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In this thesis a systematic, functional matrix field theory is developed to de-
scribe both clean and disordered s-wave and d-wave superconductors and the quan-
tum phase transitions associated with them. The thesis can be divided into three
parts.

The first part includes chapters 1 to 3. In chapter one a general physical intro-
duction is given. In chapters two and three the theory is developed and used to com-
pute the equation of state as well as the number-density susceptibility, spin-density
susceptibility, the sound attenuation coefficient, and the electrical conductivity in
both clean and disordered s-wave superconductors.

The second part includes chapter four. In this chapter we use the theory to de-
scribe the disorder-induced metal - superconductor quantum phase transition. The
key physical idea here is that in addition to the superconducting order-parameter
fluctuations, there are also additional soft fermionic fluctuations that are important
at the transition. We develop a local field theory for the coupled fields describing su-

perconducting and soft fermionic fluctuations. Using simple renormalization group



and scaling ideas, we exactly determine the critical behavior at this quantum phase
transition. Our theory justifies previous approaches.

The third part includes chapter five. In this chapter we study the analogous
quantum phase transition in disordered d-wave superconductors. This theory should
be related to high T, superconductors. Surprisingly, we show that in both the
underdoped and overdoped regions, the coupling of superconducting fluctuations to
the soft disordered fermionic fluctuations is much weaker than that in the s-wave
case. The net result is that the disordered quantum phase transition in this case
is a strong coupling, or described by an infinite disordered fixed point, transition
and cannot be described by the perturbative RG description that works so well in
the s-wave case. The transition appears to be related to the one that occurs in

disordered quantum antiferromagnets.
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Chapter 1

Introduction

1.1 Background

For many reasons there is an intense interest in many-electron systems, espe-
cially at low or zero temperature. Such systems, with or without quenched disorder,
include both high-T. and conventional superconductors, amorphous alloys, doped
semiconductors, itinerant magnetic systems, heavy fermions systems, and quantum
Hall systems. The description of the many-electron systems is a difficult problem in
modern theoretical physics. The many-particle Schrodinger equation is used to de-
scribe the behavior of such systems. In principle, solving the Schrodinger equations
leads to the many-body wave functions which contain all the possible information,
but this approach is usually unrealistic to implement. Therefore, other techniques
are developed to study these problems.

A phenomenological Fermi-liquid theory was introduced by Landau in 1956
[1]. Tt argues that even in the presence of interactions the low-energy excitations of
the many-electron systems can be described in terms of free fermionic quasiparticles
with charge e, spin % and effective mass m*. In principle Landau theory has been

extended to include the effects of quenched disorder. This theory, though, is diffi-

cult to apply to superconducting systems. The use of the microscopic many-body



perturbation theory began in the early 1950s [2, 3]. The theory uses ideas from
quantum field theory. Feynman diagram techniques are adopted to calculate phys-
ical quantities in perturbation theory. Some approximations are always used. The
ladder-diagram approximation can be used to describe the system of a dilute Fermi
gas with strong short-range repulsive potentials. The random phase approximation
has been developed to describe the Fermi liquid phase for real electronic systems, and
similar theories have been used to describe magnetic and superconducting phases.
The inclusion of disorder, however, has proven to be extremely awkward because
a large number of diagrams cancel against each other in perturbation theory. The
disorder corrections to Fermi-liquid theory known as “weak-localization effects” [4]
were not obtained until the work in the late 1970s and early 1980s [5].

Recently [6, 7], functional Feynman path integral methods have been applied
to the many-electron problem, which have certain advantages over the traditional
canonical quantization techniques. Coherent state functional integrals provide an
economical and physically intuitive formalism which can not only derive the tradi-
tional perturbation expansions results but also lead to new insight into nonpertur-
bative problems like quantum phase transitions. One interesting aspect is that it
allows for a straightforward application of the renormalization group (RG), imple-
menting an old program of describing the various phases of many-body systems in
terms of stable RG fixed points [8]. Corrections to scaling near the disordered Fermi
liquid fixed point have been related to the weak localization effects [9].

In this thesis we develop a comprehensive field-theoretical method which can

treat both clean and disordered superconducting systems. The theory allows for



explicit computations of physical properties such as thermodynamic and transport
properties in the superconducting phase, as well as the description of the disorder-
induced quantum phase transitions between metal and superconductor phases. Pe-
viously this field theory, or matrix field theory, has been used to describe clean and
disordered Fermi liquids, disordered ferromagnetic metals, as well as various other
quantum phase transitions [9]. It is the purpose of this thesis to develop the matrix
field theory for both clean and disordered s-wave and d-wave spin-singlet supercon-
ductors. One can then apply this theory to study transport properties and quantum

phase transitions in disordered superconductors.



1.2 Physical picture of disordered electron system

To study transport properties of electrons in solids, the homogeneous electron
gas model, or the jellium model, is often introduced [10]. The basic assumption is to
treat the atoms or ions of solids as a uniform distributed positive background with
a charge density ensuring the overall charge neutrality of the system. The band
structure is not important for universal phenomena and is usually neglected. The
total energy includes the kinetic energy of electrons, the interactions between elec-
trons including the effective attraction close to the Fermi surface between electrons
in case of superconductivity, and the interaction between electrons and impurities.

For simplicity, we only consider uncorrelated non-magnetic random impurities
in the system. There are two simple limits of disorder: annealed disorder and
quenched disorder [11]. Annealed disorder means the impurities can move randomly
from site to site on time-scales short compared with experimental times. Then the

partition function will be

Za = TrpaPpH)Z({pi})

= TrP({p;})e PHUr}), (1.1)

and the free energy is simply given by

~ 1 ~
Fa=—5InZa (1.2)

P({p;}) is the distribution function which represents the probability of a particular
set {p;} of random variables. p; assumes the value 1 if the ith site is occupied by an
impurity ion, or 0 if otherwise. The random variables {p;} are been treated the same
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as other system variables such as spin. The system is therefore not different from
the one without impurities in the view of symmetry. For example, the translational
invariance will not be destroyed.

In this thesis we consider quenched disorder, which is more complicated but
also more physically interesting. It means that impurities are frozen rigidly over

experimental times. The partition function has the form, for a fixed set of {p;},
Z({p;}) = Tre PHUPD), (1.3)
and the free energy will be

l%@ﬁ%=—%mZHwD- (1.4)

Correlation functions of the systems are then related to the random variables {p;}
and will be very difficult to obtain due to the lack of translational invariance in this
quenched disorder. However, we imagine that there are m identical systems, except
that each system has a different set of {p;} from any other and all of the systems
consists of the complete sets of {p;}. It is generally believed that the impurity-
averaged free energy of one system will give the physical result [12]. That is,

F({p}) = Fo = > PUnHF({p})
{pi}

— 52 PUnh M Z({p) (1.5)

{pi}

We notice that we average over not the partition function but instead the logarithm
of the partition function in quenched disorder. Correlation functions are similarly

equivalent to their impurity-averaged counterparts. After the impurity averaging



the translational invariance is restored and the calculation will be no difference in
principle from pure systems. In the present thesis only quenched disorder will be
considered.
Now we give the explicit form of the Hamiltonian

H= zk: T(w) + % ; o(ze — 3) + zk: () (1.6)
where T' is the kinetic energy, v is the effective interaction between electrons and
u is the impurity-scattering potential from the quenched disorder. The quantity
x, means the coordinates of the kth electron. To compute disorder averages of
observables, we imagine a system where the average is over the positions of the N

impurity scatters in the system of volume V [13],

() = % /de RN (.., (1.7)

As far as universal properties go, an equivalent problem is one where sites have an
impurity with possibility P({p;}). In this case the possibility distribution therefore
is

P({p:}) = [ [ (001 + (1 = )30 (1.8)

1

with p the overall impurity concentration. For our case the impurity-scattering

potential u is then given by

u(x) = v(x) = {v(x)} 4 (1.92)

where

v(x) = ZU(X—RJ.) (1.9D)

Jj=1
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with, for example,

4ra

v(x—Ry) = W{S(X—Rj). (1.9¢)

Here a is the s-wave scattering length. We find that

{u(x)}dis =0 (1.10a)
and
{ux)u(y)} s = # o(x—y) , (1.10Db)

Npr is the density of states at the Fermi level including both spins, and 7, is the

elastic scattering time.



1.3 Some Properties of Superconductors

Kammerlingh Onnes first discovered the phenomenon of superconductivity in
1911. Bardeen, Cooper and Schrieffer proposed the successful microscopic theory
(BCS theory) for s-wave superconductors in 1957. The most familiar property of a
superconductor is the complete disappearance of the resistance to the flow of elec-
tric current. In many respects, the theoretically most important phenomenon is
the Meissner effect, or the perfect diamagnetism in superconductors. The normal
state of s-wave superconductors is the well-known Fermi liquid state. Other im-
portant properties in the superconducting state include the spin susceptibility and
the ultrasonic attenuation. As shown in Fig. 1.1, BCS theory predicts that the
spin susceptibility of the electron decreases as the temperature is lowered, being
zero at T = 0. The behavior of the ultrasonic attenuation is similar to the spin
susceptibility, i.e., it decreases to zero as the temperature is lowered to zero.

For weak nonmagnetic disorder, the critical temperature 7, is independent
of the disorder, and so are all thermodynamic properties of the superconductors.
This result is known as Anderson’s theorem [14]. For strong non-magnetic disorder,
however, numerous experiments [15] have shown that the disorder suppresses su-
perconductivity. At high enough disorder the superconducting critical temperature
goes to zero. From Ref. [16], as shown in Fig. 1.2 and Fig. 1.3, the degradation

process can be described by

h
Tc = Wp exXp |:_Z‘[(|——(5k':| y (111)

where K. is the bare Cooperon (Cooper pair) interaction amplitude, wp is the
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Figure 1.1: Temperature dependence of the paramagnetic spin susceptibility in a

BCS superconductor.
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Figure 1.2: Temperature dependence of the nonmagnetic disorder in a BCS super-

conductor with d=3. The experimental data is from Ref. [17].

upper cutoff frequency on the order of Debye frequency, h and Z are renormaliza-
tion constants, and 0k, is the (repulsive) Cooperon interaction resulting from the

disorder-induced repulsive electron-electron interaction.

Both theory and experiments therefore imply there is a critical disorder where
the disorder-induced metal - superconductor phase transition happens at zero tem-
perature. This means we need to treat it as a quantum phase transition. Phase

transitions occurring at a nonzero critical temperature can be normally treated
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Figure 1.3: Temperature dependence of the nonmagnetic disorder in a BCS super-

conductor with d=2. The experimental data is from Ref. [18].
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within classical statistical mechanics. For a general classical Hamiltonian

H(p,q) = Hin(p) + Hpot(q) (1.12a)

where p and ¢ are the generalized momenta and positions, and Hyy, and H,e are
the kinetic and potential energy, respectively. The partition function can then be

divided into two parts:

Z = /dpdq e~ H/ksT

= /dp e_H“i“/kBT/dq e Hpot/ksT (1.12Db)

with one part that depends only on Hy;, and the other only on Hpe. As a result,
one can study the system’s static (thermodynamic) critical behaviors independently
from its dynamical ones. In quantum mechanics, however, the partition function
has the form of

7 = Tre AH-uN)
— Ty e AUt Hpor—pN)

~ [ g et (1.13a)

where

siiol = [ox [T ar doem [ ] v

1/kgT -
—/ dr H (Y(x,7),¢(x,7)) . (1.13b)
0
with 7 the imaginary time. Since the Hamiltonian taken at some imaginary time

does not commute with the Hamiltonian taken at another imaginary time, we see
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that the statics and the dynamics in quantum systems are intrinsically coupled and
need to be treated together and simultaneously. We need to describe the disorder-
induced metal - superconductor phase transition at 7" = 0 with quantum mechanics
since at T" = 0 the time dimension is infinite in extent and is therefore similar to
the spatial dimensions. Physically there is a strong intrinsic coupling between the
statics and the dynamics at zero temperature, and this greatly influences the critical
behaviors.

Until quite recently the subject of superconductivity was a low-temperature
phenomenon. But in 1986 Bednorz and Muiller discovered the high 7T, superconduct-
ing cuprates [19]. It is now believed that high T, cuprates are d-wave superconduc-
tors [20]. The phase diagram is shown in Fig. 1.4. The carrier doping concentration
0 is defined as 6 = 1 — n with n being the carrier number per copper site. The
system is the anti-ferromagnetic Mott insulator at half-filling (6 = 0). With a slight
amount of hole doping (§ > 0), the AF state is destroyed and an abnormal metallic
phase appears. When the amount continues increasing, the superconducting state
appears, with the maximum transition temperature 7, ~ 100K in the optimally
doped region. Finally the normal metal state will appear in the over-doped region.

