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Chapter 1
Introduction

1.1  Models of phase transitions

In the late stages of heterogeneously nucleated phase transitions, a two-phase mix-
ture is created, composed of particles of one phase dispersed in a matrix of the other.
Initially the pattern of the phases is very complicated, the particles are small and
their total surface area is large. According to thermodynamics, the system evolves
in order to decrease the total surface area and conserve the total mass or volume
of the particles. Smaller particles shrink and disappear and larger ones grow. It is
widely observed that some typical length scale that characterizes the particle size
increases and the length scale behaves as a temporal power law (see, e.g. [1]).

The dynamics that determine this power law behavior is not very well un-
derstood [3]. The first heuristic explanation goes back to Lifshitz, Slyozov [16]
and Wagner [28] in terms of mean-field models. We will give detailed discussion
about mean-field models later. Their classical theory suggests that the distribution
function of particle sizes approaches a universal self-similar solution where the crit-
ical radius R., which is the averaged radius in R3, follows the temporal power law
R, ~ t'/3. However, Niethammer and Pego [20] proved that mathematically, the
size distribution function does not necessarily converge to the predicted universal

similarity solution, and the long-time behavior need not be self-similar.



Thus, the question is whether anything can be said universally about the
coarsening rates. We cannot expect all solutions to coarsen at the same rate, due to
the likely presence of finescale unstable equilibria for example, and anyway, in the
infinite-time limit the system should typically approach a stable equilibrium and
stop coarsening. One would like to be able to show that the expected power-law
behavior is typical in some sense. What is “typical” is not clear, but a related
question is whether it is possible that some solutions coarsen faster than expected.
We know of no heuristic reason that would prevent such behavior.

Before we go into any detailed discussion about the universality of these coars-

ening rates, let’s first review the models for phase transitions.

1.1.1 Sharp-interface models

The first kind of models for phase transitions is sharp-interface models. In these
models, phases are considered sharply separated by an interface, and we are inter-
ested in the evolution of the interface. Such models include the Mullins-Sekerka
type models, surface diffusion models and the mean curvature flow type models.

The Mullins-Sekerka model consists of three equations:

—Au =0 outside I'(t) (1.1)
n-Vul" =V onTI(t), (1.2)
u=r+ LV onI'(t). (1.3)

Here I'(t) is the boundary of the particles, u is a chemical potential, n is the outer

normal to I'; [n-Vu|T is the jump of the normal derivative of u across I', k is the mean



curvature and V' is the normal velocity of I'. Note that (1.3) is the Gibbs-Thomson

law modified by a kinetic drag term BV

1.1.2 Diffuse-interface models

The second kind of models for phase transitions is diffuse-interface models. In these
models, an order parameter is used to indicate the local microscopic order of the
material and varies continuously from —1(one phase, such as solid) to 1(the other
phase, such as liquid). Such models include Cahn-Hilliard type models, phase field
models, and Allen-Cahn type models. The phase-field model consists of two equa-
tions for two continuous field variables: the temperature v and the order parameter

¢. We will consider one specific phase-field model:

5ut+%¢t = KAU, (14)

acp; = el — %g(qﬁ) + 2u. (1.5)

Here [, K and « are non-dimensional parameters that respectively represent latent
heat, thermal diffusivity, and a relaxation time. The function g(¢) is the derivative
of the double well potential G(¢) = 7(¢? — 1)® which is minimized at ¢ = =+1.
The small parameter € measures the thickness of the transition layers between the
two phases {¢ ~ +1} and {¢ ~ —1} and is also related to relaxation and diffusion
times and the energetic contributions of temperature fluctuations compared to phase
changes. We supply more details concerning the non-dimensionalization procedure

and the interpretation of parameters in Appendix A.



1.1.3 Mean-field models

Mean-field models give another approach. In mean-field models, particles of one
phase exchange mass by some interaction through a mean field 6(¢) which is de-
termined as a function of time ¢ by the conservation of mass. There are many
mechanisms that can dominate the mass transfer process [25]. We will consider two
of them in this thesis that correspond to two kinds of mean-field models.

In the first model, particle growth is controlled by bulk or volume diffusion,
with or without kinetic drag at the interface. Each particle radius R obeys the

growth law

1 1

= m(é’(t) - E)’ (1.6)

R
where 3 > 0 is a constant. The particle size distribution f(t, R) satisfies the trans-

port equation

1 1
Oif + O (m(e—ﬁ)f) = 0. (1.7)

To conserve the total mass, the mean field 6 satisfies

(R4 BRI f(t, R) AR
(R4 B)IRLf(t, R) AR’

0

o(t) (1.8)

where n is the dimension of space. When 5 = 0, (1.6)-(1.8) is the classical model by
Lifshitz, Slyozov [16] and Wagner [28]. Equation (1.6) is an approximation to the
Mullins-Sekerka sharp interface model (1.1)-(1.3) in the situation that the particles
are sparsely located in a domain . In [17] and [18], Niethammer rigorously derived
the model (1.6)-(1.8) in R3 for 3 =0 and 8 > 0, respectively, from a model similar

to (1.1)-(1.3) under the condition that the total capacity of the particles was small.



The second mean-field model arises formally from (1.1)-(1.3) by taking 8 —
oo after rescaling time by (. In this model, particle growth is controlled by the

attachment reaction at the interface [1]. Now each particle radius R obeys the law

R=10(t) — (1.9)

1
7
The corresponding transport equation of the particle size distribution becomes

1

atf+aR((9—§)f) = 0. (1.10)

In this case, the mean field 0 satisfies

_ SRR (4 R) dR

0 = =i R) dR

(1.11)

Equation (1.9) is the normalized mean curvature flow for a collection of spheres; i.e.,

it is a special case of the following sharp interface model:

V:—n+i/nds. (1.12)
Tl Jr

1.1.4 The monopole approximation of the Mullins-Sekerka model

In this subsection, let’s consider an approximation of the Mullins-Sekerka model
(1.1)-(1.3) with § = 0 in a simplified situation. When one phase consists of only
a small fraction of the total volume, that phase breaks into finitely many small
particles which are almost spherical. We regard these particles as spheres. It is
observed that the centers of these particles are almost spatially fixed. To simplify
the model, we consider the centers to be spatially fixed. In this case, there is a
simple heuristic argument about the Mullins-Sekerka model and it results in the
so-called monopole approximation (see, e.g. [27]).

bt



Imagine that at each particle center x;, there is a source or sink of magnitude
A; which needs to be determined later. Considering equation (1.1) of the Mullins-
Sekerka model, we can require u to be constant inside each particle. Outside the

particles, we can write down a harmonic function

A;
“:6+Z|x—xi\‘ (1.13)

Here 0 is a mean field which is a spatial constant and will be determined.

On the boundary of the ith particle, rather than apply pointwise Gibbs-
Thomson condition (1.3), it is preferable to consider (1.3) as an average over each
particle surface. By the mean value property of harmonic functions, the averaged

version of (1.3) is

1
1.14
i +; m_% (1.14)

The normal velocity of each particle surface is determined by the time deriva-

tive of its radius, i.e., v = R; on the surface of the ith particle. Equation (1.2)
becomes
A; :
—= =R (1.15)

The conservation of the total volume then gives us

» 4i=0. (1.16)

The system (1.14) + (1.16) should determine the values of A; and 6 since the
number of equations equals the number of unknowns. Hence the normal velocity R;
is determined through (1.15) and the evolution of the whole system is determined.

This is the so-called monopole approximation of the Mullins-Sekerka model.
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1.2 Heuristic arguments about coarsening rates

The coarsening rates for the models of phase transitions can be predicted by heuristic
reasoning based on scaling invariance. For example, when g = 0, the Mullins-

Sekerka model (1.1)-(1.3) is invariant under the scaling
=g, t=X\4t @)= u(z), V(E)=\V(x). (1.17)

If one expects that over long times the behavior of the coarsening system will appear
scale invariant in some statistical sense, then this kind of scaling invariance suggests
that a characteristic length scale I(t) ought to satisfy I(t) = M (t/\3), so that I(t)

will be given by a temporal power law
1(t) ~ /3, (1.18)

When 3 # 0, under the scaling (1.17), equations (1.1)-(1.3) keeps its form if [ is
replaced by 3 = #/\. Then the system (1.1)-(1.3) is not invariant since we assume
[ to be a constant. However, this suggests that as the length scale becomes large,
the influence of kinetic drag can be neglected and should not influence the ultimate
coarsening rate for the Mullins-Sekerka model.

For the phase-field model (1.4) and (1.5), the sharp-interface limit as ¢ — 0 is

the Mullins-Sekerka model of the following form [5]:

Au=0 outside I'(t) (1.19)
P

[n-Vu]' = —EV on I'(¢) (1.20)

dsu=—ok—acV onl(t) (1.21)



where I'(t) = {z|¢(x,t) = 0} is the interface between the two phases, ds is the
difference of the entropy between the two phases, and o is the surface tension. The
same scaling argument (1.17) suggests a t'/3 coarsening rate for solutions of the
phase-field model, at least when ¢ is small.

The mean-field models we are considering are invariant under the scalings

R=nR, t=n*, 0=n"'0  for (1.6)if 5 =0; (1.22)

R=nR, t=n%, 0=n"0 for (1.9). (1.23)

This kind of scaling invariance suggests that a characteristic length scale [(t) will

be given by a temporal power law

I(t) ~ t'/3 for (1.6), (1.24)

I(t) ~ t1/2 for (1.9). (1.25)

As discussed at the beginning of this chapter, our question is the universality
of the coarsening rates.

Recently, Kohn and Otto [12] introduced a powerful method to answer this
question. They obtain rigorous, universally valid time-averaged upper bounds on
coarsening rates, in the setting of Cahn-Hilliard equations, which are diffuse-interface
models for phase transitions (see also [13, 14, 15] for subsequently related results).
Kohn and Otto consider the standard Cahn-Hilliard equation, whose sharp-interface
limit is the Mullins-Sekerka model (1.1)-(1.3) with 5 = 0, and the Cahn-Hilliard
equation with degenerate mobility, whose sharp interface limit is the surface diffu-

sion model. Scaling invariance suggests that these two models have coarsening rates



[ ~ tY% and | ~ t'/* respectively. Define fOT == fOT to indicate the time-averaged
integral. The results of Kohn and Otto, in their simplest form, are estimates of the

following forms:
(i) £ E2(t) dt > Cof, (173> dt  for T > C3L(0)* (standard Cahn-Hilliard);

(ii fo E3(t) dt > C f =3 dt - for T > C3L(0)* (Cahn-Hilliard with degen-

erate mobility).

Here E is the volume-averaged free energy, which is a decreasing function of time
and scales as inverse to length, L is a ‘length scale’ that is dual to E, C5 and Cj5 are
universal positive constants that depend only on the dimension of space n. So, these
estimates are time-averaged version of E > Cot™"/3 and E > Cyt~'/* respectively,
which correspond to upper bounds on the length scale £~!. These results show that,
in a time-averaged sense, it is impossible for solutions to coarsen at a rate faster

than the expected power law.

1.3  Outline of the thesis

Our goal in this paper is to prove universal time-averaged upper bounds on corre-

sponding coarsening rates for
(i) the phase-field model (1.4) and (1.5);
(ii) the mean-field models; and

(iii) the monopole approximation of the Mullins-Sekerka model.



Again, we find that no solution can coarsen at a rate faster than that expected from
scaling.

In Chapter 2, we will work on the phase-field model. The analysis is performed
in a regime corresponding to the late stages of phase separation, in which the ratio
between the transition layer thickness and the length scale of the pattern is small,
and is also small compared to the square of the ratio between the pattern scale and
system size. The analysis extends the method of Kohn and Otto to deal with both
temperature and phase field. The results in this chapter have been accepted for
publication in Interfaces and Free Boundaries [T7].

In Chapter 3, we will work on the mean-field models. The mean-field models
that we study have three aspects that distinguish them from the phase-field model

in Chapter 2 and those models considered in [12, 14, 13]:

(i) Mean-field models concern the evolution of dilute systems; i.e., the second
phase consists of only a small fraction of the whole mixture. Kohn and Otto’s

analysis for the Cahn-Hilliard equations breaks down in this extreme case.

