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The Taylor-Couette problem is a fundamental example in bifurcation theory
and hydrodynamic stability, and has been the subject of over 1500 papers. This
thesis treats a generalization of this problem in which the rigid outer cylinder is
replaced by a deformable (nonlinearly viscoelastic) cylinder whose motion is not
prescribed, but responds to the forces exerted on it by the moving liquid. The inner
cylinder is rigid and rotates at a prescribed angular velocity, driving the liquid,
which in turn drives the deformable cylinder. The motion of the outer cylinder is
governed by a geometrically exact theory of shells and the motion of the liquid by
the Navier-Stokes equations, where the domain occupied by the liquid depends on
the deformation of the outer cylinder.

This thesis treats the stability of Couette flow, a steady solution of the non-
linear fluid-solid system that can be found analytically, first with respect to pertur-
bations that are independent of z, then with respect to axisymmetic perturbations.
The linearized stability problems are governed by quadratic eigenvalue problems.

For each problem, this thesis gives a detailed characterization of how the spectrum



of the linearized operator depends on the control parameter, which is the angular
velocity of the rigid inner cylinder. In particular, there are theorems detailing how
the eigenvalues cross the imaginary axis. The spectrum is computed by a mixed
Fourier-finite element method. The spectral properties determine the conditions
under which the system loses its linearized stability. The same conditions support
theorems on nonlinear stability. New physical phenomena are discovered that are
not observed in the classical Taylor-Couette problem. The fluid-solid interaction

models that are developed have applications in structural engineering and human

physiology.
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Notation

Linear Algebra. We employ Gibbs notation (see Antman (2005, Chapter 11))
for vectors and tensors: Vectors, which are elements of Euclidean n-space E”, and
vector-valued functions are denoted by lower-case, italic, bold-face symbols. The
dot product of (vectors) v and w is denoted by v - u. A (second-order) tensor is
just a linear transformation from E™ to itself. The value of tensor A at vector u is
denoted A - u or Au and the product of A and B is denoted A - B or AB. The
transpose of A is denoted A*. We write v - A = A* - v. The inner product of A
and B (which equals the trace of A - B*) is denoted A : B. The identity tensor
is denoted by I. The dyadic product of vectors a and b is the tensor denoted ab
(in place of the more usual a ® b), which is defined by (ab) - v = (b - v)a for all
v. If {e, €, e3} is an orthonormal basis for 3, then these definitions imply that
I =ee +ee+ ese;. The tracetrA =1 : A.

Calculus. If u +— f(u) is (Fréchet) differentiable at v, then its differential in the
direction h is

Cpwrim)| = D) n=(o7(w)/0u]-h=fulv) b

dt —  Ou N - '
The tensor 0f (v)/0u is the (Fréchet) derivative or the transposed gradient of f at
u. The partial derivative of a function f with respect to a scalar argument such as
t is denoted by either f; or d,f. The operator 0, is assumed to apply only to the

term immediately following it. We sometimes denote the function u — f(u) by
f (). The divergence of f at x is tr fo(x) =1 : f.(x).

Complex Variables. We denote the real part of a complex number z by Re(z).
The complex conjugate of z is denoted Z.

Bases. Let {i,4,k} be a right-handed orthonormal basis for Euclidean 3-space.
For any angle y we define the vectors

e1(x) :=cosxt+sinyj,
ex(x) = —sinyi+cosxj =k x e (x),
es(x) = k.

Symbols. The following tables list the bilinear forms and function spaces that
are used and where they are introduced (equation number). Some symbols have a
different meaning in different parts of the thesis, in which case there is more than



one equation listed for where they are defined.

Bilinear forms:

2.10.32
2.11.19
2.11.65

2.12.66
2.11.23

Function spaces:

H{*($2; div)
H,(£2)
H(Iy)

Hk
1™ (£2)
Vi
Vi
‘/1143
Vi
Vi
Z
2y
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(
(2.11.55), (5.10.27)
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e e e
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H{'(Tar)
I1
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II

(2.11.9), (5.10.3)
(2.11.52), (5.10.24)
(2.11.43), (5.10.13)
(2.11.44), (5.10.14)
b (2.11.45),(5.10.15)
(2.12.49)
(2.11.69)
(2.11.69)

(

(

(

(
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(2.11.6), (5.10.1)
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(2.11.49), (5.10.20)
(
(
(
(
(

The following tables list the principal symbols used, their meanings, and where

they are introduced (section or equation number).

Some symbols have a different

meaning in different parts of the thesis. This is indicated in the table.
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Chapter 1

Introduction

Background and Motivation. The classical Taylor-Couette problem concerns
the motion of a viscous incompressible fluid in the region between two rigid coax-
ial cylinders, which rotate at constant angular velocities. If, for example, the outer
cylinder is held fixed and angular velocity of the inner cylinder is small, then laminar
flow is observed. As the angular velocity of the inner cylinder is slowly increased
past a critical value, the laminar flow destabilizes into a secondary steady flow.
Increasing the angular velocity further produces a rich family of bifurcations and
flows, e.g., periodic solutions, quasiperiodic solutions, and turbulence. Since Cou-
ette first performed this experiment 100 years ago, this fundamental problem in
bifurcation theory has been the subject of over 1500 papers. See Chandrasekhar
(1981) and Chossat & Iooss (1993) for introductions to the Taylor-Couette problem
and Tagg (1992) for an extensive bibliography. Taylor (1923) conducted the first
serious mathematical analysis of the problem.

This thesis treats a generalization of this problem in which the outer cylinder
is a deformable (nonlinearly viscoelastic) shell. The motion of the shell is not pre-
scribed, but responds to the forces exerted on it by the moving liquid. The inner
cylinder is rigid and rotates at a prescribed angular velocity w, driving the liquid,

which in turn drives the deformable shell.



The motivation for this project, in addition to its connection with the classi-
cal Taylor-Couette problem, is to develop new modelling and analysis techniques for
fluid-structure interaction problems, which are of great importance in structural en-
gineering and biomechanics. For example, the fluid-solid interaction models derived
here could be used to model blood flow in arteries or biomembranes. Dynamical
problems for the interaction of fluids with deformable solids undergoing large dis-
placements are notoriously difficult to analyze. This thesis treats a rare instance of
such an interaction in which the geometry is simple, the physics is interesting, and
the behavior of solutions can be determined by mathematical analysis, without an
immediate recourse to numerical computation.

There has been great interest in fluid-structure problems in the past few years.
Existence theorems for the interaction of fluids with deformable bodies are given in
Chambolle et al. (2005), Coutand & Shkoller (2005, 2006), and Cheng et al. (to
appear). Numerical methods and eigenvalue problems governing linear stability of
coupled fluid-structure systems have been studied by Planchard & Thomas (1991),
Conca & Duran (1995), and Bermidez & Rodriguez (2002). Applications are given
in Quarteroni & Formaggia (2005), Shelley et al. (2005), and Cani¢ et al. (2006).

This represents just a small sample of recent work.

Modelling. We limit our attention to two types of motion of the coupled fluid-
solid system: cylindrical motions and axisymmetric motions. See Figure 1.1.1.
In Chapters 2-4 we consider cylindrical motions, where the deformable cylinder

remains cylindrical, although not necessarily a circular cylinder, and there is no
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Figure 1.1.1: In Chapters 2-4 we consider cylindrical motions of the deformable
cylinder (pictured left) and in Chapter 5 we consider axisymmetric motions of the

deformable cylinder (pictured right).



motion of the fluid in the axial direction. Thus we can represent the system by a
horizontal cross section, reducing the problem to two dimensions. We present three
different models for a horizontal cross section of the deformable cylinder: We model
a cross section as a viscoelastic string in Chapter 2, a viscoelastic ring in Chapter 3
(using a Cosserat rod theory), and a 2-dimensional elastic body in Chapter 4 (using
2-dimensional continuum mechanics).

In Chapter 5 we consider axisymmetric motions of the fluid-solid system, where
the base surface of the deformable cylinder is axisymmetric and the components of
the fluid velocity with respect to a polar basis are independent of the angle variable.
Axisymmetric motions were the starting point for studying the classical Taylor-
Couette problem. The deformable cylinder is modelled using a geometrically exact
shell theory, the special Cosserat theory of shells, which accounts for flexure, base
surface extension, and shear. The motion of the shell is governed by a quasilinear
parabolic-hyperbolic system of partial differential equations. We assume that the
shell is viscoelastic and work with a broad class of nonlinear constitutive functions.

For both the cylindrical and axisymmetric problems we assume that the fluid
is viscous, incompressible, and Newtonian, so that its motion is described by the
Navier-Stokes equations. These are coupled to the equations for the deformable
body through the adherence boundary condition, which states that the velocity
of the fluid at the boundary equals the velocity of the boundary, and through the
traction condition, which states that the force of the fluid on the deformable cylinder
is equal and opposite to the force of the deformable cylinder on the fluid. For the
string, ring, and shell models, the traction condition is included as a body force term

4



in the linear momentum equation for the deformable body. For the 2-dimensional
elasticity model, the traction condition is included as a boundary condition. In total

this thesis includes four different fluid-solid interaction models.

The Couette Steady Solution. For both the cylindrical and axisymmetric prob-
lems there exists a rigid Couette steady solution analogous to the Couette solution
of the classical Taylor-Couette problem: The fluid streamlines are concentric circles
and the deformable cylinder rotates rigidly with the same angular velocity w as the
rigid inner cylinder. See Sections 2.7, 3.6, 4.6, and 5.6.

We study the stability of the rigid Couette solution with respect to the pre-

scribed angular velocity w, which is taken to be the bifurcation parameter.

Linearization and the Quadratic Eigenvalue Problem. For both the cylin-
drical and axisymmetric problems problems, linearizing the equations of motion
about the Couette steady solution yields a quadratic eigenvalue problem, which can
be thought of as a perturbation of the Stokes eigenvalue problem with complicated
boundary conditions (governing the motion of the shell); the eigenvalue parameter
A appears quadratically in the boundary conditions for the fluid. See Sections 2.9,
3.8, and 5.8.

Typically in hydrodynamic stability problems, the eigenvalues of the linearized
problem migrate towards the right as a bifurcation parameter (w in our case) is
increased, and the way the eigenvalues cross the imaginary axis can yield important

information about the stability and structure of solutions to the fully nonlinear



problem.

Analytical Results: Cylindrical Motions of the Shell. Due to the complex-
ity of the quadratic eigenvalue problem it is not possible to compute the eigenvalues
analytically. Much information can be obtained, however, before turning to numer-
ics. For the string model we prove that the eigenvalues A cross the imaginary axis
through the origin (Theorem (2.10.4)) and find an explicit formula for the critical
values of w at which the eigenvalues cross (Theorem (2.10.21)), highlighting the role
of the material properties. Unlike the classical Taylor-Couette problem, it turns
out that the Couette solution is unstable for all w > 0, and so not observable: We
prove that A = 0 is an eigenvalue when w = 0. (This is shown for the string, ring,
and 2-dimensional elasticity models. See Sections 2.10, 3.9, and 4.7.) Numerical
results in Section 2.13 indicate that for the string problem these eigenvalues move
into the right half-plane as w is increased. This instability occurs via a drift of the
deformable string off-center, breaking axisymmetry. If this mode is stabilized by
a suitable feedback control to keep the center of mass of the string at the origin,
then we can study other bifurcations; numerical results show that as the control
parameter w is increased, complex-conjugate pairs of eigenvalues in the left half-
plane move towards the origin. Such pairs meet at the origin and then move into
the right half-plane, whereupon they cease to be real. This is known as a Takens-
Bogdanov bifurcation. Mathematically the unstable mode can be stabilized for the
3-dimensional problem by seeking axisymmetric solutions, which is what we do in

Chapter 5.



For the string model we also characterize the spectrum of the linear operator.

See Theorems (2.10.23) and (2.12.69).

Analytical Results: Axisymmetric Motions of the Shell. As for the string
problem, we prove that the eigenvalues A of the quadratic eigenvalue problem cross
the imaginary axis through the origin. See Theorem (5.9.18). We also find a shear
instability, Theorem (5.9.19), and a cubic equation for the critical values of w? at
which the eigenvalues cross, equation (5.9.25). To determine whether the eigenvalues
A cross through the origin along the real axis (suggesting a steady state bifurcation)
or in complex conjugate pairs (as for the string problem) requires a numerical study,

which we perform in Section (5.11) and describe below.

Numerical Results: Cylindrical Motions of the Shell. Due to the coupling
terms between the fluid and deformable solid, deriving a well-posed weak formulation
of the quadratic eigenvalue problem is tricky. The pressure terms must be treated
with care and different function spaces must used for the eigenfunctions and the test
functions. See Section 2.11.

For the string problem the eigenvalues of this non-selfadjoint problem are
computed using the Fourier-finite element method: Fourier series in the angle vari-
able are used to reduce the partial differential equations on an annulus to ordinary
differential equations in the radial variable r, which are discretized using the 1-
dimensional finite element method. Employing the direct QZ eigensolver to solve

the matrix eigenvalue problem leads to a fast algorithm. For stability of this mixed



problem we used the Taylor-Hood finite element. (Only very recently were discrete
inf-sup conditions proved for the Fourier-finite element discretization of Stokes prob-
lem in axisymmetric domains. See Belhachmi et al. (2006a, 2006b).) Our discretized
eigenvalue problem, like the discretized Stokes eigenvalue problem, has many infi-
nite eigenvalues (corresponding to the zero eigenvalues of a related problem), which
must be computed in a stable manner, using the shift and invert transformation,
or factored out by performing the linear algebra on the divergence-free subspace.
See Cliffe, Garratt, and Spence (1994). We verify our computations with COMSOL
Multiphyics, using the exact formula for the critical values of w (Theorem (2.10.21)),
and using Bessel functions to obtain a transcendental equation for the eigenvalues
for the case kK = 0. See Section 2.13.

We prove continuous and discrete inf-sup conditions for the bilinear forms
appearing in the weak formulation (Theorems (2.11.56), (2.11.64), (2.12.47), and
(2.12.63)). Rate of convergence estimates for the eigenvalues then follow from results

in Babuska & Osborn (1991) and Kolata (1976). See Section 2.12.

Numerical Results: Axisymmetric Motions of the Shell. The eigenvalues
for the axisymmetric problem are computed using the Fourier-finite element method
with the QZ eigensolver, as for the string problem. We find that the first eigenvalue
to cross the imaginary axis is real, indicating a steady state bifurcation. See Section
(5.11). As w crosses its critical value we, the Couette steady solution destabilizes
into a new steady solution where the deformable shell is buckled, but the fluid

steamlines are still concentric circles. This is a new phenomenon not observed in



Chapters 2—4 or in the classical Taylor-Couette probelm.

Organization of the Thesis. In Chapters 2-4 we study cylindrical motions of the
shell, modelling a horizontal cross section as a string (Chapter 2), a ring (Chapter 3),
and a 2-dimensional body (Chapter 4). In Chapter 5 we study axisymmetric motions
of the shell. The most important results are in Chapters 2 and 5. In Chapter 2 we
carefully characterize the spectrum of the quadratic eigenvalue problem, derive a
well-posed weak formulation, prove continuous and discrete inf-sup conditions, and
uses these to prove convergence of the numerical method. In subsequent chapters

we do not pause to use the techniques of Chapter 2 to check all of these details.



Chapter 2
Cylindrical Motions of the Shell: The String Model

2.1 Introduction

In this chapter we begin our study of cylindrical motions of the deformable
shell, where there is no motion of the fluid in the axial direction and the deformable
shell remains cylindrical, but not necessarily a circular cylinder. We can repre-
sent this system by a horizontal cross section, which reduces the problem to two
dimensions. In this chapter we model a cross section of the deformable shell as a de-
formable string. This is the simplest model. In Chapters 3 and 4 we use more refined
models; we model a cross section of the shell as a ring and a 2-dimensional elastic
body. By definition, a string offers no resistance to bending, only to stretching.

Thus we study the motion of a viscous incompressible liquid in the region
between a rigid circular disk of radius a < 1 rotating at a prescribed angular velocity
w and a viscoelastic string whose natural state is circle of radius 1. The motion of
the string is not prescribed, but responds to the forces exerted on it by the moving
liquid; the rigid disk drives the liquid, which in turn drives the deformable string.

We find a rigid Couette steady solution of this coupled system and analyze
its stability with respect to the bifurcation parmeter w. By linearizing the gov-
erning equations about this steady solution and seeking normal modes we arrive

at a quadratic eigenvalue problem. In this chapter we adhere to high standards

10



of mathematical hygiene; we characterize the spectrum of the quadratic eigenvalue
problem, find a well-posed weak formulation, prove continuous and discrete inf-sup
conditions, and apply the Galerkin approximation theory for polynomial eigenvalue
problems to derive a convergent numerical scheme. In subsequent chapters we do
not pause to check all these details.

The main results of this chapter are theorems detailing how the spectrum
of the linearized operator depends on the control parameter, which is the angular
velocity w of the rigid inner cylinder, and the computation of the spectrum using a

mixed Fourier-finite element method.

2.2 Formulation of the Equations for the String

In this section we summarize the theory of deformable strings from Antman

(2005, Chapter 2).

Geometry of Deformation

Let {¢,7,k} be a right-handed orthonormal basis for Euclidean 3-space. For

any angle ¢ we define the vectors

el(x) :=cosxyt+sinyxg, ey):=—sinxs+cosxyj=kxe/(x). (2.2.1)

The reference configuration of the string is a circle of radius 1, given parametrically
by

r°(s) = e (s). (2.2.2)

11



The arc-length parameter s € [0, 27| identifies material points of the string, with
the points 0 and 27 identified. The position of material point s at time ¢ is (s, t).
The curve r(-,t) is assumed to lie in the {, j }-plane for each t. The stretch v(s,t)

is defined by
v(s,t) = |rs(s,t)| = /75 - 15 (2.2.3)
Note that v = 1 in the reference configuration. Since v measures the stretch of the

string, i.e., the local ratio of deformed to reference length of the string, we stipulate

that v > 0. We require that the configuration satisty the periodicity conditions

r(2m,t) = r(0,1), rs(2m,t) = 75(0,1). (2.2.4)

Sometimes it will be convenient to work in polar coordinates. We define functions

q(s,t) == |r(s,t)| and ¥(s,t) € [0,27) by

r(s,t) =: q(s,t)e (YP(s,t) + wt). (2.2.5)

Mechanics

Let n(&,t) be the internal contact force exerted at time ¢ by the material of
the string with s € (£, £ + €] on the material of the string with s € [§ — ¢, &] where
¢ is a sufficiently small positive number and this interpretation is independent of €.
Let f(s,t) be the force per unit reference length exerted by the fluid on material
point s of the string at time t. We give an expression for the force f in Section 2.4.

The string obeys the Linear Momentum Law

ATy = ng + f (2.2.6)
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where (pA)(s) is the mass density of the string per reference length. We assume
that the string is uniform so that pA is constant and 27wpA is the mass of the string.
Equation (2.2.6) is derived by adding up all the forces on a segment [sq, s5] of the
string, n(sa,t) —n(sy,t)+ fjf f(s,t)ds, and setting this equal to the rate of change
of linear momentum of the segment, 0; f:f 0Ar(s,t) ds. Differentiating the resulting
equation with respect to ss gives (2.2.6).

We assume that the string can bend and stretch, but that it offers no resistance
to bending, only to stretching. Thus the internal contact force n(s,t) is tangent to

the string and has the form

Ts

n =: N(S,t)m

(2.2.7)

Constitutive Equations

We assume that the string is uniform and viscoelastic of strain-rate type, i.e.,
there is a function
v, — N(v,D) (2.2.8)

such that

~

N(s,t) = N(v(s,t),ve(s,t)). (2.2.9)

The superposed dot on the last argument of (2.2.8) has no operational significance;
it merely identifies the argument of the constitutive function that is to be occupied
by the time derivative of v. This form of N is derived by starting with a general
constitutive function of the form N = N (7, s, 1,t) and applying the Principle of

Frame-Indifference, which requires that material properties be invariant under rigid
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motions. We assume that the constitutive function N is as smooth as necessary for
our analysis.

We assume that the monotonicity conditions hold:
N,>0 and N, > 0. (2.2.10)

These mean that increases in strain and strain-rate are each accompanied by an
increase in stress. Similarly, it is expected that an extreme strain be accompanied
by an extreme stress. Therefore we stipulate that the constitutive function satisfies

the growth conditions

. +00 +00
N(v,v) — as v — (2.2.11)

for fixed values of v. Finally, we make the nonrestrictive assumption that the resul-

tant vanishes when the body is at rest in the reference configuration:

~

N(1,0) = 0. (2.2.12)

This means that the reference configuration of the string is a natural configuration

for it.

2.3 Formulation of the Equations for the Fluid

Coordinate-free Equations

Let D(t) be the domain occupied by the fluid at time ¢. This is the region

between the rigid disk of radius a < 1 and the curve r(-,t). We assume that the
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fluid is viscous, incompressible, and homogeneous. We denote by

p the density of the fluid,

i the dynamic viscosity of the fluid,

~ the kinemetic viscosity of the fluid, v = fi/p,
v(x,t) the velocity of the fluid particle occupying position & € D(t) at time t,
pp(x,t) the pressure on the fluid particle occupying position & € D(t) at time t,
Y(v,p) the Cauchy stress tensor,

D(v) the symmetric part of the velocity gradient, which is defined by
(2.3.1)

1 [0v ov\"
D(v)==-|— — 2.3.2
(v) 2 [81} - <8a:) } ( )
where the asterisk denotes the transpose. (Note that the p for the density of the
fluid differs from the p appearing in the pA for the density per unit reference length

of the string.) We assume that the fluid is Newtonian, so that the Cauchy stress X

has the Navier-Stokes form
X(v,p) =—ppI+ 21D (v). (2.3.3)
The requirement that the fluid be incompressible is that V - v = 0. In this case,
;divY = —Vp+yAv, (2.3.4)

so that the momentum equation is the Navier-Stokes equation

'vt—l—a—v~v:%div2:—Vp+7Av in D(t),
ox (2.3.5)

V-v=0 in D(t).
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Polar Coordinates

We assign polar coordinates (7, ¢) to a typical point @ in the {2, j }-plane with

respect to the basis {e;(wt), eo(wt)} rotating with the rigid inner disk by
x =re (¢ + wt) =r[cos pe;(wt) + sin pey(wt)). (2.3.6)

The virtue of such a rotating basis is explained in Section 2.7. We denote by
7(x) := |2| and ¢(z,t) € [0,27) the unique solution of (2.3.6) for r and ¢ in terms

of & and t. Thus the functions satisfy the identity
x = 7(x) ey (P(x, 1) + wt). (2.3.7)

Differentiate (2.3.7) with respect to ¢ to obtain

9

5 = - (2.3.8)

The Chain Rule yields

= e (p+wt)e (¢ + wt) + ex(p+ wt)ex (¢ + wt)

- (2.3.9)
0w _0w0i | 02 0) _ or 0
“9e ros opae ATy Trelo ey,
whence
I _ 06 1
We write the fluid velocity v in the form
v(re (¢ +wt),t) = u(r,p,t)ei (¢ + wt) + v(r, ¢, t)ex(p + wt). (2.3.11)

Therefore
v(z,t) = u(f(x), oz, t),t) ey(d(x, t) + wt) + v(7F(x), d(x, 1), 1) ex(d(x, ) + wt).
(2.3.12)
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Differentiating (2.3.12) with respect to ¢, and using (2.3.8), we find that
v, = (ugdy + u)er + (vedy + vi)er = (uy — wug)ey + (v, — wuy) ey (2.3.13)

Here and through the rest of this subsection the argument of e; and ey is ¢ + wt.

The (transposed) gradient of v is given by the Chain Rule:

Jv  Olue; +vey] OF N Olue; +vey| 0¢

ox or ox 0o ox (2.3.14)

1
= [u.e; +v.e) e + . [uger +vses +ues —vey) €.

Substitute (2.3.14) into (2.3.2) to derive

1 1
D('U) = Ur€1€q + 5 ('Ur + %u¢ — %’U) (8162 + 8281) + ;(U¢ + U)egeg. (2315)

Substituting (2.3.11), (2.3.13), and (2.3.14) into (2.3.5) gives the Navier-Stokes
equations in rotating polar coordinates:

2
VU ) U U 2v U
ut—wu¢+uur+7¢_7:—pr+7{urr+7r+%_r_¢__

[\
=<
[\
_

. 2
¢ T T r r
(ru), + vy = 0.

2.4 The Coupling Between the Fluid and the String Equations
The equations for the fluid and the string are coupled through the adherence
boundary condition (no-slip) and the body force term f in the equation for the

string, equation (2.2.6).

We adopt the standard requirement for viscous fluids that the fluid adhere to
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solid surfaces, here the disk and the string, with which it is in contact. Thus

u(a,p,t) =0, v(a,¢,t) =aw Vo,t, (2.4.1)

v(r(s,t),t) = (s, t) Vs, t. (2.4.2)

Now we derive an expression for the body force f exerted by the fluid on the
string. The outward pointing unit normal to r(-,¢) is rs X k/|rs|. The definition
of the Cauchy stress tensor says that the force per unit (actual) length exerted by
the ring on the fluid at r(s,t) is thus X' - (g x k)/|rs|. Therefore the force per unit

reference length exerted by the fluid on the ring at r(s,t) is
f=-X (rsxk)=%X (kxry) =[—ppl +20D(v)]- (k x )
= _pp(k X Ts)

+ [ [2urele1 + (UT + %u(b — %v) (e1ex+ exey) + %(% +u)eses| - (k x ry),
(2.4.3)

where we have used (2.3.3) and (2.3.15). The components u and v of the fluid
velocity are evaluated at (r,¢) = (q(s,t),%(s,t)), which are the polar coordinates
for r(s,t) (see equation (2.2.5)), and the argument of e; and ey is ¥(s,t) + wt.
Substituting (2.2.3), (2.2.7) and (2.4.3) into the linear momentum equation for the
string (2.2.6) gives

Tss

QATtt: (NVVS‘FNQV%—NE) E+N_+2(k X 'f’s). (244)
14 14 1%

2.5 The Area Side Condition

The fluid in our problem is incompressible and so it has constant area. Fix
R > 1, and fix the area of the fluid to be w(R?* — a?), i.e., the area of fluid is the
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same as the area of the annulus {a < || < R}. This choice is motivated by the
form of the Couette steady solution. See Section 2.7. The area of the rigid disk is
ma?. Therefore in order to prohibit the formation of cavities in the fluid we must

enforce the side condition that the area enclosed by the string is 7R?. By Green’s

Theorem in the Plane
27
TR =1k / r(s,t) X r(s,t) ds. (2.5.1)
0

The parameters R and w are at our disposal, and the choice of R and w uniquely
determines the pressure of the fluid in the Couette steady solution (see Section 2.7).
This situation is different from that for problems involving an incompressible fluid
in a domain with fixed boundary, where the pressure of the fluid is determined only
up to a constant. It is easy to see why the pressure constant must be determined
uniquely: Suppose that we add a constant to the pressure. This will have the effect
of inflating the string. But inflating the string increases the area it encloses. This
cannot happen without the formation of cavities in the fluid.

Recall that our 2-dimensional problem can be thought of as a horizontal cross
section of the 3-dimensional problem of a fluid confined to the region between a
rotating rigid cylinder and a membrane where the there is no motion of the fluid in
the z-direction, the fluid variables are independent z, and the membrane remains
cylindrical, but not necessarily a circular cylinder (see Section 2.1). Equivalent
to prescribing the area of the fluid in each cross section (which is equivalent to
prescribing R), we could prescribe the pressure on the fluid at the ends of the

cylinder z = +o00. This pressure dictates how much fluid is squeezed into each cross
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section, i.e., determines R. In this thesis, however, we will always prescribe the area
of the fluid rather than the pressure at the ends of the cylinder.

While our equations make sense for all values of R > 1 and w, we limit
ourselves to those values that lead to a physical pressure p > 0 everywhere. (We
do not explicitly calculate the values of R and w that lead to a positive pressure
p, but it will be implicitly understood that we only work with values of R and w
that satisfy this property. Thus our problem has the character of a semi-inverse

problem.)

2.6 Summary of the Initial-Boundary-Value Problem

In this section we summarize the equations that were derived in Sections 2.2—
2.5. Given constants w, v, fi, p, a, R, and pA, constitutive function N, and initial

data vy, pg, and 7y, we seek functions

D(t) x [0,00) > (x,t) — v(z,t) € R? (2.6.1)
D(t) x [0,00) 3 (z,t) — p(x,t) € R, (2.6.2)
R/277 x [0,00) D (s,t) > r(s,t) € R?, (2.6.3)

satisfying the initial conditions v(z,0) = vy(x), p(x,0) = po(x), 7(s,0) = 1H(s)
and the following equations, where D(t) is the domain between the circle of radius
a < 1 centred at the origin and the curve r(-,):

Navier-Stokes equations.

vt+a—v-v:—Vp+'yAv in D(t) x [0,00),

0z (2.6.4)
V-v=0 in D(t) x [0,00).
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The equation for the string.

0AT, = (NVVS+NDySt—Né)E+NE+E-(k X T) in [0, 27| x [0, 00),
v/) v v

(2.6.5)
where v(s,t) = |rs(s,t)|, and where X' = X(v(r(s,t),t),p(r(s,t),t)). X was
defined in equation (2.3.3). The constitutive function N(v,7) was introduced in
Section 2.2.

The adherence boundary condition.

v(ae (¢ +wt),t) = aw ex(p+wt)  Vo.t, (2.6.6)

v(r(s,t),t) = r(s,t) Vs, t. (2.6.7)
The area side condition.

27
WRQ:%k-/ r(s,0) x ro(s,8) ds VL. (2.6.8)
0

2.7 The Couette Steady Solution

In this section we show that our problem admits a rigid Couette steady solu-
tion. The symmetry of our problem suggests that we seek a steady solution in which
the string is circular and rotates rigidly with constant angular velocity (2, and the
fluid streamlines are concentric circles. Thus we seek solutions of the following form

(using the polar coordinates introduced in Section 2.3):

u(r, ¢,t) =0, v(r,¢,t) =V (r), p(r, ¢, t) = P(r), (2.7.1)

r(s,t) = Rey(s + 2t). (2.7.2)
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Note that r satisfies the side condition (2.5.1). R > 1 is the radius of the circle
formed by the string. (Recall that the natural state of the string is a circle of radius

1.) In the notation introduced in equations (2.2.3) and (2.2.5),

v=|rl=R,  q=Ir|=R  u(s,t)=s+(Q-wkt (2.7.3)

The substitution of (2.7.1) into the Navier-Stokes equations (2.3.16) yields

V2 vV, V Vv 1
Po=—, Vyp+t-t-5= {Vr + —] = l—(rv)r] =0. (2.7.4)
r roor T, r .
Thus there are constants B, C', D such that
C
B22 2
P(r) = ="~ +2BCInr — % +D. (2.7.6)
The adherence conditions (2.4.1), (2.4.2) imply that
C C R — d*w R%*a*(w — 2)
aw:Ba—l—E, RQ:BR—{_E < B:w, C:w
(2.7.7)

We must obtain equations for the unknown constants (2 and D in terms of param-
eters w, a, R and N. By substituting (2.7.1) and (2.7.2) into the equation for the

string (2.6.5) we find that

- 2C [
—0ADRe (s + 2t) = —N(R,0)ex (s + 2t) + pRP(R) ey (s + 2t) + R“ es(s + 021).
(2.7.8)
Taking the inner product of (2.7.8) with ex(s + 2t) yields
C=0 = N=u, B=w. (2.7.9)



Therefore the fluid and the elastic string rotate rigidly with the same angular velocity
as the rigid disk. The system behaves like a rigid body. We call this the rigid Couette
solution.

Note that this rigid Couette solution is not time independent; the position of
the string r depends on t. However, the coordinates of r with respect to the rotating
basis {e;(wt), ex(wt)} are time independent. This explains why the rotating basis
was introduced in Section 2.3 and why we refer to the rigid Couette solution as a
steady solution.

An expression for D can be obtained by taking the inner product of equation
(2.7.8) with e;(s+ 2t). By (2.7.9), formulas (2.7.5) and (2.7.6) for V' and P reduce

to the simple forms

V = wr, P(r) = iw*? + D, (2.7.10)
where
D = D(R,u?) = N(p];’ 0 _ Q%ﬂ — LR (2.7.11)
Observe that
P(R) = P(R;w?) = N ([)120) - QAP“’Q, (2.7.12)

i.e., the pressure at the liquid-solid interface is the balance of the tension in the

string and the centrifugal force.

Other steady solutions. The rigid Couette solution is not the only steady so-
lution. It is easy to check that for any o € R, r(s,t) = Rej(s + a + wt) is also

a steady solution with the same fluid velocity and pressure as above. This steady
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solution can be obtained from the rigid Couette solution by a rotation or by rela-
belling the material points, and therefore is not essentially different. Consequently
we will factor it out in Section 2.10. When w = 0, r(s) = Re;(s) + ¢ is a steady
solution for any ¢ € R? with |¢| < R — a. This is an off-center solution: the rigid
disk and circular string are not concentric. We will see in Section 2.10 that this
gives rise to an instability, which could be factored out if we had a feedback control

to keep the center of mass of the string at the origin.

2.8 Linearization

We are interested in the stability of the rigid Couette solution with respect
to the parameter w. For what range of angular velocities w is the rigid Couette
solution observable? First we consider linear stability. To do this we must linearize

the equations of motion about the rigid Couette solution.

Coordinate-free Equations

Let (v°,p° r% %) be the coordinate-free representation of the rigid Couette

solution found in Section 2.7:

v(z) = wlz| eg(gz;(m,t) + wt), P'(x) = %wz lz|> + D, (2.8.1)

r%(s,t) = Rey(s + wt), ' =R, (2.8.2)

where ¢ was defined in equation (2.3.7). To linearize our equations of motion about

the rigid Couette solution, we first introduce the small parameter € and perturbation
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variables, decorated with a superscript 1, by
v(z,t,e) = v (z) +ev'(z,t) + O(?),

p(z,t,e) = p°(x) +ep'(z, 1) + O(?),
(2.8.3)

r(s,t,e) = (s, t) +er'(s,t) + O(?),

v(s,t,e) =10 +ev'(s,t) + O(?).
We linearize the evolution equations by substituting (2.8.3) into them, differentiating
the resulting equations with respect to €, and then setting ¢ = 0. The domain of
the linearized fluid equations is the annulus {a < || < R} rather than the time-

dependent domain D().

