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Chapter 1: Introduction

Let p be a fixed prime. The theory of displays, developed by Zink in [1], is
a generalization of Dieudonné theory for formal p-divisible groups. By results of
Zink and Lau [2], formal p-divisible groups over p-adically complete and separated
Z,-algebras are classified by their associated displays. When G is a reductive group
over Z, and 4 is a minuscule cocharacter of G, Biiltel and Pappas [3] defined group-
theoretic analogs of displays, called (G, u)-displays, with the intention of using these
objects to stand in for p-divisible groups with G-structure in a general definition of
Rapoport-Zink spaces. When G' = GL,, and p is the cocharacter t ~ (1(® (=),
the category of (G, u)-displays over a p-nilpotent Z,-algebra R is equivalent to the
category of Zink displays over R. In this way the theory of (G, u)-displays naturally
generalizes Zink’s theory of displays.

In a different direction, Langer and Zink [4] defined a category of higher dis-
plays, which contains Zink’s displays as a full subcategory. Recently, Lau [5] refor-
mulated the framework for higher displays in such a way as to allow for a uniform
treatment of a number of display-like objects, including Dieudonné displays as in
6], F-zips as in [7], and Frobenius gauges as in [8]. Further, Lau used his framework

to give a general definition of G-displays of type p for an arbitrary smooth group



scheme GG and cocharacter . When G is reductive and p is minuscule, the category
of G-displays of type p coincides with the category of (G, u)-displays defined by
Biiltel and Pappas. Hence Lau’s work can be seen as a way to link Langer and
Zink’s generalization of the theory of displays with that of Biiltel and Pappas.

In this thesis we offer another way to relate these two theories by developing
a Tannakian framework for (G, p)-displays. More precisely, we define a Tannakian
G-display to be an exact tensor functor from the category of representations of G' on
finite free Z,-modules to the category of higher displays. That such a definition is
reasonable is suggested by the following general mantra. Let G be a group, and let
Cat be an exact tensor category. Then an object in Cat endowed with G-structure
should manifest itself in two ways: as a torsor for G (or for some closely related
group) perhaps with some additional structures, and as an exact tensor functor
from the category of representations of G to Cat. The relation between these two
interpretations is well-known when Cat is the category of vector bundles over a
scheme S, cf. [9]. This principle has been notably applied in the case where Cat is
the category of isocrystals over a field k in [10], and where Cat is the category of
F-zips over a field k in [11]. In our situation, Lau’s theory offers the torsor-theoretic
definition of G-displays, and we contribute a Tannakian version of the theory.

When G is a classical group, there is often a third interpretation: An object in
Cat is said to be endowed with G-structure if it is equipped with some additional
structures corresponding to the group G, such as a bilinear form or actions on
the object by a semisimple algebra. The Tannakian framework for objects with

G-structure is closely related to this third interpretation. Indeed, given an exact



tensor functor .# : Rep(G) — Cat, we can obtain an object in Cat with additional
structures by evaluating .% on the faithful representation which gives the embedding
of G into some GL,,. In the case where GG is an orthogonal group, Lau applies this
principle to prove that G-displays correspond to displays equipped with a perfect
symmetric bilinear form, cf. [5, Proposition 5.5.2]. This can be seen as a special
case of the Tannakian framework we develop in this paper.

Since our definition of Tannakian (G, u)-displays extends the definition of
(G, p)-displays in [3], we can use it to define a natural generalization of the Rapoport-
Zink functor defined there. Our Tannakian framework proves advantageous in this
regard, because it brings the theory closer to Zink’s original theory of displays,
and therefore to the theory of p-divisible groups. In particular, we prove that Biiltel
and Pappas’s Rapoport-Zink functor is representable by the classical Rapoport-Zink
space in the case where the data of definition is of EL-type. This proves a conjecture
of Biiltel and Pappas in this special case.

Let us describe our results in more detail. Let R be a p-adic ring, and denote
by W(R) the ring of p-typical Witt vectors for R, which is equipped with Frobe-
nius f and Verschiebung v. Then, following Lau [5], we define a graded variant
of the Witt ring W (R), which we denote by W(R)® (cf. Definition 2.1.2). This
ring is equipped with homomorphisms o, 7 : W(R)® — W(R) such that the triple
W(R) = (W(R)?,0,T) becomes a higher frame in the sense of loc. cit. Pairs (M, F)
consisting of a finite projective graded W (R)®-module M and a o-linear bijection
of W(R)%-modules F': M — M Qwgye . W(R) are called displays over W(R), cf.
Definition 2.3.2. The categories of finite projective graded W (R)%-modules and of
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displays over W (R) are exact rigid tensor categories.

Let G be a flat affine group scheme of finite type over Z,, let ko be a finite
extension of I, and let u : Gy, wk,) — Gw,) be a cocharacter of G defined over
W (ko). Lau associates to G and p a group, called the display group, as follows. Let
G = Spec A. Then G,, w4, acts on A via conjugation and therefore determines
a Z-grading on A. The display group L G(R) (denoted G(W(R)®), in [5]) is the
subset of G(W(R)®) consisting of homomorphisms A — W (R)® which preserve the
respective gradings. Our first result is to give an interpretation of this group as the
collection of tensor automorphisms of a certain fiber functor. This result can be
seen as an analog of Tannakian duality in this setting.

Denote by PGrMod (W (R)®) the category of finite projective graded W (R)®-
modules. Associated to G and p we define a canonical graded fiber functor for every

p-adic ring R

%ur : Repy (G) — PGrMod (W (R)®)

by assigning to (V,p) the W(R)®-module Viy () Qw k) W(R)?, where Viy(y,) is
endowed with a natural Z-grading via the action of Gy, w k). Define Aut®(%), r) to
be the collection of tensor automorphisms of this functor. As R varies, this defines
an fpqc sheaf in groups, denoted Aut®(%),). For any h € L7G(R), the collection
{p(h)}v,p), where (V, p) varies over all representations of G on finite free Z,-modules,

defines an element of Aut®(%), r).

Theorem 1.0.1. The association h +— {p(h)} defines an isomorphism of fpqc
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sheaves of groups

Let Disp(W (R)) be the category of displays over the frame W (R). We define

a Tannakian G-display to be an exact tensor functor

2 : Repy, (G) — Disp(W(R)).

We say Z is a Tannakian (G, pu)-display if the underlying functor to the category
of finite projective W (R)®-modules is fpqc-locally isomorphic to 6, r. Our second
main result is the connection between this definition and that of Lau [5]. Let us
recall his definition of G-displays of type pu.

Denote by LTG the Witt loop group, i.e. the functor on p-nilpotent W (ko)-
algebras R +— G(W(R)). Both the display group L} G and the Witt loop group L*G
are representable by [5, Lemma 5.4.1]. The ring homomorphisms ¢ and 7 induce
group homomorphisms o, 7 : L:G — LT@G, and the display group acts naturally

upon the Witt loop group via

L*G(R) x L;G(R) — L*G(R), (g,h) = 7(h)™" - g-o(h). (1.0.1)

Lau defines the stack of G-displays of type p to be the fpqc-quotient stack [L*G /L G]
with respect to this action. FExplicitly, a G-display of type u over a p-nilpotent

W (ko)-algebra R can be interpreted as a pair (@, a), where @ is an L} G-torsor over
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R, and o : Q — LG is a map which is L;G—equivariant with respect to the action
(1.0.1).

Now we can naturally associate a G-display of type p to any Tannakian (G, u)-
display Z over a p-nilpotent W (k)-algebra R. Denote by vg the forgetful functor
from the category of displays over W (R) to the category of finite projective graded

W (R)®-modules. Then the fpqc sheaf in groups

Q@ = Isﬂ(@(%ﬁ,m UR © 9)

consisting of isomorphisms of tensor functors between 4, r and vi o Z is naturally
an L[ G-torsor. For any representation (V,p), write Z(V,p) = (M(p), F(p)) for
the corresponding display over W (R). Given an isomorphism of tensor functors A :
Gy — VrroPr defined over an R-algebra R', the collection {F'(p)}(v,,) determines
an element a»(A) of L¥G(R’). One checks that the assignment A — ag (M) is L} G-

equivariant, so the pair (Qg, ag) determines a G-display of type p.

Theorem 1.0.2. The association 9 — (Qg,aq) defines an equivalence of cat-
egories between Tannakian (G, p)-displays over R and G-displays of type p over

W(R).

This equivalence follows from Theorem 3.3.5 below. In Appendix A we prove
the analogous theorem for frames which naturally form an étale sheaf on Spec R.
This includes most frames of interest in Dieudonné theory, including a truncated
variant of the Witt frame, and the so-called Zink frame, which is used in the study

of Dieudonné displays [6].



When G is reductive and g is minuscule, the category of G-displays of type
w over W(R) is equivalent to the category of (G, u)-displays over R by [5, Remark
6.3.4]. Hence the same holds for the category of Tannakian (G, u)-displays over R.

Finally, let us discuss the connection with Rapoport-Zink spaces. If R is a p-
adic ring, an isodisplay over R is a pair (IV, ¢) consisting of a finitely generated pro-
jective W(R)[1/p]-module N and an f-linear automorphism ¢ of N. By generalizing
a construction in [1], we can associate to any display over W (R) an isodisplay over
R. This association defines an exact tensor functor Disp(W (R)) — Isodisp(R),
and by composing a Tannakian (G, p1)-display with this functor we obtain a func-
tor Repy, (G) — Isodisp(R), which denote Z[1/p]. Such an object is called a
G-isodisplay. A G-quasi-isogeny of Tannakian (G, p)-displays is an isomorphism of
their corresponding G-isodisplays.

Now let £k be an algebraic closure of F,,, and let (G, {i}, [b]) be a local Shimura
datum, so G is a smooth affine group scheme over Z, whose generic fiber is reductive,
{u} is a geometric conjugacy class of cocharacters, and [b] is a o-conjugacy class
of elements in G(W (k)[1/p]). The triple (G,{u}, [b]) is required to satisfy certain
axioms, see Definition 4.1.2. To a choice of (u,b) satisfying some conditions (cf.
Definition 4.1.3) we associate a Tannakian (G, p)-display %, over k. Following [3],
we then define RZ¢ ., as the functor on p-nilpotent W (k)-algebras which assigns to

any R the set of isomorphism classes of pairs (2, ), where
e 7 is a Tannakian (G, u)-display over R,

® L Dripr ——* (Do) r/pr is & G-quasi-isogeny.



The functor RZq ., can be interpreted as the functor of isomorphism classes
associated to an fpqc stack RZ¢ ., on the site of p-nilpotent W (k)-algebras. This
stack can, in turn, be expressed explicitly as a quotient stack in terms of Witt
vector loop groups. The functor R — G(W(R)[1/p]) is representable by an group
ind-scheme LG over Z, (cf. [12]), so we can form the fiber product L*G X, ., LG
whose points in a W (k)-algebra R are pairs (U, g) with U € LTG(R) and g € LG(R)

such that

g b flg)=U-pu(p).

From this we form the quotient stack [(L*G Xy, ¢, LG)/L}G] with respect to the

following action of L:G, which is well-defined by Lemma 4.2.1:

(U.g)-h=(r(h)""-U-o(h),g 7(h)).

The following, which is Theorem 4.2.2 below, is a generalization of [3, §4.2.3].

Theorem 1.0.3. There is an isomorphism of stacks

RZ¢,p = (LG Xy, LG)/L;G].

Cp

It is a consequence of this theorem that when G is reductive and p is minuscule,
the Rapoport-Zink functor defined above coincides with the one defined in [3], cf.

Proposition 5.1.1. In loc. cit. it is conjectured that, under mild assumptions,



the functor RZ¢ ., is representable by a formal scheme which is formally smooth
and locally formally of finite type over Spf W (k). When G = GL,, and p is the
cocharacter ¢ — (1(9), ¢("=9) the category of (G, u)-displays over a ring R coincides
the category of Zink displays over R, so in this case representability can be proved
by explicit connection with the original functor defined by Rapoport and Zink [13].
This is stated in [3], and we provide details in §5.2. Further, Biiltel and Pappas prove
that, when (G, {u}, [b]) is of Hodge type (again with some additional assumptions),
the restriction of RZ¢ ., to Noetherian p-nilpotent W (k)-algebras is representable
by a formal scheme with the desired properties.

The Tannakian framework we develop in this paper allows us to compare the
functor RZ¢ ., with that of Rapoport and Zink outside of the case G = GL,,.
In particular, we consider the case of unramified EL-type local Shimura data. In
particular, let B be a semisimple Q,-algebra whose simple factors are all matrix
algebras over unramified extensions of Q,, let Op be a maximal order in B, let A be
a finite free Z,-module equipped with an action of Op, and define G = GLo,(A).
Such a tuple D = (B, Op, A) is called an unramified integral EL-type datum. There
is a natural embedding 7 : G — GL(A), and if (Z,t) € RZ¢ ,.5(R), then evaluating
2 on the representation (A,7n) determines a Zink display equipped with an Op-
action. In turn, by applying the functor BTg from nilpotent Zink displays to formal
p-divisible groups (cf. [1] and Theorem 2.4.5 below), we obtain a formal p-divisible
group X over R with Op-action. A key result which allows the comparison of RZ¢ .5
with the classical EL-type RZ-space is the following lemma, which reinterprets the
Kottwitz determinant condition on Lie(X) (cf. [13, 3.23(a)]) as a condition on the

9



Zink display associated to X:

Lemma 1.0.4. Let M = (M, F') be the Zink display associated to a formal p-divisible
group X, so BTr(M) = X. Then Lie(X) satisfies the determinant condition with
respect to D if and only if M is fpgc-locally isomorphic to A®z, W(R)® as a graded

Op ®z, W(R)®-module.

We remark that the condition on M in the lemma is automatic if M comes
from evaluating a Tannakian (G, p)-display Z on (A, 7). As a result of this lemma
and the above discussion, we obtain a map from RZ¢ ,; to the EL-type Rapoport-
Zink functor defined in [13], denoted RZp(Xy), where X, is the p-divisible group

corresponding to the Tannakian (G, u)-display %.

Theorem 1.0.5. If (G,{u},[b]) is of unramified EL-type, and n(b) has no slopes
equal to 0, the map RZ¢ . — RZp(Xo) is an isomorphism. In particular, the
functor RZq .1 is representable by a formal scheme which is formally smooth and

locally formally of finite type over Spf W (k).

This proves [3, Conjecture 4.2.1] in the case of EL-type local Shimura data.
We remark that a similar analysis should prove the conjecture in the case where the
data is of PEL-type.

The paper [14] makes up the majority of this thesis, and the remainder of the

thesis will appear as part of an upcoming work.
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1.1 Notation

e Let p be a prime. A ring or abelian group will be called p-adic if it is complete

and separated with respect to the p-adic topology.

o If f: A — B is a ring homomorphism, and M is an A-module, we write M/ for
M ®a,; B. If the map f is understood, we sometimes also write Mp = M ®4 B.
If N is a B-module, we say a map ¢ : M — N is f-linear if p(am) = f(a)p(m)
for alla € A,m € M. In other words, if we denote by Njs the A-module obtained
from N via restriction of scalars along f, then ¢ is an A-module homomorphism
M — Njy. In this case we write ¢ for the linearization M/ — N given by

m®b — p(m)b. We say ¢ is an f-linear bijection if ¢¥ is a B-module isomorphism.

e For a Z,-algebra O, denote by Nilpy the site consisting of the category of O-
algebras in which p is nilpotent, endowed with the fpqc topology. We will refer

to such an O-algebra as a p-nilpotent O-algebra.

e If o : G — H is a morphism of groups in a topos and P is an G-torsor, then P¥
is the pushforward of P to H, which is the G-torsor defined as the quotient of

P x H by the action (p,h) — (pg~', gh).

e Let @S, be a Z-graded ring. For a ring homomorphism ¢ : @ S,, — R, we write

©n, for the restriction of ¢ to S,,.

e For a group scheme G defined over a ring A, we write Rep ,(G) for the category

of representations of GG on finite projective A-modules.

11



e Suppose Cat is a tensor category, and .#; and .%, are tensor functors Rep 4(G) —
Cat. Then if A : #; — %, is a tensor morphism, and (V,p) is an object in

Rep,(G), we write A, for the induced morphism % (V, p) = F#,(V, p) in Cat.
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Chapter 2: Preliminaries

2.1 Higher frames

Let us recall the formalism of higher frames, following [5].

Definition 2.1.1. A pre-frame S = (S, 0, T) consists of a Z-graded ring

S=@ S,

ne’

along with ring homomorphisms o : S — Sy and 7 : S — Sy. A pre-frame is a frame

if the following conditions are satisfied:

e The endomorphism 7y of Sy is the identity, and 7, : S_,, — Sy is bijective for

all n > 1.

e The endomorphism o of Sy induces the p-power Frobenius s — s? on Sy/pSo,

and if ¢ is the unique element in S_; such that 7_1(¢) = 1, then o_,(t) = p.
e We have p € Rad(S)), the Jacobson radical of S.
We say S is a frame for R = Sy/tS;. A morphism of pre-frames (S, 0, 7) — (5,0, 7')

is a morphism of graded rings v : S — S’ such that ¢’ 0t = Yoo and 7'0tp = or.

13



As in [5], we remark that a frame is equivalent to a triple (8,59 Sn, 7, {tn }n>0)
consisting of an Zxo-graded ring S>¢ = ,,>¢ Sn, a ring homomorphism o : S — Sy

and a collection of maps t,, : S,,11 — S, for n > 0 such that
e For every n > 0, the homomorphism ¢, : S,41 — S, is S>¢-linear.

e The endomorphism oj : Sy — Sy induces the p-power Frobenius s +— s” on

So/pSo, and o, (t,(a)) = po,i1(a) for all a € S, 4.
e We have p € Rad(S).

The equivalence is given as follows. Define S<y = Sy[t] where ¢ is an indeterminate
with degree —1, and let §' = S<o ® @,,~¢ 5. To give S a ring structure it suffices to
define multiplication by t on .S,, for n > 0. For this we use the maps ¢, i.e. if s € S,
n > 0, define ¢ - s := t,,_1(s). The homomorphism ¢ extends uniquely to all of S by
defining o (t" - s9) = p"oo(sg) for sg € Sy. It remains only to define 7 : S — Sy. The
restriction of 7 to Sy is necessarily given by the identity. Since multiplication by ¢
is bijective on Sylt], we can define 7, : S_,, — Sp by multiplication by ¢~ for n > 0.

Lastly, if s € .S,, for n > 0, then

7(s) = (too -+ oty,_1)(s) =t" - s.

Let us take a further moment to recall some notations and definitions concern-
ing Witt vectors. Attached to a ring R is the ring W(R) of p-typical Witt vectors

W(R). Elements of W(R) are tuples (&, &;,...) € RZ>0, and the ring structure is

14



characterized as the unique one which is functorial in R and for which the maps

wi: W(R) = R, (&)iczag > & + 00 4+

are ring homomorphisms. Additionally, the ring W (R) is equipped with Frobenius
and Verschiebung maps f,v : W(R) — W(R). The Verschiebung is the additive
map given by shifting: v(&,&1,...) = (0,&,&1,...), and the Frobenius is a ring

homomorphism characterized by its compatibility with the maps w;:

w;i(f(r)) = wip1(v).

