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In this thesis, we consider three network-based systems, focusing on emergent be-

haviors resulting from adaptive dynamical features.

In our first investigation, we create a model for gene regulatory networks in which

the network topology evolves over time to avoid instability of the regulatory dynamics.

We consider and compare different rules of competitive edge addition that use topological

and dynamical information from the network to determine how new network links are

added. We find that aiming to keep connected components small is more effective at

preventing widespread network failure than limiting the connections of genes with high

sensitivity (i.e., potential for high variability across conditions). Finally, we compare

our results to real data from several species and find a trend toward disassortativity over

evolutionary time that is similar to our model for structure-based selection.

In our second investigation, we introduce a bidirectional coupling between a phase

synchronization model and a cascade model to produce our ‘sync-contagion’ model. The



sync-contagion model is well-suited to describe a system in which a contagious signal

alerts individuals to realign their orientations, where ‘orientation’ can be in the literal

sense (such as a school of fish escaping the threat of a predator) or a more abstract sense

(such as a ‘political orientation’ that changes in response to a hot topic). We find that

success in realigning the population towards some desired target orientation depends on

the relative strengths of contagion spread and synchronization coupling.

In our third and final investigation, we attempt to forecast the complex infection dy-

namics of the COVID-19 pandemic through a data-driven reservoir computing approach.

We focus our attention on forecasting case numbers in the United States at the national

and state levels. Despite producing adequate short-term predictions, we find that a simple

reservoir computing approach does not perform significantly better than a linear extrapo-

lation. The biggest challenge is the lack of data quantity normally required for machine

learning success. We discuss methods to augment our limited data, such as through a

‘library-based’ method or a hybrid modeling approach.
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Chapter 1: Introduction

Network models have proven to be useful tools in representing the complex interac-

tions of many-agent systems, especially when combined with a dynamical system model

to describe the state of the system over time. These systems are made further complex

when we no longer assume that the ‘rules’ of the dynamics are fixed, but instead changing

over time. Such systems quickly become intractable to study analytically, but can instead

be studied through computer-simulated experiments to uncover their unknown behaviors.

In this thesis, we focus on analyzing three dynamical networks that apply to biolog-

ical or social systems (or both, in the case of epidemic models). Each dynamical network

features rules that are ever-changing (adapting) in response to other properties of their

systems. We quickly summarize each investigation below, with more detail present in the

remainder of this chapter:

1. In our first investigation, we consider a model of gene network evolution in which

the topology of the network changes over evolutionary time as new links are added

via a selection rule that uses some combination of structural and dynamical in-

formation of the network. The changing topology inherently affects the possible

dynamics of the network, eventually leading to widespread network failure. We

are interested in the location of the critical point at which failure occurs and which

1



selection rules perform best at delaying this critical point.

2. In our second investigation, we combine a phase synchronization model with a

contagion model using a bidirectional feedback. In other words, the behavior of the

synchronization model depends on an individual’s infection status, and the spread

of the infection depends on an individual’s phase. We work to classify all possible

behaviors of this system, considering both temporary and permanent consequences.

3. In our third investigation, we use a data-driven approach through reservoir comput-

ing to forecast COVID-19 cases in the United States. The disease dynamics depend

on the constant change in human behavior, both naturally occurring and following

government-mandated orders, in response to reported case numbers. In addition

to generating case predictions with a reservoir computer, we observe the result of

embedding several trained reservoir computers in a latent variable space through

an autoencoder. We find that reservoir computers trained on similar time series

form clusters in the latent space, indicating the possibility of a low-dimensional

underlying system.

The work from investigation one has been published in J. R. Soc. Interface [2]. The

work from investigation two will be submitted for publication to J. R. Soc. Interface with

Brandon Alexander (author of this thesis) as the lead author and Michelle Girvan (thesis

advisor) as the senior author. The work from investigation three was done in collaboration

with Andrew Pomerance, Daniel Canaday, Brian Hunt, Edward Ott, and Michelle Girvan.

Brandon Alexander took the lead on all work presented here. Daniel Canaday led the

effort in developing the library-augmented reservoir computing approach, which will be
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published in a separate paper.

1.1 Phase transitions and assortativity in models of gene regulatory net-

works evolved under different selection processes

Gene regulatory networks are believed to exist near a critical point, where they have

maximized dynamical versatility without risk of widespread network failure. While gene

networks have been extensively studied as they appear today, not much is known about

how they evolved to this point and what features may have guided this evolution. In Chap-

ter 2, we propose a model of gene network evolution, based on a Boolean network model,

that grows over evolutionary time based on the topological and dynamical properties of

the network.

In a Boolean network model for gene regulation [3], each gene is represented by a

node with regulatory interactions between pairs of genes represented by directed edges.

A node is either in the state ‘1’ (the gene is expressed) or ‘0’ (the gene is not expressed).

At each time step, all nodes are simultaneously updated according to the states of their

inputs and a set of rules in the form of a truth table. For a finite-sized network with

deterministic update rules, the dynamics will always reach a steady-state of a fixed point

or a periodic orbit. The stability of the dynamics can be quantified by considering how

much the steady-states differ when beginning with two initially-close network states (i.e.,

a single node is switched between 0 and 1).

Determining the stability of a Boolean network through direct simulation is a com-

putationally intensive task. However, if we consider a locally tree-like network under the
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‘semi-annealed’ approximation [4, 5], then the stability problem can be directly mapped

onto a percolation problem, which is considerably faster to simulate. Specifically, if we

consider the sensitivity of a node, defined as the probability of the node changing state if

at least one of its input changes, and set that as the probability that the node is ‘filled-in’,

then the stability measure for the network as a whole is given by the size of the giant

out-component of the filled-in subnetwork.

For our model of gene network evolution, we begin with a network of nodes with no

edges. Each node is assigned a sensitivity and filled-in accordingly. For each generation

of network evolution, we select an edge to add to the network according to a competitive

selection rule, motivated by natural selection and modeled after the rules introduced by

Achlioptas et al. [6]. After an edge has been added, we track the size of the giant out-

component of the filled-in subnetwork, which is equal to the stability measure for the

entire network. This process is repeated for several generations, until we sufficiently pass

the critical point at which the network switches from stable to unstable dynamics (the

percolation transition of the filled-in subnetwork).

Our main focus is determining what selection rules are more effective at delay-

ing the onset of percolation, and thereby delaying instability. We consider four types of

rules: random selection, structure-based selection, sensitivity-based selection, and hybrid

(structure and sensitivity) selection. We find that topological information, i.e., adding

connections that keep components small, is more effective at delaying percolation than

avoiding connection between highly-sensitive (likely to be filled-in) nodes.

For further validation, we analyze gene network data from five organisms. For

each network, we approximate the order of edge addition by ordering the genes by their
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estimated ages. By tracking the in-out assortativity of the networks over evolutionary

time, we observe a striking similarity to the in-out assortativity of our simulated networks

grown under structure-based and hybrid rules.

1.2 The sync-contagion model of dual information spread

Synchronization is a natural phenomenon found in social systems of both humans

and animals. In many cases, the ‘status quo’ synchronization of a group will adapt to

the presence of some external stimulus. Consider, for instance, the swarming behavior

of a group when presented with a threat. Whatever the default behavior may be, initial

‘leaders’ aware of the threat will alert others, who will follow the leaders to escape. In

such scenarios, two systems are at play: a synchronization system that determines how

strongly individuals match each others’ behaviors and a contagion system that controls

the spread of the alert through the population. Furthermore, the two systems are coupled,

where synchronization behavior changes based on one’s knowledge of the alert. In Chap-

ter 3, we present a coupled sync-contagion model that describes the interplay of these

two systems. Other than group escape in response to a threat, we also describe an ap-

plication to opinion dynamics, in which individuals’ opinions adapt in response to a hot

topic driven by a group of promoters.

We base our model on that of Chicoli and Paley [7], originally used to represent

fish school response to the presence of a predator. Among several minor adjustments,

we make two key changes to their model. First, the Chicoli and Paley model only con-

tains unidirectional feedback between the sync and contagion dynamics. Specifically,
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the contagion status of an individual (susceptible, infected, or removed) determines the

synchronization behavior, but not the reverse. We keep this interaction but also add an

‘infection acceptance function’ α(θ) that creates a bidirectional feedback, by allowing

the sync dynamics to influence the contagion spread. The acceptance function gives the

probability of a susceptible individual to become infected upon being exposed, depending

on their orientation θ, with orientations further from some target orientation having lower

acceptance probabilities. In the case of a failed infection upon exposure, the individual

immediately becomes removed (not infected and can never become infected). In the con-

text of swarming, the acceptance function takes into account individuals who are ‘facing

the wrong direction’ and are unable to either see or turn quickly enough to join in in-

stantaneous realignment. For our opinion dynamics application, the acceptance function

filters out individuals whose opinions differ too greatly from the hot topic and choose not

to become promoters. The acceptance function introduces a ‘barrier’ to realignment and

drives several of the emergent behaviors we observe.

For the second key change, we note that the Chicoli and Paley model distinguishes

between naturally coherent systems (attentive obligate shoaling) and naturally incoherent

systems (attentive facultative shoaling) through setting the initial orientations of the popu-

lation to either be polarized or uniformly distributed, respectively. In both cases, the same

coupling strength κ is used for the sync dynamics that will result in synchronization of

the systems over time. We choose to instead distinguish between coherent and incoherent

systems by varying this coupling strength κ. While incoherent systems will no longer be

able to permanently realign, we can determine the ability of these systems to temporarily

realign while also actively dispersing.
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We find that the overall behavior of our sync-contagion system can be classified into

five categories. The first category consists of the trivial case where no initial contagion

spread occurs, due to the exposure rate being too slow. The second category consists of

all naturally incoherent systems, which are able to temporarily realign towards the target

orientation, but will eventually return to a uniform distribution. The final three categories

are various levels of permanent realignment success in coherent systems: no/limited re-

alignment, partial realignment, and full realignment. Which of these last three categories

a system falls into depends primarily on the relative strengths of the contagion exposure

rate and the sync coupling.

1.3 A reservoir computing approach to forecasting COVID-19 data

The COVID-19 pandemic presented the world with a global health crisis never be-

fore seen in our lifetime. In response, countless efforts have gone towards forecasting

COVID-19 cases to better plan emergency response. While the most successful predic-

tions have been model-based, considerable effort has gone into data-based model-free

approaches using machine learning. In Chapter 4, we use a reservoir computing approach

to forecast United States COVID-19 cases at both the national and state levels.

A reservoir computer is a system in which an input signal is mapped into a high

dimensional recurrent neural network (the reservoir), which is then trained to predict some

output signal. When applied to time series forecasting, the output signal is the input at the

next time step. Reservoir computers offer a level of simplicity in their training. The input

mapping and reservoir topology are completely randomized, with the output mapping
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being the only piece affected from the training phase. In training, data are fed into the

reservoir with the resulting sequence of reservoir states tracked. The mapping from the

reservoir to the desired output is then determined through a least squares fit or similar

method. Once trained, the output of the reservoir computer can be used as its input at each

subsequent step, creating the ‘closed loop’ fully autonomous prediction mode. Reservoir

computers have proven to be powerful tools in forecasting and mimicking properties of

select chaotic systems.

Most applications of reservoir computers have focused on forecasting model sys-

tems, in which training data is generated from a system of differential equations and can

be produced with arbitrary size and resolution. By contrast, real-world data is rarely as

available or high-quality. Particularly, with daily case reports, a full year of COVID-19

case data is substantially smaller than usually required for successful machine learning

training. The case data are also heavily influenced by testing and reporting frequency,

leading to a weekly oscillation in case numbers, or in some regions, several days of ap-

parently zero cases interrupted by artificial ‘spikes’ in cases.

To address the reporting irregularity, we find it necessary to apply a preprocessing

transformation that will ‘smooth’ out the data. The contributions from a single day are

then spread out over multiple days. This transformation is especially needed in states

that report cases once every few days, in order to remove the massive spikes that would

otherwise be impossible to predict. In addition, the data must be detrended to remove

the non-stationary behavior of the mean. We must choose an appropriate preprocessing

transformation that will also convert the data to be approximately constant.

We compare the short-term predictions from our reservoir computer to those from
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a linear and quadratic fit. The quadratic fit performs the worst of these methods, due to

its tendency to deviate (quadratically) from the true data whenever the fit is poor. We also

find that the reservoir computer is able to occasionally replicate the oscillations present

in real case data, but when considered as a whole, is unable to significantly outperform a

linear regression.

While our preprocessing steps address the data quality, we also need to resolve

the lack in data quantity. As one potential solution, we consider the library-augmented

reservoir computing (LARC) approach. In the LARC approach, we construct a ‘library’

of reservoir computers trained on COVID-19 data. The library is then embedded in a low-

dimension latent space by an autoencoder. When presented with new training data, rather

than directly training a new reservoir computer, a point in the latent space is selected and

decoded to produce the reservoir computer. Through an optimization scheme, selection

of the point in latent space can be refined until a best match is produced.

Success of LARC requires reservoir computers produced from similar time series

to be located close in the latent space. We demonstrate that such clustering is present

both temporally, where RCs trained on time series segments from similar start times are

grouped together, and regionally, where time series from the same geographical zone are

grouped together.
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Chapter 2: Phase transitions and assortativity in models of gene regula-

tory networks evolved under different selection processes

This chapter has been published in the April 2021 issue of the Journal of the Royal

Society Interface [2]: Brandon Alexander, Alexandra Pushkar, and Michelle Girvan.

Phase transitions and assortativity in models of gene regulatory networks evolved un-

der different selection processes. J. R. Soc. Interface., 18(177):20200790, 2021. (doi:

10.1098/rsif.2020.0790).

2.1 Introduction

Mathematical models of gene regulatory networks provide a powerful tool for un-

derstanding the complex features of genetic control. While various modeling efforts have

been successful at explaining gene expression patterns, much less is known about how

evolution shapes the structure of these networks. Recent studies suggest that evolution-

ary ‘tinkering’ plays a large role in the organization of biological networks [8]. Further,

these networks are often thought to exist near some critical point [9–11], where dynamic

variability is maximized without reaching widespread network failure/breakdown. The

phase transition between stability and instability in networks has been widely investi-

gated, with studies focusing on the effects of topological features [3, 12–14], dynamical
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features [4, 15–17], or both [18] and their contributions to the location and behavior of

the transition. Of particular interest is the evolutionary process that leads to this critical

point and how this process depends on both the topological and dynamical properties of

the network and its nodes. Some previous studies have considered the evolution of these

networks but begin with already-established networks that are then allowed to change

over time [19–21]. By contrast, we consider the process from the very beginning, starting

with an ‘empty’ network.

In order to gain insight into this process, we study simple models of gene net-

work evolution in which links are added according to various competitive selection rules.

