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Chapter 1: Introduction

Let X be a compact complex manifold. On such manifolds, we want to work with Rieman-
nian metrics g that are invariant under the complex structure .J. This means that for all p € X and
any u,v € T,(X), we want g(Ju, Jv) = g(u,v). With the help of the complex structure J, we
can construct a 2-form w(-, ) = ¢g(-, J-). We say that the metric g is Kéhler if dw = 0. We will
abuse the notation and call w the Kihler metric as well. The Kéhler condition is equivalent to the
analytically useful condition that at each point p, we can find holomorphic normal coordinates.
As dw = 0, it determines a cohomology class in H?(X, R). Throughout the thesis, we will work
with a compact Kéhler manifold (X, w). If @ is another Kéhler metric that determines the same
cohomology class, then the 0-lemma implies that & = w + i0Ju for some u € C=(X). See
[1] for an introduction to the geometry of complex and Kihler manifolds. The space of Kihler

potentials in the same cohomology class as w 1s given by

H = {uec OC®X)|w+iddu > 0}.

That is, any other Kéhler metric & for which [w] = [©] satisfies @ = w + i00u =: w, for some

u € C°(M). Moreover, this u is unique up to the addition of a constant ¢ € R.



1.1 Background

To find a canonical metric on X in the same cohomology class as w, Donaldson [2],

Mabuchi [3], and Semmes[4], constructed a Riemannian structure on H as

(6,1 = % /X S, (L.1)

where V = | « w" is the volume of the cohomology class of w.

In [5] Chen showed that the path length metric obtained from this Riemannian structure is
an honest metric dy on . Unfortunately, it is not a complete metric. Moreover, the geodesics
induced by the Riemannian structure were not known to lie in H. In [6] Darvas showed that the
completion of this metric space can be identified with £2(X,w), the space of potentials of finite
energy, introduced by Guedj—Zeriahi [7]. Moreover, the geodesics induced by the Riemannian
structure lie in £2(X, w) as well. Darvas also showed in [8] that when p > 1, the space EP(X, w)
can be endowed with a complete geodesic metric with the same geodesics as in the case of p = 2.
The metric space (£'(X,w),d;) was useful for studying the canonical metrics on (X,w) [9],
[10], [11], [12], [13].

The finite energy spaces £P(X,w) were introduced by Guedj—Zeriahi in [7] to study the
complex Monge—Ampére equation (w + i00u)™ = p where i is a measure with the same vol-
ume as that of w. To solve this equation in this full generality, they associated a non-pluripolar
Monge—Ampere measure to w-plurisubharmonic function u. Recall that an upper semicontinu-
ous function v : X — R U {—oc} is called w-plurisubharmonic (w-psh) if w + iddu > 0 as

currents. We denote this set by PSH(X,w). When u is smooth, using Stokes’ theorem we can



see that the volume [, w}! = [, w". But for general u € PSH(X,w), their construction holds
that [, wy < [, w". Thus to solve w]] = u we look for the function in the space of potentials

that have full mass, i.e., in the space

E(X,w) = {u € PSH(X,w)]| /Xwg - w"} .

Guedj—Zeriahi also introduced subsets of this space called the finite energy weight spaces. A
weight is a function x : R — R that satisfies x(0) = 0, x is even and on (0, 00), ¥ is increasing
and smooth. Notice that for p > 0, the functions x(¢) = |t|? satisfy these properties. Potentials

with finite y energy are denoted by

exw) = fue el [ et <oo}.

These finite-energy subspaces have an interesting property that

E(X,w) = J&(X,w).

X

Thus, if we understand the metric structure on &, (X, w), we could better understand the structure
of £(X,w).
1.2 Quasi metrics in finite energy spaces

In [14] for any weight x, Darvas showed that there is a metric d, on H whose completion

can be identified with the space &, (X,w). He showed that this metric is comparable to the



functional

I(u,0) = /X (= v) (@ + ),

for any u, v € &, (X, w).

This prompted the question: can one show that the functional I, satisfies a quasi-triangle
inequality and consequently induces a complete metric structure without needing an actual metric
on the space of smooth potentials? The first part of this thesis answers this question. This
approach allows us to extend the results to a more general setting.

Although genuine Kihler metrics only exist in Kéhler classes, these classes are not in-
variant under birational transformation. On the other hand, the set of big cohomology classes
are invariant under birational transformation. In these classes, we do not have genuine Kihler
metrics, but we have singular Kédhler metrics. We can look for canonical metrics in this setting.
Let 6 be a smooth closed real (1, 1)-form that represents a big cohomology class. Roughly, this
means that there are plenty of §-psh functions. See Chapter 2 for more precise definition of big

cohomology classes. Moreover, there is a distinguished #-psh function
Vo = sup{u € PSH(X,0) |u <0}

that satisfies [, 6, > [, 6 for all u € PSH(X, #). Moreover, if # were smooth Kihler form,

then Vy = 0. This allows us to write

5(X,9):{uePSH(X,9)|/XGZ:/X 69}



and

E(X,0) = {u € E(X,0)] /Xx(u — Vo < oo} .

In [15], Gupta proved

Theorem 1.2.1. Let 6 be a closed smooth (1,1)-form whose cohomology class is big. Let x be

any finite energy weight, then for any u,v € &, (X, 0),

I (u,v) := /Xx(u —0)(0r +67) (1.2)

is a quasi-metric. Moreover, the topology induced on &, (X, 0) by I, is completely metrizable.

As discussed in Section 3.1 a quasi-metric induces a metric that has the same convergence
properties (and hence the same topology). The quasi-metric constructed in the theorem above

gives us a genuine completely metrizable topology.

1.3 Geodesic metrics in big cohomology classes

One key aspect of the metric d, introduced by Darvas in [8] is that any two points in
EP(X, w) can be joined by geodesic paths. This means that for any points ug, u; € EP(X,w) there
isapath [0,1] > t — u; € EP(X,w) such that d,(us, uy) = |t —t'|d,(ug, uy) forany 0 < ¢,¢' < 1.
When vy, u; € H, then the path minimizes the path length among all paths joining g, u; in
H. Thus, the geometry of (£P(X,w),d,) is naturally induced by the Riemannian structure in
Equation (1.1).

The pluripotential theoretic methods alone used in constructing the pseudo-metric
(&€, (X,0), I,) in [15] were incapable of dealing with metric geodesics.
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Other works had generalized the work of Darvas that accommodates geodesics but do not
work in the full generality of what was done in [15]. In [16] Di Nezza—Lu constructed a complete
geodesic metric d, on EP(X, ) where [ represents a big and nef cohomology class. To construct
d, on EP(X, ) they approximated § by nearby Kahler cohomology classes. In [17], Darvas—Di
Nezza—Lu constructed the complete geodesic metric d; on (X, 6) where 0 represents a big

cohomology class. They defined d; by the formula

di(u,v) = Ip(u) + Iy(v) — 2Iy(P(u,v))

where [y is the Monge—Ampére energy and P is the envelope operator. See Chapter 2 for the
definition of Monge—Ampere energy and the envelope operator and their properties.

Using very different methods, in [18], Xia constructed another metric d, on EP(X, #) which
agreed with the previously constructed metrics, but the author could not prove that in the general
setting that their metric is complete or has geodesic.

This leads to the second result of this thesis. In [19], Gupta proved

Theorem 1.3.1. Let p > 1 and 0 represent a big cohomology class. Then the finite energy space
EP(X,0) has a complete geodesic metric d,. Moreover, the weak geodesics of EP(X, 0) are the

same as the metric geodesics of (EP(X,0), d,,).

The weak geodesics in this theorem is the generalization of the geodesics path induced by
the Riemannian structure of Equation (1.1). See Chapter 2 for more details.

When € is big and nef, the metric agrees with the metric of [16], which in turn agrees with
that of [8] when 6 is Kéhler. When p = 1, the metric d; constructed in Theorem 1.3.1 agrees with

the one constructed in [17].



1.4 Space of rays in big cohomology classes

When p = 1 and 6 represents a big cohomology class, the space of geodesic rays in
EY(X, ), denoted by R}, was introduced by Darvas-Di Nezza-Lu in [20] to study the space
of singularity types. For geodesic rays {u;}; and {v;}, they introduced a chordal metric d§ on R
as

di({uete, {ve}e) = tlggo da(ug, ve)

and showed that it is a complete metric space. In the Kihler setting, in [11] Darvas—Lu studied
RP, the space of finite energy rays in E7(X,w) when w is Kdhler and p > 1. They showed that
(RP,d:) is a complete geodesic metric space where for two geodesic rays {u;}; and {v;}, the

wr p

chordal distance is defined by

(b (vry) = Jim B
To show the existence of geodesic between two geodesic rays, Darvas—Lu had to study the space
of rays in EP(X,w) forp > 1.

The last part of the thesis deals with the construction of a complete geodesic metric d;; on
RY for p > 1. With the construction of the metric d, on £7(X,#) when 6 represents a big class

and p > 1 as in Theorem 1.3.1, in [21] the author proved

Theorem 1.4.1. If 6 represents a big cohomology class and p > 1, then (R}, ds) is a complete

geodesic metric.



1.5 Applications and future directions

The main tool in constructing the metric d, in Theorem 1.3.1 was approximating the poten-
tials of minimal singularity with potentials of analytic singularities. See Chapter 2 for definitions
and Section 4.5 for the approximation process.

This approximation process has proved to be very insightful and has appeared in various
other works. In [22], Di Nezza—Trapani—Trusiani use a similar approximation method to show
that in the Mabuchi functional is convex in big cohomology classes. They also improve the scope
of using the speed of weak geodesics to find the distance between two potentials in E7(X, 0). In
particular, they prove that in Theorem 4.5.7 we could take minimal potentials of finite entropy,
thus relaxing the the much stronger requirement that potentials be the envelope of a C'! function.

The thesis ends with discussing a Ross—Witt Nystrom type correspondence between test
curves and geodesic rays in Section 5.5. In particular, we can identify from the test curve, if the
corresponding geodesic ray will lie in finite energy space (X, ) or not.

Although not explicitly mentioned, when p = 1, methods in [23] by Darvas—Xia show that
the df distance between two finite energy geodesic rays can be calculated in terms in terms of
chordal distance. We expect that the methods used in this thesis could be extended to construct

the chordal distance between rays in terms of the corresponding test curves.

1.6 Organization

In Chapter 2, we introduce the topic of pluripotential theory and recall results from the lit-

erature that will be useful in the rest of the thesis. We will also point out more detailed references



on the subject there.

In Chapter 3, we will prove Theorem 1.2.1 using just pluripotential theoretic techniques.
We will show that the result works for all finite energy weights.

In Chapter 4, we will prove Theorem 1.3.1. We will introduce the notion of Entropy of
potentials, and explain how we can approximate minimal singularity potentials using analytic
singularity potentials. We will use this approximation to construct the metric mentioned in the
theorem. At the end of the chapter, we will prove some metric properties of (£7(X,0),d,) that
show that the metric space is negatively curved.

In Chapter 5, we will prove some more properties of the metric space (E7(X,0),d,) and

use those to study the space of geodesic rays in (X, 6) and prove Theorem 1.4.1.



Chapter 2:  Pluripotential theory on compact Kéhler manifolds

In this chapter, I will fix the notation and introduce necassary background for the thesis.
Throughout, we will work on a compact Kihler manifold (X, w). Here w is a smooth real

closed (1, 1)-form on X such that in local coordinates
W=V —1gdeZ VAN de

and the matrix (g;;);; i a positive definite matrix at each point. For simplicity, we will assume

that f +w" = 1. We will also use the notation dd® to denote \/—190.

2.1 Introduction

Here we give a quick introduction to the topic of pluripotential theory. For a more detailed
study see [24], [25], and [26]. Also see [27] for a comprehensive study of pluripotential theory
in the relative setting as discussed in this thesis.

Given a domain 2 C C", and an upper semicontinuous function u : Q@ — RU {—oc0}, we
say u is plurisubharmonic (psh) if for every a € 2 and £ € C™ such that the ball of radius |¢|

around ¢ is inside €2,

27
u(a) < %/0 u(a + e*¢)do.
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The plurisubharmonicity property is invariant under holomorphic change of coordinates, so it
makes sense to talk about plurisubharmonic functions on a complex manifold.

Given a smooth closed real (1, 1)-form 6, we say that an upper semicontinuous function
u: X — RU{—oc0} is a O-psh function if locally on U C X where § = dd°g, u + g is
plurisubharmonic. This implies that § + ddu > 0 as (1, 1)-currents. We denote by PSH(X, 6)
the set of all #-psh functions that are not identically —ooc.

We denote by {0} the H"!(X,R) cohomology class of . We say that 6 represents a Kéhler
class, if there exists a smooth 6-psh function u such that 6 + dd“u > 0. 0 represents a nef class if
{0 + ew} is a Kdhler class for all € > 0. We say 6 represents a big class if there exists a potential
u € PSH(X, 6) such that § + dd°u > ew for some small enough ¢ > 0. If u,v € PSH(X,0)
satisfy u < v + C for some constant C, then we say u is more singular than v and denote it by
u X v. Ifu X vandv =< u, then we say u and v have the same singularity type and denote that

by u ~ v. If § represents a big cohomology class, then
Vo = sup{u € PSH(X,0) : u < 0}

is a f-psh function that has minimal singularities. If # is Kdhler, then V3 = 0. From now on we
fix a smooth closed real (1, 1)-form 6 that represents a big cohomology class.

We say that ¢ € PSH(X, #) has analytic singularities of type (Z, ¢) if there exists a rational
number ¢ > 0 and a coherent ideal sheaf Z such that for all x € X, there exists a neighborhood

U C X of x such that 7 is generated on U by holomorphic functions (f, ..., fy) and

N
Y = clog (Z |fj|2> +h
j=1

11



where h is a bounded function defined on U. If ¢ € PSH(X,#) such that ¢ ~ ¢, then ¢
has analytic singularities of type (Z, ¢) as well. From [28, Lemma 2.4], we notice that analytic
singularity is stable under max. This means that if u,v € PSH(X, #) have analytic singularities,
then max(u, v) € PSH(X, #) has analytic singularities as well.

A potential {» € PSH(X, ) is said to be a Kahler if § + dd“y) > cw for some ¢ > 0. By
Demailly’s regularization result, there exists a Kédhler potential v/ that has analytic singularities.

In [29], the authors defined a non-pluripolar product of -psh functions. If uy,...,u, €
PSH(X, 0), they defined their non-pluripolar product (6, A- - -Af,, ) as a non-pluripolar measure.
For simplicity, we write 6 := (6, A --- A 0,). The class represented by 6 is big iff Vol(#) :=
[ 0%, > 0. From [30], and [31], we notice that for any uy, ..., u, € PSH(X,0), [ (0, A--- A

0,.) < Vol().

2.2 Finite energy classes

Finite energy classes in the Kihler setting were introduced by Guedj—Zeriahi [7] to solve
the Complex Monge—Ampere equation on a compact Kihler manifold for a very general right-
hand side. See [25] for a detailed study of finite energy classes in the Kéhler setting. We define

the space of potentials of full mass as

S(X,Q):{uEPSH(X,&):/XGZ:/X%O}.

For p > 1, the potentials with finite p-energy are defined as

EP(X,G):{uGS(X,H):/ |u—v9|z>e;j<oo}.
X

12



2.3 Prescribed singularity setting

Darvas—-Di Nezza—Lu developed pluripotential theory in the prescribed singularity setting
in several papers including [31], [32], and [20]. See [27] to see the survey on this. Here we
briefly recall the definitions of finite energy spaces in the prescribed singularity setting. We say

that ¢ € PSH(X, 0) with [, 6% > 0 is a model singularity type if
¢ = Py[¢] == sup{u € PSH(X,0) : u < ¢,u < 0}.

Darvas-Di Nezza—Lu introduced model singularities in [31] to solve the complex Monge—
Ampere equation with prescribed singularities. We can also define the finite energy classes

relative to ¢. We denote by
PSH(X,0,¢) = {u € PSH(X,0) : u < ¢}.
The space of potentials of full mass relative to ¢ is

5(X,9,¢):{uePSH(X,e,gb);/Xeg:/Xeg}.

Let y be a weight i.e., x : R — R is an even function such that x(0) = 0, on (0,00) ¥ is
increasing and smooth and lim,_,, x(t) = co. We define the space of ¢-relative finite y-energy

potentials by

£%.0.0) = {ueex.0.0)5 [ x(u-o)7 <oo}.

13



If w € PSH(X,0) has the same singularity type as 1), we say u has relatively minimal
singularities with respect to . If u has relatively minimal singularities with respect to v, then

|u — 1| < C for some constant C'. Thus

/\u—wpeggcp/eg@o
X X

Thus u € EP(X, 0,1)) forall p > 1.

The following results, described in detail in [27] will be used throughout the thesis.

Lemma 2.3.1 (Comparison Principle [27, Proposition 3.22]). Let ¢ € PSH(X,0) and u,v €

/ o g/ o,
{u<v} {u<v}

Lemma 2.3.2 (The Fundamental inequality [27, Lemma 6.5]). If u,v € PSH(X, 6, ¢) are such

E(X,0,¢). Then

that u < v < ¢ then

[ wto—spr <t [ u- g
X X
Thus for any u € E4(X, 0, ¢) and v € PSH(X, 0, ¢) such that uw < v we have v € E4(X, 0, ¢).

Lemma 2.3.3 (Integrability [27, Lemma 6.4]). Given u,v € E,(X, 0, ¢) we have

/ Bl — $)0" < +oo.
X

In particular, if u,v < ¢, then

/X blu— )7 <2 /X Pl — )07 +2 /X Yo — B

14



Corollary 2.3.4. The proposed quasi-metric 1 (see Equation (1.2)) on £,(X,0,¢) is always

finite.

Lemma 2.3.5 (Domination Principle [27, Theorem 3.12]). Let ¢ € PSH(X, ) such that |, 0% >

0. Then for u,v € £(X,0,¢), if 0 ({u < v}) =0, then u > v.

Lemma 2.3.6 ([27, Lemma 6.7]). Let ¢ € PSH(X,0) such that [ 0% > 0. Let u; € £,(X,0,0)

such that
J JX
Ifu; — win L*(w") for some u € PSH(X, 0), then u € £,(X, 0, §).

Theorem 2.3.7 ([27, Proposition 6.6]). Let u,v € £4(X, 0, ¢). Then
Py(u,v) :=sup{w € PSH(X,0) : w < min(u,v)} € E,(X, 6, ¢).

In particular, if u,v € £(X, 0, @), then Py(u,v) € E(X, 0, ¢).

Lemma 2.3.8 ([27, Theorem 2.6]). Let ', ... 0" be smooth real closed (1, 1)-forms representing
a big cohomology class and let u;, uf € PSH(X, 0) be such that uf — uj in capacity as k — oo
forall j € {1,....,n}. If xx, x > 0 are quasi-continuous functions that are uniformly bounded
and x . — X in capacity, then

hminf/xkei,f/\---/\QZk Z/X%/\'“/\@Zn-
X " X

k—o00

Moreover if

/Hil/\'--/\QZHZIimsup/Gik/\~~/\93k,
X x ! "

k—00

15



then the measures

Xkei,fA---/\HZQ =Xy A NG
weakly.

We would need the following result about the E7( X, 6, ¢) spaces.

Theorem 2.3.9. For u,v € EP(X, 0, ¢), we define

I,(u,v) = / o — (O + 6,
X

Iful), ul, g, uy € EP(X, 0, ¢) such that ul), \, uo and u} \, uy, then L(ud,wl) — I,(uo,u;) as

] — oQ.

Proof. The fact that [,(u,v) < oo follows from the arguments in [15, Section 2] by modifying
the proof for the weight x(¢) = [t[?.

The same proof as in [15, Theorem 4.1], shows that
I, (u,v) = I,(u, max(u, v)) + I,(v, max(u, v)). (2.1)

First, assume that ué < u{, so consequently uy < u;. Now we observe that the proof in
[33, Proposition 2.20], works in the generality of prescribed singularity setting with big classes

as well. Thus we obtain that in the case v, < u] and ug < uy,
|uj —uj|p9”' — lug — ug PO
0 1 'lLJ 0 1 ug
e 0 X
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and
[ = adrey - [ = aipe,
X X

as j — oo. Adding the two we get
Ly(up, ui) = Ly(uo, un)

as j — co. More generally, if u? N\, ug and u] N\, u, then max(u?, u]) \, max(ug, u;). Now

the potentials u}, < max(u?, u]) and v} < max(u, u]). Thus
L(u}, max(u), u])) — I,(ug, max(ug, u))

and

L (ul, max(u)), u})) — I(uy, max(ug, us))

as j — oo. Adding the two, and using (2.1), we get
[p(uga ujl) — [P(u07 ul)

as j — oa. [
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2.4 PSH Envelopes

Given a measurable function f : X — R U {400}, and # smooth real closed (1, 1)-from

representing a big cohomology class, we define
By(f) = (sup{u € PSH(X,0) - u < f})",

where u*(r) = limsup, ,,u(y) denotes the upper semicontinuous regularization. We say
Py(f) = —o0, if the candidate set is empty, otherwise Py(f) € PSH(X, #). In general, Pp(f) < f
away from a pluripolar set as the upper semicontinuous regularization only changes the func-
tion away from a pluripolar set. If f is upper semicontinuous, then Pp(f) < f everywhere.
If f,g : X — R U {£oo} are two measurable functions, we define the rooftop envelope
Py(f.,g) = Py(min{f, g}).

Given f and 6 as above, and ¢ € PSH(X,#), we define the envelope with respect to the
singularity type of ¢ by

Blol(f) = (Jim Po(@+C.5))

If f is bounded, then Py(¢ + C, f) is an increasing sequence of f-psh functions that are bounded

from above by f*, thus the limit in the above equation exists. Moreover, [¢](-) depends only

on the singularity type of ¢. An elementary observation is
Lemma 2.4.1. If f is a bounded function, then Py|¢|(f) has the same singularity type as ¢.

Proof. Let C be a constant such that —C' < f < C. Then Py[¢](—C) < By[o](f) < Pylo](C).

As Py[¢)(C) = Py[¢](0) + C = ¢ + C, we obtain, ¢ — C' < Py[4](f) < ¢ + C. Thus Py[g](f)
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has the same singularity type as ¢. [
A useful lemma about rooftop envelopes from [27] is the following.

Lemma 2.4.2 ([27, Theorem 3.10]). Let u,v € PSH(X,0) such that u < v and [, 0! > 0 and

1

be (1, <%)n), then Py(bu + (1 — b)v) € PSH(X,0). Here,

Py(bu + (1 — b)v) = (sup{h € PSH(X,0) : h < bu+ (1 —b)v)})"

where f*(x) = limsup,_,, f(y) is the upper semicontinuous regularization of f.
The function Pp[¢](-) also satisfies the following concavity property. We recall

Lemma 2.4.3 ([27, Lemma 2.12]). Given a continuous function f : X — R, the operator

PSH(X,0) > u — Bylu](f) € PSH(X,0) is concave. This means fort € (0,1),

tBy[u](f) + (1 = ) Pp[v](f) < Pltu + (1 — £)v](f).

