a (minimally-coupled) scalar field or electro-
magnetism. With matter one has access to more interesting observables and, espe-
cially in (2+1)-dimensions, a more realistic physical system containing “quasi-local”
observers, as described in Sec. 16. (In higher dimensions one could, in principle, use
“lumps” of gravitational disturbances as observers.%)

Technically speaking, adding matter into our formalism is viable as long as the
main premises of the Moncrief-Lichnerowicz program are not nullified. In particular,
it must be that (7) for generic classical states the causal diamond still admits a CMC
foliation, (7i) the components of the stress-energy tensor scale in a definite way under
conformal transformations, so that a Lichnerowicz equation can be used to solve the
Hamiltonian constraint (Gop + Agoo = 87700), and (éi¢) this Lichnerowicz equation
possesses the desired existence and uniqueness properties for the solutions.

On point (), looking at the arguments in Sec. 4.1, we see that the main as-
sumption on the (local) geometry was the timelike convergence condition, i.e.,
Rapuub > 0 for all timelike vectors u. This is essentially the assumption that

test particles are “attracted” to each other (i.e., congruences of geodesics are focus-

ing). To ensure this, for all classical states, the matter content of the theory should

84While there are no quasi-local observers in (2 + 1)-dimensions, the “pure gravity” quantum
theory should still be a good learning ground for the meaning of geometry, as the classical theory
still contains the basic notion of “spacetime shape”, and to understand the fate of that concept in
the quantum theory is valuable.
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satisfy the strong energy condition. That is,
1 a, b
Tab — ——=T gap | u*u’ >0
n—1

for all timelike vectors u. (Again, the dimension of the spacetime is n + 1 > 3.)
For example, a free massless scalar field and a free electromagnetic field satisfy this
condition.

On point (i7), there needs to be a choice of conformal rescalings of the com-
ponents of the matter field which preserves all the constraints, except possibly the
Hamiltonian constraint. Recall that the Lichnerowicz method is mostly useful as a
tool for solving the Hamiltonian constraint: it is assumed that all the other con-
straints are “solved first” and that their solutions are not “destroyed” when confor-
mally deforming the fields in order to solve the Hamiltonian constraint (see Sec. 3.2).

In the case of electromagnetism, we wish to preserve the U(1) constraint
ViF% = V,E' =0
and the momentum constraint

—ZVMU = 16mVhTY
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where the stress-energy tensor is

1 1
Top = — | FacFy® — = gapFraF
47 4

In 3+ 1 spacetime dimensions, this case was analyzed in [67], revealing that electro-
magnetism does admit appropriate conformal scalings. The corresponding transfor-
mations on the components of the stress-energy tensor, under a conformal transfor-
mation h;j — ¢*h;j, end up being 7% — ¢=4T% and Too — ¢ 5Tno. The associated

Lichnerowicz equation is
g 3
V2 = Ré + 0150767 — 270" + 167To06 " = 0

where A = 0 (but including a A # 0 would be trivial). The generalization to other
dimensions is also straightforward.

On point (#i7), one needs to ensure that the associated Lichnerowicz equation has
one and only solution for each seed data (which now includes also matter fields).
For the case above, [67] discusses conditions for existence and uniqueness. Elec-
tromagnetism turns out to be very agreeable with the Lichnerowicz method, as it
also satisfies the weak energy condition (i.e., Topu®u® > 0 for all timelike vectors
u), thus at least marginally satisfying the conditions described in the paper. (By
“marginally” I mean that it only potentially fails in very special circumstances,

say when O'ijO'ij + Too is everywhere zero or 7 = 0.) The further inclusion of a
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non-positive cosmological constant should only make the situation better, possibly
ensuring that conditions for existence and uniqueness are strictly satisfied.

In (2 + 1)-dimensions, there is also another kind of matter: conical singularities.
These are interesting because they are purely “geometrical particles”, described
by the standard Einstein-Hilbert action except for an enlargement on the space
of metrics (relaxing the usual requirement on smoothness by allowing for these
pointwise singularities). A conical singularity is a type of metric singularity that
locally resembles a “cone tip”.%> That is, a 2-dimensional manifold contains a conical
singularity at the point cif: (i) there is a neighborhood U of ¢ such that the metric in
U —{c} is regular, and (i7) given the family of metric balls B(r;¢) C U of (geodesic)
radius 7 centered at ¢, covered by polar coordinates (r, ), with 6 € (0, 27|, then the
metric restricted to B(r;c) approaches dr? + k%r?df?, as r — 0, for some constant
k > 0. A natural way to characterize the “value” of the singularity is to specify
how much the perimeter of a small circle of radius r, centered at ¢, differs from 27r.

Thus we define the angle anomaly by

A - lim length[0B(r; c)] _9n
r—0 T

In terms of k, we have A = 27(k — 1). A “familiar cone”, embedded in the 3-
dimensional Euclidean space, with aperture angle o, will have Kk = sina and thus

angle anomaly A = 27(sina — 1) < 0, that is, it is an angle deficit.

85 Alternatively, instead of thinking of “singular metrics”, it is also possible to consider regular
metrics on topological punctured discs.
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In gravity, angle deficits are physically more “natural” as they correspond to
particles of positive mass. They have been extensively studied, especially in the
context of AdSs [166, 167, 168, 169]. In particular, for pure gravity, the (classical)
energy spectrum of the theory consists of the vacuum AdSs solution with energy
—1/8G, BTZ black holes [170] with positive mass (r3 + r2)/8G¢* and, filling this
gap, conical singularities with angle deficits; the conical singularities with angle
surpluses would sit below the vacuum (consistent with the interpretation that they
have negative mass). It would be interesting to investigate the consequences of their
inclusion in our causal diamonds. In particular, they would act as simple observers,
introducing a larger class of observables. For example, one could ask what is its
“lifetime” (i.e., the time it takes to go from the past to the future horizon) or its
relative position with respect to the corner of the diamond.

In our approach, conical singularities could (presumably) be implemented in two
ways. Following the conformal coordinates approach of Sec. 6, the first way is to

replace the reference disc with one containing a conical singularity at the center,

h = dr® + k*r?d6?

and consider smooth conformal transformations to the physical disc. While this
approach can be implemented in a straightforward manner, the disadvantage is that
the number and masses of the conical singularities are fixed as classical inputs. The

second way would be to keep the reference disc as the regular unit round disc,
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but allow for conformal transformations that diverge at isolated points. With such
divergences it is possible to “create” a conical singularity. For example, consider a
Weyl transformation dr? +120% — Q(r)?(dr? +r26?). With respect to the deformed
metric, the radius of a circle at coordinate r is for dr'Q(r') and its perimeter is

27rQ)(r). The angle anomaly is thus

where L’Hopital’s rule was used. It is clear that if Q is continuous (and nowhere
zero) then no conical singularity will be introduced, but if, say, Q(r) = r*~!, then
an angle anomaly A = 27(k — 1) will be introduced at the origin. Note that for
conical deficits {2 is nowhere zero but diverges to +o0o at the origin, while for conical
surpluses §2 is bounded but goes to zero at the origin. In this way, it seems more
natural to address the case where the conical singularities are dynamically generated,
with variable numbers and masses. It is curious to point out that, in the context
of asymptotic AdSs, Maloney and Witten [30] noticed that a theory of pure gravity
(without conical singularities) is somewhat “sick” (in particular, with a physically
unsound modular-invariant partition function), but then others (including Maloney)
[171] realized that the inclusion of some conical singularities (with a quantized angle
deficit A = 27(1/n — 1), where n € N) offers a potential “cure” for this issue. It
would be interesting to see whether, just in the context of causal diamonds, one can

also encounter a similar quantization of the mass spectrum of conical singularities.
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Appendices

A Glossary, symbols and conventions

This appendix features a quick reference guide to recurrent terms and symbols found
in this paper. It is organized roughly in the order of appearance in the text, but also
in such a way that later entries only refers to terms and symbols already introduced

in earlier entries. Each entry is indicated by an underlined italic name followed by

the explanation; in cases where relevant symbols are introduced in the explanation,
those symbols are displayed on the left margin for easier reference. Despite our
efforts to keep the notation uniform throughout, there may be instances where a
symbol is used with a different meaning for a specific section. For example, A is
mostly used to denote the cosmological constant, but sometimes it can be used to
denote a Weyl scaling factor. There are also some variations between Part I and
II. For example, ¥ is used in Part I to denote diffeormorphisms of the disc, while
in Part II it is used to denote quantum states (particularly in their wavefunction
realization). We hope that the context will prevent confusion in those instances.

Some general conventions are also referenced in this section.

Units: We adopt units in which the speed of light and Planck’s constant are 1,

c=h=1
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Signature: The spacetime metric is assumed to be of signature

Causal diamonds The domain of dependence of an acausal spacelike disc is referred

to as a causal diamond.

% T, Tij Tensors The abstract index notation is used for tensors, where subscript Latin
letters indicate covariant tensor slots and superscript Latin letters indicate
contravariant slots (typically we reserve for this purpose letters from the first
half of the alphabet like a, b, c etc).® A basis of vectors is typically de-
noted as ey, or (e,)%, where the subscript label x4 runs from 1 to the dimen-
sion d of the manifold; the associated dual basis is denoted by e*, or (e/),,
with a superscript label, and defined so that e”(e,) = o, where 0, is the
Kronecker delta; tensors can be decomposed in that basis with components
Tyrehn = T(euyy Cunys €y €ty €2, -e”m). Typically we reserve Greek

letters (u, v, etc) to denote tensors decomposed in a spacetime basis, and Latin

letters from the second half of the alphabet (like i, j, etc) for tensors decom-

861f V denotes the space of vectors at a point p on a manifold, and V* denotes the dual vector
space (i.e., space of 1-forms, or linear maps from V to R) at p, then a tensor T at p of type ("n)
is a linear map from V™ x (V*)" to R and it is denoted by T215275" + a 1-form « is a linear map
from V to R and therefore has one covariant index and is denoted as a,; a vector £ can be seen
as a tensor with one contravariant index, denoted by &%, because of the natural duality between
vectors and double dual vectors (V' ~ V**) which identifies £ with a linear map from V* to R (i.e.,
a — a(€)). In this notation, the tensor T' applied to m vectors &1, &2, - - - &mn and n dual vectors
a', a®, - a™ is expressed by contracting the respective indices, T(£1, &2, -+ &m;at,a?,---a™) =

Tatad (61" (€2)" - (Em) ™ (@' )b, (@) -+ (@), -
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far 7

£, lags, Lp

0%, 0

posed on a spatial basis. In Part II, most tensors are associated with the phase
space, configuration space or groups and algebras, and these will typically be

denoted without any indices.

Push-forward and pull-back Given a smooth map between two manifolds, f : M —

N, the push-forward operator mapping vectors (or contravariant tensors) on M
to N is denoted by f. and the pull-back operator mapping 1-forms (or covariant
tensors) from N to M is denoted by f*. If f is a diffeomorphism (smooth
invertible map) then f* = f;! and any tensor can be pushed forward or pulled

back.

Cosmological Constant The cosmological constant will be denoted by A. In this

paper we assume A < 0. (In some instances the symbol A may be used for

other purposes, such as denoting certain maps or Weyl factors.)

