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Chapter 1: Introduction

Consider the Lie group SO°(p, q), for p > 3. We are interested in analytic actions of
SO°(p, q) on closed, connected manifolds. When the dimension of the manifold is < p+¢—2,
there can be no nontrivial action of SO°(p, ¢). When the dimension is p+¢—2 there exists es-
sentially only one action, namely the one on the homogeneous space SO°(p, q) / P, where
Poan < SO°(p, ¢) is a maximal parabolic subgroup, which is isomorphic to the stabiliser of
an isotropic line in the standard representation of SO°(p, ¢) on RP*? with a scalar product
of signature (p, ¢). We classify analytic SO°(p, q) actions on closed, connected manifolds of
dimension p+q— 1. More specifically, we get a classification up to analytic isomorphism for

the analytic SO°(p, ¢) actions on SPT771 SP x §971 SP~1 » §% and SO°(p, q) xp_,, S', where

ull
a maximal compact subgroup acts in a standard way, and then we show that an arbitrary
manifold of dimension p+ ¢— 1 with a nontrivial SO°(p, ¢) action is SO°(p, q)-equivariantly
covered by one of these spaces. Here, Py acts on S! via an analytic flow, see Section 4.1 for
the relevant definitions. Theorem 1.0.1 below gives the classification up to diffeomorphism

of all manifolds admitting a nontrivial action. For the purposes of presentation, we assume

here p,q > 3. For ¢ =1 or ¢ = 2, see Chapter 5 and Chapter 6 respectively.

Theorem 1.0.1. Suppose SO°(p,q), p,q > 3, acts analytically on a closed, connected

manifold M of dimension p+ q — 1. Consider SO(p) ~ SO(p) x {1} < SO(p) x SO(q) <



SO°(p, q) and SO(q) similarly.

If both SO(p) and SO(q) have a fized point, then M is covered by SPT9~*

e If only SO(p) has a fived point, then M is covered by SP x S7*
e If only SO(q) has a fized point, then M is covered by SP~* x S*

e If neither SO(p) nor SO(q) have a fixved point, then M is covered by
SO°(p,q) Xp,, S, If Pyui = MpApNp is the Langlands decomposition of Pa, then

P, acts on ST by a flow via Ap.

We are actually able to say more about the actions, see Theorem 4.0.1. There are
four orbit types that appear in these actions. Specifically, the orbits are diffeomorphic to
the homogeneous spaces SO°(p, q)/SOo(p —1,q), SO°(p, q)/SOO(p, qg—1), SO°(p, q)/GnuH
or SO°(p, q)/PnuH. Here, Gu < SO°(p, q) is the stabiliser of a null vector in the standard
representation of SO°(p, ¢) on RPT? and we call these orbits nullcone orbits. Topologically
these are R? x SP7! R? x 77! a component of the nullcone in RP*? with respect to a scalar
form of signature (p,q), and SP~' x S?"! respectively.

Firstly, in Chapter 2, we define analytic actions of SO°(p,q), p,q > 3, on S” X
S9! where the maximal compact subgroup SO(p) x SO(q) acts in a standard way, see
the beginning of Chapter 2. These actions correspond to analytic flows satisfying certain
conditions, see Definition 2.0.1, on the fixed point set of SO(p — 1) x SO(¢q — 1), which is
a principal isotropy group with codimension 1 orbits for the action of SO(p) x SO(q). We
then get a classification of those SO°(p, ¢) actions on S? x S?°!, using a result of [7], see

Appendix A. The SO°(p, q) actions on SP~! x S? are defined similarly, while the actions



on SPT771 are defined in [16]. The actions of SO°(p, q) on SO°(p,q) xp., S' are defined in

ull
Section 4.1.

Subsequently, we consider an analytic action of SO°(p,q) on a closed, connected
manifold M of dimension p + ¢ — 1. An important step towards classifying these actions
is analysing the action of a maximal compact subgroup of SO°(p, ¢) and determining the
orbit types that can appear, see Chapter 3 and in particular Proposition 3.3.1. Then, on
the fixed point set of SO(p — 1) x SO(q — 1), which is a finite union of circles, we get an
analytic flow, like above. If there are no nullcone orbits, then this flow helps us define an
SO°(p, q) action on SPT971 S x S77! or SP~! x S depending on the existence of fixed points
of SO(p) and SO(q), and get an SO°(p, q)-equivariant covering map to M. In the presence
of a nullcone orbit, which is equivalent to neither SO(p) nor SO(g) having fixed points, M
is SO°(p, q)-equivariantly covered by SO°(p,q) xp_ S".

Finally, we consider the analytic actions of SO°(p, 1) and SO°(p, 2), p > 3. While the
results established are analogous to the ¢ > 3 case, there are some important differences.
In the case of SO°(p, 1) actions on a manifold M, there can be more than two disjoint orbits

SO%(p, 1)/SO°(p ~1,1) and the absence of SO(p) fixed points is no longer

diffeomorphic to
sufficient to determine the topology of M. In the case of SO°(p,2) actions, the fixed point
set of SO(p — 1) x SO(1) ~ SO(p — 1) is no longer 1-dimensional, but it is 2-dimensional.
Therefore, for the classification of the SO°(p,2) analytic actions, we employ Schneider’s

classification of the analytic SLy(R) actions on 2-dimensional manifolds in [13]. For more

details, see Chapter 5 and Chapter 6.



1.1 Background and Motivation

In [16], Uchida studied smooth actions of SO°(p, q) on S*T¢~! with the extra assump-
tion that the action of a maximal compact subgroup on S9! is the standard orthogonal
one. He showed that such actions are in one to one correspondence with pairs (®, f) where
® is a smooth flow on S' and f : S — RP! is smooth, and ® and f satisfy certain condi-
tions. We will recall Uchida’s construction in the next chapter. Here, S* is diffeomorphic to
the fixed point set of H, which is a principal isotropy group with codimension 1 orbits for
the action of the maximal compact subgroup. The function f encodes the isotropy algebra
at a point in S for the given action of SO°(p, q), see Lemma 2.2.1 and Remark 4. Note
that Uchida’s result gives a correspondence between smooth SO°(p, ¢q) actions and pairs
(®, f), but only classifies them up to homeomorphism.

Such a pair (®, f) was first introduced by Asoh in [2] in order to study actions of
SLy(C) on S®. It was then modified by Uchida in [16] to study the actions mentioned above
and modified even further by Mukoyama in [10] to study smooth Sp(2,R) actions on S*.
Uchida in [17] used Mukoyama’s approach to study smooth SO°(p, 2) actions on SP™!, as well
as Sp(p, q) actions on S**4~1 in [18]. Mukoyama also studied smooth SU(p, ¢) actions on
§2P2¢=1 and RPPT7! in [11]. On the other hand, assuming analyticity, Schneider classified
SLy(R) actions on 2-dimensional compact manifolds in [13]. We note that SLy(R), SLy(C)
and Sp(2,R) are locally isomorphic to SO°(1,2), SO°(1, 3) and SO°(2, 3) respectively.

In a different direction, Uchida classified analytic SL,(R) actions on S" in [14]. Later,
both the analytic and the smooth SL,(R) actions on n-dimensional closed manifolds were

classified by Fisher and Melnick in [4].



Schneider’s actions are of three types. The first type comprises actions with only
closed orbits diffeomorphic to S'. The second comprises effective SLy(R) actions that are
classified by a continuous invariant and the third type comprises non effective actions that
are classified by a finite set of discrete invariants. For such a non effective action there can
be multiple open orbits separated by closed S' orbits. This picture is in accordance with
Asoh’s analytic actions and also with the analytic SO(p, 1) actions for p > 3, see Chapter
5. On the other hand, for analytic SO(p,q) actions with p > 3, ¢ > 2 there can be at
most two open orbits or an arbitrary number of open orbits which are all nullcone orbits,
i.e. orbits isomorphic to a component of a nullcone in RP*? equipped with a scalar form of
signature (p, q). In Uchida’s result on SP*9~! which concerns smooth actions, there can

be more than two open orbits with all but two of those open orbits being nullcone orbits.

1.2 Notation
Throughout the text we use the following notation

- If A is a Lie group, A° denotes its identity component

- G:=80°(p,q) = {X € SLyg(R) : X I, Xt = Ip,q}’ p=3,

-1

where I, , = . where I, and I, are the identity p x p and ¢ x ¢ matrices
1
respectively.
A
- K= € G:AeS0O(p),BeS0(q) y <G, K~S0(p) x SO(q).
B



A . )
H = €eK:AeSO(p—-1),BeSO(¢q—1); <K,
1
B
H~S0(p—1)xS0(q—1)
cosh(0) sinh(6)
I
A (p,q) = <G
sinh(6) cosh(0)
I
—1
i = 1 € SO(p) x {I,} < K
i Ip+q—2_
I,
—1
J2 = € {I,} x SO(q) < K, whenever ¢ > 2
—1
I,

If G is a group and X is a space on which G acts, then for g € G and z € X we will
denote the action of g on x by g x . An exception to this will be when a matrix A

acts on a vector v, where we will just write Awv.

If Ais a Lie group, B < A a Lie subgroup and X is a space on which B acts, then
A xp X is the quotient space of A x X module the equivalence relation (a,z) ~

(ab,b~'z). A acts on A xp X by multiplication on the left: @ (a,r) = (aa, )



Chapter 2:  Construction of SO°(p, q) actions on S” x ST and SP~* x S¢

Assume p,q > 3 and consider G := SO°(p,q). We see S” as a subset of RPT! with
basis {e1, - ,epr1}, and S9 as a subset of R? with basis {e1,--- ,€,}. We consider the
following action of K := SO(p) x SO(q), which we call the standard action of I on SP x S7*:

First, we embed SO(p) in SO(p + 1) by

Then, K acts on S” x S~ by matrix-vector multiplication in the obvious way: SO(p) acts
on the first factor via its embedding in SO(p + 1) and SO(g) acts on the second factor.
Evidently, this action is analytic. In this chapter we will construct G actions on S? x S7!
that extend the standard K action. Note that for these actions SO(p) x {I,} < K has fixed
points, while {Z,} x SO(¢g) < K does not.

Let .# be the fixed point set of the subgroup H := SO(p — 1) x SO(¢ — 1). Then, .#

comprises the following two circles:

{(ael+ﬁep+1,el) cat 4+ 52 = 1} and {(ozel+ﬁep+1,—el) cof 4 B = 1}



Set

S ={(aer+ Bepyr, 1) s 0? + B2 =1}

Recall, 7; = —1 € K, which acts on . by

Ip+q—2

J1* (aey + Beptr, 1) = (—aey + Beptr, €1)

Note that, the other connected component of .% is equal to js x .. Recall that by “x” we
denote the action of a group element, see the Notation section in the Introduction.

The main ingredient for our construction will be a special type of flows on S;, see
the next definition. Here, we see S; as the unit circle in R?, namely S' = {ae; + Bey :

o + 2 =1}

Definition 2.0.1. Assume ®j is a nontrivial analytic flow on S* and let J; be the reflection
with respect to the y-axis, namely Ji(ae; + fes) = —ae; + 5 ey. We will say that &y is a

basic J;-flow if:
« It has exactly two fixed points on S', none of which are +e,.
o J1®y(2) = D_g(J12), for § € R and z € S

o The Jacobian of &4 is —%, respectively %, at the attracting, respectively repelling,

fixed point, where n € N.

Note that then, if z1, z9 are the fixed points of ®,, we have J; x 21 = z5. The actions

we will construct in this chapter will correspond to basic J;-flows. Note that, one of the



fixed points of @y must be attracting and the other repelling, say z; is the former and 2z,

the latter.

Remark 1. Suppose @y is a basic Ji-flow on S! and let Oq1 be a basic vector field of St
Then, ®y generates an analytic vector field X = g - dqi1. In [7], Hitchin classified analytic
vector fields based on a number of local and global invariants, see Appendix A. For a basic
J1-flow, since we have two fixed points one of which is necessarily attracting and the other
necessarily repelling, the only invariants that matter are the Jacobian at the fixed points,

which is +2/n and the global invariant p which can be thought of as

_/1
=g

Of course, in our case the right hand side does not make sense, but it can be defined using

complex integration methods around the zeros of g, see [7].

Now, let

po:S' = . (2.2)

be the analytic isomorphism defined by
ae+ Pey— (aer + Bepi, €)

Definition 2.0.2. Suppose ®y is a basic J;-flow on S'. Via the isomorphism py, see (2.2),
¥y induces an analytic flow @) on .. We will call analytic flows on . arising this way,

induced basic j;-flows.




Lemma 2.0.1. Suppose ®y is a nontrivial analytic flow on .. Then, ®y is an induced

basic ji-flow on 7 if and only if it satisfies the following relations:
e It has exactly two fized points on ., none of which are (epi1,€1) or (—€pt1,€1).
e 11Py(2) = Py (j12), for0 eR and z € 7.

e The Jacobian of ®y is —%, respectively %, at the attracting, respectively repelling, fized

point, where n € N.

Proof. The only if part is immediate. Now, if @y is a flow on .7, via pg of (2.2) we can
define a flow, ®), on S'. If &, satisfies the three relation in the lemma, then it is easy to

see that @} is a basic J;-flow that induces ®y. ]

Furthermore, the following function, defined in terms of an induced basic j;-flow, will

be useful to us later:

Remark 2. Let &, be an induced basic j;-flow on .. Via &, we can define a function,

fe on . in the following way:
o fo(Eepir,€1):=0
e fo(2) := tanh(f), for a point z € .7 of the form z = Py ((£epi1, 1))
e fo(z1) :=1and fa(z) = —1

Analogously, we can define a standard action of K on SP™* x S%, basic Jo-flows on S*,

and induced basic ja-flows on the connected component of the fixed point set of H:

Sy = {(el,ael + Begt1) ¢ a?+ B = 1}

10



The analogous construction of the one we will describe below will give G' actions on SP~! x S?
which extend the standard action of K. Note that for these actions, {I,} x SO(g) has fixed
points, but SO(p) x {I,} does not. In the rest of this chapter we will deal with the S” x S?*

case. The statements and proofs for the SP~! x S? are completely analogous.

2.1 The Basic Construction

In this section we construct a G action on S? x S~ given a basic J;-flow on S*. This

construction is adapted from the construction in [16], see Section 2.3. Let

cosh(6) sinh(0)

sinh(6) cosh(6)

and set

M (p,q) ={m(0) : 0 € R}

which is a one-parameter subgroup of G. Moreover, consider the isotropy group of the
point ae; + be,y; € RPT for [a : b € RP', in the standard representation of G on RPF4,

which we denote by Hj.s) < G. The following equality is established in [16]:
G = K‘%(pa Q> (H[a:b])o (23)

for any [a : b] € RP".

11



Suppose ®y is a basic J;-flow on S! see Definition 2.0.1. Let ®, be the induced basic

j1-flow on ., see Definition 2.0.2. Recall that
7 = {(aer + Bepir @) o + 57 = 1}

is a connected component of the fixed point set, .%, of H in the standard action of K on

SP x S77!. Recall also the function fg, see Remark 2. For z € .7, let

U(z) = (Hipp(z)1)° (2.4)
Then, equation (2.3) can be written as

G=K.#(p.qU(z) (2.5)

for any z € .. Now, let ¢ € G and (v,w) € S? x S9!, There exists z € . and
ko = (K1, k2) € K such that

ko * z = (v, w)

Write gko = km(0) u, , according to (2.5). Then, we define
g* (v,w) ==k xPy(2) (2.6)

We prove that this action is well-defined in Section 2.5 and we show that it is analytic in

Appendix B. We will refer to G actions defined this way as actions from the basic construc-

12



tion. Note that ®y(z) is of the form (a%(z)el + Bay(2)€pt1 61), for some v, (2), Bo,) € R

2 2
such that ag, () + 85,0, = 1-

Remark 3. Although the basic construction is described on S x S?! in terms of basic
J1-flows, there is an obvious analogue on S~ x S7 in terms of basic Jo-flows. We will will
also refer to those actions as actions from the basic construction when it is clear we are

talking about actions of G' on S~ x S%.

Theorem 2.1.1. Two actions from the basic construction are analytically isomorphic if
and only if the corresponding basic Ji-flows are analytically isomorphic. Moreover, the
basic J1-flows are classified up to analytic isomorphism by the Jacobian at the fixed points,

which is £2/n, for n € N, and the global invariant p.

The first part of Theorem 2.1.1 is proved in Section 2.6. For the second part see
Remark 1. Of course, there is an analogous theorem for the analytic SO°(p, ¢) actions on

Pl « §9.

Theorem 2.1.2. Two SO°(p, q) actions on SP~* xS? from the basic construction are analyt-
ically isomorphic if and only if the corresponding basic Jo-flows are analytically isomorphic.
The basic Jo-flows are classified up to analytic isomorphism by the Jacobian at the fixed

points and the global invariant .

2.2 Properties of SO°(p, q) actions on S x S¢7!

Suppose we have an analytic action of G on S x S9! that extends the standard K

action. We are going to extract some important data for such actions, which will be useful

13



later. The results in this section also show that these kind of actions are action from the
basic construction, see in particular Lemma 2.2.2. Recall that Hj,; denotes the isotropy
subgroup of the point ae; +be,; € RPT? in the standard representation of G on RP*? and

let b,y denote its Lie algebra.

Lemma 2.2.1. [16, Lemma 1.7] Suppose p,q > 3. Let a be a proper subalgebra of so(p, q)

which contains h ~ so(p — 1) @ so(q — 1). If

dimso(p,q) — dima<p+gq—1

then a = By for some (a,b) # (0,0) or a = bp.q & 0" for € = £1, where the one-

dimensional space 0 is generated by the matriz Eipi1+ Eppin

Remark 4. Recall that .# is the fixed point set of H and that .% = % Jjo x .. The
above lemma allows us to define a function f : . % — RP! in the following way: for z € .Z,
set f(z) := la, : b.], where [a, : b.] € RP! is the unique point such that Bla.b.] < 8-, where
g, is the Lie isotropy algebra at z. The function f is analytic, see [16, p. 778]. This way

of defining a function f on the fixed point set of H will be used numerous times.

For the actions that we consider, since there is no point on .# fixed by SO(gq), the
second coordinate of f would always be non-zero. So, we can define an analytic function f
by

if f(z)=a:b]

Additionally, it is easy to see that .# (p,q) normalises H and hence, it preserves .%. The
action of . (p, q) gives an analytic flow ®y on .%. Abusing the notation, we will write SO(p)

14



for SO(p) x {I,} < K and SO(q) for {I,} x SO(q) < K. Let j; = € SO(p)

Ipig—2
and jo = ok € SO(q).
—1,

Remark 5. By straightforward matrix multiplications, we see that ®y and f satisfy the

following properties, for z € . and 6 € R:

(A2) f(ixz)=—f(z)  (i=12)

f z) + tanh(8
(A3) f(®o(2)) = 1 fu i”(z)tanh((e))

(Ad) f(2) =04 2z = (Lep1,€1) or (Eepi1, —€1)
Note that (A4) can be written alternatively as
(A4)" f(2) =0 < z is fixed by SO(p)

Lemma 2.2.2. (i) Suppose @y is an induced basic ji-flow on .7, see Definition 2.0.2.
Then, fs, see Definition 2, is analytic, and ®¢ and fe can be extended to ¥ so that

they satisfy relations (A1)-(A4).

(ii) Suppose ®g and f are an analytic flow and function respectively on F such that they

satisfy relations (A1)-(A4). Then, &), = @9‘y is an induced basic ji-flow on % and

Jo, = 1.

Proof. (i) Suppose ¥y is an induced basic ji-flow on .. Firstly, we prove that fg is
analytic on .. Observe that, fp is evidently analytic on the orbits of (£e,1,€1). To
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prove the analyticity at a fixed point of ®y, say z;, we can use Poincaré’s theorem,
see [1, Section 22|, to linearise the flow around z;. The theorem implies that there
exists a change of coordinates around z; such that, after using a chart centered at 2,
the flow has the form

Dy(x) = z el

where Jg is the Jacobian of ®y at z;, which is nonzero. Then, let y be a point in the

domain in which the above form of ®y is valid. Note that, by (A3), fs takes the form

_ f(y) + tanh(6)
1+ /) tanh (6]

Jo (Po(y))

Let o = ®y(y). Since ®y(y) = ye’*1) we can solve for :

Then, a straightforward calculation shows that

2\ 2/Ja(z1)

< |
~

1=
tanh(9> = |+ (§>2/Jq>(zl)

<

But the right hand side of this equality is an analytic function in a neighbourhood
of x = 0. Hence, fg is analytic at z;. Similarly, it is shown that fg is analytic at the

other fixed point of ®y as well. Subsequently, we extend ®y to all of # = S | ja*.7,
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by defining for z € jo, x . and 6 € R:

Dy(2) == jax (P_g (J2x 2))

Similarly, we extend fg on jy x . by defining

fo(2) = —fo(j2x 2)

Clearly, ®y and fg satisfy the relations (A1)-(A4). Evidently, ®4 and fg are analytic

on %.

Suppose Py and f are an analytic flow and function such that they satisfy relations
(A1)-(A4). The fact that the fixed points of @, are not (£e,;1,€1) and the relation
J1*Py(2) = D' 4(j1 x2) are immediate. The flow ®j, generates a vector field X on ..

If 04 is a basic vector field of ., the we can write

X:g'ay

where g is an analytic function on .. Then, property (A3) for z = (e,41,€1) shows

that f satisfies the following differential equation

907 (f)=1-f* (2.7)

Note that this equation is valid at the fixed points of ®j also, since at those points

g =0 and f = £1. The last equality follows from (A3) by taking § — +oo. Let z;
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be one of the fixed points of &y for which f(z;) = 1. We can pick a chart centered at

21, where (2.7) takes the form

g-f'=1-f (2.8)

The functions in (2.8) are to be understood as composed with the chart, but we
still use the same letters. Since f is an analytic function on . and since it is not
constantly equal to 1, it cannot be constantly equal to 1 around z;. That means that
the order of vanishing of 1 — f in (2.8) at 0 cannot be infinite. By order of vanishing
we mean the smallest number n € N such that (1 — f)(™(0) = f™(0) # 0, but
(1—f)®(0) =0 for 0 < k < n, where (1 — )@ =1~ f. But then, differentiating
equation (2.8) (n + 1)-times and evaluating at 0, we get that
2

9'(0) = -
Of course, ¢'(0) is equal to the Jacobian of &) at z;. By (A1), we get that go j; = g,
hence we see that at the other fixed point of ®j, which is j;(z1), we have that the
Jacobian of @} is Jg (ji(21)) = 2. Then, by Lemma 2.0.1, ®} is an induced basic
J1-flow.