We will denote by I the kernel of wy : W(R) — R. Equivalently, Ip = v(W(R)).

The following is the frame of primary interest in this paper.

Definition 2.1.2. Let R be a p-adic ring. The Witt frame for R is defined as
follows (cf. [5, Example 2.1.3]). By the above remarks, it suffices to define S,
oS>0 — So, and t,, : Spp1 — S, for every n > 0. Let Sy = W(R), and define
S, = Ir viewed as a W(R)-module for n > 1. If n,m > 1, then multiplication for

Sp X Sy — Spim is given by

Ir X Ig = IR, (v(a),v(b)) — v(ab).

The homomorphism ¢, : S; — Sy is the inclusion of the submodule Ip — W(R),

and for n > 1, ¢, : S,41 — S, is multiplication by p. The endomorphism o of

15



So = W(R) is the Witt vector Frobenius, f. For every n > 1, define o, (v(a)) = a
for all v(a) € S,, = Ig.

We will denote the graded ring S for this frame by S = W(R)®, and write
S = W(R) to denote the frame (W (R)®, 0,7). If R — R’ is a ring homomorphism,
then the induced map W(R) — W(R') is a morphism of frames. By [5, 4.1] the

functor W which sends R to W (R) is an fpqc sheaf of frames on Nilpy,.

2.2 Graded modules

Let S be a Z-graded ring, and denote by GrMod(S) the category of graded
S-modules. If M and N are objects in this category, denote the morphisms between
M and N in GrMod(S) by Hom%(M, N). Then Hom%(M, N) is the set of S-
module homomorphisms which preserve the gradings of M and N, i.e. the set of
» € Homg(M, N) such that ¢(M;) C N;.

Let PGrMod(S) be the full subcategory of GrMod(S) consisting of finite
projective graded S-modules. By [5, Lemma 3.0.1], this is equivalent to the full
subcategory of projective objects in GrMod(S) which are finitely generated.

For reference, let us review the exact tensor structure of PGrMod(S). Note
GrMod(S) is an abelian category, so PGrMod(S) inherits additivity and a notion
of exactness: a sequence of finite projective graded S-modules is exact if and only if
it is exact in GrMod(S). The category GrMod(S) is also endowed with a tensor

product: if M = @, M; and N = @, N; are graded S-modules, then M ®¢ N is a
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graded S-module with graded pieces
(M ®sN)g={>_m;®@n; € M ®N | deg(m;) + deg(n;) = ¢}.

The ring S viewed as a graded module over itself is the unit object in both Gr-
Mod(S) and PGrMod(S). Since the tensor product of two finite projective S-
module is again a finite projective S-module, PGrMod(S) is a tensor subcategory of
GrMod(S). The dual of M in GrMod(S) is the dual S-module MY = Homg (M, 5)

with grading (MVY); = (M_;)".
Lemma 2.2.1. The category PGrMod(S) is an ezact rigid tensor category.

Proof. After the above remarks, it remains only to show that PGrMod(S5) is rigid.
Since every object in PGrMod(S) admits a dual, it is enough to show that M"Y =
M (cf. the footnote under [15, Definition 1.7]). But this is clear because projectivity
is preserved under taking duals and because finite projective S-modules are reflexive.

]

Suppose now S = (5,0, 7) is a frame for a ring R. Let
V:S—>Sg/t51:R (221)

be the natural projection Sy — R extended by zero on S,, for n # 0 (this map is
called p in [5]). By considering R to be a graded ring concentrated in degree zero,
we can view v as a homomorphism of graded rings. Then for any finite projective
graded S-module M, the base change L = M ®g, R along v is a finite projective
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graded R-module. Write

1€EZL

for the decomposition of L into its graded pieces.

Recall the rank function associated to a finite projective R-module is the locally
constant function on Spec R defined by p +— dim,q) (M ®r k(p)), where s(p) =
R,/pR, is the residue field of p. In particular, if Spec R is connected, any finite

projective R-module has constant rank.

Definition 2.2.2. Let I = (4,...,7,) € Z" be a collection of integers such that
i1 < ig < -+ <1, We say a finite projective graded S-module M is of type I if

k(L) is equal to the multiplicity of & in I for all k.

For example, for any collection I = (i,), the finite free graded S-module
@, S(—i,) has type I. If Spec R is connected, every finite projective graded S-
module has a unique type. Note that our convention on the ordering of the compo-

nents of [ differs from that of [5].

Definition 2.2.3. Let M be a finite projective graded S-module and write M ®g,

(i) The depth of M, denoted d(M), is the minimal integer i such that L; # 0.
(i) The altitude of M, denoted a(M), is the maximal integer 7 such that L; # 0.

If a finite projective graded S-module M is of type I = (iy,...,1,), then
d(M) =i, and a(M) = iy,
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Definition 2.2.4. A normal decomposition for a finite projective graded S-module
M is a finite projective graded Sy-module L = @, L; such that L C M and L®g,S =

M as graded S-modules.

It follows from [5, Lemma 3.1.4] that every finite projective graded S-module
has a normal decomposition if every finite projective R-module lifts to Sy. This
holds in particular when S is p-adic. It follows that every finite projective graded

W (R)®-module has a normal decomposition.

Lemma 2.2.5. Let M be a finite projective graded S-module, and write M ®g, R =
@, L. If L =@,L; is a normal decomposition for M, then L; = 0 if and only if
L; = 0. In particular, if M is of type I = (i1, ...,i,), then L; # 0 if and only if the

multiplicity of i in I is nonzero.

Proof. We have an isomorphism of graded R-modules

M ®s, RE L®s, S ®s, R=LRs, R,

using that Sy — S = R is the natural quotient S, — R. Hence for every i we have
an isomorphism of R-modules L; ®g, R = L;. Clearly L; = 0 if L; = 0. On the
other hand, by the proof of [5, Lemma 3.1.1], tS; C Rad(Sy). Then L; ®g, R = 0

implies L; = 0 by Nakayama’s lemma. O]

It follows from Lemma 2.2.5 that, if M has normal decomposition L = @, L;,
then the depth (resp. altitude) of M is equal to the minimal (resp. maximal)

1 such that L; # 0. For any finite projective graded S-module, we have a natural
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homomorphism of Sy-modules 0,, : M,, — M7 given by the composition of M,, — M
and M — M7. We remark that 7 defines an isomorphism S/(t — 1)S = Sp; to see
that ker 7 C (¢ — 1)S it is enough to check (ker7) N S<y C (¢ — 1)S, which is easy.

Then
M™ = hg M;,

where the colimit is taken along t : M,, — M,,_.

Lemma 2.2.6. Let M be a finite projective graded S-module with normal decompo-

sition L. Then 6, : M, — M7 is an isomorphism of So-modules for alln < d(M).

Proof. Let n < d(M), and let L = @; L; be a normal decomposition for M. Observe
M, = @Li ®5y Sn—i>
and under M7™ = L, the map 6, is given by
@Li ®sy Sn—i = GZBLZ-, (U @ Sp_i)i = (T(Sn_i)li)s-

By Lemma 2.2.5, L; = 0 for all i < n, so S,,_; occurs in the above decomposition only
when n —4 < 0. In this case we have an isomorphism of Sy-modules S,,_; = Sy - t:~",
where ¢t € S_; is the unique element such that 7(¢) = 1. Then any ¢; ® s,_; €
L; ®s, S,_; can be written as ¢; @ ¢"~", and 6, is given by (¢;®t"~™) + ;. From this

description the conclusion is clear. O
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Let us now focus on the case where S = W(R)? for a p-adic ring R. Denote
by PGrMod" the fibered category over Nilpz, whose fiber over R is the category

PGrMod(W(R)%).
Lemma 2.2.7. The fibered category PGrMod" is an fpqc stack over Nilpz, .
Proof. This is [5, Lemma 4.3.2]. O

In the following we collect some properties of finite projective graded W (R)®-

modules which can be checked fpqc-locally on Spec R.

Lemma 2.2.8. Let M be a finite projective W(R)®-module. Let R — R’ be a
faithfully flat homomorphism of Z,-algebras, and let M’ be the base change of M to
W(R)®. Then

(7)) a(M) = a(M"),

(i) d(M) =d(M"), and

(7it) M is of type I = (i1,...,1,) if and only if M’ is of type I.
Proof. Denote by v/ the map W (R')® — R’ defined as in (2.2.1). Write L = @, L;

for the base change of M along v and ' = D, f; for the base change of M’ along v/'.

By functoriality of the maps v and v’ we have an isomorphism of graded R’-modules

and therefore an isomorphism of their graded pieces L; @ g R’ = f;. Faithful flatness
of R — R’ implies that L; = 0 if and only if L, = 0. This proves (i) and (ii).
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Part (iii) follows because the rank of a projective module is invariant under base

change. O]
The following is an analog of [1, Lemma 30].

Lemma 2.2.9. Let M be a finite projective graded W (R)®-module, and let R — R’

be a faithfully flat extension of W (ko)-algebras. Then there is an exact sequence
0 — M — MQwrwe W(R)® = M Qwre WR @rR)® = -
where the arrows are induced by applying the functor W to the usual exact sequence
0—R—R 2R®R = -

Proof. Since M is a direct summand of a free W(R)®-module we can reduce to the
case M = W(R)®. In that case the result follows because R — W(R) and R+ Ig

are fpqc sheaves. O]

To close this section, we prove that exactness is a property of finite projective

W (R)®-modules which is fpqc local in R.

Lemma 2.2.10. Let M, N, and P be finite projective W (R)®-modules equipped

with W (R)®-module homomorphisms N — M — P. The following are equivalent:

(7) The sequence

O—=N—-M-—-=>P—=0

15 exact.

22



(i) For some faithfully flat Z,-algebra homomorphism R — R’ the sequence

0— NW(R’)@ — MW(R’)@ — PW(R’)@ — 0

15 exact.

(#7) For every faithfully flat Z,-algebra homomorphism R — R’ the sequence in

(i) is exact.

Proof. 1f the sequence in (i) is exact then it is split exact, so it will remain exact
after tensoring by any extension. Then (i) implies (iii). Obviously (iii) implies (ii),
so it remains only to show (ii) implies (i).

Suppose the sequence in (ii) is exact for some faithfully flat extension R — R'.
Let us write R” for R’ ® g R’, Consider the following commutative diagram:

0 0 0

0 N M P 0

0 —— NW(R’)@ E— MW(R’)@ E— PW(R’)@ — 0

0 —— NW(R”)@ E— MW(R”)@ E— PW(R”)@ — 0

Here the bottom map in each column is induced by the difference of the two maps
W(R)® — W(R' ®g R')® induced by the two canonical ring homomorphisms R’ —
R ®r R'. Then the columns are exact by Lemma 2.2.9. The middle row is exact
by assumption and the bottom row is exact because it is obtained by tensoring the
middle row over W(R')® — W(R' ®g R)®. Injectivity of N — M and exactness at

M follow immediately from the diagram.
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It remains to check M — P is surjective. By Nakayama’s Lemma, cf. [5,
Lemma 3.1.1], it is enough to show M ®w(gye R = P @w e R is surjective. But
M ®w e R — P Qwrye R’ is surjective, so the result follows because R — R’ is

faithfully flat. m

Remark 2.2.11. In an earlier draft of this paper, before [5] was announced, we de-
fined a category of objects called canvases, which we used to develop the subsequent
theory of Tannakian (G, p)-displays. The category of canvases over R is equivalent
to the category of finite projective graded W (R)®-modules. Let us briefly explain
the equivalence. A precanvas is a collection of W (R)-modules {P,;};cz along with
W (R)-module homomorphisms ¢; : P;i1 — P; and o; : [r Qw(r) P; — P11 such that
L0y = iy o (idp, ® t;-1) = mult : Igr @w(ry P — Pi. Given a collection {L;}icz
of finite projective W (R)-modules there is a standard construction of a precanvas,
essentially following the construction for displays given in [4]. A canvas is a pre-
canvas isomorphic to one resulting from this construction. Given a finite projective

graded W (R)®-module M, we define a precanvas over R as follows:
e M, is the ith graded piece of M, regarded as a W (R)-module;
e 1 : M; 1 — M, is multiplication by ¢ € W(R)%;
o o;: Igr ®wr) M; — M4, is the action of W(R)Y = I on M;.

One checks that this construction satisfies the desired compatibilities and defines
a functor from PGrMod (W (R)%) to the category of canvases over R, which is an

equivalence of categories since every finite projective graded W (R)®-module has
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a normal decomposition. Defining basic constructions such as duals and tensor
products using canvases requires some work in this category, as it is tedious to check
all the necessary compatibilities. In the framework developed in [5] this work is no
longer necessary because in this case the constructions follow from the well-known
constructions for graded modules. Therefore we have adopted the more streamlined

approach using the graded ring W (R)® in this paper.

2.3 Displays

In this section we review the definitions and elementary properties of displays
over a frame. As in the previous sections, our main reference for this section is [5].

Let S = (S,0,7) be a frame.

Definition 2.3.1. A predisplay M = (M, F') over S consists of a graded S-module

M and a o-linear map F : M — M7,

A morphism (M, F') — (M’, F") of predisplays is a homomorphism of graded
S-modules M — M’ which is compatible with the maps F and F’. Denote the
resulting category of predisplays over S by Predisp(.S). This is an abelian category,

because the same is true of GrMod(S5).

Definition 2.3.2. A display over S is a predisplay M = (M, F') over S such that

M is a finite projective graded S-module and F': M — M7 is a o-linear bijection.

Displays over S form a full subcategory of Predisp(S) which we will denote
by Disp(S). Note a o-linear bijection M — M7 is by definition a o-linear homo-
morphism whose linearization F* : M — MT is an Sy-module isomorphism. In this
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way we see that endowing a finite projective S-module M with the structure of a

display is equivalent to giving an Sy-module isomorphism M7 = M7,

Definition 2.3.3. Suppose S is a frame for R and let M = (M, F') be a predisplay

(resp. display) over S.
(i) M is effective if d(M) > 0.
(ii) M is an n-predisplay (resp. n-display) if it is effective and a(M) = n.

One can check that our definition of an effective predisplay agrees with that
of [5]. As in the previous section, we collect here some notions regarding the exact
tensor category structure of Disp(S). Morphisms of displays over S are, in particu-
lar, morphisms of the underlying finite projective graded S-modules, so exactness is
inherited from that category (or from GrMod(S)). The tensor product of displays

is the tensor product in the category of predisplays:

(M,F)® (M, F) = (M ®s M',F& F').

Since M ®g M’ is a finite projective graded S-module, this tensor product preserves
the category of displays. The unit object is (S, o).

The dual of a display M = (M, F) is the display M" = (M",F"), where MV
is the dual of M in PGrMod(S), and F corresponds to the dual of the inverse of
F*: M? = M7. Tt is clear that M is reflexive with respect to this notion, so the

following analog of Lemma 2.2.1 is immediate.

Lemma 2.3.4. The category Disp(S) is an exact rigid tensor category.
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Displays carry a good notion of bilinear form, which characterizes the tensor

product of displays.

Definition 2.3.5. Let M = (M, F), M' = (M', F"), and M" = (M", F") be displays
over S. A bilinear form B : M x M' — M" is a bilinear form of the underlying

graded S-modules M x M’ — M" such that

F'(B(x,y)) = BT(F(x), F'(y)),

where 87 : M7 x (M')" — (M")7 is the induced bilinear map of Sp-modules.

The tensor product of M and M’ is characterized by the following universal
property: it admits a bilinear form 3y : M x M' — M ® M', and any other bilinear
form M x M’ — M" factors uniquely through f.

Let us review some other useful constructions for displays.

Definition 2.3.6. Let M = (M, F) be a predisplay over a frame S = (5,0, 7), and
suppose S — S’ is a morphism to another frame S’ = (S’,0’,7"). Then the base

change of M to S' is the predisplay Mg = (M ®g 5", F @ o).

Base change defines a functor Predisp(S) — Predisp(S’) which preserves
the full subcategories of displays.
The definition of type for a finite projective S-module extends in a natural

way to displays.

Definition 2.3.7. Let I be a collection of integers as in Definition 2.2.2. We say
a display M = (M, F) is of type I if the finite projective graded S-module M is of
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type I.

Definition 2.3.8. A standard datum for a display is a pair (L, ®) consisting of a
finite projective graded Spy-module L = @, L; and a op-linear automorphism & :

L — L.

From a standard datum (L, ®), we define a display (M, F') by taking M :=
L ®g, S and F(z ® s) = o(s)®(z). On the other hand, if M = (M, F) is a display,
then any normal decomposition L of M determines a standard datum by viewing
L as a submodule of M = L ®g, S via x — x ® 1 and taking ® = F‘L. It is clear
that the display resulting from this (L, ®) is indeed (M, F'). Hence if every finite
projective graded S-module has a normal decomposition then every display over S
is standard, i.e. is defined from a standard datum. Note also that if (L, ®) is a
standard datum for a display M = (M, F'), then M™ = L and M? = L% cf. [5,
Remark 3.2.5].

Let us remark that both the tensor product and base change can be defined
in a natural way using standard data. Indeed, if M = (M, F) and M' = (M', F")
are displays over S with standard data (L, ®) and (L, ®’) respectively, then (L ®g,
L', ®®9d’) is a standard datum for M@ M'. Similarly (L®g,Sh, P®a}) is a standard
datum for M. The characterizations of the tensor product and the base change
above prove that the resulting object is independent of the choice of standard data.

Now we return our focus to the Witt frame, which is the case of interest in
the remainder of the paper. Note that if R and R’ are two p-adic rings, then a

ring homomorphism R — R’ induces a morphism of frames W (R) — W(R'). Let
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Disp" be the category fibered over Nilpz, whose fiber over R is Disp(W(R)). As
in the case of finite projective graded W (R)®-modules, this fibered category satisfies

effective descent for morphisms and for objects.
Lemma 2.3.9. The fibered category Disp" is an fpqc stack over Nilpz, .
Proof. This is [5, Lemma 4.4.2]. O

Suppose M = (M, F) and M' = (M’,F") are displays over W(R)®. Let
¥ M — M’ be a homomorphism of graded W (R)®-modules, and write g for the
base change of ¢ to W(R')®. We have the following lemma, which says that the

property of “being a morphism of displays” can be checked fpqc locally.

Lemma 2.3.10. Let R be a p-nilpotent Z,-algebra, and let R — R’ be a faithfully
flat extension of Z,-algebras. With the set-up as above, Vg is a morphism of displays

over W(R') if and only if 1 is a morphism of displays over W (R).

Proof. Obviously ¥ g is a morphism of displays if v is. For the converse, we want

the following diagram to commute:
Me L ( Ml)o

e

M7 YT ( M/)r
The diagram commutes after base change to W(R'), so the result follows from Witt

vector descent for finitely generated projective modules, [1, Corollary 34]. m
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2.4 1-displays

Fix a p-adic ring R. Following the notation in Definition 2.1.2, let us denote

the Witt vector Frobenius on W (R) by f.

Definition 2.4.1. A Zink display over R is a quadruple P = (Fy, Py, Fo, F) consist-
ing of a finitely generated projective W (R)-module Py, P; C P, is a submodule and
F;: P, — Py is an f-linear map, for - = 0 and 1, such that the following conditions

are satisfied:

(i) IrPy C P, C Py, and the filtration

0C P /IrPy C Py/IrFs

has finitely generated projective R-modules as graded pieces.