IffedC 1VI(X ), which means that f has bounded distributional Laplacian, then we have

good control on the Monge-Ampere measures of the envelopes P[¢](f). For that we recall,

Theorem 2.4.4 ([34]). If 6 represents a big cohomology class, » € PSH(X,0), and f € CY1(X),

then

0615 = Lirolol(n=197F-

In the same paper, the authors also prove

19



Theorem 2.4.5 ([34, Proposition 3.5]). If fo,fi € CYYX), and if we denote by Ay =

{Py(fo, fr) = fo} and Ay = {Fo(fo, f1) = fr}, then

Qge(fo,fl) = 11\00}10 + ]lAl\Aog}lf

A corollary of this result is that

Corollary 2.4.6. If uy = Py(fy) and uy = Py(f1) for fo, fr € CV1(X), then except for at most

countably many T € R,

gg(uo,’l,“-‘r’r) = ]I{Ps(uo7u1+7)=u0}920 + H{PQ(UO,U1+T)=U1+T}931'

Proof. Since the total measure of 0% is finite, except for countably many 7 € R, 0% ({fo =

fi1 + 7}) = 0. Therefore, except for countably many 7 € R,

08, (fo.frtr) = Lipa(iouni+n)=105, + Lipotso,fi4m)=ri+ry 5, -

Notice that Py(fo, fi + 7) = Ps(uog,u1 + 7) and Theorem 2.4.4 says that 0 =
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]l{pg(fo):fo}e}lo and (9;11 = ]l{pe(fl):fl}e}z. We use this to write

L4 Py (ugur +7)=u0}Ory + L{Py(ug,u1+7)=ur +73 s,
=Ly (uo,ur +7)=uo} L Po(f0)=£0} 0%, + L(Py(uo,ur+m)=us+71 Ly (11)=11) 07,
=Lipy(fo.fr4m=F030% + Lips(fo.pr4m)=1147107,
=08y(fo,11+7)

_077»
VP (uo,ul +T)

for all but countably many 7 € R. 0

When 7 represents a Kihler class, we have a better control on the regularity of the envelope.

In particular, we have

Lemma 2.4.7. If n) is a smooth closed real (1,1)-form that represents a Kdhler class (and not

necessarily be a Kéhler form) and f € CY1(X), then P,(f) € C1(X).

2.5 Weak geodesics and rooftop envelopes

Following Berndtsson [35] and Darvas—Di Nezza-Lu [36], we define weak geodesics as
follows. Let X be a compact Kidhler manifold and let 6 represent a big cohomology class. Let
S = (0,1) x R C C be the vertical strip in the complex plane. Let 7 : X x S — X be the
projection map. For ug,u; € PSH(X, ), a path (0,1) > ¢ — v, € PSH(X, #) is a subgeodesic
joining ug and u; if the map

X X 83 (x,2) = Ure()(T)
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is a 7*0-psh function on X' x S and lim sup,_ o v; < ug,1. We denote by

S ={(0,1) >t v, € PSH(X,0) : v, is a subgeodesic joining uy and u; }.

For arbitrary ug, u; € PSH(X, 0), there may not be any subgeodesics joining them. If ug, u; €
E(X,0), then Pp(ug,u1) := sup{u € PSH(X,0) : u < ug,us} € E(X,0) (see [36, Theorem
2.10]), so the path ¢ — Py(ug, u) is a subgeodesic.

In the case S is not empty, we define the weak geodesic joining uy and u; by

() = sup ().
veES

Each subgeodesic v; is convex in the ¢-variable. Thus v, < (1 — t)ug + tu;. Taking
supremum over all v € S, we get u; < (1 — t)ug + tu;. Now taking limit ¢ — 0,1 we get
limg 01 up < uga. Bvenif X X S 3 (2, 2) — uge(z)(2) is not w*@-psh, its upper semicontinuous
regularization u* is 7*6-psh. But for u}, we observe that u; < ((1—¢)ug+tuy)* = (1—t)up+tu;.
Taking limit to O or 1 we get lim; u; < ug ;. Thus v is a candidate for S. Hence we do not take
the upper semicontinuous regularization in the definition of weak geodesic ;.

If up,u; € EP(X,0) then by Theorem 2.3.7 Py(ug,uy) € EP(X, ). This means the weak
geodesic u; joining ug, u; satisfy u; € EP(X, #). The same result holds when ug, u; € EP(X, 6, ¢)
due to [15, Theorem 2.9].

We recall the following useful lemmas from [33]. The results in op. cit. are for the Kéhler

case, but the proofs go through for the big case without change.

Lemma 2.5.1 ([33, Lemma 3.16]). Let ug,uy € PSH(X,0) and let u; be the weak geodesic
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joining uy and uy. Then for any 7 € R,

inf (uy —tr) = P _ 7).
telal)(ut tT) o (g, up — 7)

Proof. Since t — v, := u; — t7 is the weak geodesic joining uy and u; — 7, it is enough to prove
the result for 7 = 0.

Since Py(ug, u1) < ug, uy, the map t — w; := Pp(up, uy) is a weak subgeodesic joining ug
and u,, therefore Py(ug,u) = w; < uy for all t. Therefore, Py(ug,u1) < infye(oq1)(uy).

For the other direction, we notice that Kiselman’s minimum principle [24, Chapter 1,
Theorem 7.5] implies w := infyc1)(u;) € PSH(X,#). Since w < wug,uq, we have w <

Pg(uo,ul). D

Lemma 2.5.2 ([33, Lemma 3.17]). Let uy,u; € PSH(X,0) have minimal singularity and let u;

be the weak geodesic joining ug and u,. Then for any T € R,

{ty > 7} = {Py(ug,u; — 7) = up}

on X \ {Vp = —oo}.

Proof. Since ug, u; have minimal singularity, Pp(ug, u; — 7) and u; have minimal singularity as
well. Thus on X \ {Vy = —oo}, ug, u1, Py(ug,uy — 7) are all finite. By the previous lemma,
infye(o,1)(ue —1t7) = Py(uo, us — 7). Thus for x € X, Py(ug, us —7)(x) = uo(x) iff inf,co1)(us —

t7)(z) = uo(x). Since (u; — t7)(x) is convex in t, this equality is possible iff u(z) > 7. O

Combining Lemma 2.5.2 and Corollary 2.4.6 we get the following result.
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Theorem 2.5.3. Let uy = Py(fy) and wy = Py(f1) for fo, f1 € CYY(X). If uy is the weak

geodesic joining ug and uy, then forallp > 1,

[ tiares, = [ JaaPe,
X X

Proof. The proof is the same as in [33, Lemma 3.30]. We will show that

/ 0|0y, = / [P0y,
{i0>0} (a1 >0}

and a similar proof shows that

| v = [ jae
{to<0} {u1<0}

/ |u0|p930 = p/ Tp_lezo({l.bo Z T})dT
{0o>0} 0

:p/o Tp_IQZO({Pg(uO,ul —7')} :’UO)dT.

Corollary 2.4.6 imply that Vol(#) = 0. ({ Py(uo, u1 —7) = uo}) -+ ({Py(uo, u1 —7) = u1 —7})

which gives

p/ooo 71 (Vol () — On, { Po(ug,uy — 7) = uy — 7}))dr

p/ Tp_1921({P9(u0 +7,up) < uy})dr.
0
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Applying Lemma 2.5.2 to the reverse geodesic joining u; and ug, we get { Py(ug+7,u1) < ui} =

{’[Ll > T}. Thus

:p/ rp—legl({ul > 1})dT
0
_ / i [P

{@1>0}

]

In the Kihler setting, the geodesics joining “smooth” points have some regularity proper-
ties. If 7 is a smooth real closed (1, 1)-form that represents a Kihler class (and not necessarily be

a Kéahler form), then we denote
1,1 _ 1,1
H, =PSH(X,n)NC(X)

which will act as the space of “smooth” potentials for us.

Lemma 2.54. If ) is a smooth real closed (1, 1)-form (not necessarily positive) that represents

a Kdhler class and ug, u; € 7—[,17’1, then the geodesic u, joining them is in ’7'—[,17’i as well.

2.6 Geodesic Rays

Now we define geodesic rays. Again we assume that § represents a big cohomology class.
A path (0,00) > t — v, € PSH(X, 0) is a sublinear subgeodesic ray starting at uy, € PSH(X, 0)
if uy — upin L*(X) ast — O and forany 0 < a < b < oo, the path (a,b) > ¢ — u; is a

subgeodesic between u, and u;, and u; < ug + C't for some constant C'.
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A sublinear subgeodesic ray (0,00) > ¢t — u; € PSH(X,0) is a geodesic ray starting
at ug € PSH(X,6) if u; — ug in L'(X) as ¢t — 0 and for any 0 < a < b < oo, the path
(a,b) >t — wu, is the geodesic segment joining u, and u,. We recall a few useful results about

the geodesic rays.

Lemma 2.6.1 ([37, Remark 3.3]). If [0,00) © t — u; € EP(X, 0) is a geodesic ray starting from

ug = Vo, thent — supy u; = Supy,,,)(us — Vo) is linear.

Theorem 2.6.2 ([37, Proposition 3.8]). If [0,00) > t — u, € EP(X, 0) is a geodesic ray starting
at ug = Vy, then one can find geodesic rays of minimal singularity type [0,00) > t — ui €

EP(X, 0) such that each u{ has minimal singularity and ug N ugasj— ooforallt > 0.

2.7 The Monge—Ampere energy

Among the finite energy spaces EP( X, 6), the case of p = 1 is special. It plays an important
role in solving the complex Monge—Ampere equation on Kidhler manifolds using the variational

methods (see [38]). The Monge—Ampere energy functional /, given by

1 O : :
= — ¥ n—7j
I(U’) n+1 ;:0 /X(u ‘/e)eu N 0V9 )

characterizes £1(X,0) as u € £1(X,0) <= I(u) > —oo. The Monge-Ampere energy has
many useful properties that we list below, that we will use in this thesis. For a comprehensive

study of Monge—Ampere energy in relative setting, see [27, Section 5.1].
Lemma 2.7.1. Let ug,u; € E'(X, ), then

1. If[0,1] > t — wuy is the geodesic joining uy and uy, then [0,1] > t — I(u;) is affine.
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2. If ug < uy, then I(ug) < I(uy).
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Chapter 3: A complete metric topology on relative low energy spaces

In this Chapter, we will prove Theorem 1.2.1.
We will also show that the metric topology on &, (X, ) induced by I, has natural conver-

gence property with respect to the Monge—Ampere measure. In particular,

Theorem 3.0.1. If uy,u € E4(X,0,¢) such that I,(ux,vw) — 0 as k — oo then u, — w in
capacity and hence 0;;, — 0, weakly as measures. In particular, ) x |ux —uw™ = 0as k — oo

as well.

At the end, we give an application to the Kéhler-Ricci flow. Guedj—Zeriahi [39] and Di
Nezza-Lu[40] showed that given a potential u € PSH(X, w) such that u has zero Lelong numbers

we have smooth function u, for ¢ > 0 such that

o =

8ut 1 g |:<w + ddCU/t>n
wh

],ut—>uin L'(w")ast — 0. (3.1)

If w; := w + dd“uy, then the above equation is equivalent to

au)t

Moreover, these functions satisfy u; — w in capacity as ¢ — 0. In case u € £,(X,w) we show a
stronger convergence u; — w as t — 0 in the following theorem.
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Theorem 3.0.2. If v € &, (X,w) and w, satisfy (3.1) then I, (u;,w) — 0 and thus by Theo-

rem 3.0.1, we recover that u; — wu in capacity and w;, — w, weakly.

In Section 3.2, we show that I, is a quasi-metric on SX(X ,0,¢). In Section 3.3, we show
that the induced topology on &, (X, 6, ¢) is completely metrizable thereby completing the proof
of Theorem 1.2.1. In Section 3.4, we discuss some relevant properties of the new topology and
prove Theorem 3.0.1. In Section 3.5, we discuss an application to Kéhler Ricci flow and prove

Theorem 3.0.2.

3.1 Metric from a quasi-metric

If we relax the condition of the triangle inequality from the definition of a metric space, we

obtain what we call a quasi-metric space.

Definition 3.1.1 (Quasi-metric space). Given a set X a function p : X x X — [0,00) is a

quasi-metric if it satisfies
1. (Non-degeneracy) For any x,y € X, p(z,y) = 0iff x = y.
2. (Symmetry) Forall z,y € X, p(x,y) = p(y, x).

3. (Quasi-triangle inequality)There exists C' > 1 such that p(z,y) < C(p(z, z) + p(y, 2)) for

all x,y,z € X.

In [41] the authors show that given any quasi-metric, we can construct a metric comparable

to the quasi-metric using a p-chain approach. In particular, if we consider d,, : X x X — [0, 00)
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given by

dy(z,y) = inf {Z (X, Tps1)P oy .., Ty € X such that x = xg,y = $n+1}
i=0

then d, is symmetric, satisfies triangle inequality, but in general d,(z,y) = 0 even if x # y. But

if 0 < p < 11is chosen such that (2C')P = 2, then d, is non-degenerate and moreover,

dp(x7y) S P(%yy’ S 4dp(l’,y)

This shows that if for z,,, v € X we have p(z,,, x) — 0 iff d,(x,,x) — 0. Thus p and d, induce

the same topology.

3.2 Quasi-metric on &, (X, 6, ¢)

In this section, we prove that the expression

I(u,v) = /X (= v)(87 + 67)

is a quasi-metric on £, (X, 6, ¢) where ¢ € PSH(X, ) is such that [, 6 > 0.

Theorem 3.2.1 (Quasi-triangle inequality). Let ¢ € PSH(X, 0) be such that | < 0% >0, then for

any u,v,w € £,(X, 0, ¢), the functional

I (u,0) = /X Wl — v) (87 + 67)
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satisfies

L (u,v) < O(L(u,w) + I (v,w))
for C =8 .3+,

Proof. The proof is inspired from the proof in [42, Theorem 1.6]. We start with

tAXW—WWKZAw%HMU—M>%Dﬁ- (3.2)

Changing the variable t = x(2s), we get dt = 2x’(2s)ds. Thus

=2Am%@$%GMu—w>x@$D% (3.3)

= /000 X' (25)0] ({|u — v| > 2s})ds. (3.4)

Observe that {w—s < u < v—2s} C {w < *222—$}and {u <v—2s} C {u <w—s}U{w <

u+2v

-~ — 3} to obtain

u+2v s

Op ({u <v—2s}) <O;({u <w—s}) + 0, ({w <— 5}) : (3.5)

Since 0" < 3"0%,,, and £(X, 0, ¢) is convex [31, Corollary 3.15], we get
3

2
<0"({u < w — s}) + 307, ({w < “Z v %}) . (3.6)
3
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Now Lemma 2.3.1 gives

<0,({u<w—s})+3"0;, ({w< u4:—g2v_§}>' 3.7)

Again by the comparison principle we have
0r({v<u—2s}) <O({v<u-—2s}).

By a similar computation as in Equation (3.7) we get

<0"({v < w— s}) + 30" ({w < 22“ - g}) . (3.8)

Combining Equation (3.7) and (3.8) we get

O ({ju—wv| >2s}) <0 ({u<v—2s})+60,({v<u—2s})

S%Hu<w—sn+W%({ “+%
+ 0y ({v <w—s})+3"0] ({
0" ({|u — w| > s}) + 30" ({‘

+0;({lv —wl > s}) + 30, ({‘

)
v—|—2u B §}>
>3))

> g}) (3.9)

u—|—2v

v—|—2u
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Combining Equations (3.4) and (3.9), we get

/X Wl — 0B <2 / @8 ({u — w] > 5))ds

+ 2/0OO X'(29)07 ({|v — w| > s})ds

+2~3"/ X' (25)67 ({‘w—uzm} > })ds
0

2.3 /OO X(25)0™ ({‘w Y 22“ > }) ds. (3.10)
0

Since x is concave, therefore the slope is decreasing. Hence x’(2s) < x/(s) and x/'(2s) <

Wl ®»

Wl ®»

X'(s/3). Using this in Equation (3.10) we get

<2 [ V- ol > s)ds
2 [ X0~ wl > shis
r2a [Ctsmen ({lu- 15
vz [T ({|o- 5

S
> g}) ds
S
> g}) ds. (3.11)
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Changing the variable again ¢ = x(s) in the first two terms and ¢ = y(s/3) in the last two terms,

we get

9 / O ({u— w) > 1))dt
+2 /OOO Or({x(v —w) > t})dt

+2~3“+1/ eg({x<w—“+2”>>t})dt

0 3

+2-3"+1/ or ({X <w_1122u) >t}) dt.
0

/Xx(u—v)QZSQ/X)((u—w)@Z—I—Z/X(v—w)@ﬁ

X

2
e 3

2
¥ 3

(3.12)

(3.13)

Using the fact that y(a 4+ b) < x(a) + x(b) for any a, b € R, (see [14, Lemma 2.6]) we get

<2 [ xu-wp+2 [ xw-we
X X

e () (25

e [ ()
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Since Y is increasing in (0, c0) and symmetric, we get that y(z/3) < x(z) and x(2z/3) < x(x)

for any x € R, thus

<2 [ xu-wp+2 [ xw-we

X X

+4 -3+ / (w —u)0" + 4 - 3”+1/ x(w — )07 (3.15)
X X

< 43" (I(u,w) + I(v,w)). (3.16)
A similar computation for [, x(u — v)0}} gives
I(u,v) < 8- 3" (I(u,w) + I(v,w)). (3.17)

This finishes the proof of quasi-triangle inequality. [
Theorem 3.2.2 (Non-degeneracy). If u,v € £,(X, 0, ¢), such that I, (u,v) = 0, then u = v.

Proof. Let I, (u,v) = 0. Then

/Xx(u — )0 + / x(u—wv)dy =0.

X

Thus we have © = v almost everywhere with respect to ;' and 0;'. Using Lemma 2.3.5, we get

that v = v. O]

The symmetry of I, (u, v) follows from the fact that the weight function is an even function.

This finishes the proof of the fact that /,, is a quasi-metric on £, (X, 6, ¢).
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3.3 Completeness

In this section, we will finish the proof of Theorem 1.2.1 by showing that the quasi-metric
is complete.

We need the following lemma to construct a monotone sequence and show that it converges.

Theorem 3.3.1 (Pythagorean Identity). Let ¢ € PSH(X,0) and let u,v € &, (X, 0, ¢). We know

that max(u,v) € &,(X, 0, ¢). Moreover, they satisfy
IX(U7 U) = Ix(max(u, U), U) + ]X(max(uv U)a U)‘
Proof.

I, (max(u,v) / x(max(u, v) — u) (0o + Ou)
b

/ ’U—U eglaxuv +92)
{v>u}

Since u — 0 is plurifine local, we have 1>} 05, 40 = L{o>upty

:/ x(o— u) (87 +0).
{v>u}

Similarly,

I (max(u, v), v) = /X (max(ie, ) — 0) (O + 67)
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and the same computation as before gives

=/ (= v) (80 + 0).
{u>v}

Adding the two gives

I, (max(u,v),u) + I, (max(u,v),v) = /Xx(u —v)(0F +67)

= I, (u,v).

Proposition 3.3.2. If u;,u € &, (X, 0, ¢) such that u; \, v oru; /* u, then

/ X(u; —u)f, — 0.
X

Consequently, by the the monotone convergence theorem I, (u;, u) — 0.

Proof. Without loss of generality, we can assume that u;,u < ¢ < 0. First, we assume that
¢ — L < uj,u < ¢. We also assume that u; \, v and the proof for u; ,* w is similar. Thus
0 < u; —u < L, which implies 0 < x(u; —u) < x(L). For some large enough A, § < Aw.
Thus PSH(X, ) C PSH(X, Aw), and we get that u;, u € PSH(X, Aw). Hence they are quasi-
continuous (at least with respect to Cap,). So we can find an open set O such that u;, u are

continuous on X \ O and Cap_,(O) < . The next part follows the proof in [36, Corollary 2.12]
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adapted to our case. We have

[t =z = [ty 0+ [ - w0,
X X\0 0

Since X'\ O is compact and x (u; —u) are continuous functions decreasing to 0, by Dini’s theorem,
we get that the convergence is uniform. So for large enough j, x(u; —u) < eon X \ O.

Moreover,

/O \(uy — )l < x(L) / o
< x(L)L"Cap, ,(O)
< X(L)L"f(Cap,,(0))

< Xx(L)L"f(e)-

Here we used [43, Theorem 1.1] with (61, x1) = (6, ¢) and (02, x2) = (w,0) and thus Cap, , <
f(Cap,) where f : R" — R is continuous and f(0) = 0. Combining these two results we get

that for large enough j,

/Xx(uj —u)f, <evol(6") + Cfe).

Therefore, lim; o [ x(u; — )0y, — 0.
Now we remove the assumption that ¢ — L < u; < ¢. Let ujL = max{u;j,¢ — L} and

ul = max{u, ¢ — L}. We want to show that

—0as L — o0

/ (i — w)on — / N
X : X J
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uniformly with respect to j. Since u; N\, u, we have that u; > u. On the set {u > ¢ — L}, we

L

have u~ = u and uJL = u;. Using the fact that Monge-Ampere measures are plurifine, we get that

/ iy — )7, = / y(uk —ub)en,.
{u>¢—L} {u>¢—L} !

Thus we need to show that

\ [ - [ | o
{u<o—L} b Juse-1y ’

We will show that both the terms go to 0 as L — oo independent of ;.

Notice that since u; > u we have u; —u = (¢—u) —(¢p—u;) < ¢—u. Since y is increasing
in (0, 00) we have x(u; —u) < x(¢ —u) = x(u — ¢). Now we can construct a weight Y such
that ¥ is still even, x(0) = 0 and X/(o,.0) is smooth increasing and concave such that x(¢) < x(t)
and x(t)/x(t) \, 0 as t — oco. Moreover, we require that u € (X, 0, ¢). Since u; > u, we

have u; € £;(X, 6, ¢) as well. Now

W
SX(L) /{u§¢L}X( P)0, .

Since u, u; € (X, 0, ¢), Lemma 2.3.3 tells us

<X ([ xtw-om+ [ ww- o).

>
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Using Lemma 2.3.2 and noticing that u < u; < ¢ we get that

<2 1 1)% [ - o

Since w has finite ¥ energy, [, X(u — ¢)07 is finite and x(L)/x(L) — 0 as L — oo independent
of j. The same proof shows that |, fu<o-L} x(uf —u")0", — 0 independent of ;.

We can also modify the proof to show that it works when u;  u. 0

Lemma 3.3.3. Let v, € &,(X,0,¢) be a decreasing that is I,-Cauchy: for any ¢ > 0, there
exists N such that I,(u;,u;) < € for j,k > N. Then limy_,u, = u € E(X,0,¢) and

I (ug, u) — 0.

Proof. Find a subsequence of {uy } and still denote it by {uy} such that
L (g, uprr) < C7%F

where C'is the same constant as in Theorem 3.2.1. Let v = limy, ug. We have to show u; #Z —oc.
We have I, (uy, ¢) is bounded as k — oo. To see this, repeated application of Theorem 3.2.1

gives

L(@,ur) < C(Ly(¢, ur) + i (ur, ug))

< CL(¢,ur) + C* L, (g, ug) + O, (ug, ug).
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Doing this £ times we get

This gives us

k
< CL(¢,ur) + > C/L(ujo1,uy)

=2

k
< CL (¢, u1) + Z CiC—2+2

=2

< CL(¢p,ur) +C*Y _C

=2

= C]X(gb, Ul) + == é

/Xx(uk — )0 < I(¢,up) < C.

Without loss of generality we can assue that u; < ¢ so u, < u; < ¢. Since uy is decreasing,

we have u, — ¢ is decreasing, thus x(ux — ¢) is increasing. Applying monotone convergence

theorem we get that

[ xtw-om<c
X

Thus u # —oo. Hence v € PSH(X, #). Since u; \, v and

/MWﬂW&SMWWSé
X

using Lemma 2.3.6 we get that u € &, (X, ). Now we need to show that [, (uy,u) — 0. This

means

/ X(ug — )0l + / X(ug — u)QZk — 0.
X

X
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For the first integral, we notice that u; > wu, thus uy —u > 0 and u; — u \, 0 and thus

X(up — w) \ 0. Thus we can apply the monotone convergence theorem to get

/ X(ug —u)d — 0.
X
To show that
/ X(ug — )y, — 0
b
we use Proposition 3.3.2. Thus I, (uy, u) — 0. O

Lemma 3.3.4. Let {u} € £,(X, 0, ¢) be such that
[X(uk7uk+1> < Ci2k-

Then uy, are uniformly bounded from above.

