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Abstract

Parameter variability and the existence of complex constraints between tasks are assured features of real-
time scheduling. Periodicity of task sets is an additional feature that needs to be accomodated. Traditional
scheduling models ignore the complexities involved in real-time scheduling by making simplistic assumptions
about task interactions. In this paper, we present a model that captures the issues that we deem central to
real-time scheduling in periodic task sets and demonstrate the existence of efficient and easily implementable
algorithms for addressing schedulability queries in this model. Our model is very general and applicable to
diverse areas ranging from real-time process scheduling in operating systems and avionics to manufacturing
and traffic control.

1 Introduction

In real-time scheduling, we are often confronted with process parameter variability [SA00b, SA00d, Sta88].
Process execution time is a prime example of a variable parameter. Secondly, the execution of real-time processes
is constrained through relationships that exist between their start times ( and execution times ) [SA00Oa, Das85,
BFR71, GH93]. Traditional models do not accomodate either feature completely; instead they make simplifying
assumptions about execution time behaviour that do not hold at run-time. In scheduling litreature, variable
execution times are modeled through worst-case times and inter-process constraints are restricted to those rela-
tionships that can be represented by precedence graphs [Cof76, Pin95]. These simplifying assumptions are not
only unrealistic, but as shown in [SA00b] lead to to catastrophic consequences, when the inter-process constrainis
are sufficiently complex and the system is “hard” [LTCA89].

Real-time design is thus a two-step process:(a) Proposing a model that captures the intricacies involved in
real-time scheduling, and (b) Designing efficient algorithms that answer queries of interest posed in the proposed
model. In this paper, we propose a model that adequately captures the issues involved in the scheduling of
periodic task sets in real-time systems. Our scheduling model finds application in diverse areas such as assembly
production [Y.K80], real-time databases [BEW97], traffic control [ABNM93] and real-time operating systems
[LTCAB8Y]. To the best of our knowledge, our model and the accompanying analysis are the first of their kind in
the litreature.

Our investigations are concerned with the following issues:

e Do periodic task sets with inter-period constraints have finite length cyclic schedules ? ( to be defined in §2 )
e Can we determine such schedules efficiently, if they exist 7

The rest of the paper is organized as follows: Section §2 describes the periodic scheduling model; we also pose
the pertodic schedulability query there i.e. what 1t means for a periodic task set to be schedulable, from a static
perspective. In this paper, our focus is on static perspectives only. In the succeeding section, viz. §3, we motivate
the necessity for this model and discuss related approaches to the periodic scheduling problem. Our analysis
commences in §4, where we study a certain class of infinite linear programs, called periodic linear programs.
We show that the feasibility of periodic linear programs with inter-period constraints can be determined in
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polynomial time. The class of periodic linear programs captures the essential complexity of the periodic scheduling
model and this fact is brought out in §5. The discussion in §5 is formalized into the periodic scheduling algorithm
in §6, which answers the query posed in §2. §6 also analyzes the complexity of the scheduling algorithm and
discusses a special case of interest. We conclude in §7 with a summary of our results and some open problems for
future research.

2  The Periodic Scheduling Model ( Static Perspective )

Assume that the time axis is divided into intervals of length L starting at time { = 0 and extending infinitely.
These intervals are called scheduling windows i.e. the first scheduling window is [0, L], the second scheduling
window is [L,2L] and in general the i** scheduling window is [(i — 1).L,4.L]. We are given a set of ordered non-
preemptive jobs {.J1, Ja,...J, }, which have instances in each scheduling window. The set Tt = {J{, J1 ... J1}
corresponds to the instance of the job set in the first scheduling window; the sets IV ¢ = 2,... 00 are defined
similarly. The instances of a job within a scheduling window are called tasks. Associated with each job J; is
an execution time e;, which is not constant, but can vary in a restricted manner, as discussed below. All task
instances of a job have the same execution time i.e. e; is the execution time for J{,j =1,2,....

