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Chapter 1: Introduction

Consider the Lie group SO◦(p, q), for p ≥ 3. We are interested in analytic actions of

SO◦(p, q) on closed, connected manifolds. When the dimension of the manifold is < p+q−2,

there can be no nontrivial action of SO◦(p, q). When the dimension is p+q−2 there exists es-

sentially only one action, namely the one on the homogeneous space SO◦(p, q)
/
Pnull, where

Pnull ≤ SO◦(p, q) is a maximal parabolic subgroup, which is isomorphic to the stabiliser of

an isotropic line in the standard representation of SO◦(p, q) on Rp+q with a scalar product

of signature (p, q). We classify analytic SO◦(p, q) actions on closed, connected manifolds of

dimension p+q−1. More specifically, we get a classification up to analytic isomorphism for

the analytic SO◦(p, q) actions on Sp+q−1, Sp × Sq−1, Sp−1 × Sq and SO◦(p, q) ×Pnull S1, where

a maximal compact subgroup acts in a standard way, and then we show that an arbitrary

manifold of dimension p+ q−1 with a nontrivial SO◦(p, q) action is SO◦(p, q)-equivariantly

covered by one of these spaces. Here, Pnull acts on S1 via an analytic flow, see Section 4.1 for

the relevant definitions. Theorem 1.0.1 below gives the classification up to diffeomorphism

of all manifolds admitting a nontrivial action. For the purposes of presentation, we assume

here p, q ≥ 3. For q = 1 or q = 2, see Chapter 5 and Chapter 6 respectively.

Theorem 1.0.1. Suppose SO◦(p, q), p, q ≥ 3, acts analytically on a closed, connected

manifold M of dimension p + q − 1. Consider SO(p) ≃ SO(p) × {1} ≤ SO(p) × SO(q) ≤
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SO◦(p, q) and SO(q) similarly.

• If both SO(p) and SO(q) have a fixed point, then M is covered by Sp+q−1

• If only SO(p) has a fixed point, then M is covered by Sp × Sq−1

• If only SO(q) has a fixed point, then M is covered by Sp−1 × Sq

• If neither SO(p) nor SO(q) have a fixed point, then M is covered by

SO◦(p, q) ×Pnull S1. If Pnull = MPAPNP is the Langlands decomposition of Pnull, then

Pnull acts on S1 by a flow via AP .

We are actually able to say more about the actions, see Theorem 4.0.1. There are

four orbit types that appear in these actions. Specifically, the orbits are diffeomorphic to

the homogeneous spaces SO◦(p, q)
/

SO◦(p− 1, q), SO◦(p, q)
/

SO◦(p, q − 1), SO◦(p, q)
/
Gnull

or SO◦(p, q)
/
Pnull. Here, Gnull ≤ SO◦(p, q) is the stabiliser of a null vector in the standard

representation of SO◦(p, q) on Rp+q and we call these orbits nullcone orbits. Topologically

these are Rq ×Sp−1, Rp×Sq−1, a component of the nullcone in Rp+q with respect to a scalar

form of signature (p, q), and Sp−1 × Sq−1 respectively.

Firstly, in Chapter 2, we define analytic actions of SO◦(p, q), p, q ≥ 3, on Sp ×

Sq−1 where the maximal compact subgroup SO(p) × SO(q) acts in a standard way, see

the beginning of Chapter 2. These actions correspond to analytic flows satisfying certain

conditions, see Definition 2.0.1, on the fixed point set of SO(p − 1) × SO(q − 1), which is

a principal isotropy group with codimension 1 orbits for the action of SO(p) × SO(q). We

then get a classification of those SO◦(p, q) actions on Sp × Sq−1, using a result of [7], see

Appendix A. The SO◦(p, q) actions on Sp−1 × Sq are defined similarly, while the actions
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on Sp+q−1 are defined in [16]. The actions of SO◦(p, q) on SO◦(p, q) ×Pnull S1 are defined in

Section 4.1.

Subsequently, we consider an analytic action of SO◦(p, q) on a closed, connected

manifold M of dimension p + q − 1. An important step towards classifying these actions

is analysing the action of a maximal compact subgroup of SO◦(p, q) and determining the

orbit types that can appear, see Chapter 3 and in particular Proposition 3.3.1. Then, on

the fixed point set of SO(p − 1) × SO(q − 1), which is a finite union of circles, we get an

analytic flow, like above. If there are no nullcone orbits, then this flow helps us define an

SO◦(p, q) action on Sp+q−1, Sp×Sq−1 or Sp−1 ×Sq depending on the existence of fixed points

of SO(p) and SO(q), and get an SO◦(p, q)-equivariant covering map to M . In the presence

of a nullcone orbit, which is equivalent to neither SO(p) nor SO(q) having fixed points, M

is SO◦(p, q)-equivariantly covered by SO◦(p, q) ×Pnull S1.

Finally, we consider the analytic actions of SO◦(p, 1) and SO◦(p, 2), p ≥ 3. While the

results established are analogous to the q ≥ 3 case, there are some important differences.

In the case of SO◦(p, 1) actions on a manifold M , there can be more than two disjoint orbits

diffeomorphic to SO◦(p, 1)⧸SO◦(p− 1, 1) and the absence of SO(p) fixed points is no longer

sufficient to determine the topology of M . In the case of SO◦(p, 2) actions, the fixed point

set of SO(p − 1) × SO(1) ≃ SO(p − 1) is no longer 1-dimensional, but it is 2-dimensional.

Therefore, for the classification of the SO◦(p, 2) analytic actions, we employ Schneider’s

classification of the analytic SL2(R) actions on 2-dimensional manifolds in [13]. For more

details, see Chapter 5 and Chapter 6.
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1.1 Background and Motivation

In [16], Uchida studied smooth actions of SO◦(p, q) on Sp+q−1 with the extra assump-

tion that the action of a maximal compact subgroup on Sp+q−1 is the standard orthogonal

one. He showed that such actions are in one to one correspondence with pairs (Φ, f) where

Φ is a smooth flow on S1 and f : S1 → RP1 is smooth, and Φ and f satisfy certain condi-

tions. We will recall Uchida’s construction in the next chapter. Here, S1 is diffeomorphic to

the fixed point set of H, which is a principal isotropy group with codimension 1 orbits for

the action of the maximal compact subgroup. The function f encodes the isotropy algebra

at a point in S1 for the given action of SO◦(p, q), see Lemma 2.2.1 and Remark 4. Note

that Uchida’s result gives a correspondence between smooth SO◦(p, q) actions and pairs

(Φ, f), but only classifies them up to homeomorphism.

Such a pair (Φ, f) was first introduced by Asoh in [2] in order to study actions of

SL2(C) on S3. It was then modified by Uchida in [16] to study the actions mentioned above

and modified even further by Mukoyama in [10] to study smooth Sp(2,R) actions on S4.

Uchida in [17] used Mukoyama’s approach to study smooth SO◦(p, 2) actions on Sp+1, as well

as Sp(p, q) actions on S4p+4q−1 in [18]. Mukoyama also studied smooth SU(p, q) actions on

S2p+2q−1 and RPp+q−1 in [11]. On the other hand, assuming analyticity, Schneider classified

SL2(R) actions on 2-dimensional compact manifolds in [13]. We note that SL2(R), SL2(C)

and Sp(2,R) are locally isomorphic to SO◦(1, 2), SO◦(1, 3) and SO◦(2, 3) respectively.

In a different direction, Uchida classified analytic SLn(R) actions on Sn in [14]. Later,

both the analytic and the smooth SLn(R) actions on n-dimensional closed manifolds were

classified by Fisher and Melnick in [4].
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Schneider’s actions are of three types. The first type comprises actions with only

closed orbits diffeomorphic to S1. The second comprises effective SL2(R) actions that are

classified by a continuous invariant and the third type comprises non effective actions that

are classified by a finite set of discrete invariants. For such a non effective action there can

be multiple open orbits separated by closed S1 orbits. This picture is in accordance with

Asoh’s analytic actions and also with the analytic SO(p, 1) actions for p ≥ 3, see Chapter

5. On the other hand, for analytic SO(p, q) actions with p ≥ 3, q ≥ 2 there can be at

most two open orbits or an arbitrary number of open orbits which are all nullcone orbits,

i.e. orbits isomorphic to a component of a nullcone in Rp+q equipped with a scalar form of

signature (p, q). In Uchida’s result on Sp+q−1, which concerns smooth actions, there can

be more than two open orbits with all but two of those open orbits being nullcone orbits.

1.2 Notation

Throughout the text we use the following notation

- If A is a Lie group, A◦ denotes its identity component

- G := SO◦(p, q) =
{
X ∈ SLp+q(R) : X Ip,qX

T = Ip,q
}
, p ≥ 3,

where Ip,q =

−Ip

Iq

 where Ip and Iq are the identity p × p and q × q matrices

respectively.

- K :=


A

B

 ∈ G : A ∈ SO(p), B ∈ SO(q)

 ≤ G, K ≃ SO(p) × SO(q).
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- H :=





1

Ã

1

B̃


∈ K : Ã ∈ SO(p− 1), B̃ ∈ SO(q − 1)


≤ K,

H ≃ SO(p− 1) × SO(q − 1)

- M (p, q) =





cosh(θ) sinh(θ)

Ip−1

sinh(θ) cosh(θ)

Iq−1




≤ G

- j1 =



−1

−1

Ip+q−2


∈ SO(p) × {Iq} ≤ K

- j2 =



Ip

−1

−1

Iq−1


∈ {Ip} × SO(q) ≤ K, whenever q ≥ 2

- If G is a group and X is a space on which G acts, then for g ∈ G and x ∈ X we will

denote the action of g on x by g ⋆ x. An exception to this will be when a matrix A

acts on a vector v, where we will just write Av.

- If A is a Lie group, B ≤ A a Lie subgroup and X is a space on which B acts, then

A ×B X is the quotient space of A × X module the equivalence relation (a, x) ∼

(ab, b−1x). A acts on A×B X by multiplication on the left: ã ⋆ (a, x) = (ãa, x)

6



Chapter 2: Construction of SO◦(p, q) actions on Sp × Sq−1 and Sp−1 × Sq

Assume p, q ≥ 3 and consider G := SO◦(p, q). We see Sp as a subset of Rp+1 with

basis {e1, · · · , ep+1}, and Sq−1 as a subset of Rq with basis {ϵ1, · · · , ϵq}. We consider the

following action of K := SO(p)×SO(q), which we call the standard action of K on Sp×Sq−1:

First, we embed SO(p) in SO(p+ 1) by

κ 7→ κ̃ :=

κ
1

 (2.1)

Then, K acts on Sp × Sq−1 by matrix-vector multiplication in the obvious way: SO(p) acts

on the first factor via its embedding in SO(p + 1) and SO(q) acts on the second factor.

Evidently, this action is analytic. In this chapter we will construct G actions on Sp × Sq−1

that extend the standard K action. Note that for these actions SO(p)×{Iq} ≤ K has fixed

points, while {Ip} × SO(q) ≤ K does not.

Let F be the fixed point set of the subgroup H := SO(p− 1) × SO(q − 1). Then, F

comprises the following two circles:

{
(αe1 + βep+1, ϵ1) : α2 + β2 = 1

}
and

{
(αe1 + βep+1,−ϵ1) : α2 + β2 = 1

}

7



Set

S =
{
(αe1 + βep+1, ϵ1) : α2 + β2 = 1

}

Recall, j1 =



−1

−1

Ip+q−2


∈ K, which acts on S by

j1 ⋆ (αe1 + βep+1, ϵ1) 7→ (−αe1 + βep+1, ϵ1)

Note that, the other connected component of F is equal to j2 ⋆S . Recall that by “⋆” we

denote the action of a group element, see the Notation section in the Introduction.

The main ingredient for our construction will be a special type of flows on S1, see

the next definition. Here, we see S1 as the unit circle in R2, namely S1 = {α e1 + β e2 :

α2 + β2 = 1}.

Definition 2.0.1. Assume Φθ is a nontrivial analytic flow on S1 and let J1 be the reflection

with respect to the y-axis, namely J1(α e1 + β e2) = −α e1 + β e2. We will say that Φθ is a

basic J1-flow if:

• It has exactly two fixed points on S1, none of which are ±e2.

• J1Φθ(z) = Φ−θ (J1z), for θ ∈ R and z ∈ S1.

• The Jacobian of Φθ is − 2
n
, respectively 2

n
, at the attracting, respectively repelling,

fixed point, where n ∈ N.

Note that then, if z1, z2 are the fixed points of Φθ, we have J1 ⋆ z1 = z2. The actions

we will construct in this chapter will correspond to basic J1-flows. Note that, one of the

8



fixed points of Φθ must be attracting and the other repelling, say z1 is the former and z2

the latter.

Remark 1. Suppose Φθ is a basic J1-flow on S1 and let ∂S1 be a basic vector field of S1.

Then, Φθ generates an analytic vector field X = g · ∂S1 . In [7], Hitchin classified analytic

vector fields based on a number of local and global invariants, see Appendix A. For a basic

J1-flow, since we have two fixed points one of which is necessarily attracting and the other

necessarily repelling, the only invariants that matter are the Jacobian at the fixed points,

which is ±2/n and the global invariant µ which can be thought of as

µ =
∫

S1

1
g

Of course, in our case the right hand side does not make sense, but it can be defined using

complex integration methods around the zeros of g, see [7].

Now, let

ρ0 : S1 → S (2.2)

be the analytic isomorphism defined by

α e1 + β e2 7→ (α e1 + β ep+1, ϵ1)

Definition 2.0.2. Suppose Φθ is a basic J1-flow on S1. Via the isomorphism ρ0, see (2.2),

Φθ induces an analytic flow Φ′
θ on S . We will call analytic flows on S arising this way,

induced basic j1-flows.

9



Lemma 2.0.1. Suppose Φθ is a nontrivial analytic flow on S . Then, Φθ is an induced

basic j1-flow on S if and only if it satisfies the following relations:

• It has exactly two fixed points on S , none of which are (ep+1, ϵ1) or (−ep+1, ϵ1).

• j1Φθ(z) = Φ−θ (j1z), for θ ∈ R and z ∈ S .

• The Jacobian of Φθ is − 2
n
, respectively 2

n
, at the attracting, respectively repelling, fixed

point, where n ∈ N.

Proof. The only if part is immediate. Now, if Φθ is a flow on S , via ρ0 of (2.2) we can

define a flow, Φ′
θ, on S1. If Φθ satisfies the three relation in the lemma, then it is easy to

see that Φ′
θ is a basic J1-flow that induces Φθ.

Furthermore, the following function, defined in terms of an induced basic j1-flow, will

be useful to us later:

Remark 2. Let Φθ be an induced basic j1-flow on S . Via Φθ we can define a function,

fΦ on S in the following way:

• fΦ(±ep+1, ϵ1) := 0

• fΦ(z) := tanh(θ), for a point z ∈ S of the form z = Φθ ((±ep+1, ϵ1))

• fΦ(z1) := 1 and fΦ(z2) := −1

Analogously, we can define a standard action of K on Sp−1 × Sq, basic J2-flows on S1,

and induced basic j2-flows on the connected component of the fixed point set of H:

S2 =
{
(e1, αϵ1 + βϵq+1) : α2 + β2 = 1

}
10



The analogous construction of the one we will describe below will give G actions on Sp−1×Sq

which extend the standard action of K. Note that for these actions, {Ip} × SO(q) has fixed

points, but SO(p)×{Iq} does not. In the rest of this chapter we will deal with the Sp×Sq−1

case. The statements and proofs for the Sp−1 × Sq are completely analogous.

2.1 The Basic Construction

In this section we construct a G action on Sp × Sq−1 given a basic J1-flow on S1. This

construction is adapted from the construction in [16], see Section 2.3. Let

m(θ) :=



cosh(θ) sinh(θ)

Ip−1

sinh(θ) cosh(θ)

Iq−1



and set

M (p, q) = {m(θ) : θ ∈ R}

which is a one-parameter subgroup of G. Moreover, consider the isotropy group of the

point a e1 + b ep+1 ∈ Rp+q, for [a : b] ∈ RP1, in the standard representation of G on Rp+q,

which we denote by H[a:b] ≤ G. The following equality is established in [16]:

G = KM (p, q)
(
H[a:b]

)◦
(2.3)

for any [a : b] ∈ RP1.
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Suppose Φ̃θ is a basic J1-flow on S1, see Definition 2.0.1. Let Φθ be the induced basic

j1-flow on S , see Definition 2.0.2. Recall that

S =
{
(αe1 + βep+1, ϵ1) : α2 + β2 = 1

}

is a connected component of the fixed point set, F , of H in the standard action of K on

Sp × Sq−1. Recall also the function fΦ, see Remark 2. For z ∈ S , let

U(z) = (H[fΦ(z):1])◦ (2.4)

Then, equation (2.3) can be written as

G = KM (p, q)U(z) (2.5)

for any z ∈ S . Now, let g ∈ G and (v, w) ∈ Sp × Sq−1. There exists z ∈ S and

k0 = (κ1, κ2) ∈ K such that

k0 ⋆ z = (v, w)

Write gk0 = km(θ)uz , according to (2.5). Then, we define

g ⋆ (v, w) := k ⋆ Φθ(z) (2.6)

We prove that this action is well-defined in Section 2.5 and we show that it is analytic in

Appendix B. We will refer to G actions defined this way as actions from the basic construc-
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tion. Note that Φθ(z) is of the form
(
αΦθ(z)e1 + βΦθ(z)ep+1, ϵ1

)
, for some αΦθ(z), βΦθ(z) ∈ R

such that α2
Φθ(z) + β2

Φθ(z) = 1.

Remark 3. Although the basic construction is described on Sp × Sq−1 in terms of basic

J1-flows, there is an obvious analogue on Sp−1 × Sq in terms of basic J2-flows. We will will

also refer to those actions as actions from the basic construction when it is clear we are

talking about actions of G on Sp−1 × Sq.

Theorem 2.1.1. Two actions from the basic construction are analytically isomorphic if

and only if the corresponding basic J1-flows are analytically isomorphic. Moreover, the

basic J1-flows are classified up to analytic isomorphism by the Jacobian at the fixed points,

which is ±2/n, for n ∈ N, and the global invariant µ.

The first part of Theorem 2.1.1 is proved in Section 2.6. For the second part see

Remark 1. Of course, there is an analogous theorem for the analytic SO◦(p, q) actions on

Sp−1 × Sq:

Theorem 2.1.2. Two SO◦(p, q) actions on Sp−1×Sq from the basic construction are analyt-

ically isomorphic if and only if the corresponding basic J2-flows are analytically isomorphic.

The basic J2-flows are classified up to analytic isomorphism by the Jacobian at the fixed

points and the global invariant µ.

2.2 Properties of SO◦(p, q) actions on Sp × Sq−1

Suppose we have an analytic action of G on Sp × Sq−1 that extends the standard K

action. We are going to extract some important data for such actions, which will be useful
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later. The results in this section also show that these kind of actions are action from the

basic construction, see in particular Lemma 2.2.2. Recall that H[a:b] denotes the isotropy

subgroup of the point a e1 + b ep+1 ∈ Rp+q in the standard representation of G on Rp+q and

let h[a:b] denote its Lie algebra.

Lemma 2.2.1. [16, Lemma 1.7] Suppose p, q ≥ 3. Let a be a proper subalgebra of so(p, q)

which contains h ≃ so(p− 1) ⊕ so(q − 1). If

dim so(p, q) − dim a ≤ p+ q − 1

then a = h[a:b] for some (a, b) ̸= (0, 0) or a = h[1:ϵ] ⊕ θ1 for ϵ = ±1, where the one-

dimensional space θ1 is generated by the matrix E1,p+1 + Ep+1,1

Remark 4. Recall that F is the fixed point set of H and that F = S
⋃
j2 ⋆ S . The

above lemma allows us to define a function f̃ : F → RP1 in the following way: for z ∈ F ,

set f̃(z) := [az : bz], where [az : bz] ∈ RP1 is the unique point such that h[az :bz ] ≤ gz, where

gz is the Lie isotropy algebra at z. The function f̃ is analytic, see [16, p. 778]. This way

of defining a function f̃ on the fixed point set of H will be used numerous times.

For the actions that we consider, since there is no point on F fixed by SO(q), the

second coordinate of f̃ would always be non-zero. So, we can define an analytic function f

by

f(z) = a

b
if f̃(z) = [a : b]

Additionally, it is easy to see that M (p, q) normalises H and hence, it preserves F . The

action of M (p, q) gives an analytic flow Φθ on F . Abusing the notation, we will write SO(p)
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for SO(p) × {Iq} ≤ K and SO(q) for {Ip} × SO(q) ≤ K. Let j1 =

−I2

Ip+q−2

 ∈ SO(p)

and j2 =

Ip+q−2

−I2

 ∈ SO(q).

Remark 5. By straightforward matrix multiplications, we see that Φθ and f satisfy the

following properties, for z ∈ S and θ ∈ R:

(A1) ji ⋆ Φθ(z) = Φ−θ(ji ⋆ z) (i = 1, 2)

(A2) f(ji ⋆ z) = −f(z) (i = 1, 2)

(A3) f
(
Φθ(z)

)
= f(z) + tanh(θ)

1 + f(z)tanh(θ)

(A4) f(z) = 0 ⇔ z = (±ep+1, ϵ1) or (±ep+1,−ϵ1)

Note that (A4) can be written alternatively as

(A4)′ f(z) = 0 ⇔ z is fixed by SO(p)

Lemma 2.2.2. (i) Suppose Φθ is an induced basic j1-flow on S , see Definition 2.0.2.

Then, fΦ, see Definition 2, is analytic, and Φθ and fΦ can be extended to F so that

they satisfy relations (A1)-(A4).

(ii) Suppose Φθ and f are an analytic flow and function respectively on F such that they

satisfy relations (A1)-(A4). Then, Φ′
θ = Φθ

∣∣∣
S

is an induced basic j1-flow on S and

fΦ′
θ

= f .

Proof. (i) Suppose Φθ is an induced basic j1-flow on S . Firstly, we prove that fΦ is

analytic on S . Observe that, fΦ is evidently analytic on the orbits of (±ep+1, ϵ1). To
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prove the analyticity at a fixed point of Φθ, say z1, we can use Poincaré’s theorem,

see [1, Section 22], to linearise the flow around z1. The theorem implies that there

exists a change of coordinates around z1 such that, after using a chart centered at z1,

the flow has the form

Φθ(x) = x etJΦ(z1)

where JΦ is the Jacobian of Φθ at z1, which is nonzero. Then, let y be a point in the

domain in which the above form of Φθ is valid. Note that, by (A3), fΦ takes the form

fΦ (Φθ(y)) = f(y) + tanh(θ)
1 + f(y)tanh(θ)

Let x = Φθ(y). Since Φθ(y) = y etJΦ(z1), we can solve for θ:

θ = 1
JΦ(z1)

ln
(
x

y

)

Then, a straightforward calculation shows that

tanh(θ) =
1 −

(
x
y

)2/JΦ(z1)

1 +
(
x
y

)2/JΦ(z1)

But the right hand side of this equality is an analytic function in a neighbourhood

of x = 0. Hence, fΦ is analytic at z1. Similarly, it is shown that fΦ is analytic at the

other fixed point of Φθ as well. Subsequently, we extend Φθ to all of F = S
⋃
j2 ⋆S ,
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by defining for z ∈ j2 ⋆S and θ ∈ R:

Φθ(z) := j2 ⋆ (Φ−θ (j2 ⋆ z))

Similarly, we extend fΦ on j2 ⋆S by defining

fΦ(z) := −fΦ(j2 ⋆ z)

Clearly, Φθ and fΦ satisfy the relations (A1)-(A4). Evidently, Φθ and fΦ are analytic

on F .

(ii) Suppose Φθ and f are an analytic flow and function such that they satisfy relations

(A1)-(A4). The fact that the fixed points of Φ′
θ are not (±ep+1, ϵ1) and the relation

j1 ⋆Φ′
θ(z) = Φ′

−θ(j1 ⋆ z) are immediate. The flow Φ′
θ generates a vector field X on S .

If ∂S is a basic vector field of S , the we can write

X = g · ∂S

where g is an analytic function on S . Then, property (A3) for z = (ep+1, ϵ1) shows

that f satisfies the following differential equation

g ∂S (f) = 1 − f 2 (2.7)

Note that this equation is valid at the fixed points of Φ′
θ also, since at those points

g = 0 and f = ±1. The last equality follows from (A3) by taking θ → ±∞. Let z1
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be one of the fixed points of Φθ for which f(z1) = 1. We can pick a chart centered at

z1, where (2.7) takes the form

g · f ′ = 1 − f 2 (2.8)

The functions in (2.8) are to be understood as composed with the chart, but we

still use the same letters. Since f is an analytic function on S and since it is not

constantly equal to 1, it cannot be constantly equal to 1 around z1. That means that

the order of vanishing of 1 − f in (2.8) at 0 cannot be infinite. By order of vanishing

we mean the smallest number n ∈ N such that (1 − f)(n)(0) = f (n)(0) ̸= 0, but

(1 − f)(k)(0) = 0 for 0 ≤ k < n, where (1 − f)(0) = 1 − f . But then, differentiating

equation (2.8) (n+ 1)-times and evaluating at 0, we get that

g′(0) = − 2
n

Of course, g′(0) is equal to the Jacobian of Φ′
θ at z1. By (A1), we get that g ◦ j1 = g,

hence we see that at the other fixed point of Φ′
θ, which is j1(z1), we have that the

Jacobian of Φ′
θ is JΦ (j1(z1)) = 2

n
. Then, by Lemma 2.0.1, Φ′

θ is an induced basic

j1-flow.

Remark 6. In the following, we will drop the subscript “Φ” from fΦ and we will simply

write f .
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2.3 The Uchida construction

As it was mentioned in the Introduction, in [16], Uchida studied smooth actions of G

on Sp+q−1 extending the standard orthogonal action of K.

Remark 7. Uchida showed that such actions are in one to one correspondence with pairs

(Φ, f̃) where Φ is a smooth flow on S1 and f̃ : S1 → RP1 is smooth, and ϕ and f̃ satisfy:

(i) ji ⋆ Φθ(z) = Φ−θ(ji ⋆ z) (i = 1, 2)

(ii) f̃(z) = [a : b] ⇒ f̃(ji ⋆ z) = [a : −b] (i = 1, 2)

(iii) f̃(z) = [a : b] ⇒ f̃ (Φθ(z)) = [a cosh(θ) + b sinh(θ) : a sinh(θ) + b cosh(θ)]

(iv) f̃(z) = [0 : 1] ⇔ z = ep+1 and f̃(z) = [1 : 0] ⇔ z = e1

where, j1 and j2 act on S1 as the reflections with respect to the y-axis and x-axis respectively,

see [16, Theorem]. We will refer to the above conditions as Uchida conditions.