Proof. Let

v = max{uy, ..., Ug}.

Then repeated application of Theorem 3.2.1 and 3.3.1 gives
L(¢,vr) < CL(p,u1) + CL(uy, max{uy, ..., ux})
< CL/(¢,ur) + CI, (u1, max{ug, ..., ug})

< CIL(¢,u1) + C? L (uy, ug) + C*I, (ug, max{uy, ..., uz})

< CIL(¢,uy) + C? L (uy, ug) + C?I, (ug, max{us, ..., ug}).
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Doing this £ times we get

IA

CIX(¢’ ul) + CQ]X(Uly u2) + -+ Ckfx(uk_l, uk)

C.

IN

Therefore,

Let w, = max{¢,v,} € £(X,0). Then wy — ¢ > 0 and as vy, is pointwise increasing, we
get that wy, — ¢ is pointwise increasing. As x is increasing on [0, 00), we get that x(wy — @) is
pointwise increasing. Let w := limy_,o, wg. Then y(w — ¢) = limy 0 ~ x(wgp — ¢). The

monotone convergence theorem implies

/Xx(w — @)t = ]}iggo/xx(wk —9)b; < /XX(Uk — )0y < C.

Thus the set K = {x(w — ¢) < (C + 1)/ [, 03} has positive 07-measure. Thus K is not
PSH(X, w)-polar. We can find a constant A such that § < Aw. Then PSH(X, ) C PSH(X, Aw).
Consider the set

Fx ={p € PSH(X, Aw) : sup ¢ = 0}.
K

Since K is not PSH(X, Aw)-polar, we know that Fx is compact in L*(w")-topology. This fol-

lows from [44, Theorem 4.7]. Let a = supy vy. Let e be such that x(e) = (C' +1)/ [, 0y.
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Then K = {w — ¢ < e}. Notice that ¢ < 0 gives

ar = sup v < sup(vg — ¢) < sup(w — ¢) < e.
K K K

Define 0y = vy — ay. Then 7, € PSH(X,0) C PSH(X, Aw). Since supy 0 = 0, we have
U € Fi. Since F is relatively compact, we have {0} is relatively compact in L'(X) topology
and hence uniformly bounded from above. Therefore v, = Uy + «ay, are uniformly bounded from

above and hence u; < vy, are uniformly bounded from above. O

The following theorem is the last step in proving completeness of the quasi-metric.

Theorem 3.3.5. Ler {u;} € &,(X,0,¢) be an I,-Cauchy sequence. Then there exists u €

E(X,0,¢) such that I, (uj,u) — 0.

Proof. Extract a subsequence and still denote it by {u;} such that
I (uj,u540) < C7%

where C' is the same constant as in Theorem 3.2.1. By Lemma 3.3.4 {u;} are uniformly bounded
from above. Thus

vj := (supug)* € PSH(X, 6).

k>j

Since u; < v; we know using Lemma 2.3.2 that v; € &, (X, 0, ¢). Define

L.
v; = Max{uy, Ujy1, - -, Ujyl}

Then vé- e &(X,0,¢) and vé- /' wv; almost everywhere. = Lemma 2.3.6 implies
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l

I (vj,v5) — 0as | — oo. Using quasi-triangle inequality twice we get that I, (v;, v;i1)

C?limy_yo0 L (V5 0L, ). Now,
IX(U;'—H? Ué‘-i—l) = ]X(ma’x{ujv U;’+1}7 Ué‘-‘,—l)‘
Using Theroem 3.3.1, we get

< Ix(“ja Ué’—i—l)'

Using Theorem 3.2.1, we get

< CL(uj, ujy1) + CL (wjt1, max{ujﬂ,véjé ).

This again by Theorem 3.3.1 gives us

S CIX(Uj,Uj_H) + CIX(UJ‘_H,Ué-:_lQ).
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Applying this [ times we get

l
<D CFL (g1, uyen)

k=1

l
< Z Ckcvf2j72k+2
k=1

o0
< Z C—2—k+2
k=1

. 1 e
<CTUR_—_ oW _—
- Cc-1 -1
Thus we obtain that
Ly Ot
L (vj,v541) < C 2Jm-

This shows that {v;} is a decreasing /,-Cauchy sequence. Thus by Lemma 3.3.3, we get that
there exists v € &£, (X, 6, ¢) such that I, (v;,v) — 0.
Now we want to show that {u;} and {v,} are equivalent sequences, i.e., I, (u;,v;) — 0.
Then I, (u;,v) < CI,(u;,v;) +CI,(v;,v). As both the terms go to 0, we get that I, (u;, v) — 0.
Now,

[x(ujvvl

0) = Ly(uj, max{u;, vj 1 })

< ]x(uj»vé'-_lrll)
< CLy(uj,ujn) + CLy(uji1,v557)

< CL(uj,ujq1) + CLy(ujyq, Uﬁ%)

< CL(uj, i) + CPL(ujr, ujan) + CP Ly (U0, 0173).
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Doing this [ times we get

< OL(uj,ujn) + C* L (ujin, tjea) + . C' L1, uj40)

l
S Z Ckc—?k—2j+2
k=1

er
<CTH_——.
<C o1

Thus

Ly OB
I (uj,v5) < CLy(uy,v}) + CL(v},v;) < C Qjm

by taking limit [ — oo. Thus I, (u;,v;) — 0. Hence we have found v € &,(X,¥0,¢) such
that I, (uj,v) — 0. Thus (&,(X,6,¢),I,) is a completely metrizable topological space when

topologized with the quasi-metric 7, [

This finishes the proof for completeness for of the quasi-metric I, on the space £, (X, 0, ¢).

3.4 Properties of the new topology

The following lemma generalizes [42, Lemma 1.5] and Lemma 2.3.6.

Lemma 3.4.1. Let u; € £,(X, 0, ¢) be a decreasing sequence and ¢ € &, (X, 0, ¢) be such that

sup/ X(uj — @)y < oo.
JEN J X

Then u = lim; u; € £,(X, 0, ).
Proof. First we show that u; /4 —oo uniformly. If, on the contrary, v — oo uniformly, up to
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choosing a subsequence and relabeling, we can assume that u; < —j. Choose an A such that

07{p > —A} > 0. Now

/xw—wﬂzj'%uw—@>ﬂm
X 0
:/’x@%ﬂw—ﬁ>ﬂw
0
— / X' (8)0 {p < uj — s}ds
0

—i—/ X' (8)0y {u; < ¢ — s}ds.
0

Using comparison principle and the fact that x’(s) > 0, we get

> [ @0 < o= shis
Since u; < —j, we getthat {—j < ¢ — s} C {u; < ¢ — s}. Thus,

> [ @i <o shas
Choosing j > A, we can write

j—A
> / X'(8)00{p > s — j}ds.
0

48



Again, we notice that s < j — A implies that {¢ > —A} C {¢ > s — j}, which gives

j—A
> [ X > -)ds
0

=0{p>-Ax(j - A) =

as j — oo. This is a contradiction to the fact that | X (uj — @)63], is bounded in j.
Moreover we observe that I, (u;, ) is bounded. Notice that, like in the previous argument,

we have

Jxtu == [ et <o syds+ [T < -k

Using comparison principle for the first expression and the fact that v; < wu; in the second

expression, we get that

o0

< / X' (8)0y {u; < ¢ — s}ds +/ X' (8)00{p < uy — s}ds
0 0

< / Xy — @) + / V(w — o).
X X

Thus [ x(u; — ¢)0]} is bounded from above independent of j. Now notice that

/X V(s — 607, < L(6,u,).
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By Quasi-triangle inequality for 7,,, we get

< C(L(d, ) + Li(uy, 0))

<C (Ix(qb,@)Jr/XX(uj — )0 +/Xx(uj —w)OZ).

Thus [y x(u; — ¢)¢;;, is bounded from above independent of j and u = lim; u; € PSH(X, 0),

thus by Lemma 2.3.6 we get that u € &, (X, 0, ¢). ]

t

The following theorem is the generalization of [10, Proposition 2.6]. Also when x(t) =

)

the following theorem appers in [45, Proposition 5.7].

Theorem 3.4.2. Let u;,u € &,(X,0,¢) be such that I, (u;,u) — 0. Then there exits a subse-
quence still denoted by u; and v;,w; € E.(X,0,¢) such that v; < u; < w; and v; increase to
u a.e. and wj decrease to u. Thus, by Proposition 3.3.2 and monotone convergence theorem,

I, (vj,u) = 0 and I, (w;,u) — 0.

Proof. We can pass to a subsequence of (u;) such that I, (uj, u) < C~% where C'is the same con-
stant as in Theorem 3.2.1. By quasi-triangle inequality, I, (u;, u;41) < C~%*2 By Lemma 3.3.4,

u; are uniformly bounded from above. Thus

wj = (supug)* € (X, 0, 9).

k>j

Moreover, by the proof of Theorem 3.3.5 we get that w; is a decreasing sequence in £, (X, §) and
is equivalent to u;. Hence w; > u; and w; \, v and thus I, (w;, u) — 0.

For j < k, define v} = Py(min(uy, ..., uy)). By Theorem 2.3.7, v§ € £,(X, 0, $). More-
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over, by [31, Lemma 3.7],

k
O < D Lty i

l=j

Therefore
k k
/ xX(u—vh)or < Z/ x(u—w)by, < Z[X(u,ul) < CT?
X 7 = /X I=j
Also v¥ is decreasing as k — oo, thus v; := limz v € £(X,0,¢) by Lemma 3.4.1 v; €
E(X,0,0).

Since vf decreases to v;, we get that vé? — v; in capacity. Moreover, the functions x(u —
v¥) = x(u — v;) in capacity. Using Lemma 2.3.8, we get that

/ x(u—v;)0; <lim inf/ x(u — U;?)ggk < U2,
X ! P% f

k—o0

Since (supkzj up)* = wj, therefore, SUpgs; Uk = wj; a.e. As w; \, u, we get that
limsup, ux, = w a.e. For any v;, we have v; < wy for & > j. Taking limsup we get
v; < limsupy ; uy = u. Therefore, v = (lim; v;)* < w.

By the same argument as before, we have,

/ x(u — )0 < lim inf/ x(u— ;)0 <liminf C~%%2 = (.
X X

Jj—o0 Jj—00

Thus 0" ({u # v} = 0. Again using the domination principle (see Lemma 2.3.5), we get that
u < v everywhere. This shows that u = v.

Thus we found an increasing sequence v; < u; increasing to . [
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Corollary 3.4.3. The I,-topology on &,(X,0,) is stronger than the L'(w™) topology on

E(X,0,¢). More precisely, if up,u € (X, 0, ¢) such that I, (uy, u) — 0, then

/ lug, — ujw™ — 0
be

as k — oo.

Proof. Tt is enough to show L'(w™) convergence for a subsequence. Let u;, be the subsequence
provided by Theorem 3.4.2 and v;, and wj, be corresponding monotone sequences. Then v;, <

uj, < wj, and vj, < u < wj,. Then

/ ’ujk - u‘wn < / (wjk - vjk)"‘)n
X X

< /X(wjk —u)w" + /X(u — U JW"

—0

by the monotone convergence theorem. Thus the new topology is stronger and has more open,

thus closed sets. O]

Theorem 3.4.4. If uj,u € &£,.(X,0,¢), such that I, (uj,u) — 0 as j — oo, then u; — u in

capacity.

Proof. It is enough to show the convergence in capacity for a subsequence. Let u;, be a subse-
quence as provided by Theorem 3.4.2 and v;, and w;, be the corresponding monotone sequences

converging to v. We obtain v;, — u and w;, — wu in capacity. We claim u;, — u in capacity.
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Fix e > 0.

{’ujk_u‘>€}C{wjk_vjk>8}C{wjk_u>€/2}u{u_vjk >€/2}'

Taking capacity of above sets we get

Cap, {|uj, —u| > e} < Cap, {wj, —u>¢/2} + Cap, {u — vy, >¢/2}

and taking limit & — oo we get limy_,. Cap, {|u;, —u| > ¢} = 0.
Since for any subsequence u;, of u; we can find another subsequence w;, for which
limy, Cap,, {|uj, —ul > e} = 0, we get that lim; o, Cap,{|u; — u| > e} = 0. Thus I,

convergence implies convergence in capacity. [

Corollary 3.4.5 (Weak convergence of measures). If uy, u € &, (X, 0, ¢) such that I, (uy,u) —

0, then 0, — 0y, weakly as measures.

Proof. Since u, — win I, Theorem 3.4.4 shows that u;, — w in capacity. Since uy, u have full
mass, [31, Theorem 2.3] (see also [46, Theorem 1] and [47, Theorem 1]) implies that sz — 0!

weakly. [

3.5 Kibhler Ricci flow

In [39], authors showed that we can start Kihler Ricci flow from any potential ¢ with zero

Lelong numbers. They showed that if ¢ € PSH(X, w) has zero Lelong numbers then there exist
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smooth potentials ¢; for small time such that

o _ log [(w—i—dd ©t)

ot o }’%ﬂoiﬂ Li(w")ast = 0. (3.18)

Di Nezza—Lu [40, Corollary 5.2] further showed that p; — ¢ in capacity.
Without loss of generality, we can assume that o < —1. In [39, Lemma 2.9], the authors

showed that (for 5 = 1 and o = 1) for a continuous w-psh function u, satisfying
(w + dd°u)" = e“ 2¢w"

we have

(1 —=2t)p(z) + tu(z) + n(tlnt —t) < ¢

Since p < —1, we have p < (1 — 2t)y for small ¢ and since u is continuous there exists

some constant C' such that C' < u. Combining these, we get
o) +tC +n(tint —t) < ¢

or

o(x) < —tC —n(tlnt —1t).

Notice that —tC' — n(tInt — t) = f(¢) satisfies f(¢) — 0 ast — 0.
Since p; — @ in L*(w") as t — 0, we also obtain that ; + f(t) converge to ¢ in L'(w™)

ast — 0.
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Lemma 3.5.1. Given ¢ € &,(X,w) and a sequence @; € £, (X, w) such that

© < p;

and p; — @ in L'(W") as j — oo, then I, (9, ) — 0 as j — oo..

Proof. Since ¢; — ¢ in L*(w™), we get a subsequence ¢;, such that ;, — ¢, a.e.. Consider the

functions

V; = Sup @y, -
k>j

Then v} € PSH(X,w) and v} = v; except on a pluripolar set. Moreover, since v} N\ ¢ w" almost
everywhere, we get that v} ™\, ¢ everywhere.

This shows that v; ~\, ¢ except on a pluripolar set. This means lim;_, SUpy>; ¥x;, = ¢
outside a pluripolar set. Therefore,

limsup p;, = ¢

k—o0

except on a pluripolar set. Since ¢;, > ¢, we automatically have

liminf p; >
minf o, > o

everywhere.
Therefore, ;, — ¢ except on a pluripolar set. Using ¢ < ¢;, < v, and that v, N\, ¢ as
k — oo, we get

lim | x(pj, —@)w, < lim [ x(vp — p)wg = 0. (3.19)

k—o0 X k—o0 X
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Moreover, since ¢;, > ¢, we have
/X X(@j, — Py, = /O X (s)wl, (@ > @+ s)ds

Using comparison theorem, we get

[e.9]

X/(S)WZ(%‘k > o+ s)ds

IN

n

X (@5 — p)w-

J
J

Taking limit we get

k:h—glo . X(ijk - @)ijk = kh—g.lo X X(Spjk B SO)WZ =0.

Combining these two we get
Jim L) ) = ,}ggo/xx(sojk — )Wy, +wy)=0.
Since this holds for any subsequence of ¢;, we get that

[X(Spja (70) — 0.

]

The following corollary generalizes the [39, Proposition 5.2] where they show that ¢, — ¢
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in energy if p € £1(X,w).

Corollary 3.5.2. Let p € £,(X,w). Let p, be the solution to Equation (3.18). Then I, (i, ) —

Oast — 0.

Proof. We saw earlier that the assumptions imply that

o <+ f(t)

where f(t) — 0 as ¢ — 0. Since o, + f(t) are also 6-psh functions which converge in L!(w") to

@ ast — 0, using Lemma 3.5.1, we obtain I, (¢, ) — 0 ast — 0. O

Note that using Theorem 3.4.4 and Corollary 3.4.5 we obtain that (o, — ¢ in capacity and

wy, — wy, as t — 0, thus finishing the proof of Theorem 3.0.2.
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Chapter 4: Complete Geodesic Metrics in big classes

In this chapter, we will prove Theorem 1.3.1. We will start with a discussion on Modifica-
tions in Section 4.1 as they play an important role in the construction of the metric. In Section 4.3,
we will discuss the metric geometry of big and nef cohomology classes. In Section 4.4, we will
discuss the construction of metric in the setting of analytic prescribed singularities. Finally, in
Section 4.5, we will construct the metric in the big classes and prove Theorem 1.3.1. In Sec-

tions 4.6 and 4.8, we will prove various properties of the constructed metric.

4.1 Modifications

A holomorphic map 1 : X — X between compact Kihler manifolds (X, &) and (X, w)
is called a modification if outside a closed analytic set £ ¢ X, u: X\ E — X \ u(E)isa
biholomorphism and p(FE) C X is also a closed analytic subset. We say that £ is the exceptional
set, and u(E) is the center of the modification. In this paper, modifications arise from resolving
singularities of quasi plurisubharmonic functions with analytic singularity type. See Section 4.4
for more details.

If 0 is a smooth closed (1, 1)-form on X representing a big class, then p*6 is also a big
class on X (see [48, Proposition 4.12]). If u € PSH(X, #), then u o p € PSH(X, 11*6). In this

particular case, the reverse is also true.
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Lemma 4.1.1. Let pu : X — X be a modification with the exceptional set E and center pu(E).
If 0 represents a big cohomology class on X and v € PSH (X , 11*0), then there exists a unique

u € PSH(X,0) such that v = wu o p.

Proof. Since ju: X \ E — X \ p(E) is a biholomorphism, we know v o 1~ is a §-psh function
on X \ u(E). Since pu(E) is an analytic set and v o z~! is bounded from above, it extends over
1(E) to all of X. We call this extension . Thus there exists u € PSH(X, #) such that on X \ E,
u oy = v. Since both u o p and v are ;*0-psh functions that agree almost everywhere, they must

agree everywhere. Thus u o y = v. By the same argument, u is unique as well. [

In general, we can pullback smooth forms and pushforward currents. However, for positive
(1, 1)-currents, we can define the pullback as follows. If u € PSH(X, #), then p*(0,) := p*0 +

dd®u o p. Moreover, it satisfies u,.u*0, = 6,. We recall

Theorem 4.1.2 ([49, Theorem 3.1]). If p : X — X is a modification and 6* . ..0" are real
smooth closed (1,1)-forms on X representing big cohomology classes and uj € PSH()E' .0;5),
then

POy Ao NG ) = (e, Ao A b))

Applying this theorem to *6,,, we obtain g, ((u*0)".,) = 0.

UOLL
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4.2 Spaces of finite entropy

Let 0 represent a big class, and v € PSH(X,#). Let w" be a background unit volume

Kihler volume form. Assume [, 6! > 0. We define,

Ent(w", 8}) = / log (9—”) o,
x w'fL

if 07! has a density with respect to w™ and the entropy is +oco otherwise.

We denote by
Ent(X,0) = {u € PSH(X,0) : Ent(w",0) < oo}.

The following lemma is an observation made in [50, Proposition 3.10]. It tells us that

pulling back a potential of finite entropy under a modification still has finite entropy.

Lemma 4.2.1 ([50, Proposition 3.101). If i : X — X is a modification and u € Ent(X,0) has

finite entropy, then w o ju € Ent(X, 11*6).
We recall another result from [50].

Lemma 4.2.2 ([50, Proposition 3.3]). If f € CY1(X), and ¢ € PSH(X,0) is a model potential,

then By[p](f) € Ent(X,0).

4.3 Metric geometry in the big and nef case

The metric geometry of EP(X, 3), when [ represents a big and nef cohomology class, was
studied by Di Nezza-Lu in [16]. We will briefly describe how they defined the d, metric on
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EP(X, 3). They defined
Hs = {u € PSH(X, ) |u = Ps(f) for f € C(X) such that dd°f < C(f)w}. “4.1)

As [ is big and nef class, for all ¢ > 0, w. := 3 + cw represents a Kihler class, although it
may not be a Kihler form. The metric d,, on H is defined by approximation from £7(X, w,). In
particular, if ug, u; € Hp, such that ug = P3(fy) and u; = P3(f1), then we define ug. = P,_(fo)
and uy . = P,_(f1) and

dy(ug, uy) := llg(l) dy(uo e, Ut e).

More generally, on EP(X, /3), the metric d,, is defined by approximation from #. In particular, if

u, uy € EP(X, B), then we can find u), u] € Hg such that ), \, uo and u] N\, u; and we define
dy (g, uy) := lim d,(u), u?).
j—00

In [16], Di Nezza—Lu proved

Theorem 4.3.1 ([16]). If 3 represents a big and nef cohomology class, then the function d,
defined as above is a complete geodesic metric on EP(X, ). They also showed in the proof of
[16, Theorem 3.17] that the weak geodesic u, joining uy,u; € EP(X, ) are metric geodesics as

well.
We list some properties of (E7(X, ), d,,) from their paper that we will frequently use.

Theorem 4.3.2 (Pythagorean identity, [16, Theorem 3.14]). If u,v € EP(X, ), then

db(u,v) = db(u, Ps(u,v)) + db(v, Ps(u,v)).
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For ug, u; € EP(X, B) we define

I,(u,v) = /X o — ofP (B + BT,

The following theorem shows that I, controls the distance d,,.

Theorem 4.3.3 ([16, Proposition 3.12]). Given ug,u; € EP(X, 3), there exists a constant C' > 1

that depends only on the dimension, such that

We recall the following

Theorem 4.3.4 ([51, Theorem 1.2]). If § represents a big and nef cohomology class, ug, u; €

Ent(X, 3) have minimal singularity type, and uy is the weak geodesic joining ug and u,, then

dp(ug, uy) = / |t |P By, forallt € [0,1].
X

If p = 1, we have some special properties for the distance d;.

Theorem 4.3.5 ([16, Theorem 3.18]). If ug, u; € EY(X, ), then

dl(uo,ul) = Ig(uU) + Ig(ul) — 2[5(P5(u0,u1)).

This theorem implies the following stronger result when the potentials u( and u; are com-

parable.
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Lemma 4.3.6. If 3 represents a big and nef cohomology class, uy,u; € Ent(X, ) having mini-

mal singularity satisfy uy < uy, and u; is the weak geodesic joining uy and uy, then

I5(uy) — Ig(ug) = /Xutﬁgt forallt € [0,1].

Proof. Since the path w; — g is a subgeodesic joining 1 and w4, therefore u; > . This means
that 7o > 0. By convexity of u, in the ¢ variable, we get that 0 < 1y < ;.

Since uy < wuy, we have Ps(ug, u1) = ug. Thus Theorem 4.3.5 implies

d (uo, ur) = Ig(ur) — Ig(uo).

On the other hand, Theorem 4.3.4 along with the observation that 7; > 0 imply that

d1<u0,u1>:/ |ut|5;;:/ut53t forall £ € [0, 1].
X X

Combining the two expressions for d; (ug, u;) we get,

Lo(un) — (o) = / wp forallt € [0, 1]
X

]

When 6 represents a big, and not necessarily nef class, we can have the above result in a

slightly restrictive setting as in the following lemma.

Lemma 4.3.7. Let 0 represent a big cohomology class and let uq = Py(fo) and uy = Py(f1) for
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fo, f1 € Cl’i(X) satisfy ug < uy. If uy is the weak geodesic joining ug and u,, then

Ig(ul) —IQ(U()) :/ uoezo = / iblegl.
X X

Proof. The proof extends the ideas in the proof of [16, Proposition 3.18] to the big case. The
idea is to use Theorem 2.5.3, Lemma 2.7.1 along with [17, Theorem 2.4] which says that for
u,v € PSH(X, #) with minimal singularity type, [, (v —v)07 < Ip(u) — Ig(v) < [ (u—v)0).

