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Chapter 1

Introduction

In this paper, our aim is to give a more or less complete description of the
global regularity properties of generic homogeneous quadratic non-linear wave
equations on (6 + 1) and higher dimensional Minkowski space. The equations we

will consider are all of the form:

O¢ = N(¢,Dg) , (1.1)

where N is a smooth function of ¢ and its first partial derivatives, which we
denote by D¢. For all of the nonlinearities we study here, N will be assumed to

be at least quadratic in nature, that is:
N(X)Y) = O((X,Y)]*), (X,Y) ~ 0.
The homogeneity condition we require A to satisfy is that there exist a (vector)
o such that:
NX¢, XM Dg) = NN (¢, Do) , (1.2)
where we use multiindex notation for vector A/. The condition (1.2) implies that

solutions to the system (1.1) are invariant (again solutions) if one performs the

scale transformations:

o() ~ XTo(A-) . (1.3)



The general class of equations which falls under this description contains virtu-
ally all massless non—linear field theories on Minkowski space, including the Yang
Mills equations (YM), the wave-maps equations (WM), and the Maxwell-Dirac

equations (MD). We list the schematics for these systems respectively as:

OA = ADA+ A3, (YM)
O¢ = [Dg|*, (WM)
Ou = ADu,

(MD)
OA = |Dul?.

The various values of o for these equations are (respectively) o = 1, 0 = 0, and

The central problem we will be concerned with is that of giving a precise
description of the regularity assumptions needed in order to guarantee that
the Cauchy problem for the system (1.1) is globally well posed with scattering
(GWPS). That is, given initial data:

¢(0) = f, a9 (0) = g, (1.4)

we wish to describe how much smoothness and decay (f,g) needs to possess in

order for there to exist a unique global solution to the system (1.1) with this given



initial data. We also wish to show that the solutions we construct depend con-
tinuously on the initial data, and are asymptotic to solutions of the linear part of

(1.1). We will describe shortly in what sense we will require these notions to hold.

There are many reasons for the importance of discussing the low regularity
properties of non-linear wave equations of the form (1.1) which go well beyond
the simple desire to “count derivatives”. In fact, our work here is not at all
motivated by the desire to prove “local well posedness in the energy space” type
results.! Rather, our main concern is to be able to prove global well posedness
and scattering in a context where the initial data may be very smooth but does
not possess enough decay at infinity to be in L?. That is, we would like to con-
sider data sets which are in homogeneous Sobolev spaces. From the point of view
of homogeneity, it is not really possible to separate the smoothness and decay
properties of initial data for equations like (1.1). Furthermore, from the point of
view of constructing a Picard iteration for (1.1) which works globally in time, it is
most natural to work with function spaces which are scale invariant with respect
to (1.3). This leads directly to considerations of the low regularity properties of
these equations as follows: By a simple scaling argument?, one can see that the

most efficient L? based regularity assumption possible on the initial data involves

no__

SC:2

o derivatives. Again, by scale invariance and looking at unit frequency

initial data, one can see that if we are to impose only an L? smallness condition

'In fact the type of function spaces we use here are not geared toward that kind of work as
they involve an ¢! structure.

2In conjunction with finite time blowup for large data. This phenomena is known to happen
for higher dimensional equations with derivative non—linearities even in the presence of positive

conserved quantities.



with no physical space weights, then s, = 3 — o is in fact the largest amount of
derivatives we may work with. This leads us to consider the question of GWPS

for initial data in the homogeneous Besov spaces BP.

In recent years, there has been significant progress in our understanding of
the low regularity local theory for general non—linear wave equations of the form
(1.1). In the lower dimensional setting, i.e. when n = 23,4, it is known from
counterexamples of Lindblad (see [8]) that there is ill posedness for initial data
in the Sobolev space H®, where sy < s, + E’fT”. Intimately connected with this
phenomena is the failure of certain space—time estimates for the linear wave equa-
tion known as Strichartz estimates. Specifically, one does not have anything close
to an L*(L*) estimate in these dimensions. Such an estimate obviously plays a
crucial role (via Duhamel’s principle) in the quadratic theory. Also, using the
Strichartz estimates available in these dimensions along with Picard iteration in
certain function spaces, one can show that the Lindblad counterexamples are
sharp in that there is local well-posedness for initial data in the spaces H® when
Sc + 577" < s. Once in the higher dimensional setting, i.e. when the number of
spatial dimensions is n = 5 or greater, one does have access to the L?(L*) esti-
mate (see [1]), and it is possible to push the local theory down to H*<™¢ where

0 < e is arbitrary (see [13]).

In all dimensions, the single most important factor which determines the local
theory as well as the range of validity for Strichartz estimates is the existence
of free waves which are highly concentrated along null directions in Minkowski

space. These waves, known as Knapp counterezamples, resemble a single beam of



light, which remains coherent for a long period of time before dispersing. For a
. . L “ 5o .

special class of non-linearities, known as “null structures”, interactions between

these coherent beams are effectively canceled, and one gains an improvement in

the local theory of equations whose nonlinearities have this form (see for example

3], [7])-

In both high and low dimensional settings, the analysis of certain null struc-
tures, specifically non-linearities containing the )y null from?, has led to the
proof that the wave-maps model equations® are well posed in the scale invariant
(" Besov space B%!' (see [11] and [12]). While the proof of this result is quite
simple for high dimensions, it relies in an essential way on the structure of the
Qo null form. In fact, there is no direct way to extend the proof of this result to
include the less regular @);; null forms which show up in the equations of gauge
field theory. However, the high dimensional non-linear interaction of coherent
waves is quite weak (e.g. giving the desired range of validity for Strichartz esti-
mates), and one would expect that it is possible to prove local well posedness for
quadratic equations with initial data in the scale invariant ¢! Besov space without
resorting to any additional structure in the nonlinearity. For n = 5 dimensions, it
may be that this is not quite possible, and we have no proof or conjecture here.’