In scheduling window [(i—1).L, i.L] linear constraints exist between the start times {si, s}, ..., s’} of the tasks
and their execution times {eq,es, ..., e, }. The constraint system is expressed in matrix form as :

Alsi 8 < b, (1)

where,

-

o st =[si s} ... si]isan n—vector of the start times of the tasks in the " scheduling window [(i —1).L,i.L],

e &= [e1,69,...,¢e4] € E is an n—vector of the execution times of the tasks and E is a convex set capturing
their interdependence.

e Ais a m x 2.n matrix of rational numbers, m denoting the number of constraints,

eb= [br4+ur.(i—1).L,batus.(i—1).L, ... by 4+ upm.(i—1).L] is an m—vector. The b; are rational numbers,
while the u; are {0, 1} integer constants, which are part of the input.

The vector elements by, + uy.(¢ — 1).L model the fact that in some constraints the constants will have to shift
with each period, while in other constraints, the constants remain unaltered. Consider a constraint that requires
the start time of the first task to be no less than 5 units from the start of the period. Clearly st > 5, will work
only in the first period. In the second period, the correct constraint is: s7 > 5+ L and in the i** scheduling
window, the constraint is:s{ > 5+ (i — 1).L. On the other hand, some constraints are strictly relative i.e. they
capture relationships between relative positioning of jobs. Consider the requirement that the second task should
start at least 3 units after the first task commences. This is expressed as: s, > s{ +3. Observe that this constraint
should not be modified in any way as we go from one scheduling window to the next. This is the rationale behind
the u; constants; they are chosen as 0 or 1 for each constraint depending on whether the constraint is strictly
relative or not. Note that the u; are fixed and part of the input.

There is a second constraint system which captures relationships between tasks in successive periods. This
system is expressed as:

C.[s, 51,8 < d, (2)
where,
e si+1is the start time vector of tasks in the (i 4+ 1)** period.
e ('is a m' x 3.n matrix of rational numbers, m’ denoting the number of constraints,

e d= [di+v1.(i—=1).L,da4ve.(i—=1).L, ... dpm +vpms .(i—1).L] is an m’— vector; the d; are rational numbers
while the v; are [0, 1] constants similar to the u; constants in System (1) and having the same rationale.



- -

System (1) is a convex polyhedron in the 2.n dimensional space, spanned by the start time axes {si s} ... s_il;
and the execution time axes {€1,63,...,65}. It represents the constraints on the start-times of tasks within
a scheduling window i.e. it captures the set of intra-period constraints. Likewise, sytem (2) is a convex
polyhedron in the 3.n dimensional space, spanned by the start time axes {si s} .. .,s_il;} , {si1+1, si2+1, e si{"l} ,
and the execution time axes {€3, €2, ...,€5}. It represents the set of inter-period constraints i.e. the constraints
between the start times of tasks in adjacent scheduling windows.

The execution times e;, are independent of the start times of the tasks; however they may have complex
interdependencies among themselves. This interdependence is captured through the set E. We regard the
execution times as n—vectors belonging to the set E. Observe that e; € F;, where, where F; is the projection of
E on execution axis €;.

Note that System [(1) — (2)] is an infinite constraint system expressed in finite form.

Definition 2.1 Order k constraint system: The constraint system obtained by expanding the Systems (1) and (2)
over k scheduling windows is called an Order k constraint system.

Accordingly, A.sl < b is the Order 1 constraint system, the Order 2 constraint system consists of: A.sl < 1_)"
A.s% <b, C.[s1,82] < d, and so on.

Definition 2.2 Order k Solution: An assignment f : st R* i = 1,2,...,k s said to be a valid Order k
solution, if it satisfies the Order k constraint System in Definition (2.1) for all vectors € € E.

Definition 2.3 Infinite Solution: An Infinite Solution s an Order co solution

Definition 2.4 Cyclic Solution: An Infinite Solution is said to be cyclic with period p if xPH = xi + p.L,
Vi=a,a+1,... 00, where a denotes the number of initial transient windows prior to the onset of cycling.

The following questions arise:

(a) Do eyclic solutions exist for the system represented by [(1)- (2)] 7
(b) What is the period of the cyclic solution 7

(¢) Can cyclic solutions be determined efficiently ?

The rest of this paper is devoted to addressing the above questions and we shall show that they can be answered
in the affirmative.

