
ABSTRACT

Title of Dissertation: ON THE EMERGENT STRUCTURES OF
DEEP NEURAL NETWORKS

Tianyu He
Doctor of Philosophy, 2025

Dissertation Directed by: Professor Maissam Barkeshli
Department of Physics

Despite the remarkable success of artificial intelligence (AI), we still lack a fundamental

understanding of why deep learning works – why certain architectural designs are preferred,

how optimization navigates complex landscapes, and what data characteristics enable learning.

This dissertation addresses these questions through a phenomenological approach, abstracting

essential features from complex real-world experiments and constructing minimal setups that

faithfully capture them. The investigation unfolds in three interconnected parts.

In the first part of this dissertation, we study signal propagation in randomly initialized net-

works under the infinite-width limit. By examining the inter-layer Jacobian norm as an observable

at large depth, we identify a phase diagram with two distinct phases. The observable precisely

characterizes the transition and predicts that neural networks best maintain signals exactly at the

phase boundary. Through extensive empirical validation, we demonstrate that this metric pro-

vides universal guidance and an efficient algorithm for selecting network initializations across



diverse architectures, offering a principled alternative to heuristic initialization schemes.

In the second part, we elucidate the optimization landscape of neural networks by carefully

analyzing the dynamics of the loss Hessian (sharpness) under gradient descent. Remarkably, we

show that even a minimal two-layer linear network trained on a single example exhibits all the

essential sharpness phenomenology observed in real-world scenarios. By analyzing the structure

of dynamical fixed points in function space, we reveal the fundamental mechanisms governing

sharpness evolution during training, thereby clarifying the interplay between initialization, pa-

rameterization, and gradient descent dynamics at large learning rates.

In the third part, we investigate how data characteristics and network architecture choices

give rise to the emergent capabilities of neural networks. We begin by analyzing networks trained

on modular arithmetic tasks. Across different setups, we establish necessary data-diversity

thresholds and minimal network sizes for successful task performance, demonstrating that cer-

tain computational capabilities emerge only when both architectural capacity and data coverage

exceed critical values. Furthermore, we extend this understanding to a more practical setting by

tackling Pseudo-Random Number Generator (PRNG) tasks.

Finally, synthesizing insights from the preceding parts, we challenge conventional archi-

tectural design paradigms. We propose a new (proto-)architecture that enables arbitrary, learned

inter-layer connectivity patterns. Through careful analysis of trained models in both vision and

language domains, we observe the emergence of distinct connectivity structures, accompanied by

interpretable layer specialization and meaningful correlations between the nature of the data and

the network’s internal computational patterns.
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2 from row 1, by using correct=1 and incorrect=0. The red points correspond
to the examples where Ratio Matching does not give the correct predictions but
the model predicts correctly. The blue points are examples that the model missed
despite Ratio Matching being applicable. This row tells us about the model’s
ability to implement Modular Regression by combining the in-context examples.
Note that d = 4 model readily learns to combine previous examples, while its
d = 2 counterpart struggles due to its limited capacity. . . . . . . . . . . . . . . . 91

5.9 Models that generalize o.o.d. (left) exhibit more structured attention maps. Ad-
ditionally, the top-2 principal components of the features from the corresponding
heads also show more structured patterns. The features are computed for se-
quences with an o.o.d. task vector (at, bt) = (6, 6), loop over (xi, yi) at a specific
shot while the previous parts of the sequence are fixed. We annotate each PCA
plot with the (log27 xi, log27 yi) mod p pairs. (a) The principal components form
a circle of circles where the position of the outer circle is controlled by xi. This
pattern remains the same for different task vectors or the shot choices; (b) Only
plotted pairs with even log27 xi, with each log27 xi circled with different colors.
The PCA pattern forms a similar double circle as those in (a), with the key differ-
ence that those circles depend on task vector choices and the shot choices; (c, d)
Models without o.o.d. generalization ability. We pick heads from the first block
that corresponds to the first column of (a). Clearly, the structure of attention maps
and PCA patterns deteriorate as the task diversity decreases. . . . . . . . . . . . 94

5.10 Cosine-similarities (Equation (5.2)) between layer outputs hl at to-
ken z position (cos(hl

z(x, y),h
l
z(x

′, y′)), first row) and token y position
(cos(hl

y(x, y),h
l
y(x

′, y′)), second row) reveal patterns in the models’ internal
representations. For clarity, we only show selected x and x′ values, where y
and y′ values range from 0 to 28 between each tick. For the d = 4 model,
kaleidoscopic patterns in the third layer indicate the generation of all possible
yi/xi features for subsequent computations. The last layer shows an algorithmic
shift from Ratio Matching to Modular Regression. The d = 2 model also shows
the kaleidoscopic pattern in the first layer, while the second layer identifies the
relevant y/x features from the in-context examples for matching. . . . . . . . . . 95

5.11 MLP activations (post-ReLU) with respect to different input (x, y) pairs. . . . . . 97

6.1 Accuracy of predicting the last number (token) in the sequence: phase diagrams
w.r.t. various depths and nheads values. (a) mtest = 2048, constant width:
dmodel = 768. (b) mtest = 4096, width scaled proportionally: dmodel = 128×nheads.106
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6.2 Training/test accuracy curves for predicting last number (token). (a) FM: (m =
2048, depth = 1, nheads = 1, dmodel = 768) Test accuracy “groks” when train-
ing accuracy reaches near-100%. (b) UM: (mtest=2048, depth = 6, nheads =
4, dmodel = 768) Test accuracy “groks” simultaneously with training accuracy
on sequences with period longer than context length (Tm > L = 256), indicating
delayed discovery of underlying rules. . . . . . . . . . . . . . . . . . . . . . . . 107

6.3 Bit-wise periods in an example LCG sequence generated with m = 2048, a =
293, c = 1033, which follows the Hull-Dobell theorem. In binary representation
w-th lowest bit has a period of 2w, for w ∈ {1, . . . 11}. Writing a new sequence
by skipping every 2nd step (r = 2) reduces the periods of all the bits by a factor
of 2, rendering the lowest bit constant. r = 2k reduces bit-wise periods by a
factor of 2k, with last k digits constant. . . . . . . . . . . . . . . . . . . . . . . 109

6.4 FM: Test accuracy for m = 2048, depth = 1, nheads = 1, dmodel = 768, averaged
over a, c, and seeds. (a) Test accuracy w.r.t. token positions. Ladder-like structure
appears, with jumps occurring at 2k-th positions. (b) We represent numbers as an
eleven-digit binary number (2048 = 211) and compute the per-digit test accuracy
of model predictions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.5 FM: (a = 1589, c = 629) Embedding layer. (a1) 1st principal component groups
the numbers mod 2. (a2) 2nd and 3rd principal components group numbers mod
4. (b) Embedding vectors of different numbers exhibit high cosine similarity
when they are spaced 2k apart, with the similarity increasing with k. . . . . . . . 113

6.6 FM: (m = 211, a = 1589, c = 629) (a) Attention weights: each query attends
most strongly to the tokens 2k and 2k−1 distance backward, for the highest possi-
ble value of k, enabling copying of lowest k bits. The other faint lines facilitate
the prediction of higher bits. (b) Post-ReLU hidden layer MLP activations at to-
ken position t = 129 (extracted using sequences with different x0) as a function of
the target number x130 which it is supposed to predict. Each neuron gets activated
only while predicting a specific x130, exhibiting a sparse, periodic pattern. (c)
Output of the MLP block projected onto the (un)embedding matrix; after mask-
ing out all but a single given hidden-layer neuron. The green dot denotes the value
at the target number. Each neuron resolves the correct prediction up to a periodic
structure. (d) Output of the MLP block projected onto the (un)embedding matrix;
after combining the signal from multiple neurons (i.e. gradually un-masking the
neurons). The per-neuron periodic patterns constructively interfere at the correct
output. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.7 UM: PCA analysis of the embedding layer. . . . . . . . . . . . . . . . . . . . . . 118
6.8 UM: PCA analysis of attention heads specializing in different prime factoriza-

tions and their effect on per-digit accuracy. (a1, b1, c1) PCA patterns of outputs
extracted from corresponding heads. The first two principal components group
numbers based on their remainder modulo 14, modulo 4, and modulo 3, respec-
tively. (a2, b2, c2) Test accuracy for individual digits when numbers are repre-
sented according to Equation (6.4) for given mtest. (a3, b3, c3) Test accuracy
for individual digits after pruning the corresponding heads shown in panels (a1,
b1, c1). Pruning these specific heads substantially degrades performance on their
corresponding digits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
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6.9 UM: Attention head (layer 1, head 6) for estimating mtest. (a) The query con-
sistently attends to keys corresponding to the largest values within the given se-
quence; (b) the head generates features with the highest cosine similarity to mtest;
(c) when patching the feature with sequences generated using mpatch = 1024 but
maintaining the same a and c, the model often makes predictions with values of
n smaller than mpatch. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

6.10 Visualization of base-b tokenization and abacus embeddings. Abacus embedding
1 is shared by all the digits within the integer, while Abacus embedding 2 varies
within the digit but is shared by all integers. . . . . . . . . . . . . . . . . . . . . 124

6.11 FM: (a) Average test accuracy (m = 232) vs number of in-context sequence ele-
ments. (b) The number of in-context sequence elements required to achieve 100%
test accuracy (minimum of 5 runs). (See Appendix E.9.3 for details) . . . . . . . 125

6.12 UM: The number of in-context sequence elements required to achieve 60% test
accuracy shows a sublinear dependence on the modulus m. The scaling depends
on the compatibility between m and tokenization. (a) base-28 tokenization, (b)
base-35 tokenization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

7.1 (a) DNA from the module’s perspective: Each token follows its own trajectory
through the network. There is no notion of depth or width. With the help of
zero compute experts (identity operation), different tokens may have different
path lengths. (b) DNA from the token’s perspective: The forward pass consists
of a series of steps. At any given step, each token is acted on by a module or
by an identity operation (black dots). When a module that contains an attention
operation acts on several tokens simultaneously, the attention pattern is computed
only between these tokens. Consequently, the attention part of the architecture
can be understood as dynamic (i.e. data-dependent) sparsity. . . . . . . . . . . . 131

7.2 (a) Path distribution of top-1 trained DNA vision model: we plot the distribu-
tion of paths that tokens take through the model, collected from the test split
of ImageNet. The color corresponds to the frequency of the paths and is used
in the sub-figure (b). Surprisingly, the distribution of paths through the random
model also follows a power law with exponent −1. (b) We highlight the paths
that different patches take through the DNA by their frequency. We see very
clear emergent specialization of paths: some paths focus on the object, others on
the background, and others on the edges and boundaries. This visualization also
illustrates the sparse nature of the attention: patches of different colors do not
attend to each other in later steps of the forward pass. . . . . . . . . . . . . . . . 132

7.3 (a) Path distribution of top-1 trained DNA language model: we plot the distribu-
tion of paths that tokens take through the model. The color corresponds to the
frequency of the paths and is used in the sub-figure (b). The distribution is a
power-law with exponent −1.2. Similarly, we find that paths through the random
model are distributed according to a power-law with exponent −1. (b) Examples
of tokens that follow frequent (low rank) and rare (high rank) paths. We see that
paths specialize in different ways: versions of the verb “to be”, embedding of “.”
which we view as sentence-level attention, adjectives, etc.. . . . . . . . . . . . . 132
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7.4 Top-Left: Test accuracy on ImageNet validation set during training for DNAs
and the dense baseline. Top-Right Effective number of compute nodes used per
step, for DNA models at the end of training. In both cases, the models exhibit
higher diversity in routing decisions near the output. Bottom: Flow of patches
plotted using the validation set of the ImageNet for the top-1 (left) and top-2
(right) models. Each column of circles contains all modules in the DNA. The
size of the circles is proportional to the frequency with which each module is
activated. If a circle is absent, then it is never activated. We see that the models
develop a dense foundation and later split into distributed sparse networks. . . . . 139

7.5 Left: Paths followed by the patches on the right. The color corresponds to the
rank. Right: Patches that follow the highlighted paths. The patches that pass
through lower-rank paths share a higher-level commonality (color and edges),
while patches that go through higher-rank paths are associated with the more
specific concept (brass instruments and puzzle pieces). . . . . . . . . . . . . . . 140

7.6 Three examples of reconstructed images: bell pepper, hummingbird, and Welsh
springer spaniel (top to bottom). Images are reconstructed by maximizing the
total weight on all routing decisions made from step 0 to step i of the forward
pass. We can see that the early layers (1-3) are primarily concerned with texture
and edges, intermediate layers (4-6) with lighting distributions, and the remainder
(7-10) host larger-scale features. The final reconstructed images (top to bottom)
are classified as “spotlight” (p = 0.4826), “hummingbird” (p = 0.5502), and
“papillon” (p = 0.4393). In the last two cases, all top 5 model guesses are birds
and dog breeds correspondingly, reflecting hierarchical nature of ImageNet. Top
5 model guesses for the first row are: spotlight, matchstick, candle, car mirror,
snowmobile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.7 A schematic representation of the dreaming procedure. During inference the
DNA chooses a trajectory for each token, building a computational graph towards
the output shown in (a). Our dreaming procedure accepts a subset of token trajec-
tories and context from the input and then optimizes the remainder of the input to
maximize the weight on those trajectories (b-f). The red boundary delineates the
group of tokens whose decisions we maximized. The upper rows have context
from the original image in this region while the lower row of each example does
not. The main finding is that the boundary patches have non-local information
about both object and background: when these patches are provided as a context
then upon dreaming procedure generates the object and some background. The
patch patterns also nicely illustrate the emergent sparse attention. . . . . . . . . . 144

7.8 Distribution of computational cost on the ImageNet validation set for the top-2
DNA (25% skip) model. We observe that (i) the compute follows roughly Gaus-
sian distribution; we believe that it is a reflection of the dataset rather than the
model. (ii) the amount of compute that the model spends on the image correlates
with the visual content. Namely, the model prioritizes boundary patches, so in
high compute images almost everything looks like a boundary, whereas in low
compute images almost everything is a background. . . . . . . . . . . . . . . . . 146
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7.9 Left. Statistics of module reuse and representative images for the top-1 and top-2
DNA models. We see that high model reuse is dedicated to the complex images
that lack and object to be segmented. For those images attention tends to spread
everywhere. Low module reuse images are less interpretable, but we surmise that
most of the image is taken by the object. Top-Right Correlation between module
reuse for top-1 and top-2 DNA models. Both models tend to reuse modules on
the same images (high correlation). Bottom-Right. Correlation between mod-
ule skip and module reuse for the top-2 DNA model. The model uses different
features to save compute and to reuse modules (low correlation). . . . . . . . . . 148

7.10 Models trained with 21B tokens sampled from FineWeb-Edu dataset. Top-Left:
Validation loss measured on a subset that we leave aside. Top-Right: Effective
number of compute nodes used per step for DNA models at the end of training.
The two models exhibit different behaviors in the early steps. Compared to the
patterns observed in vision models, they both follow different trends as the num-
ber of steps increases. Bottom: Flow of tokens plotted using the validation set of
the FineWeb-Edu dataset for the top-1 (left) and top-2 (right) DNA models. . . . 149

7.11 Left: Two examples illustrate how the router R1 (at step-1) directs semanti-
cally/lexically similar tokens to specialized modules. For instance, M9 groups
tokens related to neural concepts in the first example and to “breakfast, lunch,
dinner” in the second, whereas M29 tends to receive word-pieces that can be
combined into whole words. Right: Tokens (separated by |) traverse distinct
paths that align with semantic/lexical categories. . . . . . . . . . . . . . . . . . 151

7.12 top-2 DNA model with a 30% skip rate (final validation loss 2.784). Left: Token
flow on the FineWeb-Edu validation set. Unlike the model in Fig. 7.10, this model
makes similar routing decisions across most tokens in the first few steps, which
is similar to the vision cases in Fig. 7.4. Right: Effective top-k measured based
on the token flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.13 Left: Compute distribution measured on the validation set of the FineWeb-Edu
dataset for the top-2 DNA model with 30% skip. We observe that the distribu-
tion is very heavily peaked around above the compute threshold of 30% (note
the log-scale of x-axis!). Nonetheless, some documents are low-compute as we
show on the right. Right: Selected tokens that pass through ribbons with differ-
ent compute. We find that sequences associated with very low-compute ribbons
either contain HTML code, large number of web links, are parts of bibliography,
contain many characters from the languages that our model has not learned yet,
such as Arabic, Greek, Hebrew etc.. . . . . . . . . . . . . . . . . . . . . . . . . 154

7.14 (a),(b) Statistics of module reuse and representative sequences for the top-2 DNA
models with/without skipping. We find that top-2 model reuses about 50% of the
modules, while the model trained to skip reuses ≈ 23%. (c) Correlation between
module reuse of two different top-2 DNA models (one with module skipping and
one without). We find a lack of correlation, suggesting that skipping decisions
are arbitrary. (d) Correlation between module skip and module reuse. We find a
strong correlation, however we believe that it has a simple statistical nature: if a
module is not skipped, it is more likely to be reused. . . . . . . . . . . . . . . . . 155
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A.1 χJ Phase diagram for Vision Transformer (ViT) (L = 24, nheads = 8, dembd =
256). We present cases with pre/post-LN, with/without MLP layers. Top-left:
Usual ViT – becomes everywhere-critical when µ = 1; ordered otherwise.
Bottom-left: Usual ViT without MLP layers. Top-right: ViT with post-LN (in-
stead of pre-LN). Always ordered for finite σw. Bottom-right: ViT with post-LN,
without MLP layers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

A.2 logχJ Phase diagram for stacked Attention layers with/without MLP layers (L =
24, nheads = 8, dembd = 256). We use logχJ and cut off the colorbar at χJ = 101

because the χJ values in this case span from ∼ 50 orders of magnitude. . . . . . 168
A.3 log(J l0,l)-

√
l for µ = 1, σ2

b = 0, erf. . . . . . . . . . . . . . . . . . . . . . . . . 203
A.4 log− log plot of partial Jacobian J 0,l vs. l for (A) LN-erf and (B) erf-LN. . . . . 212
A.5 Test accuracy for LayerNorm applied to preactivations. σ2

b = 0.5 for all cases.
Correlation lengths are calculated using analytical results of χl

J . . . . . . . . . . 213
A.6 Training performance of MLP networks with erf activation function; and Layer-

Norm applied to preactivations. It continues to train for several orders of magni-
tude of σ2

w (with learning-rate tuning). . . . . . . . . . . . . . . . . . . . . . . . 214

B.1 Phase portrait of the UV model for different learning rates η. The critical learning
rate is ηc = 0.5 and the maximum learning rate is ηupper = 1.0. . . . . . . . . . . 229

B.2 Training trajectories of the UV model trained on a single example with ∥x∥ = 1
and y = 2 using MSE loss and GD: (a, d) NTP with n = 1, σ2

w = 0.5, (b, e) NTP
with n = 512, σ2

w = 1.0, and (c, f) µP with n = 512, σ2
w = 1.0. . . . . . . . . . . 230

B.3 UV model shows all four training regimes: Training trajectories of the UV model
trained on a single example (x, y) with ∥x∥ = 1 and y = 2 using MSE loss and
gradient: (a, d) NTP with n = 1 and σ2

w = 0.5 (b, e) NTP with n = 512 and
σ2
w = 1.0, and (c, f) µP with n = 1 and σ2

w = 1.0. . . . . . . . . . . . . . . . . . 231
B.4 These plots are equivalent to Figure 3.2(a, d) (ηc = 0.5), but with training trajec-

tory and local vector field plotted for every other step in (∆f, β) plane. The tilted
dash-dotted line indicates the ηλ = 2 line. . . . . . . . . . . . . . . . . . . . . . 234

B.5 Training loss and sharpness trajectories of ReLU FCNs in NTP trained on a 5k
subset of CIFAR-10 examples using MSE loss and GD: (a, c) σ2

w = 0.5, (b, d)
σ2
w = 2.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

B.6 Comparison of SGD trajectories with their GD counterpart for a 3-layer FCNs in
SP with σ2

w = 0.5 trained on a subset of CIFAR-10 consisting of 5, 000 training
examples with MSE loss. The learning rate is scaled as η = c/λH

0 and batch sizes
(a-c) B = 512, (d-f) B = 128, (g-i) B = 32 are considered. GD trajectories are
plotted using solid lines with transparency. . . . . . . . . . . . . . . . . . . . . 238

B.7 Same setting as Figure B.6, except we used 3-layer FCNs in µP with σ2
w = 2.0. . 239

B.8 Training trajectories of (a, b) a 5-layer CNN in SP with n = 64, and (c, d)
ResNet-18 with LayerNorm in SP, also with n = 64. Both models are trained on
the CIFAR-10 dataset with MSE loss using SGD. The learning rate is scaled as
η = c/λH

0 and batch size is B = 512. In panel (d), λH
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B.9 Training loss, sharpness and test loss trajectories of Transformers trained on
Wikitext-2 using cross-entropy loss: (a, b, c) Pre-LN Transformers and (d, e,
f) Pre-LN Transformer without last LayerNorm. . . . . . . . . . . . . . . . . . 242

B.10 Sharpness and Weight Norm of 3-layer ReLU FCNs in SP with σ2
w = 1/3, trained

on a subset of CIFAR-10 with 5, 000 examples using GD. . . . . . . . . . . . . . 242
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B.12 Weight Norm of each layer in 3-layer ReLU FCNs (same experiments as Fig-
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B.14 Sharpness trajectories of ReLU FCNs trained on a 5k subset of CIFAR-10 exam-
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using SGD with three different batch sizes: (a, b) B = 512, (c, d), B = 128,
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Chapter 1: Introduction

In this chapter, we provide a brief overview of recent developments in Artificial Intelligence

(AI) and outline several key challenges currently faced in building better Large Language Models

(LLMs). Then we summarize our contributions, which are motivated by these challenges and

aimed at addressing them.

1.1 Challenges from Scaling Up

1.1.1 Pre-LLM Era

The landscape of artificial intelligence (AI) changed dramatically in 2011 with the devel-

opment of the first GPU-efficient backpropagation implementation. This computational break-

through triggered a fundamental shift in AI research philosophy – from crafting carefully de-

signed, specialized algorithms to embracing general-purpose, scalable computation. The true

impact of this transformation became evident with AlexNet [10], a model containing 60 million

parameters trained on 1.2 million high-resolution images. By surpassing all existing machine

learning methods of its time, AlexNet marked a watershed moment in AI history.

Since this pivotal achievement, scalability has become the cornerstone of modern deep

learning. However, researchers soon encountered fundamental limitations when increasing model
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depth. For example, VGG [11] suffered from the vanishing-gradient problem at large scales, until

the introduction of Kaiming Initialization [12]. Unlike the collection of ad hoc “tricks” previously

used to improve training, Kaiming Initialization introduced an extra factor of 2 in the variance

of randomly initialized weight matrices, derived from the condition that the signal scale remains

O(1) as it propagates through the network.

While this method temporarily alleviated the problem, computing every detail on a case-

by-case basis quickly proved impractical, especially as networks became more complex and the

O(1) initialization factors that strongly influence model behavior became essentially impossible

to determine via calculation. This challenge underscored the need for a deeper, more systematic

approach for initializing the network.

About a year later, ResNet [13, 14] addressed this issue by a different approach. Here

Kaiming introduced residual connections, which allow information to flow directly from one

layer to another without modification, effectively creating shortcuts through the network. The

design was intended to form an ensemble of shallower sub-networks, reducing the network’s

sensitivity to O(1) initialization factors. However, the optimal way to implement these residual

connections remained unclear1. This uncertainty again called for a principled framework to guide

future architecture designs from an initialization perspective.

1.1.2 LLM Era

The pursuit of large-scale computing reached another milestone with the introduction of

the Transformer architecture [15] in 2017. Its decoder-only variant ultimately led to GPT-3 [16],

a 175-billion-parameter autoregressive model trained on internet-scale data, and later to today’s

1The existence of two different versions of ResNet serves as evidence of this uncertainty.
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GPT-5 and other large language models (LLMs). It is worth noting that the original Transformer

used a different residual connection scheme compared to contemporary LLMs, where the main

distinction lies in the choice of how to connect normalization layers with residual connections.

This difficulty is similar to the ResNet problem, which echos with what we have discussed in the

last subsection. Consequently, practitioners can only try with experiments and intuition, without

a clear and practical guidance.

Despite the absence of a thorough theoretical explanation for the superiority of the current

so-called Pre-LayerNorm choice, it has been widely adopted due to its robustness with respect

to O(1) hyperparameter choices in initialization. The discovery of scaling laws [17, 18, 19, 20,

21, 22] further reinforced the belief that, with the right architectural and optimization choices,

performance can scale predictably as models grow larger.

However, echoing Anderson’s famous argument that “more is different” [23], it becomes

clear that while the elementary building blocks of deep learning remain unchanged across scales,

fundamentally new behaviors, principles, and challenges emerge as models grow larger. Specifi-

cally, two notable “clouds” now appear on the horizon:

1. The parameter efficiency of the widely adopted Pre-LayerNorm design deteriorates as mod-

els deepen [24, 25]. The formerly “blessed” intuition of residual networks as ensembles of

shallower subnetworks appears increasingly problematic at extreme scales.

2. Hyperparameter tuning is becoming infeasible, as training a single large language model

can cost millions of dollars in practice. This cost prohibits systematic exploration and

demands more principled strategies for optimization.

These challenges mark a turning point. Empirical experimentation alone is no longer suffi-
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cient – the available computational resources cannot exhaustively probe such vast design spaces.

A deeper theoretical and phenomenological framework is urgently needed to provide predictive

understanding and practical guidance for the next generation of large-scale models.

1.1.3 Post-LLM Era

Looking beyond LLMs, the pursuit of Artificial General Intelligence (AGI) inevitably de-

mands the integration of additional functionalities and capabilities into these systems. As this

evolution continues, both the computational cost and the structural complexity of training and

inference pipelines are growing at an unprecedented pace.

More importantly, it is essential for us to develop a fundamental understanding of models at

their current scale. Such understanding enables us to anticipate and interpret the new phenomena

that are likely to emerge as models expand further in size, scope, and capability. Only through

this foundational comprehension can we guide the development of future models toward truly

general intelligence.

1.2 Emergence from Scaling

In the previous section, we emphasized the importance of understanding scaling behavior

through theoretical and phenomenological approaches, and identified several promising direc-

tions for continued scaling. In this section, we turn our attention to one of the most intriguing

consequences of scaling: emergent capabilities, or more broadly, emergence.

Emergence in general Emergence is a phenomenon extensively studied across many disci-

plines, particularly within the natural sciences. In these contexts, it refers to complex patterns,
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behaviors, or properties that arise from the interactions of many simpler components, which

are not present in the individual parts themselves. In other words, these components often self-

organize in ways that are hard to interpret or infeasible to precisely describe at a microscopic level

(smaller scale). In fact, even in cases where a system can be described in detail at the microscopic

level, it does not mean one can easily predict the emergence of mesoscopic or macroscopic phe-

nomena at larger scales2.

Emergence in neural networks In the neural network context, which is the primary focus

of this dissertation, emergence manifests itself similarly: as complexity is added to the system

(through additional layers, parameters, or data used for training), unforeseen structures and be-

haviors arise from the interactions of simpler components. These emergent phenomena appear

across different organizational scales – from individual parameter groups, to entire layers, and to

complete network functions.

The importance of understanding emergence is perhaps best illustrated by in-context learn-

ing (ICL) [16], one of the most powerful emergent capabilities of LLMs. ICL enables an LLM

to perform unseen tasks simply from examples presented in its input, without any parameter up-

dates. This remarkable ability remains absent in smaller systems and manifests only when both

the volume of training data and the number of model parameters reach sufficiently vast scales

[16].

Despite being one of the most significant phenomena discovered in recent years, the precise

conditions governing its emergence remain poorly understood. From a microscopic perspective,

it is highly unlikely that one could determine how to arrange billions of parameters such that a

2This unpredictability may manifest as rapid changes with respect to the scale or complexity of the system.
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particular ability arises. Consequently, one must adopt an emergent viewpoint by asking under

what conditions, or through what macroscopic observables, these phenomena can be effectively

captured and understood. In this spirit, there is a clear need for a series of tractable systems whose

complexity can be gradually and controllably increased. In other words, we want a system with

neural networks and some datasets that are simple enough to allow controlled experimentation,

yet rich enough to capture the essential mechanisms underlying large-scale neural networks.

The importance of studying emergence is also evident from the behavior of scaling laws.

In practice, scaling laws are used to predict a model’s average performance at scales where ex-

tensive experimentation is infeasible. However, while scaling laws [17, 18] provide remarkably

accurate predictions of a model’s ability to fit training data, they fail to indicate when specific

capabilities will emerge. The often abrupt nature of emergence makes it difficult to rely solely on

scaling laws to anticipate a qualitative change at larger scales. Because those laws are an average

measure, they reveal little about the abrupt transitions that mark qualitative improvements, which

potentially undermines their predictive power and can even run counter to our goal of building

more capable and reliable systems if misinterpreted.

Understanding and eventually predicting the emergent behavior, therefore, requires careful

mechanistic analysis of simplified models that preserve the core properties of real-world systems.

Such investigations can reveal under what conditions and how networks internalize structure and

capture patterns within data. This, in turn, allows us to improve the pipeline design by identifying

the crucial information that current models fail to exploit.

We believe that this approach will help advance the scientific foundations of deep learning

and guide the next generation of model development.
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1.3 Summary and Outline

Given all the discussions above, we now present our efforts toward addressing the afore-

mentioned challenges. In the remainder of this dissertation, we adopt a theoretical and phe-

nomenological approach, inspired by methods in physics, to investigate the behavior of deep

neural networks. In particular, we focus on the following topics:

1. We examine how initialization schemes and architectural design principles determine net-

work behavior at large depths.

2. We analyze the dynamics of sharpness under gradient descent and its relationship with

initialization, parameterization, and feature learning across different network widths.

3. We quantify the conditions under which specific skills emerge using modular arithmetic

datasets across various model classes, and investigate the underlying mechanisms through

mechanistic interpretability studies.

4. We propose distributed neural architectures (DNAs) and elucidate how data properties lead

to drastically different emergent connectivity patterns and specializations that challenge the

current paradigm of architecture design.

Principled Architecture Design and Initialization (Chapter 2 [1, 2]) In this part, we study

the interaction between initialization and architectural design before training begins, adopting

methods from statistical physics and nonlinear dynamics [26, 27, 28]. We find that, in the large-

width limit, both the forward and backward passes (the Jacobian) at initialization can often be

reduced to one-dimensional maps as functions of depth, where the architecture and the scale of
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initialization determine the nature of these maps. By analyzing the fixed-point properties of these

maps, we identify the critical initialization condition under which the map neither diverges nor

converges to a trivial fixed point. Furthermore, we explore an architectural design that guaran-

tees the map remains well-behaved at large depth, providing a theoretical explanation for the

architecture design principles widely adopted in modern deep learning [14].

Building on this analysis, we also develop AutoInit, an algorithm that automatically

tunes arbitrary architectures to their critical initialization. This approach enables efficient discov-

ery of suitable initializations for architectures that are otherwise difficult to analyze analytically.

Sharpness Dynamics (Chapter 3, [3]) During gradient descent, the top eigenvalue of the loss

Hessian, often referred to as sharpness, exhibits robust and universal patterns throughout training.

We show that the dynamics of a simple two-layer linear network trained on a single example can

be reduced to a two-dimensional map in function space, which successfully captures the essential

sharpness phenomena observed in real-world networks. Furthermore, by adopting an appropri-

ate initialization and parameterization scheme, the resulting low-dimensional dynamics become

independent of network width. This analysis offers an intuitive and theoretically grounded un-

derstanding of the conditions under which effective feature learning emerges in complex, high-

dimensional systems.

Emergent Capabilities (Chapters 4 to 6 [4, 6, 7]) As discussed in the previous section, we

seek a simplified experimental setting that allows us to clearly understand the emergence of skills

within deep neural networks. The dataset we choose as the foundation of this setting is the mod-

ular arithmetic dataset. These datasets are known for exhibiting the grokking phenomenon [29],
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in which a model undergoes a transition from overfitting to generalization as training progresses

or as the dataset size increases.

A key advantage of modular arithmetic datasets is that they admit analytically tractable

settings, where the learned weight matrices can be expressed in closed form [30]. Building on

these analytical insights, we investigate how grokked models internally represent the algorithms

they learn, focusing on the tension between memorization and generalization, especially when

the training data is partially corrupted, a case of practical importance.

Extending this analysis to Transformer architectures trained on a diverse collection of mod-

ular arithmetic tasks, we identify the conditions under which in-context learning (ICL) [16]

emerges, enabling the model to generalize to unseen datasets. Moreover, we reverse engineered

the model and examined the compositional structure through which it combines simple learned

skills to perform ICL [31].

Finally, by training Transformers to infer pseudo-random number generators (PRNGs), we

explore the limits of their capability as sequence learners. Our results show that the models learn

to transform input sequences into high-dimensional representations that exhibit remarkably sim-

ple and interpretable structures. Moreover, we observe the emergence of additional capabilities

beyond a certain dataset size and model depth, which enable the model to effectively “crack” the

underlying PRNGs.

Distributed Neural Architectures (Chapter 7 [8]) All the models used or studied above are

built upon a fundamental principle of network design: a fixed, homogeneous sequential stack of

layers. This design has proven both simple and effective, yet it may impose intrinsic limitations

as model scales extend far beyond current practice. To explore alternatives, we introduce a new
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architecture that permits arbitrary network topologies. This architecture is trained end-to-end,

allowing functional structures to emerge naturally from data and optimization. We then perform

interpretability analyses on the resulting learned architectures, providing insights into how real

data from different domains influence and shape architectural organization.
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Chapter 2: Emergent Depth Scale at Initialization

In this chapter, we discuss how network initialization influences the trainability of deep

neural networks and how architectural design choices affect their sensitivity to initialization. This

chapter also introduces the terminology and conceptual framework that will be used throughout

the remainder of this dissertation to describe deep neural networks.

2.1 Introduction and Related Work

Most architectures used in deep learning can be summarized by the following set of

forward-pass equations, applied to a Nin-dimensional input x ∈ Rdin:

h0(x) = Embeddingθ0(x) , h0(x) ∈ RN0

hl(x) = f l
θl(h

l−1({x})) , 1 ≤ l ≤ L and hl(x) ∈ RNl ,

(2.1)

where {x} indicates that the function f l
θl(·) may act on multiple inputs to produce hl(x). The

final output of the network is hL(x). Each of Embeddingθ0 , f 1
θ1 , · · · , fL

θL is usually a continuous

function1 parameterized by θ0, . . . ,θL. Although we describe the parameters θl in a vectorized

form here for generality, they are typically matrices or vectors in practice. Throughout this dis-

sertation, we refer to hl(x) as the feature at layer l.

1These functions are typically nonlinear; the set of non-differentiable points has measure zero.
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At initialization, the parameters θ0, . . . ,θL are independently sampled from some distribu-

tion, typically a Gaussian or uniform distribution with zero mean and finite variance. To perform

a given task, the network is then trained using a gradient-based optimization method via back-

propagation, where the parameter update is given by

θl −→ θl − η g (∇θlL(h(x),y), · · · ) , (2.2)

where y denotes the target (or label) corresponding to the input x, L is the loss function, η

represents the learning rate, and g is a continuous function that post-processes the gradient

∇θlL(h(x),y), potentially using additional information (abbreviated as · · · ).

In this chapter, we focus exclusively on vanilla gradient descent, where g is the identity

map and · · · represents an empty set.

Like any optimization problem, initialization plays a crucial role in determining whether the

network parameters converge to a minimum – if not a global one. In our setting, as mentioned in

Chapter 1, we aim to choose initialization schemes that remain effective across varying network

depths. More precisely, this goal reduces to selecting an appropriate distribution, particularly

its mean and variance, from which the parameters θl are sampled, such that the model exhibits

stable and well-behaved training dynamics from the very first optimization step.

We define “well-behaved” initialization from the perspective of signal propagation. A suit-

able initialization should satisfy the following conditions:

1. The forward pass should not lead to numerical instabilities.

2. It should preserve correlations between different input examples; equivalently, the char-
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acteristic correlation length governing information decay should remain larger than the

effective network depth L.

3. During back-propagation, gradient information should be able to flow from the output layer

to the input layer without exploding or vanishing exponentially.

In general, these conditions are hard to ensure analytically for arbitrary networks with depth

L and width N1, · · · , NL−1. However, when the number of parameters in each layer becomes

large, i.e. N1, · · · , NL−1 −→ ∞, the description of neural networks dramatically simplifies,

which allows us to study depth scaling theoretically in simpler settings. Specifically, the forward

propagation often becomes a Gaussian process in this limit [26, 32, 33, 34], with a kernel referred

to as the Neural Network Gaussian Process (NNGP) kernel, and the back-propagation is also

simplified.

2.1.1 Related Work

The aforementioned properties enable us to study complex neural networks with a few

collective variables and their scaling behavior. Furthermore, in this limit, special choices of

parameterization, small learning rates and Mean-squared Error (MSE) loss function leads to the

linearization of gradient descent dynamics – which can be solved exactly in terms of the neural

tangent kernel (NTK) [35, 36]. A large body of work has been devoted to calculating the NNGP

kernel and the NTK for different architectures in infinite-width limits, as well as finite width

corrections to these quantities [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53,

54, 55, 56, 56, 57, 58, 59, 60]. These results were leveraged to analytically determine the critical

initialization of parameters in simple architectures [27, 28, 32].
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2.2 Multi-Layer Perceptrons (MLPs)

In this section, we make the argument from the previous section concrete by considering

multi-layer perceptrons (MLPs) as a representative example.

A vanilla MLP network is defined by restricting Equation (2.1) to a specific form:

h0
i (x) =

Nin∑
j=1

w0
ijxj + b0i

hl
i(x) =

Nl−1∑
j=1

wl
ijϕ(h

l−1
j (x)) + bli , 1 ≤ l ≤ L .

(2.3)

Here, the weights wl ∈ RNl×Nl−1 and biases bl ∈ RNl are explicitly written out to replace

the general parameter θl, and ϕ(·) is some element-wise nonlinear activation function. For clarity,

we have introduced an extra set of indices i, j, · · · to remove the vector notation from the features

(preactivations) hl(x).

Here the weight matrices wl are i.i.d. sampled from a normal distribution N (0, σ2
w/Nl);

and the biases bl ∈ RNl are i.i.d. sampled from a normal distribution N (0, σ2
b ). This choice was

made based on previous work [61], which ensures the model is well-defined when we take the

infinite width limit N1, · · · , Nl−1 −→ ∞. Note that the exact choice of initialization distribution

is not distinguishable in our language, as long as it does not have a long tail.

As we will see soon, the choice of hyperparameters, which includes the zero mean and the

values of σw, and σb, will still play a crucial role as the network depth, L, increases.
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2.2.1 Emergent Depth Scale in the Forward Pass

First, we would like to argue why a zero mean is necessary, which can be checked by

simply measuring the one-point function for the features. For simplicity, we omit the bias and

focus on the recurrence formula from Equation (2.3):

Eθ[h
l
i] = Eθ

[
Nl−1∑
j=1

wl
ijϕ(h)

l−1
j + bli

]

=

Nl−1∑
j=1

µwEθ[ϕ(h)
l−1
j ] + µb ,

(2.4)

where the expectation Eθ[·] is taken by averaging over the distribution in which the collection of

all parameters θ is sampled.

From the above formula, we see that when ϕ(·) is an ON,L(1) function, the one-point func-

tion diverges exponentially with the layer index l, unless µw ≲ O(1/Nl). Although, in principle,

one could choose a mean of order 1/Nl to keep the result finite, this approach has two drawbacks:

(i) it makes initialization difficult to manage, as it introduces an additional hyperparameter, the

mean, alongside the variance (to be discussed shortly); and (ii) a nonzero mean induces a pre-

ferred direction, for which there is no prior justification. Therefore, in the infinite-width limit

Nl → ∞, the only reasonable choice is µw = 0. Likewise, for the bias term, one should choose

µb = 0 to avoid a linear growth of the one-point function with layer index l.

With a vanishing first moment, the magnitude of the forward signal is then captured by

the variance of hl. Specifically, we care about the feature variance
∑Nl

i

(
hl
i(x)

)2
/Nl, and how

this quantity changes with layer index l. Again, we will average it over different parameter

initializations, denoted by Eθ[·]. Note the expectation value of the variance above is the diagonal
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term of the Neural Network Gaussian Process (NNGP) Kernel defined as follows:

Definition 2.1. The NNGP kernel is defined as the averaged covariance of the feature for different

inputs:

Kl(x,x′) := Eθ

[
1

Nl

Nl∑
i=1

hl
i(x)h

l
i(x

′)

]
. (2.5)

Then its diagonal term is simply the variance we care about in this chapter Kl(x,x).

Throughout this chapter, we adopt the sequential infinite width limit: N0 → ∞, N1 →

∞, . . . , NL−1 → ∞. In this limit, the feature variance converges in distribution to its average

over parameterizations, due to the Central Limit Theorem (CLT):

1

Nl

Nl∑
i=1

(hl
i(x))

2 −→ Eθ

[
1

Nl

Nl∑
i=1

(hl
i(x))

2

]
≡ Kl(x,x) (2.6)

Note that this convergence guarantees that a randomly initialized network with large width

will not deviate from the expected behavior predicted by theory, which allows us to remove the

expectation value and ensures the practical applicability of the theoretical results. However, for

simplicity, we will keep the expectation throughout this Chapter.

The main advantage for introducing the kernel above can be highlighted by the following

lemma, which allows us to understand initializations in feature space instead of parameter space:

Lemma 2.2 (Lee et al. [32]). When Nl → ∞ for l = 1, . . . , L − 1 sequentially, the expecta-

tion value over parameter initializations for a general function of features: O(hl(x)), can be
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expressed as the averaging over the Gaussian process hl(x) with variance Kl(x,x).

Eθ

[
O(hl

i(x))
]
=

1√
2πKl(x,x)

∫
dhl

iO(hl
i(x))e

− (hli(x))
2

2Kl(x,x) . (2.7)

Theorem 2.3. Following the same infinite width limit defined earlier, the diagonal NNGP kernel

is deterministic, given by the following recurrence relation:

Kl(x,x) = σ2
wEθ

[
1

Nl−1

Nl−1∑
i=1

(ϕ(hl−1
i (x)))2

]
+ σ2

b . (2.8)

Note that this is a recurrence relation, because the expectation on the right hand side can be

replaced by Lemma 2.2.

Proof. We can prove Theorem 2.5 using Wick’s theorem for wl and bl:

Kl ≡ Eθ

[
1

Nl

Nl∑
i=1

hl
ih

l
i

]

= Eθ

[
1

Nl

Nl∑
i=1

(
Nl−1∑
j=1

wl
ijϕ(h

l−1
j ) + bli

)(
Nl−1∑
k=1

wl
ikϕ(h

l−1
k ) + bli

)]

= Eθ

[(
1

Nl

Nl∑
i=1

wl
ijw

l
ik

)
Nl−1∑
j=1

Nl−1∑
k=1

ϕ(hl−1
j )ϕ(hl−1

k ) +
1

Nl

Nl∑
i=1

blib
l
i

]

= σ2
w

Nl−1∑
j=1

Eθ

[
1

Nl−1

Nl−1∑
j=1

ϕ(hl
j)

2

]
+ σ2

b . (2.9)

We have omitted the explicit dependence of Kl and hl on x in Equation (2.9) for brevity, and we

will use this convention frequently in the remainder of the section.

Theorem 2.3 can be viewed as a map from Kl−1 to Kl that depending on the choice of ϕ

and two hyper-parameters σw and σb. Then, the requirement that the forward pass should not lead
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to numerical instabilities in the large depth limit L −→ ∞, can be translated to Kl which should

converge to a fixed point OL(1) for the map in Theorem 2.3.

Then, it is natural to ask for a fixed-point analysis. It turns out, commonly used bounded

activation functions (e.g. Erf, Tanh) automatically bound Kl, whereas unbounded activation func-

tions (e.g. ReLU, GELU) might not have a fixed point when (σw, σb) is not well-chosen.

The stability of the fixed point in Equation (2.8) can be characterized by the following

quantity [27, 56]:

χ⋆
K :=

∂Kl

∂Kl−1

∣∣∣∣
l−→∞

(2.10)

In general, we want χ⋆
K ≤ 1 for a finite K⋆ > 0 fixed point, this gives us some constraints

on σw and σb. For most bounded activations, those conditions are fairly easy to satisfy. However,

for unbounded activations, the fixed point often exists only at 0 or ∞. It turns out the only way

to ensure numerical instability is to choose very specific values for σw and σb so χ⋆
K = 1. In that

case, the growth or decay of the forward pass signal is usually non-exponential with depth L,

which allows nice enough behavior empirically.

The quantity χcK⋆ in fact gives us a characteristic length scale

ξK =
1

| logχK⋆| (2.11)

which gauges the allowed depth before we might run into numerical instabilities.

A similar analysis can be performed for the off-diagonal component of the NNGP kernel,
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Kl(x,x + ϵ), in the limit ϵ → 02. Intuitively, this quantity measures whether the network can

preserve the relationships between different inputs at initialization. Analyzing this term reveals

another emergent depth scale, denoted ξJ , which characterizes the propagation of backward (gra-

dient) signals and will be discussed in the next subsection.

The correlation between forward and backward signal propagation should not be surprising:

gradient signals are meaningful only if correlations between distinct data points are maintained

throughout the network. Otherwise, the model would be unable to distinguish different examples,

leading to degenerate or uninformative gradients.

2.2.2 Emergent Depth Scale in the Backward Pass

We start by calculating the gradient of the loss with respect to a parameter group, which

can be expanded using chain-rule:

∇wl
ij
L(x) =

∑
k,m,n,q,···

(
∂L
∂hL

k

)
·
(

∂hL
k

∂hL−1
m

· · · ∂h
l+1
n

∂hl
q

)
·
(

∂hl
q

∂wl
ij

)
(2.12)

The scale of this gradient depends on three terms, where the first and the last terms are

controlled by the behavior of K(x,x) and ξK (Proved in Appendix A.5.2), whereas the second

term depends on the Jacobian between the features at different layers, and requires extra efforts

to handle. The scaling behavior of this quantity is crucial to the backward propagation of the

gradient signal, which affects the trainability of the model.

Definition 2.4 (APJN). To measure the scale of the second term in Equation (2.12), we define

the averaged partial Jacobian norm (APJN) as the averaged, normalized Frobenius norm of the

2The order of differentiation and the ϵ → 0 limit are not interchangeable.
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Jacobian between the features of layers l and l0 < l.

J l0,l(x) ≡ Eθ

 1

Nl

Nl∑
i=1

Nl0∑
j=1

(
∂hl

i(x)

∂hl0
j (x)

)2
 , (2.13)

APJN is a dominant factor in the magnitude of the gradients. Similar to previous discus-

sions on NNGP kernels, we will show that this quantity also forms simple recurrence relations,

which allows us to analyze its behavior analytically.

Theorem 2.5. In the infinite width limit where N1, · · · , NL−1 −→ ∞ sequentially, APJN

J l0,l+1(x) is deterministic and satisfies the recurrence relation

J l0,l(x) = χl−1
J J l0,l−1(x) , (2.14)

where the multiplicative factor χl
J is given by

χl
J = σ2

wEθ

[
1

Nl

Nl∑
i=1

(
ϕ′(hl

i(x))
)2]

. (2.15)

Here ϕ′(·) is the derivative of the non-linear activation function ϕ(·). The proof of this theorem

is detailed in Appendix A.5.1.

Again, if we view Equation (2.14) as a map, then at large l, the behavior of J l0,l is deter-

mined by χl
J , or more precisely by

χ⋆
J = χl

J |l→∞ (2.16)

Note that the recurrence relation is easier to handle than the NNGP kernel case. If χ⋆
J > 1,
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the APJN diverges exponentially, corresponding to the chaotic phase. This terminology origi-

nates from the interpretation of the Jacobian: a divergent Jacobian implies that the forward pass

becomes extremely sensitive to small input perturbations. In this phase, two nearby inputs are

mapped to completely different feature representations. Conversely, if χ⋆
J < 1, the APJN van-

ishes exponentially, which is referred to as the ordered phase, since distinct inputs collapse to

nearly identical representations.

In both the chaotic and ordered phases, the ill-behaved APJN indicates information loss as

signals propagate through the network. Unlike the K and χK analysis, here any χ⋆
J ̸= 1 leads

to undesirable behavior: the initial correlation between nearby inputs is either lost entirely or

transformed into uncorrelated, chaotic noise.

The exponential behavior also leads to a length scale. Specifically, when we write APJN as

J l0,l ≈ cl0e
± l−l0

ξ , with ξ as the correlation length defined as

ξ =
1

| logχ⋆
J |

(2.17)

The only way to avoid the aforementioned information loss is to maintain an infinite cor-

relation length, i.e., χ⋆
J = 1, which corresponds to the phase boundary between the ordered and

chaotic regimes. At this critical line, the APJN decays algebraically with depth, J l0,l ∝ l−ζ , char-

acterized by the critical exponent ζ . This condition imposes constraints on the choice of (σw, σb),

and any initialization satisfying this condition is referred to as a critical initialization. The expo-

nent ζ can be computed explicitly, as detailed in Appendix A.8, and has been empirically verified

in Figure 2.1.

When we only impose the critical initialization condition χ⋆
J = 1. We get a line in the
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Figure 2.1: log–log plots of partial Jacobian J 0,l vs. l. From left to right: (1) erf, (2) ReLU, (3)
erf and GELU with LayerNorm applied to preactivations and residual connections of strength 1.
The fluctuations get larger towards the output because the aspect ratio (i.e. l/Nl) approaches 1/4.

σw − σb plane that satisfies the condition, which we call the critical line. If we further impose

the forward propagation condition χ⋆
K ≤ 1, depending on the bounded or unbounded activations,

then it constrains the critical line further down to a critical point on the σw − σb plane.

2.3 Layer Normalization

The fact that critical initialization must be at a single point (σ⋆
w, σ

⋆
b ) is undesirable, as our

target is to solve initialization for any network architectures, where the analytical calculation

might be infeasible. Historically, methods like LayerNorm [62] and GroupNorm [63] were intro-

duced to control the behavior of Kl. We will see shortly that, although this relaxation removes the

need to initialize the network precisely at a single point, it still has nontrivial effects on backward

propagation. Therefore, initialization remains an important factor to consider.

We will only discuss LayerNorm, as most results can be applied to GroupNorm with a

reasonable group size. Furthermore, we will focus on LayerNorm applied to hl, which is usually
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referred to as pre-LayerNorm3.

Definition 2.6 (Pre-LayerNorm). LayerNorm applied to hl, i.e. pre-LayerNorm is defined by

h̃l
i =

hl
i −meani[h

l]√
vari[h

l]
, (2.18)

where we have introduced empirical mean and variance of hl as meani[h
l] := (

∑Nl

i=j h
l
j)/Nl and

vari[h
l] :=

(∑Nl

j=1(h
l
j −meanj[h

l])2
)
/Nl.

An MLP with pre-LayerNorm can be described by a recurrence relation similar to Equa-

tion (2.3), with hl replaced by h̃
l

hl
i(x) =

Nl−1∑
j=1

wl
ijϕ(h̃

l−1
j (x)) + bli , 1 ≤ l ≤ L (2.19)

In the infinite width limit, it can be easily shown that meani[h
l] = 0 and vari[h

l] = Kl.

Then the distribution of h̃
l

is reduced to

h̃l
i →

1√
Kl

hl
i ∼ N (0, 1) . (2.20)

Note that the above equation holds for any l, σw, σb. Therefore, the constrains imposed by χK

becomes trivial. This results in a critical line rather than a critical point.

The recurrence relation (2.8) for the NNGP kernel is also modified.

Kl+1 = σ2
wEθ

[
1

Nl

Nl∑
i=1

ϕ(h̃l
i)
2

]
+ σ2

b (2.21)

3Applying LayerNorm to ϕ(hl) can be handled similarly, see Appendix A.5.4 for details.
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The Equation (2.15) calculating χl
J , consequently, needs to be modified accordingly.

χl
J =

σ2
w

Kl
Eθ

[
1

Nl

Nl∑
i=1

ϕ′(h̃l
i)
2

]
(2.22)

As we can see from the above formula, though the LayerNorm controls the forward pass

signal, it has non-trivial impact on the backward gradients. This dependency is still affected by

the choice of σw and σb, thus needs to be treated carefully.

2.4 Residual Connections

Another way to reduce the sensitivity with respect to hyperparameters choices for a given

depth L is to reduce the effective depth. Following this intuition, the residual connection tech-

nique was introduced. It was first proposed by He et al. [13] in the context of Convolutional

Neural Networks (CNNs) for image recognition [61]. Today, it is a standard component within

many modern network architectures [15, 64].

The specific idea is to introduce an identity map that connects preactivations across two

adjacent layers. The forward pass is simply modified to be

hl
i(x) =

Nl−1∑
j=1

wl
ijϕ(h

l−1
j (x)) + bli + µhl−1

i (x) , 1 ≤ l ≤ L , (2.23)

Compared to the original work, we have introduced an additional multiplicative factor µ to adjust

its strength. Setting µ = 1 recovers the commonly used residual connection. Note that in this

case, one must ensure the shape satisfies N1 = N2 = · · · = Nl−1 for the residual connection

to work. Otherwise, an extra weight matrix is required to project features from previous layers.
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That will negate the advantage of the residual connection if used frequently, as one then needs to

take their initialization hyperparameters into consideration.

Then the recurrence relation for the NNGP kernel (2.8) is modified to

Kl+1 = σ2
wEθ

[
1

Nl

Nl∑
j=1

ϕ(hl
j)

2

]
+ σ2

b + µ2Kl . (2.24)

Note the potential cross terms between hl−1 and ϕ(hl−1) are all zero with the zero-mean assump-

tion of wl
ij and bli.

The recurrence of APJN is unchanged, with χl
J modified to be

χl
J = σ2

wEθ

[
1

Nl

Nl∑
k=1

ϕ′(hl
k)

2

]
+ µ2 (2.25)

Following fixed-point analysis, one can then argue that when µ < 1 the fixed line in σw-σb

plan got shifted by rescaling σw −→ σw/(1− µ2)0.5, with every other conclusion unchanged.

For µ > 1, there is no saving on signal propagation; every quantity one can measure will

blow up, no matter what hyperparameters were used.

While at µ = 1, there is no non-trivial fixed point for unbounded activation functions.

However, when the activation function ϕ(·) is bounded, i.e., ϕ(∞) < ∞, the signal scales in a

highly non-trivial manner4, which can be summarized by the following theorem.

Theorem 2.7. Let f(x) be an MLP with the erf activation function and residual connections with

µ = 1. Then, in the limit N1, · · · , Nl → ∞,

• The NNGP kernel K l diverges linearly with depth l, as the bounded activations saturate to

4Yang and Schoenholz [65] found similar conclusions for the tanh activation
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the limit ϕ(·) −→ 1 at large l.

• χl
J −→ 1+ (see second row of Figure 2.2): χl

J ≈ 1+ c̃/
√
l, where c̃ = 2σ2

w/(π
√
σ2
w + σ2

b )

is a non-universal constant. Consequently, APJN diverges as a stretched exponential:

J l0,l = O(e
√

l/λ), where λ = 1/(4c̃2) is the new emergent length scale.

We refer to this case as subcritical. Although χ⋆
J approaches 1+, the APJN still diverges

with depth faster than any power law. The growth is controlled by the new scale λ. To control

the gradient, we aim to make λ large, which can be achieved by decreasing σw. In this case,

trainability is enhanced (see second row of Figure 2.4).

For any unbounded activations. µ = 1 with a finite σw will not converge to a sub-critical

solution. The APJN will diverge exponentially.

2.5 Residual Connections + Layer Normalization

From the previous sections, we see that in neither case does the model become insensitive to

hyperparameter choices – if anything, the situation worsens when just using residual connections.

Can we then find a way to improve further?

We find that an appropriate combination of residual connections and LayerNorm yields a

nontrivial architecture that facilitates stable signal propagation. The resulting recurrence relation

can be expressed as

hl
i(x) =

Nl−1∑
j=1

wl
ijϕ(h̃

l−1
j (x)) + bli + µhl−1

i (x) , 1 ≤ l ≤ L , (2.26)

26



Figure 2.2: χ⋆
J empirical phase diagrams for an MLP with L = 50, N = 500. The solid lines

indicate the critical lines obtained through the infinite width limit calculations, and the stars indi-
cate the critical points. We see that residual connections in general just shift the phase boundary.
Except for erf activation, where the case µ = 1 is subcritical and has a large correlation length.