For n = 6 and higher dimensions, we will prove that in fact no null structure is

3This is defined by the equation Qo (¢, ) = q¢ 0.

4Not the rough schematic we have listed here, but rather equations of the form
06 = D(6)Qo(6, 9).

SIf true, this is probably quite technical, being that the L?(L*) Strichartz estimate is an
endpoint estimate in this dimension ([1]). In some sense, the n = 5 case is the endpoint of an

endpoint.



needed for there to be well posedness in B*!. This leads to the statement of our

main result which is as follows:

Theorem 1.0.1 (Global Well Posedness). Let 6 < n be the number of spatial
dimensions. For any of the generic equations listed above: YM, WM, or MD,
let (f,g) be a (possibly vector valued) initial data set. Let s. = % — o be the

2

corresponding L? scaling exponent. Then there exists constants 0 < €y, C such

that if
1(f,9)]

BselxBse-11 SN €0 4 (1.5)
there exits a global solution 1 which satisfies the continuity condition:
[ lomennom@seray < CIH9) lgsenspsera - (1.6)

The solution v is unique in the following sense: There exists a sequence of smooth

functions (fn, gn) such that:

i [ (£.9) = (o) [ essee 0 = 0

For this sequence of functions, there exists a sequence of unique smooth global
solutions v of (1.1) with this initial data. Furthermore, the ¥y converge to 1
as follows:
A [JY = 9w llepeenncn @1y = 0.

Also, 1 is the only solution which may be obtained as a limit (in the above sense)
of solutions to (1.1) with regularizations of (f,q) as initial data. Finally, 1
retains any extra smoothness inherent in the initial data. That is, if (f,g) also
has finite H* x H*™' norm, for s, < s, then so does 1 at fized time and one has

the following estimate:

19 logncm sy < CI9) s - (1.7)



In a straightforward way, our estimates also prove the following scattering result:

Theorem 1.0.2. Using the same notation as above we have that there exists data
sets (f*,g%), such that if 1* is the solution to the homogeneous wave equation

with the corresponding initial data, the following asymptotics hold:

Im [ 9" = | peerngpren = 0 (1.8)
Jdim 97 = [ geernggeen = 0 (1.9)

Furthermore, the scattering operator retains any additional reqularity inherent in
the initial data. That is, if (f,g) has finite H® norm, then so does (f=,g%), and

the following asymptotics hold:

T (|4 — ¢ gz = 0. (1.10)
i [~ s = 0 (1.11)

Remark 1.0.3. The dividends of the low regularity point of view are already appar-
ent here in the high dimensional setting. For instance, they show that the results
of [2] can be recovered in a context which is translation independent and where
there is relatively little decay of the initial data and no reference to uniform decay
of the solution. Furthermore, our method leads to a precise description of what
needs to be “small” in order for there to global existence for (even smooth) initial
data sets. Also, we construct a proof of scattering which shows exactly which
frequency interactions in the non—linear part of (1.1) contribute to the scattering
operator, and which frequency interactions “drop out” at infinity. However, we

expect that the greatest payoffs of this work will come when investigating the



small data global theory for (34 1) and (44 1) dimensional gauge field equations.
Specifically, we hope that the methods here will® be able to resolve the GWPS
problem for gauge field theories in the presence of charge (see [10] and [9]). This

will be the subject of further work.

6With the help of some new technical devices in the (3 + 1) dimensional regime.



Chapter 2

Preliminary Notation

For quantities A and B, we denote by A < B to mean that A < C' - B for some
large constant C. The constant C' may change from line to line, but will always
remain fixed for any given instance where this notation appears. Likewise we
use the notation A ~ B to mean that % -B < A< C-B. We also use the
notation A <« B to mean that A < % - B for some large constant C. This is
the notation we will use throughout the paper to break down quantities into the
standard cases: A ~ B, or A< B, or B< A; and A < B, or B < A, without

ever discussing which constants we are using.

For a given function of two variables (¢, z) € R x R3® we write the spatial and

space—time Fourier transform as:

~

f(t,8) = /6‘2“5'“f(t,x) dz |
f(r,6) = / e~ 2mTHee) £ (4 g dtdx .

respectively. At times, we will also write F[f] = f.

For a given set of functions of the spatial variable only, we denote by W (f, g)



the solution of the homogeneous wave equation with Cauchy data (f,g). If F' is

a function on space-time, we will denote by W (F) the function W (F£(0), 0, F (0)).

Let E denote any fundamental solution to the homogeneous wave equation.
the wave equation by the formula:

i.e., one has the formula OF = §. We define the standard Cauchy parametrix for
1

F = ExF-W(ExF).
Explicitly, one has the identity:

—

EF(t75) _ /Ot sin (27|E|(t — s))

2m¢]

ﬁ(s,f’) ds .