By convexity of the geodesic u; in the ¢-direction, we have 0 < g < %y < 1. Thus u; is

increasing with ¢. Thus we have

. .U — U
ugly,, = [ lim 0,
e x t=0 t

Uy — Ug

071

= lim o

t—=0 Jy t

Z hm ]g(ut) — IQ(UQ)
t—0 t

= P—Ifol Ig(ul) — IQ(UO).

In the second line, we could exchange limit with integral because of the convexity of u; in the
t variable and the monotone convergence theorem. In the third line, we used the inequality

mentioned above, and in the last line, we used that [ is affine along the weak geodesics. Similarly,
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we can show that

/ 00" = / lim =,
¥ xt=1 1—1

Uy — Uy

HTL

= lim ot

t—=1 [y 1—t¢
< lim To(ur) — To(uy)
t—1 1—1¢

= Ig(ul) — [9<u0).

Combining these two we get [ 10l > Ig(u1) — Ip(ug) > [y 016},. Combining with Theo-

rem 2.5.3 for p = 1, we get that

/ I.L()@ZO = ]9(1/4) — I@(Uo) = / u19;’1.
X

X

4.4  From the Big and Nef to the Prescribed Analytic Singularity

(X, w) be a compact Kihler manifold and 6 be a closed smooth (1, 1)-form representing a
big cohomology class. We fix ¢» € PSH(X, #) a model potential that has analytic singularities
of type (Z, ¢). By Hironaka’s embedded desingularization theorem, we can find a modification
it X — X such that y*Z = O(—E) where E = 3, \;E; is a simple normal crossing divisor.

We can choose metrics h; on O(F;) and canonical sections s; of O(FE;). Let Rj,, be the curvature
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for the metrics h; on O(E;). We denote

k k
sl = [ lsil and Ry =) MRy,

i=1 i=1

Thus, for this modification, we have

pop=cloglsli +g

where g is a bounded function. See [52, Section 5.9] for more details.
Now, p*0 + ddp o u > 0. Thus p*0 + cdd®log |s|7 + dd°g > 0. By the Poincaré-Lelong
formula

[E] = Ry, + dd‘log |s|i7

where [E] is the current of integration along F, we can write p*0 — cRy, + c¢[E]| + dd°g > 0.
Define

6 = u*0 — cRy, (4.2)

so that

(150 4+ dd°(1 o p) = 0 + c[E] + dd°g. (4.3)

On X \ E (we abuse the notation to denote by E the analytic set on which the divisor F
is supported), 6 + dd°g > 0. As g is bounded from above, g extends uniquely to the whole X
to a é—psh function g. Thus 0 + dd°g > 0 on all of X. Since g is a bounded é—psh function,
0 represents a nef class. Soon in Corollary 4.4.3 we will see that fis a big class as well. The

following argument using Demailly’s regularization theorem shows 6 is nef.
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Since 6 + dd°g > 0, we have 0 + & + dd° g > €w, where w is an arbitrary Kihler form on
X, Demailly’s regularization theorem implies there is a Kihler potential ¢ in the class {6 + e}
with analytic singularities such that ¢ > ¢ which is smooth outside its singular locus. Since g is
bounded from below, ¢ has no singular locus, thus ¢ is a smooth Kihler potential in {é + ew},
s0 0 + ew is a Kihler class. This shows that @ is nef.

We can go back and forth between the spaces PSH(X, 6, 1) and PSH(X, é) that preserves
various pluripotential theoretic relationships. The following theorem describes the correspon-
dence between PSH(X, 0,v) «» PSH(X, 0). This correspondence is well known in the commu-
nity (see [37, Lemma 4.3] and [53, Section 4.1]), but we write a proof here for completeness, as

our definition of analytic singularities is slightly more general than in [53].

Theorem 4.4.1. Let 0 represent a big cohomology class on X and ¢» € PSH(X,0) has analytic
singularities. Let | : X = X be the desingularization of the singularities of v and 6 be a
closed smooth (1,1)-form on X as described above. Then the map PSH(X,0,1) 3 u + @ :=
(u—1)) o p+ g e PSH(X,0) is an order-preserving bijection.

Moreover, u has the same singularity type as 1 if and only if u has minimal singularity

type.

Proof. Letu € PSH(X,6,1). On X \ E, dd®log|s|? + R;, = 0. Thus on X \ £, uo u— clog |s|?
is a (u*6 — cRy,)-psh function. As uwop —clog|s|? = uop—1opu+gand (u—1))ouisbounded
from above, we get (u — 1)) o 1 + ¢ is bounded from above, so it extends to a (u*0 — cRy,)-psh

function on all of X. As 6 = WO —cRpy, (u—1v)op+gis é—psh.
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For the reverse direction let v € PSH(X, é). So 0 4+ dd°v > 0. From (4.3),

p—c[E)+dd(¢opu—g+wv)>0.

Thus

po+dd(Yopu—g+wv)=>0.

Thus (¢ o — g + v) is a p*6-psh function. From Lemma 4.1.1, we see that there exists a unique
u € PSH(X, @) such thatuopy = ou—g+v. On X\ u(E),u = —gop t+vou™ <y +C.
Thus this inequality holds everywhere. Thus u € PSH(X, 6, ).

Clearly, the map u — (u — ) o u + g is order-preserving.

If w has the same singularity type as 1, then for some C, ) — C' < u. Thus —C < u — .
Thus, —C < (u — ) o u = @ — g. As g is bounded, we get @ has the minimal singularity type.

Similarly, if @ has the minimal singularity type, then —C' < (u — ) o yt + g. Thus, on
X\ u(E), =C < u—1 + go u~! that implies v — C’ < u as g is bounded. Since both are
0-psh functions, the inequality holds everywhere, therefore v — C’ < wu, hence u has the same

singularity type as 1. [

Remark 4.4.2. We observe that the non-pluripolar product of [E] = 0 and Theorem 4.1.2 al-
lows us to compute the non-pluripolar product of the modified potentials. Given uy,...,u, €
PSH(X, 6,1)), and the corresponding i, := (u; — 1) o+ g € PSH(X, 0), their non-pluripolar

product satisfies

A consequence of the above theorem is that the bijection PSH(X,6,1) < PSH(X, 5)

68



preserves the mass and the finite energy classes of the potentials.

Corollary 4.4.3. Under the bijection PSH(X,0,9) S uw 4 :=(u—vY)opu+g € PSH(X,0),

wehavefXQZ:fXégand
/|u—1p|p93<oo <:>/|a—v(;\”§ﬁ<oo
X X

Thus the map u — 1 is also a bijection between EP(X, 0,4 and EP(X,0).

Proof. Applying Remark 4.4.2 to any potential u € PSH(X, 6,1), we get that u*ég = 6. Upon

/%z/m%zﬁﬁ
X X X

Thus, v and u have the same mass. Similarly, integrating the function |u — 9|’ we get

integration, we find that

[ru=rer= [ ju-vpudi= [ - vyoupri; = [ ja- g,
X X X X

Now if [ i — V;|P0% < oo, then

[a-avir= [ 1a-vi—to-vppir <2 ([ - vipig+ [ lo-vipd) <o
X X X X

Here we used the Minkowski’s inequality (Ja+b|P < 2P7!(|a|P+|b|P) if p > 1), and the fact that g
and V; are bounded functions. We can show the other side in the same manner. If | < |i— g|p0~g <

00, then

Jra-vipt = [ =g+ g-vipsr <2t ([ 1a-abi+ [ 1o-viks) <o
X X X X
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]

Lemma 4.2.1 shows that the bijection PSH(X,0,v) < PSH(X,0) preserves entropy in

one direction.
Lemma 4.4.4. If u € PSH(X,0,v¢) N Ent(X,0). Then i = (u — 1)) o u+ g € Ent(X, 0).

Proof. Let w™ be a unit Kédhler volume form on X. Recall from Lemma 4.2.1 that u o W E
Ent(X, 1*0). Thus the measure ((u*0 + dd°u o p)™) has finite entropy with respect to @™. As
non-pluripolar measures, we know that 82 = ((;*6 + ddu o 1)"), we get that the measure A7 has

finite entropy with respect to " as well. Thus @ € Ent(X, §). O

The bijective correspondence between PSH(X , 9~) < PSH(X,0,1) preserves the weak

geodesics.

Theorem 4.4.5. If u;, € PSH(X, 0,1) is the weak geodesic joining uy,u; € PSH(X,0,1)), then

iy € PSH(X, 0) is the weak geodesic joining iy, i, € PSH(X ,6).

Proof. First, we will show that a subgeodesic (0,1) > ¢ — v; € PSH(X, 6,1) maps to a sub-
geodesic (0,1) 3t — @ := (v; — ¥) o u + g € PSH(X, 6) and vice versa.

We consider the following diagram of maps.

XxS§ "5 X

yxidl l/ﬁ

XxS "= X
We will show that the map X x S 3 (z,2) = (Upe(z) — ¥) © () + g(x) is 7*0-psh map. As
earlier, we will show that it is true on (X \ £) x S and then use boundedness of (Vre(») —1)op+g

to conclude that it is true on all of X x S.
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Since t — v, € PSH(X, 0, 1) is a subgeodesic we get

0 + ddc?}Re(z) (JJ) > 0.

Pull it back by p x id so that

(e x 1d)* 70 + dd®(vre(z) © p(x)) > 0.

Using the fact that 7w o (1 X id) = p o 7 we get

T 0 + dd(vge(z) o () > 0

— T (0 + dd“v) + dd°((ve(zy — ¥) o p(x)) > 0.

Since on X \ E, u*0 + dd“¢p = 6 + dd‘qg (see (4.3)) we get

740+ dd*((vre(e) — ) 0 ple) + g(a) > 0.

Thus, we see that the function (X \ E) x S 2 (7,2) = (Urex) — ) 0 p(x) + g(x) is 7*0-
psh function. Since the function is also bounded from above it extends to all of X x S. Thus
(0,1) >t — (v; — ) o u+ g € PSH(X, §) is a subgeodesic.

Now we see the other direction. Let (0,1) > ¢ — o, € PSH(X,#) is a subgeodesic.
This means 76 + ddcﬁRe(z)(x) > 0. We saw earlier that for each v, there exists a unique v; €

PSH(X, 6,%) such that (v; — ¢)) o u + g = ¥;. We have to show that (0,1) > t — v; is a
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subgeodesic.

To see this notice

70 + dd“Uge(z) () > 0.

Since § = *0 — [E] 4 dd) o ju — dd°g from (4.3), above equation implies

Tuto + ddc(@Re(z) +¢Yopu—g)(x) >0.

Now use that v; o = v o u + vy — g and commutation of the diagram, to see

(< id)* 70 + dd vre(z) © () > 0.

Now pushforward by (u x id), to X x S to see

70 + dd vre(z) () > 0.

Hence X x S > (z, 2) > Uge(z) () is a m*0-psh function. Thus (0,1) > ¢ — v, is a subgeodesic.

Since subgeodesics correspond to subgeodesics under the correspondence PSH( X, 6, 1)) <
PSH(X , é), and geodesics are just supremum over subgeodesics, we get that the geodesics cor-
respond to geodesics as well. In particular, if ug, u; € PSH(X, 0,1) and u, € PSH(X,0,) is a
geodesic joining ug and uy, then @, = (u — ) o 4 g € PSH(X, ) is the geodesic joining i

and . O
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Our next theorem allows us to extend Lemma 2.7.1 in the case of prescribed singularity

setting.

Proposition 4.4.6. If ug,u; € PSH(X, 6,1) have the same singularity type as v, and if u, is the

weak geodesic joining uy and uy, then

Ly (ug) = (L= 1)1y (uo) + tly(un).

Proof. First, we will show that the correspondence between PSH(X, 0, )) and PSH(X, ) pre-
serves the Monge—Ampere energy up to a constant. Second, we use Lemma 2.7.1 to obtain that
the Monge—Ampere energy is linear along u;.

Take u € PSH(X, 0, ) with the same singularity type as ¢ and let & := (u —¢)opu+g €

PSH(X, ). Then Remark 4.4.2, tells us that

p(0L N0 =03 N0 (4.4)

The Monge—Ampere energy of u is given by

1 — 4 ,
= > — )OI A O
u) n—i—ljo/x(u vl v

From (4.4) we get

]¢(“):n+1z/ w6 :n—i—lz/ u=p)onbindy
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Thus, we have,

n +

L) = = 3 [ = )8 005 = Iyt = Ilo).

By Theorem 4.4.5, we know that u, is a geodesic joining g and %, and by Theorem 4.4.1,
iy and u; have minimal singularity in PSH(X , 9~) Thus we can use Lemma 2.7.1, to get that

I;(t,) = (1 —t)1;(t@o) + t15(to). From the calculation above, we have
Ly(u) = Ig(e) = I5(g) = (1 = ) 15(u0) + tlz(tn) — L5(g) = (1 = 1)1y (uo) + 1y (uo)
as desired. ]

4.4.1 Metric space structure on EP( X, 6,1))

In this section, we will import the metric space structure on EP(X, 6,1)) from the metric
space structure in Ep(f( , 5) when 1) is a model singularity with analytic singularity type.

We can define the distance between ug, uy € EP(X,0,1) as follows. Let tg = (ug — ) o
p+ g and @, = (u; — 1) o p + g be the corresponding potentials in £7(X, ). Corollary 4.4.3

tells us that @, @, € E7(X,H). So we can define
dp(UO, Ul) = dp(’ao, 7:61) (45)

Theorem 4.4.13 below, shows that the metric as defined above does not depend on the

choice of the resolution of the singularities of ).

74



Theorem 4.4.7. The map d,, as defined by (4.5) makes E?(X,0,1)) a complete geodesic metric

space.

Proof. (E7(X,0,4),d,) is a complete metric space because (7(X, ), d,) is a complete metric
space. Moreover, if u;, € EP(X,0,1) is the weak geodesic joining ug,u; € EP(X,0,1), we
claim w; is also the metric geodesic. This means that for 0 < ¢ < s < 1, we have d,(u;, us) =
|t — s|dp,(uo, ur).

We know g, u; € EP (X , 9) In the proof of [16, Theorem 3.17], authors show that the
weak geodesic 1, joining @y and @, satisfies d, (s, is) = |t — s|d,(@o, @1 ). Thus by the definition
of d, on EP(X, 0,1), we obtain that d,(u¢, us) = [t — s|d,(uo, u1). Hence (EP(X,0,),d,) is a

complete geodesic metric space, with the weak geodesics being the metric geodesics as well. [
Now we prove some useful properties of the metric (E7(X, 6,1), d,).

Lemma 4.4.8 (Pythagorean formula). For ug,u; € EP(X,0,1), we have

db(ug, uy) = db(uo, Po(uo, ur)) + db(u1, Py(uo, u1)).

Proof. The proof follows from Theorem 4.3.2, the Pythagorean identity for d,, in the big and nef

—_——

case, and the fact that Py(ug,u;) = F;(to, @ ). This is true because the bijection u > @ :=

(u— 1)) o u+ g is order-preserving. O
The following lemma says that the d,, distance is controlled by the /,, “distance”. We have

Lemma 4.4.9. There is a constant C' > 1, that depends only on n, such that for any ug,u; €

EN(X,0,4),

1
E[p<u0au1> < dp(ug, ur) < Cly(ug, uy).
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Proof. The proof follows from Theorem 4.3.3, and the fact that [,(ug,u1) = I,(Go, @y1). We

observe
Iy 0) = [ 10— P, + 02,) = [ (=) P (B, + 0.
Pushing forward to X by p and using the fact that u*ég =07, we get
I (o, t) = /X luo — w0, + 04,) = Ip(uo, wa).

From Theorem 4.3.3, we know that there exists C' > 1 such that

o . .
afp(uo,lh) < dp(tig, 1) < CIy(tg, ty).

Therefore, from the above calculation we obtain that for the same C, we have

O

Theorem 4.4.10. Let fy, f1 € CYY(X), ug = Ps[](fo), ur = Py[Y)](f1), and u, be the Mabuchi

geodesic joining ug and u,. Then
dﬁ(uo,ul) = /X ‘ut’pezt YVt € [0, 1}

Proof. From Lemma 4.2.2, ug,u; € Ent(X,0,v). From Lemma 4.4.4, the potentials @, and
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17 have finite entropy, and from Theorem 4.4.1 g, u; have minimal singularity. Thus, using

Theorem 4.3.4,

db (T, ) = /X |, [P0, Vit € 10,1]

where u, is the weak geodesic joining 1y and %;. We emphasize that Theorem 4.3.4, which is
about the geodesic distance for potentials with finite entropy, plays a crucial role here. In our
procedure for importing geometry from the big and nef setting to the analytic singularity setting,
we lose the property that 1 is of the form P;(f) for some f € C1(X) where u = Py[¢)](f) for
some f € CM1(X).

Since @, = (u; — ©) o u + g where u, is the weak geodesic joining uq and wu;, we have

Uy = 1y o . We also have ,u*égt = 0,,,. Combining these we get

g, wr) = iy, 1) = /X i fron. = / iy o PO, = /X PO

X

forall ¢t € [0,1]. O
In the special case of p = 1, we have

Lemma 4.4.11. Let fy, f; € CYY(X) satisfy fo < fi, and ug = Py[y](fo) and uy = Py[p](f1)-

If uy is the weak geodesic joining uy and uy, then

Iy(uy) — Iy(ug) = / wy,, forallt € 0,1].
be

Proof. From the proof of Theorem 4.4.10, we know that @ o ;1 = ;. From the proof of Propo-

sition 4.4.6, we know that 1;(tg) — 1;(g) = Iy(uo) and I;(11) — I3(g9) = I,(u1). Moreover,
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p.0g, = 0, . Combining these facts with Lemma 4.3.6, we get

T(ur) — Io(up) = Iy(io) — Iy(in) = /X il = /X iy o ullt, — /X bl

as desired. O]

Now we will show that the metric d, as defined by (4.5) does not depend on the choice of

resolution.

Lemma 4.4.12. Let uf,uf up,u; € EP(X,0,%) satisfy uf \, uo and uf¥ \, uy. Then

dp(ub, u¥) — dy(uo, ur) as k — oc.

Proof. uf \ uo implies that @5 = (uf — ) opu+g \ (o — ) o+ g = @p. Similarly,
@k N\, ;. We claim that in the space (£7(X,0),d,) we have d, (%, @%) — d, (@i, @i1). To see

this, we observe by the triangle inequality we have

dy(tio, ) — dy(Tig, dy) < dy(tho, Ug) + dp (@Y, ).
As the other side is obtained similarly, we have

|, (tio, @) — dy (g, @Y)| < dp(do, ) + dy (a7, ).

From [16, Proposition 3.12], we have d, (4%, i) — 0 and d,(@f, ;) — 0 as k — oo. Thus
dp(ﬂg,ﬂ’f) — dp(am ﬂl) as k — oo.

Now from (4.5), we obtain that d,,(uf, ut) — d,(ug, u;) as well. O
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Theorem 4.4.13. The metric d,, as defined by (4.5) on EP(X, 0,) does not depend on the choice

of resolution.

Proof. If ug,uy € EP(X,0,7) are of the form ug = Py[¢](fo) and uy = Bp[¢)](f1) for some
functions fy, fi € C"1(X), then from Theorem 4.4.10, we know that d,,(uq, u;) does not depend
on the choice of resolution, it is determined by the weak geodesic joining them.

More generally, given any ug, u; € EP(X,0,1)), from [54], we can find smooth functions
fE fk e 0°°(X) such that f¥ N\ ug and fF \, u;. Then Py[y)](f¥) \, uo and Py[v)](fF) ¢ uy
as well. From Lemma 4.4.12, d,(Pa[4](f¥), Po[¢](fF)) — d,(ug,u1). From the discussion in
the previous paragraph, d,(Pa[t)](f¥), Po[«](fF)) does not depend on the choice of resolution,

thus the distance d,(ug, u;) can be determined without the choice of resolution as well. ]

4.5 Metric on EP(X, 0)

In this section, we define a metric d, on £P(X, #) that makes (£7(X,0),d,) a complete
geodesic metric space. The idea is to approximate the potentials in (X, §) from the potentials
in E(X, 0, 1) and use the metric structure on EP(X, 0, 1)) as described in Section 4.4.1.

In the big class represented by 6, we can find a Kahler potential ¢ € PSH(X,#) with
analytic singularities. We can also assume, by subtracting a constant if needed, that ¢ < Vj.
Define p; = %@ + j];.lv@, so p; < Vyand ¢; ' Vj outside a pluripolar set. Unfortunately, ¢,
does not have analytic singularities. Since ¢ is a Kdhler potential, ¢; is also a Kahler potential.
By Demailly’s regularization, we can find ¢; > ¢; such that ¢; is a Kihler potential with analytic
singularities. But the sequence ¢; is not monotone.

Now, consider Py[¢;] := sup{u € PSH(X,0) : u < ¢;,u < Vy}. Asp; < ¢;and p; < Vp,
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we have ¢; < Bylo;] < V. As p; 7 V, outside a pluripolar set, we find that Py[¢,;] — Vp
pointwise outside a pluripolar set. Also, since ¢; has analytic singularities, and [Py[¢;]] = [¢;].
which follows from [23, Proposition 2.20], we get P[¢;] has analytic singularities as well. Now

consider

Y = max{Py[¢1],. .., Polo]}.

Then by [28, Lemma 2.4], v); has analytic singularities, and ); ,”* Vj except on a pluripolar set.
We fix such a sequence v; ,/* Vj for the rest of the paper.

Following [8] and [16], we will first define the d, metric on the space of “smooth” po-
tentials, and then extend it to the whole space £EP(X,0). In general, EP(X,6) has no smooth

potentials, but the space

Ho = {u € PSH(X, 0) | u = P(f) for some f € C"1(X)}

will act as the space of “smooth” potentials for us.
Lemma 4.5.1. If ug, u; € Hy, then Py(ug,u1) € He.

Proof. Let fo, fi € CH(X) and ug = Py(fy) and u; = Py(f1). Let C be such that § <
Cw. Then from [55, Theorem 2.5] Pc,,(fo, f1) is a C! function. We claim that Py(fo, f1) =
Py(Pew(fo, f1))-

Since Pey,(fo, f1) < min{fo, f1}, we have Py(Peow(fo, f1)) < Po(fo, f1). For the other
direction, note that 0 < 6 + dd°Py( fo, f1) < Cw + dd°Py( fo, f1). Thus Py( fo, f1) is a Cw-psh
as well. As Py(fo, f1) < min{fo, f1}, we have Py(fo, f1) < Pow(fo, f1). Thus Py(fo, f1) <

PFy(Pew(fo, f1))-
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Also, Py(ug,u1) = Py(fo, f1) by a similar argument. So FPy(ug,u1) = Po(Pew(fo, f1))

where Pe,,(fo, f1) € CV1(X). O

4.5.1 Metric on Hy

In this subsection, we will define the metric d, on H,y. The idea is to approximate for
fo, f1 € CVI(X), potentials ug = Py(fo),u1 = Pa(f1) € Hy via ul = Ps[i](fo), ub =
Pyl (f1) € PSH(X, 0, 1)y) for the increasing sequence of potentials with analytic singularity
type ¥, " Vp as fixed in the beginning of the section. We fix the notation for fy, f1, ug, u1, u’g, u®
for the rest of the section. Since uf,u} have the same singularity type as v, we get that uf,

uk € EP(X, 0,vy). We wish to define
dp(ug, un) = lim d (ug, uy). (4.6)

Here d,(uf, u}) is the distance defined in Section 4.4.1 on EP(X,, 0, ).

