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This thesis focuses on two problems in biophysics.
1. Inference in networks far from equilibrium.
2. Optimal transitions between network steady-states of unequal dimensions.

The system used for development of the theory and design of computational algorithms is
the fully connected and asymmetric version of the widely used Ising model. We begin with
the basic concepts of biological networks and their emergence as an analytical paradigm
over the last two decades due to advancements in high-throughput experimental methods.
Biological systems are open and exchange both energy and matter with their environment.
Their dynamics are far from equilibrium and don’t have well characterized steady-state dis-
tributions. This is in stark contrast to equilibrium dynamics with the Maxwell-Boltzmann
distribution describing the histogram of microstates. The development of inference and
control algorithms in this work is for nonequilibrium steady-states without detailed bal-
ance.

Inferring the Ising model far from equilibrium requires solving the inverse problem in sta-

tistical mechanics. As opposed to using a known Hamiltonian to solve for the macro-



scopic averages, we calculate the couplings and fields, i.e., model parameters, given the
microstates or stochastic snapshots as inputs. We first demonstrate a time-series calculation
for the inverse problem and use Poisson and Polya-Gamma latent variables to construct a
quadratic likelihood function which is then maximized using the expectation-maximization
algorithm. In addition to the main calculation, properties of the Polya-Gamma variables are
used to solve logistic regression on a Gaussian mixture. This has applications to problems
like clustering and community detection.

Not all available data in biology is time-ordered. In fact for some systems, e.g., gene-
regulatory networks, most of the data is not in time-series. The solution to the inverse
problem for such systems (data) is qualitatively different as it involves solving for the ther-
modynamic arrow of time. The present work uses the definition of a sufficient statistic
based on equivalence classes to design a likelihood function through the disjoint cycles of
the permutation group. The geometric intuition is provided using dihedral group of the
same order. We state and prove that our likelihood function is minimally sufficient and
present an optimization algorithm with computational results.

The second problem, i.e., optimal network control is solved using optimal transport. We
recognize that biological networks have the property to grow and shrink while remaining
functional and robust. Recent works that have continued the progress made by earlier sem-
inal results have concentrated on systems which do not undergo transitions that alter their
dimensions. For example, a network increasing or decreasing its number of nodes. The
connection between thermodynamics and optimal transport is well established through the
Wasserstein metric being the minimal dissipation for stochastic dynamics. This result de-
pends on narrow convergence which requires that the system size remains the same.
Recently introduced Gromov-Wasserstein metric defined on a space of metric measure
spaces, makes it possible to design optimal paths between probability distributions of dif-

ferent sizes. In context of networks, the GW metric can define geodesics between two



network nonequilibrium steady-states with different number of vertices. The last two chap-
ters discuss the mathematical concepts and results that are required to develop the GW
metric on networks and the computational algorithms that follow as a result. We define the
probability measures and loss functions as per the physical properties of the Ising model

and demonstrate a geodesic calculation between two networks of different sizes.
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Chapter 1:  Prologue

Three questions pertinent to this thesis are answered below. The aim is to contextualize
methods and results presented in the chapters that follow.
Why should we study biological networks?
The progress in understanding individual components of biological systems such as pro-
teins, genes and neurons, has led to deeper insights about the structure and function of
systems that are made from them [3, 55, 71, 112]. The interplay of multiple such compo-
nents leading to stationary distributions of their collections further emphasized the need for
multivariate analysis resulting from observations of multiple degrees of freedom. Network
models that included the simultaneous action and evolution of multiple nodes interacting
through pairwise couplings were an outcome of such observations [48, 118]. These models
and their statistics are an efficient tool to gain further insights [17, 69] into the thus far
unknown aspects of living systems and to consequently progress therapeutic modalities,
tackling some defining challenges [21, 39, 61, 76, 84, 97] of our time. This is contingent
upon the understanding of biological networks and our capacity for targeted control of their
components.
Can we control biological networks?
The answer to this question depends on the prevailing capabilities for in-vivo editing of
biological systems [33]. Due to the pioneering efforts of experimental groups, those capa-
bilities have quantum leaped in the last two decades. The most notable being the CRISPR-

Cas9 endonuclease [68, 115] method using palindromic repeats to cleave and rejoin DNA



fragments. Other tools such as zinc-finger nuclease [122], transcription activator-like ef-
fector nucleases [78] and other meganucleases [114] have also developed in parallel. In
addition, the capacity to interfere at the level of RNA is also present in the form of RNA
interference [120]. The promise of these techniques is to induce a paradigm shift in thera-
peutic regimes for human diseases where instead of interfering in cell structure and function
through chemical agents, i.e., drugs, the correction can be carried out at the level of tran-
scription or translation within the central dogma. The minutest lack of accuracy and/or
precision could lead to a collapse of such a strategy as robustness is a crucial property of
gene-expression. Any errors, especially in a networked structure are catastrophic. In fact,
off-target mutations are a sub-topic of gene-editing science [24, 44, 67, 135] while also
being a consistent feature of neural circuit manipulations [91]. The issues that arise have
nothing to do with the nature of editing itself but can be characterized as relaxations of the
network post perturbation, i.e., a new steady-state resulting due to targeted edits leading to
additional unexpected off-target mutations. So, as per state of the art at the time of writing
this document, biological networks can be edited but not controlled with the accuracy re-
quired for prospective therapeutic applications.

How should a biological network be controlled?

A prerequisite for designing a process to go to a desired final state is the knowledge of the
initial state. For networks, this is encoded in the coupling matrix, i.e. the matrix of all the
pairwise interactions or edges of the network. An observer cannot directly infer the magni-
tudes of these edges as the only data available is the collective and simultaneous behavior
of all the nodes or a subset of nodes that is of interest. On the other hand, edits are made di-
rectly to the edges or vertices and the behavioral change is consequential. This implies that
an inference of the coupling matrix is the first step towards network control as it is the only
way to characterize the interactions, besides the statistical properties of nodes, which are

not directly controllable as they are collective in nature and cannot be mapped to specific



nodes or edges. This first step requires inferring the coupling matrix from a set of observa-
tions of the networks behavior [103, 133, 134]. A networks steady state determines the type
of inference method used for obtaining its coupling matrix. Living systems, through active
transport [100]! exchange matter and energy with their surroundings and therefore do not
obey detailed balance (see chapter 2). This has implications for the inference algorithm
which cannot use thermal equilibrium and the resulting Maxwell-Boltzmann distribution
[38, 89]. So, for biological networks the inference of the coupling matrix needs to be car-
ried out far from equilibrium. In addition, the set of network observations are sometimes
not available in time-series [1, 111] and a fundamentally different approach is needed for
those type of data where the network snapshots are not arranged as per the thermodynamic
arrow of time [108].

With the initial state coupling matrix inferred, the next step is to drive the network to the de-
sired set of couplings and by extension its new steady state distribution. Pioneering efforts
[80, 101, 102, 138] have led to numerical algorithms capable of optimally driving between
network nonequilibrium steady states. In all of these works, the size of the network remains
the same across the transition path. This is in contrast with biology where nodes are added
and deleted as a functional feature [131]. This makes biological networks dynamic not only
in node states but also node number. This, yet again calls for a different approach where all
the dynamic features of the network steady state are accounted for. The resulting methods
needs to be informed by the coupling matrices of the initial and final state while allowing
for them to have different dimensions. Such a procedure, when implemented would lead to
an optimal control of a network nonequilibrium steady state and be a template for biologi-

cal network control.

! Active transport is the movement of molecules or ions across a cell membrane from a region of lower
concentration to a region of higher concentration-against the concentration gradient. Active transport requires
cellular energy to achieve this movement. There are two types of active transport: primary active transport
that uses adenosine triphosphate (ATP), and secondary active transport that uses an electrochemical gradient.



The work presented here uses statistical learning and optimal transport to accomplish the

above mentioned tasks.



Chapter 2: Inference and Control in biological networks

2.1 Networks and Biology

Networks are ubiquitous in biology. Although the notion of networks in biology has
been that of an analytical tool representing binary interactions among bio-entities, it is
experimentally confirmed that such structures exist. A network, also known as a graph,

consists of two types of components

1. Nodes or vertices: These are the basic units that make the network. In biological
networks, these can be genes, proteins, neurons, metabolites, epigenetic components

or even individual cells when cell signalling network behavior is investigated.
2. Edges: These are the connections between the nodes.

If the edges in a network are directed, i.e., pointing in only one direction, the network is
called a directed network (or a directed graph, sometimes digraph for short). When draw-
ing a directed network, the edges are typically drawn as arrows indicating the direction,
as illustrated in Fig.(2.1). If all edges are bidirectional, or undirected, the network is an
undirected network (or undirected graph), as illustrated in Fig.(2.2).

Biological networks are generally directed in nature as some edges are almost always
directed. For example, the TP53 network shown in Fig.(2.3) has both directed and undi-
rected edges and is therefore, by definition, a directed network. This would be the case

for most networks where functional control is relegated to a particular set of nodes as the
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Figure 2.1: A directed network represented by edges with directions. All edges with an arrow along
one end are the directed edges, whereas the edges with arrows on both ends are undirected.

flow of information would have a bias. This almost universal characteristic of biological
networks can be of an advantage for inferring the edge matrix of networks depending upon
the quality of data and the belief in clinical/experimental observations. In general, one
must assume that the network is undirected and that the entire edge matrix has non-zero
non-diagonal entries. The evolution data of the network used to compute the edge matrix
would reveal the directed nature of some edges, usually through near zero values for on
of the directions. For networks where no prior information about the edges is known, the
only option is to assume an undirected edge matrix. For example, directly imaging protein
evolution in the brain [95] reveals real time spike activity of neurons (Fig.(2.4)) with no
prior information of synaptic connections between them, making it necessary to label all

edges as undirected.
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Figure 2.2: An undirected network represented by edges without directions. All edges are assumed
to be bi-drectional.

2.1.1 Symmetry, detailed balance and thermal equilibrium

We now discuss the symmetry or the lack thereof in the coupling matrices' for biolog-
ical networks. From the very characterization of a coupling matrix as directed, its asym-
metry is a direct consequence. The asymmetry of biological networks, can be understood
from the viewpoint of stochastic dynamics of networks with Hamiltonians defined through
coupling matrices.

Let T be the n x n Markov matrix corresponding to a coupling matrix. The elements of
T are the n x n conditional/transition probabilities between two states of the network, i.e,
T;; is the probability of going from state i to state j. The probabilities p;T;; = p;Tj; mean
that there is no preference between states i and j for the network. Here, p; and p; are the
probabilities of states i and j in the stationary distribution (histogram of microstates). For

the stationary distribution, the solution to the eigenvalue problem 7'p = A p is obtained for

'A coupling matrix J, contains all the pairwise interactions for a network. It is always an n x n square
matrix where n € N, is the number of nodes in the network
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Figure 2.3: Gene Regulatory Network of TF family p53 in homo sapiens(Image courtesy: Cold
Spring Harbor Laboratory, New York). The blue rectangles are genes. The pink ellipses are tran-
scription factors. The yellow hexagons are clustered genes with the number of genes in the cluster
as the hexagon label. The red lines indicate that the protein DNA binding is known. The edges of
this network are not all undirected so by definition it is a directed network. The clustered genes with
transcription factors in green are listed as follows.
21 — TP53: PPPIR13L, BTBDI14B, APEX1, IRF8, NSEP1, GTSEl, PIN1, ING3, PPM1A, PPPICB, CARF, SSTR3, THRB,
UBE2D2, UBE2D3, YY1, CULS, PCAF, TNFRSF7, MAGED1, TNFRSF5.
TP53— 262:

, TOPORS, ABCC4, TRIM22, PRG3, NDRG1, PIAS3, CDX1, HTATIP, SIVA, PLK2,
CHEK 1, CHEK2, BIRC8, TP53AP1, CHUK, CLK1, ABCC2, PLK3, KLF6, CSF1, CSPG2, CTNNB1, CTSD, DGKA, DGKB, DGKG,
DDB2, GADD45A, AFP, ARID3A, DUSP1, EEF1A1, EEF1A2, EGFR, EPHA2, EIF4EBP1, HIPK 1, ERBB2, AKT1, EZH2, FANCC,
PTK2B, FBLN1, UNC5B, FBLN2, ALDH1A3, EFEMPI, FDXR, FKBP3, DKKI, KIN, P2RX2, FNBP4, PRG1, GAMT, GASl,
BBC3, SESN1, C200rf10, GCLM, GML, GPX1, RPA4, HD, HIC1, HLA-A, HLA-B, HMGN2, APAF1, APC, APCS, HRAS, BIRC2,
BIRC3, HSPA1A, HSPA4, BIRC4, BIRC5, HSPCB, IGFIR, IGF2, IGFBP3, KLK3, TNFRSF6, IL1B, IL2, IL4, IL6, IL8, AQP1, IL11,
IL15, ILISRA, JAK2, KAIl, APITD1, RHOA, STMN1, LGALS3, LIG1, LIG2, LIG3, LIG4, TACSTD1, MAP4, MCM2, MGMT,
MIF, MKI67, MMP1, MMP2, MMP13, ABCCI, MSH2, JST, COX1, MUC2, BIRC1, NFATC4, NHLH2, NINJ1, NINJ2, NMEI1,
NOS2A, NOS3, NTHLI, P2RX1, P2RX3, P2RX4, P2RX5, RRM2B, PCNA, POLK, LISCH7, PEG3, ABCB1, PIK3CA, PMAIPI,
PML, POLD1, ATR, PPPIR7, PPP2R4, SMPD3, PRKAB1, MAPK1, MAPK8, MAPK9, PRODH, PSEN1, PCBP4, BAG1, PTGS2,
PTHLH, BIRC6, BAII, BAI2, BAKI, PTPN13, BAX, CARD12, RAD51, RAD5ILI, ACTA2, RB1, CCNDI, BCL2L1, RPS6KAL,
BDKRBI, S100A4, S100B, CX3CL1, PERP, BLM, WIGI, SIAHI, SLC19A1, SMPD1, SMPD2, SOD2, SSTR2, SYK, TAF9, TBP,
TBXASI, BTG, TERT, TFRC, TGFA, TGFB1, TGM1, TIMP3, TK1, TOP2A, TP53BP1, TUBAI1, TYMS, TYR, TYRPI, WRN,
XPC, XRCCS5, BTG2, BIRC7, CALM2, PDRG1, CASP1, CASP3, SESN2, MADILI, CASP8, AMID, DGKE, DGKD, CDC14B,
CDCI14A, CAV1, ABCC3, TNFRSF10C, TNFRSF10B, TNFRSF10A, CFLAR, IER3, CCNA2, CCNA1, CCNB1, MBD4, CCNEI,
CCNGI1, CCNH, P2RXL1, PTTGI, TP53INP1, LITAF, GDF15, TP53111, EI24, TP5313, CDC25C, MVP.
TP53 + TP73— 5: HIPK2, MDM2, THBS1, VEGF, CABLES.



Figure 2.4: Fluorescent imaging of neuron populations reveals their spike patterns [95]. In the top
row, the probe employed images all synaptic activity. In the bottom row, the neurons are isolated
as the probe specifically accumulates in the neuron which screens the activity from the axons. If a
time-series of such a system is recorded with no prior synaptic information for the recorded neurons,
then is prudent to assume an undirected edge or coupling network.

A = 12. The distribution p that solves Tp = p is the stationary distribution. For a sym-
metric 7" which is the result of a symmetric coupling matrix, p is the Maxwell-Boltzmann

distribution.

p(H;) = ; 2.1)

where Z = Z?i] e BHi s the partition function for a system with M microstates. This
distribution is a characteristic of systems with symmetric transition matrices corresponding
to detailed balance or a lack of a probability current within the system. This means that
pilij=pjTji Vi,jeM.

The thermodynamic implication here is that a system which obeys detailed balance is in
thermal equilibrium. At this point it is good to review the basic tenets of equilibrium.

Equilibrium describes an averaged behavior over many realizations of the same system

2This condition is actually called global balance. The requirement here is the symmetry of the matrix 7.
The condition p;T;; = p;T;; mentioned is actually known as local detailed balance and is a stronger condition.



under similar conditions or multiple systems under the same set of conditions. The primary

characteristics are

1. Equilibrium is not static and must not be conflated with kinetic arrest. It refers to

dynamics with constant averaging.

2. There is no net flow in any real, conformation or population space of either material,

probability or reactions.

The former is a characterization of thermal equilibrium as dynamic rather than static. The
latter condition is a manifestation of detailed balance. This is because detailed balance is
the balance of flows between any (and every) pair of states that can be defined. Not just
“detailed” infinitesimal states, but a balance of flows among tiny states implies a balance of
flows among global states which are groups of tiny states. The "flow” as defined here refers
to the motion of material or trajectories/probability, depending on the situation at hand. A

few illustrative examples are of help here

(a) A Solution mixture: The first step is to divide our system into multiple sub-volumes.
We now consider two adjacent sub-volumes out of these i.e. sub-volumes i and j (See
Fig.(2.5(a))). In just these two sub-volumes, some set of molecules will move from
region to the other in a given time interval. For a solution at equilibrium, there will be
other systems in which the opposite flow occurs. Averaging over all systems, there
is no net flow of any type of molecule between any two sub-volumes in equilibrium.

This is a detailed balance.

(b) Molecule conformations: In the conformation space of a single molecule, if only
two conformal states i and j are available, then there will be an equal number of

i — j and j — i transitions over any interval of time. See Fig.(2.5(b)).
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(c) Chemical Reaction(s): For a single reaction the equilibrium is determined by the

k
ratio of the reaction rates, defined by the well-known equilibrium constant K., = k_f

b

k: -
In Fig.(2.5(c)), it is Koy = k—”
Ji

As it is evident, equilibrium dynamics vary in the type of quantities that change over a
period of observation for different systems. What is a consistent feature is that the time
average and ensemble average both approach the same average measurement. This is ex-

plained by Daniel. M. Zuckerman as

In equilibrium, time averaging and ensemble averaging will yield the same
result. To see this, consider a solution containing many molecules diffusing
around and perhaps exhibiting conformational motions as well. Assume the
system has been equilibrating for a time much longer than any of its intrinsic
timescales (inverse rates). Because finite-temperature motion in a finite sys-
tem is inherently stochastic, over a long time each molecule will visit different
regions of the container and also different conformations - in the same propor-
tion as every other molecule. If we take a snapshot at any given time of this
equilibrium system, the “ensemble” of molecules in the system will exhibit the
same distribution of positions and conformations as a long single trajectory of
any individual molecule. This has to be true because the snapshot itself results
from the numerous stochastic trajectories of the molecules that have evolved

over a long time [136].

This coinciding of time and ensemble averages is a result of detailed balance as the
locally stochastic sub-volume level time measurements lead to the total volume, i.e., en-
semble level measurements. This collective averaging would be the same as if the total
system was measured and averaged over time.

With the nature of equilibrium described along with its connection to detailed balance and
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symmetric coupling matrices, the next step is identify the nature of biological networks
and their steady states. The fact that directed networks are the norm in biophysics means
that detailed balance is not a possibility in most situations and should definitely not be an

assumption for any type of inference or control algorithm unless there is strong experimen-

0343
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tal/clinical evidence to do so.

(a)

Figure 2.5: A schematic of the three illustrative examples of equilibrium/detailed balance.

2.1.2 TIrreversible processes and the Nonequilibrium steady-state

If a system is left isolated, i.e., no matter or energy exchange occurs in the long time
limit, then it would eventually equilibrate. This itself excludes biological systems from
equilibration as the consistent exchange of matter and energy is a hallmark of most pro-
cesses at almost every scale. From the ATP energy exchange and storage to the ion-
exchange mechanisms of cellular membrane voltage gates, to the numerous enzymatic pro-
cesses that abound within the cell organalles, all require energy and matter to be transported
across the cytoplasm to maintain what is known as cellular homeostasis. In fact, the earliest

works on abiogenesis elucidate principal scenarios such as the primordial soup where the
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exchange of matter and energy within an initial aqueous mixture of inorganic compounds
leads to synthesis of organic compounds and eventually amino acids. Charles Darwin in

his letter to Dalton Hooker commented:

It is often said that all the conditions for the first production of a living being
are now present, which could ever have been present. But if (and oh what a
big if) we could conceive in some warm little pond with all sort of ammonia
and phosphoric salts,—light, heat, electricity present, that a protein compound
was chemically formed, ready to undergo still more complex changes, at the
present such matter would be instantly devoured, or absorbed, which would

not have been the case before living creatures were formed [35].

Subsequent works by the likes of Urey and Miller [86] proved the existence of such mech-
anisms under laboratory settings, making it evident that exchange of matter and energy was
a feature of the first organic processes. This means that the characterization of steady-states
of biological systems do not constitute thermal equilibrium at the system scale and conse-
quently detailed balance and network edge-symmetry.

Looking at thermodynamic details, the processes with energy and mass exchange as a fea-
ture would generally have some irreversible steps, i.e., events which have a very low proba-
bility of occurring in the reverse directions, e.g., chemical reaction equilibrium with skewed
reaction rate ratios, thereby pushing the reaction essentially in only one direction. One such
example is enzyme kinetics with the Michealis-Menten kinetics as one of the basic models.
For an enzyme E and substrate S, the binding leads to the enzyme-substrate complex ES.

The next step is the catalysis where the enzyme-substrate complex leads to the product P.
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The reaction can be written as

E+S %\ ES X<, P+E

In the second step, the backward reaction rate is so small as compared to the forward rate
that the reaction is considered irreversible. This makes the enzyme catalysis irreversible in
the catalytic step. This means that the ensemble average of any subset of phase-space of
this process would not give an ensemble (or time) averages where the backward step i.e.
P+ E —— ES is going to happen at a rate comparable to its forward counterpart, making
equilibration impossible. This is just a very basic example of how a system has irreversible
steps leading to a steady state that is not characterized by detailed balance. Such a steady
state is called a Nonequilibrium Steady-State.

Directed networks have asymmetric coupling matrices, don’t obey detailed balance and op-
erate in a nonequilibrium steady-state (NESS). Relevant examples for Biophysics include
Gene regulatory networks, networks of neurons, metabolic networks, etc. Since the steady-
state of a system far from equilibrium is generally not characterized, therefore the algo-
rithms for inferring biological networks have to be designed not for thermal equilibrium
but for a NESS. Having established the nature of the steady-states in which a biological
network is expected to exist and its impact on the numerical methods for inference and
control, the next task is to investigate the need and significance for such processes and the

challenges they present for precision medicine in systems biology.

2.2 Precision Medicine and the Nonequilibrium Steady-State

Therapeutic procedures are by and large disease specific, but due to different kinds

of variations at the population or individual level, this “one-size fits all” approach has its
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shortcomings. The FDA defines precision medicine’

, sometimes known as “personal-
ized medicine” as an innovative approach to tailoring disease prevention and treatment that
takes into account differences in people’s genes, environments, and lifestyles. The goal of
precision medicine is to target the right treatments to the right patients at the right time.
The idea is to move away from the idea of the “average patient” and to quantify the differ-
ences between population groups and individuals based on the Next-generation sequencing
(NGS) data. The nature of biological networks is of significance for such a goal. Far from
equilibrium dynamics need to be inferred before any type of control algorithm can be de-
signed. In addition the lack of availability of time-ordered NGS data poses a different set of
challenges. Solutions to these problems that stem from the nature of the steady state distri-
butions of biological networks and the experimental/clinical data available from them, are

crucial to the success of precision medicine. In context of the present work, we attribute

the prospect of successful therapeutic algorithms to the following three sequential tasks.
1. The experimental procedures for obtaining high-quality NGS data
2. Inferring the coupling matrices of networks of interest.

3. Designing control algorithms for networks far from equilibrium with asymmetric

coupling matrices, specific to the experimental techniques at hand.

The accuracy and precision of first task lies in the advancements in experimental methods
for data acquisition and processing. The progress has been considerable and as observers
we are optimistic that future recording techniques [106] would be even more conducive to
statistical analysis and model recognition. One such avenue is the development of in — vivo
single-cell methods [29] that do not destroy the cell. This combined with gene editing

techniques has a paradigm shifting potential for downstream processing as time-series data

3https://www.fda.gov/medical-devices/in-vitro-diagnostics/precision-medicine
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with targeted edits would be a possibility.

The two remaining tasks are the focus of this work, albeit for very simple model systems.
We are hopeful that the extendable methods we propose would be useful for additional
complexities arising with the evolution of data sets. We briefly discuss the three steps

mentioned as follows.

