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This dissertation concerns various asymptotic problems related to the long-term macroscopic

behavior of randomly perturbed Hamiltonian systems, with different types of perturbations and

on different time scales. Since the perturbations of the systems are assumed to be small while the

systems are observed at large times, non-trivial phenomena can arise due to the interplay between

the perturbation size and the temporal and spatial scales, and the systems often demonstrate

qualitatively distinct types of behavior depending on the subtle quantitative relation between

asymptotic parameters.

More specifically, on a natural time scale, i.e., in time required for the dynamics to move

distance of order one, we investigate the dynamical systems with fast-oscillating perturbations

and obtain precise estimates on the distribution. In particular, we calculate the exact asymptotics

of the distribution in the case of linear dynamical systems. This problem also inspires the study

of the local limit theorem for time-inhomogeneous functions of Markov processes. The local



limit theorem is a significant and widely used tool in problems of pure and applied mathematics

as well as statistics. This result has been included in [1] and submitted for publication.

On the time scale that is inversely proportional to the effective size of the perturbation,

we prove that the evolution of the first integral of the Hamiltonian system with fast-oscillating

perturbations converges to a Markov process on the corresponding Reeb graph, with certain

gluing conditions specified at the interior vertices. The result is parallel to the celebrated Freildin-

Wentzell theory on the averaging principle of additive white-noise perturbations of Hamiltonian

systems, and provides a description of the long-term behavior of a system when adopting an

alternative approach to modeling random noise. Moreover, the current result provides the first

scenario where the motion on a graph and the corresponding gluing conditions appear due to the

averaging of a slow-fast system. It allows one to consider, for instance, the long-time diffusion

approximation for an oscillator with a potential with more than one well. This result has been

submitted for publication [2].

In the last part of the dissertation, we return to the more classical case of additive diffusion-

type perturbations, combine the ideas of large deviations and averaging, and establish a large

deviation principle for the first integral of the Hamiltonian system on intermediate time scales.

Besides representing a new step in large deviations and averaging, this result will have important

applications to reaction-diffusion equations and branching diffusions. The latter two concepts

concern the evolution of various populations (e.g., in biology or chemical reactions). This result

has been published in the journal Stochastics and Dynamics [3].
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Chapter 1: Introduction

1.1 Random perturbations of dynamical systems

Consider the dynamical system defined by the ordinary differential equation with a vector

field b(·):

dxt = b(xt)dt. (1.1)

Understanding the evolution of complex dynamical systems is the subject of various important

research problems in a wide range of fields, including natural sciences, economics, and engineering.

Ideally, the evolution is deterministic since it obeys specific rules related to the system’s current

state, such as position, time, and temperature, thus a thorough study of the system should enable

one to describe its properties and predict its behavior precisely. However, in practice, a purely

deterministic description is impossible due to the complexity of the system, lack of information,

and underlying uncertainties. This gives rise to probabilistic models that capture those factors as

random components to describe real-world systems. For example, geometric Brownian motion

is a probabilistic model to describe the evolution of a financial asset’s price over time; while

branching diffusion is used in biology to model how certain populations grow, or to describe the

spread of certain infections.

Among all, we will focus on the situation where the random component serves as small
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noise influencing the system, i.e., random perturbations with an asymptotically small parameter.

For instance, the additive white-noise-type perturbation is the most commonly considered object.

In the foundational book [4], M. Freidlin and A. Wentzell consider, among others, Gaussian

perturbations of dynamical systems

dXε
t = b(Xε

t )dt+
√
εdWt, (1.2)

where Wt is a Brownian motion, and develop the large deviation principle for the measure

induced by the process on the space of continuous functions. Namely, they describe the asymptotics

of the probability of the event that the sample path stays close to a trajectory that is different from

the deterministic process defined in (1.1). The probability is exponentially small in 1/ε with the

action functional (also known as the rate function) that depends on the trajectory.

They also provide various averaging results for slow-fast systems. For example, let ξ be a

random process, and define the process X̃ε
t by

dX̃ε
t = b(X̃ε

t , ξt/ε)dt.

Here, the perturbation is no longer explicitly multiplied by a small parameter. However, with

additional mixing assumptions on the process ξ, one can conclude that X̃ε
t can indeed be viewed

as a perturbation of the “averaged dynamical system” defined by (1.1) with b(x) = ⟨π, b(x, ·)⟩,

where π is the unique invariant measure of the process ξ (cf. [5], [6]). More precisely,

X̃ε
t → xt in probability as ε ↓ 0,
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1√
ε
(X̃ε

t − xt) → ζt weakly as ε ↓ 0,

where ζ is a Gaussian process. Note that, locally in time, the vector field b(xt, ξt/ε) changes

primarily due to the fast component ξt/ε and is fast oscillating as a result. Thence, we refer to this

type of perturbation as the fast-oscillating random perturbation of xt in (1.1).

In the next section, we will discuss in more detail the two types of perturbations in the

special case where (1.1) is given by a Hamiltonian system.

1.2 Hamiltonian systems

Consider a smooth functionH and the dynamical system (1.1) on R2d with b(x) = ∇⊥H(x),

where

∇⊥H(p, q) = (−∇qH,∇pH) , x = (p, q).

It is clear that the dynamical system preserves the value of H , so a trajectory of the system lies

in a single level set of H . In particular, in two-dimensional Hamiltonian systems, the trajectory

coincides with a connected component of the level set if the latter is homeomorphic to a circle.

See Figure 1.1 for an example in R2.

Figure 1.1: Level sets and the Reeb graph.
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Hamiltonian systems have been widely used to model dynamics in various physical systems.

In [7], non-degenerate additive white-noise perturbations of two-dimensional Hamiltonian systems

were considered. Due to the special structure of Hamiltonian systems, new phenomena (compared

to the trivial convergence to the unperturbed dynamics (1.1) on finite time intervals) can be

observed on the corresponding Reeb graph ([8]) on a larger time scale. Namely, in R2, the process

h(Xε
t/ε) converges weakly to a strong Markov process, where h is the projection onto the Reeb

graph. The limiting process on the graph is a diffusion inside the edges, with gluing conditions

specified at the interior vertices. The averaging principle can be applied to the perturbed system

(1.2) due to the unperturbed system (1.1) being ergodic on the connected components of the level

sets of the Hamiltonian H .

This result inspired a sequence of papers that considered similar problems in different

and/or more general situations: additive random perturbations of nonlinear oscillators ([9], [10]),

additive deterministic perturbations of Hamiltonian systems ([11]), additive small random and

deterministic perturbations of dynamical systems and diffusion processes on a multi-dimensional

space with a first integral ([12], [13], [14]), etc. There are also results on intermediate time

scales in the vicinity of the boundaries ([15], [16]). In Chapter 4, we consider the large deviation

principle of the pre-limiting process on the Reeb graph on the intermediate time scales.

In the case of multi-frequency systems with more than one first integral, the limiting process

is on the open book space instead of the Reeb graph. The situation is more complicated, and

several results in this direction include perturbations of multi-frequency systems outside of the

singularities ([17]), perturbations of weakly coupled oscillators ([18], [19]), etc.

Similar problems, including the case where the dynamical system (1.1) is only locally

Hamiltonian, have also been considered on symplectic manifolds, see e.g., [20], [21], [22], [23],
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and [24].

All the results listed above concern additive perturbations. There are relatively few results

about fast-oscillating perturbations in the existing literature. Two-dimensional problems were

considered in [25] and higher-dimensional problems were considered in [26], both outside of the

singularities. In Chapter 2, we deal with the situation with presence of multiple critical points,

including saddle points, of the Hamiltonian H in R2, and prove the weak convergence of the

projection of the process on the Reeb graph.

1.3 Plan of the dissertation

In Chapter 2, we establish the averaging principle for fast-oscillating random perturbations

of Hamiltonian systems on R2. The study requires a number of novel technical tools, in particular,

a local limit theorem for fast-oscillating random perturbations of linear dynamical systems. It

turns out to be a special case of the local limit theorem of time-inhomogeneous functions of

Markov processes, which potentially has broader applications than the problems we consider

here, and we allocate the whole Chapter 3 to the proof of this general result. Finally, in Chapter 4,

we consider additive perturbations of Hamiltonian systems on intermediate time scales. We prove

the large deviation result, with the action functional determined by the averaging principle. Our

result establishes an important relationship between the two types of asymptotic regimes.

Since we have many objects defined in this dissertation, we need to reuse some notation.

Please keep in mind that the same notation usually refers to the same object in the same chapter,

unless specified otherwise, but not necessarily in different chapters. Each chapter is relatively

self-contained, with required references cited, and can be read independently if one wishes to.
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Chapter 2: Fast-oscillating random perturbations of Hamiltonian systems

2.1 Introduction

Consider a diffusion process (Xε
t , ξ

ε
t ) in R2 × Tm satisfying

dXε
t = b(Xε

t , ξ
ε
t )dt, Xε

0 = x0 ∈ R2,

dξεt =
1

ε
v(ξεt )dt+

1√
ε
σ(ξεt )dWt, ξε0 = y0 ∈ Tm,

(2.1)

where ε is a small positive parameter, Tm is them-dimensional torus, andWt is anm-dimensional

Brownian motion. In the coupled system, Xε
t is the slow motion and ξεt is the fast motion, since

the generator of the diffusion in the second equation is scaled by ε−1. In this system, all the

randomness comes from the second equation and the slow motion depends on the fast one in

a deterministic way, and this dependence results in fast-changing velocity for the slow motion.

Under natural conditions, the averaging principle holds for the process in (2.1) (cf. [4]). For

example, if σ(y) is non-degenerate (and thus ξεt has a unique invariant measure µ independent of

ε), thenXε
t converges as ε→ 0 in probability on each finite interval [0, T ] to an averaged process

defined by the differential equation

dxt = b̄(xt)dt, (2.2)
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where b̄(x) =
∫
Tm b(x, y)dµ(y). Therefore, Xε

t can be viewed as a result of fast-oscillating

random perturbations of the deterministic process xt. Moreover, the deviation can be described

more precisely: the process ε−1/2(Xε
t − xt) converges weakly to a Gaussian Markov process on

a finite interval [0, T ] (cf. [4]), and, if we assume a special type of vector b(x, y), then the local

limit theorem holds for ε−1(Xε
t − xt) at time t ([1]).

If the system (2.2) has a first integral H , then, by the averaging principle, H(Xε
t ) is nearly

constant on finite time intervals when ε is small. Nontrivial behavior can, however, be observed

on larger time intervals (of order ε−1). Assume, momentarily, that H has a single critical point.

Then it was demonstrated in [25] that H(Xε
t/ε) converges weakly in C([0, T ]), as ε → 0, to

a diffusion process for any finite T , under additional assumptions. A similar result in the case

of multiple degrees of freedom was obtained recently in [26] and the main goal there was to

overcome difficulties related to resonances, which is typical in the case of multiple degrees of

freedom. The result holds in the region where no critical points of the first integrals are present

and action-angle-type coordinates can be introduced.

Figure 2.1: Level sets and the Reeb graph.

Let us return to the two-dimensional situation. In the presence of multiple critical points,

including saddle points, the problem gets more complicated as we need to consider the Reeb

graph in order to describe the evolution of the first integrals denoted by h = (k,H). (For instance,
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in Figure 2.1, we have two local minima and one saddle point in the space and thus two exterior

vertices and one interior vertex on the graph.) In particular, the interior vertices on the graph

correspond to the level curves that contain the saddle points, and those level curves are called

the separatrices. In this situation, the limiting behavior has already been described for the white-

noise-type additive perturbations of dynamical systems: Hamiltonian systems in R2 ([4]), general

dynamical systems with conservation laws in Rn ([27]), and Hamiltonian systems with an ergodic

component on two-dimensional surfaces ([22],[23],[24]).

In this chapter, we consider fast-oscillating random perturbations, as discussed above, of

Hamiltonian system in R2 with multiple critical points and prove that the evolution of the first

integrals h converges to a diffusion process defined by an operator (L, D(L)) on the corresponding

Reeb graph. In particular, the exterior vertices turn out to be inaccessible and the behavior of the

process near the interior vertices is described in terms of the domain D(L) in the following way:

for interior vertex Oi, there are constants pk such that each function f ∈ D(L) satisfies

∑
Ik∼Oi

pk lim
hk→Oi

f ′(hk) = 0. (2.3)

Intuitively, the absolute value of pk is proportional to the probability of entering edge Ik after the

process arrives at the vertex Oi. The relation (2.3) is usually referred to as the gluing condition.

In the next section, we will formulate the results along with the assumptions more precisely.

The coefficients pk will be calculated explicitly. As we mentioned, similar results hold in case

of additive perturbations of Hamiltionian systems. Now the techniques in the proof are more

involved and require new ideas with analysis on multiple time scales : O(ε−1), O(1), O(ε), etc.

It is worth noting that our result provides the first example where the motion on a graph and the
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corresponding gluing conditions appear as a result of averaging of a fast-slow system.

To start with, since our interest is in the long-time behavior of Xε
t on O(ε−1) time scales,

it is often convenient to consider a temporally re-scaled process (Xε
t , ξ

ε
t ):

dXε
t =

1

ε
b(Xε

t , ξ
ε
t )dt, Xε

0 = x0 ∈ R2,

dξεt =
1

ε2
v(ξεt )dt+

1

ε
σ(ξεt )dWt, ξε0 = y0 ∈ Tm.

(2.4)

It is clear that (Xε
t , ξ

ε
t ) = (Xε

t/ε, ξ
ε
t/ε) in distribution. Thus, it suffices to prove the weak

convergence of h(Xε
t ) in the space C([0, T ],G), where G is the Reeb graph. The proof of the

weak convergence relies on demonstrating that the pre-limiting process asymptotically solves the

martingale problem. Namely, we will show that, for each f in a sufficiently large subset of D(L)

and T > 0,

E(x,y)[f(h(X
ε
T ))− f(h(x))−

∫ T

0

Lf(h(Xε
t ))dt] → 0, (2.5)

as ε → 0, uniformly in x in any compact set in R2 and in y ∈ Tm. The main idea in our proof is

to divide the time interval [0, T ] into smaller intervals between different visits to the separatrices

and show that the contributions from all individual excursions are small and do not accumulate.

For example, suppose for now that there is only one saddle point, as shown in Figure 2.2. Let O

be the saddle point with H(O) = 0, γ be the separatrix, γ′ = {x : |H(x)| = εα} be a set near

the separatrix, where 0 < α < 1/2, and σ ≥ 0 be the first time when the process Xε
t reaches γ.
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Define inductively the two sequences of stopping times:

σ0 = σ,

τn = inf{t > σn−1 : X
ε
t ∈ γ′},

σn = inf{t > τn : Xε
t ∈ γ},

(2.6)

and consequently two Markov chains (Xε
τn , ξ

ε
τn) and (Xε

σn , ξ
ε
σn). As pointed out earlier, we wish

Figure 2.2: Construction of discrete Markov chains.

to prove that the contributions to (2.5) from all individual excursions are small and the sum

converges to zero as ε ↓ 0. Thus, it is sufficient to show that (a) the expectation corresponding to

one excursion converges to zero as ε ↓ 0 uniformly in the initial distribution, (b) the expectation

corresponding to one excursion is exactly zero if the process starts with the invariant measure of

the Markov chain (Xε
σn , ξ

ε
σn) on γ × Tm, and (c) the measures on γ × Tm induced by (Xε

σn , ξ
ε
σn)

converge exponentially, as n→ ∞, uniformly in ε and in starting point, to the invariant one.

The claim in (a) is an extension of the results outside singularities in [26], and new difficulties

arise due to the degenerations occurring on the boundaries. The claim in (b) is true if the gluing

conditions are chosen appropriately and there is a common invariant measure for the processes

(Xε
t , ξ

ε
t ) for all ε. In general, there is no common invariant measure for all ε, and we need to
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consider a family of auxiliary processes near the separatrix that do have a common invariant

measure, and then use the proximity of the auxiliary and the original processes and the Girsanov

theorem. The assertion in (c) is harder to verify, and its proof requires new techniques, including

a local limit theorem and density estimates for hypoelliptic diffusions that will be discussed in

later sections.

The chapter is organized as follows: In Section 2.2, we introduce the notations, state the

assumptions, and formulate the main result. In Section 2.3, we construct an auxiliary process

and derive diffusion approximations of the processes. In Section 2.4, we prove the averaging

principle up to the time when the process reaches the separatrix. In Section 2.5, we construct the

Markov chain on the separatrix (see (2.6)) and prove its mixing properties. In Section 2.6, we

prove the main result. A few technical results are included in the Section 2.7.

2.2 Main results

Throughout this chapter, P and E represent the probability and expectation, respectively,

and the subscripts pertain to initial conditions. For brevity, the stopping times’ dependence on

parameters and initial conditions is not always indicated in the notation when introduced (e.g.

(2.6)). ∇ denotes a first order differential operator, i.e., derivative, gradient, Jacobian, etc.,

depending on the context. χA denotes the indicator function of the event A. If A and B are two

non-negative functions that depend on an asymptotic parameter, we write A ≲ B if A = O(B).

C0(G) is the space of continuous functions on the Reeb graph G that tend to zero at infinity with

uniform norm. h is the projection onto G. In order to formulate the assumptions and results, we

introduce some notation:
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1. Oi’s are the vertices on the graph and are occasionally used to denote the corresponding

critical points on the plane when there is no ambiguity. Ik’s are the edges on the graph

and Uk’s are the corresponding two-dimensional domains. Formally, O∞ is the vertex that

corresponds to infinity. A symbol ∼ between a vertex and an edge means that the vertex is

an endpoint of the edge.

2. Consider the following metric on G: r(h1, h2) is the length of the shortest path connecting

h1 and h2. For example, if h1 = (1, H1), I1 ∼ O1, O1 ∼ I2, I2 ∼ O2, O2 ∼ I3 and

h2 = (3, H2), then r(h1, h2) = |H1 −H(O1)|+ |H(O1)−H(O2)|+ |H(O2)−H2|.

3. γ(h) = {x : H(x) = h} and γk(h) is the connected component of γ(h) in the domain Uk.

4. bh(x, y) = ∇H(x) · b(x, y).

5. ξt is the diffusion process on Tm with the generator L, where

Lf(y) = v(y) · ∇yf(y) +
1

2

∑
i,j

(σσ∗)ij(y)
∂2

∂yi∂yj
f(y). (2.7)

6. For h in the interior of Ik, define

Qk(h) =

∫
γk(h)

dl

|∇H(x)|
,

Ak(h) =
2

Qk(h)

∫
γk(h)

1

|∇H(x)|

∫ ∞

0

Eµbh(x, ξs)bh(x, ξ0)dsdl,

Bk(h) =
1

Qk(h)

∫
γk(h)

1

|∇H(x)|

∫ ∞

0

Eµ∇xbh(x, ξs) · (b(x, ξ0)−∇⊥H(x))dsdl,

Lkf(h) =
1

2
Ak(h)f

′′(h) +Bk(h)f
′(h).

12



The following conditions are assumed to hold throughout the chapter.

Assumptions on the coefficients:

(H1) v(y) and σ(y) are C∞ functions on Tm. σ(y) is m × m matrix-valued and σ(y)σ(y)T is

positive-definite for all y ∈ Tm.

(H2) H(x) is a C∞ function from R2 to R with bounded second derivatives. H(x) has a finite

number of non-degenerate critical points. Each level curve corresponding to a vertex on

the Reeb graph contains at most one critical point. As |x| → +∞, H(x)/|x| → +∞.

(H3) b(x, y) is aC∞ function from R2×Tm to R2 such that the averaged process is a Hamiltonian

system with H , i.e. b̄(x) = ∇⊥H(x).

(H4) The fast-oscillating perturbation is non-degenerate, i.e. {b(x, y) − b̄(x) : y ∈ Tm} spans

R2 for each x ∈ R2, and is uniformly bounded together with its first derivatives.

(H5) For each x that belongs to one of the separatrices, there exists y ∈ Tm such that the process

in (2.1) satisfies the parabolic Hörmander condition at (x, y). Namely, with ε−1ṽ(y) being

the drift term in the equation for ξεt in the Stratonovich form, we have that

Lie



 0

σk(y)

 , 1 ≤ k ≤ m


⋃


b(x, y)

ṽ(y)

 ,

 0

σk(y)


 , 1 ≤ k ≤ m




at (x, y) spans R2+m, where σk(y) is the k-th column of σ(y), [·, ·] is the Lie bracket, and

Lie(·) is the Lie algebra generated by a set (cf. [28] or Section 2.3.2 of [29]).

Definition 2.2.1. The domain D(L) consists of functions f ∈ C0(G) satisfying:

(i) f is twice continuously differentiable in the interior of each edge Ik of G;
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(ii) The limits limhk→Oi
Lkf(hk) exist and do not depend on the edge Ik;

(iii) For interior vertex Oi, there are constants pk := ± limh→Oi
Ak(h)Qk(h) such that

∑
Ik∼Oi

pk lim
hk→Oi

f ′(hk) = 0, (2.8)

where the sign + is taken ifOi is minimum on Ik, and the sign − is taken otherwise. The operator

L on the Reeb graph is defined by

Lf(h) = Lkf(h) (2.9)

for f ∈ D(L) and h in the interior of Ik, and defined as limh→Oi
Lf(h) at the vertex Oi.

By the Hille-Yosida theorem (see, for example, Theorem 4.2.2 in [30]), one can check that

there exists a unique strong Markov process on G with continuous sample paths that has L as its

generator. Now we are ready to formulate the main result of this chapter.

Theorem 2.2.2. Let the process (Xε
t , ξ

ε
t ) be defined as in (2.1) and the conditions (H1)-(H5)

hold. Then h(Xε
t/ε) converges weakly to the strong Markov process on the Reeb graph G that

has the generator (L, D(L)) and the initial distribution h(x0).

Remark 2.2.3. The last condition in (H2) can be relaxed without much extra effort since the

limiting process defined by L cannot reach infinity in finite time. In addition, as seen from

the proofs in Section 2.5 and Remark 2.5.7, assumption (H5) can be relaxed so that it holds

for at least one point on each separatrix. Moreover, if the number of Lie brackets needed to

generate R2+m in the parabolic Hörmander condition is assumed to be given, then we can relax

the assumptions on smoothness of the coefficients.
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To prove the theorem, we need a result on weak convergence of processes, that is Lemma

4.1 in [31] adapted to our case (see also the original statement in [7]):

Lemma 2.2.4. Let Ψ be a dense linear subspace of C0(G) and DL be a linear subspace ofD(L),

and suppose that Ψ and DL have the following properties:

(1) There is a λ > 0 such that for each F ∈ Ψ the equation λf−Lf = F has a solution f ∈ DL;

(2) For each T > 0, each f ∈ DL, and each compact K ⊂ G,

E(x,y)[f(h(X
ε
T ))− f(h(x))−

∫ T

0

Lf(h(Xε
t ))dt] → 0, (2.10)

uniformly in x ∈ h−1(K) and y ∈ Tm.

Suppose that the family of measures on C([0,∞],G) induced by the processes h(Xε
t ),

ε > 0, is tight for each (x, y) ∈ R2 × Tm. Then, for each (x, y) ∈ R2 × Tm, h(Xε
t ) converges

weakly to the strong Markov process on the Reeb graph G that has the generator (L, D(L)) and

the initial distribution h(x).

Here we choose Ψ to be all the functions in C0(G) that are twice continuously differentiable

in the interior of each edge; DL to be all the functions in D(L) that are four times continuously

differentiable in the interior of each edge. It is easy to check condition (1) holds in Lemma 2.2.4,

and the tightness of distributions of h(Xε
t ) for all ε > 0 is verified in Section 2.7.3. Then the

main ingredient of the proof is to verify (2.10) in condition (2) of Lemma 2.2.4.

