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Chapter 1: Introduction

1.1 Motivation

As the world continues its relentless march towards automating laborious, mundane, and

dangerous tasks, the complexity and diversity of those tasks have multiplied. No longer confined to

industrial workcells, robots now tackle challenges in disaster response, medical service automation,

and space exploration [11]. The tasks robots need to accomplish within each of these environments

are abundant—making it difficult to anticipate, and therefore, program all the behaviors a robot

might execute.

In response to these challenges, there has been a concerted effort to integrate artificial in-

telligence (AI) planning into robotics to support automated, task-oriented programming. Frame-

works for this integration have been explored in the subdiscipline of task and motion planning

(TAMP) [15–19]. However, even with these advanced techniques, it is time-consuming to compute

plans as situations arise, making them costly in scenarios that require real-time decision-making.

An alternative and potentially more efficient approach is to enable robots to draw on past expe-

rience to inform target behaviors. Transfer learning in robotics [20, 21] offers promising avenues

for this type of experiential decision-making, providing methods to transfer task knowledge to

new contexts and circumventing the need to learn from scratch. That said, much of the discipline

focuses on the transfer of motion plans from one robot to another. The wide variation in robot
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(a) The PR2 robot serving a meal [12]. (b) The Tiago robot lighting a match and fixing
a fuse [13].

(c) The FIDO rover used for sampling Martian
soil [14].

Figure 1.1: Examples of robots in complex environments.

embodiments, shown in Figure 1.1, make it challenging to design transfer learning techniques that

are generalizable. Moreover, integral to the field is the use of deep learning which has known issues

regarding its interpretability [22]—a feature critical for validating that transferred plans behave

as expected. The rise of task-level abstractions in robotics due to TAMP presents an opportunity

to explore transfer at the task level. To avoid associating the techniques in this dissertation with

machine-learning methods, the term task plan transfer, or simply plan transfer, will be used,

rather than ‘transfer learning’.

TAMP involves coordinating high-level decision-making (task planning) with actions in phys-

ical space (motion planning). Task planning handles symbolic states, which represent the world at

an abstract, conceptual level, while motion planning manages geometric states, which capture the
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robot’s configuration and joint positions. Plan transfer, in this context, refers to reusing a task or

motion plan as a solution for a problem it was not originally designed to address. By focusing on

task-level plan transfer, methods can be made agnostic to the robot’s specific embodiment, leading

to better generalization across different robotic platforms. Furthermore, task planning often relies

on symbolic knowledge representation, which enhances the interpretability of both planning and

plan transfer methods.

The concept of task-level plan transfer is still nascent. Currently, there is no framework that

systematically supports the transfer of task plans, and existing formal languages lack the flexibil-

ity to capture the full range of potential use cases. Nonetheless, task plan transfer offers several

unrealized advantages. Beyond generality and interpretability, it enables robots to execute behav-

iors that incorporate the constraints and structures of source plans—a feature that is particularly

valuable in safety-critical or tightly constrained environments. Transferring plans at the task level

also allows robots to tackle complex problems by using existing plans as building blocks for more

intricate solutions. Finally, plan transfer enables robots to leverage prior experience to generate

innovative behaviors by drawing on past solutions as inspiration for unconventional applications

in new domains.

1.2 Research Questions

This research seeks to fill the gap related to task-level plan transfer in robotics. The overall

question guiding this research is:

What is an appropriate conceptual and mathematical framework that supports a structured and

formal approach to transferring task plans in robotics?

This guiding question is broken down into three questions:
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RQ1. What is an appropriate conceptual framework for articulating the full range of task

plan transfer use cases?

RQ2. What mathematical representation can formally support this conceptual framework?

RQ3. What unique advantages are afforded by the chosen mathematical representation for

task plan transfer?

1.3 Task Plan Transfer

To address this gap and fully explore the advantages of task plan transfer, this dissertation

proposes a conceptual framework for discussing different types of transfer methods, along with a

mathematical framework to validate the success of each type of transfer.

Throughout this dissertation, a task-level plan will be denoted by the symbol π. A formal

definition consistent with the concept of a sequential plan, as established within the AI planning

community [23], is provided in Definition 1.

Definition 1 (Plan). A plan, π, is an ordered sequence of discrete actions, ai, defined as

π = ⟨a1, a2, a3, . . . , an⟩, which transforms an initial state s0 into a goal state sg.

1.3.1 The Conceptual Framework

Existing literature in robotics and AI has extensively explored methods for transferring

and adapting robot plans and programs, albeit often in isolation. A closer examination of these

approaches reveals that these methods can be unified under a comprehensive framework—one that

classifies each transfer use case as a sequential, hierarchical, or analogical transfer. A schematic

of each type of transfer is presented in Figure 1.2.

Sequential transfer is grounded in the simple yet powerful idea of composing plans in a

linear fashion, which mirrors the way tasks are often executed sequentially in real-world scenarios.
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π

π

π′π

Sequential transfer Hierarchical transfer Analogical transfer

π

Figure 1.2: Types of robot plan, π, transfer.

The evolution of robot programming, from modules of manual pose recordings to the concepts of

motion primitives [24] and skills [25] as means of reusing programs, reflects the core principle of

sequential transfer.

Hierarchical transfer naturally arises from the widespread practice of decomposing complex

tasks into modular, layered structures—a method that has been central to robot programming

and task planning since the conceptualization of modular architectures [26]. Frameworks like the

Remote Objects Control Interface (ROCI) [3] and Hierarchical Task Nets (HTNs) [27] emphasized

the need for strong conventions and encapsulation, which are key aspects of hierarchical transfer.

Analogical transfer, on the other hand, reflects the cognitive process of leveraging structural

similarities between situations to make novel inferences. Analogical reasoning has long been used in

AI and robotics, particularly in robot program translation [28] and case-based planning (CBP) [29],

which provide methods for mapping aspects of plans and programs so they can be adapted to fit

new contexts.

Each type of transfer can dictate components of a more complex transfer scenario. For

instance, task plans may be organized hierarchically or sequentially, and it may be desirable to

transfer each plan analogically to a new setting. To support this, it is ideal to have a framework
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that can coherently reason about all types of transfer within a unified formalism.

1.3.2 The Mathematical Framework

The rigidity of formal languages that are currently used to represent task plans and accom-

panying knowledge limit their ability to enforce desired properties of sequential, hierarchical, and

analogical transfer simultaneously. As a result, the formalisms that might underpin plan trans-

fer approaches become a heterogeneous mixture of formal languages. Efforts to integrate various

transfer use cases within a more intricate plan transfer system may inadvertently overlook or vi-

olate key features of the underlying languages, leading to discrepancies in their representations.

This challenge underscores the need for a formal language that unifies these features within a

single framework. The mathematics of category theory, with its emphasis on abstraction and

compositionality, provides a powerful framework to address these limitations.

Category theory is a branch of mathematics that provides a framework for formalizing

and unifying various mathematical concepts through the use of categories, functors, and natural

transformations [30]. Categories are structures that capture objects (representing concepts) and

morphisms (representing relationships between concepts). Functors allow us to map one category

to another, preserving these relationships, and natural transformations provide a structured way

to relate different functors to one another. By representing concepts and their relationships in this

way, category theory offers a flexible language for modeling interconnected ideas and their inter-

actions in a coherent and modular way. Category theory has been used to understand information

structures [31], automate information fusion systems [32], represent quantum processes [33, 34],

and synchronize models in systems engineering [35–37]. A consequence of this work is an exten-

sion of the repertoire of applications of category theory to the field of robotics and AI, specifically

addressing problems regarding systems of interoperable and reusable task plans.
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1.4 Summary of Research Contributions

The overall contributions of this work include (i) a conceptual framework for discussing

robot plan transfer methods, (ii) a formal language, based on category theory, that is aligned with

the proposed framework, (iii) and case studies demonstrating the unique advantages of the formal

language in transferring plans. Specific contributions are:

i. A Conceptual Framework for Task Plan Transfer

This research surveys the literature around robot program and plan reuse and considers

a unified view of these approaches framed in terms of task plan transfer. The proposed

framework establishes a taxonomy of transfer strategies, classifying plan transfer methods

as sequential, hierarchical, or analogical (see Chapter 2).

ii. A New Method for Task Plan Composition

This dissertation introduces a method using symmetric monoidal categories (SMCs) and

string diagrams to represent and validate action composition within robotic task plans, en-

suring coherence across entire plans. This method supports sequential transfer by providing

a robust and flexible method for sequentially composing plans (see Chapter 4.2).

iii. Development of the RoboCat Framework

RoboCat, a programming framework grounded in category theory, is introduced to support

hierarchical transfer. This framework provides a functorial approach to compile high-level

task specifications into low-level robot commands, allowing for modularity and interchange-

able programming components (see Chapter 5.5).

iv. A New Representation Language for Task Planning

To enable analogical transfer, a planning representation language based on C-sets and double-
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pushout (DPO) rewriting is defined. This language manages complex, structured knowledge

and preserves semantic structure in world states and action effects throughout the planning

process (see Chapter 6.4).

v. An Algorithm for Analogical Plan Transfer

A novel algorithm that leverages ontology alignment maps and automates task plan transfer

between different planning domains using functorial data migrations is introduced. This

algorithm translates each state and action in the task plan across planning domains, circum-

venting the need for re-planning in the target domain (see Chapter 7.4.1).

vi. Case Studies Demonstrating Types of Plan Transfer

The effectiveness of the proposed framework is demonstrated through case studies within

various planning domains, such as in Blocksworld (see Chapter 4), machine-tending (see

Chapter 5), manufacturing assembly (see Chapter 6), and a kitchen domain derived from

the AI2-THOR simulation environment [38] (see Chapter 7).

1.5 Structure of the Dissertation

The goal of this dissertation is to motivate the cause for research related to task-level plan

transfer in robotics and systematically argue the use of category theory as a mathematical frame-

work for plan transfer techniques. Chapter 1 introduces the problem, providing an overview of

the motivation and significance of the research. In Chapter 2, the historical context is presented

to justify the conceptual framework introduced. Chapter 3 offers a detailed, technical exposition

of the core concepts of category theory that serve as the foundation for this work.

The subsequent chapters are organized according to the conceptual framework presented in

Section 1.3, highlighting the innovative integration of category theoretic concepts within each task
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plan transfer use case.

Chapter 4 explores the use of SMCs [39] and string diagrams [40] as a formalization for

sequential transfer. Here, we demonstrate that this approach guarantees global action and plan

composition, with a case study focused on composing actions in the Blocksworld domain.

Building on this work, Chapter 5 introduces the RoboCat programming framework, which

leverages SMCs and monoidal functors to support the modular specification of low-level robot

programs within the context of high-level actions. This framework guarantees valid plan composi-

tion while preserving high-level behavior imposed by the task hierarchy—providing a formalization

for hierarchical transfer. In this chapter, we present a case study related to the interchange of

work-cell doors and robot gripper parts in a machine-tending task.

Prior to discussing analogical transfer, we find it necessary to introduce a formalism that

captures knowledge about the world in a precise way. Chapter 6 presents a novel planning rep-

resentation language that manages structured and connected knowledge in robot task planning

through the use of C-sets [41] and double-pushout (DPO) rewriting [42]. This C-set-based repre-

sentation language enables the analogical transfer of plans between domains using functorial data

migrations [43], as detailed in Chapter 7. The case studies in both chapters are centered around

manufacturing assembly and kitchen automation tasks.

Finally, Chapter 8 discusses future research opportunities and practical applications of the

categorical framework for robot plan transfer, highlighting the impact of the methods introduced

in this dissertation.
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Chapter 2: Background

2.1 Introduction

At the outset, robots were commended for their versatility [24]. Robots are programmable.

This means that a single robot could assist in, theoretically, an endless variety of industrial tasks.

Becoming a robot programmer in the 1950s, however, made you more akin to an animator than

a computer programmer. This was because the most common form of robot programming was

done by manually moving all joints of the robot to their desired positions and recording that

pose, as with the Unimate robot in 1954 [44] (see Figure 2.1). When the program was run, it

would playback all the poses in the sequence they were recorded [24]. As one could imagine, this

way of programming was inefficient, brittle, and not conducive to collaboration between humans.

A program to accomplish the composite motion of gripping a beam, moving to a position, and

releasing the beam may look different depending on the programmer. Beyond that, where the

gripping motion ended and the movement motion began was indistinguishable, requiring a new

program for every change to the task or environment.

The inefficiencies of manual programming revealed a desire to reliably preserve and reuse the

programming work already done across different tasks and environments. This desire fueled work

in robot program translation, robotic software engineering, AI planning, and transfer learning for

robotics. The methods emerging from these fields, we argue, can be classified into three core types
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Figure 2.1: The Unimate robot pouring a cup of coffee [1].

of program transfer: sequential, hierarchical, and analogical.

2.2 Sequential Transfer in Early Robot Programming

Sequential transfer has been a cornerstone of robot programming and AI planning since the

inception of these fields. This approach—composing tasks in a linear, sequential fashion—allowed

early roboticists to manage the complexity of tasks by breaking them down into smaller, reusable

components. In sequential transfer, the output of one task typically serves as the input for the next,

forming the basis for more complex behaviors by chaining simpler ones together. This enabled

efficient reuse of plans and programs in both early and modern systems.

2.2.1 Motion Primitives and Skills

One of the earliest applications of sequential transfer in robotics was the introduction of

motion primitives, as described by Murray et al. [45]. Motion primitives are basic units of move-

ment that serve as building blocks of robot motion for more complex behaviors. For example,
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a task as simple as picking up an object could be broken down into distinct, reusable motions:

grip the object, lift it, move to a new position, and release. As a result, a sequence of motion

primitives could be chained together in novel contexts without needing complete reprogramming.

The concept of motion primitives formed the basis for more abstract representations of robot tasks

that could be reused across tasks and environments.

Building on this concept, Bogh et. al. [25] introduced task- and object-centric skills, which

further refined the idea of reusable motion sequences by focusing on task-level abstractions. Skills

are composed of motion primitives but are tailored for specific types of tasks, such as industrial

assembly, logistics, or assistive robotics. For example, the skill ‘Move To’ may be part of a logistics

task, whereas the skill ‘Open’ may be part of an assistive task. Bogh et. al. [25] demonstrated

that many tasks in logistics and assistive domains could be represented as sequences drawn from a

small, predefined library of skills. This decomposition of tasks into reusable skills continues to be

a powerful strategy in modern robotic systems evidence by programming graphical user interfaces

such as the Assembly tool [2] (see Figure 2.2), and others [46–57].

Figure 2.2: Programming using skills in the Assembly tool [2].
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Another significant development that enabled sequential transfer across diverse robotic sys-

tems was the standardization of command languages. One of the earliest examples is the G-code

standard [58], which was initially developed for computer numerical control (CNC) machines. G-

code enabled sequential execution of predefined commands to control the movement of machine

tools. Another significant development was the Canonical Robot Command Language (CRCL)

introduced by Proctor et al. at the National Institute of Standards and Technology (NIST) [59].

CRCL provides a high-level task-oriented language for controlling robots across different platforms.

By standardizing the command set, G-Code and CRCL enabled seamless sequential execution and

reuse of command sequences.

The paradigm of sequential transfer was not limited to robotic programming but also became

foundational in AI task planning.

2.2.2 In AI Planning

While motion primitives laid the groundwork for sequential transfer in robotic programming,

the concept was also realized in the field of AI planning through representation languages like

STRIPS and PDDL. STRIPS (Stanford Research Institute Problem Solver) [60] is a planning

language and system that was developed over the course of the late 1960s and early 1970s by

Richard Fikes and Nils Nilsson at the Stanford Research Institute. STRIPS was the first automated

planning system and is often used as the basis for other more complex planning systems. In

1998, the Planning Domain Definition Language (PDDL) [61] was introduced as a language that

extended STRIPS to support a richer set of features, the notion of a planning domain and a

planning problem. PDDL is a widely adopted representation for robotic task planning for many

reasons, but a beneficial feature is the fact that domain actions can be specified discretely and

generically. Their transfer can be realized by sequentially composing grounded forms of these
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actions for a variety of planning problems.

To understand how actions are composed in this language, it is essential to consider the

theoretical foundations of action composition. In AI planning, problems can be modeled using state

machines or finite automata, which provide a formal way of representing the transitions between

different states as actions are executed [23]. These models define what it means for a sequence of

actions to be valid. For example, the execution of sequential plans is sometimes represented using

situation calculus [23]. This formalism checks that executing a sequence of plans leads from an

initial situation to a desired final situation. This is represented as Exec(π1;π2, s, s′), which checks

that π1;π2 leads from situation s to situation s′. This requires an intermediate situation s′′ that

is an exact match, such that ∃s′′(Exec(π1, s, s′′)∧Exec(π2, s′′, s′)) [23]. In practice, this condition

of exactness may be overly conservative. Even minor discrepancies that do not affect the overall

outcome could cause a plan to be deemed invalid. Sequential plan execution problems commonly

suffer this tension—strict correctness negates the ability to accommodate minor variations that

do not compromise the ultimate goal.

In PDDL, plans are composed by validating that the preconditions of each action in the

sequence are satisfied by the effects of the preceding action in the plan [61]. This is because

most classical PDDL planners do not track the current state throughout the planning process (see

Chapter 2.4.5 in [23]). While this approach allows for flexibility, it can make it difficult to precisely

trace the provenance of preconditions and effects, especially when they are established several steps

earlier. As a result, execution failures may occur when preconditions that were originally satisfied

at the start of one plan become invalid after the plan is combined with another. Because of this,

manual validation is necessary to ensure that preconditions are met across the entire sequence of

actions, particularly when merging plans that were originally solutions to different problems.
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2.2.3 Validating Sequential Transfer

As we have shown, sequential transfer has been a fundamental principle in both robotic

programming and AI planning. However, as tasks and environments become more complex, the

limitations of current methods for composing plans in sequence have become more apparent.

A primary challenge in sequential transfer is the inadequate consideration of preconditions

and effects during plan composition. Current methods often assume that the preconditions of each

action are automatically satisfied by the effects of the preceding action, which works well in simple

use cases but breaks down when handling situations with multistep dependencies. For instance,

in warehouse operations, a robot may have separate plans—one to stack an object and pickup a

different object, and another to perform another stacking action.

Specifically, the robot may first stack object B on A, then move object C, and finally try to

stack C on B, as shown here:

plan1:
stack(B A)

pre: (clear A) (holding B)
eff: (not (clear A)) (not (holding B)) (on B A) (clear B)

pickup(C)
pre: (clear C)
eff: (holding C)

plan2:
stack(C B)

pre: (clear B) (holding C)
eff: (not (clear B)) (not (holding C)) (on C B) (clear C)

If only direct preconditions and effects are validated, the system might prevent stacking C

on B because the effect of picking up C does not satisfy the precondition (clear b) necessary

for stacking C on B. This illustrates the need to validate global conditions across the sequence to

guarantee successful plan composition.
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To ensure the validity of sequential transfer, future research must focus on managing precon-

ditions and effects across the entire plan sequence. One promising direction is the development of

more sophisticated plan validation techniques that can track the provenance of preconditions and

effects across multiple steps. This would allow for better error handling and flexibility in intricate

planning environments which has the potential to improve the reliability of sequential transfer in

robotic and AI planning systems.

2.3 Hierarchical Transfer in Robotic Software Engineering

As robotic tasks grew in complexity, it became clear that a purely sequential approach

to reusing robot program and plans was insufficient. The need for a more structured and scal-

able method of organizing tasks led to the emergence of patterns that can be best described as

“hierarchical". Hierarchical transfer involves reusing plans that have been decomposed into compo-

nents within modular, layered structures, where each module can be independently executed and

reused across different contexts. This approach mirrors the problem-solving strategies employed

by human engineers, who often break down complex problems into manageable sub-tasks. By the

1980s, robot programming languages began to incorporate the concept of hierarchical separation-

of-concerns, transitioning from simple point-to-point control to more sophisticated task-oriented

interfaces [24, 62]. This shift allowed for more efficient task reuse, enabling robots to perform

increasingly complex operations by organizing plans in a modular, hierarchical fashion.

2.3.1 Modular Architectures

The adoption of modular architectures in the 2000s further solidified hierarchical transfer

as a foundational principle in robotic software engineering [63]. These architectures facilitated

the creation of independent units of behavior, which could be organized hierarchically and reused
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across various platforms. This approach is exemplified by several modular programming frame-

works and middlewares that emerged during this time [3,64–66]. Frameworks such as the Remote

Objects Control Interface (ROCI) [3] emphasized the importance of encapsulation and modularity,

introducing strongly-typed interfaces that allowed for reliable communication between modules.

(a) Components of the ROCI architecture. (b) An example of a ROCI task.

Figure 2.3: The ROCI architecture contains modules, pins, tasks, and nodes [3].

While this approach was promising, one limitation was its reliance on strict guidelines for

interface design, which had to be communicated between human engineers. Like many other

frameworks [65, 67–71], ROCI lacked a formalism that could automatically validate the correct

arrangement of modules. This absence of formal validation introduced potential vulnerabilities in

system reliability, as errors in module design or integration could remain undetected until runtime,

rather than being caught during development.

2.3.2 Hierarchical Task Networks (HTNs)

The hierarchical paradigm gained significant attention in the AI planning community, as

evidenced by the successful introduction of hierarchical task networks (HTNs) [27] and their many

applications [4,17,72–75]. HTNs allow for the modular construction of plans, where sub-tasks can

be independently developed and reused across various planning problems.

The core idea behind HTNs is to decompose tasks hierarchically, allowing a system to

tackle large, complex problems by breaking them down into simpler, interconnected steps (see
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Figure 2.4: A plan within a hierarchical task network (HTN) [4].

Chapter 11 of [23]). In an HTN, tasks are categorized into two types: primitive tasks, which

represent actions that can be directly executed, and compound tasks, which are decomposed into a

series of compound or primitive tasks. Methods specify the decomposition of compound tasks into

subtasks. Methods, like actions, are context-dependent and apply only when certain preconditions

are satisfied. Whether a method is applicable depends on the current state and is determined at

the time of planning. This process continues recursively until all tasks are reduced to primitive

tasks, which are then executed sequentially to achieve the overall goal. An example of a plan

within an HTN is illustrated in Figure 2.4.

While this hierarchical decomposition enables efficient planning within a specific context, it

also introduces significant limitations when it comes to reusing plans or methods across different

different problems. As stated, HTN plans are highly context-dependent and methods are typically

defined with limited regard for their impact on other parts of the plan [76]. This makes integrating

a new method into an existing plan particularly difficult. The effects of primitive tasks are only

validated locally, which can result in tasks appearing valid in isolation but failing when executed

as part of a larger plan. Consequently, any attempt to incorporate new methods or adapt existing
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plans often requires replanning from scratch, as cross-method interactions and cumulative effects

across the hierarchy are not automatically accounted for. While the resulting plan may appear

correct in theory, it can be flawed in practice due to unhandled interactions and dependencies

between methods.

2.3.3 Validating Hierarchical Transfer

While reusing plans and programs within a hierarchical structure has proven to be a powerful

approach in both robotic software engineering and AI planning, several challenges remain that limit

its full potential. One of the most significant issues is the lack of formal mechanisms to enforce

the consistent interpretation and integration of modules across different layers of a hierarchy. This

absence of formal enforcement can lead to confusion, particularly when modules developed in

isolation are reused in different contexts or combined in novel ways. Without a formal approach

guiding the integration, subtle differences in how modules interpret inputs or generate outputs can

lead to unexpected behavior, potentially undermining the reliability of the entire system.

To advance hierarchical transfer methods, future research must focus on developing formal

frameworks that ensure consistent interpretation and integration of modules across all levels of

the hierarchy. Such frameworks could involve formal methods for specifying and verifying the

interfaces between modules, ensuring they not only adhere to syntactic standards but also meet

semantic expectations.

2.4 Analogical Transfer in AI Planning and Transfer Learning

While sequential and hierarchical transfer methods effectively address the challenges of

reusing and adapting tasks within a single context, they often fall short when it comes to trans-

ferring knowledge across different context—a desirable feature for general-purpose robotics. Ap-
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proaches that construct mappings between domains, such as program translation, transfer learning

in robotics, and case-based reasoning in AI planning aim to address this limitation.

Wilkins and DesJardins [9], in their call for knowledge-based planning, argued that an ideal

system should mimic human behavior by using analogies to transfer solutions from one problem to

another. This perspective supports the idea of identifying structural similarities between contexts

and using them to adapt plans from one context to another—which we refer to as analogical

transfer.

2.4.1 Formal Theory of Analogy

Analogy has long been recognized as a fundamental process in human reasoning. Analogies

have been studied extensively in the field of cognitive psychology since the foundational work

“Structure-Mapping: A Theory of Analogies” was published by Gentner in 1983 [77]. Analogical

reasoning in this context is defined as the cognitive activity related to identifying common features

of two situations and deriving further inferences based on those relations [5]. According to the

formal theory of analogies, there are three phases in analogical reasoning: retrieval, mapping,

and evaluation. The mapping stage involves identifying and aligning commonalities between two

memories, otherwise known as structure mapping. An example of structure mapping can be seen

in Figure 2.5. According to this theory, analogical maps are structurally consistent, meaning

they must adhere to two key principles—(i) one-to-one correspondence, where each concept in

the source memory maps to at most one concept in the target memory, and (ii) the systematicity

principle, where analogical maps connect large, densely connected systems of concepts, instead

of just a handful of isolated concepts. This formalization is the most widely accepted framework

for understanding analogical processing and provides a strong basis for transferring plans and

programs between contexts in robotics.
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Figure 2.5: Analogies are constructed using maps between interconnected network of concepts.
(a) Initial map between concepts. (b) New inference derived from the initial map. (c) A shared
pattern between two networks of concepts. Image from [5].

Approaches across programming languages, transfer learning, and AI planning contribute

promising methods toward this goal. Here, we evaluate these methods based on how well they

address the criteria for transferring plans and programs using analogies.

2.4.2 Using Program Translation

At the intersection of programming languages and robotics, analogy-like transfer methods

manifest as program translation methods. Frameworks for translating robot programs to preserve

behavior across different robot platforms were introduced in the early 2000s. Freund et al. [28,78]
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presented a novel framework for robot program translation, which generates robot program variants

in manufacturer-specific languages. A key component of their framework is a syntax map between

the two controller languages, which facilitates translation from the source program to the target

language.

The translation framework converts high-level robot programming languages into controller-

specific code using abstract syntax trees (ASTs) and predefined templates. While it ensures that

commands are correctly mapped to the target language, it does not adhere to the systematicity

principle because it does not consider the connected structure that results from the grammar of

the language. Other systems such as AdaptPack Studio Translator [79,80] and MontiArcAutoma-

ton [81, 82] follow similar architectures to Freund’s framework, inheriting the same limitations

in supporting analogical transfer for task plans. While these frameworks successfully clone the

operational behaviors of one robot onto another, they fall short when it comes to transferring

higher-level task plans that govern abstract decision-making and problem-solving. Nevertheless,

the energy behind these approaches highlights the demand for methods that can imbue robots

with the behavior of another.

2.4.3 Using Transfer Learning

Recent methods that share similar goals to analogical transfer can be found in the emerging

discipline of transfer learning in robotics. Transfer learning in robotics [20] often depends on a uni-

versal representation constructed using meta-neural networks, frequently incorporating reinforce-

ment learning (RL) architectures that attempt to learn multiple tasks simultaneously [21,83–87].

One particular approach claims to train an RL model to learn analogies between source

and target subtasks by enforcing an analogy-making constraint in its objective function [85]. This

objective imposes constraints that ensure the differences between task embeddings are consistent
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across analogous tasks. For example, it enforces constraints such as ||∆(gA, gB)−∆(gC , gD)|| ≈ 0

where gA : gB :: gC : gD. In other words, if tasks gA and gB are analogous to tasks gC and gD, the

difference vectors between their embeddings should be similar.

This approach aligns with the rigorous definition of analogies between planning domains by

attempting to establish one-to-one correspondences and maintain systematic relationships in the

task embedding space. However, as with many deep-learning methods, it lacks the interpretability

and transparency needed to ensure that these analogical mappings are accurately established and

properly utilized. This opaqueness makes it difficult to verify whether the inferences generated by

these models are valid, relevant, or capable of providing new knowledge that is beneficial to the

task. Therefore, while transfer learning approaches show promise, they often fall short at creating

interpretable analogies.

2.4.4 Using Case-based Planning

The methods that best align with the formal theory of analogies come from the fields of AI

planning and knowledge representation. Case-based planning (CBP), pioneered by Janet Kolod-

ner [29], aims to solve new problems by retrieving and adapting previous plans based on past

experiences, as shown in Figure 2.6. Early systems like CYRUS [29] exemplified this approach by

retrieving relevant plans, mapping them to new problems, and modifying them as needed to fit the

new context. Since then, many algorithms [88–94] have been developed to improve the efficiency

and effectiveness of CBP in different domains.

The mapping process within CBP identifies correspondences between the elements of the

source and target problems. A key aspect of CBP is its focus on preserving the structural rela-

tionships between the steps in the retrieved plan. CBP methods also support the generation of

new inferences by adapting the retrieved plan to fit the new problem. This adaptation process
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Figure 2.6: The case-based planning (CBP) cycle [6].

involves identifying differences between the old and new problems, modifying the plan accordingly,

and generating new steps or actions that were not explicitly present in the original plan. Despite

these strengths, CBP methods have not been widely adopted in robotics due to several practical

challenges [95]. One of the key issues is the high variability and context sensitivity of real-world

robotic tasks. Variations in planning domains make it difficult to retrieve and adapt relevant past

cases, particularly when they originate from different planning domains with different constraints

and requirements.

2.4.4.1 Modern Approaches resembling Case-based Planning

Several modern approaches have been proposed that resemble the plan reuse step of CBP.

For instance, Elimelech et al. [96, 97] introduced a method for cross-domain task plan transfer,

which focuses on caching abstract skills in a dynamically-defined abstract domain. Their approach

transfers successful task plans into an abstract domain where they are stored as abstract skills.

This technique utilizes abstraction keys to generalize these skills and reconstruct them in new
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Figure 2.7: An ontology alignment for kitting applications [7].

domains on demand. The method adheres to the strict definition of analogies by establishing

one-to-one correspondences through abstraction keys. This correspondence is said to maintain the

plan structure formed by dependencies between states in the original plan. In another approach,

Segovia-Aguas et al. [98] propose transferring plans by guiding planning in the target scenario using

landmark states. This ensures that plans achieve key intermediate states, which are necessary

across different problems and contexts.

In both approaches, the correspondences are made between plans, rather than between

the underlying domain structure. While these methods effectively generalize and transfer plans

across different domains, they do not explicitly maintain or map the intricate relationships and

dependencies within domain knowledge. As a result, these techniques excel at high-level plan

transfer but may not fully capture deeper analogical connections between domain elements.

2.4.5 Using Ontology Alignment

Ontology alignment is an area of research in knowledge representation that provides promis-

ing candidates for establishing analogies between knowledge of different planning domains. During

ontology alignment, correspondences between entities (such as types, predicates, or instances) in
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different ontologies are established with consideration for the overall structure [99]. Given that

ontologies are often implemented according to logical frameworks, logical inferences can be made

based on the aligned entities and their relationships. Some examples of ontology alignment within

robotics include work done by Kainzner et. al. [100] and Heuss et. al. [7]. Kainzner et. al. used

ontology alignment to integrate and standardize knowledge across different ontologies in manu-

facturing maintenance. Heuss et. al. presented a novel method that aligns the ontologies from

abstractly modeled planning domains to application-specific planning domains for industrial tasks

(see Figure 2.7). These approaches, however, do not suggest how to use aligned ontologies to reuse

plans from one domain in another, which provides an avenue of future research.

2.4.6 Validating Analogical Transfer

Analogical transfer is particularly relevant in robotics as it enables the reuse of task plans

across different domains—something that sequential and hierarchical transfer methods struggle to

achieve. By leveraging analogy, robots can transfer solutions from one domain to another, allowing

them to adapt to new and unforeseen challenges more effectively. Despite promising advancements,

some open problems related to validating analogical transfer remain.

One key challenge is the need for formal frameworks to establish analogical maps, as well as

the limited interpretability of analogies generated by deep learning models. A critical issue in this

work is preserving the highly-connected relational structures within world knowledge during plan

transfer. While current methods focus on overall plan correspondence, they often fail to maintain

the intricate dependencies and relationships embedded in domain knowledge, which are essential

for true analogical reasoning.

Ontology alignment shows promise in establishing analogies between knowledge domains;

however, further research is needed to leverage these aligned ontologies for reusing plans across
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different domains. These gaps underscore the necessity for more sophisticated frameworks that in-

tegrate interpretability, preserve detailed relational structures, and support systematic plan reuse.

Advancing these capabilities is essential for the practical application of analogical plan transfer in

robotics.

2.5 Summary

In summary, program and plan reuse in robotics and AI has evolved through three paradigms:

sequential, hierarchical, and analogical transfer. Transfer methods rarely manifest in isolation, and

modern task planning may require combining these approaches. The future of plan transfer lies

in developing a formal representation that accommodates all three within a single, interoperable

framework. This integration would create a more powerful and flexible approach to task planning

while enabling a broader range of transfer techniques. In the next chapter, we introduce cate-

gory theory’s formal concepts, which serve as the basis for a unified language that supports the

interoperability of sequential, hierarchical, and analogical transfer.
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Chapter 3: Category Theory Foundations

Plan transfer would allow a robot to solve past and present problems simultaneously. One

way to be in two places at once is through homomorphisms.

In mathematics, a homomorphism is a map between two algebraic structures of the same

type that preserves their structure. In other words, homomorphisms consider the relationships

between elements in the domain and ensures that the image of these relationships are respected

in the codomain. In this way, homomorphisms provide a bridge between two worlds—one that

ensures that events happening in the codomain are consistent reflections of those in the domain.

If the structures composition and identity govern the domain, then the homomorphism be-

comes what category theorists call a functor. In far more precise terms, the foundational paper by

Samuel Eilenberg and Saunders Mac Lane, "General Theory of Natural Equivalences," published

in 1945 [30], introduced the basic concepts of category theory—namely, categories, functors, and

natural transformations. Eilenberg and Mac Lane developed category theory as a tool to formalize

and unify various mathematical concepts in algebra and topology. Over time, category theory has

proven to be a powerful and versatile mathematical tool that can provide a coherent framework

naturally aligned with the principles of composition, modularity, knowledge representation, and

analogies. In this chapter, we will introduce definitions of concepts from category theory that are

foundational to the work of this dissertation.

Before providing formal definitions, let us ease into the discussion for unfamiliar readers of
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mathematics. It is helpful to think of mathematical structures as languages, each providing its

own types and rules to express certain ideas. For instance, in the language of graphs, there are

two basic types: (i) nodes and (ii) edges. The primary rule governing this language is simple—an

edge connects two nodes (in an undirected graph). This minimal set of types and rules is sufficient

for describing certain relationships, more complex relationships, however, would require additional

structure.

The language of a category, on the other hand, introduces two different types: (i) objects

and (ii) morphisms. At first glance, one might assume that graphs and categories have similar

expressive power because they both rely on two basic types. However, categories are equipped

with a richer set of rules that allow for more sophisticated constructions. Here are the fundamental

rules of categories:

• Morphisms are directed arrows between two objects, going from a domain object and to a

codomain object.

• Morphisms can be composed if the codomain of one morphism matches the domain of an-

other.

• This composition operation is associative which means the order in which a pair of morphisms

are evaluated does not affect the result.

• Each object has a special morphism, called the identity morphism, which maps the object

to itself.

• Categories consist of a collection of objects and a collection of morphisms that obey these

rules.

These basic rules lay the foundation for category theory. The simplicity and flexibility of

these definitions allows categories to model more complex structures while still maintaining closure

within the categorical language. For instance, a category itself can be an object in a category.
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In this case, a morphism between two categories would be called a functor. Because a functor

maps between two categories and preserves composition and identity, it aligns with the concept of

a homomorphism but operates within the richer context of category theory. Many structures can

be built out of these rules, as we will see in the remainder of this chapter.

3.1 Categories, Functors, Natural Transformations

Categories, functors, and natural transformations are fundamental building blocks for many

category-theoretic constructs [101]. To begin, we formally define a category in Definition 2.