Similar rules were explored by Achlioptas et al. [6], who demonstrated that undirected

networks grown following competitive link selection can have drastically delayed per-

colation transitions, leading to a seemingly discontinuous ‘explosive’ transition, a topic

which has since become popular in the network science literature [14, 22–27]. Squires

et al. extended the idea of competitive selection to directed networks, where similar, but

less drastic ‘weakly explosive’ transitions occurred [14]. Incrementally growing networks

according to competitive selection rules is a natural choice for modeling biological net-

works, which are the result of generations of improvements through the complex process

of natural selection. For the same reason, biological networks share commonalities with

systems that are said to exhibit highly optimized tolerance, in which a yield or fitness is to

be maximized [28, 29]. In such systems, competitive selection rules can be used heuristi-

cally to maximize a yield dependent on the size of a giant component. Besides evolution

through natural selection, biological systems develop over time through neutral evolution,

or evolution through mutation without selection [30–33]. While we primarily focus on
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networks evolved via selection, we will also consider a simple case of neutral evolution

for comparison. Other approaches have used a combination of mutation and selection

to evolve networks that maximize the topological entropy [34] or minimize the distance

to a time-dependent network output function [20]. By comparison, our modeling efforts

focus on growth starting from a blank state, serving to highlight how simple differences

in selection rules can give rise to very different network structures and change the nature

of phase transitions in the network.

Our models of network growth build upon various studies of Boolean models of

gene regulation. From a dynamical perspective, Boolean networks have been widely

used as mathematical models of gene regulation since their introduction by Kauffman in

1969 [3]. In these models, at any given time, nodes (genes) exist in one of two states: ‘on’

(1), meaning that the gene is expressed, or ‘off’ (0), meaning that the gene is unexpressed.

In Kauffman’s original model, gene states are synchronously updated at each time step ac-

cording to a truth table, in which the state of a gene at time t is determined by the states of

all of its input genes at time t−1. (While we connect our evolutionary modeling approach

to the case of synchronous update, we also discuss how the approach may be connected

to cases of asynchronous update.) By tuning system parameters, the models can exhibit a

transition from stable dynamics to ‘chaotic’ (unstable) dynamics [3, 4, 12]. Stability here

is measured by the saturated average Hamming distance, or fraction of genes that differ

in state after a long time, between the trajectories of two close initial conditions. Since a

finite network of size N has at most 2N possible states and the dynamics are determinis-

tic, the trajectories will eventually reach an asymptotic state in the form of a fixed point

or periodic orbit. If the state of a gene in the asymptotic state differs between these two
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trajectories at time t, the gene is said to be ‘damaged’ at time t [5].

As demonstrated by Squires et al., we can map the stability of Boolean networks

directly to a percolation problem under certain assumptions [5]. In a percolation problem,

the size of a ‘giant component’ is tracked as a certain tuning parameter is varied, typically

passing through a critical value where the giant component transitions from being vanish-

ingly small to being a non-trivial fraction of the size of the network. Following Squires

et al., by setting a gene’s sensitivity, i.e., the probability that the gene changes state if

one of its inputs changes state, equal to its probability of being ‘damaged’, the saturated

average Hamming distance, which provides a measure of instability in the gene network

dynamics, can be mapped directly onto the size of the largest out-component in the sub-

network of ‘damaged’ nodes. As either the node sensitivities or network connections are

tuned, the phase transition from dynamic stability to instability then corresponds to the

percolation transition of this giant component.

We extend this idea by allowing the topology of our network to change over time

following different competitive selection rules, which works as a primitive model of bio-

logical networks evolving via natural selection. As new links are added, at some critical

point, percolation will occur in the damaged subnetwork, corresponding to the network’s

transition from stability to instability.

To summarize, we are motivated by a model of gene regulatory dynamics in which

there are benefits for the system to exist on the stable side of the transition between sta-

bility and instability. We utilize the mapping between a model of this kind and an appro-

priately defined percolation problem to explore simple models of evolution via growth.

We note that the percolation problem can be considered as its own simple abstraction of
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the propagation of failure in gene regulatory networks. Using the percolation framework,

we investigate the following growth processes: (1) random link addition, as a control; (2)

sensitivity-based competitive selection; (3) structure-based competitive selection; and (4)

hybrid competitive selection. We find that incorporating network structure into the selec-

tion rule is key to delaying percolation of the damaged subnetwork, even while having

no knowledge of each gene’s sensitivity, or probability of becoming damaged. In fact,

incorporating information about sensitivity can backfire, leading to highly exclusive net-

works that would rather form large components than connect to high risk genes. Finally,

we compare the results of our simulations to data for several empirically-derived gene

regulatory networks and find similarities in structural properties.

2.2 Methods

2.2.1 Modeling failure propagation in gene networks as a percolation

problem

We construct a model of gene regulation as follows: we first consider damage prop-

agation on a network with a fixed topology, which will later be allowed to evolve. We

are motivated by the traditional Boolean models of gene regulation in which each gene

in the network has a fixed ‘truth table’, or output rule, that determines its state (0 or 1)

at time t based on the states of its inputs at time t − 1. To simplify the problem for our

purposes but still capture the effects of network topology, we apply the semi-annealed

approximation [4], in which the network remains fixed, but the truth table for gene i is

no longer fixed but rather randomly filled in at each time step according to some bias bi,
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the probability that its state is 1. We can think of bi as the expression bias of gene i, with

genes having a wide distribution of expression biases. Working within the semi-annealed

approximation, from the gene’s bias, we can then calculate its sensitivity qi = 2bi(1− bi),

which represents the probability that a gene changes state if the state of one or more of its

inputs change. This can also be thought of as the probability that a gene spreads ‘dam-

age’. Damaged genes are those whose states differ in the asymptotic states of two initially

close trajectories of the network’s dynamics, meaning a small perturbation in the state of

the network can lead to unpredictable dynamics of such genes, likely causing improper

regulatory behavior.

Following [5], for a locally treelike network under the semi-annealed approxima-

tion, dynamic instability of the network, measured in terms of the average saturated Ham-

ming distance between trajectories of two close initial conditions, is equivalently mea-

sured by the expected size of the giant out-component of the damaged subnetwork, which

takes into account both the network topology and the genes’ propensities for spreading

damage, i.e., their sensitivities. In particular, the phase transition from stability to insta-

bility occurs simultaneously as the onset of a non-trivial out-component of the damaged

subnetwork (i.e., a component whose size does not go to zero as the number of nodes gets

larger). In Appendix A, we show that our simulated networks display the relevant locally

treelike properties.

While we are motivated by a model of synchronously updated genes with locally

treelike connectivity, we note, importantly, that the semi-annealed approximation works

well even for an asynchronous update scheme and for the case of networks with many

small loops. Although there are important differences between synchronous and asyn-
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chronous update models (e.g. the occurrence of limit cycles [35]), Refs. [4] and [18]

demonstrate that the semi-annealed approach for determining the transition between global

stability and instability (and the growth of perturbations) also applies for asynchronous

update. Further, Ref. [4] shows that the approximation holds even for networks that de-

viate substantially from the locally treelike assumption. This is consistent with studies

that show that calculations involving the locally treelike approximation provide accurate

results even for networks that are very far from treelike [36, 37].

By using the semi-annealed approximation, we are able to work entirely in the realm

of the percolation problem, without needing to directly simulate the complex dynamics of

the Boolean network. If fact, we can think of the percolation problem as its own simple

abstraction of gene regulatory networks, in which genes become damaged with different

propensities and they can propagate that damage to their target genes.

To incorporate evolutionary changes into our percolation framework, we add new

links (edges) individually to the network according to a given selection rule, described in

Sec. 2.2.3. Each new link represents a new regulatory interaction that has evolved in the

network, potentially changing the stability of the dynamics. We then repeat this procedure

until a sufficient number of links have been added to the network.

For our simulations, we initialize the network to consist of N genes and no links.

We let E denote the number of links (edges) in the network at later steps. The gene biases

are drawn from a uniform distribution bi ∼ U [0, 1]. Note that for a single simulation,

bias values do not change, meaning we are fixing an inherent dynamical property of each

gene. This is a restrictive assumption, but it provides a nice starting point for comparing

networks evolved under different selection rules. Before the simulated evolution process
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begins, each gene is assigned damaged status with probability qi, leading to an average of

one-third of all genes being damaged (due to how biases were chosen). By averaging over

multiple simulations, we found that keeping the same damage status constant throughout

all steps of a single simulation produces very similar results to re-randomizing the statuses

at each individual step, so we have chosen to keep the damaged statuses constant. Finally,

at each step, we track the size of the giant components in both the full network and

damaged subnetwork, which also allows us to efficiently simulate each growth process

using the algorithm suggested in [14].

2.2.2 Tracking network components

For a gene i, define the in-component IN(i) to be the set of all genes that can reach i

via a directed path in the regulatory network. Similarly, define the out-component OUT(i)

to be the set of all genes that i can reach via a directed path. The strongly connected

component SCC(i) is the intersection of these two sets and the bow tie BT(i) their union.

For a directed network, we say the giant strongly connected component (GSCC)

is the largest strongly connected component. We then define the giant out-component

GOUT = OUT(GSCC), the giant in-component GIN = IN(GSCC), and the giant bow

tie GBT = BT(GSCC). In systems where percolation occurs, all four giant components

form simultaneously at the same critical point [38].

Within our networks, we will also have a subset of genes that are ‘damaged’. The

damaged subnetwork is the directed network consisting of these genes and any links that

exist between them. We use an asterisk (*) to distinguish the components of the damaged
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subnetwork from those of the full network.

2.2.3 Network growth via selection

To decide which link to add at each step, we use a class of competitive selection

rules based on those introduced by Achlioptas et al. [6] and extended to directed networks

by Squires et al. [14]. The form of these rules is as follows:

1. Consider m potential ‘source’ genes {i1, . . . , im} and m potential ‘target’ genes

{j1, . . . , jm}. All genes are sampled uniformly from the network.

2. Select the directed link i→ j such that

i = arg min
i∈{i1,...,im}

fs(i), j = arg min
j∈{j1,...,jm}

ft(j). (2.1)

3. If the link i → j already exists in the network or if i = j, then a different link is

selected starting back at step 1.

The choice of fs(i) and ft(j) are chosen so as to delay the percolation transition of

GOUT*. We consider three forms of competitive selection (sensitivity-based, structure-

based, and hybrid) and the case of random link addition as a control. As in the original

Achlioptas study, the selection rules we consider rely only on local information about the

candidate links. In Appendix A, we study the extreme case of m = N for structure-based

selection and demonstrate that, as expected, having access to global information when

adding links serves to delay the transition for a much, much longer period of time.
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2.2.3.1 Random selection

In the case of m = 1, we select a random link uniformly from all possible links.

This is equivalent to the directed Erdős-Rényi process [14, 39]. Random selection serves

as a simple baseline to which we can compare the performance and behavior of other

selection rules. In addition, one can consider random selection as a model for neutral

evolution.

2.2.3.2 Sensitivity-based selection

To consider the effect of sensitivity, we define

fs(i) = qi, ft(j) = qj. (2.2)

Genes with higher sensitivity values are more likely to be damaged. The strategy used

by sensitivity-based competition is then to prevent growth of the damaged subnetwork by

preventing ‘risky’ genes from connecting.

2.2.3.3 Structure-based selection

To consider the effect of network structure in delaying the onset of percolation, we

define

fs(i) = |IN(i)|, ft(j) = |OUT(j)|. (2.3)

This rule is a generalization of the dCDGM rule applied to directed networks [40]. The

strategy imposed by structure-based competition is to prevent percolation in the damaged
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subnetwork by preventing large components from forming in the full network.

2.2.3.4 Hybrid selection

The final rule is a combination of structure-based competition and sensitivity-based

competition. We set

fs(i) = qi × |IN(i)|, ft(j) = qj × |OUT(j)|. (2.4)

The hybrid strategy will prevent components from becoming large in the full network,

while also showing a preference towards connecting low risk (low sensitivity) genes. High

sensitivity genes will only be accepted if they belong to small components.

2.3 Results

2.3.1 Visualizing networks evolved via different selection rules

For each of our network measures, we use the average node degree E/N as the

tuning parameter. We can first gain intuition about the structure of our networks by con-

sidering smaller networks of size N = 100, as is done in Figs. 2.1 and 2.2. We begin by

considering the networks when E/N = 1.75, a point after which percolation of GOUT

occurs for both the random and sensitivity-based selection rules, but not the others. Com-

pared to random selection, sensitivity-based competition has a preference towards con-

necting low sensitivity genes, even going so far as to exclude a large number of high

sensitivity genes from the network, an effect that is more exaggerated for higher values
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Figure 2.1: Structure of networks formed under our four different selection rules on a
network of size N = 100, stopped after E/N = 1.75. Nodes are sorted according to
sensitivity with least sensitive at the top of the circle and increasing in sensitivity clock-
wise. If a node is damaged, it is filled in blue. Nodes in GOUT are enlarged and filled
in black (if undamaged) or blue (if damaged); all other nodes are filled in white. Isolated
nodes with no links are placed below each network with their corresponding locations
in the circular layout left empty. Thick links connect nodes in GOUT. Links are blue
if they connect two damaged nodes, black if they connect nodes in GOUT that are not
both damaged, or gray otherwise. We see that GOUT is much larger for the random and
sensitivity-based processes as compared with the structure-based and hybrid processes.
Both the sensitivity-based and hybrid processes show a higher density of links between
low sensitivity nodes, which is much more pronounced in the former.
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Figure 2.2: Network structure for a network of size N = 100 grown under the four
selection rules stopped after E/N = 5.75. As in Fig. 2.1, nodes are sorted according
to sensitivity, with least sensitive at the top of the circle and increasing in sensitivity
clockwise and with isolated nodes left out of the circular layout and placed below each
network. We now focus on GOUT* rather than GOUT. Nodes belonging to GOUT* are
enlarged and red with thick red links connecting between them. Damaged nodes that do
not belong to GOUT* are blue, with blue links connecting pairs of damaged nodes. All
other nodes are colored white, and all other links are colored gray. Even though the size
of GOUT for the sensitivity-based process is similar to the random process, the former
has a much smaller GOUT*. The structure-based and hybrid processes show even smaller
GOUT*, despite a large number of connections between damaged nodes.

of m. By comparison, both the structure-based and hybrid competition rules takes much

longer to form a GOUT component. These two methods are nearly indistinguishable, ex-

cept the hybrid method mimics some properties of sensitivity-based competition, namely

having higher link density between low sensitivity genes and exclusion of high sensitivity

genes.

We next consider a higher parameter value of E/N = 5.75, where GOUT* has

now formed for random and sensitivity-based selection and is beginning to form for
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structure-based and hybrid selection. Because sensitivity-based selection avoids connect-

ing to high sensitivity genes overall, the GOUT* component mainly consists of lower

sensitivity genes. Since most damaged genes have higher sensitivities, this also leads to

fewer links overall between damaged genes and a smaller GOUT* component than in the

case of random selection. We also observe that in random selection and sensitivity-based

selection, nearly every link between damaged genes belongs to GOUT*. By compari-

son, structure-based and hybrid selection have a large number of links between damaged

genes, but only few belong to GOUT*, since the individual out-components are kept small

and avoid connecting to each other.

2.3.2 Growth of giant components

Now equipped with better intuition about these selection methods, we turn our at-

tention to growth of the connected components in the N → ∞ limit. We can approxi-

mately achieve this goal by simulating on a network of size N = 105, shown in Fig. 2.3.

