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ABSTRACT

Title of Dissertation: KINEMATIC SYNTHESIS OF BEVEL-GEAR-TYPE
ROBOTIC WRIST MECHANISMS

Chen-Chou Lin, Doctor of Philosophy, 1990

Dissertation directed by: Lung-Wen Tsai, Professor

Mechanical Engineering Department
and
Systems Research Center

Bevel-gear-type robotic wrist mechanisms are commonly used in industry.
The reasons for their popularity are that they are compact, light-weight, and rela-
tively inexpensive. However, there are singularities in their workspace, which sub-
stantially degrade their manipulative performance. The objective of this research
1s to develop an atlas of three-degree-of-freedom bevel-gear-type wrist mechanisms,
and through dimensional synthesis to improve their kinematic performance. The
dissertation contains two major parts: the first is structural analysis and synthesis,

the other is kinematic analysis and dimensional synthesis.

To synthesize the kinematic structures of bevel-gear-type wrist mechanisms,
the kinematic structures are separated from their functional considerations. All
kinematic structures which satisfy the mobility condition are enumerated in an un-
biased, systematic manner. Then the bevel-gear-type wrist mechanisms are iden-
tified by applying the functional requirements. Structural analysis shows that a

three-degree-of-freedom wrist mechanism usually consists of a non-fractionated,



two-degree-of-freedom epicyclic gear train jointed with the base link. Therefore,
the structural synthesis can be simplified into a problem of examining the atlas of
non-fractionated, two-degree-of-freedom epicyclic gear trains. The resulting bevel-
gear-type wrist mechanisms has been categorized and evaluated. It is shown that
three-degree-of-freedom, four-jointed wrist mechanisms are promising for further

improving the kinematic performance.

It is found that a spherical planetary gear train is necessarily imbedded
in a three-degree-of-freedom, four-jointed wrist mechanism. Therefore, to study
the workspace and singularity problems of three-degree-of-freedom, four-jointed
spherical wrist mechanisms, we have to study the trajectories of spherical planetary
gear trains. The parametric equations of the trajectories and some useful geometric
properties for the analysis and synthesis of workspace are derived. The workspace
boundary equations can be derived via both geometric consideration and Jacobian
analysis. The workspace is divided by inner and outer boundaries into regions of
accessibility of zero, two and four. The design criteria of full workspace and a
maximum four-root region are established. Finally, a design is suggested based on

its kinematic performance.
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Chapter 1

INTRODUCTION

1.1 Robot design

Robot, by definition [51], is an automatically controlled, reprogrammable,
multi-purpose manipulative machine with or without locomotion for use in indus-

trial automation applications. This definition includes manipulators, numerical

control machines, walking machines, and science-fiction humanoids. Although peo-
ple most commonly perceive robots to be of the anthropomorphic (human-like)
type, yet industrial robots nowadays are hardly humanoid in appearance. Most
industrial robots today are in fact mechanical arms, or manipulators. A manipu-
lator can be divided into four components: the base, arm, wrist, and end-effector.
Usually, the arm is used for global motion, while the wrist and end-effector are used

for fine manipulation.

The emergence of industrial manipulators was primarily due to the need of
flexible manufacturing and automation in industry, and partly due to the advance-
ment of new technologies. Robotics is a consequence of the continuing development

on a broad front in such diverse fields as materials, mechanics, controls, and com-



puters. It concerns itself with the desire to synthesize some aspects of human

function by using mechanisms, sensors, actuators, and computers.

Although much effort has been spent in robotics, the ultimate goals for the
development of ‘intelligent robots’ that can emulate human functions are unrealized.
Some problems are attributed to the fact that the required technologies have not
been established. For example we need better tactile sensors to interpret touch data,
motors that can generate large torques for direct-drive purpose, and experimental
evaluation for modern control techniques, etc. Important problems that need to
be solved are listed in [6], including problems in vision, sensing, mobility, design,
control, planning, reasoning, and system integration. On the other hand, new
technologies such as artificial intelligence, adaptive control, and neural networks are

rapidly advancing and seem very promising in the future development of robotics.

Kinematics is among the most important factors affecting manipulator per-
formance. In particular, kinematics determine the motion and force transmissions
from the manipulator joints to the end-effector. From the kinematics and mecha-
nism design point of view, major issues of concern are: (i) workspace, (ii) manipu-
lability, (iii) singularity, and (iv) computational efficiency.

(i) Workspace & (ii) manipulability

Workspace volume and manipulability are the two most important perfor-
mance indices in the design process. Since manipulators are used to manipulate
objects in space, the workspace must be as large as possible, and the manipulability
must be optimized under certain constraints. Roth [55] was the first to address
the workspace problem. Since the kinematics of manipulators are highly nonlin-
ear, it is not an easy task to identify the workspace boundaries and determine the

regions of accessibility [30,32,33,34]. Workspace synthesis is an even more compli-



cated problem, because it usually involves solving nonlinear kinematic equations
and inequalities. Gupta and Roth [26] have investigated the synthesis of an arm
linkage when dexterous workspace is specified. Yoshikawa [69] proposed the idea
of manipulability measure, which is the ‘distance’ between the current position of
the end-effector and the singular point. Later, Asada and Cro Granito [4] used
the condition number and average velocity ratio to establish the criteria of opti-
mality. Gosselin and Angeles [25] defined a global conditioning index to measure
the global behavior of the condition number of the manipulator. Chiu [13] found
that the manipulability must be obtained at the expense of accuracy, and defined
a task-dependent performance measure. All the kinematic and static evaluations
are based upon the Jacobian matriz, a matrix that transforms the joints velocity
vector to the end-effector velocity vector.

(iii) Singularity

A manipulator may contain singularities in its workspace. When a manipu-
lator is singular (degenerate), it loses one or more degrees of freedom and becomes
immovable in certain directions. At this point, the manipulator’s Jacobian matrix
becomes singular. As a result, joint rates tend to be infinite and lead to loss of con-
trol. Paul and Stevenson [47] have investigated singularity for three-DOF (degree-
of-freedom), three-jointed robotic wrist mechanism. It was pointed out that around
singular points, there exist conic zones in which mobility is significantly degraded.
The problems of singularity can be solved by adding a redundant degree of free-
dom to eliminate singular points inside the workspace. However, this redundancy
necessitates a much more complex control system [19,40], virtually negating the
advantages. Another method to deal with singularities is to move singular points

out of the workspace [59] or to relocate them in less essential working zones.



(iv) Computational efficiency

To locate an end-effector at a specified position and orientation, it is neces-
sary to obtain the corresponding joint displacements of the manipulator. Therefore,
kinematic equations must be solved for joint displacements. This problem is called
the inverse kinematics problem. The number of real solutions for inverse kinematics
depends on the manipulator architecture and the desired end-effector position and
orientation. For a six-DOF manipulator, the number of real solutions can be up to
sixteen [42]. Many researchers have investigated the inverse kinematics problems to
improve the computational efficiency [1,29,41,48,49]. Tsai and Morgan [60] are the
first to develop an off-line algorithm using the homotopy map technique to solve all
the real and complex roots for the general six-DOF manipulators with all revolute
joints. Since computational efficiency is very crucial in the real-time controlled ma-
nipulation process, most industrial manipulators are built to possess closed-form
solutions for the inverse kinematics. Pieper [50] has shown that a manipulator
with three adjacent joint axes intersecting at a point leads to a closed-form so-
lution for the inverse kinematics. For this reason, many industrial manipulators
possess spherical wrist mechanisms in which the three joint axes intersect at the

wrist center.

Despite the availability of somewhat sophisticated mechanical hands (for
example, Stanford/JPL hand [56] and Utah/MIT hand [31}), most end-effectors

used in industry today are simple clamping devices such as grippers, losing the
manipulative ability of fingers as in a human hand. Thus there is a great need to
design robot wrists that can provide better manipulability and large workspace.
This dissertation will concentrate on the design and development of Bevel-Gear-
Type wrist mechanisms, one class of wrist mechanism that is commonly used in

many industrial manipulators; and the associated kinematics problems such as



singularity and workspace.

1.2 Bevel-gear-type robotic wrist mechanisms

In a three-dimensional Cartesian space, a rigid body possesses six degrees of
freedom, three translational and three orientational degrees of freedom. Therefore,
to position and orient an object freely in a three-dimensional space, a manipulator
must have at least six degrees of freedom. Figure 1.1 shows the kinematic structure
of a serially-jointed, six-DOF manipulator with all revolute joints. Usually, the first
three joints are used for controlling the end-effector position (gross motion), and the
last three for controlling the orientation (local motion). So the linkage associated
with the first three moving links is called the major linkage, or the arm, and the
portion associated with the last three moving links is called the minor linkage, or
the wrist. Note that in Fig. 1.1, the three joint axes of the wrist intersect at a

point, therefore, the wrist mechanism is spherical.

The kinematic structure of the serially-jointed manipulator shown in Fig.
1.1 has an open-loop configuration. Intuitively, we may mount actuators on each
joint axis to drive the manipulator. This simple idea, called direct-drive, however,
is still not feasible using today’s motor technology. This is because a direct-drive
manipulator needs motors that can generate very large torques. Usually, such
motors are very heavy; if mounted on each joint, they become a huge burden
for the manipulator. Therefore, most industrial manipulators are driven through
gearing mechanisms, chains, linkages, or other power transmission mechanisms. In
this way, motors can be mounted remotely to reduce inertia effects and to achieve

torque amplification. Hence, the major problem in designing a wrist mechanism is



Figure 1.1 The kinematic structure of a
serially-jointed manipulator



not achieving the wrist functions, but rather power transmission.

The development of mechanisms that can provide multi-directional rotation
motions may be dated back to the thirteen century, when universal joints were first
introduced by an architect. Later, in the seventeen century, British physicist Robert
Hooke described an operational theory for universal joints. He also invented the
double-jointed cardan universal joint that can be applied to derive constant velocity
transmission. Today many industrial robot wrists still bear the shape of universal
joints (Hook Joints). It was not until the late 1940s that modern wrist technology
emerged due to the need to handle nuclear materials and to perform hazardous
work. Since then a considerable amount of work has been done in inventing wrist
mechanisms. Rosheim [54] provides a thorough survey in the current development
of wrist actuator technology, including patents and published papers. His book also
contains design suggestions and other information for inventing a robot wrist mech-
anism. Generally, most of these inventions were not accomplished on a systematic

basis, instead relying solely on the individual ingenuity of the designer.

This research focuses on the kinematic synthesis of bevel-gear-type wrist

mechanisms based upon the following considerations:

1. Bevel-gear-type wrist mechanisms are commonly used in industry. Several dif-
ferent constructions for this type of wrist mechanism exist, such as PUMA,
Bendix, and Cincinnati-Milacron 3-roll wrist mechanisms. Thus the follow-
ing question is raised: “How many different constructions exist for this type
of wrist mechanisms for a given number of links and number of degrees of
freedom?” This motivates me to study the structural characteristics of the

mechanisms, and further to synthesize them systematically.



2. They are comparatively simple and compact in size. Although there are
singularities in their workspace, when compared to other “singularity-free”
wrist mechanisms described in [54], bevel-gear-type wrist mechanisms are
much simpler in construction. Besides that, they can be sealed in a metallic

housing, reducing the cost of construction and maintenance.

3. Using bevel gear trains for power transmission, the actuators can be mounted
remotely (on the forearm). Therefore, the weight and dynamic effects can be

reduced.

Figure 1.2(a) shows a mechanical drawing of the Cincinnati-Milacron 3-roll
wrist mechanism, and Fig. 1.2(b) shows the schematic drawing. The wrist mech-
anism has seven links (including base link), six turning pairs and three gear pairs.
Therefore, it has three degrees of freedom. Since there are three articulation points,
we call this type of mechanisms three-DOF, three-jointed wrist mechanisms. In
Fig. 1.2(b), link 0 is the forearm of the manipulator, and link 3 is the end-effector
mount. The wrist actuating system is installed remotely in the forearm and at-
tached to links 1, 4 and 5 through three concentric shafts. Because the three joint
axes, a, b, and c intersect at one point (wrist center), the end-effector will perform
a spherical motion about the wrist center. The wrist-roll motion is accomplished
by driving link 1. Therefore, the end-effector can rotate about the a-axis. The
pitch motion is accomplished by driving link 4. Through the gear mesh between
links 4 and 2, the end-effector can rotate about the b-axis. The tool-roll motion
is accomplished by driving link 5. Through two gear meshes, the end-effector can
rotate about the c-axis. The 3-roll wrist has the important feature that there is no
mechanical interference, therefore continuous rotational motions about the three

joint axes can be achieved. Note that the three-DOF wrist mechanism can be re-
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garded as a two-DOF gear train jointed with a single link (the base link). We call
the three-DOF wrist mechanism a fractionated mechanism. On the other hand,
the two-DOF gear train, which cannot be further divided into two components, is

non-fractionated. The formal definition of non-fractionated mechanisms and the

method of identifying them will be discussed in Chapter 3.

1.3 Overview

The objective of this research is to study the singularities and workspace
problems associated with bevel-gear-type robotic wrist mechanisms, and to create

new and innovative wrist mechanisms with good manipulability.

The contents of this dissertation can be categorized into two major parts:
the first being structural analysis and synthesis; the other being kinematic analysis
and dimensional synthesis. In structural analysis and synthesis, three subtopics are
discussed: (i) the structural analysis of bevel-gear-type wrist mechanisms (Chap-
ter 2); (ii) the topological synthesis of non-fractionated, two-DOF epicyclic gear
trains (Chapter 3); and (iii) the development of an atlas of bevel-gear-type robotic
wrist mechanisms (Chapter 4). In kinematic analysis and dimensional synthesis,
two subtopics are explored: (i) the trajectory analysis of spherical planetary gear
trains (Chapter 5); and (ii) the workspace of three-DOF, four-jointed spherical wrist

mechanisms (Chapter 6).

The basic idea for creating new wrist mechanisms in this research is based
upon separation of kinematic structures from their functional requirements. Mecha-
nism structures thus can be created systematically using graph theory and combina-

torial analysis. In Chapter 2, the kinematic structure of an existing bevel-gear-type

10



wrist mechanism is analyzed to establish the functional requirements for this type
of wrist mechanism. The major considerations in establishing functional require-
ments are: (i) the topological relationship between the number of turning pairs and
the number of gear meshes; (ii) the arrangements of turning pairs which allow at
least three coaxial inputs and three articulation joints; and (iii) the arrangements
of gear meshes which allow power transmission from actuators to end-effector. The
analysis procedure is generalized using graphs to represent the kinematic structure
of the mechanism. An examination reveals that a three-DOF wrist mechanism
consists of a non-fractionated, two-DOF epicyclic gear train jointed with a single
link. Therefore the next step for creating the bevel-gear-type wrist mechanisms is

to enumerate all the non-fractionated, two-DOF epicyclic gear trains.

In Chapter 3, a systematic methodology is developed to enumerate the kine-
matic structures of non-fractionated, two-DOF epicyclic gear trains. The enu-
meration of kinematic structures is based on the fundamental rules of epicyclic
gear trains. The isomorphic graphs are identified and eliminated by comparing
the linkage characteristic polynomials. Then a simple algorithm for the identifi-
cation of non-fractionated mechanisms is introduced. Since the enumeration and
identification process requires significant computational efforts, the procedures are
implemented on a digital computer. Finally, generic design guidelines for two-DOF
epicyclic gear trains are proposed, based on practical constraints. Using these de-

sign guidelines, graphs that have potential applications in two-input devices are

highlighted.

In Chapter 4, the functional requirements established in Chapter 2 are ap-
plied to the results obtained from Chapter 3, then all the bevel-gear-type wrist

mechanisms are identified (created). The results are then categorized according to

11



their structure matrices and link numbers. Finally, bevel-gear-type wrist mecha-
nisms with four joint axes are evaluated based on the kinematics perspective. As
the kinematic structures of three-DOF, four-jointed wrist mechanisms are signifi-
cantly different from those of three-jointed wrist mechanisms, so is their kinematic
performance. Due to their promising characteristics, three-DOF, four-jointed wrist

mechanisms are further studied and optimized in the next two chapters.

In Chapter 5, the trajectories of spherical planetary gear trains are studied.
The trajectory analysis is the preliminary step for the study of the workspace and
singularity for three-DOF, four-jointed spherical wrist mechanisms. The parametric
equations of trajectory are derived. It is shown that the trajectory generated by a
tracer point on the planet of a spherical planetary gear train is analogous to that of
the planar case. T'wo cases, gear ratio equal to one and two, are presented in detail
including the geometric description, planes of symmetry, extent of trajectories,
number of nodes (cusps) and their locations. The criteria for the existence of cusps

are verified algebraically and interpreted from the geometrical point of view.