(ii) There is no spatial information and hence no pattern scale in mean-field mod-
els. This requires a different definition and interpretation of the dual length

scale L.

(iii) For the normalized mean curvature flow (1.12), there is no result available for
the corresponding diffuse-interface model — the conserved Allen-Cahn equa-

tion (see [24] for an asymptotic analysis of this correspondence).

10



To handle these differences, we will need to define all relevant quantities in terms
of the distribution of particle radii. For the interface-reaction—controlled model,
we will establish a new dissipation relation that extends the Kohn-Otto method
and enables us to prove bounds that correspond to a coarsening rate of the form
[ ~ t'/2. The proof of the dissipation relations in both mean-field models requires a
different technique from previous works. A key ingredient in our proofs is the use of
residual lemma (Lagrange identity) for the Cauchy-Schwarz inequality to compare
the dissipation rates of £ and L. These results have been accepted for publication
in STAM Journal on Mathematical Analysis [6].

In Chapter 4, we will derive the monopole approximation of the Mullins-
Sekerka model in 3D by considering the restriction of a gradient flow structure.
Using this structure, we show that the monopole approximation has a unique so-
lution when the spherical particles are non-overlapping. We also give a one-sided
estimate for the [ ~ t'/3 coarsening rate. In this case, The interpolation inequality
is easy to prove due to the fact that all particles are spherical. The dissipation
relation is also easy to prove because of the restricted gradient flow structure. The
monopole approximation simplifies the Mullins-Sekerka model in the sense that ev-
ery particle is considered spherical. On the other hand, it includes some spatial
information, which is different from the mean-field model, and hence may be helpful

to understand what spatial correlations are.

11



Chapter 2
Coarsening rate for a phase-field model

2.1 Introduction of the main result

In this chapter, we will consider the coarsening rate of the solutions for the phase-

field model (2.1)-(2.2):

l
5ut+§¢t = KAU, (21)
1
acdy = elAp— gg(¢) + 2u. (2.2)
We will consider the coarsening dynamics in a large cubic cell @ := [0,a]” C R"

and with periodic boundary conditions to avoid boundary effects. As in [12], we will

always consider volume-averaged integrals denoted by

fo= Voﬁ@)/Qf’

as our goal is to obtain universal bounds independent of the size of (). Our bounds

will be valid when the transition layer thickness ¢ is small compared to a charac-
teristic length scale L and the ratio e/L < (L/a)?, and therefore we are able to
consider very complicated patterns of phases when L(t) < a.

As long as the initial values are continuous and ¢ < «al, the initial-value
problem for the phase field system (2.1)-(2.2) is globally well posed and the solution

is classical, see [4]. By (2.1) and the periodic boundary condition,

d l l
o1 (et 50) :][(5Ut+§¢t> I][KAUIO-

12



So f(eu+ L¢) is conserved, and we will focus on the case f(cu + L) =0, i.e.,

[

eti+ —¢ =0, (2.3)

DO |

where 4 = { u and b= f ¢. Hence we only consider those initial data that satisfy
(2.3). The phase field system (2.1)—(2.2) dissipates a volume-averaged negative

entropy S(t) (cf. [22]), which is defined by

S(t) :z][%|v¢|2 + %G(qﬁ) + %u? (2.4)

The time derivative of S is

4e
— U
l t

. 1
§ = [(-enot Zg@)an+
= ][(2u — ae’:‘(zﬁt)qbt + ?(KAU — éqbt)u

4K
= ][—T|Vu\2 — aed;.

So S < 0 and S(t) is a decreasing function of t. Note that in the sharp-interface
limit, S(¢) corresponds to the volume-averaged area of the interface between the
phases, and so scales as inverse to length, cf. [5, 11].

The method of Kohn and Otto involves three key steps. The first is to find
a dissipation relation that bounds the growth rate of a suitable measure of length
scale in terms of the dissipation of a dual quantity, which is negative entropy in this
case. Here, as a measure of length scale we will employ the H~! Sobolev norm of

the scaled energy density eu + éqb. We define
1/2
L(t) := ( |Vv|2) , (2.5)
where v is a periodic function that satisfies
[
Av =ceu+ 5(;5. (2.6)

13



By (2.3), v exists and is uniquely determined up to a spatial constant, so L is well

defined. Taking the time derivative of L?(t) = f |Vv|?, we get

LL = ][VUVvt = ][(—Avt)v = ][<—6ut — é(bt) v
1/2 1/2
= ][—KAU v o= ][KVUVU < K( \VUP) < |Vu\2> .

So
1/2 I 1/2
< ) . o
|L|\K( \Vu|) \K(4K( S)) ,
that is,
. Kl .
L < (=8) (27)

This will prove to be the required dissipation relation.

The second key step involves proving an interpolation inequality, of the form
L(t)S(t) = Ch, (2.8)

valid under certain conditions for all ¢ > 0. The constant C; > 0 depends only
on K, [, the dimension of space n, and the form of the double-well potential, and
doesn’t depend on the domain (), the parameter ¢ or the size of S and L. We shall

find that (2.8) is valid under the conditions
%
LS Ty ) I (2.9)
L L

where L' is an upper bound for S (0) and may be regarded as a length scale.

The third step in the Kohn-Otto method is an elementary ODE argument
(Lemma 3 in [12]). The dissipation relation (2.7) and the interpolation inequality
(2.8) together with the ODE lemma in [12] lead directly to our main result.

14



Theorem 2.1. Provided that the conditions (2.9) hold, there exist positive constants
Cy and C3 such that for any solutions u(t,z) and ¢(t,x) of the equations (2.1) and

(2.2), if the initial data satisfy (2.3) and LS(0) < 1, then
T T
f ﬂﬂ%@ﬂ%%(fmfﬁ for T > C3L(0)3. (2.10)
0 0

The constants Cy and Cs depend only on K, I, n and the form of the double-well

potential G, and not on €, o, L(0), or S(0).

The estimate (2.10) is a time-averaged version of the (unproven) pointwise
estimate S(t) > Ct~'/3, which corresponds to an upper bound on the length scale
1/S5(t) with the expected power-law behavior. Theorem 3.1, adapted from [12],
provides time-averaged estimates on some other integral combinations of S(¢) and

L(t). By tracking the constants in the arguments of [12], we find Cy = %(3m)"/?

1
6

and C3 = 8/(3m) where m = min{3C}, C}/(K1)?}.

At this point, it only remains to prove the interpolation inequality (2.8).

2.2 The interpolation inequality

In this section, we will prove the interpolation inequality (2.8) under the assumptions

indicated above. Define periodic functions w and v such that

Aw=u—1u and AY=¢— . (2.11)

w and v are determined up to a spatial constant, which we fix by requiring w = 0,

1 = 0. By (2.4) we have
f%ﬁg& (2.12)
1

bt



so we get

(J[ |u — UIQ) " < <][ uz) - < \/%*/g (2.13)

The periodicity of w guarantees that [ Vw = 0. By Poincaré’s inequality, together

with an integration by parts justified by the periodicity of w,
0w

1/2 2\ 1/2 1/2
2 < — 2
<][|Vw|) < C’a(fzj: Frdr ) ca<][|Aw|)
1/2 ]
— C’a( |u—ﬂ|2) <Ca\/2—€\/§, (2.14)

where C'is a positive constant which depends only on the dimension of space.

By (2.11) and (2.3),
( ! ) =¢e(u—u) _l( —¢) = ! (2.15)
A5w+21/) € u+2¢ o) 5u+2¢. .

Comparing (2.15) with (2.6), we get

L(t) = <][ |5Vw+évw|2)l/2

I 1/2 1/2
5 5( |vw|2) —e( |Vw|2)
z s \F
S b 2 _ '€ q1/2
> g(fiver) - onfgsn

SO

L)SE) > é( |w|2) v <][ %IWP + EG(@) - ca\/gs?)/%

Let us now define

Li(t) = <][ |vw|2)1/2, (2.16)

5i6) = § 5IVoP + 6() 217

16



Then

l l
LOSE) > $LiSi - Cayf 5’5 §3/2, (2.18)
Now it is time to prove the interpolation inequality relating L(¢) and S(t).

Lemma 2.2. Given any constant M > 0, provided oM and ega®M? are sufficiently
small, there exists a positive constant Cy such that whenever 0 < € < gg and S(0) <

M, we have
L(t)S(t) > Cy  forallt > 0. (2.19)

Proof. The proof is similar to that of Lemma 1 in [12]. But our length scales
L, and L are different from that in [12] and need a somewhat different treatment.
For the sake of completeness and since we want to track every constant, especially

the parameter £, we reproduce every detail here.

Since 1 = (1 — ¢?) + ¢*, and

fa-#<(fa- W)m < (45017, (2.20)

the remaining work is to estimate { ¢ in terms of Ly, Sy and S.

Next, we will use the Modica-Mortola inequality. Define

¢
W(gb)z/o 11— 2| dt. (2.21)
We have
S =L ¢ =2/
50

oW 1 0w
][IV(W(¢))\ 2][ |V¢\% < %|V¢\2 + 2—€|%|2 < 25 (2.22)

17



We will use a smooth mollifier p which is radially symmetric, non-negative and
supported in the unit ball with fRn p = 1. Let the subscript § denote the convolution

with the kernel
5 (5)

The parameter ¢ will be optimized later. We split f ¢? into two parts:

fo<afo-orezfa (2.23)

Noting that

|61 — daf* < 8|W (1) — W (ha)]|

for all ¢1 and ¢9, we get the following estimate for the first term of (2.23),

g{w-¢w2< 2wgfwuw—wx+MVm

Ih|<d
< 16 sup][|W W(p(x + h))|dx
|h|<6
< 1664 |[V(W ()| < 3205;. (2.24)

For the second term of (2.23), we need to deal with large and small values of |¢s|:

F 6= f (6 - win{a 1) + f minged. 4y (2.25)

Since F(¢) := ¢* — min{¢?, 4} is convex in ¢, by Jensen’s inequality and the fact

that [ p(y)dy = 1,

mewzF(/mmmwww@)</Q@Fw@—@ww
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So the first term of (2.25) is

fi—mintst. ) < f [ow)Po ) dya
= [of {¢2<x—5y>—min{<z>2<x—5y>,4} e dy
— (@@ - win{e?(@), 1)) do

< ][%(1 — ¢?)? < 2e8). (2.26)

For the second term of (2.25), we have
Fmin{t,a) <2f 165 (2.27)
We know that
][|gz55| = sup{][ ¢s(x)((x)dx :  is Q-periodic and |((z)] < 1 a.e.}.

For any ( that is Q-periodic and |((z)| < 1 a.e.,

Gs5() I/(Sinp (Igy) ¢(y)dy.

So

Voo = 5 [ 590 (S5L) cwan =5 [ Totste - s,
and hence

1 1
sup |V§5‘ < 55 sup ‘<| < 557
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where 3 = [ V|
Fostai@ar = o)
_ ][(Aw—%a)g;(x) (by (2.11) and (2.3))
_ _][ VOV G (r) do — %u G

1/2 1/2
< (frove) (frvar) +Frif ol
I} 2eS
< Lty = (2.28)

Taking supremum over all such (, we get

][|¢a| < %Ll + \/g. (2.29)

Combining these estimates, we get

][¢2 < 3205; + 425 + 4§L1 + 44/ ? (2.30)

Since ¢ is arbitrary, we minimize the right hand side over all § > 0 and get

2
][¢2 < 161/20\/I15; + 4eSy + 4 ETS (2.31)

Combining this estimate with (2.20), we obtain

2
1 < 161/28/L15; + 425, +4\/ETS + /228, (2.32)

Now, since S is a decreasing function of ¢ and Sy(¢) < S(¢) for all ¢ > 0, we
have

Sit) < S <M (t>0).

