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A general parametric filtering procedure (the PF method) is proposed for the
problem of multiple frequency estimation in mixed-spectrum times series (i.e., super-
imposed sinusoids in additive noise). The method is based on the fact that a sum
of sinusoids satisfies an homogeneous autoregressive (AR) equation. The gist of the
method is to parametrize a linear filter so that it possesses a certain parametrization
property as suggested by the particular form of the bias encountered by Prony’s (least
squares) estimator. For any parametric filter with this property, in addition to some
mild regularity conditions, the least squares estimator from the filtered data, as a func-
tion of the filter parameter, constitutes a contractive mapping — whose multivariate
fixed-point serves as a consistent AR estimator. The chronic bias of Prony’s estimator
is thus eliminated. Coupled with the all-pole (AR) filter endowed with an extra band-

width parameter, the PF method can achieve the accuracy of nonlinear least squares



by a simple iterative procedure consisting of linear least squares estimation followed
by linear recursive filtering. Crude initial guesses such as those from Prony’s estima-
tor are sufficient to initiate the iteration. The method is also capable of resolving
closely-spaced frequencies which are unresolvable by periodogram analysis or DFT.

To analyze the statistical properties of the PF method, some classical asymptotic
results concerning the sample autocovariances are extended to accommodate mixed-
spectrum time series and parametric filtering. In particular, under regularity condi-
tions, uniform strong consistency and asymptotic normality are proved for the sample
autocovariances of a mixed-spectrum time series after parametric filtering. Equipped
with these results, some statistical properties of the PF method itself are investigated.
These include the existence of the PF estimator as a fixed-point of the parametric
least squares mapping, the convergence of an iterative algorithm that calculates the
PF estimator, as well as the strong consistency and asymptotic normality of the PF
estimator.

Computer simulations are also presented to demonstrate the effectiveness of the
PF method. Directions for future research are briefly discussed at the end of the

dissertation.
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Chapter 1

Introduction

The estimation of frequency from superimposed noisy sinusoids is an important subject
in time series analysis and signal processing. It has applications in various disciplines
of science and technology, such as geophysics, seismology, meteorology, rotating ma-
chinery, radar, sonar, and communications. The survey paper by Kay and Marple

(1981) serves as an excellent reference of modern approaches to this problem.

1.1 Overview

The problem of frequency estimation has attracted a great deal of attention in the
statistics and engineering literature, and is still of prime concern at the present time.
Traditional approaches to this problem are based on the Fourier transform. A typi-
cal example is periodogram analysis (Whittle, 1952). This method is able to provide
satisfactory results in many cases. In particular, when the frequencies of the sinu-
soids are well separated, periodogram analysis, which locates the local maxima in the
periodogram as a continuous function of a frequency variable, is capable of produc-
ing consistent frequency estimates with asymptotic standard deviation of order n~3/2
(Walker, 1971), where n is the data length. Despite its high accuracy, periodogram

analysis is computationally intensive, since it requires not only an iterative routine to

obtain the optimal frequency estimates, but also a certain exhaustive search on a local



mesh in order to provide initial guesses of accuracy o(n~!), needed for the iterative
routine to converge to the optimal solution (Rice and Rosenblatt, 1988). Furthermore,
in order to achieve consistency, the sinusoidal frequencies are required to be separated
from each other by a distance greater than O(n~!) (Walker 1971). In other words,
periodogram analysis is unable to resolve two frequencies closer than the reciprocal of
the data length. This resolution limit happens to be the most serious problem of the
Fourier approach (Kay and Marple, 1981).

An alternative way to avoid the nonlinear optimization in periodogram analysis
is to evaluate the periodogram only at a finite number of locations known as Fourier
frequencies. The resulting procedure, which we refer to as the DFT method !, is equiv-
alent to transforming the data by discrete Fourier transform and seeking the Fourier
frequencies that correspond to the largest absolute magnitudes of the DFT. The DFT
method is computationally efficient, as compared to periodogram analysis, since FFT
(fast Fourier transform) algorithms can be employed to compute the transform. How-
ever, this reduction in computational complexity is not achieved without any cost. In
fact, the estimation accuracy of the DFT method deteriorates from n=3/2 to n~1, due
to the focus on Fourier frequencies. The resolution limit clearly persists in DFT.

The so-called nonlinear least squares (NLS) method (or MLE in the case of white
Gaussian noise) is a procedure that has a higher resolution than periodogram analysis.
This procedure fits a sum of sinusoids to the data by minimizing the sum of squared
errors with respect to the amplitudes, phases, as well as frequencies of the sinusoids.
It turns out that the NLS method not only has a higher resolution than periodogram
analysis, but also achieves similar estimation accuracy (Hannan and Quinn, 1989).
Unfortunately, the NLS method suffers from the same, maybe more, problems of
high computational complexity as periodogram analysis. Indeed, the NLS method

also requires a certain iterative routine that must be started with initial guesses of

1t is sometimes referred to as periodogram analysis in the statistics literature.



accuracy o(n~'), in order to obtain the optimal solution (Rice and Rosenblatt, 1988;
Hannan and Quinn, 1989).

The trade-off between high accuracy/resolution and low computational complex-
ity has been recognized in the literature of frequency estimation for many years. In
applications, as long as the computational burden is not a major problem, satisfac-
tory frequency estimates with high accuracy and high resolution can almost always
be obtained by certain nonlinear procedures such as the NLS method. This requires
some rough initial estimation via, for example, the DFT method, and an exhaustive
search over a fine grid around the rough estimates, followed by an iterative algorithm
starting with the refined estimates (Abatzoglou, 1985; Stoica, Moses, Friedlander, and
Soderstrom, 1989). The number of frequencies ¢ can also be determined by a certain
goodness-of-fit test, comparing the fitting errors for different values of q. However,
when “real-time” algorithms are required for the frequency estimation, these compu-
tationally burdensome procedures are obviously out of the question. In these cases,
one has to rely on simple algorithms that can be implemented easily. Therefore, the
ultimate objective of frequency estimation in these applications is to seek high accuracy
and high resolution procedures that require low computational burden.

Most of these so-called modern approaches can be roughly divided into two broad
categories. In the first category, procedures are based upon the fact that the sinu-
soidal signal satisfies a homogeneous autoregressilve (AR) equation whose coefficients
are uniquely determined by the frequencies of the sinusoids. Using this fact, one is
able to transform the frequency estimation problem into an AR estimation problem to
which many computationally simple linear methods can be applied. Unlike the Fourier
approach in which the data are implicitly assumed to be zero outside the observation
interval — an unrealistic assumption responsible for the resolution limit of the Fourier
approach (Kay and Marple, 1981) — the modern procedures extrapolate the data be-

yond the observation interval by fitting parametric models to the measured data, and



thus provide higher resolution than the Fourier approach does. A widely-used proce-
dure in this category is Prony’s (spectral line) estimator (Hildebrand, 1956; Kay and
Marple, 1981) that fits an AR model to the noisy data by the least squares technique,
yielding a system of linear equations for the AR coefficients. In addition to providing
higher resolution, many procedures in this category can also be implemented recur-
sively, so that the frequency estimates can be easily updated when new data become
available. This property is extremely attractive in applications where instantaneous
tracking of time-varying frequencies is required, rather than batch processing.

The other category consists of those procedures that are based upon the eigen-
value decomposition of certain data matrices, of which the nonzero eigénvalues or the
associated eigenvectors determine the sinusoidal frequencies. To obtain the decompo-
sition, the singular-value decomposition (SVD) algorithms are usually employed, and
in some procedures the noisy data matrices are also cleaned up by annihilating small
eigenvalues in the decomposition. Details about these procedures can be found, for
example, in a book by Kay (1988) and a survey paper by Li (1991).

In this dissertation, we shall concentrate on the procedures in the_ first category
by following t_he ideas of AR modeling. In particular, we shall propose a general ap-
proach of parametric filtering, which we refer to as PF method, that improves Prony’s
estimator by eliminating its bias and increasing its accuracy, while inheriting its high
resolution property and computational simplicity. In the statistics and engineering lit-
erature, the idea of parametric filtering has been applied to the problem of frequency
estimation (see, for example, Kay, 1984; Kedem, 1986; Dragosevi¢ and Stankovié,
1989; He and Kedem, 1989; Truong-Van, 1990; Yakowitz, 1991; Quinn and Fernandes,
1991). In this dissertation, all these methods are unified under the framework of AR
estimation and extended to provide consistent and efficient frequency estimates which
require simple computations.

This dissertation is organized as follows. In the remaining part of Chapter 1, we



shall formulate more precisely the frequency estimation problem and review in detail
some of the existing procedures, such as the NLS method mentioned earlier, that are
closely related to the development and evaluation of the PF method. In Chapter 2,
we shall summarize the AR approach and discuss its asymptotic properties. As we
shall see, the asymptotic bias inherent in Prony’s estimator motivates the develop-
ment of the PF method. Chapter 3 provides some new limit theorems, including (i)
the strong uniform consistency of sample autocovariances after parametric filtering,
and (ii) the asymptotic normality of sample autocovariances. These results extend
in different aspects the well-known asymptotic theory of sample autocovariances for
continuous-spectrum processes, and lay the theoretical foundation for the statistical
analysis of the PF method in a later chapter. In Chapter 4, we shall present the
PF method and discuss its statistical properties, concerning (i) the existence of the
PF estimator, (ii) the convergence of an iterative algorithm that computes the PF
estimator., (iii) the strong consistency, and (iv) the asymptotic normality of the PF
estimator. This analysis points to the fact that the PF method is a highly effective
procedure for frequency estimation. In Chapter 5, we shall specialize the PF method
by considering a useful parametric filter, which we refer to as the AR filter (also known
as all-pole filter). Variations of this filter have been considered before in the engineer-
ing literature (Matausek, et al. 1983; Kay, 1984; Dragogevi¢ and Stankovié, 1989), but
no statistical analysis has been done, especially for multiple sinusoids. In this work,
we apply the general principle of the PF method in connection with the AR filter and
investigate statistical properties of the resulting frequency estimates. We shall show
that significant improvements over the existing methods using similar filters can be
achieved by the PF estimator in terms of the sensitivity to initial guesses, estimation
accuracy, and resolution, especially for closely-spaced frequencies. Some simulation
results are provided at the end of this chapter to demonstrate the effectiveness of the

PF method.



1.2 Problem Formulation

The problem of frequency estimation is very well formulated in the literature. Suppose
that a time series {yi,...,¥,} of length n is observed from a random process {y}
which consists of ¢ superimposed real sinusoids {z,;} contaminated by additive noise

{e:}, namely,
g
Y=z, +¢ and =z, = Zﬂk cos(wyt + ¢i) (t=0,£1,42,...). (1.1)
k=1

Assume in this expression that the number of sinusoids ¢ > 0 is a known integer and

that the amplitudes B; and the frequencies wj; are unknown constants, satisfying
Br>0 and 0<w < - <w, <.

For convenience, we assume that the phases ¢ are independent and identically dis-
tributed (i.i.d.) random variables with uniform distribution on the interval [0,2x).
In some literature (e.g., Walker 1971) the phases are also assumed to be constants
instead of random variables. We find it convenient to assume that the phases are i.i.d.
and uniform random variables, and note that the asymptotic theory is not altered by
this assumption. The signal {z;} under this assumption becomes a zero-mean strictly
stationary process (Grenander and Rosenblatt, 1957, p. 30).

The noise {¢,} is assumed to be independent of {¢;} and hence of the signal {z,}.
Moreover, in this dissertation, {¢;} is modeled as a linear process of the form

oo oo
«= Y bt (E}~TDO6D, Y [l <o (12)
j==—co j==o0

In some literature (e.g., Hannan, 1973; Quinn and Fernandes, 1991), {£,} is assumed
to be a martingale difference sequence. The i.i.d. assumption is made here only for
simplicity, so that {e;} is strictly stationary with continuous spectrum.

It is easy to verify that under the above assumptions about the signal and the

noise, the process {y,} becomes strictly stationary with mean zero and autocovariance



function
= E(Yyrye) = 15 + 18 (r=0,%£1,%2,...) (1.3)

where 77 := E(z4,%,) and 7¢ := E(€4,6) are the autocovariance functions of the
signal and the noise, respectively, and can be written as
g 0
Ty = Z 3Bicos(wer) and =07 Y i (1.4)
k=1 j=—oo
These expressions will be used frequently in this dissertation.

The objective of frequency estimation is to find estimators of the sinusoidal fre-
quencies w; on the basis of the data set {y1,..., Y}

Notice that the estimation of the amplitudes and phases (when fixed) of the si-
nusoids is also desirable in some applications. Clearly, estimating these quantities is
relatively easier as compared to the frequency estimation. In fact, by representing
each sinusoid as a linear combination of both cosine and sine waves with the same
frequency, the estimation of its coefficients becomes a linear problem, provided that
the frequency estimates are available (see, e.g., Bresler and Markovski, 1986). For this
reason, we shall only concentrate on the frequency estimation problem in this work.

As remarked earlier, the number of frequency ¢ is assumed to be known a priori.
When it is unknown, there are several methods available in the literature that can be
used to estimate this number. Some of these methods are based on AIC-like criteria
and others on the eigenvalue decomposition of covariance matrix of the data. Details

concerning this matter can be found, for example, in Kay (1988) and Fuchs (1988).

1.3 Periodogram Analysis and DFT

As briefly mentioned in Section 1.1, one of the traditional Fourier-transform-based
procedures is periodogram analysis, proposed by Whittle (1952) as an approximation

to the nonlinear least squares method (Walker, 1971).



The periodogram of the time series {y;,...,y,} is defined by
2

Po(w) i= % (1.5)

n
> yeexp(~itw)
t=1

as a continuous function of the frequency variable w € [0, 7]. Periodogram analysis is a
method of frequency estimation that seeks ¢ extremum points 0 < &y < -+ <&, < 7
that correspond to the largest values in the periodogram P,(w). This can be done by

maximizing the sum

Sp = iPn(wk) (1.6)

with respect to {wy}. Clearly, if no other restrictions are imposed on this problem, the
¢ maxima would cluster at the global maximum of P,(w), yielding incorrect frequency
estimates. To remedy this problem, Walker (1971) introduced the following separation

condition ?

/
wp—wp >cp/n V1<K <k<g, 7)
enfn<wg<r—cy/n Yk, wherec, — 00, c,/n— 0.

This condition simply says that the sinusoidal frequencies must be separated from

each other and from {0,7} by a distance greater than O(n~!). In particular, when

two frequencies are closer than n~!, the separation condition is clearly violated, and
hence the estimation accuracy by periodogram analysis is no longer guaranteed. This
is known as the resolution limit of periodogram analysis.

Large sample properties of periodogram analysis have been investigated by Walker

(1971, 1973) and Hannan (1973). The following theorem summarizes their results

regarding the frequency estimates.

Theorem 1.1 Let {yi,...,y,} be a time series observed from (1.1) and P,(w) be its

periodogram given by (1.5). Suppose that the frequency estimates &, mazimize S, in

2In Walker (1971), the separation condition was given in a slightly different form, and the frequen-

cies were not explicitly required to stay away from 0 and =.



(1.6) under the separation condition (1.7). Then, the &) are consistent in the sense
that & —wp =50, (k = 1,...,9), as n — 0o. They are also asymptotically jointly

independent and normally distributed such that n®%(&y, — wi) 2 N(0,12/71), where

i 1= 5?‘—? IZ V; exp(zjwk)l
is the signal-to-noise ratio (SNR) of the kth sinusoid.

In this theorem the asymptotic standard deviation of the frequency estimates is

—3/2 -1/2

shown to be of order n=%2, as compared to n for many standard estimators. This
high accuracy, however, is not surprising. Notice that in the frequency domain the
power of the sinusoidal signal concentrates only at a finite number of locations and
all other power components are due to the noise. It is therefore possible to clean up
the noise considerably by using a certain bandpass filter that passes the sinusoids and
suppresses the noise.

This, in fact, explains the high accuracy of periodogram analysis. Indeed, for
any fixed wy, let us consider a linear filter — the complez exponential filter — whose
impulse response {h;} is given by h; := exp(i(7 + 1)wp) for j = 0,1,...,n — 1, and
h; := 0 elsewhere. Applying this filter to the data yields the output sequence

t t
Yi(wo) 1= .Zlyjht_j = Z;yj exp(i(t—j+1wo) (t=1,...,n). (1.8)
j= i=
Note that y, is assumed to be zero for ¢ < 0 in the filtering. From (1.5) and (1.8), it

is easy to verify that
Pa(wo) = 0™y (wo)l* (1.9)

That is, the periodogram at wj is proportional to the squared magnitude of the output
y1(wo) when t = n.

Notice that the squared gain of the complex exponential filter {h;} can be written



sin®(n(w — wy)/2) for w # w
Gn(w) = sin®((w — wg)/2) 7 (1.10)

n for w = wy.

Given any é > 0, it is easy to see that G,(w) = o(n®) for all w # wy (but of course
this “0” is not uniform in w # wy). Figure 1.1 shows the normalized squared gain
n~2G,(w) with wy = 0.57 as a function of the normalized frequency f := w/x. Clearly,
for sufficiently large n, {h;} is a bandpass filter with a narrow pass band around
wo. Therefore, if the filter locks on one of the sinusoids, the locked sinusoid will be
significantly enhanced and the periodogram is expected to take a large value of order
O(n), as can be seen from (1.9) and (1.10). The output sequence {y;(ws),- .-, ¥n(wo)}
in this case consists basically of the locked sinusoid plus some filtered noise which
has a considerably smaller variance than in the original data. Being the sum of the
variances of the locked sinusoid and the filtered noise, the variance of y,(wo), which is
proportional to the expected value of the periodogram, is therefore significantly larger
than in the case where no sinusoids are captured by the filter, typically O(n) versus
O(1) (see, e.g., Priestley, 1981). For this reason, the locations where P,(w) assumes
the largest values produce very accurate frequency estimates.

Furthermore, the behavior of the squared gain G,(w) also explains the resolu-
tion limit of periodogram analysis. Notice that the effective bandwidth of G,(w) is
roughly of or(ier O(n~?) (see Figure 1.1). It is therefore very difficult for the complex
exponential filter to distinguish two frequencies that are closer than the bandwidth,
since in this case the filter tends to either enhance or suppress both frequencies simul-
taneously. The separation condition (1.7) can be interpreted as a requirement that
prevents this situation from happening. Figure 1.2 illustrates the resolution limit of
the periodogram. In this example, the periodogram P,(w), plotted again as a funtion
of the normalized frequency f, was computed for a time series of length n = 100 which

consists of four sinusoids in additive white Gaussian noise. Two frequencies of the

10
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Figure 1.1: Plot of the normalized squared gain n~2G,(w) of the complex exponential
filter with wo = 0.57 for n = 10 (dashed curve) and n = 100 (solid curve).

sinusoids (w; = 0.317 and w, = 0.357) are well-separated, while others (w3 = 0.7137
and wy = 0.7257) are closely-spaced with a distance 0.0127 (~ 7/n). The phase of
each sinusoid is zero and the SNR is 3 dB. Clearly, the closely-spaced frequencies are
not resolved by the periodogram.

From the computational point of view, periodogram analysis is a highly nonlinear
procedure. Certain iterative routines, such as the Newton-Raphson algorithm, are
therefore necessary in order to obtain the optimal estimates that maximize P,(w). As
pointed out by Rice and Rosenblatt (1988), finding the global maxima in the peri-
odogram is not an easy job. Since there are many local maxima with a separation
in frequency about O(n~!), as can be seen in Figure 1.2, one must start the iterative
routines with initial guesses that are very close to the true frequencies, in order to con-
verge to the desired solution. Initial guesses of accuracy o(n~!) are typically required
for the convergence. It is usually suggested that the DFT method be used first to yield
some rough frequency estimates, and then followed by an exhaustive search on a fine

grid around the rough estimates to produce the desired initial guesses (Abatzogolou,
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Figure 1.2: Periodogram of four sinusoids in white noise with n = 100. The SNR is
3 dB per sinusoid, and the true frequencies are indicated by dashed lines.

1985; Rice and Rosenblatt, 1988; Stoica, Moses, Friedlander, and Soderstrom, 1989).
Using a large number of random initial values was also suggested in the literature
(Rice and Rosenblatt, 1988).

Of course, the computational complexity can be reduced considerably by evaluating
the periodogram only at Fourier frequencies of the form 27j/n for j =0,1,...,n— 1.
In fact, P,(27j/n) is proportional to the magnitude of discrete Fourier transform
(DFT) of the data and can be efficiently computed with the help of FFT (fast Fourier
transform) algorithms. In so doing, periodogram analysis reduces to the DFT method
that seeks the Fourier frequencies which correspond to the largest values of P,(27j/n).

Despite its computational simplicity, the DFT method does not have the same
estimation accuracy as periodogram analysis. In fact, its accuracy is of order n™?,
instead of n=3/2, since only Fourier frequencies, which are discrete and separated by
27 /n, are considered. Moreover, the resolution limit of the DFT method is similar to

that of periodogram analysis. Figure 1.3 presents the DFT magnitude for the same

time series as used in Figure 1.2.
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Figure 1.3: Plot of DFT magnitude for the same data as in Figure 1.2.

1.4 Nonlinear Least Squares

Closely related to periodogram analysis is the nonlinear least squares (NLS) method
that has been considered from different aspects by many researchers (see, for example,
Walker, 1971; Hannan, 1973; Rife and Boorstyn, 1974, 1976; Rice and Rosenblatt,
1988; Stoica and Nehorai, 1989).

The NLS method is conceptually very simple — it fits a sum of ¢ sinusoids to
the data {y1,...,¥,} by minimizing the sum of squared errors with respect to the
amplitudes, phases, as well as frequencies of the sinusoids. More precisely, the NLS

method minimizes the criterion
2

B, cos(wt + éx) (1.11)
1

Jn::z Ye —

n q
t=1 k=
with respect to {8, ¢x,wr }. Clearly, it is a highly nonlinear optimization problem.
It is interesting to note that once the NLS frequency estimates are available, oné
can easily obtain the NLS estimates of the amplitudes and phases. In fact, if we

define Ay := Bicos¢y, and By := —fj sin ¢y, then cos(wit + ¢;) can be written as

A cos(wyt)+ By sin(wyt). By this reparametrization, one can minimize J,, with respect

13



to {Ag, By, w;} instead of {8;, ¢, wi}. The resulting estimates of 4, and B, can be
transformed to yield the NLS estimates of 8; and ¢, by using §; = \/m and
¢, = —arctan(B;/A;). The NLS estimates of Ay and B; can be easily obtained by
linear methods. In fact, it is readily shown that for any fixed w; the minimizer of

Jn with respect to [A;,---,A,, By, -+, B,]T is given by (GTG) 'GT§, where § :=

[y1, -+, 9" is the data vector and
CoOsw; -+ COSw, sinw; --- sinw,
G := : : : : . (1.12)
CoOSnw; -+ COSMW, sinnw, --- sinnw,

Substituting these optimal 4; and B, in J,, yields
Jp =I5 - G(GTG) Gy = 37 {I - G(GTG)'G"}y. (1.13)

Therefore, to obtain the NLS frequency estimates, it remains to minimize J, with
respect to the frequencies wy. A similar argument for complex sinusoids can be found
in Bresler and Macovski (1986). It is worth pointing out that the NLS estimator of
[A1,---, A, By,---,B,)T obtained by substituting the NLS frequency estimates in G

1/2

is consistent and asymptotically normal with the usual normalizing factor n'/* (see,

e.g., Stoica and Nehorai, 1989).

1.4.1 For Well-Separated Frequencies

When the separation condition (1.7) holds, the NLS frequency estimates, denoted by
wy, can be shown to possess the same asymptotic properties as those from periodogram
analysis (Walker, 1971). In other words, Theorem 1.1 remains true (with the same
variances) for the & that minimize J, in (1.11).

In fact, periodogram analysis was proposed by Whittle (1952) as an approximation

to NLS (Walker, 1971). To see this, let us expand J, in (1.11) and write J,, = U, + R,,,
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where

hE

n - g
U, := y2 + 3 STBE-2>") " wif cos(wit + ¢y)
t=1 k=1 t=1k=1
n q
R, = Z Z BB cos(wit + ¢ ) cos(wpt + ¢pr) — g‘ Zﬁ:
t=1k, k/=1 k=1

For any fixed w;, suppose that U, is minimized by {Bk,q;k}. Then, it is easy to
verify by differentiating U,, with respect to {8k, ¢x} that the following equations must
be satisfied, i.e.,

n n
Z Y sin(wpt + ) =0 and Z gy cos(wit + ) = %Bk
t=1 t=1

Using these results, the value of U, corresponding to {Bk, q&k} can be written as

where S, is the sum defined by (1.6). Clearly, the frequency estimates produced by
minimizing U, with respect to {8, #&,ws} can be obtained directly by minimizing Uy,
or, equivalently, by maximizing S,. This is to say that minimizing U,, yields the same
frequency estimates as periodogram analysis.

It is now sufficient to show that R, is asymptotically negligible, so that minimiz-
ing J, will be asymptotically equivalent to minimizing U,, and hence the frequency
estimates by NLS will have the same asymptotic properties as those by periodogram
analysis. This can be done under the separation condition (1.7). To do so, we first

need the following results.

Lemma 1.1 Let {)\,} be a sequence defined in the interval (0,7) such that ¢,/n <
A < T — ¢, /n, where ¢, — 0o and ¢,/n — 0. Then, we have sin(n,)/ sin A, = o(n).

Moreover, the separation condition (1.7) implies that

sin(n(wy + wir)/2) _
sin((wg + wir)/2)

sin(n(wy — wir)/2) _
sin({wy — wir)/2)

where the first equality holds for all k and k', and the second for all k # k'.

o(n) and o(n)
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PRroOF. Let @, := |sin(nA,)/(nsinA,)|, then it suffices to show that @, = o(1).
Notice that @, < (nsin),)~! and hence limsup Q, < limsup (nsinA,)~!. On the
other hand, since ¢, /n < A, < r—¢,/n and ¢, /n — 0, we obtain sin A,, > sin(c,/n) >

0 for large » and sin(c,/n)/(c,/n) — 1. Therefore, it follows that
lim sup (nsin A,)~! < limsup {nsin(c,/n)}~* = lim¢; = 0.