2.3 Preliminaries

In this section, we explain some technical difficulties and our approach to the proof.
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2.3.1 Localization

Considering Theorem 2.2.2 forXε
t in the state space R2 causes technical difficulties due to

the presence of multiple separatrices of the Hamiltonian and to the fact that the processXε
t is not

positive recurrent. However, such difficulties can be circumvented by considering the processXε
t

locally. Namely, let us cover the plane R2 by finitely many bounded domains, each containing

one of the separatrices and bounded by up to three connected components of level sets of H , and

one unbounded domain not containing any critical points. For example, as shown in Figure 2.3,

we have different parts of the Reeb graph G that correspond to the domains in R2. Every point

of R2 can be assumed to be contained in the interior either one or two domains. Since it takes

positive time to travel from the boundary of one domain to the boundary of another, it suffices to

prove the result up to time of exit from one domain. To be more precise, let {Vk : 1 ≤ k ≤ K}

be the open cover. Define η0 = inf{t ≥ 0 : Xε
t ∈

⋃
1≤k≤K ∂Vk} and, for k such that Xε

ηn−1
∈ Vk,

define ηn = inf{t > ηn−1 : Xε
t ̸∈ Vk}, n ≥ 1. In order to prove (2.10), it suffices to prove

instead, uniformly in x in any compact set in R2 and in y ∈ Tm, that

E(x,y)[f(h(X
ε
T∧η1))− f(h(x))−

∫ T∧η1

0

Lf(h(Xε
t ))dt] → 0, as ε ↓ 0, (2.11)

since it also implies that P(ηn < T ) → 0 as n → ∞, uniformly in all ε sufficiently small. In

the unbounded domain without critical points, (2.11) can be obtained using the result in bounded

domain together with the tightness of h(Xε
t ). It remains to consider the bounded domains. Let

V be one of the bounded domains. As explained below, the process Xε
t in V can be extended

beyond the time when it reaches the boundary by embedding V into a compact manifold M with
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an area form and a Hamiltonian such that there are no other separatrices.

Figure 2.3: Domains projected on the graph.

Consider the case where V is not simply connected - for example, V is the domain that

contains O3 in Figure 2.3. There are three connected components of R2 \ V as shown in

Figure 2.4a (other situations can be treated similarly). Then we can modify the Hamiltonian

and the vector field in C1 and C2 in such a way that assumptions H(2)-H(4) hold locally, and

there is only one extremum point of H in C1 and one in C2 (this modification is not needed if V

is simply connected). The unbounded domain C3 outside V can be replaced by a compact surface

S so that the resulting state space ofXε
t is, topologically, a sphereM = V

⋃
C1

⋃
C2

⋃
S. Then,

the vector field on the surface can be chosen as a smooth extension from V so that the averaged

process is a Hamiltonian system on M with respect to an area form ω, which is simply dx1 ∧ dx2

on V , C1, and C2. Moreover, there exists a chart (S,Φ) such that the corresponding vector field

b(x, y) on D := Φ(S) satisfies that {b(x, y) − b̄(x) : y ∈ Tm} spans R2 for each x ∈ D and

the averaged process is a Hamiltonian system with respect to dx1 ∧ dx2 on D. For example, as

shown in Figure 2.4b, we can modify the vector field on the plane outside V so that there are two

disks with the same center D1 ⊂ D2, and the averaged process is a Hamiltonian system in D2, in

particular, rotation between ∂D1 and ∂D2. Then D2 is smoothly glued to a hemisphere and the
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resulting manifold is M , and the vector field can be extended to the surface in such a way that

the averaged process is a rotation with certain constant angular velocity on the level sets.

(a) Three connected components of R2 \ V . (b) Hamiltonian system on manifold M .

Figure 2.4: Localization.

It is clear that, when restricted to V × Tm, the resulting system defined on M × Tm has

exactly the same behavior as the original process on R2 × Tm. Therefore, it suffices to prove

(2.11) for the new process on M × Tm. Let us formally restate the corresponding assumptions

and formulate the result on M × Tm. In the remainder of the chapter, all the definitions (e.g.

the quantities defined in Section 2.2) and statements on M are understood by locally choosing

coordinates so that ω = dx1 ∧ dx2. In particular, on S, they are understood in the coordinate

Φ, while on the ”flat” part that contains V , they are understood in the usual way. Then the

assumptions on the coefficients on M ×Tm are analogous to those introduced earlier, so we only

mention the differences:

(H2′) H(x) is a C∞ function from M to R that has three extremum points and one saddle point.

(H3′) b(x, y) is a C∞ function from M × Tm to TM such that b̄(x) = ∇⊥H(x).

(H4′) {b(x, y)− b̄(x) : y ∈ Tm} spans TM for all x ∈M .

From this point on, we denote the process onM×Tm as (Xε
t , ξ

ε
t ), and (Xε

t , ξ
ε
t ) on the time
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scale O(ε−1) (defined by (2.1) and (2.4) with R2 replaced by M ), and assume that the conditions

(H2′)-(H4′) replacing (H2)-(H4) hold. Then (2.10) follows from

Proposition 2.3.1. For each f ∈ DL and each T > 0,

E(x,y)[f(h(X
ε
η))− f(h(x))−

∫ η

0

Lf(h(Xε
t ))dt] → 0, (2.12)

as ε→ 0, uniformly in x ∈M , y ∈ Tm, and η ≤ T that is a stopping time w.r.t. FXε
·

t .

2.3.2 Auxiliary process

It turns out that similar results hold for a more general process with a slightly perturbed

fast motion:

dX̃ε
t = b(X̃ε

t , ξ̃
ε
t )dt,

dξ̃εt =
1

ε
v(ξ̃εt )dt+

1√
ε
σ(ξ̃εt )dWt + c(X̃ε

t , ξ̃
ε
t )dt,

(2.13)

where c(x, y) is infinitely differentiable. Namely, h(X̃ε
t/ε) converges weakly to the Markov

process defined by the operator (Lc, D(Lc)) on the Reeb graph. Here, the subscript c indicates

that Lc depends on the choice of c(x, y). If c(x, y) = 0, then it is clear that (X̃ε
t , ξ̃

ε
t ) = (Xε

t , ξ
ε
t ),

and thus L = Lc. However, if c(x, y) ̸= 0, then we have an additional drift term in (2.13), and

thus we need an additional drift term in the generator of the limiting process. While a precise

definition of (Lc, D(Lc)) is deferred to later sections, we observe that the operators replacing

Lk depend on c(x, y), and the domain D(Lc) as well as the linear subspace, denoted by DLc ,

chosen in Lemma 2.2.4 also vary for different c(x, y). Therefore, in order to formulate general

results, we consider D, the set of continuous functions on G that are four-times continuously

differentiable inside each edge and satisfy conditions (i) and (iii) in Definition 2.2.1, as well as a
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weaker form of condition (ii), namely, the limits limhk→Oi
Lkf(hk) exist but are not necessarily

independent of the edge Ik. Note that D contains DLc for all choices of c(x, y). Define Lc on

D by applying the differential operator (Lk plus an additional drift corresponding to c(x, y)) on

each edge separately, with the result not being necessarily continuous at the interior vertices.

As mentioned before, we need to construct a family of auxiliary processes that, on the one

hand, have a common invariant measure for all ε > 0 and, on the other hand, are very close to the

processes of interest. The auxiliary process on M can in fact be obtained by choosing a special

c(x, y) in (2.13). We denote this particular choice of c(x, y) as c̃(x, y). Now we find c̃(x, y) such

that λ×µ is the invariant measure for the process with every ε, where λ is the area measure w.r.t.

ω and µ is the invariant measure for ξεt in Tm. Let L̃ε be the generator of the process (X̃ε
t , ξ̃

ε
t ):

L̃εf(x, y) = b(x, y) · ∇xf(x, y) + c̃(x, y) · ∇yf(x, y) +
1

ε
Lf(x, y).

Hence, λ×µ is the invariant measure if L̃ε∗p(y) = 0, where L̃ε∗ is the adjoint operator of L̃ε and

p is the density of µ, i.e.

0 = L̃ε∗p(y) =− divx(b(x, y)p(y))− divy(c̃(x, y)p(y)) +
1

ε
L∗p(y), (2.14)

where L∗ is the adjoint operator of L. Since µ is the invariant measure for ξεt , the last term

vanishes. Hence (2.14) reduces to

divxb(x, y)p(y) + divy(c̃(x, y)p(y)) = 0. (2.15)

To see the existence of the solution, we need the following lemma (cf. Lemma 2.1 in [26]).
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Lemma 2.3.2. Let g̃(x, y) be a bounded function on R2×Tm that is infinitely differentiable, and

let L̃ be the generator of a non-degenerate diffusion on Tm with the unique invariant measure

µ̃ and suppose that
∫
Tm g̃(x, y)dµ̃(y) = 0 for each x ∈ R2. Then there exists a unique solution

ũ(x, y) to the equation

L̃ũ(x, y) = −g̃(x, y),
∫
Tm

ũ(x, y)dµ̃(y) = 0, (2.16)

and ũ(x, y) is also bounded and infinitely differentiable. Moreover, if g̃(x, y) has uniformly

bounded derivatives up to order K in x (or y), the same holds for ũ(x, y).

Remark 2.3.3. The same result also holds for functions on M × Tm. Thus, the existence of the

solution to (2.15) immediately follows from Lemma 2.3.2 applied to g̃(x, y) = divxb(x, y)p(y)

and L̃ = ∆y, and by taking the gradient of the solution in (2.16) w.r.t. y, and dividing it by p(y).

As in (2.4), we define (X̃ε
t , ξ̃

ε
t ) = (X̃ε

t/ε, ξ̃
ε
t/ε) in distribution. Then, a simple corollary can

be obtained by using Lemma 2.3.2 and then applying Ito’s formula to the corresponding solution

ũ(X̃ε
t , ξ̃

ε
t ) and ũ(X̃ε

t , ξ̃
ε
t ) (cf. Lemma 2.3 in [26]).

Corollary 2.3.4. Let g̃ satisfy the all the conditions in Lemma 2.3.2 with L̃ = L and K = 1, then

for fixed T > 0

E(x,y)

∣∣∣∣∫ η

0

g̃(X̃ε
s , ξ̃

ε
s)ds

∣∣∣∣ = O(
√
ε), E(x,y)

∣∣∣∣∫ η

0

g̃(X̃ε
s , ξ̃

ε
s)ds

∣∣∣∣ = O(ε),

uniformly in x ∈M , y ∈ Tm, and η that is a stopping time bounded by T .
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2.3.3 Diffusion approximation

Since
∫
Tm(b(x, y) − b̄(x))dµ(y) = 0, by Lemma 2.3.2, there exists a function u that is

bounded together with its derivatives such that

Lu(x, y) = −(b(x, y)− b̄(x)). (2.17)

The equation is understood element-wise. Apply Ito’s formula to u(X̃ε
t , ξ̃

ε
t ):

u(X̃ε
t , ξ̃

ε
t ) = u(x0, y0) +

1

ε

∫ t

0

Lu(X̃ε
s , ξ̃

ε
s) +

1√
ε

∫ t

0

∇yu(X̃
ε
s , ξ̃

ε
s)σ(ξ̃

ε
s)dWs

+

∫ t

0

[∇xu(X̃
ε
s , ξ̃

ε
s)b(X̃

ε
s , ξ̃

ε
s) +∇yu(X̃

ε
s , ξ̃

ε
s)c(X̃

ε
s , ξ̃

ε
s)]ds.

(2.18)

Combining (2.13), (2.17), and (2.18), we obtain

X̃ε
t = x0 +

∫ t

0

∇⊥H(X̃ε
s )ds+ ε

∫ t

0

[∇xu(X̃
ε
s , ξ̃

ε
s)b(X̃

ε
s , ξ̃

ε
s) +∇yu(X̃

ε
s , ξ̃

ε
s)c(X̃

ε
s , ξ̃

ε
s)]ds

+
√
ε

∫ t

0

∇yu(X̃
ε
s , ξ̃

ε
s)σ(ξ̃

ε
s)dWs + ε(u(x0, y0)− u(X̃ε

t , ξ̃
ε
t )).

(2.19)

Similarly, by applying Ito’s formula to u(X̃ε
t , ξ̃

ε
t ) and repeating the steps above, we have

X̃ε
t = x0 +

1

ε

∫ t

0

∇⊥H(X̃ε
s )ds+

∫ t

0

[∇xu(X̃
ε
s , ξ̃

ε
s)b(X̃

ε
s , ξ̃

ε
s) +∇yu(X̃

ε
s , ξ̃

ε
s)c(X̃

ε
s , ξ̃

ε
s)]ds

+

∫ t

0

∇yu(X̃
ε
s , ξ̃

ε
s)σ(ξ̃

ε
s)dWs + ε(u(x0, y0)− u(X̃ε

t , ξ̃
ε
t )).

(2.20)

This idea of diffusion approximation is frequently used in the remainder of the chapter, and the

function u(x, y) always refers to the solution to (2.17).
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2.4 Averaging principle inside one domain

In this section, we consider a general process (X̃ε
t , ξ̃

ε
t ) defined after Remark 2.3.3, which

is a faster version of the process in (2.13). The process takes values on M × Tm. As a result of

localization, M is separated into three domains, each bounded by the separatrix or a part of it.

This section is devoted to the proof of the averaging principle for (X̃ε
t , ξ̃

ε
t ) on M ×Tm up to time

when X̃ε
t exits from one of the three domains. The domain under consideration will be denoted

by U . Therefore, without any ambiguity, the projection h simply reduces to the Hamiltonian H .

Let U(h1, h2) be the region in U between γ(h1) and γ(h2), O be the saddle point, and O′ be the

extremum point, and further define stopping times τ(h) = inf{t : |H(X̃ε
t ) − H(O)| = h} and

η(h) = inf{t : |H(X̃ε
t ) − H(O′)| = h}. Without loss of generality, we assume that H(O) = 0

and H(O′) = 1.

2.4.1 Averaging principle before τ(εα) ∧ η(δ)

We aim to prove the averaging principle between γ(εα) and γ(1 − δ) with constants 0 <

α < 1/4 and 0 < δ < 1. Notice that, for technical reasons, we assume that 0 < α < 1/4 in this

intermediate result and in the proofs that utilize it in this subsection and the next, while we always

assume that 0 < α < 1/2 elsewhere. Let us further define another coordinate ϕ inside this domain

U . Let l denote the curve that is tangent to ∇H at each point and connects the saddle point O and

the extremum point O′, and let l(h) be the intersection of l and γ(h). Let Q(h) denote the time it

takes for the averaged process xt to make one rotation on γ(h) and q(x) denote the time it takes

for xt starting from l(H(x)) to arrive at x. Now we define the coordinate ϕ(x) = q(x)/Q(H(x))

whose range is S1 := R (mod 1). It is easy to see that xt has constant speed 1/Q(H(xt)) in ϕ
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coordinate. Since there is logarithmic delay near the saddle point, the coordinate ϕ has exploding

derivatives near the separatrix. However, as shown in Section 2.7.1, the order of its derivatives

w.r.t. the Euclidean coordinates is under control. Let us denote H̃ε
t = H(X̃ε

t ) and Φ̃ε
t = ϕ(X̃ε

t ).

Along the same lines leading to (2.20), we have the following equations with uh = u · ∇H ,

uϕ = u · ∇ϕ, h0 = H(x0), and ϕ0 = ϕ(x0):

H̃ε
t = h0 +

∫ t

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs + ε(uh(x0, y0)− uh(X̃
ε
t , ξ̃

ε
t ))

+

∫ t

0

[∇xuh(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds, (2.21)

Φ̃ε
t = ϕ0 +

∫ t

0

∇yuϕ(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs +
1

ε

∫ t

0

1

Q(H̃ε
s )
ds

+

∫ t

0

[∇xuϕ(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuϕ(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds

+ ε(uϕ(x0, y0)− uϕ(X̃
ε
t , ξ̃

ε
t )), (2.22)

for εα ≤ h0 ≤ 1 − δ and t ≤ τ(εα) ∧ η(δ). Define the following coefficients using the original

coordinates for all x ∈M :

A(x) =

∫
Tm

|∇yuh(x, y)
Tσ(y)|2dµ(y),

Bc(x) =

∫
Tm

[∇xuh(x, y) · b(x, y) +∇yuh(x, y) · c(x, y)]dµ(y);
(2.23)

and (h, ϕ) coordinates for x = (h, ϕ), where εα ≤ h ≤ 1− δ and ϕ ∈ S1:

A(h, ϕ) = A(x), Ā(h) =

∫
S1

A(h, ϕ)dϕ,

Bc(h, ϕ) = Bc(x), B̄c(h) =

∫
S1

Bc(h, ϕ)dϕ.

(2.24)
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Define Lc by Lcf = 1
2
Āf ′′ + B̄cf

′ for f ∈ D in the interior of each edge. In particular, when

c(x, y) = 0, this definition is consistent with that in (2.9). Introduce two processes close to

H̃ε
t , Φ̃

ε
t :

Ĥε
t = h0 +

∫ t

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs

+

∫ t

0

[∇xuh(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds, (2.25)

Φ̂ε
t = ϕ0 +

∫ t

0

∇yuϕ(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs +
1

ε

∫ t

0

1

Q(H̃ε
s )
ds

+

∫ t

0

[∇xuϕ(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuϕ(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds. (2.26)

Let τ0 = τ(εα)∧η(δ). For each f ∈ D, x ∈ U(εα, 1−δ), y ∈ Tm, and stopping time σ′ ≤ T ∧τ0,

by Ito’s formula applied to f(Ĥε
σ′), we have

E(x,y)f(Ĥ
ε
σ′) = f(H(x)) + E(x,y)

∫ σ′

0

(
1

2
|∇yuh(X̃

ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2f ′′(Ĥε
s )

+
[
∇xuh(X̃

ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)
]
f ′(Ĥε

s )
)
ds.

Since sup0≤t≤σ′ |H̃ε
t − Ĥε

t | = O(ε),

E(x,y)f(H̃
ε
σ′) = f(H(x)) + E(x,y)

∫ σ′

0

(
1

2
|∇yuh(X̃

ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2f ′′(H̃ε
s )

+
[
∇xuh(X̃

ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)
]
f ′(H̃ε

s )
)
ds+O(ε).

(2.27)
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Combining this with (2.23) and (2.24), by Lemma 2.3.2, as in Corollary 2.3.4, we have

E(x,y)

[
f(H̃ε

σ′)− f(H(x))−
∫ σ′

0

(
1

2
A(H̃ε

s , Φ̃
ε
s)f

′′(H̃ε
s ) +Bc(H̃

ε
s , Φ̃

ε
s)f

′(H̃ε
s )

)
ds

]
= O(ε).

(2.28)

Lemma 2.4.1. Let g(h, ϕ) be either A(h, ϕ)f ′′(h) or Bc(h, ϕ)f
′(h), and ḡ(h) =

∫
S1 g(h, ϕ)dϕ.

Then, for every T > 0,

sup
x∈U(εα,1−δ)

y∈Tm

sup
σ′≤T∧τ0

E(x,y)

∣∣∣∣∣
∫ σ′

0

[
g(H̃ε

s , Φ̃
ε
s)− ḡ(H̃ε

s )
]
ds

∣∣∣∣∣→ 0, as ε ↓ 0,

where the first supremum is taken over all stopping times σ′ ≤ T ∧ τ0.

Proof. Fix κ > 0. Since, for fixed h, g(h, ϕ) − ḡ(h) is a function on S1, we can approximate it

by a finite sum of its Fourier series with error less than κ
2T

:

g(h, ϕ)− ḡ(h) ≈
∑

0<|k|≤K(ε)

gk(h, ϕ) :=
∑

0<|k|≤K(ε)

Gk(h) exp(2πikϕ),

for all εα ≤ h ≤ 1− δ and ϕ ∈ S1, where

Gk(h) =

∫
[g(h, ϕ)− ḡ(h)] exp(−2πikϕ)dϕ.

Since, as shown in Section 2.7.1, g′′ϕϕ = O(| log h|/h), we see that K(ε) can be chosen as

ε−α| log ε|2 for sufficiently small ε. Then it suffices to prove that, for all 0 < |k| ≤ K(ε)
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and ε sufficiently small,

sup
x∈U(εα,1−δ)

y∈Tm

sup
σ′≤T∧τ0

E(x,y)

∣∣∣∣∣
∫ σ′

0

gk(H̃
ε
s , Φ̃

ε
s)ds

∣∣∣∣∣ = o

(
εα

| log ε|2

)
. (2.29)

We define an auxiliary function v for fixed gk, where 0 < |k| ≤ K(ε):

v =
gk(h, ϕ)Q(h)

2πik
,

which satisfies that v′ϕ/Q(h) = gk(h, ϕ). We formulate the bounds on ϕ, v, g, and their derivatives,

uniformly in all εα < h < 1− δ and 0 < |k| ≤ K(ε) (proved in the Section 2.7.1):

ϕ ∈ [0, 1), ∇ϕ = O(1/h), ∇2ϕ = O(1/h2),

v = O(| log h|), v′ϕ = O(| log h|), v′′ϕϕ = O(| log h|3/h),

v′h = O(| log h|2/h), v′′hh = O(| log h|3/h3), v′′ϕh = O(| log h|2/h),

g′h = O(| log h|/h), g′′hh = O(| log h|2/h3).

(2.30)

By comparing (H̃ε
t , Φ̃

ε
t) and (Ĥε

t , Φ̂
ε
t) in (2.21), (2.22), (2.25), and (2.26), and using the bounds

in (2.30), we know that for all σ′ ≤ T ∧ τ0,

∫ σ′

0

∣∣∣∣∣gk(H̃ε
s , Φ̃

ε
s)−

v′ϕ(Ĥ
ε
s , Φ̂

ε
s)

Q(H̃ε
s )

∣∣∣∣∣ ds =
∫ σ′

0

∣∣∣∣∣v′ϕ(H̃ε
s , Φ̃

ε
s)− v′ϕ(Ĥ

ε
s , Φ̂

ε
s)

Q(H̃ε
s )

∣∣∣∣∣ ds = O(ε1−2α| log ε|3).

(2.31)

Apply Ito’s formula to v(Ĥε
σ′ , Φ̂ε

σ′) and obtain

1

ε

∫ σ′

0

v′ϕ(Ĥ
ε
s , Φ̂

ε
s)

Q(H̃ε
s )

ds
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= v(Ĥε
σ′ , Φ̂ε

σ′)− v(H(x), ϕ(x))−
∫ σ′

0

v′h(Ĥ
ε
s , Φ̂

ε
s)∇yuh(X̃

ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs

−
∫ σ′

0

v′h(Ĥ
ε
s , Φ̂

ε
s)[∇xuh(X̃

ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds

− 1

2

∫ σ′

0

v′′hh(Ĥ
ε
s , Φ̂

ε
s)|∇yuh(X̃

ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2ds

−
∫ σ′

0

v′ϕ(Ĥ
ε
s , Φ̂

ε
s)∇yuϕ(X̃

ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs

−
∫ σ′

0

v′ϕ(Ĥ
ε
s , Φ̂

ε
s)[∇xuϕ(X̃

ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuϕ(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds

− 1

2

∫ σ′

0

v′′ϕϕ(Ĥ
ε
s , Φ̂

ε
s)|∇yuϕ(X̃

ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2ds

−
∫ σ′

0

v′′ϕh∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)σ(ξ̃
ε
s)

Tuϕ(X̃
ε
s , ξ̃

ε
s)ds.

By using the estimates in (2.30) and the fact that 0 < α < 1/4, we know that the expectation

of the right-hand side is o( εα−1

| log ε|2 ). Combining this with (2.31), we get (2.29). Thus, the desired

result follows.

Now, applying Lemma 2.4.1 to (2.28), we get

Lemma 2.4.2. For each f ∈ D, 0 < α < 1/4, and 0 < δ < 1, as ε ↓ 0,

sup
x∈U(εα,1−δ)

y∈Tm

sup
σ′≤T∧η(δ)∧τ(εα)

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| → 0,

where the first supremum is taken over all stopping times σ′ ≤ T ∧ η(δ) ∧ τ(εα).

Remark 2.4.3. The diffusion process governed by Lc can reach all points inside the edge and the

interior vertex but cannot reach the exterior vertex. For example, in the case considered here, the

process can reach all points in [0, 1) but cannot reach 1. The reason is that, for each δ > 0, on

[0, 1 − δ], B̄c(h) is bounded and 1/Ā(h) ≲ | log h| (see Section 2.7.1 for details). However, for
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κ > 0 sufficiently small, on [1 − κ, 1], Bc is uniformly negative while A(h) ≲ 1 − h due to the

non-degeneracy of the maximum point (see Lemma 2.7.1 for details).