(ii) F1: P — P, is an f-linear epimorphism.

(ili) For x € Py and £ € W(R) we have

Fi(v(§) - x) = & - Fo(x).

We remark that Zink displays are frequently referred to only as “displays” in
the literature, and in [1] they are called “not-necessarily-nilpotent” (or 3n-) displays.

The filtration in (i) of Definition 2.4.1 is called the Hodge filtration of P.
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Lemma 2.4.2. The category of Zink displays over R is equivalent to the category

of 1-displays over W (R).

Proof. Let M = (M, F) be a 1-display over W (R). Since d(M) > 0, we know 6 :
My — M7 is bijective, cf. Lemma 2.2.6. We claim additionally that 6, : M; — M™
is injective. Indeed, by [5, Lemma 3.1.4] and Lemma 2.2.5, we can choose a normal

decomposition L for M such that L; = 0if i ¢ 0,1. Then

M, = (LO QW (R) IR) D (Ll Qw (R) W(R)), (2.4.1)

and 6, : My — M7™ = L is given by the natural inclusion.

Now let Py = M7 and let P; be the image of M; under #;. Then F, is a finitely
generated projective W (R)-module, and P; is a submodule. The restrictions of F’
to My and M; are f-linear homomorphisms of W(R)-modules M; — M™. Then
F,=F 2, © 0;': P, — Py is also f-linear for i = 0,1. We claim (P, P;, Fy, F}) is a
Zink display.

The first part of condition (i) in Definition 2.4.1 is immediate. To verify the

remaining conditions, choose a normal decomposition L = Ly & L, for M as above,

and let ® = F

L SO (L, ®) is a standard datum for M. The W (R)-module M; can

be written as in (2.4.1), and we see

Mo = (Lo @wr) W(R)) & (L1 @wr) W(R) - 1).

The second part of condition (i) follows because Py/ Py = Lo®w gy R, and P, /IpPy =
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L1 ®wryR. Condition (ii) is equivalent to the condition that (F| )*: (M) — M"™

1

is surjective. Since ®* : L/ — L is a W(R)-module isomorphism and L is naturally
identified with M7 it is enough to show for any x ® £ € L/, there is some y € (M)’
with F¥(y) = ®*(x ® £). First suppose * ® £ € (Lg)/. Then z @ v(§) ® 1 € (M),

and

Fiz @u(§) ®1) = F(z @ v(€)) = o(v(§)) Fz) = £F(x) = Pz ® €).

Now if 2 ® £ € (L1)7, then 2 ® 1 ® € € (M;)/, and

Flla@1®§¢) =E¢F(2) = Pz ®€).

This completes the proof of condition (ii). For condition (iii), let z = z¢ + x; €

Py =M™ =L with xy € Ly and 21 € L. If £ € W(R), then

0, (v(&) - ) = 20 ®v(§) + 1 ® v(€)

with the first v(&) viewed as an element of (W(R)%); = Ig and the second as an

element in (W(R)®)g = W(R). Then

Fi(v(§) - ) = &(D(z0) + p@(z1)).

But 0, (z) = 20 ® 1 + 21 @, so this is the same as & - Fy(z).

If: (M, F)— (M F') is a morphism of 1-displays, then the W (R)-module
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homomorphism " defines a morphism of the corresponding Zink displays. Hence
the association (M, F') — (P, Py, Fy, F1) determines a functor from the category of
1-displays over W (R) to the category of Zink displays over R, which we claim is an
equivalence of categories. Choosing a normal decomposition L for M as above, we

M = (Lo @wr W(R)®) & (L1 ®wr) W(R)*(-1)).

It follows that any morphism M — M’ of 1-displays is uniquely determined by
its restriction to Ly and L, and therefore by its restriction to My and M, so the
functor is faithful.

Now let P and P’ be the Zink displays associated to 1-displays (M, F') and
(M', F"), and suppose ¢ : P — P’ is a morphism of Zink displays. In particular, ¢ is
a W(R)-module homomorphism Py = M™ — (M')” = P which sends P, = 6,(M;)

to P| = 0} (M]), and which satisfies
Fyop=pokFy, and Fjoyp=po k. (2.4.2)
For 1 = 0,1, let v; be the composition
Lis B Y% pr 9y,

Then 1 + 11 defines a W(R)-module homomorphism L — M’ which sends L;

to M/ for every i. Therefore it induces a graded W (R)%-module homomorphism
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¥ M — M'. By construction 7 = ¢, and it follows from the identities (2.4.2)
that F”" o1 =47 o F'. Hence the functor is full.

Now suppose (P, P1, Fy, F) is a Zink display. By [1, Lemma 2], condition (i)
in the definition of Zink displays implies the existence of finitely generated projective
W(R)-modules Ly and L; such that Py = Ly@® Ly and P, = IgrLy@® Ly. If we define

@:%h@ﬂ

Lo then (P, ®) constitutes a standard datum for a 1-display whose
1

resulting Zink display is isomorphic to (P, Py, Fo, F1). H

If (Py, Py, Fo, F) is a Zink display, then by [1, Lemma 10] there exists a unique

linear map V*: Fy — FJ characterized by

V¢ Fy(z)) =pé@a, and VH¢-Fi(y) =E®y

for all £ € W(R), z € Py,y € P;. Denote by V;ﬁ the induced map Pofi — P({Hl.

Definition 2.4.3. A Zink display (P, Pi, Fy, F1) over R is nilpotent if there exists

an N such that the composition

fN+1

VioVh Jo---oVt: Py— P

is zero modulo I 4+ pW (R).

Remark 2.4.4. If R = k is a perfect field of characteristic p, then displays over
k are equivalent to Dieudonné modules over k, and the nilpotence condition on a
display corresponds to topological nilpotence of the Verschiebung operator on the
corresponding Dieudonné module, cf. [1, Proposition 15].
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For a general p-adic ring R, Zink defines a functor BT from the category of
Zink displays over R to the category of formal groups over R, and he shows that
the restriction of BTx to the full subcategory of nilpotent displays has essential
image contained in the category of p-divisible formal groups. The following is the
main theorem connecting displays and formal p-divisible groups. For many R it was

proved by Zink in [1], and for all R which are p-adic this was proved by Lau in [2].

Theorem 2.4.5 (Zink, Lau). The functor BTg induces an equivalence of categories
between nilpotent Zink displays over R and formal p-divisible groups over R. Further,
BTg has the following properties: if P = (Py, P, Fy, F1) is a nilpotent Zink display,

then

(i) The height of BTr(P) is equal to the rank of Py over W(R).

Finally let us mention some aspects the of the connection between the theory
of displays and the theory of crystals associated to p-divisible groups. Suppose X
is a formal p-divisible group over a p-nilpotent Z,-algebra R. Associated to X is its
covariant Dieudonné crystal D(X). Evaluating ID(X) on the trivial PD-thickening
idg : R — R, we obtain a finite projective R-module D(X)g equipped with a

functorial exact sequence

0 — Lie(X")" = D(X)g — Lie(X) — 0

which is compatible with base change. Here Lie(X) is the Lie algebra of X, which
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is a finite projective R-module, X" is the Serre dual of X, and (—)* denotes linear

dual. The filtration

D(X)r D Lie(XY)* 20

is the Hodge filtration of X. If X = BTr(P) for a nilpotent Zink display P =
(Py, P1, Fo, Fy), then it follows from [1, Theorem 94| that there is a canonical iso-

morphism of finite projective R-modules

Py @wr R=D(X)r

which sends the Hodge filtration of P to the Hodge filtration of X.
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Chapter 3: G-displays

3.1 G-displays of type p and (G, p)-displays

Let G be a flat affine group scheme of finite type over Z,, let kg be a finite
extension of F,,, and let 11 : Gy, w (k) = Gw (ko) be a cocharacter defined over W (k).
If R is a W (kg)-algebra, then W (R) is endowed with the structure of a W (ky)-algebra

via composition

W (ko) = W (W (ko)) — W (R),
where the first map is the Cartier homomorphism (cf. [16, Ch VII, Prop 4.2]) and
the second is induced by functoriality from the W (ky)-algebra structure homomor-
phism. Then W(R)® is a graded W (ko)-algebra, and o : W(R)® — W(R) extends
the Frobenius on W (ky). A frame whose graded ring and Frobenius satisfy these
properties is called a W (kg)-frame, cf. [5, Definition 5.0.1].
Using the cocharacter ;1 we define a (right) action of G, w(k,) on Gw (k) as

follows: if A € Gy, w ko) (R) and g € Gy (x,)(R) for some W (ky)-algebra R, define

g+ X = p(N) " gp(N).
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Write Gw k) = Spec A for a W (kg)-algebra A. Then the action defined above also
defines an action on A. Since Gy (k,)(R) = Hompy (4,)(A4, R) for any W (ko)-algebra
R, there is a canonical bijection between elements of A and natural transformations
Gw (ko) — A%,V(ko) given by sending f € A to evaluation on f. Hence we can make
the action on A explicit: if f € A and A € Gy wy)(R), define A - f to be the

function G(R) — R given by

(A )g) = FrN) " gp(N)

for g € Gw (k) (R). Giving the collection of these actions as R varies corresponds to
a Z-grading on A. In particular, A, is the set of f € A with (A- f)(g) = A" f(g) for
all A € G wkg)(R), g € G(R).

Following [5, §5], for any Z-graded W (kq)-algebra S, let G(S), be the set of

Gyp-equivariant morphisms Spec S — G over W (k). Equivalently, we have

G(S),u = Hom?/V(ko)(A’ S)v

i.e. G(S), is the subset of Gy, (S) consisting of W (kg)-algebra homomorphisms
which preserve the respective gradings. The Hopf algebra structure for A preserves
the grading induced by p, so G(S),, forms a subgroup of Gy ) (S5).

Suppose now S = (5,0, 7) is a W (ko)-frame. The Z,-algebra homomorphisms
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o,7:85 — Sy induce group homomorphisms

o,7:G(S), = G(S).

Indeed, if g € G(S5),, then o(g) (resp. 7(g)) is defined by post-composing g €
Homyy () (A4, S) with 0 : S — Sy (resp. 7: S — Sp). Using these homomorphisms

we define a group action of G(S5), on G(S) as follows:

G(So) x G(S), — G(So), (z,9) — 7(9) zo(g). (3.1.1)

Let us restrict our focus to the Witt frame, W (R) (cf. 2.1.2). We define two

group-valued functors on W (ko)-algebras as follows: if R is a W (kg)-algebra, let

L*G(R) := G(W(R)), and L G(R) := G(W(R)?),.

By [5, Lemma 5.4.1] these are representable functors. We will refer to the W (ky)-
group scheme L1 G as the positive Witt loop group scheme, and to LZG as the display

group for the pair (G, p).

Definition 3.1.1 (Lau). The stack of G-displays of type u is the fpqc quotient stack

G-Disp,) = [L*G/L}G].

over Nilpy (), where LG acts on L*G via the action (A.2.1).

Explicitly, for a p-nilpotent W (kg)-algebra R, G—DispZV(R) is the groupoid
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of pairs (Q,a), where @ is an fpqc-locally trivial L:G—torsor over Spec R and
a:Q — LG is an L}G-equivariant map. If (G, u) and (G',1/') are two pairs as
above, and ¢ : G — G’ is a Z,-group scheme homomorphism such that ¢ oy = 1/,

then ¢ induces a morphism of stacks

G—DispZV — G/—DispZ‘,/.

Indeed, G,,-equivariance of ¢ furnishes us with a group homomorphism G(S5), —
G'(S) pop, and since ¢ is defined over Z,, it commutes with o and 7. On the level of
objects, the pair (@, «) is sent to (Q¥, '), where Q¥ is the pushforward of @) along

o: LG — L:}G’ and o is the induced L:,G’—equivariant morphism Q¥ — LTG'.
Remark 3.1.2. Let I = (iy,i9,...,1,) € Z" with i; < iy < --- < i,, and define a
cocharacter

fi1: G — GL,, A > diag(A't, N2, .. \in).

Then GLn—DispE; is the stack of displays of type I = (iy,...,4,), cf. [5, Example
5.3.5].
As a particular example, consider the case where I = (0™, 1("=) for some 7.

Then yt = ji,., is the minuscule cocharacter A — diag(1™, A=) and LFGL,(R)
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consists of block matrices

where
e Ais an 7 x r-matrix whose entries are in W (R)§ = W(R),
e Bisan r x (n — r)-matrix whose entries are in W (R){ = I,
e Cisan (n —r) x r-matrix whose entries are in W (R)%, = W(R) - t,
e Disan (n—r) X (n— r)-matrix whose entries are in W(R)§ = W(R).

In this case, GLn—DispZ‘:m is isomorphic to the stack of Zink displays (P, Py, Fo, F1)

with rky gy Py = n and rtkr(Fy/P;) = d, cf. Lemma 2.4.2.

Biiltel and Pappas define [3] an alternative category of (G, u)-displays over R
in the case where G is reductive over Z, and p is a minuscule cocharacter defined
over W (ko). Let us briefly explain. Let P, be the parabolic sub-group scheme of
G defined by p (see [3, Appendix 1]). Then Biiltel and Pappas define a closed sub-
group scheme H* of LTG whose points in a W (kg)-algebra R are those elements of
L*G(R) which map to P,(R) under the canonical map L*G(R) — G(R). By [3,

Proposition 3.1.2], there is a group scheme homomorphism

(I)G# cHY — L+G
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such that ®¢ ,(h) = F(u(p)hu(p)~') € G(IW(R)[1/p]), where F is induced from the
Witt vector Frobenius. Then a (G, p)-display over a W (kg)-scheme S is a triple
(Q, P,u), where @ is a torsor for H* over S, P is the pushforward of @ to L*G, and
w: ) = P is a morphism such that u(q-h) = u(q)®q (k) forallh € H* ¢ € Q. In
[3, 3.2.7] it is shown that the stack of (G, u)-displays over Nilpyy ;) is isomorphic

to the fpqc quotient stack [L*G /¢, , H"], where H* acts on L*G via

g-h= h’lgég’u(h)

for R a p-nilpotent Z,-algebra, h € H*(R), g € L*G(R). In [5, Remark 6.3.4] Lau
proves the following lemma by showing that 7 induces an isomorphism L:G = H*,

which is compatible with the actions of L:[G resp. H* on L*G.

Lemma 3.1.3. The stack of (G, p)-displays as in [3] is isomorphic to G—Disp}f/.

3.2 Graded fiber functors

Let G be a flat affine group scheme of finite type over Z,. Denote by Repz, (G)
the category of representations of G' on finite free Z,-modules. Let R be a W (ky)-

algebra.

Definition 3.2.1. A graded fiber functor over W(R)® is an exact tensor functor

7 : Repy (G) — PGrMod" (R).
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Denote by GFF"W (R) the category of graded fiber functors over W (R)®. Mor-
phisms in this category are morphisms of tensor functors. If R — R’ is a ring
homomorphism and % is a graded fiber functor over W(R)®, then we define the
base change of . to W(R')®, written #p/, as the composition Repz, (G) — PGr-
Mod" (R) — PGrMod" (R'). As R varies in Nilpyy () we obtain a fibered cate-

gory GFF" whose fiber over R is GFFY (R).

Lemma 3.2.2. The fibered category GFFY is an fpgc stack in groupoids over

Nilpw(ko) .

Proof. The proof is essentially the same as that of [11, Proposition 7.2]. We repeat
the argument here for completeness.

Both Repz,(G) and PGrMod" (R) are rigid tensor categories (cf. Lemma
2.2.1), so by [15, Proposition 1.13], if .%; and %, are graded fiber functors over
W(R)®, then every morphism of tensor functors .%; — %5 is an isomorphism.
Hence GFFY is fibered in groupoids.

It remains to show GFFW satisfies effective descent for morphisms and for
objects. Let R be a p-nilpotent W (kg)-algebra, let R’ be a faithfully flat extension,
and let " = R' ®g R'. Suppose X : (%1)r — (F2)r is a morphism over R’ such
that the two pullbacks to R” agree. Then for each (V,p) € Ob(Repy (G)), the
same holds for \',. By Lemma 2.2.7, morphisms of finite projective graded W (R)®-
modules descend, so we obtain unique morphisms A, for every (V, p). We need these
morphisms to piece together to form a natural transformation A : .#; — %5 which

is compatible with the tensor product. Let o : (V,p) — (U, 7) be a morphism in
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Repz,(G). Then we must show the following diagram commutes:

F1(a)

F1(V,p) —— F1(U,7)

| |

oV, p) 2% 2,7

By assumption the diagram commutes after base change to R’. Then the morphism
(F1)r(V,p) = (F2)r (U, ) descends uniquely to a morphism %, (V, p) — Z,(U, 7).
Since both A\;o. % () and %, (7)o A, satisfy this property, they agree by uniqueness,
and the diagram commutes. Hence A is a natural transformation. A similar argu-
ment shows that A\ is compatible with tensor products, so we conclude morphisms
descend.

Finally we prove GFF" satisfies effective descent for objects. Let .Z#’ be a

graded fiber functor over W(R')® equipped with a descent datum, i.e. equipped

with an isomorphism
nF = pyF

of tensor functors over W(R")® satisfying the cocycle condition, where p} and p}
denote base change along the maps induced by » — r ® 1 and r — 1 ® r from
R — R ® R/, respectively. The given descent datum induces a descent datum
on .Z'(V,p) for each (V,p) in Repz,(G), so, by Lemma 2.2.7, for every (V,p) we
obtain a finite projective W (R)®-module .7 (V, p) over R whose base change to R’
is #'(V,p). We claim the assignment (V,p) — ZF(V,p) is functorial. Suppose
a : (V,p) — (U,m) is a morphism in Repz, (G). Then we obtain a morphism

F'(a) : F'(V,p) - F'(U,n). Because the descent datum on .#’ is a natural
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transformation, we obtain a commutative diagram:
piF' (V.p) —— p3:F' (V. p)
[i7@ [
pi#'(U,m) —— p3.7'(U, )

From this we see the two pullbacks of .%'(«) coincide, so by descent for finite pro-
jective modules over a graded ring we obtain a unique homomorphism % (V, p) —
Z (U, m). The uniqueness part of this assertion is enough to prove that .# preserves
compositions and the identity, so .% is, in fact, a functor. Now, being a tensor
functor, .#' is equipped with isomorphisms #'(1) = 1 and #'(V,p) @ F'(U, 1) =
F' (Vo Up®m). Since the descent datum on .#' is a tensor morphism, it is
compatible with these isomorphisms. Hence these isomorphisms descend as above
to .. The isomorphisms are compatible with the associativity and commutativ-
ity restraints on .%’, so by uniqueness the same holds for .#, and .% is a tensor
functor. By Lemma 2.2.10 exactness is an fpqc local property for finite projective

W(R)®-modules, so % is exact. O

If #, and .7, are two graded fiber functors over W(R)®, denote by Isom® (%7, %3)
the functor which assigns to an R-algebra R’ the set Isom®((.%1)r:, (Z2)r) of iso-
a7

morphisms of tensor functors (%)r — (%2)r. By the Lemma 3.2.2 this is an

fpae sheaf over Nilpg. We write Aut®(.#) = Isom®(F,.%) and Aut®(Fr) =

Isom®(.Fg,.Zg). There is a natural action of Aut®(.%}) on Isom®(.%,.%,) by pre-

composition.
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If R is a W (ko)-algebra, let us define a tensor functor

%,.r - Repy (G) — PGrMod" (R)

attached to any cocharacter p of G defined over W(ky). Given a representation

(V. p) in Repy (G), p induces a canonical decomposition

Viv (ko) = € Vi (ao): (3.2.1)
1EZ
where Vi gy := V ®z, W(ko), and

Vi/i(/(ko) ={v € Vivaro) | (po p)(2) v =z for all z € G,,(W(ko))}.