Combining these results gives limsup @, = 0, i.e., @, = o(1). The remaining proof
can be established by considering A, = w; — wys and A, = wy + wy/, respectively.

Now, using the trigonometric identity
cos Acos X' = 1{cos(A — X') + cos(A + \')} (1.14)
we can write

q n
2R, = Z BB }:cos((o«vc — Wi )t + (dx — dxr))

t=1

k,k'=1
k#£k’
q n
+ Y BB Y cos((wi + wpr)t + (S + drr))-
E k=1 t=1

It is easy to verify, upon noting that cosw = {exp(iw) + exp(—iw)}/2, that

sin®(n(wy wk,)/2)‘
sin’((wy + wi)/2)

3 cos((ur £ wp)t + (B £ 60)| <

Therefore, by Lemma 1.1, we obtain R, = o(n). On the other hand, it can be shown
that U, = O(n). This implies that R, is asymptotically negligible as compared with
U,, and hence indicates that NLS can be replaced by periodogram analysis without
loss of asymptotic accuracy. A derivation of the asymptotic covariance matrix of the

NLS estimator can be found in Stoica and Nehorai (1989).

1.4.2 For Closely-Spaced Frequencies

As seen above, the negligibility of R, in J, is based entirely upon the separation

condition (1.7) that guarantees Lemma 1.1, When this condition fails, R, is no longer
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negligible. As an example, let us consider in this subsection the case of ¢ = 2, where
w; is a constant while wy, = wy + §/n for some constant § > 0 (Hannan and Quinn,
1989). In this case w, —w; = O(n™') and hence the separation condition (1.7) is not
satisfied. Moreover, it can be shown that R, has the same order of magnitude as U,,,

i.e., R, = O(n), instead of o(n), since

nango n! ; cos(w1t) cos(wyt) = %
Consequently, periodogram analysis is no longer a good approximation to NLS. In
fact, for closely-spaced frequencies, as in our example, the NLS method provides better
frequency estimates than periodogram analysis does. In a recent paper by Hannan and
Quinn (1989), it was shown that, in our example of two closely-spaced frequencies,
Theorem 1.1 still holds for the NLS estimates, obtained by minimizing J, subject to a
relaxed separation condition, except that asymptotic variances are different from (in
fact larger than) those for well-separated frequencies. The relaxed separation condition

was obtained by replacing the quantity ¢, in (1.7) with a less restrictive one of the

form

Cn i= Kpy/logn/n, where k, > 00 and k,y/logn/n — 0.

Notice that in this case ¢, tends to zero, instead of infinity, so that frequencies are
allowed to stay within a distance closer than or equal to O(n~!). In this sense, the
NLS method provides a higher resolution than periodogram analysis for frequency

estimation.

1.4.3 Computational Considerations

The nonlinear least squares method, as its name implies, is a highly nonlinear optimiza-
tion problem. It requires not only iterative routines to obtain the optimal frequency
estimates, but also very accurate initial guesses for the iterative routines to converge

to the optimal solution.
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Figure 1.4: Contour plot of J,, for closely-spaced sinusoids, centered at true frequency.

As pointed out by Rice and Rosenblatt (1988), the criterion J, has many local
minima separated in frequency by O(n~!), similar to the situation in periodogram
analysis. Therefore, in order for the iterative routines, such as the Newton-Raphson
algorithm, to converge to the global minimum point of J,,, initial frequency estimates
of accuracy o(n™') are typically required.

For well-separated frequencies, periodogram analysis is the preferred method for
frequency estimation since it reduces the multi-dimensional optimization problem of
NLS to several independent one-dimensional optimization problems. However, as dis-
cussed in the previous section, maximizing the periodogram P,(w) instead of minimiz-
ing J, is still an uneasy task. In fact, an iterative routine that starts with a certain
exhaustive search is unavoidable in order to obtain the optimal solution. For closely-
spaced frequencies, one has to return to the use of J, since the periodogram does not
resolve closely-spaced frequencies. This, again, requires an iterative routine plus an
exhaustive search procedure (Hannan and Quinn, 1989).

Figure 1.4 illustrates the situation by an example of two sinusoids in additive white

Gaussian noise with closely-spaced frequencies. The data length is n = 100, and the

18



Table 1.1: Summary of Estimation Methods

Accuracy Resolution Complexity | Initial Guesses
PA O(n=3/%) O(n™1) nonlinear o(n~1)
NLS | O(n~32) | O (n‘l\/m_ﬁ) nonlinear o(n™1)
DFT || O(n7?) O(n™1) O(nlogn) *

'SNR is 3 dB per sinusoid. The contour plot of — log J, is shown in Figure 1.4 as a func-
tion of frequency variable (w;,ws) over the region [0.613x,0.8137] x [0.6257, 0.8257].
In .calculating Jn, the ezact values, instead of estimates, are used for the amplitudes
and phase. The true frequencies are w; = 0.7137 and wy = 0.7257, shown as the
center of the plot. In this plot, a peak of width of O(n~!) is clearly seen near the
center, indicating that very accurate estimates can be obtain by minimizing J,. On
the other hand, many local maxima with a separation of O(n~!) are also seen in the
plot. Therefore, initial guesses of accuracy o(n~') must be used in order to guarantee

that gradient-based algorithms will converge to the optimal solution.

1.5 Summary

As seen in the previous sections, nonlinear methods, such as periodogram analysis (PA)
and NLS, are able to provide very accurate frequency estimates but at the expense
of high computational complexity. On the other hand, the DFT method is computa-
tionally simple but its accuracy and resolution cannot match the NLS method. These
facts are briefly summarized in Table 1.1.

Since there are applications (e.g., radar and sonar) where frequency estimators
with high accuracy and high resolution are demanded while the computation resources

are limited, many researchers have been motivated to seek alternative approaches
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suitable for these situations. To improve the resolution of periodogram analysis and
the DFT method, which is crucial to many applications, it has been understood that
the main reason for the resolution limit of the periodogram is that the data outside
‘the observation interval are implicitly assumed to be zero in the computation of the
periodogram. This is well reflected in the definition (1.8) of the output sequence
{y:(wo)} whose last value with ¢ = n defines the periodogram. Due to this practical
assumption, the energy of a sinusoid — which theoretically concentrates at a single
frequency — will spread all over the nearby frequency components in the periodogram,
making it difficult for the periodogram to resolve closely-spaced frequencies. This
phenomenon is known as the spectrum leakage (Key and Marple, 1981).

In the next chapter, we shall review and analyze an alternative approach, called
AR method, that extrapolates the data beyond the observation interval, and thus
hopefully provides a higher resolution, by fitting an autoregressive (AR) model to the

data.
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Chapter 2

Autoregressive Estimation

In this chapter, we shall discuss the autoregressive (AR) approach for frequency esti-
mation. This method is widely used in spectral analysis because of its computational
simplicity and high resolution property. As we shall see, however, the AR approach

leads to biased and hence inconsistent frequency estimates.

2.1 AR Approach of Frequency Estimation

The AR approach of frequency estimation is based upon the following observations.
Suppose that {z,} is the sinusoidal signal in (1.1) which consists of ¢ superimposed
sinusoids with frequencies wy, . ..,w,. Let us denote by 2~! the backward-shift operator

so that z~'z; = z,_,, and consider the polynomial A(z~!) — the AR polynomial —

defined by
g 2¢ )
A(z7Y) = H(l 2 ) (1-z72z )= Zajz_’ (2.1)
k=1 j=0
where z, := exp(iwy), and %, := exp(—iw;) is the complex conjugate of z;. The

following results can be obtained immediately from the definition of A(z™').

Lemma 2.1 Let A(z™!) be the polynomial in (2.1). Then, (a) the 2q zeros of A(z™!)

are z = exp(iwy), (k= 1,...,9); (b) the 2¢+1 coefficients a; of A(z~') are real and
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symmetric in the sense that
a=1 and ag_; = a; (G=0,1,...,q—-1); (2.2)
and (c) the a; uniquely determine, and are determined by, the frequencies wy.

Proor. Part (a) and Part (c) are trivial. In Part (b), the a; are real because the
zeros of A(z™') are complex conjugate pairs, and the symmetry of a; follows from the

identity 2?74(27!) = A(z), since both 2; and z; ' are zeros of A(2~1). ¢

Since exp(+iwy) are zeros of A(z~1), it is easy to verify that
A(271) exp(diwit) = exp(Liwit) A(exp(Fiwy)) =0

for all t. Notice that z, can be written as a linear combination of exp(+iwyt). There-

fore, it follows that A(2™!)z; = 0, namely,
2q
dajz;=0 (t=0,£1,£2,...). (2.3)
j=0

This is to say that the sinusoidal signal {z,} satisfies a homogeneous autoregressive
equation of order 2¢, with the AR coefficients being identical to the coefficients a; as
defined by (2.1).

According to these results, the original problem of frequency estimation can be

equivalently stated as that of estimating the AR parameter

a:=[a;, - ,q,)".

This reparametrization enables us to employ many well-studied linear methods that
usually end up with solving systems of linear equations. Once an estimate of a becomes
available, the frequency estimates can be obtained from the zeros of A(z7!) in (2.1),
with the a; replaced by their estimates. We refer to this method as the AR approach

of frequency estimation.
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2.2 Estimation of AR Coefficients

A widely-used procedure for estimating the AR parameter a is Prony’s estimator
(Hildebrand, 1956; Kay and Marple, 1981), also known as the least squares (LS) es-
timator, which can be summarized as follows. From (2.3), we obtain A(z7!)y, =

A(z"Na,+ A(z7') ¢ = A(27!) ;. This implies that {y,} satisfies the equation

2q
dajyj=e  (t=0,%1,%2,...) (2.4)
j=0 A

where e, := A(27") ¢, depends on the noise. For the time series {y;,...,y,} of length

n > 2q, the AR equation (2.4), together with (2.2), yields the following multivariate

linear regression model
y=-YQa+e. (2.5)
In this expression, y and Y are data matrices as defined by

Y2g+1 + Y1 _ Y2 - Y2
y:i= : and Y := : : (2.6)

Un + Yn—24 Yn—-1 ' UYUn-2¢+1
respectively, and e the error term given by

e: = [e2q+17 ) en]T- (27)

The (2¢ — 1)-by-q matrix Q takes care of the symmetry of the AR coeflicients and

admits the following form

I o
Q:=|0" 1
I o

where I stands for the (g —1)-by-(¢—1) identity matrix, I the (g—1)-by-(¢—1) reverse
permutation matrix, with 1’s on the anti-diagonal and 0’s elsewhere, and 0 the zero

vector of dimension ¢ — 1.
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Prony’s estimator, or the LS estimator, of the AR parameter a, denoted by arg, is
defined as the minimizer of the sum of squared errors |le||?> = |ly + YQal|?. A simple

calculation shows that apg satisfies the following normal equations
QTYTYQ ars = —QTYTy. (2.8)

As will be seen shortly, the ¢-by-g matrix QTYTYQ is almost surely nonsingular if n

is sufficiently large. Therefore, Prony’s estimator aj,g can be explicitly written as
as = —(QTYTYQ)'QTY7y. (29)

As compared to the nonlinear optimization required by NLS, the estimator ars is
relatively easy to compute. The computational simplicity is one of the reasons that
the AR approach is preferred in many applications where fast algorithms are desired

for frequency estimation.

In the literature, there is an alternative method, known as the forward-backward
linear prediction (FBLP), which is claimed to work better than straightforward least
squares for AR estimation (Kay and Marple, 1981). Instead of minimizing the sum of

squared forward prediction errors

2
n

2q
lell?= > 1D v
t=2¢+1 |j=0

the FBLP method minimizes the sum of squared forward and backward prediction

errors, namely,

2

2
n 29 n 29
E Z aj Yo—j| + Z Z @5 Yt—2¢+j
t=2¢+1 |j=0 t=2¢+1 |j=0

In our case, however, since the AR coefficients a; are symmetric, the backward pre-

diction error coincides with the forward prediction error, i.e.,

29 2q
Z i Yt—2945 = Z i Yi-j-
i =0 ji=0
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This can be easily verified upon changing the variable j in the first summation to
2¢ — j and then using the symmetry of a;. Consequently, the FBLP method produces

the same AR estimator apg as given by (2.9).

2.3 Incomnsistency of Prony’s Estimator

The computational simplicity of Prony’s estimator makes it attractive in many ap-
plications. However, the estimator has been found to be inconsistent for frequency
estimation (Kay and Marple, 1981; Dragosevi¢ and Stankovié, 1989), namely, as the
data length n grows, aj,g does not converge to the desired AR parameter a.

According to the large sample theory which we shall present in Chapter 3 (see also
Li and Kedem, 1992), for any s and 7, we have (see Chapter 3, Remark 3.8)

n7h D YerrYirs S E(YigrYers) = 1Y,
1=2¢+1

as n — o0o. Since the process is real-valued, we also have r¥ = r¥_ for any 7. Using

these results, it is easy to verify that, as n — oo,
n'YTY SR, and o 'YTy 3 F, 4+ Ef

where R, and ¥, are autocovariance matrices of {y,} as defined by

y y y y
To L1 T24-2 L]
y y y y
r T R T
_ 21 0 2¢-3 _ Z2
R, = . . ) . and Ty = . (2.10)
v y y y
TZo¢+2 T-2¢+3 To ] T 2¢+1
respectively, and F} := [r},_1,75,_5,---,7]]” is the backward rearrangement of T,.

Notice that R, = R, + R., where R, and R, are autocovariance matrices of {z;} and

{e:}, respectively, with the same structure as Ry. It follows immediately that R, is
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nonsingular, since R, is positive definite, by Proposition 5.1.1 in Brockwell and Davis
(1987), and R, is at least non-negative definite!.

As a consequence, Prony’s estimator aps can be written as (2.9) almost surely for
sufficiently large n, and, as n — oo, it converges almost surely to a deterministic limit

as specified by
aLs = —R;'r, (2.11)
where
R,:=Q'R,Q and r,:=QT(x, + f'f) =2QTr,. | (2.12)

Notice that the ¢-by-¢ matrix R, is also nonsingular since R, is nonsingular and Q is
of full column rank q.

The limit of arg in (2.11) can be more conveniently expressed in terms of the AR
parameter a so that the bias of aj,g could be easily identified. This result is presented

in the following lemma.

Lemma 2.2 Letays be Prony’s estimator of a as defined in (2.9). Then, as n — o0,
ars > a-R;'(Ra+r,) (2.13)

where R, and r. are defined from r¢ in the same way as R, and r, in (2.12).

PROOF. Denote by X and Z the matrices defined from {z,} and {e:}, respectively,
in the same way as Y in (2.6). Then, we can write Y = X + Z. Moreover, since

e; = A(271) &, namely,
29 ’
e= a6  (t=0,£1,42,...), (2.14)
j=0 :
it is easy to show that the error term e in (2.7) can be represented as

e=7ZQa+z

*In fact, R, is positive definite, as we shall see later.
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where z is defined from {¢;} in the same way as y in (2.6). As a result,
E(YTe)= E(YTZ)Qa+ E(Y"z). (2.15)

Since {z.} and {¢;} are independent, it follows that E(XTZ) = 0 and E(X7z) = 0.
Therefore, we have

E(YTZ) = E(Z"Z) = (n-29)R.

E(YT2) = E(2'7) = (n-2)(+7)

where R, and T, are autocovariance matrices of {¢,} defined in the same way as R,

and 1y, respectively. Substituting these results in (2.15) yields

E(YTe) = (n — 2¢) (R.Qa + F. + tP).
This, together with (2.5), gives

E(YTy) = —E(YTY)Qa+ E(Y7e)
= (n-2¢)(-R,Qa +R.Qa+7 +¥))

On the other hand, a straightforward calculation shows that E(YTy) = (n—2¢) (F, +
t2). Thus, we obtain

t,+1, = -R,Qa+R.Qa+F. +7..
By definition, r, = QT (T, + i’f ) = —Rya + R.a + r.. Substituting this expression in
(2.11) proves the lemma. ¢

Lemma 2.2 tells us that the almost sure limit of arg is in general different from
the AR parameter a that we intend to estimate. It can be shown that the bias
—R;'(R.a + r,) is more pronounced when the signal-to-noise ratio is not sufficiently
high. For example, let us consider (2.13) in the cases of a single sinusoid and of two

sinusoids, respectively.
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Example 2.1 For ¢ = 1, we have a; = —2 cosw;, and (2.13) reduces to

a.s. 2 ¢
ajs — a; — 0114;7P1

where pt := r¢/rf is the autocorrelation function of {e:}, and v := rZ/r§ the signal-
to-noise ratio. Clearly, the bias —(a; + 2p5)/(1 + v) does not vanish unless v — oo
or in the unusual case of p{ = cosw,. In general the bias is inversely related to the
signal-to-noise ratio . Therefore, in order for Prony’s estimator to provide satisfactory
results, the signal-to-noise ratio v should be very high (e.g., 30 dB), as reported in
many papers (see Kay and Marple, 1981, and references therein).

Example 2.2 For g = 2, it can be shown from (2.1) that
a; = —2(cosw; + coswy) and ay = 2(1+ 2cosw; cosw,). (2.16)
When the noise is white, we have r, = 0, and thus the bias in (2.13) becomes

-1 v+1 —p17Y ay
1=p24p)V2+ 2+ pa)y+1

-p17 (14 p2)y+1 as

where p, := p? is the autocorrelation function of {z:}. As we can see again, the
bias vanishes if ¥ — oc0. On the other hand, when v — 0, the bias tends to —a
and hence the limit of Prony’s estimator equals 0, which, by (2.16), corresponds to
COSW; = —COSWy = V2 /2, or, equivalently, w; = 7/4 and w, = 37/4. This explains
why Prony’s frequency estimates tend to appear around w; = 7/4 and w, = 37/4
when the signal-to-noise ratio is low.

Finally, it should be pointed out that the above asymptotic analysis applies not
only to Prony’s estimator arg, but also to any AR estimator of the form —R 1%, where
R and # are some consistent estimators of R, and r,, respectively. In these cases, the
limiting expressions (2.11) and (2.13) always hold, and hence the same inconsistency

persists.
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2.4 High-Order AR Method

A way to reduce the bias of Prony’s estimator is to increase the order of the AR model.
In fact, for any m > 2¢, let B(z7!) = E;-";OQQ b;277 be an arbitrary polynomial in 271
of degree m — 2q with by = 1. Then, it follows from (2.3) that B(z~!) A(z"!)z; = 0

for all ¢. Clearly, the product
C(z™Y):=B(z"Y) A(z™") (2.17)

is a polynomial in 27! of degree m, i.e., C(27') = Y7, ¢;277, and ¢o = 1. This implies

.that {z,} satisfies the following high-order AR equation
m
dlejzm; =0  (t=0,%1,%2,...) (2.18)
j=0

where m > 2q. Notice that (2.18) reduces to (2.3) when m = 2q. In general, when m >
2q, the AR coefficients ¢; in (2.18) are no longer symmetric, since B(27!) is arbitrary,
and hence the zeros of the AR polynomial C(z~!) are not necessarily reciprocal pairs
as in the case of m = 2¢. Nevertheless, C(z7!) has at least 2q zeros on the unit circle
|z] = 1 which coincide with the zeros of A(z~') that determine the frequencies wy.
This gave rise to the idea of estimating the AR coefficients ¢; without the restriction
of symmetry. When estimates of ¢; become available, the frequency estimates can be
obtained either from the 2q zeros of the (estimated) AR polynomial C(2~!) which are
on or closest to the unit circle, or from the 2¢ maxima in the (estimated) AR spectrum
|C(exp(—iw))|~2 (Lang and McClellan, 1980; Kay and Marple, 1981).

Strictly speaking, the ¢; should be restricted to those which admit the factorization
(2.17) in order to guarantee that the resulting C(2~') has at least 2q zeros on the unit
circle. In the existing high-order AR methods, however, an unconstrained AR(m)
model is usually used, perhaps due to the lack of a convenient description of this

restriction in terms of the ¢;.
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Now consider the LS estimator crg that minimizes the criterion
2

n m
Z Zc,-yt_,-

t=m+1 |j=0

Owing to the strong ergodicity of {y,}, it can be shown as before that cp,5 converges
almost surely to a deterministic limit. For white noise, the limit can be written as

(Stoica, Friedlander, and Séderstrém, 1987)
c+ O(m™?)

where the m-vector ¢ is the minimum-norm solution of the Yule-Walker equations
corresponding the autocovariances of {z,}. The minimum-norm solution ¢ has some
very interesting properties. For example, it was shown (Tufts and Kumaresan, 1982;
Stoica, Friedlander, and Soderstrém, 1987) that the corresponding AR polynomial
C(z71) can be factorized as (2.17) with all the zeros of B(2~') appear strictly inside
the unit circle. This, together with the fact that the difference between the limit of cg
and c vanishes as m increases without bound, indicates that for sufficiently large n and
m the high-order AR method produces satisfactory frequency estimates by locating
the 2¢ zeros on or closest to the unit circle in the AR polynomial corresponding to the
estimator ¢rg.

In a recent paper by Makisack and Poskitt (1989), it was shown for the simplest
case of a single sinusoid (¢ = 1) in additive white noise that the high-order AR method
leads to a consistent frequency estimate as the order m of the AR model increases at
a certain rate (e.g., m®/n — oo and m?/n — 0) along with the data length n. For
short data records, it was suggested that m be chosen between n/3 and n/2 in order
to obtain satisfactory results (Kay and Marple, 1981, and references therein).

The weakness of the high-order AR method is that many spurious zeros (or spurious
peaks in the AR spectrum) are introduced as the order of the AR model increases (Kay
and Marple, 1981, and references therein). In some cases, especially when the signal-

to-noise ratio is low, it could be difficult to identify the zeros (peaks) corresponding
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Figure 2.1: Plot of high-order AR log-spectrum for the same data with n = 100 as
in Figure 1.2. The SNR is 3 dB per sinusoid. (a) For m = 25, the well-separated
frequencies are resolved but the closely-spaced frequencies are not. (b) For m = 50, all
the frequencies are resolved, but a large number of spurious peaks may cause difficulties
in the calculation of the frequency estimates.
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to the sinusoidal signal from a large number of zeros (peaks) in the AR polynomial
(spectrum). Figure 2.1 illustrates the performance of the high-order AR method. In
this figure, the AR log-spectrum from the Burg estimator (Kay and Marple, 1981)
was plotted, as a function of the normalized frequency f, for the same data of four
sinusoids in additive white noise with n = 100 as in Figure 1.2. It shows that closely-
spaced frequencies can be resolved and satisfactory frequency estimates be obtained
when the order m is sufficiently high. On the other hand, it is also evident that the
spurious peaks presented in the AR spectrum may cause difficulties in the calculation
of the global maxima in order to obtain the frequency estimates.

Notice that crs can be written as e = ~R~1f where R is the m-by-m sample
autocovariance matrix of {y,}. In the noiseless case, the corresponding sample autoco-
variance matrix is defined from {z,} and can be shown to be of rank ¢. Making use of
this property, one can apply the principal component (PC) analysis and approximate
the “noisy” matrix R from {v:} by a rank-g matrix R corresponding to the principal
eigenvalues (Tufts and Kumaresan, 1982; Kay, 1988). The resulting AR estimator is
given by ecpc = —R'F where R! is the pseudo-inverse of R. Simulations have shown
that the PC method is able to improve the original least squares estimator cpg and
to produce very good estimates when the signal-to-noise ratio is high or moderate
(Kay, 1988). This is not surprising since the PC method cleans the noise with the
help of principal component analysis, while the least squares merely tries to explain
the noise with extra poles in the AR spectrum. The difficulty of the PC method, how-
ever, is that a singular-value decomposition has to be used for principal component
analysis and hence the computational burden could be too high for some applications,
especially when m is large, as required for efficient estimates (Kay and Shaw, 1988).
Moreover, in the case of low signal-to-noise ratio, the PC method is not as efficient as
other procedures which employ linear filters for noise-cleaning (Kay, 1988; Dragosevi¢

and Stankovié, 1989).
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2.5 Nonsingularity of Autocovariance Matrix

Before ending this chapter, we would like to show that the autocovariance matrix R,
of the signal {z,} is positive definite and hence nonsingular. This result is presented

in the following lemma.

Lemma 2.3 Let R, be the autocovariance matriz of {z;} with the same structure as

R, in (2.10). Then, R, has full rank 2¢ — 1 and can be decomposed as
R, = SPS¥

where P is a 2q-by-2q diagonal mairiz of full rank 2q and S a (29 — 1)-by-2¢q Van-
dermonde matriz of full rank 2q — 1. The superscript H stands for the Hermitian

transposition.
PROOF. Let us first extend the notation §; and wy for k = ¢+ 1,...,2¢ by defining
Br = Bag—k+1 and  wy 1= —wyg_ k41 (k=q+1,...,29).