Let P* denote the predicate which holds if there is an Order k solution. The Periodic Scheduling problem
is concerned with checking whether P holds. We are now in a position to state the static periodic scheduling
query:
st = [s],55,...,85]V6 = [e1,¢e2...en] EE A.[s_i,é'] <b, C’.[s_i, si:{‘l,é'] <d,

Vi=1,2,...00 7 (3)

3 Motivation and Related Work

Periodic task systems form the bulk of real-time systems studied and analyzed in the litreature [DL78, LL73,
CC89, Cho00, Foh95]. [LL73] was a seminal paper in the area of preemptive scheduling of periodic tasks, in which
schedulability conditions were derived in terms of the Earliest Deadline First ( EDF ) heuristic. They showed
that EDF scheduling was optimal, in that if there exists a preemptive schedule, then there exists a preemptive
schedule using the EDF heuristic. Most manufacturing control systems are inherently periodic in that the same
set of tasks repeats at regular intervals [Y.K80, Kor83]. [Ram90, Foh95] consider preemptive periodic task sets
while [Cho97] considers non-preemptive task sets. In [Cho00] explicit mention is made of the contrast between
time-based models such as the ones proposed in [Sak94, SA00d, SA00a] and priority- based models, such as the



ones proposed in [HKLI1, LL73, CC89]. The model differences occur primarily as a result of the real-time task
system under consideration. Thus, periodicity is a common feature among real-time applications.

Real-time systems have non-trivial, complex constraints that constrain their execution [Ram90, Das85, Sak94].
Constraints are used to express relationships between tasks that need to be satsified at run-time e.g. the scheduling
requirement that task 77 should precede task 7% is captured through: s; +e; < s3, where all entities are as defined
in §2. In periodic task sets, it becomes necessary to control jitter 1.e. the variation in the arrival time of tasks
across periods. Consider the requirement that the jitter between the fourth task in the current period and the
first task in the succeeding period be no greater than 5. This is expressed as: 53"’1 — 54 < 5. In general, far more
complex relationships constrain the execution of jobs [SA00b]. Even a relatively unsophisticated traffic control
system can be modeled as a set of periodic processes with inter-period and intra-period constraints [ABNM93].
A discussion of the wide range of applicability of constraint models in real-time scheduling can be found in
[Das85, SA00d] and [ABNM93].

An important feature of real-time systems is the lack of preciseness in measurable parameters, such as the
ezecution time of a process. It is vital that schedulabilty of task systems be guaranteed under variations of
execution time. Suppose we know that the execution time of task 77 i.e. e; can take on any value in the range
[4,7]. A schedule that is appropriate for e; = 4 may not satisfy the constraint set if during actual execution e
takes on the value 7. Attempts to mitigate the effects of variable execution time through worst-case assumptions,
result in systems that fail at run-time [SA00d]. Thus, we need a model that explicitly accounts for parameter
variability. [Sak94, GPS95] proposed a model in which the constraints are “standard” [SA00a, Cho97] and the
execution time of a task is range-bound i.e. e; can take any value in the range [{1,u;] at run-time, [; denoting
the lower bound and u; denoting the upper bound respectively. This model can be represented by restricting the
convex set E in §2 to an axis-parallel hyper-rectangle [SA00b, SA00d] and the matrices A and C' to be network
unimodular [Sch87]. However their model fails to account for task execution time interactions and dependencies.
Consider for instance, the requirement in [Y.K80], that the cutting axes across a work-piece must be constrained
in their combined velocities. Such a requirement is captured by setting e; + es < a. Further, they considered
aperiodic task sets only. [Cho00] considers periodic non-preemptive task models similar to the one that we have
proposed in §2; in their model too the execution time vectors are restricted to axis-parallel hyper-rectangles and
the constraint matrices are network unimodular. They provide an extremely complicated algorithm to address
the parametric schedulabilty query. In this paper, we shall prove properties of periodic linear systems and use
those properties in developing a simple, efficient algorithm for answering (3). In a forthcoming paper [SA00c],
the parametric version of the schedulability query will be addressed.