In contrast to s-wave superconductors, there are many anomalous behaviors
in the underdoped region of cuprates [21]. These deviations from the properties
of Fermi liquid theory have been one of the central issues in the understanding
of high T, superconductors. It has been proposed that the abnormal state can
be described by some kind of non-Fermi-liquid ground state. But another way is

to start from the robust Fermi-liquid state and take into account the additional

13



o 4

electron-doging 0 hole-doping

Figure 1.4: The phase diagram of high-T, superconductors. The horizontal and
vertical axes indicate the doping concentration and the temperature, respectively.
“AF”, “SC”, and “PG” denote anti-ferromagnetic, superconducting, and pseudogap
state, respectively. The onset curve for the spin fluctuation (T=Tp) and that for the

pseudogap formation (7'=T7") show the typical cross-over temperatures [21].
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fluctuations that might cause the non-Fermi-liquid behaviors. Fluctuations include
the anti-ferromagnetic spin fluctuations and the superconducting fluctuations. The
effect of the later ones is believed closely connected to the pseudogap phenomenon.
In any case, it is clear that there are very strong antiferromagnetic spin fluctuations
and the concept of a pseudogap in the normal state is an important ingredient in the
understanding of the underdoped region of the high T, materials. As in the s-wave
case, the disorder-induced metal - superconductor transition at zero temperature is

also a quantum phase transition.
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1.4 Outline of Thesis

In Chap. 2, the functional matrix field theory is developed for both clean and
disordered spin-singlet superconductors. A Feynman path integral formulation of
the physical model is given in terms of composite variables that are closely related to
the order parameter describing the superconducting phase. The theory is then solved
in the saddle point approximation and an explicit equation of state describing the
superconducting phase is obtained. Expansion about the saddle point in principle
gives the various physical correlation functions.

In Chap. 3, the resulting theory is used to explicitly calculate the physical
correlation functions. In particular, the number and spin density susceptibilities,
the sound attenuation coefficients, and the electrical conductivity for both clean
and disordered s-wave superconductors are obtained. Previously, similar techniques
were used to describe spin-triplet, even-parity superconductors [22]. But explicit
quantitative expressions for the Gaussian propagators were not obtained. Here we
will explicitly determine the correlation functions for the S = 0, spin-singlet case.
The method can be generalized to evaluate the physical correlation functions in
other, more exotic, superconducting states.

In Chap. 4, the field theoretic method is generalized to exactly describe the
disorder-induced quantum metal - superconductor phase transitions. A symmetry
analysis is performed on the model in order to identify and separate massive modes
and massless, or soft ones. By integrating out the massive modes and keep all

other soft modes, besides the order parameter fluctuations of the phase transition,

16



one obtains an effective local field action. It can then be analyzed by conventional
renormalization methods. We obtain the exact critical behavior at the transition.

In Chap. 5, the local field theory is applied to d-wave superconducting quan-
tum phase transitions. Pseudogap phenomena in the normal metal side are con-
sidered. We show that the disorder-induced quantum phase transition from metal
to superconductor in this system is a strong coupling (or infinite disorder fixed
point) transition and cannot be described with the techniques that exactly solved
the transition in the s-wave case.

In Chap. 6, we review the conclusions of the thesis.

In the Appendices, some technical details that are used in the thesis are given.
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Chapter 2

Matrix field theory

In the present chapter we will develop a functional matrix field theory for
both clean and disordered spin-singlet superconductors. Similar techniques have
been applied to describe spin-triplet, even-parity superconductors [22]. But explicit
quantitative expressions for the Gaussian propagators had not been obtained. Here
we will completely determine the correlation functions for the S = 0, spin-singlet
case. The method can be generalized to evaluate other physical systems, like spin-
triplet superconductors. Our results for the spin-singlet case coincide with earlier
ones obtained by conventional methods. Our functional methods, however, have
the advantage that they can be easily generalized to describe quantum phase tran-
sitions. For example, in later chapters we will use these results to describe a metal
- superconductor transition in a dirty metal. The problem will provide new insight
and allow us to see if soft modes, other than order parameter fluctuations of the
phase transition, will influence the critical behavior. These modes are diffusive in
disordered systems or ballistic in clean ones. In a previous treatment the diffusions
were integrated out and a non-local field theory for the superconducting order pa-
rameter was obtained. This non-local field theory was then used to describe the
quantum phase transition. Here we justify that treatment with a local field theory

approach.
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2.1 Grassmannian field theory

Now we use the functional Feynman path integral formalism to describe a
system of interacting, quenched-disordered fermions. The partition function of the
system is [23]

Z = Tre AH-1N) — / D[y, ] eSP¥1 (2.1)

Here the v and v are (anticommuting) Grassmann fields. S is the action which

includes three parts:

S = Sp + Sint + Sais (2.2a)

Sp describes free electrons with electron mass m and chemical potential p,

2

So = /dxz Vy(1) <—8T—|— V- +u> Vo (x) (2.2b)

2m

where, with a (d + 1)-vector notation « = (x,7) and [dz = [, dx foﬁ dr. Sin

describes a spin-independent two-electron interaction,

Sint - _%/dml dl’g Z U(Xl - X2) &01 (%‘1) &02 (1132) 1%2 (332) ¢01 (:Ul) ) (220)

01,02

and Sgs describes the random potential u(x) coupling to the electronic number

density,
Ehm::<—t/hdx:£: w(x) e () e (z) . (2.2d)
For the calculation of physical quantities, we need to average over the disorder

distribution. The average is modeled as

{gm:/pwpwpq , (2.3a)
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with the Gaussian distribution P[u(x)]

(S )
| Dlu]exp ( %fdx(u(x))g)

Plu(x)] = (2.3b)

As we discussed in the Sec. 1.3, the quenched-disorder averaging has to be
done with the free energy or In Z. To this end we use the replica trick [11]. By the
identity

InZ = lim (Z%¥ —1)/N | (2.4)

N—0

we can average In Z in terms of Z¥V. With N identical replicas of the system (with

N an integer), labeled by the index «, the disorder average of Z%V becomes

Z

ZN}dls
= [l P [T [0 oo lzsaw,w]
_ / HDW“,wo‘]exp[S] , (2.5)

where the corresponding action S equals to

S = i (Soa + 80+ Sgs) . (2.6)

a=1

Then we can obtain the disorder-averaged correlation functions as follows,

{< Vo, (1) Yoy (22) >2}ais = lm < Dor (1) g2 (xa) >z (2.7)
Here we use a two-point correlation function as an example.

In order to calculate correlation functions, we follow the usual procedure by

adding a source to the action,

S5+ / drydry 3 TP, (@1, 22) 00, (21) Yoy (22)

01,02

S¢ — S+ /d.ﬁEle’Q Z o1 02 .1'1,1'2 (331) wgg(ﬂ?g) . (28)

01,02
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We can then differentiate with respect to the source field J®

B 0
< Yoy (1) Yoy (12) >7= s7@ oy

and

{< Yoy (71) Yoy (T2) > 7 }ais

Note that here we make use of

mZ~Z—-1 for N—0 ,

and have

In Z|J(2):0 (29)

01,02 (1’1, X2

ey (o
_— Dlu
6‘]!5'1 (o) x17x2

(

I N1
6980, (21, 12) (/ DRl Dip] fim =7 )mo
0

(

0

(

)

—ZL‘>]1}£%N (/D[U]D[p]ZN -

2
I,
) Jg)@ T

) J(g oo (X1,

(2.10)

(2.11)

which comes from the approximation of Z — 1 when N — 0.

It is also useful to go to a Fourier representation with wave vectors k and

fermionic Matsubara frequencies w,, = 27T (n + 1/2) by the following transforma-

tions: [9]

Uno(x)

&no' (X)

B
— T d W T " 7
\ /0 T T ()
g
_ ﬁ dr e~ iwnT 70 ’
/0 Te Yy (x)

(2.12a)
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and

1 —ik-x
¢na(k) - W/dx € wna(x) 5
n 1 ik-x 7
Uno (k) = W/dx e X o (x) . (2.12Db)

We will have the forms, with a (d 4+ 1)-vector notation, k = (k,w,),

5S¢t =Y W8 (k) [iwn — K*/2m + ] Y5(k) (2.13a)

S D ) ) ) P,

B=1 {k;} n,m o,0’

x i (ka) i, (ko) O 0 (ks (ka) (2.13b)
and,
gi?zt = _Z 5k1+k2,k3+k4 U<k2_k3>
2 i )
g (k) 5, (ka) 05, (ks) 45, (ka) . (2.13¢)

2.2 Composite variables: ()-matrix

Now we integrate out the Grassmann fields and rewrite the theory in terms of
complex-number fields. The resulting model can then be approximately solved by
using saddle-point techniques. Physically this step is a mapping from Grassmann
variable to physical number density, spin density and Cooperon density variables.
In particular, the Cooper density degrees of freedom are directly related to the
superconducting order parameters. All of these variables are related to the slow soft

modes in the system.
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For the reasons that will become clear later, it would be convenient to first

define a bispinor [24]

fﬁ (x)
1 Ui (x) 1 by (%)
Ux) = — = — , 2.14a
T (X) 7 ) 7 ) (2.14a)
52 wn (X) n| (X)
- ffr(x)
and an adjoint bispinor [25]
- ?‘ZT (x)
) —n 1 (x)
) (x) = ien®(x) = —= , 2.14b
o) =ik = 5 | (2.14b)
nl (X)
- fﬁ (x)
with ¢ the charge-conjugation matrix
0 S92
c= =i ®Sy . (2.14c¢)
S9 0

Here we have defined a basis in spin-quaternion space as 7, ® s; (r,i = 0,1,2,3),
with 79 = 5o the 2 x 2 identity matrix, and 7, = —s; = —io; (j = 1,2,3), with o;
the Pauli matrices.

In terms of the bispinors, the terms on the action S can be rewritten as follows,

So =i _ (n*(k), [iw, — K*/2m + p]n*(k)) (2.15a)

a,k

gdis = F&;Tezzzzl(nﬁ(k)wﬁ(p))

a8 nm kp q

x(ni(e+a),nk+q) | (2.15D)
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and

St = S8 4 50 4 5O (2.15¢)

int int int

- TT()
S5 = TZZZ/ > (=
a kp g r=03

x (1 (k), (1. @ so)n™(k + q))

x(n*(p+ q), (1 ® s0)n“(p)) (2.15d)

<) TT® / o
Sine = TZZZ Z(_l) Z
a kp gq r=03 i=1

x (n*(k), (1 ® si)n“(k + q))

X((n™(p + ), (7 @ s:)n*(p)) (2.15¢)

gig? - %(C)ZZZ/ Z Z

a kp q ninzmr=12

X (15, (=Kk), (10 @ $0) 1%, 1 (—k + @)
x (1%, (=P), (7+ @ $0) 2, 4o (—P — @)

(2.15f)

Te 1s the single-particle relaxation time. There is another irrelevant term of the
disordered action Sy which has been neglected for the purpose of the manuscript
[26]. The decomposition of the interacting action S’im into three parts comes from
the idea that, in long-wavelength low-frequency processes, the possible scattering
processes can be divided into three classes: (1) small-angle scattering, (2) large-angle
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A

S(l) S(Z)

int int

S(3)

int

Figure 2.1: Typical small-angle (1), large-angle (2), and 2kp-scattering processes

(3) near the Fermi surface in d = 2.

scattering, and (3) 2kp-scattering. These classes are also referred to as the particle-
hole channel for classes (1) and (2), and the particle-particle or Cooper channel
for class (3), respectively. The corresponding scattering processes are schematically
depicted in Fig. 2.1.

In the above equations the prime on the g-summation indicates that only
momenta up to some momentum cutoff, \., are integrated over. This restriction is
needed to avoid double counting, since each of the three expressions, Eqs. (2.15d) -

2.15f), represent all of S, if all wave vectors are summed over. A, generally has
int
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no effect on the long-wavelength low-frequency physics we consider here.

Now we introduce a matrix of bilinear products of the fermion fields,

Biy(x) = 771+<X) ® 12(x)

—Y1pthay —P1ythay —Prpthay Y1y
i —Yute —Yute —Yute Uiy
’ ey due e —Yuty
—P1phay —Pryhay —Urythay Yty

>~ Qpy (2.16)

where all fields are understood to be taken at position x, and 1 = (ny, aq) with ny
denoting a Matsubara frequency and « a replica index, etc. The matrix elements of
B commute with one another, and are therefore isomorphic to classical or complex
number-valued fields that we denote by ). We use the notation a = b for “a
is isomorphic to b”. This isomorphism maps the adjoint operation on products of
fermionic fields, which is denoted above by an overbar, onto the complex conjugation

of the classical fields. We use the isomorphism to constrain B to the classical field

@ by means of a functional § function, and exactly rewrite the partition function [9]

Z = [ i) 9 [ DiQielq - B
= /D[¢’¢] eg[’ﬂ/D[Q]D[T\] eTr[MQ—B)]

D[Q] D[A] eAQA) (2.17)

Here A is an auxiliary bosonic matrix field that plays the role of a Lagrange multi-

plier, and integrates out the fermionic fields.
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It is useful to expand the 4 x 4 matrix in Eq. (4.14) in the spin-quaternion
basis,

3

Qu2(x) = Z(Tr ® ;) LQ12(x) (2.18)

r,i=0

and analogously for A. In this basis, © = 0 and ¢« = 1, 2,3 describe the spin singlet
and the spin triplet, respectively. An explicit calculation reveals that r = 0,3
corresponds to the particle-hole channel (i.e., products 7)), while r = 1,2 describes
the particle-particle channel (i.e., products 1t or 1%). From the structure of Eq.