]

Remark 6. In the following, we will drop the subscript “®” from fg and we will simply

write f.
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2.3 The Uchida construction

As it was mentioned in the Introduction, in [16], Uchida studied smooth actions of G

on SPT77! extending the standard orthogonal action of K.

Remark 7. Uchida showed that such actions are in one to one correspondence with pairs

(®, f) where @ is a smooth flow on S and f : S' — RP! is smooth, and ¢ and f satisfy:
(1) Ji* Po(2) = P_g(Ji * 2) (1=1,2)
(i) f(z)=la: 8] = f(ixz)=[a: - (=12
(iii) f(2) =[a:b] = f(Po(2)) = [acosh(f) + bsinh(8) : asinh(f) + bcosh(h)]
(iv) f(z)=[0:1] e z2=¢y1 and f(z)=[1:01e2=¢
where, j; and j, act on S' as the reflections with respect to the y-axis and z-axis respectively,
see [16, Theorem|. We will refer to the above conditions as Uchida conditions.

The correspondence roughly goes as follows. Given a G action on SP™47! let .& be
the fixed point set of H. Then, .% is diffeomorphic to S*. The pair (&, f) is obtained via
M (p,q) and Lemma 2.2.1 respectively. For the reverse direction, suppose a pair (®, f)
satisfying the Uchida conditions is given. We can assume that (®, f) are a flow and a

function on .#, since .Z is diffeomorphic to S'. For z € .Z with f(2) = [a : b], let

U'(z) = (Hpaw)®

Then, by equation (2.3),
G=K.#(p.q)Uz)
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for any z € .Z. Therefore, an action of G on SP™9~* such that K acts in the standard way
is defined in the following way: Let v € SP*%"! and g € G. There exist z € S' and k € K
such that

kxz=w

Using (2.5), write

gk =kim(0)u

Then, the action is defined as

g*v =k x Py(2)

where on the right hand side the action of k; is the standard orthogonal one.
Let . = {ae; + Beyn : a2+ 2 =1} C P71 Then % = F for G actions on

SPTa~1 extending the orthogonal K action.

Definition 2.3.1. Assume ®y is a nontrivial analytic flow on S'. We will say that @ is a

basic (Jy, Jo)-flow if:

« It has exactly 4 fixed points on S!, none of which are the points +e; or +e,.

o Ji®y(2) =D _y(J;2), i = 1,2, where J; is the reflection with respect to the y-axis and

Jo the reflection with respect to the z-axis.
o The Jacobian of ®4 at the fixed points is +2/n, where n € N.

Note that the second condition in the above definition implies that if z; is a fixed point
of ®y, then the rest of the fixed points are J; * z1, for ¢ = 1,2, and J;Js x z;. Additionally,
the same condition implies that if the Jacobian of ®y at z; is 2/n, the J;Jo x 21 has the

20



same Jacobian, while the Jacobian equals —2/n at J; x z;, ¢ = 1,2. Similarly to Definition
2.0.2, we can define induced basic (j1, j2)-flows on .. Furthermore, similarly to Lemma
2.2.2 it can be shown that starting from an induced basic (ji, j2)-flow on .3 we can get a
pair (®y, f) satisfying the Uchida conditions, where f : .% — RP!. Consequently, by the
results in [16], we get an analytic G action on SP*?"! extending the orthogonal K action.
We will refer to an action of G on SP™! arising this way as an action from the Uchida
construction corresponding to a basic (J1,J3)-flow. Similar arguments to those we will use

to prove Theorem 2.1.1 can be used to prove a similar result in this case, see also Remark

1:

Theorem 2.3.1. (see also [16, Theorem|) Two actions from the Uchida construction corre-
sponding to basic (J1,Ja)-flows are analytically isomorphic if and only if the corresponding
basic (J1,Ja)-flows are analytically isomorphic. Moreover, the basic (Jq,Jo)-flows are clas-
sified up to analytic isomorphism by the Jacobian at the fized points, which is £2/n, for

n € N, and the global invariant .

Note that this theorem strengthens Uchida’s result about G actions on SPT¢" ! ex-

tending the orthogonal K action, in the analytic setting.

2.4 Adapted lemmas from Uchida

Suppose Py is an induced basic ji;-flow on . and f = fs, see Definition 2.0.2 and
Remark 2. Recall that by Lemma 2.2.2, ® and f satisfy relation (A1)-(A4) from Remark

D.
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For z € .7, let

1

PO =50

(f(2) er 4 eps1)” - (f(2) 1 + eppq) € RPHO*(PHA)

Then, define the following subgroup of G

U(P(2) ={g€G:gP(2)g" = P(2)}

Recall U(z) by (2.4) and note that

A0, z) = T [(f(2) cosh(6) + sinh(6))” + (f(2) sinh(6) + cosh(6))’]

Straightforward matrix multiplication and (A3) show that, for z € .7,
m(0)P(z)m(0) = A0, 2) P (Py(2))

and hence

m(=0)U(z)m(0) = U (Py(2))

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

See also [16]. We show that the following adaptation of lemmas from [16] hold in our case

too.
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Lemma 2.4.1. (see also [16, Lemma 3.5]) Suppose kP(2)kT = P(w) for some k € K and

z,w € F. Then

(1) If f(z) # 0, then f(2) = f(w) and k € HUjij2H or f(z) = f(ji(w)) and k €

JHUjH.
(2) IF £(2) = 0, then f(2) = f(w) and k € U(z)Ujual(2).
The proof is the same as that of [16, Lemma 3.5].

Lemma 2.4.2. (see also [16, Lemma 3.6]) If z € ¥ and f(Py(2)) = f(ji(2)), then

[f(2) # 1 and @g(2) = ji ().

Proof. f(@g(z)) = f(ji(2)) = —f(2) by (A2) and f(@g(z)) = % by (A3), see
Remark 5. Therefore, f(z) # 1. Hence, |f(z)| < 1 and so, there exists 7 € R such that

f(z) = tanh(7). But also, tanh(7) = f(q)T(j:ep+1, 61)). Since f(z) # £1 it is in the ®-orbit
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of either (ep41,€1) or (—epy1,€1). Say it is in the former’s orbit. Then, we have

F(@_r(2)) =0
= ®_-(2) = (ept1, €1)
= z=®,(epr1,€1)
= J1xz =P (j1*(eps1, @) = Pr(epia, €1)
= f(®y(2)) = ©_r(€pi1, €1)
= [(Pg4-(2)) = fleps1,€1) =0

= Poir(2) = (€pt1,61) = P+ (2)

= Porig(2) = 2
=27+ 0=0

= 7=
Ty

But then,

Ji*xz= q)0/2(ep+17 61) = ‘139(2)

The argument is the same if z is in the orbit of (—epi1,€).

Lemma 2.4.3. ( [16, Lemma 3.7]) If jym(0) € U(z), then |f(2)| # 1 and i = 1.

The proof is the same as in [16]. Note that in our case ¢ = 2 cannot happen. Indeed,

then we would get

(1+ f*(2)) = (f*(2) — 1)cosh(6)

which is impossible, since the left hand side is always positive, while the right hand side is
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always negative.

2.5 Well-definedness of the SO°(p, q) actions

Firstly, we show that the definition of the action in (2.6) of an element g of G,
assuming z € % and kg = (K1, k2) € K are fixed, is independent of the expression of gkg

using (2.5). To that end, suppose that
gko = km(0)u = kK'm(0")u/
for k, k' € K, 0,0 € R and u,u € U(z). We have

km(0)P(2)m(0)k" = K'm(0')P(2)m(0') (k)"

= M0, 2)kP(®o(2) )K" = MO/, 2)k' Py (2) ) (k)"
by (2.12). By taking the trace of both sides, we get
AO,z) =\, 2) (2.14)

and

EP(®o(2)) k" = K P(®p(2)) (k)" (2.15)
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Now, (2.15) gives (k’)TkP(qDQ(z))ka’ = P((I)g/(Z)), which by Lemma 2.4.1 and Lemma
2.4.2 implies

f(@g(z)) = f(@g/(Z)) or

F(@4(2)) = —f (@0 (2))

DPo_o(2)) = flz or
= f( ()) f() (2.16)

F(®oror(2)) = —£(2) = £(5r(2))

We deal first with the first case of (2.16). Suppose f (®y_g(2)) = f(z) If f(2) =1,

then by (2.14) we get:

(cosh(@) + sinh(9)>2 = (cosh(@') + Sinh(el))2

Similarly, if f(z) = —1, we again get # = ¢’. On the other hand, if |f(z)| # 1, then
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we have

f(@0-0(2)) = 1 ()

Bo=0—6' f(Z) + tanh(&o) -
1+ f(z)tanh(fy) /)

= f(2) +tanh(6y) = f(z) + f*(z)tanh(6)
= tanh(fy) = f?(2)tanh(6p)

= (1= f*(2))tanh(6p) = 0

%tanh(@o) =0
= 90 =0
=0=40

Having now that 6 = #’, we have that
K = m(@)u(u')'m(0) € m(O)U(2)m(0) ™! = U(@o(2))
by (2.13). Now, suppose an element k = (k1, k) € K is in U(¢) for some ¢ € S'. Then,
k1 (f(Q)er) = f(Q)er and Kaepi1 = €yt

Thus, ko € SO(q — 1) and, if f(¢) # 0, then x; € SO(p — 1), while if f(¢) = 0, then

¢ = (£ept1,€1) In any case we see that

K NU(C) = Stabg(C)
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Therefore, k'K’ € Stabg (®p(2)) and hence
kx®g(z) = k' * Pp(2)

Now, we consider the second case of (2.16), namely the case f(q)9+9/<2>) = f(j1(2))-

By equation (2.15) and Lemma 2.4.1, we get that
k'K € j1H U joH
Hence, there exists h € H for which &’ = kj;h. Then

km(0)u = K'm(0)u!
= m(0)u = jihm (00
= m(0)u = jom(6' )t
= m(0)u = m(—0)j;hat

= jim(0+0) = hu'u™!

Hence, jym(0 + ¢') € U(z) and by Lemma 2.4.3, i = 1 and |f(z)| # 1, which then implies
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Ppip(2) = j1(2). As a result, we have

K % ®p(2) = kjihx Pg(2)
= kj; * Pgr (2)
= kj1x ®_gy (910 (2)
= kjim(—0) x ®y1p(2)
=km(0)j1m(0+60') * z
= km(0) x z

=kx* (I)Q(Z)

Hence, the action in (2.6) is well defined when kg = (k1, k2) € K and z € . are fixed.
Next, suppose (v, w) € S? x S7'. We now show that the action in (2.6) is independent

of the way (v, w) is written as (v,w) = ko * z for kg € K and z € .. To the end, assume

(v, w) = koxz = kjx2', for kg = (K1, ka), ki = (K], k) € K and z = (a.e1+B.epp1,€1), 2/ =

(aye; + Bye,+1,61) € L. Moreover, for a g € G, let gko = km(f)u and gk{ = K'm(8')v’.

K
Recall that for k € SO(p), k = , see equation (2.1). Now,

kox 2z = ki * 2’

Ki(azer + B.eprr) = ~/1(Oéz'€1 + Baepit)
=

Ko€l = Kheq
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From that we deduce that 8, = 3. and that a, = +a, since a?+3? = a2 +3% = 1. Hence,
z = j{2', where n = 0 or 1. Hence, (kj)) 'kojy fixes 2’ and therefore, (k) 'kojy € U(2),

which implies k{ = kqj{u”, for some u” € U(z'). Then,

gk(') = gkoj?u”

= km(0)7 (j7ujiu”)

= kjim((=1)"0) (j{usiu")

Now, P(j:(z)) = 7;P(z)j; and therefore, j{ujy € U(z"). But then, kj’fm((—l)"&) (j?uj?u”)
and k'm(6')u’ are different expressions for gk; using (2.5) for the point 2’ € . and as we've

already seen the action defined in (2.6) agrees for the two expressions, namely:
kji * ©(-1yng(2) = k' 5 g (&)

If n =0, then z = 2/ and k' x $p(2') = k * Py(2), while if n = 1, then z = j;2’ and
k' % (I)g/(Z/) = kf]l * CI)_Q(Z/) =kx @9([].12/) =kx @9(2)
Finally, we see that this definition does indeed give an action of G. Let ¢g,¢ € G,

(v,w) € SPx ST! and (v,w) = (ky,ke) * 2z, and write g(ky,k2) = km(0)u and ¢’k =

30



K'm(0")u', where u € U(z) and u' € U(®y(z)). Then,

g 9(k1, k2) = g'km(0)u
= k'm(0")u'm(0)u

= K'm(0' + 0)(m(=0)u'm(0) u

But, by (2.13), m(—60)u'm(0) € U(z), therefore

g * <g*z> =g * (k‘*fbg(z))
=k x Dy (Dy(2))
= k' x Pgryg(2)

=g'g*z
It is also easy to see that this action extends the action of K on SPx S771

2.6 Isomorphic Actions

Here we prove Theorem 2.1.1

Proof. (of Theorem 2.1.1) Suppose that for two G-actions from the basic construction, the
basic Ji-flows on S* that they correspond to, say CTDé and &93, are analytically isomorphic.
Let ®} be the induced basic j;-flow of ®} on ., see Definition 2.0.2. Similarly, consider

the induced basic ji-flow @32 of &)3 Recall . = {(ae; + Bepi1,61)} C SP x S Now,
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since ®) and ®2 are analytically isomorphic, it is immediate that ®} and ®2 are also
analytically isomorphic. Equivalently, the vector fields that ®} and ®3 generate, say X and
Y respectively, are isomorphic. We note that, by the result in [7], analytic vector fields on
the circle are classified, see Appendix A for more details, see also Remark 1. Then, there

exists an analytic isomorphism, ¥, of . such that

Vody=>;0W

Moreover, we can assume that U satisfies Wo j; = j; 0¥, see Appendix A. Let f; = fs1 and
fo = fo2, see Remark 2. We claim that U also satisfies f; = fo 0 . Indeed, if X = gx - 04,

where 0; is a basic vector of ., then by (A1) and (A3) of Remark 5, it is easy to see that

gx °J1 = gx
gx - (f1)' = (f1)* -1
and similarly for Y.

Let z = (£ept1,€1). Then, fi(2) =0 and gx(2) #0. By Voyj; = j1 0V, 2/ = U(2)
is also fixed by ji, i.e. it is either (e,41,€1) or (—ep41,€1) and hence, fo(2') = 0 and
gy (2/) # 0. Let I be a neighbourhood of z and see I as an interval on the real line.
Similarly for an I’ around 2/, such that W : I — [” analytic isomorphism.

In terms of gx and gy, the relation ¥ o ®' = ®2 o ¥ becomes

gx V' =gyoV
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This is equivalent to

Now,

where by u' we denote the derivative of u. Therefore they’re equal around 2/, and being

analytic, they’re equal. Therefore, we have an analytic isomorphism

V.. — .

such that

Vod,=P;00 and
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Ji=fao W

Now, we can define a map

U:SPx ST 5 QP x git

U (ko Bh(2)) > b+ 0F (¥(2))

e U is well defined:

Suppose kx®y(z) = k'x®j, (). If ®j(2) = (Lepi1, €1), then by Pp(z) = k1K'« Dj, (2'),
we get that £~k € SO(p) x SO(q — 1) and @y (2') = ®}(2) = (£epi1,€1). Then, by
0= fi(Eeps, 1) = fo (¥(Eept1,€1)) we have W(Le,i1, €1) = (€pt1, €1) OF (—€pi1, €1),
hence k*WU(%e,t1,€1) = k'« U(Lepr1,€1). Finally, kxW(te,iq1,€1) = k' xV(Eepsq, €1)
implies k x U(Py(2)) = k' x U(P} (2')). Therefore, k x ®F (VU(2)) = k' x ®Z, (V(2')).
If ®j(z) # (£epi1,€1), then Pp(2') = Pp(2) or j1 * Pj(z), and k'K € H or 1 H
respectively. In the former case the result is immediate. In the latter, it follows by

the equations ®} o j; = j; 0 ® and Yo j; = j; o V.

e U is onto:

Let (v,w) € S* x S”'. There exist k € K, z € . and § € R such that (v,w) =

kx ®2(2). Then, (v,w) = U (k+® (U~1(2)))

e U is 1-1: The proof proceeds similarly to the well definedness of 0.

e U is G-equivariant: The proof is identical to that of Lemma 4.2.3 in Section 4.2.
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e U is a local analytic isomorphism: The proof is identical to that of Lemma 4.2.4 in

Section 4.2.

Therefore, the two GG actions are analytically isomorphic, if the analytic isomorphism W
on . between ®j and @3 exists. On the other hand, it is immediate that an analytic, G-
equivariant isomorphism between two such G-actions will result in isomorphic induced basic

j1-flows on .7 and hence, the corresponding basic J;-flows on S' are also isomorphic. [
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Chapter 3:  Extendable SO(p) x SO(q) actions

We consider G = SO°(p, ¢) and its maximal compact subgroup K = SO(p) x SO(q).
We are interested in the analytic actions of K on a closed, connected manifold M of
dimension p 4+ ¢ — 1, that extend to an analytic action of G. To that end, we are going to
look at the possible SO(p) and SO(q) orbits. Uchida has classified the subgroups of O, of
codimension at most 2p — 2, see [15] and [14]. We show that Uchida’s result can be applied
here. We assume p > ¢ and that K acts on a manifold M as above. Assume also that the
action extends to G. Let x € M.

Notation: We denote by &7 the SO(p)-orbit of = and by €7 its SO(q)-orbit.
Lemma 3.0.1. dimO? < 2p — 1

Proof. Since p > q, dimO? <p+q—1<2p—1. If dimOP = 2p — 1, then it follows ¢ = p.
Consider Stabgo(q) (), which acts trivially on T, &P = T, M. If Stabgo(q) («) has dimension
> 1, then the action of K is not locally effective and so it cannot extend to an action of
G. If Stabgo(g) () has dimension = 0, then ¢ has dimension ¢(q —1)/2 = p(p — 1)/2. For
p = q > 5 this is bigger than the dimension of the manifold and for p = ¢ = 4 or 3, it
is impossible for 07 to be of dimension 2p — 1 since that is bigger than the dimension of

SO(p). O

So, we suppose we have dimO? < 2p — 2 and therefore, we can apply Uchida’s result.
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Let V =T, 0PNT,09. In particular, V < T,O0P is a trivial subrepresentation of the
isotropy representation of H' = Stabgoy) (7). Therefore, the dimension of V' is bounded by
the dimension of a maximal subspace of T,0P on which H' acts trivially via the isotropy

representation. In turn, the dimension of T,0 is bounded by
dimT,0? < dimM — dimT, 0" + dimV (3.1)
At the same time ¢ must satisfy
dimOo? <p4+qg—1 and ¢g<p (3.2)

We present Uchida’s classification of the orbit types, SO(p) / H'’, mentioned above, in
Table 3.1 below. The last column comes from taking (3.2) into consideration.

For reference, we will call the last four rows of Table 3.1 the bottom part and the
rest the top part. The embedding of H' in SO(p) in each case is the usual one, except for
the penultimate row of the top part of Table 3.1 where it is the irreducible 5-dimensional

representation of SO(3).
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Table 3.1: Uchida Table

] P \ subgroup H’ \ dimo? \ dimM \ q ‘
p SO(p —2) 2p—3 | <2p—1|p-2<q<p
p|SO(P—2)x80(2) | 2p—4 | <2p—-1|p-3<qg<p
9 Spin(7) 15 <17 7<q<9
8 G 14 <15 7T<q<8
8 Uy 12 <15 5<qg<8
8 SU, 13 <15 6<qg<8
7 G 7 <13 3<q<7
7 Us 12 <13 6<q<7
7| SO(3) x SO(4) 12 <13 6<q<T
6 SO(3) x SO(3) 9 <11 4<qg<6
6 Us 6 <11 3<q<6
6 SU, 7 <11 3<q¢<6
6 UQXUl 10 Sll 5§q§6
5 Us 6 <9 3<q<5
5 SUs 7 <9 3<¢g<5
) U; x Uy 8 <9 4§q§5
5 SO(3) 7 <9 3<q¢<5
3 {1} 3 <5 3
P SO(p—1) p—1 | <2p—-1] 3<qg<p
8 Spin(7) 7 <15 3<g<8
4 SU; 3 <7 3<qg<A4
4 U, 2 <7 3<qg<A4

Lemma 3.0.2. In all the cases for OP, the dimension of a mazximal subspace of T,OP on
which the respective subgroup H' acts trivially is at most 1. In particular, V is at most 1

dimensional.

Proof. This is easy to check in all cases, except maybe for the penultimate row of the
top part of Table 3.1. Let v € T,0P, nonzero, such that H’ acts trivially on v in the
isotropy representation. Since we can identify T,0P with sos / b, where b’ is the Lie
algebra of H', we can choose an X € so5 such that X modh’ = v under this identification,
and e'* € Ngor)(H'), the normaliser of H' in SO(5). Now, if there exists a subspace

V < T,0" on which H' acts trivially and dimV > 2, then for Nsos)(H') we would have

dimNSO(5)(H/) > dimH' +2 = dimNso(g))(H/) >95
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But then, Ngo(s)(H') is a subgroup of SO(5) of codimension at most 5. According to
Table 3.1, the only possibility is Nsoes)(H') ~ SO(4) and (by conjugating) we can assume
Nsos)(H') is imbedded in SO(5) with the standard representation of SO(4). But then,
since SO(3) < Nsos)(H'), the representation of SO(3) in SO(5) is not irreducible, which is
a contradiction. So, the dimension of a subspace of T, 0P on which H' acts trivially is at

most 1. O

Immediate from Table 3.1 is the following:
Lemma 3.0.3. 09 cannot be 1-dimensional.
Moreover, we have

Lemma 3.0.4. Suppose that dimM - dimOP < q — 1. Then, x cannot be fized by SO(q),

i.e. 0% cannot be 0-dimensional.

Proof. Firstly, let ¢ # 4. Assume SO, stabilises x and consider its isotropy representation
on T, M. Then, SO(q) acts trivially on T, 0P since SO(p) and SO(gq) commute in G. More-
over, since it does not have a non-trivial representation of dimension < ¢ — 1, we conclude
that its isotropy representation is trivial. But then, SO, acts trivially on a neighbourhood
of z in M, which contradicts our assumption that the action extends to SO°(p, q) since
SO°(p, q) is simple and hence the action is locally effective.

