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The difficulty of efficiently simulating quantum many-body systems was one of the first
motivations for developing quantum computers and may also be one of the first applications
to find practical computational advantage on real quantum hardware. With the relatively
recent advent of publicly available quantum technologies, we have now entered the era
of noisy intermediate-scale quantum (NISQ) computing. The capabilities of these tech-
nologies are evolving rapidly, and with them the computational affordances to which we
have access. The time is now ripe to test the capabilities of existing quantum hardware and
leverage them to the best of our ability toward achieving a practical quantum computational
advantage.

In this dissertation, we address these aims by benchmarking a class of variational multi-
scale quantum circuits for state preparation which are locally robust against noise. We
demonstrate the advantages of these multi-scale circuits compared to a purely local cir-
cuit ansatz using the critical transverse-field Ising model to optimize circuit parameters,
numerically test the noise resilience of observables and customized error mitigation tech-

niques using a local gate noise model, and demonstrate the robustness of local subregion



preparation on an existing ion-trap quantum computer. We then show how the ground state
optimized circuit can be simply extended to an ansatz for thermal state preparation using
the separation of energy scales afforded by the multi-scale circuit structure.

Additionally, we evaluate the quantum resources needed for some quantum simula-
tion tasks. We estimate the gate complexity of the site-by-site algorithm for fault-tolerant
ground state preparation, which we extend to the case of degenerate Hamiltonians. Using
matrix product states we evaluate the non-stabilizer quantum resources needed to represent
thermalized subregions of a chaotic Potts model, which we use to address the feasibility

for classical simulation of quantum hydrodynamics.
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Chapter 1: Introduction

The promise of practical quantum computing is to solve useful computational problems
faster than possible by classical computers by using the unique affordances of information
processing on quantum hardware [1]]. Grover’s quantum search algorithm [2] is able to pro-
vide a polynomial time speedup over classical algorithms for unstructured search, but the
most dramatic improvements offer an exponentially faster asymptotic scaling of resources
compared to any known classical algorithms, as is the case for Shor’s quantum algorithm
for factoring large numbers [3]. The physics of these quantum systems must be engi-
neered to sustain some model of computation which is universal for quantum computing,
1.e. some experiment with the system can be used to solve problems in the bounded-error
quantum polynomial time (BQP) computational complexity class [4]. Problems of partic-
ular interest are those which are BQP-complete, meaning that quantum algorithms exist to
solve the problem and any quantum algorithm may be reduced to an instance of it [S]. A
few notable examples are computing topological invariants [6} [7], or simulating scattering
problems in quantum field theory [8]. These problems in turn can serve as the basis for
computing paradigms such as adiabatic quantum[9]], topological quantum computing [10],
or measurement based quantum computing [[11].

While the aim of practical quantum computing is not yet achieved, many varieties of
quantum hardware are in development to overcome the challenges of realizing precise con-
trol of a large scale quantum systems and claims of quantum advantage have already been

madel[l12H14]]. This milestone is meant to signal that something has been done by a quan-



tum computer which would be sufficiently difficult for any classical computer to replicate,
although all existing quantum technologies are still too limited by size and noise to handle
algorithms of much generality, which will require fault-tolerant quantum computation [[15]].
Although it is impossible to know how long it will take to develop the fully scalable fault-
tolerant quantum computer needed to solve the most general quantum algorithms, some
practical advantage may be accessible to noisy intermediate-scale quantum (NISQ) hard-
ware of the near future [16]].

Simulating quantum physics was one of the earliest motivations for quantum computing[[17]],
and may also be one of the first accessible routes to realizing practical quantum advantage
[18]]. Quantum algorithms have been developed to tackle various simulation tasks of quan-
tum systems, such as in quantum chemsitry [19, 20] or quantum field theory [21} 22].

For special cases of quantum systems which are sufficiently constrained, classical al-
gorithms exist to simulate them using resources scaling only polynomially in the system
size, such as stabilizer or Gaussian fermion states. Clifford or matchgate circuits consist
of unitary operations which respectively preserve the set of Gaussian fermion or stabilizer
states, and so they may be simulated classically for large system sizes and are not able
to perform universal quantum computation [23-28]]. For any sufficiently general fam-
ily of quantum states or dynamics, all known classical algorithms will scale exponentially
in some computational resource, unless BQP=BPP. These classical simulation algorithms
may try to generalize from some restricted cases, allowing better scaling of resources for
large system sizes, but will inevitably scale exponentially in some computational resource
if made sufficiently general.

In a similar vein, Clifford circuits and matchgate circuits may be enriched to universal
models of quantum computation by adding additional operations which break the symmetry
of the circuit class, or by supplying additional quantum computational resources in the

form of non-stabilizer or non-Gaussian initial states, so-called “magic states” [29, 30].



Fault-tolerant quantum computation with stabilizer error-correcting codes usually involves
Clifford gate circuits with magic states as a computational resource [31]. In measurement
based quantum computation cluster states serve a very similar purpose to achieve universal
computation [32].

Entanglement is another form of quantum resource which must be utilized in any al-
gorithm to offer quantum advantage and can serve as a bottleneck to classical simulation
algorithms [33]]. Efficiently contractable tensor networks can represent quantum states with
low entanglement using few resoruces and have proven useful in the simulation of many-
body physics, such as the matrix product states (MPS) found using the density matrix
renormalization group (DMRG), a classical variational method for finding ground state
approximations [34-36].

In order for a quantum computer to do something truly difficult to replicate classically,
as has already been claimed by some quantum devices, the problem and its implementation
on hardware must evade the lack of any of these quantum resources which some classical
algorithm may be able to leverage to its advantage.

Given limitations on size and the number of gates in current experiments, only relatively
simple algorithms to prepare states and implement Hamiltonian evolution are accessible.

For state preparation on a NISQ device, a well-motivated family of parameterized cir-
cuits which are implementable on hardware may be used, with a hybrid quantum-classical
feedback loop to optimize the circuit parameters and prepare an approximation of the target
state [37]]. For the case of ground state preparation this is known as a variational quantum
eigensolver (VQE) [38, 139]], and the circuit parameters are optimized to minimize the en-
ergy of the state. For thermal state preparation a similar procedure can be done to instead
minimize the free energy for the target temperature.

The material in the following chapters is based on several papers by the author and

collaborators which were posted online and published in academic journals prior to the



submission of this dissertation, which we cite along with the descriptions of each chapter.

In Chapter 2] we estimate the gate complexity of the site-by-site algorithm for fault-
tolerant ground state preparation and extend the analysis to the case of degenerate Hamil-
tonians, based on material from Ref. [40]. In Chapter|3| we evaluate the use of a variational
multi-scale circuit ansatz inspired by entanglement renormalization tensor networks to pre-
pare the ground state of the critical Ising spin chain, based on material from Ref. [41]. We
impose approximate symmetries of the critical ground state and use symmetry averaging
to improve systematic error of these broken symmetries and compare to the performance
of purely local variational circuit approximations. In Chapter ] we show how subregion
preparation of this circuit ansatz may be implemented on NISQ hardware and viewed as
convergence to a noise-robust fixed point state by iterating a non-unitary quantum channel,
based on material from Ref. [42]. We numerically simulate a local gate error to evalu-
ate the noise resilience of local observables and customized error mitigation techniques,
and demonstrate the convergence to a noisy fixed-point state with experimental data from
ion-trap hardware. In Chapter [5] we then show how the separation of scales induced in the
ground state optimization of the multi-scale circuit ansatz allows us to extend the circuit
ansatz to thermal state preparation by using mixed product states to introduce additional
energy and entropy to the state, based on material from Ref. [43]]. Finally, in Chapter [6] we
evaluate a quantity called mana which measures the non-stabilizer resources of a quantum
state for local subregions of a thermalized state and discuss the implications of this for the
difficulty of simulating quantum hydrodynamics, based on material from Ref. [44].

In chapters 2] B} [ and [5] we utilize numerical techniques for representing Gaussian
fermion states to aid in the classical simulation of large system sizes. In chapter [f] we
similarly use matrix product states to simulate states of one dimensional systems with short

range entanglement.



Chapter 2:  Ground State Preparation

The preparation of non-trivial quantum states is an important subroutine in quantum
simulation. The canonical example is the (static) problem of preparing a quantum state that
approximates the ground state of a Hamiltonian of interest, such as the electronic structure
Hamiltonian in quantum chemistry or the Hamiltonian of a quantum field theory. In many
cases, state preparation is also a necessary first step in the simulation of quantum dynamics,
where one initializes a state that is expected to evolve in time with interesting dynamics.
The algorithm proposed in [45] for simulating scattering in a scalar quantum field theory
first involves a preparation of the vacuum of the interacting field theory, a subroutine that
dominates the runtime cost of the full algorithm. It is therefore a well-motivated problem
to design schemes for preparing the ground state of a known Hamiltonian. While such an
algorithm cannot hope to be efficient in general due to the QM A-hardness of approximating
the ground states of k-local Hamiltonians [46], it is nonetheless useful to understand when
an efficient approximation is possible.

Classical methods for simulating real-time dynamics are often limited by their inability
to accurately simulate interference effects (also known as the “sign problem”). The quan-
tum approach is more natural: for a properly discretized field theory, one can map the local
degrees of freedom directly to qubits of the quantum device, then prepare an initial state
that corresponds to the state of interest (say a scattering state), and engineer interactions
mimicking the true form of interaction seen in nature (analog) or provide a quantum circuit

description of the time evolution (digital).



For theories in 1+1D spacetime, a fast state initialization algorithm was proposed [47]]
using ideas from tensor networks. A similarly motivated proposal used projected entangled
pair states (PEPS) to prepare the ground state of a lattice in two spatial dimensions [48].
However, both proposals rely on knowing the tensor network description of the ground
state and carry a (possibly large) classical computational overhead.

Recently in [49], an algorithm was introduced for the preparation of vacuum states
of lattice Hamiltonians digitally on a quantum computer. Starting from the ground state
|g1,) of the target Hamiltonian on a constant number of sites Lo, the algorithm prepares
successively larger ground states by adding one site at a time to the boundary of the lat-
tice, until the number of sites equals the target size, L. Each site addition step involves a
fixed-point Grover search [S0] routine whose oracle calls invoke quantum phase estimation
on the underlying ground states. The quantum phase estimation subroutine, in turn, uses
time evolution under the target Hamiltonian. Therefore this “site by site” state preparation
algorithm requires the ability to simulate the target Hamiltonian but is otherwise oblivi-
ous to the details of the ground state. Two additional conditions are assumed, for each

ne{Ly,...,L—1,L}:

1. The spectral gap m,, or the difference between the energies of the first excited state

and ground state, is non-zero: m, > 0.
2. The successive ground state overlaps 1, := |((gx|®{q|) |gn+1)| are non-zero.

The second condition assumes the freedom to choose the state |¢) on the added site(s) to
maximize overlap.

On Hamiltonians that are geometrically local with each term bounded in spectral norm,

the gate complexity of the site-by-site algorithm is 0( _Jog(1/ 8)> for the iteration

My My

|gn) — |gn+1)- Success therefore crucially depends on how m,, and 1, scale with the num-

ber of sites n. When the spectral gap is constant, as is the case for massive field theories,



we have lim,_,..m, = O(1), giving a trivial contribution to the runtime.

A result of this work is analyzing the case where the Hamiltonian is degenerate, in
which case the phase estimation oracle may be used to mark all states in the ground space
using the gap m’ between the ground space and the rest of the energy spectrum. In this case,
there is no longer a single pair of ground states whose inner product we can use to upper
bound the algorithm’s runtime. However, we find that the quantity cos(6) may play the
same role as the overlap n for the degenerate case, where 6 is the largest principal angle
between ground spaces of two successive Hamiltonians.

Reference [49] uses tensor network techniques to study the scaling of overlap for the
massive Gross-Neveu model. The numerical calculations presented there on lattices up
to L = 50 suggest that, for various settings of the coupling and bare mass, the overlap
converges to a constant in the limit of large L. Similar results are obtained for the AKLT
model. More generally, for models of interacting field theories, it is not known how the
state overlap behaves as a function of system size and other model parameters.

Non-interacting models are useful for studying the behavior of physical properties over
a broad range of system parameters, since they exhibit rich physics but are often compu-
tationally tractable. In the case of free fermions, the Hamiltonian, which is quadratic in
the mode creation and annihilation operators, is diagonalizable in time O(n®) where n is
the number of sites. The ground states of quadratic fermionic Hamiltonians are Gaussian,
i.e. fully characterized by the expectation values of all degree-two monomials in the mode
operators. As shown in [31], the magnitude of the inner product of any two fermionic
Gaussian states can be exactly computed classically in time O(n?), while the gap is ob-
tained directly as the smallest mode energy of the diagonalized Hamiltonian. Here, we use
this feature to study the dependence of the spectral gap and the overlap for a range of free
fermionic Hamiltonians, and provide concrete estimates for the runtime of the site-by-site

algorithm on these models.



Although free fermion models are exactly solvable and therefore do not pose a com-
putational challenge requiring quantum computers, they provide a tractable test case to
investigate the general behavior of the ground state overlaps determining the performance
of site-by-site quantum state preparation. Extrapolation to weakly coupled fermionic sys-
tems is possible through rigorous methods, and conjectures about behavior beyond weak
coupling can be generated from the patterns observable in numerical data from the free
case.

In Appendix [A] we describe details of the the free fermion formalism along with details
of the model we analyze in this work, the Kitaev chain.

In this chapter we numerically estimate the spectral gap m of the Kitaev chain phase
diagram, as well as the ground state overlaps 7 in the non-degenerate case and the quantity
cos(0) for the degenerate case. In Section we introduce a possible improvement to
the site-by-site algorithm for one-dimensional systems by choosing a sequence of Hamil-
tonains which recursively joins together two ground states to double the system size. In
Section 2.4 we also discuss some connections of the state overlap with the Schmidt spec-

trum.

2.1 Degenerate Case

In the case of a degenerate set of ground states (or some subspace of low-energy states)
with an energy gap separating these states from the rest of the Hilbert space, the phase
estimation oracle will mark each of these states and the Grover reflection operator will
reflect about this multi-dimensional subspace. We will consider it a success to prepare any
state within the ground space, and so for each step of the algorithm we may be in any state
within the ground space of the Hamiltonian at that stage of the algorithm.

Jordan’s lemma tells us that given a pair of projection operators I1; and Il, which



project onto the ground space of each Hamiltonian, the Hilbert space can be decomposed
into one- and two-dimensional subspaces which are invariant under each of these projection
operators. These same subspaces are invariant under the Grover iterate operator, which is
a product of reflections about the subspace for each projector.

In the case of standard Grover search, one of these projectors must be rank-one and
project onto the initial state, while the other projector may be higher dimensional in the
case for multiple marked target states. This ensures that there is only one two-dimensional
subspace where the Grover iterate has nontrivial action, which rotates the initial state into
the target subspace. In this case where we are transitioning between degenerate ground
spaces of two Hamiltonians, however, each projector has rank greater than one, and the
Grover iterate generically has multiple two-dimensional subspaces where nontrivial rota-
tions can occur. These rotation angles are given by the principal angles that characterize
the geometric relation between the two ground spaces.

For each two-dimensional subspace i where the Grover iterate has nontrivial action, we

can choose a pair of bases {|v;),|vi-)} and {|w;),|w;-)} such that

|vi) = cos(8;)|w;) +sin(6;) [w;"), @2.1)

where 6; < /2 is the principal angle for this subspace [52].

Using the standard Grover iterate, we would face the daunting problem of synchroniz-
ing the rotation frequencies of each subspace so that they are simultaneously in the ground
space of the target Hamiltonian after a certain number of iterations, which could dramati-
cally increase the number of iterations required to find a good approximate solution. This
problem is solved, however, by using the fixed-point quantum search instead of standard
Grover search. Each nontrivial subspace of the standard Grover iterate acts as an indepen-

dent quantum search happening in parallel, and the fixed-point search ensures that each



subspace will converge as long as enough queries are used.

The number of queries required for each subspace to achieve success probability greater
than 1 — 82 using the fixed-point quantum search is lower bounded by log(2/8)/cos(6;),
hence the largest principal angle will give us the greatest lower bound. If this largest angle
is /2 then there is a possibility the algorithm will fail, depending on whether the initial
state has support in this subspace.

The principal angles can be found by constructing a matrix of inner-products between
an orthonormal basis of states for each ground space and computing the singular values
of this matrix. These singular values will correspond to cos(6;) for each of the principal
angles, with the smallest eigenvalue corresponding to the largest principal angle [53]]. Since
the runtime of our algorithm is proportional to 1/cos(60) this will give us an upper bound

to the complexity.

2.2 Resource Estimates

2.2.1 Kitaev Chain

We begin with the Kitaev chain, a model of spinless fermions on a lattice in one spatial
dimension, growing the open boundary condition ground state site-by-site. The Hamilto-
nian has single-site terms with coefficient —u and nearest-neighbor coupling terms with

coefficients ¢ for hopping and A for squeezing.

N N-1
Hy,, = —u Z cj.cj — Z ([Cj-Cj+1 +chc;+1> +h.c. 2.2)
j=1 j=1

Fixing ¢ = 1, the phase diagram has critical lines at ||= 1, and A = 0, |u|< 1. These
critical lines feature an inverse polynomially closing energy gap for finite system sizes.

The regions with |(|> 1 are the topologically trivial gapped phases, while the regions with

10
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Figure 2.1: Scaling of the energy gap (left) and overlap (right) with system size in the Kitaev chain
for three values of ( along the line A = 1 near the critical point at 4t = 1. The three points chosen are
representative of the two phases on either side of the phase transition at ¢t = 1 and the critical model
at the phase transition itself. Best fit curves are drawn in dashed lines on the log-log plot for the
energy gap, showing behavior consistent with asymptotically constant, polynomial, and exponential
scaling. The overlaps for these regions show convergence to large constant values with large system
size.

|| < 1 are the topological phases. The trivial phase has an asymptotically constant gap,
while the topological phases with open boundary conditions support Majorana zero modes
with a gap closing exponentially in the system size. The scaling of the gap with system size
for these three phases is shown in Fig.

The finite system size scaling for the ground state overlaps at these same points in the
phase diagram are also shown in Fig. 2.1] Despite the energy gap closing with system size
for the critical point and point in the topological region, the ground state overlaps appear
to converge to large constant values for each of these points at large system sizes. This can
be seen by comparing Fig. [2.2]and Fig. 2.3] where the critical line at u = 1 marks where
the gap begins to close in Fig. [2.2] while nothing special appears to happen along this line
in Fig. 2.3]

The overlap of the target ground state with the ground state of one smaller system, plus
one additional fermion, is relatively large everywhere except the critical line along A = 0.
Considering that we can choose the single site state optimally, this amounts to the fidelity

of the N — 1 site ground state with the subystem of the N site ground state. We expect these
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Figure 2.2: Energy gap m for 1D spinless fermions, Kitaev chain open boundary conditions, L =72,
with logarithmic color scale taken base e.
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Figure 2.3: Ground state overlap 11 when adding a single site for spinless fermion Kitaev chain with
open boundary conditions, L = 72.

12



10 B -
-—2.5
0.5
-—5.0
3 00F —755
20
<
—10.0
—0.5
—12.5
_10 -
: —15.0
—1.5 —1.0 —0.5 0.0 0.5 1.0 1.5
A

Figure 2.4: Energy gap m’ between the lowest-two states (degenerate ground states when |u|< 1),
and the rest of the spectrum, L = 72.

to have high overlap where there is small correlation length, due to edge effects having
negligible effect on most of the state. However the overlaps appear to be large elsewhere,
even along the critical lines.

The fidelity for mixed Gaussian states can be computed using a more complicated for-
mula in terms of their respective covariance matrices [34/]. For numerical stability we add
a small boundary term to break the degeneracy.

Since our Hamiltonian is degenerate for large system sizes when | |< 1, in this phase
we should instead consider the gap between the degenerate ground space and the rest of the
spectrum, which we denote m’. In the gapless region of phase space this secondary gap is
large as seen in Fig[2.4]for system size L = 72.

To calculate the lower bound given by cos(6,,,,) we calculate the inner products be-

tween the two ground states of each Hamiltonian, which we numerically separate by adding
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Figure 2.5: Largest principal angle cos(6) when adding a single site for spinless fermion Kitaev
chain with open boundary conditions, L = 72.

a small boundary term coupling the two ends of the Kitaev chain. The basis of states for the
L-site Hamiltonian we call {|g.),|er)}. For the (L — 1)-site Hamiltonian we use two ba-
sis sets, {|gr)|0),|er)|0)} and {|gz)|1),|er)|1)}. We compute the matrix of inner products
between the L- and (L — 1)-site ground spaces for each basis set depending on whether the
newly introduced fermion mode is occupied or not, and then take the supremum of these
two choices for each point in the phase diagram which will serve as a lower bound to the

actual value of cos(0), seen in Fig

2.3 Recursive state preparation

In the previous sections we have looked at preparing a state by adding one site at a

time. This can equivalently be thought of as a process where one first prepares two disjoint
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ground states, one of size n — 1 and the other of size 1, and then “joins” them to form the
n-site ground state with the coupling between the two sub-chains turned on. Nothing in
the algorithm restricts us from choosing a different division. For instance, one can prepare
two copies of ground states on n/2 sites, and then “join” them in the middle to form an
n-site ground state. The runtime of this procedure will now depend on the overlap between
the decoupled half-chain ground states and the full ground state. However, since we still
only turn on a coupling term between two sites, it is not clear that this overlap should be
worse than the overlap between an n — 1-site and n-site ground state. On the other hand,
by applying recursion and running disjoint couplings in parallel, one can get from a ground
state on a constant number of sites to the full ground state on 7 sites using logn steps instead
of n steps.

In the single-site scheme one must make a choice of starting state on the ancilla qubit,
which affects the overlap. In the recursive scheme, there is no such chioce to be made.
Instead, the complexity of the algorithm is determined solely by the energy gaps of the
Hamiltonians and the overlap between the tensor product between the ground state of the
full Hamiltonian and the tensore product of the ground states on the half-systems. By
considering these inner products we can compare the complexity of this recursive scheme
to the single-site method.

As discussed in Appendix [2.4] this implies that in these cases there is not too much
entanglement across a central cut and the ground state on half the system size has significant
overlap with the largest Schmidt state.

The potential benefit of this recursive construction is that, while the overlaps at each
step may be reduced, building up many copies of smaller systems to be joined together

may be done in parallel to reduce total runtime.
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Figure 2.6: Ground state overlap 11 when gluing together two Kitaev chains of equal length.

2.4 Overlap Bounds and the Schmidt spectrum

The ground state of the full lattice is in general entangled across any cut. Crucial to
the performance of the site-by-site algorithm is the overlap between the full (entangled)
ground state and a state that decomposes as a product across some cut. In the special case
where we add one site at a time, the initial state is a product on the (N — 1)-site lattice and
the last site.

We establish bounds on the largest possible overlap between two states where one is a
product across a given cut that partitions the system into two parts that we call L and R.
Consider a Schmidt decomposition of the state, which expresses the entangled state as a

positive linear combination of product states,

.
v) =Y VAlvH) ), (2.3)

i=1
where r denotes the Schmidt rank, and the coefficients {A,,...,A,} are in descending order.
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Suppose we evaluate the inner product of this state with the product state |¢) = |¢L)|oF).
Let a; = (9| wF) and b; = (¢%|yX), which satisfy ¥;|a;|?< 1 and ¥,|b;|*< 1. Then, the

overlap between the two states is

<Y Alail*< A, (2.4)

i=1

Z\/_a,

|{go|w)|?

where we first used Cauchy-Schwarz inequality, followed by the fact that A, is the largest
Schmidt coefficient. Therefore, the squared overlap is bounded above by the largest Schmidt
coefficient.

A product state with overlap A; always exists, namely the maximal weight Schmidt state
\wE) |wR), which has a; = by = 1. The maximal Schmidt coefficient A, is also always at
least 1/r, with the minimal value obtained for a flat spectrum. The Schmidt decomposition
is of maximal rank if it is equal to the Hilbert space dimension of the smaller subsystem, i.e.
r =min(dy,dg) for d;, and dg the Hilbert space dimensions of the left and right subsystems.