(4.14) one obtains the following formal symmetry properties of the @) matrices [9],

0Qr, = (5)7Qy , (r=0,3) (2.19a)
Q= (5)Q,,, (r=0,3i=1,2,3) (2.19b)
°Q, = 2Q, , (r=12) (2.19¢)
Qp = —Qy , (r=1,2i=1,23) |, (2.19d)
Q= =L L (2.19)

Here the star in Eq. (2.19¢) denotes complex conjugation.
Now by using the delta constraint in Eq. (2.17) to rewrite all terms that are
quadratic in the fermionic field in terms of (), we can achieve an integrand that is

bilinear in v and ). With the help of the following operator identity
/D[n]ede(n(X)lOn(X)) = (det Q)V/? = ef &xtr(n(0GI/2 (2.20)
which comes from [23]
[ dvess lz wamam] — [det (2m)]"”? (2:21)
o,
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with m being a complex skew-symmetric matrix, the Grassmannian integral can

then be performed exactly, and we obtain for the effective action A

AlQ, A :Aint[Q]JrAdis[Q]Jr%Tr In (Ggl —¢K)+ / dx tr (”A“<X)Q(x)> . (2.22)

Here Tr denotes a trace over all degrees of freedom, including the continuous position
variable, while tr is a trace over all those discrete indices that are not explicitly
shown. And

Gol'= =0, + 92/2m + u (2.23)

is the inverse free electron Green operator, with 0, and 0y derivatives with respect
to imaginary time and position, respectively. We can see from the structure of the
Tr In-term in Eq. (4.19) that the physical meaning of the auxiliary field A is that of a
self-energy. The electron-electron interaction Ay is conveniently decomposed into
four pieces that describe the interaction in the particle-hole and particle-particle
spin-singlet and spin-triplet channels [9]. For the purposes of the present paper,
we need only the particle-particle spin-singlet channel interaction explicitly to de-
scribe superconductivity. Similar to the BCS model we ignore the normal Coulomb
repulsion in the particle-hole channels, and we also ignore the possibility of triplet

superconductivity. Then

AlQ = AY

(c)
S o K D S NI L)
X [tI‘ ((TT ® 80) Cicrng,nﬁ-m(X))] ) (224)

with I'(®) the particle-particle spin-singlet channel interaction amplitude, with I'(® <
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0 leading to superconductivity. For the disorder part of the effective action one finds

[9]

Adis [Q] -

2
= dx t 2.25
e [ Qe)” (225)
with Vg the density of states at the Fermi level in saddle-point approximation (see
Ref. [9] and Sec. 2.3 below), and 7, the single-particle scattering or relaxation time.

We will focus on the matrix elements JQ and @ in disordered superconduc-

tivity states. From Eqs. (4.14) and (2.18) we find

0Q12(X) = = [=t1y (X) oy (x) — 1y (X)) (X) + Y1) (X)2) (%) + 1y (x) 9y (x)]

(2.26a)

o | =

1Q5(x) =2 %1 [ =417 (3)hay () 4 91y () ar (%) + 1y ()21 (%) — 1y (%) 12 (%)]
(2.26b)

Note that 5Q,, has a similar structure with {Q,. So it is also correct if we use 5Q,,

instead of YQ,,. Physically, §Q,, is related to the single particle density of states,

while YQ,, is basically the superconducting order parameter.

2.3 The saddle-point method

We now look for a saddle-point solution of the field theory derived in the

previous section. The saddle-point condition is [9, 27]

A

0A _ oA
6Q

== =0 . (2.27)
QSpyAsp

Qsp,Asp
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According to Egs. (2.26), the saddle point values of both ) and A in singlet

superconductivity-like phases have the structures

iQIQ (X) . - 50&1042 61 [5n1,—n2 57“1 in + 6”1,n2 57’0 Anl] ) (228&)
ixm (x) = dayas 0i [5n1,7n2 Or1 (iqn,) + Ony,na 0r0 (—idn,)] ,  (2.28Db)
sp
where we assume A,, = —A_,,, \, = —A_,, which is equivalent to a redefinition of the

chemical potential [27], and set @, = Q_,, ¢, = ¢—, which follows from Egs. (4.28)
and (2.19¢). Substituting this into Eqgs. (4.19) - (2.25), and using the saddle-point

condition Eq. (2.27), we obtain the saddle-point equations

i
A, = Wzkjgnuo , (2.29a)
—i
U —— (2.29¢)
n 7TNF7'e n 5 .2JC
2i
= _ 3 (C)
G = o Qu—diT T;Qm . (2.29d)
Here
—(iwn — M) — &k
k) = 2.
Gn(k) —(iwp = A)? + 6+ 2 (2.30)
Fulk) = n : (2.30D)

—(iwn — M) + &+ @2
are Green functions with & = k?/2m — p.

From Egs. (4.29), it is easy to find

11
= - k 2.31
A\, " Ek Gu(k) (2.31a)
11 1
= — k) —2r@Tr — k) . 2.31
In Ner Ek Fa(k) v Ek Em Fm(k) (2.31b)
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We now define a gap function A by [28§]

On = Gn + A =1, A | (2.32a)
with
= —— =3 Fk) (2.32b)
I = N7, V - " ’ '
and it can be shown that
NMawn = iA\p +wp - (2.32¢)

We then obtain the gap equation,

A = P~ ZZ o +§k OWSE

. A

with N(0) = % the density of states per spin at the Fermi surface. A remarkable
aspect of this gap equation is that in this approximation the gap A and the crit-
ical temperature 7, are independent of the (nonmagnetic) disorder, and so are all
thermodynamic properties in superconductivity. This result is known as Anderson’s
theorem [14].

We next obtain the density of states. From Eq. (4.25a) it follows,

4
N(ep +w) = —Re <8an(x)> (2.34)
m iwyp —w—+10
In the saddle point approximation, we have for the density of states
N(ep +w) _21§Ig(k' +140)
€rtw) = — = mG,(k,iw, —w+1
F TV -
= Np Y for w > A
2 _ A2
= 0 forw<A . (2.35)
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For later reference we also define a matrix saddle-point Green function

—\ -1
Gw::<G51—iA> , (2.36a)
sp
whose matrix elements are given by
(Gep)rm(K) = 0pm Gn(K) (7o ® S0) — Spmin Fu(k) (11 @ 50) - (2.36b)

Note that the above results are the standard ones.

2.4 Gaussian approximation

We next set up the calculation of the Gaussian fluctuations about the saddle
point discussed above. In the following section these results will be used to com-
pute the physical correlation functions in the disordered superconducting phase. To

obtain this, we write Q and A in Eqs. (4.19) - (2.25) as,
Q = C\?sp + 5Q ) (237&)
A=Ay, +6A | (2.37h)

and then expand to second or Gaussian order in the fluctuations 6¢) and SA. De-
noting the constant saddle point contribution to the effective action by Ay, and the

Gaussian action by Ag, we have, to the Gaussian order, that
A[Q) K] - Asp + AG[Q7 K] ) (238)
with

A0, A] = An[50] + Aue[50] + }l 11 (Gy8Gy, 08 + / detr (iR(x)3Q() .
(2.39)
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For the quadratic part we find

SO0 D PP PHGNH

k 1,234 rs i

}lTr (Gsp SR Gy, 57\)

Here

JA s (K) = 013000 15(k) NJY 0y 10
+013 02,4 5 (K) N2 63 11 1,
+61,-3 021 015 (k) N2 63501 1

+01,-3 051 p13(K) N} 0511

12

— 1 (0) 4
= 4 A12 34(k> 7"112 )
with 4 x 4 matrices
7:7'3 0 —iTl 0
NOO — ’ NOl —
0 —iTg 0 —iTl
NIO _ —1T 0 Nll _ —173 0
0 iTl 0 —iT3

and

fjlz =1+

_1+<

) = 0,0 + 57»1 + 57’2 — 57{),, etc. and

|+t +
N————
-

VR
I+
N———
<.

| +++

where (

o2 (k Vzgn P)Gm(p+k)

Ay (k)2 (6A)34(—

(2.40a)

(2.40D)

(2.40c)

(2.40d)

(2.40e)

and !, !9 and p!! defined similarly with GG in Eq. (2.40e) replaced by (—1)GF,

(—1)FG, and FF, respectively.
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In a similar way, the term that couples SA and 0@ can be written

<5A6Q> =4 Z ZZ (6M)12(k) ; By, (1) 1(0Q)12(—k) (2.41a)

1234

where

j‘BlQ(k) - 3112 (

+ 1+

> . (2.41b)

@ and A can now be decoupled by shifting and scaling the A field. If we define

a new field A by

HOA)12(k) = 29 (A ) 1230(k) (2(6A)34(k) — 2(0Q)34(K)) 1By, . (2.42)

with A1 being the inverse of the matrix A defined in Eq. (2.40b), then A and Q
decouple. Integrating out dA and the Gaussian action is remained completely in

terms of @,

AGlQ] = S ST S 0Q)ia00) LA na(k) By By (5@ K

k 1234 rs dj

T A [0Q] + Aqis[0Q] (2.43)

It is convenient to rewrite this result as

= S S S Qe B 00 HQu( k) . (24

k 1234 rs ij

where

iiM12,34(k> = ?é(A_1>12,34(k>iB12§B34

0
_ZTF 52] 5rs(51+2 3+4 ( i ) (
0/,

1
- 7TNF7' — Blg 5@]57"5513524 .

(2.44D)
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Chapter 3

Physical correlation functions

3.1 Ultrasonic attenuation by saddle-point approximation

We now use the results of the preceding sections to calculate transverse ul-
trasonic attenuation in both clean and disordered superconductors. The ultrasonic

attenuation is defined by the power dissipated per unit energy flux, as

P

1
§pionv265

(3.1)

o =

where P is the power dissipated by the sound wave per unit volume and time, p;,, the
mass density of the material, v the phonon velocity amplitude, and ¢, the velocity

of sound. The dissipated power comes from the electron-phonon interaction:

i5<Hep>

P=—v—%

(3.2)

where the electron-phonon interaction has the form of

Hep = Z/drnj(r)viuj(r) (33)

with the stress tensor of the electronic system

1 -
rol1) = 1 SV = VU = V(o) ece (3.4)
Here u;(r) is the phonon displacement field and v = %.
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As shown in Ref. [29], the sound attenuation coefficient has the expression,
with the help of linear-response theory, that

w

= Imy(k, iw, — w+10) , (3.5)

where the stress-stress spectral function, with D, = 0,,0.,,

. 1 1 / / . / /
x(k, iwy,) IV dxdx'dydy’ exp (—ik - (x —y)) UZ; d(x—x")o(y —y')D.D,
1 7 AR a /
X E Z < 31701 (X) gl—wn,al (X ) wa,09 (Y) wa+wn,02 (y )> . (36)

wi,w2

By introducing a source term of the form

55 = / dx 3" h(wn k) 37 8 (x) Dy, (%), (3.7)

we can obtain

(k= 0, i,) 1 P27 (3.
= an = .
X ’ m23V Oh(w,, K)Oh(w_n, —K) |,_,
with the third term of the right side of the Eq. (4.19) becoming
1 IR
A = §Tr In (Go —2A—|—D>
1 ~ ~
= 3 Tr In (Ggl —i(Agp +O0A) + D)
1 T 1 _1
- ;Trhn (1 + DG, — zéAGsp> +5TrIn (G) (3.9)
and D =3} 6(w; —wy +wp)hexp (—ik - x)D,.
In the saddle-point approximation, we neglect the SA item and have
-1
As = R Tr (DG, DGyp) + const. (3.10)
We then obtain the ultrasonic attenuation coefficient, for small frequency,
2
as(w) (3.11)

T T exp (BA)
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for both clean and disordered superconductors. Here a, is the attenuation coefficient

of the normal metal [30]. In the clean metal it has

k:;%uﬂ
Qn clean = 3.12a
. BOWQpi(mcg ( )
with the usual conditions w < gquy < A satisfied. In the disordered case
2N (0)kFwT 3190
QA disordered = 15m2—pwnC§7 ( : )

where the approximation of 7.A < 1 is assumed, which is called the dirty limit [31].
The above result confirms Levy’s prediction which was obtained by Boltzmann’s
transport equation [32]. It should be noted that no Greens function method has
been used to obtain this result before.

The above method can be used to obtain other physical properties, like longitu-
dinal electrical conductivity. In that case, higher-order corrections must be included
due to the gauge invariance problem [33]. Below we show how to correctly obtain

the conductivity by using the Gaussian fluctuations about the saddle point [34].