Static scheduling in aperiodic processes has been the focus of [SA00d], where convex minimization techniques
are used to guarantee run-time schedulabilty of tasks. We shall be using similar methods in §5.1 to ensure that
the solutions we provide do not violate system constraints at run-time.

4  Periodic Linear programs (PLPs)

In this section, we shall study a special class of infinite linear programs called periodic linear programs. The
goal is to formalize the development of solutions to linear systems such as [(1)-(2)] in §2. We shall show that
periodic linear programs have a fixed-point solution.

Assume that the time-axis is divided into intervals of length L starting at time ¢ = 0 and extending infinitely.
Fach interval [(i — 1).L,iL] represents a scheduling window. Let

Axi<b,®>0 (4)

where xi = [#%, 25, ..., L], ( and the matrix A and vector b are as defined in §2 ), denote a linear system
that models a system in which the control variables i.e the z} represent points in time. We desire the values
of the control variables in all intervals. The constraints imposed by the linear system (4) exist in all scheduling
windows. Further there exist additional constraints between the variables in one window and the variables in
the immediately succeeding window. These constraints are called inter-period constraints as opposed to the
intra-period constraints represented by (4). We focus on the case when inter-period constraints exist only between
adjacent scheduling windows. We term this infinite linear program a Periodic Linear Program ( PLP ), since we



are dealing with an infinite linear program with a regular structure both within and between periods. Let the
inter-period constraints be represented by:

C.[x, <t < d (5)
where C and d are defined as in §2.

4.1 Collapsing Polytopes and a fixed-point theorem

We first study the nature of solutions to a periodic linear program represented by [(4)-(5)]. We show that if a
PLP is feasible then it must have a fixed-point solution.

Observe that the periodic linear system is in fact a progression of systems that increasingly constrained. One
way to look at this progression is to organize the PLP as a series of rounds as discussed below:

e In round 7y, the PLP consists of the system A.[x_’l] < B;

e In round ry, the PLP consists of the systems A.[x_i] < l_)’,A.[x_’z] <b

Q
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e In round rp, the PLP is the set of systems: A[)zl] < 1_)" Yi=1,...,p, C’.[)gi,xi:i‘l] < &, Yi=1,...p—1;

We have thus characterized the PLP as an infinite sequence of linear programs. We now have to prove that
the solution set of this sequence converges if the PLP is feasible. For the rest of the discussion, we assume that
the input PLP is feasible and derive a fixed-point solution. If no fixed-point solution exists, then we know that
the input PLP is infeasible.

Figure (1) captures the main ideas in our analysis.

Infinite solution Fixed-point solution

. .
XI 1:X| +L N

Figure 1: Existence of fixed-point solutions

Before we proceed with our analysis, we need to introduce the concept of projection in polyhedral spaces.
Given a polyhedral system in Euclidean space R?, it is a known fact that we can project this system onto a lower
dimensional space Rdl, d > d’, while preserving the set of solutions to the original system [Sch87]. One of the
more common techniques for achieving this projection is the Fourier-Motzkin elimination method [DE73, HN94],
which 1s based on variable elimination. We associate the operator V with the projection operation i.e. V will
henceforth be used as the projection operator. We need two properties of V in our discussion.

Claim 4.1 V s a finite operator i.e.given a finite dimensional polyhedral space, its projection onto a lower
dimenstonal space can be computed in finite time.

Proof 4.1 Refer [Sch87]. In fact, [DET3] gives an algorithm to construct the lower dimensional space.

Claim 4.2 V is continuous i.e. points close to each other in the orginal space, will stay close to each other in
the projected space.

Proof 4.2 Refer [Ist81b].