For ¢ = 4, there is the possibility that dimM - dim&? = 3 and that the representation
of SO(4) on a 3-dimensional complement of T, &7 is not trivial. In that case, pick an SO(4)
invariant metric on M and since SO(4) acts trivially on T, &P. The isotropy representation
gives a homomorphism

SO(4) — O3
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Then, this homomorphism has kernel with nontrivial dimension, which contradicts the local

effectiveness of the action again. O]

Lemma 3.0.5. Suppose that OF ~ SO(p)/H' and that, in the isotropy representation of
H' on T,0?, the mazimum dimension of a subspace on which H' acts trivially is §, with

0 =0 or 1. Then, the following situation is impossible:

e (2p—1)—dimo? <3—-4

and

e dimO?+1—p>5

Proof. The first condition forces dim&? < 3. However, the second condition forces ¢ > 5

which contradicts 1 < dim@? < 3, and SO(q) cannot fix by Lemma 3.0.4. O

Note that if dim&?+ dim@&? > dimM, then the K action is transitive. Indeed, the
K-orbit of x is then open, closed and connected, therefore it equals M. It turns out that

transitive actions cannot occur:

Lemma 3.0.6. Suppose that the action of K on M is transitive. Then, the action does

not extend to G.

The proof of Lemma 3.0.6 is the content of Section 3.1.

Using Lemma 3.0.3, Lemma 3.0.4, Lemma 3.0.5 and Lemma 3.0.6 it is easy to check
for most cases that if 0" is any from the top part of Table 3.1, then there is no possible £
for which such a K action would extend to G. The only pairs (0P, 0'7) which the above

lemmas fail to eliminate are:
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<SO(7) / s, SO(4) / U2> , <SO(6) / Uy, SO(4) / Ug) and

(so<4) / (SO(2) x SO(2)), SO(4) / U2>

These also do not extend to a G action as it will be shown in Section 3.2. As for when
O? is one from the bottom part of Table 3.1, the lemmas can be used to exclude the cases
when 07 is from the top part of Table 3.1, but the cases where both 07 and €7 are from

the bottom part still remain. These cases are treated in Section 3.2 as well.

3.1 Transitive SO(p) x SO(q) actions

Here we see why a transitive SO(p) x SO(q) action on a manifold M of dimension
p+ g — 1 does not extend to an action of G = SO°(p,q). Assume it does. Then, we get
a compact homogeneous space of G. Let H' be a subgroup of G such that G / H = M.
That means that H' is a cocompact subgroup of G. We will need the following version of

a theorem of Witte:

Theorem. ( [21, Main Theorem 1.2]) Let G be a connected, semisimple Lie group with
finite center and H' < G closed and cocompact. Then, there exists a parabolic subgroup
P of G such that, if P° = LEAN is the refined Langlands decomposition (see below) of
P°, then there exist closed, connected subgroup Y < EA and a normal, closed, connected

subgroup X < L such that (H')° = XY N

The refined Langlands decomposition of P°, as defined in [21], is the following;:
Let P° = M AN be a Langlands decomposition of P°. Then, let L be the product of all

the noncompact simple factors of P° and E be the maximal compact factor of P°.
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We will follow [9] for the definitions and notation about the roots and the root spaces
of G, and [20] about the definitions and notation about parabolic subgroups. We show
below that, because of the dimension of the manifolds we consider, H' could only be in a
maximal parabolic of G. There are two different kind of maximal parabolic subgroups of
G. In the standard representation of G' on RP*? with a scalar product of type (p,q), the

first kind preserves a null line and the second kind preserves a maximal isotropic subspace.

3.1.1 The first kind of maximal parabolics

If

X A
so(p,q) =
AT Y

with X, Y antisymmetric matrices, then a maximal abelian subspace, a, of the symmetric

part is the collection of matrices with X = 0,Y = 0 and A being of the form

ai

with everything except for the a;’s being 0. Let f; denote the restricted root that picks out
the a; component of an element of a.

First the case p = ¢. A fundamental root system is

@/Z{f1—f2,"‘ 7fp—1_fpafp—1+fp}
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and the restricted root spaces g*/i*/i. i # j. have dimension 1. Subsets of % correspond

to parabolic subgroups Pg of G and vice versa, see [20]. Firstly, we take

©={fo—f3, s foo1— fp foo1 + [o}

Denote by X1 the space of positive roots, where positivity is induced by % in the standard
way. Moreover, denote by (©)T, respectively (©)~, the space of positive, respectively
negative, roots that also belong in the span of ©. Next, define ag to be the subspace of
a where all roots are 0, m to be the centraliser of a in &€ = so(p) & so(q), n*(0) = >_ g,
A
for A € ()%, and n = > g, for A € Tt — (©)*. In our case, ag is 1-dimensional since
A
it is the span of the element with a; = a3 = --- = a, = 0, while m = 0 since p = g,

see [9, Chapter VI, Section 4]. Moreover,

nt(O)= > ¢/th (3.3)
2<i<j<p
and
= Y gh=h (3.4)
2<i<p

Then, if pg is the Lie algebra of the parabolic subgroup Pg, we have that

Ipo| = [m| + |a| + [ng] + [nF(O)] + [n™(O)]

where, by | - | we mean the dimension of the respective vector space, see [20, Chapter 1,
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Section 1.2.4]. We note that,

Therefore, we have the following data

[n™(0)] =p*—3p+2
ng| =2(p—1)

pol = [m[ + [a] + [ng| + n*(O) + [n~(O)] | =2p* —3p+2

As for p > ¢, we have

m =50, ,

As fundamental root system we take

Y ={f—fo - for = fo Ia}

The restricted root spaces g*/i*f have dimension 1, while the g*/i’s have dimension

p—q. As © we take

@:{f2_f37"' 7fq71_fq7fq}

Then, ag is 1-dimensional, spanned by the vector with a; = 1. Moreover, we have

n+(@) _ Z gfiﬂ:fj@ Z gfi

2<i<j<q 2<i<q

and

Hence,
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m| — (p—q)(zzi—q—l)

[n*(0)] =pg—2¢—p+2

ng] =p+q—2

pol = |m| + [a] + [ng| + [n*(©)[ + n™(O)] | = 5(p* + ¢°) + pg — 3p — 50 +2

In both cases, the codimension then of Pg is p + ¢ — 2 and so, the codimension of H’
in Pg is 1. Pg leaves invariant a null-line in the standard representation of G' in RP*? with a
scalar product of signature (p, ¢) and hence, we know that Mg ~ SO°(p—1,¢q—1), Ag ~ R.
Suppose Ag < (H')°. Then, by Witte’s theorem, Mg would have a codimension 1 normal

subgroup. However, SO°(p — 1,¢ — 1) is semisimple, so that is impossible. Therefore,
(H")° ~ MN

Assume now that we have a transitive action of SO(p) x SO(q) such that H' < Pg. If
OP ~ SO(p)/H1 and 07 ~ SO(q)/Hg, since Y := H; x Hy < H'is compact and connected,
it necessarily lies in a maximal compact subgroup of (H')° which is isomorphic to SO(p —
1) x SO(g — 1). Therefore, Y can be conjugated into a subgroup of SO(p — 1) x SO(q — 1)
and we can assume Y < SO(p — 1) x SO(¢ — 1). In order to get a contradiction we are

going to need Goursat’s lemma:

Lemma. (Goursat’s lemma) Let Gy,Gy be groups and suppose A < Gy x Go. Denote
p1: A — Gy and py : A — Gy the projections to first and second factor and let Ny be the
kernel of po and Ns the kernel of p1. Then, N1 and Ny can be seen as normal subgroups of
p1(A) and pa(A) respectively, and the image of A in pl(A)/Nl X pQ(A)/NQ is the graph of
an isomorphism between pl(A)/Nl and pQ(A)/NQ
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Now, as far as the dimension of Y is concerned, on the one hand we have

dim(Y") = dim(SO(p)) + dim(SO(q)) — (p + ¢ — 1) (3.5)

On the other hand, we also have

dim(Y") = dim(p1(Y)) + dim(Ny) = dim(p2(Y)) + dim(V;) (3.6)

Since p1(Y) < SO(p — 1), by equality (3.5) above, we have

dim(Y) < dim(SO(p — 1)) + dim(N) (3.7)

By (3.5) and (3.7), we get that N; is a subgroup of SO(q) of codimension at most ¢ that
is also contained in SO(¢ — 1). By Table 3.1, the only possiblility is Ny = SO(q — 1).
Therefore,

Ny =pa(Y) =50(¢ = 1)

Then,(3.5) and (3.6) imply that N; is a codimension p subgroup of SO(p) that is also

contained in SO(p — 1). By Table 3.1, this is impossible.

3.1.2 The second kind of maximal parabolics

If p = q, we take

O={fi—fo, fo1 = [}
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in which case ag is 1-dimensional, spanned by the element a; = ay = --- = q, = 1. We

also have

T‘l+(@): Z gfi_fj

1<i<j<p

and

ng = Z gfz fi
1<i<j<p

As a result, we get

In*(0)] =1(p*—p)

Ind| =1p*—p)

pol = [m| + la] + [ng| + [n*(©) + [n™(O)] | = 3(3p* - p)

Then, the codimension of Pg in G is %(p2 — p). Therefore, if H < G is such that

codim(H) = 2p — 1, we would need

codim(H) > codim(Ppg)
Lo
2p—12 50" —p)

5p—2>p°

This can only happen for p = 3 or 4.

If p > q we take as ©

©={fi—fo, fo1— [}

Again a is 1-dimensional, generated by the element with a; = ---a, = 1. In addition, we
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have

(@)= > g¢'h

1<i<j<q
and
nh = o thie S gf
1<i<j<q 1<i<q
Therefore, in this case we have
m| — (p*q)(z;qul)
n*(0) =3(@*—q)
ng] =3(¢* —a) +pa—¢°
Pol = [m| +[al + [ng| + [n*(©)| + [n=(©)] | = 4(r* +24> —p)

Hence, the codimencion of Pg is ;( —¢* + 2pq — q). It is not difficult to see that for
p > q > 4, this codimension is greater that p + ¢ — 1 and so, an H' < Pg < G such
that dim(G/H’) = p+ q — 1 cannot exist. For (p,q) = (4,3), we get that codim(Pg) = 6
(=p+q—1)

For (p,q) = (4,4), the transitive SO(4) x SO(4) cases are the ones with the following

OP’s and O7’s:

(i) 6 ~ SO(4) /SU, and 67 ~SO(4)/ (SO(2) x SO(2))
(i) 0 ~ SO(4) /SO(3) and 67~ S0(4)/ (SO(2) x SO(2))

(iii) 07 ~ SO(4) /SO(2) and 7~ SO(4) /U,
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For (p,q) = (4,3), the cases are:

(iv) 67 ~ 8O(4) / (SO(2) x SO(2)) and 6" ~SO(3) /SO(2)

(v) 67 ~ SO(4) /SUs and 07 ~S0(4) /SO(3)

For (p,q) = (3,3), the only case is:
0" ~80(3)/S0(2) and 0" ~SO(3)

In the following, we assume that the action of SO(p) x SO(gq) on M extends to an
action of G = SO°(p, ¢) and that H' < Pg; recall H' = Stabg(z).
For (p,q) = (4,4), recall that Pg is the parabolic subgroup of G that corresponds to

the subset © = {f; — fo,--, f3 — f1}. Changing the quadratic form on R® from

2 2 2 2 2 2 2 2
to

20128 + 22907 4 22376 + 274275

and computing the Lie algrebra of Py in this new representation, we can see that Pg leaves
invariant the subspace spanned by the first 4 basis vectors, which is a maximal isotropic
4-dimensional subspace. This computation is rather straightforward, but also prolix and

so it is omitted. Consequently, if Po = MgAgNg is the Langlands decomposition, we have
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that

M@ ~ SL4<R)

If the action of K extends to G and H' < Pg, by Witte’s theorem, Ng < H'.
o If Ag < H’, then again by Witte’s theorem, there exists a closed, connected and normal
subgroup Y of Mg, such that

(H')° =Y Ao Ne

Counting dimensions, Y needs to be of codimension 1 in Mg. But, Mg ~ SL4(R) is simple,
which gives a contradiction.

o If Ao £ H', then by counting dimensions,

(H')* = MgNe

Now, we have

SU, x SO(2) x SO(2) < (H')®

Since SUy x SO(2) x SO(2) is compact, it is necessarily contained in a maximal compact
subgroup of Mg; recall that Ng is unipotent. Hence, a conjugate of SUy x SO(2) x SO(2)
is a subgroup of SO(4). But, SUs x SO(2) x SO(2) has rank 3, while SO(4) has rank 2,
which gives us a contradiction for case (i). A similar argument gives a contradiction for
case (ii).

For (p,q) = (4,3), in the case of (iv) : SUs x {1} < H’. By a similar analysis like
above, we can see that

Mg ~ SL3(R)
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o If Ag < H', like above we get a contradiction by the simplicity of M.
o If Ao £ H', then SU, < (H')° = MgNe is contained in a maximal compact of Mg =~
SL3(R). Hence, a conjugate of SUj is a subgroup of SO(3). However, both SUy and SO(3)
are 3-dimensional and connected, hence this conjugation gives an isomorphism between
them, which is a contradiction. A similar argument gives a contradiction for case (v).

For (p,q) = (3,3), we have dim(G) = 15 and dim(H’) = 10. Like before, we can see
that

M@ ~ SLg(R)

We write again Pg = MgAgNg for the Langlands decomposition. Recall, Ng < H'.
Witte’s theorem gives a closed, connected and normal Y < Mg inside (H')°. Since Mg ~
SL3(R) is simple, Y is either all of M§ or trivial. In the former case, the dimension of H’ is

at least 11, while in the latter it is at most 4. Both contradict the fact that dim(H’) = 10.

3.2 Non-extendable non-transitive cases

Here, we treat cases where the action of K does not extend to GG, but we do not have

an immediate contradiction by counting dimensions.

Lemma 3.2.1. Suppose SO(4) x SO(4) acts on a manifold M of dimension 7. Let x € M
and denote OP the orbit of x with respect to SO(4) x {1} and 09 the orbit of x with respect

to {1} x SO(4). Suppose

0" ~80(4) /U, and 07 ~S0(4)/U,
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Then, the action is not locally effective. In particular, it cannot extend to an action of

SO°(4,4).

Proof. Assume it is locally effective. We will get a contradiction by looking at the isotropy
representation of Uy x Uy at x. The subspace T,0P & T,07 is an invariant subspace of
T, M with respect to the isotropy representation. By introducing a U, x Uy invariant metric
on M, we can take the orthogonal complement of the aforementioned subspace and hence

obtain a decomposition

TM=T,0"®T, 0"dW

where W ~ R3 is also invariant under the action of Uy x U,. Now, since Uy x Uy acts by
isometries, the isotropy representation gives us a map from Uy x U, into block matrices of

the form

C

where A, B € Oy and C' € O3. However, dim(Uy x Uy) = 8, while dim(O5 x Og x O3) = 5.
This means that the map above must have nontrivial kernel, i.e. there exists a subgroup
H of Uy x Uy with dimension at least 1, that acts trivially on T,M. This contradicts the

assumption that SO(4) x SO(4) acts locally effectively. O

Lemma 3.2.2. Suppose SO(4) x SO(q), q > 3, acts on a manifold M of dimension q + 3.

Let x € M and denote OP the orbit of x with respect to SO(4) x {1} and 07 the orbit of x
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with respect to {1} x SO(q). Suppose
0" ~ SO(4) /U,

and that SO(q) fizes x. Then, the action is not locally effective. In particular, it cannot

extend to an action of SO°(4,q).

Proof. Consider a Uy x SO(gq) invariant metric and decompose T, M as
T.M =T, 0" W

where W ~ R?"! is invariant under the action of Uy x SO(q); here, T,07 is trivial. Now,
SO(q) acts on W. If that action is trivial, then we get that SO(q) acts trivially on T, M
and this contradicts the local effectiveness of the action. Assume momentarily that ¢ # 4.

Then, the action of SO(q) on W decomposed as
W ~R!@R!

with R? being the standard representation of SO(q) and R! being the trivial one. Since Uy
preserves W and sends SO(g)-invariant subspaces to SO(g)-invariant subspaces because Uy
and SO(q) commute, U, preserves R? and R!. Therefore, we get a map from Uy x SO(q)

to block matrices of the form
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where A € O, and B € O,. But dim(Us x SO(q)) = 4 + 1¢(q — 1), while dim(O; x O,) =
14 2q(q — 1). Therefore we get a subgroup of Uy x SO(q) that acts trivially on T, M and
that contradicts the local effectiveness of our action. If ¢ # 4, then the action of SO(4) on
R® could decompose differently, but that would only result in smaller blocks in the place

of “B” above. Counting dimensions, we would arrive at a similar contradiction. O

Lemma 3.2.3. Suppose SO(4) x SO(q), ¢ > 3, acts on a manifold M of dimension q + 3.
Let x € M and denote OP the orbit of x with respect to SO(4) x {I,} and O the orbit of

x with respect to {14} x SO(q). Suppose
0" ~S0(4) /Uy and  dim(M) — dim(6") — dim(67) < 2

Then, the action is not locally effective. In particular, it cannot extend to an action of

SO°(4,q).

Proof. Indeed, consider SUy < U,. Then, SU, fixes x. Looking at the isotropy representa-
tion, SUjy acts trivially on T, 07 since it is 2-dimensional, see [8]. It also acts trivially on
T,0". Finally, introducing a U, invariant metric on M and taking the orthogonal comple-
ment of T, 0P ® T, 0, which will also be SUs-invariant, SU, acts trivially on it also by our
assumption on the dimensions. Therefore, SU;y acts trivially on T, M and so the action is

not locally effective. O]

Lemma 3.2.4. Suppose SO(9) x SO(7) acts on a manifold M of dimension 15. Let x € M

and denote OP the orbit of x with respect to SO(9) x {I;} and 07 the orbit of x with respect
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to {Iy} x SO(7). Suppose

0" ~ 80(9) /Spin(7)

Then, the action is not locally effective. In particular, it does not extend to an action of
SO°(9,7).

Proof. Indeed, we have that dim(SO(Q)/Spin(?)) = 15. Let H, < SO(7) be the isotropy
group of z, for the restricted action of {Iy} x SO(7). Then, H? acts trivially on T, which
is all of T, M. If dim(H%) > 1 then the action is not locally effective. If dim(H%) = 0, then
dim(07) = dim(SO(7)) = 21 > 15 = dim(M ), a contradiction. O
Lemma 3.2.5. Suppose that SO(p) x SO(q) acts on M. Let x € M denote O the orbit

of © with respect to SO(p) x {I,} and 09 the orbit of x with respect to {I,} x SO(q). If
dimO? =p—-1 and dim0O?=q—1

Let

ov ~ SO(p)/H;, and 61~ SO(q)/H;

and suppose the isotropy representations of H]’, and H(’] are irreducible, and —I,, € Hz,ﬂ where
I, is the p x p identity matriz. Assume that the action extends to SO°(p,q). Then, the

SO°(p, q)-orbit of x, denoted O, cannot be an open orbit.

Proof. We can assume that M is endowed with an SO(p) x SO(g)-invariant metric. Looking
at the isotropy representation of H) x H,, there exists an invariant line in T, M because
of the assumptions on the dimensions of the orbits, and H,, x H, must act trivially on this
line.
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The Lie algebra so(p, q) comprises matrices of the following form

where X; € s0,, X, € s0,, X3 = X5 and X, is a p X ¢ matrix. We identify Hl’, X H¢/1 with
hy
ZhleH];,hQEH:I
hy
X1 X
Then, if hog = (h1, he) € H), X H; and X = € so(p,q),
xXI X,

hXihT by XohT
Adho (X) =

haXTHT  hy X hT

Now, assume that & is an open orbit. Then, & ~ SO°(p, q)/Gx, where G, is the isotropy
group of x with respect to the SO°(p, ¢)-action. If g, is the isotropy algebra at x, then T, M
can be identified with so(p, ¢) / g, and the isotropy representation of G, with the adjoint
representation mod g, (see [6, Corollary 10.2.13]). Let v € T, M be a nonzero vector on
which H) x H; acts trivially. There exists an X" € s0(p, q) such that X*modg, = v under
the identification mentioned above. Write

Xi X
XY=

(X3)" X7
Since the isotropy representations of H]/) and H ; are irreducible, we can assume that X7 =
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X} = 0. Since v is non zero, X3 # 0 and

Ady, (X?) = XY modg,

for any h, € H) x H;. But, hg = (—1,, 1) € H, x H} and Ady, (X") = — X" which implies

— X" = X"modg,. But this is a contradiction, since X" ¢ g,. [

Now, suppose K = SO(p) x SO(q) acts on a manifold M, x € M and either p = 8 and
H, >~ Spin(7) or p =4 and H, ~ SU,, where H), is like in the lemma above. Furthermore,
assume that the SO(g)-orbit of x is any of the first three in the bottom part of Table 3.1
and that the K action extends to a G action. If SO(q) fixes z, note that the isotropy
representation of SO(q) on T, 07 has to be the standard irreducible one; so, we can always
find a point near = in the same G-orbit that is fixed by neither SO(p) nor SO(q). Then, &7
and ¢ for this new point are some from Table 3.1. So we can assume that x is not fixed by
SO(q). Since the respective —I, is in both SUy and Spin(7), see [19], by the lemma above
the G-orbit of x cannot be open in M. Therefore, it is closed and hence compact. If G, is
the isotropy group of x with respect to the G action, G, is cocompact and hence we can
apply Witte’s result and by similar reasoning as in Section 3.1.2 we can show that this is

impossible. Therefore, such K actions do not extend to G.

3.3 Conclusion
The following proposition now follows from the results of this chapter:

Proposition 3.3.1. Let p,q > 3 and suppose SO°(p, q) acts analytically on a manifold
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M. Then, the restricted K action on M is not transitive and with respect to the restricted
action of SO(p) x {I} < K, respectively {1} x SO(q) < K, the orbit type of a point x € M
is either SO(p)/SO(p — 1) or x is fized by SO(p), respectively SO(q)/SO(q — 1) or fized by

SO(q).
In particular, we have

Corollary 3.3.1. Let p,q > 3 and suppose SO°(p,q) acts analytically on M. The fized

point set of H =SO(p — 1) x SO(q — 1) is non-empty and 1-dimensional.