3.2 Gaussian propagators

We now use the results of the preceding sections to calculate some correlation
functions of physical interest. We find in Appendix A that the number density
susceptibility, x,, and the spin density susceptibility, xs, can be expressed in terms

of the @)-correlation functions,

) =5 57 37 (H0Q)14,,0910Q),,0(-0) . (313

1,2 r=0,3
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with x(® = y,, and x("*%* = x,. Here the Gaussian propagators in the Eq. (3.13)

are given in terms of the inverse of the matrix M defined in Eq. (2.44b) by

. . V oy
(1(0Q)12(k1) 206Q)(h2) ) | = 5 O cae M k) (3.14)

where (...), denotes an average with the Gaussian action Ag. We find from Eqgs.
(3.13) and (3.14) that M ' determines the correlation functions within Gaussian
approximation.

In the following section we will be interested in the number density suscep-
tibility y,. Other correlation functions can be obtained similarly by applying the
technique introduced below. From the expression of () in terms of the fermionic
fields, Eq. (4.14), it is easy to see that the contributions to Eq. (3.13) from r = 0

and r = 3 are identical for w, # 0. We can therefore write

-1
Xn(k,wy) = 4T E :ggM1+n,1;2+n,2(k> ) (3.15)
12
To find 3, , gng_in’l;%nQ, we rewrite M as

My (k) = L(A N )1934(K) LByl By, — WDy 5,

s

= (C Nza(k) =Dy (3.16)
Then we find

M= (Cct-D)" (3.17)
It is convenient to write the inverse of the matrix M as an integral equation,

M*'=C+CDM™* | (3.18)
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with

ij _ij 200
7“8012,34 - rsAl2,34 (

+ 1+

) IBy, . (3.19)
For further simplicity, we set I' = 27T, 79 = 7 Np7, and ‘I, =1 for w, # 0.

Expanding Eq. (3.18) we have

011 _ 00 00 4(0) 00771 1 0j 4 jo,, 1
33M12,34 - 33012,34 -I § 32A12,56 55+6,7+8 23M78,34 + E § E :3sA12,56 53M56,34
56

56,78 js
_ 00,0 0 > s 01-2,748 83M;81,34
R P15 D 7g 0-112,7+8 ggM;sl,M
+50(1)8 ggM;é;aA
| gy

1,—-2;3,4
+_0 10 00 77~ 1 ) (320)
T tp13 23M 5 534
11 0071
+$13 33M_1,—2;3,4

where we have used the structures of B, Eq. (2.41b) and A© | Eq. (2.40b). XM~

in turn obeys the integral equation

00 00771
001 7—1 00 4(0) —P12 D 78 O142,748 23M 75 34
M = —.A + T
234 192 34 234112 34 11 5 00 /=t
—¥P12 278 —1-2,7+8 2341 78 34
—1
_‘Ptl)g (Q)gM1,2;3,4
01 001
_i —¥P12 33M1,72;3,4 (3 21)
2 . .
70 +15 ggM_1,2;3,4

_ 1100371
P12 23M_1 554

.. . 00 —1 00 -1 .
Similar results can be obtained for 33]\471772;3’4 and 23]\/[71’72;374. By using these

four matrix elements of M !, one finds

-1 2 2 -1 2 -1
ggM12,34 = X1(2?34 + Y1(2) Z 0142,7+8 83M78,34 + Zfz) Z 0_1-2,748 ggM78,347 (3.22a)

78 78
. 2 2 —1
ggM—1,—2;3,4 = X(—l),—2;3,4 + Y—(1),—2 Z 0-1-27+48 32M78,34
78
2 —1
+Z(f1),72 Z O142,7+8 99 M 7 54 (3.22b)

78

and

-1 3 3 -1 3 -1
ggM12,34 = X£2?34 + Yl(z) Z 012,748 (2)(3)M78,34 + Z£2) Z 0 142,748 ggM78,34 (3.22¢)
78 78
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The parameters X§§?34, Y1(22 ), Zg), X{§?34, Yg’ ) and Zg) will be specified in Appendix
B.

We are now ready to calculate the >~ , oM ;mm tno- We first need to obtain
> 1o ggMHn Ctiggmo and D7 0OM~; n1i24n2 from Eq. (3.22c). Summing both sides

of Egs. (3.22a) and (3.22b) with }, ,, we can get

E 00
23M1+n 12+n2

2
(1 - 21 Y(l) n, 1) 212 l+n —1; 2+n 2 + 21 1+n —l 212 1 n,1,2+n2

5 : (3.23a)
(1 - El le-‘rn 1)(1 - Zl l —n, 1) 21 1+n,—1 21
ZggM 1— n,1,2+n2
2 2 2
(1 - Zl l-l—zn —1) 212 X( 1) n,l; 2+n 2 + Zl Z(—l)—n,l 212 X§+)n,—1;2+n,2 (3 23b)

2 2
(EDIRAINIIED MR CUMIED D/ rED BIP A
Then it is easily shown that
3 3
Z ggM1+n 1;24n,2 — Z X£+)n,1,2+n 2 T Z Y1(+)n 1 Z gng—i—n —1;24n,2

+ Z Z1+n 1 Z ggM 1—n,1;24n,2 (3.24)

We can now obtain the number density susceptibility x,. Note that by substituting
Egs. (3.23) into Eqgs. (3.22) we can also obtain the explicit forms of 33M 1_21,34 and
oM 1721734. This technique can then be generalized to obtain all elements of M~

which in turn gives the Gaussian propagators completely.

3.3 The clean limit

In this section we discuss the clean limit, or the non-impurity electron gas. Let
us perform the clean limit, 7. — o0o. Ag;s then vanishes. That also means A\, — 0,
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A, — 0 and g, = A. It is easy to show that

E 00
23M1+n 1;24n, 2 =

(1+T 21 (poolfn,l)(21 @?in,—l) +T 21 90%1+n,71(21 Splfolfn,l)

. (3.25a)

(1 +T 21 901+n 1)(1 + T 21 Spofolfn,l) -I 21 @%}kn,ﬂ r 21 901711771,,1

Z ggM 1-n,1;24n,2

(1 + T 21 <P(1)9rn 1)(_ 21 801701%,1) -I 21 90111 n 1(21 @?}%n,fl) (3 25b)

(1+T 21 @1+n (1 +T 21 90901—71,1) r 21 901+n I Zl S01—11—n,1

and
ggM1+n12+n2 Z¢1+n1 + FZSOHnl Zgng—i-n 1;24n,2
1,2

_FZSOHnl ZggM—1 n,1;24n,2" (3.25¢)

Using the results in Appendix C, we obtain the number density susceptibility

of clean superconductor, for small |k| and wy,,

Ui
w2 + 4 k?

The electrical conductivity o is determined by y,, via [35]

o(k,w) = ie? k_ Xn(k, iw, — w +1i0) . (3.27)

In particular, the real part of the conductivity as a function of real frequencies has

a delta-function contribution, for small w,

Reo(w) = — ]lflir(l)e k_ Imy, (k, iw, — w + i0)
e2 Npmo
% 5(w)

_ nre Sw) (3.28)

m
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3
with n = :,ir—fQ the particle number density. This coincides with the known result
(36, 37, 38].
Similar procedure can be applied to obtain the spin density susceptibility, by

noting that

16T

xlkown =0) = = 3 (56Q),,(K)(5Q),(—k) )

= 27y UM 1., (3.29a)

1,2

and

} :11 -1 _ } :11 (0)
33M1+n,1;2+n,2 - 33A1+n,1;2+n,2
1,2 1,2

- Z Qo(l)?kn,l + 5TL70 Z Soiin,l
1 1
_NF Nn
2T n

for w, =0, |k| — 0, (3.29b)

where n = ny +n,, with n, the density of superconducting electrons, n,, the density

of normal electrons [39],

Ve

o0 exp (%
nn:n/ dép —.
—o T (14 exp (Y122

T

(3.29¢)

The result x,(k — 0,w, = 0) = —Np" is consistent with Yosida’s [40].
The above result means xs = 0 at zero temperature. This is because a BCS
superconductor is a perfect diamagnet at T'= 0 [40]. The non-zero part comes from

the contribution of normal electrons at finite temperature [41], since some Cooper

pairs are broken into normal electrons at T # 0.
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3.4 The disordered case

Now we turn to the disordered case. The approximation of 7.A < 1 is as-
sumed. This is called the dirty limit [31]. Calculations in Appendix D show that in

the limit of long wavelength and low frequency,

WATQU? k2
3

Xn(kawn) = _NF y (330)

ATev2
2 | T8Telfq.9
wp +—5—k

and the real part of the conductivity as a function of real frequencies has also a

delta-function contribution

Reo(w) = — ]1:12% 62% Imy,, (k, iw, — w + i0)

e Np A1, 72 UJ%
= . S(w) . (3.31)

This coincides with the result already known, too [38].

Again, a similar procedure can be applied to obtain the spin density suscepti-

bility. We find in Appendix D that, at T'=0

Xxs=0 forw,=0,|kl—0 |, (3.32)

That means the spin response in the nonmagnetic disordered case is the same as
that in the clean limit. This is consistent with Devereaux and Belitz’s argument
[42], which has shown that the nonmagnetic disorder has no effect on the spin-flip

pair breaking rate.
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Chapter 4
Quantum Metal - Superconductor Transition: A Local Field Theory

Approach

As we showed in Chapter 2, small amounts of nonmagnetic disorder has a
vanishing effect on the superconducting transition temperature, T.. Historically
this is known as Anderson’s theorem. At large amounts of disorder, however, the
superconducting critical temperature vanishes, T, — 0. At T, = 0, therefore, there
is a disorder-induced metal - superconductor transition. Physically, the long range
behavior of the non-order-parameter fluctuations leads to an effective long range
interaction between the order parameter fluctuations. The net result is that the
long range interactions suppress fluctuation effect and makes the theory exactly
soluble.

In this chapter this quantum phase transition is studied. An effective local
field theory is developed that keeps all soft modes or fluctuations explicitly. Renor-
malization group analysis on the resulting local field theory is then used to exactly

determine the quantum critical behavior at this transition.
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4.1 Introduction

Recently there has been much interest in quantum phase transitions. Oc-
curring at 7" = 0, these transitions provide new insight into the possible physical
phases of systems at low temperature [43]. The first quantum phase transition stud-
ied in detail was the ferromagnetic transition in an itinerant electron system at zero
temperature. Hertz argued in 1976 that the transition was mean-field-like in the
physically interesting dimension d = 3 [44]. This simple mean-field description was
later shown to be incorrect [45, 46, 47]. The reason for this breakdown is the exis-
tence of soft or massless modes other than the order parameter fluctuations. These
modes were neglected in Hertz’s theory. In both clean and disordered systems these
modes are coupled to the order parameter fluctuations and modify the critical be-
havior [46]. Technically, if these additional soft modes are integrated out, they lead
to a long-ranged interaction and a nonlocal field theory. For the disordered case it
was argued that once this effect is taken into account, all other fluctuation effects
are suppressed by the long-range nature of the interactions and that the critical be-
havior is governed by a fixed point that is Gaussian, but does not yield mean-field
exponents [47].

A similar argument was used to describe the normal metal to superconductor
quantum phase transition at 7" = 0 [48]. In this case the usual finite temperature
superconducting phase transition is driven to zero temperature by nonmagnetic
disorder [49], where the additional soft modes come from particle-hole excitations.

Again, it was argued that the critical behavior found at this quantum phase transi-
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tion [48] could be exactly determined using the same technique as in Refs. [46, 47].
The theory developed in Refs. [46, 47, 48], however, suffered from one major
drawback: Since the additional soft modes were integrated out in order to obtain
a description entirely in terms of the order parameter fluctuations, the effective
field theory that was derived was nonlocal [50] and not suitable for conventional
perturbative renormalization group treatment. The analysis in Refs. [46, 47, 48]
was therefore restricted to power counting arguments at tree level to show that
all non-Gaussian terms are irrelevant in a RG sense. However, relying entirely on
tree-level power counting can be dangerous. Later on, logarithmic corrections were
found in the description of the disordered quantum ferromagnetic transition [51].

It is the purpose of this chapter to keep all the relevant soft modes and to
construct an effective local field theory for the metal - superconductor transition so
that the exact behavior at this quantum phase transition can be determined using
conventional renormalization group methods. Unlike the quantum ferromagnetic
transition discussed above, we will show that the previous results for the metal -
superconductor transition, though from a nonlocal field theory, are still valid. The
reason for this is explained in detail.

This chapter is organized as follows. In Sec. 4.2 we use methods developed
in Refs. [9, 34] to derive an effective local theory for disordered electron systems
that explicitly separates massive modes from soft ones, and keeps all of the latter.
In Sec. 4.3 we give a renormalization group analysis of this model. In Sec. 4.4 we

discuss our results.
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4.2 Effective Local Field Theory

A local field theory will be developed in this section to describe the normal
metal to superconductor quantum phase transition at 7' = 0. All relevant soft modes
will be contained in this field theory. We start from a general model of interacting
electrons with quenched disorder and an attractive Cooperon interaction amplitude.
We then introduce the superconducting order parameter and separate massive and
soft modes. After integrating out the massive modes, we obtain a effective local field
theory that describe the coupling between the superconducting fluctuations and the

soft or massless diffusive modes.