Provided &, M is sufficiently small (depending only on 1), we have

[2eS 1
4eS1+ 4 €T+ 4eS; < 5 (O <e< 51),
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SO

16/26+/L1S; >

Y

N —

and hence

LS > Cy, (2.33)

where €} = 1/(20483). On the other hand, provided e;M - (aM)? is sufficiently

small, (depending only on [ and n), we have

C’a\/%sSg/Q < écﬁ (0<e<ey, t>0). (2.34)
Let €9 = min{e, 2} and C) = éé’l. By (2.18),
L(t)S(t) > %Ll(t)Sl(t) - Ca\/%gSg/Z >0, (0<e<ep, t>0). (2.35)

2.3  Upper bounds

Applying the ODE argument of [12] (see Lemma 3.7 in chapter 3 for a similar

argument) without change, we get the main result.

Theorem 2.3. Under the assumptions of Lemma 2.2, for any 0 < 6 < 1 and
0 < r < 3 satisfying Or > 1 and (1 — 0)r < 2, there exists positive constants Cy
and Cs5, depending only on K,l,0,r and the dimension of space, such that for all
0<e<eg

T T
][ SO L0107 gy > 02][ 3V, if T > CoL(0), (2.36)
0 0

Proof. The inequalities (2.7) and (2.19) give us

. Kl .
(L)? < I(—S) and LS >0C;, (0<e<eg, t>0).
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The theorem is then an immediate consequence of Lemma 3 in [12]. In particular,

we obtain (2.10) by choosing § = 1,r = 2.
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Chapter 3
Coarsening rate for mean-field models

3.1 Strategy and main results

Our goal in this chapter is to prove universal time-averaged upper bounds on cor-
responding coarsening rates for the mean-field models — see (3.4) and (3.5) below.
Again, we find that no solution can coarsen at a rate faster than that expected from
scaling.

Let us describe our strategy for obtaining bounds on coarsening rates for the
mean-field models (1.7) and (1.10) and state our main results. We work at first with
a collection of finitely many particles undergoing coarsening with growth laws (1.6)
and (1.9), respectively, for each particle. Such a system of particles has a discrete
size distribution. We will apply a strategy similar to that of Kohn and Otto [12]
to get time-averaged bounds for such discrete systems, and then pass to limits in
section 3.4 to establish the bounds for arbitrary size distributions that have finite
(n + 1)t moment.

As discussed in chapter 2, Kohn and Otto’s strategy involves two quantities
that measure length scales, and three key steps. The first quantity is a volume-
averaged free energy or negative entropy, that decreases with time and scales as
inverse to length. The second quantity scales like length, but its physical interpre-

tation is not as clear. What is important is that, in a sense to be made precise, the
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second quantity is dual to the first one while at the same time being controlled by
it.

In our situation, thermodynamics suggests that a natural quantity that is
decreasing is the surface energy, which is proportional to the total surface area S of
all the particles. Analogous to the cases considered in [12, 14, 13] and in chapter 2,
we will consider a kind of volume average of the surface area, which gives a quantity
scaling as inverse to length. Because the total volume V' of the particles is conserved,
it is reasonable to consider the ratio S/V. For a finite particle system, we therefore

define

E = Z:ZLE:’ (3.1)

where n is the dimension of space and the sum goes over all surviving particles.
E can also be considered as the volume-weighted average of curvatures {1/R;}.
In sections 3.2 and 3.3, we will prove that F is indeed decreasing in both models
considered.

We need a length scale L that is dual to E. Since radius is dual to curvature,

we define L to be the volume-weighted average of the radii {R;}, i.e.,

L:= ZE:L];" (3.2)

The first step of the Kohn-Otto method is to establish an interpolation in-
equality that expresses the duality of E and L. With the definitions (3.1) and (3.2)

this is easy. By the Cauchy-Schwarz inequality,

ZRTL _ Z R(n—1)/2R(n+1)/2 < (Z Rl Z Rﬂﬂ)l/z,
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and this immediately yields the required interpolation inequality:
EL > 1. (3.3)

The second step is to obtain a dissipation inequality that controls L in terms

of E. In sections 3.2 and 3.3 below, we will prove that

|L]> < Cy (—F) for volume-diffusion—controlled growth (1.6),

|L|> < Dy (—E) L for interface-reaction-controlled growth (1.9),

where C] and D, are positive constants depending only on the dimension of space n.
We remark that in the cases considered in chapter 2 and in [12, 14, 13], the difficult
part is proving the interpolation inequalities; the dissipation relations are rather easy
to prove. By contrast, in the situation of the mean-field models considered here,
under definitions (3.1) and (3.2) the interpolation inequality is a simple consequence
of the Cauchy-Schwarz inequality and it is the dissipation relations that need careful
treatment.

The third step is an ODE argument. For the case of volume-diffusion—controlled
growth, Lemma 3 in [12] and the two inequalities EL > 1 and |L|*> < Cy(—F) di-
rectly give us appropriate time-averaged bounds on coarsening rates. Those that
involve only E, the volume-averaged surface area, take a simple form, saying that
for any 1 < p < 3, there exist positive constants Cy and C3, depending only on n, p

and nothing else, such that

T T
][ E(t)? dt > 02][ (3P dt for T > C3L(0)>% (3.4)
0 0
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This is exactly a time-averaged version of £ > ¢~1/3

, which corresponds to an upper
bound on the “length scale” E~1.

For the case of interface-reaction-controlled growth, we will establish an ODE
lemma in section 3.3 to show that the inequalities EL > 1 and |L|> < DyL(—E)
give us appropriate time-averaged estimates. In particular, for any 1 < p < 2, there
exist positive constants Dy and D3, depending only on n, p and nothing else, such
that

T T
][ Et)? dt > D2][ (t%)Pat for T > D3L(0)* (3.5)
0 0

This is a time-averaged version of £ > ¢t~1/2,

Once these results for discrete systems are established, we will pass to the case
of general size distributions in section 3.4 by applying the well-posedness and com-
pactness results for a family of mean-field models established by Niethammer and
Pego in [21]. All of our models under consideration are included in that work except
for the 2D volume-diffusion—controlled growth model with 5 = 0. So this case is not
included in our main theorems on coarsening rates for general size distributions.

The results in [21] enable us to approximate a general distribution by a se-
quence of discrete ones. These results, together with an extended moment compact-
ness result proved here in an appendix, enable us to take limits in the estimates for
the discrete sequence. This leads to our main results on coarsening rates for general
size distributions.

We consider such size distributions to belong to P,,, the set of Borel probability

th

measures on [0, 00) with finite n’* moment. Topologically we regard P,, as a subset
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of the Banach space of finite Radon measures on [0, c0), which is dual to Cy([0, 00)),
the space of continuous functions on [0,00) that vanish at infinity. A measure-
valued solution of the transport equation (1.7) or (1.10) is a weak-star continuous
map t — 14 taking [0, 00) — P, that is a solution in the sense of distributions on
(0,00) x (0,00). Based on the results in [21], we will see that for each initial size
distribution u € P,, there is a unique measure-valued solution with initial value

th

Vo = p that preserves the n'* moment (total volume). The corresponding mean

field is given for a.e. t > 0 by

e(t):/O Jf:; // g:;dm (R) (3.6)

in the case of volume-diffusion—controlled growth and

0(t) = /0 OOR”‘2dut(R) / / h R 'du,(R) . (3.7)

0

in the case of interface-reaction—controlled growth. The quantities corresponding to

(3.1) and (3.2) are defined by

B(t) = /0 TR du(R) / /O TR dn(R) | (3.8)
L(t) ::/OOO R™ du,(R) //OOO R"dv,(R) . (3.9)

Our main results take the following form.

Theorem 3.1. (Volume-diffusion—controlled growth) Let n > 2 be an integer
and B > 0, with B > 0 if n = 2, and let p be real with 1 < p < 3. Then there
exist positive constants Cy and C3, depending on p, n and nothing else, such that
whenever v is a measure-valued solution of the transport equation (1.7) and vy has
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finite nt and (n + 1)5t moments, we have

T T
][ Et)Pdt > 02][ (3P dt  for T > CyL(0). (3.10)
0 0

Theorem 3.2. (Interface-reaction—controlled growth) Let n > 2 be an integer
and let p be real with 1 < p < 2. Then there exist positive constants Do and
D3, depending on p, n and nothing else, such that whenever v is a measure-valued
solution of the transport equation (1.10) and vy has finite nth and (n+ I)St moments,

we have

T T
][ E(t)? dt > D2][ (%P at  for T > D3 L(0)*. (3.11)
0 0

3.2 Discrete systems I: volume-diffusion—controlled growth

In this section, our aim is to prove the coarsening estimate (3.4) for any collection
of finitely many spherical particles in R™ that undergoes coarsening controlled by
volume diffusion with or without kinetic drag. The following growth law holds for

each particle:

1
R+ 3
th

(0 — R%), (1<i<N(®)), (3.12)

Ri:

where R; is the radius of the ¢""* particle, N(t) is the number of surviving particles
at time t, @ is the mean field, and the dot denotes the time derivative.

By the conservation of total mass,

n—1
dtZR”—nZR” 'R; _nZRRJrﬂ éi). (3.13)

Here the sum goes over all surviving particles. So

SR+ )R
TSRO R
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The right hand side of equation (3.12) is smooth as long as there is no particle
disappearing. The conservation of total mass guarantees that the solution for (3.12)
and (3.14) cannot blow up in finite time. So the solution is smooth and unique from
time ty = 0 up to t; when some particles disappear. Restarting from t; with the
remaining particles, we again get a smooth solution until a next time ¢, when some
other particles disappear. In this way, we can find finitely many times {¢;} such
that the solution for (3.12) and (3.14) globally exists, is unique, and is smooth in
each time interval (t;,¢;11),i=0,1,---
By definition (3.1),

o ZZR;Z:. (3.15)

Notice that E is non-increasing in time — we have

; n— - Rn 2 1
n—1 (Z(Rz‘i‘ﬂ) 1R? 2) R 3
- ZRZ-‘[ S(Ri+B)'RY R“Lﬁ} <0, (3.16)

since, by the Cauchy-Schwarz inequality,

R?_g REn—l)/Z Rgn—3)/2 Rlp—l R;L—g 1/2
ZRML/@ :Z[(Rﬁ—ﬁ)m (Rﬁﬁ)l/?} S (Z Ri+ﬁZR-+ﬁ> ‘

By definition (3.2),

ZRn—l—l
L= L 1
0z 10

Inequality (3.3) gives us the required interpolation inequality EL > 1. Next we

establish a dissipation relation that controls L in terms of E. Taking the time
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derivative of L, we get

_ZRHZRR ZR"ZR,-+5(9_E>
B n4—1[§j(Ri+xﬂ ?Ry-}j(Ri+xﬂ—1R?‘2__§£:.R?‘l]
LRy >.(Ri + B) LRy R+ (1

(3.18)

We can infer L > 0 using again the Cauchy-Schwarz inequality, but we will not need

this fact. We want to prove a dissipation inequality
1L < Cy(-E) (3.19)

for some constant C; depending only on n. Choosing Cy(n) = (n+ 1)?/(n—1), and

plugging in the expressions (3.16) and (3.18), (3.19) becomes

n n—2 n-l
[Z Riﬁ 2. RJjZJrﬁ B (Z 1§Z+ 5)2}2
n—1 n—1 n—3 n—2
<TREg Xrlr (Zres) 6o

Lemma 3.3. Inequality (3.20) holds for any sequence of positive numbers { R; } ..
To prove lemma 3.3, we need the following lemma from [2].

Lemma 3.4. (Lagrange identity)

(i_v: x?) (ﬁ: yiz) (Z :L",yl) = i (ziy; — x59:)° (3.21)

i,j=1
1<J

for any sequences of real numbers {x;}¥, and {y;},.