As before, we begin by considering the growth of the full-network components,

ignoring damage status. As expected, the formation of GOUT is delayed much further

in structure-based and hybrid selection methods, due to their nature of selecting links to

maintain smaller component sizes overall. Meanwhile, sensitivity-based selection instead

tends towards earlier formation of the giant component, with higher values of m pushing

this transition earlier. By increasing m in structure-based selection, we are more likely to

find a smaller component, and thus are able to spread out links more efficiently to avoid

forming larger components. By comparison, in sensitivity-based selection, increasing
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Figure 2.3: Growth of the connected components on the full network (left) and the dam-
aged subnetwork (right). We compare growth under random selection to our three com-
petitive rules. Results shown are the averages of 100 runs on networks of size N = 105.
We omit GIN and GIN* due to their symmetry with GOUT and GOUT*, respectively.
Of the selection rules considered, we see that structure-based selection (blue curves) does
best at delaying the phase transition for the full network, while the structure-based and
hybrid selection (red curves) exhibit simultaneous transitions when we consider only the
damaged subnetwork, with the hybrid selection showing greater suppression of the com-
ponent size after the transition.

24



m makes us more likely to find low sensitivity genes (and avoid high sensitivity genes

altogether), resulting in a higher link density among the lower sensitivity genes and a

faster formation of a giant component. The exclusion of highly-sensitive genes leading

to faster emergence of a giant component also explains why hybrid selection transitions

slightly earlier than structure-based selection.

Of greater interest is the formation of GOUT*. We again have structure-based and

hybrid selection leading to later percolation of GOUT*, but unlike before, sensitivity-

based selection leads to formation of GOUT* later than random selection. The sensitivity-

based selection rule is designed to prevent formation of GOUT* by preventing con-

nections between damaged genes, which leads to slower formation of GOUT* but not

GOUT. Comparing structure-based and hybrid selection, we see that the critical point at

which GOUT* forms is approximately the same when m = 2. But when m is increased,

structure-based selection can delay the transition much more easily. Again, the additional

effect introduced by considering sensitivities seems to be at play. Hybrid selection is

willing to form larger components, as long at the genes involved have relatively low sen-

sitivity. Eventually, however, the high sensitivity genes will have smaller components and

be more favorable to gain a new link. It appears that this shift is enough to lead to faster

growth of GOUT* than if all components were to be kept smaller, ignoring sensitivity.

Other than location of the percolation transition for GOUT*, we can also look at the

growth rate of this component post-transition. One advantage of sensitivity-based and hy-

brid selection rules are their slow growth of GOUT*, despite the earlier transition. Since

these rules will tend to prevent connections between damaged genes, a certain number

of highly-sensitive genes will have trouble joining with GOUT*, and the rate at which
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GOUT* can achieve its maximum size is reduced. In particular, increasing m will slow

down the growth even further in sensitivity-based and hybrid selection, since larger values

of m lead to increased exclusion of genes.

2.3.3 Maximizing yield

Our model exhibits certain features common to systems developed through highly

optimized tolerance [28, 29], namely incremental improvements in response to maximiz-

ing some yield or fitness function, leading to specialized structures. While we do not

directly maximize any yield function, our selection methods can be thought of heuristics

for maximizing

Y =
1

N
(nactive − |GOUT*|), (2.5)

where nactive is the number of genes with at least one link. Only genes that interact with

others will contribute to the dynamics in a meaningful way. Therefore, we should max-

imize the number of active genes to increase the dynamical variation of the system. At

the same time, we do not want GOUT* to grow too big, since the size of GOUT* directly

gives the number of genes that are damaged in the asymptotic state. We consider this

yield for each of our selection methods, as shown in Fig. 2.4.

Although avoiding connection to high risk genes is a potentially useful feature in

preventing connections between damaged genes, we do not want these genes to be kept

entirely isolated from the network. In the case of each selection rule, the yield quickly

grows as the number of active genes increases, but reaches a maximum when either all

genes have been assimilated into the network or the percolation transition of GOUT* has
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Figure 2.4: The average yield of networks grown under our four selection rules, as de-
scribed by Eq. (2.5). Results are averaged over 100 runs on networks of size N = 105.
Hybrid and structure-based selection processes show similar yield profiles, consistently
outperforming both random and sensitivity-based yields.

been reached. The yield then begins to decrease and approach 1−N∗/N , the fraction of

undamaged genes in the network.

Sensitivity-based selection is the only of our rules that does not reach a maximum

of Y = 1 before decreasing, due to a large number of inactive genes. One should note

that after peaking, sensitivity-based selection does continue to assimilate genes into the

network, but at a slower rate than the growth of GOUT*.

For structure-based and hybrid selection, there is a long period during which the

yield is maximized. Both rules are able to quickly incorporate genes into the main net-

work, since small components of size one are much more preferable. Hybrid selection

tends to grow slower at first, due to its slight exclusion of high sensitivity genes. For

m = 2, when both of these rules form GOUT* at approximately the same time, hybrid
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selection performs slightly better, since the slower growth of GOUT* leads to a higher

yield after the transition. Increasing to m = 3 and beyond, however, the longer delay in

percolation makes structure-based selection significantly better.

2.3.4 Correlations

Finally, we consider two forms of correlations in our networks. The first is the

in-out degree assortativity, given by

r =

∑
i→j(d

i
in − d̄sin)(djout − d̄tout)√∑

i→j(d
i
in − d̄sin)2

√∑
i→j(d

j
out − d̄tout)2

, (2.6)

where sums are taken over all directed links i → j, diin (djout) is the in- (out-) degree of

node i (j), and d̄sin (d̄tout) is the average in- (out-) degree of all source (target) nodes av-

eraged over links. The in-out degree assortativity is equivalent to the Pearson correlation

coefficient between in-degree of source nodes and out-degree of target nodes, with all av-

erages taken over links. Very positive assortativity indicates a preference of large degree

nodes to connect to other large degree nodes, while very negative assortativity, also called

high disassortativity, indicates large degree nodes tend to connect to small degree nodes.

When the assortativity is near zero (no preference), the network is said to be assortatively

neutral.

The second relationship we consider is the correlation between node out-degree and

node sensitivity, calculated by the Pearson correlation coefficient between out-degree and

sensitivity averaged only over active nodes. Due to the symmetry of our selection rules,

the correlation between out-degree and sensitivity is equal to the correlation between in-
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Figure 2.5: In-out assortativity (top) and the degree-sensitivity correlation (bottom) for
our four selection rules. Results shown are averages over 100 runs on networks of size
N = 105. While the random and sensitivity-based process are assortatively neutral (i.e.,
have near zero in-out assortativity), we see that both the structure-based and hybrid se-
lection processes result in disassortative networks before the phase transition, with the
former continuing to show weak disassortativity after the transition, while the latter is
nearly neutral after the transition. The random and structure-based processes result in no
correlation between degree and sensitivity while, as expected, the sensitivity-based selec-
tion process creates a negative correlation between a node’s out-degree and its sensitivity.
The hybrid process shows weaker and non-monotonic negative correlations.
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degree and sensitivity. We will refer to either case as the degree-sensitivity correlation,

since they are interchangeable. Both the in-out assortativity and degree-sensitivity corre-

lation are shown in Fig. 2.5.

As one should expect, both random selection and sensitivity-based selection are as-

sortatively neutral, since they do not directly consider component sizes or node degree

in the decision process. Structure-based selection and hybrid selection are highly disas-

sortative processes, since both will tend to prevent large in-components from connecting

to large out-components. Nodes with large in-components typically have large in-degree

and similarly with out-components and out-degree. In both of these rules, the assortativ-

ity continues to decrease until the critical point at which GSCC percolates, after which

the assortativity tends toward zero. Once the giant components are large enough, there

is a high probability to select genes from the GSCC. If all m genes are from the GSCC,

then they will each have the same component sizes, at which point a link will be chosen

either randomly, in the case of structure-based selection, or based on sensitivity, in the

case of hybrid selection. Either approach will tend towards neutral assortativity, since the

decisions are independent of component size, which relates to degree. Since hybrid se-

lection leads to a faster growing GSCC, its assortativity tends to zero much faster. For the

case of m = 3, the trend is similar, though the assortativities of structure-based and hy-

brid selection decrease at a slower rate to a higher (less negative) minimum value. Since

higher values of m are better at keeping components small, more components exist near

the average component size.

This trend is clarified by considering the degree-sensitivity correlation. First, we

note that both random and structure-based selection have uncorrelated degrees and sensi-
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tivities, since they ignore sensitivity information. Sensitivity-based selection has a strong

negative degree-sensitivity correlation, which is also to be expected since low sensitivity

genes have a higher probability of gaining links. The most interesting case is hybrid se-

lection. Initially, when all components are small, sensitivity is a larger influence in hybrid

selection, causing a negative degree-sensitivity correlation. Once components are of mod-

erate size, component size begins to take over until the formation of GSCC. As discussed

previously, once GSCC forms there is a greater chance that all m potential genes will

come from GSCC, in which case all m genes have equal component sizes and sensitivity

again takes over.

2.3.5 Connecting with data

We compare our simulated networks to networks reconstructed from data. We con-

sider several reconstructed transcriptional gene regulatory networks for different species,

listed in Table 2.1. Using [1], we have estimates on the ages of most genes found in

these networks, which allows us to construct an ‘ancestral ordering’ of links. We do this

by ordering each gene by age and adding a link once both genes appear. Admittedly, this

way of capturing the network through evolutionary time provides only a very coarse view,

since it relies on the strong assumption that a regulatory link between two genes appears

as soon as the ‘younger’ gene appears. While this assumption is almost certainly violated,

we believe it provides a good starting point for connecting with data. For comparison, we

also consider a random ordering of the links. In both the ancestral and random orderings,

the final networks are identical, with the only difference being the order in which the links
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were added.

Due to the small size of the networks, which results because the empirical data

is incomplete, the connected components do not have clear transitions. In addition, we

do not have known values for the bias or sensitivity of each gene. The sensitivity of a

gene may be approximated using expression data, but calculating accurate sensitivities is

a challenging problem and beyond the scope of our investigation.

We can, however, analyze the in-out assortativity of the network as a function of the

number of links added, as shown in Fig. 2.6. The final values of the in-out assortativity are

given in Table 2.1. As we observed in our simulated structure-based and hybrid networks,

when we add links using the ancestral ordering that incorporates gene age, we see a

general trend in in-out assortativity: a significant early drop to a moderately negative

minimum, followed by a slow increase back toward zero. This pattern is clear for 3 of

the 4 species for which Ref. [1] provides extensive gene age data: yeast, drosophila, and

mouse. We see a similar, yet weaker, trend for human in Fig. 2.6(d), but only after an

initial peak with elevated assortativity, which is especially pronounced for the ENCODE

data. We believe that the difference in the pattern may be due to the small network size

(the ENCODE network includes only 122 genes) and the biases involved in subsampling

from the full human gene regulatory network. Nonetheless, the difference between the

ancestral ordering and the random ordering for the human data is similar to the other

species: the assortativity for the ancestral ordering dips far lower than for the random

ordering and stays significantly negative for a much larger range of links added. Perhaps

interestingly, the two species with positively assortative final networks, yeast and E. coli,

are also the only single-celled organisms considered. Unfortunately, incomplete gene age
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Figure 2.6: In-out assortativity for the transcriptional gene regulatory networks listed in
Table 2.1, as a function of the number of links added. Links are ordered using gene age
information [1], and a randomized ordering of the links in the final network is shown for
comparison. Both orderings yield the same final network. E. coli is omitted, due to lack
of gene age information from [1]. Note that the horizontal axis is scaled by total number
of final links (Efinal), rather than number of genes (N ), to allow for comparison across the
different networks.

data from [1] means we cannot verify if the assortativity of the E. coli network follows

the same trend as the others.

2.4 Discussion

We have seen that using simple competitive rules, a network can be evolved to re-

sist large-scale damage propagation significantly better than the random case. Often this
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Species Nodes Edges In-out assort.
E. coli [41] 201 460 0.0475

S. cerevisiae [42] 409 5068 0.0590
D. melanogaster [43] 329 3407 −0.0447

M. musculus [44] 827 2213 −0.010
H. sapiens (TRRUST) [44] 795 1882 −0.0516
H. sapiens (ENCODE) [45] 122 624 −0.0430

Table 2.1: Number of nodes, edges, and the in-out assortativity for the E. coli, yeast, fruit
fly, mouse, and human transcriptional networks. These in-out assortativity values are also
the final values in Fig. 2.6

leads to specialized structure such as higher link density between low sensitivity genes,

high disassortativity, and strong negative correlations between degree and sensitivity. Per-

haps most surprising is that knowing a gene’s sensitivity is not necessary to effectively

delay the onset of a system-wide damaged component, although it does help to ensure

that the components remain small. In fact, when we include sensitivity but not struc-

ture in the selection rule, more links form between a smaller subset of genes. Not only

does this feature result in faster growth of giant components, but it also tends to exclude

some high sensitivity genes from contributing to the network at all. Further, the in-out

assortativity of our simulated networks evolved using structure-based selection mimics

the in-out assortativity of our reconstructed real networks, further corroborating the im-

portance of structure information in the evolution of actual regulatory networks. Future

investigations into the connection between this kind of model and real-world data would

benefit tremendously from accurate estimates of gene biases.

Surprisingly, using gene sensitivity information along with structure does not pro-

vide a benefit, at least when applied through a simple multiplicative rule, when compared

to using structure alone. This hybrid rule results in a three phase growth process that

34



switches between emphasizing low sensitivity genes, then small component genes (which

at such a point are high sensitivity), and then back to low sensitivity genes. The drawbacks

found in the purely sensitivity-based selection take effect, leading to earlier percolation

than if sensitivity were ignored. One can construct more complicated selection rules that

incorporate sensitivity and structure to perform better than structure alone, but such rules

tend to be overly engineered, and hence we suspect less biological.

One missing aspect in this process is the ability for gene sensitivities to evolve

over time. The sensitivity of a gene is an innate dynamical property, and should not

be expected to stay constant throughout every generation. In fact, as the structure of

the network evolves over time, the dynamical behavior of individual genes would likely

change in response. Allowing for the coevolution of structure and sensitivity may lead to

a different story, and represents a natural next step.

Data Accessibility

All relevant code and data are publicly available at https://github.com/bralex1/EvoNets.
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Chapter 3: The sync-contagion model of dual information spread

3.1 Introduction

Many agent-based models have been studied to explore emergent dynamics in pop-

ulations of interacting individuals. Examples range from modeling the synchronization

of flocks of animals [7, 46–48] to the spread of epidemics or information along net-

works [49–52]. Most of these studies focus on a single type of dynamics, e.g. either

the synchronization process or an information cascade, but not both simultaneously. A

recent study [47] explored swarming and synchronization at the same time through a

‘swarmalator’ model. The swarmalator model consists of coupled spatial and phase syn-

chronization dynamics. With this model, O’Keeffe, Hong, and Strogatz discovered five

type of pattern formation involving clustering in space and phase. In this chapter, we are

similarly interested in a combined model, with our focus on the case of synchronization

and information cascades coevolving in a population. Like the swarmalators of Ref. [47],

the combined ‘sync-contagion’ model has the potential to exhibit new behaviors not oth-

erwise observable in the individual models alone.