Length scales  The length of the diamond corner is ¢, the Anti-de Sitter radius is

lags = 1/v/—A (if A <0), and the Planck length is /p = hG.

Cauchy slice A Cauchy slice will typically be denoted by X. In this paper it is

assumed to have the topology of a two-dimensional disc, D. (Because of this,

sometimes D is also used to denote the Cauchy slice.)

Corner The boundary of any Cauchy slice, 0%, is referred to as the corner of the

diamond. It has the topology of a circle, S*. (Sometimes we shall abbreviate
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hab7 Gab

>

ab

Yab

Riem(X, )

£7 eAdSy eP

V,V,V

and simply denote it by 0 — not to be confused with partial differentiation.)

(Physical) Metric Metrics in this paper typically refer to the spatial disc ¥ and

are denoted by hyp. Spacetime metrics are normally denoted by gup.

(Reference) Metric ~ The metric on the reference round unit disc, dr? + r2d6?,

is denoted by hg. (The bar notation will often be used to indicate objects

associated with the reference disc, like & below.)

Boundary metric We consider “Dirichlet condition” for the metric induced on the

corner, haplos = Yab-

Space of metrics The space of all (sufficiently regular) Riemannian metrics on a

manifold ¥ is denoted by Riem(X). Its subspace consisting of metrics satisfying

the boundary condition h|g = 7 is denoted by Riem(X, ).

Length scales There are three main length scales: the corner length ¢ (determined

by Yab), the Anti-de Sitter radius faqs = 1/v/—A (if A < 0), and the Planck
length /p = AG. (The Planck constant is introduced here even though it is only

relevant for the quantum part, as we shall consider units where ¢ = h = 1.)

Covariant derivatives The covariant derivative on a Cauchy slice associated with

a spatial metric h is denoted by V; and the one associated with the reference
metric h by V. The covariant derivative on spacetime associated with a metric

g is denoted by V.

349



£,0,1 Lie, exterior and interior derivatives The Lie derivative along a vector field X is

denoted by £x. The exterior derivative of a form is denoted by J; and the

interior derivative (a.k.a., interior product), with respect to a vector X, by ux.

(7, 9), Con(X) Conformal transformation A transformation on metrics labeled by a pair (¥, Q),

where W is a diffeomorphism and 2 is a positive scalar, that acts by multiplying
the metric by the scalar (a.k.a., Weyl factor) and pushing-forward by the dif-
feomorphism, (¥, Q)hy, := U, Qhy is called a conformal transformation. Since

A or e?, where A\, ¢ € R. The space of confor-

Q > 0, we often write it as e
mal transformations acting on metrics on a manifold 3 is denoted by Con(X).
(In the literature the term “conformal transformation” is sometimes used in a

restricted sense equivalent to our definition of a “conformal isometry” — see

below.)

Con(X*)  Boundary-trivial conformal transformation (BTCT) A conformal transformation

whose multiplicative scalar is equal to 1 at the boundary of the manifold and
diffeomorphism acts as the identity at the boundary is said to be a boundary-
trivial conformal transformation or BTCT. The space of BTCTs acting on

metrics on a manifold ¥ is denoted by Con(X*).

Conformal equivalence Two metrics related by a boundary-trivial conformal trans-

formation will be said to be conformally equivalent.

ConGeo(X) Conformal geometries The space of conformally-equivalent (see above) metrics on a
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manifold 3, denoted by ConGeo(X), is called the space of conformal geometries

on Xx.

Conlso(h) Conformal isometry A conformal transformation that leaves a given metric hgqp

invariant, he, = W.Qhg, is said to be a conformal isometry. The space of

conformal isometries of a metric h is denoted by Conlso(h).

K® g% 1 (Physical) Extrinsic curvature — The extrinsic curvature of the Cauchy slice (as

embedded in the spacetime) is normally denoted by K2, its trace part by

—7 = K = K%hg, and its traceless part by ¢® := K — %Kh“b.

b (Transformed) Extrinsic curvature — The “conformal pull-back” of the (traceless

part of the) extrinsic curvatures to the reference disc are typically denoted by

g%, If (U,Q) maps the metric on the reference disc to the physical metric,

the 6% = Q2U*g%. It is usually understood that the momentum constraint is

b

satisfied, so @ are traceless and divergenceless (with respect to h) symmetric

tensors.

X, X “Chi parameter” A parameter featuring in the Lichnerowicz equation, that appears

often in the text, is defined as y = —2A+72/2. In Sec. 8 a dimensionless version

of the parameter is introduced, y = (¢/2m)%y.

Y, Difft(Sh) Boundary diffeomorphisms and its group  The restriction to the boundary circle

of a diffeomorphism on the disc is normally denoted by the lowercase version
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of the symbol, 1 = W|y. Similarly, an extension to the disc of a boundary
diffeomorphism is denoted by the uppercase version of the symbol. The group
of (orientation-preserving) diffeomorphisms on the circle is denoted as Diff"(S*).

The identity element is denoted by I.

fF(SY), iff*(SY)  Algebra of boundary diffeomorphisms The Lie algebra of Difft(S') is denoted as

2iff(S1) and consists of vector fields £ on S!. The dual Lie algebra of Diff"(S?!)

is denoted by 0iff*(S!) and consists of quadratic forms o on S!. The pairing is

a(§) = [ a(0)do*(£(0)0p) = [ dOa(0)S(0).

PSL(2,R), psl(2,R) Projective special linear group and algebra The subgroup of Diff(S') correspond-

ing to the restriction of the (diffeomorphism part of the) group of conformal
isometries of the unit round disc to the boundary defines PSL(2,R). Its Lie

algebra, denoted psl(2,R), consists of the span of vectors dy, sin @ 9y, cosf

o, fof*(S D “Sigma-circle” The subspace of diff*(S!) that annihilates psl(2,R) is denoted by
Dioff*(S 1) and its elements are typically denoted by &. There is a natural corre-
spondence between &’s and * that satisfies the constrains of general relativ-
ity. The notation is supposed to bring to mind that “sigma-circle” describes a

(traceless) extrinsic curvature “sigma-bar” as a quantity living on the boundary

“circle”, S1.

P, S , P Phase space The pre-phase space (described by spatial metrics and extrinsic cur-

vatures) for the causal diamonds is denoted by P, and the fully reduced phase
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space by P = T*[Diff"(51)/PSL(2,R)]. In some occasions it is convenient to

work with the partially reduced phase space 8 = Diff" (S1) x Dioff*(S b.

J,q  PSL(2,R) projections The quotient by PSL(2,R) from S to the reduced phase space

P is denoted by J. The quotient by PSL(2, R) from Diff"(S1) to Diff*(S')/PSL(2, R)

is denoted by g¢.

Q,w Symplectic form  The pre-symplectic form on P is denoted by {2; the symplectic

form on the reduced phase space P is denoted by w (or simply w).

[a ~ b] Classes of equivalence  The space of classes of equivalence of all objects a and

b, belonging to some space S, identified under the relation “~” are typically
denoted as [a ~ b;a,b € S]. Sometimes the space S is clear from the context
and omitted in the notation, [a ~ b]. Often the equivalence relation comes from
a group G acting on S; then [a ~ gaj;a € S, g € G] is also called the space of

G-orbits on S.

log  Logarithm The natural logarithm (base e) is denoted by log.

lg, rg Group translations  The left group translation l, : G — G, by a group element

g € G, is defined as l4(¢’) :== g¢’. The right group translation r4 : G — G, by

g, is defined as r4(¢') := ¢'g.

Ad, ad  Adjoint maps The adjoint action of a group element g € G on the group G is

denoted by Ad, : G — G. The adjoint action of a group element g € G' on
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its Lie algebra g is denoted by ady : g — g. The adjoint action of an algebra

element £ € g on the Lie algebra g is denoted by ad¢ : g — g.

Coadjoint maps The coadjoint action of a group element g € G on its dual Lie

algebra g* is denoted by coady : g — g. The coadjoint action of an algebra

element £ € g on the dual Lie algebra g* is denoted by coad¢ : g* — g*.

Maurer-Cartan form The Maurer-Cartan form is denoted by =. It is a Lie algebra-

valued 1-form on the Lie Group defined by =Z(X) = [,-1, X, where X € T;G.

Phase and configuration space The (reduced) phase space is denoted by P. If it

has a cotangent bundle structure, P=T *Q, the base space Q is referred to as

the configuration space. For the causal diamond Q = Diff"(S')/PSL(2,R).

Symplectic structure and Poisson brackets  The symplectic 2-form on the phase

space is denoted by w. The symplectic potential, denoted by 6, is a 1-form sat-
isfying w = df. The phase space function H is associated with the Hamiltonian
vector field X on phase space via dH = —ixw. The Poisson brackets of two

functions f and g is defined by {f, g} := —w(Xy, Xy).

Groups and algebras of symmetry The canonical group, acting transitively as sym-

plectomorphisms of the phase space, will typically be denoted by G. A group
acting transitively on the configuration space, used as the basis for constructing

the canonical group, will typically be called G. The Lie algebras of G and G will
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be denoted by g and g, respectively. The action of G on the phase space P is
denoted by I'g; the action of G on the configuration space Q is typically denoted
by dg4, and its lift to the phase space (cotangent bundle) is gg. (Alternatively,

sometimes we write simply gz for the action of g on z.)

X, &  Semidirect product and sum  The semidirect product of a group G and a group

N, with respect to a homomorphism ¢ : G — Aut(N), is denoted by N x, G
(or, omitting ¢, simply N x G). It has the topology of N x G, its element
are denoted by (n;g) and the product rule is (n, g)(n’, ¢') = (np4(n); gg’). The
Lie algebra of this group corresponds to a semidirect sum of the respective Lie
algebras, which is denoted by n &g. (To remember the notation, note that the
arrow in X points from G to N, since G acts on N; for the algebra, note that

& looks like a “rounded” arrow from g to n.)

G g Central extensions The central extension of a group G by a real 2-cocycle is denoted

by G. Tts elements are g = (g,r), where g € G and r € R. The product rule has
the form (g,7)(¢',7") = (g¢',7 + 7' + W(g,4')), where W : G x G — R. (Note
that (e,7) belongs to the center of G.) The central extension of a Lie algebra
g by a real 2-cocycle is denoted by g. Its elements are denoted by E =&+ e,

where £ € g, 7 € R and ¢ is the central element of g.

Difft(Sh) Circle diffeomorphisms The group of (orientation-preserving) diffeomorphisms of

U, @ the circle is denoted by Diff(S1). Its elements are typically denoted by ) :
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St — Stor ¢.

2iff(SY)  Algebra of circle diffeormorphisms — The Lie algebra of Diff"(S!) is denoted by

£ =¢&(0)0 2iff(S'). Its elements are identified with vector fields on S' and typically de-
n =mn(0)0y noted by & = £(0)0g or n = n(0)9p. The product rule is [£, 7] := &, nloij; =

[0: g1 := (1(0)06€(0) — £(6)9pn(0)) p-

0iff*(SY)  Dual algebra of circle diffeormorphisms The dual Lie algebra of Difff(S') is de-

a = a(0)do* noted by 0iff*(S!). Its elements can be identified with quadratic forms St and
typically denoted by o = «(#)d#?* (or 8). The pairing between iff*(S') and

ff(S") is (&) == [ a(0)d6X(£(0)9p) = [ O a(O)E(O).