Proof of Lemma 3.3: The proof consists of several careful applications of the

Lagrange identity and the Cauchy-Schwarz inequality. Taking z; = (R?/(R;+3))"/?
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and y; = (R ?/(R; + 8))/% in (3.21), we get

n n—2 n—1
=Y Yas Cas)
al " R 2 R" n—2
B zglKRﬁ 5)1/2(33']4‘ 5>1/2 - <Rj j—ﬁ>1/2<£l+ ﬁ>1/2r

1<j

N Rn 2Rn2

P2
_Z &+ O, 1) )
z<]
N R?—lR;L—l(RZ- — Rj)? 1/2 N R?_sR;L—s(Ri _R))? 1/2
) {z;l (RZ +ﬁ)(RJ +ﬁ) . ;1 (RZ +ﬁ)(RJ +ﬁ) . (3.22)

Taking z; = R? and y; = (R*/(R; + 8))Y2 in (3.21), we get

n— N - .
= [Z(§3+ ;>1/2]2 i ZZ [R?ﬂ(}g]_l—lﬁ)l/z B R?/2<£Z+lﬁ>l/2r

RP(R+ 0 - PR+ 0] (323)

Taking z; = (R /(R; + 8))Y? and y; = (R!'®/(R; + 8))Y? in (3.21), we get
Ry Ry R \2
2RI (meﬁ)

N Ry R n—3
— i;[<152+ﬁ>1/2<&3+5>1/2 B (Rjj+ﬁ)1/2<£l+ﬂ)1/z]z

N Rn 3Rn 3 )
T ) (.24
1<J
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So

n—1 n—1 n—3 n—2
EONDS }524_6 )3 e 1~§+ﬁ - R}}+ 5)2]

> i R?—lR?—l [R1/2(R' —I—ﬁ)1/2 . Rl/2(R- —l—ﬁ)1/2]2
" A2 (Rt O)(B; + 0) P i\
i<j
N Rﬂ—i’)R‘?—g
' : (R; — R))*. (3.25)
%::1 (Ri+ B)(R; + )

Comparing (3.22) and (3.25), I? < II is an immediate consequence of the

inequality

(Ri — R;)? < [RY*(Ri + B)/2 = RV*(R; + 5)?]  for all i, ;. (3.26)

J

Inequality (3.26) holds since

[R*(Ri+ 9)'* = R*(R; + 6)"°]" = (R, — R,)?

= B(Ri + R;) + 2RiR; — 2R*R}*(R; + B)V*(R; + )"/,

and

[B(R; + R;) + 2R, R;]" — [2R*RY* (R + B)V2(R; + B)Y*]" = B*(R, — R;)* > 0.
0

The dissipation inequality (3.19) follows from Lemma 3.3. Applying Lemma

3 in [12], we directly get the following estimates.

Theorem 3.5. Forany0 < A <1 and0 < r < 3 satisfying A\r > 1 and (1—-\)r < 2,
there exist positive constants Cy and Cs, depending only on A\, r and the dimension

of space n, such that for any solution {R;} of equations (3.12) and (3.14), we have
T T
][ EA L0 g > 02][ (3" dt, for T = Cy L(0)?, (3.27)
0 0
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where E and L are defined in terms of (3.1) and (3.2), respectively.

Proof: Lemma 3.3 guarantees that the dissipation relation (3.19) holds. Together

with the interpolation inequality (3.3), we have
EL>1 and |L]?<Ci(—E).
Lemma 3 in [12] leads directly to (3.5). O
Taking A =1 and r = p for 1 < p < 3 in Theorem 3.5 yields (3.4).
3.3 Discrete systems II: interface-reaction—controlled growth

Our aim in this section is to prove the coarsening estimate (3.5) for any collection
of finitely many spherical particles in R™ that undergoes coarsening controlled by

interface reactions. Each particle obeys the growth law
Ri=0——, (1<i<N(t), (3.28)

where R; is the radius of the ith particle and @ is the mean field.

By the conservation of total mass,

d )
0= S R =n YRR =0 Y R0~ R%), (3.29)

SO

n—2
0= 21 —. (3.30)
>Ry

Solutions of the system (3.28) and (3.30) have the same global existence and piece-

wise smooth properties as that of (3.12) and (3.14). Taking the time derivative of
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E =Y R!"'/>" R? we have

—1 n— n—
nZR"ZR 2R_ZR"ZR 2 -

e SRR am

since

SR =S [RR < (SR (SR e

Taking the time derivative of L = Y R'™/3" R?, we have

. n 1 n 1 Rln Rln—2 -
B ZZ’" 2 B = ZJ;%;% [Z Z%?‘l D R } (3.33)

Again, by the Cauchy-Schwarz inequality, we can infer L > 0.
As described in section 3.1, we will need a dissipation inequality that relates
L and E. We claim that

|L|> < D, L(-E) (3.34)

for some positive constant D; depending only on n. Choosing D;(n) = (n+1)%/(n—

1), and plugging in the expression (3.31) and (3.33), inequality (3.34) becomes

ey e ()]
<Y RN R [Z Ry R - (Z R;-”) 2] . (3.35)

Lemma 3.6. Inequality (5.35) holds for any sequence of positive numbers { R;}Y ;.

Proof. Similar to the proof of lemma 3.3, we will apply the Lagrange identity (3.21)

and the Cauchy-Schwarz inequality. Taking z; = Rf/ 2and y; = R in (3.21),

(2
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we have

1= R R (YR
_ ”i:l [R?/2R§n_2)/2 _ R;@/2R2(n_2)/2} 2

1<j

N
=Y R/7RI*(Ri - R;)’

[Z RI'R™Y(R: — Ry) ] [Z RISRIY(R, — R;)? P (336
i,j=1 1,j=1
1<j i<j

Taking x; = Rin1/2

(2

and y; = R"™/? in (3.21), we have

SRS R = (Z R") + Z (R ROV Rﬁn_l)/QRgnH)/Q)z

i,j=1
1<J

- (Xm) - i RyURy TR — Ri) (3.37)

ij=1
i<j

Taking z; = "% and y; = R"™¥/% in (3.21), we have

(2

2

ZR;H ZR?-s B (Z R 2) _ Z |:Rl(n—l)/2R§_n—3)/2 B R§n—1)/2R§n—3)/2]2

1,J=1
1<j
N

=Y R/7°RITY(Ri - R;)”. (3.38)

ij=1
i<j

So

7 Z R Z R+ [Z R ZRZTL—?» _ (Z Rf—2)2}

N N
> ) RITRTNR - R)? Y RITURITR; - Ry

i,j=1 4,j=1
1<j 1<j
> 1% (3.39)
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At this point we have established the desired interpolation and dissipation

inequalities. The third step toward our coarsening estimates is an ODE lemma.

Lemma 3.7. (ODE lemma) Let E(t) and L(t) be two continuous and piecewise

smooth positive functions. Assume that for some Ty, 0 < T7 < 00, E(t) satisfies
E<0ae on(0,T7), E=0on(T},00). (3.40)
If E(t) and L(t) satisfy
EL>1 and |L|>< DL(-E), (3.41)
then for any 0 < A <1 and r > 0 satisfying
r<3, Ar>1 and (1—-XNr<2, (3.42)
we have
T T
]€ E®ML) N gt > D2]€ (Y2 =Ydt for T > DsL(0)?, (3.43)
where Dy and D3 are positive constants depending only on X, v and D;.

We remark that this lemma is key for obtaining bounds on coarsening rates

for the t'/2 growth law. We will extend the ideas in the proof of Lemma 3 in [12] to

establish this result. A special case of Lemma 3.7 is to take r = p+ 1 and A = 1%
for 1 < p < 2. In this case, we obtain (3.5):
T T
][ Bty dt > DQJ[ (V2P dt for T > D3L(0)?, (3.44)
0 0

where Dy and D3 are positive constants depending only on p and D;.
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Proof of Lemma 3.7: (1). If T} = 0, then £ = 0 on (0, c0). By assumption (3.41),
we get L =0 on (0,00). Hence E(t) = E(0) and L(t) = L(0) for all t € (0, ). By
(3.42), A\r > 1 and 0 < A < 1 imply that » > 1/A > 1. Hence we have 1 < r < 3.

Then

2 L(O)l—r
2 2 2/(r-1)
> TO-D2 T > < ) 1(0)2
3—r ! 3—1r (O)
T
= D;][ t~V2r=tdt  if T > D4L(0) (3.45)
0
where
2 \2/(r-1)
Di=1 and D= ( ) .
2 o 3 3—r

(2). Now we consider the case when T} > 0. E(t) < 0 on (0,7}) implies that
E is a strictly decreasing function of ¢ on (0,7}). Hence E(t) is invertible on (0, 7})
and we regard t € (0,7}) as a function of £, with £ denoting the independent variable
to distinguish it from £ = E(t) and avoid confusion. Note that ¢ ranges from E(0)
to E(oo) = limy_. E(t), since E(t) = 0 for t € (T}, 00) implies that E(t) = E(T})

for any ¢ > T). Consequently for ¢ € (0,7}), L(t) can be viewed as a function of .

So
dL dLdE
and |L|? < D, L(—F) implies that
dLge .
E‘ (—B) < DiL(2). (3.47)
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Multiplying both sides by a positive function f(e) and integrating from 0 to T, we

have if T < T7,

/ Creomas - [ e(L) 6 (3.18)

and if T > T,

/0 FE(@)L(t) dt > 1f<E<t>>L<t>dt>Dil / () b a9)

0 Er

where Ey = E(0) and Ep = E(T). Taking f(g) = e* L(e)~ V" we get

T 1B LN 2
E )\TL 1-(1-M)r > / )\T‘L —(1-X)r ) )
/0 (O™ L(t) dz g | L) (—de) de (3.50)

We will change variables so that the right hand side becomes an integral of a square

of some gradient. Consider

fo Lt e jo ! L=z, (3.51)

Our requirements A\r > 1 and (1 — A\)r < 2 guarantee that £ > 0,L > 0 and

€ — 00,L — o00ase— 0and L — oo, respectively. Also, we have

de Y
— g .52
de c (3:52)

and

() o= () (@) (B (Do (@) oo

Hence

/EjO A p—(1-N) (%)2 de = /ETT (2?)2 dé. (3.54)
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The right hand side is bounded below by its minimum over all functions L(¢) with

the same endpoint values

. L 1
Lo = L(Ey) = L(0)—r(1-2)/2
and
. - 1
Ly = L(Er) = L(t)t =272
v = L(Er) 1—r(1—X)/2 (®)

and the minimum is achieved when L is a linear function of £. So

T 1 (L — Lo)?
/ EN () L0V (1) dt}—M. (3.55)
0 Dl ET—EQ

(2a) If L(T) > 2L(0), then
fzo < 2T(1_>\)/2_1ET < ET.

Hence

[A/T o [A/O 2 (1 _ 27“(1—)\)/2—1)[:,11

Y

and consequently

T
/ EAr(t>L1—(1—)\)r(t> dt
0

(e~ Lo (1- 200 iy
- Dl ET — EO - Dl ET
(1—270=0/2-1)2 (1)

D, (1 —=r(1—=X)/2)?

E)\T’—lL2—(1—)\)T’

WV

— Dy (EL)(@-Dr0/0-1) (EMLl—(l—A)r)‘("‘3)/(1_”, (3.56)

where

R N —1 1— 27“(1—)\)/2—1 2
D2 = ( ! )( ) .

T D, \1I-r(1-N)/2
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Since 1 <r <3 and A\r > 1,

Cr—Dr+1=2r+1—r>3—-r>0.

Thus

220 —1 1 —
M>O and r 3

> 0.
r—1 1—r

So EL > 1 implies (EL)(A=Dr+1/(=1) > 1 and hence

0

Define
T
WT) = / BN () L0V (1) dt.
0

Then h/(T) = EM(T)L'~0~Y7(T) and (3.57) can be rewritten as
W(T) = Dy(R(T))" 0=/ Ly > 2L,
or equivalently
W(T)(W(T)" V) > DEYE i Ly > 2L,

(2b) If L(T) < 2L(0), then by EL > 1,

1 __
§L017

Er> L' >
BNV <ETLT> A"LlT_r N
So
R(T)> Ly 2" if L(T) < 2L(0).
Combining (3.60) and (3.61), we have

, =1/
W(T) |W(T) + L]

40

T
/ EM () L0V () dt > D2(E)\TL1 (1- )\)) (r=3)/(A=r) ¢ Ly > 2L,

> min{2'"", ﬁér_l)/(g_r)} =:m forall T.