The recurrence relation for the NNGP kernel (2.8) is modified to

Kl+1 = σ2
wEθ

[
1

Nl

Nl∑
j=1

ϕ(h̃l
j)

2

]
+ σ2

b + µ2Kl , (2.27)
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Figure 2.3: χ⋆
J empirical phase diagrams for an MLP with L = 50, N = 500. The solid lines

indicate the critical lines obtained through the infinite width limit calculations, and the stars
indicate the critical points. The dotted lines in the rightmost column correspond to the critical
lines for µ < 1 case. For networks with LayerNorm and µ = 1, χ⋆

J = 1 holds on the entire
σb–σw plane.

while χl
J becomes

χl
J =

σ2
w

Kl
Eθ

[
1

Nl

Nl∑
k=1

ϕ′(h̃l
k)

2

]
+ µ2 . (2.28)

Remarkably, for this specific arrangement, we obtain the following theorem describing the
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Figure 2.4: Trainability (Training Accuracy) of deep MLP (Nl = 500, L = 50) on FashonMNIST
dataset. The subcritical case of erf activation with µ = 1 has enhanced trainability. The dashed
white lines denote the (analytical) critical lines.

correlation length ξ:

Theorem 2.8 (Main result). Consider a deep MLP network with Lipschitz continuous activa-

tion ϕ(·), Pre-LayerNorm and residual connections with strength µ (Equation (2.26)). In the

sequential limit (N1 → ∞, . . . , Nl → ∞, . . . , NL−1 → ∞), for large L, the correlation length
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Figure 2.5: Trainability (Training Accuracy) of deep MLP (Nl = 500, L = 50) on FashonMNIST
dataset. The combination of LayerNorm and µ = 1 makes the network everywhere-trainable. The
dashed white lines denote the (analytical) critical lines.

ξ = | logχ⋆
J |−1 can be written as

ξ =
1

| log
[
(1− µ2)A

B
+ µ2

]
| , (2.29)
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where the non-negative constants A and B are given by

A = σ2
wEθ

[
ϕ′(h̃L−2

k )2
]
, B = σ2

wEθ

[
ϕ(h̃L−2

k )2
]
+ σ2

b ,

and ϕ′(·) is the derivative of elementwise activation function ϕ(·). We omitted the average over

the neuron index k in the infinite width limit, and the result does not depend on k.

We refer the reader to Appendix A.7 for a detailed proof. Note that from the above theorem,

whenever µ = 1, the correlation length ξ diverges. This further implies that different choices of

initialization have no effect on the trainability of the network, provided that LayerNorm and

residual connections are arranged as stated.

2.6 Modern Architectures

ResNet110 V2. ResNet is one of the most widely used architectures in computer vision[13].

Figure 2.6 shows the results for ResNetV2 [14] (a) with LayerNorm and (b) with Batchnorm.

Note that BatchNorm has a similar asymptotic behavior as LayerNorm when µ = 1, but the intu-

ition and the mathematical formulation behind them are drastically different. See Appendix A.2

for a more detailed discussion of BatchNorm.

At µ = 1, σ2
w − σ2

b phase diagram shows everywhere-criticality, as expected from our

theory. For σ2
b = 0, σ2

w − µ phase diagram gets closer to criticality as we increase µ, which

results in better training at higher µ.

Additionally, networks with larger µ enjoy better trainability due to the suppression of finite

width corrections to our theory (decreased effective L/N ).
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(a) ResNet110 with LayerNorm

(b) ResNet110 with BatchNorm

Figure 2.6: Results for ResNet110 V2 (a) LayerNorm and (b) BatchNorm. Within each row from
Left to right: (1) χ⋆

J phase diagram with respect to (σ2
w, σ

2
b ) at µ = 1. The network is everywhere-

critical for both LayerNorm and BatchNorm. (2) χ⋆
J phase diagram with respect to (σ2

w, µ). (3)
Training accuracy w.r.t. σ2

w, for different values of µ. Trainability improves with with higher µ,
as the network gets closer to everywhere-critical phase. For µ = 0 and small σ2

w the network is in
the ordered phase for LayerNorm and chaotic phase for BatchNorm. (4) Training accuracy w.r.t.
µ at (σ2

w, σ
2
b ) = (2, 0). We see a monotonic improvement in trainability as we tune up the value

of µ from 0 to 1.

MLP-Mixer. MLP-Mixer architecture is a recent example of MLP approach to computer vision

[66]. It can be analyzed using the tools presented above. Fig. 2.7 shows the phase and training

diagrams. Further details can be found in the Appendix A.8. Note that the original architecture

uses µ = 1.0.

Test accuracies for figs. 2.6 and 2.7 follow similar trends as train accuracies (see Ap-

pendix A.8).
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Figure 2.7: Results for MLP-Mixer. Left to right: (1, 2) µ = 0.5, 1.0 phase diagrams (χ⋆
J ). The

network becomes everywhere-critical when µ = 1. The solid black line indicates the empirical
phase boundary. Stars denote points we selected to train on CIFAR-10. (3, 4) µ = 0.5, 1.0
MLP-Mixer training curves. All, but one, networks are L = 100 blocks deep. We see that as we
increase µ from 0.5 to 1, the trainability of all networks increases, and they are less sensitive to
initialization.

2.7 Automatic Initialization via Jacobian Tuning

As we mentioned earlier, in many cases, it is infeasible to calculate the initialization hyper-

parameters for every network manually. To address this challenge and automate the process, we

developed the AutoInit algorithm, which automatically tunes arbitrary network architectures

to criticality by adjusting the APJN in each layer. Unlike the usual way of optimizing param-

eters, this algorithm does not update the weight or bias parameters directly. Instead, it updates

only their scales through scalar multipliers.

First, we define APJN for a general batch size B for this purpose:

Definition 2.9. A general APJN with multiple examples within a batch is defined as the ffollows

J l0,l ≡ Eθ

 1

BNl

Nl∑
i=1

Nl0∑
j=1

∑
x,x′∈{B}

(
∂hl

i(x
′)

∂hl0
j (x)

)2
 , (2.30)

Note that we have generalized Definition 2.4 to incorporate Jacobians between different inputs

33



x,x′.

To efficiently calculate the Jacobian, we use the Hutchinson estimator [67] to estimate

APJN, as the sum in Definition 2.9 can be rewritten into a trace form.

Depending on the granularity, we can also impose a stricter requirement for critical initial-

ization, i.e.

χl
J = 1 ,∀ 1 ≤ l ≤ L− 1 . (2.31)

Then we can optimize the standard deviation σθl of parameters θl via the following Algo-

rithm 1:

Algorithm 1 AutoInit (SGD)

Input: Model M({σl
θ; a

l
θ(t) | ∀ 1 ≤ l ≤ L ,∀θl}), Loss function L({J l,l+1}Ll=1), T , ϵ, and η.

Set t = 0 and {alθ(0) = 1}
Evaluate L(0)
while 0 ≤ t < T and L(t) > ϵ do

alθ(t+ 1) = alθ(t)− η∇alθ
L(t)

Evaluate L(t+ 1)
end while
Return M({σl

θ = σl
θa

l
θ(t); 1 | ∀ 1 ≤ l ≤ L ,∀θl})

The choice of the objective function L is crucial. After many exploring many different

choices. We use the Jacobian-Kernel Loss (JKL), which can optimize hyperparameters to simul-

taneously APJN and the NNGP kernel for each layer. It is defined as the the following

LJK log =
1

2

L∑
l=1

[
logχl

J
]2

+
λ

2

L∑
l=1

[
log

( Kl

Kl−1

)]2
, (2.32)

where the additional hyperparameter λ controls the penalization strength for the ratio between

NNGP kernels of consecutive layers. In practice, we usually find set λ = 0 would work equally
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well.

As a proof of concept, we test AutoInit algorithm on the VGG [11] and ResMLP [68]

architectures.

ResMLP. It is an architecture for image recognition built entirely on MLPs. It offers com-

petitive performance in both image recognition and machine translation tasks. The architecture

consists of cross-channel and cross-patch MLP layers, combined with residual connections. In

Figure 2.8, we obtain a critical initialization for the ResMLP-S12 model using Algorithm 1.

Figure 2.8: (Left, Middle): Comparing J l,l+1 and Kl(x, x) for ResMLP-S12 for Kaiming, orig-
inal and AutoInit initializations. The network function in the AutoInit case is very close
to identity at initialization. (Right) Training and validation accuracy on CIFAR-10 dataset.

VGG. VGG [11], which was notoriously difficult to train before Kaiming initialization was

invented. The BatchNorm variants VGG19 BN further improve the training speed and perfor-

mance compared to the original version. PyTorch version of VGG [69] is initialized with fan out

Kaiming initialization [12].

We obtain a close to critical initialization using Algorithm 1, where we also introduced the

auxiliary parameters alθ for all BatchNorm layers. J l,l+1 is measured by the number of composite

(Conv2d-BatchNorm-ReLU) blocks or MaxPool2d layers.
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We compared J l,l+1, Kl(x, x) and accuracies on CIFAR-10 datasets between auto-

initialized model and the one from PyTorch [70], see Figure 2.9.

Figure 2.9: (Left, Middle): Comparing J l,l+1 and Kl(x, x) between PyTorch version
VGG19 BN and AutoInit version, we ensure J l,l+1 = 1 with a high priority (λ = 0.05).
(Right) Training and validation accuracy on CIFAR-10 dataset.

2.8 Discussion

We have introduced partial Jacobians and their averaged norms as tools to analyze the

propagation of gradients through deep neural networks at initialization. The scaling behavior of

APJN gives rise to an emergent length scale that characterizes the maximum trainable depth of

such networks. Using APJN evaluated close to the output, J L−2,L−1 ≈ χ⋆
J , we have introduced a

very cheap and simple empirical test for criticality. We have also shown that criticality formulated

in terms of partial Jacobians is equivalent to criticality studied previously in literature [27, 56, 59].

Additionally, APJN can be utilized to quantify criticality in inhomogeneous (i.e. no periodic

stacking of blocks) networks [2].

We have investigated homogeneous architectures that include fully-connected layers, nor-

malization layers and residual connections. In the limit of infinite width, we showed that (i) in

the presence of LayerNorm, the critical point generally becomes a critical line, making the ini-
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tialization problem much easier, (ii) LayerNorm applied to preactivations enhances correlation

length leading to improved trainability, (iii) combination of µ = 1 residual connections and erf

activation function enhances correlation length driving the network to a subcritical phase with

APJN growing according to a stretched exponential law, (iv) combination of residual connec-

tions and LayerNorm drastically increases correlation length leading to improved trainability, (v)

when µ = 1 and LayerNorm is applied to preactivations the network is critical on the entire

σb–σw plane.

We have considered examples of modern architectures: ResNet and MLP-Mixer. We

showed that at µ = 1, they are critical everywhere, due to the interaction between LayerNorm

and residual connections. We have studied ResNet at different µ’s, showing that higher µ enjoys

better trainability, due to improved initialization and suppressed effective L/N corrections.

We have empirically demonstrated that a deep (100 blocks) MLP-Mixer with µ = 1 trains

well for various initializations. In comparison, for µ = 0.5, it only trains well close to the critical

line.

Our work shows that an architecture can be designed to have a large correlation length,

leading to a guaranteed trainability with SGD for any initialization scheme.

Building on all these insights, we developed the AutoInit algorithm, which can poten-

tially assist in initializing any neural network architecture that may be designed in the future.

2.8.1 Limitations and Outlook

So far, our method can be applied to most commonly used architectures, such as Trans-

formers (see Appendix A.4 for further discussion). However, our framework currently operates
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at a coarse level of granularity, meaning that the fine-grained details of each layer cannot be

captured accurately.

More importantly, the training dynamics depend strongly on the choice of initialization.

As an extreme example, in the pre-LayerNorm architecture with residual connections described

earlier, there exists a trivial solution where all parameters are initialized to zero. Although this

initialization perfectly satisfies the criticality conditions, it leads to no learning at all. Clearly,

such an initialization is undesirable. One possible remedy is to initialize certain layers within

each block with smaller scales, ensuring both good initialization and reasonable training dynam-

ics. However, it remains unclear what the optimal strategy is for implementing such schemes,

particularly from a theoretical standpoint.

This contradiction highlights a deeper issue in architectural design. As the community in-

creasingly pursues stability through Pre-LayerNorm architectures, we inadvertently expose our-

selves to trivial minima in which the network effectively reduces to the identity function. Even

when the network is not entirely trivial, there is preliminary evidence that it may behave like a

much shallower model. Thus, the “safety” we strive for can ultimately become a limitation. From

this perspective, our goal is to use the proposed tools to initialize more nonlinear networks that

avoid this bias – potentially leading to fundamentally better architectural designs.
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Chapter 3: Emergent Low-dimensional Fixed-Point Structures in Sharpness

Dynamics

In the previous chapter, we discussed how to initialize deep and wide neural networks from

the perspective of signal propagation. Recall that we considered the limit in which the network

width tends to infinity, which under an appropriate choice of variance, yields ON(1) feature

magnitudes, ensuring that width scaling does not pose a problem. However, this alone does not

guarantee reasonable training dynamics at a large width, as we will see shortly. It is therefore

essential to examine whether the chosen width (and depth, though not covered in this dissertation)

scaling corresponds to a good initialization from an optimization perspective.

Another important topic we address in this chapter is parameterization, which can be

viewed as a kind of gauge freedom in the forward pass. Specifically, the following forward

propagation rule is equivalent to Equation (2.3):

hl
i(x) =

Nl−1∑
j=1

1√
N1−p

l−1

wl
ij ϕ(h

l−1
j (x)) + bli, 1 ≤ l ≤ L , (3.1)

where wl
ij ∼ N (0, σ2

w/N
p
l−1), for any value of p. Although the forward passes are equivalent for

different p, taking derivatives with respect to wl
ij during gradient descent (GD) leads to substan-

tially different training dynamics and loss landscapes. This motivates a deeper investigation into
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how parameterization and initialization jointly influence optimization behavior.

Interestingly, the aforementioned topics are closely related to phenomena recently observed

in the non-convex optimization community. In particular, the top eigenvalue of the loss Hessian,

λH = ∇2
θL, often referred to as the sharpness, has been shown to exhibit rich and dynamic

behavior during training. As we will see shortly, these behaviors are strongly influenced by

optimization hyperparameters, architectural choices, initialization, and parameterization.

3.1 Introduction to Sharpness Dynamics

Before proceeding to the analysis, we first provide additional insights into sharpness dy-

namics in non-convex optimization setting. Recent studies have observed that during the later

stages of training, gradient descent (GD) typically exhibits a phenomenon known as progressive

sharpening, where the sharpness gradually increases over time until it reaches approximately 2/η,

with η denoting the learning rate. Once the sharpness reaches this threshold, it ceases to grow

and instead oscillates around 2/η, a late-time training phenomenon referred to as the edge of sta-

bility (EoS) [71]. In contrast, during the early stages of training, a decrease in sharpness is often

observed, referred to as sharpness reduction [72], before the dynamics settle into a temporary

plateau.

For large enough learning rates, training temporarily destabilizes early on, and the network

“catapults” out of its local basin, leading to a temporary sudden increase in the loss in the first

few steps, before eventually settling down in a flatter region of the loss landscape characterized

by lower sharpness [73]. Similar to the loss, sharpness may also spike within the first few steps of

training and quickly decrease (sharpness catapult). A rich phase diagram as a function of network
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depth, width and learning rate summarizes the early training dynamics [72].

The discovery of these intriguing sharpness phenomena has attracted significant attention,

inspiring the study of various toy models that exhibit similar behavior. However, the precise con-

ditions under which these phenomena arise, as well as their underlying mechanisms, remain elu-

sive. In the remainder of this chapter, we analyze a simple toy model, a two-layer linear network

trained on a single example, referred to as the UV model. In this setting, we uncover emergent

low-dimensional fixed-point structures and a period-doubling route to chaos in the L–sharpness

phase space. We demonstrate that all of the phenomena described above can be reproduced in the

UV model with appropriate choices of learning rate, initialization, parameterization, and train-

ing example. Through this exploration, we offer new insights into the mechanisms underlying

sharpness dynamics and present guidance on choosing parameterization and initializations that

we validate in realistic architectures using both real and synthetic datasets.

3.2 Notations and Preliminaries

This section describes the fundamental concepts and notations that form the basis of our

analysis. Note we have switched some notations for better readability.

Dynamical Systems and Fixed Points: Consider a discrete dynamical system described by

θt+1 = M(θt). A fixed point θ∗ of the dynamics satisfies M(θ∗) = θ∗. The linear stability of

a fixed point θ∗ is determined by analyzing the eigenvalues {λJ∗
i } of the Jacobian JM(θ∗) :=

∇θM(θ) |θ=θ∗ . An eigendirection uJ∗
i of a fixed point θ∗ is stable if |λJ∗

i | < 1 and unstable if

|λJ∗
i | > 1 [74]. The dynamics is captured by the vector field of updates G(θ) := M(θ)− θ. The

corresponding unit vector is denoted Ĝ(θ) := G(θ)/∥G(θ)∥. Nullclines refer to curves where one of
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the variables, θi, remains invariant, i.e., θi;t = Mi(θt).

Parameterizations in Neural Networks: Sharpness phenomena in neural networks are intrin-

sically tied to network parameterization. Standard Parameterization (SP) [75] and Neural Tan-

gent Parameterization (NTP) [76] are two commonly used parameterizations, which converge to

kernel methods at infinite width. [77] proposed Maximal update Parameterization (µP), which

allows for feature learning at infinite width. For implementation details, see Appendix B.2.3.

UV Model: The UV model refers to a 2-layer linear network f : Rd → R trained on a single

example. We parameterize f as f(x; θ) = 1√
n1−p

vTUx, where x ∈ Rd is the input, n is the

network width, and v ∈ Rn, U ∈ Rn×d are trainable parameters, with each component drawn

i.i.d. at initialization from a normal distribution N (0, σ2
w/n

p). Here, p ∈ [0, 1] is a parameter

that interpolates between NTP and µP, and neff := n1−p is referred to as the effective width. We

consider the network trained on a single training example (x, y) using MSE loss ℓ (f(x; θ), y) =

1
2
(f(x; θ)− y)2.

3.3 Review of The Four Regimes of Training

Typical training trajectories of neural networks can be categorized into four training

regimes [72], as shown in Figure 3.1(a, b):

(T1) Early time transient: This corresponds to the first few steps of training. At small

learning rates (η < ηloss), loss and sharpness decrease monotonically. At larger learning rates

(η > ηloss), training catapults out of the initial basin, temporarily increasing the loss, and finally

converges to a flatter region [73]. By the end of this regime, sharpness has decreased from
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Figure 3.1: Training loss and sharpness trajectories of ReLU FCNs trained on a 5k subset of
CIFAR-10 examples using MSE loss and GD: (a, b) SP with σ2

w = 0.5, (c, d) SP with σ2
w = 2.0,

(e, f) µP with σ2
w = 2.0. The dashed lines in the sharpness figures show the 2/η threshold.

initialization for all learning rates, and more substantially at larger learning rates.

(T2) Intermediate saturation: Following the initial transient regime, sharpness approxi-
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mately plateaus before gradually increasing.

(T3) Progressive sharpening: In this regime, sharpness continues to increase until it reaches

λH ≈ 2/η [71, 78]. At large effective widths or small learning rates, training may conclude before

reaching this threshold.

(T4) Late-time dynamics (EoS): After progressive sharpening, for MSE loss, sharpness os-

cillates around 2/η. For cross-entropy loss, the sharpness oscillates when reaching approximately

2/η, while decreasing over longer time scales [71].

In this work, we show that the sharpness dynamics heavily depends on the initialization

and parameterization of the network, and not every training trajectory shows all four regimes.

For instance, Figure 3.1(c, d) shows that FCNs in SP with large initialization (or large effective

width) do not exhibit EoS, even when loss decreases to a value below 10−5. Following the early

transient regime, sharpness monotonically decreases, with only a nominal increase towards late

training. In contrast, Figure 3.1(e, f) shows that FCNs in µP (or small effective width) do not

experience an initial sharpness reduction at small learning rates (η < ηloss). Rather, sharpness

continues to increase until it reaches 2/η and then oscillates around it. At large learning rates

(η > ηsharp), sharpness catapults and eventually settles into the same trend as above.

These different training regimes are generically observed for more complex architectures

and datasets as we show in Appendix B.4.3, including CNNs and ResNets, trained on CIFAR-10

and Transformers trained on Wikitext-2.

In Appendix B.4.1, we show that these trends remain consistent when NTP is used instead

of SP. Given this similarity in the training dynamics between SP and NTP, we use NTP for

theoretical analysis for clarity and SP in realistic experiments for implementation convenience.

Figure 3.2 (and Figure B.2 in Appendix B.3.5) demonstrates that the UV model displays
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all four training regimes. It also captures the cases where sharpness reduction or EoS is not

observed. Therefore, the simplified UV model can serve as an effective model for understanding

these universal behaviors in the sharpness dynamics. In the subsequent section, we perform

fixed point analysis of the UV model and probe the origin of these complex phenomena in later

sections.

3.4 Fixed Point Analysis of the UV model

Under GD, the parameters of the UV model are updated as Ut+1 = Ut − η∆ftvtxT
√
neff

, vt+1 =

vt − η∆ftUtx√
neff

, where η is the learning rate and ∆ft := f(x; θt)− y is the residual at training step

t. In function space, the dynamics can be completely described using the residual ∆ft and trace

of the loss Hessian λ := Tr H = 1
neff

(
xTUTUx+ vTv xTx

)
, which is also the scalar neural

tangent kernel in this case. The function space dynamics of the UV model can be fully described

using two coupled non-linear equations (for derivation, see Appendix B.3.1):

∆ft+1 = ∆ft

(
1− ηλt +

η2∥x∥2
neff

∆ft(∆ft + y)

)
, (3.2)

λt+1 = λt +
η ∥x∥2
neff

∆f 2
t

(
ηλt − 4

(∆ft + y)

∆ft

)
, (3.3)

with effectively three parameters: η, ∥x∥/√neff and y. While similar equations have been

considered in previous works [73, 79, 80], the generalization to generic parameterizations is

novel and would be crucial in observing different sharpness phenomena such as EoS. The y = 0

case has been analyzed in prior works [72, 73] to understand catapult dynamics during early

45



training. However, neither of these works recognized the importance of a finite y value, nor did

they perform a complete analysis across the entire training trajectory, thereby missing the rich

phenomena that we will soon describe below. Here, λ can only decrease with time, as can be

seen from Equation (3.3) with η < ηmax = 4/λ0 (training diverges if η > ηmax). As a result,

the model does not exhibit progressive sharpening and EoS. Below we focus on the case y > 0,

which allows for λ to increase in time and consequently, much richer dynamics.

Equations (3.2) and (3.3) have four distinct fixed points/lines (referred to as I-IV) as de-

tailed in Table B.1 of Appendix B.3.3. The fixed line I defines a zero-loss line, meaning ℓ = 0

for all points in I; the points in I are stable for ηλ < 2 and unstable otherwise. Fixed point II at

(−y, 0) corresponds to the origin in parameter space (U,v = 0) and it is a saddle point of the

dynamics for convergent learning rates η. Both I and II are also fixed points of the GD optimiza-

tion, i.e., critical points of the loss. The loss Hessian at I is positive definite, while fixed point II

is a saddle point in the loss landscape. The remaining two fixed points III and IV are unstable

and exist only in function space, representing non-trivial parameter space dynamics that leave the

function space dynamics invariant.

Figure 3.2 shows the fixed points and the vector field Ĝ(∆f, λ) determined by Equa-

tions (3.2) and (3.3), which illustrates the direction of the updates at each point. Note that the

stability of the fixed line (I) does not follow from Ĝ alone, as the magnitude G is required to de-

termine stability. Figure 3.2 also shows training trajectories for various parameter values. Using

λ as a proxy for sharpness, we see there are regions where λ increases (colored yellow) and de-

creases (colored green) along the flow, which we refer to as progressive sharpening and sharpness

reduction, respectively. It follows from Equation (3.3) that the condition ηλ∆f = 4(∆f + y)

separates these regions. Importantly, the parameters η, ∥x∥/√neff and y influence the position of
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Figure 3.2: Training trajectories of the UV model with ∥x∥ = 1 and y = 2 in the (∆f, λ) plane
for different values of n, neff and η. The columns show initializations with different n and neff,
while the rows represent increasing learning rates for fixed initializations. The horizontal dash-
dot line ηλ = 2 separates the stable (solid black vertical line) and unstable (dashed black vertical
line) fixed points along the zero loss fixed line I. Forbidden regions, 2∥x∥|∆f + y|/√neff > λ,
(see Appendix B.3.2) are shaded gray. The nullclines ∆ft+1 = ∆ft and λt+1 = λt are shown
as orange and white dashed curves, respectively. Sharpness reduction, progressive sharpening,
and divergent regions are colored green, yellow, and blue. The gray arrows indicate the local
vector field Ĝ(∆f, λ), which is the direction of the updates. The training trajectories are depicted
as black lines with arrows, with the star marking the initialization. In all cases, ηc =

√
neff/2

(introduced in Section 3.5.2).

the fixed points. This, in turn, affects the extent of different regions and the vector field Ĝ, as

illustrated in Figure 3.2. In particular, on decreasing effective width neff, or increasing learning

rate η, fixed points III and IV move inward (see fixed point expressions in Table B.1), which rel-

atively enlarges the progressive sharpening region while shrinking the overall convergent region.

Overall, these illustrations demonstrate how the local stability and relative position of the fixed

points collectively impact the dynamics. In the subsequent section, we discuss the dynamics in

detail.
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3.5 Understanding Sharpness Dynamics in the UV model

In this section, we describe the origin of different robust phenomena in the dynamics of

sharpness using the fixed point and linear stability analysis from the previous section. This ex-

plains the four training regimes observed in the UV model. We will discuss the influence of

effective width and initializations, shedding light on the differences between NTP and µP. For

simplicity, we assume ∥x∥ = 1, while allowing neff to vary continuously. Note that we use

λ := Tr H from the previous section as a proxy for sharpness; we have verified that the top

eigenvalue of the Hessian of the loss also follows λ (see Appendix B.3.5), although it is more

difficult to analyze analytically.

3.5.1 Understanding Sharpness Trends Throughout Training

Figure 3.2 shows that the training dynamics can exhibit different behavior depending on

the initial region. Below we summarize these based on empirical observations.

(R1) Progressive sharpening region: As shown in Figure 3.2(a, d), initialization in this

region experiences an upward push due to the flow originating from fixed point II, resulting

in a steady increase in λ. Depending on η relative to a critical learning rate ηc (introduced in

Section 3.5.2) different late-time dynamics arises. For η < ηc, training converges to stable fixed

points on the zero-loss line (I), as shown in Figure 3.2(a). When η > ηc, all points along the

zero-loss line (I) become unstable, as shown in Figure 3.2(d). In this case, the network eventually

converges to a line segment joining fixed points II and IV (the EoS manifold), where it continues

to oscillate indefinitely between these fixed points, leading to the EoS phenomena. This will be

analyzed in more depth in the subsequent section.
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(R2) Sharpness reduction region between fixed points II and III: Figure 3.2(b, e) show that

initializations in this region undergo a decrease in λ as the flow is towards saddle point II. On

approaching this saddle point, the dynamics slows down, resulting in the intermediate saturation

regime. Eventually, training moves away from this saddle and enters the progressive sharpening

region. From here on, the dynamics becomes akin to the case (R1).

(R3) Sharpness reduction region b/w fixed line I and point IV: Initializations in this region

either converge to the nearby zero-loss solution for (η < ηc) or enter the progressive sharpening

region for (η > ηc). In the latter case, the dynamics resembles those of case (R1).

So far, we have described the resultant dynamics when training is initialized in different

regimes. Below, we describe the conditions that typically exhibit these regimes.

Neural Tangent Parameterization: In NTP, ∆f and λ follow normal distributions: ∆f0 ∼

N (−y, σ4
w) and λ0 ∼ N (2σ2

w, 4σ
4
w/n). Hence, the model can be initialized in any of the three

regions described above. Moreover, fixed points III and IV move outward with increasing width,

affecting the local vector field Ĝ(∆f, λ). At large widths n ≫ 1, Ĝ(∆f0, λ0) at initialization

points along
[
1 0

]T
towards the zero-loss line. For small learning rates (η < 2/λ0), training

exponentially converges to the nearest zero-loss solution (see Figure 3.2(c)). Regardless of the

initialization region, the change in λ is minimal, receiving O(1/n) updates as per Equation (3.3).

For large learning rates (η > 2/λ0), the nearby zero-loss solution becomes unstable. Consequently,

training catapults to a region with smaller λ, while bouncing between fixed points III and IV.

This is the catapult effect studied in [73] and Figure 3.2(f) demonstrates such a trajectory. By

comparison, at small widths, the dynamics follows cases (R1-R3) discussed above.
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Maximal Update (µP) Parameterizations: In contrast to NTP, the position of fixed points III-

IV do not change with width n, and ∆f0 follows the distribution: ∆f0 ∼ N (−y, σ4
w/n), while

λ0 distribution remains unchanged. Consequently, at large widths, the model is initialized at

(−y, 2σ2
w), right above fixed point II in the progressive sharpening region (R1), satisfying the

condition ηλ0∆f0 < 4(∆f0 + y). Figure 3.2(a, d) shows such a trajectory. At small widths,

fluctuations increase, making it plausible for µP networks to start in the sharpness reduction

regions. In this case, the dynamics follow case (R2) or (R3).

3.5.2 Understanding Edge of Stability

This section analyzes the EoS behavior in the UV model, particularly from the fixed point

perspective. As discussed in the previous section, the EoS behavior in the UV model arises when

all fixed points along the zero-loss line (I) become unstable wrt the learning rate. Yet, the gradient

updates (shown as gray arrows in Figure 3.2) continue to point towards the zero loss line. As a

result, training is trapped in this region, converging to the line segment that joins fixed points II

and IV —referred to as the EoS manifold —where it oscillates indefinitely.

EoS Manifold is an Attractor: By examining the two-step dyanmics akin to [80, 81], we show

in Appendix B.3.7 that training converges to the EoS manifold above a critical learning rate ηc.

For η < ηc, training converges to the stable fixed points on the zero-loss line. By comparison,

for η > ηc, all points along the zero-loss line become unstable and the EoS manifold becomes

a dynamical attractor. The critical ηc for which all points on the zero-loss line become unstable

thus gives a necessary condition for EoS:

Result 1. A necessary condition for the UV model to exhibit EoS is η > ηc =
√
neff/∥x∥y (see
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Figure 3.3: (a) Bifurcation diagram depicting limiting values of λ obtained by simulating Equa-
tion (3.4). (b) Bifurcation diagram of the UV model. In both figures, ∥x∥ = 1, y = 2, neff = 1
and ηc = 0.5.

Appendix B.3.8 for details). It is useful to scale the learning rate as η = c/λ0, in which case this

condition becomes λ0 < c∥x∥y/√neff .

For learning rates η > 2/λ0, training can catapult to regions with λT < λ0. In such cases,

the condition λT < c∥x∥y/√neff also applies.

Dynamics on the EoS Manifold and Route to Chaos: The dynamics on the EoS manifold

satisfies λ = 2∥x∥(∆f+y)/√neff, coupling ∆f and λ together. This yields the map ∆ft+1 = Mf (∆ft)

describing the dynamics on the EoS manifold, with Mf defined as

Mf (∆ft) :=∆ft +
η∆ft
ηcy

(
η∆ft
ηcy

− 2

)
(∆ft + y). (3.4)

Figure 3.3(a) shows the limiting values of λ (i.e. the values of λ that the network jumps

between at late times) as a function of learning rate, obtained by simulating Equation (3.4). We

refer to this as the bifurcation diagram. As mentioned before, for η > ηc, the zero-loss solution
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becomes unstable with λ oscillating around 2/η instead of converging. These fluctuations exhibit

a fractal structure, as the system undergoes a series of period-doubling transitions with an in-

creasing learning rate. This is the well-known period-doubling route to chaos [74]. Figure 3.3(b)

shows the bifurcation diagram of the UV model for y = 2. The bifurcation diagram diagram

extends up to η ≈ 0.8 before diverging at higher learning rates. This leads us to the following

corollary of Result 1.

Corollary 3.1. Let ηmax be the maximum trainable learning rate for a given initialization. The

bifurcation diagram is observed up to η < ηmax. If ηmax < ηc, the UV model does not exhibit

EoS.

These results suggest that models with small λ0 and neff are more prone to show EoS

behavior. As a result, µP networks or those with small initial weight variance are more likely to

exhibit EoS. On the other hand, large-width NTP networks may not show EoS behavior at all. In

the next section, we will validate this prediction in real-world scenarios.

Connections to sub-quadratic loss : [82] demonstrated that GD on sub-quadratic loss with

large learning rates inherently results in EoS behavior. Here, we show that the loss on the EoS

manifold of the UV model is sub-quadratic near its minimum. As noted above, the dynamics

on the EoS manifold satisfies λ = 2∥x∥(∆f+y)/√neff. The loss on the EoS manifold is then given

by L(θ) = 1
2
∆f 2 = y2

2
(ηcλ

2
− 1)2 (see Appendix B.3.9 for derivation), where θ denotes the

parameters. Since λ ∼ O(∥θ∥2), the loss is of the form L(θ) ≈ 1
2
(a∥θ∥2 − b)2 and is sub-

quadratic near its minimum. The GD dynamics near the minimum is given by a cubic map,

which is known to show the period-doubling route to chaos [83]. [84] showed a similar route

to chaos by considering a two-layer network with quadratic activation, with the last layer vector
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Figure 3.4: (a, b) Heatmap of ηλH/2 and test accuracy of ReLU FCNs in SP trained on a 5k subset
of CIFAR-10 until 99% training accuracy is achieved, with the weight variance σ2

w and learning
rate multiplier c = ηλH

0 as axes. As the color varies from blue to white, ηλH/2 increases. (b, d)
Same heatmaps with fixed σ2

w = 2.0, but varying s continuously.

v fixed through training and each entry set to one. In this model, the loss is sub-quadratic by

construction ((∥Ux∥2 − y)2 and the dynamics is given by a cubic map.

3.6 Predictions and Verifications in Real-world Scenarios

The preceding analysis offers broader insights and predictions for optimization in real-

world models. In this section, we study realistic architectures with real and synthetic datasets and
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examine the extent to which insights from the UV model generalize.

Experimental Setup: Consider a network f(x; θ), with trainable parameters θ, initialized us-

ing normal distribution with zero mean and variance σ2
w in appropriate parameterization. In this

section, we use the interpolating parameterization with s ∈ [0, 1] (detailed in Appendix B.2.3),

where networks with s = 0 are equivalent to networks in SP as width n goes to infinity and those

with s = 1 are in µP. The network is trained on a dataset with P examples using MSE loss and

GD. The learning rate is scaled as η = c/λH
0 , where c is the learning rate constant, and λH

0 is the

sharpness at initialization. Additional details provided in figure captions and Appendix B.2.2.

3.6.1 Implications of Initialization and Parameterization for Real-world Mod-

els

The analysis in Section 3.5.1 unveils crucial insights into the implicit biases of parameter-

ization in real-world networks. Figure 3.2(a, d) shows that µP networks begin training in a flat

region of the landscape, where gradients point towards increasing sharpness, and approach the

zero loss line while maintaining a low sharpness bias. In contrast, networks in NTP (or equiv-

alently SP), characterized as large initializations, experience sharpness reduction during early

training and might not approach with a minimal sharpness bias. The agreement of these observa-

tions with networks trained on real-world datasets (Figure 3.1) suggests that these inherent biases

hold in practical scenarios.

54



3.6.2 Sharpness & Weight-Norm Correlation and the Origin of Four Regimes

Section 3.5.1 revealed that, for a wide variety of initializations, at early times trajectories

move closer to the saddle point II, resulting in an interim decrease in λ (also proportional to the

weight norm in this case), before eventually increasing. This critical point where all parameters

are zero also exists in real-world models. We thus anticipate that in real-world models, the origin

of the four training regimes may be related to a similar mechanism. This would predict a decrease

in weight norm as training passes near the saddle point, followed by an eventual increase. In

Appendix B.5, we validate this hypothesis. During the sharpness reduction and intermediate

saturation regimes, we see a decrease in the weight norm, followed by an increase in the weight

norm as the network undergoes progressive sharpening, following the prediction from the UV

model.

3.6.3 The Phase Diagram of Edge of Stability

Result 1 presents a necessary condition for EoS to occur in the UV model: λ0 < c∥x∥y/√neff.

In real-world models, the initial sharpness λH
0 can be controlled using the initial variance of the

weights σ2
w. Therefore, this result predicts that real-world models with (i) small initial weight

variance σ2
w, (ii) large interpolating parameter s, or (iii) large learning constant c are more likely

to exhibit EoS behavior. Figure 3.4(a, c) show the phase diagram of EoS, validating these pre-

dictions. Additional phase diagrams in Appendix B.6 indicate an enhanced tendency for CNNs

and ResNets to exhibit EoS. Furthermore, Figure 3.4(b, d) show the corresponding test accuracy

heatmaps for the above experiments, revealing a positive correlation between observing EoS and

improved model performance.
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Figure 3.5: 2-layer linear FCNs trained on (first row) 5, 000 iid random examples with unit out-
put dimension and (second row) 5, 000 CIFAR-10 examples. Different columns correspond to
the bifurcation diagram, late-time sharpness trajectories, and the power spectrum of sharpness
trajectories. The power spectrum is computed using the last 1000 steps of the trajectories.

3.6.4 Route to Chaos and Bifurcation Diagrams

The analysis in Section 3.5.2 unveiled structured fluctuations in λ at the EoS, with a period-

doubling route to chaos observed as the learning rate is tuned. This motivates us to analyze

fluctuations at the EoS in real-world models trained on realistic and synthetic datasets. Figure 3.5

shows the bifurcation diagram, late-time sharpness trajectories, and power spectrum of sharpness

trajectories for a 2-layer linear FCN. In the first row, the model is trained on random synthetic

data with 5, 000 iid examples with unit output dimension, whereas, in the second row, on a 5, 000

example subset of CIFAR-10. Similar to the UV model, FCNs trained on random data exhibit

a period-doubling route to chaos, as shown in Figure 3.5(a). By comparison, FCNs trained on

CIFAR-10 only show dense bands in the sharpness rather than exhibiting a clear period-doubling

route to chaos.
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On analyzing the sharpness trajectories at EoS, we observe long-range correlations in time

in real datasets, with fluctuations increasing with the learning rate (see Figure 3.5(e)). By compar-

ison, sharpness trajectories of models trained on random datasets exhibit short-period oscillations

(see Figure 3.5(b)). The power spectrum of these sharpness trajectories further quantifies these

observations, as shown in Figure 3.5(c, f). In the random dataset case, high-frequency modes

corresponding to the period-doubling route to chaos emerge at EoS as shown in Figure 3.5(c).

In contrast, real datasets exhibit low-frequency modes at small learning rates. As the learning

rate is increased, high-frequency modes, reminiscent of the period-doubling route to chaos, start

emerging (see Figure 3.5(f)). In Appendix B.7.1, we demonstrate that CNNs and ResNets trained

on image datasets show dense bands of sharpness similar to those in FCNs.

To understand when the period-doubling route to chaos arises, we perform further analysis

in Appendix B.7. A key determining feature appears to be whether the singular value spectrum

of the input-input and output-input covariance matrices are flat or have power-law decay. In Ap-

pendix B.7.2, we show that a 2-layer FCNs trained on a random dataset with power-law singular

value spectrum in the input exhibits dense sharpness bands. In Appendix B.7.3 we show that

linear FCNs trained on synthetic datasets with random inputs, such as teacher-student settings

and generative settings (details in Appendix B.2.1), exhibit the period-doubling route to chaos.

In contrast, non-linear networks trained on these tasks exhibit dense sharpness bands as observed

in real datasets. These observations shed some light on the nature of EoS observed in realis-

tic settings. Nevertheless, a complete understanding of sharpness fluctuations at EoS requires a

separate detailed examination.
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3.7 Related Work

Using the top eigenvalue of the Neural Tangent Kernel (NTK) λK at initialization (t = 0),

[73] revealed a ‘catapult phase’, 2/λK
0 < η < ηmax, in which training converges despite an initial

spike in training loss. After the early training phase, sharpness continues to increase until it

reaches a break-even point [78], beyond which GD dynamics typically enters the EoS regime

[71]. This has motivated various theoretical studies to understand GD dynamics at large learning

rates [81, 82, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93]. These include an analysis by [85], who show

analyzed EoS in a 2-layer linear network using the norm of the last layer, restricting to cases

that show progressive sharpening from initialization. [80] suggested that the UV model does not

exhibit EoS behavior but showed that a modified model exhibits progressive sharpening and two-

step oscillations at EoS using NTK as the proxy. In contrast, we show that the UV model shows

EoS behavior under the appropriate choice of parameterization and training example. Meanwhile

[81] analyzed two-step gradient updates of a single-neuron network and matrix factorization to

gain insights into EoS. Furthermore, [93] analyzed a 2-layer linear network under logistic loss

and demonstrated that sharpness at late training times oscillates around 2f/ηℓ′, where f is the

network output and ℓ′ is the derivative of the loss. Another study by [84] analyzed large learning

rate dynamics of toy models which are characterized by a one-dimensional cubic map. Our

work, in contrast, delves into various sharpness phenomena occurring throughout the training

trajectory and analyzes their origins. It is worth noting that a concurrent study by [94] also

examines sharpness throughout training. [95] relate sharpness dynamics to learning rate transfer

in µP networks by showing that sharpness trajectories do not change appreciably when depth and

width are varied. Given that our analysis spans the entire training trajectory, it relates to numerous
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studies. Hence, we defer a comprehensive discussion of related works to Appendix B.1.

3.8 Discussion

In this chaper, we analyzed the crucial effect of initializations and parameterizations on

the sharpness dynamics of neural networks and characterized conditions under which sharpness

phenomena, such as sharpness reduction, progressive sharpening, and EoS, occur during training.

To develop a deeper understanding of these sharpness phenomena, we analyzed the UV

model, which exhibits these sharpness trends. Through a fixed point analysis, we uncover the

underlying mechanisms behind these complex sharpness phenomena, such as (i) the mechanism

behind early sharpness reduction and progressive sharpening, (ii) the required conditions for

the edge of stability, (iii) the crucial role of initialization and parameterization, and (iv) a period-

doubling route to chaos on the edge of stability manifold as the learning rate is increased. Finally,

we demonstrated that various predictions from this simplified model generalize to real-world

scenarios.

3.8.1 Limitations and Future Work

While the UV model does capture major sharpness phenomena, it does have some limita-

tions. The UV model does not capture the non-monotonic decrease in the training loss at EoS

and should be viewed as a model describing a subspace of real-world settings. This is because

the UV model dynamics is effectively described by two variables and the EoS condition λ = 2/η

puts another constraint. As a result, the loss also oscillates along with sharpness at EoS. In com-

parison, real-world neural networks have a large number of degrees of freedom, and the training
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can still converge in stable eigendirections. Furthermore, the UV model does not exhibit loss cat-

apult behavior for small effective widths (neff = 1). In such cases, the threshold for loss catapult

(η = 2/λ0) is comparable to the maximum trainable learning rate. Finally, the UV model does not

capture long-range correlations in sharpness dynamics observed in realistic datasets. Through

extensive experiments, we identified that long-range correlations in the input covariance matrix

results in these long-range correlations.

The applicability of the fixed point analysis extends well beyond the UV model and can be

employed in settings involving complex architectures and adaptive optimizers. A prerequisite for

applying this method is the closure of the dynamical equations describing the model. While this

closure requirement is manageable for deep linear networks through additional function space

variables, it becomes challenging for non-linear DNNs where such closure with a few variables

is difficult. By analyzing the fixed points of such equations in broader classes of models where

closure is achievable, we can gain significant insights into their training dynamics, thereby ad-

vancing our understanding of non-convex optimization in neural networks.

Finally, as evident from the discussion in this chapter, sharpness provides a natural guide

for selecting the learning rate and its scheduling. However, determining an appropriate learning

rate in practice remains challenging. For η ≤ c/λH , if c < 2, the system typically undergoes

progressive sharpening, making the loss landscape increasingly sharp and consequently forcing

a rapid decay of the learning rate due to cascading effects. On the other hand, choosing c > 2

can lead to instabilities near the EoS. The principles governing optimal learning rate schedules

are therefore still unclear and represent an important direction for future exploration.
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Chapter 4: Grokking Modular Arithmetic

In the previous chapters, we discussed how architectural choices, initialization schemes,

and parameterization influence neural network learning. However, we have not yet addressed the

most crucial factor, arguably the one that has contributed most to the success of deep learning –

the data itself.

Understanding the role of data and its effects on pretrained large-scale models remains

extremely challenging, particularly from a quantitative and mechanistic perspective. To make

progress, we turn to modular arithmetic datasets, which are both highly interpretable and non-

trivial for neural networks to learn. These datasets enable us to investigate many core topics

in modern deep learning in a controlled setting. Moreover, the dataset introduced in this chap-

ter can be naturally extended to more complex scenarios that bridge toward real-world models

(Chapter 5), while also remaining closely connected to practical problems of interest (Chapter 6).

Using this dataset, we construct controlled experiments where the mechanisms of gener-

alization and memorization, an issue that has remained central to deep learning research, can

be explicitly disentangled and analyzed. We show that studying such simplified yet expressive

setups yields valuable insights into how neural networks acquire algorithmic and generalizable

structures from data.
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4.1 Introduction

The term grokking1 refers to a phenomenon in which a model abruptly transitions from

memorization (overfitting) to generalization (see Figure 4.1). This behavior was first reported by

Power et al. [29] in modular arithmetic datasets. Specifically, it was observed when models were

trained to solve modular arithmetic tasks of the form

(x+ y) mod p =? , (4.1)

where x, y ∈ Zp and p denotes a prime number. Notably, a similar transition is observed when

plotting test accuracy as a function of training set size, i.e. number of (x, y) pairs used for

training.

(a) (b)

Figure 4.1: Left to right: (a, b) Losses and accuracies of a two-layer MLP trained on modular
arithmetic data with four variables (p = 11, α = 0.5). It exhibits delayed and rapid transition
from memorization to generalization, which we call grokking.

During this transition, the model is believed to undergo an internal circuit change, in which

1The word “grok” was first coined by Heinlein [96] and has since taken on multiple interpretations. Here, we use
it in the sense of “to understand intuitively.”
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a robust circuit capturing the true underlying data distribution emerges. This observation raises

several important questions: (i) under what conditions (e.g., dataset size, training time, regu-

larization) does this emergence occur? (ii) Are the memorization and generalization circuits

qualitatively different? and (iii) is this phenomenon robust against data error/noise?

These questions are particularly relevant for understanding modern LLMs. Determining the

conditions under which new model capabilities emerge, and uncovering the internal mechanisms

underlying these behaviors, are crucial for gathering high-quality training data. Furthermore,

because noisy data is inevitable at the scale of the internet, studying the robustness of these

phenomena to noise becomes essential. By elucidating how generalization capabilities emerge in

a controlled setting, we aim to gain insights that advance our understanding of complex LLMs

and ultimately inform the development of more robust and reliable models.

4.2 Setup

Gromov [30] introduced a minimal setup to study the grokking phenomenon, where a key

feature of the setting is the existence of an analytical solution that is qualitatively similar to the

one learned through gradient descent. In this chapter, we adopt the same minimal setup: a two-

layer MLP of width N with quadratic (ϕ(x) = x2) activations, trained to solve the modular

arithmetic task described in Equation (4.1).

Such a setup can be described as follows:

f(x, y) = Wϕ (W in(ex ⊕ ey)) = Wϕ (U ex + V ex) . (4.2)

Here, ex, ey ∈ Rp are one hot encoded numbers x, y. “⊕” denotes concatenation of vectors
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(ex ⊕ ey ∈ R2p). Win ∈ RN×2p and W ∈ Rp×N are the first and second layer weight matrices,

respectively. ϕ is the activation function. Win is decomposed into two N × P blocks: U ,V ∈

RN×p. U ,V serve as embedding vectors for m,n respectively. f(x, y) ∈ Rp is the network-

output on one example pair (m,n). The targets are one hot encoded answers e(x+y)% p.

The dataset consists of p2 example pairs2; from which we randomly pick αp2 examples for

training (memorization), and use the other (1− α)p2 examples as a test set (generalization). We

will refer to α as the data fraction. Throughout this chapter, networks are trained with Full-batch

using AdamW optimizer [97] and MSE loss, unless otherwise stated.

Analytical Solution Choosing the quadratic activation function ϕ(x) = x2 makes the problem

analytically solvable [30]. Upon grokking, the trained network weights are qualitatively similar

to the analytical solution presented in Gromov [30].3 For sufficiently large width N , the following

analytical expression for the network weights achieves 100% generalization accuracy:

Uki =

(
2

N

)− 1
3

cos

(
2π

p
iσ(k) + ϕ

(u)
k

)
,

Vkj =

(
2

N

)− 1
3

cos

(
2π

p
jσ(k) + ϕ

(v)
k

)
,

Wqk =

(
2

N

)− 1
3

cos

(
−2π

p
qσ(k)− ϕ

(u)
k − ϕ

(v)
k

)
,

(4.3)

where σ(k) denotes a random permutation of k in permutation group SN . The phase ϕ(u)
k and ϕ

(v)
k

are uniformly i.i.d. sampled between (−π, π]. Then the argument above can be easily shown4

by writing down the network function with input pair (x, y), then one hot embedding will

2There are p choices for x and y accordingly.
3Periodicity of weights is approximate in trained networks.
4Note this is adapted from [4], and originally appeared in [30].
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naturally pick the rows from U and V with x, y as their indices:

fz(x, y) =
N∑
k=1

Wzk(Ukx + Vky)
2

=
2

N

N∑
k=1

cos

(
−2π

p
σ(k)z − (ϕ
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k + ϕ

(v)
k )

)
·

·
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(u)
k

)
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(v)
k

))2
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N
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. (4.4)

Here, we have highlighted the term that will give us the desired output with a box, where

other terms vanish at a large width N due to the cancellation of random phases. Now, if we recall

the discretize Fourier Transform of the Kronecker Delta, then we have at large width N

fz(x, y) ≈
1

N

N∑
k=1

cos

(
2π

p
σ(k)(x+ y − z)

)
≈ δp(x+ y − z) , (4.5)
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where the Kronecker Delta is defined modulo p as

δp(a) =


1 , if a = np (n ∈ Z)

0 , otherwise

(4.6)

Consequently

fz(x, y) ≈


1 , if z = x+ y mod p

0 , otherwise

, (4.7)

which is the desired function that can solve the task Equation (4.1).

Inverse Participation Ratio To characterize the generalizing representations quantitatively, we

utilize a quantity familiar from the physics of localization[30, 98]: the inverse participation ratio

(IPR). Its role is to detect periodicity in the weight matrix.

Let Uk·,Vk·(Wk·) denote the kth row(column) vectors of the weights U ,V (W ). Consider

the discrete Fourier transforms of these vectors, denoted by Ũk·, Ṽk·(W̃k·). The Fourier decom-

positions of the periodic rows(columns) of these weights are highly localized. We leverage this

to quantify the similarity of trained weights to the analytic solution (Equation (4.3)). To that end,

we define the Inverse Participation Ratio (IPR) [30, 98, 99] for these vectors: 5

IPR(u)
k :=

(
∥Ũk·∥4
∥Ũk·∥2

)4

; IPR(v)
k :=

(
∥Ṽk·∥4
∥Ṽk·∥2

)4

; IPR(w)
k :=

(
∥W̃·k∥4
∥W̃·k∥2

)4

; (4.8)

where ∥·∥P denotes the LP -norm of the vector. One can readily see from (4.8) that IPR ∈
5In general IPR is defined as (∥Uk·∥2r/∥Uk·∥2)2r. We set r = 2, a common choice.
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[1/p, 1], with higher values for periodic vectors and lower values for non-periodic ones. It is

useful to quantify the periodicity of each neuron in the hidden layer of the network (indexed by

k). We define per-neuron IPR by averaging over the weight-vectors connected to the neuron:

IPRk :=
1

3

(
IPR(u)

k + IPR(v)
k + IPR(w)

k

)
. (4.9)

Since trained networks generalize via periodic features, a larger population of high-IPR

neurons leads to better generalization. To quantify the overall similarity of the trained network

to the analytical solution (Equation (4.3)), we average IPRk over all hidden neurons: IPR :=

Ek [IPRk].

To verify this intuition, we trained networks from random initialization with p = 97 and

tracked the IPR values throughout training. As shown in Figure 4.2, the IPR values and their

distribution before and after the transition align precisely with our expectations.

Figure 4.2: Grokking the modular addition task with p = 97 with 2-layer MLP, trained with
AdamW. (a) Sharp transition in test accuracy, long after overfitting. IPR := Ek [IPRk] monotoni-
cally increases over time, indicating periodic representations. The test accuracy follows a logistic
curve of the form L/(1+e−k(t−t0)), with L = 1.00±0.01, k = 0.46±0.01 and midpoint of steps
at t0 = 32.76 ± 0.03. (b) Example row vector (Uk·) before and after grokking. Generalization
is achieved through periodic weights (Equation (4.3)). (c) Histogram of per-neuron IPRs before
and after grokking – the distribution shifts to high IPR.
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Figure 4.3: Training curves in various phases. All plots are made for networks trained with
data-fraction α = 0.5 and corruption-fraction ξ = 0.35. (a) No regularization: Coexistence of
generalization and memorization – both train and test accuracies are high. (b, c) Adding weight
decay: The network generalizes on the test data but does not memorize the corrupted training
data, resulting in a negative generalization gap. Remarkably, the network predicts the “true”
labels for the corrupted examples. We term these phases Partial Inversion and Full Inversion,
based on the degree of memorization of corrupted data. (“inversion” refers to test accuracy being
higher than train accuracy.)

4.3 Probe Generalizing Circuit with Label Noise

As mentioned earlier, this setup provides an ideal environment for studying memorization

and generalization in the presence of noisy data. One might naturally conjecture that memorized

noisy data should not activate neurons with high IPR, while generalization should continue to be

driven by high-IPR neurons. This distinction allows us to separate the memorization circuit from

the generalization circuit at a mechanistic level, thereby enhancing our understanding of these

fundamental processes.

Our approach for better disentangling memorization from generalization is to introduce la-

bel corruption, where intuitively, a corrupted datapoint can only be memorized by the model, and

the others can be solved by the true underlying algorithm. We choose a fraction ξ of the training

examples, and replace the true labels with random labels. The corrupted labels are uniformly

i.i.d. sampled from all possible labels. This is often called symmetric label noise in literature
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[100].

Grokking MLP on the modular addition dataset is remarkably robust to label corruption.

Even without explicit regularization, the model can generalize to near 100% accuracy with sizable

label corruption. In many cases, the network surprisingly manages to “correct” some of the

corrupted examples, resulting in Inversion (i.e. test accuracy > training accuracy). We emphasise

that this is in stark contrast to the common belief that grokking requires explicit regularization.

Adding regularization makes grokking more robust to label corruption, with stronger Inversion.

To quantify these behaviours, we observe the training and test performance of the network with

varying sizes of training dataset, amount of label corruption and regularization. We summarize

our findings in the form of empirical phase diagrams (Figures 4.4 and 4.5), featuring the following

phases.

Coexistence. In the absence of explicit regularization, the network generalizes on test data and

memorizes the corrupted training data. In other words, both train and test accuracy are close to

100% despite label corruption.

Partial Inversion. In this phase, the network generalizes on the test data but only memorizes a

fraction of the corrupted training data. Remarkably, the network predicts the “true” labels on the

remaining corrupted examples. In other words, the network corrects a fraction of the corrupted

data. Consequently, we see < 100% train accuracy but near-100% test accuracy, resulting in a

negative generalization gap (Figure 4.3(b))! We term this phenomenon Partial Inversion; where

“inversion” refers to the test accuracy being higher than train accuracy. Remarkably, partial

inversion occurs even in the absence of any explicit regularization, but only when there is ample
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Figure 4.4: Modular addition phase diagrams with respect to data fraction α and corruption
fraction ξ. Left to right: different weight decay values (denoted as “wd”). Top to bottom: (top)
Training accuracy gets worse with higher regularization strength for the same amount of data.
(middle) Test accuracy improves accordingly. (bottom): Combined phase diagrams, data used
from the first two rows.

training data (left-most panels in Figures 4.4 and 4.5).

Full Inversion. Upon adding regularization, the network often generalizes on the test set but

does not memorize any of the corrupted examples. This results in training accuracy plateau-

ing close to 100(1 − ξ)% (ξ is the corruption fraction); while the test accuracy is at 100%

(Figure 4.3(c)). Increasing regularization enhances this phase (middle columns in Figures 4.4

and 4.5.

Memorization. With very high label corruption and/or very low training data-fraction the net-

work memorizes all of the training data (corrupted as well as non-corrupted), but does not gener-
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Figure 4.5: Modular addition phase diagrams with respect to data fraction α and corruption
fraction ξ. Left to right: different Dropout values (denoted as “dp”). The behavior is very similar
to weight decay, except for very large Dropout values, where the model is lost in the chaos
introduced by the Dropout and fails to memorize the corrupted data.

alize. We get close to 100% accuracy on training data, but random guessing accuracy on test data

in this phase.