Synchronization is a phenomenon in which a group’s behaviors converge over time

towards some consensus. Examples include flocking and swarming of animals [7,46,53],

the songs of Japanese tree frogs [54], humans escaping a fire [55, 56], and the flow of
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power in a power grid network [57]. One model of synchronization is the Kuramoto

model [58,59], which has been used to analyze the behavior of a network of coupled phase

oscillators, but has also been applied to swarming [7, 47, 48] and opinion dynamics [60,

61]. The Kuramoto model is known to exhibit two main types of behavior, based on

choice of coupling strength [59, 62, 63]. For coupling above some critical value, the

oscillators will synchronize, forming one or more clusters. For coupling below the critical

value, the oscillators will instead disperse into an incoherent state, in which the oscillator

phases are evenly distributed around a circle.

Contagion models, on the other hand, represent systems where a signal or attribute

cascades throughout a population. The archetypal contagion model is the well-studied

SIR model of infection spread [49, 64, 65]. In the SIR model, each individual belongs

to one of three groups: susceptible, infected, and removed/recovered. The infected in-

dividuals spread the infection to susceptible individuals and eventually recover, gaining

long-term immunity. Beyond infectious diseases, the SIR model can easily be adapted to

model the spread of a computer virus [50, 66] or the spread of information such as news

and rumors [51, 52, 67].

When combining the sync and contagion models, we consider a system of individu-

als where some initial small population is incited by an external stimulus. The presence of

this stimulus requires some form of behavioral change of the population represented by a

target ‘orientation’ known only to the initial group. The initial group must then send two

kinds of information throughout the population: the existence of the triggering stimulus

and the target orientation. Specific applications include escape of a group in the presence

of a threat, in which the orientation is the literal directional facing of an individual, and
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the changing opinions of a population in response to a hot topic, where the orientation is

an abstraction of one’s ‘political orientation’.

A combined sync and contagion model was introduced by Chicoli and Paley [7] to

model the shoaling of fish schools and their escape in the presence of a predator. We base

our sync-contagion model on the model presented by Chicoli and Paley, but with two key

differences. First, the model of Chicoli and Paley only features unidirectional feedback

between the two models, where the contagion dynamics influence the sync dynamics but

not the other way around. We introduce a bidirectional feedback, to allow the sync system

to affect the contagion system, by including an ‘acceptance function’ that determines the

probability of successful contagion spread to an individual based on its orientation. For

the second change, we note that Chicoli and Paley investigate the distinction between a

naturally coherent and naturally incoherent system through selection of the initial condi-

tions, but in both cases choose system parameters that will lead to synchronization over

time. While this is valid for short timescales, we instead choose to distinguish between co-

herent and incoherent systems by setting the sync model parameters appropriately, which

allows us observe the longer-term behaviors for each.

We discover five types of behavior exhibited by our sync-contagion model when

considering the success of realignment of the system towards the target orientation. First,

if the rate of contagion transmission is not fast enough, then we achieve the trivial sce-

nario of no initial contagion spread. Second, for naturally incoherent systems, successful

realign is possible, but only temporary, as the system will return to total incoherence af-

ter sufficient time when no contagion is present. Finally, the remaining three behaviors

are various levels of permanent align in coherent systems: no/limited realignment, partial
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realignment, and full realignment. The distinction between these three behaviors results

from the relative strengths of the contagion transmission and the sync coupling and their

ability to overcome a ‘barrier’ introduced by the acceptance function.

3.2 Model and methods

In this section, we first present an overview of the two models that we integrate to

form our sync-contagion model: the Kuromoto model for synchronization and the SIR

model for information cascades. We then describe our unified model that combines the

two with bidirectional feedback. Finally, we define our initial conditions and discuss

some considerations regarding parameter choices.

3.2.1 Sync model

The Kuramoto model describes the phenomenon of synchronization in a system

of coupled oscillators [58, 59] as a function of the coupling strength. While normally a

system of differential equations, the Kuramoto model is easily adapted to a discrete-time

map model [62,63,68] that exhibits similar behavior. The discrete version version we use

as a foundation most closely resembled the ‘sync map’ presented in [63].

For our sync model, we consider a system of N coupled oscillators. At each time

step t, oscillator k updates its orientation θkt according to

θkt+1 = θkt + ηkt +
κ

N

N∑
j=1

sin(θjt − θkt ), (3.1)

where κ is the coupling strength between oscillators and ηkt is i.i.d. random noise. After
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Figure 3.1: Left: The critical boundary for the sync model (3.1) with Gaussian noise
ηkt ∼ N (0, σ2). Values of (κ, σ) above the blue curve lead to an incoherent system state
at equilibrium (ρ∞ ≈ 0). Colored dots mark values of (κ, σ) used in the example steady-
state distributions shown in the right figure, with colors of the dots matching colors of
the distributions. Right: Example steady-state distributions for the sync model (3.1) with
Gaussian noise ηkt ∼ N (0, σ2) for different values of σ and fixed κ, generated from a
simulation of N = 105 oscillators. Note that each distribution has been shifted to have
mean 0. As σ decreases, the steady-state distribution changes from a uniform distribution
(the incoherent state) to a symmetric, unimodal distribution (the coherent state), with the
width of the distribution decreasing as σ continues to shrink.

each step, all orientations are taken mod 2π and remapped to the interval [−π, π). For

our purposes, the noise can be considered the error in each individual’s ability to achieve

their desired orientation.

The macroscopic dynamics of the sync model can be captured by the order param-

eter

rt = ρt exp(iφt) =
1

N

N∑
k=1

exp(iθkt ), (3.2)

which can be broken down into the coherence, ρt = |rt|, and the mean orientation, φt =

Arg(rt). As shown in [63], in the large N limit for a specified noise distribution, there

is a critical value of κ = κc such that a uniform distribution of oscillator orientations is

stable (i.e., ρt → 0) for κ < κc and unstable for κ > κc. In particular, for Gaussian noise

ηkt ∼ N (0, σ2), the critical value is given by κc = 2(exp(σ2/2)−1), shown in Figure 3.1.
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If we restrict ourselves to κ ∈ [0, 1] and finite N , we end up with two classes of

behavior, demonstrated in Figure 3.1:

1. For 0 ≤ κ < κc, the stable distribution is approximately uniform on [−π, π) with

ρ∞ ≈ 0. We will call such systems incoherent.

2. For κc < κ ≤ 1, the stable distribution is unimodal and symmetric about φ∞. As κ

increases, the width of the distribution decreases, and therefore ρ∞ increases. We

will call these systems coherent.

Note that it is possible to use a larger range of κ. We choose a lower bound of

κ ≥ 0 so that the system will ‘naturally’ synchronize in the absence of noise, except in

the exact case of κ = 0, where no dynamics occur. For the upper bound, values of κ ≥ 2

can potentially lead to formation of multiple clusters in the steady-state [62]. We are only

interested in the single-cluster case, and find that a maximum of κ ≤ 1 is sufficient to

illustrate the behaviors of our combined model.

3.2.2 Contagion model

Compartmental models have been the fundamental model for infectious disease

spread [64, 65] and other forms of information propagation through a population [exam-

ples], with the SIR model being likely the most well-known. In these models, individuals

exist in one of several ‘compartments’ (or groups) at each point in time, and transition

between the groups according to specified rules. Our contagion model is based on the

discrete-time SIR model [65], described in this section.
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We consider the case of an infection spreading among a community of N individu-

als. At any point in time, an individual will belong to exactly one of three groups:

1. Susceptible (S) individuals have never been infected, but are capable of becoming

infected.

2. Infected (I) individuals have the infection and are able to spread it to susceptible

individuals.

3. Removed/Recovered (R) individuals were previously infected and cannot later be-

come infected.

We begin with everyone in S at time t = 0, except for a few initial infected indi-

viduals, and as time progresses individuals can transition between groups according to

two rules. First, a susceptible individual can become infected upon being exposed to an

infected individual. If we assume a fully-mixed population, where the transmission coef-

ficient β is defined as the contact rate × the transmission probability. For a fully mixed

system, a susceptible individual at time t becomes infected with probability β|It|/N ,

where |It| denotes the size of the infected population at time t. Second, any infected

individual at time t becomes removed (or recovers) with probability γ. This process is

summarized in Figure 3.2. The mean behavior of the contagion model can be described

by the system of equations

St+1 = St(1− βIt),

It+1 = It(1 + βSt − γ),

Rt+1 = Rt + γIt,

(3.3)
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Figure 3.2: Transition diagram for the contagion model.

where St = |St|/N , It = |It|/N , and Rt = |Rt|/N .

The dynamics of the contagion model are fully determined by the transmission

coefficient β, the recovery rate γ, and the initial infection probability pI0. In the case

of I0 ≈ 0, we have the restriction that β/γ > 1 is required for the initial infection to

grow. Examples of the contagion dynamics over time for different β and γ are shown in

Figure 3.3.

3.2.3 Combining the models: the sync-contagion model

To combine our sync and contagion models, we again consider a system of N indi-

viduals, each with an orientation θkt , but also belonging to one of S, I, or R at each time

t. We imagine that a few individuals in the population are exposed to special information

and become ‘infected’ by setting their orientation to the target orientation reflected by

this special information, with all other individuals starting in the susceptible state. For

schools of fish, the target orientation might correspond to the direction of escape from

a predator. Susceptible individuals become infected based on interacting with infected

individuals as well as the distance between their orientation and the target orientation. If

a susceptible individual’s orientation differs too greatly from the the target orientation,

then the probability of transmission is reduced.
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Figure 3.3: Example outcomes of the contagion model for different choices of trans-
mission coefficient β and recovery rate γ. In general, larger values of β lead to greater
exponential growth of the infected population (and decay of the susceptible population),
while larger values of γ lead to faster exponential decay of the infected population (and
growth of the removed population). In the case where β/γ < 1 (top left), the infection
immediately dies out.
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Specifically, we modify Eq. (3.1) to depend on an individual’s infection status as

θkt+1 =


θkt + ηkt + κ

N

∑N
j=1 sin(θjt − θkt ), if k ∈ St+1 ∪Rt+1,

φIt + ηkt , if k ∈ It+1,

(3.4)

with

φIt = Arg

[
1

|It|
∑
k∈It

exp(iθkt )

]
. (3.5)

In other words, individuals that are susceptible or removed follow the normal sync model

rules, while individuals that are infected align to the mean orientation of the infected

subpopulation, calculated from the previous time step.

The bidirectional feedback is achieved by making the transition probabilities be-

tween the contagion groups to depend on an individual’s orientation. Specifically, upon

exposing a susceptible individual to the infection, there is a probability α(θ) that the

infection takes hold and a 1 − α(θ) probability that the individual instead becomes im-

mediately removed. The acceptance function α(θ) depends on the distance between the

individual’s orientation θ and the target orientation θ�, with infection success increasing

as this distance decreases. The new transition diagram for the sync-contagion model is

then given in Figure 3.4. The resulting mean behavior is summarized by

St+1 = St(1− βIt),

It+1 = It(1 + βSt〈α(θkt )〉k − γ),

Rt+1 = Rt + It(βSt(1− 〈α(θkt )〉k) + γ).

(3.6)
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Figure 3.4: Transition diagram for the sync-contagion model. We have updated the tran-
sition diagram from Figure 3.2 with the effect of the acceptance function α(θ).
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Figure 3.5: Plot of the acceptance function α(θ) used in our simulations. Individuals with
orientations near the target orientation θ� are more likely to take on the infection when
exposed.

We choose α(θ) to be defined as

α(θ) = 1− exp

(
−(|θ − θ�| − π)2

2(π/6)2

)
, (3.7)

as shown in Figure 3.5. We note that the specific choice of α(θ) is not too important, but

Eq. (3.7) has key features of α(θ) strictly increases as |θ− θ�| decreases, α(θ�) ≈ 1, and

α(θ�+π) = 0. Other choices of α(θ) with these features will produce similar qualitative

results.

We define t = 0 as the time when the first infection is introduced into the sys-

tem. Before this point, we allow the orientations to equilibrate according to the stable
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distribution determined by Eq. (3.1), and then redefine our coordinates so that the mean

orientation at time t = 0 is set to φ0 = π.

We introduce the infection at t = 0 by setting each individual as infected with

probability pI0, leading to I0 ≈ pI0. If an individual k is infected at t = 0 (i.e., k ∈ I0),

then we immediately reorient θk0 = θ�+ ηk0 . For our analysis, we choose θ� = 0, causing

the initial susceptible and infected populations to be as far apart as possible and presenting

a ‘worst-case’ scenario for the system.

3.2.4 Applications

Our sync-contagion model can be used to represent systems with two pieces of

information to spread: awareness of an external stimulus (the ‘infection’) and the initial

response orientation, θ�, for the small set of individuals infected at t = 0. Infected

individuals are the primary drivers in realignment of the system towards θ�. Note that

only the original infected population ‘knows’ to redirect towards θ�, but this knowledge

is preserved within the infected population since Eq. (3.4) leads to φIt ≈ θ� as long as

|It| > 0. Those who are uninfected may align towards θ� either by becoming infected

themselves, or by the base synchronization dynamics determined by Eq. (3.1).

Applying the model for escape in the presence of the threat, similar to Ref. [7],

each individual moves in some direction θ. Knowledge of the threat is propagated as a

startle, which eventually dies down, while the desired escape direction is θ�. Individuals

who are moving in a direction too different from θ� do not react their startled neighbors,

either due to not seeing others moving in the opposite direction or because the change in
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direction would be too large to be feasible. This non-reaction to the startle is captured

through the acceptance function α(θ).

As a model of opinion dynamics, the orientation may represent an individual’s

stance on a particular topic. The infection then represents interest in some current ‘hot

topic’ that might redirect an individual towards a new stance θ�. Individuals who take

interest become promoters of the stance θ� and try to encourage others to become pro-

moters. Eventually, interest in the hot topic dissipates. Individuals whose stances are too

distinct would refuse to become promoters upon learning of the hot topic, as captured by

α(θ).

Take, for instance, θ to be one’s opinion on social injustice and the existence of

systemic racism. The killings of George Floyd, Breonna Taylor, Ahmaud Arbery, and

countless others triggered a national dialogue on the topic, with many taking part in the

Black Lives Matter protests. The protesters can be seen as promoters of the stance that

systemic racism is real and is an issue that needs to be addressed. Many individuals were

convinced by the movement and joined the side of the promoters, further spreading the

discussion. However, many individuals were not swayed, due to their political stance

deviating too greatly from the intended position θ� of the promoters, an effect captured

by α(θ) in our model.

3.2.5 Parameter restrictions

For our combined sync-contagion system, we have five parameters: coupling strength

κ, noise distribution width σ, transmission coefficient β, recovery rate γ, and initial infec-
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tion probability pI0. We can reduce this to three by first observing that realignment of φt is

primarily driven by the infected population. The susceptible and removed populations can

only passively realign according to the sync model (3.1), with more weight given towards

θ� when |It| is larger. The two parameters that directly affect |It| are pI0, for which larger

values give the infected population a greater head start, and γ, for which smaller values

allow the size of the infected population to be sustained for longer. Since the effects of

these two parameters are fairly straightforward, we will set them to reasonable values of

pI0 = 0.01 and γ = 0.01.

The effects of κ, σ, and β are less obvious. However, we can note that all three play

a role in the requirement for the growth of the initial infection. For |I0| ≈ 0, the initial

infection will grow on average only when βα0/γ > 1, where

α0 =
1

N

N∑
k=1

α(θk0). (3.8)

Recall that the distribution of θk0 depends on the stable distribution for Eq. (3.1), which in

turn depends on κ and σ.