The correspondence roughly goes as follows. Given a G action on Sp+q−1, let F be

the fixed point set of H. Then, F is diffeomorphic to S1. The pair (Φ, f̃) is obtained via

M (p, q) and Lemma 2.2.1 respectively. For the reverse direction, suppose a pair (Φ, f̃)

satisfying the Uchida conditions is given. We can assume that (Φ, f̃) are a flow and a

function on F , since F is diffeomorphic to S1. For z ∈ F with f̃(z) = [a : b], let

U ′(z) = (H[a:b])◦

Then, by equation (2.3),

G = KM (p, q)U ′(z)
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for any z ∈ F . Therefore, an action of G on Sp+q−1 such that K acts in the standard way

is defined in the following way: Let v ∈ Sp+q−1 and g ∈ G. There exist z ∈ S1 and k ∈ K

such that

k ⋆ z = v

Using (2.5), write

gk = k1 m(θ)u

Then, the action is defined as

g ⋆ v := k1 ⋆ Φθ(z)

where on the right hand side the action of k1 is the standard orthogonal one.

Let S3 = {α e1 + β ep+1 : α2 + β2 = 1} ⊆ Sp+q−1. Then S3 = F for G actions on

Sp+q−1 extending the orthogonal K action.

Definition 2.3.1. Assume Φθ is a nontrivial analytic flow on S1. We will say that Φθ is a

basic (J1, J2)-flow if:

• It has exactly 4 fixed points on S1, none of which are the points ±e1 or ±e2.

• JiΦθ(z) = Φ−θ(Jiz), i = 1, 2, where J1 is the reflection with respect to the y-axis and

J2 the reflection with respect to the x-axis.

• The Jacobian of Φθ at the fixed points is ±2/n, where n ∈ N.

Note that the second condition in the above definition implies that if z1 is a fixed point

of Φθ, then the rest of the fixed points are Ji ∗ z1, for i = 1, 2, and J1J2 ⋆ z1. Additionally,

the same condition implies that if the Jacobian of Φθ at z1 is 2/n, the J1J2 ⋆ z1 has the
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same Jacobian, while the Jacobian equals −2/n at Ji ⋆ z1, i = 1, 2. Similarly to Definition

2.0.2, we can define induced basic (j1, j2)-flows on S3. Furthermore, similarly to Lemma

2.2.2 it can be shown that starting from an induced basic (j1, j2)-flow on S3 we can get a

pair (Φθ, f̃) satisfying the Uchida conditions, where f̃ : S3 → RP1. Consequently, by the

results in [16], we get an analytic G action on Sp+q−1 extending the orthogonal K action.

We will refer to an action of G on Sp+q−1 arising this way as an action from the Uchida

construction corresponding to a basic (J1, J2)-flow. Similar arguments to those we will use

to prove Theorem 2.1.1 can be used to prove a similar result in this case, see also Remark

1:

Theorem 2.3.1. (see also [16, Theorem]) Two actions from the Uchida construction corre-

sponding to basic (J1, J2)-flows are analytically isomorphic if and only if the corresponding

basic (J1, J2)-flows are analytically isomorphic. Moreover, the basic (J1, J2)-flows are clas-

sified up to analytic isomorphism by the Jacobian at the fixed points, which is ±2/n, for

n ∈ N, and the global invariant µ.

Note that this theorem strengthens Uchida’s result about G actions on Sp+q−1 ex-

tending the orthogonal K action, in the analytic setting.

2.4 Adapted lemmas from Uchida

Suppose Φθ is an induced basic j1-flow on S and f = fΦ, see Definition 2.0.2 and

Remark 2. Recall that by Lemma 2.2.2, Φ and f satisfy relation (A1)-(A4) from Remark

5.
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For z ∈ S , let

P (z) = 1
f(z)2 + 1 (f(z) e1 + ep+1)T · (f(z) e1 + ep+1) ∈ R(p+q)×(p+q) (2.9)

Then, define the following subgroup of G

U (P (z)) =
{
g ∈ G : gP (z)gT = P (z)

}

Recall U(z) by (2.4) and note that

U (P (z))◦ = U(z) (2.10)

see [16]. For θ ∈ R, let

λ(θ, z) = 1
f 2(z) + 1

[
(f(z) cosh(θ) + sinh(θ))2 + (f(z) sinh(θ) + cosh(θ))2

]
(2.11)

Straightforward matrix multiplication and (A3) show that, for z ∈ S ,

m(θ)P (z)m(θ) = λ(θ, z)P (Φθ(z)) (2.12)

and hence

m(−θ)U(z)m(θ) = U (Φθ(z)) (2.13)

See also [16]. We show that the following adaptation of lemmas from [16] hold in our case

too.
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Lemma 2.4.1. (see also [16, Lemma 3.5]) Suppose kP (z)kT = P (w) for some k ∈ K and

z, w ∈ F . Then

(1) If f(z) ̸= 0, then f(z) = f(w) and k ∈ H
⋃
j1j2H or f(z) = f(ji(w)) and k ∈

j1H
⋃
j2H.

(2) If f(z) = 0, then f(z) = f(w) and k ∈ U(z)⋃ j1j2U(z).

The proof is the same as that of [16, Lemma 3.5].

Lemma 2.4.2. (see also [16, Lemma 3.6]) If z ∈ S and f(Φθ(z)) = f(ji(z)), then

|f(z)| ≠ 1 and Φθ(z) = j1(z).

Proof. f
(
Φθ(z)

)
= f(ji(z)) = −f(z) by (A2) and f

(
Φθ(z)

)
= f(z)+tanh(θ)

1+f(z)tanh(θ) by (A3), see

Remark 5. Therefore, f(z) ̸= ±1. Hence, |f(z)| < 1 and so, there exists τ ∈ R such that

f(z) = tanh(τ). But also, tanh(τ) = f
(
Φτ (±ep+1, ϵ1)

)
. Since f(z) ̸= ±1 it is in the Φ-orbit
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of either (ep+1, ϵ1) or (−ep+1, ϵ1). Say it is in the former’s orbit. Then, we have

f
(
Φ−τ (z)

)
= 0

⇒ Φ−τ (z) = (ep+1, ϵ1)

⇒ z = Φτ (ep+1, ϵ1)

⇒ j1 ∗ z = Φ−τ (j1 ∗ (ep+1, ϵ1)) = Φ−τ (ep+1, ϵ1)

⇒ f(Φθ(z)) = Φ−τ (ep+1, ϵ1)

⇒ f(Φθ+τ (z)) = f(ep+1, ϵ1) = 0

⇒ Φθ+τ (z) = (ep+1, ϵ1) = Φ−τ (z)

⇒ Φ2τ+θ(z) = z

⇒ 2τ + θ = 0

⇒ τ = −θ

2

But then,

j1 ∗ z = Φθ/2(ep+1, ϵ1) = Φθ(z)

The argument is the same if z is in the orbit of (−ep+1, ϵ).

Lemma 2.4.3. ( [16, Lemma 3.7]) If jim(θ) ∈ U(z), then |f(z)| ≠ 1 and i = 1.

The proof is the same as in [16]. Note that in our case i = 2 cannot happen. Indeed,

then we would get

(1 + f 2(z)) = (f 2(z) − 1)cosh(θ)

which is impossible, since the left hand side is always positive, while the right hand side is
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always negative.

2.5 Well-definedness of the SO◦(p, q) actions

Firstly, we show that the definition of the action in (2.6) of an element g of G,

assuming z ∈ S and k0 = (κ1, κ2) ∈ K are fixed, is independent of the expression of gk0

using (2.5). To that end, suppose that

gk0 = km(θ)u = k′m(θ′)u′

for k, k′ ∈ K, θ, θ′ ∈ R and u, u′ ∈ U(z). We have

km(θ)P (z)m(θ)kT = k′m(θ′)P (z)m(θ′)(k′)T

⇒ λ(θ, z)kP
(
Φθ(z)

)
kT = λ(θ′, z)k′P

(
Φθ′(z)

)
(k′)T

by (2.12). By taking the trace of both sides, we get

λ(θ, z) = λ(θ′, z) (2.14)

and

kP
(
Φθ(z)

)
kT = k′P

(
Φθ′(z)

)
(k′)T (2.15)
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Now, (2.15) gives (k′)TkP
(
Φθ(z)

)
kTk′ = P

(
Φθ′(z)

)
, which by Lemma 2.4.1 and Lemma

2.4.2 implies 
f
(
Φθ(z)

)
= f

(
Φθ′(z)

)
or

f
(
Φθ(z)

)
= −f

(
Φθ′(z)

)

⇒


f
(
Φθ−θ′(z)

)
= f

(
z
)

or

f
(
Φθ+θ′(z)

)
= −f

(
z
)

= f(j1(z))

(2.16)

We deal first with the first case of (2.16). Suppose f (Φθ−θ′(z)) = f
(
z
)
. If f(z) = 1,

then by (2.14) we get:

(
cosh(θ) + sinh(θ)

)2
=
(
cosh(θ′) + sinh(θ′)

)2

⇒ (eθ)2 = (eθ′)2

⇒ θ = θ′

Similarly, if f(z) = −1, we again get θ = θ′. On the other hand, if |f(z)| ≠ 1, then
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we have

f
(
Φθ−θ′(z)

)
= f

(
z
)

θ0=θ−θ′
=====⇒ f(z) + tanh(θ0)

1 + f(z)tanh(θ0)
= f(z)

⇒ f(z) + tanh(θ0) = f(z) + f 2(z)tanh(θ0)

⇒ tanh(θ0) = f 2(z)tanh(θ0)

⇒
(
1 − f 2(z)

)
tanh(θ0) = 0

|f(z)|̸=1=====⇒ tanh(θ0) = 0

⇒ θ0 = 0

⇒ θ = θ′

Having now that θ = θ′, we have that

k−1k′ = m(θ)u(u′)−1m(θ) ∈ m(θ)U(z)m(θ)−1 = U
(
Φθ(z)

)

by (2.13). Now, suppose an element k̃ = (κ1, κ2) ∈ K is in U(ζ) for some ζ ∈ S1. Then,

κ1 (f(ζ)e1) = f(ζ)e1 and κ2ep+1 = ep+1

Thus, κ2 ∈ SO(q − 1) and, if f(ζ) ̸= 0, then κ1 ∈ SO(p − 1), while if f(ζ) = 0, then

ζ = (±ep+1, ϵ1) In any case we see that

K ∩ U(ζ) = StabK(ζ)
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Therefore, k−1k′ ∈ StabK (Φθ(z)) and hence

k ⋆ Φθ(z) = k′ ⋆ Φθ(z)

Now, we consider the second case of (2.16), namely the case f
(
Φθ+θ′(z)

)
= f(j1(z)).

By equation (2.15) and Lemma 2.4.1, we get that

k−1k′ ∈ j1H ∪ j2H

Hence, there exists h ∈ H for which k′ = kjih. Then

km(θ)u = k′m(θ′)u′

⇒ m(θ)u = jihm(θ′)u′

⇒ m(θ)u = jim(θ′)hu′

⇒ m(θ)u = m(−θ′)jihu′

⇒ jim(θ + θ′) = hu′u−1

Hence, jim(θ + θ′) ∈ U(z) and by Lemma 2.4.3, i = 1 and |f(z)| ̸= 1, which then implies
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Φθ+θ′(z) = j1(z). As a result, we have

k′ ⋆ Φθ′(z) = kj1h ⋆ Φθ′(z)

= kj1 ⋆ Φθ′(z)

= kj1 ⋆ Φ−θ+(θ+θ′)(z)

= kj1m(−θ) ⋆ Φθ+θ′(z)

= km(θ)j1m(θ + θ′) ⋆ z

= km(θ) ⋆ z

= k ⋆ Φθ(z)

Hence, the action in (2.6) is well defined when k0 = (κ1, κ2) ∈ K and z ∈ S are fixed.

Next, suppose (v, w) ∈ Sp×Sq−1. We now show that the action in (2.6) is independent

of the way (v, w) is written as (v, w) = k0 ⋆ z for k0 ∈ K and z ∈ S . To the end, assume

(v, w) = k0⋆z = k′
0⋆z

′, for k0 = (κ1, κ2), k′
0 = (κ′

1, κ
′
2) ∈ K and z = (αze1 +βzep+1, ϵ1), z′ =

(αz′e1 + βz′ep + 1, ϵ1) ∈ S . Moreover, for a g ∈ G, let gk0 = km(θ)u and gk′
0 = k′m(θ′)u′.

Recall that for κ ∈ SO(p), κ̃ =

κ
1

, see equation (2.1). Now,

k0 ⋆ z = k′
0 ⋆ z

′

⇒


κ̃1(αze1 + βzep+1) = κ̃′

1(αz′e1 + βz′ep+1)

κ2ϵ1 = κ′
2ϵ1
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From that we deduce that βz = βz′ and that αz = ±αz′ , since α2
z+β2

z = α2
z′ +β2

z′ = 1. Hence,

z = jη1z
′, where η = 0 or 1. Hence, (k′

0)−1k0j
η
1 fixes z′ and therefore, (k′

0)−1k0j
η
1 ∈ U(z′),

which implies k′
0 = k0j

η
1u

′′, for some u′′ ∈ U(z′). Then,

gk′
0 = gk0j

η
1u

′′

= km(θ)ujη1u′′

= km(θ)jη1
(
jη1uj

η
1u

′′
)

= kjη1m
(
(−1)ηθ

)(
jη1uj

η
1u

′′
)

Now, P (ji(z)) = jiP (z)ji and therefore, jη1ujη1 ∈ U(z′). But then, kjη1m
(
(−1)ηθ

)(
jη1uj

η
1u

′′
)

and k′m(θ′)u′ are different expressions for gk′
0 using (2.5) for the point z′ ∈ S and as we’ve

already seen the action defined in (2.6) agrees for the two expressions, namely:

kjη1 ⋆ Φ(−1)ηθ(z′) = k′ ⋆ Φθ′(z′)

If η = 0, then z = z′ and k′ ⋆ Φθ′(z′) = k ⋆ Φθ(z), while if η = 1, then z = j1z
′ and

k′ ⋆ Φθ′(z′) = kj1 ⋆ Φ−θ(z′) = k ⋆ Φθ(j1z
′) = k ⋆ Φθ(z).

Finally, we see that this definition does indeed give an action of G. Let g, g′ ∈ G,

(v, w) ∈ Sp× Sq−1 and (v, w) = (κ1, κ2) ⋆ z, and write g(κ1, κ2) = km(θ)u and g′k =
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k′m(θ′)u′, where u ∈ U(z) and u′ ∈ U(Φθ(z)). Then,

g′g(κ1, κ2) = g′km(θ)u

= k′m(θ′)u′m(θ)u

= k′m(θ′ + θ)
(
m(−θ)u′m(θ)

)
u

But, by (2.13), m(−θ)u′m(θ) ∈ U(z), therefore

g′ ⋆
(
g ⋆ z

)
= g′ ⋆

(
k ⋆ Φθ(z)

)

= k′ ⋆ Φθ′(Φθ(z))

= k′ ⋆ Φθ′+θ(z)

= g′g ⋆ z

It is also easy to see that this action extends the action of K on Sp× Sq−1.

2.6 Isomorphic Actions

Here we prove Theorem 2.1.1

Proof. (of Theorem 2.1.1) Suppose that for two G-actions from the basic construction, the

basic J1-flows on S1 that they correspond to, say Φ̃1
θ and Φ̃2

θ, are analytically isomorphic.

Let Φ1
θ be the induced basic j1-flow of Φ̃1

θ on S , see Definition 2.0.2. Similarly, consider

the induced basic j1-flow Φ2
θ of Φ̃2

θ. Recall S = {(αe1 + βep+1, ϵ1)} ⊆ Sp × Sq−1. Now,
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since Φ̃1
θ and Φ̃2

θ are analytically isomorphic, it is immediate that Φ1
θ and Φ2

θ are also

analytically isomorphic. Equivalently, the vector fields that Φ1
θ and Φ2

θ generate, say X and

Y respectively, are isomorphic. We note that, by the result in [7], analytic vector fields on

the circle are classified, see Appendix A for more details, see also Remark 1. Then, there

exists an analytic isomorphism, Ψ, of S such that

Ψ ◦ Φ1
θ = Φ2

θ ◦ Ψ

Moreover, we can assume that Ψ satisfies Ψ◦j1 = j1 ◦Ψ, see Appendix A. Let f1 = fΦ1 and

f2 = fΦ2 , see Remark 2. We claim that Ψ also satisfies f1 = f2 ◦ Ψ. Indeed, if X = gX · ∂1,

where ∂1 is a basic vector of S , then by (A1) and (A3) of Remark 5, it is easy to see that


gX ◦ j1 = gX

gX · (f1)′ = (f1)2 − 1

and similarly for Y .

Let z = (±ep+1, ϵ1). Then, f1(z) = 0 and gX(z) ̸= 0. By Ψ ◦ j1 = j1 ◦ Ψ, z′ = Ψ(z)

is also fixed by j1, i.e. it is either (ep+1, ϵ1) or (−ep+1, ϵ1) and hence, f2 (z′) = 0 and

gY (z′) ̸= 0. Let I be a neighbourhood of z and see I as an interval on the real line.

Similarly for an I ′ around z′, such that Ψ : I → I ′ analytic isomorphism.

In terms of gX and gY , the relation Ψ ◦ Φ1 = Φ2 ◦ Ψ becomes

gX · Ψ′ = gY ◦ Ψ
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This is equivalent to

gX ◦ Ψ−1 = gY ·
(
Ψ−1

)′

Now,

gX · f ′
1 = f 2

1 − 1

⇒gX ◦ Ψ−1 · f ′
1 ◦ Ψ−1 = f 2

1

(
Ψ−1

)
− 1

⇒gY ·
(
Ψ−1

)′
· f ′

1 ◦ Ψ−1 = f 2
1

(
Ψ−1

)
− 1

⇒gY ·
(
f1 ◦ Ψ−1

)′
= f 2

1

(
Ψ−1

)
− 1

Therefore, both f2 and f1 ◦ Ψ−1 solve the equation


u′ = 1

gY
(u2 − 1)

u(z′) = 0

where by u′ we denote the derivative of u. Therefore they’re equal around z′, and being

analytic, they’re equal. Therefore, we have an analytic isomorphism

Ψ : S → S

such that

Ψ ◦ Φ1
θ = Φ2

θ ◦ Ψ and
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f1 = f2 ◦ Ψ

Now, we can define a map

Ψ̃ : Sp × Sq−1 → Sp × Sq−1

by

Ψ̃
(
k ⋆ Φ1

θ(z)
)

7→ k ⋆ Φ2
θ (Ψ(z))

• Ψ̃ is well defined:

Suppose k⋆Φ1
θ(z) = k′⋆Φ1

θ′(z′). If Φ1
θ(z) = (±ep+1, ϵ1), then by Φ1

θ(z) = k−1k′⋆Φ1
θ′(z′),

we get that k−1k′ ∈ SO(p) × SO(q − 1) and Φ1
θ′(z′) = Φ1

θ(z) = (±ep+1, ϵ1). Then, by

0 = f1(±ep+1, ϵ1) = f2 (Ψ(±ep+1, ϵ1)) we have Ψ(±ep+1, ϵ1) = (ep+1, ϵ1) or (−ep+1, ϵ1),

hence k⋆Ψ(±ep+1, ϵ1) = k′ ⋆Ψ(±ep+1, ϵ1). Finally, k⋆Ψ(±ep+1, ϵ1) = k′ ⋆Ψ(±ep+1, ϵ1)

implies k ⋆ Ψ(Φ1
θ(z)) = k′ ⋆ Ψ(Φ1

θ′(z′)). Therefore, k ⋆ Φ2
θ (Ψ(z)) = k′ ⋆ Φ2

θ′ (Ψ(z′)).

If Φ1
θ(z) ̸= (±ep+1, ϵ1), then Φ1

θ(z′) = Φ1
θ(z) or j1 ⋆ Φ1

θ(z), and k−1k′ ∈ H or j1H

respectively. In the former case the result is immediate. In the latter, it follows by

the equations Φi
θ ◦ j1 = j1 ◦ Φi

θ and Ψ ◦ j1 = j1 ◦ Ψ.

• Ψ̃ is onto:

Let (v, w) ∈ Sp × Sq−1. There exist k ∈ K, z ∈ S and θ ∈ R such that (v, w) =

k ⋆ Φ2
θ(z). Then, (v, w) = Ψ̃ (k ⋆ Φ1 (Ψ−1(z)))

• Ψ̃ is 1-1: The proof proceeds similarly to the well definedness of Ψ̃.

• Ψ̃ is G-equivariant: The proof is identical to that of Lemma 4.2.3 in Section 4.2.
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• Ψ̃ is a local analytic isomorphism: The proof is identical to that of Lemma 4.2.4 in

Section 4.2.

Therefore, the two G actions are analytically isomorphic, if the analytic isomorphism Ψ

on S between Φ1
θ and Φ2

θ exists. On the other hand, it is immediate that an analytic, G-

equivariant isomorphism between two such G-actions will result in isomorphic induced basic

j1-flows on S and hence, the corresponding basic J1-flows on S1 are also isomorphic.
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Chapter 3: Extendable SO(p) × SO(q) actions

We consider G = SO◦(p, q) and its maximal compact subgroup K = SO(p) × SO(q).

We are interested in the analytic actions of K on a closed, connected manifold M of

dimension p+ q − 1, that extend to an analytic action of G. To that end, we are going to

look at the possible SO(p) and SO(q) orbits. Uchida has classified the subgroups of Op of

codimension at most 2p− 2, see [15] and [14]. We show that Uchida’s result can be applied

here. We assume p ≥ q and that K acts on a manifold M as above. Assume also that the

action extends to G. Let x ∈ M .

Notation: We denote by Op the SO(p)-orbit of x and by Oq its SO(q)-orbit.

Lemma 3.0.1. dimOp < 2p− 1

Proof. Since p ≥ q, dimOp ≤ p+ q − 1 ≤ 2p− 1. If dimOp = 2p− 1, then it follows q = p.

Consider StabSO(q)(x), which acts trivially on TxOp = TxM . If StabSO(q)(x) has dimension

≥ 1, then the action of K is not locally effective and so it cannot extend to an action of

G. If StabSO(q)(x) has dimension = 0, then Oq has dimension q(q− 1)/2 = p(p− 1)/2. For

p = q ≥ 5 this is bigger than the dimension of the manifold and for p = q = 4 or 3, it

is impossible for Op to be of dimension 2p − 1 since that is bigger than the dimension of

SO(p).

So, we suppose we have dimOp ≤ 2p− 2 and therefore, we can apply Uchida’s result.
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Let V :=TxOp ⋂TxOq. In particular, V ≤ TxOp is a trivial subrepresentation of the

isotropy representation of H ′ = StabSO(p)(x). Therefore, the dimension of V is bounded by

the dimension of a maximal subspace of TxOp on which H ′ acts trivially via the isotropy

representation. In turn, the dimension of TxOq is bounded by

dimTxO
q ≤ dimM − dimTxO

p + dimV (3.1)

At the same time q must satisfy

dimOp ≤ p+ q − 1 and q ≤ p (3.2)

We present Uchida’s classification of the orbit types, SO(p)
/
H ′, mentioned above, in

Table 3.1 below. The last column comes from taking (3.2) into consideration.

For reference, we will call the last four rows of Table 3.1 the bottom part and the

rest the top part. The embedding of H ′ in SO(p) in each case is the usual one, except for

the penultimate row of the top part of Table 3.1 where it is the irreducible 5-dimensional

representation of SO(3).
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Table 3.1: Uchida Table

p subgroup H ′ dimOp dimM q

p SO(p − 2) 2p − 3 ≤ 2p − 1 p − 2 ≤ q ≤ p
p SO(p − 2) × SO(2) 2p − 4 ≤ 2p − 1 p − 3 ≤ q ≤ p
9 Spin(7) 15 ≤ 17 7 ≤ q ≤ 9
8 G2 14 ≤ 15 7 ≤ q ≤ 8
8 U4 12 ≤ 15 5 ≤ q ≤ 8
8 SU4 13 ≤ 15 6 ≤ q ≤ 8
7 G2 7 ≤ 13 3 ≤ q ≤ 7
7 U3 12 ≤ 13 6 ≤ q ≤ 7
7 SO(3) × SO(4) 12 ≤ 13 6 ≤ q ≤ 7
6 SO(3) × SO(3) 9 ≤ 11 4 ≤ q ≤ 6
6 U3 6 ≤ 11 3 ≤ q ≤ 6
6 SU3 7 ≤ 11 3 ≤ q ≤ 6
6 U2 × U1 10 ≤ 11 5 ≤ q ≤ 6
5 U2 6 ≤ 9 3 ≤ q ≤ 5
5 SU2 7 ≤ 9 3 ≤ q ≤ 5
5 U1 × U1 8 ≤ 9 4 ≤ q ≤ 5
5 SO(3) 7 ≤ 9 3 ≤ q ≤ 5
3 {1} 3 ≤ 5 3
p SO(p − 1) p − 1 ≤ 2p − 1 3 ≤ q ≤ p
8 Spin(7) 7 ≤ 15 3 ≤ q ≤ 8
4 SU2 3 ≤ 7 3 ≤ q ≤ 4
4 U2 2 ≤ 7 3 ≤ q ≤ 4

Lemma 3.0.2. In all the cases for Op, the dimension of a maximal subspace of TxOp on

which the respective subgroup H ′ acts trivially is at most 1. In particular, V is at most 1

dimensional.

Proof. This is easy to check in all cases, except maybe for the penultimate row of the

top part of Table 3.1. Let v ∈ TxOp, nonzero, such that H ′ acts trivially on v in the

isotropy representation. Since we can identify TxOp with so5

/
h′, where h′ is the Lie

algebra of H ′, we can choose an X ∈ so5 such that X modh′ ≡ v under this identification,

and etX ∈ NSO(5)(H ′), the normaliser of H ′ in SO(5). Now, if there exists a subspace

Ṽ ≤ TxOp on which H ′ acts trivially and dimṼ ≥ 2, then for NSO(5)(H ′) we would have

dimNSO(5)(H ′) ≥ dimH ′ + 2 ⇒ dimNSO(5)(H ′) ≥ 5
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But then, NSO(5)(H ′) is a subgroup of SO(5) of codimension at most 5. According to

Table 3.1, the only possibility is NSO(5)(H ′) ≃ SO(4) and (by conjugating) we can assume

NSO(5)(H ′) is imbedded in SO(5) with the standard representation of SO(4). But then,

since SO(3) ≤ NSO(5)(H ′), the representation of SO(3) in SO(5) is not irreducible, which is

a contradiction. So, the dimension of a subspace of TxOp on which H ′ acts trivially is at

most 1.