PSL(2,R), psl(2,R) Projective special linear group and algebra The group of 2x2 real matrices S with

X, U unit determinant, where S is identified with —S, defines PSL(2,R), whose ele-
ments are typically denoted by x. Its Lie algebra is denoted by psl(2,R), and
here identified with the subalgebra of iff(S') generated by the elements 9,
sin 0y and cos 00y. The elements of psl(2,R) are sometimes denoted by v. By
exponentiating this subalgebra, PSL(2, R) is realized as a subgroup of Diff(S%).
(In Part I, it arises as the restriction to the boundary of the diffeomorphism

component of the group of conformal isometries of the unit round disc.)

Diff(S1)/PSL(2,R) Configuration space The configuration space for the causal diamond is the quotient

] € Q space Q = Difft(S')/PSL(2,R), and its points are denoted by [¢)] = [¢X].
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Virasoro group  The Virasoro group, Vira = Diff"(S1), is a central extension of

Difft(S'). Its elements are typically denoted by V= (¢, r), where ¢ € Diff"(S!)
and r € R. The identity element of Vira is denoted by I = (I,0), where I is
the identity diffeomorphism of S!.

o —

Virasoro algebra  The Virasoro algebra, vita = 0iff(S1), is a central extension of

iff(S1). Its elements are typically denoted by £ =€+ 20, where £ = ¢ (0)0y €

2iff(S'), z € R and ¢ is the central element.

The dual of Virasoro algebra The dual of the Virasoro algebra is denoted by vita™.

Its elements are typically denoted by & = a+ac, where a = a(60)d#? € diff*(S1),

a € R and ¢ is the dual of ¢ (i.e., ¢(§ 4+ z¢) = x).

The representative of @ In the realization of Q = Diff(S')/PSL(2,R) as a coad-

joint orbit of Vira, £ := df? + ¢ € vita* is point on the orbit (corresponding to

[I] € Q).

Universal covers The universal cover of a group G is denoted by an underline, G.

Accordingly, the universal cover of Difff(S1) is denoted by Diff"(S!), and its

elements by 1. The universal cover of Vira is denoted by Vira, and its elements

~

by ¢ = (¢, ).

Schwarzian derivative The Schwarzian derivative maps circle diffeomorphisms

into real functions on the circle, ¢ — S[¢](0).
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exp  Lie Fxponential The Lie group exponential is typically denoted by exp : g — G.

The group it refers to should be understood from the context, but typically will

be the Virasoro group.

Ad, Adjoint maps  The adjoint action of a group element g € G on the group G is
ady, adg denoted by Ady : G — G and defined by Ad,(¢') := gg'g~", where ¢’ € G.
The adjoint action of a group element g € G on its Lie algebra g is denoted

by ady : g — g and defined by ad, := (Ady)«, seen as map from T.G to itself.

The adjoint action of an algebra element & € g on the Lie algebra g is denoted

by ad¢ : g — g and defined by ad¢ := %adexp(tg)} o (It is also true that

aden = [€, 7))

coady, coadg Coadjoint maps The coadjoint action of a group element g € G on its dual Lie alge-

bra g* is denoted by coad, : g* — g* and defined by coadgo := Ad;_l «, where
a € g*. The coadjoint action of an algebra element & € g on the dual Lie algebra

g" is denoted by coad¢ : g* — g* and defined by coad, := %coadexp(tg) } 0’

G = vita x Vira Canonical group  The canonical group for the causal diamonds is taken to be

~ ~

(1; 6) G = virta x Vira. The Vira factor act as “configuration translations” while the

(n+y&; (¢,7)) abelian factor, vita, act as “momentum translations”. Elements of vita x Vira

-~

are denoted as (7;¢). The semi-colon separates the two components of é,

so the notation is more transparent when &5 and 7 are written explicitly, i.e.,

~

(M ¢) = (n+yc; (¢,7)).
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Canonical algebra  The canonical algebra is the Lie algebra of é, g = vira® & vira,

where vita® is the Lie algebra of abelian group vita (i.e., vita® is isomorphic to

vita as vector space but has a commutative algebraic structure). Elements of

~

vita® & vira are denoted by (7; ¢) = (n + y¢; € + xc).

Fourier basis for g A basis for g is defined as: L, := (0;e"%9y), R := (0;0),

K, := (e"0y;0) and T := (¢;0). Note that L, and R are generators of the
Vira factor of G (“configuration translations”), and K, and R are the generators
of the vira factor of G (“momentum translations”). Also, R and T belong to

the center of g.

Canonical charges The canonical charges associated with the Vira factor of G are

called momentum charges, Pg =H 0:8) and the canonical charges associated
with the vira factor of G are called configuration charges Qg := H 7). In the
Fourier basis we have P, := Pr,, and ), := Qk,,, while the central charges are

realized as Pp = 0 and Q7 = 1.

The Bondi-Metzner-Sachs group and algebra  The bmss algebra is a reduction of

g = vira® g vira in which R = (0;¢) is removed, and the BMS3 group is its

exponentiation. Note that virta x Vira is a central extension of BMSs.

Projection maps The projection map in the cotangent bundle is typically denoted

by 7 : T*Q — Q. The quotient by PSL(2, R) from Diff*(S*) to Difft(S')/PSL(2,R)

is denoted by ¢. By an abuse of notation, since @ = Diff"(S')/PSL(2,R) is
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identified with a coadjoint orbit of Virasoro, we also use ¢ to denote the map
from Diff(S!) (or Vira since the central element acts trivially) to Q C bira*

defined by ¢(v) := coady¢.

O, Hp Orbits and little groups When a group G acts on a manifold M, the orbit O of

x € M is the set of points gz for all g € G. The subgroup H of GG that fixes a
point z (i.e., gr = x) is called the little group of x. The little group of points
on the same orbit are the same (up to conjugation) so we denote it by Hp (and
it is true that O is homeomorphic to G/Hp). We are typically interested in

coadjoint orbits of Virasoro, so O C vita™.

F—~F—B Fiber bundles A fiber bundle with total space E, base manifold M and fibers F
is denoted by F' — E — B. The second arrow corresponds to the bundle
projection map from E to B, and the first (hooked) arrow indicates that F' can

be embedded into F as a fiber (although not uniquely).

S — G xq9y §— O Associated vector bundle The vector bundle associated with the principal bundle

[{p\, S| H — G — O, where O = G/H, with respect to the linear representation
Lz U : H — Aut(S), is denoted by S — G x4 & — O. Its elements are classes
of equivalence [g,¢] = [gh, % (h™1)s], where g € G, h € H and ¢ € S. The

action of G on O lifts to an action on the bundle defined by Ly [g,<] := [¢'g;<].

Typically we will consider the bundle & — Vira x4, § — O, whose elements

will be denoted by [1//)\, ¢], and the lifted action is denoted by LlZ (or the one
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based on the universal cover of Vira, S — Vira x9 S — O).

H  Hilbert space and wavefunctions The Hilbert space H carries a (projective) irre-

U(a), ¥([¢]) ducible unitary representation of the canonical group. In the wavefunction real-
ization, H is identified with the space of sectionson & < Gx4 S — O, whose el-
ements are denoted by ¥ (&) where & € O. For the natural representation, based

on O = Q, we can also use the notation ¥([¢)]) where [¢] € Difft(S')/PSL(2, R).

S “Little” Hilbert space In the wavefunction realization, the “little” Hilbert space S

S carries an irreducible unitary representation % of the little group H associated
to a coadjoint orbit of Virasoro. Its elements will be denoted by ¢, and they
correspond to “internal states” of the wavefunction (i.e., like an intrinsic spin
in quantum field theory). In the natural representation S carries a (projective)

unitary irreducible representation of PSL(2,R).

P, Qn Quantum operators The quantum version of a classical observable, represented on

the Hilbert space, is typically denoted by a ~ accent above the classical symbol.
For example, the quantum operators associated with the canonical momentum

and configuration charges, P, and @), are denoted by ]3n and @n, respectively.

T Twist The twist of the corner of the diamond, as embedded in spacetime, is denoted

by T.

[a ~ b] Classes of equivalence  The space of classes of equivalence of all objects a and
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b, belonging to some space S, identified under the relation “~” are typically
denoted as [a ~ b;a,b € S]. Sometimes the space S is clear from the context
and omitted in the notation, [a ~ b]. Often the equivalence relation comes from
a group G acting on S; then [a ~ gaj;a € S,g € G| is also called the space of

G-orbits on S.

lg, rg Group translations  The left group translation l, : G — G, by a group element

g € G, is defined as l4(¢’) := g¢’. The right group translation r, : G — G, by

g, is defined as ry(¢’) == ¢'g.

Maurer-Cartan form The Maurer-Cartan form is denoted by =. It is a Lie algebra-

(1]

valued 1-form on the Lie Group defined by =(X) = [,-1, X, where X € T,G.

(In App. F we use an alternative definition based on the right group translation,

[1]

(X) =ry-1,X)

o€ fof*(S D “Sigma-circle” The subspace of 0iff*(S!) that annihilates psl(2,R) is denoted by

Dioff*(S 1) and its elements are typically denoted by &.

A%l
N

Partially-reduced phase space In some sections we refer to the partially-reduced

phase space S = Diff" (Sh) xbfﬁ*(S 1), The projection map to the (fully) reduced

phase space is denoted by J : S—P.
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B The uniformization map

In this appendix we shall explain how to construct an explicit conformal map that
transforms a generic Riemannian disc, (hqp, D), into the reference Euclidean unit

disc, (hqp, D). In other words, we shall establish that the map considered in Sec. 6,

(U, Q) = hap = U, Qhy (B.1)

is a surjection from Diff" (D) x C*°(D,R*) onto Riem(D). The construction also
automatically implies that when the domain of the map is restricted to Diff" (D) x
C>(D,R") the surjection is onto Riem(D,v). This is a particular form of the
uniformization theorem, which says that every simply-connected Riemannian 2-
manifold is conformally equivalent to the open unit disc, or the complex plane, or
the Riemann sphere. In fact, the particular case we will consider is known as the
Riemann mapping theorem. The explicit construction of such a map permits us to
write down explicitly the projection map from the ADM phase space, described by
metrics hqp, and (traceless) extrinsic curvatures o, into the reduced phase space P.
More precisely, note that the first step of the reduction process discussed in Sec. 6,
summarized in Fig. 4, consists of an enlargement of the phase space where (hgp, o)
is replaced by (¥, €, 5%), and the purpose of this appendix is to find a (¥, Q) from

a given hg, (and after having done that, one would simply find % by computing

Q2T*g%). There are many (¥, ) that can uniformize any given hyy,, a consequence
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of certain ambiguities in the construction (in fact, as we know, these ambiguities
should correspond to a PSL(2,R) gauge).