3.2.6 Measures

We need to evaluate the emergent dynamics of our model in two ways. First, we

need to determine the success of the sync model in realigning the system towards the

target direction θ�. Second, we need to determine how well infection information is

spread through the contagion model. We describe our means of measuring success in this

section.
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3.2.6.1 Coherence, mean orientation, and realignment

Just as with the original sync model, we can consider the order parameter rt given

in Eq. (3.2), which gives the coherence of the orientation distribution ρt = |rt| and the

mean orientation φt = Arg(rt). Furthermore, we can consider the coherence and mean

orientation of the subpopulations S, I, and R by averaging over only members of those

groups, as was done for φIt in Eq. (3.5).

We consider realignment to be successful if φ∞ becomes reasonably close to θ�.

Since the infection will always die out and the system will always return to the basic sync

model (3.1), permanent realignment is only possible in coherent systems.

For incoherent systems, only temporary (re)alignment is possible, since the system

will naturally return to the totally incoherent state. In this case, the order parameter ρt is

more useful, since it will generally increase only when a cluster forms around θ�, with

strongest alignment likely occurring when ρt is maximized.

3.2.6.2 Maximum infection fraction

We can also consider the maximum infected fraction

Imax = max
t
It. (3.9)

The value of Imax is especially meaningful in the context of opinion dynamics, where

the size of the infected population represents the number of concurrent promoters of the

stance θ�. Even if realignment did not occur, maximizing the ‘visibility’ of a hot topic is
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still desirable.

Furthermore, for incoherent systems, if we assume the sync model dynamics are

fast enough such that uninfected individuals are always uniformly distributed, then in the

large N limit, ρt is given by

ρt = Itρ
I
t . (3.10)

Note that for all t and large N that θkt ∼ N (0, σ2) for k ∈ It, meaning ρIt ≡ ρI0 is con-

stant, and ρt is then maximized precisely when It is maximized. Thus, Imax will directly

give the alignment success for an incoherent system, removing the need to consider ρmax

at all.

We find that this assumption requires σ to be large enough for the choice of κ, since

increased noise leads to faster convergence to the incoherent state. In cases where this

approximation is invalid, however, ρmax still occurs approximately simultaneously with

Imax in incoherent systems.

3.2.6.3 Maximum cosine mean

While the final mean orientation φ∞ works well to evaluate coherent systems, and

ρmax (or Imax) works well for incoherent systems, it is desirable to have a measure to

compare coherent to incoherent systems. One measure that works in both cases is the

maximum cosine mean

Cmax = max
t

1

N

N∑
k=1

cos(θkt ) = max
t
ρt cos(φt). (3.11)
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The value Cmax is larger when φt is close to our target orientation θ� = 0, but penalized

for wider distributions of orientations (ρt small).

In incoherent systems, symmetry causes φt = θ� as long as |It| > 0, so that Cmax =

ρmax. Meanwhile for coherent systems, Cmax will depend more on the final orientation φ∞.

Thus, Cmax gives a way to compare the primary measure of coherent systems (φ∞) to the

measure for incoherent systems (ρmax).

3.3 Results

In this section, we present the key results of the sync-contagion model. We begin

by observing the general behavior of the system in the incoherent and coherent cases, and

then consider the effects of modifying our three remaining parameters: noise distribution

width σ, coupling strength κ, and transmission coefficient β.

3.3.1 General behavior

To begin our investigation, we take a look at a sample of the sync-contagion dy-

namics applied to both an incoherent and a coherent system.

As described in Section 3.2.6.2, if we assume that the orientations of uninfected

individuals are always uniformly distributed in an incoherent system, then the coherence

ρt will be directly proportional to |It|. In the incoherent case shown in Figure 3.6, this

assumption does not exactly hold, since ρS∪Rt becomes noticeably greater than zero; how-

ever, comparing the graphs of ρIt and |I|/N still shows a close relationship regardless. As

long as the infection exists, the mean orientation remains near θ�, and ρt becomes more
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positive with the larger infection. However, once the infection dies out, the system returns

to the incoherent state, leading to the mean orientation becoming a random value and ρt

approximately zero.

For coherent systems, the rise of the infection actually causes a decrease in coher-

ence, shown in Figure 3.6, as individuals are split between one distribution centered on

the mean orientation φIt of the infected population and another distribution centered on

the mean orientation φS∪Rt of uninfected population. Over time, φS∪Rt is pulled towards

φIt , leading to permanent realignment of the system, ideally keeping φ∞ near θ� after the

infection ends.

In both cases, since ρIt is essentially constant, the change in ρt follows the change

in ρS∪Rt . Note that as the infection dies out, the coherence of the infected subpopulation

becomes more noisy, as fewer members remain.

3.3.2 Modifying the width σ of the noise distribution

We determined the effects of the recovery rate γ and initial infection probability

pI0 in Section 3.2.5. Of our three remaining parameters, the standard deviation σ of the

noise term ηkt has the most straightforward effect. First, recall that for fixed κ, the value

of σ will establish whether the system is coherent or incoherent. Beyond this effect, the

value of σ that best propagates the infection and realignment actually depends on which

of these two synchronization tendencies the system has. By comparison, ideal values γ

and pI0 are independent of synchronization tendency.

For incoherent systems, the‘goal’ of the infection is to maximize ρt and Imax. If we
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Figure 3.6: Example behavior of an incoherent (left) and coherent (right) system. Simu-
lations used a population of N = 104 oscillators. Top row: Fractions of the population
in each category (susceptible, infected, and removed) over time. Middle row: Distribu-
tion of orientations over time. The red center line indicates θ� = 0. The mean angle φt
is marked by a yellow dot. Bottom row: The coherence of the full population ρt, the
infected subpopulation ρIt , and the uninfected subpopulation ρS∪Rt .
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again assume that uninfected individuals in an incoherent system always have uniformly

distributed orientations, then 〈α(θkt )〉k = α0 for all t. The average probability of a sus-

ceptible becoming infected is then βα0|It|/N , where α0 is the mean of α(θ) over the

uniform distribution on [−π, π). Hence, the contagion dynamics, particularly Imax, are

independent of σ.

We do note, however, that

ρt ≈
|It|
N
ρI0 =

|It|
N

exp(−σ2/2), (3.12)

which is dependent on σ and decreases as σ increases. We can conclude that lower val-

ues of σ are therefore beneficial to incoherent systems, as it allows the distribution of

orientations of infected individuals to be tighter around θ�.

By comparison, coherent systems tend to form one cluster of infected individuals

oriented around φIt near θ� = 0 and one cluster of uninfected individuals around φS∪Rt ,

initially near π, the initial mean orientation. The infection needs sufficient susceptible

individuals to be near θ� for the infection to continue, due to α(θ). If too many indi-

viduals are far from θ�, then the infection will end and soon after realignment will end.

Smaller values of σ are therefore detrimental to coherent systems by causing a tighter

initial distribution of susceptible individuals around θ = π, making it harder to sustain

the infection.

Seen another way, larger σ, and therefore a wider distribution of susceptible indi-

viduals’ orientations, will speed up the rate of realignment in coherent systems, as shown

in Figure 3.7. This wider distribution allows α(θ) to capture more susceptible individuals,
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Figure 3.7: Distributions of orientations over time for coherent systems with different
choices of noise distribution width σ and κ = 0.5, β = 0.1, and γ = 0.01. The mean
angle φt is marked by yellow dots, and the central red line indicates θ� = 0. As the
width of the noise distribution increases, the uninfected population realigns towards θ� at
a faster rate, at the cost of a less tight distribution.

fueling the infection, and consequently creating more weight towards φIt .

3.3.3 Modifying the coupling strength κ

We next consider the effect of the coupling strength κ. For fixed σ, the value of

κ determines whether the system is coherent or incoherent. For incoherent systems, the

coupling strength κ is largely unimportant, other than the requirement κ < κc. The

dynamics are driven primarily by σ, as just discussed, and β, as we will see later.

In coherent systems, κ serves two roles. First, similar to the effect of small σ, larger
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κ in coherent systems will lead to a tighter distribution of uninfected orientations around

φS∪Rt , thus potentially preventing a spread of infection due to α(θ). However, stronger

coupling will also lead to a faster realignment rate of φS∪Rt towards φIt . The balance of

these two features is key in successful realignment.

We demonstrate the effect of adjusting both κ and β in Figure 3.8, and show a

slice for constant β in Figure 3.9. We can see that, indeed, incoherent systems behave

independently of κ (for κ < κc, while coherent systems exhibit more complex behavior.

For κ slightly above the critical value, where the stable distribution for Eq. (3.1) is

quite wide, the infection is easily sustained and φt realigns towards θ�. As κ increases,

the stable distribution tightens up, making infection harder to sustain. In order for the

realignment speed to move the mean orientation towards θ� within an acceptable range

for α(θ) before the infection dies out, κ must be increased further. Note that once φS∪Rt is

within a certain proximity of θ� that α(θ) ≈ 1 for all individuals, essentially guaranteeing

successful realignment. As previously discussed, larger σ benefits realignment, to the

point where κ does not matter.

The regions for realignment success also match up generally well with the higher

values of Imax and Cmax. In the case of large σ, where realignment is guaranteed for

coherent systems, the values of Imax are generally higher, but do still exhibit the ‘dip’

for intermediate values of κ. For Cmax in high σ coherent systems, larger κ is more

beneficial. When realignment is guaranteed, the value of ρt is more influential on Cmax,

which is higher for larger κ.
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Figure 3.8: Heatmaps of our measures in κβ-space for low noise (σ = π/18, left) and
moderate noise (σ = π/9, right). Results are averaged over five realizations each with a
system ofN = 1000 oscillators. The vertical dashed red line indicates the critical value of
κc for each value of σ. Incoherent systems exist to the left of the red line, while coherent
systems exist to the right. Top row: Absolute value of the final mean angle φ∞ scaled
by π. For incoherent systems, the final mean angle is a random value, leading to a mean
near 0.5. Middle row: The maximum size of the infected population Imax as a fraction
of the total population. Bottom row: The maximum mean cosine Cmax, which takes into
account both the mean orientation φt and the coherence ρt of the distribution.
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Figure 3.9: Our measures for fixed values of β = 0.3, σ = π/18, and γ = 0.01 as
κ varies. The vertical dashed red line indicates the critical value of κc for σ = π/18.
For coherent systems (κ > κc), intermediate values of β lead to a drop in performance
according to all three measures. Within this region, the distribution is not wide enough (κ
too high) and does not realign fast enough (κ too low) to be within an appropriate region
for the infection to continue, as required by the acceptance function α(θ).

3.3.4 Modifying the transmission coefficient β

Finally, we study the effects of adjusting the transmission coefficient β. We again

see that the contribution of α(θ) on the dynamics is key to understanding the effect of β.

Recall that temporary alignment in incoherent systems is stronger when the infected

population is larger. To grow the infection as large as possible, we simply need to grow

it as fast as possible. If we again assume that orientations of uninfected individuals are

uniformly distributed, then we can ignore the effects of α(θ) and increase the infection

rate by increasing β. This effect is clearly shown in Figure 3.10, where larger values of β

directly lead to an increase in Imax and Cmax.

The dynamics when considering the effect of β in coherent systems is similar to

our considerations for κ. By increasing β, we increase the transmission coefficient be-

tween infected and susceptible individuals. To sustain the infection, we require β to be
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Figure 3.10: Our three measures for different varying values of β on incoherent systems
with κ = 0.02, γ = 0.01, and σ = π/9. Results are simulated on a system of N = 1000
oscillators and averaged over 100 realizations. The large grey box marks the region where
βαo/γ < 1, where the initial infection does not spread. The final mean orientation in an
incoherent system is a random value, which leads to |φ∞|/π averaging out to 0.5 for all
values of β. The maximum size of the infected population and the maximum mean cosine
measure both increase as the transmission coefficient increases.

sufficiently large. However, because of α(θ), if the distribution of susceptible individuals

is too far from θ� during an exposure, then each exposure will likely lead to a transition

from susceptible to removed instead. Consequently, it is necessary for the transmission

coefficient to be high enough to prevent the infection from dying out (due to recoveries),

but low enough to give time for partial realignment of the susceptible orientations to get in

proper range of θ� for α(θ). We can see a comparison of a successful and failed realign-

ment in Figure 3.11, where the failure is due to increasing the transmission coefficient.

Increasing κ speeds up the sync dynamics, while increasing β speeds up the con-

tagion dynamics. As seen in Figure 3.8, in order for the system to achieve realignment

to the target direction, increasing β requires increasing κ so as to preserve the careful

balance.
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Figure 3.11: Distributions of orientation over time for β = 0.2 (left) and β = 0.9 (right)
for two coherent systems with κ = 0.4, σ = π/18 and γ = 0.01. The mean orientation φt
is indicated by yellow dots, and the horizontal red line indicates θ� = 0. When β is made
too large, the exposures occur too quickly, leading to most exposures turning into instant
removals, due to α(θ). The transmission coefficient must be slow enough to allow for
partial realignment of the uninfected population before the majority of exposures occur,
while still large enough to sustain the infection at low levels.

3.3.5 Behavior classification

In total, we can classify the behavior of the sync-contagion model into five cate-

gories: (a) infectionless, where βα0/γ < 1, leading to no initial infection; (b) temporary

realignment, which includes all incoherent systems for which the initial infection spreads,

causing φt to temporarily align with θ� before the system returns to an incoherent state;

(c) full permanent realignment, where φ∞ is close to θ�; (d) partial permanent realign-

ment, where φt shifts away from its initial orientation, but φ∞ is not close to θ�; and

(e) limited/no realignment, where φt does not move far, if at all. Permanent realignment

only occur in coherent systems. In Figure 3.12, we indicate example regions in κβ-space

corresponding to these five classifications.
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Figure 3.12: Classifications of sync-contagion model behaviors, experimentally derived
from the results shown in Figure 3.8. The classification regions are as follows: infec-
tionless (black), temporary realignment (red), full permanent realignment (green), partial
permanent realignment (yellow), and limited/no realignment (grey). Partial permanent re-
alignment is based on φ∞ being within π/6 of the target orientation. Similarly, limited/no
realignment is based on φ∞ being further than 5π/6 from the target orientation.

3.4 Discussion

We have introduced a simple model for information propagation that combines the

sync dynamics of a Kuramoto-like model with the cascading dynamics of a contagion

model. Distinct from other models, we have introduced a bidirectional feedback between

the two systems, where the sync dynamics affect the contagion dynamics, which in turn

affect the sync dynamics.

Summarizing our findings, we first note the effects of the sync model parameters,

coupling strength κ and noise distribution width σ, on the contagion dynamics. For fixed

σ, the choice of κ relative to a critical value κc will determine whether the sync model

exhibits coherent or incoherent behavior. These two behaviors carry over into the sync-

contagion model, most notably in whether realignment will be permanent or temporary.

Furthermore, the choice of σ has opposite effects in coherent versus incoherent
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systems, with regards to realignment strength. In incoherent systems, smaller values of σ

allow for a tighter distribution around the target orientation θ� during the infection period,

and increase the strength of the realignment. By contrast, the tighter distribution intro-

duced by lowering σ in coherent systems prevents susceptible individuals from accepting

early infections, due to the acceptance function α(θ), resulting in too many immediate

transitions from susceptible to removed before sufficient realignment can occur.