Immediate from Table 3.1 is the following:

Lemma 3.0.3. Oq cannot be 1-dimensional.

Moreover, we have

Lemma 3.0.4. Suppose that dimM - dimOp ≤ q − 1. Then, x cannot be fixed by SO(q),

i.e. Oq cannot be 0-dimensional.

Proof. Firstly, let q ̸= 4. Assume SOq stabilises x and consider its isotropy representation

on TxM . Then, SO(q) acts trivially on TxOp since SO(p) and SO(q) commute in G. More-

over, since it does not have a non-trivial representation of dimension ≤ q − 1, we conclude

that its isotropy representation is trivial. But then, SOq acts trivially on a neighbourhood

of x in M , which contradicts our assumption that the action extends to SO◦(p, q) since

SO◦(p, q) is simple and hence the action is locally effective.

For q = 4, there is the possibility that dimM - dimOp = 3 and that the representation

of SO(4) on a 3-dimensional complement of TxOp is not trivial. In that case, pick an SO(4)

invariant metric on M and since SO(4) acts trivially on TxOp. The isotropy representation

gives a homomorphism

SO(4) → O3
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Then, this homomorphism has kernel with nontrivial dimension, which contradicts the local

effectiveness of the action again.

Lemma 3.0.5. Suppose that Op ≃ SO(p)/H ′ and that, in the isotropy representation of

H ′ on TxOp, the maximum dimension of a subspace on which H ′ acts trivially is δ, with

δ = 0 or 1. Then, the following situation is impossible:

• (2p− 1) − dimOp ≤ 3 − δ

and

• dimOp + 1 − p ≥ 5

Proof. The first condition forces dimOq ≤ 3. However, the second condition forces q ≥ 5

which contradicts 1 ≤ dimOq ≤ 3, and SO(q) cannot fix x by Lemma 3.0.4.

Note that if dimOp+ dimOq ≥ dimM , then the K action is transitive. Indeed, the

K-orbit of x is then open, closed and connected, therefore it equals M . It turns out that

transitive actions cannot occur:

Lemma 3.0.6. Suppose that the action of K on M is transitive. Then, the action does

not extend to G.

The proof of Lemma 3.0.6 is the content of Section 3.1.

Using Lemma 3.0.3, Lemma 3.0.4, Lemma 3.0.5 and Lemma 3.0.6 it is easy to check

for most cases that if Op is any from the top part of Table 3.1, then there is no possible Oq

for which such a K action would extend to G. The only pairs (Op,Oq) which the above

lemmas fail to eliminate are:
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(
SO(7)

/
G2 , SO(4)

/
U2

)
,
(

SO(6)
/

U3 , SO(4)
/

U2

)
and(

SO(4)
/

(SO(2) × SO(2)) , SO(4)
/

U2

)

These also do not extend to a G action as it will be shown in Section 3.2. As for when

Op is one from the bottom part of Table 3.1, the lemmas can be used to exclude the cases

when Oq is from the top part of Table 3.1, but the cases where both Op and Oq are from

the bottom part still remain. These cases are treated in Section 3.2 as well.

3.1 Transitive SO(p) × SO(q) actions

Here we see why a transitive SO(p) × SO(q) action on a manifold M of dimension

p + q − 1 does not extend to an action of G = SO◦(p, q). Assume it does. Then, we get

a compact homogeneous space of G. Let H ′ be a subgroup of G such that G
/
H ′ ∼= M .

That means that H ′ is a cocompact subgroup of G. We will need the following version of

a theorem of Witte:

Theorem. ( [21, Main Theorem 1.2]) Let G be a connected, semisimple Lie group with

finite center and H ′ ≤ G closed and cocompact. Then, there exists a parabolic subgroup

P of G such that, if P ◦ = LEAN is the refined Langlands decomposition (see below) of

P ◦, then there exist closed, connected subgroup Y ≤ EA and a normal, closed, connected

subgroup X ≤ L such that (H ′)◦ = XYN

The refined Langlands decomposition of P ◦, as defined in [21], is the following:

Let P ◦ = MAN be a Langlands decomposition of P ◦. Then, let L be the product of all

the noncompact simple factors of P ◦ and E be the maximal compact factor of P ◦.
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We will follow [9] for the definitions and notation about the roots and the root spaces

of G, and [20] about the definitions and notation about parabolic subgroups. We show

below that, because of the dimension of the manifolds we consider, H ′ could only be in a

maximal parabolic of G. There are two different kind of maximal parabolic subgroups of

G. In the standard representation of G on Rp+q with a scalar product of type (p, q), the

first kind preserves a null line and the second kind preserves a maximal isotropic subspace.

3.1.1 The first kind of maximal parabolics

If

so(p, q) =


X A

AT Y




with X, Y antisymmetric matrices, then a maximal abelian subspace, a, of the symmetric

part is the collection of matrices with X = 0, Y = 0 and A being of the form

A =



...

aq

...

a1



with everything except for the ai’s being 0. Let fi denote the restricted root that picks out

the ai component of an element of a.

First the case p = q. A fundamental root system is

Y = {f1 − f2, · · · , fp−1 − fp, fp−1 + fp}
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and the restricted root spaces g±fi±fj , i ̸= j, have dimension 1. Subsets of Y correspond

to parabolic subgroups PΘ of G and vice versa, see [20]. Firstly, we take

Θ = {f2 − f3, · · · , fp−1 − fp, fp−1 + fp}

Denote by Σ+ the space of positive roots, where positivity is induced by Y in the standard

way. Moreover, denote by ⟨Θ⟩+, respectively ⟨Θ⟩−, the space of positive, respectively

negative, roots that also belong in the span of Θ. Next, define aΘ to be the subspace of

a where all roots are 0, m to be the centraliser of a in k = so(p) ⊕ so(q), n±(Θ) =
∑
λ

gλ,

for λ ∈ ⟨Θ⟩±, and n+
Θ =

∑
λ

gλ, for λ ∈ Σ+ − ⟨Θ⟩+. In our case, aΘ is 1-dimensional since

it is the span of the element with a2 = a3 = · · · = ap = 0, while m = 0 since p = q,

see [9, Chapter VI, Section 4]. Moreover,

n+(Θ) =
∑

2≤i<j≤p
gfi±fj (3.3)

and

n+
Θ =

∑
2≤i≤p

gf1±fj (3.4)

Then, if pΘ is the Lie algebra of the parabolic subgroup PΘ, we have that

|pΘ| = |m| + |a| + |n+
Θ| + |n+(Θ)| + |n−(Θ)|

where, by | · | we mean the dimension of the respective vector space, see [20, Chapter 1,
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Section 1.2.4]. We note that,

|n+(Θ)| = |n−(Θ)|

Therefore, we have the following data

|n+(Θ)| = p2 − 3p+ 2

|n+
Θ| = 2(p− 1)

|pΘ| = |m| + |a| + |n+
Θ| + |n+(Θ)| + |n−(Θ)| = 2p2 − 3p+ 2

As for p > q, we have

m = sop−q

As fundamental root system we take

Y = {f1 − f2, · · · , fq−1 − fq, fq}

The restricted root spaces g±fi±fj have dimension 1, while the g±fi ’s have dimension

p− q. As Θ we take

Θ = {f2 − f3, · · · , fq−1 − fq, fq}

Then, aΘ is 1-dimensional, spanned by the vector with a1 = 1. Moreover, we have

n+(Θ) =
∑

2≤i<j≤q
gfi±fj ⊕

∑
2≤i≤q

gfi

and

n+
Θ =

∑
2≤i≤q

gf1±fi ⊕ gf1

Hence,
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|m| = (p−q)(p−q−1)
2

|n+(Θ)| = pq − 2q − p+ 2

|n+
Θ| = p+ q − 2

|pΘ| = |m| + |a| + |n+
Θ| + |n+(Θ)| + |n−(Θ)| = 1

2(p2 + q2) + pq − 3
2p− 3

2q + 2

In both cases, the codimension then of PΘ is p+ q− 2 and so, the codimension of H ′

in PΘ is 1. PΘ leaves invariant a null-line in the standard representation of G in Rp+q with a

scalar product of signature (p, q) and hence, we know that M◦
Θ ≃ SO◦(p−1, q−1), AΘ ≃ R.

Suppose AΘ ≤ (H ′)◦. Then, by Witte’s theorem, M◦
Θ would have a codimension 1 normal

subgroup. However, SO◦(p− 1, q − 1) is semisimple, so that is impossible. Therefore,

(H ′)◦ ≃ M◦
ΘN

Assume now that we have a transitive action of SO(p) × SO(q) such that H ′ ≤ PΘ. If

Op ≃ SO(p)
/
H1 and Oq ≃ SO(q)

/
H2, since Y := H1 ×H2 ≤ H ′ is compact and connected,

it necessarily lies in a maximal compact subgroup of (H ′)◦ which is isomorphic to SO(p−

1) × SO(q − 1). Therefore, Y can be conjugated into a subgroup of SO(p− 1) × SO(q − 1)

and we can assume Y ≤ SO(p − 1) × SO(q − 1). In order to get a contradiction we are

going to need Goursat’s lemma:

Lemma. (Goursat’s lemma) Let G1, G2 be groups and suppose A ≤ G1 × G2. Denote

p1 : A → G1 and p2 : A → G2 the projections to first and second factor and let N1 be the

kernel of p2 and N2 the kernel of p1. Then, N1 and N2 can be seen as normal subgroups of

p1(A) and p2(A) respectively, and the image of A in p1(A)
/
N1 × p2(A)

/
N2 is the graph of

an isomorphism between p1(A)
/
N1 and p2(A)

/
N2
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Now, as far as the dimension of Y is concerned, on the one hand we have

dim(Y ) = dim(SO(p)) + dim(SO(q)) − (p+ q − 1) (3.5)

On the other hand, we also have

dim(Y ) = dim(p1(Y )) + dim(N2) = dim(p2(Y )) + dim(N1) (3.6)

Since p1(Y ) ≤ SO(p− 1), by equality (3.5) above, we have

dim(Y ) ≤ dim(SO(p− 1)) + dim(N2) (3.7)

By (3.5) and (3.7), we get that N2 is a subgroup of SO(q) of codimension at most q that

is also contained in SO(q − 1). By Table 3.1, the only possiblility is N2 = SO(q − 1).

Therefore,

N2 = p2(Y ) = SO(q − 1)

Then,(3.5) and (3.6) imply that N1 is a codimension p subgroup of SO(p) that is also

contained in SO(p− 1). By Table 3.1, this is impossible.

3.1.2 The second kind of maximal parabolics

If p = q, we take

Θ = {f1 − f2, · · · , fp−1 − fp}
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in which case aΘ is 1-dimensional, spanned by the element a1 = a2 = · · · = ap = 1. We

also have

n+(Θ) =
∑

1≤i<j≤p
gfi−fj

and

n+
Θ =

∑
1≤i<j≤p

gfi+fj

As a result, we get

|n+(Θ)| = 1
2(p2 − p)

|n+
Θ| = 1

2(p2 − p)

|pΘ| = |m| + |a| + |n+
Θ| + |n+(Θ)| + |n−(Θ)| = 1

2(3p2 − p)

Then, the codimension of PΘ in G is 1
2(p2 − p). Therefore, if H ≤ G is such that

codim(H) = 2p− 1, we would need

codim(H) ≥ codim(PΘ)

2p− 1 ≥ 1
2(p2 − p)

5p− 2 ≥ p2

This can only happen for p = 3 or 4.

If p > q we take as Θ

Θ = {f1 − f2, · · · , fq−1 − fq}

Again a is 1-dimensional, generated by the element with a1 = · · · aq = 1. In addition, we

47



have

n+(Θ) =
∑

1≤i<j≤q
gfi−fj

and

n+
Θ =

∑
1≤i<j≤q

gfi+fj ⊕
∑

1≤i≤q
gfi

Therefore, in this case we have

|m| = (p−q)(p−q−1)
2

|n+(Θ)| = 1
2(q2 − q)

|n+
Θ| = 1

2(q2 − q) + pq − q2

|pΘ| = |m| + |a| + |n+
Θ| + |n+(Θ)| + |n−(Θ)| = 1

2

(
p2 + 2q2 − p

)

Hence, the codimencion of PΘ is 1
2
(

− q2 + 2pq − q
)
. It is not difficult to see that for

p > q ≥ 4, this codimension is greater that p + q − 1 and so, an H ′ ≤ PΘ ≤ G such

that dim
(
G/H ′

)
= p + q − 1 cannot exist. For (p, q) = (4, 3), we get that codim(PΘ) = 6

(= p+ q − 1).

For (p, q) = (4, 4), the transitive SO(4) × SO(4) cases are the ones with the following

Op’s and Oq’s:

(i) Op ≃ SO(4)
/

SU2 and Oq ≃ SO(4)
/

(SO(2) × SO(2))

(ii) Op ≃ SO(4)
/

SO(3) and Oq ≃ SO(4)
/

(SO(2) × SO(2))

(iii) Op ≃ SO(4)
/

SO(2) and Oq ≃ SO(4)
/

U2
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For (p, q) = (4, 3), the cases are:

(iv) Op ≃ SO(4)
/

(SO(2) × SO(2)) and Oq ≃ SO(3)
/

SO(2)

(v) Op ≃ SO(4)
/

SU3 and Oq ≃ SO(4)
/

SO(3)

For (p, q) = (3, 3), the only case is:

Op ≃ SO(3)
/

SO(2) and Oq ≃ SO(3)

In the following, we assume that the action of SO(p) × SO(q) on M extends to an

action of G = SO◦(p, q) and that H ′ ≤ PΘ; recall H ′ = StabG(x).

For (p, q) = (4, 4), recall that PΘ is the parabolic subgroup of G that corresponds to

the subset Θ = {f1 − f2, · · · , f3 − f4}. Changing the quadratic form on R8 from

−x2
1 − x2

2 − x2
3 − x2

4 + x2
5 + x2

6 + −x2
7 + x2

8

to

2x1x8 + 2x2x7 + 2x3x6 + 2x4x5

and computing the Lie algrebra of PΘ in this new representation, we can see that PΘ leaves

invariant the subspace spanned by the first 4 basis vectors, which is a maximal isotropic

4-dimensional subspace. This computation is rather straightforward, but also prolix and

so it is omitted. Consequently, if PΘ = MΘAΘNΘ is the Langlands decomposition, we have
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that

MΘ ≃ SL4(R)

If the action of K extends to G and H ′ ≤ PΘ, by Witte’s theorem, NΘ ≤ H ′.

• If AΘ ≤ H ′, then again by Witte’s theorem, there exists a closed, connected and normal

subgroup Y of MΘ, such that

(H ′)◦ = Y AΘNΘ

Counting dimensions, Y needs to be of codimension 1 in MΘ. But, MΘ ≃ SL4(R) is simple,

which gives a contradiction.

• If AΘ ≰ H ′, then by counting dimensions,

(H ′)◦ = M◦
ΘNΘ

Now, we have

SU2 × SO(2) × SO(2) ≤ (H ′)◦

Since SU2 × SO(2) × SO(2) is compact, it is necessarily contained in a maximal compact

subgroup of M◦
Θ; recall that NΘ is unipotent. Hence, a conjugate of SU2 × SO(2) × SO(2)

is a subgroup of SO(4). But, SU2 × SO(2) × SO(2) has rank 3, while SO(4) has rank 2,

which gives us a contradiction for case (i). A similar argument gives a contradiction for

case (ii).

For (p, q) = (4, 3), in the case of (iv) : SU2 × {1} ≤ H ′. By a similar analysis like

above, we can see that

M◦
Θ ≃ SL3(R)
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• If AΘ ≤ H ′, like above we get a contradiction by the simplicity of M◦
Θ.

• If AΘ ≰ H ′, then SU2 ≤ (H ′)◦ = M◦
ΘNΘ is contained in a maximal compact of M◦

Θ ≃

SL3(R). Hence, a conjugate of SU2 is a subgroup of SO(3). However, both SU2 and SO(3)

are 3-dimensional and connected, hence this conjugation gives an isomorphism between

them, which is a contradiction. A similar argument gives a contradiction for case (v).

For (p, q) = (3, 3), we have dim(G) = 15 and dim(H ′) = 10. Like before, we can see

that

MΘ ≃ SL3(R)

We write again PΘ = MΘAΘNΘ for the Langlands decomposition. Recall, NΘ ≤ H ′.

Witte’s theorem gives a closed, connected and normal Y ⊴ M◦
Θ inside (H ′)◦. Since MΘ ≃

SL3(R) is simple, Y is either all of M◦
Θ or trivial. In the former case, the dimension of H ′ is

at least 11, while in the latter it is at most 4. Both contradict the fact that dim(H ′) = 10.

3.2 Non-extendable non-transitive cases

Here, we treat cases where the action of K does not extend to G, but we do not have

an immediate contradiction by counting dimensions.

Lemma 3.2.1. Suppose SO(4) × SO(4) acts on a manifold M of dimension 7. Let x ∈ M

and denote Op the orbit of x with respect to SO(4) × {1} and Oq the orbit of x with respect

to {1} × SO(4). Suppose

Op ≃ SO(4)
/

U2 and Oq ≃ SO(4)
/

U2
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Then, the action is not locally effective. In particular, it cannot extend to an action of

SO◦(4, 4).

Proof. Assume it is locally effective. We will get a contradiction by looking at the isotropy

representation of U2 × U2 at x. The subspace TxOp ⊕ TxOq is an invariant subspace of

TxM with respect to the isotropy representation. By introducing a U2×U2 invariant metric

on M , we can take the orthogonal complement of the aforementioned subspace and hence

obtain a decomposition

TxM = TxO
p ⊕ TxO

q ⊕W

where W ≃ R3 is also invariant under the action of U2 × U2. Now, since U2 × U2 acts by

isometries, the isotropy representation gives us a map from U2 × U2 into block matrices of

the form 

A

B

C


where A,B ∈ O2 and C ∈ O3. However, dim(U2 × U2) = 8, while dim(O2 × O2 × O3) = 5.

This means that the map above must have nontrivial kernel, i.e. there exists a subgroup

H of U2 × U2 with dimension at least 1, that acts trivially on TxM . This contradicts the

assumption that SO(4) × SO(4) acts locally effectively.

Lemma 3.2.2. Suppose SO(4) × SO(q), q ≥ 3, acts on a manifold M of dimension q + 3.

Let x ∈ M and denote Op the orbit of x with respect to SO(4) × {1} and Oq the orbit of x
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with respect to {1} × SO(q). Suppose

Op ≃ SO(4)
/

U2

and that SO(q) fixes x. Then, the action is not locally effective. In particular, it cannot

extend to an action of SO◦(4, q).

Proof. Consider a U2 × SO(q) invariant metric and decompose TxM as

TxM = TxO
p ⊕W

where W ≃ Rq+1 is invariant under the action of U2 × SO(q); here, TxOq is trivial. Now,

SO(q) acts on W . If that action is trivial, then we get that SO(q) acts trivially on TxM

and this contradicts the local effectiveness of the action. Assume momentarily that q ̸= 4.

Then, the action of SO(q) on W decomposed as

W ≃ Rq ⊕ R1

with Rq being the standard representation of SO(q) and R1 being the trivial one. Since U2

preserves W and sends SO(q)-invariant subspaces to SO(q)-invariant subspaces because U2

and SO(q) commute, U2 preserves Rq and R1. Therefore, we get a map from U2 × SO(q)

to block matrices of the form 

A

B

1


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where A ∈ O2 and B ∈ Oq. But dim(U2 × SO(q)) = 4 + 1
2q(q − 1), while dim(O2 × Oq) =

1 + 1
2q(q − 1). Therefore we get a subgroup of U2 × SO(q) that acts trivially on TxM and

that contradicts the local effectiveness of our action. If q ̸= 4, then the action of SO(4) on

R5 could decompose differently, but that would only result in smaller blocks in the place

of “B” above. Counting dimensions, we would arrive at a similar contradiction.

Lemma 3.2.3. Suppose SO(4) × SO(q), q ≥ 3, acts on a manifold M of dimension q + 3.

Let x ∈ M and denote Op the orbit of x with respect to SO(4) × {Iq} and Oq the orbit of

x with respect to {I4} × SO(q). Suppose

Op ≃ SO(4)
/

U2 and dim(M) − dim(Oq) − dim(Op) ≤ 2

Then, the action is not locally effective. In particular, it cannot extend to an action of

SO◦(4, q).

Proof. Indeed, consider SU2 ≤ U2. Then, SU2 fixes x. Looking at the isotropy representa-

tion, SU2 acts trivially on TxOp since it is 2-dimensional, see [8]. It also acts trivially on

TxOq. Finally, introducing a U2 invariant metric on M and taking the orthogonal comple-

ment of TxOp ⊕ TxOq, which will also be SU2-invariant, SU2 acts trivially on it also by our

assumption on the dimensions. Therefore, SU2 acts trivially on TxM and so the action is

not locally effective.

Lemma 3.2.4. Suppose SO(9)×SO(7) acts on a manifold M of dimension 15. Let x ∈ M

and denote Op the orbit of x with respect to SO(9)×{I7} and Oq the orbit of x with respect
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to {I9} × SO(7). Suppose

Op ≃ SO(9)
/

Spin(7)

Then, the action is not locally effective. In particular, it does not extend to an action of

SO◦(9, 7).

Proof. Indeed, we have that dim
(
SO(9)

/
Spin(7)

)
= 15. Let H ′

7 ≤ SO(7) be the isotropy

group of x, for the restricted action of {I9}×SO(7). Then, H ′
7 acts trivially on TxOp which

is all of TxM . If dim(H ′
7) ≥ 1 then the action is not locally effective. If dim(H ′

7) = 0, then

dim(Oq) = dim(SO(7)) = 21 > 15 = dim(M), a contradiction.

Lemma 3.2.5. Suppose that SO(p) × SO(q) acts on M . Let x ∈ M denote Op the orbit

of x with respect to SO(p) × {Iq} and Oq the orbit of x with respect to {Ip} × SO(q). If

dimOp = p− 1 and dimOq = q − 1

Let

Op ≃ SO(p)
/
H ′
p and Oq ≃ SO(q)

/
H ′
q

and suppose the isotropy representations of H ′
p and H ′

q are irreducible, and −Ip ∈ H ′
p, where

Ip is the p × p identity matrix. Assume that the action extends to SO◦(p, q). Then, the

SO◦(p, q)-orbit of x, denoted O, cannot be an open orbit.

Proof. We can assume that M is endowed with an SO(p)×SO(q)-invariant metric. Looking

at the isotropy representation of H ′
p × H ′

q, there exists an invariant line in TxM because

of the assumptions on the dimensions of the orbits, and H ′
p ×H ′

q must act trivially on this

line.
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The Lie algebra so(p, q) comprises matrices of the following form

X1 X2

X3 X4



where X1 ∈ sop, X4 ∈ soq, X3 = XT
2 and X2 is a p × q matrix. We identify H ′

p × H ′
q with

h1

h2

 : h1 ∈ H ′
p, h2 ∈ H ′

q

.

Then, if h0 = (h1, h2) ∈ H ′
p ×H ′

q and X =

X1 X2

XT
2 X4

 ∈ so(p, q),

Adh0 (X) =

h1X1h
T
1 h1X2h

T
2

h2X
T
2 h

T
1 h2X4h

T
2



Now, assume that O is an open orbit. Then, O ≃ SO◦(p, q)
/
Gx, where Gx is the isotropy

group of x with respect to the SO◦(p, q)-action. If gx is the isotropy algebra at x, then TxM

can be identified with so(p, q)
/
gx and the isotropy representation of Gx with the adjoint

representation mod gx (see [6, Corollary 10.2.13]). Let v ∈ TxM be a nonzero vector on

which H ′
p ×H ′

q acts trivially. There exists an Xv ∈ so(p, q) such that Xv modgx ≡ v under

the identification mentioned above. Write

Xv =

 Xv
1 Xv

2

(Xv
2 )T Xv

4



Since the isotropy representations of H ′
p and H ′

q are irreducible, we can assume that Xv
1 =
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Xv
4 = 0. Since v is non zero, Xv

2 ̸= 0 and

Adh0 (Xv) ≡ Xv modgx

for any ho ∈ H ′
p ×H ′

q. But, h0 = (−Ip, Iq) ∈ H ′
p ×H ′

q and Adh0 (Xv) = −Xv which implies

−Xv ≡ Xv modgx. But this is a contradiction, since Xv /∈ gx.

Now, suppose K = SO(p)×SO(q) acts on a manifold M , x ∈ M and either p = 8 and

H ′
p ≃ Spin(7) or p = 4 and H ′

p ≃ SU2, where H ′
p is like in the lemma above. Furthermore,

assume that the SO(q)-orbit of x is any of the first three in the bottom part of Table 3.1

and that the K action extends to a G action. If SO(q) fixes x, note that the isotropy

representation of SO(q) on TxOq has to be the standard irreducible one; so, we can always

find a point near x in the same G-orbit that is fixed by neither SO(p) nor SO(q). Then, Op

and Oq for this new point are some from Table 3.1. So we can assume that x is not fixed by

SO(q). Since the respective −Ip is in both SU2 and Spin(7), see [19], by the lemma above

the G-orbit of x cannot be open in M . Therefore, it is closed and hence compact. If Gx is

the isotropy group of x with respect to the G action, Gx is cocompact and hence we can

apply Witte’s result and by similar reasoning as in Section 3.1.2 we can show that this is

impossible. Therefore, such K actions do not extend to G.

3.3 Conclusion

The following proposition now follows from the results of this chapter:

Proposition 3.3.1. Let p, q ≥ 3 and suppose SO◦(p, q) acts analytically on a manifold
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M . Then, the restricted K action on M is not transitive and with respect to the restricted

action of SO(p) × {I} ≤ K, respectively {I} × SO(q) ≤ K, the orbit type of a point x ∈ M

is either SO(p)
/

SO(p− 1) or x is fixed by SO(p), respectively SO(q)
/

SO(q− 1) or fixed by

SO(q).

In particular, we have

Corollary 3.3.1. Let p, q ≥ 3 and suppose SO◦(p, q) acts analytically on M . The fixed

point set of H = SO(p− 1) × SO(q − 1) is non-empty and 1-dimensional.