Forgetting. With very high weight decay, the network performs poorly on both training and

test data (right-most panel in Figure 4.4. Note here, we called it forgetting because we find that

the performance drop is a result of the norms of weights collapsing to arbitrarily small values

at a later training time. We also find that forgetting exclusively occurs in grokked networks

with activation functions of degree higher than 1 (e.g., we use ϕ(x) = x2) and with adaptive

optimizers.
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Confusion. With very high Dropout values, the network becomes effectively narrow for each

instance, resulting in reduced capacity to memorize. Consequently, even in the absence of

grokking, the network does not manage to memorize all the corrupted labels (right-most panel in

Figure 4.5(b)).

Here we provide Table 4.1 as a heuristic summarization the characteristics of each phase,

with a more quantitative discussion in Appendix C.3.

Coexistence Partial
Inversion

Full
Inversion Memorization Forgetting /

Confusion
Memorizes

corrupted train data Yes Partially No Yes No

Generalizes
on test data Yes Yes Yes No No

Table 4.1: Qualitative characterization of phases.

4.3.1 Generalizing and Memorizing Circuits

The generalizing features in our setup are “mechanistically” interpretable (Equation (4.3)).

As a result, we can leverage measures of periodicity such as IPR to quantitatively characterize

various phases presented above. It also allows us to analyze the effect of various regulariza-

tion schemes. To that end, we state the following hypothesis and extensively examine it with

experiments.

Hypothesis 4.1. For a two-layer MLP with quadratic activation trained on (one-hot encoded)

modular addition datasets with label corruption, the high IPR neurons facilitate generalization

via feature-learning whereas the low IPR neurons cause memorization of corrupted training data.

To test Hypothesis 4.1 we study the distribution of per-neuron IPR in various phases, with
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different levels of regularization. In the Coexistence phase, the network simultaneously gener-

alizes and memorizes the corrupted train data. From Hypothesis 4.1, we expect the presence of

both generalizing and memorizing neurons. Indeed, we find a bi-modal distribution of IPRs in

trained networks (left column of Figure 4.6). Remarkably, the network not only distinguishes

between the tasks of feature-learning and memorization, it also assigns distinct and independent

sub-networks to each.

As mentioned in the previous section, adding regularization in the form of weight decay

or Dropout makes the generalization more robust and facilitates Inversion. Since these phases

see decreased memorization of corrupted labels, we expect to see a decrease in the number of

memorizing neurons and a corresponding increase in the generalizing ones. Indeed, we ob-

serve a distribution-shift towards higher IPR in the Partial Inversion phase (middle column of

Figure 4.6). In the Full Inversion phase (induced by weight decay or dropout), we see that mem-

orizing neurons are almost entirely eliminated in favor of generalizing ones (right column of

Figure 4.6). This provides a mechanism by which the network recovers the “true” labels even for

the corrupted data – in the absence of memorizing sub-network, its predictions are guided by the

underlying rule and not corrupted samples.

To further isolate the effect of individual neurons on performance, we perform the two

complementary pruning experiments (Figure 4.7) : Starting from a trained network in the Co-

existence phase, we gradually prune out neurons, one-at-a-time, (i) starting from the lowest IPR

neuron (ii) starting from the highest IPR neuron, while keeping track of training and test accura-

cies. To distinguish network’s ability to memorize, we also track the accuracies on corrupted and

uncorrupted parts of the training dataset. Before pruning, the network has near-100% accuracy on

both train and test data. In case (i) (Figure 4.7(left)), we see a monotonic decrease in accuracy on
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(a) Regularization with weight decay. (wd denotes the weight decay value)

(b) Regularization with Dropout. (dp denotes the Dropout probability)

Figure 4.6: Distribution of per-neuron IPR for trained networks in various phases. Coexistence
phase has a bimodal IPR distribution, where the high and low IPR neurons facilitate general-
ization and memorization, respectively. Regularization with weight decay or Dropout shifts the
IPR distribution towards higher values – Generalizing neurons get more populous compared to
memorizing ones; resulting in more robust generalization and Inversion. All plots are made for
networks trained with data-fraction α = 0.5 and corruption-fraction ξ = 0.35; with various reg-
ularization strengths.

corrupted examples as more and more low IPR neurons are pruned. The accuracy on test data as

well as ucorrupted training data remains high. The resulting (overall) training accuracy plateaus

around 100(1− ξ)%, corresponding to the fraction of uncorrupted examples. In case (ii) (Figure

4.7(right)), as more high IPR neurons are pruned, we see a decline in test accuracy (as well as the

accuracy on the uncorrupted training data). The network retains its ability to memorize, so the

accuracy on corrupted training data remains high.

We emphasize that, although each generalizing neuron learns the useful periodic features,
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Figure 4.7: Progressively pruning neurons from a trained model (Coexistence phase), based on
IPR. (data fraction α = 0.5, corruption fraction ξ = 0.35). (Left) Pruning out neurons starting
from the lowest IPR. The accuracy on corrupted training data decreases, providing evidence that
low IPR neurons are responsible for memorization. Test accuracy as well as accuracy on uncor-
rupted training data remains high. (Right) Pruning out neurons starting from the highest IPR. Test
accuracy decreases providing evidence that high IPR neurons are responsible for generalization.
Accuracy on corrupted training data remains high.

the overall computation in the network is emergent: it is performed collectively by all generaliz-

ing neurons.

4.3.2 General Architectures

In this subsection, we aim to check if (i) we can quantify memorization/generalization

capabilities of general architectures using IPR distribution of the neurons; (ii) our understanding

of regularization can be generalized to such cases.

Hypothesis 4.2. For any network that achieves non-trivial generalization accuracy on the mod-

ular addition dataset with label corruption, its operation can be decomposed into two steps: (I)

The input (embedding) layer with row-wise periodic weight maps the data onto periodic features;

(II) The remainder of the network nonlinearly implements trigonometric operations over the pe-

riodic neurons and maps them to the output predictions. We hypothesize that step (I) depends

only on the dataset characteristics; and hence, is a universal property across various network

architectures.
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Figure 4.8: Modular Addition phase diagrams and IPR histograms with different architectures
and weight decay values (denoted by “wd”). The IPR histograms are plotted for neurons con-
nected to the input (embedding) layers.

To verify Hypothesis 4.2 and better understand the impact of regularization, we conduct

further experiments on 1-layer Transformers and 3-layer ReLU MLPs. Our findings, illustrated

in the first two columns of Figure 4.8 and paralleling the observations in Figure 4.4(a), indicate

that increased weight decay promotes generalization over memorization. IPR histograms in the

last two columns of Figure 4.8 further confirm that weight decay encourages the correct features

and corroborates the assertions made in Hypothesis 4.2.

4.4 Related Works

Grokking and Interpretability. Grokking was first reported by Power et al. [29] for Trans-

formers trained on modular arithmetic datasets. Liu et al. [101, 102] presented explanations

for grokking in terms of quality of representation learning as well as weight-norms. They also
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found grokking-like behaviors on other datasets. Nanda et al. [103], Zhong et al. [104] reverse-

engineered grokked Transformer models and revealed the underlying learned algorithm. Barak

et al. [105] observed grokking on the sparse-parity problem, which they attributed to the ampli-

fication of the so-called Fourier gap. Varma et al. [106] demonstrated new grokking-behaviours

by investigating the critical amount of data needed for grokking.

Label Noise. Zhang et al. [107] showed that neural networks can easily fit random labels. A

large body of work has been dedicated to developing techniques for robust training with label

noise: explicit regularization[108, 109], noise-robust loss functions [110], sample selection [111,

112], noise modeling and dedicated architectures [113, 114, 115] etc.

Regularization and Pruning. Morcos et al. [116] investigated the interplay between label cor-

ruption and regularization in vision tasks. They showed that BatchNorm [109] and Dropout [108]

have qualitatively different effects. Dropout effectively reduces the network-size but does not dis-

courage over-reliance on a few special directions in weights space; while BatchNorm spreads the

generalizing features over many dimensions. Bartoldson et al. [117] found that there is a trade-off

between stability and generalization when pruning trained networks.

4.5 Discussion

Although the trained models in our setup are completely interpretable by means of analyti-

cal solutions, the training dynamics that lead to these solutions remains an open question. Solving

the dynamics should also shed more light on the effects of regularization and label corruption.

While our work is limited to the exactly solvable models and algorithmic datasets, it paves
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the way to quantitative investigation of generalization and memorization in more realistic settings.
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Chapter 5: In-Context Learning and Skill Composition

Building on our understanding of modular arithmetic tasks from the previous chapter, we

now increase the task complexity to achieve two objectives: (i) bring the setup closer to real-

world tasks commonly used to evaluate LLM capabilities, and (ii) preserve interpretability and

controllability, enabling us to study how, and under what conditions, in-context learning (ICL),

one of the most important abilities of modern LLMs to adopt to unseen tasks, emerges within

these models.

5.1 Introduction

One key property that has made LLMs widely adopted today is their ability to perform

tasks absent from their training data. This capability is typically achieved through in-context

learning [16]. More importantly, LLMs can perform an even larger variety of very complex tasks

upon appropriate prompting or fine-tuning. The latter ability to perform complex tasks is usually

attributed to the following mechanism. First, LLMs learn a large variety of simple tasks and, then,

how to compose those skills to form very complex skills [31]. Furthermore, LLMs also exhibit

“emergent capabilities” – a sudden emergence of a new complex skill as a function of scale

(either model size, compute or data) [118, 119]. It is plausible that these sudden performance

improvements are due to one or both of these mechanisms. For example, LLMs show grokking
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on algorithmic tasks [29], which results from the model learning very structured representations

[30, 101, 103]. Once these representations emerge, the model abruptly learns how to perform the

task.

In this Chapter, we set out to examine skill composition both empirically and mechanis-

tically. Inspired by the prior work that investigated emergence of in-context learning on linear

regression tasks [120, 121], we introduce a finite collection of discrete modular arithmetic tasks

[29] generalized to the in-context learning setting. Each task corresponds to learning a linear

function z = a x + b y mod p over Zp from the examples provided in context of the Auto-

regressive Model(AM). In the bi-variate case there are p2 such functions labeled by the vector

(a, b). The main objective of this algorithmic dataset is to probe how AM utilizes the tasks it has

learnt during training to solve the new tasks.

Our analysis shows that the solution found by the AM after optimization is qualitatively

different from the linear regression cases studied before [120]. In those cases, due to the continu-

ous nature of the task, AM develops an emergent first-order optimization method that minimizes

an emergent quadratic loss function. Furthermore, as it was shown in [120], a single linear atten-

tion layer can solve the regression problem, while adding extra layers and non-linearities slightly

modifies the gradient descent. In the modular arithmetic case, AM first learns how to solve the

pre-training tasks and later (assuming enough different tasks) develops a generalizing solution by

combining the solved tasks.

The algorithmic dataset is illustrated in Figure 5.1. Our main findings are (see Figure 5.2):

(i) there are four different phases in the end of pre-training depending on the number of tasks,

ni.d., and number of examples per task, α. (ii) At inference time, there is a generalization transi-

tion in the number of few-shot examples, as the number of examples grows, the models starts to

80



task = (1,1) . . .

task = (2,3) . . .

. . .task = (4,3)

Figure 5.1: The dataset. The tasks are labeled by vectors (a, b) ∈ Z2
p. Each table contains

examples of ax+by mod p. A fraction 1−α of the examples is blacked out; while the remaining
examples are flattened into a single “document” in the batch. Each document is organized as
a collection of triples (x, y, ax + by) for x, y from the training set (i.e. not blacked out in the
table). To leverage training compute more effectively we predict not just the last element, but
also other elements colored in red. Our training is similar to the traditional next-token prediction
(autoregressive); with the main difference that we predict every third token, which are marked
in red (x and y are uncorrelated). Every task appears exactly the same number of times in each
batch.

generalize. This effect is somewhat similar to the transition in sample complexity for the modular

arithmetic found in [29]. (iii) model develops a striking circular representation for all of the tasks

that naturally generalizes the circular representations found in the original work [29].

We further find that the deeper models are easier to optimize, but much harder to interpret.

The optimization is discussed in more detail in the main text. Here we will highlight that opti-

mization for these tasks is challenging and the AM tends to prefer the minimum that just solve a
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0

o.o.d.
memorization

o.o.d.
generali-
-zation

in-distribution
generalization

in-distribution
memorization

(a)

(b)

(c)

(d)

Figure 5.2: Preview of results. (a) Phase diagram for a six-layer model. We find four different
phases. (1) in-distribution memorization: The model only performs well on tasks (a, b) and
examples (x, y) from the training set – it does not generalize on unseen examples or tasks. (2)
in-distribution generalization: model generalizes on unseen examples (x, y) but not on unseen
tasks (a, b). (3) out-of-distribution memorization: model generalizes on unseen tasks (a, b) but
only for examples (x, y) it has seen during training. (4) out-of-distribution generalization: model
generalizes on unseen tasks (a, b) for seen as well as unseen examples (x, y). We focus on
investigating phase (4) in more detail. (b) In-context sample complexity. Accuracy of the model
in phase (4) as a function of the number of few-shot examples. (c) Representations developed by
one of the attention heads in the first layer. These are projections of the embedding of a pair of
numbers onto the two largest principal components (PCs) of the internal representation formed
after passing through the attention layer and projection matrix. (d) First 3 PCs of embeddings
separate log27-annotated numbers into even/odd planes, with 0 sandwiched between them.

handful of tasks and memorize the training set. To avoid such minima we make sure that every

batch contains equal number of tasks (meaning that no tasks is over- or under-represented in each

batch). We further find that for larger models early stopping is necessary because the generalizing
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solution is transient.

5.2 Preliminaries

Linear Modular Functions. We consider modular arithmetic tasks of the form: zti = atxi +

btyi mod p. We will refer to the coefficients (at, bt) ∈ Z2
p as the task vector. The superscript

t ∈ {1, · · · , p2} labels the p2 possible tasks. We will refer to (xi, yi) ∈ Z2
p as the input vector,

which is labeled by the subscript i ∈ {1, · · · , p2}.

In-Context Learning with Transformers. We use GPT-like transformers [16] with ReLU ac-

tivation function and Rotary Positional Embedding (RoPE) [122]. The model has d consecutive

blocks, H attention-heads, and embedding dimension dembed. Each number is tokenized as an

independent token. The pre-training is done following a slightly modified next-token prediction

setup, with sequences of the form:

st = (x1 y1 zt1 x2 y2 zt2 · · · xnctx ynctx ztnctx
) ∈ Z3×nctx

p , (5.1)

where nctx is the maximum number of in-context examples. The model is asked to predict only

the labels {zt1, · · · , ztnctx
}. We emphasize that we do not explicitly provide the task vectors (at, bt)

to the model – this information is implicit in the in-context labels {zti}. In order for the model to

generalize, it must determine the underlying task vector (at, bt) from the few-shot examples.

Generalization. There are two notions of generalization in this setup. (i) In-distribution: Gen-

eralization to unseen input vectors (xi, yi), but on task vector (at, bt) the model has seen during

pre-training. (ii) Out-of-distribution: Generalization to task vectors the model has not seen during
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In-distribution 
memorization
In-distribution 
generalization

Out-of-distribution 
memorization

Out-of-distribution 
generalization

= performs well = performs poorly

Figure 5.3: The performance of the model is characterized into 4 phases, based on their accuracy
on seen/unseen tasks and seen/unseen inputs.

pre-training. To clearly separate these regimes, we split the task vectors into in-distribution (i.d.)

set Ti.d. := {(at, bt)}i.d. and out-of-distribution (o.o.d.) set To.o.d. := {(at, bt)}o.o.d.. Similarly, we

split the input vectors into train and test sets: Xtrain := {(xi, yi)}train,Xtest := {(xi, yi)}test.

This results in four distinct sets of sequences constructed from those sets; we name them

Si.d.
train, S

i.d.
test, S

o.o.d.
train and So.o.d.

test . The set Si.d.
train is used for pre-training, while the other three sets

are used for evaluations.

Pre-Training Task Selection and Sequence Design. We always sample the pre-training task

vectors Ti.d. in sets of 4, following the rectangular rule, shown in Figure 5.4(a). Additionally,

each batch contains an equal representation from all the task vectors in the set Ti.d.. Moreover, all

the tasks share the same sequence of inputs. For example, a batch with two different task vectors

(at1 , bt1); (at2 , bt2) and two distinct input sequences per task (resulting in four total sequences) is

shown in Figure 5.4(b).

This structured approach creates a coherent signal from the sequences within each batch;

ensuring that the model learns multiple task vectors with reasonable batch sizes. Alternatively, if

the batches are sampled i.i.d., then the model is confused by the batch noise and cannot learn any
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(a1, b1)

(a1+Δa1, b1+Δb1)

(a1+Δa1, b1)

(a1, b1+Δb1)

(a2+Δa2,
b2+Δb2)

(a2, b2) (a2+Δa2, b2)

(a2, b2+Δb2)

(a3+Δa3,
b3+Δb3)(a3, b3+Δb3)

(a3, b3) (a3+Δa3, b3)

Pre-training Sequence Design :

Pre-training
Task Selection

with
Rectagular Rule

(Schematic)

(a) (b)

Figure 5.4: Structured selection of pre-training tasks and sequences. (a) Schematic of pre-training
task selection with the Rectangular rule. (b) “Balanced” sequence design with 2 tasks and 2
examples per task.

tasks.

Detailed discussions on task selection and sequence design are presented in Appendix D.4.

Default Setting. Unless stated explicitly, we will use p = 29, the number of heads H = 4, and

embedding dimension dembed = 512, with nctx = 32 in-context examples. All models are trained

with AdamW optimizer [97] with batch size B = 1024 for 200k steps. We have also tied the

embedding layer of the model with the readout layer.

5.3 Emergence of In-Context Learning and Task Composition

In this section, we demonstrate that a transformer model with depth d ≥ 2 can develop

ICL and out-of-distribution generalization on modular arithmetic tasks. We delve deeper into the

two notions of generalization (i.d. and o.o.d.), and discuss the relevant factors. We find that the

model’s ability to generalize out-of-distribution is predominantly determined by the number of

pretraining tasks ni.d..
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(a) Accuracy phase diagrams of all four sets

Figure 5.5: Phase diagram for the depth d = 6 models. Accuracy on all four sets used to plot
the 5.2 phase diagram, with an early stopping applied. Notably, in the regions when models
generalize to o.o.d. sets, the pre-training performance degrades.

5.3.1 Transition Driven by the Number of Tasks

In Figure 5.5, we show the accuracy of d = 6 models vs the number of training tasks

ni.d. and the number of few-shot examples quantified by the fraction of the total number of data

points, α; on sets Si.d.
train, Si.d.

test, S
o.o.d.
train and So.o.d.

test . The phase diagram in Figure 5.2 is constructed
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Figure 5.6: Selected training curves for experiments in Figure 5.5. (a, b) α = 0.6 training accu-
racy and o.o.d. test accuracy (dotted line). For ni.d. = 28, we notice that the o.o.d. generalization
ability of the model first improves then degrades as we train longer; (c, d) α = 0.6, loss and
accuracy vs context length, measured on So.o.d.

test at the end of training, where for ni.d. = 28 case
the ICL ability fades away.

by merging the last shot accuracy version of these four diagrams shown in Figure D.17(a) of

Appendix D.7.

The ability of the model to generalize in-distribution increases with α, as can be seen by

comparing the first two panels of Figure 5.5. This behavior is in correspondence with the original

work on grokking, where the transition to generalizing solution is driven by the amount of data.

Further, we observe that an increase in ni.d. enhances the in-context sample efficiency, i.e. the

model generalizes at inference time with fewer few-shot examples. This indicates the onset of the

transition from a task-memorizing solution to the one that generalizes out-of-distribution. The
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model switches to a new algorithmic way of solving the task and the solution is more few-shot-

sample-efficient.

Shifting our focus to the last two panels of Figure 5.5, we see that when ni.d. ≥ 256, the

model can solve new tasks that were absent in the training set. Notably, there appears to be a

trade-off between memorization and generalization when the model attains this o.o.d. general-

ization ability. As the o.o.d. performance increases, the pre-training performance simultaneously

degrades. This phenomenon indicates a shift in the algorithm implemented by the model. Prior to

this transition, the model primarily needed to select possible vectors from the list of memorized

tasks and apply them. However, post-transition, the model adopts a more universal approach to

solve the task in-context. We emphasize, that the model learns to perform ICL in both scenar-

ios. The difference lies in the approach to generalization. When the model can only generalize

in-distribution it’s task is to classify the sequence as one of the seen tasks or as unknown. Once

it matches the sequence to one of the memorized task vectors, it does well for x, y pairs that only

appear in the test set. However, as the number of tasks vectors grows the model fails to store

them all and is forced to find a method of determining the task vector algorithmically at infer-

ence time. In that case model performs equally well on seen and un-seen tasks alike. In fact, the

small two-layer model we study has such a low capacity that it entirely skips the in-distribution

generalization phase and immediately jumps from pure memorization to out-of-distribution gen-

eralization.

Next, to further illustrate the effect of task diversity, we plot the pre-training accuracy

(set Si.d.
train) and the o.o.d. test accuracy (set So.o.d.

test ) as a function of training steps (Figure 5.6(a,

b)); for various values of ni.d.. We observe a clear memorization-to-generalization transition as

task diversity increases. Interestingly, for ni.d. = 28, the ICL ability on So.o.d.
test set exhibits non-
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monotonic behavior, where the o.o.d. performance rises and falls along the training process. This

phenomenon is likely due to a competition between the memorizing and generalizing circuits

inside the model. Note that this phenomenon is akin to the one analyzed in Singh et al. [123],

albeit with a different setup.

Further evidence supporting the two-circuit competition can be observed in panel (c) of

Figure 5.6. The loss curves show a “monotonic → non-monotonic → monotonic” transition as

the task diversity increases. With a minimal number of pre-training tasks, the model primarily

engages in memorization, resulting in a monotonically increasing o.o.d. loss curve. As the num-

ber of pre-training tasks increases, the loss curve exhibits non-monotonic behavior, indicating

competition between two distinct neural circuits. This transient nature of o.o.d. generalization

for ni.d. = 28 is a peculiar case where memorization circuits are initially suppressed but even-

tually prevail. With substantial task diversity, the circuits responsible for generalization take

over, culminating in a monotonic loss curve. Similar insights can be derived from examining the

monotonicity of the accuracy curves in panel Figure 5.6 (d).

5.3.2 Effect of Model Size and Task Difficulty

A natural question to ask is if similar phenomena can be observed with different model

sizes or task difficulties. Here we present our results with d = 4 and d = 2 in Figure 5.7 and

leave the results for other prime p values in Appendix D.8.

When comparing phase diagrams in Figure 5.5 with Figure 5.7, we observe that those

phase diagrams across different depths are qualitatively similar, where the o.o.d. generalization

only emerges with a large enough number of pre-training tasks. As model capacity decreases,
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(b)  d = 2

(a)  d = 4

i.d. train o.o.d. test o.o.d. test

i.d. train o.o.d. test o.o.d. test

Figure 5.7: Phases of depth d = 4 and d = 2 models. With decreasing model capacity, the
performance on both sets degrades. At the same time, the transient nature of ICL does not appear.
(a, b) from left to right: accuracy phase diagrams on pre-training set Si.d.

train and on o.o.d. test set
So.o.d.
test , with early stopping; loss and accuracy vs context length on o.o.d. test set So.o.d.

test for
α = 0.6.

performance on both the pre-training set and the o.o.d. test set degrades. This is particularly

evident in the d = 2 case, where the pre-training accuracy falls drastically as the model gains

o.o.d. generalization ability.

Interesting observations can be made by comparing loss and accuracy on the o.o.d. test set

as a function of context length at the end of training. First, it is evident that as the model depth

decreases, the 1-shot loss surge attributable to memorization becomes milder. Notably, for models

with ni.d. = 29, there is no loss surge in the 1-shot case across all three depths. Furthermore, the

d = 4 model with ni.d. = 28 behaves significantly differently from the corresponding one with
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d = 2 case, where the model fails to perform ICL for the o.o.d. test set. This is also distinct

from the d = 6 case, where the model tends heavily toward memorization due to its excessive

capacity. Instead, the d = 4 model manages to maintain a better balance between memorization

and generalization at the end of pre-training. Consequently, the model has a 1-shot loss surge

followed by a notable drop in ICL loss. This suggests that d = 4 optimally leverages the available

model capacity to facilitate effective learning dynamics for o.o.d. generalization.

5.4 Interpreting the Learned Algorithms
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Figure 5.8: d = 4 and d = 2 models’ performance on k-shot inference, on the grid of in-
puts (x, y) ∈ Z2

p (task vector = (6, 6)). row 1: Models’ predictions on o.o.d. task of the type
(x1 y1 z1 · · · xk yk zk x y ?). row 2: Analytical plots showing predictions solely based
on Modular Regression algorithm. row 3: Subtract row 2 from row 1, by using correct=1 and
incorrect=0. The red points correspond to the examples where Ratio Matching does not give the
correct predictions but the model predicts correctly. The blue points are examples that the model
missed despite Ratio Matching being applicable. This row tells us about the model’s ability to
implement Modular Regression by combining the in-context examples. Note that d = 4 model
readily learns to combine previous examples, while its d = 2 counterpart struggles due to its
limited capacity.

We now explain the algorithms implemented by the models to achieve o.o.d generaliza-

tion. We find that the models implement two distinct algorithms depending on the depth and the
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number of in-context examples during inference.

Ratio Matching: If there exists i s.t. ci(xi, yi) = (x, y) mod p then z = ciz
t
i mod p. This

algorithm only works when y/x = yi/xi mod p holds for at least one of the in-context examples.

Modular Regression: Find {c1, c2, . . . , ck} s.t.
∑k

i=1 ci(xi, yi) = (x, y) mod p. Then the

prediction is z =
∑k

i=1 cizi mod p. This can be viewed as discretized circular regression over

GF(p).

We find telling signatures of these algorithms upon analyzing model predictions with vary-

ing numbers of in-context examples (Figure 5.8). With very few in-context examples, the models

implement the Ratio Matching algorithm. As a canonical example, consider the 1-shot scenario

(x1 y1 z1 x y ?). In this case, Ratio Matching will only solve the task for inputs that obey

(x, y) = c1(x1, y1) mod p for some c1. Indeed, this is exactly what we observe in Figure 5.8

for both d = 2, 4 models. With many (∼ 10) in-context examples, d = 2 and d = 4 models

implement different algorithms. The d = 4 model can combine the in-context examples using

the Modular Regression algorithm, leading to near-perfect o.o.d. generalization. On the other

hand, the d = 2 model still uses Ratio Matching and shows sub-optimal performance. We ascribe

this to the limited capacity of the d = 2 models. In other words, the d = 4 models exhibits

an algorithmic shift from Ratio Matching to Modular Regression as them number of in-context

examples increases. Whereas, the d = 2 models shows no such shift.

To implement these algorithms, the model needs to perform linear operations over GF(p),

which can be broken down into the following essential skills (in addition to copying information,

which is readily implemented by attention heads).
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I. Modular Map: Encode the tokens such that operations over GF(p) can be easily imple-

mented

II. Multiplication: A necessary skill to rescale in-context examples in both algorithms

III. Addition: A necessary skill for combining in-context examples in Modular Regression al-

gorithm

While both d = 2, 4 models learn skills I, II perfectly; the d = 4 model outperforms its d = 2

counterpart in skill III – which helps it combining the in-context examples.

In the remainder of this section, we show the special attention heads that implement skill

I (Section 5.4.1) and MLPs that implement skills II, III (Section 5.4.2). We explicitly show the

deterioration in this structures as pre-training task diversity (ni.d.) decreases. We also elucidate

the algorithmic shift in the d = 4 models as the number of in-context examples increases.

5.4.1 Attention Heads Implement Skill I

So far, we have presented “black-box” evidence suggesting that the model is implementing

the proposed algorithms (Figure 5.8). Now, we turn to “white-box” interpretability, to identify

the components within the transformer model that are responsible for the essential skills. In

Figure 5.9(a, b), we analyze the important attention heads in the d = 2 model. Specifically, we

compare the emergent structures in models trained with different pre-training task diversities.

In Figure 5.9(a), we show the attention head from layer 1 that implements skill I. In the top

panel, we see that each query only pays attention to itself and the two preceding keys. This pattern

likely stems from the fact that each example in the sequence contains three tokens xi, yi, z
t
i ; and

suggests that this head is mostly focused on the information within the example.
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Figure 5.9: Models that generalize o.o.d. (left) exhibit more structured attention maps. Addi-
tionally, the top-2 principal components of the features from the corresponding heads also show
more structured patterns. The features are computed for sequences with an o.o.d. task vector
(at, bt) = (6, 6), loop over (xi, yi) at a specific shot while the previous parts of the sequence are
fixed. We annotate each PCA plot with the (log27 xi, log27 yi) mod p pairs. (a) The principal
components form a circle of circles where the position of the outer circle is controlled by xi. This
pattern remains the same for different task vectors or the shot choices; (b) Only plotted pairs with
even log27 xi, with each log27 xi circled with different colors. The PCA pattern forms a similar
double circle as those in (a), with the key difference that those circles depend on task vector
choices and the shot choices; (c, d) Models without o.o.d. generalization ability. We pick heads
from the first block that corresponds to the first column of (a). Clearly, the structure of attention
maps and PCA patterns deteriorate as the task diversity decreases.

In the bottom panel, we perform principal component analysis (PCA) on the out-

puts of this head. Specifically, we feed a batched k-shot sequence of the form

(x1 y1 z1 · · · xk yk zk x y z), where the first k inputs are fixed and the last input

(x, y) is scanned over all p2 possible pairs. We concatenate the resulting features from x and y,

resulting in p2×2dembed batch of features – and perform PCA on this matrix. We project all these

2dembed dimensional features onto the first two principal components. Annotating the pairs (x, y)
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Figure 5.10: Cosine-similarities (Equation (5.2)) between layer outputs hl at token z position
(cos(hl

z(x, y),h
l
z(x

′, y′)), first row) and token y position (cos(hl
y(x, y),h

l
y(x

′, y′)), second row)
reveal patterns in the models’ internal representations. For clarity, we only show selected x and
x′ values, where y and y′ values range from 0 to 28 between each tick. For the d = 4 model,
kaleidoscopic patterns in the third layer indicate the generation of all possible yi/xi features for
subsequent computations. The last layer shows an algorithmic shift from Ratio Matching to Mod-
ular Regression. The d = 2 model also shows the kaleidoscopic pattern in the first layer, while
the second layer identifies the relevant y/x features from the in-context examples for matching.

with (log27 x, log27 y)
1, we find a “circle-of-circles” – where circles of period 28 are arranged in

a bigger circle of period 28. Number 0 is located at the center of the circles2. We observe similar

circle-of-circles for concatenated features from (x, z) and (y, z) as well. We refer the reader to

Appendix D.5 for further details.

In Figure 5.9(b), we analyze the head from layer 2 that effectively “copies” in-context

examples. The upper panel shows the highly structured attention map that focuses on the current

as well as the preceding examples. This pattern aligns with the Ratio Matching algorithm where

1We use 27 as the base of logarithm, which is a primitive root of GF(29)
2This is expected since log27 0 is mathematically ill-defined and needs special treatment.
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the model compares (x, y) pairs across different in-context examples.

In the bottom panel, by conducting a PCA analysis, we again identify circles when annotat-

ing examples in the (log27 x, log27 y) format. However, unlike the previously discussed pattern,

the specifics of this “circle-of-circles” arrangement vary depending on the position and the choice

of task vector (at, bt). This variability suggests that the head in question possesses information

about the specific task from the context.

We further highlight the importance of the structure we find in the above paragraphs via

comparison with models, trained with lower pre-training task diversity, that do not generalize

o.o.d (Figure 5.9 c, d). Note that as the number of pre-training tasks ni.d. decreases, the atten-

tion map starts to get mosaicked (top panels); and the PCA projections lose their shape (bottom

panels). As a result, these models lose the ability to perform ICL on modular arithmetic out-of-

distribution.

5.4.2 MLPs Implement Skill II and III

After applying Skill I, the model maps numbers onto circular feature spaces, enabling dis-

crete modular operations such as multiplication, division, addition, and subtraction through sub-

sequent model components. To analyze this behavior, we compute the cosine-similarity between

layer l (i.e. lth Transformer block) k-shot output vectors (standardized) at token position y:

hl
y(x1, y1, z1, · · · , xk, yk, zk, x, y).

cos(hl
y(x, y),h

l
y(x

′, y′)) =
hl

y(. . . , xk, yk, zk, x, y) · hl
y(. . . , xk, yk, z

′
k, x

′, y′)

∥hl
y(. . . , xk, yk, zk, x, y)∥∥hl

y(. . . , xk, yk, zk, x′, y′)∥
(5.2)
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Figure 5.11: MLP activations (post-ReLU) with respect to different input (x, y) pairs.

We evaluate this similarity metric across all possible input pairs (x, y) and (x′, y′), resulting

in a p2 × p2 matrix. We also repeat the analysis to layer output vectors at z tokens hl
z(·). In line

with our previous analysis, we use controlled (fixed) in-context examples (x1 y1 z1 . . . xk yk zk).

For the d = 4 model, the top panel of Figure 5.10 reveals a distinctive kaleidoscopic

pattern of high cosine-similarities. The pattern corresponds to input pairs (x, y) that share the

same ratio y/x mod p. In the MLP modules, we find highly structured activations as functions

of inputs (x, y) (Figure 5.11 left). Together with our earlier analysis of Skill I, these observations

suggest that the MLP layer following the attention module with a “circle-of-circles” head (layer

2, head 4 for d = 4 model, see Figure D.5 (a)) implements division operations over GF(p). The

bottom panel of Figure 5.10 succinctly demonstrates the algorithmic shift from Ratio Matching to

Modular Regression as the number of in-context examples increases. At 2-shot, layer 4 features

collapse to identical vectors except when the ratio y/x matches one of the ratios (y1/x1 or y2/x2).
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At higher shots, we see a transition to a task-dependent pattern where features align for input pairs

(x, y) for which a x+ b y mod p match – a signature of Modular Regression.

For d = 2 models, we again observe the kaleidoscopic pattern in cosine-similarities (Fig-

ure 5.10 top-right) and structured MLP activations (Figure 5.11 right). However, in this case we

only find signatures of Ratio Matching in the cosine similarities (Figure 5.10 bottom-right), as

expected.

Thus, we conclude that the d = 2 model has scarcely acquired skill III, due to its limited

capacity. On the other hand, d = 4 model is very good at combining equations via skill III,

explaining its superior performance. For a more detailed discussion, see Appendix D.5.

5.5 Related Works

In-Context Learning (ICL). Brown et al. [16] first demonstrated that large models perfor-

mance improves substantially when a few examples of the task at hand are provided at inference

time, in the prompt. Ahn et al. [120], Akyürek et al. [124], von Oswald et al. [125] showed

that the AM implements emergent first-order optimization on an emergent objective function

to solve linear regression tasks. Furthermore, Akyürek et al. [124] showed that larger models

learn to perform Bayesian estimation. Garg et al. [126] demonstrated that transformers can learn

several simple classes of functions in context. Kirsch et al. [127] presented how task diversity

and model size would affect the ICL performance for unseen tasks using a mixture of modified

MNIST datasets. Raventos et al. [121] investigated the relation between task diversity and out-

of-distribution ICL ability on linear regression tasks. Lin and Lee [128] identified two operating

modes in ICL using a mixture of linear regression tasks, where for the first several shots, the
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model tries to figure out the correct task vector and later uses it to predict the correct results.

Boix-Adserà et al. [129] showed theoretically and experimentally that with enough pre-training

data, a transformer model can perform abstract reasoning that a MLP cannot do. Guo et al. [130]

showed that transformers can use lower layers to memorize and upper layers to perform ICL in a

feature regression setting. It was found in [123] that ICL is a transient phase from the optimiza-

tion point of view: it goes away once the model is over-trained. Hendel et al. [131], Liu et al.

[132] showed that language models form in-context vectors, which can be used to steer model

predictions.

Modular Arithmetic. Power et al. [29] discovered Grokking, where models trained on modular

arithmetic datasets have an abrupt change from random guessing to generalization on the test set

way after the model memorized the training set. Gromov [30], Nanda et al. [103], Gu et al.

[133] showed that for modular addition tasks, models learned to map integers to Fourier features

to solve modular arithmetic tasks. Liu et al. [101] showed that grokking is related to learning

highly structural features, and the grokking transition can be explained by a toy model. Zhong

et al. [104] showed that there is more than one algorithm that a model can implement to solve

modular addition. Doshi et al. [4] showed that corruption of the label does not prevent the models

from finding a generalizing solution. Doshi et al. [5] showed that MLP and transformer models

can solve a specific family of modular polynomial tasks by bijectively mapping them to modular

addition tasks.

Interpretability. Elhage et al. [134], Olsson et al. [135] showed that transformers can form

induction heads that predict the next token in a sequence by identifying and copying patterns
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from earlier in the sequence. With several indirect empirical evidences, they showed that those

heads might constitute the core mechanism of ICL. Nichani et al. [136] showed theoretically and

empirically how disentangled transformers learn causal structures from in-context Markov chains

by forming induction heads.

5.6 Discussion

We have investigated the emergence of in-context learning and skill composition in au-

toregressive models on a novel algorithmic dataset. The dataset includes a large discrete set of

modular arithmetic tasks and is specifically designed to force models to learn how to solve a

variety of tasks. It consists of learning linear modular functions, where the model is expected

to identify and perform a modular operation in-context. When the number of tasks is relatively

small the models can only generalize in-distribution. Although such models develop ICL capa-

bilities, they simply memorize these task vectors and use them to classify the input vectors. Once

the number of training tasks becomes too large, the models transition to a qualitatively different

algorithmic approach, where the task vector is determined at inference time.

Finally, we have examined the learnt representations and shown that qualitatively different

circuits are formed in different phases. In the o.o.d. generalization phase, we explain the learnt

algorithms and highlight an in-context algorithmic shift in deeper models.

Limitations We have limited this work to algorithmic datasets. It remains to be investigated

what lessons can be translated to realistic language models, and what lessons are specific to the

current setting. White-box interpretability analysis of deeper models has proved to be much more

difficult than that of shallower models. Consequently, we still do not understand the role of every
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individual component of the network in the deeper cases.

More importantly, this way of crafting an dataset and interpret it via human efforts are not

scalable and will not work for large scale models. Thus it would be necessary to consider building

more generic algorithms for thinking about interpretability for real-world LLMs.
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Chapter 6: Transformers and Pseudo-Random Number Generators

In the previous chapter, we explored how emergent capabilities arise in modular arithmetic

settings when models possess sufficient capacity and are provided with adequate training data

and in-context examples. In this chapter, we extend that understanding to a closely related yet

practically significant domain – pseudo-random number generators (PRNGs).

PRNGs are fundamental to modern cryptography and computer science. Although they are

designed to produce outputs that pass statistical tests for randomness, their sequences ultimately

arise from deterministic mathematical patterns that, in principle, can be learned by sufficiently

powerful models.

Here, we deepen our investigation into modular arithmetic tasks under different underlying

distributions, aiming to understand whether models can learn to “crack” PRNGs. Furthermore,

with an increased complexity of data, we seek to identify the conditions under which such capa-

bilities emerge, as well as to analyze the specific structures and patterns captured by the model

when it succeeds in learning the behavior of these generators.

6.1 Linear Congruential Generators

Here we first introduce the Linear Congruential Generator (LCG) [137, 138]. LCG is a

simple PRNG that generates the next number in a sequence (x0, x1, . . . , xt) according to the
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map:

xt+1 = axt + c mod m, (6.1)

where m > 0 is the modulus, 0 < a < m is the multiplier and 0 ≤ c < m is referred to as

the increment. An LCG map is uniquely defined by the choice of m, a, c and the initial seed

x0. An important quantity that determines the complexity of an LCG sequence is its period:

1 ≤ Tm(a, c) ≤ m. As we will show in the following sections, the period of a sequence plays

a major role in the difficulty of prediction with Transformers. According to the Hull-Dobell

Theorem [139], the period Tm(a, c) = m if and only if the values of a and c satisfy the following

criteria: (i) m and c are coprime, (ii) a − 1 is divisible by all prime factors of m, (iii) a − 1 is

divisible by 4 if m is divisible by 4. We evaluate (test) all our models exclusively on sequences

that obey the criteria of this theorem.

LCGs are widely utilized for their speed and simplicity, often forming the core of more

complex PRNGs like PCG-64, which is used in NumPy. LCGs perform poorly at small bit sizes

but improve rapidly with larger state sizes. For instance, an LCG with 88 bits of state can pass

the stringent BigCrush randomness test [140].

6.2 Training Setup

We train decoder-only Transformers to autoregressively predict the next number in LCG

sequences. This means it takes as input an LCG sequence (x0, · · · , xL−1), outputs a sequence

(y0, · · · , yL−1), and trained so yt matches xt+1. Here L is the maximum context length we used

throughout this Chapter.
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To predict an unknown LCG sequence, the Transformer needs to infer m, a, and c in-

context. We test the model’s generalization ability in two distinct paradigms of increasing diffi-

culty: FM: The model is trained and tested on sequences with a fixed modulus m. UM: Model is

trained on varying moduli, and tested on unseen moduli Mtest = {mtest}.

6.2.1 Dataset Generation and Evaluation

We outline the experimental setup used in Section 6.3 and Section 6.4 here. We used a

modified setup when we scale up the modulus in Section 6.5, which we will describe later.

Fixed Modulus (FM): Given a modulus m, we apply the Hull-Dobell Theorem to determine the

possible values of (a, c) that maximize the period. We then randomly select 64 values of a and c

to generate the test dataset. To generate the training dataset, we exlude these test choices of (a, c)

and uniformly sample N = 100, 000 LCG sequences of length L + 1 (where L is the context

length), with na values of multipliers and nc values of increments. For each set of parameters

(a, c), we sample an LCG sequence with a randomly selected initial seed x0. Note that the training

dataset includes sequences with varying periods, while the test data only contains sequences that

maximize the period.

Generalization to Unseen Modulus (UM): In this more challenging paradigm, we first select

a set of test moduli Mtest = {mtest} that would be reserved exclusively for evaluation. For each

test modulus mtest ∈ Mtest, we determine the values of (a, c) that maximize the period. We then

randomly select 64 values of a and c each to generate the test dataset. These 642 (a, c) pairs are

not considered while generating the training dataset.

104



For the training dataset generation, we sample nm modulus values from the range [L,mmax],

with mmax = ⌊1.2max(Mtest)⌋, while excluding all the values in Mtest. For each modulus value

m, we uniformly select na multipliers and nc increments, excluding the ones reserved for testing.

For each triplet (a, c,m), we generate a sequence of length L+1 using a randomly selected initial

seed x0. This results in a total of N = nm × na × nc training sequences.

We found that nm ≳ mtest/4 yields good generalization performance. Based on this re-

lationship and our target total number of training examples N , we sample na = nc =
√

N
mtest/4

values of multipliers and increments. Unless explicitly specified, we use this setting as the default

configuration for all experiments.

In both paradigms, test accuracy is averaged over all (a, c) test pairs and multiple initial

seeds x0 per pair. Accuracies are tracked at all sequence positions 1 ≤ t ≤ L.

6.2.2 Tokenization, Architecture and Optimizer

In Sections 6.3 and 6.4, each number is tokenized as a unique token, using a dictionary of

size m (FM) or mmax (UM). We employ GPT-style Transformers with learnable positional embed-

dings and weight tying [141].

When we scale up to larger moduli in Section 6.5, we restrict the dictionary size to b by

tokenizing each number in the sequence in base-b (e.g. b = 28, 35). This results in ⌈logbm⌉

tokens for each number. We also apply (modified) abacus positional embeddings [142].

The model architecture is characterized by the number of blocks (depth), embedding

dimension (dmodel), number of attention heads (nheads). Models are trained with AdamW [97]

and CrossEntropy loss.
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6.3 Training Results

We begin by investigating the minimal model that can solve the two tasks in consideration.

Surprisingly, we found that Transformers only require one layer and one attention head to learn

the FM task, as shown in Figure 6.1 (a) (for further results, see Appendix E.3).

Conversely, the UM task requires a stronger architecture and careful hyperparameter tuning.

Appendix E.5 shows that model performance depends on the modulus, with prime moduli being

challenging in the FM setting but not in the UM setting.

(1, 128)
(10, 1280)

(8, 1024)
(6, 768)

(4, 512)
(2, 256)

(nheads , dmodel)
nheads

(a) (b)
dmodel = 768 dmodel = 128 x nheads

Figure 6.1: Accuracy of predicting the last number (token) in the sequence: phase diagrams
w.r.t. various depths and nheads values. (a) mtest = 2048, constant width: dmodel = 768. (b)
mtest = 4096, width scaled proportionally: dmodel = 128× nheads.

In Figure 6.1 we show how the performance varies with model depth and the number of at-

tention heads. In Figure 6.1(a) we keep the embedding dimension fixed to dmodel = 768, whereas

in Figure 6.1(b) we scale it proportionally to the number of heads (dmodel = 128 × nheads.). In

both cases, we find that a minimum of three layers are required for effective generalization, with

performance degrading sharply below this threshold.

Further analysis across multiple mtest values (see Appendix E.4) confirms that this minimal

106



depth requirement is universal. We also observe that additional attention heads improve model

performance, with a substantial gain occurring when increasing from one to two heads.

Several prior studies have also observed sharp changes in model capabilities as a function

of model depth. This includes induction head formation [143], in-context learning of modular

addition [6] and various in-context generalization tasks [144]. In general it is unclear to what

extent these sharp depth-dependences are due to jumps in expressivity or trainability.

The UM task shows strong sensitivity to hyperparameters. As we increase mtest while keep-

ing the model size fixed, we observe two key phenomena: the optimal learning rate (η) and weight

decay strength (λ) shift significantly, and simultaneously, the range of hyperparameter resulting

in effective performance narrows (see Appendix E.1.5).

(a) (b) Unseen ModulusFixed Modulus

Figure 6.2: Training/test accuracy curves for predicting last number (token). (a) FM: (m =
2048, depth = 1, nheads = 1, dmodel = 768) Test accuracy “groks” when training accuracy
reaches near-100%. (b) UM: (mtest=2048, depth = 6, nheads = 4, dmodel = 768) Test accuracy
“groks” simultaneously with training accuracy on sequences with period longer than context
length (Tm > L = 256), indicating delayed discovery of underlying rules.

We then carefully examine the training dynamics in both FM and UM settings (Figure 6.2).

We categorize the training sequences into two groups: i) sequences with periods shorter

than the context length, which can be solved through simple copying, and ii) sequences with

107



periods longer than the context length, which require the model to deduce underlying rules for

prediction. Our analysis reveals that the model first acquires copying ability for group i) in the

early stages of training, and later “groks” the solution for group ii) [29]. Notably, the model’s abil-

ity to generalize to test modulus mtest emerges simultaneously with this grokking phenomenon.

These results demonstrate that the model develops different capabilities at distinct stages of train-

ing, with generalization ability emerging only after the model learns the underlying rules through

solving the more challenging sequences.

In Appendix E.6, we present an ablation study where models are trained exclusively on

either short-period or long-period sequences. Our findings indicate that training exclusively on

long-period sequences enables model generalization.

6.4 Interpreting How Transformers Predict PRNGs

In this section, we uncover the underlying algorithms implemented by the models for both

FM and UM cases. While certain details of the algorithms differ in the two cases, they share

common properties originating from the underlying LCG structure.

We first discuss properties of LCG sequences that will be useful in interpreting model

behaviors.
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1    1    1    1    0    1    0    1    0    1    0
0    0    1    1    0    0    1    1    0    1    1
0    1    0    0    1    1    1    0    0    0    0
1    1    0    0    0    1    1    1    0    0    1
0    1    1    0    1    0    0    0    1    1    0
0    1    1    0    0    1    0    0    1    1    1
1    1    1    1    0    1    0    1    1    0    0
0    1    1    1    1    1    0    0    1    0    1

1962:
411:
624:

1593:
838:
807:

1964:
997:

period=21period=22period=211…

(r = 1)

(r = 2)

2nd lowest digit:

3rd lowest digit:

lowest digit:

constantperiod=21

1    1    1    1    0    1    0    1    0    1    0
0    1    0    0    1    1    1    0    0    0    0
0    1    1    0    1    0    0    0    1    1    0
1    1    1    1    0    1    0    1    1    0    0

period=210

…

…

…

1962:
624:
838:

1964:

…
Figure 6.3: Bit-wise periods in an example LCG sequence generated with m = 2048, a =
293, c = 1033, which follows the Hull-Dobell theorem. In binary representation w-th lowest
bit has a period of 2w, for w ∈ {1, . . . 11}. Writing a new sequence by skipping every 2nd step
(r = 2) reduces the periods of all the bits by a factor of 2, rendering the lowest bit constant.
r = 2k reduces bit-wise periods by a factor of 2k, with last k digits constant.

6.4.1 Residual Number System Representations

Consider an LCG sequence with modulus m = 2048 = 211. Each number in this sequence

can be represented as an 11-digit binary number:

x mod 211 = α0 2
0 + α1 2

1 + · · ·+ α10 2
10 , (6.2)

where {α0, . . . , α10} are the binary-valued digits (bits).

A useful property of LCGs with modulus m = 2(·) is that each digit in the binary rep-

resentation has a fixed period along the sequence. As shown in Figure 6.3, for a sequence of

period Tm = m = 211, the wth lowest digit has a period of 2w [145]. Thus, lower (higher) digits

have smaller (larger) periods along LCG sequences. (See Appendix E.2 for a detailed deriva-
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tion.) We will see later that trained Transformers have emergent structures that find these binary

representations and utilize them to make systematic predictions from the context. Notably, the

per-digit period plays and important role in the prediction accuracy of that digit. To understand

this, consider the r-step iteration of Equation (6.1):

xt+r = arxt +
r∑

i=1

ai−1c mod m . (6.3)

In this new sequence wherein we skip r steps, the period of each digit αw−1 reduces from

2w to 2w/ gcd(r, 2w). Consequently, the higher digits become relatively simpler to predict due

to reduced periods while some lower digits become trivial to predict due to being constant along

this new sequence. We demonstrate this for m = 2048 in Figure 6.3 (top panel). The digit-wise

periods in the new sequence with r = 2 are reduced by a factor of 2, while the last digit is simply

constant. Higher values of r = 2k will lead to even further simplifications of the sequence.

Transformers can simplify the task of predicting LCG sequences by utilizing r-step iterations

from the in-context examples – with longer contexts leading to larger values of r. Consequently,

the per-digit and overall accuracies improve substantially with context (see Figure 6.4).

While moduli of the form m = 2(·) lead Transformers to find binary representations, sim-

ilar simplifications in composite moduli require more general representations of the Residual

Number System (RNS) [146]. RNS represents numbers by their values modulo pairwise coprime

factorizations of m. Specifically, consider sequences with a composite modulus m, which has

a prime factorization m = pw1
1 pw2

2 · · · pwq
q . In this case, we can uniquely represent each num-

ber (xmodm) as the tuple of residuals (xmod pw1
1 , xmod pw2

2 , . . . , xmod p
wq
q ). Analogous to

Equation (6.2), we can further decompose each residual,
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x mod p
wj

j = αj,0 p
0
j + αj,1 p

1
j + · · ·+ αj,wj−1 p

wj−1
j (6.4)

where αj,w ∈ {0, 1, . . . , pj − 1} are base-pj digits. We refer to {αj,w} as the “RNS rep-

resentation” in the remainder of the text. When Tm = m, each digit αj,w has a period of pwj

(derivation in Appendix E.2.2). The r step iteration Equation (6.3) reduces the period of each

digit αj,w from pwj to pwj / gcd(r, p
w
j ). This results in simplification of the prediction task whenever

r = pk11 pk22 · · · pkqq . We will see that identifying the RNS representations is a key simplification

that the Transformer discovers in learning LCG sequences.

6.4.2 Fixed Modulus

Qualitative Algorithm (fixed modulus):

i. Find RNS representations of inputs from the learned prime factorization of m

ii. Look back r = pkj steps in the context and copy the lowest k digits, for different

prime factors (pj) of m

iii. Using these r-step iterations, predict the higher digits of the simplified sequence

We now discuss the algorithm implemented by Transformers trained on LCG with a fixed

modulus. We will show that, despite being provided integers as inputs, the model develops emer-

gent structures that create and leverage the RNS representation of the inputs. We will focus on

the setup with a 1-layer, single-head Transformer trained on LCG with m = 2048. Similar results
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for composite moduli (e.g. m = 7776) and different model sizes are presented in Appendix E.7.

We emphasize that this algorithm works for arbitrary a, c, x0 for a given m.

(a) (c)(b)

Figure 6.4: FM: Test accuracy for m = 2048, depth = 1, nheads = 1, dmodel = 768, averaged
over a, c, and seeds. (a) Test accuracy w.r.t. token positions. Ladder-like structure appears, with
jumps occurring at 2k-th positions. (b) We represent numbers as an eleven-digit binary number
(2048 = 211) and compute the per-digit test accuracy of model predictions.

We begin by analyzing the average accuracy of a trained Transformer model as a function

of token position along the context, shown in Figure 6.4 (a). (Recall that in this section a token

corresponds to an integer of the LCG sequence). The accuracy exhibits a ladder-like structure,

with each jump occurring exactly at the 2k-th token position. These successive transitions can

be explained using binary representations and r-step recurrence (Equation (6.3)). Specifically, to

predict the token at position t ≥ 2k, the model can look back in the context at position t− 2k and

implement r = 2k-step iteration. This allows the model to (i) copy the lowest k bits since they

remain unchanged; and (ii) simplify the higher bits, since their periods get reduced by a factor

2k. We note that the accuracy trend remains unchanged across different choices of a and x0 (see

Figure E.9).

Next, in Figure 6.4(b), we compute the per-digit accuracy by converting both model pre-

dictions and ground truth labels to their binary representations according to Equation (6.2). We

observe that the model can predict more digits correctly with more context, with sharp transitions
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occurring at 2k-th token positions. This is a direct result of the sequences becoming increasingly

more simplified as the model can look farther back in the context and utilize (r = 2k)-step iter-

ations. Since these simplifications occur in the form of digit-wise periods, Figure 6.4(b) serves

as direct evidence that the model is internally developing and utilizing binary representations.

The sequential learning of digits also explains the ladder-like structure of the accuracy in Fig-

ure 6.4(a). We find that the overall average accuracy (Figure 6.4(a)) multiplicatively depends on

the per-digit accuracies (Figure 6.4(b)) (empirical proof in Figure E.10(b)) 1

accoverall = (accdigit 1) (accdigit 2) · · · (accdigit 11) . (6.5)

Next, we investigate how various components of the model implement the algorithm out-

lined earlier this section.

(b) Cosine similarity of embedding vectors

…

…

+

number (x)

nu
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be
r (

x)

(a1)

...

First PCA component

(a2)

4k

4k+1

4k+2

4k+3

Figure 6.5: FM: (a = 1589, c = 629) Embedding layer. (a1) 1st principal component groups the
numbers mod 2. (a2) 2nd and 3rd principal components group numbers mod 4. (b) Embedding
vectors of different numbers exhibit high cosine similarity when they are spaced 2k apart, with
the similarity increasing with k.

1This holds if the per-digit accuracies are independent, which we confirm empirically.
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Figure 6.6: FM: (m = 211, a = 1589, c = 629) (a) Attention weights: each query attends
most strongly to the tokens 2k and 2k−1 distance backward, for the highest possible value of k,
enabling copying of lowest k bits. The other faint lines facilitate the prediction of higher bits. (b)
Post-ReLU hidden layer MLP activations at token position t = 129 (extracted using sequences
with different x0) as a function of the target number x130 which it is supposed to predict. Each
neuron gets activated only while predicting a specific x130, exhibiting a sparse, periodic pattern.
(c) Output of the MLP block projected onto the (un)embedding matrix; after masking out all but
a single given hidden-layer neuron. The green dot denotes the value at the target number. Each
neuron resolves the correct prediction up to a periodic structure. (d) Output of the MLP block
projected onto the (un)embedding matrix; after combining the signal from multiple neurons (i.e.
gradually un-masking the neurons). The per-neuron periodic patterns constructively interfere at
the correct output.
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Step i: We begin by conducting Principal Components Analysis (PCA) of the embedding ma-

trix, which shows how the model performs prime factorization to develop the binary representa-

tions (RNS for general m). Figure 6.5(a1) shows the projections of all numbers x ∈ {0, . . . 2047}

along the first principal component of the embedding. We observe that the model groups the

numbers into modulo 2 clusters along the first principal component. Similarly, the 2nd and 3rd

principal components group the numbers into modulo 4 clusters (Figure 6.5(a2)). In general, we

find principal directions that group the numbers into modulo 2(·) (see Figure E.12). By clustering

the numbers according to their remainder modulo different prime-powers, these principal direc-

tions naturally encode the digit-wise representations of the inputs. In Figure 6.5(b), we check

the cosine similarity between the embedding vectors of different numbers. We see that the more

digits two numbers share in the binary representation, the higher the cosine similarity of their

embedding. This is a consequence of these numbers having similar components along principal

directions corresponding to those digits.

Step ii, iii: In Figure 6.6(a) we examine the attention weights and find that to predict the number

at position t, the model attends most strongly to the position t− 2k for the highest possible value

of k s.t. t ≥ 2k (i.e. k = ⌊log2 t⌋). This corresponds to the brightest line in Figure 6.6(a).