(2.1)

For any function F' which is supported away from the light cone in Fourier
equation:

;—-Z
—
—_—

space, we shall use the following notation for division by the symbol of the wave

ExF .

notation. Explicitly, one has the formula:

Of course, the definition of % does not depend on F so long as for F' is supported
away from the light cone; for us that will always be the case when we use this

7|2 o -

1
Am?(7? = [€?)

F(r,€) .

10



Chapter 3

Multipliers and Function Spaces

Let ¢ be a smooth bump function (i.e. supported on the set |s| < 2 such that
¢ =1 for |s| < 1). In what follows, it will be a great convenience for us to as-
sume that ¢ may change its exact form for two separate instances of the symbol
¢ (even if they occur on the same line). In this way, we may assume without
loss of generality that in addition to being smooth, we also have the idempotence
identity ©? = . We shall use this convention for all the cutoff functions we
introduce in the sequel.

For A € 2%, we denote the dyadic scaling of ¢ by ¢, (s) = ¢(£). The most basic

s
X
Fourier localizations we shall use here are with respect to the space-time variable

and the distance from the cone. Accordingly, we form the Littlewood-Paley type

cutoff functions:

Sx(7,€) = par([(7, E)]) — 21 ([(7, ) (3.1)
ca(7, &) = |7 — [€]) — wrallr] = [€]) - (3.2)

We now denote the corresponding Fourier multiplier operator via the formulas

:S’;ﬂ = s u and @L = cqu respectively. We also use a multi-subscript notation

11



to denote products of the above operators, e.g. Sy 4= 5S\Cyq . We shall use the

notation:

S)\,ogd = Z S)\,5 ) (33>

5<d
to denote cutoff in an O(d) neighborhood of the light cone in Fourier space. At

times it will also be convenient to write S\ j<oe = Sy — Sre<a - We shall also
use the notation Sf\fd etc. to denote the multiplier Sy 4 cutoff in the half space

+7>0 .

The other type of Fourier localization which will be central to our analysis is
the decomposition of the spatial variable into radially directed blocks of various

sizes. To begin with, we denote the spatial frequency cutoff by:

PA(§) = par([€]) — w1 (I€]) (3.4)

with P, the corresponding operator. For a given parameter § < A\, we now
decompose Py radially as follows. First decompose the the unit sphere S"~! C
5

X...x$ with bounded overlap (independent of

R™ into angular sectors of size %
). These angular sectors are then projected out to frequency A via rays through
the origin. The result is a decomposition of supp{p,} into radially directed blocks
of size A xd x...x 6 with bounded overlap. We enumerate these blocks and
label the corresponding partition of unity by bf ;. It is clear that things may be

arranged so that upon rotation onto the §;—axis, each 0 5 satisfies the bound:
010551 < OvA™™ 107705 < O™ (3:5)

In particular, each BY; is given by convolution with an L' kernel. We shall also

denote:

[

=BY .S SYecyg=BY 1S :
Ad A(Ad) 2 Ad s Ao<d A(Ad) 2 Ao<d

12



Note that the operators SY,; and SY,,; are only supported in the region where

Tl <€l

We now use these multipliers to define the following dyadic norms, which will

be the building blocks for the function spaces we will use here.

lulf, = > dr | Syaull? (“classical” H*%)  (3.6)
Xop dez
lully, = A7 BSullpyrey (Duhamel) (3.7)

1
2

lullzy = A7) (Z | S 4u ||§1(Lm)) . (outer block)  (3.8)
d w

We define the spaces X )%p and Y, to be the completion of test functions under
the respective (semi) norms. It is no too difficult to see that the resulting space
of distributions contains more than Fourier transforms of L? functions with finite
weighted norms, and includes L? measures supported on the light cone in Fourier
space.! Because of this it will be convenient for us to include an extra L*(L?)
norm in the definition of our function spaces. However, it should be noted that

this extra norm is implicit in the completion of test functions under (3.6)—(3.7).

These considerations lead us to define, at fixed frequency, the (semi) norms:
1
lullp = (X33 +Y3) NS (L2(E2) (3.9)

Unfortunately, the above norm is still not strong enough for us to be able to

iterate equations of the form (1.1) which contain derivatives. This is due to

ISee the next section for details.

13



a very specific Low x High frequency interaction in quadratic non—linearities.
Fortunately, this problem has been effectively handled by Tataru in [13], based
on ideas from [5] and [6]. What is necessary is to add some extra L'(L>) norms
on “outer block” regions of Fourier space. This is the essence of the norm (3.8)
above, which is a slight variant of that which appeared in [13]. This leads to our

second main dyadic norm:
1
lulley = (X3 +3) NSy (L(L%) N 2y . (3.10)

Finally, the spaces we will iterate in are produced by adding the appropriate

number of derivatives combined with the necessary Besov structures:

lulfe = Y Nllullz, . (3.11)
A

]

o = > Nullg, . (3.12)
A

Due to the need for precise microlocal decompositions, of crucial importance
to us will be the boundedness of certain multipliers on the components (3.6)—(3.7)

of our function spaces as well as mixed Lebesgue spaces. We state these as follows:

Lemma 3.0.4 (Multiplier boundedness).

1. The following multipliers are given by L kernels:  A7'V.Sx, S¥ 4, S5 ecas
and ()\d)E’ISf\id . In particular, all of these are bounded on every mixed

Lebesgue space LA(L").

2. The following multipliers are bounded on the spaces LY(L?), for 1 < q < oo:

SA,d and S)\7.<d.