2.2.1 Big data in network biology: New insights into pathology

The central dogma of molecular biology is the standard first principle in genomics. It
was the first insight into the specificity of protein synthesis. In 1970, Francis Crick defined
it as the residue by residue transfer of sequential information. This reinstated his earlier de-
scription form 1958 about the unidirectional nature of the process where the sequence infor-
mation is passed from double-stranded DNA to single-stranded RNA and finally to proteins
but any kind of retrieval, i.e., information transfer in the reverse direction is impossible. To
briefly state the process: Proteins are biopolymers that are central to the functionality of
the cell. Processes ranging from metabolism to reproduction to antigen defense are all de-
pendent on proteins. The sequences for every synthesized protein are encoded in specific
regions of the DNA called genes. These genes are transcribed by polymerase enzymes to
produce mesenger-RNAs which are translated by ribosomes to produce proteins.The entire
collection of proteins produced by a genome is called the gene-expression of a cell. This is
a stationary characteristic of the cell and by extension the organism which is more or less
invariant over laboratory observations. This control is mainly attributed to proteins that are
extraneous to the DNA called transcription factors which bind to the promoter region of a
gene 1.e. the site on the DNA where the transcription of gene commences. Finally, there is
combinatorial control [15] exerted over the gene-expression through multiple transcription

factors controlling the expression of multiple genes.
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Advances in microarray techniques [109] has made gene expression mapping a common
reference for research over the past two decades. The pivot of almost all high-throughput
expression mapping techniques is the process of generating complimentary DNA(cDNA)
from mRNA using the enzyme reverse transcriptase. These cDNA libraries are then used as
a measure of individual gene expression. The two main classes of methods used for map-

ping eukaryotic gene expression are

1. Microarray DNA sequencing: These are microchips with small DNA sequences
planted on them to act as probes [121]. After reverse transcription of the mRNA, the
cDNA sequences are fluorescently labelled and are allowed to bind with their com-
plimentary DNA sequences on the microarray. The amount of cDNA on a particular
probe gives an estimate of the concentration of its complimentary mRNA and by ex-
tension the expression of the particular gene associated with it. An issue that results
from the methodology is that mRNA concentrations have to be averaged within in a

population of cells.

2. RNA-seq: This method [125] is similar to DNA sequencing up to the cDNA syn-
thesis. Afterwards, it uses sequencing adaptors attached to the cDNA fragments to
read short sequences. These read sequences are then aligned with the genome and

classified into three types:
e Exonic reads: These are completely contained within the exons of the reference
genome.
e Junction reads: These are the reads lying on the junction between two genes.

e Poly(A) end-reads: Polyadenylation marks the end of transcription of gene as it
adds multiple molecules of adenine to the end of mRNA transcribed. When the

reads are aligned as complimentary to these, they are called poly(A) end-reads.
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Using these reads, an expression profile of each gene in the library can be mapped
[54]. It would be known from the final sequence that which genes are active and by
how much. The main advantage of RNA-seq is the direct measurement of mRNA

levels as opposed to DNA-microarrays.

The above mentioned techniques have revolutionized the understanding of genotype-
phenotype correlations at an unprecedented rate. It has been possible to identify loci all
across genomes that are significant in a wide variety of diseases [53]. See Fig.(2.6) for an

example.
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Figure 2.6: The HDN and the DGN. (a) In the HDN, each node corresponds to a distinct disorder,
colored based on the disorder class to which it belongs, the name of the 22 disorder classes being
shown on the right. A link between disorders in the same disorder class is colored with the corre-
sponding dimmer color and links connecting different disorder classes are gray. The size of each
node is proportional to the number of genes participating in the corresponding disorder, and the link
thickness is proportional to the number of genes shared by the disorders it connects [52].

This has lead to a surge in studies trying to pin down mechanisms of processes that

were previously partially understood. Issues ranging from aging [113] to ailments like

alzhiemers [85], diabetes [63] and heart disease [14] have been studied in unprecedented

detail. Parallel to these developments, there have been instances where the apparent geno-

types were not particularly aligned with their observed phenotypic variants [31, 43, 65,

137]. This was expected from a system with a high number of degrees of freedom. The

next question was: How to uncover the complexity that was not explained by the standard
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model of DNA(gene)-RNA-Protein chain given by Crick?

Gene-regulatory networks(GRN5s) [7] were one of the most prominent answers to this ques-
tion. A GRN is defined as a collection of genes or parts of genes that interact to control a
particular cellular function. This leap of thought from genes as individual switches [60] to
parts of a larger system is not uncharacteristic of biology and even less so for systems bi-
ology. Different cellular functions are known to be controlled by a collection of molecules
acting in conjunction to form signaling pathways providing cohesion and control. Extend-
ing that idea to genes has made it possible to explain the observed correlations to a greater
extent. It is natural that the investigations that followed gravitated towards the least under-

stood phenotypes [94].

Understanding Cancer with GRNs

Cancer is a collection of diseases which are characterized by the ability of cells to divide
uncontrolled with a potential to spread to secondary locations in addition to the initial site
of proliferation. This makes it a condition resulting from gene dysregulation [16, 98, 99]
since processes like cellular division, motility, cohesion, mortality, etc., are transcribed and
tightly controlled. This gives cancer cells a sense of free will where they do everything
from evading the immune system to arresting healthy cell functionality so that their own
survival and proliferation is paramount [58]. As a result, in cases where detection is late
prognosis could be poor. An interrogative opinion about the lack of understanding about

cancer could be stated as follows.

Different aspects of neoplastic pathology are initiated, progressed and regu-
lated by distinct parts of the genome. Yet it is possible to have a unifying

principle consisting of almost universal symptoms appearing as if they were
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co-regulated by a common information processing unit. [58]

The common processing unit here implies a refined layer of information processing
that consists of not only individually transcribed genes but also a set of interactions among
different genes all over the genome which significantly distinguishes their collective ex-
pression from the logical sum. There are several instances in which including regulatory
genomics in studies may be of benefit. One primary example is that of cancer.

Cancer proliferation and progression are multistage processes with simultaneous as well
as sequential appearance of characteristic changes to processes that are critical to cellu-
lar function. It is therefore standard clinical practice that therapies are multi-pronged and
therefore parallely disruptive to all the progression factors. A schematic of this fact is
presented in Fig.(2.7) where the ten hallmarks of cancer are shown with their respective

therapeutic protocols [58].
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Figure 2.7: Therapeutic targeting of the hallmarks of cancer [58].
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It 1s well known that many cancer patients are over-treated [8, 62] and during ther-
apy, even healthy cells can be disrupted or destroyed. In addition, standard therapeutic
approaches are not guaranteed to disrupt malignant cells. Any analytical necessity would
enable identifying the main targets for a specific type of malignancy and then to design
the minimally disruptive yet effective therapies that do not adversely affect cells that are

neither a part of neoplasia nor are assisting in progression.

2.2.2 Identifying and characterizing gene interactions: The inverse Ising

problem

Life at its core creates higher order structures and more complex functional organiza-
tion from smaller individual units [107]. Clearly, multi-cellular organisms are more com-
plex than single cells. At first glance this seems to be a violation of the second law of
thermodynamics as life, almost like a struggle against entropy, is creating lower entropy
structures using constituent units which collectively have a higher entropy as compared
to the structures or organisms they constitute. This would be true if one assumes thermal
equilibrium. However, in absence of thermal equilibrium, higher biological complexity is
a valid outcome. One may find this as an all pervasive characteristic of life if its origins are
looked at more carefully. The first unicellular organisms appeared on earth at three main
sites: Tidal pools, geothermal vents in the deep oceans and water below the ice sheets. All
three of these places have one thing in common, i.e., they all sit on energy gradients. These
energy gradients provided the essential free energy to construct more complex structures.
This did not violate the second law as the first living cells were open systems exchanging
matter and energy with their surroundings. This basic trait of living systems should not
be neglected for modeling biological systems, including GRNs, networks of neurons and

other relevant classes of biological networks. A far from equilibrium model informed from
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the physics of the system is required to correctly model most biological systems. This is
contextual to the type of dynamics being observed. For example, if the node states of a net-
work are classified as binary, then the model of network interactions needs to be a binary
state network interaction model. If on the other hand the observation is that of communities
of nodes of multiple states, then a multi-species model is needed. The present work focuses

mainly on the former case with the fully-connected Ising model far from equilibrium.

The theory of complex networks intersects significantly with those a random graphs
and biological networks are no exception. As mentioned earlier, the goal here is to iden-
tify a simple approximation for biological networks and to derive numerical methods for
inference and control. The particular type of random graph used to model binary state in-
teractions is the fully connected Ising model of N nodes where the state of each spin s; is

denoted by
oi(t) ={+1,—1} Vit €[0,). (2.2)

The notation in Eq.(2.2) denotes that the nodes can have binary up or down spins as their

states in a continuous-time stochastic process. So, we have

o(t) =[01(t),02(t), -, on ()], (2.3)

as an array of time varying spins connected by an asymmetric coupling matrix. This matrix

J along with the external field vector 0, represent the Ising Hamiltonian:

N N

(1),0) = Zeo, n+Y Y Jijoio; . (2.4)

i=1j=1
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The local field at each vertex is written as

N
Hi(t) = 6;(1) + }_ Jijo;(t) (2.5)

J=1

In the present case, self-couplings are allowed, i.e., J;; # 0. The task at hand is to infer the

square matrix J and the field vector 0, given a set of network configurations
[6(t1),0(t2),0(t3),--,0(tyr)] where £} < ------ <ty, (2.6)

denoting the time-sequenced nature of the network configurations. This is the inverse prob-
lem in statistical mechanics and it is the central method of inference used in the present
work for the binary state biological networks considered in their original or binarized form.
In a forward problem, the Hamiltonian is given and the configurations of the systems, i.e.,
microstates are generated through an analytical or numerical solution. The one-dimensional
Ising model has an analytical solution but a fully connected Ising graph far from equilib-
rium needs to numerically simulated to observe its behavior. The method used for the same
in this work is the asynchronous Glauber dynamics explained is the next chapter. In an
inverse problem on the other hand, the observables are the microstates and the unknown
parameters are the interactions between the spins. The goal of the numerical method is to
learn the interaction matrix from statistical properties of the data available. In case of the

Ising model, these are the magentisation
m; = (o), 2.7)
and the pairwise correlations
cij = (0i0j), (2.8)
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where the angular brackets denote ensemble averages. The subsequent chapters include a
discussion of the inverse problem under two classifications of the available data, i.e., time-
series and time-disordered data. The former uses is the standard inverse problem while the
latter needs a deeper discussion of the properties of a set of configurations under the action
of the permutation group leading to a approximation of the thermodynamic arrow of time.
The discussion at the point of definition and the solution is self-contained so we defer the

introduction to the detailed problem to the subsequent chapters in both cases.

2.2.3 Network control far from equilibrium

The definition of network control varies as per the diversity of systems and the envi-
ronment. Thus it is of importance that a contextual definition is provided. Consider two
network steady-states with different probability distributions, i.e., relative frequency distri-
butions of microstates. The problem of network control is to optimally drive a network
from one steady-state to another. The two steady-state distributions of the individual
Markov chains are called the initial and target distributions respectively. A basic idea to
establish a sense of distance between two distributions p and ¢ of a continuous random

variable x, is their relative entropy or the Kullback-Leibler divergence

KL(plla) = [ peotog (2 ) ax 29)

If x is discrete, then

KL(pllg) = Loy tog (2471 @10

Relative entropy is a quantity encountered frequently in information theory and machine

learning. To demonstrate the meaning behind the relative entropy, we calculate it for two
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normal distributions .47(0,2) and .47(2,2).

KL(P||Q) = 500.000
0.200
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Figure 2.8: The KL-divergence between .4'(0,2) and .#'(2,2). The relative entropy is a measure
of the overlap between the two distributions.

The divergence value is 500 (see Fig.(2.8)) and as can be seen in the formulae above
which only contain probability distributions, it is a dimensionless quantity. The divergence
1s higher when the overlap is lesser as shown in Fig.(2.9). KL—divergence is not symmetric

and when p and ¢ are switched as shown in Fig.(2.10).
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KL(P||Q) = 1099.402
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Figure 2.9: The KL-divergence between p = .47(0,2) and ¢ = .#'(5,4). The relative entropy is a
measure of the overlap between the two distributions and is greater than the case in Fig.(2.8).

KL(P||Q) = 2259.921
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Figure 2.10: The KL-divergence between p = .4#'(4,5) and ¢ = .#°(0,2). The relative entropy is a
measure of the overlap between the two distributions and is different from the case in Fig.(2.9) as
relative entropy is asymmetric.

As this behavior of the relative entropy is observed, it begs the question how sensitive

it is to translation along the random variable x. It is shown in Fig.(2.11a) and Fig.(2.11b).
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KL(P||Q) = 2000.000 KL(P||Q) = 2000.000
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(a) The KL-divergence between p = .4'(5,1) (b) The KL-divergence between
andg = .4(7,1) p=A(7,1)and g = .4 (9,1)

Figure 2.11: An x—translation of the random variable leaves the KL—divergence unchanged to
2000. This means that the same distribution overlap at any u, for p and ¢ results in the same
relative entropy.

This property of the KL—divergence of measuring just overlap and not translation can
also be extended to the fact that the overlap measured for two distributions with almost no
overlap is going to approach infinity no matter their separation along the random variable
axis. This is not ideal for physical systems as the translation of the mean has physical im-
plications. To take an elementary example of the velocity distribution of a gas, a shift in
the mean of the distribution would indicate an increase in the average velocity, i.e., tem-
perature and if two positions of the curve are treated as the same, then the relative entropy
of the two distributions fails to capture the true energetic cost of the transition in terms of
either work done or heat absorbed. Taking the example of cancer, studies have shown that
not only structure and function but the levels of proteins markedly change when compared
to healthy tissue [23, 105]. If a protein interaction network of such proteins is considered,
then higher average values of node specific protein concentrations is observed. This is an
indication of a shift in the value of the first moment of the distribution of concentration and
again it is insufficient to just consider the shape of the distribution and not its displacement

about the original mean.
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Optimal transport: A basic introduction for biological network control

In terms of a network far from equilibrium, if the probability distribution of microstates,
1.e., the steady state distribution is changed, the relative entropy is not the ideal method to
calculate the effective cost of that change. Especially, if the difference between the initial
and the target distributions is not just of shapes but also of their respective means. In fact if
relative entropy is used in such a case, then the calculated cost only takes into account the
overlap and fails to capture the translation of the mean even if the shape remains the same.
This raises the question, "How does one optimally transport a probability distribution?”
The answer(s) lie in optimal transport. The details of the theoretical concepts are given in
the last two chapters of this thesis but here we try to develop an introductory discussion of
the basic ideas and extend the same to biological networks.

One can imagine a steady-state probability distribution of a network as a sequence of like-
lihood masses where each microstate is assigned its own mass, making the histogram akin
to a sand pile. A method to shift the pile to another location in a different shape is required
and the simplest way to do so is to define a cost function, which multiplied by the individual
masses gives the work required to move the mass from one location to another in addition
to also moving it among the microstates, i.e., change the shape of the sand pile. The French
mathematician Gaspard Monge wrote this specific problem for probability sand piles and
the most efficient way of moving them. The original Monge problem consists of finding the
optimal way for rearranging a Borel probability measure t; on R¢ onto a Borel probability
measure (i on RY against the cost function c¢(z) = ||z||. The work involved by a particle

of mass dr(x) moving from a point x to a point r(x) along a smooth path t — g(¢,x)
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between time 0 and 1 is

1
| 1gte.0)ardu) @i

Hence, the total work for the entire pile is

Ligl:= [, [ ate.0) drate) 1)

We have to account for the fact that the pile of likelihoods still has the same mass, i.e.,

w[r ' (A)] = ur(A) 2.13)

for all Borel sets A € RY. The Monge formulation of the problem is somewhat less useful
as compared to the Kantorovich formulation which consists of transport plans of the form
L (x,y). A transport plan is a joint probability distribution with marginals p; and pr. They
are cartesian products on X X X and the projections of a transport plan on each axis are
the steady states t; and pr. The transportation price for a given plan is an integral of
the metric as a function of two variables, and the task is to minimize this value over all

admissible transport plans: in obvious notation it takes the form

K (1, ) = inf [ Ll r(w)du(xa)} @.14)

This thesis only deals with finite systems i.e. biological networks and therefore by defini-
tion u(x,y) is a probability measure. Here, r(x,y) is the matrix of the cost of transporting
a unit of sand from one point to another, but it is not necessarily a metric. In finite sys-
tems, the Kantorovich formulation is better suited and therefore we develop our methods

later based on this approach. A property of this formulation is that it requires the distri-
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butions y; and ur to be of the same size, i.e., the number of nodes of the network in the
two steady states should be equal. This is not true for biological networks. Microarray data
has constantly demonstrated the recruitment of new genetic and epigenetic factors leading
to dysregulation and consequently compromised or lost functionality. This aspect of bio-
logical networks we refer to as codimensionality of their Markov Chains and its impact on

optimal transport is discussed in the next section.

2.3 Network growth in biology

Spatial biological networks, i.e., networks where the vertices are bioentities in real
space and endowed with a metric, exist at various scales. From GRNs to ecosystems, they
perform various significant functions from signal transduction to nutrient transport. The
performed functions are a result of the network architecture and are a direct consequence
of the developmental processes. During critical developmental processes, the size of these
functional networks changes to include new functions and exclude redundancies as needed.
This variation in size is important to understand both development and disease. At any
scale, it is difficult to observe network growth experimentally and therefore theoretical
models and simulations based on them are to be relied upon. The first model of biological
network growth was published in 1967 [30] and there has been constant progress ever
since. The main issue is the domain specificity of different models and a consequent lack
of a generalized growth model. There are results for development of new edges between
preexisting nodes which is apt for modeling branching neurons or leaf vascular networks.
Then there is another class of models where specific nodes are targeted to grow outwards
with branching and merging. These models are well-suited for neural network development
[22, 70, 81], branching of organ structures [59] or even fibrous materials [49]. This crucial

lack [9] of a unified growth model means that optimal control cannot be guaranteed if a
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particular network growth model is applied to a certain scenario. It is reasonable to look
for alternative approaches and we again turn towards optimal transport and the Kantorovich
formulation.

We still consider the same example and follow the same notation we used for developing
the Kantorovich problem with one difference: The dimensions of u; and ur are different.

This means that instead of

K, pir) = inf [ Ll r(w)du(x,y)} @.15)

We have

1
GW,(uy, = — inf iXj)— )P (xi, yi)d i (x;,y;
par)i=y it L 00) = 055 0)

(2.16)

2.4 Synopsis

We introduced complex networks and classified them as directed and undirected. Bio-
logical networks were explained to be directed and examples from p53 and neuron popula-
tions were given to support the categorization. This was followed by a brief introduction to
the thermodynamics of biological networks and their far from equilibrium dynamics. Their
steady states are distinguishable from thermal equilibrium by the lack of detailed balance
and the resulting Maxwell-Boltzmann distribution. Next, the fully connected asymmetric
Ising model was introduced as an approximation to certain types of biological networks.
The dynamics, albeit simple, is an appropriate platform for testing numerical algorithms

while also being extendable to more complex phenomena, e.g., multiple species of vertices
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instead of just two. Precision medicine is a significant component of the future treatment
protocols for many human diseases. Its requirement and the steps necessary for its real-
ization include inference and control of biological networks. This means the capability to
infer and optimally control nonequilibrium steady states. This is the significance of the
two problems solved in this thesis. The inverse problem in statistical mechanics is to be
solved for the Ising model to accomplish the task of inference far from equilibrium. This
needs to be done for time-ordered as well as time-disordered data as certain systems, e.g.,
gene-regulatory networks, do not provide enough time-series data. For control, the usage of
optimal transport as opposed to relative entropy is discussed in context of driving between
steady state distributions that not only differ in their shapes but also their location on the
horizontal axis. Finally, biological networks grow and shrink as they evolve in structure
and function. We emphasize the need to incorporate this feature in any numerical method
that aims to optimally drive between two network steady states. All the above tasks, in the

sequence they are discussed, will be accomplished in the next four chapters.
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Chapter 3: The inverse problem far from equilibrium

3.1 Introduction

In chapter 2 we introduced biological systems as open systems that exchange material
and energy with their surrounding environment. Next, the fully-connected Ising model was
shown to be an appropriate choice for a pairwise interactions that would be driving the
dynamics and functionality of such biological networks. The fully-connected Ising model
is a good approximation for several types of networks, e.g., neuron interaction networks,
somatic mutation maps between normal and disease states, etc., while being an acceptable
approximation of binarized versions of others. Binarization is a field on its own where
random variables are mapped to the field of integers, specifically the set {—1,+1}. The
methods mentioned here are specific to binary data but the basic principle can be easily
extended to multi-species mixture networks, e.g., GRN’s with more than two values of
vertices. The model is deceptively complex even with the binary version because of the
generally intractable nature of the systems steady state. Nevertheless, the algorithm is
general and can be extended to multi-species models.

We start with formulating the inverse problem far from equilibrium. We are following the
traditional setup of maximum likelihood estimation [42, 87]. The problem in its original
form is tough to solve even with considerable computational resources and therefore we
use latent variable [25, 73, 77, 96] approximations into the original likelihood function

making it quadratic [40, 51] in the estimated parameters. The latent variables used merit
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their own discussion. Finally, the effect of variations in data length, standard deviation of
the coupling matrix, and probability rate of node selection are shown so a hyperparameter

[46, 130] dependence of the inference method can be mapped.

3.2 Structure of the Problem

We consider a fully connected asymmetric Ising graph of N nodes where the state of

each spin s; is denoted by
oi(t)={+1,—1} Vt€[0,) (3.1)

The notation in Eq.(3.1) refers to the nodes that can have binary up or down spins as

their states in a continuous-time stochastic process. Accordingly,

GO):[Gl(t)702<t)?"'76N(t)]7 (3.2)

is an array of time varying spins connected by an asymmetric coupling matrix. This

matrix J along with the external field vector 0, represent the Ising Hamiltonian:

(1)M,6) = Zec, —f—ZZJ,jG,GJ : (3.3)

i=1j=

The local field at each vertex is written as

N
Hi(t) = 6:(1) + ) Jijoj(r) - (3.4)
j=1

In the present case, self-couplings are allowed, i.e., J;; # 0. The task at hand is to
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infer the square matrix J and the field vector @, given a set of network configurations
[6(t1),0(t2),0(t3),--,0(tyr)] where 1y < ------ < ty, denoting the time-sequenced nature

of the network configurations.

3.3 Asynchronous Glauber dynamics

The term asynchronous [134] here refers to flipping only one spin in a certain time
interval Ar. This type of dynamics would be observed for biological systems like gene-
regulatory networks where the flipping of individual nodes is slow on observed time-scales
as compared to the thermal motion in the surrounding environment. Synchronous updates
make more sense of artificially constructed systems like social networks, financial markets,
etc.

For the system described above, the probability of a spin to be selected for flipping over a
time period At is given by YAt. Here, v > 0 is the probability rate of spin-selection which
remains constant over the entire observation time. The quantity ¥ can be thought of as a
property of the network itself. This also gives the probability of a spin not selected for

flipping to be 1 — yAr. The probability of spin being flipped post selection is given as

o e~ (Gi()Hi(1)) 35
()= —m—m—— . .
) = S cosh (7 (1)) (3:5)
This gives the probability of a spin not being flipped during the interval Az as

1 — yAr + yAr <1 —p/ (l)) . (3.6)

Since the flipping of a spin in a particular configuration is incumbent upon that configura-
tion resulting as the outcome of a previous transition, therefore the flip and no-flip prob-

abilities are conditional probabilities of a Markov Chain. Thus, the total probability of a
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time-series of network configurations can be written as

P(on([0,4])|7,0) 1 ArE (0i(1)H;(1)) I - . G H(1))
o S , = I W e g T |
' (it)eF o 2cosh (H;(t)) (i£)ENF VAL YAl sh (H )

(3.7)

The first term on the right-hand side is the multiplication of all the flipping probabilities of
nodes which were selected for flipping ((i, j) € F). The second term consists of multipli-
cation probabilities of nodes which were either not selected for flipping or the ones which

were selected but not flipped ((i, j) € NF).