Lemma 2.4.4. For each δ > 0 and 0 < α < 1/4, E(x,y)(η(δ) ∧ τ(εα)) in uniformly bounded for

all x ∈ U(εα, 1− δ), y ∈ Tm, and ε sufficiently small.

Proof. The solution f δ to the following equation exists on [0, 1− δ] due to Remark 2.4.3:


Lcf δ = −1

f δ(0) = f δ(1− δ) = 0

Let T̃ > 3∥f δ∥sup, then Lemma 2.4.2 implies that, for all x ∈ U(εα, 1− δ), y ∈ Tm, and ε small

enough,

E(x,y)(η(δ) ∧ τ(εα) ∧ T̃ ) < T̃/2.

Thus, by Markov inequality and strong Markov property, E(x,y)(η(δ) ∧ τ(εα)) ≤ 2T̃ .

Lemma 2.4.5. For each f ∈ D, δ > 0, and 0 < α < 1/4, as ε ↓ 0,

sup
x∈U(εα,1−δ)

y∈Tm

sup
σ′≤η(δ)∧τ(εα)

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| → 0,

where the first supremum is taken over all stopping times σ′ ≤ η(δ) ∧ τ(εα).

Proof. The result can be deduced from Lemma 2.4.2 and Lemma 2.4.4 by choosing a sufficiently

large T and using the Markov property.
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2.4.2 Averaging principle before σ

With estimates on the transition times and probabilities between level sets near the critical

points, the result from last section can be extended to the time when the process reaches the

separatrix, which is the stopping time σ defined earlier. The main result of this subsection is

Proposition 2.4.6. For each f ∈ D, as ε ↓ 0,

sup
x∈U,y∈Tm

sup
σ′≤σ

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| → 0, (2.32)

where the first supremum is taken over all stopping times σ′ ≤ σ.

We state a simple corollary of Proposition 2.7.3.

Corollary 2.4.7. For each 0 < α < 1/2, uniformly in x ∈ U(0, εα) and y ∈ Tm,

E(x,y)σ ∧ τ(εα) = O(ε2α| log ε|).

Lemma 2.4.8. For each 0 < α < 1/2, uniformly in x ∈ U(0, εα) and y ∈ Tm,

|P(x,y)(τ(ε
α) < σ)−H(x)ε−α| = O(εα| log ε|).

Proof. As in (2.21), write the equation for H(X̃ε
t ) = H̃ε

t stopped at σ ∧ τ(εα),

H(X̃ε
σ∧τ(εα)) = H(x) +

∫ σ∧τ(εα)

0

∇xuh(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)ds

+

∫ σ∧τ(εα)

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs +O(ε).
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From Corollary 2.4.7, it follows that

|P(x,y)(τ(ε
α) < σ)−H(x)ε−α| = ε−α|E(x,y)H(X̃ε

σ∧τ(εα))−H(x)| = O(εα| log ε|).

We prove that the process spends finite time (in expectation) inside U . The idea is to use

the fact that the process on the graph spends little time near the vertices and exits the edge with

positive probability once it gets close enough to the interior vertex.

Lemma 2.4.9. For each 0 < α < 1/4, E(x,y)τ(ε
α) is uniformly bounded for all x ∈ U such that

H(x) ≥ εα, y ∈ Tm, and ε sufficiently small.

Proof. By Lemma 2.7.2, fix δ > 0 such that E(x,y)η(2δ) ≤ 1 for all ε sufficiently small and all x

satisfying H(x) > 1 − 2δ ; By Lemma 2.4.5, fix κ > 0 such that P(x,y)(η(δ) < τ(εα)) < 1 − κ

all x satisfying H(x) = 1 − 2δ, all y ∈ Tm, and all ε sufficiently small; By Lemma 2.4.4, fix

T > 4(1 + supx∈U(εα,1−δ),y∈Tm E(x,y)(τ(ε
α) ∧ η(δ)))/κ. For all x with H(x) > 1 − 2δ and

y ∈ Tm,

P(x,y)(τ(ε
α) > 2T )

≤ P(x,y)(η(2δ) > T ) + sup
(x′,y′)∈γ(1−2δ)×Tm

(
P(x′,y′)(τ(ε

α) ∧ η(δ) > T ) +P(x′,y′)(η(δ) < τ(εα))
)

≤ 1− κ/2.

For all x ∈ U with εα ≤ H(x) ≤ 1 − 2δ, the estimate above holds without the first term on the

second line. Then the uniform boundedness follows from the Markov property.

We can apply the similar idea near the separatrix. Namely, we choose 0 < α′ < α < 1/4.

By Corollary 2.4.7, the process spent little time spent between γ and γ(εα′
), and by Lemma 2.4.8,
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the process is very likely to exit through the separatrix rather than come back to γ(εα′
) once it

reaches γ(εα). Then, with the fact that E(x,y)τ(ε
α) is uniformly bounded, one can prove the

following result:

Lemma 2.4.10. E(x,y)σ is uniformly bounded for all x ∈ U , y ∈ Tm, and ε sufficiently small.

Proof of Proposition 2.4.6. Fix κ > 0 and 0 < α < 1/4. By Lemma 2.4.9, let T be large enough

such that P(x,y)(τ(ε
α) > T ) < κ for all x ∈ U satisfying H(x) ≥ εα, y ∈ Tm, and ε sufficiently

small. By Lemma 2.7.2, let δ > 0 small enough such that for ε sufficiently small

sup
x∈U :H(x)≥1−δ

y∈Tm

sup
σ′≤η(δ)

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| < κ, (2.33)

where the first supremum is taken over all stopping times σ′ ≤ η(δ). By Remark 2.4.3 and

Lemma 2.4.5, let δ′ > 0 small enough such that P(x,y)(η(δ
′) < τ(εα)) < κ for all x ∈ U(εα, 1−

δ), y ∈ Tm, and ε sufficiently small. For stopping time σ′ ≤ τ(εα), x ∈ U(εα, 1 − δ), and

y ∈ Tm,

|E(x,y)[f(H(X̃ε
σ′)− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]|

≤ |E(x,y)[f(H(X̃ε
η(δ′)∧σ′)− f(H(x))−

∫ η(δ′)∧σ′

0

Lcf(H(X̃ε
s ))ds]

+P(x,y)(η(δ
′) < σ′) sup

x′∈U :H(x′)=δ′

y′∈Tm

|E(x′,y′)[f(H(X̃ε
σ′))− f(H(x′))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]|.

(2.34)

Note that the first term converges to 0 as ε → 0 by Lemma 2.4.5, the probability in the second

term is less than κ, and the supremum is uniformly bounded for all ε by Lemma 2.4.10. Thus, the

expression on the left-hand side of (2.34) converges to 0 uniformly. Combining this with (2.33),
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we obtain

sup
x∈U :H(x)≥εα

y∈Tm

sup
σ′≤τ(εα)

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| → 0.

Finally, let us choose 0 < α′ < α. Apply Corollary 2.4.7 and Lemma 2.4.8 to obtain that

E(x,y)σ ∧ τ(εα
′
) < εα

′ and P(x,y)(σ < τ(εα
′
)) > 1/2 for all x ∈ γ(εα), y ∈ Tm, and ε

sufficiently small. As in (2.34), by stopping the process at τ(εα) ∧ σ′ and τ(εα′
) ∧ σ′ and using

the strong Markov property, we can conclude that

sup
x∈U :H(x)≥εα

y∈Tm

sup
σ′≤σ

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| → 0.

Now (2.32) follows from this by applying Corollary 2.4.7 again.

2.4.3 Averaging principle starting from γ(εα)

Fix 0 < α < α1 < α2 < 1/2, r > 0 small enough. Recall Q(h) is the rotation time of xt

on γ(h). Our first lemma in this section concerns the typical deviation during one rotation.

Lemma 2.4.11. For each δ > 0 there is κ > 0 such that for all x ∈ U(εα1 , r), y ∈ Tm, and ε

sufficiently small,

P(x,y)

(
sup

t∈[0,Q(H(x))]

|H(X̃ε
t )−H(xt)| > ε1/2−δ

)
< εκ.
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There exists δ′ > 0 and κ > 0 such that for all x ∈ U(εα1 , r), y ∈ Tm, and ε sufficiently small,

P(x,y)

(
sup

t∈[0,Q(H(x))]

|X̃ε
t − xt| > εδ

′

)
< εκ.

Proof. It suffices to prove the result for δ < 1/2−α1. Fix 0 < δ′ < δ′′ < 1/2−α1−δ. Recall the

definition of q in Section 2.4.1 and consider the coordinates H and q in U(εα2 , 2r). As in (2.21)

and (2.22), let q0 = q(x), uh = u · ∇H , uq = u · ∇q, and qt = q0 + t, and write the equations

with τ 0 = inf{t : |H̃ε
t − h0| > ε1/2−δ or |Q̃ε

t − qt| > εδ
′′} ∧Q(h0):

H(X̃ε
τ0) = H(x) +

√
ε

∫ τ0

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs + ε(uh(x, y)− uh(X̃
ε
τ0 , ξ̃

ε
τ0))

+ ε

∫ τ0

0

[∇xuh(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds, (2.35)

q(X̃ε
τ0) = qτ0 +

√
ε

∫ τ0

0

∇yuq(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs + ε(uq(x, y)− uq(X̃
ε
τ0 , ξ̃

ε
τ0))

+ ε

∫ τ0

0

[∇xuq(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuq(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds. (2.36)

In Section 2.7.1, we prove that |∇q| = O(|∇H|/H). Thus, it is not hard to see, by looking at the

inverse of the Jacobian of (H, q) w.r.t x, that |H(X̃ε
t )−H(xt)| ≤ ε1/2−δ and |X̃ε

t −xt| ≤ εδ
′ for

all t ≤ τ 0. Let SH and SQ denote the stochastic integrals in (2.35) and (2.36). Since τ 0 ≲ | log ε|,

P(x,y)(τ
0 < Q(h(x))) < P(x,y)(|SH | > ε1/2−δ/2) +P(x,y)(|SQ| > εδ

′′
/2).

The variance of SH and SQ is small:

Var(SH) = εE(

∫ τ0

0

|∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2ds) ≲ εE(

∫ τ0

0

|∇H(X̃ε
s )|2ds) ≲ ε| log ε|,
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Var(SQ) = εE(

∫ τ0

0

|∇yuq(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2ds) ≲ εE(

∫ τ0

0

|∇q(X̃ε
s )|2ds) ≲ ε1−2α1| log ε|.

Hence both results follow from Chebyshev’s inequality with κ < δ.

Let F (h) be the solution to


LcF = −1

F (0) = F (2r) = 0

(2.37)

Let τ 1 and τ 2 be the first times for X̃ε
t to exit U(εα1 , r) and U(εα2 , 2r), respectively. Let xεt =

xt/ε.

Lemma 2.4.12. There exists a function g(r) with limr→0 g(r) = 0 such that |F ′(h)| < g(r) for

all 0 < h < 2r. There exists C > 0 such that |F ′′(h)| < C| log h| and |F ′′′(h)| < C/h.

Proof. The bounds can be verified with the help of estimates for Q(h) in Section 2.7.1.

Lemma 2.4.13. There exists a function g(r) with limr→0 g(r) = 0 such that for all x ∈ γ(εα),

y ∈ Tm, and ε sufficiently small,

E(x,y)τ
1 ≤ εαg(r). (2.38)

Proof. For (X̃ε
t , ξ̃

ε
t ) starting from (x, y), we define τ̄ 2 = εQ(H(x)) ∧ τ 2. As in (2.28):

E(x,y)[F (H(X̃ε
τ̄2))− F (H(x))−

∫ τ̄2

0

(
1

2
A(X̃ε

s )F
′′(H(X̃ε

s )) +B(X̃ε
s )F

′(H(X̃ε
s )))ds] = O(ε),

(2.39)

uniformly in x ∈ U(εα2 , 2r) and y ∈ Tm. By the definition of Ā(h) and B̄(h), one can see that

εQ(H(x))Ā(H(x)) =
∫ εQ(H(x))

0
A(xεs)ds and εQ(H(x))B̄(H(x)) =

∫ εQ(H(x))

0
B(xεs)ds. Since
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F solves (2.37), it follows that

εQ(H(x)) = −εQ(H(x))LcF (H(x)) = −
∫ εQ(H(x))

0

1

2
A(xεs)F

′′(H(xεs))+B(xεs)F
′(H(xεs))ds.

(2.40)

We prove that there exists K > 0 such that

KE(x,y)(F (H(X̃ε
τ̄2))− F (H(x))) ≤ −εQ(H(x)) (2.41)

uniformly in x ∈ U(εα1 , r), y ∈ Tm, and all ε sufficiently small. Then it follows that

E(x,y)τ
1 ≤ KF (H(x)), (2.42)

for x ∈ U(εα1 , r), y ∈ Tm, and all ε sufficiently small. Indeed, we can define τ̄ 2k , k ≥ 0

recursively: τ̄ 20 = 0, τ̄ 2k+1 = inf{t ≥ τ 2k : X̃ε
t ̸∈ U(εα2 , 2r)} ∧ (εQ(H(X̃ε

τ̄2k
)) + τ̄ 2k ), and denote

the first k such that τ̄ 2k exceeds τ 1 as n. Then we have

E(x,y)

[
F (H(X̃τ̄2n

))− F (H(x))
]

= E(x,y)

∞∑
k=0

χτ̄2k<τ1
[
F (H(X̃τ̄2k+1

))− F (H(X̃τ̄2k
))
]

≤ E(x,y)

∞∑
k=0

χτ̄2k<τ1 sup
(x′,y′)∈U(εα1 ,r)×Tm

E(x′,y′)

[
F (H(X̃ε

τ̄2))− F (H(x′))
]

≤ 1

K
E(x,y)

∞∑
k=0

χτ̄2k<τ1(−εQ(X̃τ̄2k
)).
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Hence

E(x,y)τ
1 ≤ E(x,y)τ̄

2
n = E(x,y)

∞∑
k=0

χτ̄2k<τ1(τ̄
2
k+1 − τ̄ 2k ) ≤ εE(x,y)

∞∑
k=0

χτ̄2k<τ1Q(X̃τ̄2k
) ≤ KF (H(x)).

Then (2.38) follows from (2.42) and Lemma 2.4.12 by taking x ∈ γ(εα).

To prove (2.41), it is enough to see that, for x ∈ U(εα1 , r), y ∈ Tm, and ε sufficiently

small,

εQ(H(x)) + E(x,y)F (H(X̃ε
τ̄2))− F (H(x))

= −E(x,y)

∫ εQ(H(x))

0

(
1

2
A(xεs)F

′′(H(xεs)) +B(xεs)F
′(H(xεs))

)
ds

+ E(x,y)

∫ τ̄2

0

(
1

2
A(X̃ε

s )F
′′(H(X̃ε

s )) +B(X̃ε
s )F

′(H(X̃ε
s ))

)
ds+O(ε)

= E(x,y)

∫ τ̄2

0

(
1

2
A(X̃ε

s )F
′′(H(X̃ε

s ))−
1

2
A(xεs)F

′′(H(xεs))

)
ds

+ E(x,y)

∫ τ̄2

0

(
B(X̃ε

s )F
′(H(X̃ε

s ))−B(xεs)F
′(H(xεs))

)
ds

− E(x,y)

∫ εQ(H(x))

τ̄2

(
1

2
A(xεs)F

′′(H(xεs)) +B(xεs)F
′(H(xεs))

)
ds+O(ε)

= o(εQ(H(x))),

where the first equality is due to (2.39) and (2.40) and the last equality is due to Lemma 2.4.11

and Lemma 2.4.12.

Similarly to Lemma 2.4.10, we can look at the transitions between γ(εα) and γ(εα1). By

the transition probabilities given in Lemma 2.4.8 and transition time given in Corollary 2.4.7 and

Lemma 2.4.13, one can obtain the following result using the Strong Markov property.

Corollary 2.4.14. There exists a function g(r) with limr→0 g(r) = 0 such that for all x ∈ γ(εα),
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y ∈ Tm, and ε sufficiently small,

E(x,y)τ(r) ∧ σ ≤ εαg(r).

Lemma 2.4.15. For each f ∈ D, as ε ↓ 0,

sup
(x,y)∈γ(εα)×Tm

sup
σ′≤σ

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]| = o(εα),

where the first supremum is taken over all stopping times σ′ ≤ σ.

Proof. Fix κ > 0. By Corollary 2.4.14, we can choose r small enough so that for stopping time

σ′ ≤ σ: |E(x,y)[H(X̃ε
τ(r)∧σ′) − H(x)]| < κεα and |E(x,y)[f(H(X̃ε

τ(r)∧σ′)) − f(H(x))]| < κεα,

and

sup
(x,y)∈γ(εα)×Tm

sup
σ′≤σ

|E(x,y)

∫ τ(r)∧σ′

0

Lcf(H(X̃ε
s ))ds| < κεα,

for all ε sufficiently small, using similar arguments leading to (2.21) and (2.27). It follows that,

P(x,y)(H(X̃ε
τ(r)∧σ′) = r) ≤ H(x)/r + κεα/r ≤ 2εα/r. Therefore, uniformly in all x ∈ γ(εα),

y ∈ Tm, and σ′ ≤ σ,

|E(x,y)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(X̃ε
s )ds]|

≤ |E(x,y)f [H(X̃ε
τ(r)∧σ′)− f(H(x))−

∫ τ(r)∧σ′

0

Lcf(H(X̃ε
s ))ds]|

+P(x,y)(H(Xε
τ(r)∧σ′) = r) sup

x′∈γ(r)
y′∈Tm

|E(x′,y′)[f(H(X̃ε
σ′))− f(H(x))−

∫ σ′

0

Lcf(H(X̃ε
s ))ds]|
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≤ 3κεα,

for ε sufficiently small, due to Proposition 2.4.6 and our choice of r. The result follows because

κ can be chosen arbitrarily small.

Lemma 2.4.16. There is a constant κ > 0 such that, for all ε sufficiently small,

sup
(x,y)∈γ(εα)×Tm

E(x,y)e
−σ ≤ 1− κεα.

Proof. By Corollary 2.4.14, as in the proof of Lemma 2.4.8, we can fix 0 < r < 1/3 such that

for all x ∈ γ(εα), y ∈ Tm, and ε sufficiently small, P(x,y)(τ(r) < σ) ≥ εα/2r. Let F be defined

as in (2.37) and t = F (r)/3, then it follows from Proposition 2.4.6, as ε ↓ 0,

sup
(x,y)∈γ(r)×Tm

E(x,y)[F (H(X̃ε
σ∧τ(2r)∧t))− F (H(x))−

∫ σ∧τ(2r)∧t

0

LcF (H(X̃ε
s ))ds] → 0.

Thus, we have that for all x ∈ γ(r), y ∈ Tm, and ε sufficiently small,

E(x,y)F (H(X̃ε
σ∧τ(2r)∧t) > F (r)/2,

and it follows that,

P(x,y)(σ > t) ≥ P(x,y)(σ ∧ τ(2r) > t) >
E(x,y)F (H(X̃ε

σ∧τ(2r)∧t)

sup[0,2r] F (h)
>

F (r)

2 sup[0,2r] F (h)
=: c1(r).

39



Then, for all x ∈ γ(r), y ∈ Tm, and ε sufficiently small,

E(x,y)e
−σ ≤ P(x,y)(σ ≤ t) +P(x,y)(σ > t)e−t ≤ 1−P(x,y)(σ > t)(1− e−t) ≤ 1− c(r),

with c(r) = (1− exp(−F (r)/3))c1(r) > 0, and therefore,

E(x,y)e
−σ ≤ P(x,y)(σ < τ(r)) +P(x,y)(σ > τ(r)) sup

x′∈γ(r),y′∈Tm

E(x′,y′)e
−σ

≤ 1−P(x,y)(σ > τ(r))(1− sup
x′∈γ(r),y′∈Tm

E(x′,y′)e
−σ)

≤ 1− 1

2
c(r)

εα

r
.

The result holds with κ = c(r)/2r.

Corollary 2.4.17. For a given t > 0, the expected number of excursions before t is O(ε−α):

∞∑
n=0

P(x,y)(τn+1 < t) ≤
∞∑
n=0

P(x,y)(σn < t) ≤ et

κ
ε−α, (2.43)

where κ is the constant chosen in Lemma 2.4.16.

Proof. By Lemma 2.4.16 and the strong Markov property,

sup
(x,y)∈M×Tm

E(x,y)e
−σn ≤ ( sup

(x,y)∈γ′×Tm

E(x,y)e
−σ)n ≤ (1− κεα)n.

Thus, by Markov’s inequality, for all n > 0,

P(x,y)(τn+1 < t) ≤ P(x,y)(σn < t) ≤ etE(x,y)e
−σn ≤ et(1− κεα)n,
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and (2.43) follows by taking the sum.

2.5 Exponential convergence on the separatrix

We fix 0 < α < 1/2. As in (2.6), we define inductively two sequences of stopping times

σn, n ≥ 0, and τn, n ≥ 1, but now for the general process (X̃ε
t , ξ̃

ε
t ) on M × Tm with additional

drift c(x, y). Without loss of generality, we assume that the saddle point O satisfies H(O) = 0.

Let V ε = {x : |H(x)| < εα} and U1, U2, U3 be the three domains separated by γ. We aim to

prove that the distribution of Markov chain (X̃ε
σn , ξ̃

ε
σn) converges in total variation exponentially

fast, uniformly in ε and in the initial distribution. Namely, we have the following lemma.

Lemma 2.5.1. Let νn,εx,y denote the measure on γ × Tm induced by (X̃ε
σn , ξ̃

ε
σn) with starting point

(x, y) ∈ γ × Tm. Then there exist a probability measure νε on γ × Tm and constants Ξ > 0 and

0 < c < 1 such that, for all ε sufficiently small,

sup
(x,y)∈γ×Tm

TV(νn,εx,y , ν
ε) < Ξ · (1− c)n,

where TV is the total variation distance of probability measures.

The rest of this section is devoted to the proof of Lemma 2.5.1. Let σn, n ≥ 0, and τn,

n ≥ 1, be the stopping times w.r.t. (X̃ε
t , ξ̃

ε
t ) that are analogous to σn, τn w.r.t. (X̃ε

t , ξ̃
ε
t ). The

lemma is equivalent to the exponential convergence in total variation of (X̃ε
τn , ξ̃

ε
τn) on γ′ × Tm,

uniformly in ε and in the initial distribution. The proof consists of three steps:

1. The process starting on γ′ ×Tm hits I ×Tm before τ1 with uniformly positive probability,

where I is a fixed interval on the separatrix.
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2. Let the process starting on I × Tm evolve for a certain period of time. Then, by a local

limit theorem, we can estimate from below the probabilities of hitting O(ε)-sized boxes in

a certain O(
√
ε)-sized region, uniformly w.r.t. the starting point on I × Tm.

3. By the Hörmander condition (H5), we prove a common lower bound for the density of the

distribution of the process starting from each of the O(ε)-sized boxes after a short time.

Let us take care of these steps in order.

Step 1. Let 0 < β < 1, which will be specified later. We prove that the process has

a uniformly positive probability of following along the averaged motion and going through a

neighborhood of the saddle point without making a deviation more than β
√
ε in terms of H .

Lemma 2.5.2. For each fixed t̂ > 0, β′ > 0,

P(x,y)

(
sup
0≤t≤t̂

|X̃ε
t − xt| ≤ β′√ε

)
,

is uniformly positive for all (x, y) ∈M × Tm and ε sufficiently small.

Proof. Let the eigenvalues of ∇2H be bounded byK. Recall formula (2.19). By the boundedness

of the coefficients, the event

E :=

{
sup
0≤t≤t̃

|
∫ t

0

∇yu(X̃
ε
s , ξ̃

ε
s)σ(ξ̃

ε
s)dWs| ≤

1

2
β′e−Kt̃

}

has positive probability, uniformly in the starting points. By (2.19), we have that on the event E,

for t ≤ t̃ and ε sufficiently small,

|X̃ε
t − xt| ≤ |

∫ t

0

(∇⊥H(X̃ε
s )−∇⊥H(xs)ds|+

√
ε|
∫ t

0

∇yu(X̃
ε
s , ξ̃

ε
s)σ(ξ̃

ε
s)dWs|
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+ε|
∫ t

0

[∇xu(X̃
ε
s , ξ̃

ε
s)b(X̃

ε
s , ξ̃

ε
s) +∇yu(X̃

ε
s , ξ̃

ε
s)c(X̃

ε
s , ξ̃

ε
s)]ds|+ ε|u(x, y)− u(X̃ε

t , ξ̃
ε
t )|

≤ K

∫ t

0

|X̃ε
s − xs|ds+ β′e−Kt̃

√
ε.