Using the binary representation of the (t − 2k)-th token, the model can copy the lowest k bits

and simplify the prediction of higher bits. Additionally, the second brightest line appeares at the

position t − 2k−1, along with other faint lines at intermediate distances (multiples of t − 2k
′ for

k′ < k− 1). The information obtained from all these lines are utilized by the model in predicting

the higher bits.

To verify that the brightest line enables the copying of lower bits and that the second bright-
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est line facilitates the prediction of higher bits, we performed the following two experiments. (i)

For each query in the attention head, we mask out all keys except for the one at position t − 2k.

We then measure the performance of this ablated model, shown in Figure E.14(a). We observe

that the model retains the ability to copy the k lowest bits, but loses the ability to predict the

higher bits. (ii) Next, we repeat the above ablation experiment while masking out all keys except

the ones at positions t − 2k and t − 2k−1, shown in Figure E.14(b). This results in a drastic

improvement in the prediction of the higher bits compared to (i), confirming our assertions.

After the attention layer collects information about previous tokens, the MLP block2 pro-

cesses the information to make predictions. We find that each hidden neuron (post-ReLU) in the

MLP exhibits a periodic response with a distinct period, as a function of the target prediction.

Consider the MLP at token position t. The input to the transformer at this position is xt and

the output yt, should match the next number in the sequence xt+1. In Figure 6.6(b) we show

the activation value of selected neurons at token position t = 129 as a function of the target

x130, for m different sequences obtained by changing the seed x0 for a given LCG sequence.

We observe that only a sparse set of neurons are activated for a given target x130 and that there

is a strong spiked periodic structure in the response of each neuron as a function of x130, with

neuron-specific frequencies.

The subsequent fully connected layer in the MLP block aggregates the contributions from

all the activated neurons to make the correct prediction [147]. To visualize the contributions from

an individual neuron, we mask out the contribution from all other neurons and extract the MLP

output for a fixed input sequence. We then project this output onto the (un)embedding matrix,

2MLP block: fully connected → ReLU → fully connected.
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which shows us the contribution of that single neuron in making the correct prediction.3 In

Figure 6.6(c) we show that each neuron resolves the target number x130 up to a distinct periodic

pattern. The periodic patterns from different neurons constructively interfere at the target. In

Figure 6.6(d), we observe that gradually adding contributions from multiple neurons resolves the

correct output with increasing accuracy.

6.4.3 Unseen Modulus

Qualitative Algorithm (unseen modulus):

i. Encode information about various possible prime factorizations

ii. Estimate the modulus via the largest number in context

iii. Combine steps i and ii to construct correct RNS representations, then implement

steps ii and iii from the fixed modulus algorithm

Unlike the FM case, the training set for UM is generated using many different moduli m,

unseen at test time. Since each modulus has its own RNS representation incompatible with other

moduli, the model must implement a different, more general algorithm to solve UM tasks.

We analyze how the embedding layer and attention heads of a 4-layer Transformer model

help implement the above algorithm to solve the UM task. The model is trained on a dataset

generated with nm = na = nc = 128, where mmax = 2457. To avoid leakage between training

and test sets, we specifically exclude the moduli mtest ∈ {1800 = 23 · 32 · 52, 2048 = 211, 2352 =

24 · 3 · 72} from the training set. Note that the choice mmax = ⌊1.2 · 2048⌋ is made to maintain

3We read-out MLP outputs instead of network outputs to avoid distortion from the skip connection.
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Figure 6.7: UM: PCA analysis of the embedding layer.

consistency with the setting in Figure 6.1(a).

Step i: We first analyze the embedding layer. In Figure 6.7(a), PCA shows a semi-circular

structure along the first principal component, with the second principal component separating

even and odd numbers. This semi-circle resembles the circular patterns seen in modular arith-

metic tasks [29, 104], but since our model is trained on multiple moduli, it cannot form a closed

circle by identifying a unique 0 value. Figure 6.7(b) further shows that the 2nd and 3rd princi-

pal components group numbers by their remainders modulo 2 and 3, which likely reflects their

prevalence as prime factors in the training set.

Note with varying moduli, the model need not form a binary encoding as before. Instead,

we find attention heads in first layer group embedded numbers by remainders modulo different

primes, each head specializing in a particular factor. This specialization allows the model to

construct RNS representations with various prime bases.

To investigate head specialization, we analyze afformentioned first-layer attention heads

in Figure 6.8, presenting PCA results for selected heads in panels (a1, b1, c1). For each, we
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input sequences using the corresponding mtest and randomly selected (a, c) pairs (per the Hull-

Dobell Theorem), then isolate the output H(h) for each head by zeroing out all other heads.

We perform PCA at token position t = 0 (PCA(H(h)[:, 0, :])), then projecting each number’s

feature vector H(h)[x, t, :] onto the top two principal components and labeling each point with

its corresponding x.

The analysis shows that each head groups numbers by their remainder modulo different

prime factors, enabling the model to select suitable representations in later layers. The promi-

nence of small primes in the top principal components likely reflects their frequency in the train-

ing data. Furthermore, we believe the performance gains observed in Figure 6.1 with more heads

can be partly attributed to the model’s improved capacity to capture additional prime factors for

constructing RNS representations.

To further demonstrate that these heads directly influence the model’s performance, we

measured per-digit accuracy before and after pruning each specialized head, as shown in pan-

els (a2, b2, c2) and (a3, b3, c3). For pruning, we replace the head’s output with its mean

value mean(H(h)[:, :, :]) ∈ R across all positions (using 10% of randomly selected training

sequences), which preserves signal scale and avoids catastrophic model degradation. The results

show that pruning a head responsible for a particular prime factor significantly impairs perfor-

mance on corresponding digits, while other digits are less affected. For instance, in panel (a3),

the model’s ability to compute 71 and 72 digits is lost, while base-2 and base-3 digits remain

above chance. Similarly, in (b3), removing the modulo-2 head erases all corresponding digit

accuracy, and in (c3), pruning the modulo-3 head greatly reduces base-3 digit performance, but

leaves base-2 and base-5 largely intact.

Finally, we further validate the link between head specialization and digit-wise accuracy
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Figure 6.8: UM: PCA analysis of attention heads specializing in different prime factorizations
and their effect on per-digit accuracy. (a1, b1, c1) PCA patterns of outputs extracted from cor-
responding heads. The first two principal components group numbers based on their remainder
modulo 14, modulo 4, and modulo 3, respectively. (a2, b2, c2) Test accuracy for individual dig-
its when numbers are represented according to Equation (6.4) for given mtest. (a3, b3, c3) Test
accuracy for individual digits after pruning the corresponding heads shown in panels (a1, b1, c1).
Pruning these specific heads substantially degrades performance on their corresponding digits.

by pruning irrelevant heads. For mtest = 2048, pruning heads responsible for modulo 7 or 3 (as

in panels (a1) or (c1)) yields the results in Figure E.16. Interestingly, removing the modulo-3

head sometimes improves performance for specific token positions, while others show minimal

degradation. These findings reinforce the connection between head specialization and digit-wise

computation; further details can be found in Appendix E.8.2.
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Figure 6.9: UM: Attention head (layer 1, head 6) for estimating mtest. (a) The query consistently
attends to keys corresponding to the largest values within the given sequence; (b) the head gen-
erates features with the highest cosine similarity to mtest; (c) when patching the feature with
sequences generated using mpatch = 1024 but maintaining the same a and c, the model often
makes predictions with values of n smaller than mpatch.

Step ii: The performance variations observed above suggest that the model is internally uncer-

tain about which RNS representation to use, likely due to difficulty in determining mtest. As we

discuss below, the model appears to estimate mtest greedily via in-context learning.

In Figure 6.9(a), using a sequence with x0 = 1, a = 5, c = 31, and mtest = 2048, we

observe a first-layer attention head that attends primarily to the largest numbers, as seen by the

vertical lines in the attention weights. To analyze this further, in panel (b), we extract the output

H(h) ∈ R1×L×dmodel from this head for the same sequence and compute its cosine similarity with

token embeddings for all x < mtest, producing a RL×mtest matrix for the heatmap. This reveals

that the head’s output consistently has the highest similarity with the largest numbers that has

been seen in context, indicating a greedy estimation of mtest.
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To further verify that this head estimates mtest for later layers, we conduct a patching

experiment [148], as shown in Figure 6.9(c). We generate a new sequence with the same a, c,

and x0, but with mpatch = 1024, and extract H(h)patch ∈ R1×L×dmodel from this head. We

then overwrite the output H(h) in a forward pass for the original sequence (mtest = 2048) with

H(h)patch. The model now frequently predicts numbers smaller than mpatch. As shown in

Figure E.18 (Appendix E.8.3), patching other heads disrupts predictions but never induces a

similar qualitative shift, confirming this head’s unique role in estimating mtest.

One might expect that even a small error in estimating mtest would invalidate predictions,

but this is not necessarily the case. As shown in Section 6.4.2, if the correct representation is

chosen, the lower bits maintain a strong periodic signal. Since the model can prepare multiple

RNS representations (as demonstrated in step i), a sufficiently close estimate of mtest allows these

lower bits to guide the model toward the correct representation. Further discussion is provided in

Appendix E.8.4 and step iii.

Step iii: Once the necessary features are prepared, subsequent layers implement the rest of

the algorithm. As in the FM case, we observe a ladder pattern in digit-wise accuracy for lower

digits at early token positions. This pattern, which demonstrates the copying bias, is visible in

Figure 6.8(b2).

More careful inspection of Figure 6.8(b2) shows the model copies the lowest 5 digits.

Interestingly, given the estimated mtest = 2033 from step ii, the model effectively reduces it

to 2033/25 ≈ 63.53. Futhermore, since the model operates on integers, it could round it to 64,

yielding 64 ·25 = 2048 = mtest. Thus, the model in principle, can predict higher digits accurately

without the exact value of mtest.
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While some algorithmic transition from lower to higher digits clearly occurs, the exact

mechanism remains unclear. The sharp transition in per-digit performance at the 25 digit in

Figure 6.8(b2) supports this argument. Nevertheless, we believe the model applies an algorithm

similar to FM for higher bits, which we will elaborate on in Appendix E.8.5.

6.5 Scaling Up the Modulus

In this section, we investigate training upon scaling up the LCG modulus, with the follow-

ing modifications:

Base-b tokenization. To avoid massive dictionary sizes for large m, we implement a base-b

tokenization scheme. Each integer is decomposed into a sequence of base-b digits, beginning

with the least significant digit; resulting in a vocabulary size of b for any m. Based on the

discussion in Section 6.4.1, it is beneficial to choose b such that gcd(b,m) = b.

Abacus Embeddings. We encode positional information using a variant of the Abacus embed-

ding [142], as a sum of two learnable vectors. One vector encodes the position of the integer

within the sequence, while the other encodes the position of each digit within the integer (see

Figure 6.10).

6.5.1 Fixed Modulus

For each modulus m = 2k, where k is an integer in the range 16 ≤ k ≤ 32, we train a

2-layer model with dmodel = 1024 and a vocabulary size of 256. We select training sequences via

the Hull-Dobell theorem, setting na = nc = 1024 (See Appendix E.9.3 for training details). For
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Figure 6.10: Visualization of base-b tokenization and abacus embeddings. Abacus embedding 1
is shared by all the digits within the integer, while Abacus embedding 2 varies within the digit
but is shared by all integers.

the test dataset, we choose 512 values of a and 64 values of c that differ from those in the training

set.

The quality of an LCG largely depends on its multiplier, traditionally evaluated via the

spectral test [145]. In Figure 6.11(a), we test our model on both spectrally optimal Steele mul-

tipliers [149] and arbitrary multipliers for m = 232. While achieving 100% test accuracy with

equal in-context sequence lengths, the model performs consistently worse on Steele-generated

sequences compared to those from arbitrary multipliers.

In Figure 6.11(b), a log-log plot reveals that the number of in-context sequence elements

needed for 100% test accuracy scales sublinearly with modulus m as mγ , where γ ≈ 1/4.

6.5.2 Unseen Modulus

For the UM case, we train a 6-layer Transformer on a dataset with nm = 32,768, na = 128,

nc = 1, with 1024 < mtrain < 65,536. Sequences are length 512, each integer tokenized as

two bytes (context length 1023). As before, test data uses unseen mtest and (a, c), focusing on

mtest = 2k, 3k. Figure 6.12 shows that the number of in-context sequence elements needed

to reach 60% test accuracy scales as mγ
test (0.24 ≤ γ ≤ 0.33). The averaged test accuracy of
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(a) (b)

Figure 6.11: FM: (a) Average test accuracy (m = 232) vs number of in-context sequence ele-
ments. (b) The number of in-context sequence elements required to achieve 100% test accuracy
(minimum of 5 runs). (See Appendix E.9.3 for details)

each number in the sequence is shown in Appendix E.9.4. Test performance is influenced by the

tokenization base, since the tokenization base highlights the periodic structure of LCGs making

it more apparent and easier for the model to leverage during training and prediction. To confirm

this, we train a model with tokenization base 243. In Figure 6.12, mtest = 2k (3k) sequences

scale better when the tokenization base is 256 = 28 (243 = 35).

(a) (b)

Figure 6.12: UM: The number of in-context sequence elements required to achieve 60% test accu-
racy shows a sublinear dependence on the modulus m. The scaling depends on the compatibility
between m and tokenization. (a) base-28 tokenization, (b) base-35 tokenization.
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6.6 Related Work

Interpretability and Modular Arithmetic. A growing body of work examines the circuits,

algorithms and structures learned by Transformers [120, 124, 125, 131, 132, 143, 150]. A notably

fruitful setting involves simple modular arithmetic problems [4, 5, 6, 29, 30, 103, 104]. Our work

adds to this by reverse-engineering the underlying algorithms and uncovering emergent structures

in learning pseudo-random number sequences.

Cracking PRNGs. There is a classic duality between cryptography and learning theory [151],

and cracking PRNGs is an important topic in cryptography. Nevertheless, deep learning-based

attacks have received limited attention in the post-Transformer era. Amigo et al. [152] demon-

strated that a fully-connected neural network can predict the outputs of a modified LCG with

fixed (irrational) parameters (a, c,m) = (1, π, 1). In comparison, we systematically analyze the

harder cases of unseen parameters using Transformers, reverse-engineer the learned algorithms,

and study effects of scale and complexity.

Formal Grammars. LCG can also be viewed as a formal language (Type-3 regular grammar)

lying within the Chomsky hierarchy [153]. Formal languages provide an interesting setting for

synthetic datasets that can be used to understand the properties of neural networks in controlled

settings [154, 155, 156, 157].

Chaotic time-series. A major application of neural networks is predicting time-series for

chaotic dynamics, such as weather prediction [158] and financial modeling. PRNGs provide

an analog of such dynamics in the discrete setting.
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6.7 Discussion

We have investigated Transformer training on LCG sequences, focusing on fixed modu-

lus training as well as generalization to unseen moduli. In both cases, we have uncovered the

algorithm used by the model to solve these tasks and highlighted the model components that

implement the steps of the algorithm. We have found that the model finds and utilizes prime

factorizations of m and RNS representations of numbers to simplify the sequences and make

predictions. We have provided the modified training recipe for scaling up the modulus in both

FM and UM settings, and shown their scaling behaviors.

6.7.1 Limitations and Outlook

The results of this paper were limited to scales m ≤ 232. It would be interesting to test our

results on much larger moduli as well. We leave the exploration of PRNGs that are built upon

LCGs, such as PCGs and truncated LCGs for future works. It would also be interesting to make

the training even more unbiased, by training on general classes of arithmetic sequences.

Another interesting direction for future investigation concerns the scaling law. It remains

unclear what determines the scaling exponent discussed in Section 6.5. Any improvement in this

scaling behavior would not only make models substantially more powerful in practice but could

also potentially provide deeper insights into data/sample efficiency across other domains.
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Chapter 7: Towards Distributed Neural Architectures

In the previous chapters, we have covered several key components of deep learning, in-

cluding initialization, parameterization, optimization, and the interplay between architectures

and data. Building upon this foundation, we are now prepared to extend our investigation to

real-world settings and address broader challenges in deep learning.

Among the many factors at play, we focus on understanding and improving one of the most

fundamental components widely accepted in the deep learning community: the connectivity be-

tween layers. Throughout this dissertation, we have consistently referred to “layer l” or “depth

L,” implicitly assuming that all layers are structurally similar and arranged in a fixed, sequen-

tial order. This chapter challenges that assumption and explores new perspectives on network

connectivity.

The primary practical motivation for revisiting this paradigm stems from scaling. As the

scaling laws continue to hold empirically [17, 159, 160], and as increasingly powerful models

are developed by adhering to these principles, we are rapidly approaching a point where the next

generation of models will be too large to train within a single data center. At that scale, training

must inevitably span multiple data centers, introducing fundamental physical constraints:

1. Failures caused by random thermal or power fluctuations, as well as radiation-induced bit-

flip errors, will become non-negligible

128



2. Communication between data centers is inherently limited by the network bandwidth and

speed of light

It is important to note that these limitations arise in part from the fact that current model

architectures are constructed with layers arranged in a strictly sequential order, requiring com-

putation to proceed layer-by-layer1 and often demanding extensive synchronization. One can

imagine that if different parts of a model could operate at least partially independently, in other

words, in a distributed manner. Then many of these issues could be alleviated:

1. A distributed network enables independent sub-network execution, providing asynchrony

and improved fault tolerance.

2. By leveraging independently operable sub-networks, communication overhead can be re-

duced through careful network topology design, thereby decreasing the frequency of inter-

component communication.

Although we have outlined the potential benefits of distributed network design, it is im-

portant to acknowledge that these advantages are likely to become significant only at scales far

beyond what is currently feasible. Moreover, while physical constraints are an important con-

sideration, the natural preferences inherent in data represent another crucial factor that can exert

non-trivial influences on architectural design. Therefore, as a proof of principle, this chapter

focuses on the following key concepts from the perspective of emergent structure:

• Dynamic compute allocation

• Interpretable modularity and specialization
1This does not sound as bad, since this restricted design allows people to employ pipeline parallelism to overlap

communication with computation.
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The challenges associated with fully distributed and asynchronous training are left for future

work.

7.1 Emergent Connectivity

To achieve our objectives, the most natural approach is to adopt an emergent paradigm, in

which the computation and connectivity patterns of the network arise organically during training.

This idea is largely inspired by prior work on conditional computation [161], with Mixture-

of-Experts (MoE) architectures serving as a canonical example. In MoEs, different tokens are

allowed to follow distinct computational paths through the network, with each path determined

by a series of learned routers during training.

We leverage a similar concept to construct DNA models. The key distinction is that DNAs

are initialized with a collection of routers and a diverse set of modules (such as MLPs, attention

mechanisms, Transformers, etc.). Each token is routed along its own path through the network,

with both the modules and routers being jointly optimized. This flexible construction encom-

passes feed-forward, MoE, Mixture of Depth (MoD)[162], weight sharing, and early exit archi-

tectures as special cases that can emerge during optimization. In practice, we find that a mixture

of all these methods tends to emerge from end-to-end training.

We test this idea on two types of settings: (i) discriminative models in vision classification,

trained on ImageNet [163] and (ii) generative language models trained on a subset of fineweb-

edu. Here we provide a brief summary of what we find in Figures 7.1 to 7.3.

The rest of this Chapter is organized as follows: in Section 7.2 we explain the general set

up, establish some terminology, and introduce certain choices we made to ensure trainability.
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Figure 7.1: (a) DNA from the module’s perspective: Each token follows its own trajectory
through the network. There is no notion of depth or width. With the help of zero compute
experts (identity operation), different tokens may have different path lengths. (b) DNA from the
token’s perspective: The forward pass consists of a series of steps. At any given step, each token
is acted on by a module or by an identity operation (black dots). When a module that contains an
attention operation acts on several tokens simultaneously, the attention pattern is computed only
between these tokens. Consequently, the attention part of the architecture can be understood as
dynamic (i.e. data-dependent) sparsity.

In Section 7.3 we present the vision DNA models and analyze their inner-workings, while in

Section 7.4 we do the same for the generative language DNA models. In Section 7.5 we present

our conclusions and discuss the new emerging research directions.

7.2 Distributed neural architectures

7.2.1 General set up and intuition

In this section, we describe the general structure of DNAs, as well as different ways of rea-

soning about its nature. The main idea can be traced back to the classic work of [164]: we view a

neural network as a collection of computational modules that develop specialization, learn inter-

action and composition end-to-end. The internal structure of the computational modules as well

as communication pattern between them are emergent. Our objective is to train well-performing
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Figure 7.2: (a) Path distribution of top-1 trained DNA vision model: we plot the distribution of
paths that tokens take through the model, collected from the test split of ImageNet. The color
corresponds to the frequency of the paths and is used in the sub-figure (b). Surprisingly, the
distribution of paths through the random model also follows a power law with exponent −1.
(b) We highlight the paths that different patches take through the DNA by their frequency. We
see very clear emergent specialization of paths: some paths focus on the object, others on the
background, and others on the edges and boundaries. This visualization also illustrates the sparse
nature of the attention: patches of different colors do not attend to each other in later steps of the
forward pass.

Figure 7.3: (a) Path distribution of top-1 trained DNA language model: we plot the distribution of
paths that tokens take through the model. The color corresponds to the frequency of the paths and
is used in the sub-figure (b). The distribution is a power-law with exponent −1.2. Similarly, we
find that paths through the random model are distributed according to a power-law with exponent
−1. (b) Examples of tokens that follow frequent (low rank) and rare (high rank) paths. We see
that paths specialize in different ways: versions of the verb “to be”, embedding of “.” which we
view as sentence-level attention, adjectives, etc..

models and then to understand the distributed nature of computation, emerging connectivity and

specialization rather than saturating any particular benchmark. In order to take full advantage of
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DNAs the infrastructure has to be co-designed with the emergent structure (or, equivalently, in-

frastructure should shape/constrain the emergent structure). We leave this direction to the future

work.

General DNAs. In the general setting, the proto-architecture of DNAs is a collection of the

following components

• Input node (including embedding/patchify layers)

• Output node (including unembedding layer)

• Nm distinct computational modules, Mi

• Nr distinct routers, Rj

Each computational module operates on sequences and can be a transformer, MLP, atten-

tion or any other operation. The total number of modules Nm determines the total number of

parameters, but not the compute. Each router is a classifier with (at most) Nm classes. Routers

process tokens in parallel and send them out to the corresponding modules. The router can be

trained with a general top-k choice. In our experiments we take k = 1, 2.

The forward pass (after traditional embedding operations) works as follows: (i) token em-

beddings are routed to relevant modules, (ii) modules perform computation on token embeddings

they received, (iii) recomputed embeddings are put back together and step (i) is repeated. In

Fig. 7.1 we show the forward path from the perspective of modules and from the perspective of

tokens. The latter makes it clear that the forward pass is fully causal (in contrast to MoD [162]),

while the former emphasizes distributed nature of DNA.
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Paths and ribbons. This design naturally introduces a new unit for interpreting the network be-

havior: instead of focusing on activations, we can study the routing decisions and communication

patterns between modules. To extend the discussion to the top-k case with k > 1, we introduce

an additional concept: each token simultaneously follows multiple paths that collectively form

a ribbon, which generalizes the notion of a single path. Given a set of modules {Mi}, a path is

defined as an ordered list of integers corresponding to the indices of the modules it traverses

path = [i1, i2, . . . , ismax ] , (7.1)

while a ribbon is defined as a list of k-tuples

ribbon = [τ1, τ2, . . . , τsmax ] , (7.2)

where each τn =
(
i
(n)
1 , i

(n)
2 , . . . , i

(n)
k

)
is a k-tuple.

Each k-ribbon can be viewed as a collection of ksmax paths2, however this interpretation

becomes prohibitively costly to implement even in the case of k = 2. A sequence of T tokens is

characterized by T ribbons. The number of possibilities for the paths and ribbons is exponentially

large. Next, we will build some intuition and discuss different ways of thinking about DNAs.

Dynamically sparse attention. From the perspective of the attention modules, routing can be

viewed as dynamically generated sparsity. As explained on Fig. 7.1 the routing is (i) fully causal

and (ii) at each step of the forward pass, each attention module computes the attention matrix only

over the tokens it has received. The tokens that were skipped at a given step do not participate

2For further accuracy paths can be weighted by the corresponding probabilities.
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in any attention at that step. The choice of the routed tokens as well as the attention pattern is

often human-interpretable as can be seen in Fig. 7.7 and Fig. 7.11. Finally, dynamically sparse

attention requires less compute.

Interpretability of trained DNA models. Routed models (including MoE, MoD and DNA)

present a new path for interpretability research, as the fundamental units for analyzing is no

longer restricted to neuron paths. Since each path/ribbon is assembled from a collection of routing

decisions. Thus it is natural to attempt to interpret these paths as well as the individual routing

decisions. For example, we find that maximizing the probability that an image follows a particular

path allows to reconstruct the essential features of the image Fig. 7.6. We perform a collection

of experiments interpreting routing decisions, ultimately confirming that routers contain human-

understandable structure.

7.2.2 Technical details

In this paper, we made a few purely empirical design choices that allowed to take advantage

of optimizations such as flash attention as well as to reduce the search space. Each of our modules

can be chosen from the classic GELU-transformer block or its attention/MLP component. In all

cases, we use the Pre-LayerNorm (Pre-LN) version. Many improvements/gains are certainly left

on the table.

Routing. Our routers are linear (token-choice) classifiers. The probabilities of selecting a given

Mi at step-s for token t is obtained by applying softmax over router logits, where the routing de-

cision is made by sampling with hard top-k. This softmax results in ρ(s,t) = softmax(Rs(h
(s,t))).
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Each token chooses k modules to participate in, leading the ith module to have an input, h(s)
i ,

which is the collection of those tokens. At each step-s, the outputs of the k chosen modules are

combined as follows3

h(s+1,t) = h(s,t) +
∑

i∈top-k⋆(ρ
(s)
⋆ )

ρ
(s)
i

(
M t

i (h
(s)
i )− h(s,t)

)
, (7.3)

where h(s) is the pre-activation at step-s and ⋆ denotes the collection of all possible module

indices, and the t superscript on M denotes the tth component of the output. This specific choice

is made building on [1, 165] to ensure good signal and gradient propagation.

The routers are arranged as follows: at each token-processing step s a router Rs makes the

decision for all tokens. The total number of token processing steps is capped by a hyperparameter

smax which determines the maximum compute per token. While this is not the most general way

of arranging the routers, we had to limit our exploration to converge in finite time.

Emergent compute efficiency. In order to teach the DNA to use compute intelligently we

introduce several identity modules that do not apply any operation: If the router sends a token to

the identity module then nothing happens to the token (h(s+1) = h(s)). To encourage the network

to skip modules (and save compute) we follow the bias trick from Deepseek model [166]: We

introduce one bias b
(s)
i for each step s. These biases are decoupled from the Autograd as in

[166]. While in the original work the biases were used to enforce load balancing we use them to

encourage the models to use identity layers by modifying the top-k selection part of the forward

3Somewhat awkward for of Eq.7.3 is explained by the fact that M t
i (h

(s)
i ) is assumed to have a skip connection

built-in, so we subtract h(s,t) and the add it later to make sure we do not overcount it and end up with blowing up
signal.
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pass via

i ∈ top-k
(
ρ(s)⋆ + b(s)⋆

)
. (7.4)

Note the biases are only non-zero when the index i corresponds to Identity module and will not

affect the probability in Fig. 7.3.

We initialize all biases at 0 and only update the term corresponds to identity modules during

training

b
(s)
i (t+ 1) = b

(s)
i (t) + u · Sign

(
r · k · c̄(s)(t)−

∑
i∈Id

c
(s)
i (t)

)
, (7.5)

where c
(s)
i represents the token counts that pass through a given module, and c̄(s) denotes the

average token counts across all modules, r is introduced to control the ratio of tokens to skip and

u is for controlling the update speed of the bias term. We emphasize that because of the identity

modules each token is processed using different amount of compute. Furthermore, the amount of

compute per sequence varies due to sparse attention patterns.

Optimization objective. We optimize a traditional categorical cross-entropy loss function with

AdamW optimizer with learning rate warm-up and cos-decay for vision and warm-up stable de-

cay for language. The values of hyperparameters, initialization scheme, etc can be found in the

Fig. F.1. We do not use load-balancing because our objective is to let models develop the struc-

tures they need in order to solve the task and then to understand these structures. Optimization of

DNAs for real-world inference is delegated to the followup.
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Backbone. We found that the optimization converges much better if first few modules are not

routed, meaning they process all tokens and that choice is hard-coded. We refer to these few

layers as backbone and denote the number of layers in the backbone as Nb. In our experiments

Nb = 0, 1, 2.

7.3 DNA for computer vision

In this Section we describe DNAs trained on ImageNet. Our models are competitive with

the dense baselines, yet the computation performed by the models is quite different.

7.3.1 Experimental details

We trained several DNA models at a ViT-Small scale [64], with the complete set of

hyperparameters reported in Table 7.1. In all cases, we used the same data-augmentation

pipeline—RandomCrop, RandomHorizontalFlip, and ColorJitter [10]; AutoAugment [167];

Random Erasing [168]; MixUp [169]; and CutMix [170]. All models were trained for 300

epochs with a batch size of 2048. We performed a grid search over learning rates η ∈

{0.001, 0.0015, 0.002} and weight-decay values λ ∈ {0.02, 0.05, 0.1, 0.2}. For futher details,

we refer the readers to Fig. F.1.

The training curves for the best run of each model and the routing patterns of the top-1 and

top-2 DNA models are shown in Fig. 7.4.
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Figure 7.4: Top-Left: Test accuracy on ImageNet validation set during training for DNAs and the
dense baseline. Top-Right Effective number of compute nodes used per step, for DNA models
at the end of training. In both cases, the models exhibit higher diversity in routing decisions near
the output. Bottom: Flow of patches plotted using the validation set of the ImageNet for the
top-1 (left) and top-2 (right) models. Each column of circles contains all modules in the DNA.
The size of the circles is proportional to the frequency with which each module is activated. If a
circle is absent, then it is never activated. We see that the models develop a dense foundation and
later split into distributed sparse networks.

Model Nb Nm Nr dembed dMLP Nhead Active Params Params

ViT-small - 12 - 384 1536 6 22M 22M
top-1 DNA 1 18 11 384 1536 6 22M (17M) 34M
top-2 DNA (25% skip) 1 24 11 256 1024 4 18M (15M) 18M

Table 7.1: Hyperparameters of DNA models and ViT-small. Note that for DNA models, the
number of active parameters shown in parentheses refers to non-shared active parameters (as
detailed in Sec. 7.3.3).

7.3.2 Interpretability

In this section we analyze how the trained models work with an eye for improving them

later.
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Figure 7.5: Left: Paths followed by the patches on the right. The color corresponds to the rank.
Right: Patches that follow the highlighted paths. The patches that pass through lower-rank paths
share a higher-level commonality (color and edges), while patches that go through higher-rank
paths are associated with the more specific concept (brass instruments and puzzle pieces).

Patches and Paths. We found that the paths taken by patches are highly interpretable. To

demonstrate this, we used the top-1 DNA model shown in Fig. 7.4 and collected the paths of all

patches from images in the ImageNet validation set. In Fig. 7.5, we highlight four representative
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paths (colored by their corresponding CDF values), along with 60 randomly selected patches that

follow each path.

We observed that frequently taken paths (i.e., those with low rank) tend to aggregate patches

from diverse images that nevertheless share high-level features—for example, edges in the case

of the rank-5 path, and flat color regions for the rank-15 path. In contrast, infrequently taken

paths (i.e., those with high rank) tend to group patches from visually similar images with low-

level similarities—for instance, brass instruments for the rank-775 path and puzzle pieces for the

rank-941 path. To establish a baseline, we performed a similar analysis on a randomly initialized

DNA model. Somewhat surprisingly, we found that it also can cluster images, however it uses

a very different similarity measure, leading to nearly identical patches being clustered based on

superficial features4. See Fig. F.4.2 for further discussion.

We have also found that in the cases when an image has a clearly defined objects such as in

Fig. 7.2 and Fig. 7.7 there is a group of patches that follows the boundary between object and the

background. In fact, the most compute-heavy images are the ones with very intricate collection

of boundaries Fig. 7.8. These observations seem to be related to the work [171] where it was

found that the patches most critical for classification are of the same nature. Finally, in Fig. 7.7

we observe that boundary patches can be used to (almost holographically) reconstruct part of the

object via deep-dream-like method.

Deep-dream analysis of paths. To understand routing decision and module specialization

more generally, without relying on validation data, we use “activation maximization”. Instead

of maximizing the output of a neuron or channel as is typical, we maximize the weight or proba-

4One could have expected these results in view of the work on signal propagation [28] which argues that for
properly initialized (random) networks similar inputs have similar representations
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bility of tokens following a given path. We view the collection of paths taken by an image through

the network as a collective variable that describes the configuration of the network. We then gen-

erate other typical images that follow the same paths as by starting with noise and maximizing

the probability that the each token follows the same path (or ribbon) as the initial image Fig. 7.6.

Figure 7.6: Three examples of reconstructed images: bell pepper, hummingbird, and Welsh
springer spaniel (top to bottom). Images are reconstructed by maximizing the total weight on
all routing decisions made from step 0 to step i of the forward pass. We can see that the early lay-
ers (1-3) are primarily concerned with texture and edges, intermediate layers (4-6) with lighting
distributions, and the remainder (7-10) host larger-scale features. The final reconstructed images
(top to bottom) are classified as “spotlight” (p = 0.4826), “hummingbird” (p = 0.5502), and
“papillon” (p = 0.4393). In the last two cases, all top 5 model guesses are birds and dog breeds
correspondingly, reflecting hierarchical nature of ImageNet. Top 5 model guesses for the first
row are: spotlight, matchstick, candle, car mirror, snowmobile.

The simplest objective, OS , is the sum of the probabilities, up to step S ≤ smax,

OS ≡
S∑

s=1

∑
t

∑
i∈Topk⋆(ρ

(s,t)
⋆ )

ρ
(s,t)
i , (7.6)

which we maximize by performing gradient descent with respect to the input. The choices, i are

fixed at their original values throughout. One way to interpret this quantity is to consider ρ to be

the conditional probability, ρ(s)i = P
[
i|h(0)

]
, of the choice given the input. While ρ might not be

a true probability (since we sample top-k) or we might substitute it with the corresponding logit,

the intuition will remain the same.
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In this case,

∇h(0)ρ
(s)
i = ∇h(0)

P
[
h(0)|i

]
P [i]

P [h(0)]
= ρ

(s)
i ∇h(0)

(
log P

[
h(0)|i

]
− log P

[
h(0)

])
, (7.7)

so this procedure updates the input towards a direction which increases its probability conditioned

on the choice i more than decreasing the prior probability over all choices.

In Fig. 7.6 we see the results of optimizing the objectives OS for S = 0, . . . , 10 for three

selected images. It is clear from the penultimate column that optimizing O10 results in generating

a semantically similar image to the original input, which demonstrates that the routing decisions

are highly informative about the original image. The network’s choices encode information about

the relative location of objects, the type of object and the separation between the objects and the

background exemplified by the three reconstructed peppers, the clear reconstruction of a bird

and a dog, as well as the reconstruction of a grassy background in the bird image. Looking at

Eq. 7.7, we interpret the generated image as the one most likely to result in the particular choices

made while classifying the original image. Therefore, the differences between the original and

reconstructed image are also important. For example, the final reconstructed image does not

maintain the colors from the original: pink peppers rather than yellow, and a white dog rather

than a black one. This shows that choices are being made on the basis of specifically semantic

boundaries.

Additionally, in the earlier choices, S < 10, the structure emerges from lower-level details

building up to higher-level ones, with a sharp transition between steps 6 and 7. In the early steps,

the routing choices look at edges (1-3) and on patches of light and dark (4-6). At step 7 we

can suddenly see the object emerge which implies that the model begins to collect the processed
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information from prior steps and to classify the image. The consistency of this effect across

different samples is interesting, and suggests an common structure across images. Steps 7-10 are

an iterative refinement of details in the image, such as the arrangement of animal parts and even

texture5. Overall, we see that the router learns to intelligently route tokens through the network.

Figure 7.7: A schematic representation of the dreaming procedure. During inference the DNA
chooses a trajectory for each token, building a computational graph towards the output shown in
(a). Our dreaming procedure accepts a subset of token trajectories and context from the input and
then optimizes the remainder of the input to maximize the weight on those trajectories (b-f). The
red boundary delineates the group of tokens whose decisions we maximized. The upper rows
have context from the original image in this region while the lower row of each example does
not. The main finding is that the boundary patches have non-local information about both object
and background: when these patches are provided as a context then upon dreaming procedure
generates the object and some background. The patch patterns also nicely illustrate the emergent
sparse attention.

Deep-dream analysis of segmentation. We now use the same framework to understand why

the distinct choices made by different groups of tokens (visualized in Fig. 7.2 through the colored

overlay) are responsible for classifying the image, and how these choices rely on the context of

the input image. To do this we define a more general objective which optimizes the path weights

for a subset, T , of input tokens, and which may condition a subgroup of patches to be the same as

5We noticed that our models are particularly sensitive to details in images of animals and nature, which makes
sense as ImageNet has a large number of these images.
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the original input. This allows us to explore how context of the set T can influence those choices

made by tokens in T . To be concrete this objective

OT
S ≡

S∑
s=1

∑
t∈T

∑
i∈Topk⋆(ρ

(s,t)
⋆ )

ρ
(s,t)
i , (7.8)

optimizes the path weights for tokens in T up to step S. We will choose S = 10 from now on.

We naturally group tokens by placing tokens which follow the same path throughout the

network into the same group. After separating choices into these (disjoint) subsets we perform

two experiments. First, we optimize the whole image to maximize OT
S . As shown in Fig. 7.7

without any context this procedure reconstructs some features from the original image such as

the whiteness of the dog in (d), cloth texture (e), and cloudy texture (f). Though they share some

features of the original image these reconstructions lack specific detail.

We compare these reconstructions with those augmented by the original pixels of the im-

age inside the group T . When we add this information we can see that the reconstructions in

the remainder of the image are much more detailed. For example adding the boundary of the

hummingbird suddenly reproduces the interior of the bird, or adding the color of the shirt repro-

duces the color across the shirt. This implies that context from the original image is important in

explaining why certain choices were made, or what they are sensitive to in the remainder of the

image.

In either case, the portion of the image reproduced is only that corresponding to the ob-

ject itself (e.g. the hummingbird and not the background sky, the shirt and not the dog below,

or the sky and not the hummingbird in front). This implies that the decisions, made with the

context from the input, are primarily dependent on the each object separately. Based on this we
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hypothesize that decisions are largely related to object segmentation.

7.3.3 Efficiency

Figure 7.8: Distribution of computational cost on the ImageNet validation set for the top-2 DNA
(25% skip) model. We observe that (i) the compute follows roughly Gaussian distribution; we
believe that it is a reflection of the dataset rather than the model. (ii) the amount of compute that
the model spends on the image correlates with the visual content. Namely, the model prioritizes
boundary patches, so in high compute images almost everything looks like a boundary, whereas
in low compute images almost everything is a background.

Compute. When we allow patches to take paths of varying lengths, we find that the model

does so in an interpretable manner at the image level, suggesting that its decisions are strongly

contextual. We examine this behavior using the Top-2 DNA model (with 25% skip rate) shown in

Fig. 7.4 by measuring the compute allocated to each image. Specifically, we count the number of

computational modules used along the ribbon of each patch, average this count over all patches

within an image, and normalize the result such that the normalized compute equals 1 when the

ribbon never skips a module.
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The results are shown in Fig. 7.8. On the left, we plot the distribution of compute across

all images in the ImageNet validation set. On the right, we randomly select four images for

each compute level—high (top 1% of images), medium (49%–51%), and low (bottom 1%). We

observe that images requiring lower compute tend to be visually simpler, containing no “object”.

On the other hand, high compute images are very vibrant with textures and the model burns all

compute it can trying to segment it. Similar experiments can be done at patch level, where we

also find a similar correlation between patches and compute, see Fig. F.4 in Appendix F.4.1.

Parameter sharing. We observe that both top-1 and top-2 models tend to reuse certain mod-

ules, leading to emergent, input-dependent weight sharing. We emphasize that the models have

not been explicitly incentivized to share parameters. This raises a natural question: what kind of

data leads to more weight sharing. On Fig. 7.9 we show several results. First, we quantify how

much both top-1 and top-2 models re-use parameters. We find that the distribution is gaussian

implying that on average 25% and 15% of parameters is reused. Second, we show that examples

of heavy and light reuse images. It is clear that high re-use images do not contain the object.

The models like to reuse the module that has full (i.e. not sparse) attention. AS a sanity check

we verified that images that use the least active parameters are classified correctly and with high

confidence.

Next we ask: is the parameter-sharing behavior similar for different models? In other

words, does it depend on the model or on the data? To answer this we consider a correlation

between module re-use of top-1 and top-2 models. We find that there is a good correlation

between the two. This suggests that active-parameter saving techniques developed by the models

rely on similar features.
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Figure 7.9: Left. Statistics of module reuse and representative images for the top-1 and top-2
DNA models. We see that high model reuse is dedicated to the complex images that lack and ob-
ject to be segmented. For those images attention tends to spread everywhere. Low module reuse
images are less interpretable, but we surmise that most of the image is taken by the object. Top-
Right Correlation between module reuse for top-1 and top-2 DNA models. Both models tend
to reuse modules on the same images (high correlation). Bottom-Right. Correlation between
module skip and module reuse for the top-2 DNA model. The model uses different features to
save compute and to reuse modules (low correlation).

Finally, in the top-2 case skipping the modules reduces both FLOPs and number of active

parameters. We would like to know if FLOP savings correlate with module reuse. To this en

we make a correlation plot between the amount of module reuse and module skip for the top-2

model. We observe that these decisions are not correlated. Thus, we conclude that model uses

different criteria to save compute and to re-use modules.
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7.4 Language DNA models

In this Section we discuss DNA language models. Before diving in we emphasize that

language and image datasets (and objectives) are very different. In particular, FineWeb-edu is

vastly more complex than ImageNet. Consequently, our models are way too small to truly absorb

it (or even 21B token part of it). Nonetheless, already at this small scale and vastly ”under-

parametrized” regime we observe many interesting effects.

7.4.1 Experimental details
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Figure 7.10: Models trained with 21B tokens sampled from FineWeb-Edu dataset. Top-Left:
Validation loss measured on a subset that we leave aside. Top-Right: Effective number of com-
pute nodes used per step for DNA models at the end of training. The two models exhibit different
behaviors in the early steps. Compared to the patterns observed in vision models, they both fol-
low different trends as the number of steps increases. Bottom: Flow of tokens plotted using the
validation set of the FineWeb-Edu dataset for the top-1 (left) and top-2 (right) DNA models.

We trained several DNA models at a scale comparable to GPT-2 Medium [172], with the
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Model Nb Nm Nr dembed dMLP Nhead Active Params Params

GPT-2 medium - 24 - 1024 4096 16 406M 406M
top-1 DNA 2 36 22 1024 4096 16 406M (242M) 583M
top-2 DNA 2 72 24 768 3072 12 433M (266M) 603M

Table 7.2: Hyperparameters of DNA models and GPT-2 medium (no weight-tying). Note that for
DNA models, the number of active parameters shown in parentheses refers to non-shared active
parameters (as detailed in Sec. 7.4.3).

complete set of hyperparameters listed in Table 7.2. All models were trained on the FineWeb-

Edu [173] 100B-token subset, for approximately 21B tokens in total (40, 000 steps with a batch

size of 512 and a context length of 1024). For each model, we searched over three learning rates,

η ∈ {0.0004, 0.0008, 0.0016}, with a fixed weight decay value λ = 0.1. All models are trained

using the same learning rate schedule, which includes a linear warmup for the first 1, 000 steps

and a linear decay to 0.1 · η for the last 8, 000 steps. The training curves of the best run for

each model, together with the routing patterns of the top-1 and top-2 DNA models, are shown in

Fig. 7.10. We present a few standard benchmark results in Table 7.3.

Model Loss (↓) ARC-E (↑) BoolQ (↑) HellaS (↑) LAMBADA (↑) PIQA (↑) RACE (↑) Wiki (↓)

Random 10.825 25.0 50.0 25.0 0.0 50.0 25.0 ∼ inf
GPT-2 (406M) 2.720 58.9± 1.0 60.5± 0.9 40.5± 0.5 33.8± 0.7 66.9± 1.1 32.3± 1.4 33.7
top-1 (406M) 2.754 56.9± 1.0 60.8± 0.9 38.6± 0.5 28.7± 0.6 65.8± 1.1 30.9± 1.4 38.7
top-2 (433M) 2.674 59.2± 1.0 61.0± 0.9 41.8± 0.5 34.0± 0.7 67.9± 1.1 31.1± 1.4 31.5

GPT-2 (30% shallower) 2.772 58.0± 1.0 54.9± 0.9 37.9± 0.5 31.4± 0.7 65.9± 1.1 30.1± 1.4 38.0
top-2 (30% skip) 2.784 52.5± 1.0 52.9± 0.9 35.5± 0.6 23.8± 0.6 64.2± 1.1 28.1± 1.4 52.6

Table 7.3: Final validation loss and zero-shot downstream evaluation. We reported accuracy in all
cases with standard error, except for Wikitext, where we reported word-level perplexity. Columns
are bolded only when there is a clear winner, taking standard error into account. Hyperparameter
details for the model with skipping and the shallower GPT-2 are listed in Appendix F.1.

7.4.2 Interpretability

In this subsection, we focus on understanding the behavior of the top-1 DNA model shown

in Fig. 7.10. We find that the early routers learn to group semantically or lexically similar tokens.
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Figure 7.11: Left: Two examples illustrate how the router R1 (at step-1) directs semanti-
cally/lexically similar tokens to specialized modules. For instance, M9 groups tokens related
to neural concepts in the first example and to “breakfast, lunch, dinner” in the second, whereas
M29 tends to receive word-pieces that can be combined into whole words. Right: Tokens (sepa-
rated by |) traverse distinct paths that align with semantic/lexical categories.

Early routers group similar tokens. We selected two example paragraphs: One from

Wikipedia and one hand-crafted (see Fig. F.5.1 for the full paragraphs and Fig. F.6,F.7 for full

token flows). Then we visualized the routing decisions made by R1 in the left panel of Fig. 7.11.

Each token is colored according to the CDF value of the path it follows, using the same color

scheme as in Fig. 7.3.

We found that the router R1 consistently sends semantically similar words to M9, punctu-

ation marks to M27, and word pieces to M29 in both examples. In the Wikipedia example, the

router additionally groups plural nouns and routes them to M1, verb variants to M10, and related

prepositions to M25 and M30 accordingly.
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Interpreting path distribution. We start with the NLP version of Fig. 7.5. Namely, we visual-

ize the tokens that follow the same path for several different ranks in the right panel of Fig. 7.11.

As expected, low-rank (i.e. frequent) paths tend to capture frequently used words, such as link-

ing verbs, or words that share similar conceptual roles (e.g., rank-8 corresponds to relationships

between actions and their targets or contexts; rank-64 relates to human endeavors). We also find

that rank-2 path focuses on end of sentence tokens, which can be interpreted as sentence-level

attention.
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Figure 7.12: top-2 DNA model with a 30% skip rate (final validation loss 2.784). Left: Token
flow on the FineWeb-Edu validation set. Unlike the model in Fig. 7.10, this model makes similar
routing decisions across most tokens in the first few steps, which is similar to the vision cases in
Fig. 7.4. Right: Effective top-k measured based on the token flow.

In contrast, mid- and high-rank (i.e. rare) paths exhibit more variability. These include, for

example, distinct adverbs (rank-16384), or even commonly used words appearing in unexpectedly

high-rank paths (e.g., ranks 1024, 32768, 65536, etc.). This may seem surprising, as one might

expect high-rank paths to capture rare or domain-specific concepts. However, we hypothesize that

due to the highly contextual nature of language, common words routed through high-rank paths

likely carry context-specific information rather than simply reflecting their base lexical identity.

A more detailed investigation of this phenomenon at a larger scale is left for future work.
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7.4.3 Efficiency

Compute. Similar to the vision case, we trained a top-2 DNA model that targets skipping

30% of the tokens, where most hyperparameters are the same as those shown in Fig. 7.10, except

Nb = 1 and Nr=23 in this case. The token flows and ribbon distribution are shown in Fig. 7.12.

We make two observations: (i) compute distribution for images and text is very different, showing

that text has significantly higher diversity/complexity (see Fig. 7.13), leading to the majority of

examples requiring (roughly) the same amount of compute. Note the log-scale of the x-axis in

Fig. 7.12. (ii) There are examples in the tail of the compute distribution (a few percent of the

total). By inspection, we see that these examples are qualitatively different from the “average

examples” in that they either contain HTML code, a large number of links, are parts of the

bibliography, or contain many characters from the languages that our model has not learned yet,

such as Arabic, Greek, Hebrew etc. Similar experiments can be done at token level, see Fig. F.8

in Appendix F.5.2 for the results.

Parameter sharing. We find that language DNA models also tend to like parameter sharing

(see Fig. 7.14. However, unlike in the vision case we find that parameters sharing does not

correlate with any notable features in the text. We also make a more careful check by measuring

to types of correlation (similar to the vision case). First, we check if module reuse is correlated

to the compute. Unlike in the vision case, we find a strong correlation. However, we believe

that this correlation has a simple explanation: if fewer modules are skipped, the probability of

reuse goes up. Second we check if there are any similarities between text documents that yield

higher module reuse. Unlike in the vision case, we find that there is no correlation between two
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etta Hiatt was mixed-race. If this is the case, it raises questions about Henrietta s ancestry as well as her experiences living in early nineteenth century Hackney and Britain. Furthermore, as a teenager who has born in
colonial Jamaica and migrated to Britain after 10-12 years, Henrietta Hiatt s story could provide a human perspective to inform an understanding of Hackney s place within the Atlantic world.\nMarriage Settlement 1776, M4050
Hackney Archives\nThe document that I found the most interesting was the 1776 Marriage Settlement contract of Charles Allmond and Ann Harvey, both residents of Hoxton. The contract details the inheritance by Ann Harvey of
one half lot of land in the said parish of Kingston  from her deceased brother Charles Harvey of the parish of Kingston in the island of Jamaica . Alongside the inheritance of all houses, outhouses, edifices, erections,

buildings, paths, casements, profits, commodities, advantages, (and) rights , by Ann Harvey the contract also details the inheritance of negroe or other slaves . Nicholas Draper, in his analysis of slave-ownership and
compensation in Britain has shown how inheritance and marriage created the bulk of slave-owners living in Britain in the 1830s . The source above provides further evidence that in the mid-to late eighteenth century,
familial ties linked members of metropolitan British society across the Atlantic with land and enslaved people in the West Indies.\nMarriage Settlement 1776 , M4050 Hackney Archives(section).\nThe bottom corner reads; Child
named [blank] \nUnusually for a contract that is primarily concerned with the legal rights to property, we are provided with an avenue of exploration with regards to the enslaved themselves. One of the difficulties of
engaging with primary source material that relates to slavery is that it often originates from those who owned enslaved people or from the colonial or metropolitan power. As a result, it can feel as though the histories of
enslaved people have been lost or that the point of view of slave-owners are being privileged in academic discussion. However, the contract does mention two individual members of the enslaved as part of the inheritance; a
woman slave named Kitty together with her female child named . At this point in the text, there is a large blank space where the name of the child is absent. It is unusual for individual enslaved people to be mentioned in

British legal documentation. The inclusion of Kitty and her child in the contract raises questions about how they figured in relation to the merchant Charles Harvey and why they were mentioned specifically in the marriage
settlement.\nThis small selection of a lease contract, a chancery petition and a marriage settlement provide only glimpses into the complex stories of the institutions, commodities and people that were linked to British
slave-ownership. Initially, I have been struck by the entirely ordinary ways in which slavery intersected with the everyday lives of people living in Hackney in the late eighteenth and early nineteenth century. In my
research so far, I have been conscious in trying to find a broad base of primary evidence that can be interpreted, critiqued and understood by young people. It may be the case that not all of these pieces are used in the
final outcome as I am still in the early stages of my research That said, I hope I have introduced ways in which primary resources, such as those considered above, can inform and enrich discussion of the place of slavery in
both local and global histories.\n A factor is a metropolitan agent who is in charge of possessing the commodities and selling them at the best price available.\n Sidney W. Mintz, Sweetness and Power The Place of Sugar In
Modern History (New York, Penguin Group, 1986), p .43.\n Nicholas Draper, The Price of Emancipation: Slave Ownership, Compensation and British Society at the End of Slavery, (Cambridge, Cambridge University Press, 2010), p.
118.<|endoftext|><|endoftext|>Alien species from other planets beyond our solar system may be trying to contact us.\nSome UFO researchers and astronomers believe that alien messages were deciphered from signals coming from a
sun-like star 95 light years away from earth.\nRussia and NASA were the first to receive three alien messages.\nBYPASS THE CENSORS\nSign up to get unfiltered news delivered straight to your inbox.\nHumans Are Free
reports:\nNot exactly a catchy name but that s not the point here. This star is from constellation Hercules nearly 95 light years away.\nSome of the more boring scientists out there think this is nothing more of a natural
phenomenon.\nHowever, other astronomers think NASA and Russia just received an alien message. It s not the first time either.\nNASA AND RUSSIA GET STRONG ALIEN MESSAGE THIS WEEK\nUFO researchers Secureteam10 just reported
that Russia and NASA detected a very strong mystery signal from
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Work\nTo export a reference to this article please select a referencing stye below:\nRelated ServicesView all\nRelated ContentAll Tags\nContent relating to: "Teaching"\nTeaching is a profession whereby a teacher will help
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original writer of this dissertation and no longer wish to have your work published on the UKDiss.com website then please:<|endoftext|><|endoftext|>OR WAIT null SECS\nThe mine space is greater than the volume of all homes
for a city of one million people. The second facility has been mapped at 22,500 acres.\nIt's not every day that a concept of utilizing an underground mine to grow pharmaceutically active plants jumps out and captures one's
attention. However, in the evolution of plants becoming bioreactors for new pharmaceuticals, the concept of contained growing can be extended to consider converting hard rock mines into biosecure underground growth chambers
(BUGC). These subterranean laboratory-styled chambers after they are constructed, licensed, and GMP certified, could offer a secure, year-round and cost-

 metrically categorised as a double consonant with  and  because it was initially pronounced as  (sd), later acquired its modern-day value of /z/.\nNew Testament Greek phonology\nThe Koine Greek in the table represents a
reconstruction of New Testament Koine Greek, deriving to some degree from the dialect spoken in Judaea and Galilaea during the 1st century and similar to the dialect spoken in Alexandria, Egypt. Note the realizations of
certain phonemes differ from the more standard Attic dialect of Koine.\nNote the soft fricative " " in intervocalic position, the preservation of the aspirated plosive value of "ph", "th" and "kh", the preservation of a
distinction between the four front vowels "i", " ", "e", and "y" (which is still rounded), and other features.\n|Beta||  (- -)||b||b (- -)|\n|Sigma||  (- -/- -)||s (-s-/-ss-)||s (-z-/-s -)|\nSample Koine texts\nThe
following texts show differences from Attic Greek in all aspects - grammar, morphology, vocabulary and can be inferred to show differences in phonology.\nThe following comments illustrate the phonological development within
the period of Koine. The phonetic transcriptions are tentative, and are intended to illustrate two different stages in the reconstructed development, an early conservative variety still relatively close to Classical Attic,
and a somewhat later, more progressive variety approaching Modern Greek in some respects.\nSample 1  A Roman decree\nThe following excerpt, from a decree of the Roman Senate to the town of Thisbae in Boeotia in 170 BC, is
rendered in a reconstructed pronunciation representing a hypothetical conservative variety of mainland Greek Koiné in the early Hellenistic era. The transcription shows partial, but not yet completed raising of  and  to
/i/, retention of pitch accent, and retention of word-initial /h/ (the rough breathing).\n   [ ]   ·   [ ]  ,       ,   
[ ]      ,      ·         [ ]         [ ]     

.\nConcerning those matters about which the citizens of Thisbae made representations. Concerning their own affairs: the following decision was taken concerning the proposal that those who remained true to our
friendship should be given the facilities to conduct their own affairs; that our governor Quintus Maenius should delegate five members of the senate who seemed to him suitable in the light of their public actions and
individual good faith.\nSample 2  Greek New Testament\nThe following excerpt, the beginning of the Gospel of John, is rendered in a reconstructed pronunciation representing a progressive popular variety of Koiné in the
early Christian era, with vowels approaching those of Modern Greek.\n  
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Figure 7.13: Left: Compute distribution measured on the validation set of the FineWeb-Edu
dataset for the top-2 DNA model with 30% skip. We observe that the distribution is very heavily
peaked around above the compute threshold of 30% (note the log-scale of x-axis!). Nonethe-
less, some documents are low-compute as we show on the right. Right: Selected tokens that
pass through ribbons with different compute. We find that sequences associated with very low-
compute ribbons either contain HTML code, large number of web links, are parts of bibliography,
contain many characters from the languages that our model has not learned yet, such as Arabic,
Greek, Hebrew etc..

different DNA models. Consequently we conclude that module reuse is most likely random in

the language case. This suggests that language DNAs can be further improved by discouraging

module reuse.