14



Proof of Lemma 3.0.4 (1). First, notice that after a rescaling, the symbol for the
multiplier A=tV Sy is a C* bump function with O(1) support. Thus, its kernel

is in L! with norm independent of \.

For the remainder of the operators listed in (1) above, it suffices to work with
(Ad)571S{ ;. The boundedness of the others follows from a similar argument.
We let x* denote the symbol of this operator cut off in the upper resp. lower half
plane. After a rotation in the spatial domain, we may assume that the spatial

projection of x* is directed along the positive &; axis. Now look at ™ (s,n) with

coordinates:
1
s = —(17— ,
\/5(7— 51)
1
= —(1+ ,
T \/5(7— 51)
n =&

It is apparent that x*(s,n) has support in a box of dimension ~ A\ x Vv Ad X
.. X vV Ad x d with sides parallel to the coordinate axis and longest side in the 7,
direction and shortest side in the s direction. Furthermore, a direction calculation

shows that one has the bounds:
O < OvATN e < OvM) TN o X < Ond Y

Therefore, we have that xy™ yields an L! kernel. A similar argument works for

the cutoff function x~, using the rotation:

S = %(74—51),
m = %(—rm),
T]/ — g/ .



Proof of Lemma 3.0.4 (2). We will argue here for Sy 4. The estimates for the
others follow similarly. If we denote by K*(¢, x) the convolution kernel associated

with S/j\Ed, then a simple calculation shows that:

TR = [ i) ar

where supp{t} is contained in a box of dimension ~ A x...x A xd with
sides along the coordinate axis and short side in the 7 direction. Furthermore,

one has the estimate:

0Ny < Cnd™V.

This shows that we have the bound:
I E* [y S 1,

independent of A and d. Thus, we get the desired bounds for the convolution

kernels. 0

As an immediate application of the above lemma, we show that the extra 7,

1
intersection in the G’y norm above only effects the X7, portion of things.

Lemma 3.0.5 (Outer block estimate on Y)). For5 < n, one has the following
uniform inclusion:

Yy C Zy. (3.13)

16



proof of (3.13). It is enough to show that:

n—>5s

1
— ’ noa (dY) *
(Z 127155 qu |7 L°°> S A (X) | Sxullzr(z2y -

First, using a local Sobolev embedding, we see that:

—— ntl
HB;J(Ad)z PSRt ey S A

noly — 1 quw
d 4 ||: IS)\,dU’HLl(LZ) .
Therefore, using the boundedness Lemma 3.0.4, it suffices to note that by Minkowski’s

inequality we can bound:

<;< / Sxidmg)?)é s/ (;H Su) ,

S [Saau oz

The last line of the above proof showed that it is possible to bound a square
sum over an angular decomposition of a given function in L'(L?). Tt is also
clear that this same procedure works for the X /\%71 spaces because one can use
Minkowski’s inequality for the ¢! sum with respect to the cone variable d. This

fact will be of great importance in what follows and we record it here as:

Lemma 3.0.6 (Angular reconstruction of norms). Given a test function u

and parameter 6 < A, one can bound:

(ZHBMuHQ ) S Dl (3.14)
)\1 Y

ALl

(NI

17



Chapter 4

Structure of the F), spaces

The purpose of this section is to clarify some remarks of the previous section and
write down two integral formulas for functions in the F space. This material is
all more or less standard in the literature and we include it here primarily because
the notation will be useful for our scattering result. Our first order of business is

to write down a decomposition for functions in the F) space:

Lemma 4.0.7 (F) decomposition). For any uy € Fy, one can write:
Un = U, Uy (4.1)

where uy is a solution to the homogeneous wave equation, u 12 is the Fourier
A1

transform of a function, and wy, satisfies:
Uy, (0) = E)tuyA (0) =0.

Furthermore, one has the norm bounds:

1
clunlle < (IIU;(A Loz + [Jugrz || 3+ [luy, IIYA) < Cllua|r, - (42)
A1 XAy1

18



We now show that the two inhomogeneous terms on the right hand side of
(4.1) can be written as integrals over solutions to the wave equation with L? data.
This fact will be of crucial importance to us in the sequel. The first formula is

simply a restatement of (2.1):

Lemma 4.0.8 (Duhamel’s principle). Using the same notation as above, for

any uy,, one can write:

wy, () = /0 D, sin((t — $)|Da]) Duy, (s) ds - (4.3)

Likewise, one can write the w12 portion of the sum (4.1) as an integral over
A1
modulated solutions to the wave equation be foliating Fourier space by forward

and backward facing light—cones:

1

Lemma 4.0.9 (X}, Trace lemma). For any Uy1/2, let uf{m denote its restric-
’ A, 1 Al

tion to the frequency half space 0 < £7. Then one can write:

wnlt) = [ s (4.4)

A1

where uis is the spatial Fourier transform of uE to the forward or backward

light—cone, i.e.:

FEaa(6) = / 5(r F 5 F |€]) aE(r,€) dr .

In particular. one has the formula:

(4.5)

1.
2
Al

[l ds < Nkl

19



Chapter 5

Strichartz estimates

Our inductive estimates will be based on a method of bilinear decompositions
and local Strichartz estimates as in the work [13]. We first state the standard

Strichartz from which the local estimates follow.