Then, the autocovariance function r¥ can be written as

e = Z 16; cos(wyT) = Z 16; 7, (2.19)

q 2q
k:

1 k=1

where 2, := exp(iw;), (k =1,...,2¢). Consider the 2¢-by-2¢q diagonal matrix

P := 1 diag(Bi,...,0,)- (2.20)

Clearly, P is nonsingular since 8y > 0 for all k. It is easy to verify from (2.19) and

the definition of R, in (2.10) that R, = SPS¥ where
S :=[sy, -+ ,89] and sg:=[l,z, -,z 7. (2.21)
To show that S has full (row) rank 2¢q — 1, we first note that S¥ can be written as

SH - [CO’ o 7c2q—2]
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where ¢; := [277,. - ,z;qj], (4 =0,...,2¢ — 2). Suppose that there exist constants p;
such that ngngz pjc; = 0. Then, it implies that ®(z;') = Zfif,zpjz,:j = 0 for all
k = 1,...,2q, namely, the polynomial ®(z) := 2]??__32 p; 2 has 2q distinct zeros z;!
while its degree is at most 2¢ — 2. It is only possible when p; = 0 for all j. As a
result, the ¢; are linear independent and hence the rank of S is equal to 2¢ — 1. The
nonsingularity of R, follows immediately. ¢

Remark 2.1 Since Q has full column rank ¢, Lemma 2.3 implies that R, is non-

singular and can be decomposed as R, = QTSPS#Q.
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Chapter 3

Limit Theorems of Sample Autocovariance

Function

In this chapter, we investigate some limiting properties of the sample autocovariance
function (SACF) of the process {y;} in (1.1) concerning its consistency and asymp-
totic distribution. In particular, we provide a central limit theorem for the sample
autocovariance function, and consider the uniform consistency of the sample autoco-
variance function after parametric filtering. Since {y,} has a mixed spectrum — its
spectrum consists of a discrete part corresponding to the sinusoids and a continuous
part corresponding to the noise — the central limit theorem in this chapter extends
the classical results for a time series with continuous spectrum. The consistency of the
sample autocovariance function of {y,} has been used in the engineering literature for a
long time without rigorous proof. Therefore, the results on uniform consistency of the
sample autocovariance function after parametric filtering not only fill this gap but also
provide some insight into the effect of parametric filtering on the sample autocovari-
ance function of a time series with mixed spectrum. The limit theorems developed in
this chapter lay the foundation of the asymptotic analysis for the parametric filtering

method of frequency estimation which we shall present in the next chapter.
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3.1 Asymptotic Normality of SACF

Given a finite sample {y:,...,¥,} from the random process in (1.1), let us consider

the sample autocovariance function (SACF) as defined by

n—j
i 1= nt Zyt+jyt (1=0,1,...,p) (3.1)
t=1

where p is a fixed integer with 0 < p < n. In this section, we would like to show that
the #; are asymptotically jointly normal as n — oo.

For simplicity, let us first establish the normality for the similar quantities

Fii=n"t Zytﬂyt (7=0,1,...,p), (3.2)
t=1

and then prove the asymptotic negligibility of the differences #; — 7;.

We assume for the time being that the phases ¢; of the sinusoids are constants.
This assumption, however, does not alter the following asymptotic theory. In fact,
assuming constant ¢; is equivalent to considering the conditional properties of the
SACEF given ¢;. As we shall see, the conditional asymptotic distribution of #; given ¢y
does not depend on ¢, and therefore coincides with the the unconditional distribution.

The following lemma shows that the covariance of #; and #; converges to a finite

limit at the rate of n~1.

Lemma 3.1 Suppose that E(¢£/) = ko < 0o where {£,} is the i.i.d. sequence in (1.2).

Then, it follows that

[Jim n cov(F;, 7;) = nlingonE{(f,- — i) (75— 1))} = 0y

where o;; is finite and can be written as

q [
Oij = 2252 cos(wyi) cos(wi ) Z ¢ cos(wyT)
k=1 T=—00
+ (k= 3)rir; + Z (reTrpic T TrpiTroj)- (3.3)
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PRroor. Using the trigonometric identity (1.14), it is easy to show that

cos(wit + ¢ ) cos(wi(t + 7) + dr) = 2{cos(wej) + cos(we (2t + 5) + 2¢%)}.

Therefore, from (1.1), we can write 7; as
n q n
7= i+t ZC]-, + (2n)7! Z,B,f Zcos(wk(Qt +7) +26%)
t=1 k=1 t=1

+ 07t D" BB Y cos(wit + ¢ ) cos(wir(t + 5) + prr) (3:4)

k, k=1
k#k’

where r{ is given by (1.3) and (1.4), and (j, is defined by
Cjt = $t€t+j + $t+j€t + €t+j€t - 7';. (3.5)
Since cosw = {exp(iw) + exp(—iw)}/2, it is not difficult to show that

< ISinkl—l.

icos(wk(Zt + 7))+ 2¢x)

t=1

Similarly, using the trigonometric identity (1.14), we obtain

z": cos(wit + P ) cos(wi:(t + 7) + Pxr)

t=1

< H{Isin((we + wpr)/2)] 71 + | sin((wi — wir)/2)]71}

for any ¢, ¢r, j, and k # k’. Since wy € (0,7) for all k, there exists a constant K > 0
such that |sinw;|™! < K and |sin{{wy £ wp)/2)|7! < K for all k # k’. This, together
with (3.4), implies that

Fi=r1{+ n~t ZC]-, +0(n™h). (3.6)

t=1
Moreover, since E((;;) = 0, we also have
E(7)=r!+0(n™").

Combining these results yields

lim ncov(#;,#;) = n]jrrc}onE{(f; —r{) (7 =)}

77— 00
n n
. -1
lim »n™" cov E {“,E Gt ) -
n— o0
t=1 t=1
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To proceed with the proof, we note that {z,} is deterministic under the constant phase
assumption. Therefore, from (3.5), we obtain
n~! cov (ZQHZCJ') =n"! Z E(CuGs) =L+ L+ 13
t=1 t=1 t,s=1
where
n
I, = n! Z (xtxarte_s.q.i_j +$tms+jr§—s+i
t,s=1
+ mt-}—ixsrze-.;_j + mt.'ms+j7‘t6—s)

= N+ T+ T+ Ty

IZ = n_l Z {II?tC(t -8+ 7'7.7) + (I)H_,'C(t - Svj)

t,s=1

+ ze(s—t+7,9)+ z,45e(s —t,1)}
I3 = n_l cov (E €t+i6t7Z€t+j€t) ’
t=1 t=1

and c(u,v) := E(€14y€t40€) is the third-order cumulant function of {}. Using the
substitution 7 :=t — s and the trigonometric identity (1.14), we can write T} as

T, = kz_: %ﬂ,f Z i {(1 - lTI) cos(wpT) + n? Z cos(we(2t — 1) + 2¢k)}

jri<n n teD

g
+ D BBr Y riy; n Y cos(wit + ¢y) cos(wpr(t — T) + Bpr)

k k=1 lri<n teD

k#k/
where D := {t : max(1,7+ 1) < ¢ < min(n,7 4+ n)}. Clearly, for any 7 and k # £/,
the two summations over t € D are bounded in absolute value by n. In addition, it is
easy to show that

n~! Z cos(wy(2t — 7) 4+ 2¢%) — 0
teD

and

nt Z cos(wit + ) cos(wis(t —7) + ¢ ) — 0

teD
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as n — oo for any 7 and k # k'. Since ) |rf| < oo, it follows from the bounded

convergence theorem that

[ee]
Ti = Y 36 ) 1, ;cos(wer)

k=1 T=—00
q o]
= > 368 Y rrcos(w(rt —i+ 7))
k=1 T=—00
as n — 0o. Similarly, we obtain
q [e9]
T, —» > ip Z s cos(wp(T — 1 — 7))
k=1 T=—00
q o0
Ty — Z %ﬂz Z s cos(wi (T + 1 + j))
k=1 T=—00
q ) .
T, — Z 182 Z ré cos(wi (T + 17— J)).
k=1 T=—00

[e)

Since the symmetry of r¢ implies that 3% _ r¢sin(w,7) = 0, adding up these ex-
pressions, followed by an application of (1.14), yields
q oo
L — Z 203; cos(wy i) cos(wyj) Z s cos(wxT).
k=1 T=—00
Furthermore, it is easy to verify from (1.2) that
o
(T +u,v) = E(eru€sto) = E(£) Z YitrtuPito¥i.
j==o0
and hence Y [¢(7+ u, v)| < oo for any fixed u and v. Following an argument similar to
the proof of T leads to I, — 0. Finally, according to the classical results (Brockwell
and Dayvis, 1987, Proposition 7.3.1), we obtain
0
I3 — (k= 3)rir] + Z (Perrgici +TopTrsj)-
The assertion follows immediately upon combining the limits of I;, I5, and I3. &
Remark 3.1 As can be seen from (3.3), the asymptotic covariance o;; consists of
two parts. The first part — namely, the first term in (3.3) — is completely due to the

presence of sinusoids in {y;}, while the second part, i.e., the last two terms in (3.3),
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comes from the classical results for a time series with continuous spectrum (Brockwell
and Davis, 1987, Proposition 7.3.1).

Using Lemma 3.1, we now present the central limit theorem (CLT) for #; in (3.2).

Theorem 3.1 Assume that E(§}) = ko < oo. Then, n'/%(7; — 1Y), (j = 0,1,...,p),
are asymptotically jointly normal with mean zero and covariance matriz [o;;], (4, j =

0,1,...,p), where o;; is defined by (3.3).

Since the proof of Theorem 3.1 is long and tedious, we break it up into a series
of lemmas. For this purpose, we note that equipped with the Cramér-Wold device
(Brockwell and Davis, 1987, Proposition 6.3.1), all we need is to show that for any

{X,7 =0,1,...,p} # {0}, it holds that n'/2y> \;(7; — r}) 2 N(0, 0?), where

p
o? = Z AiAjaij > 0. (37)

i,§=0

This, according to (3.6), can be accomplished by showing that

n~123" ¢ B N(0,0%) (3.8)
t=1
where
p
Goi=) A (3.9)
j=0

and (j; is defined by (3.5).
We first consider the case where only finite many 4; in (1.2) are nonzero. The
following lemma shows that in this case the sum in (3.8) is asymptotically equivalent

to a martingale (i.e., a sum of martingale differences).

Lemma 3.2 Suppose that E(¢}) = kof < 00, and that the sequence {1;} in (1.2) has

a finite length, i.e., 1; = 0 for all |j| > m, with m being a positive integer. Then,

ZCt = Xn:Mt + OP(l)

t=1

where {M,} is a martingale difference sequence with respect to the filtration F, gener-

ated by {£,,3 < t} fort > 0.
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PROOF. Notice that from (3.5) we can write

Y Gi=hit L+ (3.10)
t=1

where

n
Jy = thetﬂ-, Jy = Z$t+,€t, and J;:= Z(GH.]Q -7 )
t=1

t=1

By definition, ¢, = ¥ ¥,&;_y. Therefore, we have

J3 = E ¢u¢v E(EH-] u£t —-v ng‘su—v—j)
- j—u+tn
= Z 'l)bu"/)v Z (£t§t+u —v—j 0'626“"”".7')
U, v=~m t=j—utl

where 6, is Kronecker’s delta function, i.e., §, = 0 for v # 0 and §, = 1, and the
second equality is obtained by replacing t + j — » with ¢ in the first expression. Given
u and v, the variance of §;&;1y—y—; —0526,,_,,_ ; 1s finite and independent of ¢. Therefore,
any weighted sum of these quantities over a finite region! of (¢,u,v) can be written
as Op(1). Armed with this fact, we add and subtract a finite number of &&,4u_o—; —

025,,_,,_]- in the last expression of J3 and obtain

Z Puthy Z(&&Hu g = 026umyj) + Op(1).

u,v=—m
Moreover, using the substitution 7 = —(u — v — j) and the fact (see equation (1.4))
that r{_; = 07 Y %y_r45%y, We can also write
2m+j n
Js = Ug_z Z T:-_j Z(Etgt-—r - 0'5261') + OP(]-)
T=-2m+j t=1

2m+j n
( Z +Z) T,-X_j(st&_,—ogﬁ,)+op(1). (3.11)

T=—2m+j 7=0

Replacing 7 with —7 and then substituting ¢t +7 by ¢, the first term in (3.11) becomes

2m—j 2m—j T4n
2 T E&&+r =07 3 iy D Gber
=1 t=7+4+1

1Namely, the size of the region is finite and independent of n.
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Therefore, by adding and subtracting a finite number of £,£;_, in the last expression,

we can write the first term in (3.11) as

2m—j

- Z H,Za@ . +0p(1). (3.12)

Notice that r;_; = 0 for 7 > 2m + j and r;,; = 0 for 7 > 2m — j. As a consequence,

we can extend the summations in (3.11) and (3.12) to 0 < 7 < oo and write

J3 = E Z Bj'r(ét{t—r - 05261) + OP(l) (313)
t=1 =0
where
Bjo:=r{/0}, and Bj,:= (ri,; +ri_;)/o} forT>0. (3.14)

Note that B;, = 0 for 7 > 2m + p. Similarly, J; can be expressed as

] u+4n
> ¢u2&+a o= Yt Y Eoes
u=-m u=—m t=j—u+l

where the second equality is obta.ined by substituting ¢ + 7 — u with ¢. Since the
variance of {;z;4,—; can be bounded by a constant, an argument analogous to the one

we employed earlier leads to the representation

Ji = Z "»bqut‘THu —j +OP(1)

u=-m

Z& E PuZigu_j + Op(1). (3.15)

uz-—-m

In a similar way, we can write J, as

Z& E Dutirusi + Op(1).
This, in connection with (3.13), (3.15), and (3.10), gives the following representation
Zgﬂ = ;{Aﬂgi'l'iijr(gt& —r — 026 )} + O0p(1) (3.16)
where

Ajr = Y Yul®epurs + Trpusj)- (3.17)

Uu=-m
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Now let us define

M, = A + ZBT(&&—T - ‘75261') (3.18)
7=0

with A, := 3" AjAj; and B, := Y A;B;,. Then, from (3.9) and (3.16), we obtain
Y= Xp:,\,.znjcjt = ‘iM, + Op(1).
t=1 j=0 =1 =1
Since the A’s and B’s are constants, it can be easily shown that {M,} is a martingale
difference sequence with respect to the filtration F, generated by {{,,s < ¢}. In-
deed, the measurability of M, with respect to F, is obvious from the definition (3.18).

Furthermore, we have
E(Mtl]:t—l) = AtE(ft) + B()E(ﬁt2 - 052) + Z Brft—rE(Et) = 0.
T=1

The lemma is thus proved. ¢
As indicated by Lemma 3.2, the central limit theorem (3.8) can be established if
we can prove the same result for the martingale difference sequence {M,}. To this
end, we consider the quantities
V2= E(M}F,,) and s} :=E(V?). (3.19)
t=1
The following lemma shows that both n™'V,2 and n~'s? converge to the same limit o2

as n — o0,

Lemma 3.3 Assume that the conditions in Lemma 3.2 are satisfied, and let V,} and

s be defined by (3.19). Then, as n — oo, n~1V}? L 0%, n~ls2 — o2, and hence

V2/s2 5 1, where o? is given by (3.7).

PrOOF. From (3.18), it is easy to show by straightforward computations that

E(M}|Fie1) = of A} +2BoE(E%) A+ 208 ) By A, + BLE(E? — o)’

7=1

+ 2BoE(¢%) Y B.&ir + 07 Y B.B & b, (3.20)

T=1 5, 7=1
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To verify that n=1V?2 converges to o2, we first note that for any fixed 7 and s

n q
Y Tegrigs — Y 265 cos(wp(T — 8)) =17, (3.21)
t=1 k=1

as n — 00. Therefore, from (3.17) and (3.21), we can write
n~! Z A?
t=1
= E Al Z Yuthy 77! E($t+u+i + Togumi)(Tequti T Tequ—j)
£,] u,v t=1

- Z Aidj Z¢u¢v(73—u+i—j + Tavtiti T Tomvmicj T Tavoivi).  (3.22)
i u v
For any w, it is easy to verify that >~ 3" ¢, 1, sin{(w(u—v)) = F{| X ¢, exp(iwu)|?} = 0
and, from (1.4),
Ziﬁuz/),, cos(w(u — v)) = o7 ° Z rs cos(wr).
Therefore, it follows that for any s,

z ¢u¢v7‘ﬁ-v+s = Z %:Hlf E ¢u¢v cos(wk(u —v+ 8))

u,v k=1 U, v

q
= 077> 1B cos(wys) Z ¢ cos(wT).

k=1 r=—00

Using this expression in (3.22) yields

n! iAz — o7’ Z A {Z 22 cos(wyt) cos(wy7) Z T cos(wk‘r)} (3.23)

i,j=0 T=—00

Similarly, since n~* Y ), #:4, — 0 for any s, it follows from (3.17) that
n~! ZA, = Z)\j Zzﬁu n~! E(zt+u+j + Zi4u—j) — 0. (3.24)
t=1 j u t=1
In addition, it can be shown (An, et al., 1983) that

! Xn:cos(w(t +8)+ ¢)—.| = Op (\/n“1 logn) 2o

for any fixed w, ¢, s, and 7. This implies that for any s and T,

n
-1 P
n E -’Ift+s€t—r — 0
t=1
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as n — 0o. Therefore, for any 7, we obtain
n~! Xn:Atgt_, =Y N> t$unt zn:(xmﬂ- + Tegui)eior = 0. (3.25)
t=1 i u t=1
Finally, by the law of large numbers, we have
1Y b B0 and w66, B o2,
t=1 t=1

for any s and 7. This, together with (3.23), (3.24), (3.25), and (3.20), implies that

p q 00
v 5 Z Y {}:2,3,3 cos(wyt) cos(wyf) Z s cos(wkr)}
i,j=0 k=1 T==00
+ BE(E - o})’ +0f Y _ B2
r=1
Using (3.14), it can be easily verified that

BIE(E — o) + oS B
7=1

)4 0
= Z Aidj {(n — 3)riri + Z (reripio; + rﬁ+ir$_]-)} . (3.26)

i,j=0 T=—00

Thus we have proved that n='V? & o2, To show that n~'s2 — o2, we note from

(3.20) that
nsl = 07 B(B(MIIF )
t=1
= o S AT 4 BIE(E - a2 4 S B
t=1 7=1
The assertion follows immediately from (3.23) and (3.26). ¢

Armed with these lemmas, we claim in the following lemma that (3.8) holds when

{%;} has a finite length.

Lemma 3.4 Suppose that E(£}) = ko} < 0o, and that the sequence {1;} in (1.2) has

a finite length. Then, the central limit theorem (3.8) holds as n — oo.
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Proor. By Lemma 3.2, it suffices to show that
n~Y23" M, B N(0,0?). (3.27)
t=1
As Lemma 3.3 has been proved, all we need, according to the central limit theorem for
martingales (Brown, 1971), is to verify the Lindeberg condition (Brown, 1971, eq. 2)

572 ZE{MEI(IMA >es,)} =0

t=1
as n — oo, where I(+) is the indicator. Since n='s? — o2, as shown in Lemma 3.3, the
Lindeberg condition is equivalent to
n
n~ Y E{MZI(|M;| > es,)} — 0.
t=1

Therefore, it suffices to verify that E{M2I(|M;| > €s;)} — 0 as t — oo for any ¢ > 0.

To this end, we note that |4;| < A for some A > 0 and all ¢. Therefore,
M| < U, := Al&] + ZBT(étgt—T - 05267) .
7=0

Moreover, the convergence of t~'s? to 02 > 0 as t — oo implies that s, > ¢t!/2 for

small ¢ > 0 and large t. Combining these results, we can write

E{MZI(|M,) > es,)} < E{UZI(U, > *t'/?)}

E{UZI(U, > e*%)} — 0

as t — 0o, where the equality is due to the stationarity of {U,} and the limit to the
finiteness of E(UZ). Applying Theorem 2 of Brown (1971) proves (3.27), and hence
the lemma. | &

We now complete the proof of Theorem 3.1 by showing that (3.8) also holds if {¢;}
has an infinite length.

ProOF OF THEOREM 3.1. When {¢;} is of infinite length, the central limit theorem

(3.8) can be obtained by following the proof of Proposition 7.3.3 (Brockwell and Davis,
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1987). In fact, for any m > 0, let us define

m
€ = Z Yi&oj; 170 = E(eh€0)

j=—m
P
o= x,e;’; + zoyj€” + e;’;je;" - 7';.”, and (; := Z/\jCjt.

j=0

Lemma 3.4 guarantees that for any fixed m,

n2Y " B S, ~ N(0,02).
t=1
as n — 00, where o2, := 33" A\;A;07} and o7} is defined by (3.3) with the autocovari-

2

ance function r¢ replaced by 7. It is not difficult to verify that 02, — o2 as m — oo.

This implies that S,, EA N(0, 0?). Moreover, a straightforward calculation shows that

2

= 0.

>5)=0

for any € > 0. The proof is then completed by applying Proposition 6.3.9 (Brockwell

lim limsup n 'E

m—0o0 pewoo

S -6

Using Chebychev’s inequality, we obtain

S - ¢)

t=1

lim limsup pr (n‘l/2
M—00 pn_0o

and Davis, 1987). o

With the help of Theorem 3.1, we now claim the asymptotic normality of the

sample autocovariances #; in (3.1).

Theorem 3.2 Assume that E(¢]) = kog < oo. Then, n'/?(#; — 1Y), (=0,1,...,p),
are asymptotically jointly normal with mean zero and covariance matriz [o;;], (¢, j =

0,1,...,p), where o;; is defined by (3.3).

PROOF. Since the asymptotic normality has been proved in Theorem 3.1 for 7, it

suffices to show that n'/?(7; — #;) = 0p(1) for j = 1,...,p. To this end, we note that

n1/2(f] - 'l’;]) = n_llz Z (mt+j$t + $t+j€t + mt€t+j + €t+j€t)' (3.28)
t=n—-j+1
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Since |z;] < B := Y B for all ¢, the first term in (3.28) is o(1). For the same reason,

<B Y, Elal < pBE|e| < oo

t=n-—j+1

n
E : L4156

t=n-j+1

E

By Markov’s inequality, this implies that the second term in (3.28) is op(1). The same

conclusion applies to the third term in (3.28). Finally, since

E Z €ri€| < jElejeo] < pry < o0,
t=n—j+1
the last term in (3.28) is also 0p(1). The theorem is thus proved. ¢

As a direct consequence of Theorem 3.2, the asymptotic normality of the sample

autocorrelation p; := #; /7, can also be established as follows.

Corollary 3.1 Suppose that the conditions in Theorem 3.2 are satisfied. Then, for
any fized j > 1, n'/2(p; — p;) is asymptotically normal with mean zero and variance

v;, where p; := 1} /7¢,
v; := (pjo00 — 2p;00; + 03;)/(r8)’, ’ (3.29)
and oy; is given by (3.3).

PROOF. The assertion follows immediately from Theorem 3.1 and the “delta method”

(Brockwell and Davis, 1987, Proposition 6.4.3). &

We would like to end this section by making the following remarks.

Remark 3.2 The asymptotic normality of SACF has been proved by Mackisack
and Poskitt (1989) for the simplest case where ¢ = 1 and {¢;} is an i.i.d. random
sequence (a single sinusoid in white noise). Therefore, Theorem 3.1 and Theorem 3.2
extend this result to the case of multiple sinusoids in colored noise.

Remark 3.3 As we remarked earlier, the proof of Theorem 3.1 and Theorem 3.2

is based upon the assumption that the phases ¢; are constants. Since the asymptotic
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distribution of #; and #; does not depend on ¢;, the same conclusion also holds for
random phases.
Remark 3.4 The proof of Theorem 3.2 indicates that the same central limit theorem

holds for any sample autocovariances of the form

n+v

N o =1

rp=n Zytﬂ'yt
t=u

where the integers u = u(j) and v = v(j) are independent of n.

3.2 CLT for SACF from Filtered Process

In this section, we consider the sample autocovariance function from a filtered time
series. We show that the asymptotic normality remains valid after filtering, provided
that the filter is strictly stable. The definition of a strictly stable filter is as follows

(Ljung, 1987).

Definition 3.1 A linear time-invariant causal filter {h;}, (7 = 0,1,...), is said to be

strictly stable if 3 j|h;| < oco.

Suppose that {h;} is a strictly stable filter, and denote its transfer function by

H(w):= Z hje=¥,
j=0

For a given time series {y,...,yn} from (1.1), define the filtered time series by

-1
§s(h) := Zhjyt—j (t=1,...,n).
=0

The sample autocovariances of the filtered times series are defined by

”A.J(h) = n-lnz:f?)t-i'](h) gt(h) (J =0,1,... 7p) (330)

Note that the filtered time series {§;(h),...,9,(h)} depends completely on the given

data record {#;,...,¥,}. For convenience, we introduce {y;(h)} where

yi(h) = Z hiyi;.
Jj=0
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It is clear that y,(h) requires the entire history of the process {y;} up to time ¢. From

(1.1), we can rewrite {y,(h)} as

yi(h) = Xq:ﬂk(h) cos(wit + ¢r(h)) + €(h) (3.31)

where Bp(h) := Bi|H(wi)| and ¢p(h) := ¢y + arg{H(wy)} are the amplitudes and

phases of the filtered sinusoids, and {¢;(h)} is the filtered noise as specified by

a(h) =) hjej = Y il
j=0

j:-—oo

where p; := 3" 1,h;_y. Clearly, the filtered signal remains a sum of ¢ sinusoids with
the same frequencies, while the filtered noise {€;(/)} is still a linear process.

Let r¥(h) and r¢(h) denote the autocovariance functions of {y;(h)} and {e.(h)},
respectively. Then, we have the following theorem regarding the asymptotic normality

of the sample autocovariances #;(h) in (3.30).

Theorem 3.3 Suppose that the filter {h;} is strictly stable, and that E(£}) = Ko} <
co. Then, as n tends to infinity, n'/%(7;(h) — r¥(h)), (j = 0,1,...,p), are asymptoti-
cally jointly normal with mean zero and covariance matriz [o;;(h)], (,7 = 0,1,...,p),
where o;;(h) can be represented by (3.3), ezcept that the B and r¢ are replaced by

Bk(h) and ri(h), respectively.