Given a manifold (with boundary) D with the topology of a closed disc, let
hay be a generic Riemannian metric on D and let hg, be the metric that makes
D a Euclidean unit disc, i.e., in polar coodinates {r,0} € [0,1] x [0,27) we have

h = dr? + r2df?. The construction of the map consist of two main steps:

(i) Use a Weyl transformation to “flatten” (h, D), so that it can be isometrically
embedded as a region R of the complex plane (with its natural, Euclidean

metric);
(ii) Construct an analytical map that deforms R into the unit complex disc D =

{2 € C,|z| < 1}, which is isometric to (h, D).

B.1 Step (i): Flattening and embedding

For the first step we must find I' : D — RT such that

~

hrap = Tha (B.2)

is flat. In two dimensions, flatness follows from requiring that the Ricci scalar
vanishes,

~ 1
0=R=g(R-VlogT) (B.3)
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where R and V2 = h®V,V,, are respectively the Ricci scalar and Laplacian associ-

ated with h, and R is associated with . Therefore, I' is solution of

VZlogT' = R (B.4)

Note that the boundary conditions are not specified, so there are many solutions
for this equations. In fact, note that this is the familiar Poisson equation for a
“potential” logI' and a “charge density” —R, so we know that for any choice of
(Dirichlet) boundary values the equation has a unique (real) solution for logI'. For
concreteness, we may (arbitrarily) choose I'|gp = 1. Now that we have a “flattened”
disc, (iAL, D), we construct an embedding isometry into the flat plane. To do so,
choose an arbitrary point pg € D and an arbitrary orthonormal basis {e1, ea}, with
respect to ﬁ, at pg. Since h is flat, this basis can be unambiguously extended to
an orthonormal frame {e1, e2} on the whole D by demanding that e; is covariantly

constant with respect to ﬁ,

Vale;)? =0 (B.5)

and it matches with the basis chosen at py. Let {e',e?} denote the dual frame,
satisfying ei(ej) = 5? everywhere on D. We can define Cartesian coordinates on D

by integrating these dual vectors along arbitrary curves starting from pg, that is, we
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assign coordinates (x!,2?) to p € D via

zi(p) = /P e’ (B.6)
po

where the integral is along any curve in D joining py and p. Note that since {e;} was

defined though (B.5), the dual frame also consist of covariantly constant 1-forms,

@a(ei)b = 0, which implies that de’ = 0 and therefore the choice of the curve joining

po to p does not affect the result of the integral. It follows that ¢! = dz’, and

also that h = Sijele! = (dr')? + (dz?)?, justifying the term “Cartesian” for these
1

coordinates. In fact, this map p ~ (z!,22) is the isometric embedding into the

Euclidean plane. Naturally, we can also express this map as an embedding in C by
¢:D—C, ¢p)=a'(p)+iz*(p) (B.7)

whose image shall be denoted by R C C. This embedding is an isometry with

respect to the Euclidean metric on C,

dzdzZ + dzdz
W= —

. (B.8)

that is, w = ¢,h. Thus we have constructed a conformal tranformation from (h,D)

to (w, R) where w = ¢.I'h.
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Figure 7: Illustration of the uniformization algorithm. The space (h, D) is flattened
with a Weyl transformation, then isometrically embedded in the complex plane,
then analytically deformed into the unit disc, and naturally identified with (h, D).

B.2 Step (ii): Deforming and identifying

Now we proceed to the second step, in which we analytically deform R into the unit
complex disc D = {z € C, |z| < 1}. That is, we want to construct an analytical map
f + R — C such that Im(f) = D. The reason for requiring f to be analytic is so

that it generates a conformal transformation on w, which can be seen as follows

=|fPw (B9

frw = f* (dzdz : dde) _ d(zo f)d(z0 f) : d(zo f)d(zo f)

where in the last step we have used that d(z o f) = (0f/0z)dz + (0f/0z)dz = f'dz
and d(zof) = d(z o f) = f'dz. Thus w = f.|f'|*w, which corresponds to a conformal
transformation from (w, R) to (w,D). Since (w,D) is naturally isometric to (h, D),
we would have constructed a conformal transformation from (h, D) to (h, D) given

by h = fulf'|Pw = fo|f'|?0«Th = (f 0 @)«(|f'|> 0 ¢)Th. (See Fig. 7 for an illustration

of the algorithm.) By inverting this transformation we would have the desired
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conformal map from h to h,

1

FETosT) ° A (B.10)

h=(fog),"

so, in the notation of (B.1), we identify ¥ = (f o ¢)~! and € as the function inside
the square brackets. Thus it only remains to explain how to construct the map f.
There is some freedom in the construction of this map, so for concreteness let us
impose that f(0) = 0. With this choice, the point pg € D will end up at the origin

of the unit disc. Moreover, we can try the following ansatz,
f(z) = ze9®) (B.11)

where g(z) is some analytic function. Both wu(z) := Re[g(z)] and v(z) := Im[g(2)]
are therefore harmonic (real) functions on C. Now we impose that the boundary of

R is mapped to the boundary of D,
|f(z)]=1when z € 0R = wu(z) = —log|z| when z € OR (B.12)

This fixes the value of u on JR, and since u is harmonic (with respect to w), there

is a unique solution for v in the domain R. Also, v(z) can be solved as

/dv_/ ( da +d> /0 <—Zde+gzdy> (B.13)
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where v(z,y) := v(z + iy) and we made the arbitrary choice v(0) = 0. With g fully
determined in the domain R, f is also determined and the construction is therefore

complete.

C Embedding the diamond in AdS;

Since the diamond should be a region of AdSs it is interesting to have an explicit
algorithm for, given any point in the phase space, constructing the corresponding
diamond embedded in AdSs. For this purpose, we make use of the fact that AdSs
is a maximally-symmetric spacetime and, in particular, possesses a time-translation

and a spatial-rotation symmetry.

C.1 General strategy

Consider the usual global coordinates on AdSs, {t,r, ¢}, in which the metric takes

the form

r2 2\t
g=— <1 + 2) dt* + <1 + 2) dr® + r*dg¢? (C.1)
ZAdS EAdS

In this coordinate system, we can identify the time-translation symmetry as gen-
erated by ¢ = 9/0t and the spatial-rotation as generated by £? = 9/0¢. Observe
that if we know these two Killing fields, in a generic connected patch of AdSs, we

can locally construct these coordinates as follows. Note that



so, up to an arbitrary assignment of time ty to a point xg, the time coordinate ¢ of

any other point is given by

B T B 1 ) (gt)a;ya
t(l‘) —to-f—/xo dt—t0+/0 d 7(51‘/)[)(&%)() (03)

where 7(s) is any curve from zp at s = 0 to z at s = 1, and * is the vector tangent

to it. Similarly,

(6%)a

dgq C.4
%= @y 4y
so we can assign angular coordinate ¢ to points as
§¢>
o) = do+ / db = 9o + / b i (€5)

where ¢q is an arbitrary angle coordinate for xg, assumed not to be at the spatial
origin (where the angle is undefined). The r coordinate of the point x can be

extracted from the norm of either & or &% as

(#) = Lagsy/—(61)a(€))® — 1 = 1/ (£2)p(£9) (C.6)

Of course, the condition that xg is not at the spatial origin is simply that r(x¢) # 0.
Another useful fact is that a Killing field is always uniquely determined from its
value and first (anti-symmetric) derivative at any single point. This is so because

a Killing field has no symmetric part for its first derivative, which implies that its
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second derivative is locally determined from its value as V V€. = Rcbad§d787 and

thus we can write the first-order system of equations

V"V & = v"Xap

UaVaXbc = 'UaRcbad{d (07)

where xa = Va&p = V& and v® is any vector field. If one takes v = 7 as the
tangent vector field along a curve -, it is possible to integrate the equations from

the initial values of £ and x. Using (3.39) we can rewrite the second equation as

iv[b&} (C.8)

UaVaXbc = 72
AdS

which is slightly simpler.

The final observation is that these equations can be restricted to any surface
embedded in AdSs, and can be solved as long as we know the induced metric hgy
and the extrinsic curvature K on the surface. In particular, we can use the ADM
data (hap, 0, 7) on the CMCs to solve for the Killing fields and construct the desired
coordinate system on it (which automatically provide the embedding of the CMCs
into AdSs). Consider a generic spacelike surface ¥ embedded in AdSs, with normal

vector field n®. The induced metric can be expressed as hqp = Nanp + gap,>> and the

87"We use the boldface symbol V to denote the three-dimensional covariant derivative associated
with the AdSs metric g.

88More precisely, hq? is the orthogonal projector to 2, but hqp coincides with the induced metric
when rectricted to 3.
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extrinsic curvature is given by Ky, = h,“V.np. Now we decompose the objects &

and x in their orthogonal (“hat”) and tangent (“bar”) components, as

§a = gabgb = (_nanb + hab)fb = gna + ga

where

S

ga = h’abé‘b

and

Xab = 9a” 9a” Xar = (—1an® + ha® ) (—=npn” + W )Xy = 201X + Xap

where

~

! /
Xa = haa Xa’b’nb

. L ! b/
Xab ‘= haa hb Xa'b!
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If v is tangent to X, the variation of £ becomes

V'V &y = v“Va(gnb +&)
= vaVagnb + gva(Vanb) + 0V &,

= 09V oény + SV K g 4 17V o8, (C.13)

where in the last line it was used that vava§ = vavaé, since the derivative of a scalar
is independent of the connection, and also that v* K, = v*h,“Vny = v*V ny, since
v is tangent to Y. For the last term we use the relation between the 3d derivative

V associated with g and the 2d derivative V on ¥ associated with A,
Vel = ha" 1" V &y (C.14)
which gives
VVa&y = v (mpn” + 9" ) Valy = 0"V oy, — v (Van )&y = 1" Va&y — npv* Ko €,
(C.15)

where we used that vV, (n%¢,) = 0. Thus the first equation in (C.7) becomes

Uavagnb + Eva ab + V"V + mp® K€, = v xab = —mp*Xa + 0%y, (C.16)
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which naturally decomposes into orthogonal and tangent parts,

~

'Uavag = _'Uaj(\a - vaKach

VOV o€ = —E0 K ap + 0% (C.17)
We now look at the variation of x, which is given by

V"V aXbe = Uava(2n[b5(\c] + Xbe)
= 0 (Van[b) 5(\6} + 2n[bv“Va>?c} + 0"V o Xpe

= QUGKa[b)/(\c] + 2n[b’Ua <Va)/(\c] + nc]Kad)/(\d) + vV o Xpe (C.18)

where the middle term in the last line was manipulated analogously to (C.15). For

the last term we have

V'V Xpe = M Bt 0"V o Xy
= (npn” + g”) (nen” + 9. )0 VX
= 0"V Xpe — 2000 VaXyq
= V" VaXpe + 200" (Van) X

= 0"V X + 20" KoY 4 (C.19)
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where in the forth line we used that v*V,(n?y,;) = 0. So equation (C.8) becomes

20°Ko,Xe) + 200" VaXe + 0*VaXpe — 2np0* Ko X ga = —p (5”[5 + E[b) Vg
AdS
(C.20)
which again can be decomposed into orthogonal and tangent parts,
a = a C— 1 -
V*VaXxp = V" Ko Xpe — ET&'Ub
AdS

V*VaXpe = =20 KypXe) — ng[bvc] (C.21)

AdS

The system of equations (C.17) and (C.21) allows us to completely solve for £ on
the surface ¥ given initial values for £ and x at a point of X.