It is clear that each round r; represents an Order i constraint system ( Definition (2.1) ). Let us add the
projection operator to each round. For instance, at the end of round rs, we project the 2.n—dimensional space

spanned by [x1 x_é] onto the n—dimensional space spanned by x1. Thus at the end of each round, we are always

in the n—dimensional space spanned by x1. As we proceed from round r; to round r;41, we first move to a space
with dimension n greater than the dimension of the original space and then return to the original space.
Essentially, two additional constraint matrices are introduced in each round. Constraint matrices are also
linear operators which are continous and finite [Str80]. A denotes the constraint matrix operator .
Let S7 denote the feasible polytope at the end of round ;. In round ry, we solve the linear system [(4) — (5)]

in the variables [x 1 xz] to get a new feasible set S7. This space is then projected onto xl—space to get S». Each
successive round ( say r; ) consists of the follovvmg two steps:

1. Two constraint matrices operate on S;_1 to get a new set of feasible points ( say Si_; ) in the 2n—dimensional

space spanned by [ X‘]
2. The projection operator V projects the set S;_; onto n—dimensional space spanned by x1.
Lemma 4.1 S; D 53 D Ss...

Proof 4.3 Note that each S;, i =1,2,...,00 polytope is formed by adding constraints to the polyhedral set S;_1,
further restricting the feasible space. The claim follows.

Lemma 4.2 If S, = Spyq1 for some k, then S; = 53, Vj > k.

Proof 4.4 Siy1 is obtained from Sy by the application of two operators; the constraint matriz operator ( A ) and
the projection operator ( NV ). If Spy1 = Sk, it means that the operator application has returned the same set.
Consequently repeatedly applying the same set of operators is not going to result in a new setv.e. S; = S Vj > k.

Let A denote the composition of the matrix operator and the projection operator i.e. A = Ao V. Thus, we
can regard S; as the set that results by the application of A to the set S;_; i.e. S; = A(S;—1).

Lemma 4.3 A is a finite, continuous operator

Proof 4.5 From elementary calculus, we know that the composition of two finite, continuous functions is finite
and continuous.

We are now ready to state Brouwer’s fixed-point theorem.

Theorem 4.1 Let K be a compact ( i.e. bounded and closed ) conver non-empty subset of R” and suppose that
f: K — K s continuous. Then f has a fized point.

Proof 4.6 Refer [Ist81a].

In our case, S7 is a polyhedral set and consequently compact. The boundedness of S follows from the fact
that all tasks have to be completed by the period L. Likewise, A is a continuous function. Hence we can apply
Brouwer’s fixed-point theorem to conclude that

Corollary 4.1 If a periodic linear program is feasible i.e. it has an infinite solution, then it must have a fired-
point solution.

Proof 4.7 Follows from the above discussion.
Corollary 4.2 If a PLP has an infinite solution, then the solution is cyclic with period 1.

Proof 4.8 Follows from Corollary (4.1).



The principal consequence of Corollary (4.2) is that we can set
Xt = xi 4 (6)

in System [(4)—(5)] and solve the resultant system. Thus the inter-period constraints between window [(i — 1).L, ¢. L]

and [i.L, (i + 1).L] can be merged using (6) and all constraints can be expressed in terms of the x! only. Let this
linear system be denoted by

Exti=f (7)

‘The polyhedral system (7) is called the Periodic Polytope corresponding to the PLP [(4-(5)]. ‘

Claim 4.3 The PLP [(4-(5)] has a solution iff the polyhedron represented by (7) i.e. the periodic polytope is
non-emply.

Proof 4.9 Let the periodic polytope (7) be non-empty. Thus we have a fired-point solution of the system. From
the discussion above, we know that this solution is valid for all scheduling windows [(i—1).L,i.L],Vi=1,2,...,c0.
Let the periodic polytope (7) be empty. It follows that there is no fized-point solution for the PLP. From
Theorem (4.1) it follows that the PLP is infeasible.
The claim follows.

Observation 4.1 The composite system (7) has n variables and m + m' constraints

Algorithm (4.1) summarizes our strategy solving PLPs.

Function PLP-SowvE (A4, 1_)" C, &)
: Form the composite system F.x < f, by using equation (6) .
Sif ({X: EX <1t} # ¢ ) then

System has infinite Schedule X

: else
System does not have an infinite schedule

1

2

3

4: return
5

6

7: end if

Algorithm 4.1: PLP-Solver

Based on Observation (4.1), we note that the time taken by Algorithm (4.1) is O(L(m+.m’,n)), where L(m,n)
is the fastest linear programming algorithm [Vai87], with m constraints and n variables.