In Chapter 6, the orientational workspace of three-DOF, four-jointed spher-
ical wrist mechanisms is investigated. The workspace boundary equations are de-
rived via both geometric consideration and Jacobian analysis. It is shown that for
the first type of wrist mechanism with links 2 and 3 coupled, the workspace bound-
ary consists of circles centered at fixed axis of rotation; while for the second type
of mechanism with links 1 and 2 coupled, the boundary consists of two branches
of curves. The workspace is divided by inner and outer boundaries into regions of
accessibility zero, two and four. The criteria for full workspace design as well as for

maximum four-root regions have been established.

Finally, in Chapter 7, the dissertation is reviewed and suggestions are given

12



for future research.

The contributions of this research are:

1. Development of a systematic approach for the creation of bevel-gear-type

robotic wrist mechanisms.

2. Creation of a class of non-fractionated, two-DOF, epicyclic gear trains.

3. Creation of an atlas of three-degree-of-freedom, bevel-gear-type wrist mecha-

nisms.

4. Contribution to the understanding of the geometric properties of trajectories

of spherical planetary gear trains.

5. Contribution to the basic understanding of the structural characteristics and
the kinematic property of bevel-gear-type wrist mechanisms, including work-

space and singularity.

13



Chapter 2

STRUCTURAL ANALYSIS OF
BEVEL-GEAR-TYPE SPHERICAL WRIST
MECHANISMS

2.1 Introduction

In this chapter, we shall examine the ideal characteristics for robotic wrist
mechanisms and establish the fundamental requirements of bevel-gear-type spher-

ical wrist mechanisms.

Pieper [50] showed that a manipulator with three adjacent joint axes inter-
secting at a point leads to a closed-form solution for the inverse kinematics. Hence,
a spherical wrist makes the decoupling of position and orientation possible. And
the computational efficiency can be improved. In addition to the need for a wrist
to perform a spherical motion, the recent trend in wrist technology has required
the wrist to be dexterous. Since 1940s many researchers have devoted themselves
in creating simple and cost effective wrist mechanisms which can fulfill the above
requirements. We may find it difficult to design a wrist mechanism which satisfies
all the important demands such as dexterity, simplicity and inexpensiveness. Some

wrist mechanisms are claimed to be singularity-free. However, they often suffer

14



from the problems of complicated (heavy) mechanical construction, less stiffness
and less precision [46,59]. On the other hand, bevel-gear-type wrist mechanisms,
such as PUMA, Bendix, Cincinnati-Milacron 3-roll wrists, are considered to be
simple, reliable, and cost effective, but they generally contain singularities in their
workspace. Furthermore, because actuators can be mounted remotely from the
joint center, they suffer less vibration and dynamics problems. We can ask our-
selves the following question: for a given number of links, how many spherical
bevel-gear-type wrist mechanisms exist? To answer this question, one can resort
to the aide of graph theory [21]. In what follows, functional requirements for the

design of bevel-gear-type, spherical wrist mechanisms will be established.

2.2 Robot wrist characteristics

The ability of a robot to manipulate an object depends strongly on the
performance of the wrist mechanism. The major linkage of a robot manipulator
provides the ability for moving an object globally in the workspace, while the usual
manipulation task is usually accomplished in the local area. Thus, proper design
of a wrist mechanism is critical in the performance of a manipulator. Dexterity
is a very important factor in designing a robot wrist mechanism. In addition,
compactness and simplicity are also essential requirements. In general, an ideal

wrist mechanism should possess the following characteristics:

e A minimum of three degrees of freedom
e Small size and light weight

Remote drive system

High accuracy and repeatability
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High mechanical stiffness

Large workspace

o End-effector possess a spherical motion

Low manufacturing and maintenance cost

Some of the above characteristics call upon proper dimensioning of mechani-
cal parts, known as the dimensional synthesis. Many researchers have been working
on this area [2,4,24,25]. Others call upon proper configuration of the mechanism,
known as the structural synthesis. In this chapter, we shall only focus on the struc-
tural analysis. The structural synthesis will be discussed in Chapters 3 and 4. And

the dimensional synthesis will be discussed in Chapter 6.

We may consider a three-DOF wrist as a multi-input and multi-output sys-
tem, where the inputs are the actuator displacements or torques, and the outputs
are the angular orientation or torques about the wrist center of an end-effector.
The system transfers the motion or power from the actuators to the end-effector.
To transfer power, one may use gear trains, tendons, linkages, or gear mechanisms,
etc. In addition to power transfer, the system should also perform rotational mo-
tion (ideally spherical motion) for the end-effector. Among the above construc-
tion alternatives, bevel gear trains seem to be more preferable than others, since
gear train mechanisms have the advantages of design simplicity and compactness.
Other mechanisms, such as coupled spherical four-bar linkage configuration and
universal-joint configuration [54], are either too complicated in construction, or

lack of stiffness, or are bulky in nature.

In this dissertation, we shall concentrate on the creation of bevel-gear-type

wrist mechanisms. First functional requirements for the design of spherical wrist
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mechanisms will be established. Then these requirements will be used for the

purpose of structural synthesis.

2.3 Bevel-gear-type spherical wrist mechanisms

Before establishing functional requirements for the bevel-gear-type spherical
wrist mechanisms, let us examine the topological characteristics associated with
an existing mechanism. A typical bevel-gear-type spherical wrist mechanism is the
Cincinnati-Milacron 3-roll wrist designed by Stackhouse [58]. Aside from its spe-
cial arrangement of axes orientation which permits full range of rotation, let us
look into its kinematic model. Figure 2.1(a) shows the functional representation;
Figure 2.1(b) shows the equivalent open-loop chain [62], obtained by deleting the
drive trains from the mechanism; And Fig. 2.1(c) shows the canonical graph rep-
resentation of the mechanism [62]. In a graph representation, links are denoted
by vertices, joints by edges, and the edge connection of vertices corresponds to
the joint connection of links. In order to distinguish different types of joints, the
edges can be colored and/or labeled. For epicyclic gear trains, turning pairs are
represented by thin edges, gear pairs by heavy edges, and the thin edges are la-
beled according to their axis locations in space. See next chapter or [63] for the
definition of graph elements in an epicyclic gear train. The reason for using graphs
to represent kinematic structures is that systematic methodology for the structural
enumeration of gear trains can be easily implemented and processed in a digital
computer. Since from structural analysis point of view, we are only concerned with
the topological relations between links and joints, the actual locations of links or

joints are irrelevant. A kinematic analysis reveals that the mechanism has three

degrees of freedom. The three input links are links 2, 6, and 7, and the output link
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(d) Graph representation of pseudoisomorphic mechanism
Figure 2.1 The kinematic model of a 3-roll
wrist mechanism
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is link 4.

In the equivalent open-loop chain, four links (including the base link) are
serially connected by revolute joints, and three axes of rotation intersect at one
common point which called the wrist center. Since the equivalent open-loop chain
is imbedded in the mechanism, its graph representation is a sub-graph of the graph
representing the whole mechanism. Examining Fig. 2.1(c), we note that the sub-
graph for the equivalent open-loop chain is the thin-edged (denoting turning pair)
path, 1-2-3-4] connecting the base link to the end-effector. The three labels, a, b,

and ¢, in the thin-edged path represent the locations of the joint axes.

One advantage of the bevel-gear-type spherical wrist is that actuators can
be located remotely from the wrist center, which make the wrist mechanism light
weight and compact. This is accomplished by the use of gear trains which permit
the transfer of power from the base level to the mid-level and then the end-effector
level. As shown in Fig. 2.1(c), there are two heavy-edged paths (transmission lines
[11]) starting from the base level, one ended at the end-effector level and the other
at the mid-level. Relative motions of link 4 with respect to link 3, and link 3 with
respect to link 2 are accomplished by the two transmission lines defined by the
heavy-edged paths 7-3 and 6-5-4. Relative motion of link 2 with respect to link 1

is accomplished by driving link 2 directly.

Furthermore, since links 1, 2, 6, and 7 are coaxial, the mechanism shown
in Fig. 2.1(c) can be rearranged into one with an articulation point [63] as shown
in Fig. 2.1(d). It can be concluded that, in general, a three-DOF wrist can be
constructed by connecting a non-fractionated, two-DOF gear-train in series with a

base link. The term, non-fractionated, means the mechanism can not be divided into

two or more components with a common link but no common joint. The definition
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will be discussed in Chapter 3 in more detail. The third degree of freedom is simply
obtained by rotating the two-DOF gear train as a whole about the base link. Thus
we may simplify the synthesis problem by developing an atlas of non-fractionated,

two-DOF gear trains.

From the above discussion, the fundamental requirements for a graph of gear
train to be admissible for the construction of a spherical wrist can be summarized

as follows:

R1 There must be three or more vertices connected together with thin edges of

the same label. These vertices are potential candidates for input links.

R2 In the graph, there must be at least two heavy-edged paths originated from the
input vertices. An input link can be the starting vertex of one of heavy-edged
paths. On the other hand, two heavy-edged paths can meet at a common

vertex other than the input vertex.

R3 There must exist at least three edge levels in one of the thin-edged paths

originating from the input vertices.

R4 A link is considered as redundant, if removal of the link and its associate
joints from the kinematic chain does not change the degrees of freedom of the
mechanism. Note that the input links and the end-effector link are not to be

removed. We shall consider only those mechanisms with no redundant links.

The first requirement has been derived from the fact that the size and inertia
of the wrist must be as small as possible. The input links must be coaxial to permit

all the actuators be connected to the base link.

The second requirement states that power is to be transmitted from the

input links to other links via gear meshes.
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The third requirement states that there should be at least three different
levels from the base link to the end-effector. The three articulation points enable
the wrist to perform a three-DOF motion. However, if there are more than three
levels, then some of the articulation points are coupled, and only three of them are

independent.

The fourth requirement is set primarily for the reason of efficiency. A re-
dundant link does nothing but waste energy. Elimination of redundant links results
in a mechanism having the same degree of freedom and with fewer links. Hence

mechanisms with redundant links will be discarded.

The above fundamental requirements are believed to be sufficient for the
creation of a class of bevel-gear-type wrist mechanisms. It may be possible to
impose additional requirements on the design, which will result in a smaller number
of admissible mechanism structures. Hence, we may consider these fundamental
requirements as the axioms for the design of a particular class of bevel-gear-type

wrist mechanisms.

Note that it is possible to construct wrist mechanisms from non-fractionated,
three-DOF gear trains. For example, the wrist mechanism shown in Fig. 4.10 (page
77) is a non-fractionated three-DOF gear train. However, the structural synthesis
of this type of mechanisms has been excluded from this research. The reason is
that mechanisms derived from non-fractionated three-DOF gear trains are generally

more complicated in construction.

Example
To illustrate the above design principles, we take one graph of a non-fractionated,

two-DOF gear train as an example. Figure 2.2 shows that link 6, 4 and 7 are coaxial

at level d, link 1, 3, and 4 are coaxial at level b. Both set of links are potential
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Figure 2.2 A two-DOF epicyclic gear train
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candidates for input links at this stage. Using links 6, 4, 7 as input links, we may
then choose link 2 or 5 as the end-effector link, since there are three edge levels
in the thin-edged paths, (6-4-3-2), (7-4-3-2), (6-4-3-5), and (7-4-3-5). In addition,
there are two heavy-edged paths originated from vertices 6 and 7. Hence, links 6,
4, and 7 are considered as a set of acceptable input links. Links 1, 3, and 4 are
excluded from further consideration as input links since fundamental requirement
R3 can not be satisfied. Although the kinematic chain using links 6, 4, and 7
as input links satisfies the first three fundamental requirements, it still can’t be
considered as a qualified wrist mechanism structure. Because once we choose link

2 as the end-effector link, link 5 become a redundant link, and vice versa.

2.4 Summary

The kinematic structure of bevel-gear-type robotic wrist mechanism has been
analyzed. Based on the analysis, a set of fundamental requirements of bevel-gear-
type wrist mechanisms has been established. It has been shown that a three-
DOF bevel-gear-type wrist mechanism can be regarded as a non-fractionated, two-
DOF gear train jointed with a base link. Thus to create all bevel-gear-type wrist
mechanisms, we shall first develop an atlas of non-fractionated, two-DOF epicyclic
gear trains. Then these fundamental requirements will be applied to select those
gear trains that are suitable for the design of wrist mechanisms. And, finally, an

atlas of bevel-gear-type spherical wrist mechanisms will be developed.
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Chapter 3

TOPOLOGICAL SYNTHESIS OF
NON-FRACTIONATED,

TWO-DEGREE-OF-FREEDOM
FEPICYCLIC GEAR TRAINS

3.1 Introduction

In previous chapter, it has been shown that to create all bevel-gear-type
wrist mechanisms, we need to establish an atlas of non-fractionated, two-DOF
epicyclic gear trains. In Chapter 3. the enumeration of the kinematic structures of

non-fractionated, two-DOF epicyclic gear trains will be discussed.

Traditionally, mechanical systems are made up of closed-loop configurations
which rely on a single input to drive the systems. These, so-called, one-DOF
mechanisms are characterized by the fact that the configuration of the system
depends on one input parameter. For each given input, the output is uniquely
determined regardless of the complexity of the system. One-DOF mechanisms are

by far the most common type of mechanisms, and can be found in almost every
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kind of machines and mechanical devices. The topological synthesis of such devices

have been studied extensively [8,9,14,15,18,20,21,43,44,52,57,61,64,66,67,68].

Another group of importance is the multi-DOF systems. The characteristic
of a multi-DOF system is that the configuration of the system depends on more than
one input parameter. This means that these mechanisms require multiple inputs
in order to derive a unique output. On the other hand, with a single input, the
outputs are indeterminate. The behavior of such multi-output devices will depend
on the nature of the resistance opposing the motion at each of the output shafts.
Multi-DOF mechanisms can be found in adders and gear differentials for adding or
subtracting motion or for torque distribution. Recently, they can also be found in

robotic devices such as robotic wrists, grippers, and walking machines [3,16,58,62].

Although mechanical systems with multiple inputs or multiple outputs have
existed for many years, generally, they have been used as a series of one-DOF
devices rather than as non-fractionated, multi-DOF mechanisms. For example, the
automotive bevel-gear differential, a two-DOF mechanism with one input and two
outputs, is made up of a one-DOF gear train in series with its gear box. The
second degree of freedom is simply obtained by allowing the gear train as a unit to
rotate with respect to the gear box. It has been found that most of the two-DOF

mechanisms enumerated in [16] and [44] belong to this type of mechanisms.

With ever increasing use of modern control theory and the demands for in-
dustrial automation and flexible manufacturing, multi-DOF mechanisms are coming
into wider use, and being used in fundamentally different ways. However, the avail-
ability of such mechanisms is relatively scarce. Comparatively little is known with

regard to the synthesis of such mechanisms.
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In what follows, a method for the identification of non-fractionated epicyclic
gear trains will be introduced and a systematic methodology for the enumeration

of the topological structure of this type of mechanism will be described.

3.2 The topological structure of epicyclic gear

trains

(a) Structural characteristics

The research of topological synthesis will limit to those mechanisms which
obey the general mobility equation. Graphs will be used to represent the topo-
logical structure of a mechanism. The advantage of using graphs to represent the
topological structures is that many of well developed theorems of graph theory can
be directly applied, and systematic methodology for the structural enumeration can

be automated in a computer.

We shall consider only those mechanisms which obey the basic assumptions
and the fundamental rules established in the earlier papers [8,9,20,61]. According
to the fundamental rules [20], the relationships among the number of thin edges,

heavy-edges, and vertices for two-DOF epicyclic gear trains can be listed as shown

in Table 3.1. In Table 3.1, ‘n’ denotes the number of vertices, ‘t’ the number of

00 -3 O O Wk=iB
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Table 3.1: Number of vertices vs. number of edges for two-DOF gear
trains

26



thin edges, and ‘h’ the number of heavy edges.

In order to automate the process of mechanism creation, a vertex-vertex
adjacency matrix will be used to denote the graph of a mechanism. The adjacency
matrix is a symmetric matrix of order n. All the diagonal elements of the matrix
are set to zero and the off-diagonal elements are set to 1, or ¢, or 0 according to
whether vertex 1 is connected to vertex j by a turning pair, or a gear pair, or not
at all. The thin edges can be labeled by different symbols such as a, b, ¢, etc. to

indicate their axis locations.