This leads to the following algorithm for embedding the diamond in AdSs,

1. Given a point p € P in the reduced phase space, consider any point (¢, ) €

J(p) C S in the pre-image of p under J.

2. For a given time 7, solve the associated Lichnerowicz equation (6.19) for .
Given any extension of ¢ to a diffeomorphism W of the disk, define (A, U“b) €
S as in (6.16) and (6.17). On the CMC at time 7, with K = —7, we have

Kab — O.ab o %Thab.

3. Choose an arbitrary point xg of the disk to be the origin of the AdSs coordinate
system. We can always choose a boost such that d/0t is orthogonal to the

corresponding CMC at x. That is, (£/)* = n® and (x)e = 0 at .
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. Solve the system of equations (C.17) and (C.21) on the disk along a curve

from z( to a point x; € dD at the boundary using the initial data

é\t:la (E)azo, (X\t)azov (Yt)abzo

. Continue solving the equations along the whole boundary circumference, start-

ing from x7.

. With (€)% determined along the boundary, compute the time coordinate of

the points x of the boundary via

0(x) <t a
t(fl)) _ t(l‘l) _/9 do (f )a(ag)

t t

@) (€2 — (E)p(E)®

where 6 is an arbitrary angular coordinate on the disk. Note that ¢(z1) can

also be computed, given t(xo) = 0, but it is unimportant.

. At the coordinate origin, the angular Killing field vanishes and its first deriva-
tive is given by (x®)ay = (e1)a(e2)s — (e2)ale1)p, where e; and ey are two
orthogonal unit vectors orthogonal to 0/0t. Note that, when restricted to the

surface, it matches the volume element associated with the induced metric.

. Solve the system of equations (C.17) and (C.21) on the disk along a curve
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from xzg to x1 using the initial data

=0, €a=0, ®)a=0, X)ab="

. Continue solving the equations along the whole boundary circumference, start-

ing from x7.

10. With (£2)® determined along the boundary, compute the angular coordinate

11.

of the points = of the boundary via

() =6\ o va
o(x) = dlar) + /H R (§¢)<€ )a(09)

Note that ¢(x1) can chosen arbitrarily, but it is unimportant.

Define the radial coordinate for points of the boundary as

r(@) = ags\ @) — @)a@)e — 1= (@)alE)e — ()2

12. With the boundary of one CMC successfully embedded in AdSs, the diamond

is determined as the domain of dependence of the interior of the boundary

(where the “interior” is any spacelike disk attached to the boundary).
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C.2 Numerical implementation and pictures

We have implemented the algorithm proposed above in Mathematica (Ver. 12). The
document is named Embedding AdS3. The program takes the input state (¢, ) € S
and plots the boundary loop (corner) of the diamond as embedded in AdSs, in usual
coordinates {t,x = rcos ¢,y = rsin ¢}.

We have plotted the corner of the diamond for some special states (¢,7). In
Fig. 8 we have the case ¥(0) = 6, (0) = 0, which corresponds to the “symmetric”
diamond; note that the corner of the diamond is embedded as a planar circle. In
Fig. 9 we have the case ¥(0) = 6 + 0.15sin(560), o(6) = 0, which corresponds to a
“zero-momentum” diamond; note that the corner is still planar® but now oscillates
spatially (5 times). In Fig. 10 we have the case ¥(0) = 0, 5(6) = 10cos(56),
which corresponds to a “pure-momentum” diamond; note that the corner oscillates
in a lightlike direction (5 times). Finally, in Fig. 11 we have the case ¥(0) =
0 4 0.25(cos(260) — 1), o(6) = sin(20), which corresponds to a “spinning” diamond;
although it may not be easy to see, the corner has a twist (Py = 1.94).

For artistic purposes, we have also developed a Mathematica program that pro-
duces mathematically accurate pictures of causal diamonds (in Minkowski space)
given a (spatial, acausal) boundary loop. The future horizon is obtained by shoot-
ing geodesic light rays from the boundary loop, going inward and to the future; a

light ray is terminated if it meets (or come sufficiently close, given a suitable thresh-

89The fact that “zero-momentum” diamonds are all planar can be seen from the time-reversal
symmetry of the system.
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Figure 9: Corner of a “zero-momentum” diamond: ¥ (0) = 6+ 0.15sin(50), o(6) =0

old parameter) to the prolongation of any other light rays coming from the loop.
The past horizon is produced in a similar fashion, using light rays going inwards

and to the past
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_ ,.1,_,?,7%:05 0.0
T

Figure 11: Corner of a “spinning” diamond (Py = 1.94): 1(0) = 6 + 0.25(cos(26) —
1), (0) = sin(20)

D Topology of Q = Diff"(S!)/PSL(2,R)

We have argued that a more sophisticated method of quantization, such Isham’s
group-theoretic method, was necessary to handle the phase space T* (Diff (S')/PSL(2, R))
due to its non-linear structure. In this appendix we explain that this space does
have a “trivial” topology (more precisely, contractible’’), and it even admits a global
chart of “Cartesian” coordinates (i.e., coordinates ranging from —oo to 400 that
cover the entire space), but it appears that there is no preferred choice of coordinates

due to the absence of an underlying linear structure.

Let us begin by quoting an important result in homotopy theory [172]. Given

99We thank E. Witten for bringing this to our knowledge.
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Figure 12: The future horizon of a causal diamond with a given boundary loop. The
light rays are shown in blue and the loop in red.

a fiber bundle F' — E — M, where the base space M is connected, there is an

associated exact sequence of homotopy groups

where 0 denotes the trivial group. The maps featuring in this sequence are the
following: m,(F) — m,(F) is the homomorphism induced from the fiber-into-bundle

inclusion map F' < FE (while F' is not canonically embedded as a fiber of E, any
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Figure 13: Another diamond with a finer spacing between the light rays.

such embedding defines the same homomorphism between the homotopy groups
since the base space is connected); 7, (F) — m,(M) is the homomorphism induced
from the bundle projection map E — M; and m,(M) — m,_1(F) is the boundary
homomorphism (sometimes denoted by ) obtained by lifting (marked) n-spheres s
on M to n-balls b on E, whose boundaries 0b are (n — 1)-spheres on the fiber F' over
the mark of s. This sequence is exact, meaning that the image of one map coincides
with the kernel of the next, and all the maps are homomorphisms (with the possible
exception of the last two since m(F') may not be a group — however, as we will be

interested in principal bundles, 7y(F’) has a group structure inherited from F).
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Figure 14: A diamond with a more complicated boundary loop.

Now we recall that Diff"(S') has fundamental group Z. To see this, note that
the group Diff"(R;27) of (orientation-preserving) diffeomorphisms f : R — R of the

real line (f/(z) > 0), satisfying the condition

flz+2m) = f(x)+ 27 (D.2)

is a (group) covering of Diff"(S'). The projection map p : Difft(R; 27) — Difft(St)
is defined from the identification S' = R/(2nZ), where 5 := p(f) acts on 6 € [0, 27)
as 1r(0) = f(0) mod 27. The kernel of p, ker(p), which is a normal subgroup of
Diff(R; 27), consists of all translations by multiples of 27, i.e., f,(z) = = + 27n

where n € Z, and thus it is isomorphic to the abelian group of integers Z. Moreover,
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as to be expected, this (discrete) subgroup coincides with the center of Diff"(R; 27).

Accordingly, we can think of Diff"(S!) as the coset group

Diff"(S1) = Difff(R; 27) /ker(p) = Diff(R; 27)/7Z (D.3)

so that Diff(R;2m) is a (principal) fiber bundle over the base Diff"(S') with fibers
(structure group) Z, which we write Z — Diff'(R; 27r) — Difft(S'). Since Diff"(R; 27)

is simply-connected, it is actually the universal cover of Difff(S'),

Diff"(S1) = Difff(R; 27) (D.4)

Inserting that 71 (Difff(R;27)) = 0 and 7o(Z) = Z into (D.1), we obtain the exact
(sub)sequence

0 — m (Diff(8Y) = Z — 0 (D.5)

That Z maps to 0 implies that m1(Diff"(S')) — Z is surjective, and that 0 maps
to 1 (Diff"(S')) implies that 7 (Difff(S1)) — Z is injective. Thus the fundamental
group of Difft(S?) is

w1 (Diff(S1)) = Z (D.6)

Evidently the non-contractible loops are associated with the SO(2) ~ S! subgroup

of Difff(S'), and the homotopy classes are characterized by the winding number.
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Finally, let us consider @ = Difft(S')/PSL(2,R).”? One can anticipate that
that Q is simply-connected as the SO(2) inside Diff"(S') is “cancelled out” by the
SO(2) in PSL(2,R) ~ R? x SO(2). In fact, a rotation by 27n in PSL(2,R) is
mapped, is embedded as a subgroup of Difff(S!), to a rotation by 27n in Diff"(S!)
when PSL(2,R); therefore 71 (PSL(2,R)) — 71 (Diff"(S!)) is an isomorphism. From

(D.1), using that mo(PSL(2,R)) = 0, we get

2375 mQ—0 (D.7)

From the map 719 — 0 we conclude that Z — 71 Q must be a surjection, and from
the fact that Z — Z is an identity (id) it follows that Z — 71 Q must be trivial.
Therefore m Q = 0. It is straightforward to show that all homotopy groups of Q are
trivial, so @ is topologically contractible.

While not guaranteed that a contractible space is homeomorphic to a vector
space, in this case one can construct global charts of “Cartesian coordinates” for O.
A possible construction follows. First notice that given any two sets of three points
on S', there is always a psl transformation that maps one set into the other. We
can therefore use this property to “gauge-fix” the PSL(2,R) action by restricting to
diffeomorphisms that keep any three particular points fixed, e.g., § = 0, 27/3, 47/3.
This is not a complete ”gauge-fixing”, since there is a Zs subgroup of SO(2) C

PSL(2,R) that maps those three points to themselves. Therefore we can think of

91This space is a submanifold of the so-called universal Teichmiiller space.
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Difft(S1)/PSL(2,R) as a trio of diffeomorphisms on a closed interval, up to cyclic
permutation,

Diff(S1)/PSL(2,R) = Diff([0,7])%/Z3 (D.8)

Also, Difff([0,7]) can be characterized by functions f : [0,7] — [0, 7] satisfying
f(0) =0, f(mr) = 7 and f'(z) > 0. A manner to automatically enforce the last
condition is to write f’'(z) as an exponential of a periodic function, which can be

expanded in Fourier modes,

f’(l‘) _ neZn[a” sin(nx)+by, cos(nz)] (Dg)

where n > 1 and x := e?. Then f(z) = fom dyf'(y) and the only constraint now is

f(m) = [y dyf'(y) =, which fixes £ in terms of a’s and b’s,

™

JiT da: eXnlan sin(na)+bn cos(na)] (D.10)

kK =

Thus, up to the discrete quotient by Zs, we can think of Q as being coordinatized
by these six families of real parameters (i.e., for each of the three diffeomorphisms,
families of a,, and by,).