7.5 Conclusion and discussion

7.5.1 Conclusions

In this work we have introduced distributed neural architectures that process each token

differently, depending on its content and context. We introduced initial model architectures and

showed that they are trainable and competitive with the corresponding dense baselines in both

vision and language domains. We also showed that DNA models can be trained to allocate
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(a) (b) (c) (d)

Figure 7.14: (a),(b) Statistics of module reuse and representative sequences for the top-2 DNA
models with/without skipping. We find that top-2 model reuses about 50% of the modules, while
the model trained to skip reuses ≈ 23%. (c) Correlation between module reuse of two different
top-2 DNA models (one with module skipping and one without). We find a lack of correlation,
suggesting that skipping decisions are arbitrary. (d) Correlation between module skip and module
reuse. We find a strong correlation, however we believe that it has a simple statistical nature: if a
module is not skipped, it is more likely to be reused.

compute intelligently based on the input, and this allocation is interpretable.

Next we focused on interpreting how these models process information. We found that

the paths taken by the tokens through the network are interpretable in both domains. In vision

setting we found that the model essentially learns to segment the image, sending similar tokens

to the same paths and focusing on the patches that contain boundaries between objects. We

also found, using deep-dream-type methods, that the routers concentrate on increasingly more

complex features as the number of forward path steps increase.

In the language generation setting, we found that early routers group similar tokens, while

paths exhibit more complex behavior, such as focusing on adverbs, emergent sentence-level atten-

tion, or semantically complex notions. We also found that some documents require less compute

due to their non-informative/noisy nature. We leave a more detailed interpretability study to

future work, once we can train larger DNA models.
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7.5.2 Unresolved Issues and Future work

Here we list a few directions that we believe would be interesting to ourselves and, at the

same time, interesting to the community.

Restricted Connectivity. At present, it remains unclear how to effectively impose locality in

these architectures. At the same time, we know that the current DNA design will not scale, since

the all-to-all communication required at every forward step is costly and actually undermines our

original motivation described at the start of this chapter.

Module variety. In this work we only studied two cases: transformer compute modules and

separate attention and MLP modules (see Appendix F.6). Already in this case we found that

attention and MLP modules are not collapsing into transformer modules, but organize themselves

as a function of depth: early layers prefer attention, while later on the model prefers MLP. It

makes sense to introduce a variety of modules: attention (including efficient attentions), MLP of

various sizes, etc., and allow the DNA to arrange them in the way it wants.

Local routers. In the present work we have focused on simple linear routers that are labeled

by the step of the forward pass. We made this choice primarily to simplify training dynamics

and engineering. A more natural distributed choice would assign routers directly to the nodes.

This implementation is challenging, especially in k > 1 case, but is also more in line with the

distributed perspective we took here.

Hierarchical Routers. As we have discussed throughout this chapter, most data inherently

possesses its own hierarchy. Therefore, it is reasonable to argue that routing can occur at different
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levels and may need to be trained using different algorithms accordingly. How to effectively

achieve this remains a very open question.

Architectures search. It is interesting to extract lessons from the DNAs that might be applica-

ble to more rigid, traditional architectures. First, an interesting direction would be to introduce

inhomogeneity in the model architecture. Earlier layers should be dense and (likely) not too

wide, while later layers should be much wider, and, possibly, sparse. Second, as we discuss

in Appendix F.6: MLP and Attention do not need to be attached to each other. We train DNA

models that can freely choose between MLP and attention layers. Such DNAs do not glue MLP

and attention to get back the transformer architecture. Instead, they prefer to use more attention

during early steps and use more MLP during later steps. We also find that the models really like

weight-sharing, however it is not clear how beneficial it really is.

Data Filtering / Out-of-Distribution Detection. Another interesting possibility is to invert

the DNA framework and design a setting where DNA serves as a smart data filtering system.

Based on our experiments, we observe that, for any data collection, DNA can naturally identify

underrepresented data points, making it a promising outlier detector.
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Chapter 8: Summary and Future Directions

In this dissertation, we have studied various aspects of deep learning, centered around

network architecture and emergent phenomena. We began by examining initialization and its

interaction with architectural design, emphasizing that a good initialization provides a strong

first step in the learning process. To this end, we developed theoretical and empirically efficient

tools to diagnose initialization quality across different network architectures. Along the way,

we identified emergent depth scales that characterize the effective trainable depth of a network

at initialization. These findings, in turn, guide architectural design by suggesting that networks

should be constructed to maximize these scales.

However, initialization alone is not sufficient to guarantee successful training. We therefore

studied the effects of parameterization and initialization on training dynamics, particularly sharp-

ness dynamics, using a simple two-layer model that captures many of the essential characteristics

of real-world networks. Drawing insights from non-linear dynamical systems, we developed an

intuitive description of function space dynamics and, through analysis of the corresponding fixed-

point structure, derived a universal guideline for stable model training, which we then verified

across multiple datasets.

A parallel, though not independent, direction of our research focuses on emergent structures

arising from data. By steadily increasing the complexity of modular arithmetic datasets and
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leveraging insights from theoretical analysis, we were able to isolate the generalization circuit

from the memorization network. Moreover, we empirically and mechanistically examined the

emergence of in-context learning (ICL) capabilities. This analysis provides valuable insights into

how Transformer models acquire such abilities from data and reveals the minimal model depth

required for them to emerge.

Finally, building on the insights and experiences from the previous chapters, we challenge

one of the most fundamental assumptions in neural network architecture design – inter-layer

connectivity. We propose a new architecture DNA, that allows arbitrary inter-layer connectivity

patterns. By training DNA models on both vision and language datasets, we observed the emer-

gence of diverse connectivity patterns, and computation distributions that correlated with data

complexity. This architecture also serves as a powerful interpretability tool: by introducing to-

ken paths, or ribbons, as observables, we can clearly interpret fundamental abilities that emerge

during training and are often difficult to characterize in traditional architectures.

Before discussing future directions, we would like to discuss the spirit and methodology

of this dissertation. We believe it should become self-evident as we proceed, yet it is worth

emphasizing the methodological framework we draw from physics and, more broadly, the natural

sciences. This approach can be viewed as an iterative combination of the following key elements:

1. Observation: Identify a key phenomenon, often one that appears unexpected or unnatural.

2. Hypothesis: Propose an underlying cause for the observed phenomenon, typically accom-

panied by a simplified model consistent with the hypothesis.

3. Prediction: Derive testable predictions or expected outcomes from the hypothesized model.

4. Experiment: Conduct experiments to verify or falsify the hypothesis.
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This methodology has led to many successes in deep learning research, and we believe it

will continue to shine in the future. Our experience suggests that the more complex a system

becomes, the more effective this methodology tends to be.

Now, we would like to outline several promising and important directions for future re-

search.

Rethinking Architectural Design and Scaling As discussed in Chapter 7, several existing

works suggest that the current paradigm of scaling up model size using Pre-Norm architectures

may be reaching a limit, where adding more layers no longer yields the expected benefits. How-

ever, this design choice arose for historical and practical reasons. Since such architectures can

be viewed as depth expansions along an identity mapping, with Normalization layers controlling

the effective coefficient, they offer remarkable stability and robustness to initialization. Yet, this

blessing also becomes a curse: it introduces shortcuts that allow the model to minimize loss using

effectively shallower subnetworks. Once this preferential attachment becomes embedded in the

architecture, it becomes difficult for the model to fully utilize its maximum depth.

On the other hand, these shortcuts also emerge naturally from the properties of language

data. In the early stages of training, models tend to capture low-order statistical features (such as

n-gram patterns with a small n) because they are the easiest to learn. Since the intrinsic structure

of language cannot easily be changed, improvement must come from both optimization strategies

and architectural innovations. From an optimization perspective, the training pipeline could be

designed to prevent the model from learning too quickly at the early stage. From an architectural

perspective, one could design structures that discourage such shortcuts, though this may come at

the cost of the stability advantages provided by Pre-LayerNorm designs.
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This contradiction motivates a shift in our design paradigm. Three immediate directions

can be envisioned:

1. Different connectivity: human brains do not work like a one layer after another with a

fixed pattern, and most real-world data is not strictly within that format as well. This way

of thinking would allow us to have a chance to break the curse of preferential attachment,

which we believe is the main improvement from Mixture-of-Experts (MoE) architectures

compare to the conventional dense models.

2. Model growth: train smaller models more thoroughly, then progressively expand them in

a way that avoids shortcut formation. This may help preserve depth utilization during

scaling.

3. Model shrinking: begin with a larger model than needed, allowing its internal shortcuts

to correspond to deeper subnetworks of the eventual smaller model. This approach could

retain the benefits of Pre-LayerNorm stability while mitigating its drawbacks.

While both directions have been explored in recent work, there is still no clear consensus.

Different studies adopt distinct perspectives on how to reconcile stability, depth utilization, and

optimization efficiency in large-scale neural architectures. However, no matter what we do, it

would be very exciting to see what new structures could emerge with this potential paradigm

shift.

Going Beyond LLM Pre-Training Most of our discussion has focused on the pre-training

stage. However, the field has now entered a phase where post-training and test-time scaling in-

creasingly dominate the landscape. This shift calls for a reexamination of which architectures are
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naturally suited for extending computational capacity beyond pre-training – a significant chal-

lenge for current attention-based models, whose computational cost scales quadratically with the

number of generated tokens. To address this limitation, new architectural variants that can ef-

fectively replace the traditional attention mechanism are urgently needed. Although numerous

works have explored this direction, no fully convincing alternatives have yet emerged.

Another promising direction along this line is to avoid generating explicit tokens and in-

stead perform computation directly within the model’s high dimensional latent space, a paradigm

often referred to as latent reasoning. Current progress suggests that achieving this will likely

require architectural modifications to make models inherently capable of reasoning and compu-

tation in latent space.

Finally, we conclude with one overarching lesson: meaningful progress in this rapidly

evolving field demands both deep expertise in specific domains and a broad, integrative vision

that connects them across disciplines.
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Appendix A: Emergent Length Scale at Initialization

A.1 Experimental Details

We implemented our methods using PyTorch [69] hooks and an efficient Jacobian approx-

imate algorithm [67].

Figure 2.1. We generated MNIST-like inputs, where all elements are sampled from the Gaus-

sian distribution N (0, 1). J 0,l data was averaged over 100 different parameter-initializations.

Networks were initialized width Nl = 1000. For erf plot we initialized at critical point

(σw, σb) = (
√

π
4
, 0), used depth L = 250 and the fitting was done with data points collected

at depth l > 100; for ReLU plot we initialized at critical point (σw, σb) = (
√
2, 0), used depth

L = 100 and the fitting was done with all data points; for the µ = 1 Pre-LN plot, we initialized

both networks at (σw, σb) = (
√
2, 0), used depth L = 250 and the fitting was done with l > 100

data points.

Figures 2.2 and 2.3. All the phase diagrams were plotted using χL−1
J generated from networks

with L = 50 and Nl = 500. We used hooks to obtain the gradients that go into calculating χL−1
J .

χL−1
J data was averaged over 100 different parameter-initializations. Inputs were generated from

a normal Gaussian distribution and have dimension 28 × 28. Generating the data for the figure
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took approximately 2 days on Google Colab Pro (single Tesla P100 GPU).

Figures 2.4 and 2.5. In all cases, networks are trained for 10 epochs using stochastic gradient

descent with CrossEntropy loss. We used the Fashion MNIST dataset [174]. All networks had

depth L = 50 and width Nl = 500. The learning rates were logarithmically sampled within

(10−5, 1). Generating the data for the figure took approximately 12 days on Google Colab Pro

(single Tesla P100 GPU).

Figure 2.6. (1)We made the σ2
w − σ2

b phase diagram for ResNet110(LayerNorm) by averaging

over 100 different parameter-initializations. The σ2
w − µ phase diagram was made by averaging

over 200 parameters initialization. (3)(4) We used SGD with momentum= 0.9 and batch size

128. For selecting the learning rate we ran a grid-search over 0.001, 0.005, 0.01, 0.02, 0.5 for 10

epochs; with weight decay λ = 10−4. All models were trained for 50 epochs and averaged over

3 random seeds. It takes 6 GPU days in total on a single NVIDIA RTX 3090 GPU.

Figure 2.7. (1)(2)We made the phase diagram for MLP-Mixer with 30 blocks and averaged over

100 different parameter-initializations. (3)(4)We used network with L = 100, patch size 4 × 4,

hidden size C = 128, two MLP dimensions Ntm = Ncm = 256. The L = 32 point has doubled

widths. All networks have 10 million parameters. Notice that for all Mixer Layers we used NTK

initialization. We trained all cases on CIFAR-10 dataset using vanilla SGD paired with CSE.

Batch size bs = 256, weight decay λ = 10−4 was selected from {10−5, 10−4}, mixup rate α = 0.8

was selected from {0.4, 0.8}. We also used RandAgument and horizontal flip with default settings

in PyTorch. For all cases we searched learning rates within {0.005, 0.01, 0.05, 0.1, 0.2, 0.5}. We

also tried a linear warm-up schedule for first 3000 iterations, but we did not see any improvement
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in performance. Generating the data for the figure took approximately 4 days on Google Colab

Pro (single Tesla P100 GPU).

Figure 2.8. Models were trained on CIFAR-10 dataset for 600 epochs using LAMB

optimizer[175] with B = 256. The learning rate is decreased by a factor of 0.1 at 450 and

550 epochs. Training accuracy is measured on training samples with Mixup α = 0.8. Both

models interpolate the original training set. Results obtained using a single NVIDIA RTX 3090

GPU.

Figure 2.9. Models were trained on CIFAR-10 using SGD with momentum = 0.9. and B =

256 for 300 epochs, where we decrease the learning rate by a factor of 0.1 at 150 and 225 epochs.

Training accuracy is measured on training samples with mixup α = 0.8. Both models interpolate

the original training set. Results obtained using a single NVIDIA RTX 3090 GPU.

A.2 Batch Normalization

The operation of BatchNorm on a preactivation (pre-BN) in an MLP can be described as

follows:

h̃i(x) =
hi(x)− µi,B

σi,B

,

µi,B =
1

|B|
∑
x′∈B

h(x′) and σi,B =

√
1

|B|
∑
x′∈B

(h(x′)− µi,B)2 ,

(A.1)

where B is the batch that x belongs to and |B| is batch size.

The works He et al. [2], Yang et al. [39] show that for large batch size, the effect of Batch-

Norm for NNGP kernel and Jacobian Norm is deterministic. We summarize the results for the
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pre-BN MLP setup:

Kl+1(x,x′) =
σ2
w

Nl

Nl∑
j=1

Eθ

[
ϕ(h̃l

j(x))ϕ(h̃
l
j(x

′))
]
+ µ2Kl(x,x′) (A.2)

J l,l+1 =
σ2
w

Kl(x,x)−Kl(x,x′)
Eθ

[
ϕ(h̃l

j(x))ϕ(h̃
l
j(x))

]
+ µ2 , (A.3)

where x′ in the APJN term can be any x′ ̸= x, since for a large batch size all choices are equiva-

lent.

From the above result, we can see that most results we have for LayerNorm can be trans-

lated to BatchNorm with an easy replacement K l(x, x) →
(
Kl(x,x)−Kl(x,x′)

)
. As a simple

example, consider a pre-BN ResNet architecture, but with all the Convolutional layers replaced

with Linear (Fully Connected) layers. For such a network, we have the following result for µ < 1:

J l,l+1 =
π2(1− µ2)

(π − 1)2
+ µ2 . (A.4)

For µ = 1, we have

J l,l+1 = 1 +O(l−1) (A.5)

A.3 Additional Discussion on ResNets

For Convolution Layers, the NNGP kernel is a 4-index tensor: Kl
µν;ij(x,x

′), where the

Greek letters (µ, ν) index the channels, whereas the Latin letters (i, j) index the pixels. The

infinite width limit in this case is achieved by taking the number of channels to infinity (sequen-
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tially). In this limit, most of our equations for MLP can be easily rewritten using the convolu-

tional NNGP kernel. However, in this case, the kernel is only diagonal in channel dimension:

Kl
µν;ij(x,x

′) = Kl
ij(x,x

′)δµν . This additional structure in the kernel makes it difficult to get a

closed-form solution for J l,l+1 in general.

For both LayerNorm and BatchNorm setups, we observe common behaviors. In Fig-

ure 2.6(2), we see that the network is critical close to µ = 1, as expected from our analysis.

One would naively expect the µ < 1 cases also to be critical, since for MLP with ReLU and Pre-

LN, σb = 0 is critical regardless of σw and µ. However, in Figure 2.6(2), the region away from

µ = 1 is in the ordered phase for LayerNorm and in the chaotic phase for BatchNorm. This is

likely a result of the kernel Kl
µν;ij(x,x

′) not being diagonal in spatial dimensions. We emphasize

that the µ = 1 case stays unaffected by this, since the existence of criticality does not depend on

the details of the NNGP kernel in this case. This can be readily seen from (A.47).

A.4 Discussion on Transformers

As preliminary empirical results, we applied our method to Vision Transformers (ViTs).

Figure A.1 supports our argument in the main text that the Pre-LN architecture is generally in-

sensitive to initialization when µ = 1, where Post-LN is only stable with small σ2
w; Figure A.2

further demonstrates that the attention mechanism is highly sensitive to initialization and thus

vulnerable to the gradient vanishing/diverging problem.
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Figure A.1: χJ Phase diagram for Vision Transformer (ViT) (L = 24, nheads = 8, dembd = 256).
We present cases with pre/post-LN, with/without MLP layers. Top-left: Usual ViT – becomes
everywhere-critical when µ = 1; ordered otherwise. Bottom-left: Usual ViT without MLP layers.
Top-right: ViT with post-LN (instead of pre-LN). Always ordered for finite σw. Bottom-right:
ViT with post-LN, without MLP layers.
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Figure A.2: logχJ Phase diagram for stacked Attention layers with/without MLP layers (L = 24,
nheads = 8, dembd = 256). We use logχJ and cut off the colorbar at χJ = 101 because the χJ
values in this case span from ∼ 50 orders of magnitude.
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A.5 Technical Details and Derivations

We will drop the dependence of hl
i(x) on x throughout the Appendices. It should not cause

any confusion since we are always considering a single input.

A.5.1 APJN Proofs and Derivations

Here we provide an extended proof of theorem 2.5 in the main text.

Proof of theorem 2.5. We start from the definition of the averaged partial Jacobian norm (APJN)

(l > l0)

J l0,l+1 ≡ 1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

∂hl+1
i

∂hl0
j

∂hl+1
i

∂hl0
j


=

1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

(
Nl∑
k=1

∂hl+1
i

∂hl
k

∂hl
k

∂hl0
j

)(
Nl∑

m=1

∂hl+1
i

∂hl
m

∂hl
m

∂hl0
j

)
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1

Nl+1

Eθ
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Nl0∑
j=1

Nl∑
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(
wl+1

ik ϕ′(hl
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) (
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im ϕ′(hl
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)( ∂hl

k

∂hl0
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m

∂hl0
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Eθ
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Nl∑
k,m=1
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ik wl+1
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k)ϕ

′(hl
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∂hl
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∂hl0
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∂hl
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′(hl
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∂hl
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∂hl0
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∂hl
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∂hl0
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 . (A.6)

where we used the chain rule and took the expectation value over wl+1. Next, we take the chain
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rule again:

J l0,l+1 =
σ2
w

Nl
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= χl

J J l0,l , (A.7)

where we integrate (by parts) over wl to get the second line. We take Nl−1 → ∞ and then

Nl → ∞ to get the third line. We rearrange terms and use the Eq.(2.15) to get the fourth and fifth

lines. Notice that to get the third line we used the fact in the infinite width limit, the distribution

of hl
i is independent of hl−1

i . Thus we proved

J l0,l+1 = χl
JJ l0,l . (A.8)

The critical line is defined by requiring χ⋆
J = 1, where critical points are reached by further

requiring χ⋆
K = 1.

As we mentioned in the main text, l0 = 0 is subtle since the input dimension is fixed N0,

which can not be assumed to be infinity. Even though for a dataset like MNIST, usually N0 is not

significantly smaller than width Nl. We show how to take finite O(N−1
0 ) correction into account
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by using one example.

Lemma A.1. Consider a one hidden layer network with a finite input dimension N0. In the

infinite width limit, the APJN is still deterministic and the first step of the recurrence relation is

modified to:

J 0,2 =

(
χ1
J +

2σ2
w

N0

χ1
∆

N0∑
k

1

N0

h0
kh

0
k

)
J 0,1 , (A.9)

where J 0,1 = σ2
w.

Proof.

J 0,2 =
1

N2

Eθ

[
N2∑
i=1

N0∑
j=1

∂h2
i

∂h0
j

∂h2
i

∂h0
j

]

=
1

N2

Eθ

[
N2∑
i=1

N0∑
j=1

N1∑
k,m=1

w2
ikw

2
imϕ

′(h1
k)ϕ

′(h1
m)

∂h1
k

∂h0
j

∂h1
m

∂h0
j

]

=
1

N2

N2∑
i=1

N0∑
j=1

N1∑
k,m=1

Eθ[w
2
ikw

2
imw

1
kjw

1
mjϕ

′(h1
k)ϕ

′(h1
m)]

=

N0∑
j=1

N1∑
k=1

σ2
w

N1

Eθ[w
1
kjw

1
kjϕ

′(h1
k)ϕ

′(h1
k)]

=σ2
w

(
χ1
J +

2σ2
w

N0

χ1
∆

N0∑
k

1

N0

h0
kh

0
k

)

=

(
χ1
J +

2σ2
w

N0

χ1
∆

N0∑
k

1

N0

h0
kh

0
k

)
J 0,1 , (A.10)

where to get the result we used integrate by parts, then explicitly integrated over w1
ij . We have

introduced a coefficient of finite width corrections, χl
∆, defined as follows.
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Definition A.2 (Coefficient of Finite Width Corrections).

χl
∆ =

σ2
w

Nl

Nl∑
i=1

Eθ[ϕ
′′(hl

i)ϕ
′′(hl

i) + ϕ′′′(hl
i)ϕ

′(hl
i)] . (A.11)

Remark A.3. Notice that the correction to J 0,2 is order O(N−1
0 ). If one calculates the recur-

rence relation for deeper layers, the correction to J 0,l will be O(
∑l

l′=0 N
−1
l′ ), which means the

contribution from hidden layers can be ignored in infinite width limit.

The J 0,2 example justifies the factorization of the integral when we go from the last line of

Eq.(A.6) to Eq.(A.8).

Finally, the full Jacobian in infinite width limit can be written as

Lemma A.4 (APJN with l0 = 0). The APJN (with l0 = 0) of a given network can be written as

J 0,l = σ2
w

(
χ1
J +

2σ2
w

N0

χ1
∆

N0∑
k

1

N0

h0
kh

0
k

)
l−1∏
l′=2

χl′

J . (A.12)

Note that APJN with l0 > 0 does not receive the O(N−1
0 ) correction.

A.5.2 APJN and gradients

As mentioned in the main text Section 2.2.2, APJN is an important tool in studying the

exploding and vanishing gradients problem. Its utility stems from the fact that it is a dominant

factor in the norm of the gradients. This can be readily by looking at the (squared) L2 norm of

the gradient of any flattened parameter matrix θl, at initialization. Here, we prove the argument
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in Section 2.2.2. In the infinite width limit, one gets

∥∇θlL∥22 =
(∑

all

∂L
∂hL

i

∂hL
i

∂hL−1
j

· · · ∂h
l+1
k

∂hl
m

∂hl
m

∂θln

)2

=
∑
all

(
∂L
∂hL

i

∂L
∂hL

i′

)(
∂hL

i

∂hL−1
j

∂hL
i′

∂hL−1
j′

)
· · ·
(
∂hl+1

k

∂hl
m

∂hl+1
k′

∂hl
m′

)(
∂hl

m

∂θln

∂hl
m′

∂θln

)

=
∑
all

(
∂L
∂hL

i

∂L
∂hL

i′

)(
∂hL

i

∂hL−1
j

∂hL
i′

∂hL−1
j′

)
· · ·
(
∂hl+1

k

∂hl
m

∂hl+1
k′

∂hl
m′

)
δmm′

∥∥∥∥∂hl

∂θl

∥∥∥∥2
F

=
∑
all

(
∂L
∂hL

i

∂L
∂hL

i′

)(
∂hL

i

∂hL−1
j

∂hL
i′

∂hL−1
j′

)
· · · δkk′J l,l+1

∥∥∥∥∂hl

∂θl

∥∥∥∥2
F

=
∑

i,i′,j,j′

(
∂L
∂hL

i

∂L
∂hL

i′

)(
∂hL

i

∂hL−1
j

∂hL
i′

∂hL−1
j′

)
δjj′ · · · J l,l+1

∥∥∥∥∂hl

∂θl

∥∥∥∥2
F

=
∑
i,i′

(
∂L
∂hL

i

∂L
∂hL

i′

)
δii′J L−1,L · · · J l,l+1

∥∥∥∥∂hl

∂θl

∥∥∥∥2
F

=

∥∥∥∥ ∂L
∂hL

∥∥∥∥2
2

J L−1,L · · · J l,l+1

∥∥∥∥∂hl

∂θl

∥∥∥∥2
F

=

∥∥∥∥ ∂L
∂hL

∥∥∥∥2
2

J l,L

∥∥∥∥∂hl

∂θl

∥∥∥∥2
F

, (A.13)

where ∥·∥2 denotes the L2 norm and ∥·∥F denotes the Frobenius norm.

A.5.3 LayerNorm on Pre-activations

Definition A.5 (Layer Normalization). The most general definition of LayerNorm involves learn-

able parameters γl
i and βl

i .

h̃l
i =

hl
i − E[hl]√

E[(hl)2]− E[hl]2
γl
i + βl

i , (A.14)
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Hoowever, at initialization, the parameters γl
i and βl

i take the values 1 and 0, respectively. This

leads to the form in equation (2.18). In infinite width limit, it has the following form

h̃l
i =

hl
i − Eθ[h

l]√
Eθ[(hl)2]− Eθ[hl]2

. (A.15)

Remark A.6. With only LayerNorm, the network recursion is given by

hl+1
i =

Nl∑
j=1

wl+1
ij ϕ(h̃l

j) + bl+1
i . (A.16)

Remark A.7. In the limit of infinite width, using the law of large numbers, the average over

neurons E [· · · ] can be replaced by the average of parameter-initializations Eθ [· · · ]. Additionally,

in this limit, the preactivations are i.i.d. Gaussian distributed : hl ∼ N (0,Kl).

E
[
hl
]
= Eθ

[
hl
]
= 0 , (A.17)

E
[(
hl
)2]

= Eθ

[(
hl
)2]

= Kl . (A.18)

The normalized preactivation then simplifies to the form of Eq.(2.18).

Lemma A.8. With LayerNorm on preactivations, the gaussian average is modified to

Eθ

[
O(h̃l

i)
]
=

1√
2π

∫
dh̃l

iO(h̃l
i) e

− (h̃li)
2

2 . (A.19)

Proof. By definition h̃l
i is sampled from a standard normal distribution N (0, 1), then use

lemma 2.2 to get the final form.

Theorem A.9. In the infinite width limit the recurrence relation for the NNGP kernel with Lay-
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erNorm on preactivations is

Kl+1 =
σ2
w

Nl

Nl∑
j=1

Eθ

[
ϕ(h̃l

j)ϕ(h̃
l
j)
]
+ σ2

b . (A.20)

Proof.

Kl+1 =
1

Nl+1

Nl+1∑
i=1

Eθ

[
hl+1
i hl+1

i

]
=

1

Nl+1

Nl+1∑
i=1

Eθ

[(
Nl∑
j=1

wl+1
ij ϕ(h̃l

j) + bl+1
i

)(
Nl∑
k=1

wl+1
ik ϕ(h̃l

k) + bl+1
i

)]

=
σ2
w

Nl

Nl∑
j=1

Eθ

[
ϕ(h̃l

j)ϕ(h̃
l
j)
]
+ σ2

b . (A.21)

Theorem A.10. In the infinite width limit the recurrence relation for partial Jacobian with Lay-

erNorm on preactivations is

J l0,l+1 = χl
JJ l0,l , (A.22)

where χl
J = σ2

w

NlKl

∑Nl

i=1 Eθ

[
ϕ′(h̃l

i)
2
]
.

Proof.

J l0,l+1 =
1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

∂hl+1
i

∂hl0
j

∂hl+1
i

∂hl0
j


=

1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

(
Nl∑
k=1

∂hl+1
i

∂h̃l
k

∂h̃l
k

∂hl
k

∂hl
k

∂hl0
j

)(
Nl∑

m=1

∂hl+1
i

∂h̃l
m

∂h̃l
m

∂hl
m

∂hl
m

∂hl0
j

)
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=
1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

Nl∑
k,m=1

(
wl+1

ik ϕ′(h̃l
k)

1√
Kl

)(
wl+1

im ϕ′(h̃l
m)

1√
Kl

)(
∂hl

k

∂hl0
j

∂hl
m

∂hl0
j

)
=

σ2
w

NlKl

Nl∑
k=1

Eθ

ϕ′(h̃l
k)ϕ

′(h̃l
k)

Nl0∑
j=1

∂hl
k

∂hl0
j

∂hl
k

∂hl0
j


=

σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]
J l0,l

= χl
JJ l0,l , (A.23)

A.5.4 LayerNorm on activations

In the main text, we only discussed LayerNorm applied to preactivations, i.e. pre-

LayerNrom. Here, we discuss an alternate application of LayerNorm, which is applied after

the activation fucntions – called post-LayerNorm. The general definition of LayerNorm on acti-

vations is given as follows.

Definition A.11 (post-LayerNorm).

ϕ̃(hl
i) =

ϕ(hl
i)− E[ϕ(hl)]√

E[ϕ(hl)2]− E[ϕ(hl)]2
γl
i + βl

i . (A.24)

Remark A.12. The recurrence relation for preactivations gets modified to

hl+1
i =

Nl∑
j=1

wl+1
ij ϕ̃(hl

j) + bl+1
i . (A.25)

Remark A.13. At initialization, the parameters γl
i and βl

i take the values 1 and 0, respectively.
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This leads to the form

ϕ̃(hl
i) =

ϕ(hl
i)− E[ϕ(hl)]√

E[ϕ(hl)2]− E[ϕ(hl)]2

=
ϕ(hl

i)− Eθ

[
ϕ(hl)

]√
Eθ [ϕ(hl)2]− Eθ [ϕ(hl)]2

,

(A.26)

where the first line follows from the fact that at initialization, the parameters γl
i and βl

i take the

values 1 and 0 respectively. In the second line, we have invoked the infinite width limit.

Remark A.14. Evaluating the Gaussian average in this case is similar to the cases in the pre-

vious section. The only difference is that the averages are taking over the distribution hl−1 ∼

N (0,Kl−1 = σ2
w + σ2

b ). Again this can be summarized as

Eθ

[
O(hl

i)
]
=

1√
2π(σ2

w + σ2
b )

∫
dhl

iO(hl
i) e

− (hli)
2

2(σ2
w+σ2

b
) . (A.27)

Next, we calculate the modifications to the recurrence relations for the NNGP kernel and

Jacobians.

Theorem A.15. In the infinite width limit the recurrence relation for the NNGP kernel with

LayerNorm on activations is

Kl+1 = σ2
w + σ2

b . (A.28)

Proof.

Kl+1 =
1

Nl+1

Nl+1∑
i=1

Eθ

[
hl+1
i hl+1

i

]
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=
1

Nl+1

Nl+1∑
i=1

Eθ

[(
Nl∑
j=1

wl+1
ij ϕ̃(hl

j) + bl+1
i

)(
Nl∑
k=1

wl+1
ik ϕ̃(hl

k) + bl+1
i

)]

=
σ2
w

Nl
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Eθ

[
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b
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w
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Eθ
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2+ σ2
b

=
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w
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Eθ

[(
ϕ(hl
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[
ϕ(hl)

])2]
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+ σ2
b

= σ2
w + σ2

b . (A.29)

Theorem A.16. In the infinite width limit the recurrence relation for partial Jacobian with Lay-

erNorm on activations is

J l0,l+1 = χl
JJ l0,l , (A.30)

where χl
J ≡ σ2

w

Eθ[ϕ′(hl)2)]
Eθ[ϕ(hl)2]−Eθ[ϕ(hl)]

2 .

Proof.
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k
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j
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)
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=
σ2
w

Nl

Nl∑
k=1

Nl0∑
j=1

Eθ

ϕ̃′(hl
k)ϕ̃

′(hl
k)

Nl0∑
j=1

∂hl
k

∂hl0
j

∂hl
k

∂hl0
j


=
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w

Nl
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Eθ

[
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k)
2
]
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= σ2
w

Eθ

[
ϕ′(hl)2

]
Eθ [ϕ(hl)2]− Eθ [ϕ(hl)]2

J l0,l

= χl
JJ l0,l , (A.31)

A.6 Residual Connections

Definition A.17. We define residual connections by the modified the recurrence relation for pre-

activations

hl+1
i =

Nl∑
j=1

wl+1
ij ϕ(hl

j) + bl+1
i + µhl

i , (A.32)

where the parameter µ controls the strength of the residual connection.

Remark A.18. Note that this definition requires Nl+1 = Nl. We ensure this by only adding

residual connections to the hidden layers, which are of the same width. More generally, one can

introduce a tensor parameter µij .

Remark A.19. In general, the parameter µ could be layer-dependent (µl). But we suppress this

dependence here since we are discussing self-similar networks.

Theorem A.20. In the infinite width limit, the recurrence relation for the NNGP kernel with
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residual connections is changed by an additional term controlled by µ

Kl+1 =
σ2
w

Nl

Nl∑
j=1

Eθ

[
ϕ(hl

j)ϕ(h
l
j)
]
+ σ2

b + µ2Kl . (A.33)

Proof.
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b + µ2Kl , (A.34)

where we used the fact Nl+1 = Nl to get the last line.

Theorem A.21. In the infinite width limit, the recurrence relation for partial Jacobians with

residual connections has a simple multiplicative form

J l0,l+1 = χl
JJ l0,l , (A.35)

where the recurrence coefficient is shifted to χl
J = σ2

wEθ

[
ϕ′(hl

k)ϕ
′(hl

k)
]
+ µ2.
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Proof.

J l0,l+1 ≡ 1
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J l0,l+1 = χl
JJ l0,l . (A.36)

A.7 Residual Connections with LayerNorm on Preactivations (Pre-LN)

We recall the recurrence relation (2.26):

hl+1
i =

Nl∑
j=1

wl+1
ij ϕ(h̃l

j) + bl+1
i + µhl

i . (A.37)

Theorem A.22. In the infinite width limit, the recurrence relation for the NNGP kernel is then
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modified to

Kl+1 =
σ2
w

Nl

Nl∑
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Eθ

[
ϕ(h̃l
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b + µ2Kl . (A.38)

Proof.
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b + µ2Kl . (A.39)

Remark A.23. For µ < 1, the recursion relation has a fixed point

K⋆ =
σ2
w

Nl⋆(1− µ2)

Nl⋆∑
j=1

Eθ

[
ϕ(h̃l⋆

j )ϕ(h̃
l⋆

j )
]
+

σ2
b

1− µ2
. (A.40)

where the average here is exactly the same as cases for LayerNorm applied to preactivations

without residue connections. l⋆ labels some very large depth l.

Remark A.24. For µ = 1 case, the solution of (A.38) is

Kl = K0 +
l∑

l′=1

(
σ2
w

Nl

Nl∑
j=1

Eθ

[
ϕ(h̃l′

j )ϕ(h̃
l′

j )
]
+ σ2

b

)
. (A.41)

which is linearly growing since the expectation does not depend on depth. K0 is the NNGP kernel

after the input layer.

Theorem A.25. In the infinite width limit, the recurrence relation for Jacobians changes by a
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constant shift in the recursion coefficient.

J l0,l+1 = χl
JJ l0,l , (A.42)

where for this case

χl
J =

σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]
+ µ2 . (A.43)

Proof.

J l0,l+1 =
1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

∂hl+1
i

∂hl0
j

∂hl+1
i

∂hl0
j


=

1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

(
Nl∑
k=1

∂hl+1
i

∂h̃l
k

∂h̃l
k

∂hl
k

∂hl
k

∂hl0
j

)(
Nl∑

m=1

∂hl+1
i

∂h̃l
m

∂h̃l
m

∂hl
m

∂hl
m

∂hl0
j

)
=

1

Nl+1

Eθ

Nl+1∑
i=1

Nl0∑
j=1

Nl∑
k,m=1

(
wl+1

ik ϕ′(h̃l
k)√

Kl
+ µδik

)(
wl+1

im ϕ′(h̃l
m)√

Kl
+ µδik

)(
∂hl

k

∂hl0
j

∂hl
m

∂hl0
j

)
= Eθ

( σ2
w

NlKl

Nl∑
k=1

ϕ′(h̃l
k)ϕ

′(h̃l
k) + µ2

)Nl0∑
j=1

∂hl
k

∂hl0
j

∂hl
k

∂hl0
j


=

(
σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]
+ µ2

)
J l0,l

= χl
JJ l0,l , (A.44)

Remark A.26. Assuming l ≥ l⋆, we combine (A.40) and (A.43) to derive Equation (2.29) in the
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Theorem 2.8.

χ∗
J = (1− µ2)

σ2
w

Nl

∑Nl

k=1 Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]

σ2
w

Nl

∑Nl

j=1 Eθ

[
ϕ(h̃l

j)ϕ(h̃
l
j)
]
+ σ2

b

+ µ2

= (1− µ2)
A

B
+ µ2 , (A.45)

where A =
∑Nl

k=1 Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]

and B = σ2
w

Nl

∑Nl

j=1 Eθ

[
ϕ(h̃l

j)ϕ(h̃
l
j)
]
+ σ2

b . Recall that

ξ = | logχ⋆
J |−1. This directly leads us to Equation (2.29).

ξ =
1

|log (χ⋆
J )|

=
1

|log
(
(1− µ2)A

B
+ µ2

)
| (A.46)

Note that in Equation (2.29), we discard the average over neurons in A and B, since we are in the

infinite width limit.

Remark A.27. As we mentioned above µ = 1 needs extra care. Plugging µ = 1 into the result

(A.41) and (A.43) we find out that

χl
J |µ=1 =

σ2
w

∑Nl

k=1 Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]

NlK0 +
∑l

l′=1

(
σ2
w

∑Nl

j=1 Eθ

[
ϕ(h̃l

j)ϕ(h̃
l
j)
]
+Nlσ2

b

) + 1

∼ 1 +O

(
1

l

)
. (A.47)

Thus, we get everywhere criticality: critical behavior independent of the choice of initialization

(σb, σw). It also follows that the correlation length ξ diverges in this case. (A.47) leads to power

law behaviour in Jacobians (with exponent ζ) at large depth. Note that the exponent ζ is not

universal.
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Remarks A.26 and A.27 together serve as the complete proof of Theorem 2.8

A.8 Critical Exponents

We will show how to calculate the critical exponents mentioned in the main text in this

section.

First, we show how to get the critical exponent of the NNGP kernel [56].

Lemma A.28. In the infinite width limit, consider a critically initialized network with an activa-

tion function ϕ. The scaling behavior of the fluctuation δKl ≡ Kl −K⋆ in non-exponential. If the

recurrence relation can be expand to leading order δK l as δKl+1 ≈ δKl − cn(δKl)n for n ≥ 2.

The solution of δKl is

δKl =
1

cn(n− 1)
l−ζK , (A.48)

where ζK = 1
n−1

.

Remark A.29. The constant cn and the order of the first non-zero term n is determined by the

choice of activation function.

Proof. We can expand the recurrence relation for the NNGP kernel (2.8) to the second order of

δKl = Kl −K⋆ on both sides.

δKl+1 ≈ δKl − cn(δKl)n . (A.49)
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Use power law ansatz δKl = A l−ζK then

(l + 1)−ζK = l−ζK − cnA l−nζK . (A.50)

Multiply lζK on both side then use Taylor expansion ( l
l+1

)ζK ≈ 1− ζK
l

ζK
l

= cnAl
−(n−1)ζK . (A.51)

For arbitrary l, the only non-trivial solution of the equation above is

A =
1

cn(n− 1)
and ζK =

1

n− 1
. (A.52)

Proof of J l0,l ∝ l−ζ scaling at critical line. We will assume c2 ̸= 0. Then use lemma A.28, we

can expand χl
J in terms of δKl. To leading order l−1

χl
J ≈1− d1δKl

=1− d1
c2
l−1 . (A.53)

Consider a sufficiently large l. In this case O(l−1) approximation is valid. We write recurrence

relations of Jacobians as

J l0,l =
l−1∏
l′=l0

(
1− d1

c2
l′−1

)
J l0,l0

186



≈ cl0 · l−ζ . (A.54)

When cn = 0 for all n ≥ 2, from lemma A.28 we have δKl = 0. Thus the Jacobian saturates to

some constant.

We checked the scaling empirically by plotting J 0,l vs. l in a log–log plot and fitting the

slope. These results are presented in Fig.2.1.

A.9 MLP-Mixer

In this section we would like to analyze an architecture called MLP-Mixer [66], which is

based on multi-layer perceptrons (MLPs). A MLP-Mixer (i) chops images into patches, then

applies affine transformations per patch, (ii) applies several Mixer Layers, (iii) applies pre-head

LayerNorm, Global Average Pooling, and an output affine transformation. We will explain the

architecture by showing forward pass equations.

Suppose one has a single input with dimension (Cin, Hin,Win). We label it as xµi, where

the Greek letter labels channels and the Latin letter labels flattened pixels.

First of all the (i) is realized by a special convolutional layer, where kernel size f is equal

to the stride s. Then, the first convolution layer can be written as

h0
µi =

f2∑
j=1

Cin∑
ν=1

W 0
µν;jxν,j+(i−1)s2 + b0µi , (A.55)

where f is the size of filter and s is the stride. In our example f = s. Notice in PyTorch both bias
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and weights are sampled from a uniform distribution U(−
√
k,
√
k), where k = (Cinf

2)−1.

Eθ[W
0
µν;iW

0
ρσ;j] =

1

3Cinf 2
δµρδνσδij , (A.56)

Eθ[b
0
µib

0
νj] =

1

3Cinf 2
δµνδij . (A.57)

Notice that the output of Conv2d: h0
µi ∈ RC×Np , where C stands for channels and Np =

HinWin/f
2 stands for patches, both of them will be mixed later by Mixer layers.

Next, we stack l Mixer Layers. A Mixer Layer contains LayerNorms and two MLPs,

where the first one mixed patches i, j (token mixing) with a hidden dimension Ntm, the second

one mixed channels µ, ν (channel-mixing) with a hidden dimension Ncm. Notice that for Mixer

Layers we use the standard parameterization.

• First LayerNorm. It acts on channels µ.

h̃6l
µi =

h6l
µi − EC [h

6l
ρi]√

VarC [h6l
ρi]

, (A.58)

where we defined a channel mean EC [h
6l
ρi] ≡ 1

C

∑C
ρ=1 h

6l
ρi and channel variance VarC ≡

EC

[(
h6l
ρi

)2]− (EC [h
6l
ρi]
)2.

• First MlpBlock. It mixes patches i, j, preactivations from different channels that share the

same weight and bias.

– 6l + 1: Linear Affine Layer.

h6l+1
µj =

Np∑
k=1

w6l+1
jk h̃6l

µk + b6l+1
j . (A.59)
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– 6l + 2: Affine Layer.

h6l+2
µi =

Ntm∑
j=1

w6l+2
ij ϕ(h6l+1

µj ) + b6l+2
i , (A.60)

where Ntm stands for the hidden dimension of ”token mixing”.

– 6l + 3: Residual Connections.

h6l+3
µi = h6l+2

µi + µh6l
µi . (A.61)

• Second LayerNorm. It again acts on channels µ.

h̃6l+3
µi =

h6l+3
µi − EC [h

6l+3
ρi ]√

VarC [h
6l+3
ρi ]

. (A.62)

• Second MlpBlock. It mixes channels µ, ν, preactivations from different patches share the

same weight and bias.

– 6l + 4: Linear Affine Layer.

h6l+4
νi =

C∑
ρ=1

w6l+4
νρ h̃6l+3

ρi + b6l+4
ν . (A.63)

– 6l + 5. Affine Layer.

h6l+5
µi =

Ncm∑
ν=1

w6l+5
µν ϕ(h6l+4

νi ) + b6l+5
µ . (A.64)
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– 6l + 6. Residual Connections.

h6l+6
µi = h6l+5

µi + µh6l+3
µi . (A.65)

Suppose the network has L Mixer layers. After those layers the network has a pre-head

LayerNorm layer, a global average pooling layer, and an output layer. The pre-head LayerNorm

normalizes over channels µ can be described as the following

h̃6L
µi =

h6L
µi − EC [h

6L
ρi ]√

VarC [h6L
ρi ]

. (A.66)

Global Average Pool over patches i.

hp
µ =

1

Np

Np∑
i=1

h̃6L
µi . (A.67)

Output Layer

fµ =
C∑

ν=1

wµνh
p
ν + bµ . (A.68)

We plotted the phase diagram using the following quantity from repeating Mixer Layers:

χ⋆
J = lim

L→∞

(
1

NpC

Np∑
i=1

C∑
µ=1

Eθ

[
C∑

ρ=1

Np∑
k=1

∂h6L
µi

∂h6L−6
ρk

∂h6L
µi

∂h6L−6
ρk

])
. (A.69)
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A.10 Results for Scale Invariant Activation Functions

Definition A.30 (Scale invariant activation functions).

ϕ(x) = a+ xΘ(x) + a− xΘ(−x) , (A.70)

where Θ(x) is the Heaviside step function. ReLU is the special case with a+ = 1 and a− = 0.

A.10.1 NNGP Kernel

First evaluate the average using lemma 2.2

Eθ

[
ϕ(hl

i)ϕ(h
l
i)
]
=

1√
2πKl

∫
dhl

i

(
a2+ + a2−

) (
hl
i

)2
e−

(hli)
2

2Kl

=
a2+ + a2−

2
Kl . (A.71)

Thus we obtain the recurrence relation for the NNGP kernel with scale invariant activation

function.

Kl+1 =
σ2
w(a

2
+ + a2−)

2
Kl + σ2

b . (A.72)

Finite fixed point of the recurrence relation above exists only if

χ⋆
K =

σ2
w(a

2
+ + a2−)

2
≤ 1 . (A.73)

As a result

σ2
w ≤ 2

a2+ + a2−
. (A.74)
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For σ2
w = 2

a2++a2−
case, finite fixed point exists only if σ2

b = 0.

A.10.2 Jacobian(s)

The calculation is quite straightforward, by definition

χl
J =σ2

wEθ

[
ϕ′(hl

i)ϕ
′(hl

i)
]

=
σ2
w√

2πKl

∫
dhl

i

[
a+Θ(hl

i)− a−Θ(hl
i)
]2
e−

(hli)
2

2Kl

=
σ2
w(a

2
+ + a2−)

2
, (A.75)

where we used the property xδ(x) = 0 for Dirac’s delta function to get the first line.

Thus the critical line is defined by

σw =

√
2

a2+ + a2−
. (A.76)

For ReLU with a+ = 1 and a− = 0, the network is at critical line when

σw =
√
2 , (A.77)

where the critical point is located at

(σw, σb) = (
√
2, 0) . (A.78)
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A.10.3 Critical Exponents

Since the recurrence relations for the NNGP kernel and Jacobians are linear. Then from

lemma A.28 and J l0,l ∝ l−ζ

ζK = 0 and ζ = 0 . (A.79)

A.10.4 LayerNorm on Pre-activations

Use lemma A.8 and combine all known results for scale-invariant functions

χl
J =

σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]∣∣∣∣∣

K̃l−1=1

=
σ2
w(a

2
+ + a2−)

σ2
w(a

2
+ + a2−) + 2σ2

b

. (A.80)

In this case,

χl
J ≤ 1 (A.81)

is always true. The equality only holds at σb = 0 line.

A.10.5 LayerNorm on Activations

First we substitute Kl−1 = σ2
w + σ2

b into known results

Eθ

[
ϕ′(hl

i)ϕ
′(hl

i)
]
=

a2+ + a2−
2

, (A.82)

Eθ

[
ϕ(hl

i)ϕ(h
l
i)
]
=

a2+ + a2−
2

(σ2
w + σ2

b ) . (A.83)
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There is a new expectation value we need to show explicitly

Eθ

[
ϕ(hl

i)
]
=

1√
2π(σ2

w + σ2
b )

∫ ∞

−∞
dhl

iϕ(h
l
i)e

− 1
2
hl
i(σ

2
w+σ2

b )
−1hl

i

=
1√

2π(σ2
w + σ2

b )

∫ ∞

0

dhl
i(a+ − a−)h

l
ie

− (hli)
2

2(σ2
w+σ2

b
)

= (a+ − a−)

√
σ2
w + σ2

b

2π
. (A.84)

Thus

χl
J =

σ2
w

σ2
w + σ2

b

· π(a2+ + a2−)

π(a2+ + a2−)− (a+ − a−)2
. (A.85)

The critical line is defined by χ⋆
J = 1, which can be solved as

σb =

√
(a+ − a−)2

π(a2+ + a2−)− (a+ − a−)2
σw . (A.86)

For ReLU with a+ = 1 and a− = 0

σb =

√
1

π − 1
σw

≈0.683σw . (A.87)

A.10.6 Residual Connections

The recurrence relation for the NNGP kernel can be evaluated to be

Kl+1 =
σ2
w(a

2
+ + a2−)

2
Kl + σ2

b + µ2Kl . (A.88)
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The condition for the existence of fixed point

χ⋆
K =

σ2
w(a

2
+ + a2−)

2
+ µ2 ≤ 1 (A.89)

leads us to

σ2
w ≤ 2(1− µ2)

a2+ + a2−
. (A.90)

For σ2
w = 2(1−µ2)

a2++a2−
, finite fixed point exists only if σ2

b = 0. (Diverges linearly otherwise)

The recurrence coefficient for Jacobian is evaluated to be

χ⋆
J =

σ2
w(a

2
+ + a2−)

2
+ µ2 . (A.91)

The critical line is defined as

σw =

√
2(1− µ2)

a2+ + a2−
. (A.92)

The critical point is located at
(√

2(1−µ2)

a2++a2−
, 0
)

.

For ReLU, the critical point is at
(√

2(1− µ2), 0
)

.

A.10.7 Residual Connections with LayerNorm on Preactivations (Pre-LN)

Again use lemma A.8 and combine all known results for scale-invariant functions

χ⋆
J = lim

l→∞

(
σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]∣∣∣∣∣

K̃l−1=1

+ µ2

)

=
σ2
w(a

2
+ + a2−)(1− µ2)

σ2
w(a

2
+ + a2−) + 2σ2

b

+ µ2
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= 1− 2σ2
b (1− µ2)

σ2
w(a

2
+ + a2−) + 2σ2

b

(A.93)

Similar to the case without residue connections

χl
J ≤ 1 (A.94)

is always true. The equality only holds at σb = 0 line for µ < 1.

Notice there is a very special case µ = 1, where the whole σb − σw plane is critical.

A.11 Results for erf Activation Function

Definition A.31 (erf activation function).

ϕ(x) =
2√
π

∫ x

0

e−t2dt . (A.95)

A.11.1 NNGP Kernel

To evaluate lemma 2.2 exactly, we introduce two dummy variables λ1 and λ2[176].

Eθ

[
ϕ(λ1h

l
i)ϕ(λ2h

l
i)
]
=

∫
dλ1

∫
dλ2

d2

dλ1dλ2

Eθ

[
ϕ(λ1h

l
i)ϕ(λ2h

l
i)
]

=

∫
dλ1

∫
dλ2

∫
dhl

i

4√
2π3Kl

(
hl
i

)2
e−(λ

2
1+λ2

2+
1

2Kl )(hl
i)

2

=

∫
dλ1

∫
dλ2

4Kl

π (1 + 2Kl(λ2
1 + λ2

2))

=
2

π
arcsin

(
2Klλ1λ2

1 + 2Kl(λ2
1 + λ2

2)

)
. (A.96)
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We use the special case where λ1 = λ2 = 1.

Thus the recurrence relation for the NNGP kernel with erf activation function is

Kl+1 =
2σ2

w

π
arcsin

(
2Kl

1 + 2Kl

)
+ σ2

b . (A.97)

As in the scale-invariant case, finite fixed point only exists when

χ⋆
K =

4σ2
w

π

1

(1 + 2K⋆)
√
1 + 4K⋆

≤ 1 . (A.98)

Numerical results show the condition is satisfied everywhere in σb−σw plane, where χ⋆
K =

1 is only possible when K⋆ = 0.

A.11.2 Jacobians

Follow the definition

χl
J = σ2

wEθ

[
ϕ′(hl

i)ϕ
′(hl

i)
]

=
4σ2

w√
2π3Kl

∫
dhl

i e
−2(hl

i)
2

e−
(hli)

2

2Kl

=
4σ2

w

π

1√
1 + 4Kl

. (A.99)

To find phase boundary χ⋆
J = 1, we need to combine Eq.(A.97) and Eq.(A.99) and evaluate

them at K⋆.

K⋆ =
2σ2

w

π
arcsin

(
2K⋆

1 + 2K⋆

)
+ σ2

b , (A.100)
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χ⋆
J =

4σ2
w

π

1√
1 + 4K⋆

= 1 . (A.101)

One can solve the equations above and find the critical line

σb =

√
16σ4

w − π2

4π2
− 2σ2

w

π
arcsin

(
16σ4

w − π2

16σ4
w + π2

)
. (A.102)

Critical point is reached by further requiring χ⋆
K = 1. Since χ⋆

K ≤ χ⋆
J , the only possible

case is K⋆ = 0, which is located at

(σw, σb) =

(√
π

4
, 0

)
. (A.103)

A.11.3 Critical Exponents

We show how to extract critical exponents of the NNGP kernel and Jacobians of erf activa-

tion function.

Critical point for erf is at (σb, σw) = (0,
√

π
4
), with K⋆ = 0. Now suppose l is large enough

such that the deviation of Kl from fixed point value K⋆ is small. Define δKl ≡ Kl−K⋆. Eq.(A.97)

can be rewritten as

δKl+1 =
1

2
arcsin

(
2δKl

1 + 2δKl

)
≈δKl − 2(δKl)2 .

(A.104)

From lemma A.28

A =
1

2
and ζK = 1 . (A.105)
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Next we analyze critical exponent of Jacobians by expanding (A.99) around K⋆ = 0 critical

point (σb, σw) = (0,
√

π
4
).

To leading order l−1 we have

χl
J ≈1− 2δK l

≈1− 1

l
.

(A.106)

Thus the recurrence relation for partial Jacobian, at large l, takes form

J l0,l+1 =

(
1− 1

l

)
J l0,l . (A.107)

At large l

J l0,l = cl0 l
−1 , (A.108)

with a non-universal constant cl0 .

The critical exponent is

ζ = 1 , (A.109)

which is the same as ζK.

A.11.4 LayerNorm on Pre-activations

Use lemma A.8, we have

χl
J =

σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]∣∣∣∣∣

K̃l−1=1
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=
4σ2

w√
5
[
2σ2

w arcsin
(
2
3

)
+ πσ2

b

] . (A.110)

The critical line is then defined by

σb =

√
2

π

[
2√
5
− arcsin

(
2

3

)]
σw

≈ 0.324σw . (A.111)

A.11.5 LayerNorm on Activations

Due to the symmetry of erf activation function Eθ

[
ϕ(hl

i)
]
= 0, we only need to modify our

known results.

Eθ

[
ϕ′(hl

i)ϕ
′(hl

i)
]
=

4

π

1√
1 + 4(σ2

w + σ2
b )

, (A.112)

Eθ

[
ϕ(hl

i)ϕ(h
l
i)
]
=

2

π
arcsin

(
2(σ2

w + σ2
b )

1 + 2(σ2
w + σ2

b )

)
. (A.113)

Thus

χl
J =

2σ2
w√

1 + 4(σ2
w + σ2

b )
· 1

arcsin
(

2(σ2
w+σ2

b )

1+2(σ2
w+σ2

b )

) , (A.114)

where the phase boundary is defined by the transcendental equation χl
J = 1.
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A.11.6 Residual Connections

The recurrence relation for the NNGP kernel can be evaluated to be

Kl+1 =
2σ2

w

π
arcsin

(
2Kl

1 + 2Kl

)
+ σ2

b + µ2Kl . (A.115)

Finite fixed point only exists when

χ⋆
K =

4σ2
w

π

1

(1 + 2K⋆)
√
1 + 4K⋆

+ µ2 ≤ 1 . (A.116)

Notice that χ⋆
K ≤ χ⋆

J still holds, where the equality holds only when K⋆ = 0.