Definition 2 (Category). A category C consists of the following components:

• A collection of objects, denoted Ob(C);

• For each pair of objects X,Y ∈ Ob(C), a collection HomC(X,Y ) of morphisms from X

to Y , with each morphism f ∈ HomC(X,Y ) denoted as f : X → Y ;

• A composition operation which, for every pair of morphisms f : X → Y and g : Y → Z,

defines a composite morphism g ◦ f : X → Z;

• For every object X, an identity morphism 1X : X → X.

These components must satisfy the following laws:

• (Associativity law) For any composable morphisms f , g, and h : Z → W , the equation

h ◦ (g ◦ f) = (h ◦ g) ◦ f must hold.

• (Unitality law) For every morphism f : X → Y , composition with the identity mor-

phisms must satisfy f ◦ 1X = f and 1Y ◦ f = f .

Some canonical examples of categories include the categories Set, Pos, and Veck [101,102].

Example 1 (Set). The category Set is a category whose objects are sets and whose morphisms

are functions.
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Example 2 (Pos). The category Pos is the category whose objects are partially ordered sets

(posets) and whose morphisms are monotone functions between them.

Example 3 (Veck). The category Veck is the category whose objects are vector spaces over a

fixed field k, typically R or C, and whose morphisms are linear maps between those vector

spaces.

Some additional categories with concrete examples may aid readers, such as the category

formed by the powerset of {1, 2}, or P({1, 2}), and the category formed by the preorder of natural

numbers, N≤.

Example 4 (P({1, 2})). The category of the powerset of {1, 2}, P({1, 2}), is the category

whose objects are elements of the powerset of {1, 2}, P({1, 2}) = {∅, {1}, {2}, {1, 2}}. For

objects X,Y ∈ P({1, 2}), there exists a unique morphism f : X → Y if and only if X ⊆ Y ,

namely subset inclusion.

Example 5 (N≤). The category of the preorder of natural numbers, N≤, is the category whose

objects are natural numbers, N = {0, 1, 2, . . . }. For objects m,n ∈ N, there exists a unique

morphism f : m → n if and only if m ≤ n according to the standard ordering of natural

numbers.

A category can be qualified as being finitely generated which means that all objects and

morphisms within each category are derived from a finite set of objects and morphisms. For

example, the category P({1, 2}) is finitely generated.

Categories can themselves be treated as objects in a larger category called Cat, whose mor-

phisms are known as functors. A functor describes a mapping between two categories, preserving

both the composition of morphisms and identity morphisms. Formally:
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Definition 3 (Functors). A functor F from a category C to another category D, denoted

F : C→ D, consists of:

• A function F : Ob(C)→ Ob(D) that maps each object in C to an object in D;

• For every pair of objects X,Y ∈ C, a function F : HomC(X,Y )→ HomD(F (X), F (Y ))

that maps each morphism in C to a morphism in D.

These functions must satisfy the following conditions:

• F (g ◦ f) = F (g) ◦ F (f) for every composable pair of morphisms X
f−→ Y

g−→ Z in C;

• F (1X) = 1F (X) for every object X ∈ C.

Functors allow us to capture information about a category by relating it to other categories.

For example, consider functors from the category P({1, 2}) to N≤. Such functors can convey

information about objects in P({1, 2}), such as their cardinality (size) or the sum of their elements.

Example 6 (Cardinality functor for P({1, 2})). Let |.| : P({1, 2}) → N≤ be a functor that

maps each subset in P({1, 2}) to its cardinality as a natural number, and each subset inclusion

relation to the corresponding inequality between their cardinalities.

Object map. The functor |.| maps each object (set) in P({1, 2}) to a natural number based

on its cardinality:
∅ 7→ 0, {1} 7→ 1, {2} 7→ 1, {1, 2} 7→ 2

Morphism map. The functor |.| also maps each morphism in P({1, 2}) to a morphism in N≤:

f : X → Y (where X ⊆ Y ) ∈ P({1, 2}) 7→ |X| ≤ |Y | ∈ N≤

Specifically, the morphism mappings are:

∅ ⊆ {1} 7→ 0 ≤ 1, {1} ⊆ {1, 2} 7→ 1 ≤ 2, ∅ ⊆ {2} 7→ 0 ≤ 1,

{2} ⊆ {1, 2} 7→ 1 ≤ 2, ∅ ⊆ {1, 2} 7→ 0 ≤ 2
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Example 7 (Sum functor for P({1, 2})). Let Σ : P({1, 2})→ N≤ be a functor that maps each

subset in P({1, 2}) to the sum of its elements as a natural number, and each subset inclusion

relation to the corresponding inequality between their sums.

Object map. The functor Σ maps each object (set) in P({1, 2}) to a natural number based

on the sum of its elements:

∅ 7→ 0, {1} 7→ 1, {2} 7→ 2, {1, 2} 7→ 3

Morphism map. The functor Σ also maps each morphism in P({1, 2}) to a morphism in N≤:

Σ : f : X → Y (where X ⊆ Y ) ∈ P({1, 2}) 7→ Σ(A) ≤ Σ(B) ∈ N≤

Specifically, the morphism mappings are:

∅ ⊆ {1} 7→ 0 ≤ 1, {1} ⊆ {1, 2} 7→ 1 ≤ 3, ∅ ⊆ {2} 7→ 0 ≤ 2,

{2} ⊆ {1, 2} 7→ 2 ≤ 3, ∅ ⊆ {1, 2} 7→ 0 ≤ 3

Functors can also serve as objects within a category. In such a category, the objects are

functors between fixed domain and codomain categories, such as C and D. The morphisms between

these functors are called natural transformations. Formally:

Definition 4 (Natural Transformation). Given two categories C and D, a natural transforma-

tion α between two functors F,G : C→ D is a collection of morphisms in D:

αX : F (X)→ G(X) for each object X ∈ C

N≤. Namely, for every morphism, f : X → Y , in C the following diagram commutes:

F (X) F (Y )

G(X) G(Y )

F (f)

αX αY

G(f)

This commutativity condition means that: αY ◦ F (f) = G(f) ◦ αX .

Notice that, like F (f) and G(f), the natural transformation components, ηX and ηY , are

morphisms in D. For example, the components of the natural transformation between the cardi-
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nality functor, |.| : P({1, 2})→ N≤, and sum functor, Σ : P({1, 2})→ N≤ are inequality relations

between natural numbers.

Example 8 (Natural transformation α : |.| ⇒ Σ). The natural transformation α : |.| ⇒ Σ is

defined by the mappings αX : |X| → Σ(X) for each object X in P({1, 2}). The object map

for α is defined as follows:

α∅ : |∅| = 0→ Σ(∅) = 0,

α{1} : |{1}| = 1→ Σ({1}) = 1,

α{2} : |{2}| = 1→ Σ({2}) = 2,

α{1,2} : |{1, 2}| = 2→ Σ({1, 2}) = 3.

The transformation shown in Example 8 demonstrates how cardinality can be associated

with the sum of elements. Though simple, this example shows how natural transformations pro-

vide a structure for examining how values change under different functors. This concept will be

particularly useful for managing states and actions in planning in this dissertation.

3.1.1 Some Notable Functors and Natural Transformations

Of the many constructions that can be achieved using categories and functors, we highlight

a few essential ones that will be used throughout this dissertation.

3.1.1.1 Diagrams and Spans

A diagram in category theory is a functor that maps an index category to a category, C.

The purpose of a diagram is to identify a specific pattern of objects and morphisms, given by the

index category, within another category. Formally, a diagram is defined as:
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Definition 5 (Diagram, Index Category). Let C be a category and J be an index category. A

diagram D of shape J in the category C is a functor D : J→ C.

One common example of a diagram that will appear frequently in this dissertation is a span.

Definition 6 (Span). A span is a diagram with an index category containing three objects and

two morphisms arranged like:

X Z Y
f g

Here, f is called the left leg of the span and g is called the right leg of the span. The

object Z is called the apex of the span.

Example 9 (Span in Set). Let the category J be:

X Z Y
f g

Object map. The span, D : J→ Set, maps the objects in J:

Z 7→ {1, 2}, X 7→ {c, d, e}, Y 7→ {a, b}

Morphism map. The span, D, maps the morphisms in J :

D(f) : Z → X, where f = {1 7→ d, 2 7→ e}

D(g) : Z → Y, where g = {1 7→ a, 2 7→ b}

A Set-valued span captures how the apex set, Z, simultaneously embeds into the target

sets X and Y . Later, we will see that a universal property in category theory can be used to

construct a new object in Set that represents the disjoint union of sets X and Y , quotiented by

the equivalence induced by their common elements in Z.

3.1.1.2 Representable Functor

Another noteworthy functor is a representable functor. A representable functor [103] is a

functor that maps an object, X ∈ C, to the set of morphisms originating from X. By doing so,

the representable functor captures how that object relates to all others within the category. We
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formally define a representable functor as:

Definition 7 ((Covariant) Representable Functor). Given a category C and an object X in C,

the hom-functor, HomC(X,−) : C→ Set, is defined as follows:

• Each object Y ∈ C is mapped to the set of morphisms HomC(X,Y ) in C:

HomC(X,−)(Y ) = HomC(X,Y )

• Each morphism g : Y → Z in C is mapped to the function:

HomC(X,−)(g) : HomC(X,Y )→ HomC(X,Z)

which maps each morphism f ∈ HomC(X,Y ) to the composite morphism g ◦ f : X → Z.

A functor F : C → Set is called a representable functor if there exists an object X in

C and a natural isomorphism [103] F ∼= HomC(X,−).

Let us take an example of a hom-functor HomC(X,−) for a specific set X, and demonstrate

how it maps objects and morphisms in the category Set.

Example 10 (Hom-Functor in Set). Let X = {1, 2} be a fixed set in Set. We define the functor

HomSet(X,−) : Set → Set, which maps each object Y in Set to the set of functions from X

to Y , denoted by HomSet(X,Y ).

For any set Y ∈ Set, HomSet(X,Y ) is the set of all functions from X to Y . For example,

if Y = {a, b}, then HomSet(X,Y ) consists of all functions f : X → Y . In this case, there are

22 = 4 possible functions, since each element in X can be mapped to either a or b, namely:

HomSet(X,Y ) = {f1, f2, f3, f4}
where:

f1(1) = a, f2(1) = a, f3(1) = b, f4(1) = b

f1(2) = a, f2(2) = b, f3(2) = a, f4(2) = b

Thus, HomSet(X,Y ) is the set of all functions from {1, 2} to {a, b}.

Now, let Z = {c}. Let g : Y → Z be a function between sets Y and Z such that

36



g : {a, b} → {c} is the unique function that maps both a and b to c. The morphism

HomSet(X,−)(g) contains the following maps:

f1 7→ g ◦ f1, f2 7→ g ◦ f2, f3 7→ g ◦ f3, f4 7→ g ◦ f4

With this example in mind, it is easier to see how hom-functors can generalize to categories

beyond Set. A functor F : C→ Set is called representable if there exists an object X in C such that

F is naturally isomorphic to the hom-functor HomC(X,−). In other words, F is representable if

it "behaves like" the hom-functor HomC(X,−), mapping each object Y to the set of morphisms

from X to Y .

Representable functors are particularly useful for isolating the relationships of an object with

all other objects in a category. For example, if the category represents a type hierarchy within

an ontology, a representable functor for a given type could collect all connected types in that

ontology. With this understanding, universal properties—particularly colimits—over diagrams of

representable functors can induce a more expansive network of types, which is leveraged in this

dissertation.

3.2 Universal Properties

Objects in categories can satisfy universal properties such as being a limit or colimit [101].

A universal property characterizes an object uniquely (up to isomorphism) by specifying its rela-

tionships to other objects in a way that satisfies a particular universality condition. In the case

of limits and colimits, the universality conditions satisfied are those that make the object either

the most specific (or minimal) in the case of limits, or the most general (or maximal) in the case

of colimits, such that it commutes with a given diagram in the category. The definitions of limits

and colimits are provided in Definition 8 and 9, respectively.

Because colimits, which are dual to limits, play a central role in the framework developed in
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this dissertation, we will define both concepts but focus primarily on colimits in this exposition.

Although limits and colimits are first introduced in their general form, we will also give particular

attention to a specific type of colimit—the pushout—in this section.

Definition 8 (Limit). Let D : J→ C be a diagram.

A cone over D is an object X ∈ C and a family of morphisms in C, (X fi−→ D(i))i∈J,

such that the triangle:
D(I)

X

D(K)

D(u)

fI

fK

commutes for every morphism u : I → K in J.

A limit of D is a cone (L
πi−→ D(i))i∈J over D with the property that for any cone over

D, as above, there exists a unique morphism f! : X → L such that πi ◦ f! = fi for all i ∈ J.

A limit is a concept that describes how to combine objects, D(i) where i ∈ J , in a way

that preserves their relationship. It identifies a single object, L, that minimally encodes all the

relationships among the objects in a coherent, consistent manner.

As mentioned, colimits are defined dually to limits, which means the morphisms forming

the cone are reversed to form a cocone.
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Definition 9 (Colimit). Let D : J→ C be a diagram.

A cocone under D is an object Y ∈ C and a family of arrows in C, (D(i)
gi−→ Y )i∈J such

that the triangle:
D(I)

Y

D(K)

D(u)

gI

gK

commutes for every morphism u : I → K in J. A colimit of D is a cocone (D(i)
ιi−→ C)i∈J

under D with the property that for any cocone under D, as above, there exists a unique

morphism g! : C → Y such that g! ◦ ιi = gi for all i ∈ J.

A colimit is a concept that describes how to merge objects, D(i) where i ∈ J , in a way

that captures how they come together. It identifies a single object, C, that combines all the

relationships among the objects in the most inclusive, consistent way.

Colimits (and limits) can be computed over a variety of diagrams. Of particular relevance

to this dissertation, is the colimit over a span. A colimit of a span is called a pushout which forms

a pushout square. Formally:

Definition 10 (Pushout). Let D : J→ C be a diagram, where J is an index category with the

shape (a span):

Z Y

X

g

f

A pushout of this diagram consists of an object P ∈ C along with two morphisms pX : X → P

and pY : Y → P such that the following diagram commutes:
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Z Y

X P

g

f pY

pX

⌟

The pushout is a colimit of a span which means it satisfies the following universal

property—for any other object Q ∈ C with morphisms qX : X → Q and qY : Y → Q such

that the diagram:
Z Y

X Q

g

f qY

qX

commutes, there exists a unique morphism u! : P → Q such that u!◦pX = qX and u!◦pY = qY .

To state this more concretely, in the category Set, a pushout can be thought of as the disjoint

union of two sets that are joined along a common subset represented by the apex of the span, as

was foreshadowed in Section 3.1.1.1. This means that given two sets X and Y with a common

subset Z and functions f : Z → X and g : Z → Y , the pushout forms the union of X and Y while

identifying elements in X and Y that correspond to the same element in Z. This construction,

in essence, glues the sets together along Z. An example demonstrating this for specific objects in

Set is presented in Example 11.

Example 11 (Pushout in Set). The span is the same as in Example 9. The pushout of this

span in Set is:

P = {c, d = a, e = b}.

In the pushout set P , the element d ∈ X is identified with a ∈ Y , and e ∈ X is identified with

b ∈ Y . The element c ∈ X remains distinct because it is not related to any element in Y .

It is also possible to take the colimit over diagrams involving more sophisticated objects,

like representable functors.
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Example 12 (Colimit of Representable Functors in a Small Category, C). Let C be a small

category with two objects, A and B, and a single morphism:

f : A→ B

along with identity morphisms 1A and 1B.

The representable functor, HomC(A,−), is defined according to the following object

and morphism maps.

Object map. The functor, HomC(A,−), maps each object X ∈ C to the set representing

morphisms from A to X:

HomC(A,A) = {1A}, HomC(A,B) = {f}

Morphism map. The functor, HomC(A,−), maps the morphism f ∈ C:

HomC(A,−)(f) : HomC(A,A)→ HomC(A,B)

The representable functor, HomC(B,−), is defined according to the following object

and morphism maps.

Object map. The functor, HomC(B,−), maps each object X ∈ C to the set representing

morphisms from B to X:

HomC(B,B) = {1B}, HomC(B,A) = ∅

Morphism map. The functor, HomC(B,−), maps the morphism f ∈ C:

HomC(B,−)(f) : HomC(B,A)→ HomC(B,B)

Natural transformation. The morphism f : A → B induces a natural transformation, α,

between these representable functors, namely:

HomC(A,−)(A) HomC(A,−)(B)

HomC(B,−)(A) HomC(B,−)(B)

HomC(A,−)(f)

αA αB

HomC(B,−)(f)
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The components, αA and αB, are the following maps:

αA : {1A} 7→ ∅

αB : {f} 7→ {1B}

The colimit of this diagram of representable functors is the hom-functor Y defined by

the following object and morphism maps.

Object map. The functor, Y , maps each object X ∈ C accordingly:

Y (A) = ∅, Y (B) = {⋆}

Because αA identifies {1A} with the empty set ∅, this causes {1A} to be viewed as equivalent

to ∅, or nothing. Because αB identifies {f} with and {1B}, Y (B) consists of a single element,

which we denote as ⋆, representing their equivalence class.

Morphism map. The functor, Y , maps the morphism f ∈ C to:

Y (idA) : ∅ → ∅

Y (idB) : {⋆} → {⋆}

Y (f) : ∅ → {⋆}

Notice that Y is representable because it is naturally isomorphic to HomC(B,−).

In the colimit of the representable functors shown in Example 12, Y acts as a compressed

or quotient view of C in which the distinction between the morphisms f and 1B is removed giving

a simplified view of the relationships in C. This has computational advantages as it allows for

a compressed view of the structure formed by a category. When the category encodes types in

an ontology, for example, this approach allows relationships between types to be represented in a

minimal form.

It is important to note that not all diagrams have limits and colimits in every category [101].

A category that has limits for all diagrams is called complete, while a category that has colimits

42



for all diagrams is called cocomplete. If a category only has limits or colimits for some diagrams

but not all, then it is referred to as incomplete and non-cocomplete, respectively. For example, the

category, Set, is complete and cocomplete, whereas the category of finite sets, FinSet, is complete

and non-cocomplete [101].

3.3 Constructions

In category theory, constructions provide systematic methods for creating new categories,

functors, or other categorical objects that reveal or exploit underlying structure from existing ones.

The category of elements construction, [101], is an example of a categorical construction

that transforms a functor F : C→ Set into a single category. Formally:

Definition 11 (Category of Elements). Let F : C→ Set be a functor. The category of elements

of F , denoted
∫
F , is the category defined as follows:

• The objects of
∫
F are pairs (C,X), where C ∈ Ob(C) and X ∈ F (C).

• The morphisms of
∫
F are (f,X) : (C,X) → (D,Y ), where f : C → D is a morphism

in C and F (f)(X) = Y .

Given two composable morphisms:

(f,X) : (C,X)→ (D,Y ), (g, Y ) : (D,Y )→ (E,Z) ∈
∫

F

their composition (g, Y ) ◦ (f,X) is defined as (g ◦ f,X) : (C,X)→ (E,Z)a.

The identity morphism for an object (C,X) in
∫
F is (1C , X), where 1C is the identity

morphism on C in C.

aThis composition works because F (g ◦ f)(X) = F (g)(F (f)(X)) = F (g)(Y ) = Z which satisfies the
conditions for morphisms in

∫
F .

To help illustrate this idea, let us consider an example of a category of elements construction

for a simple C-Set functor.
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Example 13 (Category of Elements for F : C→ Set). Consider the small category, C.

A B
f

The identify morphisms 1A and 1B are also present but not drawn.

Let F : C→ Set be a functor defined by the following object and morphism assignments.

Object map. The functor, F , maps the objects X ∈ C accordingly:

F (A) = {a, b}, F (B) = {c}

Morphism map. The functor, F , maps the non-identity morphism, f ∈ C accordingly:

F (f)(a) = c, F (f)(b) = c

The identity morphisms, 1A and 1B, are identity functions.

The category of elements construction constructs a new category,
∫
F , based on F .

Objects. The objects of
∫
F are:∫

F (a) = (A, a),

∫
F (b) = (A, b),

∫
F (c) = (B, c)

Morphisms. The morphisms of
∫
F are:

F (f)(a) : (X, a)→ (Y, c)

F (f)(b) : (X, b)→ (Y, c)

F (idX)(a) : (X, a)→ (X, a)

F (idX)(b) : (X, b)→ (X, b)

F (idY )(c) : (X, c)→ (X, c)

This construction provides a way to reveal the structure of a set-valued functor by organizing

its elements and the point-wise maps between them as objects and morphisms in a new category.

3.4 Other Categories

The algebraic theory of categories can be extended to include additional structure, such as

in monoidal categories and their extensions. A monoidal category [39] is a category equipped with

a monoidal product that allows objects to be combined in a way that mimics familiar operations

like multiplication or parallel composition.

For instance, monoidal categories have been applied to model the composition of quan-
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tum states and processes [33], and as a framework for understanding parallelism and concurrency

in programming [104, 105]. Extensions of monoidal categories, such as braided and symmetric

monoidal categories, add further structure that models commutativity or more intricate interac-

tions. Formally, a monoidal category is defined:

Definition 12 (Monoidal Category). A monoidal category is a category, M, consists of:

• A bifunctor ⊗ : M×M→ M, called the monoidal product,

• An object 1 ∈ M, called the unit object,

• A natural isomorphism aX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z), called the associator,

• A natural isomorphism λX : 1⊗X → X, called the left unitor and a natural isomorphism

ρX : X ⊗ 1→ X, called the right unitor

such that the pentagon identity—that enforces that all ways of associating a fourfold monoidal

product are equivalent—and the triangle identity—that enforces compatibility between the

associator and the unitors—are satisfied.

A braided monoidal category extends the definition to include an isomorphism called a

braid [39]. Here, we provide an abbreviated definition of a braided monoidal category:

Definition 13 (Braided Monoidal Category). A braided monoidal category is a monoidal cat-

egory M equipped with a natural isomorphism:

• BX,Y : X ⊗ Y → Y ⊗X called the braiding.

such that hexagon identities—that enforce the compatibility of braiding with the associator—

and the inverse braiding condition—that guarantees that applying the braiding in both di-

rections BX,Y and BY,X results in the identity on X ⊗ Y —are satisfied.

A symmetric monoidal category (SMC) further extends the definition of a braided monoidal

category by requiring the braiding to be symmetric, meaning that swapping two objects twice
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results in the identity transformation. We formally define an SMC as:

Definition 14 (Symmetric Monoidal Category (SMC)). A symmetric monoidal category is a

braided monoidal category M where the braiding is symmetric. This means that the braiding

natural isomorphism BX,Y : X ⊗ Y → Y ⊗X satisfies the condition:

BY,X ◦BX,Y = 1X⊗Y

for all objects X and Y in M.

Given that all monoidal categories are categories, there can exist functors between these

categories, namely monoidal functors. As with regular functors, monoidal functors preserve com-

position, however, they also preserve the other structures present within the algebraic theory of

a monoidal category. For monoidal functors between SMCs, they must preserve the monoidal

product and its symmetry [103]. An abbreviated definition is provided below:

Definition 15 (Monoidal functor between SMCs). Let C and D be SMCs. A monoidal functor

F : C→ D is a functor equipped with:

• A natural isomorphism ϕX,Y : F (X)⊗D F (Y ) ∼= F (X ⊗C Y ) for all objects X,Y ∈ C,

• A morphism ϕI : J → F (I) ∈ D that preserves the unit object I ∈ C,

such that the following laws are satisfied:

(i) the associativity compatibility law that enforces that the functor respects the associa-

tivity of the monoidal product in both categories,

(ii) the unit compatibility law that enforces that the functor maps the unit object of the

source category to the unit object of the target category in a way that maintains the

identity properties of these objects, and

(iii) the symmetry compatibility law that enforces that the symmetry of the monoidal product

is preserved under the functor
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For a more detailed definition of each of the laws, we direct the reader to Chapter 11 in [103].

As we will see in this dissertation, SMC are particularly useful for modeling systems where

objects interact through combination, such as in the semantics of concurrent actions in planning.

3.5 Applications of Category Theory

Category theory has seen many applications since its inception. For example, category

theory has been used to understand information structures [31], automate information fusion

systems [32], represent quantum processes [33, 34], synchronize models in systems engineering

[35–37], connect mathematics and physics [106], model data analysis and sensor networks [107,108],

analyze visual representations [109], verify concurrent systems [110], and formalize network-style

diagrammatic languages [111–113] to name a few.

Several mathematical inventions that have emerged as a result of these diverse applications

serve as the foundation for this work. Here, we introduce each of these foundational concepts

briefly, with detailed treatments provided in the following chapters. In particular, we will provide

brief overviews of string diagrams, categorical databases, and functorial data migration.

3.5.1 String Diagrams

String diagrams and functors between them will be used as the mathematical tooling to

enable sequential and hierarchical plan transfer. A diagrammatic representation of an SMC is

called a string diagram [114], an example of which can be seen in Figure 3.1. This figure presents

two graphical representations for the composition of morphisms f : A → B and g : B → C.

In Figure 3.1b, the lines are called strings, which symbolize identity morphisms (e.g., idA). The

rectangles, or boxes, symbolize non-identity morphisms. The junction where strings and boxes

meet are realizations of composition between identity morphisms and non-identity morphisms. A
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A

B

f

C

g

(a) Conventional syntax

A

C

f

g

B

(b) String diagram syntax

Figure 3.1: Conventional versus string diagram syntax for composite morphisms.

common shorthand in string diagrams is to label each string according to its associated object

rather than explicitly indicating the identity morphism. Because an SMC is a category, it also

allows for morphisms that capture both sequential compositions and hierarchical structures, as we

will explore in Chapters 4 and 5.

3.5.2 Categorical Databases

In this dissertation, categorical databases provide a structured, formal means of representing

and managing knowledge needed for planning. By organizing data in a way that reflects types

and relationships within a planning domain, categorical databases allow for flexible, precise data

manipulation and integration across different contexts.

3.5.2.1 Ologs

At the core of categorical databases lies a foundation built on categorical structures that

facilitate organized and meaningful knowledge representation. This foundation traces back to the

concept of ologs (ontology logs), which were introduced in 2011 by David I. Spivak and Robert

E. Kent [8]. Ologs represent knowledge in a categorical manner, where objects and morphisms

capture types of things and their predicate relationships. A definition of ologs is provided in

Definition 16.
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Definition 16 (Ologs). An olog is a category where:

• Objects represent types or classes of things.

• Morphisms represent predicate relationships or attributes between objects.

A schematic of the olog for the amino acid, arginine is shown in Figure 3.2. Here, the fact

"arginine is an amino acid" is captured through the morphism: (arginine is−→ an amino acid).

Figure 3.2: An olog representing the amino acid, arginine [8]

The ontology web language (OWL) [115] offers a similar ability to express schemas with

constraints on classes and properties. However, ologs provide certain advantages towards ex-

pressiveness and interoperability with other categorical frameworks. The resource description

framework (RDF) [116] is another language for representing knowledge using graphs. However,

RDF lacks the ability to specify commutativity, a feature that ologs provide, allowing for a more

concise and expressive representation of knowledge.

Ologs can serve as both descriptive and prescriptive database schemas, allowing them to

represent existing data structures and to prescribe new ones. The categorical structure of ologs also

enables functorial data migration, which we will introduce shortly, facilitating seamless transfer

of data between different schemas. Within the context of categorical databases, we will refer to

ologs as (database) schemas for the remainder of this dissertation.
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3.5.2.2 C-set

Instance data can be assigned to schemas to form categorical databases. An assignment of

instance data to a schema C is a functor X : C → Set, which assigns a set to each type and a

function to each relationship between types while preserving their composition. The functor X is

referred to as a C-set or copresheaf on the category C [8]. For practical purposes, particularly in

computing, it is often the case that the sets involved are finite [41]. In this dissertation, we will

rely heavily on this formalism as part of our categorical planning representation language.

3.5.2.3 Functorial Data Migrations

Functorial data migrations are transformations between categorical databases that preserve

the integrity of the data imposed by the schema [43] and will be the mathematical tool we will use

for analogical plan transfer. Spivak identified three types of migration functors that can be used

for transforming categorical databases: the pullback functor (∆), the right pushforward functor

(Π), and the left pushforward functor (Σ). Each migration functor is informed by a translation

functor that maps from one schema to another. The ∆ migration functor takes instance data

from the target schema back to the source schema. The Π migration functor transforms instance

data from the source schema to the target schema while preserving relationships (such as joins).

The Σ migration functor also transforms instance data from the source schema to the target

schema, but focuses on combining or aggregating data (such as unions). The functoriality of these

transformations ensure that data relationships remain consistent according to the schema category

throughout the process. In this dissertation, we will focus our attention on variants of pullback

migration functors (∆) as part of our analogical plan transfer approach. Further work is needed to

assess the semantic relevance of joins and unions of instance data within the context of (analogical)

plan transfer.
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3.6 Summary

In this chapter, we have explored several key concepts and frameworks—SMCs, categorical

databases, and functorial data migrations—that leverage the core ideas of categories, functors, and

natural transformations to represent and manipulate complex structures. These constructions form

the backbone of the theoretical tools essential for the development of this dissertation as we will

see in the remaining chapters.
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Chapter 4: Sequential Transfer using String Diagrams

Sequential transfer represents the simplest form of plan transfer, providing a straightforward

way to reuse and combine existing plans in sequence without requiring extensive modification or

adaptation. Its simplicity makes it valuable in scenarios where a plan needs to be extended or

prepended to achieve new goals.

Sequential transfer composes a plan, π1, with another plan, π0, to form a new plan, π′, within

the same planning domain. A key aspect of sequential transfer is ensuring that the composite plan

is a valid composition. This means that the resulting plan, π′, consists of a sequence of actions from

both π0 and π1, such that all action preconditions are satisfied. We provide a formal definition of

sequential transfer in Definition 17.

Definition 17 (Sequential Transfer). Sequential transfer is the composition of two or more

task plans, each represented as a sequence of actions, with the same planning domain.

Let π0 and π1 be task plans, where each plan is an ordered sequence of actions πi =

⟨ai1, ai2, . . . , ain⟩ for i = 0, 1. Sequential transfer creates a new task plan π′ by composing π0

and π1 such that:
π′ = π1 ◦ π0

where ◦ denotes the composition operator.

The resulting plan π′ is an ordered sequence of actions that first executes all actions in

π0 followed by all actions in π1, namely: π′ = ⟨a01, a02, . . . , a0n, a11, a12, . . . , a1m⟩.
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Valid Composition. It is necessary to check that all action preconditions in π′ are met by

the cumulative effects of previous actions or the initial state. This condition is defined as:

is_valid_sequence(π1 ◦ π0) = True

where the validation function verifies that the preconditions of each action in π′ are satisfied.

This type of transfer can also be applied to situations where a new plan is inserted between

two existing plans to bridge them into a coherent sequence. This approach is advantageous in

scenarios where a robot has an established plan that it executes reliably, and that plan needs to

be integrated with others as part of a solution to a subproblem within the same domain.

4.1 Overview

One of the primary shortcomings of sequential transfer, as discussed in Chapter 2.2.3, is

the insufficient consideration of preconditions and effects across the entire plan during composi-

tion. To address this, we propose using monoidal categories and their graphical syntax—string

diagrams—to model plans and validate their sequential composition. Monoidal categories provide

a robust framework for describing the compositional structure of task plans, while string diagrams

offer a clear, visual representation that simplifies tracking the relationships between actions, pre-

conditions, and effects.

In the remainder of this chapter, we delve into the fundamentals of string diagrams and

an interpretation of them within AI planning, specifically for the Planning Domain Definition

Language (PDDL) [61]. An overview of PDDL and string diagrams is provided in Section 4.2. In

Section 4.4, we introduce how string diagrams can be used to represent domains and plans within

PDDL. Section 4.5 presents a visual example for the Blocksworld domain and describe how we

encode PDDL domains, problems, and plans into the string diagram representation. Finally, in

Section 4.6, we discuss key observations and explore how this representation can further enhance
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the explainability of plans and their sequential transfer.

4.2 The Planning Domain Definition Language (PDDL)

Before diving into the specifics of string diagrams, it is essential to ground our discussion

in the planning language of PDDL, as it is commonly used to express tasks in robotics [18]. By

understanding the syntax of PDDL, we can better appreciate how string diagrams provide an

expressive and transparent mechanism for modeling the provenance of preconditions and effects

in a plan. This section outlines the key components of PDDL that will later be captured in our

categorical framework.

PDDL was introduced as an extension of STRIPS [60], making an explicit distinction be-

tween a planning domain and a planning problem, among other language features. A PDDL

domain description consists of:

• A finite set of predicates, which define templates for facts used to represent the world state.

For example, the predicate (on ?x ?y) provides a template for representing the fact of one

object, ?x, being on another object, ?y.

• A finite set of actions, each specified with parameters, preconditions, and effects. Precondi-

tions describe the conditions that must hold for the action to be applied, and effects describe

how the world changes after the action is applied. Parameters are free variables within the

preconditions and effects that generalize actions into action schemas, or ungrounded actions,

which can later be instantiated to form grounded actions.

Preconditions, effects, and states are typically represented using a subset of first-order logic

(see Section 2.4 in [23]). In first-order logic, a key feature for representing PDDL states is the use

of conjunctions to specify facts that must hold simultaneously. PDDL also supports disjunctions,

negations, and quantified expressions (introduced in later versions, such as PDDL 2.1 [117]),
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though conjunctions remain the most commonly used feature of the language.

A PDDL plan consists of a list of grounded actions that are specified using grounded pred-

icates, or literals, as part of their preconditions and effects. In addition to grounding actions,

literals are used to instantiate the planning problem. A PDDL problem description consists of:

• The initial state which is a set of literals describing the facts about the world that are true

at the start of the planning process.

• The goal state which is a set of literals describing the facts that must be true after the plan

has been executed.

We now turn our attention to a category-theoretic framework that can model these con-

cepts. While PDDL provides a structured syntax for specifying plans, category theory offers a

mathematically rigorous semantics useful for sreasoning about the sequential composition of plans.

4.3 String Diagrams

Recall from Section 3.5.1 that symmetric monoidal categories (SMCs) can be expressed using

a graphical syntax, called string diagrams, for illustrating morphisms and their compositions [118].

In this graphical syntax, morphisms are expressed as boxes, while identity morphisms on objects

are expressed as strings. Multiple boxes and strings can occupy the same horizontal plane of a

string diagram, which can be interpreted as a monoidal product found in SMCs. For instance,

horizontally adjacent strings represent the monoidal product of the identity morphisms of the

corresponding objects, such as X⊗Y , which itself is an object in the SMC. Additionally, as with any

monoidal category (see Definition 12), there exists unitor isomorphisms, namely λX : 1⊗X → X

(left unitor) and ρX : X ⊗ 1 → X (right unitor). SMCs also include a braiding isomorphism,

BX,Y : X ⊗ Y → Y ⊗X.

There are a few conventions for reading string diagrams [118]. In this dissertation, diagrams
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BX,Y

αY,X,Z

ρZ

X Y Z I

Z
X

Y

Y X Z

(a) Explicit

αY,X,Z

X Y Z

Y X Z

(b) Shorthand

Figure 4.1: The braiding and identity isomorphisms of string diagrams.

are read from top to bottom, with the identity morphisms of domain objects represented by the

strings entering the boxes from above and the identity morphisms of codomain objects represented

by the strings exiting the boxes from below. Since braiding isomorphisms and unitor isomorphisms

are both morphisms, they can also be represented as boxes, as seen in Figure 4.1a. However, a

common convention is to replace boxes representing braids and morphisms with crossing strings

for braids or simply a string for unitor isomorphisms, as seen in Figure 4.1b.

The graphical syntax can also be captured in a linear notation. For example, the linear

notation corresponding to the diagram in Figure 4.1 is:

(idX ⊗ idY ⊗ idZ ⊗ idI); (BX,Y ⊗ ρZ); (idY ⊗ idX ⊗ idZ); (αY,X,Z); (idY ⊗ idX ⊗ idZ)

This notation clearly represents the morphisms and the order in which they are composed.

For example, if a horizontal line is drawn such that it cuts the diagram at the top, the strings

intersected are X, Y , Z, and I, corresponding to the linear expression (idX ⊗ idY ⊗ idZ ⊗ idI).

Similarly, if a horizontal line is drawn to intersect the boxes below those strings, it would cross

BX,Y and ρZ , corresponding to the linear expression (BX,Y ⊗ ρZ).