This follows from the above Proposition and Lemma 2.2.1. Of course, all the compo-

nents of the aforementioned fixed point set are isomorphic to S'.
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Chapter 4: Classification of analytic SO°(p, q), p,q > 3 actions

In this chapter, we assume G = SO°(p,q) acts analytically and not trivially on a
manifold M of dimension dim(M) = p+ ¢ — 1. As we will see, the presence or absence of
fixed points for the subgroups SO(p) and SO(q) plays an important role in studying these
actions and has consequences on the topology and geometry of M. The following theorem

is an improved version of Theorem 1.0.1 in the Introduction.

Theorem 4.0.1. Suppose SO°(p,q), p,q > 3, acts analytically on a closed, connected
manifold M of dimension p+ q— 1. Consider SO(p) ~ SO(p) x {1} < SO(p) x SO(q) <

SO°(p,q) and SO(q) similarly.

e Suppose that there exists a point in M that is fized by SO(p) and that there exist no
points fized by SO(q). Then M is equivariantly covered by SP x ST~", where the action

of SO°(p, q) on SP x S™' is one from the basic construction, see Section 2.1.

e Suppose that there exists a point in M that is fixred by SO(q) and that there exist no
points fived by SO(p). Then M is equivariantly covered by SP~' x S, where the action

of SO°(p, q) on SP~! x S? is one from the basic construction, see Section 2.1.

e Suppose both SO(p) and SO(q) have fized points in M. Then, M is equivariantly

covered by SPTI, where the action of SO°(p,q) on SPT4! is one from the Uchida
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construction corresponding to a basic (J1,J2)-flow, see Section 2.5.

e Suppose that neither SO(p) nor SO(q) have a fized point. Then, the action is equiv-
ariantly covered by G X p S with the standard left G action, where P < G is a mazimal
parabolic subgroup isomorphic to the stabiliser of an isotropic line in the standard rep-
resentation of SO°(p,q) on RPYY. If P = MpApNp is the Langlands decomposition

of P, P acts on S' by a flow via Ap, see (4.1).

The proof of the first two cases is in Section 4.2, the third case is shown in Section

4.3, while the last case is shown in Section 4.1.
Lemma 4.0.1. G does not have a fized point.
Indeed, we actually show something stronger:
Lemma 4.0.2. K = SO(p) x SO(q) does not have a fized point.

Proof. Assume it does, and let = € M be a fixed point of K. Note that, since SO°(p, q) is
simple, its action is locally effective, and so the K action is also locally effective. Suppose
p > q and that p # 4. Consider the isotropy representation of SO(p) at z. If SO(p) acted
trivially on T, M ~ RPT9=! then it would act trivially on a neighbourhood of x in M and
so the action would not be locally effective. Therefore, we have a non-trivial representation

of SO(p) on RPT4~1. The only possible decomposition into irreducibles is:

RPTe-1 — RP @ R4!

where the representation on the first summand is the standard one and on the second
it is trivial. Since SO(p) and SO(q) commute, the two summands are also invariant by
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SO(q) and hence by K. Then, if we introduce a K-invariant metric on M, the isotropy

representation of K at x gives a homomorphism

p: K — SO(p) x SO(qg—1)

Counting dimensions, we see that the kernel of p is not 0-dimensional, which contradicts the
local effectiveness of the action. If p = 4 and the decomposition of R**%~1 into irreducibles

is not like above, then it would have to be

RRPpR*@&R or R:*@R?

depending on whether ¢ = 4 or 3 respectively. In these cases,

p:SO(4) x SO(4) — SO(3) x SO(3)

or

p:SO(4) x SO(3) — SO(3) x SO(3)

respectively. Counting dimensions and considering the kernel of p, we arrive at a contra-

diction like before. O

Recall H =S0(p—1) x SO(¢ — 1) and

¥ = fixed point set of H
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Now, by Corollary 3.3.1, .# # () and .F# = USi , where the S;’s are the connected com-
ponents of .# and with each S; diffeomorphic to S*. Let ¥ be one of these components.
By Lemma 4.0.2 and Lemma 2.2.1, we can define an analytic function f : ¥ — RP!, see
Remark 4. We also get an analytic flow ®¢ or equivalently, a vector field X® on X by the

action of . (p, q).

Lemma 4.0.3. If there exists a point ¢ € ¥ such that f(¢) = [a : b] # [£1,1], then there

exists a point (' € ¥ which is a fized point for SO(p) or SO(q).

Proof. Set f(z) = [a:b] # [£1: 1]. Now, ®y and f satisfy property (iii) from the Uchida

conditions in Remark 7, see [16]. Namely,
f(P(C)) = [acosh(f) + bsinh(f) : asinh(f) + bcosh(0)]

Letting § — +o00, it is immediate that there exists a point ¢’ € ¥ such that f({') =1[0: 1]
or [1:0]. Then, (' is a fixed point for SO(p) or SO(q) respectively, by the definition of

7. 0

Remark 8. If we assume that neither SO(p) nor SO(g) has a fixed point in M and in
particular in X, then f({) = [£1 : 1] for all ( € ¥. Then, since f is analytic, it is
constantly equal to [1 : 1] or [—=1 : 1] on all of 3. We note that in that case, the orbit
of a point in ¥ at which X® is not zero, is analytically isomorphic to a component of a
nullcone in RP™? equipped with a scalar form of signature (p,q). We call these, nullcone
orbits. Therefore, the existence of a nullcone orbit forces all the orbits to either be nullcone

orbits or diffeomorphic to SP™* x S7! as the next section shows and implies that there are
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no fixed points for SO(p) or SO(q).

4.1 SO°(p,q) actions with neither SO(p) nor SO(q) fixed points

Let # := Fix(SO(p — 1) x SO(q¢ — 1)). The connected components of .% are diffeo-
morphic to circles. Let X be one component of .%. On X, by Lemma 2.2.1, we can define
an analytic function f : ¥ — RP', see Remark 4. Suppose neither SO(p) nor SO(gq) has a
fixed point in M. Then, by Remark 8, f = [1: 1] or [—1 : 1]. Without loss of generality,

we assuine

f=1:1]

Then, for every ¢ € X, the isotropy group of ( is contained in or equal to a maximal
parabolic subgroup P of G of the first kind, see Section 3.1.1.

Let S' be the usual unit circle in R2. Identify ¥ and S' by an analytic isomorphism

¥:S' =%

Recall that . (p, q) is the subgroup of G consisting of the matrices

cosh(6) sinh(0)

for # € R. Now, ¥ is invariant under the action of .#Z(p,q), and on ¥ we have a flow
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®F(¢) = m(0) x ¢, where * denotes the action of G. Define a flow on S' by

@o(2) = 07 (m(6) + 0(2))

Let 7 : P — (R, +) be the following homomorphism: Let P = MpApNp be the Langlands
decomposition of P. Here, Ap = .# (p,q) and Np = U(z), for any z € ¥ see (2.5). Define 7
so that it picks out the “Ap-part”. Namely, if p € P, we write p = pys,, - pa, - PN, according
to the Langlands decomposition above. Then, p4, = m(f) for some m(0) € .#(p,q) and

we define

m(p) =0

It is easy to see that 7 is an analytic homomorphism between P and (R, +); recall that for
a parabolic subgroup, Np < P, and Mp and Ap commute.
Now, we define the following action of P on S*:

PxSt—st
(4.1)

(p,2) = Prp)(2)

and consequently we get an action of G on the associated bundle G x p S* where G acts by
left multiplication on the first factor. It is easy to see that this action is well defined. Note

also, that for p € P and ( € X,

p*¢=m(m(p)) * ¢ (4.2)
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Remark 9. Suppose we are given two different actions of P on S' via flows ®' and &2 like
above. If the vector fields that these flows generate are isomorphic, then it is immediate
that the two actions of G on G xp S' are also isomorphic. Since the analytic vector fields
on the circle are classified in [7], see Appendix A, such analytic G actions on G xp S' are

also classified via the corresponding flows ®.

Now, let ¥ be the analytic map

U:GxpSt > M

[9,2] = gx(2)

where [g, 2] denotes the equivalence class of (g, z) in G xpS*. In the following, let ¢ = 1(2)
for z € X.

o U is well defined:
A different representative of the class [g, z] is of the form [pg~!, pxz]. We have, ¥([gp~!, px
Z]) = (gp™') xp(p*2). But, p-z = Orp(2) = v Hm(w(p)) x¢) = ¢~ (p (), and so

Y(pxz) =p=*(

e VU is G-equivariant:

We have G = K P; this can be seen from (2.5). Let [§,2] € G xp ¥ and g € G, and write
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gg = kp, according to the above decomposition. We have

U(glg, z]) = ¥([gg, 2]) = ¥([kp, 2])
= W([k,px 2]) = Y([k, Pr(p) (2)])
= kx)(Prp)(2)) = k* (m(m(p)) x¢) (by the definition of ® and (4.2) )
=kx(px¢)=gg*¢

= g*\ll([§7z])

e VU is a local analytic isomorphism:
By the equivariancy, it suffices to look at a point of the form [e, 2] for some z € S'. By

using (e, z) € G x S' as a representative for [e, z], we have an identification
T[e,z](G Xp Sl) ~ g/p P Tzsl

where g and p are the Lie algebras of G and P respectively. Now, for an element 0 + v, for

v e T,S', we can find a curve of the form
vt e, z)

such that v(0) = e, z] and 4/(0) = v. Then, since \If‘{ = 1), we have that DU(v) =

e}XpSl
Di(v) € Ty)2 and Dy(v) # 0 since 1 is an isomorphism.

On the other hand, for an element w + 0, for w € g/p, we can find a representative

W = Wy + Wy € g of w such that w, € so, and W, € so,. Consider the curves of G xp St
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c:t > [e"i 2], for i = 1,2. Then, ¢(0) = [e, z] and ¢/(0) = w;, where w; is the class of w;
in g/p. and consequently

d _
DV (w;) = p O(etwi * ()

But, e x ( € Oso()(¢) or Oso(g)(¢) where Osor)(¢) and Osog)(¢) are the SO(p) and
SO(p) orbits of ¢ respectively. Those orbits are (p—1)-dimensional and (g — 1)-dimensional
respectively by Proposition 3.3.1. Moreover, they intersect .% transversely. By considering
all possible w + 0 € g/p @ T.S', we see that p + ¢ — 1 = dim ( D¥(g/p) ). As a result,
because Tso)(¢), Osop)(¢) and F intersect transversely, (DV) . is an isomorphism, and
hence W is a local analytic isomorphism.
e U is a covering map:

Since W is a local analytic isomorphism, the image of ¥ is an open set. Additionally,
U’s domain is compact, and so the image is also closed. As a result, since M is a closed
manifold, ¥ is onto M. Being a local diffeomorphism between compact sets, ¥ is a covering

map. Hence, the fourth case of Theorem 4.0.1 is proved.

4.2 SO°(p,q) actions with only SO(p) fixed points or only SO(q) fixed

points

Suppose G acts analytically on a manifold M of dimension dim(M) =p+¢—1. In
this section, we assume that SO(p) has a fixed point, but SO(q) does not. We are going

to show that M is equivariantly, analytically covered by S x S?"! with an action from the
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basic construction. Recall that H = SO(p — 1) x SO(q — 1) and

F = fixed point set of H

Then, % # () and F = USi with each S; one dimensional, see the discussion in the
beginning of this chapter. Let ¥ := §;, be a connected component of .#. On X we
get an analytic flow, ®*, defined by the action of the one parameter subgroup . (p,q).
Furthermore, by Lemma 2.2.1 and Remark 4, we get an analytic function f§ : ¥ — RP'.
The existence of an SO(p) fixed point, implies that S;, contains a point fixed by SO(p).

Indeed, otherwise fi, = [1 : 1] or [—1 : 1] and then, by Section 4.1, M is covered by

G xp S' and that contradicts the existence of an SO(p) fixed point. We note also that

— 1,
since j; = € SO(p) is an involution from ¥ to itself with at least one fixed

Iptq—2
point, it has exactly two fixed points. Moreover, since we also assume that SO(q) does not

have a fixed point, therefore f& # [1:0]. Let 24 = {[a : b] € RP' : b # 0} C RP! and let

X1 : % — R be the function defined by

la:b] —

Then, fs = x1 o f&. Note that since f& and ®* satisfy property (iii) from the Uchida
conditions in Remark 7, see [16], we have that if f'(z) = [a : b], for z € X, then |a|] < |b].
Indeed, otherwise Uchida condition (iii) implies that, taking § — +o00, we would get point

zZ € ¥ with f§(2) = [1: 0], namely Z would be a fixed point of SO(q), which is impossible.
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Hence,

fs] <1

We note that fs; and ®* satisfy relation (A1)-(A3) and (A4)" of Remark 5.
Now, consider the space S x S7!, where S C RP*! and S7! C R? and we denote

the standard bases of RPT! and R? by {e1,--- ,e,41} and {e, -, €,} respectively. Let

S ={(aer + Bepyr, 1) 1 0? + B2 =1}

Recall from the beginning of Chapter 2 that we have a standard action of K on SP x S%°1,

The action of j; on . is

Ji(cer + Bepir, 1) = (—aer + Bepia, €1)
Lemma 4.2.1. There exists an analytic isomorphism
VY=

such that

Yoji=j10%

Proof. We consider a j;-invariant metric on ¥; hence, j; acts as an isometry. Let x € ¥ be

a fixed point of j;. Since j; is an involution and x is an isolated fixed point, we have

(Dj1), = —1d
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We identify T,> with R and consider
exp, : R =X
We can assume that exp, is 27-periodic. Since j; is an isometry, we have

exp, (Dji(t)) = jr o exp,(t)
for any ¢t € R. Now, the map
Y:R/27Z ¥

defined by

t + 277 — exp,(t)

is analytic, and if we identify its domain with [—m, 7], we have

Y [-m, 7w = X such that

(=t) = jro(t)

(4.3)

Then, we identify [—, 7] with S' by ¢ + €, which is also analytic. Let py : S' — .

be the analytic isomorphism from (2.2). Finally, set ¢ = py 0 1)~'. Equation (4.3) above

implies

Yoj =g10%
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Using ¢ we can define a function and a flow on .% in the following way:

f: =R by f=fgop!

and

D Rx.S —.7 by ®ylz)=1"0od(y(2))

Then, &y and f are analytic on . and it is easy to see that they satisfy the relations
(A1)-(A4) from Remark 5. Therefore, f = fp, see Remark 2, and @y is an induced basic
ji-flow on .7, see Lemma 2.2.2. From ®; we get an analytic action of G on S? x S~ by
the basic construction.

We now define the map

F:SP xS 5 M

in the following way. Let z € S” x S9°'. There exist (k1,s2) € K and z € . such that

x = (K1, K2) * z. Then, define

F ((R1,k2) * 2) := (K1, ko) *(2)

F' is well defined and locally an analytic isomorphism.

Lemma 4.2.2. F is well defined

Proof. Let z = (aey + fepy1,€1) and 2" = (ae; + F'epyq, €1) be elements of . and k =
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(’%17 HQ); k' = (K‘,lv ﬁlZ) € K. Suppose

kxz=FkKx2

Then, we have x; k) € SO(q—1), 3= and a = +d'.

- Ifa=a #0, then z = 2 and sy 'x} € SO(p — 1). Hence, k = k'h, for some h € H

and kx(z) = K'hx(z) = K *¢(2)

- Ifa=—a' #0, then z = j;(2') and x; 'K} € 5;SO(p — 1). Hence, k = k'j,h for some

he H and k() = Kjrhx (j1(2) = Kjijr x 0(2) = kK x(2)

-lfa=ad =0, then 2 = 2/ = (fepy1,61) and Y(2) = ¢, where ¢ € ¥ is fixed
by SO(p), since fx(¢) = f(z) = [0 : 1]. Moreover, k = k'(g1,92), with (g1,g2) €

SO(p) x SO(q — 1). Then, k*(z) = K (g1, g2) * ¥ (2) = K'9(2)

Lemma 4.2.3. F is G-equivariant.

Proof. Let g € G and & = ko z € S” x ST, where ky = (k1, ko) € K and z € .. Write

gko = km(0)u
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for k€ K, 0 € R and u € U(z), according to (2.5). Note that U(z) = U(¥)(2)). Then

F(gxx))=F (k*x®y(z2))
= kx 1) (Pg(2))
= k* @y (1)(2))
= km(0)u*1(2)
= gko * 1(2)
= g* (ko x ¥(2))

=g F(2)

Lemma 4.2.4. F' is a local analytic isomorphism.

Proof. By the G-equivariance and the fact that Gx.# = SP x S?°!, it suffices to show that
F'is a local analytic isomorphism around a z € .%.

o If f(z) # 1, then fx(F(2)) # 1 and so, the G-orbits of both z and F(z) are open.
Then, G-equivariance of F' implies that F' is analytic at z and (DF'), is an isomorphism
and so we have the result.

o If f(z) = £1, then the map

K x.7 — 8P x 87!

(k,z) = kxz
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is a submersion at ((1,,;), z), and so F' is analytic at z. Moreover, the dimension of the
orbits of z and ¥ (z) are p + ¢ — 2. Now, G-equivariance gives us that (DF'), is onto the
tangent space of 1/(z). On the other hand, the orbit of ¢(2), & (¢(z2)), is locally isomorphic
to G/P where P is a maximal parabolic for which G'//P is diffeomorphic to S*~' x S7*,
In this model, the fixed point set of H is 0-dimensional. Therefore, in M, .# and & (¢(z))

intersect transversely. Hence, if v(¢) is a non constant curve in . through z, we have

(DF).(7(0)) = (D¢):(v'(0)) #0

since ¢ is an isomorphism, and therefore

(DF).(4(0)) € Ty M \ Ty € (4(2)

Hence, (DF'). is onto all of Ty)M, hence it is an isomorphism and we have the

desired result. O
Lemma 4.2.5. M = F (Sp X Sq_l)

Proof. Since F is a local isomorphism, its image is open in M. Since SPx S9! is compact,

the image of F' is also closed. The result follows, since M is connected. O

Finally, since F is a local isomorphism that is onto M, and both M and SP x S¢™! are
compact, it is a covering map. Hence, we have proved the first case of Theorem 4.0.1. Of
course, changing the roles of SO(p) and SO(g), in an analogous manner we get the second

case as well.
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4.3 SO°(p, q) actions with both SO(p) and SO(q) fixed points

Recall H =S0(p — 1) x SO(q — 1) and

Z = fixed point set of H

Assume that both SO(p) and SO(q) have fixed points in M. As it was noted in the beginning
of Chapter 4, by Corollary 3.3.1, .% is non empty and all its connected components are
1-dimensional. Let ¥ be one of .#’s connected components. On X, by Lemma 2.2.1, there

exists an analytic function

fs : 2 = RP?

See Remark 4. If f = [+1 : 1], then it was shown in Section 4.1 that M is covered
by G xp S*, which contradicts the existence of SO(p) and SO(q) fixed points. Then, by
Lemma 4.0.3, we may assume that there exists an SO(p) fixed point on 3. Let x € M
be a fixed point of SO(q). First of all, we note that  must be on 3. Indeed, if it is not,
the proof of the first case of Theorem 4.0.1, see Section 4.2, shows that M is covered by
SP x S?7! on which the action of K is the standard one. Since x is fixed by SO(q), the fiber
of 2 would be a discrete, SO(q)-invariant subset of S” x S?~!. However, evidently there are
not any such sets. Being involutions on a circle with at least one fixed point, j; and j, have
exactly two fixed points. Since they also commute, they either have the same fixed points
on X or their fixed point sets on X are disjoint.

Consider S' and let J; and J5 be the reflections with respect to the y-axis and the
x-axis respectively.
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Case 1: j7; and j; have disjoint fixed point sets on .

Lemma 4.3.1. There exists an analytic isomorphism

Y= S

such that

oldi=jio

foriv=1,2.

Proof. Introduce a ji, jo invariant metric on 3. The proof of Lemma 4.2.1 shows that we
can identify ¥ with S' in such a way that j; is the reflection J;. Namely, there exists an
analytic isomorphism

0'112—>Sl

such that

oroj1 =Jio0y

Via oy, we can assume that j, also acts on S'. Now, as in Lemma 4.2.1, we will identify
S! with a quotient of the tangent space of ¢, where ¢,§ € S' are the two fixed points of js.

The fixed points of j; and js alternate, therefore

—€1 = equ(¢0)

for a ¢g € (0,7) or a ¢y € (—m,0). Say, ¢ € (0,7). But, exp, ((0,)) is the one of the arcs
between ¢ and ¢ and these two points are symmetric with respect to the y-axis, because
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the relation j; x 07 (¢) = o7 *(§) implies J1(¢) = ¢. Therefore, the distance between g and

—e; is the same as the distance between ¢ and —e;, which shows that

bo =

bo|

Therefore, by the proof of Lemma 4.2.1 again, we can find an analytic isomorphism

o9 : St — St

such that o o j, = Jy 0 0. Hence the fixed points of js are (0,£1). We need to check that
0y0J; = J1. But, let z = exp,(¢4.), and say 0 < ¢, < 5. Write ¢, = § — ¢ for € > 0. Then,
dist (z, —e1) = dist (J1(2), —e1) and Ji(z) € exp, ((0,7)). Therefore, J;(z) = exp,(5 + €).
Hence, in the tangent space of ¢, the induced action of J; via the exponential map is
reflection with respect to § on (0, ) and similarly, reflection with respect to —F on (—x,0).

Hence, 059 0 J; = J;. Then, it is easy to see that

Y = 0900

is the required isomorphism. O

Now, consider the sphere S9! C RP*9 and denote the standard basis of RP*¢ by

{e1, - - eprq}. Let

S ={ae; + Bepyr s o+ f2 =1} C spret
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In the standard orthogonal action of K on SPT7°! j, = € SO(p) and

Z§+q72

Ipiq—2

Jo € SO(q) act by

—1I

g1 (aey + Bepi1) = —aey + Bepia

2 (aer + Bepy1) = aer — Bep i

Using Lemma 4.3.1, we get an analytic isomorphism ¢ : £ — S*, such that

Wojz':Jz'OW

for i =1,2. Let p: S' — .7 be the analytic isomorphism defined by

plaer + Bez) = aer + Bepi

and let

p=poy

Then, p: ¥ — % and

Yoygi=7jgioy

Now, similarly to the case of Section 4.2, we get a flow and a function on ., which satisfy

the Uchida conditions, see Remark 7. Hence the flow is an induced basic (ji, j2)-flow.
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By [16], we get an action of SO°(p, ¢) on SP*7! from the Uchida construction corresponding
to a basic (Jq, Jo)-flow, see Section 2.3. Then, essentially the same steps as in Section 4.2
show that this action covers equivariantly the action of SO°(p,q) on M.