By base change along W (ko) — W (R)® we obtain a finite projective graded W (R)®

module

V @z, W(R)® = Viv(ry) @w (ko) W(R)®.

Any morphism ¢ : (V,p) — (U,7) in Repy (G) preserves the grading induced by

1, so we have defined a functor

%1 - Repy (G) = PGrMod" (R), V = Viy(,) @wke) W(R)®.

The resulting functor obviously preserves the tensor product, and it is exact because
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the underlying modules of objects in Repz, (G) are free, so all short exact sequences

remain exact after tensoring over W (R)®. Then %), r is a graded fiber functor over

W(R)®.

Remark 3.2.3. For any W (kg)-algebra R, the W (ko)-algebra structure homomor-
phism for W (R) factors through A : W (ko) — W (W (kg)) by definition. Then we see
%,.r is the base change of €, w, along PGrMod" (W (ky)) — PGrMod" (R).

We will denote €,y (x,) simply by €,..

Definition 3.2.4. A graded fiber functor .# over W(R)® is of type p if for some

faithfully flat extension R — R’ there is an isomorphism .#p = €, g

Remark 3.2.5. Let (V, p) be a representation of G on a finite free Z,-algebra of rank
n, and suppose the weights of pop on V are {wy, ..., w,} with w; <wy < -+ <w,.
Let r; be the rank of Viy(, \. Then define I := I,(V,p) = (i1, - ,in) as follows:

First let ; = --- =4,, = wy. Then for 7 > 1 and any r satisfying

let i, = w,. We see that €, gr(V,p) is of type I. If .% is any graded fiber functor
over W(R)® of type p, then it follows from Lemma 2.2.8 that .% (V] p) is of type I

as well.

Denote by GFF (W (R)®) the category of graded fiber functors of type p over
W(R)®. Base change preserves graded fiber functors of type u, so we obtain a
fibered category GFF)}" whose fiber over R is GFF,(W(R)®). Since the property
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of “being type u” is an fpqc-local property, GFFZV forms a substack of GFFW.
For any Z,-algebra R let PMod(R) be the category of finite projective R-

modules. Associated to this category we have the canonical fiber functor

wr : Repy, (G) = PMod(R), (V,p) =V ®z, R.

Define Aut®(w) to be the fpqc sheaf in groups over Nilpy (4,) which associates to
an W (kg)-algebra R the group of automorphisms of wg. By Tannakian duality, the

assignment g — {p(g)}(v,p) defines an isomorphism of fpqc sheaves in groups

G = Aut®(w),

cf. [17, Theorem 44] for the statement in this generality.

Lemma 3.2.6. Let R be a W(ko)-algebra. For all g € LTG(R), the collection

{p(9)}v,p) comprises an element of Aut® (€. r).

Proof. For every (V, p), we have

p(9) € GL(Viv (k) @w (k) W (R)®) popss

so it is enough to show that any h € GL(Viy(ky) @w (k) W(R)?)pon preserves the
grading on Viy (ky) @w (k) W(R)® for all (V, p).
Suppose 1kz, (V') = r, and choose an ordered basis {vy,...,v,} for Viy,) over

W (ko) such that each v; € Vi?/i(ko) and n; < ny < --- < n,. Relative to this basis we
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have
GL(Viv (k) ®w (ko) W(R)¥) = GL, (W (R)?),
and (po p)(z) = diag(2™,...,2""). Let A be the coordinate ring of GL, 1y (x,), 50

A=W (ko) [ X, YT,y /(det(X3))Y — 1).

g+ iy

If A € G,,(W(ko)), the action of A on A is given by
X@'j — )\njiniXij.

Then any h € GL, (W (R)®) o, is represented by a matrix (hy;)i; with hy; € W(R)y .-

Let v € (Viy (k) @w (ko) W(R)?),. We need to show h(v) € (Viykg) Qw o) W(R)P)s.

Write

v = Z'Uj ®€j,
j=1

where &; € W(R)

n

; for all j. Then

h(v) = Z Z v; @ hi&j,
j=1i=1
and v; ® h;;&; is of degree n; + (n; —n;) + (¢ — n;) = £ as desired. O

It follows from the lemma that the assignment g — {p(g)} v, induces a
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homomorphism of fpqc sheaves of groups on Nilpyy (i)

U LEG — Aut® (%)), (3.2.2)

Theorem 3.2.7. The homomorphism (3.2.2) is an isomorphism.

Proof. For every W (kg)-algebra R, W is the restriction of the map G(W(R)®) —
Aut®(wy(rys) given by g — {p(9)}v,). An inverse to this map is constructed in
[17, Theorem 44] (cf. also [18, Theorem 9.2]). We need only verify the restriction
of this inverse to Aut®(%), r) respects the grading. Let us review the construction
of this map.

Denote by Repy, (@) the category whose objects are the representations (V, p)

of G’ on Z,-modules such that

(V. p) = limy (W, ),

where (W, ) runs through the partially ordered set of all G-sub-representations of

(V; p) belonging to Repy, (G). The functor €, r extends to a functor

CK;:,R : Rep’Zp(G) — GI‘MOd(W(R)@), Vi VW(ko) ®W(ko) W(R)®

If we denote by MQQ(‘KIQ) the group-valued functor on W (kg)-algebras given by
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R — Aut®(%), ), then there is a canonical isomorphism

We will abuse notation and also denote the composition LFG — Aut®(%),) by ¥.
It is enough to define an inverse to this composition.

Write G = Spec A. Recall the regular representation pe is the representation
of G'on A, viewed as a Z,-module, whose comodule morphism is the comultiplication
for A. Explicitly, if R is a Z,-algebra, g € G(R), and a € A ®z, R, then p,(g) - a

is defined by

(Preg(g) - a)(h) = a(hg).

Since G is a flat affine group scheme over a Noetherian ring, [19, Cor. to Proposition

2] implies that preg is an object of Repy (G). One checks that the morphisms

(Z;m IL) — (A7 preg) and (A, preg) ® (A> preg) — (A7 preg)a (323)

given by the unit and multiplication respectively, are G-equivariant.
Now let R be a W (k)-algebra and let A € Aut® (%), ), so for every (V,p) in

Rep?, (G),

)\p : VW(ko) QW (ko) W(R)@ — VW(ko) QW (ko) W(R>@
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is a graded W(R)®-module automorphism. In particular, A determines a graded

W(R)®-module automorphism A, of A ®z W(R)®. Moreover, since A is a mor-

Preg
phism of tensor functors, functoriality applied to (3.2.3) implies A, is a graded
W (R)®-algebra homomorphism.

Define ®p : Aut® (6, r) — G(W(R))® by assigning to A\ € Aut®(%), g) the

composition

)‘Preg

AW (ko) @w(re) W(R)® =5 Aw (i) @w (ko) W(R)”

e®id
— W),

where the ¢ is the counit for Ay (4,). We claim this composition is a graded W (R)®-
module homomorphism, so () € G(W(R)®), = L;G(R). By assumption A,
respects the grading, so it remains only to show &€ ® idy (gye is a graded W (R)®-
homomorphism. Because the zero element of W(R)® is homogeneous of degree n

for all n, it is enough to show e(a) = 0if a € (Awky))n for n # 0. Let a € (Aw (k) )n

and A € G,,,(W(ko)). Then

(A~ a)(e) = a(u(N)"ep(N)) = a(e) = £(a),

Hence (A" — 1)e(a) = 0 in W (ky) for all A € W(ko)*™, so e(a) =0 if n # 0.
The construction of @5 is functorial in R, so as R varies we obtain a natural
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transformation

® : Aut®(%') — LG,

and the verifications in [17, Theorem 44] show ® and ¥ compose to the identity in

both directions. O

It follows from the theorem that if .# is a graded fiber functor of type pu
over W(R)®, then Isom® (%), r,-#) is an L!G-torsor, with LG acting by pre-

composition. This defines a functor

GFF}(R) — Tors,;(R), .7 — Isom® (%), r, F), (3.2.4)

where Tors L is the fpqc stack of L:G—torsors over Nilpyy (k).

Corollary 3.2.8. The functor (3.2.4) induces an isomorphism of stacks

GFFZV = TOI'SLIG'

Proof. Fix a p-nilpotent W (ko)-algebra R. Suppose .# and .#' are graded fiber
functors of type u over W(R)®, and let ¢; and 1y be morphisms .% — %’ which

induce the same morphism
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Let R — R’ be a faithfully flat extension and choose A € Isom®(%), g/, Fr/). Then

(V1)r o A= (pr)(A) = (¥2)r 0 .

Since A is an isomorphism, (¢;)g = (12)g. Then by descent, 11 = 1)y, and the
functor GFF)}'(R) — TorsL;rG(R) is faithful.

Now consider an L} G-equivariant morphism

¢ : Isom® (6, r, F) — Isom® (€, g, F')

As above, choose R — R’ faithfully flat. Then for any A € Isom® (%), g/, Zr), the

element

Y =or(N) o X! € Isom®(Fp, Fp)

is determined uniquely by ¢ by L G-equivariance. Indeed, if \' : €, pr = Frois
another choice, then A~* o X is a tensor automorphism of ), g/, hence is an element

of L¥G(R'). Then

or(X) = (Ao A o N) = pr(N) o (A 0 X)

by L G(R')-equivariance, so @r(A) o A~ = @g(X)o (X)~". Similarly, by LY G(R")-
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equivariance,

Piv = prr(piA) o (DEN) ! = @re(P3N) o (p3A) ™ = pi,

so 9" descends to some 1) : F — F'. It is clear that ¢/’ maps to ¢g, so by descent
we have 1) mapping to ¢, and we see the functor is full.
Then we are done by [20, Lemma 046N] since any LZG—torsor is fpqc-locally

trivial, and the trivial L} G-torsor is in the essential image of this functor. m

3.3 Tannakian (G, p)-displays

Let G and p be as in the previous section. In this section we give a Tannakian
definition of G-displays of type p and show that the resulting stack coincides with

those defined by Lau and Biiltel-Pappas. Let R be a p-adic W (kg)-algebra.

Definition 3.3.1. A Tannakian G-display over R is an exact tensor functor

7 : Repy, (G) — Disp" (R).

As in the previous section such functors form a fibered category over Nilpyy ),
which we will denote by G-Disp":®.

Lemma 3.3.2. The fibered category G-Disp™'® is an fpqc stack in groupoids.

Proof. The proof is essentially the same as that of Lemma 3.2.2, after replacing

PGrMod" by Disp" everywhere. ]
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Denote by vg the natural forgetful functor which sends a display M = (M, F)
to its underlying finite projective graded W (R)®-module M. If & is a Tannakian
G-display over R, then by composing with the forgetful functor vg we obtain a

graded fiber functor vg 0 7 : Repgz, (G) — PGrMod" (R).

Definition 3.3.3. A Tannakian (G, p)-display over R is a Tannakian G-display &

over R such that vg o Z is a graded fiber functor of type pu.

Denote by G—DispZV’® the fibered category over Nilpy (x,) whose fiber over
R is the category of Tannakian (G, u)-displays over R. Evidently G—Dispz‘/@ is a

substack of G-Disp"®.

Construction 3.3.4. Suppose Z is a Tannakian (G, p)-display over R. We will

associate to Z a G-display of type pu. By Corollary 3.2.8,
Qg = Isom®(%, g, vr 0 P)

is an L} G-torsor over R. Let R’ be an R-algebra and suppose A : ), p — Vg © D
is an isomorphism of tensor functors. If (V,p) is in Repz, (G), write Zr/(V,p) =

(M(p)', F(p)'). Define avy(\), as the composition
o A} T
V @z, W(R) 25 (M(p))7 225 (M(p) )7 <25 V @, W(R),
On the left we are implicitly identifying

(V @z, W(R)®)? =V @z, W(R)

o6



using the isomorphism induced by the natural isomorphism of rings W (R')®*®@w (re »
W(R') = W(R'). We have a similar identification on the right when we replace o
by 7.

Because \ : €, p — VrroPp is a tensor morphism, it follows that {ag(X),} v,
is an element of Aut®(wy (r), which is isomorphic to G(W(R')) = LTG(R') by
Tannakian duality. Hence there is some ag(\) € LTG(R) such that p(agz(N)) =

ag(A), for every (V, p). Altogether we have a morphism of fpqc sheaves

g . QOJ — L*@G.

It remains to show agy is L} G-equivariant. For this let h € LIG(R'). Then (\-h),

is the composition

V @z, WR)? 2% v g, W(R)® 2% M(p).

Hence we see ag (A - h), is given by

By Tannakian duality again we obtain ag(X-h) = 7(h™1) - ag()) - o(h), so agy is

L} G-equivariant.

The pair (Qg, ay) comprises a G-display of type p in the sense of Definition

A.2.2. Suppose now Z; and %, are Tannakian (G, p)-displays over R, and write
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D(V,p) = (Mi(p), Fi(p)) and Z(V,p) = (Ma(p), Fo(p)). Given a morphism of

Tannakian (G, p)-displays ¥ : ) — %5, we get a morphism

Qg, = Isom® (%, g, vr 0 Z1) — Isom® (€, r,vr 0 Do) = Qg,

by post-composition with . This is obviously a morphism of torsors, and if (V, p)

is a representation of G, A € Qg, (R'), then ag,(vr(y) o A), is given by

(A o ((Wr)p) ™t o (Fa(p) ) o (Ur)g 0 A7,

where (2;)r/(V, p) = (M;(p)’, Fi(p)’). But because ()g/)p is a morphism of displays

Mi(p)wry = Ma(p)w (g, this becomes

()\;)_1 o (Fl(p)/)ﬁ 0N = ag, (),

We conclude that the morphism @)y, — @4, is a morphism of G-displays of type
i, so the construction 7 +— (Q 4, ay) is functorial. Denote the resulting functor by
T.

This construction is evidently compatible with base change, so we obtain a

morphism of stacks

T : G-Disp,"® — G-Disp,)’, 7+ (Qg.ag). (3.3.1)

Theorem 3.3.5. The morphism (3.3.1) is an isomorphism of fpqc stacks over

o8



NllpW(ko) .

Proof. Fix a p-nilpotent W (kg)-algebra R. It is immediate from Corollary 3.2.8 that
Tg is faithful. Let us prove it is full. Let 2 and %, be Tannakian (G, u)-displays

over R, and write

D(V,p) = (Mi(p), Fi(p)) and Z(V,p) = (Ma(p), Fa(p))

for every representation (V, p) of G. Suppose

n: (Q917a91) - (Q92>a92)

is a morphism of G-displays of type pu. By Corollary 3.2.8 there exists some v :
VR © Zy — vg © P, which induces 1. For every representation (V,p) in Repz, (G),

we obtain a morphism of graded W (R)®-modules

¥, : Mi(p) — Ma(p).

The collection of these morphisms is functorial and compatible with tensor product,
so it remains only to show 1, is compatible with F}(p) and F5(p). By Lemma 2.3.10
it is enough to check this condition after a faithfully flat extension of rings R — R'.
Choose such an extension with the property that @4, (R’) is nonempty, and suppose
NG — v o (Z1)p is an isomorphism of graded fiber functors.

Let (V,p) be a representation of G. For brevity, let us write M;(p) :=
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M;(p)wrye and Fi(p)' for the base change of Fj(p) to W(R')®. Consider the fol-
lowing diagram:

Aoyl _ Y p1oN)?
M) 225 v g, W(R) —= V @5, W(R) 28 (M, ()

) (p)')ﬂ plog, “”J ploo, <wR/oA)>l <F2(p>'>ﬂ
()\T)—l

— 1,[) /O)\ T
M) 22 v ey, W(RY) —= V @y, W(R) 2 ()

The left- and right-most squares commute by definition of agy,. Because n is a

morphism of G-displays of type u, we have

X (/\) = Qg (77(/\)) = Qg (¢R’ © )‘)

Therefore the middle square and hence the whole diagram commutes. But compo-
sition across the top is (/)7 and across the bottom is (¢/)}, so commutativity of
this diagram means that (¢r/), is a morphism of displays for every (V, p), i.e. that
¥ is a morphism of Tannakian (G, p)-displays which induces 1. We conclude Tk is
full.

It remains to show Ty is essentially surjective. Let @ = (Q, ) be a G-display
of type p over R. By Corollary 3.2.8, there is some graded fiber functor .# of type
p such that Q = Isom® (%, r,-#). Write Z(V,p) = M(p). By [20, Lemma 046N]
it is enough to show the base change @, is in the essential image of T for some
faithfully flat extension R — R/'.

Suppose R — R’ is a faithfully flat extension such that Isom® (%), g/, Zr) is
nonempty. Let A : €, p — Fp be an isomorphism of graded fiber functors of type

. Then a(X) € LTG(R'), so p(a(N)) is an automorphism of V ®z, W(R') for every
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(V, p). Define F(p)’ to be the o-linear homomorphism M /(p)" — (M (p)")™ such that

Then M(p) = (M(p), F(p)') is a display over W(R')®. We claim the association

@é : (V,p) — M(p)" is a Tannakian (G, p)-display over R'.

First let us show %, is functorial. Suppose ¢ : (V; p) — (U, ) is a morphism

in Repy, (G). Then Z(y) is a homomorphism of graded W (R')®-modules M (p) —
M (7), and we need to show that .# (¢) is compatible with F'(p)" and F(7)". Consider

the following diagram:

PW(R!) Py

MYy Y5 v, WR) P Uy, WR) s (M(a))e

J(F(P)')ﬁ lp(a(k)) lﬂ(a(/\)) J(F(ﬂ)')ﬁ
(At Cw (R

(M(p)') 2 V @z, W(R) " U @, W(R) —" (M(x))"
Again, the outside squares commute by definition of F'(p)’ and F(7)’. The middle
square commutes because ¢ is a morphism in Repgz,(G). Since A is a natural

7, and composition across the

transformation, composition across the top is % (¢)
bottom is # ()" Hence Z, is a functor. A completely analogous argument proves
that it is compatible with the tensor product, so %, is a Tannakian (G, p)-display

over R'.

Now consider @, ,
e

the G-display of type p associated to Zg. By definition of

Q% and construction of %, we have

Q@é} = ISOIH(X)(%MR/,UR/ o .@é) = ISOIIl(X)(Cng/7 333') = QR’-
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By Tannakian duality, under this identification we have ag = gy, . Hence @, =

Tr(Z;), and T is essentially surjective. O
Combining the theorem with Lemma 3.1.3 we obtain the following corollary:

Corollary 3.3.6. If G is a reductive group scheme over Z, and p is a minuscule
cocharacter defined over W (ky) then the stack of (G, u)-displays (as in [3]) is iso-

morphic to the stack of Tannakian (G, p)-displays.