The Navier-Stokes equations. From (2.3.14) and (2.8.1) we obtain

0

@a%('r’el(qwrwt)) =wlexy(p+wt)e (p+wt) — e (d+wt)ey(p+wt)] =wk x. (2.8.4)

Therefore the tensor dv°/0x is constant and skew; in particular D(v°) = 0. Lin-

earizing the Navier-Stokes equations (2.3.5) by the method described above yields

1

v} +wk x v! + gv v’ = —Vp' +7Av,
Oz (2.8.5)

V- vl =0.

The equation for the string. Linearizing the forcing term X' (k x 75) in (2.4.4)

requires care:

d X (kxmr)= i X(v(r(s,t,e),te), p(r(s,t,e),te))- (kX rys,t,e))

de|._, de | ._,

= —pP(R)(k x 1{) 4+ pR*w*(e; - r')e; — RX(v',p') - ey,
(2.8.6)
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where e; and ey have argument s + wt. Therefore by linearizing (2.4.4) we obtain

N° Ne° N°
QA'rtlt: KN;— I ) VSI—I—NISV;} e — {(N,f— I ) V1+N§Vt1:| e + I 'rsls

— pP(R)(k x }) 4+ pR*W*(e; - rl)e; — RX(v', p') - e, (2.8.7)

where N°, N° and N9 denote N(R,0), N,(R,0) and N;(R,0). The fluid variables

v! and p' are evaluated at (z,t) = (Rei(s + wt),t).

The adherence boundary condition. The linearization of the adherence con-

dition for the disk (2.4.1) yields
v=0, onlzl=a. (2.8.8)

Next we linearize the adherence condition for the string. Differentiate (2.4.2) with

respect to €, then set € = 0 to obtain
0v° 1 1 1
%(Rel(s +wt), t) - r(s,t) + v (Re(s+wt),t) =r;(s,t). (2.8.9)

(Note that 0v°/0z = (0v/0x)|.—0 as a consequence of (2.8.3).) Now substitute

(2.8.4) into (2.8.9) to derive
r} =wk x r' + v (2.8.10)

where v! has arguments (Re; (s + wt), t).

The strain-configuration relation. Linearizing (2.2.3) yields

v =1l ey(s + wt). (2.8.11)
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The area side condition. By linearizing (2.5.1) we obtain

2m
/ r'(s,t) - e (s +wt) ds = 0. (2.8.12)
0

Polar Coordinates

In the following section we seek solutions of the linearized equations with
exponential time dependence exp(At), A € C, which replaces every time derivative in
the linearized equations with A, to obtain an eigenvalue problem for the perturbation
growth rate A. Since the rigid Couette solution is steady (time-independent) in polar
coordinates with respect to the rotating basis, but not steady in coordinate-free
form, it is necessary to introduce polar coordinates before seeking solutions with

exponential time dependence.

The Navier-Stokes equations. By substituting equations (2.3.11), (2.3.13),
(2.3.14), and (2.8.1) into (2.8.5), or alternatively by linearizing (2.3.16), we obtain

the linearized Navier-Stokes equations in rotating polar coordinates:

u
uf — 2wvt = —pl + (u,lnr +

7 r2 r2 r2

1 1 p<11> L, U U;Sab 21@ v!
v +2wu = ——+y|v,F—+ >+ — — = |, (2.8.13)

r r r2 72 72

(ru'), + vy =0,

where the fluid variables have arguments (7, ¢, t).

The equations for the string. By linearizing equation (2.2.5) we obtain

ri(s,t) = q'(s,t) er(s + wt) + RY'(s,1) ex(s + wt). (2.8.14)
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Substituting equations (2.3.11), (2.3.14), (2.8.1), and (2.8.14) into equation (2.8.7),
then taking the inner products of the resulting equation with e; (s+wt) and ey(s—+wt)
yields the linearized string equations in polar coordinates. The expression for X' in

polar coordinates can be read off from equation (2.4.3).

A (g — w'q' = 2wRYy) = — (N) = 5N°) v = Npwy + 5 N°(qq — ¢' = 2Ry

+ pP(R)(RY! + ¢Y) + pR?W*¢* + Rpp' — 2R}, (2.8.15)

0A (Rt~ R +2g)) = (NG — N d o N vl 5N (R, — R +24))

v

— pP(R)(g} — RY") — Rfi(v} — ko' + Lub), (2.8.16)

where the fluid variables u!, v!, p* have arguments (R, s, t).

The adherence boundary condition. Writing the adherence boundary condi-

tions (2.8.8) and (2.8.10) in polar coordinates gives
u'(a, ¢, t) =0, v'(a, ¢,t) =0, (2.8.17)

Qtl(sat> = ul(R757t)7 thl<57t) - Ul(R,S,t). (2818>

The strain-configuration relation. In polar coordinates equation (2.8.11) be-
comes

v =¢' + Ryl (2.8.19)

The area side condition. In polar coordinates equation (2.8.12) becomes

2
/ q'(s,t) ds = 0. (2.8.20)
0
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2.9 The Quadratic Eigenvalue Problem

Polar Coordinates

We seek solutions of the linearized equations with exponential time-dependence:

ut(r, ¢, t) = u(r,¢) e, vi(r,¢o,t) =v(r,¢)eM, p'(r,¢,t) =p(r,¢)eM, (2.9.1)

¢ (s,t) = q(s) ™, (s, t) = U(s) e, vi(s,t) = v(s)eM, (2.9.2)

where A € C is the perturbation growth rate. Note that the letters u, v, p, ¢, ¢, and
v have a meaning here different from those they had in the previous sections. We
substitute the normal mode decompositions (2.9.1) and (2.9.2) into the linearized
equations (2.8.13)—(2.8.20) to obtain a quadratic eigenvalue problem (note that each
time derivative in (2.8.13)—(2.8.20) has been replaced by a power of A):

The Navier-Stokes equations.

S 2
)\U—2u)’(]:—pr—|—’y<uw—|—u——|—u;4;¢—%—%)7
T r r r
r 2
T T T T T

(ru), + vy = 0.

The equations for the string. Substituting (2.9.2) into the strain-configuration
relation (2.8.19) yields

v=q+ R;. (2.9.4)
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We use (2.9.4) to eliminate v from the string equations. Substituting (2.9.1), (2.9.2),

(2.9.4) into the string equations (2.8.15), (2.8.16) gives
N oAq + MNgq — 2w0oARY + Ny R,)
= (0Aw? = Ng + pP(R) 4+ pR*w?) ¢ + £N°qss + (pP(R)R — N° — RNY) 1),

+ Rpp(R7 S) - 2Rﬂur(R7 5>7
(2.9.5)

NoARY + A(20Awq — Nyqs — Ny Rbgs)
= (N + £N° — pP(R)) qs + (0Aw’R — N° + pRP(R)) ¥ + Ny R, (2.9.6)

+ i[—Rv. (R, s) + v(R, s) — ugs(R, s)].

The adherence boundary condition.

u(a,¢) =0,  v(a, ) =0, (2.9.7)
M(s) =u(R,s),  ARY(s) = v(R,s). (2.9.8)

The area side condition.
/0 " a(s) ds = 0. (2.9.9)

Coordinate-free Equations

Now that the time dependence has been removed from our equations, we
rewrite them in coordinate-free form. This will be convenient for the analysis in
Section 2.10. (It is easier to derive energy estimates in coordinate-free form). Define

v(x), p(x) and 7(s) by

v(rei(9)) == u(r, @) er(d) + v(r,¢) ex(d),  plreus)) :=p(r,¢),  (2.9.10)

7(s) = q(s) e1(s) + R(s) ex(s). (2.9.11)



We now drop the tilde from these variables. Equations (2.9.10) and (2.9.11) can be
used to write eigenvalue problem (2.9.3)—(2.9.9) in the coordinate-free form (2.9.12),
given below. It is easy to check that the substitution of (2.9.10) and (2.9.11) into
(2.9.12) yields (2.9.3)-(2.9.9). Note that it is not easy to derive eigenvalue problem
(2.9.12) directly from equations (2.8.5)—(2.8.12) because these equations are the lin-
earization of the governing equations about a solution that is not time independent.

Eigenvalue problem (2.9.12) is a perturbation of the Stokes eigenvalue problem
(obtained by setting w = 0 in (2.9.13)), but with complicated boundary conditions:
The eigenvalue parameter A appears in the boundary terms and appears quadrati-
cally.
2.9.12 Classical formulation of the quadratic eigenvalue problem.
Find eigenvalue-eigenvector pairs (A, (v, r,p)) satisfying
The Navier-Stokes equations. For a < |z| < R,

A =—-Vp+7Av —2wk x v = %din’(p,'v) — 2wk x v,

(2.9.13)
V.-v=0.

The string equation. For s € [0, 27),

N oAr = A[Ng(exes - 1) + 20Awr X k] + £ N1y + (N — £N°)(ezes - 1)

— pP(R)k x 7y + 0AW?r + pR?W* (r - e1)e; — RX(v,p) - €. (2.9.14)

The adherence boundary condition.
v=0 for|z|=a,
(2.9.15)
Ar(s) = v(Rey(s)).
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The area side condition.

/027T r(s) - e (s) ds = 0. (2.9.16)

2.10  Analysis of the Spectrum

If all the eigenvalues A of problem (2.9.12) satisfy Re(\) < 0, then the per-
turbations v!, r!, p! decay exponentially in time and we say that the rigid Couette
solution is linearly stable. On the other hand, if one eigenvalue satisfies Re(\) > 0,
then the perturbation corresponding to this eigenvalue will grow exponentially in
time and we say that the rigid Couette solution is linearly unstable.

The eigenvalues are a function of the angular velocity w, A = A(w), and we
are interested in how the eigenvalues move as w is increased from 0. Typically in
hydrodynamic stability problems all the eigenvalues are in the left half-plane when
some parameter is small, and they migrate towards the right as the parameter is
increased. If the eigenvalues cross the imaginary axis, then the way that they cross
can provide valuable information about solutions to the fully nonlinear problem.
For example, if the leading eigenvalues cross the imaginary axis in complex conju-
gate pairs, then (under some additional mild assumptions) periodic solutions of the
nonlinear problem have a (Hopf) bifurcation from the trivial solution. In Sections

2.10-2.13 we study the eigenvalue problem (2.9.12).
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Critical Values of w and Eigenvalue Crossings

Due to the complicated form of the eigenvalue problem (2.9.12) it is not pos-
sible to compute the eigenvalues analytically. Much information can be obtained,
however, before turning to numerics. We prove that the eigenvalues cross the imag-
inary axis through the origin (Theorem (2.10.4)) and compute explicitly the critical
values of w at which the eigenvalues cross (Theorem (2.10.21)), obtaining a formula
that highlights the role of the material properties. Since the eigenvalue problem
has real coefficients and the eigenvalues cross the imaginary axis through the ori-
gin, then either the eigenvalues cross along the real axis, suggesting a steady-state
bifurcation, or they cross through the origin in complex-conjugate pairs (meaning
that complex-conjugate pairs of eigenvalues in the left half-plane move towards the
origin, meet at the origin, and then move into the right half-plane, whereupon they
cease to be real) suggesting a Takens-Bogdanov bifurcation. The computational
results in Section 2.13 indicate that a Takens-Bogdanov bifurcation takes place.

Let {2 denote the annulus {z : a < || < R}.

Lemma 2.10.1 (Energy equality). Let (A, (v, 7,p)) be a smooth eigenpair of

(2.9.12). Then

Re() ([1012a0) + Sl - exllZaioam + 2117, el Faoam
+%|)“2||7’||i2(0,27r) - &;’J?HTH%P(O,QW) — R%W||r - el“%%o,%))
= Pl el ~ EIDO )~ PRIR) [ G5 x )7 ds
Proof. Let ng be the unit outer normal to 0f2. Take the inner product of (2.9.13)
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with v, where a bar denotes complex conjugation, and integrate by parts to obtain

|

)\||v||%2(m: 1/div2-1‘)dm—2w/(k><v)-17dx
19 0

= / ng-Z’-f)dS—l/Z’:a—vdm—Qw/(kx'v)-'Dda:
? J{z|=R} P Jo oz 17

27
=1 [ e 3w Ris = HID@) ey 2 [ (bx v) 0 d,
0 10,
(2.10.2)

=

where we have used the adherence boundary condition v = 0 on {|z| = a}, the
divergence-free constraint I : 0v/0x = div v = 0, and the identity D(v) : 0v/0z =
[D(v).

In the first term on the right-hand side of (2.10.2) substitute for X' - e; from

(2.9.14), substitute for ¥ with A7, and integrate by parts to find that

2m
%/ e - X v Rds
0
Ny 204 o 3
= =2, eallaoaey + 2R [ B) -7 ds = BN agan
2m
NI(J)_Rleo - — _ Aw2 —

— BN s - eal[Fa00m) — P(R) )\/0 (k x 1) 7 ds + E =[] L20.2m)

+ RPOM|r - ell72020) — ST Z2(0,20)- (2.10.3)
Observe that (r x k) -7 and (k X v) - v are purely imaginary. It can be shown that

the term
27
/ (kX 1rs)-7ds
0

is real by taking its complex conjugate and integrating by parts. By substituting
(2.10.3) into (2.10.2), taking the real part of the resulting equation, and simplifying,

we complete the proof. O
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Theorem 2.10.4 (Eigenvalue crossings). Let (A, (v, r,p)) be a smooth eigen-
pair of problem (2.9.12). Suppose that Re(A\) = 0. Then A = 0. Therefore any

eigenvalues that cross the imaginary axis cross through the origin.

Proof. By substituting Re(A) = 0 into the energy equality in Lemma (2.10.1) we
find that || D(v)|[z2(2) = 0, which implies that v = 0 by the Korn and Poincaré

inequalities. But v = 0 implies A = 0 by equation (2.9.15),. [
Theorem 2.10.5 (Eigenvalue-free regions of C). Define
M = J; (0Aw? + pR*W* + [pP(R)* max{R/N°,1/N;}) .
Then problem (2.9.12) has no eigenvalues in the set
(A€ C:|M\?> M, Re(A) >0 u{A € C:Re(\) =0, A #0}.

Remark. Note that M increases as w? increases. Also note that when w = 0,

pP(R)*max{R/N°,1/Ng}  N°>max{R/N° 1/Ng}
40A B 40AR?

M = —0asR—1
since N° = N(R,0) — N(1,0) = 0 and N, > 0.

Proof of Theorem (2.10.5). By rearranging the energy equality in Lemma (2.10.1)

we obtain

o N©° A
0 > Re(A) <||’U||%2(Q) + ],Y—R Ts - el||%2(0,27r) + =4[ - 62”%2(0,270 + 97|)\|2||7'||%2(0,27r)
2m
Aw? =
_Q_p ||'P||%2(0’2ﬂ_) — R2w2||’r‘ . 61||%2(072ﬂ_) + _P(R)/Ov (k X 'r’s) T ds) . (2106)
Let € > 0. Using the Cauchy-Bunyakovskii-Schwarz inequality and the Young in-

equality ab < ea® + b?/4e we can bound

2
| exn 7 sz —dinlfaom ~ Hlirlgm:  2107)
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By substituting (2.10.7) into (2.10.6) and writing
||T||%2(0,27r) =|[|r- el”%?(ozﬂ) + |7 e2||%2(0,27r)7 (2.10.8)

we obtain the estimate

0> Re(A) (Il’vllizm) +allrs - elll2p2m + c2llrs - el +esllr - ellizgan

teillr- ellfpan) (2109

where
Ne Ne¢
= — —¢|P(R =2 _¢P(R
= g dPRI ="t dP(R),
A|N|? Aw? P A|N|? Aw? P
Cszgll_ew_szz_l(R)I’ 64:9||_9w_|(R)|_
p p e p p de

Choose € = min{ R"*N°, N2} /p|P(R)| so that ¢; and ¢y are nonnegative. With this
choice of € it is easy to check that ¢z > 0 if and only if |A\[*> > M, where M was
defined in the theorem statement. Note that ¢4 > c3.

Let (A, (v,7,p)) be a smooth eigenpair of (2.9.12) with [A]? > M. (We will
prove that the eigenfunctions of (2.9.12) are smooth in Theorem (2.10.56).) Then
1, 2, c3, and ¢4 are nonnegative and so Re(\) < 0 by inequality (2.10.9). Therefore
problem (2.9.12) has no eigenvalues in the set {\ € C : |A\]*> > M, Re(\) > 0}.
We proved that there are no eigenvalues in the set {\ € C : Re(A\) =0, A # 0} in

Theorem (2.10.4). This completes the proof. O

Next we find explicit formulas for the values of w at which eigenvalues cross the
imaginary axis. We denote these critical values of w by wei. Since the eigenvalues
cross the imaginary axis through the origin (Theorem (2.10.4)) we can substitute
A = 0 into eigenvalue problem (2.9.12) to obtain a new eigenvalue problem for we,:
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2.10.10 Eigenvalue problem for w;;.

Find eigenvalue-eigenvector pairs (wuit, (v, 7, p)) satisfying

Navier-Stokes equations. For a < |z| < R,

0=—-Vp+7Av — 2wt k X v = %div X(p,v) — 2wWeit k X 0,
(2.10.11)

V-v=0.

The string equation. For s € [0, 27),

0= %Nofrss + (N; — %NO)(egeg -15)s — pP(R)k X 1y + QAwfritr

+ pR*W2. (- e)e; — RX(v,p) - e. (2.10.12)
The adherence boundary condition.

v=0 for|z|=ua,R. (2.10.13)

The area side condition.

/27T r(s) - e(s) ds = 0. (2.10.14)

The fluid equations are now uncoupled from the string equation. Clearly
v = 0 and p = constant satisfy (2.10.11) and (2.10.13). To see that this is the only
solution, multiply (2.10.11); by v, integrate by parts, and take the real part of the
resulting equation to obtain HVUH%Q(Q) = 0, which implies that v = 0, and so p is
constant.

Next we substitute v = 0 and p = constant into the string equation. It is
convenient to return to polar coordinates. Substitute A = 0, w = wWeig, P(R) =
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(%NO — 0Aw?)/p, v = 0, and p(R,s) = p = constant into the string equations

(2.9.5) and (2.9.6) in polar coordinates to obtain

ENGes + (FN° = Ny + pR*wli)q — R(NS + 0Awl; )ts = —Rpp,

crit crit

(2.10.15)
RNYes + (N2 + 0AwZy)gs = 0.

crit
Integrate (2.10.15); over [0,27] and use (2.9.9) and the periodicity of ¢5 and ¢ to
see that p = 0. Let ¢ and 1, be the Fourier coefficients of ¢ and :

q(s) =Y ae™,  w(s) = upe® (2.10.16)

keZ keZ

For each k € Z take the L2-inner product of (2.10.15) with e*** and use Parseval’s

Theorem to obtain the linear system

EN°(1 = k) = Ny + pR*w2;, —ikR(N; + 0AwZs) | | 0
= . (2.10.17)
iR(NS + 0Aw2,) —k2RN el o
The matrix on the left-hand side has determinant
det = —RE*[(0A)*way, + Ng (204 + pR*)wky — EN°Ng (K* — 1)]. (2.10.18)

If det = 0, then (2.10.17) has nontrivial solutions and so wey is an eigenvalue of
(2.10.10) and A = 0 is an eigenvalue of (2.9.12) when w = wgi. If & = 0, then
det = 0 for all wei, € R. If |k| = 1, then det = 0 if and only if wey, = 0. For |k| > 2,

det = 0 if and only if

w? wii (k)

crit = “erit

= —5om2 Vo (204 + pR?) + m\/[Ng(ng + pR?)]? + £(0A)2N°Ng (k2 — 1).
(2.10.19)

We analyze each Fourier mode in turn.
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For k = 0, det = 0 for all wyi € R and so A = 0 is an eigenvalue of (2.9.12)
for all w € R, with corresponding eigenvector (v,p, r) = (0,0, goe; + Rippes). This
appears to be a very undesirable situation: no matter what the value of our control
parameter w, A = 0 is an eigenvalue. We will demonstrate, however, that this
eigenvalue does not have any physical significance and can be factored out.

Equation (5.10.11) implies that the constant gy = 0. Therefore A = 0 has
eigenvector (v,p, ) = (0,0, R{pey) and the perturbation r! has the form r!(s,t) =
Cey(s+wt), where C'is a constant. (This follows from (2.8.14), (2.9.2) and (2.9.11).)
Since the perturbed solution r ~ r° + er! = Re (s + wt) + eCey(s + wt) (note
that 7% and 7! are orthogonal) and since ¢ is small, then |r| ~ |r°| = R. This
suggests that r(s,t) = Rei(s + a + wt) for some o € R, which can be obtained
from the rigid Couette solution by a rotation or by relabelling the material points.
See Section 2.7. These steady solutions arise from the symmetry of the problem
and are not essentially different from the rigid Couette solution; the two strings
r(s,t) = Rei(s + wt) and r(s,t) = Rei(s + a + wt) would look the same to an
observer. Thus we factor out these solutions and the eigenvalue A = 0 corresponding

to k = 0 by supplementing (2.10.10) with the side condition

/27T r(s) - ex(s) ds = 0. (2.10.20)

Now we consider the case |k| = 1. We saw that det = 0 if wey = 0, which
suggests that the rigid Couette solution is linearly unstable for all w > 0 and so not
observable. (We expect the eigenvalue A = 0 to move into the right half-plane when

w is increased from 0. Numerical results in Section 2.13 confirm this.) To understand
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how this instability occurs we compute the eigenvector of (2.10.10) corresponding
to eigenvalue wey = 0. Substitute wei, = 0 and & = +1 into (2.10.17) to obtain
~N° FiRN°| |qu 0
+iN; —RNJ | |41 0
which has nontrivial solutions [g+1,v+1] = ¢[FiR, 1], ¢ constant. Take ¢ = 1 for

now. Therefore the unstable perturbations have the form
ri,(s) = [qrie1(s) + Ry ex(s)]e™™ = [FiRe (s) + Rey(s)]e™™,
which have real parts
Re(r},) = Rsin(s)e; + Rcos(s)e; = Rj.

Thus the unstable perturbation is a translation of the circular string in the 7 di-
rection. (Any other direction can be achieved by choosing the eigenvector scaling ¢
appropriately.) This corresponds to the off-center steady solution that we found at
the end of Section 2.7 and suggests that the rigid Couette solution becomes unstable
through the following mechanism: Experimentally it is not possible to exactly align
the center of the rigid disk with the center of the circular string. So when w = 0 we
observe an off-center solution and not the rigid Couette solution. As w is increased
from 0 the misalignment of the centers will cause the string to move eccentrically
and deform. Even if the string was rigid we still expect the rigid Couette solution
to be unstable; in this case it would move eccentrically, but not deform. This type
of instability could be avoided by introducing a suitable feedback control to fix the
center of mass of the string at the origin. We assume that this is done, and thereby
give meaning to our subsequent analysis.
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Finally we turn to the case |k| > 2. Equation (2.10.19) gives all the values of
w at which the eigenvalues of (2.9.12) cross the imaginary axis. Observe that each
Fourier mode k gives rise to exactly one unstable perturbation (only one eigenvalue
crosses the imaginary axis for each k) and that the Fourier modes become unstable
in order, i.e.,

0=w? (£1) < w?, (£2) < w2 (£3) < ---.

crit crit crit

Also, the critical values of w do not depend on the viscosities p and Nj. Since
N° — 0 as R — 1 (by equation (2.2.12)), we see from formula (2.10.19) that
wait — 0 as R — 1 for all k. We also see that the behavior of wg; for large
R depends on the behavior of R7!N°N2. If R7IN°NS — oo as R — oo (the
material response in tension is asymptotically strictly superlinear), then wey; — 00
as R — oo. If RTIN°N°? — 0 as R — oo (the material response in tension is
asymptotically strictly sublinear), then wey — 0 as R — oo.

Recall that we only consider values of w for which the pressure is positive (see
Section 2.5). In particular we must have 0 < pP(R) = R™!N° — pAw?. For some
materials and some Fourier modes, weit (k) is greater than the physically admissible
values.

We summarize our results in the following theorem.

Theorem 2.10.21 (Critical values of w). Let wqy denote the critical values of
w at which eigenvalues A of (2.9.12) cross the imaginary azis, i.e., Re(AMweit)) =0
(which implies that Awet) = 0 by Theorem (2.10.4)). Then {weit} are eigenvalues

of problem (2.10.10). The eigenvalue problem obtained by supplementing (2.10.10)
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with the side condition (2.10.20) has eigenvalues

wcrit(k) = wcrit(ka R)

= —a0ap N (20A + pR?) + m\/wﬁ@@fl +pR?)]? + 7 (0A)2 NN (k* — 1)

for |k| =1,2,3,..., which satisfy

e 0= wgrit(j:]‘) < wgrit(j:z) < wgrit(j:g) <o

o for |]{3| Z 2, limR_,l wcm(k:,R) = 0.
e For|k| > 2,

oo if RTIN°NS — oo as R — oo (superlinear),
lim wei(k, R) =

R—o0

0 4if RN°NS — 0 as R — oo (sublinear).
Characterization of the Spectrum for Elastic Strings

We shall characterize the spectrum of the quadratic eigenvalue problem (2.9.12),
considering separately the cases N; = 0 (elastic strings) and N;, # 0 (viscoelastic
strings). It is easier to characterize the spectrum for elastic strings, which is what
we do in this section (Theorem (2.10.23)). Viscoelastic strings are considered in the
following section. Before stating the spectral theorem we need to introduce some

more notation.
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Notation. Recall that 2 = {z € R?: a < |z| < R}. Let Ty, be the torus R/277Z.
For 0 < m € R, define function spaces

H™(£2;div) .= {v € H™(2;C?): v =0 on |z| = a, dive =0},

HM(02;div) == H*(2; C*) N H™($2; div),
(2.10.22)

2w
HI(Ty,) = {r € H™(Tyr; C?) /0 r-e ds= O},

Q) = {p e H"(2;C) : / pdx = O}.
0
Let 7o denote the usual trace operator; vy : H™(£2;C?) — H™ Y2(92;C?) for
m > 1; see Temam (1977, p. 9). Let yg denote the restriction of vy to {|z| = R},

the outer boundary of the annulus {2.

Theorem 2.10.23 (Spectral characterization of eigenvalue problem (2.9.12)).

Set Ng =0 in problem (2.9.12). The resulting problem has nontrivial solutions
(A, (v,p, 7)) € C x H2(;div) x H'(€;C) x HZ(Ta,).

The set of eigenvalues {\} is countable with its only possible accumulation point at

infinity, and each eigenvalue has finite multiplicity.

Since the proof of this theorem requires a lot of preliminary lemmas we first

sketch the main idea.

Idea of the proof of Theorem (2.10.23). The quadratic eigenvalue problem

(2.9.12) can be written in the form

(N*Ty + ATy + L)(v,p, ) = 0, (2.10.24)
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where T; are bounded linear operators and L is an elliptic operator defined on
appropriate function spaces (for the precise definition of Ty, T, and L see equations
(2.10.49) and (2.10.50)). The main tool for characterizing the spectrum of (2.10.24)

is the following theorem.

Theorem 2.10.25 (Spectral theorem for compact polynomial operator
pencils). Let
AN =T+ ) My,
k=0
where Ty, : H — H are compact operators on a Hilbert space H. Define the spectrum
of A to be the set of points X € C such that A(\) lacks a bounded inverse. Then

either the spectrum of A is the entire complex plane or it consists of eigenvalues of

finite multiplicity with infinity as their only possible accumulation point.

For a proof see Markus (1988, Theorem 12.9). We would like to show that L

has a compact inverse since then (2.10.24) could be written in the form
AN (v,p,7) := (LT + AL + 1) (v, p, ) = 0, (2.10.26)

with A(\) satisfying the hypotheses of theorem (2.10.25). This would prove Theorem
(2.10.23). Therefore proving Theorem (2.10.23) reduces to proving an existence and
regularity theorem for our steady linearized problem with nonhomogeneous term,
L(v,p,7) = (g, h,®). (An existence theorem would imply that L is invertible, and
a regularity theorem would imply that L~'T; are compact.)

It turns out, however, that L is not invertible, but there exists a bounded

linear operator Ty such that L := L — T} is invertible and L~! is compact. Then

AN) = L Ty + ALY + L Ty 4+ 1 (2.10.27)
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satisfies the hypotheses of Theorem (2.10.25), and fl()\)(v,p, r) = 0 is equivalent to
equation (2.10.24), which proves Theorem (2.10.23).

Before giving the full proof of Theorem (2.10.23) we state some preliminary
results. In many cases these are slight variations of well-known results and so we

just sketch the proof.

Lemma 2.10.28 (Corollary of the Fundamental Lemma of the Calculus of
Variations). Let f € L*(T,,,C?). If

2 2
f-qds=0 forall q¢& L*(Tyr,C*) such that / q-e ds=0,
0 0

then f(s) = cei(s), where ¢ is a constant.

Proof. Write f(s) = fi(s)ei(s) + f2(s)ex(s) and q(s) = qi(s)ei(s) + qa2(s)ea(s).
Then

2
O:/o f‘qu:/ (fier + f2q2) ds.

Set g1 = 0. Then

21
/ foquds =0 forall gy € L*(Ty,, C),
0

and so fo = 0 by the Fundamental Lemma of the Calculus of Variations. Therefore

2

27
figgds=0 forall ¢ € L*(Ty,,C) such that / ¢ ds =0. (2.10.29)
0 0

Recall the Du Bois-Reymond Lemma:
b
If f € L'(a,b) satisfies / f@)¢'(x)de =0 Ve e CF(a,b), then f = constant.

(See Giaquinta and Hildebrandt (1996, p. 32, Lemma 4) for a proof.)
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Since all p € C((0,27); C) satisfy fOQW vs(s) ds = 0, equation (2.10.29) with

q1 = s implies that

2m
/ fipsds =0 forall ¢ e CZ((0,27),C),
0

and so f; is a constant by the Du Bois-Reymond Lemma. This completes the

proof. O]

Theorem 2.10.30 (Equivalent formulations of the Stokes-like system). Let
g € L*(2;C?) and ¢ € H2({|z| = R};C?) with [T ¢(Rei(s)) - ex(s) ds = 0.
Let uwg € HX(02;C?) satisfy uy = ¢ on {|z| = R} and uw, € HJ(£2;C?) satisfy
divu; = —divugy. (The existence of uy and uy is shown in Temam (1977, pp. 31-

32, Section 2.4.). ) Then the following are equivalent:

(i) v € H:(£2;div) satisfies v = ¢ on {|z| = R}, and there exists p € L*(12,C),

unique up to a constant, such that
—vAv 4+ 2wk X v+Vp=g in 2
in the sense of distributions.
(ii) v € H (2;div) and w := v — ug — w; € Hy(£2;div) satisfies
af(u,w) = (g, w)r20) —ar(w+u, w) forall w e Hy(12;div), (2.10.31)

where

ay(u, v) ::7/9{@—m o+ 2w(u w)-k} dz. (2.10.32)
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Proof. We just sketch the proof since it is very similar to the proof for the standard
Stokes equations (the case w = 0), which is given in Temam (1977, p. 22, Lemma
2.1). First we show that (i) implies (ii). From (i) it follows that equation (2.10.31)
holds for all w € D. Now use a density argument to show that (2.10.31) holds for all
w € H}(02;div). To prove the converse, integrate by parts in (2.10.31) and use De

Rham’s Theorem (see Temam (1977, p. 14, Propositions 1.1,1.2)) to obtain (i). O

Theorem 2.10.33 (Existence for the Stokes-like system). Equation (2.10.31)

has a unique solution w € Hy(§2;div).

Proof. This is also a standard result. Note that Re(u x @) = 0. Then the theorem

follows easily from the complex version of the Lax-Milgram Theorem. O]

Theorem 2.10.34 (Regularity for the Stokes-like system). Let m € (0,00)

and let v € H'(£2;C?), p € L*(£2;C) be solutions of the Stokes-like system
—vAv + 2wk x v+ Vp=g in {2,
V-v=0 1in {2,

Yv =, i.e., v =P on 0f2.

If g € H™(£2;C?) and & € H™+3/2(982; C?), then
v € H"?(;,C?), pe H™(02;C). (2.10.35)

Proof. The proof of this regularity theorem is very similar to the proof of the
regularity theorem for the Stokes equation, which can be found in Temam (1984,
p. 33, Proposition 2.2), and which follows from the elliptic regularity results of
Agmon, Douglis, and Nirenberg (1964) . O
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Theorem 2.10.36 (Garding inequality for the string equation). Given h €

L?(Ty.; C?), consider the following equation for v € HY(Toy,):

—~RIN°r,— (NS —R'N°)(exey-75) s+ pP(R)k X y— 0Aw’r — pR*w*(r-€1)e; = h,

which has the following weak formulation: Find v € H}(Ty,) such that

CLS(T'7 q) = (h’a q)L2(0,27r) fOT a’ll q S HSI(TQW)7

where

2T
CLS(T’, q) = {RilNors “gs + (Ns - RilNO)(’rs : 62)((18 ' 62)
0

+ pP(R)(rs x q) - k — 0AwW?r - q — pR2w2(r -e1)(q-e)}ds.

Then for all r € H!(Ty,)
as(r,7) = Relas(r, 7)] = Cul[7l[120.2m) — Coll7l|Z2(0.2m):
where

2 P 2
2C) = min{R'N°, N°}, Gy = 0Au? + pR%? 4+ — P |P(R)]

(2.10.37)

(2.10.38)

(2.10.39)

(2.10.40)

Proof. In the proof of Theorem (2.10.2) we saw that the expression

27
/ (ro % 7) - kb ds
0
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is real. Therefore
Relas(r, r)] = as(r, 7)
= RilNoHrsH%?(o,Qw) + (N, — RilNO)H""s ‘ 62H%2(0,27r)
+pP(R) /0277(7‘3 x 7) -k ds — 0AW*||P][ 120 0m) — PRW||7 - €1ll]2(02m)
= R™'N°||r, - el”%%o,%) + Ny |7 - 62"%2(0,%)
+ pP(R) /0%(7“5 x 7) - k ds — (0Aw® + pR*W?)||7 - en|Z2( 2y
- QAW2||"’ : 62||%2(0,27r)
> min{ RN, Ny HIms| 72020 = AIP(R) 17l Z20.2m) | 17122 0,20
— (0Aw® + PRQWQ)HTH%?(O,%)-
We can estimate the right-hand side using the Young inequality ab < ea? + b?/4e:
Relas(r, )] > mm{R_lNoa NS}H""sH%%o,zw) — p|P(R)| <€HTSH%2(O,2W) + 4LEHT'H%2(0,2W)>
— (0AW® + PRQWQ)HTH%Q(O,QW)'
By choosing ¢ = min{R™*N°, N2}/(2p|P(R)|), we obtain the desired estimate

(2.10.40). O

Theorem 2.10.41 (Existence for the string equation). Let h € L*(Ty,; C?).