The recurrence coefficient for Jacobian is evaluated to be

χ⋆
J =

4σ2
w

π

1√
1 + 4K⋆

+ µ2 . (A.117)

The critical line is defined as

σb =

√
16σ4

w − π2(1− µ2)2

4π2(1− µ2)
− 2σ2

w

π
arcsin

(
16σ4

w − π2(1− µ2)2

16σ4
w + π2(1− µ2)2

)
. (A.118)

Critical point is reached by further requiring χ⋆
K = 1. Since χ⋆

K ≤ χ⋆
J , the only possible

case is K⋆ = 0, which is located at

(σw, σb) =

(√
π(1− µ2)

4
, 0

)
. (A.119)

Note that for µ = 1, one needs to put extra effort into analyzing the scaling behavior. First
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we notice that Kl monotonically increases with depth l – the recurrence relation for the NNGP

kernel at large l (or large Kl) is

Kl+1 ≈ σ2
w + σ2

b +Kl , (A.120)

which regulates the first term in (A.117).

For µ = 1 at large depth

χl
J ∼ 1 +

4σ2
w

π
√
C0 + 4(σ2

w + σ2
b )l

. (A.121)

Here C0 is a constant that depends on the input.

We can approximate the asymptotic form of logJ l0,l as follows

logJ l0,l = log

(
l∏

l′=l0

χl′

J

)

=
l∑

l′=l0

log

(
1 +

4σ2
w

π
√

C0 + 4(σ2
w + σ2

b )l
′

)

≈
∫ l

l0

dl′ log

(
1 +

4σ2
w

π
√
C0 + 4(σ2

w + σ2
b )l

′

)

∼ 2c̃
√
l +O(log l) , (A.122)

where c̃ = 2σ2
w

π
√

σ2
w+σ2

b

.

We conclude that at large depth, the APJN for µ = 1, erf networks can be written as

J l0,l ∼ O
(
e2c̃

√
l+O(log l)

)
. (A.123)
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This result checks out empirically, as shown in Figure A.3.1

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
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Experiment, 2

w = 0.79
Theory, c = 0.564
Fitting, c = 0.548

Figure A.3: log(J l0,l)-
√
l for µ = 1, σ2

b = 0, erf.

A.11.7 Residual Connections with LayerNorm on Preactivations (Pre-LN)

Use lemma A.8 and the results we had without residue connections for erf with LayerNorm

on preactivations.

χ∗
J = lim

l→∞

(
σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]∣∣∣∣∣

K̃l−1=1

+ µ2

)

=
4σ2

w(1− µ2)√
5
[
2σ2

w arcsin
(
2
3

)
+ πσ2

b

] + µ2 . (A.124)

1We used NTK parameterization for this experiment. However, we emphasize that it does not affect the final
result.
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The critical line is then defined by

σb =

√
2

π

[
2√
5
− arcsin

(
2

3

)]
σw

≈ 0.324σw .

(A.125)

A.12 Results for GELU Activation Function

Definition A.32 (GELU activation function).

ϕ(x) =
x

2

[
1 + erf

(
x√
2

)]
=
x

2

[
1 +

2√
π

∫ x√
2

0

e−t2dt

]
. (A.126)

A.12.1 NNGP Kernel

Use lemma 2.2 for GELU

Eθ

[
ϕ(hl

i)ϕ(h
l
i)
]
=

1√
2πKl

∫
dhl

i

(hl
i)
2

4

[
1 + erf

(
hl
i√
2

)]2
e−

(hli)
2
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2πKl
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(hl
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2

4
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hl
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2

)]
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2
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4
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1√
32πKl
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i (h
l
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2erf2
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hl
i√
2

)
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32πKl
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i erf2
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2
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32πKl

∫
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(
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i√
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2
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(
hl
i√
2
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(
hl
i√
2

)]
e−

(hli)
2
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=
Kl

4
+

Kl

2π

[
arcsin

( Kl

1 +Kl

)
+

2Kl

(1 +Kl)
√
1 + 2Kl

]
, (A.127)
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where from the third line to the fourth line we used integrate by parts twice, and to get the last

line we used results from erf activations.

Thus the recurrence relation for the NNGP kernel is

Kl+1 =

[Kl

4
+

Kl

2π
arcsin

( Kl

1 +Kl

)
+

(Kl)2

π(1 +Kl)
√
1 + 2Kl

]
σ2
w + σ2

b . (A.128)

As a result

χ⋆
K =

σ2
w

4
+

σ2
w

2π

[
arcsin

( K⋆

1 +K⋆

)
+

4(K⋆)3 + 11(K⋆)2 + 5K⋆

(1 +K⋆)2(1 + 2K⋆)
3
2

]
. (A.129)

A.12.2 Jacobians

Follow the definition

χl
J =σ2

wEθ

[
ϕ′(hl

i)ϕ
′(hl

i)
]

=
σ2
w√

2πKl

∫
dhl
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1
2
+

1

2
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i√
2

)
+

e−
(hli)

2

2 hl
i√
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2

e−
(hli)

2
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σ2
w√

2πKl

∫
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i

1
4
+

1

4
erf
(

hl
i√
2

)2

+
hl
ierf
(

hl
i√
2

)
e−

(hli)
2

2

√
2π

+
e−(hl

i)
2
(hl

i)
2

2π

 e−
(hli)

2

2Kl

=
σ2
w

4
+

σ2
w

2π

[
arcsin

( Kl

1 +Kl

)
+

Kl(3 + 5Kl)

(1 +Kl)(1 + 2Kl)
3
2

]
, (A.130)

where we dropped odd function terms to get the third line, and to get the last line we used known

result for erf in the second term, integration by parts in the third term.

Here to get the critical line is harder. One can use the recurrence relation for the NNGP
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kernel at fixed point K⋆ and χ⋆
J = 1

K⋆ =
σ2
w

4
K⋆ +

σ2
w

2π

[
arcsin

( K⋆

1 +K⋆

)
+

σ2
wK⋆

π(1 +K⋆)
√
1 + 2K⋆

]
K⋆ + σ2

b , (A.131)

χ⋆
J =

σ2
w

4
+

σ2
w

2π

[
arcsin

( K⋆

1 +K⋆

)
+

K⋆(3 + 5K⋆)

(1 +K⋆)(1 + 2K⋆)
3
2

]
= 1 . (A.132)

Cancel the arcsin term, σw and σb then can be written as a function of K⋆

σw = 2

[
1 +

2K⋆(3 + 5K⋆)

π(1 +K⋆)(1 + 2K⋆)
3
2

+
2

π
arcsin

( K⋆

1 +K⋆

)]− 1
2

, (A.133)

σb =
K⋆

√
2π(1 + 2K⋆)

3
4

σw . (A.134)

One can then scan K⋆ to draw the critical line.

In order to locate the critical point, we further require χ⋆
K = 1. To locate the critical point,

we solve χ⋆
J − χ⋆

K = 0 instead. We have

σ2
w[(K⋆)3 − 3(K⋆)2 − 2K⋆]

2π(1 +K⋆)2(1 + 2K⋆)
3
2

= 0 , (A.135)

which has two non-negative solutions out of three

K⋆ = 0 and K⋆ =
3 +

√
17

2
. (A.136)

One can then solve σb and σw by plugging corresponding K⋆ values.

(σw, σb) = (2, 0) , for K⋆ = 0 , (A.137)

206



(σw, σb) ≈ (1.408, 0.416) , for K⋆ =
3 +

√
17

2
. (A.138)

A.12.3 Critical Exponents

GELU behaves in a different way compared to erf. First we discuss the K⋆ = 0 critical

point, which is located at (σb, σw) = (0, 2). We expand Eq.(A.128), and keep next to leading

order δKl = Kl −K⋆

δKl+1 ≈ δKl +
6

π
(δKl)2 . (A.139)

From lemma A.28

A = −π

6
and ζK = 1 , (A.140)

which is not possible since δKl ≥ 0 for this case. This result means scaling analysis is not

working here.

Next, we consider the other fixed point with K⋆ = 3+
√
17

2
at (σb, σw) = (0.416, 1.408).

Expand the NNGP kernel recurrence relation again.

δKl+1 ≈ δKl + 0.00014(δKl)2 . (A.141)

Following the same analysis, we find

δKl ≈ −7142.9 l−1 . (A.142)

Looks like scaling analysis works for this case, since K⋆ > 0. The solution shows that the

critical point is half-stable[56]. If Kl < K⋆, the fixed point is repealing, while when Kl > K⋆,
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the fixed point is attractive. However, the extremely large coefficient in the scaling behavior of

δKl embarrasses the analysis. Since for any network with a reasonable depth, the deviation δKl

is not small.

Now we can expand χl
J at some large depth, up to leading order l−1.

χl
J ≈ 1− 66.668

l
. (A.143)

Then

δJ l0,l ≈ cl0l
−66.668 , (A.144)

where cl0 is a positive non-universal constant.

Critical exponent

ζ = 66.668 . (A.145)

Which in practice is not traceable.

A.12.4 LayerNorm on Preactivations

Use lemma A.8, we have

χl
J =

σ2
w

NlKl

Nl∑
k=1

Eθ

[
ϕ′(h̃l

k)ϕ
′(h̃l

k)
]∣∣∣∣∣

K̃l−1=1

=
σ2
w(6π + 4

√
3)

σ2
w(6π + 3

√
3) + 18πσ2

b

. (A.146)
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The critical line is then at

σb =
(
6
√
3π
)− 1

2
σw

≈0.175σw . (A.147)

A.12.5 LayerNorm on Activations

First, we need to evaluate a new expectation value

Eθ

[
ϕ(hl

i)
]
=

1√
2π(σ2

w + σ2
b )

∫
dhl

i
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i

2

[
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(
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)]
e
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2

2(σ2
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b
)

=
σ2
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b√
2π(1 + σ2

w + σ2
b )

, (A.148)

where we used integration by parts to get the result.

The other integrals are modified to

Eθ

[
ϕ′(hli)ϕ

′(hli)
]
=
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4
+
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(A.149)
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(A.150)

One can then combine those results to find χl
J

χl
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b

) [
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w+σ2

b

) . (A.151)
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The critical line defined by χl
J = 1, one can numerically solve it by scanning over σb and

σw.

A.12.6 Residual Connections

The recurrence relation for the NNGP kernel is

Kl+1 =

[Kl

4
+

Kl

2π
arcsin

( Kl

1 +Kl

)
+

(Kl)2

π(1 +Kl)
√
1 + 2Kl

]
σ2
w + σ2

b + µ2Kl . (A.152)

Fixed point exists if

χ⋆
K =

σ2
w

4
+

σ2
w

2π
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( K⋆

1 +K⋆

)
+

4(K⋆)3 + 11(K⋆)2 + 5K⋆

(1 +K⋆)2(1 + 2K⋆)
3
2

]
+ µ2 ≤ 1 . (A.153)

The recurrence coefficient for Jacobian is

χ⋆
J =

σ2
w

4
+
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w

2π

[
arcsin

( K⋆

1 +K⋆

)
+

K⋆(3 + 5K⋆)

(1 +K⋆)(1 + 2K⋆)
3
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+ µ2 . (A.154)

Phase boundary is shifted

σw = 2
√
1− µ2

[
1 +

2K⋆(3 + 5K⋆)

π(1 +K⋆)(1 + 2K⋆)
3
2

+
2

π
arcsin

( K⋆

1 +K⋆
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2

, (A.155)

σb =
K⋆

√
2π(1 + 2K⋆)

3
4

σw . (A.156)

One can again scan over K⋆ to draw the critical line.

In order to locate the critical point, we further require χ⋆
K = 1. To locate the critical point,
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we solve χ⋆
J − χ⋆

K = 0 instead. We have

σ2
w[(K⋆)3 − 3(K⋆)2 − 2K⋆]

2π(1 +K⋆)2(1 + 2K⋆)
3
2

= 0 , (A.157)

which has two non-negative solutions out of three

K⋆ = 0 and K⋆ =
3 +

√
17

2
. (A.158)

One can then solve σb and σw by plugging corresponding K⋆ values.

(σw, σb) = (2
√

1− µ2, 0) , for K⋆ = 0 , (A.159)

(σw, σb) ≈ (1.408
√

1− µ2, 0.416
√

1− µ2) , for K⋆ =
3 +

√
17

2
. (A.160)

A.12.7 Residual Connections with LayerNorm on Preactivations (Pre-LN)

Use lemma A.8 and the results we had without residue connections for GELU.
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J = lim
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. (A.161)
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The critical line is then at

σb =
(
6
√
3π
)− 1

2
σw

≈0.175σw ,

(A.162)

just like without residue connections.

A.13 Additional Experimental Results

In the following training results, we used NTK parameterization for the linear layers in the

MLP. We emphasize that this choice has little effect on the training and convergence in this case,

compared to standard initialization.

In figure A.4, we showed empirically that the critical exponent of partial Jacobians are

vanished for erf with LayerNorm.

100 101 1022 × 10 1

3 × 10 1

4 × 10 1

(A) LN-erf, experiment
Theory
Fitting, = 0.007

100 101 1023 × 10 1

4 × 10 1

5 × 10 1

6 × 10 1

(B) erf-LN, experiment
Theory
Fitting, = 0.009

Figure A.4: log− log plot of partial Jacobian J 0,l vs. l for (A) LN-erf and (B) erf-LN.

In figure A.5, we tested 6k samples from CIFAR-10 dataset[70] with kernel regression
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based on neural tangents library [36, 177, 178]. Test accuracy from kernel regression reflects

the trainability (training accuracy) with SGD in the ordered phase. We found that the trainable

depth is predicted by the correlation length cξ with LayerNorm applied to preactivations, where

the prefactor c = 28. The prefactor we had is the same as vanilla cases in [179]. The difference

is from the fact that they used log10 and we used loge.

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
2
w

20

40

60

80

100

De
pt

h

LN-ReLU
28

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
2
w

20

40

60

80

100
De

pt
h

LN-erf
28

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
2
w

20

40

60

80

100

De
pt

h

LN-GELU
28

8.0

13.0

18.1

23.1

28.2

33.2

38.2

43.3

48.3

Figure A.5: Test accuracy for LayerNorm applied to preactivations. σ2
b = 0.5 for all cases.

Correlation lengths are calculated using analytical results of χl
J .

In figure A.6, we explore the broad range in σ2
w of the performance of MLP network with

erf activation function and LayerNorm on preativations. The network has depth L = 50 and

width Nl = 500; and is trained using SGD on Fashion MNIST. The learning rates are chosen

based on a logarithmic scan with a short training time.
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Figure A.6: Training performance of MLP networks with erf activation function; and Layer-
Norm applied to preactivations. It continues to train for several orders of magnitude of σ2

w (with
learning-rate tuning).
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Appendix B: Emergent Low-dimensional Fixed-Point Structures in Sharpness

Dynamics

B.1 Further Discussion on Related Works

Lewkowycz et al. [73] examined the early training dynamics of wide networks at large

learning rates. Using the top eigenvalue of the Neural Tangent Kernel (NTK) λK at initialization

(t = 0), they revealed a ‘catapult phase’, 2/λK
0 < η < ηmax, in which training converges despite

an initial spike in training loss. Kalra and Barkeshli [72] analyzed early training dynamics for

arbitrary depths and width and revealed a ‘sharpness reduction phase’, 2/λH
0 < η < closs/λH

0 , which

opens up significantly as closs increases with depth and 1/width.

Beyond early training, sharpness continues to increase, until it reaches a break-even point

[78], beyond which GD dynamics typically enters the EoS regime [71]. This has motivated

various theoretical studies to understand GD dynamics at large learning rates: Chen and Bruna

[81], Chen et al. [84], Arora et al. [86], Rosca et al. [88], Zhu et al. [89], Wu et al. [90], Ahn

et al. [91], Kreisler et al. [92], Song and Yun [93]. In particular, Ma et al. [82] showed that loss

functions with sub-quadratic growth exhibit EoS behavior. Arora et al. [86] show that normalized

gradient descent reaches the EoS regime. Damian et al. [87] analyze the dynamics of the cubic

approximation of the loss. Assuming a negative correlation between the gradient direction and
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the top eigenvector of Hessian, they show that gradient descent dynamics enters a stable cycle in

the EoS regime. Ahn et al. [91] analyze EoS in a single-neuron 2-layer network and a simpli-

fied three-parameter ReLU network assuming the existence of a ‘forward invariant subset’ near

the minima. Kreisler et al. [92] analyzed scalar linear networks to show that the sharpness at-

tained by the gradient flow dynamics monotonically decreases in the EoS regime. Wu et al. [90]

demonstrate that gradient descent, with any learning rate in the EoS regime, optimizes logistic

regression with linearly separated data over large time scales. Below, we discuss closely related

works in detail and clarify the distinction with our work.

Wang et al. [85] analyze EoS in a 2-layer linear network using the norm of the last layer.

They solely focus on cases that exhibit progressive sharpening right from initializations by con-

sidering assumptions (refer to Assumptions 4.1 and 4.2 of their paper) on the training dataset.

Contrary to these assumptions, Figure 3.1(e) demonstrates that such assumptions are invalid in

many realistic settings, where progressive sharpening is not observed at all.

Agarwala et al. [80] showed that a modified model exhibits progressive sharpening and

two-step oscillations at EoS using NTK as the proxy. They state that the UV model does not

exhibit EoS behavior (see Section 3.2.1 of the referenced paper). This is because their analysis

is restricted to the Standard Parmaeterization corresponding to Figure 3.2(c, f) (c.f. Figure 8 of

[80]). In contrast, we show that the UV model exhibits EoS behavior under the appropriate choice

of parameterization and training example.

Zhu et al. [89] proved EoS convergence for the loss 1
4
(x2y2 − 1)2, where x, y ∈ R. Addi-

tionally, they empirically demonstrated a bifurcation diagram in the space of abstract variables of

x and y. It is worth noting that while these bifurcations arise from the same underlying behavior,

they contrast with our route to chaos bifurcation diagrams which quantify sharpness fluctuations

216



with learning rate.

Chen and Bruna [81] analyze two-step gradient updates of a single-neuron network and

matrix factorization to gain insights into EoS. Similar to our work, they show a bifurcation dia-

gram of sharpness against the learning rate for the matrix factorization problem. While the scalar

matrix factorization problem can be mapped to the UV model with a specific choice of ||x||√
neff

, it

is not straightforward to apply their conclusions to the neural network setting, as it requires the

correct choice of parameterization. In particular, the UV model under NTP parameterization,

as shown in Figure 3.2(c, f), does not display EoS behavior at considerable widths, a finding

also noted by [80]. Observing EoS requires the correct choice of the parameterization (µP) and

training example. Furthermore, although the scalar matrix factorization in [81] can be mapped

to a special case of the UV model considered in our work, we provide significant additional in-

sights. In particular, with respect to the bifurcation phenomena in the UV model, we explain

the existence of an attractor submanifold on which the EoS behavior occurs. We further show

that on the EoS submanifold, the loss becomes subquadratic in nature and the gradient descent

dynamics therefore become approximated by the cubic map, which is well-studied in the chaos

literature. This makes clear the origin of the period-doubling route to chaos. Additionally, in Sec-

tion 6, we extend the analysis of EoS beyond the UV model, comparing sharpness trajectories

of synthetic and real datasets at EoS. In contrast to the synthetic datasets, sharpness trajectories

of real datasets show long-range correlations in time. We take the first steps by attributing these

long-range correlations to correlations in the dataset. Note that this setting cannot be mapped to

the matrix factorization setting.

Song and Yun [93] show that late-time trajectories oscillate around 2f/ηℓ′, where f is the

network output and ℓ′ is the derivative of the loss. They refer to the term bifurcation diagram
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to describe these phenomena, contrasting with the sharpness versus learning rate bifurcation di-

agrams presented in our study. We quote Section 3 from their paper ”..we plot the bifurcation

diagram q = r(p) = ℓ′(p)/p and observe that GD trajectories tend to align with this curve..” Here,

p and q correspond to ∆f and 2
ηλ

in our setting. They plot trajectories in the (p, q) ≡ (∆f, 2
ηλ
)

plane and their condition q = r(p) simply corresponds to the EoS condition λ = 2
η

for MSE loss.

In contrast, our work presents bifurcation diagrams resulting from how the sharpness fluctuations

vary with the learning rate. Therefore, the bifurcation diagrams from these works are not directly

related to the route-to-chaos bifurcation diagrams presented in our work.

Kong and Tao [180] were the first ones to show that gradient descent dynamics becomes

chaotic at large learning rates and converges to a statistical distribution instead of a minimum.

Chen et al. [84] analyzed large learning rate dynamics of toy models which are charac-

terized by a one-dimensional cubic map and demonstrated five different training phases: (a)

monotonic, (b) catapult, (c) periodic, (d) chaotic, and (e) divergent. In particular, they consid-

ered a two-layer network with quadratic activation, where the last layer vector v is not trained

and each entry is set to one. This model belongs to a family that is effectively described by one

variable ∆f . In this model, the loss is sub-quadratic by construction (||Ux||2 − y)2. In contrast,

the UV model that we study is an effectively two-variable model and in these cases, training dy-

namically finds the attractive EoS manifold such that the loss has a sub-quadratic nature on this

submanifold.

Concurrent work by Wang et al. [94] categorizes training trajectories into three stages: (i)

sharpness reduction, (ii) progressive sharpening, and (iii) edge of stability. They argue that dif-

ferent large learning rate behavior depends on the ‘regularity’ of the loss landscape. Specifically,

they generalize toy landscapes from existing studies with parameters controlling the regularity.
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They show that models with good regularity first experience a decrease in sharpness and then

progressive sharpening and enter the edge of stability.

Noci et al. [95] examined the sharpness dynamics of networks with parameterization. They

argue that the learning rate transfer property of µP is correlated with consistent sharpness trajec-

tories across varying depths and widths.

B.2 Experimental details

B.2.1 Datasets

Standard image datasets: We considered the MNIST [181], Fashion-MNIST [182], and

CIFAR-10 [183] datasets. The images are standardized to have zero mean and unit variance

across the feature dimensions, and target labels are represented as one-hot encodings.

Random dataset: We construct a random dataset (X, Y ) = {(xµ,yµ)}Pµ=1 with xµ ∼ N (0, I)

and yµ ∼ N (0, I), both sampled independently. Note there is no correlation between inputs and

outputs.

Teacher-student dataset: Consider a teacher network f(x; θ0) with θ0 initialized randomly

as described in Appendix B.2.2. Then, we construct a teacher-student dataset (X, Y ) =

{(xµ,yµ)}Pµ=1 with xµ ∼ N (0, I) and yµ = f(xµ; θ0).
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Random power-law dataset: Starting with the random dataset (X ′, Y ′), we utilize the singular

value decomposition of the input and output matrices

X ′ = PxSx′QT
x , Y ′ = PySy′Q

T
y . (B.1)

Next, we rescale the kth singular value of Sx′ and Sy′ as

(Sx)k = Ax(Sx′)kk
−Bx (Sy)k = Ay(Sy′)kk

−By , (B.2)

and re-construct input and output matrices as below

X = PxSxQ
T
x , Y = PySyQ

T
y . (B.3)

The variables Ax, Bx, Ay, and By uniquely characterize the dataset.

Generative image dataset: Given a pre-trained network f(x; θ) on a standard image dataset

listed above, we construct a generative image dataset (X, Y ) = {(xµ,yµ)}Pµ=1 with xµ ∼

N (0, I) and yµ = f(xµ; θ).

B.2.2 Models

FCNs: We considered ReLU FCNs without bias with uniform hidden layer width n.
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CNNs: We considered Myrtle family ReLU CNNs [184] without any bias with a fixed number

of channels in each layer, which we refer to as the width of the network.

ResNets: We adapted ResNet [185] implementations from Flax examples. Our implementation

uses Layer norm and initialize the weights as N (0, σ2
w/fanin). For ResNets, we refer to the number

of channels in the first block as the width.

We implemented all models using the JAX [186], and Flax libraries [187].

B.2.3 Details of network parameterization

In this section, we describe different parameterizations used in the paper. For simplicity,

we describe the parameterizations for FCNs. Nevertheless, these arguments generalize to other

architectures.

Standard Parameterization (SP): Consider a neural network f : Rdin → Rdout with d layers

and constant width n. Then, standard parameterization is defined as follows:

h(1)(x) = W (1)x,

h(l+1)(x) = W (l+1)ϕ
(
h(l)(x)

)
,

f(x; θ) = W (d)ϕ
(
h(d−1)(x)

)
, (B.4)

where W (1) ∼ N (0, σ2
w/din), W (l) ∼ N (0, σ2

w/n) for 1 < l < d, and W (d) ∼ N (0, 1/n); ϕ(·)

is the elementwise activation function. The input is normalized such that ∥x∥2 = din.
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Neural Tangent Parameterization (NTP): Consider a neural network f : Rdin → Rdout with

d layers and constant width n. Then, the Neural Tangent Parameterization is defined as follows:

h(1)(x) =
σw√
din

W (1)x,

h(l+1)(x) =
σw√
n
W (l+1)ϕ

(
h(l)(x)

)
,

f(x; θ) =
1√
n
W (d)ϕ

(
h(d−1)(x)

)
, (B.5)

where W (l) ∼ N (0, 1) for 1 ≤ l ≤ d and ϕ(·) is the elementwise activation function. The

input is normalized such that ∥x∥2 = din.

Both SP and NTP are closely related parameterizations – SP with learning rate η = Θ(1/n)

learning rate becomes equivalent to NTP when the input dimension is equal to the width (din = n)

[77].

Interpolating Parameterization: Consider a neural network f : Rdin → Rdout with d lay-

ers and constant width n. Let W (l) denote the weight matrix at layer l. Then, “interpolating

parameterization” is defined as follows:

h(1)(x) = n
s/2W (1)x,

h(l+1)(x) = W (l+1)ϕ
(
h(l)(x)

)
,

f(x; θ) =
1

ns/2
W (d)ϕ

(
h(d−1)(x)

)
, (B.6)
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Here, s is a parameter that interpolates between standard-like parameterization and max-

imal update parameterization. The weight matrices are sampled from Gaussian distributions:

W (1) ∼ N (0, σ2
w/ns), W (l) ∼ N (0, σ2

w/n) for 1 < l < d, and W (d) ∼ N (0, 1/n). We normalize the

input such that ∥x∥ = 1.

Maximal update Parameterization (µP): The maximal update parameterization corresponds

to the s = 1 case in the above setting.

B.2.4 Details of Figures

Figure 3.1: Training loss and sharpness trajectories of 4-layer ReLU FCNs with n = 512,

trained on a subset of 5, 000 CIFAR-10 examples using MSE loss and GD: (a, d) SP with σ2
w =

0.5, (b, e) SP with σ2
w = 2.0, (c, f) µP with σ2

w = 2.0.

Figure 3.2 Training trajectories of the UV model with ∥x∥ = 1 and y = 2 in the (∆f, λ) plane

for different values of n, neff and η. The columns show initializations with different n and neff,

while the rows represent increasing learning rates for fixed initializations. The horizontal dash-

dot line ηλ = 2 separates the stable (solid black vertical line) and unstable (dashed black vertical

line) fixed points along the zero loss fixed line I. Forbidden regions, 2∥x∥|∆f + y|/√neff > λ,

(see Appendix B.3.2) are shaded gray. The nullclines ∆ft+1 = ∆ft and λt+1 = λt are shown

as orange and white dashed curves, respectively. Sharpness reduction, progressive sharpening,

and divergent regions are colored green, yellow, and blue. The gray arrows indicate the local

vector field Ĝ(∆f, λ), which is the direction of the updates. The training trajectories are depicted

as black lines with arrows, with the star marking the initialization. In all cases, ηc =
√
neff/2
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(introduced in Section 3.5.2).

Figure 3.3: UV model dynamics on the EoS manifold:(a) Bifurcation diagram depicting late-

time limiting values of λ obtained by simulating Equation (3.4). (b) Bifurcation diagram of the

UV model. In both figures, ∥x∥ = 1, y = 2 and neff = 1 and ηc = 0.5.

Figure 3.4: Phase diagram of EoS: (a) Heatmap of ηλ̄H/2 of 3-layer ReLU FCNs with s = 0

trained on a subset of 5, 000 CIFAR-10 examples for 10k steps, with the weight variance σ2
w and

learning rate multiplier c = ηλH
0 as axes. λ̄H is obtained by averaging λH

t over last 200 steps. As

the color varies from blue to white, ηλ̄H/2 increases, where the brightest white region indicates the

EoS regime with ηλ̄H/2 ≥ 1. (b) Same heatmap with fixed σ2
w = 2.0, but varying s continuously.

Figure 3.5: EoS in synthetic vs real-datasets: 2-layer linear FCN trained on (first row) 5, 000

iid random examples with unit output dimension and (second row) 5, 000 CIFAR-10 examples.

Different columns correspond to the bifurcation diagram, late-time sharpness trajectories, and the

power spectrum of sharpness trajectories. Both models are trained for 10k steps using GD.

Figure B.4: Two-step phase portrait of UV model in (∆f, β) phase plane: These plots are

equivalent to Figure 3.2(d-f), but with training trajectory and local are plotted for every other

step.

Figure B.10: Sharpness and Weight Norm of 3-layer ReLU FCNs in SP with σ2
w = 1/3 and

width 200, trained on a subset of CIFAR-10 with 5, 000 examples using GD.

224



B.2.5 Sharpness measurement

We measure sharpness using the power iteration method with m iterations. Typically, m =

20 iterations ensure convergence. Exceptions requiring more iterates are discussed separately.

B.2.6 Power spectrum analysis

For a given signal x′(t), we standardize the signal

x(t) =
x′(t)− µ

σ
, (B.7)

where µ is the mean and σ2 is the variance of the signal. Subtracting the mean removes the

zero frequency component in the power spectrum. Next, consider the discrete Fourier transform

F(ω) of x(t):

F(ω) =
1

T

T−1∑
t=0

e−
i2πωt/Tx(t), (B.8)

Then, the power spectrum is P (ω) = |F(ω)|2. The normalization by T in the Fourier

transform ensures that the sum of the power spectrum is equal to the variance of the signal, i.e.,∑
ω P (ω) = σ2.
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B.2.7 Estimation of Computational Resources Used

Most of our experiments, aside from the phase diagrams, required minimal computational

resources, estimated to be less than 50 A100 hours. In contrast, each phase diagram required 50

A100 hours, totaling 500 A100 hours for all phase diagrams. Including initial experiments, we

expect our total usage to be under 600 A100 hours.

B.3 Properties of the UV model

B.3.1 Derivation of the Function Space Dynamics

Equations (3.2) and (3.3) can be derived using the gradient descent update equations:

Ut+1 = Ut − η
∆ftvtx

T

√
neff

, (B.9)

vt+1 = vt − η
∆ftUtxt√

neff
. (B.10)

At step t + 1, the residual ∆ft+1 can be written in terms of the gradient updates of U and

v:

∆ft+1 = ft+1 − y (B.11)

=
1√
neff

vT
t+1Ut+1x− y (B.12)

=
1√
neff

(
vt − η

∆ftUtx√
neff

)T (
Ut − η

∆ftvtx
T

√
neff

)
x− y (B.13)
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= ∆ft −
η∆ft
neff

(
xTUT

t Utx+ vT
t vtx

Tx
)
+

η2∥x∥2∆f 2
t

neff

(
1√
neff

xTUT
t vt

)
(B.14)

= ∆ft

(
1− ηλt +

η2∥x∥2
neff

∆ft(∆ft + y)

)
. (B.15)

Here, ∆ft+1 only depends on ∆ft and λt. Similarly, we write down the λt+1 using the

gradient update equations:

λt+1 =
1

neff

(
xTUT

t+1Ut+1x+ vT
t+1vt+1x

Tx
)

(B.16)

= λt − 4
η∥x∥2
neff

∆ft(∆ft + y) +
η2∥x∥2∆f 2

t

neff
λt (B.17)

= λt +
η∥x∥2
neff

∆f 2
t

(
ηλt − 4

∆ft + y

∆ft

)
. (B.18)

Equations (B.15) and (B.18) form a closed system. This means that ∆ft+1 and λt+1 are

completely described using ∆ft and λt. As a result, the complete dynamics of the UV model

can be fully described using only these two variables with three parameters effective parameters

η, ∥x∥
2

neff
and y.

B.3.2 Forbidden regions of the UV model

In this section, we utilize the non-negativity of λ to derive the condition for allowed regions

within the phase plane for the UV model. Consider the function space equations written in terms

of the pre-activation h(x) = Ux:
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f(x; θ) =
1√
neff

vTh(x) (B.19)

λ =
1

neff

(
∥v∥2∥x∥2 + ∥h∥2

)
. (B.20)

Let cos(h,v) denote the cosine similarity between v and h. Then, the network output is

bounded as

| cos(h,v)| =
√
neff|∆f + y|
∥v∥∥h∥ ≤ 1 (B.21)

Next, using (∥v∥∥x∥ − ∥h∥)2 ≥ 0, we can bound the product ∥v∥∥h∥ using λ

2∥x∥√
neff

|∆f + y| ≤ λ. (B.22)

The derived inequality describes the allowed phase plane regions for the UV model.

B.3.3 Fixed Points and Line

To identify the fixed points, we set ∆ft+1 = ∆ft and λt+1 = λt in Equations (3.2) and (3.3).

This yields the dynamical fixed points of the UV model. Table B.1 lists these fixed points along

with their stability. Additionally, it provides the eigenvalues and eigenvectors of the Jacobian for

the update maps described by Equations (3.2) and (3.3), evaluated at the fixed points.
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(∆f∗, λ∗) eigenvalues eigenvectors Linear stability

I (0, λ) for λ ≥ 2∥x∥y√
neff

1, 1− ηλ

0
1

 ,

 neffλ
4∥x∥2y

1

 {
stable ηλ < 2

unstable ηλ > 2

II (−y, 0) (1− η∥x∥y√
neff

)2, (1 +
η∥x∥y√

neff
)2

−√
neff

2∥x∥

1

 ,

√
neff

2∥x∥

1

 saddle

III
(

−2
√
neff

∥x∥η , 4
η
− 2∥x∥y√

neff

)
9, 5− 2η∥x∥y√

neff

 neff
η∥x∥2y

1

 ,

−√
neff

2∥x∥

1

 unstable

IV
(

2
√
neff

∥x∥η , 4
η
+

2∥x∥y√
neff

)
9, 5 +

2η∥x∥y√
neff

 neff
η∥x∥2y

1

 ,

√
neff

2∥x∥

1

 unstable

Table B.1: Fixed line (I) and points (II-IV) and corresponding eigenvalues and eigenvectors of
the Jacobian of the update map in Equations (3.2) and (3.3). The stability is determined for
η < ηupper = 2ηc = 2

√
neff/∥x∥y. Above this threshold, training diverges for all initializations

except for those at the fixed points, as demonstrated in Appendix B.3.4.

B.3.4 The maximum learning rate ηupper
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Figure B.1: Phase portrait of the UV model for different learning rates η. The critical learning
rate is ηc = 0.5 and the maximum learning rate is ηupper = 1.0.

In Section 3.4, we stated that for η > ηupper = 2ηc, training diverges for all initializations

except for those at the fixed points. Here, we justify this claim.

First, Figure B.1 shows that as η approaches ηupper, fixed point III merges with fixed point II,

reducing the convergence region to the EoS manifold. At this learning rate, the stability of fixed

point II changes from saddle to unstable as the corresponding eigenvalue (1 − η
ηc
)2
∣∣∣
η=2ηc

sur-

passes 1. Consequently, any initialization outside the EoS manifold results in divergence. Next,

Figure 3.3(a) shows that on the EoS manifold training diverges for η > ηupper. This corroborates
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our initial claim.

B.3.5 Sharpness versus the trace of Hessian
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Figure B.2: Training trajectories of the UV model trained on a single example with ∥x∥ = 1 and
y = 2 using MSE loss and GD: (a, d) NTP with n = 1, σ2

w = 0.5, (b, e) NTP with n = 512,
σ2
w = 1.0, and (c, f) µP with n = 512, σ2

w = 1.0.

In this section, we show that the trace of the Hessian λ (which is also the scalar NTK in

this case), is an adequate proxy for sharpness. Figure B.3 shows training trajectories of the UV

model, with λ as a proxy for sharpness and learning rate scaled as η = k/λ0. These λ trajectories

show similar trends to those of λH observed in Figure B.2, with one key difference: during early

training, λ does not catapult during early training at large widths (compare Figure B.2(e) and

Figure B.3(e)). Otherwise, λ effectively captures other qualitative behavior of λH .
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Figure B.3: UV model shows all four training regimes: Training trajectories of the UV model
trained on a single example (x, y) with ∥x∥ = 1 and y = 2 using MSE loss and gradient: (a, d)
NTP with n = 1 and σ2

w = 0.5 (b, e) NTP with n = 512 and σ2
w = 1.0, and (c, f) µP with n = 1

and σ2
w = 1.0.

B.3.6 The distribution of residual and NTK at initialization

In this section, we compute the distribution of ∆f and λ for the UV model at initialization.

Consider the UV model written in terms of the pre-activation h(x) = Ux,

f(x; θ) =
1√
n1−p

vTh(x) (B.23)

λ =
1

n1−p

(
∥v∥2∥x∥2 + ∥h∥2

)
, (B.24)

with vi, Uij ∼ N (0, σ2
w/np). Then, each pre-activation hi is normally distributed at initial-

ization with zero mean and variance
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Eθ[h
2
i ] =

din∑
j,k=1

⟨UijUik⟩xjxk =

din∑
j,k=1

σ2
w

np
δjkxjxk =

σ2
w∥x∥2
np

. (B.25)

Hence, each pre-activation is distributed as hi ∼ N (0, σ2
w∥x∥2/np). It follows that the net-

work output is also normally distributed at initialization with zero mean and variance

Eθ[f
2
0 ] =

1

n1−p

n∑
i,j=1

⟨vivj⟩⟨hihj⟩ =
1

n1−p

n∑
i=1

σ2
w

np

σ2
w∥x∥2
np

=
σ4
w∥x∥2
np

. (B.26)

Hence, the residual at initialization is distributed as ∆f0 ∼ N (−y, σ4
w∥x∥2/np). Similarly,

we can also compute the distribution of λ at initialization. The mean value of λ is given by

Eθ[λ0] =
1

n1−p

(
∥x∥2⟨∥v∥2⟩+ ⟨∥h∥2⟩

)
= 2σ2

w∥x∥2, (B.27)

where we have used ⟨∥v∥2⟩ = σ2
wn

1−p and ⟨∥h∥2⟩ = σ2
w∥x∥2n1−p. Using similar computations,

the second moment of λ is given by:

Eθ[λ
2
0] =

1

n2−2p

(
∥x∥4⟨∥v∥4⟩+ ⟨∥h∥4⟩+ 2∥x∥2⟨∥v∥2∥h∥2⟩

)
=

4(n+ 1)

n
σ4
w∥x∥4 . (B.28)

Hence, the λ at initialization is distributed as λ0 ∼ N (2σ2
w∥x∥2, 4σ4

w∥x∥4/n).
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B.3.7 EoS manifold is a dynamical attractor

To demonstrate that late time trajectories for η > ηc converge to the EoS manifold, we

define β :=
√
neff

2∥x∥λ− (∆f + y). β lies on the direction orthogonal to the EoS manifold, such that

β = 0 corresponds to the manifold itself, while β < 0 is forbidden. Under this transformation,

β updates as βt+1 = βt(1 +
η∥x∥∆ft√

neff
)2. It follows that β∗ = 0 stays invariant under the dynamics

and defines a nullcline.

Due to oscillations in ∆f near convergence, it is instructive to examine the two-step dy-

namics [80, 81], compactly denoted as (∆ft+2, λt+2) := M (2)(∆ft, λt). Figure B.4 shows the

two-step trajectories and the corresponding vector field Ĝ(2)(∆f, β) in the (∆f, β) plane.

We observe that there exists a critical ηc such that for η < ηc, Ĝ(2)(∆f, β) points towards

the stable zero-loss line (see Figure B.4(a)). By comparison, for η > ηc, all points along the

zero-loss line become unstable and the vector field directs towards points on the β = 0 line, as

shown in Figure B.4(b). The critical ηc for which all points on the zero-loss line become unstable

thus gives a necessary condition for EoS:

B.3.8 Critical learning rate for edge of stability

In this section, we estimate the required condition on the learning rate for the UV model

to exhibit EoS. We specifically focus on the case with y > 0 as for y = 0, λ can only decrease.

As a result, the model does not exhibit progressive sharpening and EoS. In Section 3.5, we ob-

served that the EoS occurs as the zero-loss minima with the smallest λ becomes unstable. From

Equation (B.22) it follows that the smallest λ with zero loss is
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Figure B.4: These plots are equivalent to Figure 3.2(a, d) (ηc = 0.5), but with training trajectory
and local vector field plotted for every other step in (∆f, β) plane. The tilted dash-dotted line
indicates the ηλ = 2 line.

λmin =
2∥x∥y√

neff
. (B.29)

This minimum becomes unstable if the learning rate η exceeds a critical value ηc, given by

ηc =

√
neff

∥x∥y (B.30)

It is worth noting that this is a necessary condition for λ to oscillate around 2/η. Otherwise,

training converges to the zero-loss minimum with λ = λmin for η < ηmax.

We can also derive the exact same result by analyzing the dynamics on the EoS manifold.

As discussed in Section 3.5.2, the dynamics on the EoS manifold is given by the map ∆ft+1 =

M(∆ft), where

234



M(∆f) = ∆f

(
1− 2η∥x∥√

neff
(∆f + y) +

(
η∥x∥√
neff

)2

∆f(∆f + y)

)
. (B.31)

As demonstrated in Section 3.5.2, EoS in the UV model follows the period doubling route

to chaos, with the period two cycle marking the onset. Hence, the conditions required for the

emergence of the period two cycle are also necessary conditions for EoS. Consider the two-step

dynamics on the EoS manifold given by the map M2(∆f) := M(M(∆f)). This map has six

fixed points (excluding three fixed points of the map M ) summarized below

∆f ∗ =
ηx̃(1− ηx̃y)±

√
η2x̃2(ηx̃y − 1)(3 + ηx̃y)

2η2x̃2
(B.32)

∆f ∗ =
3 + h(η, x̃, y)± ηx̃(±y +

√
2
√

−−5+h(η,x̃,y)+ηx̃y(−2−ηx̃y+h(η,x̃,y))
η2x̃2 )

4ηx̃
. (B.33)

Here x̃ = ∥x∥√
neff

and h(η, x̃, y) =
√
−7 + x̃yη(2 + x̃yη). For the fixed points to exist, we

require the expressions inside the square root to be non-negative, i.e.,

(
η∥x∥y√

neff
− 1

)(
η∥x∥y√

neff
+ 3

)
≥ 0 =⇒ η ≥ η1 =

√
neff

∥x∥y (B.34)

η∥x∥y√
neff

(
η∥x∥y√

neff
+ 2

)
− 7 ≥ 0 =⇒ η ≥ η2 =

(
√
32− 2)

2

√
neff

∥x∥y . (B.35)

As η1 < η2, the necessary condition for the period two cycle to emerge is η > η1 =

√
neff/∥x∥y, which coincides with the condition obtained earlier in this section.
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B.3.9 Sub-quadratic Loss

In this section, we detail how the UV model naturally leads to a sub-quadratic loss on the

EoS manifold demonstrated by [82].

First, recall that the EoS manifold that connects fixed points II and IV satisfies the relation

λ = 2∥x∥(∆f+y)/√neff. Then:

1. Starting Relation: λ =
2∥x∥(∆f + y)√

neff

(B.36)

2. Solving for ∆f : ∆f =
λ
√
neff

2∥x∥ − y (B.37)

3. Factoring Out y : ∆f = y

(
λ
√
neff

2∥x∥y − 1

)
(B.38)

4. Defining ηc : ηc =

√
neff

∥x∥y (B.39)

5. Expressing ∆f with ηc : ∆f = y

(
ηcλ

2
− 1

)
(B.40)

6. Computing the Loss: L =
1

2
∆f 2 =

y2

2

(
ηcλ

2
− 1

)2

(B.41)

As we mentioned in the main text, since λ ∼ O(∥θ∥2), the loss is sub-quadratic near its

minimum.

B.4 Additional Results on Sharpness Dynamics

B.4.1 Sharpness Dynamics of NTP Networks

Figure B.5 shows that the sharpness dynamics of FCNs in NTP aligns with the behavior of

FCNs in SP demonstrated in Figure 3.1.
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Figure B.5: Training loss and sharpness trajectories of ReLU FCNs in NTP trained on a 5k subset
of CIFAR-10 examples using MSE loss and GD: (a, c) σ2

w = 0.5, (b, d) σ2
w = 2.0.
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B.4.2 The effect of batch size on the four training regimes
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Figure B.6: Comparison of SGD trajectories with their GD counterpart for a 3-layer FCNs in SP
with σ2

w = 0.5 trained on a subset of CIFAR-10 consisting of 5, 000 training examples with MSE
loss. The learning rate is scaled as η = c/λH

0 and batch sizes (a-c) B = 512, (d-f) B = 128, (g-i)
B = 32 are considered. GD trajectories are plotted using solid lines with transparency.

In this section, we examine the effect of batch size B on the results presented in the main

text. We find that our conclusions are robust for reasonable batch sizes around B ≈ 512. For

even smaller batch sizes, the dynamics becomes noise-dominated, and separating the inherent

dynamics from noise becomes challenging. This observation further supports the use of SGD
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Figure B.7: Same setting as Figure B.6, except we used 3-layer FCNs in µP with σ2
w = 2.0.

to reduce the computational cost of experiments in the subsequent sections involving CNNs and

ResNets.

Figure B.6 shows that SGD trajectories of FCNs in SP begin to deviate from their GD

counterpart significantly for batch sizes around B ≈ 128. In contrast, for µP networks this

deviation begins at a larger batch size of B ≈ 512 as shown in Figure B.7.
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B.4.3 Generizability of the Four Training Regimes

This section shows that the four regimes are generically observed for different architectures,

loss functions, and datasets. Figure B.8 shows training trajectories of CNNs and ResNets trained

SGD with batch size B = 512. Figure B.9 show the training trajectories of Transformers trained

on the WikiText-2 dataset using the cross-entropy loss. These results further exemplify that

four regimes of training are generically observed for complex architectures, datasets, and loss

functions.

B.5 Sharpness-weight norm correlation

Section 3.5.1 reveals that several aspects of the training dynamics are controlled by the fact

that, for a wide variety of initializations, at early times trajectories move closer to the saddle point

II, resulting in an interim decrease in λ (also proportional to the weight norm in this case), before

eventually increasing. This critical point where all parameters are zero also exists in real-world

models. We thus anticipate that in real-world models, the origin of the four training regimes may

be related to a similar mechanism. This would predict a decrease in weight norm as training

passes near the saddle point, followed by an eventual increase.

Figure B.10 validates this hypothesis. During the sharpness reduction and intermediate

saturation regimes, we see a decrease in the weight norm, followed by an increase in the weight

norm as the network undergoes progressive sharpening, following the prediction from the UV

model. Similar correlations between the last layer weight norm and sharpness are utilized by

[85] to analyze the EoS phase. By comparison, we focus on the correlation between sharpness

and weight norm during early training to attribute the emergence of four regimes to the critical
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Figure B.8: Training trajectories of (a, b) a 5-layer CNN in SP with n = 64, and (c, d) ResNet-18
with LayerNorm in SP, also with n = 64. Both models are trained on the CIFAR-10 dataset with
MSE loss using SGD. The learning rate is scaled as η = c/λH

0 and batch size is B = 512. In
panel (d), λH

t becomes negative during early training. This is due to the power iteration method
returning the largest eigenvalue by magnitude.

point corresponding to all parameters being zero. In Appendix B.5, we provide further evidence

for this correlation between sharpness and weight norm, extending this relationship to CNNs and

ResNets.

This section presents additional results for Section 3.6, further supporting the relationship

between sharpness and weight norm during training.

Figure B.11 is an extended version of Figure B.10, where we plotted the whole training

trajectories and measured Pearson correlation
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Figure B.9: Training loss, sharpness and test loss trajectories of Transformers trained on
Wikitext-2 using cross-entropy loss: (a, b, c) Pre-LN Transformers and (d, e, f) Pre-LN Trans-
former without last LayerNorm.
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Figure B.10: Sharpness and Weight Norm of 3-layer ReLU FCNs in SP with σ2
w = 1/3, trained

on a subset of CIFAR-10 with 5, 000 examples using GD.
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Here t ≥ 2 and θ̄t = (
∑t

t′=1 θt′)/t.

Figure B.12 shows the weight norm of each layer separately for the experiment in Fig-

ure B.10. This result shows a high correlation between weight norm and sharpness through

training.

We also confirm these correlations between weight norm and sharpness in CNNs for the

experiment in Figure B.8(a, b).
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Figure B.11: Sharpness and Weight Norm of 3-layer ReLU FCNs in SP with σ2
w = 1/3, trained

on a subset of CIFAR-10 with 5, 000 examples using GD.
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Figure B.12: Weight Norm of each layer in 3-layer ReLU FCNs (same experiments as Fig-
ure B.10): (a, b, c) SP with σ2

w = 1/3. All results are obtained by training on a subset of CIFAR-10
with 5, 000 examples using GD.
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Figure B.13: Weight Norm of each layer for 5-layer CNNs in SP (same experiments as Fig-
ure B.8(a, b): (a) Total weight norm; (b-f) Weight norm of each layer. We see that for c = 16,
the initial catapult in sharpness λH (Figure B.8(b)) is accompanied by a catapult in total weight
norm. Notably, the total weight norm and per-layer weight norm, whether catapults (a, c-e) or
not (b, f), show a decreasing trend during the early sharpness decreasing stage, followed by an
eventual increase.

B.5.1 Setting the last layer to zero eliminates sharpness reduction

Figure B.14 shows setting the last layer to zero eliminates sharpness reduction during early

training.
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Figure B.14: Sharpness trajectories of ReLU FCNs trained on a 5k subset of CIFAR-10 examples
using MSE loss and GD. (a, b, c) SP with σ2

w = 0.5, SP with σ2
w = 2.0 and µP with σ2

w = 2.0. (d,
e, f) the bottom row shows the effect of setting the last layer to zero at initialization. The dashed
lines in the sharpness figures show the 2/η threshold.

B.6 Additional Phase diagrams of EoS

This section demonstrates additional phase diagrams of EoS and quantifies the effect of

batch size in the EoS regime. Figure B.15 shows phase diagrams of EoS for FCNs trained on

CIFAR-10 with MSE loss using SGD for 10, 000 steps for three different batch sizes. We observe

that as the batch size decreases, λH
t oscillates at a value different from 2/η depending on σ2

w and s.

For large σ2
w and small s, λH favors a smaller value for smaller batch size, which is in agreement

with the observation in [71]. In contrast, λH can be larger than 2/η for small σ2
w and large s at late

training times.

Figures B.16 and B.17 show the phase diagrams of EoS for CNNs and ResNets trained on

the CIFAR-10 dataset with MSE loss using SGD for 10, 000 steps with learning rate η = c/λH
0

and batch size B = 512. In contrast to the FCN phase diagrams, these architectures exhibit EoS
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Figure B.15: Phase diagram of EoS for 3-layer FCNs trained on CIFAR-10 with MSE loss using
SGD with three different batch sizes: (a, b) B = 512, (c, d), B = 128, and (e, f) B = 32. The
color indicates the value of ηλ̄H/2, where λ̄H is obtained by averaging λH

t over the last 200 steps.
Except for the batch size, all settings are identical to Figure 3.4. Black dash-dotted lines indicate
the phase boundary ηλ̄H/2 = 1. For clarity, these lines are generated from data smoothed with a
Gaussian kernel.

behavior at smaller values of s and larger values of σ2
w, indicating their implicit bias towards

EoS. Moreover, we observe in ResNets, that EoS is less sensitive to change σ2
w, likely due to a

combination of LayerNorm and residual connections [1].
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It is worth noting that EoS boundaries in these phase diagrams are time-dependent. For

instance, models close to the EoS boundary may eventually reach EoS on training longer (see

Figure B.8(b) c = 1.0 for example), causing a shift in the EoS boundary. Nevertheless, models

with small learning rates, large σ2
w, and small s may never show EoS behavior, regardless of

training duration, as predicted by the UV model and seen in Figure 3.1(e).
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Figure B.16: Phase diagram of EoS for 5-layer CNNs in SP with width n = 64 trained with MSE
loss using SGD for 10, 000 steps with learning rate η = c/λH

0 and batch size B = 512.
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Figure B.17: Phase diagram of EoS for ResNet-18 in SP with width n = 64 trained with MSE
loss using SGD for 10, 000 steps with learning rate η = c/λH

0 and batch size B = 512. For s = 1,
the average eigenvalue λ̄H is observed to be less than 2/η. Upon detailed investigation of the
trajectories, we found that λH

t oscillates around a value lower than 2/η. We leave this anomalous
behavior as an observation.
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B.7 Route to chaos

B.7.1 Route to EoS in real datasets

This section presents additional bifurcation diagrams for different architectures and

datasets. These results show the reminiscent of the period-doubling route to chaos observed

in different architectures and datasets. In all figures, we choose the smallest and largest learn-

ing rate exhibiting EoS for plotting the trajectories and power spectrum. The structured route to

chaos in realistic experiments can be disrupted due to a variety of reasons. Below, we discuss a

few of them.

Measurement of only the top eigenvalue of Hessian: In our experiments, we only measured

the top eigenvalue of the Hessian. However, when multiple eigenvalues of Hessian enter EoS,

plotting only the top eigenvalue of Hessian is a projection that could obscure all the structured

routes to chaos that the system may exhibit.

The effect of correlations in real-world datasets: Real-world datasets inherently contain

correlations between different samples (x,y). These correlations can be quantified using the

input-input covariance matrix ΣXX = XXT ∈ Rdin×din and output-input covariance matrices

ΣY X = Y XT ∈ Rdout×din . In Appendix B.7.2, we find that a key determining factor in observing

route-to-chaos is whether the power spectrum of ΣXX is flat or exhibits power law decay. We

show that power-law decay in the singular values of the ΣXX results in long-range correlations

in time and dense sharpness bands observed in real datasets.
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Figure B.18: 4-layer FCN in SP with width n = 512 trained on a subset of 5000 examples of
MNIST with MSE loss using GD. Both power spectrums are computed using the last 1000 steps
of the corresponding trajectories.
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Figure B.19: 4-layer FCN in SP with width n = 512 trained on a subset of 5000 examples of
Fashion-MNIST with MSE loss using GD. Both power spectrums are computed using the last
1000 steps of the corresponding trajectories.
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Figure B.20: 4-layer FCN in SP with width n = 512 trained on a subset of 5000 examples of
CIFAR-10 with MSE loss using GD. Both power spectrums are computed using the last 1000
steps of the corresponding trajectories.
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Figure B.21: 5-layer CNN in SP with width n = 32 trained on a subset of 1000 examples of
CIFAR-10 with MSE loss using GD.
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Figure B.22: ResNet-18 in SP with width n = 32 trained on a subset of 1000 examples of CIFAR-
10 with MSE loss using GD.

B.7.2 The effect of power-law trends in data on sharpness trajectories

In this section, we analyze a 2-layer linear FCN trained on the power law dataset described

in Appendix B.2.1 to understand the origin of long-range correlations in sharpness trajectories

and dense sharpness bands in realistic datasets.

Figure B.23 shows the bifurcation diagram, late time trajectories, and the associated power

spectrum of the network trained on the power-law dataset with the same Ax = 1.0 and Ay = 1.0,

for four different combinations of power-law exponents: (i) Bx = 0.0, By = 0.0, (ii) Bx =

1.0, By = 0.0, (iii) Bx = 0.0, By = 1.0, and (iv) Bx = 1.0, By = 1.0. We observe that a power-

law trend to the singular values of the input matrix results in dense sharpness bands observed
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Figure B.23: Bifurcation diagrams, late-time sharpness trajectories, and power spectrum of a 2-
layer linear network trained on the power-law dataset for different parameter values: (a-c) Bx =
0.0, By = 0.0, (d-f) Bx = 1.0, By = 0.0, (g-i) Bx = 0.0, By = 1.0, and (j-l) Bx = 1.0, By = 1.0.
All power spectrums are computed using the last 1000 steps of the corresponding trajectories.
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in real datasets. It is worth noting that this is one way to obtain dense sharpness bands and in

general, there can be many other methods.

B.7.3 Route to chaos in synthetic datasets

In this section, we analyze the route to chaos in synthetic datasets to gain insights into the

dense sharpness bands in realistic datasets. We considered two datasets, defined as follows:

Teacher-student dataset: Consider a teacher FCN f : Rdin → Rdout with din = 3072, dout =

10, depth d, and width n = 512 in Standard Paramaterization. Then, we construct a teacher-

student dataset (X, Y ) consisting of P = 5000 examples with xµ ∼ N (0, I) and yµ = f(xµ; θ0).

Next, we train a student FCN with the same depth d and depth n as the teacher FCN on this

dataset.
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Figure B.24: 2-layer linear FCN in µP trained on the teacher-student task. Both power spectrums
are computed using the last 1000 steps of the corresponding trajectories.

Figures B.24 and B.25 show the bifurcation diagram, late time sharpness trajectories and

the associated power spectrum of linear and ReLU FCNs trained on the teacher-student task.