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)



Thus

d 2/(3—r) 9 (r—=1)/(3-r) 2m
OR = () |h(t) + L3 ] > 62
= () + L} () () + L] . (362)
Integration over time from 0 to 7', we get
2 (3-r)/2
W) > [52=T + Lf] s
2m \ B-r)/2
> T(3—r)/2 . L3—r
(3 — 7") 0
1/ 2m \G-"/2_ . . nB=r)
2 - T(3 r)/2 f T 22/(3 7‘)7‘[/2. )
(527 e om0 (3.63)
Equivalently,
T T
][ EMML)'=ONqr > pid Y2 —tat  for T > DYL? (3.64)
0 0
where
3—r/ 2m \B-r)/2 a(B8=7)
DI — ( ) DI — 92/(3-7) ‘
S and Dy 2m
(3). Combining (1) and (2), we conclude that
T T
][ E@ML(t)=Nr gt > D2][ V2=t dt  for T > DyL? (3.65)
0 0

where
Dy =min{D), Dy} and D3 = max{Dj, Dj}. O
We claim the following estimate for the collection of particles that undergoes

coarsening determined by equation (3.3).

Theorem 3.8. Forany0 < A <1 and0 < r < 3 satisfying \r > 1 and (1-\)r < 2,
there exist positive constants Dy and Ds, depending only on X, v and the dimension

of space n, such that for any solution {R;} of equations (3.28) and (3.30), we have
T T
][ EML() =N gt > Dz][ V)= dt for T > DsL(0)?, (3.66)
0 0
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where E and L are defined in terms of (3.1) and (3.2), respectively.

Proof. As we discussed at the beginning of this section, solutions { R;} of equations
(3.28) and (3.30) are continuous and piecewise smooth. Hence F and L defined
by (3.1) and (3.2) are continuous and piecewise smooth. Furthermore, by (3.31),
E <0and E = 0 if and only if all R; are equal. Notice that if all R; are equal, then
the system (3.28) and (3.30) reaches an equilibrium point and the solution stops
coarsening. Consequently, if £ = 0 at some time ¢;, then E(t) = 0 for all t > t;.
Hence, F satisfies the condition (3.40) of lemma 3.7.

On the other hand, the interpolation inequality (3.3) and the dissipation rela-
tion (3.34) says

EL>1 and |L|?< DL(-E).

The theorem is then an immediate consequence of Lemma 3.7. [

3.4 Coarsening rates for particle systems with general size distribu-

tions

Now it is time to consider our mean-field models with more general size distributions.
Definitions (3.1) and (3.2) imply that, in the more general case, £ and L should be
defined in terms of the (n—1)?, nth and (n+1)5" moments of the size distributions.
So it is necessary to require the initial size distributions to be in P, 1, the set of
Borel probability measures on [0, 00) with finite (n + 1)5¢ moments. By Hélder’s
inequality, it is immediate to see that P, is a subset of P,.

In [21], Niethammer and Pego proved well-posedness and compactness results
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for a family of mean-field models. All of our models under consideration are included
in that work except for the 2D volume-diffusion—controlled growth model with 3 = 0.
Their results guarantee the existence and uniqueness of measure-valued solutions
of equation (1.7) or (1.10). A measure-valued solution is a weak-star continuous
map t — v; taking [0,00) — P, that is a solution in the sense of distributions on
(0,00) x (0, 00), i.e., for all ¢ € C°(]0, 00) X (0, 00)) (smooth functions with compact

support),

// at¢+ﬂ(e<)——>aR¢ dutdt+/ 60, dy =0 (3.67)

in the case of volume-diffusion—controlled growth (equation (1.7)), or

/000 /OOO (&qﬁ +(0(t) — —)8R¢) dv, dt +/ $(0,-) dvy =0 (3.68)

in the case of interface-reaction-controlled growth (equation (1.10)).

Our main results are estimates in terms of these measure-valued solutions.

Theorem 3.9. (Volume-diffusion—controlled growth) Letn > 2 be an integer
and B > 0, with 8 > 0 ifn =2. Forany0 < A <1 and 0 < r < 3 satisfying
Ar > 1 and (1 —\)r < 2, there exist positive constants Cy and Cs depending only on
A, 7 and the dimension of space n such that whenever v is a measure-valued solution
of the transport equation (1.7) and the initial value vy has finite nth and (n+ I)St

moments, we have

T T
][ E)M L)~ N dt > 02][ V3 dt  for T > CsL(0)?, (3.69)
0 0
where E(t) and L(t) are defined by (3.8) and (3.9), respectively, and the mean field
(t) is defined by (3.6).
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Taking r =p and A =1 for 1 < p < 3 in Theorem 3.9 gives Theorem 3.1.

Theorem 3.10. (Interface-reaction-controlled growth) Let n > 2 be an inte-
ger. Forany0 < A <1 and0 < r < 3 satisfying \r > 1 and (1—\)r < 2, there exist
positive constants Dy and D3 depending only on A\, r and the dimension of space n
such that whenever v is a measure-valued solution of the transport equation (1.10)

and the initial value vy has finite nth and (n+ I)St moments, we have
T T
][ EMML) 0N at > D2][ Y=Y dt  for T > D3L(0)?, (3.70)
0 0

where E(t) and L(t) are defined by (3.8) and (3.9), respectively, and the mean field

(t) is defined by (3.7).

Taking r = p+1and A = p/(p+ 1) for 1 < p < 2 in Theorem 3.10 gives
Theorem 3.2.

The remaining part of this section is devoted to proving the theorems above.
To do this, we will need a change of variables as is done in [21]. In that paper,
rather than directly working on distributions of particle radii R, Niethammer and
Pego change the problems into equivalent ones expressed in terms of rescaled particle
volumes z(:= R") and work with a size-ranking function for particle volumes.

According to equations (1.6) and (1.9), the particle volume x satisfies the
following growth law:

T =a(x)d — b(x), (3.71)
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where

a(r) = ng! 1/ b(x) = nal 2" g volume-diffusion—controlled case, (3.72)

a(r) = nx*=/" b(x) = na'"¥"  for interface-reaction—controlled case(3.73)

and 0(t) = [ b(z) dv,(z)/ [ a(x) dv(x). Here v is the measure-valued solution in the

sense of distributions for the transport equation
dru+ 9, ((a(z)f — b(x))u) = 0. (3.74)

The results of Niethammer and Pego are established by a further change of
variables [21] (see also [20]). For any size distribution of particles which is a prob-
ability measure p on [0, 00), they define a size-ranking function x = &(u) : (0,1] —

[O> o) by

sup{y | u(ly, o)) > p}t for 0<p <1,
z(p) = (3.75)

0 for p=1.

\

This is the right-continuous inverse of the tail distribution function p(z) = p([z, 00)).
The map T gives a 1-1 correspondence between the set of Borel probability mea-

sures on [0, 00) and the set of right-continuous decreasing functions x on (0, 1] with
z(1) =0.

The following space for size ranking is introduced in [21]:

L= {z:(0,1] = R| 2z € L*((0,1)),z(1) = 0, and x is decreasing

and right continuous on(0, 1]}.

It is a closed subspace of L'((0,1)). We will also perform our estimates in this space.
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By [10], 2.5.18(3), for any continuous function f : (0,00) — R with compact

support,
/0 Fa() dp = / " 1) duty). (3.76)

For any positive number o« > 0, y — y* can be approximated by a monotonically

increasing sequence of such functions, so by the monotone convergence theorem,

/ (o) dp = / "y du(y), (3.77)

where both sides may be infinite. Hence u € P, (Borel probability measures with

th

finite a" moment) if and only if x is right-continuous decreasing on (0, 1] with

x(1) =0 and fol z(p)® dp < 0.

The growth law (3.71) can be rewritten as an integral equation:

z(t, ¢) = (0, ¢) +/O (a(z(s,))0(s) — b(x(s,¢))) ds (3.78)

with
(1) 1
o(t) = /0 b(z(t, o)) dcp/ /0 a(z(t, ) dp for ae. >0, (3.79)

where ¢(t) := sup{¢|z(t, ) > 0}.

Theorem 2.3 of [21] established the existence and uniqueness of the initial value
problem for (3.78) and (3.79) under some assumptions ((H1)-(H5) in [21]) which our
problems satisfy except for the 2D volume-diffusion—controlled growth model with
B = 0. This theorem claims that for any zy € L}, there exists a unique function
z € C([0,00), LL) such that (3.78) and (3.79) hold with x(0,¢) = z¢(p). This is

equivalent to the existence and uniqueness (Theorem 2.1 of [21]) of a weak-star
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continuous solution v : [0,00) — P, for the transport equation (3.74) in the sense
of distributions on (0, c0) x (0, 00) with initial value vy = 27 (z).

Proposition 6.1 of [21] established an L' compactness result for (3.78) and
(3.79), namely, given T' € (0, 00), for a compact sequence of initial values {xo,} C L},
the corresponding sequence of solutions zy, is compact in C'([0, 7], L}) and any limit
x is again a solution of (3.78) and (3.79).

Based on this result, in the appendix, we prove an LP compactness result for
(3.78) and (3.79) for any 1 < p < oo, namely, given T" € (0,00), for a sequence of
initial values {xo,} C LYNLP((0,1)) which is compact in LP((0, 1)), the correspond-
ing sequence of solutions zj, is compact in C([0,7], L*((0,1))) and any limit x is
again a solution of (3.78) and (3.79).

Given xg € L, N L*D/"((0,1)), for any positive integer N, we divide the
interval (0, 1) uniformly into IV subintervals and define a function zoy(¢) by

yN i—1 i

zon(p) =N . zo(y) Ay (=: zpy) for — N

(3.80)
Then zoy € LINLM™D/7((0, 1)) is piecewise constant, and zgn — o in LF1/7((0, 1))
as N — oo.

By the above compactness and uniqueness results, the solutions {zx } for (3.78)
and (3.79) with initial values {zox} converge in the space C([0,T], L™+1/"((0,1)))
to the solution « for (3.78) and (3.79) with initial value x.

For any N, {zix}¥, gives a discrete collection of particles and the correspond-

ing collection of radii {R; := (z} )"} undergoes coarsening determined by (1.6) or
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(1.9). Hence the estimates (3.27) and (3.66) claimed in Theorems 3.5 and 3.8 hold

for

Bl = ZE0 = [Canto) 0 dof [Caxteo)d

and

()= S it agf [ ot

We will establish the convergence results for En(t) and Ly(t) in Lemma 3.12.

To do this, let’s first prove a general convergence result for LP functions.