The largest Schmidt coefficient is also related to the entanglement entropy S as follows:

]’[eA In(4, :f[ Al gf[x{lf =i 2.5)
i=1

i=1
Thus, the entanglement entropy of a state across a bipartition gives a lower bound on the
maximal overlap possible with a product state across the same bipartition which is tighter
than the bounds given by the Hilbert space dimensions or the Schmidt rank.
In fact, in terms of Renyi entropies Si, the Schmidt rank is equal to %0, while the

Seo

largest Schmidt coefficient is equal to e °~. Each successive Renyi entropy is bounded

by the preceding one, Sy > Sr+1. So, the Renyi entropies give a sequence of tighter lower
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bounds to the maximal Schmidt rank.

1 = S0 < Sk < oS = (2.6)
-

For the case where one subsystem is a single qubit, an entangled state will have Schmidt
rank 2, so there must always exist a product state with overlap at least 1/2, with higher
overlap product states existing when the qubit is not maximally entangled.

In practice, the state of the larger subsystem will the ground state of the previous target
Hamiltonian, while the smaller subsystem is introduced in a state we are free to choose.

Let us write the ground state of the system of size N as a Schmidt decomposition of

product states on the first N — k sites and the last & sites, with Schmidt rank r,

W) = Y VAl k) 2.7)
i=1

To achieve high overlap it is necessary for the ground state of the previous Hamiltonian,
|l//(1)\' %), to have large support over the subspace spanned by the r Schmidt states ]l//lN =5y,
Any support outside of this subspace will be a loss in potential overlap, and support on the
largest weight Schmidt states allows for the highest potential overlap. Let us also choose
|l//£\:lk) so that |l//6v ~*Y has support entirely on this subspace of Schmidt vectors extended
by one additional state orthogonal to the r-dimensional subspace spanned by the Schmidt
vectors. Such a choice always exists and can be constructed by, e.g., a Gram-Schmidt

process.

r+1
vy 5y =Y aily ) (2.8)
i=1

If we prepare the ground state of the N — k site system with some state on the smaller
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system |¢%) = ¥, b;| l[/l-k ), the overlap with the N site ground state is upper bounded by

2
2 r
w10k = <Y Alail. 2.9)
i=1

i aibin/A;
i=1

This upper bound from the Cauchy-Schwarz inequality is achievable by setting b; =
aiv/Ai/\/Yilai|*A:. This quantity is equivalent to the fidelity between the ground state of
the (N — k)-site system and the reduced density matrix ¢ of the N-site ground state on the

first N — k sites:

F(wy 5, 0) = (Wi o) ™) = Y Alail*. (2.10)
i=1

Therefore, while the largest possible overlap is the largest Schmidt weight 4, the best
achievable overlap with |y *)|¢*) over all possible choices of k is the fidelity of the
(N — k)-site ground state with the reduced density matrix of the N-site ground state on the
N — k sites.

Uhlmann’s theorem states that the fidelity between two mixed states is the maximal
fidelity of any purification. We may always fix the purification of one state, however,
because the fidelity is not changed by a unitary transformation acting only on the purifying
subsystem. In our case, we may fix the purification of the mixed state to be the ground
state of the larger system, and the maximization occurs over the unentangled degrees of
freedom added to the already pure state to match the purified Hilbert space dimension. The
new degrees of freedom are introduced in an optimal state to reproduce the fidelity of the
smaller mixed state.

Next, we numerically investigate the tightness of the upper bound on overlap which the
Schmidt coefficients provide by comparing these to the overlaps themselves from section
[2.2] As shown in figures 2.7) and [2.§] this bound is frequently far from tight and provides

only a loosely informative guide to the regions in phase space in which the algorithm is
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Figure 2.7: Largest Schmidt coefficient A, upper bounding the ground state overlap, computed for
the case of adding a single site for spinless fermion Kitaev chain with open boundary conditions,
L="72.

efficient.
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Figure 2.8: Largest Schmidt coefficient compared against ground state overlap for the case of gluing
together two Kitaev chains of equal length.
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Chapter 3:  Variational Multi-scale Circuit Ansatz

The multi-scale entanglement renormalization ansatz (MERA) tensor networks repre-
sent quantum states on a d dimensional lattice using a d 4+ 1 dimensional representation.
The extra dimension can be interpreted as scale, with slices of the network along this di-
mension corresponding to successively coarse grained states. In one dimension, the tree-
like MERA tensor network can represent ground states of critical systems, reproducing
polynomially decaying correlation functions and logarithmic scaling of subsystem entan-
glement entropy [55-57]. In the case where the local tensors are fermionic Gaussian
unitaries, the networks can viewed as a wavelet transform on fermion operators and can
be rigorously shown to support good approximations of local free-fermion ground states
[58-60].

The local unitary structure of a MERA tensor network may be interpreted as a quantum
circuit which introduces further UV degrees of freedom scale-by-scale to entangle qubits
of the target ground state. However, on a quantum computer it is more natural to allow
increased circuit depth rather than local bond dimension as a means of increasing expres-
sivity of an ansatz, giving rise to a class of quantum circuits known as DMERA [61]] which
could be used as a variational circuit for ground state preparation. Of particular interest for
near-term application is that local observables and correlation functions of ground states
prepared by DMERA circuits feature an inherent resilience to local noise stemming from
circuit topology [42]61]], which will be investigated further in Chapter[d] It is also possible

to prepare subregions of DMERA states on quantum computers much smaller than the total
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Figure 3.1: State preparation by successive application of D = 4 scale transformation circuits U;(6)
with new qubits initialized in the state |0). Colors show the identity of local gate parameters imposed
to replicate approximate translation and scaling symmetry.

system size, which may help to leverage the capabilities of small quantum devices [16].
This has been demonstrated on an ion-trap quantum computer, where the critical ground
state subregion can be prepared as a robust fixed-point state of a local quantum channel
derived from a DMERA quantum circuit [42].

MERA tensor networks can be contracted in polynomial time classically. However, the
polynomial scaling with bond dimension is quite severe, e.g. O(x®) for 1D and O(x'®)
for 2D using the schemes proposed in [56]. Thus direct execution of MERA on quantum
computers can yield large polynomial speedups, and can additionally serve as a method
for preparing initial states in the context of a quantum algorithm for simulating quantum
dynamics.

This work investigates the feasibility of multi-scale circuits for variational ground state
preparation on quantum computers in the fashion of a variational quantum eigensolver

(VQE) [38,139]], or more generally an ansatz circuit for some variational quantum algo-

23



rithm (VQA) [62], where some family of parameterized circuits are minimized according
to some Hamiltonian energy in hopes that a good approximation of the ground state can
be found. Another MERA-inspired quantum circuit ansatz for variational ground state
preparation was studied in Ref. [63], however, the circuit ansatz studied in the present
work more directly follows the constructions of Refs. [358,59,61].

Conformal field theories and the use of renormalization are of central importance to the
study of quantum field theories, which may generally be viewed as deformations from crit-
ical fixed points of a renormalization group flow. The prospect to simulate conformal field
theories with critical lattice models and including the use of renormalization theory is seen
as an important step in the ability to handle more general study of field theory simulations
on quantum computers [64]. Ground states of critical systems feature large correlation
lengths which are challenging to reproduce using a more locally entangled ansatz such as
matrix product states or short depth quantum circuits. Scale invariance, however, makes
these states somewhat simpler to describe using a multi-scale ansatz which may incorpo-
rate this symmetry directly into the circuit parameterization. Gapped states may be better
able to be represented by an ansatz with local correlations, but may also be prepared us-
ing a multi-scale circuit with parameters that differ between scales, and using fewer scales
overall due to the lack of long range correlations.

We benchmark the viability of the DMERA ansatz for variational state preparation
by numerically optimizing for approximate ground states of the critical Ising spin chain
in one dimension. We are able to find high fidelity ground state approximations using
relatively low circuit depth D of each scaling transformation. The ansatz states and local
energy density converge to their exact values exponentially with D, with relative error in
the energy density below 10~8 for D = 6. Key features of critical ground states in one
dimension such as polynomially decaying correlation functions and logarithmic scaling

subsystem entanglement entropy are found on average. See Fig. [3.1]for a representation of
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Figure 3.2: Relative error in average entanglement entropy of N qubit sybsystems for an L = 256
qubit state, which is exponentially small in D. The subsystem entropy scales logarithmically with
N for critical ground states in one dimension, with DMERA circuits featuring an excess of entropy
for D < 3 and a small entropy deficit for D > 3.

the multi-scale variational circuit with D = 4.

Symmetry-averaging is also used to improve the systematic error of local observable
expectation values. This can be implemented in hybrid variational schemes by using clas-
sical post processing to average observables which are related by symmetries which are
explicitly broken in the circuit ansatz. In the case of the critical Ising model spatial trans-
lation and Kramers-Wannier (KW) symmetry are used, although we also note that these
symmetries are still approximately reproduced in the ansatz states themselves, with smaller
variance over these symmetry groups for increasing D. Similar ideas have been studied in

the context of Refs. [65, 66], where symmetry projection is used in post-processing to

improve broken symmetries of ansatz states.
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Left: Relative error of variational fixed-point ground state energy for channels of depth D, using
the infinite volume energy density of —4/m. Trend lines showing the exponential scaling of en-
ergy density error for our ansatz (solid) as well as those from the analytic wavelet construction of
[S9](dashed) and the numerically optimized non-Gaussian MERA in [57]] (dotted).

Right: Normalized state infidelity 1 — F'/Z of states prepared by depth D scaling transformation
for ground states of various system sizes L.

Both quantities appear to decay exponentially with D with a coefficient of approximately —4.89.

3.1 Circuit Construction

We consider states which double the number of qubits with each scaling transforma-
tion, interleaving new qubits in the zero state between qubits from each of the previous
layers. After ¢ scaling circuits we have a state on L = 2¢ qubits. Our goal is to prepare
an approximation to the ground state of a corresponding critical Ising Hamiltonian. Each

transformation is a quantum circuit U (0), of depth D, parameterized in terms of angles 6.

[veer) = Un(0) (Iwe) @ 10)°% ) @)

Approximate translation and scale invariance of the state are imposed by having each scale
transformation be a periodic brickwork circuit invariant under translation by two sites, and
constraining each scaling transformation circuit at different layers to be made up of the

same gates, albeit acting on different numbers of qubits. The approximate translation sym-
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metry reduces the total number of variational parameters from scaling with the total number
of gates, O(DL), to only with total circuit depth O(DlogL). The approximate scale sym-
metry further reduces the number of circuit parameters down to only O(D), the depth of a
single scaling transformation circuit. (See fig[3.1).

These symmetries cannot be imposed exactly due to the discrete nature of the gates
and scaling transformations, so the exact symmetries are broken by the ansatz state, yet
retained as approximate symmetries. Deviations in local observables are exponentially
small in D but constitute a major source of error for experimentally realistic values of D,
e.g. D=1,2,...,6 as studied here. However, as shown in Fig. [3.3] the error in two-point
correlation functions related by KW symmetry are nearly out of phase with each other.
Consequently, this source of error can be reduced by averaging expectation values over this
known symmetries. This symmetry averaging lowers error in the correlation functions by
approximately two orders of magnitude, yielding relative error below 10~ for correlation
functions using the D = 6 state. This improvement is consistent across both of the example
Hamiltonians considered in this work (eq. [3.3]and [3.6)), as shown in Figs. [3.5]and[3.6]

In [58-60], wavelet transformations on fermionic modes are used to construct approx-
imations to free fermion ground states. These constructions use knowledge of the underly-
ing physics to analytically construct the desired wavelet and achieve accuracy exponential
in the order of the wavelet (corresponding to circuit depth D). In this work we instead deter-
mine the variational parameters in our DMERA ansatz by numerical optimization. Inspired

by the free-fermion MERA construcions of [38]] we take

cos(x) 0 0  sin(x)
0 Ccos sin
u(r.y) = ) » 0 32)
0 —sin(y) cos(y) O
—sin(x) 0 0  cos(x)
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as the local gates in our circuit, where the two variational parameters specify the rotation on
the odd and even parity subspaces of the pair of qubits. Because we use real-valued parity-
conserving gates, the ansatz states will always be parity-even states with time-reflection
symmetry.

Similarly to [S9]], we find that variationally optimized parameters achieve substantially
more accurate energy densities than analytically constructed parameters, even though the
latter become exact in the limit of DMERA of infinite depth or MERA of infinite bond

dimension.

3.2 Model and Variational Optimization

We focus on the transverse-field Ising model at criticality, namely

L
Hy=—Y XjXji1+Z;. (3.3)
j=1

This spin chain is known to be well described by a conformal field theory with ¢ = 1/2
at low energies, but is also integrable due to the Jordan Wigner duality relating it to the

following free fermion model

2L

H=i Z YiVi+1, (3.4)
=1

where y; are Majorana operators.  In this convention there are 2L Majorana operators
for L spatial sites, with operators ¥; and ¥, together comprising the fermion at spatial
site j. At the critical point the coupling between Majorana operators at the same spatial
site and neighboring sites are equal, which is sometimes referred to has the “half-shift

symmetry”, and allows for the simple description of the Hamiltonian in Eqn. (3.4). For the
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spin Hamiltonian on an even number of sites with periodic boundary conditions, the ground
state has even parity and is equivalent to the ground state of the Majorana Hamiltonian with
anti-periodic boundary conditions, so Y71 = —7.

To achieve efficient numerical simulations we exploit two properties. First, the gates of
eq. 3.2]are matchgates, which allows us to simulate their action on Gaussian fermion states
efficiently as linear transformations on Majorana operators [26, 67]. By constraining to
matchgate tensors, tensor networks may be used to represent Gaussian fermion operations
and states [27,28]. We use these techniques to compute two-point correlation functions
out to large distances such as 512 lattice spacings. Secondly, the expectation values of local
operators in MERA and DMERA states can be accelerated by exploiting the constant-width
causal cones imposed by these circuits. Local reduced density matrices of the global pure
state defined by the ansatz can be obtained as output from iterated quantum channels on a
constant number of qubits. These local density matrices are all that is needed to compute
the energy of the variational state under a local Hamiltonian. As the number of layers in
the MERA ansatz is increased the density matrix converges exponentially to the fixed point
of this channel, which can be easily computed, as described in [42]]. We tune variational
parameters by minimizing the energy density of this fixed-point state.

For sufficiently shallow circuits, we find well-optimized variational parameters using
gradient descent and L-BFGS with restarts. For higher depth circuits we obtain variational
parameters by starting from an optimized circuit for a given value of D with an additional
row of gates inserted at the end of the circuit with parameters initialized near the identity,
and then re-optimizing to obtain a solution for D 4 1. Similarly, we may alternatively in-
sert two rows of near-identity gates anywhere within the scaling circuit to obtain a solution
for D+2. For the larger depth circuits, the optimization by adding additional parame-
ters to a smaller solution was better at finding good minima. Random initialization of all

parameters was less likely to find an energy minimum any lower than found previously
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with shorter depth circuits. We therefore relied on this technique of bootstrapping a better
D+ 1 minimum from a depth D minimum in order to find circuits which continued to show
exponentially small error in the energy with circuit depth.

By using the total energy to estimate the average energy density, we are implicitly
averaging over symmetries of the Hamiltonian, since the full symmetry group we consider
for the critical Ising model relates each local term in the Hamiltonian to every other. By not
preparing the whole state and only measuring some terms of the Hamiltonian, we run the
risk of minimizing the energy in a non-variational way, i.e. minimizing an estimate of the
global energy below what is possible for the ground state, while inadvertently raising the
energy for terms not measured because the global energy still cannot be below that of the
ground state. While this could happen in principle, the spatial distribution of expectation
values does not have a large variance due to the approximate translation symmetry still
found in the circuit ansatz, and so this likely would not happen in a catastrophic way in
practice.

Imposing swap-symmetry on the local gates would constrain the odd-parity rotation
angle y = 0. For the isometry gates only the output legs are swapped, so instead this angle
would bet set to y = —m/4, resulting in an ansatz state which is symmetric with respect
to spatial reflections. This choice of parameters is optimal for the D = 1 case. However,
for D > 1 we find that by relaxing this constraint, reflection-symmetry broken states can
be prepared using the same circuit depth which have lower energy and higher fidelity. By
transforming the parameters y — —y for non-isometry gates and y — /2 —y, a reflected
ansatz state with the same energy density and fidelity is prepared.

The circuit parameters we use throughout this paper for D < 6 can be found at the
end of Appendix [A] The corresponding error in energy density appears to be exponentially
small in D with a scaling coefficient of —4.89, seen in Fig. [3.3] We compare this fit line to

two similar multi-scale ground state representations for the Ising model, the wavelet based
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construction found in Ref. [59] which uses a very similar circuit ansatz but constructs
the ideal parameters analytically rather than through energy minimization, and the more
traditional MERA tensor network states in Ref. [56] found through numerical optimization
of the energy. In order to compare these different methods, we note that local gates of the
circuit based methods can be grouped together to form a MERA tensor network of bond
dimension y = 2D=1 S0, while the MERA from [56] does not have a circuit depth D,
we will use this equivalence in order to compare ansatz states of similar complexity. That
being said, the circuit based constructions of this work and [59] are much more constrained
ansatz states compared to a generic MERA of bond dimension ¥ = 2!, due to the local
circuit structure.

We find that while maintaining much of the simplicity of the wavelet construction of
[S9]], our numerically optimized states are able to outperform those constructions at equal
circuit depth and appear to scale with a larger scaling coefficient. Our ansatz states even
outperform the general MERA states of [S6] for short depth circuits, but are beaten at larger
bond dimensions, which should be expected due circuits being much more constrained than

a MERA state of equivalent bond dimension.

3.3 Numerical Benchmarking

Having minimized the energy density for circuits with D < 6, we can compare our
ansatz states with the true ground state for a variety of other measures. We compare the state
fidelity and subsystem fidelities for different (sub)system sizes and circuit depths as well
as logarithmic scaling of subsystem entropy. Finally we look at the two-point correlation
functions and show how averaging local observables over symmetry groups broken by the
circuit ansatz can greatly improve the estimation accuracy of these observables.

We prepare finite sized ground states using the fixed-point optimized circuit parameters

31



10 1 X N=2
2
107°F N=2
N N=2
St i N=2
21 5L x N=2
6\ 06 X % N:26
10T 0 N2
— 107- é -
10~ X
r X
_9 X X
10 ° >
10_10- 1 1 1 1 >|<
1 2 3 4 5
D

Figure 3.4: Normalized infidelity of N qubit subsystems of a L = 256 qubit state, averaged over
different subsystem locations.
and applying £ = log,L scaling transformation layers to prepare the state on L qubits.

Interestingly, the infidelity of our ansatz states seems to be exponentially small in D,
with the same scaling coefficient of —4.89 as the energy density, see Fig. 3.3] We com-
pare different sized systems by normalizing the state infidelity as 1 — F I/L which we find
clusters together ansatz states of the same D but different system sizes L.

In Fig. 3.4 we compare the infidelity of N qubit subsystems of a L = 256 qubit system,
normalized by subsystem size. This behaves similarly to that of global state fidelity with
identical exponential scaling in D and clustering of subsystem infidelity from the normal-
ization. The smallest subsystems, however, have an even smaller normalized infidelity than
that of the global state, and so local observables should be even more accurate than global
state properties.

The relative error in average subsystem entropy is shown in Fig. [3.2] showing expo-
nential accuracy with D. Critical ground states in one dimension feature more long-range

entanglement than area-law states, which would have constant entropy in one dimension.
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Figure 3.5:

Left: Relative error in the translation-averaged expectation value of the quadratic Majorana oper-
ators ;—1%»j(solid) and ;7> ;+1(dashed) at fixed distance |i — j|. These two cases are related by a
KW transformation, and have systematic errors which appear oscillatory on a logarithmic scale and
nearly out of phase with each other.

Right: Further averaging over the KW symmetry cancels much of the error of quadratic Majorana
observables, reducing the error in the expecation value estimate by orders of magnitude.

Instead, subsystem entropy scales logarithmically with the subsystem size which becomes
a major challenge of strictly local circuits which can only entangle qubits within a finite
range. Multi-scale circuits introduce entanglement at all scales and can therefore can pre-

pare states with this scaling of subsystem entropy. In fact, the ansatz states for D < 3 have

on average an excess of entropy rather than a deficit.

3.4 Averaging Broken Symmetries

Although we impose a quasi-translation invariance in the local gates of our ansatz, the
actual circuit breaks this translation invariance within each circuit layer down to translations
by an even number of sites. The resulting state is only exactly invariant under translations
by L/2 sites due to this breaking of symmetry at each circuit layer. Despite this, an ap-
proximate symmetry is still maintained, so local observables related by translations have a
small variance which decreases exponentially with D.

In the Majorana representation there are two operators »;_1 and 7»; at site 7, so a transla-
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tion by n sites amounts to shifting the index of all Majorana operators by 2n, i.e. ¥; — ¥j12x-
At criticality, the Ising model possesses an additional symmetry which constrains the
expectation value of local Z and XX operators to be identical [68]]. The KW transformation

maps between these sets of operators as

Zi — XiXiv1, XiXiv1 — Zig (3.5)

which is a symmetry of the Hamiltonian. This symmetry becomes more apparent in the
Majorana representation, since the Jordan-Wigner transformation maps Z; to y»;_17%; and
XiXit+1 10 PiYrit1, S0 the KW transformation amounts to shifting the Majorana index by one
and is sometimes known as a “half-shift” symmetry of the Majorana operators since two
of these transformations amount to a spatial translation by one site. This transformation
is clearly a symmetry of the Hamiltonian in Eq. (3.4)), but is broken away from criticality
when the Z and XX operators have different coefficients.

On the left panel of Fig. [3.5] we look at the relative error in the expectation values of the
two sets of quadratic Majorana operators »;—1%; and ¥»;%>j41. Translation symmetry dic-
tates that the ground state expectation values are the same for equal i — j, so we can average
over the group of symmetries, the cyclic group on L elements, and we plot the relative error
after translation-averaging in the left panel of Fig. [3.3] These two sets of observables decay
inverse polynomially in the distance between the two Majorana operators as |i — j|~!, and
are related to each other by the KW transformation.

Interestingly, the relative error in these two sets of correlation functions appear oscil-
latory when plotted on a logarithmic scale in the distance |i — j|, which we attribute to the
breaking of continuous scaling symmetry down to an approximate symmetry due to the
discrete scaling transformations. The amplitude of these deviations decays with D, but also

appears to be nearly out of phase with each other for the two sets of operators related by the
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KW transformation. Averaging over this additional Z, symmetry we can cancel much of
this remaining systematic error due to the respective deviations being nearly out of phase,
resulting in a much more accurate estimation of the observables after averaging of the KW
symmetry, seen in the right panel of Fig. 3.5

We can assess how well this cancellation by KW symmetry works by comparing the av-
erage amount of error of correlators at a fixed distance, denoted W, with the amount
of error in the symmetry-averaged expectation value, denoted \SW\ In Fig. ﬁ we see
that this cancellation works remarkably well, with the symmetry averaged mean showing
multiple orders of magnitude better accuracy than the typical local observable, particularly
for large D. This shows that states of larger circuit depth feature both a lower amount of
variance in their oscillatory expectation values as well as a higher degree of error cancel-
lation, which compound to produce highly accurate estimators of local observables after
symmetry averaging.

In Fig. 3.6] we also include values from circuits approximating the ground state of an
alternate Ising model

L
Hy = Z —XiXit1 +Xi1ZiXi- (3.6)
i=1

This Hamiltonian is related to the Ising model by a constant depth unitary []; \%(—I +
iX;X;11), which smears the single Pauli Z term into a 3-body operator, but is still equivalent
to a quadratic fermion model by Jordan-Wigner duality. This other set of parameters for
the Hy ground state feature similar degrees of error cancellation.

While these two Hamiltonians share much of the same physics due to their equivalence
up to a short-depth local transformation, the variational circuits we find to approximate their
respective ground states are not made equivalent by any short depth local transformation.

Both sets of circuits preparing ground state approximations to Hy or Hy are scale-invariant

variational circuits with different sets of parameters. It would be possible to prepare ap-
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proximate ground states for Hy by using the circuits for Hy and then applying the short-
depth transformation that relates the two Hamiltonians, or vice versa, but the resulting
circuits are not scale-invariant due to the final circuit layer differing from all the previous
ones.

This breaking of scale symmetry is explicitly used in some applications of MERA,
where an initial and final layer of tensors which differ from the scale-invariant layers are
used and can be referred to as “transition layers”. These may be beneficial to include
explicitly because the finite volume and lattice spacing of the model already break scale-
invariance at the largest and smallest scales, and so a circuit with complete scale symmetry
may not be the most ideal representation of the ground state. We restrict our attention
to circuits with identical variational parameters for all scaling transformations within the
quantum circuit in this work, and to this extent we consider the circuits found for ground
states of Hy and Hy to give independent confirmation to the efficacy of these circuits.