Note that the composition order, denoted by ; in the linear notation, mirrors the way the

string diagram is drawn from top to bottom. This notation is often referred to as the diagrammatic

convention for morphism composition. Alternatively, the functional convention for composition,

denoted by ◦, reverses the order relative to the diagrammatic convention, aligning with the typical
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Figure 4.2: Planar deformation in string diagrams.

function composition order in mathematics. Throughout this dissertation, we will adhere to the

diagrammatic convention when expressing the linear syntax of string diagrams.

4.3.0.1 Invariance under Planar Deformation

A noteworthy consequence of the monoidal product and its properties is the equivalence

between string diagrams under planar deformation [118]. For example, consider the equivalence

expressed in Equation 4.1 and its corresponding graphical representation shown in Figure 4.2.

(f ⊗ idB); (idC ⊗ g) = (idA ⊗ g); (f ⊗ idD) (4.1)

This equivalence allows boxes to slide past each other along strings, effectively rearrang-

ing compositions while preserving the underlying structure. This property is particularly useful

when representing alternative sequences of compositions. As a result, this representation has the

potential to encode partially ordered plans [23] by allowing the rearrangement of actions without

violating the overall structure or dependencies. This flexibility is essential for modeling scenar-

ios where the precise order of some actions can vary without affecting the final outcome. The

connection between this notation and partially ordered plans is left for future work.
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4.4 Symmetric Monoidal Category, PDDLPlan

In this section, we describe how key elements of the PDDL domain, problem, and plan are

translated into string diagram notation. We construct a symmetric monoidal category (SMC)

called PDDLPlan. From a categorical perspective, each grounded PDDL action is represented as a

morphism in PDDLPlan, mapping a conjunction of precondition literals to a conjunction of effect

literals. Literals are objects, and the monoidal product corresponds to the logical conjunction of

these literals. Formally:

Definition 18 (PDDLPlan). The category PDDLPlan is an SMC whose:

• Objects are PDDL literals, representing properties of the world state.

• Morphisms are grounded PDDL actions, representing state transitions from a conjunc-

tion of precondition literals to a conjunction of effect literals.

• Composition is defined as the sequential application of actions, where two morphisms

f : X → Y and g : Y → Z compose to yield a morphism g ◦ f : X → Z, provided that

the effect literals of the first action match the precondition literals of the second action.

• Monoidal product is defined as the logical conjunction of literals at the object level,

with the monoidal unit as the empty conjunction (true).

The remainder of this section discusses how each syntactical feature of PDDL domain and

problem files can be interpreted from this categorical point of view.

A PDDL domain file consists of the planning domain name, predicates, and actions. This

specification provides the domain and codomain signatures for morphisms in our category. We

restrict the PDDL features to the STRIPS requirement1, which includes the conjunction, addition,

and deletion of literals. This requirement excludes the use of conditional effects, disjunctions, and
1The STRIPS requirement is often denoted as (:requirements :strips) in a PDDL domain file.
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negation in the preconditions.

As discussed in Section 4.2, actions are operator data models that describe the parameters,

preconditions, and effects of a given action, denoted by the :action token in a PDDL domain file.

Syntactically, preconditions and effects and their conjunctions are denoted by parentheses sepa-

rating out the individual literals and an AND term joining the predicates. The identity morphism

for each literal in the precondition forms a domain (input) string, and the identity morphism for

each literal in the effects forms a codomain (output) string.

In the STRIPS requirement, effect literals can have a negated form, which in PDDL is

denoted with a NOT prefix. For example, (ontable A) and (NOT (ontable A)) are positive and

negative forms of the literal (ontable A), respectively. In catPDDLPlan, negated literals are

considered distinct from their positive counterparts. Because (ontable A) and (NOT (ontable

A)) are distinct objects, the relationship between them through logical negation is not formally

captured.

The PDDL problem file specifies the initial and goal states of the planning problem. The

initial state, denoted by the :init token in the problem file, is a conjunction of literals that are

true at the start of the planning problem. Each literal in the initial state is an object in PDDLPlan.

The identity morphisms of these literals form the top-most strings of the diagram. Other literals

may be horizontally composed with the initial state if an action later in the plan depends on a

literal that is not explicitly stated initial state.

The goal state, denoted by the :goal token, is a conjunction of literals that must be true

at the end of the planning problem. Each literal in the goal state is also an object in PDDLPlan

and their identity morphisms are represented as their own strings in the diagram. The monoidal

product of these strings forms the bottom-most strings in the diagram. Other literals may be

horizontally composed with the goal state if an earlier action in the plan generates a literal that
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is not explicitly required by the goal state.

4.4.1 Building a String Diagram in PDDLPlan

Recall that a plan is an ordered sequence of grounded actions (Definition 1). In PDDLPlan,

each grounded action of a plan can be converted into a morphism. These morphisms are composed

to generate a fully connected string diagram. As part of this dissertation, a naive chaining algo-

rithm is implemented to infer valid monoidal products and sequential compositions. This algorithm

identifies scenarios where directly adjacent morphisms are incompatible based on their precondi-

tions and effects. The primary objective of this algorithm is to ensure compatibility between the

domain and codomain strings of adjacent morphisms in order to achieve valid composition.

As part of this algorithm, a conceptual abstraction called (horizontal) slices is introduced.

Each slice is an ordered list of morphisms, including identities and braids, that are composed in

parallel using ⊗, from left to right. For valid sequential composition, it is crucial that the domain

and codomain of each slice align, such that the codomain objects of the current slice, i, and the

domain objects of the next slice, (i+ 1), are exactly equal.

The algorithm proceeds through four main steps:

1. Backward pass: This step weaves the domain (input) strings of each morphism from the goal

state to the initial state (bottom-up), supplementing horizontal slices with strings where

necessary.

2. Forward pass: This step weaves the codomain (output) strings of each morphism from the

initial state to the goal state (top-down), again supplementing horizontal slices with strings

as needed.

3. Add braids: This step injects braids, that swap strings, where the horizontal order of strings

is incompatible with the composition using a bubble sort algorithm.
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4. Compose: This step chains together the slices from top to bottom, constructing the complete

string diagram.
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Figure 4.3: Illustration of algorithm for building a string diagram.

An illustration of each step of the algorithm is shown in Figure 4.3. The pseudocode for

constructing the string diagram is outlined in Algorithm 1.

A byproduct of this chaining algorithm is the propagation of literals both upstream and

downstream, revealing literals that are implicitly instantiated according to the plan. This propaga-
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Algorithm 1: Build String Diagram
Input: Plan plan, Problem problem, Domain domain
Output: String Diagram string_diagram

1 actions ← Convert plan into action morphisms;
2 n_actions ← Get number of actions;
3 init, goal ← Convert the initial and goal states of the PDDL problem into slices;
4 Backward Pass: Weave input strings from the goal state upwards through the plan;
5 Initialize the goal state as the current slice as curr_slice ← goal;
6 Initialize the list of slices slices ← [goal];
7 for i← [n_actions : −1 : −1] do
8 if i < 0 then
9 above_slice ← init;

10 else
11 above_slice ← actions[i];

12 above_slice ← Append new input strings from curr_slice into above_slice;
13 curr_slice ← above_slice;
14 Push curr_slice to the beginning of slices;

15 Forward Pass: Weave output strings from the initial state downwards;
16 Initialize the initial state as the current slice as curr_slice ← init;
17 for i← [1 : 1 : length(slices)] do
18 below_slice ← slices[i];
19 below_slice ← Append new output strings from curr_slice into below_slice;
20 curr_slice ← below_slice;

21 Add Braids: Introduce braid morphisms to resolve monoidal product ordering
mismatches between slices;

22 slices ← Apply add_braids() to ensure consistent ordering of strings between slices;
23 Compose String Diagram: Combine all slices into a single string diagram

representation;
24 Initialize the composite diagram string_diagram ← nothing;
25 for each slice in slices do
26 if string_diagram == nothing then
27 string_diagram ← slice;

28 else
29 try
30 string_diagram ← compose(string_diagram, slice);
31 catch
32 return Fail;

33 return string_diagram;

62



tion ensures that both explicit and implicit preconditions and effects are accounted for throughout

the entire execution sequence. Since a single action can be considered the most trivial form of a

plan, it is easy to see how this method can be applied to sequentially compose entire plans.

Complexity. The complexity of the algorithm is O(n · k2), where n is the number of morphisms

(actions) in the plan and k is the maximum number of strings (or literals) per morphism. The

backward and forward passes both contribute O(n · k) to the complexity, as they process the

morphisms and literals sequentially. However, the most computationally expensive operation

comes from adding braids. Adding braids makes use of a bubble sort algorithm to reorder strings

within each slice, resulting in a complexity of O(k2) for each slice. When applied to all slices,

this leads to an overall complexity of O(n · k2), indicating that the algorithm’s performance is

quadratic in the number of literals and linear in the number of morphisms. This algorithm and

implementation2 is an original contribution of this dissertation.

4.5 Example: Blocksworld

In this section, we will walk through an example of translating actions and plans within

the PDDL Blocksworld3 domain into string diagrams. Here, we demonstrate how the proposed

algorithm verifies that the actions within the plan are composed correctly and show how the

algorithm reveals the implicit preconditions and effects necessary for composing with other plans.

4.5.1 Domain

The Blocksworld domain provides a scenario where blocks are placed on a table, denoted by

the predicate (ontable ?x). The objective is to stack the blocks according to the configuration

described by the goal state. Only one block can be placed on top of another block at a time. The
2https://github.com/aaguinal/string-diagram-viewer
3https://github.com/pellierd/pddl4j/tree/master/pddl/blocksworld
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presence of a block on another is denoted as (on ?x ?y). If a block is not underneath another

block, it is considered clear, denoted by the predicate (clear ?x). A hand is used to manipulate

the blocks, and it can either be empty, represented by (handempty), or holding a block, represented

by (holding ?x).

The domain consists of four actions: pick-up, put-down, stack, and unstack. For this

example, the plan uses grounded versions of pick-up and stack.

The pick-up action requires that the block is clear (clear ?x), on the table (ontable ?x),

and the hand is empty (handempty). Executing this action changes the world state so that the

block is no longer on the table (NOT (ontable ?x)), is no longer clear (NOT (clear ?x)), the

hand is no longer empty (NOT (handempty)), and the hand is holding the block (holding ?x).

The stack action requires that the hand is holding a block (holding ?x) and that another

block (clear ?y) is clear. Executing this action changes the world state so that the hand is no

longer holding the block (NOT (holding ?x)), the other block is no longer clear (clear ?y), the

hand is empty (handempty), and the block is stacked on top of the other block (on ?x ?y).

4.5.2 Problem

In this example, the problem initializes three blocks as objects (a, b, and c) and states that

all the blocks are clear, on the table, and that the hand is empty. The goal is to have block c on

top of block b, and block b on top of block a. In PDDL, this is specified as:
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Figure 4.4: String diagram for a plan in the Blocksworld domain.

State Part of World State Action

Initial clear c, ontable c, clear b, ontable b, handempty, clear a, ontable a

Step 1 clear c, ontable c, clear b, ontable b, handempty, clear a, ontable a pick-up

Step 2 clear c, ontable c, holding b, clear a, ¬ontable b,¬clear b, ¬handempty, ontable a stack

Step 3
clear b, clear c, ontable c, handempty, on b a, ¬holding b, ¬clear a, ¬ontable b, ¬clear b, ¬handempty,
ontable a pick-up

Step 4
holding c, clear b, ¬ontable c, ¬clear c, ¬handempty, on b a, ¬holding b, ¬clear a, ¬ontable b,
¬clear b, ¬handempty, ontable a stack

Goal
clear c, handempty, on c b, ¬holding c, ¬clear b, ¬ontable c, ¬clear c, ¬handempty, on b a, ¬holding b,
¬clear a, ¬ontable b, ¬clear b, ¬handempty, ontable a

Table 4.1: World states in terms of explicitly (bold) and implicitly propagated literals.
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pick-up

clear b ontable b handempty

holding b ¬ ontable b ¬ clear b ¬ handempty

(a) First step.

stack

holding b clear a

clear b handempty on b a ¬ holding b ¬ clear a

(b) Second step.

pick-up

clear c ontable c handempty

holding c ¬ ontable c ¬ clear c ¬ handempty

(c) Third step.

stack

holding c clear b

clear c handempty on c b ¬ holding c ¬ clear b

(d) Fourth step.

Figure 4.5: String diagrams corresponding to actions in the Blocksworld plan.

(define (problem BLOCKS-3-0)
(:domain BLOCKS)
(:objects a b c)
(:init (clear c) (clear a) (clear b) (ontable c) (ontable a) (ontable b)

(handempty))
(:goal (AND (on c b) (on b a))))

The heuristic search planner (HSP) [119] and the FF heuristic [120] from the PDDL4J

toolkit [121] was used to solve for the plan. The planner’s output was parsed to extract the plan

while ignoring other outputs, such as cost and runtime. The parsed plan for this example is:

pick-up b
stack b a
pick-up c
stack c b

The individual steps in the plan can be understood as morphisms, and likewise can be

represented as boxes in a string diagrams. Figure 4.5 illustrates the specific objects and morphisms

from PDDLPlan.

A program4, written in the Julia programming language, was developed as part of this

dissertation to automatically generate string diagrams from PDDL plans. This program parses
4https://github.com/aaguinal/String-Diagrams-For-PDDL
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PDDL domain, problem, and solution files, encoding their elements into categorical constructs

that are JSON-serializable.

The fully composed string diagram containing all the steps of the Blocksworld plan is shown

in Figure 4.4. The top of the diagram represents the strings corresponding to the literals of the

initial state, along with assumptions introduced by the plan. The bottom of the diagram shows

the strings representing the literals of the goal state, as well as the effects generated by the plan.

The required literals at every step of the plan can be concluded from the linear notation that

encodes the string diagram representation shown in Figure 4.4. One can verify this by reading the

diagram from left to right at various horizontal positions and noting the strings encountered. The

literals that satisfy preconditions, the initial state, or the goal state are highlighted in bold text

in Table 4.1.

There are some noteworthy observations in this example that can be made from the string

diagram representation of this plan. For example, by examining Figure 4.4 from top to bottom,

we can observe that the first stack relies on (holding b), which is an effect produced by the

preceding pick-up action. This dependency highlights the sequential nature of the plan, where

the success of each action is contingent on the effects of its predecessors. Additionally, the diagram

shows how certain literals from the initial state, such as (clear c) and (ontable c), are only

referenced later in the plan during the second pick-up action, demonstrating how sequential

transfer operates on both explicit and delayed preconditions.

By referencing Table 4.1, we can see that no new implicit assumptions are introduced into

the plan, as indicated by the absence of unbolded literals in the Initial row. Furthermore, both

Table 4.1 and Figure 4.4 illustrate the state of the world at each step of the plan, including

literals like (clear b) and (NOT (clear b)) in Step 4, which suggests the solver had to resolve

contradictions during the plan’s execution.
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This analysis reveals how sequential transfer not only connects actions through explicit

preconditions and effects but also exposes the implicit changes in the world that may not be

evident from a simple step-by-step plan description. Moreover, it helps identify unanticipated

literals that could cause errors, particularly under the closed world assumption [122].

4.6 Discussion

In this chapter, we introduced an approach using string diagrams to represent and vali-

date the sequential composition of a PDDL plan. The string diagram representation not only

shows which literals are initialized and satisfied throughout the plan but also reveals how ac-

tions are composed sequentially, revealing both explicit and implicit dependencies between them.

This visualization helps determine whether the sequential composition is valid and, perhaps more

importantly, why the composition may succeed or fail.

The same approach can be extended to sequential plan transfer by using the algorithm to

compute the composition of two plans. In doing so, it evaluates whether the preconditions of the

current plan align with the effects of the preceding plan, and vice versa. If the algorithm fails

to construct a string diagram, it indicates incompatibilities. Sequential transfer thus allows for

seamless integration of plans, highlighting the flexibility of string diagrams in supporting sequential

plan transfer across different problems.

4.6.1 Advantages of the Categorical Structure for Sequential Transfer

Checking valid plan composition. A significant advantage of the categorical structure is its ability

to validate plan composition. By using parallel (⊗) and sequential (; or ◦) composition, various

parts of a plan can be effortlessly combined. This feature supports sequential transfer by validating

the compatibility of plans that may have been used to address distinct problems.
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Error detection through failed composition. Along the same lines, the ability of the categorical

structure to detect incompatibilities during plan composition is another advantage. If the precon-

ditions and effects of adjacent actions are not compatible, the algorithm will fail to construct a

valid string diagram. This mechanism offers automatic validation, reducing the need for manual

checks and enabling more robust error detection in complex, multi-step plans.

Deformation invariance. A key benefit of this representation is its invariance under planar defor-

mation (see Section 4.3.0.1) which means the diagram can be manipulated mathematically without

changing the underlying semantics. This property enables users to explore alternative sequences of

actions by sliding boxes along strings, analogous to algebraically rearranging terms in an equation.

This allows for the exploration of alternative but valid plans by reordering actions in the diagram.

Capturing implicit conditions. The categorical structure ensures that all preconditions and ef-

fects, including implicit conditions, are captured explicitly as objects in the string diagram. This

makes it easy to track how literals propagate through the plan, both upstream and downstream.

Users can directly observe how actions influence the plan and how intermediate states satisfy pre-

conditions for subsequent actions. This explicit tracking of conditions aids in identifying points of

failure in the plan, making debugging and refinement more intuitive.

Automatic layout encoding. The linear notation associated with the string diagram represen-

tation directly corresponds to the layout of boxes and strings, making it particularly useful for

conveying the order and temporal progression of a plan. This also provides a native encoding for

potentially large string diagram visualizations.

Support for modularity. The categorical approach inherently supports modularity and scalabil-

ity. By allowing string diagrams to be composed, plans can be broken down into manageable
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subcomponents, which can be independently validated and later combined into larger, more com-

plex plans. This modular nature is particularly advantageous in robotics, where complex tasks are

often composed of smaller, reusable sub-tasks that can be dynamically integrated to meet evolving

requirements, as we will explore in the next chapter.

4.6.2 Limitations of the Categorical Structure for Sequential Transfer

Limited support for PDDL extensions. The current encoding scheme is restricted in terms of the

PDDL features it supports. Notably, constructs such as quantifiers, equalities, and other advanced

extensions are not yet captured in this string diagram representation. These limitations restrict

the applicability of the current approach to only a subset of PDDL’s capabilities, which could

hinder the analysis of more complex plans that make use of these features.

Inability to capture complementary relationships between literals. Another limitation is the

inability to capture the inherently complementary relationships between the positive and negated

versions of the same literal. Under the current implementation, positive and negated literals

are treated as independent entities and can be components of monoidal objects simultaneously.

This approach can lead to inconsistencies when negated literals are involved in a plan, as the

relationships between such literals are not properly encoded or visualized.

Visually intractable for long plans. A significant limitation of the current system is the scalability

of the visualization for long plans with many actions. As the number of actions grows, the resulting

diagrams become increasingly unwieldy and difficult to interpret. This challenge can obscure

insights that could be drawn from the visualization, making it less effective for analyzing complex

plans. To address this, future work could focus on implementing algorithms that detect repeated

patterns in actions and group them into subtasks, providing more efficient visualizations.
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4.7 Conclusion

In this chapter, we provided a formal definition of sequential transfer, outlining how plans

can be composed within the same domain while ensuring compatibility between preconditions and

effects. We introduced string diagrams as a powerful tool for interpreting PDDL plans, enabling

a clear visualization of both explicit and implicit dependencies between actions. Additionally,

we discussed the novel algorithm for building string diagrams, which automates the composition

of plans and ensures their validity. The advantages of this approach, including seamless plan

composition, deformation invariance, and improved error detection, were highlighted, alongside key

limitations such as visual scalability for complex plans. This also included how sequential transfer

can support explainability by showing how the formal structure provided by string diagrams

enhances transparency and user understanding of action dependencies and plan execution. In

the next chapter, we will build on these ideas to discuss hierarchical transfer and its validation,

extending our framework to handle modular plans and programs.
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Chapter 5: Hierarchical Transfer using Functors

Hierarchical transfer involves reusing a task plan π by integrating it into a hierarchically

structured framework of plans, where the transferred plan is inserted at a specific level of ab-

straction. Unlike sequential transfer, hierarchical transfer requires that the inserted plan not only

integrates sequentially with other modules but also preserves the overall behavior dictated by the

plan hierarchy. Building on the formal structures introduced in earlier chapters, we explore how

category theory can be used to ensure these properties in hierarchical transfer.

Definition 19 (Hierarchical Transfer). Hierarchical Transfer refers to the process of replacing

an existing plan, denoted π(i+1)k, within a hierarchy H with a new task plan π′, while ensuring

valid composition and preserving the overall behavior of the hierarchical structure. The first

index, (i + 1), indicates the level of abstraction within the hierarchy, and the second index,

k, refers to the plan’s position within the sequence of plans at the same level.

The hierarchy H is defined as a collection of mappings from plans at the i-th level to

sequences of plans at the (i+ 1)-th level:

H = {. . . , πin 7→ π(i+1)(k−1) ◦ π(i+1)k ◦ π(i+1)(k+1), . . . }

where the mappings satisfy the following conditions:

Pre(πin) 7→ Pre(π(i+1)[0]), Eff(πin) 7→ Eff(π(i+1)[end])

The mappings ensure that the precondition of πin matches the precondition of the first plan
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in the sequence, π(i+1)[0], and the effect of πin matches the effect of the last plan, π(i+1)[end].

When the plan π(i+1)k is replaced by π′, a new hierarchy H ′ is produced. The following

conditions must be satisfied:

(i) Valid Composition. The new plan π′ must compose sequentially with the adjacent plans

in the hierarchy at level (i+ 1). Specifically, the following conditions must hold:

is_valid_sequence(π′ ◦ π(i+1)(k+1)) = True

is_valid_sequence(π(i+1)(k−1) ◦ π′) = True

This ensures that π′ can be correctly integrated into the sequence of plans at the (i+1)-

th level without introducing conflicts in execution.

(ii) Preservation of Behavior. The new hierarchy H ′ must preserve the behavior specified

by the highest-level plans, specifically πin. For each high-level plan πin that invokes

plans at the (i+ 1)-th level, the overall composition of the plans should remain valid:

is_valid_hierarchy(πin 7→ π(i+1)(k−1) ◦ π′ ◦ π(i+1)(k+1)) = True

This validation condition ensures that replacing π(i+1)k with π′ maintains the alignment

with the preconditions and effects of the higher-level plan πin.

Hierarchical transfer is particularly valuable in robotic systems, where tasks are often de-

composed into subtasks across various levels of abstraction. For instance, in a machine tending

scenario can be decomposed into subtasks like opening a door, picking up an object, placing it in

the machine, and closing the door. Hierarchical transfer enables the replacement of specific plans

while ensuring that the overall system behavior remains consistent throughout the hierarchy.

5.1 Overview

Given the importance of hierarchical transfer in ensuring consistent system behavior across

task levels, a structured approach to defining and managing these hierarchical relationships be-
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comes essential. It should come as no surprise to practitioners and engineers that initial design

discussions for robot programs typically begin with high-level, verbal descriptions of task objec-

tives, followed by a breakdown of actions that depend hierarchically on previous steps. In this

chapter, we argue that these task specifications and decompositions can be rigorously framed using

category theory, which allows us to formalize hierarchical relationships between different levels of

abstraction. This formalism is particularly beneficial for hierarchical transfer, as it provides a set

of rigorous rules for validating plan transfers.

Our approach leverages the mathematical tools of category theory, specifically monoidal

categories and functors, to formalize these rules. Monoidal categories enable us to capture the

compositional relationships between task modules in a sequence, while functors and monoidal

functors provide structured mappings between different levels of abstraction—from high-level tasks

to low-level ones.

In the remainder of this chapter, we present a detailed exposition of this hierarchical frame-

work. Section 5.2 introduces our approach within the context of a framework designed to translate

high-level task specifications to low-level motion commands, called the RoboCat framework. Sec-

tion 5.4 reviews the concept of monoidal categories and functors. In Section 5.5, we discuss the

formalization provided by RoboCat and its application to machine-tending problems, which we

demonstrate with an example in Section 5.3. Finally, Sections 5.7 and 5.8 will conclude the chapter

and explore directions for future research.

5.2 The RoboCat Framework

The RoboCat framework defines a categorical architecture consisting of three distinct cate-

gories: the high-level symbolic task specification, denoted as Task; the virtual, or software-based,

specification, called Virtual; and the low-level motion command specification, Motion. The goal
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Figure 5.1: The RoboCat Framework.

of RoboCat is to guide robot programmers in implementing a sequence of high-level actions that

form a structured, multi-layered task plan. This plan automatically translates the high-level task

specification into corresponding low-level motion commands. The low-level motion commands are

expressed using the Canonical Robot Command Language (CRCL) [123], [124], which is compati-

ble with the Robot Operating System (ROS) [125], making it a widely interoperable option across

modern robotic platforms. Programs developed in accordance with this framework leverage the

formal properties of categories and functors, ensuring that hierarchical transfer is reliable, pre-

dictable, free of side effects, and capable of preserving intended behavior at each level of the task

hierarchy.

Ultimately, this framework offers three key benefits: (i) a goal-oriented, functional approach

to robot programming that ensures hierarchical consistency, (ii) automatic compilation of high-

level, goal-oriented task plans into low-level motion specifications, and (iii) interoperability across
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different robotic platforms, which preserves the integrity of the high-level task plans.

5.3 Case Study: Machine-Tending Problem

(a) ReThink Robotics Baxter robot. (b) Universal UR5 robot.

Figure 5.2: Two robots opening a slide door using the same high-level program.

To illustrate this framework, we walk through an example where two goal-oriented programs

were compiled to instruct a Rethink Robotics Baxter robot and a Universal Robot UR5 to open

a sliding door in two distinct operating environments, simulating a machine-tending scenario (see

Figure 5.2). Machine-tending involves a robot loading and unloading workpieces for a machine

to process. Examples of such machines include CNC machines, paint machines, and lithography

machines. These machines often have a compartment protected by a hinge or sliding door where

the unprocessed workpiece must be placed. This requires the robot to be programmed to open a

compartment door, grip, and transfer workpieces.

This case study is particularly useful for examining the benefits of hierarchical transfer, as

each of these actions—such as opening a door, gripping, and transferring—can be executed in a

hierarchical manner. The hierarchical structure allows us to swap out different components of the

machine-tending task, like the gripper type or the door mechanism, while preserving the overall

system behavior. By isolating each subtask in this way, we can easily adapt to different setups

or constraints without requiring a complete reprogramming of the task flow, demonstrating the
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flexibility and robustness of hierarchical transfer.

5.4 Modules using String Diagrams

To formally capture the modular structure of robotic tasks, we represent modules as mor-

phisms within string diagrams. As we have seen in Chapter 4, string diagrams offer a powerful

diagrammatic language that naturally extends beyond task plan composition and is particularly

effective for modeling functional modules of robot programs. In this categorical perspective, each

box in a string diagram corresponds to a module, with incoming strings representing input argu-

ments or preconditions, and outgoing strings representing output arguments or effects.

String diagrams offer several advantages for capturing hierarchical structures. They provide

a composable representation of robot program modules, allowing complex behaviors to be broken

down into smaller, reusable components. This abstraction hides the internal logic of individual

modules while ensuring that the sequence of modules remains valid. Consequently, programmers

can focus on the overall structure and flow of the task plan without needing to delve into spe-

cific implementation details. As a result, string diagrams become a powerful tool for formalizing

abstract and transferable modules.

5.4.1 Functors Between String Diagrams

Effectively relating modules as string diagrams across different layers of a hierarchy—while

preserving their structure and behavior—requires a formal mechanism, which we have chosen to

represented as functors between string diagrams.

Functors provide the appropriate mathematical foundation for connecting modules of plans

and programs across different abstraction levels because they ensure that both the structural

relationships and the compositional integrity of the modules are preserved across hierarchical
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layers. As discussed in Definition 3 in Section 3.1, functors map objects and morphisms from one

category to another, preserving the compositional structure of the original category within the

target category. When both the source and target categories are monoidal categories, a monoidal

functor requires that not only are the objects and morphisms be mapped correctly, but that the

monoidal products and unit objects of the source category are preserved in the target category.

Additionally, when the categories involved are symmetric monoidal categories (SMCs), the functor

must also respect the symmetry of the monoidal product. A formal definition of a symmetric

monoidal functor can be found in Definition 15.

When a task plan from one level of abstraction is mapped to another—such as moving from a

high-level plan to a more detailed implementation—monoidal functors ensure that the composition

of modules remains coherent, thereby preserving the overall behavior of the plan.

If one of the categories involved is non-monoidal, the functor acts as a regular functor,

mapping objects and morphisms between categories without needing to preserve the monoidal

structure. This flexibility is useful when transferring between categories that do not require the

preservation of monoidal products, such as when dealing with purely functional operations that

do not involve resource management or parallel execution. By leveraging functors in this way, the

RoboCat framework ensures that task plans can be transferred across different abstraction levels

and scenarios while maintaining their compositional and hierarchical integrity.

5.5 Categorical Framework

In this framework, we model the hierarchical abstraction levels of a robotic task plan and

program using two SMCs and one non-monoidal category. Each category corresponds to a differ-

ent aspect of the robot’s task planning and execution hierarchy, representing increasingly concrete

levels of abstraction, from high-level task planning to low-level motion execution. These cate-
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gories are Task, Virtual, and Motion. The SMC Task represents symbolic work cell operations and

goal-oriented task planning. This level focuses on abstract task specifications and the symbolic

manipulation of objects within the work cell. The SMC Virtual represents the virtual work cell,

providing a detailed simulation of the physical environment, including the robot’s components and

the physical properties of objects. The category Motion, without a monoidal structure, represents

the low-level motion primitives of the robot. This level handles the specific configuration spaces

and low-level actuating commands required for physical movements.

In the following sections, we define each of these categories in greater detail, specifying their

objects, morphisms, composition, and monoidal products (where applicable). We then introduce

two functors: F : Task→ Virtual and G : Virtual→ Motion, which map between these categories.

5.5.1 The Category of the Symbolic Work Cell, Task

The category for the symbolic work cell and high-level task, called Task, is an SMC defined

in terms of the following objects, morphisms, monoidal product, and composition.

Objects. Objects consist of symbols representing real-world items physically available during

program execution. At least one symbol must refer to the robot’s gripper. Some examples include:

• Relevant physical resources within the work cell such as Door, Box, Screw,

• Robotic accessories and devices, including end-effectors such as Gripper, WeldingTorch,

ForceTorqueSensor, CollisionSensor, etc.

These objects can be visually represented as strings, as shown in Eq. 5.1.

GripperWeldingTorchDoorBox_0Screw Box_1

(5.1)

Multiple strings of the same type are indexed to identify unique instances of that type which
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is captured by the “Box_0” and “Box_1” strings in Eq. 5.1.

Morphisms. Morphisms represent a finite set of task actions, ai, describing robot behaviors

from the perspective of the robot manipulator. Examples include OpenDoorUsingGripper and

PlaceBoxInCabinet. Task actions are further characterized by their interactions with resources:

if an object is passed as input and returned as output, the resource is required but not consumed;

if an object is passed as input but not returned as output, the resource is considered consumed

during the action.

Monoidal product, ⊗. The monoidal product represents the logical conjunction of objects and

morphisms, allowing the combination of resources and actions within the same task.

Composition, ◦. Composition is defined such that the composite morphism a1; a2 implies that the

output symbols of a1 match the input symbols of a2. Semantically, this means that the resources

freed up after a1 are required as inputs to execute a2.

5.5.2 The Category of the Virtual Work Cell, Virtual

The category for the virtual work cell, called Virtual, is an SMC defined in terms of the

following objects, morphisms, monoidal product, and composition.

Objects. Objects consist of elements from a world model file expressed using standard data

formats, such as the Simulation Description Format (SDF) [126]. These elements represent physical

objects, robot components, and their geometric and physics-based attributes. At least one object

must refer to the robot gripper. Each element in the world model is represented as an XML-based

hierarchical data structure, making the data for objects in Virtual richer in structure than those

in Task. For example:
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• Gripper: A model element with attributes such as the pose for each link and the gripper
status.

<model name="Gripper">
<!-- Initial position (x, y, z) and orientation (roll, pitch, yaw) -->
<pose>0 0 0 0 0 0</pose>
<link name="gripper_link">

<!-- Relative pose of the link -->
<pose>0 0 0 0 0 0</pose>

</link>
<link name="gripper">

<!-- true for closed/gripped, false for open/released -->
<status>true</status>

</link>
</model>

• Box_0: A model element with attributes such as pose, dimensions, and material properties.

<model name="Box_0">
<!-- Position (x, y, z) and orientation (roll, pitch, yaw) -->
<pose>1 1 0.5 0 0 0</pose>
<link name="box_link">

<!-- Relative pose of the link -->
<pose>0 0 0 0 0 0</pose>
<collision name="box_collision">

<geometry>
<box>

<!-- Box dimensions -->
<size>0.5 0.5 0.5</size>

</box>
</geometry>

</collision>
<visual name="box_visual">

<geometry>
<box>

<!-- Box dimensions -->
<size>0.5 0.5 0.5</size>

</box>
</geometry>
<material>

<script>
<!-- Material property of the box -->
<uri>file://media/materials/scripts/gazebo.material</uri>
<name>Gazebo/Red</name>

</script>
</material>

</visual>
</link>

</model>

Morphisms. Morphisms are software routines, si, that manipulate the contents of the data objects

without introducing any side effects. For example, a morphism that instructs the gripper to move

to its home position would update the pose attribute of the gripper element in the model file.
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This requires each world element to have predefined attributes, such as the gripper’s home pose,

the door’s open pose, and other key geometric markers. In SDF, these resources and markers are

provided using custom tags. For instance, the <home_pose> can be specified as:

<home_pose> <pose>0 0 0 0 0 0</pose> </home_pose>

By adding a standardized set of markers for each robot manipulator, the software program

remains agnostic to the specific manipulator being used. For example:

• MoveToHome: Updates the gripper’s pose attribute to the stored home position.

• PickUpBox: Changes the gripper’s pose and status attributes.

Monoidal product, ⊗. The monoidal product indicates that data objects exist in the same local

scope, which means that they can be accessed and manipulated together with in the same software

routine. This allows for the combination of multiple objects, such as a gripper and a box, within

the same logical scope.

Composition, ◦. Composition implies sequential invocation of the software routines. The compos-

ite morphism s1; s2 implies that the output of s1 feeds directly into the input of s2. Semantically,

this means that the results of s1 are immediately passed to s2.

5.5.3 The Category of the Motion Primitives, Motion

The category for motion primitives, called Motion, is a category without monoidal structure,

defined in terms of the following objects, morphisms, and composition. This lack of monoidal struc-

ture reflects the sequential nature of the commands at this level of abstraction, where operations

are performed one after the other rather than in parallel or as combinations of objects.

Objects. Objects consist of the set of robot configuration spaces for a single robot platform. The

configuration space of a robot consists of all possible positions and orientations of its joints and
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end-effectors. For instance, a 6-DOF robotic arm might have a configuration space defined by six

joint angles.

Morphisms. Morphisms consist of the set of low-level, discrete commands, ci, in the form of CRCL

that update the robot’s configuration space. Sample CRCL code for morphisms that represent

movement and state change can be found below:

<CRCLCommand xsi:type="MoveToType">
<MoveStraight>true</MoveStraight>

<EndPosition>
<Point>

<X>8.25</X> <Y>1</Y> <Z>0.5</Z>
</Point>
<XAxis>

<I>1</I> <J>0</J> <K>0</K>
</XAxis>
<ZAxis>

<I>0</I> <J>0</J> <K>-1</K>
</ZAxis>

</EndPosition>
</CRCLCommand>

<CRCLCommand xsi:type="SetEndEffectorParametersType">
<ParameterSetting>

<ParameterName>mode</ParameterName>
<ParameterValue>grip</ParameterValue>

</ParameterSetting>
</CRCLCommand>
<CRCLCommand xsi:type="SetEndEffectorType">

<Setting>1.0</Setting>
</CRCLCommand>

Each morphism updates the joint configuration space of the robot, producing a new config-

uration space. In Motion, each morphism has one input and one output, reflecting the sequential

nature of low-level commands.