Case 2: j7; and j; have the same fixed points on X..

. Indeed, by considering a ji, jo invariant metric on X, j;
b

First we note that j; ; = Js
and js have the same fixed points, which are isolated, and if = is one of those fixed points,
(Dj1), = (Dj2), = —Id. Therefore, they are equal on ¥. On 3 we also get an analytic flow
®y on X induced by the action of the subgroup .# (p,q). Because there are no nullcone
orbits and because of Uchida condition (iii), see Remark 7, between two points fixed by ®g
there must be a point fixed by SO(p) or SO(q) and vice versa. Therefore, on ¥ there are
two points fixed by ®y. Note that SO(p) or SO(g) cannot have a common fixed point, by
Lemma 4.0.2.

A slight modification of the proof of Lemma 4.2.1 shows that there exists an analytic

isomorphism v : ¥ — RP! such that if j, : RP* — RP"' is the map

la:b] — [—a: ]

then

poji=7Joop

for i = 1,2. The fixed points of jo are [1 : 0] and [0 : 1]. Moreover, via 1, ®y induces a

flow, @, on RP' and let ¢y, ¢, be the points fixed by ®). Let

7:S' - RP!
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be the standard covering map. Let 2, z3 € S* be the points that map to ¢; and 2z, z4 € S*

the points that map to (5. Note that because of the property

@9(j1 * Z) = jl * @_g(z)

for 6 € R and z € X, we have

Dy (o * ¢) = Jox D 4(C)

for & € R and ¢ € RP'. Hence, if ; = [a : b] then (; = [~a : b]. Therefore, we can assume
that zo = Jo(21), 23 = J1 0 Ja(21), and z4 = J1(21). Note that J; o Jo is the antipodal map
on S'.

We will now define a flow on S' that will cover the flow ®. Let .#; be the connected

component of S'\{z, 23} that contains z,. Then

A= RPN\{¢}

51

is an analytic isomorphism. Define ®j on .7 by

A

() = ) 0 @) ((2)

Then, on J; o J, (.#1), which is the connected component of S'\{z;, z3} that contains z,
define @} by

05(2) = (Jr 0 J2) 0 B (J1 0 Ja(2))
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Note that, on {z1, 29, 23, 24} P is constant. It is immediate that ®} is an analytic flow on
S' such that

o &h(z) = &y om(2)

for # € R and z € S*. Now, define a function

fori=fyom

It is a straightforward calculation that ®j and fq satisfy the Uchida conditions, see Remark
7.

As in Case 1 above, there exists an analytic action of SO°(p,q) on SPT7"! from the
Uchida construction corresponding to a basic (Jq, Jo)-flow, see Section 2.3, that covers the

action of SO°(p,q) on M. Hence, we have proved the third case of Theorem 4.0.1.
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Chapter 5: Classification of analytic SO°(p, 1), p > 3, actions

Here we consider the case ¢ = 1, p > 3, namely an analytic action of G = SO°(p, 1)
on a closed, connected manifold M of dimension p. We see that these actions are covered
by actions of G on either S? or P! x S'. While the topology of these spaces is analogous
to the corresponding spaces of the p,q > 3 case, the geometry can differ. The fixed point
set of H = SO(p — 1) is again going to be a union of circles. In SO(p) there exists the
involution j; which forces the fixed points of SO(p) on one of these circles to be at most
2. However, there is no longer a j;. That means that there could be more than two points
whose isotropy group is the standard copy of SO°(p — 1,1), and so more than two disjoint

orbits diffeomorphic to

01

Another notable difference is that absence of K fixed points does not imply the existence
of nullcone orbits. The actions of K = SO(p) on S” and SP~! x S' are via rotations with
respect to an axis in the former case and the standard orthogonal action on the first factor
in the latter.

Furthermore, a result analogous to Lemma 2.2.1 holds for the case ¢ = 1 as well.

Lemma 5.0.1 below is implied in Uchida’s work, but a proof is not provided. We define the
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following subspaces of so(p, 1)

1
E = Span Opi1
1
where 0, is the (p — 1) x (p — 1) zero matrix, and
0 —bul 0
tla:0 =< lpu 0 aqul:ucRF!

where [a : b] € RP'. Then, we have:

Lemma 5.0.1. Suppose p > 3. Let a be a proper subalgebra of so(p,1) which contains
b ~ so(p—1) and suppose dim so(p,1)— dim a < p. Then, a = t[a : b] for some [a : b] € RP*

ora=FE®t(l:+l1).

Proof. Consider the following subspaces of so(p, 1):

Ty=Span{ |, 0o o :veR?
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and

Ty=Span{ |0 0 wl|:w€R?

0 wl 0

Then, so(p,1) = so(p — 1) & E & 11 & To. Moreover, if we consider the adjoint action of

SO(p — 1) on so(p, 1), all the above summands are invariant and irreducible. In addition:

o [TQ@E,TQ@E] :50(]9)
[ ] {Tl,E] - T2

L] [TlaTl] =0

Now, a is also SO(p — 1) invariant and a N (Tl ) T2> # {0} because of dim so(p,1)—
dim a < p. Therefore an (T1 ®T2) = t[a : b]. Suppose aNE # {0} which implies aNE = E.
In that case, an (Tl & Tg) = t[a : b], with a,b # 0. Indeed, if b = 0, then T, < a and hence
a = so(p, 1), since [T, ® E,T5 & E] = so(p). On the other hand, if @ = 0, then T} < a

hence, [T, E] = T < a and as before we conclude a = so(p,1). Therefore, if aN E = E,
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then a =so(p — 1) ® E & t[a : b], with [a : b] € RP'. Assume that [a : b] # [1 : £1]. Then

0 —bul
bu 0
0 au”
0 —bu?
b
= |bu 0
0 2Zuf
0 0
=10 0
0 @<=, T
:>TQ <a

(since [a:b] #[1:

As before, we arrive at the contradiction that a = so(p, 1).

]

Given a GG action on a manifold M, Lemma 5.0.1 above gives us an analytic function

f:.F — RP! as in Remark 4.

5.1 Construction of SO°(p, 1) actions

0.1.1

(p, 1)-basic construction (I)

Suppose that we have a basic J;-flow, see Definition 2.0.1, on S' and identify S' with

Y:{a61+56p+1:a2+62:1}§8p
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Then, the basic J;-flow on S' induces an induced basic j;-flow on .#, see Definition 2.0.2.
Note that, . is the fixed point set of H in the standard K action on S”. Then, analogously
to the basic construction in Section 2.1, see also [17], we can construct an analytic action of
G on SP. In that action, the restricted action of .# (p, 1) on .# is the induced basic j;-flow
we started with. We will refer to actions of G on S” arising this way as actions from the

(p, 1)-basic construction (I). By similar arguments as in Chapter 2 we get:

Theorem 5.1.1. (see also [17, Theorem|) The analytic actions of SO°(p,1) on SP from
the (p, 1)-basic construction (1) are analytically isomorphic if and only if the corresponding

basic J1-flows are analytically isomorphic.

5.1.2  (p, 1)-basic construction (II)

Here we construct G actions on SP~! x S'. However, we need to modify the definition
of the flows used as the main data. This is due to the fact mentioned above, that there can

now be more than two orbits with isotropy group SO°(p — 1, 1).

Definition 5.1.1. Assume ®y is a nontrivial analytic flow on S'. We will say that ®y is a

simple flow if:
o The fixed points of ®4 alternate between attracting and repelling.

« The Jacobian of ®y at a fixed point z; is Jo(2;) = %, respectively Jg(z;) = —%, if 2

is an attracting, respectively repelling, fixed point, where n; € N.

Note that in the case of a simple flow, the number of fixed points must be even,

see [7]. Moreover, we can define a function fp as in Chapter 2. Let p; € . such that p; is
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between z; and z;,; for 1 <i <n —1, and p, is between z, and z;. Define a function fg

in the following way:
« fa(p)) =0,1<i<n
e fo(z) :=tanh(0), for z = g (p;), 0 € R, in the Pyp-orbit of a p;
o fo(z;):=1, respectively fo(z;) := —1, if z; is attracting, respectively repelling

The function fg is analytic, see the proof of Lemma 2.2.2. The fixed point set of H =

SO(p — 1) in the standard action of K on SP~' x S! is

F = {+e,} x

Let

5”:{61} XSI

Then, identifying S' with .7, we can construct G actions on S x S in a way analogous to
the basic construction in Section 2.1 using simple flows. These actions extend the standard
K action and the restricted .#(p,1) action on .# is the flow induced by the simple flow
we started with, via the identification of S' with .#;.

We will refer to the actions on SP~! x S' obtained this way as actions from the
(p, 1)-basic construction (II). These actions can be classified via the vector fields that the
corresponding simple flows ®4 induce S', similarly to Theorem 2.1.1. In particular, they
can be classified by the Jacobian of ®4 at the fixed points and the global invariant pu, see

the Appendix A as well as [7].
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Theorem 5.1.2. Let p > 3. Two SO°(p,1)-actions on P~ x S* from the (p,1)-basic
construction (I1) are analytically isomorphic if and only if the corresponding simple flows
are analytically isomorphic. Moreover, the simple flows on S' are classified up to analytic
isomorphism by the number of fixed points, the Jacobian at the fized points, and the global

mvariant (.

Remark 10. When proving the analyticity of the actions from the (p, 1)-basic construction
(IT), a small modification is required in the existence part of equation (B.12) in Appendix
B. As we mentioned above, there can be more than two points where fs = 0. Hence, using
the notation of Appendix B, there are not just two points that play the role of (e,41,€1)
and (—epy1,€1). However, for a z € Sy with 0 < f(z) < 1, there exists a zp € Sy such that

fo(z0) = 0 and z is in the orbit of z;. Then, the proof proceeds the same.

5.2 Classification

Now, suppose we have a G action on a manifold M of dimension p, let z € M be
a point that is not fixed by SO(p). Looking at the restricted K ~ SO(p) action, let OF
denote the SO(p)-orbit of . Then, dim&® < p. Using Uchida’s classification of subgroups
of SO(p) of codimension at most p ,see [14], and a similar analysis as in Chapter 3, we can
see that necessarily 0P ~ SO(p) / SO(p — 1). Therefore, we can conclude that the fixed

point set of H, .%, is nonempty and that its connected components are 1-dimensional.
Lemma 5.2.1. G does not have any fized points.

Proof. Suppose x € M is a fixed point of G. Firstly, we show that z is an isolated fixed
point. Indeed, first of all, x is also a fixed point of SO(p). Note that, since G = SO°(p, 1)
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is simple, its action is locally faithful, and so the SO(p) action is also locally faithful. Since
SO(p) is compact, its action is linearisable at =, and by choosing an SO(p)-invariant metric

for M, we get a representation

p1:SO(p) — O(p)

This representation must be either trivial or irreducible. Because if there was a k-dimensional,
1 < k < p, pi-invariant subspace of R, 1 < k < p, then (changing basis if necessary) we’d

get a homomorphism

SO(p) = O(k) x O(p — k)

Since the action is locally faithful, Kerp; must be 0-dimensional. Comparing dimension we

p(p—1) <k(k—1)+(p—k‘)(p—k‘—1)
2 = 2 2

get , which yields a contradiction. Now, if p; is

trivial, that means the action of SO(p) is trivial, and consequently the action of G is trivial.
So, py is irreducible and z is an isolated fixed point of SO(p) and hence of G.

Consider the isotropy representation

p:so(p,1) — gh,(R)

Since so(p, 1) is simple, and the representation is not trivial, it has to be irreducible.

Complexifying and using that so(p, 1) = so(p+ 1)(C), we get an irreducible representation

Pt so(p+1)(C) — al,(C)

See [12]. Using the Weyl character formula, [5, p.408-410], we can see that the dimension
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1 1 1 1
of an irreducible representation is <p —]2 ) if p+1isodd, and (p _]L— ) or 3 (p _]L— ) if p+1

is even. Comparing p to these binomial coefficients, we get a contradiction. O

In particular, G does not have a fixed point on .# and hence by Lemma 5.0.1 we can

define an analytic function

f:Z — RP!

and by the action of .# (p,1) on .F we get a flow
O:Rx.¥% =7

Then, as in Chapter 4 we can show the following:

Theorem 5.2.1. Suppose SO°(p, 1) acts analytically on a closed connected manifold M of
dimension p. Then, if SO(p) has a fized point, M is equivariantly covered by SP, where the
SO°(p, 1) action on SP is one from the (p,1)-basic construction (I). If SO(p) does not have

a fixed point, then

e If there exists a nullcone orbit, then M is equivariantly covered by SO°(p,1) xp S*
with the standard left SO°(p,1) action, where where P < SO°(p,1) is a mazximal
parabolic subgroup isomorphic to the stabiliser of an isotropic line in the standard
representation of SO°(p,1) on RPYL. If P = MpApNp is a Langlands decomposition

of P, P acts on S' by a flow via Ap, see (4.1).
1

e If there does not exist a nullcone orbit, then M is equivariantly covered by SP~' x S',

where the SO°(p, 1) action on SP~* x S is one from (p, 1)-basic construction (II).
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Chapter 6: Classification of analytic SO°(p,2), p > 3, actions

Here, we consider the case ¢ = 2 and p > 3, namely the analytic actions of G =
SO(p, 2) on manifolds of dimension p + 1 = p+ ¢ — 1. Uchida in [17] studied these kind of
actions on the sphere SP™'. Modifying Uchida’s methods, we get actions of G on S? x S!
and SP~! x S? where K = SO(p) x SO(2) acts in a standard way, see below. Then we see
that an action of G on a closed manifold of dimension p+ 1 is equivariantly covered by one
of those above.

Consider the following actions of K on S? x S' and S?~! x S?. For S* x S', we embed
SO(p) in SO(p + 1) as top left block matrices, similar to (2.1) in Chapter 2. Then, via
SO(p+1), SO(p) acts on SP. The action of SO(2) on S' is the standard one and that gives
the action of K on S x S'. Similarly, we get the action of K on S x S%. We will refer
to these actions as standard actions of K on these spaces.

The main difference with the ¢ > 3 case is that the fixed point set of H = SO(p—1) x
SO(1) ~ SO(p — 1) is no longer 1-dimensional, but 2-dimensional. Abusing the notation

we will just write H = SO(p —1). We will need some more terminology. Following [17], let
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N be the subgroup of G' with Lie algebra

0 a f
Op—1
n= ca, B,y € Ry < so(p,2)
Q 0 ~
g -7 0

where O,_; is the zero square matrix of dim p — 1 and any omitted value is assumed to be
equal to 0. Note that, SO(2) < N, where by SO(2) we mean the subgroup {I,} x SO(2).
Moreover, let

N*=N|JiN

Note that j;jo commutes with V.
Let .# be the fixed point set of H and f : .# — RP?. For Y € .F with f(Y) = [a :
b: ], let

UO<Y) = H[c:z:b:c] (61)

where Hjy..) is the stabiliser of the point ae; + be,1 + ce,yo in the standard representation

of G on RP™2. The following equality also holds

G = KNU°(Y)
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See [17]. Moreover, the subgroup

cosh(0) sinh(0)
I,
M (p.2) =
sinh(6) cosh(6)
1
is in NV and we have the following equality
N =S0(2) 4 (p,2) (U°(Y)NN) (6.2)

for any Y € .Z, as is established in [17]. Note that (6.2) is equivalent to

N =S0(2) A (p,2) (HEq N N) (6.3)

Note that

N ~S0°(1,2)

the obvious isomorphism ¢ : N — SO°(1,2) being

T Lo X3 r 7
r1 T2 I3
Op1
=Ty w5 w
Ty T5 Tg
T7 Ty X9
X7 xrg Tg i i

It is well known that SO°(1,2) is isomorphic to PSLy(R) and hence, N is also isomorphic
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to PSLy(R). Let .#(1,2) be the subgroup of SO°(1,2)

cosh(f) sinh(6)

A (1,2) = { |sinh(d) cosh(6) 0eR,. (6.4)

Then, ¢ gives an isomorphism between . (p,2) and .#(1,2). We will denote an element
of either group by m(0). It will be clear from the context every time what group it belongs
to.

Moreover, via ¢, we get an equation analogous to (6.3) for SO°(1,2). Let ﬁ[a:b:c] be
the stabiliser of the point ae; + bes + ce in the standard representation of SO°(1,2) on R3.

Then, we have

SOO(L 2) = 80(2) ’%<17 2) H[Oa:b:c] (65)
Now, let
-1
i = 0
0
and consider the group
SO°(1,2)* =S0°(1,2) U j; SO°(1,2) (6.6)

Defining ¢(j1) = ji, it is immediate that ¢ extends to an isomorphism between Nt and
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SO°(1,2)*

o: Nt = 80°(1,2)" (6.7)

In the case of SO°(p,2) actions there exists a lemma similar to Lemma 2.2.1. We

denote by bas. the Lie algebra of the group Higy.q defined earlier.

Lemma 6.0.1. [17, Lemma 1.2] Suppose p > 3 and let a be a proper Lie subalgebra of

s0(p, 2) which contains h ~ so(p —1). If

dimso(p,2) — dima<p+1

then

a= h[a:b:c}

for some (a,b,c) # (0,0,0), or

a= b[a:b:c} D Rl

for some (a,b,c) # (0,0,0) such that a*> = b*> + ¢*, where the space R is generated by the

matrix b (E17p_|_1 + Ep+171) +c (EL}H_Q + Ep+2’1).

Remark 11. Similarly to Remark 4, Lemma 6.0.1 above allows us to define an analytic
function f : .# — RP? where .% is the fixed point set of H, by the property that for
Y € .Z, f(Y) € RP? is the unique point such that b rov) < gy, where gy is the isotropy

algebra of Y with respect to the GG action.
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6.1 Extracting the main data

In this section, we begin with a G action on S” x S', SP™! x S?, or "™ extending
the standard K action in each case. We will show that to such G actions correspond an
SO°(1,2)* action on T? in the first case, an SO°(1,2) action on S? in the second case, and
an SO°(1,2)" action on S* in the third case. In Section 6.2 we will show that these actions
are all we need in order to construct and classify the G actions that extend the standard

K action in each case, see in particular Theorems 6.2.1, 6.2.2, and 6.2.3.

Remark 12 (See [17]). Let M be SP™' SP x S', or S»~! x S%. Suppose G acts analytically
on M in a way that extends the standard K action in each case. Consider the fixed point
set, .Z, of H. Let ¢ be the restricted action of N* on .# and f : .# — RP? as in Remark

11. Then, the pair (¢, f) satisfies:

(B1) ¢ is an analytic action of N* on .%, such that the restricted action of N* N K is the

restriction of the standard action of K.

(B2) f is an analytic function from .# — RP? which is N*-equivariant and satisfies:
NTOU°(Y) C Ny

Moreover, let Z = {[a b:c] ERP?:c= 0} C RP? and p : Z — RP' the obvious isomor-

phism. Consider . = f~!(%). Then, .# is a one dimensional submanifold of .# which is

J1 and jp invariant and it is transverse to each SO(2)-orbit, see [17]. Let @y be the flow that

A (p,2) induces on . and fy = pof’y. Then, ® is an analytic flow on .% | fy : . — RP!

is analytic, and they satisfy

(i) ji* @p(z) = P p(jixz)  (i=1,2)



(i) fo(z)=la:b:0]= fo(jixz)=la:—=b:0] (i=1,2)
(iii) fo(z)=[a:b:0]= fo(Py(2)) = [acosh(f) + bsinh(h) : asinh(f) + bcosh(h) : 0]
(iv) fo(z2) =[0:1:00<eji*xz=2 and fo(z2)=[1:0:0] & joxz=2

These are analogous to the Uchida conditions from Chapter 2, see Remark 7.

6.1.1 Case 1: G actions on S x S*

Here we will see that a G action on SP xS! extending the standard K action correspond

to a special type of SO°(1,2)", see Definition 6.6, actions on T? defined below.

Definition 6.1.1. Assume that ¢ is an SO°(1,2)* action on T? = S' x S'. We will say

that ¢ is a T?-basic action if

« j; acts as the reflection with respect to the y-axis on the first factor and trivially on

the second factor of T2
« SO(2) acts trivially on the first factor and in the usual way on the second factor.

» ¢ has two closed circle orbits none of which are the circles fixed by ji.

Suppose that G acts analytically on S” xS' and the restricted K action is the standard

one. Here, the fixed point set, .%, of H is
9:{&61+Bep+1:a2+ﬁ2:1} x St ~ T?

Lemma 6.0.1 implies the existence of a function f : .# — RP?. Denote the restricted ac-
tion of the subgroup N* on .% by ¢;. Then, the pair (¢y, f) satisfies properties (B1)-(B2).
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Recall that N* is isomorphic to SO°(1,2)*, see the beginning of this chapter. Therefore,
identifying .# with T? in the obvious way and using the isomorphism between N and
SO°(1,2)*, we get an action ¢ of SO°(1,2)" on T2. Note that N™N K = SO(2) U j;SO(2),
hence ¢ is a T2-basic action. It is immediate that starting with two analytically isomorphic

G actions will result in analytically isomorphic T2-basic action of SO°(1,2)" on T=.

Remark 13. Schneider, in [13], classified SLy(R) actions on T?. Fix a Borel subgroup % of
SLy(R) and an infinitesimal generator, say «, of the diagonal subgroup. Then, the SLy(R)
actions come down to a 1-dimensional, closed submanifold W of T? and an action of ¥ on
W. Furthermore,

T? ~ SLy(R) x5 W

and the action is the left SLy(R) action on SLy(R) x5 W (See [13, Theorem 1]). Two such
actions of SLo(R) are isomorphic, if the vector fields on W generated by a € sly(R) are

isomorphic.

Here, SLy(R) x5 W is the quotient space of SLa(R) x W modulo the equivalence
relation

1

(:uvw> ~ (,U,-O',O'i *w>

where p € SLy(R),0 € ¥ and w € W.
Since SO°(1,2) is isomorphic to PSLy(R), by Schneider’s result the analytic actions
of SO°(1,2) on T? are also classified. Tt is also immediate that two analytic SO°(1,2)"

actions on T? are isomorphic if and only if the restricted SO°(1,2) actions are isomorphic
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via an isomorphism that commutes with jj.