Then there exists a unique r € H(To,) such that

CLS(T', q) + 2C2(’r'7 q)L2(0,27r) = (h7 q)L2(0,271') fOT all qc Hsl(TQﬂ')u (21042)
where as and Cy were introduced in Theorem (2.10.36).

Proof. This follows easily from the Garding inequality (2.10.40) and the Lax-

Milgram Theorem. O]
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Theorem 2.10.43 (Regularity for the string equation). Let m > 0 be an
integer and h € H™(Toy; C?). Suppose that r € HX(Ty,) satisfies (2.10.42). Then

(A H;n+2(T2ﬂ—).

Proof. Consider the unconstrained version of problem (2.10.42): Find # € H*(T5,; C?)

such that
as(’f'a q) + 202<’F7 q)L2(0,27r) = (h’v q)L2(0,27r) for all qc HI(TQW; Cz) (21044)

This problem has a unique solution 7 by the Lax-Milgram Theorem. First we show
that if # € H™2?(Ty,; C?), then r € H"%(Ty,). We complete the proof by showing
that » € H™"2(Ty,; C?).

If 7 € H™"(Ty,; C?), then we can integrate by parts in (2.10.44) to obtain
— RN —(NS—R7IN°)(eyey-7,) s+ pP(R) kX 7y — 0 Aw? 7 — pR?W* (7€) €1+ 20, 7
— h. (2.10.45)

We modify 7 to obtain a function # € H"2(Ty,):

1 2
'IA":’;"——(/ f“-elds)el.
2m \Jo

Observe that 7 satisfies the same equation as 7, equation (2.10.45), but with a mod-
ified right-hand side where h is replaced by h + ce;, for some constant ¢. Therefore
7 satisfies the constrained problem (2.10.42). But (2.10.42) has a unique solution
r. Thus r = 7 € H""?(Ty,), as required.

Now we show that 7 € H™"2(Ty,; C?). Integrate by parts in equation (2.10.44)

to replace g wherever it appears in the volume terms with g;:
2
{(R"'N°eie;+ N eyey)7s—pP(R)(kx7)—(}-q, ds = —((27)-q(27), (2.10.46)
0

20



where

((s) = / {—0AW*F — pR*W*(7 - €1)e; + 2Co7 — h} ds.
0
Let e be a constant vector and 0 < 51 < s9 < 27 be Lebesgue points of the function
(R"'N°eje; + Neyey) 7, — pP(R)(k x 7) — (.

Define H, to be the piecewise linear (pre-Heaviside) function

0 s €[0,81 — 5],

56[81_§7$1+%]7

H.:= 1 86[81+§,82_§]7

Substitute ¢ = H.e into (2.10.46) to obtain

1 s1+€/2
;/ / {(R"'N°eje; + Noeyey)is — pP(R)(k x 7) — (} ds - e
s1—€/2
1 sat€/2
= _/ {(R"'N°eie; + Neyey) 7, — pP(R)(k x 7) — (} ds - e.

€ 2—€/2

Now apply the Lebesgue Differentiation Theorem to pass to the limit € — 0 to yield

{[RT'N°ei(s1)ei(s1) + N ea(s1)ea(s1)]7s(s1) — pP(R)[k x 7(s1)] = ((s1)} - &

= {[R7'N°ei(s2)e(s2) + N ex(s2) ex(s2)]7s(s2) — pP(R)[k x 7(s5)] — ((s2)} - €.
(2.10.47)

Denote the right-hand side by C(s3). Since (2.10.47) holds for all e we obtain
[RT'N°ei(s1)ei(s1) + Nyea(s1) ea(s1)]7s(s1) — pP(R)[k x 7(s1)] — ((s1) = C(s2).
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Therefore

7(s1) = [RT' N°ei(s1)ei(s1) + Ny ea(s1) ex(s1)] " {pP(R) [k x 7(s1)] +((51) +C(s2) }.

(2.10.48)
This holds for almost every s; € (0,27). Note that the right-hand side of (2.10.48)
is absolutely continuous and its derivative with respect to s; belongs to L?(0,2m).
Therefore 7, € H'(T2,;C?) and so 7 € H?*(Ty,;C?). Since h € H™(Ty,; C?), by

repeatedly differentiating (2.10.48) we find that 7 € H™2(Tsy,; C?), as required. [J
Now we are in a position to prove Theorem (2.10.23).

Proof of Theorem (2.10.23). Define H; := H2(Q;div) x H'(;C) x HZ(Ty,).
For j € {0,1,2}, define linear operators
T; : Hy — H?(Q;div) x H?*(Ta,; C?) x HZ(Ta,),

L:Hy — LA C?) x L*(Tan; C2) x HY*(Tsy) =t Hy

by
- 0 - - v - - 0 -
To(v,p,r) = | —2Cyr |, Ti(v,p,7) = | 20Awr x k|, T2(v.p.7)= |pAr| .
0 T 0

(2.10.49)

Li(v,p,7)
L(v,p,7) = | Ly(v,p, )| - (2.10.50)

| Ls(v,p,7)|
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where
Li(v,p,r) = —yAv + 2wk X v + Vp,
Ly(v,p,7) = R'N°ry, — (N2 — R'N°)(eyes - 1) + pP(R)k X 7y — 0Aw*r
— pR*W*(r-e))e; + RX(v,p) - e,

Ls(v,p,7) = —(yrv)(Rei(s)).
(2.10.51)

Define L := L — Ty : Hy — H,. Then (A, (v,p, 7)) € H; satisfies the quadratic

eigenvalue problem (2.9.12) if and only if it satisfies
(AN2Ty + NIy + Ty + L) (v, p, ) = 0. (2.10.52)

We characterize the spectrum of (2.10.52), and thus the spectrum of (2.9.12), using
Theorem (2.10.25). To put (2.10.52) in a form that satisfies the hypotheses of
Theorem (2.10.25) we need to show that L is invertible and I~71Tj : Hi — Hy are
compact.

First we show that L is invertible, i.e., we show that given (g, h, p) € Ha, there
exists a unique (v,p,r) € H; such that L(v,p,r) = (g, h,¢). The existence and
regularity theorems (2.10.30), (2.10.33), and (2.10.34) imply that there is a unique

v € H2(£2;div) and a unique p € I1*(£2) such that
—yAv + 2wk x v+ Vp =g, —(vrv)(Rei(s)) = o(s).

By the existence and regularity theorems (2.10.41) and (2.10.43), there exists a

unique r € H?(Ty,), such that

as(r, q) +2C5(r, @) 12020 = (h — RX(v,D) - €1, q)12(02n) forall q € H{(Tar),
(2.10.53)
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where as was defined in equation (2.10.39). Integrate by parts in equation (2.10.53)

and use Lemma (2.10.28) to obtain

—~R'N°ry—(NS—R'N°)(eye-15) s +pP(R) kX ry—0Aw?r—pR*w* (1-€) €1 +2C, T

=h —RXY(v,p) e +ce, (2.10.54)

where ¢ is the constant coming from Lemma (2.10.28). Equation (2.10.54) does not
have the desired form Ly(v,p, 7) = h since we have the extra term ce; on the right-
hand side. Note, however, that the pressure p € II*(§2) is essentially only determined
up to a constant. We fix the constant by defining a new pressure p = p — ¢/(pR).
Then L(v,p, ) = (g, h, ), as required, and so L™! : Hy — H; exists.

Next we show that Z~L_1Tj . 'Hiy — H,p is compact for each j. Fix j and
let (g, h,¢) be in the range of T;. Then g € H?*(£2;C?), h € H*(Ts,;C?), and
¢ € H2(Ty,). Following the same arguments we used to show that L is invertible,
and setting m = 3 in Theorem (2.10.34) and m = 1 in Theorem (2.10.43), we
find that L=(g, h, ) € H*(Q;div) x H¥2(Q;C) x H3(Ts,), which is compactly
embedded in H;. Therefore Z’lTj - 'Hy — H; is compact.

Multiplying equation (2.10.52) by L~! puts it in a form that satisfies the

hypotheses of Theorem (2.10.25):
AN (v,p, 7)== NLYT + ALY + LTy + I) (v, p, ) = 0. (2.10.55)

Theorem (2.10.5) implies that not every A € C in an eigenvalue of (2.10.55), which
implies that the spectrum of A is not the whole complex plane. (Note that the

alternative in Theorem (2.10.25) that the spectrum be the whole complex plane is
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equivalent to every point being an eigenvalue: A(u) has a bounded inverse if and
only if I — (=uNTy — ... — uTy —Ty) =: I — K has a bounded inverse, where K
is compact. By Fredholm’s Alternative, I — K has a bounded inverse if and only
if the equation 0 = (I — K)u = pNTyu + ... + pTiu + Tou + u has no nontrivial
solutions., i.e., if and only if x is not an eigenvalue of A.) Therefore we can apply

Theorem (2.10.25) to complete the proof. O

In Section 2.12 we give an alternative proof that the spectrum is countable.
The proof given above is more direct and avoids the tricky weak formulation of the
coupled system and the inf-sup conditions, but instead relies on elliptic regularity

results.

Theorem 2.10.56 (Regularity of the eigenfunctions). The eigenfunctions

(v,p,7) of (2.9.12) are smooth (C*) functions.

Proof. Let (A, (v,p,7r)) € C x H2(Q;div) x H'(;C) x H2(Ty,) satisfy (2.9.12).

In the notation of the proof of Theorem (2.10.23),
(AN2Ty + ATy + Ty + L) (v, p,r) = 0,
which implies that
(v,p, 1) = =LY\ Ty(v, p, ) + X1 (v, p, 7) + To(v, p, 7).

By the ellipticity of L, it can be shown using the same arguments as in the proof of

Theorem (2.10.23) that

(v,p,r) € HY?(Q;div) x H¥*(Q; C) x H2(Ts,).
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By iterating this process we see that
(v,p,r) € HI?(£2;div) x H*(£2;C) x H2(Tay)

(v,p,7) € HY?(2;div) x H?(2;C) x H>(Tsy)

(v.p.7) € C(2,C%) x (2 C) x C%(Tari )

Characterization of the Spectrum for Viscoelastic Strings

The proof of Theorem (2.10.23) given above does not apply if N3 # 0. In this

case the operator T} defined in (2.10.49) is replaced by

v
Ti(v,p,7) = | N5(eses - 1) — 20Awr x k| - (2.10.57)

r

which is regularity decreasing. It follows that L~'T} is not compact and so the spec-
tral theorem for compact polynomial operator pencils, Theorem (2.10.25), cannot
be applied. In Section 2.12 we prove that for N3 # 0 the spectrum of (2.9.12) is
countable (although not necessarily without finite accumulation points) by intro-
ducing a Fourier decomposition. This has the effect of removing the troublesome

derivatives in (2.10.57). See the remark following Theorem (2.12.69).
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2.11  Weak Formulation of the Quadratic Eigenvalue Problem

We derive a mixed weak formulation of the quadratic eigenvalue problem
(2.9.12), which will be used in Sections 2.12 and 2.13 to compute the eigenval-
ues numerically. Our weak formulation is motivated by weak formulations of other
fluid-structure interaction problems. See Planchard & Thomas (1991) and Cham-
bolle et al. (2005). We use a mixed formulation because it is inconvenient to apply

the finite element method with incompressible shape functions.

Derivation

Recall that 2 = {z € R? : a < |z| < R} and my, is the unit outer normal
to 002. Let w € H'(£2;C?) satisfy w = 0 on {|z| = a}. Take the inner product
of (2.9.13); with w, where a superscript bar denotes complex conjugation, and

integrate over {2 to obtain
A/v~wdw:/ {ldivzw,p).w—zw(kxv).m} da
Q o\’
——/ 13w )’a—ﬁ)—l—Zw(kxv) wp dx
+ %/ TI@'Z(’U,]?)"&)CZS
|z|=R

:—2/9{7D('v):D('w)+w(k><v)-'w}da: + /deiv'w dx

p

+ —/ ei(s)  X(v,p)-w Rds,
’ (2.11.1)

where v, p, and w are evaluated at * = Re;(s) in the boundary term in the last

line.
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Let ¢ € TI°(£2), where T1°(£2) was defined in equation (2.10.22). Multiply

(2.9.13)3 by ¢ and integrate over {2 to obtain

/ gdivv dx = 0. (2.11.2)
o

Let g € H}(Ty,), where H!(T,,) was defined in equation (2.10.22). Take the

inner product of (2.9.14) with g and integrate by parts over [0, 27| to derive

2 2m
2 QA/ r-qds+ /\/ {N; (rs- e)(qs - €) — 20Aw(r x k) - q} ds
0 0

2

=— {RT'N°ry - g, + (N; — R7'N°) (1, - €)(qs - &) + pP(R)(k x 75) - q
0
2w
— 0AW’r - @ —pR’W*(r - €1)(q - e1)} ds — R/ e(s) - X(v,p)-qds. (2.11.3)
0

Recall that ygv denotes the trace of v restricted to {|&| = R}. Taking the

H'/% inner product of the adherence condition (2.9.15)y with ¢t € H'/?(Ty,; C?) gives

)\<’f’,t>H1/2 = <’}/R’U,t>H1/2, (2114)

where (-, -) g1z is the inner product on H'/2(Ty,; C?). The importance of enforcing
the adherence boundary condition in the H'/?-inner product rather than just the
L2-inner product will become clear in the proof of Theorem (2.11.18). If r =
ri(s)ei(s) + r¥(s)ex(s), t = t'(s)ei(s) + t*(s)ex(s), and if 7 and #/ have Fourier
coefficients {r] }rez and {t]}rez, for j € {1,2}, then the H'/*-inner product can be

defined by

o0

(rtye= Y (L+IkDritp+ Y (LK),

k=—00 k=—o0

Observe that if we choose test functions w and g with ¢ = ypw, then mul-
tiplying equation (2.11.1) by p and adding it to equation (2.11.3) eliminates the
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boundary terms involving X(wv,p). This is an important trick: if the boundary

terms are not eliminated, then we must seek solutions with high enough regularity

(v e H*(2;C), p € H'(2;C)) so that the restriction of X' to 92 makes sense.
The sum of equation (2.11.3), equation (2.11.4), and p times equation (2.11.1)

1s
2m 2w
)\QQA/ r-qds+ A\ (/ {N] (rs- e)(qs - €) — 20Aw(r x k) - q} ds
0 0
+p/ v-wdx — (r, t)Hl/Q)
Q
2m
B _/ {RTIN°ry- g +(N; —R'N°) (15- €2)(@s- €2) + pP(R) (15 x @) -k — 0Aw?r- g
0

— pR*W*(r - e1)(q - e)} ds

- 2/0{/LD<’U) :D(w) + pw(k x v) - w} dx —I—p/ﬂpdivﬂ) dx — (Yrv, t) /2.

(2.11.5)
Notation. Define
H,(02):={veH(2;C*:v=0o0n{|z| =a}}, (2.11.6)
Vii={(v,7) € Hy(2) x H}(T2)},
Vy 1= {('w, q,t) € H(2) x H;(Ty,) x H1/2(']I‘2ﬂ;@2) cyrw(Re(s)) = q(s)},
II:=T11°0) = {pE L*(£2;C) :/pdw :o}.
Q
Lemma 2.11.7 (Norms on V; and V). Define

((v1,71), (v2, 12)),, = (D(v1), D(v2)) 12(02) + (71, T2) 1 (0.27),

1/2
| (v, ) 1]y, = ([1D(0)[72(0) + 1717 0,20))

bl
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and

((wi, qu, th), (wa, @2, 1)), = (D (wr), D(w2))r2(2) + (@15 G2) 11 0.20) + (1, t2) /20,21,

2

1/2
| (w, q. t)[l,,, == ([[D(w)[Z2(0) + 1qll7r0.2m) + 1E]1200.0m)

Then (V1, (-, -)y,) and (Va, (-, -),,) are complex Hilbert spaces.

Proof. This is left as an easy exercise. Note that ||D(-)||2(e) is a norm on H,(f2)

by Korn’s inequality and Poincaré’s inequality. O]

Equations (2.11.2) and (2.11.5) constitute the

Weak formulation of the quadratic eigenvalue problem. Find A\ € C and

0 # (v, 7,p) € V; x Il such that for all (w, q,t,q) € Vo x 11
Nas(r, @) + dai((v, ), (w, g, 1)) + ao((v, ), (w, g, 1)) + b(w,p) =0,

(2.11.8)
b('va Q) =0,

where
ao((v, 1), (w, q, 1)) :=
/0 W {RIN°re g+ (N) = RTIN) (7 - €2)(qs - €2) + pP(R)(k x 1) - @
—0A’r - g — pRPW (- e)(q - e)} ds
+ 2/9{/1D(v) :D(w) + pw(k x v)-w} de + (ygv, t) /2, (2.11.9)

ar((v, ), (w, q, ) :=

/ {N; (715 e)(qs - ea) — 20Aw(r x k) - q} ds+p/v-fvdm—(r,t>Hl/z,
0
(2.11.10)
2m
as(r, q) = QA/ r-qds, b(w,p) := —p/ pdivw dez. (2.11.11)
0 0
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Lemma 2.11.12 (Smooth solutions of the weak problem satisfy the classi-
cal problem). Let (X, (v, r,p)) be a smooth solution of the weak problem (2.11.8).
Then there exists a unique constant QQ such that (A, (v, 7, p+ Q)) satisfies the clas-

sical problem (2.9.12).
Proof.

(i) Settingw =0, ¢ =0, and t = Ar—vypv in (2.11.8); yields [|[Ar—yrv|[3,,, = 0,

which implies that ygv = Ar, i.e., v = Ar on {|z| = R}.

(ii) By the Divergence Theorem and (i),

2
/divvdw:/ v-nda::)\/ r-e ds=0. (2.11.13)
Q o0 0

Therefore we can substitute ¢ = div v into (2.11.8), to obtain ||div UH%Q(Q) =

0. Thus dive = 0.

(iii) Set ¢ = t = 0 in (2.11.8); to obtain the following (note that ¢ = 0 implies

w =0 on 012):
)\p/ v-wdr = / {—24D(v) : D(w) — 2pw(k x v) - w} dx
0 0
0

= / {2pdivD(v) — 2pw(k x v) — pVp} - w dx
0
for all w € H}(£2,C?). Since v is divergence-free, 2divD(v) = Av. Therefore

equation (2.11.14) implies that the Stokes-like equation (2.9.13); is satisfied.

(iv) Set t =0 in (2.11.8),, then integrate by parts and use (2.9.13); and ypw = ¢
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to obtain

2m
0= / {N0Ar — \[Ng(exes - 1) + 20Awr x k] — RT'N°r,
0
—(N? — R7'N°)(exey - 16)s + pP(R)k x 1y — pAw*r

—pR*W*(r - e)e; + RX(v,p) - e} - qds

for all ¢ € H}(Ty,). Therefore by Lemma (2.10.28) there exists a constant @Q;

such that

Qlel - )\2QAT - A[N5(6262 : rs)s + 2QAWT' X k] — R_lNOTSS

—(N2—R'N°)(exey-15)s+pP(R)kxry—0Aw’r—pR*w*(r-€)) e+ R X (v, p)-e;.
The term on the left-hand side can be included in the pressure term:

0= )\ZQAT—)\[le(egeg~rs)s+2gAwr><k]—R’lNorss—(le—R’lNo)(eg € Ts)s

+ pP(R)k x 1y — 0Aw’r — pR*W* (7 - e))e; + RX(v,p+ Q1/pR) - €.

If we define Q) := Q1 /pR, then we see that (A, (v, r,p+ Q)) satisfies the string

equation (2.9.14).
[l

From the weak formulation (2.11.8) we could use the 2-dimensional finite ele-
ment method to compute the eigenvalues. A more efficient method, however, is to
write equation (2.11.8) in polar coordinates and then use Fourier series in the angle
variable ¢ to reduce the partial differential equations in r and ¢ to ordinary differen-

tial equations in r. Then the 1-dimensional finite element method can be used. This
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is what we do in the following sections, but first we prove that the bilinear forms ag
and b satisfy the inf-sup conditions. These inf-sup conditions could be used to give
an alternative proof of the spectral theorem (2.10.23), and discrete versions of these
inf-sup conditions could be used to prove convergence of the 2-dimensional finite
element method. While we do not do this, it is illuminating to prove the inf-sup
conditions anyway because it shows that our weak formulation is well-posed and
shows why it is important to enforce the adherence boundary condition in H'/? and
not just L2,

The following result is well-known (see Girault & Raviart (1986) or Brenner

& Scott (2002, Chapter 12, Section 2)) :

Theorem 2.11.15 (b satisfies an inf-sup condition). Let b be the bilinear form

defined in equation (2.11.11). Then

b
inf sup M:ﬁ>0.
Pell e pi (o) [1Plnl|w]]

It follows immediately that

i wp w)

= ﬂ > 0. (2.11.16)
PEL (4, q,t)EVs HpHHH(wv q, t)HVQ

Define
2 :={(v,7) €V, :b(v,p) =0 for all p € T},
(2.11.17)
Zy:={(w,q,t) € Vy: b(w,p) =0 for all p € IT}.
Theorem 2.11.18 (q, satisfies a Garding-type inf-sup condition). There

exists a constant Cy > 0 such that the bilinear form ag : Vi x Vo — C defined by

ao((v,7), (w, q,t)) = ao((v,7), (w, q,t)) + Cg/O . q ds (2.11.19)
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satisfies the inf-sup conditions

inf sup lao((v,7), (w,q,t))| =a >0, (2.11.20)

(’U, T) € Zl (w7 q, t) € 22

N, r)llvy =1 |(w, g, )]y, =1

(w,q,t) =0 if ap((v,7),(w,q,t)) =0 foral (v,r)e Z. (2.11.21)
Will we use the following lemma to prove Theorem (2.11.18).

Lemma 2.11.22. Decompose the bilinear form ay defined in (2.11.9) into three

bilinear forms:

ao((v, ), (w, g, t)) = di(r, @) + do(v, w) + (YR, t) 172, (2.11.23)

where dy and dy correspond to the string terms and the fluid terms of ag. (Note that

dy is the same as the bilinear form as defined in equation (2.10.39).) Then

(1) dy satisfies a Garding inequality: There exists a constant Cy, > 0 such that

di(r,r) + Og1||7’||%2(0,27r) 2 al||"°||§{1(0,2w) for all v € Hy(Ts);

(i1) dy is coercive:
Reldy(v, v)] = 2| | D () |[72() for all v € Hy(£2).

Proof. Part (i) is just a restatement of Theorem (2.10.36). Part (ii) is clear. [

Proof of Theorem (2.11.18). Recall that the inf-sup conditions (2.11.20) and

(2.11.21) are equivalent to the well-posedness of the following problem:

Find (v, r) € 2 such that ao((v, r), (w, q,t)) = F(w, g, t) for all (w, q,t) € 2,
(2.11.24)
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where F' € (Z,)*, the space of bounded linear functionals on Z;. See Ern & Guer-
mond (2004, p. 85, Theorem 2.6). To prove Theorem (2.11.18) we will prove that
problem (2.11.24) is well-posed.

Choose Cy = Cy,, where Cy is the constant appearing in the definition of a
and Cy, was defined in Lemma (2.11.22)(i).

We start by constructing a candidate for the solution (v, r) of (2.11.24). Sub-
stitute w = 0, ¢ = 0 into (2.11.24) to obtain the problem: find yrv(Rei(s)) =

¢(s) € HY?(Tyy; C?) such that
(g, t) 12 = F(0,0,t) for all t € HY?(Ty,; C?). (2.11.25)

By the Riesz Representation Theorem there exists a unique solution ¢ to (2.11.25).
Note that ||¢||g1/2 = || F(0,0,-)||, where || F(0, 0, -)|| denotes the norm of the bounded
linear operator F'(0,0,-).

Let

Z={w e H(N2;C?) : b(w,p) =0 for all p € [T},
(2.11.26)
Zy = HL(2;C* N Z.
Substitute ¢ = 0, t = 0 in (2.11.24) to obtain the problem: Find v € Z with v =0

on {|z| = a} and ygrv = ¢ such that
do(v,w) = F(w,0,0) for all w e 2. (2.11.27)

There exists a g € Z such that g = 0 on {|z| = a}, Yrg = ¢, and ||g||m: <
C||l¢||g1/2- (The existence of g is proved as follows. Since ¢ € H'/?(Ty,; C?) the

Trace Theorem (see for example Ern & Guermond (2004, p. 488, Theorem B.52))
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implies that there exists a function h € H'(§2; C?) such that h = 0 on {|z| = a} and
h = ¢ on {|x| = R} in the sense of trace, and ||k||g1 < ||¢||51/2. This highlights the
importance of enforcing the adherence boundary condition in the H'/2-inner product
(see (2.11.4)). If we had used only the L2-inner product, then ¢ need not belong
to H'/2, in which case the Trace Theorem would not apply, g would not exist, and
our eigenvalue problem would not be well-posed. Let ¢ = —div h + ﬁ [, divh de.
Since [,q dz = 0, it is well-known that there exists an f € H{j(12;C?) satisfying
divf = qand ||f]|m < C||q||r2 (see Brenner & Scott (2002, p. 282, Lemma 11.2.3)).
The function g := h + f has the desired properties.)

Define w = v — g. Then problem (2.11.27) is equivalent to: Find u € Z; such
that

dy(u, w) = F(w,0,0) — dy(g, w) for all w € Z,. (2.11.28)

By (2.11.22)(ii), Korn’s inequality, and the Lax-Milgram Theorem, there exists a
unique u € Z; satisfying (2.11.28). This determines v = u + g. By substituting

w = w into (2.11.28) and using (2.11.22)(ii) we obtain the estimate
1D(0)l]2 < CUIEC0,0)[l + llpllga2) = CUIE0,0)[[ + [[£(0,0,-)]]). (2.11.29)
Set ¢ = 0 in (2.11.24) to obtain the problem: Find r € H}(T,,) such that
R
di(r, q)+Cg/ r-qds=F(w,q,0)—dy(v,w) (2.11.30)

for all (w, q,0) € Z,. Note that, given ¢ € H!(Ts,), the right-hand side of (2.11.30)
is independent of our choice of w by (2.11.27). By the Trace Theorem we can take

w = h, where h € H'(2; C?) satisfies h = 0 on {|z| = a} and h = q on {|z| = R}
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in the sense of trace, and ||h||g1 < ||q]||g1/2. Substitute w = h into (2.11.30) to

obtain the problem: Find r € Ha(Ts,) such that
R
dl(r,q)+C'g/ r-qds=F(h,q,0)—ds(v, h) (2.11.31)

for all ¢ € H!(Ty,). By the Garding inequality (2.11.22)(i), the bilinear form on
the left-hand side of (2.11.31) is coercive, and so there exists a unique solution

r € H}(T,). Moreover, (2.11.30), (2.11.22)(ii), and (2.11.29) imply that
e[|z < CUIFC -0+ 1F(0,0)|[ +[[£(0,0,-)])) < || F]]. (2.11.32)

It follows from (2.11.25) and (2.11.30) that (v, r) satisfies (2.11.24).

If we have two solutions (v!,r!), (v% 7?) of (2.11.24), then the difference
(vl — v, r! — r?) satisfies (2.11.24) with F' = 0. By substituting into (2.11.24)
(w, q) = (0,0), then (g, t) = 0, and then ¢t = 0, as above, we see that (v! —v? r!—
r?) = (0,0), and so (2.11.24) has a unique solution.

Finally, the continuous dependence of (v, r) on the data F' follows from the

estimates (2.11.29) and (2.11.32). O

The Weak Formulation in Polar Coordinates

In this section we write the weak equations (2.11.8) in polar coordinates. De-

compose the functions in V; x II as

v(rei(¢)) = v'(r,d)ei(d) +v*(r,d)es(d), r(s) =r'(s)ei(s) +r’e(s), (2.11.33)

p(rei(®)) = p(r, d). (2.11.34)
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Note that, in the notation of Section 2.9, v! = u, v* = v, r! = ¢, r* = Ry, and

P = p. See equation (2.9.11). Decompose the functions in Vo x II as

w(rei(¢)) = w'(r,¢)ei(d) +w’(r.d)exd), q(s) =g (s)ei(s) + ¢’ ex(s),

(2.11.35)
t(s) =t'(s)ei(s) +t’exs), q(reo)) = q(r, o). (2.11.36)

Now drop the tilde from p and §. Define
(v,r) = (', 03t r?),  (w,q,t) = (whw? ¢, ¢, th 7). (2.11.37)

We obtain new function spaces Vi, Vs, and II by substituting the polar coordinates

for (v,r), (w, g, t), and p into V;, V,, and 1I:

V1= {(V,I‘) € [H'([a, R] x Tay; C)]* x [H'(Tyy; C))?:

27

vi(a, ) =0V, | rlds= 0}, (2.11.38)
V1= {(W,q, t) € [H'((a, R] X Tar; C)]* x [H'(Tas; C)* x [H'/?(Tr; C)]* ;
2w
w'(a,¢) = 0Ve, w'(R,s) = q'(s) Vs, / ¢ ds = O}, (2.11.39)
0
5 2r rR
II:= {p € L*([a, R] x Ta; C) : / / p(r, @) rdrdp = O}. (2.11.40)
0 a
Now drop the tilde from II. Note that we do not need to include weights such as r

and 1/r in the Sobolev spaces for v, w, and p since r € [a, R|, a bounded set that

does not include the origin. Equip V; and V5 with the norms
(v )]y, = [l(v'er +ver, rler + %), = [I(v, 7)l,,

||(W7q7t)||v2 = ||(wlel +w262a qlel +q2627 tlel +t2€2)||v2 = ||(w7 q, t)||v2‘

Vi, [ - [ly,) and (Va, ][] - [[,,) are complex Banach spaces.
If we substitute (2.11.33)—(2.11.36) into (2.11.8), we obtain a
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Weak formulation of the quadratic eigenvalue problem in polar coordi-

nates. Find A € C and 0 # (v,r,p) € V; x IT such that for all (w,q,t,q) € Vo xII

)‘QaQ(r’ q) + )‘dl((va I‘), (W7 q, t)) + do((V, I‘), (Wv q, t)) + B(va) =0,
(2.11.41)

b(v,q) =0,
where
ao((v,r), (w,q,t)) :== ao((v, r), (w, q, t))
2
— [ BNl - @ - )+ D@ )
0
+ (N = RN (P + 1) (" + ¢2) + pP(R)[¢*(r) — %) — ¢ (r' +72)]
— 0AW* (gt + 12g?) — pszzrla} ds
R p27m o o o o o o
+ 2/ / {,[L[vi L+ 50+ 0" (wl + wh) + 3 (Lvg — 20° +07) (Rw) — tw? + w?)]
a 0
+ wp(vlm — UQJ)} rdg dr + (yrv'e, + yrv? ey, the + 2 er) e, (2.11.42)
dl«va I‘), (Wv q7t)) = CLl((’I), ’I"), (’U), q, t))
27
= / {N;’(TE + 1Y (g2 + ¢b) + 20Aw(r'q® — 7"2?)} ds (2.11.43)
0
R p27 o o
+ p/ / {vlwl + v2w? }rdgzﬁdr —(rte; + ey, t'e; +t?ey) e,
a 0
2T o -
as(r,q) = as(r, q) = QA/ {qul + r2q2} ds, (2.11.44)
0

R 27 o
b(w,p) = b(w,p) = —p/ /0 p(w! + tw' + tuw?) rdg dr. (2.11.45)

Fourier Decomposition and a Family of Weak Problems

In this section we expand the functions in V7, V5, and II as Fourier series in the
angle variable (¢ or s) and use this to generate a family of weak problems indexed
by the Fourier wave number.
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For j € {1,2} decompose

v (r, ¢) = Z vl (r)e*?, ri(s) = Z rleths, (2.11.46)
k=—o00 k=—00
w(r,g)= 3 wir)e®, ¢(s)= Y qle*, t(s)= Y e, (2.1147)
k=—00 k=—o00 k=—o00
plr,é) = > pr(r)e™?. (2.11.48)
k=—o00

Define

(Vkvrk) = (Uiaviariﬂ”i)a (Wkaqlﬁtk) = (wéawzvqéaqzat}mtz)‘

We define a family of spaces indexed by the Fourier wave number k € Z. For k # 0

(2.11.49)

= {(vo,10) € [H'([a, R]; C)]* x C*: vi(a) =0, rl = 0},

{ Wwo, Qo, to) € [H'([a, R]; C)]* x C* x C? : wg(a) =0, wS(R) = qg, qé = O},
27
{po € L*([a, R);C) : / po(r) rdr = 0} .
0

We equip VF, VJF, and IT* with the norms

v Tl B = 1Vl s oy + el
H(quk,tk)H%/lk = Wl F1 oy + larl? + [tx],
R
el o = / ipu? v
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Note that as before we do not need to include weights r and 1/r in the Sobolev
spaces V¥ and VF because r € [a, R], a bounded set that does not include the
origin. We shall see that it is convenient to include the weight r in the pressure
space.

Let k € Z, (Wi, qr, tx) € V¥, qr € TI*. Substitute into (2.11.41) the Fourier

decompositions (2.11.46) and (2.11.48) and
w(r,¢) = wl(r)e*®, ¢(s) = qie™, P(s) =™, q(r,9) = qu(r)e™

to obtain the following family of weak problems:

A family of weak problems indexed by the Fourier wave number. For each
k€ Z,find A\ € Cand 0 # (vg, g, pr) € VE x IT¥ such that for all (wy, qu, tr, qx) €
V2k % Hk

N2aj(rg, k) + Ay ((Vi, Th), (Wi, Gk, t)) + ag (Ve ), (W, Qs b)) + 08 (Wi, pi) = 0,

bk(Vk,Qk) =0
(2.11.51)
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where

ag (i, Tr), (Wi, i, t))
= RN°[(ikr = ) (—ikaf — @) + (rk + ikrd) (a] — ika?)]

+ (NS = RN (rk + ikrd)(a] — ikg]) + pP(R) [k} — 1) — g (rk + ikr?)

— 0AW (rigf + riq}) — PR ria)

R
+2 [ {al(ud)o by + ikt + o) ik + o)
+ 3%k — Lo+ (o)) (— %] — S + (D)) + wplvpf — of]) } rdr

+ (1 + B (vi(R)EL + v (R)2), (2.11.52)

ay (i, 1x), (Wi, i, t))

E— E— E— JE— R QE— QE—
= N3 (ikry + 1) (—ikq: + qb) + 204w(riq; — rigl) + p/ {v,}iw,ﬁ + viw? }rdr

— (1 + [k (rith + 7}83), (2.11.53)

ab (v, ar) == 0A(riqt + 13q}). (2.11.54)
R — —

V¥ (Wi, pi) i= —p/ prl(wp)r + fwp — @wk] rdr. (2.11.55)

Now we prove that the bilinear forms af and b* satisfy the inf-sup conditions.
These conditions are used in section 2.12 to characterize the spectrum of problem
(2.11.51). By proving discrete versions of these inf-sup conditions in section 2.12
we will also be able to construct a convergent numerical scheme for computing the
eigenvalues.