Composition, ◦. Composition implies sequential commands sent to the robot platform. The

composite morphism c1; c2 implies that the output configuration space of c1 is equal to the in-

put configuration space of c2. Semantically, this means that c2 updates the configuration space

produced by c1.
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To relate Task, Virtual, and Motion hierarchically, two functors must be defined, namely F :

Task → Virtual and G : Virtual → Motion. These functors ensure that task plans are consistently

mapped, from high-level symbolic tasks to virtual representations, and finally to low-level motion

execution. The procedural steps for defining these functors, including the mappings for objects,

morphisms, and compositions, are presented in the following sections.

5.5.4 F : Task→ Virtual

The monoidal functor F is a functor between two SMCs, which means that it must preserve

composition, monoidal product, and the symmetry of the braiding isomorphism in Task.

Object map. For each object in Task, create a corresponding element in the SDF world model

file that includes the object’s properties and object markers. For example:

• Box_0 in Task maps to an SDF model element <model name="Box_0"> in Virtual with at-

tributes such as geometry, mass, and physical properties.

• Gripper in Task maps to an SDF model element <model name="Gripper"> in Virtual with

appropriate markers for predefined attachment points.

Morphism map. For each morphism in Task, implement an empty subroutine such that it accepts

the corresponding input argument types and returns the corresponding argument types. For

example, the morphism OpenDoorUsingGripper : Gripper ⊗ Door → Gripper ⊗ Door in Task

maps to a subroutine in Virtual:

def OpenDoorUsingGripper(gripper: GripperModel, door: DoorModel)
-> (GripperModel, DoorModel):

# Implementation to manipulate SDF elements
return gripper, door

In some cases, a morphism in Task might map to a composite morphism in Virtual, where mul-

tiple subroutines are invoked sequentially to achieve the high-level task. This composite structure
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reflects the breakdown of the higher-level task into more detailed operations in the virtual environ-

ment. For example, the morphism OpenDoorUsingGripper : Gripper⊗Door→ Gripper⊗Door in

Task could map to a composite morphism in Virtual that involves multiple steps such as moving to

the door, grasping the door handle, and rotating the handle. This can be implemented as follows:

def OpenDoorUsingGripper(gripper: GripperModel, door: DoorModel)
-> (GripperModel, DoorModel):

# Step 1: Move the gripper to the door handle
gripper, door = MoveToDoor(gripper, door)
# Step 2: Grasp the door handle
gripper, door = GraspHandle(gripper, door)
# Step 3: Rotate the handle to open the door
gripper, door = RotateHandle(gripper, door)

return gripper, door

In this example, the high-level task action of opening the door is broken down into smaller, se-

quential actions within the virtual environment. Each of these subroutines—MoveToDoor, GraspHandle,

and RotateHandle—represents a step that collectively fulfills the task specified by the original

morphism in Task.

Preserving composition. Composition is preserved if the program invokes each subroutine in the

same order as the composition within Task. For example, given morphisms a1 : X → Y and

a2 : Y → Z in Task, the composition a2 ◦ a1 maps to:

def composed_function(x: X) -> Z:
y = a1(x)
z = a2(y)

return z

Preserving monoidal products. Monoidal products are preserved if the input argument types and

output argument types are aligned with the expected data objects prescribed by the object map.

For example:

• The monoidal product (Gripper ⊗ Box_0) in Task maps to the corresponding elements
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(GripperModel⊗ BoxModel) in Virtual.

Preserving the symmetry of the braiding isomorphism. The symmetry of the braiding isomor-

phism is preserved if swapping the order of a pair of arguments to a subroutine twice yields the

same result as when the arguments are provided in their original order. For example:

def swap_and_swap_back(arg1: Any, arg2: Any) -> (Any, Any):
swapped = (arg2, arg1)
return swapped[1], swapped[0]

assert f(swap_and_swap_back(arg1, arg2)) == f(arg1, arg2)
# Test Passed

5.5.5 G : Virtual→ Motion

The functor G is responsible for translating objects and morphisms from the virtual work cell

to the robot’s motion primitives, ensuring that the composition of actions in Virtual is preserved

in Motion.

Object map. Each object in Virtual is mapped to a corresponding configuration space in Motion.

This translation involves converting the geometric and physical attributes defined in the SDF

world model into specific configuration states for the robot. For objects resulting from a monoidal

product in Virtual, their interaction is translated into a configuration state. For example, the

position of the gripper in Virtual might be mapped to the joint angles required to achieve that

position in Motion.

Morphism map. Each morphism in Virtual is mapped to a corresponding low-level actuating com-

mand in Motion. These commands are specified using CRCL and are responsible for manipulating

the robot’s configuration space based on the software routines in Virtual. For instance:

• The morphism MoveToHome in Virtual maps to a CRCL command that moves the robot’s
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gripper to the home position:

<CRCLCommand xsi:type="MoveToType">
<MoveStraight>true</MoveStraight>
<EndPosition>

<Point>
<X>0</X> <Y>0</Y> <Z>0</Z>

</Point>
<XAxis>

<I>1</I> <J>0</J> <K>0</K>
</XAxis>
<ZAxis>

<I>0</I> <J>0</J> <K>-1</K>
</ZAxis>

</EndPosition>
</CRCLCommand>

• The morphism PickUpBox in Virtual maps to a composite morphism consisting of a sequence

of CRCL commands that move the gripper to the box, grasp it, and move it to the desired

location:

<CRCLCommand xsi:type="MoveToType">
<MoveStraight>true</MoveStraight>
<EndPosition>

<Point>
<X>1.5</X> <Y>1.0</Y> <Z>0.5</Z>

</Point>
<XAxis>

<I>1</I> <J>0</J> <K>0</K>
</XAxis>
<ZAxis>

<I>0</I> <J>0</J> <K>-1</K>
</ZAxis>

</EndPosition>
</CRCLCommand>

<CRCLCommand xsi:type="SetEndEffectorType">
<Setting>0.5</Setting>

</CRCLCommand>

In practice, this is implemented by generating subroutines in Virtual that issue the corre-

sponding CRCL commands to the robot platform.

Preserving composition. The composition of morphisms in Virtual is preserved in Motion by

ensuring that the sequence of CRCL commands reflects the same order as the software rou-

tines in Virtual. For example, given the morphisms PickUpBox : BoxModel ⊗ GripperModel →
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BoxModel ⊗ GripperModel and MoveToHome : GripperModel → GripperModel in Virtual, their

composition PickUpBox; MoveToHome maps to the concatenated sequence of the previous CRCL

command blocks. This ensures that the ordered execution of tasks in the virtual space corre-

sponds directly to the order of physical actions executed by the robot.

5.5.5.1 Considering Alternative Categories

An alternative approach could have been to model the objects and morphisms across all ab-

straction levels within one symmetric monoidal category, with equations like OpenDoorUsingGripper

represented as a sequence of operations such as MoveToDoor; AttachToDoor; . . . MoveHome. How-

ever, this would mathematically imply combining objects from the real-world, software abstraction,

and motion primitive levels within the same context. In practice, this would lead to ambiguities

regarding how the monoidal product behaves across such diverse representations. For instance, it

would be difficult to interpret what it means to combine an object representing the symbolic door

with an object representing to a particular robot configuration space. To avoid this inconsistency,

we instead define distinct categories for each abstraction level, allowing us to rigorously define how

◦ and ⊗ operate within their respective contexts.

5.6 Application of the RoboCat Framework to the Machine-Tending Problem

Building on the categorical framework detailed in the previous section, we now apply these

principles to a practical machine-tending task using the RoboCat framework. In this section, we

present the open door instruction using string diagrams to illustrate the hierarchical structure and

modular approach enabled by the framework. While the example focuses on the open door step,

the full implementation also includes moving the object and closing the door.

The example was developed using a C++ program with methods corresponding to each step
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of the task: MoveToDoor, AttachToDoor, OpenDoor, MoveToOpen, ReleaseDoor, and MoveHome.

Each method constructs the appropriate CRCL commands based on the object models provided

and sends these commands to the robot controller. Additionally, an SDF model file was created

to describe the geometries of both the Baxter robot and the sliding door. Specific markers were

added to the SDF file to define key positions, including the gripper’s natural pose, the attachment

and release modes of the gripper, the gripper’s home position, as well as the door handle’s open

and closed positions.

The category-theoretic model includes the categories Task, Virtual, and Motion as defined in

Section 5.5, along with two functors: F : Task→ Virtual and G : Virtual→ Motion. The symmetric

monoidal category Task represents symbolic abstractions of the physical world, with objects like

{Door, Gripper, ...}, and morphisms such as {OpenDoorUsingGripper, ...}, representing possible

actions that use or consume resources. An example morphism in Task is shown in Equation 5.2.

OpenDoorUsingGripper

Door Gripper

GripperDoor

(5.2)

Morphisms in Virtual represent the skills needed to complete tasks, such as {MoveToDoor,

OpenDoor, MoveHome, AttachToDoor, MoveToOpen, ReleaseDoor, ...}. An example morphism in

Virtual is shown in Equation 5.3.

OpenDoor

MoveToDoor

MoveHome

GripperModelDoorModel

GripperModelDoorModel

(5.3)

In Virtual, we specify semantic equivalences between functions using equations, and composi-
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tions of functions are defined. For instance, we define OpenDoor as a composition of AttachToDoor,

MoveToOpen, and ReleaseDoor, as shown in the following equation:

OpenDoor

DoorModelGripperModel

DoorModelGripperModel

= MoveToOpen

DoorModel GripperModel

AttachToDoor

ReleaseDoor

DoorModel GripperModel

(5.4)

In practice, this equivalence is implemented as sequential invocation of AttachDoor, MoveToOpen,

ReleaseDoor within the OpenDoor subroutine. Finally, the morphisms in Motion are fully parame-

terized CRCL commands [124], such as MoveToType, SetEndEffector, SetEndEffectorParameterType.

An example of these morphisms depicted in diagrammatic form is shown in Equation 5.5.

MoveToType(...)

SetEndEffectorParameterType(...)

R

R

R

R

SetEndEffectorType(...)

R

R

(5.5)

Figure 5.3 provides an expanded view of this model, illustrating a full string diagram for the

robot program described in Section 5.3. Notice that we have yet to discuss how these modules will

be executed procedurally; the design focuses first on defining the functions and their interfaces,

effectively isolating different parts of the code responsible for handling various aspects of the

robot’s state.

In this implementation, the functors between categories are achieved through offline pro-

gramming with full attention to preserving functoriality at each abstraction level. Ideally, these
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OpenDoorUsingGripper

Door Gripper

GripperDoor

MoveToDoor

MoveHome

GripperModelDoorModel

GripperModelDoorModel

MoveToOpen

AttachToDoor

ReleaseDoor

MoveToType(...)

R

SetEndEffectorParameterType(...)

SetEndEffectorParameterType(...)

R

MoveToType(...)

MoveToType(...)

GF

∈ Task ∈ Motion∈ Virtual

Figure 5.3: The full string diagram for the example robot program.

mappings would be handled automatically within a category-theoretic software framework, guar-

anteeing functoriality by design. However, in this case, the implementation is done manually, and

formal verification is left for future work.

The functor F represents the human-performed task of developing a digital model of the

physical environment and mapping abstract commands in the physical world to corresponding

virtual skills. Since this process is relatively straightforward, we will not elaborate further on it.

On the other hand, the functor G is responsible for mapping the virtual world components to

specific robot platforms. Table 5.1 lists the software functions that translate SDF model informa-

tion (from the robot and door) into fully parameterized CRCL commands, thereby implementing

G. Once the body of the function is implemented, it can be invoked without regard for how to

construct the CRCL command.
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Virtual Morphism Motion Morphism Functor G

MoveToDoor MoveTo(...) MoveToDoor(GripperModel, DoorModel):

pose = GetGripperNaturalPose(GripperModel)

position = GetDoorHandlePosition(DoorModel)

send(MoveToCRCL(pose, position ))

return GripperModel, DoorModel

MoveToOpen MoveTo(...) MoveToOpen(GripperModel, DoorModel):

pose = GetGripperCurrentPose(GripperModel)

position = GetDoorOpenPosition(DoorModel)

send(MoveToCRCL(pose, position ))

return GripperModel, DoorModel

MoveHome MoveTo(...) MoveHome(GripperModel, DoorModel):

pose = GetGripperNaturalPose(GripperModel)

position = GetDoorHomePosition(DoorModel)

send(MoveToCRCL(pose, position ))

return GripperModel, DoorModel

AttachToDoor SetEndEffector(...) ◦ AttachToDoor(GripperModel):

SetEndEffectorParameter(...) endEffectorMode = GetGripperAttachMode(GripperModel)

send(SetEndEffectorParameterCRCL(endEffectorMode ))

endEffectorSetting = GetGripperAttachMode(GripperModel)

send(SetEndEffectorCRCL(endEffectorSetting ))

return GripperModel

Table 5.1: Pseudocode for functor G : Virtual→ Motion.
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5.7 Discussion

While brute-force programming can achieve similar results, this framework provides a sys-

tematic approach to decomposing and organizing robot manipulator programs, ensuring a pre-

dictable hierarchical structure. In this chapter, we employ an algebra of functions to create math-

ematically sound programs for manipulators, enforcing semantic relationships through the use of

functors, equations, and composition. This approach results in a hierarchical, human-interpretable

compiler where users can follow the strings to compile the code, ensuring consistency across ab-

straction layers as task plans are transferred between hierarchies. In this section, we summarize

the advantages and limitations of the propose categorical framework.

5.7.1 Advantages of the Categorical Structure for Hierarchical Transfer

Validation of Hierarchical Structure. The categorical framework provides a formal structure that

supports validating the hierarchical structure of task plans. Through functors F and G, the

symbolic objects in Task can be reinterpreted within the contexts of Virtual and Motion, ensuring

that compositional integrity is preserved as task plans move from symbolic representations to

executable commands. This validation guarantees that newly transferred plans can be adequately

integrated with the interfaces of existing task plans at the same or higher-level.

Graphical Resource Tracking. The framework utilizes string diagrams as a powerful graphical

tool for both transparent program compilation and resource tracking. In industrial settings, where

monitoring resource consumption for robot manipulators is critical, string diagrams enable precise

tracking of resources at different time resolutions. By examining slices of the diagram, it is possible

to determine the resources consumed and produced at specific points in time, providing a temporal

and resource-sensitive representation that enhances both safety and efficiency. For instance, Table
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5.2 is temporal view of Equation 5.6 broken down into n = 3 time slices. This encoding tracks the

entire process for OpenDoorUsingGripper, detailing the objects consumed and produced:

(idDoor ⊗ idGripper); p; (idDoor ⊗ idGripper) (5.6)

t symbolic mathematical
1 Door ⊗ Gripper idDoor ⊗ idGripper

2 OpenDoorUsingGripper p
3 Door ⊗ Gripper idDoor ⊗ idGripper

Table 5.2: A temporal view of Equation 5.6.

Explainable Hierarchical Transfer. String diagrams also support explainable hierarchical transfer

by providing a clear visualization of task plans across multiple abstraction layers. This graphical

approach allows users to intuitively track the flow and transformation of task plans which assures

human validators that newly transferred modular components are properly integrated within the

hierarchical structure. The combination of visual clarity and mathematical precision provides

multiple forms of validation for integrating new plans in the hierarchy.

5.7.2 Limitations of the Categorical Structure for Hierarchical Transfer

Manual Implementation and Complexity. One limitation of the current framework is that the

functors between categories, particularly those mapping virtual world components to robot plat-

forms, are implemented manually. Ideally, these mappings would be automated within a category-

theoretic software framework guaranteeing functoriality by definition. Currently, the manual pro-

cess introduces complexity, requires expertise, and increases the potential for human error, reducing

the scalability and accessibility of the framework.
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Interoperability Across Diverse Robotic Platforms. Although the framework supports interop-

erability across different robotic platforms, this capability is currently constrained by the specific

platforms and standards in use (e.g., CRCL and ROS). Extending the framework to handle a

wider variety of robotic systems with different software architectures may require additional effort

and refinement. Compatibility with non-standard platforms or emerging robotic ecosystems could

prove challenging.

Resource Management in Dynamic Environments. The categorical framework’s use of string

diagrams offers a powerful tool for resource tracking, but its effectiveness relies on predefined re-

sources and static environments. In highly dynamic environments where resources may change

unpredictably (e.g., due to unexpected robot failures or environmental changes), ensuring that

resource consumption and task execution remain valid can become difficult. Handling such vari-

ability while preserving the formal guarantees of the framework is a potential limitation.

5.7.3 Exploring Future Applications of String Diagrams

This chapter opens the door to further research exploring the advantages of using string di-

agrams as a representation for robot programs, particularly in the context of hierarchical transfer

and validation. For example, string diagrams could be used to develop metrics that character-

ize the level of interoperability [127–129] or the similarity between robot program definitions by

matching patterns on the hierarchical structures expressed through these diagrams. Additionally,

the precise expression of temporal resource usage in string diagram formalism may serve as a valu-

able validation tool for detecting failures during execution [130]. The framework’s use of functors

to facilitate hierarchical transfer also presents new possibilities for Industry 4.0 initiatives [66,131],

where the flexible and scalable transfer of task plans across different robotic platforms is essential.

Finally, the formal properties of string diagrams—such as their ability to represent sliding
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and concatenating processes—can be leveraged to optimize hierarchical process plans for both

single and multi-agent work cells [132]. Future work includes developing a software library that

validates these structures in robot programs, enabling users to define hierarchical task plans while

automatically benefiting from the formal guarantees provided by category-theoretic constructions.

5.8 Conclusion

This chapter introduced a definition of hierarchical transfer and presented a principled frame-

work for defining hierarchical, goal-oriented programs and their programming interfaces, offering

algebraic guarantees through category theory. By leveraging these mathematical structures, robot

command sequences can be compiled from high-level descriptions in a modular and reliable man-

ner, without requiring wholesale code replacement. The functorial requirements embedded within

the categorical architecture ensure that programming interfaces support seamless composition and

reuse of existing components. Additionally, the framework provides tools for validation which en-

able consistent verification of hierarchical structure and behavior as task plans are transferred and

adapted. This was demonstrated in a machine-tending example, where hierarchical validation was

achieved by construction.
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Chapter 6: Structured Knowledge in Planning

Both sequential and hierarchical transfers share the fundamental quality of integrating plans

within a broader framework of plans in the same planning domain. Analogical transfer, by con-

trast, aims to transfer entire plans from the original planning domain to another. For analogical

transfer to work, it is essential to isolate the aspects of each domain where analogies can be

established—specifically, the structured knowledge within them. Planning with such knowledge

introduces the challenge of achieving a balance between abstraction and representation that is both

semantically meaningful and computationally efficient. A well-designed planning domain abstrac-

tion simplifies world states and action models without compromising the essential semantics that

accurately model the real world. The expressivity and structure of domain abstractions, however,

depend on their representation (see Section 7.1 in [133]). A representation language should not

only allow one express simultaneous facts about the world but also allow for the derivation implicit

facts from explicitly stated ones [122]. It should efficiently update these facts about the world while

preserving underlying semantics. In this chapter, we introduce a planning representation language

that aims to achieve this balance and support analogical transfer.

6.1 Motivation

An inherent advantage of incorporating structured knowledge in planning, often termed

knowledge-based planning [9], is the availability of facts that enable a comprehensive model of the
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real world. Specifically, using domain-specific knowledge during planning supports more effective

deduction about the impact of actions on real-world states. Knowledge-based planning employs

structured representations, such as ontologies [75,134,135] and semantic networks [136–139], to ac-

curately capture world states. However, faithfully integrating these knowledge-rich representations

within a PDDL world state is challenging and, when achieved [137,139,140], often computationally

expensive to propagate through the planning process.

One explanation for this computational inefficiency may be that the formal representa-

tions underlying PDDL—namely, propositional and first-order logic—do not natively support

type hierarchies, transitive relationships, or densely connected predicates. Without mechanisms

to reason about these structures, inferences based on this knowledge can become computationally

intractable. Formalizing these structures is also essential for our purposes, as they provide the scaf-

folding necessary to establish mappings between different planning domains as part of analogical

plan transfer.

To address both challenges, we propose a planning language that incorporates structured

knowledge and supports analogical plan transfer within a single framework, eliminating the need

for translation into a classical planning language like PDDL. Our approach is grounded in category-

theoretic concepts, specifically C-sets [41] and double-pushout (DPO) rewriting [42]. This repre-

sentation formalizes predicate semantics through functors that map a user-provided ontology to

the data in the world state. By functorially adhering to the ontology, our language preserves the

semantic integrity of the world state as it evolves.

In this chapter, we delve into related works about planning using semantic networks begin-

ning in Section 6.2. We then provide a background on the model of planning as a state transition

system in Section 6.3. In Sections 6.3.2 and 6.4, we thoroughly describe the features of both

classical and categorical representations based on state transition systems. We then compare how
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these two representations handle structured knowledge, satisfiability of preconditions, and implicit

effects through an example in Section 6.5. The chapter concludes with Section 6.7 summarizing

the advantages and limitations of the categorical structure.

6.2 Related Work

To place our work in context, we review existing literature on knowledge-based planning,

with particular attention to the role of ontologies in structuring and enforcing connected world

knowledge within planning systems.

In 2001, Wilkins & DesJardins published a seminal paper calling for the expanded use of

knowledge in planning [9]. Knowledge during planning can come from a variety of sources as shown

in Figure 6.1. Wilkins & DesJardins proposed that knowledge could enhance planning through

the use of rich domain models, knowledge about good plans, and knowledge about the planning

process to support plan repair. Based on this recommendation, our work focuses on integrating

richer domain models to enable more descriptive and semantically rich representations of world

states during planning.

Similar work has been done to enhance the representation of world states through various

forms of structured knowledge. Approaches have included the use of typing and derived predicates

in PDDL [61, 117, 141, 142]—axioms that capture implied conditions when certain predicates are

satisfied—and planning over semantic graphs [137,139,140], which use graph structures to repre-

sent knowledge through nodes and links. In the remainder of this section, we will provide some

background on these approaches and discuss their limitations.
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Figure 6.1: Types of knowledge sources for a knowledge-based planning system [9].

6.2.1 Typing and Derived Predicates in PDDL

6.2.1.1 Typing

Planning formalisms based on restricted first-order logic often struggle to represent the

complexity of real-world domains accurately. To address this limitation, various syntactic and

semantic extensions have been introduced to enhance the language’s expressiveness and inter-

pretability. Among these extensions, the introduction of typing for variables and predicates has

proven particularly effective. For instance, PDDL 1.2 [61] introduced support for object typing,

allowing domains to specify type hierarchies by defining abstract types. For example, by specifying

(:types building - place), place is defined as the parent type of building. When predicates

found in preconditions and effects use the parent type (e.g., place), this allows all arguments

of this type or its subtypes (like building) to be considered valid arguments. An example is

100



the predicate in(?x - place), which accepts constants of type place as well as any subtypes of

place, such as building.

However, while typing ensures that constants match their designated types, it does not

consider relationships between those types as expressed by other predicates. For instance, consider

the predicate isLocatedIn(?y - office, ?x - building), which asserts that an office is located

in a building. Since a building is a type of place, one would expect the system to infer that the

office is also located in a place. However, PDDL does not reason over such relationships between

types and predicates. This limitation requires domain designers to manually encode these typing

relationships as predicates in addition to typing the arguments, adding complexity during planning.

6.2.1.2 Derived Predicates

A potential solution to the challenge of capturing implicit relationships between types, as

well as other limitations, is the use of derived predicates. Derived predicates were introduced in

PDDL [117] as a means to define the truth value of some predicates based on the values of other

predicates. There has been work that demonstrate the value of derived predicates as a means of

addressing the frame problem ( [122]) by encoding rules grounded in expert knowledge [141] and

helping derive indirect action effects [142]. This mechanism removes unnecessary choices from

the planner’s search space, freeing it to focus on more promising options. Employing derived

predicates allows implicit relationships to be captured without requires explicitly enumerating

those relationships within the preconditions of actions.

However, while derived predicates provide greater expressiveness than simple preconditions

and effects, they are not without limitations. For example, modeling highly intricate logical

dependencies—such as ‘Condition B must be true only if Condition C and Condition D are true,

where Condition D depends on Condition E and Condition F being true’—can become cumbersome
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or infeasible due to the sheer complexity of these relationships. Such dependencies might require

nested layers of derived predicates, which could increase the cognitive load for modelers and reduce

the tractability of the planning domain.

6.2.2 Ontologies and Semantic Graphs

An alternate approach is the use of ontologies as a knowledge representation tool. An ontol-

ogy is a formal, explicit specification of a shared conceptualization [143], allowing for the creation

of structured, machine-interpretable representations of knowledge within a specific domain. Com-

mon syntactical frameworks for representing ontologies in practice include OWL (Web Ontology

Language) [115] and RDF (Resource Description Framework) [116].

Ontologies have proven effective in robotics for capturing complex relationships between

entities in dynamic environments. For example, in autonomous driving, ontologies enrich scene

data by encoding spatial, temporal, and semantic relationships [144]. Similarly, Paulius & Sun [145]

demonstrate that these benefits extend to industrial and service robotics, where knowledge about

perception modules, sensor inputs, and motion planning outcomes can be captured in ontologies.

Several systems demonstrate the use of ontologies for robotics applications. KnowRob [10,

134, 135, 146] provides robots with reasoning capabilities over task knowledge (see Figure 6.2).

ORO [147] serves as a commonsense knowledge base for human-robot interactions in domestic

settings, while the Factory of the Future (FoF) ontology [148] supports knowledge-driven assembly

processes. These systems illustrate how ontologies can enhance planning by connecting high-

level conceptual knowledge to real-world robotic tasks. However, a key challenge remains—How

can we express real-time perception data that respects this ontological structure in a language

interpretable by planners?
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Figure 6.2: A semantic graph based on the KnowRob ontology [10].

6.2.2.1 Planning over Semantic Graphs

Task planning over semantic graphs, such as knowledge and scene graphs [149], has emerged

as an approach to address the challenge of enriching world states with data during planning.

One early method, proposed by Galindo et al. [137], used ontology alignment maps to integrate

general and spatial knowledge for home navigation tasks. By linking nodes in a spatial graph

to those in a general knowledge graph, their approach enriched the world state with implicit

general knowledge, enabling more informed decision-making. Another example is Semantic Robot

Programming (SRP) [140], where task and motion planning are performed over scene graphs.

In SRP, a goal scene graph is constructed, and PDDL is used to generate a task plan. While

effective, this approach treats each edge in the scene graph as a PDDL predicate, which can lead

to significant performance bottlenecks due to the combinatorial explosion of the search space. To

address this limitation, one method improves planning efficiency by reducing the size of the graph

itself [139].

While promising, these methods still face challenges with real-time execution, largely due to

their reliance on existing planning representations, which struggle with large state spaces. Such

planners often fail to efficiently account for implicit predicates or lack native support for features of
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the original data structures—such as their graph structure—that could enable more sophisticated

inferences during planning. A representation language that can accommodate reasoning about

both plans and knowledge graphs simultaneously may help address this issue.

6.3 Background

In this section, we introduce the state transition system model for planning and discuss key

aspects of the classical planning representation, framed within this model.

6.3.1 State Transition System Model for Planning

To set the stage for the proposed language, we turn our focus to the state transition system

model for representing planning problems [23]. This model captures the essential components of

the planning process—states, actions, and transitions—which will form the basis for a systematic

analysis comparing our approach to an existing representation language.

A state transition system model is typically defined as a tuple (S,A, γ), where:

• The state space S = {s0, s1, s2, . . . } is the set of all possible states. Each state s ∈ S

represents a snapshot of the world at a specific point in time, ideally capturing all relevant

information, such as the location and properties of items in the world.

• The action space A = {a0, a1, a2, . . . } is the set of all possible actions.

• The transition function γ : A× S → S is a partial function that maps an action and a state

to the resulting state, where defined.

An action a ∈ A is applicable at state s ∈ S if γ(a, s) is defined. A plan, π = ⟨a1, a2, . . . , an⟩,

where ai ∈ A, is any sequence of actions. It serves as a solution to the planning problem if it

transitions the system from the initial state s0 to the goal state sg, i.e., γ(ai, si−1) = si for

i = 1, . . . , n and sn = sg.
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6.3.2 Classical Representation

Classical and neoclassical planning have employed various representations to formalize plan-

ning domains and problems, such as the set-theoretic, classical, and state-variable representa-

tions [23]. Among these, the classical representation is most commonly associated with PDDL,

and will therefore be the focus of our analysis. We will discuss how the classical representation

aligns with the state transition system model introduced earlier, focusing on how states, actions,

and transitions are formally captured within this framework.

6.3.2.1 World States, S

In classical planning, world states are typically represented as a conjunction of grounded

literals and reside within the formalism of first-order logic, as described in Section 4.2. These

literals capture knowledge about the world, such as the positions of objects and the states of

sensors. World states can also be described more abstractly using predicates, which are n-ary

relations between variables. For instance, a predicate like on(x, y) expresses that an object x is

on top of another object y. These predicates provide a lifted representation, meaning they describe

relationships in the world without binding the variables to specific objects. Once the variables are

instantiated with constants, such as x 7→ b_1 and y 7→ b_2, the predicate becomes a grounded

literal. For example, on(b_1, b_2) asserts that block b_1 is on block b_2. In another example,

the state AND(on(b_1, b_2), clear(b_1)) describes a world where block b_1 is on block b_2

and block b_1 has no other blocks on top of it.

6.3.2.2 Actions, A

Actions are defined by schemas consisting of preconditions, effects, and parameters, as dis-

cussed in Section 4.2. Preconditions specify the conditions that must be true for the action to be
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applicable, while effects describe how the action changes the world state. Both preconditions and

effects are expressed using predicates, where the variables (also called parameters) can take on

different values depending on the specific situation in which the action is applied.

Classical planning assumes that actions are deterministic, meaning their effects are fully

specified and guaranteed to occur whenever the preconditions are satisfied. This eliminates uncer-

tainty in action outcomes and ensures that each action has a predictable result. In practice, action

schemas can include types that constrain the possible values parameters can take, as discussed in

Section 6.2.1.1. Though types are not inherent to the first-order logic formalization of states, they

are a supported feature in PDDL1.2 [61] and later versions.

6.3.2.3 Applicability

In classical planning, the applicability of an action in a given world state is determined by

its preconditions. To check applicability, the planner checks whether the literals in the action’s

preconditions are a subset of the literals that are true in the current state (see Chapter 2 of [23]).

The runtime complexity of subset inclusion is O(|p| · |s|) where |p| is the number of precon-

ditions and |s| is the number of literals in the state. In extended representations that incorporate

more features of first-order logic, such as disjunctions (OR) or negation, determining applicability

may require more sophisticated reasoning. In these cases, the planner uses logical inference to

verify whether the preconditions are logically entailed by the current state. This involves checking

whether the logical conditions of the preconditions hold in the world state, which can increase the

complexity of planning. In fact, logical inference in classical planning is PSPACE-complete [133],

so planners often employ heuristics and optimizations to manage this complexity.

As discussed in Section 6.2.1.2, planners can use derived predicates to infer implicit con-

ditions that affect action applicability. These derived predicates do not alter the world state
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but allow some planners to infer additional facts that can influence whether an action can be

applied [150].

6.3.2.4 Transition, γ

A state transition occurs when an action is applied to a world state, producing a new state.

Like preconditions, the world state is represented as a set of grounded literals. When an action is

applied, the transition function γ updates the current world state by modifying the set of literals

based on the action’s effects. Specifically, add (positive) effects introduce grounded literals into

the set, while delete (negative) effects remove grounded literals from the set.

This process models a deterministic transition between states, ensuring that the next state

is fully determined by the current state and the effects of the applied action.

6.4 Categorical Representation

While classical planning methods effectively represent state transitions and actions, they

often struggle to manage complex semantic relationships with its syntax, especially when deal-

ing with more structured and interconnected knowledge, as discussed in Section 6.2. To address

these challenges, we propose adopting categorical logic as a more expressive and flexible formal-

ism. An essential feature of categorical logic is its ability to precisely capture the relationship

between logical syntax and semantics using functors, through a paradigm known as functorial

semantics [151]. This approach moves beyond the limitations of first-order logic by treating the

syntax of the language as an algebraic structure of its own that is bound, yet distinct, from its

semantic interpretation. In this way, categorical logic offers a robust framework for represent-

ing world states by providing a formal mechanism for translating between syntactic descriptions

and their corresponding semantic models. In the remainder of this section, we will introduce the
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technical components of our categorical logic-based representation, followed by a case study on

a manufacturing assembly task. A detailed comparison of its expressivity with PDDL will be

presented in the section following that.

6.4.1 World States as C-sets

In our approach, we represent world states as structured collections of elements, attributes,

and relationships, grounded in a domain-specific ontology. This allows us to capture both the

physical and semantic properties of items, as well as their interactions within a world state.

Box Surface
IsOn

Box IsOn
a table
b chair

(a::Box, ::IsOn, table::Surface)
(b::Box, ::IsOn, chair::Surface)

Figure 6.3: A BoxOnSurface-set, namely a C-set for the schema category BoxOnSurface.

To formalize this, we propose representing world states using C-sets (refer to Section 3.5.2.2

for a brief introduction). Let C denote a category, called a schema category, which defines the types

(objects) and predicates (morphisms) in an ontology. A C-set is a functor from C to the category

Set (see Example 1 in Chapter 3), where Set is the category of sets and functions. Thus, a C-set

assigns types in C to sets and predicates to functions between the underlying sets. These functions

can be compactly expressed as tables, resembling relational databases, where the leftmost column

header refers to the schema object and the remaining column headers refer to the morphisms for

which the schema object is the source. The map for each element of the set underlying each object

is defined using the rows of the table. An example of a C-set schema and database is shown in

Figure 6.3. Formally:
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Definition 20 (C-set). A C-set is a functor from the C to the category Set. The category C is

a finitely generated category which is often referred to as the schema category.

Here, finitely generated means that the objects and morphisms in C are generated by a

finite set of objects and morphisms. An example of this categorical representation is the functor

Grph-set, which models directed graphs as C-sets, capturing both the nodes and edges as sets.

Example 14 (Grph-set). Let Grph = E ⇒ V be the schema category finitely generated by

two objects, E and V , and two parallel morphisms, src, tgt : E → V . Then, a Grph-set is a

directed multigraph [152].

While we do not use Grph-sets to model world states and actions in our framework, this

example serves to demonstrate that C-sets can generalize graphs to a wide range of combinatorial

data structures. Combinatorial data structures, such as graphs, trees, hypergraphs, and, in our

case, ontologies, systematically organize discrete elements and their relationships. By generalizing

vertices and edges in graphs to objects in a category, we can see how C-sets allow us to model

complex relational data using an arbitrary schema.

In practice, C-sets are constructed using colimits of representable functors [42]. Mathemat-

ically, a C-set can be decomposed into a colimit of representables (see Proposition 162 in [153]).

Computationally, rather than instantiating all data at the time of construction—which would

be memory-intensive—using colimits of representables provides an efficient alternative for concise

data representation.

Recall from Definition 7 (see Section 3.1.1) that a (covariant) representable functor [103],

C(A,−), for a given category C and object A ∈ C, maps each object X ∈ C to the set of morphisms

from A to X. The colimit of these functors combines relevant data by respecting existing rela-

tionships in the category, ensuring that whenever an object A ∈ C is referenced, any morphisms
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originating from A are preserved in the resulting structure.

For example, in the BoxOnSurface-set, if the object Box is explicitly identified as part of

a state, then the morphism IsOn (from Box to Surface) and any associated data of Surface are

automatically included, since IsOn establishes a connection between Box and Surface. This ensures

that both Box and Surface are consistently represented, maintaining the structural integrity of

the BoxOnSurface relationships in any state or action involving Box.

The use of colimits of representable functors allows for both rich and concise expressions

of states by integrating the connected knowledge at the time the state or action is constructed.

A full-featured implementation of C-sets, designed for practical use in areas like robotics and

planning, is available in the AlgebraicJulia ecosystem [154].

6.4.1.1 C-Set and Knowledge Graphs

The relationship between C-sets and knowledge graphs is formalized through the category of

elements construction, denoted as
∫
X [155] (see Definition 11 in Section 3.3). This construction

organizes the data of a C-set into a category that resembles a knowledge graph. Specifically,

objects in the category of elements can be interpreted as RDF triples [156], which is, as previously

mentioned, a widely used format for serializing knowledge and scene graphs. Figure 6.3 shows an

example of a C-set encoded as list of RDF triplets, e.g. (a::Box, ::IsOn, table::Surface),

making this representation interoperable with knowledge graphs specified using RDF.