This follows from the above Proposition and Lemma 2.2.1. Of course, all the compo-

nents of the aforementioned fixed point set are isomorphic to S1.
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Chapter 4: Classification of analytic SO◦(p, q), p, q ≥ 3 actions

In this chapter, we assume G = SO◦(p, q) acts analytically and not trivially on a

manifold M of dimension dim(M) = p + q − 1. As we will see, the presence or absence of

fixed points for the subgroups SO(p) and SO(q) plays an important role in studying these

actions and has consequences on the topology and geometry of M . The following theorem

is an improved version of Theorem 1.0.1 in the Introduction.

Theorem 4.0.1. Suppose SO◦(p, q), p, q ≥ 3, acts analytically on a closed, connected

manifold M of dimension p + q − 1. Consider SO(p) ≃ SO(p) × {1} ≤ SO(p) × SO(q) ≤

SO◦(p, q) and SO(q) similarly.

• Suppose that there exists a point in M that is fixed by SO(p) and that there exist no

points fixed by SO(q). Then M is equivariantly covered by Sp×Sq−1, where the action

of SO◦(p, q) on Sp × Sq−1 is one from the basic construction, see Section 2.1.

• Suppose that there exists a point in M that is fixed by SO(q) and that there exist no

points fixed by SO(p). Then M is equivariantly covered by Sp−1 ×Sq, where the action

of SO◦(p, q) on Sp−1 × Sq is one from the basic construction, see Section 2.1.

• Suppose both SO(p) and SO(q) have fixed points in M . Then, M is equivariantly

covered by Sp+q−1, where the action of SO◦(p, q) on Sp+q−1 is one from the Uchida
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construction corresponding to a basic (J1, J2)-flow, see Section 2.3.

• Suppose that neither SO(p) nor SO(q) have a fixed point. Then, the action is equiv-

ariantly covered by G×P S with the standard left G action, where P ≤ G is a maximal

parabolic subgroup isomorphic to the stabiliser of an isotropic line in the standard rep-

resentation of SO◦(p, q) on Rp+q. If P = MPAPNP is the Langlands decomposition

of P , P acts on S1 by a flow via AP , see (4.1).

The proof of the first two cases is in Section 4.2, the third case is shown in Section

4.3, while the last case is shown in Section 4.1.

Lemma 4.0.1. G does not have a fixed point.

Indeed, we actually show something stronger:

Lemma 4.0.2. K = SO(p) × SO(q) does not have a fixed point.

Proof. Assume it does, and let x ∈ M be a fixed point of K. Note that, since SO◦(p, q) is

simple, its action is locally effective, and so the K action is also locally effective. Suppose

p ≥ q and that p ̸= 4. Consider the isotropy representation of SO(p) at x. If SO(p) acted

trivially on TxM ≃ Rp+q−1, then it would act trivially on a neighbourhood of x in M and

so the action would not be locally effective. Therefore, we have a non-trivial representation

of SO(p) on Rp+q−1. The only possible decomposition into irreducibles is:

Rp+q−1 = Rp ⊕ Rq−1

where the representation on the first summand is the standard one and on the second

it is trivial. Since SO(p) and SO(q) commute, the two summands are also invariant by
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SO(q) and hence by K. Then, if we introduce a K-invariant metric on M , the isotropy

representation of K at x gives a homomorphism

ρ : K → SO(p) × SO(q − 1)

Counting dimensions, we see that the kernel of ρ is not 0-dimensional, which contradicts the

local effectiveness of the action. If p = 4 and the decomposition of R4+q−1 into irreducibles

is not like above, then it would have to be

R3 ⊕ R3 ⊕ R or R3 ⊕ R3

depending on whether q = 4 or 3 respectively. In these cases,

ρ : SO(4) × SO(4) → SO(3) × SO(3)

or

ρ : SO(4) × SO(3) → SO(3) × SO(3)

respectively. Counting dimensions and considering the kernel of ρ, we arrive at a contra-

diction like before.

Recall H = SO(p− 1) × SO(q − 1) and

F = fixed point set of H
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Now, by Corollary 3.3.1, F ̸= ∅ and F =
⋃
i

Si , where the Si’s are the connected com-

ponents of F and with each Si diffeomorphic to S1. Let Σ be one of these components.

By Lemma 4.0.2 and Lemma 2.2.1, we can define an analytic function f : Σ → RP1, see

Remark 4. We also get an analytic flow Φθ or equivalently, a vector field XΦ on Σ by the

action of M (p, q).

Lemma 4.0.3. If there exists a point ζ ∈ Σ such that f(ζ) = [a : b] ̸= [±1, 1], then there

exists a point ζ ′ ∈ Σ which is a fixed point for SO(p) or SO(q).

Proof. Set f(z) = [a : b] ̸= [±1 : 1]. Now, Φθ and f satisfy property (iii) from the Uchida

conditions in Remark 7, see [16]. Namely,

f (Φθ(ζ)) = [a cosh(θ) + b sinh(θ) : a sinh(θ) + b cosh(θ)]

Letting θ → +∞, it is immediate that there exists a point ζ ′ ∈ Σ such that f(ζ ′) = [0 : 1]

or [1 : 0]. Then, ζ ′ is a fixed point for SO(p) or SO(q) respectively, by the definition of

f .

Remark 8. If we assume that neither SO(p) nor SO(q) has a fixed point in M and in

particular in Σ, then f(ζ) = [±1 : 1] for all ζ ∈ Σ. Then, since f is analytic, it is

constantly equal to [1 : 1] or [−1 : 1] on all of Σ. We note that in that case, the orbit

of a point in Σ at which XΦ is not zero, is analytically isomorphic to a component of a

nullcone in Rp+q equipped with a scalar form of signature (p, q). We call these, nullcone

orbits. Therefore, the existence of a nullcone orbit forces all the orbits to either be nullcone

orbits or diffeomorphic to Sp−1 × Sq−1 as the next section shows and implies that there are
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no fixed points for SO(p) or SO(q).

4.1 SO◦(p, q) actions with neither SO(p) nor SO(q) fixed points

Let F := Fix(SO(p− 1) × SO(q − 1)). The connected components of F are diffeo-

morphic to circles. Let Σ be one component of F . On Σ, by Lemma 2.2.1, we can define

an analytic function f : Σ → RP1, see Remark 4. Suppose neither SO(p) nor SO(q) has a

fixed point in M . Then, by Remark 8, f ≡ [1 : 1] or [−1 : 1]. Without loss of generality,

we assume

f ≡ [1 : 1]

Then, for every ζ ∈ Σ, the isotropy group of ζ is contained in or equal to a maximal

parabolic subgroup P of G of the first kind, see Section 3.1.1.

Let S1 be the usual unit circle in R2. Identify Σ and S1 by an analytic isomorphism

ψ : S1 → Σ

Recall that M (p, q) is the subgroup of G consisting of the matrices

m(θ) :=



cosh(θ) sinh(θ)

Ip−1

sinh(θ) cosh(θ)

Iq−1



for θ ∈ R. Now, Σ is invariant under the action of M (p, q), and on Σ we have a flow
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ΦΣ
θ (ζ) = m(θ) ⋆ ζ, where ⋆ denotes the action of G. Define a flow on S1 by

Φθ(z) := ψ−1
(
m(θ) ⋆ ψ(z)

)

Let π : P → (R,+) be the following homomorphism: Let P = MPAPNP be the Langlands

decomposition of P . Here, AP = M (p, q) and NP = U(z), for any z ∈ Σ see (2.5). Define π

so that it picks out the “AP -part”. Namely, if p ∈ P , we write p = pMP
·pAP

·pNP
according

to the Langlands decomposition above. Then, pAP
= m(θ) for some m(θ) ∈ M (p, q) and

we define

π(p) := θ

It is easy to see that π is an analytic homomorphism between P and (R,+); recall that for

a parabolic subgroup, NP ⊴ P , and MP and AP commute.

Now, we define the following action of P on S1:

P × S1 → S1

(p, z) 7→ Φπ(p)(z)
(4.1)

and consequently we get an action of G on the associated bundle G×P S1 where G acts by

left multiplication on the first factor. It is easy to see that this action is well defined. Note

also, that for p ∈ P and ζ ∈ Σ,

p ⋆ ζ = m(π(p)) ⋆ ζ (4.2)
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Remark 9. Suppose we are given two different actions of P on S1 via flows Φ1 and Φ2 like

above. If the vector fields that these flows generate are isomorphic, then it is immediate

that the two actions of G on G×P S1 are also isomorphic. Since the analytic vector fields

on the circle are classified in [7], see Appendix A, such analytic G actions on G×P S1 are

also classified via the corresponding flows Φ.

Now, let Ψ be the analytic map

Ψ : G×P S1 → M

[g, z] 7→ g ⋆ ψ(z)

where [g, z] denotes the equivalence class of (g, z) in G×P S1. In the following, let ζ = ψ(z)

for z ∈ Σ.

• Ψ is well defined:

A different representative of the class [g, z] is of the form [pg−1, p⋆z]. We have, Ψ([gp−1, p⋆

z]) = (gp−1) ⋆ ψ(p ⋆ z). But, p · z = Φπ(p)(z) = ψ−1(m(π(p)) ⋆ ζ) = ψ−1(p ⋆ ζ), and so

ψ(p ⋆ z) = p ⋆ ζ

• Ψ is G-equivariant:

We have G = KP ; this can be seen from (2.5). Let [g̃, z] ∈ G ×P Σ and g ∈ G, and write
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gg̃ = kp, according to the above decomposition. We have

Ψ(g[g̃, z]) = Ψ([gg̃, z]) = Ψ([kp, z])

= Ψ([k, p ⋆ z]) = Ψ([k,Φπ(p)(z)])

= k ⋆ ψ(Φπ(p)(z)) = k ⋆ (m(π(p)) ⋆ ζ) (by the definition of Φ and (4.2) )

= k ⋆ (p ⋆ ζ) = gg̃ ⋆ ζ

= g ⋆Ψ([g̃, z])

• Ψ is a local analytic isomorphism:

By the equivariancy, it suffices to look at a point of the form [e, z] for some z ∈ S1. By

using (e, z) ∈ G× S1 as a representative for [e, z], we have an identification

T[e,z](G×P S1) ≃ g/p ⊕ TzS1

where g and p are the Lie algebras of G and P respectively. Now, for an element 0 + v, for

v ∈ TzS1, we can find a curve of the form

γ : t 7→ [e, zt]

such that γ(0) = [e, z] and γ′(0) = v. Then, since Ψ
∣∣∣
{e}×P S1 = ψ, we have that DΨ(v) =

Dψ(v) ∈ Tψ(z)Σ and Dψ(v) ̸= 0 since ψ is an isomorphism.

On the other hand, for an element w + 0, for w ∈ g/p, we can find a representative

w̃ = w̃1 + w̃2 ∈ g of w such that w̃1 ∈ sop and w̃2 ∈ soq. Consider the curves of G ×P S1,
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c : t 7→ [etw̃i , z], for i = 1, 2. Then, c(0) = [e, z] and c′(0) = wi, where wi is the class of w̃i

in g/p. and consequently

DΨ(wi) = d

dt

∣∣∣∣
0
(etw̃i ⋆ ζ)

But, etw̃i ⋆ ζ ∈ OSO(p)(ζ) or OSO(q)(ζ) where OSO(p)(ζ) and OSO(q)(ζ) are the SO(p) and

SO(p) orbits of ζ respectively. Those orbits are (p−1)-dimensional and (q−1)-dimensional

respectively by Proposition 3.3.1. Moreover, they intersect F transversely. By considering

all possible w + 0 ∈ g/p ⊕ TzS1, we see that p + q − 1 = dim ( DΨ(g/p) ). As a result,

because OSO(p)(ζ), OSO(p)(ζ) and F intersect transversely, (DΨ)[e,z] is an isomorphism, and

hence Ψ is a local analytic isomorphism.

• Ψ is a covering map:

Since Ψ is a local analytic isomorphism, the image of Ψ is an open set. Additionally,

Ψ’s domain is compact, and so the image is also closed. As a result, since M is a closed

manifold, Ψ is onto M . Being a local diffeomorphism between compact sets, Ψ is a covering

map. Hence, the fourth case of Theorem 4.0.1 is proved.

4.2 SO◦(p, q) actions with only SO(p) fixed points or only SO(q) fixed

points

Suppose G acts analytically on a manifold M of dimension dim(M) = p + q − 1. In

this section, we assume that SO(p) has a fixed point, but SO(q) does not. We are going

to show that M is equivariantly, analytically covered by Sp × Sq−1 with an action from the
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basic construction. Recall that H = SO(p− 1) × SO(q − 1) and

F = fixed point set of H

Then, F ̸= ∅ and F =
⋃
i

Si with each Si one dimensional, see the discussion in the

beginning of this chapter. Let Σ := Si0 be a connected component of F . On Σ we

get an analytic flow, ΦΣ, defined by the action of the one parameter subgroup M (p, q).

Furthermore, by Lemma 2.2.1 and Remark 4, we get an analytic function f ′
Σ : Σ → RP1.

The existence of an SO(p) fixed point, implies that Si0 contains a point fixed by SO(p).

Indeed, otherwise f ′
Σ ≡ [1 : 1] or [−1 : 1] and then, by Section 4.1, M is covered by

G ×P S1 and that contradicts the existence of an SO(p) fixed point. We note also that

since j1 =

−I2

Ip+q−2

 ∈ SO(p) is an involution from Σ to itself with at least one fixed

point, it has exactly two fixed points. Moreover, since we also assume that SO(q) does not

have a fixed point, therefore f ′
Σ ̸= [1 : 0]. Let U1 = {[a : b] ∈ RP1 : b ̸= 0} ⊆ RP1 and let

χ1 : U1 → R be the function defined by

[a : b] 7→ a

b

Then, fΣ = χ1 ◦ f ′
Σ. Note that since f ′

Σ and ΦΣ satisfy property (iii) from the Uchida

conditions in Remark 7, see [16], we have that if f ′(z) = [a : b], for z ∈ Σ, then |a| < |b|.

Indeed, otherwise Uchida condition (iii) implies that, taking θ → +∞, we would get point

z̃ ∈ Σ with f ′
Σ(z̃) = [1 : 0], namely z̃ would be a fixed point of SO(q), which is impossible.
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Hence,

|fΣ| ≤ 1

We note that fΣ and ΦΣ satisfy relation (A1)-(A3) and (A4)′ of Remark 5.

Now, consider the space Sp × Sq−1, where Sp ⊆ Rp+1 and Sq−1 ⊆ Rq and we denote

the standard bases of Rp+1 and Rq by {e1, · · · , ep+1} and {ϵ1, · · · , ϵq} respectively. Let

S =
{
(αe1 + βep+1, ϵ1) : α2 + β2 = 1

}

Recall from the beginning of Chapter 2 that we have a standard action of K on Sp × Sq−1.

The action of j1 on S is

j1(αe1 + βep+1, ϵ1) = (−αe1 + βep+1, ϵ1)

Lemma 4.2.1. There exists an analytic isomorphism

ψ : Σ → S

such that

ψ ◦ j1 = j1 ◦ ψ

Proof. We consider a j1-invariant metric on Σ; hence, j1 acts as an isometry. Let x ∈ Σ be

a fixed point of j1. Since j1 is an involution and x is an isolated fixed point, we have

(Dj1)x = −Id
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We identify TxΣ with R and consider

expx : R → Σ

We can assume that expx is 2π-periodic. Since j1 is an isometry, we have

expx (Dj1(t)) = j1 ◦ expx(t)

for any t ∈ R. Now, the map

ψ̃ : R
/

2πZ → Σ

defined by

t+ 2πZ 7→ expx(t)

is analytic, and if we identify its domain with [−π, π], we have

ψ̃ : [−π, π] → Σ such that

ψ̃(−t) = j1 ◦ ψ̃(t) (4.3)

Then, we identify [−π, π] with S1 by t 7→ eit, which is also analytic. Let ρ0 : S1 → S

be the analytic isomorphism from (2.2). Finally, set ψ = ρ0 ◦ ψ̃−1. Equation (4.3) above

implies

ψ ◦ j1 = j1 ◦ ψ
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Using ψ we can define a function and a flow on S in the following way:

f : S → R by f = fΣ ◦ ψ−1

and

Φ : R × S → S by Φθ(z) = ψ−1 ◦ ΦΣ
θ (ψ(z))

Then, Φθ and f are analytic on S and it is easy to see that they satisfy the relations

(A1)-(A4) from Remark 5. Therefore, f = fΦ, see Remark 2, and Φθ is an induced basic

j1-flow on S , see Lemma 2.2.2. From Φθ we get an analytic action of G on Sp × Sq−1 by

the basic construction.

We now define the map

F : Sp × Sq−1 → M

in the following way. Let x ∈ Sp × Sq−1. There exist (κ1, κ2) ∈ K and z ∈ S such that

x = (κ1, κ2) ⋆ z. Then, define

F ((κ1, κ2) ⋆ z) := (κ1, κ2) ⋆ ψ(z)

F is well defined and locally an analytic isomorphism.

Lemma 4.2.2. F is well defined

Proof. Let z = (αe1 + βep+1, ϵ1) and z′ = (α′e1 + β′ep+1, ϵ1) be elements of S and k =
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(κ1, κ2), k′ = (κ′
1, κ

′
2) ∈ K. Suppose

k ⋆ z = k′ ⋆ z′

Then, we have κ−1
2 κ′

2 ∈ SO(q − 1), β = β′ and α = ±α′.

- If α = α′ ̸= 0, then z = z′ and κ−1
1 κ′

1 ∈ SO(p − 1). Hence, k = k′h, for some h ∈ H

and k ⋆ ψ(z) = k′h ⋆ ψ(z) = k′ ⋆ ψ(z)

- If α = −α′ ̸= 0, then z = j1(z′) and κ−1
1 κ′

1 ∈ j1SO(p− 1). Hence, k = k′j1h for some

h ∈ H and k ⋆ ψ(z) = k′j1h ⋆ ψ (j1(z′)) = k′j1j1 ⋆ ψ(z′) = k′ ⋆ ψ(z′)

- If α = α′ = 0, then z = z′ = (±ep+1, ϵ1) and ψ(z) = ζ, where ζ ∈ Σ is fixed

by SO(p), since fΣ(ζ) = f(z) = [0 : 1]. Moreover, k = k′(g1, g2), with (g1, g2) ∈

SO(p) × SO(q − 1). Then, k ⋆ ψ(z) = k′(g1, g2) ⋆ ψ(z) = k′ψ(z)

Lemma 4.2.3. F is G-equivariant.

Proof. Let g ∈ G and x = k0 ⋆ z ∈ Sp × Sq−1, where k0 = (κ1, κ2) ∈ K and z ∈ S . Write

gk0 = km(θ)u
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for k ∈ K, θ ∈ R and u ∈ U(z), according to (2.5). Note that U(z) = U(ψ(z)). Then

F (g ⋆ x)) = F (k ⋆ Φθ(z))

= k ⋆ ψ (Φθ(z))

= k ⋆ ΦΣ
θ (ψ(z))

= km(θ)u ⋆ ψ(z)

= gk0 ⋆ ψ(z)

= g ⋆ (k0 ⋆ ψ(z))

= g ⋆ F (z)

Lemma 4.2.4. F is a local analytic isomorphism.

Proof. By the G-equivariance and the fact that G⋆S = Sp × Sq−1, it suffices to show that

F is a local analytic isomorphism around a z ∈ S .

• If f(z) ̸= ±1, then fΣ(F (z)) ̸= 1 and so, the G-orbits of both z and F (z) are open.

Then, G-equivariance of F implies that F is analytic at z and (DF )z is an isomorphism

and so we have the result.

• If f(z) = ±1, then the map

K × S → Sp × Sq−1

(k, z) 7→ k ⋆ z
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is a submersion at ((Ip, Iq), z), and so F is analytic at z. Moreover, the dimension of the

orbits of z and ψ(z) are p + q − 2. Now, G-equivariance gives us that (DF )z is onto the

tangent space of ψ(z). On the other hand, the orbit of ψ(z), O (ψ(z)), is locally isomorphic

to G/P where P is a maximal parabolic for which G/P is diffeomorphic to Sp−1 × Sq−1.

In this model, the fixed point set of H is 0-dimensional. Therefore, in M , F and O (ψ(z))

intersect transversely. Hence, if γ(t) is a non constant curve in S through z, we have

(DF )z(γ′(0)) = (Dψ)z(γ′(0)) ̸= 0

since ψ is an isomorphism, and therefore

(DF )z(γ′(0)) ∈ Tψ(z)M
∖

Tψ(z)O (ψ(z))

Hence, (DF )z is onto all of Tψ(z)M , hence it is an isomorphism and we have the

desired result.

Lemma 4.2.5. M = F
(
Sp × Sq−1

)

Proof. Since F is a local isomorphism, its image is open in M . Since Sp×Sq−1 is compact,

the image of F is also closed. The result follows, since M is connected.

Finally, since F is a local isomorphism that is onto M , and both M and Sp×Sq−1 are

compact, it is a covering map. Hence, we have proved the first case of Theorem 4.0.1. Of

course, changing the roles of SO(p) and SO(q), in an analogous manner we get the second

case as well.
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4.3 SO◦(p, q) actions with both SO(p) and SO(q) fixed points

Recall H = SO(p− 1) × SO(q − 1) and

F = fixed point set of H

Assume that both SO(p) and SO(q) have fixed points inM . As it was noted in the beginning

of Chapter 4, by Corollary 3.3.1, F is non empty and all its connected components are

1-dimensional. Let Σ be one of F ’s connected components. On Σ, by Lemma 2.2.1, there

exists an analytic function

fΣ : Σ → RP1

See Remark 4. If f ≡ [±1 : 1], then it was shown in Section 4.1 that M is covered

by G ×P S1, which contradicts the existence of SO(p) and SO(q) fixed points. Then, by

Lemma 4.0.3, we may assume that there exists an SO(p) fixed point on Σ. Let x ∈ M

be a fixed point of SO(q). First of all, we note that x must be on Σ. Indeed, if it is not,

the proof of the first case of Theorem 4.0.1, see Section 4.2, shows that M is covered by

Sp × Sq−1 on which the action of K is the standard one. Since x is fixed by SO(q), the fiber

of x would be a discrete, SO(q)-invariant subset of Sp × Sq−1. However, evidently there are

not any such sets. Being involutions on a circle with at least one fixed point, j1 and j2 have

exactly two fixed points. Since they also commute, they either have the same fixed points

on Σ or their fixed point sets on Σ are disjoint.

Consider S1 and let J1 and J2 be the reflections with respect to the y-axis and the

x-axis respectively.
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Case 1: j1 and j2 have disjoint fixed point sets on Σ.

Lemma 4.3.1. There exists an analytic isomorphism

ψ : Σ → S1

such that

ψ ◦ Ji = ji ◦ ψ

for i = 1, 2.

Proof. Introduce a j1, j2 invariant metric on Σ. The proof of Lemma 4.2.1 shows that we

can identify Σ with S1 in such a way that j1 is the reflection J1. Namely, there exists an

analytic isomorphism

σ1 : Σ → S1

such that

σ1 ◦ j1 = J1 ◦ σ1

Via σ1, we can assume that j2 also acts on S1. Now, as in Lemma 4.2.1, we will identify

S1 with a quotient of the tangent space of q, where q, q̃ ∈ S1 are the two fixed points of j2.

The fixed points of j1 and j2 alternate, therefore

−e1 = expq(ϕ0)

for a ϕ0 ∈ (0, π) or a ϕ0 ∈ (−π, 0). Say, ϕ0 ∈ (0, π). But, expq ((0, π)) is the one of the arcs

between q and q̃ and these two points are symmetric with respect to the y-axis, because
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the relation j1 ⋆ σ
−1
1 (q) = σ−1

1 (q̃) implies J1(q) = q̃. Therefore, the distance between q and

−e1 is the same as the distance between q̃ and −e1, which shows that

ϕ0 = π

2

Therefore, by the proof of Lemma 4.2.1 again, we can find an analytic isomorphism

σ2 : S1 → S1

such that σ ◦ j2 = J2 ◦ σ. Hence the fixed points of j2 are (0,±1). We need to check that

σ2 ◦ J1 = J1. But, let z = expq(ϕz), and say 0 < ϕz <
π
2 . Write ϕz = π

2 − ϵ for ϵ > 0. Then,

dist (z,−e1) = dist (J1(z),−e1) and J1(z) ∈ expq ((0, π)). Therefore, J1(z) = expq(π2 + ϵ).

Hence, in the tangent space of q, the induced action of J1 via the exponential map is

reflection with respect to π
2 on (0, π) and similarly, reflection with respect to −π

2 on (−π, 0).

Hence, σ2 ◦ J1 = J1. Then, it is easy to see that

ψ = σ2 ◦ σ1

is the required isomorphism.

Now, consider the sphere Sp+q−1 ⊆ Rp+q and denote the standard basis of Rp+q by

{e1, · · · ep+q}. Let

S = {αe1 + βep+1 : α2 + β2 = 1} ⊆ Sp+q−1
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In the standard orthogonal action of K on Sp+q−1, j1 =

−I2

Ip+q−2

 ∈ SO(p) and

j2 =

Ip+q−2

−I2

 ∈ SO(q) act by

j1 (αe1 + βep+1) = −αe1 + βep+1

j2 (αe1 + βep+1) = αe1 − βep+1

Using Lemma 4.3.1, we get an analytic isomorphism ψ′ : Σ → S1, such that

ψ′ ◦ ji = Ji ◦ ψ′

for i = 1, 2. Let ρ : S1 → S be the analytic isomorphism defined by

ρ(αe1 + βe2) = αe1 + βep+1

and let

ψ = ρ ◦ ψ′

Then, ρ : Σ → S and

ψ ◦ ji = ji ◦ ψ

Now, similarly to the case of Section 4.2, we get a flow and a function on S , which satisfy

the Uchida conditions, see Remark 7. Hence the flow is an induced basic (j1, j2)-flow.
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By [16], we get an action of SO◦(p, q) on Sp+q−1 from the Uchida construction corresponding

to a basic (J1, J2)-flow, see Section 2.3. Then, essentially the same steps as in Section 4.2

show that this action covers equivariantly the action of SO◦(p, q) on M .

Case 2: j1 and j2 have the same fixed points on Σ.

First we note that j1

∣∣∣∣
Σ

= j2

∣∣∣∣
Σ
. Indeed, by considering a j1, j2 invariant metric on Σ, j1

and j2 have the same fixed points, which are isolated, and if x is one of those fixed points,

(Dj1)x = (Dj2)x = −Id. Therefore, they are equal on Σ. On Σ we also get an analytic flow

Φθ on Σ induced by the action of the subgroup M (p, q). Because there are no nullcone

orbits and because of Uchida condition (iii), see Remark 7, between two points fixed by Φθ

there must be a point fixed by SO(p) or SO(q) and vice versa. Therefore, on Σ there are

two points fixed by Φθ. Note that SO(p) or SO(q) cannot have a common fixed point, by

Lemma 4.0.2.