In [3], a (G, u)-display is called banal if the underlying torsor is trivial. We
close this section by defining the analogous notion for Tannakian (G, u)-displays,
and by giving a local description of the stack of Tannakian (G, u)-displays which is

formally very similar to that of [3, 3.2.7]. Fix a p-nilpotent W (ky)-algebra R.

Definition 3.3.7. A Tannakian (G, p)-display 2 over R is banal if there is an

isomorphism vg 0o 4 = 6, .

Banal Tannakian (G, p)-displays over R form a full subcategory of Tannakian
(G, p)-displays over R, and by definition any Tannakian (G, u)-display is fpqge-locally

banal.

Construction 3.3.8. To any U € L*G(R) we can associate a banal (G, u)-display
Py as follows. Let (V,p) be a representation of G on a finite free Z,-module. To

(V, p) we associate the following standard datum:

o L=V ®z, W(R) viewed as a graded W(R)-module with L; = Vi, ®w (k)
W(R), where Vi, » is the decomposition (3.2.1) of V @z, W (ko) induced by
22
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o &y : L — L is the composition p(U) o (idy ® f).

Write Fyy : L Q@wr) W(R)® — L Qwr W(R)® for the resulting o-linear map,

defined explicitly as

Fy(z@€®s) = o(s)p(U)(x @ f(£))

forz e V, £ € W(R) and s € W(R)®. Then %y is the Tannakian (G, u)-display

Repr (G> — DiSpW(R>, (V, p) = (L ®W(R) W(R>@’ FU)

By construction it is clear that vg o Ziy = 6, g, so Yy is indeed banal.

In fact, the following lemma shows any banal Tannakian (G, u)-display is iso-

morphic to 9y for some U € LTG(R).

Lemma 3.3.9. Let 2 be a banal Tannakian (G, p)-display over R, and let and let
A Cur — Vg o 2 be an isomorphism of graded fiber functors. Define U = ag(N)

as in Construction 3.5.4. Then 9 = 9.

Proof. 1t is clear that \ provides an isomorphism between the underlying graded
fiber functors. Let (V,p) be a representation, and write Z(V,p) = (M(p), F(p)).
In order to see that A is compatible with the display structures, we need to check

A op(U) = F(p)*oX9. But U = ag(N), so this follows from Construction 3.3.4. [

We can now give an explicit description of the category of banal Tannakian
(G, p)-displays. This corresponds to the description of banal (G, u)-displays given in
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[3,3.2.7] when G is reductive and p is minuscule. Define a category [L*G/ L} G]*™(R)

as follows:
e The objects in [L*G/LSG]P™(R) are elements U € L*G(R);

e given U, U’ in LTG(R), the set of morphisms U to U’ is given by

Hom(U,U") = {h € LYG,(R) | 7(h)"'U'c(h) = U}.

Proposition 3.3.10. The category of banal Tannakian (G, p)-displays over R is

equivalent to the category [L*G/L;G]"™(R).

Proof. We claim the assignment U +— % determines a functor from [L*G /L G]"™(R)
to the category of banal Tannakian (G, p)-displays over R. Let U, U’ in LTG(R) and
h € Hom(U,U’). Applying the homomorphism ¥ (cf. (3.2.2)) to h we obtain a mor-
phism W(h) of the underlying graded fiber functors of 2y and Zy.. These are both
equal to 6, r, so W(h) € Aut®(€),,r) = LG(R). The condition 7(h)"'U'c(h) = U
exactly corresponds to the condition that W(h) determines a morphism of Tannakian
(G, p)-displays Yy — Py, so the above functor is well-defined. That the functor is
fully faithful is an immediate consequence of Theorem 3.2.7, and that it is essentially

surjective follows from Lemma 3.3.9. [
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3.4  G-quasi-isogenies

Suppose R is a p-adic Z,-algebra. Then W(R) is endowed with a natural

structure of a Z,-algebra via

Z, 2 W(Z,) — W(R).

The Frobenius and Verschiebung for W (R) extend in a natural way to W (R)[1/p].

Definition 3.4.1. An isodisplay over R is a pair N = (N, ) where N is a finitely

generated projective W (R)[1/p]-module and ¢ : N — N is an f-linear isomorphism.

The category of isodisplays over R has a natural structure of an exact tensor
category, with tensor product defined by (Ny, 1) ® (N, p2) := (N1 ® Na, 01 @ ¢2),
and with exactness inherited from the analogous category defined by omitting the
finitely generated projective condition for the W (R)[1/p]-modules N.

Let M = (M, F) be a display over W(R), and suppose the depth of M is d
(cf. Definition 2.2.3). Then we can associate to M an isodisplay as follows. Because
d(M) = d, we have an isomorphism of W (R)-modules M, N MT, cf. Lemma 2.2.6.

Define ¢ as follows: first consider the composition

—1

6
oM™ s My T M

where Fy is the restriction of F' to M. This is an f-linear endomorphism of M7.

We claim it induces an f-linear automorphism of M7[1/p]. Indeed, we can choose a
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standard datum (L, ®), with L = @f_; L;, so M = L @wry W(R)® and F(z® s) =

o(s)®(x) for x € L, s € W(R)®. Then

and F,; becomes the composition

a—d a—d

o Didep”
n=0 n=0
The last map is an f-linear bijection by assumption, and the second map is a
bijection by definition of 7. The first becomes a bijection after we invert p, so this
proves the claim.

Now define ¢ := p?¢'[1/p]. By this procedure we obtain an isodisplay M[1/p] =
(M7[1/p], ). This construction is evidently functorial, so if we denote the category

of isodisplays over R by Isodisp(R), we obtain an exact tensor functor

Disp" (R) — Isodisp(R). (3.4.1)

This procedure generalizes the one given for assigning an isodisplay to a 1-display

in [1, Example 63].

Remark 3.4.2. If S is a frame over R, we can define an analogous category of
isodisplays over S. If every finite projective graded S-module M admits a normal

decomposition, then Lemma 2.2.6 gives an isomorphism of Sy-modules My = M7,
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where d = d(M), and we can mimic the construction above to define a functor
analogous to (3.4.1). This holds in particular when Sy is p-adic by [5, Lemma 3.1.4].
However, without the guaranteed existence of normal decompositions, it is unclear

to the author whether 6, is an isomorphism in general.
Definition 3.4.3. Let M = (M, F) and M' = (M’, F"') be displays over W (R).

(i) A quasi-isogeny v : M --» M’ is an isomorphism of isodisplays M[1/p] =

M'[1/p].
(ii) A quasi-isogeny is an isogeny if it is induced by a morphism of displays.
We say M is isogenous to M’ if there exists an isogeny M — M.

Now suppose G is a flat affine group scheme over Z,,, and that x is a cocharacter

for G defined over W (ko). Let R be a W (kg)-algebra.

Definition 3.4.4. A G-isodisplay over R is an exact tensor functor Repz, (G) —

Isodisp(R).

If 2 is a Tannakian (G, p)-display, then we obtain a G-isodisplay by composi-

tion with the natural functor (3.4.1). Denote the resulting G-isodisplay by 2[1/p].

Definition 3.4.5. Let %, and %, be Tannakian (G, u)-displays. A G-quasi-isogeny

P, --» Dy is an isomorphism of G-isodisplays Z[1/p] = Z»[1/p].

Suppose Z = Py is a banal Tannakian (G, p)-display over R, given by U €

L*G(R) as in the previous section. Then we can explicitly compute the resulting
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G-isodisplay. In this case, if (V, p) is a representation of G, we have Z[1/p|(V, p) =

(N(p), (p)), where

N(p) =V &z, W(R)[1/p).

Lemma 3.4.6. For every (V,p) in Repgz,(G), the Frobenius on 2[1/p|(V,p) is

given by

o =p(Up’(p)) o (idv ® f).

Proof. Fix (V,p) in Repgz,(G), and let Z(V,p) = (M(p), F(p)), where M(p) =
V ®z, W(R)®. Because Z is banal and defined from U € L*G(R), F is defined

from the f-linear automorphism

by = p(U) o (idy @ f)

of V®z, W(R). Suppose the weights of pou are {wy, ..., w,} with w; <w, < -+ <
w,. Then d(M(p)) = w;.

Let L; = Vvli/(ko) Qw (ko) W(R). Then we have

r

M(p) 2V @, W(R) = @ Lu,.

i=1

The f-linear automorphism ¢ of N(p) = (M(p)”)[1/p] is constructed in two steps.
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First we consider the composition
T 0’:’11 F“’l T
M(p)" —= M(p)w, —> M(p)".

In our case, if x € L,,, then

021 () = 2 @ 1Y € Ly, @wm W(R)

w1 w1 —w;?

where t € W(R){ is the indeterminate from Definition 2.1.2. Applying F,,, we

obtain

Fuy(z @t"7) = p" = p(U) (idy ® f)(x).

d(M) e have

Multiplying by p

p(z) =p“p(U)(idy @ f)(x).

for x € Vi @wio) W (R)[1/p]. Thisis evidently the same as p(U)(idv® f) p(p(p)) (),

so the result follows from the identity

(idv @ f) o p(u(p)) = p(p”(p)) o (idy ® f).
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Chapter 4: RZ spaces

4.1 Local Shimura data and the RZ functor

We recall the formalism for local Shimura data developed in [21], and we give
a purely group theoretic definition of an RZ functor, following [3]. Our definition
relies on the framework developed in the previous section, and as such, allows for a
more general development than that in [3]. In particular, we do not need to assume
G is reductive or y minuscule in order to formulate the definitions in this section.

Let k be an algebraic closure of F,, and let W (k) be the ring of Witt vectors
over k. Write K = W (k)[1/p], and let K be an algebraic closure of K. In this
section we write o for the automorphism of K coming from a lift of the absolute
Frobenius « + 2P of k. Let G be a smooth affine group scheme over Z, whose

generic fiber G, is reductive. Consider pairs ({s}, [b]) such that
e {1} is a G(K)-conjugacy class of cocharacters G,z — Gg;
e [b] is a o-conjugacy class elements b € G(K).

Let £ C K be the field of definition of the conjugacy class {x}. Denote by Op its

valuation ring and kg its residue field. We make the following assumption:
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Assumption 4.1.1. The field E C K is contained in K, and there exists a cochar-
acter i : G,, 5 — Gg in the conjugacy class {u} which is defined over E and which

extends to an integral cocharacter

M GmOE — GOE-

When the assumption is satisfied we may identify Op = W(kg) and E =

W (kg)[1/p].

Definition 4.1.2. A local integral Shimura datum is a triple (G, {u}, [b]) as above

such that

(i) {u} is minuscule and satisfies Assumption 4.1.1, and

(ii) for any integral representative p of {1} as in Assumption 4.1.1, the o-conjugacy

class [b] has a representative

be GW (k) (p)G(W(F)).

Definition 4.1.3. Let (G, {u},[b]) be a local integral Shimura datum. A framing

pair for (G,{u},[b]) is a pair (i, b) where

o /i Guwey — Gwp) is a representative of the conjugacy class {u} as in

Assumption 4.1.1,

e b is a representative of the o-conjugacy class [b] such that, for some u €
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LTG(k),

b= uu’(p). (4.1.1)

It follows from Definition 4.1.2 that a framing pair always exists for a local
integral Shimura datum (G, {u},[b]). If (u,b) is a framing pair, then the element

u € LTG(k) such that b = uu?(p) is uniquely determined.

Definition 4.1.4. Let (u,b) be a framing pair for (G, {u}, [b]), and let v € LTG(k)
be the unique element such that b = uu?(p). The framing object associated to (i, b)

is the banal Tannakian (G, u)-display 2, associated to u by Construction 3.3.8.

Definition 4.1.5. Fix a framing pair (u, b) for (G, {u}, [b]), and let %, be the associ-
ated framing object. The RZ-functor associated to the triple (G, p, b) is the functor
on Nilpy ) which assigns to a p-nilpotent W (k)-algebra R the set of isomorphism

classes of pairs (Z, ), where

e 7 is a Tannakian (G, u)-display over R,

® L Dripr ——* (ZDo)r/pr is a G-quasi-isogeny.

Two pairs (21, t1) and (Zs, 1) are isomorphic if there is an isomorphism 2, = %,

lifting ¢;* 0 4;. Denote the RZ functor associated to (G|, b) by RZg -

Associated to RZg ,,, we have a category RZg, . fibered over Nilpyy (4, such
that if R is a p-nilpotent W (k)-algebra, then RZ¢ ,,(R) is the groupoid of pairs
(2,1) over R as in Definition 4.1.5. It follows from Lemma 3.3.2 that RZ¢ ,; is an
fpqc stack in groupoids.
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4.2 Realization as a quotient stack

In this section we will reinterpret RZ¢ ., as a quotient stack. From this we
obtain an equivalence between our RZ functor and the one defined in [3], in the case
where both are defined.

First we recall the definition of the Witt loop scheme as in [3, Section 2.2].
Let R be a ring and let X be an affine scheme of finite type over W(R). Then the

functor on R-algebras

R — X(W(R)[1/p])

is representable by an ind-scheme over R by [12, Proposition 32]. If X is a W (ky)-
scheme, we can apply this to the base change of X along the Cartier homomorphism
W (ko) 2 W (W (ko)) to obtain an ind-scheme over W (k). We will denote this ind-
scheme by LX.

For such a scheme X, denote by 7 X the base change of X via the automorphism

o of Wi(ko):

X=X XSpec W(ko),o Spec W(ko)

There is a natural isomorphism 7(LX) = L(°X). If R is a W (ko)-algebra, then

the Witt vector frobenius f on W(R) induces a map on R points f : LX(R) —
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?(LX)(R) as follows: if z € LX(R), then f(x) is the composition
Spec W(R)[1/p] & Spec W(R)[1/p] & X.

This map is functorial in R and hence defines a morphism of ind-schemes f : LX —
7LX over W(ko). If X is defined over Z,, there is a natural isomorphism LX =
LX, so in this case f defines an endomorphism f : LX — LX. If G is a group
scheme over W (ky), then LG is a group ind-scheme over W (ky), and in this case f
is a group ind-scheme homomorphism.

Let (G, {u},[b]) be a local integral Shimura datum, and choose a framing pair
(i, ) for (G, {u},[b]), so b = uu’(p) for some u € LTG(k). To b and u we associate

two morphisms:

a: LG — LG, gr—>g_1-b-f(g),

m, : LTG — LG, Uw U -y’ (p).

Using these morphisms we form the fiber product L*G xy,, ., LG, defined by the

following Cartesian diagram:

L*G %, 0, LG —— LG

LG —™ ., Lq

Lemma 4.2.1. Suppose h € LG(R), and (U,g) € (L*G Xy, o, LG)(R). Then

(U,g)-h:=(r(h)™*-U-a(h),g-7(h)) (4.2.1)
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is an element of (LG Xy, ., LG)(R).

Proof. We need to show

co(gr(h)) = my(r(h) "' Uo(h)).

This reduces to showing

a(h) = p(p) f(7(h)p” (p)~"

when viewed as an element of LG(R). The proof of this fact is contained in the
proof of [5, Lemma 5.2.1]. Let us give the argument for completeness. Con-
sider W(R)[1/p][t,t™!] as a graded ring with degt = —1. Define 7/ and o’ :

W(R)[L/pl[t,t™"] = W(R)[1/p] by

T(t°¢) = ¢, and o' (t"€) = p" f(£) for & € W(R)[1/p].

Then the triple (W (R)[1/p][t,t™'],0’,7") constitutes a pre-frame in the sense of

Definition 2.1.1. The map of graded rings

v W(R)® — W(R)[1/pl[t,t™]

sending £ € W(R)? to t "7(§) determines a homomorphism of pre-frames, which

induces commutative diagrams
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L+G(R) —2—— L*G(R) L}G(R) —— L*G(R)

lw on }p lwo

GW (R)[1/pllt, 1))y —=— LG(R)  GW(R)[1/pl[t,t7]),, —— LG(R)
Here G(W (R)[1/p][t,t™]), is defined as in Section 3.1, and vy is induced by the

natural map W(R) — W(R)[1/p|]. From this we see it is enough to prove

o'(h) = p (p) f (7' (h)p’ (p) ",

for h € GOV (R)[L/p ).
Now, 7’ induces a bijection G(W (R)[1/p][t,t™!]), = LG(R). Indeed, if G =
Spec A and g € G(W(R)[1/p]) = LG(R), then g factors uniquely as 7’ o h, where h

is the graded homomorphism
h:A— W(R)[1/plt,t™"], a—t"g(a) a € A,.

On the other hand, by definition, o’ factors as f o7, where 7, : W(R)[1/p][t,t™"] —
W(R)[1/p] is determined by ¢ ~— p. In the same manner as 7" and o', 7, induces a

group homomorphism

7 GW(R)[1/p][t,t™"]) — LG(R)

p
for every R. Putting this together, it is enough to show

(7,0 (")) (9) = n(p)gu(p)~

76



for g € LG(R).
Let a € A,,. Then a can be viewed as a function G(W (R)[1/p]) — W (R)[1/p]
given by evaluating g € G(W(R)[1/p]) = Hom(A, W(R)[1/p]) at a, cf. Section 3.1.

By the definitions of 7, and (7)~", we have

a((mo (7)) =p "gla).

Since a € A,,, we see

where the dot represents the action of G,,(W(R)[1/p]) on A. But by definition of

this action, we have

Hence (750 (7)) (g) and p(p)gu(p)~" yield the same result when they are evaluated

on any a € A, so they are equal. O]

It follows from the lemma (4.2.1) determines an action of LG on L¥G Xy, ¢,

LG. Using this action we form the quotient stack
(LG Xy, LG)/L:G]

over Nilpy (). Explicitly, if Ris a W (k)-algebra, an object in [(L*G X, ¢, LG)/ L} G|
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is a pair (Q, 3) consisting of an L} G-torsor @ and a morphism 3 : Q — LTG Xy, ¢,

LG which is equivariant with respect to the action (4.2.1).

Theorem 4.2.2. Let (u,b) be a framing pair for (G,{u},[b]). Then there is an

isomorphism of stacks

RZ¢p = [(LTG X, LG)/L:G].

Cb

Proof. Let us begin by defining a morphism between the two stacks. Fix a p-
nilpotent W (k)-algebra R, and let (2,1) € RZ¢ ,,5(R). Then we can associate to

92 an L:[G—torsor as in Construction 3.3.4:

Qo = Isom® (€, r,vr 0 D).

We want to define an L;G—equivariant morphism

Qs — LG Xmyep LG

Let A € Qo (R') for some R — R'. We need to assign to A a pair (U, g) € (LTG X, ,
LG)(R'). For U we can take the element ag(A) defined in Construction 3.3.4. It
remains only to define g.

The quasi-isogeny ¢ corresponds to an isomorphism of G-isodisplays

Drpr(1/D) = (Do) R/pr(1/D],



where % is the framing object associated to (i, b). If (V) p) is a representation of
G, write M (p) and My(p) for the finite graded W (R)%-modules underlying Z(V, p)
and Z,(V, p), respectively. We also write M(p) and Mg(p) for their base changes
to W(R/pR)®. Then for all (V,p), the quasi-isogeny ¢ defines an isomorphism of

W(R/pR)[1/p]-modules

b+ (M(p))7[L/p] = (Mo(p))"[1/p].
Now Moy(p) =V @z, W(R)?, so
(Mo(p))"[1/p] =V &z, W(R/pR)[1/p].

Since p is nilpotent in R, we have an identification W(R)[1/p] = W(R/pR)[1/p] (ct.