6.4.1.2 Attributed C-Set

This representation can be extended to handle non-combinatorial values, like numerical

values and text, using attributed C-sets [41, 157]. Formally, we define an attributed C-Set as

follows:
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Definition 21 (Attributed C-set). An attributed C-set is a functor F from a finitely presented

schema category C to Set, where C is partitioned by a functor S : C→ 2. The category, 2, has

two objects, 0 and 1, and one morphism, 0→ 1 between them. The preimage S−1(0) captures

the combinatorial structure (e.g., relationships between entities), while the preimage S−1(1)

captures the attribute structure (e.g., properties of the entities). The preimage S−1(0 → 1)

isolates the morphisms connecting the combinatorial and attribute structures.

Example 15 (Attributed ColorBoxOnSurface-set). We can extend the BoxOnSurface schema

to include an attribute HasColor : Box → Color. Here, Color is an attribute object repre-

senting a set of string values (e.g., color names like "red" or "blue") that are not part of the

combinatorial structure of BoxOnSurface, but provide additional descriptive information. The

resulting schema, which we call ColorBoxOnSurface, includes this attribute and represents the

extended structure:

Block Surface

Color

IsOn
HasColor

Here, an attributed ColorBoxOnSurface-set, C, describes the color and location of each

box in a specific world state.

Box IsOn HasColor

a table "pink"

b chair "yellow"

Attributed C-sets generalize C-sets by incorporating attributes alongside the combinatorial

data. For the purposes of this chapter, we will assume that all referenced C-sets are attributed.
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6.4.2 Actions as Spans in C-Set

In our categorical approach to planning, we model actions as spans in the category C-Set

[158]. A formal definition for C-Set is provided in Definition 22.

Definition 22. The category C-Set is a category whose objects are functors C→ Set and whose

morphisms are natural transformations.

Grph-Set is an example of a C-Set category for the schema Grph from Example 14.

Example 16. The category Grph-Set is a category whose objects are Grph-set functors and

whose morphisms are graph homomorphisms between directed multigraphs.

Actions are spans in C-Set. Actions extend the classical action model by introducing the

additional concept of Keep, which tracks elements that remain consistent between the precondition

and effect. Specifically, an action rule is a span (Pre←↩ Keep→ Eff), where:

• Pre represents the precondition, describing the requirements for the action to be applied.

• Eff represents the effect, describing the changes to the world state after the action is applied.

• Keep describes what remains invariant between the precondition and the effect.

Formally:

Definition 23. An action is a span in C-Set:

Pre←↩ Keep→ Eff

Pre refers to the precondition of the action, Eff to the effect, and Keep captures the conditions

that remain unchanged between Pre and Eff.
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6.4.3 Applicability using Monomorphisms

In classical planning, a precondition is satisfied by a world state if the literals in the pre-

condition are a subset or are logically entailed with the world state. In the category-theoretic

context, this notion is generalized using monomorphisms, typically denoted using a hooked arrow,

↪→. Monomorphisms are categorical analogs of injective functions in Set and play a key role in

establishing the applicability of actions.

In C-Set, a monomorphism is a natural transformation where every component is an in-

jective function. For example, in the category of graphs, Grph-Set, a monomorphism is a graph

homomorphism in which both the vertex and edge maps are injective.

The importance of monomorphisms in planning stems from their injective nature: they

ensure that no two distinct entities in the precondition can be mapped to the same entity in the

world state. Thus, in categorical planning, an action is applicable if there exists a monomorphism

m : Pre ↪→ X in C-Set, where Pre is the action precondition and X is the current world state, we

will refer to as the match morphism.

6.4.3.1 Actions With Negative Preconditions

In this representation language, negative preconditions—conditions that must not hold in

the world state for an action to be applied—can be expressed using negative application condi-

tions (NACs), a concept originating from graph rewriting [159]. NACs extend the action rule by

specifying patterns that must not be present in the world state before the action can be applied.

This concept generalizes negative preconditions from classical planning to the categorical setting.

Formally, a NAC is defined by a monomorphism n : Pre ↪→ N , where N is a structure that

should not appear in the world state. The action is considered not applicable if there exists a

commuting triangle involving n, the match morphism m, and a morphism f : N ↪→ X which
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captures the embedding of N into the current world state X. This non-commutative condition is

expressed as f ◦ n ̸= m in C-Set. Diagrammatically, this can be understood as:

N Pre

X

f

n

m

In this diagram, the morphism f represents the presence of the forbidden structure N in the

world state X. The action is only applicable if there is no way to complete the commuting triangle

between Pre, N , and X via f . In other words, the NAC ensures that certain configurations of the

world state are avoided, preventing the action from being applied in inappropriate contexts.

Furthermore, negative conditions can be composed, allowing for the specification of distinct

negative preconditions that must simultaneously be absent from the world state for an action

to be applied. This compositionality provides flexibility in defining more complex applicability

constraints.

6.4.3.2 Extending Preconditions

Positive application conditions (PACs) serve as the complement to negative application

conditions (NACs). PACs extend preconditions by introducing additional conditions that must

hold in the world state. Formally, this is achieved by defining a morphism p : Pre ↪→ P , where P

is the structure that must be present in the world state, such that g ◦ p = m, where g : P ↪→ X

commutes. Diagrammatically, this can be understood as:
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P Pre

X

g

p

m

This construction is particularly useful in scenarios where specific application preconditions

need to be added, without altering the general specification of the rule itself. PACs allow for mod-

ular and flexible rule extensions, ensuring that the core rule remains intact while accommodating

additional constraints relevant to the current context or environment.

6.4.4 Transition using Double-Pushout (DPO) Rewriting

Double-pushout (DPO) rewriting is a formal approach in graph rewriting that uses category

theory to define transformations of graphs through two pushout constructions [160]. DPO rewriting

is a mathematically rigorous approach within the broader field of graph rewriting, where graphs are

systematically transformed according to predefined rules. This method naturally extends graph

rewriting to C-set rewriting, allowing for transformations as it relates to any schema category

C [42]. In the context of planning, action rules are modeled as DPO rewrite rules. For a given

action rule, the DPO algorithm finds a monomorphism from the precondition to the world state.

Two pushout squares are then computed which results in a transformed C-set.

6.4.4.1 Pushouts in C-Set

DPO rewriting relies on the fundamental category-theoretic concept of a pushout (see Def-

inition 10). A pushout is the colimit of a diagram shaped as a span (• ← • → •). Given a span

X ← Z → Y , the pushout produces an object that effectively joins X and Y along their shared

subobject Z, resulting in the object (X ∪ Y )/Z. In C-Set, a pushout is computed by taking the
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disjoint union of the underlying sets, then quotienting by the set Z. This allows for consistent and

coherent merging of world states. An example of a pushout in C-Set is shown in Example 17.

Example 17 (Pushout in C-Set: Merging Worlds in BlocksOnSurface-Set). Consider the schema

category, BoxOnSurface. This schema models the data about blocks on surfaces.

Figure 6.4: An illustration of a single pushout in BoxOnSurface-set.

We define three objects in BoxOnSurface-Set, denoted X, Y , and Z, which are functors

from the schema BoxOnSurface to Set. These objects represent different configurations of

blocks and surfaces, along with the relationships between them using the morphism IsOn.

Let X be a BoxOnSurface-set specifying two blocks and two surfaces. We define

X(Box) = {a, b} and X(Surface) = {table, chair}. The morphism X(IsOn) is defined as:

IsOn(a) = table and IsOn(b) = chair

Let Y be a BoxOnSurface-set representing two blocks and two surfaces. We define

Y (Box) = {a, c} and Y (Surface) = {table, floor}. The morphism Y (IsOn) is defined as:

IsOn(a) = table and IsOn(c) = floor

Let Z be a BoxOnSurface-set representing a configuration with one block and one sur-

face. Specifically, Z(Box) = {a} and Z(Surface) = {table}, with the morphism Z(IsOn)
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defined as:

IsOn(a) = table

The morphism Z → X maps the block a in Z to the block a in X, and the surface

table in Z to the surface table in X. The morphism Z → Y maps the block a in Z to the

block a in Y , and the surface table in Z to the surface table in Y .

The pushout of the span X ← Z → Y in BoxOnSurface-Set is constructed as follows:

1. Take the Disjoint Union. The disjoint union of X and Y results in the following sets:

Blocks: {aX , aY , b, c}, Surfaces: {tableX, tableY, chair, floor}.

2. Glue Along Z. We identify the blocks aX = aY , as both are mapped from the block a

in Z. Similarly, we identify the surfaces tableX = tableY , as both are mapped from the

surface table in Z.

3. Compute Pushout Object. The resulting pushout object is a BoxOnSurface-set, denoted

as Q, with:

Q(Box) = {a, b, c}, Q(Surface) = {table, chair, floor}.

The morphism IsOn : Q(Box)→ Q(Surface) is defined as:

IsOn(a) = table, IsOn(b) = chair, IsOn(c) = floor

The following commutative diagram represents the pushout construction:

Z X

Y Q

⌟

The pushout in this example combines the structures of X and Y by identifying the common

block a and surface table. The resulting pushout object reflects a combination of the rela-

tionships in both X and Y , where block a is on the table, block b is on the chair, and block

c is on the floor.

The ability to compute pushouts within C-Set is crucial for planning, as it enables systematic

117



merging of state data that respect the structural relationships enforced by the world state’s schema.

An important mathematical fact is that the category C-Set is a topos [161], making it an especially

well-behaved category in which all limits and colimits exist.

6.4.4.2 DPO Rewriting Algorithm

In Example 17, we demonstrated how pushouts can be used to combine two structures, X

and Y , along a shared substructure Z within the context of C-sets. This process allowed us to

merge the relationships between blocks and surfaces, preserving the schema’s structure by forming

a new object through the pushout operation.

We now extend this idea by applying it to DPO rewriting, where two consecutive pushout

operations transform a world state through the application of an action rule. The diagram below

illustrates this process:

Pre Keep Eff

X Z Y

m

l r

f

⌟ ⌟

Here, the left pushout square represents the deletion of part of the world state (X) based

on the preconditions (Pre), while preserving certain elements (Keep) and stores this result in Z.

The right pushout square then merges the effects (Eff) of the action and Z, resulting in the new

world state (Y ). This approach ensures that structural integrity is maintained throughout the

transformation, as the pushout construction guarantees that the relationships in the schema C are

respected.

More specifically, the first step is to find a monomorphism, m, that matches Pre in X,

as described in the previous subsection. The next step is to compute the pushout complement,

f : Keep → Z, given the morphisms l and m. The pushout complement manages the deletion

of entities that form the complement Keep/Pre. Because m is a monomorphism, the pushout
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Algorithm 2: Double-Pushout (DPO) Rewriting

Require: (action rule) Pre
l←−↩ Keep

r−→ Eff ∈ C-Set
Require: (world) X ∈ C-Set
m = FindHomomorphism(Pre,X,monic=True)
f = ComputePushoutComplement(l, m)
Y = ComputePushout(f , r)

complement exists and is unique up to isomorphism, [42] provided that the identification and

dangling conditions are satisfied when defining an action.

Identification condition. The identification condition requires that when an element in the com-

ponent of an action is uniquely identified across all structures involved in the rewrite. Specifically,

this condition prevents any unintended overlaps or merges of distinct elements during the rewriting

process. For example, if a robot picks up a block, the identification condition ensures that only

the intended block is removed from the table and that no other blocks, that may also have been

on the table, are incorrectly removed.

Dangling condition. The dangling condition, on the other hand, requires that when elements

are deleted, the deletion does not leave any "dangling edges" or unresolved references in the

resulting structure. For example, in a C-set representing items in a room, if an item is deleted,

all relationships involving that item must also be deleted. Otherwise, there would be references to

non-existent objects, which would lead to an invalid world state.

Once the three sides of the square (l, m, and the pushout complement f : Keep → Z) are

constructed, the pushout square is completed by a unique map Z → X. The final step involves

computing the right pushout square given Keep→ Z and r, which produces the new world state.

Pseudocode for the DPO rewriting procedure is given in Algorithm 2.
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Complexity of DPO Rewriting. A subroutine, FindHomomorphism(), is used to identify specific

morphisms when a morphism has not been manually specified, such as in m : Pre ↪→ X. The

runtime complexity of current implementations of FindHomomorphism() is O(nk), where k is the

size of Pre and n is the size of X, restricted by the subschema involved in Pre [42]. Here, the size

of a C-set refers to the total number of elements across all types in the schema; mathematically,

this corresponds to the number of objects in the category of elements.

The subroutines, ComputePushoutComplement() and ComputePushout(), leverages the union-

find algorithm, which has a complexity of O(p · α(s)) (see Section 21.4 in [162]). For a span

X ← Z → Y , p represents the number of union-find operations required to manage equivalences

among elements in X and Y as specified by the relationships in Z. Here, s is the total number

of elements across the sets X and Y , and α(s) is the inverse Ackermann function, which is near-

constant in practice, providing effectively linear runtime complexity for computing pushouts in

typical applications.

6.4.4.3 Use in Planning

In summary, the categorical approach provides a more structured and relational represen-

tation through C-sets, spans, and DPO rewriting, while the classical approach relies on simpler

set-based operations and logical conjunctions. These differences impact the expressiveness and

scalability of each method in handling structured knowledge in planning. Table 6.1 provides a

map between concepts in the categorical represention and the classical representation aligned with

the state transition model for planning.

While both the categorical and classical approaches differ significantly in how they represent

states, actions, applicability, and transitions, they rely on the same underlying state transition

system model. Because of this, planning algorithms that operate on this model can be naturally
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Representation Categorical Classical

State, S C-set Conjunction of literals
Action, A Spans in C-Set containing: Precondi-

tions, Keep, Effects
Action model containing: Precondi-
tions, Effects

Applicability Monomorphisms in C-Set Subset inclusion
Transition, γ DPO rewriting Set-based addition and subtraction

Table 6.1: Terminology map between the categorical representation and classical representation
for planning

extended to work within this categorical framework. In practice, this means that classical planning

algorithms, such as search-based methods (e.g., A* or breadth-first search) and heuristic-based

approaches, can be adapted to operate within this categorical setting. Algorithm 4 in Appendix

A.2 provides pseudocode for implementing a depth-first search algorithm for forward planning

within the categorical framework.

6.5 Comparison for a Manufacturing Assembly Task

In this section, we highlight the representational differences between the categorical and

classical approaches to planning through an example in a small robotic assembly domain. Imagine

a robot tasked with assembling objects, such as a table, using parts like legs, screws, and table-

tops. This example involves assembling these components into a complete table, where implicit

relationships between the parts (e.g., parts and assemblies being colocated) must be preserved

throughout the process. An illustration of this domain is found in Figure 6.5.

6.5.1 Planning Domain

The categorical representation of a planning domain requires defining a schema category

prior to defining states and actions with respect to that domain.
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Figure 6.5: An illustration of the Assembly domain.

6.5.1.1 Categorical Representation, Schema Category Assembly

The schema for the robot assembly domain, called Assembly, consists of three objects rep-

resenting the different components involved in the assembly process:

• Part: Represents any physical component.

• Type: Represents the type of the part (e.g., tabletop, leg, screw).

• Assembly: Represents the collection of parts that get assembled into a product (e.g., a table).

• Location: Represents spatial areas where parts or assemblies can be placed (e.g., workspace,

storage shelf).

The schema also includes morphisms representing the relationships between these objects:

• HasType: A morphism representing that specifies the type of the part (e.g., "part HasType

leg")

• IsPartOf : A morphism representing that a part is part of an assembly (e.g., "leg IsPartOf

table").

• PIsLocatedAt: A morphism representing the spatial attribute of parts, hence the prefix "P",

and locations (e.g., "screw PIsLocatedAt workspace").

• AIsLocatedAt: A morphism representing the spatial attribute of assemblies, hence the prefix
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"A", and locations (e.g., "table AIsLocatedAt workspace").

Lastly, the schema includes objects and morphisms that take the shape of a span. This

allows the schema to encode relations between elements while within C-Set. The object at the

apex represents the relation and the two morphisms represent the left and right-side of the relation.

For this schema, there exists a relation:

• isAttachedTo: A relation representing one part as being attached to another part (e.g., "leg

isAttachedTo tabletop").

This pattern allows for parts to not being involved in an attachment, or a parts to be

attached to multiple parts.

Given this setting, we can define a schema category called Assembly that describes a robot

assembly domain.

Definition 24 (Assembly). The schema category, Assembly, for the robotic assembly domain

has objects {Part,Assembly,Location,Type} and morphisms:

IsAttachedTo

Type Part Assembly

✓

Location

IsAttachedToRIsAttachedToL

HasType IsPartOf

PisLocatedAt AIsLocatedAt

Notice that a commuting diagram AIsLocatedAt◦ isPartOf = PIsLocatedAt, symbolized by

✓, is enforcing a constraint that suggests that all the parts belonging to an assembly should be at

the same location as the assembly in order for the diagram to commute.
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6.5.1.2 Classical Representation, Domain Types and Predicates

The same robotic assembly domain can be represented in PDDL by defining types and

predicates. In PDDL, the domain defines types of objects (e.g. part, assembly, location, type)

and predicates that capture relationships and properties. These elements correspond directly to

the objects and morphisms in the categorical schema but are expressed using the syntax and

semantics of classical planning.

(define (domain assembly)

(:types
part
assembly
location
type

)

(:predicates
(HasType ?p - part ?t - type)
(IsPartOf ?p - part ?a - assembly)
(PIsLocatedAt ?p - part ?l - location)
(AIsLocatedAt ?a - assembly ?l - location)
(IsAttachedTo ?p1 - part ?p2 - part)

)
...

In the predicates, types are declared as a way to constrain the possible elements that can

be involved in their grounded versions. For example, HasType captures the relationship between a

part and its type, similar to how the morphism HasType operates in the categorical schema. Rela-

tionships between predicates, such as IsPartOf and AIsLocatedAt, based their common argument

types are not considered explicitly.

6.5.2 Initial State

Now that we have defined the planning domain, we can define an initial state to a planning

problem.
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6.5.2.1 Categorical Representation, Object X in Assembly-Set

A state in this domain is an object in Assembly-Set. In this example, we take a state, X,

such that the sets underlying each object are:

• X(Part) : {part_i} where i = 1 : 10

• X(Type) : {leg, screw, tabletop}

• X(Assembly) : {table_1, table_2}

• X(Position) : {workspace, storage_shelf}

The functions in Set that underpin this state specify the starting locations of each part and

the assembly that each part belongs to. For this example, we say that one leg (leg_1) of the table

is already attached to tabletop (tabletop) via a screw (screw_1). This scenario is expressed in

Table 6.2. Because Type does not have an outgoing morphism, it does not need a table defining

the element maps.

Table 6.2: The state X in Assembly-Set.

Part HasType IsPartOf PIsLocatedAt
part_1 leg table_1 workspace
part_2 leg table_1 workspace
part_3 leg table_1 workspace
part_4 leg table_1 workspace
part_5 leg table_2 storage_shelf
part_6 screw table_1 workspace
part_7 screw table_1 workspace
part_8 screw table_1 workspace
part_9 screw table_1 workspace
part_10 tabletop table_1 workspace

Assembly AIsLocatedAt
table_1 workspace
table_2 storage_shelf

IsAttachedTo L R
1 part_6 part_10
2 part_6 part_1
3 part_1 part_10

6.5.2.2 Classical Representation, PDDL Problem file

In a PDDL problem file for a robotic assembly domain, the objects must include specific

parts like leg_1, table_1, and locations like workspace and storage_shelf. The initial state
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would list facts such as leg_1 being part of table_1 and currently located in the workspace. The

PDDL syntax for the initial state is:

(define (problem assembly-problem)
(:domain assembly)

(:objects
part_1 part_2 part_3 part_4 part_5
part_6 part_7 part_8 part_9 part_10 - part
leg screw tabletop - type
table_1 table_2 - assembly
workspace storage_shelf - location

)

(:init
;; Type assignments
(HasType part_1 leg) (HasType part_2 leg) (HasType part_3 leg)
(HasType part_4 leg) (HasType part_5 leg) (HasType part_6 screw)
(HasType part_7 screw) (HasType part_8 screw) (HasType part_9 screw)
(HasType part_10 tabletop)

;; Part-of relationships
(IsPartOf part_1 table_1) (IsPartOf part_2 table_1)
(IsPartOf part_3 table_1) (IsPartOf part_4 table_1)
(IsPartOf part_5 table_2) (IsPartOf part_6 table_1)
(IsPartOf part_7 table_1) (IsPartOf part_8 table_1)
(IsPartOf part_9 table_1) (IsPartOf part_10 table_1)

;; Location assignments
(PIsLocatedAt part_1 workspace) (PIsLocatedAt part_2 workspace)
(PIsLocatedAt part_3 workspace) (PIsLocatedAt part_4 workspace)
(PIsLocatedAt part_5 storage_shelf) (PIsLocatedAt part_6 workspace)
(PIsLocatedAt part_7 workspace) (PIsLocatedAt part_8 workspace)
(PIsLocatedAt part_9 workspace) (PIsLocatedAt part_10 workspace)

(AIsLocatedAt table_1 workspace)
(AIsLocatedAt table_2 storage_shelf)

;; Attachment relationships
(IsAttachedTo part_6 part_10) ; screw_1 attaches tabletop to screw_1
(IsAttachedTo part_6 part_1) ; screw_1 attaches leg_1 to screw_1
(IsAttachedTo part_1 part_10) ; leg_1 attaches to tabletop

)
)

It is theoretically possible to define semantically invalid literals within this syntax. For

example, there is nothing preventing a problem designer from defining (PIsLocatedAt part_3

storage_shelf), which could technically invalidate the state if the parts and their assembly (e.g.,

(AIsLocatedAt table_1 workspace)) are required to be in the same location.
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While it is possible to enforce such constraints within the PDDL domain file using additional

constructs or extensions, such as existential quantifiers, like so:

(:constraints
(forall (?p - part ?a - assembly ?l - location)

(implies
(and (IsPartOf ?p ?a) (PIsLocatedAt ?p ?l))
(AIsLocatedAt ?a ?l)

)
)

)

These constraints are only validated during the planning process and do not prevent a

domain and problem designer from defining an initial state with this error. Moreover, each PDDL

extension introduces additional computational complexity to the search space (see Chapter 2.4.3

in [23]). For this specific constraint, the time complexity of checking whether the constraint is

respected is O(|P |+ |A|+ |L|), where |P |, |A|, and |L| represent the number of parts, assemblies,

and locations, respectively. This time is added to the runtime required to check the applicability

of the action.

This added complexity can make the planning process more resource-intensive, as the planner

must enforce these constraints at each state transition, potentially slowing down the search and

making it more difficult to find a solution. In contrast, enforcing the constraint in the categorical

approach incurs no additional complexity, as it is integrated into the construction of the states

themselves.

6.5.3 Action

Now that the domain has been defined, it is possible to define an action in this domain. We

choose to model the action of attaching a leg to the tabletop, which we call, AttachPart.
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6.5.3.1 Categorical representation, Span in Assembly-Set

To define an action, we must define the Pre, Keep, and Eff objects and the morphisms

l : Keep ↪→ Pre and r : Keep→ Eff.

Precondition. The precondition of this action is that there must exist a free leg, a free screw,

and a tabletop all belonging to the same assembly. We assume that (i) each assembly has a fixed

number of legs and screws assigned to it and (ii) a part being free means that it is not captured

under the IsAttachedTo relation. To represent this condition, we need to not only define Pre, but

also a NAC, n : Pre ↪→ N (see Section 6.4.3.1). The precondition Pre is defined in Table 6.3. The

negative condition N includes the Pre with the addition of the conditions in Table 6.4.

Table 6.3: Pre (and Keep) for action AttachPart

Part HasType IsPartOf PIsLocatedAt
part_x leg assembly_x ?x
part_y screw assembly_x ?x
part_z tabletop assembly_x ?x

Assembly AIsLocatedAt
assembly_x ?x

Table 6.4: NACs (in addition to Pre) for action AttachPart.

IsAttachedTo L R
1 part_x part_y
2 part_x part_z
3 part_y part_z

The _x,_y,_z suffix appended to each part’s label symbolizes that the precondition is not

referring to specific parts such as a particular leg or screw (e.g., part_1 or part_2) but rather to

arbitrary yet distinct parts. The assembly, however, must be the same for all three parts, so its

label is consistently appended with the suffix _x to indicate this shared reference.

Additionally, observe that in this precondition, the location of each part and the location of

the assembly are left as variables (?x). This occurs as a result of taking a colimit over representable

functors, specifically Hom(Part,−) and Hom(Assembly,−). The colimit unifies information about
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the locations by creating a minimal representation of the relationships across objects. The use of

the same variable ?x reflects this shared structure, as the colimit allows overlapping data from the

relationships between parts and assemblies to represent their common locations.

We define the morphism n : Pre ↪→ N to simply be the self-identification of the rows of Pre

within N. For instance:

(leg_x, assembly_x, ?x) ∈ Pre 7→ (leg_x, assembly_x, ?x) ∈ N

Effect. Because the desired Eff is to attach these parts to the tabletop, we can set the Eff to be

equal to N , namely Eff = N . The object N specifies the attachment relationships between the

parts, and therefore, can be used as-is to specify the desired effect.

Keep. The Keep condition identifies the parts of Pre and Eff that remain the same. Given that

we would like the free parts, e.g. legs, screws, and tabletops, to be the same parts we attach via

Eff, we can set Keep to be equal to Pre, namely Keep = Pre. This is because the conditions

expressed in Pre are exactly the conditions that should remain the same. Because Eff = N and

Keep = Pre, we can define the morphism l : Keep ↪→ Pre to be equal to the identity morphism

idPre : Pre ↪→ Pre and the morphism r : Keep→ Eff to be equal to n.

6.5.3.2 Classical Representation, Action in PDDL Domain

In PDDL, the action AttachPart can be specified with preconditions and effects that mirror

the categorical representation’s span in Assembly-Set. The AttachPart action in this representa-

tion models the process of attaching a leg to a tabletop in the same robotic assembly domain. The

action specifies a set of parameters that include the leg, screw, tabletop, assembly, and location.

These parameters define the objects that the action will interact with during execution. The

PDDL syntax for the action is:
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(:action AttachPart
:parameters (?leg - part ?screw - part ?tabletop - part
?assembly - assembly ?loc - location)
:precondition (and

(HasType ?leg leg)
(HasType ?screw screw)
(HasType ?tabletop tabletop)
(IsPartOf ?leg ?assembly)
(IsPartOf ?screw ?assembly)
(IsPartOf ?tabletop ?assembly)
(PIsLocatedAt ?leg ?loc)
(PIsLocatedAt ?screw ?loc)
(PIsLocatedAt ?tabletop ?loc)
(AIsLocatedAt ?assembly ?loc)
(not (IsAttachedTo ?leg ?screw))
(not (IsAttachedTo ?leg ?tabletop))
(not (IsAttachedTo ?screw ?tabletop))

)
:effect (and

(IsAttachedTo ?leg ?screw)
(IsAttachedTo ?leg ?tabletop)
(IsAttachedTo ?screw ?tabletop)

)
)

The preconditions for this action ensure that the leg, screw, and tabletop involved in the

action are part of the same assembly and are all located at the same place (?loc). Specifically,

the preconditions check that the leg is of type leg, the screw is of type screw, and the tabletop is

of type tabletop. Additionally, it verifies that each of these parts is part of the specified assembly

(?assembly) and that they are all located at the same location (?loc). Crucially, the preconditions

also include negative conditions (not), which ensure that the leg, screw, and tabletop are not

already attached to each other before the action is executed.

The effect of the action specifies the changes to the world state that result from successfully

performing the action. In this case, the action results in the leg being attached to both the screw

and the tabletop, and the screw being attached to the tabletop. These new relationships are

represented by the IsAttachedTo predicate, which updates the state to reflect that the parts are

now physically connected as part of the assembly.

Notice that the constraint enforcing the colocation of parts and assemblies need to be made
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explicit in the action if a PDDL constraint is not specified.

6.5.4 Next State

Now that the action AttachPart has been defined, we can check the applicability of this

action and apply it to the initial state defined earlier in this section.

6.5.4.1 Categorical Representation, Y ∈ Assembly-Set

To determine the applicability of the action in the categorical representation, we need to

search for a match, m : Pre ↪→ X, taking into account any NACs or PACs. This can be done

using an implementation of FindHomomorphism() (see Section 6.4.4.2). A reasonable candidate

for m is shown in Table 6.5. The rows highlighted in yellow identify the valid matches for each

precondition (i.e. per row in the Pre database).

Table 6.5: Match m from Pre to the initial state X.

Part HasType IsPartOf PIsLocatedAt
part_1 leg table_1 workspace
part_2 leg table_1 workspace
part_3 leg table_1 workspace
part_4 leg table_1 workspace
part_5 leg table_2 storage_shelf
part_6 screw table_1 workspace
part_7 screw table_1 workspace
part_8 screw table_1 workspace
part_9 screw table_1 workspace
part_10 tabletop table_1 workspace

Assembly AIsLocatedAt
table_1 workspace
table_2 storage_shelf

After executing the DPO rewriting algorithm (see Algorithm 2), the new state contains the

facts about the new attachments as shown in Table 6.6.
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Table 6.6: Modified IsAttachedTo table within the new state Y .

IsAttachedTo L R
1 part_6 part_10
2 part_6 part_1
3 part_1 part_10
4 part_7 part_10
5 part_7 part_2
6 part_2 part_10

6.5.4.2 Classical Representation, Applicability and State Update

In PDDL, the applicability of an action is determined by evaluating the action’s precon-

ditions against the current state of the world. This done by checking that there is a consistent

match between the types of the parameters in the preconditions and the objects in the state. The

match is determined by binding the parameters in the action’s preconditions to specific objects in

the state that satisfy all the conditions, which is similar to finding a monomorphism in the cate-

gorical approach. However, in PDDL, this process is entirely dependent on the domain designer’s

definition of the action, without the inherent structural guarantees provided by the categorical

framework.

After the action is determined to be applicable, a new state is generated by adding the

effects into the new state. This would add the following attachment relationships to the world

state:

...
;; Attachment relationships
(IsAttachedTo part_6 part_10) ; screw_1 attaches tabletop to screw_1
(IsAttachedTo part_6 part_1) ; screw_1 attaches leg_1 to screw_1
(IsAttachedTo part_1 part_10) ; leg_1 attaches to tabletop
(IsAttachedTo part_7 part_10) ; screw_2 attaches tabletop to screw_2
(IsAttachedTo part_7 part_2) ; screw_2 attaches leg_2 to screw_2
(IsAttachedTo part_2 part_10) ; leg_2 attaches to tabletop

Both the categorical representation and the PDDL approach ultimately arrive at the same

next state, demonstrating their equivalence in expressivity for this example. However, the categor-
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ical representation inherently enforces structural constraints throughout the process. In PDDL,

the planner must check individual conditions at each step. While PDDL is highly flexible and

well-suited for a wide range of planning problems, enforcing such complex constraints can result

in increased computational complexity. In contrast, the categorical approach automatically en-

forces the structural constraints, such as typing and transitive closure, by construction. Although

operations like finding homomorphisms can introduce higher computational demands (especially

for large structures), this complexity is more predictable and fixed.

6.6 Discussion

The comparison between categorical and classical (PDDL) representations highlights dis-

tinct strengths and limitations in how each approach addresses planning problems, particularly

in specifying states and actions, enforcing implicit conditions based on relational structure, and

facilitating analogical plan transfer.

6.6.1 Advantages of the Categorical Structure for Planning

Enforcement of Structural Integrity. A key advantage of the categorical representation is its

ability to automatically manage implicit relationships and guarantee structural integrity. By

leveraging the structure defined within the schema category, the categorical approach naturally

captures dependencies without having to explicitly enumerate of every condition and relationship,

as required in PDDL. In contrast, PDDL demands that all relationships and conditions be manually

specified and managed. This increases the likelihood of errors in domains with complex relational

structures where implicit dependencies might be overlooked.

Preservation of Structure During State Transitions. In classical approaches, it is critical to explic-

itly define and track all relevant state changes in PDDL actions, which can increase the potential
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for inconsistency or contradiction, especially as the domain’s complexity grows. The categorical

approach, through the use of DPO rewriting, provides a rigorous and structured mechanism for

applying actions and updating states.

Predictable Computational Complexity. Another advantage of the categorical representation is

more predictable computational complexity, which arises from well-defined algebraic operations

such as DPO rewriting. These operations are grounded in the semantics of category theory, lead-

ing to a more predictable computational analysis. In contrast, PDDL, while highly flexible, can

introduce unpredictable interactions between its extensions—such as constraints, type systems, or

derived predicates—resulting in variable and often higher computational complexity when deter-

mining applicability of actions and computing new states. Although PDDL’s flexibility supports

a wide range of customizations, this frequently comes at the cost of increased and less predictable

computational demands.

Support for Analogical Plan Transfer. The classical PDDL representation for planning lacks

built-in support for isolating domain ontologies in a structured way. In contrast, the categorical

representation enforces a robust formalism within which maps between domains can be rigorously

defined, thereby better supporting analogical transfer.

6.6.2 Limitations of the Categorical Structure for Planning

Reliance on Advanced Mathematical Theory. The categorical representation is grounded in ab-

stract mathematical concepts such as categories, functors, and pushout constructions, which can

present a steep learning curve for practitioners. In contrast, the classical representation relies

on more accessible set-based operations. In simpler planning domains, where relationships and

dependencies are straightforward, the categorical approach may introduce unnecessary overhead,
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making the simplicity and directness of PDDL a more practical choice. The next chapter will dis-

cuss a syntax and programming framework designed to alleviate the need for deep mathematical

expertise in category theory in order to make use of this representation language.

Rigid Mathematical Semantics. While the structure provided by the categorical representation

offers significant benefits, it also imposes limitations on the expressivity of domain ontologies to

ensure mathematical coherence. One notable restriction is that predicates are mathematically tied

to functions, requiring patterns such as spans for relations to accommodate non-function-based

semantics. In contrast, the classical representation imposes no rigid formalism on the definition of

domains and states, allowing for greater flexibility and fewer design constraints.

Higher Computational Complexity. Planning algorithms that align with the state transition

model can generally be adapted to use the categorical representation, but additional computational

complexity is introduced when using the DPO rewriting technique. The FindHomomorphism() sub-

routine, analogous to determining the applicability of actions in PDDL, involves more complex

structural matching. Applicability checks in PDDL typically involve subset checks or logical en-

tailment, which are generally bilinear in the sizes of the preconditions and the current state. In

contrast, the exponential time complexity of the FindHomomorphism() subroutine reflects the ad-

ditional computational effort required to find an injective match in a categorical setting, often

resulting in higher computational costs compared to basic applicability checks in PDDL.

6.7 Conclusion

The chapter discussed the challenges and opportunities in planning with structured knowl-

edge, focusing on the balance between abstraction and representation. The categorical approach

was presented as a powerful alternative to classical planning methods, particularly in handling
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complex relational structures through C-sets and DPO rewriting. The primary purpose of setting

up this categorical language was to support analogical plan transfer which requires incorporating

structured, highly connected knowledge into the planning process. The categorical framework

offers several advantages aside from this, including the ability to manage implicit relationships

and preserve structural integrity during state transitions. The comparison with classical meth-

ods, such as PDDL, highlighted the strengths of the categorical approach in enforcing relational

structures automatically, contrasted with the explicit control and potential for error in classical

representations. Ultimately, the chapter suggests that while the categorical approach may intro-

duce overhead in simpler domains, it provides significant benefits that can enable analogical plan

transfer and the use of structured knowledge in planning.
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Chapter 7: Analogical Transfer using Data Migrations

Analogical transfer presents an advanced method of plan reuse, where a plan πS generated

within source planning domain DS is adapted to a new target planning domain DT by forming an

analogy between the two domains. Unlike sequential transfer, which involves the direct composi-

tion of plans, or hierarchical transfer, which integrates plans within predefined modular structures,

analogical transfer focuses on identifying and exploiting underlying patterns that are common to

both the source and target domains. This type of transfer transforms the source plan, πS , into a

new, contextually appropriate plan, πT—tailored to the target domain’s ontology. Formally:

Definition 25 (Analogical Transfer). Let πS be a task plan that is the solution to a planning

problem, PS , expressed using the source domain ontology, DS . Let DT be the target domain

ontology. Analogical transfer involves finding a structure-preserving map F : DT → DS that

maps the ontological types and predicates of DT to corresponding types and predicates in DS .