These figures show that while linear FCN shows the period-doubling route to chaos, ReLU FCN

shows long-range correlations as observed in real datasets.
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Figure B.25: 4-layer ReLU FCNs in µP trained on the teacher-student task. Both power spec-
trums are computed using the last 1000 steps of the corresponding trajectories.

Generative dataset: Consider a 5-layer CNN f(x, θ) in SP with n = 64, trained on the

CIFAR-10 dataset with MSE loss using SGD with learning rate η = 12/λH
0 and momentum

m = 0.9 for 100k steps. This model achieves a test accuracy of 76.9%. Then, we construct

a generative image dataset (X, Y ) consisting of P = 5000 examples with xµ ∼ N (0, I) and

yµ = f(xµ; θ). Next, we train an FCN in SP with depth d, width n, and weight variance σ2
w = 0.5

on the generated dataset.
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Figure B.26: 4-layer linear FCNs in SP with σ2
w = 0.5 trained on the generative CIFAR-10 task

with MSE loss using GD. Both power spectrums are computed using the last 1000 steps of the
corresponding trajectories.

Figures B.26 and B.27 show the bifurcation diagram, late time trajectories and the associ-

ated power spectrum of a 4-layer ReLU FCN with linear and ReLU activations, trained on the

generative CIFAR-10 dataset. We observe that while the linear network shows a period-doubling
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Figure B.27: 4-layer ReLU FCNs in SP with σ2
w = 0.5 trained on the generative CIFAR-10 task

with MSE loss using GD. Both power spectrums are computed using the last 1000 steps of the
corresponding trajectories.

route to chaos, the ReLU shows long-range correlations as observed in real datasets.
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Appendix C: Grokking Modular Arithmetic

C.1 Further Experimental Details

In every plot presented, unless explicitly stated otherwise, we use the following default

setting:

Default setting. A 2-layer fully connected network with quadratic activation function and width

N = 500, initial weights sampled from N (0, (16N)−2/3), trained on p = 97 Modular Addi-

tion dataset. The networks are trained for 2000 optimization steps, using full-batch, MSE loss,

AdamW optimizer, learning rate η = 0.01 and β = (0.9, 0.98).

C.1.1 Figures in Main Text

Figure 4.3: Default setting with α = 0.5, ξ = 0.35 and (a) wd = 0 (b) wd = 5 and (c)

wd = 15.

Figure 4.1: Default setting with α = 0.5, ξ = 0.0, wd = 5.0.

Figure 4.4: Each plot is scanned over 17 different data fractions α ranging from 0.1 to 0.9

and 19 noise levels ξ from 0.0 to 0.9 using the default setting.

Figures 4.6 and 4.7: Default setting with α = 0.5, ξ = 0.35.

General setting for minibatch training: We train the network with batch size 256 for 2000
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steps. For batch sizes 8 and 64, we scale the number of total steps so as to keep the number

of epochs roughly equal. (In other words, all the networks see the same amount of data.) The

learning rate is scaled as 0.01 ·
√

batch size/256.

Figure 4.8: All networks are trained with MSE loss using AdamW optimizer with learning

rate η = 0.001 and (β1, β2) = (0.9, 0.98). (a) Encoder-only Transformer, embedding dimension

dembed = 128 with ReLU activation, trained for 3000 steps with 3 random seeds; (b) Width

N = 500 trained for 5000 steps with 3 random seeds.

C.2 Details of Resources Used

Figure 4.4 requires 72 hours on a single NVIDIA RTX 3090 GPU.

Figure 4.8 used 60 hours on a 1/7 NVIDIA A100 GPU.

All the remaining figures except Figure 4.8 in the main text are either further experiments

performed on the data from the Figure 4.4 experiment; or are very quick to perform on any

machine.

We used 300 GPU hours for early-stage exploration and making phase diagrams in the

appendix.

C.3 Quantitative Characterization of Phases

All phase diagrams are plotted using the empirical accuracies of trained networks.

Trained networks with ≥ 90% test accuracies get classified into Coexistence, Partial Inver-

sion and Full Inversion based on their training accuracy (specifically, their ability to memorize

corrupted examples). Coexistence phase has ≥ 90% training accuracy, since it memorizes most
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of the corrupted training examples. Partial Inversion phase has < 90% but ≥ 100(1.05 − ξ)%

training accuracy, where ξ is the corruption fraction. Note that we subtract ξ from 1.05 instead of

1.00 to account for the 1−2% random guessing accuracy as well as statistical fluctuations around

this value. Full Inversion phase has < 100(1.05− ξ)% training accuracy, since it does not mem-

orize any of the corrupted examples. Memorization phase has < 90% test accuracy but ≥ 90%

training accuracy, indicating that the network memorizes all of the training data, including the

corrupted and uncorrupted examples. Forgetting or confusion phase has < 90% test as well as

training accuracies. the network neither generalizes nor manages to memorize all the training

examples. We distinguish Forgetting from confusion using the training curve. In the Forget-

ting phase the grokked network loses its performance due to steadily decreasing weight-norms.

Whereas in the confusion phase, the network never reaches high performance.

Coexistence Partial
Inversion

Full
Inversion Memorization Forgetting /

Confusion
Test

accuracy ≥ 90% ≥ 90% ≥ 90% < 90% < 90%

Training
accuracy ≥ 90%

< 90% and
≥ 100(1.05− ξ)%

< 100(1.05− ξ)% ≥ 90% < 90%

Table C.1: Quantitative characterization of phases.

C.4 Forgetting Phase

We saw in Figure 4.4(a) (right-most panel, wd=20.0) that extremely high weight decay

leads to Forgetting phase. This phase has random guessing accuracies on both training and test

datasets at the end of training. Naively, this would seem similar to the Confusion phase. However,

Upon close inspection of their training dynamics, we find rich behaviour. Namely, the network

initially undergoes dynamics similar to Full Inversion, i.e., the test accuracy reaches 100% while

the train accuracy plateaus around 100(1 − ξ)%. However, both accuracies subsequently decay
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Figure C.1: Forgetting phase (data fraction α = 0.5, corruption fraction ξ = 0.35, weight decay
= 20). (a) Training curves. (b) Frobenius norms of network weights with training.

down to random guessing. This curious phenomenon is explained by the effect of the high weight

decay on the network weights. We notice that the Frobenius norms of the weights of the network

steadily decay down to arbitrarily small values.

This curious behaviour only occurs when we use activation functions of degree higher than

1 (e.g. ϕ(x) = x2 in this case). (More precisely, we mean that the first term in the series expansion

should be of degree at least 2.) This can be intuitively explained by examining the gradients

carefully. With quadratic activation functions and MSE loss, gradients take the following form

∂L
∂Uab

=
4

|D|p
∑

(b,n)∈D

p∑
q

(
N∑
k=1

Wqk (Ukb + Vkn)
2 − δp(b+ n− q)

)
Wqa (Uab + Van)

∂L
∂Vab

=
4

|D|p
∑

(m,b)∈D

p∑
q

(
N∑
k=1

Wqk (Ukm + Vkb)
2 − δp(b+ n− q)

)
Wqa (Uam + Vab)

∂L
∂Wcd

=
4

|D|p
∑

(m,n)∈D

(
N∑
k=1

Wck (Ukm + Vkn)
2 − δp(m+ n− q)

)
(Udm + Vdn)

2 ,

(C.1)

where D is the training dataset and |D| is its size.

For non-generalizing solutions, the term inside the bracket is of degree 0 in weights, due to

the delta function term. But close to generalizing solutions, the term inside the bracket becomes
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effectively degree 3 in weights, since the delta function term cancels with the network output.

Consequently, around the generalizing solution, the weight gradients have a higher degree de-

pendence on the weights themselves. This makes such solutions more prone to the collapse due

to high weight decay. This serves as a heuristic justification as to why only grokked networks

seemed to be prone to Forgetting, while memorizing networks seem to be immune.

If we use vanilla Gradient Descent optimizer, the updates would plateau once the balance

between gradient updates and weight decay contribution is reached. But this is not the case in

Adaptive optimizers. Indeed, we find that this phenomenon exclusively occurs with Adaptive

optimizers (e.g. Adam in this case).

We believe that it is possible to get further insight into this phase by closely examining

the optimization landscape and network dynamics. Since this behavior is exclusive to grokked

networks, understanding this phase would lead to further understanding of grokking dynamics.

Alternatively, a better understanding of the dynamics of grokking should give us insights into this

curious phenomenon. We defer this analysis for future work and welcome an examination by our

readers.
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C.5 Output Logits

Here we show how the output logits of trained networks look like in various phases (i.e.

different amount of weight decay) on corrupted training examples. In all cases, we see two peaks

in logits, corresponding the the corrupted and the “correct” labels. Their relative value determines

the degree of memorization, and hence, the phase.
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(a) Coexistence phase (wd=0.0). The logits corresponding to corrupted label have a higher values than the
correct ones, which explains the memorization of corrupted data in this phase.
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(b) Partial Inversion phase (wd=5.0). The logits corresponding to corrupted labels have similar values to
the correct ones, which explains partial memorization of corrupted data in this phase.
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(c) Full Inversion phase (wd=15.0). The logits corresponding to corrupted labels are heavily suppressed
compared to the correct ones, which explains the absence of memorization of corrupted data in this phase.

Figure C.2: Network output logits on 4 different (corrupted) training examples examples, in
various phases (N = 500, α = 0.5, ξ = 0.35). Blue dots correspond to the logit value for the
“correct” labels. Red dots correspond to the logit value for the corrupted labels.

260



C.6 BatchNorm, LayerNorm and minibatch w/o Normalization

C.6.1 BatchNorm

Figure C.3: IPR distributions of networks with/without BatchNorm; the correlation between
BatchNorm weights and IPR. The IPR distributions in the two models do not exhibit significant
differences. However, BatchNorm helps generalization by assigning higher weights (γk) to high
IPR neurons compared to low IPR neurons. Both models are trained at data fraction α = 0.65
and corruption fraction ξ = 0.2, with batch-size = 64.

BatchNorm also has a regularizing effect on training (Figure C.3), albeit, through a qual-

itatively distinct mechanism. In the network (Equation (4.2)), we apply BatchNorm after the

activation function (post-BN):

(x,y) = W BN (ϕ (U ex + V ey)) . (C.2)

BatchNorm layer does does not affect the IPR distribution of the neurons significantly – the low

IPR neurons persist even in the Full Inversion phase (Figure C.3). Instead, BatchNorm adjusts

its own weights to de-amplify the low-IPR (memorizing) neurons, biasing the network towards

generalizing representations. This can be seen from the strong correlation between IPRk and

the corresponding BatchNorm weights in Figure C.3(right). BatchNorm effectively prunes the

network and it learns to do this directly from the data! Note that this effect of BatchNorm acts in
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conjunction with the implicit regularization from the mini-batch noise in this case. We find that

decreasing the batch-size enhances Inversion even without explicit regularization (Figure C.6).

C.6.2 BatchNorm, LayerNorm and Mini-Batch Noise

Here we examine the effects of BatchNorm, LayerNorm and mini-batch noise. We find

that generalization and Inversion are indeed enhanced by decreasing the batch-size. This demon-

strates that implicit regularization from mini-batch noise favours simpler solutions in our setup.

Additionally, upon comparing Figure C.4, Figure C.6 and Figure C.5 we find enhanced

Inversion in cases with normalization layers (especially BatchNorm). For BatchNorm, we pro-

vide an explanation in the main text, with the the BatchNorm weights de-amplifying memorizing

neurons in favour of generalizing ones. For LayerNorm, however, we do not find such an effect.
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Figure C.4: Phase diagram with BatchNorm (post-BN)
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Figure C.6: Phase diagram with mini-batch training, without any explicit regularization or nor-
malization layers.
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C.7 Transformers and Deep MLPs

In this section, we present (i) more weight decay experiments on different configurations

of Transformers; (ii) the Effect of Dropout on Transformers; (iii) the Effect of BatchNorm on

3-layer ReLU MLPs.

For reasons that we do not fully understand, 3-layer ReLU MLPs with even 0.05 Dropout

probabilities failed to memorize the dataset for any data fraction α > 0.3 and noise level ξ ≥ 0.1,

even after an extensive hyperparameter search. We leave the discussion about this for the future.

C.7.1 Effect of Depth / Number of Heads / Weight Tying

To further support our Hypothesis 4.2, we conducted further experiments by varying the

configuration of Transformer models. Figure C.7 suggests that our Hypothesis holds irrespective

of the Transformer configurations.
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(a) Transformer with 8 heads and embedding dimension 128.
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(b) Transformer with 4 heads and embedding dimension 128.

Figure C.7: The IPR histograms of the Embedding layer for Transformers with different config-
urations. We see that depth does not affect the IPR distribution, whereas more heads encourages
high IPR embeddings and weight tying discourages it. All models are trained with corruption
fraction α = 0.8 and corruption fraction ξ = 0.2.
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C.7.2 Dropout Phase Diagram for Transformers

We conduct further experiments to check the effect of Dropout on Transformers. From

Figure C.8, we see that with a small dropout probability, the model managed to have a coexistence

phase with an average higher IPR for neurons connected to the embedding layer. Notably, any

dropout probability larger than 0.1 does not help.
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(a) 1-layer Transformer.

Figure C.8: Modular Addition phase diagrams and IPR histograms with different dropout proba-
bilities (denoted by “dp”). The IPR histograms are plotted for neurons connected to the embed-
ding layer. We select points trained with data fraction α = 0.9 and corruption fraction ξ = 0.1.
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C.7.3 Effect of Parameterization for 3-layer MLPs

As we mentioned in Hypothesis 4.2, the input layer should have high IPR columns irre-

spective of the details of the network. In this section, we show that different parameterization of

the network does not break our Hypothesis.

In particular, we consider two different parameterizations: (i) The standard parameteriza-

tion with weights sampled from N (0, 2/fan in); (ii) The parameterization with weights sampled

from N (0, 2/N2/3), which corresponds to a network parameterized in a more lazy training regime

[188].

Our results in Figure C.9 show that as the network gets into a lazier regime, the row-wise

IPR distribution of the input layer weight barely shifts, whereas the column-wise IPR distribution

of the output layer weight has larger values. We interpret this shift as happening because the

network with lazier parameterization fails to utilize the hidden layers to decode the periodic

features embedded by input layers.
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Figure C.9: Phase diagrams and the IPR histograms of the columns of input layer weight and
rows of the output layer weights for 3-layer MLPs with different parameterizations. Selected
models are trained with data fraction α = 0.8 and corruption fraction ξ = 0.2.
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C.7.4 BatchNorm for 3-Layer ReLU MLPs

This subsection tests the correlation between BatchNorm weights and high IPR neurons

for 3-layer ReLU MLPs. We found that BatchNorm for 3-layer MLPs only has coexistence

phases and can perfectly memorize and generalize for small corruption fractions ξ, we showed

a representative training curve in Figure C.10. We find that with BatchNorm, the 3-layer MLP

tends to have high IPR neurons close to the output layer instead of having high IPR for neurons

close to the input layer. We believe that failure to remove the very low IPR neurons connected to

the input layer is why this network is always in the coexistence phase.
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(a) 3-layer ReLU MLP, trained with batch size B = 64.

Figure C.10: IPR of a 3-layer MLP in coexistence phase, trained with data fraction α = 0.8 and
corruption fraction ξ = 0.1. We plotted row-wise IPR for input layer weight and column-wise
IPR for output layer weight; the correlation between column-wise IPR of output layer weights
with the absolute value of BatchNorm weights right before it. The correlation between the Batch-
Norm weights and IPR values we pointed out in the main text still holds. However, we did not
observe a strong correlation between row-wise IPR of the input layer and the BatchNorm weight
next to it.
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C.8 Additional Pruning Curves

C.8.1 Accuracy curves

In Figure 4.7, we showed pruning low and high IPR neurons in the Coexistence phase. Here

we show the extended version of the pruning experiments. In contrast to the plots in Figure 4.7, In

Figure C.11 we plot longer x-axes – we show accuracies with fraction of pruned neurons ranging

from 0.0 to 1.0. We also perform the pruning experiment for Partial Inversion and Full Inversion

phases. Pruning affects generalization and memorization differently in different phases because

the proportion of high and low IPR neurons in trained networks depends on the phase.
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(a) Coexistence phase (weight decay = 0.0). (Left) Pruning from low IPR neurons retains performance on
test data and uncorrupted training data; while decreases performance on corrupted training data down to
to 100 ∗ (1− ξ)%. (Right) Pruning high IPR neurons decreases performance on test data; while retaining
performance on training data. Note that the accuracy on corrupted data is retained longer than that on
uncorrupted data.
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(b) Partial Inversion phase (weight decay = 5.0). (Left) Pruning from low IPR neurons retains performance
on test data and uncorrupted training data; while decreases performance on corrupted training data down
to to 100 ∗ (1 − ξ)%. (Right) Pruning high IPR neurons decreases performance on test data. It improves
the performance on corrupted training data and retains it on uncorrupted training data. In the absence of
periodic neurons, the (memorizing) low-IPR neurons have an increased influence on the network predic-
tions, which leads to this increase in memorization.
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(c) Full Inversion phase (weight decay = 15.0). (Left) Pruning from low IPR neurons retains performance
on test data and uncorrupted training data; while decreases performance on corrupted training data to
100 ∗ (1 − ξ)%. (Right) Pruning high IPR neurons does not improve memorization significantly, except
for the small increase in accuracy on corrupted training data towards the end. This is because the fraction
of the neurons that have low IPR is very small in this case.

Figure C.11: Pruning experiments in all various phases (N = 500, α = 0.5, ξ = 0.35). Pruning
affects generalization and memorization differently in different phases because the proportion of
high and low IPR neurons in trained networks depends on the phase.
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C.8.2 Loss curves

Here we show how the train and test losses are affected by pruning. Train loss is lowered

by, both, memorizing (low IPR) and generalizing (high IPR) neurons. This leads to monotonic

behaviors in all the cases. Test loss is lowered by periodic neurons, while increased by mem-

orizing neurons. An effect that sits on top of these is the effective cancellation of sub-leading

terms in the analytical solution Equation (4.4). Since the accuracies only depend on the largest

logit, these sub-leading terms have little effect on them (at sufficient width). However, losses

are significantly affected by them. With zero or small weight decay values, this cancellation is

achieved by low IPR neurons. Thus, in these cases, low IPR neurons serve the dual purpose of

memorization as well as canceling the sub-leading terms. With large weight decay values, this

cancellation is achieved by a different algorithm, where “secondary peaks” appear in the Fourier

spectrum of the periodic neurons. We leave an in-depth analysis of these algorithmic biases for

future work.
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(a) Coexistence phase (weight decay = 0.0). (Left) Pruning from low IPR neurons (almost) monotonically
increases the train loss. The test loss has two competing factors: lower memorization and fewer neurons
that cancel the sub-leading terms. As a result, we see non-monotonic behaviour in the first half. (Right)
Pruning high IPR neurons increases both train and test losses. We see a non-monotonic behaviour in the
second half since the cancellation of sub-leading terms is irrelevant in the absence of periodic neurons.
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(b) Partial Inversion phase (weight decay = 5.0). (Left) Pruning from low IPR neurons: Initially, the
removal of memorizing neurons causes the train loss to increase and the test loss to decrease. In the latter
half, once we start removing the periodic neurons, both train and test losses increase. (Right) Pruning
from high IPR neurons: Initially, both train and test losses increase due to the removal of periodic neurons.
In the latter half, the removal of the memorizing neurons causes the train and test losses to increase and
decrease, respectively.
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(c) Full Inversion phase (weight decay = 15.0). (Left) Pruning from low IPR neurons monotonically
increases the train loss, since it is affected by removal of memorizing and periodic neurons. On the
other hand, test loss briefly remains constant (during the removal of the low IPR neurons), followed by a
monotonic increase. (Right) Removing high IPR neurons monotonically increases train and test losses.

Figure C.12: Pruning experiments in all various phases (N = 500, α = 0.5, ξ = 0.35). Pruning
affects generalization and memorization differently in different phases because the proportion of
high and low IPR neurons in trained networks depends on the phase.
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C.9 Additional Training Curves

In this section, we show training curves for various different settings we have used in this

appendix and Chapter 4.
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Figure C.13: Training curves with dropout (a) dp=0.0 (b) dp=0.3 (c) dp=0.6 (d) dp=0.9
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Figure C.14: Training curves in various phases with BatchNorm. All networks are trained with
corruption fraction ξ = 0.3 and batch-size = 64; with variable data fractions. (a) Coexistence
(α = 0.4) (b) Partial Inversion (α = 0.5) (c) Full Inversion (α = 0.8)
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Figure C.15: Training curves in various phases with LayerNorm. All networks are trained with
corruption fraction ξ = 0.3 and batch-size = 64; with variable data fractions. (a) Coexistence
(α = 0.4) (b) Partial Inversion (α = 0.5) (c) Full Inversion (α = 0.8)
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Figure C.16: Training curves in various phases without any normalization, but with mini-batches.
All networks are trained with corruption fraction ξ = 0.3 and batch-size = 64; with variable data
fractions. (a) Coexistence (α = 0.4) (b) Partial Inversion (α = 0.5) (c) Full Inversion (α = 0.8)
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C.10 Further Ablation Studies

In this section, we perform ablation studies on different loss functions, activation functions,

and network widths, and examine whether our conclusions remain universal across other modular

arithmetic datasets.

C.10.1 Choice of Loss Function

CrossEntropy loss is known to be sensitive to label noise [110]. By adding regulariza-

tion, we recover similar phase diagrams. The requirement for regularization is much greater for

CrossEntropy loss compared to MSE. We find that CrossEntropy training is very sensitive to

weight decay, with Inversion occuring for a narrow band of weight decay values, beyond which

we find Confusion. We do not observe a Forgetting phase in this case. See Figure C.17. With

Dropout, we find that CrossEntropy training requires very high dropout probabilities to grok

and/or attain Inversion.
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Figure C.17: Modular Addition trained with CrossEntropy Loss. Robustness to label corruption
is weaker compared to MSE.
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C.10.2 Choice of Activation Function

To check if the story depends on the activation function, we did the modular addition exper-

iments for 2-layer ReLU network, see Figures C.18 and C.19. The requirement for regularization

for grokking is higher compared to quadratic activation function. We noticed that the phase

diagram for weight decay behaves similarly to quadratic activation functions, except for the dis-

appearance of the Forgetting phase. Dropout does not seem as effective for ReLU networks, with

the network entering Confusion phase for even moderate dropout probabilites.
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Figure C.18: Phase diagram with weight decay, ReLU.
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Figure C.19: Phase diagram with Dropout, ReLU.
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C.10.3 Effect of of width

Width affects models’ capacity, which further interact with regularization methods. In

this subsection, we aim to understand the effect of different network widths. See Figures C.20

and C.21 for quadratic activation and ReLU activation results.
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Figure C.20: Phase diagram for width N = 5000 fully connected network with quadratic acti-
vation. Regularization with weight decay. Compared to N = 500 network in Figure 6.1(a), the
network generalizes marginally poorly. Note: the absence of Partial Inversion phase and smaller
Coexistence phase with wd = 0.0. This can be attributed to the increased capacity to memorize
due to abundance of neurons.
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Figure C.21: Phase diagram for width N = 5000 fully connected network with ReLU activation.
Regularization with weight decay. In this case, the network performance is drastically improved
compared to N = 500 (Figure C.18). The confusion phase is largely eliminated, due to the
increased capacity of the network, as a result of abundance of neurons.
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C.10.4 Modular Multiplication

Here we check if the phase diagram story is unique to modular addition. We repeat our

experiments with modular multiplication (z = x · y mod p) and obtain almost identical phase

diagrams to modular addition (see Figure C.22).
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Figure C.22: Phase diagram for Modular Multiplication, weight decay. All other settings are
identical to Figure 4.4. Note that the phase diagram is identical to Modular Arithmetic case –
representative of the similarity in the algorithms learnt by the network.
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C.11 How many neurons can be pruned while retaining generalization?

We showed in the pruning experiments (Figures 6, 17) that a significant proportion of neu-

rons (starting from low IPR) can be pruned out without decreasing test error. In Figure C.23 we

show how many neurons can pruned from a trained network at various widths. We train networks

with widths between 500 and 10000; with learning rate 0.005 and weight decay 1.0, with AdamW

optimizer and MSE loss. We use corrupted modular addition data, with data fraction α = 0.5

and corruption fraction ξ = 0.35. We repeat the experiment 40 times, averaging over different

random seeds.
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Figure C.23: Pruning as many low IPR neurons as possible while retaining generalization, for
various network widths (α = 0.5, ξ = 0.35). The curves are averaged over 40 random seeds.
Note that the x-axes on both plots have a logarithmic scale.
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Appendix D: In-Context Learning and Skill Composition

D.1 Experimental Details

D.1.1 Model and Training Hyperparameters

Model Architecture. We used GPT-like architectures with Rotary Positional Embedding (θ =

10, 000) and ReLU activations. We fix the number of heads H = 4, embedding dimension

dembed = 512 and MLP widening factor 4 throughout every model. We use d = 2, 4, 6 throughout

the paper. Embedding layers and the output layer are tied via weight tying.

Initialization. All linear layers and embedding layer weights are sampled from Gaussian dis-

tribution N (0, 0.022) at initialization, with the exception that the last linear layer in each MLP is

sampled from N (0, 0.022/2d). No bias is used in any layer.

Optimization and Schedule. We trained most models using AdamW optimizer with learning

rate η = 1.5×10−4, weight decay λ = 2.0, β1 = 0.9, β2 = 0.98, ϵ = 10−8, batch size B = 1024,

nct = 32 in-context examples for 200k steps, together with a 5% linear warmup starting from

0.01η and a cosine annealing towards the end to 0.1η. Weight decay is not applied to LayerNorm

layers.
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Hyperparameter Choice. For d = 2 models we scanned learning rates η ∈ {7.5× 10−5, 1.5×

10−4, 3 × 10−4, 6 × 10−4} and weight decay values λ ∈ {0.5, 1.0, 2.0, 5.0}. Then we transfer

our hyperparameters to other depths. Benefiting from the extra scaling in the initialization of the

last linear in MLP, we find that the hyperparameters perform well for other depths. For larger p

values, we lowering down the learning rate to 10−4.

D.1.2 Additional Details of Each Plot in the Main Text

Figure 5.2. (a) Phase diagram constructed using d = 6 data shown in Figure D.17, threshold

for defining each phase is set to 75% for the corresponding set; (b) accuracy - number of shots

curve for d = 4, ni.d. = 28, p = 29 and α = 0.7. (c, d) d = 2 model with p = 29, ni.d. = 29 and

α = 0.6.

Figures 5.5 and 5.6. (a) Selected the best out of three random seeds with early stopping. (b, c)

averaged over three random seeds with standard error labeled. All o.o.d. data are measured every

1, 000 step for 16 randomly sampled sequences along the pre-training. (d, e) Used checkpoint at

the end of pre-training, averaged over 128 random sequences sampled from So.o.d.
test .

Figure 5.7. (a, b) Both phase diagrams are the best selected from three random seeds with early

stopping. The loss - number of shots curves are plotted with α = 0.6.

Figure 5.8. We use a d = 2 model trained with α = 0.6 and ni.d. = 29, and a d = 4 model

trained with α = 0.8 and ni.d. = 29 with batch size B = 1536.
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Figure 5.9. Attention heads extracted form d = 2 model trained with ni.d. = 29 and α = 0.6.

(c, d) Both models are trained with α = 0.6.

D.2 Details of resources used

To generate each phase diagram and training curve, we used 90 GPU days on NVIDIA

A100 40GB, with automatic mixed precision (BFloat16) and Flash Attention implemented in the

PyTorch library[69]. During the exploring stage, we also used around another 90 GPU days.

Most inferences were running on 1/7-NVIDIA A100 40GB GPU, of which the cost is negligible

compared to the pre-training cost.

D.3 Table of log map for p = 29

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

log27(n) 01 28 15 19 2 22 6 12 17 10 9 11 21 18 27

n 15 16 17 18 19 20 21 22 23 24 25 26 27 28

log27(n) 13 4 7 25 23 24 3 26 20 8 16 5 1 14

D.4 Task Selection and Sequence Design

Task Selection. During the initial exploration phase, we observed that it was challenging for

the model to learn multiple modular arithmetic tasks simultaneously. Typically, the loss would
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stagnate at a plateau indefinitely.

We hypothesize that when the model is trained on multiple modular arithmetic tasks, the

strong bias inherent in each individual task may interfere significantly. When tasks are selected

randomly, the resultant noise appears to inhibit the learning capabilities of the model, preventing

it from acquiring any meaningful patterns or rules from the data.

Ultimately, we adopted a more structured approach to task selection as illustrated in Figure

Figure 5.4, based on the following rationale: If the model is to learn a specific task vector (at, bt),

it would presumably be more straightforward if one of the two components – either at or bt –

has already learned by the model. This would leave the model with only the other component

to decipher, which we assume is a comparatively simpler task. Thus, we decided to employ the

rectangular rule for sampling task vectors, which we believe strategically reduces the complexity

of the learning process by partially leveraging previously acquired knowledge.

In Figure D.1, we show an ablation plot of phase diagrams with a randomly selected task

vector collection for pre-training. We still use the special sequence design.
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Figure D.1: d = 6 phase diagram with task vectors randomly selected, selected the best results
from two random seeds. Learning rate η = 10−4.

Sequence Design. Following a similar spirit, we use a balanced batch where sequences gen-

erated from all task vectors appear exactly the same number of times during the training. We
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further align the examples across sequences generated by different task vectors, which we be-

lieve reduces the chance of the model getting confused by the same input (x, y) appearing at

different positions within the batch. Without this design, we could not make the model train.

Here, we also show the training curve per task in Figure D.2, trained with all of our tricks.

We see that the model first learned very few tasks and then eventually found its way out. For

training without the task selection and sequence design, the loss typically plateau around ∼ 3.0.
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Figure D.2: d = 4 training curve, with loss and accuracy measured per task for the last in context
example. Trained with ni.d. = 28 and α = 0.8. There are six tasks learned almost instantly:
(5, 26), (21, 23), (28, 27), (3, 9), (10, 10), (5, 9).

D.5 Additional Interpretability Results

In this section, we show additional results on interpretability. Where we continue our

discussion on how the algorithm might be implemented inside the model. Importantly, This
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includes PCA analysis of embedding (Appendix D.5.1), other attention heads (Appendix D.5.2),

attentions and MLPs outputs (Appendix D.5.3), and finally, the role of MLPs (Appendix D.5.4).

We think it is also crucial to study LayerNorm layers, which we leave for future work.

D.5.1 PCA over Embeddings

We begin the discussion with the role of embedding layers. By further examining different

models, we find highly structured embedding from d = 2 models. d = 4 models, on the other

hand, does not have such structured embedding layers.

First we focus the embedding of d = 2 models. As shown in Figure D.3, clearly, the

logarithm of each number is split into even and odd groups, and each group forms one circle,

which is a suitable embedding for doing modular multiplications. However, one should note that

this will not obviate the importance of the head shown in Figure 5.9(a), as the model still needs a

way to distinguish the same number that appears in the different positions in the context.

Curiously, we could not find such a structured embedding for the d = 4 model, as shown

in Figure D.4. However, as we will show in the next subsection, this non-structural embedding,

together with the first layer, prepares a foundation for the essential heads in the latter layer to

create a similar “circle-of-circles” feature as we shown in Figure 5.9(a, b).

D.5.2 Attention Heads

D.5.2.1 d = 4 Model

To continue the story, we analyse the attention heads in different models. We first study

the d = 4 model, where we also find a similar head with “circle-of-circles” (Figure 5.9(a)).
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Figure D.3: PCA over the embedding layers of d = 2 models with different random seeds. Each
number is annotated by its log27 value.
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(a) PCA over the embedding layer for top-3 principal components

Figure D.4: PCA over the embedding layers of d = 4. Each number is annotated by its log27
value.

Moreover, two other heads put together are seemingly equivalent to Figure 5.9(b). We surmise

that any model that solves modular arithmetic in-context requires such heads.

From Figure D.5(a), we see that the head still pays attention locally within three token

positions. Importantly, it also creates a circle-of-circles while performing PCA over concatenated

(x, y) features. The difference here is that the circle winds twice to go back to its origin. We

believe that this factor of two differences in the period means that this head is effectively combing

the row of the embedding layer of the d = 2 model and the role of the head in Figure 5.9(a).
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Figure D.5: PCA over the features of specific heads for d = 4 model. Each number is annotated
by its log27 value. We plotted PCA over (a, b) (x, y) and (c) (y, z) concatenated features. Where
the circle in (b, c) heavily depends on the sequence and (a) remains unchanged.

Overall, we do not yet know why the model needs to split the logarithm of numbers into even and

odd groups.

From Figure D.5(b, c), we find two heads that are structured but different from Fig-

ure 5.9(b). The PCA pattern forms circles while annotated within logarithm space, but depends

on the choice of the sequences. This hints that those two heads are trying to exchange information

with the previous inputs. We leave PCA analysis across different in-context examples to future

work.
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D.5.2.2 d = 2 Model

Next we focus on the d = 2 model. In Figure D.6, we plot similar PCA to the one in

Figure 5.9(a), but with different concatenated features from the same heads: (x, z) and (y, z).

We again see circle-of-circles, solidifying our argument that this head provides proper spaces for

later heads to perform modular operations.
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Figure D.6: PCA over the same head in Figure 5.9(a), with feature concatenated differently. We
annotate numbers with their corresponding logarithm.

In Figure D.7, we dump all the attention patterns we had for d = 2 models. The corresop-

nding PCA over concatenated (x, y) features are shown in Figure D.8 (except for layer 1 head 4,

for which we plot for (x, z)). The special head we choose here has a similar behavior to the one

in Figure 5.9(a), with its main focus shifted by one position but still within two preceding tokens.

In Figure D.9, we extend our PCA analysis to different task vectors and up to top-4 com-

ponents, where the spatial structure of the features is better depicted.

We have reasons to believe that the non-circle heads are not essential to the models’ per-

formance. However, we leave a careful exploration of this front for future work.
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Figure D.7: All attention heads in d = 2 model.
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(27, 12)

(27, 17)

(27, 10)(27, 9)

(27, 11)

(27, 21)(27, 18)
(27, 27)

(27, 13)

(27, 4)

(27, 7)

(27, 25)

(27, 23) (27, 24)

(27, 3)

(27, 26)

(27, 20)

(27, 8)

(27, 16)

(27, 5)

(27, 1)

(27, 14)

(13, 0)
(13, 28)

(13, 15)

(13, 19)

(13, 2)

(13, 22)

(13, 6)

(13, 12)

(13, 17)

(13, 10)
(13, 9)

(13, 11)

(13, 21)

(13, 18)

(13, 27)

(13, 13)(13, 4)
(13, 7)

(13, 25)

(13, 23)(13, 24)

(13, 3)

(13, 26)
(13, 20)

(13, 8)

(13, 16)

(13, 5)

(13, 1)

(13, 14)

(4, 0)

(4, 28)

(4, 15)

(4, 19)

(4, 2)

(4, 22) (4, 6)

(4, 12)

(4, 17)

(4, 10)

(4, 9)

(4, 11)

(4, 21)

(4, 18)

(4, 27)

(4, 13)

(4, 4)

(4, 7)

(4, 25)

(4, 23)(4, 24)
(4, 3)

(4, 26)

(4, 20)

(4, 8)

(4, 16)

(4, 5)

(4, 1)

(4, 14)
(7, 0)

(7, 28)

(7, 15)(7, 19)

(7, 2)

(7, 22)

(7, 6)

(7, 12)

(7, 17)

(7, 10)

(7, 9)

(7, 11)
(7, 21)

(7, 18)

(7, 27)

(7, 13)

(7, 4)

(7, 7)

(7, 25)
(7, 23)
(7, 24)

(7, 3)

(7, 26)

(7, 20)

(7, 8)

(7, 16)

(7, 5)
(7, 1)

(7, 14)

(25, 0) (25, 28)

(25, 15)

(25, 19)

(25, 2)

(25, 22)

(25, 6)

(25, 12)

(25, 17)

(25, 10)(25, 9)

(25, 11)

(25, 21)

(25, 18)

(25, 27)

(25, 13)

(25, 4)
(25, 7)

(25, 25)
(25, 23)

(25, 24)

(25, 3)

(25, 26)

(25, 20)

(25, 8)

(25, 16)

(25, 5)

(25, 1)
(25, 14)

(23, 0) (23, 28)

(23, 15)

(23, 19)

(23, 2)

(23, 22)

(23, 6)

(23, 12)

(23, 17)

(23, 10)

(23, 9)

(23, 11)

(23, 21)
(23, 18)

(23, 27)

(23, 13)

(23, 4)
(23, 7)

(23, 25)

(23, 23)(23, 24)

(23, 3)

(23, 26)

(23, 20)

(23, 8)

(23, 16)

(23, 5)

(23, 1)

(23, 14)

(24, 0)
(24, 28)

(24, 15)
(24, 19)

(24, 2)

(24, 22)

(24, 6)

(24, 12)

(24, 17)

(24, 10)

(24, 9)

(24, 11)

(24, 21)

(24, 18)

(24, 27)
(24, 13)

(24, 4)

(24, 7)

(24, 25)(24, 23)(24, 24)

(24, 3)

(24, 26)

(24, 20)

(24, 8)

(24, 16)

(24, 5)

(24, 1)

(24, 14)

(3, 0)

(3, 28)

(3, 15)

(3, 19)

(3, 2)(3, 22)

(3, 6)

(3, 12)

(3, 17)

(3, 10)

(3, 9)

(3, 11)

(3, 21)
(3, 18)

(3, 27)

(3, 13)

(3, 4)

(3, 7)

(3, 25)

(3, 23)
(3, 24)

(3, 3)

(3, 26)

(3, 20)

(3, 8)

(3, 16)

(3, 5)

(3, 1)

(3, 14)

(26, 0)

(26, 28)

(26, 15)

(26, 19)

(26, 2)

(26, 22)

(26, 6)

(26, 12)

(26, 17)

(26, 10)

(26, 9)

(26, 11)

(26, 21)
(26, 18)

(26, 27)

(26, 13)

(26, 4)

(26, 7)

(26, 25)

(26, 23)

(26, 24)

(26, 3)

(26, 26)(26, 20)

(26, 8)

(26, 16)

(26, 5)

(26, 1)
(26, 14)

(20, 0)

(20, 28)

(20, 15)

(20, 19)

(20, 2)

(20, 22)

(20, 6)

(20, 12)

(20, 17)

(20, 10)
(20, 9)

(20, 11)
(20, 21)

(20, 18)

(20, 27)

(20, 13)

(20, 4)

(20, 7)

(20, 25)(20, 23)

(20, 24)
(20, 3)

(20, 26)

(20, 20)

(20, 8)

(20, 16)

(20, 5) (20, 1)

(20, 14)

(8, 0)

(8, 28)

(8, 15)(8, 19)

(8, 2)

(8, 22)

(8, 6)

(8, 12)

(8, 17)

(8, 10)

(8, 9)

(8, 11)

(8, 21)
(8, 18)

(8, 27)

(8, 13)

(8, 4)

(8, 7)

(8, 25)(8, 23)(8, 24)

(8, 3)

(8, 26)

(8, 20)

(8, 8)

(8, 16)

(8, 5)

(8, 1)

(8, 14)

(16, 0)

(16, 28)

(16, 15)

(16, 19)
(16, 2)

(16, 22)

(16, 6)

(16, 12)

(16, 17)(16, 10)
(16, 9)

(16, 11)

(16, 21)

(16, 18)

(16, 27)

(16, 13)

(16, 4)

(16, 7)

(16, 25)
(16, 23)

(16, 24)

(16, 3)

(16, 26)

(16, 20)

(16, 8)
(16, 16)

(16, 5)

(16, 1)

(16, 14)

(5, 0)

(5, 28)

(5, 15)

(5, 19)

(5, 2)

(5, 22)

(5, 6)

(5, 12)
(5, 17)

(5, 10)(5, 9)(5, 11)

(5, 21)

(5, 18)

(5, 27)

(5, 13)

(5, 4)

(5, 7)

(5, 25)

(5, 23)

(5, 24)

(5, 3)
(5, 26)

(5, 20)
(5, 8)

(5, 16)

(5, 5)

(5, 1)

(5, 14)
(1, 0)

(1, 28)

(1, 15)

(1, 19)

(1, 2)
(1, 22)

(1, 6)

(1, 12)

(1, 17)

(1, 10)(1, 9)

(1, 11)

(1, 21)

(1, 18)

(1, 27)

(1, 13)

(1, 4)
(1, 7)

(1, 25)

(1, 23)
(1, 24)

(1, 3)

(1, 26)

(1, 20)

(1, 8)

(1, 16)

(1, 5)

(1, 1)

(1, 14)

(14, 0)

(14, 28)

(14, 15)

(14, 19)

(14, 2)

(14, 22)

(14, 6)
(14, 12)

(14, 17)

(14, 10)
(14, 9)

(14, 11)

(14, 21)

(14, 18)

(14, 27)

(14, 13)

(14, 4)

(14, 7)

(14, 25)

(14, 23)
(14, 24)

(14, 3)

(14, 26)

(14, 20)

(14, 8)

(14, 16)

(14, 5)

(14, 1)

(14, 14)

(f) layer 2, head 2

0.02 0.00 0.02 0.04 0.06 0.08 0.10 0.12
1st principle component

0.02

0.00

0.02

0.04

0.06

0.08

0.10
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m
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(0, 0)(0, 28)(0, 15)(0, 19)(0, 2)(0, 22)(0, 6)(0, 12)(0, 17)(0, 10)(0, 9)(0, 11)(0, 21)(0, 18)(0, 27)(0, 13)(0, 4)(0, 7)(0, 25)(0, 23)(0, 24)(0, 3)(0, 26)(0, 20)(0, 8)(0, 16)(0, 5)(0, 1)(0, 14)

(28, 0) (28, 28)(28, 15)(28, 19) (28, 2)(28, 22) (28, 6)(28, 12)(28, 17) (28, 10)(28, 9) (28, 11)(28, 21)(28, 18) (28, 27)(28, 13) (28, 4) (28, 7)(28, 25)(28, 23) (28, 24)(28, 3)(28, 26)(28, 20) (28, 8)(28, 16) (28, 5) (28, 1)(28, 14)

(15, 0)(15, 28) (15, 15) (15, 19)(15, 2) (15, 22)(15, 6) (15, 12) (15, 17)(15, 10)(15, 9) (15, 11) (15, 21)(15, 18)(15, 27)(15, 13)(15, 4) (15, 7) (15, 25)(15, 23)(15, 24)(15, 3) (15, 26) (15, 20)(15, 8) (15, 16)(15, 5) (15, 1)(15, 14)

(19, 0)(19, 28)(19, 15) (19, 19) (19, 2)(19, 22)(19, 6)(19, 12) (19, 17)(19, 10)(19, 9) (19, 11) (19, 21)(19, 18) (19, 27)(19, 13)(19, 4) (19, 7) (19, 25)(19, 23) (19, 24)(19, 3) (19, 26)(19, 20)(19, 8) (19, 16)(19, 5) (19, 1)(19, 14)

(2, 0)(2, 28)(2, 15)(2, 19) (2, 2)(2, 22) (2, 6) (2, 12)(2, 17) (2, 10) (2, 9)(2, 11)(2, 21) (2, 18) (2, 27) (2, 13) (2, 4)(2, 7)(2, 25)(2, 23)(2, 24) (2, 3)(2, 26)(2, 20) (2, 8)(2, 16) (2, 5)(2, 1) (2, 14)

(22, 0) (22, 28)(22, 15) (22, 19) (22, 2)(22, 22)(22, 6)(22, 12)(22, 17) (22, 10)(22, 9)(22, 11) (22, 21) (22, 18) (22, 27)(22, 13) (22, 4)(22, 7) (22, 25) (22, 23) (22, 24)(22, 3) (22, 26)(22, 20)(22, 8)(22, 16) (22, 5) (22, 1)(22, 14)

(6, 0)(6, 28) (6, 15)(6, 19) (6, 2)(6, 22) (6, 6) (6, 12)(6, 17)(6, 10)(6, 9) (6, 11)(6, 21) (6, 18)(6, 27) (6, 13)(6, 4) (6, 7)(6, 25)(6, 23)(6, 24) (6, 3)(6, 26)(6, 20) (6, 8)(6, 16)(6, 5)(6, 1) (6, 14)

(12, 0)(12, 28) (12, 15) (12, 19)(12, 2) (12, 22)(12, 6) (12, 12) (12, 17)(12, 10) (12, 9)(12, 11) (12, 21) (12, 18)(12, 27) (12, 13)(12, 4)(12, 7)(12, 25) (12, 23)(12, 24)(12, 3) (12, 26) (12, 20)(12, 8) (12, 16)(12, 5)(12, 1) (12, 14)

(17, 0) (17, 28)(17, 15) (17, 19)(17, 2) (17, 22)(17, 6)(17, 12) (17, 17)(17, 10) (17, 9)(17, 11) (17, 21) (17, 18)(17, 27)(17, 13)(17, 4)(17, 7) (17, 25) (17, 23)(17, 24)(17, 3) (17, 26) (17, 20)(17, 8)(17, 16) (17, 5) (17, 1)(17, 14)

(10, 0)(10, 28) (10, 15)(10, 19)(10, 2) (10, 22)(10, 6) (10, 12)(10, 17)(10, 10)(10, 9) (10, 11)(10, 21)(10, 18)(10, 27) (10, 13)(10, 4) (10, 7)(10, 25)(10, 23) (10, 24)(10, 3) (10, 26) (10, 20)(10, 8) (10, 16)(10, 5)(10, 1) (10, 14)

(9, 0)(9, 28) (9, 15)(9, 19)(9, 2)(9, 22) (9, 6) (9, 12)(9, 17) (9, 10)(9, 9) (9, 11)(9, 21)(9, 18)(9, 27) (9, 13)(9, 4) (9, 7)(9, 25)(9, 23) (9, 24)(9, 3)(9, 26) (9, 20)(9, 8) (9, 16)(9, 5)(9, 1) (9, 14)

(11, 0)(11, 28) (11, 15)(11, 19)(11, 2) (11, 22)(11, 6) (11, 12) (11, 17)(11, 10) (11, 9) (11, 11) (11, 21)(11, 18)(11, 27) (11, 13)(11, 4) (11, 7)(11, 25) (11, 23)(11, 24) (11, 3)(11, 26) (11, 20)(11, 8) (11, 16)(11, 5)(11, 1) (11, 14)

(21, 0) (21, 28)(21, 15) (21, 19)(21, 2) (21, 22)(21, 6)(21, 12) (21, 17)(21, 10) (21, 9)(21, 11) (21, 21)(21, 18) (21, 27)(21, 13) (21, 4)(21, 7) (21, 25) (21, 23)(21, 24) (21, 3)(21, 26)(21, 20) (21, 8)(21, 16) (21, 5) (21, 1)(21, 14)

(18, 0) (18, 28)(18, 15) (18, 19)(18, 2) (18, 22)(18, 6)(18, 12) (18, 17) (18, 10)(18, 9)(18, 11) (18, 21) (18, 18)(18, 27)(18, 13) (18, 4)(18, 7) (18, 25)(18, 23) (18, 24)(18, 3) (18, 26) (18, 20)(18, 8) (18, 16)(18, 5) (18, 1)(18, 14)

(27, 0) (27, 28)(27, 15)(27, 19) (27, 2)(27, 22) (27, 6)(27, 12)(27, 17) (27, 10) (27, 9)(27, 11)(27, 21)(27, 18) (27, 27)(27, 13) (27, 4)(27, 7)(27, 25)(27, 23)(27, 24) (27, 3)(27, 26)(27, 20) (27, 8)(27, 16) (27, 5)(27, 1)(27, 14)

(13, 0)(13, 28) (13, 15) (13, 19)(13, 2) (13, 22)(13, 6) (13, 12) (13, 17)(13, 10)(13, 9)(13, 11) (13, 21) (13, 18)(13, 27) (13, 13)(13, 4)(13, 7) (13, 25) (13, 23)(13, 24)(13, 3) (13, 26) (13, 20)(13, 8) (13, 16)(13, 5)(13, 1) (13, 14)

(4, 0)(4, 28) (4, 15)(4, 19) (4, 2)(4, 22) (4, 6)(4, 12)(4, 17) (4, 10)(4, 9)(4, 11)(4, 21) (4, 18)(4, 27) (4, 13) (4, 4)(4, 7)(4, 25)(4, 23) (4, 24)(4, 3)(4, 26) (4, 20) (4, 8)(4, 16) (4, 5)(4, 1) (4, 14)

(7, 0)(7, 28) (7, 15)(7, 19)(7, 2) (7, 22)(7, 6) (7, 12) (7, 17)(7, 10) (7, 9)(7, 11)(7, 21) (7, 18)(7, 27) (7, 13)(7, 4) (7, 7)(7, 25) (7, 23)(7, 24) (7, 3)(7, 26)(7, 20) (7, 8)(7, 16)(7, 5)(7, 1) (7, 14)

(25, 0)(25, 28)(25, 15)(25, 19) (25, 2)(25, 22)(25, 6)(25, 12)(25, 17)(25, 10) (25, 9)(25, 11) (25, 21)(25, 18) (25, 27)(25, 13) (25, 4)(25, 7)(25, 25)(25, 23)(25, 24) (25, 3)(25, 26)(25, 20) (25, 8)(25, 16) (25, 5)(25, 1)(25, 14) (23, 0) (23, 28)(23, 15) (23, 19) (23, 2)(23, 22) (23, 6)(23, 12)(23, 17) (23, 10)(23, 9) (23, 11)(23, 21)(23, 18) (23, 27)(23, 13) (23, 4)(23, 7) (23, 25)(23, 23) (23, 24)(23, 3)(23, 26)(23, 20)(23, 8)(23, 16) (23, 5) (23, 1)(23, 14)

(24, 0) (24, 28)(24, 15)(24, 19) (24, 2)(24, 22) (24, 6)(24, 12)(24, 17) (24, 10)(24, 9) (24, 11) (24, 21)(24, 18) (24, 27)(24, 13) (24, 4) (24, 7) (24, 25)(24, 23) (24, 24) (24, 3) (24, 26)(24, 20)(24, 8)(24, 16) (24, 5) (24, 1)(24, 14)

(3, 0)(3, 28)(3, 15)(3, 19)(3, 2)(3, 22) (3, 6)(3, 12)(3, 17) (3, 10) (3, 9)(3, 11)(3, 21) (3, 18) (3, 27) (3, 13)(3, 4)(3, 7)(3, 25) (3, 23)(3, 24) (3, 3)(3, 26)(3, 20) (3, 8)(3, 16) (3, 5)(3, 1) (3, 14)

(26, 0) (26, 28)(26, 15) (26, 19) (26, 2)(26, 22)(26, 6)(26, 12)(26, 17) (26, 10) (26, 9)(26, 11)(26, 21) (26, 18) (26, 27)(26, 13) (26, 4)(26, 7)(26, 25) (26, 23)(26, 24) (26, 3)(26, 26)(26, 20) (26, 8)(26, 16) (26, 5)(26, 1)(26, 14)

(20, 0) (20, 28)(20, 15) (20, 19) (20, 2) (20, 22)(20, 6) (20, 12) (20, 17)(20, 10)(20, 9)(20, 11) (20, 21)(20, 18) (20, 27)(20, 13) (20, 4)(20, 7) (20, 25)(20, 23) (20, 24)(20, 3) (20, 26)(20, 20)(20, 8)(20, 16)(20, 5) (20, 1)(20, 14)

(8, 0)(8, 28) (8, 15)(8, 19)(8, 2) (8, 22) (8, 6) (8, 12)(8, 17) (8, 10)(8, 9)(8, 11)(8, 21) (8, 18)(8, 27) (8, 13)(8, 4)(8, 7)(8, 25) (8, 23)(8, 24)(8, 3)(8, 26) (8, 20) (8, 8)(8, 16)(8, 5)(8, 1) (8, 14)

(16, 0)(16, 28)(16, 15) (16, 19)(16, 2) (16, 22)(16, 6) (16, 12) (16, 17)(16, 10) (16, 9)(16, 11) (16, 21) (16, 18)(16, 27)(16, 13)(16, 4)(16, 7) (16, 25) (16, 23)(16, 24)(16, 3) (16, 26)(16, 20)(16, 8) (16, 16)(16, 5)(16, 1) (16, 14)

(5, 0)(5, 28) (5, 15)(5, 19) (5, 2)(5, 22) (5, 6) (5, 12)(5, 17) (5, 10)(5, 9) (5, 11)(5, 21)(5, 18)(5, 27) (5, 13)(5, 4) (5, 7)(5, 25)(5, 23)(5, 24) (5, 3)(5, 26) (5, 20) (5, 8) (5, 16)(5, 5)(5, 1)(5, 14)

(1, 0)(1, 28)(1, 15)(1, 19) (1, 2)(1, 22) (1, 6)(1, 12)(1, 17)(1, 10) (1, 9) (1, 11)(1, 21)(1, 18) (1, 27)(1, 13)(1, 4) (1, 7)(1, 25)(1, 23)(1, 24) (1, 3)(1, 26)(1, 20) (1, 8)(1, 16) (1, 5)(1, 1)(1, 14)

(14, 0)(14, 28) (14, 15)(14, 19)(14, 2) (14, 22)(14, 6) (14, 12)(14, 17)(14, 10)(14, 9) (14, 11) (14, 21)(14, 18)(14, 27) (14, 13)(14, 4) (14, 7) (14, 25)(14, 23) (14, 24)(14, 3) (14, 26) (14, 20)(14, 8) (14, 16)(14, 5) (14, 1) (14, 14)

(g) layer 2, head 3

0.05 0.00 0.05 0.10 0.15
1st principle component

0.050

0.025

0.000

0.025

0.050

0.075

0.100

0.125
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(0, 0) (0, 28)(0, 15) (0, 19) (0, 2)(0, 22)(0, 6)(0, 12)(0, 17) (0, 10)(0, 9)(0, 11)(0, 21) (0, 18)(0, 27)(0, 13) (0, 4)(0, 7) (0, 25)(0, 23) (0, 24)(0, 3) (0, 26)(0, 20)(0, 8) (0, 16)(0, 5)(0, 1)(0, 14)

(28, 0) (28, 28)(28, 15) (28, 19) (28, 2) (28, 22)(28, 6)(28, 12)(28, 17)(28, 10)(28, 9)(28, 11) (28, 21)(28, 18) (28, 27)(28, 13) (28, 4)(28, 7) (28, 25) (28, 23)(28, 24) (28, 3)(28, 26)(28, 20)(28, 8)(28, 16) (28, 5) (28, 1)(28, 14)

(15, 0)(15, 28) (15, 15)(15, 19)(15, 2)(15, 22)(15, 6) (15, 12)(15, 17) (15, 10)(15, 9)(15, 11)(15, 21) (15, 18)(15, 27) (15, 13)(15, 4)(15, 7)(15, 25)(15, 23)(15, 24)(15, 3)(15, 26) (15, 20)(15, 8) (15, 16)(15, 5)(15, 1) (15, 14)

(19, 0)(19, 28) (19, 15) (19, 19)(19, 2) (19, 22)(19, 6) (19, 12) (19, 17)(19, 10)(19, 9)(19, 11) (19, 21) (19, 18)(19, 27) (19, 13)(19, 4)(19, 7)(19, 25) (19, 23)(19, 24)(19, 3) (19, 26) (19, 20)(19, 8) (19, 16)(19, 5)(19, 1) (19, 14)

(2, 0) (2, 28)(2, 15)(2, 19) (2, 2)(2, 22) (2, 6)(2, 12)(2, 17)(2, 10)(2, 9)(2, 11) (2, 21)(2, 18) (2, 27)(2, 13) (2, 4)(2, 7) (2, 25)(2, 23) (2, 24) (2, 3)(2, 26)(2, 20)(2, 8)(2, 16) (2, 5) (2, 1)(2, 14)

(22, 0)(22, 28) (22, 15) (22, 19)(22, 2) (22, 22)(22, 6) (22, 12) (22, 17)(22, 10)(22, 9) (22, 11) (22, 21)(22, 18)(22, 27)(22, 13)(22, 4)(22, 7) (22, 25)(22, 23)(22, 24)(22, 3) (22, 26) (22, 20)(22, 8) (22, 16)(22, 5)(22, 1)(22, 14)

(6, 0) (6, 28)(6, 15)(6, 19) (6, 2)(6, 22) (6, 6)(6, 12)(6, 17) (6, 10) (6, 9)(6, 11)(6, 21)(6, 18) (6, 27)(6, 13) (6, 4)(6, 7)(6, 25)(6, 23)(6, 24) (6, 3)(6, 26)(6, 20) (6, 8)(6, 16) (6, 5)(6, 1)(6, 14)

(12, 0)(12, 28) (12, 15)(12, 19)(12, 2)(12, 22) (12, 6) (12, 12)(12, 17) (12, 10) (12, 9) (12, 11)(12, 21)(12, 18)(12, 27) (12, 13)
(12, 4)
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Figure D.8: PCA for concatenated (x, y)/(x, z) features for all heads in d = 2 model.
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Figure D.9: More PCA analysis similar to Figure 5.9. Top-2 components of PCA contribute
∼ 40% variance of the layer 1 head and ∼ 20% variance of the layer 2 head, while the top-4
components contribute ∼ 60% and ∼ 40% accordingly.