Subsystem entropy also varies with location due to lack of exact translation invariance.
However, entropy is a much more coarse grained property of a state and did not display a
great degree of error canceling from translation averaging. That is, the subsystem entropies
were typically biased in a particular direction for all subsystems, so the average entropy
was not much more accurate than that of a typical subsystem.

Here, we have specifically considered the translational invariance and KW symmetries
of two-point functions on a one-dimensional N-site translationally-invariant lattice with
periodic boundary conditions. This symmetry averaging procedure can be directly gener-
alized to arbitrary groups of symmetries, e.g. S, symmetries on permutation-symmetric
systems, the translation and rotation symmetries in a fixed number of spatial dimensions,
or internal global or gauge symmetries, which could be either discrete or continuous.

Averaging over translations by a symmetry group G when measuring an observable

comes at no cost in qubit count or circuit depth. Rather, the requirement is for repeated
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executions of the circuit and measurement. Such repeated measurements are already nec-
essary, as 1 /&2 measurements are needed to measure an observable with statistical error of
order €. Instead of repeating 1/&? measurements on an individual choice of G-translation
of a given observable, one can instead choose a uniformly random G-translation of the
observable for each measurement. In the absence of any a priori information to suggest
some particular G-translation as preferable, this G-averaging will in the worst case yield
equivalent accuracy to a randomly chosen but fixed G-translation, and in the best case can
result in greatly improved accuracy due to cancellation of errors of opposite sign. The latter
situation is observed in the two examples H; and Hy considered here. It remains for future
work to investigate which models exhibit such strong benefit from cancellation and which
do not.

While we do not need to increase the circuit size we may still have to compile multiple
circuits in order to measure the full set of symmetry related observables supported on differ-
ent subregions of the state. Each circuit will remain easy to implement, but it is often more
costly on NISQ hardware to draw measurement samples from multiple circuits compared
to the same number of samples from the same circuit. Despite this, it is still less resource
intensive than doing a full projection onto the trivial representation of the symmetry group
as in Ref. [65] and therefore well suited to NISQ applications.

Since Pauli strings only have eigenvalues 41, their variance is 1 — (O)? for an ob-
servable . The symmetry averaged expectation value will still only have measurement
outcomes *1, so aggregating the measurements from different observables will result in
sample with variance 1 — (O)2,

This technique is complementary to the widely-used Richardson extrapolation and ran-
domized resampling methods introduced in [69], as it mitigates systematic error induced
by the ansatz rather than random error introduced by the hardware. These observations

also suggest that imposing strict symmetries could be overly restrictive for a circuit ansatz.
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Figure 3.6: Improvement in accuracy from symmetry averaging also increases with D. The ra-
tio is plotted between the error magnitude in the symmetry-averaged correlation function, denoted

by [6(O;;)|, and the average error in particular expectation values with fixed |i — j|, denoted by

|6(O;;j)|. Also included are the ratios for approximate ground states of the modified Ising model
Hjr, which show similar improvement from symmetry averaging.

Instead, it could be more advantageous to consider ansatz states which can break these
symmetries while retaining accurate symmetry-averaged expectation values. With more
quantum resources available, one could consider a coherent analogue of this error mitiga-
tion scheme in which states with approximate symmetries are projected onto the proper
symmetric subspace after preparation to achieve higher fidelity states. Specifically, one can
project onto the G-invariant subspace preparing a control register in the uniform superposi-
tion, executing a controlled G translation on the target state, and then measuring the control

register in the Hadamard basis and postselecting on the zero outcome of this measurement.

3.5 Comparison to Quantum Alternating Operator Ansatz

Another natural approach to variational state preparation is using a strictly local circuit

by evolving commuting terms in the Hamiltonian in sequence to form a quantum alternating
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operator ansatz [70,[71]. Using a short depth ansatz makes it feasible for NISQ devices,
and these circuits may be constrained to conserve symmetries of the Hamiltonian, such as
preparing only translation invariant states. In this case, they do not benefit from symmetry
averaging, unlike DMERA. This approach was used to find exact variational circuits for
ground states of the critical Ising model on 2p spins using p rounds of a QAOA ansatz
[72], and has been implemented experimentally on an ion-trap device [73].

Exact variational circuits are not possible with fewer than L/2 rounds, as this is the
minimum circuit depth needed for the ansatz to “see the whole graph” [/4]. That is, the
past causal cone of some subregion of a local circuit ansatz contains the entire initial state
only when the circuit depth is L or greater, making global entanglement possible. Before
a local circuit can see the whole system it also is unaware of system size. So, even though
the ground state of a finite size Ising chain with periodic boundary conditions has energy
density lower than the infinite volume value of —4 /7, a local circuit with depth less than
L could not prepare a state with energy below this threshold. This also means the energy
density for a local circuit ansatz will be identical for all system sizes greater than the circuit
depth.

The energy density and normalized ground state infidelity for a local QAOA circuit
ansatz are shown in Fig. [3.7] The circuits are initialized using parameters provided in [72]
for preparing exact ground states for system sizes L = 2p, and then the energy is optimized
for systems with L > 2p so that the circuit does not see the whole system, and therefore
cannot prepare the exact ground state. The resulting states give us an idea of how short
depth local circuits can perform when preparing approximate ground states. Both errors
in energy density and state fidelity appear consistent with polynomial decay in the circuit
depth. This contrasts with the DMERA ansatz which achieves exponentially improving

accuracy with increasing D.
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Figure 3.7:

Left: Error of variational energy density from the infinite volume value of —4 /7 against total circuit

depth / number of rounds p for systems L > 2p.

Right: Normalized pure state infidelity versus number of rounds p, for various system sizes L >
2p. Error in both the energy density and normalized infidelity for short depth ansatz states appear

consistent with polynomial decay in p for large system sizes.
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Chapter 4:  Fixed-Point State Preparation

4.1 Introduction

The current period of experimentation on digital quantum devices that are still quite lim-
ited in terms of size and error rates has been dubbed the Noisy Intermediate-Scale Quantum
(NISQ) era [16], and it is an ongoing question within the field of quantum computation to
find what techniques, if any, may be leveraged to implement practical quantum algorithms
on these early devices. Prior to the development of fully fault-tolerant quantum comput-
ers, error mitigation procedures will be needed to achieve robust quantum computation
in the presence of noise. In [61]], Kim and Swingle proposed that the stable nature of
renormalization group fixed points could provide intrinsic robustness to a class of quantum
state-preparation algorithms based on a variant of the Multi-scale Entanglement Renormal-
ization Ansatz (MERA) that they named Deep MERA, or DMERA. Similar circuits were
also considered for their noise-resilience in [75]]. MERA are a well-known variational ten-
sor network ansatz for describing ground states of scale-invariant quantum systems, such
as at critical points [S7,[76]. The expectation values of local observables can be computed
in polynomial time classically using MERA. Unfortunately, the polynomial scaling with
bond dimension y is of very high degree (e.g. O(x®) for 1D and O(y!'%) for 2D using
the schemes proposed in [56]), making MERA impractical for many classical computa-
tions. However, a MERA tensor network may be interpreted directly as a quantum circuit

for preparing the state described. Thus MERA circuits can be used to calculate local ob-
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servables on a quantum computer with a polynomial but large scaling advantage relative
to classical computers. DMERA is a variant of MERA more directly tailored to quan-
tum state preparation applications by dealing with local quantum circuits of variable depth
rather than general unitary tensors of variable bond dimension.

Given a quantum circuit for preparing a quantum state and a subset of the qubits of the
state to be prepared, one can define the causal cone of the subset by discarding all qubits
and gates at the earliest stage possible such that the reduced density matrix on the chosen
subset remains unchanged. A noteworthy property of DMERA circuits is that geomet-
rically local patches selected from one-dimensional DMERA states have causal cones of
constant width, independently of the volume of the one dimensional state from which they
are taken. Viewed operationally, the causal cone can be regarded as a quantum channel
for preparing the reduced density matrix for the local patch of the overarching state. This
channel is composed by iterating a procedure in which new qubits are introduced in the
|0) state, unitary gates are applied, and some qubits are discarded. From a renormalization
group point of view, this procedure can be regarded as zooming in on a smaller region of the
underlying scale-invariant system by fine-graining the lattice discretization, and then dis-
carding the qubits that move out of the field of view under this zooming process [61]. The
ability to measure local observables and correlation functions by preparing the causal cone
of a small subset of qubits from a large state can dramatically reduce the resources needed
and effects of noise [77], both of which are crucial for developing realistic applications for
NISQ devices.

The quantum channel and renormalization group flow points of view are related accord-
ing to A =272, where A is an eigenvalue of the superoperator defining the local quantum
channel being applied at each iteration that scales the state by a factor of two, while A
is the scaling dimension of the associated operator in the underlying conformal field the-

ory [78]]. If the scaling dimensions are all positive, as is generically the case, then the

42



quantum channel has a unique attractive fixed point toward which any initial state will con-
verge exponentially at a rate bounded by the smallest scaling dimension. This provides the
state-preparation procedure with a degree of intrinsic self-correction. Dissipative quantum
state preparation and computation has a long history [79-87] and within this context the
DMERA perspective adds a systematic way of deriving concrete quantum circuit imple-
mentations of the needed quantum channels for a class of state preparation problems as
well as an immediate way to predict convergence rates based on known scaling dimensions
of conformal field theories.

Here, we experimentally and numerically investigate the application of DMERA for the
preparation of the ground state of the critical Ising model. Via the Jordan-Wigner transfor-
mation, this model can be solved using techniques for free-fermion models. Exploiting the
structure provided by this exact solution, Evenbly and White have derived wavelet-based
analytic expressions for the tensors by which a local free-fermion MERA can describe the
ground state [S8]]. Due to the exactly solvable nature of this model, the circuit ansatz is an
example of a matchgate circuit which can be simulated efficiently classically [26]. We thus
do not propose this model for a demonstration of quantum speedup. Rather, by choosing
a model with analytically determined parameters in the tensors, we can make a clean in-
vestigation of convergence and error-robustness without confounding issues coming from
optimization of variational parameters. A modified version of the circuit with additional
gates dual to non-quadratic fermion operators would break the integrability of the circuit
dynamics. This would lead to structurally analogous circuits that are challenging to simu-
late classically, and likewise able to prepare non-Gaussian fermionic states which arise in
interacting fermion models and nonintegrable spin chains.

A noteworthy feature of this state preparation method is that it requires the repeated
introduction of fresh ancilla qubits in the |0) state and subsequent discarding of qubits that

are no longer needed. It is due to this open-system nature of the procedure that entropy
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can be removed and self-correction can be attained. This is a necessary feature for all dis-
sipative quantum algorithms, as well as for the “holographic” methods of [88-90], but is
not possible on most present-day quantum computing test beds. However, measurement
and resetting of individual qubits during the execution of a quantum circuit is possible on
the quantum CCD architecture used by the Honeywell (now Quantinuum) H@ device on
which our experiments were performed [91]. In principle, the quantum channel derived
from DMERA can be repeated indefinitely on a quantum CCD device, such that the attrac-
tive nature of the fixed point constitutes an active form of error correction which perpetually
steers the quantum state back toward its target. This is in stark contrast with most NISQ
algorithms which rely on limited circuit depth to limit the accumulation of error.

While we focus our numerical benchmarking and experimental data on the 1D quantum
Ising model at criticality, multi-scale ansatz states which prepare states via renormalization-
inspired circuits are expected to be applicable to many other systems of interest. Some
nonintegrable models which feature scale symmetry and have been previously studied with
tranditional MERA techniques would be natural models to consider for future study of a
multi-scale quantum circuits and their local channel fixed-points. These include the critical
points of the 1D lattice models studied in Ref. [S7], such as the Potts, XX, and Heisenberg
spin chains. In two spatial dimensions, MERA tensor networks are able to represent states
with topological order [92], such as logical states of the toric code [93], and so multi-scale
circuits could also be used to prepare ground states of more sophisticated systems with
topological order which may also be useful for quantum error-correction [94]]. Separation
of length-scales and energy scales is ubiquitous in many physical models of interest and
naturally arises from locality of physical Hamiltonians, and so a multi-scale ansatz may
be applicable to preparing states of interest for these models. Strictly local circuits make
it difficult to introduce entanglement between distant regions of a state, which multi-scale

circuits circumvent by introducing long range entanglement through the initial layers of
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coarse-grained state preparation.

Scaling symmetry found in critical models reduces the ansatz complexity by identi-
fying gates from different layers, but noncritical states may also be prepared by optimiz-
ing parameters for different layers of the multi-scale circuit independently, resulting in a
renormalization-like state preparation for non-scale invariant models. Non-critical mod-
els with an energy gap, and therefore a finite correlation length &, will also only require
log(&) layers to prepare because regions separated further than this length do not require
long-range entanglement. In quantum chemistry, using Gausslet basis functions has been a
topic of recent study which adds multi-scale structure to traditional numerical techniques to
provide higher accuracy simulations in a non-scale-invariant setting [95,96], and so multi-
scale representations may provide analogous benefits to simulation of quantum chemistry
on quantum computers as well.

While other circuit ansatz architectures may also be suitable to prepare a given model,
the multi-scale structure offers the robustness of local observables that is not found in other
variational ansatz circuits, and may be a preferable way to prepare states on NISQ de-
vices for that reason. We see this state preparation procedure as one way that the use of
physics-inspired methods may help to inform ansatz circuits and simulation methods on
NISQ devices, and hope that further influence from physics may be used to develop NISQ
applications.

In addition to quantum simulation, MERA-inspired approaches to quantum machine
learning have been proposed, such as multi-scale tensor network classifiers [97] and quan-
tum convolutional neural networks [98], and may also benefit from properties of multi-

scale quantum circuits studied in this work.
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4.2 Preliminaries

The DMERA circuits we consider consist of a depth D layer with D variational param-
eters which is iterated to drive the system into an approximate ground state supported on a
limited number of qubits. The circuit appears to be local within one depth D scale trans-
formation. However, if we fix the geometry of the qubits in the final state of the circuit,
earlier layers require interaction of pairs of geometrically distant qubits. This fact favors
implementation on near-term ion-trap computers where nonlocal gates can be implemented
natively without swap gates. Larger-depth implementations of the quantum channel achieve
smaller systematic error arising from the limitations of the ansatz, but incur greater amount
of error from imperfect implementation because of the increased number of gates in the
past causal cone. We explore numerically the tension between approximation accuracy and
noise susceptibility to find the optimal channel depth for a given error rate. This suggests
that while the overall depth can be quite large with fixed points stabilized by local dissi-
pative dynamics, NISQ devices will still need to focus on channels with relatively short
depth to limit the effect of noise. We find numerically that the approximation accuracy
is exponential in D while the noise susceptibility scales linearly with D, suggesting an
optimal depth such that &€ ~ e~? /D for gate error rate €. For large enough D this is just
D ~log(1/€), however, for the larger error rates of NISQ devices we will be working in the
regime of small depth where subleading terms and constant factors are crucial for choosing
the optimal circuit for particular task at hand.

Each layer of the circuit implements one scale transformation by a spatially homoge-
neous depth D brickwork circuit of two-qubit gates. Within a single scale the local gates
are spatially homogeneous, built by one initial layer of “isometry” gates W(6;) and D — 1
layers of gates U (6;) for depth i within the layer, as seen in Fig.

The two-qubit gates W and U are matchgates and therefore preserve parity. They are
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each parameterized in terms of a single angle, the rotation angle of the even-parity sub-
space, which gives us D variational parameters for the angle at each depth within the scaling
transformation. The odd-parity subspace is fixed by permutation symmetry of the qubits
involved in each gate. The unitary gate U is symmetric under the simultaneous permutation
of incoming and outgoing qubits, which fixes the action on the odd-parity subspace to be
the identity, up to a phase. The W gates are in spirit isometries with only one incoming
qubit, since one of the two qubits is always introduced as a |0) state, so they are symmetric
under permutations of only the two outgoing qubits. This has the effect of propagating an
incoming |1) to the symmetric pair |01) + |10), while an incoming |0) state becomes an

arbitrary even-parity state which is always permutation-symmetric.

cos(6—%) 0 0 sin(6—7) cos(B) O O sin(0)
0 1 =1 0 0 10 0
W(8) = f Vf U(6) =
0 5 7 0 0 0 1 0
—sin(6—-%) 0 0 cos(6—7%) —sin(@) 0 0 cos(0)

4.1)

Since our state is scale-invariant we apply the same scale transformation repeatedly,
implementing identical steps of fine-graining to prepare the renormalization UV fixed point
defined by our local scaling operation. Since the past causal cone of a local region is
constant width, we can use this to define a quantum channel on a constant number of qubits
that implements the local scaling operation on a fixed subsystem size. Since each scaling
layer introduces new qubits in order to fine-grain the state by zooming in on the virtual
lattice, the constant qubit channel also needs to discard qubits at the edges which end
up outside of the causal cone. This combination of preparing new ancilla and discarding

edge qubits is built into the definition of the local scaling channel along with the unitary
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scale transformation, making the channel non-unitary but physically implementable on a
quantum computer.

Since the unitary circuit implementing the channel is only invariant under translation
by an even number of sites, there are two different ways the subregion of retained qubits
can align with the circuit. The two choices of subregion are akin to choosing to follow a
subregion moving to the left or right when descending down the state preparation circuit
of a large spin chain. Sampling over infinite sequences of these left and right channels
would correspond to an averaging of the location of our n qubit subregion over the the
infiite sized spin chain. We implicitly perform this averaging of subregion location by
studying the channel which is the statistical mixture of the left and right channels with
equal probability, which ensures that the fixed point energies measured are still variational
for the infinite sized system.

There is a single eigenvalue of the quantum channel with A = 1, corresponding to the
fixed point operator of the channel. All other operators have eigenvalues with magnitude
less than one, meaning those operators will decay exponentially with successive iterations
of the channel. The scaling dimensions of these operators are given by A = —log, 4. A
local n-qubit channel has 22" eigenvalues, the largest of which correspond to the slowly
decaying low energy modes described by the CFT with small scaling dimension. We com-
pare the scaling dimensions A of the primary operators of the CFT describing the critical
Ising model with those derived from the local quantum channels, seen in Table 4.1} In this
table we also compare the fixed point energy density of these channels E*/L to the exact
energy density in the thermodynamic limit Ey/L = —4/m. Additional scaling dimensions
are shown in Fig. [.T] where the smallest 32 scaling dimensions in the CFT are compared
with those derived from the largest 32 eigenvalues of the D = 2 channel on three qubits.
The largest eigenvalues match well with the expected scaling dimensions, suggesting that

the low energy sector of the spin-chain is indeed well described as a CFT, while the smallest

48



exact D=2 D=4
E*/L | -1.27323.. | -1.23948.. | -1.26757..

Ar 0 0 0
As 0.125 0.136.. 0.123..
Ag 1 1 1

Table 4.1: Critical data extracted from quantum channels preparing approximations of the critical
Ising ground state, using wavelet-derived angles of [58] compared with exact values. The exact
ground state energy density in the thermodynamic limit Ey/L = —4/m is compared to the fixed
point energy density E*/L of local quantum channels. The scaling dimensions A of the three pri-
mary operators listed above are derived from the three largest eigenvalues of the quantum channel.
Additional dimensions compared in Fig. [4.1]

eigenvalues that correspond to rapidly decaying high energy modes that are not universal
and do not correspond to quantities of the CFT.

The positive scaling dimensions and unique fixed point imply that local subsystems
converge exponentially and only log(1/€) layers are needed to prepare the target state with
precision €. However, even the exact fixed point is still just an approximation of the true
ground state, limited in precision by the depth D of the ansatz used, and the actual fixed
point state prepared by a NISQ device will have perturbations from the ideal fixed point
introduced by noise.

We can understand why the DMERA circuit based on wavelets is able to prepare the
critical Ising state by considering the action of the circuit in terms of fermion modes
via a Jordan-Wigner transformation. The critical Ising model spin Hamiltonian H; =
— Y., XiXi+1 + Z; is transformed into the Majorana Hamiltonian Hy; = —iY; %i¥i+1 |I|, both
of which have ground state energy density Ey/L = —4/m. Being translation invariant,
the eigenmodes of the massless free-fermion Hamiltonian dual to the critical Ising model
are plane-waves. Matchgate circuits implement linear transformations on fermion modes,

which would require depth scaling linearly with the system size to implement an exact

'The Ising model with periodic boundary conditions is equivalent to a free-fermion model with anti-
periodic boundary conditions in the even parity subspace and periodic boundary conditions in the odd parity
subspace, but for local quantities boundary effects may be ignored.
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Figure 4.1: Scaling dimensions A derived from the eigenvalues A of the quantum channel for D = 2.
Exact values for the 32 smallest scaling dimensions of the Ising CFT compared with those derived
from the largest 32 eigenvalues of the noiseless channel. Perturbations to these scaling dimensions
in noisy versions of the channel are also included.

transformation mapping local modes to the proper plane-wave modes via a local quantum
circuit. This can be cast as a QAOA circuit with depth L/2 with O(L?) gates to prepare
the exact critical Ising ground state for a size L system [72]. The wavelet transforma-
tion offers an alternate basis of local wave-packets, which can be mapped to from local
modes using a O(Dlog(L)) depth circuit with O(DL) gates by breaking the strict locality
of the QAOA circuit. Since the ground state is invariant under transformations that do not
mix the occupied and unoccupied modes, it is conceivable that these wave-packet modes
could be made from only occupied modes and therefore prepare the exact ground state.
In practice the quasi-local modes found through variational optimization of a low-depth
DMERA circuit architecture only prepare an approximate ground state, albeit one whose
accuracy increases exponentially with the layer depth D. The analysis of [58] considered
the tight-binding model of 1D lattice of spinless fermions at half-filling, which can be de-

coupled into two copies of the Hamiltonian Hy; with local transformations. They designed
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the circuit and set of angles to specify a wavelet transformation on the fermion modes that
occupies the Dirac sea of momentum modes with |k|< /2, with vanishing support at the
Fermi points where |k|= m/2. Larger-depth variations of the circuit then correspond to
higher-order wavelets which are able to prepare a better approximation by canceling higher
derivatives of the mode occupation around the Fermi points. These circuits can be directly
adapted for the critical Ising model as outlined in the Appendix of [38]], which serves as
the basis of our analysis. Additional work on wavelet circuits has been done exploring
application to both free-fermion and free-boson systems [59} 160} 99].

The relation of different wavelet basis states by both translations and scaling transfor-
mations makes them especially suited for critical models, which have these operations as
symmetries. Both the wavelet circuits and MERA tensor networks reflect these symmetries
in the spatial homogeneity of tensors at a given depth in the circuit, and the homogeneity
of the different circuit layers in the hierarchical structure. This discrete scaling symme-
try allows us to interpret the past causal cone of a local region as the iteration of a single
quantum channel, and the translation invariance helps to reduce the number of variational
parameters needed to find good circuits.

Due to the inherently discrete nature of qubits, the continuum of a field theory and
its symmetry group must be discretized and broken to be represented on digital quantum
hardware. Additionally the staggered structure of the individual quantum gates used to pre-
pare the state and the fixed scaling by two for each circuit layer break translation and scale
invariance of the unitary used to prepare a pure quantum state. These result in small devi-
ations from exact translation invariance and power-law scaling of the correlation functions
for the resulting ground state. These deviations can be improved by averaging over different
samples of the state transformed by these different symmetries. This can be done implicitly
by equally sampling over the past causal cone from different locations of the global state,

or symmetrizing the measurement data by reflections or the global parity symmetry.
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We find that the wavelet-based gates derived in [358] admit particularly efficient de-
composition in terms of Mglmer-Sgrensen (MS) gates, the native two-qubit gate set on ion
trap devices, which we will sometimes denote XX (0). This conveniently allows the imple-
mentation of these circuits on NISQ ion-trap computers with little gate overhead. MS gates
can typically be applied to any pair of qubits in an ion-trap and so the qubit architecture
within a trap is thought of as globally connected. Ion-trap computers engineer this all-to-all
connectivity in different ways, for instance by moving individual ions around to bring pairs

into interaction sites in the quantum CCD architecture [91].