Then Grönwall’s inequality implies that |X̃ε
t − xt| ≤ β′√ε for all t ≤ t̃. Therefore, E implies

{sup0≤t≤t̂ |X̃ε
t − xt| ≤ β′√ε}, and the uniform positivity follows.

Lemma 2.5.3. For any given 0 < c < 1, there exist curves Γ1 and Γ2 in U1 such that

(i) Γ1 and Γ2 have their tangent vectors as ∇H . They intersect with the separatrix on different

sides of the saddle point and the averaged motion on the separatrix spends finite time from

Γ2 to Γ1.

(ii) Let x ∈ Γ1 satisfy 2β
√
ε ≤ |H(x)| ≤ 2

√
ε and τx = inf{t : X̃ε

t ∈ Γ2}. Then for all

y ∈ Tm, P(x,y)(sup0≤t≤τx |H(X̃ε
t )−H(x)| ≤ β

√
ε) > c for all ε sufficiently small.

Figure 2.5: Curves in different coordinates.

Proof. Suppose H(x) > 0 for all x ∈ U1. By the Morse lemma, there exist neighborhoods U and

V of the saddle point O and the origin, respectively, and a diffeomorphism ψ from U to V such
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that H(x) = G(ψ(x)), where G(z) = z1z2. Then consider a random change of time by dividing

the generator by D(x) := det(∇xψ(x)):

dX̃ε∗
t =

b(X̃ε∗
t , ξ̃

ε∗
t )

D(X̃ε∗
t )

dt,

dξ̃ε∗t =
1

ε

v(ξ̃ε∗t )

D(X̃ε∗
t )

dt+
1√
ε

σ(ξ̃ε∗t )√
D(X̃ε∗

t )
dWt +

c(X̃ε∗
t , ξ̃

ε∗
t )

D(X̃ε∗
t )

dt.

(2.44)

Write the equation for Z̃ε∗
t := ψ(X̃ε∗

t ):

dZ̃ε∗
t =

1

D(ψ−1(Z̃ε∗
t ))

· ∇xψ(ψ
−1(Z̃ε∗

t ))b(ψ−1(Z̃ε∗
t ), ξ̃ε∗t )dt =: b∗(Z̃ε∗

t , ξ̃
ε∗
t )dt.

It is not hard to verify that b∗(z, y) satisfies

∫
Tm

b∗(z, y)dµ(y) = ∇⊥G(z).

Hence, by Lemma 2.3.2, there exists a bounded solution u∗(z, y) to

Lu∗(z, y) = −(b∗(z, y)−∇⊥G(z)) ·D(ψ−1(z)).

Consider a local coordinate G = z1z2 and ϕ∗ = 1
2
log(z2/z1) in V . The averaged motion has

constant speed: 0 in G and 1 in ϕ∗. As in (2.21) and (2.22), we have the equations for G̃ε∗
t =

G(Z̃ε∗
t ), Φ̃ε∗

t = ϕ∗(Z̃ε∗
t ), by applying Ito’s formula to u∗g = u∗ · ∇G and u∗ϕ = u∗ · ∇ϕ∗, with
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z = ψ(x), g0 = G(z), and ϕ∗
0 = ϕ∗(z):

G̃ε∗
t = g0 +

√
ε

∫ t

0

∇yu
∗
g(Z̃

ε∗
s , ξ̃

ε∗
s )T

σ(ξ̃ε∗s )√
D(ψ−1(Z̃ε∗

s ))
dWs − ε(u∗g(Z̃

ε∗
t , ξ̃

ε∗
t )− u∗g(z, y))

+ ε

∫ t

0

[
∇zu

∗
g(Z̃

ε∗
s , ξ̃

ε∗
s ) · b∗(Z̃ε∗

s , ξ̃
ε∗
s ) +∇yu

∗
g(Z̃

ε∗
s , ξ̃

ε∗
s ) · c(ψ

−1(Z̃ε∗
s ), ξ̃ε∗s )

D(ψ−1(Z̃ε∗
s ))

]
ds,(2.45)

Φ̃ε∗
t = ϕ∗

0 + t+
√
ε

∫ t

0

∇yu
∗
ϕ(Z̃

ε∗
s , ξ̃

ε∗
s )T

σ(ξ̃ε∗s )√
D(ψ−1(Z̃ε∗

s ))
dWs − ε(u∗ϕ(Z̃

ε∗
t , ξ̃

ε∗
t )− u∗ϕ(z, y))

+ ε

∫ t

0

[
∇zu

∗
ϕ(Z̃

ε∗
s , ξ̃

ε∗
s ) · b∗(Z̃ε∗

s , ξ̃
ε∗
s ) +∇yu

∗
ϕ(Z̃

ε∗
s , ξ̃

ε∗
s ) · c(ψ

−1(Z̃ε∗
s ), ξ̃ε∗s )

D(ψ−1(Z̃ε∗
s ))

]
ds.(2.46)

To get the lower bound for the desired probability, we will choose the curves Γ1 and Γ2

that are close enough to the saddle point. The time it takes to get from Γ1 to Γ2 is still of order

| log ε| since they are chosen independently of ε. In this way, the process starting on Γ1 and

stopped on Γ2 will be shown to have small variance, hence it is unlikely for the process to have

deviations larger than what we wish. With C > 0 to be specified later, let l1 = {z : ϕ∗(z) =

1
4
log ε + 1

2
log β + C}, l2 = {z : ϕ∗(z) = −(1

4
log ε + 1

2
log β + C)}, and l3 = {z : ϕ∗(z) =

−(1
4
log ε + 1

2
log β + C) − 2}. The idea is to look at event that the process stays close to the

averaged motion before the latter reaches l2, which implies that the process does not make a

large deviation in G, or equivalently, in H , before reaching l3. Let Γ∗
1, Γ

∗
2 be the curves that

have tangent vectors as ∇xψ ◦ ψ−1(∇xψ ◦ ψ−1)T∇G and go through the points (e−C , eCβ
√
ε),

(eC+1β
√
ε, e−C−1), respectively. Since ψ is a diffeomorphism, it is easy to see that each z on Γ∗

1

or Γ∗
2 withG(z) ≥ β

√
ε satisfies that 1

4
log ε+ 1

2
log β+C ≤ ϕ∗(z) ≤ −(1

4
log ε+ 1

2
log β+C)−2.

Let Γ1 and Γ2 be the pre-images of Γ∗
1 and Γ∗

2 in U1. They have ∇H as tangent vectors due to

the specific way we construct Γ∗
1 and Γ∗

2. Consider the process in (2.44) starting at x ∈ Γ1
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satisfying that 2β
√
ε ≤ H(x) ≤ 2

√
ε with an arbitrary y ∈ Tm. Let ϕ∗

t = ϕ∗
0 + t. Define

tx = inf{t : ϕ∗
t = ϕ∗(l2)} and τ ∗x = inf{t : |G̃ε∗

t − g0| = β
√
ε} ∧ inf{t : |Φ̃ε∗

t − ϕ∗
t | = 1} ∧ tx.

Then it is clear that P(x,y)(sup0≤t≤τ∗x |H(X̃ε
t ) −H(x)| ≤ β

√
ε) ≥ P(x,y)(τ

∗
x = tx). Let SG and

Sϕ denote the stochastic integrals in (2.45) and (2.46), respectively, with t replaced by τ ∗x . Since

τ ∗x ≲ | log ε|, ∇G is bounded, and ∇ϕ∗ ≲ ε−1/2 before τ ∗x , we see that the unwanted deviations

happen only if SG and Sϕ are large. Namely,

P(x,y)(τ
∗
x < tx) ≤ P(x,y)(|SG| ≥ β

√
ε/2) +P(x,y)(|Sϕ| ≥ 1/2).

Both terms on the right-hand side can be controlled by Chebyshev’s inequality. Note that there

exists a constant K > 0 independent of ε such that

Var(SG) ≤ εKE

∫ τ∗x

0

|∇G(Z̃ε∗
s )|2ds

= εKE

∫ τ∗x

0

G̃ε∗
s (e

2Φ̃ε∗
s + e−2Φ̃ε∗

s )ds

≤ εK

∫ τ∗x

0

(2 + β)
√
εe2(e2ϕ

∗
s + e−2ϕ∗s)ds

≤ 3K
√
ε3e2

∫ −2( 1
4
log ε+ 1

2
log β+C)

0

(e2ϕ
∗
s + e−2ϕ∗s)ds

= 3K
√
ε3e2

∫ −( 1
4
log ε+ 1

2
log β+C)

1
4
log ε+ 1

2
log β+C

(e2φ + e−2φ)dφ

≤ 3

β
Ke2−2Cε,

and, similarly,

Var(Sϕ) ≤ εKE

∫ τ∗x

0

|∇Φ(Z̃ε∗
s )|2ds ≤ εKE

∫ τ∗x

0

1

G̃ε∗
s

(e2Φ̃
ε∗
s + e−2Φ̃ε∗

s )ds ≤ 1

β2
Ke2−2C .
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Then C can be chosen large enough such that both variances are small enough, and hence

P(x,y)(|H(X̃ε
τ∗x
)−H(x)| ≤ β

√
ε) > c.

Figure 2.6: Four curves on four directions.

We can choose the corresponding curves in the other regions. As a result, we have four

curves corresponding to four different directions, all with positive distance to the saddle point, as

shown in Figure 2.6. Moreover, the corresponding transition probabilities near the saddle point

have lower bounds analogous to that given in Lemma 2.5.3 (ii). For the rotations happening

away from those curves, we will prove that, before the time when the process comes back to the

curves, the deviation of H can be large enough to cross the separatrix with positive probability.

Let Γi(h1, h2) be the set {x ∈ Γi : h1 ≤ H(x) ≤ h2}.

Lemma 2.5.4. For each fixed t̂ > 0,

P(x,y)

(
inf

0≤t≤t̂
H(X̃ε

t ) ≤ −
√
ε, sup

0≤t≤t̂
|X̃ε

t − xt| ≤ ε
1+2α

4

)

is positive uniformly in x ∈ Γ2(0, 2
√
ε), y ∈ Tm, and all ε sufficiently small.

Proof. By Lemma 2.5.2 and the Markov property, it is enough to consider small t̂ such that xt

does not reach Γ1 before t̂. Using formula (2.19) again, we see that P(x,y)(sup0≤t≤t̂ |X̃ε
t − xt| >
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ε
1+2α

4 ) → 0 as ε ↓ 0 uniformly in (x, y). Use formula (2.21) on a shorter time scale:

H(X̃ε
t ) = H(x) +

√
ε

∫ t

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs + ε(uh(x, y)− uh(X̃
ε
t , ξ̃

ε
t ))

+ ε

∫ t

0

[∇xuh(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds.

So, it suffices to show the uniform positivity of

P(x,y)

(
inf

0≤t≤t̂

∫ t

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs ≤ −4, sup
0≤t≤t̂

|X̃ε
t − xt| ≤ ε

1+2α
4

)
.

Note that there exists another Brownian motion W̃ such that

∫ t

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs = W̃

(∫ t

0

|∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)|2ds
)
.

Recall that in Section 2.4.1 we defined A(x) =
∫
Tm |∇yuh(x, y)σ(y)|2dµ(y). By Corollary 2.3.4,

E(x,y)

∣∣∣∣∣
∫ t̂

0

|∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs))|2ds−
∫ t̂

0

A(X̃ε
s )ds

∣∣∣∣∣ = O(
√
ε). (2.47)

Note that on the event {sup0≤t≤t̂ |X̃ε
t −xt| ≤ ε

1+2α
4 }, A(X̃ε

t ) is uniformly positive for 0 ≤ t ≤ t̂.

Let us denote this lower bound as m, which is independent of x, y, and ε. Then

P(x,y)(

∫ t̂

0

A(X̃ε
s )ds > mt̂, sup

0≤t≤t̂
|X̃ε

t − xt| ≤ ε
1+2α

4 ) → 1.
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By the L1 convergence in (2.47), we obtain

P(x,y)

(∫ t̂

0

|∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs))|2ds > mt̂/2, sup
0≤t≤t̂

|X̃ε
t − xt| ≤ ε

1+2α
4

)
→ 1. (2.48)

Suppose 0 < c < P(inf0≤t≤mt̂/2 W̃t < −4). Then, for all ε sufficiently small,

P(x,y)

(
inf

0≤t≤t̂

∫ t

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs ≤ −4, sup
0≤t≤t̂

|X̃ε
t − xt| ≤ ε

1+2α
4

)

= P(x,y)

(
inf

0≤t≤t̂
W̃

(∫ t

0

|∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs))|2ds
)

≤ −4, sup
0≤t≤t̂

|X̃ε
t − xt| ≤ ε

1+2α
4

)

≥ P(x,y)

(
inf

0≤t≤mt̂/2
W̃t ≤ −4,

∫ t̂

0

|∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs))|2ds > mt̂/2, sup
0≤t≤t̂

|X̃ε
t − xt| ≤ ε

1+2α
4

)

≥ c/2.

Remark 2.5.5. The result in Lemma 2.5.4 also holds for x ∈ Γ4(0, 2
√
ε). Similarly, for each

fixed t̂ > 0,

P(x,y)

(
sup
0≤t≤t̂

H(X̃ε
t ) ≥

√
ε, sup

0≤t≤t̂
|X̃ε

t − xt| ≤ ε
1+2α

4

)

is positive uniformly in x ∈ Γ2(−2
√
ε, 0) ∪ Γ4(−2

√
ε, 0), y ∈ Tm, and ε sufficiently small.

Now we can choose β = 1/10. By the results in Lemma 2.5.2, Lemma 2.5.3, Lemma 2.5.4,

and Remark 2.5.5, using the strong Markov property, we obtain the following lemma:

Lemma 2.5.6. There exists a closed interval I on γ that does not contain the saddle point and

a constant 0 < c < 1 satisfying the following property: if the system (2.13) starts at (x, y) ∈

γ′ × Tm, then for all ε sufficiently small

P(x,y)(η̃1 < τ1) ≥ c
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where η̃1 = inf{t : X̃ε
t ∈ I}.

Remark 2.5.7. In order for us to apply Lemma 2.5.4, we need to choose I that contains the

intersection of Γ2 and γ in its interior. In fact, it is not difficult to show that Lemma 2.5.6 holds

for any subset of γ with non-empty interior (see Figure 2.7).

Figure 2.7: The interval on γ can be reached from any points on γ′.

Step 2. Without loss of generality, we assume that if xt starts at one endpoint of I , then

the other endpoint is x1/2. In the remainder of this section, xt always denotes this deterministic

motion, irrespective of where X̃ε
t starts. We aim to study the distribution of the process (X̃ε

t , ξ̃
ε
t )

starting on I × Tm with certain t > 0. The choice of t will depend on the initial point x being

considered (see Figure 2.8), and this will be convenient as we use the strong Markov property

later when combining all three steps. To be more precise, for x ∈ I , let s(x) be such that

xs(x) = x (so 0 ≤ s(x) ≤ 1/2). We introduce a process ζ̃εt , 0 ≤ t, as the second term in the

expansion of X̃ε
t around the deterministic motion x(s(x)+t):

dζ̃εt = ∇(∇⊥H)(xs(x)+t)ζ̃
ε
t dt+ [b(xs(x)+t, ξ̃

ε
t )−∇⊥H(xs(x)+t)]dt, ζ̃

ε
0 = 0.

(Note that, for finite t, ζ̃εt is of order
√
ε.) Then, by standard perturbation arguments and
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Figure 2.8: Higher order estimate on the distribution of X̃ε
t .

Grönwall’s inequality, it can be shown that, uniformly in x such that 0 ≤ s(x) ≤ 1/2, 0 ≤

t ≤ 1− s(x), and y ∈ Tm,

E(x,y)|X̃ε
t − xs(x)+t − ζ̃εt | = O(ε). (2.49)

Therefore, understanding of the distribution of ζ̃ε1−s(x) would help one to understand the distribution

of X̃ε
1−s(x). However, it is not straightforward to study ζ̃εt since (ξ̃εt , ζ̃

ε
t ) is not a Markov process.

We introduce a related process ζεt defined using the original Markov process ξεt , apply the local

limit theorem to (ξεt , ζ
ε
t ), and use the Girsanov theorem to get the desired estimate. Namely, let

ζεt , s ≤ t, be defined by:

dζεt = ∇(∇⊥H)(xs(x)+t)ζ
ε
t dt+ [b(xs(x)+t, ξ

ε
t )−∇⊥H(xs(x)+t)]dt, ζ

ε
0 = 0. (2.50)

The following result is a version of the local limit theorem [1] (cf. Theorem 3.6.3) adapted to our

case.

Theorem 2.5.8. Let g : [0, 1] × Tm → R2 be a C∞ function such that g(t, ·) spans R2 and
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∫
Tm g(t, y)dµ(y) = 0 for all t ≥ 0, where µ is the invariant measure of ξεt . Then a local limit

theorem holds for the following random variable as ε→ 0 uniformly in (x, y) ∈ I × Tm,

Sε :=
1

ε

∫ 1−s(x)

0

g(s(x) + t, ξεt )dt.

Namely, there exists an invertible covariance matrix B(s) continuous in s such that

lim
ε→0

∣∣∣∣2πε √detB(s(x)) ·P(x,y)(S
ε − u ∈ [0, 1)2)− exp(−ε⟨B(s(x))−1u, u⟩

2
)

∣∣∣∣ = 0, (2.51)

uniformly in u ∈ R2, x ∈ I , and y ∈ Tm.

The second term in (2.51) is non-trivial even when u takes large values (of order 1/
√
ε),

which is exactly the situation we are dealing with. Following (2.50), we solve explicitly

ζε1−s(x) =

∫ 1−s(x)

0

Us(x)+t,1(b(xs(x)+t, ξ
ε
t )−∇⊥H(xs(x)+t))dt,

where Ut,s solves the differential equation

dUt,s = ∇(∇⊥H)(xs)Ut,sds,

and Ut,t is the identity matrix. Since xt is deterministic, the integrand can be treated as a function

only of time t and ξεt . Moreover, for each t, the integrand has zero mean w.r.t. the invariant

measure and spans R2, since Ut,1 is deterministic and non-singular and, for each x, {b(x, y) −
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∇⊥H(x) : y ∈ Tm} spans R2 by assumption (H4′). Then Theorem 2.5.8 implies that

P(x,y)

(
1

ε
ζε1−s(x) ∈ [j, j + 1)× [k, k + 1)

)
≥ ε

4π
√

detB(s(x))
exp

(
−ε⟨B(s(x))−1(j, k), (j, k)⟩

2

)
(2.52)

for all ε small enough, −1/
√
ε ≤ j, k ≤ 1/

√
ε, x ∈ I , and y ∈ Tm. Finally, we compare

(X̃ε
t , ξ̃

ε
t , ζ̃

ε
t ) with (Xε

t , ξ
ε
t , ζ

ε
t ). Since the added drift c(x, y) in the equation of ξ̃εt is small compared

to the diffusion term 1√
ε
σ(y), it is not hard to verify that, using the Girsanov theorem, for all ε

small enough, −1/
√
ε ≤ j, k ≤ 1/

√
ε, x ∈ I , and y ∈ Tm,

P(x,y)

(
1

ε
ζ̃ε1−s(x) ∈ [j, j + 1)× [k, k + 1)

)
≥ 1

2
P(x,y)

(
1

ε
ζε1−s(x) ∈ [j, j + 1)× [k, k + 1)

)
.

(2.53)

Step 3. We proved that x1 + ζ̃ε1−s(x) reaches the O(ε)−sized boxes with probabilities

bounded from below. We also proved that X̃ε
1−s(x) is O(ε)-close to x1+ ζ̃

ε
1−s(x) in L1. Let us take

one generic pair (j, k), let Bε,K
j,k = x1+[(j−K)ε, (j+1+K)ε)× [(k−K)ε, (k+1+K)ε), and

study the distribution of (X̃ε
t , ξ̃

ε
t ) with the initial point in Bε,K

j,k × Tm after time of order O(ε).

Figure 2.9: Common component of the distributions.
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Lemma 2.5.9. For each κ > 0, K > 0, and ŷ ∈ Tm, there exist t2 > 0, c > 0, and, for each pair

(j, k), a point x̂εj,k such that, for each (x, y) ∈ Bε,K
j,k × Tm and all ε sufficiently small,

P(x,y)(τκ < t2ε) ≥ c,

where τκ = inf{t : X̃ε
t ∈ B(x̂εj,k, κε), ξ̃

ε
t ∈ B(ŷ, κ)}.

Proof. Recall the definition of x1 at the beginning of Step 2 (see Figure 2.8). By assumption

(H4′), {b(x1, y) : y ∈ Tm} spans R2. So there exist y1, y2 ∈ Tm such that v1 := b(x1, y1) and

v2 := b(x1, y2) span R2. Let us consider the set Sj,k =
⋂
x∈Bε,K

j,k
{x+ av1 + bv2 : a, b ≥ 0}. Then

it is easy to see that, there exist a constant t2 > 0 and, for each pair (j, k), a point x̂εj,k ∈ Sj,k such

that for all x ∈ Bε,K
j,k , x̂εj,k = x + axεv1 + bxεv2 and 0 < ax, bx < t2/5. There exists δ > 0 such

that for each x ∈ B(x1, 2δ) and each y in B(yi, 2δ), |b(x, y)− vi| < κ/t2, i = 1, 2. Let M be the

upper bound of vector b(x, y). For all ε sufficiently small, the probability of the following event,

denoted by E, has a lower bound, denoted by c, that only depends on t2, κ, M , y1, y2, ŷ, δ, and

not on the starting point (x, y) ∈ B(x1, δ)× Tm, thus not on (j, k):

E =


τ1 < (t2 ∧ κ/M)ε/5; ξ̃ετ1+t ∈ B(y1, 2δ), t ∈ [0, axε]; τ2 < τ1 + ax + (t2 ∧ κ/M)ε/5;

ξ̃ετ2+t ∈ B(y2, 2δ), t ∈ [0, bxε]; τ3 < τ2 + bxε+ (t2 ∧ κ/M)ε/5

 ,

where τ1 = inf{t ≥ 0 : ξ̃εt ∈ B(y1, δ)}, τ2 = inf{t ≥ τ1 + axε : ξ̃εt ∈ B(y2, δ)}, and

τ3 = inf{t ≥ τ2 + bxε : ξ̃
ε
t ∈ B(ŷ, κ)}. If E is a subset of the event {τκ < t2ε}, then the lemma

is proved. To show the inclusion, note that on E,

|X̃ε
τ3
− x̂εj,k| = |X̃ε

τ3
− (x+ axεv1 + bxεv2)|
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≤ |X̃ε
τ3
− X̃ε

τ2+bxε
|+ |X̃ε

τ2+bxε
− (X̃ε

τ2
+ bxεv2)|+ |X̃ε

τ2
− X̃ε

τ1+axε
|

+ |X̃ε
τ1+axε

− (X̃ε
τ1
+ axεv1)|+ |X̃ε

τ1
− x|

≤ κε.

Besides, by the definition of τ3, ξ̃ετ3 ∈ B(ŷ, κ). Thus τκ ≤ τ3 < t2ε on E.

From now on, let ŷ be the point in assumption (H5) such that the parabolic Hörmander

condition holds at (x1, ŷ) and let pεt((x, y), ·) be the density of (X̃ε
tε, ξ̃

ε
tε) starting at (x, y).

Lemma 2.5.10. There exists κ > 0 such that for each x̂ ∈ B(x1, κ) and all ε sufficiently small,

there is a domain Cε
x̂,ŷ ⊂ V ε × Tm with λ(Cε

x̂,ŷ) > κε2 and pε1((x, y), ·) > κ/ε2 on Cε
x̂,ŷ for

(x, y) ∈ B(x̂, κε)×B(ŷ, κ).