PROOF. Because of the representation (3.31) and Theorem 3.2, the asymptotic nor-

mality can be established for
7i(h) = n'lgym(h) w(h)  (G=0,1,...,p).
Therefore, it suffices to show that n'/2(7;(h) — #;(h)) = op(1). Let us define
) 1= 3 i

Since y;(h) = §:(h) + §:(h), a simple calculation shows that

n'2(F;(h) = #3(h)) = a7'/? nZ_:]{@w(h) Gi(h) + Gr45 (h) Ge(h) + Gy (R) G(R)}

t=1
=0 + 1 + I3
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Using (3.31), we can write I; as

. nj
_ ~1/2 N o o . - - " oA
L = oY Z(xﬂ-jxt + E145€ + Tr4i€e + €13561)
t=1 :

= N1+ T+ T35+ 7T,
where £,, &, %, and & are similarly defined (with the argument % being omitted for

brevity) as §;(h) and §;(h). By definition, we have

-Jj
_ a—1/2 s
T, = n VY _S_ #1452,
t=1
n—-jt+j—1 oo

= n"l/zz Z Zhuhth+j_u:l:t_,,.

t=1 u=0 v=t

Since |z4| is bounded by 8 = 3" 8; and H := Y |h,]| is finite, it follows that

1Ty < n™2HBD D " |hy| < n72HBEY  v]hy|

t=1 v=t vl

and hence T} = o(1). It can also be shown from (3.31) that

00
E|Ty| < n2HBE|e| > _ vlhy|.

v=1
Applying Markov’s inequality yields T, = op(1). In a similar way, we can show that
T3 = op(1) and Ty = op(1). Combining these results gives I; = op(1). The same
results can be obtained for I; and I3 by an analogous argument. &

Remark 3.5 The asymptotic normality of the sample autocorrelation

p;(R) := #(h)/To(h)
can be obtained in the same way as Corollary 3.1, except that p; and o;;, and 7§ are
replaced by p;(h) := r}(h)/r§(h), 0i;(h), and r§(h), respectively.
Remark 3.6 As claimed in Remark 3.4, the same central limit theorem holds for

any sample autocovariances of the form

n+tv

Fi(h) = 7Y gy () ()

where the integers u = u(j) and v = v(j) are independent of n.
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3.3 Uniform Strong Consistency of SACF

In this section, we consider the uniform consistency of SACF after parametric filtering..
More precisely, let {h;(a)}, (7 = 0,1,...), be a parametric causal linear time-invariant
filter, where o is a parameter (possibly a vector) that takes on values in A. Following

the notation in Section 3.2, we define the filtered time series by

() := 2hj(a) vy (t=1,...,n) (3.32)

and the sample autocovariances of the filtered time series by

Fo(a) = n7t 3 foas (@) (). (3.33)

We would like to show that under certain conditions #,(a) converges to 7¥(a) almost
surely as n — 00, and uniformly in o € A, where r¥(a) is the autocovariance function

of the process

yw(a) = i hi(a) yij. (3.34)

Recall that the noise {¢;} is a linear process as defined in (1.2). In addition, we
assume that the filter {h;(a)} is uniformly strictly stable according to the following

definition.

Definition 3.2 A causal linear filter {h;(c))}, (j = 0,1,...), is said to be uniformly
strictly stable if there ezist constants ¢; > 0 such that 3_ jc; < 0o and [h;(a)| < ¢; for

all §=0,1,..., and uniformly for all a € A.

We first provide a general result concerning the uniform strong consistency of the

sample cross-covariances between two differently filtered time series.

Theorem 3.4 Let {h;(a)} and {g;()} be uniformly strictly stable filters with transfer

functions H(w;a) and G(w;a), respectively. Let F(w) be the spectral distribution
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Junction of {¢,}. Then, uniformly in o € A,

n t+7r-1 t—1
n"lz_; ( Z hj(a) yt+'r—]') (Zgj(a) yt—j)

S Z 16 R{H (wi; @) G(wi; @) €7} + H(w; @) Glw; a)e'™ dF(w)

k=1

as n — oo for any T > 0, where R{-} stands for the real part and the overbar for the

complezx conjugate of a complex number.

Before we prove this theorem, let us introduce the following lemma concerning the

consistency of the sample covariance of {z;} and {e;}.

Lemma 3.5 For any fized u, v, and w, it is true that

n n
- a.s. - a.s.
n ! E Tiuqltmy — T:_u and n ! E €ioy€imy — ,,.;_u
t=w

t=w

as n — oo, where r¥ and r¢ are the autocovariance function of {z,} and {¢,}, respec-

tively. It is also true that
n
n! Z €ioulimy =0
t=w
for any fized u, v, and w.

ProoOF. The first limit can be proved upon using the trigonometric identity (1.14) in

connection with the fact that

lim n~t Z cos(wr(2t —u—v)+2¢,) =0  a.s.

n—o0
t=w

for any k and

7~ OO

lim n~? i cos(wi(t — u) + ¢r) cos(wp(t — v) + P4 ) = 0 a.s.

for any k # k'. The second limit in the lemma is due to the strong ergodicity of {¢,}

(Hannan, 1970, pp. 203-204; Karlin and Taylor, 1975). Finally, to prove the last limit

b

in the lemma, we note that

n q n
Z €—uliy| S Z ﬂk { Z €t—u Sin(wkt)
t=w k=1

t=w

+

n
Z €1—y cos(wyt)
i=w
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The assertion follows from the fact that (An, et al., 1983)

-—hmn

Z €:_y COS(wt)

t=w

lim n~! a.s.

n—o0

for any w, u, and w. ¢
Equipped with this lemma, we now prove Theorem 3.4. Throughout the proof we
drop out the argument a for brevity.

PrOOF OoF THEOREM 3.4. For any sequence {w,}, let us define w} := w, for t > 0

and wi := 0 for ¢t < 0. Then, it is readily shown that

(Hi hjyt+f—j) (2—: 9j3/t—j) = L(t) + L(t) + Is(t) + L(t)

ji=0
where

00 00

Il(t) = Z hugvxi{-r—um:‘—v Iz(t) = Z hugve?.+'r—uw:.—v
u,v=0 u,v=0
) o0

Is(t) = Z hugvff-u"’ttr-u a’nd I4(t) = Z hugv€t++‘r—u€;}’—
u,v=0 u,v=0

For any fixed N > 0, we break up the double sum for « and v into four terms and

obtain

—

n N—-1N-1 oo N-—
LA - (-9;0@2,

o0

E+Z Z) ungt-}-‘r u +v

=0 v=N u=Nv=N
= UN+UN+US+ U : (3.35)

(Here the index n is omitted in the U’s for brevity.) Given u and v, let w = w(u,v) :=

max(u — 7,v) + 1. Then, according to Lemma 3.5, we obtain

n
-1 § : + + -1 E : a.s. z
n xt+7‘—uwt—v ="n Tipr—ult—y — 7'7-_“4.1,

as n — oo for any 0 < u, v < N — 1. Moreover, let ¢* and c? be the constants in
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Definition 3.2 associated with {h,} and {g,}. Then, it is readily shown that

N-1N-1

n_lUlAlr - Z Z h’ugv’r:—u+u

u=0 v=0
n
-1 § + + z
n $t+r—uxt—v =T utw

N-1N-1

<Y e

u=0 v=0

for any a € A. Therefore, we obtain

N-1N-1

. 1N _
nler.}on Ui = Z Z hugoTs_uts a.s.

u=0 v=0

uniformly in o € A for any N. This result, in coupled with the uniform stability of

the filters, implies that uniformly in « € A,

lim lim n U =
N—oon—oo

3B hugy cos(wi(T — u + v))

io: g ez(r-—u-{—u)wk}

16; R{H (wi; @) G(wy; @) e},

il]e
ﬁMg i

u

B R

i
o ko
M- I 514
- —
N =

a
0
-

In addition, since |z;| < B almost surely, we have

oo
n~|Uf) < B°C, Z cu

u=N

for all @ € A and all n, where C := 3 ¢J. Therefore, it follows that

N 00 n-—+00

lim lim n ' sup|U}|=0 a.s.
aEA

The same result can be proved for U} and U} by similar arguments. Combining these

results yields

n q -
nt Y L) %Y 16 R{H (wi; o) Gw @) €74} (3.36)
t=1 k=1
uniformly in a@ € A as n — co.
Now let us consider I,(t). Using the same technique as in (3.35), we write

n n o0 oo
Z Iz(t) = Z Z Z h"ng-tfi-r—uej-—v
t=1

t=1 u=0v=0

Uy +UY +UN + Uk

Il
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For any o € A, it is easy to verify that

N-1N-1 n
|U§1,I S Z Z Cﬁcg EE:-+T—umj-—u
u=0 v=0 t=1
Moreover, for any 0 < u, v < N — 1, Lemma 3.5 guarantees that
n n
—-— - a.s,
Y e urt, =0T D arou @i 220
t=1 t=w
as n — 0o. Therefore, we obtain
lim li -t Nl = .8.
am lim n”tsup [Uy| =0 a.s
Furthermore, let us define the random process
o0
(n(t) = BC Y culersr-ul (3.37)

u=N

for any fixed N. Since {x(t) > 0 and, by monotone convergence theorem,

E{(n(t)} = BCyEle| > ¢k < oo,

u=N
the infinite sum in (3.37) converges almost surely so that {x(t) is well-defined. More-

over, it is easy to show that

U3 < Y in(®)
t=1

for all o € A. Since {(n(t} is strictly stationary for each fixed N, according to the
strong ergodic theorem (Karlin and Taylor, 1975), there exists a random variable (y

such that

n—00

lim n~t ZH:CN(t) =(v  as.

By the same theorem, the expected value of (v can be written as

E(Cy) = E{n(0)} = BC,Elea] 3

u=N
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for any fixed N. Since {y > 0 almost surely and

Z E({n) = BC,E|e) Z ¢t = BC,E|e| Z(u + 1)t <00
N=0 N=0u=N u=0

it is readily shown by using Markov’s inequality that

Pr{ U ¢~ > 8)} <> pr(iv>e)<et D E(ln)—0
N=N' N=N' N=N'

as N’ — oo for any € > 0. According to the Borel-Cantelli lemma, this implies that
pr{({y > €) i.0.} = 0 for any ¢ > 0 and hence that (y 3 0 as N — co. Consequently,

we obtain

lim limsup n™'sup US| =0  a.s. (3.38)
aeA

N—oo paco

By a similar argument, the same result can also be proved for UJ} and UJ. It is

therefore concluded that
nIY L) %0 (3.39)
t=1

uniformly in a € A as n — oo. Upon noting the similarity between I,(t) and I5(¢), it

is not surprising that the same result also holds for I3(t), namely,
Y I(t) 0 (3.40)
=1

uniformly in & € A as n — o0.

Finally let us consider I,(t) for which we can write

n . n oo oo
YL@ = 33D hugeey, el
=1 t=1 u=0v=0

= UN+US+UE+ U
in the same way as (3.35). Given 0 < u, v < N — 1, Lemma 3.5 implies that

n n
1 + e | a.5. ¢
n E :€t+r—u€t—v =n E :€t+r—-u€t—v = Treutv
t=1

t=w
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as n — 00. Moreover, since

N-1N-1
-1 €
n U41 hugvr-r-—u+v

v

2

Zﬁ
,_.o
Il
=]

N-1

E : h .9
cucv

v=0

n
—1§ : + + €
n Ctr—uCt—v ™ Tr—utv
t=1

I

we obtain, upon noting the uniform stability of the filters,

oo 00
1 — €
R R )

u=0v=0

= /_: H(w;a)G(w;a)e'™ dF (w)

uniformly in @ € A. To show that the remaining terms in I4(t) are negligible, we

observe that for all a € A,

Zj: Zn(t)

where {Zx(t)} is a strictly stationary process as specified by
00 (o0}
Zn(t) := E Zcﬁcglet_,_,_uet_,,l.
u=N v=0
The infinite sum in this expression converges almost surely, since Zx(t) > 0 and
[o.0] o0
E{ZN(t)} = Z Z C‘q EIEt-I-T—uEt—ul

u=N v=0
0

€ h
< Cyrg Z c
u=N
according to the monotone convergence theorem. By a similar argument as we em-

ployed earlier for the proof of (3.38), we obtain

hm limsup n~'sup |Uy| =0 a.s.
acA

N—oo n—00
The same result is also true for U} and UJ. Therefore, we conclude that uniformly

inae€A,

n~? Z: L(t) < /7r H(w;a) G(w; )€™ dF(w) (3.41)

58



as n — 0o. Notice that the last quantity is a real number because of the symmetry of
G(w;a), H(w; a),and F(w) in w. Collecting (3.36), (3.39), (3.40), and (3.41) completes
the proof. &

Remark 3.7 In the proof of Theorem 3.4, we assume that the ¢, are random. The
same result remains valid if the ¢, are constants, since Lemma 3.5 holds under the

assumption of constant phases.

As a direct consequence of Theorem 3.4, we now claim the uniform strong consis-

tency of the sample autocovariances #,(a) in (3.33).

Theorem 3.5 Suppose that {h;j(a)} is uniformly strictly stable. Then, as n — o0,

#-(a) =3 r¥(a) uniformly in a € A for any T > 0.

PRrOOF. It follows from Theorem 3.4 with {g;} replaced by {h;} and n by n —7. ¢

The uniform strong consistency can also be proved for the autocovariances

n+v

Fr(a) =071 figr(0) fu(@)
t=u
where the integer v and v are independent of n.

Corollary 3.2 If {h;(a)} is uniformly strictly stable, then, as n — oo, 7,(a) > r¢(e)

uniformly in o € A for any 7 > 0.

ProoOF. According to Theorem 3.4, it suffices to show that
u—1
n7t Y () §i(e)
t=1

vanishes almost surely and uniformly in o € A. (Here we assume » > 1 without loss
of generality.) To this end, let {c?} be the constant sequence associated with {h,(a)}
in Definition 3.2, and let Cj := 3 ck. Then, it is easy to show that

u-—1 u—-1

n~! Z [Ge4-(@) Gu(@)]| < 7 Z{ﬂzc;? +B(Wigr + W) + Wiy, W}

t=1 t=1
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for all @ € A. The assertion follows immediately since the sum on the right-hand side
does not depend on n. O

Remark 3.8 For the original (unfiltered) process {y.} in (1.1), we have

n+4v
. =1 ~ A 8.8, y
Tr=n E :yt+r3/t - Tr
t=u

for any fixed 7, u, and v. This corresponds to the trivial case in Corollary 3.2 where

ho(a) = 1 and hj(a) = 0 for all j > 0.

Suppose that the filter {h;(a)} in (3.32) is differentiable with respect to a and
the derivative is also uniformly strictly stable. The following theorem claims that the

uniform strong consistency remains for the derivative of #.(a).

Theorem 3.6 Suppose that {h;(a)} is differentiable with respect to a, and that both
{hj(a)} and its derivative are uniformly strictly stable. Then, in addition to the
uniform strong consistency of #,(c) as claimed in Theorem 3.5, it is also true that

0, (a)/0a S 0r¥(a)/da uniformly in a € A as n — oo.

Proor. From (3.32) and (3.33), it is easy to verify that

» n—7 [t+71 t
a’l‘a-,—((la) = pn-! Z ( h;(a)yt+‘r—j) (Z hj(a)yt_j)

j=0
n—7 {i+7 t
+n7t Z Z h;i(@)Ye4r—; Z hi(@)y:—;
=1 \j=0 j=0
and

ori(e)

q
2 S BIR((HL A + L) ™)

k=1

+ | (H'H+ HH)e™ dF(w)

where Hy, H, H;, and H’' are short-hand notation of H(wy; ), H(w; ), H' (w; @),
and H'(w; ), respectively, and the prime stands for the differentiation with respect
to a. The proof is completed by applying Theorem 3.4 to these quantities followed by

an argument similar to the proof of Theorem 3.5. ¢
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As a corollary, we obtain the uniform strong consistency of the sample autocorre-

lation p,(a) := #,(a)/7o() and its derivative dp.(a)/da as follows.

Corollary 3.3 Under the conditions in Theorem 3.6, if r§(a) > 0 for all « € A, then,
as n — 00, p,(a) = p¥(a) and dp,(a)/da *3 pY(a)/de uniformly in o € A, where

pi(a) := r¥(a)/r§(a) is the autocorrelation function of {y,(c)}.

PRrOOF. Since r§(a) > 0 for all @ € A, the uniform strong consistency in Theorem 3.5
implies that #o(a) > 0 almost surely for all & € A, provided that n is sufficiently large.

Therefore, p,(a) is well-defined and differentiable for all « € A and large n. Moreover,

we have
0p.(a) _ 7o() 0%,(a)/da — 7. (a) Bfo(a)/ Do
da (fo(x))? )
The assertion follows immediately from Theorem 3.5 and Theorem 3.6. O

3.4 More Results on Uniform Strong Consistency

The uniform strong consistency results in Theorem 3.4 and Theorem 3.5 can be ex-
tended to include some more general signal-plus-noise models.

Let us consider {y;(a)} which obeys the following parametric model

y(a) = ihj(a) T+ igj(a) €—j (t=0,£1,42,...) (3.42)

where {2} and {¢,} are zero-mean, strictly stationary, and mutually independent,
with finite second moments. As we can see from the proof of (3.39), (3.41), and
Theorem 3.5, in order to show that the sample autocovariance function of {y;(a)}

converges to

(o) = E{y-(a)y(o)}

e Y h@h(@ a3 (@) gu(@) iy (343)

u,v=0 u,v=0
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almost surely and uniformly in @, it is sufficient to require that the almost sure limits in
Lemma 3.5 exist for any u, v, and w, and that both {A;(a)} and {g;(a)} be uniformly

strictly stable?. Therefore, we immediately obtain the following results.

Theorem 3.7 Let the parametric process {y:(c)} be defined by (3.42) for a € A,
with {z.} and {¢,} being any zero-mean, strictly stationary, and mutually independent
processes for which Lemma 3.5 holds. If {hj(a)} and {g;(a)} are uniformly strictly

stable in A, then

n—7
07ty Yipr(@) yil@) B 1i(a)
t=1
uniformly in a € A as n — oo for any T > 0, where r¥(«) is given by (3.43).

The uniform consistency in Theorem 3.7 is of importance in applications where
the inference of the model parameter « relies on the sample autocovariance function
of the observed process {y(a)}. Generalization of this result to higher-order sample
moments and cumulants is quite straightforward. All we need is to assume that the
corresponding higher-order sample moments of {«,} and {¢;} are strongly consistent,
giving rise to similar results as in Lemma 3.5. We have noticed a recent attempt® to
prove the uniform strong consistency of sample cumulants from a process similar to
{y:(@)}. Unfortunately, the proof was based on a false lemma which was incorrectly

cited from a wrong result of Ljung (1987, Appendix 2B).

Under the same assumption about {z.} and {¢} as in Theorem 3.7, we can also
prove the uniform strong comsistency for the process y; = z, + ¢, after parametric

filtering. Define, as before, the filtered data by

(@) = o hy(@) vy = 3o hy(a) (e + ) (3.40

ZThe proof goes through with z; and ¢; in place of z;" and cj’, respectively.
Giannakis, G. B. and Tsatsanis, M. K. (1992). A-unifying maximum-likelihood view of cumulant
and polyspectral measures for non-Gaussian signal classification and estimation. IEEE Trans. Inform.

T}zeory, vol. 328, no. 2, part I, pp. 386-406.
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Following the same proof of (3.39), (3.41), and Theorem 3.5, we obtain the following

results.

Theorem 3.8 Suppose that the conditions about {z;} and {¢;} in Theorem 3.7 are
satisfied, and let {§,(a)} be defined by (3.44). If the filter {h;(a)} is uniformly strictly

stable in A, then, as n — o,
n—r
n7t Y Gerr (@) Gu(@) = 1¥(a)
t=1

uniformly in a € A for any T > 0, where r¥(c) is the autocovariance function in (3.43)

with g; replaced by h;.

Remark 3.9 The assumptions in Theorem 3.7 are clearly satisfied if {z;} and {¢;}

are both linear processes (Hannan, 1970, p. 204).
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Chapter 4

Frequency Estimation by Parametric Filtering

As we have seen from Chapter 2, Prony’s estimator leads to inconsistent frequency
estimates. To alleviate this predicament, we propose in this chapter a general proce-
dure of iterative parametric filtering — the parametric filtering (PF) method — that
can be shown to produce consistent frequency estimates. The idea is to judiciously
parametrize the filter so that it satisfies a certain parametrization property for all pa-
rameters in a neighborhood of the true AR parameter a, and the clue for the correct
parametrization comes from the particular form of the bias.encountered by Prony’s
estimator. For any filter which satisfies the parametrization property, we define the PF
estimator of the AR parameter a as the multivariate fixed-point of the parametrized
least squares estimator from the filtered data. Under certain mild conditions, the least
squares estimator, as a function of the filter parameter, is shown to constitute a con-
tractive mapping so that the PF estimator exists as its fixed-point. We also consider
an iterative algorithm that calculates the PF estimator and show its almost sure con-
vergence to the PF estimator. The fact of the matter is that the PF estimator can
be shown to be strongly consistent and asymptotically normal for estimating the AR
parameter a. These results solidify the theoretical foundation of the PF method as a

promising procedure of frequency estimation.
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4.1 Parametric Filtering Method

Our basic idea of eliminating the bias in Prony’s estimator rests upon estimating the
AR parameter a in (2.4), not directly from the original data as done in Chapter 2, but
from the filtered data — upon using an appropriate parametric filter. As we shall see,
the least squares estimator from the filtered data can be made consistent by iteratively

“tuning” the filter parameter according to previously obtained AR estimate.

4.1.1 AR Estimation After Parametric Filtering

Let us consider a linear time-invariant causal filter with impulse response sequence
{hj(a),7 = 0,1,...}, where a := [a;,---,0,]7 is the filler parameter which takes
on values in an open set A that contains the AR parameter a. Assume that for any
a € A the filter is stable, ie., 3" |hj(a)| < co. In addition, suppose that the filter

passes all of the sinusoidal components in {z;}, namely,
(A1) Hwg;a)#0 fork=1,...,qand forall a € A,

where H(w;a) is the transfer function of the filter. We apply this filter to {y.} and

obtain the filtered process

yiar) = }ihj(a) Yoos

Similarly, we define the filtered signal {z,(a)} and the filtered noise {¢,(ax)}.

The key fact to observe is that the filtered signal {z,(a)} remains a sum of ¢
sinusoids with the same frequencies, and hence a solution to the same homogeneous
AR equation (2.3). In fact, according to the theory of linear filtering (Brockwell and

Davis, 1987), the filtered signal {z,(c)} can be expressed as

z(a) = ; Br(at) cos(wit + ¢r(a))

where (i(a) := Bi|H (wy; )| and ¢y () := ¢ +arg{H (w;; )} are the amplitudes and

phases of the filtered sinusoids. Since the AR equation (2.3) is completely determined
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by the unchanged frequencies wy, we still obtain A(z~!) z,(a) = 0 for all ¢. It is quite
clear that the original problem of frequency estimation is not altered by the linear
filtering and can be equivalently stated as that of estimating the same AR parameter
a in terms of the filtered processes.

Let aj,s(a) be the least squares estimator of a on the basis of {y;(a),...,y.(a)}.
Since {y:(a)} still consists of a sinusoidal signal in additive noise that can be modeled
as a linear process, the strong consistency remains for {y,(a)} as indicated by the large
sample theory in Chapter 3 (see Remark 3.9 with y, replaced by y;(a)). Therefore,
similarly to (2.11), the least squares estimator aj,s(e) converges almost surely to the

deterministic vector
a(a) := -R; (o) r () (4.1)
which, as claimed in Lemma 2.2, can be written as
a(a) =a-R;'(a) {R{a)a+r(a)} (4.2)
where the autocovariances are defined from the corresponding filtered processes.
Since Ry(a) = R;(a) + R (), multiplying each side of (4.2) by R,(ax) gives
R,(a)a(a) + R(a)a(a) = R, (a)a—r(a). (4.3)
Note that R, (a) is nonsingular if all of the ¢ sinusoids are retained after the filtering.
In fact R, () admits a similar decomposition as in Lemma 2.3 and Remark 2.1 with P
in (2.20) replaced by P() := } diag(f}(a), ..., 3,(a)). Under (AL), |H(wi; )] > 0
for all k. It follows that 8x(c) > 0 for all k, and hence P(«) is nonsingular. A similar

argument as in the proof of Lemma 2.3 confirms the nonsingularity of R,(a). Armed

with this fact and (4.3), the bias a(a) — a can be written as
a(@) - a = ~R;'(a) {R(a)a(a) + ra)}. (4.4)

Unlike what we had before when the least squares (Prony’s) estimator was obtained

from the original data, the asymptotic bias of apg(a) is now a function of the filter
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parameter . This, as we shall see, makes it possible to fulfill our goal of eliminating

the bias via appropriate parametric filtering.

4.1.2 PF Method of Frequency Estimation

As suggested by (4.4), if there exists a filter parameter a* in A such that
a(a*) = -R7}a*)r(a*), (4.5)

then from (4.4) we would obtain a(a*) = a. This implies that after filtering with
a*, the least squares estimator aps(a*) becomes consistent for estimating the AR

parameter a.
Suppose now that the autocorrelation function of the noise {¢;} is known, and, for

convenience, that the filter is parametrized so that
(A2) a=-RYa)r(a) foralacdA

In this case, the filter is said to possess the parametrization property. It is interesting to
note the similarity between (A2) and the Yule-Walker equations. In fact, for an AR(2q)
process with AR coefficients satisfying the symmetry condition (2.2), the vector of the
first ¢ free coefficients will be the solution of (A2), with R(«) and r (o) beiné replaced
by their counterparts defined from the autocovariances of that AR process.

Equipped with the parametrization property, we have the following theorem.