XX(0) = o 19XiX; 4.2)

The XX native interaction affords a simple implementation of our state preparation
circuit, with each gate W and U being decomposable in terms of two MS gates and addi-
tional single qubit Z rotations Z(¢) = exp(i %Z) All of our gates are matchgates and thus
cannot form a universal gate set in a geometrically local circuit. The addition of local X
or Y rotations into the circuit would expand the gate set to become universal. The non-
local interaction of these gates is also crucial for implementing a hierarchical algorithm
like DMERA, where new qubits need to be interleaved at each layer and would be costly
to achieve with swap gates. Importantly, the non-local gates are always performed over
strings of qubits in the all zero state, which means they can be performed with local match-
gates and fermionic swap gates, so they can still be considered local matchgate circuits that
are classically simulable. Local Z rotations are often implemented virtually via the internal
clock of the hardware Hamiltonian, making them practically noise free. We considered two

possible native gate decompositions of W and U, denoted C; and C;, drawn out in Fig.
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We,(8) = XX(1/2) - Z(0) - Zo(0 — 1/2) - XX (—7/2)
Uc,(0) = XX(1/2) - Z1(6) - Zo(6) - XX (—17/2) .
Wey(0) = Z1(1/2) - XX (~0) - Zy(~7/2) - Z(7/2) - XX (0 — 7/2) - Za(~10/2)

Ug,(0) = Zy(m/2) - XX (—0) - Zy(—7/2) - Z(7/2) - XX (0) - Zo(—7/2)

To truly prepare an approximation of the critical Ising ground state, we would need
to apply the transitional layer of XX (7r/2) gates to every pair of nearest-neighbor qubits
after the layers of DMERA circuit have been performed [58]]. Instead, we directly target
the ground state of the Hamiltonian by applying the transition layer to the usual Ising

Hamiltonian Hj, resulting in Hp =Y ; —XiXj+ 1 + Xi—1ZiXi+1.

4.3 Noise Models

The largest single source of error is two-qubit gate infidelity, which we model by impre-
cise rotation angle of MS gates given by a Gaussian distribution with standard deviation ©.
This type of two-qubit gate error model is commonly used for modeling noise in ion-trap
devices, as the two qubit gates are typically the dominant source of noise and fluctuations
in laser intensity during the execution of a MS gate can result in overrotation error [[100].
This noisy version of the MS gate, denoted XX , 1s equivalent to a quantum channel with
Kraus operators Ky = 1/ 1JF%GZ/ZXX(G) and K| =4/ 1’%‘72/2XX(9 — 1), as shown in Eq.
This is equivalent to a probability of (1 — e’/ 2) /2 to flip both bits after the ideal MS
gate has been applied, which for small error is ~ 62 /4 to leading order.

This kind of noise is correlated between qubits, since the bit flips only occur in pairs,
and biased towards bit flip errors rather than other two-qubit errors due to its source in gate

imprecision.
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Figure 4.2: Quantum circuit for causal cone of a three qubit observable using three layers of the
D = 2 circuit ansatz starting from the all zeros state, presented in two alternate gate decompositions,
Ci (left) and C; (right), both constructed with two-qubit Mglmer-Sgrensen gates and single qubit Z
rotations.
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Spontaneous logical errors from environmental noise can be modeled by periodically

4.5)

applying a single qubit depolarizing channel D), independently to each qubit, equivalent to
applying a Pauli operator randomly with small probability. This noise process is uncorre-
lated between the qubits and invariant under single qubit rotations. The Kraus operators
of single qubit depolarizing noise, shown in Eq. are Ko = +/T— pl, K; = \/p/30;, for
Pauli matrices o;. For the depolarizing noise model, a single qubit depolarizing channel
with error probability p/2 is applied to each qubit before and after the MS gate is applied.

The depolarizing channel can be made anisotropic by biasing the probabilities for each
Pauli operator. This may arise from a particular device coupling to the environment in
a way that favors dephasing or bit-flip errors, while still assuming no correlation of the
noise process between qubits. Ion-trap devices have relatively long coherence times and
so environmental noise of this kind is expected to be smaller than gate implementation
error. With these local noise models we ignore state preparation and measurement errors,
and make many assumptions including that errors are homogeneous in space and time,

lack long-range correlations beyond the local gate associated to the error, and are state-
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independent.

The leading term in the average gate infidelity 1 — F, where F is the average gate
fidelity, scales as 6% and p respectively for the angle imprecision and depolarizing models.
These will be taken as the relevant noise parameters € for their respective noise models.
We also expect the fixed point infidelity and local observable expectation values to scale
linearly in these parameters to leading order, which is confirmed by our numerics. The
coefficient of this scaling is determined by specific details of the noise models and circuit
implementation, including native gate sets and choices of gate decomposition. The tensor
network for the channel acting on the density matrix of three qubits is given in Fig. .3
with the C; gate decomposition in terms of native XX and Z gates.

We see in Fig. [4.4] that errors from a prior layer tend to dilute evenly among the qubits
in subsequent layers. Here we apply one noisy scale transformation to a global state on four
bits, followed by multiple noiseless circuit layers which each double the system size of the
ground state on a circle. The global state fidelity with the reference pure state prepared by
the noiseless circuit is constant as more layers are applied, and the subsystem entropy stays
roughly constant. Since prior errors mix and stabilize across the system as the total size
grows, the error on a constant size subsystem decreases exponentially as more layers are
applied. An individual gate error introduces a perturbation to the fixed point state, which
may be decomposed into the channel eigenoperators. Each operator perturbing the fixed
point state decays exponentially according to its eigenvalue, which means the true conver-
gence of an expectation value to the asymptotic value is a sum of exponential decays. In
Fig. .5 we see that this can be fitted well by a single exponential with a rate of convergence
back to the fixed point value is given by a scaling dimension of A /= 1.89. This convergence
rate is consistent across different noise strengths in the gate imprecision model.

The stability of this channel against noise can be thought of in terms of an equilibrium

reached by the noisy channel by discarding error-laden qubits and introducing new high
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Figure 4.3: Tensor network diagram for the C; circuit with D = 2 on three qubit density matrices.
Two copies of the unitary circuit are given to act on each set of indices of the density matrix tensor,
with initialized zero states given by one-index tensors, and the discarded qubits given by connecting
the dangling legs from each circuit copy. Small red two-index tensors are also given for each MS
gate which stores the weights of the Kraus operators which are summed over to implement a given
local noise model for the MS gate at that position in the circuit. The colors of all the single and
two-qubit gates are chosen to be identical for identical rotation angles. The choice of open indices
at the bottom of the diagram make this an instance of the left channel. The left channel is averaged
with the right channel, constructed by choosing right three qubits as output, to form the variational
channel that implicitly averages over subregion location in the spin chain.
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Figure 4.4: Average fidelity F; of size £ subsystems between ideal DMERA circuit preparing L spin
ground state and states where the initial layers have imprecise angles. As successive layers dilute
early circuit errors subsystem fidelities remain roughly constant as a fraction of total system size,
ie. (/L.

Decay of Noise by Channel Iteration
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Figure 4.5: Response of the noiseless D = 2 channel to noisy gates,the channel with 62 noise is
applied once to the noiseless fixed point state. The difference between the noisy energy density £
after successive applications of the noiseless channel and the fixed point energy density E* is plotted
on a log scale, showing an exponential convergence back to the fixed point energy density.

58



Noise Susceptibility of Alternate Gate Decompositions

020 -

D=2 ¢, -7
——— D=30, -7
———D=4,06, -
D=2 ¢, 7
015 | |[-——D=36, -7 7

0.00 001 0.02 0.03 0.04
o2

Figure 4.6: Percent error of fixed point energy densities for D = 2,3,4 channels using the angle
imprecision noise model in the C;(solid) and C, (dashed) gate decompositions. A modified model
where angle variance scales with the target rotation angle was also tried for C; (dotted), but would
have no effect on C; due to fixed MS rotation angles.

fidelity qubits each layer. By introducing new qubits, the average number of gates a given
qubit has seen remains low. By discarding qubits, a prior error may end up entirely on the
discarded qubits, or in the phase of the entanglement between the discarded qubits, both of
which would have no effect on observables or fidelities of the subregion we keep.

Given that an n-qubit channel has O(nD) gates that each have a gate error €, and the
errors decay with average eigenvalue A under action of the channel, we can expect the total
error of an n-qubit fixed point to be § ~ nDe +nDeA +nDeA> + ... =nDe/(1 —A).

We do find numerical support that the energy density does scale to leading order in
o and p for our respective noise models. In Fig. which shows the scaling with gate
imprecision, we also see that the different choices of gate decomposition can greatly affect
the scaling of the noise, with C; scaling better than C,. Interestingly, we also see that the
D = 4 channel unexpectedly scales better than the D = 3 for the C; gate decomposition,

but not for C,. These behaviors were not reflected in the local depolarizing noise model,

59



Scaling of Fixed-Point Error with Channel Depth
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Figure 4.7: Rate of error growth in the fixed point energy density, dE /de, versus channel depth D,
using C; and C, circuit decompositions and the MS gate imprecision model with € = 2. The error
growth rate for each channel depth averaged over many sets of angles with low energy fixed point,
suggests a linear growth in error susceptibility with channel depth.

which had very similar scaling for different decompositions and increasing error suscep-
tibility with depth. This could be due to the uncorrelated and local unitary invariance of
the depolarizing noise, which may allow it to propagate in a more regular manner within
circuits and avoid the irregularities seen in the gate imprecision model.

In [73] an alternate angle imprecision model is suggested for MS gates, where the
Gaussian variance is proportional to the angle of rotation. This angular dependence of
the variance would alter the noise model of C, gate decomposition, but not that of C;
decomposition used on the ion-trap experiment where the MS gate angles are fixed. Shown
dotted in Fig. {.6] this model has effectively lower noise since the MS gates have a small
rotation angle compared to the fixed angle of /2 in the C; decomposition.

Since the linear scaling of the energy density in the error parameter tends to increase
for larger-depth channels, we compare dE /de for channels of different depth to find depen-

dence on D of the fixed point error. To avoid potential peculiarities arising from particular
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sets of angles having an atypical noise susceptibility, as seen with C1, we averaged dE /de
over many sets of angles for fixed depth D in order to assess the typical behavior of chan-
nels of a given depth. The different circuits sampled, however, were chosen so that they
have a fixed point energy density less than —1.2. This constraint is needed because we are
only interested in the behavior of circuits that provide reasonable ground state approxima-
tions, and dE /de can be negative near £ = 0 for channels with higher energy fixed points.
After averaging the noise susceptibility dE /de over different channels of the same depth
with low energy fixed point states, we find in Fig. that the circuit decomposition C;
does typically have worse scaling than C; under the gate imprecision model, and the fixed

point energy of both circuits seem to scale linearly with channel depth D.

4.4 Error Extrapolation

Another kind of error modeling that is important for error mitigation is a functional form
to model the effect that error processes have on measurement expectation values. The error
mitigation technique of zero-noise extrapolation works by assuming a functional form with
certain free parameters, one crucially being the noise-free expectation value, and solving
for these parameters by measuring the expectation value at different values of the noise
parameters [69]. In practice the noise parameters are not able to be freely tuned, so what
is often done is that certain noise sources are amplified by inverting and repeating parts of
the circuit n times, U (U U )", so that the source of noise has been applied 2n+ 1 times to a
logically equivalent circuit. The repeated unitary elements could be any unitary subsection
of the circuit, from individual gates to large sections of the circuit. Since there are many
methods of experimentally amplifying error processes and functional forms to model the
effects of errors on observables, many zero-noise extrapolation schemes are possible with

varying success.
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In our numerical simulations of zero-noise extrapolation, gate repetitions are imple-
mented on individual MS gates. This could be performed everywhere in the circuit, but
would triple the total MS gate count for the lowest order extrapolation. Since the DMERA
channel acts to dissipate perturbations from the fixed point state, errors from earlier layers
of the circuit are exponentially suppressed as seen in Fig. 1.3 To reduce the overhead of
inserting extra gates into the entire circuit getting the most of error extrapolation we can
focus on amplifying and subtracting noise from the final layers of the circuit which have a
greater impact on the measured expectation value.

One way to model noise on an observable is as a polynomial perturbation. The mea-
sured energy density £ is the noiseless asymptotic value E*, plus a polynomial perturbation
in the unknown error parameters &; for some independent sources of error, which we assume
contribute independently without interaction to the measured energy E. To fit a polynomial
with m parameters, a collection of at least m appropriate noise amplification measurements
are needed in addition to the unamplified measurement to solve for all the coefficients.

Aggregating the error from each channel application into a single source, we expect the
error contribution € from each application to be identical, but with error from earlier stages
of the circuit reduced by the scaling parameter A. This suggests a polynomial model of the

error with three free parameters:

S

E:E*+£+£/"tJr.s‘/"t2+...:E*Jr1_)L

(4.6)

An alternate functional form for the error is a product of exponentials applied to the
target energy. Following the same logic, we get an analogous functional form for the noisy
energy as an exponential with three free parameters.

E=Etetethe eV . —E*era 4.7)
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This multiplicative series model is equivalent to the additive series ansatz when expand-
ing the exponential to first order, since E*(1 — 15y +...) X E* — % =E*+ %, and also
has the correct behavior for large € where the energy density should approach zero.

These model parameters can be fit by amplifying errors in the last and second to last
layers of the circuit independently. While this error mitigation technique requires measur-
ing three different versions of the circuit, the gate count overhead for the amplified circuits
is not large compared to amplifying the entire circuit. Numerically the scheme also per-
forms much better than full linear extrapolation applied by amplifying individual gates in
the entire circuit (Fig. [4.8). The values of observables obtained through zero-noise ex-
trapolation is not guaranteed to lie between the noisy measurements and the true noiseless
value, so the extrapolated energies could lie below the noiseless fixed point values and may
not be a variational upper bound to the ground state energy. In the examples considered in
our numerics, however, no extrapolation schemes resulted in energies below the noiseless

fixed point values.

4.5 Experimental Data

Comparison to other experiments: Previous experiments using NISQ era ion-traps have
prepared critical ground states and thermofield double states for the quantum transverse-
field Ising model for small systems using the QAOA variational ansatz [73]. It is known
that the critical ground state on L qubits can be prepared exactly with a depth L/2 QAOA
circuit [[72]. Since the critical model has polynomially decaying correlations, it is expected
that a geometrically local QAOA ansatz would need depth scaling linearly with the system
size in order to prepare a good approximation to the ground state. However, with non-local
gates it could be possible to lower the required depth to prepare a high fidelity ground state

approximation. Using the DMERA ansatz it is possible to prepare polynomially scaling
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Figure 4.8: Percent error of fixed point energy densities for D = 2 and D = 3 channels using the
angle imprecision error model and the C; gate decomposition. Unmitigated fixed point energies
(solid) are considerably improved through zero-noise extrapolation of MS gates using a geometric
series error ansatz with additive(dot-dash) or multiplicative(dash) error, both of which outperform
standard linear extrapolation of gates in the entire circuit (dotted) that requires much larger gate
overhead.
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correlations with only a logarithmic-depth circuit by utilizing non-local gates. While the
size of our experiment is similarly limited, the DMERA state preparation is better thought
of as a finite subystem of the thermodynamic ground state, while the QOAO protocol pre-
pares the exact ground state of a small sized system.

We run our experiment on the Honeywell H@ ion-trap quantum computer, a predecessor
to the model H1 and H2 devices now available through Quantinuum. This device has six
qubits with global connectivity achieved by bussing the pair of ions to an interaction site
when applying the two-qubit gate. Each application of the n-qubit channel requires twice as
many to implement, so we are limited to three qubit channels but we can apply the channel
arbitrary number of times with mid-circuit qubit reset.

The native MS gates of the ion-trap are also given in terms of ZZ rotations, rather than
XX rotations as used earlier in the paper. Rather than sandwich each MS gate with explicit
Hadamard gates to transform them to the other convention, we will implicitly transform
the circuits and states to the convention native to the ion-trap by interchanging X and Z
operators in the experimental implementation. This means our new Hamiltonian will be
Hp =Y,;—ZiZi 1+ Z;_1XiZ;11 and new ancilla will be prepared in the state |+) via a
Hadamard transformation on the reset qubits.

To see the effectiveness of the state preparation algorithm and stability against noise, we
measure the expectation value of local observables as a function of the number of iterations
of our three qubit channel. With limited resources, we prioritized sampling as many differ-
ent numbers of channel iterations as possible to see convergence and stability, rather than
repeating individual measurements many times to get better measurement precision. The
longest circuits measured had twelve layers of the DMERA channel, each having 120 MS
gates, 156 single qubit gates, and 33 qubits recycled mid-circuit, and the average number
of samples per measurement was 200.

For initial states we choose products of single qubit states |y) and |y») since they can
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be prepared with high fidelity. The product of the first state |y ) is one of the two mean-field
ground states, i.e. a pure product state with the lowest energy, which will actually be below
the energy of our noisy fixed point. The second state |y3) is orthogonal to |y;) and serves
as a higher energy initial state which will decrease in energy under applications of the noisy
channel. These initial states also have opposite signs for the expectations of local X and Z
observables which we see converging towards their fixed point values experimentally.

Each iteration of the channel follows the circuit / tensor network diagram of Fig. .3
For the initial layer, qubits 1,3, and 5 are all initialized to either |y;) or |y) while qubits
2, 4, and 6 act as the new ancilla and are initialized in the |+) state. The native ion-trap
gates are applied in a brickwork-like circuit according to Fig. f.3] Qubits 1 and 6 are reset
to the |+) state to be used as the ancilla for the next channel iteration. We must also choose
whether to reset qubit 2 or qubit 5 to be used as the third ancilla qubit, which correspond
with choosing the right or left subregions to continue to the next iteration. So, if we choose
the left subregion we will have reset qubits 1, 5, 6, which will become the new ancilla
qubits in positions 2, 4, and 6, and the unreset qubits 2, 3, and 4 will take the position of
qubits 1, 3, and 5. If we instead choose to propagate the right subregion then we will reset
qubits 1, 2, and 6, and the qubits 3-5 will take the position of qubits 1, 3, 5 for the next
layer.

This process is iterated for however many circuit layers we wish to apply before mea-
surement. After all iterations are completed, qubits 2-5 are left as the local subregion on
four qubits of our approximate ground state. We can then measure these four qubits in
the Z basis in order to estimate expecation values of local Z; observables and the terms
ZiZ;. 1 that appear in the Hamiltonian Hy«. Alternatively we can apply the Hadamard to 3
or 4 in order to measure the expecation value of these local observables X; and the terms
Z;_1XiZ;+1 that appear in the Hamiltonian.

For an exhaustive experimental implementation we would want to randomize the choice
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Figure 4.9: Experimental convergence of energy density from initial product states |y;) and |y»).
Data from the H@ ion-trap computer plotted against simulation curves of noiseless(dashed) and best
fit noisy(solid) circuits.

of left or right subregions to propagate to the next layer, which corresponds to choosing
various local subregions of the global ansatz state. However, each of these choices would
result in a different quantum circuit to be compiled and submitted to hardware, which is
costly. Instead, we choose to alternate between left and right subregions as we iterate the

channels and take data from this particular circuit choice.

)= 220 22 -2
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While there are some outlying data points we find general agreement with the con-

(4.8)

vergence of local observables to somewhat stable values after multiple iterations of our

quantum channel. We also see that the convergence rate can vary greatly depending on the
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exact observable, with the Z expectation converging much slower than either X or Hamilto-
nian terms ZZ and ZXZ. We include in the experimental data for the expectation values of
energy density (Fig. [4.9) and local observables (Fig[4.10) the simulated noiseless channel
(dashed) and the best fit value of the noise parameter o2 for the angle imprecision model,
which we found to be 62 = 0.112. This noise model corresponds to a fixed point energy
density of —1.08, 15.2% higher than the true ground state energy density of —4 /7.

The local observables considered are Pauli strings, therefore they are traceless and
would have an expectation value of zero for the maximally mixed state. Strong levels
of noise in the error models considered drive the fixed-point expectation values towards
zero for these observables, but for moderate levels of noise the expectations are stabilized
at nonzero values. Experimentally we can clearly see the effects of noise in real quantum
hardware but also see that after many iterations of the local channel these expectation val-
ues are robustly kept away from zero for those observables which have nonzero expectation
in the ground state. This convergence to a robust value is expected to improve as hardware
capabilities are refined, and together with more advanced and specially tailored error miti-
gation techniques can provide a more reliable way of measuring local observables on NISQ

devices.
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Figure 4.10: Convergence of local expectation values, for single qubit X and Z measurements (top)
and multi-spin Hamiltonian terms ZXZ and ZZ (bottom). Experimental datapoints from the HQ
ion-trap computer plotted against noiseless and best fit noisy simulation curves, for initial product

states |y) and |y»).
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Chapter 5: TMERA

Quantum computers promise efficient simulation of quantum physics [101]. Nearly
any quantum simulation task requires the preparation of some physically motivated state to
be measured or used as the initial state of a dynamical simulation. States in thermal equilib-
rium, although dynamically trivial, are of general importance to many physical problems.

But preparing Gibbs states on a quantum computer is in general not easy. The problem
is NP complete, because computational problems can be encoded in statistical mechanics
models, and QMA complete because in the low-temperature limit the Gibbs state becomes
the ground state [102-104]. Indeed any algorithm preparing Gibbs states [37, [73) [105-
128]] is only efficient for a restrictive subclass of problems (e.g. Hamiltonians with local
commuting terms [112] or short-range correlated states [113]]), and many face challenges
like barren plateaus, complicated energy or entropy measurement schemes, or reliance on
oracles that themselves require expensive implementations.

We seek to prepare Gibbs states on current and near-future quantum computers. These
computers will be NISQ (noisy intermediate-scale quantum [16]) devices, limited in the
number of qubits available and the fidelity with which quantum operations can be per-
formed on those qubits. One can avoid accumulation of errors on these devices by working
within a family of short-depth circuits—an ansatz for the state to be prepared. Parame-
ters for a circuit preparing the target state can then be found through a process of hybrid
quantum-classical variational optimization, in which quantum measurements are used by

a classical optimization algorithm to determine the optimal circuit parameters. For ex-
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Figure 5.1: The TMERA circuit: a unitary DMERA quantum circuit optimized for ground state
preparation (green) is applied to a product of mixed qubit states (colored dots). The circuit ansatz
separates energies by scale, with low energy qubits introduced in very mixed/hot states (red) and
high energy qubits introduced in relatively pure/cold states (blue).
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Figure 5.2: The global state energy and entropy (left) and state fidelity (right) for an L = 512 spin
system show that the ansatz is able to prepare high fidelity Gibbs state approximations for the critical
Ising chain at a variety of temperatures. The ansatz improves with the circuit depth D of the scale
transformations.
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ample, to prepare the ground state of a Hamiltonian one would measure the energy for
different circuit parameters in order to classically estimate energy gradients and perform
gradient descent on the circuit parameters. For ground states this approach is known as a
variational quantum eigensolver (VQE) [38,139,162] and has been demonstrated for small
systems on existing quantum computing devices [38}, 72} [73]]. More generally, variational
quantum algorithms (VQA) can be used for other types of near-term applications, where a
small ansatz circuit is optimized to prepare a desired state [37]. Another example is the
quantum approximate optimization algorithm (QAOA) [71} [129] which has been applied
to combinatorial optimization problems like MaxCut. For Gibbs states we can instead use
the free energy as the scalar quantity to be optimized [116], however, this can prove chal-
lenging due to the need to know the entropy of the state, which is not a directly measurable
observable.

We suggest that for many practical applications, the Gibbs state preparation problem
becomes tractable when we take advantage of scale separation—the fact that in physical
Hamiltonians length scales are associated with energy scales. The separation of degrees of
freedom at different length scales is made manifest in multi-scale quantum circuits. This
motivates our variational ansatz for Gibbs states, which we call the thermal multi-scale
renormalization ansatz (TMERA).

Multiscale circuits like MERAs or DMERASs progressively enlarge the Hilbert space
by tensoring on new qubits in the |0) state. This progressive enlargement implements
a fine-graining scaling transformation. The TMERA instead progressively enlarges the
Hilbert space by tensoring on new qubits in mixed states with entropy controlled by the
scale at which the new qubits are introduced, seen in Fig. [5.1] The mixed state qubits can
be prepared by independently sampling computational basis states on each qubit, with a
scale-dependent sampling bias that sets the entropy at a given energy range. Since each

qubit is introduced at a given length scale, and therefore energy scale, a probability can
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be associated to it for a target temperature. Short length scale (UV) degrees of freedom
have high energy, hence lower excitation probability, while long length scale (IR) modes
have low energy, hence higher excitation probability. As an example of a product spectrum
ansatz for preparing Gibbs states [117], our work further refines the ansatz to the case
of multi-scale circuits, where the separation of energy scales and approximate translation
invariance can be incorporated to improve expressability of the ansatz beyond what would
be possible with a strictly local one dimensional circuit.