Lemma 5.0.10 (Homogeneous Strichartz estimates (see [1])). Let 5 < n,

n—1

o = "5, and suppose u is a gwen function of the spatial variable only. Then if

% +2< 3 and % + % =5 — 7, the following estimate holds:

|| 6:‘:27rit|Dw\ P.gAU ||L3(L§) < \7 || P.g/\u ||L2 . (51)

~

Combining the LQ(L2(::31)) endpoint of the above estimate with a local Sobolev

in the spatial domain, we arrive at the following local version of (5.1):

Lemma 5.0.11 (Local Strichartz estimate). Let 5 < n, then the following

estimate holds:

+2mit| Dy | B

n+1 n—3
1 < Nz dzt
A (Ad)2

le ullzrg S d || yullee (5:2)

A, (Ad) 2

20



Using the integral formulas (4.3) and (4.4), we can transfer the above estimates

to the F), spaces:

Lemma 5.0.12 (F) Strichartz estimates). Let 5 < n and set 0 = 21, Then
if% +2< 5 and % + % =5 — 7, the following estimates hold:

ISxullpary S AT [ullry (5-3)

~Y

1

2

o ntl n-3
(Z | SA,.gdUH%%Loo)) S ATd T fullp (5.4)

Proof of 5.0.12. Using the decomposition (4.0.7) and the angular reconstruction

formula (3.14), it is enough to prove (5.3) for functions u.1/> and uy,. Using the
Al

integral formula (4.4), we see immediately that:

lugre lzaery <D / e U Npor) ds
’ +

203 /Huisup ds |
+

8!
S A lluyys ||Xé1 :
For the uy, portion of things, we can chop the function up into a fixed number

of space-time angular sectors using L' convolution kernels. Doing this and using

R,, to denote an operator from the set {I,d;|D,|™'}, we estimate:

s lleagery < AT 1 Gy [laocery
(0%
S AL Z / H et2mit| De| (€¥2m's|Dz\Ra Ouy, (57x)) HL?(L;) ds |
+,«
5 AT\ Z / || 63F27ris|Da:|Ra DUY)\ (s,x) ||L9% ds :
6%

< A7 ||UY,\ ||Y>\ :

21



A consequence of (5.3) is that we have the embedding:

L€ L)

> Nl

X

)

Using a simple approximation argument along with uniform convergence, we ar-

rive at the following energy estimate for the F'* and G* spaces:

Lemma 5.0.13 (Energy estimates). For space—time functions u, one has the

following estimates:

Fe (5.5)

Gs - (5.6)

K HC(Hs)mcm(Hs—l) S ul

N

| w HC(Bs)ch)(Bs—l) |

Also, by duality and the estimate (5.5), we have that:

_1 1
AZTULNLY) € AETIX 2 C X}

,00 °

(5.7)

This proves shows:

Lemma 5.0.14 (L? estimate for Y)). The following inclusion holds uniformly:
d28yq(Yy) C LA(L?) (5.8)
i particular, by dyadic summing one has:

42 Sy ace(F)) C L*(L?) .

22



Chapter 6

Scattering

It turns out that our scattering result, Theorem 1.0.2, is implicitly contained in
the function spaces F'* and G®. That is, there is scattering in these spaces inde-
pendently of any specific equation being considered. Therefore, to prove Theorem
1.0.2, it will only be necessary to show that our solution to (1.1) belongs to these

spaces.

Using a simple approximation argument, it suffices to deal with things at
fixed frequency. Because the estimates in Theorem 1.0.2 deal with more than

one derivative, we will show that:

Lemma 6.0.15 (F)\ scattering). For any function uy € F), there exists a set

of initial data (f,g¥) € PA(L?) x AP\(L?) such that the following asymptotic

holds:
lim [[us(t) = W00 ey = 0 (6.)
i [[ua(t) = W 0)(0) lisoaen = 0. (6.2)
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Proof of Lemma 6.0.15. Using the notation of Section 4, we may write:
o + -
uy = ux, + uXi,/f + uXi,/f + uy, ,
We now define the scattering data implicitly by the relations:

W g)(t) = ug, + / D, sin (|Dal(t — 5)) Ouy, (s) ds |
0
0

Wl 9)() = ufg+/_ | Da| " sin (| Da|(t — 5)) Duy, (s) ds .

o0

Using the fact that Ouy, has finite L'(L?) norm, it suffices to show that one has

the limits:

Jm 1) + s (0) lincoes = 0

Squaring this, we see that we must show the limits:

i [ DJuty () D2l a(t) = 0. (6.3
tl’}gloo atuXi’/f( ) 8tuxiff(t) =0. (6.4)

We'll only deal here with the limit (6.3), as the limit (6.4) follows from a virtually
identical argument. Using the trace formula (4.4) along with the Plancherel

theorem, we compute:

(L.H.S.)(6.3)

——

= dim [ g femn o T (0 () dsydsa de

t—doo

By (4.5) we have the bounds:

H P [ e 0 ) dsidss

5 A2 ||u)_(1/2 HX% ” u;t(l/Z HX%

L% A1 A1 A1 Al
Furthermore, by Fubini’s theorem and the Riemann-Lebesgue Lemma, the fol-

lowing pointwise limit holds for almost every fixed &:

lim |§|2 / zmtSlu)—tslisQ(g) u;\t,32<§> dsl d52 = 0.

t—=+o0
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The desired result now follows from the Dominated Convergence Theorem. This

completes the proof of estimates (6.1)—(6.2). O
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Chapter 7