4.2.1 Composite field theory

The general partition function of the interacting, disordered electrons has been

given in the form of Grassmann fields ¢ and 1) chapter 2:

7= / D[, ] 54 (4.1a)
with the action S being

A - 0

S = — [ dr[d o (X, T) 5= ¥o(X,
/o T/XEU:@ZJ(XT)OT@/J(XT)
B
—/ dr H(T) . (4.1b)
0

We denote the spatial position by x, and the imaginary time by 7. H(7) is the
Hamiltonian in imaginary time representation, § = 1/7 is the inverse temperature,

o =T, | denotes spin labels, and units such that A = kg = 1 are assumed as before.
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The Hamiltonian H includes three parts:
H = Hy+ Hye + Hyis (4.2)

Here H, describes a free electron fluid with chemical potential p. Hiy describes
a spin-independent two-electron interaction with potential v(x; — x3), which as in
Refs. [9] can be conveniently divided into three parts: particle- hole spin-singlet
channel with interaction amplitude I'®®) particle- hole spin-triplet channel with T'®),
and particle-particle spin- singlet channel (or the Cooper channel) with T'©), T(¢) < (
leads to superconductivity. The particle-particle spin-triplet channel (or the triplet
superconductivity channel) is neglected here [52]. Hg;s describes a static random
potential u(x) coupling to the electronic number density, with the assumption of this
potential u(x) being delta-correlated and Gaussian distributed. Since the system
contains quenched disorder, the replica trick [11] is then introduced to perform the
disorder average.

As what we have done in previous chapters and papers [9, 34], we next integrate
out the Grassmann fields and rewrite the theory in terms of complex-number fields

@ and A. With the help of the following isomorphism,

—thipar —iybay —Urithe  Yrytbe
i | —ier = —nbe) Yy
BlQ - 5 ~ ~ ~ ~ ~ -
P Ve Y =1 Y
—thipthay —ihy —Piitbe Uiy
= Qi (4.3)

where all fields are understood to be taken at position x, and 1 = (ny, a1) with n,
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denoting a Matsubara frequency and « a replica index, etc, we exactly rewrite the

partition function as

Z=:/wawWM/DWMW—m

= /Dq/} Y] S[ww]/D x Tr[K(QfB)]

/ D[Q . (4.4)

Here A is an auxiliary bosonic matrix field that plays the role of a Lagrange multi-

plier. The reason to do so is that the rewritten action is particularly suited for the
separation of massive and soft modes. It is helpful to expand the 4 x 4 matrix in
Eq. (4.3) in a spin-quaternion basis, as in Chap. 2,

3

Qu2(x) = Z(Tr ® 5i) 1Q12(X) (4.5)
r,1=0
and analogously for A. Here To = Sp is the 2 X 2 unit matrix, and 7; = —s; = —io;,

(7 = 1,2,3), with 0423 the Pauli matrices. In this basis, ¢ = 0 and i = 1,2,3
describe the spin singlet and the spin triplet, respectively. An explicit calculation
reveals that 7 = 0,3 corresponds to the particle-hole channel (i.e., products 1)),
while r = 1,2 describes the particle-particle channel (i.e., products 1) or ¥1)).

We then decouple the particle-particle spin-singlet interaction by means of a
standard Hubbard-Stratonovich transformation. Denoting the Hubbard-Stratonovich

field by ¥, the partition function becomes

=/D@ﬂ&hﬂmw, (4.6a)
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where the action

AQ,A W] = AwlQ] + ARQ] + AV Q]
+% Tr In (Ggl - 2'7\) +Tr (7\@)

- [ax 333 e )

[ n r=1,2

—H'\/QT]F(C)]/deZ > (x)
« n r=1,2

X Ztr (72 @ 50) Qo in(¥)]

(4.6b)

with Tr denoting a trace over all degrees of freedom, including the continuous real
space position, and tr a trace over all discrete degrees of freedom that are not
summed over explicitly. I'®) is the attractive Cooperon interaction amplitude. The

first three terms in Eq. (4.6b) have the following forms,

Auis[Q] = o /dx tr (Q(x))* | (4.6¢)
Ay = @/deHV 2. 2
2 r=0,3 ni,ne,m o
X [t (7 ® 50) Q5 (%)
X [tr ((Tr ® S0) g (x))} , (4.6d)
¢ 3
A = %()/deH)’” 2. 2.2
r=0,3 ni,n2,m o i=1

x [tr (12 @ 8:) Qs 1 (X))
X [tr (70 ® 80) Q2 pmy(X))] (4.6¢)
Finally,
Go'l=-0,+V*2m+p | (4.6f)
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is the inverse bare Green operator.
Physically, the Hubbard-Stratonovich field ¥ can be related to the supercon-

ducting, or Cooper pair, order parameter, ¥ ~ ).

4.2.2  Soft modes

Now we are ready to separate the massive and soft modes. The separation
follows the similar procedure in previous papers [9]. As in Eq. (4.3) the matrix ele-
ments of () are bilinear in the fermionic fields, so Q-@) correlation functions describe
two-fermion excitations. Symmetry analysis shows that the @Q,,,-fluctuations in a
Fermi liquid are massive or soft, respectively, depending on whether nm > 0 or

nm < 0. Group theory is then used to argue that () can be generally written as
Q=8SPS' | (4.7)

where P is block-diagonal in Matsubara frequency space,

pP= , (4.8)

with P~ and P< matrices with elements P,,, where n,m > 0 and n,m < 0, respec-
tively. The matrices S are elements of USp(8 Nn,C)/USp(4Nn,C) x USp(4Nn,C), a
homogeneous space with NV replicas and n Matsubara frequencies in a system. This
achieves the desired separation of soft and massive modes. The massive modes are
represented by the matrix P, while the soft ones are represented by the transforma-

tions §. The same procedure can be applied to A as follows

Ax)=SxE)AXx) S (x) . (4.9)



A can also be shown to be massive.
The next step is to integrate out the massive modes. We expand the massive

modes about their saddle-point values,
P=(P)+AP , A={(A)+AA . (4.10)
A new matrix field is then introduced as
Q) = ——Sx)(P)S7'(x) . (4.11a)

Since Q is subject to the following constraints

~ ~ A

QX)) =1®T7 , Qt=0Q trQ(x) =0 (4.11b)

it can be written in a block matrix form analogous to that used in Eq. (4.8) as

V1—qq q
q' —/1—4qfq

with the matrix ¢ having elements ¢,,, whose frequency labels are restricted to

O
Il

(4.11c)

n > 0, m < 0. Symmetry analysis with Ward identities ensures that the matrix ¢
are massless or soft, which are diffusive in disordered systems.
Following the procedure used to derive the generalized nonlinear sigma model

[53] and also considering the leading corrections to the model, we obtain the effective
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action

A[qv \Ijv APv AA] - ANLUM[Q] + 5A[AP7 AA? Q]

DI ACE A

n r=1,2

+i\/7rT|K(C)|/deZ > hw(x)

a n r=1,2

x>t (@ so) [ Q0 (X)

+ m,—m-+n (

- (saPST) x)] .

(4.12)
Here K(© = WN%F(C) /8. AxLom is the known action of the nonlinear sigma model,

Axtonr = A [m NeQ/4] + A1 NeQ/4]

e
+2H/dx tr <Q Q(X)> , (4.13a)

dx tr (VQ(X)) i

with A% from Eq. (4.6d), AW

int int

from Eq. (4.6e), and 2 a frequency matrix with

elements

Q12 = (70 ® 80) d12Wn, - (4.13b)

The coupling constants G and H are proportional to the inverse conductivity, G o
1/o, and the specific heat coefficient, H o< v = limy_o Cy /T, respectively [27, 54].

0A contains the corrections to the nonlinear sigma model that were given in
Ref. [9]. We list explicitly the terms that are bilinear in the massive fluctuations
AP and AA, but do not contain couplings between the massive modes and ¢ which

are irrelevant from the view of the renormalization group analysis. The terms of
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higher order in AP are also neglected, which would produce terms of higher order

in W. For our purposes it will suffice to keep the terms of order W2,

SA® = A4 AP]+ / dx tr (AA(x)AP(x))

7 [ sy (Gualox ) AAG) Giply %) AAG0)
(4.14)
with Agﬁi from Eq. (4.6¢) and the saddle-point Green function Gg,
Gapllown) =[Gy =i(N)]™
o |iw, — % +p+ 2; sgn wy, B . (4.15)

Note that for our purposes it suffices to keep only the disorder contribution to
the self energy in self-consistent Born approximation, and neglect the Hartree-Fock
interaction contribution.

The remaining task is to integrate out AP and AA. The matrix S can be
treated as S = 1 when we neglect the coupling between massless modes ¢ and those
massive fluctuations AP and AA, which would produce another term of O(¥*) irrel-
evant for the purpose of the current paper [51]. An additional quadratic contribution
in terms of the order parameter field W will obtained from Eq. (4.14) and the last

term in Eq. (4.12). Combining it with the U2 term in Eq. (4.12) yields a term

Acl¥] = =3 > > > k)

e n r=1,2

x [14 2T X (k, Q)] 90 (k) (4.16a)
where
X(ka Qn) =T Z @(n1n2) (5n1+n2,n Dnmz (k) ) (4'16b)
ni,n2
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is given in terms of

1 -1
Dnm(k) = @nm(k) |:1 - %TFTel Spnm(k) (416C)
with
1
nm(K) = D Geop(pown) Gop(p+ K wi) (4.16d)
p

The Theta-function in Eq. (4.16b), which restricts the frequency sum to frequen-
cies that both have the same sign. For small frequencies and wavenumbers, the
calculation shows that

Ag[U] = — Z Z Z Z OW% (k) up 20T (—k) (4.17a)

a n r=1,2
with

uy =1+ 0(k> Q) . (4.17b)

Below we will see the wavenumber and frequency corrections indicated in Eq. (4.17b)
are irrelevant for the critical behavior. Note that the standard BCS or Cooper
logarithmic item actually arises from the coupling term, A., given below. The
vertex in Eq. (4.16a) is simply a number in the long wavelength, low frequency
limit, as is indicated by Eq. (4.17b).

Now we can write an effective local action including only soft modes and the

superconducting order-parameter fluctuations. The action has the form of

Aee[V, q] = Ac[¥] + Axrom[q] + AP, q] . (4.18a)

Here the nonlinear sigma model part of the action, Anp,m, has been given in Eqgs.
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(4.13), and \A. represents the coupling between ¥ and g,

iy /7T K| /dx;;rzmoxp X)

thr [7—7’@80 A%oa m+n< )i| :

(4.18D)

For the simplicity, we rewrite the coupling action as

AU, | = iy/[7T|K©) / ax tr (b(x) Q) (4.19)

Here we define a field

le(X) = Z (TT oY 80) ,%12 (X> s (420&)
r=1,2
with components
2[)12 = alaz Z (sn n1+ngoqjal ) . (420b)

Using Eq. (4.11b) in Eq. (4.19), it leads to a series of terms coupling ¥ and ¢, ¥

and ¢?, etc. We thus obtain A.[¥, ] in form of a series
AV, q] = Ap_g+Ag_p + ... (4.21a)
The first term in this series is obtained by just replacing @ by ¢ in Eq. (4.19),
Agy_q = ’iclTl/Q/dX tr (b(x) ¢(x)) (4.21D)
with ¢; = \/m . The next term in this expansion yields
Agy_p = i@ﬁ/dx tr (b(x) q(x)q'(x)) (4.21¢)

with ¢o = ¢;/16. Higher order terms in ¢ in this expansion will turn out to be
irrelevant for determining the critical behavior at the quantum phase transition.
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4.3 Renormalization group analysis

In this section, we explore the effective local action obtained in the above
section and examine the critical behavior by renormalization group analysis. We
first determine the Gaussian, or second order, action. The moment-shell technique is
then employed to find possible corrections to the previous treatment for the quantum

metal - superconductor transition.

4.3.1 Gaussian Action

For the purpose of the following renormalization group analysis, we first need
to determine the Gaussian or second-order action. It can be obtained from the

effective local action .Zeg[\lf, q] as follows,

AD[W g = —ZZZZO‘I’ ) 00 (—k)

n o r=1,2

_EZ Z Ziqm( F§2)34(k) iq34(—k)

k 12,34 ir

\/ T |K©| ZZ Z rqyo(k 0b12 (—k),

12 r=1,2

(4.22a)
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where the bare two-point g vertexes come from the nonlinear sigma model Axpom

and have the forms of

(1)7211522)734(1{) = —013024 (K + GHQyy—py) + 0142344

X Oy Oers g ATT G, (4.22b)

0 (k) = 013024 (k2 + GHQm_ng) + 01234

0,37 12,34

X 0o a0y a3 4TTG K, (4.22¢)

1’2’3F(2) (k) = 0130m (k2 + GHin—ng) +01-23-4

03 ~1234

X Oty ey Oy ATTGE, (4.22d)

with K, = —m N2I'®) /8 and K, = —7 N2T'®W/8. Note that there is an additional
repulsive interaction, 0k., in Eq. (5.22b), which comes from the one-loop disorder
renormalization of the action [49]. We choose to take this effect into account at
Gaussian order. Alternately, it would arise as a higher-order disorder effect. For a
complete discussion of this term we refer elsewhere [27]. Here we note that it is this
term that drives the superconducting transition temperature to zero, and leads to
a quantum metal - superconductor phase transition.