A product spectrum ansatz allows us to know the entropy of the final state a priori, since
the unitary quantum circuit does not change the entropy of the initial product state. This
avoids the pitfall of having to estimate the entropy via quantum measurements which can
be practically prohibitive.

Despite the limitations of using a low-depth variational circuit with a product state
spectrum, we find that high fidelity approximations to Gibbs states can be found for large
systems at various temperatures using few variational parameters. We benchmark our
ansatz with the transverse-field Ising model in one dimension at its critical point. Scal-
ing and translation symmetry of this model strongly constrains the system’s Hamiltonian
and correlations, and therefore can greatly simplify the underlying quantum circuit ansatz,
requiring only a constant number of variational parameters for the DMERA ground state
circuit. Scale-invariance of critical models also constrains the energy density to scale ac-
cording to a fixed critical exponent. This reduces the ansatz for excitation probabilities to
two variational parameters which set the critical exponent and the temperature. However,
the energy associated to each scale of the DMERA may also be measured experimentally,
which effectively solves the Gibbs state problem in the context of our ansatz by fixing a
single parameter family of states which approximate Gibbs states of all temperatures. For
the critical Ising model we find that the TMERA ansatz gives a global fidelity > 0.5 on 256

qubits using a log depth quantum circuit.
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We structure the paper as follows. In Sec.[5.I] we describe our guiding intuition and
present the TMERA circuit ansatz. In Sec.[5.2)we give the model we use for benchmarking
(the transverse field Ising model), in Sec. [5.3]we discuss properties of the TMERA, includ-
ing the energy and entropy measurements required for variational optimization of the free
energy, and in Sec. 5.4 we benchmark our model by measuring its fidelity with the true

thermal state, its entropy as a function of energy, and other physical quantities.

5.1 Background, intuition, and circuit ansatz

5.1.1 Background and intuition

The art of a successful variational algorithm is finding a circuit ansatz that is expressive
enough to represent a state close to the target state, but simple enough to be effectively
optimized and implemented given the limitations of existing quantum technology. Physical
intuition can guide us in designing a circuit ansatz for physical problems—for example, a
low-depth local brickwork circuit will leave subsystems separated by more than the circuit
depth unentangled, and so the circuit would be best suited for states without long-range
entanglement such as short-range correlated states which obey an area law for subsystem
entanglement entropy . If the state is translation invariant, the circuit may likewise be con-
strained to be spatially homogeneous or periodic in order to reduce the ansatz complexity.

If the model is also scale invariant, perhaps because it sits at a quantum critical point,
we should construct an ansatz that is likewise scale-invariant. The multi-scale entangle-
ment renormalization ansatz (MERA) is such a scale-invariant ansatz, initially developed
to target critical ground states using tensor netowrks [56, [130]. The most basic MERA
prepares the state in a scale-by-scale manner, preparing a sequence of states {|yy) }, each
on 2¢ qubits. The |y;) can be viewed as a coarse-grained version of the target state. The

MERA, then, consists of a series of identical “fine-graining” layers, known as a scaling
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transformation. Each layer maps an incoming Hilbert space of 2¢~! qubits to an outgoing
Hilbert space of 2¢ qubits; it does this by applying an isometry to each qubit that embeds
that qubit’s Hilbert space in a larger Hilbert space, and then applying unitaries between
neighboring qubits to tune local correlations.

A more expressive variant of the MERA can be constructed by replacing the unitaries
and isometries with low-depth quantum circuits. This circuit ansatz is known as a deep
MERA (DMERA) [61]. Like a MERA, a DMERA is built from successive scaling trans-
formations. But now the scaling transformation has two steps: first, it adds ¢ new qubits
interleaved between the ¢ qubits resulting from the previous layer and initializes the new
qubits in the |0) state; second, it applies a brickwork unitary circuit on the 2% qubits, entan-

gling new with old. Formally the scale transformation is

[veer) = Un(0) (|we) @ 10)°% ) 5.1

Fig. [5.3] illustrates a closely related circuit (our TMERA, to be introduced below); were
that circuit a DMERA, all of the colored balls would represent the state |0).

The DMERA is approximately scale invariant because we require each of the scal-
ing transformations to have identical parameters. The total number of two-qubit gates for
preparing an L qubit DMERA state is O(DL), with D the depth of the brickwork unitaries
Uy, and so the number of variational parameters could scale at most as O(DL). Each two-
qubit gate is an element of SU(4) and therefore has at most 15 needed to parameterize the
local gates. Imposing translation symmetry within each layer reduces the number of inde-
pendent gates down to Dlog,(L), i.e. the total circuit depth, which constrains the number
of variational parameters to be at most 15D1log,(L). Further imposing scaling symmetry
by identifying the gates within different scaling transformations U, reduces the number of

independent gates to D, with at most 15D variational parameters. We further restrict our
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Figure 5.3: Circuit diagram of the TMERA showing three scale transformations with D = 4 on
a subregion of qubits in a one dimensional lattice. Time moves from top to bottom as the scale
goes from IR to UV. The gates are chosen to be identical in the different scale transformations to
impose a discrete scale symmetry, and by translations within each circuit Uy to impose approximate
translation symmetry. Individual qubits are introduced in mixed states op ¢ (colored dots), with

the degree of mixture determined by the target temperature and energy scale E; of the given circuit
layer.

U1

gates to be real-valued and parity-preserving, which reduces the number of parameters for
each gate to two.

Turn now to variational preparation of a thermal state. Our thermal multi-scale entan-
glement renormalization ansatz (TMERA) prepares a mixed state by replacing the input
states |0) in the DMERA scaling transformation with mixed product states op ¢; the states
op,¢ depending on system’s inverse temperature 3 and the scale £ at which the qubit is
introduced.

To understand how this changes the state, imagine flipping a single one of the input
states |0) of Eq.[5.1]at a single layer ¢ to |1). Once this change propagates to the physical

qubits, the result is an wavelet excitation at a length scale L/ 2!, where L is the total length
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of the system. The excitation introduced at layer ¢ therefore has an energy

E;~ (2'/L)? (5.2)

where z is the model’s dynamical critical exponent.

The DMERA circuit propagates excitations local on the input qubits to wavepacket
excitations in the final state, which are localized in both space and energy. The most energy-
localized basis for a translation invariant system would be a plane-wave basis, i.e. the
momentum modes of a free field theory, but this transformation from a local to plane-
wave basis would require circuit depth linear in the system size to transform local modes
to completely delocalized momentum modes. This is seen in Ref. [72], where the exact
ground state can be prepared by a local circuit only once the circuit depth is at least L/2.
This may also be expected because a local circuit must have depth L/2 for the future causal
cone of any initial qubit to span all of the final qubits, which would be needed for the circuit
to ”see” the whole state and find a global minimum of the energy [74]. The DMERA circuit
achieves a happy medium by being somewhat localized in energy, but still localized enough
in space to be of short depth. The DMERA circuit can be viewed as implementing a kind of
many-body quantum wavelet transform analogous to the Fourier transform between local
and plane-wave bases. Wavelet transforms are used in classical signal processing for time-
frequency analysis where localization in both time and frequency are required.

The energy localization of the wavelet basis allows us to use the local input qubits as
a good basis to use for approximately filling out the distribution of our target Gibbs state
and motivates the use of a product spectrum ansatz. Since initial scales are associated with
low energy excitations, they have the largest probability of being excited in a thermal state,
with successive layers having smaller probabilities dictated by the energy localization of

that scale. All qubits introduced at a given scale will have the same excitation probability
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because they are all related by translations which leave the circuit invariant below that scale.

Fig. [5.4)is meant to illustrate that degrees of freedom introduced at different scales
within the circuit are supported locally in the space of energy eigenmodes when using a
one-particle description. To compute the quantity we plot, we find the energy modes e, for
our quadratic fermion Hamiltonian and take the squared inner product with the local modes
introduced at scale ¢ which become wavepacket modes for our final state. For each energy
mode we sum over all local modes i within a fixed scale ¢ to find how much each energy
eigenmode is supported in that scale. The resulting plot shows that modes from different
scales ¢ are each supported on a compact range of energy eigenmodes.

Finding the characteristic energy E, for modes introduced at each scale then gives us
a prescription for how to introduce entropy at different scales via the mixed states oy().
The scale dependence of oy(f3) is also the only way that our ansatz breaks scale symmetry

due to the energy scale set by the target temperature.

5.1.2 Circuit ansatz

Precisely, then, the thermal multi-scale entanglement renormalization ansatz (TMERA)
prepares an approximate thermal state pg y on L = 2V qubits at inverse temperature 3 in a
scale-by-scale manner using a sequence of scale transformations S;. Each scale transfor-
mation Sy prepares the state pg , from pg ,_; by interleaving 2¢=1 new qubits, each in the
mixed state op ¢, and then applying the unitary circuit Uy(6). The scale transformation is

therefore

Pp.c = SpelPp—1]

. (5.3)
= Uy(6)(pp.-1®05; 1)U} (8) .
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We illustrate three applications of the scale transformation on subregion of the lattice in
Fig. @ The balls represent o ¢, and the rounded rectangles the gates of the brickwork
circuit Up.

The mixed state OB 1s a Gibbs state for a Hamiltonian Pauli matrix Z, chosen so that
we have a mixture between the occupied and unoccupied state of the spin or fermion. The
resulting input state when taking all initialized qubits into account will be a classical state,

a probability distribution over computational basis states.

M PEZ (5.4)
> :

These single qubit density matrices may be prepared stochastically by taking an en-
semble over initial computational basis states, or by taking one qubit from a pair which are
entangled to produce o ¢ as the reduced state of that qubit. While the classical ensem-
ble may seem more simple, it would require sampling many different circuits which only
differ by some bit flips applied to initialized qubits. Depending on the exact ensemble of
computational states it may be unlikely for any particular circuit to be sampled more than
once, which would become costly when having to compile many different circuits. For this
reason it may prove advantageous to instead prepare mixed qubit states via pairwise entan-
glement method, which would only require a single circuit to be compiled and sampled.
With mid-circuit reset the unused qubit of the entangled pair may be reset and reused to
initialize further mixed qubit states.

We imagine several different variational approaches to minimize the free energy for a
particular target temperature depending on what is already known about the model. We also
assume here that the unitary circuit has already been optimized for ground state preparation,
which induces the appropriate separation of energy scales. The parameters E, are meant to

represent the average energies of excitations introduced at scale ¢, which would propagate
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through the circuit to form wave packets localized to O(L/ 25) spatial sites. The parameters
E, also represent the window of energy modes that these wave packets are supported on
when the one-particle description is available, as shown in Fig.[5.4] For a critical system,

we expect Ey to scale with a critical z as

E; = Eyv(2'/L)". (5.5)

If z is not already known then we may treat it as a variational parameter in addition to Eyy
which will fix the UV energy scale. Alternatively, and certainly if the underlying system
is not at a critical point, the energy scales E, can each be taken as independent variational
parameters. For the Ising model we know that the scaling exponent should be z = 1, but
further verify that this scaling is indeed the optimal one by conducting an independent
optimization of the energies Ey, which recovers the expected scaling. One may also allow
for further optimization of the circuit parameters when minimizing the free energy, but we
have not explored that option in the current work.

As we expect the energies associated with short length scales to be larger than those
associated at long length scales, it should always be true that Ey,; > Ey. At very low
temperatures we can expect most qubits to be almost pure, except for those at the longest
length scales with the lowest associated energy. Similarly, at very high temperatures we
can expect that most qubits would be nearly maximally mixed, except for those at short
length scales with the largest associated energy. So, for these extreme temperatures only a
few of these energies will be practically relevant, while intermediate temperatures will rely
more on the full range of energy scales. Since the state will remain near maximally mixed
until the final layers of the circuit for high temperature target states, any prior layers would
be unnecessary as we can instead apply those final layers to the maximally mixed state for

a nearly identical outcome.
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In fact, we find that for any temperature at most five different circuit layers will intro-
duce qubits with entropy more than 0.01 away from either zero or log(2) with a TMERA
ansatz when using energies scaling as in Eqn. (5.3) with z = 1. This means if 1% error in
the individual qubit entropy is acceptable, then all except five circuit layers can be prepared
as pure states or maximally mixed states. An especially crude version of our ansatz could
take every qubit to be either pure or maximally mixed. In this scenario, we would simply
implement the ground state preparation circuit but starting at some intermediate layer £ us-
ing the maximally mixed state on 2/~ qubits as our initial state. This version of the ansatz
would essetially be “cutting off” the ground state circuit above some temperature induced
length scale.

Our ansatz also naturally gives an algorithm for preparing approximations to the purifi-
cation of the thermal state known as the thermofield double (TFD) state. The TFD state is
a pure state on two copies of the system, where the reduced density matrix on either copy
looks like a Gibbs state at a given temperature. In our case, the qubits introduce in mixed
product states for one copy would instead become pairs of entangled qubits for preparing an
approximate TFD state. Identical unitary circuits would then be applied to each collection
of entangled qubits so that two copies of the approximate Gibbs state are prepared which
purify each other. The circuit diagram in Fig. [5.I] can be doubly interpreted as applying a
unitary circuit to a product state density matrix as is the case for Gibbs state preparation, or
applying two unitary circuits to each half of a product of entangled pairs as in the case for

TFD state preparation.
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Figure 5.4: The support of the first-quantized wavepacket modes |¢,i) introduced at layer ¢ with
the energy eigenmodes |e, ). The inner product is summed over all 2¢ from each layer, showing the
support for each scale is localized in energy, calculated for system size L = 512.

5.2 Model

We benchmark the TMERA on the one dimensional critical transverse-field Ising model
L

Hy=-Y ojo}, +0}. (5.6)
J

At low energy this spin chain is known to be well described by a conformal field theory
with central charge equal to 1/2 [131].
The transverse field Ising model is free fermion integrable. The Jordan-Wigner trans-

formation maps the Hamiltonian (5.6)) to the quadratic Majorana fermion Hamiltonian
2L
Hp=1i) viYjt1- (5.7)
=1

J

Although spin chain models like (5.6) are natural for digital quantum computers, free
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fermion models like are more natural for classical computers. The ground state
of (3.7) is well approximated by a fermionic version of a DMERA circuit, as shown in
Refs. [58,159]. We will likewise be considering a fermionic version of the TMERA algo-
rithm in this work in order to classically simulate using free-fermion numerical methods
(see App.[A]for further details). Many states of interest—including the Gibbs states with
which we are concerned—are Gaussian fermion states. They are therefore (at least in
principle) preparable by matchgate circuits, which are equivalent to unitary Gaussian op-
erations. Matchgate circuits consist of local two-qubit gates in one dimension, where the
gates are restricted to be independent SU(2) operations on the even and odd parity sub-
spaces. These gates are equivalent to rotations generated by the operators X;X;. 1, Y;Yi+1, or
Z;, each of which is equivalent to a quadratic fermion operator via Jordan-Wigner duality.
Consequently, quantum spin chains with Hamiltonians that are a sum of only these opera-
tors are integrable by the equivalence to a quadratic fermion Hamiltonian, and have energy
eigenstates which are Gaussian fermion states.

Covariance matrix techniques can simulate large matchgate circuits efficiently [132].
For models that are not free fermion, the target Gibbs state will no longer be Gaussian, and
the ansatz circuit must include gates outside the set of matchgates. This is not an obstacle
for a quantum computer, but it is an obstacle for a classical computer—which is why we
restrict ourselves to the free-fermion Hamiltonian (3.7).

Matchgates map single-fermion states to single-fermion states. Since the DMERA
(and TMERA) for a free fermion model like (3.7) consists entirely of matchgates, we can
rephrase the wavelet excitation picture of Sec. [5.I] even more explicitly. The matchgate
DMERA circuits transform local fermion modes introduced at scale ¢ into wavepacket
modes with support over 2¢ lattice sites in the final state. This linear transformation on
the modes is equivalent to a discrete wavelet transform. A Gaussian fermion state may be

specified by a set of fermion operators which annihilate it, and any linear combination of
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these operators also annihilate the ground state. A Gaussian DMERA circuit ansatz may
be understood as preparing the state annihilated by these wave packet modes introduced at
each scale, which span approximately the same subspace of operators as the actual ground
state annihilation operators. Analogously to how periodic functions may have a simple
representation in a Fourier basis, the success of a DMERA circuit ansatz lies in the ability
to find a good wavelet basis that admits a simple approximation of the target ground state
with acceptable fidelity.

While this clear picture in terms of free fermion modes breaks down for non-integrable
models, we may still think of the DMERA circuit ansatz with a universal gate set as a
more general kind of many-body wavelet transformation. This ansatz will still have a
product spectrum, but may still be successful as long as the target state has an entanglement
structure that admits this scale-by-scale coupling of degrees of freedom.

The underlying DMERA circuits for ground state preparation that we use are from
[41]], where circuit parameters were optimized using the expectation value of the energy
density. The energy density was optimized using the fixed-point density matrix of the local
quantum channel, which implements a DMERA scaling circuit on a constant number of
qubits, effectively optimizing the average energy density of the infinite volume anstz state.
These parameters are then used to prepare the ground state circuit of a finite sized system
using a finite number of circuit layers.

This parameterized family of circuits is a modest generalization of the circuits proposed
in [S8]] to prepare the Ising model ground state, with each local two-qubit gate being the

real-valued matchgate u(x,y) that implements independent rotations of the even- and odd-
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Figure 5.5: Relative error in the free energy 6F /|F| for TMERA states for temperatures 7' and
circuit depth D, system size L = 512.

parity subspaces

cos(x) 0 0 sin(x)
0 cos sin
u(ny) = ) » 0 | 5.8)
0 —sin(y) cos(y) O
— sin(x) 0 0  cos(x)

So, the DMERA circuits have 2D parameters in total after imposing constraints for

approximate scale and translation invariance expected in a critical ground state.

5.3 Free energy minimization and properties of the TMERA

Variational optimization of the Gibbs state at temperature 7" requires minimizing the
free energy

F=E—TS (5.9)
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over our variational parameters. This in turn requires measuring energy and entropy of each
Gibbs state. While the energy of the ansatz state must be measured from the expectation
values of local terms of the Hamiltonian, the entropy can be inferred directly from the

excitation probabilities of wavelet modes.

5.3.1 Entropy

A TMERA prepares a mixed state by repeated application of the scaling transformation

-1
Sp.elPp.e1] =U(6)(ppr1© 057 | )U; (6) . (5.10)

Consequently the final mixed state is—up to a unitary—a tensor product of the mode mixed
states 0g ¢_1, and the entropy is the sum of the mode entropies. Because each scale intro-

duces 2/~! modes, the total entropy is

N
S=8+Y 2"71s,, (5.11)
/=1

where

S¢ = —pelog(pe) — (1= pg)log(1—py)
(5.12)

=log(cosh(BEy)) — BEstanh(BEy) +log2,

is the entropy of a single qubit in the state p = Z 'e=PE: | The extra §; term in the total
entropy S is required because the first layer introduces two qubits rather than just one, for
a total of L = 2" contributions to the entropy from single qubit mixed states.

In variationally optimizing the free energy (5.9), one would explicitly evaluate the full
expressions (3.11)) and (5.12). But we can get physical insight into the origin of the state’s
entropy by considering the UV and IR limits of (5.I11) and (5.12). In those limits, the
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entropy of each mode is

Sy~log(2)— =(BE))?  BE; < 1(IR) (5.13a)

1
2
Sy ~ 2BEje 2BE: BE; > 1(UV); (5.13b)

and the energy is E; o< 22, Comparing these entropies with the total entropy of Eq. (3.17),
we see a competition between the number of modes and the entropy per mode. In the
UV limit the entropy per mode may be exponentially small, but there are exponentially
many modes. In the IR limit, by contrast the individual mode entropies approach their
maximal value of log(2), but there are O(1) modes. In Fig. [5.6] we show the total entropy
contribution from each scale at a variety of temperatures. For high temperatures all modes
are close to maximally mixed, so the entropy contribution follows the exponential decay
of the number of modes at each scale. For low temperatures, however, the UV modes are
relatively unexcited and do not contribute much entropy despite the large number of them,
and the bulk of the total entropy comes from scales with energy low enough to to have
non-negligible excitation probability. A given scale ¢ will contribute more entropy than the

shorter length scale £+ 1 when S;/2 > Sy 1, which occurs when BE; ~ 1.26.

5.3.2 Energy

Since the system is translation-invariant, the energy can be computed by measuring the
energy density on a single bond. Such a measurement does not require the full DMERA:
rather, it requires the past causal cone of the single bond. The past causal cone of a subsys-
tem converges to a width independent of subsystem size or total system size, determined
only by the scaling transformation depth D. With the ability to reset and reuse qubits, at
least 4D — 2 qubits are needed to implement the this local depth D channel that prepares a

subregion of the state.
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Figure 5.6: Entropy introduced at each scale. At high temperature most of the entropy comes from
the many UV modes near infinite temperature. At low temperature a non-monotonicity results from
competition between the number modes at each scale and the entropy per mode, for system size
L =512

We are benchmarking on a free-fermion integrable model with a matchgate DMERA,
so the entropy-maximizing energy is just the mode expectation value of the physical Hamil-
tonian. In Fig.[5.7] we plot those mode energies, and we see that the mode energies broadly
follow the expected scaling Ey o< 22 with z = 1. They depart from that scaling at the low-
est ¢ (IR-most modes), where finite size effects become important, and at the highest ¢
(UV-most modes), where lattice effects become important.

The energy introduced by flipping one of the initialized qubits, in effect exciting some
wavepacket mode localzed to a length scale of L/2¢, exactly coincides with the optimal
values of E;, when minimizing the free energy. This implies that it would be possible to
measure the optimal values of E, experimentally for each scale, in effect requiring zero

additional variational parameters after finding a suitable ground state circuit.
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Figure 5.7: Average energy E; of modes excited at the /' scale, with dashed line showing an
exponential scaling proportional to 2% with z = 1 for reference, system size L = 512.

5.4 Benchmarking

In Sec. [5.3] we described how to variationally optimize a TMERA. In this section we

measure how well the resulting state approximates the Gibbs state.

5.4.1 Energy and Entropy

One measure of accuracy of our TMERA states is observing the relationships between
energy, entropy, and temperature. One way of defining a state in thermal equilibrium is
that it is the density matrix of highest entropy with a given expectation value of the energy,
or equivalently the lowest energy state with a given entropy. The solid black line in Fig.
[5.2)traces this extremal relation between energy and entropy which is occupied by positive
temperature Gibbs states. All other quantum states must lie in the region below this ex-
tremal line, so the degree to which our thermal ansatz states can hug this line is a measure

of their success.
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For a state with L = 512, the largest difference in entropy for the TMERA state with
D = 6is around 0.014 bits per qubit and occurs near temperature 7 = (.28, while the D = 1
state has the largest entropy difference of around 0.06 bits per qubit near 7 = 0.19. The
largest energy differences are 0.011 per qubit for D = 6 near 7 = 1.3 and 0.096 per qubit
for D = 1 near temperature 7 = 0.87.

At low temperatures we observe polynomial scaling of entropy and energy with tem-
perature, as seen in Fig. 0.8] The log-log plots seem consistent with linear and quadratic
scaling for the entropy and energy respectively. This is exactly what we expect from the
long-wavelength description in terms of a conformal field theory. In any such theory, the
scaling symmetry implies that the temperature sets a thermal length scale (7)) ~ 1/T
(with kg, 1, and the “speed of light” set to unity). As the only dimensionful quantity in the
problem, this length scale determines the temperature dependence of the entropy density,
s ~ &4 and the energy density, € ~ &~ @D ~ TE4 where d is the dimension of space.
Setting d = 1 gives s ~ T and € ~ T2, consistent with the data. Note that the shorter depth
ansatz states deviate at low temperature when they cannot lower the energy beyond the

ground state ansatz for depth D.

5.4.2 State Fidelity

The state fidelity F between two states is given by

Flp,0)=tr\/v/op\/o, (5.14)

or simply (y|¢) when the states are pure. The fidelity between two Gaussian fermion
states can be computed using covariance matrices according to EqJA.T6 We compute the

state fidelity between the thermal state at ePH / Z using the Hamiltonian from Eqn and
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Figure 5.8: Top: Log-log plot of the energy above the ground state energy per qubit vs temperature,
with dashed line showing a quadratic scaling for reference. Bottom: Log-log plot of the entropy per
qubit vs temperature, with dashed line showing a linear scaling for reference. System size L = 512
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the TMERA ansatz state targeting the same inverse temperature 3. Despite the simplicity
of the TMERA ansatz, our approximate state still has fidelity F > 0.4 for all temperatures
using a D = 6 circuit and system size L = 512, see Fig. [5.2] Even D = 3 ansatz states have
fidelity higher than 0.2 for all temperatures at this system size.