Theorem 4.1 Suppose that the filter {h;(a)} satisfies (A1) and (A2). Then a* = a

is the unique fized-point of the deterministic mapping a(a) in A.
PRrOOF. From (4.2) and (A2), we find that

a(a) -a=C(a)(a-a) (4.6)
where

C(a) := Ry (@) Re(). (4.7)
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Since C(a) is nonsingular and a € A, the AR parameter a is a fixed-point of a(a). On
the other hand, since the parametrization property (A2) is satisfied, (4.5) is equivalent
to a(a®) = a*. This implies that a*, if exists, is a also fixed-point of a(a). It also
implies that a* = a since a(a™) = a. The theorem is thus proved. ¢

According to this theorem, it is no longer necessary to distinguish between the
AR parameter a and the filter parameter a*, and thus the problem of estimating a
becomes identical to that of estimating a*. Given a consistent estimator a(a) of the
deterministic mapping a(a), Theorem 4.1 gives rise to the idea of finding a fized-point
in the random mapping 4(a) as an estimator of the AR parameter a. We refer to this
method as the parametric filtering (PF) method, and call the fixed-point, denoted by
&, the PF estimator of a. The corresponding &, obtained from the zeros of the AR
polynomial A(z7') in (2.1) with & in place of a, are called the PF frequency estimates.

To obtain the PF estimator & which, by definition, is a fixed-point of &(ax), we
employ the so-called fized-point iteration. Namely, starting with an initial guess &,

we recursively calculate
& = a(&mor) (m=1,2,...). (4.8)

The fixed-point & is obtained, when convergence occurs, as the limiting value of &,,
as m — 0o. Similar to some existing methods pertaining to special cases (Kay, 1984;
Dragosevi¢ and Stankovi¢, 1989), this procedure is an iterative filtering algorithm

which can be implemented as follows: given the initial guess &y and form =1,2,...,
STEP 1. Filter the data with {h;(a)} such that & = &,,_;
STEP 2. Compute the estimate 4(&,,_;) from the filtered data;
STEP 3. Set &,, = 4(&,,_1); and

STEP 4. Go to Step 1 with m replaced by m + 1.
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Related procedures for the special case of ¢ = 1 have been considered by He and
Kedem (1989), Yakowitz (1991), Kedem and Yakowitz (1992). See also Li and Kedem
(1992), and Li, Kedem, and Yakowitz (1992) for a somewhat more rigorous treatment
of this special case.

Remark 4.1 Suppose for the moment that the sinusoids are absent in {y,}. From
(4.1), it is readily shown that a(a) coincides with —R(a) r.(a) and hence becomes
the identity mapping a(a) = e under (A2). Therefore, the parametrization property
(A2) simply requires that each and every a in A be a fixed-point of a(a) in the
absence of the signal. Moreover, when the signal is present but the filter {A;(a)} fails
to capture it, we still obtain a(ex) = a since {y;(ex)} does not contain a sinusoidal part.
In this case, little or no change is expected from the iteration (4.8) when initiated by
a. In other words, when the signal is not captured, the filter essentially remains where
it started. This observation suggests that the presence of a sinusoidal signal in {y;}
could be tested based on whether significant changes occur after the iteration (4.8) for
a number of randomly selected initial guesses.

Remark 4.2 To parametrize the filter {h;(a)} in accordance with (A2) requires
the autocorrelation function or the normalized spectrum of the noise {¢}. If this
information is available, a linear filter can be designed to whiten the noise by the
classical theory of Wiener filtering. A filter {h;(a)} with the property (A2) can
thus be obtained by cascading the whitening filter with a parametric filter (e.g., the
AR filter in Chapter 5) which satisfies (A2) when the noise is white. In the cases
where the autocorrelation function of the noise is not available but can be modeled as
an AR or MA process, certain iterative procedures can be employed to estimate the
noise parameters and the sinusoidal frequencies alternatively (see, e.g., Dragosevié¢ and
Stankovié, 1989). Iptuitively, however, the performance of the PF method should not
be too sensitive to the noise spectrum if bandpass filters are applied locally to frequency

clusters and the noise spectrum is sufficiently smooth. For instance, if three sinusoids
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are present with two closely spaced and the other well separated from the first two, a
bandpass filter with ¢ = 1 (e.g., AR(2) filter in Chapter 5) can be applied locally to
the separated frequency while another bandpass filter with ¢ = 2 (e.g., AR(4) filter in

Chapter 5) to the two closely-spaced frequencies.

4.1.3 Least Squares Estimator

So far we have not yet specified the estimator &4(a). In fact, any estimator would
qualify as long as it converges (stochastically) to a(a) when the sample size n tends
to infinity. In the following, we specialize the choice of 4(ax) by considering the least
squares estimator from the filtered data where the filtering is completely based upoﬁ
the observations y1,...,¥Yn.

Notice that given the finite data record {yi,...,9.}, the filtered process {y:(ax)}

can only be approximated by
-1
() := Zh,-(a) Yeej (t=1,...,n). (4.9)
j=0

Therefore, the estimator &(a) should be defined on the basis of {{i(a),...,J.(a)} in
stead of the unavailable data {y;(e),...,y.(a)}. Motivated by the estimator arg(eax),

which requires the unavailable {y.(a)}, we may take
a(a) i= —{Q"Y (@) ¥(a) Q}'Q"Y () §(a) (4.10)

where Y(a) and §(a) are the data matrices defined from {§(c)} in the same way as
Y and y in (2.6). It is readily shown that a(a) in (4.10) is the least squares estimator
that minimizes the criterion ||§(a) + Y(a) Qa(a)||®. According to the large sample
theory developed in Chapter 3 (Theorem 3.5), if the filter is uniformly strictly stable,
the least squares estimator 4(ex) in (4.10) converges almost surely to a(ex) as n tends
to infinity. In other words, 4(a) is a strongly consistent estimator of a(a). The strong

consistency is also uniform in a so that many properties of a(e), as a deterministic
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function of a, are retained by its estimator 4(a). This observation turns out to be

very helpful in the statistical analysis of the PF estimator, as we shall consider shortly.

4.1.4 Relation to the CM Method

The PF method described above happens to be an extension of a procedure recently
proposed by He and Kedem (1989) and by Yakowitz (1991) for single frequency esti-
mation. A more systematic and rigorous treatment of this procedure and its statistical
properties can be found in Li and Kedem (1992), and Li, Kedem, and Yakowitz (1992),
where the procedure was referred to as the CM (or contraction mapping) method. In-

deed, for ¢ = 1, we note that the parametrization property (A2) becomes
a=-2r{(a)/ri(c) (4.11)
where o := ¢y, and the least squares estimator in (4.10) reduces to

(@) = = 3 du-s(@) o) + st} /S84 (e), (1.12)

If we reparametrize the filter by 9 := —a/2, then (4.11) can be written as ¥ = p§(9)
where pi(¥) stands for the first-order autocorrelation of {¢,(«)}. This relation is
readily recognized as being the fundamental property required by the CM method for
the parametrization of the filter. Moreover, as we have seen in Chapter 3 (see also Li
and Kedem, 1992), 5(9) := —a(a)/2 is a uniformly and strongly consistent estimator
of the first-order autocorrelation of {y,(a)} if the filter is uniformly strictly stable.

With this estimator, the fixed-point iteration in (4.8) becomes
I = p(Opm-1) (m=1,2,...),

which coincides with the iteration of the CM method that produces a sequence {1§m}
for estimating the parameter ¥* := —a*/2 = cosw;.
Statistical properties of the CM method have recently been studied by Li and Ke-

dem (1992) and Li, Kedem, and Yakowitz (1992). In these works (see also Chapter 5),
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it was proved that under appropriate conditions the CM method provides a strongly
consistent estimator of w;, and that the estimator is asymptotically normal with a
variance inversely related to the signal-to-noise ratio of the filtered data. In the next
section, we shall analyze the PF method along the same lines as in these works in order

to establish the strong consistency and asymptotic normality of the PF estimator &.

4.2 Statistical Properties of the PF Estimator
To investigate statistical properties of the PF method presented in the preceding sec-
tion, we shall answer the following questions:

i) Under what conditions does the random mapping &(a) have a fixed-point &?

ii) Under what conditions does the fixed-point iteration in (4.8) converge to the

fixed-point &7 and

iii) What limit and limiting distribution does the PF estimator & possess as the

sample size n tends to infinity?

This section provides a set of sufficient conditions under which a unique fixed-point &
exists and can be found in the vicinity of a* by the iteration in (4.8) almost surely.
Under these conditions, & is also shown to be strongly consistent and asymptotically
normal for estimating a*. For simplicity, these results are formulated in terms of the

least squares estimator &4(a) defined by (4.10).

4.2.1 Existence and Convergence
Suppose that the filter {h;(a)} also satisfies the following regularity conditions:

(A3) The filter {h;(a)} is uniformly strictly stable in A.

(A4) The filter {h;(cx)} is continuously differentiable, and its derivatives are uniformly

strictly stable in A.
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Under these additional conditions, together with (A1) and (A2), we first show that
the random mapping a(a) is uniformly consistent for estimating a(a) up to the first

derivative, as summarized in the following lemma.

Lemma 4.1 Suppose that (A1), (A3), and (A4) are satisfied. Then, both a(a) and

a(a) are continuously differentiable. Moreover, as n — o,
i(a) o3 a(la) and &'(a) 23 a'(a)
uniformly in a € A, where &'(a) and a’(a) are Jacobian matrices of a(a) and a(a).

PRrROOF. According to Theorem 3.5, the sample autocovariances of the filtered data

are uniformly strongly consistent. Therefore, under (A3), we obtain
2 'QTY (@) Y()Q ¥ Ry(a) and 27'QTY7(@)§(a) B r,(e)

uniformly in & € A as n — 0. Since R,(a) is nonsingular under (A1), it follows that

QTY7(a) Y(a)Q is nonsingular almost surely for sufficiently large n, and that
a(a) B Ry a)ry(a) = a(a)

uniformly in @ € A. The nonsingularity of R,(a) and QTY(a) Y(«)Q, in connec-
tion with (A4), also guarantees that a(a) and &(a) are continuously differentiable.

Applying Theorem 3.6 proves that &'(a) ©5 a’(«) uniformly in « € A. %
In the sequel, we shall also make use of the following lemma.
Lemma 4.2 Let C(a) be the matriz defined in (4.7), and assume that (A1) and (A2)

are valid. Then the spectral radius of C(a*) is less than 1. Moreover, if C(a) is

continuous at *, then a'(ex) is differentiable at a* and a'(a*) = C(a*). Therefore,

*

being the unique fized-point of a(a), o™ is attractive.
PROOF. It is easy to verify from (4.7) that C(a) can be written as

C(a)={I+T(a)} ' with I'(a):=R;(a)R(a). (4.13)
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Let A; and p;, (j = 1,...,¢q), be the eigenvalues and corresponding eigenvectors of
I'(a*), then 1/(1 + };) are eigenvalues of C(a*), associated with eigenvectors p;.
By definition (Ortega and Rheinboldt, 1970, p. 43), the spectral radius of the matrix
C(a™)is given by o = max {1/|1 4 A;|} > 0. Therefore, p < 1if and only if |1+ ;| > 1

for all j. On the other hand, since I'(a*) p; = A;p;, it follows from (4.13) that

p;/Ro(a”)p; = A; {p/'R.(a”) p;}.
Note that R,(a*) and R.(a*) are positive definite under (A1). Therefore, we obtain
PR.(a*)p; > 0 and pfR.(a*)p; > 0 for all 5. This, in turn, yields A; > 0 for all
J- As a consequence, we obtain |1+ A;] = 1+ A; > 1 for all j and hence p < 1.
To proceed with the proof, we note that ¢ < 1 implies the existence of a norm
| - || such that ||C(a*)|]] < 1 (Ortega and Rheinboldt, 1970, Theorem 2.2.8, p. 44).

Moreover, under (A2), it follows from (4.6) that
laa) - a® - C(a") (a - a®)] < | C(a") = C(@)| lx - ”].
Since C(a) is continuous at a* by assumption, and a(a*) = a*, we obtain
[la(@) — a(a™) — C(a”) (a — a®)|| = of[a — a*)).
By definition (Ortega and Rheinboldt, 1970), the mapping a(a) is differentiable at
a*, and its derivative coincides with C(a*). The fixed-point a* of a(ax) is attractive
since [|a'(a*)]| = |C(a®)]] < 1. ¢

Based on these lemmas, the existence of the PF estimator & as a fixed-point of

d(a) and the convergence of the iteration in (4.8) to & can be established as follows.

Theorem 4.2 Under (A1)-(A4), the following assertions hold almost surely, provided

that n is sufficiently large.

a) There exists a neighborhood Sa(a*) := {a: |ja—a*|| < A} of a*, with A being
independent of n, in which the random mapping 4(c) constitutes a contractive

mapping, and hence possesses a unique fized-point &.
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b) The sequence {&,,} produced by the fized-point iteration (4.8) converges to & as
m — oo provided that &y € Ss(&), where S5(&) := {a: |la-@&| < 6} isa

neighborhood of &, with & being independent of n.

PRroor. Since C(a)is continuous under (A4), it follows from Lemma 4.2 that a’(a*) =
C(a*), and that ||a’(a*)|| < 1 for some norm || - ||. Furthermore, the continuity of
a'(a) and C(a) under (A4) also guarantees the existence of a constant 0 < ¢ < 1 and

a neighborhood S, (a*) := {a: |la — a*|] < Ay} C A such that
l(@ll < ¢ and [C(@)] < e (4.14)

for all & € Sa,(*). Let ¢ := (¢c+ 1)/2 < 1, then the uniform convergence of &'(ax) to
a’(a) implies that ||&'(a)|| < ¢ almost surely for all & € Sa,(a*) when n > Ny, where
N, is independent of . On the other hand, using the mean-value theorem (Ortega

and Rheinboldt, 1970, p. 71) we can show that for all n > N,
lla(ex) = &(as)]| < < llou — o] (4.15)

almost surely and uniformly in a,, ay € Sa,(a*). By definition (Stoer and Bulirsch,
1980, p. 251), this implies that the random mapping &(a) is contractive on Sa,(a™)
almost surely. In particular, the inequality (4.15) is valid almost surely on the smaller
neighborhood Sa(a*) := {a : |la — a*|| < A} with A = 1A, for all » > N,

Furthermore, by Lemma 4.1, the convergence of a(a) to a(a) guarantees that
la(a®) - ™| = [la(e”) — ala®)} < (1 -<)A

almost surely for all n > N. Therefore, according to Theorem 5.2.3 of Stoer and
Bulirsch (1980), the mapping &(a) has a unique fixed-point & on Sa(a*) almost
surely whenever n > max(N, Ny). Part a) of the theorem is thus proved. To show
Part b), we take a constant § such that 0 < § < £A,. Then the neighborhood S5(&)

of the fixed-point & is contained in S,,(*) and hence the inequality (4.15) remains
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valid almost surely and uniformly in o, s € S5(&), provided that n > max(N, No).
By Theorem 5.2.2 of Stoer and Bulirsch (1980), the sequence {&,, } produced by (4.8)
converges to & as m — oo almost surely, if n > max(N;, Ny) and the initial value &,
is chosen in the neighborhood S5(&). ¢

Remark 4.3 The theory of numerical analysis tells us (Stoer and Bulirsch, 1980)
that the spectral radius ¢ of C(a*) is crucial to the rate of convergence of the fixed-
point iteration in (4.8). Indeed, the smaller the spectral radius g is, the faster is
the convergence to &. As seen in the proof of Lemma 4.2, p = 1/(1 + Apin ), where
Amin = min{A;}. Therefore, to accelerate the fixed-point iteration, A;, should be

made as large as possible. Notice that

H *
Amin = min P R )P R,(a )p.
r#0 pHR (a*)p

In the case of ¢ = 1, Anin reduces to ri(a*)/ri(a*), which is readily recognized to
be the signal-to-noise ratio of the filtered process {y;(a*)}. For ¢ > 1, Anin can be
regarded as a generalized indicator of the amount of signal relative to the amount of
noise in the filtered process {y;(a*)}. This implies that the fixed-point iteration can
be accelerated if the parametric filter enhances the sinusoidal signal when « takes on
values in a neighborhood of a*.

Remark 4.4 In order to accommodate poor initial guesses, it is required to have
a large neighborhood of & - the convergence region — in which the fixed-point
iteration in (4.8) converges. Theorem 4.2 gives a conservative estimate of this region
— namely, the neighborhood S5(é&) — which basically consists of those o for which
|&'(a)]| <€ ¢ < 1. Therefore, the filter should be selected to provide a large set of such

a in order to obtain a large convergence region.
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4.2.2 Strong Consistency and Asymptotic Normality

Suppose that & is the fixed-point of the random mapping 4(ex) in the vicinity of a*.
In the following, we shall investigate asymptotic properties of & as the sample size
n tends to infinity. The following theorem claims the strong consistency of the PF

estimator & for estimating ac*.

Theorem 4.3 Suppose that (A1)—(A4) are satisfied, and let & be the unique fized-
point of a(ax) in Sa(a*), as given by Theorem 4.2. Then & converges to a* almost

surely as n — 0.
PRroor. Since 4(&) = & and a(a*) = a*, it follows from (4.6) that

& —a" = 6a(a) + a(a) — a(a*) = éa(a) + C(&) (& — a*) (4.16)
where 64(a) := 4(a) —a(a). By (4.14), we have |C(a)|| € ¢ < 1 for any a € Sa(a*).
We find that

I — a*|| < I8a(&)] + [|C(@)I| 1 — o < I8a(&)] + ¢ |l& — "]
and hence
& — o < (1 - ¢)* |6&(&)) (4.17)

almost surely for large n. The uniform convergence of 4(a) to a(a), as claimed in
a.s

Lemma 4.1, guarantees that ||64(&)|| = 0 as n — oo, which, together with (4.17),

proves the assertion. ¢

The asymptotic normality can also be established for the PF estimator &. To this

end, we first need the following lemma regarding the asymptotic normality of 4(a*).

Lemma 4.3 Suppose that (A1)~(A3) are satisfied and that E(£}) = Ko} < co. Then,
asn — 00, \/nda(a*) = \/n{a(a*)—a} converges in distribution to a normal random

vector with mean zero and covariance matriz

V= R;'(a*) Q" W(a") QR; (a”)
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where W(a™*) := [w;;(a*)], (1,5 =1,...,2¢— 1), and

wi;(@”) = 42 { > "i+.-_k(a*)} {X_: % 7‘5+]-_k(a*)} : (4.18)

PRrOOF. The proof utilizes the large sample theory in Chapter 3 concerning the asymp-

totic normality of sample autocovariances of filtered data. First of all, we have
fa(a”) = —-{(Q"YTYQ)'Q"Y"§ + a}.

Here, as well as in the following, the argument a* is omitted for the sake of brevity.

As in the proof of Theorem 3.3, we can write
T lQTYTYQ =R+ op(n™'/?) and nlQTYTy = ¢ + op(n~1?), (4.19)

where R := QTRQ, £ := QT (¢ + #B) = 2 QTF¥, with

=
ii
-
I

T_2¢42 **° To To2¢41

and
n—j
i 1= n‘lz.@tﬂ'(a"):&,(a*) (7=0,1,...,2¢—1).
t=1
Using these results, in connection with the nonsingularity of fl, we obtain

sa(a*)

-—(fi"li‘ +a)+ op(n‘llz)

= —R7(#+Ra)+op(n~"?). (4.20)

Let r; := r{(a™) for brevity. Then, according to Theorem 3.3, v/n (7; — r;),(j =

0,...,2¢—1) are asymptotically jointly normal with mean zero and covariance matrix
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V, := [oy;], where

q 00
g = 2) Br(e”) cos(iwg) cos(jwr) . r(a*) cos(Twy)
k=1 T==00

+ (k= 3)ri(a™) rj(a”)

+ f: {ri(@®) riy;_ (@) +ri (@) r_i(a”)} (4.21)

T=—00
for 4,7 = 0,1,...,2¢ — 1. On the other hand, the vector # + Ra in (4.20) can be
regarded as the value of some function f(uo,...,us—1) at u; = #;, that is, £ + Ra =
f(#0,...,72-1). For this function, it is also true, by (4.1), that
f(rg,...,199-1) = r,(a*)+Ry(a*)a

= 1,(a”)+R,(a”)a(@®) = 0.
Therefore, invoking Proposition 6.4.3 of Brockwell and Davis (1987) proves that

\/ﬁ(f' + Ra) = \/’E{f(’f'o, .. .,’i’gq_l) - f(’l'o, ey qu_l)}

converges in distribution to a normal random vector with mean zero and covariance
matrix V; := FV,FT where F is the Jacobian matrix of f evaluated at (7o, .. 3 T2g—1)-

It is easy to verify that

t+Ra=Q7(f+° +RQa) = QT[f : R | i

1

k)

where & := [ag, a1, - - , a,]". Simple algebra shows F = [fy,--- ,f5,-1], where

a; a1 + a1y
£=Q"| : | and f=q7
Q2q4-1 G3g-1-j + Qog_14;

for j=1,...,2¢ -1, with a; := 0 for £ < 0 and k£ > 2¢. Upon noting that o;; given
by (4.21) are symmetric in the sense that o_; ; = 0, _; = 6_; _; = 0;;, we can rewrite

V; as V; = QTBQ, where B := [b;], (4,7 = 1,...,2¢ — 1), with

29
bj = E Oi—u,j—v Gy Oy .
U, v=0
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As can be seen from (4.21), there are three groups in the expression of o;;. The first

group involves the sinusoidal terms, all of which are cancelled out in the expression of

b;;, because A(z;')=0for k=1,...,q and hence

2¢
Za,,cos(wk(j—v))zo (G=1,...,2¢-1;k=1,...,9).

v=0
The second group in (4.21) consists of (k — 3) r{(a*) ri(e*). It is easy to see that the

corresponding term in V, can be written as (k — 3) UU?, where

QT[r(a”) i Ri(a*)  ¥B(a*)]a

r(a*)+ R (a*)a = r(a”) + R (a")a".

U =

Since U = 0 under (A2), this term also vanishes in V;. Combining these results, we

obtain V; = QTB, Q where By := [bg))] with

(o] 29

B := 3 Y ava, riy (@) {re,_(a®) F iy, (a®).
T=—00 4, v=0

Furthermore, it is not difficult to verify that B, can be written compactly as

B, = i ATr,(a*)rT(a*) (A +1A),

T=—00

where A is a (4¢ — 1)-by-(2¢ — 1) matrix of the form

azq 0
A= g aa, (4.22)
0 Qg
and r.(a*) := [ri_y (@), e, 1 (a*)]F. Since IA = Al and IQ = Q, we

obtain TAQ = AQ. Therefore,

V;=2 f: Q"A™r (a*)rI(a*) AQ.

T==00
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This expression can be further simplified as

V, =43 Q7A"r,(a”)r7(a*) AQ = Q7 W(a") Q,

=0

upon noting that r_,(a) = Ir.(a), QTATry(a*) = U = 0, and

W(a*)=4 f: ATr,.(a*)rT(a*) A.

7=0
Finally, since R &% R,(a*), by Slutsky’s theorem (Lehmann, 1982, Lemma 4.1, pp.
432-433) we obtain from (4.20) that /7 64(a*) = —R~1/n (#+Ra)+0p(1) converges

in distribution to N(0,V). ¢

With the aid of this lemma, we are now able to show the asymptotic normality of

the PF estimator &.

Theorem 4.4 Under the conditions in Theorem 4.3, \/n (& —a*) converges in distri-

bution as n — oo to a normal random vector with mean zero and covariance matriz
Vo =R;(a*) Q"W(a*) QR (a*) (4.23)
where W(a*) is defined in Lemma 4.3.

PrOOF. It follows from (4.16) that {I — C(&)} (& — a*) = §a(&). According to the

mean-value theorem (Ortega and Rheinboldt, 1970, p. 71), §4(&) can be written as

§a(&) = 6a(a”) + {/01 §8'(a” + (& — o)) dA} (G —a®)

where §4'(a) is the Jacobian matrix of §a(ax). Since §8'(a) = &'(a) — a'(a) = 0

uniformly in a € A, as guaranteed by Lemma 4.1, we have
1
/ §8'(a” + A& — a™)) dA %3 0.
0

In addition, the consistency of &, together with the continuity of C(a), implies
that C(&) 3 C(a*). Therefore, by Slutsky’s theorem, +/n (& — a*) has the same

asymptotic distribution as /n {I— C(a*)}~'6a(a*). Invoking Lemma 4.3 shows that
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Vn (& —a*) converges in distribution to N(0, V), where V,, := {I- C(a*)}~!V {I-
C(a*)}~!. Furthermore, using the expression of C(a) in (4.13) and applying the

matrix-inversion formula (Haykin, 1986), we can write
{I-C(a)}™ = 1+T7(a) = I} (e) {I+ T(a)}.

On the other hand, R,(a) = R.(a) + R(a) = R(a){I + I'(a)}. Therefore, we
obtain {I— C(a)} 'R, !(a)=T""(a) R;!(a) = R} (a). Substituting this result in
the above expression of V, completes the proof. ¢

Remark 4.5 The asymptotic variance V, in (4.23) is seen to be inversely related
to the signal-to-noise ratio in the filtered process {y;(a*)}. This is compatible with
the requirement that the filter should effectively enhance the sinusoids and suppress
the noise. According to Remark 4.3, the convergence of the fixed-point iteration in

(4.8) can also be accelerated by appropriate filters that improve the SNR.