A slight modification of the proof of Lemma 4.2.1 shows that there exists an analytic

isomorphism ψ : Σ → RP1 such that if j0 : RP1 → RP1 is the map

[a : b] 7→ [−a : b]

then

ψ ◦ ji = j0 ◦ ψ

for i = 1, 2. The fixed points of j0 are [1 : 0] and [0 : 1]. Moreover, via ψ, Φθ induces a

flow, Φ′
θ, on RP1 and let ζ1, ζ2 be the points fixed by Φ′

θ. Let

π : S1 → RP1
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be the standard covering map. Let z1, z3 ∈ S1 be the points that map to ζ1 and z2, z4 ∈ S1

the points that map to ζ2. Note that because of the property

Φθ(j1 ⋆ z) = j1 ⋆ Φ−θ(z)

for θ ∈ R and z ∈ Σ, we have

Φ′
θ(j0 ⋆ ζ) = j0 ⋆ Φ′

−θ(ζ)

for θ ∈ R and ζ ∈ RP1. Hence, if ζ1 = [a : b] then ζ2 = [−a : b]. Therefore, we can assume

that z2 = J2(z1), z3 = J1 ◦ J2(z1), and z4 = J1(z1). Note that J1 ◦ J2 is the antipodal map

on S1.

We will now define a flow on S1 that will cover the flow Φ′
θ. Let S1 be the connected

component of S1\{z1, z3} that contains z2. Then

π
∣∣∣∣
S1

: S1 → RP1\{ζ1}

is an analytic isomorphism. Define Φ′′
θ on S1 by

Φ′′
θ(z) =

(
π

∣∣∣∣
S1

)−1

◦ Φ′
θ (π(z))

Then, on J1 ◦ J2 (S1), which is the connected component of S1\{z1, z3} that contains z4,

define Φ′′
θ by

Φ′′
θ(z) = (J1 ◦ J2) ◦ Φ′′

θ (J1 ◦ J2(z))
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Note that, on {z1, z2, z3, z4} Φ′′
θ is constant. It is immediate that Φ′′

θ is an analytic flow on

S1 such that

π ◦ Φ′′
θ(z) = Φ′

θ ◦ π(z)

for θ ∈ R and z ∈ S1. Now, define a function

fS1 := fΣ ◦ π

It is a straightforward calculation that Φ′′
θ and fS1 satisfy the Uchida conditions, see Remark

7.

As in Case 1 above, there exists an analytic action of SO◦(p, q) on Sp+q−1 from the

Uchida construction corresponding to a basic (J1, J2)-flow, see Section 2.3, that covers the

action of SO◦(p, q) on M . Hence, we have proved the third case of Theorem 4.0.1.
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Chapter 5: Classification of analytic SO◦(p, 1), p ≥ 3, actions

Here we consider the case q = 1, p ≥ 3, namely an analytic action of G = SO◦(p, 1)

on a closed, connected manifold M of dimension p. We see that these actions are covered

by actions of G on either Sp or Sp−1 × S1. While the topology of these spaces is analogous

to the corresponding spaces of the p, q ≥ 3 case, the geometry can differ. The fixed point

set of H = SO(p − 1) is again going to be a union of circles. In SO(p) there exists the

involution j1 which forces the fixed points of SO(p) on one of these circles to be at most

2. However, there is no longer a j2. That means that there could be more than two points

whose isotropy group is the standard copy of SO◦(p− 1, 1), and so more than two disjoint

orbits diffeomorphic to

SO◦(p, 1)⧸SO◦(p− 1, 1)

Another notable difference is that absence of K fixed points does not imply the existence

of nullcone orbits. The actions of K = SO(p) on Sp and Sp−1 × S1 are via rotations with

respect to an axis in the former case and the standard orthogonal action on the first factor

in the latter.

Furthermore, a result analogous to Lemma 2.2.1 holds for the case q = 1 as well.

Lemma 5.0.1 below is implied in Uchida’s work, but a proof is not provided. We define the
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following subspaces of so(p, 1)

E = Span





1

0p−1

1




where 0p−1 is the (p− 1) × (p− 1) zero matrix, and

t[a : b] :=





0 −buT 0

bu 0 au

0 auT 0


: u ∈ Rp−1


where [a : b] ∈ RP1. Then, we have:

Lemma 5.0.1. Suppose p ≥ 3. Let a be a proper subalgebra of so(p, 1) which contains

h ≃ so(p−1) and suppose dim so(p, 1)− dim a ≤ p. Then, a = t[a : b] for some [a : b] ∈ RP1

or a = E ⊕ t(1 : ±1).

Proof. Consider the following subspaces of so(p, 1):

T1 = Span





0 −vT 0

v 0 0

0 0 0


: v ∈ R2


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and

T2 = Span





0 0 0

0 0 w

0 wT 0


: w ∈ R2


Then, so(p, 1) = so(p − 1) ⊕ E ⊕ T1 ⊕ T2. Moreover, if we consider the adjoint action of

SO(p− 1) on so(p, 1), all the above summands are invariant and irreducible. In addition:

• [T2 ⊕ E, T2 ⊕ E] = so(p)

• [T1, E] = T2

• [T1, T1] = 0

Now, a is also SO(p− 1) invariant and a ∩
(
T1 ⊕ T2

)
̸= {0} because of dim so(p, 1)−

dim a ≤ p. Therefore a∩
(
T1 ⊕T2

)
= t[a : b]. Suppose a∩E ̸= {0} which implies a∩E = E.

In that case, a∩
(
T1 ⊕ T2

)
= t[a : b], with a, b ̸= 0. Indeed, if b = 0, then T2 ≤ a and hence

a = so(p, 1), since [T2 ⊕ E, T2 ⊕ E] = so(p). On the other hand, if a = 0, then T1 ≤ a

hence, [T1, E] = T2 ≤ a and as before we conclude a = so(p, 1). Therefore, if a ∩ E = E,
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then a = so(p− 1) ⊕ E ⊕ t[a : b], with [a : b] ∈ RP 1. Assume that [a : b] ̸= [1 : ±1]. Then



0 −buT 0

bu 0 au

0 auT 0


·



1

0p−1

1


−



1

0p−1

1


·



0 −buT 0

bu 0 au

0 auT 0


=



0 −auT 0

au 0 bu

0 buT 0


∈ a

× b
a==⇒



0 −buT 0

bu 0 b2

a
u

0 b2

a
uT 0


∈ a

⇒



0 0 0

0 0 a2−b2

a
u

0 a2−b2

a
uT 0


∈ a

⇒T2 ≤ a
(
since [a : b] ̸= [1 : ±1]

)

As before, we arrive at the contradiction that a = so(p, 1).

Given a G action on a manifold M , Lemma 5.0.1 above gives us an analytic function

f : F → RP1 as in Remark 4.

5.1 Construction of SO◦(p, 1) actions

5.1.1 (p, 1)-basic construction (I)

Suppose that we have a basic J1-flow, see Definition 2.0.1, on S1 and identify S1 with

S =
{
αe1 + βep+1 : α2 + β2 = 1

}
⊆ Sp
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Then, the basic J1-flow on S1 induces an induced basic j1-flow on S , see Definition 2.0.2.

Note that, S is the fixed point set of H in the standard K action on Sp. Then, analogously

to the basic construction in Section 2.1, see also [17], we can construct an analytic action of

G on Sp. In that action, the restricted action of M (p, 1) on S is the induced basic j1-flow

we started with. We will refer to actions of G on Sp arising this way as actions from the

(p, 1)-basic construction (I). By similar arguments as in Chapter 2 we get:

Theorem 5.1.1. (see also [17, Theorem]) The analytic actions of SO◦(p, 1) on Sp from

the (p, 1)-basic construction (I) are analytically isomorphic if and only if the corresponding

basic J1-flows are analytically isomorphic.

5.1.2 (p, 1)-basic construction (II)

Here we construct G actions on Sp−1 × S1. However, we need to modify the definition

of the flows used as the main data. This is due to the fact mentioned above, that there can

now be more than two orbits with isotropy group SO◦(p− 1, 1).

Definition 5.1.1. Assume Φθ is a nontrivial analytic flow on S1. We will say that Φθ is a

simple flow if:

• The fixed points of Φθ alternate between attracting and repelling.

• The Jacobian of Φθ at a fixed point zi is JΦ(zi) = 2
ni

, respectively JΦ(zi) = − 2
ni

, if zi

is an attracting, respectively repelling, fixed point, where ni ∈ N.

Note that in the case of a simple flow, the number of fixed points must be even,

see [7]. Moreover, we can define a function fΦ as in Chapter 2. Let pi ∈ S such that pi is
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between zi and zi+1 for 1 ≤ i ≤ n − 1, and pn is between zn and z1. Define a function fΦ

in the following way:

• fΦ(pi) := 0, 1 ≤ i ≤ n

• fΦ(z) := tanh(θ), for z = Φθ (pi), θ ∈ R, in the Φθ-orbit of a pi

• fΦ(zi) := 1, respectively fΦ(zi) := −1, if zi is attracting, respectively repelling

The function fΦ is analytic, see the proof of Lemma 2.2.2. The fixed point set of H =

SO(p− 1) in the standard action of K on Sp−1 × S1 is

F = {±e1} × S1

Let

S = {e1} × S1

Then, identifying S1 with S , we can construct G actions on Sp−1 ×S1 in a way analogous to

the basic construction in Section 2.1 using simple flows. These actions extend the standard

K action and the restricted M (p, 1) action on S is the flow induced by the simple flow

we started with, via the identification of S1 with S1.

We will refer to the actions on Sp−1 × S1 obtained this way as actions from the

(p, 1)-basic construction (II). These actions can be classified via the vector fields that the

corresponding simple flows Φθ induce S1, similarly to Theorem 2.1.1. In particular, they

can be classified by the Jacobian of Φθ at the fixed points and the global invariant µ, see

the Appendix A as well as [7].
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Theorem 5.1.2. Let p ≥ 3. Two SO◦(p, 1)-actions on Sp−1 × S1 from the (p, 1)-basic

construction (II) are analytically isomorphic if and only if the corresponding simple flows

are analytically isomorphic. Moreover, the simple flows on S1 are classified up to analytic

isomorphism by the number of fixed points, the Jacobian at the fixed points, and the global

invariant µ.

Remark 10. When proving the analyticity of the actions from the (p, 1)-basic construction

(II), a small modification is required in the existence part of equation (B.12) in Appendix

B. As we mentioned above, there can be more than two points where fΦ = 0. Hence, using

the notation of Appendix B, there are not just two points that play the role of (ep+1, ϵ1)

and (−ep+1, ϵ1). However, for a z ∈ S+ with 0 < f(z) < 1, there exists a z0 ∈ S+ such that

fΦ(z0) = 0 and z is in the orbit of z0. Then, the proof proceeds the same.

5.2 Classification

Now, suppose we have a G action on a manifold M of dimension p, let x ∈ M be

a point that is not fixed by SO(p). Looking at the restricted K ≃ SO(p) action, let Op

denote the SO(p)-orbit of x. Then, dimOp ≤ p. Using Uchida’s classification of subgroups

of SO(p) of codimension at most p ,see [14], and a similar analysis as in Chapter 3, we can

see that necessarily Op ≃ SO(p)
/

SO(p − 1). Therefore, we can conclude that the fixed

point set of H, F , is nonempty and that its connected components are 1-dimensional.

Lemma 5.2.1. G does not have any fixed points.

Proof. Suppose x ∈ M is a fixed point of G. Firstly, we show that x is an isolated fixed

point. Indeed, first of all, x is also a fixed point of SO(p). Note that, since G = SO◦(p, 1)
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is simple, its action is locally faithful, and so the SO(p) action is also locally faithful. Since

SO(p) is compact, its action is linearisable at x, and by choosing an SO(p)-invariant metric

for M , we get a representation

ρ1 : SO(p) → O(p)

This representation must be either trivial or irreducible. Because if there was a k-dimensional,

1 ≤ k < p, ρ1-invariant subspace of Rp, 1 ≤ k < p, then (changing basis if necessary) we’d

get a homomorphism

SO(p) ↪→ O(k) × O(p− k)

Since the action is locally faithful, Kerρ1 must be 0-dimensional. Comparing dimension we

get p(p− 1)
2 ≤ k(k − 1)

2 + (p− k)(p− k − 1)
2 , which yields a contradiction. Now, if ρ1 is

trivial, that means the action of SO(p) is trivial, and consequently the action of G is trivial.

So, ρ1 is irreducible and x is an isolated fixed point of SO(p) and hence of G.

Consider the isotropy representation

ρ : so(p, 1) → glp(R)

Since so(p, 1) is simple, and the representation is not trivial, it has to be irreducible.

Complexifying and using that so(p, 1) ∼= so(p+ 1)(C), we get an irreducible representation

ρC1 : so(p+ 1)(C) → glp(C)

See [12]. Using the Weyl character formula, [5, p.408-410], we can see that the dimension
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of an irreducible representation is
(
p+ 1
k

)
if p+1 is odd, and

(
p+ 1
k

)
or 1

2

(
p+ 1
k

)
if p+1

is even. Comparing p to these binomial coefficients, we get a contradiction.

In particular, G does not have a fixed point on F and hence by Lemma 5.0.1 we can

define an analytic function

f : F → RP1

and by the action of M (p, 1) on F we get a flow

Φ : R × F → F

Then, as in Chapter 4 we can show the following:

Theorem 5.2.1. Suppose SO◦(p, 1) acts analytically on a closed connected manifold M of

dimension p. Then, if SO(p) has a fixed point, M is equivariantly covered by Sp, where the

SO◦(p, 1) action on Sp is one from the (p, 1)-basic construction (I). If SO(p) does not have

a fixed point, then

• If there exists a nullcone orbit, then M is equivariantly covered by SO◦(p, 1) ×P S1

with the standard left SO◦(p, 1) action, where where P ≤ SO◦(p, 1) is a maximal

parabolic subgroup isomorphic to the stabiliser of an isotropic line in the standard

representation of SO◦(p, 1) on Rp+1. If P = MPAPNP is a Langlands decomposition

of P , P acts on S1 by a flow via AP , see (4.1).

• If there does not exist a nullcone orbit, then M is equivariantly covered by Sp−1 × S1,

where the SO◦(p, 1) action on Sp−1 × S1 is one from (p, 1)-basic construction (II).
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Chapter 6: Classification of analytic SOo(p, 2), p ≥ 3, actions

Here, we consider the case q = 2 and p ≥ 3, namely the analytic actions of G =

SO(p, 2) on manifolds of dimension p+ 1 = p+ q − 1. Uchida in [17] studied these kind of

actions on the sphere Sp+1. Modifying Uchida’s methods, we get actions of G on Sp × S1

and Sp−1 × S2 where K = SO(p) × SO(2) acts in a standard way, see below. Then we see

that an action of G on a closed manifold of dimension p+ 1 is equivariantly covered by one

of those above.

Consider the following actions of K on Sp × S1 and Sp−1 × S2. For Sp × S1, we embed

SO(p) in SO(p + 1) as top left block matrices, similar to (2.1) in Chapter 2. Then, via

SO(p+ 1), SO(p) acts on Sp. The action of SO(2) on S1 is the standard one and that gives

the action of K on Sp × S1. Similarly, we get the action of K on Sp−1 × S2. We will refer

to these actions as standard actions of K on these spaces.

The main difference with the q ≥ 3 case is that the fixed point set of H = SO(p−1)×

SO(1) ≃ SO(p − 1) is no longer 1-dimensional, but 2-dimensional. Abusing the notation

we will just write H = SO(p− 1). We will need some more terminology. Following [17], let
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N be the subgroup of G with Lie algebra

n =





0 α β

Op−1

α 0 γ

β −γ 0


: α, β, γ ∈ R


≤ so(p, 2)

where Op−1 is the zero square matrix of dim p− 1 and any omitted value is assumed to be

equal to 0. Note that, SO(2) ≤ N , where by SO(2) we mean the subgroup {Ip} × SO(2).

Moreover, let

N+ = N
⋃
j1N

Note that j1j2 commutes with N .

Let F be the fixed point set of H and f : F → RP2. For Y ∈ F with f(Y ) = [a :

b : c], let

U◦(Y ) = H◦
[a:b:c] (6.1)

where H[a:b:c] is the stabiliser of the point ae1 + bep+1 + cep+2 in the standard representation

of G on Rp+2. The following equality also holds

G = KNU◦(Y )
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See [17]. Moreover, the subgroup

M (p, 2) =





cosh(θ) sinh(θ)

Ip−1

sinh(θ) cosh(θ)

1




is in N and we have the following equality

N = SO(2) M (p, 2) (U◦(Y ) ∩N) (6.2)

for any Y ∈ F , as is established in [17]. Note that (6.2) is equivalent to

N = SO(2) M (p, 2) (H◦
[a:b:c] ∩N) (6.3)

Note that

N ≃ SO◦(1, 2)

the obvious isomorphism φ : N → SO◦(1, 2) being



x1 x2 x3

Op−1

x4 x5 x6

x7 x8 x9


7→



x1 x2 x3

x4 x5 x6

x7 x8 x9



It is well known that SO◦(1, 2) is isomorphic to PSL2(R) and hence, N is also isomorphic
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to PSL2(R). Let M (1, 2) be the subgroup of SO◦(1, 2)

M (1, 2) =





cosh(θ) sinh(θ)

sinh(θ) cosh(θ)

1


: θ ∈ R


. (6.4)

Then, φ gives an isomorphism between M (p, 2) and M (1, 2). We will denote an element

of either group by m(θ). It will be clear from the context every time what group it belongs

to.

Moreover, via φ, we get an equation analogous to (6.3) for SO◦(1, 2). Let H̃[a:b:c] be

the stabiliser of the point ae1 + be2 + ce3 in the standard representation of SO◦(1, 2) on R3.

Then, we have

SO◦(1, 2) = SO(2) M (1, 2) H̃◦
[a:b:c] (6.5)

Now, let

j′
1 =



−1

0

0


and consider the group

SO◦(1, 2)+ = SO◦(1, 2) ∪ j′
1 SO◦(1, 2) (6.6)

Defining φ(j1) = j′
1, it is immediate that φ extends to an isomorphism between N+ and
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SO◦(1, 2)+

φ : N+ ≃−→ SO◦(1, 2)+ (6.7)

In the case of SO◦(p, 2) actions there exists a lemma similar to Lemma 2.2.1. We

denote by h[a:b:c] the Lie algebra of the group H[a:b:c] defined earlier.

Lemma 6.0.1. [17, Lemma 1.2] Suppose p ≥ 3 and let a be a proper Lie subalgebra of

so(p, 2) which contains h ≃ so(p− 1). If

dim so(p, 2) − dim a ≤ p+ 1

then

a = h[a:b:c]

for some (a, b, c) ̸= (0, 0, 0), or

a = h[a:b:c] ⊕R1

for some (a, b, c) ̸= (0, 0, 0) such that a2 = b2 + c2, where the space R1 is generated by the

matrix b (E1,p+1 + Ep+1,1) + c (E1,p+2 + Ep+2,1).

Remark 11. Similarly to Remark 4, Lemma 6.0.1 above allows us to define an analytic

function f : F → RP2, where F is the fixed point set of H, by the property that for

Y ∈ F , f(Y ) ∈ RP2 is the unique point such that hf(Y ) ≤ gY , where gY is the isotropy

algebra of Y with respect to the G action.
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6.1 Extracting the main data

In this section, we begin with a G action on Sp × S1, Sp−1 × S2, or Sp+1 extending

the standard K action in each case. We will show that to such G actions correspond an

SO◦(1, 2)+ action on T2 in the first case, an SO◦(1, 2) action on S2 in the second case, and

an SO◦(1, 2)+ action on S2 in the third case. In Section 6.2 we will show that these actions

are all we need in order to construct and classify the G actions that extend the standard

K action in each case, see in particular Theorems 6.2.1, 6.2.2, and 6.2.3.

Remark 12 (See [17]). Let M be Sp+1, Sp × S1, or Sp−1 × S2. Suppose G acts analytically

on M in a way that extends the standard K action in each case. Consider the fixed point

set, F , of H. Let ϕ be the restricted action of N+ on F and f : F → RP2 as in Remark

11. Then, the pair (ϕ, f) satisfies:

(B1) ϕ is an analytic action of N+ on F , such that the restricted action of N+⋂K is the

restriction of the standard action of K.

(B2) f is an analytic function from F → RP2, which is N+-equivariant and satisfies:

N+⋂U◦(Y ) ⊂ N+
Y

Moreover, let R =
{
[a : b : c] ∈ RP2 : c = 0

}
⊆ RP2 and ρ : R → RP1 the obvious isomor-

phism. Consider S = f−1(R). Then, S is a one dimensional submanifold of F which is

j1 and j2 invariant and it is transverse to each SO(2)-orbit, see [17]. Let Φθ be the flow that

M (p, 2) induces on S and f0 = ρ◦f
∣∣∣
S

. Then, Φθ is an analytic flow on S , f0 : S → RP1

is analytic, and they satisfy

(i) ji ⋆ Φθ(z) = Φ−θ(ji ⋆ z) (i = 1, 2)
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(ii) f0(z) = [a : b : 0] ⇒ f0(ji ⋆ z) = [a : −b : 0] (i = 1, 2)

(iii) f0(z) = [a : b : 0] ⇒ f0 (Φθ(z)) = [a cosh(θ) + b sinh(θ) : a sinh(θ) + b cosh(θ) : 0]

(iv) f0(z) = [0 : 1 : 0] ⇔ j1 ⋆ z = z and f0(z) = [1 : 0 : 0] ⇔ j2 ⋆ z = z

These are analogous to the Uchida conditions from Chapter 2, see Remark 7.

6.1.1 Case 1: G actions on Sp × S1

Here we will see that aG action on Sp×S1 extending the standardK action correspond

to a special type of SO◦(1, 2)+, see Definition 6.6, actions on T2 defined below.

Definition 6.1.1. Assume that ϕ is an SO◦(1, 2)+ action on T2 = S1 × S1. We will say

that ϕ is a T2-basic action if

• j′
1 acts as the reflection with respect to the y-axis on the first factor and trivially on

the second factor of T2.

• SO(2) acts trivially on the first factor and in the usual way on the second factor.

• ϕ has two closed circle orbits none of which are the circles fixed by j′
1.

Suppose that G acts analytically on Sp×S1 and the restricted K action is the standard

one. Here, the fixed point set, F , of H is

F =
{
αe1 + βep+1 : α2 + β2 = 1

}
× S1 ≃ T2

Lemma 6.0.1 implies the existence of a function f : F → RP2. Denote the restricted ac-

tion of the subgroup N+ on F by ϕ1. Then, the pair (ϕ1, f) satisfies properties (B1)-(B2).
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Recall that N+ is isomorphic to SO◦(1, 2)+, see the beginning of this chapter. Therefore,

identifying F with T2 in the obvious way and using the isomorphism between N+ and

SO◦(1, 2)+, we get an action ϕ of SO◦(1, 2)+ on T2. Note that N+ ∩K = SO(2) ∪ j1SO(2),

hence ϕ is a T2-basic action. It is immediate that starting with two analytically isomorphic

G actions will result in analytically isomorphic T2-basic action of SO◦(1, 2)+ on T2.

Remark 13. Schneider, in [13], classified SL2(R) actions on T2. Fix a Borel subgroup Σ of

SL2(R) and an infinitesimal generator, say α, of the diagonal subgroup. Then, the SL2(R)

actions come down to a 1-dimensional, closed submanifold W of T2 and an action of Σ on

W . Furthermore,

T2 ≃ SL2(R) ×Σ W

and the action is the left SL2(R) action on SL2(R) ×Σ W (See [13, Theorem 1]). Two such

actions of SL2(R) are isomorphic, if the vector fields on W generated by α ∈ sl2(R) are

isomorphic.

Here, SL2(R) ×Σ W is the quotient space of SL2(R) × W modulo the equivalence

relation

(µ,w) ∼ (µ · σ, σ−1 ⋆ w)

where µ ∈ SL2(R), σ ∈ Σ and w ∈ W .

Since SO◦(1, 2) is isomorphic to PSL2(R), by Schneider’s result the analytic actions

of SO◦(1, 2) on T2 are also classified. It is also immediate that two analytic SO◦(1, 2)+

actions on T2 are isomorphic if and only if the restricted SO◦(1, 2) actions are isomorphic
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via an isomorphism that commutes with j′
1.

6.1.2 Case 2: G actions on Sp−1 × S2

Suppose we have a G action on Sp−1 × S2 extending the standard K action. We will

see that such an action corresponds to a special type of SO◦(1, 2) actions on S2.

Definition 6.1.2. Assume ϕ is an analytic SO◦(1, 2) action on S2. We will say that ϕ is

an S2-basic action if:

• the action of SO(2) on S2 is rotation with respect to the z-axis.

• ϕ has one closed circle orbit and no fixed points.

For a G action on Sp−1 × S2 like above, the fixed point set, F , of H is

F = {±e1} × S2

Let

F1 = {e1} × S2

and F2 be the other connected component of F . We note that the action of N on F2 is

determined by the action of N on F1 by the equation

n ⋆ (j1 ⋆ v) = j1 (j2nj2) ⋆ v

for n ∈ N , v ∈ F1. By Lemma 6.0.1, there exists a function f : F → RP2 and if we

denote the restricted action of the subgroup N+ on F by ϕ1, then the pair (ϕ1, f) satisfy
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properties (B1)-(B2). Let S = f−1(R), where R =
{
[a : b : c] ∈ RP2 : c = 0

}
⊆ RP2. As

in Remark 12, it can be shown that S is a closed, one dimensional submanifold of F ,

which is transverse to the SO(2) orbits. By the last condition, the points (e1,±ϵ1) are in

S , since they are fixed by SO(2). Therefore there exists a connected component, S1, of S

such that S1 ⊆ F1. Hence, S1 is a one dimensional closed submanifold of F1, transverse

to the SO(2) orbits. Now, f ̸= [0 : 1 : 0] since there are no SO(p) fixed points in the kind of

G actions considered in this section. Hence, the flow, Φθ that the action of M (p, 2) induces

on S has two fixed points, otherwise j2 would have more than two fixed points, which

is impossible for an involution on a one dimensional closed submanifold. Since the points

(e1,±ϵ1) are in S , S is the union of the Φθ orbits of these points, and the fixed points.