Theorems (2.11.56), (2.11.64), and (2.11.68) are analogous to Theorems (2.11.15),

(2.11.18), and (2.11.22).
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Theorem 2.11.56 (b* satisfies an inf-sup condition). Let k € Z. Let b* be the

bilinear form defined in equation (2.11.55). Then

. 0% (Wi, i) |
inf  sup
el v, ermap2 | |Prl [ [[ W[

—6>0. (2.11.57)

The constant (8 is independent of k.

Proof. Bernardi et al. (1999, Prop. IX.1.1) prove a very similar and more gen-
eral result (for general 3-dimensional axisymmetric domains rather than just the
2-dimensional annulus). Their proof follows from the well-known inf-sup condition
for the Stokes equation, Theorem (2.11.15), which in turn is proved by inverting the
divergence operator. Since we are only interested in a 2-dimensional annular do-
main, inverting the divergence operator amounts to solving an ordinary differential
equation in r, and so Theorem (2.11.56) has an elementary proof, which we give
here.

First consider the case k = 0. Given py € II°, we wish to construct a uj €
H}([a, R]; C) satisfying

(rug)r = por (2.11.58)
and ||uj|| 1 < C||pol|mo since then

R
wp P00l (b 0). 00| _ p L ol rdr
wortige Wl = bl Tl

> Bllpolle (2.11.59)

for 3 = pa/C, which implies (2.11.57). The unique solution of (2.11.58) with u}(a) =

up(R) =0 is
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Note that u}(R) = 0 because py € II°. Tt is easy to check the estimate ||uj||g <
Cllpol |-
Now consider the case k # 0. Given p; € II*, we wish to construct a u; €
[H}([a, R]; C))? satisfying
(rub), + iku? = per (2.11.60)
and ||ug||lgr < C||pk|lmr. Then we can argue as in (2.11.59) to prove (2.11.57).

Given u3, equation (2.11.60) and the boundary condition uj(a) = 0 determines u,:

ug(r) = %/T(pk(g)g — ikuj (o)) do.

Now we must choose u? such that
ui(a) = ui(R) = up(R) = 0 (2.11.61)
and ||ug||m < C|lpel|me. We try ui(r) = co(r — a)? + ¢1(r — a). Equation (2.11.61)
determines ¢; and cs:
6i f
Cc1 = —CQ(R — CL), Cy — m Pk Td?“.

Once again, it is easy to check the estimates ||ui||g < C||pellmx, |[ui]|g < %HpkHHk,

where C' and C” are independent of k. Therefore ||ug||z: < C(1 + 1/[k|)||px||me <

2C|pk||mx, as required. O
It follows immediately from Theorem (2.11.56) that

bk
inf  sup 1D (W, )| = B>0. (2.11.62)
preIlr (W, Qk,tr) EVSF HpkHHk H(Wk7 Ak, tk)HVQk

For k € Z, define
Zy = {(Vi, i) € VP 08 (v, i) = 0 for all py, € TI'},
(2.11.63)
Zy = {(Wk, Qk, ti) € V5" 1 0" (Wi, pi) = 0 for all pj, € IT"}.
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Theorem 2.11.64 (af satisfies a Garding-type inf-sup condition). Let k € Z.

There exists a constant C’g > 0 such that the bilinear form a% : V¥ x VJf — C defined
by

g (Vi Tr), (W s ) = ag (Ve 1), (Wi, G, b))

R (2.11.65)
+C§ (/ {viw} + viw?} dr + gt + r,%q,f)
satisfies the inf-sup conditions
in sp AV ), (We gn t) = a > 0, (2.11.66)

k
(vi,rk) € Z7 (Wi, Ak, ti) € Z§

vkl =1 ) (wi, an, bl =1

(Wi, Qs tr) = 0 if ab((Vi, 1), (Wi, ar, tr)) =0 for all (vi, 1) € ZF. (2.11.67)
Will we use the following lemma to prove Theorem (2.11.64).

Lemma 2.11.68. Let k € Z. Decompose the bilinear form af defined in (2.11.52)

into three bilinear forms:

ag(Vi, ), (Wi, @i, t)) =1 df (i, i) + d5 (vie, wi) + d5(vi(R), t),  (2.11.69)

where d¥, d5, and d% correspond to the string terms, the fluid terms, and the adher-

ence boundary condition terms of ak. Then

(i) d¥ satisfies a Garding inequality: There exists a constant C’gl > 0 such that

d¥ (v, Tg) + C'gl]r;f > ay|ry* for all vy € C%

(ii) d satisfies a Gdrding inequality: There exists a constant Cg; > 0 such that

Relds (Vi, Vi)l + Cg, Vil 720, = c2llVil[ipr o, my Jor all vy, € [H([a, R];C)J*;
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(iii) d¥ is coercive (positive definite):

dlg(tk,tk) = (1 + ’k’)‘tk‘z fO?“ all t;, € C2.

Proof. These are easy estimates. O

Proof of Theorem (2.11.64). We just prove the case k # 0. The proof for k =0
is similar. Recall that the inf-sup conditions (2.11.66) and (2.11.67) are equivalent

to the well-posedness of the following problem:
Find (Vk, I'k) € Zf such that d’g((vk, I‘k), (Wk, ijtk)) = F(Wk, qk;tk) (21170)

for all (W, qi, ty) € Z5, where F' € (Z5)*, the space of bounded linear functionals on
Z¥. See Ern & Guermond (2004, p. 85, Theorem 2.6). To prove Theorem (2.11.64)
we will prove that problem (2.11.70) is well-posed.

Choose Cg > maX{Céfl, Cé;}, where C’g is the constant appearing in the defi-
nition of af and C¥ and C}, were defined in Lemma (2.11.68).

We start by constructing a candidate for the solution (vi,ry) of (2.11.70).
Substitute wi = 0, g = 0 into (2.11.70) to obtain the problem: Find vi(R) € C?

such that

ds(vi(R),t) = F(0,0,t;) for all t, € C*. (2.11.71)

Since d¥ is coercive (positive definite), see (2.11.68)(iii), there exists a unique solution
vi(R) = ¢ to (2.11.71). Note that || < C||F(0,0,-)||, where ||F(0,0,-)|| denotes

the norm of the bounded linear operator F'(0,0, ).
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Let

7 = {wy € [H'([a,7]; C)] : b*(wy, pi) = 0 for all p, € 1"},
(2.11.72)
Zy = [Hy([a, RJ; ©)* N Z*.
Substitute q; = 0, t, = 0 in (2.11.70) to obtain the problem: Find v, € Z* with

vi(a) = 0 and vi(R) = ¢ such that
R — —
a5 (v, W) + Cg/ {viwl + viw?} rdr = F(wy,0,0) for all wy, € Z§. (2.11.73)

There exists a g, € Z* such that gi(a) = 0, gr(R) = ¢, and ||gi||m < Clo|.
(The existence of gy, is proved as follows. Define hy = ¢(r — a)/(R — a). Then
hi(a) = 0, hi(R) = ¢, and ||hg||z: < Clp|. By the same method used to prove
the inf-sup condition (2.11.57) there exists a function f;, € [H{([a, R]; C)]? such that
e+ 2 i+ 5 fi = = ((hi)r + thi+ER7) and |[fil[m < Cl(Ry), + 2y + Fhil |2 <
Cl¢|. The function gy := hy + f;, has the desired properties.) Define u, = vy — gy.

Then problem (2.11.73) is equivalent to: Find u; € Z¥ such that
R — —
db(ug, wy,) + Cg/ {upw} +wiwi} dr
R — —
= F(w},0,0) — d5(gp, wi) — Cg/ {giw} + giw?} dr (2.11.74)

for all w, € ZF. By the Garding inequality (2.11.68)(ii) and the Lax-Milgram
Theorem, there exists a unique u, € Z} satisfying (2.11.74). This determines v;, =
u; + gx. By substituting wy = uy into (2.11.74) and using (2.11.68)(ii) we obtain

the estimate

[IViellar < CUIFE0,0)[1+ lel) < C(IF(0,0)[[ + [1F(0,0,)]). (2.11.75)
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Set t;, = 0 in (2.11.70) to obtain the problem: Find r; € C? such that

df (i, i) + CE(rpar + 17202) = F(wi, ar, 0) — db (vi,, wi,) — CF /R{in_i +opw?} dr

(2.11.76)
for all (wg, qi,0) € Z5. Note that, given q; € C?, the right-hand side of (2.11.76) is
independent of our choice of wy, by (2.11.73). Substitute wj, = q(r —a)/(R—a) =:

hy, into (2.11.76) to obtain the problem: Find rj € C? such that

di(ry, i) + Cy (riak + ria) = F(by, qx, 0) — d5(vi, hy) = Cp /R{Uih_i +vihi} dr

(2.11.77)
for all g, € C2. By the Garding inequality (2.11.68)(i), the bilinear form on the the
left-hand side of (2.11.77) is coercive (positive definite), and so there exists a unique

solution r € C%. Moreover, (2.11.76), (2.11.68)(ii), and (2.11.75) imply that
vkl < CUIFC -0+ [[F(0,0)[| + [[£(0,0,-)]]) < C'[|F]. (2.11.78)

It follows from (2.11.71) and (2.11.76) that (vy,ry) satisfies (2.11.70).

If we have two solutions (vi,ri), (vi,r:) of (2.11.70), then the difference
(vj, — vi,ry — r?) satisfies (2.11.70) with ' = 0. By substituting into (2.11.70)
(Wi, qx) = (0,0), then (qg,tx) = 0, and then t; = 0, as above, we see that (vi —
v ri —r2) = (0,0), and so (2.11.70) has a unique solution.

Finally, the continuous dependence of (v, ry) on the data F' follows from the

estimates (2.11.75) and (2.11.78). O
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2.12 Numerical Analysis of the Spectrum

Galerkin Approximation of Polynomial Eigenvalue Problems

In this section we summarize the spectral approximation theory for polynomial

eigenvalue problems of the form

Find A € C and 0 # u € V; such that for all v € V5

A(u,v) = AN By (u,v) + XN By (u,v) 4+ ... 4+ AB1(u,v) + Bo(u,v)  (2.12.1)

where V; and V5 are Hilbert spaces and A, By,..., By are bilinear forms. We
apply this theory in the following sections to design a convergent numerical scheme
for computing the eigenvalues of (2.11.51). The spectral approximation theory of
standard eigenvalue problems (the case N = 1 in (2.12.1)), which was developed
in the 1970s, is described in Babuska and Osborn (1991). Kolata (1976) showed
how to extend this theory to polynomial eigenvalue problems. We give a slightly
different presentation; we weaken one of the hypotheses (see the paragraph preceding
Theorem (2.12.15)) and simplify some of the arguments. We explain the main
difference before going into details. It is possible to write eigenvalue problem (2.12.1)

as an operator eigenvalue problem of the form
)\NTNU, + )\N_lTN_lu + Ce + /\T1U —|— TQU + u = 0, (2122)

where T : Vi — V4 are linear operators. To study the spectrum of (2.12.1), or
equivalently (2.12.2), we must reduce the problem to a standard eigenvalue problem
of the form

a(u,v) = Ab(u,v) for all v, (2.12.3)
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or equivalently an operator eigenvalue problem of the form

Tu = Au. (2.12.4)

Ultimately we must arrive at a problem of the form (2.12.4) so that we can apply
the Spectral Theorem for Compact Operators. There are two ways to arrive at
(2.12.4) from (2.12.1). The first choice, used by Kolata (1976), is to reduce equation
(2.12.1) to another bilinear form equation of the form (2.12.3), and then derive an
operator equation of the form (2.12.4). The second choice, used here, is to write
(2.12.1) as an operator equation of the form (2.12.2), and then reduce this to another
operator equation of the form (2.12.4). We believe that the second choice simplifies
the presentation.

Let Vi, Va, and W be complex Hilbert spaces with norms || - ||y, || - ||vs, and
||-||lw, and with V} compactly embedded in W. Let A: Vi xVy — C, By : W xVy —

C, ..., By : W x V4 — C be continuous bilinear forms satisfying

|A(u,v)| < Cllullw]|v]v, forall u e Vi, v e Vs,

(2.12.5)
|B;(u,v)| < Cjl|lullw||v|lv, forallueW, veV, forje{0...N}.
We assume that A satisfies the inf-sup conditions
inf sup  |A(u,v)| =a >0, (2.12.6)
ueW veV,
lullvi =1 jo||y, =1
v=0if A(u,v) =0 for all u € V. (2.12.7)

Under the assumption that A is continuous, it can be shown that (2.12.6) and
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(2.12.7) hold if and only if

inf sup  |A(u,v)| =a >0, (2.12.8)
vels u€eWV

lollve =1 Jjul]y, =1

u=0if A(u,v) =0 for all v € V5. (2.12.9)

See Babuska and Osborn (1991, p. 692). We consider the spectral approximation of

the following problem:

The Continuous Problem. Find A € C and 0 # u € V; such that for all v € V5
A(u,v) = ANBy(u,v) + XN 'By_1(u,v) + ... 4+ ABy(u,v) + Bo(u,v). (2.12.10)

If (A, u) satisfies (2.12.10), then we call A an eigenvalue and u an eigenvector of
(2.12.10).
The continuity and inf-sup conditions (2.12.5)—(2.12.7) imply that there exists

unique bounded linear operators Ty : V3 — Vi, ..., Ty : Vi — V] satisfying
A(Tju,v) = —Bj(u,v) forallve Vs, forje{0,...,N}.

See Ern & Guermond (2004, p. 85, Theorem 2.6). Moreover, Ty, ... , Ty are
compact: Let {u,} be a bounded sequence in Vi. Then it has a subsequence {u,, }
converging strongly in W by the compact embedding V; CC W. For each j €
{0,..., N}, the inf-sup conditions imply that

| T5ullv, < ngUHW-
Therefore

Cﬁ
HTJ(unk - unl)HV1 < E]Hunk - unzHW —0
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and {Tju,, } is a Cauchy sequence in V;. This shows that 7} is compact.

For A € C define T'(\) : Vi — V; by
TOA) = ATy + ..+ X+ Ty +1, (2.12.11)
where [ : V7 — Vj is the identity operator on V.

Lemma 2.12.12 (An equivalent formulation of the continuous eigenvalue
problem). The pair (A, u) € C x (Vi \ 0) satisfies problem (2.12.10) if and only if

it 1s an eigenpair of T', i.e.,
TN u=MNTyu+ ...+ AT+ Tyu+u = 0. (2.12.13)

Proof. First we assume that (A, u) satisfies (2.12.13). Then for all v € V;

0=AN\Tu+ ...+ AT+ Tou + u,v)
= —MVBy(u,v) — ... = ABy(u,v) — Bo(u,v) + A(u,v),
which implies that (A, u) satisfies (2.12.10).
Now assume that (A, u) satisfies (2.12.10). Then for all v € V;
0= —-AYBy(u,v) — ... = ABy(u,v) — Bo(u,v) + A(u,v)
= ANV A(Tyu,v) + ... + ANA(Tyu,v) + A(Tyu, v) + A(u, v)
= AMNTyu+ ...+ XTyu + Tou + u,v),

which implies that (A, u) satisfies (2.12.13) by (2.12.9). O

We make the additional hypothesis that
There exists a £ € C such that T'(§) : V; — V; has a bounded inverse. (2.12.14)
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Note that hypothesis (2.12.14) holds if and only if there exists a £ € C that is not
an eigenvalue of (2.12.10). Kolata (1976) makes the stronger hypothesis that 7°(0)

has a bounded inverse, which is true if and only if —1 is not an eigenvalue of Tj.

Theorem 2.12.15 (Characterization of the Spectrum). Assume that (2.12.5)—-
(2.12.7) and (2.12.14) hold. Then problem (2.12.10) has a countable set of eigen-
values with infinity as its only possible accumulation point. If hypothesis (2.12.14)

does not hold, then every point in the complex plane is an eigenvalue.

Proof. By Lemma (2.12.12) the set of eigenvalues of (2.12.10) equals the set of
eigenvalues of (2.12.13), which is characterized by Theorem (2.10.25). This proves
Theorem (2.12.15).

We give a second, longer proof. Instead of using Theorem (2.10.25) we will
go through the steps of its proof explicitly because we will need to refer to one of
these steps in the proof of Theorem (2.12.27). By hypothesis (2.12.14), there exists

a & € C such that T'(§) has a bounded inverse. Then
TOA+) =N+ +.. .+ A+ OT+To+1=NTy+ ...+ XT| +T(&),

for some compact operators 77, ..., T%. Lemma (2.12.12) implies that (A, u) is an
eigenpair of (2.12.10) if and only if T(A\)u = 0. Define p = A —£. Then
TANu=0 <= T(p+&u=0
= T+ ...+ T +T(€)u=0 (2.12.16)

= (PNTE)'TY+ ...+ pT (€)' T + Iu = 0.
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Define (uy,us, ..., un) = (u, pu, ..., u¥"tu). Then (2.12.16) holds if and only if

=TT e e STE)TTN| | w Uy
I 0 U9 1 U9
Bu = == (2.12.17)
W
1 0 un UN

The operator B on the left-hand side of equation (2.12.17) is not compact since the
identity operator is not compact on infinite dimensional spaces, but B is compact,
and so B has a countable set of eigenvalues with zero as its only possible accu-
mulation point. See Dunford & Schwartz (1957, Section VII.4, Theorem 6). This

completes the proof. O

Let Vi, and Vj), be finite-dimensional subspaces of V; and V;, parametrized

by h > 0. We assume that A satisfies the discrete inf-sup conditions

inf sup  |A(u,v)| = a(h) >0, (2.12.18)
u € Vl,h v E V2,h

lfullvi =1 Jjo||y, =1

v=01if A(u,v) =0 for all u € V}. (2.12.19)

We make the approximability assumption that

lim a(h)™ inf [ju—x[ly, =0 foralluec V. (2.12.20)

h—0 XEV1,h

The Discrete Problem. Find A € C and 0 # w;, € V;, such that for all v € V3,

A(uh, U) = )\NBN(uh, U)+>\NilBN_1(Uh, ’U)"—. . .+)\B1(uh, U)+Bo<uh, U). (21221)
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We approximate the eigenvalues of the continuous problem (2.12.10) by the
eigenvalues of the discrete problem (2.12.21).

The continuity and inf-sup conditions (2.12.5), (2.12.18), and (2.12.19) imply
that there exists unique bounded linear operators T, : Vi — Vig, ..., Tnp i Vi —

Vi, satisfying
A(Tjpu,v) = —Bj(u,v) forall v e Vyy, forje{0,...,N}.

Note that T}, are finite rank operators and so are compact. Let P, : Vi — Vj, be

the projection defined by
A(Pyu,v) = A(u,v) for all v € Vo,

(P, is well-defined by Babuska-Brezzi Theorem.) Then for all j € {0,...,N},

T;n = Py/Tj since
AT pu — PpTju,v) = —Bj(u,v) — A(Tju,v) = 0 (2.12.22)

for all w € V} and v € V,,. It is well-known that (2.12.5); and (2.12.18) imply the

quasi-optimality estimate

C
— B < |14+ —=) inf — . 2.12.23
= Plhe < (145 ) i Tl = (2.1223)

(This is Céa’s Lemma. See Ern & Guermond (2004, Lemma 2.28).) Therefore
P, — I pointwise by (2.12.20) and (2.12.23). Thus, for all j € {0,..., N}, T}, =
P,T; — T} in norm since T; are compact.

For A € C define T,(A\) : Vi — Vi by

Th(N) == M+ 4+ ATy + Top + 1 (2.12.24)
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Lemma 2.12.25 (An equivalent formulation of the discrete eigenvalue
problem). The pair (A, up) € C x (V4 N\ 0) satisfies problem (2.12.21) if and only

if it s an eigenpair of the operator Ty, : Vi — Vi, d.e.,
Th(Nup = AN Ty pup + - o+ ATy g, + Topup, + up = 0. (2.12.26)
Proof. Note that if (A, up) is an eigenpair of T}, then wu;, € Vi, since
Up, = —)\NTN,huh — .= ATy, — T pu,.
The rest of the proof is analogous to the proof of Lemma (2.12.12). O

Observe that Tj,(A) — T'(\) in norm for all A since T, — T} in norm for
j € 40,...,N}. Therefore, for h sufficiently small, T} (£) has a bounded inverse
(because T'(€) has a bounded inverse), and T;,(£)™' — T'(£)™! in norm. See Kato

(1980, p. 196, Theorem 1.16).

Theorem 2.12.27 (Convergence of the Eigenvalues). Assume that (2.12.5)—
(2.12.7), (2.12.14), (2.12.18)<(2.12.20) hold. Then the eigenvalues of problem (2.12.21)

converge to the eigenvalues of problem (2.12.10) as h — 0.

Proof. Recall from the proof of Theorem (2.12.15) that (A u) is an eigenpair of
(2.12.10) if and only if (1/p,u) is an eigenpair of the operator B, where u = X\ — ¢&.

The same method as in the proof of Theorem (2.12.15) shows that (A, uy) is an
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eigenpair of (2.12.21) if and only if (1/p,uyp) is an eigenpair of the operator

_Th<€)71T1/,h R _Th(g)ilT]/V,h
I 0
By = . (2.12.28)
I 0

But B, — B in norm and so the eigenvalues of Bj converge to the eigenvalues
of B. (Recall that if noncompact operators L, — L in norm, then the isolated
points of the spectrum of L, converge. See Descloux, Nassif, and Rappaz (1978).
In our case L, = B;, are polynomially compact and so every point of the spectrum

is isolated.) O

Rate of convergence estimates. Kolata (1976) applied the spectral theory for
compact operators from Osborn (1975) to obtain rate of convergence estimates for
polynomial eigenvalue problems. We do no repeat these estimates here, but will

specialize them to problem (2.11.51) in a remark following Theorem (2.12.69).

Finite Element Discretization and Discrete Inf-Sup Conditions

In this section we discretize the eigenvalue problem (2.11.51) using finite ele-
ments and prove discrete inf-sup conditions for the bilinear forms b* and af.
Let a = 19 < 7 < ... < ry = R be a uniform partition of [a, R] with

R —a = Nh, so that r, = a+nh, n € {0,...,N}. Let Vl"jh, th, and II} be the
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finite dimensional subspaces of V¥, V¥ and IT* defined by
Vi = { (v, i) € VI i for j € {1,2},v] is continuous , v} |, ., is quadratic}
Vo = { (Wi, i, ti) € V5"« for j € {1, 2}, wi is continuous , w} |, ., is quadratic}

I = {pk € II* : py, is continuous Dkl frprnsa] 18 linear} ,
(2.12.29)

for all k € Z. We will approximate the eigenpairs (), (Vi, %, pr)) € C x V¥ x TI* of
problem (2.11.51) by the eigenpairs (A, (vi, ry, pj)) € C x Vi, x II} of the following

problem:

The discrete eigenvalue problem. For each £ € Z, find A € C and 0 #

(Vi e ph) € Vlkh x II§ such that for all (wg, qg, tr) € Vglfh, q € TI¥

)‘20’]5(1.2’ (Ik) + )‘alf((vl}clﬁ I‘Z), (ka Qk,tk)) + alg((vz’ I'Z), (ka qk7tk)) + bk(wk,p2> = O’

bk("z, Qk> = 0.
(2.12.30)

Define

Vi, = {v € [Hy([a, R];C)]* : for j € {1,2},¢ is continuous ,v’|,, ,..,) is quadratic} .
(2.12.31)
We prove two discrete inf-sup theorems for b*, Theorems (2.12.32) and (2.12.47).
Theorem (2.12.32) is a weak version of Theorem (2.12.47) because it requires h to
be sufficiently small. We remove this condition in Theorem (2.12.47).
Discrete inf-sup conditions of the form (2.12.47) for the Fourier-finite ele-
ment discretization of the Stokes equations in axisymmetric domains have been

proved by Belhachmi et al. (2006a, 2006b), among others. In these papers general
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3-dimensional axisymmetric domains are considered. The Fourier decomposition re-
duces the problem to a PDE on a 2-dimensional domain, which is discretized using
finite elements. The discrete inf-sup condition is proved by Belhachmi et al. (2006a)
for the Py-iso-Py/P; element for & = 0 and by Belhachmi et al. (2006b) for the
Py-bubble /P;-discontinuous element for all k. The inf-sup condition (2.12.47) for
the Taylor-Hood Py/P; element can be proved using the same techniques. Since
we are only interested in a 2-dimensional annular domain, however, there is a more
elementary proof, which we present here and which does not require the use of
weighted Clément interpolant operators and other technical tools used by Belhachmi
et al. (2006a, 2006b), although the basic idea is the same. The proof for the case
k = 0 is analogous to the standard proof of the discrete inf-sup condition for the

Taylor-Hood element.

Theorem 2.12.32 (V" satisfies a discrete inf-sup condition). Let k € Z, h > 0.

Let b* be the bilinear form defined in equation (2.11.55). Then for h sufficiently small

(h < ﬁ suffices)

bk
inf sup VeI (2.12.33)
ettt wieVi, [Pkl e | [ W[

where 3 is independent of k and h. If k = 0 there is no restriction on h.
We will need the following lemma.

Lemma 2.12.34. Let k € Z and py € 11}, Then

bk:
sup | (Wkapk)|

> C|upel (2.12.35)
wi eV, HWkHHl

where C' is independent of k and h.
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Proof. Let w; € V},. Since p; is continuous and piecewise linear we can integrate

by parts in the expression for b* to obtain

R R
Ve (Wi, i) = —p/ pilt (ka) — “’“ 2] rdr = p &pkwk rdr + pzk/ pkwk dr

_PZ/

Tn+1

R
,,pkwk rdr + p@k/ pkwk dr.
(2.12.36)

We define a function v, € Vj, as follows. Let vi(r) = 0 and let vi(r) be the

continuous piecewise quadratic function that is uniquely determined by

0 at vertices r,, forn € {0,..., N}
vy = (2.12.37)
hO,p; at midpoints = for n € {0,..., N — 1}.

We can use Simpson’s quadrature rule, which is exact for cubic polynomials, to write

(2.12.36) as

Tn+rn+1 _1 rn+7"n+1 Tn+rn+1
"(Vi, 1) —PE —Tp gt )y, (gt B

(2.12.38)

3B (P

by the definition of v;. Since py is piecewise linear

s 2 Tn+Tn41 2 e rntrnil 2T’n+7“n+1
[ o e = o (g [ = o () g
Tn Tn

(2.12.39)
Combining (2.12.38) and (2.12.39) we find that
" 20h [T 0 2ph 2
b (Vi, pr) = 3 |0y pk|” rdr = THaTPkHHk' (2.12.40)
It is easy but tedious to check that
ol @y < C|0rpi e (2.12.41)
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where C'is independent of k£ and h. Therefore, by (2.12.40) and (2.12.41),

k k
sup |b (Wk;pk:)| > |b (Vk,pk)| > 2ph

= 2 AT 2.12.42
weevi W[ el = 30 19l ( )

]

Proof of Theorem (2.12.32). Recall that, given p, € II¥, the proof of the con-
tinuous inf-sup condition (2.11.57) relied upon the construction of functions u; €

[H}([a, R]; C))? satisfying
(rup)r +ikui = pr,  ||wellg < C/lp |- (2.12.43)

These functions are not piecewise quadratic, however, and so we cannot prove the
discrete inf-sup condition in the same way. Instead we approximate u; by its con-
tinuous piecewise linear Lagrange interpolant Z,uy. Let us recall some properties of

the Lagrange interpolant Z;,. For all f € H'(a, R)

Znfl a1 ar) < Cllfl o1 (0R)
(2.12.44)

1 Znf — flle2@ry < CRl| Il (a.R)-
See, for example, Ern & Guermond (2004, pp. 11-12, Propositions 1.11, 1.12). Then

for all p, € 11

|bk(Wk:apk)’ S |bk(Ihuk>pk)| > ’bk(zhumpk)‘

su by (2.12.44
ot Wil = N Zowllm — Cllugllm (by ( )
_ |bk<ukapk) + b"?(Zhuk — Uy, )|

Cllug|m

(2.12.45)
0" (we, pi)| (0" (Zpug — ug, )|
— Cljagf]m ClJag| |

|bk(Ihuk — uk7pk>|
Cllug|m

> c||pk| |+ — (by (2.12.43)).
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Now we bound the last term on the right-hand side of (2.12.45).

R —_— —_— —_— —_—
V" (Thug — ug, pi)| = ‘p/ pelr(Zhuy — up )l — tkpr(Thui — ui)} dr

’ / —0,pk[r Ihu_,i, - “_/1;)] zkpk(Ihuk - Uk)} dr
< pR|0rpil |2 || Tnwg, — willrz + plk] ||pel| 2 [|Znuy, — ui]] 12
< Ch)|0,pillm|wgl [ + C'lEI ol [ugl [ (by (2.12.44))

bk (wry,,
< ( wp POe2IL ||pk|\m> gl

wiEV) ||vkaH1

(2.12.46)
by Lemma (2.12.34). By substituting for |b*(Z,ux — uy,py)| from (2.12.46) into
(2.12.45) we obtain

|bk(Wk,pk)‘

sup > C(1 — |k|h)||pr|lmx for all p, € TIF.
wieVi [ Wil[m
For h < Lk C(1 — |k|h) > C/2 =: > 0. This completes the proof. O

Theorem 2.12.47 (b* satisfies a discrete inf-sup condition). Letk € Z, h > 0.

Let b* be the bilinear form defined in equation (2.11.55). Then

inf  sup
€Tl wieVi, | [Pk e | [ W]

= B > 0, (2.12.48)

where By is independent of h and is uniformly bounded from below by a positive

constant 3.

Proof. For the case k = 0, Theorem (2.12.47) is equivalent to Theorem (2.12.32),
which we have already proved. Now we consider the case k # 0. Decompose the

bilinear form b* into two bilinear forms b} and b%:

R R
O ((wp, wy), pr) = b5 (wi, pi) + U5 (Wi, pr) = —p/ pr(rwy), dr + ik‘p/ prw? dr.
(2.12.49)
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We will prove inf-sup conditions for the bilinear forms b} and b% and then combine

the results to obtain the inf-sup condition for the bilinear form b*. Define
I1={p:[a,R] — C:pis constant} . (2.12.50)

Each p;, € II¥ can be decomposed as p, = pg + P, where

clIl, po=pe—pecll. (2.12.51)

Therefore TI¥ = TI9 @II. Moreover, IIY is orthogonal to II with respect to the

weighted inner product (-, -)12((q, R],rdr)-

Lemma 2.12.52 (b} satisfies an inf-sup condition). Let 0 £ k € Z, h > 0. Let

by be the bilinear form defined in equation (2.12.49). Then

bk 1
inf  sup LACT:) I (2.12.53)

o€l (w1 0yevy, ||Pol[mo|[w! ||

where (31 is independent of h and k.

Proof. This lemma is just a restatement of Theorem (2.12.47) for the case k = 0,

which we have already proved. O

Lemma 2.12.54 (b5 satisfies an inf-sup condition). Let 0 £ k € Z, h > 0. Let

b5 be the bilinear form defined in equation (2.12.49). Then

bk 2
inf sup M = |k|G2 > 0, (2.12.55)
pett (0,w2)ev;, |[Pl]mx|[w? ] m
where By is independent of h and k.
Proof. Let j € II. Define v3(r) = —1p"(r), where 1"(r) is a continuous piecewise

linear function that equals 1 on a (more or less) fixed part of the interval [a, R]. To
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be precise, let || denote the largest integer that is less than or equal to x and let
[x] denote the smallest integer that is greater than or equal to x. Then we define

the continuous piecewise linear function " (r) by

(

aJ S r S h"2(Rfa)

1 in the interval h| o

3h
Y (r) == 4 0 at the endpoints r = a, R

R—a
3h

|, h[2E] < < R.

is linear in the intervals a < r < h| 37

\

Therefore

2(R—a)p

R
b (vi, p) = pW/ " (r) dr > plpl*(R — a)/3 = o) IBl1%.  (2.12.56)

It is easy to check that

C .
[|vgl] g < WlpHm (2.12.57)

where C'is independent of k. By combining (2.12.56) and (2.12.57) we complete the

proof:

bk 2 = bk 2 = 5
sup | 2(“2} ap)’ > ’ 2(gk7p)‘ > |k|ﬂz||]5||nk for allﬁE 11.
(0,w2)eV;, |[w?|[ g2 |02

Final step of the proof of Theorem (2.12.47). Let p; € IIf. Decompose
Pr = po + P, where pg € IIY and p € IT are defined in equation (2.12.51). By the

inf-sup conditions (2.12.52) and (2.12.54) there exists (v',v?) € V}, satisfying

b1 (v',p0) = llpollfes [0l < 5 [pol e,
(2.12.58)

b (v, 5) = 1Bllf, 10l < g | 1Bl
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(The existence of v! is shown as follows. By Lemma (2.12.52)

sup  [bY(w', po)| = Bil[pollm-
(w',0) € W,

[lwt [ =1

The supremum is clearly obtained. Let (w,0) € V}, be a maximizing function. Then
o' = w||po|[Z /b(w, po) has the desired properties. The existence of v? is shown

similarly.) Let n > 0 be a constant that is to be determined. Then
B ((nv', v?), pr) = bY (o', i) + 05 (0%, i)
= by(nv', po) + U5 (o', B) + b5 (v*, po) + b5 (v?, p)
= 1l [pol[fp. + b5 (0%, po) + |15
(Note that b¥(nv', p) = 0 since p is constant and v'(a) = v'(R) = 0.) Therefore
jald

B (O v%), pi)l = mllpol [7e + 1131 — == 1[0 a1 [pol

~ P~
> ol + 171 — - 51l oo

- p €, 1
> tllpll + 513 — 2 (511 + - linl )

P 2 pe <112
—(n— 1— .
(n 2&526) |lpolle + ( 2a52) ||| 5

Choose € = a—? and n = % + %ﬁ = % + Z;Lﬂ% Then we obtain the bound

(pollres + 118117 ) = 311pxl I (2.12.59)

N | —

‘bk<<nvlvv2)7pk)’ >
since pg is orthogonal to p in II¥ = L?([a, R];rdr). Finally, we need to estimate
(", v*)| |-

2
U L
(ot o) = (ot [T + 110?13 < 5llpol [fo + —‘k‘gﬁﬂlpll%k
1 2

< {"2 1 }<|| B+ 151120) {”2 ! }H I
< max{ =, ———— ¢ (||p Pllf) = max < = ———— b |[p |7
27 k22 T 1 %IkPﬂ%( “’“)
2.12.60
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Define

B = ! : (2.12.61)

o1
2 max {ﬁl’ Iklﬁz}

Combining (2.12.59)—(2.12.61) we obtain the desired result: for k # 0, for all p, € T}

0% (Wi, pie)| - Ok ((not, v?), pi)|

sup > = B ||pw |-
o Twall = ol P
Observe that for |k| large enough
B
ﬁk - 277 - 57
which is independent of k. Il

It follows immediately from Theorem (2.12.47) that

: 0" (Wi, i)
inf sup
e O SRR | o P [T T [

= B, > 0. (2.12.62)

For k € Z, define

Zﬁh = {(Vkark) S ‘/fh : bk(vlmpk) = 0 for all Dk € HZ}?
Zg,h = {(wg, a, tr) € Vzlfh :0M(wi, pi) = 0 for all py € T},
Theorem 2.12.63 (a} satisfies a discrete Garding-type inf-sup condition).