We see a similar effect in varying the coupling strength κ for coherent systems.

Larger values of κ lead to to a tighter distribution of susceptible individuals’ orientations,

preventing early infections from being accepted. However, κ also controls the speed at

which realignment occurs, meaning large enough κ can potentially overcome this obsta-

cle. In incoherent systems, κ has no notable effect.

We also observed the effects of the contagion model parameters on the sync model.

The infected population drives realignment of the system, so whichever choices of param-

eters lead to a large, sustainable infection are preferred for realignment. It is straightfor-

ward that low recovery rate γ and high initial infection probability pI0 are always beneficial

to realignment strength, due to the direct effect these have on the size of the infected pop-

ulation. For the remaining parameter, transmission coefficient β, the effect also depends

on incoherent versus coherent behavior. For an incoherent system, a faster transmission

coefficient is generally preferred, since the susceptible population will usually have in-

dividuals in range of θ� to accept the infection. Spreading the infection faster will then

create a stronger temporary realignment.

In coherent systems, the effect of β again relates to the action of the acceptance

function. Early infections are typically not accepted, since the initial susceptible distribu-
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tion is far from θ�. Increasing the transmission coefficient too far will then cause many

of the early exposures to lead to immediate removal. The transmission coefficient must

therefore be large enough to sustain the infection, countering the recovery rate, but small

enough so that the system can realign closer to θ� for infections to be accepted.

Finally, we compare our findings to those of a similar model presented by Chicoli

and Paley [7]. While the two models differ in a number of ways, with ours introducing

several generalizations that make the two difficult to compare, a key result of the Chicoli

and Paley model is that the uniform distribution of an incoherent system can be beneficial

to realignment due to a larger number of individuals already near the target orientation.

We come to a similar conclusion, where the widespread distribution in an incoherent

system is more reliable in propagating an infection and achieving a strong temporary

realignment.

One key distinction, however, is that the Chicoli and Paley model only represents

a coherent versus incoherent system through the initial conditions, and chooses a cou-

pling strength that causes coherent dynamics in both cases. By relaxing this condition,

so that the system returns to its natural coherent or incoherent state once the infection

ends, we find that coherent systems have the potential to significantly outperform inco-

herent systems with regards to realignment success. In particular, incoherent systems can

only achieve temporary realignment, since they return to an incoherent state once the in-

fection passes. Within the context of swarm escape from a predator, though, temporary

realignment towards the target orientation is likely sufficient.

One key assumption that we wish to relax in the future is the fully-mixed condition.

Instead, we can introduce a network structure, where information of the infection and
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orientations can only be propagated between connected neighbors. Alternatively, we can

introduce planar spatial dynamics in a Viscek-like model [46]. In this case, the network

structure is dynamically changing, as individuals move and can only ‘see’ other individ-

uals within a certain proximity. Combining a Vicsek-like model with a Kuramoto-like

model has shown to result in clustering of individuals based on orientation [47, 48].
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Chapter 4: A reservoir computing approach to forecasting COVID-19

data

4.1 Introduction

The COVID-19 pandemic has undoubtedly become the largest world health emer-

gency of the modern age. Since its onset, researchers around the world have focused on

developing better methods for simulation and prediction of COVID-19 data. The most

successful methods have proven to be model predictors, based on the traditional SIR epi-

demic model [64], but augmented to consider numerous additional subgroups [69, 70] or

given a network structure to better represent social interaction [71].

Predicting future values of COVID-19 case numbers falls into the larger task of time

series forecasting. While modeling methods are suitable for specific forecasting tasks,

general model-free machine learning methods have become increasingly popular. Strate-

gies have involved using support vector machines [72], deep neural networks [73, 74],

recurrent neural networks [75], and auto-regressive moving average models [76–78]. For

the context of COVID-19 case forecasting, techniques have ranged from simple regressive

models [79,80] to more sophisticated methods, such as auto-regressive integrated moving

average models [81], modified autoencoders [82], and long short-term memory recurrent
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neural networks [83, 84].

Our focus is on the method of reservoir computing [85], which has gain popularity

in recent years for the task of time series forecasting. Reservoir computers (RCs) have

shown to accurately forecast chaotic systems [86,87] and have the ability to learn system

features such as Lyapunov exponents [88] and other statistical properties, even in non-

stationary systems [89], when trained solely on data. ‘Hybrid’ reservoir computing archi-

tectures, augmented with an accompanying knowledge-based model, have been shown to

vastly outperform either the RC and knowledge-based model used in isolation [90].

When applying RCs to time series forecasting with real data, two main issues arise.

First, the data are unreliable in accurately representing the true state of the system. Re-

porting frequency leads to weekly oscillations in the reported COVID-19 case data. In

most extreme cases, where reporting occurs once every few days, the data indicate sev-

eral days of no cases followed by a sudden spike on a single day, immediately followed

once again by no cases. We introduce two transformations to the data to combat this

irregularity and increase predictability.

The second issue in applying machine learning to data-based time series prediction

is a lack of quantity of data. Machine learning success typically depends on having ac-

cess to a larger amount of training data. We perform our analysis using a full year of case

data, but even 365 data points is small compared to typical machine learning algorithms.

In addition, we should not assume that all these data are available at a time, since such

an assumption would be impractical in forecasting the early stages of a future pandemic,

where only a few days or weeks of data are available. We attempt to resolve this issue by

considering the library-augmented reservoir computing (LARC) [91] approach, in which
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the training data is supplemented by a ‘library’ of similar example time series predic-

tors. Finally, we discuss other approaches to supplement the limited amount of available

data, such as by considering past pandemics, increasing the number of input variables, or

pairing the data-based RC with a model approach.

4.2 Methods

4.2.1 Data preprocessing

Successful prediction through a data-based machine learning approach requires re-

liable data to train the system. We address several issues present in preprocessing of the

COVID-19 data set in Appendix B, and focus on our resolution within this section.

We retrieved our data from the Delphi COVIDcast Epidata API [92], which pro-

vides several U.S. COVID-19 statistics over time, including case reports, deaths, hospi-

talization, and bar visits, among others. While the COVIDcast data set provides several

useful statistics, we focus solely on the daily number of new cases. The data are presented

at different levels of geographical resolution, as small as county-level in most regions, but

we will focus on state-level data and the United States as a whole.

Preprocessing the data comes in two steps: cleaning the data and transforming the

data. To clean the data, we remove any invalid values. Specifically, any day with a nega-

tive number of cases reported, we set to zero cases instead. (For the prediction results we

present, none of the days involve negative case counts.) For the second step of prepro-
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cessing, we aim to use a transformation of the form

u(t) =
x̂′(t)

x̂(t)
, (4.1)

where x̂(t) and x̂′(t) are estimates of the underlying continuous signal for the number of

new cases x(t) on day t and its derivative, respectively. The transformation Eq. (4.1) is

suitable to detrend the data, removing the non-stationarity and generating a new, approxi-

mately constant, data series. Note that in the case of purely exponential growth, Eq. (4.1)

would give the exponential growth rate of x(t). The connection between exponential

growth and epidemic spread further indicates that Eq. (4.1) would be a natural fit. How-

ever, Eq. (4.1) presents the possibility of division by zero, so we additionally increase all

daily case numbers by one before applying the transformation, so that x̃(t) = x(t) + 1.

4.2.1.1 Windowed averaging

For our first transformation, we directly smooth to the data through an m-day win-

dowed average. We define

xavg(t) =
1

m
(x̃(t) + x̃(t− 1) + · · ·+ x̃(t−m+ 1)) . (4.2)

We then take x̂avg(t) = xavg(t − 1) and x̂′avg(t) = xavg(t) − xavg(t − 1), giving a final

transformation of

uavg(t) =
xavg(t)− xavg(t− 1)

xavg(t− 1)
=

1
m

(
x̃(t)− x̃(t−m)

)
xavg(t− 1)

, (4.3)
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which is equivalent to the daily percent change in them-day average. The inverse process,

to calculate x(t) given uavg(t) and {x(t− 1), . . . , x(t−m+ 1)} is straightforward.

4.2.1.2 Local linear fit

As our second transformation method, we estimate x̂(t) and x̂′(t) through linear

fits over an (m+ 1)-day window. Specifically, we take x̂′(t) as the slope of the line fit to

{x̃(t), x̃(t− 1), . . . , x̃(t−m)}, given by

x̂′loc(t) =

(m+ 1)
0∑

k=−m

k x̃(t+ k)−
(

0∑
k=−m

k

)(
0∑

k=−m

x̃(t+ k)

)

(m+ 1)
0∑

k=−m

k2 −
(

0∑
k=−m

k

)2 . (4.4)

For the value of x̂(t), we apply a linear fit to {x̃(t− 1), . . . , x̃(t−m)} and use the value

of the resulting line at time t− 1, so that

x̂loc(t) =

 0∑
k=−(m−1)

x̃(t+ k − 1)

 0∑
k=−(m−1)

k2

−
 0∑
k=−(m−1)

k

 0∑
k=−(m−1)

k x̃(t+ k − 1)


m

0∑
k=−(m−1))

k2 −

 0∑
k=−(m−1)

k

2 ,

(4.5)

for m > 1. For m = 1, we take x̂loc(t) = x̃(t− 1). Together, we have the transformation

uloc(t) =
x̂′loc(t)

x̂loc(t)
. (4.6)
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The inverse transformation to recover x(t) is again straightforward. We have intentionally

chosen to use one less data point in determination of the denominator (x̂loc(t)) to guarantee

invertability.

Note that we have defined m such that for m = 1, both transformations give the

daily percent change

u(t) =
x̃(t)− x̃(t− 1)

x̃(t− 1)
. (4.7)

We present examples of both transformations in Figure 4.1 for the national-level data and

Figure 4.2 for state-level data from New York an Kansas. As m increases, both transfor-

mations reduce the magnitude of the oscillations by approximately the same amount. Of

special note is the large spikes present in the Kansas data, which are removed by increas-

ing the smoothing parameter m. The irregular reporting in the Kansas data that created

these spikes would otherwise present an issue in its predictability.

4.2.2 Reservoir computer architecture

Reservoir computing is a machine learning approach involving a large recurrent

network (a ‘reservoir’) that learns a mapping of a much smaller-scale system [85]. A main

advantage of reservoir computing, compared with other machine learning techniques, is

the simplicity in the training process. Specifically, the majority of the reservoir computer

system parameters are set randomly, based on predetermined distributions, with only the

map from the reservoir to the output value being changed through the training process.

The details in the implementation of the reservoir computer can vary, particularly in the

initialization of different features, so we focus only on our implementation.
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Figure 4.1: Top: New COVID-19 cases x(t) for the United States t days after March 1,
2020 shown from March 21, 2020 (t = 20) to February 28, 2021 (t = 364). Bottom:
Transformations of the U.S. case data using the windowed average (blue) and the local
linear fit (orange) methods for different choices ofm. Form = 1, the two transformations
are identical, but even for larger m the transformations give similar results. Note that
larger m leads to greater ‘smoothing’ of the data, causing increased suppression of the
oscillations.
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Figure 4.2: Top: New COVID-19 cases x(t) for New York (left) and Kansas (right) t days
after March 1, 2020 shown from March 21, 2020 (t = 20) to February 28, 2021 (t = 364).
Bottom: Transformations of the New York and Kansas case data using the windowed av-
erage (blue) and the local linear fit (orange) methods for different choices of m. Note that
the two transformations are identical for m = 1. For larger values of m, the transforma-
tions give similar results for well-behaved data, like New York and the United States data
(Figure 4.1). For poor-quality data, such as for Kansas, the two transformations are more
distinct. The windowed average approach can more effectively remove massive spikes,
but is less effective at overall suppression of the resulting oscillations (see for example
m = 6).
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A reservoir computer consists of three layers: the input layer, the reservoir, and the

output layer. The reservoir consists of a directed network of D nodes, where D is large,

with adjacency matrix A. In our implementation, we generate the reservoir as a sparse

Erdős-Rényi network with mean degree d. The non-zero values of the adjacency matrix

are initially randomly drawn from a standard normal distribution, but then all values of

A are uniformly scaled so that the spectral radius is ρ. The state of the reservoir can be

represented by the D-dimensional vector r(t), where ri(t) is the scalar state of node i at

time t.

An N -dimensional input vector u(t) is coupled to the reservoir through a D × N

matrix Win and the update equation

r(t+ 1) = tanh
[
Ar(t) + Winu(t) + b

]
, (4.8)

where tanh[·] is taken element-wise and b is a D-dimensional bias vector. (In the case of

one-dimensional input, we will use u(t) and u(t) interchangeably.) The weights of Win

are randomly generated from a uniform distribution over [−σ, σ], and the weights of b

are taken from a uniform distribution over [−β, β].

The reservoir is then mapped to an output vector, which in the case of time series

forecasting is the input vector at the next time step u(t + 1). The map from the reservoir

to the output is given by

u(t+ 1) = Woutr(t+ 1), (4.9)

for some N × D matrix Wout. After initialization, only Wout is altered, which occurs
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Figure 4.3: The structure of a standard reservoir computer. During ‘open loop’ training,
the switch on the left takes in the input u(t). The input is coupled to the reservoir through
the input matrix Win and update Eq. (4.9). The output is then generated by multiplying
the reservoir state r(t + 1) by the output matrix Wout. After training, the switch on the
left is rotated to accept the output of the reservoir computer as the input for the next time
step, creating an autonomous ‘closed loop’.

during the training phase.

In the training phase, data are fed into the reservoir computer while it is kept in

‘open loop’ mode, in which the reservoir states are tracked, but the outputs are not looped

back into the reservoir as input. After throwing away an initial transient, the reservoir

states are used to fit Wout so that the output mapping Eq. (4.9) best approximates the true

values of the training data, typically determined through a least squares fit. Once trained,

the reservoir can then be switched to ‘closed loop’ prediction mode, in which the outputs

of the reservoir are used as the subsequent inputs, creating a fully autonomous system. A

full schematic of a reservoir computer is presented in Figure 4.3.
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4.2.3 Recursive least squares

To fit Wout to the training data, we will employ the recursive least squares method.

In the recursive least squares method, Wout is chosen to minimize the cost function

min
Wout

{
k−1∑
j=0

λk−j ||Woutr(tj)− u(tj)||
}
, (4.10)

where t0 < t2 < · · · < tk−1 and 0 < λ ≤ 1 is the ‘forgetting factor’. Traditionally,

recursive least squares is used for online training, where Wout is continuously updated

after each time step as new data come in. For our purposes, though, we are interested in

the exponential discounting by λ.

For non-stationary data, such as the COVID-19 case data, the underlying hidden

dynamics are constantly changing. We will assume, however, that the data are locally

stationary, in which any underlying parameters are approximately constant and short-

term predictions can accurately be based on recent data, but not necessarily data far into

the past. We do not want to completely ignore the older data, especially since we are

limited to very few available data points. The solution then is to exponentially-weight the

data, as in the recursive least squares method, so that the most recent data points are more

heavily considered in determining Wout without totally losing old values.