The transfer function ∆F , induced by F , maps the planning problem, PS , and plan, πS , as

follows:

∆F (PS) = PT , ∆F (πS) = πT

where PT is the transferred planning problem and πT is the transferred task plan that respects

the target domain ontology DT .
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Valid Transfer. Analogical transfer is considered successful if the transferred plan πT solves

the transferred problem PT in the target domain:

valid(Final(πT ),Goal(PT )) = True,

where Final(πT ) denotes the final state reached by the execution of πT , and Goal(PT ) refers

to the goal state associated with PT .

7.1 Motivation

Analogical transfer excels in scenarios where the target environment differs significantly from

the source environment yet shares key structural similarities. For example, assembling a table is

analogous to a robot setting up a temporary communication network—both involve connecting

essential parts to form a stable system. Similarly, the task of stacking blocks in certain scenarios

can resemble stacking ingredients to assemble a sandwich. These analogies highlight the potential

of adapting plans to fit different contexts—a value that becomes more pronounced as robots are

deployed in increasingly diverse environments.

Existing approaches to transferring plans in robotics primarily focus on transferring motions

between problems or environments [7, 73, 96, 97, 163], and pay little attention to transferring task

plans across planning domains. In contrast, our approach facilitates well-defined plan transfer

across different domains by leveraging functorial data migration. This method enables the au-

tomatic generation of analogous plans in new domains eliminating the need for replanning. A

schematic of our approach is shown in Figure 7.1. In this figure, dotted boxes represent the data

that is automatically generated by the plan transfer process.

In the remainder of this chapter, we provide the necessary background, covering topics such

as planning domain ontologies, ontology alignment, and functorial data migration. In Section 7.3,

we introduce novel definitions for two specific types of analogies, which are fundamental to our
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Figure 7.1: A schematic of analogical plan transfer.

approach to analogical plan transfer. We will then delve into our categorical approach to plan

transfer in Section 7.4. Section 7.5 introduces key programming constructs from AlgebraicJulia,

essential for implementing this approach. We will then examine two case studies: a direct analogy

between table assembly and emergency communication planning in Section 7.6, and a structural

analogy between Blocksworld and AI2-THOR Kitchenworld in Section 7.7. Finally, in Section 7.9,

we will discuss practical considerations, benefits, and limitations of analogical plan transfer.

7.2 Background

In this section, we delve into the foundational concepts that underpin these approaches.

Specifically, we will introduce the essential background as it relates to planning domain ontologies,

ontology alignment, and functorial data migration.

7.2.1 Planning Domain Ontology

As we have seen in Chapter 4, a planning scenario can be broken down into two key com-

ponents: the planning domain and the planning problem [23]. A planning domain has two parts:

the domain ontology and the domain actions. The domain ontology specifies types and predicates
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that describe the environment within which planning occurs. The domain actions are formal, pre-

defined descriptions of operations that can be performed within this environment, with both the

preconditions and effects of these actions expressed using the language provided by the domain

ontology. Together, the domain ontology and domain actions constitute the planning domain.

The design of the domain ontology is crucial, as even minor changes can significantly impact the

design of the domain actions. For the purposes of analogical plan transfer, we will treat the domain

ontology as the medium for establishing an analogical map between two domains.

7.2.2 Ontology Alignment

As introduced in Section 2.4.6, ontology alignment is a process in the field of knowledge rep-

resentation that involves generating a set of correspondences between entities in different ontolo-

gies—these entities can be concepts, properties, or instances [99, 164, 165]. The need for ontology

alignment arose from the rapid development of the Internet and the Semantic Web ontologies as

they were developed independently to represent diverse, domain-specific knowledge. Since a single,

universal ontology that covers all frameworks is impractical, the ability to align ontologies became

essential for enabling interoperability. In the context of analogical plan transfer, we plan to use

an approach that aligns closely with these ontology alignment techniques. Specifically, we will

employ manual ontology alignment [165], where human experts manually create correspondences

between entities in different ontologies based on their domain knowledge and understanding of the

concepts. However, our approach does not preclude the possibility of incorporating automated

alignment methods where appropriate.
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7.2.3 Functorial Data Migration

Functorial data migration, as conceptualized by Spivak [43], is a mathematical approach to

migrating C-set data under a schema category C to data under a different schema category, e.g.

C′ (For C-set, refer to Definition 22). At its core, this method uses functors to systematically

map data from one schema to another such that the relationships within the data are preserved

throughout the migration process. Functorial data migration has been applied in several areas,

including database integration [166], model-management in systems engineering [167], and knowl-

edge representation [168].

A functorial data migration depends on two components:

1. A translation functor, F : A functor F maps objects and morphisms from one schema cat-

egory to another schema category. Specifically, the functor maps objects from the target

schema (with respect to the direction of transfer) to the source schema, F : C′ → C. The

translation functor forces one to systematically relate the target schema to the source schema

in a way that preserves the compositional structure of the target schema. This means that

for every object in C′, F assigns it to a corresponding object in C, and for every morphism

in C′, F assigns a corresponding morphism in C, while preserving composition found within

the target schema.

2. A migration functor, ∆F : Given the translation functor F , the (delta) migration functor,

∆F , systematically transforms instances of the source schema C into instances of the target

schema C′. Specifically, for a given C-set functor, X : C→ Set, ∆F (X) is an object in C′-Set,

which is obtained by pre-composing X with F , i.e. X ◦ F : C′ F−→ C
X−→ Set. This means

that the image for every object in C′ under ∆F is determined by applying F and then X,

and similarly for morphisms.
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Formally:

Definition 26 (Delta Data Migration). Given a functor F : C′ → C, called a translation

functor, a delta migration functor, ∆F : C-Set→ C′-Set, is constructed as follows:

For a given object X in C-Set,

∆F (X) = X ◦ F

For a given morphism α : X → Y in C-Set, ∆F acts on α to produce the following

morphism in C′-Set—

∆F (α)c′ : X(F (c′))→ Y (F (c′)) for c′ ∈ C′

Notice that ∆F (α) is a natural transformation. This means that a component for ∆F (α) must be

defined for every object in C′, hence ∆F (α)c′ .

An important fact about delta data migrations is that they preserve pushouts [43]. Because

pushouts are inherent to how new starts are computed in our planning representation language

(see Section 6.4.4), migrating actions defined as pushout squares is well-defined.

7.2.3.1 Conjunctive Query Data Migration

A delta data migration depends on the simplest construction of a translation functor. It is

also possible to define a translation functor that maps types in the target domain to finite diagrams

(Refer to Definition 5 for diagrams.) of types, otherwise known as conjunctive queries, in the source

domain. This gives an opportunity to express more elaborate structures when assigning types from

one domain to another. A data migration with a translation functor that uses conjunctive queries

is called a conjunctive query data migration [169,170]. Formally:

Definition 27 (Conjunctive Query Data Migration). Given a translation functor F : C′ →

Diagop(C) and a conjunctive query migration functor, ∆F : C-Set→ C′-Set, is constructed as
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followsa:

For a given object X in C-Set,

∆F (X) = F ∗(X) ◦ F, where F ∗(X) : Diagop(C)
Diagop(X)−−−−−−→ Diagop(Set)

lim−−→ Set

Here, F ∗(X) is the limit of the diagram computed in the category Set.

For a given morphism α : X → Y in C-Set, ∆F acts on α to produce the following

morphism in C′-Set:

∆F (α)c′ : F
∗(X)(c′)→ F ∗(Y )(c′) for c′ ∈ C′

aDiagop(C) is a category whose objects are diagrams and whose morphisms are natural transformations
between these diagrams, with the direction of the natural transformations reversed. This reversal corresponds
to taking the opposite category, hence the "op" [103].

A limitation to the use of conjunctive query data migrations is that functoriality of pushouts

is not guaranteed. This primarily affects cases where multivariate equations are used to determine

attribute values within the source domain. Practical implications of this limitation remains an

area of future exploration.

7.3 Types of Analogies and Case Studies

The two varieties of functorial data migrations, delta and conjunctive query migrations,

allow us to establish two types of analogies for plan transfer as part of this work. In the field of

cognitive psychology, analogies are often categorized by surface similarities—pertaining to super-

ficial features—and structural similarities, which involve deeper, relational correspondences [171].

Inspired by this distinction, we introduce two types of analogies central to our approach: direct

analogies, which align concepts one-to-one, and structural analogies, which align concepts with

patterns of concepts. An illustration of this distinction can be seen in Figure 7.2. In the following

sections, we elaborate on each type of analogy and motivate the use of each type by introducing

case studies that demonstrate their effectiveness.
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Figure 7.2: Examples of different types of analogies–direct and structural.

7.3.1 Direct Analogy

Direct analogies involve a straightforward, one-to-one correspondence between concepts in

different domains, facilitating the direct transfer of solutions across domains with similar structural

elements. For instance, consider the analogy: "The sun is the center of the solar system, just as

the nucleus is the center of an atom." Here, the parallelism highlights a clear alignment between

the sun and the nucleus, and between the solar system and the atom. This is a direct analogy

because each concept in the topic of the solar system is matched one-to-one with a concept in the

topic of the atom.

Case Study for Direct Analogy. In this chapter, we apply a direct analogy to transfer a plan for

assembling a table to a plan designed for setting up an emergency communication network during

disaster relief efforts. In both cases, the core challenge is managing the placement and connection of

multiple components to create a functional system. For the table assembly, this involves positioning
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and attaching legs, screws, and a tabletop to build a stable structure. Similarly, setting up an

emergency communication network requires deploying and connecting communication nodes, relay

stations, and a central hub to establish reliable communication across a disaster area. Table

assembly highlights the potential for robots to construct physical structures at scale [172, 173],

while network recovery is crucial for search and rescue operations, where robots could be deployed

to establish communications in hazardous environments [174]. This analogy is compelling because

it challenges conventional boundaries, showing how a seemingly simple task like table assembly

can inform critical processes in disaster management.

7.3.2 Structural Analogy

Structural analogies differ from direct analogies by mapping concepts from one domain to

patterns of concepts in another. This enables the transfer of plans across domains that, while

not identical, share deeper relational structures. Unlike direct analogies, which involve a one-

to-one mapping of individual elements, structural analogies identify and align broader patterns

of similarity. For example, consider the analogy: "Looking for my car in this parking lot is like

looking for a needle in a haystack." Though subtle, the comparison emphasizes the complexity of

locating a small, specific object (a car, defined by its make, model, and color) within a larger,

cluttered space (a parking lot with a certain number of spaces). These deeper patterns—based on

the car’s characteristics and the parking lot’s layout—are aligned with the concepts of the needle

and the haystack.

Case Study for Structural Analogy. In this chapter, we explore how a plan for stacking blocks

can be adapted to a plan for assembling a sandwich through a structural analogy. This anal-

ogy demonstrates the transfer of robot task plans from a simplified domain like Blocksworld to

a more complex and expressive environment such as Kitchenworld, inspired by the AI2-THOR
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simulation environment [38]. While Blocksworld offers generality, Kitchenworld provides the de-

tailed realism needed for practical applications. However, planning in descriptive environments,

like Kitchenworld, can be computationally intensive—making it advantageous to first create plans

in an abstract domain and then translate them to a more detailed one. This strategy for using

simple, abstract problems to solve complex real-world problems highlights the value structural

analogies can provide.

In this section, we have examined both direct and structural analogies, introducing how

they can be leveraged to transfer task plans between different domains. By exploring these types

of analogies, we aim to demonstrate their broad applicability and the potential they have for

streamlining planning processes across diverse and complex scenarios.

7.4 Categorical Approach to Plan Transfer

Building on the foundational concepts outlined in the previous section and the planning rep-

resentation language introduced in Chapter 6, we introduce the categorical approach to analogical

plan transfer. In this section, we will first introduce the high-level steps of analogical plan transfer

and then elaborate on its parts.

High-level Steps in Plan Transfer. Here, we list the practical steps required to perform analogical

plan transfer using functorial data migrations.

1. Define the Source Domain: Start by defining the ontology, DS , and actions, AS , for the

source planning domain.

2. Define the Planning Problem: Establish the initial and goal states, PS = (I,G), within the

source planning domain.

3. Plan: Solve for a valid plan, πS , that satisfies PS within the source domain.
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4. Define the Target Domain Ontology: Specify the target ontology, DT , in the target planning

domain.

5. Align Ontologies: Specify a translation functor, F : DT → DS , linking the types and predi-

cates from the target domain ontology to the source domain ontology.

6. Transfer the Plan: Use a functorial data migration, ∆F , to transfer the grounded plan,

resulting in πT .

7. Validate the Plan: Check that the end state of πT contains ∆F (G).

In the following sections, we will elaborate on how to construct an ontology alignment map

and discuss the effect of functorial data migrations on plan actions.

7.4.1 Ontology Alignment Map, F : DT → DS

Ontology alignment is achieved by defining a translation functor. The translation functor,

F : DT → DS , is a map from the target domain to the source domain, ensuring that types and

predicates are correctly translated. The nature of the translation functor dictates the type of

analogy it forms. In the case of delta data migration, the translation functor gives rise to a direct

analogy by mapping objects and morphisms from one schema to another directly. Conversely, the

translation functor in a conjunctive query data migration gives rise to a structural analogy, as it

maps objects to diagrams of objects and morphisms in the schema category.

7.4.1.1 For a Direct Analogy

In the context of a direct analogy, the translation functor, F , operates as a straightforward

mapping from the target domain to the source domain. The simplicity of this mapping allows for

a one-to-one correspondence between types, predicates, and attributes in the two domains. To

ensure the integrity of this direct analogy, the following guidelines must be followed:
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1. Map each type to a type. Each type in the target domain should map to a single type in

the source domain.

2. Map each predicate to a predicate. Each predicate in the target domain should map to a

corresponding predicate or composite of predicates in the source domain while preserving

compositional relationships.

3. Map each attribute to a derived value: Each attribute in the target domain must map to a

function determining the non-combinatorial value, e.g. a value of type string, floating point,

Boolean, or integer.

7.4.1.2 For a Structural Analogy

While the direct analogy offers a simple and effective means of plan transfer, it may not

be sufficient for more complex domains where relationships and dependencies between types are

intricate and interdependent. In such cases, a structural analogy, facilitated by a conjunctive

query data migration, is more appropriate. The following guidelines apply:

1. Map each type to a diagram. Instead of mapping each type in the target domain directly

to a single type in the source domain, map it to a finite diagram (conjunctive query) in

the source domain, representing a more complex structure or relationship between multiple

types. The diagram can contain a single type, if appropriate.

2. Map each predicate to a morphism between diagrams. Each predicate in the target domain

should map to a morphism between diagrams or composite of morphisms between diagrams

in the source domain while preserving the relationships between diagrams of types.

3. Map each attribute to a derived value. Similar to a direct analogy, each attribute in the

target domain must map to a function determining the non-combinatorial value, e.g. a value

of type string, floating point, Boolean, or integer.
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Figure 7.3: Schematic of analogical plan transfer applied to plan πS .

The choice between a direct or structural analogy should be guided by the complexity of

the domains involved and the nature of the relationships that need to be preserved during plan

transfer.

7.4.2 Plan Transfer Migration Functor, ∆F : DS-Set→ DT -Set

Once a translation functor, F : DT → DS , is defined, we can evaluate the plan transfer

functor, ∆F : DS-Set→ DT -Set. Recall from Chapter 6, the objects of DS-Set can be interpreted

as states in the source domain. Morphisms in DS-Set are used to define (ungrounded) action

spans. Throughout the planning process, match morphisms, mi, ground actions. After an action

is grounded, the new state is computed using DPO rewriting. A sequence of action spans and

their match morphisms form the plan that is to be transferred.

To illustrate the process of plan transfer, Algorithm 3 provides an algorithmic view, and

Figure 7.3 depicts this process graphically. In Figure 7.3, the top (blue) sequence represents a plan

in DS-Set. The bottom (yellow) sequence represents a plan in DT -Set. Rectangles in the schematic

correspond to actions within each plan. Arrows emerging from the left side of the rectangles are

match morphisms. Dotted arrows emerging from the right side of the rectangles point to the

resultant state after each action is applied. Each morphism in the action span and the action’s
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Algorithm 3: Plan Transfer Procedure
Input:

Ontology map, F : DT → DS

Source plan, πS
Goal, G

Output: Transferred plan πT
1 Function TransferPlan(F , πS, G):
2 πT = [ ];
3 // Transfer plan
4 foreach ( action a, match m) in πS do
5 ∆F ← construct plan transfer functor using F ;
6 a′ ← ∆F (a);
7 m′ ← ∆F (m);
8 put (a′,m′) in πT ;
9 end

10 Y ← DPO(πT [end]) // Get final state of the plan
11 if assert ∆F (G) in Y // Check that goal is satisfied
12 then
13 return πT ;
14 end
15 else
16 return "Invalid Plan" ;
17 end

match morphism is transferred using a functorial data migration. The result is new states and

actions that respect the structure imposed by the schema category of the target domain.

7.4.2.1 Validation

A transferred plan is considered valid if the transferred goal is satisfied by the final state

of the transferred plan. When plan transfer is performed via the delta data migration ∆F , the

resulting plan is guaranteed to be valid in the target domain because ∆F preserve pushouts, as

established in Theoreom 7.4.1.

Theorem 7.4.1 (Universally Valid Analogical Transfer via Delta Data Migrations). Let DS and

DT be schema categories representing ontologies of the source and target planning domains,

respectively. Let ∆F : DS-Set → DT -Set be a delta data migration functor. For any source
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plan πS achieving a goal state G, the transferred plan ∆F (πS) achieves the transferred goal

∆F (G) in the target domain.

Proof. First, consider the final ground action in the source plan πS . The grounding morphism

of the final action, mn : Pre→ Y(n−1), consists of the object, Pre, of the final action, and object

Y(n−1), where n is the total number of actions in the plan and ∆F (Y(n−1)) is the second-to-last

state of the plan. Transferring this morphism transfers its domain and codomain objects with

it, which produces the morphism:

∆F (mn) : ∆F (Pre)→ ∆F (Y(n−1))

Computing the DPO for this grounded action yields the final state in the target domain,

which we denote by Y ′
n.

To verify that the goal has been satisfied in the target domain, it is necessary to check

whether there exists a monomorphism in the target domain, namely:

g′ : ∆F (G) ↪→ Y ′
n,

where ∆F (G) is the goal state in the target domain. Given that the source plan satisfied the

source goal, there must exist a monomorphism in the source domain:

g : G ↪→ Yn.

Because delta data migrations preserve pushouts [43], we can conclude that:

∆F (Yn) = Y ′
n.

By functoriality, the image of the monomorphism g : G ↪→ Yn under ∆F is:

g̃ : ∆F (G) ↪→ ∆F (Yn).

Since ∆F (Yn) = Y ′
n, it follows that:

g̃ : ∆F (G) ↪→ Y ′
n.

Thus, we have shown that g̃ = g′ implying that there exists a monomorphism from the

transferred goal ∆F (G) to the final state Y ′
n in the target domain.
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In contrast, conjunctive query migrations do not necessarily guarantee that pushouts are

preserved which means that the transferred plan is not guaranteed to satisfy the analogous goal.

As a byproduct, structural analogies require additional validation or adjustments to ensure the

plans validity in the target domain. This is done by evaluating whether there is a monomorphism

from ∆F (G) into the final state of πT . This can be done by using a homomorphism search

algorithm [42], restricting matches to morphisms that are monic.

Having established the foundations of plan transfer for both delta and conjunctive query

migrations, we now turn to a concrete examples to illustrate their practical application.

7.5 Software Constructors found within AlgebraicJulia

In the implementation of the domain ontologies for this dissertation, we utilize constructors

found within AlgebraicJulia [154]. These Julia-based packages are designed for category-theoretic

modeling and offer several useful tools for defining domain ontologies and actions within planning

domains. Its constructors allow us to express schema categories, functors, and data migrations

concisely, making it easy for readers to comprehend complex examples with greater efficiency.

While these constructs are crucial to our implementation, they are part of an existing software

tool and are not original contributions of this thesis. Nonetheless, understanding their function is

essential for following the implementations discussed in subsequent sections.

Two constructs from these packages, Hom and Attr, are particularly important for formalizing

the domain ontologies used in this work. Additionally, syntactic sugar constructors for defining

translation functors and objects in C-Set are also described in this section.

The Hom Construct. The Hom construct, short for "homomorphism," is a fundamental concept in

category theory, where it typically denotes a structure-preserving map between two objects. In
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the context of this work, Hom is used to define predicates between different types within a domain

ontology. These predicates are directional, where the first argument refers to the source of the

predicate and the second argument refers to the target. For example, in the ColorBlocksworld

domain (which we will define in the next section), the predicate stating that "A Gripper is holding

a Block" is expressed as:

isHolding::Hom(Gripper,Block)

This specification indicates that a Gripper type can hold something of type Block. This predicate

can be incorporated in domain ontologies where a robot gripper might manipulate blocks.

The Attr and AttrType Construct. The Attr construct is used to define attributes associated

with types, namely AttrType, in the domain ontology. Attributes, as in attributed C-sets (see

Definition 21 in Section 6.4.1.2), allow a non-combinatorial data type to be specified. Some

examples include item weight and color taking values of type Float64 or String. For instance, to

describe the color of a block in the ColorBlocksworld domain, the Attr construct is used:

Color::AttrType
hasColor::Attr(Block, Color)

This statement specifies that each Block type has an attribute hasColor which specifies an at-

tribute of type Color. Attribute types are mapped to non-combinatorial data types at the time

of construction such as String, Float64, etc. In this case, if Color maps to String, it can take

on values like "red" and "blue".

The :: Operator. The :: operator is used to assign an object or type in a schema to a specific

set as per the C-Set theory. The right side of the :: operator specifies the object or type within

the schema category C, while the left side specifies the set that is the image under the C-set

functor. For example, in the expression gripper::Gripper, the type Gripper is assigned to the

set {gripper} and in (block1,block2)::Block, the type Block is assigned to the set {block1, block2}.
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The => Operator. The => operator is used to represent a functor assignment. Specifically, it

captures the mapping of an object or morphism in one category to a corresponding object or

morphism in another category. This operator is a crucial part of defining how entities from the

source domain (represented as a category) correspond to entities in the target domain (another

category). For example, when we write Part => Block, we are specifying that the object Part in

the source category is mapped to the object Block in the target category. Similarly, the expression

isPartOf => isOn for predicates isPartOf::Hom(Part, Assembly) in the Assembly domain and

isOn::Hom(Block, Block) in the ColorBlocksworld domain specifies that the predicate isPartOf

is mapped to the predicate isOn1.

A (f(x) == a) expression. An expression, f(x) == a, specifies how a C-set functor maps a mor-

phism f in the schema category to a corresponding function in the category Set. Specifically, f(x)

represents the application of the function to an element x in the set corresponding to the domain

object of f ∈ Hom(C). The result, a, is the element in the set corresponding to the codomain

object of f . For example, in the expression IsPartOf(part_1) == table_1, the function under

the (IsPartOf : Part→ Assembly) morphism maps part1 7→ table1, which are elements of the sets

underlying Part and Assembly, respectively.

Macro programs, such as @acset_colim for computing the colimit of representable functors,

@migration for defining data migrations, and @join for defining conjunctive queries have also been

implemented in AlgebraicJulia. For those interested in the implementation of these constructors,

we refer the reader to the AlgebraicJulia GitHub repository2.
1Notice that this would only be a valid functor assignment if Assembly => Block.
2https://github.com/AlgebraicJulia
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7.6 A Case Study of Direct Analogy: From Assembly to Emergency Communications

To explore the concept of direct analogy in a practical context, we will examine the trans-

fer of plans between two distinct yet structurally identical domains. Specifically, we focus on an

Assembly domain, where the task involves constructing an assembly from various parts, and an

EmergencyComms domain, where the task is to establish an emergency communication network

using various network components. In the Assembly domain, each part has a specific location,

type, and relationship with other parts. In the EmergencyComms domain, the network compo-

nents also have specific locations, types, and relationships with other components, akin to how

parts relate within an assembly. The direct analogy between these domains lies in the structural

correspondence between attaching parts in an assembly and connecting components in a commu-

nication network. Both domains involve constructing a larger system from individual components,

where each component has a defined role and relationship within the broader structure. In this

section, we will formalize this direct analogy and demonstrate how to transfer plans between these

domains using the principles of functorial data migration. An overview of the plan transfer scenario

is shown in Figure 7.4.

7.6.1 Domains

Planning domain ontologies are user-defined, therefore, we begin by identifying important

ontological features for each domain. Both the Assembly and EmergencyComms domains must

be able to express predicates that capture the relationships between different components and

their roles within larger systems. In addition, these domains should specify the location of com-

ponents and assemblies. These concepts can be captured using schema categories, denoted as

Assembly for the Assembly domain and EmergencyComms for the EmergencyComms domain. The
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Figure 7.4: Overview of the direct analogy case study.

data migration functor transfers a plan from the source domain, Assembly, to the target domain,

EmergencyComms.

7.6.1.1 Assembly Domain Ontology

Recall the Assembly domain introduced in Chapter 6 (see Section 6.5). This schema category

contains types:

Part, Assembly, Location, PartType

These types describe the fundamental entities in the Assembly domain, where Part refers to in-

dividual components, Assembly represents the larger structure formed by these parts, Location

denotes the spatial context, and PartType classifies the different kinds of parts.

In this schema category, we include predicates such as:

IsPartOf::Hom(Part, Assembly)
PIsLocatedAt::Hom(Part, Location)

which express that a Part is part of an Assembly and that a Part is located at a specific Location.

The type of a part is expressed using:
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HasType::Hom(Part, PartType)

where example part types can be screw, leg, and tabletop for a table assembly.

The schema also includes relations that express connections between parts, such as:

IsAttachedTo::Ob
IsAttachedToL::Hom(IsAttachedTo, Part)
IsAttachedToR::Hom(IsAttachedTo, Part)

where IsAttachedTo represents a relationship between parts, with IsAttachedToL and IsAttachedToR

mapping the relationship to the respective parts involved. A full specification of the Assembly

schema can be found in Appendix A.2.1. This full specification of the schema is important as it

provides the foundation for understanding how the ontology is structured and how its structure

supports the analogical plan transfer processes discussed in later sections.

7.6.1.2 EmergencyComms Domain Ontology

The EmergencyComms domain differs from Assembly in its types and predicates, reflecting the

distinct nature of emergency communication systems as opposed to physical assembly processes.

This schema category models components of communication networks, their connections, and the

areas they serve. In EmergencyComms, key types include:

NetworkComponent, CommunicationNetwork, Area, ComponentType

These types describe the core entities in the EmergencyComms domain, where NetworkComponent

refers to individual network elements (e.g., communication nodes, relay nodes), CommunicationNetwork

represents the entire communication system, Area denotes the disaster region served, and ComponentType

classifies the different kinds of network components.

Similar to Assembly, this domain also includes predicates that describe how components

relate to the overall network and the areas they serve, such as:

IsPartOf::Hom(NetworkComponent, CommunicationNetwork)
ComponentIsServingArea::Hom(NetworkComponent, Area)
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which express that a NetworkComponent is part of a CommunicationNetwork and that it serves a

specific Area.

The schema also includes relations that describe connections between network components:

IsConnectedTo::Ob
IsConnectedToL::Hom(IsConnectedTo, NetworkComponent)
IsConnectedToR::Hom(IsConnectedTo, NetworkComponent)

where IsConnectedTo represents a connection between network components, with IsConnectedToL

and IsConnectedToR mapping the connection to the respective components involved.

Similar to Assembly, EmergencyComms includes a predicate to describe the type of compo-

nents, such as:

HasType::Hom(NetworkComponent, ComponentType)

which specifies the type of the network component, such as a communication node, relay node,

and central hub.

EmergencyComms shares some structural features with Assembly, maintaining a sense of

analogy between the two domains. For example, both domains involve components (whether

parts or network components) that are part of a larger system and are located in specific areas.

This shared structure allows for a direct analogy to be formed between these domains, as will be

explored in subsequent sections. A full specification of the EmergencyComms schema can be found

in Appendix A.2.2.

7.6.2 Ontology Alignment

To explore the concept of direct analogy, we examine the translation of plans between the

Assembly and EmergencyComms through ontology alignment. Despite the apparent differences in

these domains, their underlying structure allows for a meaningful analogy, which we can capture

using a translation functor, F : EmergencyComms → Assembly. This functor maps types and
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Figure 7.5: Ontology alignment using a direct analogy.

predicates from the target domain EmergencyComms to corresponding types and predicates in the

source domain Assembly while preserving the composition of relationships.

We start by mapping types that share similar semantics in both domains. For example:

% types
NetworkComponent => Part
CommunicationNetwork => Assembly
Area => Location
ComponentType => PartType

Here, a NetworkComponent in the EmergencyComms domain is analogous to a Part in the

Assembly domain, both representing fundamental units in their respective systems. Similarly, a

CommunicationNetwork corresponds to an Assembly, as both represent a larger structure com-

posed of these fundamental units. The Area and Location types map naturally, reflecting the

geographic or spatial aspects in each domain, while ComponentType and PartType denote the

classifications of these units.

Given this map between types, the predicates between types become obvious. This involves

mapping predicates that describe the function, membership, and location of these components:

IsPartOf => IsPartOf
ComponentIsServingArea => PIsLocatedAt
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HasType => HasType
NetworkIsServingArea => AIsLocatedAt

In this case, the IsPartOf relationship in both domains reflects the inclusion of a part or net-

work component within a larger assembly or communication network. The ComponentIsServingArea

predicate, which specifies the area a network component serves, maps to PIsLocatedAt, reflecting

the location of a part within an assembly. The HasType predicate, which assigns a type to a net-

work component or part, remains consistent across both domains. Lastly, NetworkIsServingArea

in EmergencyComms maps to AIsLocatedAt in Assembly, preserving the relationship between the

entire structure and its location or service area.

Finally, we address the relationships between components or parts in either domain, par-

ticularly how components or parts are connected or attached. The translation functor F maps

relationships in the EmergencyComms domain to analogous relationships in the Assembly domain:

IsConnectedTo => IsAttachedTo
IsConnectedToL => IsAttachedToL
IsConnectedToR => IsAttachedToR

In this mapping, the IsConnectedTo relationship between network components is directly

analogous to the IsAttachedTo relationship between parts.

The left and right connections (IsConnectedToL and IsConnectedToR) map directly to their

counterparts (IsAttachedToL and IsAttachedToR), preserving the directional nature of these

connections.

7.6.3 Plan Transfer

Having defined an ontology alignment map from EmergencyComms to Assembly, we can

examine the results of applying a delta migration functor to a plan within the Assembly domain.

In this subsection, we will first define the specific problem within the Assembly domain, including

the initial and goal states. Next, we will describe how the actions in the Assembly domain were

160



Table 7.1: Table comparing Assembly-Set and EmergencyComms-Set

Assembly EmergencyComms

# Initial state
(part_1, part_2, ... part6, ..., part_10)::Part
(table_1, table_2)::Assembly
(workspace, storageshelf)::Location
(leg, screw, tabletop)::PartType
(x1, x2, x3)::IsAttachedTo
IsAttachedToL(x1) == part_6;
IsAttachedToR(x1) == part_10;
IsAttachedToL(x2) == part_6;
IsAttachedToR(x2) == part_1;
IsAttachedToL(x3) == part_1;
IsAttachedToR(x3) == part_10;
AIsLocatedAt(table_1) == workspace;
AIsLocatedAt(table_2) == storageshelf;
HasType(part_1) == leg; # part_1
IsPartOf(part_1) == table_1;
PIsLocatedAt(part_1) == workspace;
HasType(part_2) == leg; # part_2
IsPartOf(part_2) == table_1;
PIsLocatedAt(part_2) == workspace;
...

# Initial state (after transfer)
(part_1, part_2, ... part_6,

..., part_10)::NetworkComponent
(table_1, table_2)::CommunicationNetwork
(workspace, storageshelf)::Area
(leg, screw, tabletop)::ComponentType
(x1, x2, x3)::IsConnectedTo
IsConnectedToL(x1) == part_6;
IsConnectedToR(x1) == part_10;
IsConnectedToL(x2) == part_6;
IsConnectedToR(x2) == part_1;
IsConnectedToL(x3) == part_1;
IsConnectedToR(x3) == part_10;
NetworkIsServingArea(table_1) == workspace;
ComponentIsServingArea(table_2) == storageshelf;
HasType(part1) == leg;
IsPartOf(part1) == table_1;
ComponentIsServingArea(part_1) == workspace;
HasType(part2) == leg;
IsPartOf(part2) == table_1;
ComponentIsServingArea(part_2) == workspace;
...

# AttachPart precondition
(part_x, part_y, part_z)::Part
(leg, screw, tabletop)::PartType
assembly_x::Assembly
IsPartOf(part_x) == assembly_x
IsPartOf(part_y) == assembly_x
IsPartOf(part_z) == assembly_x
HasType(part_x) == leg
HasType(part_y) == screw
HasType(part_z) == tabletop

# AttachPart precondition (after transfer)
(part_x, part_y, part_z)::NetworkComponent
(leg, screw, tabletop)::ComponentType
assembly_x::CommunicationNetwork
IsPartOf(part_x) == assembly_x
IsPartOf(part_y) == assembly_x
IsPartOf(part_z) == assembly_x
HasType(part_x) == leg
HasType(part_y) == screw
HasType(part_z) == tabletop

# Match morphism
part_x::Part -> part_1::Part
part_y::Part -> part_6::Part
part_z::Part -> part_10::Part
leg::PartType -> leg::PartType
screw::PartType -> screw::PartType
tabletop::PartType -> tabletop::PartType
assembly_x::Assembly -> table_1::Assembly

# Match morphism (after transfer)
part_x::NetworkComponent

-> part_1::NetworkComponent
part_y::NetworkComponent

-> part_6::NetworkComponent
part_z::NetworkComponent

-> part_10::NetworkComponent
leg::ComponentType -> leg::ComponentType
screw::ComponentType -> screw::ComponentType
tabletop::ComponentType

-> tabletop::ComponentType
assembly_x::CommunicationNetwork

-> table_1::CommunicationNetwork

specified. Finally, we will demonstrate the effects of transferring a plan from the Assembly domain

to the EmergencyComms domain.
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Figure 7.6: The initial and goal states in the Assembly and EmergencyComms domains.

7.6.3.1 Assembly Problem

Consider a problem in the Assembly domain where parts of a table are initially arranged in

a workspace, as shown in Figure 7.6. The assembly consists of four legs (part_1, part_2, part_3,

part_4), a tabletop (part_10), and four screws (part_6, part_7, part_8, part_9). The initial

state indicates that one leg (part_1) is already attached to the tabletop (part_10) using a screw

(part_6). The remaining legs and screws are positioned in the workspace but not yet attached

to the tabletop. The goal state for this problem is to have all four legs (part_1, part_2, part_3,

part_4) securely attached to the tabletop (part_10) using the four screws (part_6, part_7,

part_8, part_9). This final configuration ensures that the table is fully assembled and stable.

The initial and goal states can be defined as objects in Assembly-Set by mapping each type in

Assembly to an element in Set. An example of the initial state specification is provided in Table

7.2. The goal state is defined using the same principles.
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7.6.3.2 Assembly Domain Action

In the Assembly domain, there is one action called AttachPart, which attaches the leg onto

the table using a screw that is attached to both the leg and the table. Refer to Section 6.5.3

for a detailed description of this action. Using our representation language and the syntax from

AlgebraicJulia, the attachpart action can be expressed using the following action span:

Pre = Keep = @acset_colim yAssembly begin
(part_x, part_y, part_z)::Part
(leg, screw, tabletop)::PartType
assembly_x::Assembly

IsPartOf(part_x) == assembly_x
IsPartOf(part_y) == assembly_x
IsPartOf(part_z) == assembly_x

HasType(part_x) == leg
HasType(part_y) == screw
HasType(part_z) == tabletop

end

N = Eff = @acset_colim yAssembly begin
(part_x, part_y, part_z)::Part
(leg, screw, tabletop)::PartType
assembly_x::Assembly

IsPartOf(part_x) == assembly_x
IsPartOf(part_y) == assembly_x
IsPartOf(part_z) == assembly_x

HasType(part_x) == leg
HasType(part_y) == screw
HasType(part_z) == tabletop

# Attachment relationships
(x1,x2,x3)::IsAttachedTo
(part_x, part_y, part_z)::Part
IsAttachedToL(x1) == part_x; IsAttachedToR(x1) == part_y;
IsAttachedToL(x2) == part_x; IsAttachedToR(x2) == part_z;
IsAttachedToL(x3) == part_y; IsAttachedToR(x3) == part_z;

end

l = # self-identification from Keep => Pre, e.g. part_x -> part_x
r = # self-identification from Keep => Eff, e.g. part_x -> part_x
n = r

attachPart = Rule{:DPO}(l, r; ac=[NAC(n)])

In this example, the Pre condition defines the initial state of the assembly process, where

three parts—identified as part_x, part_y, and part_z—are specified. These parts correspond to
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a leg, a screw, and a tabletop, respectively. The Pre condition also indicates that each part is

associated with an assembly, as captured by the IsPartOf predicate, and each part has a specific

type, such as leg, screw, or tabletop, as indicated by the HasType predicate. The negative

application condition (NAC), N, includes the attachment relationships that appear in Eff.