3.4 Likelihood for a time-series of network configurations

As mentioned earlier, the approach discussed here is of likelihood maximization. To

that end we have

Theorem 3.1. For a kinetic Ising model with coupling matrix J, external fields 6 and
spin selection probability rate vy, the complete data likelihood for a time sequenced set of

configurations over a time interval (0,T] is given by

e~ (Gt )
Z(on([0,1])J,0) = H {W}XHGXI’(Y/ {m_l}dt>

(i,r)eF

(3.8)

Proof. The time sequence total probability is given by equation 3.7. We now use the defi-

nition of the likelihood function as

0 =TIrt0) = [T (3.9)

where the last term on the right is the Radon-Nikodym derivative [45, 57, 126] of the
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probability function P w.r.t the Lebesgue measure m [12]. At this point, we need to observe
the difference between the flipping and non-flipping terms. The flipping terms are the
points within the time-series where the spins flipping are selected with probability yAr and
the spin selected is flipped through Glauber dynamics. The rest of the time, the spins which
get selected are not flipped. It is therefore clear that the former are discrete events while
the latter are continuous accumulations of probability terms in a product along the arrow of
time. This is when we use the Radon derivative to construct the likelihood function. First,

we consider the flipping term. The Lebesgue measure is YAr. This means that this term is

equal to
dp’/
dPf d(Ar) €%
pf — - = B 3.10
d(yA) — d(yAr) I.It;[f2coshH,(t) (3.10)
d (At)

As for the second term, the lack of flipping event occurs over each time interval Af and as
long as the flipping does not occur, the probability product keeps accumulating new no-flip

probabilities. Consider the Radon derivative

dp/

dPnf B m B eGi(l)Hi(t)
d(yAt) — d(yAr) [1 <2coshH,~ (1) - G1D

itenf

d (Ar)

It can be observed that there are no-flip events for all N spins in this product and all of them
can be considered as decomposition’s of a multivariate Poisson process [72] which has the
probability rate represented by the product on the right hand side. This leads to a direct

definition of the likelihood function for a single spin as follows
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. dp . eI H;(t)) \ar
P 2cosh (H; (1))
¢Oi(DH(1)
= 10gP|P }// Zcosh (H; (1)) —1 |dt .
nf T eCi(H;(1)
log. 27/ —logl = }//0 2cosh(H,- ) —1]dt .

The complete no-flip likelihood for all N spins can then be written as,

)
gnf _ Hexp[y/ (m—l>dt]. (3.12)

This gives the complete-data likelihood as,

Z(on([0,1])1,0) =27 x 2

(0i(t)Hi(1)) )
_ H {W} HCXP (7’/ {m—l}dt> . (3.13)

itel
This completes the proof. 0

The optimization of this likelihood by gradient ascent with respect to the couplings and
fields will solve the inverse problem. The issue is the complexity of the solution which has

two sources:
1. The no-flip integration being inside an exponential function.

2. The hyperbolic cosines in the denominators of both the flipping and no-flip terms.
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We note that this computational issue arises because they have the fields and couplings
are the arguments of the exponential and hyperbolic functions. This makes inverting these

functions an issue while solving .

3.5 Latent Variables

A latent variable in context of a statistical model is a variable that is not observed or
directly measured. Such variables can only be inferred when the model is reformulated
in a form which includes them. Such models that aim to explain the values taken by the
observed variables through processes described by the latent variables are known as latent
variable models. This is precisely what we aim to do in the present case. The original
model of the likelihood function gave us the observed variables, i.e., the couplings J and
the external fields 0, in a form which makes their inference computationally intractable.
So, we describe the same complete-data likelihood through latent variables which remedy
the above problem. This leads us to define variables that eliminate the exponential function
of the no-flip integral and to define another set of latent variables for elimination of the

hyperbolic cosine. We begin with the former.

3.5.1 Poisson random variables for no-flip likelihood function

We decompose the no-flip integral in a manner similar to its construction. Recall that
while constructing the integral, we used the Radon derivative to get the probability rate
of the Poisson process of a spin not flipping for a time interval. Vice-versa, we order the
intervals in which a spin remains unchanged and order them as n € {0, 1, -+, npax }. For a
spin o; that remains unflipped over an interval n denoted by ¢, the value of local field H'

remains constant over n. This means that the no-flip Glauber probability integral can be
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approximated as

T eoi(t)Hi(t) Nynax eGinHzn
reosn @@ 14 2\ Seom ) | Ut — ) 3.14
/0 2cosh (H; (1)) ng{) 2cosh (H!") (i1 = tn) (3.14)
At this stage, the no-flip Glauber probability integral can be approximated as
T eGi(l‘)Hi(t) Tonax eainHin
Teosh i 140~ L\ Sooaqrrgny ) Unet =) - 3.15
/0 <2cosh (H, (t))> n;) <2cosh (H?) (tn+1—tn) (3.15)

At this stage we look at the moment generating function of the Poisson distribution [72]

Theorem 3.2. Let X be a discrete random variable which is Poisson distributed with pa-
rameter A where A € R,. Then the moment generating function Mx of X is given by

My () = =D,

Proof. For a Poisson distribution

P(X =n) = . (3.16)

By definition
0 0o )Lnefk
My (1) =E[*] = Y PX =n)e" = My (1) =) ———¢"
n=0 n=0 n.
> A/ ak i !
= n

By theorem 3.2 for the moment generating function, we get the no-flip integral for a
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single spin as

T eO‘i(t)Hi(t) Nmax eoinH[(z o y(t . )pl,,
— 1 |dt| = _— _}/(tn+l _tn) n—i—l—n )
exp [}//0 (2(;0 h(H; (1)) > ] H Z <2cosh (Hzn)> e i

n=1p'=0
(3.18)

Here the variables o] are Poisson distributed for each spin i and each time interval n of
o; being constant. The complete product of sums is the total probability of spin i being
constant over any number of times slices within the n’" interval of constant o; . The prod-
uct just extends the same to all the intervals of constant o; with the notation, 5 = 0 and
tht1 = T. So the product is that of moment generating functions over the entire set

ne€{0,1, - nmax}-

3.5.2 Polya-Gamma distribution

Consider the example of a logistic regression. The probability distribution being bino-

mial, the likelihood function can be written down as

Z(p) o< [[p (1 =p)' 7 = pEo (1—p)V 20 (3.19)
The probabilities are parameterized as follows.

oe (%) — Bo+Brxi + Bz -+ Bpxp = Bx . (3.20)
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Solving for p we get,

P 'x
= 1+€ﬁTx , (3.21)
1
So, the likelihood function can be written as
P [eB" XT3

The likelihood function in Eq.(3.23), when used for Bayesian inference, would require a
prior distribution multiplied with it and the resulting product to be normalized. For this
reason, the regression is intractable. To remedy this Polson et al. introduced an augmenta-
tion scheme using Polya-Gamma random variables [96]. For @ ~ PG(b,c) with b > 0 and

¢ € R, the distribution has the form

1

PG (w|b,c) =
272 k;l

(1) (%)

when g ~ gamma(b, 1) are gamma distributed random variables. The moments of this

(3.24)

density can be all written in closed form despite the complicated form of the function itself.

This property comes in handy as the expectation is written as

Elo] = zﬁctanh (%) . (3.25)

It is important in the present context to have the closed form expressions for the expectation

of the Polya-Gamma variable. To get to a point where this result can be proven, we first
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derive two significant results which are as follows.

Theorem 3.3. For @ ~ PG(b,c)

y)a oo
—(1(i e)llf)b =2 bekV /0 OV p (@) dw . (3.26)
Proof. Let us begin by writing
b
=TS

Next, we use the above transformation in the left-hand side of Eq.( 3.26).

(%)
KYy+——
(e¥)! e 2 KV e’“”(e%)b eV
(1+e¥)?  (1+e¥)”  (1+e¥)’  (1+e¥)’ (1+e‘V)”
e¥
eV eV 2bekV

= = = (3.27)

(5eet) Geon(Y)) (D)

At this stage, we need another fact about Polya-gamma distributions. It is that they are

subset of a class of distributions which are infinite convolutions of the gamma distribution.

1 (oo}
PG(0[1,0) == )
k=1

(3.28)

_ 8k
27 1

("‘5)2 |

When g, ~ Gamma(1,0) are mutually independent gamma distributed random variables.
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Now, we take the Laplace transform of @ ~ PG(b,0) as

—b

! t

Ele] =] |1+

s 1\ 2
= 212 [ k— =
?(2)

From the Weierstrass Factorization theorem, we can write the product on the right hand

(3.29)

side of Eq.(3.29) as

1
T (3.30)
he (/=
cos ( 2)
Next, we replace ¢ with "’72 giving us,
E [ (©¥)/2] = cosh™? (%) (3.31)
This gives
a —b k
(c¥) 270V _ 2 bV E [~ (0¥))/2) (3.32)

(1+e¥)?  cosh’(y/2)

The expectation in Eq.(3.32) is with respect to @ ~ PG(b,0). Applying the definition of

expectation to we get:

a oo
L)b _ybykv [efmwz)/z} _5bykv / O (Vo | (3.33)
(1+eY) 0
where Kk =a — % and p(w) = PG(w|b,0). This proves the result. H

The second result deals with the exponential tilting of PG(b,0). It is as follows.

Theorem 3.4. PG (w|y) ~ PG (b, y).
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Proof. The expectation of e (@v?)/2 i
Efe~(©¥))/2] — / T @2 () do (3.34)
0

Next we normalize a Polya-gamma distribution for a tilting parameter c as,

2

-—
e 2 PG(wl|b,0
PG (o|b,c) = ]E[e_(cz((u) /'2] ) (3.35)

For ¢ = y we get

(V)25 PG (w|b,0)

PG((D|b7l}/) = E[e_(wzw)/z]

=PG(b, V) . (3.36)

The denominator acts as a normalization constant for the tilted probability density i.e. a

partition function. This completes the proof. [

At this point one would wonder how the results thus far would help us solve the problem
of logistic regression or for that matter, the inverse problem. The utility of the Polya-
Gamma augmentation for logistic regression is that it helps us in constructing a Gibbs
sampler for the likelihood. Lets take a quick detour towards the concept of Gibbs sampling.
Note that for our purpose, it is not essential to construct a Gibbs sampler but just have closed
form expressions for expectation of Polya-Gamma variables. We look at Gibbs sampling
to better understand the solution to logistic regression using latent variables. The context
of the original solution is actually what makes the variables themselves applicable to the
inverse problem. PG augmentation helps to stratify Gaussian mixtures. We want to use the
variables for the hyperbolic cosine denominators which by design contain all the different
types of transitions as products. The cosine hyperbolic is just the closed form of their

averages and we want to transition that to expectations of exponential functions.
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3.5.3 Gibbs Sampling

Gibbs Sampling is a Markov-chain Monte Carlo method used to obtain a sequence

of observations (system configurations) from a multivariate probability distribution when

direct sampling from the distribution is not feasible. In the present case, we use a Gibbs

sampler as a method to solve logistic regression which is an inference problem. Recall

from Eq.(3.23) that the likelihood function for all observations of the Bernoulli random

variable is

g [eB" %] L
(B)_—[1+eBTx]N :

This gives the contribution of the n" observation to be

[eﬁTxn]yn

Zu(B) = —1— .
O

from Eq.(3.33) we can write the above likelihood as

2

@, (B Txn)

BTxn Yn
e
i (@,]1.0) | € 2

L I — _ze(KnﬁTxn)E
1 —f—eBTxn] b

Zn(B)

@, (B Txn)2

= —2elKiB ) / e 2 plo1,0)da,

0

(3.37)

(3.38)

(3.39)

where K, =y, — % The basic tenet of a Gibbs sampler is to condition on one variable while

changing the others. In this present case, we condition on @y, i.e., we keep it constant. This
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makes the n' observation’s contribution to the likelihood Gaussian in B. This means that

N
p(BIQ,y) B4 Blon) (3.40)

n=1

where Q = diag(w;, m,,---,®y) is a diagonal matrix with its elements as the N latent, i.e,
Polya-Gamma variables. It is also to be noted that if we condition on the latent variables,

the expectation is constant. This means that

v @.(B"x)”

N ; 3
p(Bl2,y) ZP(B)H%(I*I%)“p(ﬁ)]_]le("”ﬁ ) x e 2

n=1

This product can be transformed by completion of squares.

Wy (ﬂ Txn) N (ﬂ xn)

N T — Knﬁ Xn)—
p(BI2.y) = p(B) [T P ) x e 2 He 2
n=1 n=1
T T 2
@y, Kn n a)n Kn Kn
N —7((3Txn)2—2 g) : ) N T ((BTxn) g) <a) ) —(a) )
=pB)[1e " S =pB)[]e " " "

At this point we recall that the conditioning is with respect to @ and therefore the least term

2
. K .. . . .
Le. — <a") is just a constant giving the following result

ot 2
N~ | (BTx)’- — | -
B)[e ° On AOnJ A On (3.41)

n=1
_0‘)" T ﬁ ’
it (o)

n=1
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At this point we can write

N N —n((BTxn)(ﬁ>>2
p(BIy) =pB) [ [ Z:(Blw.) < p(B) [ ] e )] (3.42)

Kn . . . . . .

Next, 5” is a quotient of variables on the same index set and can be combined to one single
n

. . K1 K K .. .

variable z, i.e. 2 = (—1, —2, ceeee —") giving the quadratic form on the R.H.S below

) Wy

T ((ﬂT ) (Kn>)2 v L )
Ty A PN —5(zXB)"Q(z—XB)
pB)]Ie 2 a)) —pB)]Te 2"
n=1 n=1
1 1
N S (X(B-x""2)]" QX (B-X""2)] N S (B-x""2)"x"Qx (B-X""2)
H ! )=p(ﬁ)He 2! )
n—1 n=1
(3.43)
Finally, we can write the proportionality relation
N 1 —X_IZ)TXTQX(ﬁ—X_lz))
r(B|Q,y) H 2 (3.44)

This means that if the prior p(B) is Gaussian, then the posterior p(B|Q,y) can be written
as a Gaussian in B too. This enables us to sample Q given B and then B given Q. This is
exactly what a Gibbs sampler is. The main idea can be written as a pair of time-discretized

probability relations:

Q1 +1)~ p(QIB(1)) , (3.45)

B(t+1)~p(B|Q(t+1)) . (3.46)
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Our next task is to identify where these densities would come from. The first one, i.e.,

p(Q|B (1)) is the exponential tilting relation we proved in Theorem 3.4. More specifically

p(wn|B) ~ PG(1,B"x,) . (3.47)

Recall that Q = diag(w;, @, - -, ®y) and therefore the sampling would be along the diag-
onal of the latent matrix for each observations’ contribution. The second relation requires

a derivation related to the summation of quadratic forms. To that end

Lemma 3.1.
X-—a) P! X-a)+X-0)Td '(Xx-0) (3.48)

can be written as the sum of a single quadratic form and constant term that is independent

of X.

Proof. First we expand both terms as

X-o) ¥ 'X-a)=X"P'X - 20"¥ 'X+a'¥ 'a , (3.49)

X-0"o'x-¢)=x"®o'x-2"® X+ 'C . (3.50)
Next we rearrange terms as

X-a)¥'X-a)+X-0"e '(x-¢) (3.51)

=XxTP '+ HX 2" ¥ '+ X + (@' o+ LD IE)
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This is quadratic in X. We can write a more condensed form.

X-—a) ¥ X-a)+X-8)Td '(X-&)=XTAX —2BX +C .

where
vilip'l=a,
a’¥ ' +¢'d =B,
e ¥ la+l'd 'l =C .
Moreover,

XTAX —-2BX+C=(X-A"'B)JAX-A"'B)-B"A"'B+C .

(3.52)

(3.53)
(3.54)

(3.55)

(3.56)

]

Inside the exponential function, the L.H.S of Eq.(3.56) leads to a kernel that is propor-

tional to the Gaussian kernel with mean A~ 'B and covariance A~!. The terms BTA~'B and

C do not contain the variable X so they give rise to multiplicative constants and hence the

proportionality. To be specific to the notation we used in Eq.(3.44), we consider two Gaus-

sians quadratic in B. One with mean d and covariance D, and the other with mean X~z

and covariance X7 Q~'X. With respect to Eq.( 3.56), the quantities for these two Gaussians

are as follows

A=D'+x"0x)! |

B=D'd+(X"QX)X 'z=D'd+X"Qz=D"'d+X"«x .

51

(3.57)

(3.58)



The second equation is transformed first due to cancellation and then due to the fact that

Kn .
= (ﬂ, E, e ',—> and Q = diag(w;, o, --,@y). Now we get back to the second
W Wy,

equation in the Gibbs sampling couple Eq.( 3.45) and write down the second conditional
probability as

p(BIQ.y) ~ N (Bo,Aw) (3.59)
where

Ap =D '+x7Qx)! (3.60)

By =Ao(X'x+Dd) (3.61)

If Q can be sampled, then the above two equations give a conditionally Gaussian likelihood

centered at X !z and with covariance X7 QX.

3.5.4 Gibbs Sampling for a logistic regression using Pélya-Gamma latent

variables

As an illustration of the Polya-Gamma augmentation, we solve a logistic regression
problem through a Gibbs sampling algorithm based on latent variable augmentation of the
posterior and by extension the likelihood function. The task is to classify points from two

different normal distributions. The algorithm is as follows

1. Sample 1000 points each from two normal distributions. The ones used for this

example are .47 (0,1) and .#(5,1.5). These are

2. Distribute both Gaussians according to a Binomial with parameter p. The value used

here is p = 0.5. This follows from the concept of sampling distributions based on the
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central limit theorem.

3. Initialize the Gibbs sampler with the first step of calculating the Q diagonal ma-
trix. This is done through a draw from the Polya-Gamma distribution p(@,|B) ~

PG(1,B"x,).

4. Next, use the Gaussian distribution p(B|Q,y) ~ .4 (Bg,Aw) according to Eq.( 3.60)

and use these to obtain Q to apply step 3 again.

5. Repeat 3 and 4 in an iterative manner to achieve the classification of points from both

the Gaussians.

We demonstrate the application of above steps to construct a Gibbs sampler for classifying
data within a binary Gaussian mixture. The two distributions sampled for 1000 points
i.e. the ground truth are shown in Fig.(3.1). The Polya-Gamma augmented gibbs sampler
classifies points as per logistic regression for 1000 iterations. The resulting labelled data
is shown in Fig.( 3.2). The incorrectly classified points lie mainly along the intersection of

both the distributions.

3.5.5 Moments of the Polya-Gamma distribution.

We now use the results obtained previously to prove three key facts about the Polya-
Gamma distribution. The first one is the formula for expected value and the second is
the resulting corollary that Polya-Gamma distribution is an infinite convolution of Gamma
random variables.

C

b
Lemma 3.2. The expectation value of PG(w|b.c) is given by E|w] = —tanh 5
c
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Figure 3.1: The two normal distribution histograms shown in blue {_#7(0,1)} and red {.#'(5,1.5)}.
Proof. Rewriting Eq.(3.29) and Eq.(3.30) we get

—b

t
Bl =IT| 1+
=1

1

N ()
2 __ h —
2 (k 2) cos (\/;>
This gives

= —t . (3.62)
h (/=
()
Next we recall that

——o
e 2 PG(wl|b,0)
PG(w|b7C) - E[e—(c2w)/|2]

(3.63)
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Labelled data through PG augmentation
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Figure 3.2: The classification of the all points according to their original sampling distributions
using a Gibbs sampler constructed using Polya-Gamma latent variables. The augmented sampler
was iterated for 1000 cycles i.e. steps 3 and 4 of the algorithm. The incorrectly classified points are
mainly in the region of intersection of both the distributions i.e. around y + 30 and further.

From Eq.(3.62) and Eq.(3.64), we get that

2
¢ 2
“2°PG(0b,0) -0 ¢
PG (w|b,c) =< e 2 PG(a)|b,O)><coshb<—> . (3.64)
cosh™® <§> 2

Taking Laplace transform again

(3.65)

This is a moment generating function and differentiating with respect to ¢ would give us

55



the moments of @ with respect to PG(w|b, c) as

dE [
3.66
i (3.66)
Taking r =0
b c
E[w] = 5 tanh (E) . (3.67)
O

Next we prove that Polya-Gamma distributions are infinite convolutions of Gamma

distributions.

Corollary 3.1. The Polya-Gamma distributions are infinite convolutions of Gamma ran-

dom variables.

Proof. Rewriting Eq.(3.65) we have

(3.68)
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Applying the Weierstrass factorization theorem

CZ
2

1+

2(k—3)2n2 > L\—b

=TT(1+4 ') . 3.69

el B (S S RERD
1

14+-—2

2(k—3)2m2

2
where d =2 (k— %)2 2+ % Each term in this product is the Laplace transform of a

Gamma distribution. This gives PG(®|b,¢) as an infinite convolution

© T(b1) 1 & T(b,1)
kaZl i :2”2;;1 e (3.70)
= = 2 k—— 2 -
( 2) e+ 2
[

Next, we derive the variance of the Polya-Gamma distribution. For that we already

have the Moment Generating function from Eq.(3.69). We state the result as follows.

b (sinhc—
Corollary 3.2. 62 [PG(w|b,c)] = 4—3($n—czcc) .
¢" cosh” =

2
Proof. We rewrite Eq.(3.69)
2
2
1+
2(k—1)2m? > b
5 =[J](+d4: ')~ . 37D
¢ k=1
—+1
14+-——2
2(k—3)2n2
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taking logarithm yields the cumulant generating function.

D(r) = i —blog <1 + dk) . (3.72)

k=1

The Taylor series of ®(z) around 7 = 0 can be written as

1 / /
O(r) = —pir+ 57 (= ()*) 12+ (3.73)

where 1 represents the raw moment of order k as is standard notation on cumulant gener-
ating functions. In Eq.( 3.73), the coefficient of 7 is the mean and that of 72 is the variance.

Now we expand the Taylor series as

oo t2 oo
Z ( +2—dk+ > Z @ ”szz .. (3.74)

Applying the Weierstrass Factorization Theorem yields

'~ b
uj = 5-tanh . (3.75)
b (sinhc—c)
! \2
w— (1)) = —S——7p" . (3.76)
(ks ) 43 cosh? <
2
O

The contour plots of both the moments are shown in Fig.( 3.3) and Fig.(3.4). It is to be
noted that the functions are not defined at ¢ = 0. Limiting values i.e. ¢ — 0 are possible

though and give the estimates for the mean and variance values.
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Figure 3.3: Contour plot of E [PG(w|b,c)] with b and ¢ as the variables. It can be seen how the
exponential tilting changes the value of the mean.

3.5.6 The latent variable form of the Likelihood function

To write down the augmented likelihood function in terms of the latent variables p and
o from the Poisson and Polya-Gamma distributions, we need to divide the augmentation
into two parts, i.e., flip and no-flip times. The flip times only need the hyperbolic cosine
augmentation through the Polya-Gamma variables while the no-flip times require both.
This is where the efficiency gain of the computation lies as the no-flip part is the one with
the bulk of complexity given that it has the exponential for the integration as well as the

hyperbolic cosine which is a standard feature of the local field. By Eq.(3.30) we have

/ =29 pG(w|b,0)dw = cosh™ (x) . (3.77)
0
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Figure 3.4: Contour plot of 62 [PG(w|b,c)] with the shape factors as the contour variables.

This is the expectation value that we would assign to the hyperbolic cosines in the flip and

the no-flip parts of the likelihood function. In general, we write

Pox (0.0)11,8) = ¥ [ Z({s.p.0} (0.0)1,0)dw . (3.78)
o

and the likelihood function .Z({s,p,®}([0,7])|J,0) is the augmented form of Eq.(3.8)

written as

Z({s,p,0}([0,]) |1,8) = [ el oi-tth0)]Pc@l10) (3 79)
(i,t)eF

pr
X He[f’i"("inHin_logZ)_z( P e W"“_t”)w x PG(0/'|pi",0) .
in i

The exponents of the exponential functions in this product are at most quadratic and con-
sequently this is a much more tractable form of the complete data likelihood. Due to the

presence of latent variables it is favorable to apply an optimization program that can ac-
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commodate the latent variable augmented form of the likelihood. One such procedure is
the Expectation-Maximization Algorithm and we describe it in the next section, marking

the transition from augmentation to inference in solving the inverse problem.

3.6 The Expectation-Maximization Algorithm

The expectation-maximization algorithm is a numerical method for obtaining the max-
imum likelihood estimate (MLE) of model parameters in presence of latent variables. In its
original form, the algorithm is meant to obtain MLE for missing variables. It works just as
well if we treat the variables we are not supposed to observe, i.e., latent variables, as miss-
ing variables. The algorithm also works for other problems that can be posed as missing
data problems such as mixture estimation. This section explores the concepts behind the

workings of the EM-algorithm and its applications.

3.6.1 Convex functions

Let f be a real-valued function defined an an interval I[a,b]. f is said to be convex on

[ if Vx,x; € I and a real number A € [0,1].