Let k € Z. The bilinear form af defined in Theorem (2.11.64) satisfies the discrete

inf-sup conditions

in sup G ((vie ), (Wi s 6))] = 0 > 0, (2.12.64)

(Vi,Tx) € th (Wk, Qk, ti) € Z;h

0 llve =1 [ (who e i)y = 1

(Wku qk;tk> =0 Zf dg((vkv rk)v (th qkutk)> =0 fOT all (Vka rk) € Zﬁh' (21265)
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Proof. This is similar to the proof of Theorem (2.11.64) and is left as an exercise.
(In fact the proof is simpler. We just need to check uniqueness of solutions to the

finite-dimensional version of equation (2.11.70).) O

Convergence of the Numerical Method

In this section we apply the abstract spectral approximation theory to eigen-
value problem (2.11.51) and its discretization (2.12.30). We prove another spectral
theorem of the form (2.10.23) and show that the finite element approximation of
the eigenvalues converges.

Define the bilinear form

*((Viey Ty D), (Wi, Gy by Gi)) = (Vi T), (Wi, i, b)) + 05 (Wi, i) + 87 (Vi i),

(2.12.66)
where a§ and b* were defined in equations (2.11.65) and (2.11.55). Let C¥ be the
constant introduced in Theorem (2.11.64). Then the weak formulations (2.11.51)

and (2.12.30) can be written in the form:

Equivalent formulation of the continuous eigenvalue problem (2.11.51).
For each k € Z, find A € C and 0 # (v, r,pr) € V{¥ x II* such that for all

(W, A, tr, gx) € Vi x IIF

Ck((Vkark;pk>> (W, Ok, tre, 1)) = _>\2a§(rk7%) - )\a’f((vk,rk), (W, ai, tr))

R 1 ) h— —_—
+Cp (/ {vpwy + viwi} dr + g + r,%q,3> . (2.12.67)
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Equivalent formulation of the discrete eigenvalue problem (2.12.30). For
each k € Z, find A € C and 0 # (vi,r},p) € Vi, x IO} such that for all

(Wi, dis e, i) € Vzlfh x I

Ck((VZJ r27p2)7 (ka qk, tka qk)) - _/\20’126(1.27 qk) - /\(lf((VZ, rZ)v (Wk, Ak, tk))

R PR QE— JE— JE—
+ Cg </ {v,i’hw,i + vi’hwz} dr + r,i’hq,i + rZ’hq,z> (2.12.68)

For each k € Z, we will apply the abstract spectral approximation theory from
section (2.12) to the eigenvalue problem (2.12.67) and its discretization (2.12.68)

with
R — — — —
A=c" By=-d, B =-d B, = Cg (/ {viw} + viw?} dr + riq) + riq,ﬁ)
a

It is well-known that the continuous and discrete inf-sup conditions for ¢* follow from
those for af and b*, which we proved in Theorems (2.11.56), (2.11.64), (2.12.47) and
(2.12.63). See Ern & Guermond (2004, p. 101, Proposition 2.36) or Brezzi & Fortin
(1991). It follows from Theorem (2.10.5) that not every complex number is an
eigenvalue of (2.12.67). Therefore hypotheses (2.12.6), (2.12.7), (2.12.14), (2.12.18),

and (2.12.19) of Theorem (2.12.27) are satisfied and we have proved

Theorem 2.12.69 (Characterization of the spectrum of (2.12.67) and con-
vergence of the finite element approximation of the eigenvalues.). The
problem (2.12.67) has a countable set of eigenvalues with infinity as its only possible

accumulation point. The eigenvalues of problem (2.12.68) converge to the eigenval-

ues of problem (2.12.67) as h — 0.
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Characterization of the spectrum for viscoelastic strings. Theorem (2.12.69)
applies to both the elastic (N = 0) and viscoelastic (Nj # 0) cases. (Recall that
Theorem (2.10.23) applied onto to the elastic case.) In particular, for Ny # 0 and
each k, the spectrum of (2.12.67) is countable. It follows that for N3 # 0 the spec-
trum of the original problem (2.9.12) is the countable union of countable sets and
so is countable. This Fourier method does not, however, eliminate the possibility of

a finite accumulation point.

Rate of convergence estimates. Since the eigenfunctions of (2.12.67) are smooth
and we are using Py /Py elements, applying the results of Osborn (1975) and Kolata

(1976) yields the rate of convergence estimate |\ — ;| < Ch* for simple eigenvalues.

2.13 Computation of the Spectrum

The eigenvalues of the discrete problem (2.12.30) were computed using MAT-
LAB. In this section we present our results and discuss some of the computational

1ssues.

Constitutive functions and material constants. Up until now we have been
working with a broad class of constitutive functions. To compute the spectrum we

must choose a constitutive function N. We choose

A

N(v) = Eh(v — 1), (2.13.1)

where FE is the modulus of elasticity and A is the thickness the string. Note that N
is linear in the strain variable v, but not in the displacement r. Equation (2.13.1)
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is sometimes referred to as the generalized Hooke’s law. This constitutive relation
does not penalize compression. Since we only consider the linearization of N about
a stretched state v = R, however, we do not need an accurate model of the tension
for materials under compression.

In addition to choosing a constitutive function we must also choose values
for all the numerical constants. These are listed in Table (2.13.1). We chose the
fluid to be water and the deformable body to be either steel or a soft, rubber-like
material. The ratio of the radius of the inner cylinder to the radius of the outer
cylinder is close to the value used by G.I. Taylor in his experiments on the classical

Taylor-Couette problem in the 1920s.

Radius of Rigid Cylinder a 0.75 m
Radius of Deformable Cylinder R 1.0l m
Density of Water P 1000 kg/m3
Dynamic Viscosity of Water i | 1.002 x 10% kg/ms
Thickness of Deformable Cylinder | A 27/1000 m
Density of Steel 0s 7850 kg/m?
Density of Rubber 0r 920 kg/m?
Modulus of Elasticity of Steel E 207 GPa
Modulus of Elasticity of Rubber | E\ 0.01 GPa

Table 2.13.1: Values of the numerical constants used for the computation.

Recall that the constant (pA) is the mass density of the string per reference
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length. Since h is small we take (pA) := ph.

Results. Figures (2.13.1)—(2.13.3) show plots of the eigenvalues of (2.12.30) mov-
ing around the complex plane as w is varied. In Section 2.10 we proved that all
the eigenvalues that cross the imaginary axis must cross through the origin, but
we did not prove anything about the way that they crossed. Our numerical results
show that, for the constitutive function and numerical constants given above, the
eigenvalues cross through the origin in complex conjugate pairs, signaling a Takens-
Bogdanov bifurcation. We exhibit convergence rates for the eigenvalues in Figure

(2.13.4).

Eigensolver. By introducing basis functions for the finite dimensional spaces ap-
pearing in equation (2.12.30) we obtain a matrix quadratic eigenvalue problem of the
form \2Cox + \Cx + Cyx = 0, which we solve using the MATLAB function polyeig.
Polyeig first reduces the quadratic eigenvalue problem to a generalized eigenvalue
problem of the form Ay = ABy, where the matrices A and B are twice the dimen-
sion of the matrices Cy, C}, and Cy. This reduction is done by introducing a new
variable w = Az and by defining y” = (w”, z7). Then the generalized eigenvalue
problem is solved using the direct QZ algorithm of Moler & Stewart (1973). The
number of operations is O(M?3), where M is the dimension of the matrices A and B.
In our case M is of the order of 250 (for N = 25 mesh points) and the eigenvalues are
returned within less than half a second on a 2.80GHz Intel Pentium 4 with 512MB

of memory (this includes the time to build the matrices).

101



Im(\)
o

_6 I L L L L
02 0 02 04 06 08 1 12 14 16
Re(\)

Figure 2.13.1: Trajectories of the leading eigenvalues A\ for a rubber string, Fourier
modes |k| € {1,2,3,4}, and angular velocities w € [0,2.5]. The color of each trajec-
tory changes from blue to red as w changes from 0 to 2.5. The eigenvalues cross the
imaginary axis in order of Fourier mode: If wq;(k) denotes the critical value of w
for Fourier mode k, then 0 = wepit (1) < wWerit(£2) < weig(£3) < -+ +. The domain

la, R] of the fluid velocity and pressure was partitioned with N = 25 equally spaced

mesh points.
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Figure 2.13.2: Trajectories of the top 4 eigenvalues A (sorted by decreasing real part)
for a rubber string, Fourier modes |k| = 2, and angular velocities w € [0,2]. The
color of each trajectory changes from blue to red as w changes from 0 to 2. The blue
region in the 2nd quadrant shows that two eigenvalues start from the same point
when w = 0. As w is increased one of these eigenvalues moves toward the origin and

the other moves up and then left. N = 25 mesh points were used.
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Figure 2.13.3: Eigenvalue trajectories for Fourier modes |k| € {1, 2,3} and angular
velocities w € [0,50]. The 10th eigenvalue of each Fourier mode is plotted (where
the eigenvalues are ordered by decreasing real part). The color of each trajectory
changes from blue to red as w changes from 0 to 50. These results are for a rubber

string. N = 25 mesh points were used.
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Figure 2.13.4: This log-log plot exhibits the fourth order convergence rate of the
first three eigenvalues Ay, Ao, and A3 for a rubber string, £ = 1, and w = 5. The

true value of each eigenvalue was approximated using N = 100 mesh points.
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The QZ algorithm returns all of the eigenvalues of a given matrix. For larger
problems, such as those arising from the discretization of partial differential equa-
tions on 2- or 3-dimensional domains, an iterative method is needed and not all
the eigenvalues can be computed. Popular iterative methods include the implicitly
restarted Arnoldi method (see Lehoucq et al. (1998)) and inexact inverse iteration
(the inverse power method with updated shifts and inexact linear solves). The
Arnoldi method returns just a few of the eigenvalues of largest magnitude. Thus
to solve stability problems we must first transform the eigenvalue problem so that
the eigenvalues of largest real part are mapped to eigenvalues of largest magnitude.
This can be achieved using the exponential map or a shift-and-invert transforma-
tion. Inexact inverse iteration returns just one eigenvalue, the eigenvalue closest
to a given point. In either case, whether we use the Arnoldi method or inexact
inverse iteration, a large sparse linear system must be solved. Solving the system
with a Krylov subspace method requires an effective preconditioner. The numerical

solution of large scale eigenvalue problems is an active area of research.

Basis for II). Recall that II) is the space of continuous piecewise linear functions
p(r) on the uniform grid a = ro < 1 < ... < ry = R satisfying the zero mean
condition faRp(r)r dr = 0. See (2.11.50) and (2.12.29). Let {¢;}Y, be the usual hat
functions, which satisfy ¢;(r;) = d;;. These do not satisfy the zero mean condition

and so do not form a basis for I19. We modify them as follows. Define

faR p; rdr .
—s— = Y; — C.
fR rdr 4

a

Pi = Qi —
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Then ¢; € I1). Tt is easy to check that {p;} is not linearly independent and so not
a basis for TI9, but that a basis can be obtained by dropping any one of the functions
@i We drop ¢x to obtain the basis {¢;}1*;!. Note that for all i € {0,..., N} and

(WO> Y0, tO) € ‘/20

b’ (wo, ;) = b%(wo, §;) — cib®(wo, 1)
R
= 19w, ) +eip [ () dr
a (2.13.2)
= b%(wo, P;) + CiP[w_é(R)R - w_(l)(a)a]
= bo(“’o; 951‘)

since w}(a) = wd(R) = 0. Similarly, for all i € {0,..., N} and (vg, o) € V}
b (vo, i) = 1°(vo, &) + cip vl (R)R. (2.13.3)

Note that vj(R) is not necessarily equal to zero a priori. However, rj = 0 and
the weak formulation (2.12.30) enforces the adherence condition vi(R) = Arj = 0.
Therefore by (2.13.2) and (2.13.3) we see that the discretization matrices for grad
and div do not change if we use the modified basis {¢;}X ;' instead of the original

hat functions {@;}¥, (except that we have one less basis function and so one less

column or row in the matrices).

Accuracy check. The accuracy of the code was verified using the following four

methods:

(i) We checked that the Laplacian, divergence, and gradient operators for the fluid

had been discretized correctly by using the discretization matrices to solve the
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(i)

eigenvalue problems
—divD(v) =Xv in 2={x:a<|z| < R},

v=>0 on 042,

and

A =—-Vp+Av in {2,
divv =0 in {2,
v=0 ondf
(Note that the second eigenvalue problem is Stokes eigenvalue problem.) We
compared our results to those produced by the commercial software COMSOL

Multiphysics. They were in good agreement.

Theorem (2.10.21) gives an exact formula for the critical values of w, weis,
which satisfy A(weit) = 0. The computed values of A(wei;) are reported in
Table (2.13.2). We see that in the worst case the computed value of A(werit)

is of the order 1078.

In Section 2.10 we showed that the Fourier mode k£ = 0 has eigenvalue A = 0
for all w. The MATLAB program exhibits this property. In fact, for & = 0,
the leading eigenvalue that is returned is exactly equal to zero (to machine

precision).

For the case k = 0 it is possible to use Bessel functions to reduce the quadratic
eigenvalue problem to a nonlinear scalar equation for A. This algebraic equa-
tion can then be solved using the MATLAB function fsolve. Table (2.13.3) dis-
plays the eigenvalues computed with the finite element method with N = 100
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steel rubber

k Werit computed value of A(werit) | Werit computed value of A(werit)

1 0 5.2828 x 1078 0 1.3604 x 10712

2 | 185.8218 | (0.0009 — 7.7706i) x 1078 | 1.3450 | (—0.0126 + 6.6488i) x 107!

3| 303.4312 | (0.8547 — 5.69344) x 1078 | 2.1964 | (3.6084 — 4.32167) x 1072

4| 415.4623 | (0.3408 — 5.16507) x 105 | 3.0075 | (—3.9973 — 8.11334) x 10~12

Table 2.13.2: Accuracy check. Critical values of w (computed using formula
(2.10.19)) tabulated against the computed values of A(weit). The exact value of
M Werit) 1s zero. The eigenvalues were computed with N = 50 mesh points. In fact,
the same order of accuracy can be achieved with only N = 2 mesh points since the
eigenvalue A = 0 has corresponding eigenvector (v, g, pr) = (0,11,0) € VIF x T1¥,

which belongs to the finite-dimensional subspace Vi, x II}; for all h.
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mesh points against those computed using the Bessel method. We see that, ex-
cept in one case, the eigenvalues agree to six decimal places (using chopping).
Since it is highly unlikely that the two different numerical methods would agree
on unconverged digits, we conclude that the Fourier-finite element algorithm
with N = 100 mesh points and QZ eigensolver produces eigenvalues that are
(in general) accurate to six decimal places. This is the best accuracy that we
could hope for because the discretization matrices were constructed using a

quadrature rule with a tolerance of 107°.

We briefly outline how to use Bessel functions to obtain the nonlinear equation
for \. We return to the classical form of the eigenvalue problem in polar
coordinates, equations (2.9.3)—(2.9.9). Since k = 0, all the fluid variables
are independent of ¢ and all the string variables are independent of s. The
incompressibility condition (2.9.3)3 implies that ru is constant. But u(a) =0
by (2.9.7). Therefore v = 0. Substituting v = 0 into the Navier-Stokes
equation (2.9.3); determines p in terms of v up to a constant. The Navier-

Stokes equation (2.9.3); reduces to an equation for v:
Av =7y (vm« T i) . (2.13.4)
T

This has general solution

o(r) = I (Fr) + yYa(Br), B = —3, (2.13.5)

where j and y are constants, and J; and Y; are Bessel functions. See Jahnke

et al. (1960). Note that ¢ = 0 by the area side condition (2.9.9). The pressure
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constant can then be found in terms of ¥ and A\ from the linear momentum
equation (2.9.5):

pp(R) = —2wpeAN. (2.13.6)

It follows that 1) # 0 else v = p = 0 and so A is not an eigenvalue. Since ) # 0
we can choose it to equal 1 (we are just choosing the eigenvector scaling).
Substituting 1 = 1 into the boundary conditions (2.9.7) and (2.9.8) gives a

pair of linear equations for the constants j and y in terms of j:

v(a) = jJi(Ba) + yYi(Ba) =0,
(2.13.7)
v(R) = jJ1(BR) + yY1(6R) = AR = —y3°R.
Differentiating (2.13.5); with respect to r, setting r = R, and using (2.13.7)
yields

v, (R) = BliJo(BR) + yYo(BR)] + 6 (2.13.8)

We have applied the standard differentiation formula for Bessel functions:
Zi(2) = Zo(z) — 1Z1(z), where Z = J or Y. Finally, substitute (2.13.7)s,
(2.13.8), u = ¢ =0, = 1, and A = —y3? into the linear momentum equation

(2.9.6) to arrive at a nonlinear equation for [:

V2 BtoA = =2fry3* — [iBl5(8)Jo(BR) + y(B)Yo(BR)]. (2.13.9)

After solving this equation numerically for 3 we can recover A = —v3?. Notice
that w does not appear in equation (2.13.9) (neither does the constitutive

function). Therefore the eigenvalues A are independent of w when k = 0.
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A (steel) A (rubber)

FEM Bessel FEM Bessel
—0.01701808 | —0.01703582 | —0.02361765 | —0.02361795
—0.23705989 | —0.23705961 | —0.30262021 | —0.30262018
—0.70478409 | —0.70478465 | —0.85894234 | —0.85894250
—1.44478884 | —1.44478838 | —1.69386639 | —1.69386600

Table 2.13.3: Accuracy check. The first few eigenvalues for Fourier mode k& = 0 (the
eigenvalue A\ = 0 is omitted). The eigenvalues were computed using both the finite
element method (FEM) and by using Bessel functions (Bessel) to obtain a nonlinear
equation for A, which was solved using the MATLAB function fsolve. N = 100 mesh
points were used for the finite element method. As an initial guess for the function
fsolve we took the value returned by the finite element method, rounded to one
significant figure (except for in the last row of the steel column where, in order for
fsolve to find the correct zero, we took initial approximation -1.4). Since for k = 0
the eigenvalues are independent of w, we chose w = 0. Note that in practice the

eigenvalues vary with w due to round-off error.
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Infinite eigenvalues. By introducing basis functions for the finite dimensional
spaces appearing in equation (2.12.30) we obtain a matrix quadratic eigenvalue

problem of the form

NCFx 4+ \CFex 4+ Chx =0, (2.13.10)
where
Ak Bk Ak 0 Ak 0
Ch = . CF = . Ch = : (2.13.11)
BF 0 0 0 0 0

The matrices Af, A¥ A% and B* correspond to the bilinear forms af, af, a5, and

b*. Let N be the number of mesh points, which satisfies N = (R — a)/h. For
k # 0 the matrices A¥ have dimensions (4N + 2) x (4N + 2). B* has dimension
(AN 4 2) x (N +1). We do not present the case k = 0, which is similar. The vector

2 has the form

z Vi
x = , where z = : (2.13.12)

Pk Iy

We can rewrite equation (2.13.10) in the form
Chx + \'CFzx + \2Clz = 0. (2.13.13)

Setting z = 0 in (2.13.13) yields

0
AT208 = : (2.13.14)
Dk 0

But C¥ is nonsingular. Thus equation (2.13.14) can only be satisfied if A = oo.
We say that (2.13.10) has an infinite eigenvalue. Infinite eigenvalues occur for any
polynomial eigenvalue problem of the from \"C,x + --- + A\Cix + Cyx provided
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that Cy is nonsingular and at least one of the C; is singular, for i # 0. (Stewart &
Sun (1990) elegantly avoid the use of infinity: Instead of considering the generalized
eigenvalue problem Ax = ABx, they consider the problem fAx = aBx, where the
eigenvalues are defined to be the pairs [, 3] € CP!. The case 3 = 0 corresponds to
A = 00.)

Counting the number of infinite eigenvalues (and therefore the number of finite
eigenvalues) is tricky. For example, consider the generalized eigenvalue problems

Ax = \B;x with A upper triangular and

010 000 000
Bi=10 0 1|, Bo=100 1|. Bs=1|0 0 ol- (2.13.15)
000 000 000

In each case the eigenvalue problem Axz = AB;x has 3 infinite eigenvalues and no
finite eigenvalues. Note that dim(ker(B;)) = 1, dim(ker(Bs)) = 2, dim(ker(B3)) =
3, so the dimension of the kernel of B; does not determine the number of infinite
eigenvalues. Moreover, if A is not upper triangular, then all we can say is that the
number of infinite eigenvalues is greater than or equal to the dimension of the kernel
of B;.

Cliffe et al. (1994) consider eigenvalue problems of the form

Cx =Dz (2.13.16)
with
AO B Al 0
C = , D= (2.13.17)
B* 0 0 0
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where Ay is nonsingular of dimension n x n, A; is symmetric positive definite of
dimension n x n, and B has rank m and dimension n x m. Eigenvalues problems of
this form arise in the finite element discretization of Navier-Stokes equations. It is
shown that eigenvalue problem (2.13.16) has n—m finite eigenvalues and 2m infinite
eigenvalues (note that C' and D have dimensions (n + m) X (n +m)). This result
can be extended to eigenvalue problem (2.13.10). Recall that B* has dimension

(4N +2) x (N +1). Denote the QR factorization of B* by

B* = QR = [Ql Qz} & : (2.13.18)

0
where () is orthogonal, R is upper triangular, R, is upper triangle and nonsingular
of dimension (N +1) x (N + 1), @, has dimension (4N +2) x (N + 1), and ()3 has
dimension (4N + 2) x (3N + 1). Using the same methods as in Cliffe et al. (1994)

we can reduce equation (2.13.10) to the (3N 4 1) x (3N + 1) system
NQ3A5Q2 + ANQATQs + Q5 A5Q2 = 0. (2.13.19)

The eigenvalues of (2.13.19) are eigenvalues of (2.13.10), and the finite eigenvalues
of (2.13.10) are eigenvalues of (2.13.19). We have eliminated 2(/N + 1) infinite eigen-
values by reducing (2.13.10) to (2.13.19). Since A% is singular, however, equation
(2.13.19) still has some infinite eigenvalues. The dimension of the kernel of A% equals
4N. Numerical results show that dim(ker(Q3A5Q,)) = 3N — 1 and that equation
(2.13.19) has 3N + 1 infinite eigenvalues and so 3N + 1 finite eigenvalues (6N + 2
eigenvalues in total). Therefore eigenvalue problem (2.13.10) has 5N + 3 infinite
eigenvalues and 3N + 1 finite eigenvalues (8 N 4 4 eigenvalues in total).
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Why are we interested in infinite eigenvalues? It is well-known that the per-
turbation of infinite eigenvalues due to round-off errors can give rise to spurious
eigenvalues, which are values returned by the ()7 algorithm that do not satisfy the
given eigenvalue problem. Moreover, spurious eigenvalues may not be large in mag-
nitude and so can be difficult to distinguish from finite eigenvalues. We describe
techniques for the stable computation of infinite eigenvalues.

Consider the generalized eigenvalue problem Ax = ABx, where A is non-
singular and B is singular. (Note that any polynomial eigenvalue problem can be
reduced to a generalized eigenvalue problem.) This problem has infinite eigenvalues
(the number being greater than or equal to dim(ker(B))). A stable way to compute
the infinite eigenvalues is so solve the equivalent system Bx = pAx, where p = 1/\.
The infinite eigenvalues A = oo are mapped to zero eigenvalues p = 0.

The reduction of eigenvalue problem (2.13.10) to (2.13.19) described above
eliminates some, but not all, of the infinite eigenvalues, and so reduces the likelihood
of spurious eigenvalues. This reduction technique, derived by Cliffe et al. (1994) for
eigenvalue problems of the form (2.13.16), was originally intended as an analytical
tool for counting the number of eigenvalues rather than as a computational tool (as
we use it). For larger matrices it is not practical to perform the QR decomposition
that is necessary to obtain reduced equations of the form (2.13.19). Instead Cliffe et
al. (1994) introduce a three-parameter family of shifted eigenvalue problems, which
allows the finite eigenvalues of (2.13.16) to be shifted and the infinite eigenvalues to
be mapped to any desired location. Thus if one is only interested in the eigenvalues

of largest real part, as for stability problems, then the infinite eigenvalues can be
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mapped far away from the origin so that their perturbations will not be mistaken for
finite eigenvalues. We are not able to apply this technique to our problem (2.13.10),
however, since the matrix A% is singular and so an additional source of infinite
eigenvalues (in addition to the infinite eigenvalues arising from the saddle-point

structure of the equations).
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Chapter 3
Cylindrical Motions of the Shell: The Ring Model

3.1 Introduction

In this chapter we continue our study of cylindrical motions of the deformable
shell. Instead of modelling a horizontal cross section of the shell as a deformable
string, which has only stretching stiffness, we model it as a deformable ring, which
has stretching, bending, and shearing stiffness. We do not repeat all the steps of the
previous chapter; we do not characterize the spectrum of the quadratic eigenvalue
problem, prove theorems about eigenvalue crossings, design a convergent numerical
scheme by proving inf-sup conditions, or compute the spectrum, but we do enough
to recover the same behavior observed in Chapter 2: We find that the rigid Couette
solution is unstable for all w > 0.

We study the motion of a viscous incompressible liquid in the region between
a rigid circular disk of radius a < 1 rotating at a prescribed angular velocity w and
a viscoelastic ring whose natural state is circle of radius 1. The motion of the ring
is not prescribed, but responds to the forces exerted on it by the moving liquid; the
rigid disk drives the liquid, which in turn drives the deformable ring. We find a
rigid Couette steady solution of this coupled system and analyze its stability with

respect to the bifurcation parmeter w.
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3.2 Formulation of the Equations for the Ring

In this section we briefly specialize the planar rod theory from Antman (2005,
Chapter 4) to rings. This geometrically exact theory, known as the special Cosserat

theory for rods, accounts for flexure, extension, and shear.

Geometry of deformation

The reference configuration of the inner bounding curve of the ring, the part

in contact with the fluid, is a circle of radius 1, given parametrically by

ro(s) = e(s). (3.2.1)

We refer to 7° as the base curve of the ring. The arc-length parameter s € [0, 27|
identifies material points of the ring, with the points 0 and 27 identified. The
position of material point s at time ¢ is r(s,t). The curve r(-,t) is assumed to lie in
the {2, 7 }-plane for each t. Its parameter s need no longer be arc-length; we allow
the base curve to stretch.

The ring represents a thin 2-dimensional annulus. Consider the material fiber
(or cross section) of the annulus that is normal to the base curve at r°. This lies
on the line spanned by d°(s) := —e;y(s). At time ¢ the fiber will have deformed and
may no longer be straight. We introduce a unit vector d(s,t) to characterize some
average orientation of this material fiber at time ¢. Alternatively, we can think of
the rod theory as describing thin bodies undergoing motions in which the material

fibers are always straight, with the orientation given by —d(s,t). We call d the
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director. Define

a(s,t) =d(s,t) x k. (3.2.2)

The basis {a(s,t),d(s,t)}, since it corresponds to material properties, is the most
natural basis for our problems. (In Antman (2005, Chapter 4) this basis is denoted
by {a(s,t),b(s,t)}.) Since this basis is orthonormal we can introduce a function

0(s,t) by

a(s,t) =cosO(s,t)i +sinf(s,t)j = e (0(s,t)),
(3.2.3)

d(s,t) = —sinf(s,t)i + cosl(s,t)j = ex(0(s,1)).

The configuration of the rod at time ¢ is the pair {r(-,t), d(-,t)}, or equivalently
{r(-,1),0(-,t)}, a parametrized curve equipped with a unit vector at each point. The
advantage of using a rod theory rather than the 2-dimensional theory of continuum
mechanics is that there is only one spatial variable, s, rather than two. This is at
the cost of introducing the extra unknown function d.

All geometrical quantities in the reference configuration are denoted by the
superscript o. We choose s so that 0°(s) = s+ 7.

The strains v(s,t), n(s,t), u(s,t) are defined by

rs =:va+nd, 0s =: p. (3.2.4)

In the reference configuration they take values

=1 n°=0, p =1L (3.2.5)

Although imprecise, it is useful to think of v and p as measuring stretching and

bending of the base curve, and 7 as measuring shearing of the material fibers. If
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there is no shearing, n = 0, then v really does measure stretching: v = |ry|. If the
material is not stretched or sheared, v = 1 and n = 0, then u = k, the (signed)
curvature of r(-,t). If n = 0, then x = p/v. The strains {v,n, u} are invariant
under rigid motions and determine the configuration of the ring {r,d} up to a
rigid motion. The set of strains could be any set of functions satisfying these two
properties. The choice of {v,n, u} has proved convenient for analysis.

Let h be the thickness of the 2-dimensional annulus represented by the ring.
To ensure that distinct cross sections of the ring never intersect and that the local
ratio of deformed to reference length of the ring be everywhere positive, we stipulate

that

—hu(s)  for u(s) <0,
v(s) > max{—hu(s),0} = (3.2.6)

0 for pu(s) > 0.

This condition is derived from 2-dimensional continuum mechanics. See equation
(3.2.14).

We require that the configuration satisfy the periodicity conditions

r2mt) = r(0,t),  0(2m,t) = 0(0,t) + 2. (3.2.7)

Sometimes it will be convenient to work in polar coordinates. We define functions

q(s,t) == |r(s,t)| and ¥(s,t) € [0,27) by

r(s,t) =: q(s,t)e1(YP(s,t) + wt). (3.2.8)
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Mechanics

Let n(£,t) be the internal contact force exerted at time ¢ by the material of
the ring with s € (£, £ + €] on the material of the ring with s € [{ — ¢, &] where € is
a sufficiently small positive number and this interpretation is independent of €. Let
f(s,t) be the force per unit reference length exerted by the fluid on material point
s of the ring at time t. We give an expression for the force f in Section 3.4. The

ring obeys the Balance of Linear Momentum Law

ng + f = QArtt + Q]dttv (329)

where (0A)(s) and (oI)(s) may be regarded as the mass and first moment of mass of
the ring per unit reference length. These along with the linear momentum terms on
the right-hand side of (3.2.9) require motivation from the theory of 2-dimensional
continuum mechanics and are derived below. The left-hand side of equation (3.2.9)
can be derived from a free-body diagram without relying on the 2-dimensional the-
ory.

We introduce the resultants N(s,t), H(s,t) by

n=Na+ Hd. (3.2.10)

N and H may be thought of, somewhat imprecisely, as the tension and shear force
in the ring. Substituting (3.2.10) into (3.2.9) and taking the dot product with a

and d we obtain the componential form of the linear momentum law:

Ny —pH +f-a=0Ary - a+ oldy - a,
(3.2.11)

Hi+uN+f-d=pAry-d—+old, - d.
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Let M(&,t) k be the internal contact couple exerted at time ¢ by the material
of the ring with s € (£,£ + €] on the material of the ring with s € [£ — ¢,£] where
¢ is a sufficiently small positive number and this interpretation is independent of €.

The Balance of Angular Momentum Law for the ring is

MS + vH — 77N = erett - Q[ Ty - Q, (3212)

where (0J)(s) may be regarded as the second moment of mass of the ring per unit

reference length.

Motivation from 2-Dimensional Continuum Mechanics

We consider a 2-dimensional body whose reference configuration is an annulus
of inner radius 1 and outer radius 1 + A, which consists of all material points of the
form p° = (1 —&)e(s) with s € [0,27], —h < £ < 0. We consider motions of this
annulus in which the material point with coordinates (s,€) is constrained so that

its position at time ¢ has the form

p(s,&,t) = r(s,t) +£&d(s,t). (3.2.13)

The Jacobian of the transformation p is

(ps X pe) -k ={[(va+nd —E{pa)]l xd} -k =v—Ep. (3.2.14)

The requirement that this be positive for all £ in [—h, 0] gives (3.2.6).

The time-derivatives of the linear and angular momenta per unit of s for such

an annular body of constant reference mass density o undergoing a motion of the
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form (3.2.13) are

& emtsena-gue (3215)
= [ ) + a0 - ) g

—: 0 Ar(s,) + el du(s.1),

< igk-[p<s7£,t)><pt<s,£,t>]<1—£>df (3.2.16)

_ / ok - [p(s5,6,1) % pu(s, &,0)](1 — €) de

—h

=/ ok - {[r(s, 1) +&d(s,1)] x [ru(s, t) + Edu(s, )]} (1 - §) dE

—h

=: Ak - [r(s,t) X Tu(s,t)] + oLk - [r(s,1) X dy(s,1)]

+olk - [d(s,t) X Tu(s,t)] + oJk - [d(s,t) X dyu(s,t)]

with
0
gAz/ o1 — £)dé = oh(1 + 1),
—h

0
ol = /h 0€(1 — &) dg — Loh*(1 + 2h), (3.2.17)

oJ = /i 0€*(1 — &) d€ = 50h°(1 + 3h).

The factor 1 — £ in the integrals is the Jacobian of p°. Note that d x dy; = 0k.
Let 7(so,&,t) denote the force per unit reference length of the material line

{(1—=&)ei(so)} at (s, &) exerted by the material with coordinates s € (sg, so + &™)

on the material with s € (sg — €7, s¢] for all small positive e*. Then the internal

contact force exerted across this section is

n(so,t):/ (50, 6,1) (1 — £) de, (3.2.18)

—h
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and the resultant torque of this force about (s, ) is

M (s0, 1)k = / P (50,6.8) — (50, 1)] x 7(s0,€,1) (1 — £) d
(3.2.19)

= d(s0,1) /&so,ft (1—¢)de.