Proof. Consider the stochastic processes that depend on the parameters (ε, x, y):

dθε,x,yt = b(x+ εθε,x,yt , y + ηε,x,yt )dt, θε,x,y0 = 0 ∈ R2,

dηε,x,yt = v(y + ηε,x,yt )dt+ εc(x+ εθε,x,yt , y + ηε,x,yt )dt+ σ(y + ηε,x,yt )dWt, η
ε,x,y
0 = 0 ∈ Rm.

(2.54)

Since, by assumption (H5), the parabolic Hörmander condition for equation (2.1) holds at (x1, ŷ),

it is not hard to see that, if (x, y) is close to (x1, ŷ) and ε is small, the parabolic Hörmander

condition holds for (2.54) at 0 and the distribution of (θε,x,yt , ηε,x,yt ) is absolutely continuous w.r.t.

the Lebesgue measure ([29]). Moreover, if the density function, denoted by p̃ε,x,y1 (θ, η), exists,

it is continuous in ε, x, y, θ, and η. Let θ̂ and η̂ satisfy that p̃0,x1,ŷ
1 (θ̂, η̂) > 0. Then there exists

0 < δ < 1 such that p̃ε,x,y1 (θ, η) exists and is greater than δ for all 0 < ε < δ, x ∈ B(x1, δ),

y ∈ B(ŷ, δ), θ ∈ B(θ̂, δ), and η ∈ B(η̂, δ). For x̂ ∈ B(x1, δ/2), define Cε
x̂,ŷ = B(x̂+εθ̂, εδ/2)×
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B(ŷ + η̂, δ/2). Then, for (x, y) ∈ B(x̂, εδ/2) × B(ŷ, δ/2), and (x′, y′) ∈ Cε
x̂,ŷ, and 0 < ε < δ,

we have that

pε1((x, y), (x
′, y′)) =

1

ε2
p̃ε,x,y

(
x′ − x

ε
, y′ − y

)
>

δ

ε2
.

The result holds with κ = (δ/2)m+2.

Lemma 2.5.11. For each K > 0, there exist constants c > 0 and t1 > 0 such that for all

−1/
√
ε ≤ j, k ≤ 1/

√
ε, there exists a measure πεj,k and a stopping time η̃j,k3 < t1ε such that

for each (x, y) ∈ Bε,K
j,k × Tm, the distribution of (X̃ε

η̃j,k3

, ξ̃ε
η̃j,k3

) starting at (x, y) has πεj,k as a

component and πεj,k(V
ε × Tm) > c for all ε sufficiently small.

Proof. We fix constant κ > 0 such that the statements in Lemma 2.5.10 hold. Then, for the

fixed κ, by Lemma 2.5.9, we fix t2 > 0, c′ > 0, and the point x̂εj,k for each pair (j, k) such

that for all (x, y) ∈ Bε,K
j,k × Tm and ε small, P(x,y)(τκ < t2ε) ≥ c′, where τκ = inf{t : X̃ε

t ∈

B(x̂εj,k, κε), ξ̃
ε
t ∈ B(ŷ, κ)}. It follows from Lemma 2.5.10 that there is a domain Cε

j,k ⊂ V ε×Tm

with λ(Cε
j,k) > κε2 and pε1((x, y), ·) > κ/ε2 on Cε

j,k for all (x, y) ∈ B(x̂εj,k, κε)× B(ŷ, κ). Then

the result follows if we define c = c′κ2, πεj,k = c′κ/ε2 · χ{Cε
j,k}λ, t1 = t2 + 2, and η̃j,k3 =

τκ ∧ t2ε+ ε < t1ε.

Now let us combine Step 2 and Step 3 together to get the following result concerning the

total variation distance of (X̃τ1 , ξ̃τ1) with different starting points on I × Tm:

Lemma 2.5.12. For each (x, y) ∈ I×Tm, let µ̃εx,y be the measure induced by (X̃τ1 , ξ̃τ1) starting

at (x, y). Then there exists c > 0 such that TV(µ̃εx,y, µ̃
ε
x′,y′) < 1−c for any (x, y), (x′, y′) ∈ I×Tm

and all ε sufficiently small.

Proof. It suffices to show that there exist c > 0 and a stopping time η̃ ≤ τ1 such that the total
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variation distance of (X̃η̃, ξ̃η̃) with different starting points on I×Tm is no more than 1−c. Recall

the definitions of s(x) and ζ̃εt in Step 2. For the process (X̃ε
t , ξ̃

ε
t ) starting at (x, y) ∈ I × Tm,

define

Aεj,k = {1
ε
ζ̃ε1−s(x) ∈ [j, j + 1)× [k, k + 1)},

Eε
K = {|X̃ε

1−s(x) − x1 − ζ̃ε1−s(x)| > Kε} ∪ { sup
0≤t≤1−s(x)

|H(X̃ε
t )| > K

√
ε}.

Using (2.52) and (2.53), we can find a constant c′ > 0 such that, for all x ∈ I , y ∈ Tm, ε

sufficiently small, and −1/
√
ε ≤ j, k ≤ 1/

√
ε, P(x,y)(A

ε
j,k) ≥ c′ε. And using (2.19) and (2.49)

we can choose K large enough such that, for all x ∈ I , y ∈ Tm, and ε sufficiently small,

P(x,y)(E
ε
K) < c′/100. Let η̃2 = 1− s(x) ∧ τ1. Then it is not hard to see that

∑
−1/

√
ε≤j,k≤1/

√
ε

P(x,y)(A
ε
j,k ∩ {X̃η̃2 ̸∈ Bε,K

j,k }) < c′/100.

Now let us define, for (x, y) ∈ I × Tm,

Rε
x,y = {(j, k) : −1/

√
ε ≤ j, k ≤ 1/

√
ε,P(x,y)(A

ε
j,k ∩ {X̃ε

η̃2
∈ Bε,K

j,k }) < c′ε/2}.

Then we know that |Rε
x,y| < 1

50ε
since, for every (j, k) ∈ Rε

x,y,

P(x,y)(A
ε
j,k ∩ {X̃ε

η̃2
̸∈ Bε,K

j,k }) ≥ P(x,y)(A
ε
j,k)−P(x,y)(A

ε
j,k ∩ {X̃ε

η̃2
∈ Bε,K

j,k }) ≥ c′ε/2.

Let the constants c′′ > 0, t1 > 0, the stopping time η̃j,k3 < t1ε, and πεj,k be defined as in
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Lemma 2.5.11. Define

πε =
1

2
c′ε

∑
−1/

√
ε≤j,k≤1/

√
ε

πεj,k, π̂εx,y,x′,y′ =
1

2
c′ε

∑
(j,k)∈Rε

x,y∪Rε
x′,y′

πεj,k.

In order to define the desired stopping time, we first run the process starting on I × Tm for

time η̃2 (with overwhelming probability, it is the time for the deterministic motion with the same

stating point to reach x1). Then we use the locations of both ζ̃εη̃2 and X̃ε
η̃2

to determine whether

the process continues and, if it continues, we choose the stopping time based on Lemma 2.5.11.

Namely, we define

η̃ = η̃2 +
∑

−1/
√
ε≤j,k≤1/

√
ε

χ(Aεj,k ∩ {X̃ε

η̃j,k2

∈ Bε,K
j,k }) · η̃j,k3 (X̃ε

η̃2
, ξ̃εη̃2),

where η̃j,k3 (x, y) denotes the stopping time with initial condition (x, y). Then it follows from

previous results that, for any pair (x, y), (x′, y′) ∈ I × Tm, there is a common component πε −

π̂εx,y,x′,y′ of the distributions of (X̃ε
η̃ , ξ̃

ε
η̃) starting from (x, y) and (x′, y′), respectively. Moreover,

(πε − π̂εx,y,x′,y′)(V
ε × Tm) > c′c′′ since |Rε

x,y| < 1
50ε

and |Rε
x′,y′| < 1

50ε
. Therefore, the total

variation is no more than 1− c′c′′.

Finally, we combine the result we just obtained with Step 1 to prove Lemma 2.5.1.

Proof of Lemma 2.5.1. As we discussed, the result is equivalent to the exponential convergence

in total variation of (X̃ε
τn , ξ̃

ε
τn) on γ′ ×Tm, uniformly in ε and in the initial distribution. Let µεx,y

denote the measure on γ′ × Tm induced by (X̃ε
τ1
, ξ̃ετ1) with the starting point (x, y) ∈ γ′ × Tm.

Then it suffices to prove that there exists c > 0 such that, for every pair (x, y), (x′, y′) ∈ γ′ ×Tm

and all ε sufficiently small, TV(µεx,y, µ
ε
x′,y′) < 1 − c, which follows from Lemma 2.5.6 and

58



Lemma 2.5.12.

2.6 Proof of the main result

Since we deal with both the original and the auxiliary processes in this section, certain

notation needs clarifying to avoid possible ambiguity: the process (X̃ε
t , ξ̃

ε
t ) represents not a

generic process with arbitrary bounded c(x, y) but only the auxiliary process with c̃(x, y) satisfying

(2.15); σn, τn are defined as in (2.6), and σ̃n, τ̃n represent the corresponding stopping time w.r.t.

(X̃ε
t , ξ̃

ε
t ). In (2.24), we defined Lc on each edge for a generic c(x, y). Here we give a more explicit

definition of Lc̃ = L̃k on the edge Ik:

L̃kf(h) =
1

2
Ak(h)f

′′(h) + B̃k(h)f
′(h),

Ak(h) =
2

Qk(h)

∫
γk(h)

1

|∇H(x)|

∫ ∞

0

Eµbh(x, ξs)bh(x, ξ0)dsdl,

B̃k(h) =
1

Qk(h)

∫
γk(h)

1

|∇H(x)|

∫ ∞

0

Eµdivx(bh(x, ξs)(b(x, ξ0)−∇⊥H(x)))dsdl.

One can easily check that this is consistent with the definitions of Ā and B̄c in (2.24), which are

the generalizations of the coefficients defined in Section 2.2, and

1

2
[Ak(hk)Qk(hk)f

′(hk)]
′ =

1

2
Ak(hk)Qk(hk)f

′′(hk) + B̃k(hk)Qk(hk)f
′(hk). (2.55)

Lemma 2.6.1. For each f ∈ D and all ε sufficiently small, we have Eνε
∫ σ1
0

Lc̃f(h(X̃ε
t ))dt = 0.

Proof. Since the process (X̃ε
t , ξ̃

ε
t ) on M ×Tm is recurrent, and the measure λ×µ is the invariant
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measure, by Theorem 2.1 in [32], we have that for any measurable set A ⊂M ,

∫
M

χA(x)dλ(x) = λ(A) = (λ× µ)(A× Tm) = Eνε

∫ σ1

0

χA(X̃
ε
t )dt.

Thus, ∫
M

Lc̃f(h(x))dλ(x) = Eνε

∫ σ1

0

Lc̃f(h(X̃ε
t ))dt.

So, it suffices to show that the left-hand side is zero. By (2.55) and (2.8),

∫
M

Lc̃f(h(x))dλ(x) =
3∑

k=1

∫
Ik

L̃kf(hk)Qk(hk)dhk

=
3∑

k=1

∫
Ik

(
1

2
Ak(hk)f

′′(hk) + B̃k(hk)f
′(hk))Qk(hk)dhk

=
3∑

k=1

∫
Ik

1

2
[Ak(hk)Qk(hk)f

′(hk)]
′dhk

=
1

2

3∑
k=1

pk lim
hk→O

f ′(hk)

= 0.

Let us verify the analogue of (2.12) in the case of the auxiliary process (X̃ε
t , ξ̃

ε
t ).

Proposition 2.6.2. For each f ∈ D and T > 0,

E(x,y)[f(h(X̃
ε
η))− f(h(x))−

∫ η

0

Lc̃f(h(X̃ε
t ))dt] → 0

as ε→ 0, uniformly in x ∈M , y ∈ Tm, and η is a stopping time bounded by T .
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Proof. We divide the time interval [0, η] into visits to the separatrix. Since σn → ∞,

|E(x,y)[f(h(X̃
ε
η))− f(h(x))−

∫ η

0

Lc̃f(h(X̃ε
t ))dt]|

≤ | lim
n→∞

E(x,y)[f(h(X̃
ε
σ̃n))− f(h(x))−

∫ σ̃n

0

Lc̃f(h(X̃ε
t ))dt]|

+ | lim
n→∞

E(x,y)E(X̃ε
η ,ξ̃

ε
η)
[f(h(X̃ε

σ̃n))− f(h(X̃ε
0))−

∫ σ̃n

0

Lc̃f(h(X̃ε
t ))dt]|

≤ 2 sup
(x,y)∈M×Tm

|E(x,y)[f(H(X̃ε
σ̃))− f(H(x))−

∫ σ

0

Lc̃f(H(X̃ε
s ))ds]| (2.56)

+ 2 lim
n→∞

sup
(x,y)∈γ×Tm

|E(x,y)[f(h(X̃
ε
σ̃n))− f(h(x))−

∫ σn

0

Lc̃f(h(X̃ε
t ))dt]|. (2.57)

Note that (2.56) converges to 0 due to Proposition 2.4.6, and (2.57) also converges to 0 since

lim
n→∞

sup
(x,y)∈γ×Tm

|E(x,y)[f(h(X̃
ε
σ̃n))− f(h(x))−

∫ σ̃n

0

Lc̃f(h(X̃ε
t ))dt]|

≤ lim
n→∞

sup
(x,y)∈γ×Tm

n−1∑
k=0

|E(x,y)

∫ σ̃k+1

σ̃k

Lc̃f(h(X̃ε
t ))dt|

≤ lim
n→∞

sup
(x,y)∈γ×Tm

n∑
k=0

(
2 · TV(νk,εx,y, νε) · sup

(x′,y′)∈γ×Tm

|E(x′,y′)

∫ σ̃1

0

Lc̃f(h(X̃ε
t ))dt|

)

= 0,

where the second inequality is due to Lemma 2.6.1 and the last equality follows from Proposition 2.4.6,

Lemma 2.5.1, and Proposition 2.7.3. Thus, the desired result holds.

A technical result is needed to verify (2.12) for the original process (Xε
t , ξ

ε
t ) on M × Tm.

Lemma 2.6.3. For each f ∈ D and δ > 0 there is 0 < ρ < 1 such that, for all x ∈ γ, y ∈ Tm,
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and all ε sufficiently small,

sup
σ′≤ρ

|E(x,y)

∞∑
n=0

χ{σn<σ′}[f(h(X
ε
τn+1

))− f(h(Xε
σn))−

∫ τn+1

σn

Lf(h(Xε
s ))ds]|

≤ δρ+ εαδ

∞∑
n=0

P(x,y)(σn < ρ),

(2.58)

where σ′ is a stopping time w.r.t. FXε
·

t .

Proof. The result holds either with or without the integral term since nearly all of the time

is spent from τn to σn. To be precise, by the strong Markov property, Corollary 2.4.17, and

Proposition 2.7.3,

sup
(x,y)∈γ×Tm

sup
σ′≤ρ

|E(x,y)

∞∑
n=0

χ{σn<σ′}

∫ τn+1

σn

Lf(h(Xε
s ))ds|

≲ sup
(x,y)∈γ×Tm

sup
σ′≤ρ

∞∑
n=0

|E(x,y)χ{σn<σ′}E(Xε
σn
,ξεσn )

τ1| = O(εα| log ε|).
(2.59)

Thus, it suffices to prove for all ε sufficiently small

sup
σ′≤ρ

|E(x,y)

∞∑
n=0

χ{σn<σ′}[f(h((X
ε
τn+1

))− f(h((Xε
σn))| ≤ δρ+ εαδ

∞∑
n=0

P(x,y)(σn < ρ). (2.60)

Let us prove this for X̃ε
t first using Proposition 2.6.2, then apply the Girsanov theorem to

get the result for Xε
t . Let σ̃′ be the analogue of σ′ w.r.t. F X̃ε

·
t . Divide the time interval [0, σ̃′] into

excursions using stopping times σ̃n and τ̃n:

E(x,y)[f(h(X̃
ε
σ̃′))− f(h(x))−

∫ σ̃′

0

Lf(h(X̃ε
t ))dt] (2.61)

= E(x,y)[f(h(X̃
ε
σ̃′∧σ̃))− f(h(x))−

∫ σ̃′∧σ̃

0

Lf(h(X̃ε
t ))dt] (2.62)
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+
∞∑
n=0

E(x,y)

(
χ{σ̃n<σ̃′}[f(h(X̃

ε
τ̃n+1∧σ̃′))− f(h(X̃ε

σ̃n))−
∫ τ̃n+1∧σ̃′

σ̃n

Lf(h(X̃ε
t ))dt]

)
(2.63)

+
∞∑
n=1

E(x,y)

(
χ{τ̃n<σ̃′}[f(h(X̃

ε
σ̃n∧σ̃′))− f(h(X̃ε

τ̃n))−
∫ σ̃n∧σ̃′

τ̃n

Lf(h(X̃ε
t ))dt]

)
. (2.64)

Thus, (2.63) converges to 0 uniformly for all x ∈ γ and σ̃′ ≤ ρ due to the convergence

of (2.61), (2.62), and (2.64), by Proposition 2.6.2, Proposition 2.4.6, and Lemma 2.4.15 with

Corollary 2.4.17, respectively. Note that (2.59) also holds for X̃ε
t , hence we conclude that

sup
(x,y)∈γ×Tm

sup
σ̃′≤ρ

∞∑
n=0

E(x,y)

(
χ{σ̃n<σ̃′}[f(h(X̃

ε
τ̃n+1∧σ̃′))− f(h(X̃ε

σ̃n))]
)
→ 0. (2.65)

To apply the Girsanov theorem, we choose a sufficiently small time interval and use the

fact that the transition probability of (Xε
t , ξ

ε
t ) is similar to that of (X̃ε

t , ξ̃
ε
t ) in the sense that they

are absolutely continuous with density close to 1. More precisely, for any fixed δ′ > 0, by the

Girsanov theorem, we can choose a constant ρ1 such that for all 0 < ρ < ρ1,

µεx,y

(∣∣∣∣dµ̃εx,ydµεx,y
− 1

∣∣∣∣ < δ′
)

≥ 1− ρ2,

where µεx,y and µ̃εx,y are the measures on C[0, ρ] induced by (Xε
t , ξ

ε
t ) and (X̃ε

t , ξ̃
ε
t ). Define

C ′ =

{∣∣∣∣dµ̃εx,ydµεx,y
− 1

∣∣∣∣ < δ

}
⊂ C[0, ρ], Ω′ = {(Xε

t , t ∈ [0, ρ]) ∈ C ′}.

Note that the quantity in (2.60) primarily depends on the behavior of the processes on time

interval [0, σ′] and event Ω′. Indeed, we can replace the stopping times τn by τn ∧ σ′ with O(εα)

errors. To replace Ω with Ω′, we need several additional results that control the difference.
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As in Corollary 2.4.17, we fix κ > 0 and choose a large constant C > 0 independent of ρ

such that

∞∑
n=[C log(C/ρ)ε−α]

P(x,y)(σn < ρ) ≤
∞∑

n=[C log(C/ρ)ε−α]

eρ(1− κεα)n ≤ δ′ρε−α.

Now we choose ρ2 > 0 such that, for all 0 < ρ < ρ2, Cρ log(C/ρ) < δ′. Hence, for all σ′ ≤ ρ,

∞∑
n=0

P(x,y)({σn < σ′} \ Ω′) ≤ Cρ2 log(C/ρ)ε−α + δ′ρε−α ≤ 2δ′ρε−α.

Thus, with K := maxIk∼O | limhk∈Ik,hk→O f
′(hk)|, we obtain

|E(x,y)

∞∑
n=0

χ{σn<σ′}\Ω′ [f(h(Xε
τn+1∧σ′))− f(h(Xε

σn))]| ≤ 2(K + 1)δ′ρ.

By following the same steps, we can choose ρ3 > 0 such that for all 0 < ρ < ρ3,

|E(x,y)

∞∑
n=0

χ{σ̃n<σ̃′}\Ω′ [f(h(X̃ε
τ̃n+1∧σ̃′))− f(h(X̃ε

σ̃n))]| ≤ 2(K + 1)δ′ρ. (2.66)

It remains to consider

|E(x,y)

∞∑
n=0

χ{σn<σ′}∩Ω′ [f(h(Xε
τn+1∧σ′))− f(h(Xε

σn))]|, (2.67)

which can be written and estimated as, with F denoting the functional on C[0, ρ] found inside
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the expectation in (2.67),

∣∣∣∣∫
C′
Fdµεx,y

∣∣∣∣ = ∣∣∣∣∫
C′
Fdµ̃εx,y −

∫
C′
F

(
dµ̃εx,y
dµεx,y

− 1

)
dµεx,y

∣∣∣∣
≤
∣∣∣∣∫
C′
Fdµ̃εx,y

∣∣∣∣+ δ′
∫
C′
|F |dµεx,y.

The first term is bounded by 2(K + 2)δ′ρ due to (2.65) and (2.66). The second term is simply

bounded by (K + 1)δ′εα
∑∞

n=0P(x,y)(σn < ρ). Thus, we see that the left-hand side in (2.60) is

no more than (4K + 6)δ′(ρ+ εα
∑∞

n=0P(x,y)(σn < ρ)) with finite K independent of δ′ and ρ for

all ε sufficiently small. It remains to take δ′ = δ/(4K + 6).

Proof of Proposition 2.3.1. Fix arbitrary δ > 0. We divide the time interval [0, η] into excursions

from γ to γ′ and from γ′ to γ by using stopping times σn and τn:

E(x,y)[f(h(X
ε
η))− f(h(x))−

∫ η

0

Lf(h(Xε
t ))dt]

= E(x,y)[f(h(X
ε
η∧σ))− f(h(x))−

∫ η∧σ

0

Lf(h(Xε
t ))dt] (2.68)

+
∞∑
n=0

E(x,y)

(
χ{σn<η}[f(h(X

ε
τn+1∧η))− f(h(Xε

σn))−
∫ τn+1∧η

σn

Lf(h(Xε
t ))dt]

)
(2.69)

+
∞∑
n=1

E(x,y)

(
χ{τn<η}[f(h(X

ε
σn∧η))− f(h(Xε

τn))−
∫ σn∧η

τn

Lf(h(Xε
t ))dt]

)
. (2.70)

Here (2.68) converges to 0 by Proposition 2.4.6 and (2.70) converges to 0 by Lemma 2.4.15 and

Corollary 2.4.17. It remains to consider (2.69) and it suffices to consider instead

∞∑
n=0

E(x,y)

(
χ{σn<η}[f(h(X

ε
τn+1

))− f(h(Xε
σn))−

∫ τn+1

σn

Lf(h(Xε
t ))dt]

)
(2.71)

because the difference converges to 0 by Proposition 2.7.3. By Proposition 2.6.2, we choose
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0 < ρ < 1 such that (2.58) holds for δ and all ε sufficiently small. We introduce the stopping

times σ̂n by letting σ̂0 = σ and σ̂n be the first of σk such that σk − σ̂n−1 ≥ ρ. It is clear that

σ̂[T/ρ] ≥ T ≥ η. Hence, we can replace (2.71) by

[T/ρ]−1∑
n=0

E(x,y)(χ{σ̂n<η}E(Xε
σ̂n
,ξεσ̂n )

∞∑
k=0

χ{σk<ρ}[f(h(X
ε
τn+1

))−f(h(Xε
σn))−

∫ τn+1

σn

Lf(h(Xε
t ))dt])

and, by the strong Markov property, the difference is no more than

sup
(x,y)∈γ×Tm

sup
σ′≤ρ

|E(x,y)

∞∑
n=0

χ{σn<σ′}[f(h((X
ε
τn+1

))− f(h((Xε
σn))−

∫ τn+1

σn

Lf(h(Xε
t ))dt]|,

where σ′ is a stopping time w.r.t. FXε
·

t . Both of them can be bounded byO(δ) due to Lemma 2.6.3

and Corollary 2.4.17.