(b) Rotation graph

A rotation graph is defined as the graph obtained from the graph of an
epicyclic gear train by deleting all the thin edges and, then, reconnecting the end
vertices of the heavy edges directly to their corresponding transfer vertices with
thin edges. This definition is taken from Ravisankar and Mruthyunjaya [52] and
is different from that defined by Freudenstein [20]. The vertex in a fundamental
circuit which divides the thin-edge path into two parts such that thin edges on one
side of the vertex are all at one level and those on the opposite side of the vertex

are at a different level is call the transfer vertex [20].

(¢) Pseudoisomorphic graphs

According to the fundamental rules [20], the subgraph G formed by deleting
all the heavy edges from the graph of an epicyclic gear train is a tree. Furthermore,
if the subgraph (G contains k vertices connected together by thin edges of a common
level, these vertices and their incident edges of the same level form a subtree H.
From the point of view of mechanisms, vertices connected together by thin edges
having a common level implies that the corresponding links in the mechanism are

connected by revolute joints that share a common joint axis. Thus, it is possible to
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rearrange the turning pairs among these coaxial links without changing functional
characteristics of the mechanism [62]. Hence any edge in the subtree H can be
replaced with a new edge of the same level. The only restriction is that the resulting
subgraph remains a tree. The operation of replacing an edge in the subtree H with

another edge of the same level is called vertex selection.

Two graphs satisfying the fundamental rules of epicyclic gear trains [9] are
said to be pseudoisomorphic if they become isomorphic under single or repeated
application of vertex selection. From the above discussion, it is clear that if the
graphs of two epicyclic gear trains are pseudoisomorphic, then their functional

characteristics are identical.

(d) Canonical Displacement Graph

A canonical displacement graph is obtained by labeling the thin edges of a
rotation graph according to their axis locations in space. Thin edges are permitted
to form one or more loops in a rotation graph and its corresponding canonical
displacement graph. However, all the thin edges that form a loop must share a
common edge level. Hence, the number of thin edges in a rotation graph and its
corresponding canonical displacement graph can exceed that given in Table 3.1 by

the number of thin-edged loops.

3.3 Non-fractionated epicyclic gear trains

(a) Articulated kinematic chains
According to Table 3.1, one observes that the most elementary graph of two-
DOF epicyclic gear trains is a four-link chain having three thin edges and one heavy

edge. Fig. 3.1(a) shows the functional schematic of such a kinematic chain and Fig.
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Figure 3.1 A four-link chain and its pseudoisomorphic
mechanism with a cut-link

29



3.1(b) shows the corresponding graph. As shown in Fig. 3.1(b), thin edges 1-4 and
3-4 share a common level, b, which implies that links 1, 3, and 4 are coaxial. Hence,
the revolute joints connecting these coaxial links can be rearranged according to the
definition of vertex selection. Figure 3.1(c) shows such a rearrangement and Fig.
3.1(d) shows the corresponding graph. It is obvious that Fig. 3.1(d) is obtained by

adding the 1-3 edge to and removing the 1-4 edge from the graph of Fig. 3.1(b).

An articulation point in a graph is a vertex whose removal increases the
number of components, and a graph is a block if it is connected and has no articu-

lation points [23]. The graph shown in Fig. 3.1(b) is a block but the one shown in

Fig. 3.1(d) is not.

The mechanism shown in Fig. 3.1(c) consists of two kinematic chains which
have one common link but no common joints. More specifically, it is made up of
a three-link chain (links 1, 2, and 3) in series with a two-link chain (links 3 and
4) with link 3 as the common link. A multi-DOF kinematic chain which is made
up of two or more kinematic chains with one common link but no common joints
is called an articulated kinematic chain as opposed to a fully closed-loop kinematic

chain. An articulated chain is sometimes called a fractionated chain. The common

link corresponding to the articulation point in the graph is called the cut-link since
an articulated kinematic chain can be broken into two chains by cutting the chain

at the common link.

In general, a kinematic chain is considered to be articulated, if under one or
repeated application of vertex selection, one of its pseudoisomorphic graphs contains
one or more articulation points. The link corresponding to the articulation point

serves as the common link for the two subchains. Fach subchain can be a simple
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two-link chain or a gear train having one or multiple degrees of freedom. It can be
shown that a single-DOF epicyclic gear train has no cut-link; a two-DOF epicyclic
gear train has at most one cut-link; and an n-DOF epicyclic gear train has at most

n — 1 cut-links.

Although articulated kinematic chains have their own usefulness, its syn-
thesis can usually be decoupled into that of several kinematic chains. It is quite
straightforward and is not the subject of this study. In what follows, we shall

concentrate on the synthesis of non-fractionated epicyclic gear train.

(b) Identification of non-fractionated, two-DOF epicyclic gear trains

A non-fractionated epicyclic gear train is defined as a kinematic chain with
no cut-links. Since a labeled graph with no articulation points can sometimes be
reconfigured into an articulated one, it appears that it would be necessary to apply
the vertex selection procedure to a graph in as many different ways as possible
in order to test the validity of a non-fractionated kinematic chain. However, a
graph with k vertices connected to each other with thin edges of a common edge
level can have as many as (k)*~? pseudoisomorphic graphs. It would be difficult, if
not impossible, to derive all the pseudoisomorphic graphs as the number of edges
having a common edge label increases. In the following, a simple algorithm for the

detection of an articulation point in a labeled graph will be presented.

As discussed previously, the graph of an articulated two-DOF epicyclic gear
train can be divided into at least two components. Each component can be a single-
DOF epicyclic gear train or a simple two-link chain. When these two components
are transformed into rotation graphs, the articulation point becomes the one and
only vertex that belongs to both rotation graphs. In the case when one component is

a two-link chain, the two-link chain does not result in a rotation graph. Therefore,
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the link on the outer end of the two-link chain will disappear from the rotation
graph. This serves as the basis for the identification algorithm to be described

below.

Step 1. For each labeled graph, construct a £ X 3 matrix R(z,j) such that

the elements in the first two columns denote the two end-vertices of a heavy edge

and the element in the third column denotes the associated transfer vertex of the

gear pair, where k denotes the number of gear pairs.

Step 2. If any vertex does not appear in the matrix R, then the graph itself

or one of its pseudoisomorphic graphs contains an articulation point. No further

checking is necessary.

Step 3. Choose m; rows of elements from the matrix R to form a group, Gy,

and let the remaining rows of elements to form another group, (3. Select only the
distinct vertices of GG; to form a set, S;, and that of GG, to form another set, S,.
If there exists one and only one element common to both sets S; and 5;, then the

element is an articulation point of the graph. No further checking is necessary.

Step 4. Repeat step 3 by choosing different rows of elements and different

number of rows of elements until all the possible combinations are tested. If no
articulation points are found in all the tests, then the kinematic chain is a non-

fractionated chain.

As an example, consider the contra-rotation gear train [8] shown in Fig.
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3.2(a) and its graph representation shown in Fig. 3.2(b). The matrix R is given by

("

-~ OU & N
[ S S
D W

For m; = 1, we pick one row of elements from the matrix R to form the first group,
G1, and the remaining three rows to form the second group, G;. There are four

combinations. One such combination is given by:

G, =(2,1,3)
and
G2 =(4,2,3;5,4,6;7,5,6).
Hence,
S1=1(2,1,3)
and

Sy = (2,3,4,5,6,7).

Since vertices 2 and 3 appear in both sets, no articulation point has been found for
this combination. The search has been repeated for the other m; = 1 combinations

with no success.

For m; = 2, we pick two rows of elements from the matrix R for the first
group, 1, and remaining rows of elements for the second group, G5. There are
six combinations. Because of the symmetry between (G; and G5, only three are

distinct. We may choose, for example,
G, =(2,1,3;4,2,3)

and

Gy = (5,4,6;7,5,6).
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Figure 3.2 The contra-rotation gear train
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Then,

S =(1,2,3,4)
and

S, = (4,5,6,7).
Since, vertex number 4 is the one and only element common to both sets, 57 and
S,, it is concluded that the mechanism contains a cut-link. Further, the vertices
shown in S; form one kinematic chain and that in S, form another kinematic chain.
The gear train can, therefore, be rearranged as shown in Fig. 3.2(c). Figure 3.2(d)
shows the corresponding graph representation. Note that if we are to apply the
vertex selection procedure, it would require up to (5)°~2 = 125 vertex selections in

order to identify the articulation point.

3.4 Methods of enumeration

Buchsbaum and Freudenstein [9] developed an atlas of unlabeled graphs
for mechanisms with up to six links. This atlas was subsequently modified by
Mayourian and Freudenstein [43] based on the restrictions governing the graphs of

kinematic chains. Such an atlas can be used as a basis for the creation of mech-

anisms. First, those graphs which satisfy the relationship listed in Table 3.1 are
selected. Then, for each of the admissible unlabeled graph, we can label it in as
many structurally distinct ways as possible in accordance with the fundamental
rules of epicyclic gear trains. Mayourian [44] carried out this process and obtained
a number of two-DOF epicyclic gear trains with up to six links. However, a careful
examination of those mechanisms revealed that most of them belong to articulated
kinematic chains. The method works well for simple mechanisms. But, as the num-

ber of links increases, the process of labeling the edges becomes quite complicated.
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Another possible method of enumeration is by combining two single-DOF
kinematic chains. One link from each of the two single-DOF kinematic chain can be
rigidly coupled together to form a two-DOF kinematic chain. Thus, an m-link chain
combined with an n-link chain results in an (m +n —1)-link chain. In fact, most of
the existing two-DOF epicyclic gear trains are synthesized this way. However, this

type of mechanisms always contains the coupling link as a cut-link.

One additional link is needed to form a non-fractionated, two-DOF epicyclic
gear train. The additional link is to be connected to the above fractionated kine-
matic chain with a turning pair on one side and with a gear pair on the opposite
side of the cut-link. Further, the link to be connected to the additional link with
a turning pair must also serve as the gear carrier. For example, Fig. 3.3(a) shows
the graph of a two-DOF epicyclic gear train with a cut-link. It is obvious that the
graph of Fig. 3.3(a) is derived from the combination of two single-DOF epicyclic
gear trains. Figure 3.3(b) shows the graph of a non-fractionated, two-DOF epicyclic
gear train obtained by adding the vertex 7 to the graph of of Fig. 3.3(a). This
method seems to work. However, it does not ensure the identification of all the
non-fractionated, two-DOF epicyclic gear trains. It also lacks the proof of com-

pleteness.

Recently, Tsai [61] developed a generic approach based on the fundamental
rules of epicyclic gear trains. In his approach, the process starts with the most
elementary graphs of interest, known as the generic graphs, and increases the com-
plexity of the kinematic chain by adding one vertex at one time. The process is
similar to the conventional method of gear-train design, where the designer begins
with a rather simple gear train and increases the complexity by adding one gear at

a time. Each time he adds a new gear, he adds not only a gear mesh to the mecha-
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Figure 3.3 The creation of a non-fractionated,
two-DOF gear train
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nism but also a revolute joint to support the gear. Hence, a family of mechanisms
can be generated systematically. The procedure has been successfully automated
by Tsai [61] for the enumeration of one-DOF epicyclic gear trains with up to six
links. In what follows, this methodology shall be modified for the enumeration of

non-fractionated, two-DOF epicyclic gear trains.

From Table 3.1, the most elementary graph of two-DOF epicyclic gear trains
is a four-link chain having three thin edges and one heavy edge as shown in Fig.
3.1(h). However, it has been shown earlier that its pseudoisomorphic graph, Fig.
3.1(d), contains an articulation point. The questions remaining to be answered are:
Shall we use this four-link chain as the generic graph? Or, shall we find the most
elementary graphs of non-fractionated epicyclic gear trains first and, then, use them

as the generic graphs for the enumeration of graphs of higher complexity?

It has been shown earlier that a non-fractionated chain can be constructed
by adding a gear to a fractionated kinematic chain,. Hence, we should start with
the graph of four-link chain and increase the complexity by adding one vertex at
a time. Using this approach, graphs with and without articulation points will be

created simultaneously. The systematic procedure can be summarized as follows:

Step 1. Start with the generic graphs of n-link chains to enumerate the

graphs of (n + 1)-link chains. The generic graphs of n-link chains are defined as a

set of non-isomorphic rotation graphs which may contain an articulation point.

Step 2. Enumerate all the unlabeled graphs of n+ 1 vertices for each generic

graph. This can be accomplished by connecting a new vertex to one of the existing
vertices with a thin edge and to any one of the remaining vertices with a heavy

edge. There are n(n — 1) possible combinations.
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Step 3. Determine if the new graph is an admissible rotation graph. First,
identify the transfer vertices of the graph. Since the transfer vertices of the generic
portion are already known, it is only necessary to check the newly created funda-
mental circuit [20]. There are three possibilities: (i) If there is only one transfer
vertex in the new fundamental circuit and the transfer vertex is adjacent to the
newly added vertex, the graph is retained as an admissible graph. (ii) If there is
only one transfer vertex , but the transfer vertex is not adjacent to the new vertex,
the graph is rejected. Under this condition, the graph can always be reconfigured
into one of the graphs enumerated in category (i) above. And (iii) if there are
multiple transfer vertices in the new fundamental circuit, the graph is rejected due

to violation of the fundamental rules.

Step 4. Check for rotational isomorphism. Once the transfer vertices of each
admissible graph are identified, the corresponding rotation graph is constructed and
compared with previously enumerated graphs for rotational isomorphism. This can
be accomplished by comparing their linkage characteristic polynomials [61]. If the
graph is isomorphic with a previous one, it is discarded. If not, it is kept as new
rotation graph of n+1 vertices. Note that if the rotation graph contains an isolated
point, then the point may be connected to any other vertex with a thin edge. The
only restriction is that the thin edge must be labeled with one of its adjacent edge

levels.

Step 5. Detect articulation points using the algorithm described in the pre-
vious section. If no articulation points are found, the kinematic chain is identified

as a non-fractionated epicyclic gear train.

Step 6. Label the thin edges of the rotation graph in as many different ways
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as possible to obtain a set of canonical displacement graphs. In the rotation graph,
if there exists a loop formed by thin edges only, then these thin edges must share

one edge level.

Step 7. Check for displacement isomorphism. Here it is only necessary
to compare with those graphs having the same rotation graph. Ravisankar and
Mruthyunjaya’s method [52] can be used to test displacement isomorphism. Dif-
ferent edge levels a, b, c, ... are denoted by different numbers 1,2,3,..., etc. These
numbers are then assigned to the corresponding elements in the linkage adjacency
matrix. Since the symbols (numbers) have no practical meaning, they can be in-
terchanged without altering the structure of a mechanism. We can permute the
labels in all possible ways and compare the linkage characteristic polynomials. If
one such permutation results in an polynomial identical with another, then they

are isomorphic in labeling.

Step 8. Repeat steps 2 to 7 until all the generic graphs of n vertices have

been used.

3.5 Graphs enumeration

Using the above systematic procedure, all the graphs of two-DOF epicyclic
gear trains with up to seven links have been enumerated. The following illustrates

the sequence of enumeration.

(a) Four-link chain
As stated earlier the most elementary graph for two-DOF epicyclic gear

trains is the four-link chain shown in Fig. 3.1(d). The corresponding epicyclic gear
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train is shown in Fig. 3.1(c).

(b) Five-link chains
Figure 3.1(d) is used as the generic graph. There are 4 x 3 = 12 possible
ways of adding a vertex to the graph of four-link chain. Figures 3.4(a) and 3.4(b)

show two such possibilities, where 1 to 4 represent the vertices of the generic graph

and 5 represents the added vertex.

Let the levels of edges 2-3, 3-4, and 3-1 be ‘a’, ‘b’, and ‘b’, respectively.
Then, it becomes clear that the newly added fundamental circuits for the graphs
of Figs. 3.4(a) and 3.4(b) are circuits 1-5-2-3-1, and 1-5-3-1, respectively. The
corresponding transfer vertices are both vertex 3. Since the transfer vertex in Fig.
3.4(a) is not adjacent to the new vertex, 5, it is rejected. However, the transfer
vertex in Fig. 3.4(b) is adjacent to the new vertex. Hence, the graph shown in
Fig. 3.4(b) is accepted as an admissible graph. We note that the 5-2 edge in Fig.
3.4(a) must be labeled as ‘a’ while the 5-3 edge in Fig. 3.4(b) can be labeled as ‘a’
or ‘c’. Iurther, the graph shown in Fig. 3.4(a) can be reconfigured into the one
shown in Fig. 3.4(b). This is the reason why the unlabeled graph of Fig. 3.4(b) has

been accepted as an admissible rotation graph while the one shown in Fig. 3.4(a)

is rejected.