In this subsection, we will first show that indeed u’g and u’f increase to ug and u; respec-
tively. Moreover, the limit in (4.6) exists, is independent of the choice of the approximating
sequence v, and defines a metric on H,.

The following lemma shows that envelopes with respect to an increasing sequence con-

verge.

Lemma 4.5.2. Let 1,1, € PSH(X, 0) be an increasing sequence and v = (limy,_,, ¥1,)". Then

for any continuous f : X — R, Py[ty](f) is an increasing sequence and (limy,_, o, Po[tox](f))* =

P[] (f)-
Proof. If k > [, then Pyp(¢y + C, f) < Py(¢y, + C, f). Taking the limit C' — oo, we get
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that Py[¢y](f) < Py[vk](f). Therefore, Py[t)y](f) is an increasing sequence of -psh functions.

Thus, (limg_,o Py[te](f))* is a O-psh function. Since Py[vx](f) < Pp[t](f) for all k and is

upper semicontinuous, (limy_,o Py[tr] (f))* < Po[](f).
To show the other direction we use Lemma 2.4.2. Since ¢, " ¢, [31, Theorem 2.3] implies

that [, 0, 7 [, 0;;. From Lemma 2.4.2, we can find a;, — 0 such that

(6773

This implies

v + (1 — o)) < Yy

Using Lemma 2.4.3, we get

ax Pplvg](f) + (1 — ax) P[] (f) < Palavr, + (1 — aw)](f) < Palthr] (f)- (4.7)

Now sup y Py[vg|(f) are bounded. As FPlvi](f) < f, so they are bounded from above. Also if
f > C for some C, then supy Fyvr](f) > C. To see this first choose Cj such that such that
supy (vg +Cy) = C. Then Py(vi+ Cy, f) = vp+ Ck. As Py(vi.+C, f) 7 Polvg](f) as C — oo,
we get that v, + Cy < Pylvg](f). Therefore, supy Pplvg](f) is bounded. Hence after taking the

weak L!-limitin (4.7) we get

Po[)(f) < ]}LIEO Polbw)(f)

almost everywhere. Thus we get (limg_,oo Po[tx](f))* = Py[¢](f)- O
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In the following, we use Lemma 2.3.8 to prove that in the approximation scheme discussed

above, Monge-Ampere energy and the /,-“distance” converge.

Lemma 4.5.3. Ler f € CY and 1, are model potentials of analytic singularity type such that
U Vo outside a pluripolar set. Let uy = Py[ty]|(f) and u = Py(f), then the 1y-relative

Monge-Ampere energy of ui, converge to the Monge-Ampére energy of u.

Proof. Let C be such that supy | f| < C, then |ux — | < C. Thus 0 < uy, —1hp+C < 2C. From
Lemma 4.5.2 we know that u; " u. Thus uy — ¥ + C are uniformly bounded quasi-continuous
functions that converge in capacity to u— V3 +C. Moreover, as u and Vj have minimal singularity,

from [30] and [31], we know that

/ AN 7> llmsup/ 0 /\Qz_j.
X k—o00 X k

Thus from Lemma 2.3.8, we know that the measures
(ur — P + OV, NG — (u—Vy+ C)O5 A Oy

and

J n—j J n—j
6l NG = 61 A By

weakly as k — oo. Thus the ;-relative Monge-Ampere energy

]wkuk Z/ uk—wk 0"”—>—Z/ ’LL—‘/QQJ (930]—[9()

as k — oo. O]
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Lemma 4.5.4. Let ug, uy, uf, uf be as in the beginning of Section 4.5.1, then the I, functional

(o) = [ =P 0 > [ uo = a6, + 62,) = Dy(uo, )
X X

as k — oo.

Proof. We notice that

|ug — uf] < sup |fo — ful.

This is true because if C' = supy | fo — fi], then fo — C' < fi, and therefore Py[u|(fo) — Cisa

candidate function for Py[¢](f1), therefore,

Py[thr](fo) — C < Polth](f1)

and the other direction is shown similarly. Thus

|Poltbi](fo) — Polvel(f1)] < 31)1(p | fo — fil-

Moreover, from Lemma 4.5.2 the functions the functions uf  uy ad u¥ ~ u; away from
a pluripolar set, therefore uf — ug and u¥ — u; in capacity as k — co. Moreover, |uf — u}|? are

quasi-continuous and uniformly bounded, therefore from Lemma 2.3.8, we get that

iy [ o = P8+ 02) = [ oo — (8L, + 02)

k—o0
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The next theorem proves that the limit in (4.6) exists in the special setting when ug < u;.

Theorem 4.5.5. If fo, f1, uo, ui, uk, u¥ are as in the beginning of Section 4.5.1 along with the

assumption that fo < f1, then

Jim dp(ud o) = [ fiopo, = [ fiaper,

where u; is the weak geodesic joining ug and wy. Thus the limit in (4.6) exists and is independent

of the approximating sequence V. if fo < fi.

Proof. Since fy < fi, we have ug < u; and uf < u}. Let uf be the geodesic joining uf and
uk. Since fy, fi are bounded, ug, u; have the minimal singularity type and %, u} have the same
singularity type as .

It follows from Lemma 4.4.11 that

Toula) = T (uh) = [ abory
X

From Lemma 4.5.3, we know that I, (uf) — Iy(uo) and I, (uf) — Ip(uy) as k — oo.

Combining with Lemma 4.3.7, we get that

pim, [ idosy = [ o,
X X

From Theorem 2.4.4 we obtain that ", = 1p, 07 where Dy, = {FPp[t](fo) = fo}, and 0} =
Uo
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1p0;, where D = {Py(fo) = fo}. So we can write that

lim [ 1p,ug0} = / 1l
X

k—o0 X

As uf /' ug and u¥ 7 w;, we find that the geodesics u¥ joining uf and u¥ are also
increasing. This holds because if & < [, then the geodesic u” is a candidate subgeodesic joining
v}, and u}. Similarly, all geodesics u¥ are candidate subgeodesics joining uo and u;. Therefore
u¥ are increasing in k and u¥ < w;.

Similarly, we can show that the contact sets D;, are increasing. If k < [, and x € Dy, then
Py[vi](fo)(x) = fo(x) and since Py[i|(fo) < Polvn(fo) < fo, we find that x € D; as well, so
Dy C D;. Moreover since Py[vr](fo) < Py(fo) < fo, we have Dy, C D for all D.

If x € Dy, and k < [, then

k R k _ _
t—0 t t—0 t t—0 t
Similarly, if z € Dy, then
k R k _ _
t—0 t t—0 t t—0 t

Also by assumption uf < uf, so 4%, 1y > 0. Therefore, 1p, uf is an increasing sequence such

that for each £, ]leql’g < 1ptg, and

lim [ 1p, b}, = / 1pigt},.
X

k—o0 X
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Therefore, 1p, 1§ 7 1ptig pointwise 0% almost everywhere.
Also 0 < 4k < uf —ub <supy |fo— fi]. Thus we have a uniform bound on 5. Therefore

by Lebesgue’s Dominated Convergence Theorem, we have

/ ]1Dk(u’g)P9;O—> / 1p(10)P67, . (4.8)
X X

Now, from Theorem 4.4.10,

dn(uf, ul) = / [ |0 = / 1p, ()P0 — / 1 (itg)67, = / i P07,
X X X X

as k — oo.

The same proof works for t = 1 as well. [
We now follow the proof of [33, Theorem 3.26] to get

Theorem 4.5.6. Let fy, f1 € Cl’i(X) and uy = Py(fo) and uy = Py(f1). Let u; be the geodesic
joining ug and uy. Also assume that wy is a geodesic joining Py(ug,u1) and uo, and vy is a

geodesic joining Py(ug, uy) and uy. Then

/ g P07 — / 50070, o) + / 0P8 )
X X X

Proof. Just like in [33, Theorem 3.26], we will use Lemma 2.5.2 and Corollary 2.4.6 repeatedly
to settle the claim.

We will prove that

/{ | liabe, = J 1608 0 (49)
g
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and that

/{‘ o [P0, = /X |w0|p9§§9(u07ul) (4.10)
uo

/{ b, = / P ({ito > 7))dr
uo>0 0

= p/ Tp’lﬁzo({Pg(uo, uy — T) = up})dr.
X

On the other hand, as v, is an increasing geodesic, vy > 0. This shows

/X ’7‘)0|p9?39(uo,m) - p/() Tpile?)e(umul)({lbo = T})dT
= p/ Tp_lege(uo,m)<{P9(P9(u07 ul)? Uy — 7—) = P9<u0’ ul)})dT
0

= 10/0O Tp_lﬁzo({Pg(uo, uy — T) = up})dr. 4.11)
0

For the last step, we used Corollary 2.4.6 and the fact that Py(Py(ug,u1),u; — 7) =
P@(Uo,ul — T), {P@(UO,Ul — 7') = Uo} = {PQ(UO,Ul — T) = PQ(UO,U1> = 'LL()}, and that the
set { Py(ug, us — 7) = Py(ug,u1) = uy } = 0. Thus proving (4.9).

For (4.10), we observe from Corollary 2.4.6 that except for countably many 7, we have

Vol(0) = 0, ({ Po(uo, ur +7) = uo}) + 0 ({ Po(uo, us +7) = ug +7}).
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Now,

» /0 T (X (i < 7})dr

p/ooo =1 (Vol(9) — O, ({ Po(uo, ur + 7) = uo})dr

p/ Tp’lezl({Pg(uo, Uy +T)=wuy + 7})dr
0

= p/ Tp_lezl({Pg(uo — T, uy) = uy })dr.
0

This is the same expression as (4.11) with the roles of v and u, reversed. Therefore,

/{. <0} |u0|p920 = \/X ’w0|perlég(uo,u1)
g

proving (4.10). [

Now we can use this result to show that the limit in (4.6) exists without the monotone

assumption.

Theorem 4.5.7. Let ug, uy, u, ut be as defined in the beginning of this section. Then the limit in
(4.6) exists, and is independent of the choice of the approximating sequence . Moreover, if u,

is the weak geodesic joining ug and u,, then

Tim dp(uf, ) = /X [P0 = /X i P07
Proof. We know the result from Theorem 4.5.5 if f, < f;. To prove it in general, recall that
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Lemma 4.5.1 shows that Py(ug,u;) € Hy as well. Here Py(ug,u1) = Po(Pew(fo, f1)) and
h := Pey(fo, f1) € CY1(X). Using the notation from the previous theorem, let w; be the weak
geodesic joining Py (ug, u1) and uy and v, be the weak geodesic joining Py(ug, u1) and u;.

Now, h < fy, f1 are C LI functions. From Theorem 4.5.5,

I}LHOIO dg<P9[¢k](h)au§) = /X ‘w0|p9?39(U0,U1)

and

Jim A3 (Rl ) = [ 100

Lemma 4.4.8 says that the distance d, on EP(X, 0, ) satisfies the Pythagorean formula. Ob-

serving that Py[iy](h) = Py(ul, ut) = Py[ty](min(fo, f1)), we get

N 1) =l (. () + (. P 0)
:/ |w0|p0739(u0,m)+/ |®0|p0739(u01u1)
X X

_ /X o6
k

Here, in the last line, we used Theorem 4.5.6. Similar proof shows that limy_, dg(u’g, uy) =

[y [a]P67. . ]

With the help of Theorem 4.5.7, we see that the limit in (4.6) exists and does not depend

on the choice of the approximating sequence. Thus we can define

Definition 4.5.8. Take wug,u; € Hy where ug = FPy(fy) and uy = Py(f1) for fo, f1 € C’l’i(X).

Let ¢, " Vj outside a pluripolar set be an increasing sequence of #-psh function with analytic
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singularities. Denote by uf = Py[vx](fo) and u} = Pp[yi](f1). We define
T kook
(i, 1) = T dy(u o).

The next theorem shows that (4.6) indeed defines a metric on H,.

Proposition 4.5.9. If d, is defined as in Definition 4.5.8, then (Hy, d,,) is a metric space and d,,
is comparable to I,,. This means there exits C' > 1, depending only on dimension such that for
all ug, u; € He,

1

Elp<u07u1> < dp(ug, ur) < Cly(ug, uy).

Proof. From Lemma 4.5.4, we know that limy,_, I, (uf, uf) = I,(ug, u;). From Lemma 4.4.9,

we know that there exists C such that
1 k Kk D
Elp<u07ul) < dp(ug, ur) < Cly(ug, ur)

Taking limit £ — oo, we get

1
EIP(UO,'Lh) S dg(lbg,ul) S C[p(uo,ul).

Symmetry and triangle inequality for d, follow from the definition and the fact that
(EP(X, 0,1y), d,) satisfies these properties. Non-degeneracy of d,, follows from comparison with
I,. If d,(up,uq1) = 0O, then the above comparison shows that I, (ug,u;) = 0. This implies that

uy = w1 from the domination principle (see [36, Proposition 2.4]). [
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4.5.2 Extending the metric to EP( X, 6)

In this section, we will extend the metric d, from H, to all of £7(X, ¢). We will do this by
approximation. This process of approximation works identically to the one given in [16]. Given
u € EP(X,0), from [54], we can find smooth functions f7 such that f/ \, u. By definition

uw = Pp(f7) € Hp and v/ \, u. Based on this we give a tentative definition:

Definition 4.5.10. Given ug, u; € EP(X, 0), we define
dy (g, uy) = lim d,(u)), ul), (4.12)
j—00

where u)), u] € Hy satisfy u} \, up and u] \ u;.

Now we need to show the limit in (4.12) exists and is independent of the choice of the

approximating sequence uj) and u7.

Theorem 4.5.11. The limit in (4.12) exists and is independent of the choice of the approximating

sequence uj}) and u.

Proof. From Proposition 4.5.9 for u, v € Hy, there exists C' > 1, depending only on n, such that

alp(u,v) < db(u,v) < Cly(u,v).

We will show that {d,,(u), )} is a Cauchy sequence. By the triangle inequality we have

dp(ué, Ujl) < dp(“67ug) + dp(“éa ulf) + dp(ulf, uj>

= dy(ug, u}) — dy(ug, uf) < O(L/P(wg, ug) + L," (g, ui)).
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Since the other side is obtained identically, we get

[y (u, uf) = dy(ug, uf)| < O (ug, ug) + L, (uf, ).

From Theorem 2.3.9 we get I,(u), uf) — 0 and I,(u],u¥) — 0 as j,k — co. Thus we have

\d,(u),ul) — dy(uf,u¥)| — 0. Thus the limit in (4.12) exists. Now we will show that the
limit is unique. For that let 716, fﬂl € Hy be another sequence of functions decreasing to ug and
u; respectively. To show that the definition of d, does not depend on the choice of functions
approximating g and u;, we will show that |d, (u), w)) — d, (@), @})| — 0 as j — oco. The proof

is similar to the proof before.

dp(ué,uji) < dp(“%’ aé) + dp@%’ fﬂl) + dpwjl" ujl)
= |dy(up, uf) — dy(@g, @)| < C(LP (ug, @) + 1" (uf, @)).
Since ué and ﬁé both decrease to uy, Theorem 2.3.9 implies that ]p(ué, ﬁf)) — 0. Similarly

L(ul,@]) — 0 as well. So d,, is well defined on (X, 0) by (4.12). O

Lemma 4.5.12. There exists C' > 1 that depends only on the dimension of X, such that for all

ug, uy € EP(X,0),

1
Elp(UOaul) S dg(llﬂ?ul) S CIp(U'U?ul)'
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Proof. The statement is true for potentials in H,. Let u? \, uo and w) \, u;. Then

1 o o o
= 1p(ug, uq) < dip(ug, up) < Cly(up, uy)

C
Taking the limit j — oo and applying Theorem 2.3.9 and using (4.12) we get

1
E[p<u0au1> < dp(ug, ur) < CIy(ug, uy).

Theorem 4.5.13. (4.12) defines a metric on d, on EP(X, 0).

Proof. Again, using approximation, we can show the triangle inequality. Let u, v, w € EP(X, 6)
and u?, v/, w’ € H, approximate u, v, and w respectively. Then

dy(u,v) = jlirilo dy(u?, v)

S lim (dp(uj, UJ]) + dp(wja UJ))

Jj—00

= dy(u, w) + dy(w,v).

This shows the triangle inequality for d,. Symmetry also follows from symmetry of d, on Hs.
Non-degeneracy of d,, follows from Lemma 4.5.12. If u, v € EP(X, 6) have satisfy d,(u,v) = 0,
then Lemma 4.5.12 says [,,(u, v) = 0, which implies that u = v by the domination principle (see

[36, Proposition 2.4]). ]
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4.6 Properties of the metric

In this section, we will show that the metric space (E7(X, 6),d,) is a complete geodesic

metric space.
Theorem 4.6.1. The metric space (EP(X,0),d,) is a complete metric space.

Proof. From Lemma 4.5.12, there exists a C' > 1 such that for any ug, u; € EP(X, 6)

1
Elp(uo,ul) < dp(ug, u1) < Cly(ug, ur).

In [15], the author showed that the quasi-metric space (E7(X, 6), I,,) induces a complete metric
topology. This means given a [,-Cauchy sequence {uy}, there exits u € EP(X,6) such that
I, (ug, u) — 0.

From the above inequality, a sequence {uy} is Cauchy in I, iff it is Cauchy in d, and
similarly, a sequence w, converges to u in I, iff u;, converges to u in d),.

This shows that any d,-Cauchy sequence {uy } converges to some u € EP(X, 0). O

Now we want to show that the Mabuchi geodesics in (X, 0) are the metric geodesics as

well. For that, we need to better understand the metric space structure of E7( X, 6).

Lemma 4.6.2. If ug,ui, v, vl € EP(X,0) satisfy ul N, ug and ul N Ui, then
0 U1 0 1

im0 dy (U, ul) = dp(ug, uy).

Proof. Recall that [42, Propostion 1.9] implies that I,(u),u,) — 0 and I,(u),u;) — 0. As
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before, we use triangle inequality to write
dy(ug, ur) < dp(uo, uh) + dy(up, u) + dp(uf, w).
Using Lemma 4.5.12
dp(ug, uy) — dp(ué,u{) <C ([;/p(ué,uo) + I;/p(u{,ul)) .
Noticing that the other side is obtained similarly, and then we take the limit to obtain

lim |d,(ug,uy) — dp(u%,u{ﬂ < lim C ([;/p(ué,uo) + C’I;/p(u{,ul)) =0.

j—o0 Jj—o00

O]
The following is the extension of [16, Lemma 3.13] to the big case. The proof is identical.

Lemma 4.6.3. If ug € Hy, uy € EP(X, 0), and u, is the weak geodesic joining uy and uy, then

o) = [ ol

Proof. First, assume that ug > u; + 1. We can find ujl € Hp such that u{ N w1 and ug > uj1
Let u be the weak geodesic joining u, and . Moreover, 1, @}, < 0. We claim 7, \, . Since

the geodesics ui \, u¢, and they start at the same point v, we know that ug is decreasing. To see
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that they decrease to 1, notice that

. .U — Ug Ui_uo Ui—uo
Uy = lim ——— _ PELUE——
t—0

IN
I
.

oS,
IN

1
—0 t

Here in the last inequality, we used the convexity of the geodesic. Now, taking limit j — oo, we

get

. . U — Ug
Uy < lim _
j—o0 t

o
VAN

Now taking limit ¢ — 0, we get

J—00

Thus lim; o, ) = .
Now, by definition, d,,(uo, u;) = lim; o, d,(uo, u}) and

B (g, ) = / (—adyrer.

X

By the monotone convergence theorem,

db (ug, ur) = leIEO dg(uo,u{) = lim [ (—)Por = /X(—uo)l’ego.

Jj—o0 X

For the general case, let C' > 0 satisfy u; < ug + C. Again choose u] € Hy such that

ujl N\ u1. Consider wy = ygand wy; = u; —C —1 < wuy < u]l Now wg > w; + 1. If wy is the

geodesic joining wy and w; and if u] are the geodesics joining ug and u;, then we have



where C' is a uniform bound (independent of 7). Thus, |}[? < C} + |1i5|P. By the same argument
as before, ué — 1o pointwise outside the pluripolar set {u; = —oo}. Moreover, from the

previous calculation

/ o P67 = (g, s — C — 1),
X

Thus [2y|? is integrable with respect to ¢;; . Thus applying Lebesgue’s Dominated Convergence

Theorem, we obtain
o, ) = lim dp(uo, o) = Jima [ fasp, = [ fiopey,

]

Proposition 4.6.4. Take ug,u; € EP(X,0) and let u; be the weak geodesic joining uy and u.
Then w; is a metric geodesic for (EP(X,0),d,). This means that for any 0 < t < s < 1,

dy(ug, us) = [t — s|d,(ug, ur).

Proof. The same proof as in [16, Theorem 3.17] works in our case as well. We will first show

that given 0 < ¢ < 1, we have
dy(ug, ur) = tdy(ug, uy) and dp(ur,u) = (1 — t)dp(uo, uy).

First, assume that ug, u; € Hy. Let ws = w5 be the geodesic joining ug and u;. By Lemma 4.6.3,

we obtain that

dg(UO,Ut) = /X |w0|p930 = tp/X |U0|p930 = tpdg(UO,’lh).

The other equality is proved similarly.
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For arbitrary ug, u; € EP(X,0), find ul,w] € Hg such that u} N\, ug and v} \, u;. If u]
is the weak geodesic joining u, and u}, then u} \, u;. As d,(u,u]) = td,(u), u}), taking limit
J — oo using Lemma 4.6.2, we obtain d,,(ug, u;) = td,(ug, u1).

Now, for a more general case, if 0 < ¢t < s < 1, then applying the above result twice, we
get

s—1

dy(ug, us) = . dy(ug, us) = (s — t)d,(ug, uy).

Lastly, we prove that the metric d, satisfies the Pythagorean identity.

Proposition 4.6.5. If ug, u; € EP(X, ), then

dﬁ(uo,ul) = dg(UO, Pg(Uo, U1>> + dg(ul, PQ(UU,Ul)).

Proof. If ug,uy € Hg, then this is the content of Theorem 4.5.6 when combined with Theo-
rem 4.5.7.
More generally, if ug,u; € EP(X,6), then we can find uf, uf € Hy such that uf N\, ug and
uf N\ uy. Then Py(uf, uf) \ Pa(ug, u;) as well. Thus
k

dp(uo, ur) = Jim d(ug, uf)

= lim dB(h, Poh, ) + 2 (u, Py(u o)

= dP(ug, Py(uo, ur)) + db(u, Py(ug, uq)).
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4.6.1 Connection with the metric in the literature

In this subsection, we prove that when ¢ is big and nef, or when p = 1, then the metric d,

on EP(X, 6) constructed in Section 4.5 coincides with the metric d,, constructed in [16] and [17].

Theorem 4.6.6. If (5 is a smooth closed real (1,1)-form representing a big and nef cohomology

class, then the metric d, constructed in Section 4.5 agrees with the one constructed in [16].

Proof. Let us use D, to represent the metric constructed in [16]. In case ug,u; € Hpg, then by

Theorem 4.5.7 and by [16, Theorem 3.7]

dp(ug, uy) 2/ [P By, = Dp(uo, ur),
X

where u; 1s the weak geodesic joining ug and u;.
By Definition 4.5.10 and the definition of D, in [16, Equation above Proposition 3.12]

when ug, u; € EP(X, ), then
k k)

dp(u(bul) = ’}Lrgo dp<ugvu’f) = ]}LIEO Dp<u07u1 = DP(“’Ovul)

where uf, u¥ € Hp such that uf \, ug and uf \ u;. [

Theorem 4.6.7. When p = 1, then ug,u; € EY(X, 0) satisfy
di (uo, ur) = Ip(uo) + Ip(ur) — 21g(Pp(ug, u1))-

Thus dy agrees with the metric constructed in [17].

100



Proof. The proof is the same as in [16, Proposition 3.18]. We recall the steps for completeness.