These coordinates can in principle be extended to the phase space, P = T*9,
by introducing the canonically conjugated pairs (i.e., the components of the 1-forms
with respect to the coordinate basis, p = p;dq‘). The symplectic form would lo-

cally take the Darboux format — the coordinates are not global because of the Zs
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quotient, which would need to be addressed if one chooses to proceed with Dirac’s
quantization. It is important to stress, however, that these coordinates are arbi-
trary, and since it appears that there is no choice that is physically preferred, this
approach cannot be used to justify a natural quantization.

Let us comment on a quasi-invariant measure on Diff"(S')/PSL(2,R).%* First
recall the classic Wiener measure on C([0, 1]), the space of continuous real functions
on the interval [0,1], defined as follows [175, 176, 101]. Let 0 < 3 < 22 < -+ <
xn < 1 be any ordered set of n points in [0, 1], and {A1, As, ... Ay} be a collection
of Borel sets on R. A basis for the Borel o-algebra on Cy([0, 1]) consists of the sets
B(z1,...xn; A1, ... Ay) of functions y € C([0, 1]) satisfying y(x;) € A;. The Wiener

measure is defined on each basis element as

,uW[B(:Ul,...xn;Al,...An)] =
/ dy1p(ﬂc1;y1)/ dyw(wz—m;yz—yﬁ---/ dYn P(Tn — Tpn—1;Yn — Yn—1)
Aq A An

(D.11)

where

p(x;y) = (D.12)

As proposed by Shavgulidze [177], the Wiener measure can be pushed (for definition

92If G is a separable locally compact group and H is a closed subgroup, then the homogeneous
space G/H admits a unique (up to equivalence) quasi-invariant measure with respect to G [173, 174].
(We are not aware if there are subtleties associated with infinite-dimensional groups.)
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see footnote 93) to a measure ug on Diff" ([0, 1]) via the correspondence:

C([0,1]) — Diff" ([0, 1])

_ frdren®

Yy — f(l') = foldt ()

(D.13)

This measure is quasi-invariant with respect to the left-action by diffeomorphisms.
We can define the product measure ps ® 15 ® g on Diff ([0, 7])% and push it under
the Z3 quotient to a measure p on the configuration space, as given in (D.8), which
is quasi-invariant with respect to the left-action by Virasoro (based on a similar
result from [178, 101]).

Lastly, we remark that there exists a surprising, non-trivial symplectomorphism
between T*Q, with the symplectic form associated with its cotangent bundle struc-
ture, and Q x Q, with the symplectic structure that each factor Q inherits as a
coadjoint orbit of Virasoro. This map is called the Mess map, first discovered in
[179], and proven to be a symplectomorphism in [31]. (This map actually refers
to the universal Teichmiiller space, 7 (1), but modulo potential mathematical sub-
tleties it descends to its submanifold Diff"(S')/PSL(2,R).) It is interesting that
Q x Q is the most natural realization for the (reduced) phase space of vacuum
asymptotically-AdSs gravity [29, 31, 180, 181]. However, the natural group to be
quantized in that case is Vira x Vira, which is of course the conformal group in
two-dimensions (displaying a clear holographic aspect). Thus, while the underlying

phase spaces may be the same, the structure of the symmetry groups Vira x Vira
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and vita x Vira are distinct.

E Mackey’s theory

In this appendix we outline the idea behind Mackey’s theory of induced represen-
tations [182, 183, 173, 184]. In particular, we discuss how the concept of systems
of imprimitivity can be used to prove irreducibility and exaustivity of the induced
representations of semi-direct products of groups (at least in finite dimensions —

but see [46]).

E.1 Induced representations

First let us recall how to construct a representation of a group G by inducing it from
a representation of a subgroup H. Let % : H — Aut(S) denote a representation
of H on a Hilbert space §. From the bundle H — G — G/H, we can construct
the associated bundle S — G x4 § — G/H by “gluing” a copy of S at each
point of G/H. More precisely, G x4 S is defined as the set of equivalence classes
[9,v] = [gh, %},~1v], where g € G, h € H and v € S, with projection map 7([g,v]) =
gH € G/H. The induced representation from H to G, U : G — Aut(H), acts on

the space of cross sections, H, of this associated bundle as

(U, W) (x) = \/ij‘jm L,(¥(g ') (E1)
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wherexz € G/H,V : G/H — G'x4S is a cross section (7(¥(x)) = z, for all z) and L,
is the G-action induced on the associated bundle defined by Lg[¢’, v] := [g¢’,v]. The
Jacobian-like factor dj—j, associated with a given quasi-invariant (Borel) measure
on G/H, is the Radon-Nikodym derivative, with respect to u, of the pushed measure
pg through the group action, defined by uy[B] = u[g~!B] for all Borel subsets B of

G/H.”® The inner product on H is defined by

(W, 0y = /G @) (9.9 @) (E.2)

where the inner product inside the integral ((,)) comes from the inner product on S
(,) and is defined by (¥(z), ¥'()) = (Ig,v(@)],lg,v'(@)])) == (v(),?(x)), where
g is any element of G that projects to x under the quotient. Note that this is well-

defined provided that % is unitary. Also note that U is unitary with respect to this

9 More generally, given a measurable map p : X — Y and a measure p on X, its push-forward
of wto Y is defined as p.u[B] = ulp~'(B)], where B is any Borel subset of Y and p~' denotes the
pre-image under p.
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inner product, as can be seen from

(UgU,U,0") = /du(m) {Ug¥(z),Ug¥'()))
- du(w)<< ‘ﬁl’/ff@)Lg(\IJ(g-lx», ﬁj(z)Lg@'(g-lx»»
dila) 2 @) (Lo (g™ 0). LV (g™ ')

/
/
_ / dg (( ), Ly(V' (97 '2))))
[ ot
/
4

= [ du(x z), V' (z)))
, ) (E.3)
In the third line we just changed measures, du-—* d 9 = dug, and in the sixth line

we used the definition of the pushed measure, which implies [pdu,(z)f(z) =

fg—lB du(z) f(gz) for any function f.

E.2 Systems of imprimitivity

Now we introduce the concept of systems of imprimitivity. But first let us define a
projection-valued measure in analogy with the usual definition of a measure. Con-
sider a manifold M and a Hilbert space H. A projection-valued measure P is a map

associating each Borel set B of M to an operator Pp on H, satisfying:

(1) Prmo=1 (ie., identity operator on H)
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(ii) Pgnp = PpPp for any Borel sets B and B’

(491) Pp,uB,u.. = Pp, + Pp, + - - - for any disjoint collection of Borel sets By, Ba, ...

Let G be a group that has an action on M and U : G — Aut(H) be a representation
of G on a Hilbert space H. A system of imprimitivity for U based on M is a
projection-valued measure P that transforms by conjugation under the group action,
that is,

Pyp = UyPpU, (E.4)

for all Borel sets B and g € G. We shall refer to a system of system of imprimitivity
by the pair (U, P), where the Hilbert space H (associated with U) and the manifold
M (associated with P) are implicit.

Note that any representation of GG induced from H is associated with a “canon-
ical” system of imprimitivity based on G/H, with a natural projection-valued mea-

sure given by

PpV¥(z) := Hp(z)¥(z) (E.5)

where Hp : M — R is the Heaviside function

1, x€B
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That this constitutes a system of imprimitivity can be shown as follows:

(Uy PaUy1 W) () =

= (Py¥)(z) (E.7)

In the third line the Radon-Nikodym derivatives cancels because they combine into

dpgg—1 _ dp _

4 = au = b following from the general formula d’:li’f, (x) = M(g_lx)dﬁ(fv).

dp dp
From the fourth to the fifth line we used LyL, = Ly, .

Given a group G, two systems of imprimitivity, (U, P) and (U’, P’), based on
the same manifold M, are said to be equivalent if the representations, U and U’,

and the projection-valued measures, P and P’, are related via conjugation by an

isometry. More precisely, there exits an isometry T : H — H’ such that

U =1UT™! (E.8)

P =1PT™! (E.9)

It is interesting to comment here on the measure introduced in the definition of the
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induced representation (E.1). We said that u is a given quasi-invariant measure on
G/H. In principle, each choice of p could lead to a different representation. But this
choice does not correspond to true arbitrariness because any two measures p and
u' that are equivalent (i.e., have the same sets of measure zero) define equivalent
representations. Moreover, they lead to equivalent systems of imprimitivity, as
defined in (E.5). In fact, if G is locally compact, the choice is unique in the sense
that all quasi-invariant measures on G/H are equivalent to each other [185]. This
justifies the term “canonical” for the system of imprimitivity defined by (E.5). To
see this equivalence, we note that any two equivalent measures are related by a

Radon-Nikodym derivative, du(z) = j—[j,(x)du’ (z), and it follows that

du! d(z) 4
'uf (z) = ddﬂ#ﬂ@) (E.10)
dp a9 1) dp

The two representations U, and U; defined as in (E.1), using 4 and y/, act on the
same Hilbert space . So the intertwiner 7" must be a unitary operator on . Let
us try to define it as a multiplication by a positive function, (T¥)(z) := A(z)¥(x).

We have,

(TUgT_llp)(m) = )\<33)(U9T_1‘I/)($)
— A\(x) Cﬁ;‘;ng(T—l\v(g-lx»

@) [du,

=Moo\ du Ly(¥(g™"2)) (E.11)
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so, with the choice A(z) = 5—5(1:), this gives (U ¥)(z). It is also clear that
PL, =TPgT~. Thus (U, P) ~ (U, P').

Mackey’s fundamental theorem is stated as follows:

The imprimitivity theorem Let G be a locally compact, separable group and H a

closed subgroup of G. Let U be a unitary representation of G on a Hilbert space
‘H and P be a system of imprimitivity for U on M = G/H. Then there exists a
unitary representation % of H on a Hilbert space S such that the canonical system

of imprimitivity for the representation induced on G is equivalent to (U, P).

It follows that if every unitary representation of a certain group G can be asso-
ciated with a transitive system of imprimitivity (i.e., based on a homogeneous space
for G), then they all come from unitary representations of the corresponding “little

groups” H by induction.

E.3 Semi-direct products

Here we consider groups of the form A x G, where A is a vector space” and G is a

locally compact, separable group. The product rule is given by

(a,9)(a’,g") = (a+ 6,0/, g9") (E.12)

9Mackey’s theory actually applies for abelian groups. When A is not a vector space, we just
need to replace below the dual space A* by the space of unitary characters Char(A).
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where @ € A, g € G and § : G — Aut(A) is a left G-action on A (which need not
be linear).

Note that a generic element of the group can be decomposed as

(@, 9) = (,€)(0,9) (E.13)

where e is the identity element of G. Therefore, the operators representing A x G
on a Hilbert space H will factorize accordingly U(«, g) = U(a,e)U(0,g). We can

define V(a) := U(a, e) and D(g) := U(0, g), so that

U, g) = V() D(g) (E.14)

Hence, in order to classify the representations of A x GG, we can effectively study the
representations of A and G separately, as we shall explain next.