Suppose that the ring is subjected to an external force in the {%,j}-plane
acting on the base curve r(-,t) with intensity f per unit of s. Then its contribution
to the total force on the material segment {(1—&)e;(s) : 51 < s < 89, —h <& <0} s
f52 f(s,t) ds and its contribution to the total torque about 0 is f;f r(s,t)xf(s,t)ds
We assume that there are no other external forces acting on the ring.

The requirement that the resultant force on any segment of the ring equal
the time-derivative of the linear momentum gives the integral version of (3.2.9).
The requirement that the resultant torque on the segment [s1, ss] equal the time-

derivative of the angular momentum gives
M(Sg,t) + k- ['I"(Sg,t) X n(sZ,t)] — M(Sl,t) — k- ['I"(Sl,t) X n(sl,t)]

+ k- / r(s,1) x f(s.1)ds
o (3.2.20)

_ / k- {0A[r x (s, )] + oI[(s,1) X du(s,?)]

s1

+ ol[d(s,t) X ryu(s,t)] + oJ[d(s,t) X dy(s,t)]} ds.
Differentiating this equation with respect to s and then using (3.2.9) yields (3.2.12).
Note that f makes no contribution to (3.2.12) because it is applied to the image

r(s,t) of the base curve.
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The Constitutive Equations

We assume that the ring is uniform in which case pA, ol and o.J are indepen-
dent of s, and the constitutive functions are independent of s. The ring is said to

be viscoelastic of strain-rate type if there are functions

v, s 030, e N (v, 0,0, ), H (v, 0,0, ), M(v,n, v, 1) (3.2.21)

such that

N(s,t) = N(v(s,t),n(s,t), u(s,t), v(s,t), (s, 1), (s, 1)), ete. (3.2.22)

The superposed dots on the last three arguments of (3.2.21) have no operational
significance; they merely identify the arguments of the constitutive functions that
are to be occupied by the time derivatives of v, 7, u. This form of the constitutive

functions can be derived by starting with constitutive functions of the form N =

A

N(r,rs, 1, d, ds, d;, t) and applying the Principle of Frame-Indifference. We assume
that these constitutive functions are sufficiently smooth for our purposes.

We assume that the monotonicity conditions hold:

~ A

(N, H, M) (N, H, M)
v, m, N

~

O(N, H, M)
R

the matrices
1)

are positive-definite. (3.2.23)

(These follow from the Strong Ellipticity Condition of 2-dimensional nonlinear elas-

ticity.) It is expected that an extreme strain be accompanied by an extreme stress.
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Therefore we stipulate that the constitutive functions satisfy the growth conditions

. +00 +00
N(”?U:M)D7ﬁ7ﬂ>—> as v — ’
—00 max{—uh,0}
H(v,n, p, 0,1, f1) — +00 as 17— Fo0, (3.2.24)
. 00
M(V,T],/L,D”f],/l)—>:t00 as f —
—h v

for fixed values of the arguments not entering the limit process. We require that the

effects of shearing in one sense be the same as in the opposite sense:

A A~ ~ ~ ~

N(—%—fl) = N(nvﬁ)> H(_n7 _77) = _H<77777>7 M(—% _77) = M(Uﬂ?)-
(3.2.25)
Here we have suppressed the arguments v, u, o, i of the constitutive functions.

Relations (3.2.25) imply that

H=H,=H,=H,=H,=N,=N,=M,=M,=0 when (n,9) = (0,0).
(3.2.26)
Finally, we make the assumption that the reference configuration of the ring is its
natural configuration, which implies that the resultants vanish when the body is at

rest in the reference configuration:

N A~ ~

N(1,0,1,0,0,0) = H(1,0,1,0,0,0) = M(1,0,1,0,0,0) = 0. (3.2.27)

3.3 Formulation of the Equations for the Fluid

At time t the fluid occupies the region between the disk of radius a < 1 and
the curve r(-,t). The equations for the fluid are identical to those given in Section
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2.3 and so we do not repeat them here.

3.4 The Coupling Between the Fluid and the Ring Equations

We adopt the standard requirement for viscous fluids that the fluid adhere to

solid surfaces with which it is in contact, which are here the disk and the ring. Thus

u(a,,t) =0, v(a,¢,t) =aw Vo, (3.4.1)

v(r(s,t),t) = r(s,t). (3.4.2)

The outward pointing unit normal to r(-,t) at r(s,t) is rs x k/|rs|. The
force per unit (actual) length exerted by the ring on the fluid at 7(s,t) is thus
X - (rs X k)/|rs|. Therefore the force per unit reference length exerted by the fluid

on the ring at (s, ) is

f=-% - (rxk) =% (kxr) =23 (—na+vd)
= [-ppI +2iD(v)] - (—na +vd)
= pp(na —vd))

+ [ [2’&7«6161 + ('U,, + éuqb — %v) (e1ex+ exe;) + %(Uqg + u)egeg] - (—na +vd),
(3.4.3)

where we have used (2.3.3) and (2.3.15). The components u and v of the fluid

velocity are evaluated at (r,¢) = (q(s,t),%(s,t)), which are the polar coordinates

for r(s,t) (see equation (3.2.8)), and the argument of e; and e, is (s, t) + wt.
Since we are taking the base curve, given by 7(-,t), to be in contact with the

fluid, the fluid exerts no body couple on the ring (see the discussion in Section 3.2).
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By using the expression for f given in (3.4.3), we may rewrite the a- and
d-components of the linear momentum equation (3.2.11) and rewrite the angular

momentum equation (3.2.12) as

Ny — pH + ppn + (v, + éuqs — %v)[nsinQ(w — 0+ wt) +vecos2(y — 0 + wt)]
+ f(u, — %% — éu)[—Qn cos® (Y — 0 + wt) + vsin 2(y — 0 + wt))]

= ATy - a — 0l0y

= 0A{[qu — q(¥r + w)*] cos(¢p — O + wt)

— [q¥u + 2q, (Y + w)]sin(yp — 0 + wt)} — 0l8y,
(3.4.4)

Hy + pN — ppv + fi(v, + ug — z0)[rsin2( — 0 + wt) — ncos2( — 0 + wt)]

— (u, — %Uqg - %u) [2vsin® (¢ — 0 4+ wt) + nsin 2(y — 0 + wt)] + fv(u, + %% + %Iu)
= 0Ary - d — 0I6?
= 0A{[gr — q(tbe + w)?]sin(e — 0 + wt) + (g + 2q:(¢; + w)] cos(¥) — 0 + wit)}

(3.4.5)

M5+VH_77N: QJett — Q[’r’tt - a
= 0J0u — oI {{qi — q(¢y + w)?] cos(vp — O + wt) (3.4.6)

— g + 2q:(Yr + w)]sin(yp — 0 + wt) }

where the arguments of u and v are (r, ¢,t) = (q(s,t),1(s,t),t).
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3.5 The Area Side Condition

As for the string problem, we prescribe the area of the fluid to be 7(R? — a?)
for some R > 1. See Section 2.5. To ensure that the fluid occupies the entire region
between the rigid disk and the ring we specify that the area enclosed by the ring

equal mR?. Therefore

2

27
TR =1k / r(s,t) X r5(s,t) ds (3.5.1)
0

by Green’s Theorem in the Plane.

3.6 The Couette Steady Solution

In this section we find a rigid Couette solution similar to the one found in
Chapter 2. The symmetry of our problem suggests that we seek steady solutions in
which the ring is circular and rotates rigidly with constant angular velocity {2, and

the fluid streamlines are concentric circles. Thus we seek solutions of the form

u(r, ¢,t) =0, v(r,o,t) =V (r), p(r,¢,t) = P(r), (3.6.1)
r(s,t) = Rey(s + 2t), (3.6.2)
v = const, 1 = const, { = const. (3.6.3)

Thus, in the notation introduced in equation (3.2.8),

q =R, P(s,t) = s+ (2 —w)t. (3.6.4)

The constant R > 1 denotes the radius of the ring.
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Equations (3.2.4), (3.6.2) and (3.6.3) imply that
v = Rcos[3, n = —Rsin 3, 0=s+ [+ 0t + 7, =1, (3.6.5)

where the shear angle (3 is a constant to be determined. Since v must be positive, 3
must lie in (-7, §). The constancy of the strains ensure that the resultants N, H, M

are constants.

The substitution of (3.6.1) into the Navier-Stokes equations (2.3.16) yields
& V., V 1% 1
P =—, Virt ——— = [Vr + —] = |:—(’I"V)T:| =0. (3.6.6)
r rooor T, r ,
Thus there are constants B, C', D such that

V(r) = Br+ % (3.6.7)

2

1 C
P(r) = §B%2 +2BCInr — 5t D. (3.6.8)

The adherence conditions (3.4.1),, (3.4.2) imply that

C C R*() — d*w R*a*(w — 2)
(3.6.9)

We must determine the constants 3, 2, and D. Substituting (3.6.1), (3.6.2),

(3.6.5), (3.6.7) and (3.6.8) into (3.4.4), (3.4.5),(3.4.6), and using the symmetry con-

131



dition (3.2.25) we obtain

. 200

H(Rcos 3, Rsin 8,1,0,0,0) — pP(R)Rsin 3 + w = 0AR?sin B, (3.6.10)
- ) 2Chsin 3 9 9

N(Rcos 3, Rsinf3,1,0,0,0) — pP(R)Rcos [ — —5 = 0ARS) cos 3 — ol (27,

(3.6.11)
— RH(Rcos 3, Rsin 3,1,0,0,0) cos f + RN(Rcos 3, Rsin 3,1, 0,0,0) sin 3

= — ol R()?sin j. (3.6.12)

Multiplying equation (3.6.10) by —Rcos 3 and equation (3.6.11) by Rsin 3, adding
the resulting equations together and then subtracting equation (3.6.12) we discover
that
C=0 = N=u, B=w. (3.6.13)
Therefore the fluid and the elastic ring rotate rigidly with the same angular velocity
as the rigid disk. The system behaves like a rigid body. We call this the rigid
Couette solution.
By (3.6.13), formulas (3.6.7) and (3.6.8) for V' and P reduce to the simple
forms
V =wr, P(r) = iw** + D. (3.6.14)
Substituting (3.6.13) and (3.6.14) into (3.6.10), (3.6.11), (3.6.12) yields
]:I(R cos 3, Rsin 3,1,0,0,0) — ,0(%@2}%2 + D)Rsin 3 = pARw? sin 3, (3.6.15)
N(R cos 3, Rsin (3,1,0,0,0) —p(%uﬂR2 +D)Rcos 3 = pARw? cos B—plw?, (3.6.16)
—I:I(R cos 3, Rsin 3,1,0,0,0) cos ﬂ+N(R cos 3, Rsin 3,1,0,0,0) sin 3 = —plw?sin 3.
(3.6.17)
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Note that equation (3.6.17) is the sum of sin 3 times equation (3.6.16) minus cos
times equation (3.6.15). The symmetry conditions (3.2.25) imply that if (5, w)
satisfies (3.6.15)—(3.6.17), then so does (—(3,w). Thus the sign of the shear angle
[ does not depend on the sign of w. This indicates that a nonzero 3 represents a

shear instability induced by tension in the ring. The symmetry property (3.2.26)
H|peieo =0 (3.6.18)

implies that § = 0 satisfies equations (3.6.15) and (3.6.17). Substituting 3 = 0 into

(3.6.16) determines D:

D = LIN(R,0,1,0,0,0) — pARw? + olw?] — 1w?R?. (3.6.19)

1
pl

We shall not study steady solutions with 3 # 0.

3.7 Linearization

We linearize our equations of motion about the rigid Couette solution. Intro-

duce the small parameter £ and perturbation variables, decorated with a superscript
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1, in the following way:

u(r, ¢, t,¢) = eut(r, ¢, t) + O(?),
v(r, ¢, t,e) = wr + evt(r, ¢, 1) + O(?),
p(r,o,t,e) = %w2r2 + D +ep'(r,é,t) + O(e?),
q(s,t,e) = R+ eq'(s,t) + O(?),
(s, t,e) = s+ep'(s,t) + O(e?), (3.7.1)
(s, t,e) =s+wt+ 3 +ef'(s,t) + O(?),
v(s,t,e) = R+ev'(s,t) + O(e?),
n(s,t,e) = en'(s,t) + O(e?),
p(s,t,e) =1+ eu'(s,t) + O(?).
We linearize the evolution equations by substituting (3.7.1) into them, differentiating
the resulting equations with respect to €, and then setting ¢ = 0. We obtain the

following perturbation equations.

The Navier-Stokes equations.

1 u, 2 ul
1 1 _ 1 1 ¢ 1
Uy —2wv = —p, + ’Y(;(Tur)r 2 2l T—Q):
1 2 1
1 v 2u 1
vy + 2wu' = n ’)/(—<TUT1>T + % + —2¢ — 0—2) (3.7.2)
r r r r r

The angular momentum equation.

Movt+ Mpput + Mgv, + Miul, + RHn' + RHyn! — N°n'

Vst

= 0J0;, — ol (Rw?0* — RW*Y* + 2wqt + Ryy,), (3.7.3)
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where M := M,(R,0,1,0,0,0), M2 := M,(R,0,1,0,0,0), etc.

The linear momentum equation (a- and d-components).

Vst

Nove+ Napty + Nyvay &+ Nipy = Hyn' = Himg + (50" B + D)n' = fl(Roy -+ —v')

= 0A(Rw?0" — Rw*' + 2wq! + Ry} — ol0},, (3.7.4)

H;n; + H,‘-Y’n;t + Nov!t + N;j,u1 + Nout + N;,u% + Nou! — 2pR*W* M — pRp!

= p(aw’ R + D)’ + 2fiRu, = 0A(—qy + w’q" + 2Rwiy) — 20Iwl;, (3.7.5)

where the fluid variables are evaluated at (r,¢,t) = (R, s, t).

The adherence boundary conditions.

u'(R, s,t) = qi (s,1), v (R, s,t) = R (s, 1), (3.7.6)
u*(a, ¢,t) =0, v'(a,¢,t) = 0. (3.7.7)

The strain-configuration relations.
v =q¢' + Ryl n'=—q¢ + Ry' — RO, ut =06k (3.7.8)

The spatial periodicity conditions.
¢ (27, t) = ¢*(0,1), o' (2m,t) = 61(0,1). (3.7.9)

The area side condition.

2
/ q'(s,t) ds = 0. (3.7.10)
0
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3.8 The Quadratic Eigenvalue Problem

We seek solutions of the linear perturbation equations with exponential time
dependence, u'(r, ¢,t) = u(r,¢)exp(At), vi(r,¢,t) = v(r, ¢)exp(At), etc. Substi-
tuting these expressions into the linearized equations yields a quadratic eigenvalue
problem:

The Navier-Stokes equations.

1 U(M; 2U¢ Uu
Au — 2 = —Pr - r)r - — 5 |,
u — 2wv P +7(T(Tu) + 3 5 T3
MW+2wu=—=+v=(rv,),+—5+— — = |, (3.8.1)
r r r2 r2 r2

(ru), +vg = 0.

The angular momentum equation.

(Mg + AMZ)vs + (M2 + AM) i, + (RHS + RAHS — N°)p

= (A\?0J — oI Rw*)0 + oIl R(w® — N\*)Y — 2 \wolq. (3.8.2)
The linear momentum equation (a- and d-components).

(N + AN v + (NG 4 AN s + (p(3w°R? + D) — Hy — AH{)n — [i( Ruy + ug — v)

= (0ARw? — 0I)*)0 + 20A wq + 0AR(N? — w?)y, (3.8.3)

(Hy +AH)ns+ (N + ANy — p(3w*R*+ D))y + (N + ANg + N°) i — pRp+ 2[iRu,,

= (0Aw? — 0AN? + 2pR*w*)q — 201 \wb + 20ANRwi).  (3.8.4)
The adherence boundary conditions.

u(R,s) = Aq(s), v(R,s) = ARY(s). (3.8.5)
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The strain-configuration relations.
v=q+ R, n=-¢+RY-RO, p=0, (3.8.6)

The area side condition.

/027r q(s) ds = 0. (3.8.7)

3.9 Analysis of the Spectrum

In Chapter 2 we found that the rigid Couette solution for the string problem
is unstable for all w > 0. Is the same true for the ring problem?

Motivated by the results of Chapter 2 we seek solutions of the quadratic eigen-
value problem with

A=w=u=v=p=0. (3.9.1)
Since the unstable mode found in Chapter 2 was a rigid translation of the Couette
solution, we also set the strain perturbations equal to zero:

v=n=pu=0. (3.9.2)

This leaves only three unknowns, ¢(s), 1(s), and 6(s). Equation (3.8.6) implies that
6 is constant. We take § = 0. Substituting § = 0 and (3.9.1) and (3.9.2) into the

quadratic eigenvalue problem (3.8.1)—(3.8.6) yields

which has nontrivial solutions ¢ (s) = Asins+ B cos s, ¢(s) = —RAcos s+ RBsin s,

where A and B are constants. Therefore when w = 0, A = 0 is an eigenvalue of
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(3.8.1)—(3.8.7) of geometric multiplicity two with eigenvectors

(u,v,p,q,%,0,v,m,1) = (0,0,0, —RAcoss + RBsins, Asins + Bcoss,0,0,0).

(3.9.4)
Since these eigenvectors correspond to a rigid motion of the Couette steady solution
(because the strain perturbations are zero) and have Fourier mode |k| = 1, like the
unstable modes found in Chapter 2, we expect that the corresponding eigenvalue
A = 0 will move into the right half-plane as w is increased from 0, which would
imply that the rigid Couette solution is unstable for all w > 0. This could be
checked numerically. We do not stop to do so, however, but move on to a brief look
at a 2-dimensional model for ring before arriving at the most important chapter
of the thesis, concerning axisymmetric motions of the shell, in which the Couette

solution cannot suffer the instabilities found here.
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Chapter 4
Cylindrical Motions of the Shell: The 2-Dimensional Elasticity Model

4.1 Introduction

In Chapters 2 and 3 we studied cylindrical motions of the deformable shell,
using string and rod theories to model a horizontal cross section of the shell, and
found that the rigid Couette solution is unstable for all w > 0. In this chapter we
show that the sting and rod theories were sufficient to capture the physics of the
problem; we model a cross section of the shell using the full theory of 2-dimensional
nonlinear elasticity and show that, once again, the rigid Couette solution is unstable
for all w > 0.

We study the motion of a viscous incompressible liquid in the region between
a rigid circular disk of radius a < 1 rotating at a prescribed angular velocity w and
a 2-dimensional elastic body whose natural state is an annulus of inner radius 1 and
outer radius 1+ A (for our analysis h need not be small). The motion of the elastic
body is not prescribed, but responds to the forces exerted on it by the moving liquid;
the rigid disk drives the liquid, which in turn drives the deformable body. We find
a rigid Couette steady solution of this coupled system and analyze its stability with

respect to the bifurcation parmeter w.
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4.2  Formulation of the Equations for the 2-Dimensional Elastic Body

We summarize the theory of 2-dimensional nonlinear elasticity from Antman

(2005, Chapters 12 & 13).

Geometry of Deformation

Let the reference configuration of the deformable body be an annulus of inner
radius 1 and outer radius 1 + h, A > 0, which consists of material points of the
form x = (1 — &)ey(s) for (s,€) € [0,27) x [—h,0]. (These coordinates agree with
those introduced in Section 3.2 to derive the ring equations from 2-dimensional
continuum mechanics.) The position of material point & at time ¢ is denoted by
p(z,t). Let F = 0p/Jdx be the deformation gradient and C = F* - F be the
Cauchy-Green deformation tensor. We ask that the deformation p be orientation

preserving: detF > 0.

Mechanics

Let o(x) denote the mass density of the deformable body and T'(x,t) denote
the first Piola-Kirchhoff stress tensor. The vector T - n is the internal contact
force exerted across a material surface with unit outer normal m in the reference

configuration. The Linear Momentum Law for the deformable body states that

Observe that, unlike in Chapters 2 and 3, there is no body force term f for the force
of the fluid on the deformable body. The fluid only exerts a force on the boundary
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of the deformable body. We derive these boundary conditions in Section 4.4.
The Angular Momentum Law for the deformable body implies that T - F* is
symmetric. It follows that the second Piola-Kirchhoff stress tensor S := F~1. T is

also symmetric.

Constitutive Equations

We assume that the material is uniform and elastic so that g is constant and
there exists a function F — T(F) such that T(z,t) = T(F(z,t)). The Principle
of Frame-Indifference implies that there exists a function C +— S§(C) such that
S(xz,t) = S (C(z,t)). We take the reference configuration of the deformable body
to be natural so that stresses T' and S vanish in the reference configuration. We let
T and S be as smooth as necessary for our analysis to hold.

We also assume that the material is isotropic. Let
(C) = (trC, %((trC)2 —tr(C?)),det C) (4.2.2)

denote the principal invariants of C. By the Representation Theorem for Isotropic

Materials there exists scalar-valued functions ¢g, ¢1, and ¢, of ((C') such that

A

8(C) = 4o(e(CNI +1(1(C)) C + $2(u(C)) C*. (4.2.3)

Finally, we assume that the function T satisfies the Strong Ellipticity Condi-
tion of nonlinear elasticity. Strong Ellipticity corresponds to rank-one convexity of
the stored energy potential for hyperelastic materials. See Antman (2005, Chapter

13) for more details. We will use the following consequence of the Strong Ellipticity
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Condition:
The map a - F - b+ a- T(F) - b is strictly increasing (4.2.4)

for all @,b € R? and F with detF > 0. This means that the ab-component of
the first Piola-Kirchhoff stress tensor is an increasing function of the corresponding

component of F'.

4.3 Formulation of the Equations for the Fluid

We assume that the fluid is viscous, incompressible, and Newtonian so that it
is governed by the Navier-Stokes equations. These equations were given in Chapters

2 and 3. We use the same notation here.

4.4 The Coupling Between the Fluid and the Elasticity Equations

We require that the fluid adhere to any solid surfaces with which it is in

contact, which are here the elastic body and the rigid disk:

v(p(z,t),t) = p(,), (4.4.1)

v(ae (¢ + wt), t) = awey(d + wt). (4.4.2)

The inner boundary of the elastic body has outer normal —e;(s) in the reference
configuration and —dsp(e;i(s),t) x k at time t. We assume that the force exerted
by the elastic body on the fluid equals minus the force exerted by the fluid on the

elastic body (per reference length of the inner boundary of the elastic body):

X - (0sple(s),t) x k)= T - es), (4.4.3)
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where X' has arguments (v,p) = (v(p(ei(s),t),t), p(p(ei(s),t),t)) and T has ar-
guments (x,t) = (ei(s),t). We also assume that there is no force on the outer

boundary of the elastic body:

T((1+h)ei(s),t) - e(s) =0. (4.4.4)

4.5 The Area Side Condition

As in Chapters 2 and 3 we prescribe the area of the fluid to be 7(R? — a?),
for some choice of R > 1. We enforce that the deformable body enclose an area of

7R? at all times so that the fluid occupies the whole region between the disk and

the deformable body.

4.6 The Couette Steady Solution

Motivated by Chapters 2 and 3 we seek a rigid Couette steady solution of the

form

u=w=0, v(r)=wr, pr)=1iw’r’+D, (4.6.1)

p(z,t) = Q(§)ei(s + wi), (4.6.2)

where * = (1 — £)ey(s). The area side condition implies that Q(0) = R. The
constant D can be found by substituting (4.6.1) and (4.6.2) into the boundary
condition (4.4.3).

It is not possible to write down a formula for Q(&). Instead we will derive a

nonlinear two-point boundary-value problem for () and prove that it has a solution.
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We introduce the shorthand notation e; := e;(s+wt) and e := e;(s) for j € {1,2}.

From equation (4.6.2) we can compute

= —Qcere] + 1-¢ 6;2 56262", (4.6.3)

0 2
C = Qgefef (—1 —§> eses, (4.6.4)
opi = —w Qe (4.6.5)

Decompose the Piola-Kirchhoff stress tensor with respect to the basis {e; e; }i7j€{172}1

A

T = Tije;e; (using summation convention). Then

1 A
divT™* = (—ef% + 1—_£e§2) (Ti;ej e;)

_ _0;211 +r 15 (35’12 Ty — T22) el (4.6.6)
_aggl + ig <a§§2 + Ty, +T12> e.
Substituting (4.6.5) and (4.6.6) into the linear momentum equation (4.2.1) yields
_85511 i ig <ag;2 + T — T22) = —w*Q (4.6.7)
_ag? 1 if (aaTm + Ty +T12) = 0. (4.6.8)

We use the isotropy constitutive assumption to simplify these equations. By sub-
stituting the expression for C from (4.6.4) into the representation for S, equation

4.2.3), we see that S has no efeg- or €5e’-component. Then
1 €2 2 €1 p

T=F-8S
0 (4.6.9)
= (—Qgelef + 1—_5626;) . (Snefef + 5226565),
and we can read off that
- . Q. L
Tu=-QeSu, Tm={— 5522, Tio =Ty = 0. (4.6.10)



Observe that SQQ = SQQ(C) = SQQ(C]_]_, 022) = SQQ(Q?, %) Therefore 35'22/83 =
0 and so 8Ty, /ds = 0 by (4.6.10). Substituting 7o = Th; = dTh,/ds = 0 into the

linear momentum equations (4.6.7) and (4.6.8) gives
—[(1 = &)Th)e — Toy = —(1 — )w?Q for —h < £ <. (4.6.11)

This differential equation for (&) is supplemented with boundary conditions

TH =0 for &= —h,
(4.6.12)
Q=R for&=0.

where the first boundary condition is found by specializing equation (4.4.4). We wish
to prove that the quasilinear two-point boundary-value problem (4.6.11), (4.6.12) is
well-posed. By the monotonicity constitutive assumption (4.2.4) we see that Th is
a strictly increasing function of its first argument, which is the position occupied by
—Q¢ (to see this replace a and b by e; and e; in equation (4.2.4)). If we assume
certain growth rates on Tn, then it may be possible to apply standard methods in
PDEs, such as the direct method of the calculus of variations or the monotonicity
method of Browder and Minty, to show that the boundary-value problem (4.6.11),
(4.6.12) has a unique weak solution. We use another approach, the Poincaré shooting
method, which yields classical solutions and does not require growth rates on Tll,

but which gives well-posedness only for w small and R close to 1.
Since the function (¢, q) — Tu(q’ ,q) is strictly increasing in ¢’ we can define

an inverse function (741, q) — ¢'(111,q) by
¢(Th,q) =q <= Tll(q,>Q) =Tun. (4.6.13)
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We can rewrite the second order equation for Q(§), equation (4.6.11), as a first order

system for Q(§) and the new variable T11(&):
—[1=Tule = Too — (1 — Q.
(4.6.14)
for —h < & < 0, where Ty, = ng(qA’(TH,li_g),i). We equip (4.6.14) with the

boundary conditions

Tll =0 for f = —h,
(4.6.15)

Q=R for&=0.
Systems {(4.6.11), (4.6.12)} and {(4.6.14), (4.6.15)} are equivalent.

Let a € R. Consider the initial-value problem obtained by supplementing
equation (4.6.14) with the initial conditions

Ti(=h) =0,
(4.6.16)

Q(—h)=14+h+a.
For w = o = 0 equations (4.6.14), (4.6.16) have a unique solution Q(§) = 1 — &,

Ty = TH(—Qg, &) = Tll(l, 1) = 0 (since the stress variables vanish in the reference
configuration). If R = 1, then @ and Tj; also satisfy the boundary-value problem
(4.6.14) and (4.6.15). By standard methods in ordinary differential equations, for
|a| and |w| small, there exists unique functions Q(§;w, ) and 111 (§; w, a) satisfying
(4.6.14) and (4.6.16). We wish to choose « so that Q(0;w, a) = R. We have reduced

the differential equation (4.6.11), (4.6.12) to the algebraic equation
F(R,w,a) =Q(0;w,a) — R=0. (4.6.17)

We know that this equation has a solution (R,w, «) = (1,0,0). If we can prove that
F,(1,0,0) # 0, then by the Implicit Function Theorem there exists a neighborhood
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of (R,w) = (1,0) and a function (R,w) — &(R,w) such that F(R,w,&(R,w)) =0
and &(1,0) = w. Thus Q(&w, &(R,w)) and T4 (& w, &(R,w)) satisfy (4.6.11) and
(4.6.12).

Now we prove that 0 # F,,(1,0,0) = Q,(0;0,0). For convenience we introduce
the notation 7" := Ty, and 722 := Ty,. Differentiate (4.6.11) and (4.6.16), with
respect to o and then set (w, ) = (0,0) to find that Q,(&;0,0) satisfies the linear

elliptic equation

. . . ) T22(1,1)
— (1= 9T, (1,1) 0gQa + [T, (1, 1) + T, (1,1) = T7%(1,1)]0:Qu + (’1?@(1
=0 (4.6.18)
and the boundary condition
Qa(—h;0,0) = 1. (4.6.19)

The coefficients qu,l(l, 1) and T(fQ(l, 1) are positive by the monotonicity condition
(4.2.4). Therefore the weak maximum principle and the boundary condition (4.6.19)

imply that

max |Qq(&;0,0)| = max {|Qa(—h;0,0)|,|Qa(0;0,0)|}
sel=n0) (4.6.20)

= max {1, |Q,(0;0,0)|}.
We find a condition under which 9¢Q,(—h;0,0) > 0. In this case @, is increasing at
the end point £ = —h and so the maximum value of |Q,(&;0,0)| is greater than 1.
Therefore |Q,(0;0,0)| is greater than 1 by (4.6.20), and F,(1,0,0) = Q,(0;0,0) # 0,
as desired.

To find out when 9:Q,(—h;0,0) > 0, differentiate (4.6.16); with respect to a
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and set w = o = 0 to obtain

Al . 11 Qa(—h;0,0) _
T, (1,1)0:Qu(—h;0,0) + T, (1, 1)—1 7 =0
. . 1
11 _ 7. —_ 7l —
— T, (1,1)0:Qa(—h;0,0) T, (1,1)1 oy (4.6.21)

But qu,l(l, 1) > 0 and so 9:Qq(—h;0,0) > 0 provided that Tq“(l, 1) > 0. We have
proved that under the constitutive assumption qul(l, 1) > 0, the boundary-value
problem (4.6.11), (4.6.12) has a classical solution for R close to 1 and w close to 0.
(The regularity of this solution depends on the regularity of T 11 and T 99.) Therefore
there exists a rigid Couette solution of the form (4.6.1), (4.6.2) for R close to 1 and

w close to 0.

4.7 Analysis of the Spectrum

In this section we analyze the stability of the rigid Couette steady solution
(4.6.1), (4.6.2) with respect to w. The important observation is that when w =
0 there is a branch of steady solutions bifurcating (or branching) from the rigid

Couette steady solution: When w = 0 the functions
v=0, p(zt)=Q«¢&el(s)+d, p=D (4.7.1)

satisfy the coupled fluid-solid equations for all constant vectors d with |d| < R—a. Tt
follows from a standard theorem in bifurcation theory that w = 0 is an eigenvalue of
the equations that are obtained by linearizing the steady state fluid-solid equations
about the Couette steady solution. See Antman (2005, Chapter 5, Theorem 4.1).
Therefore, when w = 0, A = 0 is an eigenvalue of the equations that are obtained
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by linearizing the time dependent fluid-solid equations about the Couette steady
solution. While we cannot prove it analytically, it is expected that this eigenvalue
will move into the right half-plane as w is increased from 0, and so the rigid Couette
steady solution will be unstable for all w > 0. This is the same behavior that we
observed in Chapters 2 and 3. This shows that the reduced string and ring models

are sufficient to capture the important physics of the problem.
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Chapter 5
Axisymmetric Motions of the Shell

5.1 Introduction

In Chapters 2-4 we considered cylindrical motions of the deformable shell.
We found that the rigid Couette solution is unstable for all w > 0 via a drift
instability. This unstable mode can be stabilized by fixing the center of mass of
the deformable cylinder at the origin. Mathematically, this can be achieved by
seeking axisymmetric motions of the deformable cylinder, which is what we do in
this chapter. Axisymmetric motions were the starting point for studying the classical
Taylor-Couette problem.

We study the motion of a viscous incompressible liquid in the region between
a rigid circular cylinder of radius a < 1 rotating at a prescribed angular velocity w
and a viscoelastic shell whose natural state is a circular cylinder of radius 1. Both
cylinders have infinite length. We limit our attention to motions in which the fluid
velocity and the shell are axisymmetric, and the meridian curves of the shell rotate
at angular velocity w. Other than this, the motion of the shell is not prescribed, but
responds to the forces exerted on it by the moving liquid; the inner cylinder drives
the liquid, which in turn drives the deformable shell.

We find a rigid Couette steady solution of this coupled system, similar to the

steady solutions found in Chapters 24, and analyze its stability with respect to the
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bifurcation parameter w and perturbations that are periodic in the axial direction.
We discover new phenomena not observed in Chapters 2—4 or in the classical Taylor-

Couette problem.

5.2 Formulation of the Equations for the Shell

In this section we summarize the theory of deformable axisymmetric shells
from Antman (2005, Chapter 10, Section 1; Chapter 17, Section 4). These shells

can suffer flexure, base surface extension, and shear.

Geometry of Deformation

The reference configuration of the inner bounding surface of the deformable
shell, the part in contact with the fluid, is a circular cylinder of radius of 1, given

parametrically by

r°(s,¢) = e (¢) + sk, (5.2.1)

where (s, ¢) € (—00,00) X [0, 27) identify material points of the shell. The position
of material point (s, ¢) at time ¢ is r(s, ¢,t). We assume that the surface r(-,-,t) is

axisymmetric and of the form

r(s,0,t) = q(s,t)e1(¢ + wt) + ((s,t)k. (5.2.2)

Unlike the string problem (Chapter 2), where the motion of the string in not pre-
scribed, here we partially prescribe the motion of the shell; we specify that it remains

axisymmetric and rotates with angular velocity w.
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The configuration of the shell at time ¢ is the pair {r(-,-, %), d(-,-,t)}, where
the unit vector d(s, ®,t) characterizes the deformed configuration of the material
fiber whose reference configuration is on the normal to the base surface r°(s, ¢).