At this point there is no need to check for graph isomorphism, since this
is the first rotation graph enumerated. Applying the algorithm for checking the
articulation point, it can be shown that the graph shown in Fig. 3.4(b) contains an

articulation point. Note that the 3-4 edge in Fig. 3.4(b) can also be labeled as ‘a’.

All the twelve combinations of graphs have been constructed and tested.
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Figure 3.4 Two graphs derived from Fig. 3.1(d),
but only one is admissible.
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There are five non-isomorphic rotation graphs and ten canonical displacement
graphs. The results are shown in Table 3.2, where the first and second columns of
the ¢ matrix represent the vertex number of a gear pair and the third represents
the corresponding transfer vertex; the second and third columns of the # matrix
represent the vertex numbers of a turning pair, and the first one represents the
corresponding edge label. The articulation point in each graph is also shown in Ta-
ble 3.2. Note that there are five non-isomorphic rotation graphs and ten canonical
displacement graphs. All of them contain an articulation point. However, all the
five non-isomorphic rotation graphs have been kept as the generic graphs for the

enumeration of six-link chains.

Rotation Graphs g | Edge Labels t Articulation Point
[1 3 27 [1 3 27
2 31 2 31
2 4 3 2 4 3
) [213] (1 53] [35 3] 5
5 1 3 (1 3 27 [1 3 27
2 31 2 31
1 43 1 43
|1 53] L35 3.
(1 3 27
213 231
2 5 1 4 2 41 L
13 5 4]
(1 3 271 3 2
3 21 3 2 31 2 31 3
5 3 1 2 43 1 43
35 1][3 51
[1 3 27
2 13 2 31
4 5 3 4 2 43 J
[ 3 5 4
[1 3 271 3 2
5 [213] 231|231 5
5 3 2 4 3 2 43
15 3113 5 3

Table 3.2: Two-DOF five-link chains
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(¢) Six-link chains

Using the five non-isomorphic rotation graphs of five vertices as the generic
graphs, eighteen (18) non-isomorphic rotation graphs of six-link chains have been
enumerated. However, only two were identified as blocks which resulted in three

canonical displacement graphs as shown in Fig. 3.5.

(d) Seven-link chains

Using the eighteen non-isomorphic rotation graphs of six vertices as the
generic graphs, twenty blocks which resulted in fifty canonical displacement graphs
have been enumerated as shown in Fig. 3.6. These graphs can be used to construct

non-fractionated, two-DOF epicyclic gear trains of seven links.

For the purpose of illustration, a typical epicyclic gear train is also sketched

for each of the graphs shown in Figs. 3.5 and 3.6.

3.6 Some design guidelines

Each graph shown in Figs. 3.5 and 3.6 can be converted into non-fractionated
epicyclic gear trains, and these gear trains can be designed to possess planar, spher-
ical, or spatial motion. Buchsbaum and Freudenstein gave detailed procedure for

the construction of mechanisms [9].

The potential usefulness of a two-DOF epicyclic gear train depends on which
link is held fixed and which links are assigned as the input and/or output links.
Although the construction of such mechanisms depends highly on the ingenuity of

a designer, some general guidelines can be established for the selection of graphs.
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In general, it is preferred to have input actuators ground connected. Hence,
for a two-input system, the ground link must contain at least two revolute joints.
Furthermore, it is also desirable to have no redundant gears. A redundant gear is
one that can be taken out of a mechanism without affecting its function. Following
these guidelines, graphs that are applicable for the design of two-input devices have
been identified as shown in Table 3.3. One possible choice of the fixed link, input
links, and output link for each candidate graph is also shown in Table 3.3 for the

purpose of illustration.

3.7 Summary

A systematic methodology has been developed for the enumeration of non-
fractionated, two-DOF epicyclic gear trains. It has been shown that there are
no non-fractionated, two-DOF' epicyclic gear trains with five or less links. For
six-link chains, there are two blocks which have been labeled into three canonical
displacement graphs. For seven-link chains, there are twenty blocks which have
been labeled into fifty canonical displacement graphs. A typical epicyclic gear train
is sketched for each of the graphs for the purpose of illustration. Graphs which have
potential applications in two-input devices have also been pointed out. This atlas
will be used for structural synthesis of robotic wrist mechanisms to be explored in

the next chapter.
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Figure No. Fixed Link | Input Links | Output Link
6-1-1 5 16 2
6-1-2 4 5, 6 2
7-2-1 2 5, 7 6
7-4-1 2 5, 7 6
7-5-1 3 4,5 7
7-5-2 3 4,5 7
7-5-3 3 4,5 7
7-5-4 3 4,5 7
7-5-5 3 4,5 7
7-6-1 3 4,5 7
7-6-2 3 4,5 7
7-6-3 3 4,5 7
7-6-4 3 4,5 7
7-6-5 3 4,5 7
7-7-1 7 4,5 6
7-7-2 4 5,7 6
7-7-3 4 5, 7 6
7-7-4 4 5, 7 6
7-8-1 4 3, 5 7
7-9-1 5 4,7 2
7-9-2 4 3,5 7
7-12-1 5 4,7 6
7-12-2 4 5, 7 6
7-13-1 2 6,7 )
7-15-1 6 5, 7 2
7-16-1 6 4,7 2
7-17-1 5 4,7 2
7-20-1 3 2,4 7

Table 3.3: Graphs which have potential applications
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Chapter 4

THE DEVELOPMENT OF AN ATLAS OF
BEVEL-GEAR-TYPE SPHERICAL WRIST
MECHANISMS

4.1 Introduction

In this chapter, the fundamental requirements of a hevel-gear-type wrist
mechanism will be applied to the non-fractionated, two-DOF gear trains derived
from Chapter 3. Then all the admissible kinematic structures of bevel-gear-type,

spherical wrist mechanisms will be identified and categorized.

4.2 Development of the atlas

All the graphs of non-fractionated, two-DOF gear chains with up to eight
links have been analyzed. A computer program has been written to test the first
three requirements listed in Chapter 2. Those graphs which satisfy R1 to R3
are then further examined to identify the existence of redundant links. If a graph

satisfies all the fundamental requirements, then it is an admissible graph, and wrist
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mechanisms can be constructed by adding a base link.

For each admissible graph, a base link is jointed with one of the three coaxial
input links to form a three-DOF mechanism. Since a mechanism containing three
or more coaxial links can have multiple graph representations known as pseudoiso-
morphic graphs, it is helpful to redraw the graphs in canonical forms [61]. In the
canonical graph representation, all the thin-edged paths originated from the base
link have distinct edge labels, and the equivalent open-loop chain is defined as the
thin-edged path starting from the base link and ending at the end-effector link. In
what follows, thin edges in the equivalent open-loop chain will be labeled in an
alphabetic order, a, b, c,..., etc. Labels such as m and n which are not in the
same alphabetic order as a, b,..., represent axes which are not coaxial with any
of the joint axes in the equivalent open-loop chain. Figures 4.1 through 4.5 show
the canonical graphs from which all the possible bevel-gear-type wrist mechanisms

with up to nine links can be constructed.

It has been shown [11] that for each bevel-gear-type wrist mechanism, there is
a unique structure matriz, A, describing the relation between the angular velocities

of the input links and the joint angular velocities of the equivalent open-loop chain.

That is,

¢ = Ab (4.1)

Where ¢ is the angular velocity vector of the input links, and

0 is the joint velocity vector of the equivalent open-loop chain.
Note the structure matrix A defined in this dissertation is the transpose of that

defined in [11].

The matrix A is a n X n square matrix if the number of articulation points
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Figure 4.3 The graphs of wrist mechanisms with
three articulation points
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Figure 4.4 The graphs of wrist mechanisms with
three articulation points
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Figure 4.5 The graphs of wrist mechanisms with
three articulation points
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in the mechanism is equal to the number of degrees of freedom, n. For example,

the input-output relations for the Cincinnati-Milacron 3-roll wrist, Figure 2.1(b),

is given by:
0:61 1 Nss NysNse é21
9_71 =|1 Na 0 9_32 (4-2)
021 10 0 O3

where 915 = éi - éj and N;; = N;/N; is the gear ratio. Note that the sign of each
matrix element depends on the gear meshes and the definitions of link coordinate

systems, and has been ignored here.

The canonical graphs have been categorized by the type of structure matri-
ces and by the number of links. Figures 4.1 through 4.5 each shows a family of
canonical graphs having the same structure matrix. Note that the ‘4 ’ sign in the
structure matrix denotes a non-zero element. Figure 4.6 shows the graphs of wrist
mechanisms which have more than three articulation points. Graphs in the lower
level of each figure are obtained by adding an idler gear to the corresponding graph
of one higher level, and the arrows are used to express their relationship. Note that
the graph in the top level is called the basic mechanism, while the others are called

the derived mechanisms [11].

Figure 4.1(a) is the canonical graph representation of the Cincinnati-Milacron

3-roll wrist mechanism, which has the least number of links. Figure 4.1(b) is the

graph of the PUMA wrist mechanism. We note that the PUMA wrist mechanism
is constructed by adding an idler gear between links 6 and 3 of the 3-roll wrist

mechanism. However, they both possess the same type of structure matrix.

Although the graphs shown in Fig. 4.2 have the same type of structure

matrix as that shown in Fig. 4.1, yet they are listed in a different category due to
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Figure 4.6 The graphs of wrist mechanisms with
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the existence of a one-DOF chain in the mechanisms. This results in different forms

of the matrix elements. For example, the input-output relation for Fig. 4.2(a) is

0:50 1 Nes N3g Nes 0:10
b0 | = |1 el 0 01 (4.3)
610 1 0 0 03,

Figure 4.3(a) is identified as the structure of the Bendix wrist mechanism.
The remaining gear trains are believed to be new kinematic structures for wrist

mechanisms.

Mechanisms constructed from the graphs shown in Figs. 4.4 and 4.5 have
four links coaxial with base link. However, only three links can be used as the
inputs. Among the four coaxial links, link 1 can not be chosen as the input link.
For example, in Fig. 4.4(a), links 1, 4, and 5 is not a valid set of input links because
they form a one-DOF gear train. If links 1, 5, and 6 are chosen as the input links,
then link 4 becomes a redundant link, and if links 1, 4, and 6 are chosen as the
input links, then link 5 becomes a redundant link. In either case, the function of
the resulting mechanism is the same as that of Fig. 4.1(a). However, if links 4, 5,
and 6 are chosen as input links, then the resulting mechanism will have different
functional characteristics. Note that the structure matrix shown in Fig. 4.4 is

based on the selection of 4, 5, and 6 as the input links.

The graphs shown in Figs. 4.6.1 through 4.6.5 have four axis levels. Hence,
in the corresponding mechanisms the number of articulation points will be greater
than the number of degrees of freedom by one. Further analysis shows that, al-
though there are four articulation points, the relative motions associated with the
joints in the equivalent open-loop chain are not all independent. For this reason, the

structure matrices have been augmented by one. Equating the dot product of the
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fourth row of structure matrices and the joint velocity vector 0 to zero gives the in-
ternal dependence (coupling) of the joint velocities or joint angles. This constraint
guarantees that the number of inputs is equal to the number of degrees of free-

dom, and the solution of the system is determinate. For example, the input-output

relation for the graph shown in Fig. 4.6.1(a) is given by

0:60 1 Nz N3zNzig O 0:10
050 1 Ny 0 0 021
. = . 4.4
6., 10 0 0 ||y (44)
0 0 0O 1 Ny, 043

Similarly, in Fig. 4.6.6, the graph has five axis levels, and the augmented fourth

and fifth rows of the structure matrix give the internal coupling of the joints.

Figures 4.7 and 4.8 show the functional representations of wrist mechanisms
having seven and eight links. These mechanisms are constructed from the graphs

shown in Figs. 4.1(a)-(d), 4.3(a), 4.4(b), and 4.6.1(a), respectively. All the mecha-

nisms are drawn in spherical wrist form, i.e. all axes intersecting at one point.

Recently, Chang and Tsai [11] independently developed an algorithm for
the enumeration of the structure matrices for geared robotic mechanisms. With-
out resorting to the graph theory, they use the concept of transmission lines, and
successfully derived all the basic mechanisms for different actuator distribution.
Furthermore, they showed that by adding idler gears to the basic mechanisms,
derived mechanisms can be constructed. According to their results, there are five
basic mechanisms for the three-DOF, three-axes geared robotic mechanisms. In my
atlas, there are four basic mechanisms as shown in Figs. 4.1(a), 4.3(a), 4.4(a), and
4.5. The The fifth basic mechanism given by Chang and Tsai [11] has all non-zero
elements in the structure matrix. It is a ten-link mechanism, hence is not listed

here.
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4.3 Structural evaluation

The kinematic structures of bevel-gear-type robotic wrist mechanisms have
been enumerated. Now a question can be asked: what is the most promising
kinematic structure from the point of view of manipulability? Traditionally, the
Jacobian matrix, which transforms the velocity vector from the joint space to the
end-effector space, has been used to measure the kinematic performance of a manip-
ulator. For geared robotic mechanisms, the performance measure should be based
on the transformation between the actuator space and the end-effector space. Chen
and Tsai [12] have developed a methodology for choosing the gear ratios of geared
robotic mechanisms based on kinematic isotropy and maximum acceleration capac-

ity conditions. In this dissertation, we shall concentrate on the singularity problem.

Paul and Stevenson [47] studied the singularity problem for open-loop, three-
jointed wrist mechanisms. It was pointed out that the void in the front end can be
reduced to a singular point [58]. The singular point can substantially degrade the
manipulability in the frontal working zone. To study the singularity problem asso-
ciated with geared robotic wrist mechanisms, the Jacobian matrix will be extended
to the transformation from actuator space to end-effector space. We may write J

as the product of two matrices as follows:
J=J,B (4.5)

where the matrix J, represents the velocity mapping from the joint space to the
end-effector space (the subscript ‘o’ denotes equivalent open-loop chain), and the
matrix B represents the velocity mapping from the actuator space to the joint space.
The matrix J, depends on the linkage parameters such as the twist angles and the

joint angles, while B depends on the structural topology of the mechanism. If the
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number of articulation points is equal to the number of degrees of freedom, then B
is the inverse of the structure matrix A, i.e. B = A~!. Since B is a non-singular
square matrix, the singularities of J are not affected by B. Thus the singularity
depends only on the geometry of the joint axes in the equivalent open-loop chain,
and the manipulability for three-jointed bevel-gear-type wrist mechanisms cannot

be improved by the arrangement of the gear trains.

However, when the number of articulation points is greater than three, J,
and B become non-square matrices. We can expect the matrix B (the topological
structure) to have some influence on the singularity. The structure shown in Fig.
4.8(f), is a three-DOF, four-jointed bevel-gear-type wrist mechanism with the mo-
tions of links 3 and 4 coupled. Two additional mechanisms, one with links 2 and 3
coupled, and the other with links 1 and 2 coupled, are shown in Figs. 4.9 and 4.10.
The mechanism shown in Fig. 4.9 is derived from Fig. 4.6.5, and the mechanism
shown in Fig. 4.10 does not belong to the atlas because it contains more than nine
links. Considering of the wrist mechanism shown in Fig. 4.10, let all the twist

angles be 7/2, then the Jacobian matrix is given by

J = J,B
[0 51 1Sy C1C,8; — 504
= 0 _Cl 5152 510253 + 0103
i 1 O “02 5253
[ 1 0 0
— Ny 0 0
”NGB(NOZ - N56) _N63N56 0
L '_“N94N63(N02 - N56) - N94N89(N78 - N02) —N94N63N56 N94N89‘N78

(4.6)
where C; = cosf;, 5; = sinb;, 0;’s are the joint angles, and V;; = N;/N; is the gear

ratio between the gears attached on links 7 and j.
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Figure 4.9 A three-DOF, four-jointed wrist mechanism
with links 2 and 3 coupled, derived from
Fig. 4.6.5.
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Figure 4.10 A three-DOF, four-jointed wrist mechanism
with links 1 and 2 coupled.
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The determinant of the Jacobian is
det(J) = K(Ngysinbs — sinb,cos63) (4.7

where K is a constant.