2.7 Technical proofs

2.7.1 Derivatives of the action-angle coordinates

In this section, we carefully estimate the first and second derivatives of q(x), Q(h), ϕ(x),

A(h, ϕ), and Bc(h, ϕ) in order to prove (2.30). Our main tool is the Morse lemma. Note that we

only need to verify the bounds near the separatrix, since the derivatives are uniformly bounded

inside the domain. For x, y ∈ R2, let x → y denote the line segment connecting x and y.

For x, y ∈ γ(h) for certain h, let x
γ−→ y denote the piece of γ(h) connecting x to y along the

direction of ∇⊥H . Recall that q(x) =
∫
l(H(x))

γ−→x

1
|∇H|dl. To start with, using the Morse lemma,

one can compute that q(x) ≲ | logH(x)| and Q(h) ≲ | log h|. Then we make use of two special
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deterministic motions in the directions of ∇⊥H and ∇H to calculate the first derivatives of q(x)

precisely:

dxt = ∇⊥H(xt)dt,

dyt = ∇H(yt)dt.

It follows that

Figure 2.10: Motions tangent and perpendicular to the level curve.

q(xt) = q(x0) + t, (2.72)

q(yt) = q(y0) +

∫
∂Dt

∇H
|∇H|2

· ndl = q(y0) +

∫
Dt

div(
∇H
|∇H|2

)dS, (2.73)

where Dt is the region bounded by l, trajectory of ys, 0 ≤ s ≤ t, γ(H(y0)), and γ(H(yt)),

as shown in Figure 2.10. Thus, by differentiating (2.72) and (2.73) in t, we have the following

equations:

∇q(x) · ∇⊥H(x) = 1,

∇q(x) · ∇H(x) = |∇H(x)|2
∫
l(H(x))

γ−→x

div(
∇H
|∇H|2

)
1

|∇H|
dl.

(2.74)
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Therefore, with subscripts denoting the partial derivatives, by solving the linear system,

q′1 =
−H ′

2

H ′
1
2 +H ′

2
2 +H ′

1p,

q′2 =
H ′

1

H ′
1
2 +H ′

2
2 +H ′

2p,

where p(x) =
∫
l(H(x))

γ−→x
div( ∇H

|∇H|2 )
1

|∇H|dl. Using the Morse lemma, one can compute p(x) =

O(1/H(x)), since ∣∣∣∣div( ∇H
|∇H|2

)

∣∣∣∣ ≲ 1

|∇H|2
.

Note that the non-degeneracy of the saddle point implies that |H| ≲ |∇H|2, and hence ∇q =

O(|∇H|/H). The next step is to estimate ∇p. For all x, y close enough, with D denoting the

region bounded by l, x→ y, γ(H(x)), and γ(H(y)), we have

|p(x)− p(y)| =
∣∣∣∣∫
∂D

div(
∇H
|∇H|2

)
∇H
|∇H|2

· ndl −
∫
x→y

div(
∇H
|∇H|2

)
∇H
|∇H|2

· ndl
∣∣∣∣

≤
∫
D

∣∣∣∣div [div( ∇H
|∇H|2

)
∇H
|∇H|2

]∣∣∣∣ dS +

∫
x→y

∣∣∣∣div( ∇H
|∇H|2

)
1

|∇H|

∣∣∣∣ dl
≲
∫
D

1

|∇H|4
dS +

∫
x→y

1

|∇H|3
dl.

Then one can obtain |∇p| ≲ |∇H|/H2 by using the Morse lemma again and, as a result, |q′′ij| ≲

|∇H|2/H2, 1 ≤ i, j ≤ 2. Similarly, we can estimate the derivatives of Q(h). In fact, Q′(h) =∫
γ(h)

div( ∇H
|∇H|2 )

1
|∇H|dl = O(1/h) because of the estimate we had on p(x). In addition,

|Q′′(h)| =
∣∣∣∣∫
γ(h)

div

[
div(

∇H
|∇H|2

)
∇H
|∇H|2

]
1

|∇H|
dl

∣∣∣∣ ≲ ∫
γ(h)

1

|∇H|5
dl = O(1/h2).
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Since ϕ(x) = q(x)/Q(H(x)), |∇ϕ| ≲ |∇H|/H and |ϕ′′
ij| ≲ |∇H|2/H2, 1 ≤ i, j ≤ 2. Finally,

we estimate the derivatives w.r.t. h of a general function F (h, ϕ) = F̃ (x1, x2) with F̃ having

bounded first and second derivatives. By computing the inverse of the Jacobian of (H,ϕ) and

using the first equation in (2.74),

F ′
h =

F̃ ′
1ϕ

′
2 − F̃ ′

2ϕ
′
1

H ′
1ϕ

′
2 −H ′

2ϕ
′
1

= (F̃ ′
1ϕ

′
2 − F̃ ′

2ϕ
′
1)Q(H(x1, x2)). (2.75)

We deduce that F ′
h = O(| log h|/h) and, using F ′

h instead of F in (2.75), F ′′
hh = O(| log h|2/h3).

Similarly, one can obtain F ′
ϕ = O(| log h|) and F ′′

ϕϕ = O(| log h|/h).

2.7.2 Exit from neighborhoods of critical points

In this section, we obtain estimates for the exit time from the neighborhoods of the critical

points, including extremum points and saddle points. Recall the notation in Section 2.4: O is

a saddle point, O′ is an extremum point, U is a domain bounded by the separatrix, and η(h) =

inf{t : |H(X̃ε
t )−H(O′)| = h}. Recall the function u defined in (2.17) and let us define

A(x) =

∫
Tm

∇yu(x, y)σ(y)σ(y)
T∇yu(x, y)

Tdµ(y). (2.76)

Using assumption (H4′), one can see thatA(x) is positive-definite. Indeed, if there exist a point x

and a vector v ̸= 0 such that vTA(x)v = 0, then, since σσT is positive-definite, vT∇yu(x, y) = 0

for all y ∈ Tm. Namely, vTu(x, y) is constant, and vT(b(x, y) − b̄(x)) = L(vTu(x, y)) = 0 on

Tm, which contradicts with (H4′).

Lemma 2.7.1. Recall the definition of Bc(x) in (2.23). If O′ is a minimum point, then Bc(O
′) >
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0; if O′ is a maximum point, then Bc(O
′) < 0.

Proof. We prove the result in the case of minimum point. The other case can be treated similarly.

Since O′ is a critical point and Lu(x, y) = −(b(x, y)− b̄(x)), we have ∇H(O′) = 0 and

Bc(O
′) =

∫
Tm

[∇xuh(O
′, y)b(O′, y) +∇yuh(O

′, y)c(x, y)]dµ(y)

=

∫
Tm

u(O′, y)T∇2H(O′)b(O′, y)dµ(y)

= −
∫
Tm

u(O′, y)T∇2H(O′)Lu(O′, y)dµ(y)

= −
∑

1≤i,j≤2

∂2

∂xi∂xj
H(O′)

∫
Tm

ui(O
′, y)Luj(O

′, y)dµ(y)

= −
∑

1≤i,j≤2

∂2

∂xi∂xj
H(O′)

∫
Tm

1

2
(uiLuj + ujLui)(O

′, y)dµ(y)

=
1

2

∑
1≤i,j≤2

∂2

∂xi∂xj
H(O′)

(
A(O′)i,j −

∫
Tm

L(uiuj)dµ(y)

)

=
1

2

∑
1≤i,j≤2

∂2

∂xi∂xj
H(O′)A(O′)i,j.

This is positive since both ∇2H andA are positive definite at O′.

Lemma 2.7.2. For each κ > 0, there exists δ > 0 such that

E(x,y)η(δ) ≤ κ

for all x satisfying |H(x)−H(O′)| < δ, y ∈ Tm, and ε sufficiently small.

Proof. Without loss of generality, we assume O′ to be a minimum point. Similarly to (2.21), we
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apply Ito’s formula to uh(X̃ε
η(δ)∧1, ξ̃

ε
η(δ)∧1) and we obtain

H(X̃ε
η(δ)∧1) = H(x) +

∫ η(δ)∧1

0

∇yuh(X̃
ε
s , ξ̃

ε
s)

Tσ(ξ̃εs)dWs + ε(uh(x, y)− uh(X̃
ε
η(δ)∧1, ξ̃

ε
η(δ)∧1))

+

∫ η(δ)∧1

0

[∇xuh(X̃
ε
s , ξ̃

ε
s) · b(X̃ε

s , ξ̃
ε
s) +∇yuh(X̃

ε
s , ξ̃

ε
s) · c(X̃ε

s , ξ̃
ε
s)]ds.

By taking the expectation on both sides and using Corollary 2.3.4, we obtain

E(x,y)

∫ η(δ)∧1

0

Bc(X̃
ε
s )ds < δ +O(ε). (2.77)

Due to Lemma 2.7.1, Bc(O
′) > 0. Hence, we can choose δ to be small enough such that

Bc(X̃
ε
s ) > Bc(O

′)/2 > 0 before η(δ). Thus, it follows from (2.77) that, for all ε sufficiently

small,

E(x,y)(η(δ) ∧ 1) ≤ 4δ/Bc(O
′).

Then P(x,y)(η(δ) ≥ 1) ≤ 4δ/Bc(O
′) for all x satisfying |H(x) − H(O′)| < δ, y ∈ Tm by

Markov’s inequality. Then, one can obtain the desired result using the Markov property by the

fact that E(x,y)η(δ) ≤ E(x,y)(η(δ) ∧ 1) + E(x,y)(η(δ)χ{η(δ)>1}).

Proposition 2.7.3. Let 0 < α < 1/2, V ε = {x : |H(x) −H(O)| < εα}, and τ = inf{t : X̃ε
t ̸∈

V ε}. Then, uniformly in 0 < α < 1/2 and (x, y) ∈ V ε × Tm, as ε ↓ 0,

E(x,y)τ = O(ε2α| log ε|).

To prove Proposition 2.7.3, it is more convenient to consider the process (X̃ε
t , ξ̃

ε
t ), define

the stopping time τ = inf{t : X̃ε
t ̸∈ V ε}, and then prove that E(x,y)τ = O(ε2α−1| log ε|). We
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need careful analysis of the behavior of the processes near the saddle point and away from the

saddle point. The latter is easier to deal with since there is no degeneracy, while the former needs

us to, again, use the Morse Lemma to make concrete computations. For simplicity, we prove

the result in the case of (Xε
t , ξ

ε
t ) without the additional drift c(x, y) since it can be seen in the

proof that the additional terms induced by c(x, y) are always relatively small. We prove that there

exist two neighborhoods, D1 ⊂ D2, of O (as shown in Figure 2.11a), such that, in V ε, it takes

the process O(| log ε|) time to escape from D2, and O(1) time to return to D1. Since x ∈ V ε is

two-dimensional, we denote x = (p, q). To avoid confusion brought by convoluted formulas, we

assume the saddle point is the origin and the Hamiltonian H(x) = pq in a small neighborhood

of O. This assumption is not restrictive because, as in the proof of Lemma 2.5.3, we can use the

Morse Lemma and perform a random change of time with the multiplier bounded from below

and above, which will not change the order of the expected time. For r > 0, we denote Dr to be

the region in V ε with |p| ≤ r and |q| ≤ r, (∂Dr)in = {|p| = r}∩V ε, (∂Dr)out = {|q| = r}∩V ε,

and choose r3 > 0 small enough that H(x) = pq in Dr3 .

(a) Two neighborhoods of O. (b) Dr1 and Dr2 .

Figure 2.11: Transitions between two boundaries.
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Lemma 2.7.4. There exist r1, r2 > 0 such that, uniformly in (x, y) ∈ Dr1 × Tm, as ε ↓ 0,

E(x,y)τ̄ = O(| log ε|),

where τ̄ = inf{t :Xε
t ̸∈ Dr2}.

Proof. We denote ηεt = (Xε
t )2 and study the behavior of ηεt inside B(0, r3). All the computations

below concernXε
t before leaving Dr3 . As in (2.19), we can write the equation for ηεt ,

ηεt = q +

∫ t

0

ηεsds+
√
ε

∫ t

0

∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

+ ε

∫ t

0

∇xu2(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds+ ε(u2(x, y)− u2(X

ε
t , ξ

ε
t )).

Introduce η̂εt , which is close to ηεt :

η̂εt = q +

∫ t

0

ηεsds+
√
ε

∫ t

0

∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs + ε

∫ t

0

∇xu2(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds.

Let F (q) =
∫ q
0
e−z

2 ∫ z
0
ew

2
dwdz, which satisfies F (q) ∼ 1

2
log q, as p → ∞, and has bounded

derivatives up to the third order. Then we can choose a large C > 0, such that |F ′|, |F ′′|, |F ′′′|,

|u(x, y)|, |∇u(x, y)|, |∇2u(x, y)| are bounded by C. Recall from (2.76) that the vector-valued

function ∇yu2(x, y)
Tσ(y) has non-degenerate average w.r.t. µ, in the sense that A22(x) > 0.

Let A0 = A22(O) > 0 and let 0 < r1 < r2 < r3 be such that A0(1 − 1/(2C)) < A22(x) <

A0(1 + 1/(2C)) in Dr2 , as shown in Figure 2.11b. Let r̄2 = r3+r2
2

. Define function f(q) (that
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depends on ε) and compute its derivatives:

f(q) = 2(F (
r̄2√
A0ε

)− F (
q√
A0ε

)), f ′(q) = − 2√
A0ε

F ′(
q√
A0ε

),

f ′′(q) = − 2

A0ε
F ′′(

q√
A0ε

), f ′′′(q) = − 2

(
√
A0ε)3

F ′′′(
q√
A0ε

).

(2.78)

Furthermore, f satisfies the differential equations:


1
2
A0εf

′′ + qf ′ = −1

f(−r̄2) = f(r̄2) = 0

. (2.79)

By Lemma 2.3.2, there is a function v2(x, y) that is bounded together with its derivatives such

that

Lv2(x, y) = |∇yu2(x, y)σ(y)|2 −A22(x).

where L is the generator of the process ξt (see (2.7)). Since |ηεt − η̂εt | = O(ε) and r̄2 > r2, we

can apply Ito’s formula to v2(Xε
t , ξ

ε
t )f

′′(ηεt ) for 0 ≤ t ≤ τ̄ :

v2(X
ε
t , ξ

ε
t )f

′′(ηεt ) =v2(x, y)f
′′(q) +

∫ t

0

∇x(v2(X
ε
s , ξ

ε
s)f

′′(ηεs)) · b(Xε
s , ξ

ε
s)ds

+
1

ε

∫ t

0

Lv2(X
ε
s , ξ

ε
s)f

′′(ηεs)ds+
1√
ε

∫ t

0

∇yv2(X
ε
s , ξ

ε
s)

Tf ′′(ηεs)σ(ξ
ε
s)dWs.
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Hence it follows that

∫ t

0

(|∇yu2(X
ε
s , ξ

ε
s)σ(ξ

ε
s)|

2 −A22(X
ε
s ))f

′′(ηεs)ds

= ε (v2(X
ε
t , ξ

ε
t )f

′′(ηεt )− v2(x, y)f
′′(q))− ε

∫ t

0

∇x(v2(X
ε
s , ξ

ε
s)f

′′(ηεs)) · b(Xε
s , ξ

ε
s)ds

−
√
ε

∫ t

0

f ′′(ηεs)∇yv2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

= O(1) +O(
1√
ε
) · t−

√
ε

∫ t

0

f ′′(ηεs)∇yv2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs.

(2.80)

Now apply Ito’s formula to f(η̂εt ) for 0 ≤ t ≤ τ̄ :

f(η̂εt ) = f(q) +

∫ t

0

f ′(η̂εs)η
ε
sds+

ε

2

∫ t

0

f ′′(η̂εs)|∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds

+ ε

∫ t

0

f ′(η̂εs)∇xu2(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds+

√
ε

∫ t

0

f ′(η̂εs)∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

= f(q) +

∫ t

0

f ′(η̂εs)η̂
ε
sds+O(

√
ε) · t+ ε

2

∫ t

0

f ′′(η̂εs)A22(X
ε
s )ds

+
ε

2

∫ t

0

(|∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2 −A22(X
ε
s ))f

′′(ηεs)ds+O(
√
ε) · t

+
√
ε

∫ t

0

f ′(η̂εs)∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεt )dWs

= f(q) +

∫ t

0

[f ′(η̂εs)η̂
ε
s +

A0ε

2
f ′′(η̂εs)]ds+

ε

2

∫ t

0

f ′′(η̂εs)(A22(X
ε
s )− A0)ds

+
ε

2
(O(1) +O(

1√
ε
) · t−

√
ε

∫ t

0

f ′′(ηεs)∇yv2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs) +O(
√
ε) · t

+
√
ε

∫ t

0

f ′(η̂εs)∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

≤ f(q)− t+
t

2
+O(ε) +O(

√
ε) · t−

√
ε3

2

∫ t

0

f ′′(ηεs)∇yv2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

+
√
ε

∫ t

0

f ′(η̂εs)∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs,

where the equalities follow from (2.78) and (2.80), and the last inequality holds since f solves
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(2.79) and |A22(X
ε
s ) − A0| < A0/(2C). Let τ̃ = τ̄ ∧ 1/ε. Then η̂ετ̃ ∈ [−r̄2, r̄2] because

|η̂ετ̃ − ηετ̃ | = O(ε). The previous calculation reduces to

f(η̂ετ̃ ) ≤ f(q)− τ̃ /2 +O(ε) +O(
√
ε) · τ̃ −

√
ε3

2

∫ τ̃

0

f ′′(ηεs)∇yv2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

+
√
ε

∫ τ̃

0

f ′(η̂εs)∇yu2(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs.

By taking the expectation, we have for all x ∈ Dr2 , y ∈ Tm, and ε small enough

E(x,y)τ̃ ≤ 5 sup
−r̄2≤q′≤r̄2

f(q′) = O(| log ε|).

Then, by Markov’s inequality and the Markov property, we obtain that E(x,y)τ̄ = O(| log ε|).

Lemma 2.7.5. Let r1, r2, τ̄ be defined as in Lemma 2.7.4. Then, uniformly in (x, y) ∈ Dr1 ×Tm,

P(x,y)(X
ε
τ̄ ∈ (∂Dr2)in) → 0 as ε ↓ 0.

Proof. Again, we denote x = (p, q) and, for simplicity, we assume that the saddle point is the

origin and that H(x) = pq in a small neighborhood of O. We extend the function b(x, y) in the

vertical direction in such a way that it is bounded together with its partial derivatives and the first

component of b̄(x) is −p in the region {x : |p| ≤ r2}. We denote ζεt = (Xε
t )1 and show that it

takes significantly longer than | log ε| for ζεt to reach ±r2, hence it is unlikely for Xε
t to exit Dr2

through (∂Dr2)in. All the computations below concern Xε
t before ζεt reaches ±r2. As in (2.19),
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we can write the equation for ζεt :

ζεt = p−
∫ t

0

ζεsds+
√
ε

∫ t

0

∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

+ ε

∫ t

0

∇xu1(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds+ ε(u1(x, y)− u1(X

ε
t , ξ

ε
t )).

Introduce ζ̂εt , which is close to ζεt :

ζ̂εt = p−
∫ t

0

ζεsds+
√
ε

∫ t

0

∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs + ε

∫ t

0

∇xu1(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds.

Since b(x, y) and its partial derivatives are bounded in {x : |p| ≤ r2}×Tm, we can choose C > 0

such that

sup
x:|p|≤r2,y∈Tm

(
|∇yu1(x, y)

Tσ(y)|2 ∨ 2|u1(x, y)| ∨ |∇xu1(x, y) · b(x, y)|
)
< C/2. (2.81)

Let us define r̄2 = r1+r2
2

, τ̂2 = inf{t : |ζ̂εt | > r̄2}, and function f(p) = exp(p2/(Cε)). Then it

follows that

Cε

2
f ′′ − pf ′ − f = 0. (2.82)

Note that |ζεt | ≤ r2 for 0 ≤ t ≤ τ̂2 since |ζεt−ζ̂εt | ≤ Cε/2. Apply Ito’s formula to exp(−t/2)f(ζ̂εt )

for 0 ≤ t ≤ τ̂2 and obtain using (2.81):

e−t/2f(ζ̂εt ) = f(p)− 1

2

∫ t

0

e−s/2f(ζ̂εs )ds−
∫ t

0

e−s/2f ′(ζ̂εs )ζ
ε
sds

+ ε

∫ t

0

e−s/2f ′(ζ̂εs )∇xu1(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds

+
ε

2

∫ t

0

e−s/2f ′′(ζ̂εs )|∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds
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+
√
ε

∫ t

0

e−s/2f ′(ζ̂εs )∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

= f(p)− 1

2

∫ t

0

e−s/2f(ζ̂εs )ds

+

∫ t

0

e−s/2f ′(ζ̂εs )

(
−1

2
ζ̂εs +

[
(ζ̂εs − ζεs ) + ε∇xu1(X

ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)−

1

2
ζ̂εs

])
ds

+
ε

2

∫ t

0

e−s/2f ′′(ζ̂εs )|∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds

+
√
ε

∫ t

0

e−s/2f ′(ζ̂εs )∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

≤ f(p)− 1

2

∫ t

0

e−s/2f(ζ̂εs )ds−
1

2

∫ t

0

e−s/2f ′(ζ̂εs )ζ̂
ε
sds+

Cε

4

∫ t

0

e−s/2f ′′(ζ̂εs )ds

+

∫ t

0

e−s/2f ′(ζ̂εs )

[
(ζ̂εs − ζεs ) + ε∇xu1(X

ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)−

1

2
ζ̂εs

]
ds

+
√
ε

∫ t

0

e−s/2f ′(ζ̂εs )∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

≤ f(p) + 18Cε(1− e−t/2) +
√
ε

∫ t

0

e−s/2f ′(ζ̂εs )∇yu1(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs.

The last inequality follows from (2.82) and the fact that the integrand on the second line is either

negative, when |ζ̂εs | ≥ 2Cε, or small and bounded by 9Cεe−s/2, when |ζ̂εs | ≤ 2Cε. By replacing

t by the stopping time τ̂2 and taking expectation, we obtain

E(x,y)e
−τ̂2/2 ≤ 2e(r

2
1−r̄22)/(Cε).

Let τ̄2 = inf{t : |ζεt | > r2}. Then, since |ζεt − ζ̂εt | ≤ Cε/2, it follows that

P(x,y)(τ̄2 < | log ε|/
√
ε) ≤ P(x,y)(τ̂2 < | log ε|/

√
ε) ≤ 2 exp(

r21 − r̄22
Cε

+
| log ε|
2
√
ε
) → 0,
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as ε ↓ 0. However, by Lemma 2.7.4 and Markov’s inequality, we have

P(x,y)(τ̄ > | log ε|/
√
ε) → 0,

as ε ↓ 0. Thus, the desired result follows.

Lemma 2.7.6. Let ¯̄τ = inf{t : Xε
t ∈ Dr1} ∧ τ . Then there exists a > 0 such that, uniformly in

(x, y) ∈ (∂Dr2)out × Tm,

P(x,y)(¯̄τ < τ ,

∫ ¯̄τ

0

|∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds < a) → 0 as ε→ 0.

Furthermore, E(x,y) ¯̄τ is bounded uniformly in (x, y) ∈ (∂Dr2)out × Tm.

Proof. Let t̂ > 0 and ť > 0 be the lower bound and the upper bound of time spent by xt to get

from (∂Dr2)out to Dr1 , respectively. Then, similarly to (2.48), there exists a > 0 such that

P(x,y)

(∫ t̂/2

0

|∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs))|2ds > a, sup
0≤t≤2t̂

|Xε
t − xt| ≤ ε

1+2α
4

)
→ 1.

Hence

P(x,y)

(
¯̄τ < τ ,

∫ ¯̄τ

0

|∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds < a

)
≤ P(x,y)

(
t̂/2 ≤ ¯̄τ < τ ,

∫ ¯̄τ

0

|∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds < a

)
+P(x,y)(¯̄τ < τ , ¯̄τ < t̂/2)

≤ P(x,y)

(∫ t̂/2

0

|∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)|2ds < a

)
+P(x,y)

(
sup

0≤t≤2t̂

|Xε
t − xt| > ε

1+2α
4

)

→ 0.
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Similarly, it is easy to see that P(x,y)(¯̄τ > 2ť) < P(x,y)

(
sup0≤t≤2ť |Xε

t − xt| > ε
1+2α

4

)
→ 0, and

the desired result follows from the Markov property.