6.1.2 Case 2: G actions on P! x §?

Suppose we have a G action on SP~! x S? extending the standard K action. We will

see that such an action corresponds to a special type of SO°(1,2) actions on S2.

Definition 6.1.2. Assume ¢ is an analytic SO°(1,2) action on S*. We will say that ¢ is

an S%-basic action if:

« the action of SO(2) on S? is rotation with respect to the z-axis.
o ¢ has one closed circle orbit and no fixed points.

For a G action on P! x S? like above, the fixed point set, .%, of H is

F = {:I:el} X 82

Let

F = {e1} x S

and %, be the other connected component of .%. We note that the action of N on .%; is

determined by the action of N on .#; by the equation

nx (J1xv) = 1 (Janja) x v

forn € N, v € .%,. By Lemma 6.0.1, there exists a function f : .# — RP? and if we
denote the restricted action of the subgroup N* on .% by ¢4, then the pair (¢y, f) satisfy
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properties (B1)-(B2). Let . = f~Y(Z), where Z = {[a :b:c]€RP?:c= O} C RP% As
in Remark 12, it can be shown that .¥ is a closed, one dimensional submanifold of .7,
which is transverse to the SO(2) orbits. By the last condition, the points (e;, £¢;) are in
&, since they are fixed by SO(2). Therefore there exists a connected component, ., of .
such that .7 C .%#;. Hence, .#] is a one dimensional closed submanifold of .%;, transverse
to the SO(2) orbits. Now, f # [0 : 1 : 0] since there are no SO(p) fixed points in the kind of
G actions considered in this section. Hence, the flow, @y that the action of .Z(p,2) induces
on .¥ has two fixed points, otherwise j, would have more than two fixed points, which
is impossible for an involution on a one dimensional closed submanifold. Since the points
(e1,£ep) are in &, % is the union of the @y orbits of these points, and the fixed points.
Note that j, must map the fixed points of ®y to each other, since jo * Pg(z) = P_y(j2 * 2)
for z € . Hence, on %, SO°(1,2) has one closed orbit, namely the orbit of the fixed

points of &, on ..

Now, let ¢ be the restricted N action on .%; and identify .%; with S? in the obvious
way. Recall that N is isomorphic to SO°(1,2) and that N N K = SO(2). Then, it is

immediate that we get an action ¢ of SO°(1,2) on S* which is an S*-basic action.

Remark 14. Recall that SO°(1, 2) is isomorphic to PSLy(R) and hence covered by SLa(R).
The analytic SLy(R) actions on S* are classified in [13], by the number of closed orbits and
the normal invariant at each closed orbit, see [13, Theorem 6]. Therefore, also the SO°(1,2)
on S? are classified. The normal invariant would be equal to the Jacobian of ®4 at a fixed

point on .77, in the setting above.
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6.1.3 Case 3: G actions on SP*!

Finally, we consider G actions on SP*! extending the standard K action, namely the

actions studied in [17]. Here, the fixed point set of H is

F={aei+Bep1+vep 1 2+ B+ =1~ S?

Recall SO°(1,2)" from Definition 6.6.

Definition 6.1.3. Let ¢ be an analytic SO°(1,2)* action on S*. We will say that ¢ is an

(S?)*-basic action if:

o j! acts on S? as the reflection with respect to the xy-plane.
« SO(2) acts on S? as rotations with respect to the z-axis.
e ¢ has two closed circle orbit and no fixed points.

Suppose we have a G action on S extending the standard K action. Similar to
Case 2, via the isomorphism N* ~ SO°(1,2)* and the obvious identification of .% with S?,
it can be shown that to the G action corresponds an (S*)*-basic action ¢ of SO°(1,2)" on

S?.

Remark 15. Two (S?)*-basic actions are analytically isomorphic if and only if the re-
stricted SO°(1,2) actions are analytically isomorphic via an isomorphism that commutes
with ji. We also note again that SO°(1,2) is isomorphic to PSLy(R) and hence covered by

SLy(R) and the analytic SLy(R) actions on S are classified in [13].
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6.2 Construction of SO°(p, 2) actions

In this section we construct SO°(p,2) actions on SP™' SP x S' and SP~! x S? that
extend the standard K action in each case. We are going to use the following two lemmas.
Uchida shows the following results in the case of smooth actions of G' on the sphere SP**
whose restricted K action is the standard orthogonal one. However, the arguments and
techniques of Chapter 2 can be applied to prove them in the analytic setting, see also

Appendix D.

Lemma 6.2.1. Let M be SP™', SP xS, or SP7' x S%. Assume K acts on M in the standard

way in each case and let .F be the fixed point set of H. Suppose:

(B1) ¢ is an analytic action of N* on %, such that the restricted action of NT (K is the

restriction of the standard action of K.

(B2) f is a function from .F — RP*, which is N*-equivariant and satisfies: Nt NU°(Y) C
Ny

Here, RP* is seen as a N*-space, via the identification N ~ SO°(1,2) and by defining the

action of j1 by jila :b:c] =[—a:b:c|. For the definition of U°(Y') see (6.1). Then, there

exists an analytic G action on M extending the standard K action such that the restricted

N7 action on F is ¢ and [ is exactly the function from Remark 11 for this G action.

Lemma 6.2.2. Let M be SP™', SP x S', or SP™' x S%. Let .F be the fized point set of H and
suppose . is a connected, one dimensional submanifold of # which is j, and jy invariant

in the case M = SP™' j; invariant in the case M = SP x S, and j, invariant in the case
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M = SP7! x S*. Assume further that in any case ./ is transverse to each SO(2)-orbit.
Consider # = {[a bl ERP*:c= 0} and let p : & — RP' be the obvious isomorphism.
Suppose @y is an analytic flow on & and fy : ¥ — RP' an analytic function such that

they satisfy
(1) Jix Do(z) = Pp(ji x 2) (i=1,2)
(i) fo(z) =la:b] = fo(ji*z)=[a: —b] (i=1,2)
(i) fo(2) = [a: b] = fo (Ds(2)) = [a cosh(0) + bsinh(0) : a sinh(0) + b cosh(0)]
(V) folz) =[0:1] @ jixz=2 and fo(z)=[1:0] < jokz =2

Define an action ¢ of Nt on F in the following way: letn € Nt and Z € % . There exist
ki € SO2) and Y € .7 such that ky xY = Z. We then have nky = jin', where 0 =0 or 1
andn' € N. Write

n=*km(0)u

with k € SO(2), 0 € R, and u € Hfj, N N, according to (6.5). Then define
nxZ :=k*x®dy(Y)
Finally, define a function f : F — RP* by
flkxz)=kx(p~ o fo(2)) (6.8)

for k € SO(2) and z € #. Then, ¢ is an analytic action of Nt on F, f is analytic, and
¢ and f satisfy conditions (B1)-(B2) in Remark 12.
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Remark 16. Let M be as in the lemmas above and suppose we have a pair (¢, f) as in
Lemma 6.2.1. By that lemma we get a G action on M extending the standard K action.
By Remark 12, we get a pair (¢', f’). Then, ¢’ = ¢ and f' = f. And conversely, starting
from a G action on M, we get a pair (¢, f) satisfying (B1)-(B2), and the G action coming
from Lemma 6.2.1 is the one we started with. The same property holds for G actions on

M extedning the standard K action and triplets (.7, @y, fo) as in Lemma 6.2.2.

In the constructions below we will have an action of N* on .# and our goal will be
to apply Lemma 6.2.1 in order to get an action of GG. To use that lemma we will need to
construct the function f. To that end, we will find in every case a submanifold . and

construct a function fy, as in Lemma 6.2.2 so that we can apply Lemma 6.2.2.

6.2.1 (p,2)-basic construction (I)

Here, we show how from a T?basic action of SO°(1,2)* on T? = S' x S' we can
construct an action of G on S” x S' extending the standard K action. Note that, for the

standard K action the fixed point set of H is
F = {a61+66p+1:a2+62:1} x S!

Let ¢; be a T?-basic action of SO°(1,2)" on T?, see Definition 6.1.1. Consider the

function 7 : S' — S? defined by

(z,y) = zer +yepn
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Then,

p=7x1d:T* = .% (6.9)

is an analytic isomorphism. Via the isomorphism v, we get an action ¢, of SO°(1,2)" on

Z defined by the equation

ng(TL, ¢(p)) = ,4/} (gbl (nap))

for p € T? and n € SO°(1,2)". Note that, since ¢; is a T?-basic action, ¢, has two closed
orbits of the form {¢} x S' and {j} « ¢} x S', for some ( = ae; + fBepy1 # Fepi1, with
o+ pr=1.

Claim 1: There exist 2y € {e,1} xS" and 2} € {—e,41} xS such that their isotropy
1

Lie algebras with respect to ¢, are generated by the element X, = 0 € s0(1,2).

Claim 2: As 6 — 0o, my*zy approaches a fixed point of .Z(1, 2) in a closed ¢o-orbit.
As 6 — —o0, mg * zp approaches a fixed point of .Z(1,2) in the other closed ¢9-orbit. The
same thing holds for mg * 2.

Claims 1 and 2 are proved in Appendix C. Let ., be the .# (1, 2)-orbit of 2z, namely

yo = {m(@) * Zo}

By Claim 2, .%, comprises .% and two fixed points of .# (1,2), one in each closed ¢q9-orbit.

Moreover, by a slight variation of the proof of Lemma C.0.3 in Appendix C, it is easy to
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see that .7 is transverse to the SO(2)-orbits. Let

o = {m(0) * 2}

By Claim 2, as § — 400, m(0) x z{, converges to a fixed point of .#(1,2) in one of the
closed orbits. We can assume that this point is in the closure of .. If it is not, we just
consider js % 2, instead of z{, which is easily seen to also satisfy Claims 1 and 2. Note that
in the closed orbits, j5 interchanges the two fixed points of .Z(1,2). By the j| invariance
of .75, as  — —oo, m(f) * 2, converges to the point in the intersection of the other closed

¢o-orbit and the closure of .#). Finally, let

S =S UL (6.10)

It can be shown that .7 is an analytic submanifold by using the local form of the infinitesi-
mal generators of the induced SLy(R) action around the .#(1,2) fixed points, see [13, The-
orem 2|. The action of .Z(1,2) on .# induces an analytic flow ®y. The Jacobian of ®, at
the fixed points is non zero, see [13, Proposition 6.1]. Since .# is a closed, one dimensional

manifold, one of the fixed points of ®y is attracting and the other is repelling. We also

define a function f; : .¥ — RP! by
e fo(z0) :=1[0:1] and fo(z)) :=1[0: 1].
o fo(Py(z)) := [tanh (0) : 1], for § € R and z = z; or z.

e fo(z1) :==[1: 1] and fo(z2) := [1 : —1], where z1, respectively z,, is the attracting,
respectively repelling, fixed points of ®g.
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By a proof similar to that of Lemma 2.2.2, it can be shown that f; is analytic and that .%,
®y, and fj satisfy the hypotheses of Lemma 6.2.2. Therefore, applying that lemma, we get
a pair (¢, f) of an analytic N* action, ¢, on .# and an analytic function f : .# — RP?
satisfying relations (B1)-(B2). Then, by Lemma 6.2.1 we obtain an analytic G action on
SP x S' extending the standard K action. We will refer to such actions as actions from the
(p, 2)-basic construction (I). We note also, that since N* and SO°(1,2)* are isomorphic, ¢

induces an action of SO°(1,2)" on .%. That action, by Remark 16, is ¢s.

Theorem 6.2.1. Let p > 3. Two analytic SO°(p,2) actions on SP x S' from the (p,2)-
basic construction (1) are analytically isomorphic if and only if the corresponding T?-basic

actions of SO°(1,2)" on T?, see Definitions 6.6 and 6.1.1, are analytically isomorphic.

Proof. The only if part is easy. For the other implication, let

3’:{0461+66p+1:0z2+62:1}x31

be the fixed point set of H. For an analytic SO°(p,2) action on S” x S' from the (p, 2)-
basic construction (I), by Remark 12, we get a pair (¢!, fs1) of an analytic NT-action
on Z and an analytic function fs : . — RP? satisfying (B1)-(B2), as well as a triplet
(1, @), f1) of a closed one dimensional submanifold ! C #, a flow ®} on !, and a
function fl : .#' — RP'. Suppose we have a second SO°(p,2) action on S” x S' from
the (p, 2)-basic construction (I), to which similarly correspond a pair (¢?, f,2) and a triplet
(2, @2, f2). Assume that the corresponding T?-basic actions of SO°(1,2)* on T?, say ¢}
and ¢}, are isomorphic. Identifying T? with .# via the function ¥ of (6.9), we get two
actions of SO°(1,2)* on .# which are isomorphic. Finally, since SO°(1,2)" is isomorphic
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to N*, we get two NT-actions, ¢] and ¢, which are isomorphic. However, note that by
Remark 16, ¢! = ¢, and ¢4 = ¢,.

Hence, ¢ and ¢ are isomorphic. Let ¢’ be the isomorphism between them. Namely,
V' F — F is an analytic isomorphism such that, ¥’ (¢](n,p)) = ¢4 (n,¢'(p)), forn € N*
and p € Z. Then /(') = .2 and the flows ®, and ®7 are isomorphic. Then, as in the

proof of Theorem 2.1.1 in Section 2.6, it can be shown that

food' =1fa

Since ! and .#% are transverse to every SO(2) orbit, and ¢/, fs, and fz are SO(2)
equivariant, fg, respectively fy2, is determined by f;, respectively f&. See also (6.8).

Therefore,
fez o = fo
The proof then concludes similarly to the proof of Theorem 2.1.1 O]

We note again, see Remark 13, that analytic SLy(IR) action on T? are classified in [13],
therefore, since SO°(1,2) ~ PSLy(R), the SO°(1,2) actions on T? are classified. Two
SO°(1,2)* are analytically isomorphic if and only if the restricted SO°(1,2) are isomorphic

via an isomorphism that commutes with the action of j;.

6.2.2 (p,2)-basic construction (II)

Let ¢; be an S*-basic action of SO°(1,2) on S?, see Definition 6.1.2. We will show

how to construct an SO°(p,2) action on SP~* x S? extending the standard K action starting
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from ¢. Let

F = {+e,} x $*

be the fixed point set of H in the standard K action on S*~! x S? and .#; = {e;} x S?,

Fy = {—e1} x S Let pry : P71 x S? — S? be the projection to the second factor, and

Then, ¥ : S* — .%; is an analytic isomorphism and via 1, we get an analytic action, ¢, of
SO°(1,2) on .#;. Consider the points (e, +e3) € .#; which are fixed by SO(2) and let .7
be the union of the closures of their orbits under the action of .#(1,2). Recall that SLy(R)
covers SO°(1,2) ~ PSLy(R) and hence, ¢; induces an SLy(R) action on .#; ~ S*>. By
Schneider’s description of the SLy(R) actions in [13], .# is a one dimensional submanifold
which is transverse to each SO(2)-orbit. It is also easy to see that . is jo-invariant. The
action of .#(1,2) < SO°(1,2) induces a flow ®y on .#. Since ¢; is an S*-basic action, ¢,
has only one closed orbit on .%;, and therefore ®y has two fixed points, see [13, p. 521].

Define a function f, : ¥ — RP! by
« Joler, £e3) :=[1:0]
o fo(Pp(z)) :=[tanh (0) : 1], for zy = (ey,€3) or (e1, —€3)
e fo(z1) :==[1: 1] and fo(z2) := [—1 : 1], where z, respectively z, is the attracting,
respectively repelling, fixed point of ®g.

As in Lemma 2.2.2, it can be shown the fy is analytic and similarly to the (p,2)-basic
construction (I), ., ®y, and fy satisfy the hypotheses of Lemma 6.2.2. Hence, we get
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an analytic pair (¢, f) of an N* action on .# and a function f : .# — RP? that satisfy
relations (B1)-(B2). Note that, since SO°(1,2) ~ N, the restriction of ¢ to N induces an
SO°(1,2) action on .#;. That action is exactly ¢, see Remark 16. Using the pair (¢, f)
and similar arguments as in Chapter 2, we get an analytic action of SO°(p,2) on SP~! x S?

extending the standard K action.

Theorem 6.2.2. Let p > 3. Two analytic SO°(p,2) actions on SP~' x S* from the (p,2)-
basic construction (11) are analytically isomorphic if and only if the corresponding S%-basic

actions of SO°(1,2) actions on S, see Definition 6.1.2, are isomorphic.

The proof is similar to that of Theorem 6.2.1. We note again, that the SO°(1,2)

actions on S? are classified by the results in [13], see Remark 14.

6.2.3 (p,2)-basic construction (III)

Let ¢; be an (S*)*-basic action of SO°(1,2)" on S, see Definition 6.1.3. Starting
from ¢, we will construct an SO°(p,2) action on SP*! extending the standard K action.
The are the kind of actions Uchida studied in [17] in the smooth setting. In the standard

K action, the fixed point set of H is

F={aei+Bep1+vep : &+ B2 +E =1}

Let ¢ : S* — % be defined by

(er +Bepn +yes) = aer+Bepn +yepn
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Then, 1 is an analytic isomorphism. Via 1), we get an action, ¢q, of SO°(1,2)" on .Z. Let
1 be the . (1,2)-orbit of the point e; € .Z. It is easy to see that .7 is jo-invariant since
ey is fixed by jo. Now, SLa(R) covers SO°(1,2) ~ PSLy(R) and hence, we get an SLy(R)
action on .#; ~ S? induced by ¢,. By Schneider’s description of the SLy(R) action on S?,

see [13], we can find a point z = ae,y; + Be,2 € S* such that

O 2= L () xen

for m(0) € #(1,2). Let . be the .#(1,2)-orbit of z. Finally, consider

y:ylLJ]{(yl)UyQUjQ(yQ)

Then, .7 is a one dimensional submanifold of S?, it is j; and j,-invariant, and it is transverse
to each SO(2)-orbit, see [13]. The action of .Z(1,2) on . induces an analytic flow, ®y,
on . . Since ¢; is an (Sz)Jr—basic action, ¢y has two closed orbits in .% and hence, ®y has

four fixed points on .7, see also [13]. Then, we can define a function f; : .# — RP! by
e fo(er) :==1[1:0], fo(z) :==1[0:1],and f(jaxz):=1[0:1]

e fo(®g(er)) := [cosh(0) : sinh(B)] , fo(Pe(z)) := [sinh(h) : cosh(f)] and in the rest of

7 fois defined so that it satisfies jj *Py(2) = P _p(j; x2) and jo* DPy(z) = P_y(ja2*2)

e fo(C) :=[1:1], respectively [1 : —1], if ( € . is an attracting, respectively repelling,

fixed point of Py.
Similarly to Lemma 2.2.2, it can be shown the f; is analytic. Consequently, analo-
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gously to the (p,2)-basic construction (I), .7, ®y, and f; satisfy the hypotheses of Lemma
6.2.2, which gives an analytic pair (¢, f) of an N* action on .%# and a function f : .# — RP?
that satisfy relations (B1)-(B2). Note that, since SO°(1,2) and N are isomorphic, ¢ induces
an SO°(1,2) action on .#. That action is ¢9, see also Remark 16. Using the pair (¢, f) and
analogous arguments as in Chapter 2, we get an analytic action of SO°(p,2) on SP~! x S?
extending the standard K action. The following theorem strengthens [17, Theorem 4.12]

in the analytic setting.

Theorem 6.2.3. (See also [17, Theorem 4.12]) Let p > 3. Analytic SO°(p,2) actions on
SP*H from the (p,2)-basic construction (I11) are analytically isomorphic if and only if the
corresponding (82)+—ba5ic actions of SO°(1,2)* actions on S*, see (6.6) and Definition

6.1.3, are isomorphic.

The proof is similar to that of Theorem 6.2.1. We note, that the SO°(1,2)* actions

on S* are classified by the results in [13], see Remark 15.

6.3 Classification

Theorem 6.3.1. Suppose SO°(p,2), p > 3, acts analytically on a closed, connected mani-
fold M of dimension p+ 1. Consider SO(p) ~ SO(p) x {1} < SO(p) x SO(2) < SO°(p, 2)

and SO(2) similarly. For p > 3, we have:

e If only SO(p) has a fived point, then M is equivariantly covered by SP x S', where
the action of SO°(p,2) on SP x S' is one from the (p,2)-basic construction (1), see

Section 6.2.1.
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e If only SO(2) has a fized point, then M is equivariantly covered by SP~* x S?, where
the action of SO°(p,2) on SP~! x S? is one from the (p,2)-basic construction (I1), see

Section 6.2.2.

e If both SO(p) and SO(2) have a fized point, then M is equivariantly covered by SPT™,
where the action of SO°(p,2) on SP™ is one from the (p,2)-basic construction (III),

see Section 6.2.3.

e If neither SO(p) nor SO(2) have a fized point, then M is equivariantly covered by
SO°(p,2) xp St with the left SO°(p,2) action, where P < SO°(p,2) is a maximal
parabolic subgroup isomorphic to the stabiliser of an isotropic line in the standard
representation of SO°(p,2) on RP™2. If P = MpApNp is a Langlands decomposition

of P, P acts on S' by a flow via Ap, see (4.1).

For SO°(3,2), the above applies if the action is not transitive and covered by SO°(3, 2)/Pmin,

where Ppi < SO°(3,2) is a minimal parabolic subgroup.

Proof. Suppose G = SO°(p, 2) acts analytically on a manifold M of dimension p+ 1. In the
case of SO°(3,2) the homogeneous space SO°(3, 2) / Pin, where P, is a minimal parabolic
subgroup of SO°(3,2) has dimension 4 = p+ 1. So, suppose that either p > 3 or in the case
of p = 3 that the action is not covered by SO°(3,2) / Pin. Then, the methods of Chapter
3 can be used to show that the fixed point set of H, .#, is non-empty and 2-dimensional.
We will split the proof in three cases depending on the existence of fixed points of SO(p)
or SO(2).

Similarly to Remark 12, from this action of G we get the restricted action, ¢, of
N7 on .Z and a function f; : . # — RP? by Lemma 6.0.1. Additionally, ¢; and f; satisfy
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properties (B1)-(B2) from Remark 12, see [17]. Let Z = {[a : b: c] € RP? : ¢ = 0} C RP?
and consider S = f; (%) C 7.