The locus of the singular points obtained by equating Eq. (4.7) to zero
is shown in Fig. 4.11. We note that the singularity in the front end has been
removed. Furthermore, there exist non-singular inverse kinematic solutions on the
singular curve. Due to the above promising characteristics, three-DOF four-jointed
bevel-gear-type wrist mechanisms deserve further study and is the subject of the
next two chapters. Considering possible link interference, kinematic structures with

more than four articulation points are not practical, and will not be studied.

4.4 Summary

All the admissible kinematic structures of spherical wrist mechanisms with
up to nine links have been identified and categorized. A representative mecha-
nism corresponding to each kinematic structure having seven and eight links has
been sketched. Excluding three existing wrist mechanisms, all the other kinematic
structures are believed to be new. It is found that thee-DOF, four-jointed wrist
mechanisms do have the potential for improving the manipulability, and therefore

will be studied in the next two chapters.
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Chapter 5

TRAJECTORY ANALYSIS OF SPHERICAL
PLANETARY GFEAR TRAINS

5.1 Introduction

In Chapter 4, three novel three-DOF, four-jointed bevel-gear-type wrist
mechanisms have been identified. It was pointed out that four-jointed wrist mecha-
nisms possess a significantly different kinematic characteristics in comparison with
conventional three-jointed wrist mechanisms. In what follows, the workspace and
singularity problems associated with this type of four-jointed wrist mechanisms
will be stidied in detail. An examination of the structures shown in Figs. 4.8(f),
4.9, and 4.10 reveals that there is a spherical planetary gear train imbedded in
each mechanism. Hence, it is helpful to study the trajectories generated by such

spherical planetary gear trains, before we proceed to the workspace analysis.

In the theory of Kinematics of Mechanisms, trajectories generated by plan-
etary gear trains form an important family of curves, known as Epitrochoids or
Hypotrochoids, depending on whether the gearing is external or internal [35]. If

the tracer point is on the pitch circle of the planet gear, the curve is called Epicycloid

or Hypocycloid. Knowledge of planar epicyclic curves dates back to two thousand
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years ago, when ancient astronomer Hipparchos (180-125 B.C.) used epicycles to
describe the paths of planets. Throughout the history of science and technology,

these curves also found application in mechanics, optics, architecture, kinematics,

ete [7].

It is helpful to briefly review the trajectories generated by a planar planetary
gear train because of its analogy to the spherical case. Figure 5.1 shows a planar
planetary gear train, which consists of three links, two turning pairs, and one gear
pair. Therefore, it has one degree of freedom. The input of the system is the carrier
(link 2). The sun gear is fixed to the ground (link 1), while the planet gear (link
3) revolves around the sun gear when the carrier rotates. Let the radii of the sun
and planet gears be r, and r,, respectively. Then, the length of the carrier, I, is
equal to r; + r,. Let the distance from the tracer point to the center of the planet
gear be l3 and let the initial position be as shown in Fig. 5.1 (zero phase angle).
Then the position of the tracer point can be described by the following parametric

equations:

r = Z2C92 -+ lgC[(l + T's/T'p)ez]

y = lbsly+ I3s[(1 4+ rs/r,)0:) (5.1)

where 0, is the inclination of Q0" (link 2), and where ¢ denotes the cosine function

and s the sine function.

Let the radii of both gears be one, and the lengths of I3 for tracer points
a, b, and ¢, be 0.7, 1.0, and 1.4, respectively. Then the trajectory traced by the
point ¢, which lies outside the pitch circle of the planet gear, has a node, while the
trajectory traced by point b, which lies on the pitch circle of the planet gear, has

a cusp, as shown in Fig. 5.1. The curve is called a limacon when r,/r, = 1, and is

called a cardioid when r,/r, = I3/r, = 1. The geometric properties of limacons and
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Sun gear planet gear

Figure 5.1 The limacons traced by a planar planetary gear
train (n=1), where 13=0.7, 1, and 1.4 for tracer
points a, b, and c, respectively.
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cardioids can be found in [45,10]. For other ratios of r,/r, and I3/r,, see Lawrence

[35] for the shape of curves.

5.2 Parametric equations of the trajectory

Figure 5.2 shows the schematic of a spherical planetary gear train. The
trajectory generated by a tracer point on the planet gear lies on a sphere centered
about point O, the common apex of the pitch cones formed by the sun and planet
gears. The link coordinate systems are defined according to the D-H convention
[17]. The origin of each coordinate system is located at the center O. However, they
have been sketched away from the center for the reason of clarity. The (XY Z),
coordinate system is fixed to the base link with the X;-axis pointing out of the paper
and the Z;-axis pointing along the first joint axis. The stretched out, joint axes
coplanar configuration of the mechanism has been chosen as the reference position,
and define all the positive X-axes to be pointing out of the paper. The joint angle
f; is the angle measured from X;_; to X;-axis about the positive Z;_,-axis. The
directions of the Z-axes are chosen in such a way that twist angles, ay and as, are
less than 7 and greater than zero. The twist angle ¢; is the angle measured from
Z;_1 to Z;i-axis about the positive X;-axis. Let o, and «, denote the cone angles
of the sun gear and planet gear, respectively, and let n = sin ¢,/ sin ¢, be the gear

ratio, then,

_ 0w _fn (5.2)
012 On

where 0.,5 is the magnitude of the angular velocity of link ¢ with respect to link j.

In what follows, 6.?,- will be used to denote 0.,-,5_1 for brevity.
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Figure 5.2 A spherical planetary gear train
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Integrating Eq. (5.2), yields
03 = n02 + 0p (53)

where 03 = 03, and 0; = 03 are the joint angles associated with links 3 and 2,
respectively, and 6, is a phase angle. For the configuration shown in Fig. 5.2, the

phase angle 8, is equal to zero.

The position vector P of a tracer point P, located on the Z3-axis and one
unit length away from the origin as shown in Fig. 5.2, can be expressed in the

(XY Z), frame as

P = sy  cbycag  —clysay —ch3sag
0 S0y cig cas

—002 —3020(12 80280’2 :| I: 3935a3 :,

(5.4)

= 803805503 — clyclscansas — clysascas
—cb3sagsas + cagcas

[ c0,503505 + s0;c05cazs03 + sbys505c05 }

where 03 is related to 0; by Eq. (5.3). The point P will trace a curve as 6, varies

from —7 to .

5.3 Effect of the phase angle

Let 0, = 0, then 05 = nf,, and Eq. (5.4) becomes

clzs(nby)sas + sbac(nby)eazsas + sbysagcas
P = | s0,3(nby)saz — chyc(nby)cagzsaz — chysazeas (5.5)
—c(nby)saqgsas + cayeas
Now suppose 0, # 0, then the new position vector P! becomes
eh38(nb; + 0,)scs + s03¢(nb; + O,)cazsos + s0,505000;
P =] s035(nb; + 0,)saz — clyc(ndy + 0,)cazsas — chysascas (5.6)
—c(nfy + 0,)sassas + cazcas
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Replacing the parameter nf, in Eq. (5.6) by nf, — ,, and 6, by 0, — 0,/n, yields,

s(ny)s(0z — 0,/n)saz — c(nby)c(0; — 0,/n)cazsaz — (0, — 0, /n)sazcas
—c(nby)sagsas + cazcas

s(nby)c(0; — 0,/n)sasz + c(nby)s(0; — 0,/n)cazsas + (02 — 0,/n)sazcas }

(5.7)

Equation (5.7) can also be written as:

hug /)

c(0p/n) s(6,/n) 0 cb2s(nb2)saz + sOac(nbdy)cazsas + sbysaqcan
—s(6,/n) <(6,/n) O 8058(nby)saz — chyc(nby)carsas — clysascas
0 0 1 —c(nby)saysas + cazeas

= R(=0,/n,Z,)P

(5.8)
where R denotes a rotation matrix.

Equation (5.8) shows that adding a phase angle has the effect of rotating the original
vector and, hence, the trajectory about Z;-axis an angle —6,/n. Note that the shape

of the trajectory is not changed under orthogonal transformation.

5.4 Geometry of the trajectory, gear ratio n=1

A geometric description of the parametric equations can help us to visualize

the trajectory of P. Since 8, only affects the orientation of the trajectory, we may

assume 0, = 0 without loss of generality. For n = 1, Eq. (5.5) reduces to

cy302803(1 + cay) + sbysaqacas
P = (1 —c*0y)sas — c*0ycazsas — chysaqcas (5.9)
—cbysagsas + caqcan
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5.4.1 Geometric description

Eliminating @, from the second and third equations in Eq. (5.9), yields

eyt By (g - )| -0 (5.10)
where
ki =cay +1
ky = —2cazcaz(l 4 cay) — cazsiay
ks = s?aysas
ks = Fataz(l + cag) + s2ay(cazcias — s2as)

Equation (5.10) represents a cylinder with a parabolic directrix in the Y-Z
plane and with its elements parallel to the X-axis. The coefficient of y, (k3/k;), is
always positive. Therefore, the directrix parabola is convex to the positive Y-axis
direction. The z-coordinate of the apex is located at

_ ke
2k,

Zq =

1
= §ca3(1 + ca) (5.11)

The sign of z, depends on a3. If 0 < a3 < /2, then the apex is located above
the X-Y plane; if 7/2 < a3 < =, then it is located below the X-Y plane. The
y-coordinate of the apex, which is also the maximum y-coordinate of the cylinder,
is given by

az(l — cay)

Yo = Sz + (512)

43&3

Summing the squares of the x, y, z components of Eq. (5.5), yields 2% +y*+ 2% = 1.

Hence, the trajectory of point P is the intersection of the cylinder and a unit
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sphere. Figure 5.3 shows a typical parabolic cylinder and its intersection with the

unit sphere.

5.4.2 Extrema, nodes, and cusps

For the planar case, the geometry of epitrochoids has been described in sev-
eral aspects: axes of symmetry, extent of the curve, number of node(s) or cusp(s)
and their location(s), etc. Similar geometric characteristics can also be used in
the spherical case. Since the elements of the cylinder (Fig. 5.3) are parallel to
the X-axis, the intersection of the cylinder with a unit sphere centered at origin
is symmetric with respect to the Y-Z plane. The extend of the trajectory can be

found by solving the extreme values of its x, y, and z coordinates.

Extrema of z
The extreme values of z can be found by equating the derivative of the z-component
in Eq. (5.9) to zero, i.e.

dz

0, = s0,509303 = 0 (5.13)

From the above equation and the second-order derivative of z, we may conclude that
at 8, = m and 0, = 0, z reaches its maximum z,,,, and minimum z,,,,, respectively,

as shown in Fig. 5.3. Substituting §, = 7 into Eq. (5.9), we obtain

0
Zmaz = 8(&2 - a3) (5.14)
c(ag — az)

Q>

Substituting 8, = 0 into Eq. (5.9), we obtain
0
Prpin = | —s(ez + ag) (5.15)
(o + ag)
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Note that the two vectors with extreme values of z lie on the Y-Z plane, the plane

of symmetry for the trajectory. Equations (5.14) and (5.15) imply that, the angle

toI-"

-
Y., measured from P, min_ D the clockwise direction, is given by

P, =2(7 — ay) (5.16)

We note that the angle 1, is a function of a; only, and ¥, = = when a; = 7/2.

Extrema of x

The extreme values of x can be found by equating the first derivative of the x-

component in Eq. (5.9) to zero, i.e.

dz

_— = QUQC292 + U]CGZ — Ug = 0 (517)
do,

where ug = sas + cassas, u; = sascas.

The solutions of Eq. (5.17) are

- :*: / 2+8 2
0, = cos™! ( o o uo) (5.18)

4.71:0

There will be four extreme values of x, if

—uy =+ y/u? + 8ud
1< L %<1 (5.19)

4U0

It can be shown that Eq. (5.19) is satisfied if
% <oy <m— =2 (5.20.a)

or

apLaz <m—aq (5.20.5)
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Equation (5.20) is the condition for the trajectory to have four extreme values

of x. The position of P with extreme values of z-coordinates can be obtained by

substituting the solutions of 8, from Eq. (5.18) into Eq. (5.9). However, they are

no longer in a simple form. There are two pairs of P, and ﬁxmin when Eq. (5.20)

max

is satisfied, and 2,,;, = —Zq, for each pair of extreme positions. The angle, .,
between I-T’;m“ and P‘xmm is given by
Yy = 280" (Tmaz) (5.21)

Points of intersection at the Y-Z plane

Equating the x-component in Eq. (5.9) to zero, we obtain the points where the

trajectory intersect the Y-Z plane:
80y[chysas(1 + cay) + sazeas) =0

Hence,
,=0o0r 7 (5.22.2)

or

0, = cos—! [ - 5%2€3 5.99.h
2= co8 (sa3(1+ca2) (5 )

Equation (5.22.a) implies that the trajectory intersects the Y-Z plane at least twice
at the locations where the extreme values of z occur. Equation (5.22.b) yields two

real solutions if

SQ9C03
— _— 5.2
= sop(l 4 can) T (5:23)
It can be shown that Eq. (5.23) is satisfied when
a «
—22—§a3§7r—?2 (5.24)
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We note that Eq. (5.24) is identical to Eq. (5.20), which means that whenever there
exist four extreme values of x, the trajectory intersects the plane of symmetry four
times. When Eq. (5.24) is satisfied, the two additional points of intersection can

be found by substituting cos 8; from Eq. (5.22.b) into Eq. (5.9). Since the y and z

components of P depend only on cos 6, we may conclude that the two additional
points of intersection is a double point. This means the trajectory intersects itself
and the node lies on the plane of symmetry as shown in Fig. 5.3. The coordinates

of the node are

l

Pnode - 1o %] (525)
CQ3

which is function of a3 only.

Inequality (5.20) or (5.24) implies that whenever the twist angle a3 is greater
than the cone angle of the planet gear (o, = a; = @3/2) and less than its supple-
ment, the locus of point P will intersect itself similar to the planar planetary gear
train shown in Fig. 5.1. The equal sign results in a critical case where the node
degenerates into a cusp. The location of the cusp can also be expressed by Eq.
(5.25). Hence, the criterion for the existence of a cusp is similar to the planar case:

the tracer point lies on the pitch cone of the planet gear or its image cone.

Extrema of y
The extreme values of y can be found by equating the first derivative of the y-

component in Eq. (5.9) to zero, i.e.

dy

= $02[2cb28a3(1 + caq) + sazcas] =0 (5.26)
2

Hence,
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6,=0orm (5.27.a)

or

1 sapcas
_ o3 27.b
0, = cos ( Zsan(l T ¢ 2)) (5.27.0)

Equation (5.27.a) implies that two extreme values of y occur at the same locations
where the extreme values of z occur, and they are given by Egs. (5.14) and (5.15),

respectively. If the 6;’s derived from Eq. (5.27.b) are real, then two additional
points for extreme values of y exist. It can be shown that the y and z-coordinates

of these two extreme points are given by Egs. (5.12) and (5.11), respectively. Since

the y and z components of P in Eq. (5.9) depend only on cos #;, the two extreme

points have the same y and z coordinates, but different values of z.

Typical trajectories

Figure 5.4 shows some trajectories generated from a few typical spherical planetary
gear trains. Generally, The angle a; defines the maximum range in latitudinal di-

rection of the trajectory, while a; defines the position of the node (or cusp). When

ay = 7/2, the angle v, between P and P’zmm is equal to 7; when a3 = 7/2, the

2mazx
trajectory is symmetric about the X-Y plane. The trajectory has a figure-8 shape
if both sides of inequality in Eq. (5.24) are satisfied as shown in Figs. 5.4(a)-(d).
They are analogous to curves generated by a planar planetary gear train (Fig. 5.1),
which are called limacons. A limacon is defined as the curve which has the form
of r = a—bsinf or r = a — bcosf, where r and 0 are the parameters in polar
coordinate system, and a and b are two constants. In the spherical case, the third
equation in Eq. (5.9) resembles the above relation. In what follows, the trajectories

traced by a tracer point on a spherical planetary gear train will be called spherical

Iimacons. In summary, there are three types of spherical limacons: (i) when the
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twist angles do not satisfy Eq. (5.24), the trajectories become simply-connected
curves; (ii) when one of the equality-sign in Eq. (5.24) is satisfied, the trajectory
has a cusp; and (iii) when the inequality in Eq. (5.24) is satisfied, the trajectory
has a node. Figures 5.4(e) and (g) show two critical cases where the trajectories
change to spherical cardioids, while Fig. 5.4(f) shows an example for which the

left-hand-side of Eq. (5.24) is not satisfied.