The system-size normalized infidelity scales as
1-F ' =x(T), s(T)<1072. (5.15)

(Fig. B.9) For high temperatures the fidelity displays this scaling even for the smallest
system sizes we treat (L = 16); for low temperatures the fidelity approaches this scaling for
L= 128.

While ground state infidelity becomes exponentially small with increasing D, the nor-
malized infidelity, roughly the infidelity per site, seems unable to decrease much less than
103 for some O(1) temperatures. This may be improved somewhat by allowing further
optimization of the unitary circuit parameters or allowing higher depth circuits, however,
the greatly-degenerate product spectrum of any TMERA density matrix is an inherent lim-

itation to the expressability of the ansatz at any circuit depth.

5.4.3 'Two-point correlations

Scale symmetry of the ground state constrains the correlation function (%y;) to decay
polynomially with distance as ~ |i — j|~!, up to effects from finite size and finite lattice
spacing. The thermal energy scale breaks scale symmetry at finite temperature and intro-
duces a correlation length, leading to exponential decay of this correlation function, with
log({%vj)p) ~ —Bli—Jl.

The TMERA states, however, maintain polynomially decaying quadratic fermion oper-

ators, albeit with(y;y;) ~ |i — j| 72, see Fig Despite this very different behavior of the
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Figure 5.9: Normalized infidelity for D = 6 TMERA states for various temperatures 7 and system
sizes L.

correlation function over long distances, our approximate Gibbs states still have relatively
good fidelity. These values of these long distance observables are exponentially small,
so despite greatly overestimating them proportionally by using a polynomially decaying
function, the error is still within a small additive precision and does not impact the overall
fidelity too greatly.

One interpretation of our ansatz is that the DMERA circuit transforms a Hamiltonian
consisting of only single qubit Z operators to an effective Hamiltonian with long range cou-
plings that decay polynomially. The TMERA ansatz then prepares the exact Gibbs state for
this effective Hamiltonian, which also features polynomially decaying correlation func-
tions. Despite these long range couplings, the effective Hamiltonian is still close enough to
our target Hamiltonian that the TMERA states can still serve as Gibbs state approximations.

See App. [B.2]for further details on this interpretation.
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Figure 5.10: Quadratic fermion correlation functions, featuring exponential decay with distance for
exact Gibbs states at finite temperature (solid) and polynomial decay for TMERA states (dashed).
The lowest temperature of 7 = 1/L converges to the highly accurate ground state correlation func-
tion due to finite size, while higher temperature correlation functions only match well for larger
expectation values, i.e. those within a correlation length set by the temperature. Computed for
system size L = 512 and depth D = 6.
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5.5 Discussion

We propose a variational quantum circuit ansatz for preparing approximate Gibbs states
called a thermal multiscale renormalization ansatz, or TMERA. Our ansatz targets states
in which scale invariance is broken only by temperature. The TMERA builds on a deep
multiscale renormalization ansatz (DMERA) for the ground state, which we presume is
already known (perhaps via an independent variational optimization). For a 1d system of
length L, the TMERA has O(log L) parameters if the system’s dynamical critical exponent
is not known; if that exponent is known, it has a single parameter. The TMERA requires
O(DL) gates, D ~ 1 — 10 the depth of a brickwork unitary circuit used in scaling.

In a TMERA both measurements required for optimizing free-energy—energy and
entropy—are natural. The entropy follows directly from the structure of the TMERA and
the variational parameters. The energy can be measured using only the past causal cone
of a two-site region; this past causal cone is a subset of the full TMERA involving only
O(DlogL) gates.

We benchmarked our TMERA on the free-fermion integrable transverse-field Ising
model at its critical point. We found that with a D = 6 circuit the ansatz produced fidelity
F 2 0.4 on a 512-site system, per-site infidelity 1 — F /L < 1072 for all system sizes and
temperatures, and nearly maximal entropy at fixed energy.

Neither the basic inputs nor the physical intuition behind the TMERA are specific to
the transverse field Ising model we used for bechmarking. The inputs are a scale-invariant
DMERA network describing the ground state and a scaling ansatz for the characteristic
energy as a function of scale; these inputs reify the intuition that ground states of mod-
els at critical points are scale-invariant, and thermal states are governed by the model’s
dynamical scaling. A critical point is described at long wavelengths by a conformal field

theory (or a more general non-relativistic analog) and the scaling symmetry of the long-
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wavelength theory is expected to imply the existence of analogous structures independent
of the details of the theory. In other words, our construction can plausibly apply to a wide
variety of quantum critical points in diverse dimensions. It may of course be challenging to
classically simulate the resulting tensor networks, especially in higher dimensions, but our
architecture would remain a potentially powerful quantum variational ansatz that leverages

our significant a priori expectations for the physics.

5.6 Extension to systems away from criticality

For a critical ground state, the underlying ground state circuit is scale-invariant. The
temperature imposes an energy scale Eyy that breaks scale symmetry in the TMERA via
the different mode energies at each scale E; ~ Eyy(2°/L)?. If we tune away from the
critical point, perhaps by changing a parameter & to h # h., we introduce another length
scale & ~ (h—h.)~"V and energy scale £ 2. The ground state is no longer scale invariant,
so one might worry that the TMERA is useless, or at least no improvement on a brickwork
circuit. But the system is locally scale invariant for lengths [ < (h—h.)~". So the brickwork
circuit will be redundant, perhaps highly so.

We believe a TMERA modified to take into account the scale & ~ (h—h.)~" will

eliminate the redundancy. The correct TMERA will be cut off at

n(h—h.) ~log& ~ —vlog(h—h) (5.16)

layers. This number of layers is not a priori known—but learning it is a matter for ground-
state DMERA optimization, not TMERA optimization. Given the ground state DMERA,
the TMERA construction and optimization will proceed as we have described here with

fewer gates and parameters than a brickwork circuit product spectrum ansatz.
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Chapter 6: Mana & Thermalization

Quantum hydrodynamics—the long-wavelength, long-time dynamics governing trans-
port of conserved quantities—is believed to be efficiently simulable on classical computers,
even for strongly-interacting systems. If a system’s Hamiltonian satisfies the eigenstate
thermalization hypothesis (ETH) [133-1335] it will rapidly reach local thermodynamic
equilibrium. After that time local observables are well described by a Gibbs state with
spatially varying thermodynamic potentials. Since hydrodynamics is presumptively local
[136,1137] one expects a local approximation to be enough to compute long-time dynamics.
References [138,(139] offer quantitative arguments that this is the case.

Recent work has built on these conceptual insights to create workable numerical meth-
ods in one dimension. The “generalized relaxation time approximation” [140] treats in-
tegrable models perturbed by small integrability-breaking terms; it replaces the detailed
effect of the perturbation by a local phenomenological collision integral with a single pa-
rameter, a relaxation time. Near-equilibrium transport properties are accessible in non-
equilibrium steady-state setups [141-1435]]. For unitary quench dynamics far from integra-
bility there is a new generation of matrix product operator (MPO) methods , density matrix
truncation (DMT) [146] and dissipation assisted operator evolution (DAOE) [147/]. These
methods assume that non-local information is unimportant and can be discarded, if one
proceeds carefully—but so far the only practical use of either of these methods has been
for a model close to free-fermion integrability [148]]. All these approaches share two key

assumptions: that local approximations to the full state “simple”, in some sense; and that
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Figure 6.1: Subsystem mana in real-time evolution of infinite-temperature starting states on a
chain of 50 sites. Bold lines show the average over 20 random starting states (cf Sec. [6.1.2)), faint
lines show trajectories of individual states, and dot mark points at which we measure the mana with
time step dt = 1/8. We use TEBD (cf Sec. [6.1.3). In each case we see a rapid rise to approximately
the average mana of a Haar state (black line in bottom plot), due to local thermalization of the
subsystem, followed by a slow decay as the subsystem entangles with the rest of the system.
capturing those local properties is enough to simulate the system’s dynamics (at least in
some hydrodynamical regime). These MPO methods are restricted to one-dimensional
systems.

But the insights that led to these methods are not limited to one-dimensional physics.
In two (or more) spatial dimensions, ETH Hamiltonians will still locally thermalize, and
one expects that Gibbs states will still have compact representations. The questions, then,
are—what data structures and algorithms are suitable for higher-dimensional mixed-state
dynamics? How computationally intensive is the early-time complexity “hump”? And how
computationally intensive is the long-time dynamics?

We propose that near-Clifford algorithms and data structures offer a promising avenue

for simulations of hydrodynamics in more than one dimension. Clifford circuits are effi-

ciently simulable on classical computers [23-25], because they map each Pauli operator to
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a single other Pauli operator. Pure Clifford circuits have been used to construct analytically
tractable ETH Hamiltonians [149]], and related quantum cellular automaton models have
been used to study hydrodynamics [150} [151]. Circuits with few non-Clifford gates (or
many gates that are nearly Clifford) are also classically simulable [152H159]. But we wish
to do more than build model systems: we wish to simulate any given (ETH) Hamiltonian,
in any dimension.

At first sight, Clifford or near-Clifford circuits are ill-suited to simulating hydrody-
namics. They can map any particular input state to at most a finite number of states. (In
particular, they map the computational basis state only to stabilizer states.) By contrast
the orbit of an initial state under evolution generated by an ETH Hamiltonian traces out
a continuous manifold. Moreover capturing chaotic growth in out-of-time-order correla-
tions requires many non-Clifford gates [160]. But if we satisfy ourselves with non-unitary
local approximations to the system’s dynamics—as we do in using DMT, DAOE, or the
relaxation-time approximation—a path opens up. Stochastic Clifford circuits (that is, aver-
ages over an ensemble of Clifford circuits) can simulate many mixed states, in fact every
state in the convex hull of the stabilizer states; one might construct such an ensemble by
using randomized Trotter decompositions or similar techniques [161-1635]].

Each algorithm for near-Clifford simulation has classical computational complexity ex-
ponential in some measure of the distance of the circuit from a pure Clifford circuit. One
can estimate these circuit measures by computing so-called magic monotones [166] for the
states produced by the circuits. A magic monotone is a function on a quantum state that is
non-decreasing under Clifford gates and certain other reasonable operations; consequently,
it lower-bounds the number of non-Clifford operations required to produce the state. Many
magic monotones exist [[156, [166-170]].

We ask: under what circumstances are local approximations to hydrodynamics acces-

sible to near-Clifford simulations? We use the mana [166] of subsystem reduced density
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matrices as a proxy for that accessibility. We choose it in part because it is closely related
to the quantity controlling the difficulty of the Monte Carlo method of Ref. [152], and in
part because it is computable without solving a minimization problem. We consider time
evolution of a stabilizer state, and measure the mana of local reduced density matrices as a
function of time. We find that local reduced density matrices display a clear “complexity
hump” (Fig. : for times ¢ < £~! the local energy scaleﬂ these local subsystems rise to
nearly maximal mana while for r > £~! the mana decreases, broadly following the mana
of a Haar state with the appropriate entropy. For finite-temperature states, we additionally
notice that the subsystem mana deviates from the Gibbs state mana (which is zero for suf-
ficiently small inverse temperature [171]]). We attribute this to mana’s sensitivity to small
deviations from canonical typicality.

The chapter is organized as follows. In Sec.[6.I]we describe our model (a variant of the
q = 3 Potts model), our procedure for choosing initial states, and our numerical methods,
and we briefly describe mana. In Sec. [6.2] we treat the evolution of mana for infinite-
temperature states, while in Sec. [6.3] we treat the evolution of mana for finite-temperature

states.

6.1 Model, initial state, and methods

6.1.1 Model

Studies of thermalization and hydrodynamics typically use a transverse-field Ising model

with additional longitudinal field. Because mana is only defined for qudits of odd dimen-

'In the model (6:1) an appropriate local energy scale is

e=1/2(J2+hi+h2)~24

for our parameter values J = h, = h; = 1.
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Figure 6.2: Gap ratio of Eq. (6.2) for the model Eq. (6.1) with h, = J = 1, as a function of /., on a
system of L = 9 sites. For 0.1 < &, < 1.0 the model has the GOE gap ratio r ~ 0.53 (upper dotted
line); for h, < 0.1 it drops below the Poisson gap ratio r =~ 0.39 (lower dotted line)

sionEl we cannot use that model. Instead we use the analogous qutrit model

H= —JZ[Z;Zj +he]—he Y [X; +X]]
J J 6.1)
—h. Y |Z;j+Z]]
j

where X =Y2_|m+1 mod 3)m|and Z = Y2 _, e 2™"/3|m}m| are the clock and shift op-

erators. We take J = h, = h; = 1 and system size L = 50, except where otherwise specified.
This model is ETH for most parameter values. Even with h, = 0, where this model

becomes the Z3 Potts model, it is only integrable at the critical point J = h, [172-175].
We add the longitudinal-field term to robustly break integrability, even at J = h,, and

the Z3 onsite rotation symmetry, which will lead to more complicated hydrodynamics.

2We performed much of this work before the Rényi entropy of magic [170] was defined for mixed states.
Going forward we suggest others use that monotone.
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To check that this Hamiltonian is in fact ETH, we measure the eigenstate gap ratio. The

. <min(5a,5(x+l) > 7 (6.2)

max (0S¢, Og+1)

eigenstate gap ratio is

with O¢ := Eq+1 — Eq and o indexing the energy eigenvalues in increasing order. The
average is then taken over all values of o. We additionally average over symmetry sectors.
We plot r as a function of A, for a system of L = 9 sites in Fig.[6.2} we find that the system
has level-spacing statistics of a Guassian orthogonal ensemble (GOE) for 0.1 < i, < 1.0,
indicating that it satisfies the ETH. (In the limit /4, > 1 the uniform field term dominates;
this will lead to a gap ratio » = 0 due to degeneracies. Similarly, in the limit 4, < 1 the
model regains its Z3 symmetry, again leading to degeneracies and a gap ratio r = 0. In each
case the model presumably remains ETH for sufficiently large system sizes.)

Despite the fact that we ultimately seek two-dimensional algorithms, we use the one-
dimensional model (6.1)). We do so precisely because there already exist data structures and
algorithms—matrix product states (MPS) and time-evolving block decimation (TEBD)—
for one-dimensional systems. To use an effective model like [138]] risks assuming our

conclusion.

6.1.2 Initial state

We wish to study the effect of local thermalization on subsystem mana. To do so
cleanly, we choose each of our initial states to be the product of onsite stabilizer states
(eigenstates of the single-site generalized Pauli matrices) picked to give constant energy
density. We use a product state because we expect that the trajectory of a subsystem’s
mana will be intimately tied to the way it entangles with the rest of the system. (Addi-
tionally, choosing our initial state to be a product state keeps our matrix product state bond

dimensions tractable for slightly longer.) We use stabilizer states, which have zero mana,
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Figure 6.3: Energy of pairs of single-qutrit stabilizer states in the Hamiltonian (6.1)) with J =
h, = h; = 1. The energy for the stabilizer product pair is defined as the bond term for the pair plus
half the single site terms from each qutrit. X, and Z, label eigenstates of the shift operator X and

the clock operator Z, respectively, while S, are eigenstates of the other onsite generalized Pauli
operators ZX , ZX?.
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so we can watch the initial growth of the mana, as well as its transfer from short-range
degrees of freedom to long-range degrees of freedom. We choose constant initial energy
density because we do not wish to confuse the effects of local thermalization with the those
of long-time hydrodynamical relaxation (which will drive the system’s dynamics after the
initial thermalization).

Our requirement that the energy density be spatially homogeneous strongly constrains
our initial state, and indeed the energy densities we can choose. Fig. [6.3]illustrates the en-
ergy densities we can achieve with the product of two stabilizer states. The energy density

is a two-site operator—call the energy density on sites j, j+ 1 by

Ejj+1 = —J[Z;Z]url + h.C.]
1
— Ehx[(Xj+Xj+1) -I—h.C.] (63)

1
+ 3 hel(Zj+ Zjir) e

for 1 < j < L—1. (One must take care at the ends of an open chain, i.e. j=1,L—1.) We
can construct a state at a particular constant energy density by choosing the states |y ), |y2)
on sites 1 and 2 to have that energy density, and then choosing the site on each successive
site j > 2 such that €; | ; = &; 5. This state selection fixes the energy density on the L — 1
pairs of neighboring sites, but fails to account for the extra contribution of half the on-site
field therms for the first and last site of the chain. The initial state is only accepted if the
total energy is L times the specified local energy density. This allows for some fluctuations
in energy density at the ends of the chain arising from the extra on-site field contributions
as long as these fluctuations do not alter the desired total energy. Only a discrete set of
energy densities is possible, and many possible energy densities admit only one state. If
there is only one state in a manifold, we cannot average to avoid non-generic effects. We

therefore restrict ourselves to energy density manifolds with at least two states per bond;
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this gives a manifold with N/ > 25=1 possible states. Fig. illustrates the possibilities for
J=h=h=-1.

We give some further details of the initial state configuration in Appendix [C.]]

6.1.3 Method

The majority of our simulations use time evolution with TEBD [176, [177] with a
second-order Trotter decomposition. We find that Trotter step dt = 1/16 and bond dimen-
sion )y = 512 give good convergence for ¢ < 6 as measured by the half-chain entanglement
entropy; the subsystem mana is converged for ¢ < 8. We indicate the regime 6 <7 < 8 by

dotted lines and lower color saturation. App.[C.3]gives details of our convergence testing.

6.1.4 Mana

We measure mana M [166]. In this section we give a very brief précis of the relevant
properties of mana. In App.[C.2] we describe how to calculate it. For slightly less brief
précis from a similar point of view see Refs. [178, [179]; for more details see Refs. [166,
180, [181]].

Mana is a magic monotone, meaning that it is non-increasing under Clifford unitaries,
partial traces, and (on average) stabilizer measurements. For a pure state, the mana is zero if
and only if the state is a stabilizer state [[180,181]. Classical statistical mixtures of stabilizer
states likewise have zero mana, but some zero-mana mixed states are not statistical mixtures
of stabilizer states.

Mana is multiplicative, in the sense that for two density matrices p1, P2
M(p1r©@p2) = M(p1) + M(p2) - (6.4)

One therefore expects it to be extensive for states with short range correlations. In fact on
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a system of ¢ qudits each with dimension d one can bound

M(p) < 5({lnd—5y) , (6.5)

| =

S, 1s the second Rényi entropy of the state p, and the mana of a Haar-random state is
extensive with subextensive corrections [|178]].

Mana is computed in terms of the Wigner norm VV, defined in App.

M(p)=InW(p).

Sometimes it is convenient to work in terms of this Wigner norm, which shares the proper-
ties of mana, suitably translated.

The Wigner function for bosons is a quasiprobability distribution which acts as a phase
space representation of the bosonic quantum state. It is not a true probability distriution
because the Wigner function can take on negative values, although it still integrates to one.
The one norm will exceed one whenever there are negative values in the Wigner function,
which in a bosonic system indicates non-Gaussianity of the state [182]. In our case, we
use a discrete version of the Wigner function for spin systems, and the negativity of this

representation will analogously signal when a state fails to be a stabilizer state.

6.2 Mana at infinite temperature

Consider a length-¢ subsystem of our chain (we consider the ¢ most central sites). The
evolution of the subsystem mana is governed by the competition between two effects. The
subsystem’s internal dynamics locally randomize the state, for a fast rise in the mana den-
sity. At the same time the coupling between the subsystem and its complement steadily

increases the subsystem’s entropy: since the mana is bounded by Eq. (6.9) this ongoing in-
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Figure 6.4: Subsystem mana in real-time evolution of infinite-temperature starting states as
a function of entropy deficit A(z) = ¢In3 — S,(¢), with S, the subsystem second Rényi entropy (cf
Fig.[6.T). Bold lines show the average over 20 random starting states (cf Sec.[6.1.2)), faint lines show
trajectories of individual states, and dot mark points at which we measure the mana with time step
dt = 1/8. In each case we see a rapid rise to approximately the average mana of a Haar state, due
to local thermalization of the subsystem, followed by a slow decay as the subsystem entangles with
the rest of the system.
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crease of entanglement must decrease the mana. For short times the first effect dominates
and the mana rapidly rises; for longer times the second is dominates and the mana must
slowly decay. In the long-time limit /In3 — S, = O (up to a Page correction, which will be
small for £ < L/2), so the subsystem mana must be

lim M =0.

{—o0

The system as a whole, by contrast, is in a pure state. One expects this pure state to be

essentially a random state in the microcanonical ensemble, and so to have Haar-like mana

M~ =((In3—1Inm/2) . (6.6)

| =

This whole-system saturation was observed for a related model in Ref. [[183]].

In Fig. [6.I) we show the subsystem mana as a function of time. The subsystems consist
of the ¢ central sites of the MPS state. We clearly see both effects—rapid initial rise due to
local randomization, followed by decay to the infinite temperature value M = 0.

The bound Eq. (6.3) depends solely on the “entropy deficit”
A={llnd—S$,; 6.7)

one is entitled to ask how close the subsystem mana comes to saturating that bound. More-
over one might expect the decay of the subsystem mana to track the mana of a subsystem
of a Haar-random state. For large Hilbert space dimension the Wigner norm of a subsystem

of a Haar state is controlled solely by the entropy deficit, and given by [178]

M) e = 2/ (0/1)e 2% +exf(1/0V/2) (6.8)
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Figure 6.5: Subsystem mana in real-time evolution of finite-temperature starting states on
a chain of 50 sites. Bold lines show the average over 20 random starting states (cf Sec. [6.1.2)),
faint lines show trajectories of individual states, and dot mark points at which we measure the
mana with time step dr = 1/8. As in the infinite-temperature case we see a rapid rise, due to local
thermalization of the subsystem, followed by a slow decay as the subsystem entangles with the rest
of the system—but the decay no longer continues to mana M, = 0 at accessible times.
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where

For A 2 In /2 the mana resulting from this expression becomes [[178]]
1
M%E[A—lnﬂ/Z] : (6.9)

In Fig.[6.4) we plot the subsystem mana against the entropy deficit A. Each subsystem starts
at zero entropy S;, hence large entropy deficit A, and moves right to left to smaller entropy
deficit. (We plot the entropy as a function of time in App.[C.4]) Dot mark points where we
measure the mana, every time step dr = 1/8. We see again a fast early rise and a long-time
decay, matching the Haar prediction based on (6.8).

At intermediate times the state mana undershoots the Haar prediction. This is because
different parts of the subsystem are not fully entangled. Heuristically, the subsystem be-
haves like a tensor product of Haar states on smaller subsystems. The mana is the sum
of the manas of these smaller subsystems (cf (6.4))), each of which comes with a In7/2
correction from (6.9)). Once the system is fully (internally) entangled one can think of it as

a single Haar state with a single In7/2 correction: this gives the black line in Fig.

6.3 Mana at finite temperature

How does this picture change when the initial state has nonzero energy? Fig.[6.5]shows
subsystem mana as a function of time, and Fig. [6.6] shows it as a function of the subsys-
tem’s entropy deficit. In each case we show a variety of energies, labeled by equilibrium

temperatureEl

3The model has one conserved quantity, the energy. Every energy E, corresponds to an equilibrium
temperature 3(Ep) such that
Eg=Z"'TrHe PEH

110



inverse temperature g = 0.135 inverse temperature = — 0.096

301

-1

25 [ S ¢=2

=3

207 [S (=14

~ (=5

S 150 [St=6

— Haar

10 | % Thermal
05F
00t
0 1 3 6 0 1 3 4 5 6
A,/In3 A,/In3
inverse temperature 8 = 0.233 inverse temperature g = — 0.227

301

2571
201
150
10
05
00t

n
o b
o
n
o

3
A,/In3

3
A,/In3

Figure 6.6: Subsystem mana in real-time evolution of finite-temperature starting states as a
function of entropy deficit A(f) = {In3 — S,(¢), S the subsystem second Rényi entropy (cf Fig.[6.1).
Stars mark Gibbs state values. Time increases as entropy deficit decreases, i.e. from right to left. In
each case the long-time endpoint (+ = 8, leftmost on each curve) has mana and entropy noticeably
larger than the Gibbs value.

We see an initial rise followed by a slow decay, broadly following the Haar value, as
in the infinite-temperature case. In both Fig. and Fig. the B = 0.233 averages
display much more variation than other temperatures. We believe that the variation is due
to the tight constraints on initial states at this energy (cf App. [C.I). Although there are
exponentially many suitable initial states, they are locally similar.