4.3 Extension to Complex Sinusoids

A parallel theory of the PF method can be easily established for complex sinusoids in

additive noise. In fact, if {z;} is a sum of p complex sinusoids given by

P
T, = Z By, eilwrtten)

k=1
with 0 < w; < -+ < w, < 2, then it satisfies a pth-order AR autoregressive equation
of the form Y7_;a; z,_; = 0, where the AR parameter vector a := [ay,---,a,]" is

defined by the coefficients of the polynomial

4 o
doajz =T[(1-zzt)
j=0 k=1
with 2; := exp(iwy). Given a finite data set {y;,...,y,} observed from (1.1), one of

the widely-used estimators of the AR parameter a is given by

aps = —(YAY) 'yfy (4.24)
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where Y and y are redefined by

Y - W Yp+1
Y = : . and y:=

Yn-1 " Yn—p Yn
This estimator is known as the forward linear prediction (FLP) (Kay and Marple,
1981) which minimizes the criterion ||y + Yal|?. Other procedures such as the forward-
backward linear prediction (FBLP) (Kay and Marple, 1981) are also applicable for
estimating the AR parameter a with only a slight modification of Y and y in (4.24).
Introducing a parametric filter {h;(a)} indexed by a := [o,- -+, ,]7, an estima-
tor () of the AR parameter a can be obtained according to (4.24), with the data
matrices replaced by those of the filtered data {f:(a)} in (4.9). The parametrization

property (A2) retains its form, but R.(a) and r,(a) are now of the structure

€ € € €
To T Tp—1 T
e pe ce.  pt re
-1 0 p—2 -2
R, := r:= (4.25)
€ € € €
| T-pt1 T-pt2 To | | "-p |

with 7¢ replaced by E{ey (@) e(a)}. In this case, (A2) is readily recognized as
being the Yule-Walker equations. In other words, for complex sinusoids, (A2) can be
interpreted as the requirement that the filter be parametrized so that the parameter
«a satisfies the Yule-Walker equation for the filtered noise. With this property being
fulfilled, the PF estimator & is defined as the fixed-point of the random mapping a(c)

and can be obtained by the fixed-point iteration in (4.8).
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Chapter 5

PF Method with AR (All-Pole) Filter

Although its consistency is guaranteed by the asymptotic theory we developed in
Section 4.2, the accuracy of the PF estimator depends on the choice of the parametric
filter to be applied to the data (see also Remark 4.5). Intuitively, a “good” filter
should be bandpass — so that the sinusoidal signal can be effectively enhanced after
filtering. A useful example of such a filter is the AR filter (not to be confused with
the AR method) we shall consider in this chapter as an illustration of the PF method.

The AR filter — also known as the all-pole filter — is considered in the literature as
a filter that whitens the error term in the AR representation of {y;}. In fact, as we have
seen in Chapter 2, the reason that Prony’s estimator leads to inconsistent frequency
estimates is that {y,} in (1.1) does not obey an AR model which requires the error {e;}
to be uncorrelated (white) in the AR representation (2.4). Instead, the process {e;} is
colored, admitting the moving-average (MA) representation (2.14). Clearly, when {¢}
is an i.i.d. random sequence, {e;} would be an MA process with the MA coefficients
being identical to the AR coefficients in (2.4). This observation gave rise to the idea of
iteratively whitening the error {e;} by AR filtering based on previously estimated AR
coefficients from the filtered data. Along this line is the iterative filtering algorithm
(IFA), proposed by Kay (1984), which estimates the AR coefficients from iteratively

filtered data by Burg’s estimator and whitens the error term by an AR filter with poles
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on the unit circle. This procedure updates the filter so that the coefficients of the filter
on the (m+1)st iteration coincide with the estimated AR coefficients from the previous
mith iteration. The procedure is known to provide very good frequency estimates also
for relatively low SNR. However, since IFA uses a filter whose poles are on the unit
circle, the bandwidth is very narrow and the iterative procedure requires a rather
precise initial guess. In a recent paper by Dragosevi¢ and Stankovié (1989), iterative
least squares estimation was used in connection with an AR filter which has an extra
parameter to force the poles to be within the unit circle. This extra feature guarantees
the stability, and also controls the bandwidth of the filter. The resulting estimator
is referred to as the generalized least squares (GLS) estimator. (GLS without the
extra bandwidth parameter can be found in Matausek, et al. (1983) where instability
of AR filtering was reported, especially when the SNR is low.) Simulations indicate
that the GLS estimator (endowed with the bandwidth parameter) improves on the
performance of the IFA estimator for high SNR (Dragosevi¢ and Stankovié, 1989). In
general, however, the GLS estimator is not consistent.

In this chapter, we show that the AR filter used by Dragosevi¢ and Stankovié
(1989) can be readily modified to satisfy the parametrization property (A2). With
‘this modification, the resulting PF estimator outperforms the GLS estimator in terms

of mean-squared error, and especially so for closely-spaced frequencies.

5.1 General AR Filter and PF Estimator

The AR(2q) filter (or simply the AR filter) is a parametric filter defined by!

ye(a) + 01(a) nye_1(e) + -+ O30 (a) 9 Y25 () = (5.1)

where 7 € (0, 1] is the bandwidth parameter that attracts, when taking on values less

than 1, the poles of the filter inside the unit circle, and controls the bandwidth of the

! Assuming zero initial values yields the filtered data §;1(cx), ..., §n(c) for the calculation of a(ax).
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filter. The coefficients 8;(a) of the filter are functions of a, and are symmetric in the

sense that
bo(a) =1 and 6O,_j(a) = 6;(c) (G=0,1,...,9).

In the GLS method (Dragosevi¢ and Stankovié, 1989), this filter was employed with a

specific choice of the filter coefficients so that 8;(a) = a;, that is,
fa)=a (5.2)
where 8(a) is the g-dimensjonal vector
8(a) := [r(a),- -+ , 6y ()]"

A similar filter without 7 (or, equivalently, with 7 = 1) was also used by Kay (1984)
for estimating complex sinusoids.

Let us assume that the additive noise {¢;} in (1.2) is white with zero mean and
finite fourth moment. It will be shown that a very simple relationship between 8(a)
and « can be established so that the resulting filter possesses the parametrization
property (A2), and that the theoretical results in Chapter 4 can be applied to this

filter upon appropriately selecting o in a parameter space.

5.1.1 Parametrization

As we have seen in Chapter 3, the PF method requires the filter to possess the
parametrization property (A2). For white noise {¢;}, the filtered noise {¢;(a)} is
readily recognized as being an AR process with the autocovariance function ri(a)

satisfying the equations

29

Y wbi(a)ri(@)=0 (r=12,...). (5.3)

j=0

In matrix notation, (5.3) can be written as

Fa) + 717 (a) = ~Re(a) Q6(cx) (5.4)
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where Q is a (2¢q — 1)-by-q matrix of the form

Q 0
Q =0T o
Q 0

with Q, := diag(n,...,7?"!) and Q, := 7?Q,I. Now, by pre-multiplying each side of
(5.4) with 2 QT, we obtain

1+ 7*)r(a) = -2Q"R(a) Q6(a).
Therefore, the parametrization property (A2) requires that
(@) = 3(1 + 7"){Q"Rc(a) Q}'Re(a) cr. (5.5)

On the other hand, a simple calculation shows that

2

Q"R(a)Q = 1377 Q"R(@) Q T, = 5 Re(e) T;
where T, is a ¢-by-¢ diagonal matrix of the form
o 1+9™ 1+9% 149%™
T, ._dlag(n_*_n?q_l,...,nq_l+nq+1, A

As a result, the required parametrization (5.5) is simplified to trivial linear equations
0(a) =T, . (5.6)

With the coefficients given by (5.6), the AR filter in (5.1) satisfies (A2) so that a
sequence {&,,} can be generated by the fixed-point iteration in (4.8) to estimate the
AR parameter a.

As compared to (5.2), we observe that when 1 < 1, the parametrization of the PF
method differs from that of the GLS method. It is this difference that makes the PF
estimator consistent for any bandwidth parameter 7 < 1, while the GLS estimator is

inconsistent. Note that the PF and GLS methods coincide when n = 1. Moreover,

87



the iterative filtering algorithm (IFA) of Kay (1984) is easily seen to correspond to the
complex version of the PF method with = 1. The difference is that Burg’s estimator
was employed in IFA, instead of the least squares, in order to guarantee the stability

of AR filtering (Kay, 1984).

5.1.2 Parameter Space

For the theoretical analysis in Chapter 4 to hold, the AR filter (5.1), with 8(a) given
by (5.6), is required to satisfy the regularity conditions (A3) and (A4). Therefore,
the parameter a must take on values within a certain parameter space in which these
conditions are guaranteed.

For any 7 < 1, let ©(n) be the collection of @ := [6;,---,0,]" for which the
polynomial Q(z71) := Z]?io 6;274 with 6, = 1 and 6,,_; = 6; has 2q strictly complex
zeros (with non-zero imaginary part) on or inside the circle |z| = (1 - §)/n, where
6 € (0,1) is a small real number such that 1 — & > 5. Let A(7) be the set of  such

that 8(a) € O(n), namely,

A(n) :={a: () € O(n)}- (5.7)

Then, for a € A(n), we have the following theorem which claims the validity of (A3)
and (A4) for the AR filter (5.1) with 6(ax) given by either (5.2) or (5.6).

Theorem 5.1 Let A(7) be the parameter space defined by (5.7). Then the AR filter
(5.1) satisfies (A3) and (A4) for a € A(n) if () is given by (5.2) or (5.6).

To prove this theorem, we first need the following lemma.

Lemma 5.1 For any a € A(n), the poles of the AR filter (5.1) either appear on the
circle |z| = § < 1—86, or occur in reciprocal pairs within the band n*/(1-6) < |z| < 1-6.

Consequently, the AR filter is stable for all o € A(n).
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PRrOOF. By definition, a € A(n) implies that @ := 6(a) € O(n). Therefore, there
exist constants 0 < A\; < --- < A, < 7 and 0 < p; < (1 —6)/n such that
Q) 5= 300,573 =TI - pee2~) (1 = pee71).
=0 k=1

Let v := nprexp(idg) for k = 1,...,¢q and vg := N Pog_p41exp(—idgg_py1) for k =
q+1,...,2q. Since Q(nz~1) can be factorized as

2q

Qnz"Y) = [T(1 —wez") (5.8)

k=1
the zeros of Q(7z~!) — namely, the poles of the AR filter (5.1) — are readily identified
to be the complex conjugate pairs (v, ¥2q-341), (K = 1,...,¢). The symmetry of 6;
implies that the zeros of Q(2~') also constitute reciprocal pairs, and hence appear in
the region 7/(1 — 6) < |2| < (1 - §)/n. As a result, the poles of the AR filter must
occur within the band 7?/(1 — §) < |2| < 1 — 6. Moreover, for distinct A, — the A,
with multiplicity 1 — the corresponding zeros of Q(2~!) occur on the unit circle and
hence the corresponding poles of the AR filter lie on the circle |z| = . The AR filter is
stable? for any a € A(7) because 1/Q(n2z"?) is analytic within a small band containing
the unit circle, and hence its Taylor series expansion is absolutely summable on the
unit circle. o

Equipped with this lemma, we now present the proof of Theorem 5.1.

Proor or THEOREM 5.1. Let H(z;a) := 1/P(z; &) where

P(z;a) := Z:Oj ()2t

According to Lemma 5.1, H(z; ) is analytic in |2| < (1 — §)~* since the poles of
H(z;«) are on or outside the circle |z| = (1 — §)~! > 1 for any a € A(7). Given
p € (1—6,1), the circle |z| = p~' is contained in the analytic region of H(z;c).

Therefore, by Cauchy’s inequality (Markushevich, 1977, vol. 1, Theorem 14.7, p. 302),

ZRecall that a filter is stable if its impulse response sequence is absolutely summable.
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we obtain

B0 e)l/s < ¢ max |H(zi0)]  (7=0,1,...) (5.9)

where H;(z; ) stands for the jth derivative of H(z;a) with respect to 2. Note that
|1 = ¢| > 1 —|¢| for any complex number { with [(| < 1. Note also that P(2~!; )
admits the factorization (5.8). Since |v2| < (1—6)/p < 1 for any |z| = p~*, it follows
that |1 — v42] > 0o := 1= (1 —8)/p > 0 for all k. Therefore, from (5.8), we obtain

|P(2; )| > 3! for any |z| = p~1, and hence

max [H(z;a)| < 0y (5.10)

l2[=p"
for any a € A(n). On the other hand, let {h;(c)} be the impulse response of the AR
filter (5.1). Then, we obtain (Markushevich, 1977, vol. 1, Theorem 16.4, p. 349)
H(z;0) = ihj(a) Z and hij(e) = H;j(0;e)/5'  (j=0,1,...). (5.11)
‘ j=0
This result, together with (5.9) and (5.10), implies that |h;(a)| < o5 *p’ for j > 0
and a € A(n). Hence, the condition (A3) is satisfied by the AR filter.

Furthermore, let P;(2; &) be the jth derivative of P(z; a) with respect to z. Then,
it is readily shown that H,(z;a) = —{H(z;a)}2P;(2;). Using the Leibniz rule of
differentiation, we obtain, for 7 = 1,2,...,

j-1 u ‘
Hi(za) = — Z Cis1Pi_u(z ) Z CiH,(z;a) Hy_o(z;00).
u=0 v=0

This, together with (5.11), yields the following recursive expression for k;(a), namely,

hy(@) = = 31— /) by-o(@) 7™ 3 @) huca(@) (512)

for j = 1,2,..., where 8,(a) := 0 for u > 2¢. Note that ho(ct) is differentiable since
ho(a) = 1 for all & € A(n). By induction on j, we can show from (5.12) that k;(c)
is also differentiable for all j > 1 due to the differentiability of {6,(c)} when 6(a) is

given by (5.2) or (5.6). On the other hand, let the prime / denote the differentiation
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with respective any component of a. Then we have H'(z;a) = —{H(z; )} P'(z; a).
Clearly, H'(z; a) is analytic in |z| < (1—§8)~%, just like H(z; ). Moreover, when 8(a)
is given by (5.2) or (5.6), the derivatives of 6;(a) are constants, and hence | P'(z; )]
is bounded by a constant ¢ for any |z| = p~! and a € A(757). Therefore, according to

(5.10), we obtain

max |H'(z;a)| < cop ™. (5.13)

lz]=p—1
On the other hand, since H’(z;a) is analytic in |2| < (1 — )7, it admits the Taylor
series expansion H'(z;a) = Y 52 g;(a) 27 with g;(a) := Hj(0;a)/j! for j > 0, where
Hj(z; ) is the jth derivative of H'(z;a) with respect to z. Since the order of differ-
entiation with respect to z and to e is exchangeable in differentiating H(z; ), this

result, in connection with (5.11), yields k() = gj(a) and hence

H(z;a) = ih;(a) 2

for a € A(n). Using (5.13) and Cauchy’s inequality for H;(z;a), we obtain |hj(a)| <
cop*p for all j > 0 and a € A(n). Therefore, the AR filter satisfies the condition

(A4). The theorem is thus proved. ¢

In order to effectively control the bandwidth of the AR filter by the parameter 7,

we may consider another parameter space Ao(n) defined by

where O, is a subset of ©(7), consisting of 8 € ©(n) for which the zeros of the
corresponding polynomial Zfio ;2= occur on the unit circle. For this parameter
space, it is readily shown that the poles of the AR filter are constrained to be on the
circle |z| = 7, so that the parameter 7 has a full control of the filter’s bandwidth for
all a € Ap(n). Moreover, since Ag(n) is a subset of A(7), the AR filter still satisfies

the regularity conditions (A3) and (A4) when 7 < 1.
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In practice, 8(&y,) does not always appear inside @y when &, in (4.8) is obtained
from a finite data record. In case it falls outside, we may project it back into O,
by the following procedure. Suppose that for a given a the zeros of the polynomial
Z??__O 0;(ca) 277 are of the form p; exp(xid), (k = 1,...,q), for some p; > 0 and
0 < Ay £+ < Ay < w. Then the projection of 6(ax), denoted by 0 := [51, cee ,éq]T,

can be obtained from the coefficients of the polynomial
2q -~ . q . .
20]-2_-’ = H(l — M) (1 = ez,
j=0 k=1

By this projection, the poles of the AR filter are guaranteed to be restricted on the

circle |z| = n so that the AR filtering is always stable as long as 7 < 1.

5.2 Statistical Properties

For the properties in Section 4.2 to hold, the condition (A1) is the only thing left for
verification. It is readily shown that the AR filter satisfies this condition, since its

transfer function

H(wia) = {io,-(a) n’}

is nonzero for all & € Ay(n). In conclusion, the AR filter, defined by (5.1) and (5.6)
with 7 < 1, satisfies (A1)-(A4). Consequently, the corresponding PF estimator &,
possesses the statistical properties in Section 4.2, regarding the existence, convergence,

strong consistency, and asymptotic normality, as can be summarized as follows.

Theorem 5.2 Suppose that {€;} is white with finite fourth moment. Then, for the AR
filter defined by (5.1) and (5.6) with n < 1, the results in Theorem 4.2, Theorem 4.3,

and Theorem 4.4 are valid, provided that a* € Ay(n).

As mentioned before, the parameter 7 plays the role of controlling the bandwidth

of the AR filter. Indeed, the closer 7 is to 1, the narrower is the bandwidth of the AR
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filter. Since the sinusoidal signal under investigation concentrates only on extremely
narrow bands (spikes) in the frequency domain, it is clear that in order to enhance the
signal by the AR filter,  should be chosen as close to 1 as possible. From another point
of view, the parameter 7 also determines the asymptotic behavior of the associated
PF estimator in terms of its covariance matrix. As a matter of fact, the asymptotic
covariance matrix V,(7n) of the PF estimator can be made arbitrarily small if # is
chosen arbitrarily close to 1. More precisely, we have the following theorem concerning

the limit V,(n) as n — 1.

Theorem 5.3 Let V(1) be the asymptotic covariance matriz of the PF estimator &
corresponding to the AR filter defined by (5.1) and (5.6) with n < 1. Then V,(n) =
O((1 — 7)) as n — 1, where V,(n) is given by (4.23).

PRrOOF. To prove this theorem, we first need to rewrite w;;(a*) defined by (4.18) into

a more suitable form with the help of the spectral representation

2 w
ri(a*) = -g-;; i |H(w; a*)|? ™ dw. (5.15)

To this end, let us define d; := 776;(a*)/a;. Then, from (5.6), we obtain

di = (0 + ) /(0 +9*77)  (j=0,1,...,29).

With this notation, we can rewrite (5.3) as

2q
Yodiajri_j(@”) =0 (r1=1,2,...).
j=0

This, in connection with (5.15), gives
2¢q 2q
Sy = Doairr_i(ar) = ) (1-d;)aeri_j(a”)
j=0 j=0

2 T 2q
= 2 |H (w; a*)|? 1—d;)a;e %} '™ dw.
Ir 3779
- ji=0
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Introducing the polynomials

2¢q 2q
D(z):= Z(l —d;)a;z*7 and P(z):= Zﬂj(a*) wa,
j=0 Jj=0
we can write S, as a Cauchy integral of the form

o? D(z)

€

= om [z]=1 W

where Q(z) := 2?7P(z7'). Note that a* € Ay(n) implies 8(a*) € ©,. This, in turn,

7l (r=1,2,...)

guarantees that the 2¢ zeros of P(z~!) appear on the circle |2| = 7 and can be expressed
as v 1= nexp(iA;), (k= 1,...,2q), with the Ay satisfying 0 < A; <--- < A, < 7 and

Ak i= —Agq_kt1, (k= q+1,...,2¢). As a result, we can write

2q 2q
P(z) = H(l —z) and Q(2) = H(z — )
k=1 k=1
where 7, is the complex conjugate of ;. It follows from the residue theorem of complex
analysis (Markushevich, 1977) that

2. D(w)

S, = UZZP(V;C)Q(V;C) vt (r=1,2,...).

Using this formula, w;;(a*) in (4.18) can be written as

wij(@®) = 45,454

7=0

o D(vi) D(vvr) v 5 16
%:—1 P(vy) P(rir) @' (i) Q' (vpr) 1 — VieDr (5.16)

where the overline denotes the complex conjugation.

With the expression in (5.16), the behavior of W(a*) as # tends to 1 becomes
easer to investigate. In fact, we first note that v, — 2, as 7 — 1, where the z; are
zeros of the AR polynomial A(27!) = Y.2%,a;z7% in (2.1). Moreover, dy = 1 and
(1-9*)"1t(1-4d;)—j/2for j=1,...,2¢ as 7 — 1. Therefore, we obtain

29

(1=9)""'D(w) — Z 3ja; z,fq i = 1 2"'IA'(:/:,C_I) (5.17)

j=1
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Since A(2) = [I(1 — 2;2) and z; ' = %, it is readily shown that

2¢ 2q
(1 — 1)2)—1 P(Vk) = H (1 e I7krl/k) and H (1 - Ek/zk) = —ZkAl(Zk)
k=1 k'=1
k'#k k' £k

and

2¢ 2q 29
Ql(l/k) = H (Ilk - I/kl) b d H (Zk - Zk/) = qu_l H (1 - zklik) = —Z:q AI(Zk).

k=1 k=1 k=1
k'#£k k' £k kE'£k

Finally, (1 - n*)/(1 — i) = 1 for k' = k, and (1 — %) /(1 — D) — 0 as p — 1 for
k' # k. Substituting all these limits in (5.16) yields
21 .
(1 -7°) wi(a*) — af§ TAGOE 27270 (4,5=1,...,2¢-1)
as 77 — 1. In matrix notation, we can write

1-7)QTW(a*)Q = 40X, with X;:= QTSD,S7Q (5.18)

where S is the Vandermonde matrix in (2.21) and Dy is the 2¢-by-2¢ diagonal matrix
defined by Dg := 1 diag{|4'(21)|7%,..., |4 (2,)]%}.
To complete the proof, it suffices to consider the behavior of R (a*) as 7 tends to

1. For this purpose, we notice that |H(w;;a*)| = 1/|P(2;")| and
2q . - 2q .
P(z') =) _0i(a”) Wz’ =) dia;jz" = -2 D(z).
j=0 §=0
Therefore, it follows from (5.17) that (1 — #?)? |H(wi;a*)|* — 4/|A'(%)|%. This,
together with the decomposition of R,(a*) in Remark 2.1, implies that

(1-7)*R.(a*) > 812X with X:=QTSDSYQ (5.19)

where D := ;diag{o}/|A"(z:)]%...,03,/|A'(23,)|*} with o} := B3/ ¥, B} for k =
1,...,q and o} := 03,_;,, for k = ¢+ 1,...,2¢q. Collecting (5.18) and (5.19), we

finally obtain

. 1+ 772)3 _ 1 -1 -1
'lll_IH (1 — 172 Va(ﬂ) = 2—72 P 202 (520)
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where V,(7) is the covariance matrix given by (4.23) and v := rZ/r§ = r%/0? is the
signal-to-noise ratio of the data. The theorem is thus proved. o
Remark 5.1 In the special case where the g sinusoids have the same power, that

is, Br = B, for all k, the limit in (5.20) reduces to

(1472 ¢ o
tim (132) Va(n = 2523 (5.21)

because D = ¢~ 1D, in the case.

Remark 5.2 It is interesting to recognize, by comparing (5.18) with the decom-
position of R, in Remark 2.1, that ¥, is identical to the autocovariance matrix of a
sinusoidal signal with the same g frequencies as {z,}, and with the amplitude corre-
sponding to wy, equal to 1/|A’(z)|. Similarly, 3 in (5.19) has the same structure as X,
except that the amplitude associated with wy is replaced by o4 /|A’(2;)|- Therefore,

these matrices can be rewritten as

_ | cos(wi(i — 4)) _ |~ gt cos(wi(i — 5))
2”"[§ 2| A (z)]2 ] and 2‘[,; 2[4 (2|7

where i, j =1,...,2¢ — 1.

5.3 Accuracy of the PF Estimator

As guaranteed by Theorem 4.4, the PF method produces an estimator & so that
V1 (& — a*) is asymptotically normally distributed and thus its estimation accuracy
is of order O(n~'/2). However, for the AR filter (5.1), it has been shown that the
asymptotic covariance matrix of the corresponding PF estimator can be made arbi-
trarily small as i tends to 1. This indicates that a higher order accuracy could be
obtained with  ~ 1. Indeed, as discussed in Truong-Van (1990), Quinn and Fernandes
(1991), and Li, Kedem, and Yakowitz (1992) for the case of a single sinusoid (¢ = 1),
the PF estimator with the AR filter is able to achieve the same accuracy of order

O(n~3/?) as the nonlinear least squares (NLS) approach (Hannan, 1973; Stoica and
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Nehorai, 1989; Walker, 1971) in the limiting case of 7 = 1. We shall return to this
point in the next section where the special case of ¢ = 1 is considered in detail.

For the case of multiple sinusoids, the fixed-point iteration in (4.8) with n = 1 can
be regarded as an algorithm that approximately calculates the NLS estimator in an
iterative fashion. In fact, as we have seen in Chapter 1, the NLS estimator minimizes

JI

n

in (1.13). Notice that I — G (GTG)-!GT” in (1.13) is a projection operator that
projects an n-vector onto the orthogonal complement of the 2¢-dimensional column-
space of G. On the other hand, if we let &; be the AR coefficients determined by
(2.1) for any given wy := &, and denote by A the corresponding n-by-(n — 2¢) matrix
of the structure (4.22), it is easy to verify that ATG = 0. This implies that the
n — 2q linearly-independent columns of A are orthogonal to the columns of G and
thus span the (n — 2¢)-dimensional orthogonal complement of the column-space of G.

As a consequence, we obtain
I-G(GTG)!GT = A(ATA) AT
and hence J, = §TA (ATA)"1AT§. Let e(a) := [e3041(8)," -+ , n(a)]" where
2¢
e.(a) := Z aj Ye—j. (5.22)
—

Simple algebra shows that AT§ = e(d) where §¥ = [y1, -+, ya]T. Therefore, J, can be

rewritten as
J.(a) = eT(a) (ATA) 'e(a). (5.23)

The NLS method is thus reduced to the problem of minimizing J.(&) in (5.23) with
respect to 4. To compute the NLS estimator, an iterative procedure can be employed
in accordance with the suggestions of Bresler and Macovski (1986). Indeed, for any
estimate &,, of the AR parameter a, a new estimate can be obtained by minimizing
the criterion J,({")(é) := eT(a) (AT A,,) le(a) with respect to &, where A,, is the

matrix A with &,, in place of a.
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Let & be within a tiny neighborhood of the true AR parameter a. It is easy to see

that within such a neighborhood e,(4) can be approximated by

2¢ 2¢ 2q
e(d) = Zdj T + Zdj €_j R Zdi €1—j.