FAxi+(1=2)x2) SAf(x1)+(1=2) f(x2) , (3.80)

Note that the equation of the secant between (xp, f(x;)) and (xz, f(x2)) is y — f(x1) =
JOx) = flx)
X2 — X1
evaluated in the interval I should not exceed the y value of the secant line between the

(x —x1). This means the definition of convexity is that the value of function

end-points of /. In addition, the function — f is strictly concave if f is strictly convex.

Theorem 3.5. If f(x) is twice differentiable on [a,b] and f"(x) on [a,b] , then f(x) is

convex on [a,b].
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Proof. For

x<yé€lab], A€[01] ,

let

2= Ay+(1—A)x .

By definition, f(x) is convex iff

FAy+ (A=) x<Af(y)+(1=24)f(x)

Note that

f@)=Af @)+ =2)f(2) SAf)+(1-2)f(x) (3.81)

Taking A and 1 — A terms to the same sides of the inequality the definition of convexity can

be written as

Alf @) =fWI< A=) [f (x) = f(2)] (3.82)
The Lagrange’s mean value theorem states that Js € [x,z] such that (Zi:)]:(X) = f'(s)
Similarly, 3 € [z,y], such that w = f'(r) . Since,

f"(x)>0, Vx€la,b] and s<t ,
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therefore f/ (s) < f’ (r) Next, we write

z=Ay+(1-2)x (3.83)

which gives

7—Az4+Az=Ay+(1—-2A)x ,

(3.84)
(1-2A)(z—x)=A(y—2)

(1= L2LO iy 12

(1=2)(f@)—fx)=f(s)(1-2)(z—x)

=D (f@=f)<fO)A=A)(z=x)=f ()2 (y—2)

(1=2)(f(2) = f(x) <A (f () —f(2))
(I=A)[f(x)=f@=A[f(2)=f)] (3.85)
which is the condition for convexity. This completes the proof. [

Corollary 3.3. —logx is strictly convex on (0,00)

1
Proof. 1f f(x) = log(x) then f”(x) = — > 0,Vx € (0,0). From Theorem 3.5 f(x) is
x

strictly convex. By extension logx is concave on (0, ). U

Theorem 3.6 (Jensen’s Inequality). Let f(x) be a convex function defined on I. If x1,x3,x3....x, €

I with A1,22,23,... 4, >0and ¥ | A; =1 then
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Proof. n =1 1is a triviality. n = 2 is the definition of convexity as it is proven above. For
a general n, we need to use induction. To that end, assume the theorem is true for some n.

Then

n+1 n
f (Z /L-m) =f <)vn+1xn+1 + ) Aix;
i=1

i=1

1 n

(1 - A'n-l-l) i=1
1

< A1 f (1) + (1= Angr) f (m Aixi
nt1) (5

=f (An+lxn+1 + (1 - 2fn+1) Aix;

i )L,-xi
i=1 (1 - )"rH—l)

= Mot (1) (1= 2Apg1) f

VRS

— n+1

n 2,
S;Ln+1f(xn+l)+<1_)'n+1>z 1—2 [ (xi)
i=1

n+1

= A1 f (Xnt1) +zn:7tif(xi) =Y Aif(x) - (3.86)
i=1 i=1

This proves the inequality. [

Now, we can use the fact that logx is a concave function and write the following relation
which would be handy later in our main derivation. We use the fact that logx is a concave

function and write

log <i lix,-) Z i )Li 10g (x,') (387)
i=1 i=1

1

giving us a lower-bound on the logarithm of a summation. We are now in a position to

prove the key results for the EM-algorithm.
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3.6.2 Derivation of the EM-algorithm

Let a parameterized family with the parameter set @ produce a vector X. The task we
have at hand is to estimate 0 such that P(X|0) is maximum, i.e., the MLE for 8. We define

the log-likelihood function
L(0)=1log(P(X|0)) . (3.88)

The probability is defined as conditioned on 0 but the likelihood function is considered to
be a function of theta given X. This means that the estimation of parameters is dependent
of the available data. In addition, our aim is to maximize L in an iterative manner, i.e., if
we estimate L(0,), then the update from the algorithm L(6) > L(0,). This is equivalent to

maximizing the difference
L(6)—L(6,)=1logP(X|0)—1logP(X|0,) . (3.89)

Thus far in this standard MLE procedure, we have not considered the possibility of vari-
ables we do not directly observe but the EM procedure includes these latent variables quite
naturally. We begin this second leg of latent variable inclusion by considering variable vec-
tor Z and single realization of the same vector by z. The actual likelihood estimate is now

written as a total probability with latent variables conditioned on the observed variables as
P(X|6)=) P(X|z,0)P(z]6) . (3.90)
z
We rewrite the difference relation

L(0)—L(6,)=1log) P(X[z,0)P(z|0)—logP(X|0,) . (3.91)
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The presence of the logarithm of a suggests the use of Jensen’s inequality, namely the
relation in Eq.(3.87). The next task is to identify the A;s, i.e., the multiplicative constants
that are always positive and sum to 1. To accomplish this we see that P(X|z,0) are prob-
ability measures. This means that they are positive and sum to 1 for a particular z. That

18

Y P(X|z,6)=1,
z (3.92)

P(X|z,0) >0 .

So we have

L(6)—L(8,)=1log) P(X|z,0)P(z|6)—logP(X|6,)

P(X|z,0,)

——~ —logP(X|0,

= logZP(X\z,O)P(ZIO)

_ P(X|z,0)P(z]0)
- log; P(X|z,0,)
P(X|z,0)P(z|0)

P(Z‘Xaen)_logP(X‘en)

> Y P(21X,6,)log P(X12.0,) —logP(X16,)
P(X|z,0)P(z|0
This gives
L(6)>L(6,)+A(0]6,) . (3.94)

We now define a function which is equivalent to the right-hand side of eq. 3.94

1(0|6y) = L(6,)+A(6]6n) , (3.95)
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giving

L(0) >1(6]6,) . (3.96)

In addition, we observe the following

l(en|en) = L<en) +A(en|en) . (3.97)

We now substitute for A(6,|0,,) using Eq.(3.93) and get the expression

P(X|z,0,) P (2|0)
P(X|z,0,)P(X]0,)

[(6n]0n) =L(8,)+) P(zX,6,)log (3.98)

Using the chain rule for conditional probability we get

P(X,Z|0n)

P X 20 L(6,)+) P(z|X,6,)logl =L(8,) .

2

=L(6,)+Y P(z1X,0,)log

(3.99)

This result gives us the insight we need for our iteration process, which is that at @ =
0,,,we have ,1(0|0,) =L(0,). In addition, the upper bound on /(6|6,,) is L(0). This makes
the goal of the algorithm to increment /(0|0,,) as any increment in /(0]0,) is effectively
an increment in the value of L(0). This allows to consider maximizing the likelihood as an
iterative process. We now derive the recursion relation for this process.

P(X|z,0)P(z|0)
P(X|z,0,)P(X|6,)

6,41 = arg max/(0|0,) = arg max |L(0,) +ZP(2|X,9,,)log
6 6

¥4

(3.100)

The terms that do not contain 6 can be dropped as they are inconsequential in the maxi-
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mization.

B P(X,z,0)P(z,0)
01 = argénax [;P(z]X,On)log P(z.80)P(0) ]

= arg max [Ez|x’gn logP(X,z|6)]  (3.101)
0

= arg max [ZP(2|X,0n)logP(X,z|6)
0 z

Eq.(3.101) is the basis for the numerical procedure we are about to undertake. The expecta-
tion of the log-likelihood of the available data as a function of latent variables conditioned
on the actual (overt) parameters with respect to the latent variable distribution conditioned
on the data and actual variables. At this point we define the two repeating steps of the EM

algorithm:
1. E- step : Calculate the expected value E,x o logP(X,z|6).

2. M-step : Maximize the conditional expectation calculated in the E- step with respect

to the actual parameters 6.

At this point we must establish the advantage of the EM algorithm versus direct maxi-
mization of the log-likelihood. The intended use we have for this procedure is to express
the time-series likelihood in terms of Poisson and Polya-Gamma variables and to then fol-
low the above two steps repeatedly. We now go on to derive the corresponding numerical

algorithm.

3.6.3 EM algorithm for the inverse Ising problem

We apply the concepts discussed in the previous section to construct a EM scheme for
a fully connected Ising model. The idea is to evaluate the expectation of the likelihood
with respect to the latent variables conditioned on the coupling matrix. This cost-function

is then maximized within a tolerance value. We look at the expectation calculation parallel
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to our derivation of the EM-algorithm as follows.

E-step

By definition, the expectation of the log-likelihood

10,60,,00) = ¥ [ Z({5,0,0} (0,1])1,0)p(p,@/{s}(0,1]). I, 8n)d0> , (3.102)
P

where the conditional distribution

PP, @|{s}([0,]),{Jm,0m}) = p(@[{5,p}([0,]),{I i, Om}) X P(P[{s}([0,1]), {Jn,Om}) -
(3.103)

The first term on the right-hand side of eq. 3.103 can be written as

p(@|{s,p}([0,1]),{Jm,0m}) = [] PG(a@x(t)|1,2Hi(t)) x [ [PG(f|p}, 2H]') . (3.104)

ifE€F in

Here the first term is for the flipping times, while the second is result of expressing the
hyperbolic cosines in non-flipping terms with the p;* being the Poisson variable for the it
node being constant in its state for the ' interval. Note that the second term of this product

is the tilted Polya-Gamma distribution we defined in eq. 3.35 with the variable now as .

Therefore,
c? c?
o "
2 PG (@]b,0 2 PG (!]b,0
PG (0!'|b,c) =& (@]p,0) _ e (c’| ) (3.105)
E [e_(cz“’in)/z] cosh™ <§>

This achieves the latent variable transformation for the hyperbolic cosine for the entire

time-series making use of both the tilted and regular form of the Pélya-Gamma distribution.
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The second term of Eq.(3.103) pertains to the Poisson variables, i.e., p;' conditioned on the
data, coupling matrix and fields. This was written exactly as it is in the latent likelihood

Eq.(3.79) giving

P(p|{s}([0.2]),{Jm,Om}) =  (3.106)

n n n i ! — ! p
He[pl H!'—log2)—2(H! )2w,-] « eﬂt”lt")w X PG( n‘P, ) ) .
b

The Polya-Gamma variables appear again as a hyperbolic cosine is still there in the no-flip

Glauber terms. In addition to the above, the following expectation values are needed:

1. Flipping time Polya-Gamma expectation

(@i(t)) = tanh(Hi(t)) . (3.107)

4Hi(t)

2. Non-flipping time Polya-Gamma expectation

p! n
(o) = —* (H") (3.108)
l 4Hln l
3. Non-flipping time Poisson expectation
" e%i i’
D) =Yl — ) 3.109
<pz > Y( n+1 n)2COSh(H;1> ( )

These averages have been calculated by applying lemma 3.2 and the expectation formula
for a Poisson variable. With the expectation integral, i.e., the cost-function set, we go the

maximization procedure.
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M-step

The central idea is to have the scheme

Jin+1,0,41 =argmax [(J,00J,,0,,) . (3.110)
{Jnuem}

At this point, we recall that the log-likelihood in Eq.(3.79) is quadratic in J, 0. The maxi-
mization of this quadratic form would lead to a system of N linear equations to be solved

simultaneously. This gives

Al =b; | (3.111)
where J;. = [6;,Ji1,Ji2, - Jin]" . The coefficients are written as
Ajjp =4 (Z (@;(t))ow(t)o;(t) +Z<w§’>0£0}-’> , (3.112)
teF; n

and

bij = — (2 0i(1)o;(1) +Z<p,”>cfc}“> , (3.113)

tek; n

where F; is the set of all times where spin o; got flipped. This framework is the result of
differentiation followed by separation of terms with and without the couplings and fields.
As one can see, it naturally lends itself to a structure very similar to a multivariate Gaus-
sian and also uses the Covariance matrix. We now solve the inverse Ising problem in the
nonequilibrium steady state. The algorithm used for the calculations is shown in Algo-
rithm 1. The collection of averages over the E—step as well as the maximization of the

augmented likelihood are in a while loop conditioned on a tolerance value, which we set as
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Figure 3.5: (a) The estimated coupling matrix J.i vs the ground truth for the bench-marking simu-
lation Jy, for N = 10,7 = 1000, y =1 and & = 0.1. The scatter plot is juxtaposed against the line

y = x. (b) The complete-data likelihood (x 10~°) evolution along the iterations of the EM algorithm

The likelihood saturates to a maximum value until step tolerance is achieved.

3.7 Calculations and Results
Our first calculation is for a network of 10 nodes with ¥y =1 and « i.e. the spread
factor of the Gaussian distribution that generates the coupling matrix being 0.1. We are
looking for bench-marking calculations where we compare a ground truth we obtain from
a simulation with our maximum-likelihood estimation. We also demonstrate the evolution
of our augmented likelihood with each iteration. The size of the dataset is determined by

the time for which our simulation runs to generate the microstates. We now categorize our

discussion based on the variation of the parameters 7',y and o.
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Figure 3.6: (a) The estimated coupling matrix J.5 vs the ground truth for the bench-marking simu-
lation J,; for N = 10,7 = 10000, y = 1 and o = 0.1. The scatter plot is juxtaposed against the line
y = x. (b) The complete-data likelihood ( x 10~>) evolution along the iterations of the EM algorithm.

The likelihood saturates to a maximum value until step tolerance is achieved.

Dependence of reconstruction error on simulation parameters

3.7.1
(3.114)

The reconstruction error defined as
_ ||Jest _Jgt||2
)

RE =
[Veell2

is the ratio of the 2-norm of the difference between the estimated (J,5 ) and ground truth
(Jgr) couplings to the 2-norm of the ground truth couplings. This ratio decreases as the
estimated values of couplings get closer to the actual ground truth values which have been

used for the monte carlo simulations to generate the data used as input. We now discuss

each result.
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Estimated vs. ground truth values of the coupling matrix

We show the calculations for N = 10,y = 1, = 0.1 and very the values of 7, i.e. the
length of simulation time. This gives us different values for the length of our benchmarking
data set. The first result for 7 = 1000 is shown in Fig.(3.5). The graph on the right is that of
the likelihood function as the iterations for the numerical method are increased. The better

the estimate, the lower the reconstruction error (RE) and the points are closer to the line

x =y for the graph of J.y vs Jy;. This can be seen through a comparison among Fig.(3.6),

Fig.(3.7) and Fig.(3.8).

by

()
.20+

Figure 3.7: (a) The estimated coupling matrix J.s vs the ground truth for the bench-marking simu-
lation J,,; for N = 10,7 = 50000, y = 1 and o = 0.1. The scatter plot is juxtaposed against the line
y = x. (b) The complete-data likelihood ( x 10~2) evolution along the iterations of the EM algorithm.

The likelihood saturates to a maximum value until step tolerance is achieved.
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Variation of the reconstruction error with the length of input data

The value of RE decreases with an increase in the the number of data points, i.e, the
number of microstate snapshots available. Fig.(3.9) shows how the numerical approxima-
tions get better as the length of the available data increases. In fact, for a network of size
N, the asymmetric coupling matrix with N2 independent elements has to be determined by
a histogram of at least 2" independent stochastic snapshots. Therefore for a 10 node net-
work, a minimum of 2' = 1024 snapshots are required to account for all possible network
states. The algorithm shows marked improvement as the number of available data points
are much larger than that. It is to be expected as the histogram representing the steady state
is more accurate as the number of data points increases.

iaLj =0

| | | T | ! T T

.3 | .3 il F Fl o |
o E&M Iternticans

Figure 3.8: (a) The estimated coupling matrix J.5 vs the ground truth for the bench-marking simu-
lation Jg, for N = 10,7 = 100000, y = 1 and o = 0.1. The scatter plot is juxtaposed against the line
y = x. (b) The complete-data likelihood ( x 10~>) evolution along the iterations of the EM algorithm.
The likelihood saturates to a maximum value until step tolerance is achieved.
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Figure 3.9: The reconstruction error as a function of the size of the data-set, expressed through the
simulation time for the ground truth Glauber dynamics. For the reference set, @ = 0.3 and y =1

Variation of Reconstruction error with the standard deviation of the coupling

matrix.

In our calculations, the input set is generated by running a monte carlo simulation with
a ground truth coupling matrix Jg;, which is generated through a standard normal. We
vary the standard deviation o of this normal distribution and calculate its effect on the
reconstruction error for the case of 7 = 100000. As we see in Fig.( 3.11), there is a marked

decrease in the value of R.E for higher values of a.

Variation in the reconstruction error with the probability rate y

The probability rate is the same for each node in the network. Within this framework, it
can be different for each node. The higher the probability rate, the more the probability of
selection of a spin and hence it frequency of flipping over the period of observation. For a
higher 7, there would be more flip terms as compared to non-flip terms. The resulting effect
is very similar to having a larger data set. The graph in Fig.(3.10) shows the dependence of

R.EonY.
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Algorithm 1 Algorithm for MLE for a fully connected Ising model
Require: N,T €Z,; and 7y,0xcR;
Ensure: N x yx T = Number of updates >> N
Jor  [A(0,1)]nxn > This is the coupling matrix
g < [ (0,1)]% > These are the field(threshold) values at individual nodes.
Data generated <— Glauber MCMC
Separate flipping and no-flip parts.
p;' < Poisson distributed no-flip time intervals for spin i
o! < cosh (6/'H") PG variables for no-flip data
w;(t) < cosh (o;(¢)H;(t)) PG variables for flip data
llk¢— —oo
Jest = [O]n+1xN > Initialize the fields an couplings as one matrix
while not converged do
oldllk=I1k
pr, T, H; <E-step(flip data,J,.s, 7)
Jest <M-step(pr, @, flip intervals, flip nodes, Correlation matrix(flip data))
lIk < log likelihood(flip data, J,, flip intervals, flip node, 7)
converged=(llk-oldlIk)/(N x T)< 10~
end while
outputé— Jog
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Figure 3.10: The reconstruction error as a function of the probability rate y of the network Glauber
dynamics. For the reference set, @ = 0.3 and 7 = 100000
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Figure 3.11: The reconstruction error as a function of the standard deviation of the Gaussian distri-
bution i.e. & of the network coupling matrix. For the reference set, y = 1 and 7 = 100000

3.8 Synopsis

We set out to demonstrate a latent variable based calculations for solving the inverse
Ising problem for a time-series data. The latent variable approach was taken to reduce the
computational complexity of the likelihood. The integral of exponential functions in the
complete-data likelihood in Eq.(3.8) was approximated by using its structural similarity
to the moment generating function of a Poisson distribution in Eq.(3.18) whereas Polya-
gamma random variables in Eq.(3.26) were used to transform the hyperbolic cosine terms
in he denominator of the Glauber transition probabilities. The Polya-gamma variables were
introduced to reduce the computational complexity of the likelihood function for logistic
regression. We demonstrate this solution method through a Gibbs sampling procedure for
a binary Gaussian mixture. Although the main purpose of this solution is to explain the
properties and applications of the distribution, it can be applied to complex networks for
clustering and community detection problems. The time-series calculations are used to
show the dependence of the reconstruction error RE on the parameters of the Ising model

used to generate the data. It should be noted that in a real-world machine learning prob-

78



lem, these would be hyperparamters which would be tuned to minimize the difference in

ensemble averages of order parameters between the data generated by J, and the input.
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Chapter 4: The inverse problem in absence of time-ordered data

4.1 Introduction

In the introduction to the inverse Ising problem, we described a certain class of the
experimental and clinical data sets that do not lend themselves to a time-series format.
The two main examples that were discussed were those of gene-regulatory network data
recorded through single cell micro-arrays and neuronal spike trains that come from differ-
ent sources and do not have a common origin point in time. Such data is also important for
mapping the mechanisms and biophysical origins of several categories of human pathol-
ogy such as cancer, diabetes, autoimmune disorders, Alzheimer’s disease, etc. In addition,
there is a lack of thorough understanding of some basic mechanisms of cellular dynamics
and behavior under different environmental conditions. For example, the behavior of the
brain on larger scales is still bringing new details with ever deeper insights possible due
to improved experimental techniques. On the side of gene-regulation, there is still lack
of clarity about epigenetic behavior of several non-coding constituents in special network
states like colorectal cancer, triple negative breast carcinoma, etc. All this makes the prob-
lem of time-disorder a significant one in context of network inference. To develop the
theory, we go back to the history of definition of a sufficient statistic. It is the insight given
by this definition which leads us to formulate a likelihood which represents the empiri-
cal distribution through conditional probabilities as in the case for time-series data. This

task is computationally intensive so we would still use latent variable augmentation for our
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calculations.

4.2 Profile likelihood

The idea of profile likelihood is central to the development of the numerical method for
the time-disordered inverse Ising problem. We first introduce the concept informally. Con-
sider a set of n samples with the distribution p = (p1, p2,- - pn). Maximize the probability
of observing the empirical distribution p up to a relabeling. x(p) A (Px(1)s Pr(2) " Prcn))
where Kk is some permutation. This means defining a likelihood of observing the same em-
pirical distribution when the constituent elements have been rearranged in a form, which is
different from the original one. This likelihood is the profile likelihood and its maximiza-

tion, i.e., PML and its distribution p* is written as

p* =argmax Ze—nKL(K(ﬁ)Hp) ' 4.1)
p K

This is the maximization of the negative exponential to the Kullback-Liebler divergence
so that the estimated distribution p is closest to each permutation of the elements and the
sum of the exponential leads to the profile maximum likelihood distribution. The profile
likelihood is a permutation likelihood and therefore if the brute force version of a problem
is solved, then the complexity is O(n!) which makes PML computations computationally
prohibitive. As a result, approximations schemes are introduced based on a case by case
basis. In the present case, we are interested in an irreducible and aperiodic Markov chain,
i.e., Glauber dynamics and therefore, our approximation to the profile likelihood would
be based on that. Before that, we need to formalize some theoretical aspects of PML in
context of it being a sufficient statistic for the empirical distribution. As a first step, lets

informally define a sufficient statistic.
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Definition 4.1 (Sufficient statistic-I). [47] A statistic is said to be sufficient with respect to
a statistical model and its associated parameters if no other statistic that can be calculated
from the same sample provides any additional information about the value of the model

parameters.

To further develop this idea we need to be familiar with two concepts, the first one
being the invariance of a statistic under labeling. Thereafter, we look at a recent notation
concept in statistical physics known as a permutation glass [128]. The former is required to
formulate the definition of the likelihood function we would develop and use while the latter
will associate the likelihood function to a physical system through the statistical concept of
quenched disorder. In the following sections, familiarity with the basic concepts of groups
of finite order is assumed. In absence of the same, any of the references [5, 10, 18, 41] and

[20] are a great source.

4.2.1 Permutation group

Definition 4.2 (Permutation group). A permutation group is a finite group G whose ele-
ments are permutations of a given set and whose group operation is composition of permu-

tations in G.

The order of a group being the number of elements in it, the order of a permutation
group would always divide n!. This follows from Lagrange’s theorem which we state as

follows.

Theorem 4.1 (Lagrange). If H is a subgroup of G, then |G|= |G : H|.|H|. Here |G| denotes
the order of G, while |G : H] is the index of H in G, i.e., the number of left-cosets of H in G.

Proof. Let x,y € G and call them equivalent if 34 € H such that x = yh. This is because the

left cosets of H in G are the equivalence classes of a certain equivalence relation on G. This

82



leads to the facts that the left cosets form a partition of G. Each left coset aH has the same
cardinality as H because x — ax defines a bijection H — aH (the inverse is y — aily). The

number of left cosets is [G : H] and therefore |G|= [G : H].|H]|. O

Definition 4.3 (Symmetric group). The group of all permutations of a set M is called the

symmetric group of M. It is denoted as Sym(M)

Being a subgroup of a symmetric group, all that is necessary for a set of permutations
to satisfy the group axioms and be a permutation group is that it contain the identity per-
mutation, the inverse permutation of each permutation it contains, and be closed under
composition of its permutations. The intuition of the order of a permutation group dividing
n! comes from the fact that the number of left cosets of P in S, i.e. [P :S,] would be a
factor of the order of §,, i.e., n!. It is clear from the above definitions that a permutation
group is a subgroup of the symmetric group. If M = {1,2,3,4,---n} then Sym(M) is called

the symmetric group of n letters and is denoted by S,,.