Note that j2 must map the fixed points of Φθ to each other, since j2 ⋆ Φθ(z) = Φ−θ(j2 ⋆ z)

for z ∈ S1. Hence, on F1, SO◦(1, 2) has one closed orbit, namely the orbit of the fixed

points of Φθ on S1.

Now, let ϕ2 be the restricted N action on F1 and identify F1 with S2 in the obvious

way. Recall that N is isomorphic to SO◦(1, 2) and that N ∩ K = SO(2). Then, it is

immediate that we get an action ϕ of SO◦(1, 2) on S2 which is an S2-basic action.

Remark 14. Recall that SO◦(1, 2) is isomorphic to PSL2(R) and hence covered by SL2(R).

The analytic SL2(R) actions on S2 are classified in [13], by the number of closed orbits and

the normal invariant at each closed orbit, see [13, Theorem 6]. Therefore, also the SO◦(1, 2)

on S2 are classified. The normal invariant would be equal to the Jacobian of Φθ at a fixed

point on S1, in the setting above.
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6.1.3 Case 3: G actions on Sp+1

Finally, we consider G actions on Sp+1 extending the standard K action, namely the

actions studied in [17]. Here, the fixed point set of H is

F = {α e1 + β ep+1 + γ ep+1 : α2 + β2 + γ2 = 1} ≃ S2

Recall SO◦(1, 2)+ from Definition 6.6.

Definition 6.1.3. Let ϕ be an analytic SO◦(1, 2)+ action on S2. We will say that ϕ is an

(S2)+-basic action if:

• j′
1 acts on S2 as the reflection with respect to the xy-plane.

• SO(2) acts on S2 as rotations with respect to the z-axis.

• ϕ has two closed circle orbit and no fixed points.

Suppose we have a G action on Sp+1 extending the standard K action. Similar to

Case 2, via the isomorphism N+ ≃ SO◦(1, 2)+ and the obvious identification of F with S2,

it can be shown that to the G action corresponds an (S2)+-basic action ϕ of SO◦(1, 2)+ on

S2.

Remark 15. Two (S2)+-basic actions are analytically isomorphic if and only if the re-

stricted SO◦(1, 2) actions are analytically isomorphic via an isomorphism that commutes

with j′
1. We also note again that SO◦(1, 2) is isomorphic to PSL2(R) and hence covered by

SL2(R) and the analytic SL2(R) actions on S2 are classified in [13].
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6.2 Construction of SO◦(p, 2) actions

In this section we construct SO◦(p, 2) actions on Sp+1, Sp × S1, and Sp−1 × S2 that

extend the standard K action in each case. We are going to use the following two lemmas.

Uchida shows the following results in the case of smooth actions of G on the sphere Sp+1

whose restricted K action is the standard orthogonal one. However, the arguments and

techniques of Chapter 2 can be applied to prove them in the analytic setting, see also

Appendix D.

Lemma 6.2.1. Let M be Sp+1, Sp×S1, or Sp−1 ×S2. Assume K acts on M in the standard

way in each case and let F be the fixed point set of H. Suppose:

(B1) ϕ is an analytic action of N+ on F , such that the restricted action of N+⋂K is the

restriction of the standard action of K.

(B2) f is a function from F → RP2, which is N+-equivariant and satisfies: N+⋂U◦(Y ) ⊂

N+
Y

Here, RP2 is seen as a N+-space, via the identification N ≃ SO◦(1, 2) and by defining the

action of j1 by j1[a : b : c] = [−a : b : c]. For the definition of U◦(Y ) see (6.1). Then, there

exists an analytic G action on M extending the standard K action such that the restricted

N+ action on F is ϕ and f is exactly the function from Remark 11 for this G action.

Lemma 6.2.2. Let M be Sp+1, Sp×S1, or Sp−1 ×S2. Let F be the fixed point set of H and

suppose S is a connected, one dimensional submanifold of F which is j1 and j2 invariant

in the case M = Sp+1, j1 invariant in the case M = Sp × S1, and j2 invariant in the case
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M = Sp−1 × S2. Assume further that in any case S is transverse to each SO(2)-orbit.

Consider R =
{
[a : b : c] ∈ RP2 : c = 0

}
and let ρ : R → RP1 be the obvious isomorphism.

Suppose Φθ is an analytic flow on S and f0 : S → RP1 an analytic function such that

they satisfy

(i) ji ⋆ Φθ(z) = Φ−θ(ji ⋆ z) (i = 1, 2)

(ii) f0(z) = [a : b] ⇒ f0(ji ⋆ z) = [a : −b] (i = 1, 2)

(iii) f0(z) = [a : b] ⇒ f0 (Φθ(z)) = [a cosh(θ) + b sinh(θ) : a sinh(θ) + b cosh(θ)]

(iv) f0(z) = [0 : 1] ⇔ j1 ⋆ z = z and f0(z) = [1 : 0] ⇔ j2 ⋆ z = z

Define an action ϕ of N+ on F in the following way: let n ∈ N+ and Z ∈ F . There exist

k1 ∈ SO(2) and Y ∈ S such that k1 ⋆ Y = Z. We then have nk1 = jσ1n
′, where σ = 0 or 1

and n′ ∈ N . Write

n = km(θ)u

with k ∈ SO(2), θ ∈ R, and u ∈ H◦
[1:1:0] ∩N , according to (6.5). Then define

n ⋆ Z := k ⋆ Φθ(Y )

Finally, define a function f : F → RP2 by

f(k ⋆ z) := k ⋆
(
ρ−1 ◦ f0(z)

)
(6.8)

for k ∈ SO(2) and z ∈ S . Then, ϕ is an analytic action of N+ on F , f is analytic, and

ϕ and f satisfy conditions (B1)-(B2) in Remark 12.
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Remark 16. Let M be as in the lemmas above and suppose we have a pair (ϕ, f) as in

Lemma 6.2.1. By that lemma we get a G action on M extending the standard K action.

By Remark 12, we get a pair (ϕ′, f ′). Then, ϕ′ = ϕ and f ′ = f . And conversely, starting

from a G action on M , we get a pair (ϕ, f) satisfying (B1)-(B2), and the G action coming

from Lemma 6.2.1 is the one we started with. The same property holds for G actions on

M extedning the standard K action and triplets (S ,Φθ, f0) as in Lemma 6.2.2.

In the constructions below we will have an action of N+ on F and our goal will be

to apply Lemma 6.2.1 in order to get an action of G. To use that lemma we will need to

construct the function f . To that end, we will find in every case a submanifold S and

construct a function f0, as in Lemma 6.2.2 so that we can apply Lemma 6.2.2.

6.2.1 (p, 2)-basic construction (I)

Here, we show how from a T2-basic action of SO◦(1, 2)+ on T2 = S1 × S1 we can

construct an action of G on Sp × S1 extending the standard K action. Note that, for the

standard K action the fixed point set of H is

F =
{
αe1 + βep+1 : α2 + β2 = 1

}
× S1

Let ϕ1 be a T2-basic action of SO◦(1, 2)+ on T2, see Definition 6.1.1. Consider the

function τ : S1 → Sp defined by

(x, y) 7→ x e1 + y ep+1
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Then,

ψ = τ × Id : T2 → F (6.9)

is an analytic isomorphism. Via the isomorphism ψ, we get an action ϕ2 of SO◦(1, 2)+ on

F defined by the equation

ϕ2(n, ψ(p)) = ψ (ϕ1(n, p))

for p ∈ T2 and n ∈ SO◦(1, 2)+. Note that, since ϕ1 is a T2-basic action, ϕ2 has two closed

orbits of the form {ζ} × S1 and {j′
1 ⋆ ζ} × S1, for some ζ = αe1 + βep+1 ̸= ±ep+1, with

α2 + β2 = 1.

Claim 1: There exist z0 ∈ {ep+1}×S1 and z′
0 ∈ {−ep+1}×S1 such that their isotropy

Lie algebras with respect to ϕ2 are generated by the element X0 =



1

0

1


∈ so(1, 2).

Claim 2: As θ → ∞, mθ ⋆z0 approaches a fixed point of M (1, 2) in a closed ϕ2-orbit.

As θ → −∞, mθ ⋆ z0 approaches a fixed point of M (1, 2) in the other closed ϕ2-orbit. The

same thing holds for mθ ⋆ z
′
0.

Claims 1 and 2 are proved in Appendix C. Let S0 be the M (1, 2)-orbit of z0, namely

S0 = {m(θ) ⋆ z0}

By Claim 2, S̄0 comprises S0 and two fixed points of M (1, 2), one in each closed ϕ2-orbit.

Moreover, by a slight variation of the proof of Lemma C.0.3 in Appendix C, it is easy to
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see that S0 is transverse to the SO(2)-orbits. Let

S ′
0 = {m(θ) ⋆ z′

0}

By Claim 2, as θ → +∞, m(θ) ⋆ z′
0 converges to a fixed point of M (1, 2) in one of the

closed orbits. We can assume that this point is in the closure of S0. If it is not, we just

consider j2 ⋆ z
′
0 instead of z′

0, which is easily seen to also satisfy Claims 1 and 2. Note that

in the closed orbits, j2 interchanges the two fixed points of M (1, 2). By the j′
1 invariance

of S ′
0, as θ → −∞, m(θ) ⋆ z′

0 converges to the point in the intersection of the other closed

ϕ2-orbit and the closure of S0. Finally, let

S = S0 ∪ S ′
0 (6.10)

It can be shown that S is an analytic submanifold by using the local form of the infinitesi-

mal generators of the induced SL2(R) action around the M (1, 2) fixed points, see [13, The-

orem 2]. The action of M (1, 2) on S induces an analytic flow Φθ. The Jacobian of Φθ at

the fixed points is non zero, see [13, Proposition 6.1]. Since S is a closed, one dimensional

manifold, one of the fixed points of Φθ is attracting and the other is repelling. We also

define a function f0 : S → RP1 by

• f0(z0) := [0 : 1] and f0(z′
0) := [0 : 1].

• f0 (Φθ(z)) := [tanh (θ) : 1], for θ ∈ R and z = z0 or z′
0.

• f0(z1) := [1 : 1] and f0(z2) := [1 : −1], where z1, respectively z2, is the attracting,

respectively repelling, fixed points of Φθ.
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By a proof similar to that of Lemma 2.2.2, it can be shown that f0 is analytic and that S ,

Φθ, and f0 satisfy the hypotheses of Lemma 6.2.2. Therefore, applying that lemma, we get

a pair (ϕ, f) of an analytic N+ action, ϕ, on F and an analytic function f : F → RP2

satisfying relations (B1)-(B2). Then, by Lemma 6.2.1 we obtain an analytic G action on

Sp × S1 extending the standard K action. We will refer to such actions as actions from the

(p, 2)-basic construction (I). We note also, that since N+ and SO◦(1, 2)+ are isomorphic, ϕ

induces an action of SO◦(1, 2)+ on F . That action, by Remark 16, is ϕ2.

Theorem 6.2.1. Let p ≥ 3. Two analytic SO◦(p, 2) actions on Sp × S1 from the (p, 2)-

basic construction (I) are analytically isomorphic if and only if the corresponding T2-basic

actions of SO◦(1, 2)+ on T2, see Definitions 6.6 and 6.1.1, are analytically isomorphic.

Proof. The only if part is easy. For the other implication, let

F =
{
αe1 + βep+1 : α2 + β2 = 1

}
× S1

be the fixed point set of H. For an analytic SO◦(p, 2) action on Sp × S1 from the (p, 2)-

basic construction (I), by Remark 12, we get a pair (ϕ1, fϕ1) of an analytic N+-action

on F and an analytic function fϕ1 : F → RP2 satisfying (B1)-(B2), as well as a triplet

(S 1,Φ1
θ, f

1
0 ) of a closed one dimensional submanifold S 1 ⊆ F , a flow Φ1

θ on S 1, and a

function f 1
0 : S 1 → RP1. Suppose we have a second SO◦(p, 2) action on Sp × S1 from

the (p, 2)-basic construction (I), to which similarly correspond a pair (ϕ2, fϕ2) and a triplet

(S 2,Φ2
θ, f

2
0 ). Assume that the corresponding T2-basic actions of SO◦(1, 2)+ on T2, say ϕ′

1

and ϕ′
2, are isomorphic. Identifying T2 with F via the function ψ of (6.9), we get two

actions of SO◦(1, 2)+ on F which are isomorphic. Finally, since SO◦(1, 2)+ is isomorphic
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to N+, we get two N+-actions, ϕ′′
1 and ϕ′′

2, which are isomorphic. However, note that by

Remark 16, ϕ′′
1 = ϕ1 and ϕ′′

2 = ϕ2.

Hence, ϕ1 and ϕ2 are isomorphic. Let ψ′ be the isomorphism between them. Namely,

ψ′ : F → F is an analytic isomorphism such that, ψ′ (ϕ′′
1(n, p)) = ϕ′′

2 (n, ψ′(p)), for n ∈ N+

and p ∈ F . Then ψ′(S 1) = S 2 and the flows Φ1
θ and Φ2

θ are isomorphic. Then, as in the

proof of Theorem 2.1.1 in Section 2.6, it can be shown that

f 2
0 ◦ ψ′ = f 1

0

Since S 1 and S 2 are transverse to every SO(2) orbit, and ψ′, fϕ1 , and fϕ2 are SO(2)

equivariant, fϕ1 , respectively fϕ2 , is determined by f 1
0 , respectively f 2

0 . See also (6.8).

Therefore,

fϕ2 ◦ ψ = fϕ1

The proof then concludes similarly to the proof of Theorem 2.1.1

We note again, see Remark 13, that analytic SL2(R) action on T2 are classified in [13],

therefore, since SO◦(1, 2) ≃ PSL2(R), the SO◦(1, 2) actions on T2 are classified. Two

SO◦(1, 2)+ are analytically isomorphic if and only if the restricted SO◦(1, 2) are isomorphic

via an isomorphism that commutes with the action of j1.

6.2.2 (p, 2)-basic construction (II)

Let ϕ1 be an S2-basic action of SO◦(1, 2) on S2, see Definition 6.1.2. We will show

how to construct an SO◦(p, 2) action on Sp−1 ×S2 extending the standard K action starting

108



from ϕ1. Let

F = {±e1} × S2

be the fixed point set of H in the standard K action on Sp−1 × S2 and F1 = {e1} × S2,

F2 = {−e1} × S2. Let pr2 : Sp−1 × S2 → S2 be the projection to the second factor, and

ψ =
(

pr2

∣∣∣∣
F1

)−1

Then, ψ : S2 → F1 is an analytic isomorphism and via ψ, we get an analytic action, ϕ2, of

SO◦(1, 2) on F1. Consider the points (e1,±ϵ3) ∈ F1 which are fixed by SO(2) and let S

be the union of the closures of their orbits under the action of M (1, 2). Recall that SL2(R)

covers SO◦(1, 2) ≃ PSL2(R) and hence, ϕ1 induces an SL2(R) action on F1 ≃ S2. By

Schneider’s description of the SL2(R) actions in [13], S is a one dimensional submanifold

which is transverse to each SO(2)-orbit. It is also easy to see that S is j2-invariant. The

action of M (1, 2) ≤ SO◦(1, 2) induces a flow Φθ on S . Since ϕ1 is an S2-basic action, ϕ2

has only one closed orbit on F1, and therefore Φθ has two fixed points, see [13, p. 521].

Define a function f0 : S → RP1 by

• f0(e1,±ϵ3) := [1 : 0]

• f0 (Φθ(z)) := [ tanh (θ) : 1], for z0 = (e1, ϵ3) or (e1,−ϵ3)

• f0(z1) := [1 : 1] and f0(z2) := [−1 : 1], where z1, respectively z2, is the attracting,

respectively repelling, fixed point of Φθ.

As in Lemma 2.2.2, it can be shown the f0 is analytic and similarly to the (p, 2)-basic

construction (I), S , Φθ, and f0 satisfy the hypotheses of Lemma 6.2.2. Hence, we get
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an analytic pair (ϕ, f) of an N+ action on F and a function f : F → RP2 that satisfy

relations (B1)-(B2). Note that, since SO◦(1, 2) ≃ N , the restriction of ϕ to N induces an

SO◦(1, 2) action on F1. That action is exactly ϕ2, see Remark 16. Using the pair (ϕ, f)

and similar arguments as in Chapter 2, we get an analytic action of SO◦(p, 2) on Sp−1 × S2

extending the standard K action.

Theorem 6.2.2. Let p ≥ 3. Two analytic SO◦(p, 2) actions on Sp−1 × S2 from the (p, 2)-

basic construction (II) are analytically isomorphic if and only if the corresponding S2-basic

actions of SO◦(1, 2) actions on S2, see Definition 6.1.2, are isomorphic.

The proof is similar to that of Theorem 6.2.1. We note again, that the SO◦(1, 2)

actions on S2 are classified by the results in [13], see Remark 14.

6.2.3 (p, 2)-basic construction (III)

Let ϕ1 be an (S2)+-basic action of SO◦(1, 2)+ on S2, see Definition 6.1.3. Starting

from ϕ1, we will construct an SO◦(p, 2) action on Sp+1 extending the standard K action.

The are the kind of actions Uchida studied in [17] in the smooth setting. In the standard

K action, the fixed point set of H is

F = {α e1 + β ep+1 + γ ep+1 : α2 + β2 + γ2 = 1}

Let ψ : S2 → F be defined by

(α e1 + β ep+1 + γ e3) 7→ α e1 + β ep+1 + γ ep+1
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Then, ψ is an analytic isomorphism. Via ψ, we get an action, ϕ2, of SO◦(1, 2)+ on F . Let

S1 be the M (1, 2)-orbit of the point e1 ∈ F . It is easy to see that S1 is j2-invariant since

e1 is fixed by j2. Now, SL2(R) covers SO◦(1, 2) ≃ PSL2(R) and hence, we get an SL2(R)

action on F1 ≃ S2 induced by ϕ2. By Schneider’s description of the SL2(R) action on S2,

see [13], we can find a point z = α ep+1 + β ep+2 ∈ S2 such that

lim
θ→+∞

m(θ) ⋆ z = lim
θ→+∞

m(θ) ⋆ e1

for m(θ) ∈ M (1, 2). Let S2 be the M (1, 2)-orbit of z. Finally, consider

S = S1 ∪ j′
1(S1) ∪ S2 ∪ j2 (S2)

Then, S is a one dimensional submanifold of S2, it is j′
1 and j2-invariant, and it is transverse

to each SO(2)-orbit, see [13]. The action of M (1, 2) on S induces an analytic flow, Φθ,

on S . Since ϕ1 is an (S2)+-basic action, ϕ2 has two closed orbits in F and hence, Φθ has

four fixed points on S , see also [13]. Then, we can define a function f0 : S → RP1 by

• f0(±e1) := [1 : 0], f0(z) := [0 : 1], and f(j2 ⋆ z) := [0 : 1]

• f0 (Φθ(e1)) := [cosh(θ) : sinh(θ)] , f0 (Φθ(z)) := [sinh(θ) : cosh(θ)] and in the rest of

S f0 is defined so that it satisfies j′
1 ⋆Φθ(z) = Φ−θ(j′

1 ⋆z) and j2 ⋆Φθ(z) = Φ−θ(j2 ⋆z)

• f0(ζ) := [1 : 1], respectively [1 : −1], if ζ ∈ S is an attracting, respectively repelling,

fixed point of Φθ.

Similarly to Lemma 2.2.2, it can be shown the f0 is analytic. Consequently, analo-
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gously to the (p, 2)-basic construction (I), S , Φθ, and f0 satisfy the hypotheses of Lemma

6.2.2, which gives an analytic pair (ϕ, f) of an N+ action on F and a function f : F → RP2

that satisfy relations (B1)-(B2). Note that, since SO◦(1, 2) and N are isomorphic, ϕ induces

an SO◦(1, 2) action on F . That action is ϕ2, see also Remark 16. Using the pair (ϕ, f) and

analogous arguments as in Chapter 2, we get an analytic action of SO◦(p, 2) on Sp−1 × S2

extending the standard K action. The following theorem strengthens [17, Theorem 4.12]

in the analytic setting.

Theorem 6.2.3. (See also [17, Theorem 4.12]) Let p ≥ 3. Analytic SO◦(p, 2) actions on

Sp+1 from the (p, 2)-basic construction (III) are analytically isomorphic if and only if the

corresponding
(
S2
)+

-basic actions of SO◦(1, 2)+ actions on S2, see (6.6) and Definition

6.1.3, are isomorphic.

The proof is similar to that of Theorem 6.2.1. We note, that the SO◦(1, 2)+ actions

on S2 are classified by the results in [13], see Remark 15.

6.3 Classification

Theorem 6.3.1. Suppose SO◦(p, 2), p ≥ 3, acts analytically on a closed, connected mani-

fold M of dimension p + 1. Consider SO(p) ≃ SO(p) × {1} ≤ SO(p) × SO(2) ≤ SO◦(p, 2)

and SO(2) similarly. For p > 3, we have:

• If only SO(p) has a fixed point, then M is equivariantly covered by Sp × S1, where

the action of SO◦(p, 2) on Sp × S1 is one from the (p, 2)-basic construction (I), see

Section 6.2.1.
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• If only SO(2) has a fixed point, then M is equivariantly covered by Sp−1 × S2, where

the action of SO◦(p, 2) on Sp−1 × S2 is one from the (p, 2)-basic construction (II), see

Section 6.2.2.

• If both SO(p) and SO(2) have a fixed point, then M is equivariantly covered by Sp+1,

where the action of SO◦(p, 2) on Sp+1 is one from the (p, 2)-basic construction (III),

see Section 6.2.3.

• If neither SO(p) nor SO(2) have a fixed point, then M is equivariantly covered by

SO◦(p, 2) ×P S1 with the left SO◦(p, 2) action, where P ≤ SO◦(p, 2) is a maximal

parabolic subgroup isomorphic to the stabiliser of an isotropic line in the standard

representation of SO◦(p, 2) on Rp+2. If P = MPAPNP is a Langlands decomposition

of P , P acts on S1 by a flow via AP , see (4.1).

For SO◦(3, 2), the above applies if the action is not transitive and covered by SO◦(3, 2)
/
Pmin,

where Pmin ≤ SO◦(3, 2) is a minimal parabolic subgroup.

Proof. Suppose G = SO◦(p, 2) acts analytically on a manifold M of dimension p+1. In the

case of SO◦(3, 2) the homogeneous space SO◦(3, 2)
/
Pmin, where Pmin is a minimal parabolic

subgroup of SO◦(3, 2) has dimension 4 = p+1. So, suppose that either p > 3 or in the case

of p = 3 that the action is not covered by SO◦(3, 2)
/
Pmin. Then, the methods of Chapter

3 can be used to show that the fixed point set of H, F , is non-empty and 2-dimensional.

We will split the proof in three cases depending on the existence of fixed points of SO(p)

or SO(2).

Similarly to Remark 12, from this action of G we get the restricted action, ϕ1, of

N+ on F and a function f1 : F → RP2, by Lemma 6.0.1. Additionally, ϕ1 and f1 satisfy
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properties (B1)-(B2) from Remark 12, see [17]. Let R = {[a : b : c] ∈ RP2 : c = 0} ⊆ RP2

and consider S = f−1
1 (R) ⊂ F .

Case I: Suppose that SO(p) has a fixed point and that SO(2) does not have any fixed

points. Since N ≤ G acts on F , and N ≃ PSL2(R), see the beginning of this chapter,

SL2(R) also acts on F . However, SO(2) does not have fixed points, hence by [13], F has

to be diffeomorphic to a torus. As in Section 4.2, we can find an analytic isomorphism

ψ : S → S1 s.t. ψ ◦ j1 = j1 ◦ ψ

where j1 acts on S1 by reflection with respect to the y-axis. Suppose the image of ψ is the

first factor of T2 = S1 × S1. Then, define:

Ψ : F → T2

by

Rθz 7→ Rθψ(z)

for z ∈ S and Rθ ∈ SO(2), where SO(2) acts on the second factor of T2 in the standard

way. Recall that S is transverse to all the SO(2) orbits. Now, if we identify T2 with the set

F̂ =
{
αe1 + βep+1 : α2 + β2 = 1

}
× S1

in the obvious way, then, via Ψ and (ϕ1, f1), we get a pair (ϕ, f) of an analytic N+ action on

F̂ and an analytic function f : F̂ → RP2 satisfying (B1)-(B2) of Lemma 6.2.1and hence
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an analytic action of G on Sp × S1 that extends the standard K action. Note that this

is an action from the basic construction corresponding to ϕ′, where ϕ′ is T2-basic action

of SO◦(1, 2)+ on T2 induced by Ψ and the isomorphism between N+ and SO◦(1, 2)+, see

(6.7). For p ∈ Sp × S1, there exist k ∈ K and Y ∈ F̂ such that k ⋆ Y = p. Then, we define

F :Sp × S1 → M

k ⋆ Y 7→ k ⋆Ψ(Y )

As in Section 4.2 it can be shown that all the resulting maps are analytic and F is a covering

map.

Case II: In the case that neither SO(p) nor SO(q) has a fixed point, looking at

S ⊂ F we get that

f1

∣∣∣∣
J

= [1 : ±1 : 0]

where J ⊆ S is a nontrivial open subset. Without loss of generality, we may assume that

the value of f1 on J is (1 : 1 : 0). Since, f is analytic,

f1

∣∣∣∣
J

≡ [1 : 1 : 0]

That means that the isotropy group of every point on S is contained in or equal to P ,

where P ≤ G is a maximal parabolic. As in Section 4.1, it can be shown that such an

action is covered by an associated bundle G ×P S1. Note that the absence of SO(p) and

SO(2) fixed points is equivalent to the existence of a nullcone orbit.

Case III: Now, suppose that SO(2) has a fixed point. Recall that via N ≃ PSL2(R),
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SL2(R) also acts on F . According to Schneider’s results, the connected components of F

are diffeomorphic to either RP2 or S2, see [13]. Suppose a component is diffeomorphic to

RP2, in particular [13, Section 4, Corollary], and denote this component by F1. Assume

that j1 does not preserve this component. By Schneider’s description of the SL2(R) actions

on RP2, there exists an action of SL2(R) and hence an action, ϕ2, of N on S2 that covers

the action ϕ1 of N on F1 equivariantly. Let π : S2 → F1 be that N -equivariant covering

map. Let ρ1 be the obvious inclusion

ρ1 : S2 → {e1} × S2

Via ρ1, ϕ2 induces an action ϕ′ of N on {e1}×S2 ⊆ Sp−1 ×S2. Now, on {−e1}×S2 consider

the action of N defined by

n ⋆ (j1v) = j1 (j2nj2 ⋆ v)

for n ∈ N and v ∈ {e1} × S2. Then, {−e1} × S2 covers N -equivariantly the component

j1 (F1) and we get an action ϕ of N+ on {±e1} × S2, extending ϕ′. Now, let

f2 : {±e1} × S2 → RP2

be defined by f2 = f1 ◦ π ◦ ρ−1
1 on {e1} × S2 and by f2 = f1 ◦ π ◦ ρ−1

1 ◦ j1 on {−e1} × S2.