Let us begin with A. We can define the self-adjoint generator N(«) by

Via) =: e N (E.15)

Since A is abelian, we have

V)V(d)=V(ia+d) = e WN@gmiN@) _ g—iN(atal) (E.16)

and, since N(a) commutes with N ('), the product of exponentials is the exponen-
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tial of the sum, so N(«a) + N(a/) = N(a + o). Moreover, as N((t + t')a) =
N(ta) + N(t'«) for any real numbers ¢ and t', N(ta) must be linear in ¢, so

N(ta) = tN(a).” Thus,

N(ta+t'd) =tN(a) + ' N() (E.17)

meaning that IV is a linear map from A to a space of self-adjoint operators on H.
We can therefore think of N as an operator-valued element of the dual space A*.
Accordingly, a simultaneous basis of eigenvectors of N («) can be labeled by elements
w € A* as

N(a)|w) = w(a)|w) (E.18)

Note that the eigenvalues of N(«) need not be non-degenerate, so each |w) may be
a vector in a Hilbert (sub)space S,, C H; and not all w € A* need to be included
in a given representation. What can we say about the relation between S,’s for

different w? Note that, for every element (o, g’) of the group,

(@ g)(a,e)(d,g") 7" = (Ogae) (E.19)

so A is a normal subgroup of A X G. At the level of the representation, we have

9 More rigorously, define the operator-valued function of a real variable, F(t) := N (ta). As the
representation of a Lie group is required to be smooth (i.e., a smooth homomorphism from the group
into the space of linear operators), this function must be differentiable. Taking the s-derivative of
F(t+s) = F(t)+ F(s), and evaluating at s = 0, gives F'(t) = F'(0), where F’ is the derivative of F
with respect to its argument. Integrating from 0 to ¢ gives F'(t) — F'(0) = fg dt'F'(0) = tF’'(0). But
F(0) = N(0) = 0 since U(0) is the identity, so N(ta) = tF’(0). Finally, evaluating this expression
at t = 1 gives F'(0) = N(«), proving the result.
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U(e/,g)N(@)U(e/, g') " = N(dga), s0

N(@)U (!, g")[w) = U(/, g )N (5y-10)|w) = w(dg-10)U (!, g")|w) = dgw(a)U (e, g')w)
(E.20)

where gg/w(a) = 5;,,1w(a) = w(d,-1a) is the dual action of G in A*. This means
that U(d/, ¢') maps S, isometrically into Sgg/w. In other words, S, is isomorphic
to S,y as long as w and w’ belong to the same G-orbit O in A*. However, the
isomorphism is not canonical for there is no unique group element that maps w into
w'.

Considering the diagonalization above, the Hilbert space H is given by a direct

“sum” of S, over A*,

H= /*d,u(w) Suw (E.21)

for some (Borel) measure p on A*. This is formalized by the Stone-Naimark-
Ambrose-Godement theorem [174, 186]. A generic state |¥) € H can be expanded

as

)= [ dutw)¥w) (E.22)

where |V (w)) € S, C H. We can define a projector onto each S, as

Py[¥) = [ (w)) (E.23)
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and, for each Borel set B C A*, define

PB:/Bd,u(w)Pw (E.24)

The action on the each S, can also be written, using the Heaviside function, as

Pp|¥(w)) = Hp(w)|¥(w)). Note that,

U, 9)PU (v, g) 7| W) —/ dp(w)U (e, 9)PpU (a, g) ¥ (w))

— [ duw)(0,9) (B, 0)U 0r) " 0(w)

= /.. dp(w) Hp(6,-1w)| ¥ (w))

= [ dutw)H ) W) = [ dutw)Ps gl (w)

= P; 4|0) (E.25)

In the second line we used that U(a, g) 71 |¥(w)) € Sgg,lw' Hence, this is a projection-
valued measure P on A* that transforms by conjugation under G. This implies that
(D, P) is a system of imprimitivity for G, based on A*, where D is the restriction
of U to G introduced in (E.14).

The system defined above is likely not transitive (unless G acts transitively on
A*), so we cannot apply the imprimitivity theorem yet. If the action is not transitive,
this means that there must exist subsets Z of A* which are invariant under the

action of G, that is, Z = ggZ for all g € G. Assuming those are Borel sets, (E.25)
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implies that Pz commutes with all operators U(c,g) of the representation. If we
are interested in irreducible representations of A x GG, then Pz must be either 0 or
1 by Schur’s lemma’®. Of course, any two invariant sets Z and Z’ must be disjoint
and thus we must have Pyz = Pz + Pz . Consequently, there must exist at most
one invariant subset Z C A* that is equal to 1, all others must be 0. This means
that the action of G on A* is ergodic”” with respect to the measure p. Each such
measure can lead to a different irreducible representation of A x GG, so to exhaust
all the possibilities we must classify all the inequivalent, quasi-invariant”® measures
on A* with respect to which G acts ergodically. We shall consider this next.

Note that the orbits O in A* are invariant subspaces. We have two possibilities
for the measure:

(7) The measure is “concentrated” on a single orbit O, i.e., Po = 1 for some
orbit O (and 0 for all other orbits);

(7i) All orbits have measure zero. (This case is called strictly ergodic.)
The case (i) is the “simple” one. Since the measure on A* is concentrated on a
single orbit O, it can be naturally restricted to O, i := u|o. Hence, the Hilbert

space in (E.21) can be reduced to

Ho — /O d7i(w) Su (E.26)

96Schur’s lemma implies that Pz = A, but Pz = Pznz = Pz Pz, s0o A(A — 1) = 0.

9TA group action on a space is said to be ergodic if every invariant Borel subset is either of
measure zero or the complement of a set of measure zero.

**Note that (E.25) implies that Ps = 0 < P5 5 = 0. From the definition of Pp, (E.24), this

means that u[B] = 0 < u[6,B] = 0.
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Note that this is the Hilbert space that we would have constructed by starting with
a single vector |¥U(w)) € S, and acting with all operators U(c, g) on it. If we take
P to be the projection-valued measure obtained by integrating over Borel sets of
O with respect to fi, then (D, P) will be a transitive system of imprimitivity for
G based on O ~ G/H, where H is the “little group” associated with O. Now
we can apply the imprimitivity theorem to conclude that D must be induced from
a unitary representation of H. This fully determines the irreducible representation
U(a,g) = V(a)D(g) on Ho. More concretely, realizing Ho as sections of the bundle
S = GxyS— O, where % : H— Aut(S) is the corresponding irreducible unitary

representation of H on a Hilbert space S (isomorphic to any S, w € O), then

(U(a, 9)T) (w) = (V(a)D(g)¥) (w) = e~ Cﬁfj(w)Lg(xp(aglw)) (E.27)

where w € O C A* and p is a quasi-invariant measure on O.

To guarantee that there are no other representations, we need to ensure that
case (ii) does not occur. One simple property which is sufficient is the following. A
semi-direct product A x G is said to be regular if the space of G-orbits in A*, A*/G,
is measurable and there exists a measurable map ¢ : A*/G — A* associating to
each orbit O a dual vector w € O. This map allows one to “pull-back” the measure

uin A* to the orbits O in such a way that p can be recovered by integration
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[185, 182, 174]. More precisely, for any Borel set B in A*,

el = | e iBno) (E.28)

where r € A*/G, o is the measure on A*/G, O, C A* is the orbit passing through

¢(r) and g is a measure on O,. In that case,

P — / ()P, = /A e /O A ()P = /A L ePo, (B29)

where z € O, and Pp, was defined by integrating P, over O, with i. But if Pp, =0
for all orbits (i.e., all r), then P4+ = 0, which is a contradiction. Hence, the case
(74) does not occur in regular semi-direct products.

Another definition of regularity is the following. A semi-direct product A x G
is said to be regular if there is a countable family of Borel subsets Z; of A*, each
a union of G-orbits, such that every orbit O is the intersection of a subfamily Zf
containing O. The proof that this condition prevents case (ii) is similar to the

above. If Pp = 0 for every orbit, then
Pn.z0) =[] Pl2°)1 = PlO] =0 (E.30)

Since Pz, = 0 or 1, by Schur’s lemma, then the formula above implies that at least

one member of {Z9}, say s = 5, satisfies P[Z€] = 0. Now consider the subfamily
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of Z; composed of such members Z2. Since they cover A*, we would have Pyx = 0,
which is a contradiction.

Let us consider examples of a regular and a irregular semi-direct product. First,
consider R? x SO(2) where SO(2) acts as usual rotations. The dual action on
R?* ~ R? is also a rotation. The orbits decompose into circles (plus the origin), so
R2/SO(2) ~ RTU{0}. A possible choice of ( is to associate the radius r of the orbit
C, = {r € R?|z| = r} with the point it crosses the z-axis, i.e., ((r) = (r,0). This
is clearly a measurable map (given appropriate measures on R* U {0} and R?). For
instance, if y is the usual (Euclidean) measure on R?, the measure of a Borel set B

can be decomposed as follows

u[B] = /0 S dr BN G (E.31)

where i is the measure associated with rdf, with 0 < 6 < 27. Thus R? x SO(2)
is regular. It is also regular with respect to the second definition because we can
take Z; to correspond to the family of all discs D,, r € Q, together with their
complements D, = R? — D,..

Second, let us consider R? x Z where the cyclic group Z acts on R? as rotations
by irrational multiples of , i.e., (r,0) +— (r,0 + 77y) with ~ irrational. The circles
(). are invariant under this action, but every orbit inside C). is countable and thence
have measure zero in the usual measure of the circle. The action is strictly ergodic

for this measure. In particular, there exists irreducible unitary representations of
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R? x Z carried by wavefunctions on C,, such as

Ua,n)¥(z) = e "W (n"1x) (E.32)

where z € C, C R? and nx, with n € Z, denotes = rotated by nmy. Since C, is
not an orbit of Z, this is an “extra” representation of the group. This semi-direct
product is not regular since no measurable map ( exists, given that the space of

orbits is (S!/ynZ) x R* U {0} is non-measurable.

F Projective representations

In this appendix we define projective representations of a Lie group, and explain
their relationship with true representations of central extensions (by 2-cocycles) of
the group. The intention is to offer a simple review of the subject, adapted to our
notation. For details see [187] or, for a more informal discussion, [188]. Rigorously,
the results here are only valid for finite-dimensional groups, even though we apply
them to the quantization of causal diamonds, where the canonical group, vita x Vira,
is infinite-dimensional. To simplify the language, we shall use “unirrep” as a short

for “unitary irreducible representation”.

F.1 Definition

If a physical symmetry acts on a Hilbert space H (i.e., so that it preserves all

expectation values), then according to Wigner’s theorem [189] the action must be
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unitary (linear) or anti-unitary (anti-linear). Let us consider the unitary case here,
as the anti-unitary case is analogous. Since physical states are actually rays in H, the
unitary operators U(g) and e!*U(g) implement the same physical transformation.
Thus, the physically relevant space of transformations is the quotient PU(H) :=
U(H)/U(1) of unitary operators on H modulo a phase. In this manner, a group G
of physical symmetries is realized in quantum mechanics as a homomorphism from
G into PU(H), that is, [U(9)][U(¢")] = [U(gg’)]. Such a homomorphism is called a

projective (unitary) representation of G on H.