Cauchy and cyclic notations

For M = {1,2,3,4,---n}, the permutations are bijections of M and they can be repre-

sented by Cauchy’s two-line notation. If ¢ is a permutation of M, then

4.2)

4.3)
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For instance, a particular permutation of {1,2,3,4,5} can be written as

1 23 45
4.4)

254 31

(4.5)

This means 6(1) =2,0(2) =5,0(3) =4,0(4) =3 and 6(5) = 1. Another way to write a

permutation is in cyclic form. Consider the permutation

32514
(4.6)

451123
This means 6(1) =2,0(2) =5,0(3) =4,0(4) =3 and 6(5) = 1. The cyclic notation for
this is (1,2,5)(3,4). As it is evident, both forms are equivalent and represent the same
fundamental transitions, 1.e., permutations of the elements of a set. Moving forward, one
can also denote a permutation or a set of permutation as a mapping. For instance a set X
when acted upon by a permutation maps as a bijection say, T'(x) = 7. Having some sense
of the permutation group, we now develop concept of a profile likelihood and see if it

sufficient as a statistic.

4.3 Sufficient statistic: Kolmogorov and Hdajek definitions

Consider the statistical model

E={2,Py,0 €O} . 4.7)

84



The set 2~ denotes the observations as X ~ Py for 0 € @ and XinZ". Let F(0) : ©@ — &
be a measurable function which induces a metric d(F,F) : % x % ~ R,. This metric d
is a loss function. Lets consider a statistic 7 which we are assuming to be sufficient. If
that is the case, then a PML approach would aim to maximize the probability of T'(x) = ¢
occurring in the data rather than the probability of x itself as we did thus far in the MLE

approach.

Definition 4.4 (PML estimator). The profile maximum likelihood estimator of 6 is defined

as

67 (1) éa\rgmax Py(T(X)=1) . (4.8)
0

Next we tie this definition of the estimator into the PML by defining a performance

estimate for the likelihood function through the measurable function F.

Theorem 4.2. Consider the statistical model
E={2,Py,0 €O} . 4.9)

Let T = T(X) be a statistic such that T : 2" +— 7 and | T |< oo. Let F(0) : @ — % be a

measurable function. Suppose there exists an estimator F : 7 — % such that

sup Po(d(F(0),F(T)) >€)<§ . (4.10)
CEC)
Then
sup Py(d(F(8),F(0r)) > 2¢) < §|.7] . (4.11)

0c®

Theorem 4.2 puts into light an issue with the sufficiency of a parameter. In general, one

would say that with the estimator of £(T) well defined and the cardinality |.7| be small
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enough, T as a statistic is sufficient. But what happens if there are nuisance parameters, i.e.,
any set of parameters which is not of immediate interest but which must be accounted for
in the analysis of those parameters which are of interest. This is a very important question

in statistical decision theory and was addressed by Kolmogorov as follows.

Definition 4.5 (Sufficiency:Kolmogorov). [75] A statistic T = T'(X) is called sufficient for
F(0), if the posterior distribution of F(6) given X = x, depends only on 7 = ¢ and on the

prior distribution of 6.

There was an issue with this definition when F(0) is not constant. If that is the case
and T is sufficient for F(60) , then T is sufficient for 6 as well. This makes the definition

void and therefore it should be revised/corrected. This was done by Hdjek as follows.

Definition 4.6 (Sufficiency:Hdajek). [56] A statistic T = T(X) is called sufficient for F(6)
if there exists some other functional R(6) such that F(6) = F;(R(6)), and the following is

satisfied:
1. The distribution of T will depend on R(6) only, i.e. PodT = Pg(g)dT .

2. There exists a distribution Qg € Pg such that T is sufficient for the family {Qr},

where Py is the convex hull of the distributions {Py : R(6) = R}.

This does put forward the question about the determination of sufficiency of 7" with
respect to F(0). To state the standard method to define a sufficient statistic, we must state

one concept regarding equivalence classes for a group.

Definition 4.7 (orbit). [41] Let G be a group acting on a set X. The orbit of an element
x € X is defined as Orb(x) := {y € X : 3g € G : y = g xx}m where * denotes the binary
operation of the group, i.e., the group action. Thus the orbit of an element is all its possible

destinations under the group action.
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It can be seen that if there is a relation that the group action induces between x and its
image y under the group action, then orbit, Orb(x) is the equivalence class of x under the
relation x#y induced by the group action. Coming back to the definition of a sufficient
statistic, we let G = g be a group of surjective transformations of the X space on itself. We
define an event as G-invariant, if gA = A for all g € G. The set of G-invariant events is a
sub—o —algebra %, and a measurable function f is Z-measurable if and only if f(gx) =

f(x) forall g € G.

Definition 4.8. Consider two sets of transformations g € G acting upon X. Define a family

of probability distributions with parameters T given as Pr such that
Pro(X€cA)=P(gX €A) . (4.12)

Letting 8 = (7,g), the statistic corresponding to the sub-c-algebra of G-invariant events is
sufficient for 7 in the sense of Def.(4.6). In other words, it is sufficient for 7 to look at the
set of equivalence classes X /G, while Gx € X /G denotes the equivalence class (orbit) of x,

1.e.,
Gx2 {gx:g€ G} . (4.13)

We now look at applying the above definition to a the case of a fully connected Ising
model while the data of configurations is not available as a time series. For that we need to

find a G where the following two tasks will be performed successfully.

1. A G-invariant likelihood functions is constructed. This means that this likelihood
contains all the equivalence classes for each x € A, i.e., the data under the group

action gx: g € G.

2. MLE for the likelihood function would give the correct coupling matrix and inciden-
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tally infer the thermodynamic arrow of time.

4.4 Disjoint cycles

Recall from the cycle notation that a cycle of length s denoted (aj,as,---as) where
ay,az,---,as € 1,2,...,n are distinct elements is a permutation ¢ such that o(a;) = ay,
o6(ay) = a3, --6(as—1) = ag, and 6 (as) = 1 and where all other elements in the permuta-
tion are mapped to themselves. Now suppose that we have two cycles of elements from
1,2,...,n. One way to compare these cycles is to see whether they “move” any elements
in common. If two cycles do not move any elements in common, then we give the pair of

cycles a special name which we define below.

Definition 4.9 (Disjoint cycles). If (ay,az,--ay) and (by,by,---b;) are cycles of 1,2,....n

then these cycles are said to be disjointif a; # b; foralli € 1,2,...,sand forall j € 1,2,...,z.

We now prove a very important theorem regarding disjoint cycles which would help us

with invariance property of our likelihood later.

Theorem 4.3. [41][Disjoint cycles commute] If the pair of cycles o. = (ay,az,- -+ ,a;,) and

B = (b1,by,- - ,b,) have no entries in common, then o3 = Bo.

Proof. Suppose o and 3 are permutations of S = {ay,ay, -, am,c1,¢2,---c1,b1,ba,- -, by},
where the ¢’s are left fixed by the permutation cycles. If x = a; for some i and 3 fixes all

the a elements, then

Ba(ai) = Ba(ai) = Blaiy1) = air1

So a8 = Bo on the a elements. Similarly, if y = b; for some i and « fixes all the b elements,
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then

af(bi) = a(B(bi)) = a(bir1) = bit1 -

Ba(bi) = B(a(bi)) = Blai) = air1 -

Finally both o and f3 fix the ¢ elements so we have

ap(ci) = a(B(ci)) = afc) =ci .
Ba(ei) = Bla(ci)) = Blci) =ci .

Thus af(x) = Ba(x), Vxe S N

After proving the above result about disjoint cycles and combining it with the version of
sufficient statistic, we would be able to construct the likelihood function for time-disordered

data using the concept of a permutation glass [128].

4.5 Permutation-glass

Williams and Shakhnovich [127, 128] define the permutation glass as a model analo-
gous to quenched disorder models such as spin glasses. The disorder here is vicinal, i.e.,
the zero energy ground state puts all states in their lowest energy or highest probability
neighborhood. The permutations therefore get assigned disorder potentials based on the
extent of vicinal disagreement compared to the ground state. Fig.(4.1) and Fig.(4.2) are
the schematics in the original work used to illustrate the concept. The original work deals
with the distributions for such systems at thermal equilibrium and as expected it ends up
with the Boltzmann distribution at the steady state. The present work focuses on nonequi-

librium steady states. This means that we will not have any standard characterization of
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Figure 4.1: The permutation graph[128] depiction of four microstates in a permutation system with
N = 15. In each graph, j is equivalent to the number of diagonal lines in the permutation graph.
The number of “correct” connections are shown as vertical lines.

the the probability distribution like a CDF or MGF. All we have is a histogram of the mi-
crostates constituting the empirical distribution of macrostate. The basic statistical physics
of the permutations of unique microstates postulates a disorder energy based on the order-
ing of states. Consider the set of N unique microstates {@;, @, -, Wy} where we assign
the zero disorder energy to the ordering (®;,@,,---,@y). If a state ®; is not in its zero
ordering position 6;, then the arrangement, i.e., vicinal order has the energy A;. This gives

us a disorder Hamiltonian

N
A{6}) =Y Aloza, (4.14)

i=1

where [ is the indicator function. Now that the zero time-disorder energy is defined as
the permutation where the lg,q, = 0,Vi € {1,2,---N}, the scenarios where it has a finite
value can be identified as the disorder permutations. In a way, these permutations derive
their energy cost from a quenched disorder decided upon by the thermodynamic arrow

of time. If they have vicinal distributions of microstates that are disordered as per the
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Figure 4.2: “Matching problem” depiction[128] of a j = 10 microstate for a 2N = 30 permutation
system. The spatial location of each pair is not important in determining the energy of the state. For
this state, the matching pairs are 3,6,11,14, and 15.

arrow of time, then the quenched disorder of the dynamical system, defined for networks
by the coupling matrix (J,0), is different from the arrangement with zero disorder energy.
Thus, each steady-state distribution of microstates has a unique zero-disorder permutation
corresponding to the thermodynamic arrow of time. It is along this arrow of time that
the unique (J, @) would produce the zero-disorder permutation, if the forward problem was
solved, e.g., an MC simulation or a set of experimental observations. Our goal is to perform
a procedure over a minimal set of transitions that form the basis of the permutation glass
and solve for the (J,0). Our calculation of the arrow of time is indirect in the sense that we
derive the model parameters corresponding to the steady state distribution and the solution
of the system, analytical or numerical, would generate the permutation corresponding to
zero time-disorder energy, i.e., the arrow of time.

The first task from this point on is to have a geometric intuition for the minimal set over

which the computation is to be performed.

91



4.5.1 The Dihedral group: D,

The question asked here is the following.
What are the generators of a permutation glass?
The answer lies in the minimal set of disjoint cycles that form a basis for the entire permu-
tation set. We define the group action as a permutation, i.e., one element moved to another.
This action is done as incrementally additive, i.e., for a set of microstates {1,2,3---M},
the cycles (1,2,3---) and (1,3,5,---) represent two disjoint sets of permutations as the

elements are moved to distinct targets in both the sets.

Definition 4.10 (Rigid motion). A rigid motion is a distance-preserving transformation,

such as a rotation, a reflection, and a translation, and is also called an isometry.

Definition 4.11. For n > 3, the dihedral group D, is defined as the rigid motions taking a

regular n-gon back to itself, with the operation being composition.

The symmetries of a polygon becomes significant for equivalence of its configurations
upon reflections. The lines of symmetry of the polygons n = 3,4, 5 are shown in Fig.(4.3).
These reflections lie in D3, D4 and D5 for the triangle, square and pentagon respectively.
In addition to reflections, a rotation by a multiple of 2% radians around the center carries
the polygon back to itself, so D, contains some rotations. These type of transitions are
of interest for construction of likelihoods with respect to transition probabilities. Some
properties of the dihedral group need to discussed before the construction of a permutation
glass based likelihood function. The first step in that direction would be examine the num-
ber of elements in D,, i.e., the total number of reflections and rotations. Afterwards, the
relationship between rotations and reflections can be examined. The creation of a minimal
set of transitions on a permutation glass comes out naturally from the concept of conjugacy

classes.
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Figure 4.3: The symmetries of a triangle, square and polygon with respect to reflections. When
the polygons are reflected with respect to any of their symmetry lines, the original configuration
remains unchanged.

The order of D,

Points in the plane at a specified distance from a given point form a circle, e.g., x> +
y>4ax+by+c=0 Va,b.c €R, so points with specified distances from two given points
are the intersection of two circles, which is two points (non-tangent circles) or one point
(tangent circles). For instance, the red points in the figure below have the same distances

to each of the two black points.

Lemma 4.1. Each point on a regular polygon is determined by its distance from the adja-

cent vertices.

Proof. In Fig.(4.4), let the red dots be adjacent vertices of a regular polygon. Therefore,
the line segment connecting them is an edge of the polygon. Also, the polygon is entirely
on one side of the line through the red dots. Consequently, the two black dots can’t both

be on the polygon, which means each point on the polygon is distinguished from all other
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Figure 4.4: A non-tangent intersection of two circles.

points on the polygon by its distances from two adjacent vertices. [

Theorem 4.4. The order of D, = 2n

Proof. First, we provide a visual proof. We separate the intuitive argument by odd and
even vertex polygons. It can be seen that for both the cases, i.e., odd and even vertex

regular n—gon, there are two symmetries
1. n symmetries by rotation of all vertices.

2. Further n symmetries by rotation on any of the axes of symmetry followed by reflec-

tion.

Both of these are demonstrated in Fig.(4.5) and Fig.(4.6). Firstly, we examine the number

of fixed vertices with each type of rigid motion.
1. A non-identity rigid motion fixes no vertex.
2. An identity rigid motion fixes all vertices.

3. A reflection fixes three vertices.
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For odd n, there is a reflection across the line connecting each vertex to the midpoint
of the opposite side. This is a total of n reflections. They are different because each one
fixes a different vertex. For even n, there is a reflection across the line connecting each pair

of opposite vertices (E reflections) and across the line connecting mid-points of opposite
2 -

3=

different because they have different types of fixed points on the polygon: different pairs

sides (another g reflections). The number of these reflections is g+ n. They are

of opposite vertices or different pairs of midpoints of opposite sides. This completes the

Figure 4.5: The symmetries of a heptagon. The corresponding diheral group would be D;. In
general for odd vertices we have D,, =2n+ 1

visual proof. Another argument can be made on the basis of lemma 4.1. Consider A and
B as two adjacent vertices of a regular n-gon. Let g € D, be a rigid motion. The group
action of g € D,, would have to preserve vertex adjacency and therefore g(A) and g(B) are
adjacent vertices. See Fig.(4.7).

Having proved that g(A) and g(B) are adjacent vertices, one can see that for each choice for
g(A), there are two choices for g(B), i.e., the vertex on either side of g(A). Since there are

a total of n vertices, therefore |D,|< 2n. Combined with the result earlier from the visual
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Figure 4.6: The symmetries of a octagon. The corresponding diheral group would be Dg. In general
for even vertices we have D,, = 2n

proof, we have
|Dy|=2n . (4.15)

This completes the proof. ]

Relationship between rotations and reflections

. . 2r . ) . .
We denote r as a counterclockwise rotations of — radians, with the consideration that
n
r is dependent on n. A schematic of symmetries of reflection of reflection for n = 3,4,5 is

shown in Fig.(4.8). We now state and prove two results.

Theorem 4.5. The rotations in D, are 1,r,r*---, /"~ 1.

Proof. The only issue here is whether all the rotations are different from each other and

since the number of rotations in D,, is n, therefore the rotations are different. O]
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Figure 4.7: For each point P on the polygon, the location of g(P) is determined by g(A) and g(B),
because the distances of g(P) from the adjacent vertices g(A) and g(B) equal the distances of P
from A and B, and therefore g(P) is determined on the polygon by lemma 4.1. To count |D,| it thus
suffices to find the number of possibilities for g(A) and g(B).

Figure 4.8: Axes of reflection symmetry for regular polygons n = 3,4,5. It can be seen that for each
case the number of axes is n.

Next, we denote a reflection along a line passing through two opposite vertices as s and

observe as earlier that s has order 2. This means s> = 1 and consequently s~ = s.

Theorem 4.6. The reflection in D, are s,rs,sr?,---,sr’" L.

Proof. By theorem 4.5, all the reflections are different as each of them is just a reflection
s multiplied by a rotation which are all different. To answer the question if any of the rXs

I=k — ¢ but s is not a rotation. Since out

is a rotation we observe that for r*s = r/ we have r
of the 2n elements 7 are rotations and none of the other n of the *s elements are rotations,

therefore they are all reflections. Also, it should be noted that there is no rotation-reflection
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term. If an element is of the form 7Xs or sr%, then by definition it is a reflection. Fig.(4.9)

shows the geometric interpretation of such terms for n = 3,4, 5. [

T3S s

Figure 4.9: Lines of reflection for a regular n-gons for n = 3,4,5 with clockwise rotations around the
polygon starting from a vertex fixed by s. If s is the reflection across the line through the rightmost
vertex then rs is the next line of reflection counterclockwise. This repeats incrementally for n terms.

Theorem 4.7. srs—! = !

Proof. 1t is known that rs is reflection. See Fig.(4.9). This means

(rs)> =1
rsrs =1
srs=r"1

but we know that s being a reflection has order 2, i.e., s2 = 1 which gives s = s—1. So

finally, we have

srsTl =] (4.16)

completing the proof. 0
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Conjugacy classes

Let x,y and z are subsets of a set A which consist of only blue, green and black balls.

Now consider the relation ~ defined as "has the same color as”. Then ~ is a an equivalence

relation and the set of equivalence classes of this relation is given by the quotient space A/~

as the set all ball colors. In context of the topic at hand, we ask the following question.

What are the equivalence classes of the group actions of D,,?

The similarity or equivalence of geometric structures are called conjugacy classes. These

are stated through the following theorem.
Theorem 4.8. The conjugacy classes of D,, are the following.
1. Ifnis odd.
(a) The identity element:{1}.

n—1

2
(c) All nreflections r's, Vi€ {0,1,2,---,(n—1)}.

(b)

2. Ifnis even.

(a) Two conjugacy classes of size 1: {1},{r"/2)}

conjugacy classes of size=2: {r¥'} {r2},... {rFn=1/2}

(b) g — 1 conjugacy clases of size 2: {r*'}, {rt2}, .- {rF/2-D},

(c) Two classes of reflections: {r**} and {r**1s}, V0<i< g —1

Proof. The theorem says the following.

1. Except for the identity and {r"/ 21 for even n, every rotation is conjugate to its inverse.
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2. Reflections are conjugate for odd n but split into two conjugacy classes for even
n. These are the lines of reflection passing through opposing vertices(r*'*"s) and
the lines that pass through vertices and mid-points of the corresponding opposite

sides(r°%s). See Fig.4.9

This means we have to prove these two facts about the conjugacy classes of D, Every
element of D, is 7' or r's for some integer i. Therefore to find the conjugacy class of an

element g we will compute r'gr— and (rs)g(r's)~!. Consider the equation

rrlrt=r/

(ris)ri(ris) L =r7J

This shows that the conjugate of 7/ is /. The next task is to prove that this is the only

1

conjugate. For that consider, r'sr—! = r%s and its direct extension (r's)s(r~'s) = r?s. As i

2i

varies, r“'s runs through the reflections in which r occurs with an exponent divisible by 2.

If n is odd then every integer modulo n is a multiple of 2. This means that when n is odd

PPy = rks, Vi,k € Z

that is, every reflection in D,, is conjugate to s. The case is different for an even n as only

half of the reflections are conjugate to s, the other half are conjugate to rs

rrs)r— =¥l

(r's)(rs)(r's) "t = ¥l

This completes the proof 0

Now, that we have an algebraic intuition of the concept of equivalence classes, we
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proceed to establish the type of class based likelihood function to solve for the arrow of

time from a permutation glass as per theorem 4.8.

4.6 Deriving the likelihood function for a permutation glass

Consider a set of microstates {1,2---,M} for a fully connected Ising graph with N
nodes. The first task is to put the microstates as vertices of a regular M-gon. This makes
the entire structure an M x N configuration representation. The rotations 7’ represent the
moving vertices from one position to the other. As we have shown in theorem 4.5, the
reflections and rotations are related and therefore it suffices to consider only the latter for
the purposes of the present discussion. The goal is to construct an invariant sufficient
statistic with respect to the conjugacy classes of the M-gon. Earlier discussion about profile
maximum likelihood, which is the same as a permutation glass likelihood, introduced the
idea of a G-invariant sufficient statistics. The invariance with respect to conjugacy classes
of the M-gon for a likelihood function would make it sufficient!

The procedure we follow is informed by the physics of the system. The transition matrix
consists of the conditional probabilities derived from glauber dynamics and the unknown
variables ,i.e., the couplings(J) and fields(0) are therefore contained in it. The numerical
method should be able to derive (J,0) from just the M x N time-disordered data matrix.
That means the columns of the matrix which correspond to the network states are not

ordered in time. We now construct this likelihood.

n fact, such a function would be minimally sufficient because the likelihood is based on transition
probabilities of an M x M Markov Chain(see Chapter-2). At a minimum for all such possible transitions, />
conditional probabilities exist. If a partition of such a chain is coarsened, then the sufficiency is lost. It is
impossible to get the correct histogram of microstates, if all of their relative transition probabilities are not
available.
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4.6.1 Level sets of the Profile likelihood probability distribution

We define the level set of a probability distribution p as

X ={x:px=u} 4.17)

The motivation for the method lies in what X contains for a dataset. The distribution would
have the tendency to put a set of points x with same empirical count on the same X. In
fact it does that within O(v/M) for the complete set of M elements. This means that the
microstates with the same empirical counts will be(approximately) in the same level set.
If we can find a way to measure the weight of all microstates on the level sets of the
distribution, then it would be possible to construct a likelihood based on those weights.
The conjugacy classes of Dy, are a way to do just that. The empirical distribution is our
steady-state distribution and we would have the probability currents of the nonequilibrium
steady-state lead to the relative counts of the microstates which would be different from the
case where detailed balance would have those counts described by the Maxwell-Boltzmann
distribution(see chapter 2).

The likelihood we aim to construct has to be based on transition probabilities as that is the
only possible measure we have for time-disordered data. To connect that to the counts of

micorstates we observe that

Lemma 4.2. For a fully connected Ising graph with a coupling matrix J and fields 0, the
permutation glass is completely generated by the conjugacy classes of Dy, where M is the

number of available snapshots of the system.

Proof. Let P be the Markov matrix(Glauber chain) of the Ising model. We place the snap-
shots i.e. available microstates of the chain on the vertices of a regular n-gon. The vicinal

distribution is generated for each element i € M by the conditional probability P,;Vk € M.
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The permutations are generated by the orbits of k € M. The element Fy; will have the value
Fy,iVkp € P repeated as per the frequency of k in M. More precisely, the number of times
an element is repeated in the permutation glass therefore is in the same proportion to its fre-
quency in M. It can be seen that this representation is of the size M? as opposed to M!. The
size of each orbit is M due to the orbit-stabilizer theorem [41]. The orbit of each element
is of size M as the conjugacy classes move each vertex to every position on the polygon
and there are M vertices. Recall that the identity is of size one and not two in this case
as we do not differentiate between reflected configurations due to the fact that the vicinal
distribution is invariant with respect to reflections. We call this O(M?) representation as

the orbit-reduced form of the permutation glass. [

Another observation is the equivalence of this construction with the disjoint cycles of

the permutation group.

Corollary 4.1. The orbit-reduced form of a permutation-glass is the set of disjoint cycles

of a permutation group of order M with respect to the labels of each element.

Proof. Consider the element x; € Sy, Vk € M. As x; is a configuration of the fully con-
nected Ising graph, the orbit of x; is the set of configurations that can transition to x; by
group action. Assuming that all transitions are of finite probability or all elements of the
transition matrix are nonzero, we now construct the following set of cycles.

All cycles will have x; as the initial and by definition the final configuration. The rest of
the elements of each cycle ¢;,Vj € M would be {x; € ¢j: k= JEZ} For instance, the cycle
¢y = (X1,X14r,X142r, - - -). The dihedral group Dy is a subgroup of the symmetric group Sy
and the cycles c; are the minimal set of disjoint cycles with all the orbits of the Markov

Chain O]

An advantage of the above construction is that it holds even when some transition prob-

abilities are zero. This is carried forward to any likelihood constructions based on the above
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as the profile likelihood is based only on transition probabilities. We wish to have optimal
inference and for that we would need the likelihood to be minimally sufficient. We discuss

the basic concepts briefly.