But careful examination of Fig.[6.6] presents a mystery. We extract the subsystem mana
and entropy of a Gibbs state from exact-diagonalization simulations on small systems (cf

Fig.[6.7]and App.[C.6); we mark those values in Fig. [6.6] with a dot.

We attribute the discrepancy to a subtle finite-time effect related to deviations from so-

if the state after time evolution locally approximates any Gibbs state, it must be this Gibbs state.
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called canonical typicality [184-190]]. Essentially, the discrepancy is controlled by the size
of the Hilbert space of the region with which our subsystem is entangled. As that region
grows the mana will approach its thermal value—but our MPS simulations are limited to
times for which the entangled region is small.

To understand this, consider first subsystem mana in finite systems at long times. Heuris-
tically, one expects long-time states to behave much like Haar-random states on a micro-
canonical subspace (we rehearse the standard intuition behind this statement in App. [C.5).
Almost all such states have subsystem reduced density matrices near in trace norm to the
subsystem reduced density matrices of the microcanonical density matrix [186]], hence to
that of the Gibbs state.

But this is not enough: two density matrices close in trace norm can have widely diver-
gent Wigner norms. We show in App. that if density matrices p, o on a dimension-d

subspace have

lp—oli<mn,

then

| lpllw—llollw | < min(a*n.a'/2y/m) . (6.10)

In App. [C.§] we argue that the Hilbert space dimension factors in mean that it can
only give very wide bounds on mana when combined with the result of Popescu. Moreover
a Gibbs state can have zero mana but be near the boundary of the zero-mana region; a
nearby thermal state may then have small but nonzero mana.

In Fig. [6.8] we plot subsystem mana as a function of time in small (Krylov-accessible)
systems at much longer times than are accessible to matrix product states; we see a steady-
state deviation between the mana of the time-evolved state and the Gibbs distribution mana.

So much for finite systems at large times. What about large systems at finite times? We

have considered fixed-sized subsystems; as the surrounding system becomes large, even
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Figure 6.7: Subsystem mana for Gibbs states of the Hamiltonian on 9 qutrits with periodic
boundary conditions. We take J = h, = h, = 1.

bounds based on (6.10) and the typicality result of [186] will strongly constrain the mana.
But a finite-time state will be very different from most random microcanonical states: those
states have nearly maximal entanglement, while the state at time # has entanglement entropy
S ~ 2ct. That finite-time state, then, can be crudely modeled by a Haar state from the
microcanonical subspace on a system of size [ 4 2ct. (To construct a less crude model one
might use random matrix product states. [191-193]] A random MPS would mimic not only
the entanglement of the subsystem with its surroundings, but also its internal entanglement
structure.) This crude model is broadly consistent with Fig. [6.3] in that the decay times
increase linearly with subsystem time. We leave a more careful comparison of numerics

with predictions from canonical typicality to future work.

6.4 Discussion

We would be remiss not to outline some limitations of our work. Most seriously, com-

parisons between the mana complexity hump of Fig.[6.1] or[6.5]and the entropy complexity
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Figure 6.8: Long-time subsystem mana per site in Krylov evolution of an L = 11 site chain with
thermal values marked with horizontal dashed lines. The average value of five samples is given by
a dark solid line with each sample plotted using a light line. Thermal values for all samples except
B = —0.227 are too small to be seen on the plot scale.
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hump of e.g. [147] Fig. 2 can be importantly misleading. The cost of an MPO calculation
is, broadly speaking,

[MPO cost| ~ Z exp [®Spond) o< L , (6.11)
bonds

where Sponq 1S the entanglement entropy across a bond and « is some power. The simulation
cost may be dominated by the peak bond entropy, but it is still polynomial in system size.

Straightforward near-Clifford simulations, by contrast, will have cost

[near-Clifford cost] ~ exp [}/ Z Msubsystem]

subsystems

(6.12)

~ emL

for some finite mana density m. That is, even if we take advantage of the insensitivity of
hydrodynamics to details of long-range correlations, the cost is still exponential in system
size. Worse, since the peak mana is close to the maximum mana, this suggests that there
are no cost savings to be had from short-range approximations.

We believe this obstacle is superable. Because the peak mana occurs at short times,
when the system displays only short-range entanglement, one should be able to decouple
simulation of different subsystems, effectively exchanging sum and exponential in (6.12)
and giving cost polynomial (indeed linear) in system size. Concretely, imagine dividing
the system into subsystems of some length /, separating those subsystems separately for
t o< [ and then re-introducing the couplings. While this dramatically changes the early-
to intermediate-time dynamics, it should not change the long-time hydrodynamics, and it
suggests that more sophisticated schemes are possible.

The nonzero finite-temperature long-time mana is another limitation of our work. Ab-
sent decoupling tricks like those required for early-time simulations, this nonzero subsys-

tem mana density means that the simulation cost is exponential in system size, albeit with
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small exponent.

And looming behind these limitations is the fact that that while mana controls the dif-
ficulty of some classical simulation methods and lower-bounds the non-Clifford resources
required to create a state, these bounds are not constructive: knowing that a state has low
mana does not give one a recipe for constructing it. We leave algorithms—the analogues
of DMT or DAOE—to future work.

We have framed this result in terms of classical simulation, because we expect that to be
its immediate application, but in many ways it is more naturally understood in the context of
future error-corrected quantum computers. In many error-correction architectures Clifford
gates are “‘easy”’. Non-Clifford gates, by contrast, must be performed by costly magic-
state distillation and injection schemes: magic comes dear. Our results suggest that good
local approximations to long-time states will dramatically reduce requirements for this key

resource.
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Chapter 7:  Discussion

In this dissertation we have studied the quantum resources required for quantum simu-
lation tasks on classical and quantum hardware. We have also considered in detail multi-
scale circuit ansatz for state preparation on NISQ devices, including noise-resilience, error
mitigation, and experiments on an ion-trap quantum computer.

In Chapter 2] we have studied the performance of site-by-site ground state preparation
on free-fermion systems. Using computationally efficient formulas, we can access large
system sizes and explore the phase space thoroughly at system sizes of up to L = 72. The
quantities of interest are two system parameters, the energy gap and the overlap between
subsequent ground states, which together determine the gate complexity of the algorithm.
We find that the state overlaps correlate well with the energy gap of the system, sharing
many features in their respective phase diagrams. The state overlaps are substantial for
large regions of phase space and it is mainly the closing energy gap of critical systems or
topological edge modes that impedes the performance of this algorithm. We also extend the
algorithm to handle cases of ground state degeneracy, where the gap between degenerate
ground states and the rest of the spectrum may be used, in addition to the quantity cos(0),
where 0 is the largest principal angle between a pair of ground state subspaces.

It is interesting to know how well these results extend to broader classes of interacting
systems. While it is possible that a favorable scaling of the overlap with system size de-
pends on the underlying Gaussian structure, this relation is not apparent in the numerical

results. Indeed, as long as the system is gapped, any perturbative interaction of bounded
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norm would change the state overlap by a term quadratic in the perturbation strength. In
fact, the features present in the gap and overlap phase diagrams can be understood qualita-
tively via general properties of geometrically local many-body systems such as the corre-
lation length and area laws. Based on this, we expect the state overlaps to behave similarly
beyond the free fermion setting as well.

In Chapters 3] [} and [5] we have considered the variational preparation of ground states
and thermal states of the critical Ising model and its fermionic counterpark through the
Jordan-Wigner transformation. The critical free-fermion model is special in many ways,
but we expect similar circuit architectures to be successful more broadly for states of local
Hamiltonians. In these situations, locality and separation of length scales have been invalu-
able tools in physical analysis which can also be leveraged in designing good quantum cir-
cuits for preparing physically relevant states. Adapting to systems which are non-integrable
could be done by allowing a more general set of local gates which goes beyond Gaussian
fermion operations (i.e. universal rather than matchgate circuits).

Additionally, states with finite correlation length & could be prepared using O(log&)
scaling layers optimized independently, which may be interpreted as a nontrivial renormal-
ization group flow which disentangles the state at scales beyond the correlation length. The
variational ansatz states we find are able to outperform similar analytic constructions while
maintaining much of their simplicity, compared to a more general variational ansatz such as
a large bond dimension MERA state. Finding a way to more precisely formalize variational
multi-scale circuits as genuine scaling transformations beyond state preparation may also
find use in algorithms for simulating conformal field theories and quantum field theories
using closely ideas related from renormalization and wavelet theory [64, 99, [194-196]].

For NISQ applications, mitigation of error under tight hardware constraints is a key
consideration. The symmetry averaging methods for mitigating ansatz-induced error com-

plement the intrinsic error resilience features of the multi-scale circuit architecture.
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We were able to numerically and experimentally demonstrate the convergence and
noise-resilience of local subregion preparation, which manifests as a dissipative circuit
targeting a renormalization fixed point state. Numerical noise models of gate imprecision
and local depolarizing noise support a linear scaling of the fixed point observables in the
local error parameters 62 and p, and the channel depth D. We also showed evidence that
different choices of gate decomposition may greatly affect the noise susceptibility for some
kinds of noise.

Error mitigation techniques such as zero-noise extrapolation are also seen to dramat-
ically improve the mitigated error rate of observables with relatively little gate overhead
when using extrapolation schemes designed using knowledge about the error propagation
for a dissipative channel. These effectively lower noise levels achieved from classical post-
processing can be leveraged to obtain the approximation accuracy of larger-depth circuits
even in regimes where their raw output is noisier than shallower-depth circuits.

We are interested in how similar DMERA circuits which prepare states in a noise-
resilient way could be adapted for models away from a critical point, for thermal states, or
for non-integrable models. It has also yet to be seen how the scaling with channel depth
and benefits of this error mitigation scheme hold up for real experimental data, but which
may all be tested relatively soon on NISQ devices.

There may also be interesting connections with this work and holographic models of
quantum gravity and error correction. This relation could arise from the interpretation of
MERA-like circuits as a description of the AdS/CFT correspondence[197] and the recog-
nition of error correcting properties in the structure of the duality [198-200]. Alternatively,
the robustness of these circuits may be interpreted holographically in terms of the dilution
of noise in an expanding universe [61, 201].

In chapter [5] we propose a variational quantum circuit ansatz for preparing approximate

Gibbs states called a thermal multiscale renormalization ansatz, or TMERA. Our ansatz

119



targets states in which scale invariance is broken only by temperature, as in a quantum
critical fan. The TMERA builds on a deep multiscale renormalization ansatz (DMERA)
for the ground state, which we presume is already known (perhaps via an independent
variational optimization). For a 1d system of length L, the TMERA has O(log L) parameters
if the system’s dynamical critical exponent is not known; if that exponent is known, it has a
single parameter. The TMERA requires O(DL) gates, D ~ 1 — 10 the depth of a brickwork
unitary circuit used in scaling.

In a TMERA both measurements required for optimizing free-energy—energy and
entropy—are natural. The entropy follows directly from the structure of the TMERA and
the variational parameters. The energy can be measured using only the past causal cone
of a two-site region; this past causal cone is a subset of the full TMERA involving only
O(DlogL) gates.

We benchmarked our TMERA on the free-fermion integrable transverse-field Ising
model at its critical point. We found that with a D = 6 circuit the ansatz produced fi-
delity .% > 0.4 on a 512-site system, per-site infidelity 1 —.% /L < 10~2 for all system
sizes and temperatures, and nearly maximal entropy at fixed energy.

Neither the basic inputs nor the physical intuition behind the TMERA are specific to
the transverse field Ising model we used for bechmarking. The inputs are a scale-invariant
DMERA network describing the ground state and a scaling ansatz for the characteristic
energy as a function of scale; these inputs reify the intuition that ground states of mod-
els at critical points are scale-invariant, and thermal states are governed by the model’s
dynamical scaling. A critical point is described at long wavelengths by a conformal field
theory (or a more general non-relativistic analog) and the scaling symmetry of the long-
wavelength theory is expected to imply the existence of analogous structures independent
of the details of the theory. In other words, our construction can plausibly apply to a wide

variety of quantum critical points in diverse dimensions. It may of course be challenging to
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classically simulate the resulting tensor networks, especially in higher dimensions, but our
architecture would remain a potentially powerful quantum variational ansatz that leverages
our significant a priori expectations for the physics.

Finally, in chapter [(] we analyze the non-stabilizer resource of mana and how it man-
ifests in local subsystems under thermalizing dynamics. We find that local subsystems of
zero-energy initial states have zero mana after a short local thermalization time proportional
to the subsystem size, consistent with a characterization as an infinite temperature Gibbs
state. This suggests that infinite-temperature hydrodynamics may be simulated classically
methods with low overhead. In the context of quantum simulation, there may be effective
dynamics using mixtures of stabilizer states and Clifford circuits, or circuits with few non-
Clifford gates, that also effectively reproduce the infinite-temperature hydrodynamics. At
finite temperature the landscape is more complicated: for sufficiently high (but still finite)
temperature the Gibbs state, hence the long-time thermal state, has zero mana; while for
somewhat lower temperatures, the subsystem mana is small but nonzero. Additionally, re-
gardless of temperature, the subsystem mana takes a long time to relax to the thermal value,
because mana is sensitive to small deviations from canonical typicality.

Because mana is sensitive to small deviations from the Gibbs state, approximate simu-
lations may be able to achieve some desired precision using states with much lower mana
than that of the target state. This could allow approximate simulations to use fewer non-
Clifford resources required than would be for exact simulation, which would broaden the
scope of physics accessible using near-Clifford simulation techniques and reduce the cost
of quantum simulation.

We have explored in this dissertation the capabilities and limitations of near term quan-
tum simulation. We hope that this work may prove useful to the greater scientific commu-
nity on the long road toward realizing practical quantum computers as a computational tool

afforded to humanity.
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Appendix A: Gaussian Fermions

Quadratic fermionic Hamiltonians are a widely used and useful class of toy models
that often allow closed-form analytical expressions or numerically efficient computation
procedures for physical properties such as ground state energies and multi-point correlation
functions. The eigenstates of these Hamiltonians are known as Gaussian fermion states and
the unitary transformations generated by them preserve this set of states. Gaussian fermions
may be represented using polynomial resources and are therefore a classically simulable set
of states. Some basics of the representation of Gaussian fermionic states and operations are
outlined here following [51]]. See also the Grassmann representation in [67]].

A system of non-interacting, spinless fermions on L sites can be modeled by a Hamil-

T

tonian which is quadratic in the mode creation and annihilation operators c;,c; on site

j=1,...L,1s given by
H:ZA"CTC'-I-EZ(B"CTCT--I-hC) (A.1)
L AijCiCj T 5 L\BijC €T e :
ij ij
The mode operators satisfy anti-commutation relations {c;,c;} =0, {ci,cj} = §;;, which

allows us to restrict the form of the coupling matrices A, B. Namely, we assume that A;; =

A}k.l- (Hermitian), and B;; = —Bj; (anti-symmetric). The Hamiltonian can then be written
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more compactly in a bilinear form,

; (A.2)

where we omit an overall additive constant %Tr(A). The same Hamiltonian can also be
expressed in terms of 2L Majorana operators which we define for a given site j as

i i

(cj+c;) (cj—c;)

= = A3

Like their Dirac counterparts, the Majorana operators satisfy canonical anti-commutation
relations {y,-, }/j} = 0jj.

The ground states (and all excited states as well for fermions) of a quadratic Hamilto-
nian are Gaussian, and therefore are fully characterized by all linear and quadratic expecta-
tion values (¥;), (7). Parity conservation (which follows from H having a quadratic form)
implies that the first moments (7;) vanish. The expectation values of all quadratic products

of the Majorana modes can be arranged in the form of the covariance matrix given by

Ui = i[vj, %) = ¥ — %) - (A4)

I' is real, Hermitian, and anti-symmetric by construction, and fully characterizes the state.
It can also be shown that the eigenvalues of I are A; = +1.

Consider an arbitrary basis change that transforms 7; to ¥; via the linear map A; = O %
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Since the ¥; must satisfy anti-commutation relations, it follows that

& =1{%7} (A.5)
=Y 0uO0;i{v. v} =) 0106y (A.6)
k1l k,l
=Y 0;0;;=100"];;, (A7)
k

which implies that O is an element of the orthogonal group SO(2n) (and conversely, any
orthogonal matrix corresponds to a valid basis transformation). The covariance matrix

transforms under O as

Aij = i([7: 7)) (A.8)
=iY 040i[Ye, 1) = i) 00Ty (A.9)
ol ol
=iy 0yIy0];=[0ro"];. (A.10)
ol

In other words, A = OI'O” . Any real antisymmetric matrix M can be expressed in a canon-

ical form M = PT QP for some orthogonal matrix P, where Q,; is given by

0 E
Q= M (A1)

—Ey O

where O is the null matrix. The matrix E}j; is a diagonal matrix containing the eigenvalues

o I
of M times i. For the covariance matrix I, we can write I’ = PT QP, where Q = is

-1 O

known as the symplectic form. The modes corresponding to this transformation, ¥; = Pji ¥
are the eigenmodes of the system.

We can write the (real antisymmetric) coupling matrix of the quadratic Majorana Hamil-
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tonian as PT P where P is diagonalizing transformation. This brings H into
—-E O

decoupled form
i .
HZEZEjyjyj’7 (A.12)

where E; are the energies of the eigenmodes of H. The difference between the energies of
the vacuum (no modes occupied) and the first excited state (lowest energy mode occupied),
or the spectral gap, is simply given by the lowest mode energy, m := min; E;.

The transformation P that brings the ground state covariance matrix I" into canonical
form also diagonalizes H. This provides a way to compute I" from the coupling matrix of
the Hamiltonian. Namely, one finds the matrix P via the diagonalization of the coupling
matrix, and then computes I' = PTQP.

Subsystems of a Gaussian state are defined by restricting the covariance matrix to a
subset of the Majorana operators, eliminating the rows and columns associated with the
discarded operators. Although we can relate the fermionic system to a system of qubits
using a Jordan-Wigner duality, restricting to taking fermionic subsystems is a different
restriction of the Hilbert space from the tracing out of qubit degrees of freedom. However,
all even parity operators on the reduced fermionic and qubit subsystems will agree. Odd
parity operators have zero expectation value in Guassian states.

Any mixed Gaussian state can be considered a subsystem of some pure Gaussian state.
The covariance matrix for a mixed state can be purified by adding additional Majorana
modes, introducing the new rows and columns with entries so that the new covariance
matrix satisfies I? = —1.

Any mixed Gaussian state may also be thought of as a thermal Gibbs state for some

quadratic Hamiltonian. The covariance matrix for the Gibbs state of this Hamiltonian at
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inverse temperature f3 is then
I'g = itanh(ifh) (A.13)

For some mixed covariance matrix I" with eigenvalues |A;|< 1 then the Hamiltonian for
which it is a Gibbs state is then given by 7 = —i/Batanh(—iT").

Because all Gaussian states have a product spectrum, the entropy of any mixed Gaussian
state is the sum of entropies §; from the states eigenmodes, each of which can be written

in terms of the respective eigenvalue of the covariance matrix.

1+A; 1+A4; 1-4 1-2;
Sj:—+Jlog+J— J

J
1
2 2 2 8T,

1+A;
:log2—log,/1—?tjz—7tjlog 1+7Lj~

J

(A.14)

The covariance matrix organizes information about a Gaussian state in a useful form.
Given two pure Gaussian states |y1),|y) and corresponding covariance matrices ', I,

the magnitude of overlap between them, |(y;|y»)|, has a particularly simple form

1/4
[(w1|w2)|= det (@) : (A.15)

The fidelity between two mixed Gaussian states can also be computed in terms of their

covariance matrices using the formula from[54],

Fpo =2 3det(I—TpTs)7det (1_ \/ﬁ)

T+l
—T,T,-

INE

(A.16)

Wlth FP,G —

Local matchgate circuits are equivalent to unitary Guassian operations and can be im-
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plemented using covariance matrix methods. Local two-qubit gates become orthogonal
transformations on four consecutive Majorana operators.

The quadratic fermionic Hamiltonian we work with which is dual to the critical transverse-
field Ising model is shown in Eq. (5.7).

For finite sized spin chain with periodic boundary conditions, the dual quadratic fermion
Hamiltonian must have anti-periodic boundary conditions for the even parity states, and pe-
riodic boundary conditions for odd parity states. Thus, with periodic boundary conditions
the full Ising Hamiltonian is not strictly dual to a single quadratic fermion Hamiltonian, but
all of its eigenstates are dual to a Gaussian fermion states.

To avoid these issues we will focus just on the Majorana fermion model with anti-
periodic boundary conditions for our numerics, and in this case our circuits may be inter-
preted as local operations on fermionic degrees of freedom. In fact, because we are working
with a free-fermion model, we will also restrict our gates to be unitary Gaussian fermion
operations, equivalent to Bogliubov transformations. In terms of spins these operations are
dual to matchgate circuits, and can be simulated classically via Gaussian fermion meth-
ods. Although we will restrict our attention to noninteracting fermions, the methods can
be straightforwardly applied to qubits on a quantum computer for preparing states of spin
systems, and the local gates generalized beyond matchgates to target interacting models.

Because local matchgate circuits are equivalent to linear transformations on the fermionic
modes, this subgroup of quantum states and operations and can be simulated by classi-
cal polynomial time algorithms [26], and may implemented numerically using covariance
matrix methods or via fermionic linear optics [67]. Under Jordan-Wigner duality, local
two-qubit gates become orthogonal transformations on four consecutive Majorana opera-
tors. These techniques can be extended to tensor networks as matchgate tensor networks
[27, 28].

The two-qubit gates u(x,y) used in Chapters [} [} and[5]can be written implemented as
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an orthogonal transformations i(x’,y’) on four Majorana operators, using the parameters
x'=x+yandy =x—yasin Eq.(A.T7).

cos(x) 0 —sin(x’) 0

0 ! 0 in(y’
a(x',y) = cos(y) sin() (A.17)
sin(x) 0 cos(x) 0

0 —sin(y) 0 cos(y')

The variational parameters found and used for the Ising model ground state are reported
as Op for a depth D ansatz with 2D parameters, see eq. (A.18). Here, the (2i — 1)/ param-
eter is the x’ parameter for the i layer of gates within the scaling transformation and the
(2i — 1)"" parameter is the y’ parameter for the same layer of gates.

We also found alternate sets of parameters for the modified Ising model in Eq. (3.6),
listed in (A.T9). These circuits have similar features and the symmetry-averaging improve-

ment is displayed in Fig. [3.6]along with those of the original Ising model states.