Proj Rep . g i/U

G*)PU

Given some (arbitrary, local) association g — U(g), we have
U(g)U(g) = €U (g9') (F.1)
for some real function ¢ : G x G — R. From associativity, ¢ must satisfy

o(9,9') + olgd’, ") = o(d's9") + ¢(9,9'9") (F.2)

which is called the cocyle condition. Applying this condition for ¢ = e we see

that ¢(g,e) = ¢(e,g”), implying that ¢(g,e) = ¢(e,g) = P(e,e). Without loss of
generality, let us take ¢(g,e) = ¢(e, g) = 0 so that U(e) = 1. Note that if we choose

another association, g U; = Ugeia(g), where o : G — R is some function, we
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get a redefinition of ¢ given by ¢'(g,9") = ¢(9,49") + a(g) + a(g’) — a(gg’). This
new ¢ automatically satisfies the cocycle condition, provided that the old ¢ does,
and clearly these ¢’s define equivalent projective representations. So we have a
cohomology, where a generic ¢ satisfying the cocycle condition is called a 2-cocycle,
a 2-cocycle with the particular form ¢(g,¢") = a(gg’) — a(g) — a(g’) is called a
2-coboundary, and the set of equivalence classes in which two 2-cocycles that differ

by a 2-coboundary are identified is called a 2-cohomology.

F.2 Central extension by a 2-cocycle

Given a function ¢ : G x G — R satisfying the cocycle condition (F.2), and for

convenience ¢(e,e) = 1, we define the group extension

G¢ =G X¢ R (F?))

by the product rule

(9,7)(g"s ") = (9¢', 7+ 7"+ d(g,9)) (F.4)

The cocycle condition is necessary to ensure associativity of Gy. Note that (e,r) is
in the center. A generic element of the extended group can be factorized as (g,r) =
(e,7)(g,0), so a (true) representation of Gy will satisfy U(g,r) = U(e,r)U(g,0),

and we can define V(r) := Ul(e,r) and D(g) := U(g,0). Due to Schur’s lemma,

406



in a (complex) irreducible representation the central elements are represented as
multiples of the identity. Therefore, V() forms a unitary irreducible representation

of R, and consequently V (r) = €/ for some o € R. Thus,

Ulg,r) = e“"D(g) (F.5)

Clearly, D(g9)D(g") = em‘b(g’g,)D(gg’), so D is a projective representation of G asso-
ciated with the phase a¢. But if ¢ satisfies the cocycle condition, then so does a¢.
We thus conclude that every (true) unitary irreducible representation of G corre-
sponds to a projective unitary irreducible representation of GG. Also, notice that
if ¢’ and ¢ are cohomologous (i.e., differ by a coboundary), then Gy and G, are
homomorphic, so it follows that equivalent (true) unirreps of G4 define equivalent
projective unirreps of G.

The Lie algebra of Gy, denoted by

gp =g®Bp R (F.6)

has the product structure

[(€,a), (€', a))] = ([, €], 0(£:€)) (F.7)

where ¢ : g x g — R is derivative of ¢ with respect to both of its arguments (i.e.,

407



the push-forward on both the first and second entries of ¢). The function ¢ is

anti-symmetric, bilinear and satisfies the cocycle condition

(& [€,6"]) + (g, 16", &) + o€, [6,€D) =0 (F.8)

Note that this cocycle condition can either be seen as following from the cocycle
condition (F.2) for ¢, or as following directly from the Jacobi identity. There is also
an analogous cohomology for the algebra, where the coboundaries (i.e., the trivial
elements) are those ¢’s with form (£, &) = f([¢,&']), where f is any real linear
function on g. Naturally, a central extension of GG is only possible if its algebra g
admits a central extension by 2-cocycles. If the algebra provides an obstruction to
this construction, by not admitting (non-trivial) central extensions, then the group

cannot be extended in this manner.

F.3 Central extension by a discrete group

It may still be possible to further centrally extend G by a discrete abelian group,
that is, to “unwrap” it to some covering groups. True representations of the covering
groups also define projective representations of the group. The point is that the
exponentiation of any unirrep of g, defines a unirrep of the universal cover of G
and, at the same time, a projective unirrep of G, as we will see in this section. In
this subsection we shall omit the labels ¢ and ¢, since we are concerned only with

discrete extension (that is, assume that G has already been extended by a 2-cocycle,
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if possible). We remark that the approach here is inspired by [190], particularly
App. 2.B, but rephrasing it in a more geometrical language.

Let us recall how “exponentiate” a representation of the algebra g, A : g —
SelfAdj(H) into a representation of the (universal cover) of the group. Consider
a curve v : [0,1] — G starting at e and ending at g, and let 4(¢) be the vector
tangent to it at the parameter ¢t. Since A acts on the algebra, we introduce the
(right-invariant) Cartan-Maurer form, =, to map *(t) to g.”” Consider the following
equation

d

SU (1) = —AEGONU ) (F.9)

with initial condition U(v(0)) = U(e) = 1, and define U(y) := U(y(1)). The solution

is the path-ordered exponential
1
U(y) = Pexp <—i/0 th(E(*'y(t)))) (F.10)
This can be interpreted as a parallel transportation in the (trivial) principal bundle
UH) UH)x G =G (F.11)

with fibers U(H), base manifold G, projection map (U,g) — ¢, and the group

99The right-invariant Cartan-Maurer form uses the right-translation, r4(g") := ¢'g, to map vectors
to the identity, i.e., if v € TyG then Z(v) := r,-1,v. Note that this is not the standard definition,
which uses left-translations instead. Our choice is better adapted to the conventions of this section,
in particular because of the introduction of the complex unit in the exponential, so that A is
self-adjoint instead of anti-self-adjoint.
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structure is U(H) acting from the right as (U, g)U’ = (UU’, g). Accordingly, —A=
is interpreted as a (representative of a) connection on this bundle, since it takes
a tangent vector at each point on the base and returns a value in the algebra of
the structure group. In this way, the formula above is expressing that U(vy) is the
parallel transport of 1 along v (i.e., y(t) — (U(y(t)),v(t)) is a horizontal lift).

Now we prove that this connection is flat. Denote the connection representative
by w = —AZ=. (This representative is associated with the trivial section, g — (1, g).)

The curvature is given by

F(X,Y) = dw(X,Y) + w(X) *w(Y) (F.12)

where * denotes the product in the underlying algebra of the bundle, SelfAdj(H),
defined by x = —i[,]. Since this is a tensor, its value at some point g depends only
on the local values of the fields X and Y, so we might choose them to be right-
invariant, i.e., let X =rg.£ and Y = rgm. Thus, w(X) = —A(§) and w(Y) = —A(n)
are constant functions on G. The first term gives dw(X,Y) = X (w(Y))—-Y (w(X))—
W(IX,Y]) = AZ([X, Y]) = —A(l¢, 1)), where we used [rg., rgu] = —rye[€,n]. The
second term gives w(X) *w(Y) = A(§) x A(n) = A([¢,n]), where we used that A
is a homomorphism from g to SelfAdj(?). Thus, the two terms cancel and we get
F = 0. This implies that U(vy) depends only on the homotopy class of the curve ~
joining e and ~y(1).

Here we prove that, given two curves v and 4/ starting from e, we have U (y)U (7') =
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U(y7'), where the product of curves is defined as: go along ~/(¢) with double speed
for half the time, and then continue along v(¢)7/(1) with double speed until y(1)~'(1).

More precisely,
) v (2t) for0<t<i
2 (8) = (F.13)
y(2t — 1)7'(1) for 3 <t <1
Denote the vector tangent to v4/(t) by v(t). For the first half of the integration,

we have v(t) = 29/(2t). By changing variables, s = 2¢, that we get U(t = %) =

U(¥'(1)) = U(y'). For the second half, note that v(t) = rg.(2%(2t — 1)), so that

[1]

(v(t)) = 22(%(2t — 1)). Multiplying the equation on both sides (from the right) by

U(v'), we get

so changing the variables to s = 2¢t—1, the solution (at t = 1) is just U(yy)U(®') ! =
U(7). That is,

UMUE)=U() (F.15)

revealing that U is a homomorphism from the space of homotopy classes of curves
on G (starting at e) to unitary operators on H. But, if G is connected, the space
of homotopy classes of curves on G (starting at e) is precisely the universal cover,
C~¥, of G. Therefore U defines a unitary representation of G on H. In fact, as any

unitary representation of G defines a self-adjoint representation of g, we conclude
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that there is a one-to-one correspondence between unitary representations of G and
self-adjoint representations of g.

Finally, let us see how irreps of G descend to projective irreps of G. Denote a
curve on G going from e to g by 4. We can always write v4v4 := (g, ¢')V4¢’» Where
7 is a curve going from e to e (i.e., an element of the fundamental group m.(G)).
Note that 7 is an element on the fiber over e in é, which forms a normal subgroup
of G and, being discrete, must be in the center of G. It follows, by considering the

triple product 47,747, that 1 also satisfies a cocycle condition, 7(g, ¢")n(gg’,¢") =

/)

n(g’,9")n(g,9'g"). Now consider U(vy)U(v5) = U(vgvy) = U(n(g,9'))U(744). For

unirreps, U(n(g,¢')) = €99 The cocycle condition for  implies that ¢ satisfies
the cocycle condition (F.2). Thus, defining D(g) := U(~,), we have D(g)D(g") =

9.9 D(gq').

F.4 A diagram and an example

We have seen in Sec. I'.3 that self-adjoint irreps of g, are in one-to-one correspon-
dence with unirreps of C~¥¢, which in turn define projective unirreps of G. While
have seen in Sec. F.2 that (projective) unirreps of G also define projective unirreps
of GG, the construction does not necessarily go in the other direction, i.e., a projective
unirrep of G' does not necessarily define a unirrep of Gy. This is because the asso-
ciation g — U(g) is local, so it may not be possible to define a map ¢ : G x G — R
on the entire domain. Nevertheless, such a topological aspect is inconsequential at

the level of the algebras, so a projective unirrep of G does define a self-adjoint irrep
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of gy, for some 2-cocycle ¢ : g x g — R. This closes the loop, as depicted in the

following diagram:

Unirreps of C~¥¢ — Proj Unirreps of Gy ——— Proj Unirreps of G

Self Adj irreps of g,
In conclusion, projective unirreps of a group G are in one-to-one correspondence
with unirreps of the universal cover of the central extensions (by 2-cocycles ¢) of
the group, é¢, and also in one-to-one correspondence with self-adjoint irreps of the
central extensions (by 2-cocycles ¢) of its Lie algebra, g,.

As an example, let us consider a rotation-invariant physical system in three
Euclidean dimensions. The group of symmetry is SO(3). It happens that its algebra,
50(3), does not admit (non-trivial) central extensions by 2-cocycles (in fact, this is
true for any semisimple algebra). So the projective unirreps of SO(3) must be
in correspondence with true unirreps of its universal cover, SU(2). Suppose one
continuously rotate the system around some axis until it goes around by 27. This
curve starts and ends at e € SO(3), but it is not contractible. Viewing this process
in SU(2) the curve is open, as it starts at e and ends at €’ (i.e., goes from the north
to the south pole in SU(2) ~ S3). Since €' is in the center, U(e’) = €', and since
(¢/)? = e, then « is 0 or m. That is, either the state returns to its original value

(boson), ¥ +— W, or it flips sign (fermion), ¥+ —.
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