4.6.2 Minimal Sufficiency

In definition 4.6, we introduced the concept of sufficiency and how a statistic on X can
be defined as sufficient when it is invariant with respect to a group action Gx defined on a
quotient space X /G of the equivalence classes. Sufficiency of a statistic ensures that it is
providing the maximum possible information from the data available and no other statistic
will be able to provide any additional information.
The concept is silent on the optimal nature of a statistic and for that we define minimal

sufficiency as follows.

Definition 4.12 (Minimal sufficiency). A sufficient statistic 7 is minimal if for every suf-
ficient statistic 77 and for every x,y € X,T(x) = T(y) whenever T’(x) = T'(y). In other

words, T is a function of 77, i.e., 3f such that T'(x) = f(T'(x)) Vx € X.
The following theorem is a test for sufficiency

Theorem 4.9. Let {p(x;0),0 € Q} be a family of densities with respect to some measure
W. Note that U is a Lebesgue measure for continuous distribution and a counting measure

for discrete distribution. Suppose that there exists a statistic T such that for every x,y € X :

p(x;0) =Cryp(y;0) = T(x)=T(y) VCiy€R . (4.18)

Then T is minimally sufficient.

Proof. We begin by noticing that the theorem is not assuming that 7 is even sufficient and

therefore that needs to be proven. We are going to use the Neyman-Fischer factorization
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theorem to prove that and then proceed to the minimal sufficiency.

Let us define the range of T as T(X) = {¢ : t = T(x)} for some x € X. For each ¢t € T(X),
consider the preimage A; = {x: T(x) =t} and select an arbitrary representative x; from
each A;. Then, for any y € X we have y € Ar(,) and x7(,) € Ar(,). By the definition of A,

this implies that T'(y) = T (xr(y)). The theorem therefore implies

p(y:0) = Cyxp,, P(x1(5)3 0) = h(y)ge (T (y)) (4.19)

giving us the sufficiency of T by the Neyman-Fischer factorization condition. Next we see

that for any sufficient statistic 7”, by the factorization condition we have
p(x:0) = h(x)3p(T"(x)) - (4.20)
Suppose T’(x) = T'(y) for any x,y € X. Then, multiplying and dividing by A(y) gives

p(x;0) = h(y)ge(T'(y)) = = p(y,0)Cvy - (4.21)

By the assumption of the theorem, this means 7' (x) = T (y) and therefore

!
=
I
S
=
=
=
I

T(y) Vx,yeX , (4.22)

for any sufficient statistic 77. This means 7 is minimally sufficient. [

Having the theoretical tools we have thus far, we should construct a likelihood function
which can be proven to be minimally sufficient. To do so we must ensure the sufficiency
using a set of equivalence classes. Next, we must use theorem 4.9 to make sure the com-
putation would be optimal. It is of significance that we work with an optimal statistic as

the task at hand is computationally intensive i.e. O(M!) for the original permutation glass
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and O(M?) for the orbit-reduced version. Even though the improvement is significant, M?
is still computationally intensive and we have to make sure that nothing better is available

before we proceed.

4.6.3 Orbit-reduced Ising likelihood function

The results thus far would facilitate the construction a minimal sufficient statistic i.e
the orbit-reduced likelihood function. We use lemma 4.2 to establish the sufficiency with
respect to the Hajek definition, i.e., definitions 4.6 and 4.8, to actually base the construction
on a quotient space rather than the entire permutation set. This gives us sufficiency as a
property of the construction. For minimal sufficiency, the relationship between an orbit-
reduced and permutation likelihood would need to be that of proportionality as in theorem
4.9. With these two tasks accomplished, we would then make an information theoretic
connection to approach the likelihood function as a relationship between the steady-state

distribution and an arbitrary one. The procedure is as follows.

Theorem 4.10. Let M be the index set of stochastic snapshots of a fully-connected asym-
metric Ising model with its cardinality |M|. The parameters of the model are the cou-
pling matrix J and fields 0. Let the Glauber transition Matrix be P with snapshot labels
i,j€{1,2,---,|M|} indexing the transition probabilities p;;. Then the log-likelihood func-

tion:

1 1 M|
Z(M:.0) = 17 log <M11]1pcj> , (4.23)

where p.. is the set of sequential transition probabilities defined in the sense of corolla
Dc; q p ry

4.1, is a minimal sufficient statistic.

Proof. 1. Z is sufficient:
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By the definition of p;; as per corollary 4.1 is a statistic defined by equivalence
classes of the permutation group as the sequence of microstates x;Vi € {1,2,---,|M|}
is H'fﬁ'l ¢y where ¢, = (x1,X14r,X142r,--). These are all the disjoint cycles of a the
permutation group of order |M|. From a geometric standpoint, these are the |M|?
elements of the rotational conjugacy classes. Therefore, by definition 4.8 .Z is suffi-

cient.

. % is minimally sufficient:
Let £ be the probability distribution associated with . and define 22’ the distribu-

tion for another sufficient likelihood function .#”’. By definition,

2 = [ pilenr € cj) x [ [ piler € ¢j) YenrJer =Jej (4.24)
iENF icF j

where we distribute the probabilities within the conjugacy classes into two categories.
The probabilities that correspond to a spin flip(F) and the ones that correspond to
no flipping(NF) of a spin, leaving two labels with the same snapshot. Also, .#’ is
sufficient. Therefore it has to contain all the transition probabilities corresponding to

U, ¢j. So " can contain more terms than .’ but not less. So we have

P = H pi(enr € c;) X Hpg(cF € c']) Venr UCF = Uc; ) (4.25)
iENF i€F j
where
UeiclUd) - (4.26)
J J
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From Eq.(4.24), Eq.(4.25) and Eq.(4.26) we get

2'J,0)=0(l,0)2J,0) , (4.27)

where a/(J,0) contains all the terms that are in &’ but not in &2. If we can prove
that & is not a function of J, @ for a particular steady-state distribution, then we have
' as a minimal sufficient statistic. But this is true as both &2 and &2’ are gener-
ated by the same steady state distribution. This is because the same nonequilibrium
steady-state would generate the same proportion of frequencies for two sufficiently
large time intervals and therefore lead to the same relative frequencies of microstates.

Therefore,

2'(J1,0) = a(c,c)2(1,0) , (4.28)

where o(c,c’) indicates the dependence of o on the relative sizes of the two distri-
butions. Note that 0 < ¢¢(c,c’) < 1 as the proportionality constant itself is product of
Glauber transition probabilities. From theorem 4.9 we have . = .&’.

]

Now that we have derived our likelihood function and proved that it is minimally suf-

ficient, we apply it to compute the coupling matrix for a set of time-disordered snapshots

of a neural network. We use the fact that .#” is defined on a quotient space to use parallel

computing and accelerate our convergence.

4.7 Inference using the orbit-reduced likelihood function

The computation on N° glauber terms with an exponential in the numerator and hy-

perbolic cosine in the denominator is intensive. We propose an efficient algorithm for the
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same using the fact that the conjugacy classes contain all orbits. This makes it possible to

compute element wise in parallel. The algorithm is as follows

Algorithm 2 Algorithm for MLE for a fully connected Ising model with time-disordered
data
Require: N,7T €Z, and 7,a € R, as hyperparameters
Ensure: N x yx T = Number of updates = j >> N
Jor < [A(0,1)]nxn > This is the coupling matrix
Ogr < [ (0, 1)]F > These are the field(threshold) values at individual nodes.
Data generated <— Glauber MCMC
forie {1,2---,j} calculate p(j — i) for each i in parallel

1 1
Calculate & = — Y/ | ~log(p(j — i)
J J

Jest = [0]ny+1xn > Initialize the fields an couplings as one matrix
while not converged do
oldllk=¥

oldllkﬂ Z(BFGS optimization step)
converged=(.Z — oldllk) < 10~%

end while

output <— Jog

The addition of different orbit probabilities in parallel makes the calculation of the
likelihood function efficient. The optimization with respect to the couplings J and fields 0
is done using the Broyden-Fletcher—Goldfarb—Shanno algorithm available as a part of the

optimize routine in the package SciPy. We now present the results.

4.7.1 Numerical results

The first calculation is that of a neural network of size N = 10. The number of available
snapshots is 107 and the the reconstruction error o = 0.65738. The plot of Jg 1.e. the
ground truth coupling matrix vs. the estimated values J, is shown in Fig.(4.10).

Next we investigate the dependence of the reconstruction error & on the number of
available snapshots ,i.e., the size of available data. This is significant as it gives an estimate

of the length of data required for a desired accuracy level. It is natural that the amount of
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Figure 4.10: A plot of the estimated coupling matrix, Jey (y-axis) vs. the ground truth matrix Jg,.
The BF GS algorithm gave an estimated value of 0.65738 for 10 million snapshots.

data required for this algorithm is large as compared to time-series computations as each
permutation contained in a permutation glass is a combinatorial bijection of a time-series
data of the same size. This means the we are computing over a minimum number of such

bijections through a minimal sufficient statistic.

4.8 Discussion

We began with the Kolmogorov and Hdajek definitions of sufficiency and to explain the
development of the latter, discussed the concept of equivalence classes. The permutation
group was used as an example and the result on the commutativity of disjoint cycles was
stated and proved. For a geometric perspective, the dihedral group and its conjugacy classes

were discussed. The quotient space X /G denoting a partition of X was used the construct
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Figure 4.11: A plot of the reconstruction error & vs. the number of stochastic snapshots. The
amount of data required for the orbit-reduced likelihood is larger as compared to a MLE for time-
series computation.

the proof of lemma 4.2. Having developed the tools required, we proved that a likelihood

constructed on the quotient space is minimal sufficient(Theorem 4.10). Finally, a parallel

algorithm was used to calculate the likelihood function and the results were presented.
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Chapter 5: The Gromov—Wasserstein distance between networks

5.1 Introduction

The idea of distance between two entities is central to our understanding of the differ-
ence between them. In a physical setting like classical mechanics, the displacement of an
object is a measure of difference between the initial and final coordinates of its center of
mass. In an abstract setting, for instance two strings or character sequences of equal length,
the Hamming distance is the number of points where those two entities differ. For exam-
ple, the Hamming distance between Varenya and Vaarush is 5. In statistics, the entities
between which distances are sought are probability distributions. The most common of
these distance measures is the relative entropy or Kullback—Leibler divergence [32] from a

probability distribution Q to another P, which is

D(P||Q)= ) P(x) 10g<%),

xeZ

for x € 2 where 2 is a probability space. For networks, the above notions of distance do
not suffice as the definition of what could constitute the distance between two networks is
not apparent given that one cannot endow a network with a natural distance like displace-
ment or an abstract one like the KL-divergence. Moreover, biological network dynamics
includes growth and shrinkage as a functional feature during significant processes like can-

cer, morphogenesis and ageing. This puts an additional requirement on the metric to be
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defined between two networks of different sizes, leading to steady state distributions of
different dimensions. Optimal driving between nonequilibrium steady state has seen ex-
tensive developments over the last two decades but they have been mainly concentrated on
probability distributions with the same support [80, 101, 138]. We follow [116] to write
an essential theoretical framework for biological network dynamics. This would add to the
existing network growth models [92, 129] while being grounded in the order parameters
of the fully connected asymmetric Ising model [83, 90]. The connection between ther-
modynamics and optimal transport is well described in literature [6, 11, 36, 66, 88] and
computational works also exist for the same [74]. Our approach contrasts these in terms of
a property of measurable functions known as narrow convergence [4] which is an outcome
of the topology induced by the Wasserstein metric. Since biological networks grow and
shrink, therefore narrow convergence is not available for any metric which is to be defined.
This is the reason a new kind of metric, i.e., the Gromov-Wasserstein metric [82] is chosen

for such networks.

5.2 Basic concepts

In this section, the construction of a metric between two networks is described. Begin-
ning with some basic definitions, the concepts of Hausdorff distance, isometric embedding
and Wasserstein distance are explained with examples. A combination of these leads to the
Gromov-Hausdorff distance. Finally, metric measure spaces are introduced to accommo-
date the notion of coupling measures along with a metric. This leads to the definition of

the Gromov-Wasserstein distance.
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5.2.1 Metric Spaces and isometric embedding

Definition 5.1 (Metric Space). A metric space (X,dx) consists of a set of points X and a

distance function dyx : X x X — R which satisfies the following properties
1. For every x,y € X, dx(x,y) > 0.
2. Forevery x € X, dx(x,x) =0.
3. For every x,y € X such that x # y, dx(x,y) > 0.
4. For every x,y € X, dx(x,y) = dx (y,x).
5. The triangle inequality: For every x,y,z € X, dx(x,y) +dx(y,2) > dx(x,z)

The above definition sometimes is relaxed with respect to condition 3, i.e., two distinct
points in X are allowed to have dy = 0. In such cases, the set X is said be endowed with a

pseudometric or a semimetric.

Definition 5.2 (Embedding). Given two metric spaces (X,dx) and (Y,dy),amap ¢ : X —

Y is called an embedding.

Definition 5.3 (Isometric embedding). An embedding is called distance-preserving or iso-

metric if for all x,x’ € X, dx (x,x') = dy(¢(x), ¢ (x'))

Let Z(X) be the Borel o—algebra of X. Given two metric spaces (X,dx) and (Y,dy)
with measures Ly and uy respectively. Now consider the product space X x Y with the
product measure Uy @ Hy. This product measure is defined on (X x Y, Z(X) x AB(Y)).
In particular for subsets A,B € (X x Y) that generate the oc—algebra, we have a product
measure defined as uy @ Uy (A x B) = ux(A)uy (B), VA€ B(X), B A(Y). Any network

as defined in this work has three underlying components.
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1. The space of nodes, denoted by X.

2. A set of interactions between each pair of nodes. This is represented through the

adjacency matrix of the network and we represent it as wy.
3. A set of probability measures assigned to each node, denoted by the set L.

This gives us a descriptor (X, @, 1) for a network. To further characterize a network as

defined above, we need to establish properties of this triplet.

5.2.2 Polish spaces

Definition 5.4 (Cauchy Space). A sequence x1,x2,x3-- € (X,d) is Cauchy if for Ve € R"
AN € Z7" such that Vm,n € Z and m,n > N, the distance d(x,,x,) < €.

What is implied by the above definition is that the terms of the sequence get close to each
other in such a way that they seem to approach a limit. When such a limit exists inside X

for every Cauchy sequence belonging to X, it makes X a Cauchy space.

Definition 5.5 (Separable metric space). A topological space is defined as set of points
which have sense of closeness defined among them but not a concrete notion of distance
to measure it. One way to measure closeness of two set of points is through the notion
of neighborhoods. A topological space which contains a countable dense subset is called
separable. This means that there exists a sequence {x}*_, consisting of all elements of the
space such that every nonempty open subset of the space contains at least one element of
{xhs-

This means that all finite spaces or separable. The space of nodes X defined earlier will be

a countable dense subset of itself and hence separable.

Definition 5.6 (Completely metrizable space). A space X is completely metrizable if there

exists at least one d such that (X,d) is Cauchy. The topology 7T induced by d then defines
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the topological space (X,T). i.e., the separation of points is now defined by the metric d

and the space is Cauchy.

Definition 5.7 (Homeomorphism). Consider two topological spaces X and Y. A mapping

f:X — Y is a Homeomorphism if
1. fis bijective.
2. f is continuous.

3. f~lis continuous.

If such a mapping f exists, then X and ¥ are homeomorphic to each other. It is straightfor-

ward that this is an equivalence relation.

Definition 5.8 (Polish spaces and Measure networks). A Polish space X), is a completely
metrizable space that is separable. This means that X, is homeomorphic to a complete

metric space (Cauchy) that has a countable dense subset.

In our definition of network space (X, ®, it), the space X is a Polish space. The metric
o induces a topology on X. At this point, it is visible that any choice of @ that maintains
the definition of X being a Polish space is acceptable. This means that we can move beyond
adjacency or interaction matrices and tackle any kind of measured class of @. This is useful
in situations where a direct measurement of coupling matrices is not available and we have
to depend on other measures of nodal distances. Most of biological data belongs to this
category. It is understood that the nodal measure t would From hereon we refer to X, @, u

as a measure network.

5.2.3 The notion of Closeness between two measure networks

One of the prerequisites of the above definition of measure networks, the goal of which

is to define a distance between two such triplets is to define which networks are considered
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as the same. This leads to two cases.
1. A measure network is invariant under relabeling.

2. If there is a node that splits into multiple nodes such that the incoming and outgoing
nodal distances remain the same, then the resulting network is the same as the original

one.

The above conditions are formalised through the notion of isomorphisms. This is done

through pushforward and pullback measures.

5.2.4 Pushforward or image measure and the change of variables formula

Definition 5.9 (Pushforward measure). Given the measure space (X, uy) and Y and a
Borel-measurable map % : X — Y. The pushforward of py is defined as h.pux (<) =
ux (h~' (7)) where <7 is the Borel 6 —algebra on (X, tix). The construction essentially is
that of a Borel measure on Y given the sigma algebra <7 and measure py defined on X.
This proceeds through the preimage of a subset C € € generated by the inverse map 2~

A schematic of the process is shown in Fig.(5.1).

Definition 5.10 (Pullback metric). Suppose that you have two spaces X and Y,a metric d

on Y, and a function 4 : X — Y. The pullback metric is the following metric on X
R d(xM x@) = d(h(x1),n(x?)), xV xP ex . (5.1)

Thus, we define a metric on X by mapping points over to Y and taking the distance there.

It can be seen that the process of constructing a pullback metric somewhat mirrors the
construction of the pushforward measure. In the latter, we construct a measure on Y using

the preimage of a subset of ¥ on X through 2~ '. We go from a subset on X to a subset on
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h: X—Y

X, o) 0 ° (Y,6)
2 f

Pushforward or image measure: ji(C) = u(h~'(C)) = hwu

[t]

Figure 5.1: A schematic representation of the pushforward measure between two measure spaces.
The two polish spaces X and Y have sigma algebras &/ and ¥ respectively. The bijective map
h: X — Y has the inverse mapping from Y to X on a subset C of ¥ denoted by 2~ !(C). The
pushforward measure is the method to construct a measure on Y through the measure already defined
on X. This is done through the preimage of the subset C € Y i.e. A~ !(C) and measuring it with u.
The notation &, i is preferred as it establishes the significance of /4 in the definition.
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Y and hence push forward a measure.
In the case of a pullback, we are given the images on Y through 4 : X — Y and we pull
back the metric on X through the inverse function, with the final result being a metric.

Notice, that we did not begin with any knowledge of the metric on X.

5.2.5 Network Isomorphisms

With pushforwards and pullbacks defined, we are in a position to create a notion of
closeness between networks. To that end, let .4~ be the space of metric measure spaces i.e.

measure networks.

Definition 5.11 (Strong Isomorphism). Given (X, @y, tix), (Y, @y, uy) € 4 and a Borel-
measurable bijection ¢ : X — ¥, with @ ~! denoting the inverse map. Let @y (x,x’) de-
note the distance between the nodes x and x’ with {x,x'} € X. The two network spaces

(X, wx, ux) and (Y, @y, ly) are strongly isomorphic if
1. wx(x,X)=awy(e(x),p(x)) Vx,x' €X.
2. ¢ulix = Wy.

The strong isomorphism is denoted as X =Y.

From the viewpoint of practical applications, strong isomorphisms would be rare as the
definition is strong and borders on equality. For a measure of similarity between network
spaces, a weaker set of conditions could suffice. The parallel here is from the zeroth law
of thermodynamics which states that if two thermodynamic systems are each in thermal
equilibrium with a third system, then they are in thermal equilibrium with each other. Ac-
cordingly, thermal equilibrium between systems is a transitive relation. In case of metric

measure spaces, we aim for sustaining a “transitive” definition of isomorphism given a third
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measure space (Z, lz). The definition cannot be exact like the zeroth law as isomorphism

needs a pushforward and pullback.

Definition 5.12 (Weak Isomorphism). The two network spaces (X, wx, tx ) and (Y, oy, tiy)

are weakly isomorphic if 3(Z, uz) along with f: Z — X and g : Z — Y such that.
1. fillz = Ux, g«lz = Uy

2. ||ffox — g oy|l==0 .

Here, f*wx is the pullback weight of from the map (z,7') — @x(f(z),f(z)) and g* wy is

from (z,7) — wy(g(z),g(<')) with the notations running parallel to the Definition 5.10.
The pullbacks mentioned have to be measurable. For this lets consider the following.

Theorem 5.1 (Measurable Pullbacks). The pullbacks defined in definition 5.12 are mea-

surable.

Proof. A measure U, on the metric measure space z is a linear functional from a vector

space of functions ®(Z) on Z. This gives

He:®(Z) =B 9 (. 0)i= [ p(2Ha(dz)

We can view the space of measures M (Z) on Z as dual to ®(Z). The dual operation on this
space of measures is the pushforward. Thus if f : Z — X is a map then we get two linear

maps
ffeX)—d(2), fi :M(Z)— M(X)
related as follows,

(Uz, [ Q) = (filtz,®), Vo € P(X),uz € M(Z)
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This program is analogous for the network space Y. O

The pullback f* acts on spaces of functions via the equality f*¢@ = @ o f. It is the dual

of the pushforward f in the sense of duality of locally convex topological spaces.

We can illustrate this through the example networks in Fig.(5.2). Three networks X, Y
and Z with different weight matrices and probability vectors are weakly isomorphic to each
other, generating pushforwards and measurable pullbacks. In this particular example, the
network Z maps surjectively onto X and Y. For X, let the map f : Z — X induce the
pushforward ty and analogously g : Z — Y would induce uy for Y. The surjection maps
both I and J to C. The pullbacks f.wx and g.wy both generate @z as dual maps to their

respective pushforwards wy and wy.

X) 09) 2)
1
1 1 221 1 N
221 1 331 1 2211 3
wx(A,B,C):(Z 2 1), w=|1 a)y(D,E,F)=(3 3 1), =1 oAGHLD=|T 1 3 3 m=|]
113 i 112 1 1133 4
2 2 1
4

Figure 5.2: The network Z maps surjectively on X and Y. Considering X and Z, the surjection maps
I and J both to C as the incoming and outgoing edges as well as self-edges are the same for all three
while G and H are the same as A and B. The pullbacks i.e. @s can be mapped to Z according to
Theorem 5.1.
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5.2.6 Isomosrphisms in context of real network data

Consider the network space (X, @y, lx ). Two nodes {x,x'} € X, are said to be € similar

if fore > 0,

lox (x,.) —ox(x,)||e <&, [ox(.,x)—ox(.,x)|-<e

The rationale of the € inequalities lies in the internal and external perceptions of x and
X I wx (x,X') = wx (¥',x) = wx (x,x) = wx(x’,x’), then the nodes x and x’ have the same
internal perceptions. To have the same external perceptions, all the incoming and outgoing
edges need to be the same for both x and x’. The € inequalities accommodate a reasonable
relaxation to the same in context of real-world data which is subject to instrumentation

(calibration) as well as measurement errors.

Given a k x k weight matrix M, € R*K and k x 1 vector p such that Z;‘:l uy =1,
a network with k nodes denoted by (M, uy) is obtained. Another network (Nj, vy) =

(My., i) if and only if j = k and 3 P, a permutation matrix such that N; = PMgPT, and

Puy = vy.

5.3 Measure couplings

In this section we formalize the notion of measure couplings on metric measure spaces.
More specifically, we define what are known as transport plans between network spaces in
context of optimal transport. We follow the construction in [116] and extend through the

previous sections.

Definition 5.13 (Measure coupling). Given two network spaces (X, @y, tx) and (Y, oy, Ly ),

any probability measure t on the product space X x Y (equipped with the product topology
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and product o —field) satisfying

(Tx )t = px, (v )b = My (5.2)

is called a coupling of measures Ly and Uy. The network measure vectors px and py will
be the marginals of the coupling (transport plan) u. Here my and 7y are projections from

X x Y to X and Y respectively.

The pushforwards in Eq.(5.2) are defined on the Borel c—algebras of both the net-

works. This makes it possible to write them as

u(Ax xY) = ux(Ax) VAx € B(X) . (5.3)

[.L(AY XX) = [,Ly(Ay) VAy € %(Y) . 5.4)

The collections of all couplings between (X, wy, tx) and (Y, wy, ty) will be denoted as
€ (ux,My). The set €' (ux,Uy) is nonempty as because it always contains the product

coupling 1 = Uy ® Uy, which is unique as

[.L(AX XAy) = ‘ux(Ax).[.Ly(Ay), VAx € :@(X), Ay € :@(Y) . (5.5

If one of the probabilities is a Dirac measure, then 4 = ux ® Uy is the only coupling, i.e.,

C(8y,, y) = {0y, ® piy }

Lemma 5.1. Given (x and Uy), the set of all couplings € (Ux, Ly ) is a nonempty compact

subset of P (X x Y), the set of all probability measures on X X Y equipped with the weak

topology.