=0 j=0 j=0
Since {e¢;} is white, it can be shown from this approximation that the covariance
matrix of e(a) is approximately equal to 62AT A. Therefore, when &, and & are both
very close to a, the vector €,(4) := (AZ;A,,,)‘I/ 2e(4) can be regarded as a whitened
version of e(&). Resofting to the frequency-domain interpretation, this whitening
procedure can be approximately performed by applying to é, := e;(4) an AR filter of
the form (5.1) with n ~ 1 and @ = &,,. Let {é;(é&,)} be the output of the filter, then
&n(8) ~ [E241(Gm), "+, En(@)]” and hence JI™ (&) = |84 (Q)|]° ~ T{e (&)}’
On the other hand, by interchanging the order of the AR filtering on e,;(4) and the
FIR filtering on y, defined by (5.22), we obtain &(&m) ~ Y jeqd;j ft—j(ém). Thus,
minimizing J{™)(4) is approximately equivalent to minimizing Z{Efio a; i (Gm) Y2
The latter yields the PF estimator &4 given by (4.8).

An advantage of the PF method over the NLS method lies in its computational
simplicity inherited from the explicit least squares solution of 4(a). In fact, a direct
calculation of J(4) in (5.23) requires the inversion of an (n — 2¢)-by-(n — 2¢) matrix
ATA, as compared to the inversion of a ¢-by-¢ matrix QT Y*(a) Y(e) Q plus a linear
recursive filtering for the computation of 4(a) in (4.10). The computational complexity
is clearly O(n®) versus O(n).

Another advantage of the PF method comes from its less stringent requirement
of the initial estimates. As pointed out by many researchers, the NLS approach and
periodogram analysis (Rice and Rosenblatt, 1988; Stoica, Moses, Friedlander, and
Soderstrom, 1989; see also Chapter 1), as well as the PF estimator in the limiting
case of 7 = 1 (Truong-Van, 1990; Quinn and Fernandes, 1991; see also the next

section), require an initial estimate of accuracy o(n~!) in order to obtain the optimal
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solution by iterative procedures. On the other hand, with 5 < 1, an initial estimate
of accuracy O(1) is sufficient for the fixed-point iteration in (4.8) to converge to the
corresponding PF estimator, as indicated by Theorem 4.2. This, however, is not the
end of the story. In fact, thanks to the flexibility in the choice of 7, the estimation
accuracy of the PF estimator can be further improved upon increasing the value of
7) toward 1 as more reliable estimates become available to initiate the iteration. For
this purpose, we consider an increasing sequence of p such that 0 <y <o < --- > 1
(or0 < m < 1My < +-- < g = 1). To obtain the PF estimator &(n), the fixed-point
iteration (4.8) is initiated not with an arbitrary é&o but with the previously obtained PF
estimator &(7;_1). In so doing for k = 1,2,..., a sequence of PF estimators {&(n;)} is
produced — each estimator in the sequence serving as the initial value of its successor.
As k grows, the accuracy of &(n;) approaches that of the NLS estimator, but the
whole procedure, with 7, taking on a relatively small value, is able to accommodate
poor initial guesses employed to yield &(7;). Another possible way of improving the
estimation accuracy is to increase 7 after each iteration instead of carrying on the
iteration until convergence (Dragogevi¢ and Stankovié, 1989; Kedem and Yakowitz,
1991). This strategy simplifies the computation to some extent but may result in
converging to a false location if 5 grows too fast.

In the most interesting case where the frequencies are closely spaced, however, one
should be very cautious when increasing 7. Simulations show that the bias of the PF
estimator based on a finite data record increases as 1 approaches 1, while the variance
decreases. For closely-spaced frequencies, the bias eventually dominates the variance,
and hence an appropriate value of p < 1 should be considered to balance the trade-off

between the bias and variance in minimizing the mean-squared error.
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5.4 Special Cases of One and Two Sinusoids

In the preceding sections, we have discussed the general properties of the PF method
with the AR filter. Now let us concentrate on two special cases where the signal
consists of a single sinusoid and two sinusoids, respectively. For these examples, we
shall provide detailed analysis in order to gain some further insight into the PF method

regarding its parameter space and accuracy.

5.4.1 A Single Sinusoid in White Noise

In the case of ¢ = 1, the AR filter (5.1) becomes a second-order filter of the form

vi(@) + 0(a) nye—1(a) + PPyi—a(0) = (5.24)

and the parametrization (5.6) reduces to the simple equation

1—}-1}2
2n

b(a) = a. (5.25)

Since the zeros of the polynomial 1+ 6z~ + 272 are (-0 £ /62 — 4), it is necessary
that |f] < 2 in order that the zeros are pure complex. In this case, the magnitude of

the conjugate pair of zeros is equal to 1, so that ©, = {6 : |6| < 2} and

Ao(n) = {a: |a| < 4n/(1+ 1)}

Moreover, since a; = —2 coswy, the results in Theorem 5.2 holds as long as 7 is chosen

such that n < 1 and
-2n/(14 7?) < cosw; < 2n/(1+ 7?).

Obviously, this can be achieved with a sufficiently large 7 since |cosw;| < 1 for w; €
(0,7). Given a € Ay(n), since 8(a) € Oy, we can write (o) = —2cosw(a) for

some w(a) € (0,7). The poles of the AR filter are therefore v = nexp(iw(a)) and
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v = nexp(—iw(a)). In the cases where {¢,} is white noise, a formula given by He and

Kedem (1990, Lemma 2.1, Case iii) leads to

e 27 n
pi(a) = 1+—77" cosw(a) = — 1+72 6(c)

where p{(a) is the first-order autocorrelation of the filtered noise {¢,(a)}. On the
other hand, a simple calculation shows that —R;!(a)r.(a) = —2p(a). Therefore,
with 8(a) given by (5.25), we obtain —R;!(a)ra) = « for all a € Ay(n). This
verifies again that the AR filter possesses the parametrization property (A2) if it is
parametrized according to (5.25).

To compute the asymptotic variance of the PF estimator &, we note that with

q = 1 the matrix V4(7n) in (4.23) reduces to the simple form

2.0y _ W)
7 = Gy

where a* := a; = -2 cosw;. Notice that we drop the argument 7 in w;;(a*) and r¢(a*)
for notational brevity. The following corollary claims that the expression (5.21) holds

for any 7 without taking the limit.

Corollary 5.1 Let 02(n) and o2(n) be the asymptotic variances of & and the corre-
sponding @, using the AR filter (5.1). Then, for any n < 1,
1-— 2 2

n\? 11—\
—— ) sin? d o2 = — ( — ) 5.26
T 772) sin‘w; and o.(n) =\ ( )

4
oo(n) = g (
where 7y := 182 /0? is the signal-to-noise ratio of {y.}.

PROOF. For ¢ = 1, we can write wy;(a*) in (5.16) as

X = 4ot 2|D(v)|? 2(D(v))?
wn(a’) = 4o, (IP(V)P]Q'(v)P(l N gFe{(P(r/))“’(Q'(v))?(l —v?) })

where v := nexp(iw) with w := w(a*). Since §(a*) = —2cosw and o* = a,, it follows

from (5.25) that

14172 1492
a; =
4n 27

cosw = — COSW; . (5.27)
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Moreover, by definition, D(z) = (1 + 3a,2) (1 — 5*). Therefore, we have
D(v) = (1+3aw)(1-7)
= (-7 (L+ )7 (¥ + ™)) (1-n)
= (L-n*e*)(1+0")7'A-7)

= 1-)1+9)'(1-7%

where the second equality is due to the relation between 2 cosw = exp(iw) + exp(—iw)

and a, given by (5.27). Since P(z) = (1 — vz) (1 — Pz), it is readily shown that

P@) = (1= ) (1 - 7P).
In addition, since Q'(2) = (2 — v) + (2 — ), a simple calculation gives
(@) = (v - ) = ~tn?sin’ v
and hence |Q'(v)|? = 4n%sin® w. Combining all these results, we obtain

402 1- 772})
") = ¢ 1- :
wi(e?) 2n2(1 + n2)2(1 — p?)sin’ w ( ® { 1—-v?

To proceed with the calculation, we note that

1-v2> = 1-2n%cos(2w)+ n*

= (1+7%)? - 4n’cos’w

(14 n?)?sin® w,
where the last equality is obtained according to (5.27). Similarly, we have
R{1-7} =1-1n"cos(2w) = (1 + 7*) (1 - 1(1 + 7*) cos® w; ).

Using these expressions, we can write

— 2 2
1-%{1 ’7} - -2 _Ru-)

1-12 [1—v2|?
2n°(1 — (4n*)"'(1 + 7°)° cos’ wy)
(14 5?)sin® w,
272 sin® w,
(1+ n?)sin”w,
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Substituting this result in (5.28) yields

4
40,

(14 72)3(1 - 9?)sin®w;

Finally, with the aid of (5.25), a straightforward calculation shows that

wy(a*) =

) 1
H(w;0"))? = ; 22 T '
s @ = T gary neon + et = (1 et

Since r§(a*) = 162|H(wy; a*)|?, the expression of a2(n) in (5.26) follows immediately
upon noting that o2(n) = wn(a*)/{ri(a*)}?. Moreover, using Slutsky’s theorem
(Brockwell and Davis, 1987, Proposition 6.4.1), we obtain o2(n) = 102(n)/sin’w,
because w; = arccos(—3a1) and hence Ow; /da; = 1(1 - 1a2)~1/2 = (2sinwy)~t. ¢

Remark 5.3 For ¢ = 1, the matrix X in (5.21) reduces to Xy = 1|A4/(2,)|2. Since
A(z) = (1 — z12) (1 — %;2), a simple calculation shows that |A'(2)|? = |2, — 7|? =
4sin’w;. Therefore, £y = (8sin’w;)~!. This, in connection with (5.26), verifies our

claim that (5.21) holds for ¢ = 1 without taking the limit.

To end our discussion on the single sinusoid case, let us consider the limiting
situation when n = 1. As aforementioned, the PF estimator with ¢ = 1 and 7 =
1 coincides with the procedure discussed by Truong-Van (1990) and by Quinn and

Fernandes (1991). The following theorem summarizes their results.?

Theorem 5.4 Let ¢ = 1 and n = 1. Then, for large n, the PF estimator & exists
almost surely as the unique fized-point of d(a) in S(a*) := {a: |a— a*| < en~*} for
some fized 1 < § < 3/2 and ¢ > 0. The iteration in (4.8) converges to & almost surely
Jor large n if 6y € (&) := {a: |a—éa| < eyn~?} for some ¢; > 0. Furthermore, as

n — 00, n0(&1 — wi) 250 for any § < 3/2 and n*2(d; — wy) 2 N(0,12/7).

PRroOOF. We briefly outline the proof of existence and convergence. The remaining

proof can be found in Truong-Van (1990), or in Quinn and Fernandes (1991). For the

3In Quinn and Fernandes (1991), convergence was proved only for the alternative procedure of the

form &, = 2&(&".__1) — &yn—1-

103



existence of &, let us consider So(a*) := {o: |a — a*] < ¢yn™%} for some ¢, > 0. It

can be shown that (Quinn and Fernandes, 1991) that

a(a1) — d(az) = (a; — a) {% + OM.(\/log n/n)}

uniformly in oy, oy € So(a*) when n is sufficiently large. Moreover, it can be shown

that (Quinn and Fernandes, 1991)

a(a*)—a* =0, (n'l\/log n/n)
for large n. Therefore, with 1/2 < ¢ < 1 and ¢ := ¢;/2, we obtain
la(ay) — a(as)] < cloy —ap| and |a(a*) —a*| < (1—¢)en™?

almost surely and uniformly in a;, @, € S(a*). This implies that a(a) is a contractive
mapping in S(a*) and hence the unique fixed-point & exists in S(a*) almost surely,
provided that n is sufficiently large. Following the proof of Theorem 4.2, we can show
that the iteration (4.8) converges to & with any initial guess taken in S(&) if ¢, is
chosen such that 0 < ¢; < ¢o/2. &

Remark 5.4 Theorem 5.4 remains valid if the noise is colored. In this case, we
Wbuld have n®/2(&y — wy) LA N(0,12/+,) where v, is the signal-to-noise ratio given
in Theorem 1.1. This implies that the PF method with = 1 achieves the same
estimation accuracy of periodogram analysis and nonlinear least squares. As we can
see, the asymptotic variance depends solely on the noise spectrum at the frequency of
the sinusoid.

Remark 5.5 Theorem 5.4 tells us that only if the initial guess falls within a distance
of o(n™') to &, and hence to the true AR parameter a*, is the iteration (4.8) guaranteed
to converge to the fixed-point &. When the initial accuracy is poorer than o(n™?), the

fixed-point iteration may converge to a false location, if it converges at all.

From these remarks, we observe again the phenomenon of high estimation accuracy

O(n“3/ %) versus stringent initial requirement o(n~1), just like what we saw earlier in
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Chapter 1 when we discussed the properties of periodogram analysis. This connection
is by no mean a coincidence. As a matter of fact, the PF method using the AR filter
with 7 = 1 has a close relation with periodogram analysis. Indeed, when 1 = 1, the
parametrization (5.25) reduces to the trivial equation #(a) = « and the parameter
space to Ap(1) = Op. Let o = 8(a) = —2cosw. This equation defines a one-to-one

correspondence between o € Ag(1) and w € (0,7), and the AR filter (5.24) becomes
yi(@) — 2cosw y;—1(@) + yi—2(a) = y:.

Assuming zero initial values, the filtered data §;(e),. .., §.() can be explicitly written

as (Truong-Van, 1990)
t—1
gi(@) = (sinw)™ ) sin((f + Dw)ye—;  (E=1,...,n). (5.29)
e

Recall (see Chapter 4) that the least squares mapping @(a) admits the representation
(4.12). Therefore, if we denote by p(9J) the first-order sample autocorrelation of the

filtered data {§:(c)}, namely,

A= 23 (@ (@) + o)) /3 00(@)

where 9 := /2 = cosw, then the PF estimator can be obtained from the fixed-point
9 of the mapping 3(9) according to & = —29 and &, = arccos 9.

From (5.29), we clearly observe the resemblance between the output sequence
{9:(a)} of the AR filter and the output sequence {y;(w)} of the complex exponen-

tial filter in (1.8). In fact, it is easy to verify that

gi(a) = (sinw) 'S{p(w)} (=1,...,n)

where §{-} stands for the imaginary pért of a complex number. With the help of this
identity, the relation between periodogram analysis and the PF method with n = 1

becomes quite evident: the former seeks to find w that maximizes the power |y,(w)|?

of the last output (t = n) of the filter in (1.8), while the latter looks for w such that
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¥ = cosw is a fixed-point of the first-order sample autocorrelation 5(¥) based on the
output sequence of the same filter.

The impact of this observation is twofold. On the one hand, it explains why the
PF method with # = 1 is able to achieve the same accuracy as periodogram analysis;
while on the other, it helps to understand why accurate initial guesses are required for
convergence. All of these questions can be answered by the behavior of the squared
gain function G,(w) of the complex exponential filter in (1.8) as we have discussed in
Chapter 1.

Because the complex exponential filter in (1.8) has an extremely narrow bandwidth
of O(n™'), the PF method with 7 close or equal to 1 is able to operate locally in the
frequency domain with little or no interference from other frequency components far
away from the center of the filter. Therefore, in the case of multiple sinusoids where
the frequencies are well separated, it is possible to deal with one sinusoidal frequency
at a time, using the PF method for the single sinusoid case (Truong-Van, 1990). In so
doing, we simply seek to find local attractive fixed-points* of the mapping &(a), just like
we seek to find local maxima of the periodogram in periodogram analysis. However,
also like periodogram analysis, this method can not be applied when the frequencies
are closer than O(n~!) because of the resolution limit of the filter. To cope with the
more difficult situation of closely-spaced frequencies, we must turn to the multivariate

PF method in which the multiple frequencies are considered simultaneously.

5.4.2 Two Sinusoids in White Noise

Let us now consider the case of two sinusoids (¢ = 2) in additive white noise. In this

case, ©, consists of all 8 = [#,,0,]T with

6; = —2(cosA; + cosAy) and 6, = 2(1 4+ 2cos Ay cos Ay) (5.30)

*Note that & is essentially the unique (global) fixed-point of @(«) in the single sinusoid case.
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for some 0 < A; < Ay < 7. Simple algebra shows that

COS)\l = i (—01 +\/0% —-402 +8>
1 (—01 — /62 — 40, +s) :

Therefore #; and 8, must satisfy the inequalities

1 —oli,/0§—402+8l<1 and 62 —46, +8 > 0.

cos Ag

4

It turns out by solving these inequalities that @y can be expressed as
Qo = {(61,0,): 216,| —2< 6, <16} +2}. (5.31)

Moreover, for ¢ = 2, the parametrization (5.6) reduces to

1+7* 1+ 7t
f(a) = a; and by(a)= as.
@)= ey and fufe) = o
According to (5.31), the parameter space Aq(7) is given by
49’ 1+q9* , 47’

4n
Ao(n) = {(a1,az) : T lo| = Tty <ap < 21+ ) o+ 7 n 774} . (5.32)

Figure 5.1 shows Ay(n) for 7 = 0.8 together with Oy defined by (5.31).

From Figure 5.1, as well as (5.31) and (5.32), we observe that Aq(7) is contained
in @ for any n < 1, and that A¢(7n) increases and eventually coincides with O as
17 — 1. Therefore, for any given w; and w, satisfying 0 < w; < ws < T, the requirement
a* € Ay(n) in Theorem 5.2 can always be met by choosing 7 close enough to 1.

On the other hand, for a given 7 < 1, the requirement a* € Ay(n) imposes a
separation condition on the frequencies of the signal. As a matter of fact, in order that
a* € Ay(n), the frequencies w, and w, should stay away from 0 and , respectively,
and from each other, by a certain amount depending on 7. It is not too difficult to

verify that a sufficient condition for (5.32) to be fulfilled is that

1 2 2n?
Wy, T — Wy > arccos (—————tﬂ——) and wy —wy >amrccos(1 " )

v2(1+7?) +
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_.I4
Figure 5.1: Parameter space Ay(n) with 7 = 0.8 in the case of two sinusoids. The
dotted lines define the region ©,.

To provide a complete picture of the separation condition, Figure 5.2 shows for n = 0.8
and 0.9 the set Q,, which we refer to as the frequency space, of the frequency pair
(w1, wq) for which a* € Aq(n).

Let us now consider the characteristic of the AR filter at & = a* which determines
the asymptotic behavior of the PF estimator, as indicated by Theorem 4.4. Let us first
look at the squared gain function |H (w; a*)|?. In Figure 5.3 (a), | H (w; a*)|? is plotted
for n = 0.92 as a function of the normalized frequency f := w/w, where a* = a is
the AR parameter corresponding to w; = 0.327 and wy; = 0.457. Clearly, the squared
gain function has peaks around the frequencies of the signal, so that the AR filter is
able to enhance the sinusoids. On the other hand, the peaks of |H(w;a*)|? are not
exactly located at the sinusoidal frequencies. These slightly biased peaks are required
by the parametrization property (A2) in order to make the PF estimator consistent. A
further illustration of this point is presented by Figure 5.3 (b), where the poles of the
AR filter are plotted in the complex plane. It can be seen that the PF method does

not in general force the poles of the AR filter to take the same angular frequencies as
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Figure 5.2: Frequency space with 5 = 0.9 (smallest) and 0.95 for the normalized
frequency pair (fy, fo) = (wi,ws)/m. The region defined by dotted lines corresponds
to the case of n = 1.

the signal in order to produce a consistent estimator, as guaranteed by Theorem 5.2.
Finally, for any given 8 = [0;,6,]" (not necessarily in Qy), let ; = p, exp(iA;) and

(2 = p2exp(iA;) be the zeros of the 4th-degree polynomial
146,27 + 0,272 + 0,273+ 2%

such that 0 < A; < Ay < 7 (or =7 < A3 < A; < 0). Then (; and (2 can be explicitly
expressed in closed forms. In fact, it can be shown that when A := 6? — 46, + 8 is

non-negative, we have

C1=%(81+ s%—4> and C2=%<32+\/S§—4)

where s; = 2(—6; + A'/2) and s, = 1(—6; — AY/2); and when A < 0, we have
2 3

Cl‘——-%(sl-i-\/g——_éi) and {2:%<31—\/sfj).

To obtain cos A, and cos Ay from (; and (,, we have

cos Ay = max(R{¢:/|Gl}, R{G/|GI})
cos Ay, = mln(%{ﬁ/'gll}v%{CZ/KZI})
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Figure 5.3: (a) Plot of squared gain with = 0.92 and @ = a* as a function of the

normalized frequency in the case of two sinusoids with w; = 0.327 and w, = 0.457.

(b) Location of poles, with dotted lines indicating true frequencies on the unit circle.
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Substituting these results in (5.30) gives the required projection @ of 8 onto .

5.5 Experimental Results

In this section, we would like to provide some simulation results to demonstrate the
performance of the PF method under various circumstances. For simplicity, our sim-
ulations are based on the case of a single sinusoid and the case of two sinusoids, as we
have discussed in the preceding section. From these results we shall show the effect of
the bandwidth parameter 7 of the AR filter on the sensitivity of convergence to initial
guesses, and on the estimation accuracy of the PF estimator. We shall also gain some
insight into the ability of the PF method to resolve close-spaced frequencies which are

unresolvable by periodogram analysis.

5.5.1 Univariate PF method

For the univariate PF method corresponding to ¢ = 1 in Section 5.4.1, we find it
convenient to consider an alternative representation of the mapping a(«) in terms of
the normalized frequency f = w/w. Note that for any a € Ag(n) we can always write

a = —2cosw = —2cos(r f) with some f € (0,1). Let us define the mapping

@(f) := arccos{—1a(—2cos(r f))}/.

It is clear that if & = —2 cos(n f) is a fixed-point of &(a) then f is a fixed-point of (),
and vice versa. With the help of this mapping, the algorithm in (4.8) is transformed

into a fixed-point iteration in terms of f, namely,

o= @(Fnt) (m=1,2,...). (5.33)

It is therefore sufficient to study the behavior of @(f) as a function of f in order to
understand the convergence of the iteration. Notice that the derivative of @(f) at the .

fixed-point f = arccos(—@/2)/w can be easily shown to be @'(&). With & being the
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Figure 5.4: Least squares mapping @(f) in the case of a single sinusoid with f;, =
wy/m =0.31, ¢, =0, and SNR = —3dB. In (a) and (b), the data length is n = 100 for
each of the 10 realizations plotted, with 5 = 1 for (a) and 7 = 0.96 for (b). The data
length is increased to » = 500 in (c) and (d), with 7 being 1 and 0.96, respectively.
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PT estimator as given in Theorem 4.2 so that |a'(@)| < 1, the mapping @(f) is also
contractive in a neighborhood of the fixed-point f. Since the least squares technique is
used in the calculation of d(a) as specified by (4.12), we thus refer to $(f) as the least
squares mapping of f. In Figure 5.4 are plotted 10 independent realizations of the
least squares mapping @(f) in the case of a single zero-phase sinusoid with f; = 0.31
in Gaussian white noise. The SNR is —3 dB, and the data length is n = 100 for
Figure 5.4(a) and Figure 5.4(b), and n = 500 for Figure 5.4(c) and Figure 5.4(d).

It is clear that ¢(f) has always an attractive fixed-point f near the true frequency,
and that the variation of the fixed-point is directly related to 1 — 5. This suggests
that the highest accuracy is achieved with » = 1. On the other hand, by comparing
Figure 5.4(a) with Figure 5.4(b), and Figure 5.4(c) with Figure 5.4(d), it can be
seen that the basin of attraction — the collection of f with which as initial guesses the
iteration (5.33) converges to f — is significantly larger when n = 0.96 than when n = 1,
indicating that the PF method with a relative small 7 is able to accommodate poor
initial guesses for the iteration (5.33) to converge to the desired fixed-point. Moreover,
comparing the graphs in Figure 5.4 column-wise reveals that the basin of attraction
with n = 0.96 is basically not affected as the data length n increases, whereas the basin
of attraction with n = 1.0 is invérsely related to n. Therefore the initial accuracy of
O(1) is sufficient when 1 < 1 as co'mpared to o(n~') when 7 = 1. In summary, this
experiment confirms by studying the behavior of the mapping @(f) the necessity of
starting with a relatively small value of 5 to accommodate poor initial guesses and

afterwards gradually increasing 7 toward 1 to improve the estimation accuracy.