Lemma 3.11. For nonnegative functions fi, f € LP() (k=1,2,---) with1 <p <

oo and €2 a bounded open subset of R™, if

/|fk y)Pldy —0 ask — oo, (3.81)

then

/ | fr(y y)IPdy —0 ask — oc. (3.82)

Proof. The convergence (3.81) implies that {fi} is bounded in LP(2). Notice that
LP(Q) is a reflexive Banach space since 1 < p < o0o. So there exist a subsequence
{fr;} and w € LP(Q2) such that f;, converges weakly to w: fr, — w as j — oo.
Hence

|[w]|zr) < ligigf||fkj||Lp(Q) = [|fllzr)- (3.83)

By ff' — fPin LY(Q), there exists a further subsequence, denoted the same, such
k]

that fi,(y) — f(y) for a.e. y € Q. Hence by Fatou’s lemma and Hoélder’s inequality,

/pr—/ﬂhjrggff” i, < h]mmf/fp i —/pr—lwg (/pr)l—%qgwp)l/g
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So

[ f]r) < ||wl|ze)- (3.84)

Comparing inequalities (3.83) and (3.84), we get || f||zr@) = ||w]||Lr)- So

fr; =~ w in LP(), (3.85)
1/, e = lwl]zee)- (3.86)

Thus (see, e.g. [8])
fe; = w in LP(Q), (3.87)

and there exists a further subsequence of f; that converges a.e. to w. Since f, — f

a.e. in €2, we have w = f and hence
fe, = f in LP(Q). (3.88)

The above argument works for every weakly convergent subsequence and hence

the whole sequence fj converges strongly to f in LP(Q2). O
Lemma 3.12. For any t > 0, we have

En(t) — E(t) ::/0 z(t, )b/ d(p//o z(t,p)dp as N — oo,  (3.89)

Ly(t) — L(t) ::/0 z(t, ) mt/m dap//o z(t,p)dp as N —oo.  (3.90)

Proof. Fix ¢t > 0. By the conservation of total mass and the convergence of initial

value zon — x in LY((0,1)),

1 1 1 1
/a:N(t,so) dsoz/ Ton () d¢—>/ zo(p) d@z/ x(t,p)dp as N — oo.
0 0 0 0

(3.91)
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By the compactness of {zy} in C([0,T], L?((0,1))) for all T > 0 and all p > 1,

1 1
/ zn(t, )M dp — / z(t, )"/ dp  as N — oo. (3.92)
0 0

The convergence of Ly(t) to L(t) is an immediate consequence of (3.91) and (3.92).
Define fy = an(t, )" V" f = 2(t,0)™ /™ and p = n/(n — 1), equation
(3.91) implies that fx — f? as N — oo. So Lemma 3.11 implies fy — f in

L*((0,1)) and consequently fy — f in L*((0,1)). Hence

1 1
“/ xN@,w%”*V"dw-et/'xaawYWJV"dw. (3.93)
0 0

The convergence of En(t) to E(t) is an immediate consequence of (3.91) and (3.93).
U

To enable us to take limit in the estimates (3.27) and (3.66) claimed in The-
orems 3.5 and 3.8, we will prove the following boundedness lemma for Ey(t) and

Ly(t) and then apply Lebesgue’s dominated convergence theorem.

Lemma 3.13. Given T > 0, there exist positive constants M, my, My depending

only onn and T such that
0< EN(T,) < Ml, mo < LN(T,) < M,

uniformly in N and 0 < t < T, with My, mo, My positive constants depending only

onn andT.

Proof. By equation (3.91), there exist positive constants iy and M; such that for

all N and all t > 0,

1 1
in < [Canttg) dp <t i< [alte)do< i (399
0 0



Then by Holder’s inequality,

(n—1)/n R

1 1
/ zn(t, )M dp < </ (L, p) dgp) < Ml("_l)/". (3.95)
0 0

Hence

1 1
Ey(t) = / za(t )" dp | / o (t, ) dp < MYV Jiing =t My (3.96)
0 0

By Holder’s inequality,

n/(n+1)

1 1
my < / xn(t,p) dp < {/ xy(t, @)("“)/" dcp} ) (3.97)
0 0

So

1 1
Ly(t) = / ox(t, Q) dp | / wx(tp) dp > i VAL =y, (3.98)
0 0

In the appendix, we will prove that there exists a positive increasing function G(t)

such that fol oy (t, @)/ do < G(t) < G(T). So for all 0 <t < T,

Ly(t) = /0 Ty (t, )t/ dgp//o (L, ) do < G(T) /1ty =: M. (3.99)

The above boundedness results and Lebesgue’s dominated convergence theo-
rem guarantee that we can take limit as N — oo in the estimates for coarsening rates
for discrete systems (Theorems 3.5 and 3.8 ). This procedure gives us the estimates
in Theorems 3.9 and 3.10, with £’ and L defined as in Lemma 3.12, for the coarsening
rates for solutions of (3.78)+(3.79) with initial value zy € L} N L&+TD/7((0, 1)).

Our ultimate goal is to get estimates for coarsening rates for measure-valued
solutions of the transport equations (1.7) and (1.10), respectively. To do this,
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we will establish the one-one correspondence between these measure-valued solu-
tions, which are distributions of particle radii, and volume size-ranking solutions for
(3.78)+(3.79). The estimates for coarsening rates for these measure-valued solutions
are immediate consequences of this one-one correspondence and the estimates for
these size-ranking solutions.

For any initial particle radius distribution p(R) € P41, we define a particle

volume distribution fi(z) = (T'u)(x) by requiring

Amf@wm@wzlmﬂRdeR> (3.100)

for all continuous function f with compact support. Then i € Pp,11)/n-

The size-ranking function zo(¢) = Z(f1) defined as in (3.75) belongs to L} N
L*+D/7((0,1)). Hence the solution x(t, ) of problem (3.78)+(3.79) with z(0,-) =
zo() belongs to L} and we can get the estimates as in Theorems 3.9 and 3.10 by
the procedure described above.

It is proved in [21] that the mapping (3.75) is invertible and under the as-
sumptions (H1)-(H5), the weak-star continuous mapping o : [0,00) — P related
with z(t, ¢) through (3.75) is the unique measure-valued solution of the transport
equation (3.74) in the sense of distributions with initial value g. For any ¢ € [0, 00),

we define a Borel measure v; by requiring

AmfGDmMR%:Amf@”ﬂd%@) (3.101)

for all continuous function f with compact support. Then v : [0,00) — P, is weak-
star continuous and is a measure-valued solution of the transport equation (1.7) or
(1.10), with initial value vy = u. Again, since we can approximate a power function
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y — y*(a > 0) by a monotonically increasing sequence of continuous functions with

compact support, we get the following moment equivalence identity for v and o:
/ R* dvy(R) = / ™ diy(z)  for any a > 0. (3.102)
0 0

On the other hand, if we have a measure-valued solution v : [0,00) — P, for
(1.7) or (1.10) with a given initial value u, we can define v : [0, 00) — P; by (3.101)
and 7 will be a measure-valued solution for (3.74) with initial value i defined by
(3.100). The uniqueness of 7 then implies the uniqueness of v.

The above analysis, together with the moment equivalence statements (3.77)
and (3.102), gives us theorems 3.9 and 3.10 on coarsening rates for mean-field models

with general initial distributions of particle radii.
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Chapter 4

Monopole approximation of the Mullins-Sekerka model

4.1 Introduction

The Mullins-Sekerka model is a standard sharp-interface model that describes the

evolution of a two phase mixture. Denoting GG as the region consisting of one of the

phases, we have the following system

Au=0 inR*\0G, (4.1)
[Vu-n|=v ondG, (4.2)
u=#r on JG. (4.3)

Here u is a chemical potential, n is the normal to the interface 0G, [Vu - n| is the
jump of the normal derivative of u across 0G, v is the normal velocity of the interface
0G, and k is the mean curvature of 0G.

In the case when the volume fraction of the phase G is small, G’ breaks into
a collection of small particles which are approximately spheres. Also, the centers
of these spheres are approximately fixed in space. So it is reasonable to assume
all the particles are spheres with centers not moving. We will derive the monopole
approximation of the Mullins-Sekerka model in this case, and give an estimate for
the upper bound on the coarsening rate of this approximation.

To achieve this goal, we first formally establish the gradient flow structure of a
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general Mullins-Sekerka model defined in the whole space. Then we will rigorously
establish the gradient flow structure of the Mullins-Sekerka model for a collection
of finitely many spherical particles with fixed centers. After that, we will construct
an exact solution for the Mullins-Sekerka model for the latter case and will show
that this solution is exactly the monopole approximation. Finally, we will apply the
strategy established by Kohn and Otto [12] to get an upper bound on the coarsening

rate for the monopole approximation.

4.2 Gradient flow structure: general situation

It is shown in [19] that the Mullins-Sekerka model has a gradient flow structure
when it is considered in a finite box with periodic boundary conditions. We will
extend their argument to show that the model also has a gradient flow structure
when it is considered in the whole space R3. This argument is formal since we do
not consider the regularity of solutions of the Mullins-Sekerka model. Another way
to do this argument is to assume that the solutions are smooth enough. We need

the following vector space
H = {ue L°R?%): / [Vul? < 0o} (4.4)
R3
Define an inner porduct

(u,v)p = Vu- Vv dx (4.5)

RS

and a corresponding norm

o\ /2
e i= 19l = ([ 190)™ (16)
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By the Gagliardo-Nirenberg-Sobolev inequality (see, e.g. [9]), there exists a constant
C such that

||u||L6(R3) < C ||VU||L2(R3) for all u € H. (47)

Lemma 4.1. H is a Hilbert space under inner product (4.5) and C>*(R3)( the set

of infinitely differentiable functions with compact support) is dense in H.

Proof. (1). To show that H is a Hilbert space, we need only show that H is complete
under norm (4.6). Suppose {u, : n = 1,2,---} is a Cauchy sequence under norm
(4.6), i.e., {Vu,} is Cauchy in L?*(R3 R?). Then there exists w € L*(R3? R3) such
that

||V, — W||r2@sy = 0 as n — oo. (4.8)

By (4.7),
||tn = U |Lom3)y < C'||VUp = V|| r2@sy — 0 as n,m — oo. (4.9)
So {u,} is a Cauchy sequence in LS(R3) and there is v € L°(R3) such that
||wn — u||zs@sy — 0 as n — oo. (4.10)
For any ¢ € C*°(R?), we have

/ wp = lim Vuy,p = — lim u, Vi = —/ uV. (4.11)
RS RS RS

n—00 Jp3 n—00

So w = Vu in the sense of distributions. Hence u € H and ||u, — ul|yy — 0 as

n — oQ.
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(2). To show that C2°(R?) is dense in H, we define a smooth cutoff function

x that satisfies 0 < xy < 1 and

1, if|z| <1,
x(z) = (4.12)
0, if |z| > 2.
\
Given u € H, we define
uk(z) = u(x)x(z/k). (4.13)
Then
ug(z) =u(x) for |z| <k and wug(x)=0 for |z| > 2k. (4.14)

Hence uy, € H}(B(0,2k)) and it can be approximated by functions ¢} € C°(B(0,2k))

under the norm of HJ(B(0,2k)). Consequently
[t — g2 — 0 as i — oo. (4.15)
So we need only prove that
l|ug — ul|ly — 0 as k — oo. (4.16)
Note that

Vug(z) = x(x/k)Vu(x) + %u(z)Vx(:):/k) = Vu(z) if |z| <k. (4.17)
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So
s = ulfy = [ 19ua(0) = Vu(a)f* do
= /@k |Vu(z)(x(z/k) — 1) + %u(x)vx(x/k;)}? dx
<2 /| (0~ VU@ + a1V D) do
<2 /| L e [ ) 9xe b de

—I+1I (4.18)

The first term I approaches 0 as k — oo since fRS |Vul? < oo. For the second term,

by Hélder’s inequality,

—0 ask— o0 (4.19)

since u € L%(R3). Here C] is a constant depending on nothing but the choice of x.
So equation (4.16) holds. Together with the smooth approximation (4.15), we can

find smooth functions 1, € C2°(R?) such that

|k —ullx — 0  as k — oo. (4.20)

Define a manifold M to be all bounded sets G € R3 with smooth boundary,
and a submanifold M, to be all bounded sets G € R? with smooth boundary that
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have a fixed volume, i.e., £3(G) = const. The tangent space TgM consists of all
possible normal velocities of G for G € M. And the tangent space To M is

described by the admissible normal velocities of OG for G € M, i.e.,

TgMoz{vzaGHR:/ v dS =0}. (4.21)

oG

We want to define a metric on the tangent space T M. To do this, let’s first

define a Neumann problem solver
JG . TgM — H. (422)

For any v € Tg M, define Jov := u € H to be the unique solution for the Neumann

boundary problem

—~Au = 0 inR*\0G, (4.23)

[Vu-n] = v ondG. (4.24)
Equivalently, u € H is the unique solution for the variational problem
/ Vu-Vw = —/ vw for all w € H. (4.25)
R3 G

Lemma 4.2. Problem (4.25) has a unique solution u € H.