As an aside, we note that if the fermionic ¢ fields are integrated out, an effective

action containing only the superconducting order parameter can be derived. In the
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long wavelength and low frequency limit that action is,

TCCIEED 9 9 3P oL

n «a r=1,2

7”1;(6)' In - §12<02 GH
UQ(I{) + §kc 1 | |+ / S@Z(_k)
L+ R Tom |+k2/GH

12

R BIPIEHL

n o r=1,2

|K) 1 0,
t v (—k
< + 5k2 ln— T n( )

Q. [+k2/GH

(4.23)

Here ) is a frequency cutoff on the order of the Debye frequency, and t = uy — %

denotes the distance from the mean field or Gaussian critical point. Note the crucial
point, it is the disorder (dk.) that allows ¢ to change signs and therefore leads to
a metal - superconductor quantum phase transition. A(Q)[\Il] is the Gaussian order
parameter field theory that was considered in Ref. [48].

It must be stressed, however, that the whole point at our procedure is to not
integrate out the fermionic degrees of freedom. Only then, will the starting action
be local in space and time and be amendable to the standard renormalization group
treatment.

For the coupled field theory it is straightforward to calculate the two-point cor-

relation functions. For the superconducting order parameter correlations we obtain

a 1
(05 () 20, (D)) = G G Ors G 5 Male)

T

(4.24a)
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with

M, (k) = - (4.24b)
t+ B
c lnm
Similarly, we find the fermionic propagators
i j Gin@-1
(+012(K) 2G5, (P)) = Ok, —p 0ij K} TP12,34 k) (4.25a)
where
i (21
0’31—‘12734 (k) = 5135241)711771,2 (k) - 6172,37460410425041043
x2rTGKD D, ., (k) DY_ (k) ,
(4.25Db)
and
(1],2F522),3_41 (k) = _513624,1)711*”2 (k> + 51+2,3+4504104260¢10¢3
4rTGK O Dy, oy (K) Dy, (K)
(4.25¢)

Here DY is the spin-singlet propagator, which in the limit of long wavelengths and

small frequencies reads [27]

DO (k !

"<):W+Gw+Kmmn (4.25d)

In writing Eq. (4.25¢), we have for simplicity put the additional repulsive interaction,

0k, to zero.
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4.3.2 Momentum-shell renormalization group analysis

From the discussion above, the following effective local action with all the
relevant soft modes can be used to exactly determine the behavior of quantum

metal - superconductor transition,

Ag = AP+ Ay, + Ay_p

_% Z Z Ziqlz(k) irg),:m(k) iQ34(_k)' (4.26)

kK 1,234 ir
The standard momentum-shell renormalization group (RG) technique [8, 55, 56] on
this local field theory is employed here. The parameters t, G, H, ¢, co as well
as the fields ¥ and ¢ in the theory defined above will be renormalized. We use b
as the RG length rescaling factor, and we rescale the wavenumber and two fields

straightforwardly via

k — K/b , (4.27a)
U, (k) — bEmR2w (K | (4.27D)
Gum (k) — b<2_nq>/2q;bm(k,) . (4.27¢)

The rescaling of imaginary time, frequency, or temperature is less straightforward.
In general, there are two different time scales in the problem, namely, one that is
associated with the critical order-parameter fluctuations, and one that is associated
with the soft fermionic fluctuations. Therefore, we allow for two different dynamical

exponents, zg and z,. The temperature may then get rescaled via

T —b =T | (4.27d)
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or via

T — b =T | (4.27¢)

How these various exponents should be chosen is discussed below.
In the tree, or zero-loop, approximation the RG equations for the parameters

in our field theory are determined as

t = bt (4.28a)
G’bl[’T&, - Gll):Tq, ’ (4.28b)
é — bgjq , (4.28¢)
H'T, = vV ™HT, | (4.28d)
ATV = clTl/wa% : (4.28e)
LTV = TV~ (4.28f)

Note that in giving Eqgs. (4.28¢) and (4.28f), the particular choice of T" was not yet
specified because it is not obvious if a 2z, or a zy should be used for these terms that
describe a coupling between ¢ and W fields.

If we assume the Fermi-liquid degrees of freedom to be at a stable Fermi-liquid

fixed point, we must choose G and H to be marginal, which implies

ng = 0, (4.29a)
g = 2, (4.29D)
2g = 2 . (4.29¢)

Here we find that two dynamical exponents, zy and z,, have the same value, which
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is different from the ferromagnetic systems [51]. We further choose

e =2, (4.29d)

which is implied by the logarithmic structure of Eq. (4.24b). With these choices, we

find that

=b"2 ¢y (4.29¢)

As in the ferromagnetic case, there is a critical fixed point where ¢; is marginal,
and the fermions are diffusive, with exponents given by Egs. (4.29). However, in
contrast to the magnetic case, the coupling constant cy of the term Ay_g 2 is RG
irrelevant for all d > 2, and so are all higher order terms in the expansion in
powers of g. We therefore conclude that the Gaussian critical behavior is exact [48].
No additional logarithmic corrections exist here. The most important technical
difference that leads to the irrelevance of ¢y for this quantum phase transition, while
for the quantum ferromagnetic transition it was marginal, is that the time scales for
the order-parameter fluctuations and the fermions, respectively, are the same [57].
This renders inoperative the mechanism that led the possibility of c¢s being marginal
as in the ferromagnetic case. Physically, the very long range interaction between
the order-parameter fluctuations stabilizes the Gaussian critical behavior. This is in
agreement with the fact that long-ranged order parameter correlations in classical
systems stabilize mean-field critical behavior [58].

As noted above, Eq. (4.29¢) implies that the Gaussian theory gave the exact

critical behavior. For completeness, the critical exponents, including logarithmic
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terms, are

In In b2
nw = 2 — Inb s (430&)
Inb
v o= 1 . (4.30c)

Formally, when b — oo we have ng = 2 and v = oo. Physically, for example, Eq.

(4.30b) implies the wavelength length behaves as
= ool (4.31)

with & the microscopic coherence length.

4.4  Conclusion

We have investigated the quantum metal - superconductor phase transition
in the present paper on the basis of an effective local field theory [59]. With a
simple renormalization group analysis, we have determined the critical behavior at
the quantum metal - superconductor phase transition. In contrast to the disordered
ferromagnetic case studied earlier, we showed that the previous results obtained with
a nonlocal field theory are correct. The reason is that the two dynamical exponents,
zy and z,, are exactly the same for the disordered metal - superconductor quantum

phase transition. This point is further discussed in Refs. [60].
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Chapter 5
Pseudogap Effect on d-wave Superconducting Quantum Phase

Transition

In this chapter we study the disorder-induced quantum phase transition from
metal to d-wave superconductor phase transition. An effective local field theory
is developed that keeps all soft modes or fluctuations explicitly. Renormalization
group analysis is then used to study the quantum critical behavior at this transition.
We reach the surprising conclusion that the quantum phase transition is a strong
coupling (or infinite disorder fixed point) transition independent of the hole doping,

that is, pseudogap effects in the normal state do not seem to have any effect.

5.1 Introduction

In the last chapter an effective local field theory for the metal to s-wave su-
perconductor transition was developed by keeping all the relevant soft modes. The
exact behavior at this quantum phase transition was determined. We found that
the coupling to non-order-parameter soft fluctuations was so strong that once these
fluctuations were taken into account all others could be (exactly) ignored. The
net result was that a Gaussian field theory exactly described the quantum critical

behavior.

65



The situation in d-wave superconductors, however, may be different from that
of conventional superconductors. Indeed, we show that the d-wave symmetry of the
superconducting state makes the coupling between the order parameter fluctuations
and additional soft modes weaker than in the s-wave case. Because of this, the extra
soft modes have a much weaker effect on the metal - superconductor transition.
The net result of this weaker coupling is that higher order fluctuation effects are
not suppressed. We conclude that for the d-wave case, the metal - superconductor
transition is likely described by an infinite disorder fixed point, similar to the case
of disordered quantum antiferromagnets.

In this chapter we study the quantum d-wave superconducting phase transition
with an effective local field theory. We divide our study into two parts: the case of
overdoped region where the normal state can be treated as a normal Fermi liquid
and the case of underdoped region where the normal state is believed as a pseudogap

state.

5.2 Effective Local Field Theory

A local field theory will be developed in this section to describe the metal to
d-wave superconductor quantum phase transition at 7' = 0. All relevant soft modes
will be contained in this field theory. We start from a general model of interacting
electrons with quenched disorder and attractive d-wave symmetry Cooperon inter-
action amplitude. We then introduce the d-wave superconducting order parameter

and separate massive and soft modes. After integrating out the massive modes,
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we obtain an effective local field theory that describes the coupling between the

superconducting fluctuations and the soft or massless diffusive modes.

5.2.1 Composite field theory

Similar to the last chapter, the general partition function of the interacting,

disordered electrons can be given in the form of Grassmann fields ) and ¢ [23]

7= / Dl ] 554 (5.1a)
with the action S being
. B _ )
= — d d o — ¢
§ = - [ ar [ xS et goviten
B
—/ dr H(t) . (5.1b)
0
The Hamiltonian H includes three parts:
H = HO + Hais + Hiny - (52)

H;,, includes the d-wave particle-particle spin-singlet channel (or the Cooper chan-
nel). The part of d-wave Cooper channel can be transformed into the action S and

has the form of

~ B B
Swloe) = = [ ar H)
=T Z @&O‘(%—l—ﬁ,yjtw)
/7 2 7
WV kK Bao
)P (—k, —v)2 (—K, = W (K + p, v+ w), (5.3)
with index « denoting replicas and ¢ spin. Because of the d-wave symmetry we

assume Vj p = Vjcos 205 cos 205, with Vi > 0 (attraction), and 6z, 65 the angle of
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the two momenta.

We can exactly rewrite the partition as function as

7 = /Dlzw egw_’”/’]/D

_ /wa S[M/D 1] o AQ-B)]

_ /D b,0] D AiQKd0)
Here
"Z[Qv K? 1;7 w] = Adis [Q] + All’lt [Q] _'_ Alnt [Q]
+Solt, ] + S, 4] + Te[A(Q — B)]
with
- s _ 0 V?
So= [ ar [ xS dgan) (g v
and
Aal@) = o [ x Q@)

AR = / }% DI
X [tr ((Tr ® S0) Z?nﬂrm(x))]
x [tr (1, ® so) na b, (x)]
© 3
AQ::TTL/ Z% 2322;

X [tl" ((Tr ® 32) zla,nl-i-m(X))]

x [t (7 ® 50) Qngimm ())]

68

(5.4a)

(5.4b)

(5.4c)

(5.4d)

(5.4e)

(5.4f)



We then decouple the d-wave particle-particle spin-singlet interaction by means
of a standard Hubbard-Stratonovich transformation. Denoting the Hubbard-Stratonovich

field by A% _(p), we obtain

S = /D[A,A] exp Z A% (P)AY (—p)
n,0,0,Q
TVE) Z
-\ A%
n,P,0,Q
X Zwo‘ —k, —m)v2(k + 7,m +n) cos 205,
TVO Z
-\ AL
n,p,0,Q
X Z@ES(E+@ m + n)@z?gva(_;;’, —m) cos 20 (5.5)
The partition function becomes
7= / 0, &, 0] QAT (5.6a)

where the action

AlQ.A V] = AgQ] + ALQ] + AL Q]

+Tr< ) S AL (MAL (D)

n,p,0,Q

1 ~
+5Trln (Ggl — ik — z’M) .

(5.6b)
with
Gol=—-0, +V*2m+u (5.6¢)
being the inverse bare Green operator, and
V2TV, o
M = W6n1+n27HAn (85 — (95)(7'2 X So) (56d)
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Here Tr denotes a trace over all degrees of freedom, including the continuous real
space position, and tr a trace over all discrete degrees of freedom that are not
summed over explicitly.

Physically, the Hubbard-Stratonovich field A can be related to the supercon-

ducting, or Cooperon, order parameter.

5.2.2  Soft modes

Now we are ready to separate the massive and soft modes. The separation will
need to take advantage of two different procedures in previous papers [9, 27|. First,

it was argued that () can be generally written as

Q=8pPSt | (5.7)

and A as

Ax) =S(x)Ax)S (%) . (5.8)

A can also be shown to be massive.
The next step is to integrate out the massive modes. We expand the massive

modes about their saddle-point values,

P=(P)+AP , A=(A)+AA . (5.9a)
with
-2
(A) = N (P) (5.9b)
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A matrix field is introduced as

Q) = S0 (P S

V1—qq q
q' —V/1-4qiq

(5.10)

with the matrix ¢ having elements g,,, whose frequency labels are restricted to

n > 0, m < 0. Symmetry analysis with Ward identities ensures that the matrices ¢

are massless or soft, which are diffusive in disordered systems.