Proof of Proposition 2.7.3. As in (2.21):

H(Xε
t ) = H(x) + ε

∫ t

0

∇xuh(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds

+
√
ε

∫ t

0

∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs + ε(uh(x, y)− uh(X
ε
t , ξ

ε
t )).

The change in H(Xε
t ) is mainly due to the stochastic integral while the other terms are of order

O(ε) and O(t · ε) and can be controlled. For each t(ε) > 0,

{τ < t(ε)} ⊃

{
sup
[0,t(ε)]

∣∣∣∣∣√ε
∫ t(ε)

0

∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs

∣∣∣∣∣ > 3εα

}
⋂{

ε

∫ t(ε)

0

|∇xuh(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)|ds < εα/2

}
.

(2.83)

Note that if we choose t(ε) = o(εα−1), then the second event is always true. Now we recursively

define stopping times:

θ10 = 0,

θ2k = inf{t ≥ θ1k−1 :X
ε
t ∈ ∂Dr2} ∧ τ ,

θ1k = inf{t ≥ θ2k :X
ε
t ∈ ∂Dr1} ∧ τ .

We denoteD(x, y) = ∇yuh(x, y)
Tσ(y). Note that once the process leaves V ε, the stopping times

stay constant afterwards. The main idea of the proof is to show that after a sufficiently long time

t(ε), the stochastic integral will accumulate enough variance to exit from V ε. Let us bound the
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probability of variance being small:

P(x,y)

(
τ ≥ t(ε),

∫ t(ε)

0

|D(Xε
s , ξ

ε
s)|2ds < 9ε2α−1

)

≤ P(x,y)

(
τ ≥ t(ε) > θ1n(ε),

∫ t(ε)

0

|D(Xε
s , ξ

ε
s)|2ds < 9ε2α−1

)
+P(x,y)(θ

1
n(ε) ≥ t(ε)),

(2.84)

where the integer n(ε) will be specified later. Let τ̄ , ¯̄τ , and a be defined as in Lemma 2.7.4 and

Lemma 2.7.6. Then

P(x,y)

(
τ ≥ t(ε) > θ1n(ε),

∫ t(ε)

0

|D(Xε
s , ξ

ε
s)|2ds < 9ε2α−1

)

≤ exp(9ε2α−1/a)E(x,y)

(
χ{τ>θ1

n(ε)
} exp

(
−1

a

∫ θ1
n(ε)

0

|D(Xε
s , ξ

ε
s)|2ds

))
(2.85)

≤ exp(9ε2α−1/a)

[
sup

(x,y)∈∂Dr1×Tm

E(x,y)

(
χ{τ>θ11} exp

(
−1

a

∫ θ11

0

|D(Xε
s , ξ

ε
s)|2ds

))]n(ε)−1

.

Now let us deal with one excursion from Dr2 to Dr1 . For (x, y) ∈ (∂Dr2)out × Tm,

E(x,y)

(
χ{¯̄τ<τ} exp

(
−1

a

∫ ¯̄τ

0

|D(Xε
s , ξ

ε
s)|2ds

))
≤ P(x,y)(¯̄τ < τ ,

∫ ¯̄τ

0

|D(Xε
s , ξ

ε
s)|2ds < a) +P(x,y)(¯̄τ < τ ,

∫ ¯̄τ

0

|D(Xε
s , ξ

ε
s)|2ds ≥ a)/e

≤ e−0.99,

(2.86)

for all ε sufficiently small, by Lemma 2.7.6. For (x, y) ∈ ∂Dr1 × Tm:

E(x,y)

(
χ{τ>θ11} exp

(
−1

a

∫ θ11

0

|D(Xε
s , ξ

ε
s)|2ds

))

≤ E(x,y)

(
χ{τ>θ11 ,Xε

τ̄∈(∂Dr2 )out} exp

(
−1

a

∫ θ11

0

|D(Xε
s , ξ

ε
s)|2ds

))
+P(x,y)(X

ε
τ̄ ∈ (∂Dr2)in)
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≤ sup
(x′,y′)∈(∂Dr2 )out×Tm

E(x′,y′)

(
χ{¯̄τ<τ} exp

(
−1

a

∫ ¯̄τ

0

|D(Xε
s , ξ

ε
s)|2ds

))
+P(x,y)(X

ε
τ̄ ∈ (∂Dr2)in)

≤ e−0.98,

by Lemma 2.7.5 and (2.86). Now we can come back to (2.85) and have

P(x,y)

(
τ ≥ t(ε) > θ1n,

∫ t(ε)

0

|D(Xε
s , ξ

ε
s)|2ds < 9ε2α−1

)
≤ exp(9ε2α−1/a− 0.98(n(ε)− 1)).

(2.87)

The second probability on the right-hand side of (2.84) can be bounded by Lemmas 2.7.4 and

2.7.6 with certain K > 0:

P(x,y)(θ
1
n ≥ t(ε)) ≤ E(x,y)θ

1
n/t(ε)

≤

(
sup

(x′,y′)∈∂Dr1×Tm

E(x′,y′)τ̄ + sup
(x′,y′)∈∂Dr2×Tm

E(x′,y′) ¯̄τ

)
· n(ε)
t(ε)

≤ n(ε)K| log ε|
t(ε)

.

(2.88)

Choose n(ε) = [10ε2α−1/a + 2]. Then the quantity in (2.87) converges to 0. Choose t(ε) =

100Kε2α−1| log ε|/a, then the quantity on the right-hand side of (2.88) converges to 0.1. Therefore,

the quantity on the right-hand side of (2.84) converges to 0.1. Moreover, since t(ε) = o(εα−1), it

follows from (2.83) that, for all x ∈ V ε, y ∈ Tm, and ε sufficiently small,

P(x,y)(τ ≥ t(ε))

= P(x,y)

(
τ ≥ t(ε), sup

[0,t(ε)]

∣∣∣∣√ε ∫ t

0

D(Xε
s , ξ

ε
s)dWs

∣∣∣∣ ≤ 3εα

)

≤ P(x,y)

(
τ ≥ t(ε),

∫ t(ε)

0

|D(Xε
s , ξ

ε
s)|2ds > 9ε2α−1, sup

[0,t(ε)]

∣∣∣∣√ε∫ t

0

D(Xε
s , ξ

ε
s)dWs

∣∣∣∣ ≤ 3εα

)
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+P(x,y)

(
τ ≥ t(ε),

∫ t(ε)

0

|D(Xε
s , ξ

ε
s)|2ds < 9ε2α−1

)

≤ 0.69 + 0.11 = 0.8,

since the stochastic integral in the last inequality can be represented as time-changed Brownian

motion. Finally, we have by the Markov property

E(x,y)τ ≤ 5t(ε) = O(ε2α−1| log ε|).

2.7.3 Tightness

In this section, we verify the tightness for the original process (2.4) on R2 × Tm. By the

Arzelà–Ascoli theorem, it suffices to check the following two conditions

(i) lim
R→+∞

P(x,y)

(
sup

0≤t≤T
|H(Xε

t )| ≥ R

)
→ 0, (2.89)

(ii) lim
δ↓0

P(x,y)

 sup
0≤s<t≤T
|s−t|<δ

r(h(Xε
t ), h(X

ε
s )) > κ

→ 0, (2.90)

hold for all κ > 0, uniformly in all 0 < ε < 1. As in (2.21), we can also write the equation for

H(Xε
t ), where we consider (Xε

t , ξ
ε
t ) to be a process on R2 × Tm:

H(Xε
t ) = H(x) +

∫ t

0

∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs + ε(uh(x0, y0)− uh(X
ε
t , ξ

ε
t ))

+

∫ t

0

∇xuh(X
ε
s , ξ

ε
s) · b(Xε

s , ξ
ε
s)ds.

(2.91)
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By assumption (H4) and Lemma 2.3.2, u(x, y) is bounded together with its first derivatives.

Besides, by assumption (H2), H(x)/|x| → +∞ as |x| → +∞, hence sup{|x| : H(x) ≤

R}/R → 0 as R → +∞. Also, there exists an K > 0 such that and H(x) > −K for all

x ∈ R2. For R > K, let τR = inf{t : |H(Xε
t )| = R} ∧ T . Then, by Markov’s inequality and

boundedness of second derivatives of H ,

P(x,y)( sup
0≤t≤T

|H(Xε
t )| ≥ R) = P(x,y)(H(Xε

τR
) = R)

≤ E(x,y)(H(Xε
τR
) +K)/R

≲ (H(x) + (ε+ T ) sup{|∇H(x)| : H(x) ≤ R}+ T +K)/R

≲ (H(x) + (ε+ T ) sup{|x| : H(x) ≤ R}+ T +K)/R → 0,

as R → +∞, uniformly in 0 < ε < 1. Thus, we have (2.89), and it also follows that

P(x,y)( sup
0≤t≤T

|∇H(Xε
t )| ≥ R) → 0, (2.92)

as R → +∞, uniformly in 0 < ε < 1. To verify (2.90), we see that, for an arbitrary κ > 0 small,

P(x,y)

 sup
0≤s<t≤T
|s−t|<δ

r(h(Xε
t ), h(X

ε
s )) > κ

 ≤
[T/δ]∑
k=0

P(x,y)

(
sup
t≤δ

r(h(Xε
kδ+t), h(X

ε
kδ)) > κ/4

)

≤
[T/δ]∑
k=0

P(x,y)

(
sup
t≤δ

|H(Xε
kδ+t)−H(Xε

kδ)| > κ/12

)
.
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Since (2.92) holds, it is sufficient to prove, for each R > 0,

[T/δ]∑
k=0

P(x,y)

(
sup
t≤δ

|H(Xε
kδ+t)−H(Xε

kδ)| > κ/12, sup
0≤t≤T

|∇H(Xε
t )| ≤ R

)
→ 0.

Let K ′ be the upper bound for |b(x, y) − ∇⊥H(x)|, |u(x, y)|, |∇xu(x, y)|, and eigenvalues of

∇2H(x) and (∇yuσσ
T∇yu

T)(x, y) over R2 × Tm. Here we need to deal with the cases where ε

is small or large compared to κ separately. Namely, on the event {sup0≤t≤T |∇H(Xε
t )| ≤ R}:

(1) If ε > κ
48K′R

, we have that, by (2.4), for δ < ( κ
24K′R

)2 and all 0 ≤ t ≤ δ,

|H(Xε
kδ+t)−H(Xε

kδ)| = |1
ε

∫ kδ+t

kδ

∇H(Xε
s ) · b(Xε

s , ξ
ε
s)ds| ≤

δRK ′

ε
< κ/12,

and the probabilities are simply zero;

(2) If ε < κ
48K′R

, by recalling (2.91), we have

sup
t≤δ

|H(Xε
kδ+t)−H(Xε

kδ)|

≤ sup
t≤δ

|
∫ kδ+t

kδ

∇yuh(X
ε
s , ξ

ε
s)

Tσ(ξεs)dWs|+ 2εK ′R +K ′2(K ′ +R)δ

≤ sup
0≤t≤δK′R2

|W̃t|+K ′2(K ′ +R)δ + κ/24,

where W̃t is another Brownian motion. Hence, for δ sufficiently small, independently of ε,

[T/δ]∑
k=0

P(x,y)

(
sup
t≤δ

|H(Xε
kδ+t)−H(Xε

kδ)| > κ/12, sup
0≤t≤T

|∇H(Xε
t )| ≤ R

)

≤
[
T

δ
+ 1

]
·P(x,y)

(
sup

0≤t≤δK′R2

|W̃t| > κ/48

)
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→ 0,

as δ ↓ 0, since each term is exponentially small as δ ↓ 0.
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Chapter 3: Local limit theorem for time-inhomogeneous functions of Markov

processes

3.1 Introduction

Suppose that {Xx
s }s≥0 is a time-homogeneous Markov family on a metric space (X,B(X))

with P (s, x,Γ) being its transition function. We will drop the superscript x from the notation

when it is clear what the initial point or distribution of the process is. Let B be the Banach space

of bounded B(X)-measurable complex functions on X equipped with the supremum norm:

∥f∥ = supx∈X |f(x)|. Then we have the corresponding semigroup {Ps}s≥0 defined as

Psf(x) = Exf(Xs) =

∫
X

f(y)P (s, x, dy).

In order to state the local limit theorem, we make additional assumptions about {Xs}s≥0. Among

all, the most essential condition is the uniqueness of the invariant measure and the uniform

convergence ofXs to this measure, which can be re-formulated in terms of the quasi-compactness

([33]) of the operators Ps, s > 0. To be more precise, an operator P acting on B is said to

satisfy the property of quasi-compactness if B can be decomposed into two P -invariant closed

subspaces:

B = F ⊕H, (3.1)
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where r(P |H) < r(P ), while dim(F ) < ∞, and each eigenvalue of P|F has modulus r(P ).

Here, r(·) stands for the spectral radius of an operator. Suppose that ν is the unique invariant

measure of {Xs}s≥0, and the distribution of Xs converges to ν in total variation, uniformly in

initial distribution. Then it is clear that, for every s > 0, Ps is quasi-compact with F = span{1}

and H = {f ∈ B : ⟨ν, f⟩ = 0}, where ν is understood as a functional on B via ⟨ν, f⟩ =
∫
X
fdν.

A more direct way to understand quasi-compactness is to give a decomposition of the operator

itself. Define LB to be the space of all bounded linear operators from B to itself, and B′ to be the

space of all bounded linear operators from B to C. For φ ∈ B′ and v ∈ B, we define v ⊗ φ ∈ LB

by (v⊗ φ)f = ⟨φ, f⟩v for all f ∈ B. Let us denote Q = P1 be the operator corresponding to the

Markov process {Xs}s≥0 sampled at integer points. As we discussed, Q is quasi-compact with

F = span{1} and H = {f ∈ B : ⟨ν, f⟩ = 0}. So, we have the following decomposition for Q:

Q = 1⊗ ν +N, (3.2)

where N = QΠH , ΠH is the projection onto H , and r(N) < 1.

In applications, one often considers limit theorems for additive functionals of Markov

processes ([33],[34],[35]). For example, let b(x) be a real-valued bounded continuous function on

X . One is interested in describing the distribution of
∫ T
0
b(Xs)ds as T → ∞. So, in addition to

the process {Xs}s≥0, assumptions also need to be made about the function b(x). Similar questions

have also been studied for discrete-time Markov chains, in which case, one is interested in the

distribution of the sum
∑n

k=1 b(Xk) as n→ ∞.

In this chapter, we focus on the integral formulation of the problem as described but allow

the function b to vary in time. Namely, let b : [0, 1] × X → Rd, d ∈ N, be a real-valued
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bounded continuous function and ST =
∫ T
0
b(s/T,Xs)ds. We will prove that a local limit

theorem holds for ST . The spectral method has been applied to prove various limit theorems

for Markov chains (cf. [33], [36], [37], [35], [38], and the references therein). For example, in

the case where the function b does not depend on time, the local limit theorem can be obtained

by studying the characteristic function of the sum (or the integral in the continuous case) or,

equivalently, the limiting behavior of the power of the corresponding Fourier kernels. Due to the

quasi-compactness of the corresponding operator, the limiting behavior of its power is primarily

determined by the dominant eigenvalues and the corresponding eigenfunctions. However, in this

chapter, we need to deal with the additional dependence on another parameter that appears in

the discretization of the time interval [0, T ] due to the time-inhomogeneity of the function b, and

study the product of a sequence of different Fourier operators that depend on the parameter. This

main technical step is given in Proposition 3.3.1.

The chapter is organized as follows: In the rest of Section 3.1, we introduce some notation,

formulate the assumptions and the main result, and discuss some applications. In Section 3.2,

we give preliminary results to motivate the ingredients of the proof. In Section 3.3, we prove the

technical results. In Section 3.4, we give the proof of our main result, Theorem 3.1.4.

Throughout this chapter, P and E represent the probability and expectation, respectively,

and the subscripts pertain to initial conditions. The Lebesgue measure is denoted by L. For each

k ≥ 0, a subset X of a Euclidean space, and a Banach space Y , Ck(X, Y ) denotes the space of k

times continuously differentiable functions from X to Y . For C > 0, let BC = {f ∈ B : ∥f∥ ≤

C}. Let B′
p be the space of probability measures onX . Let ⌊T ⌋ denote the integer part of T .
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Definition 3.1.1. The operator Q(t, α, β) ∈ LB, t ∈ Rd, α, β ∈ [0, 1], is defined as

Q(t, α, β)f(x) = Ex

[
exp

(
it ·
∫ 1

0

b (α + s(β − α), Xs) ds

)
f(X1)

]
. (3.3)

In particular, for each α and β, and t = 0, this operator coincides with Q.

Assumptions:

(A1) {Xs}s≥0 is a Markov process on the complete separable state space (X,B(X)) with

sample paths in the Skorokhod space D([0,∞),X).

(A2) ν is the unique invariant measure of {Xs}s≥0 onX . There exists T > 0 such that

sup
x∈X

TV(P (T , x, ·), ν) < 1,

where TV is the total variation distance between two probability measures.

(A3) b : [0, 1] ×X → Rd is continuous and bounded. For each 0 ≤ α ≤ 1,
∫
X
b(α, ·)dν = 0.

For each x ∈ X , b(α, x) is twice differentiable in α. Moreover, ∂
∂α
b(α, x) and ∂2

∂α2 b(α, x)

are continuous and bounded on [0, 1]×X .

(A4) Non-arithmetic condition on ({Xs}s≥0, b(α, x)) holds: For every 0 ≤ α ≤ 1 and every

t ̸= 0, r(Q(t, α, α)) < 1.

Remark 3.1.2. It is not hard to verify that, under Assumption (A2),Q is quasi-compact as defined

in (3.1) and has the decomposition (3.2). In addition, under Assumption (A3), Q(t, α, β) ∈

C2(Rd × [0, 1]2,LB).
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Remark 3.1.3. The non-arithmetic condition (A4) is required to prove the local limit theorem.

However, the formulation is not intuitive and often not easy to verify. In fact, with Assumptions

(A1)-(A3), it can be reduced to a more natural form - the non-lattice condition:

(NL) For each α ∈ [0, 1], there is no a ∈ Rd, a closed subgroup H ⫋ Rd, and bounded

measurable function u : X → Rd such that
∫ 1

0
b(α,Xs)ds + u(X1) − u(X0) = a + H ,

ν-a.s.

In Section 3.5, we will provide a proof of this statement.

Theorem 3.1.4. Let Assumptions (A1)-(A4) be satisfied and

ST =

∫ T

0

b(s/T,Xs)ds. (3.4)

Then there exists a positive-definite matrix Σ such that, for each compactly supported function

g ∈ C(Rd,R), and C > 0, uniformly in real-valued f ∈ BC , initial distribution µ ∈ B′
p, and

u ∈ Rd,

lim
T→∞

|det(Σ)(2πT )d/2Eµ[f(XT )g(ST − u)]− e−
1
2T
u∗(ΣΣ∗)−1u⟨ν, f⟩⟨L, g⟩| = 0.

Example 3.1.5. The assumptions are satisfied if Xs is a non-degenerate diffusion process on Tm,

(A3) is satisfied, and {b(α, x), x ∈X} spans Rd for each 0 ≤ α ≤ 1.

3.2 Preliminaries

Throughout the rest of the chapter, we assume that the conditions (A1)-(A4) are satisfied.

In order to understand the limiting distribution of ST , we study the limiting behavior of the
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characteristic function, which can be represented as a product of the operators Q(t, α, β). Since

T is not necessarily an integer, we define a special operator Q̃(t, T ) that will serve as the last

factor in the product. Namely, for each f ∈ B, we define

Q̃(t, T )f = Ex

[
exp

(
it ·
∫ T−⌊T ⌋

0

b

(
⌊T ⌋+ s

T
,Xs

)
ds

)
f
(
XT−⌊T ⌋

)]
. (3.5)

From the definition (3.4) of ST , we immediately get the following lemma.

Lemma 3.2.1. For each f ∈ B and each probability measure µ,

Eµ[e
it·ST f(XT )] = ⟨µ,

⌊T ⌋−1∏
k=0

Q

(
t,
k

T
,
k + 1

T

)
Q̃(t, T )f⟩, (3.6)

where the product of the operators
∏n

k=1Ak means A1A2...An.

The operator in (3.5) does not play a role in the limiting distribution and the introduction

of it is purely for technical reasons. We will not touch it until in the proof of the main result.

It will be proved, using Assumption (A4), that the value of (3.6) decays exponentially fast as

T → ∞ if t is away from the origin. To deal with the situation where t is close to the origin,

we need to study the behavior of Q(t, α, β) near the origin. In fact, since Q(t, α, β) can be

treated as a perturbation of Q = Q(0, α, β), the decomposition in the form of (3.2) and the quasi-

compactness can be extended locally to all t close to the origin. This result is given explicitly in

the following perturbation theorem. The theorem is similar to Theorem 3.8 in [33]. The proof is

also similar except that now we need to deal with the dependence of the operator Q(t, α, β) on

the parameters α and β due to the time-inhomogeneity of the function b, and we need to establish

additional differentiability of various terms in the decomposition and prove the existence of a
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neighborhood I that would work for all the values of the parameters. We include the proof for

the sake of completeness.

Theorem 3.2.2 (Perturbation Theorem). There exists a neighborhood I of the origin, C > 0, and

r ∈ (0, 1) such that, for t ∈ I , α, β ∈ [0, 1], Q(t, α, β) has the following decomposition:

Q(t, α, β) = λ(t, α, β)v(t, α, β)⊗ φ(t, α, β) +N(t, α, β), (3.7)

where

(i) λ(t, α, β) ∈ C2(I × [0, 1]2,C);

(ii) v(t, α, β) ∈ C2(I × [0, 1]2,B) and ∥v(t, α, β)∥ = 1;

(iii) φ(t, α, β) ∈ C2(I × [0, 1]2,B′) and ⟨φ(t, α, β), v(t, α, β)⟩ = 1;

(iv) B = F (t, α, β) ⊕ H(t, α, β), F (t, α, β) = span{v(t, α, β)}, and H(t, α, β) = {h :

⟨φ(t, α, β), h⟩ = 0};

(v) N(t, α, β) = Q(t, α, β)ΠH(t,α,β) ∈ C2(I × [0, 1]2,LB) and r(N(t, α, β))/|λ(t, α, β)| < r

for all t ∈ I and α, β ∈ [0, 1];

(vi) ∥∇2
t (N(t, α, β)n)∥ < C for all α, β ∈ [0, 1] and n ∈ N.

Proof. (1) Let us temporarily fix α0, β0 ∈ [0, 1]. Recall that H = {f ∈ B : ⟨ν, f⟩ = 0}. Note

that for h ∈ H , α0, β0 ∈ [0, 1],

⟨ν,Q(0, α0, β0)(1 + h)⟩ = ⟨ν,Q(1 + h)⟩ = ⟨Q∗ν, 1 + h⟩ = ⟨ν, 1 + h⟩ = 1.
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There exists a neighborhood J1(α0, β0) in Rd × [0, 1]2 of (0, α0, β0) such that for all (t, α, β) ∈

J1(α0, β0) and h ∈ H of norm no more than 1, we have ⟨ν,Q(t, α, β)(1 + h)⟩ ≠ 0. Then we can

define a function F : J1(α0, β0)× {h ∈ H : ∥h∥ ≤ 1} → H by

F (t, α, β, h) =
Q(t, α, β)(1 + h)

⟨ν,Q(t, α, β)(1 + h)⟩
− (1 + h).

Note that F (0, α0, β0, 0) = 0. By the fact that

F (0, α0, β0, h) =
Q(1 + h)

⟨ν,Q(1 + h)⟩
− (1 + h) = Qh− h,

we see that the partial differential of F at the point (0, α0, β0, 0) w.r.t. h is Q|H − 1 which

is an isomorphism of H since 1 is not in the spectrum of Q|H due to (3.2). Hence, by the

implicit function theorem, there exists a neighborhood J2(α0, β0) ⊂ J1(α0, β0) of (0, α0, β0), a

neighborhood H0 ⊂ H of 0, and a unique function h(t, α, β) ∈ C2(J2(α0, β0), H0) such that for

all (t, α, β) ∈ J2(α0, β0), F (t, α, β, h(t, α, β)) = 0. And we define

v(t, α, β) =
1 + h(t, α, β)

∥1 + h(t, α, β)∥
∈ C2(J2(α0, β0),B)

λ(t, α, β) = ⟨ν,Q(t, α, β)(1 + h(t, α, β))⟩ ∈ C2(J2(α0, β0),C).