D.5.3 PCA over Attention and MLP Outputs

In Figure D.10, we plot d = 2 PCA analysis up to top-4 components for attention and MLP

outputs.
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Figure D.10: PCA analysis of Attention and MLP outputs. Attention modules contribute ∼ 50%
and ∼ 30% to top-4 components of PCA of layer 1 and layer 2. MLP modules contribute ∼ 10%
and ∼ 12% accordingly.
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D.5.4 Cosine-similarity analysis for MLPs

As we mentioned in Section 5.4.2, Skills II and III are likely implemented within the MLP

layer. While we provided extensive details on how the signature of Skill II was observed in MLP,

we could not find clear signals similar to those in Gromov [30], Nanda et al. [103] from MLP

layers on Skill III.

D.5.4.1 d = 4 model

Here, we show an extended version of Figure 5.10 for all layers from the d = 4 model. We

plot for 2-shot (Figure D.11) and 16-shot (Figure D.12), the task vector used is (a, b) = (2, 6).
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Figure D.11: Cosine-similarity of d = 4 model for every block, measured at 2-shot.
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Figure D.12: Cosine-similarity of d = 4 model for every block, measured at 16-shot.

D.5.4.2 d = 2 model

Here, we show an extended version of Figure 5.10 for all layers from the d = 2 model. We

plot for 2-shot (Figure D.13) and 10-shot (Figure D.14), the task vector used is (a, b) = (2, 6).
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Figure D.13: Cosine-similarity of d = 2 model for every block, measured at 2-shot.
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Figure D.14: Cosine-similarity of d = 2 model for every block, measured at 10-shot.

D.6 Additional Training Curves

We plot some selected training curves for d = 4 (Figure D.15) and d = 2 (Figure D.16)

from Figure 5.7 phase diagrams. We see that even for d = 4, ICL can be a transient. With

increased α or ni.d., the transient nature goes away.
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(a) d = 4, α = 0.7
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(b) d = 4, α = 0.6

Figure D.15: Training curves for d = 4, averaged over three random seeds.
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(a) d = 2, α = 0.7

0 50k 100k 150k 200k
step

0.0

1.0

2.0

3.0

4.0

5.0

6.0

lo
ss

ni. d.
23

24

25

26

27

28

29

0 50k 100k 150k 200k
step

0

25

50

75

100

ac
cu

ra
cy

 (%
)

(b) d = 2, α = 0.6

Figure D.16: Training curves for d = 2, averaged over three random seeds.

D.7 Additional Phase Diagrams

In Figure D.17, we plotted detailed/extended versions of the phase diagrams shown in

Figure 5.2 and Figure 5.7. The four phases story we have shown in Figure 5.2 still holds for other

depths.

D.8 Different Choice of p

In this section, we check the effect of varying task difficulties, i.e. the value of p. In

Figure D.18, we plotted o.o.d. generalization accuracy. Clearly as the task gets harder, the model
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Figure D.17: Phase diagrams on all four sets for d = 4 and d = 2.

needs to see more tasks to generalize out-of-distribution.
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Figure D.18: We compare the best performance for d = 6 models with different ni.d. values,
averaged over three seeds. We use learning rate η = 10−4 for p = 37 and p = 47, while keeping
other hyperparameters the same as p = 29.
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Appendix E: Transformers and Pseudo-Random Number Generators

E.1 Experimental Details

This section provides further details about model architecture, dataset construction, and

optimization.

E.1.1 Dataset Construction

Fixed Modulus (FM): Given a modulus m, we apply the Hull-Dobell Theorem to determine

the possible values of (a, c) that maximize the period. We then randomly select 64 values of a

and c to generate the test dataset. To generate the training dataset, we exlude these test choices of

(a, c) and uniformly sample N = 100, 000 LCG sequences of length L (context length) with na

values of multipliers and nc values of increments. For each set of parameters (a, c), we sample an

LCG sequence with a randomly selected initial seed x0. Note that the training dataset includes

sequences with varying periods, while the test data only contains sequences that maximize the

period.

Generalization to Unseen Modulus (UM): For the test dataset, we first select a set of test

moduli Mtest = {mtest} that would be reserved exclusively for evaluation. For each test modulus

mtest ∈ Mtest, we apply the Hull-Dobell Theorem to determine the values of (a, c) that maximize
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Figure E.1: The impact of training dataset parameters (nm, na, nc) on unseen modulus task per-
formance.

the period. We then randomly select 64 values of a and c to generate the test dataset. These 64

(a, c) values are not considered while generating the training dataset.

For the training dataset generation, we sample the nm modulus values from the range

[L, ⌊1.2max(Mtest)⌋] while excluding all the values in Mtest. For each modulus value m, we

uniformly select na multipliers (0 < a < m) and nc increments (0 ≤ c < m), excluding the ones

reserved for testing. For each parameter (a, c,m), we generate a sequence of length L using a

randomly selected initial seed x0. This results in a total of N = nm×na×nc training sequences.

We report that N = 400, 000 served sufficient from the modulus values considered in this work.

Next, we examine the effect of training dataset composition (nm, na, nc) on the perfor-

mance. Figure E.1 shows the test accuracy primarily depends on np and marginally on na and

nc. Furthermore, we found that nm ≳ mtest/4 yields good generalization performance (result not

shown here). Based on this relationship and our target total number of training examples N , we

sample na = nc =
√

N
mtest/4

values of multipliers and increments. Unless explicitly specified, we

use these parameter settings as the default configuration for all experiments.
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E.1.2 Model Architecture Details

We consider GPT-style Transformers [189] with learnable positional embeddings and

weight tying [141]. The model architecture is characterized by the number of blocks (depth),

embedding dimension (dmodel), and number of attention heads (nheads). For most experiments, we

use GELU activations, except in Section 6.4, where we use ReLU activations for better inter-

pretability.

E.1.3 Training Details

Figure E.2: Heatmap of test accuracy of a 6 layer Transformer with learning rate and weight
decay as the axes. As the modulus is increased from 1024 to 16, 384 the range of hyperparameters
resulting in reasonable accuracy becomes narrow.

We train the models with Cross-entropy loss using AdamW optimizer [97] with momentum

hyperparameters β1 = 0.9 and β2 = 0.99. We implement a linear learning rate warmup over the

first 2048 steps with an initial learning rate of zero and the target learning rate η. By default, all

experiments employ a batch size of 256. Weight decay is only applied to non-bias parameters.

In the unseen modulus case, we observed that both the optimal target learning rate η and

weight decay strength λ are highly sensitive to minute changes in training dataset properties

(modulus mtest, number of LCG parameters nm, na, nc and total number of examples N ) and

architectural changes (depth and embedding dimension). To determine the optimal hyperpam-
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raters, we scan the learning rates η ∈ {3e-05, 1e-04, 3e-04, 1e-03} and weight decay strengths

λ ∈ {0.01, 0.1, 1.0, 3.0}.

E.1.4 Training Cost

In Figure 6.11, the training of the m = 232 model was conducted using four NVIDIA A100

GPUs, requiring a total of 21.82 hours. The m = 216 model completed training in 4.83 hours

under the same hardware setup. Despite having the same model size, the increased context length

in the m = 232 model led to a significantly higher computational cost.

In Figure 6.12, both models were trained on a single NVIDIA H100 GPU for 85 hours.

E.1.5 Hyperparameter Space Shrinking with increasing modulus

We also report a surprising phenomenon in the unseen modulus case, which we refer to. as

the ‘hyperparameter space shrinking.’ As we increase the test modulus mtest while keeping the

model architecture fixed, we observe that the optimal learning rate (η) and weight decay strength

(λ) shift significantly. Moreover, the range of these hyperparameter values that yield reasonable

performance becomes increasingly narrow. Figure E.2 shows this result for a 6 layer Transformer.
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E.2 LCG Properties

E.2.1 The period of the lower k-th bit when m is power of 2

In this section, we show that for a sequence of period Tm = m = 2K , the k-th lowest digit

has a period of 2k along the sequence. Consider an LCG sequence:

xt+1 = (axt + c) mod m, (E.1)

where m is a power of 2, m and c are coprime and a−1 is divisible by 4. The period of sequence

xt is m [139]. The lower k-th bits of xt is given by:

bt,k =
zt,k − zt,k−1

2k−1
, (E.2)

where zt,k = xt mod 2k. Therefore, if zt,k has a period of 2k, then the lower k bits also have a

period of 2k. Below, we show that zt,k has a period of 2k.

For an integer Mt, we can can re-write xt as:

xt = zt,k +Mt2
k. (E.3)

Next, we substitute Equation (E.1) into the definition of zt+1,k:

zt+1,k = xt+1 mod 2k,
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= [(axt + c) mod m] mod 2k.. (E.4)

As m is divisble by 2k, this simplifies to:

zt+1,k = (azt,k + c) mod 2k,

= (azt,k + aMt2
k + c) mod 2k,

= (azt,k + c) mod 2k. (E.5)

Therefore, zt,k follows its own LCG recurrence with the same a and c but with a reduced

modulus 2k. Because 2k and c are coprime and a − 1 is divisible by 4, the period of zn is 2k.

Thus, the period of the lower k bits is 2k.

Since zn,k has period 2k and zn,k−1 has period 2k−1, the period of bn,k is 2k.

E.2.2 Derivation of Equation (6.4)

We now derive Equation (6.4) of the main text:

xt mod p
wq

i = αi,0,t p
0
i + αi,1,t p

1
i + · · ·+ αi,wi−1,t p

wi−1
i ,

where αi,w,t ∈ {0, 1, . . . , pi − 1} are base-pi digits. When the period of xt is m, each digit αj,w,t

has a period of pwi .

304



Consider an LCG sequence:

xt+1 = (axt + c) mod m, (E.6)

where m has a prime factorization m = pw1
1 pw2

2 · · · pwq
q , m and c are coprime, a − 1 is divisible

by all prime factors of m and a− 1 is divisible by 4 if m is divisible by 4 [139].

Consider the residulas Ri,t = xt mod pwi
i , where i ∈ {1 . . . q}. We have:

xt = Ri,t +Mi,tp
wi
i , (E.7)

where Mi,t is an integer.

Substituting Equations (E.6) and (E.7) into the definition of Ri,t+1:

Ri,t+1 = xt+1 mod pwi
i ,

= [(axt + c) mod m] mod pwi
i ,

= (axt + c) mod pwi
i ,

= (aRi,t + aMi,tp
wi
i + c) mod pwi

i ,

= (aRi,t + c) mod pwi
i . (E.8)

Next we consider zi,k,t, which is the lower k base-pi digits of Ri,t:

zi,k,t = Ri,t mod pki . (E.9)
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Similarly, the recurrence of zi,k,t can be simplied as:

zi,k,t+1 = Ri,t+1 mod pki ,

= [(aRi,t + c) mod pwi
i ] mod pki ,

= (aRi,t + c) mod pki ,

= (azi,k,t + c) mod pki . (E.10)

zi,k,t follows an LCG recurrence with the same a and c and a reduced modulus pki . Because pki

and c are coprime and a− 1 is divisible by pi, the period of zi,k,t is pki .

αi,k,t, which is the lower k-th base-pi digits of yi,t, can be written as:

αi,k,t =
zi,k,t − zi,k−1,t

pk−1
i

. (E.11)

Since zi,k,t has period pki , the period of αi,k,t is pki .

E.3 Fixed Modules Training Results

For the FM case, we find that a single attention head in one layer is sufficient to solve the

task. In Figure E.3, we present the model’s training loss and performance across training steps

for m = 2048. Notably, panels (c, f) reveal a significant disparity between training and test loss,

indicating a grokking transition during the training process. Similarly, we plot in Figure E.4 for

similar curves for m = 7776, where all curves are qualitatively the same.
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(a) (c)(b)

n_heads = 1

n_heads = 4

(d) (f )(e)

Figure E.3: Test accuracy and train/test loss for m = 2048 = 211, depth=1. (a,b,c) nheads = 1
(d,e,f) nheads = 4.

(a) (c)(b)

n_heads = 1

n_heads = 4

(d) (f )(e)

Figure E.4: Test accuracy and train/test loss for m = 7776 = 25 · 35, depth=1. (a,b,c) nheads = 1
(d,e,f) nheads = 4.
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Figure E.5: Test accuracy heatmaps of with depth and embedding dimensions as the two axes.

E.4 Critical Depth for the Unseen Modulus Task

This section analyzes the depth and embedding dimension requirements for successfully

training a Transformer on the unseen modulus task. The experimental details are the same as

described in Appendix E.1.

We varied depths ∈ {2, 3, 4, 6, 8} and embedding dimensions in dmodel ∈

{512, 768, 1024, 1280}, with the head dimension fixed to dhead = 128. For each depth and

width, we scanned learning rates η ∈ {3e-05, 1e-04, 3e-04, 1e-03} and weight decay strengths

λ ∈ {0.01, 0.1, 1.0, 3.0} to identify the optimal hyperparameters. We report that the optimal

learning rate and weight decay strength heavily vary with depth, embedding dimension, and

training dataset. For meval = {1024, 4096}, the models were trained for T = 100, 000 steps,

while for meval = 16, 384, the models required a longer training for T = 200, 000 steps.

Figure E.5 shows the test accuracy heatmaps with depth and embedding dimensions as the

two axes. These results demonstrate that a minimum depth of 3 is required to learn the LCG se-

quence prediction task, with a marginal dependence on embedding dimension. This suggests the

unseen modulus task requires a minimal computational depth of three to capture the underlying

structure of LCGs.
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E.5 Prime Moduli

In the FM setting, when m is a prime number, the task becomes much harder. Since there

are no digit-wise periodic patterns, the model cannot perform the algorithm described in Sec-

tion 6.4.2. In Figure E.6, we trained two identical models to learn m = 2039 and m = 2048, and

we observe that the task with m = 2039 cannot be learned within the same number of training

steps. Note that to rule out potential constraints from model capability, we used depth 2 models

(as oppposed to depth 1 in the main text) in both cases.
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Figure E.6: FM: Comparison between m = 2039 (prime) and m = 2048 (power-of-two), with
both models trained for 50,000 steps. Each model has depth 2 and dmodel = 1024. The test set
consists of sequences with the same periods, while the training set includes arbitrary multipliers
not present in the test set.

In the UM setting, the model exhibits similar test performance on sequences with prime m

and sequences with m as a power of two, as shown in Figure E.7. We hypothesize that training

on a diverse set of moduli helps the model rely less on the digit patterns and instead focus on

more generalizable structure.
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Figure E.7: UM: Test accuracy comparison between m = 2039 (prime), m = 1801 (prime) and
m = 2048 (power-of-two). The model was trained for 100,000 steps on a dataset consisting of
262,144 sequences with 512 distinct training moduli not present in the test set.
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Figure E.8: (left) Comparison of the training accuracy of sequences with different periods relative
to the context length 512, (center) Accuracy when the model is only trained on sequences with
period < 512, (right) Accuracy when the model is trained on sequences with period > 512.

E.6 Training Time Interpretability

In this section, we examine the order in which training sequences with different periods

are learned during training. For this experiment, we consider a six-layer Transformer with 4

heads and an embedding dimension of 768. For this experiment, we generate sequences of length

512 using 128 unseen moduli and 128 values of a and c each. The model is trained with Adam

hyperparameters: η = 3× 10−4 β1 = 0.9, β2 = 0.99 and weight decay strength λ = 1.0.
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Figure E.8(left) compares the training accuracy of sequences with different periods relative

to the context length 512. We observe that sequences with period < 512 are memorized early in

training, while the accuracy of long-period sequences coincides with the test accuracy. Next, we

perform two more experiments by training the model on datasets consisting of (1) sequences with

period < 256, and (2) sequences with period > 512. Figure E.8(center, right) show the results

of these experiments. The model fails to generalize when trained only on low-period sequences,

while training only on long-period sequences eliminates grokking.

E.7 Fixed Modulus Interpretability

In this subsection, we show additional results on the model’s behavior on the FM task.

(a) (d)(c)(b)

nheads = 1 nheads = 4

Figure E.9: Test accuracy vs token positions for m = 2048 = 211, depth=1, various values of
a, c. (a,b) nheads = 1 (c,d) nheads = 4. The accuracies for different a and c are exactly on top of
each other.
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(d) (f )(e)

nheads = 1
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Figure E.10: Test accuracy for m = 2048 = 211, depth=1, nheads ∈ {1, 4}, dmodel = 768. (a,d)
Test accuracy averaged over a, c and initial seeds. (b,e) Multiplication of per-digit test accuracies
– matches exactly with the average test accuracy. (c,f) Per-digit accuracy in binary representation.
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Figure E.11: Test accuracy for m = 7776 = 25 35, depth=1, nheads ∈ {1, 4}, dmodel = 768. (a,d)
Test accuracy averaged over a, c and initial seeds. (b,e) Multiplication of per-digit test accuracies
– matches exactly with the average test accuracy. (c,f) Per-digit accuracy in RNS representation.
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Figure E.12: Projections along Top 6 principal components of the embedding matrix, for m =
512, depth=1, nheads = 1, dmodel = 768.
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Figure E.13: Projections along Top 6 principal components of the embedding matrix, for m =
7776, depth=1, nheads = 1, dmodel = 768.
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Only attend to position (t - 2k)

Only attend to positions (t - 2k) and (t - 2k-1)

(b)

(a)

Figure E.14: Per-digit test accuracies in binary representation, with attention masking (at infer-
ence time); for m = 2048 = 211, depth=1, nheads = 1, dmodel = 768, averaged over a, c and initial
seeds. (a) For each query, only the attention to key at position t−2k (where k = ⌊log2 t⌋) is kept.
All other attention weights are masked out. In this case, the model can successfully copy the last
k bits, but cannot predict higher bits. (b) For each query, only the attention to key at positions
t − 2k and t − 2k are kept. All other attention weights are masked out. In this case, the model
can predict higher bits with fairly high accuracy – this is remarkable given that majority of the
attention weights are masked out.
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E.8 Unseen Modulus Interpretability

E.8.1 Extra PCA plots for first layer heads

We present additional PCA analyses of attention heads shown in Figure 6.8, examining

PCA(H(h)[:, t, :]) for each head h across various combinations of a, c, x0, mtest, and position

t. The results are depicted in Figure E.15, where we include two additional first-layer heads

(heads 2 and 3) that are responsible for performing operations related to modulo 5. Notably, with

different choices of a, c, mtest and t compared to Figure 6.8 (a1, b1, c1), the clustering behavior

remains unchanged.

Note the emergence of attention heads dedicated to processing modulo 2, 3, 5, and 7 can

likely be attributed to the prevalence of these prime factors in the training set.

E.8.2 Pruning heads corresponding to irrelevant prime factors

To further validate our findings from Figure 6.8 in Section 6.4.3 regarding the correlation

between attention heads and digit-wise accuracy, we conduct additional pruning experiments.

The results of these experiments are presented in Figures E.16 and E.17.

E.8.3 Patching other heads

In Figure E.18, we present patching experiments for heads not previously shown in Fig-

ure 6.9. We focus only on selected heads where patching significantly affects predictions. No-

tably, none of these cases exhibit qualitative changes stemming from modulus alterations, further

supporting our assertion that the head shown in Figure 6.9 is specifically responsible for estimat-
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Figure E.15: PCA analysis of first-layer heads. Although the ordering of numbers varies, the
grouping behavior discussed in Section 6.4.3 remains invariant to changes in a, c, m, x0, and t.
Note that the last head is the head that appears in Figure 6.9, which does not exhibit a strong
grouping bias.
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(a) Original Model
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(c) Prune modulo 14 head

Figure E.16: Per-digit accuracy for mtest = 2048 after pruning specific attention heads. (a) Re-
sults from the same model used in Section 6.4.3, identical to Figure 6.8 (b2); (b) Performance
after pruning the attention head responsible for grouping numbers by their values modulo 3,
which is irrelevant for solving sequences with mtest (containing only the prime factor 2). After
pruning, the model’s performance shows marginal improvement for specific early bits at lower
token positions; (c) Performance after pruning the attention head responsible for grouping num-
bers by their values modulo 14. The model’s performance on mtest decreases significantly, as this
head partially contributes to processing relevant prime factors. However, since the primary head
responsible for binary representation remains intact, the model maintains partial functionality.
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(c) Prune modulo 2 head

Figure E.17: Per-digit accuracy for mtest = 2352 after pruning specific attention heads. (a)
Results from the same model used in Section 6.4.3, identical to Figure 6.8 (b2); (b) Performance
after pruning the attention head responsible for grouping numbers by their values modulo 3,
which is relevant for one specific digit in this case. After pruning, the model’s performance
shows a clear degradation, with the strongest one happening exactly at the digit corresponding
to modulo 3 (c) Performance after pruning the attention head responsible for grouping numbers
by their values modulo 2. The model’s performance on mtest got obliterated, as there are many
base-2 digits in the RNS representation of mtest in this case.

ing mtest.
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Figure E.18: Patching experiments following the setting of Figure 6.9 in the main text. None of
these heads, after patching, make the model believe that the modulus is close to mpatch.

E.8.4 Inaccurate estimation of mtest

From the cosine-similarity panel in Figure 6.9, we observe that the model’s estimation

approximates the target mtest = 2048. However, detailed analysis reveals that the highest cosine-

similarity occurs at mest = 2033 = 19 · 107, with neighboring values exhibiting similarly high
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cosine-similarity values. If we assume mest represents the model’s internal belief, then the prime

representation would consist solely of powers of 19 and 107. Such a representation can only pro-

duce periodic structures for the k-th bit of a binary number when r = lcm(19, 2k). Consequently,

patterns before reaching that period would appear random in this representation, providing a

weaker signal compared to the correct representation. This explains why the model preferentially

selects binary representation for lower bits when mtest = 2048.

For higher bits, the low-bit representation can be determined up to 2k bits through copy-

ing. If the model utilizes this information in later stages, the precision of mest can be drastically

improved. Specifically, when ⌊mest/2
k⌉ = ⌊mtest/2

k⌉, the model can identify the correct repre-

sentation as long as |mtest −mest| < 2k. This argument can be extended to any other composite

mtest. Note that this argument is hypothetical; further proof of this mechanism remains in future

work.

E.8.5 Evidence for Step iii

In Figure E.19, we present attention patterns and token distance statistics for a selected

attention head in later layers, with the same model as the one used in Section 6.4.3. The token

distances are measured by the spacing between keys with top-4 attention weights for a given

query. Our analysis reveals that the model develops a head capable of dynamically adjusting

their lookback distance for computations based on mtest, which we interpret as evidence for step

iii of the algorithm proposed in Section 6.4.3.
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Figure E.19: Attention patterns and token distance statistics for layer 2, head 3 of the model
analyzed in Section 6.4.3. (a1, b1) Results for a sequence with mtest = 2048, a = 5, and c = 31.
The statistics reveal that the model consistently looks back at distances that are multiples of 4,
which divides mtest and enables the correct copy behavior. (a2, b2) Results for a sequence with
mtest = 2352, a = 85, and c = 5. In contrast to panels (a1, b1), the same attention head now
consistently looks back at distances that are multiples of 14, which allows the model to copy
lower digits from the context. This adaptive behavior demonstrates that the model has acquired
the ability to dynamically adjust its lookback distance by r iterations to copy the lower digits and
leave the higher digits to the later layers for computation.

E.9 Scaling Up the Modulus

E.9.1 Base-b tokenization

To convert an integer x to base b with the least significant digit (LSD) first, repeatedly

divide x by b, storing remainders:

dk = x mod b, x = ⌊x/b⌋. (E.12)

320



Stop when x = 0. The sequence (d0, d1, . . . ) is the base-b representation in LSD-first order.

Example: Converting x = 3, 214, 748, 365 to base 256:

3, 214, 748, 365÷ 256 = 12, 557, 610 remainder 205, d0 = 205,

12, 557, 610÷ 256 = 49, 053 remainder 42, d1 = 42,

49, 053÷ 256 = 191 remainder 157, d2 = 157,

191÷ 256 = 0 remainder 191, d3 = 191.

The final LSD-first representation consists of four tokens:

(205, 42, 157, 191)256.

Each token is then one-hot encoded into a b-dimensional vector, where only the index correspond-

ing to the token value is set to 1. These one-hot vectors are then fed into a token embedding layer

with an embedding dimension of dmodel = 1024.

E.9.2 Abacas Embeddings

The positional embedding for the j-th lower digit of the i-th number in the sequence is

defined as:

PosEmbed(Ti,j) = Eint(i) + Edigit(j) (E.13)

where Ti,j represents the token corresponding to the j-th digit of the i-th integer.
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• Eint(i), Edigit(j) ∈ Rdmodel are learnable embeddings.

• Eint(i) encodes the integer’s position in the sequence.

• Edigit(j) encodes the digit’s relative position within the integer.

This embedding scheme ensures that each token captures both the integer’s global position

and the byte’s local position.

E.9.3 Fixed Modulus

For each modulus m = 2k, where k ∈ [16, 32], we train a 2-layer GPT model with an

embedding dimension of 1024 and a vocabulary size 256. The train set consists of na = 1024

multipliers and nc = 1024 increments, selected via the Hull-Dobell theorem. One LCG sequence

of length 512 is included in the train set for each (a, c) pair, resulting in a total training set size

of na × nc = 1, 048, 576. For each modulus, the model is trained for 200,000 steps with a

batch size of 512. The context length is 512× the digit length of m in the byte representation

−1. For m = 232, the digit length in byte representation is 4; therefore, the context length is

2047. Training was performed using 4 A100 GPUs over a total duration of 21.82 hours. For

m = 65536, the digit length in byte representation is 2, resulting in a context length of 1023,

with training taking 4.83 hours. For each modulus, the test set includes 512 unseen a values and

64 unseen c values selected via the Hull-Dobell theorem.

The model may converge to different solutions depending on two random seeds: one for

model initialization and batch shuffling, and another for dataset generation. Figure E.22 shows

the median performance across five runs, with the shaded region representing the range between
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the minimum and maximum values. For larger moduli, not all models successfully find a solution

that achieves 100% test accuracy.
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(c) PyTorch seed = 11, data seed =
71
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(d) PyTorch seed = 11, data seed =
71
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(e) PyTorch seed = 11, data seed =
72
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(f) PyTorch seed = 11, data seed =
73

Figure E.20: Test accuracy vs. Number index for m = 220. First Row: Three models trained
on the same dataset, each using a unique PyTorch random seed that controls model initialization
and batch shuffling. Second Row: Three models trained on different datasets, with each dataset
generated using a unique random seed controlling NumPy randomness for sampling a, c, and x0.
All models converged to solutions that achieved and sustained 100% test accuracy, but differed
in the number of in-context examples required to reach this performance.

E.9.4 Unseen Modulus

We train a 6-layer GPT model on a dataset that comprises nm = 32, 768 moduli, with na =

128 training a values and nc = 1 training c values per modulus. This results in a total of nm ×

na × nc = 4, 194, 304 sequences, each of length 512 in the training set. In Figure E.23a, where

the tokenization base is 256, 1024 < mtrain < 65536. In Figure E.23b, where the tokenization
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(b) PyTorch seed = 10, dataset seed
= 71
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(c) PyTorch seed = 11, dataset seed
= 71
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(d) PyTorch seed = 11, dataset seed
= 71
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(e) PyTorch seed = 11, dataset seed
= 72
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(f) PyTorch seed = 11, dataset seed
= 73

Figure E.21: Test accuracy vs Number index for m = 232. First Row: Three models trained on
the same dataset, each using a unique PyTorch random seed that controls model initialization and
batch shuffling. Second Row: Three models trained on different datasets, with each generated
using a unique random seed controlling NumPy randomness for sampling a, c, and x0. Only one
of the five models found a solution that achieved and sustained 100% test accuracy.

base is 243, 1024 < mtrain < 59049. Multipliers are selected based on the Hull-Dobell theorem

when sufficient qualifying a values are available; otherwise, random a values are used to ensure

128 multipliers for each modulus. The models with approximately 76M parameters were trained

on 4 million sequences over 2 million steps, using a batch size of 128 on a single H100 GPU for

85.47 hours. Because LCGs are typically defined for moduli that are powers of prime numbers,

the model is tested on moduli that are powers of the primes 2, 3, 5, and 7. The test set consists

of 512 unseen a values and 64 unseen c values selected via the Hull-Dobell theorem for each test

modulus.
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Figure E.22: Median number of in-context sequence elements required to achieve 100% test
accuracy across five runs. The shaded region represents the min-max range.

Test performance is influenced by the tokenization base, exhibiting a bias toward moduli

that share the same base as the tokenization method. For instance, in Figure E.23 (a) when

using a byte-level representation, the model achieves better performance on moduli mtest = 2k

compared to mtest = 3k, 5k, or 7k. As contrasted with Figure E.23 (b) where the tokenization

base is 243 = 35, the model performs better on moduli m = 3k. This behavior is likely due to the

property of LCGs, where for moduli that are powers of a prime b, the lowest k-th digit exhibits

a period of bk. Tokenization in such a base highlights this periodic structure, making it more

apparent and easier for the model to leverage during training and prediction.
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(a) Tokenization base = 256 = 28
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(b) Tokenization base = 243 = 35

Figure E.23: Test accuracy vs Number index. In (a), the moduli 2048 and 16384 (blue curves)
have the same root 2 as the tokenization base 256. The model performs better on these two mod-
uli. In (b), the moduli 2178 and 19683 (orange curves) have the same root 3 as the tokenization
base 243. The model performs better on these two moduli.
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Appendix F: Distributed Neural Architectures

F.1 Experimental details

In this section, we list all the details that the reader might find helpful.

Hardware and Precision. All experiments were conducted using a codebase based on the

PyTorch [69] and xFormers [190] libraries. Training was performed in mixed precision using

BFloat16 on NVIDIA A100 80GB SXM4 GPUs and NVIDIA H200 SXM5 GPUs.

Memory/Throughput. In all cases, our implementation runs slower and consumes more mem-

ory compared to its dense counterpart. This overhead arises primarily from the unoptimized han-

dling of dynamically changing sequence lengths across batches and internal steps/routers when

multiple modules are activated. Due to the highly dynamic nature of the model, it is infeasible

to precompute and cache attention masks for all possible sequence length combinations. As a

result, we currently generate attention masks on the fly at each step and for each module.

We also find that increasing the batch size can improve GPU utilization. However, this

comes with trade-offs: for the vision model, it degrades performance, while for the language

model, memory becomes the limiting factor. Part of this memory bottleneck stems from the

worst-case scenario, where the model must store intermediate results for all modules across all
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steps and routers.

Nevertheless, we do not view this as a fundamental limitation. In our long-term vision of

a fully distributed model, module locality will be introduced, which can alleviate this bottleneck

and decouple memory constraints from architectural design. A thorough investigation of this

direction is left for future work.

Effective top-k. To measure the diversity of routers’ decisions, we introduce the concept of

effective top-k, defined as the inverse of IPR(s)
α for a given router at step s.

The quantity IPR(s)
α is computed from the token counts c(s)i as follows:

IPR(s)
α =

∑
i∈⋆(c

(s)
i )2α(∑

i∈⋆(c
(s)
i )2

)α . (F.1)

By definition, IPR(s)
α lies in the range [N−α+1

m , 1]. It attains its maximum value when only

one c
(s)
i is non-zero, and its minimum when all c(s)i are equal at step s. The exponent α controls

the sensitivity of IPR(s)
α to the distribution of the c

(s)
i values. Throughout this work, we use

α = 1.5.

F.1.1 Vision models

Model Architecture For all models listed in Table F.1, we use image size 224 × 224 with a

patch size of 16 × 16. We are not using [CLS] token, but instead use global average pooling

before the final output.

Initialization We initialize all weights but the patch embedding using PyTorch truncated nor-

mal with 0 mean and 0.02 standard deviation, where the patch embedding was implemented with
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Model Nb Nm Nr dembed dMLP Nhead Active Params Params

ViT-small - 12 - 384 1536 6 22M 22M
top-1 DNA 1 18 11 384 1536 6 22M 34M
top-2 DNA (25% skip) 1 24 11 256 1024 4 18M 18M
top-1 DNA-n 1 18(Attn) + 18(MLP) 22 384 1536 6 18M-26M 34M
top-2 DNA-n 1 24(Attn) + 24(MLP) 22 384 1536 6 38M-40M 44M

Table F.1: Hyperparameters of all vision model used in this paper, where only the last two lines
are new compared to Table 7.1. Note that i) the number of active parameters column does not
take model re-use into account; ii) the backbone for DNA-n models are full transformer blocks.

nn.Conv2d with the default initialization. No learnable biases used in any module.

Optimization We use AdamW optimizer with β1 = 0.9 and β2 = 0.99, ϵ = 1 × 10−8. All

models were trained for 300 epochs with a 10-epoch warmup, following a cos-decay. The initial

learning rate is set to ηinit = 1× 10−7 and final learning rate is set to ηfinal = 1× 10−6.

Augmentation We use PyTorch’s default choices for hyperparameters in data augmentations.

For MixUp, we set α = 0.8. We randomly select either MixUp or CutMix with equal proba-

bility for each batch. We apply ColorJitter with parameters: brightness=0.3, contrast=0.3, and

saturation=0.3.

F.1.2 Language models

Model Architecture We use models with dimension of each head, i.e. dembed/Nhead fixed as

64. All other details are listed in Table F.2.

Tokenizer We use the GPT-2 Tokenizer from tiktoken library. The vocabulary size is 50, 257.

Initialization We initialize all weights using PyTorch truncated normal with 0 mean and 0.02

standard deviation. No learnable biases used in any module.
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Model Nb Nm Nr dembed dMLP Nhead Active Params Params

GPT-2 medium - 24 - 1024 4096 16 406M 406M
top-1 DNA 2 36 22 1024 4096 16 406M 583M
top-2 DNA 2 72 24 768 3072 12 433M 603M
top-1 DNA-n 2 36(Attn) + 36(MLP) 44 1024 4096 16 347− 465M 583M
top-2 DNA-n 2 64(Attn) + 64(MLP) 44 768 3072 12 350− 455M 546M

GPT-2 (30% shallower) - 17 - 1024 4096 16 313M 313M
top-2 DNA (30% skip) 1 72 23 768 3072 12 412M 596M

Table F.2: Hyperparameters of DNA models and GPT-2 medium (no weight-tying). Note that for
DNA models, we do not take module re-use into account while counting the number of active
parameters.

Optimization We use AdamW optimizer with β1 = 0.9 and β2 = 0.95, ϵ = 1 × 10−15. All

models were trained for 40, 000 steps with a 1, 000-step warmup, following a constant period then

linear decay to 0.1η for last 20% of training steps. The initial learning rate is set to ηinit = 1×10−7

and final learning rate is set to ηfinal = 1× 10−6.

Downstream Evaluation Downstream Evaluations were done using torchtune recipes [191]

and lm-evaluation-harness library [192]. The dataset we used for evaluation are listed here: Arc-

Easy [193], BoolQ [194], HellaSwag [195], LAMBADA OpenAI version [172], PIQA [196],

RACE [197] and Wikitext-2 [198].

F.2 Module Usage and Load Balancing

We plot the module usage distribution for all DNA models used in the main text in Fig. F.1.

We observe that, without load balancing, although certain modules bear a heavier load, com-

pletely dead modules are rare. This may be because we are not considering a setting with high

sparsity.
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Figure F.1: Patch/Token counts for each module (exclude skipping, note that the module index
does not start from 0 whenever we use skip.) for all DNA models we used in main text. Top:
vision models. Bottom: language models.

F.3 Dreaming Visualizations

F.3.1 Experimental Details

Naive activation maximization can be done by straightforwardly maximizing any function

of the internal (or external) variables of a network with respect to the input pixels. However,

this tends to lead to poor results in particular high-frequency artifacts and images without any

consistent global structure. Therefore we use several regularization methods, which serve to

address these effects. These regularization methods have been drawn from several places in the

literature. In particular, we follow Olah et al. [199] and their code for the parametrization and

transformations and Ghiasi et al. [200] for the color shift and gaussian smoothing (additive noise)

regularizations.

The first regularization method is to parametrize the image in Fourier space with a

frequency-dependent coefficient, and to parametrize the color-channel dimension by the appro-
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priate matrix to correct for the typical distribution of colors. Specifically, let θµ,c be the input

representation of the image in Fourier space with ωµ corresponding to the 2d-frequency at index

µ and c the color channel. We parametrize the image Θ as

Θ = sigmoid

[
IFFT2

(∑
c

Wωµ
xω

µ
y
Ac′cθµ,c

)]
(F.2)

with

A =


0.26 0.09 0.02

0.27 0.00 −0.05

0.27 −0.09 0.03

 and Wωµ =
1

max(ωµ
x , ω

µ
y , 224−1)

. (F.3)

Additionally we add regularization in three ways. First we randomly transform the image with the

transform being re-drawn at every backward pass. The transformation is compsed of a random 6-

pixel jitter, random rotation of up to 10 degrees, random scaling/shrinking by up to 10% followed

by a random color shift and random per-pixel noise.

The color shift is given by the transformation Θc → eσcΘc + ϵc where σc, ϵc ∼ N (0, 1)

where the noise variables depend only on the color channel and not the position in the image.

The random noise is per-pixel zero-mean, and has a linearly decaying variance, starting at 1 and

ending at 0 by the end of the optimization procedure.

These procedures help regularize the high-frequency components by systematically pe-

nalizing them (unless they are robust to being moved around) as well as lowering the effective

learning rate on them by placing a smaller coefficient on them. Additionally they allow global

features to develop more easily because these features are more robust to noise and will therefore

stabilize first, as the noise level decays through optimization.
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Finally, to encourage a smoother image we explicitly add a regularizer, the total variation,

which is the sum of the squares of the difference between neighboring pixels, in the horizontal,

vertical, and diagonal directions. The coefficient we use for this regularization was .01.

To optimize the input image, we use the Adam optimizer with learning rate .001, and default

momentum parameters. We run the optimization for 2048 steps, as mentioned with linearly

decaying per-pixel noise, but with otherwise constant regularization parameters.

F.3.2 Further Dreaming Examples
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Figure F.2: Reconstruction of the hummingbird and welsh springer spaniel for the top-1 and top-
2 models (some parts repeated from main text). Reconstructions are broken up into maximizing
path weights from steps 0−S (first and third rows) and maximizing decision weights for just step
S (second and fourth rows). We see that the top-2 model exhibits interesting low level features
before the sixth router, while the top-1 model does not. This is because the top-1 model has an
almost input-independent selection of modules before that router. Additionally we see in both
cases the same transition at router 7 where global features develop corresponding to the original
image.
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Figure F.3: Series of experiments where we attempt to recover the image from the paths of a group
of tokens. The red boundary delineates the group of tokens whose decisions we maximized. Each
recovery comes in two varieties: The upper rows have the context from the original image in the
region surrounded by the red boundary, while the lower row of each example does not. The main
finding is that the boundary patches contain non-local information about both the object and
the background. When these patches are provided as context, the dreaming procedure generates
the object and some background. The patch patterns also nicely illustrate the emergent sparse
attention.

335



F.4 More on vision DNAs

F.4.1 Compute distribution over patches

In this subsection, we visualize the compute distribution and randomly selected patches

with varying compute levels in Fig. F.4.

Figure F.4: Left: Distribution of computational cost on patches from the ImageNet validation set
for the top-2 DNA (25% skip) model, which is the same model as the one in Fig. 7.8. Right: High
compute patches generally contain more textures and boundaries, while low compute patches
tend to appear visually flatter.

F.4.2 Random model paths

In this subsection, we demonstrate that a randomly initialized model can group patches

based on only superficial similarities. The selected ribbons and corresponding patches are shown

in Fig. F.5. Compared to Fig. 7.5, we find that the patches following the same path in a randomly

initialized model share much greater visual similarities. We believe this effect arises from the
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fact that our models are initialized at criticality, where the correlations between different inputs

are preserved as they propagate through [28, 165, 201].

rank 1 rank 5 rank 10004 rank 10006

Figure F.5: Illustration of randomly selected patches processed through the same ribbon in a
randomly initialized top-2 DNA model. Patches following the same ribbon display strong visual
similarities, likely due to the critical initialization that preserves the similarities among different
input patches.
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F.5 More on language DNAs

F.5.1 Interpretability

Examples used in main text We used two paragraphs in the main text, where the first one

is taken from https://en.wikipedia.org/wiki/Neural_network_(machine_

learning) as it is a good test example; the second one is hand-crafted by putting in words

with related concepts, together with intentional misspelling. The two examples:

Wiki A neural network consists of connected units or nodes called artificial neurons, which

loosely model the neurons in the brain. Artificial neuron models that mimic biological neu-

rons more closely have also been recently investigated and shown to significantly improve

performance. These are connected by edges, which model the synapses in the brain. Each

artificial neuron receives signals from connected neurons, then processes them and sends

a signal to other connected neurons. The ’signal’ is a real number, and the output of each

neuron is computed by some non-linear function of the sum of its inputs, called the acti-

vation function. The strength of the signal at each connection is determined by a weight,

which adjusts during the learning process.

Crafted Have you had dinner? dinner? dinner? dinner? nothing? dinner? dinner? dinnar?

dinner? dinner? dinner? dinner? dinner? lunch? dinner? dinner? dinner? dinner?

dinner? breakfast ∼ dinner? dinner? dinner? Dinnar? lunch? lunch? lunch! launch!

breakslow! This is an easy task.

We present the complete token flows for these two examples using the Top-1 DNA model

in Figs. F.6 and F.7. Note that the left panel of Fig. 7.11 is a zoomed-in version of those two
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Figure F.6: Full trajectories through the top-1 DNA language model on Wiki example.
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Figure F.7: Full trajectories through the top-1 DNA language model on artificial example.
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Figure F.8: Left: Compute distribution per token measured on the validation set of the FineWeb-
Edu dataset for the top-2 DNA model with 30% skip. Right: Selected tokens that pass through
ribbons with different compute. We find that tokens associated with very low-compute ribbons
are usually particular objects, concepts, or symbols that do not play a crucial role in sequences.
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F.6 Breaking Transformer Blocks

In this section, we delve deeper into architectural choices by breaking down Transformer

blocks into their sub-blocks, specifically Pre-LN Attention blocks and Pre-LN MLP blocks.

F.6.1 Vision DNA

We present two DNA-n models (one top-1 and one top-2) that were trained on ImageNet.

Most conclusions from the main text about paths and their interpretability still hold. However,

we find that in both cases of k = 1, 2, the models tend to utilize more Attention blocks during the

initial steps and more MLP blocks closer to the output. The patch flow patterns and path/ribbon

distributions for the top-1 model are shown in Fig. F.9, with selected images and patches illustrat-

ing path specialization in Fig. F.10. Similar figures for the top-2 model are provided in Fig. F.11

and Fig. F.12, respectively. We also computed effective top-k at each step for both cases, as

shown in Fig. F.13.
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Figure F.9: A top-1 DNA-n model (76.4% validation accuracy), where the Transformer blocks are
separated into Attention/MLP sub-blocks. Left Patch flows collected over ImageNet validation
set; Right Path distribution.
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rank 8 rank 20005

Figure F.10: Visualization patches that go through the same paths for the model shown in Fig. F.9.
Left: A layout of single image goes through the model; Left: Patches that go through a low-rank
path. Right: Patches that go through a high-rank path.
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Figure F.11: A top-2 DNA-n model (78.9% validation accuracy), where the Transformer blocks
are separated into Attention/MLP sub-blocks. Left: Patch flows collected over ImageNet valida-
tion set; Right: Ribbon distribution.
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Figure F.12: Visualization patch ribbons for the model shown in Fig. F.11. Left: A layout of
single image goes through the model; Middle: Patches that go through a low-rank ribbon; Right:
Patches that go through a high-rank ribbon.
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Figure F.13: Effective top-k for DNA-n models (vision), as a function of number of forward pass
steps s. Early on the models are essentially dense, while later on they become more distributed.
Left: top-1 DNA-n model. Right: top-2 DNA-n model.
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F.6.2 Language DNA

Similarly, we trained GPT-2 Medium sized top-1 and top-2 models with separate Atten-

tion modules and MLP modules on FineWeb-Edu for 21B tokens. The token flow patterns and

path/ribbon distributions are shown in Fig. F.14 and F.15, with the tokens that go through dif-

ferent paths/ribbons shown in Fig. F.16. We also plot effective top-k of router weights shown in

Fig. F.17. Similar to the separated vision models, we find that language models also tend to use

more Attention modules near the input and more MLP modules closer to the output.

0 10 20 30 40 50 60 70

0

10

20

30

40

50

60

70

Input Output

Attention
MLP
Patch Flow

0 43
Router idx

M0

M71
Top-1 DNA-n

Figure F.14: A top-1 DNA-n model (final validation loss 2.708), where the Transformer blocks
are separated into Attention/MLP sub-blocks. Left Token flows collected over FineWeb-Edu
validation subset; Right Ribbon distribution.
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Figure F.15: A top-2 DNA-n model (final validation loss 2.688), where the Transformer blocks
are separated into Attention/MLP sub-blocks. Left: Token flows collected over FineWeb-Edu
validation subset; Right: Ribbon distribution.

Rank 0
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | ). | . | . | ). | . | . | . | . | . | . | . | . | .

Rank 2
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | ). | . |
). | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | .

Rank 4

 is |  is |  is |  is |  are |  are |  is |  are |  were |  is |  is |  is |  been |  are |  is |  are |  are |  was |  is |
was |  was |  are |  were |  is |  are |  is |  is |  was |  are |  is |  were |  was |  are |  is |  are |  is |  be |  is |
are |  is |  are |  is |  is |  was |  was |  are |  is |  is |  are |  are |  is |  was |  are |  is |  be |  are |  is |  were
|  is |  are |  were |  are |  is |  was |  is |  are |  are |  was |  is |  are |  be |  was |  is |  are |  is |  is |  are |
are |  is |  is |  is |  was |  is |  are |  is |  are |  were |  is |  are |  was |  is |  are |  is |  was |  is |  are |  is
|  is |  are |  is |  are |  is |  is |  are |  is |  is |  was |  is |  is |  are |  is |  is |  was |  is |  are |  is |  is |
is |  is |  are |  is |  is |  is |  is |  were |  are |  are |  was

Rank 8

 feelings |  activities |  results |  senses |  terms |  events |  dates |  skills |  skills |  measures |  actions |
perspectives |  feelings |  circumstances |  designs |  activities |  experiences |  relics |  actions |  sounds |  symptoms |
locations |  discoveries |  problems |  conditions |  experiences |  arts |  feelings |  issues |  thoughts |  thoughts |
issues |  terms |  measures |  features |  issues |  patterns |  concerns |  routines |  sounds |  terms |  consequences |
activities |  documents |  experiences |  questions |  activities |  concepts |  symptoms |  beliefs |  issues |  problems |
variables |  structures |  strategies |  images |  names |  issues |  norms |  measures |  feelings |  contexts |  symptoms |
symptoms |  ideas |  measures |  terms |  measures |  events |  terms |  sounds |  properties |  traits |  terms |  issues |
procedures |  aspects |  symptoms |  labels |  tasks |  features |  senses |  issues |  characteristics |  measures |
activities |  symptoms |  symptoms |  tools |  facilities |  tasks |  impacts |  actions |  events |  signs |  values |  areas |
problems |  experiences |  terms |  results |  tools |  artifacts |  functions |  problems |  tasks |  steps |  terms |
feelings |  conditions |  profits |  features |  concerns |  factors |  symbols |  themes |  tasks |  ideas |  acts |  amenities
|  measures |  ideas |  items |  questions |  terms |  activities |  events |  criteria

Rank 64

 Law |  theory |  law | emic |  apex |  nucleus |  science |  change |  sickness |  foreclosure | ism | emic | ology |  change |
change |  tax |  race |  weather |  Basin |  literacy |  gravity |  zone |  wall |  wall | emic |  matrix |  ear | emic |  globe
|  artillery |  Basin |  depression |  jungle |  wall |  art |  change | emic | emic |  coma |  wage |  change |  slavery | emic
|  fascism |  table |  change |  temperature |  culture |  prison |  change | ism |  water |  recession |  Valley |  education |
growth |  throat |  theatre |  court |  coma |  photography |  membrane |  coma | lore |  climate |  change |  disease |
ultrasound | emic |  law |  change | emic |  nucleus |  school | phony |  ocean |  island | emic |  policy |  wall |  change |
canal |  language |  bank |  prison |  footprint |  footprint |  law |  ear |  matrix | ogy |  change |  membrane |  education |
ography |  policy |  Art | iration | ism |  policy |  defence |  law | ography |  change |  vault |  economy |  culture |
ography |  education | flight |  chaos |  depression |  ultrasound |  change | ography |  change |  labour |  tax |  water |
law |  hospital |  wall |  node |  race |  change |  Chase | igration |  wilderness

Rank 1024

 your |  your |  your |  our |  my |  your |  your |  our |  our |  your |  your |  your |  your |  your |  your |  your |  your
|  our |  your |  your |  your |  your |  our |  your |  our |  your |  your |  your |  your |  your |  your |  your |  your |
your |  your |  your |  your |  your |  your |  your |  your |  our |  your |  your |  your |  your |  your |  your |  your |
your |  your |  your |  my |  your |  your |  your |  your |  my |  our |  your |  your |  your |  our |  your |  your |  your |
your |  our |  your |  your |  your |  our |  our |  our |  your |  your |  our |  your |  our |  your |  your |  your |  your |
your |  Your |  your |  our |  our |  your |  your |  our |  your |  your |  our |  your |  your |  your |  your |  your |  your
|  your |  your |  our |  your |  our |  our |  your |  your |  your |  your |  your |  your |  your |  your |  your |  our |
your |  your |  our |  your | your |  your |  your |  your |  our |  your |  your |  your

Rank 4096
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | ). | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | ). | . | . | . | . | . | . | . | .
| . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | ). | . | . | . | . | . | . | .
| . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | .

Rank 16384

 new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |
new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |
new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |
new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |
new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |  new |
new |  new |  new |  new |  new |  new |  new |  new |  new

Rank 32768
ology |  depression |  calendar |  house |  terrorism |  recession |  theory |  space |  rate |  disaster | ology |  violence |
Light |  frame |  theory |  chest |  language |  channel |  size |  theory |  estate |  house |  site |  size |  system |  zone
|  graph |  orbit |  globe |  orbit |  poverty |  tree |  fungus |  page |  culture |  belt |  lamp |  crisis |  cone |
atmosphere |  house |  cavity |  crisis | ogenesis |  paper |  sea |  estate |  garden |  diagram |  ditch |  beam

Rank 65536 FT | BC | FT | MD | LL | HC | FT | FT | FT | FT | FT | FT | MO | EP | FT | FT | ED | FT | FT | FT | FT | FT | FP | FT | BC | MO

Rank 131072  more |  more |  more |  more |  more |  more |  more |  more |  more |  more |  more |  more |  more

Rank 1048576  | ".

Rank 2097152  un

Rank 4194304  and

Rank 0

<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> |
<|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|> | <|endoftext|>

Rank 2
  |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |
|   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |
|   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |
|   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |   |

Rank 4

 were |  be |  be |  be |  be |  be |  be |  be |  be |  be |  been |  be |  be |  be |  be |  be |  been |  be |  be |  be |
be |  be |  be |  been |  be |  be |  were |  be |  be |  be |  be |  be |  be |  be |  be |  be |  been |  be |  be |  be |
been |  been |  be |  be |  be |  are |  be |  be |  be |  be |  be |  be |  be |  be |  be |  been |  be |  be |  be |  been |
been |  be |  be |  be |  be |  were |  be |  be |  be |  been |  be |  be |  be |  be |  be |  be |  are |  be |  be |  be |
been |  been |  been |  be |  been |  be |  be |  were |  be |  be |  be |  be |  be |  be |  be |  be |  be |  be |  be |  be |
be |  been |  be |  been |  be |  been |  be |  be |  been |  be |  be |  be |  be |  been |  be |  be |  been |  been |  be |
been |  be |  be |  be |  been |  be |  be |  be |  be

Rank 8
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . |
. | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | . | .

Rank 64

 be |  been |  were |  be |  be |  were |  be |  were |  been |  be |  is |  been |  be |  be |  be |  be |  be |  been |  are |
be |  be |  been |  be |  be |  be |  be |  be |  be |  be |  were |  were |  were |  were |  been |  be |  be |  were |  be |
be |  be |  be |  was |  be |  be |  be |  be |  been |  been |  be |  be |  were |  be |  were |  was |  be |  was |  be |  be
|  been |  be |  be |  been |  been |  be |  been |  be |  be |  be |  be |  be |  were |  been |  been |  are |  been |  be |
be |  be |  were |  be |  be |  were |  was |  are |  were |  were |  be |  be |  been |  been |  been |  were |  be |  been |
were |  been |  be |  were |  was |  be |  is |  were |  be |  be |  been |  be |  been |  be |  been |  been |  be |  were |
been |  been |  been |  be |  were |  be |  be |  been |  were |  been |  been |  were |  been |  been |  be |  be

Rank 1024

 with |  with |  with |  with |  with |  from |  with |  with |  with |  with |  with |  with |  with |  containing |  with |
with |  with |  with |  with |  with |  with |  with |  from |  with |  with |  with |  with |  with |  with |  with |  with |
with |  from |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |
with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  with |
with |  with |  with |  with |  with |  with |  with |  with |  with |  with |  of |  with |  with |  with |  with

Rank 4096  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to |
to |  to |  to |  to |  to |  to |  to |  to |  to |  to |  to

Rank 16384 . | . | . | . | . | . | . | . | . | . | . | . | .

Rank 32768  used |  used |  used |  used |  used |  used |  used |  used |  used

Rank 65536  Use |  Affect |  affect |  affects |  affects |  affect

Rank 131072  spread |  spread |  increased |  spread

Rank 524288  their |  its

Rank 2097152  include

Rank 4194304  and

Rank 8388608  controller

Rank 16777216 ma

Figure F.16: Tokens that go through different rank paths/ribbons. Left: top-1 model; Right: top-
2 model.
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Figure F.17: Effective top-k for DNA-n models (language), as a function of number of forward
pass steps s. The trend is very different from the vision models we have shown earlier. Left:
top-1 DNA-n model. Right: top-2 DNA-n model.
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Appendix G: Copyright Information

Portions of the work presented in this dissertation have been published, with joint author-

ship, in peer-reviewed conferences including NeurIPS, ICLR, and ICML [1, 2, 3, 6, 7, 8]. Verbal

permission to include these materials in the dissertation has been obtained from all co-authors.

All the aforementioned conferences confirm that copyright to the published materials re-

mains with the authors and was not transferred to the venues. Relevant links and supporting

screenshots are provided below.

Figure G.1: Copyright information for NeurIPS: https://neurips.cc/FAQ/Copyright

Figure G.2: Copyright information for ICLR: https://iclr.cc/FAQ/Copyright
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Figure G.3: Copyright information for ICML: https://icml.cc/FAQ/Copyright
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Appendix H: AI Usage Disclosure

The author has used GenAI tools solely for checking grammatical errors or suggesting

more accurate word choices.

The author has not used GenAI tools for directly generating content while writing this

dissertation, nor for analyzing data within this work.
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[154] Grégoire Delétang, Anian Ruoss, Jordi Grau-Moya, Tim Genewein, Li Kevin Wenliang,
Elliot Catt, Chris Cundy, Marcus Hutter, Shane Legg, Joel Veness, and Pedro A. Ortega.
Neural networks and the chomsky hierarchy. arXiv:2207.02098, 2023.

[155] Zeyuan Allen-Zhu and Yuanzhi Li. Physics of language models: Part 1, learning hierar-
chical language structures. arXiv:2305.13673, 2024.

[156] Francesco Cagnetta, Leonardo Petrini, Umberto M Tomasini, Alessandro Favero, and
Matthieu Wyart. How deep neural networks learn compositional data: The random hi-
erarchy model. Physical Review X, 14(3):031001, 2024.

[157] Francesco Cagnetta and Matthieu Wyart. Towards a theory of how the structure of lan-
guage is acquired by deep neural networks. The Thirty-eighth Annual Conference on Neu-
ral Information Processing Systems, 2024.

363



[158] Remi Lam, Alvaro Sanchez-Gonzalez, Matthew Willson, Peter Wirnsberger, Meire For-
tunato, Ferran Alet, Suman Ravuri, Timo Ewalds, Zach Eaton-Rosen, Weihua Hu, et al.
Learning skillful medium-range global weather forecasting. Science, 382(6677):1416–
1421, 2023.

[159] Josh Achiam, Steven Adler, Sandhini Agarwal, Lama Ahmad, Ilge Akkaya, Floren-
cia Leoni Aleman, Diogo Almeida, Janko Altenschmidt, Sam Altman, Shyamal Anadkat,
et al. Gpt-4 technical report. arXiv:2303.08774, 2023.

[160] Aaron Grattafiori, Abhimanyu Dubey, Abhinav Jauhri, Abhinav Pandey, Abhishek Kadian,
Ahmad Al-Dahle, Aiesha Letman, Akhil Mathur, Alan Schelten, Alex Vaughan, et al. The
llama 3 herd of models. arXiv:2407.21783, 2024.
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