Case I: Suppose that SO(p) has a fixed point and that SO(2) does not have any fixed
points. Since N < G acts on %, and N ~ PSLy(R), see the beginning of this chapter,
SLy(R) also acts on .#. However, SO(2) does not have fixed points, hence by [13], .# has

to be diffeomorphic to a torus. As in Section 4.2, we can find an analytic isomorphism

p:S =S st oj=ji00

where j; acts on S' by reflection with respect to the y-axis. Suppose the image of 1 is the

first factor of T? = S' x S'. Then, define:

RgZ — R9¢(2)

for 2 € S and Ry € SO(2), where SO(2) acts on the second factor of T? in the standard

way. Recall that S is transverse to all the SO(2) orbits. Now, if we identify T? with the set

A

fz{ael—l—ﬂeerl:aQqLBQ:l}XSl

in the obvious way, then, via ¥ and (¢4, f1), we get a pair (¢, f) of an analytic N™ action on

# and an analytic function f : .# — RP? satisfying (B1)-(B2) of Lemma 6.2.1and hence

114



an analytic action of G on SP x S' that extends the standard K action. Note that this
is an action from the basic construction corresponding to ¢’, where ¢’ is T?-basic action
of SO°(1,2)™ on T? induced by ¥ and the isomorphism between N* and SO°(1,2)", see

(6.7). For p € S” x S', there exist k € K and Y € Z such that k+Y = p. Then, we define

F:PxS'— M

kxY s kxU(Y)

As in Section 4.2 it can be shown that all the resulting maps are analytic and F' is a covering
map.

Case II: In the case that neither SO(p) nor SO(g) has a fixed point, looking at
S C # we get that

fil =[1:+£1:0]
J

where J C S is a nontrivial open subset. Without loss of generality, we may assume that

the value of f; on Jis (1:1:0). Since, f is analytic,

fil =[1:1:0]
J

That means that the isotropy group of every point on S is contained in or equal to P,
where P < @ is a maximal parabolic. As in Section 4.1, it can be shown that such an
action is covered by an associated bundle G x p S'. Note that the absence of SO(p) and
SO(2) fixed points is equivalent to the existence of a nullcone orbit.

Case III: Now, suppose that SO(2) has a fixed point. Recall that via N ~ PSLy(R),
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SLy(R) also acts on .. According to Schneider’s results, the connected components of %
are diffeomorphic to either RP? or S*, see [13]. Suppose a component is diffeomorphic to
RP?, in particular [13, Section 4, Corollary], and denote this component by .%;. Assume
that j; does not preserve this component. By Schneider’s description of the SLy(R) actions
on RP?, there exists an action of SLy(R) and hence an action, @5, of N on S? that covers
the action ¢, of N on .%; equivariantly. Let 7 : S* — .%; be that N-equivariant covering

map. Let p; be the obvious inclusion

pr:S* = {e)} x S?

Via p1, ¢ induces an action ¢’ of N on {e;} xS? C S~ x S%. Now, on {—e;} x S? consider
the action of N defined by

n* (j1v) = j1 (Jonjs * v)

forn € N and v € {e;} x S*. Then, {—e;} x S* covers N-equivariantly the component

41 (Z1) and we get an action ¢ of N* on {#e;} x S, extending ¢'. Now, let

f2 : {:*:61} X 82 — RPQ

be defined by fo = fiomop;' on {e;} x S> and by fo = fiomop; o on {—e } x S2.
Then, ¢ and f, satisfy (B1)-(B2) of Lemma 6.2.1. As in Section 4.2 it can be shown that
there exists a G action on SP~' x S? from the (p, 2)-basic construction (II), which covers
the action on M, G-equivariantly. A similar argument applies when the component of .%#

is diffeomorphic to S* and j; does not preserve this component.

116



Now, suppose again that a component of .Z is diffeomorphic to RP? and denote this
component by %1, but now we assume that j; preserves .%;. Now, S is a 1-dimensional
closed submanifold of .%#;. Let Sy be a connected component of S which contains a fixed
point of SO(2), say Y. We claim that j; preserves Sy. Indeed, otherwise j;Y would also
be an SO(2) fixed point and there would be at least two points fixed by SO(2). But that is
impossible for an SLy(R) action on RP?, see [13]. Therefore 5, acts on Sy. Note that, being
an involution on a manifold diffeomorphic to S', j; has either none or two fixed points.
Let Y € %, be the fixed point of SO(2). Since j; commutes with SO(2) in G, 7Y is also
fixed by SO(2) and hence it must equal Y. So, j; has at least one fixed point on Sy and

therefore it has exactly two. Suppose j; acts on RP! by

Jixla:b =]—a: Db

A slight variation in the proof of Lemma 4.2.1 shows that there exists an analytic
isomorphism

Y RP' = S,

which is j, equivariant. Define an action of .# (p,2) on RP* by

m(0) 9~ (@) == &7 (m(0) * x)

and a function f, : RP' — RP! by

Ja = fiov
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Imposing SO(2)-equivariance, we can extend 1 to a map 0,

U RP? =

and using f, and the action of .#Z(p,2) we can define an action ¢ of N* on RP2. The
proofs are completely analogous to the arguments in Chapter 2, using (6.2). Then, IZJ is
NT-equivariant.

Now, as before we can find an action, ¢', of N on S? such that it covers the N action

(;AS on RP?. On S? we consider the action of j; by

Jix(aey +bey+ce3z) = —ae; +bey+ ces

Then the projection to RP? is also j; equivariant. Composing with g@, we get a covering

map

which is NT-equivariant. Composing this map with f;, we get a map

fi=fio1:S* — RP?

Let

ﬁZ{ae1+5ep+1+7€p+1 : 042+52+72:1}§Sp+1
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and let ps : S — .Z be the isomorphism defined by

pa(aer + Bepr+vyes) =aer + Beyn +yep

Then, via p, we get an action, ¢, of Nt on ZF . Finally, consider the function

f="fyop;!

As in the first part of Case III, (¢, f) satisfy relations (B1)-(B2) from Lemma 6.2.1, and
therefore, there exists a G action on SP™' from the (p,2)-basic construction (III), such
that SP™! equivariantly covers M. Similar arguments apply when the component of .Z is

diffeomorphic to S? and j; preserves this component. n
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Appendix A: Hitchin’s equivalence of vector fields on the circle

Suppose X, Y are two vector fields on the circle S C R2, such that

X analytic
e X has a finite number of zeros, each of finite order

o If we assume S' = {(a,8) € R? : a® + 2 = 1} and J; is the reflection (o, ) —

(—a, ), then DJy(X,) = =X, forp € S'. In particular, X, = 0 implies Xy =0
e (0,+£1) are not zeros of X

and similarly for Y. Examples of such vectors fields are the ones induced by basic J;-flows,
see Definition 2.0.1.

In [7], Hitchin classified smooth vector fields on the circle that vanish only up to finite
order. Since here we are interested in analytic vector fields, we will focus only on those.
As it can be easily inferred from that paper, two analytic vector fields are isomorphic, i.e.
there exists an analytic isomorphism, W, of the circle such that X and Y are W-related, if
and only if they have the same set of invariants as defined in [7]. Let 01 be a basic vector
field of S' and for an analytic vector field X on S', write X = g-dq, where g is an analytic

function on S'. The invariant introduced in [7] for X are the following:

e The number of zeros of X, in some counter-clockwise order.
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o The order of vanishing of g at each zero.

e A numerical invariant for each zero, called residue. In the case of a simple zero

2o € S', the residue is just the action of the dual form or equivalently, the number
1/9'(#0).

o A numerical global invariant . In the case that X is non vanishing, u is just the
integral / 1 /g. If X has zeros in S', then p is defined using complex integration
S

methods around those zeros.

« An orientation o € {£1}, depending on whether on the arc between the first and

second zero the orientation that X induces is the same or the opposite of that of S*.

Suppose X and Y have the same set of invariants. The construction of the isomor-
phism W in [7] proceeds along the following lines: Based on the local invariants and the
orientation, the zeros of X correspond to zeros of Y. Starting from the first zero of X after
(0,1) in counter-clockwise order, there is a diffeomorphism, in fact analytic isomorphism,
between a neighbourhood of that zero and a neighbourhood of the corresponding zero of Y,
giving an equivalence between X and Y. Subsequently, this diffeomorphism on the whole
arc between the first and second zero and up to a neighbourhood of the second zero. Then,
this process is repeated for the second and third zeros etc.

Assume that the diffeomorphism, ¥, has been constructed from a neighbourhood of
the first zero after (0, 1) up to a neighbourhood of the last zero before (0, —1). We would like
the diffeomorphism constructed eventually, call it again ¥, to satisfy W o J; = J; o W. Call
the last zero of X before (0,—1), z1 and the first one after (0, —1), xo. Then, xo = J;(z1).
Assume 1) is the local diffeomorphism at x; that was used in the construction of ¥. Namely,
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Y1 : U — V, with U neighbourhood of x; and V' a neighbourhood of the corresponding
zero of Y, say y;, and such that (¢).(X) =Y and also ¥ L= .

In Hitchin’s construction of ¥, the diffeomorphism is first extended to the arc between
two zeros, and then the local diffeomorphism at the latter zero is chosen so that it is
compatible with . Since we would like ¥ to satisfy ¥ o J; = J; o U, we will first choose
the local diffeomorphism at x5 and then show that the extension of ¥ is compatible. As

the local diffeomorphism at x5, we choose
7702 =J 01/11 oJ;: Jl(U) — Jl(V)

Now, J; is a diffeomorphism around z1, so J;(U) is a neighbourhood of x5 and similarly
for J1 (V). We need to check that (¢9).(X) =Y. For a point p € J;(U), we have p = J;(p)

for some p € U. Then:

(Dth2)p(Xp) = DJy o Dy 0 DI (X5, 5))
=DJjo Dw1< — Xﬁ> (by our assumptions on X)
= —DJl(le(m)
= Y00 )

= sz (»)

Now, following [7], if X = gx - 01, where 0; is the basic vector field of the circle,
1 n "
consider the metric —QdacQ on (x; : x9), where by (x; : x2) we mean the arc from z; to xo
Ix

in counter-clockwise order. Similarly for Y and (i ?yg), where (y; : y2) is the arc that
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corresponds to (x; Axg) Let p € (x; A x9) where 1)y is defined and extend ¥ on (z Axg) by
U = expy, () 0D 0 exp;1

We need to show that this extension agrees with 15 on their common domain. Note that,
on their common domain, ¥ and ), are orientation preserving isometries, so they differ by
a constant. Therefore, it suffices to show that they agree at a point. We will show they

agree on Ji(p). Also note that since they are isometries, J; satisfies:
expy, () 0D J1 0 exp;1 oJi(p) =p

while ¢, and ), satisfy:

XDy, (31 (p)) ODV2 = 11 © XDy, )

So, we want:

U(Ji(p) = 2N (p)
& expy, ) ° D1 o exp, ! (J1(p)) = J1(¢1 (p)>

& Jyoexpy, ) oDYr o expgl(Jl(p)) = 1(p)
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We have:

expy, ) ©DJ1 0 exp, ! oJi(p) = p
=)y 0 expy, ,y ©DJ1 o exp, ' oJi(p) = Y1 (p)
= €XPyyol, (p) O DY2 0 DJy 0 engl(Jl(P)) = Y1(p)
= XDy, (4 (p) ©DPJ1 0 Dy 0 expgl(h(p)) = 1(p)

=J1 0 expy, ) 0Dy 0 exp, (Ji(p)) = ¥1(p)

Therefore, ¥

I 9. Moreover, by the same argument, since \I/(Jl(p)> =
\P(Jl(p)), we get that

\I/OleJlo\If

~

on (xy : xa).

Then, for the next zeros of X after x5, ¥ can be extended by defining it to be equal to
JioWolJ;. A similar calculation will hold when V¥ is defined between the two zeros before
and after (1,0). As a result, we get a diffeomorphism ¥ : S* — S! such that (¥).(X) =Y

andJlo\I/:\IfoJl.

In the presence of two reflections

Now, let Jy : S' — S! be the map (o, 3) — (o, —f3). For a vector field X, we assume
it satisfies the same conditions as before, in addition to
e DJi(X,)=—Xy,p), fori=1,2and p €S
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e (£1,0) are not zeros of X

We assume the same things about Y. Suppose an isomorphism between X and Y has been
constructed from a neighbourhood of the first zero of X after (0,1), always in counter-
clockwise order, up to a neighbourhood of the last zero before (0, 1). By a similar calculation
like above, we can extend the isomorphism, say ¥, to the second quadrant in a way that it

commutes with J,. Namely, it satisfies

\IIOJQZJQO\I[

on a subset of the upper semicircle. Now, using what was shown above, we get an isomor-
phism U : S' — S such that

‘FIVJOJ1:J10{IV/

and ¥ extends U. We do not know yet whether the same is true for J,. However, both
Vo J, and J; o W are analytic isomorphisms and there is a neighbourhood around the first
zero of X after (1,0) in counter-clockwise direction where these two function are equal. By
their analyticity, we get that:

\I’OJQIJQO\I/
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Appendix B: Analyticity of the actions in the basic construction

Following a similar approach as in [16], we will show analyticity of the action defined
in (2.6) by writing G x (S” X Sq_l) as a union of three open sets and showing that the
action map is analytic when restricted to any of them. Two of these open sets are going
to be G times the G-orbit of the two fixed points of SO(p), namely (£e, 1, ¢€1), while the
third one will be an open set that accounts for the closed G-orbits in SP x S971.

Let @ be the orbit of (e,+1, €1) under the action defined in (2.6).
Proposition B.0.1. The G action defined in (2.6) is analytic on O.

In order to prove the proposition, we will define a G-equivariant, analytic isomorphism
from & to O, where 0 is the orbit of e,;; under the standard projective G action on
SPta—1 which we see as a subset of RPT? with its standard basis; we will however rename
the standard basis as {eq,--¢e,, €1, ,€,}. We will break the proof of the proposition in

a series of lemmas.

x
For z € R? and y € R?, we write x & y for the vector € RP*4, Note that

O'={z@y e SR @RI : ||lz| < ||y|}

Recall ¥ = {(ozel + Bepi1,€1) 1 a2+ 2 = 1} C 8P x S77'. Let .# be the intersection of .¥
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and ¢, namely

I = {®9(6p+1761) 10 € ]R}

By property (A3) of Remark 5, f is an analytic isomorphism between .# and (—1,1). Recall

that f(ep+1,€1) = 0. We can assume that

f>0on{z€e .7 :z=(ae1+ B.epi1,€1) with o, > 0} (B.1)

Vo
For (v,w) € O, we write v as v = , with vy € R? and v,4; € R. Define a function

Up+1

F:0 — BY(0) x S9! by

f(Hvo\|61+vp+1€p+17€1

ool voBw ifvF# ey

F(v,w) =

0D w ifv=-eyn

where BY(0) is the unit open ball in R? centered at 0. Define ¢ : & — & by

(v, w) = ([[voller + vpraepr; 1)

so that F(v,w) = (Wvg ® w).

Lemma B.0.1. The function F : 0 — BY(0) x S is analytic.

Proof. It is easy to see that F' analytic at any point with v # ey, since f is analytic.
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Around (epi1, €1), we parametrise . by

b :(=8,8) = ¥ (B2)

s (se; + V1 — s2epy1, €) (B.3)

for some 0 < 6 < 1 and ¥ C . a neighbourhood of (e,+1,€1). Set
f(s) = fo1= f(8€1 + \/1—782610“, 61) (B.4)

Then, f is an analytic function on (—4d,8). Moreover, f(0) = 0 and

f( —se1 + V1 — s%e,4q, 61) = f(jl(sel + V1 —s2e,41, 61))
= —f(sel + V1 —s%ey., 61)

by (A2). Hence, f(—s) = —f(s). Consider the function on (—4,4) defined by

i) s#0

f’(O),S:O

Since f is analytic and f(0) = 0, the function 4 is analytic, and it is an even function.
Smoothness of . suffices to give us the existence of a smooth function .57, defined around

0 such that
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See [3, Ch VIII, §14 , Problem 6]. In fact, S can actually be taken analytic. Indeed,
since . is analytic, there exists a power series centered at 0 that converges to J¢(s) for
s close to 0. However, . is an even function, which implies that all its derivatives of
the form 72"+ for n € N, are odd functions and so #?"*)(0) = 0. Therefore, all
the odd powers in the Taylor series of 77 around 0 vanish. Hence, there are real numbers
{ca, ¢4, ,Con, -} and 0 < &' < § such that for any |s| < &, the series Z Cons>" converges

n>1

to J(s). Now, consider the power series 3,5 ¢2,5". Then,

lim sup( {/|can|) = 1im_>Sllp ([ QM]Q)

n—oo
2
_ (limsup( 2 \czn\))

n—oo

1

lim Supn%oo( 2\n/ |62n|)

Hence, the series Y,~; c2,5" converges and defines an analytic function around 0. Then,

is the radius of convergence of 3,~; cans*".

which converges, since

we can take % to be defined by this series and by the uniqueness of Taylor series, we see
that 7 (s?) = A (s).
Now, the function v — JZ(||vg||?) is an analytic function around 0. Hence, the function

v — J(||vg]]) is an analytic function around 0. But

Consequently, the function
f (v, w))

v
lvoll

Vo

is analytic around v = ep41, which in turn implies that the function F is analytic around

129



(€p+17 61)' L

Subsequently, we define Fy : & — 0 by

v, W) = !
| \/1 + ({0, w))

Fo( F(v,w)

Lemma B.0.2. The function Fy : 0 — O is a G-equivariant, analytic isomorphism.

Proof. By Lemma B.0.1, Fj is analytic. Before we calculate its inverse, we show that Fj is

G-equivariant. Firstly, we show equivarience with respect to K. Let k = (k1, k) € K and

K
(v,w) € O. Recall k& = for k € SO(p); see (2.1). Then,

K1V
kx (v,w) = (K1, ko) * (v,w) = (R1v, Kow) = ( ,/‘igw)
Up+1
K1V
Now, ¢( a/’vzw> = (k1voller + vprrepia, €) = (lvoller + vpsrepr, 1) = (v, w) since
Up+1
k1 € SO(p). Therefore,
1
Fo ((/@1, Ka) * (v, w)) = (K1vg B Kow)
Y1 72(6((5 ) 5 (0,0)
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where the action in the right hand side of the last equality is the orthogonal action of K on
SPta=1 Therefore, we have K-equivarience. Now, we let § € R and write m/(6)x(ep41,€1) =

CI>e(€p+1, 61) = (04961 + 59€p+1, 61)- Then,

Fo(q)e(@ +1>€1)) = ! tanh(w’)aeel De
! 1+ tanh2(|0]) \ |l

Recall that f (®g(ep11,€1)) = tanh (6) by relation (A3) in Remark 5 in Chapter 2. If § > 0,

we have that f (®g(epi1,€1)) = tanh (#) > 0. Then ay > 0 by assumption (B.1) and so
tanh(|0]) tanh(6)

g1 —
|| o

age; = tanh(6)e;

On the other hand, if 8 < 0, then ay < 0 and then also

tanh(|0 tanh(—0
LMO[@@l = waeel = tanh(9)€1
|| —Q

Hence
1 <
1 + tanh?(|6])

Fy ((199(6p+1, 61)> = tanh (0)e; @ €1> (B.5)
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Computing now the action of m(6) on Fy(e,i1,€1) = €1, we get

cosh(#) sinh(#) cosh(#) sinh(#)
Ip—l ]p—l
€1 —
sinh(6) coshn(0) sinh(0) cosh(0) 1
Iq— 1 Iq—l
sinh(0)
cosh(6)

= sinh(f)e; @ cosh(f)e;

The Euclidean norm of sinh(6)e; @ cosh(f)e; is cosh(f)y/1 + tanh?(6). Hence,

m(0) * Fo(epi1,€1) = m(0) x €

1
= sinh(0)e; @ cosh(0)e;
cosh(6) 1+tanh2(9)< h(B)er & cosh(f) )

= ! (tanh(@)el ® 61)
1 + tanh?(0)

= Fo (Po(ep1€1)) (by (B.5))

= Fa(m(0) * (epi1,))

where the action in either side of the first equality is the projective action of G on SP™4~1,
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Now, we can show G-equivarience. Let g € G and, according to (2.5), write g = km/(0)u,

with u € U(ept1,€1) = Hjp,y), see (2.4). Note that then, u fixes Fy(epi1,€1). Then

Folg % (epi1, 1)) = Fo(km(6) * (e, 1))
= (km(6)) * Folepsr. )
= (km(6)) * e
= (km(6)u) x e,

=gx* F0(€p+1> 61)

Finally, we define the inverse of Fy. Let t®py € 01 = {x @ye St x| < HyH}
Recall that f restricted on .# = {Cbg(epH, €1):0¢€ R} is invertible. Let prgy : P x S771 —

S” be the projection to the first factor. Let f be the function

. ~1
f=prso(f],) (B.6)
Namely, if
flaer+ Bepir,6) =5
then
f(s) = e + B ept
Define

<f(H),e1>x
vz @y) = el and w(z @ y) = K

(F) )
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where (-,-) is the euclidean inner product in RF*!. Note that, for x &y € ' we have

z|| < and hence 0. Therefore, w is well defined and analytic on &'. Define
2]l < [yl .Y , y

F Iﬁlﬁﬁ

T®Y (v(x@y),w(x@y))

Suppose x # 0. Then, (f‘])il (%) = <a61+56p+1,61) with a > 0. Let Fy(z®y) = (v, w).

_ « _ _ 1
We have vy = T Ls Upt1 = g and w = TIER Then,

As a result,

1 ll=ll o 1
FO(U7w) = W (”ZHfoE S¥) Hy”y)
1+ g
1 1
_ Iyl ( v y)
lyll2 + )2 Ml Tyl

. ;(m@y)

[yl + ]|

But, 2z @y € ¢' € S ! and so ||y||> + ||z||*> = 1. Hence,
Fy(v,w) = Fy(F(zay) =2y (B.8)

If # = 0, then y € S9! Hence, v(0 ® y) = e,41 and w(0 & y) = y, by (B.7). Then,
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Fi(0®y) = (ept1,y). Since f(epi1,€1) = 0, by the definition of F' and Fj, we have

Fo(epr1,y) =0@y

Therefore,

Fy(Fi(02y) =0y (B.9)

As a result, by equations (B.8) and (B.9) we have that

for any v @y € €0'. Similarly, we can see that I} (Fo(v, w)) = (v,w) and so F} = Fy .