Then, ϕ and f2 satisfy (B1)-(B2) of Lemma 6.2.1. As in Section 4.2 it can be shown that

there exists a G action on Sp−1 × S2 from the (p, 2)-basic construction (II), which covers

the action on M , G-equivariantly. A similar argument applies when the component of F

is diffeomorphic to S2 and j1 does not preserve this component.
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Now, suppose again that a component of F is diffeomorphic to RP2 and denote this

component by F1, but now we assume that j1 preserves F1. Now, S is a 1-dimensional

closed submanifold of F1. Let S0 be a connected component of S which contains a fixed

point of SO(2), say Y . We claim that j1 preserves S0. Indeed, otherwise j1Y would also

be an SO(2) fixed point and there would be at least two points fixed by SO(2). But that is

impossible for an SL2(R) action on RP2, see [13]. Therefore j1 acts on S0. Note that, being

an involution on a manifold diffeomorphic to S1, j1 has either none or two fixed points.

Let Y ∈ F1 be the fixed point of SO(2). Since j1 commutes with SO(2) in G, j1Y is also

fixed by SO(2) and hence it must equal Y . So, j1 has at least one fixed point on S0 and

therefore it has exactly two. Suppose j1 acts on RP1 by

j1 ⋆ [a : b] = [−a : b]

A slight variation in the proof of Lemma 4.2.1 shows that there exists an analytic

isomorphism

ψ : RP1 → S0

which is j1 equivariant. Define an action of M (p, 2) on RP1 by

m(θ) ⋆ ψ−1(x) := ψ−1(m(θ) ⋆ x)

and a function f2 : RP1 → RP1 by

f2 := f1 ◦ ψ
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Imposing SO(2)-equivariance, we can extend ψ to a map ψ̂,

ψ̂ : RP2 → F1

and using f2 and the action of M (p, 2) we can define an action ϕ̂ of N+ on RP2. The

proofs are completely analogous to the arguments in Chapter 2, using (6.2). Then, ψ̂ is

N+-equivariant.

Now, as before we can find an action, ϕ′, of N on S2 such that it covers the N action

ϕ̂ on RP2. On S2 we consider the action of j1 by

j1 ⋆ (a e1 + b e2 + c e3) = −a e1 + b e2 + c e3

Then the projection to RP2 is also j1 equivariant. Composing with ψ̂, we get a covering

map

ψ̃ : S2 → F1

which is N+-equivariant. Composing this map with f1, we get a map

f ′
2 = f1 ◦ ψ̃ : S2 → RP2

Let

F̂ = {α e1 + β ep+1 + γ ep+1 : α2 + β2 + γ2 = 1} ⊆ Sp+1
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and let ρ2 : S2 → F̂ be the isomorphism defined by

ρ2 (α e1 + β ep+1 + γ e3) = α e1 + β ep+1 + γ ep+1

Then, via ρ2 we get an action, ϕ, of N+ on F̂ . Finally, consider the function

f = f ′
2 ◦ ρ−1

2

As in the first part of Case III, (ϕ, f) satisfy relations (B1)-(B2) from Lemma 6.2.1, and

therefore, there exists a G action on Sp+1 from the (p, 2)-basic construction (III), such

that Sp+1 equivariantly covers M . Similar arguments apply when the component of F is

diffeomorphic to S2 and j1 preserves this component.
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Appendix A: Hitchin’s equivalence of vector fields on the circle

Suppose X, Y are two vector fields on the circle S1 ⊆ R2, such that

• X analytic

• X has a finite number of zeros, each of finite order

• If we assume S1 = {(α, β) ∈ R2 : α2 + β2 = 1} and J1 is the reflection (α, β) 7→

(−α, β), then DJ1(Xp) = −XJ1(p) for p ∈ S1. In particular, Xp = 0 implies XJ1(p) = 0

• (0,±1) are not zeros of X

and similarly for Y . Examples of such vectors fields are the ones induced by basic J1-flows,

see Definition 2.0.1.

In [7], Hitchin classified smooth vector fields on the circle that vanish only up to finite

order. Since here we are interested in analytic vector fields, we will focus only on those.

As it can be easily inferred from that paper, two analytic vector fields are isomorphic, i.e.

there exists an analytic isomorphism, Ψ, of the circle such that X and Y are Ψ-related, if

and only if they have the same set of invariants as defined in [7]. Let ∂S1 be a basic vector

field of S1 and for an analytic vector field X on S1, write X = g ·∂S1 , where g is an analytic

function on S1. The invariant introduced in [7] for X are the following:

• The number of zeros of X, in some counter-clockwise order.
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• The order of vanishing of g at each zero.

• A numerical invariant for each zero, called residue. In the case of a simple zero

z0 ∈ S1, the residue is just the action of the dual form or equivalently, the number

1/g′(z0).

• A numerical global invariant µ. In the case that X is non vanishing, µ is just the

integral
∫

S1
1/g. If X has zeros in S1, then µ is defined using complex integration

methods around those zeros.

• An orientation σ ∈ {±1}, depending on whether on the arc between the first and

second zero the orientation that X induces is the same or the opposite of that of S1.

Suppose X and Y have the same set of invariants. The construction of the isomor-

phism Ψ in [7] proceeds along the following lines: Based on the local invariants and the

orientation, the zeros of X correspond to zeros of Y . Starting from the first zero of X after

(0, 1) in counter-clockwise order, there is a diffeomorphism, in fact analytic isomorphism,

between a neighbourhood of that zero and a neighbourhood of the corresponding zero of Y ,

giving an equivalence between X and Y . Subsequently, this diffeomorphism on the whole

arc between the first and second zero and up to a neighbourhood of the second zero. Then,

this process is repeated for the second and third zeros etc.

Assume that the diffeomorphism, Ψ, has been constructed from a neighbourhood of

the first zero after (0, 1) up to a neighbourhood of the last zero before (0,−1). We would like

the diffeomorphism constructed eventually, call it again Ψ, to satisfy Ψ ◦ J1 = J1 ◦ Ψ. Call

the last zero of X before (0,−1), x1 and the first one after (0,−1), x2. Then, x2 = J1(x1).

Assume ψ1 is the local diffeomorphism at x1 that was used in the construction of Ψ. Namely,
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ψ1 : U → V , with U neighbourhood of x1 and V a neighbourhood of the corresponding

zero of Y , say y1, and such that (ψ1)∗(X) = Y and also Ψ
∣∣∣∣
U

= ψ1.

In Hitchin’s construction of Ψ, the diffeomorphism is first extended to the arc between

two zeros, and then the local diffeomorphism at the latter zero is chosen so that it is

compatible with Ψ. Since we would like Ψ to satisfy Ψ ◦ J1 = J1 ◦ Ψ, we will first choose

the local diffeomorphism at x2 and then show that the extension of Ψ is compatible. As

the local diffeomorphism at x2, we choose

ψ2 := J1 ◦ ψ1 ◦ J1 : J1(U) → J1(V )

Now, J1 is a diffeomorphism around x1, so J1(U) is a neighbourhood of x2 and similarly

for J1(V ). We need to check that (ψ2)∗(X) = Y . For a point p ∈ J1(U), we have p = J1(p̃)

for some p̃ ∈ U . Then:

(Dψ2)p(Xp) = DJ1 ◦Dψ1 ◦DJ1(XJ1(p̃))

= DJ1 ◦Dψ1
(

−Xp̃

)
(by our assumptions on X)

= −DJ1
(
Yψ1(p̃)

)
= YJ1◦ψ1(p̃)

= Yψ2(p)

Now, following [7], if X = gX · ∂1, where ∂1 is the basic vector field of the circle,

consider the metric 1
g2
X

dx2 on “(x1 : x2), where by “(x1 : x2) we mean the arc from x1 to x2

in counter-clockwise order. Similarly for Y and “(y1 : y2), where “(y1 : y2) is the arc that
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corresponds to “(x1 : x2). Let p ∈ “(x1 : x2) where ψ1 is defined and extend Ψ on “(x1 : x2) by

Ψ = expψ1(p) ◦Dψ1 ◦ exp−1
p

We need to show that this extension agrees with ψ2 on their common domain. Note that,

on their common domain, Ψ and ψ2 are orientation preserving isometries, so they differ by

a constant. Therefore, it suffices to show that they agree at a point. We will show they

agree on J1(p). Also note that since they are isometries, J1 satisfies:

expJ1(p) ◦DJ1 ◦ exp−1
p ◦J1(p) = p

while ψ1 and ψ2 satisfy:

expψ2(J1(p)) ◦Dψ2 = ψ1 ◦ expJ1(p)

So, we want:

Ψ
(
J1(p)

)
= ψ2

(
J1(p)

)
⇔ expψ1(p) ◦Dψ1 ◦ exp−1

p (J1(p)) = J1
(
ψ1(p)

)
⇔ J1 ◦ expψ1(p) ◦Dψ1 ◦ exp−1

p (J1(p)) = ψ1(p)
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We have:

expJ1(p) ◦DJ1 ◦ exp−1
p ◦J1(p) = p

⇒ψ1 ◦ expJ1(p) ◦DJ1 ◦ exp−1
p ◦J1(p) = ψ1(p)

⇒ expψ2◦J1(p) ◦Dψ2 ◦DJ1 ◦ exp−1
p (J1(p)) = ψ1(p)

⇒ expJ1(ψ1(p) ◦DJ1 ◦Dψ1 ◦ exp−1
p (J1(p)) = ψ1(p)

⇒J1 ◦ expψ1(p) ◦Dψ1 ◦ exp−1
p (J1(p)) = ψ1(p)

Therefore, Ψ
∣∣∣
J1(U)∩ “(x1:x2)

= ψ2. Moreover, by the same argument, since Ψ
(
J1(p)

)
=

Ψ
(
J1(p)

)
, we get that

Ψ ◦ J1 = J1 ◦ Ψ

on “(x1 : x2).

Then, for the next zeros of X after x2, Ψ can be extended by defining it to be equal to

J1 ◦ Ψ ◦ J1. A similar calculation will hold when Ψ is defined between the two zeros before

and after (1, 0). As a result, we get a diffeomorphism Ψ : S1 → S1 such that (Ψ)∗(X) = Y

and J1 ◦ Ψ = Ψ ◦ J1.

In the presence of two reflections

Now, let J2 : S1 → S1 be the map (α, β) 7→ (α,−β). For a vector field X, we assume

it satisfies the same conditions as before, in addition to

• DJi(Xp) = −XJi(p), for i = 1, 2 and p ∈ S1
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• (±1, 0) are not zeros of X

We assume the same things about Y . Suppose an isomorphism between X and Y has been

constructed from a neighbourhood of the first zero of X after (0, 1), always in counter-

clockwise order, up to a neighbourhood of the last zero before (0, 1). By a similar calculation

like above, we can extend the isomorphism, say Ψ, to the second quadrant in a way that it

commutes with J2. Namely, it satisfies

Ψ ◦ J2 = J2 ◦ Ψ

on a subset of the upper semicircle. Now, using what was shown above, we get an isomor-

phism Ψ̃ : S1 → S1 such that

Ψ̃ ◦ J1 = J1 ◦ Ψ̃

and Ψ̃ extends Ψ. We do not know yet whether the same is true for J2. However, both

Ψ ◦ J2 and J2 ◦ Ψ are analytic isomorphisms and there is a neighbourhood around the first

zero of X after (1, 0) in counter-clockwise direction where these two function are equal. By

their analyticity, we get that:

Ψ ◦ J2 = J2 ◦ Ψ
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Appendix B: Analyticity of the actions in the basic construction

Following a similar approach as in [16], we will show analyticity of the action defined

in (2.6) by writing G ×
(
Sp × Sq−1

)
as a union of three open sets and showing that the

action map is analytic when restricted to any of them. Two of these open sets are going

to be G times the G-orbit of the two fixed points of SO(p), namely (±ep+1, ϵ1), while the

third one will be an open set that accounts for the closed G-orbits in Sp × Sq−1.

Let O be the orbit of (ep+1, ϵ1) under the action defined in (2.6).

Proposition B.0.1. The G action defined in (2.6) is analytic on O.

In order to prove the proposition, we will define a G-equivariant, analytic isomorphism

from O to O1, where O1 is the orbit of ep+1 under the standard projective G action on

Sp+q−1, which we see as a subset of Rp+q with its standard basis; we will however rename

the standard basis as {e1, · · · ep, ϵ1, · · · , ϵq}. We will break the proof of the proposition in

a series of lemmas.

For x ∈ Rp and y ∈ Rq, we write x⊕ y for the vector

x
y

 ∈ Rp+q. Note that

O1 = {x⊕ y ∈ S(Rp ⊕ Rq) : ∥x∥ < ∥y∥}

Recall S =
{
(αe1 + βep+1, ϵ1) : α2 + β2 = 1

}
⊆ Sp × Sq−1. Let I be the intersection of S
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and O, namely

I =
{
Φθ(ep+1, ϵ1) : θ ∈ R

}

By property (A3) of Remark 5, f is an analytic isomorphism between I and (−1, 1). Recall

that f(ep+1, ϵ1) = 0. We can assume that

f > 0 on {z ∈ I : z = (αze1 + βzep+1, ϵ1) with αz > 0} (B.1)

For (v, w) ∈ O, we write v as v =

 v0

vp+1

, with v0 ∈ Rp and vp+1 ∈ R. Define a function

F : O → Bp
1(0) × Sq−1 by

F (v, w) =


f

(
∥v0∥e1+vp+1ep+1,ϵ1

)
∥v0∥ v0 ⊕ w if v ̸= ep+1

0 ⊕ w if v = ep+1

where Bp
1(0) is the unit open ball in Rp centered at 0. Define ϕ : O → I by

(v, w) 7→ (∥v0∥e1 + vp+1ep+1, ϵ1)

so that F (v, w) =
(f(ϕ(v, w)

)
∥v0∥

v0 ⊕ w
)

.

Lemma B.0.1. The function F : O → Bp
1(0) × Sq−1 is analytic.

Proof. It is easy to see that F analytic at any point with v ̸= ep+1, since f is analytic.
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Around (ep+1, ϵ1), we parametrise S by

ψ :(−δ, δ) → V (B.2)

s 7→ (se1 +
√

1 − s2ep+1, ϵ1) (B.3)

for some 0 < δ < 1 and V ⊆ S a neighbourhood of (ep+1, ϵ1). Set

f̃(s) := f ◦ ψ = f
(
se1 +

√
1 − s2ep+1, ϵ1

)
(B.4)

Then, f̃ is an analytic function on (−δ, δ). Moreover, f̃(0) = 0 and

f
(

− se1 +
√

1 − s2ep+1, ϵ1
)

= f
(
j1(se1 +

√
1 − s2ep+1, ϵ1)

)
= −f

(
se1 +

√
1 − s2ep+1, ϵ1

)

by (A2). Hence, f̃(−s) = −f̃(s). Consider the function on (−δ, δ) defined by

H (s) =


f̃(s)
s
, s ̸= 0

f̃ ′(0) , s = 0

Since f̃ is analytic and f̃(0) = 0, the function H is analytic, and it is an even function.

Smoothness of H suffices to give us the existence of a smooth function H̃ , defined around

0 such that

H̃ (s2) = H (s)
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See [3, Ch VIII, §14 , Problem 6]. In fact, H̃ can actually be taken analytic. Indeed,

since H is analytic, there exists a power series centered at 0 that converges to H (s) for

s close to 0. However, H is an even function, which implies that all its derivatives of

the form H (2n+1) for n ∈ N, are odd functions and so H (2n+1)(0) = 0. Therefore, all

the odd powers in the Taylor series of H around 0 vanish. Hence, there are real numbers

{c2, c4, · · · , c2n, · · · } and 0 < δ′ < δ such that for any |s| < δ′, the series
∑
n≥1

c2ns
2n converges

to H (s). Now, consider the power series ∑n≥1 c2ns
n. Then,

lim sup
n→∞

( n

√
|c2n|) = lim sup

n→∞

(
[ 2n

√
|c2n|]2

)
=
(

lim sup
n→∞

( 2n

√
|c2n|)

)2

which converges, since 1
lim supn→∞( 2n

√
|c2n|)

is the radius of convergence of ∑n≥1 c2ns
2n.

Hence, the series ∑n≥1 c2ns
n converges and defines an analytic function around 0. Then,

we can take H̃ to be defined by this series and by the uniqueness of Taylor series, we see

that H̃ (s2) = H (s).

Now, the function v 7→ H̃ (∥v0∥2) is an analytic function around 0. Hence, the function

v 7→ H (∥v0∥) is an analytic function around 0. But

H (∥v0∥) =
f
(
ϕ(v, w)

)
∥v0∥

Consequently, the function

v 7→
f
(
ϕ(v, w)

)
∥v0∥

v0

is analytic around v = ep+1, which in turn implies that the function F is analytic around
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(ep+1, ϵ1).

Subsequently, we define F0 : O → O1 by

F0(v, w) = 1√
1 + f 2

(
ϕ(v, w)

)F (v, w)

Lemma B.0.2. The function F0 : O → O1 is a G-equivariant, analytic isomorphism.

Proof. By Lemma B.0.1, F0 is analytic. Before we calculate its inverse, we show that F0 is

G-equivariant. Firstly, we show equivarience with respect to K. Let k = (κ1, κ2) ∈ K and

(v, w) ∈ O. Recall κ̃ =

κ
1

 for κ ∈ SO(p); see (2.1). Then,

k ⋆ (v, w) = (κ1, κ2) ⋆ (v, w) = (κ̃1v, κ2w) =
( κ1v0

vp+1

 , κ2w
)

Now, ϕ
( κ1v0

vp+1

 , κ2w
)

= (∥κ1v0∥e1 + vp+1ep+1, ϵ1) = (∥v0∥e1 + vp+1ep+1, ϵ1) = ϕ(v, w) since

κ1 ∈ SO(p). Therefore,

F0

(
(κ1, κ2) ⋆ (v, w)

)
= 1√

1 + f 2
(
ϕ
(
(κ1, κ2) ⋆ (v, w)

))(κ1v0 ⊕ κ2w)

= 1√
1 + f 2

(
ϕ(v, w)

)(κ1v0 ⊕ κ2w)

= (κ1, κ2) ⋆ F0(v, w)
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where the action in the right hand side of the last equality is the orthogonal action of K on

Sp+q−1. Therefore, we have K-equivarience. Now, we let θ ∈ R and write m(θ)⋆(ep+1, ϵ1) =

Φθ(ep+1, ϵ1) = (αθe1 + βθep+1, ϵ1). Then,

F0
(
Φθ(ep+1, ϵ1)

)
= 1√

1 + tanh2(|θ|)

(tanh(|θ|)
|αθ|

αθe1 ⊕ ϵ1

)

Recall that f (Φθ(ep+1, ϵ1)) = tanh (θ) by relation (A3) in Remark 5 in Chapter 2. If θ > 0,

we have that f (Φθ(ep+1, ϵ1)) = tanh (θ) > 0. Then αθ > 0 by assumption (B.1) and so

tanh(|θ|)
|αθ|

αθe1 = tanh(θ)
αθ

αθe1 = tanh(θ)e1

On the other hand, if θ < 0, then αθ < 0 and then also

tanh(|θ|)
|αθ|

αθe1 = tanh(−θ)
−αθ

αθe1 = tanh(θ)e1

Hence

F0
(
Φθ(ep+1, ϵ1)

)
= 1√

1 + tanh2(|θ|)

(
tanh (θ)e1 ⊕ ϵ1

)
(B.5)
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Computing now the action of m(θ) on F0(ep+1, ϵ1) = ϵ1, we get



cosh(θ) sinh(θ)

Ip−1

sinh(θ) coshn(θ)

Iq−1


ϵ1 =



cosh(θ) sinh(θ)

Ip−1

sinh(θ) cosh(θ)

Iq−1




1



=



sinh(θ)

cosh(θ)


= sinh(θ)e1 ⊕ cosh(θ)ϵ1

The Euclidean norm of sinh(θ)e1 ⊕ cosh(θ)ϵ1 is cosh(θ)
√

1 + tanh2(θ). Hence,

m(θ) ⋆ F0(ep+1, ϵ1) = m(θ) ⋆ ϵ1

= 1
cosh(θ)

√
1 + tanh2(θ)

(
sinh(θ)e1 ⊕ cosh(θ)ϵ1

)

= 1√
1 + tanh2(θ)

(
tanh(θ)e1 ⊕ ϵ1

)

= F0 (Φθ(ep+1ϵ1)) (by (B.5))

= F0
(
m(θ) ⋆ (ep+1, ϵ1)

)

where the action in either side of the first equality is the projective action of G on Sp+q−1.
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Now, we can show G-equivarience. Let g ∈ G and, according to (2.5), write g = km(θ)u,

with u ∈ U(ep+1, ϵ1) = H◦
[0:1], see (2.4). Note that then, u fixes F0(ep+1, ϵ1). Then

F0(g ⋆ (ep+1, ϵ1)) = F0(km(θ) ⋆ (ep+1, ϵ1))

= (km(θ)) ⋆ F0(ep+1, ϵ1)

= (km(θ)) ⋆ ϵ1

= (km(θ)u) ⋆ ϵ1

= g ⋆ F0(ep+1, ϵ1)

Finally, we define the inverse of F0. Let x⊕ y ∈ O1 =
{
x⊕ y ∈ Sp+q−1 : ∥x∥ < ∥y∥

}
.

Recall that f restricted on I =
{
Φθ(ep+1, ϵ1) : θ ∈ R

}
is invertible. Let prSp : Sp × Sq−1 →

Sp be the projection to the first factor. Let f̂ be the function

f̂ = prSp ◦
(
f
∣∣∣
I

)−1
(B.6)

Namely, if

f (α e1 + β ep+1, ϵ1) = s

then

f̂(s) = α e1 + β ep+1

Define

v(x⊕ y) =


⟨f̂
(

∥x∥
∥y∥

)
,e1⟩

∥x∥ x

⟨f̂
(

∥x∥
∥y∥

)
, ep+1⟩

 and w(x⊕ y) = 1
∥y∥

y (B.7)
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where ⟨·, ·⟩ is the euclidean inner product in Rp+1. Note that, for x ⊕ y ∈ O1 we have

∥x∥ < ∥y∥ and hence, y ̸= 0. Therefore, w is well defined and analytic on O1. Define

F1 :O1 → O

x⊕ y 7→
(
v(x⊕ y), w(x⊕ y)

)

Suppose x ̸= 0. Then,
(
f
∣∣∣
I

)−1 (∥x∥
∥y∥

)
=
(
αe1+βep+1, ϵ1

)
with α > 0. Let F1(x⊕y) = (v, w).

We have v0 = α
∥x∥x, vp+1 = β and w = 1

∥y∥y. Then,

f
(
ϕ(v, w)

)
= ∥x∥

∥y∥

As a result,

F0(v, w) = 1√
1 + ∥x∥2

∥y∥2

 ∥x∥
∥y∥

α

α

∥x∥
x⊕ 1

∥y∥
y



= ∥y∥√
∥y∥2 + ∥x∥2

( 1
∥y∥

x⊕ 1
∥y∥

y
)

= 1√
∥y∥2 + ∥x∥2

(
x⊕ y

)

But, x⊕ y ∈ O1 ⊂ Sp+q−1 and so ∥y∥2 + ∥x∥2 = 1. Hence,

F0(v, w) = F0
(
F1(x⊕ y)

)
= x⊕ y (B.8)

If x = 0, then y ∈ Sq−1. Hence, v(0 ⊕ y) = ep+1 and w(0 ⊕ y) = y, by (B.7). Then,
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F1(0 ⊕ y) = (ep+1, y). Since f(ep+1, ϵ1) = 0, by the definition of F and F0, we have

F0(ep+1, y) = 0 ⊕ y

Therefore,

F0 (F1(0 ⊕ y)) = 0 ⊕ y (B.9)

As a result, by equations (B.8) and (B.9) we have that

F0
(
F1(x⊕ y)

)
= x⊕ y

for any x⊕ y ∈ O1. Similarly, we can see that F1
(
F0(v, w)

)
= (v, w) and so F1 = F−1

0 .

As for the analyticity of F−1
0 , it follows easily at points with x ̸= 0. In order to

deal with the case x = 0, set v0 =
⟨f̂
(

∥x∥
∥y∥

)
, e1⟩

∥x∥
x and vp+1 = ⟨f̂

(
∥x∥
∥y∥

)
, ep+1⟩. Now, around

(ep+1, ϵ1) in S , we use the chart given by the inverse of ψ from (B.2), namely

ψ−1 :V → (−δ, δ)
(
se1 +

√
1 − s2ep+1, ϵ1

)
7→ s

Consider the function

h′ = ψ−1 ◦
(
f
∣∣∣
I

)−1

We note that h′ = f̃−1, see (B.4). Since f̃ is an odd function, h′ is also an odd analytic
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function. In addition, h′(0) = 0. Then, the function

s 7→ h′(s)
s

is an even, analytic function on (−δ, δ). Using the same argument as in the proof of Lemma

B.0.1, we conclude that the function

x⊕ y 7→

(
f
∣∣∣
I

)−1
(

∥x∥
∥y∥

)
∥x∥
∥y∥

is an analytic function around 0 ⊕ y ∈ O1. Therefore,

x⊕ y 7→

(
f
∣∣∣
I

)−1
(

∥x∥
∥y∥

)
∥x∥

is an analytic function around 0 ⊕ y ∈ O1. Hence v0 is an analytic function. As for vp+1,

around x = 0, it is equal to the function v0 7→
√

1 − v2
0. However, v0 ̸= 1 around x = 0 and

we just saw that it is analytic. Hence, vp+1 is also analytic.

Proposition B.0.1 now follows from Lemma B.0.2. Similarly, it can be shown that the

G action restricted to the orbit of (−ep+1, ϵ1) is analytic.

Now, let

S+ = {z ∈ S : f(z) > 0} = {z = (αze1 + βzep+1, ϵ1) : αz > 0}

136



Also, define

D+ =
{
(θ, z) ∈ R × S1 : Φθ(z) ∈ S+

}

and

W+ =
{

(g, z) ∈ G× S+ : ±Tr
(
gP (z)gT

)
̸= 1 − f 2(z)

1 + f 2(z)

}

as in [16]. See equation (2.9) for the definition of the matrices P (z). Let g ∈ G and z ∈ S .