Note that the corrections from AP and AA are irrelevant in superconducting

case, we first have

By defining

Q= Qyp + Q + 270
with

Q1 = (70 ® 50)012w,

we then obtain

1 -1 Y . _1 -1
§Trln<G0 —zA—zM) = §Trln(G’ )

1

47,

L (ezhoes))

47,

Tr [M(G,)Q(G)]

sp

+

+——Tr (Q(G;HQ(GL))

1672

Hme ey

4 Sp Sp

_|_

2
87&
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(5.11)

(5.12)

(5.13)

(5.14a)



and

Awl@ +Tr (AQ) = T (QQ) +
= Tr (QQ) + ... (5.14b)

T (Q6,)QC) + o T Q) =

—rir Zt OHO)(~

Z G (F)Gop) ( + )

= Ztr (7)Q)(—p)7e Dk?

_ _”%FD Tr (VQ)? (5.14c)

Finally, with the help of Egs. (2.5) and Egs. (5.14), we obtain the following

effective local action
Alg, U, AP, AA] = Axion[Q) + AclA] + AA, Q] (5.15)

Here Anponm is the known action of the nonlinear sigma model

7TNF 7TNF

Avtonl@] = AQ—F Q]+Am[—Q]

2G dx tr (VQ(X) —|—2H/dx tr <Q Q(x)) (5.16)

with G = 2 and H = 7§F,

= 3 AL AL (D) + T (MGHMGE) + AP (5.17)

=
n,p,o,x
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with A(é ) being the normal term of order A* including the off-diagonal element, and

AA Q] = — LT (M(@EHOGY)

47,
LT (M(GHOGNQGL) (5.18)

2
87¢

The saddle-point Green function in the overdoped region is given by Gy,

Golkw,) = [Got —i(A)]

1

~ o liw, — — +p+ sgnw,| . (5.19)

2m 2Ta

Note that for our purposes it suffices to keep only the disorder contribution to
the self energy in self-consistent Born approximation, and neglect the Hartree-Fock

interaction contribution.

5.2.3 d-wave symmetry

The d-wave symmetry automatically affects the form of the local field action.

For the action, Ag[A], we have

_ Vo N
AclA] = = Y As(p) <1— O In (2epe)
n,p,o,x
+a1p® + asw + O(w?, ¢*)) A%, (—=p) . (5.20)

The standard ultraviolet divergence in the second item of Eq. (5.17) is regularized
here by employing a high-energy cutoff Q ~ ep > 1/7..

The main effect from d-wave symmetry appears in the part of the action,
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Ac[A, Q]. We have

AC[A,Q] = VT Z 2qn1n2 ﬁ)p Z5n1+n2n ()

nln2,p,a

VT Y zqmm<—moqn2m<—ﬁ_g>

nln2m.pka
xp° Z On1+n2.,0 A (D) (5.21)
n

with ¢l, ¢2 two nonzero constants. Here Eq. (4.11c) has been used. The critical
point is the extra ( compared to the s-wave case) factor of p? on the right side of
Eq. (5.21), which is due to integrations over the angles of the momenta. It greatly

weakens the effects of the extra soft modes on the quantum phase transition.
To make our point clearer, we need the ¢ form of the the nonlinear sigma

model ANLU‘M

4 2 ;
Anvoml[q] el Z Z ZTQIQ 52)34(1{) r034(—K) (5.22a)
k 1,234 ir
with
2
(1)2F§2)34(k) = —0130m (k2 + GHin—m) + 0142344

X OayanOayas ATT GOk, (5.22Db)
0ol (k) = 1oy (K2 + GHQ ) + 0154
X0y a500105 4TTGK, (5.22¢)
2
1 2, 3F§2)34(k) - (513(524 (k2 + GHinfng) + 51,273,4

X 8oty ayOcs s ATT G, (5.22d)

with K, = —m N2I'® /8 and K, = —7 N2T'®W/8. Note that there is an additional
repulsive interaction, 6k, = 0k2+0k k?=? with d the dimension, in Eq. (5.22b), which
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comes from the one-loop renormalization of the action [49]. We choose to take this
effect into account at Gaussian order. Alternately, it would arise as a higher order
disorder effect. For a complete discussion of this term we refer elsewhere [27]. Here
we note that it is this term that drives the superconducting transition temperature
to zero, and leads to a quantum metal - superconductor phase transition.

Now if the fermionic ¢ fields are integrated out, an effective action containing
only the superconducting order parameter can be derived. In the long wavelength
and low frequency limit,

APA] = = Y ALL()

S
n,p,0,x

—

(t + ar1p® + aow + O(W?, p*In(p))) A, (=p) (5.23)

with ¢ = 1 — X In (2¢p7).

The procedure in this chapter is similar to that in the s-wave case. The effective
local action we obtained under the d-wave symmetry, given by Eq. (5.15), has the
same structure as in s-wave case which was given by Eq. (4.18a). The difference is
that the Cooperon potential is now in the d-wave symmetry, given by Eq. (5.3). It
will greatly change the effective action, as shown in Eq. (5.21). Therefore it will
greatly affect the behavior of the system. Our above result shows that the s-wave
logarithmic singularity at Eq. (4.23) has been demoted to irrelevant term pIn (p)

due to the d-wave symmetry.
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5.3 Renormalization group analysis in the overdoped region

Since there are no relevant logarithmic Cooper channel singularities as in s-
wave superconductors or ¢>~¢ term as in ferromagnets here, the critical behavior
will be similar to that in the disordered iterant anti-ferromagnets. In particular,
perturbation around the Gaussian fixed points shows that there are RG relevant
nonlinear terms. If one examines these nonlinearities with an e-expansion then one
finds that no perturbative fixed points exist. That means there is no critical fixed
point in the perturbative renormalization analysis. The result is consistent with the

previous work [61].

5.4 Properties in the underdoped region

The difference in the underdoped region is the anomalous normal state, in
which pseudogap phenomena have prevented a simple Fermi-liquid description. We
here adopted the idea of pre-formed Cooper pairs. Then the normal state can be
described by a Fermi liquid with strong d-wave superconducting fluctuations. From

ref. [21], we assume the self-energy

A2¢2
YRk w) = ——Tk 24
(e, w) w—+e(k) +id (5:24)
with
Pk = cos 20. (5.25)
Then the Greens function has the form,
k
GP(k,w) = w + (k) (5.26)

(w + e(k))(w — e(k)) — A%og
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Following the same procedure as in the overdoped region by using the above expres-
sions, our calculation shows the same result as in the overdoped region. That means

that the quantum critical behavior is independent on the pseudogap phenomena.

5.5  Conclusion

We have investigated the quantum d-wave superconducting phase transition
on the basis of an effective local field theory in this chapter. With a simple renormal-
ization group analysis, we have determined that the critical behavior at the quantum
d-wave metal - superconductor phase transition is similar to the case in the anti-
ferromagnets and appears to be the same in both the underdoped and overdoped
regions. In both cases the quantum critical points are related to an infinite disorder

fixed point. Further investigation is still needed.
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Chapter 6

Conclusion

In this thesis we have given a systematic, functional field theory approach
to describe both clean and disordered s-wave and d-wave superconductors and the
quantum phase transitions from metal to superconducting states. In chapters two
and three the theory was developed and used to compute the equation of state
as well as the number density susceptibility, spin density susceptibility, the sound
attenuation coefficient, and the electrical conductivity in both clean and disordered
s-wave superconductors. In the appropriate limits, we recover all of the known
previous results, but now within a single formalism.

In chapter four we considered the disorder-induced metal - superconductor
quantum phase transition in s-wave superconductors. The key physical idea here is
that in addition to the superconducting order parameter fluctuations, there are also
soft fermionic fluctuations that are important at this transition. In a previous theory
for this quantum phase transition these additional soft modes were integrated out so
that the resulting order parameter field theory was nonlocal. We instead demanded
a local field theory that involved a coupled field theory describing both supercon-
ducting and soft fermionic fluctuations. Using simple renormalization group and
scaling ideas, we exactly determined the critical behavior at this quantum phase

transition. Our theory justifies the previous approach.
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In chapter five we studied the analogous quantum phase transition in disor-
dered d-wave superconductors. This work should be relevant for high 7. materials.
Surprisingly, we showed that in both the underdoped and overdoped regions, the
coupling of superconducting fluctuations to the soft disordered fermionic fluctuations
is much weaker than that in the s-wave case. The net result is that the disordered
quantum phase transition in this case is a strong coupling, or described by an infi-
nite disordered fixed point, transition and cannot be described by the perturbative
RG description that works so well in the s-wave case. In fact, this quantum phase
transition appears to be related to the one that occurs in O(2) disordered quantum

antiferromagnets [61].
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Appendix A

Correlation functions in terms of () matrices

The real number density susceptibility has the following form|2]
XB(x1ty, Xoty) = —if(t; — to){[R(x1t1), M(Xats)]) (A.1)
where
n=mn-—(n) (A.2)
with n the number density operator. It is inconvenient to calculate it directly.
Instead, we introduce a corresponding temperature function that depends on the
imaginary—time variables

Xn (X171, X272) = — (T [1(x171) 7 (X272)]) (A.3)

where we have the following relation between Eqs. (A.1) and (A.3) with the Lehmann
representation

X2k, w) = xn(k,iw, — w + i0). (A.4)

The time-order indication T of Eq. (A.3) will disappear in the functional integral
form,[23] which is the case in the present paper.

Next we notice that

0Qnns = 2D (o otnas + Praationo) (A.50)
1 _ _
ngng = g Z (wm,cﬂ/}ng,a - ¢n2,o¢n170) . (A‘5b)
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By using Egs. (A.3) and (A.5) we can then obtain

() = 1673 D7 (26Q),1,, (0 H0Q)ay (k). (A0)

1,2 r=0,3

Similar analysis can be applied to find the spin density susceptibility. With

the spin density

n,(k,w,) = \/@Z(@/J(p,w),aib(p%—k,w—l—wn)) (A.7)

we can obtain Eq. (3.13).
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Appendix B

Useful coefficients for the matrix M

In Sec. 3.2, we have introduced some parameters, including X

(2)
12,345

2 2
}/1(2)7 Zl(2)7

X 1(3?34, Y1(23 ) and Zg). Here we give their definitions respectively as follows,

2 (1_J£11),72)X1(234+Kg) X(l) —2:3,4
- 1 1 1 1
u—%ﬁu—ﬁL»—MﬂdL2

1 1 1 1
@ (1= J£1),72)Y1(2) + K£2) Z! )72

12 — 9
1—-JH—JY ) - kYK,
1
(2) o (1 - JS) )Z£2) + K§2) Y(l) 2
12 9

- 1 1 1 1
1-J)a—JY ) - kREY

where
1 0 1
X£2,)34 = _83A§2,34 + 09012 X1,-2:34 — 0@%3 X_ 1234
1 1 1
Jg) = g‘ﬂ?g + gso?% Ji,—2 — 7_—0@13 K 1o
1 1 1 1
K§2) = ﬁ@%% + 0@12 Kl -2 ngig J*1,2 )
y® _ 00+i 01y _i 10
12 = P12 -0 P12 F1,-2 -0 P12 4-12
1 1
7y = -Tols 0901221 —2 — 09012Y 12
with

1,00 00 1100 4(0)
(1_7_090 1, 2)33A1234+70901233A_1 ~92:3.4

(1- 5%2)(1 - EQD o) — To 013 70 @,17,2

(1— 5% )(—T—osou) + L1550 )

N (1- 709012)(1 - ﬁSOQOL—Q) TOSOE 71090 1,2 ’

Xioaa =
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(B.1a)

(B.1b)

(B.1c)

(B.2a)
(B.2b)
(B.2c)
(B.2d)

(B.2e)

(B.3a)

(B.3b)



(1- %90(101,—2)(%0‘%8) + 7%80%5(—%090011 9)

K12 = s (B3C)

(1- %@?@(1 - %%0901,72) — 0 90%% TloQD 1,-2

1— 1,00 r 01 L -T 10

Vi = ( puol"20 | )( ¥1 ) 7.09012( Hf ) , (B.Sd)

(1—- 709012)(1 - 7—090 9) — ﬁ@lz 7090 1 -2
7 (1- ESD 1 —2)(_F9012) -0 9012(F90 Y (B.3¢)

12 = )
(1- ﬁ@lz)(l - 7_1080(101 o) — T_OSD%% TIOSO 1,-2
We also have
X1(3)34—X1234+J12X1 234+K12X(1)234 ’ (B.4a)
Y =V + Ju 2 + K29, (B.4b)
2 = Zo+ J1s 20, + K Y'Y, (B.4c)
For w,, # 0 the following equations are useful:
ZggAlJrn —1;24m,2 — 901+n -1 > (B.5a)
(0)
ZggAflfn,l;ZJrnQ = 901701%,1 ) (B.5b)
2
(0)
Z ggA1+n,1;2+n,2 = 90(1)3-71,1 ’ (B5C)
2
(0)
Z ggAflfn,fl;ZJrn,Z = (pl—ll—n,—l : (B5d)
2
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Appendix C

Detailed calculations in the clean limit

We will show in this appendix that, in the limit of long wavelength and low

frequency,
Z@Hn L =mo+mi K+ mywp, (C.1a)
Z 90(1]1+n,i1 = M3 Wn, (C.1b)

1
Z¢1+n1 Z‘Pl n,1> (C.1c)
Z%Jrn -1 = Z%OHn 15 (C.1d)
FngHn L =—(1+a+2bk*+2cw?) (C.1e)
and

FZ(pHn ,=a—bk*—cuw? (C.1f)
where mgy = —%, m, = —%, 5 = %, ms = %, a = TEN(0), b =
% and ¢ = F(G)i\; with N(0) = % the density of states per spin at the

Fermi surface and vy = %f the Fermi velocity.