The Keep section identifies the entities that remain unchanged during the action. In this

case, the entities include the parts and their types, ensuring that the leg, screw, and tabletop

maintain their respective roles and relationships within the assembly.

The Eff condition describes the result of the action, where the IsAttachedTo predicates are

used to express that the leg (part_x), screw (part_y), and tabletop (part_z) are now attached

to each other. Specifically, the leg is attached to the screw, and both the leg and the screw are

attached to the tabletop. The action, therefore, modifies the relationships between these parts by

establishing the necessary connections to complete the assembly.

The maps l : Keep ↪→ Pre, r : Keep ↪→ Eff, and n : Pre ↪→ N serve as connections between

entities that remain unchanged during the action. These maps make a self-identification, meaning

that each element in the Keep set directly corresponds to the semantically identical element in

both Pre and Eff, for example.

7.6.3.3 Transfer from Assembly to EmergencyComms

To transfer a plan, we must transfer every action and its match. Consider a plan where

the first action is to attach a leg to the tabletop in the Assembly domain. A valid match for

the attachpart action grounds part_x 7→ part_2, part_y 7→ part_7, and part_z 7→ part_10.

The precondition and match in the Assembly domain can be seen in Table 7.2. The plan transfer

functor, ∆F , applies to the initial state, attachpart(leg_1, screw_1, tabletop), and its match

by sending X to X ◦ F , which maps the types in Assembly through F and then to corresponding
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sets in Set.

Table 7.2 shows the transferred initial state from the Assembly domain to the EmergencyComms

domain. Although the names of instances (e.g., leg_1, screw_1, tabletop) remain the same, they

are now instances of types in the EmergencyComms domain. The transferred precondition of the

attachpart action is also displayed in Table 7.2. The Keep and Eff components undergo similar

transfers. The result is that the types have been translated from the Assembly domain to the

EmergencyComms domain, with the semantics of the predicates preserved.

After executing a forward backtracking search algorithm, a valid plan, πAssembly for this

problem in the Assembly is:

attachpart(part_2, part_7, part_10);
attachpart(part_3, part_8, part_10);
attachpart(part_4, part_9, part_10)

The same plan, when transferred to the EmergencyComms domain, πEmergencyComms is:

attachpart(component_2, component_7, component_10);
attachpart(component_3, component_8, component_10);
attachpart(component_4, component_9, component_10)

The names of the instances are simply pointers to elements in a set and can, therefore,

take on different semantic meaning without invalidating the plan. For this exposition, we have

chosen to present the plan with instances relabeled to more contextually appropriate terms like

component_2 or component_10 to indicate this plan is referring to network components.

7.6.4 Validation

To verify that the transferred plan, πEmergencyComms, satisfies the transferred goal in the target

domain, we must check that the transferred goal is contained in the final state of πEmergencyComms.

Because a delta data migration was used for this case study, it is guaranteed to be a valid plan

per Theorem 7.4.1.
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7.6.5 Summary

In this case study, we demonstrated the practical value of using direct analogy to solve a

problem in the EmergencyComms domain by leveraging an existing plan from the Assembly domain.

By establishing a direct one-to-one mapping between types, predicates, and relationships in both

domains, we were able to faithfully transfer a plan originally designed for assembling a table to

the task of setting up an emergency communication network.

The schemas and planning scenario were chosen in favor of a pedagogical exposition, but this

approach can be extended to incorporate more complex features relevant to both manufacturing

assembly and the establishment of emergency communication networks, or other mission-critical

operations. Such extensions could include more sophisticated relationship and constraints that

mirror the intricacies of real-world scenarios.

Another advantage of this approach lies in its potential for handling sensitive information

in mission-critical scenarios. By initially planning in an abstracted or innocuous domain, such

as manufacturing assembly, the approach allows for the development of strategies and solutions

without directly exposing any sensitive information related to the actual mission. Once the plan

is formulated in the safe, analogous domain, it can be transferred to the target, sensitive setting,

ensuring that the plan remains executable while keeping critical details secure.

Overall, direct analogy provides a straightforward mechanism where each object in one

schema is mapped directly to an object in another schema. While this may seem like a trivial

recasting of concepts from one planning scenario to another, this technique provides a general and

well-behaved approach to analogical plan transfer with potential applicability across a wide range

of transfer scenarios.
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7.7 A Case Study of Structural Analogy: From Blocksworld to Kitchenworld

Building on the effective application of direct analogy to transfer plans between the Assembly

and EmergencyComms domains, we now turn our attention to a more complex scenario involving

structural analogy. To explore the concept of structural analogy in a practical context, we will ex-

amine the transfer of plans between two distinct yet structurally analogous domains: Blocksworld

and Kitchenworld. Specifically, we focus on a variant of Blocksworld [133] which we call Color-

Blocksworld and a kitchen object rearrangement problem [175] referred to as Kitchenworld, based

on the AI2-THOR simulation environment. In ColorBlocksworld, a robot is tasked with arranging

blocks into a goal configuration while keeping track of which block is in its gripper. Each block is

uniquely identified and has a potentially non-unique color. In Kitchenworld, the robot arranges

food ingredients and utensils into a goal configuration. These items possess attributes such as

temperature, mass, and material. The structural similarities between stacking blocks and stacking

ingredients suggest an underlying analogy. In this section, we will formalize this analogy and

demonstrate how to transfer plans between these domains in a principled way. An overview of the

plan transfer scenario is shown in Figure 7.7.

7.7.1 Domains

We begin by identifying the key ontological features of each domain. Both ColorBlocksworld

and Kitchenworld must be able to express predicates such as the existence of blocks, ingredients,

and robot grippers. Additionally, they should be capable of representing relationships, such as

one entity being on top of another. Finally, both domains need to define attributes like color,

temperature, and mass. These concepts can be captured using schema categories, denoted as

ColorBlocksworld for ColorBlocksworld and KitchenWorld for Kitchenworld. The data migration
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Figure 7.7: Overview of the structural analogy case study.

functor will transfer a plan from the source domain, ColorBlocksworld, to the target domain,

KitchenWorld.

7.7.1.1 ColorBlocksworld Domain Ontology

The ColorBlocksworld schema category contains types, such as:

Block, Empty, Gripper

It also contains types for attributes, such as:

Clear, OnTable, Color

In this schema category, we include predicates such as:

isHolding::Hom(Gripper,Block)

which expresses that the Gripper is holding a Block. We also include the predicate:

isEmpty::Hom(Empty,Block)

which can be used to indicate that the gripper is holding nothing, making it empty. Additionally,

a Block can have the following attributes:
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hasColor::Attr(Block, Color)

which describes the color of the block,

isClear::Attr(Block, Clear)

which expresses whether or not a block is on top of another block, and

isOnTable::Attr(Block, OnTable)

which indicates whether or not a block is on the table. States in ColorBlocksworld assign these

attribute types to sets of primitive data types such as String for Color and Bool for Clear and

OnTable.

Lastly, the ontological type, On, is used to express relations between blocks:

On::Ob
on_l::Hom(On, Block)
on_r::Hom(On, Block)

where on_l maps to the block on top and on_r maps to the block on the bottom. A full specification

of the ColorBlocksworld schema can be found in Appendix A.2.3.

7.7.1.2 Kitchenworld Domain Ontology

The Kitchenworld schema category was constructed by selecting a subset of types from

the AI2-THOR world specification [176], focusing on those necessary for the task of building a

sandwich. While the full ontology could theoretically be represented, this subset was intentionally

chosen for pedagogical clarity and to simplify the case study demonstration. However, the proposed

method is not limited to such a small ontology—a larger and more varied ontology, including more

utensils or liquids, could be incorporated without fundamental changes to the methodology.

The Kitchenworld domain differs from ColorBlocksworld in its types and predicates, reflect-

ing the distinct nature of a kitchen environment as opposed to a block-stacking one. Instead

of blocks, the domain features types such as objects, receptacles, ingredients, and utensils. Un-
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like ColorBlocksworld, where color is a primary attribute, Kitchenworld introduces attributes like

temperature, mass, and material for its items.

More specifically, Kitchenworld includes types representing various ingredients, such as:

BreadSliced, LettuceSliced, TomatoSliced

as well as utensils, such as:

Plate, Knife

These items are all subtypes of a general AI2-THOR Object. The hierarchical relationship is

expressed using predicates like:

plateIsObject::Hom(Plate, Object)

which can be read as "Every plate is an object."

Receptacles in Kitchenworld are entities that can hold or support other objects. Some ingre-

dient and utensil types are also considered receptacles, expressed through predicates such as:

plateIsReceptacle::Hom(Plate, Receptacle)

In this ontology, bread slices, lettuce slices, tomato slices, and plates are classified as receptacles,

whereas knives are not.

Each item in Kitchenworld can have attributes like temperature, mass, and material, as

described in [176]. These attributes are represented as:

plateHasTemperature::Attr(Plate, Temperature)
plateHasMass::Attr(Plate, Mass)
plateHasMaterial::Attr(Plate, Material)

Similar predicates apply to other ingredient and utensil types. In Kitchenworld, states assign these

attributes to sets of primitive data types, such as Float64 for Temperature and Mass, and String

for Material.

Kitchenworld shares some features with ColorBlocksworld, maintaining another sense of anal-

ogy between the two domains. It includes the types Empty and Gripper, along with their corre-
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sponding predicates to indicate whether the robot gripper is holding an item or is empty. Addition-

ally, Kitchenworld has a type analogous to the On type in ColorBlocksworld, called InReceptacle,

which represents an object being placed in a receptacle. This type includes the predicates

inReceptacle_l and inReceptacle_r to specify which object is in which receptacle. A full

specification of Kitchenworld can be found in Appendix A.2.4.

7.7.2 Ontology Alignment

The domain ontologies have common features, but also differ in a few ways. To formally

capture these similarities and differences, we can use a translation functor, F : Kitchenworld →

ColorBlocksworld. This functor maps types and predicates from the target domain (Kitchenworld)

to diagrams of types and predicates in the source domain (ColorBlocksworld) while preserving the

composition of relationships. An illustration of these mappings can be seen in Figure 7.8. The

dotted gray arrows in Figure 7.8 indicate the alignment of types and predicates from Kitchenworld

to patterns of concepts, or namely diagrams (see Section 7.4.1), within ColorBlocksworld (illus-

trated within solid black rectangles). The solid black arrows represent morphisms between these

diagrams.

We begin by mapping types and predicates with similar semantics in both domains:

% types
Gripper => Gripper
Empty => Empty
% predicates
isHolding => isHolding
isEmpty => isEmpty

Next, we address the central types in each domain, specifically Block, Object, and Receptacle.

Here, we can use the intuition that a block in ColorBlocksworld represents a general item in Kitchen-

world. Therefore, both objects and receptacles in Kitchenworld can be interpreted as blocks in

ColorBlocksworld. Additionally, both domains have a way of expressing that one item is on top
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Figure 7.8: Illustration of ontology alignment using a structural analogy.

of another. Thus, we define the following component mappings for F :

% types
Object => Block
Receptacle => Block
InReceptacle => On
% predicates
inReceptacle_l => on_l
inReceptacle_r => on_r

ColorBlocksworld also includes information about block color for which a correspondence

with ingredients and utensils can be established. For example, we can say that all red blocks map

to tomato slices using the following assignment:

TomatoSliced => @join begin
block::Block
C::Color
(hc:block → C)::hasColor
(c:block → C)::(block -> "red")

end

This process can be repeated for each block color, where purple blocks correspond to bread

slices, green blocks to lettuce slices, yellow blocks to plates, and blue blocks to knives.
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Regarding attributes, since there are no equivalent notions of temperature, mass, or material

in ColorBlocksworld, we map these attributes to primitive data types and assign default values for

each type in Kitchenworld. For example:

Temperature => Float64
Mass => Float64
Material => String

For each predicate associated with BreadSliced, we can define functions that assign default

values for every instance, such as:

breadSlicedHasTemperature => (x -> 0.0)
breadSlicedHasMass => (x -> 0.0)
breadSlicedHasMaterial => (x -> "Unknown")

The same approach can be applied to all other ingredient and utensil types.

It is important to note that certain attributes from ColorBlocksworld, such as Clear and

OnTable, do not have direct analogs in Kitchenworld. As a result, the data associated with these

attributes are not transferred, resulting in a lossy translation. While this loss is acceptable in this

specific scenario, other situations might require adjustments to the domain ontologies to ensure a

lossless translation.

7.7.3 Plan Transfer

Having defined an ontology alignment map from Kitchenworld to ColorBlocksworld, we can

examine the results of applying a conjunctive query migration functor to a plan within the Col-

orBlocksworld domain. In this subsection, we will first define the specific problem within Color-

Blocksworld, including the initial and goal states. Next, we will describe how the actions in the

ColorBlocksworld domain were specified. Finally, we will demonstrate the effects of transferring a

plan from ColorBlocksworld to Kitchenworld.
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Table 7.2: Table comparing ColorBlocksworld-Set and Kitchenworld-Set.

ColorBlocksworld Kitchenworld

# Initial state
gripper::Gripper
empty::Empty
isHolding(gripper) == isEmpty(empty)
(A, B, C, D, E, F)::Block
hasColor(A) == "green"
hasColor(B) == "red"
hasColor(C) == "yellow"
hasColor(D) == "purple"
hasColor(E) == "purple"
hasColor(F) == "blue"
(x1, x2)::On
on_l(x1) == E
on_r(x1) == D
on_l(x2) == D
on_r(x2) == C
isOnTable(A) == true; isClear(A) == true
isOnTable(B) == true; isClear(B) == true
isOnTable(C) == true; isClear(C) == false
isOnTable(D) == false; isClear(D) == false
isOnTable(E) == false; isClear(E) == true
isOnTable(F) == true; isClear(F) == true

# Initial state (after transfer)
gripper::Gripper
empty::Empty
isHolding(gripper) == isEmpty(empty)
A::LettuceSliced
B::TomatoSliced
C::Plate
D::BreadSliced
E::BreadSliced
F::Knife
(x1, x2)::InReceptacle
inReceptacle_l(x1) == BreadSlicedIsObject(E)
inReceptacle_r(x1) == BreadSlicedIsReceptacle(D)
inReceptacle_l(x2) == BreadSlicedIsObject(D)
inReceptacle_r(x2) == PlateIsReceptacle(C)
lettuceHasTemperature(A) == 0.0
lettuceHasMass(A) == 0.0
lettuceHasMaterial(A) == "Unknown"
tomatoHasTemperature(B) == 0.0
tomatoHasMass(B) == 0.0
tomatoHasMaterial(B) == "Unknown"
...

# Unstack precondition
gripper::Gripper
empty::Empty
isHolding(gripper) == isEmpty(empty)
(block, underblock)::Block
o::On
on_l(o) == block
on_r(o) == underblock
isClear(block) == true

# Unstack precondition (after transfer)
gripper::Gripper
empty::Empty
isHolding(gripper) == isEmpty(empty)
block::Object
underblock::Receptacle
o::InReceptacle
inReceptacle_l(o) == block
inReceptacle_r(o) == underblock

# Match morphism
gripper::Gripper -> gripper::Gripper
empty::Empty -> empty::Empty
block::Block -> E::Block
underblock::Block -> D::Block
o::On -> x1::On

# Match morphism (after transfer)
gripper::Gripper -> gripper::Gripper
empty::Empty -> empty::Empty
block::Object -> E::Object
underblock::Receptacle

-> D::Receptacle
o::InReceptacle -> x1::InReceptacle

7.7.3.1 ColorBlocksworld problem

Consider a problem in ColorBlocksworld where six blocks, labeled A, B, C, D, E, F, are

initially arranged on a table, as shown in Figure 7.9. Each block is assigned one of the fol-
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Figure 7.9: The initial and goal states in Blocksworld and Kitchenworld.

lowing colors: "red", "green", "blue", "purple", or "yellow". For instance, blocks E and

D are both purple. The goal is to stack the blocks such that their colors form the sequence

"purple, green, red, purple, yellow" from top to bottom. The initial and goal states can

be defined as functors in ColorBlocksworld-Set by mapping each type in ColorBlocksworld to an

element in Set. An example of the initial state specification is provided in Table 7.2. The goal

state would be defined similarly.

7.7.3.2 ColorBlocksworld Domain Actions

The actions of the ColorBlocksworld domain are modeled after the PDDL specification of

Blocksworld [177]. For instance, two fundamental actions in this domain are stack and unstack.

The stack action, stack(block::Block, underblock::Block), places the block block on top

of the underblock block, provided that the gripper is holding the block block. Conversely, the

unstack action, unstack(block::Block, underblock::Block), removes the block block from
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the underblock block and places it in the gripper.

Both actions have preconditions that involve a conjunction of predicates, which specify

whether the block block is currently on the underblock block and whether the gripper is empty

or occupied. The effects of these actions involve modifying these predicates to reflect the new

state of the world after the action has been executed. Specifically, the effects are the complement

of the preconditions—indicating that the blocks and the gripper are now in the opposite Boolean

states.

In our representation language, the unstack action can be expressed using the following

action span:

unstack = DRule(@migration(OntColorBlocksworld, begin
L => @join begin

gripper::Gripper
null::Empty
(block, underblock)::Block
o::On
on_l(o) == block
on_r(o) == underblock
isClear(block) == true
isHolding(gripper) == isEmpty(null)

end
K => @join begin

gripper::Gripper
(block, underblock)::Block

end
R => @join begin

gripper::Gripper
(block, underblock)::Block
isClear(underblock) == true
isHolding(gripper) == block

end
end))

In this example, the Pre condition checks if the gripper is empty and whether the block

block (block) is clear (i.e., has no other block on top of it) and is currently on top of another

block (underblock). The Keep section identifies the entities that remain unchanged, and the Eff

condition specifies the effects of the action, where the block block is now held by the gripper, and

the bottom block is clear.

The remaining actions in Blocksworld, such as stack and others, can be expressed in a
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similar manner using this representation.

7.7.3.3 Transfer from ColorBlocksworld to Kitchenworld

To transfer a plan, we must transfer every action and its match. Consider a plan where the

first action is to unstack block E from D. The match for the unstack action grounds block 7→ E

and underblock 7→ D. The precondition and match in Blocksworld can be seen in Table 7.2.

Table 7.2 shows the transferred initial state from ColorBlocksworld to Kitchenworld. Although

the names of instances (e.g., red, green, gripper) remain the same, they are now instances of

types in Kitchenworld. The transferred precondition of the unstack action is also presented in

Table 7.2. The Keep and Eff components undergo similar transfers. The result is that the types

have been translated from ColorBlocksworld to Kitchenworld, with the semantics of the predicates

preserved.

A plan, πColorBlocksworld for this problem in ColorBlocksworld looks like:

unstack(E, D); putdown(E); pickup(B); stack(B, D);
pickup(A); stack(A, B); pickup(E); stack(E, A)

The same plan, when transferred to Kitchenworld, πKitchenworld, becomes:

unstack(bread1, bread2); putdown(bread1);
pickup(tomato); stack(tomato, bread2);
pickup(lettuce); stack(lettuce, tomato);
pickup(bread1); stack(bread1, lettuce);

The names of the instances are, again, pointers to elements in a set, therefore, the instances

can be relabeled to contextually appropriate terms like bread1 and bread2 instead of E and D for

this exposition.

7.7.4 Validation

In the case of conjunctive query data migrations, the functoriality of ∆F is not guaranteed,

particularly when dealing with complex structures or attributes such as numeric values or multi-
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Table 7.3: Table comparing the goal and end states to validate πKitchenworld

ColorBlocksworld Kitchenworld

# Goal state
(A, B, C, D, E, F)::Block
hasColor(A) == "green"
hasColor(B) == "red"
hasColor(C) == "yellow"
hasColor(D) == "purple"
hasColor(E) == "purple"
hasColor(F) == "blue"
(x1, x2, x3, x4)::On
on_l(x1) == E
on_r(x1) == A
on_l(x2) == B
on_r(x2) == D
on_l(x3) == B
on_r(x3) == D
on_l(x4) == D
on_r(x4) == C

# Goal state (after transfer)
A::LettuceSliced
B::TomatoSliced
C::Plate
D::BreadSliced
E::BreadSliced
F::Knife
(x1, x2, x3, x4)::InReceptacle
inReceptacle_l(x1) == BreadSlicedIsObject(E)
inReceptacle_r(x1) == LettuceSlicedIsReceptacle(A)
inReceptacle_l(x2) == LettuceSlicedIsObject(A)
inReceptacle_r(x2) == TomatoSlicedIsReceptacle(B)
inReceptacle_l(x3) == TomatoSlicedIsObject(B)
inReceptacle_r(x3) == BreadSlicedIsReceptacle(D)
inReceptacle_l(x4) == BreadSlicedIsObject(D)
inReceptacle_r(x4) == PlateIsReceptacle(C)

# Final State
gripper::Gripper
empty::Empty
isHolding(gripper) == isEmpty(empty)
(A, B, C, D, E, F)::Block
hasColor(A) == "green"
hasColor(B) == "red"
hasColor(C) == "yellow"
hasColor(D) == "purple"
hasColor(E) == "purple"
hasColor(F) == "blue"
(x1, x2, x3, x4)::On
on_l(x1) == E
on_r(x1) == A
on_l(x2) == B
on_r(x2) == D
on_l(x3) == B
on_r(x3) == D
on_l(x4) == D
on_r(x4) == C
isOnTable(A) == false; isClear(A) == false
isOnTable(B) == false; isClear(B) == false
isOnTable(C) == true; isClear(C) == false
isOnTable(D) == false; isClear(D) == false
isOnTable(E) == false; isClear(E) == true
isOnTable(F) == true; isClear(F) == true

# Final State (after transfer)
gripper::Gripper
empty::Empty
isHolding(gripper) == isEmpty(empty)
A::LettuceSliced
B::TomatoSliced
C::Plate
D::BreadSliced
E::BreadSliced
F::Knife
(x1, x2, x3, x4)::InReceptacle
inReceptacle_l(x1) == BreadSlicedIsObject(E)
inReceptacle_r(x1) == LettuceSlicedIsReceptacle(A)
inReceptacle_l(x2) == LettuceSlicedIsObject(A)
inReceptacle_r(x2) == TomatoSlicedIsReceptacle(B)
inReceptacle_l(x3) == TomatoSlicedIsObject(B)
inReceptacle_r(x3) == BreadSlicedIsReceptacle(D)
inReceptacle_l(x4) == BreadSlicedIsObject(D)
inReceptacle_r(x4) == PlateIsReceptacle(C)
lettuceHasTemperature(A) == 0.0
lettuceHasMass(A) == 0.0
lettuceHasMaterial(A) == "Unknown"
tomatoHasTemperature(B) == 0.0
tomatoHasMass(B) == 0.0
tomatoHasMaterial(B) == "Unknown"
...

typed relationships. This lack of guaranteed functoriality introduces challenges when validating

that the transferred plan πKitchenworld satisfies the goal in the target domain, Kitchenworld. There-

fore, the validation of the transferred goal requires a different process to ensure that the final state

in the target domain accurately reflects the transferred goal.
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7.7.4.1 Transferring Actions and States

As with delta data migrations, we begin by transferring the match morphisms and states

from the source domain, ColorBlocksworld, to the target domain, Kitchenworld. For the last action

in the source plan πColorBlocksworld, the match morphism, mn : Prestack ↪→ Xn, is transferred to

∆F (mn) : ∆F (Prestack) ↪→ ∆F (Xn). However, unlike delta data migrations, applying ∆F does not

necessarily preserve the DPO construction, which means that the transferred morphism ∆F (mn)

may not yield a well-defined pushout in the target domain.

Without the guarantee of preserved pushouts, the final state Yn+1 in the target domain must

be explicitly recomputed. This involves applying the transferred match morphism, ∆F (mn), and

action rule (e.g., the transferred stack(bread1, lettuce) action) within the target domain. The

final state can be computed by resolving the DPO construction in the target domain for which

the result is shown in the second row of Table 7.3.

7.7.4.2 Validating the Transferred Goal

To validate that the transferred plan πKitchenworld satisfies the goal in the target domain, we

must verify that the transferred goal ∆F (G) is included in the final state Yn+1. To do this, we

can search for a valid monomorphism that matches ∆F (G) within Yn+1.

A valid homomorphism in this case, matches elements in the analogous goal state within

Kitchenworld to elements of the state in Kitchenworld, is as follows:

% Goal -> Final State
A::LettuceSliced -> A::LettuceSliced
B::TomatoSliced -> B::TomatoSliced
C::Plate -> C::Plate
D::BreadSliced -> D::BreadSliced
E::BreadSliced -> E::BreadSliced
F::Knife -> F::Knife
x1::InReceptacle -> x1::InReceptacle
x2::InReceptacle -> x2::InReceptacle
...
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For this specific transfer from πColorBlocksworld to πKitchenworld, a homomorphism search algo-

rithm3 confirms that a valid match from the goal state into the final state has been found which

validates that the transferred plan is successful.

7.7.4.3 Addressing Inconsistencies

If the validation process reveals that the transferred goal does not exactly match the final

state, it becomes necessary to address any inconsistencies. This may involve refining the con-

junctive queries by modifying the mappings between the source and target domains to improve

alignment. Further post-transfer adjustments may be required to ensure that the transferred plan

properly aligns with the requirements of the target domain and satisfies the intended goals.

7.7.5 Summary

In this case study, we explored the value of using structural analogy to transfer task plans

from the ColorBlocksworld domain to the Kitchenworld domain, demonstrating how planning in a

simpler, abstract domain can be effectively adapted to a more complex one without replanning.

By first solving the problem in the abstracted block-stacking domain, we reduced the number of

possible predicates when compared to a rich kitchen domain. This approach not only simplifies

the planning process but also has the potential to be used as a valuable planning heuristic: the

efficiency of a plan in the abstract domain, such as the fewer number of steps required, can inform

the development of an optimal plan in the complex domain. Additionally, the abstract domain

serves as a powerful template for replicating the behavior for different problems within home

automation, such as stacking linens or books around a home.
3https://github.com/AlgebraicJulia/Catlab.jl/blob/6fd7520c7c8bf732d2b4a07b51930262d3c68298/src/

categorical_algebra/HomSearch.jl
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7.8 Practical Considerations

The proposed approach offers a principled method for transferring task plans from one

planning context to another by leveraging analogies. We demonstrated its utility by transferring

plans from a simple domain, ColorBlocksworld, to more complex domains, namely Assembly,

EmergencyComms, and Kitchenworld. While this work focuses on foundational examples, it is

possible to envision a variety of design patterns that leverage analogical transfer. In this section,

we discuss these general patterns, its integration into a planning architecture, and considerations

when defining ontology maps.

7.8.1 Patterns of Use for Analogical Plan Transfer

As demonstrated by the case studies in Section 7.3, planning domains can differ in their level

of detail and generalization. An abstract domain represents a simplified or generalized environment

with fewer and richly-defined concepts, such as Blocksworld. In contrast, a specific domain is a

detailed and complex environment with many domain-specific attributes, such as Kitchenworld,

Assembly, EmergencyComms. Based on this distinction, we have identified four patterns for

transferring plans analogically: (i) abstract-to-specific, (ii) specific-to-specific, (iii) specific-to-

abstract-to-specific, and (iv) abstract-to-abstract. Each pattern serves a unique purpose and

highlights the versatility of the approach. A schematic of each pattern is shown in Figure 7.10.

7.8.1.1 Abstract-to-Specific

This pattern is exemplified by the Blocksworld-to-Kitchenworld example presented in this

paper. In this approach, a generic plan developed in an abstract domain is transferred to a specific

domain. The advantage of this pattern lies in its ability to reapply generalized behaviors to specific

contexts without compromising the integrity of the original behavior.
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Abstract Specific

Types of Planning Domains

(i) (ii) (iii) (iv)

Figure 7.10: Schematic of the four patterns of analogical plan transfer: (i) abstract-to-specific, (ii)
specific-to-specific, (iii) specific-to-abstract-to-specific, and (iv) abstract-to-abstract.

An extended application of this pattern could involve migrating a plan from a simulation

environment—where domain concepts are fewer and well-defined—to a real-world environment

[178], which is richer but less structured. For example, reasoning in a real-world kitchen might

require capturing additional relationships, such as the relative spatial alignment of objects on a

cluttered countertop. This pattern enables structured actions from a simplified domain to be

effectively used in more complex and dynamic settings.

7.8.1.2 Specific-to-Specific

In this pattern, a plan is directly transferred from one specific domain to another. In the

Assembly to EmergencyComms case study, we demonstrate the transfer the plans from a specific

domain tailored for building furniture to another specific domain tailored for building communica-

tions networks. One could envision another example where a plan for tending a shopfloor machine

might be adapted to a similar domain-specific task, such as managing an industrial oven for food

production—both requiring managing items being processed in a machine. The advantage of this

approach lies in its ability to replicate context-specific behaviors that may not be easily generalized

or articulated in an abstract domain.
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This pattern closely aligns with ongoing research in skill generation [48, 179–181], where

plans are designed for highly specialized tasks. By transferring such plans directly between spe-

cific domains, it becomes possible to preserve nuanced, context-dependent behaviors that would

otherwise be lost during abstraction.

7.8.1.3 Specific-to-Abstract-to-Specific

This pattern involves transferring a plan from one specific domain to an abstract domain,

distilling its essential structure, and then applying it to a different specific domain. For exam-

ple, Factory A’s machine-tending plan could be generalized into an abstract template, which is

subsequently tailored to fit the operational needs of Factory B.

The primary benefit of this pattern is its ability to generalize and distill the key elements of

a complex plan, making it applicable to a wider range of scenarios. This is particularly valuable in

privacy-sensitive collaborations [182–185], where manufacturers may wish to adhere to a shared ab-

stract template while safeguarding proprietary details. By relying on the abstract-specific transfer,

they can impose generic behavior in different contexts while maintaining confidentiality.

7.8.1.4 Abstract-to-Abstract

This pattern involves transferring plans between two abstract domains. For example, a plan

from the Tower of Hanoi domain [186] could be adapted for the Blocksworld domain. This pattern

introduces a novel concept in AI planning: reframing a planning problem from one canonical ab-

stract domain to another to potentially gain computational or reasoning advantages. For instance,

a planner might exploit constraints related to relative size and position in the Tower of Hanoi to

identify an intermediate subgoal, then continue planning in Blocksworld.

This pattern holds significant potential for algorithmic reframing of abstract search problems
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in robotics applications. In particular, it could prove useful in scenarios where the structured

constraints of a Tower of Hanoi problem offer greater efficiency compared to the less structured

nature of a Blocksworld problem. Exploring how such reframing can improve planning efficiency

and problem-solving capabilities is a promising direction for future research.

7.8.2 Integration into a Planning Architecture

The aforementioned transfer use cases can be integrated into a planning architecture sim-

ilar to case-based planning [187]. In this framework, source plans are retrieved from a historical

knowledge base, transferred, and adapted to suit specific use cases. The transferred plan acts as a

skeleton or backbone for the new plan, ensuring that analogous behavior is preserved as long as the

sequence of actions is maintained. The approach may require plan repair, particularly when actions

in the transferred plan must be decomposed into more granular actions. For instance, translat-

ing a high-level plan or program into a low-level robot programming language might necessitate

finer action descriptions [188]. Developing a mathematically rigorous framework to address such

decompositions, perhaps through hierarchical transfer methods, is an area of ongoing research.

7.8.3 Designing an Ontology Map

The success of all the aforementioned patterns, in Section 7.8.1, is contingent on the ability to

establish a valid ontology map between the source and target domains. The design of the ontology

map is critical, because it directly influences the semantics and feasibility of the transferred plan.

The structure and mappings of an ontology map dictate whether a meaningful and correct analogy

between domains can be established. For instance, consider an inappropriate translation for the

Kitchenworld and Blocksworld domains that involves mapping the Gripper from Kitchenworld

to Block in Blocksworld—expressing a nonsensical analogy. Validating this mapping against the
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properties of a functor would reveal that no proper ontology map can be defined, thus preventing

plan transfer. Alternatively, a semantically flawed but technically valid translation might involve

swapping the mappings of inReceptacle_l to on_r and inReceptacle_r to on_l. This reversal

would invert the stacking order in Kitchenworld, leading to a semantically undesirable plan.

7.8.3.1 Failure to Define an Ontology Map

The inability to define an ontology map indicates the absence of a proper analogy between

domains, which prevents reliable plan transfer. Fortunately, such failures are identified during the

design stage of the translation process, allowing the issue to be addressed before runtime.

It is, however, important to note that the failure to define an ontology map may sometimes

stem from structural mismatches in the domain ontologies rather than an inherent inability to

transfer plans. Careful design of both source and target ontologies is therefore critical. Ontology

development requires deliberate decisions to represent concepts in ways that facilitate alignment.

For example, consider an alternate choice to make Receptacle a subtype of Object:

isSubtypeOf : Receptacle → Object

in Kitchenworld. While semantically valid, this design choice would prohibit an ontology map

that assigns both Object and Receptacle to Block in Blocksworld:

Receptacle => Block
Object => Block

as no predicate morphism exists from Block to Block in Blocksworld (refer to Appendix A.2.3).

By contrast, separating Receptacle and Object in Kitchenworld, as in the current specification,

better aligns with the section of the schema pertaining to Block in Blocksworld. This example

underscores the importance of ontology design in ensuring successful plan transfer.
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7.8.3.2 Addressing Non-One-to-One Ontology Mappings

Ontological misalignments between domains are a common challenge in practice, emphasiz-

ing the importance of conjunctive query migrations for capturing nuanced relationships. Structural

features such as the size of an ontology—defined by the number of types (| · |)—or the overlap of

aligned content can significantly influence the success of a plan transfer. These features give rise

to the following scenarios.

|Target| > |Source|: Stratifying State Data. As described in the case study in Section 7.7, a task

plan originating in Blocksworld was successfully transferred to Kitchenworld. In this example, the

Kitchenworld domain ontology is larger than the Blocksworld ontology, requiring multiple types

in the target domain to be mapped to a single type, Block, in the source domain. This map-

ping stratifies block instances, aligning them with different types of ingredients in Kitchenworld.

The conjunctive query migration functor plays the crucial role of identifying and aligning these

stratifications, ensuring that instances of the Kitchenworld ontology are populated correctly.

|Target| < |Source|: Merging State Data. In scenarios where a plan is transferred from Kitchen-

world to Blocksworld, the target domain ontology is smaller than the source ontology. This results

in the loss of distinctions, such as different types of ingredients, as all objects are reduced to a

single Block type. In such cases, the designer must carefully evaluate whether this simplifica-

tion affects the validity or applicability of the transferred plan, particularly when domain-specific

attributes are critical for task success.

Target ∩ Source: Information Loss. When the source and target ontologies overlap but have non-

identical structures, some data loss is inevitable. This loss may be acceptable in certain contexts

but detrimental in others. For instance, attributes like isClear, onTable, mass, and temperature
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might be omitted unless explicitly accommodated in the target ontology. Acceptable loss occurs

when the goal is to transfer the sequence of stacking actions without leveraging detailed attributes,

which means such omissions may not affect the transfer’s success. Conversely, detrimental loss

arises when plans rely on specific attribute values, such as ensuring a weight limit of 100 lb for

stacking. Defaulting these values to placeholders, such as weight = 0, can invalidate the plan.

Addressing these issues requires additional validation steps, such as populating missing values

or adapting the transferred plan. Developing a mathematically robust framework for handling

missing attributes remains a promising area for future research.