5.5 Geometry of the trajectory, gear ratio n=2

For n = 2, Eq. (5.5) reduces to

. 805[2(1 — s%0;)sas3(1 + cay) + (e — a3)]
P = | c0;[2(1 — *0;)sas(1 + caz) — s(az + a3)] (5.28)

—c(26z)sazsas + cascas

Note that cos(26;) = 2cos?0, — 1 =1 — 2sin® .

5.5.1 Geometric description

Eliminating #, from the second and third equations in Eq. (5.28), yields

1
y?: = ; ¢ [sas — sazcas — saz(l + caz)C]2 (5.29)

and eliminating 6, from the first and third equations, yields

2? = ; ¢ [saz + sascas + sas(1 + cozg)C]2 (5.30)

where ( = (cazcas — z)/sazsas

Equations (5.29) represents a cylinder with a cubic directrix in the Y-Z plane.
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Similarly, Eq. (5.30) also represents a cylinder with a cubic directrix in the X-
7, plane. The cubic curve is called Tschirnhausen’s Cubic or I’'Hospital’s Cubic.
Hence, we may consider the trajectory as the intersection of a cubic cylinder and
a unit sphere. From the two equations, it can be concluded that the curve has two

planes of symmetry, the X-Z plane and the Y-Z plane.

5.5.2 Extrema, nodes, and cusps

Extrema of z

When the gear ratio is equal to two, the stationary condition for z coordinate is

dz _
do,

25(202)sazsaz =0 (5.31)

Considering the second-order derivative of z, we may conclude that, when 6, =
~7n/2 and 6, = 7/2, z reaches its maximum, zyq,. Substituting them into Eq.

(5.28), we obtain, for 6, = —7/2

B —s(az — a3)
A 0 (5.32)
C(O’2 — 03)
and for 6, =« /2
. s(ag — az)
B = 0 (5.33)
c(ag — az)

Substituting 8; = 0 into Eq. (5.28), we obtain the minimum of z

0
P, =| —s(oz+as) (5.34)
C(Ofg -+ ()/3)
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and for 0, = =

0
B,. = s(az+a3) (5.35)
c(az + a3)

Note that the two vectors with maximal values of z lie on the X-Z plane, and are
symmetric with respect to the Y-Z plane; while the two vectors with minimal values

of z lie on the Y-Z plane, and are symmetric with respect to the X-Z plane.

Extrema of y
The stationary condition for y coordinate is found by letting

dy

T 80,[—65%03803(1 + cay) + 4sas(l + cag) + s(az + az)] = 0 (5.36)
2

The vectors with extreme values of y can be found by substituting the solutions of
Eq. (5.36) into (5.28). There are at least two and, at most six, solutions to Eq.
(5.36). When 6, = 0 (or §; = 7), the curve has minimal (or maximal) value of y.

Four additional solutions exist only if

2 8(0.’2 + C¥3)
0<zg Stos) 5.37
—3 + 6sas(l + caz) ~ (5.37)
Equation (5.37) can be simplified as
g Slatas) (5.38)

= 2sa3(l 4 caz) T

Points of intersection at planes of symmetry

(1) The X-Z plane
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The points of intersection at the X-Z plane can be obtained by equating the y

component of Eq. (5.28) to zero, i.e.,
cf3[25*02503(1 4 caz) — s(ag + a3)] = 0

Hence,
0, = —7/2 or 7/2 (5.39.a)

or

02 = Sin_l

+ (&L"i)—)> %] (5.39.5)

2sa3(1 + caz -

Equation (5.39.a) implies that the trajectory intersects the X-Z plane at least twice
at the locations where the maximal values of z occur. Equation (5.39.b) yields four

real solutions if

s(as + a3)

5.40
~ 2sa3(1 + caz) T (5.40)

Since the denominator in Eq. (5.40) is always positive, the left-hand-side of Eq.
(5.40) is satisfied when

6 £ S T — Oy (541)

Substituting the relationship a; = a, + @, into the right-hand-side of Eq. (5.40)

and after simplification, yields

s(as + a, — az)
SOy

<2.

Comparing it with

sin a,

=2,

sin oy,
we can see that when a3 = ¢, the right equality sign of Eq. (5.40) is satisfied. For

a given aq, the function in Eq. (5.40) is a monotonically decreasing function of aj
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within the interval 0 < a3z < 7. Hence, it follows that
a3 Z Qyp (542)

will satisfy the right-hand-side of Eq. (5.40). Combining Eqgs. (5.41) and (5.42),
yields

a, <a3 <1 —0y (5.43)
When Eq. (5.43) is satisfied, four additional points of intersection can be found by
substituting sin f; from Eq. (5.39.b) into (5.28). Since the x and z components of
P depend only on sin 6;, we conclude that the four additional points of intersection

are two double points (nodes). When the equal sign in Eq. (5.43) holds, the two

nodes become two cusps.

Since Eq. (5.40) is a subset of Eq. (5.38), it can be concluded that Eq.
(5.43) also satisfy Eq. {5.38). Thus, when the trajectory intersects the X-Z plane

six times, it has six extreme values of y.

(i1) The Y-Z plane
The points of intersection at the Y-Z plane can be obtained by equating the z

component of Eq. (5.28) to zero, i.e.,
502[2é262803(1 + CCY2) + 3(02 - 03)] =0

Hence,

b =0o0r7 (5.44.a)

or

0, = cos™! [:l: (—?i"i_—‘fﬁ—)) ] (5.44.b)

2s03(1 + carp
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Equation (5.44.a) implies that the trajectory intersects the Y-Z plane at least twice
at the locations where the minimal values of z occur. Equation (5.44.b) yields four

real solutions if

s(az — az)

4
T 2sas(l 4+ cay) T (5:45)

The right-hand-side of Eq. (5.45) can be simplified as

_slastaptas)
sas =

Comparing it with

sin oy

=2,

sin &y,

it can be seen that when a3 = 7 — a,, the right equality sign of Eq. (5.45) is

satisfied. For a given s, the function in Eq. (5.43) is a monotonically increasing

function of a3 within the interval 0 < a3 < 7. Hence, it follows that
a3 ST~y

will satisfy the right-hand-side of Eq. (5.45). Hence, it can be concluded that Eq.

(5.45) will be satisfied if and only if
;L3 <m—q (5.46)

Since the y and z components of P depend only on cos 8, it is concluded that the

four additional points of intersection are two double points (nodes).

Typical trajectories

Figure 5.5 shows some trajectories generated by spherical planetary gear trains

having gear ratio equal to two. The curves are symmetric with respect to the X-7Z
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and Y-7 planes. It is noted that, given an a3, the cone angle of the planet gear can

be calculated by

e ()

Except for Fig. 5.5(c), all the other figures satisfy Eqgs. (5.43) and/or (5.46). In Fig.
5.5(b), a3 = «a, the curve has two cusps; and in Fig. 5.5(e), ag = 7 — o, the curve
also has two cusps. These curves are called spherical nephroids. Note that when
Eq. (5.43) is satisfied, there will be a node or cusp on the Y-Z projection; Similarly,
when Eq. (5.46) is satisfied, there will be a node or cusp on the X-Z projection:
Table 5.1 shows the number of nodes and cusps of the trajectories shown in Fig.
5.5, and their relationship with Eqs. (5.43) and (5.46). It is concluded that, Eq.

(5.43) or (5.46) should be satisfied for the existence of any nodes or cusps.

Nodes | Cusps | aqp < a3 < T —a; |a; < a3 < T —qp
Fig. 5.5(a) 2 0 v
Fig. 5.5(b) 0 2 az = @,
Fig. 5.5(c) 0 0
Fig. 5.5(d) 2 0 a3 =T — Qg a3 = (g
Fig. 5.5(e) 0 2 a3 =T —ap
Fig. 5.5(f) 4 0 Vv Vv
Fig. 5.5(g) 3 0 az =T — Qg Vv
Fig. 5.5(h) 2 0 V4

Table 5.1: The number of nodes or cusps and their relationship with Egs.
(5.43) and (5.46).

5.6 Instantaneous screw axis

For a spherical planetary gear train (Fig. 5.2), given 92, the angular velocity of link

3 with respect to the base link can be expressed in the (XY Z), coordinate system
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133 = 0,7, + 037,
= 92(21 + Tl22)
nstysay

= éz —n0023a2 (547(1)
(1 + neay)

The magnitude of 1@ is equal to 6;1/T F n? + 2ncas, and its the direction is along
the line of (Zl + nZg). Hence, the line passing through the origin and pointing in

the direction of (Zl + nZ_‘g) is the instantaneous screw axis for the motion of link
3 with respect to link 1. As 6, varies from 0 to 27, the locus of the instantaneous
screw axis form a screw cone with its vertex located at the origin. Similarly, the
angular velocity vector of link 3 with respect to link 1 can also be expressed in the

moving coordinate system (XY Z); as:

0
Wa=0,| sa (5.47.b)
cay +n

Equation (5.47.b) implies that the instantaneous screw axis is fixed in the Y-Z
plane of the carrier. Hence, it revolves around the fixed Z;-axis as the carrier

rotates about the first joint axis.

5.7 Summary

This chapter discusses the trajectories of spherical planetary gear trains. Paramet-
ric equations for the trajectory are derived using 3 x 3 rotation matrix. It has been

shown that the trajectory generated by a tracer point on the planet of a spherical
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planetary gear train is analogous to that of the planar gear train. When the gear
ratio is equal to one, the trajectory is called spherical limacon or spherical cardioid
depending on whether the tracer point lies on the outside of or on the pitch cone
of the planet gear. When the gear ratio is equal to two and the tracer point lies on

the pitch cone of the planet gear, the curve is a spherical nephroid.

The geometric properties of these trajectories are investigated, including the
planes of symmetry, extent of curves, number of nodes (cusps) and their locations.
It has also been shown that the criterion for the existence of cusps can be interpreted
geometrically as the tracer point being on the pitch cone of the planet gear or
its image cone. From the geometric point of view, the spherical limacon can be
interpreted as the intersection of a parabolic cylinder and a unit sphere; and the
spherical nephroid can be interpreted as the intersection of Tschirnhausen’s cylinder

and a unit sphere.

The results of this study will be applied to the study of orientational work-
space of several three-DOF, four-jointed spherical wrist mechanisms in next chapter.
It is also anticipated that this study can be helpful in the development of spherical

kinematics.
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Chapter 6

THE WORKSPACE OF
THREE-DEGREE-OF-FREEDOM,
FOUR-JOINTED SPHERICAL WRIST
MECHANISMS

6.1 Introduction

Figure 6.1 shows three types of three-DOF, four-jointed wrist mechanisms in which
the motion of: (i) links 2 and 3 are coupled, (ii) links 1 and 2 are coupled, and
(ii1) links 3 and 4 are coupled. In this chapter, the workspace associated with
type (i) and (ii) mechanisms will be studied. However, type (iii) mechanism will
not be discussed, because the end-effector can not possess an independent motion
about the last joint axis. Motion such as drilling is not possible for such a wrist

mechanism.

The workspace of a manipulator, as defined by Gupta and Roth [26], is

the aggregate of all possible positions of a point attached to the free end of the

manipulator. This definition of workspace is usually referred to as the reachable

109



—-——-—j ‘l
S
D_:“

y: m}

(b) links 1 & 2 coupled

ld |

L

a///

l
1lj11,l (‘ 2

b

(c) links 3 & 4 coupled

Figure 6.1 Three-DOF, four-jointed bevel-gear-type

spherical wrist mechanisms

110



workspace. For orientational structures, the workspace can be defined in a similar
manner, that is, the aggregate of all possible orientations of a frame attached to the
end-effector of a manipulator. The orientation of a rigid body can be represented
in many ways, such as Euler angles, roll-pitch-yaw angles, Euler parameters (unit
quaternion), Rodrigues parameters, etc. Each representation has its advantages
and disadvantages. If the approach vector @ of an end-effector is coaxial with the
last joint axis of a spherical wrist, then the orientation of the end-effector can be
described by the direction of the last joint axis plus a rotation about it. Since the
contribution to the workspace due to the last joint motion is always a constant,
27, the workspace can be represented in a two dimensional space. Specifically, the
spherical surface area swept by a point located on the last joint axis and one unit

length away from the wrist center can be used to describe the workspace.

Workspace of three-jointed wrist mechanisms has been investigated by many
researchers [27,33,47,55,58,65]. Some significant results have been derived from the
application of Grashof-type conditions on spherical four-bar linkages. Gupta {27]
derived general equations for the design of three-jointed spherical wrist mechanisms
including non-zero twist angle of the gripper mount. It was concluded that maximal
workspace can be obtained when the twist angle of the first two links is equal to
7/2 and the joint axes intersect at a common point. Although the workspace
associated with three-jointed wrist mechanisms has been studied extensively, the
problem associated with three-DOF, four-jointed wrist mechanisms is completely

new, and is the subject of this study.
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6.2 Three-jointed wrist mechanisms

In what follows, it is assumed that (i) the joint axes intersect at a common
point O called the wrist center, (ii) the twist angles of moving links (except the
gripper mount) can not be zero or =, (iii) the twist angle of the gripper mount is

zero, and (iv) mechanical interference will not be considered.

Figure 6.2 shows a general three-DOF, three-jointed spherical wrist mecha-
nism. The origin of each coordinate system is located at the wrist center. However,
they have been sketched away from the wrist center for the reason of clarity. The
(XY Z)o coordinate system is fixed to the base link with the Xp-axis pointing out
of the paper. The other link coordinate systems are defined according to the D-H
convention. The stretched out, joint axes coplanar configuration of the mechanism
has been chosen as the reference position, and defined all the positive X-axes to
be pointing out of the paper. The end-effector coordinate system can be chosen

arbitrarily as long as the approach vector @ is in line with the last joint axis.

Under the condition of zero twist angle between the last joint axis and the Z-
axis of the hand coordinate system, we may use a more direct method to determine
the workspace. Figure 6.3 shows that the end point P of a unit vector along the
last joint axis will trace over a unit sphere. Let Wi(P) be the workspace of the
end point P with respect to a frame fixed in the kth link. Then, the workspace
Wi_1(P) can be obtained by revolving Wi(P) about Z;_; axis as suggested by
Gupta and Roth [26]. In the three-jointed case, Wi(P) is a circle whose radius is
equal to sin(ay). The workspace Wy(P) is obtained by revolving the circle W;(P)

about Zg-axis and, therefore, is a partial spherical surface area A. This area is

continuous and axisymmetric with respect to the first axis of rotation Zo. There
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are two voids, ¥} and V,, which are the aggregate of all unreachable orientations
by the wrist mechanism. The boundaries, B; and B, are two circles centered at
Zg-axis, whose radii depend on the twist angles a; and «a;. Figure 6.3 shows that
the radii of By and B, are equal to sin(a; — a3) and sin(a; + a3), respectively.
From the above analysis we can easily determine the orientational workspace, i.e.

the shape of the area A.

We may ask ourselves the following question. What are the twist angles re-

quired to produce a full orientational workspace, i.e. no voids on the sphere? The
necessary and sufficient condition is that the radii of B; and B; are both equal to

zero, that is,

slar —ag) =0 (6.1.a)
and

slar +a3) =0 (6.1.b)

where s is used to denote the sine function and ¢ the cosine function.

The only solution for the above equations is a3 = a; = 7 /2. This result is identical

to that obtained by Gupta [27], but the approach is simpler.

As another example, assume that only the front void V; is to be eliminated,
then Eq.(6.1.b) yields oy + a; = 7. The twist angles, a; = /3 and a; = 27/3, of
Cincinnati-Milacron 3-Roll wrist satisfy this condition. This design allows all the

three joints to have full rotation without mechanical interference.

The boundaries separating A and the two voids can also be derived by the
Jacobian analysis [32]. It can be proved that, the accessibility for any point inside

the workspace A is two, which means there are two inverse solutions corresponding
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to each given end-effector orientation. The accessibility for any point inside the
void is zero. We may consider the boundary as a transition region separating two

areas of different accessibility. The accessibility on the boundaries is one. A special

case is when the boundary lies on the fixed axis of rotation Zp, which results in an

infinite accessibility.

6.3 Three-DOF, four-jointed mechanisms with
links 2 and 3 coupled

Figure 6.1(a) shows a three-DOF, four-jointed wrist mechanism. The mech-
anism contains three input links labeled as 1, 5 and 6, and four joint axes labeled
as a, b, ¢, and d. The bevel gears attached to links 1 and 3 are used for coupling
the relative motion of link 2 with respect to link 1 to that of link 3 with respect
to link 2. All the other bevel gears are used for power transmission. Overall, this
mechanism contains nine links, eight revolute joints, and five gear pairs. The four
joint axes, a, b, ¢, and d, intersect at a common point. Hence, the end-effector, link
4, possesses a spherical motion with three degrees of freedom. Figure 6.4 shows
a similar mechanism with all the driving and driven gears removed for the conve-
nience of discussion. In what follows, we shall choose the gear ratio for coupling

the motion of links 2 and 3 to be one.