C.1 Method I

Now we demonstrate how to obtain the results of Egs. (C.1). First we show

how to get Eq. (C.1a). Similar to the calculations in the section 52 of Ref. [2], we
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find, with Eq. (2.40e), that

Aina(k) = 5 (2r)3

Ey E
((tanh — + tanh —)

2T 2T
% <_71(1 a lgii?_)w? JFE(CEir fE_)2 _21(1%+ a é_)wi + (;u:: E_)2)
(tanhg—T ~ tanh %)
<G+ S et B ) (9

Here By = /&% + A? with & = &, £ a/2 and a = |k|vsz. For simplicity, we set

w = 0 first. Then

E E_
A0 (k) — / / g6 tanh = tanhﬁ) A?
- il 4T N E B} -E?
jo
+(5+ tanhﬁ B & tanhﬁ) 1 ) (C.3)
E, B G —¢

with the Debye frequency wp > A. An examination of the case in the normal state,

which means A = 0, shows that

tanh — tanh &
} : 00 _ _ 2T

- T , (C.4)

where we set wp equal to oo, since the integral converges. The evaluation of the

superconducting case may be simplified by considering the difference between Egs.
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(C.3) and (C.4)

el = ‘];(O) EOICED WIS
1

_ —N B / / de, ( tanh i tanh%) A?
4T PRy E_ 'E* - E?
-N (0) N (O)Uf 2
_ k .
2T 36T A2 (€5)
Here |k|v; < 7A and tanh 2 = 1 have been assumed. The latter assumption

means 7' — 0. And the difference between Egs. (C.2) and (C.3) can be obtained by

setting |k| =0

N2 [* = 1-¢/F? E
ZSOHM d ol = %/ dfp(4—£3 nh )
1

N(0)
12T A2

Finally, by Egs. (C.5) and (C.6), we get the result of Eq. (C.1a).
To get Eq. (C.1e), we use the same procedure as above, with somewhat differ-

ent techniques.

1 dp
Z(tpl-i-n -1 = ﬁ (2 )3

Ey E_
((tanh — + tanh —)

2T 2T
(2(1 * fjfE)wz E(+EJ+F fE)Q * %(% * %)wg n (gfl B
+ (tanh % — tanh 2-)
G- e e - e (©
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Again, we set w = 0 first. We find

E E_
nh * B tanhﬁ

AQ

Z 80(1),071(k)

€+ tanh =

+(

4T / / i ta

¢ tanh Z 57

E, E_ )Ei—ﬂ

1

E_

)f++5—)

E E_ 2
nh * B tanhﬁ A

/ /w dfplta

~N(0)
2T
—1

N(O)Uf )

(
—N(0)

4T/ / i ta
+W/ dz/ dfp(4—(

36T A2 ) (12TA2
—N(O)v]% )

E, E_ >Ei — E%>
a tanhg—; B tanh%))
E+ E_
nh tanh g—;
E+ E_

(

&p

)

-1
27T ()

—N(O)vj%kQ) N

)

+

27T () 2T 18T

(C.8)

Y

A2

where the gap equation Eq. (2.33) has been used to obtain the first item of the last

equation.[2] Similarly, the difference between Egs. (C.7) and (C.8) can be obtained

by setting |k| =0

—NO)w2 [* = 1+&/E? E
Z%m G- e, = %/ dfp(4—Epg, nh )
1 — 0o
— _N(()) 2
= GTAzYn (C.9)

Combining Eqgs. (C.8) and (C.9), we get the result of Eq. (C.le). Other results of

Egs. (C.1) can be analogously obtained by the methods used here for Egs. (C.1a)

and (C.le).

C.2 Method 11

The same results for Egs. (C.1) can also b

e obtained by first calculating the

integration over £ and then summing over the frequency. Here we only show how
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to calculate the zero frequency and zero momentum parts of > )V, (k) and

> Poin.—m (k). The additional parts for small |k| and wy, like > @00, (k) —

>, (k = 0), are relatively easier to evaluate. In Appendix D we will show

the complete calculations in the disordered case. With T" — 0,

“D — Wy, — &p —iWy, — &p
0);/wa£p(W72n+§g+A2 w%@+§g+A2)

¥ dwm,  —wp(2wh + A?)
N() /OO 27rT((w,2n + A?) (w3 + w2, + A?)
+A—2 arctan W—D)
(wi, + A%)32 Vw2 + A2
YO (~2m) + ()
—N(0)
T (C.10)

Note that we cannot set wp equal to co before the summation over the frequency,

otherwise a wrong result of 20

Z @,Q,?’,m(k -

where the equality

/00 dw ( !
oo Vw2 +1

arctan

) will be obtained. And

Z/ fp Zu)WL_é.p )
—p w2+§2+A2w3n+£g+A2

dw,, —wpA?
N(0) /_oo 27T (o2 + AR + ok + A7)
A2

Wp
arctan

TR, 1 A R
2 wp
"‘ﬁ arctan \/ﬁ)
N(0) B
2nT (O +H / Vw2 +1 1))
—N(0) | N(0)
2T T A

(C.11)

D B s
o /_D (s T (C-122)
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has been adopted, which can be proven by using the general expansion|[62]

2 2 2x4 x? 2x4x6, x2

“ 2 3
31+x2+3><5(1+x2) +3><5><7(1+x2) o)

(C.12b)

arctanz = —— (1+
14 22
The last equation of Eq. (C.11) is obtained by using some results from the section
51 of Ref. [2].
We also find in the calculation of x, that only the zero frequency and zero
momentum part of Eq. (C.1a) will contribute to it, which means we just need to

obtain mg. This gives us another way to find Eq. (C.1a), or my. By using the

compressibility sum rule of free electrons (i.e. T'(©) = 0), we have[27, 63]

lim lim yx,, = —Np, (C.13)

k—0 wn—0

N(0)

which in turn gives my = — =5

C.3 Exact expressions at finite temperature

To get Eq. (3.29b), we need to obtain the exact solution at 7' # 0. Setting

wy, = 0 first and then & — 0, we find that, by using Eq. (C.2),

Yetk—0 = 10 / dep( S tant L — L1+ S Ao

2T 2F3 2T 2 EZ) OFE

—A? 8tanh d(tanh )
. 14
). (Clda)
Similar calculations can be used to obtain the following expressions:
AQ 8tanh
ik —0) = / .14b
21:%,1( 2T fp o ), (C )
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. AQ atanh
ng (k — 0) 2Tr<c / dp(— 7 ), (C.14c)

ng (k — 0) =0, (C.14d)
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Appendix D

Detailed calculations in the disordered case

In this appendix we demonstrate how to obtain the result of Eq. (3.30). First

we deal with @07 (k). For w, = 0, we find

0o d anwm &y — M — &
om / / 5" (Mmwm)? + €5 + (NmA)? (Nmwim)? + &2 + (nmA)2)

wp—2 wp+2
arctan D2 Do

t
= N(0) / 1 dz( (m )" Voo 2 M o P s
1V (nwin)? + (1w A)? a® + 4((1mwm)? + (MmA)?)

In (4((nmwm)2 + (%A)Q) + (2wp — a)Q) —In (4((77mwm)2 + (nmA)2) + (2wp + a)2)

+ 2a

a® + 4(Nmwm)? + 2(nmA)?
a? + 4((Nmwm)? + (Mmd)?)

1 (nmA)? arctan =L
B ; V (mwm)?+(nm A)?2
=0 [ S G
_ wD 2(Nmwim)® + (NmA)? )
(MmwWm)? + (NmA)? + wlzj 2((Mmwm)? + (MmA)?)
a? —(NmA)?
" 3(8((7777%“)771)2 + (%A)2)5/2)>

mwA)? arcta “D
(nm )" arctan G )2+ (122

((Mmwm)? + (NmA)?)3/2

. WD 2(Mmwm)? + (MnA)?
(Mmwm)? + (M) + Wy (Mmwm)? + (N A)?

N N(0)v*k? ( —m(NmA)?

3 B((1hmwm)? + (nmA)?)5/?

)

= N(0)(

)

). (D.1)

Here
1

27or/w2, + A2

N = 1+ (D.2)
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which is given by Egs. (2.32). The last item of the result in Eq. (D.1), i.e., for the
expansion on small |k|, has been obtained by using the fact that wp > A. Now if

we set |k| = 0 instead, it yields analogously

2N (0)

00 _
i = oo+ Ohen2) — () (n)2)
w
(v (i) + (14 )2 arctan N )2 + (nen D)2
m+nWm+n m+n

%%s)
(Mmwm)? + (MmA)?

— \/ (Mmwm)? + (nmA)? arctan

)

+ nm+nwm+nnmwm(

1 WD
arctan

\/(nm+nwm+n)2 + (nm+nA)2 \/(nm-i-nwm—&-n)g + (nm-i-nA)Q
! arctan D )
\/(nmwm)2 + (mml)? \/(Umwm)z + (mnA)?
Sy —TeA%w,, (1 + 37, \/m)
T (W2 4 A2)2 (1 4 2704 /w2, + A2)?
N wp TTeA? (3wy, + Tor/WE + A2(—A? 4 14w2) + 72(—2A% + 16A%W2, + 18wl))

2 (W2, + A2)3 (1 + 270y /w2, + A?)3

(D.3)

Therefore a combination of Egs. (D.1) and (D.3) gives ¢}, . (k) up to the second-
order expansions on small |k| and w,,. Other items, including ¢%°,,, . (k), %, .(k),
O nm(k) and @l (k), can be evaluated by the same techniques. Through
lengthy but not difficult calculations, we obtain

() 7042 INCIY
(2) _ (2) _ (¢) f1.2 F 9
% Yitn 1= El Y =1+ NOI + T6A k* + GAZ Wi, (D.4a)

[(0) 7042 reon
2 ¢ F
Zzwn a=0 7% =N + A8A i+ oae “w (DAD)
1
ZX1+71 12402 — Z2X1n,1;2+n,2 = 8T—Awn’ (D.4c)
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3) (3) iII'Np
XI:YHn,l = 21: Zl+n,1 = 8T—Aw” (D.4d)

0 e’}

3 T
ZXM;QQ = 9T dw

(

—27,wp (2w? + A?)
(W2 4+ A2)(7(1 + 27eVw? + A?)2 + d7.wp (1 + TTewp))

. A? arctan #ﬁ% )
(w2 4+ A2)(7(1 + 27.v/w? + A?) — 2arctan #%)
_ 7'_0 o o ( —27wp (2w? + A?)
27T J_ (w2 4+ A2)(7(27eVw? 4+ A2)2 + 47.wp (T Tewp))
T A?
T Pt A T A7)
= gF‘ (D.4e)

Now by using Egs. (3.15) and (3.24) we obtain the number density susceptibility.
For the spin density susceptibility, we find

1 Gl
—1 LSQ),34 + Efz)L(—z,—z;z%A

11
Miyq = (D.5a)
33777 12,34 1 1 )
1-EGEY
where
0
o §§A§2),34 - 7_1090(1)%1,—2;374 + 7%90}8[’—172%3,4 D
1234 = 1 _ 1 00, 1 0lp _ 1l 0p ) ( -5b)
P12 T Pl —2 — oPial—12
E(l) o 7%080%% - %@?%FL—Q + TLOSO%gE_l,2 D5
12 77 100 L 0lp- 1 10p 7 (D.5¢)
P12 T oPiali,—2 — oP1al—1,2
with
(0) (0)
I B —(1- %@901,2)5%#41,72;3,4 - %90%,1—2 %§A71,2;3,4 (D.5d)
1,-2;34 = , )
(1- %@??—2)(1 - 7_1090901,2) - 7_1080%,1—2 Ti0901—11,2
b (L= 5eMa) el — Heils el D)
1,-2 = , i
(1— %@9?—2)(1 - 7_1090901,2) - 7_1090%,1—2 %‘:01—11,2
and
(1= L00 yLolo 11 101
Fio= ( 0P 1,2)70 P12 T 75¥1,-2 709 -1,2 (D.5f)

(1— 71090(1)?—2)<1 - 7%90(101,2) - %o%f?il—z 7%901—11,2'
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We find in the Egs. (D.5) that there is no diffusive structure in the form of :%M;2134'
That means the spin density susceptibility in the limit of w,, = 0 and |k| = 0 will
be the focus of attention. The expansions on small |k| and w,, are not so important.

Similar to the calculations in the Eqs. (D.4), we obtain

-1
Z §§M1,1;2,2 = 0. (D.6)
1,2
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