0, = [0.43188, —1.13891]
6, = [0.1379, —0.56374, —0.53456, 0.18071]
03 = [—1.79716, —1.51891, 0.64486, 2.0904, 0.10994, —0.31494]
0, = [~1.66528, —1.55101, 1.05114, 1.82904,
0.43426, —0.74951, 0.07349, —0.20764] (A.18)
05 = [—1.61046, —1.56358, 1.29107, 1.69499, 0.80132,
—1.06696, 0.30863, —0.54539, 0.05158, —0.14651]
06 = [—1.58682, —1.56831, 1.42666, 1.6278, 1.08403, —1.28163,

0.62053, —0.85436, 0.2323, —0.4140, 0.03862, —0.11017]
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0, = [-0.22107 —1.79187]
6, =[0.37921, —1.58672, —0.23588, —0.8906]
0; = [0.09744, —1.62352, —0.86247, —0.29472, —0.18693, 0.51259]
6, = [-0.0058, —0.21063, 1.6268, 0.78319,
—1.08715, 0.1295, 2.77886, —0.08755] (A.19)
0s = [-0.08357, —1.73696, —0.09269, —0.14014, 0.14162,
1.32826, —1.05885, 0.11338, —0.42156, —0.40656]
05 = [0.03614, —1.56255, —1.11474, —0.28192, 0.55476, 2.59916,

—0.08826, 0.10361, —1.05898, —1.74665, —0.05094, 0.25421]

The nearest-neighbor coupled quadratic fermion Hamiltonian in one spatial dimension

known as the Kitaev chain can be written in terms of Majorana fermions as:

2L
) r+A r—A
H=i) ppi1hi+ ( > )72i72i+1 + ( 5 >YZ1'71721'+1- (A.20)
J=1
Taking anti-periodic boundary conditions, 571 = —7;. This directly gives us the ex-

citation spectrum €, = \/ (1 +1cos p)? + AZsin® p.
This model may be related to the one dimensional XY model with transverse field
and periodic boundary conditions via the Jordan-Wigner transformation. In this dual spin

model the coupling constants are Jy =7 +A,Jy,=r—A,and h = .
L 1
Hyy = — thj+§ (JijXj+1+JijYj+1) . (A.21)
j=1

When pt = A =t = 1 the model simplifies to that of Eq. (5.7) or Eq. (5.6) for fermions.
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Appendix B: TMERA Appendix

B.1 Renormalization of temperature

In preparing a state with a DMERA circuit, an intermediate state of smaller system size
is prepared after each scale transformation, which can be thought of as a course grained
version of the final state. For ground state preparation of a critical these intermediate states
have nearly identical local expectation values and subsystem entropies to the final state
due to the scale invariance. However, for a Gibbs state the finite temperature breaks scale
invariance, as we see from the different excitation probabilities at each scale. This is also
reflected in the different energy density and correlation lengths of the intermediate states
prepared during the course of the approximate Gibbs state preparation. These intermediate
states may also be thought of as course grained versions of the final Gibbs state. Are these
intermediate states also well described as thermal states at a higher temperature and smaller
system size? Since we optimize the probabilities for a particular final system size its not
necessary that the intermediate states would also be optimal. However, due to the scaling
of the mode energies at different scales according roughly to E; ~ 2¢, it’s plausible that
the state before the last scale transformation may look like a thermal state at twice the

temperature.
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B.2 Hamiltonian of Approximate Gibbs State

We can find a Hamiltonian for which our approximate Gibbs state is an exact thermal
state by taking the logarithm of our density matrix, which is unambiguous up to an overall
shift in the energies, so we can fix the trace of the Hamiltonian to be zero. For a high tem-
perature state, the Hamiltonian is the leading order perturbation to the normalized identity
matrix.

e BH

pp =g~ U~ BH) (B.1)

Q

In terms of our covariance matrix formalism, an analogous procedure can be used to get a
quadratic fermion Hamiltonian from one of our approximate thermal states. The coupling
matrix of this Hamiltonian proportional to a high temperature thermal state approximation,
so the features of its two-point correlation functions become features of the Hamiltonian for
which it is a thermal state. This means the couplings of this Hamiltonian will be nonlocal
put decaying roughly inverse polynomial with distance. The couplings at a fixed distance
will also not be strictly equal due to broken translation invariance but instead vary spatially

around mean values.

Hg = %atanh(—if'ﬁ) (B.2)

The spectrum of the modes is flat due to the degeneracy of excitation probabilities for
all modes at a given scale. The wavepacket modes are themselves the eigenmodes of
this Hamiltonian, and so they have compact spatial support. In the Heisenberg picture,
the ground state DMERA circuit can be seen as transforming an initial Hamiltonian of

only single-body terms to this long range Hamiltonian. Time evolution according to this
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Hamiltonian is therefore equivalent to time evolution of the trivial decoupled Hamiltonian
conjugated by the DMERA circuit. This evolution will quickly deviate from evolution by
the true local translational invariant Hamiltonian because the eigenmodes being evolved by
the long range Hamiltonian are the wavepacketmodes which have compact support over
varying lengthscales, and have a flat spectrum compared to the true Hamiltonian.

We also derive this Hamiltonian from a particular thermal state approximation, so in
principle the approximate Gibbs states at different temperatures could give rise to differ-
ent Hamiltonians. In principle it may be possible that for any given induced Hamiltonian,
only its Gibbs state at the particular temperature of the Gibbs state approximation is a good
analogue to the true thermal state of our target Hamiltonian. However, if these Hamiltoni-
ans induced at different temperatures do not deviate much, then choosing any one of them
should give good approximations to our target thermal states for the whole range of thermal
states.

By the construction of the Hamiltonian, it is equivalent to a product state Hamiltonian
conjugated by a logarithmic depth circuit. This mean time evolution by this Hamiltonian
can be efficiently fast-forwarded [202]. This is true even in the case where the circuit is not

a matchgate circuit and therefore is not equivalent to some quadratic fermion model.

B.3 TFD purification

A mixed state can be purified by adding additional degrees of freedom that the state
is entangled with, such that the reduced state on the original subsystem is the same mixed
state. with the additional Hilbert space dimension equal at least to the rank of the mixed
state. The purified state may be written as a Schmidt decomposition in the energy eigen-
basis with the coefficients equal to the square root of the normalized Boltzman weights. A

natural choice of purifying system is a second copy of the same thermal state, since it has
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the minimal Hilbert space size and has the same eigenvalue spectrum.

1
b=z, 4

We can prepare an ansatz state for the TFD using an extension of our TMERA circuit,

e PE2|EN L |E g

where each mixed qubit is half of an entangled pair of qubits. Pairs of qubits destined
for the two halves of the TFD state will be entangled to the degree required that their
entanglement entropy matches the desired entropy for qubits at a given scale £ for the target
temperature 7. Two copies of the DMERA circuit are then applied to each collection of
appropriately entangled qubits to produce an ansatz state for the TFD at temperature 7. By
the product-state nature of the TMERA ansatz, these TFD states will only have Bell-pair

like entanglement between the two halves.
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Appendix C:  Mana Appendix

C.1 Initial state sampling

For our MPS time evolution, we choose pure initial states with no mana or entangle-
ment, ie tensor products of the twelve single qutrit stabilizer states. We also want to sample
from initial states with the same energy density for local subsystems to thermalize to a
consistent temperature without hydrodynamic energy transport. Looking at the energy for
pairs of single qutrit stabilizers we can see what energy densities and therefore tempera-
tures will be accessible to this choice of initial states. The energy densities for pairs of
stabilizer states are grouped into the X eigenstates (1, 11, 12), the Z eigenstates (2, 9, 10),
and other stabilizer states (3-8). The energies with highest degeneracy are any of the non
X or Z eigenstates, which have zero energy density when paired together, or a slightly pos-
itive or negative energy density when paired with one of the X or Z eigenstates. When
h; = O states 3-8 only have nonzero energy density when paired with an X eigenstate. This
means our initial state sequences will be random among states 3-8 for infinite temperature,
or alternating between an X or Z eigenstate and one of the other eigenstates. The colored
tables and graphs show the energy densities for different pairs of these single quitrit stabi-
lizer states, colored so negative energies are red and positive energies are blue. Variation
of the on-site longitudinal field only affects pairs with a Z eigenstate since all other single
qutrit stabilizers have zero expectation value for this term.

The infinite-temperature states—those with €; ;| = O—deserve special consideration,
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Figure C.1: Top: Average support of initial states over energy eigenstates in 8 qutrit system. The
quantity |(yp|Ex)|, which measures the support of an initial state |yp) with each each energy eigen-
state (labeled by their energy density Ey), is averaged over stabilizer product states with the proper
energy for each temperature. The relative support of initial states on different energy eigenstates
roughly scales as the square root of the Boltzman weights ~ exp(—fBEy/2). Bottom: Normalized
density of states with 0.2 width bins for energy density.
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Figure C.2: 50 qutrit MPS, half-system entropy convergence with bond dimension and trotter step.
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both for their simplicity and their importance. Consider the six eigenstates of ZX and ZX?.

call them | @), and write

|0ap) = |9a) @ |0p) - (C.1)

Then term-by-term

(Datpl€jjr1]0adp) =0, (C.2)

for every choice of ¢, @3, and any state of the form

’(pff) = ’¢a]>®|¢a2>®---®‘¢aL> (C.3)

has zero energy density everywhere. Our infinite-temperature states, then, are |@g) for
random strings o.

The initial states are chosen to be stabilizer states, so that they have zero initial mana,
and product states, so that there is no initial entanglement and all subsystems are pure. The
energy of these initial states are determined by all the nearest neighbor pairs of stabilizer
states. The only stabilizer states with nonzero expectation value of Hamiltonian terms are
the eigenstates of the generalized Z and X operators. The transverse and longitudinal field
terms each have one low energy eigenvstate, denoted Xy and Z, respectively. These terms
also have two degenerate positive energy eigenstates denoted X; and X; for the transverse
field and Z; and Z, for the longitudinal field. The states Z; also have nonzero expectation
value for the bond terms, with negative energy when the nearest neighbor pairs are the same
and positive when they are different. The other six stabilizer states are denoted S; and have
zero expectation with all Hamiltonian terms.

We consider in Fig. [C.T|the magnitude of the inner product of initial states with energy
eigenstates in an 8-qutrit system, averaged over initial states for a given temperature. We

find that initial states have support over the full range of energy eigenstates, with the aver-
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age support scaling roughly as the square root of the appropriate Boltzmann weights at that
temperature, i.e. [(Wp|Ey)|~ exp(—BE;/2).

The exception is for the case where B = 0.233 (Ey/L = —2), where there are many en-
ergy eigenstates orthogonal to all of the stabilizer product states at that temperature. This
makes sense because this temperature has the fewest number of initial states and signifi-
cant correlations in those initial states imposed by the energy density selection. Unlike at
other temperatures these constraints for f = 0.233 has restricted the initial states to have
support over only a subspace of the energy eigenstates. The the average support within this

subspace, however, still scales according to the appropriate Boltzmann weights.

C.2 Defining and calculating mana

Consider a system of ¢ qudits each of dimension d. (NB this notation is different from
that of Sec. [6.3]and Appendices [C8] There we write d for the dimension of a whole
Hilbert space; here we write d for the dimension of the component qubits.)

To calculate the mana, first recall the generalized Pauli strings
—1p. . .
Tpg = 0* P27} (C4)
J

where @ = ¢?*/4, 27! = (d +1)/2 is the multiplicative inverse of 2 in the field Z, and
Zj and X; are the clock and shift operators on site j. Just as the Pauli strings generalize
continuous single-particle Weyl operators to a product of discrete rings, we can generalize

the Wigner function to a discrete Wigner function

Woq(p) =d 'Y P4 P 4Ty pTyy (C.5)
p'd

139



inverse temperature g = 0.0

25 —l=1
— =2
20 e
—— =4
— =5
15 — (=6
= —— x = 1024,6t = 1/16
n —— x=1024,6t =1/8
........ X = 512, 6t = 1/32
——x =512,5t=1/16
0.5—(\ —x = 512,86t =1/8
00 (\\ : , , i we——
0 2 4 6 8 10 12

inverse temperature 5 = 0.135

inverse temperature 8 = 0.233 inverse temperature g = — 0.227

Figure C.4: 50 qutrit MPS, subsystem mana convergence with bond dimension and Trotter step for
the same single state at each temperature as in Fig.[C.3|

140



This may also be written in terms of the phase-space point operators Apq as
where

Apq = TpqAoTy  with  Ag=d 'Y Ty, (C.7)
Pq

The discrete Wigner function has Y.p,q Wpq(p) = Trp = 1, and—for classical mixtures of

stabilizer states o7, 0r—

Wpq(a0) + (1 —a)05) > 0 (C.8)

(Among pure states only stabilizer states have Wy q(p) > 0 for all p,q. This property is

called the discrete Hudson’s theorem.[180]) The Wigner norm

Ipllw=Y_Wpq(p)| (C.9)
Pq

measures the size of the negative part of the Wigner function, and the mana is

M(p) =Tn||p]|w . (C.10)

C.3 Convergence in Bond Dimension and Trotter Step

The accuracy of simulations of time evolution using matrix product states is limited
by both the bond dimension of the MPS and the Trotter step size of the TEBD evolution.
Trotterization of the time-evolution operator to second order with time step 1t incurs an

error of order 873, but a truncation also occurs at each time step; this truncation projects the
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state back into the space of MPS of the given bond dimension and causes additional error.

As the initial product state evolves in time entanglement grows in the system but is ulti-
mately limited by the bond dimension of the MPS. The largest entanglement in the system
would occur across a central bipartition, so we compare the entanglement entropy for this
bipartition with several different bond dimensions and Trotter step sizes for a particular un-
entangled zero energy initial state of a 50 site MPS. We see in Fig. [C.2]that the half system
entanglement entropy for MPS evolution of bond dimension ¥ = 512 and y = 1024 diverge
at a time ¢ ~ 6, while Trotter error is not significant (at either bond dimension) until later
times ¢ ~ 8. We therefore consider our simulations reliable

While the half system entropy suggests global properties of the MPS begin to diverge
around time ¢t = 6, entropies and mana for subsystem of size / < 6 are much better con-
verged as seen in Figures[C.3} [C.4 No noticeable difference in these quantities is seen for
the entire simulated duration up to t = 12 for the smallest subsystems, with slight differ-
ences noted at later times for the largest subsystems. The spread in entropy of the six qutrit
subsystem between these different samples at time ¢ = 12 is 2.7%.

We also see from these examples looking at a single state that while mana of larger
systems is always greater or equal to mana of subsystems, the entropy of subsystems can
grow at different rates for early times. In our examples at finite energy density the one
and six qutrit subsystems have a slower entropy growth than the intermediate subsystems.
This is due to the initial state on the edges of our subsystem and how this affects the
mixing for initial dynamics. In the case of our zero energy states all sites have single qutrit
stabilizers which are neither X nor Z eigenstates and mix at identical rates. For the finite
energy density cases our initial states are different eigenstates of the X or Z operators, and
so the initial mixing rate depends on the exact pairing of stabilizer states on each edge of
the subsystem. For later times once the systems have been sufficiently mixed the larger

subsystems have larger entropies as expected.
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C.4 Subsystem entropy

We often make reference to the entropy deficit A of our subsystems, which is defined as
the maximal entropy of the subsystem minus the second Rényi entropy of that subsystem.
In Fig. [C.5] we plot the average Rényi entropy of the central subsystems of our 50 qutrit
MPS over the course of our TEBD evolution which is used to determine the entropy deficit.
We also plot in dashed lines the subsystem entropies of Gibbs states, which subsystems
should converge to in the process of thermalization. Note that these thermal entropies are
not the maximal subsystem entropies, so the asymptotic entropy deficit is still nonzero even
after subsystems have converged to thermal values of the entropy. The infinite temperature
case is an exception, since the thermal entropies are maximal and the entropy deficit is zero.

We see that small subsystems quickly converge to their thermal values and stabilize
at this entropy. However, at later times we begin to see decreases in subsystem entropies
which arise from truncation errors in the MPS evolution and are not reflective of accurate
dynamics of the subsystem entropies. Unfortunately, some of the larger subsystems fail to
reach their thermal entropy values before these truncation errors become relevant and start

to decrease subsystem entropy.

C.5 Thermalization, typicality, and the eigenstate thermalization hypothe-
sis: intuition

Imagine evolving a tensor product state |y) by a Hamiltonian H. Since |y) is the

eigenstate of some local Hamiltonian, it has energy uncertainty

[(wH2|w) — (p|H|w)2]'"? = AVL, C.11)
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Figure C.5: 50 qutrit MPS, subsystem entropy measured in trits, infinite and finite temperature
initial states, J = h, = h, = 1.

144



where A is some O(1) constant with dimensions energy. The time-evolved state is

w(n) =Y e “ElW)|E);
J

only has weight near the initial energy E = (yw|H|y) of |y). The phase factors e £/
break the delicate conspiracy between overlaps (E;|y) that results in the state y at the
initial time t = 0, and we can think of the state as randomly chosen from a distribution on
energy eigenstates with width given by (C.I1)). That distribution, in turn, is similar to a
microcanonical distribution with the same width.

This cartoon assumes that the eigenstates have no structure. If they do, the overlaps
(Ej|y) will be weighted towards eigenstates that resemble the initial state, leading to a
failure of thermalization.

Suppose the system has a classical limit. Berry’s conjecture [[134,203] is that the eigen-
states are appropriately structureless if the corresponding classical system is chaotic. (More
precisely the energy eigenfunctions are random in such a way that the Wigner function, av-
eraged over a small phase space volume, matches the microcanonical ensemble.)

But Berry’s conjecture does not contemplate the discrete Wigner functions we work
with! In order to take the average over a small phase space volume, we would have to work
with large onsite Hilbert space dimension d. More broadly the small-d model does not
have an obvious classical limit, chaotic or integrable.

If the system does not have a classical limit, as ours does not, Berry’s conjecture be-
comes the eigenstate thermalization hypothesis (ETH) [133]—that local expectation values
in eigenstates match thermal expectation values. One expects the system to thermalize if
its Hamiltonian satisfies the ETH, and not otherwise. The ETH is a hypothesis, not a con-
jecture like Berry’s conjecture: a particular Hamiltonian may or may not satisfy the ETH,

so it must be checked (generally numerically.) The message of our Fig. [6.2] is that our
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Figure C.6: Subsystem mana of Gibbs states with inverse temperature 3 = —0.25 for different

system sizes. The subsystem mana converges rapidly with system size which allows us to use these
small system estimates for our large scale MPS simulations.
Hamiltonian at our parameters does satisfy the ETH.

For a thorough and accessible review see [[1335]], especially Sec. 2.4 on the semiclassical
limit and Berry’s conjecture and Sec. 4.1-4.2 on the eigenstate thermalization hypothesis.
[204] offers a review of recent work on quantum chaos in the semiclassical limit from a

very different point of view.

C.6 (Gibbs state mana

We use exact diagonalization on a system of up to nine sites with periodic boundary
conditions to determine the thermal properties of subsystems for the larger qutrit chain.
We use the energy densities of these systems to map initial state energies to temperatures.
Fig.[C.q]

We would like to compare the asymptotic mana of subsystems that have thermalized

with nonzero initial energy density to the expected value of thermal subsystem mana. From
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these plots we can extract the subsystem mana for a given inverse temperature as well as
the energy density for a given inverse temperature. From these we can find the subsystem

mana we expect for an initial state of a given energy density.

C.7 Bounding the difference in mana between nearby states

Proposition 1. Suppose two density matrices p,0c on a Hilbert space of dimension d are

nearby in trace distance:

lp—oli<n.

Then

lp —ollw <d*n [linear bound]

lp—ollw < /dn [square root bound].

Applying the reverse triangle inequality to this result will give

Corollary C.1.

Ipllw—llollw| < min(d*n, /an) (€.12)
and subadditivity of the logarithm will give

Corollary C.2.
. 1 1
In||p||lw< In||c||w+ min 21nd+lnn,§1nd—|—§ln5 : (C.13)

Now to prove[l}

147



Proof. Start with the linear bound. The difference in Wigner functions is

(Wpq(p) —Wpy(0)| = d! [TrApg(p — 0)

(C.14)
<d M|Apglhllp — o]l -
Since the phase-space point operators A, of (C.7) are unitary, ||Ap,|[1=d, so
Wpa(P) =Wpg(0)|< M (C.15)
and
Ip = ollw= Y. [Wpq(p) = Wpq(o)|< d*n . (C.16)
pq
as desired.
Turn to the square root bound. Write
A:=p—0; (C.17)
the hypothesis is that ||A||; < 11 Then, using Cauchy-Schwarz,
1/2
1Allw = Y [Wpq(A)|< d Zszq(A)] (C.18)
Pq ]
But
2 Lo 1
Y Wy = llAl< 1Al (C.19)
]
since —1 <A <1, so0
1Alw= +/dn (C.20)
as desired. ]
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C.8 Mana and canonical typicality

Let us use the result of Popescu et al.[186] to be more precise about how what canonical
typicality means for mana.
That result is as follows. The subspace of interest is the vector space spanned by the

eigenvectors within Av/L/2 of E; call it
R =span{|E}) : |E; —E|< AVL/2},

and its dimension dg. The relevant microcanonical ensemble is

1
E=— Y, IE)NE). (C.21)

de |Ej—E|<AVL/2

Call the subsystem of interest S, and its Hilbert space dimension dg; call the rest of the

system B = S. The microcanonical ensemble & traces down to
Qg =Trg€& (C.22)

on S ; the effective accessible dimension on B is

1

deff _ ’
E Tr Q%;

(C.23)

where Qp = Trg €. Finally, write pt for the Haar measure on the vector (sub)space R. Then

u(19)€R : Ips(9) = Qsli=n) <n’ (C24)
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with

1
n= 8+§3L/2 /d%ff

2
edeRe )

(C.25)
n'=4

Now use (C.24) and (C.23) together with Cor. to bound the difference in Wigner

norms between pg(¢) and |Qg) Write

Wo = In[|ps(¢)[lw

Wg :ln||QS||W

for the subsystem mana of the randomly chosen state |¢) and the microcanonical ensemble

Q, respectively. Applying Cor.[C.T|from App.[C.7] we find that

,LL((PER: W(,,—szé)gn’ (C.26)
with
§ = min(din,/dn), (C.27)

n as in Eq. (C.23).
To get some intuition for what this result means, let us look for the 1 (and hence &)

corresponding to " = 1/2: that is, (an upper bound on) the median discrepancy in Wigner

norm. This n’ = 1/2 gives
In8
£€=—>
Cd3
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for

1 | dg
TS g

~In8  ds
T Cdy  2+/dg

using that [bound on d%ff from Popescu]. The second term dominates the first, so

n<
™~ 2\/dg

(Were 1’ sufficiently small this would not be the case.) Now

5~ ~dgdy " (C.28)

C.9 Krylov subspace evolution

We want to corroborate our stories about thermalization and subsystem mana in small
enough systems where more exact methods than TEBD evolution of MPS states can be
done for long times. We also need the system to be large enough to see thermalization of
the smallest subsystems and finite size correction emerging for larger subsystems, which
is challenging using exact diagonalization of a chain of qutrit sites. So, we turn to Krylov
subspace methods to time evolve states of our Potts model for intermediate system sizes
and high-precision long time dynamics. The Potts model is the same as in Eq. [6.1] but with
periodic boundary conditions and the coefficients J = h, = h, = 1. We evolve the product
stabilizer initial states for an L = 11 qutrit chain up to time # = 100 and measure the mana
and entropy of subsystems less than half the system size.

The time evolved state which has thermalized is compared to the Gibbs state values
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obtained through exact diagonalization of an 8 qutrit system. The subsystem entropies
asymptotically approach the thermal values, with deficits visible in four and five qutrit
systems due to finite size effects. See Fig. [C.7]

The entropy of the B = 0.135 states are lower and have larger standard deviation be-
tween different initial states than other temperatures. The entropies of the B = 0.233 states
have fluctuations which are the same across the initial state, which have more correlation
due to their relatively lower statistics from energy constraints. These fluctuations are main-
tained in averaging and result in a low standard deviation.

For subsystem mana, subsystems smaller than four which have zero thermal mana
match, with larger subsystems having finite size corrections. However, for § = 0.233 and
B = —0.227, which have small but nonzero mana in most subsystems, have significantly
more mana than thermal values even in smaller subsystems. See Fig. [C.8]for comparison
of late time subsystem mana and entropy deficit with thermal subsystem values.

What we also notice for the Gibbs states is that for —0.12 < 8 < 0.2 all subsystems
have zero mana, thus the Gibbs state itself may be inside the stabilizer hull. For our zero
energy initial states, most subsystems are maximally mixed with finite size effects reducing
the entropy only for the largest subsystems. The maximally mixed state is in a sense at the
center of the stabilizer hull and far from any states with mana, so all subsystems of the late
time states for zero energy initial states have zero mana except for the ¢/ = 5 subsystem
where finite size effects are seen.

Our Gibbs states with f = 0.135,—0.96 are also inside the stabilizer hull, but closer
to the boundary. The late time subsystems for these intiial states also have zero mana for
most subsystems, though the ¢ = 4 subsystems noticeably have mana where the same sized
subsystems for zero energy initial states did not. This could still be from finite size effects,
but being closer to the stabilizer hull boundary the introduction of mana does not require

as large of a deviation from the true Gibbs state subsystems.
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Figure C.7: 11 qutrit Krylov evolution, subsystem entropy in trits up to # = 100, thermal subsystem
values of 8-qutrit system dashed.
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For Gibbs states with f = 0.233, —0.237 subsystems do have a small amount of mana
and lie just outsize the stabilizer hull. We see however an excess of mana in subsystems
over the Gibbs state values even for small subsystems. These states, although close to the
Gibbs state subsystems in some sense, have enough *wiggle room’ in a small neighborhood
to amount significantly more mana.

Our subsystem mana estimates for thermal states were carried out by numerically find-
ing the exact Gibbs state for small systems and then computing the mana of various sized
subsystems. We see in Fig. [C.0] that the subsystem mana converge rapidly with overall
system size and so we can accurately use these values as estimates of the subsystem mana
for large system thermal states. Moreover, the finite size effects we do see increase the sub-
system mana, so it is unlikely that these values would underestimate the mana of thermal
subsystems. This shows further that the large excess of mana seen in long time simulations

is due to canonical typicality effects of time evolved pure states.
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