13, pg. 29]). Then we can also identify

(Mo(p))7[1/p] 2V @z, W(R)[1/p].

On the other hand, A induces an isomorphism
oo T T
V @z, W(R)[1/p] = (M(p)ww prye) [1/p).

Write {/,} for the base change of {¢,} to W(R'/pR'). Then {, o A7}, be-
comes an element of Aut®(wy (gyji/p), which, by Tannakian duality, is isomor-

phic to G(W(R')[1/p]) = LG(R'). Hence we obtain g, (\) € LG(R') with
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P(g(2.)(A)) = 1, 0 A for every representation (V p).

Now we define

B(Q,L) : Q@ — L*G Ximp,cp LG; A= (a@()‘>7g(9,L)()‘))

In order to see this is well-defined, we need to check

& (9(2.)(N) = mpu(az(A)). (4.2.2)

For every representation (V, p), write ¢, for the Frobenius of Zg /,r/[1/p](V, p) and

(¢0), for the Frobenius of (%) g /pr[1/p](V, p). Then we have

(P0)p oLy, = 1,0 ¢, (4.2.3)

But if A € Qg (R') = Isom® (%), r, Vg © D), then Pp is banal, and it is isomorphic

to @a@R,(A) via A by Lemma 3.3.9. By Lemma 3.4.6, we have

pp = A, 0 plag, (AN’ (p) o (idy @ f) o (X)),

and
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Now 12, = p(g(2,)(N)) o (A])~", so (4.2.3) becomes

p(bf(9(2.0)(N)) = p(g(2,.)(N)ag,, (AMu’(p)).

Then (4.2.2) follows from Tannakian duality.
One checks using the definition of oy (cf. Construction 3.3.4) that §(4,) is
equivariant for the action (4.2.1), so (Q4, 5(,)) determines an element of [(LTG %, , ,

LG)/L;G](R). Therefore we have defined the desired morphism of stacks

v RZG’“’I, — [(L+G Xm,co LG)/L:G]

That W is faithful follows from Corollary 3.2.8. Let us prove it is full. Suppose
(P1,11) and (P, 15) are Tannakian (G, pu)-displays over R, equipped with G-quasi-

isogenies over R/pR, and that

0 : (Q@175(.@1,L1)> — (ngvﬁ(.@m@))

is a morphism of the associated objects in [(LTG X, ¢, LG)/L,G](R). This means,

for any A € Qq, (R'),

6(92,@)(0(/\)) = B(@l,u)(/\)- (424)

By forgetting the LG factor, we obtain a morphism of G-displays of type p, which
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we also denote by 6,

0 : (Q@l,a_@l) — (Q@2,Oé@2)-

By Theorem 3.3.5, there is an isomorphism of Tannakian (G, p)-displays ¢ : 2, —

9, inducing 6. It remains to show that  lifts the quasi-isogeny (19)~*

o, i.e. that
VYr/pr = (t2)7' o1 By descent it is enough to show ¥r//r = (12)5 © tr for some
R — R’ faithfully flat.

Let R’ be a faithfully flat extension of R such that there is some A € Qg, (R).

Denote by 6(A) the corresponding element of Q4,(R'). Because 6 is induced by 1,

we have

0(N)p = (Yr)po A, (4.2.5)

for every representation (V) p) of G. Write M;(p) and My (p) for the finite graded
W (R')®-modules underlying (2:)r (V, p) and (Z2)r(V, p), respectively, and write
M, (p) and My(p) for their base changes to W(R'/pR')®. For any (V, p), consider

the following diagram:

A;/? w

V &z, W(R')[1/p] Wrt jprr); V @z, W(R')[1/p]

(Ms(p))T[1/p]

Composition across the top of this diagram is p(g(#,,,)())), and composition across

(M1(p))"[1/p]
My

the bottom is p(g(,.,)(0()))), so the outer square of the diagram commutes by
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(4.2.4). The left-hand triangle commutes by (4.2.5), 50 Vg /pr(¥), = (12)," 01, for
every (V, p), as desired. Therefore ¢ is a morphism in RZ¢ ,,(R) and ¥ is full.
Finally let us verify the essential surjectivity of W. As usual, we can apply
20, Lemma 046N], so it is enough to show that every object (Q, ) of [(L*G X, ¢,
LG)/L;G](R) is fpqc-locally in the essential image of W. Let (Q, ) be an object
over R, and choose a faithfully flat extension R — R’ such that Q(R’) is nonempty.

Denote by a the composition
B
Q= LTG Xy, LG — LTG.

Then (Q, «) is a G-display of type p over R, so by Theorem 3.3.5, there is a Tan-
nakian (G, p)-display 2 with Tr(2) = (Q, «). Moreover, we can make 2 explicit
after fpqc localization. Choose A € Q(R'), and let U = «(A). Then the proof of
Theorem 3.3.5 implies that Zr = Y.

Now denote by g the composition
QL5 LYG Xy, LG — LG.

Let A be as above, let 2y(V,p) = (M(p), F(p)), and as before let Zy(V,p) =
(Mo(p), Fo(p)). Then for every (V,p), g(\) defines a W(R)[1/p]-module isomor-

phism
(M () [L/p] 25 V @z, W(R)[1/p] L2 v 00 W(R)[1/p] = (Mo(p))[1/p),
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which we will denote by ¢,. We claim the collection {¢,} defines an isomorphism of
G-isodisplays Zy[1/p] = (Z)[1/p]. We need only see that ¢, is compatible with the
Frobenius on each of Zy[1/p|(V, p) and (2)[1/p](V, p) for every (V, p). By Lemma

3.4.6, this is equivalent to the condition

p(bf(g(\))(idv @ f) = p(g(\)Up (p))(idy & f)

for all (V, p). By Tannakian duality, this is in turn equivalent to ¢,(g(\)) = m,(U),
which holds by the assumption that S(A) € (L*G Xy, 0, LG)(R'). Therefore
(Pu,{t,}) is an element of RZ¢ ,,(R') which satisfies Vr/(Zy,{t,}) = (Qr, Br').

We conclude V is essentially surjective. O]
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Chapter 5: Representability in some cases

5.1 The representability conjecture

Suppose (G, {u},[b]) is a local integral Shimura datum, and let (p,b) be a
framing pair. In this section, suppose additionally that G is reductive over Z,.
Then the framing object %, corresponds to a (G, u)-display Dy over k in the sense
of [3]. In loc. cit., a functor is associated to the data (G, p,b) which classifies
isomorphism classes of deformations of Dy up to G-quasi-isogeny. Let us call this

functor RZgﬁLib, and denote by RZEI’DM the corresponding fpqc stack in groupoids.
Proposition 5.1.1. If G is a reductive group scheme over Z,, then the stacks
RZEI;J) and RZg ., are isomorphic.

Proof. Combine Theorem 4.2.2 with [3, §4.2.3] and [5, Remark 6.3.4]. O

Biiltel and Pappas make the following representability conjecture, see [3, Con-

jecture 4.2.1].

Conjecture 5.1.2 (Biiltel-Pappas). Assume that G is reductive and that —1 is not
a slope of Ad%(b). Then the functor Rzgi’b is representable by a formal scheme

which is formally smooth and formally locally of finite type over W (k).
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See [3, 3.2.16] for details on the slope condition. For G = GL,,, and for b with
no slopes equal to zero, Conjecture 5.1.2 follows essentially from the equivalence
between Zink displays and formal p-divisible groups due to Zink and Lau and the
representability of the classical Rapoport-Zink functor from [13]. This is explained
in the next section. In [3], in the case where G is reductive and the data (G, u,b)
is of Hodge type (see Definition 5.5.1), Conjecture 5.1.2 is proven for the restriction
of the functor RZ¢,, to Noetherian rings in Nilpy, . Further, Biltel and Pappas
show [3, Remark 5.2.7] that the resulting formal scheme is isomorphic to the formal
schemes constructed in [22] and [23]. In particular, this shows that, when R is
Noetherian, RZ¢ ,, ,(R) agrees with the points in the classical Rapoport-Zink space
defined in [13] in the unramified EL- and PEL-type cases. In Section 5.4 we will take
this one step further and prove that RZg ,; is naturally isomorphic to the classical
Rapoport-Zink functor in the unramified EL-type case. This combined with the
known representability of the classical functor will prove Conjecture 5.1.2 in that

case.

5.2 Representability for GL,

In this section we summarize the proof of Conjecture 5.1.2 in the case G =
GL,, by comparing the moduli spaces of deformations of p-divisible groups up to
quasi-isogeny from [13] to an analogous moduli space defined using Zink displays
(equivalently, 1-displays). The results of this section are well known and alluded to

in [3], but we found it prudent to work out some details for use in Section 5.4. Let
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us begin by recalling a few definitions from [13].

Definition 5.2.1. Let X and X’ be p-divisible groups over a base scheme S.

e An isogeny of p-divisible groups ¢ : X — X' is an epimorphism of fppf sheaves
such that the kernel of f is representable by a finite locally free group scheme

over S.

o A quasi-isogeny X --+ X'1is a global section p of the Zariski sheaf Hom¢ (X, X')®
Q such that, Zariski locally, there exists an integer n such that [p"]p is an

isogeny.

We will be primarily interested in the case where S is affine. In this case we

can simplify both definitions.

Lemma 5.2.2. Suppose S = Spec R is an affine scheme, and let X and X' be

p-divisible groups over S. Then

(i) ¢ : X — X' is an isogeny if and only if there exists a morphism ¢ : X' — X

and a natural number m such that o) = [p™]x: and ¥ o = [p™]x, and

(@) p: X --» X' is a quasi-isogeny if and only if it is an invertible element of

HOIIlS(X, X/) K7 Q

Proof. For (i), the “if” direction is [24, Lemma 3.6], and the “only if” direction is
25, Corollary 3.3.4].
For (ii), observe that any affine scheme is quasi-compact, so if p is a quasi-

isogeny we can choose some n large enough that [p"]p is an isogeny globally on S,
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and hence p is an invertible element of Homg(X, X') ®7 Q. Conversely, if p is an
invertible element of Homg (X, X') ®7Q, then [p"]p is a morphism X — X' for some

n which is an isogeny by the criterion in (i). ]

The following lemma says that our notion of isogeny of 1-displays agrees with

this notion via the functor BTx.

Lemma 5.2.3. Let av: M — M’ be a morphism of nilpotent 1-displays over W (R),
and let ¢ : BTr(M) — BTgr(M') be the corresponding morphism of formal p-
divisible groups over R. Then « is an isogeny of displays if and only if ¢ is an

isogeny of p-divisible groups.

Proof. First suppose ¢ is an isogeny of p-divisible groups. By Lemma 5.2.2 there is
a natural number m and a morphism ¢ : BTr(M') — BTr(M) such that p o) =
(0" Brg(ury and ¥ o @ = [p™]|pryr)- Since BTy is fully faithful, there exists some
B M’ — M such that BTgr(f) =1, aof =p™ on M’ and foa = p™ on M. Then
a induces an isomorphism after inverting p, so it is an isogeny of displays.
Conversely, suppose « is an isogeny. By [26, Corollary 5.12] and [26, Corollary
5.14] we reduce to the case where R is reduced and M7™ and (M’)" are free modules
over W (R). In that case W (R) is p-torsion free, so M™ — MT7[1/p] is injective. After
inverting p, thereis a 5 : (M'")[1/p] — M™[1/p] which is an inverse to ov. Then p™j3
defines a homomorphism of displays M’ — M for some m. If we let 1) = BTg(p™p),
then 1 and and m satisfy ¢ o9 = [p™]|pr, ) and ¥ o ¢ = [P™| 1), SO @ is an

isogeny. [
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If M and M’ are 1-displays, by Lemma 2.4.2 and [1, Proposition 66] we have

Hompy,w gy (M, M') @7 Q = Homisoaisp(r) (M[1/p], M'[1/p]),

50 a quasi-isogeny of 1-displays is an invertible element of Homyy w ) (M, M') ®2Q.

If M, M’ are nilpotent, then by 2.4.5,

Homp,w () (M, M) = Hom(BTR(M), BTr(M)),

and in particular quasi-isogenies M --+ M’ correspond bijectively to quasi-isogenies
BTw(M) > BTp(M).

Now we observe that in the above discussion it is enough to take either M
or M’ nilpotent, that is, the nilpotence condition for 1-displays behaves well with

respect to isogenies.

Lemma 5.2.4. Suppose p is nilpotent in R. Let M = (M, F) and M' = (M', F")
be 1-displays over W(R), and suppose M and M' are quasi-isogenous. Then M is

nilpotent if and only if M’ is nilpotent.

Proof. By [1, Lemma 21] it is enough to check the nilpotence condition after base
change along an extension o : R — R’ such that any element in ker « is nilpotent.
Then we can reduce to the case where R is a reduced ring and pR = 0. In that case
R embeds into a product of fields, so applying [1, Lemma 21] again we can reduce
to the case where R is a product of algebraically closed fields of characteristic p.

This in turn reduces to the case where R is a single algebraically closed field & of
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characteristic p. But 1-displays over k£ are equivalent to Dieudonné modules over
k, and the nilpotence condition for M’ corresponds to topological nilpotence of the
Verschiebung operator on the Dieudonné module associated to M’ (cf. Remark
2.4.4), which in turn is controlled by the slopes of the associated isocrystal. But
since M and M’ are quasi-isogenous, their associated isocrystals are isomorphic.

Hence M’ is nilpotent if and only if M is. O

Suppose k is an algebraically closed field of characteristic p, and fix a p-divisible

group X, over k.

Definition 5.2.5. Define RZ(Xj) to be the set-valued functor on the category of
W (k)-schemes in which p is locally nilpotent which associates to any such S the set

of isomorphism classes of pairs (X, p), where
e X is a p-divisible group over S, and
e p: X X585 --+ Xg Xspec k S 18 a quasi-isogeny.

Here S is the closed subscheme of S defined by pOg, and we say two pairs (X1, p1),

(Xa, p2) are isomorphic if py Lo p1 lifts to an isomorphism X; — Xo.

By [13, Theorem 2.16], the functor RZ(Xj) is representable by a formal scheme
which is formally smooth and locally formally of finite type over Spf W (k). We can

define an exactly analogous functor using displays.

Definition 5.2.6. Define RZ(M;) to be the set-valued functor on Nilpyy ) which
associates to a ring R in Nilpy ) the set of isomorphism classes of pairs (M, ),
where
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e M is a 1-display over W (R), and

® v: My (r/pr —— %E(R/pR) is a quasi-isogeny.

We say two pairs (M, 1) and (Ma,ys) are isomorphic if 75 07, lifts to an isomor-

phism M; — M.

Proposition 5.2.7. Let M, be a nilpotent 1-display, and let Xo = BTy (My). Then
the functor RZ(My) and the restriction of RZ(Xo) to Nilpw ) are naturally isomor-

phic. In particular, RZ(My) is representable by a formal scheme which is formally

smooth and locally formally of finite over Spf W (k).

Proof. After one checks that the nilpotence condition for displays is preserved by
isogenies, and that the functor BT of Theorem 2.4.5 sends isogenies of nilpotent
displays to isogenies of p-divisible groups, the theorem is an immediate corollary of

Theorem 2.4.5. O

Let G = GL,, let 1 <d < n, and let 4, be the cocharacter

Hdn - G,, —» GL,, a — diag(l(d)7 a(n—d))'

Let [b] be a o-conjugacy class of elements in GL,,(K'), and choose a representative b as
in Section 4.1. This determines a (GLy,, /14, )-display Z,. By Remark 3.1.2, the stack
of (GLy, ftan)-displays is isomorphic to the stack of displays of type (0@, 1(=9)).
Such a display has depth 0 and altitude 1, and is therefore a 1-display. Then the
functor RZqr, u,,» is naturally isomorphic to the functor RZ(My), where My is
the 1-display associated to %,. If the slopes of b are all different from 0, then the
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resulting 1-display is nilpotent, so the functor is representable and isomorphic to

RZ(BTy(My)) by Proposition 5.2.7. This proves the following corollary.

Corollary 5.2.8. If the slopes of b are all different from 0, the functor RZgr,, 4,5 S
naturally isomorphic to RZ(BT(My)). In particular, it is representable by a formal

scheme which is formally smooth and formally locally of finite type over Spf W (k).

5.3 The determinant condition

In the next two sections our goal is to give a generalization of Corollary 5.2.8
when the local Shimura datum (G, {u},[b]) is of EL-type. We begin by recalling
the definition of RZ data in the EL case, cf. [13, 1.38], [21, 4.1]. As in 4.1, let k be
an algebraic closure of I, and let W (k) be the ring of Witt vectors over k. Write

K =W (k)[1/p], and let K be an algebraic closure of K.

Definition 5.3.1. An unramified integral EL-datum is a tuple

D = (B,05,A)

such that

e B is a semisimple Q,-algebra whose simple factors are matrix algebras over

unramified extensions of Q,;
e Op is a maximal order in B;
e A is a finite free Z,-module with an Op-action.
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To an unramified integral EL-datum D = (B, Op, A) we associate a reductive

algebraic group G' = Gp over Z, whose points in a Z,-algebra R are given by

G(R) = GLo, (A ®z, R).

Definition 5.3.2. An unramified integral RZ-datum of EL-type is a tuple

(D, {}, [b])

such that D is an EL-datum with associated group G and ({u},[b]) is a pair as
in §4.1 such that {u} satisfies Assumption 4.1.1 and (G, {u}, [b]) is a local integral

Shimura datum. We require the following condition:

e For any u in {u}, the only weights occurring in the weight decomposition for

A ®z, W(k) are 0 and 1, i.e.

A®gz, W(k) =A@ A"

For the remainder of this section let us fix an unramified integral RZ-datum of
EL-type (D, {u},[b]). Before we can formulate the corresponding moduli problem
of p-divisible groups, we must first recall the determinant condition following [13,

3.23]. Let V be the scheme over Z, whose points in a Z,-algebra R are given by

V(R) = Op ®z, R.
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For any W (k)-algebra R define
0p : V(R) = Ajygy(R), a s det (a | A° @wqy R) .

This determines a morphism of W (k)-schemes Vyy )y — A%V(k). Now, let R be a
W (k)-algebra and L be a finite projective R-module endowed with an Og-action.

Then we can define similarly, for any R-algebra R/,
6 : Vr(R) — AR(R), a—det(a| L®r R)),

which determines a morphism of R-schemes Vi — A},

Definition 5.3.3. We say that L satisfies the determinant condition with respect to

D if the morphisms of R-schemes dp & idgpec(r) and 0, are equal.

Let X be a p-divisible group over a p-nilpotent W (k)-algebra R which is
equipped with an action of Op, i.e. a homomorphism Op — End(X). Then the
Lie algebra Lie(X) is endowed with the structure of an Op ®z, R-module, so one
can ask whether Lie(X) satisfies the determinant condition with respect to D.

Let R be a p-nilpotent W (k)-algebra, and suppose X is a formal p-divisible
group with an action by Op. Let M = (M, F) be the nilpotent 1-display with
Op-action corresponding to X, so X = BTg(M). We would like to reinterpret the

determinant condition as a condition on the projective graded W (R)®-module M.
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Suppose the height of X is equal to tkz A, so by Theorem 2.4.5,

I'kw(R) MT™ = I'kZPA.