Inductive Estimates 1

Our solution to (1.1) will be produced through the usual procedure of Picard
iteration. Because the initial data and our function spaces are both invariant with
respect to the scaling (1.3), any iteration procedure must effectively be global in
time. Therefore, we shall have no need of an auxiliary time cutoff system as in

the works [4]-[13]. Instead, we write (1.1) directly as an integral equation:

¢ = W(f,9)+07'N(¢,D¢) . (7.1)

By the contraction mapping principle and the quadratic nature of the nonlinear-
ity, to produce a solution to (7.1) which satisfies the regularity assumptions of

our main theorem, it suffices to prove the following two sets of estimates:

Theorem 7.0.16 (Solution of the division problem). Let 5 < n, then the F
and G spaces solve the division problem for quadratic wave equations in the sense

that for any of the model systems we have written above: YM, WM, or MD, one
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has the following estimates:

|| D_lN(U, D’U) | Gse 5 || u | Gse || U | Gsc (72)
| O N (u, Dv) ||ps < | ullgse |l vlles + || wllesl|v]lgse - (7.3)

The remainder of the paper is devoted to the proof of Theorem 7.0.16. In

what follows, we will work exclusively with the equation:

¢ = W(f9)+07(6V9). (7.4)

In this case, we set s. = "T_z The proof of Theorem 7.0.16 for the other model
equations can be achieved through a straightforward adaptation of the estimates
we give here. In fact, after the various derivatives and values of s, are taken into
account, the proof in these cases follows verbatim from estimates (7.6) and (7.7)

below.

Our first step is to take a Littlewood-Paley decomposition of 07! (u Vv) with

respect to space-time frequencies:
O ' (uVv) = Z O (S,,uVS,,) . (7.5)
Hi

We now follow the standard procedure of splitting the sum (7.5) into three pieces
depending on the cases iy < pg, po < pt1, and pg ~ py. Therefore, due to the ¢!
Besov structure in the F' spaces, in order to prove both (7.2) and (7.3), it suffices

to show the two estimates:
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107 (SuuVSuv) ey S A uillulp,lvlp, » m~p,  (76)

107 (S VSw) e, S w2 lullglvle , p<A. (7.7)

~Y

Notice that after some weight trading, the estimates (7.2) and (7.3) follow from

(7.7) in the case where ps < .

proof of (7.6). Tt is enough if we show the following two estimates:

1S (S uVSu,v) ey S willulls, lvlle, > m~pe (7.8)

1S3 (S uVSuv) Iy S A i lullp, lvle, » mo~pe. (79)

~Y

In fact, it (essentially) suffices to prove (7.8). To see this, notice that one has the
formula:

[S\, O G = W(E*S\F)—S\W(Ex«F).

Thus, after multiplying by S, we see that:

S)\ [S)\,Dil}G = P)\(W(E*S)\F)—S)\W(E*F)) ,
= W(E*S)\P/\F)—S)\W(E*P)\F),

— 5[50 BG.
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Therefore, by the (approximate) idempotence of Sy one has:
S\O7'G = S, 07'S\G + 85, [Sy 07 G,
= S\07'S\G + 5, [S,, 07 PG .

Thus, by the boundedness of Sy on the spaces L>(L?) andL'(L?) and the energy

estimate, one can bound:

|| S,\DflG ||Loo(L2) ,S /\71 (H S)\G ||L1(L2) —+ || PAG HLI(L2)) .

To proceed, we now estimate:
15 u VS ey S 1Sumullzasll VSu,v 2w
n+2

n—2
ot s, [l lls, -

Taking into account the the bound puq ~ ps, the claim now follows. |

Next, we’ll deal with the estimate (7.7). For the remainder of the paper we
shall fix both A and i and assume they such that 1 < A for a fixed constant. We

now decompose the product Sy(S,u VSyv) into a sum of three pieces:
S,\(Suu VS)\’U) = A + B + C s
where

A = S\(S,uVSy <o)
B = S/\’cug.(suuvs)\,o<c,uv)7

O - S/\,.<CH(SMUVS)\,O<CN/U) .
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Here c is a suitably small constant which will be chosen later. It will be needed
to make explicit a dependency between some of the constants which arise in a
specific frequency localization in the sequel. We now work to recover the estimate

(7.7) for each of the three above terms separately.

proof of (7.7) for the term A. Following the remarks at the beginning of the
proof of (7.6), it suffices to compute:
| SA(Suu VSx cusot) 12y S A (1St || 2(zo0) | Shcuso®) lL2 22y
n-1 _1
S A s, ()2 v s,

S T | ullm v ]lg -

For a fixed ¢, we obtain the desired result. |

We now move on to showing the inclusion (7.7) for the B term above. In this
range, we are forced to work outside the context of L!'(L?) estimates. This is
the reason we have included the L?(L?) based X /\%’1 spaces. This also means that
we will need to recover Z, norms by hand (because they are only covered by the
Y, spaces). However, because this last task will require a somewhat finer anal-

ysis than what we will do in this section, we contend ourselves here with showing:

1
proof of the X3, N Sx(L>®(L?)) estimates for the term B. Our first task will be

deal with the energy estimate which we write as:

- n=2
1:S\O ™" S iz (Sutt VSracau) Iy S 0% [ullpllv e, -
For G supported away from the light—cone in Fourier space, we have the identity:

S\O718,G = Z715,G - W(E'RS\G) .
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By energy, this allows us to estimate:

=

IS0 NG (oery S N E TG ey S ||5_15AG||X

1

>

s

1
Therefore, we are left with estimating the term B in the X, space. For a fixed

distance d from the cone, we compute that:

| :_ISA,dSA,c#So(Suu VS)\,0<C,MU) ||L2(L2) S d! 1 Suu ||L2(L°°)|| Sxv ”Lw(Lz) ?
4 n-2
S d e lols e, -

Y

Summing d2 times this last expression over all cu < d yields:

S B[ 57 S0 S e (St VS ecent) 212,
cu<d
% % -2
< 3 (B) W lolslulle,

For a fixed ¢ we obtain the desired result.
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Chapter 8

Interlude: Some bilinear decompositions

To proceed further, it will be necessary for us to take a closer look at the expres-

sion:
SN a(Suu VS eceuv) cp < d (8.1)
as well as the sum:
C = Srecen(Suu VS eceuv) = Cr+Crr+Crip
where

C[ = Z SA)d(S,u,ogdu VS,\,ogdU) )

d<cp

Ci = Z SA,o<d<Su,o<du VS,\,dU) )

d<cp

CIII - Z S)\,o<min{cp,,d}(s,u,du VS)\,o<min{c,u,d}v) .

d<p
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We'll begin with a decomposition of C; and Cy;. The Cp;; term is basically
the same but requires a slightly more delicate analysis. All of the decompositions
we compute here will be for a fixed d. The full decomposition will then be given
by summing over the relevant values of d. Because our decompositions will be
with respect to Fourier supports, it suffices to look at the convolution product of
the corresponding cutoff functions in Fourier space. In what follows, we’ll only
deal with the C} term. It will become apparent that the same idea works for C';;.

Therefore, without loss of generality, we shall decompose the product:

Sid(si.gd * Siogd) : (8.2)

To do this, we use the standard device of restricting the angle of interaction in
the above product. It will be crucial for us to be able to make these restrictions
based only on the spatial Fourier variables, because we will need to reconstruct
our decompositions through square-summing. For (7/,¢’) € supp{si.g 45 and

T7,§) € supp st we compute that:
\e<d

() = i7"+l - I +¢l| .
— || £ 1€ + el + O@)] — ¢’ +¢l|

= |oGa@) + | £1¢1+ l¢ll - I +¢l|

Using now the fact that d < cu and p < ch to conclude that [&'| ~ pu

and |¢] ~ A , we see that one has the angular restriction:

M@ig,g S|+ -1E+El] = Od) .
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In particular we have that ©4¢ ¢ S \/% . This allows us to decompose the

product (8.2) into a sum over angular regions with O(\/% ) spread. The result is:

Lemma 8.0.17 (Wide angle decomposition). In the ranges stated for the C
term above, one can write:

+ (E + _ w1 + wp o E
SA,d(Su,.gd * 5,\,.<d) = E b/\ A(Q)%S,\,d (5 *
wil,wW2,ws3 ’ 12
w1 Fwa|~(d/p)
w1 —ws|~(d/p)

N Nl

for the convolution of the associated cutoff functions in Fourier space.

We note here that the key feature in the decomposition (8.3) is that the sum

is (essentially) diagonal in all three angles which appear there (wq,wq,ws). It is

useful here to keep in mind the following diagram:

rCm =S
"

Figure 8.1: Spatial supports in the wide angle decomposition

We now focus our attention on decomposing the convolution:

+ +
SX osmin{end} (5

d ¥ 5x emin ey -
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If it is the case that d < u , then the same calculation which was used to produce
(8.3) works and we end up with the same type of sum. However, if we are in the
case where d ~ u , we need to compute things a bit more carefully. We will now
assume that things are set up so that cu < d . It is clear that all the previous
decompositions can be made so that we can reduce things to this consideration.
If we now take (7,&') € supp{sid} and (71,§) € supp{sj\i.gmin{cu7d}} , we
can use the facts that 7 =O0%(d) £ || , 7=0(cu)+ £ ,and [ > p to

compute that:

Oep) = ||+ 7|~ 1€ + ¢l

Y

= |0%(@) £ 1¢'1+ Olen) + I¢] — 1€ +¢]| (8.5)

where the term OF (d) in the above expression is such that |O%(d)| ~ d . In fact,
one can see that the equality (8.5) forces +O¥F(d) >0 on account of the fact
that +(£|¢|+[&]— €' +£]) > 0 and the assumption |O(cu) +0OF(d)| ~d . In
particular, this means that we can multiply si ;4 in the product (8.4) by the cutoff
S|r|<|¢] Without effecting things. This in turn shows that we may decompose the
product (8.4) based solely on restriction of the spatial Fourier variables, just as

we did to get the sum in Lemma 8.0.17.