(The reference value of d is therefore d° = r{ x r; = —e;.) We define
a(s,d,t) = ex(d+wt) x d(s,o,t). (5.2.3)

We assume that d(s, ¢,t) is confined to the plane spanned by {e;(¢ + wt), k} so

that the shell has O(2)-symmetry. Thus we can define a function 6(s,t) by

a(s, ¢, t) = cosb(s,t)e (¢ + wt) +sinb(s, t)k,
(5.2.4)
d(s,¢,t) = —sinf(s,t)e (¢ + wt) + cosb(s, t)k.
We have limited ourselves to motions in which there is no shearing in the es-
direction, the direction of rotation, due to the unavailability at the time of writing
of a rotationally symmetric shell theory (for shells possessing SO(2)-symmetry).

Antman and Bourne (in preparation) are currently developing such a theory.

We introduce strains q = (7, v, 1,0, 1) by

rs(s,0) =:v(s)a(s, o) +n(s)d(s, o), (5.2.5)

T:=¢q, o:=sinf, pu:=4>0,. (5.2.6)

The geometric interpretations of these strains are given in Antman (2005, Chapter
10, Section 1). Roughly speaking, v and 7 measure stretching, 7 measures shearing,
and o and p measure bending. (The definitions of v, n and p given here are not to
be confused with those given in earlier chapters for the string and the ring.) The
set of strains {7,v,n, 0, u} is sufficient to determine the configuration of the shell
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{r,d} up to a rigid motion. In the reference configuration the strains equal

(7°,v°,n°,0°, 1°) = (1,1,0,1,0). (5.2.7)

The requirement that distinct cross sections of the shell never intersect and that the
local ratio of deformed to reference area of the shell be everywhere positive leads
to restrictions on the strains, for example, v > 0. See Antman (2005, Chapter 10,

Section 1).

Mechanics

Let my(s,¢,t) and my(s, ¢,t) denote the internal contact force and contact
couple per unit reference length exerted across circles of latitude of the shell, and
ny(s, ¢, t) and my(s, ¢, t) denote the internal contact force and contact couple per
unit reference length exerted across meridian curves of the shell. For more expla-
nation see Antman (2005, Chapter 10, Section 1). Since we seek axisymmetric

configurations of the shell, we require that these stresses have the form

ny(s,¢,t) = N(s,t)a(s,¢,t) + H(s,t)d(s, ¢,1), ny(s, ¢,t) = T'(s,t)ex(p + wt),

my(s,¢,t) = —M(s)ex(p + wt), my(s, ) = X(s,t)a(s, d,t).

Let f(s,¢,t) be the force per unit reference area exerted by the fluid on material
point (s,¢) at time ¢t. We give an expression for f in Section 5.4. The Linear and

Angular Momentum Laws for the shell are

(Na+ Hd); —Te + f +gey = 20hry + ol dy
(5.2.8)

My — XY cos@+vH —nN = —(old X 1y + oJd x dy) - es.
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(These equations are obtained by substituting h = pJd x dy, ¢ = d, and ° = 1
into equations (17.4.15) and (17.4.16) of Antman (2005, Chapter 17, Section 4).)
Here e; and ey here have argument ¢ + wt. The force terms on the left-hand side
of equation (5.2.8) can be derived from a free-body diagram by adding up all the
forces on the shell. The linear and angular momentum terms on the right-hand side
of (5.2.8) and the functions (oh)(s, ¢), (ol)(s, ¢), and (oJ)(s, ¢) require motivation
from the 3-dimensional theory of continuum mechanics. The derivation is similar to
that given for the ring in Section 3.2. We can think of 2ph, oI, and oJ as being the
mass, first moment of mass, and second moment of mass of the shell per reference
area.

The term g(s) ex(p+wt) in (5.2.8) is the force required to keep the shell rotating
at angular velocity w. Note that without this force the system of equations for the
shell is overdetermined: We have three functions describing the shell, ¢, ¢, and 8,
but four equations that they must satisfy, the angular momentum equation and
three components of the linear momentum equation. By including the force ge, as
an unknown we obtain a square system, i.e., we have the same number of equations
as unknowns.

There is also a physical explanation for using the force ge;. From the form of
r, equation (5.2.2), we are asking that each generator of the cylinder lie in a vertical
plane rotating at angular velocity w no matter what force is exerted on it by the
fluid. This cannot happen (for an unconstrained shell) unless we provide a force ge,
to maintain the motion. We can think of ¢ as a feedback control.

It can be shown that the use of g is not artificial. Antman and Bourne (in
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preparation) formulate a general theory of shells that are rotationally symmetric,
but not necessarily axisymmetric: All components of the deformation and stress
resultants are independent of ¢, and the shell is invariant under the group SO(2),
but not necessarily under the group O(2). If the deformations are constrained to
be axisymmetric, then such constraints are maintained by Lagrange multipliers.
These Lagrange multipliers intervene in the equation corresponding to (5.2.8), and
g accounts for their contribution.

In Section 5.6 we will see that the function g is not needed for the existence
of a steady solution, i.e., we can take g = 0 in this case.

The e;—, es—, and k—components of equation (5.2.8); are

(Ng— H)cos — (N + Hy)sin0 — T+ f - e
= 20h(qu — w?q + (i) + oI (sin 0 67 — cos 00y, +sinfw?), (5.2.9)
f e+ g=4ohwg — 20l cos b b,w, (5.2.10)

(Ny — H)sinf + (N + Hy)cos + f - k = 20hy — ol (cos 007 +sinf0,). (5.2.11)

Constitutive Equations

We assume that the shell is uniform so that oh, oI, and oJ are constants and
the constitutive functions (defined below) are independent of s and ¢. Recall that
q = (1,v,7n,0, ). The shell is said to be viscoelastic of strain-rate type if there are

functions

a,4+— N(a,q), H(q,q), M(q,q), T(q,4), 2(q,q) (5.2.12)
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such that

A

N(s,t) = N(q(s,t),q:(s,t)), etc. (5.2.13)

The superposed dot on q has no operational significance; it merely identifies the
argument of the constitutive functions that is to be occupied by the time derivative
of . This form of the constitutive functions follows from the Principle of Frame-
Indifference by starting with general constitutive functions of the form N(s,t) =
N(r, v, 7, d, ds, dy, s,t).

The Strong Ellipticity Condition from 3-dimensional nonlinear elasticity im-

plies that the following monotonicity conditions hold:

A~ A ~ A
b

H,M) (T 5)

The matrices ———=
(v, 1, 1) a(r,0)

are positive-definite. (5.2.14)

These ensure that an increase in tension accompanies an increase in strain. We
also require that an extreme tension accompanies an extreme strain. This leads
to blow-up conditions for T, N, f[, Y, and M. See Antman (2005, Chapter 10,
Section 1).

We require that the effects of shearing in one sense be the same as in the

opposite sense:

A ~ ~ ~

~ ~

Here we have suppressed the arguments 7, v, o, u, 7, v, ¢, i of the constitutive
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functions. It follows that if (n,7) = (0,0), then

H=H,=H,=H,=H,=H;=H,=H; = H, =0, (5.2.15)

N,=Ny=M,=M;=T,=T;=%,=53,=0. (5.2.16)

We also take the reference configuration of the shell to be natural so that the consti-
tutive functions vanish in the reference configuration: N((l, 1,0,1,0),(0,0,0,0,0)) =

0, etc.

5.3 Formulation of the Equations for the Fluid

We use the same notation for the fluid variables as in Chapter 2 except that
the dynamic viscosity is now denoted by fi instead of p (in this chapter u denotes
a strain variable). The fluid occupies the region between the rigid inner cylinder
of radius a < 1 and the deformable shell. We assume that the fluid velocity v is
axisymmetric. Therefore it has the following decomposition into rotating cylindrical

polar coordinates (u,v,w):
v(re(p+wt)+zk,t) = u(r, z,t) e (p+wt)+u(r, z,t)es(p+wt)+w(r, z, t)k. (5.3.1)

The (transposed) gradient of v is

0
a—z = (urel “+ v, ey + wrk)el + %(Ueg - U€1)€2 + (uzel +v,ey + wzk)k (532)
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It can be shown that the Navier-Stokes equations for axisymmetric flow in rotating

cylindrical polar coordinates are

’02

Uy U
o o )

r r T

uw vy v
vt+uUT+va+_:’}/(Urr"i__"i_?)zz__)a
" " r (5.3.3)
w
wt+uwr+wwz:_pz+’y<wrr+7

ur+g+wz20.
r

5.4 The Coupling Between the Fluid and the Shell Equations

The equations for the fluid and the shell are coupled through the adherence
boundary condition and the body force term f in the linear momentum equation

for the shell. The adherence boundary condition states that

v(a,z,t) = aw, wu(a,zt)=w(a,zt)=0, (5.4.1)

v(r(s,d,t),t) = 1(s, o, 1). (5.4.2)

Now we derive an expression for the body force f exerted by the fluid on the shell.
The outward pointing unit normal to the surface r(-,-,t) is —(rs X 1y) /|75 X 74|

The force per unit (actual) area exerted by the shell on the fluid at r(s, ¢,t) is thus

—X (s X 14)/|1s X T|. Therefore the force per unit reference area exerted by the
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fluid on the shell at r(s, ¢, t) is

f=%X (rsxmy)
s () oo
= —pp(Ts X ges)+ (5.4.3)
[ [2urelel + (v, — év)(eleg + exer) + (w, +u,) (e k + key)
+v,(ek + key) + %uegeg + 2w, kk| - (s X qep)

where u, v, and w have arguments (¢, (,t) and e; and ey have argument ¢ + wt.

5.5 Axial Periodicity and the Volume Side Condition

We seek solutions with axial periodicity. Recall that the Taylor vortex flow in
the classical Taylor-Couette problem has this property. We assume that there exists

constants S and Z such that

q(s+ S,t) = q(s,t), C((s+S5,t)=C((s,t)+ 2, 0O(s+S5,t)=0(s,t), (55.1)

v(z+ Zk,t) =v(x,t), plx+ Zk,t) =p(z,t). (5.5.2)

For simplicity we choose S = Z. This permits the existence of a steady solution
that is unstretched in the vertical direction. See Section 5.6.

Since the fluid is incompressible, the volume of fluid in each period cell must
be constant. Call this constant V. In order to prohibit the formation of cavities
in the fluid we require that the volume of the period cell enclosed by the shell =
volume of fluid in the period cell 4+ volume of the rigid inner cylinder in the period
cell =V + ma®Z. By applying the Divergence Theorem to the vector field zk, this
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volume-preserving condition can be written as
z
V4 nd’Z = n¢*Z — 27‘(’/ Cqqs ds. (5.5.3)
0
Equation (5.5.3) can also be derived from the compatibility condition

/ dive da = 0, (5.5.4)
Q)

where (2(t) is the domain occupied by the fluid at time ¢, although once again it is
necessary to assume that the fluid occupies the whole region between the deformable
and rigid cylinders.

5.6 The Couette Steady Solution

We seek a rigid Couette steady solution of the form

u=w=0, v(r)=wr, p(r)=Pr) (5.6.1)

r(s,¢,t) = Rey(¢ +wt) + ((s)k, d = —sinfe; + cosbk, (5.6.2)
where R and 6 are constants. Therefore the strains are
v=rs-a=_sinf, n=ry-d=_cosl, p=0 T=R, o=sinb, (5.6.3)
and the force exerted by the fluid on the shell is
f =pRP(R)(, €. (5.6.4)

Note that

4ohwq — 20l cos 0w —f - e =0 (5.6.5)
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and so g = 0 (see equation (5.2.10)). Substituting (5.6.2)—(5.6.4) and g = 0 into the
linear momentum equation (5.2.8); yields
Cos(N,, sin 6 + N, cos 0)(cos fe; + sin Ok)
+ Css(fly sin 6 + ﬁn cos@)(—sinfe; + cosbk) — Te, + pRP(R)(se (5.6.6)
= —20hRw?e; + ol sinfuw?ey,

where N,,, Nn, fL,, an and T have arguments
(a,q) = ((R, (ssin 6, (s cosB,sin 6, 0), (0,0,0,0,0)). (5.6.7)

Take the inner product of (5.6.6) with k to obtain
0 = Cos[sin O(N, sin 6 + N, cos §) + cos O(H, sin 6 + H, cos 6)]

n

N, N,| [sing (5.6.8)
= (,s[sin b, cos 0] .
]:L, I:I77 cos 6

The matrix on the right-hand side is positive definite by the monotonicity constitu-

tive assumption (5.2.14). Therefore
(s =0 <= ((s) =cs+d (5.6.9)

for constants ¢ and d. The periodicity condition (5.5.1); implies that ¢ = 1. There-
fore the shell is unstretched in the vertical direction. The e;-component of the linear
momentum equation (5.6.6) and the angular momentum equation (5.2.8)9 simplify

to

—T + pRP(R) = —20hRw? + oI sin fw?,
(5.6.10)

— Y cosO +sinfH — cos N = oI Rw? cos 0 — oJ sin 6 cos Ow?,
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where T, 3, H, N have arguments (5.6.7). P(r) can be found from the Navier-Stokes
equation (5.3.3);:

P(r) = ir’w® + D, (5.6.11)

where D is a constant. Now we have two algebraic equations (5.6.10) for four
constants: d, R, D, 6. This leaves us with some choice. Since the constant d just
corresponds to a rigid motion of the shell, we choose d = 0. Prescribing R or D can
be thought of as prescribing conditions at the ends of the cylinder z = +o00. As in
the string problem, Chapter 2, we choose to prescribe R rather than D. Then we
can solve (5.6.10) for D and 6. Note that if § = 7/2 (no shearing), then (5.6.10)y
reduces to

~

H((R,1,0,1,0),(0,0,0,0,0)) =0, (5.6.12)

which is an identity by constitutive assumption (5.2.15). Then D can be read off

from equations (5.6.10); and (5.6.11):

1 -
P(R) = P(Ryw) = —R(T — 20hRw® + olw?),
P (5.6.13)

D= piR(T — 20hRw? + plw?) — SR*W’.

Note that if we had chosen to prescribe D, rather than R, then (5.6.10),
with § = 7/2 is a nonlinear equation for R, which may have no or many solutions
depending on the constitutive function T. Note also that there may be nontrivial
solutions 6 # /2. We find these shear instabilities in Section 5.9.

When we refer to the Couette steady solution we mean the solution found in
this section with d = 0, § = /2, R a prescribed constant, and D given by (5.6.13)s.

We analyze the stability of this solution with respect to the angular velocity w.
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5.7 Linearization

We linearize the equations of motion about the Couette steady solution using

the same procedure and notation as in Section 2.8.

The strain-configuration relations. Recall the geometry and strain-configuration

relations:

r=qe +(Ck, d=—sinfle;+cosfk, a =cosfe +sinbk, (5.7.1)

rs=va+nd, o=sinf, T=q, pu=>0,. (5.7.2)
Linearizing these equations yields

r'=q'e+('k, d'=-0'k a' =-0e, (5.7.3)

ro=—0"+n)e+v'k, o'=0, Ti=q¢, p=0,. (5.7.4)

S

We can solve (5.7.3) and (5.7.4) for the strain perturbations in terms of ¢!, ¢!, and
o'

Th=¢', V=, n'=-q -0, o'=0, p =0 (5.7.5)

S

The linear momentum equation. Let a superscript o on a constitutive function

denote the function value at the Couette steady solution, e.g.,

N°:= N((R,1,0,1,0),(0,0,0,0,0)). (5.7.6)
Equations (5.3.2) and (5.6.1) imply that

%_i(rel(¢+wt) +2k) = wles(¢ + wi)er (¢ + wi) — en(¢+ wt)es(d + wi)] = wkx,

(5.7.7)
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a skew-symmetric, constant tensor. Linearizing the force term in the linear momen-

tum equation (5.2.8); requires care:

X(v(r(s,o,t;e),t;8),p(r(s, ¢, t;¢),t;€)) - (rs(s, 0, t;€) X q(s,t;¢)er)

= pR*W*(e; - r')e; — RX(v',p') - e, — pRP(R)(r! x e;) + pP(R)q' e,
= pR’w’q"e; + pRp'e; — Rif2ule; + (v — tv')ex + (w; + us)k]

— pRP(R)(q;k — ( e1) + pP(R)q' ey,
(5.7.8)

where the fluid variables u!, vl etc., are evaluated at (r,z,t) = (R, s,t). Therefore

by linearizing the linear momentum equation (5.2.8); we obtain

20hr} 4+ old}, = N}k — Hle;, — ' N°e; — T'e; + pR*w?q e + pRp'e
— Rji[2u)e; + (v} — v ey + (w) + ul)k]

R

where
Nsl = N:Tsl + NSV; + Niﬂi + N;Tslt + NDOV;t + Nzﬂim
1 _ gyo,1 o1 71
Hs - Hnns + Hﬁnsh (5 7 0)
T'=Tor! + Tovt + Top' + Te7) + Ty + Topy.

Note that we have used (5.7.5) to replace o' by 0 and the constitutive assumptions

(5.2.15) and (5.2.16) to identify many of the coefficients of N}, H! and T" as 0.
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The e;—, es—, and k—components of equation (5.7.9) are
20h(q}, — w?q') = —H! — ' N° — T + pR*w%¢" + pRp' — 2R

+ pP(R)R(, + pP(R)q',
(5.7.11)

dohwq; = —Rfi(v, — zv') +g',
20h¢;; — 010, = Ny — Ri(w, + u;) — pRP(R)q;.
Equation (5.7.11)3 can be solved for g'. Thus we can drop equation (5.7.11), along

with the variable g'.

The angular momentum equation. By linearizing equation (5.2.8)y we find

M! 4+ 3°0" + H' — n'N° = —[oI (7} — Rw?d") + oJ(d} + w?*d")] - k
(5.7.12)
= —0l (G + Rw?0") + 0J (0;; + *0"),

where

Mg = M77s + Mpvg + Mﬁﬂi + M7y + Mvg + Mﬁﬂita

(5.7.13)
H' = H;nl + H7C'7)77tl-

Once again we have used (5.7.5) and constitutive assumptions (5.2.15) and (5.2.16).

The Navier-Stokes equations. Linearizing (5.3.3) about the Couette solution

gives
1 1
U U
1 1 1 1 r 1
U, — 2wvT = —p, + 7y (urr—i— - +u,, — _r2> )

vl vl
1 1 _ 1 r 1
v, + 2wu —’)/(UM—F?'FUZZ—ﬁ),

(5.7.14)
1

1 1 1 w,. 1
wy = _pz+,7 (wrr+7+wzz) )

1

u
up + — +w! = 0.
r
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The domain of the linearized equations (5.7.14) is constant and equals {(r, ¢, Z) €

[a, R] x [0,27] X (—00,00)}.

The adherence boundary condition. Substitute (5.2.2) and (5.3.1) into (5.4.2)

to obtain
u(g, G, t)er +v(g, ¢ t)es + w(q, ( )k = qer + wges + Gk (5.7.15)
Taking the inner product with e;, ey, and k, and then linearizing, we obtain
u'(R,s,t) = ¢ (s,1), v (R, s,t) =0, w'(R, s,t) = (s, ). (5.7.16)
Linearizing (5.4.1) gives
ut(a, z,t) = v'(a, z,t) = w'(a, z,t) = 0. (5.7.17)
The periodicity condition. Linearizing (5.5.1) yields

¢ (s+2Z,t)=q"(s,1), ((s+2Z,t)=C"(s,t), 0'(s+2Z1t)=0"(s1), (57.18)

v (z + Zk,t) = v'(z,t), p'(x+ Zk,t) =p'(z,1). (5.7.19)

The volume side condition. Equation (5.5.3) has linearization

Z
/ q" ds = 0. (5.7.20)
0
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5.8 The Quadratic Eigenvalue Problem

Polar Coordinates

We seek solutions of the linearized equations with exponential time-dependence:

At

At wl(r,z,t) =w(r, z)e™,

vl (r, 2, t) = v(r, 2)eM,

u'(r, z,t) = u(r, 2)e
¢'(s.t) = q(s)e™,  (H(s,t) = ((s)e™,  0'(s,t) = O(s)e™,

(s, t) = 7l(s)eM,  vl(s,t) =vi(s)eM, nl(s,t) =n'(s)eM,  pl(s,t) = p'(s)e.

Note that the symbols u, v, w, q, (, 0, 7, v, n, and p have a different meaning

here than they did in the previous sections. Substituting these expressions into the

linearized equations yields the following:

The strain-configuration relations.
T =gq, v = (s, n=—qs—0, w="4,. (5.8.1)
The linear momentum equations.
20n(N* —w?)q = —(Hy+NHJ)ns — N°pu— (T2 + NT2) T — (T + XT3 ) — (T + AT )
+ pR*w*q + pRp — 2Rjiu, + pP(R)R(, + pP(R)q, (5.8.2)
20hN°C — 0IN*0 = (N7 + AN 7 + (N + ANS)vs + (NS + ANS) s
— Rii(w, +u,) — pRP(R)qs. (5.8.3)
The angular momentum equation.
— 0l (N(+Rw0)+0J (N +w?)0 = (M7 +AM) 7o+ (Mg + MM )vg+ (Mg + XM 1
+X°0 + (H, + AHg)n — N°n. (5.8.4)
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The Navier-Stokes equations.

U, u
AU_QW,U:_pr+’y(urr+_+uzz__2)7
T T
/\v+2wu:7<vw+&+vzz—%>,
T T
Wy
)‘w:_pz+7(wrr+7+wzz>a

u
U, +—+w, = 0.
r

The adherence boundary condition.

u(R, s) = A(s), v(R,s) =0, w(R,s) = A((s),

u(a, z) =v(a, z) = w(a,z) =0.
The periodicity condition.

q(s +2Z) =q(s), ((s+2)=((s), O(s+Z)=0(s),
u(r,z+ 2Z) =u(r,z), v(r,z+2)=v(rz), wrz+2)=wrz),

p(r,z+ 2Z) =p(r, 2).

The volume side condition.

z
/ qds=0.
0
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Coordinate-free Equations

In order to write the quadratic eigenvalue problem in coordinate-free form we

define

v(rei (@) + zk) == u(r, z) e (¢) + v(r, z)ex(9) + w(r, 2)k,

p(re(9) + zk) := p(r, 2),

(5.8.12)
7(s,0) == q(s)ex(d) + ((s)k,
d(s) = —0k.

Now we drop the tilde from these variables. The new variables v, p, r, and d satisfy
the quadratic eigenvalue problem (5.8.13)—(5.8.18) given below. This can be checked
by substituting (5.8.12) into (5.8.13)—(5.8.18) to obtain (5.8.2)—(5.8.11). Note that

we have eliminated the strain variables 7, v, n, and p in favor of r and d. The

vectors e; and ey in (5.8.13) and (5.8.14) have argument ¢.

The linear momentum equation.

20h\*1r — 20hw*(7 - e1)e; + Nold
— (N2HAND) (7€) kA (NS HAND) (s b — (NS 4AANS) dog £ (HSANH) (T €1) €1
+ (T +AT; + N°— Hy — AH ) (€2 x ds) — (T2 + NI7) (- er)er — (T + AT (15 - k) e
+ (pR*w* + pP(R))(r - €1)e; + pRP(R)e; X 7y — RX - € + Rji(v, — 1v)es.

(5.8.13)
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The angular momentum equation.

—oIN’r -k — (0JN + oJw® — oI Rw*)d - k

= (M2 +AME)(ry % €5) - k + (ME + AM) 7y -k — (M + AM)dy, - k — 5°d - k

+ (Hy +AHy — N°)[d - k — (15 X e) - k].

The Navier-Stokes equations.

Av = %din‘(p, v) — 2wk X v,

V-v=0.

The adherence boundary condition.

v=0 forr=a, v(Rei (o) + sk) = Ar(s, ¢).

The periodicity condition.

v(z+Zk)=v(z), plz+Zk)=p(z),
r(s+ Z,¢) =r(s,¢), d(s+ Z)=d(s).

The volume side condition.

/0 T r(s.0)- @) ds =0,

5.9 Analysis of the Spectrum

Eigenvalue Crossings

(5.8.14)

(5.8.15)

(5.8.16)

(5.8.17)

(5.8.18)

For the string problem we were able to prove that the eigenvalues A cross the

imaginary axis through the origin by using a simple energy estimate. See Section
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2.10. What information can we learn about the shell problem by performing a
similar estimate?

Let {2 denote the period cell
Q={z=re(p)+zk:a<r<R 0<¢<2m 0<2z<Z} (5.9.1)

and ny, the unit outer normal to 9f2. Take the inner product of equation (5.8.15);

with v and integrate by parts over {2 to obtain
2 _ o0v -
pAV][720) = ng - X -vde— | X¥:—dr—2pw [ (kxv) vdr
lp; 0 oz Q

Z 27
:/ / el-z-vRd¢ds—2g||p(v)||§2(m—zpw/(k < v)- 5 dz,
0 0 2
(5.9.2)

where we have used the adherence boundary condition v = 0 on {r = a}, the pe-
riodicity condition (5.8.17), the divergence free constraint I : 0v/0x = divo = 0,
and the identity D(v) : 0v/0x = |D(v)[>. In the boundary term in (5.9.2) sub-
stitute for RXY - e; from equation (5.8.13), substitute for ¥ from equation (5.8.16),,

and integrate by parts to find that
Z pr2m
/ / e X v Rdpds =
0o Jo
(pR2w? + pP(R))A||r - el[72 — (N7 + AND)A| |7y - kl[72 — (Hy + AH)A||7s - enl|72
— (T2 + AT |7 - el [72 — 20hANP[r[[72 + 200w M| - e[
B Z 2w B Z 2w
+pRP(R)/\/ / (3 X 15) - T dpds+ (N2 + )\Nﬁ)/\/ / (rs-e)(7-k)dpds
o Jo o Jo
B Z 2w
— (N, + )\ij)/\/ / dss - T dopds
o Jo
_ Z 27
+ (T, + \T; + N° — H, — )\HS))\/ / (ex x dy) - T dods
0o Jo

Z pr2m Z 27
—(T5+AT5)X/O /0 (re- k) (7 - e) dd)ds—g[)\|)\\2/0 /O d-7dds. (5.9.3)
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We can eliminate some of the bad terms in this equation by combining it with
the angular momentum equation. Multiply (5.8.14) by Af, integrate by parts over

(s,¢) € (0,7) x (0,27), and use the identity d = —0k to obtain

Z 2w
QMW/ / r-d dpds + (0JN + 0Ju? — ol Rw?)N||d|[2
0 0
_ Z 27 B a Z 27 B
— (M2 +>\M$))\/ / (ry X €) - d dpds — (M2 +)\M,‘.j)>\/ / Ty - d dp ds
0 0 0 0
_ _ B Z 2 B
—(M,‘j+>\]\/[;))\HdSH%2+>\E°HdH%2+(H;+)\H;—N°))\/ / (1 % €)-d dods
0 0
— (Hy + AHg — N°)M|d|[7.. (5.9.4)

Finally, add (5.9.4) to (5.9.2) and substitute for the boundary term in (5.9.2) from

(5.9.3) to find

Ay = 20| D ()] 22 — 200 /Q (k x v) o da
+ (pR*w* + pP(R))A|7 - e1|[72 — (N + ANS)A||rg - k|72 — (Hy + AH) |75 - e 72
— (T2 + MTD)N|7r - e1]|72 — 20RAA || 7|72 4 200w M| 7 - €172
B 7Z 27 B 7Z 27
+pRP(R)/\/ / (ea X 75) - 7 dopds + (N. + )\Nﬁ)/\/ / (rs-e)(7- k) dpds
0 0 0 0
3 7 27 B 7 2
_ (N;’Jr)\N;))\/ / dss-rd¢ds+<T;+AT;>A/ / (e x d,) - 7 dords
0 0 0 0
3 Z 2w Z 2 B
—(Tj+/\T§))\/ / (ry- k) - 1) d(bds—gl)\])\|2/ / (r-d+7-d)dods
0 0 0 0
3 Z 2 B B Z 27 B
_ (MT°+>\M§))\/ / (ry % €) - d dds — (M§+)\M;’)>\/ / ro. - d do ds
0 0 0 0
— (Mg +AM3)A|| |75 —(H;HH;—NO)XHdH%Q—(QJA2+ng2—gIsz)XHdHig
7 27
+ AZ0|| |2 + (HE -+ AHE - NO))\/ / (7 x €) - d + (ry x €) - d] do ds.
0 0

(5.9.5)
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The term

—pr/(k X v)-vde,
I7;
is purely imaginary. The integrals

Z 27 Z pr2m 3

// (ex X 1) - 7 dods, // (r-d+r-d)dods,
0o Jo 0o Jo
Z 2 3
/ / (7 % ) d + (1, x e) - d] dbds.
o Jo

are real. There are still many terms in equation (5.9.5) that cannot be immediately
identified as real or imaginary. To make further progress with the analysis we
must make some additional constitutive assumptions. We assume that the following

symmetry conditions hold:
N, =T, T,=M, N,=M,. (5.9.6)

We also require some monotonicity:

V, N; N,
lfl,~7 >0, thematrix |7, 7T Aﬂ is positive-semidefinite. (5.9.7)

Conditions (5.9.6) and (5.9.7) are satisfied by hyperelastic materials, for example.
Recall that the shell is hyperelastic if there exists a stored energy potentital W (q)

such that
N=W, H=W, M=W, T=W, X=W,. (5.9.8)

The symmetry conditions (5.9.6) allow us to combine several of the terms of equation
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(5.9.5):

NO)\// -e))(7-k)dpds — TSN // rs-k)(T-e) dpds (5.9.9)
= N>\ // (7-k)+ (7s-e)(r- k)] dpds,
_ _ Z 27 B
T:)\/O/O (egxds)-rdgbds—Mf)\/O/O (rs X e3) - d dods
_ Z 27 B
:T:)\/O/O ey dy) - 7+ (e x d.) - 7] dods,
_ Z 27 B Z 27 B
—N/‘j)\// dss~rdq§ds—M,f>\// Tss - d dods
o Jo o Jo
B Z 27 B
——Nl‘;)\/ / [dss - T+ dss - 7] dpp ds.
o Jo

Recall that d = —0k. The terms in (5.9.5) containing the factor Hp can be grouped
together:
Z T _
—|A|2H;||r5-el||%2—|)\|2H;||d||%2+|)\|2H$/ / (7, x €3)- d+ (v, x &) d] d ds
o Jo
= —|A\PH;||r, - ex +0]]7.. (5.9.10)

All the remaining viscoelastic terms in (5.9.5) can be written as a quadratic form:

7 2
—MPNsnn-kH%z—|A\2T:||r-e1n%2+w2fv:// (r - e)(7 - k) déds
0 0

Z pr2m Z pr2m
— |A|2N;/ / dy, - 7 dpds + |A|2Tg/ / (€ x dy) - 7 dpds
0o Jo 0o Jo
Z p2rm Z 27
- |/\|2Tlf/ / (rs - k) (7€) dpds — |)\|2Mf/ / (ry X €) - d dpds
o Jo o Jo

7Z 27
—IAI2M§/O/0 ros - d dods — [\2M3]|dy| |2
Ny N7 Nj| |r-k
Z 27
:—MP/O/O {rs.k 7-e és} Ty TP Ty r-e | dods. (59.11)

M M Mg 05




By substituting (5.9.9), (5.9.10), and (5.9.11) into (5.9.5), taking the real part of

the resulting equation, and setting Re(\) = 0 we discover that

0= =20l D (v)[[12(0) — NP HlI7s - ex + 0|22

Z 2w
_|>\|2/0/0 {’Ps-k 7 e és} Tg Tg To| |r-e dpds. (5.9.12)

By the monotonicity assumption (5.9.7), all the terms on the right-hand side of
(5.9.12) are nonpositive. Therefore, if Re(A) = 0, then ||D(’U)||%2(Q) = 0 and so
v = 0 by Korn’s inequality and the boundary condition v = 0on {r = a}. But v =0
implies that Ar = 0 by the adherence boundary condition (5.8.16). So either A =0
and eigenvalues cross the imaginary axis through the origin or 7 = 0 and eigenvalues
crossing the imaginary axis have eigenfunctions (v,p,r,d) = (0, constant,0, d).
We examine the second case. It is convenient to return to the equations in polar
coordinates. Since v = r = 0, then ¢ = ( = u = v = w = 0. Substituting these into
equations (5.8.2)—(5.8.4) yields
H;HS — N°0, — T:GS + pRp =0,
—0IX*0 = N30, (5.9.13)
—0I R0 + 0J (N + w?)0 = M0, + X°0 — (H; — N°)0.

But p is constant. Therefore by differentiating (5.9.13); with respect to s we find

that

(Hy — N° —T2)f,, = 0. (5.9.14)

So, unless we are in the non-generic case H, — N° —T7 = 0, then 0, = 0. This
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and the periodicity condition (5.8.8) imply that § = constant. By substituting 6 =
constant back into (5.9.13); we see that the pressure constant p = 0. Substituting
6 = constant into (5.9.13), yields A0 = 0. Thus either A = 0 and we are back in
the first case (eigenvalues crossing through the origin), or § = 0 and A is not an
eigenvalue since (v, p, r, d) = (0,0,0,0). Therefore all eigenvalues A that cross the
imaginary axis must cross through the origin.

Observe that substituting A = 0, 6 = constant # 0 into (5.9.13)3 gives an

equation for the critical values of w?:
(0J — oI R)w* = X° — H + N°. (5.9.15)
The coefficient of w? is positive. Therefore (5.9.15) has real solutions if and only if
2°—H,+N°>0. (5.9.16)

Assume that (5.9.16) holds. Since the solution w? of (5.9.15) has odd algebraic mul-
tiplicity, standard theorems in bifurcation theory imply that there exists a branch
of steady solutions of the original nonlinear problem, which bifurcates from the

Couette steady solution when

Yo _ [° + N°
2 7
= . 5.9.17
“ oJ — ol R ( )

These solutions correspond to shear instabilities of the Couette steady solution. We

have proved the following:

Theorem 5.9.18 (Eigenvalue Crossings). Assume that the following additional

material properties hold:
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(i) The symmetry condition (5.9.6),

(ii) The monotonicity condition (5.9.7).

(These conditions are satisfied by hyperelastic materials, for example.) Furthermore,
assume the generic condition Hy — N° —T7 # 0. (This condition can be dropped
if either one of the statements in (5.9.7) is strict.) Let (A, (v,p, 7, d)) be a smooth
eigenpair of equations (5.8.13)—(5.8.18). If Re(\) = 0, then A = 0. Therefore any

eigenvalues A that cross the imaginary axis must cross through the origin.

Theorem 5.9.19 (Shear Instabilities). Assume that the hypotheses of Theorem
(5.9.18) hold. Furthermore, assume that X°—Hy+N° > 0. Then eigenvalue problem

(5.8.13)(5.8.18) has an eigenpair (A, (v,p,r,d)) = (0,(0,0,0, k)) when

Y°—H,+ N°
oJ — ol R

WQZ

This steady state bifurcation corresponds to a shear instability of the Couette steady

solution.