In passing, we note that although we confined our model to inter-period constraints between adjacent scheduling
windows only, our derivations did not require this restriction. In fact, the same technique works if we allow inter-
period constraints between variables in a given scheduling window and variables of a fixed number of other
scheduling windows. The only feature that is important is the regularity of the constraint set across scheduling
windows !

5 Transformation of Scheduling Model to a PLP

Let us rewrite the constraint system [(1)-(2)] by moving all the execution time (i.e. the e; ) variables to the Right
Hand Side ( RHS ). Accordingly, the periodic constraint system becomes:

G.st < b— H.e,
L[s s <d—J&Vi=12,... 0 (8)

where,



e (G is an m x n rational matrix,
e H is an m X n rational matrix,
e [ is an m’ x 2.n rational matrix,
e J is an m' X n rational matrix
o Al & =Gsi+ HE

. C’.[s_i, sill, é = I.[s_i, sit1] 4 J.é

Observe that each constraint in (8) has an affine function of the execution time variables e¢; on the RHS.
In [SA00d], we showed that we could replace this affine function by using convex minimization. We apply the
same technique here to reduce the RHS of every constraint in (8) to a number. The reduction results in the
transformation of the original scheduling model into a PLP and we can apply the results obtained in §4 to obtain
a valid solution.

Function PERIODIC-MODEL- TO-PLP (A,l;, C, &)

1: Split up the input system as discussed above to get System (8).
2: for (I; — 1tom) do

3: Let r;, = mlnE(g — Hé)Z

4: end for

5: for (ls — 1 tom’) do

6: Let q; = HllIlE((_i — Jé)Z

7: end for

Algorithm 5.1: Transformation Procedure

The transfomation procedure consists of (m + m') convex minimization calls and hence the total time taken is
O((m + m/)C'), where C is the fastest convex minimization algorithm [HuL93].
Algorithm (5.1) converts the system [(1)-(2)] into the following system:

G.[s1] < T,
I[s,siF1] < § (9)

Lemma 5.1 Any solution that satisfies system (9) satisfies system [(1)-(2)].

Proof 5.1 Follows from the construction of System (9). Let us say that the solution to system (9) violates a
constraint ( say dp.[si, €] < b, ) at execution time e = [e, e}, ... el]. We thus have ap.[si,e’] > b,. This implies

that gp.8i > rp, explicitly violating (9). This provides the necessary contradiction.

Observation 5.1 System (9) is a Periodic Linear Program and we can now use the techniques discussed in §4
to solve dt.

Observation 5.2 We remark at this point that the non-existence of a static solution does not rule out the

existence of alternate forms of solutions [SA00b, Sak94, SA0Oc].

5.1 Axis-parallel hyper-rectangle domain

The scheduling model discussed in §2 is very general and allows execution time vectors to belong to arbitrary
convex domains. We now focus on one commonly occurring domain, viz. the class of axis-parallel hyper-rectangles
( aph ). This domain finds applicability in scheduling processes in real-time operating systems. Figure (2) is an
example of this domain in 3— dimensions. By focussing on this domain, we obtain better bounds on the running

time of Algorithm (5.1).
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Figure 2: An axis-parallel hyper-rectangle

The Maruti Operating System [LTCA89, MAT90, MKAT92] estimates running times of tasks by performing
repeated runs so as to determine upper and lower bounds on their execution time. Accordingly, the running
time of task J;, viz. ¢;, belongs to the interval [l;, w;], where l; and u; denote the lower and upper bound on the
execution time as determined by the empirical observation. These independent range variations are the
only constraints on the execution times. Observe that during actual execution, e; can take any value in
the range [1;, u;].

Essentially, the convex domain E in (3) is now the axis-parallel hyper-rectangle represented by: Y = [I1, u] x
[l2, ua] x ... X [ly, upn]. The periodic scheduling query (3) for this case is:

Isi = [s],5, ... 5" Ver € [, u1]Ves € [, us] .. Ven € [ln, un] A.[s_i,é'] < b, C’.[s_i, si:f‘l,é'] <d,vi=1,2,...0
(10)
In this special case, variable substitution ( instead of the more expensive convex minimzation ) can be used to
determine the vectors ¥, q in Algorithm (5.1) and thus the periodic polytope.