As for the analyticity of F; ', it follows easily at points with # # 0. In order to
<fA(H)7 61>

]

x and vy = (f(m),eﬁﬁ. Now, around

deal with the case x = 0, set vg = 9l

(ept1,€1) in ., we use the chart given by the inverse of ¢ from (B.2), namely

Y = (=6,6)

(sel + V1 —s?e,, el> =S

Consider the function

-1

W=yt (f],)

We note that &' = f~', see (B.4). Since f is an odd function, A’ is also an odd analytic
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function. In addition, A’(0) = 0. Then, the function

W(s)

S

S =

is an even, analytic function on (-4, ). Using the same argument as in the proof of Lemma

B.0.1, we conclude that the function

is an analytic function around 0 @y € &'. Hence vy is an analytic function. As for v,
around x = 0, it is equal to the function vy — /1 — v3. However, vy # 1 around z = 0 and

we just saw that it is analytic. Hence, v, is also analytic. O]

Proposition B.0.1 now follows from Lemma B.0.2. Similarly, it can be shown that the

G action restricted to the orbit of (—e,41, €;1) is analytic.

Now, let

er:{ZEy:f(z)>0}:{Z:<azel+ﬁzep+la61):Oéz>0}
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Also, define

D, ={(0,2) eRx 8" : ®y(2) € . }

and

W, = {(g,z) e G x.7: :I:Tr(gP(z)gT) + m}

as in [16]. See equation (2.9) for the definition of the matrices P(z). Let g € G and z € ..

Then we can write ¢ = km(f)u according to (2.6). By definition of P(z) in (2.9) and

equations (2.10), (2.11), and (2.12) it follows easily that

TT(QP(Z)QT> =0, 2) (B.10)

= f2(Z§+1 [(f(z) cosh(0) + sinh(6))* + (f(z) sinh(6) + cosh(@)ﬂ
= M [(fQ(z) + 1) (cosh® () sinh? (9)) + 4f(2) sinh (#) cosh (9)}
4f(z)sinh (9) cosh (6)

fz) +1

= cosh? () + sinh? (9) +

Using the identities cosh® (@) + sinh? (§) = cosh (20) and 2 cosh () sinh (#) = sinh (26), for

6 € R, the above trace is also equal to

2f(z) sinh (20)
fAz) +1

Tr (gP(z)gT> = cosh (0) + (B.11)

Lemma B.0.3. [16, Lemma 4.7] For any (g,z) € W, there exist unique kH € K/H
and 0 € R such that

(0,z) € Dy and g = km(0)u (B.12)
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for some u € U(z). Moreover, the function

(9,2) — (kH, 0, 2)

is analytic.

Proof. e Existence and uniqueness in (B.12):

For the existence, write g = km(0')u’ for some 0’ € R and v’ € U(z). If (¢, z) € Dy we are
done, so suppose this is not the case. If f(z) = 1 then ®y(z) =1 for all §. In particular for
0" we have that f (®y(z)) = f(z) =1 > 0 and hence, (z,0") € D,. Since we assumed this
is not the case, we have that f(z) # 1 and therefore, 0 < f(z) < 1. Recall that f cannot
be greater than 1 since f = fg for a basic j;-flow, see Lemma 2.2.2. Now, z belongs to
either the orbit of (e,41,€1) or (—epi1,€1). Assume we have the former case; the other one

proceeds analogously. There exists 7 € R such that

2= (epirer) and  f(2) = tanh(r)

Then, for #’ € R we have:

Py (2) = Porr(€pr1, €1)
= [(Po(2)) = f (Porir(epi1,€1))

= tanh(6' + 1)
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Since we have assumed that (¢,z) ¢ D, it follows that tanh(¢’ +7) < 0= ¢ + 7 < 0.
We claim that ¢’ + 7 < 0. Indeed, assume ¢ + 7 = 0. Then f(z) = —tanh(#’). Therefore,

by (B.10) we have

—4tanh(6')
1 + tanh*(¢)
B (COShQ(Q/) + sinhQ(Q’)) (1 + tanh2(9')> — 4sinh*(#")

1 + tanh®(9")
B (COShQ(H’) — sinh2(49’)) — sinh?(¢") (tanhQ(é”) — 1)
1 + tanh®(9)

Tr (gP(z)gT) = cosh?(¢) + sinh?(¢) + sinh(6")cosh(6")

1 — tanh?(¢")
1 + tanh?(¢)

1—f*(2)

L+ f2(z)

In the above calculation we also used the identities cosh? (#’) —sinh? (#") = 1 and tanh* (§')—

1
1= T(Q/) However, we started with the assumption that (g, z) € W, and so the above
cos

equality leads to a contradiction. Therefore, # + 7 < 0. This implies that

F (@ g 9,(2) = f(P_g_r(eps1,€1)) = tanh(—6 — 7) = —tanh(6' + 7) > 0

= @79’727(2) € er

Set § = —¢' — 27. Then, (0, 2) € D,. In addition, since j; € U(ep41,€1), we have

Jaim(—=21) = m(1)jim(—7) € U(z)
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Set u = jym(—27)u’ € U(z). Then, we can write

g9 = (kji) m(6)u

Note that kj; € K. As for uniqueness, suppose

g =km(0)u = k'm0

with (0,z2),(0',2) € Dy, u,u’ € U(2), and k, k' € K. That means,

kx®y(z) = k' x g (2)

Write ®y(z) = (azer + Baepir,€1), Po(2) = (aler + Blepir,€1), kb = (K1, k2) and k' =

(k), kS). Then,

K1 0
kx®g(z) = , Ko€

B

and similarly for &' x ®g(2). Since k *x Py(z) = k' * Py (2), we see that 5, = £, and since
Dp(2), Py (2) € S, we have a,, o, > 0. Since ae1+,e,41 € S and ol,e1+FLe,41 € P, we
conclude that ®y(z) = ®y/(2). Consequently, k~1k" € Stabg (®y(z)). But, Stabg (Pg(2)) =

H and so k'K € H. Finally, if f(2) # 1, ®y(2) = ®gp(2) implies that § = 6. On the other
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hand, if f(z) = 1, observe that

Tr (gP(2)g") = Tr (m(0) P(2)m(0)) = Tr (m(6') P(z)m(¢'))
=0, 2) =\, 2)

e =€

=0=0

See equation (2.12).
e Analyticity of A:

Recall

A:W+—>K/HXD+

(9,2) — (kH, 0, 2)

Set Ay(g,2) := pr1 (A(g, 2z)) and Ay(g,2) := pra(A(g, z)), where pr; and pry are the
projections to the first and second factor respectively. Namely, if A(g, z) = (kH, 0, z), then

Aq(g,2) = kH and As(g, z) = 0. Consider the function

v W, xR R

2f(2)

(g,2,0) — cosh(20) + m

sinh(26) — Tr (gP(z)gT)

Then, by (B.11) we have

7(9:2,84(9,2)) =0
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and

22l . 4f(2)
%(97 Z, 9) - 281nh(29) + 1—{—7]02(2’)008}1(29)
Suppose for (g, z,0) we have %(g,z,@) = 0. Then, 71%(;2) = —tanh(26). Then, by (B.11)
2f(z) .
T
Tr (gP(z)g ) = cosh(20) + msmh(%)

= cosh(26) + (—tanh(26)) sinh(26)

sinh?(26)
— cosh(2g) — 22V
cosh(26) cosh(260)
B 1
~ cosh(26)

On the other hand

(1 - f2(2)>2 _ L2+ f1(2)

L+ f%(z) (1+ F2(2))°
4%
1+ (2)
= 1 — tanh?(26)
B 1
~ cosh?(26)
Hence, we get Tr (gP(z)gT) = im, but that is impossible since (g, z) € W,. So,
0

872/ (gvzaAQ(ga 2)) 7é 0

and we can apply the analytic Implicit Function Theorem to get analyticity of As.
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As for Ay, firstly we define

51 W, — RPH

1
(9,2) ng (e1 + f(2)er)

where, g (e; + f(2)e1) is just matrix-vector multiplication. Recall that for RP*? we denote
the standard basis by {e1,- - ,ep, €1, -+ ,€,}. Obviously, d; is an analytic function. Then,

we set A1(g,2) = kH and As(g, z) = 0 and define

1

o = ——(cosh f(2z)sinh
1+f2(2)( (6) + f(z)sinh(0))
1

f = ———— (sinh(0) + cosh
o (60 (0) + S (oosh)

Note, that «, 8 > 0. Indeed, since (g,z) € W, (in particular z € ;) and (0, z) € D, we

have

f(®o(2)) >0

But f (Py(2)) = % Hence

f(2) + tanh(0)
1+ f(z)tanh(0)

which is equivalent to

((sinh(#) + f(z)cosh(d)) (cosh(@) + f(z)sinh(d)) > 0 (B.13)
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It is not difficult to see that the function

f(z) + tanh(0)
1+ f(z)tanh(6)

is an increasing function. Therefore, for a fixed z € %, the 6 € R for which (0,2) € D,
form an interval, say I, which always contains 0. The function 6 — ((sinh(#) + f(z)cosh(6))
is continuous as a function of # on I, and never zero, because of equation (B.13). Since at
6 = 0 the function is positive, it is positive in all of I,. Hence, 8 > 0. Then, also a > 0 by
(B.13).

Since g = km(0)u, we also note that

01(9,2) = k(aer + fer)
Now, we consider the maps

o1 : K/H — R

kH — k (61 + 61)
and

oy : RPT\(({0} x RY) U (R x {0}) ) — R¥™

x Y
TPRY— —— D
= [lyll
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o1 is an embedding of K/H into RP*9, and both o7 and oy are analytic. Denote
RS =R\ ({0} x RY) U (R? x {0}))

Then, we have the commutative diagramme

R 2 R

.

W, —2 K/H

Since 01, o1 and o9 are analytic, and oy is an embedding, A; is analytic. O

Define the set

Wo = {(g,k*z) : (gk‘,z) S W+}
Lemma B.0.4. W is an open subset of G X (Sp X S"_l)

Proof. Evidently, W, is open in G x ., . Let (g,kxz) € Wy, so (gk,z) € W,. Then,

there exist U C G, V C ., both open such that
(gk,z) e U xV C W,

Let

U=Uk'and V=5kxV

Then, (g,k*z) € U x V and U x V is open. If (§, %) € U x V, then there exist gy € U
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and zy € V such that

G=guk ' and Z =kx 2y
=gk=gyp€Uandzy €V
= (gk,2v) e U xV C W,

= (gvg) € WO

Therefore, U x V C Wy and hence, Wy is open. O
Proposition B.0.2. The action map of the G action defined in (2.6) is analytic on W.

Proof. The action map restricted to W is

g* (kxz) = A1(gk, 2) x Pay(gr,2)(2)

and hence the action is analytic, when restricted to Wy, by Lemma B.0.3. [

Finally, we only have to observe that that
Gx (8" xS =(Gx 6)U(Gx O) U,

where ¢ and @ are the G-orbits of (eyy1,€;) and (—epy1, €1) respectively. Each of the sets
on the right hand side is open, and the action map is analytic when restricted to either of

them. Hence, the action of G on S x S?"! defined by (2.6) is analytic.
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Appendix C: Proof of Claims 1 and 2 of 6.2.1

Here we prove Claims 1 and 2 from 6.2.1. We briefly recall the setting. We have a

T2-basic action, ¢, of SO°(1,2)" on T?, see Definitions 6.6 and 6.1.1. We identify T? with
F = {ael+66p+1:a2—l—62:1} x S!

via 1), see (6.9), and hence, we get an action ¢ of SO°(1,2)* on #. In this action, SO(2)

acts by rotations on the second factor and trivially on the first, 7| acts by

ji * (0461 + 66174-17 C) = (—0461 + Bep-‘rl? C)

and ¢, has two closed orbits none of which are the j; fixed circles {#e,,1} x S'. The proof

of Claim 1 is an immediate consequence of the following lemma:

Lemma C.0.1. The isotropy algebras with respect to ¢ of the points in the j|-fized circles,

namely {£e, 41} % St are generated by elements of the form

0 a p
a 0 0
6 0 0
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Proof. First of all, we note that since ¢; is a T?-basic action, the Lie algebras of the points
in the statement of the Lemma are 1-dimensional. Let z € {e,11} x S'. The proof for
{—ep+1} X S! proceeds similarly. Suppose that the Lie isotropy algebra of z is generated

by the element of so0(1,2),

_/B _Py O_

We can assume that o + 3% = 1. Observe that («, 8) # (0,0), since otherwise z would be

fixed by SO(2), which is impossible. For ¢ € R, let

Ry = cos (t) —sin(¢) (C.1)

sin (t)  cos(t)

where omitted entries are equal to 0. Acting on z with R; we get a point 2, = Ry x 2z €

{e,11} x S' whose isotropy algebra is generated by

0 a cos(t) — B sin(t) Pceos(t) + asin(t)
R, X R ' = a cos (t) — 3 sin (t) 0 Y
[ cos (t) + asin (t) —y 0

Therefore, there exists a t; € R such that the Lie isotropy algebra of the point z, is
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generated by

cosh (6) sinh ()

Now, acting on 2, with an m(6) = |sinh (4) cosh (6) € #(1,2), we get a point whose

1
Lie isotropy algebra is generated by_ ]
0 0 1 + v tanh (0)
m(0) X;,m(0) ™ = 0 0 ~ + tanh (0)
1+~ tanh () —(v + tanh (0)) 0

Then, necessarily |y| < 1. Indeed, firstly if |y| > 1, then on the one hand ~ + tanh (6) # 0
for all # € R, while on the other hand there exists #; € R such that 1 4 « tanh (6;) = 0.
Hence, the point m(6) % z, is fixed by SO(2) which gives a contradiction. Suppose now

that v = 1, namely
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In that case

_ 0 0 1 + tanh (6)
m(0) X;ym(0) ™" = 0 0 1 + tanh (6)
_1 + tanh (#) —(1 + tanh (0)) 0 ]

which belongs in (X, ). Therefore, either .Z(1,2) fixes z;, or every point in the .#(1,2)-
orbit of z;, has isotropy algebra (X;,). The former case cannot occur by our assumption
¢9, namely that the closed orbits do not coincide with {%e,;} X S!. Consequently, we

assume the latter case. Take 6§ > 0 and consider the points (; = m(0) x z;, and (o = jj * (1.

By the relation, in SO°(1,2)*,

and the fact that j1 % 2, = 2, we see that (s is also in the .Z(1,2)-orbit of z;,, and hence,
its isotropy algebra is (X;,). Now, for an element n € N, by the relations jjjo = j271,

(41)? = j3 = Id, and the fact that j|jo commutes with SO(1,2), it is immediate that

Jingy = Jjanje (C.2)

Hence, since

G=j1*C
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using (C.2), it is easy to see that

J2Xwj2=10 0 1

must be in the Lie isotropy algebra of (,. However, that isotropy algebra must be (Xi,),
hence we get a contradiction. The case v = —1 proceeds similarly.

Subsequently, since |y| < 1, there exists 6y € R such that

tanh (6p) = —v

Let (o = m(6p) * z,- Then, the isotropy algebra of (y contains the element

Now, if {e*4 : s € R} < SO°(1,2) is the 1-parameter subgroup of SO°(1,2) corresponding
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to A, we claim that e* fixes j1 x (9. Indeed, by (C.2), jie*j! = jse*4j, and

d A\ 4
s . (326 ]2) = J_2A32 _
0 0 -1
=10 0 O
_—1 0 0 |
=-A

which belongs in the Lie isotropy algebra of (y. Hence, j;e4 5! x(y = (o, which implies that
e x (41 % Co) = ji * Co. Therefore, A belongs in the isotropy algebra of j| x (5. Using the

relation j1m(0) = m(—0)j;, we have

J1 % Co = Jjim(0o) * 2,
= m(_e(J)]i * Zto

=m(—0) * z,

But then, the isotropy algebra of ji x (, must also contain the element

m(—00) Xyym(—0)"" = | 0

14+49% =2y 0

% (m(—GO)XtOm(—H)’l) we have

As a result, if v # 0, by considering the element A — T
Y
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that 71 * (p is fixed by SO(2) which is a contradiction. Therefore, v = 0 and the lemma is

proved. O

In order to prove Claim 2, we are going to need the following two lemmas.

Lemma C.0.2. There exists no point in the ¢o-orbit of zy whose Lie isotropy algebra is

generated by the element

0 0 1
0 0 1
1 -1 0

Proof. Assume z; is such an element. Since z; is in the orbit of zy, there exists an element
g € NT such that

20 —=g*x2

By equation (6.5) we can write

9= (1) Rem(0) u

with 0 = 0 or 1, R, € SO(2) for some t € R, see (C.1), 0 € R, and u € ﬁ["l:m]. Recall that
ﬁ[a:b:c] is the isotropy group of the point ae; + bepi1 + ces in the standard representation

of SO°(1,2) on R3. Let

Note that uX;u™! = AX; for some A € R, because u € Hpj.p.0) and X, generates the Lie
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algebra of H (:1:0]- Subsequently, since the isotropy algebra of z; is generated by Xj, the

isotropy algebra of z, is generated by ¢X;¢~!. However, the isotropy algebra of z, contains

X0: 0

A straightforward matrix multiplication shows that we have a contradiction. O]

Lemma C.0.3. Let z be a point in the closed orbits ¢o. If the Lie isotropy algebra of z
0 0 1

contains the element X1 = | o 1|, then z is fized by #(1,2).

Proof. Assume that z is not fixed by .#(1,2). For an element X € so(1,2), consider the

fundamental vector field ¥ on .# which is defined at a point p € .% by

where {e** : s € R} < SO°(1,2) is the 1-parameter subgroup of SO°(1,2) corresponding

to X. Let

H=1|1 0 and K = 0 1

Note that H and K are elements of so(1,2) and that H, respectively K, generates the

Lie algebra of .Z(1,2), respectively SO(2). By our assumptions on z, its ¢o-orbit is one
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dimensional and the fundamental vector field ¥ is not 0. Therefore,
7/ZH — )\7/ZK

for some A # 0. Consequently,

(7K =0 (C.3)

But [”// H oy K } is also a fundamental vector field that corresponds to the element [H, K] €
50(1,2). Then, equation (C.3) implies that [H, K] is in the Lie isotropy algebra of z. By
the assumption of the Lemma, X7 is also in the same isotropy algebra, hence [[H, K], X1]

is in the same algebra. A simple matrix computation shows that
(X1, [H,K]|=H

However, this contradicts the assumption that .#(1,2) does not fix z. Hence, the Lemma

is proved. O

Now we can prove Claim 2. Recall that zy is a point in {e,1} X S', whose isotropy

algebra is generated by the element

155



and . is the .Z (1, 2)-orbit of zy, namely

o ={m(0) * z}

Consider the ¢o-orbit of zg, &, and its closure, &. Since ¢, is a T?-basic action, € comprises
¢ and the two closed orbits of ¢o. Suppose that m(f)x zg does not converge to an .#(1,2)
fixed point in one of the two closed orbits. Then, since & is compact, there exists a sequence
0., n € N, such that 6, — 400 and z, = m(6,) * 2 converges to a point ¢ in &, different

from the fixed points of .Z(1,2). Note that the element

m(en)XOm(en)il =10 0 tanh ()

1 —tanh (9) 0

is in the Lie isotropy algebra of z, for the action ¢,. Therefore, the isotropy algebra of (

contains the element

0 0 1
0 0 1
1 -1 0

By Lemma C.0.2, ¢ is not in & and hence, by Lemma C.0.3 ¢ must be fixed by .Z(1,2),
which is a contradiction. As a result, as § — 400, m(f) x zy converges to a fixed point
of .#(1,2) in one of the closed orbits. Since .% is j| invariant, as § — —oo, m(f) x 2o
converges to a fixed point of .Z(1,2) in the other closed circle orbit, since j; maps one to

the other.
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Appendix D: Proof of Lemma 6.2.1

Lemma 6.2.1 follows essentially from the arguments and techniques of Chapter 2
and Appendix B. A small modification is required when showing the analyticity of the G
actions. We will show how the arguments need to change for the case M = SP x S' in
Lemma 6.2.1. The other cases are shown similarly.

In particular, a modification is needed in the part where, if Y = (e,41,2) € .Z is a
point fixed by SO(p), we identify the orbit of ¥ with the orbit of e,;; € RP*? under the
standard G action on RP*2, by a G-equivariant analytic isomorphism, see Lemma B.0.2.
Let

S= (@) (D.1)

where Z = {[a :b:c] eRP?:c= O} C RP? Then, S is a 1-dimensional submanifold
of . which is transverse to every SO(2) orbit, see [17]. For any Y = (v,w) € %, be-

cause f is NT-equivariant, there exists fy € R such that (v, Rg,w) € S, where we see

cos(f) —sin(0)
Ry = .

sin(f)  cos(0)

Finally, for Y € S, let f (Y) = % In order to apply the same argument as in
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Appendix B, we need to show that the function

2#(w.0) = F (Iooler + y/1 = enlls, Rag,,y )

Vo
is an analytic function, where (v,w) € S” x S! and v = , g € RP and
y ) )

0 = |lvo|| €1 + /1 — |Jvo|| €p+1, hence (0, w) € F.

Up+1

Lemma D.0.1. The above (v, w) is analytic.

Proof. Let Y € % and note that, since SO(2) does not have any fixed points in this case,

JY)#[1:0:0]

Therefore, if we write f(Y) = (ay, by, cy), we have that (by,cy) # (0,0). Assume that

by # 0. Then, it is easy to see that

0y = —arctan (CY>
by

and so it is an analytic function of Y. Therefore, 57 is evidently analytic at point with

Vo 7é 0.
If vo = 0, then (v,w) = (£ep41,2). We can assume that v = e,1q, that (eyp11,w) € S

and that f(e,41,w) =[0:1:0]. We can parametrise a neighbourhood around (e,;1,w) in
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(s,t) — (s er+v1-— sep+1,wt)

Let

f (5 e1+v1-— S€p+1,wt) = (a(s,t) : b(s,t) : c(s,1))

and set

Since f is N'-equivariant and in particular j;-equivariant,
O(—s,t) =0(s,t)

and hence

f2(_57t) = _fQ(Svt)

f2 is an analytic function around (e,1,w). Using our parametrisation, if we write

fQ(S, t) = Z Oé@jsitj
i,J

159



by the equation above we get that «; ; = 0 for ¢ even. Therefore,

*fzSt Z a”zltj

iodd, j

Finally, we consider the function
t) = Zai,js%tj
.3
Then, S is analytic at (0,0) and
9 1
H(s°,1) = gfg(S,t)

Hence, the function (v, w;) — 2 (||vo||,t) = Hv0||f2 (|lvoll, ) is analytic.

O

Then, we can proceed analogously to Appendix B to get analyticity of the action of
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