To further illustrate this point, Figure 5.5 presents the negative logarithms of
mean-squared error (mse) for the normalized frequency estimates f = arccos(—é/ 2)/x
with various values of 7, based on 100 independent realizations of a single sinusoid in
Gaussian white noise with different lengths. Here, the true frequency of the sinusoid

is wy = 0.427 (f, = 0.42) and the phase is ¢; = 0.1r. The SNR is fixed at 0 dB for
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Figure 5.5: Plot of —log(mse) against the data length n (x100) with (bottom up) 7
= 0.85, 0.90, 0.95, 0.98, 0.99, and 0.999. The dashed curves indicate the asymptotic
variances of f for (bottom up) n = 0.85, 0.90, 0.95, 0.98, and 0.99; and the dark solid
curve stands for the asymptotic variance of the NLS estimator.

each realization by adjusting the sample variance of the noise according to the sample
variance of the signal. Recall (see Section 5.3) that a sequence of PF estimators
{&(m)}, and hence {f(m)}, can be obtained in correspondence with an increasing
sequence {7z} in such a way that &(n;) is produced by the iteration (4.8) using é(7m—1)
as the initial value. In Figure 5.5, the n-sequence contains n = 0.85, 0.90, 0.95, 0.98,
0.99, and 0.999 for each fixed data length n. The initial guess that generates the PF
estimator with n = 0.85 is fixed at &y = —2cos(0.67) as the data length grows from
n = 100 to n = 1900, so that the initial accuracy is merely O(1). For each fixed n and
7, the iteration (4.8) is terminated at the mth step if | fm = fino1]| < 1075,

Two conclusions can be drawn immediately from this figure. First of all, it is clear
as before that starting with initial guesses of accuracy O(1) the PF estimator is able
to improve the estimation accuracy and eventually achieve the accuracy O(n=3/%) of
NLS (or periodogram analysis). The key point is that the improvement of accuracy is

obtained not by switching from one completely different method to another (e.g., PF
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Figure 5.6: Univariate least squares mapping ¢(f) in the case of two sinusoids. The
data length is n = 100 for each of the 10 realizations plotted, and the SNR is 0 dB
per sinusoid. (a) = 0.99 for well-separated frequencies with f; = 0.47 and f, = 0.51.
(b) 7 = 1 for closely-spaced frequencies with f; = 0.485 and f, = 0.495.

with 7 = 1 initiated by DFT, as suggested by Quinn and Fernandes (1991)), but by
an integrated method of linear least squares estimation plus linear recursive filtering,
with the bandwidth parameter n increasing toward 1. This simple integration makes
it easier for hardware implementation in some applications. Secondly, the mse closely
follows the theoretical asymptotic variance of the PF estimator given by (5.26) for
relatively small data lengths if 7 is not too close to 1. When 7 is close to 1, however,

a large sample is required for the theoretical results to be meaningful. This suggests

that a more careful analysis be considered when 1 — 7 is comparable with n=1.

As aforementioned (see Section 5.4.1), in the case of multiple sinusoids where the
frequencies are well separated, the univariate PF method can be applied parallelly to
one frequency at a time as if there were only a single sinusoid. This is because the
AR filter is bandpass so that the mapping ¢(f) is not signiﬁcanﬂy affected by the
frequency components far away from the center of the filter’s effective pass-band. As a

result, local attractive fixed-points appear in @(f) near the frequencies of the sinusoidal
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signal, as illustrated by Figure 5.6(a). In this figure, 10 independent realizations of
@(f) are plotted, each from a data record of length n = 100 containing two zero-phase
sinusoids whose (normalized) frequencies, f; = 0.47 and f; = 0.51, are separated by

two Fourier bins of width Af := 2/n = 0.02. The noise is white Gaussian, and the
SNR is 0 dB per sinusoid. Clearly, the univariate mapping $(f) has two distinct local
attractive fixed-points — each corresponding to a sinusoid. This, however, is no longer
the case — even with 7 = 1 — when the frequencies are closer than a Fourier bin,
as shown in Figure 5.6(b) where the true frequencies are f; = 0.485 and f, = 0.495
while other conditions remain the same. This phenomenon is due to the resolution
limit of the AR filter as we have discussed earlier in Section 5.4.1. To resolve closely-
spaced frequencies, we must rely on the multivariate PF method that deals with the

frequencies simultaneously.

5.5.2 Multivariate PF method for Two sinusoids

Let us now consider the multivariate PF method using the AR filter for two sinusoids
(¢ = 2) in Gaussian white noise. All of the following simulations are based on 100
independent realizations of {y,} with a relatively short length of n = 100. The phases
of the sinusoids are fixed at zero, and the sample variance of the noise is adjusted in
each realization according to the sample variance of the signal in order to achieve the
required signal-to-noise ratio.

Furthermore, in both PF and GLS — corresponding to the parametrizations (5.6)
and (5.2), respectively — the poles of the AR filter are constrained to be on the circle
|z| = n, by projection if necessary (see Section 5.1.2), so that the parameter 7 effec-
tively controls the bandwidth of the AR filter and the performance of the estimators.
For convenience, the following simulation results are given in regard to the normalized

frequencies f; = w; /7 again, and the average mean-squared error

mse := H{E(f, - i)’ + E(fo — f»)*}
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is employed as an overall performance index. Moreover, we define the average bias

and average variance of the frequency estimates by

bias := ${(E(f1) = £i)* + (E(f) - o)’} and var := J{var(fy) + var(f)}

respectively. The frequency estimates of both PF and GLS are obtained by the fixed-
point iteration (4.8) in connection with (2.16) that provides the relationship between

the frequency and AR estimates. The stopping rule of the iteration is given by

VU™ = fom=Dy2 4 (Fm — fim=Dy2 < 1075,

In other words, the iteration is terminated at the mth iteration if this inequality is
satisfied.

In our simulations, we first compare the performance of PF and GLS in two cases
where the frequencies are separated by four and two Fourier bins, respectively. In both
cases the SNR is fixed at 0 dB per sinusoid, while the bandwidth parameter 7 in the
AR filter (5.1) takes on different values. Since 7 varies, it is convenient to explicitly
write the corresponding frequency estimates ( fi(n), f2(1)) as functions of 5. Table 5.1
and Table 5.2 present some statistics of the frequency estimates for eight ascending
values of 7, that is, 7, = 0.95, 7, = 0.96,...,7s = 1. The mean and variance of the
stopping time m are also given as “complexity” in the form of “mean + variance”.

In both PF and GLS, we use Prony’s estimator ars in (2.9) as the initial guess
of the AR parameter a, corresponding the first value 7, = 0.95. When the iteration
terminates, the resulting AR estimate, denoted by a(7,), is used not only to obtain
the frequency estimates ( film), fg(m)), but also to initiate the iteration for the next
value 7, = 0.96. In general, as 5 grows, we employ the previous AR estimate a(7;—;)
to initiate the iteration (4.8) and yield a(7;).

In Table 5.1, the true frequencies are separated by four Fourier bins of width
Af = 0.02 with (fi, f2) = (0.41,0.59). As we can see, Prony’s estimator gives poor

frequency estimates, while both PF and GLS significantly improve Prony’s estimator in
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Table 5.1: PF & GLS Estimates for Well-Separated Frequencies

PF GLS

] mse bias var complexity mse bias var complexity
Prony | 4.72e-3 4.40e-3  3.23e-4 — 4.72¢-3 4.40e-3  3.23e-4 —
0.950 | 2.20e-6 1.17e-8 2.19e-6 8.01+0.6 2.34e-6 1.48¢-7 2.19e-6 8.1+0.8
0.960 | 1.96e-6 9.14e-9 1.96e-6 3.11+0.2 2.04e-6 9.47e-8 1.95e-6 3.21+04
0.970 | 1.79¢-6 9.72e-9 1.78e-6 3.2+0.3 1.84e-6 6.21e-8 1.77e-6 3.3+04
0.980 | 1.67e-6 1.64e-8 1.65e-6 33104 1.69e-6 4.96e-8 1.65e-6 34+04
0.985 | 1.63e-6 2.3%¢-8 1.60e-6 29404 1.65e-6 4.79¢-8 1.60e-6 28+04
0.990 | 1.59%e-6 3.60e-8 1.55¢-6 3.0+0.5 1.60e-6 5.08e-8 1.55¢-6 2.71+0.4
0.995 | 1.55e-6 5.53e-8 1.49e-6 34404 1.55¢-6  6.08e-8 1.49¢-6 2.9+0.6
1.000 | 1.50e-6 8.27e-8 1.42e-6 3.71+0.6 1.51e-6 8.29e-8 1.42e-6 3.4%0.5

Table 5.2: PF & GLS Estimates for Closely-Spaced Frequencies
PF GLS

7 mse bias var complexity mse bias var complexity
Prony | 1.46e-2 1.40e-2 5.68e-4 — 1.46e-2 1.40e-2 5.68e-4 —
0.950 | 1.81e-6 2.69e-8 1.78e-6 10.6 £ 3.4 4.68e-6 3.05¢-6 1.63e-6 11.015.3
0.960 [ 1.67e-6 6.20e-8 1.61e-6 3.31+04 3.63e-6 2.17e-6 1.46e-6 3.84+0.2
0.970 | 1.63e-6 1.63e-7T 1.46e-6 3.84+0.3 2.95e-6  1.59¢-6 1.36e-6 3.940.2
0.980 | 1.75e-6 4.21e-7 1.32¢e-6 4.31%0.3 2.56e-6 1.29¢e-6 1.27e-6  3.7+0.4
0.985 | 1.90e-6 6.5Te-7 1.25e-6 42104 2.46e-6 1.25e-6 1.21e-6 2.8+04
0.990 | 2.15e-6 9.83e-7 1.16e-6 44403 2.45e-6 1.31e-6 1.15e-6 3.0£0.5
0.995 | 2.47e-6 1.4le-6 1.06e-6 4.5+0.5 2.56e-6 1.50e-6 1.06e-6 3.74+0.7
1.000 | 2.85e-6 1.91e-6 9.45e-T7 4.5+0.8 2.86e-6 1.91e-6 9.46e-T7 4.340.8
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Figure 5.7: Plot of mse(x10~°) against 7 for closely-spaced frequencies.

terms of mean-squared error, even with a relatively small . Moreover, the estimation
accuracy can be further improved by increasing 7 toward 1, just like in the single
sinusoid case. Table 5.1 shows that as 7 approaches 1 the PF and GLS estimates
achieve a precision (mse) of 1.50 x 10~% — very close to the asymptotic variance of the
NLS estimator which in this case equals 1.22 x 10~%. Therefore, when the frequencies
are well-separated, PF and GLS have the same final performance — which approaches
that of the NLS method — as 7 increases toward 1.

When the frequencies are close to each other, the PF estimator performs better
than GLS, as can be seen from Table 5.2 and Figure 5.7. In this experiment, the
true frequencies are (f, f2) = (0.47,0.51) while all other conditions remain the same
as in the previous one. Notice that the true frequencies are now separated only by
two Fourier bins as compared to four in the previous experiment. It is interesting to
observe that as the bandwidth parameter 7 increases toward 1 the mse of both methods
no longer decreases monotonically as in the case of a single sinusoid and in the case
where the two frequencies are separated further by four Fourier bins. Instead, it starts

increasing after a certain value of 5 (see also Figure 5.7). The reason is the following.
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Table 5.3: Estimation With n =1
(f1, f2) mse E(fl):}:var(fl) E(f;;):kvar(fz) complexity
(0.41,0.59) 4.33e-6 0.409704+1.30e-6 0.59052946.99¢-6 17.9+10.7

(0.47,0.51) | 1.38¢-4 0.468628+9.37e-7 0.513672+2.49e-4 24.3463.3

A closer examination of Table 5.1 and Table 5.2 reveals that as n approaches 1 the
bias increases while the variance decreases in both methods. In the first case where
the frequencies afe well separated (Table 5.1, the bias never dominates the variance,
and hence the mse decreases basically along with the decrease of the variance. On
the other hand, the bias becomes dominant as 7 approaches 1 in the second case (see
Table 5.2), and a trade-off effect between bias and variance takes place. As we can
see from Figure 5.7, the best value of n for the PF estimator lies between 0.96 and
0.98 where the mse achieves the smallest values. The GLS estimator is clearly inferior
to the PF estimator in this example because of its relatively higher bias. Indeed,
the bias and variance of the GLS estimator play an equal role in the mse, since their
magnitudes are of the same order (see Table 5.2).

Table 5.2 illustrates the role of 7 as a parameter that can be utilized to balance the
bias and variance of the PF estimator for minimizing the mean-squared error. Now,
in Table 5.3, we illustrate the role of 5 in the convergence of the fixed-point iteration
(4.8) when initial guesses are poor. Instead of gradually increasing 7 toward 1, as done
in Table 5.1 and Table 5.2, the frequency estimates in Table 5.3 were obtained right
away with = 1, using Prony’s estimator as the initial guess. This is equivalent to
the iterative procedure that employs the AR filter without n and starts with Prony’s
estimator. As can be seen from Table 5.3, the mean-squared error is higher than the
mse reported in Table 5.1 and Table 5.2 corresponding to (gradually achieved) n =1,

especially for the second case where the frequencies are relatively close to each other.
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This indicates that without 7 in the AR filter the iteration (4.8) may fail to converge
to the desired fixed-point when poor initial guesses, such as Prony’s estimator, are
used. The reason is that the bandwidth of the AR filter without 7 (or, equivalently,
with 7 = 1) is extremely narrow. Although it could be helpful to have a narrow
bandwidth for the enhancement of the sinusoids if good initial guesses are used, a
narrow bandwidth might not be able to capture the sinusoidal signal when tuned
according to inaccurate frequency estimates. This experiment verifies once again that
the safest way of applying the PF method is to start with a relatively small 7, to
accommodate even poor initial guesses, and then gradually increase n as improved
estimates from previous iterations become available.

To show the performance of the PF estimator under different signal-to-noise ratios
when the frequencies are closely spaced within a Fourier bin, Figure 5.8(a) presents the
negative logarithm of the mse for various values of SNR, with the dotted line indicating
the asymptotic variance of NLS as a reference. In this example, the frequencies are
(f1, f2) = (0.485,0.495) and the bandwidth parameter 7 is fixed at 0.985 in both
PF and GLS. Prony’s estimator again is used to initiate the fixed-point iteration
(4.8) for both methods. As can be seen, the mse of the PF estimator closely follows
the asymptotic variance of NLS when SNR > 2.5 dB, and the performance of both
PF and GLS deteriorates rapidly when the SNR is below this threshold. The poor
initial accuracy of Prony’s estimator is largely responsible for this particular value of
threshold. In fact, simulations show that the threshold can be extended to —2 dB if
the initial guesses are taken to be the two Fourier frequencies which correspond to the
largest absolute values in the FFT of the data. Averages of frequency estimates are
plotted against various SNR in Figure 5.8(b). It is clear that both PF and GLS are
able to resolve the frequencies which cannot be resolved by periodogram analysis, but
the PF method has a smaller bias which allows it to provide more accurate frequency

estimates than the GLS method.
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Figure 5.8: Closely-spaced frequencies with (fi, f) = (0.485,0.495). (a) Plot of
—log(mse) against SNR in dB, with the dotted curve indicating the asymptotic vari-
ance of NLS. (b) Plot of averaged frequency estimates against SNR in dB, with dotted
lines indicating true frequencies.
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We noticed from our intensive simulations that if the distance between the two
frequencies is further reduced, it is very likely that the fixed-point & will fall outside
the parameter space .Aq(7), resulting in a single frequency estimate f; = f> between
the true frequencies. If some rough knowledge about the separation is known, more
accurate estimates can be obtained upon projecting & back into Ay(7). Let 0 be the
projection of 8(&) into ©,. Then, & := T 19 defines the projection of & into Ao(7).
By this projection, the separation of f; and f> can be effectively controlled by 7, as
can be seen in Figure 5.2, and the improvement of estimation accuracy be achieved
upon judiciously selecting 7. Figure 5.9 shows the improvement of PF over GLS on
the estimation accuracy when the frequencies are extremely close. In this experiment,
the true frequencies, (f1, f2) = (0.41,0.412), are only 10% apart relative to the width
of a Fourier bin. The frequency estimates were obtained with = 0.997 and the
fixed-point iteration (4.8) was initiated by Prony’s estimator. Figure 5.9(a) shows the
negative logarithm of the mse for different values of SNR and Figure 5.9(b) presents
the averages of the frequency estimates. Compared to the GLS estimator, the PF
estimator has a much smaller bias which enables it to achieve a smaller mean-squared
error. Notice that the GLS estimator gives essentially a single frequency f = 0.411
between the two true frequencies. This procedure, however, should not be considered
as a method that detects the number of sinusoids, since the projection of & into Ay(7)
implicitly requires the information about the number of sinusoids.

Finally, we note that in the preceding discussion the phases were fixed at zero.
Experience shows, however, that when the phases are chosen at random the mse may
worsen somewhat. This is understandable due to the small sample size which cannot

explain the addition of extra sources of variability (Kay and Marple, 1981).

To end this section, let us investigate the behavior of the mapping a(a) in the
case of two sinusoids. For convenience, we transform the mapping into the frequency

domain, as we have done in the single sinusoid case, and obtain a two-dimensional least
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Figure 5.9: Closely-spaced frequencies with (f, f;) = (0.41,0.412). (a) Plot of
—log(mse) against SNR in dB. (b) Plot of averaged frequency estimates against SNR

in dB with dotted lines indicating true frequencies.
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Figure 5.10: Two-dimensional least squares mapping 4(f) = @¢(f) — f in the case of
two zero-phase sinusoids with (w;,w,) = (0.357,0.557). The SNR is 0 dB per sinusoid,
and the data length is n = 100. A single realization of 1/3( f) with n = 0.96 is plotted
over the region (fi, f2) € [0.25,0.45] X [0.45, 0.65].

squares mapping ‘f’(f) = [951(f1, fz), ‘/52(f1, f2)]T, where f := [f1, fz]T- More precisely,

we define 3( f) as the composition of the following mappings:
¢: frd(a)~ f=¢(f)

where a is determined from the identities in (5.30) with = f in place of (A1, A2), and
f is obtained from the zeros of the AR polynomial corresponding to a(a). With this
mapping, the fixed-point iteration (4.8) becomes f. = gb(fm_l), (m=1,2,...).
Figure 5.10 shows a single realization of the mapping ¥(f) = [, (f), 1(F)] :=
@(f)— f together with the zero-plane, where the true frequencies are well separated by
ten Fourier bins. The intersection of 1&1( f) with the zero-plane defines the fized-curve
¢1(f1, f2) = f1 on which the fi-coordinate cannot be altered by the mapping @(f).
Similarly, the intersection of @52( f) with the zero-plane determines the fixed-curve

@2(f1, f2) = f» on which the f,-coordinate cannot be changed by ¢(f). The fixed-
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Figure 5.11: Two-dimensional least squares mapping P(f) = @(f) — f in the case
of two zero-phase sinusoids with (w;,w;) = (0.4857,0.4957). The SNR is 5 dB per
sinusoid, and the data length is » = 100. A single realization of 15( f) with n = 0.985
is plotted over the region (fi, f) € [0.41,0.56] x [0.42,0.57].

point of G(f) is therefore given by the intersection of these fixed-curves. Moreover,

the fixed-point iteration can be written in terms of 1/3( f) as follows

fm:fm—l-'_d;(fm-—l) (m=1727“')‘

It is clear that ¢(f, _,) and ¥y(f,,_,) are the increments in f; and f,, respectively,
at the mth iteration.

Figure 5.12(a) and Figure 5.12(b) present the contours of 4( f) viewed from above
and below the zero-plane. It is interesting to observe that the two fixed-curves roughly
coincide with the straight lines f; = 0.35 and f, = 0.55, respectively. This implies
that the two-dimensional search for the fixed-point of @(f) is decoupled as two in-
dependent one-dimensional problems of seeking to find fixed-points along one of the
coordinates while keeping the other fixed. This phenomenon is similar to what we have

encountered in Chapter 1 where the multi-dimensional optimization problem of non-
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linear least squares can be approximated by a number of independent one-dimensional
optimization problems (periodogram analysis) when the frequencies are well separated.

For closely-spaced frequencies, however, the behavior of @(f) is slightly different,
as one may have expected: the two-dimensional problem is no longer decoupled when
the frequencies occur within a Fourier bin. To illustrate this point, a single realization
of 1,5( f) is shown in Figure 5.11 where the true frequencies are separated only by 50%
of a Fourier bin. Figure 5.12(c) and Figure 5.12(d) present the contour plots together
with the diagonal line f; = f,. It is clear that the fixed-curves do not independently
provide correct frequency estimates any more, since in the region f; < f, they are
skewed toward the lines f; = 0.49 and f, = 0.49, respectively, tending to yield a
single frequency estimate f; = f, = 0.49, i.e., the average of the true frequencies.
However, the fixed-curves, jointly, provide again the correct frequency estimates by

their intersection — namely, the (multivariate) fixed-point of the mapping @( f).

5.6 Concluding Remarks

Given a time series {yi,...,¥,} from a stochastic process {y,} in (1.1), we considered
the classical problem of frequency estimation in the presence of additive noise. We pro-
posed the PF method that overcomes the predicament of inconsistency of Prony’s esti-
mator and provides consistent frequency estimates. As a general method of parametric
filtering, it unifies and extends several existing procedures of frequency estimation in
the literature.

Coupled with the AR filter that has an extra bandwidth parameter, the PF method
is able to accommodate poor initial guesses of accuracy O(1) and improve them with
a simple iterative algorithm of linear least squares estimation plus linear recursive
filtering to achieve the same accuracy of O(n~%/?) as the computationally cumbersome

procedure of nonlinear least squares. In the statistical analysis of the PF method, we
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Figure 5.12: Contours of the two-dimensional least squares mapping '¢( f). First row:
(a) Contour plot of #(f) in Figure 5.10 above the zero-plane; (b) Contour plot of
(f) in Figure 5.10 below the zero-plane. Second row: (c) Contour plot of ¥( f)in
Figure 5.11 above the zero-plane with the diagonal line; and (d) Contour plot of 4(f)
in Figure 5.11 below the zero-plane with the diagonal line.
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extended the classical results on the ergodicity and asymptotic normality of sample
autocovariances, and proved the uniform strong consistency of sample autocovariances
after parametric filtering and the asymptotic normality of sample autocovariances from
the mixed-spectrum process {y;} of sinusoids in additive colored noise.

There are many ways of possible continuation and extension of the current work.
As we have seen, the AR filter works very well in many cases as a parametric filter in
the PF method. Although some other filters are available for single sinusoid estimation
(e.g., Kedem, 1990; Lopes, 1991; Kedem and Yakowitz, 1992), it is still interesting to
find other parametric filters that provide better results especially in the case of multiple
sinusoids where the frequencies are relatively close to 0 or 7.

The ability of the PF method to resolve closely-spaced frequencies is inherited from
the AR modeling of the sinusoidal signal that allows the data to extrapolate beyond
the observation interval without assuming them to be zero. It’s ability of producing
accurate estimates when the AR filter is employed is due to the noise-cleaning capa-
bility of AR filtering. These characteristics are also observed in many other methods
of frequency estimation, especially those that employ the principal component anal-
ysis (e.g., Tufts and Kumaresam, 1982). For fthe uture research, some comparisons
between these procedures are needed in order to understand their advantages and
disadvantages, although some results are available in these regards (e.g., Kay, 1988).

Furthermore, since the PF method assumes that the number of sinusoids is known,
it is therefore necessary to couple it with a procedure that estimates this number. Some
eigenvalue-based procedures are available in the literature (e.g., Fuchs, 1988). Experi-
ence shows that the PF method is likely to yield multiple zeros in the AR polynomial
when the number of sinusoids is less than the assumed value in the calculation of the
PF estimator while the SNR is sufficiently high (see also Kay, 1984). This makes it
possible to estimate the number of sinusoids ¢ by a certain goodness-of-fit test based

on the PF frequency estimates corresponding to a number of assumed values. For in-
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stance, to test the hypothesis of ¢ = 1 versus ¢ = 2, we could first obtain the frequency
estimates & and (&;,d,) using the PF method with ¢ = 1 and ¢ = 2, respectively.
If &, and @, are not significantly different, the hypothesis of ¢ = 1 would be clearly
preferred. Otherwise, we would calculate the error J,, in (1.13), corresponding to &
with ¢ = 1 and (&;,d,) with ¢ = 2, respectively, and obtain J;,(1) and J}(2). The
hypothesis of ¢ = 2 would be in favor if J/(2) is significantly smaller that J/,(1). An
alternative way is to compare the estimated amplitudes of the sinusoids with estimated
frequencies and reject the hypothesis of ¢ = 2 if one of the amplitudes is significantly
small. Primary results along this line seems quite promising but rigorous statistical
analysis is still in need.

It is also possible to combine the PF method with principal component analysis
and obtain a hybrid procedure of frequency estimation. It may have been noticed that
the AR estimation step in the PF method is based on the AR model of exact order
2q. A high-order AR model is a clear alternative. In fact, we could first estimate
the coefficients of a higher order AR model® by principal component analysis (see
Chapter 2), and obtain the AR parameter 4(a) for the exact model from the 2¢ zeros
of the (estimated) high-order AR polynomial which are in complex conjugate pairs and
closest to the unit circle. The AR parameter could in turn be employed in the ﬁltering
step. This hybrid procedure cleans up the noise in both eigenvalue and frequency
domains, and hopefully would provide better frequency estimates in low SNR cases.

For those who are familiar with adaptive filtering, it is easy to see that the PF
method with the AR filter can be readily modified to obtain an adaptive (recursive)
algorithm capable of tracking time-varying frequencies in noise. In fact, since the AR
filter is already recursive in time, all we need is to employ the recursive least squares
algorithm (e.g., Haykin, 1986) to update the least squares estimator 4(a). Details in
this regard can be found in Li and Kedem (1989) and Dragogevié, et al. (1982).

5Just a slightly higher than 2g in order not to increase the computational complexity too much.
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It would also be interesting to find connections and possible extensions to other
problems in related areas, such as the frequency estimation of damped sinusoids and

the estimation of direction of arrival (DOA).

In theoretical aspects, rigorous proof is still needed for multiple sinusoids when
the AR filter is used with = 1. Especially, a careful study should be carried out
to analyze the situation when the frequencies are closely-spaced with respect to n™1.
A recent work has been published by Hannan and Quinn (1989) investigating the
nonlinear least squares method under this situation. Some more efforts should be paid
in this direction to analyze the PF as well as other methods. For the PF method
itself, a detailed analysis is needed in order to understand its behavior when 1 — 7 is
comparable with n=!. This rules out the possibility of using the traditional technique

of stationary processes, as we employed in our statistical analysis, since the filter is

now a f unction of the data length n.

Finally, as a general idea, parametric filtering has close relations with the filter-
bank technique, multiresolution analysis, and wavelet transformation, all of which can
be regarded as ways of extracting useful information from the filtered data obtained
via parametric filtering. It is therefore not impossible to generalize the basic ideas
behind the PF method to other estimation/detection problems, an example of which
is the use of parametrized first-order sample autocorrelation function as a tool for

discrimination and identification of different signals (Kedem and Li, 1989; 1992).
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