4.2.4 Baseline predictors

For comparison to the reservoir computing approach, we will use a polynomial pre-

dictor applied directly to the daily case data x(t). For small windows, the mean behavior
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of the daily case data is approximately linear, suggesting a straight-line fit may be suffi-

cient for short-term predictions of the mean behavior. We also consider a quadratic fit as

a slightly higher-order alternative.

4.2.5 Library-augmented reservoir computing

As an attempt to augment the limited data set, we will also consider the library-

augmented reservoir computing (LARC) process [91]. As a ‘metalearning’ approach,

LARC involves using information from a ‘library’ of trained reservoir computers to con-

struct a new reservoir computer that will predict a time series signal not yet seen by the

library.

The library consists of identical reservoir computers, with the same reservoir topol-

ogy and randomized system variables. However, each library member is trained on differ-

ent training data, resulting in a different sequence of reservoir states r(t) and a different

output mappings Wout. Let r0 denote the state of the reservoir at the end of training.

The set of pairs {ri0,Wi
out}, for each library member i, is used to train an autoencoder,

which embeds these high-dimensional reservoir state and output matrix pairs in a low-

dimensional latent space. The latent space embedding can then be ‘decoded’ to produce

a close approximation of the original input.

When presented with new time series data, instead of directly training a reservoir

computer, we can search the latent space for a state e, which when decoded, gives the pair

(W̃out, r̃0) that produce a reservoir computer that best predicts the given time series. Note

that this reservoir computer is otherwise identical to those used by library members. All
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else equal, the defining characteristics of a reservoir computer is the initial state r0 before

prediction and the output mapping Wout. A schematic of the full LARC process is shown

in Figure 4.4.

This library approach is particularly useful when a new time series is too short to

reliably train a reservoir computer directly, such as at the onset of a pandemic, where

available data is limited, but where one may have access to past data with similar dynam-

ics that can be used to construct a library (e.g. a past pandemic).

4.2.6 Predictor evaluation

We consider two measures of success for our different predictors. The first measure,

the cumulative error, gives the mean prediction accuracy, while the second measure, the

normalized mean absolute error, tracks errors within individual daily predictions.

4.2.6.1 Cumulative error

In the context of epidemic response, using the cumulative case count is a reasonable

choice, since we primarily care about the total number of new cases that appear over a

short period of time, rather than the specific number of cases that occur on each day.

Therefore, we first consider the percent cumulative error,

errcumul =
|∑t0+T−1

t=t0
xtruth(t)−

∑t0+T−1
t=t0

xpred(t)|∑t0+T−1
t=t0

xtruth(t)
, (4.11)

where t0 is the starting day of the prediction, T is the prediction length, xtruth(t) is the true

number of cases on day t, and xpred(t) is the predicted number of cases on day t. We will
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Figure 4.4: The two stages of the library-augmented reservoir computing process. In
stage one (top), a library of trained reservoir computers are used to train an autoencoder to
predict the pair (Wout, r0), consisting of an output mapping Wout generated from training
the RC and an associated reservoir state r0 at the end of training. In stage two (bottom), a
state from the embedded space of the autoencoder is decoded to generate a pair (W̃out, r̃0).
This pair is used to construct a new reservoir computer, that is otherwise identical to those
in the library. The sample reservoir computer generates a signal that is compared to a new
(short) signal that we wish to predict. Using an optimization scheme, information is sent
back to the decoder to pick a new pair (W̃out, r̃0) that better matches the new data until
some stopping criterion is reached.
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primarily focus on the cumulative error after one week T = 7, to match the perceived

one-week period of oscillation in the daily case numbers.

Using the cumulative case count allows for small errors in the specific daily pre-

dictions to even out, particularly when they are alternating over/under-estimates from the

weekly oscillations being off by one day. Furthermore, using cumulative cases allows us

to compare to a linear predictor, which will be unable to closely capture the oscillations

in the data, but can potentially match the mean behavior.

4.2.6.2 Normalized mean absolute error

Although cumulative counts are preferable, we still desire a measure of the daily

prediction accuracy. To this end, we use the mean absolute error between the true daily

cases xtruth(t) and the predicted daily cases xpred(t), normalized by the mean of the true

data measured over the same period,

NMAE =
1
T

∑t0+T−1
t=t0

|xtruth(t)− xpred(t)|
1
T

∑t0+T−1
t=t0

xtruth(t)
. (4.12)

We again choose to use a one week window (T = 7) to match the one-week period in the

daily case oscillation.

4.3 Results

In the following section, we present our main results. Unless otherwise specified,

all reservoir computers use the hyperparameters listed in Table 4.1. Note that the ‘ini-

tialization length’ refers the number of points u(t) prior to the training data that are used
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Hyperparameter Value
reservoir size (D) 500
mean degree (d) 3

spectral radius (ρ) 0.7
input scaling distribution hyperparameter (σ) 5.75

bias distribution hyperparameter (β) 0.1
forgetting factor (λ) 0.96
initialization length 10

training length 21

Table 4.1: List of hyperparameter values used in training the reservoir computers, unless
otherwise noted.

to synchronize the reservoir state, but which are not used for fitting Wout. The ‘training

length’ refers to the number of data points u(t) in the training data used to fit Wout. It

should be noted that the hyperparameter choices were optimized ‘by hand’, by manually

adjusting each hyperparameter until no noticeable improvement could be gained. The

results can potentially be further improved by an automated optimization scheme for the

hyperparameters.

4.3.1 Recursive least squares and forgetting factor selection

We begin by determining an appropriate forgetting factor λ to be used for reservoir

computer training. For each starting value of t0 ∈ [50, 150], we construct a reservoir

computer trained on the entire history {u(0), u(1), . . . , u(t0−1)}, with the first ten points

used to initialize the reservoir, resulting in 101 sample predictions. Data are transformed

using the daily percent change Eq. (4.7) to calculate each u(t). We repeat this task for

different values of λ. Smaller values of λ correspond to faster forgetting rates, meaning

older data is less influential for smaller λ, at the cost of requiring less accuracy overall in

the fit of Wout.
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Figure 4.5: Reservoir computer predictor results for different choices of forgetting factor
λ. For each value of λ shown, we increment through all prediction start times t0 in
[50, 150]. For each value of t0, a reservoir computer was trained on the entire history (i.e.,
all data from t = 0 to t = t0 − 1), with data transformed according to the percent daily
change Eq. (4.7).

In Figure 4.5, we present the median values of the one-week cumulative error and

one-week NMAE, as describe in Section 4.2.6, for 0.9 ≤ λ ≤ 1 in steps of 0.001. Note

that λ = 1 corresponds to no forgetting, i.e., a standard linear regression. While the values

of our measures fluctuate wildly, there is a noticeable dip in the NMAE near λ = 0.96,

indicating that a small amount of forgetting is potentially beneficial.

4.3.2 Predictor results

We now present the main results of our four prediction methods. To begin, we

consider sample predictions at specific points in time using the U.S. case data, shown

in Figure 4.6, and all fifty states plus the District of Columbia, shown in Figures 4.7

and 4.8. The main distinction with the reservoir computer approaches is the ability to learn

the oscillations in the data, leading to perceived better accuracy in the daily predictions.

Noticeably, the amplitude of oscillations in the predictions for the RC trained on the

windowed average transformed data tends to grow in magnitude over time. Since we are
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mainly interested in short-term predictions (up to seven days), the growing oscillations

are not a major concern. All four methods tend to follow the general mean behavior of

the data.

Even when considering the state data (Figures 4.7 and 4.8), we again see that the

reservoir computer predictor is able to match the oscillations in the data quite effectively,

which is an impossible task for a linear extrapolation. We do note that several states

have failed reservoir computer predictions that ‘blow up’ almost immediately. It is not

immediately clear what the cause of this blow-up is, but one possible explanation is a poor

choice of RC hyperparameter values (Table 4.1). Ideally, the hyperparameters would be

individually selected for each state to best match the data; however, doing so by hand for

every state would be time consuming. The hyperparameter choices we use work well for

the majority of the states, but the results would be aided by automated hyperparameter

optimization.

To validate these initial observations, we turn to the distributions of error presented

in Figure 4.9 for predictions generated on the U.S. data set, Figure 4.10 for the New York

data set, and Figure 4.11 for the Kansas data set. We generate these results by producing

a prediction starting at each time t0 ∈ [50, 250], for a total of 201 sample predictions. We

consider New York and Kansas as prime examples of the two extremes of data quality: the

New York case data are similar in quality to the United States total data, while the Kansas

data consist of irregular reporting that creates additional challenges for forecasting.

As observed in the example predictions, all four methods perform fairly well in

predicting the one-week cumulative case numbers, indicating good fit to the mean behav-

ior, with the reservoir computer methods performing slightly better. The worst predictor

83



40 50 60 70 80

2

3

4

ne
w 

ca
se

s

1e4
truth
xavg(t); m = 6

40 50 60 70 80

2

3

4

ne
w 

ca
se

s

1e4
xloc(t); m = 6

40 50 60 70 80

2

3

4

ne
w 

ca
se

s

1e4
linear fit; 10 points

40 50 60 70 80
days after March 1, 2020 (t)

2

3

4

ne
w 

ca
se

s

1e4
quadratic fit; 12 points

Predictions for U.S. COVID-19 cases starting at t = 70

80 90 100 110 120
2

4

6

ne
w 

ca
se

s

1e4
truth
xavg(t); m = 6

80 90 100 110 120
2

4

6

ne
w 

ca
se

s

1e4
xloc(t); m = 6

80 90 100 110 120
2

4

6

ne
w 

ca
se

s

1e4
linear fit; 10 points

80 90 100 110 120
days after March 1, 2020 (t)

2

4

6

ne
w 

ca
se

s

1e4
quadratic fit; 12 points

Predictions for U.S. COVID-19 cases starting at t = 110

Figure 4.6: The true daily U.S. COVID-19 case data (black) and example predictions for
the four prediction methods: reservoir computer with the windowed average transforma-
tion applied to daily cases withm = 6 (magenta), reservoir computer with the local linear
fit transformation applied to daily cases withm = 6 (cyan), a linear fit applied to the daily
case data using 10 points (orange), and a quadratic fit applied to the daily case data using
12 points. Predictions start at times t = 70 (top) and t = 110 (bottom). Vertical dashed
lines mark the start and end of data points ‘visible’ to the corresponding predictors.
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Figure 4.7: State-level COVID-19 case data (black) compared to a reservoir computer
prediction using the local linear fit transformation (cyan) with m = 6 and a linear extrap-
olation (orange) using 10 points. All predictions start on day 70, the first day after the
vertical dashed black line. The vertical orange dashed line marks the start of points used
by the linear extrapolation and the vertical cyan dashed line marks the start of points used
to train the reservoir computer. Here we show the first twenty-six states alphabetically
and the District of Columbia. The remaining states are shown in Figure 4.8.
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Figure 4.8: The continuation of Figure 4.7, showing state-level COVID-19 case data
(black) compared to a reservoir computer prediction using the local linear fit transforma-
tion (cyan) with m = 6 and a linear extrapolation (orange) using 10 points. All predic-
tions start on day 70, the first day after the vertical dashed black line. The vertical orange
dashed line marks the start of points used by the linear extrapolation and the vertical cyan
dashed line marks the start of points used to train the reservoir computer.

86



appears to be the quadratic fit, which is more likely to quickly diverge from the true data

in the case of a bad fit, and diverges at a quadratic rate.

It is difficult to determine a direct comparison between the RC predictors and the

polynomial fit predictors, since the values of m used in the data transformations do not

correspond well to the number of points used in the polynomial fits. Furthermore, the

polynomial fits are directly applied to the raw case data, while the reservoir computer

predictions include an additional data transformation step. While it is true that the value

of m relates to the number of points used in the smoothing of the data, it does not include

the 21 days of training advantage of the reservoir computer. Despite this advantage, the

reservoir computer predictions in general do not appear to be significantly better than a

simple linear extrapolation. When presented with a small amount of data, it may perhaps

then be reasonable to assume a linear growth rate over the short-term.

While we may be unable to directly compare between the predictors for a fixed

number of points, we can compare the best-case results. From our national, New York,

and Kansas results, we estimate that the best reservoir computer predictor is the local lin-

ear fit transformation with m = 6, and the best polynomial fit predictor is the linear fit

with 10 points. In Figures 4.9(c,f), 4.10(c,f), and 4.11(c,f), we include a direct comparison

between the distributions of these best performers. In addition, in Figure 4.12, we produce

a scatter plot comparison of the prediction errors for these two methods when applied to

each state, the District of Columbia, and the United States case data. We find that most

points lie near the line y = x, demonstrating no significant improvement in predictive

power from one method or the other. We do note that the reservoir computer prediction

does perform slightly better at predicting the cumulative number of cases for almost every
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Results for U.S. COVID-19 case predictions

Figure 4.9: Predictor statistics for the four different predictor methods with different
choices ofm for the reservoir computer transformations (a,d) and number of points for the
polynomial fits (b,e) applied to the U.S. COVID-19 daily case data. Statistics are taken
by generating a prediction for each starting time t0 in [50, 250]. In (c,f), we compare the
distributions for the errors of the reservoir computer predictions using the local linear fit
transformation with m = 6 and the linear extrapolation using 10 points.
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Results for New York COVID-19 case predictions

Figure 4.10: Predictor statistics for the four different predictor methods with different
choices of m for the reservoir computer transformations (a,d) and number of points for
the polynomial fits (b,e) applied to the New York COVID-19 daily case data. Statistics
are taken by generating a prediction for each starting time t0 in [50, 250]. In (c,f), we
compare the distributions for the errors of the reservoir computer predictions using the
local linear fit transformation with m = 6 and the linear extrapolation using 10 points.
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Results for Kansas COVID-19 case predictions

Figure 4.11: Predictor statistics for the four different predictor methods with different
choices of m for the reservoir computer transformations (a,d) and number of points for
the polynomial fits (b,e) applied to the Kansas COVID-19 daily case data. Statistics are
taken by generating a prediction for each starting time t0 in [50, 250]. In (c,f), we compare
the distributions for the errors of the reservoir computer predictions using the local linear
fit transformation with m = 6 and the linear extrapolation using 10 points. Note that the
box plots for the reservoir computer predictors (a,d) with low values of m extend way
beyond the vertical scale used. A zoom out is provided in Figure 4.13.
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Figure 4.12: Scatter plots comparing the one-week cumulative error (left) and one-week
NMAE (right) for the reservoir computer prediction using the local linear fit transforma-
tion with m = 6 and the linear extrapolation using 10 points. The coordinates of each
point are the median values of the error metrics for the labeled locations. The red line
marks y = x. The plot includes forty-seven states, the District of Columbia, and the
United States as a whole. Not included are Connecticut, Rhode Island, and Vermont,
which each had significantly higher median errors from both predictors.

state, indicating better prediction of the mean behavior. Perhaps counter-intuitively, the

reservoir computer does worse at predicting the individual daily cases numbers, as mea-

sured through the NMAE, despite being able to apparently match the daily oscillations

better than a linear extrapolation. A probable cause is the oscillations in the predictions

being slightly ‘out-of-phase’ with the true oscillations, which increases the daily errors

but has no impact on the overall cumulative count.