Proof. The left hand side of (4.25) is a coercive bilinear form on H. For any

given v € T M, we have

'— /a va\ < el svmoo el o,

< Clvllg-11206) (||w||L2(G) + ||Vw||Lz(G)> (by trace theorem)
< Clvllg-11206) (||'UJ||L6(G) + ||Vw||Lz(G)> (by Holder’s inequality)
< Cllvllg-1e@ellwlly - by (4.7). (4.26)
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So for any given v € TgM, the right hand side of (4.25) is a bounded linear func-
tional on H. By the Lax-Milgram theorem, there exists a unique v € H such that
(4.25) holds. O

The Neumann problem solver Jg gives a 1-1 correspondence between the tan-

gent space T M and a subspace Ug of 'H:
Ug ={ueH:Au=0 inR*\9IG}. (4.27)
Now we can define a metric on T M by

g(v! v2) = /R V(@) V() do, (4.28)

where u’ = Jov® for i = 1,2.

Define a functional A to be the total interfacial area

A(G) = 9G] = /8 s, (4.29)

Denote dA¢g the cotangent vector at point G € M generated by the differential of

A. Tt is converted into a tangent vector gradAg = 0 € T M by the metric g:
< dAg,v >= g('f},'fl) for all v € T M. (430)

We want to find this v € Tg M. It is well known that the differential of A is given

by its curvature

< dAg, 0 >= / KU dS. (4.31)
oG

Comparing (4.28) and (4.31), we need to find a function @ € Uy such that

/ k0 dS= | Vi Vi forall b € TeM (4.32)
oG R3
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where 4 = Jg0. Equivalently, we want to find u € Ug such that
/ k0 dS = [ Va-Vau forall @ €Ug (4.33)
oG R3
where 0 = [V - n| on 0G.
Lemma 4.3. Problem (4.33) has a unique solution in Ue.

Proof.  The right hand side is a coercive bilinear form on Ug. We need only

show that the left hand side is a bounded linear functional on Ug. For any @ € Ug,

/ KD dS' =
G

Note that

| swin) ds\ < Illirzoe |1 V1] llg-vsoey. (434)

[Vﬂ : n] = (Vﬂ . n)ag+ - (V@ : n)ag—, (435)

where OGT and JG~ indicate that Vi - n is defined by values of @ in R? \ G and
G, respectively. It is known that for any bounded open set  C R? with smooth

boundary and any w € L*(Q; R?) with divw € L?(Q), w - n|yq is well defined and
1 -l 1200y < Ol + [[divwllzzo), (436)
where C' is a generic constant depending only on €2 (see, e.g. [26]). Then

(Vi n)oa-lg-1200) < C(IVll2@ + |divVial| )

= C|Vir2) < Cllaf[- (4.37)

Here C' is a generic constant depending only on G. It remains to get an estimate

for |[(Vi - n)ac+|| g-1/2(5¢)- We can not directly apply estimates as above because
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now we have an unbounded domain R\ G. Choose a ball By = B(0, R) big enough
such that G C G C Bp. Define a smooth cutoff function ¢ such that ¢ is compactly

supported in Bog = B(0,2R) and ¢ = 1 in Bg. Then
V(ip) = (Vi)p +aVe € L*(Byr \ G) (4.38)
and
divV (i) = (Al)p + 2V - Vo + 0Ap = 2V - Vi + @Ap € L*(Bor \ G). (4.39)

It can be seen that

V(ap)-n=0 on dBasg (4.40)
and
V(ap) -n= (Vi -n)ge+ on 0G. (4.41)
So
(V- n)ac+|lg-17206) = IV (@p) - 0l g-1/20(Byn\0)

< C(IV(@p)|l 2 Bomva) + 1AVV (@) 128y 6))
< C(|a]| 2By + IVl L2(B,1))
< C(lallesBom) + 1Vl L2811

< Cllally, (4.42)

where C' depends only on G, R and the choice of .

Combining (4.37) and (4.42), we conclude that

| [Vit - 1] |12y < Clliilln for all i € U (4.43)
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Inequalities (4.34) and (4.43) guarantee that the left hand side of (4.33) is a bounded
linear functional on Ug. This completes our proof. [

Note. Problem (4.33) is equivalent to

~Al = 0 inR*\0G, (4.44)
u = —k onJdG. (4.45)

Define
gradAg = [Vi - n] € TgM. (4.46)

Then by (4.28), (4.31) and (4.33), we have

g(gradAg,0) = / Vi -Viu=<dAg,v> forall veTgM, (4.47)

R3

where u = Jgv. The above equation shows that gradAg is really the gradient of
Ag.

So far we have found a gradient gradAg € TgM for any G € M. Our goal
is to restrict the functional A onto the submanifold Mg and define a correspond-
ing gradient gradyAg on Te M, for any G € M. We claim that grad,A¢g is the
projection of gradAg onto T My for every G € M.

Let’s first consider the orthogonal complement of To Mg in T M. Any v €

T M that is orthogonal to T M, should satisfy

0=g(v,0) forall o€ TuM,. (4.48)

That is, for v satisfying
~AY = 0 inR*\ G, (4.49)
Vi-n] = v ondG, (4.50)
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we need

0= / Yo dS  for all v € TgM,. (4.51)
oG

By the definition of Tz M, we immediately conclude that the above equation holds

if and only if ¢ is a constant on 0G. We choose 1y € ‘H to be the one such that

—Ayy = 0 inR*\0G, (4.52)

g = 1 ondG. (4.53)

The orthogonal complement of T M, is then the span of [V - n].

Define 6 to be

Then the total flux of 4 + 019 on OG is 0. Define
gradOAG = [V ('& + 977/)0) . n] € TaM,. (455)
Then

g(gradyAg, v) = g(gradAg, 0) = /

R3

Vi -Va = / KO =< dAg, v >  (4.56)
oG

for all v € TeMy. This means grad,A¢g is really the projection of gradAg onto
TaM, for all G € My and it is the gradient of Ag on T M.

Now let’s consider the gradient flow
v = —gradyAg on JG. (4.57)

Define

w=—i— O+ 0. (4.58)
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Then w satisfies

~Au = 0 inR*\G, (4.59)
u = Kk ondG, (4.60)
Vu-n] = v ondG. (4.61)

Equations (4.59)-(4.61) imply that u solves the Mullins-Sekerka model (4.1)-(4.3)
with the normal velocity of OG being v = —grad,Ag. In this sense, we say that the
Mullins-Sekerka model has a gradient flow structure.

Special attention should be paid to the spatial constant #. Since both @ and
1)y are functions in H, they are L° integrable over the whole space and hence have
limit zero at infinity. So by the definition of u (equation (4.58)), € is the limit of u

at infinity. In this sense, we can say that 6 is a mean field.

4.3 Gradient flow restricted to spherical particles

Now we consider the restriction of the above gradient flow on a submanifold N of
M consisting of collections of finitely many non-overlapping spherical particles with
centers spatially fixed. In this section all arguments are rigorous since we do not
need to worry about the regularity of solutions any more. Let N be the number of
particles. Suppose the spheres are labeled as P; with centers x; and radii R;. Now
G = U;P;. The tangent space TgN consists of all N-component vectors v = (v;)
with v; € R being the normal velocity of 9P;. Define a submanifold Ny of N to be

collections of N non-overlapping spheres with spatially fixed centers and fixed total
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volume. Then the tangent space of N is

TNy == {v = (v): ) Rivi = 0}. (4.62)

We want to apply a metric similar to g defined by (4.28) in section 4.2 onto
our tangent space TgN. To do this, we need consider some Neumann and Dirich-
let boundary problems and let us first define some Hilbert space in which we will

consider the solvability of those problems. For any given G = UP;, define
Wea = {u €EH:Au=0inR*\UP, [Vu-n]=c ondP, ¢ ¢c ]R} (4.63)

It is easy to see that W is a N dimensional Hilbert space, where N is the number
of spheres in G.

For any v € TgN, define a Neumann problem solver
JY v u (4.64)
where u € W solves the Neumann problem

—~Au = 0 inR*\UP, (4.65)
[Vu-n] = v; ondP,. (4.66)

Equivalently, the variational form of the above system is
g Vu-Vw = — Z /8Pi viw  for all w € We. (4.67)

Lemma 4.4. Problem (4.67) has a unique solution in We.

Proof. The left hand side is a coercive bilinear form on the Hilbert space ‘H and
consequently it is coercive on the subspace We. The right hand side is a bounded
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linear functional on H and hence it is a bounded linear functional on Wg. The
Lax-Milgram theorem then gives us the existence and uniqueness of the solution.
]

The metric can now be defined through this Nuemann solver Jéf . Using the

same notation as in 4.2, we define

g(vh,v?) = / Vu' - Vu?, (4.68)
R3

where u® = JYv* for a = 1,2.

For any G = UP;, define a rescaled interfacial area functional

AL = % {4%21%?} , (4.69)

where the factor 1/2 is needed for later convenience. The differential of Ag, with

respect to a virtual velocity v = (9;) € TgN is

1
o= Ri=Y [ & (470
We want to find the gradient of Ay, deduced by its differential through the
metric g. That is, we want to find gradA}, = v € TgN such that < dA%, v >=

g(v,v) for all v € TgN. Comparing the right hand sides of (4.68) and (4.70), we

need only find & € Wg such that

Z/ i@-:/ Vi-Va  forall @ € Wy, (4.71)
op, It RS

where ¢; = [V - n] on P, and v will be defined componently as [V - n] on 0P, for

each i.

Lemma 4.5. Problem (4.71) has a unique solution in We.
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Proof. Since Wg is a subspace of U, the proof follows the same as that of
lemma 4.3 without change. [
Remark. 4 is in fact the unique solution in Wg for the following elliptic

problem with an averaged Dirichlet boundary condition:
—Au = 0, (4.72)

1
][ u = —— forany . (4.73)
o R

)

This can be seen through an integration by parts:

RSV@-V@:—Z/aPia[va-n]z—Z/a ;. (4.74)

P;

Comparing (4.71) and (4.74), we have

which is exactly (4.73) since ¥; is arbitrary in R.

Now gradA}, € TN is well defined for each G € N. We want to restrict
the functional A* onto the submanifold A, and define a corresponding gradient
gradyAg, € TeN, for each G € Nj. Similar to section 4.2, we claim that grad, A% is
the projection of grad Ay, onto Ta N, for every G € Nj.

Any (v;) € TeN that is orthogonal to TNy should satisfy
That is, for ¢ satisfying

~Ay = 0 inR*\UP, (4.77)
[Vi-n] = v; on 0P for each i, (4.78)
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we need
0=>" / Yi; dS for all § € TeN. (4.79)
OF;

By the definition of TNy, we conclude that the above equation is equivalent to

requiring that there exists a constant ¢ such that

¢ dS = cR? for all i. (4.80)
oP;

In other words, we need J[aP- ¥ dS = c for every 7. We choose )9 € WV to be the one

such that

~AYy = 0 inR*\0G, (4.81)

Yo dS = 1 for any i. (4.82)
oP;

The orthogonal complement of TgNy in TN is then the span of v.

Define 6 to be

Xy Vi)
> fapi [V - n]

The total flux of @ + 6y on UP,; is 0. By the definition of W, we have that [V - n]

9:

(4.83)

and [V, - n| are both constants on each 0F;. Define
grady A7, = [V(a 4+ 0y) - n] € TeNo. (4.84)
Then

1
do AL, (3;) = dAs, () = | Vi-Va= —
olemady i, (1) = glmaddy, (0)= [ Vi-vi=3 [ o
= <dAg, (%) > (4.85)
for all (0;) € TeNy. This means that grad,Ay, is really the projection of grad A},

onto TNy and it is the gradient of A% on TaN.
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Now let’s consider the gradient flow

R; = —grad, A% on each 9P, (4.86)
Define
u=—u— 6y +6. (4.87)
Then wu satisfies
~Au = 0 inR*\UP, (4.88)
1 .
][ udS = — foranyzq, (4.89)
op; R;
[Vu-n] = R; oneach dP, (4.90)

Equations (4.88)-(4.90) imply that u solves a Mullins-Sekerka type problem with a

modified Gibbs-Thomson condition (4.89).
Now let us try to write down an expression of v in terms of R;, R; and the mean

field #. This expression will lead to the monopole approximation of the Mullins-
Sekerka model.
For each index i, we want to find u; € Wg such that
Au; =0 inR*\ 0P, (4.91)
[Vu; -n] = R, on OP,. (4.92)
Recall that x; is the center of P;. This u; can be written as a monopole with an

undetermined magnitude A;:

A in R3\ B,

|

in P;.
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To make [Vu; - n] = R; on OP;, we need

A; :
ie., A, = —R?R,-. The superposition of these wu; gives the unique solution u* =
> u; € We that satisfies
Au* =0 in R*\ U;0P;, (4.95)
[Vu*-n] = R; on P, for each i. (4.96)
Hence
(
S A in R*\ U, P,
J o] e
u* = (4.97)
Z#i —‘xfijl + % in P; for each 1,
\
and
ut = —u— 6. (4.98)
Consequently,
u=0+u". (4.99)

Since A;/|x —x;| is harmonic away from the point z;, the mean value property

of harmonic functions and equation (4.89) give us

1 A; A
RZ’ RZ i |£L’i—l’j|

JFT

for all 4. (4.100)

The above analysis in this section guarantee that for any given configuration
{B(x;, R;),i=1,---, N} which are N non-overlapping spherical particles, there ex-
ist a unique mean field 6, unique normal velocities R; and hence unique correspond-
ing monopole magnitudes A; such that function u is defined as (4.99), equations
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(4.100) hold for i = 1,---, N together with the conservation of total volume

d A== RiRi=0 (4.101)

The above analysis exactly gives us the monopole approximation of the Mullins-

Sekerka model, see subsection 1.1.4 in chapter one.