We now return to the C; term. For the sequel, we will need to know what
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the contribution of the factor Sy .<qv to the following localized product is:
Sxa(Suesatt VSxecav) -

Using Lemma 8.0.17, we see that we may write:
w1 _ w1 w2 w3
Sha(Suesd * Sxne<d) = Siy (%,.gd SN A(i)és*ﬂéd) : (8.6)
A

where |w;—=fws| ~ |wz—Fws| ~ \/g . However, this can be refined significantly.
To see this, assume that the spatial support of sf\’}d lies along the positive &; axis.
We'll label this block by b5";. Because we are in the range where /ud < Vad
we see that any ¢ € supp{b‘/‘\’;(%)%} and &' € suppg{s,’,<,} that the sum
§+¢" must in fact belong to (a slight thickening of) supp{b3);} . This allows

us to write:

Lemma 8.0.18 (Small angle decomposition). In the ranges stated for the

C term above, we can write:

Sffd(suﬁéd*sx\,&d) = Sﬁfd(sf.gd * 5(;\),3.@)’ (8.7)
where for —ws| ~ (4, and o — el ~ \f2

It is important to note here that if one were to sum the expression (8.7) over wy,
the resulting sum would be (essentially) diagonal in ws, but there would be many
wy which would contribute to a single w,. This means that the resulting would
not be diagonal in wy as was the case for the sum (8.3). It is helpful to visualize

things through the following figure:
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Iz

Figure 8.2: Spatial supports in the small angular decomposition.

Our final task here is to mention an analog of Lemma 8.0.18 for the term
(8.1). Here we can frequency localize the factor Sy e<¢, in the product using the

fact that one has u < ¢~ 2y/Ad . The result is:

Lemma 8.0.19 (Small angle decomposition for the term B). In the ranges

stated for the B term above, we can write:

Sfid(su*sx,-@u) = SO,\J,ld(Su £ 0% 1Sy e<en) - (8.8)

AOd)?
d
where  |wy — ws| ~ \/; .

Finally, we note here the important fact that in the decomposition (8.8) above,
the range of interaction in the product forces d < pu . This completes our list

of bilinear decompositions.
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Chapter 9

Inductive Estimates II: Remainder of the

High x Low = High frequency interaction

It remains for us is to bound the term B from line (8.1) in the Z) space, as well
as show the inclusion (7.7) for the terms C; — Cpy; from line (8.2). We do this

now, proceeding in reverse order.

proof of estimate (7.7) for the Crr; term. To begin with we fix d. Using the re-
marks at the beginning of the proof of (7.6), we see that it is enough to show

that:

|| S/\,o<min{cu,d} (S,u,du VS)\,o<min{c,u,d}U) ||L1(L2)

(ZII att |7 Loo) lolle - (9-1)

To accomplish this, we first use the wide angle decomposition, (8.3), on the left
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hand side of (9.1). This allows us to compute:

|| S)\,o<min{cu,d}(5’u,du VSA,o<min{c,u,d}U) ||L1(L2) y

S ISt VB, Shecmnianayt) s

wa,ws :
1
lwsFwa|~(d/p)2

S A (Z IS du ”L1 L > (Z I B )3 Sxe<min{epd}V) HLoo(L2)> g
2
S A (Z | Sﬁ,d“”%l(mc)) [v]F, -

Summing over d yields the desired result. |

=
|

proof of (7.7) for the Crr term. Again, fixing d, and using the angular decompo-

sition lemma 8.0.17, we compute that:

| Sxe<d(Specat VSxav) [IL1(r2)

SAD IS lae | B pSnavllizaz
w2,ws M
lwartwn|~(d/p) ?

2
S A (Z 155 ecat ||%2(Loo>> 1 Sxav |22

n—>5

n—z2 (d) *
< A (;) Vallmllols -

This last expression can now be summed over d, using the condition d < cpu, to

obtain the desired result. ]

proof of (7.7) for the C; term. This is the other instance where we will have to

1
rely on the Xy, space. Following the same reasoning used previously, we first
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bound:

I Eflsx,d(su,oédu VSxe<av) 22y

S d- E I Sff.gdu ||L2(L°°) o B?i(i)%sxo@v) HLOO(L?) ’
wo,ws : N
lwatws|~(d/p)2

1
3 2
< ! (Zﬂsﬁ,.gdulliz(m)) ' (Z” Bix(%)%sxv‘@q})H%""(L%)) ’
n—>5

1 a2 (d) *
< dbut (p) Vellmll o ls -

Multiplying this last expression by d2 and then using the condition d < cu to
1

sum over d yields the desired result for the X}, space part of estimate (7.7). It

remains to prove the 7 estimate. Here we use the second angular decomposition

lemma 8.0.18 to compute that for fixed d:

2

(Z || E—ls;\‘)’ld(su’.gdu VS)H.gdU) ||%1(Loo)> )
w1

=

S (M) >SS VS ) ey |
w1,w2,ws3
wi—ws~(d/N)3
witwar(d/p)?

2

S d7tsup || S o gt oy - (ZHS‘X,.@U ||%2(L°°>) )
w
w

n—>5 n—>5
d\ * [d\ * a2 n-2
s (5)7(5) Nl s

Multiplying this last expression by A" and summing over d using the condition

d < A, p yields the desired result. |

proof of the Z, embedding for the B term. The pattern here follows that of the

last few lines of the previous proof. Fixing d, we use the decomposition Lemma
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8.0.19 to compute that:

1
2

(Z IZ7185 (St VS ecenv) ”%1(L°°)> :

[SIE

SO0 Y IS VB i) [ |

wi,w3
1
jwr —w|~(d/A) 2

2
—1 w 2
S A Sz - (Z | B/\7(/\d)%SA,°<cuU ||L2(L°°)> ,

pNz [ d Ea n-2 n-2
s (57 (5) " wEaThulalols

Multiplying the last line above by a factor of A" and using the conditions

d< X and cpu<dSp , wemay sum over d to yield the desired result. |
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