By the recollections from Section 2.4, we have an identification

M™ ®W(R) R= ]D(X)R

which identifies the Hodge filtrations, i.e.

(M™ ®@wry R D E1 D0) = (D(X)g D Lie(X")* D 0)

is an isomorphism of filtered Op ®z, R-modules. Here £ is the image of M; under

the composition

My, B MT = MT ®pm) R.

In particular, we have an identification

Lle(X) = MT/Ql(Ml)

Viewing Op as a graded Zj-algebra concentrated in degree zero, we can view Op®z,
W(R)® as a graded ring. Then A ®z, W(R)® inherits the structure of a graded

Op Xz, w (R)@—module.
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Lemma 5.3.4. The following are equivalent:

(7) For some faithfully flat extension R — R’ there is an isomorphism of graded

Op ®z, W(R')®-modules

Mw(R/)GB :> A ®Zp W(R/)®

(i7) For some faithfully flat extension R — R’ there is an isomorphism of filtered

Op ®z, R'-modules

(MT ®W(R) R > Ey ®p R > O) = (A ®Zp R > Al ®W(k) R > 0) (531)

(7i) Lie(X) satisfies the determinant condition with respect to D.

Proof. We start by proving (i) and (ii) are equivalent. Suppose (i) holds, so for some
faithfully flat R — R’ there is a ¢ : My(gye — A @z, W(R')® which is compatible
with the Op-action and the grading. Then in particular, M, the first graded piece

of My (rye, is carried by ¢ into the first graded piece of A ®z, W (R')®. That is,

@(M{) = (AO ®W(k) [R/) S (Al ®W(k) W(R/)).

By reducing modulo Iz (M (rye)” we see that (ii) holds.

Now let us prove (ii) implies (i). Let

Q: M™ ®W(R) R = A®Zp R
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be an isomorphism preserving the filtration. First we lift ¢ to an Op ®z, W(R)-

module isomorphism

p: (MW(R/)®)T =5 A &z, W(R/).

By restricting to simple factors and applying Morita equivalence we may assume
Op = Oy, is the ring of integers in an unramified extension L of degree n over Q,.

In that case we have an isomorphism

Op @, W)= [ Wk,

JEZ/NZ

which gives decompositions

(Mwrye)" = @ M'(j), and Az, W(R)= @ N(j),

JEZ/NT JEL/NT

where M'(j) = {m € (Mwr)=)" | a-m = o?(a)m, a € O}, and similarly for A'(j).

Since ¢ is an isomorphism of O, ®z, R'-modules, it induces isomorphisms

M'(j) Qw(rye R = N(j) Qww R

for every j. Each M’(j) is projective as a W (R')-module, so these isomorphisms can

be lifted to W (R’)-module homomorphisms

M'(§) = N(),
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which are surjective by Nakayama’s lemma. Summing these together we obtain a

map

(MW(R/)®)T — A Qz, W(R/),

which is an O, ®z, W (R')-module homomorphism since it preserves the decomposi-
tions above. At the same time, it is a surjective homomorphism between projective
W (R')-modules of the same rank, so it must be an isomorphism.

If M’ is a finite projective graded W (R')®-module of non-negative depth and
altitude one, then the assignment M’ — ((M')7,0](M;)) determines a functor F' to
the category Pairs(R) of pairs (P, @), where P is a finite projective W (R)-module
and () C P is a submodule. By the proof of Lemma 2.4.2 this functor is fully
faithful. In the case at hand, because ¢ preserves the filtration (5.3.1), it follows
that ¢ sends 07 (M7) into (A° Qw Ir) & (A @wry W(R')), so ¢ determines an

isomorphism

(M (re)", 01(M]) = (A @z, W(R'), (A" @wy Ir) & (A @wawy W(R)))

in Pairs(R). Since the left-hand side is F'(My (rye) and the right-hand side is
F(A ®z, W(R')®), full faithfulness of F' implies the existence of an isomorphism of

graded W (R')®-modules

P MW(R/)ea S A ®z, W(R,)EB
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lifting . Since the Op-action on (My (gye)” is induced by the given action on
My (riye, we can once again apply full faithfulness of F' to see ¢ is compatible with
the respective Op-actions.

Now let us prove the equivalence of (ii) and (iii). Suppose (ii) holds. The
determinant condition can be checked fpqc-locally because morphisms of schemes
can be glued locally for the fpqc topology. But by (ii) and the above identifications

there is an isomorphism of O ®7, R'-modules

Lie(XR/) :> AO ®W(k) R/,

where R — R’ is a faithfully flat extension. This implies the determinant condition
holds over R’, and therefore over R as well.

Conversely, suppose (iii) holds, i.e. Lie(X) satisfies the determinant condition
with respect to D. Again by restricting to simple factors and applying Morita equiv-
alence we can assume Og = Oy is the ring of integers in an unramified extension L

of degree n over Q,. As in the proof of (ii) implies (i), we have decompositions

AN = P A°j), and Lie(X)= € L(j).

JEZ/nZ JEZ/nZ

In this case the determinant condition is equivalent to

rky (i A%(j) = rkrL(j)

for every j, cf. [13, 3.23(b)]. Hence L(j) and A°(j) ®w) R are projective R-
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modules of the same rank, so after some localization we can find an isomorphism

oo L(j) = A°(j) @w k) R for every j. Similarly we can decompose

A= P A'(j) and Lie(X¥)*= P L'(j),

JEL/NL JEZ/nL

and, perhaps after another localization, we can find isomorphisms f; :

A(j) ®w ey R for every j. Now, write

DX)r= @ D(@) and A= @ A().
JEZ/NZL JEZ/nTZ
Since L(j) and A°(j) are projective, the short exact sequences
0—L'(j) = D(j) = L(j) = 0

and

0— Al(j) Qw (k) R — A(]) Qw (k) R — Ao(j) Ow (k) R—0

L'(j) =

split over R. Hence we can piece together the isomorphisms «; and 3; to obtain

¢; : D(j) = A(j) @w) R, preserving the filtration by direct summands. Combining

these for all 7 gives an isomorphism

@ D(X)R :>A®Zp R.
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By construction, ¢ is an isomorphism of Oy ®z, R-modules which identifies the
Hodge filtrations of the two sides. By the remarks before the statement of the

lemma we have a natural identification

(M™ Qwr) R D E1 D0) = (D(X)g D Lie(X")* D 0).

Combining this with ¢ gives the desired isomorphism. O]

5.4 Representability in the EL-type case

In this section we prove that RZ¢ . is representable by a formal scheme when
(i, b) is a framing pair for a local integral Shimura datum (G, {u}, [b]) associated to
an unramified integral RZ-datum of EL-type. Throughout this section we continue
to assume k is an algebraic closure of I, that D = (B,Op,A) is an unramified
integral EL-datum, and that (D, {u},[b]) is an unramified integral RZ-datum of
EL-type. Let X, be a p-divisible group over k equipped with an action by Opg. Let
us begin by recalling the definition of the unramified EL-type Rapoport-Zink space

associated to Xy and D.

Definition 5.4.1. Define RZp(Xy) to be the set-valued functor on the category of
W (k)-schemes in which p is locally nilpotent which associates to any such S the set

of isomorphism classes of pairs (X, p), where

e X is a p-divisible group over S equipped with an action of Opg, such that

Lie(X) satisfies the determinant condition with respect to D, and
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e p: X x5S - X, XSpec(k)g is a quasi-isogeny which commutes with the action

of OB.

Here again S denotes the closed subscheme of S defined by pQg, and two pairs
(X1, p1) and (X3, pg) are isomorphic if py* o p; lifts to an isomorphism X; — X,

respecting the Og-actions.

By [13, Theorem 3.25], the inclusion RZp(Xy) < RZ(Xy) is a closed immer-
sion, so the functor RZp(Xy) is representable by a formal scheme which is formally
smooth and formally locally of finite type over Spf W (k). If M, is a 1-display over
k equipped with an Opg-action, we obtain an analogous subfunctor of RZ(M,) by

replacing all p-divisible groups that arise in Definition 5.4.1 with displays.

Definition 5.4.2. Let RZp (M) be the set-valued functor on Nilpy () which as-
sociates to a ring R in Nilpy ) the set of isomorphism classes of pairs (M, ),

where

e M = (M, F)isa l-display over W (R) equipped with an action by Op such that
the underlying graded O ®z, W (R)®-module M is fpqc-locally isomorphic to

A ®z, W(R)®, and

® v : Myrppr -~ %E(R IoR) is a quasi-isogeny of displays which commutes

with the Og-actions.

As in Definition 5.2.6, two pairs (M, v;) and (My,2) are isomorphic if 45 ' o, lifts

to an isomorphism M; — Ms.
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Lemma 5.4.3. Let M, be a nilpotent 1-display endowed with an Og-action, and

let Xg = BTy.(My). Then there is a natural isomorphism

RZp(Mo) = RZp(X)

of functors on Nilpy, .

Proof. The natural isomorphism RZ(My) = RZ(X,) from Proposition 5.2.7 restricts

to a natural isomorphism RZp (M) = RZp(Xy) by Lemma 5.3.4. O

Now, suppose G is the group associated to (D, {u}, [b]), and denote by 7 the

natural closed embedding

n:G = GL(A).

Let (i, b) be a framing pair for (G, {u}, [b]), and denote by %, the associated framing
object, cf. Definition 4.1.4. Evaluating %, on (A, n), we obtain a display over W (k),
which we will denote by M. The condition in Definition 5.3.2 implies €, (A, n) is
of type (04, 1= where d = rky i A° and n = rkz A. Hence My is also of type
(0@ 1(=d)) "and therefore M, is a 1-display.

Now, notice that RZp(My) is the functor of isomorphism classes associated to
a category fibered in groupoids RZp(My). By Lemma 2.3.9 (or [1, Theorem 37]),

RZp(M,) is an fpqce stack. Evaluation on the embedding n : G < GL(A) induces
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a natural morphism of stacks

RZc,., — RZp(My).

Let us explain. If R is a p-nilpotent W(k)-algebra and (Z,:) is an object of
RZ¢ ,,(R), then by evaluating & on (A, n) we obtain a display M = (M, F') over
W(R). Since there is an isomorphism \ : vpPr = 6, r after some faithfully
flat R — R', we have an isomorphism of graded W (R')®-modules A, : My (pne =
A ®z, W(R')®. By Lemma 2.2.8, then, M is a 1-display. Because the endomor-
phism on A induced by any a € Op is G-equivariant, by functoriality we obtain an
action of Og on M. Furthermore, by functoriality of A, for each a € Op, we have
Cu,re(@) oAy = Ao (vr 0 Dprr)(a), ie. the isomorphism My (gye = A®z, W(R')? is

compatible with the Og-action. Now the G-quasi-isogeny ¢ induces a quasi-isogeny

by evaluation on (A,7). Again, because the action by Op is G-equivariant, we
see that v is compatible with the Opg-actions. Hence (M,v) is an element of
RZp(My)(R). This construction is compatible with base change, so we have defined

a morphism of stacks

RZG’“’b — RZD(%> (541)

We will show that (5.4.1) is an isomorphism, but first we prove a useful lemma.
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If (M,~) is any object in RZp(My)(R), define

Qur = Isom’ (A ®z, W(R)®, M) (5.4.2)

as the functor on R-algebras taking R’ to the group of graded Op ®z, W(R')%-
isomorphisms between My (rye and A @z, W(R')®. Then Qy is an L;G-torsor
over R because M is locally isomorphic to A ®z, W(R)®, and the group of graded
Op ®z, W(R')® automorphisms of A ®z, W(R')® is isomorphic to LFG(R'). By

mimicking Construction 3.3.4, we obtain a morphism

such that the pair (@, ar) determines a G-display of type p over R.

Lemma 5.4.4. Let R be a p-nilpotent W (k)-algebra, let (Z,1) € RZg ,4(R), and
let (M,~) be the image of (Z,1) under (5.4.1). If (Qg,ag) is the G-display of type
i associated to P by Construction 3.3.4, then evaluation on (A, n) induces a natural

isomorphism of G-displays of type p

(Qz,az) = (Qum, ar).

Proof. By definition, Q4 = Isom®(6,, r,vr o &), so evaluation on (A,7n) defines
an isomorphism of L:[G—torsors 0 : Qg — Qu. We need to show that § is an

isomorphism of G-displays of type p, i.e. that ap od = agy. Let A € Qu(R)
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for some R-algebra R’. Then n((ap o 6)(N\)) = n(ar(X,)) € LTGL(A)(R') is the
composition (/\;)*1 oFfo Ay On the other hand, by definition of ag, this is exactly

ag(A),. But

ag(My = nlaz(X)),

so we have 1(ag (X)) = n(ar(),)). Hence ag(X) = ap(d(N)). O
The following is the main theorem of this section.
Theorem 5.4.5. The morphism (5.4.1) is an isomorphism of fpqc stacks.

Proof. To see that it is faithful, let R be a p-nilpotent W (k)-algebra, and suppose
and v, are two morphisms (Z,t) = (%, t2) in RZ¢ ,, which agree after applying
(5.4.1). By descent, it is enough to check that ¢ and 1y are equal fpqc-locally.
But after some faithfully flat R — R’, ¢, and 1, correspond to elements hi, hy €
Awt®(C.r) = LTG(R'), and to say that ¢, and 1), agree after applying (5.4.1)
means 7)(hy) = n(hg). But 7 is a faithful representation, so this implies hy = ha,
hence ¥ = 1)».

To show the morphism is full, suppose (%1, t1), (%2, t2) are objects in RZ¢ , ,(R)
corresponding to objects (M, 71), (Ma, v2) in RZp (M) (R), and suppose ¢ : (My,v1) —
(Ms,72) is a morphism in RZp(My)(R). By Lemma 5.4.4, we have isomorphisms

of G-displays of type u

51 : (Q.@lva@l) :> (QM17aF1) a‘nd 62 : (Q.@Q?a.@) 1> (QM27QF2>7
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where the Qs and ap, are defined as in (5.4.2) and (5.4.3), respectively. The map
of underlying W (R)%-modules ¢ : M; — M, induces a morphism ¢ : Qur, — Qu,-

As in the proof of Lemma 5.4.4, one checks that ap, 01 = ap,, so the composition

(Qa1:02) 2 (Qunyar)  (@uar) P (Qa, 00)

is a morphism of G-displays of type u, which we call (. By Theorem 3.3.5, ( is
induced by a unique morphism of Tannakian (G, u)-displays & : Z; — Z,. We claim
¢ induces ¢ via (5.4.1), i.e. that &, = ¢. Once we know this, it will follow that &
lifts (22)~" o ¢1. Indeed, if £ induces ¢, then &, lifts (12);" o (t1),, and then we can
argue as in the proof of faithfulness.

By descent it is enough to check &, and ¢ agree fpqc-locally. Suppose R — R’
is a faithfully flat extension, and let A € Isom® (%), g/, vr 0 (%1)r/). Then because &
induces ¢, we have ((\) = £z o A. On the other hand, by definition of {, (()) is the

unique morphism %, rr = v 0 (%) g such that ((\), = ¥(6(\)) = ¢r o \,. Hence

Yr 0 Ay = C(A)y = (§rr)y 0 Ay

But A, is an isomorphism, so pr = ({rr)y, i-e. ¢ = &,. This shows (5.4.1) is full.
Last we prove (5.4.1) is essentially surjective. As usual, by [20, Lemma 046N],

it is enough to show any (M, ) over R is in the essential image of (5.4.1) fpqc-locally.

But after some faithfully flat R — R’ we have an isomorphism A : A ®z, W(R')® =

My (rye. Then the composition (A) 1o FE, o \? is obtained by applying n to some
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U € L*G(R'). Similarly, we obtain ¢ € LG(R') such that n(g) is given by the

composition

A @z, W(R)[1/p] 2 (Mg pre )7 [1/0] 2 (Mo)w (rprne)T[L/p] = A @z, W(R)[1/p],

after identifying

A @z, W(R)[1/p] = A @z, W(R'/pR')[1/p]

as in the proof of Theorem 4.2.2. Let 2y be the banal Tannakian (G, p)-display
obtained from U. Then g induces a G-quasi-isogeny ¢y : (Zv)r/pr =+ (20)R/pR
and (9y, 1y) is an object in RZ¢ ,,,(R’) whose image under (5.4.1) is isomorphic to

(M, 7).

]

Suppose now that all slopes of 7(b) are nonzero. Then the 1-display M, ob-
tained by evaluating %, on (A,n) is nilpotent. Hence X, = BTy (M) is a formal
p-divisible group, and both M, and X inherit Op-actions from the action of Op on

A. Combining Lemma 5.4.3 and Theorem 5.4.5, we obtain the following corollary.

Corollary 5.4.6. Suppose all slopes of n(b) are different from 0. Then there is a

natural isomorphism of functors

RZ¢ 0 = RZp(Xo).
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In particular, RZ¢q . is representable by a formal scheme which is formally smooth

and formally locally of finite type over Spf W (k).

This proves Conjecture 5.1.2 in the unramified EL-type case.

5.5 Remarks on the Hodge-type case

In this section we specialize the study of our RZ functor to the Hodge-type
case. In this case, our Tannakian approach further allows us to prove that the
RZ¢ . is a stack in setoids, i.e. that objects in RZ¢ ,,(R) have no nontrivial
automorphisms for any R. This is known when G is reductive and R is Noetherian

by [3, Proposition 3.6.1].

Definition 5.5.1. A local Shimura datum (G, {u},[b]) is of Hodge-type if there
exists a faithful representation A of G’ on a finite free Z,-module such that the
corresponding closed embedding of group schemes 7 : G — GL(A) satisfies the

following property: after a choice of basis Ap, — O%, the composite

nop:Gpo, = GL, o,

is the cocharacter a — diag(1"),a™=")) for some 1 < r < n.

Definition 5.5.2. A local Hodge embedding datum for a local Shimura datum

(G,{u}, [b]) of Hodge-type consists of

e a group scheme embedding 1 : G — GL(A) as above,

e a framing pair (u,b) for (G, {u}, [b]).
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Let (A,n,b) be a local Hodge embedding datum for a local Shimura datum
(G,{p}, [b]) of Hodge-type. Let R be a p-nilpotent W (k)-algebra and (2, () be an
object in RZ¢ ,5(R). By evaluating & on (A,n), we obtain a display M(n) over
W (R). Because vg o Z is fpqc-locally of type p, it follows from Lemma 2.2.8 that
M(n) is of type (00, 1)) In particular, it is a 1-display over W (R).

Let 2 be the framing object associated to (i, b), and denote by M, the eval-

uation of %, on (A,n). Then ¢ induces a quasi-isogeny of 1-displays

Hence the pair (M(n),t,) determines an object in RZ(My)(R), where RZ(M,) is
the fpqc-stack whose functor of isomorphism classes is RZ(M). This construction

defines a morphism of stacks

RZc,., — RZ(M,).

If n(b) has no slopes equal to zero, then M, is a nilpotent 1-display over W (k), so by
Proposition 5.2.7, RZ(M,) is represented by the classical RZ-space RZ(X), where

Xo = BTL(My).

Proposition 5.5.3. Assume that (G,{u}, [b]) is a Hodge-type local Shimura datum
with a local Hodge embedding datum such that n(b) has no slopes equal to 0. Then

RZc . is a stack in setoids.