4.4 The coarsening rate for the monopole approximation

In this sections, we consider the coarsening rate for the monopole approximation of
the Mullins-Sekerka model in the setting of finitely many disjoint spherical particles.
We will apply the strategy of Kohn and Otto [12]. This strategy involves two
quantities of length scaling and three key steps.

The first quantity is a volume-averaged interfacial area which scales as inverse

to length and is defined as

E= %Zi (4.102)

The second quantity scales as length and describes the pattern of the system.

Define ¢ to be the unique solution in H that satisfies

—Ad = XUB(,R:)> (4.103)

where Xup(a,,r,) is the characteristic function of UB(x;, R;), i.e.,

p

1 in UB([L’Z,RZ),
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The time derivative of ¢ satisfies

~A¢, =0 in R*\ UOB(z;, R;),

Vo - n”é)B(:ci,RZ—) = Ri for each i.
¢ is a superposition of {¢;}, with each ¢; € H satisfying

—A¢; = XB(zi,R;) >

[V¢i : n”BB(:cZ-,RZ-) = 0.

Then
)
r—x; 2 R? 1
_% + 5 in B(z, Ry),
¢i =
B\xR——?xﬂ in R*\ B(z;, R;).

[ver == [ oo

Z—/RS;@;A%’

Define L by the following

8w 47 SRS
Lzz/Ra\qup/;R?:;{ﬁR%?;|$i_;j‘}/zg§e,
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Then

$7(30, 7)) (5, B3)° _ s

. 4.113
BO,R) b e
Hence
EL>C, (4.114)
with Cy = (87/15) "%
Taking the time derivative of L% we get
Li = / VoVe / ZR?
R3\UOP; :
— “A A% RS
{/RS\UaP ¢ ¢t Z OB ¢t /Z
- _ R, R3
X e/
= [ VuV R?
[ vuwe/
1/2 1/2
< Vul? R? / Vo|? R?
{] u|/§jj 3L ¢|/; g
= (=27 E)"L. (4.115)
Hence
L2 < 2n(—F). (4.116)

By applying lemma 3 of [12], we get the following theorem on the coarsening

rate of the 3D monopole approximation.

Theorem 4.6. For any 1 < p < 3, there exist positive constants Cy and C3 depend-

ing only on p such that for any solution {R;} of the monopole approximation of the
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3D Mullins-Sekerka model, we have
T T
][ E(t)? dt > 02][ (3P dt,  for T = Cy L(0)?, (4.117)
0 0
where E and L are defined in terms of (4.102) and (4.112), respectively.

Remark.  Although (4.114) is always true, it is meaningful only when the
ratio between
R}R?

[::Zz\xii—@ and II::;R?

VI

is not big. Let’s compare the two terms in the simplest situation when all particles
occupy a square region €2 with side length [, €2 being divided into small squares of
side length d and the particles being located on vertices of small squares. d is the
distance between two nearest particles. Suppose furthermore the radii of particles

are all equal to R. In this situation, the total particle number N = (I/d)? and

RS
I~ N5/3F
and
II ~ NR°.
Then

I R ,, PR
7~

It is shown in [19] that the screening length &, is approximately

J3 1/2
Eser & (E) : (4.119)
So
I I \?
7 (g ) . (4.120)
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To make I/11 small, we need ., to be bigger than or at least comparable to the
system size [. This is the physical regime in which our estimate in theorem 4.6 is

meaningful.
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Appendix A

Non-dimensionalization for the phase-field model

To help clarify what physical conditions yield the system (1.4)—(1.5), we briefly
discuss the non-dimensionalization procedure here. We begin from a dimensional
version of the standard phase field system, derived following [23]. We start with a

bulk free energy density f at the phase transition temperature Ty given by

f(T5,0) = (hG(0) = (¢ — 1)*, (A1)

and bulk energy density given in terms of temperature 7" and order parameter ¢ by

E(T, ¢) = C()T + b0¢ (AQ)

Here ¢y is heat capacity and 2bg is latent heat. The thermodynamic relation
o(f/T)/0(1)T) = e yields

T

7,6 = oTlog 24 o (1= 1) + o Glo) (A3

The phase field system obtained from the kinetic derivation of [22], after linearizing

the contribution of temperature to the phase-field evolution equation, is

CoT‘t—f—boqﬁt = KOAT, (A4)

Bo

agPy = HOA¢_?0G/(¢) il

+ (T = Th). (A.5)

Here K is the heat conductivity, and oy and k¢ can be determined from the quan-

tities

1/2
lioTO OéoTo
T, = , t, = , A6
1 ( o ) B o
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which respectively represent a domain wall thickness and a relaxation time for the

phase field. For the system in this form, a Lyapunov function is the quantity

o

S0= | GrlVOR + FG(0) + g (r Tt (A7)

T 213
which has dimensions of entropy, but is not identical to the (negative) entropy

involved in the kinetic derivation of [22] due to the linearization step mentioned.

We non-dimensionalize according to
T— TO = U(]’EL, xr = xoi’, t= t(]t, (AS)

where ug, xg, to represent typical temperature fluctuation, length and time scales,
respectively. One then obtains the system (1.4)—(1.5) under the conditions that

- — T o tr o bQUQ . lCQUQ . Col’%
n Zo n Oéto n QﬁoT() N 2 bo N K()to'

(A.9)

These relations make clear the conditions under which the parameter e is small
while [, K, and a remain order one quantities: the domain wall thickness and
phase relaxation time should be small compared to typical length and time scales;
energetic contributions of temperature fluctuations should be small compared to
those of phase changes; and the time scale ty should be long compared to the heat

diffusion time tp = x3co/ Ko.

Appendix B

Compactness results for the L” moments
In this appendix, we will establish a compactness result for solutions x(¢, ) of
problem (3.78) + (3.79) with z(0,:) = wo(-) for any zo € L, N LP((0,1)) with
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1 < p < oo under the same assumptions (H1)-(H4) as in [21]. Note that the two
models we considered fall into this category except for the case n = 2,6 = 0 of
the volume-diffusion—controlled growth model (and this is the reason why we don’t

include this case in our estimates for coarsening rates with general size distribution).

Proposition B.1. Fiz T € (0,00) and consider a sequence {xy}32, of solutions to
(8.78) + (3.79) for 0 < t < T with initial values x(0,p) = zor(p) (p € (0,1)).
Assume that the sequence of initial data {zox} C LL N LP((0,1)) s compact in
LP((0,1)) for some 1 < p < oo with ¢; := inf}, fol zor > 0. Then {xy} is compact in

C([0, 77, LP((0,1))) and any limit x is again a solution of (3.78) + (3.79).

Proof. By Holder’s inequality, the assumption that {zox} € LLNLP((0,1)) is com-
pact in L?((0,1)) implies that {xq} is compact in L*((0,1)). Hence by Proposition
6.1 in [21], {zx} is compact in C([0,T], L}) and any limit x is again a solution of
(3.78) + (3.79). We will follow the strategy of the proof of Lemma 6.2 in [21] to
prove that x) is compact in LP((0, 1)).

It has been shown in [21] that () is uniformly bounded on [0,T]. The as-
sumptions (H1) — (H4) together with the boundedness of § imply that there exists

a positive constant C, depending only on 7', such that
la(x)0(t) — b(x)| < C(1+ z)

for all z > 0. By the generalized Arzela-Ascoli theorem, to show that {x)} is
compact in C'([0,77], LP((0,1))), we need prove the following three steps:

(1) uniform boundedness of {fol zh(t, ) dp} for all t € [0,T] and all £,

(2) for fixed t € (0,T), {xx(t,-)} is compact in LP((0, 1)),
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(3) supy llan(tr,) = wulta. Moy — 0 as |t —ta] 0.
To show (1), define Fj(t f5 xh(t, ) dp for 6 > 0. Then Fs < oo since xy(t,-) is

decreasing and

1 1 t
Fa(t)Z/ T (©) d<p+/ /pxi_lé‘sxk(s,@ ds dy
)

_ / 2 () dip + / / pal M al(e)0 — b)) ds d

</ zh, (¢ )d<p+Cp/ /xk (14 ay) dt de.
5

By Young’s inequality,

xp +—. (B.1)
So
1 1t
F5(t></ zh, (p) dgo—l—C'/ /((2p—1):cz+1) dt dyp
5 s Jo
1 t
</6 zh, (o) dg0+CT+C(2p—1)//6:chgodt.
0

By Gronwall’s inequality,

1 1
F5(t) < / ab, (@) dp + CT + C(2p — 1)eC= 1! (/ zh, (o) do + C’T). (B.2)
5 5

The compactness of zg, in LP((0, 1)) implies that there exists positive constant Cy

such that f zh, (¢) dp < C for all k. So by taking 6 — 0 in (B.2), we get
1
/ 2P (t, ) dp < C1 4+ CT 4 C(2p — 1)@= VIC, + CT) =: G(t) < G(T). (B.3)
0

Here G is an increasing function of ¢ and does not depend on k. Hence (1) is proved.
It is shown in the proof of Lemma 6.2 in [21] that, for fixed t, there exists a
pointwise convergent subsequence, still denoted as ;. for simplicity. So to prove (2),
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we need only show that {zj} is equi-integrable. Since zx(t,-) are decreasing, it is

enough to show

sup/ xp(t,p) dp — 0 ase — 0. (B.4)
k Jo

/ v) dp /xk dg0+/ /pxk (s,0)0sx(s, @) ds dp
0 0

/ w(¢) dg + / / pall (s, 9)(alz)0 — blax)) ds dy

0

/:)sk d<p+C’p//a:k (1+x) ds dy
0

/xk d<p+C'// (2p—1)af +1)dsdp by (B.1)
0

</£L’Ok( )dp +CTe+C(2p—1) //xkdgpds (B.5)
0

By Gronwall’s inequality,

/0(E zh(t, ) dp < /0(E 2P (@) dp + CTe + (2p — 1)Ce~1C! </0(E zh,. (@) dp + CT&).

(B.6)
We can assume without loss of generality that zor — xo in LP((0,1)). Hence
supy, [o 2hi(¢) dp — 0 as e — 0. By (B.6), supy, [; 2h(t,¢) dp — 0 ase — 0

and (2) is proved.
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Now let’s prove (3). Assume t; < ts.

to
/ P Ok (t, ) dt‘ dp

t1

[ o) — sy a

t1

1 1
/ (22t ) — (2, )] dp = p /
0 0

1
/
0

1 to
< C'p/ / 2?1+ ay) dt dp
0 t1

1 to
< C/ / (2p—1)zf +1)dtdy by (B.1)
0 t1

<O@p—1)(G(T) + lta—t.| by (B.3). (B.7)

Thus (3) is true and the proposition is proved.
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