If ug, u1 € Hy and vy < uq, then from Lemma 4.3.7 and Theorem 4.5.7,

dl(uo,ul) = / UUQZO = / ulezl = ]9(11,1) — I@(Uo).
X X

If ug, uy € Hpy be arbitrary (we drop the condition that uy < w,), then by the Pythagorean identity

(see Proposition 4.6.5),

di(ug, ur) = di(ug, Py(ug,ur)) + di(ur, Py(ug, uy))

= [9(’&0) + Ig(ul) — QIQ(PQ(U(), Ul))

More generally, when ug, u; € EP(X,0), then using uf, u} € Hy such that uf \, u and

uk ™\, u1, we can prove that

dy (ug, ur) = klggo dy (ug, ut)

= ]gh_>120 Il/ik (U’lg> + Iﬂ)k (ulf) - 21@% (P9(ul(§7 ulf))

= IQ(UO) -+ ]g(ul) - 2]9(P9(’LL0, ul))

4.7 Contraction Property and a Consequence

Let 6 be a smooth closed real (1,1)- form representing a big cohomology class, and ¢ €

PSH(X, #) have analytic singularities. In this section, we will prove that the map EP(X,0) >
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u — Bplv)(u) € EP(X, 0,7) is well defined and is a contraction, i.e., d,(FPp[¢)](u), Py[¢](v)) <
d,(u,v). When p = 1, the results in this section were proved in [56, Section 4.1].
We need a technical lemma, whose proof can be obtained by modifying the proof in [15,

Lemma 5.1] by changing the weight function.

Lemma 4.7.1. If u; € EP(X,0,v) is a decreasing sequence of functions such that for some
p € EN(X,0,v),

sup [ Juy — ¢l8l, < o
i Jx !

then u = lim; . u; € EP(X,0,9).

Lemma 4.7.2. If ¢ is a model potential, i.e., Py[t)] = 1), then u € EP(X, 0) implies Pp[1)](u) €

EN(X,0,1).

Proof. If u has minimal singularity type, then |V — u| < D for some constant D > 0. Therefore,
Py(p +Cou) < Py(v + C,Vy+ D) = By(vv + C — D, Vy) + D.
Taking the limit C' — oo we get
Cliir;OPg(¢+C,u) SCIEI;OPQ(¢+C—D,%)+D:Cliir;OP9(¢+C,%)+D.
Taking upper semicontinuous regularization we get

Poli)(u) < Pol)(Ve) + D = o + D.
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Similarly,

U < Pyl¢)(u) + D.

Thus Py[1](u) has the same singularity type as v, thus Py[¢)](u) € EP(X,0,).
More generally, if ©v € EP(X,0), then u; := max(u, Vy — j) has the minimal singularity
type. Then Py[t](u;) has minimal singularity type and we claim that Py[¢](u;) N\, Py[¢](u).

Moreover, we will show that

S“P/X [Fo[9](u;) = 0P, g1 uy) < 00
J

concluding with Lemma 4.7.1 that Py[v](u) € EP(X, 0,1).

Letu < K. Then u; < K and Py[¢](u;) < K as well. Therefore, Py[¢)](u;) — K < 0 and
Py[1](u;) has the same singularity type as ¢, which is a model singularity, thus Py[¢](u;) — K <
1. Hence we get

ol (uy) — K =V < Byli)(u;) — K — o < 0.

We also need [31, Theorem 3.8] that says H?pem(uj) < ]l{pg[w](uj):uj}eﬁj. Using (a + b)P <

2P~ (aP + bP), we get

J Rl w5) = 0P8y <27 [ (R 5) K = P + K70,
X X

< ot (/ [Pol](us) — K = VolPO0R, (yyuy) + Kp/ 9171)
X X

([ e )
{Po[h](uj)=u;} X

< op1 (/ u — K — VylPon + KP/ eg)
X ! X
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is uniformly bounded since u € £7(X, ) and by [29] sup [ |u; — Vo[P0y < oc.

Since Py[1](u;) is a decreasing sequence of potentials in E7(X, 6, 1), the above calculation
and Lemma 4.7.1 imply that v := lim;_,o, Py[¢](u;) € EP(X, 0,7). As v < u; for all j, we get
that v < u. Moreover, v =< 1), thus v is a candidate for Py[¢)|(u). Hence Py[t)](u) exists and
v < Py[¢](u). Since u; > u, we also have that Py[¢](u;) > Pylt](u) for each j. Taking limit

we get v > P[] (u). Thus lim;_,o Ppv)](u;) = Po[](u) € EP(X, 6,v). O

Theorem 4.7.3. If v € PSH(X,0) has analytic singularities, then the map Py[](-)

(EP(X,0),d,) = (EP(X,0,%),d,) is a contraction. This means for any ug, uy € EP(X,0),

dp(Bo[)(uo), Bolt)(ur)) < dp(uo, ur). (4.13)

Proof. First we assume that there are functions fy, fi € C'(X) such that uy = Py(f) and

= Py(f1). Let vy := Py[v)(uo) = Py[v](fo) and vy := Py[e)](u1) = Py[y](f1). Moreover
assume that ug < uq. In this case, we know from Theorem 4.5.7 combined with Theorem 2.4.4

that

dg(uO,ul):A’uo|p930:/X]l{po(fo):fo}(ﬂo)pe% (414)

and from Theorem 4.4.10 combined with Theorem 2.4.4 that

’Uo,U1 /’U0|p¢9 /]l{pe (fo):fo}(i'}(])pe}i), (415)

where u, and v, are the weak geodesics joining ug, u; and vg, v; respectively. Since Py[¢](fo) <

Py(fo) < fo, we know {Py[v](fo) = fo} C {Pos(fo) = fo}. As ug > vg and uy > vy, we have
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w > v If € { B[] (fo) = fo}, then

do(x) = lim 2B =@ @) = fol@)

t—o00 t—o0 t—o0 t

Thus L{p,)(f0)=ro} (00)? < Lp,(f0)=so} (t0)P. Now (4.14) and (4.15) give

dp(PalY)] (o), Pa[t](u1)) = dp(vo, v1) < dp(ug, ur).

Now we will remove the assumption that vy < u;. We still assume that uy = P(fo)

and u; = Py(f;) for some fy, fi € CH1(X). We will use the Pythagorean formula for d,,

metrics to establish (4.13) in this case. As before let vy := Py[v)](uo) = Po[t)](fo) and vy :

Py[v](uy) = Py[v](f1). Let C' > 0 be a constant such that § < Cw. Then h = Py (fo, f1) €

C“1(X), and by Lemma 4.7.4, Py(ug,u,) = Ps(h), and Py(vo,v1) = Py[s)](h). Also observe

that Py[¢)](Pp(ug,u1)) = Py(vo,v1). Applying the result in the previous paragraph we obtain

dp(uo, Po(uo, u1)) > dp(vo, Po(vo, v1)) and dp(uy, Py(uo, ur)) > dy(vi, Pa(vo, v1)).

Using the Pythagorean formula, we write

dp (o, ur) = dj(uo, Po(uo, w1)) + dp(ur, Py(uo, u1))
> dy(vo, Pp(vo, v1)) + dp(v1, Py(vo, v1))

= dg(l}o, ?}1).

Thus we have shown that (4.13) holds when uy = FP(fo) and u; = P(f) for fo, fi €

C1(X). We show it more generally by approximation.
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If ug,u; € EP(X,H), then we can find u), u] € Hy such that w) N\, uo and u] N\, ;.
Moreover, Py[y))(u)) N\, Ps[t](uo) and Py[y)](u]) \, Ps[t](u1). The proof is the same as
in Lemma 4.7.1. Thus from Lemma 4.4.12 we get that lim; . d,(Ps[](«d), Pa[t](w))) =

d,(Py[t](uo), Pe[t](u1)). Hence from the result in the previous paragraph we have

dp(uo, ur) = Jlgglo dp(u{)v uy)
> lim d,(Py[y)](uf), Polt)](u}))

J—00

= dp(Po[¥](uo), Pol](ur)).

This proves (4.13) in the full generality as desired. 0

Lemma 4.7.4. Let ¢, fo, f1,uo, w1, Vo, v1 and h be as in the proof of Theorem 4.7.3, then
Py(uo,ur) = Py(h)  and — Py(vo,v1) = B[Y](h).

Proof. We will prove Py(vg,v1) = Py[t)](h) as the proof of the other part is the same. By
definition

Py(vo,v1) = sup{u € PSH(X, 0) | u < vg,u < vy}

and

Py[1))(h) = sup{u € PSH(X,0) |u < ¢ + C,u < h}.

We will show that the candidate sets for both Py(vg, v;) and Py[t](h) are the same.
Let u € PSH(X, ) be a candidate for Py(vo, v1). As vy = Py[t](fo), and v = Bp[¢](f1)s

we get vy < foand v; < f1. Sou < foandu < fi. As § < Cw, u is a Cw-psh as well. Hence
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u is a candidate for h. Therefore u < h. Moreover, since v is a model singularity type, vy and
v1 have the same singularity type as ), therefore, u < ¢ 4+ D for some constant ). Thus « is a
candidate for Py[¢](h).

For the other direction, let v € PSH(X, #) be a candidate for Py[¢)](h). As u < h, we get
that u < foand u < f;. Also u < ¥ + C, so u is a candidate for vy and v;. Thus v < vy and

u < vy. Thus u is a candidate for Py (v, v1). O

A consequence of this contraction formula is that the approximation formula for d, on
He C EP(X,0) from potentials in analytic singularity type can be extended to any potentials in

EP(X, ). More precisely, we can prove

Theorem 4.7.5. Let ¢, € PSH(X, 0) have analytic singularities and vy, ,/* Vy as described in

the beginning of Section 4.5. If ug, uy € EP(X, ), then

dp(uo, u1) = ]}ggo dp (P[] (o), Po[tr](ur)). (4.16)

Proof. (4.16) is the definition of d, when ug, u; € Hy. Here we want to prove it more generally.
Let u), u € Hg be such that u, \, uo and v/ \, u1. Then by definition of d, on £7(X, 6),
we have

(g, u3) = Tim d(u )

and

dy(utfyud) = Timn d(Py[ge)(ud), Polo] ().
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Combining the two we get

dy (g, uy) = lim lim dy(Py[tor] (ud), Po[te] (). (4.17)

Jj—00 k—o0

We want to exchange the limit. First, observe that as j — 00, Py[t](u)) ¢ Ps[te](uo)

and P[] (ud) \y Py[t](u1). Thus from Lemma 4.4.12,

Jlim dy,(Fy (] (ud), Poltoi] (ud)) = dp(Poltbi] (o), Poloe) (ua)). (4.18)

Now we will show that the limit in (4.18) is uniform in k. For that, we observe by triangle

inequality that

|y (Poltoe] (), Poltb) (ud)) — dp( P[] (o), Poltbr] (ua))]
<dy(Pylvou] (uh), Polt] (o)) + dp(Pa[tou] (u]), Polte] (1))

Sdp(uga UO) + dp(“iﬁ uO)a

where in the last line we used Theorem 4.7.3. Moreover, lim;_, dp(ué,uo) = ( and
lim;_, dp(u{, uy) = 0. Using the uniform convergence in k, we obtain that we can exchange the

limits in (4.17). Thus

dp(uo, ur) = lim lim dy,(Py[eby] (ud), Pp[thi] (u]))

k—o00 j—00

— ]}ggo dy(Py[¥r] (u0), Poltr] (u1)),

as desired. O]
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4.8 Uniform Convexity

In [11] Darvas-Lu proved that for p > 1, u,vp,v; € EP(X,w), and (0,1) 5 XA — v, €

EP(X, w), the weak geodesic joining vy and vy, satisfies

dy(u,v))* < (1 = N)dp(u,v9)* + Adp(u,v1)* — (p — DAL = N)d,(vo,v1)?, if 1 < p < 2 and

(4.19)

dy(u,v3)P < (1= N)dp(u, v0)P 4 Ay (u, v1)P — NP/2(1 — NP/2d,(vg, v1)P, if p > 2. (4.20)

We will prove that this result holds for (£7(X, ) where 0 represents a big cohomology

class.

4.8.1 For big and nef cohomology class

If B represents a big and nef cohomology class, using the approximation method used to
construct the metric d, on EP(X, /3), in this section we will extend these inequalities to £ (X, ().
First, we will show the convexity property on Hg (see (4.1)). If u, vy, v1 € Hp and A — vy,

is the weak geodesic joining vy and vy, then we claim

dp(u,v3)* < (1 — N)d,(u, v9)? + Adp(u, v1)* — (p — DAL — N)d,(vo,v1)?, if 1 < p < 2and

4.21)

dy(u, 03P < (1 = N)dp(u, vo)? + Adp(u, v1)? — N/2(1 — NP2, (vo, v, )P, if p > 2. (4.22)

We will show it by the approximation process. Let u = P3(f), vo = Ps(fo), and v; =
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Ps(f1) for f, fo, f1 € C(X) such that dd°f, dd° fy, dd° fo < Cw. Recall that we defined w, :=
B+ew. Letu. = P, (f), vo. = P,.(fo) and v1 . = P,_(f1). Let v, be the geodesic joining vy

and v; .. From the result in the Kihler case, we know that

dp(usa UA,5>2 S(l - >\>dp(usa UO,E)Q + )\dp(uaa Ul,s)z
(4.23)

—(p— DA = N)dp(voe,v1,.)? if 1 <p < 2and

dp(“sa U)\,E)p S(l - /\)dp(uzsa UO,s)p + )\dp<uea Ul,a)p
(4.24)

— NP2(1 = NP2y (vg e, v10)P, if p > 2.

By the definition of d, on Hp (see Section 4.3), we know that the lim._,q d,(u., vo.) =
dy(u,vg), ime_yo dy(ue, v1.) = dy(u,vy), and lim. o dp,(vo c, v1.) = dp(vo, v1). So we are done
if we can prove that

lli% dp(uea U/\,a) = dp(u7 ?))\)-

Let w; be the weak geodesic joining v and v, and w, . be the weak geodesic joining . and

Uye. Since u € Hg and u. € H,, from [16, Lemma 3.13] we get that

dp(u,v))P = / lwo|P(B + ddu)™,
X

and

dp(ue, vy )P = / |Wo.e|P (we + ddu.)".
X
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Using [16, Lemma 3.5], we get that if (5 + dd“u)" = pw" and (w. + dd°u.)" = p.w", then
€ — p. is increasing, uniformly bounded and p. ™\, p pointwise as ¢ — 0. Moreover, from
Theorem 2.4.4, the measure (5 + dd“u)" is supported on D := {Ps(f) = f} and the measures

(we + ddu.)™ are supported on D, := {P,_(f) = f}. Moreover, N.~oD. = D.

We will show that

lim | . |P(we + ddu.)" = / o |P(8 + ddeu)™
X

e—0 X

The proof is similar to [16, Lemma 3.6, and Theorem 3.7].

Lemma 4.8.1. Let w; and w, . be the weak geodesics joining u,vy and u., vy respectively as

described above. Then

lim ]1D5|U')075|p = ]1D|w0|p.
e—0

Proof. First we observe that u. \, v and vy, \, vy as ¢ — 0. We will explain why v . \ va.
This follows because vy, \, vo and vy \, v1 as € — 0. If £; < &9, then the geodesic v, .,
is a candidate subgeodesic joining vg ., and v; .,. Therefore the geodesics vy . are decreasing
sequence of w.-psh functions. If vy. \, ¢», then ¢, > vy because vy, > vy. But ¢, is a

candidate subgeodesic joining vy and v, therefore ¢, < vy. Thus vy \ vy ase — 0.

We can obtain that w; . \, w; as well, by the same reasoning.

If z € D, then
() = fim 2O = @) we@) = fl@) - wne(®) — woe()
=0 t t—0 t ) f

Here we used w;. > w; and the convexity of the geodesic w, . for the last inequality. Taking
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e — 0, and using w, . \, w; we obtain

tig(w) < lim tig,o(7) < M

Taking ¢ — 0, we get

wo(z) < lim g (2) < wo(z).
e—0

Thus if x € D, then lim,_,¢ g (z) = wo(x). If x ¢ D, then for ¢ small enough = ¢ D.. Thus

we get 1p_|wo [P = 1p|wo|P as e — 0 pointwise. O

Theorem 4.8.2.

lim | || (we + ddu)" = / o [P (B + ddu)".
X

e—0 X

Proof. We first notice that since (w. + dd“u.)"™ = p.w™ and is supported on D., therefore

[ e+ v = [ o Jiooppt
X X

Similarly

/ iolP (8 + ddeu)" = / 1. 1o ™.
X X

As p. — p pointwise and are uniformly bounded (from [16, Lemma 3.5]), we just need to show
that | .| are uniformly bounded in ¢.
From convexity of v, . in A, we obtain that vy, < (1 — MNvg. + Avi. < max(vge, v1e).

Also P,,_(voe,v1,.) < vy.. Combining we have P, (vo., v1.) < vy < max{vg.,vi}.
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From [36, Lemma 3.1], we obtain

‘w(],s’ S |w1,s - w0,€|
= ‘us - U)\,s‘
< max{|u. — max{v ., vic}|, |u: — Po.(Voe, v16)|}

- maX{|ua - UO,E|> |u€ - Ul,a|7 |U5 - ng (UO,ay 'Ul,a)|}'

SiIlCC ng (UO,ayvl,a) = ng (min{fo,fl}) and U075 = Pws(f), 1)175 = Pwe (fl) and ’Uo75 =
P,_(fo), and using that for any continuous hq, hy € C(X), |P,_(h1)— P,_(h2)| < supy |h1 — hs|,

we obtain that

|tho | < max{sup | f = fol,sup |f — fi|,sup | f — min{fo, f1}|}.
X X X

Therefore by Lebesgue’s Dominated Convergence theorem, and Lemma 4.8.1,

lim ]1D5|w0’6|p,0€w":/ 1 p|ugl? pw™.
e=0 Jx X

Now the previous theorem proves

Theorem 4.8.3. If u, vy, v1 € Hp, and vy is the weak geodesic joining vy and v, then

dp(u,v))? < (1 = N)dp(u,v9)* + Adp(u,v1)* — (p — DAL — N)d,(vo, v1)?, if 1 < p < 2 and
dy(u, 03P < (1 = N)dp(u, vo)? + Adp(u, v1)? — N/2(1 — NP/2d,(vo, 0P, ifp > 2.
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Proof. We only needed to prove that lim. o dp(u., vy.) = d,(u,vy) which is proved by Theo-

rem 4.8.2. Now taking the limit ¢ — 0 in (4.23) and (4.24) proves the result. L]

Now we will extend this proof to all of E7(X, /3).

Theorem 4.8.4. Let u, vy, v; € EP(X, B) and vy be the weak geodesic joining vy and vy, then

dp(u,v))? < (1 = N)dp(u,v9)* + Adp(u, v1)* — (p — DAL — N)d,(vo, v1)?, if 1 < p < 2 and

dy(u, v3)? < (1 = N)dp(u, vo)? + Ay (u, v1)? — N/2(1 — NP2d,(vo, 0P, ifp > 2.

Proof. We give the proof by approximation from Hs. Let u/, v}, v] € Hg satisfy u/ N\, u,

vg \( Vg, and v{ N v If vi is the weak geodesic joining vg and v{ , then by Theorem 4.8.3

dp(u?,13)? < (1= N)dy (!, 09)? + Ay (!, v])?
— (p— DAL = N)d,(v], v))?, if1 <p<2and
dp(u?,03)P < (1= N)dy(u?, 03)P + Ay (!, v])P

— NP2(1 = NP2dy (), v])P, ifp>2.

By definition of d, on £P(X, 3), we know that as we take the limit j — oo, d,(uv/,v}) —
dy(u, o), dp(u?,v]) — d,(u,vy) and d,(v),v]) — d,(ve,v1). So we are done if we could prove
that d,,(v/, v]) — d,(u,vy).

By the same reasoning as in the proof of Lemma 4.8.1, we can see that vi N\ va. Since
w/ N\, uand v} \, vy, from [16, Proposition 3.12], we get that d,,(u’, u) — 0 and d,, (v}, vs) — 0.

Combining with the triangle inequality we get d,,(uj, v]) — d,(u, vy). O
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4.8.2 Uniform Convexity in the big case

With the help of Theorem 4.7.5, we can prove uniform convexity in the big case as well.

First, we see that the uniform convexity extends to the analytic singularity setting as well.

Theorem 4.8.5. If 0 represents a big cohomology class and 1 € PSH(X,0) has analytic sin-
gularities, then the metric space (EP(X,0,1),d,) for p > 1, as described in Section 4.4, is

uniformly convex.

Proof. Recall that we constructed the metric d, on E7(X, 6,) in Section 4.4.1 by resolving the
singularities of 1. Let 11 : X — X be the resolution as described in Section 4.4. Recall that
from Theorem 4.4.1 there is a smooth closed real (1, 1)-form 6 on X and a bounded function
g € PSH(X, ) such that the map PSH(X,6,1) > u + @ = (u — ) oy + g € PSH(X,0) is
an order preserving bijection and from Corollary 4.4.3, £7(X,0,v) > u — @ € EP(X,0) is a
bijection as well.

If u,vg,v7 € EP(X,0,7) and v, is the weak geodesic joining vy and vy, then @, 0y, ; €
EP(X,H) and by Theorem 4.4.5 0 := (vy — 1)) o ju + g is the weak geodesic joining ¥, and ;.

From Theorem 4.8.4, (£7(X, ), d,,) is uniformly convex, thus

dy (@, 93)* < (1 — N)d, (1, 50)? + Adp (@0, 01)* — (p — DAL — N)d, (7, 91)?, if 1 < p < 2 and

dy (T, 52 )P < (1 — N)dp (i, To)P 4 Ay (@, 51)P — NP2 (1 — NP/2d, (Do, 0,)P, if p > 2.

For ug, u; € EP(X,0,1), we defined d,(uo, u1) := d,(to, 41) in (4.5). Applying this we
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get

dp(u,v))? < (1 — N)dp(u,v9)* + Adp(u, v1)* — (p — DAL = N)d,(vo,v1)?, if 1 < p < 2 and

dy(u, v3)P < (1 = N)dp(u, vo)? + Adp(u, v1)? — N/2(1 = NP2d(vg, v, )P, if p < 2

implying uniform convexity of (€7(X, 0,),d,) for p > 1. O

We would also need the analytic singularity version of [11, Proposition 3.6] which holds

true, because the proof in [11] only relies on the uniform convexity of Theorem 4.8.5.

Theorem 4.8.6. Let i) € PSH(X,0) have analytic singularities. Let uy,u; € EP(X,0,1) for
p > 1, and u; be the weak geodesic joining ug and uy. If v € EP(X, 0,) satisfies d,(ug,v) <
(t + e)dy(ug, w1) and dp(uy,v) < (1 —t + €)d,y(uog, ur), for some e > 0 and t € |0, 1], then for
some constant C(p) > 0,

dy(v,uy) < VrCdy(ug,uy)
where r = max{2, p}.
Now we can prove one of our main results:

Theorem 4.8.7. If 0 represents a big cohomology class, then the metric space (EP(X, ), d,) for
p > 1 is uniformly convex. This means for u,vy,v; € EP(X,0), if vy is the geodesic joining vy

and vy, then

dy(u,v3)* < (1 = N)d,(u, v9)? + Ady(u, v1)* — (p — DAL — N)d,(vo,v1)?, if 1 < p < 2 and

dy(u,v3)P < (1 = Ndp(u, vo)? + My (u, v1)P — N/2(1 — NP2, (vo, v1)P, if p > 2.
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Proof. Let 1,  Vj be the increasing sequence of #-psh functions with analytic singularities.
Let u® = By[thg)(u), vl = Py[th](vo), and vf = Py[ey](v1). Let v} be the weak geodesic joining

vf and vf. From Theorem 4.8.5, we know that

dp(u®, v5)? < (1 — N)d,(u®, vE)? + A, (u”, vf)?
— (p— DAL — N)d, (v, vh)?, if 1l <p<2and
Q8P < (1= Ny, )P + Ay, kP

— NP2(1 = NP2, (v ok, ifp>2.