Proof. Let R be in Nilpy () and let (Z,¢) be an object in RZ¢ ,,,(R). Suppose 1)
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is an automorphism of the pair (Z,¢). Then 1 is a natural transformation of tensor
functors 2 — 2 which lifts the identity Zr/,r — Zr/pr- Evaluating 2 on (A,n),
we obtain an automorphism ,, of (A/(n),,) in RZ(M). But by Proposition 5.2.7,
RZ(M,) is representable, hence its objects have no nontrivial automorphisms. Then
Yy = idp(y). This implies that ¢ = id, since any endomorphism of an exact tensor
functor from Repgz,(G) to an exact rigid tensor category which is the identity on a

faithful representation is itself the identity. O]
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Appendix A: Tannakian G-displays over other frames

A.1 Other examples of frames

In addition to the Witt frame, there are a variety of frames of interest in the
study of Dieudonné theory, see [5, §2.1] for a number of examples. If (S,0,7) is a
frame which has the property that S, is a p-adically complete abelian group for every
n and R = Sy/75; is a p-nilpotent Z,-algebra, then Lau formulates a framework
for G-displays over (S,0,7), see [5, §5.3]. Such frames, called p-adic frames, can
naturally be arranged into étale sheaves of frames on Spec R, and it is trivial to
generalize Lau’s theory to arbitrary étale sheaves of frames. In this appendix, we
review the framework of Lau, and develop a Tannakian framework for this situation
analogous to the framework developed in Section 3.3. Most of the proofs from
Section 3.3 carry over into this situation, but we remark where modifications need
to be made.

Let us begin by reviewing a two additional examples of frames.

Example A.1.1 (The truncated Witt frame). Fix an F,-algebra R and a non-
negative integer m. The truncated Witt frame W, (R) is defined as follows. Let

So = Wi(R) be the truncated Witt ring of length m. Denote by I,,+1(R) the kernel
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of

Wy - Wm+1(R) — R.

Then define an Z-graded ring S by taking Sy = Wp(R), S, = W, (R) -t for
n < —1, and S, = I,,11(R) for every n > 1. We endow S with the structure of
a frame by defining o and 7 as the unique morphisms such that W(R) — W,,(R)

defines a morphism of frames.
Definition A.1.2. A ring R is admissible if the following hold

(i) R is a local ring and there exists some n such that ™ = 0 for all x € m, where

m is the maximal ideal of R.
(ii) The residue field k of R is perfect of characteristic p.
(iii) Either p > 3 or pR = 0.

Example A.1.3 (The Zink frame). Let R be an admissible ring, and let W(m) =
ker(W(R) — W(k)). By [24, Lemma 1.4] (see also [27, Chapitre IV, Proposition
4.3]), the homomorphism W (k) — & lifts to a homomorphism W (k) — R. By ap-
plying the functor W and composing with the Cartier homomorphism A, : W (k) —

W (W (k)), we obtain a section s : W (k) — W(R) of the short exact sequence

0— W(m) — W(R) — W(k) — 0.

Denote by W (m) the subset of W (m) which consists of sequences (zg, 1, . .. ) having
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only finitely many nonzero elements. Then the direct sum

is an f and v-stable subring of W(R) (see [6, §2]), called the Zink ring of R. The
ring W(R) determines a subframe W(R) of W(R) as follows. Define a graded ring
S by So = W(R), S, =I(R) =W(R)NI(R) forn > 1 and S,, = W(R) - t~" for all
n < —1. The maps ¢ and 7 are determined by restriction. By [24, §1F], W(R) is

p-adically complete, so p € Rad(W(R)), and W(R) determines a frame over R.

Denote by AEty the category of étale R-algebras equipped with the étale
topology. Each of the above frames determines a functor from AEty to the category

of frames.

Lemma A.1.4. (i) If R is an F,-algebra, the assignment R' — W, (R') defines

a sheaf of frames on AEtg.

(i) If R is an admissible ring, then the assignment R’ — W(R') defines a sheaf

of frames on AEty.
We will denote by W, , and W the étale sheaves of frames defined in the lemma.

Proof. Each of these frames are p-adic frames in the sense of [5]. Let S be W, ,(R)
or W(R). Then by [5, Lemma 4.2.3], the assignment R’ — S(R’) determines a
sheaf on AEtg, where S(R') denotes the base change of S to R’ in the sense of [5,

Lemma 4.2.3]. Then it remains only to show S(R') = W,,(R') when S = W,,(R)
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and S(R') = W(R') when S = W(R). The first follows from [5, Example 4.2.6], and

the second from [5, Lemma 4.2.5]. O

A.2 Tannakian G-displays over étale sheaves of frames

Recall [5, §5] a frame S is a frame over W (ko) if S is a graded W (ky)-algebra
and o : S — Sy extends the Frobenius of W(kg). If R is a W (kg)-algebra, then
the frames W(R), W, (R), and W(R) are W (ko)-frames. See [5, Example 5.0.2] for
details.

If X = Spec R’ is an affine W (kg)-scheme, then an action of G, on X is equiv-
alent to a Z-grading on R’ (see §3.1). If G,, acts on X, and S is a Z-graded W (ky)-
algebra, then let X (5)Y C X(S) be the set of G,,-equivariant sections Spec S — X
over W (ko). In other words, X(S)? is the set of homomorphisms of graded W (k)-
algebras R’ — S.

Suppose S is an étale sheaf of frames on Spec R. If R — R’ is étale, write

S(R) = (S(R),0(R), 7(R)).

To X and S we associate two functors on étale R-algebras:

X(9)?: R X(S(R))?, and X(S,) : R+ X(S(R')o).

Lemma A.2.1. Let S be an étale sheaf of frames on Spec R, and let X = Spec A

be an affine scheme of finite type over W (ko) with a G,,-action. Then the functors
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X(S)? and X (S,) are étale sheaves on Spec R.

Proof. The proof is formally the same as that of [5, Lemma 5.3.1]. Let us repeat it
here and fill in some details. First we note that if X and Y are affine schemes of

finite type over W (ko), then
(X xY)(9)° = X(8)° x Y(3)",
and
Eq(X = V)(8)" = Bq (X(S)" = V(S)°).

It follows that X (S)° commutes with finite products and equalizers. The analogous
statements for X (S,) hold as well.

Now we claim that if X = Spec A is any affine scheme of finite type over
W (ko) which is equipped with a G,,-action, then X can be realized as the equal-
izer of two G,,-equivariant morphisms ATVLV(,%) = A%(ko)' Indeed, by [28, Lemma
2.21], there exists a G,,-equivariant closed immersion X — ATVLV(kO), where A’VLV(,CO) =
Spec W(ko)[X1,...,X,] with X; homogeneous of degree s;. This corresponds to a

homomorphism of graded W (kg)-algebras
W(k‘o)[Xl, R 7Xn] — A.

The kernel of this homomorphism is graded, and therefore it is generated by finitely
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many homogeneous elements (f1,..., fn), say with deg(f;) = r;. Let Y1,...,Y,, be

indeterminates with deg(Y;) = r;, and define graded W (ky)-algebra homomorphisms

QD,@Z) : W(k‘o)Dfl, . ,Ym} — W(k’o)[Xl, .. ,Xn]

by ¢(Y;) = fi and ¥(Y;) = 0. Evidently A is the coequalizer of ¢ and 1, which
proves the claim.

Now, using the claim and the commutativity of these functors with finite
products and equalizers, we reduce to the case where X = Ay, = Spec W (ko)[u]

with u homogeneous of degree r. But if R — R’ is étale,

Ay (1) (9)"(R') = S(R)r, and Ay, (So)(R) = S(R)o.

The result follows because S is an étale sheaf of frames. O]

Let G = Spec Og be a flat affine group scheme of finite type over Z,, and let
b Grwkg) = Gwkg) be a cocharacter of G defined over W(ky). As in §3.1, we

can define the display group associated to G and p with values in a Z-graded ring

S by

G(S)u = G(S)",

ie. G(S5), is the subset of Gy (k,)(S) = Homp () (Og,S) consisting of W (ko)-

algebra homomorphisms which preserve the respective gradings. Similarly, if S is
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an étale sheaf of frames on Spec R, then define

G(8)u = G(S)",

so G(S), is an étale sheaf of groups on Spec R. If (S, 0,7) is a W (kg)-frame, then
the Z,-algebra homomorphisms again induce o, 7 : G(S5), — G(Sp), which we can

use to define an action of G(S5), on G(5)):

G(So) x G(S), — G(S), (z,9) — T(g) " wo(g). (A2.1)

If S is an étale sheaf of W (kg)-frames on Spec R, this action sheafifies to provide an

action of G(S), on G(S).

Definition A.2.2. Let R be a p-nilpotent W (kg)-algebra, and suppose S is an étale
sheaf of W (ko)-frames on Spec R. The stack of Tannakian G-displays of type p over

S is the étale quotient stack

G—Dispiu = [G(80)/G(S),]

over AEtg, where G(9),, acts on G(S,) via the action (A.2.1).

Explicitly, for an étale R-algebra R', G-Dispg ,(R') is the groupoid of pairs
(Q, ), where @ is an étale locally trivial G(S),-torsor over Spec R and o : Q) —

G(S,) is a G(S),-equivariant morphism for the action (A.2.1).
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A.3 Descent

Let us begin by checking some étale-local properties of finite projective graded
modules over étale sheaves of frames. Suppose S is an étale sheaf frames on Spec R,
and write S(R) = (S(R),7(R),0(R)), so S determines an étale sheaf of Z-graded
rings. The following lemma containes analogs of Lemma 2.2.8, Lemma 2.2.9, and

Lemma 2.2.10.
Lemma A.3.1. Let R — R’ be a faithfully flat étale ring homomorphism.

(i) If M is a finite projective graded S(R)-module, then there is an exact sequence

0 — M — MQgr S(R) = Mesw S(RrR) = -

where the arrows are induced by applying S to the usual exact sequence

0—>RHR':§R’®RR’E§...

(7)) A finite projective graded S(R)-module M is of type I = (i1,...,1,) if and

only if Mgrry is of type I.

(iii) A sequence 0 — M — N — P — 0 of finite projective graded S(R)-modules

is exact if and only if it is exact after base change to S(R’').

(iv) If M = (M, F) and M' = (M', F") are displays over S, then a homomorphism
v : M — M’ of graded S(R)-modules is a morphism of displays if and only if

Vg 1S a morphism of displays.
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Proof. For (i), since M is finite projective we can reduce to the case where M is
finite free as a graded S(R)-module. This in turn reduces to the case M = S(R),
for which the result holds because S is an étale sheaf of Z-graded rings.

The proof for (ii) follows from the fact that the rank of a finite projective
module is invariant under base change, and the proof of (iii) is formally the same as
that of Lemma 2.2.10.

Let us prove (iv). If ¢ is a morphism of displays then g is as well. For the
converse, we need to prove (F)foo*y) and 7% o F* agree as homomorphism of finite
projective S(R)o-modules. We know this holds after base change to S(R’')g, so it
is enough to prove the base change functor from the category of finite projective
S(R)o-modules to the category of finite projective S(R')o-modules is faithful. But
this is easy to see because by (i) the homomorphism M — M ®gpg), S(R')y is

injective. 0

Let R be a ring, and let S be an étale sheaf of Z-graded rings over Spec R.
Then we will denote by PGrModg the fibered category over AEty whose fiber
over an étale R-algebra R’ is PGrMod(S(R')). Further, if S is a sheaf of frames,

let Dispg denote the fibered category of displays over S.
Definition A.3.2. We say:

e An étale sheaf of Z-graded rings S on Spec R satisfies descent for modules if

PGrModg is an étale stack over AEtg.

e An ¢tale sheaf of frames S on Spec R satisfies descent for displays if Dispg is
an étale stack over AEt R
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Lemma A.3.3. Let S be an étale sheaf of frames on Spec R such that S satisfies

descent for modules. Then S satisfies descent for displays.

Proof. Since morphisms of displays are in particular morphisms of the underlying
modules, it follows immediately that morphisms descend. To prove that objects
descend it remains only to show that isomorphisms o*M — 7*M form an étale
sheaf. But since S is an étale sheaf of frames, the functor Sy : R’ — S(R')g is
an étale sheaf of rings on Spec R, and from this one deduces that for any finite

projective R-module N the following sequence is exact:

0—-N—N ®S(R)0 S(R/)O =N ®S(R)o S(R, KR R,)Q

Then it is easy to see that isomorphisms of Sy-modules o*M — 7*M form an étale

sheaf. O
Lemma A.3.4. The étale sheaves of frames W, and W satisfy descent for displays.

Proof. Follows from Lemma A.3.3 and [5, Lemma 4.3.1]. ]

A.4 Tannakian G-displays over étale sheaves of frames

In this section, we develop a Tannakian framework for the étale stack of Tan-
nakian G-displays of type i, analogous to the one developed in §3.3. Let G be a flat
affine group scheme of finite type over Z,, and denote by RepZP(G) the category of

representations of G on finite free Z,-modules.

Definition A.4.1. Let S be a Z-graded Z,-algebra. A graded fiber functor over S
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is an exact tensor functor

7 : Repy, (G) — PGrMod(59).

Denote by GFF(S) the category of graded fiber functors over S. Suppose S is
an étale sheaf of Z-graded rings on Spec R. If R — R’ is a homomorphism of étale
R-algebras, the natural base change M +— M ®gr) S(R') induces a base change
functor GFFg(R) — GFFg(R'). In this way we obtain a fibered category GFFg

over AEtg. Explicitly, if R’ is in AEtg, then GFFg(R') = GFF(S(R')).

Lemma A.4.2. Let S be an étale sheaf of quasi-frames such that the underlying
sheaf of graded rings S satisfies descent for modules. Then the fibered category

GFFg is an étale stack over AEtR.

Proof. The proof is the same as that of Lemma 3.2.2, with Lemma A.3.1 (iii) re-

placing Lemma 2.2.10. O]

Now suppose R is a W (ko)-algebra, and that S is an étale sheaf of W (ky)-
frames over Spec R which satisfies descent for modules. For any cocharacter p of
G defined over W (k) and any étale R-algebra R’, we define a distinguished graded
fiber functor over S(R’). Given a representation (V,p) in Repy (G), p induces a

canonical weight decomposition

1€Z
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where Viy k) =V ®z, W(ko), and
VV"V(,CO) ={v € Vivro) | (po p)(2) - v =2z" for all z € G,,(W(ko))}.

By tensoring Viy (k) over W (ko) — S(R’), we obtain a finite projective graded S(R')-
module. Since any morphism of representations preserves the grading induced by

11, we obtain an exact tensor functor
Cg(ﬁ)u’R/ : Repzp (G) — PGI’MOds(R,), Vi VW(ko) ®W(ko) S(R’) (A.4.2)

Notice if R’ is an étale R-algebra, then €(S), r is given by the composition of

functors
Rep, (G) ~24% PGrModg(R) — PGrMods(R)),

where the second functor is the canonical base change. If R is understood, we will

suppress it in the notation and write €(.S), for €' (S) .z

Definition A.4.3. A graded fiber functor % over S(R) is of type p if for some

faithfully flat étale extension R — R’ there is an isomorphism .Fp = €(S),, r-

Let GFFg, denote the fibered category of graded fiber functors of type pu.
Since the property of being type p is étale-local, GFFg, forms a substack of
GFFgs. If %, and .%; are two graded fiber functors over S, denote by Isom®(ﬁl, F3)

the étale sheaf of isomorphisms of graded fiber functors functors .%#; = %,. Let
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Aut®(F) = Isom®(F#,.#). Now we have the analogs of the main theorems of §3.2.

Theorem A.4.4. Let S be an étale sheaf of W (ky)-frames which satisfies descent for
modules. The assignment g — {p(g)} v, defines an isomorphism of étale sheaves

on Spec R

G(S) = Aut™(%(S),),

which, in turn, induces an isomorphism of stacks

GFF@M l> TOI'SG@)

e

Proof. The arguments of §3.2 go through nearly verbatim, after replacing the Witt

frame with S, and the fpqc topology with the étale topology. n

Let us now make the definitions of Tannakian (G, u)-displays over arbitrary
étale sheaves of W (kg)-frames. The main result of this section will be the analog of

Theorem 3.3.5. For any étale R-algebra R’ we have a forgetful functor

sy : Dispg(R') — PGrModg(R'), (M, F) — M. (A.4.3)

Definition A.4.5. Let R be a p-nilpotent Z,-algebra.

o A Tannakian G-display over S(R) is an exact tensor functor

Z : Repy (G) — Dispg(R).
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e A Tannakian (G, p)-display over S(R) is a Tannakian G-display & over S(R')

such that vgr) o & is a graded fiber functor of type p.

If R — R’ is étale, denote by G-Disp®(S(R')), resp. G-Dispj;(S(R')) the
category of Tannakian G-displays, resp. the full subcategory of Tannakian (G, u)-
displays over S(R’). We see that Tannakian G-displays form an étale stack G—Dispg
over AEty, and Tannakian (G, p)-displays define a substack G—Dispg’ e

To any Tannakian (G, p)-display we can associate a G-display of type p. Let
us summarize the construction, which is analogous to Construction 3.3.4. Let & be

a Tannakian (G, u)-display over S(R). By Theorem A.4.4,

Qo = Isom® (€ (S),.r, Vs(r) © L)

is a G(S),-torsor over R. If R' is an étale R-algebra and \ : €(S),,r — vsr)©o Pr
is an isomorphism of tensor functors, then for every (V,p) in Repy, (G) we obtain

an automorphism

of V.®z, S(R)y, where Zp(V,p) = (M(p)',F(p)'). As (V,p) varies, the collection
{a(N),}(v,p) constitutes an element of Aut®(wg(g:,), where wp is the canonical fiber

functor (V, p) = V ®z, R associated to any Z,-algebra R'. By duality,

Aut®(ws(rn,) = G(S(R')o) = G(Sy)(R'),
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so there is some ax»(\) € G(Sy)(R') such that p(az(N)) = axr(N), for every (V,p).

All together this defines a morphism of étale sheaves

As in Construction 3.3.4 one checks that the association & — (Q», a») is functorial

and compatible with base change, so we obtain a morphism of stacks

G—Dispgu — G-Dispg ,, & = (Q,02). (A.4.5)

The following is the analog of Theorem 3.3.5.

Theorem A.4.6. If S satisfies descent for modules, then the morphism (A.4.5) is

an isomorphism of étale stacks over AEtg.

Proof. The proof of Theorem 3.3.5 goes through here as well, after replacing the
Witt frame by the frame S, and the fpqc topology by the étale topology. Let us
sketch the argument.

By the first part of Theorem A.4.4, the functor is faithful. If &2, and & are
Tannakian (G, p)-displays over R, and n: (Q»,,a»,) — (Q»,, ®,) is a morphism,
then the second part of Theorem A.4.4 provides us with a morphism v : vgo ) —
vg o 5 which induces Q», — Q»,. It remains only to check this morphism is
compatible with the respective Frobeneii, but by Lemma A.3.1 (iv) it is enough
to check this after some faithfully flat étale extension R — R’. By choosing an

extension such that @4, (R’) is nonempty, the result follows from the definitions of
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the ap,.
Finally, to complete the proof it is enough to show that every G-display of
type 1 over S(R) is étale locally in the essential image of (A.4.5), which is easily

done using Theorem A.4.4. m
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