Then we can write g = km(θ)u according to (2.6). By definition of P (z) in (2.9) and

equations (2.10), (2.11), and (2.12) it follows easily that

Tr
(
gP (z)gT

)
= λ(θ, z) (B.10)

= 1
f 2(z) + 1

[
(f(z) cosh(θ) + sinh(θ))2 + (f(z) sinh(θ) + cosh(θ))2

]

= 1
f 2(z) + 1

[(
f 2(z) + 1

)
(cosh2 (θ) sinh2 (θ)) + 4f(z) sinh (θ) cosh (θ)

]

= cosh2 (θ) + sinh2 (θ) + 4f(z) sinh (θ) cosh (θ)
f 2(z) + 1

Using the identities cosh2 (θ) + sinh2 (θ) = cosh (2θ) and 2 cosh (θ) sinh (θ) = sinh (2θ), for

θ ∈ R, the above trace is also equal to

Tr
(
gP (z)gT

)
= cosh (θ) + 2f(z) sinh (2θ)

f 2(z) + 1 (B.11)

Lemma B.0.3. [16, Lemma 4.7] For any (g, z) ∈ W+, there exist unique kH ∈ K/H

and θ ∈ R such that

(θ, z) ∈ D+ and g = km(θ)u (B.12)
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for some u ∈ U(z). Moreover, the function

∆ : W+ → K/H ×D+

(g, z) 7→ (kH, θ, z)

is analytic.

Proof. • Existence and uniqueness in (B.12):

For the existence, write g = km(θ′)u′ for some θ′ ∈ R and u′ ∈ U(z). If (θ′, z) ∈ D+ we are

done, so suppose this is not the case. If f(z) = 1 then Φθ(z) = 1 for all θ. In particular for

θ′ we have that f (Φθ′(z)) = f(z) = 1 > 0 and hence, (z, θ′) ∈ D+. Since we assumed this

is not the case, we have that f(z) ̸= 1 and therefore, 0 < f(z) < 1. Recall that f cannot

be greater than 1 since f = fΦ for a basic j1-flow, see Lemma 2.2.2. Now, z belongs to

either the orbit of (ep+1, ϵ1) or (−ep+1, ϵ1). Assume we have the former case; the other one

proceeds analogously. There exists τ ∈ R such that

z = Φτ (ep+1, ϵ1) and f(z) = tanh(τ)

Then, for θ′ ∈ R we have:

Φθ′(z) = Φθ′+τ (ep+1, ϵ1)

⇒ f (Φθ′(z)) = f (Φθ′+τ (ep+1, ϵ1))

= tanh(θ′ + τ)
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Since we have assumed that (θ′, z) /∈ D+, it follows that tanh(θ′ + τ) ≤ 0 ⇒ θ′ + τ ≤ 0.

We claim that θ′ + τ < 0. Indeed, assume θ′ + τ = 0. Then f(z) = −tanh(θ′). Therefore,

by (B.10) we have

Tr
(
gP (z)gT

)
= cosh2(θ′) + sinh2(θ′) + −4tanh(θ′)

1 + tanh2(θ′)
sinh(θ′)cosh(θ′)

=

(
cosh2(θ′) + sinh2(θ′)

) (
1 + tanh2(θ′)

)
− 4sinh2(θ′)

1 + tanh2(θ′)

=

(
cosh2(θ′) − sinh2(θ′)

)
− sinh2(θ′)

(
tanh2(θ′) − 1

)
1 + tanh2(θ′)

= 1 − tanh2(θ′)
1 + tanh2(θ′)

= 1 − f 2(z)
1 + f 2(z)

In the above calculation we also used the identities cosh2 (θ′)−sinh2 (θ′) = 1 and tanh2 (θ′)−

1 = 1
cosh2 (θ′)

. However, we started with the assumption that (g, z) ∈ W+ and so the above

equality leads to a contradiction. Therefore, θ′ + τ < 0. This implies that

f (Φ−θ′−2τ (z)) = f (Φ−θ′−τ (ep+1, ϵ1)) = tanh(−θ′ − τ) = −tanh(θ′ + τ) > 0

⇒ Φ−θ′−2τ (z) ∈ S+

Set θ = −θ′ − 2τ . Then, (θ, z) ∈ D+. In addition, since j1 ∈ U(ep+1, ϵ1), we have

j1m(−2τ) = m(τ)j1m(−τ) ∈ U(z)
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Set u = j1m(−2τ)u′ ∈ U(z). Then, we can write

g = (kj1)m(θ)u

Note that kj1 ∈ K. As for uniqueness, suppose

g = km(θ)u = k′m(θ′)u′

with (θ, z), (θ′, z) ∈ D+, u, u′ ∈ U(z), and k, k′ ∈ K. That means,

k ⋆ Φθ(z) = k′ ⋆ Φθ′(z)

Write Φθ(z) = (αze1 + βzep+1, ϵ1), Φθ′(z) = (α′
ze1 + β′

zep+1, ϵ1), k = (κ1, κ2) and k′ =

(κ′
1, κ

′
2). Then,

k ⋆ Φθ(z) =



κ1

1





az

0
...

βz


, κ2ϵ1


and similarly for k′ ⋆ Φθ′(z). Since k ⋆ Φθ(z) = k′ ⋆ Φθ′(z), we see that βz = β′

z and since

Φθ(z),Φθ′(z) ∈ S+, we have αz, α′
z > 0. Since αze1+βzep+1 ∈ Sp and α′

ze1+β′
zep+1 ∈ Sp, we

conclude that Φθ(z) = Φθ′(z). Consequently, k−1k′ ∈ StabK (Φθ(z)). But, StabK (Φθ(z)) =

H and so k−1k′ ∈ H. Finally, if f(z) ̸= 1, Φθ(z) = Φθ′(z) implies that θ = θ′. On the other
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hand, if f(z) = 1, observe that

Tr
(
gP (z)gT

)
= Tr (m(θ)P (z)m(θ)) = Tr (m(θ′)P (z)m(θ′))

⇒λ(θ, z) = λ(θ′, z)

⇒e2θ = e2θ′

⇒θ = θ′

See equation (2.12).

• Analyticity of ∆:

Recall

∆ : W+ → K/H ×D+

(g, z) 7→ (kH, θ, z)

Set ∆1(g, z) := pr1 (∆(g, z)) and ∆2(g, z) := pr2 (∆(g, z)), where pr1 and pr2 are the

projections to the first and second factor respectively. Namely, if ∆(g, z) = (kH, θ, z), then

∆1(g, z) = kH and ∆2(g, z) = θ. Consider the function

γ : W+ × R → R

(g, z, θ) 7→ cosh(2θ) + 2f(z)
1 + f 2(z)sinh(2θ) − Tr

(
gP (z)gT

)

Then, by (B.11) we have

γ (g, z,∆2(g, z)) = 0
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and
∂γ

∂θ
(g, z, θ) = 2sinh(2θ) + 4f(z)

1 + f 2(z)cosh(2θ)

Suppose for (g, z, θ) we have ∂γ
∂θ

(g, z, θ) = 0. Then, 2f(z)
1+f2(z) = −tanh(2θ). Then, by (B.11)

Tr
(
gP (z)gT

)
= cosh(2θ) + 2f(z)

1 + f 2(z)sinh(2θ)

= cosh(2θ) + (−tanh(2θ)) sinh(2θ)

= cosh(2θ) − sinh2(2θ)
cosh(2θ)

= 1
cosh(2θ)

On the other hand

(
1 − f 2(z)
1 + f 2(z)

)2

= 1 − 2f 2(z) + f 4(z)
(1 + f 2(z))2

= 1 − 4f 2(z)
(1 + f 2(z))2

= 1 − tanh2(2θ)

= 1
cosh2(2θ)

Hence, we get Tr
(
gP (z)gT

)
= ±1 − f 2(z)

1 + f 2(z) , but that is impossible since (g, z) ∈ W+. So,

∂γ

∂θ
(g, z,∆2(g, z)) ̸= 0

and we can apply the analytic Implicit Function Theorem to get analyticity of ∆2.
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As for ∆1, firstly we define

δ1 : W+ → Rp+q

(g, z) 7→ 1√
1 + f 2(z)

g (e1 + f(z)ϵ1)

where, g (e1 + f(z)ϵ1) is just matrix-vector multiplication. Recall that for Rp+q we denote

the standard basis by {e1, · · · , ep, ϵ1, · · · , ϵq}. Obviously, δ1 is an analytic function. Then,

we set ∆1(g, z) = kH and ∆2(g, z) = θ and define

α = 1√
1 + f 2(z)

(cosh(θ) + f(z)sinh(θ))

β = 1√
1 + f 2(z)

(sinh(θ) + f(z)cosh(θ))

Note, that α, β > 0. Indeed, since (g, z) ∈ W+ (in particular z ∈ S+) and (θ, z) ∈ D+ we

have

f (Φθ(z)) > 0

But f (Φθ(z)) = f(z)+tanh(θ)
1+f(z)tanh(θ) . Hence

f(z) + tanh(θ)
1 + f(z)tanh(θ) > 0

which is equivalent to

((sinh(θ) + f(z)cosh(θ)) (cosh(θ) + f(z)sinh(θ)) > 0 (B.13)
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It is not difficult to see that the function

θ 7→ f(z) + tanh(θ)
1 + f(z)tanh(θ)

is an increasing function. Therefore, for a fixed z ∈ S+, the θ ∈ R for which (θ, z) ∈ D+

form an interval, say Iz, which always contains 0. The function θ 7→ ((sinh(θ) + f(z)cosh(θ))

is continuous as a function of θ on Iz and never zero, because of equation (B.13). Since at

θ = 0 the function is positive, it is positive in all of Iz. Hence, β > 0. Then, also α > 0 by

(B.13).

Since g = km(θ)u, we also note that

δ1(g, z) = k (αe1 + βϵ1)

Now, we consider the maps

σ1 : K/H → Rp+q

kH 7→ k (e1 + ϵ1)

and

σ2 : Rp+q\
(

({0} × Rq) ∪ (Rp × {0})
)

→ Rp+q

x⊕ y 7→ x

∥x∥
⊕ y

∥y∥
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σ1 is an embedding of K/H into Rp+q, and both σ1 and σ2 are analytic. Denote

Rp+q
̸=0 = Rp+q\

(
({0} × Rq) ∪ (Rp × {0})

)

Then, we have the commutative diagramme

Rp+q
̸=0 Rp+q

W+ K/H

σ2

∆1

δ1
σ1

Since δ1, σ1 and σ2 are analytic, and σ1 is an embedding, ∆1 is analytic.

Define the set

W0 := {(g, k ⋆ z) : (gk, z) ∈ W+}

Lemma B.0.4. W0 is an open subset of G×
(
Sp × Sq−1

)

Proof. Evidently, W+ is open in G × S+ . Let (g, k ⋆ z) ∈ W0, so (gk, z) ∈ W+. Then,

there exist U ⊆ G, V ⊆ S+, both open such that

(gk, z) ∈ U × V ⊆ W+

Let

Ũ = Uk−1 and Ṽ = k ⋆ V

Then, (g, k ⋆ z) ∈ Ũ × Ṽ and Ũ × Ṽ is open. If (g̃, z̃) ∈ Ũ × Ṽ , then there exist gU ∈ U
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and zV ∈ V such that

g̃ = gUk
−1 and z̃ = k ⋆ zV

⇒ g̃k = gU ∈ U and zV ∈ V

⇒ (g̃k, zV ) ∈ U × V ⊆ W+

⇒ (g̃, z̃) ∈ W0

Therefore, Ũ × Ṽ ⊆ W0 and hence, W0 is open.

Proposition B.0.2. The action map of the G action defined in (2.6) is analytic on W0.

Proof. The action map restricted to W0 is

g ⋆ (k ⋆ z) = ∆1(gk, z) ⋆ Φ∆2(gk,z)(z)

and hence the action is analytic, when restricted to W0, by Lemma B.0.3.

Finally, we only have to observe that that

G×
(
Sp × Sq−1

)
= (G× O) ∪ (G× Õ) ∪W0

where O and Õ are the G-orbits of (ep+1, ϵ1) and (−ep+1, ϵ1) respectively. Each of the sets

on the right hand side is open, and the action map is analytic when restricted to either of

them. Hence, the action of G on Sp × Sq−1 defined by (2.6) is analytic.
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Appendix C: Proof of Claims 1 and 2 of 6.2.1

Here we prove Claims 1 and 2 from 6.2.1. We briefly recall the setting. We have a

T2-basic action, ϕ1, of SO◦(1, 2)+ on T2, see Definitions 6.6 and 6.1.1. We identify T2 with

F =
{
αe1 + βep+1 : α2 + β2 = 1

}
× S1

via ψ, see (6.9), and hence, we get an action ϕ2 of SO◦(1, 2)+ on F . In this action, SO(2)

acts by rotations on the second factor and trivially on the first, j′
1 acts by

j′
1 ⋆ (αe1 + βep+1, ζ) = (−αe1 + βep+1, ζ)

and ϕ2 has two closed orbits none of which are the j′
1 fixed circles {±ep+1} × S1. The proof

of Claim 1 is an immediate consequence of the following lemma:

Lemma C.0.1. The isotropy algebras with respect to ϕ2 of the points in the j′
1-fixed circles,

namely {±ep+1} × S1, are generated by elements of the form



0 α β

α 0 0

β 0 0


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Proof. First of all, we note that since ϕ1 is a T2-basic action, the Lie algebras of the points

in the statement of the Lemma are 1-dimensional. Let z ∈ {ep+1} × S1. The proof for

{−ep+1} × S1 proceeds similarly. Suppose that the Lie isotropy algebra of z is generated

by the element of so(1, 2),

X =



0 α β

α 0 γ

β −γ 0


We can assume that α2 + β2 = 1. Observe that (α, β) ̸= (0, 0), since otherwise z would be

fixed by SO(2), which is impossible. For t ∈ R, let

Rt =



1

cos (t) − sin (t)

sin (t) cos (t)


(C.1)

where omitted entries are equal to 0. Acting on z with Rt we get a point zt = Rt ⋆ z ∈

{ep+1} × S1 whose isotropy algebra is generated by

RtX R−1
t =



0 α cos (t) − β sin (t) β cos (t) + α sin (t)

α cos (t) − β sin (t) 0 γ

β cos (t) + α sin (t) −γ 0



Therefore, there exists a t0 ∈ R such that the Lie isotropy algebra of the point zt0 is
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generated by

Xt0 =



0 0 1

0 0 γ

1 −γ 0



Now, acting on zt0 with an m(θ) =



cosh (θ) sinh (θ)

sinh (θ) cosh (θ)

1


∈ M (1, 2), we get a point whose

Lie isotropy algebra is generated by

m(θ)Xt0m(θ)−1 =



0 0 1 + γ tanh (θ)

0 0 γ + tanh (θ)

1 + γ tanh (θ) −(γ + tanh (θ)) 0



Then, necessarily |γ| < 1. Indeed, firstly if |γ| > 1, then on the one hand γ + tanh (θ) ̸= 0

for all θ ∈ R, while on the other hand there exists θ1 ∈ R such that 1 + γ tanh (θ1) = 0.

Hence, the point m(θ) ⋆ zt0 is fixed by SO(2) which gives a contradiction. Suppose now

that γ = 1, namely

Xt0 =



0 0 1

0 0 1

1 −1 0


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In that case

m(θ)Xt0m(θ)−1 =



0 0 1 + tanh (θ)

0 0 1 + tanh (θ)

1 + tanh (θ) −(1 + tanh (θ)) 0



which belongs in ⟨Xt0⟩. Therefore, either M (1, 2) fixes zt0 or every point in the M (1, 2)-

orbit of zt0 has isotropy algebra ⟨Xt0⟩. The former case cannot occur by our assumption

ϕ2, namely that the closed orbits do not coincide with {±ep+1} × S1. Consequently, we

assume the latter case. Take θ > 0 and consider the points ζ1 = m(θ) ⋆ zt0 and ζ2 = j′
1 ⋆ ζ1.

By the relation, in SO◦(1, 2)+,

j′
1 m(θ) = m(−θ) j′

1

and the fact that j′
1 ⋆ zt0 = zt0 , we see that ζ2 is also in the M (1, 2)-orbit of zt0 and hence,

its isotropy algebra is ⟨Xt0⟩. Now, for an element n ∈ N , by the relations j′
1j2 = j2j

′
1,

(j′
1)2 = j2

2 = Id, and the fact that j′
1j2 commutes with SO(1, 2), it is immediate that

j′
1nj

′
1 = j2nj2 (C.2)

Hence, since

ζ2 = j′
1 ⋆ ζ1
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using (C.2), it is easy to see that

j2Xt0j2 =



0 0 −1

0 0 1

−1 −1 0



must be in the Lie isotropy algebra of ζ2. However, that isotropy algebra must be ⟨Xt0⟩,

hence we get a contradiction. The case γ = −1 proceeds similarly.

Subsequently, since |γ| < 1, there exists θ0 ∈ R such that

tanh (θ0) = −γ

Let ζ0 = m(θ0) ⋆ zt0 . Then, the isotropy algebra of ζ0 contains the element

A =



0 0 1

0 0 0

1 0 0



Now, if {esA : s ∈ R} ≤ SO◦(1, 2) is the 1-parameter subgroup of SO◦(1, 2) corresponding
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to A, we claim that esA fixes j′
1 ⋆ ζ0. Indeed, by (C.2), j′

1e
sAj′

1 = j2e
sAj2 and

d

ds

∣∣∣∣∣
s=0

(
j2e

sAj2
)

= j2Aj2

=



0 0 −1

0 0 0

−1 0 0


= −A

which belongs in the Lie isotropy algebra of ζ0. Hence, j′
1e
sAj′

1 ⋆ ζ0 = ζ0, which implies that

esA ⋆ (j′
1 ⋆ ζ0) = j′

1 ⋆ ζ0. Therefore, A belongs in the isotropy algebra of j′
1 ⋆ ζ0. Using the

relation j′
1m(θ) = m(−θ)j′

1, we have

j′
1 ⋆ ζ0 = j′

1m(θ0) ⋆ zt0

= m(−θ0)j′
1 ⋆ zt0

= m(−θ) ⋆ zt0

But then, the isotropy algebra of j′
1 ⋆ ζ0 must also contain the element

m(−θ0)Xt0m(−θ)−1 =



0 0 1 + γ2

0 0 2γ

1 + γ2 −2γ 0



As a result, if γ ̸= 0, by considering the element A− 1
1 + γ2

(
m(−θ0)Xt0m(−θ)−1

)
we have
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that j′
1 ⋆ ζ0 is fixed by SO(2) which is a contradiction. Therefore, γ = 0 and the lemma is

proved.

In order to prove Claim 2, we are going to need the following two lemmas.

Lemma C.0.2. There exists no point in the ϕ2-orbit of z0 whose Lie isotropy algebra is

generated by the element 

0 0 1

0 0 1

1 −1 0


Proof. Assume z1 is such an element. Since z1 is in the orbit of z0, there exists an element

g ∈ N+ such that

z0 = g ⋆ z1

By equation (6.5) we can write

g = (j′
1)σ Rtm(θ)u

with σ = 0 or 1, Rt ∈ SO(2) for some t ∈ R, see (C.1), θ ∈ R, and u ∈ H̃◦
[1:1:0]. Recall that

H̃[a:b:c] is the isotropy group of the point ae1 + bep+1 + ce3 in the standard representation

of SO◦(1, 2) on R3. Let

X1 =



0 0 1

0 0 1

1 −1 0


Note that uX1u

−1 = λX1 for some λ ∈ R, because u ∈ H̃◦
[1:1:0] and X1 generates the Lie
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algebra of H̃◦
[1:1:0]. Subsequently, since the isotropy algebra of z1 is generated by X1, the

isotropy algebra of z0 is generated by gX1g
−1. However, the isotropy algebra of z0 contains

X0 =



1

0

1



A straightforward matrix multiplication shows that we have a contradiction.

Lemma C.0.3. Let z be a point in the closed orbits ϕ2. If the Lie isotropy algebra of z

contains the element X1 =



0 0 1

0 0 1

1 −1 0


, then z is fixed by M (1, 2).

Proof. Assume that z is not fixed by M (1, 2). For an element X ∈ so(1, 2), consider the

fundamental vector field V X on F which is defined at a point p ∈ F by

V X
p := d

ds

∣∣∣∣∣
s=0

esX ⋆ p

where {esX : s ∈ R} ≤ SO◦(1, 2) is the 1-parameter subgroup of SO◦(1, 2) corresponding

to X. Let

H =



0 1

1 0

0


and K =



0

0 1

−1 0


Note that H and K are elements of so(1, 2) and that H, respectively K, generates the

Lie algebra of M (1, 2), respectively SO(2). By our assumptions on z, its ϕ2-orbit is one
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dimensional and the fundamental vector field V H is not 0. Therefore,

V H
z = λV K

z

for some λ ̸= 0. Consequently, [
V H ,V K

]
z

= 0 (C.3)

But
[
V H ,V K

]
is also a fundamental vector field that corresponds to the element [H,K] ∈

so(1, 2). Then, equation (C.3) implies that [H,K] is in the Lie isotropy algebra of z. By

the assumption of the Lemma, X1 is also in the same isotropy algebra, hence [[H,K], X1]

is in the same algebra. A simple matrix computation shows that

[X1, [H,K]] = H

However, this contradicts the assumption that M (1, 2) does not fix z. Hence, the Lemma

is proved.

Now we can prove Claim 2. Recall that z0 is a point in {ep+1} × S1, whose isotropy

algebra is generated by the element

X0 =



1

0

1


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and S0 is the M (1, 2)-orbit of z0, namely

S0 = {m(θ) ⋆ z0}

Consider the ϕ2-orbit of z0, O, and its closure, Ō. Since ϕ1 is a T2-basic action, Ō comprises

O and the two closed orbits of ϕ2. Suppose that m(θ) ⋆ z0 does not converge to an M (1, 2)

fixed point in one of the two closed orbits. Then, since Ō is compact, there exists a sequence

θn, n ∈ N, such that θn → +∞ and zn = m(θn) ⋆ z0 converges to a point ζ in Ō, different

from the fixed points of M (1, 2). Note that the element

m(θn)X0m(θn)−1 =



0 0 1

0 0 tanh (θ)

1 − tanh (θ) 0



is in the Lie isotropy algebra of zn for the action ϕ2. Therefore, the isotropy algebra of ζ

contains the element 

0 0 1

0 0 1

1 −1 0


By Lemma C.0.2, ζ is not in O and hence, by Lemma C.0.3 ζ must be fixed by M (1, 2),

which is a contradiction. As a result, as θ → +∞, m(θ) ⋆ z0 converges to a fixed point

of M (1, 2) in one of the closed orbits. Since S0 is j′
1 invariant, as θ → −∞, m(θ) ⋆ z0

converges to a fixed point of M (1, 2) in the other closed circle orbit, since j′
1 maps one to

the other.
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Appendix D: Proof of Lemma 6.2.1

Lemma 6.2.1 follows essentially from the arguments and techniques of Chapter 2

and Appendix B. A small modification is required when showing the analyticity of the G

actions. We will show how the arguments need to change for the case M = Sp × S1 in

Lemma 6.2.1. The other cases are shown similarly.

In particular, a modification is needed in the part where, if Y = (ep+1, z) ∈ F is a

point fixed by SO(p), we identify the orbit of Y with the orbit of ep+1 ∈ Rp+2 under the

standard G action on Rp+2, by a G-equivariant analytic isomorphism, see Lemma B.0.2.

Let

S = f−1 (R) (D.1)

where R =
{
[a : b : c] ∈ RP2 : c = 0

}
⊂ RP2. Then, S is a 1-dimensional submanifold

of F which is transverse to every SO(2) orbit, see [17]. For any Y = (v, w) ∈ F , be-

cause f is N+-equivariant, there exists θY ∈ R such that (v,RθY
w) ∈ S, where we see

Rθ =

cos(θ) −sin(θ)

sin(θ) cos(θ)

.

Finally, for Y ∈ S, let f̃(Y ) = aY

bY
. In order to apply the same argument as in
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Appendix B, we need to show that the function

H (v, w) = f̃
(

∥v0∥e1 +
√

1 − ∥v0∥ep+1, Rθ(ṽ,w)w
)

is an analytic function, where (v, w) ∈ Sp × S1 and v =

 v0

vp+1

, v0 ∈ Rp and

ṽ = ∥v0∥ e1 +
√

1 − ∥v0∥ ep+1, hence (ṽ, w) ∈ F .

Lemma D.0.1. The above H (v, w) is analytic.

Proof. Let Y ∈ F and note that, since SO(2) does not have any fixed points in this case,

f(Y ) ̸= [1 : 0 : 0]

Therefore, if we write f(Y ) = (aY , bY , cY ), we have that (bY , cY ) ̸= (0, 0). Assume that

bY ̸= 0. Then, it is easy to see that

θY = −arctan
(
cY
bY

)

and so it is an analytic function of Y . Therefore, H is evidently analytic at point with

v0 ̸= 0.

If v0 = 0, then (v, w) = (±ep+1, z). We can assume that v = ep+1, that (ep+1, w) ∈ S

and that f(ep+1, w) = [0 : 1 : 0]. We can parametrise a neighbourhood around (ep+1, w) in
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F by

(s, t) 7→
(
s e1 +

√
1 − s ep+1, wt

)

Let

f
(
s e1 +

√
1 − s ep+1, wt

)
= (a(s, t) : b(s, t) : c(s, t))

and set

θ(s, t) = −arctan
(
c(s, t)
b(s, t)

)

Then, f
(
s e1 +

√
1 − s ep+1, Rθ(s,t)wt

)
=
(
a(s, t) : b̃(s, t) : 0

)
. Let

f2(s, t) := a(s, t)
b̃(s, t)

Since f is N+-equivariant and in particular j1-equivariant,

θ(−s, t) = θ(s, t)

and hence

f2(−s, t) = −f2(s, t)

f2 is an analytic function around (ep+1, w). Using our parametrisation, if we write

f2(s, t) =
∑
i,j

αi,js
itj
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by the equation above we get that αi,j = 0 for i even. Therefore,

1
s
f2(s, t) =

∑
i odd, j

αi,js
i−1tj

Finally, we consider the function

H (s, t) =
∑
i,j

αi,js
i−1

2 tj

Then, H is analytic at (0, 0) and

H (s2, t) = 1
s
f2(s, t)

Hence, the function (v, wt) 7→ H (∥v0∥, t) = 1
∥v0∥f2 (∥v0∥, t) is analytic.

Then, we can proceed analogously to Appendix B to get analyticity of the action of

G.
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