Deviating from the discussion of comparing predictors for a moment, we turn our

attention to the results of the Kansas data set, shown in Figures 4.11 and 4.13. The Kansas

data is quite poor in quality, when considered for a prediction task. The irregular reporting

frequency leads to several days of zero cases reported, followed by a large spike in cases.

The smoothing induced by our transformations are able to salvage the data. With a small
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Results for Kansas COVID-19 case predictions

Figure 4.13: Zoom out of Figure 4.11(a,d), showing the full distributions for low values
of m.

amount of smoothing (m = 4), the reservoir computer prediction accuracy of the Kansas

data is of similar order to the well-behaved data sets of New York and the whole U.S. By

returning to Figure 4.2, we can see that m = 4 is when the majority of spikes in the data

set are no longer present over the timespan of [50, 250]. While proper data transformation

is key in allowing for successful RC prediction, we again note that the predictions are not

exceptionally better than a direct linear fit.

4.3.3 Library-augmented reservoir computing applied to U.S. COVID-

19 case data

An alternative to a simple reservoir computer predictor is the metalearning approach

of library-augmented reservoir computing (LARC). To apply LARC, we first must con-

struct a library of reservoir computers that will be used to train an autoencoder. For our

investigation, each library member consists of a single RC trained on a 50-day window

of data, with the first 10 days of each window used for reservoir initialization. Each li-
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brary member uses a different window, but these windows may overlap. Data input into

the reservoir computers are transformed according to the daily percent change Eq. (4.7)

(equivalent to either transformation method with m = 1). Note that all library members

use identical reservoir computers (in terms of network topology and other ‘randomized’

variables). All hyperparameters, other than the training length are identical to those spec-

ified in Table 4.1.

Before using LARC to generate predictions, we first validate the assumption that

the latent embedding of the library results in clustering of similarly-behaved systems.

That is, two library members close in the latent space will correspond to similar time

series. We test this assumption using the U.S. data set, creating a library member for each

window of data starting in t ∈ [30, 300]. We embed the library in a three-dimensional

latent space, for visualization purposes. The resulting embedding is shown in Figure 4.14,

where points are colored according to the training window’s start time, and demonstrates

a clear clustering by this value.

For evaluation of LARC-generated predictions, we make a few modifications. First,

we increase the dimension of the latent space to twelve, and second, we restrict our library

members to consist of windows starting in [30, 125]. We then generate predictions with

starting times t0 ≥ 180 using the LARC method with new signals containing only five

data points. Note that a new signal containing any points before day 175 would otherwise

have some overlap with at least one library member’s window.

In Figure 4.15, we present several sample predictions generated by LARC and com-

pare them to a single reservoir computer prediction generated from 21 days of training

data, as well as a linear extrapolation using only the five days of information. Qualita-
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Figure 4.14: Embedding of the U.S. COVID-19 library into a three-dimensional latent
space using an autoencoder. The library consists of reservoir computers trained over
50-day overlapping windows of data from t = 30 to t = 300. Daily case data were
transformed using the percent daily change Eq. (4.7) before input into the RCs. Points are
colored according to the first day of the training window, with green points corresponding
to starting in [30, 100], blue points corresponding to starting in (100, 200], and red points
corresponding to starting in (200, 300]. Panels (a–c) are projections of the points onto the
three coordinate planes. Panel (d) shows all points in three-dimensions.
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tively, the reservoir computer predictions generated from the five-day signals (aided by

LARC) are similar to those generated from a 21-day training signal. When viewing the

seven-day zoom in, the predictions between LARC applied to a five-day signal and a sin-

gle RC with a 21-day signal are nearly identical in several cases. The linear extrapolaton

based on five points appears to have difficulty matching the mean behavior, due to see-

ing approximately half of the weekly oscillation. For instance, if the case numbers are

mainly increasing towards the peak of the week over the five day period, then the linear

extrapolation will predict a continuation of this increase, as seen in the first prediction in

Figure 4.15.

The power of LARC comes from being able to replace a large training data set with

a small data set supplemented by a large library. This advantage would be particularly

useful in the early stages of a pandemic, where only a few days of data are available.

In this case, one would not be able to generate a library out of data from the current

pandemic, but could instead rely on data from past pandemics. A signal that is better-

represented by the library will produce a higher-quality prediction.

4.3.4 Autoencoder embedding of state-level COVID-19 data

We can perform a similar treatment to state-level COVID-19 data as done for the

U.S. data set to validate the assumption that time series with similar behavior would be

close in latent space, thereby indicating LARC as a suitable forecasting approach. We

construct a full library in the same way as before, taking reservoir computers trained on

overlapping 50-day windows with start times in [30, 300]. We complete this process with
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Figure 4.15: Predictions using the library-augmented reservoir computing method (red
lines) using five points of training data compared to a single reservoir computer (blue
lines) using 21 days of training data and a linear extrapolation (orange lines) using five
days of data. Vertical red dashed lines indicate the start of the LARC training data and
data used for the linear extrapolation, and vertical blue dashed lines mark the start of the
single RC training data. Predictions start on the first day after the green dots. Each bottom
panel is a one-week zoom in of the predictions shown in their corresponding top panels.
The library used for LARC consists of RCs trained on 50-day overlapping windows in
[30, 125].
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the New York data set and train an autoencoder with a twelve-dimensional latent space

using the first stage of the LARC procedure. As shown in Figure 4.16, there is clear

clustering of library members by time.

We are not restricted to constructing a library from a single region. In fact, we

may consider constructing a library consisting of RCs trained on data from every state

or multiple countries, multiplying the size of the library and increasing the number of

examples that a small training signal can be compared to. In Figure 4.17, we demonstrate

the latent space embedding of the combined libraries using the U.S. and New York data

sets. In this case, not only do we once again observe clustering by time, but there is also

clear clustering by region. That is, library members from the U.S. data set are near each

other in latent space and library members from the New York data set are near each other

in latent space.

We note that clustering is not immediately apparent in every realization of autoen-

coder training, and introducing more regions makes clustering more difficult, without fur-

ther increasing the size of the embedding dimension. Furthermore, smaller geographical

regions tend to have poorer-quality data (due to smaller sample sizes or irregular report-

ing) which can introduce examples that negatively impact the overall prediction quality

of the library. Such examples can potentially be salvaged by determining a proper trans-

formation, as shown in the Kansas data predictions, or by applying a ‘filter’ that prevents

poor examples from being included in the library.
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Figure 4.16: Embedding of the New York COVID-19 library into a twelve-dimensional
latent space using an autoencoder. The library consists of reservoir computers trained
over 50-day overlapping windows of data from t = 30 to t = 300. Daily case data were
transformed using the percent daily change Eq. (4.7) before input into the RCs. Each
panel is a projection onto a plane spanned by a pair of coordinate axes. Points are colored
according to the first day of the training window, with green points corresponding to
starting in [30, 100], blue points corresponding to starting in (100, 200], and red points
corresponding to starting in (200, 300].
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Figure 4.17: Embedding of the combined U.S. and New York COVID-19 library into a
twelve-dimensional latent space using an autoencoder. The library consists of reservoir
computers trained over 50-day overlapping windows of data from t = 30 to t = 300.
Daily case data were transformed using the percent daily change Eq. (4.7) before input
into the RCs. Each panel is a projection onto a plane spanned by a pair of coordinate
axes. Top: Points are colored according to the first day of the training window, with
green points corresponding to starting in [30, 100], blue points corresponding to starting
in (100, 200], and red points corresponding to starting in (200, 300]. Bottom: Points are
colored according to region, with red indicating New York and black indicating the U.S.
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4.4 Discussion

We have presented an application of reservoir computing to predict U.S. COVID-

19 case data at both the national level and individual state levels. Such a task presents

multiple challenges, such as low quantities of data and low-quality data. Typical reser-

voir computing tasks with data generated from a model are able to attain any number of

data points (usually thousands) with arbitrary resolution and quality, limited only by the

computational resources or artificial limitations imposed by the investigation.

Despite these hurdles, we have demonstrated that a proper choice of smoothing

through data preprocessing can salvage poor-quality data, as demonstrated in the Kansas

data set. Furthermore, despite access to limited data, we find that 31 data points is suf-

ficient to generate seven-day predictions with reasonable accuracy, occasionally (though

not always) within 20% of the true cumulative case number. Unfortunately, a reservoir

computing method does not seem to perform significantly better than a simple linear re-

gression estimate that uses fewer data points.

An alternative to a direct reservoir computing approach is the metalearning method

of library-augmented reservoir computing. In this method, trained reservoir computers

are encoded using an autoencoder, producing a low-dimensional latent space that can be

searched to generate a reservoir computer that predicts off of a short training signal. Such

an approach has the potential to further overcome the challenge of limited data access

by replacing a large number of training points with a large number of library member

examples. Ideally, library members would consist of RCs trained on time series exhibiting

similar properties to the signals we wish to forecast, but are not required to be from the
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exact same process. For example, library members can be trained on different pandemic

data than the data we wish to forecast, but underlying properties, such as the spreading

rate, may be similar.

It is clear that a direct reservoir computer predictor is not yet able to significantly

outperform a simpler approach, such as a linear fit. With the biggest issue being lack of

data, we would need to augment our data set, such as through a library-based approach,

as discussed, in order to produce more reliable results. Another easy improvement would

be to introduce multiple input signals beyond just the case data, such as death counts,

hospitalization numbers, or mobility data. While increasing the number of inputs provides

access to more data, we do note that each additional input would also need to be predicted

by the reservoir computer.

Other than supplementing with additional data, we can consider augmenting the ba-

sic reservoir computing architecture. For instant, we can introduce a network of reservoir

computers connected to represent mobility between different subregions (i.e., states). In

a similar manner, the basic reservoir computer can be replaced with a hybrid system, in

which data is input in parallel with model predictions, such as from a basic SIR model

or any successful variation already applied to COVID-19 data. While no longer truly

‘model-free, the model is able to guide the reservoir computer predictions, despite poten-

tial inaccuracies in the model itself.
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Appendix A: Supplementary material for Chapter 2

A.1 Locally treelike features

Here we demonstrate the locally treelike features for our simulated networks as they

are grown through evolutionary time. In the semi-annealed approximation described in

the main text, which allows us to map the stability of synchronous Boolean dynamics to

an appropriately defined percolation problem, we make the assumption that pairs of nodes

are rarely connected by multiple short paths of the same length (in the same direction).

This is a weaker version of the more widely used locally treelike assumption. For our

simulated networks, we consider all pairs of nodes connected by a path of length two and

calculate the fraction that are connected by at least one other path of length two (in the

same direction). This bi-parallel motif (i.e., A → B → C and A → D → C) is the

smallest network motif that is relevant for the case of synchronous update of nodes in

a Boolean network. The smaller feedforward motif (i.e., A → B → C and A → C)

does not cause an issue when applying the semi-annealed approximation because signal

information from A to C that goes through B does not arrive in the same time step as the

information from that goes directly from A to C. Results show in the figure below are

for a network of size N = 105. We see that the prevalence of the bi-parallel motif is very

small for full duration of the link addition processes considered in the main text.
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Figure A.1: The fractions of nodes connected by a directed path of length two connected
by at least one other directed path of length two.

A.2 Selection with m = N

In this section, we consider the structure-based rule that relies on full global infor-

mation at each time step, i.e., m = N , with ties broken randomly. Recall that N is the

number of genes and m is the number of candidate genes considered for both the source

and target node each time a new link is added to the system. Results are shown below

for a network of size N = 1000, averaged over 100 realizations. Due to the significant

increase in runtime for m = N compared with m = 2 or m = 3 reported in the main text,

we used a smaller value of N for this study. Even at this smaller value of N we can see

that selection with m = N significantly outperforms all others in suppressing the growth

of connected components.
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Figure A.2: Growth of the connected components on the full network (left) and the dam-
aged subnetwork (right). Results shown are the averages of 100 runs on networks of size
N = 1000. We omit GIN and GIN* due to their symmetry with GOUT and GOUT*,
respectively.
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Appendix B: Complications with data preprocessing of COVID-19 case

data

In this appendix, we consider several issues that need addressing when developing

a proper transformation for the COVID-19 case data.

B.1 Negative number of cases reported

To account for overestimates in the number of cases, several regions have single

days with a “negative” number of cases. Without taking into account reporting errors, the

assumption of the underlying model represented by the reservoir computer would require

the number of daily cases to always be non-negative. For simplicity, we focus our results

in the main text only on regions and times in which all cases reported are non-negative.

An alternative, simple solution would be to zero-out all days with negative cases. In

most cases, the number of negative cases reported is small, so that the overall totals are

minimally impacted. For more extreme cases, one could equally divide the negative cases

across all previous days of data.
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B.2 Irregular reporting

While most regions report daily cases, certain locations report the number of new

cases accumulated every few (e.g. three) days. For transformations in the form

u(t) =
x̂′(t)

x̂(t)
, (B.1)

several days of zero cases followed by a single day with a large non-zero number of cases

will cause a “spike” in u(t) that becomes challenging to predict. A form of smoothing or

averaging will be required to avoid spikes in data, dividing their contribution over several

days.

Even in less extreme examples, where cases are reported every day, there is a

clear oscillation in reporting frequency that follows the days of the week. These well-

behaved oscillations are potentially useful in generating realistic-looking predictions that

also match these oscillations. We have attempted to incorporate the 7-day oscillation

period into the reservoir computer input, but such methods have shown negligible im-

provement in prediction quality.

B.3 Zero cases reported

Unlike negative number of cases, a day with zero cases is valid within the frame-

work of the underlying model. However, the transformation (B.1) is invalid for a denom-

inator of zero. Smoothing has the potential to prevent this issue, but fails when a trail

of zeros is longer than the smoothing window. As a straightforward solution, we replace
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x(t) with x̃(t) = x(t) + 1. In general, the data can be shifted by any value c, which intro-

duces an additional hyperparameter to the system. During phases of epidemic spread, the

number of daily cases are on the order of hundreds (at the state level) to several thousands

(at the national level). Thus, shifting all values by one will have negligible impact on the

total case counts over this period. Furthermore, after training the reservoir computer to

predict x̃(t), we can easily recover x(t) by shifting back. Note that in cases where x̂′(t)

is calculated by differencing or the slope of a linear fit, the vertical shift will effectively

cancel out. Our main concern is with guaranteeing x̂(t) never becomes zero.

B.4 Invertibility

Even if a transformation of the data is well-defined, we run into issues if the in-

verse has a limited domain. Specifically, restrictions on u(t) resulting from the forward

transformation may not be preserved when future values are generated from a reservoir

computer. For instance, the transformation

u(t) = tanh

(
x̃(t)− x̃(t− 1)

x̃(t− 1)

)
, (B.2)

has shown to be effective in producing predictions in initial tests. The main feature of the

hyperbolic tangent is to suppress large intermittent spikes. However, the inverse trans-

formation requires a domain of (−1, 1), which is not enforced by the reservoir computer.

In the case of a prediction extending beyond this domain, the prediction is lost from lack

of invertibility. Even worse, all future predicted values are lost, since each subsequent

prediction depends multiplicatively on the value of the last. In the specific case of the
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hyperbolic tangent, values that exist near 1 (even without passing it) can also lead to blow

up of the inverse transformation, which is similarly detrimental, despite the inverse trans-

formation existing. Consequently, it is prudent to restrict ourselves to transformations

u(t) that have well-defined inverses for any possible predicted value.
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