From Theorem 4.7.5 we know that limy o d,(u”,vf) = dy(u,vp), limg e dp(u®,of) =

dp(u,vy), and d,(vE, vF) = d,(vo, v1). Thus to finish the proof by taking the limit k& — oo, we
need to show that d,(u*, v§) — d,(u, vy). Unfortunately, it may not be true that P[] (vy) = v}.
But by using Theorem 4.7.3, and Theorem 4.8.6, we can show that v§ and Py[¢;](v,) are d,-close.

From Theorem 4.7.3, and the fact that (E7(X,0,1y), d,) is a geodesic metric space, we

know that

dy(vg, Po[tbi](v2)) < dp(vo,vx) = Adp(vo, v1)

and

dp (v}, Pa[thr] (v2)) < dp(v1,va) = (1 = A)dyy(vo, v1).

Again by the contraction theorem d,(vf,vy) < d,(vy,v1), moreover by Theorem 4.7.5,

limy, o0 dp (v, vF) = dpy(vo, v1). Thus we can write

d (’007 Ul)

k

< 1 —+ Ek
dp(vmvl)
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where ¢, > 0 and ¢, — 0 as K — oo. Thus we have
Aok, Paltn] (12)) < (A Ay (0f, o) < (A + 1)y (0, 0f)

and

dy (0%, Polibu)(v)) < (1= A)(L+ )y, 0F) < (1= A+ )y (el o).

Applying Theorem 4.8.6 we get that
dp(V5, P[] (v2)) < (1) Cdy(v, vF) < (e4)""Cdly (o, v1).
Taking the limit £ — oo and using that ¢, — 0, we get
lim dy(v), Polt] (v3)) = 0. (4.25)

Now we will show that d,(u*,v}) — d,(u,vy) as k — oo. By applying the triangle

inequality twice we get

[ (u”, v5) = dy(u, 0] < dp(u®, 05) — dy(u”, Po[n](02))] + |dp(u®, P[] (vr)) — dy(u, v3)]

< dy (v}, Polte] (vr)) + |dp (u”, Poltbr](vr)) — dp(u, 03]

As k — oo, the first term goes to 0 due to (4.25), and the second term goes to 0 due to Theo-

rem 4.7.5. ]

The same proofs as in [11, Theorem 3.5] gives
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Corollary 4.8.8. In the metric space (EP(X,0),d,) for p > 1, the weak geodesics are the only

metric geodesics.
The same proof as in [11, Theorem 3.6] proves that

Corollary 4.8.9. Let u, v, v, € EP(X,0) forp > 1. Lett € [0,1] and € > 0 such that d,(u,vy) <
(t + €)dy(vo,1 ) and dy(u,v1) < (1 —t + €)d,(vo, v1). If v, is the weak geodesic joining vy and

vy, then there exists C'(p) > 0 such that

dy(u,vy) < 5%C’dp(vo, v1)

where r = max{2, p}.
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Chapter 5: Finite energy geodesic rays in big cohomology classes

In this chapter, we will prove Theorem 1.4.1. To prove it we will need to prove some more
properties of the metric d,, on (X, 6) as introduced in Chapter 4. In Section 5.1, we will point
out some preliminary observations. In Section 5.2, we will prove a Lidskii type inequality. In

Section 5.3, we will prove Buseman convexity of d, metric. In particular we will prove

Theorem 5.0.1. Let 0 be a real, smooth, closed (1,1)-form representing a big cohomology class.
If p > 1, then the metric space (EP(X,0),d,,) is Buseman convex. This means if ug, uy, v, vy €
EP(X,0), and [0,1] > t — wu; and [0,1] > t — v, are the geodesics joining ug, u1, and vy, vy
respectively, then

dp(ug, v) < (1 —t)dp(ug, vo) + td,(ug, v1).

After this we will introduce the space of geodesic rays in £P(X,6) and prove Theo-
rem 1.4.1.

At the end we will give an application by proving a Ross—Witt Nystrom type correspon-
dence, which is new even in Kidhler setting for p > 1. The notion of test curves was introduced in
[57]1 by Ross—Witt Nystrom in the Kihler setting, giving a potential theoretic framework to study
stability.

Test curves are dual to (sub)geodesic rays via the Legendre transform. Ross—Witt
Nystroms’s work generalized the work of Phong—Sturm [58] where they associated geodesic
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rays to test configurations. The study of test curves was extended to the big setting in [17] by
Darvas—Di Nezza—Lu. Furthermore, the notion of finite energy test curves was introduced in [23]
(in the Kédhler setting) and [37] (in the big setting). Test curves can detect several properties of the
geodesic rays. Using the metric d, on EP(X, 6), the following theorem proves that the geodesic
rays lying in £P( X, #) can be detected from the corresponding test curve.

If (0,00) 3t — u; € PSH(X, 0) is a 0-geodesic ray starting at Vj, then its Legendre dual
R 57— 4, € PSH(X, 6) is defined by

U, = %I;g(ut —tT).

For 7 large enough, 1, = —o0. Thus we define,
rHi=if{reR : 4, = —c0} < c0.

Theorem 5.0.2. Let {u,}; be a 0-geodesic ray starting from V. Let {t.}, be the Legendre dual

of {us}1. Then u; € EP(X,0) forallt > 0 iff

+
u

/TA (=1 + 7, )Pt (/ oy, —/ 0&) dr < 0o (5.1)
—0o0 X X

When 7,7 = 0, the expression in Equation (5.1) equals d(Vp, u1) = % Jx lto[PO7,. Thus
this expression is closely related to the speed of the geodesic ray in £#(X, #). When p = 1, such
characterization of finite energy geodesic rays was obtained in [23, Theorem 3.7] (in the Kéhler
setting) and [37, Theorem 3.9] (in the big setting). For p > 1, this is new in the Ké&hler case as

well.
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5.1 Some preliminary observations

The following Lemma from [10] shows that the geodesics are stable under perturbations of

the endpoints.

Lemma 5.1.1. If u), ), uo,uy € EP(X,0) satisfy d,(ul,uo) — 0 and dy(ul,u,) — 0 as j —
00, then dp(u{, u) — 0as j — oo where ul, uy are the geodesics joining ul), v} and g, u

respectively.

Proof. The proof is the same as in [10, Proposition 4.3]. We just need the corresponding results
used in the proof in [10, Proposition 4.3] for the big setting. For that we can obtain the quasi-
monotonicity for the d, metric from [15, Theorem 5.2] and [19, Lemma 4.12]. The fact that for
u,v € EYX,0) satisfying u < v and I(u) = I(v) imply u = v follows by combining [17,
Theorem 2.4, Proposition 2.5, and Proposition 2.8]. Moreover, the fact that v < v < w implies
dy(u,v) < dy(u,w) can be obtained from Theorem 5.2.3 (whose proof does not rely on this

lemma). L]

Lemma 5.1.2. If u; € EP(X,0) is a d,-bounded decreasing sequence, then lim;_,., u; =: u €
EP(X,0).
Proof. By [19, Lemma 4.12], the metric d, is comparable to the quasi-metric [, i.e., there exists

C > 1, such that

1
Elp(uo,ul) < dp(ug, u1)? < Cly(uo, ur).

Here the functional , is given by

Ip(u(],ul) = / ‘UQ — U1|p(030 + GZJ
X
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for ug,u; € EP(X, ). So, if the sequence u; is d,-bounded, then it is I,-bounded as well. This

means that
sup/ lup — u;|PO; < oo.
JEN Jx !
Thus by [42], the limit lim;_,o u; =: u € EP(X, 6). O

We will end this section by proving a d,-contraction property for the projection into dif-
ferent cohomology classes. This result will play an important role in obtaining our main results.
This is an analog of the contraction property in [19, Theorem 7.3], and [56, Theorem 4.3] for
p = 1, where the projection operator maps to a different singularity type in the same cohomology

class.

Lemma 5.1.3 (Contraction property). If 6 and n are closed smooth real (1, 1)-forms representing
big cohomology classes such that 0 < 1. Then the map Py : H, — Hy is a contraction. This

means that vy, v1 € H,, then
dp(Py(vo), Pa(v1)) < dp(vo, v1).

Proof. First we will show that Py maps #,, to Hy. If v € H,,, then v = P, (f) for some f € chl,

By a standard argument, we can show that Py(v) = Py(f). Thus showing that Fy(v) € H,.
Now, assume that fo, fi € C*! be such that vy = P,(fo) and v; = P,(f1). Also call

uy = Po(fo) = Py(vo) and u; = Py(f1) = Py(v1). For now, we also assume that fy < f;. By

Theorem 4.5.7 and Theorem 2.4.4 the distances are given by

UOavl / |U0|p77y0 _/ |i}0|p77}10
{vo=/fo}
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and

uo,u1 / |U0|p9 / |7:L0|p0}10.
{uo=/o}

where v, is the 7-geodesic joining vy and vy, and w; is the #-geodesic joining uy and u;. Since
0 <n,uy < vgand u; < vy, uy is an n-subgeodesic joining vy and vy, therefore, u; < v;.

Since ug < vy < fo, the set {ug = fo} C {vo = fo}. Moreover, when x € {ug = fo},

u(z) — up(z)

tio(x) = |im t = I t
— —
< lim () — fo(z) — lim vy () — vo(w) _ %(I)
t—0 t t—0 t

Due to the assumption that fy < fi, 0 < 4, 0o, thus we obtain that || < [0g]. Again due to

0 <n, we have 03 < 7} . Combining these we get

[ tapg< [ i,
{uo=fo} {vo=/fo}

Therefore, d,,(ug, u1) < d,(vo, v1).
More generally, if fy and f; are unrelated, we can use the Pythagorean identity (see Propo-

sition 4.6.5) to prove the general result. We can do this because of [19, Lemma 4.1] implies that

Py(uo,u1) € Hy and the fact that Py(P,(vo, v1)) = Po(uo, uy).

dp(uo, ur)” = dy(uo, Po(uo, u1))” + dp(ur, Po(uo, ur))?
S dp(U[]? PU(U()? Ul))p + dp(vl7 P’I](/U07 Ul))p

= dp(?]o, ’Ul)p.
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Lemma 5.1.4. If1 < p’ < p < oo then for any ug, u; € EP(X,0),

[~

1
p .

~|

dy (g, ur) < dp(ug, uy)Vol(6)»

Proof. First we assume that ug,u; € Hy and u; is the geodesic joining uy and u;. Then by

Theorem 4.5.7,
dyfun,un? = [ Jiol8l,  and dy(uo, ) = [ Jio6,
X X
Applying Holder inequality with factors p/p" and p/(p — p’) we can write,

o' /p
[ oo, < ( / |uo|Pezo) ( / 950)

Raising both sides to 1/p’ and noticing that [, 67 = Vol(6), we get that

/
p—p

1
= —

dp/(uo, Ul) S dp(UO, Ul)VOI(Q)T’

1
p .

More generally, if ug, u; € EP(X, §), then we can find ug, w] € Hy such that u{) N\ uo and

uj1 N\, u1. By Lemma 4.6.2,

lim dy (uh), u]) = dy (uo, ;) and lim d,(u}), ul) = dp(ug, uy).
j—oo Jj—o0
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From the proof above we can write,

. . . . 11
(1, 01) = lim dy(uty ) < i dy (] VOL(6)7 5 = diy o, 1) Vo (8)

=
ASEE

5.2 Lidskii type inequality

In this section we will prove Lidskii type inequality. It will be useful in constructing a
metric in the space of rays. The proof will follow the approximation process used to construct
the metric d, on £P(X,0). First, we will prove the Lidskii type inequality for the big and nef

cohomology classes and then prove it for the big cohomology classes. In the first

Lemma 5.2.1. If  represents a big and nef cohomology class and u,v,w € EP(X, ) satisfy
u > v > w, then

dy(v,w)? < dp(u, w)? — d,(u,v)?.

Proof. First, we assume that u,v,w € Hp. Let w. = [ + cw represent a Kihler class. Let
u = Ps(f), v = Ps(g), and w = Ps(h) where f,g,h € CU1(X) satisfy f > g > h. We denote
by u. = P,_.(f), v. = P,.(g), and w. = P,_(h). Since u. > v. > w, are in EP(X,w.), by [11,
Corollary 3.2],

dp(vey we )P < dy(ue, we)? — dy(ue, ve)P.

By the definition of d, on Hz (see Section 4.3), we know that lim. o d,(ue,v.) = dy(u,v),

lim. 0 dp(ue, we) = dp(u, w), and lim._,o d,(ve, w.) = dy(v, w). Thus taking the limit ¢ — 0 in
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the above equation we get

dy(v,w)? < dp(u,w)? —d,(u,v)?.

More generally, if u,v,w € EP(X, 3), then we can find v/, v/, w? € Hz such that v/ >

v) > w’ and v/ \ u, v \, v, and w’ \, w as j — oco. We just proved that

dy(v?, 0P < dy(u? w0 )P — dy(u? 0P

Taking the limit ; — oo and using Lemma 4.6.2, we get

dy(v,w)? < dp(u,w)” — d,(u,v)?.

O

Before we can prove the Lidskii type inequality for the big cohomology class, we need to

show the result for the analytic singularity type.

Lemma 5.2.2. If 0 represents a big cohomology class and 1 is a 0-psh function with analytic

singularity type, then for u,v,w € EP(X, 0, 1) satisfying u > v > w, we have

dy(v,w)? < dp(u,w)” — d,(u,v)?.

Proof. Let i : X — X be the modification that resolves the singularities of ). As discussed in
Section 4.4.1 there is a smooth closed real (1, 1)-form 0 representing a big and nef cohomology
class, and a bounded §-psh function g on X such that E7(X,0,¢)) Su— i = (u—Y)opu+g €
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EP(X, 0) is a bijection.

Since u, 7, w € Sp(f(, 5) satisfy & > v > w, by Lemma 5.2.1 we have

By Equation (4.5), we can write

dy(v,w)? < dp(u,w)” — d,(u,v)?.

Now we can prove the Lidskii type inequality for the big classes.

Theorem 5.2.3. Let 0 represent a big cohomology class. If u,v,w € EP(X, 0) satisfy u > v > w,
then

dy(v,w)? < dp(u, w)? — d,(u,v)?.

Proof. As discussed in Section 4.5, let ¢, be an increasing sequence of f-psh functions with
analytic singularities such that 1, /' Vj a.e. We denote by u* = Py[1;](u), v* = Py[wy](v), and

w* = Pyliby](w). Since u > v > w, we have u* > v* > w*. By Lemma 5.2.2,

dy(VF, wF)P < dy(uF, W) — dy(uF R

Notice that the metric d,, applied to u”*, v* w" is the metric on the space £P(X, 0, 1;,), whereas

the metric applied to u, v, w is the metric on the space EP(X, §). Taking the limit k& — oo and
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using Equation (4.16) we get

dy(v,w)? < dp(u,w)? —d,(u,v)?.

5.3 Buseman Convexity of E7( X, 6)

In this section, we will prove Buseman convexity of the metric space (£7(X, 6), d,) for p >
1 where 6 represents a big cohomology class. This means that we will prove that if ug, u1, vo, v1 €

EP(X,0), and u; and v, are geodesic joining ug, uy, and vg, v1 respectively, then

dp(ug, vp) < (1 —t)d,(ug, vo) + tdy(ur, v1).

5.3.1 Buseman convexity for p = 1

The Buseman convexity for p = 1 was proved in [20, Proposition 2.10]. We reproduce the

arguments here for completeness.

Theorem 5.3.1. If 6 represents a big cohomology class, ugy, uy,vo,v; € EP(X, 0), and u; and vy

are the geodesics joining up,u,, and vy, v1 respectively, then

dl(ut,vt) S (1 — t)dl(UJO,UD) —+ tdl(ul,vl).

Proof. Fix a < b € [0,1]. Let w, := Py(ug,v,) and w, = Py(up, vp). Let [a,b] 5 t — w; €
EP(X, 0) be the geodesic joining w, and wy. Since w, < ugy, v, and w, < uy, vy, the comparison
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principle for geodesics implies that w;, < w;, v, for all t € [a,b]. Thus wy < Py(ug,v;). By

Lemma 2.7.1, we get that I (w;) < I(Py(uz, vy)) and I(Py(ug,v)) > I(wy) = ELT(Py(ua,va)) +

~+

—2[(Py(up, vp)) for all t € [a,b]. Thus t = I(Pp(uy,v;)) is a concave map.

o>~

By Theorem 4.6.7, dy (uy, v;) = I(ug)+1(vy) —2I(Py(ug, vy)). Ast — I(uy) and t — I(v;)

are linear and t — I(Fp(u, v¢)) is concave, we obtain that ¢t — dy (us, v;) is convex. O

Thus, we only need to prove Buseman convexity for p > 1. In this case we can use uniform
convexity of (£P(X, 6), d,) from Theorem 4.8.7. First, we will prove Buseman convexity for the

big and nef case, and then prove the Buseman convexity for the big classes.

5.3.2 Buseman convexity for big and nef classes when p > 1

Fix a smooth closed real (1, 1)-form /3 representing a big and nef cohomology class and fix

ap > 1. Recall from Section 4.3 that w. = 8 + cw represents a Kahler class. Let ug, uq, vg, v1 €
Hp be given by ug = Ps(fo), u1 = Ps(f1). vo = Ps(g0), and v1 = Ps(g1) where fy, f1, g0, 1 €
Cl’i(X). Let UO75 = ng(f[))’ ul,s = Pws(fl), 1)075 = ng (go), and Ul,s = ng (91) Let um and

v . be the w.-geodesic joining ug ¢, U1 -, and vy ., V1 - TESPECtively.

By the Buseman convexity in the Kéhler case, we obtain that

dp(ut,aa Ut,a) S (1 - t)dp(u0,57 U(La) + 2fdp(ul,aa Ul,s)-

By construction of d,, on EP(X, /3), we know that lim. o d,(uo -, vo.) = dp(uo, vo) and

lim. 0 d,(u1¢,v1.) = dp(uz,v1). Thus to show Buseman convexity for potentials in Hpg, it is
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enough to show that

dp(ut)vt) < lim dp(ut,e,Ut,e)7
e—0
where u; and v; are the -geodesics joining ug, u; and vg, v, respectively.

Lemma 5.3.2. Let uy,w; € Hg and u; be the geodesic joining them. Let ug ., u, . be as above

and u, . be the geodesic joining uy . and u, .. Then for p > 1,

lim d (u, Py (un..)) = 0.

Proof. We claim that Pg(u;.) N\ uy.

First notice that ug. \, up and u; . \, u;. Recall that by definition, uo. = P,,_(fy) and
uy = Pg(fo) for fy € CV1 If g, < e, then U e, 1S Wey-psh as well and w ., < fo, therefore,
Upe, < Upe,. By a similar argument up . > ug as well. Therefore, ug . are increasing sequence
of functions, and lim,_,oup. > uo. The limit lim._,ouo. is a 8 + ew-psh for every ¢ > 0,
therefore, lim._,y ug . is a -psh function that satisfies lim._,o up. < fo, thus lim._,g up. < uo.
Thus lim._,o up . = wp. Similarly, u; . \, u1.

We can make the same argument for the w.-geodesics u; . joining ug . and u; .. If 1 < &9,
then the path (0,1) > ¢ +— u;, is an w.,-subgeodesic joining ug ., and u, .,. Therefore, u; ., <
Ute,. Similarly, u,. > u,;. Therefore, (0,1) > t — w, . is a decreasing sequence of paths and
lim. 0wz > u;. The limit path (0,1) > ¢ — lim._,o u; . is a § + ew-subgeodesic joining u, and
uy for each ¢ > 0, therefore it is a 3-subgeodesic as well. Hence lim._,ou;. < u;. So we get
im0 ue = wy.

Since u;. N\, u¢ and u;. > Pgupe) > ug, we have that Ps(u.) N\ u; as well. Thus
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proving the claim. Now the proof of the lemma follows from Lemma 4.6.2.

Similarly for p > 1, lim._,o d,(vs, Ps(v:c)) = 0. By the triangle inequality,

li_rf(l) dp(Pp(ure), Po(vre)) = dp(ur, vr).

Since fo, fi € CY1(X), Lemma 2.4.7 implies that ug ., u; . € C'(X). Thus Lemma 2.5.4
implies that the geodesic u;. € C1(X) as well. Similarly, the geodesic v;. € C'(X). Thus
we can apply Lemma 5.1.3, to get d,(Ps(uy ), Ps(vie)) < dp(ug e, v.). Combining this with the

above equation we get

dy(ut, v;) = i dy (Pp(ue), Pp(vie)) < limdy(ure, vyc)

as we needed to show. Thus we have proved

Lemma 5.3.3. Let ( represent a big and nef cohomology class andp > 1. Let ug, 11, vo, v1 € Hp.

If u; and v, are the geodesics joining g, u; and vy, v1 respectively, then

dp(ug, vp) < (1 —t)dy(ug, vo) + tdy(us, v1).

Now we will extend this result to EP(X, 3) for p > 1.

Theorem 5.3.4. Let [ represent a big and nef cohomology class and p > 1. Let uq, uy, vy, v; €

132



EP(X, B). If uy and v, are the geodesics joining ug, u; and vy, vy respectively, then

dy(ug,vr) < (1 —t)dy(ug, vo) + tdy(ur, v1).

Proof. As standard, we can find u), ul, v}, v] € ‘H s such that wl) N\ ug, w] N\ up, v N\ vo, and
v{ N vp. If ui and vg are the geodesics joining ué, u{, and vg, v{ respectively, then ui N\, u; and
vl \ vy

By the definition of d,, for £7(X, 3) in Section 4.3, we know that lim;_, ., d,(u), v}) =
dy(ug,v) and that lim; . d,(u},v]) = d,(ui,v;). Moreover, due to Lemma 4.6.2,

lim; o d,(u], v]) = dy(us, v;). By Lemma 5.3.3, we have

dp(uf,vl) < (1= )y (up, vg) + tdy (uf, v}).

Taking limit j — oo, we get that

dy(ug,vr) < (1 —t)dy(ug, vo) + tdy(uy, v1).

5.3.3 Buseman Convexity for big classes when p > 1

As in the case of Lidskii type inequality in Section 5.2, we will first show the Buseman
convexity for the analytic singularity case, and then for the minimal singularity case for the big

classes.
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Assume that 6 is a smooth closed real (1, 1)-form representing a big cohomology class.
Let 1) be a #-psh function with analytic singularities. We will first show that (E7(X, 6,v),d,) is

Buseman convex.

Lemma 5.3.5. For p > 1, the metric space (EP(X,0,1), d,) is a Buseman convex metric space.
This means that if ug, uy,vo,v1 € EP(X,0,1), and u, and v, are the geodesics joining ug,u1, and

Vo, U1 respectively, then

dp(ug, v) < (1 —t)dy(ug, vo) + td,(uy, v1).

Proof. Recall from Section 4.4.1 that there exists a modification p : X > X, a big and nef
cohomology class 6 and a bounded é-psh function ¢ on X such that the metric d, on EP(X,0,7))
is given by

dp (o, ur) = dp(to, n)
where E7(X,0,v) 3 u— @ := (u— 1)) o u+ g € EP(X, ) is a bijection.

By Theorem 5.3.4, the metric space (£7(X,6), d,) is Buseman convex. Therefore,

dp(ut, Ut) = dp(ﬂt, T)t) S (]_ — t)dp(ao,ﬁ()) + tdp(ﬂh 61) = (1 - t)dp(UO, Uo) + tdp(ul,vl).

Now we can show that the metric space (£7(X, 6), d,) is Buseman convex for p > 1.

Theorem 5.3.6. For p > 1, the metric space (EP(X,0),d,) is a Buseman convex metric space.