Critical Values of w

In this section we assume that the hypotheses of Theorem (5.9.18) hold so that
all the eigenvalues of (5.8.13)—(5.8.18) that cross the imaginary axis cross through
the origin. This means that we can set A = 0 in the quadratic eigenvalue problem to
obtain an eigenvalue problem for the critical values of w. Note that this is equivalent
to linearising the steady state problem about the Couette solution.

By substituting A = 0 in (5.8.5) and (5.8.6) we find that u = v = w = 0
and p is constant. By integrating equation (5.8.2) over s € [0, Z] and applying the
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periodicity conditions and the volume side condition we find that p = 0. Substituting
u=v=w=p=0 into (5.8.2)—(5.8.4) and using (5.8.1) to write the strains in
terms of ¢, ¢, and @ yields
—20hw’q = Hy(qss +05) — N°0, — T2q — T ¢ — T0s 4+ pR*w?q
+ pP(R)R¢s + pP(R)q,
0= N7qs + N;Cos + Nj0ss — pRP(R)qs,

—(oI Rw® + 0Jw?)0 = M3qs 4+ M (s + My0ss + X°0 + (Hy — N°)(—qs — 0).
(5.9.20)

Recall that ¢, ¢, and 6 have period Z. Decompose them into Fourier series:

q(S) _ que%ﬁks/Z7 C(S) _ che%rik:s/Z’ 0(8) _ Z@ke%riks/Z‘ (5921>

kEZ keZ keZ

By Parseval’s Theorem we can write (5.9.20) as a family of matrix equations indexed

by k € Z: ] o B
afy ayy afy| |a 0
ab, ab, dbi| |G| = (0] (5.9.22)
aj, af, al| |6 0
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where
a¥ = 20hw? — Am*k*Z2Hy — T7 4+ pR*w® + pP(R;w),
a¥, = 2mikZ (=T + pRP(R;w)),
ayy = 2mikZ~'(Hy — N° = Ty),
ah, = 2mikZ (N2 — pRP(R;w)),
ak, = —4m’k*Z° Ny,
(5.9.23)
asy = —AT’kK*Z 72N,
a§y, = 2mikZ~ (M7 — Hy + N°),
ak, = —Am’k*Z 7 My,
a§y = ol Rw® — oJw® — 4x*k*Z 2 M, + X° — Hy + N°,
P(R;w) = pLR(TO — 20hRw® + olw?).
We wish to find w € R such that equation (5.9.22) has nontrivial solutions. Observe
that £ is a factor of the middle row and column of the matrix above. Thus by setting
k = 0 we see that A = 0 is an eigenvalue for all w. As for the string problem, this
eigenvalue corresponds to a rigid motion of the Couette steady solution. In this case
the rigid motion is a vertical translation of the deformable cylinder.
In the previous section we found a shear instability of the Couette steady

solution. This also corresponds to the case k = 0 since the eigenfunction is
(u,v,w,p,q,¢,0) =(0,0,0,0,0,0, constant).

Are there any other eigenfunctions for £ = 07 Note that the volume side condition

179



(5.8.11) implies that gy = 0. Substituting ¢y = k& = 0 into (5.9.22) implies that
(o is arbitrary, a3y = 0. (5.9.24)

These are the two eigenfunctions that we have already found, the vertical translation
and the shear instability.

Denote the matrix on the left-hand side of (5.9.22) by A(k) = A(k,w?). Ob-
serve that A(—k) = A(k). For hyperelastic materials A is also self-adjoint.

Now we consider the case k # 0. By setting the determinant of A(k,w?) equal

to zero we obtain a cubic equation for w?:
det A(k,w?) = 0. (5.9.25)

(Note that this equation would be quadratic in w? if we had modelled the deformable
body using a membrane theory rather than a shell theory.) It can be shown that the
cubic equation (5.9.25) has real coefficients and the coefficient of (w?)? is negative.
The constant term in the polynomial does not have a sign. For some materials and
some k and Z the constant term will be positive and so the cubic equation will

have at least one positive solution w?

i, which implies that A = 0 is an eigenvalue of

(5.8.13)—(5.8.18) when w = weit. It can also be checked that the coefficients of the
cubic polynomial are functions of k2.

In this section we have proved that all the eigenvalues A of (5.8.13)—(5.8.18)
that cross the imaginary axis cross through the origin, but have not proved any-
thing about the way that they cross. In Section 5.11 we compute the eigenvalues

numerically to find out if the bifurcation is steady state or Takens-Bogdanov (as for
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the string problem, see Section 2.13). We also solve equation (5.9.25) numerically

to find the critical values of w.

5.10 Weak Formulation of the Quadratic Eigenvalue Problem

Derivation

The weak formulation of the quadratic eigenvalue problem (5.8.13)—(5.8.18) is
derived in a similar way to the weak formulation of the quadratic eigenvalue problem
for the string problem. See Section 2.11. So we just sketch the details. Recall that
(2 is the period cell for the fluid: 2 = {x =re;(¢)+z2k:a<r <R, 0 < ¢ <
27, 0 < z < Z}. Also recall that e3 = k. Let I'gp and Ty be period cells for the
shell: I'r :={(s,¢) €10,2) x[0,2m)}, T, :={s €[0,2)}. Let

HN$2):={ve H' (2;C) : v(ae, + zk) = 0, v(Rei(¢) + zk) - ex(¢) = 0,
for j € {1,2,3},v(rei(¢) + zk) - €;(¢) is independent of ¢},
H;(I'g) = {T(Smb) € H'(I'y: C°) - /OZ 7(s,9) - e(9)ds =0, 7(s,¢) - e2(¢) = 0,
for I € {1,3},r(s,¢) - e/(¢) is independent of gb},

p € L*(2;C) / pdx =0, p(re;(¢) + zk) is independent of qb} ,
Q

{(v,7,0) € HY(Q) x H\(I'y) x H'(T4; C)}

Vo = {(w, q, 0, t) € HX(2) x HX(I'g) x H(Ty;C) x HY*(I'z; C?) :

w(Rel(qb) + Sk) = q(s,qb), t(37¢) ' 62(¢) = 07

for [ € {1,3}, t(s,¢) - (¢) is independent of ¢}.
(5.10.1)
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Now we derive a weak formulation of the coupled equations (5.8.13)—(5.8.18). Re-
place d in (5.8.13) and (5.8.14) by —0k. Let (w, q,v,t) € Vs, q € II. Take the
L*-inner product of (5.8.15); with w, the L*-inner product of (5.8.15), with ¢, the
L2-inner product of (5.8.13) with g, the L*-inner product of (5.8.14) with 1, the
H'2-inner product of (5.8.16)y with ¢, use integration by parts, and add all the

resulting equations together to obtain the

Weak formulation of the quadratic eigenvalue problem. Find A € C and

0 # (v, r,0,p) € Vi x II such that for all (w, q,¢,t,q) € Vo x II

0 = XNay((r,0),(q,¥)) + Xa1((v, 7, 0), (w, q,, t))
+ao((v,7,6), (w, g, 1, 1)) + b(w, p), (5.10.2)
0=b(v,q),

where

ao((v,7,0), (w, q,¢¥, 1)) :=
J A 20ht e e(a- ey - Notr-ea k) + Nt k)@ k)4 N
+H(rs-e)(gs-e) + (T + N°— H?)0,q - e + T2 (r - e1)(q - 1)
+T0(rs - k)(q - e1) — (pR*W* + pP(R))(r - €1)(q - e1)
— pRP(R)(ey x 1y) - g + 0Jw?0 — oI Rw*0p — M2y, - €
+ M2ury - k4 M20,0, — X°00 + (HS — N°)(0 + vor, - 61)} ds do

+ 2/0{,11)(@) D (w) + polk x v) - B} dz 1 (0, g (5.10.3)
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ar((v,7,0), (w,q,¢,1)) :=
/F [N5(r. k)@ k) — Ne(ro-e)(@- k) + Nifug, -k + Hi(r,- e)(2, - @)
.
T2 0 e+ T2 e)(@- ) + To(r - k)(@- e)
— M, - e + M,r, - k + M30,3b, + HI00 + Hr, - el} ds dé

_'_ p/ v - '&7 dw - <’r, t>H1/2(FR) (5104)
02

as((r,0),(q,1)) == | {20hr-q—ol(0q-k+Ur k)+ o]0} dsde, (5.10.5)

I'p

b(w,p) := —p/ pdivw dex. (5.10.6)
0

The Weak Formulation in Polar Coordinates

In this section we write the weak equation (5.10.2) in polar coordinates. De-
compose the functions in V; x II as
v(re(¢) + zk) = v'(r, 2) el (¢) + v (1, 2) ex(9) + v3(r, 2)k,
r(s,¢) = r'(s)ei(¢) +1°(s)k, (5.10.7)
p(rei(¢) + zk) = p(r, 2).
Observe that, in the notation of Section 5.8, v' = u, v? = v, v® = w, r* = ¢, 3 = (,
and p = p. Decompose the functions in V, x II as
w(re(¢) + zk) = w'(r,2) e (¢) +w?(r, 2)ex(d) + w(r, 2)k,
q(s,¢) = q'(s)e(d) + ¢ (s)k,
(5.10.8)

t(s,0) = t'(s)e(d) +°(s)k,

q(rei(¢) + zk) = q(r, 2).
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Now drop the tilde from p and ¢. Define

(v,r,0) := (v, 0% 0%, rh 3 0),  (w,q,,t) = (w',w? w?, ¢, ¢, 0, th ).
(5.10.9)
Recall that Tz denotes the periodic domain R/ZZ. We obtain new function spaces
Vi, Va, and II by substituting the polar coordinates for (v, r), (w, g, t), and p into

Vi, Vo, and II:
Vii={ (vr.0) € [ (0. B < T ©)F x [ (T O x (T )
v/(a,z) =0 for j € {1,2,3}, v*(R,2) =0, /OZ r(s) ds = o},
Vo ={ (w.0.0.0) € [ [0, X T x [ (T C)F x 1 (T )
x [HY*(T5;C)]?: w’(a,z) =0 for j € {1,2,3}, w?(R, z) = 0,
w'(R,s) = ¢'(s) for [ € {1,3}, /OZ q'(s) ds = o},

Il := {pE L*([a,R] x T4;C) : /aR/OZprdrdz:O}.
(5.10.10)

Now drop the tilde from II. If we substitute (5.10.7) and (5.10.8) into (5.10.2) we

obtain a

Weak formulation of the quadratic eigenvalue problem in polar coordi-
nates. Find A € C and 0 # (v,r,0,p) € V; x II such that for all (w,q,v,t,q) €

Vo x 11
0= Nas((r,0), (q,%)) + Aas((v,r,0), (W,q, 9, t))

+ ao((v,1,0), (W,q,,t)) + b(w, p), (5.10.11)
0=b(v,q),
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where

&O((V7 r, 9)7 (W7 q, wa t)) - CL()((’U7 r, 0)7 (’lU, q, ¢7 t))
Z
= o / { — 20hr'qt — Norig? + Nordad + NoO.q2 + (T + N° — Hp)o.q"
0
+ Hyrigh + Tor'q! + Torlqh — (pR*w® + pP(R))r'q"
— pRP(R)(riq" — r1¢?) + 0Jw?00) — oI Rw’04) — M7riy
o+ M3, + Mi0b, — 00 + (H; — N°) (00 + 116) } ds
R pZ o o o o
war [ [ (bl + 02 — 1)@~ 1) + 403 + o) @ + )
a 0
+ 202w? + So'wt + vdwd] + pw(v'w? — UQJ)} rdrdz

+ (v' (R, s)er + v*(R, s)k, t'(s)er + t°(s)k) gio(p .y, (5.10.12)

&1((‘/7 r, 9)7 (W7 q, % t)) = al((”» r, 0)7 (w7 q, 7% t))
Z
_ 0,373 o, 173 on 3 o, 1771 o o I o, 171
= 277/0 {Nﬂsqg’ — NZrgq® + Npesqg’ + Hﬁrs(@ + (Tp - Hﬁ)gsql +T:r q!
Tt — Ml 4+ Mgrid, + Mi0gh, + Hop + Hirlp ) ds
R rZ o o _
+ 27TP/ / {v'w! + v*w? + v’ Wit rdrdz — (r'ey + k. t'er + t°es) yyo(r,),
a 0

(5.10.13)

51,2((1', 9)7 (Q7 w» = az((’l’, 9)7 (q7 w))

7z
p / (20h(r' T + P°F) — oI (OF + r*T) + 000} ds,
0
(5.10.14)

R 2
b(w,p) =b(w,p) = —27rp/ / p(w? + %E +w3) rdr dz. (5.10.15)
a 0
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Fourier Decomposition and a Family of Weak Problems

In this section we expand the functions in Vi, V5, and 1I as Fourier series in the
axial variable (z or s) and use this to generate a family of weak problems indexed
by the Fourier wave number.

For j € {1,2,3}, 1 € {1,3} decompose

v (r,2) = i vl (1)e2mih=/Z rl(s) = i rhe?miks/Z. (5.10.16)
k=—o0 k=—o0

0(s) = i G e2miks/Z. p(r,z) = i pi(r)e?m k=% (5.10.17)
k=—o0 k=—o0

w (r,2) = i wl (r)e? k=7, q'(s) = i qLe>mhs/Z (5.10.18)
k=—o0 k=—o0

th(s) = i th e?miks/Z. U(s) = i e ksl Z (5.10.19)
k=—o0 k=—o0

Define

(Vka rg, ek) = (U]L U]zv U]:za 7”]1:, 7"2, ek)7

(Wk7qk71/}kutk) = ( i?wi7wz7Qé7qz7¢k’ti’tz)'

We define a family of spaces indexed by the Fourier wave number k£ € Z. For k # 0
VI = {(vi, ri,0k) € [H'([a, B]; C)]> x C* x C:
vl(a) =0 for j € {1,2,3}, v}(R) = 0},
Vi o= {(Wi, ais ¥, t) € [H'([a, R];C)P x C? x € x C? ;
wl(a) =0 for j € {1,2,3}, wh(R) = ¢, for I € {1,3}, wi(R) = 0},

11" := L*([a, R]; C).
(5.10.20)
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(Note that these spaces are independent of k.) For k=0
V= {(vo,r0,0y) € [H'([a, R];C)]? x C* x C :
vi(a) =0 for j € {1,2,3}, v3(R) =0, rl = 0},
Vy = {(Wo, qo, %o, to) € [H'([a, R];C)]* x C* x C x C* :
wl(a) =0 for j € {1,2,3}, wi(R) = ¢}, for I € {1,2}, w2(R) =0, ¢ = 0},
n° .= {p € L*(|a, R];C) : /Rp(r) rdr = O} :
Let k € Z, (Wi, dr, Ur, tr) € VF, qp € TIF. Substitute into (5.10.11) the Fourier

decompositions (5.10.16) and (5.10.17) and

wj(r, Z) — U)i(T)BQm'kZ/Z, ql<8) _ (‘I§Ce27ril~cs/Z7 w(s) _ wke%riks/Z’ (51021)

th(s) = the®™ /2 q(r, 2) = q(r)e* =/ (5.10.22)

to obtain the following family of weak problems:

A family of weak problems indexed by the Fourier wave number. For

each k € Z, find A € C and 0 # (vg, Tk, 0, pr) € V{¥ x II* such that for all

(W, Qe Vi, b, qie) € VY x TTF

0 = N*a5((rx, ), (Qu, ¥r)) + Aaf (Vis Tr, Or), (Wi, Ok, U, b1))
+ ag (Vi Try Or), (We, Qi Ury tr)) + 0 (Wi, pr), (5.10.23)

0= bk<vk7 Qk:>7
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where

ag (Vi Try Ok ), (Wi, diy ¥, B1))
= —20hw’ryq} — 2mikZ T N2k} + Amk* Z 2N + An*k*Z 2N Okq}
+4r*k*Z 2 Horkg) + 2mik 27T + N° — HY)oql + Toriqh
+ 27rz'k:Z_1T5r§’q_,i — (pR2W? + pP(R))r,f;q_,i + 0Jw?01y
— 2mikZ 7 pRP(R)(riq} — riq}) — ol R0y, — 2mik Z 7 M2riay
+ ATk Z 2 Mriy, + AmP kP 27 MOy, — X°0x Uy

+ (H? — N°) (0, + 2mik Z  riaby,)

n

R _
+2 / {leh), (b, + 3((0) — 1B, — L)
+ (00 + 20k 27 o) (W), — 2mikZ ™ w]) + 20°k2 22 0fu
+ Sojwl + 47k Z P ojw] + pw(vgw} — viw_i)} rdr

+ (14 27|k| Z7 Y (i (R)EL 4 v} (R)E3), (5.10.24)

af (Vi ve, 0k), (W, Qe U, t)
= Am* K Z 2 Ngriq} — 2mik Z T Nyrpq} + A k> Z 2 NOwq + 4n°k* Z 2 Hiyriqr
+2mikZ (T — H)Oka), + Terpat + 2mik 2~ Tyriql — 2mikZ— M3r iy
+ AT KR Z A Myriy + AT K 272 MOy + HyOpthe + 2mik Z~ Hyrpay

R — — — — —
+ p/ {viw} + viw? + viw} rdr — (1 + 2w k| Z7 1) (rpth + it3),  (5.10.25)

a¥((rr, 0k), (ai, Vi) = 20h(riqh + 73¢3) — ol (Ox@d + 73401) + 06k, (5.10.26)

R — —
V(Wi pr) = —p/ pe((wh), + 2wp — 2mikZ ™ wd) rdr. (5.10.27)
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In Chapter 2 we carefully characterized the spectrum of the quadratic eigenvalue
problem, proved continuous and discrete inf-sup conditions for the bilinear forms ap-
pearing in the weak formulation, and proved that the numerical method converged.
The same can be done the quadratic eigenvalue problem given in this chapter. We
do not pause to do it, however, but move quickly on to the computation of the

spectrum.

5.11 Computation of the Spectrum

Numerical Method. The quadratic eigenvalue problem (5.10.23) was discretized
using the finite element method with Taylor-Hood elements for the fluid. The result-
ing matrix quadratic eigenvalue problem was solved using the MATLAB function
polyeig. This is the same method that was used in Chapter 2 and the reader should

refer there for more details.

Constitutive Functions. Up until now we have been working with a broad class
of nonlinear constitutive functions. To compute the spectrum we must limit our
attention to one set of constitutive functions {T, N,H, %, M }. We use the following
recipe to derive constitutive functions for the shell from an energy for a 3-dimensional

hyperelastic body:

Step 1:  We start by modelling the deformable cylinder as a 3-dimensional hyper-
elastic body rather than an axisymmetric shell. Let p(x,t) denote the position of

material point x at time ¢, F = dp/Jx be the deformation gradient, C = F*- F be
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the Cauchy-Green deformation tensor, E = %( C — I) be the material strain tensor,
and @(C, x) be the stored energy potential (in place of the more usual notation

We must choose an energy @ to make further progress. The function ¢ cannot
be strictly convex in F' else the Principle of Frame-Indifference is violated, the
convex function @ blows up on the boundary of the nonconvex set {F : det(F) > 0}
of orientation preserving deformations, and steady state problems in elasticity have
unique solutions, which prohibits buckling. On the other hand, the function ¢ should
be rank-one convex so that the linear momentum equation for the 2-dimensional
elastic body is hyperbolic. We could require @ to be quasiconvex in F' so that
the energy functional for steady state problems has a minimizer. In practice the
definition of quasiconvexity is too difficult to verify. Instead we could choose a
polyconvex energy @, which implies quasiconvexity. Polyconvexity means that @ is
a convex function of the minors of F', which are F', det(F'), and cof(F).

If we assume that the material is uniform and isotropic, then @ can only
depend on the principal invariants of C: tr(C), det(C), and 3[(tr(C)? — tr(C?)].
If we make the further assumption that the second Piola-Kirchhoff stress tensor

S =209/0C is linear in C, then ¢ must have the form
®(C)=iA(rE)*+GE: E (5.11.1)

for constants A and G. See Antman (2005, Chapters 12 & 13). We call A and G
the Lamé constants. G is also known as the shear modulus. From experimental

observations A and G have been related to the elastic modulus £ > 0 and the
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Poisson Ratio 0 < v < 1/2 by

Ev E
A= AT o0)i=20) G = m (5.11.2)

For nearly incompressible materials v is very close to 1/2.

For our computations we chose the energy given in equation (5.11.1). Note
that this energy does not penalize compression, but since we only consider the
linearization of the constitutive functions about a stretched state (7,v,n,0,u) =
(R,1,0,1,0) we do not need an accurate model of the energy for materials under

compression.

Step 2:  Now we write the position p of the thin 3-dimensional hyperelastic cylinder
in terms of the configration {7, d} of the axisymmetric shell introducted in Section

5.2. Let the 3-dimensional body consist of material points of the form

=1+ €d° = (e(0) + 5k) + £(—e1(0) = (1 - Oer(0) + sk (5.11.3)

for (s,¢,€) € (—o00,00) X [0,27) x [—2h,0]. Thus the reference configuration of the
body is a circular cylinder or inner radius 1, thickness 2h, and infinite length. We
consider motions of the body in which the material point with coordinates (s, ¢, &)

is constrained so that its position at time ¢ has the form

p(z,t) =7(s,¢,1) + £d(s, ¢,1), (5.11.4)

where {r, d} were introduced in Section 5.2. Thus

p(x,t) = (qge1+Ck)+&(—sinfe;+cosbk) = (¢q—Esinf)e;+((+£ cosh)k, (5.11.5)

where e; has argument ¢ + wt.
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Step 3: Compute F, C, and E from equation (5.11.5). E can be written in terms
of the strains 7, v, n, o and p and the thickness variable £&. By substituting E into
equation (5.11.1) we obtain an expression for the stored energy potential @ in terms

of the strains and the thickness variable.

Step 4: The terms of @ contain powers of the thickness variable £. Since the
thickness is small, we neglect terms containing cubic and greater powers of £&. We
intergrate @ through the thickness to obtain a stored energy potential W for the

shell:

3 0
W(r,v,n,o,un) = / &(r,v,m, 0,1, &) (1 = &) dE. (5.11.6)

—2h

The factor (1 — &) in the integral is the Jacobian of the map (s,¢,§) — x =
(1 —&)ei(¢) + sk. To simplify the integration we replace the expression (1 — &) by

1 wherever it appears ((1 — &) appears in the denominator of several terms).

Step 5: We modify a few of the terms of W to ensure that W > 0 and W = 0
in the reference configuration. (This ensures that the stresses T, N , H , i), and M
vanish in the reference configuration.) We also modify W so that that energy is

isotropic, i.e., invariant under the transformation (7,v,n, o, u) — (v, 7,1, p,0). We
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arrive at the energy
W =3AGR(7 = D)+ (= )+’
AR (0% 4 i2) + 02(3(r — 1) + (v — 1)) + 123 — 12+ (r — 1))}
+G{Gh[(7* = 1) + (V" = 1)* + 0" + 20°(7* + 7))

+ 30007 + 1?) + 303 (T — 1) + 37 (v — 1))}
(5.11.7)

Step 6: Finally, we define constitutive functions

These are the constitutive functions used in the computation.

Numerical Constants. In addition to choosing constitutive functions we must
also choose values for all the numerical constants. These are listed in Table (5.11.1).
We chose the fluid to be water and the deformable body to be a soft, nearly in-
compressible, rubber-like material. The ratio of the radius of the inner cylinder
to the radius of the outer cylinder is close to the value used by G.I. Taylor in his
experiments on the classical Taylor-Couette problem in the 1920s.

We must also assign values to oh, ol, and oJ. This requires motivation from
3-dimensional elasticity and is similar to the way that the constitutive functions
were derived. (Also see Section 3.2.) As above, consider the deformable cylinder
to be a 3-dimensional elastic body whose motion has the restricted form (5.11.4).

Let the cylinder have mass density o. Then the time derivatives of the linear and
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angular momenta per unit of s and ¢ of the cylinder are

0

% on th(57 ¢7 57 t)(l - 5) df

_ / olri(s, 6, 1) + Edu(s, 6, )] (1 — €) dé

2h

=: 20hry(s, ¢, t) + ol dy(s, ¢, 1),

0
< / op (5,6, €,1) X py(s, 6, €,1))(1 — €) de

t —2h
0

:/_ olp(s,6,6,1) X puls, 6,6,0)](1 - €) dé

2h

- / olr(s,6,1) + €d(5, 6, )] X [ru(5,6,1) + Edue(5, 6,1)](1 — ) de

2h

=: 20h[r(s, 1) X Ty(s, P, t)] + ol[r(s, P, t) X dy(s, o, t)]

+ ol[d(s,d,t) X Ty(s, o, t)] + oJ[d(s, b, t) X dy(s, ¢, t)]

Radius of Rigid Cylinder a 0.75 m
Radius of Deformable Cylinder R 1.01 m
Density of Water P 1000 kg/m?
Dynamic Viscosity of Water f | 1.002 x 10% kg/ms
Thickness of Deformable Cylinder | A 27/1000 m
Density of Rubber 0 920 kg/m?
Modulus of Elasticity of Rubber | E 0.01 GPa
Poisson’s Ratio of Rubber v 0.49

Table 5.11.1: Values of the numerical constants used for the computation.
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with

0 0 0
ghzg/ (1-¢) de, gfzg/ E(1-€)de. QJ=@/2h§2(1—€)d§- (5.11.9)

—2h —2h

The factor (1 — &) in the integrals is the Jacobian of the map (s,¢,£) — z =
(1 —¢€)ei(¢) + sk. When we derived the constitutive functions we replaced the
expression (1 — &) with 1 everywhere it appeared. If we do the same in equation

(5.11.9) we find that
oh=oh, ol =0, oJ = Soh’. (5.11.10)

These are the values that we use in the computation. Note that this technique for
deriving oh, ol, and pJ is also used to derive the linear and angular momentum
terms in the shell equations. (The body force terms can be derived from a free-body

diagram without appealing to 3-dimensional elasticity.)

Results. In Section 5.9 we proved that all the eigenvalues A that cross the imagi-
nary axis cross through the origin, but we could not prove anything about the way
that they crossed. By numerically solving equation (5.10.23) for a range of angular
velocities using the method and constitutive functions described above we discover
that the first eigenvalue to cross the imaginary axis is real. Therefore we have a
steady state bifurcation. See Figures (5.11.1) and (5.11.2). We proved in Section 5.9
that the eigenfunction v equals 0 when A = 0. Thus as w crosses its critical value
Werit the rigid Couette solution destabilizes into a new steady solution where the de-
formable shell is buckled, but the fluid steamlines are still concentric circles. This is
a new phenomenon not observed in Chapters 2—4 or in the classical Taylor-Couette
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probelm.

For the classical Taylor-Couette problem, rigid Couette flow (where both cylin-
ders have equal angular velocity) is linearly and nonlinearly stable for all angular
velocities. This can be proved using the energy method. See Joseph (1976). Numer-
ical observations suggest that increasing the elastic modulus £ and shear modulus
G of the deformable cylinder increases the critical value of w. Thus by making the
deformable cylinder rigid, by taking the limit F, G — oo, we recover the global
linear stability of the classical rigid Couette flow.

In Section 5.9 we proved that a shear instability occurs if 2° — H, + N° > 0.
For the constitutive functions and numerical constants defined above, this condition
does not hold.

The first Fourier modes to become unstable are |k| = 1, and the Fourier modes
become unstable in order, i.e., weit(|k2|) > weit(|k1]) if k2 > k1. This can be seen
from Figure (5.11.3) by fixing Z. (Note that this graph is not valid for & = 0, in
which case A = 0 is an eigenvalue for all w, corresponding to a vertical translation
of the shell. See Section 5.9.) Observe that, while Figure (5.11.3) plots weit against
k/Z, for our computations we fix Z = 10 and vary k.

By numerically solving equation (5.9.25), the bicubic equation for wey, we
find that each Fourier mode k& has only one eigenvalue A that crosses the imaginary
axis. See Figure (5.11.4).

Finally, we remark that our results apply to the following finite length cylinder
problem. Start with a rigid cylinder of radius a < 1 and finite length Z. To each

end of the rigid cylinder weld a rigid disk of radius R > 1. Then attach to the edges

196



of the rigid disks the ends of a deformable cylinder of natural radius 1 and natural
height Z. Fill the annular region that has been created with a viscous incompressible
fluid and rotate the rigid disks at angular velocity w, which in turn cause the rigid
inner cylinder and the ends of the deformable cylinder to rotate at angular velocity
w. This finite length cylinder problem can be described by the same equations of
motion as the periodic, infinite length cylinder problem discussed in this chapter,
except that the boundary conditions are slightly different. Both systems admit
the same rigid Couette steady solution. By linearising the finite length problem
about the rigid Couette solution, seeking normal modes, and writing in a weak
formulation, we arrive at same weak formulation (5.10.23) as the periodic, infinite
length problem, except that there is no constant Fourier mode & = 0. All our
analytical and numerical results except those concerning the Fourier mode £ = 0

apply to the finite length cylinder problem.
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Figure 5.11.1: Trajectories of the top 11 eigenvalues A (sorted by decreasing real
part) for angular velocities w € [0, 50], Fourier mode k = 1, and axial period Z = 10.
The color of each trajectory changes from blue to red as w changes from 0 to 50
(in increments of 0.01). Observe that a steady state bifurcation takes place. The
domain [a, R] of the fluid velocity and pressure was partitioned with N = 25 equally

spaced mesh points.
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Figure 5.11.2: Trajectories of the top 11 eigenvalues A\ (sorted by decreasing real
part) for angular velocities w € [0, 50], Fourier mode k = 2, and axial period Z = 10.

The color of each trajectory changes from blue to red as w changes from 0 to 50.
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Figure 5.11.3: The critical value of w, weit, as a function of |k|/Z. We compute weit
by numerically solving the bicubic equation (5.9.25). By fixing Z we see from this
graph that the Fourier modes become unstable in order. Also note that we;; — 0o
as k/Z — oo. This is to be expected since the bending of the shell increases and so

the stored energy of the shell increases as |k|/Z increases.
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Figure 5.11.4: The determinant of A, the matrix on the left-hand side of equation
(5.9.22), as a function of w. The determinant of A is a bicubic polynomial in w, i.e.,
a cubic polynomial in w?. The roots of det(A) are the critical values of w. Numerical
computation of the roots shows that the cubic equation for w? has only one positive
root and so each Fourier mode k£ has only one eigenvalue that crosses the imaginary

axis as w is increased from 0.

201



Chapter 6

Conclusions

Summary. In this thesis we studied the stability of Couette flow in a deformable
cylinder with respect to cylindrical perturbations (Chapters 2-4) and axisymmetric
perturbations (Chapter 5). We summarize our main results before discussing work
in progress and open problems. Four different fluid-solid interaction models were
developed, which have applications outside this thesis. For each model a rigid Cou-
ette steady solution was found. Understanding the stability of this solution with
respect to the bifurcation parameter w, the angular velocity of the inner cylinder,
is the primary objective of this thesis. Linearizing the governing equations about
the Couette steady solution and seeking normal mode solutions yields a quadratic
eigenvalue problem. For the string problem (Chapter 2) we applied the spectral the-
orem for compact polynomial operator pencils to characterize the spectrum of the
quadratic eigenvalue problem. For the both the string problem and the shell problem
(Chapter 5) we proved that the only way for the eigenvalues to cross the imaginary
axis is through the origin, and we derived an algebraic equation (a quadratic equa-
tion in Chapter 2 and a cubic equation in Chapter 5) for the critical values of w
at which the eigenvalues cross. Numerically computing the spectrum using a fast
direct Fourier-finite element method shows that the rigid Couette solution loses its

stability via a Takens-Bogdanov bifurcation for the string problem and a steady
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state bifurcation for the shell problem. In Chapter 2 the Galerkin approximation
theory for polynomial eigenvalue problems was applied to prove convergence of the

numerical method.

Work in progress and open problems. Up until now we have focused on
linear stability of the rigid Couette solution, but said nothing about its nonlinear
stability. It is expected that for small perturbations of the rigid Couette solution, the
behavior of the linearized equations dictates the behavior of the nonlinear equations;
if the rigid Couette solution is linearly stable for some w, i.e., the spectrum of
the linearized operator lies in the left half-plane, then we expect the rigid Couette
solution to be asymptotically stable (in the sense of Lyapunov) for this w. Similarly,
if the rigid Couette solution is linearly unstable for some w, i.e., the linearized
operator has at least one eigenvalue in the right half-plane, then we expect the rigid
Couette solution to be unstable (not Lyapunov stable) for this w. Koch and Antman
(2000) proved a stability theorem of this form for nonlinear parabolic-hyperbolic
partial differential equations with complicated nonlinear boundary conditions. Their
results, which extend those of Da Prato & Lunardi (1988) and Xu and Marsden
(1996), apply to the equations describing nonlinearly viscoelastic strings, rods, and
shells. It is not immediately clear that these results can be applied to the fluid-solid
interaction problem discussed here. For example, Koch and Antman (2000) consider
a scalar parabolic-hyperbolic partial differential equation with fixed domain, whereas
the Taylor-Couette problem in a deformable cylinder is described by a system of

partial differential equations, and the domain of the Navier-Stokes equations is time
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dependent. (Pulling back the Navier-Stokes equations to Lagrangian coordinates
may fix the latter problem.) Extending the results of Koch and Antman (2000) so
that they apply to the problem discussed here is work in progress.

We have not discussed the well-posedness of the coupled fluid-solid system.
While there has been much effort to prove existence theorems for fluid-solid interac-
tion problems in the last few years (see the references cited in Chapter 1), most of
the existing results are only valid for short time intervals and for a particular choice
of constitutive function.

In Chapter 5 we modelled the deformable shell using an axisymmetric shell the-
ory. Antman and Bourne (in preparation) are currently developing a geometrically
exact theory for rotationally symmetric shells, where the shell has SO(2)-symmetry
rather than O(2)-symmetry. For the problem discussed here, this would allow ma-
terial fibers of the deformable cylinder to shear in the direction of rotation. This
extra degree of freedom significantly complicates the governing equations.

Further open problems include:
(i) Analyzing the global (energy) stability of the rigid Couette solution (in the

sense of Joseph (1976) and Straughan (2004)).

(ii) Studying non-rigid Couette solutions, where the deformable cylinder rotates

at a different angular velocity to the rigid cylinder.

(iii) The thin gap problem where the ratio of the radii of the cylinders is to sent

to 1. (This method was employed by G.I. Taylor (1923).)

(iv) A full numerical simulation of the Taylor-Couette problem for flow in a de-
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formable cylinder.
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