Lemma 5.2 When the domain is an aph, an affine function can be minimized by minimizing over each dimension
individually.
Proof 5.2 Refer [Sch87].

Lemma (5.2) gives us the following strategy to minimize an affine function a1.¢1 + az.ea+ ...+ a,.€, + ¢ over
an aph T = [{1,u1] X [la, us] X ... x [ln, un]:

o Vi, if a; > 0, set e; = ;
o Vi, if a; < 0, set e; = uy;

The resulting function can then be evaluated to yield a rational minimum.
Using this strategy it is clear that Algorithm (5.1) runs in O((m + m/)n) time, where m is the number of
intra-period constraints and m’ is the number of inter-period constraints.

6 The Periodic Scheduling Algorithm

In this section, we formalize the strategies and conclusions of §4 and §5 into Algorithm (6.1). Given a periodic
system [(1) — (2)], we first eliminate the execution time variables using Algorithm (5.1). The second step consists
of using Algorithm (4.1) to check whether the associated periodic polytope is non-empty.

The complexity of Algorithm (6.1) is O((m + m')C' + L(m + m/, n)) for general convex domains and O((m +
m').n+ L((m +m'),n)) for aph domains.



Function PERIODIC SCHEDULER (A,l;, C, &)

—

1: Call PErIODIC-MODEL-TO-PLP (A4,b,C, &) to get new system G.[s_i] <T, I.[s_i, sill] < q.
2: Let §= PLP-SoOLVE (A,l;, C, &)

3: if ( §# ¢) then

4: System has periodic Schedule X

5:  return

6: else

7: System does not have a periodic schedule

8: end if

Algorithm 6.1: Periodic Scheduler

6.1 Example

Consider the following set of specifications for a periodic task set consisting of two jobs {J1, J2}. Let the period
of the task set i.e. L be 15 and the constraints on the execution times be e; € [2,4],e2 € [1, 3].

1. Task J, starts at least 2 units after task J; finishes, in each period: s +e; +2 < s}, Vi=1,2,..;
2. Task Jo starts within 5 units of task J; finishing, in each period: s) < s} +e; +5,¥i=1,2,.. ;

3. Task Jy in each period starts at least 5 units after task J; in the previous period finishes:
shtes+5<stVi=1,2,..

4. Task J, finishes before the end of the period:
shd+es <154+ (i—1).15,Vi=1,2,....

Expressing the constraint system in form [(1)-(2)], we get

i
51

1 -1 1 0 ; —2
-1 1 -1 0 2| < 5 (11)
0o 1 0 1 c1 15+ (i —1).15
€2
and
5)
55
i+1
[0 -1 00 1] [ hy <=5 (12)
2
€1
€2

Applying Algorithm (6.1), we obtain the following fixed-point solution:

4] =[0]

Inspection of the solution confirms that the constraint set is indeed satisfied *.

TWe used the LP-SOLVE program to obtain the solution [Ber95].
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7 Conclusions and Future Research

In this paper, we focussed on two issues:

e Building a scheduling model that adequately captures the principal issues in periodic real-time scheduling,
and

e Designing strategies for answering queries of interest in this model.

We presented the Periodic Scheduling model in §2, which we believe addresses the main issues in periodic
real-time systems and developed a polynomial time algorithm for the schedulability query posed there. Qur main
contribution in this paper has been the proof of existence of fixed-point solutions for periodic linear programs.
We proved the existence of infinite schedules through recourse to fixed-point theorems in functional analysis. We
believe that it should be possible to derive fixed-point conditions, using a purely combinatorial approach.

The limitations of the static approach have been described in [SA00b, SA00d, Sak94], where explicit mention
is made of the Loss of Schedulability phenomenon. A parametric approach is required to eliminate this
phenomenon and our investigations along this line will be available in [SA00c]. Our work was motivated principally
by the requirements of the Maruti Operating System. A survey of applications that use sophisticated constraint
systems akin to the one that we studied would be informative.
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