This means that if ug, uy, v, v1 € EP(X,0), and u; and v, are the geodesics joining ug,u;, and

134



g, V1 respectively, then
dy(ug,vr) < (1 —t)dy(ug, vo) + tdy(ur, v1).

Proof. As described in Section 4.5, let ¢, be an increasing sequence of f-psh functions with
analytic singularities such ¢, * Vj a.e.

We denote the projections of ug, uy, vy, and vy to EP(X, 0, 1y,) by uf = Py[tr](ug), ub =
Py[thp](ur), v = Pylwr](vo), and v¥ = Pplthi](v1) respectively. We denote by u¥ and v the
geodesics joining uf, u¥, and vf, v} respectively.

The projections Py[¢x|(u;) and Py[i)y](v;) do not coincide with u¥ and v¥ respectively, but

for p > 1, using uniform convexity we can show that
Jimdp(uf, Pyltpe)(ue)) =0 and - lim dy (v, P[] (vr)) = 0. (5.2)

See the proof of [19, Theorem 8.3, Equation 26] where the details are spelled out more clearly.

From Equation (4.16) and 5.2, we get

y(aat, o) = lim dy(Po[t)(u), ol (v) = lim di(uf, F).
By Lemma 5.3.5, we can write

d (uzl;?vt) (1 _t)d (UO7UO> +td (ulvvl)
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Combining the last two equations we get

dp(ug, vy) = hm dp(ul, o) < lim (1 — t)d,(uf, vg) + td,(uf, vF)

k—o0

= (1 — t)dp(U(), ’Uo) + tdp(ul, Ul).

5.4 Space of geodesic rays

In this section, we will study the space of geodesic rays and prove Theorem 1.4.1. Let
u € EP(X,0). A geodesic ray {u,}, is a finite p-energy geodesic ray emanating from u if u; — u
ast — 0in L'(X) and u; € EP(X, ) for all t > 0. We denote by R the set of all finite p-energy
geodesic rays emanating from u.

We construct a metric d; on RE as follows. If {u;}s, {vi}; € R are two finite energy

geodesic rays, then we define

d
d;<{ut}ta {vede) = tlgglo M' (5.3)

Due to Buseman convexity of d,, from Theorem 5.0.1, we know that if ¢; > ¢, then

t t
d’p(utwvh) = (1 - t_Q) dp<u0’ UO) + t_zdp<ut17vt1)'
1

1

Since uy = vg = u, we have

dp(utzv Utz) < dp(utl ) Utl) )
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Thus the limit in Equation (5.3) is increasing and is bounded from above due to the triangle
inequality. This is because d,,(us, v;) < dp(us, u) + dp(ve, u) = tdy(uy, u) + td,(vq, w). Thus

dp(ut’ Ut)

400 < dy(ur, 0) + dy(vr, 0).

Thus the limit in Equation (5.3) is well defined.
Lemma 5.4.1. Equation (5.3) defines a metric on RE.

Proof. Let {u;}¢, {vi}e, {w: }+ € RE be three finite p-energy geodesic rays. df({u}s, {vi}e) > 0
because d,(u, vy) > 0.

If d5 ({ui }e, {ve }¢) = O, then the function f(t) = d,(us, v;)/t is an increasing function that
satisfies f(0) = 0 and lim; ., f(¢) = 0. Therefore f(t) = 0 for all ¢ > 0. Thus d,(us, v;) = 0

for all ¢ > 0. Therefore u; = v, for all ¢ > 0. So {u;}; = {v;}:+. This proves non-degeneracy of

d.
The triangle inequality for d;, follows from the triangle inequality for d,,.
ody(ug,v
&5 ({uhe {vi) = lim L)
< lim —dp(ut’ wi) + lim —dp(ﬂ)t’ ve)
t—o0 t—o0 t
= dy({uche, {wehe) + dp({wie, {vihe).
]
The next theorem shows that the metric space (R, ds) are all isometric for all u €
EP(X,0).
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Theorem 5.4.2. Given u,v € EP(X,0), there exists a map P,, : RY. — RP that induces a

bijective isometry P, : (RL,d;) — (RY, d5).

Proof. Let {u;}; € RP. We will construct a finite energy geodesic ray {v:}: =: P, ({u}s)
starting from v.

First, assume that v > v. We can construct a finite energy geodesic [0,¢] > [ — v} €
EP(X,0) joining v = vf and v, = vf. Consider 0 < ¢ < t'. Since [0,#] 3 | +— w; is a finite
energy geodesic joining u and u,, whereas [0,t'] 5 [ — vf is a finite energy geodesic joining v
and uy. Since v > v, by the comparison principle, vf < u; = v!. Again applying the comparison
principle, we get that for [ < ¢, vf/ < vf.

Moreover, by Theorem 5.0.1,

By Lemma 5.1.1, the map [0, 00) 3 [ — v; := limy,oo v) € EP(X, ) is a finite energy geodesic
ray. Note that the limit geodesic v; still emanates from v. This is because by Lemma 5.1.1, the
path [0,t] 5 1 — v; € EP(X, 0) is a geodesic joining v and v;. Because v, v; € EP(X, 0) the result
follows from the following argument. As d,(v;, vo) = %, we get that lim;_,o d,, (v, vo) = 0. Thus
by [19, Lemma 4.12] and [15, Theorem 1.2], we get that v; — vo in L' (X). See [59, Proposition
4.2.1] for a more general result. Now, taking the limit £ — oo in the equation above we get that
dp(vi, w) < dp(u,v).

A similar proof works when u < v.

More generally, we can consider h = Py(u,v) € EP(X,0). Now h < w,v. Thus from
above, we can construct a finite energy geodesic ray {h:}; € R} that satisfies d,(h:,u;) <
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dy(h,u). We can now also construct a finite energy geodesic ray {v;}; € RZP such that
dp(he,ve) < dy(h,v). Thus by the triangle inequality d,(u, vi) < dp,(us, he) + dp(he, v) <
dy(u, h) + dy(h,v). Thus {u;}¢, {v; }; are parallel geodesic rays.

To see that P, : (RE,d) — (RE,dS) is an isometry consider {uf}, {us}e € RE. Let

P.,({ui}s) = {vi}, fori = 0, 1. By the triangle inequality we have

dzc)({vw?}ta {Utl}t) = lim

< lim
t—o00 t
t—o00 t

= dy({u} }e, {ug })-

In the second line, we used that fact that d,,(u}, v{) remain bounded as ¢t — oo for i = 0, 1. The

other side inequality is obtained similarly. Thus df({uf}¢, {ug }¢) = d5 ({07}, {v} }+). O

Since the spaces (R?, d;) are all isometric to each other, it is good enough to study just one
of them. We will fix v = Vj and use R}, to denote Rf/e. The goal of the rest of the section is to

prove that (R}, d;) is a complete geodesic metric space. First, we prove

Lemma 5.4.3. The metric space (R}, dy) is a complete metric space.

Proof. Let {ui }+ € RY be a Cauchy sequence of finite energy geodesic rays. This means
that dg({u{}t,{u,’f}t) — 0 as j,k — oo. For a fixed t > 0, we know that d,(u],uf) <

tdg({u{}t, {u¥},). Thus u] is a Cauchy sequence in (E7(X, ), d,,) with limit point u; € EP(X, 6).
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By the endpoint stability Lemma 5.1.1, u; is a finite energy geodesic ray. Now we observe that

dy({uf}s, {w}e) = lim

< do({uf}e, {uf}e)

which can be arbitrarily small. Therefore, d;({u{ o {urk) — 0as j — oo. O

First, we will show that for p > 1, (R}, d;) is a complete geodesic metric space. We have
already seen that it is a complete metric space. We just need to show that there are geodesics in

this space.

Theorem 5.4.4. Forp > 1, (R}, d;) is a complete geodesic metric space.

Proof. Let {u'};, {u; }+ € RY be two finite energy geodesic rays. We will construct finite energy
geodesic rays {uy'}; € Ry for 0 < o < 1, such that the path [0,1] > a — {uf}; € Rjisa
d;-geodesic.

First, consider the finite energy geodesic [0,1] 3 a +— v € £P(X, 0) joining u) and u;.
Let [0,4] 3 [ — w" € EP(X, 0) be the finite energy geodesic joining wS™" := Vj and wi™" = vg.
We claim that for a fixed [ > 0, wla’t € £P(X,0) is d,-Cauchy as t — oo. Thus there exist
uf € EP(X, 0) such that lim, ., d,(w"", uf*) = 0. By the endpoint stability Lemma 5.1.1, {u¢'},
is a finite energy geodesic ray.

Now we will prove the claim. Let s < ¢. By applying Theorem 5.0.1 to geodesics [0, ]
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s + u? joining Vj and u, and [0,¢] 3 s — w? joining Vj and v, we get

dp(uo wa’t) dp(ug, vy) dp(ug7 U%)

S; — < n =« t < Oéd;({ug}ta {U%}t) 5.4

Similarly, we have

dy (Ui, i)

t

S S

S - t

dp(uuk, i) _ dy(ud, )

=(1-a) < (1= a)dy({ut}, {u;}) (5.5

Since L) 7 ds({uf}, {u}}e). We can write d({uf}s. {u},) < (1+e(s)) 2002
where £(s) — 0 as s — oo. Combining with Equations (5.4) and (5.5), we get

dy(ug, we") < (a+&(s))dy (u, uy)

s) s

and

dylub i) < (1 - o+ e(s))d, (ul, ul).

s7 s

By Corollary 4.8.9 of the uniform convexity, we can write

dy (v, W) < C’a(s)%dp(uo ul).

This is the only place where we need the condition that p > 1. Applying Theorem 5.0.1, to
geodesics [0, s] > | — w™* joining Vj and v, and [0, s] 3 [ + w;"" joining V; and w*, we get
forl <s,

) _ (o w2

) < BN < o)D), )

S
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As £(s) can be made arbitrarily small, we get that wla’t is a d,-Cauchy sequence as t — oo.
By [19, Main Theorem], the metric d, is complete, so there exists uj* € EP(X,0) such that
limy o dp(w™, uf) = 0.

Now we will prove that the map [0,1] > a — {uf'}, € Ry is a d-geodesic. Taking the

limit ¢ — oo in Equations (5.4) and (5.5), we get that

dp(u27 U?)

< ads({uf}, {uj o).

and
M < (1 — a)ds({ud}, {ul ).

Taking the limit s — oo, we get that

dy({uibe {ui}) < adp({u}e {u ) and  dp({uy b, {ui'h) < (1—a)dy({uy}e, {uy }e)

Combining with the triangle inequality, we get

dy({uibe {ui}) = ady({ui}e {u ) and  dp({up b, {ui'h) = (L—a)dy ({uy}e, {u; }e)

For 0 < a < B < 1, the triangle inequality implies

dy({ug' e, ' }o) = dy (b, ' }o) = dp({ud e, {ug' o) = (8 — a)dy({u}e, {ug}).

For the other side, we again use Theorem 5.0.1 on geodesics [0,¢] > [ + w™" and [0,#] > [
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wf ' joining Vj with vy* and vf respectively. We notice that

dp(wla’iwlﬁ’t) < dp(“ta’vtﬁ) — (B —a) dp (uy, uy
{ - t t
Taking limit ¢ — oo, we get
dp(ula, ulﬂ)

l < (8 = a)dy({w/}e. {wg }o)-

Now taking limit [ — oo, we get

dy({ui'}e {uf'}e) < (B — a)dy({uf}s, {ui o).

Thus

dS({ugte {u)}e) = (B — a)dS({ud e, {ui })

proving that the map [0, 1] > o — {uf}; € Ry is a df-geodesic.

)

]

Now we need to extend this proof to p = 1 by approximating it from p > 1. First, we will

show that the d;-geodesics depend only on the end-points, and not the value of p, just like in the

metric space (£7(X,0),d,), where the metric geodesics are described by the geodesics whose

construction does not depend on p.

Lemma 5.4.5. If 1 < p' < p, then R} C RZI. Moreover, if [0,1] 5 a — {u}; € Ry is the

ds-geodesic joining {u?}; and {u; }1, then [0,1] > a +— {uf'}, is also the d,-geodesic.

Proof. Recall from the proof of Theorem 5.4.4 that the the geodesics [0, 1] 5 a — v € EP(X, 0)

joining u? and u! do not depend on the value of p. Similarly, the geodesics [0,¢] > [ — wf"t €
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EP(X, 0) joining Vp and v{* also do not depend on the value of p.

If we can show that the d,, limit uj* of wlo"lt as t — oo does not depend on p as well, we

1
= —

will be done. Recall from Lemma 5.1.4, that dyy (-, -) < d,(-,-)Vol(6)» » on EP(X,0). Thus if

limy o0 dy (Wi, uf*) = 0, then
1

lim d,y (w, uf) < tlim dy(wi, uf) Vol (0)
—00

t—o00

_1
P = 0
Knowing that the d,, limit of wlo"t as t — oo is uf* irrespective of the value of p’, the proof of the

fact that [0,1] 2 a — {u3}; € R’;l is a d;,-geodesic goes through as in Theorem 5.4.4. O]

Now we will establish the version of Theorem 5.4.4 for p = 1. Before that, we need the

following

Lemma 5.4.6. Forp > 1, if {u};, {u;} € Ry are finite energy geodesic rays such that ul N\,

then

lim ds ({uf}i, {ur}1) = 0.
J—00
Proof. By Lemma 2.6.1, the maps t +— supy u; and ¢ — supy v/ are linear. Therefore, by
replacing u,, ui by u; — Ct, u{ — C't, we can assume that 0 > Vj > ug > Uy
Applying the Lidskii type inequality from Theorem 5.2.3, we get that

dp(uz’ ut)p < dp(“h Ve)p - dp(uf, Vb)p
tP - tp

= dp(ulv ‘/G)p - dp(u]iv ‘/9)1)
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Since u] N\, u1, by Lemma 4.6.2, lim; o, d,,(u},0) = d,(uy,0). Thus

uniformly in ¢. Therefore, lim;_, d;({u{}t, {us}+) = 0. O

With the help of Lemma 5.4.6 and Theorem 2.6.2, we can prove the existence of geodesics

in R}.

Theorem 5.4.7. For p > 1, the space (R}, ds) is a complete geodesic metric.

Proof. We have already proved the theorem for p > 1. We just need to prove it for p = 1 now.
Let {ul};, {u; }+ € R, be two finite energy geodeisc rays. As in the proof of Theorem 5.4.4, we
can construct geodesics [0,1] 3 a — v € £Y(X, 6) joining u) and u;. We can also construct
geodesics [0,t] > 1 — w*' € (X, 0) joining Vj and v{*. We used p > 1 to construct u{* as the
d,, limit of wf’t as t — oo. In the case p = 1, we will use approximation to construct ;.

Fix any p > 1. From Theorem 2.6.2 we can construct geodesic rays {u;”},, {u;”}; € R%,
such that uf” \, u? and u;” \, u} as j — oo and for all t > 0.

Let [0,1] > a — {uf”}, € RY C R} be the d;-geodesic constructed in Theorem 5.4.4.

By Lemma 5.4.5 it is also the d§-geodesic. Recall that we constructed u;*’ as d,-limit (hence
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d,-limit) of wla’t’j as t — oco. Since wla’t’j > wla’t, Theorem 4.6.7 and Lemma 2.7.1 show

(w0 ) = 1) — T
= LI ~ 1)
= 1 )T+ aT () — (1~ o)) — aT(u}))

As j — oo, u(l)’j N\, v? and u}’j N\, ui. As I is continuous along decreasing sequences (see [29,
Proposition 2.10]) we get I(u}’) — I(u9) and I(u;”) — I(u}). Hence d;(w""”,w™") — 0 as
j — oo uniformly over ¢.

Now "/ is a decreasing sequence and u{*’ does not decrease to —oco as j — oo because
1 (u;” ) is bounded. Therefore, the limit lim;_, ula’j =: ;' has finite / energy due to continuity
of I along decreasing sequences. Hence u® € £'(X,6). By the proof of Theorem 5.4.4, it

remains to show that lim;_, dl(wla’t, uf*) = 0. To see this notice that

di (] uf) < di(wi wi™) 4 di (w7 ug? )+ da ().

We have seen above that the first term goes to 0 as j — oo uniformly in ¢. The last term also
goes to 0 as 7 — oo. For a fixed j, the second term gets arbitrarily small for large ¢. Therefore,

limy o0 dy (0", uf) — 0. O
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5.5 The Ross—Witt Nystrom correspondence

The notion of test curves, introduced by Ross—Witt Nystrom in [57] in the Kéhler set-
ting, and further studied by Darvas—Di Nezza—Lu [17], Darvas—Zhang [37], Darvas—Xia [23] and

Darvas—Xia—Zhang [60], is a powerful tool to study geodesic rays in connection with K -stability.
Definition 5.5.1. Amap R > 7 — ¢, € PSH(X, ) is a test curve, denoted by {1, },, if

1. The map R > 7 +— 9, (x) is decreasing, usc, concave for all x € X, and

2. ¥, = —oo for all 7 big enough, and

3. ¢, M Vyae. as T — —o0.

From condition (2) above, we can define
7y =inf{r €R : ¢, = —oc}.

Test curves are Legendre dual of sublinear subgeodesic rays starting at Vj [37]. Several
properties of the geodesic rays can be detected by the corresponding test curves. Based on that

we define several subclasses of test curves.

Definition 5.5.2. A test curve {1, }, can have the following properties.
1. Ttis maximal if Py[1)p;](0) = ¢, for all 7 € R.
2. It has finite p-energy for p > 1, if

T
/ (—T+TJ)p_l (/ oy, —/ HZT) dr < oo
—00 X X
7
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3. Itis bounded if for all 7 negative enough, ¢, = Vj. In this case, we define

7, =sup{Tr € R : ¢, =V }.

When p = 1, the notion of finite p-energy test curves was introduced by Darvas—Xia [23]
in the Kéihler setting, and by Darvas—Zhang [37] in the big setting.

The Ross—Witt Nystrom correspondence is the observation of Ross—Witt Nystrom [57]
that test curves and subgeodesic rays are dual to each other via Legendre transform. If {u,}, is a

sublinear subgeodesic ray starting at Vjp, then its Legendre transform is given by

U, (x) = %gg(ut(a:) — 7).

If {1}, is a test curve, then its inverse Legendre transform is given by

() = sup(¢-(z) — t1).

TER

In particular, we have

Theorem 5.5.3 ([37, Theorem 3.7]). The Legendre transform {1, }, — {14}, is a bijection with

inverse {u; }; — {U,}. between

1. test curves and sublinear subgeodesic rays starting at Vy;
2. maximal test curves and geodesic rays starting at Vy;

3. bounded maximal test curves and geodesic rays with minimal singularity type. Moreover,
in this case, V9+7'1;t < QZVJt < Vp —|—7’Jt.
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Darvas—Xia [23, Theorem 3.7] in the Kéhler setting, and Darvas—Zhang [37, Theorem 3.9]
in the big setting proved that the Ross—Witt Nystrom correspondence as described above is a
bijection between maximal finite 1-energy test curves and finite 1-energy geodesic rays. In this
section, we will generalize this statement to finite p-energy test curves and geodesic rays.

For that, first, we need a lemma about the speed of the geodesic segments, which can be

seen as a converse of [19, Lemma 5.3].

Lemma 5.54. If uy € Hy, u; € PSH(X,0), and [0,1] > t — u, € PSH(X, ) is the geodesic

joining uy and uy such that

/X|u0|p930 < 00,

then uy € EP(X,0).

Proof. First, assume that ug > wu; + 1, so that we can find u]l € Hy such that u{ N\, u; and
uy > ul. Let [0,1] 3t — u] € EP(X, H) be the geodesic joining uy and ). The geodesics are

decreasing, therefore 1, u‘é < 0. By Theorem 4.5.7,
dytunady = [ Jidrer, = [ (-ijres,
X X

Since ujl > uy, the geodesics satisfy ui > ;. Therefore,

J
'th—

U = lim
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Hence, (—))? < (—1io)?. Now,

o) = [ (i, < [ aopey, < .
X X

Therefore, uj1 is a dy-bounded decreasing sequence such that u]l N\, 1. Therefore by Lemma 5.1.2
uy € EP(X,0).

Now we drop the assumption that uy > u; + 1. Let C' > 0 such that uy — C' + 1 < ug. Let
wy; = uy — C, so that ug > wy + 1. If w, is the geodesic joining uy and wq, then w; = u; — Ct.

Therefore, w, = 19 — C'. Hence,

/ v [P62 :/ g — CJPOT. < 27 (/ o [PO7 + CPV01(9)> < 0.
X X X

By the argument above, we find that w; € EP(X,6), therefore, wy; + C' = u; € EP(X,0) as

well. O]
This Lemma allows us to prove

Theorem 5.5.5. For p > 1, the Legendre Transform {u;}, — {,}, is a bijective map between

finite p-energy geodesic rays in Ry, and maximal finite p-energy test curves.

Proof. First, we assume that supy u; = 0 for all ¢ > 0. In this case 7,7 = 0. To see this we
observe that u; decreases as t — co. As supy u; = 0, by Hartog’s Lemma (see [25, Proposition

8.4]) sup y (limy_, o, u;) = 0. Therefore, when 7 = 0,
o = fof e = Jim e # o0
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Whereas for 7 > 0,

U, = %gg(ut —t7) = —00.

Thus 75“ = 0. Again since u; is decreasing 1y < 0. We will show that

0
[tiorez, =p [ (o ( [o-] e&) dr.
X —00 X X

To see this we start with the left-hand side

/ 007, = p / (—io)07,
X X

:p/ POy ({0 < —7})dr.
0

Changing the variable from 7 to —7, we can continue

_ p/ (—7)P=2602 ({ig < 7})dr.

—00

Recall that @, = inf;>¢(u; — t7). Thus the set {19 > 7} = {4, = uy = Vp}. Therefore,

— / (—7)P~t (Vol(8) — 82, ({ir = V})) dr.

—00
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Since {4, } is a maximal test curve, we know that Py[u,] = 4,. Therefore, by Theorem 2.4.4,
929[ = 1{py[a,)=010". Moreover, 07, = 1yy,—010". As Byli,] = i, and {4, = 0} C {Vy = 0},

i) =

we get that 07 = T, —007,. Thus we can write, 67, ({a, = Vp}) = [, 072 . So we get

:p/_[;(—T)P-l (/X o, —/Xegf) dr.

This proves (5.6).
If the test curve {i.}, has finite p-energy, then by (5.6), [, |o[0}}, < co. Since [0,1] >

s — Wy = Uy, 18 the geodesic joining uy and u;. Thus, wy = tu, and

/ o [P0y, = tp/ 0|0, < 00
b'e X

Therefore, by Lemma 5.5.4, u; € £P(X,60). Thus the geodesic ray {u,}; is a finite p-energy
geodesic ray.

Similarly, if {u,}, is a finite p-energy geodesic ray then [ |io|P0y, = db(ug,u1) < oo,
thus by (5.6), {@. } is a finite p-energy test curve.

More generally, by Lemma 2.6.1, supy u; = Ct for some C. Moreover, by the same
argument as earlier C' = 7'; Mw = — Ct = uy — 7'5“ t, then {w,;}; is a geodesic whose

Legendre dual {0, }, is given by W, = t;1c = 0 ot
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From (5.6), we can say that

0
[, <o [ or ([ o, [ o) ar
X —00 X X
0 1
o\ no_ n
p/oo( T) (/X 0V9 /)(9u7+771+> dr

+

p/ﬁ(—r+7ﬁ+)p1 (/ 9@0—/95‘7)d7
—00 X X

As gy = 1y — 7, , we get that

/ |0 |POY, < 00 <= / |0 |[POY, < oo.
X X

Combining the two equations above, we get that {u;}; € R} is the finite p-energy geodesic ray

iff the Legendre transform {4, }, is a maximal finite p-energy test curve. [
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