Proof. As the projection maps 7y and 7y in Eq.(5.13) are continuous and & (px, ty) is a

closed subset of &(X x Y), the result is an application of Prokhorov’s theorem (Theorem
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5.3).

For every map f : X — Y with f,ux = Uy a coupling of ty and Uy can be written as

p=(d,f)ux

If uxy = uy as X =Y, then for the choice f = Id, we get the diagonal coupling

dp(x,y) = doy(y)dux (x) .

In general, for (Z, @z, li7) and measurable maps g: Z — X and h: Z — Y with g, = ux

and h.u = uy. A coupling of y and uy is given by

p(x,y) = (g, u)l

]

One can now look at the concept of coupling from the perspective of correspondence
between two measure spaces. The support for the couplings between two metric-measure

space will be a subset of X x Y for the network spaces (X, @y, lx) and (Y, oy, ty).

Couplings as Markov Kernels

Couplings as defined above refer to a joint probability distribution of px and uy so as
to admit a disintegration through a Markov kernel. This is achieved as follows.
The metric measure spaces (X, wy, Ux) and (Y, @y, 1y) have their respective Borel prob-
ability measures py and uy. The coupling du(x,y) is admitted as a map from X X ¥ to

.

du(x,y) = du(y)dux (x) .
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S = supp(u(x,y)) € XXY

supp(uy)

supp ()

(A)Coupling (B)Correspondence

Figure 5.3: The coupling has the correspondence between (X, wy, (y) and (Y, oy, ly) as its un-
derlying structure. The couplings are an optimal quantitative representation of a correspondence
set .7 € X x Y which is the support set of the optimal couplings between the two metric measure
spaces.

This is how couplings are defined as measures on X x Y. This disintegration of probabil-
ity measures is the basis of soft-coupling as it replaces €—isometries, i.e., f : X — Y,
between the two metric-measure spaces (X, @y, lx) and (Y, oy, tty ). The kernel facilitates
the mapping of ux € X to p,(y) €Y instead of the map f : X — ¥ mapping points directly
from X to Y. This new disintegration of a measure on X into one on Y depending on the
coordinates mapped provides probability maps irrespective of the codimensionality of X
and Y in ./, i.e., the space of all networks. This is the measure map which we refer to as

a soft-coupling. Further development of this concept is required as two issues need to be

addressed.

1. A series of couplings need to form a connected map so that multiple spaces could be

soft-coupled.

2. An optimal coupling set has to exist and to define such a set, a metric optimal condi-
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tion needs to be defined between any two metric measure spaces.
We begin these tasks by stating the gluing lemma for couplings.

Theorem 5.2 (Gluing lemma). Let X1,X>,--- Xy be polish spaces and Ly, Uy, - - Uy be re-
spective probability measures on the c—fields. Then for every choice of couplings 1 €

C(Mi-1, 1), Vie{1,2,3,---k}, ue P(X,Xa, - Xy) such that
(i1, )t = Wy, Vi€ {1,2,3,---k} .
W is defined as the gluing of the couplings Uy, Wy, - - - W, and is denoted as
o= &y Ry

In particular @ has marginals Wy, o, - - - W, L.e., ()it = Wi, Vie {1,2,3,---k} .

Proof. The result for k = 2 [124] is presented first. The basic idea for £k > 2 is to form a
sequence of probability measures using the Markov kernel. Central to this scheme is the
idea of disintegration of measure. If 7 is a probability measure on X x Y with marginal uy
on X, then there exists a measurable application x — 7, Vx € X from X to &?(Y), uniquely

determined dp (X ) almost everywhere, such that

n:/x(6x®nx)du(x) .

This means that a probability mapping from X to Y through u € (C)(X xY)

oy rramte) = [ teamon]auio
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or for any measurable set A C X xY

wla) = [ mladdu() |

where

Ay={yeY:(x,y) €A} .

Next we go to three Polish spaces to take the first gluing step. Consider a third space Z and
define probability maps/transport plans 7(x,y) € € (X xY) and 7(y,z) € € (Y x Z). The
common marginal here is ty so it will be used to disintegrate both probability maps. This

occurs through measurable applications Ty, : Y — (Y ) and 7., : Y — Z(Z) such that

Ty = /Yn'xy:y ® Byqu (y) 5

and

nyz:/yay@myz:zdﬂY(y) .

Finally, the three space glued coupling is formed as

7I'(X><Y><Z):/Yﬂxy:y®5y®7ryz:zd“Y(y) :

5.3.1 Distortion of a coupling

We again work with (X, @x, tix) and (Y, @y, 1y) as two metric-measure networks. Let

U € € (ux, 1y ) and consider a probability space (X x Y)2 equipped with the product mea-
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sure U ® u. The p—distortion function is defined as

dis, (1) = ( /X y /X Xy\wx(xpc/)—a)y(y,y')|pdu(x,y)d,u(xl,yl)>p ,

in the sense of /[’ —spaces. In the present work we would be concerned mainly with the
case p = 2. The distortion is a metric defined on the space of spaces and its optimization
would lead to the optimal coupling set. We now state that theory. First, we need tightness

of probability measures within the network spaces. For that we need the following result

Theorem 5.3 (Prokhorov’s Theorem). Let X be a Polish space. Then P C & (X) is tight,

if and only if its closure is compact in P (X).

Proof. We first prove the backward argument. ( <= ):
Claim: If U,U,,--- are open sets in X that cover X and if € > 0 then there exists a k > 1

such that

k
,u<UUi> >1—¢, YUEP .
i=1

k

To prove by contradiction, suppose that for every k > 1 there is a y; € P with L < U Ui) <
i=1

1 —€. As P is compact, there is a L € P¢ and a subsequence [y, = p. For any n >

k
1, U U; is open. Hence
i=1

kj

u <UUi> g}gginfukj< U,~> g}grgoinfukj Uui|<1-¢.
i=1 =1

=

i i=1

S n
But U U;=X,so u( U U;) = u(X) =1 as n — . This a contradiction, proving the claim.
i=1 i=1
As the next step we start with € > 0 and take D = {ay,a»,---} to be dense in X. For every

m > 1, the open balls B (a;,+),i = {1,2,---} cover X. So by the claim we just proved,
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there is a k,;, such that

k
" 1

u(UB(a,-,—)) <l—e2™ Yuer .
i=1 m

now we define

To make K totally bounded we observe that it is closed and then see that for each & > 0 we

ki _
can take m > % and K C | B(a;,6). This makes K compact as X is complete. Now, for
i=1

every U € P

W(X\K) = (m [ (a"’"%)D S (l (a,.,ng)]c)

Hence P is tight.

The forward proof is much more delicate and has prerequisites. Namely,

1. Compactification of metric spaces.

2. Riesz representation theorem.

First, we look at compactification. To that end, lets rephrase the forward proof slightly. X
is a compact metric space and therefore every set of Borel probability measures on it is
tight and therefore #7(X) is tight. Thus the forward result implies that & (X) is compact
whenever X is compact. This would be our proof. As we stated earlier, there are some

prerequisites for the proof and we now gather them.

Proposition 1. If (X,d) is a metric space, then (&2 ,dp) is a compact metric space.
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Proof. Let us denote the set of continuous and bounded functions on X as
Cp(X) :={f:X — R :fis continuous and bounded}

This implies that each f € C,(X) is integrable with respect to any finite Borel measure on

X. Also, since X is compact, therefore
Cp(X)=C(X)={f:X — R:fis continuous} .
This means that C(X) is a Banach space under the supremum norm defined by
[1f1le= supl f(x)] -
xeX
We denote by C(X)' the dual Banach space of C(X) and consider
O:={p cCX):[lo[[<1,0(1) = 1,0(f) 2 0,Vf € C(X), with f > 0} ,

with u € Z(X) define ¢y (f) := [ fdu,with f € C(X). Now, T : u — ¢, is a bijection
from #(X) onto ®. Moreover, T is a sequential homeomorphism relative to the weak*
topology on ®. This follows straightforwardly from the Riesz representation theorem. At

this point we invoke Alaoglu’s theorem which reads as follows

Theorem 5.4 (Banach—Alaoglu). For a topological vector space X with continous dual

space X', the polar set
U= {¥ e X' :sup|¥/(x)|< 1}

xeU

of any neighborhood U of origin in X is compact in weak* topology o(X',X) on X'. More-
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over, U is the polar of U with respect to the canonical system (X,X*\ and it is also a

compact subset of (X*,c(X*,X)).

A specialized version of this would be, If X is a normed space then the closed unit ball
in the continuous dual space X’ (endowed with its usual operator norm) is compact with
respect to the weak™ topology. We omit the proof but use the specialized version for our

map . Banach—Alaoglu theorem implies that B’ defined as
B'={¢pcC(Xx) :l|¢l|<1} ,

is weak™ compact and therefore so is @ since it is weak® closed in B’. This proves the
proposition by leading to the fact that £ (X) is compact since ® is sequentially compact.

It is to be noted that the converse is also true. O]

We now take the next step in the compactification of a probability space by proving the

existence of a homeomorphic map as follows.

Lemma 5.2. If (X,d) is a separable metric space then there exists a compact metric space

(Y,8) and amap T : X — Y such that T is a homeomorphism from X onto T (X).

Proof. To begin the argument, we need to define Y and T as follows. Let Y := [0, I]N =

{(&)z, :& €[0,1)Vi} and
SEm)=Y 2 gl Eney .
i=1

This makes 0 a metric on Y with its topology being the topology of coordinate-wise con-

vergence and (Y, 0) is compact. Let D = {ay,a,-- -} be dense in X and define

o;(x) ;== min{d(x,q;),1}, x€X,i=1,2---
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Then for each k, o : X — [0, 1] is continuous. For x € X define

T(x) = (o)) €Y -

Claim: for any C C X closed and x ¢ C there exists € > 0 and i such that

2
ai(x) S ?7

, (X,‘<y) > Vy eC .

W[ M

To prove the claim, take € := mind(x,C),1 € (0,1]. Take i such that d(a;,x) < %, then

@;(x) < £ and for y € C we have

ai(y) = min{d(y,a;), 1} > min{(d(y,x) — d(x,a)),1} > min{(d(x,C) — g), 1}

2 2
> min{;, 1} = ?8

This proves that T is injective as if x # y, then 3 an i such that ¢;(x) # o;(y). The way
we defined T : X — T'(X), it is surjective, so it is a bijection. For proving the lemma, we

need to show sequential convergence, i.e. ,
X —x <= T(x,) — T(x)
To that end, if x, — x then o (x,) — o;(x), Vi and therefore 6(7 (x,), T (x)) — 0, as n —
oo, O]
We now complete the proof of Prokhorov’s theorem.

Theorem 5.5 (Forward direction for Prokhorov’s Theorem). If (X,d) is a separable metric

space and T € P(X) is tight, then T is compact.

Proof. We first observe that both I" and I" are tight in X. Now, let € > 0 and K be a compact
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subset of X such that t(K) > 1—¢,Vu € I'. Then for every u € I, there is a sequence (Uy,),,

in I" that converges to 1 giving

1(K) > limsupu,(K) >1—¢

n—yoo

Next, let (1, ), be a sequence in I and we aim to show that (u,), has a convergent subse-
quence. Repeating our earlier construction for homeomorphic maps, let (¥, §) be a compact
metric space and a map 7 : X — Y such that T is a homeomorphism from X onto 7' (X).
For, # € #(Y),T~' (%) is Borel in X. Define, v, (B) := u,(T~'B) ,B € %, ¥n € N. Then
vePZY) Vn. AsY and & (X) are compact metric spaces, there is s v such that there is a
compact subsequence V,, — v in &?(Y). We need to construct a map to bring v back to X.
To be exact, a translation of v on a measure on X. For this, set Yy = 7'(X).

Claim: There exists a set E € Z(Y) such that E C ¥y and v(E) = 1. This means that v

is concentrated on Y.

Proof. Let vy(A) := V(ANE), A€ B(Yy). Why this works is because A € #A(Yy) —
ANE € B(E) = ANE € A(Y) as E is a Borel subset of Y. Also, vy is a finite Borel

measure on ¥y and V(E) = vo(E) = 1. This provides us with the measure translation

H(A) =vo(T(4)) =w((T7')7'(4)), Ae B(X)

This gives p € Z(X) and now we have to show that p,, — u in Z(X). Let C be closed
in X. Then 7T'(C) is closed in T'(X) = ¥y and need not be closed in Y. This means 3Z € Y

closed withZNYy=T(C). Thismeans C={x€ X : T(x) =T(C)}={xeX:T(x) € Z} =
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T~1(Z), because there are no points in T(C) outside Yy, and ZNE = T(C) NE. This gives

lim sup uy,, (C) =limsup v, (Z) < Vv(Z) =Vv(ZUE)+V(ZUE")

k—>o0 k—oo

=V(T(C)NE)+0=w(T(C)) = u(C) ,

and consequently f,, — (. Finally, to prove the claim we use tightness of I'. For each
1

m > 1 take K, compact in X such that y(K,) >1—— Vu €I. Then T(K},) is a compact
m

subset of Y hence closed in Y, so

V(T (Kp)) > limsup vy, (T (Kp)) > lim sup py, (Kn) > 1—

1
k—oo k—>o00 m

Now we take |J,,_; K;,. This gives E € #(Y) and V(E) > V(K,,)Vm. So v(E) = 1, proving

the claim. O]

This completes the proof of Prokhorov’s theorem, hence paving the way for the com-
pactness of couplings in the space of network spaces. In the next chapter, we use this fact

to construct maps between to isomorphism classes and characterize the geodesics. [

Lemma 5.3 (Compactness of couplings). Following the notation in previous sections,

€ (ux % Uy) is compact in (X xXY).
Proof. This proof requires the following lemma.

Lemma 5.4. [123] Let X and Y be two Polish spaces. Let Py C P (X) and Py C 2 (Y)
be tight in their respective spaces. Then the set € (Px,Px) C P(X xY) of couplings with

marginals Px and Py is tight in 2 (X x Y).

We omit the proof. Lemma 5.4 states that the couplings are tight and we have to prove
that they are compact. We have to apply Prokhorov’s theorem (Theorem 5.3). Consider

the singletons {uyx} and {uy}. They are closed and compact in &(X) and Z(Y). By
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theorem 5.3, they are tight. Now consider €' (Py,Px) C &?(X x Y). This set is obtained by
the intersecting the preimages of continuous projections onto the marginals tty and ty and

therefore is closed. By lemma 5.4 it is tight. By applying theorem 5.3 again, it is compact.

]

Compactness of couplings is a crucial component of the proof of existence of optimal
couplings. Without compactness, the infimum of the metric does not necessarily exist
which is a fact an optimal metric relies upon. In thermodynamics, the Wasserstein metric
induces the minimum entropy topology due to compactness of the measure couplings and
the same is required here in the absence of narrow convergence. The second necessary
component is of course the continuity of the distortion functional. We cannot guarantee
the existence of the metric at all points (network spaces) in space of (network)spaces if the

integral over the pseudomanifold is not continuous.

5.3.2 Continuity of the distortion functional

Lemma 5.5. [27][Continuity of the distortion functional] Let 1 < p < oo, with (X, @y, lx ),
(Y, wy,uy) € [A]. The distortion functional dis, is continuous on € (Ux, ly ). For p = oo,

dise is lower semicontinuous.

Proof. Uniform limit of continuous functions is continuous. The strategy is to make a se-
quence of continuous functions converge to dis,, making it continuous. We are only con-
sidering Polish spaces with finite measures and therefore as it is true for L? spaces, bounded
continuous functions are dense. We pick two such functions. @} = L” (ug?) and o =
LP (‘u}@Z) such that wa—w)’}HLp(“X@Nx) < %, and ||wY—a)Ir/lHU’(HY®ﬂY) =< rll For each
n € N we define the functional dis), : ¢ (tx, ty) — Ry as disl, (v) = ||y — w§\|L,,(v®v).
We also note that this function is bounded on the probability space. Next, the narrow topol-

ogy on Z(X xY) is induced by a distance and therefore it is enough to show sequential
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continuity to prove that dis’, is continuous. Let v € 6 (lx, iy) and let (Vin),,cn be a se-
quence on ¢ (Uy, Uy ) converging narrowly to v. Then v,, ® v,,, converges narrowly to vV

[13, 110]. This gives

1
lim dis” (v,y) = lim (/ / |w§}—co¢|ﬂdvm®dvm>l’, (5.6)
m—oo m—yoo XxY JXXY
and with the bounded and continuous integrand gives
1
lim dis)) (Vin) = (/ / | — w?]”dv@dv) P = ais)(v), (5.7)
m—oo XxY JXXY

from the definition of narrow convergence. This gives sequential continuity and therefore
by the definition of narrow convergence, continuity of dis;’,(v). Now, we have to show that

dis),(v) is uniformly convergent. For that we start with u € ¢’ (ux, Uy ) and

| disp (1) —dis), (W] = ‘wa =0y [ ev) — 1O — OF o (yan |- (5.8)
From Minkowski inequality [12], we get
n n 2
< |llox — &% [l r(uyouy) = 10y — Ol 1oy o) | < . (5.9)

This shows that the distortion functional is the uniform limit of continuous functions and
is therefore uniformly continuous. The lower semicontinuity of dis), follows from Jensen’s

inequality as we are working in probability spaces. [

Now that we have proven the continuity of the distortion functional over the network
space along with the compactness of measure couplings, the next step is use the gluing

lemma to prove the existence of optimal couplings.
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5.3.3 Existence of optimal couplings

First, we need a definition

Definition 5.14 (optimal couplings). Let (X, @y, ux), (Y, @y, ly) € [-#] and p € [1,0]. A

coupling it € € (Uux, My) is optimal if dis, (1) =  inf  dis,(v).
veC(ux,uy)

We now have the following theorem.

Theorem 5.6 (Existence of optimal u € €' (ux,Uy)). Let 1 < p < oo, with two measure
networks (X, wx, lx ), (Y, @y, Uy ) € [A']. Then there exists a minimizer of disp(.) in € (X x

Y) it is the optimal coupling.

Proof. The work for this proof has already been done. We invoke lemmas 5.5 and 5.3
and observe that dis,(u) is lower semicontinous and compact. This implies that it has an

infimum on % (ux, Wy). O

We can now define the optimal metric from the infimum we have just proven to exist.

5.4 Gromov-Wasserstein distance

Definition 5.15 (Gromov-Wasserstein distance). [82, 116] The Gromov-Wasserstein dis-

tance between two networks (X, wx, tx), (Y, oy, ty) € [4] is given as

dy(X,Y)= l = inf  dis,(1) (5.10)
’ KEC(1x 1y )

We observe that this distance is bounded [27]. In addition, it is a pseudometric [117].
Now that we have our main tool ready, it is time to test it through some simple example

computations.
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Figure 5.4: Plots of two normal distribution samples. The first distribution is two-dimensional and
the points are generated on a plane with .47(0, 1), while the second is three-dimensional and the
points are generated in a volume with .47(4,1).

5.4.1 Computing Gromov-Wasserstein distance between two distributions

We illustrate the GW metric calculation through two gaussian distributions of different
sizes. This is the example for the optimal transport library for the Python language. Once
we have this example calculation correct, then we can extend the same to a network cal-
culation. The first task is plot the two distribution samples between which the GW metric
is to be calculated. A two and a three dimensional set of points sampled from two normal
distributions is shown in Fig.(5.4). The second plot shown in Fig.(5.5) shows the heat maps
of the loss functions of both distributions. The first distribution would have these as line
segments in a plane while the second would have them in a volume. What is shown in the
maps is the magnitude of the lengths of those line segments. We now plot the GW metric.
The GW metric is calculated through the Sinkhorn algorithm [34] and is cumulative for
all the points in the final calculation. The plot shows the individual contribution for each

point. The Borel probability measures are taken from the uniform distribution. The color
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Figure 5.5: Heat maps for the ws for two normal distribution samples. The magnitude of the lengths
of pairwise distances is encoded in color.

coded points represent magnitudes for each of the 300 sampled points. Another version of
the GW metric is through a pointwise calculation. It is shown in Fig.(5.7). As the final step,
we compute the Wasserstein metric in the next section for the case of narrow convergence.

The support for both distributions has the same dimensions for this case.

5.4.2 Computing Wasserstein distance

In this section we compute the Wasserstein distance between two distributions. We
recall that the Wasserstein metric is a distance between two distributions with the same
dimensions and support. This would mean that we need narrow convergence induced by

the Wasserstein metric. This setup is referred to as weak topology.
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Gromov Wasserstein
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Figure 5.6: The Gromov-Wasserstein metric calculated for each of the 300 sampled points. The
colors represent the magnitude of GW pairs. The probability measures are uniform.

Pointwise Gromov Wasserstein
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Figure 5.7: The pointwise Gromov-Wasserstein metric calculated for each of the 300 sampled
points. The colors represent the magnitude of GW pairs. The probability measures are uniform.
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1-D optimal transport with the Wasserstein metric.

We start with two sampling distributions for unfair binomial trails and consider two
Gaussian distributions namely .4 (50, 10) and .#"(100,20). The distributions are shown in
Fig.(5.8)

0.08 —— Source distribution
—— Target distribution
0.07
0.06
0.05
0.04
003

0.02

0.01

0.00

Figure 5.8: The two gaussians between which the Wasserstein metric is to be calculated. The source
distribution is blue is .47(20, 5) while the target distribution is.#" (40, 10). The conditions for narrow
convergence are satisfied in the metric space containing these distributions.

The next step is to define the metric for the wasserstein quadrature. We do this through a
loss matrix which is the normalized matrix made out of distance pairs between each point of
the two distributions. In our case we go for the euclidean distance i.e. M;; = m
This matrix is always square due to the condition that the distributions are of the same size.
The two distributions are shown as two axes along the coordinate axes in Fig.(5.9) with the
distance matrix in inset.

Next we calculate the Wasserstein metric by solving the Monge-Kantranovich problem.
The problem can be stated as the calculation of an optimal map between two distributions

a and b as an optimization problem stated as follows.
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Cost matrix M

Figure 5.9: The distance matrix M shown along with the two normal distributions. The magnitude
of the metric i.e. elements of the matrix is represented by the darkness of the color. The area to the
left of any point X = a in the distributions is cumulative probability P(X < a)

y = argmin(y,M)Fr
Y

Yl =a
y'1=»b
y=0
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where M is the cost matrix. It is to be noted that the transportation plan is a positive map
with its marginals as the source and target distributions.

OT matrix GO

Figure 5.10: The EMD matrix M shown along with the two normal distributions. The magnitude of
the metric, i.e., elements of the matrix is represented by the darkness of the color. The area to the
left of any point X = a in the distributions is cumulative probability P(X < a)

2D optimal transport between empirical distributions

In real life data, it is often the case that we only have an empirical distribution available
to us, the characterization of which is generally not feasible. We look at two such distribu-

tions in Fig.(5.11). Our task is to create an optimal coupling set from the blue set to the red
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Figure 5.11: The two empirical distributions coming from a data set. We do not use the fact that
these are Gaussian in our calculations. The source and target distributions are shown in blue and
red.

Since this a 2D dataset, we again use the euclidean distances between points as the
elements of the cost matrix, shown in Fig.(5.12).

Next, we compute the optimal coupling matrix. The coupling is a map between a pair of
points with each from the source and the target distribution. The yellow dots in Fig.(5.13)
show the couplings.

Finally, we plot the couplings, i.e., the transport plan along with the source and target

coordinates in Fig.(5.14).
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Cost matrnix M

0 10 20 30 40

Figure 5.12: The euclidean distance cost matrix for the empirical data set. This is a square matrix
as the support of both distributions and their size are the same.