6.3.1 Workspace analysis

For the mechanism shown in Fig. 6.4, links 1, 2, and 3 form a one-DOF

spherical planetary gear train. The trajectory Wi(P) traced by the end point of a
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unit vector P along the Zs-axis and expressed in the (XY Z), frame can be written
as

cly803503 + s0yc0;3cay805 + s03505ca3
1P = | s0,803504 — chyclscarsas — chysaqcos (6.2)
~cb3sagsas + cajcas

where 65 = 0, + 0, and where 6, is a phase angle.

The analysis of such trajectory has been studied extensively in Chapter 5. Note
that a leading superscript has been used to indicate the coordinate system in which

the vector is expressed. A vector without a leading superscript indicates the vector.

is expressed in the base coordinate system (XY Z),.

In Fig. 6.4, a1 = /2, o = a3 = 7/3, and 6, = 0 has been chosen for the
purpose of demonstration. The spatial drawing of W;(P) is shown in Fig. 6.5(a),
and its Y1Z; projection is shown in Fig. 6.5(b). The workspace Wy(P) can be

obtained by revolving W;(P) about the Zp-axis.

Similar to three-jointed case, the workspace A has two voids V; and V;, and
two circular boundaries By and B, separating the voids and the workspace as shown
in Fig. 6.5(b). However, the workspace A is further divided into two regions of
different accessibility by an inner (circular) boundary Bs. In Fig. 6.5(b), let a point
P be located in the region between B; and Bs. Then, revolving the trajectory about
the Yj-axis will sweep point P four times per revolution. Hence the area between
B; and Bj has an accessibility of four. Similarly, the region between B, and Bs;

has an accessibility of two.

In general, when 6, = 0 and the twist angles a;,; and a3 are arbitrary,

the coordinates of a unit position vector P along the Zz-axis and expressed in the
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(XY Z)o system are given by

. ( cty —sbica; sbisa cl,8035a3 + s0,c05cazsa5 + 0805003
P = sy  cbica; —cbysay 80,803503 — clycbscaysas — clysaqc0
| 0 sa; coy —cb3say8a3 + cazeas
[z

z

where 03 = 0; + 0,.
The z-component of P is independent of §;, and its extreme values can be

derived by setting its first derivative to zero, i.e.

dz
df,

= s6;[2c0y50380;1(1 + cag) + sazs(a; + a3)]

Hence. the extreme values of z occur at:

0y = cos™' | — sazs(ar +ag) (6.5.a)
2 2saysa3 (1 +cay) /)’ '
0, =0, (6.5.5)
and
02 =T. (650)

Equation (6.5.a) will not have real solutions if the absolute value in the argument

of the arc cosine function is greater than one. Substituting the values of ¢, from

Eqgs. (6.5.2), (6.5.b), and (6.5.c) into the third equation of Eq. (6.3), yields

s¥(a1 + a3)(1 — cay)

4saisag

, (6.6.a)

zg = sy sag + cajcazcas +
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zp = c(og + az + a3), (6.6.0)
and

2. = c(oq — ag + az), (6.6.c)
respectively. Since Wy(P) is obtained by revolving Wy (P) about the Zy-axis, the
boundaries B; of Wy(P) depend on the extreme values of z. The radius of the

circular boundary B is the shortest distance between point a and Zy-axis, which

is
Rp, =4/1— zg (6.7.(1)

Note that for §, = 0, then 85 = 8, and the z-coordinate is a function of cos 6§, only.
Hence the two solutions of 6, given by Eq. (6.5.a) yield two points with the same
z-coordinate. The solutions of f; given by Egs. (6.5.b) and (6.5.c) yield points b
and ¢. The coordinates of points b and ¢ can be derived by substituting Eqs. (6.5.b)

and (6.5.c) into Eq. (6.3), respectively. Therefore, the radii of B, and Bj are given
by:

P

Rp, = /1 =z} = |s(en + a3 + a3)] (6.7.5)

Rp, = /1 — 22 = |s(ay — az + a3)] (6.7.c)

If the phase angle 8, # 0, the trajectory shown in Fig. 6.5(a) will be rotated
an angle —0, about the Z;-axis. For 8, = 7/2, the Y1 Z; projection of the resulting
trajectory is shown in Fig. 6.5(c). Revolving the trajectory about the Z;-axis
(Y] axis), results in a workspace Wy(P) with four circular boundaries. The two
outer boundaries By and B, separate the workspace A and the voids, and the two
inner boundaries B3 and By divide the workspace A into three regions, two regions
with an accessibility of two and one region with an accessibility of four. The radii

of B; through B, can be derived by finding points o', ¥, ¢, and d' with extreme
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z-coordinates. Equating the first derivative of z with respect to 6, to zero, yields

dz

- 5(20; + 0,)sarsa3(1 + caz) + saqg[s(02 + 0,)caysas + sOysaqcas)
2

= 0 (6.8)

Equation (6.8) yields four solutions of 8; in the range of —7 < 6; < x. The solu-

tions, 8,, of Eq. (6.8) define the positions of extreme points. Substituting 8, and

0, into Eq. (6.3), yields

z; = S [ségls(éz +0,)sa3 — c0~2' c(éz. + 0, )carsasz — céglsazcaﬂ

+eay[cazeas — c(f, + 6,)sazsas] (6.9)

The radii of the circular boundaries are:

R, =/l —22, i=1,2,34. (6.10)

6.3.2 Kinematic synthesis

In the synthesis of four-jointed spherical wrist mechanisms with links 2 and
3 coupled, it is desirable to have the workspace as well as the four-root region as
large as possible. The advantage of four-roots over two-roots is that a mechanism

with four roots has more choices of postures to orient the end-effector.

The workspace is determined by three parameters, ay, a; and a3. Its circular
boundaries, B;, are related to the extreme values of z given by Egs. (6.6.a)-(6.6.c),
or Eq. (6.9). Hence, if 8, = 0, then given the radii of the boundaries Rp,, the
twist angles a1, aa, and as can be obtained by solving Eqs. (6.6.a) through (6.6.c)

simultaneously. Figure 6.5(b) gives us some insight about the workspace limitation.
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Now suppose a full workspace is desired. What are the twist angles? A full
workspace has no voids. Therefore, the trajectory has to pass through the z, = £1
points. It has been shown in Chapter 5 that the trajectory intersects the Y;Z;
plane at three points: b, ¢, and d, where b and ¢ are the points having extreme z
coordinates, and point d is the node (double point) of the spherical limacon. The

criterion for the spherical limacon to have a node is given by

Q o
—22<013<7r—-§2- (6.11)

The coordinates of the node, expressed in the (XY Z); frame, are given by

0
1]3,1 = 1ﬁnode = Sz (612(1)
CO3

When 6, = 8, = 0, it can be expressed in the (XY Z)o frame as

0
Py = Proge = [ —s(a; — a3) } (6.12.b)
0(011 — a3)

The coordinates of b and ¢, expressed in the (XY Z); frame are given by:

. 11?1, 0
IPb = lyb = —3(02 + 03) (613)
1z c(az + a3)
and
. 1z, 0
1 c = 1yc = s(a2 - a3) (614)
1z, c(az — az)

The angle ., measured from 13C to ]31, in the clockwise direction, is given by

P, = 2(1 — az) (6.15)
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There are three cases from which full workspace can be achieved:

Case (1): Zy-axis passes through points b and c of the trajectory.

In this case, points b and ¢ subtend the origin at an angle equal to 7. Equating Eq.
(6.15) to 7 yields

a; =m/2 (6.16.a)

Equating Eqgs. (6.6.b) and (6.6.c) to -1 and +1, respectively, and eliminating «,

from the two equations yields
(e 3] + Qa3 = 77/2 (616b)

Case (2): Zy axis passes through points b and d of the trajectory.

In this case, points b and d subtend the origin at an angle equal to m. Taking the

dot product of Eqs. (6.13), and (6.12.a) yields

—_

le : ]ﬁnode = 6(203 + 0/2) =—1.

Hence,

203+ a; = 7. (6.17.a)

For the existence of a node, solving Eq. (6.17.a) for a3 and then substituting it
into Eq. (6.11), yields

oy < /2. (6.17.5)

Equating the z-component of Eq. (6.12.b) to +1, yields
o1 = as. (6.17.¢)

Case(3): Z, axis passes through points ¢ and d of the trajectory.

In this case, points ¢ and d subtend the origin at an angle equal to 7. Taking the

dot product of Egs. (6.14), and (6.12.a) yields

lﬁc . lﬁnode = 6(203 - (12) = —1.
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Hence,

203 —ay = 7. (6.18.a)

For the existence of a node, solving Eq. (6.18.a) for a3 and then substituting it
into Eq. (6.11), yields

a; < 7('/2 (618())

Equating the z-component of Eq. (6.12.b) to +1, yield
al‘ = (3 (‘6186)

Note that ay,a; and a3 can not be 0 or m, in which case the mechanism will

degenerate and lose one degree of freedom.

Hence, if , = 0, Eqs. (6.16.a)-(6.16.b), or Eqgs. (6.17.a)-(6.17.c), or Eqgs.
(6.18.a)-(6.18.c) are the necessary conditions for a mechanism to have full workspace.
For examples, for case (1) oy = /6, ay = 7/2, and a3 = 7/3 satisfy Eqs. (6.16.a)
and (6.16.b); for case (2) oy = 7/3, oy = 7/3, and a3 = 7/3 satisfy Eqs. (6.17.a)
(6.17.b) and (6.17.c); and for case (3) &g = 27/3, a; = 7/3, and a3 = 27/3,
satisfy Eqs. (6.18.a), (6.18.b) and (6.18.c). Among the three cases, case (1) has
an accessibility of two for the entire workspace while cases (2) and (3) contain a
four-root region. To maximize the four-root region for case (2), Eqs. (6.7.b) or
(6.7.c) can be used for the determination of the inner boundary B;,. If Rg,, =0,
then two extreme cases occur. One is the entire workspace is a two-root region,
the other is a entire four-root region. Substituting R, = 0 in Eq. (6.7.¢c), and
solving it simultaneously with Eqs. (6.17.a) and (6.17.c), we obtain two sets of
solutions. One is a; = a3 = 7 /4, and a; = 7/2; and the other is oy = a3 = 7/2,
and a; = 0. Although the latter is the solution for a maximum four-root region, it

results in a degenerate mechanism. Case (3) is actually the mirror image of case

126



(2). Substituting Rp, = 0 into Eq. (6.7.b), and solving it simultaneously with Eqs.
(6.18.a) and (6.18.c), yields @y = az = 7/2, and a; = 0 as the solution for an entire
four-root workspace; and a; = az = 37/4, and ay = 7/2 for an entire two-root

workspace.

If 6, # 0, the workspace is defined by four extreme points, namely, the z-

coordinates of the centers of four circular boundaries, given by Eq. (6.9). The

design is much more complicated than the 6, = 0 case.

6.3.3 Jacobian analysis

It is well-known that boundaries of workspace can be derived from Jacobian
analysis. Jacobian curve (or surface) is defined as the space in which the rank of

Jacobian matrix is lower than its order. When the determinant of Jacobian matrix

becomes zero, there will be at least two equal roots of the characteristic polynomial
[32], and the curves divide the workspace into regions of different accessibility. The
angular velocity of the end effector, with respect to the (XY Z)q coordinate system

and expressed in the (XY Z);, can be written as follows:

134 = 6.’102‘0 + ézlzl + 93222 + 94323
= élOZO + 92121 + n92122 + é4323
0,
= [Zy Zi+nZ, 23] b, (6.19)
04

where n = %—1-3 is the gear ratio, and Z; is a unit vector in the Z;-axis direction.

Expressing the vector Zy, Z1 +nZ, and Z, in the (XY Z), coordinate system, the
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Jacobian matrix can be written as

0 nsb,say  cbhy380330a5 + sb,c0zcazsas + sbysaycas
J =1 say —nchisa; s638033a3 — chyclicazsas — chysaszcas (6.20)
cay 14 neas —cb3sagsas + caxeas

where 83 = nf, + 0,.

The three column vectors in the Jacobian matrix are the instantaneous screw axes

of the wrist mechanism. If the rank of the Jacobian matrix becomes less than three,
the three instantaneous screw axes become coplanar. The solutions of det(J) = 0
define the singular conditions and Jacobian curves. When n is equal to one, then

the singular condition can be written as.

det(J) = sagsas(l 4 caz)s(20; +0,) + saz[saicazsly + caysaszs(f; + 6,)]

= 0, (6.21)

which is the same as Eq. (6.8). It has been shown that boundary curves can be

obtained from either geometric consideration or Jacobian analysis.

6.4 Three-DOF, four-jointed mechanisms with

links 1 and 2 coupled

Figure 6.1(b) shows another three-DOF, four-jointed wrist mechanism, where
links 1, 5 and 7 are the input links. The bevel gears attached to links 0 and 2 are
used to couple the relative motion of link 2 with respect to link 1 to that of link
1 with respect to link 0. All the other bevel gears are used for power transmis-
sion. The four joint axes, a, b, ¢, and d, intersect at a common point. Hence,
the end-effector, link 4, possesses a spherical motion with three degrees of freedom.

Figure 6.6 shows a similar mechanism with all the driving and driven gears removed
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Figure 6.6 A four-jointed spherical wrist mechanism
with links 1 and 2 coupled
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from the mechanism. It can be clearly seen that links 0, 1, and 2 form a one-DOF
spherical planetary gear train. In what follows, we shall choose the gear ratio for
coupling the motion of links 1 and 2 to be one. Hence, the trajectory of a point on

the third joint axis is a spherical limacon.

6.4.1 Workspace analysis

The workspace analysis for four-jointed spherical wrist mechanisms with
links 1 and 2 coupled is more involved, since the approach of revolving W;(P)
about Zo-axis can no longer be used. In this case, W,(P) is a circle centered
about the third joint axis, and its radius is equal to sin(as). And the workspace
Wo(P) is obtained by integrating W,(P) for every point Q on the spherical limacon
traced by first two links. The accessibility and boundaries of the workspace will be

investigated from geometric consideration.

Figure 6.7(a) through 6.7(c) shows the spatial drawings of a typical workspace
for this type of mechanisms. In Fig. 6.7(a), the twist angles are a3 = a; = 7/2,
and a3 = 7/9. Curve C is the spherical limacon traced by the end-point located
on the third joint axis of link 2 and one unit away from the origin. The workspace
Wo(P) is obtained by sweeping W,(P) along C, which results in a figure-8 band on
the sphere. Note that the spherical limacon C is the center-line of the band and
the ’bandwidth’ is 2a3. The envelopes of all W,(P), B; and B, form the inner and

outer boundaries of the workspace.

As shown in Fig. 6.7(a), the accessibility in the light-gray areas is two,

because every point in these areas (except at the boundaries) are swept by W5(P)

130



(@) oy =m7/2 o, =T/2 O3=m/9

Figure 6.7 Workspace generated by sweeping W, (P)
along a spherical limacon ®p =0)
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) o,=n2 Op=m2 O3=T/6

Figure 6.7 (Continued)
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Figure 6.7 (Continued)
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twice for each cycle of 8;; and the accessibility in the dark-gray area is four, since
the band overlaps itself in that area. The white areas are voids. For the example,
Fig. 6.7(a) shows three voids: two of them are ’inside’ and the third is ’outside’ the
limacon, where the partial spherical surface within the figure-eight is defined as the
interior of the spherical limacon. The accessibility on the boundary is one, except

for the portions enclosing the dark-gray area where the accessibility is three.

From the above geometric discussion, the boundary curves, B; and B;, can
be found analytically. In Fig. 6.7(a), let Q be an arbitrary point on the spherical
limacon. Then, for 8§, = 0, the position vector of point Q can be written as a

function of the twist angles and the first joint angle as

ch150,15a9 + s0;ch1caysas + sy sajcay
-
Q= 520,805 — c20,cay 809 — by 500y (6.22)
—clsaysay + cajeay

Corresponding to each point Q, there are two boundary points, P; and F,. Ac-

cording to a property in spherical geometry, the arc QP; (or @P,) along the great

circle is normal to C' and By (or B;). The vector T tangent to C at point Q can

be obtained by differentiating Eq. (6.22) with respect to 6, that is,

. (1 + cay)sayc2by + saycazch;
T =] (14 coy)sazs26, + sajcazsh, (6.23)

3018&2391 Q

The vector tangent to the great arc P:Pg at Q is normal to both @ and f, ie.
N=0xT (6.24)

Hence, the position vectors of P, and P, are given by

N, (6.25)
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and

P, = casQ — —=*N (6.26)

where [|N|| is the length of the vector N.