7.9 Discussion

In this chapter, we have demonstrated a novel approach to analogical transfer for task plans,

using both direct and structural analogies. Unlike classical representations such as PDDL, which

are designed primarily for planning within a single domain, our approach facilitates the migration

of plans between different domains. Classical representations lack native mechanisms that support

analogical transfer and complex domain mappings, making this approach particularly innovative.

The case studies presented were carefully selected to effectively illustrate the capabilities of each

analogical type. In this section, we will discuss what we see to be the benefits and limitations of

this approach as a solution to analogical plan transfer.

7.9.1 Advantages of the Categorical Structure for Analogical Transfer

Generalized Transfer Across Domains. One of the benefits of this approach is its ability to provide

a generalized plan transfer mechanism that works uniformly across all plans within a given domain.

Unlike methods that require pointwise mappings between pairs of plans, this approach leverages

the foundational mappings between the source and target domains to ensure that any valid plan
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in the source domain can be systematically and accurately transferred to the target domain. This

universality means that once the domain ontologies are aligned, the transfer process is not just

applicable to a single plan but can be broadly applied to all plans between the domains.

Structure Preserving Transfer. A key advantage of this approach lies in its ability to preserve

the structural relationships inherent in the source domain during the process of plan transfer. By

leveraging the mathematical rigor of functors and data migrations, the approach ensures that the

compositional relationships between elements in the source domain are faithfully maintained in

the target domain. This preservation is crucial for maintaining the integrity and validity of the

transferred plans, as it ensures that the semantic relationships informing actions and states remain

analogically consistent. In practice, this means that complex relational structures, such as type

hierarchies, predicate relationships, and compositional constraints, are not only mapped but also

preserved during the transfer process. This significantly reduces the risk of introducing errors or

inconsistencies, which is particularly beneficial in domains with intricate interdependencies, such

as manufacturing assembly tasks, mission planning, or kitchen service automation.

Planning Through Simplification. Another benefit is its ability to simplify planning in complex

domains. This method leverages the inherent similarities between domains to reduce the compu-

tational burden associated with planning directly in a complex environment. By first solving the

problem in a simpler domain, as in ColorBlocksworld—where the relationships and constraints are

easier to manage—and then transferring to the more complex domain, this has the potential to not

only accelerate the planning process but also reduce the cognitive load on human operators, who

would otherwise need to define and manage actions in the complex domain from the beginning.
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Action (Skill) Generation. Another advantage of this approach is its ability to automatically

transfer actions from the source domain to the target domain. As plans in the source domain are

migrated, the process generates corresponding actions in the target domain—a concept sometimes

referred to as skill generation. Skill generation involves modeling new skills that were previously

unknown to the agent, a challenge that drives a significant amount of research in robotics [48,

179–181]. In the case studies, it was not necessary to manually specify action models in the

Kitchenworld or EmergencyComms domain; instead, the actions were automatically generated

with a structure similar to those in the ColorBlocksworld and Assembly domain, respectively.

This implies that the approach can effectively bootstrap domain actions from existing domains,

reducing the human effort required to set up domain actions in new, but structurally similar,

environments.

Wide Applicability. One of the most compelling strengths of this approach is ability to be applied

to a wide range of domains, owing to its foundation in category theory. For instance, the approach

has been successfully demonstrated in domains as varied as block-stacking, assembly tasks, and

more sophisticated scenarios like kitchen automation and emergency communication planning.

This transfer approach provides an abstraction suitable for a variety of domain ontologies. This

generality alleviates the need to tailor the framework to suit different applications, suggesting that

the approach is not just a solution for a narrow set of problems but one capable of addressing a

wide spectrum of plan transfer scenarios.

7.9.2 Limitations of the Categorical Structure for Analogical Transfer

Dependency on Proper Ontology Alignment. The success of the analogical transfer approach is

highly dependent on a proper (functorial) alignment of ontologies between the source and target

domains, as discussed in Section 7.8.3. Misalignments or errors in defining these mappings can
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lead to incorrect plan transfers, resulting in failures to achieve the desired outcomes in the target

domain. The functor, for example, requires that all predicates in the target domain be mapped to

corresponding predicates in the source domain in a way that preserves compositional relationships.

For instance, if a type in the target domain is involved in multiple predicates—such as Part in

Assembly—it cannot be effectively mapped to a type in the source domain that lacks structurally

similar predicates, such as Gripper in ColorBlocksworld. These challenges in expressivity can be

significant for certain applications, but they also highlight opportunities for future research aimed

at developing mathematical tools to handle more complex mappings.

Potentially Lossy Translations. As noted in Section 7.7, a key challenge in analogical plan transfer

is the occurrence of lossy translations. This issue arises when certain attributes or elements

in the source domain lack direct counterparts in the target domain, leading to incomplete or

approximate transfers of information. For example, in the case study involving the transfer from

ColorBlocksworld to Kitchenworld, attributes such as whether the block was clear of obstruction

(IsClear) in ColorBlocksworld did not have a corresponding concept in Kitchenworld, resulting

in the loss of this information. If such information plays a crucial role in the planning process,

the transferred plan may need manual interventions to ensure successful execution in the target

domain. Addressing these challenges may also require modifying the expressivity of the target

ontology or exploring alternative methods to manage lossy translations more effectively.

Handling Structurally Dissimilar Domains. While the analogical transfer approach is highly ef-

fective in domains with strong structural similarities, it can encounter significant challenges when

applied to domains that are structurally dissimilar or where analogies are not easily identifiable.

In these cases, the transfer process may require more complex mappings, or it might struggle to

establish a meaningful analogy altogether. As a result, while powerful, it may not generalize well
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across all types of plan transfer problems. The reliance on well understood structural similarities

limits its applicability to situations where such analogies exist.

7.10 Conclusion

In this chapter, we explored a novel approach to analogical transfer for task plans, identi-

fying two types of analogies—direct and structural—and demonstrating their application through

functorial data migration methods. The chapter delved into two case studies, one involving the

transfer of a plan from an assembly domain to an emergency communications recovery domain,

and another illustrating the transfer from ColorBlocksworld to a domain inspired by AI2-THOR’s

kitchen simulation environment. These examples highlighted the flexibility and generality of the

approach by showing how it enables the transfer of plans between complex domains. The discus-

sion emphasized the benefits, such as general and structure-preserving plan transfer, automatic

generation of actions in the target domain, and the ability to simplify planning in complex do-

mains by leveraging simpler ones. We also addressed the limitations, including the dependency

on accurate ontology alignment and the challenges posed by lossy translations and structurally

dissimilar domains. Overall, the chapter demonstrated the potential of this approach as a robust

tool for analogical plan transfer for a variety of plan transfer scenarios.
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Chapter 8: Conclusion

In this dissertation, we explored task plan transfer in robotics by developing a framework

that defines sequential, hierarchical, and analogical transfer methods contained within the single

foundational language of category theory. This chapter concludes the dissertation by summariz-

ing the research, highlighting its interdisciplinary impact, discussing areas for future work and

potential applications, and offering closing remarks.

8.1 Summary of Research

Early in the dissertation, we traced the evolution of robotic programming reuse from manual

pose recording to modular, skill-based architectures to transfer learning and program translation in

robotics. This historical overview laid the foundation for classifying task plan transfer use cases into

three types: sequential, hierarchical, and analogical. By identifying these scenarios and defining

plan transfer within a unifying conceptual framework in Chapters 1 and 2, we established a model

for enabling robots to transfer plans both within and across planning domains. This framing

provided a blueprint for deeper exploration of the mathematical tools essential to supporting

effective plan transfer. In Chapter 3, we introduced category theory as the foundational formalism.

Category theory provides mathematical structures that address the limitations of conventional

planning systems by ensuring that plan compositions and migrations are coherent and well-defined.

In Chapter 4, we presented an approach to validating sequential plan transfer. This method
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ensures that the preconditions and effects of plans are consistently propagated, using symmetric

monoidal categories (SMCs) and string diagrams to validate task plan composition across the

entire sequence. In Chapter 5, we introduced the RoboCat framework which leverages functors to

connect high-level plans with low-level ones. This framework ensures that hierarchies of plans and

programs within the categorical architecture maintain both compositional integrity and intended

behavior.

In later chapters, we introduced a novel planning representation language based on C-sets

and double-pushout (DPO) rewriting to manage structured and interconnected knowledge (see

Chapter 6). This representation language served as a prerequisite for analogical transfer (see

Chapter 7). We introduced an algorithm that automates analogical plan transfer using ontol-

ogy alignment maps and functorial data migrations. Each type of transfer was demonstrated

through case studies involving diverse planning domains, including Blocksworld, an AI2-THOR

kitchen environment, a manufacturing assembly environment, a machine-tending scenario, and a

communication recovery scenario.

By redefining task plan transfer through a unified framework grounded in category theory,

this dissertation not only addresses the challenges of adaptability in robot planning but also opens

up new pathways for formally robust intelligence.

8.2 Interdisciplinary Impact: Expanding Theoretical Tools for AI and Robotics

Category theory, while often regarded as a highly abstract mathematical framework, has

shown promise in direct applications to robotics and AI through this dissertation. Specifically,

this work shows that category-theoretic constructs—such as SMCs and C-sets—can effectively ad-

dress key challenges in task composition, modularity, and reuse within robot planning systems.

Traditional task planning frameworks often overlook plan transfer or treat reuse scenarios in isola-
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tion, failing to recognize the potential for unified approaches that can address diverse plan transfer

scenarios. By introducing formal methods for modular programming, task plan composition, and

ontology-driven reasoning, this work establishes a new paradigm in which category theory becomes

an essential toolkit for robotics and AI.

Ultimately, this dissertation, alongside other works [35,41,102,189–191], contributes to the

shifting perspective that category theory is not merely an abstract discipline but a powerful,

actionable tool for bridging theory and real-world challenges. As robotics and AI evolve, the

need for systems that can learn, adapt, and transfer knowledge across tasks becomes paramount.

By showing that category-theoretic principles can meet these needs, this research paves the way

for robotic systems that not only execute interdependent tasks but also adapt safely to new

environments with formal guarantees.

8.3 Areas of Future Work

The most exciting aspect of this work is the outlook for the future. By offering advancements

in robotic task plan transfer, this dissertation opens several new directions for further exploration

and development. In this section, we break down these opportunities according to each type of

task plan transfer and then discuss a broader, integrated perspective on future work.

8.3.1 Sequential Plan Transfer

Although sequential transfer provides a robust framework for task composition, several key

directions for future research remain.

Expanding beyond STRIPS representations. Modern planning often requires more expressive

systems that exceed the limitations of STRIPS planning frameworks, such as reactive control

[192–194], conditional branching [195, 196], and temporal reasoning [13, 197, 198]. Understanding
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how sequential composition can be adapted to behave in these settings is left for future work.

Analysis of plan order. The parallel structure expressible by the SMC representation offers the

flexibility required to encode plans that are executed concurrently or in multiple orders, as in

partially order plans [23]. Developing mathematical and computational methods for counting

equivalent plan arrangements generated by a given SMC could deepen our understanding of the

combinatorial complexity of free arrangements for a particular plan and sequence of plans [199].

8.3.2 Hierarchical Plan Transfer

Hierarchical plan transfer has shown promise, but further research is needed to expand its

scope and applicability.

Applications to Hierarchical Task Networks (HTNs). HTNs provides added flexible to the sym-

bolic planning representations like PDDL, as discussed in Section 2.3.3. One promising direction

is the use of the proposed hierarchical transfer methods to validate HTNs, where decomposing

complex tasks into subtasks may benefit from the formal guarantees, such as plan equivalence and

consistency checks, provided by SMCs and monoidal functors.

Diverse case studies for hierarchical transfer. In Section 5.3, we demonstrate hierarchical transfer

on a case study related to machine-tending using single arm robot manipulators. Identifying and

conducting additional case studies across varied domains will be critical to assessing the scalability

and practical applicability of hierarchical transfer. These studies will help refine the methodology

for broader and more complex use cases.
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8.3.3 Structured Knowledge in Planning

Structured knowledge plays a vital role in analogical transfer, but additional research is

needed to maximize its potential especially in general use cases.

Exploring the utility of hierarchical actions. Positive applicaton conditions (PACs) and negative

application conditions (NACs) were introduced to allow the factoring of preconditions (refer to

Section 6.4.3.1). An area of future work includes investigating utility of PACs and NACs in

constructing hierarchical actions. The ability to progressively layer preconditions presents an

opportunity to support the structured relaxation of planning actions which may be useful in

planning in light of uncertainty [200,201].

Compositional domain ontologies. The long tradition of logic-based representations of knowledge

[202] have led to development of unifying base ontologies and their extensions [203,204]. Exploring

the use of categorical constructs like operads [205] to support compositional domain ontologies,

namely schemas within schemas, is a useful direction for future work. Such work would significantly

enhance the practicality of this approach by supporting a nested structure and organization of

complex planning domain ontologies.

Grounding Large Language Model (LLM)-based task planning. The rise of LLMs [206] has

sparked significant interest in LLM-driven task planning and reasoning, yet researchers are in-

creasingly grappling with fundamental challenges such as long-horizon inconsistencies, error prop-

agation, and hallucinations [207–209]. Chapter 6 presents a structured planning approach that

integrates formal ontologies and symbolic representations, potentially offering a robust foundation

for grounding LLM-based planning in well-defined world models. A promising future direction

is to investigate whether this approach can serve as a semantic bridge between natural language
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instructions and formal task representations.

8.3.4 Analogical Plan Transfer

The work on analogical transfer introduces new possibilities, but several areas merit further

investigation.

Deeper analysis of conjunctive queries. Conducting a deeper mathematical analysis of conjunc-

tive queries, as discussed in Section 7.2.3, could clarify when these data migrations are functorial

and guarantee valid plan transfers. By understanding the conditions under which queries yield

valid plans, we can improve the expressiveness of translation functors and expand the range of

applications of this analogical transfer approach.

Automatic ontology alignment for translation functors. Analogical transfer currently depends

on manually identifying a match for each concept and relationship from one domain ontology

to another to form translation functors. Future research could explore how existing ontology

alignment techniques [99,165,210–212] can be leveraged to automatically infer domain-to-domain

translation functors to ensure the scalability of analogical transfers.

Formal Validation of Attributes in Real-World Plan Transfer. While this dissertation provides

theoretical guarantees for transferred goal satisfaction using delta migration (refer to Section

7.6), an open question remains regarding the validity of transferred plans when non-combinatorial

elements, such as boolean, numeric, and continuous state variables are involved. A formal theorem

and proof are needed to establish whether a plan that is valid in the source domain remains valid

in the target domain under real-world planning constraints.
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8.3.5 Integrated Sequential-Hierarchical-Analogical (SHA) Transfer Framework

A highly promising direction for future research is the development of a unified framework

that integrates sequential, hierarchical, and analogical transfer methods into a cohesive system.

While this dissertation explores each method individually, their shared foundation in category

theory suggests that they are theoretically interoperable. This integrated approach could address

fundamental limitations in current task planning systems, such as the inability to easily transfer

plans across domains, scale to new tasks, or handle scenarios with highly structured knowledge.

Future work in this area involves an interdisciplinary blend of mathematical, AI, and software

advancements.

Understanding mathematical interaction between SMCs and categorical rewriting. SMCs pro-

vide a well-structured algebraic foundation for modeling sequential and hierarchical compositions

in planning, while categorical rewriting—particularly double-pushout (DPO) rewriting—offers a

principled way to modify structured knowledge representations in planning domains. Despite

their individual strengths, a formal mathematical theory that unifies these two approaches re-

mains underexplored. One research direction involves formalizing the relationship between SMCs

and rewriting systems to capture the compositional structure of planning operators while pre-

serving semantic constraints imposed by rewriting rules. This may be addressed by investigating

higher-categorical formulations of planning, potentially relating to bicategories of relations [213],

where 1-morphisms represent sequential plans and 2-morphisms capture state transformations via

rewriting rules. Alternatively, double categories [214] may offer a stricter framework for managing

the interplay between sequential composition and structured knowledge.
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Exploring analogical chaining in AI planning. In complex planning problems, it is common for

analogies to break down at certain stages, requiring a shift in perspective to continue problem-

solving effectively. Analogical chaining extends the concept of analogical transfer by allowing a

planning system to sequentially apply multiple analogies, using one analogy to reach an inter-

mediate subgoal before transitioning to another analogy that better suits the remaining problem

structure. For example, a planner might initially leverage the structured constraints of the Tower

of Hanoi domain to guide early-stage planning before switching to a Blocksworld-based reasoning

framework to refine object manipulations, as discussed in Section 7.8.1. This approach has the

potential to improve planning efficiency by dynamically adapting the problem representation to

different phases of the task. Future work should explore formal mechanisms for detecting when

an analogy is no longer beneficial and systematically selecting the next best analogy to maintain

planning coherence.

A software system for integrated SHA transfer and categorical planning. A significant next step is

the development of a knowledge-based planning system that operationalizes this integrated frame-

work. A software system that supports planning and plan transfer using these category theory-

based framework would make these approaches accessible to practitioners in AI and robotics. Such

a system would would automate plan transfer along sequential, hierarchical, and analogical dimen-

sions, while incorporating structured world knowledge and automated ontology alignment. This

system could potentially be used in real-world scenarios—from industrial automation and robotic

manufacturing to disaster response and autonomous exploration—where robots need to adapt to

complex and changing environments.
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(a) Privacy in Manufacturing [215] (b) Interoperability in Mission-Planning [216]

Figure 8.1: Example potential application areas for robot plan transfer

8.3.5.1 Potential Applications

The category-theoretic framework developed in this dissertation offers a fresh perspective

on longstanding challenges in robotic programming and task planning. This framework has the

potential to address critical issues like privacy, explainability, and interoperability which can lead

to the safe and ethical deployment of AI systems in both embodied and non-embodied settings. In

this section, we envision two potential applications of the integrated SHA framework for planning.

Privacy and Explainability in Manufacturing Settings. As AI systems tackle increasingly complex

tasks, they often rely on detailed, sensitive information about their environments. This introduces

potential risks when task plans are shared or transferred across domains or organizations, as pro-

prietary processes or strategic layouts may be inadvertently exposed. In industrial manufacturing,

for instance, companies may wish to leverage external planning systems without revealing sensi-

tive aspects of their workflows [185,217]. Analogical task plan transfer, as proposed here, offers a

solution by enabling organizations to adapt task plans from other domains without compromising

confidential knowledge.

Additionally, the inherent opaqueness of many data-driven planning systems—particularly

those based on reinforcement learning—poses challenges around transparency and explainability.
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These issues are especially relevant for stakeholders such as regulators, operators, and the public,

who need to understand how and why certain decisions are made. By incorporating formal se-

mantics and structured representations into task planning, this framework builds trust by making

AI decision-making processes more transparent and explainable. Ultimately, this approach brings

AI systems closer to being trusted and reliable partners in high-stakes applications.

Interoperability within Mission-Planning. Effective task plan transfer is crucial in disaster re-

sponse scenarios, where human teams and robots must work seamlessly in unstructured envi-

ronments [218]. By enhancing interoperability, task plan transfer enables robots and humans to

execute tasks efficiently and adaptively, increasing the overall effectiveness of disaster response.

Sequential transfer, for example, ensures that critical tasks like search and rescue operations fol-

low the correct sequence—assessing damage, locating survivors, and providing medical aid [219].

Hierarchical transfer enables integration of local teams’ task plans with higher-level coordination

efforts, aligning ground-level actions with overarching mission goals. Analogical transfer allows

for the adaptation of task plans across various disaster scenarios, from urban search and rescue

missions to natural disasters like wildfires or floods, while preserving essential elements such as

resource allocation and personnel coordination [219].

Leveraging these three forms of task transfer together makes it possible to reuse, adapt, and

share task plans more effectively across mission scenarios. This framework’s potential to improve

disaster response efficiency could optimize resource allocations and allow for more efficient planning

in critical, life-saving scenarios.
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8.4 Concluding Remarks

Robots are employed in countless settings around the world, each tailored to their specific

platforms, work cells, materials, and tasks. Every one of these finely-tuned solutions introduces

unique variations that rarely scale beyond a single robot or, at best, robots from the same vendor.

One can blur their eyes and see shared behaviors across these solutions, but most robotic plans

are re-computed because of the lack of consistent methods for transferring common behaviors.

The potential for robots to become ubiquitous in daily life hinges on their ability to transcend

rigid, one-off solutions. Achieving this will require a unified, flexible framework that facilitates

the understanding and verification of action dependencies, manages extensive networks of world

knowledge, and systematically transfers plans across various planning contexts. Such a framework

demands a mathematical language capable of describing interdependent processes and highly-

connected knowledge. In this dissertation, we demonstrated the viability of category theory as a

promising candidate uniquely suited to address these challenges.

By pioneering a category-theoretic plan transfer framework, this research lays foundational

groundwork for the next generation of modular robotic programming, secure plan transfer, and

knowledge-based planning. It sets the stage for new advancements in automation science and

intelligent systems, bringing us closer to a future where robots are intelligent, adaptive, and

indispensable partners in the quest for greater human innovation and discovery.

202



Appendix A: Supplementary Material

A.1 Forward Planning using C-sets and DPO Rewriting

Algorithm 4 provides an example of a depth-first search algorithm can be implemented using

the categorical planning representation language introduced in Chapter 6.

A.2 Schema Categories

In this section, we provide full code implementations for the schema categories and trans-

lation functors introduced in Chapter 7. We have verified compatibility of this code with the

following Julia packages and versions: ACSets.jl (0.2.20), AlgebraicRewriting.jl (0.3.5), Catlab.jl

(0.16.13), and DataMigrations.jl (0.0.3).

A.2.1 Assembly

Here, we provide a specification of the schema category for the Assembly domain using

AlgebraicJulia syntax.

@present OntAssembly(FreeSchema) begin
# Types
Part::Ob
Assembly::Ob
Location::Ob
PartType::Ob

# Predicates
IsPartOf::Hom(Part, Assembly)
PIsLocatedAt::Hom(Part, Location)
HasType::Hom(Part, PartType)
AIsLocatedAt::Hom(Assembly, Location)
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Algorithm 4: ForwardPlan
Input: C-set world, C-set goal, List of action spans actions, Action Limits

action_limits, List of action and match pairs plan
Output: List of action and match pairs plan

1 Exit criteria: goal is reached if there is a monic morphism from goal to world ;
2 if homomorphism(goal, world, monic=True) ̸= nothing then
3 print "Goal reached.";
4 return plan;

5 Find applicable actions for the current world state;
6 applicable_actions ← find_applicable_actions(world, actions);

7 Backtrack criteria: no applicable actions
8 if applicable_actions is empty then
9 throw "No applicable actions found! Terminate path...";

10 Iterate over all applicable actions
11 for action ← applicable_actions do

12 Backtrack criteria: action applied too many times
13 if action_usage[action.key] ≥ action_limits[action.key] then
14 "Abort path. Action used too many times.";
15 continue;

16 else
17 action_usage[action.key] ← 1

18 Save current world state for backtracking
19 prev_world ← world;
20 selected_action ← actions[action.key];

21 Apply the selected action to the current world state
22 try
23 world ← DPORewrite(selected_action, world);
24 catch
25 throw "Could not apply action!" ;

26 Record the action and corresponding match morphism in the current plan
27 Append (selected_action, action.match) to plan;

28 Recursively call ForwardPlan() with updated world state
29 try
30 plan ← ForwardPlan(world, goal, actions, action_limits, plan);
31 return plan;
32 catch
33 Backtrack to previous world state if path fails
34 world ← prev_world;
35 Remove last action from plan;
36 throw "Path failed. Try a different path.";

37 If no valid plan is found, report failure
38 "No plan found."
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# Relations
IsAttachedTo::Ob
IsAttachedToL::Hom(IsAttachedTo, Part)
IsAttachedToR::Hom(IsAttachedTo, Part)

# Constraints
compose(IsPartOf, AIsLocatedAt) == PIsLocatedAt

end

A.2.2 EmergencyComms

Here we provide a specification of the schema category for the EmergencyComms domain

using AlgebraicJulia syntax.

@present OntEmergencyComms(FreeSchema) begin
# Types
NetworkComponent::Ob
CommunicationNetwork::Ob
Area::Ob
ComponentType::Ob

# Predicates
IsPartOf::Hom(NetworkComponent, CommunicationNetwork)
ComponentIsServingArea::Hom(NetworkComponent, Area)
HasType::Hom(NetworkComponent, ComponentType)
NetworkIsServingArea::Hom(CommunicationNetwork, Area)

# Relations
IsConnectedTo::Ob
IsConnectedToL::Hom(IsConnectedTo, NetworkComponent)
IsConnectedToR::Hom(IsConnectedTo, NetworkComponent)

# Constraint
compose(IsPartOf, NetworkIsServingArea) == ComponentIsServingArea

end

A.2.3 ColorBlocksworld

Here we provide a specification of the schema category for the ColorBlocksworld domain

using AlgebraicJulia syntax. In this example, the attributes are formed by spans. For example:

hasColor::Attr(HasColor, Color)
hasColorDom::Hom(HasColor, Block)

These spans are built such that an object representing the attribute, i.e. HasColor::Ob,
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maps to an attribute type, i.e. Color::AttrType, and the object for which the attribute is for,

i.e. Block::Ob. This is to allow for attribute values to be updated without discarding the object,

namely the block, itself.

@present OntColorBlocksworld(FreeSchema) begin
# Types
Block::Ob
Empty::Ob
Gripper::Ob
HasColor::Ob
IsClear::Ob
IsOnTable::Ob
HasLabel::Ob
Color::AttrType
Clear::AttrType
OnTable::AttrType
Label::AttrType

# Predicates
isEmpty::Hom(Empty, Block)
isHolding::Hom(Gripper, Block)

hasColor::Attr(HasColor, Color)
hasColorDom::Hom(HasColor, Block)

isClear::Attr(IsClear, Clear)
isClearDom::Hom(IsClear, Block)

isOnTable::Attr(IsOnTable, OnTable)
isOnTableDom::Hom(IsOnTable, Block)

hasLabel::Attr(HasLabel, Label)
hasLabelDom::Hom(HasLabel, Block)

# Relations
On::Ob
on_l::Hom(On, Block)
on_r::Hom(On, Block)
MyBool::AttrType
MyString::AttrType
MyFloat::AttrType

end

A.2.4 Kitchenworld

Here we provide a specification of the schema category for the Kitchenworld domain using

AlgebraicJulia syntax.
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@present OntKitchenworld(FreeSchema) begin
# Types
Object::Ob
Receptacle::Ob
Empty::Ob
Gripper::Ob
BreadSliced::Ob
LettuceSliced::Ob
TomatoSliced::Ob
Plate::Ob
Knife::Ob

# Predicates
isHolding::Hom(Gripper, Object)
isEmpty::Hom(Empty, Object)
Temperature::AttrType
Mass::AttrType
SalientMaterials::AttrType

breadSlicedIsObject::Hom(BreadSliced, Object)
breadSlicedIsReceptacle::Hom(BreadSliced, Receptacle)
breadSlicedHasTemperature::Attr(BreadSliced, Temperature)
breadSlicedHasMass::Attr(BreadSliced, Mass)
breadSlicedHasSalientMaterials::Attr(BreadSliced, SalientMaterials)

lettuceSlicedIsObject::Hom(LettuceSliced, Object)
lettuceSlicedIsReceptacle::Hom(LettuceSliced, Receptacle)
lettuceSlicedHasTemperature::Attr(LettuceSliced, Temperature)
lettuceSlicedHasMass::Attr(LettuceSliced, Mass)
lettuceSlicedHasSalientMaterials::Attr(LettuceSliced, SalientMaterials)

tomatoSlicedIsObject::Hom(TomatoSliced, Object)
tomatoSlicedIsReceptacle::Hom(TomatoSliced, Receptacle)
tomatoSlicedHasTemperature::Attr(TomatoSliced, Temperature)
tomatoSlicedHasMass::Attr(TomatoSliced, Mass)
tomatoSlicedHasSalientMaterials::Attr(TomatoSliced, SalientMaterials)

plateIsObject::Hom(Plate, Object)
plateIsReceptacle::Hom(Plate, Receptacle)
plateHasTemperature::Attr(Plate, Temperature)
plateHasMass::Attr(Plate, Mass)
plateHasSalientMaterials::Attr(Plate, SalientMaterials)

knifeIsObject::Hom(Knife, Object)
knifeHasTemperature::Attr(Knife, Temperature)
knifeHasMass::Attr(Knife, Mass)
knifeHasSalientMaterials::Attr(Knife, SalientMaterials)

# Relations
InReceptacle::Ob
inReceptacle_l::Hom(InReceptacle, Object)
inReceptacle_r::Hom(InReceptacle, Receptacle)

MyBool::AttrType
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MyString::AttrType
MyFloat::AttrType

end

A.3 Translation Functors

In this section, we provide the implementations for the translation functors from EmergencyComms

to Assembly and from Kitchenworld to ColorBlocksworld.

A.3.1 Translation Functor from EmergencyComms to Assembly

Here we provide the implementation for the translation functor EmergencyComms to Assembly.

Because this is leveraging a direct analogy (see Chapter 7), all the types and predicates of

EmergencyComms are mapped to the types and predicates of Assembly one-to-one.

F = @migration OntEmergencyComms OntAssembly begin
# Types
NetworkComponent => Part
CommunicationnNetwork => Assembly
Area => Location
ComponentType => PartType

# Relations
IsConnectedTo => IsAttachedTo
IsConnectedToL => IsAttachedToL
IsConnectedToR => IsAttachedToR

# Part
IsPartOf => IsPartOf
ComponentIsServingArea => PIsLocatedAt
HasType => HasType

# Assembly
NetworkIsServingArea => AIsLocatedAt

end

A.3.2 Translation Functor from Kitchenworld to ColorBlocksworld

Here we provide the implementation for the translation functor from Kitchenworld to ColorBlocksworld.

Because this is leveraging a structural analogy (see Chapter 7), all the types and predicates of
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Kitchenworld are mapped to diagrams of types and predicates of ColorBlocksworld. For instance,

notice that BreadSliced is mapped to a conjunctive query, denoted by @join, that queries for

purple blocks.

G = @migration OntKitchenworld OntColorBlocksworld begin
# Parent Types
Object => Block
Receptacle => Block
Empty => Empty
Gripper => Gripper

# Robot
isHolding => isHolding
isEmpty => isEmpty

# Properties
Temperature => MyFloat
Mass => MyFloat
SalientMaterials => MyString

# Relations
InReceptacle => On
inReceptacle_l => on_l
inReceptacle_r => on_r

# Ingredients
# BreadSlice
BreadSliced => @join begin

block::Block
color::HasColor
C::Color
(hc:color → C)::hasColor
(hcd:color → block)::hasColorDom
(c:color → C)::(color -> "purple")

end
breadSlicedIsObject => block
breadSlicedIsReceptacle => block
breadSlicedHasTemperature => (block > (x -> 0.0))
breadSlicedHasMass => (block > (x -> 0.0))
breadSlicedHasSalientMaterials => (block |> (x -> "Unknown"))

# LettuceSlice
LettuceSliced => @join begin

block::Block
color::HasColor
C::Color
(hc:color → C)::hasColor
(hcd:color → block)::hasColorDom
(c:color → C)::(color -> "green")

end
lettuceSlicedIsObject => block
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lettuceSlicedIsReceptacle => block
lettuceSlicedHasTemperature => (block > (x -> 0.0))
lettuceSlicedHasMass => (block > (x -> 0.0))
lettuceSlicedHasSalientMaterials => (block |> (x -> "Unknown"))

# TomatoSlice
TomatoSliced => @join begin

block::Block
color::HasColor
C::Color
(hc:color → C)::hasColor
(hcd:color → block)::hasColorDom
(c:color → C)::(color -> "red")

end
tomatoSlicedIsObject => block
tomatoSlicedIsReceptacle => block
tomatoSlicedHasTemperature => (block > (x -> 0.0))
tomatoSlicedHasMass => (block > (x -> 0.0))
tomatoSlicedHasSalientMaterials => (block |> (x -> "Unknown"))

# Plate
Plate => @join begin

block::Block
color::HasColor
C::Color
(hc:color → C)::hasColor
(hcd:color → block)::hasColorDom
(c:color → C)::(color -> "yellow")

end
plateIsObject => block
plateIsReceptacle => block
plateHasTemperature => (block > (x -> 0.0))
plateHasMass => (block > (x -> 0.0))
plateHasSalientMaterials => (block |> (x -> "Unknown"))

# Knife
Knife => @join begin

block::Block
color::HasColor
C::Color
(hc:color → C)::hasColor
(hcd:color → block)::hasColorDom
(c:color → C)::(color -> "blue")

end
knifeIsObject => block
knifeHasTemperature => (block > (x -> 0.0))
knifeHasMass => (block > (x -> 0.0))
knifeHasSalientMaterials => (block |> (x -> "Unknown"))

MyFloat => MyFloat
MyString => MyString
MyBool => MyBool

end
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Functorial Data Migrations. IEEE Transactions on Automation Science and Engineering
(Under Revision).

2. Aguinaldo A., Patterson E., Fairbanks, J., Regli W., Ruiz J. A Categorical Representa-
tion Language and Computational System for Knowledge-Based Planning. 2023 AAAI Fall
Symposium on Unifying Representations for Robot Application Development (Best Paper).
2023.

3. Aguinaldo A., Regli W. Modeling traceability, change information, and synthesis in au-
tonomous system design using symmetric delta lenses. ICRA Compositional Robotics Work-
shop 2022.

4. Aguinaldo A., Regli W. Encoding Compositionality in Classical Planning Solutions. IJCAI
Workshop on Generalization in Planning 2021.

5. Aguinaldo A., Regli W. A Graphical Model-Based Representation for Classical AI Plans
using Category Theory. ICAPS 2021 Workshop on Explainable AI Planning.

6. Aguinaldo A., Bunker J., Pollard B., Shukla A., Canedo A., Quiros G., Regli W. Robo-
Cat: A Category Theoretic Framework for Robotic Interoperability Using Goal-Oriented
Programming. IEEE Transactions on Automation Science and Engineering, 2021. doi:
10.1109/TASE.2021.3094055.

B.2 Talks

1. "Analogical Plan Transfer in Robotics using Functorial Data Migrations" at AMS Special
Session on Applied Category Theory, II in 2025

2. "‘What’s the plan?’, asked my robot" at JuliaCon in 2024
3. "A Category Theoretic Approach to Planning in a Complex World" at Microsoft Future

Leaders in Robotics and AI Seminar Series in 2023
4. "Contextual affordances in context-aware autonomous systems" at AMS JMM 2023 Special

Session on Applied Category Theory (a Mathematics Research Communities session)
5. "Contextual affordances in context-aware autonomous systems" at NIST Compositional Struc-

tures for Systems Engineering and Design Workshop 2022
6. "Category theory for automated planning and program compilation in robotics" at Topos

Berkeley Seminar 2022
7. "Applications of category theory to automated planning and program compilation in robotics"

at Xerox PARC Design Seminar in 2022
8. "Modeling traceability, change information, and synthesis in autonomous system design using

symmetric delta lenses" at International Conference for Robotics and Automation (ICRA)
2022 Compositional Robotics Workshop in 2022
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9. "Encoding Compositionality in Classical Planning Solutions" at International Joint Confer-
ence for Artifical Intelligence (IJCAI): Workshop on Generalization in Planning in 2021

10. "A Graphical Model-Based Representation for Classical AI Plans using Category Theory" at
International Conference for Automated Planning and Scheduling (ICAPS): Explainable AI
Planning Workshop in 2021

11. "Polynomial Functors in Catlab" at the Applied Category Theory Conference in 2021
12. "Diary of a software engineering using categories" at Topos Institute: Berkeley Seminar and

Lógicos em Quarentena (LQ) Seminar in 2021
13. "Category Theory for Software Modeling and Design" at Hunter College Applied Mathemat-

ics Seminar in 2020

B.3 Community Service

• ICAPS 2025 (International Conference on Automated Planning and Scheduling) Paper Re-
viewer

• Co-author of Relational Thinking: From Abstractions to Applications (2024) digital textbook
• Open-source contributor to AlgebraicJulia
• Co-organizer of Compositional Robotics: Mathematics and Tools (ICRA), 2023
• Co-organizer of The Adjoint School, 2022-2023
• Student of The Adjoint School, 2021
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https://toposinstitute.github.io/RelationalThinking-Book/intro.html
https://www.algebraicjulia.org/
https://idsc.ethz.ch/research-frazzoli/workshops/compositional-robotics-2023.html
http://adjointschool.com/index.html
http://adjointschool.com/2021.html
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