5.5 Synopsis

This chapter had the goal of developing the basic mathematical tools for calculation
of Gromov-Wasserstein distances between fully connected asymmetric Ising models. We
wrote down the theory for general probability spaces of which the Ising networks are a
type. As a first step, we introduced basic concepts of network of metric spaces. This
was followed by defining metric measure spaces of the form (X, wy, tx) which contain a
Borel probability measure associated with each node in addition to the functions @wy. Basic
idead about Polish spaces followed with pushforward measures and pullback functions
defined to develop the idea of weakly isomorphic network spaces. This was followed by
the theory of measure couplings and their compactness was proved through a complete

explanation and proof of Prokhorov’s theorem. This led the theorem about the existence
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OT matrnx GO

Figure 5.13: The coupling matrix for the empirical distributions. The yellow dots are couplings,
i.e., joint distribution maps between the elements.

of optimal couplings by Strum [116], ultimately proving the existence of a minimizer and
hence the definition of the GW metric. The final step was to present a few illustrative
calculations on the calculation of the GW and the Wasserstein metrics. The tools developed
in the this chapter give us the capability to undertake calculations for specific measures and
integrands in the next chapter. The concepts discussed will be specifically developed for

Ising networks.
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Figure 5.14: The euclidean distance cost matrix for the empirical data set. This is a square matrix
as the support of both distributions and their size are the same.
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Chapter 6: Optimal driving between network steady states

6.1 Introduction

In the previous chapter, we stated the framework for calculation of Gromov-Wasserstein
distance between two networks in a space of measure networks. The goal of this chapter
would be to obtain the same for a specific type of system, namely a fully connected asym-
metric neural network. This is uncharted territory in terms of statistical mechanics of these
highly complex nonlinear systems and no standard characterization of the steady-state dis-
tribution exists in general. As a result, a numerical method needs to be constructed to
efficiently drive the system between two probability distributions that exist in different di-

mensions. This constitutes the following steps.
1. Define the network as a finite dimensional Polish space X.
2. Define a Borel probability measure u§ on each node i.

3. Establish the notion of metric between the two steady-state distributions. As we
would see later, we don’t need the strict definition of a metric dy. We would still
be able to construct transport plans as if the space(manifold) of spaces(measure net-

works) is a metric space (X,dx).

4. Construct a geodesic between any two networks (X,dx,ux and (Y,dy, y) on the

space of all metric measure spaces(neural-networks).
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The first step is the same as the theoretical framework stated and explained in section 5.2.2
and we refer the reader to it. As for the next two tasks i.e. the node indexed Borel probabil-
ity measure Uy and the metric notion dx, we refer to the concepts in section 5.3. The change
here as compared to the general theory is to focus on a specific system i.e. a fully connected
asymmetric neural network. Hence, the main goals here would be to specify what quanti-
ties would be playing the roles of Ly and dx for networks far from equilibrium. We would
extend some concepts based in the theory of spin-glasses to accomplish the above. It deems
mentioning that the present works considers the definitions of the probability measures and
metrics as central to the application of optimal transport theory to nonequlibrium steady
states and considers it incorrect to use any bijective mapping and supported probability
distribution as dy and Ly respectively. The subsequent sections complete with tasks from

step 2 onward.

6.2 Borel-Probability measures

The space of vertices is a topological space. The measure construction needs to be such
that the measure is defined on all open sets within it. Thus the to be constructed probability

measure needs to be defined on the smallest oc—algebra of X. More precisely,

For (X,d,u), p:B(x)— (0,1] suchthat pu(¢)=0 and B;,B,B3--- € B are disjoint
. (Um) ¥ i
i=1 i=1
6.1)

The concepts developed in section 5.3 would suffice for the mathematical definitions stated
above. We now look at what possible quantities would be assigned as ty for the measure

networks in the space of all networks [./4].
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6.2.1 Edwards-Anderson order-parameter for spin-glasses

Is there a measure of node fidelity? That is, if we observe a certain node across mi-
crostates pertaining a nonequibrium steady-state, could we measure its tendency to flip
across the interval of observation. Such a measure would identify two-phases of a node,
i.e., completely stationary and constantly flipping, as the two extremes and everything in
between would be assigned an intermediate value characterizing the node by the number
of flips which are a characteristic of the steady-state distribution. For example, a close to
frozen T — 0 neural network, i.e., kinetically arrested network would barely flip a node
while a network in a high-temperature state would be the exact opposite and constantly flip
the node with the frequency of flipping as a function of the macrostate parameters of the
steady-state. Therefore, fidelity can be an order-parameter. An obvious choice for fidelity

is the mean of node states across the arrow of time, i.e., local magnetization

m; = <xi> ) (62)

where the angular brackets indicate ensemble average. This measure would assign
values close to +1 or —1 to vertices that do not undergo changes in their state that often
across the interval of measurement as compared to the closer to zero values to the ones that
undergo frequent flipping. The role of local magnetization as a measure of node fidelity
is quite straightforward but it admits negative values and for that reason is not directly
admissible as a Borel probability measure. To that we end, we look at the Vertex Edwards-

Anderson order parameter.

qi = <mi>2 ) (6.3)
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and define

ui=P(q) (6.4)

through a histogram. We note that for multiple steady-states, we end up with a simplex

Y ={P(@)e R+;ip(9i> =1}, (6.5)

N i=1

when all the probability distributions are of size N,Vi € {1,2,...N}. Our goal is to drive be-
tween probability distribution of different dimensions, such as a € Y ,b € Y 3,. We couple
a and b through a coupling map defined as €, , := {K € (R)VM K1)y = a, KT [1]y =
b} where, a € Y ,b € Y5, which makes it a joint probability distribution of the vertex
Edwards-Anderson order parameters for the respective network steady states. We now
need a statistical measure of these couplings which would be a relative quantity for the

initial and final steady states.

6.2.2 Entropy of a coupling map

The entropy g a N x M matrix K can be written as

M
Y Kij(log(Kij)—1) . (6.6)
1j=1

[V]z

i

Given that our coupling maps are non-square matrices in general, this is the definition we
follow for the coupling maps defined above. This framework generalizes our definition of

couplings in a discrete setting for probability distributions of unequal size.
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6.3 The cost function: A notion of the metric dx

The theory of optimal transport does not make any distinction between two metrics dx
and dy as long as they are correctly defined. In the present setup, the only requirement
we impose on this so called cost function is that it be square-integrable. The reason being
that our definition is general for Lebesgue space, /[ but we operate in p = 2 for gauge
invariance. In addition, we also need to account for statistical properties of real-world
neural networks (Ising graphs) and systems approximated by them. Out of those, the most
important is the tendency of these systems to undergo continuous phase transitions. This
makes it necessary to integrate a square function which is also an order parameter. Finally,
We see to it that our integrand is conjugate to the local fidelity as it is defined above. To
begin with we define

i = Jijlxig) = Jij) (xg) (6.7)

This is the weighted two point correlation function. Its asymmetric, is not zero if i = j
unless the diagonal of the coupling matrix is zero and it does not obey triangle inequality.
This means that Eq.(6.7) is not a metric. In addition, it does not have gauge invariance. As
it stands, &;; is a measure of edge fidelity. The reason being the ensemble average of energy
is going to be very different for two nodes connected by edge J;; if the nodes themselves
flip often and simultaneously. This synchronized flipping-makes the first term large and the
second term smaller as the mean mode magnetization decreases for both nodes if flipping
is frequent.

Simultaneous flipping of two nodes is a measure of the reliability of the edge connecting
them. It is to be noted that this is different from coupling magnitude as the coupling matrix

is a cumulatively constitutive entity with respect to the network. This means that it acts
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a whole entity giving rise to the observed behavior. There is no way to isolate individual
edge effects but only observe the cumulative effect of the entire coupling matrix.

Edge reliability on the other hand means the extent to which an edge correlates the behavior
of the nodes it connects with respect of its own magnitude. That is, if the edge is high in
magnitude then do the nodes demonstrate a strong correlation in their behavior. The actual
cause of the correlations in node behavior is indeed intractable in the network setting but
all that this measure encodes is a match between the correlation of the node behavior with

respect to the edge magnitude. For high-frequency flipping, this prompts four cases.

1. Large edge-magnitude; high-frequency synchronous flipping: In this case edge
fidelity is large and edge is said to be reliable. The second term vanishes but the first

term approaches the edge magnitude.

2. Large edge-magnitude; high-frequency asynchronous flipping: Both the first and

second term vanish as both the ensemble averages go to zero.

3. Small edge-magnitude; high-frequency synchronous flipping:The first term is
larger and approaches the edge magnitude while the second term vanishes. The edge

is unreliable as there is synchronous flipping even with a small coupling magnitude.

4. Small edge-magnitude; high-frequency asynchronous flipping: Both terms van-
ish as the ensemble averages go to zero. The edge is reliable as the flipping is asyn-

chronous which is consistent with the small edge magnitude/coupling constant.

There is a range of intermediate behaviors possible as far a edge-reliability is concerned.
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6.4 Optimal driving between nonequilibrium steady-states of unequal dim-

nensions

The Borel probability measure for node-fidelity and the edge-reliability function are
conjugate order-parameters. When node-fidelity changes, the edge-reliability varies in con-
junction as it is dependent on the frequency of flipping. Our system is in a non equilibrium
steady-state so linear-response theory is not applicable. but we can still attempt to write an

integral

2
Hx,y:/XXy/XXy(é),{—ﬁlg) d (xi,yk)dp (xj,y1) (6.8)

This is the cost of going from state X to state Y. For minimal dissipation, an infimum of this
integral is required. It can be seen that such a minimization gives the Gromv-Wasserstein

metric. We now state the tensor notation and then arrive at the metric.

6.4.1 Tensor notation

We define the entropy generation in driving from a network X to a network Y in the

discrete setting as

Hyy = ((E¥ =€) 1) - (6.9)

The edge-reliabilities are square asymmetric materials and the square of their differences

is a 4-tensor. We define
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Ty = (8 - &0)* . (6.10)

With this notation, the minimum entropy generation path is defined as

dX,Y = “rnein Zl“ijklu};’fyu){fy . (6.11)
x,y SCxy ijkl

We can write dyy through product notation as

dX7Y = min <F(€i7ja§k,l)®lix7y7/le7y> Vi,j,k,l €X7Y ) (612)
I»Lx.yECX7Y

2
where T'(&;j,&) = ( ZX] - 5,{ 1) for our gauge-invariant case of L. This leads to

efficient computation due to the following result by Solomon et al. [93].

Theorem 6.1. If the loss function i.e. I" can be written as
I'(a,b) = fi(a)+ fo(b) —hi(a)hy (D) , (6.13)
for functions (f1, fa,h1,h2), then for any u € €x y

T(E5.&) @ ey = EN X IN + Lty f2 (&) — i (E D meyha ()T, (6.14)

giving a loss function independent of (X, Y) ; the joint distribution which is the transport
map or the network-flow map and dependent only on the marginals. (These are the node-

fidelity vectors in our case))
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Proof. Lets compute the tensor product term by term. First we have

Zfl ZH (F1(EY) (ux)), =Aij -
j

Next

Y fo (é]zjl)zux.,’)lz = (f(&") (uy));=Bij
J

l

and the cross term

Zhl i Z (1) i = (h (8%) (m (") )iy =Gy -

This proves the result. ]

Remark: If the original form of the problem is considered , then we have the computa-
tion in O (M2N2) but if we use Eq.(6.14), then we have O (M2N —I—NZM). We use this fact

to formulate a matrix form of the tensor notation.

6.4.2 Matrix formulation of the tensor product

We use marginalization to reduce the indices of the tensor, resulting in a more tractable

computational form.

Lemma 6.1. /28, 93]

dXY—umHCl Y it ), = ((ux, & "px) + (uy, &y uy) —2Tr(CTELCEy))
x5€Cy 710

(6.15)

where C is the set of measure couplings.
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Proof. First we write the marginals as

P(qx):=p, and

P(qy):=q .
The GW metric is
1
dy(X,Y) : &k — &t CuCi ? (6.16)
N4, _2C€$ln ljzkl ik gl CriCij . .

After expanding the square we have three terms and we write them separately as

ngcklclj_zgkpkpl Zplzgkpk_zpl 5 p<§ p)

ijkl

and

Zé,lezCu—Zé,zqzq, Ya &= 2%5 =(q.&/%q) .
TG

ijkl

Finally the 2XY term is written as

—2Y " &a&iiCuCij = —22 (ExC)y (Céy)i = —2(ExC,Cey) = —2Tr (CTELCEy) .
ijkl

The last equality is due to the Frobenious norm. [
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6.4.3 Entropic regularization

We define the entropy of the transport map as

M
(.uXY Z Mi,j log ,I.L,J ) . (6.17)

HMz

Where the map is from this steady state X to Y. The elements iy y denote the joint prob-
ability distribution with marginals px and py. The node-fidelity histograms are mapped

optimally through the infimum of the inner-product.

2
Hyxy = ((§¥=&")" 1) (6.18)
giving the GW metric as
dyy = argmin (Hxy) . (6.19)
:U'x.yECX,Y

This nonconvex optimization problem is entropically regularized as

dX7y = argmin (ny) — KH(,ley) . (620)
.ux,yGCX,Y

Here « is a user defined constant of regularization. The solution to this problem reads

5)(75}’ 2

dyy =AKB where K:=e¢ ¢ eRYN (6.21)
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The rectangular matrix K is called the Gibbs kernel of the cost matrix. The matrices A and

B are the solutions of the Sinkhorn iterations [34].

ie

A= 6.22
XB (6.22)

_ My

= TA (6.23)

The division is component-wise. Having a algorithm for the calculation of the GW metric,
we now derive optimal paths between two network steady-states. Before that, an issue of
steady-state equivalence needs to be addressed. As it was shown in chapter 4, the equiva-
lence classes for Ising models are descibed by their weak isomorphisms. We formalize the

construction as follows.

6.4.4 Equivalent steady-states with different dimensions

The next step is to identify which networks, characterized by their steady-states, are
equivalent to each other. The main aim here is to develop a method based on such an
equivalence , which makes is possible for a network in a particular steady state to change
its number of vertices. For this task we call upon the concept of weakly isomorphic net-
work spaces defined in Chapter 4. In particular for two network spaces (X, &y, x) and

(Y, &y, 1y ). we define a common expansion network (Z, ttz) with the probability map

m:Z—X (6.24)

ny:Z—Y , (6.25)
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with the corresponding push forward measures

(70x )y iz = px (6.26)
(7y )y Uz = My (6.27)
and pullback functions
(7x)" Ex (xiaxj) = & (ﬂx (xi), mx (xj)) ; (6.28)
(7 )" &y (s v1) = &y (mx (i), 7wy (1)) (6.29)
satisfying the identity
|(7x) " Ex — (my) & ||, =0 | (6.30)

giving dyy = 0 and making the two network steady-states X and Y weakly isomorphic ,i.e.,
X ="Y. Weak isomorphisms provide us the ability to the coupling probabilities between
two networks to measure preserving maps between networks. This is because the new set
of nodes redistribute the Edwards- Anderson parameters into a common space (push for-
ward measures) while simultaneously defining a corresponding square integrable functions
(pullback functions). Note that this makes the space of spaces a pseudo metric space as the
condition dy y = 0 requires the networks X and Y to be weakly isomorphic. The method
we use to access the dimension change for an Ising model is that of blowup and alignment

proposed by Chowdhry and Needham [28]. The following definitions are required.

Definition 6.1 (Blowup). Let (X,&x, uyx) and (Y, &y, uy) be two Ising networks. Let u €

% (Ux, uy) and define a vector u := (uy),cx With uy := [{y € Y : u(x,y) > 0}|. Similarly
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V= (vy),cy Withvy = [{x € X : u(x,y) > 0}|. A union of the indices

X[u] = U {(x,i): 1 <i<u} ,

xeX

and

Y[v]::U{(x,j):lgjgvy} :

yey

Next, we define the blowup edge-reliability functions. First we do it for (X, &y, uy). Fix
x € X and let y' := {y1,y2,..., Y4} €Y such that u (x,y") > 0 with piyp, (x,4) ==t (x,y;).
This takes care of the probability measures. For the square integrable functions we define

the index sets with/,m € X as 1 <i<wuy; and 1 < j < u,, and define

Sxpu) ((1,0),(m, j)) = Sx (L,m) (6.31)

giving (X [u], Exy)s Mxp) as the blown up Ising network for (X, Ex, tix ).
Similarly, (Y [v], &y, lypy)) can be defined for (Y, &y, ty).

By the very definition, the blowups are weakly isomorphic to their original networks.
The next step after expanding a network is to redistribute its probability measures along the

support of the target vector distribution. This is done as follows.

Definition 6.2 (Alignment). A permutation matrix is a square binary matrix for which
exactly one entry of each row and each column is one and the rest are zeros. Let X and
Y be networks with m and n nodes. We binarize the m x n matrix y of optimal couplings
between them . The binarized matrix, denoted as 1y has the value 1 wherever pxy > 0
and zeros elsewhere . Let X and ¥ be the blown up versions of X and Y. Let 1 a>0 be the

new binarization matrix and in this case we intentionally define it as a permutation matrix.
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Then, we assign new values to ¥ and {1 as
V1.0V and fi 15002 , (6.32)
giving I = diag (;,LX) Finally we get

v (R = Y [Eg (erry) — & Oioyi) P tig () g (57) 6.33)
ij=1

We are now in a position to derive the functions on equivalence classes in metric mea-

sure spaces which would be geodesics.

6.4.5 Geodesics between two networks far from equilibrium

Geodesics between two network spaces (X, Ex, iy and (Y, &y, tx) are defined through
their isomorphism classes [X] and [Y] in the space of network spaces [N]. A geodesic from
[X] to [Y] in [N] is a continuous map 7 such that ¥(0) = [X] from a closed interval [0, T]
into [N]. The following relation holds

[t =S|
T

dy (v(0),v(1)) = -dy ([X],[Y])  Vs,0€[0,T] . (6.34)

Geodesics by the above definition are not unique but can always be constructed. We now
look at constructing y for [X],[Y] € [N]. Let pix y be the optimal coupling matrix. For each
t €[0,T] we define y(r) := [X x Y, &, ux«y|, which is a function on the space of spaces .

We have define the counterpart of the edge-reliability function for the geodesics as

Er ((xioyn) > (jovn) ) o= (1 —1) Ex (3, x) + 28y (o) - (6.35)
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The above form is chosen because y(1) =Y. Note that y(¢) is defined on X x Y while Z is
always defined on X XY x X x Y. With the theoretical tools available to us for computing

geodesics, we now do so for two fully connected Ising graphs.

6.5 Numerical results

We follow [28] to give a m + n size function for the geodesic instead of the expected
m x n for two networks X and Y of sizes m and n respectively. The advantage of their
method is that it does not render the computation intractable for moderately large networks.
The computation here uses &y and &y for calculating Z at different values of z. Also, only
the marginal distributions ty and py are needed. With only the order-parameters needed
as the initial inputs for both X and Y. What would be available to us as observables are the
values of u as the joint distribution while the geodesics are constructed as a network flow
process. We summarize the results in three heat maps. First we plot the initial and final
coupling matrices in Fig.(6.1). Note that the two matrices are asymmetric.

Next, we plot the edge-reliability matrices for both initial (X) and final (Y) steady
states. The matrices Ex and xiy are ensemble averages by definition. As shown in Fig.(6.2),
the matrices are asymmetric due to them being Hadamard products of the covariance and
coupling matrices with the latter being asymmetric unlike the former which is symmetric
by definition. Finally, we plot the geodesic y(7) with 10 iteration steps. The function 7(z)
is defined on the space of network spaces with X and Y being the initial and final points.
We begin with a network weakly isomorphic to X at # = 0 and proceed to Y att = T. The
size of the geodesic function is Z+Y where Z is isomorphic to X but is the same size as Y.
Fig.(6.3) shows the mapping v at different points during the path of least dissipation. This
is an optimal control algorithm far from equilibrium. We note that edge-reliability is a type

of coupling weighted variance function. So this algorithm would avoid critical points as
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Figure 6.1: Heat-maps of initial (Jx) and final (Jy) coupling matrices on the left and right respec-
tively. Both the square matrices are asymmetric. Jx is a 10 x 10 matrix whereas Jy is 20 x 20.

the Gromov-Wasserstein metric is an infimum of an integral by definition.

6.6 Synopsis

After discussing the mathematical machinery required for driving between network
nonequilibrium steady states of different dimensions in chapter 5, this chapter focused on
the development of Gromov-Wasserstein metrics specific to Ising models far from equi-
librium. The development of algorithms for calculating the GW metrics have mainly con-
centrated on machine learning and shape classification [28, 93]. There has been a absence
of specific physics-informed square integrable functions and probability measures. For
the fully connected asymmetric Ising model, we proposed the edge-reliability function as
the covariance of node states along each edge along with the histogram of the Edwards-
Anderson order parameter as the Borel probability measure. The GW metric we propose is

the infimum of the integral of the reliability with respect to the joint distribution of the EA
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Figure 6.2: Heat-maps of initial (Ex) and final (£y) edge-reliability matrices on the left and right
respectively.

parameter on the space of networks of the form (X, &y, tx). The calculation is performed
on the matrix form of the tensor product as shown in Eq.(6.4.3).

The aim is to drive optimally between two network steady states of unequal dimensions
i.e. two networks of different sizes far from equilibrium. An essential task therefore is
to define equivalence classes across dimensions throughout the pseudo-manifiold! of net-
works. We follow [28] to define blow-ups and alignments to construct Ising isomorphism
classes through a redistribution of & and u for two networks through a permutation matrix
(see definitions 6.1 and 6.2). With this framework, we define the geodesics on the space of

Ising networks. The calculations are presented in Fig.(6.1), Fig.(6.2) and Fig.(6.3).

IThe space of network spaces is quotiented by the equivalence classes of weakly isomorphic networks
(X/22") and is therefore an Riemannian orbifold [19, 28].
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Figure 6.3: A sequence of ten heat maps of the geodesic function y(¢). The geodesic is of size
=W X+Y =Y +Y =40, where by =" X we indicate the blown up and realigned version of X with
the size of ¥, i.e., 20. The map is from X x Y —=" X 4+ Y. The number of iterations can be increased
for a finer trajectory.
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Chapter 7:  Epilogue: A discussion about the results

The work presented in this thesis applies statistical learning and optimal transport to

biological networks. The results can be classified into two main categories.
1. Inference of coupling matrices of fully connected asymmetric Ising models.
2. Optimal driving between nonequilibrium steady states of unequal dimensions.

In chapter-2, we discuss fundamental concepts about biological networks. Beginning

with the binary classification of directed and undirected networks, we state how biological
networks should be considered as directed. This leads to the idea of asymmetric coupling
matrices due to lack of detailed balance and presence of active transport in biological sys-
tems. The idea of precision medicine is then explored in conjunction with accurate and
precise in-vivo edits. We propose that solution to inverse problems and optimal network
control are of significance to the success these strategies.
The solution to the inverse problem for the kinetic Ising model has been achieved with the
availability of time-series data [64, 132, 134]. The likelihood maximization is computa-
tionally intense and the use of latent variables was recently introduced [26, 40, 51, 96].
We reproduced the results for time-series data using latent variables in chapter-3 and even
more significnatly, illustrated the inner workings of the latent model by illustrating a Polya-
Gamma based Gibbs-sampling procedure. This has applications to phase transitions as it
separates distributions in a mixture.

In chapter-4 we proposed a likelihood function based on orbits of the Markov chain gov-
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erning the asymmetric Ising model. We proved that this likelihood is a minimally sufficient
statistic and showed the results for the solution of the inverse problem. To our best knowl-
edge, the solution to the inverse problem far from equilibrium and without time-series data
has only been successfully achived by two other studies [37, 38]. Our method uses group
theory and can accommodate parallel computing for more efficient computation.

In chapter-5, we follow the ideas from Strum [116] and Chowdhury [27] to write the math-
ematical machinery needed for optimal driving between nonequilibrium steady states for
Ising models and unequal dimensions. We start with the basic concepts of metric mea-
sure spaces and look at weak isomorphisms as a tool to change the number of vertices in
a networks while maintaining a notion of equivalence between them. We write down the
necessary conditions for the Gromov-Wasserstein distance to be used for optimal driving.
In chapter-6, we extend these ideas to asymmetric Ising networks by defining edge-reliability
and node-fidelity as order parameters for the network. The integral for entropy generation
when written using these directly results in a Gromov-Wasserstein distance. We then derive
the geodesics for these networks using the ideas in [28] while maintaining a connection to
the thermodynamics of the network through the order parameters.

This work presents solutions to network inference and control from statistical learning and
optimal transport respectively. There have been other approaches [2, 50, 79, 104, 119] to
both these problems over the past two decades and the ones presented here are focused on
biological networks. The true dynamics of a biological network will have network growth
simultaneously occurring with variations in the coupling matrix. The next steps in our opin-
ion should be aimed at designing comprehensive methods that combine the statistics and
dynamics of the network and consequently unifying the the optimal transport and statistical
learning through a single line of approach rather than a sequential workflow as the present
work does. We hope that the methods and results in this document serve as an adequate

initial point for the same. We thank the body of work that preceded our study and made
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it possible for us to design the numerical methods and obtain the results. The accuracy
and precision of future works on biological network control will be the determinants of the
eventual success of precision medicine. We wish our colleagues who will undertake this

task our very best.
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