Equations (6.25) and (6.26) provide the parametric forms of boundary curves.

As shown in Fig. 6.7(a), the shape of boundaries is closely related to that
of the limacon and the twist angle as. If a3 is small, there may be two voids
inside the noded limacon, and the boundary curves B; and B, are parallel to the
limacon €. In this case, the workspace forms a figure-eight band similar to the
shape of the limacon. As a3 increases, the inner voids become smaller and smaller,
and finally disappear completely, leaving only an outer void. Figure 6.7(b) shows
the case, a3 = 7 /6, for which the inner voids begin to disappear. If aj is further
increased, till a3 = 7/2, both inner and outer voids will completely disappear. As
shown in Fig. 6.7(b), the workspace Wy(P) can be thought of as the union of
two bounded regions, S; and S;. Each region is bounded by a curve, By or B,.
The intersection of these two bounded regions forms a four-root region (dark-gray
area). This approach of determining the accessibility of workspace only applies
to situations where the spherical limacon has a node, and where there is no inner
voids. It is also possible, however, that the outer void may disappear before the
inner voids do. This situation usually occurs when «; is small. Figure 6.7(c) shows

such an example.

Based on the above analysis, we may conclude that the workspace can be
found by plotting the boundary curves given by Egs. (6.25) and (6.26) and then
find the area bounded by these two curves. Figures 6.8(a)-(f) show the workspace

of mechanisms with their first two twist angles taken from the spherical planetary
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gear trains shown in Figs. 5.4(a)-(f) respectively, and with a3 = /2. (Note that «,
and a3 in Fig. 5.4 correspond to @; and oy in Fig. 6.8.) In Figs. 6.8(a)-(d), there
are two two-root regions separated by one four-root region; while in Figs. 6.8(e)-(f),
there are two four-root regions separated by one two-root region. The difference is
due to the criterion given by Eq. (6.11). The accessibility on the boundary curves
is three, except for the cusps and those points having extreme y-coordinates where
the accessibility is two. An inspection of Figs. 6.8(a)-(f) reveals that the workspace
is symmetric with respect to the XY-plane when a; = 7/2, and the four-root region

increases as oy decreases.

Since the workspace is obtained by sweeping W,(P) along the limacon, some

geometric properties of the boundaries can be stated as follows:

P1 Adding a phase angle 8, has the effect of rotating the workspace about Zy-axis

an angle —0,,.
P2 When 0, = 0, the workspace is symmetric about the Y-Z plane.
P3 When o, = 7/2, the workspace is symmetric about the X-Y plane.
P4 Given oy and «y, maximum workspace is achieved if a3 = 7/2.

P5 Given «a; and ay, the workspace derived for a3 = aq is the mirror image of the

workspace derived for a3 = 7 — ag.

P6 The workspace may have both inner and outer voids if a3 is too small.
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6.4.2 Kinematic synthesis

In the previous section, we have known that the workspace can be obtained
by sweeping W5(P) along a sphérical limacon. To achieve full workspace, the twist
angles should be properly chosen so that there are no inner and outer voids. In
what follows, we shall limit the angle as to be no larger than 7/2, because of
the geometric properties P4 and P5 stated in the previous section. The following
objectives will be explored for the workspace synthesis of three-DOF, four-jointed
spherical wrist mechanisms with links 1 and 2 coupled: (i) to establish design

criteria for full workspace, and (ii) to maximize the four-root regions.

As shown in Fig. 6.7(a), inner voids will exist if the radius of W,(P) is too
small to cover the interior of the spherical limacon. Therefore, to eliminate inner

voids, the twist angle a3 should be greater than ¥,/2, i.e.,
az > P, [2 (6.27)

where 1, is the angle between meax and sz'", and where @), .. and Q are

Tmin

the points on the spherical limacon having maximum and minimum x-coordinates,

respectively. The locations of meu and szsn can be found by substituting

—uy £ /uf + 8u}
0, = cos™! ( - 4 uo) (6.28)

4UO

into Eq. (6.22), where up = sas + caysasy, and uy = sajcay. Although there can

be two Q;mais, and Q"rmms, only the greater one is considered. Equation (6.27) can

also be written in terms of the z-coordinates of @), .. as follows:

asz > sin” (Zmag) (6.29)
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Similarly, to eliminate outer void only, it is necessary that
as > 1 — /2, (6.30)

where 1, is the angle measure from sza: to szin in the clockwise direction, and
is given by
Y, = 2(r — ay).

Hence, Eq. (6.30) can also be written as
az 2 o (6.31)

Therefore, the necessary and sufficient condition to achieve a full workspace design
is

az > Maz(ay, sin™ ' 2m,,) (6.32)

For a given choice of a; and ag, a3 = 7/2 results in a largest workspace with
no inner voids. Hence, by applying Eq. (6.31), it can be concluded that a sufficient
condition for full workspace design is

a3 =7/2 and oy < 7/2 (6.33)

In general, ¢, is a function of a; and a,. Hence, for each «,, we can use
Eqgs. (6.22) and (6.28) to compute 3, as a function of a;. Figure 6.9 shows five
such curves for ay = 50, 60, 70, 80, 90 degrees, respectively. Also shown in Fig. 6.9
is the curve a3 = ay. The intersection of a3 > a; and a3z > 1, /2 is the solution

space satisfying full workspace consideration.

From previous analysis, it is known that a four-root region is the intersection
of two bounded regions S; and S;. Hence, a large W;(P) is a necessary condition

for achieving large area of overlapping. In addition, when the limacon is symmetric
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with respect to the XY plane, it will also produce larger overlapping area. Hence, it
is necessary that @, = a3 = 7/2 in order to achieve a full workspace with maximum
four-root region. With a; = az = 7/2, the smaller the angle o, is, the larger the
four-root region is achieved. If oy = 0, and a; = a3 = 7/2, the mechanism will
have its entire spherical surface filled with four-root region. However, this results in
a degenerated mechanism. The design shown in Fig. 5.8(d), (a1 = 7/3, az = #/2

,oi3 = m/2), seems to be better than others. Its advantages are:

(1) Tt has a full workspace with large four-root region.

(i1) The inner boundary curves are symmetric about the X-Y, X-Z, and Y-Z planes.

Hence, its mechanical performance in each quadrant is equal.

(iii) The undesirable singular point at z = —1 is avoided.

6.4.3 Jacobian analysis

The angular velocity of the end effector in a four-jointed wrist mechanism

with links 1 and 2 coupled can be written as follows:

'3y = élOZO + 92121 + 93222 + 94323
= éloZo + nélOZI + észzz + 94323
6,
= [ Zotniy Zy Zs 03 (6.34)
0,
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where n is the gear ratio (%)

The Jacobian matrix can be expressed in the (XY Z); coordinate system as

0 s0ysay  cl,y803503 + sOc03caz8a5 + s03509c0rg
J = so —clysay 8838038013 — chyclzcarsas — cysazcas (6.35)
cay +n coy ~cl3sarsas + cagcas

where 8; = nf; 4+ 0,,.
The column vectors in the Jacobian matrix represent three instantaneous screw

axes for the motion of the wrist mechanism. Unlike those mechanisms with links 2

and 3 coupled, all the instantaneous screw axes change their directions with respect
to the base link as the mechanism rotates. This property provides an advantage for
this type of wrist mechanisms. That is, singular points at z = £1 can be avoided.
For other three-DOF wrist mechanisms, when the last joint axis is in line with
the first axis, the mechanism will lose one degree of freedom, which severely limits
the manipulability in the frontal working zone. Actually, singular points still exist
for this type of mechanisms, they are those points having extreme y-coordinates as
shown in Fig. 6.8. At those points, all four joint axes become coplanar, and the end-
effector can not make an instantaneous rotation about the direction perpendicular

to that plane.

When the gear ratio n = 1, the singular condition is

det(J) = sas[(carsay + saz + sajcarcly)sls + saysbzchs)

=0 (6.36)

Equation (6.36) has infinite many solutions. Solving Eq. (6.36) for 83, we obtain

0
0y = tan~! (— 2oz ) (6.37)

co8ay + sag + sacagcly
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Equation (6.37) explicitly expresses the relation between 63 and 6, when the mech-
anism is at a singular point. Parametric equations for the singular points can be
obtained by substituting Eq. (6.37) into (6.3), with §; = 6; + 6,. The equations
are very tedious and are not presented here. The Jacobian curves are actually the

boundary curves, By and By, derived in Egs. (6.25) and (6.26).

6.5 Summary

The orientational workspace associated with two types of three-DOF, four-
jointed spherical wrist mechanisms has been investigated. An important step in
the workspace analysis is the derivation of the geometric properties associated with
spherical planetary gear trains. It has been shown in Chapter 5 that the trajectory
traced by a one-DOF, spherical planetary gear train is a spherical limacon. In this
chapter, it has been shown that it is preferable for a spherical limacon to have a

node and to be symmetrical in order to maximize the four-root region.

For three-DOF, four-jointed wrist mechanisms with links 2 and 3 coupled,
the approach of revolving Wi(P) about the fixed joint axis has been successfully
applied to both analysis and synthesis problems. The relationship between the radii
of boundary curves and the twist angles, and the criterion for full workspace design

have been derived.

For three-DOF, four-jointed wrist mechanisms with links 1 and 2 coupled,
the criteria for full workspace design and maximum four-root region have been
established. This type of mechanisms has the advantage of avoiding its singular
points to occur at z = %1 locations. Therefore, the manipulability in the frontal

working zone can be improved. Parametric equations for the workspace boundaries
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have been derived from both geometric consideration and Jacobian analysis. It is

found that the boundaries consist of two branches of curves.

The advantage of four-jointed mechanisms is that the number of inverse
solutions is greater than that of three-jointed mechanisms. Hence, without adding
extra degrees of freedom, they can offer more choices of postures to orient the end-
effector. Although singularities can not be fully eliminated, they can be located in

a more desirable area by choosing the design parameters properly.
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Chapter 7

CONCLUDING REMARKS

7.1 Review

This dissertation aimed to develop a novel class of robotic wrist mecha-
nisms, and through dimensional synthesis to improve their kinematic performance.
The research has been concerned with two aspects of bevel-gear-type robotic wrist

mechanisms: (i) the kinematic structures and (ii) the workspace and singularities.

The research began with the structural analysis of an existing bevel-gear-
type wrist mechanism. The purpose was to establish the fundamental requirements
for this type of wrist mechanisms so that they could be used in the process of
structural synthesis. It has been shown that a three-DOF bevel-gear-type wrist
mechanism could be regarded as a non-fractionated, two-DOF' gear train jointed
with a single link. Hence, the structural synthesis of bevel-gear-type wrist mech-
anisms could be simplified into the problem of identifying the non-fractionated,
two-DOF gear trains. Then a systematic methodology was developed for the enu-
meration of non-fractionated, two-DOF epicyclic gear trains. It has been shown

that, for six-link chains, there are two blocks which have been labeled into three
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canonical displacement graphs. For seven-link chains, there are twenty blocks which
have been labeled into fifty canonical displacement graphs. Then in Chapter 4,
the fundamental requirements were applied in the examination of the atlas of non-
fractionated two-DOF gear trains. The admissible kinematic structures of spherical
wrist mechanisms with up to nine links have been categorized. In the atlas, three
kinematic structures were identified to be existing ones. The others are considered
to be new designs. In particular, for the first time, three-DOF, four-jointed bevel-
gear-type wrist mechanisms have been synthesized. The mechanisms were further
evaluated based on the singularity consideration. It was found that three-DOF,
four-jointed wrist mechanisms were promising in improving the manipulability be-
cause (i) they had more inverse solutions than three-jointed wrist mechanisms, and

(11) the singularities could be relocated without reducing the workspace.

Three-DOF, four-jointed bevel-gear-type wrist mechanisms were further in-
vestigated regarding their workspace and singularities. Since the gear drive system
did not affect the workspace, we could conveniently disregard the gear drives to
simplify the kinematic structures. It was clear that the motion of such four-jointed
mechanisms were constrained by a coupling gear, which guaranteed the inverse so-
lutions to be determinate. It was noticed that there was a spherical planetary gear
train imbedded in each four-jointed wrist mechanism. To study the workspace, it
was concluded that the trajectories of spherical planetary gear trains first must
be studied first. In Chapter 5, the geometric properties of the trajectories were
derived. The analogy between the spherical and planar cases has been shown. The
parametric equations for spherical limacons were derived. From the geometric point
of view, the spherical limacon could be interpreted as the intersection of a parabolic
cylinder and a unit sphere. It has been shown that the criterion for existence of

cusps could be interpreted geometrically as the occurence of the tracer point on the
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pitch cone of the planet gear or its image cone. This criterion was useful for design-
ing the workspace and determining number of inverse solutions for a four-jointed
wrist mechanism with links one and two coupled. The workspace of three-DOF,
four-jointed wrist mechanisms contained regions of accessibility four, two, and zero,
which were divided by inner and outer boundaries. The workspace of a four-jointed
wrist mechanism with links two and three coupled was obtained by revolving W, (P)
about the Zy-axis. Hence the boundaries were circles centered at the Zy-axis, and
the radii of boundaries could be determined by the extreme z-coordinates of the
spherical limacon W;(P). The workspace of a four-jointed wrist mechanism with
links one and two coupled was obtained by integrating all W;(P) along the spherical
limacon. Parametric equations for the boundaries, which consists of two branches
of curves, were derived. The criteria of full workspace design for both types of
four-jointed wrist mechanisms were established. It was concluded that the designs
which had whole four-root workspace were degenerate mechanisms. Finally, the
superior wrist mechanism design was suggested. It is the four-jointed wrist mecha-
nism with links one and two coupled, and with twist angles of a; = 7/3,ay = 7/2,

and a3 = 7/2.

Thus a systematic methodology to improve the kinematic performance of
bevel-gear-type wrist mechanisms has been established. These design guidelines,
criteria, and suggestions will help robot designers broaden their understanding of

the kinematics of robotic wrist mechanisms.
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7.2 Future work

This dissertation provides the knowledge required for the kinematic analysis and
synthesis of bevel-gear-type robotic wrist mechanisms. To some extent, it is not
only an intensive work, but also an extensive one. It has covered the areas of
mechanisms structural analysis, topological synthesis, kinematic analysis (Jacobian
analysis), trajectory analysis, workspace analysis and synthesis. However, there is
no “completed” work in the research world. In the following paragraphs, several

directions are proposed for future work.

1. When studying the workspace, it is assumed that the twist angle of an end-
effector mount is zero, and that there is no link interference. In practice, link
interference is a problem that should be taken into account, especially for four-
jointed wrist mechanisms. For three-jointed wrist mechanisms, the problem
has been investigated, while for three-DOF, four-jointed wrist mechanisms, it

is still a good topic to be further explored.

2. To optimize the global manipulability, people traditionally consider every
point in the workspace to be equally important. However, an end-effector
usually works in the front working-zone for most of its working cycle. There-
fore, we know some regions are more important than others. If we can define
a weighting function, or a ‘usage distribution function’ for the workspace and
incorporate it into the optimization process, then the global manipulability

would be more meaningful.

3. The kinematics of four-DOF bevel-gear-type wrist mechanisms deserve further
studies, including structural synthesis, kinematic analysis, and dimensional

synthesis. In addition, dynamics and controls are also interesting problems.
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4. A large number of non-fractionated, two-DOF epicyclic gear trains has been
enumerated. It would be interesting to investigate if there are any other
applications besides wrist mechanisms. A promising direction would be auto-
motive transmissions. Other than that, we may consider mechanism designs

on knees, necks, and knuckles of robotic applications.

5. It is suggested that the research be conducted regarding application of expert
systems to the design of gear trains. The future direction of the study would
be the determination of methodology for implementation of design rules into
the knowledge base, so that the systems can learn, reason, and interactively

provide the best knowledge for the designer.

6. Traditionally, we use linkage characteristic polynomials to identify kinematic
structures of mechanisms. Is it possible to identify kinematic structures using
the ideas of pattern recognition in computer vision, or some symbolic pattern

instead of numerical one? This is a question to be answered.
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