Note that h(0, α, β) = 0, v(0, α, β) = 1, and λ(0, α, β) = 1 on J2(α0, β0).

(2) For f ∈ B, let f⊥ = {ψ ∈ B′ : ⟨ψ, f⟩ = 0}. Let H ′ = 1⊥ = {ψ ∈ B′ : ⟨ψ, 1⟩ = 0}.
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Define the function G1 : J2(α0, β0)×H ′ → B′ by

G1(t, α, β, ψ) = Q(t, α, β)∗(ν + ψ)− λ(t, α, β)(ν + ψ).

Note that B′ = H ′ ⊕ span{ν}. Define the projection π onto H ′ by πψ = ψ − ⟨ψ, 1⟩ν for each

ψ ∈ B′, and the function G : J2(α0, β0) × H ′ → H ′ by the composition G = π ◦ G1. By the

continuity of v(t, α, β), there exists a neighborhood J3(α0, β0) smaller than J2(α0, β0) such that

⟨ν, v(t, α, β)⟩ ≠ 0 for all (t, α, β) ∈ J3(α0, β0). So, for each ψ ∈ B′,

ψ =
⟨ψ, v(t, α, β)⟩
⟨ν, v(t, α, β)⟩

ν + ψ − ⟨ψ, v(t, α, β)⟩
⟨ν, v(t, α, β)⟩

ν,

and B′ = v(t, α, β)⊥ ⊕ span{ν}. Therefore, for each (t, α, β) ∈ J3(α0, β0), π is bijective

from v(t, α, β)⊥ to H ′. On the other hand, since G(0, α0, β0, 0) = 0 and the partial differential

of G at point (0, α0, β0, 0) with respect to ψ is Q∗|H′ − 1, which is an isomorphism of H ′,

we can find a neighborhood J4(α0, β0) ⊂ J3(α0, β0)) of (0, α0, β0), a neighborhood H ′
0 ⊂ H ′

of 0, and a unique function ψ ∈ C2(J4(α0, β0), H
′
0) such that, for all (t, α, β) ∈ J4(α0, β0),

G(t, α, β, ψ(t, α, β)) = 0 and ⟨ν+ψ(t, α, β), v(t, α, β)⟩ ≠ 0. By the fact that π is bijective from

v(t, α, β)⊥ to H ′, G1(t, α, β, ψ(t, α, β)) = 0. Then it is clear that ν+ψ(t, α, β) is an eigenvector

of Q∗(t, α, β). We define

φ(t, α, β) =
ν + ψ(t, α, β)

⟨ν + ψ(t, α, β), v(t, α, β)⟩
∈ C2(J4(α0, β0),B′),

and define N(t, α, β) ∈ C2(J4(α0, β0),LB) using (3.7). Again, it is clear that ψ(0, α, β) = 0,

φ(0, α, β) = ν, and N(0, α, β) = N on J4(α0, β0).
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(3) For each f ∈ B, we have the equality

f = ⟨φ(t, α, β), f⟩v(t, α, β) + (f − ⟨φ(t, α, β), f⟩v(t, α, β)).

Hence, we have the decomposition of B as claimed, and it is not hard to verify that N(t, α, β) =

Q(t, α, β)ΠH(t,α,β). Observe that r(N) < 1 (by the quasi-compactness of Q), λ(t, α, β) and

N(t, α, β) are continuous, and spectral radius is an upper-semicontinuous function of the operator.

Therefore, r(N(t, α, β))/|λ(t, α, β)| < r := (r(N) + 1)/2 < 1 holds on a neighborhood

J5(α0, β0) ⊂ J4(α0, β0).

Finally, to get the bound in (vi), we express ∇2
t (N(t, α, β)n) as a sum of n2 terms of the

forms

V = N(t, α, β)n1∇tN(t, α, β)N(t, α, β)n2∇tN(t, α, β)∗N(t, α, β)n3 (3.8)

with n1 + n2 + n3 = n− 2, n1, n2, n3 ≥ 0, or

V = N(t, α, β)n1∇2
tN(t, α, β)N(t, α, β)n2 (3.9)

with n1 +n2 = n− 1, n1, n2 ≥ 0. Let us choose m0 ∈ N such that ∥Nm0∥ < (2r(N)+1
3

)m0 . Since

N(t, α, β) ∈ C2(I×[0, 1]2,LB), there exist a neighborhood J(α0, β0) ⊂ J5(α0, β0) and a constant

C1(α0, β0) ≥ 1 such that ∥N(t, α, β)m0∥ < rm0 , and N(t, α, β), ∇tN(t, α, β), and ∇2
tN(t, α, β)

are bounded by C1(α0, β0) on J(α0, β0). Let C2(α0, β0) = (C1(α0, β0)/r)
m0 . Then, for every

m ∈ N, with m = km0 + j, 0 ≤ j < m0, we have on J(α0, β0) that

∥N(t, α, β)m∥ ≤ ∥N(t, α, β)m0∥k · ∥N(t, α, β)∥j ≤ rm · C1(α0, β0)
j

rj
≤ C2(α0, β0)r

m.
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Hence, we obtain that, for each term V in the form of (3.8) or (3.9), ∥V || ≤ C2(α0, β0)
5 · rn−2.

Since there are n2 terms in total, we have that

∥∇2
t (N(t, α, β)n)∥ ≤ C2(α0, β0)

5n2 · rn−2 → 0,

as n→ ∞. Therefore, the left-hand side is bounded uniformly in n and (t, α, β) ∈ J(α0, β0).

(4) So far, we showed that λ(t, α, β), v(t, α, β), φ(t, α, β), and N(t, α, β) that satisfy the

decomposition (3.7) and the conditions (i)-(vi) stated in the theorem exist on
⋃
α0,β0∈[0,1] J(α0, β0).

Then, by the compactness of [0, 1]2, we can find a neighborhood I of the origin in Rd such that

the functions above exist on I × [0, 1]2 and the conditions (v) and (vi) are satisfied with uniform

constants.

3.3 Product of the operators

As suggested by Lemma 3.2.1, the main ingredient of the proof is to study the limiting

behavior of the product of the operators. In this section, we deal with two situations where t is

close to or away from the origin. The product contains the information about the characteristics

of the limiting distribution in the first situation and vanishes as T tends to infinity in the second

situation. Our arguments involve different products. To avoid confusion, we use the convention:

for pk ∈ C,
∏j−1

k=j pj = 1; and, for Pk ∈ LB,
∏j−1

k=j Pj = id is the identity operator.

3.3.1 For t near 0

In this section, we apply the perturbation theorem to deal with the product where t is close

to the origin. To present cleaner arguments, we assume that the operator N in (3.2) has its norm
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less than 1. This assumption is not restrictive since, by the uniform ergodicity assumption (A2),

if we define Q = Pn with n large enough instead of Q = P1, then the total variation between the

distribution of Xn and the invariant measure ν will be small enough, and the norm of N will be

less than 1. The perturbation theorem still holds with the relation in (v) replaced by

∥N(t, α, β)∥/|λ(t, α, β)| < r, (3.10)

and the left-hand side of (3.6) can still be represented as a product of those perturbed operators.

Proposition 3.3.1. Let I be defined as in Theorem 3.2.2. There exist constants M and N large

enough such that, for all T > N and all t ∈ I , we have the formula for the product of the

operators, for f ∈ B and 0 ≤ i ≤ ⌊T ⌋ − 1,

⌊T ⌋−1∏
k=i

Q(t,
k

T
,
k + 1

T
)f

=

⌊T ⌋−1∏
k=i

λ(t,
k

T
,
k + 1

T
)

⌊T ⌋−2∏
k=i

⟨φ(t, k
T
,
k + 1

T
), v(t,

k + 1

T
,
k + 2

T
)⟩

· ⟨φ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

), f⟩v(t, i
T
,
i+ 1

T
)

+

⌊T ⌋−1∏
k=i

λ(t,
k

T
,
k + 1

T
)∥f∥

(
pti,T · v(t, i

T
,
i+ 1

T
) + qti,T · h(t, i

T
,
i+ 1

T
)

)
, (3.11)

where h(t, α, β) ∈ H(t, α, β), ∥h(t, α, β)∥ = 1, |pti,T | < M/T , and |qti,T | < Mr⌊T ⌋−i +M/2T .

In particular, |pt0,T |, |qt0,T | < M/T . The bounds on pti,T , q
t
i,T hold uniformly in f ∈ B.

The proof of this result requires careful treatment of error terms induced by the shifts of

the eigenspace corresponding to the top eigenvalue. Roughly speaking, the idea is to show that,

compared with the first term in (3.11), which is obtained by exclusively looking at the vectors
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and projections on the eigenspace, error terms that emerge because of the shifts of the eigenspace

and the presence of the operator N(t, k
T
, k+1

T
) are negligible.

Proof. We apply Theorem 3.2.2 to control the error brought by the shift of the eigenspace.

Namely, there exists K > 0 such that the following relations hold for t ∈ I:

(i) For all 1 ≤ k ≤ ⌊T ⌋ − 1,

∣∣∣∣⟨φ(t, k − 1

T
,
k

T
), v(t,

k

T
,
k + 1

T
)⟩ − 1

∣∣∣∣
≤
∣∣∣∣⟨φ(t, k − 1

T
,
k

T
), v(t,

k

T
,
k + 1

T
)− v(t,

k − 1

T
,
k

T
)⟩
∣∣∣∣

≤ K/T.

(3.12)

Consequently, ∣∣∣∣∣∣
⌊T ⌋−1∏
k=i

⟨φ(t, k − 1

T
,
k

T
), v(t,

k

T
,
k + 1

T
)⟩

∣∣∣∣∣∣ ≤ eK . (3.13)

Moreover, by (3.10),

∥N(t,
k − 1

T
,
k

T
)v(t,

k

T
,
k + 1

T
)∥

= ∥N(t,
k − 1

T
,
k

T
)ΠH(t, k−1

T
, k
T
)v(t,

k

T
,
k + 1

T
)∥

≤ ∥N(t,
k − 1

T
,
k

T
)∥∥ΠH(t, k−1

T
, k
T
)v(t,

k

T
,
k + 1

T
)∥

≤ r|λ(t, k − 1

T
,
k

T
)|∥ΠH(t, k−1

T
, k
T
)(v(t,

k

T
,
k + 1

T
)− v(t,

k − 1

T
,
k

T
))∥

≤ r|λ(t, k − 1

T
,
k

T
)| · K

T
.

(3.14)
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(ii) For all 1 ≤ k ≤ ⌊T ⌋ − 1, h ∈ H(t, k
T
, k+1

T
), ∥h∥ = 1,

∣∣∣∣⟨φ(t, k − 1

T
,
k

T
), h⟩

∣∣∣∣ ≤ ∣∣∣∣⟨φ(t, k − 1

T
,
k

T
)− φ(t,

k

T
,
k + 1

T
), h⟩

∣∣∣∣ ≤ K

T
, (3.15)

∥N(t,
k − 1

T
,
k

T
)h∥ ≤ r|λ(t, k − 1

T
,
k

T
)|. (3.16)

Furthermore, we can choose K sufficiently large so that ∥φ(t, α, β)∥ is bounded by K for all

t ∈ I , α, β ∈ [0, 1]. Let a denote 2KeK/T . We prove by backwards induction that, for all t ∈ I ,

0 ≤ i ≤ ⌊T ⌋ − 1, and all T sufficiently large, (3.11) holds with

|pi,T | ≤
ar(1 + a)⌊T ⌋−i−2(1− r⌊T ⌋−i−1)

1− r
+
ar[(1 + a)⌊T ⌋−i−1 − 1]

1− r − ar
,

|qi,T | ≤ (1 + a)⌊T ⌋−i−1r⌊T ⌋−i +
ar

1− r − ar
.

(3.17)

In particular, it is not hard to see that this implies the desired result.

Let us verify that (3.17) holds if i = ⌊T ⌋ − 1. By (3.7),

Q(t,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

)f = λ(t,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

)⟨φ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

), f⟩v(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

)

+N(t,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

)f.

We have p⌊T ⌋−1,T = 0 and, by (3.10),

|q⌊T ⌋−1,T | ≤ ∥N(t,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

)∥/λ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

) ≤ r.
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By assuming the validity of (3.17) at i, we obtain

⌊T ⌋−1∏
k=i−1

Q(t,
k

T
,
k + 1

T
)f

= Q(t,
i− 1

T
,
i

T
)

⌊T ⌋−1∏
k=i

Q(t,
k

T
,
k + 1

T
)f

=

⌊T ⌋−1∏
k=i−1

λ(t,
k

T
,
k + 1

T
)

⌊T ⌋−2∏
k=i−1

⟨φ(t, k
T
,
k + 1

T
), v(t,

k + 1

T
,
k + 2

T
)⟩

· ⟨φ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

), f⟩v(t, i− 1

T
,
i

T
)

+

⌊T ⌋−1∏
k=i−1

λ(t,
k

T
,
k + 1

T
)∥f∥⟨φ(t, i− 1

T
,
i

T
), v(t,

i

T
,
i+ 1

T
)⟩pi,Tv(t,

i− 1

T
,
i

T
) (3.18)

+

⌊T ⌋−1∏
k=i−1

λ(t,
k

T
,
k + 1

T
)∥f∥⟨φ(t, i− 1

T
,
i

T
), h(t,

i

T
,
i+ 1

T
)⟩qi,Tv(t,

i− 1

T
,
i

T
) (3.19)

+

⌊T ⌋−1∏
k=i−1

λ(t,
k

T
,
k + 1

T
)

⌊T ⌋−2∏
k=i

⟨φ(t, k
T
,
k + 1

T
), v(t,

k + 1

T
,
k + 2

T
)⟩⟨φ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

), f⟩

·N(t,
i− 1

T
,
i

T
)v(t,

i

T
,
i+ 1

T
)/λ(t,

i− 1

T
,
i

T
) (3.20)

+

⌊T ⌋−1∏
k=i−1

λ(t,
k

T
,
k + 1

T
)∥f∥pi,TN(t,

i− 1

T
,
i

T
)v(t,

i

T
,
i+ 1

T
)/λ(t,

i− 1

T
,
i

T
) (3.21)

+

⌊T ⌋−1∏
k=i−1

λ(t,
k

T
,
k + 1

T
)∥f∥qi,TN(t,

i− 1

T
,
i

T
)h(t,

i

T
,
i+ 1

T
)/λ(t,

i− 1

T
,
i

T
). (3.22)

We deduce that, by (3.12) and (3.15),

|pi−1,T | ≤ (1 + a)|pi,T |+ a|qi,T |, (3.23)

where the two terms on the right-hand side correspond to (3.18) and (3.19), respectively; and, by
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(3.13), (3.14), and (3.16),

|qi−1,T | ≤
1

2
ar +

1

2
ar|pi,T |+ (1 + a)r|qi,T |, (3.24)

where the three terms on the right-hand side correspond to (3.20), (3.21), and (3.22), respectively.

Now using (3.23) and (3.24) and backwards induction on i, it is easy to see that (3.17)

holds. Indeed, at each step of induction, we first show that |pti,T | < 1. So (3.24) implies that

|qi−1,T | ≤ ar + (1 + a)r|qi,T |, (3.25)

when assuming (3.17) for pti,T and qti,T . Then (3.17) for i−1 instead of i can be established using

(3.23) and (3.25). As we noted, (3.17) implies the statement in the lemma.

3.3.2 For t away from 0

As noted earlier, we expect that the product decays exponentially fast for all t that are at a

uniformly positive distance from the origin, so it does not contribute to (3.6).

Lemma 3.3.2. Suppose that P (t, α, β) ∈ C(K× [0, 1]2,LB) where K is a compact set in Rd and

that r(P (t, α, β)) < r0. Then

(i) There exists r1 < r0 and m0 such that ∥P (t, α, β)m∥ < rm1 for all t ∈ K, α, β ∈ [0, 1], and

m ≥ m0.

(ii) There exist r2 < r0 and m0 such that for each m ≥ m0 there exists δ > 0 such that for all
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t ∈ K,

∥
m∏
k=1

P (t, αk, βk)∥ < rm2

if |αk − α1| < δ and |βk − β1| < δ for all 1 ≤ k ≤ m.

Proof. (i) This result follows from the proof of Corollary III.13 in [33].

(ii) Let m0 be defined as in (i) and fix arbitrary r2 ∈ (r1, r) and m ≥ m0. Define

Pm(t, α1, ..., αm, β1, ..., βm) =
m∏
k=1

P (t, αk, βk).

Since P (t, α, β) is continuous in t, α, and β, Pm is continuous on K × [0, 1]2m, hence is

uniformly continuous. Then there exists δ > 0 such that

∥Pm(t, α1, ..., α1, β1, ..., β1)− Pm(t, α1, ..., αm, β1, ..., βm)∥ ≤ rm2 − rm1 ,

if |αk − α1| < δ and |βk − β1| < δ for all 1 ≤ k ≤ m. Therefore, the result follows.

Lemma 3.3.3. For every compact set K ⊂ Rd \ {0}, there exist constants rK ∈ (0, 1) and N

large enough such that, for all T > N and all t ∈ K,

∥
⌊T ⌋−1∏
k=0

Q(t,
k

T
,
k + 1

T
)∥ < r

⌊T ⌋
K .

Proof. By Lemma 3.3.2.(ii) and Assumption (A4), there exist r2 < 1, m ∈ N large enough, and

δ > 0 such that

∥
m∏
k=1

Q(t, αk, βk)∥ < rm2
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holds if |αk − α1| < δ and |βk − β1| < δ for all 1 ≤ k ≤ m. Now fix arbitrary rK ∈ (r2, 1).

Choose l0 ∈ N such that (r2/rK)l0 < rK and choose N > 3m(l0 ∨ 1/δ). Let ⌊T ⌋ = l̃m+ j with

0 ≤ j < m. Then we have l̃ ≥ l0 and

∥
⌊T ⌋−1∏
k=0

Q(t,
k

T
,
k + 1

T
)∥ ≤ ∥

l̃∏
l=1

lm−1∏
k=(l−1)m

Q(t,
k

T
,
k + 1

T
)∥ · ∥

⌊T ⌋−1∏
k=l̃m

Q(t,
k

T
,
k + 1

T
)∥

≤
l̃∏
l=1

∥
lm−1∏

k=(l−1)m

Q(t,
k

T
,
k + 1

T
)∥ ≤ rl̃m2 < rl̃mK · rmK < r

⌊T ⌋
K .

3.3.3 Product of the top eigenvalues

In this section, we obtain the asymptotic value of the product of the top eigenvalues by the

Taylor expansion near 0. The first result concerns the first and second derivatives of λ(t, α, β)

w.r.t. t at 0.

Lemma 3.3.4. (i) For all α, β ∈ [0, 1], we have ∇tλ(0, α, β) = 0.

(ii) For all α ∈ [0, 1], ∇2
tλ(0, α, α) is real and negative-definite. Moreover,

∇2
tλ(0, α, α) = − lim

T→∞

1

T
Eν(S

α
TS

α
T
∗), (3.26)

where SαT =
∫ T
0
b(α,Xs)ds.

Proof. (i).With the same notation as in Theorem 3.2.2, we have the decomposition

Q(t, α, β) = λ(t, α, β)ṽ(t, α, β)⊗ φ̃(t, α, β) +N(t, α, β),
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for t ∈ I and α, β ∈ [0, 1], where

ṽ(t, α, β) =
v(t, α, β)

⟨ν, v(t, α, β)⟩
and φ̃(t, α, β) = ⟨ν, v(t, α, β)⟩φ(t, α, β).

Compared to the previous decomposition, we no longer have ∥ṽ(t, α, β)∥ ≡ 1, but instead have

⟨φ̃(0, α, β), ṽ(t, α, β)⟩ ≡ 1, and still haveQ(t, α, β)ṽ(t, α, β) = λ(t, α, β)ṽ(t, α, β). Differentiate

the equations with respect to t. Then

⟨φ̃(0, α, β),∇tṽ(t, α, β)⟩ ≡ 0,

∇tQ(t, α, β)ṽ(t, α, β) +Q(t, α, β)∇tṽ(t, α, β)

= ∇tλ(t, α, β)ṽ(t, α, β) + λ(t, α, β)∇tṽ(t, α, β). (3.27)

Note that ṽ(0, α, β) = 1, φ̃(0, α, β) = ν, λ(0, α, β) = 1, and Q(0, α, β) = Q. Applying ν to

(3.27) at t = 0, we obtain, by Assumption (A3),

∇tλ(0, α, β) = ⟨ν,∇tQ(0, α, β)1⟩ = iEν(

∫ 1

0

b(α + s(β − α), Xs)ds) = 0. (3.28)

(ii).Taking (3.28) into account, for t = 0 and α = β, (3.27) reduces to

(1−Q)∇tṽ(0, α, α) = ∇tQ(0, α, α)1 = iEx(

∫ 1

0

b(α,Xs)ds). (3.29)

Since both ∇tṽ(0, α, α) and iEx(
∫ 1

0
b(α,Xs)ds) have zero mean w.r.t ν, they are in the closed

subspace H . Also recall that 1 is not in the spectrum of Q|H . Therefore, ∇tṽ(0, α, α) can be
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viewed as a solution to (3.29), and thus,

∇tṽ(0, α, α) = iu(α) (3.30)

for a certain real-valued bounded function u(α) that depends on the parameter α. Take second

derivatives on both sides of the equality Q(t, α, α)ṽ(t, α, α) = λ(t, α, α)ṽ(t, α, α) and apply ν to

the result at t = 0 (here ∗ stands for the transpose without taking complex conjugate):

∇2
tλ(0, α, α) = ⟨ν,∇2

tQ(0, α, α)1 +∇tQ(0, α, α)∇tṽ(0, α, α)
∗ + (∇tQ(0, α, α)∇tṽ(0, α, α)

∗)∗⟩.

(3.31)

Let us compute the terms on the right-hand side by recalling the definition in (3.3) and (3.30):

⟨ν,∇2
tQ(0, α, α)1⟩ = −Eν [(

∫ 1

0

b(α,Xs)ds)(

∫ 1

0

b(α,Xs)ds)
∗],

⟨ν,∇tQ(0, α, α)∇tṽ(0, α, α)
∗⟩ = −Eν [(

∫ 1

0

b(α,Xs)ds)u(α)(X1)
∗].

(3.32)

Then using (3.31) and (3.32) for the first equality below and (3.29) and (3.30) for the second

equality below, we obtain that

∇2
tλ(0, α, α)

= −Eν

[(∫ 1

0

b(α,Xs)ds+ u(α)(X1)

)(∫ 1

0

b(α,Xs)ds+ u(α)(X1)

)∗]
+ Eνu(α)u(α)

∗

= −Eν

[(∫ 1

0

b(α,Xs)ds+ u(α)(X1)− u(α)(x)

)(∫ 1

0

b(α,Xs)ds+ u(α)(X1)− u(α)(x)

)∗]
.

Hence ∇2
tλ(0, α, α) is negative semi-definite. To see that it is negative definite, let us assume that
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there exists a non-zero vector t ∈ Rd such that t∗∇2
tλ(0, α, α)t = 0. Then we have ν-a.s. that

Ex

[
t ·
(∫ 1

0

b(α,Xs)ds+ u(α)(X1)− u(α)(x)

)]2
= 0,

which implies that t·
(∫ 1

0
b(α,Xs)ds+ u(α)(X1)− u(α)(x)

)
= 0, ν-a.s. However, this contradicts

Assumption (A4). Indeed, let f(x) = exp(it · u(α)(x)). Then we have

Q(t, α, α)f(x) = Ex

[
exp

(
it ·
(∫ 1

0

b(α,Xs)ds+ u(α)(X1)− u(α)(x)

))]
f(x).

Then Q(t, α, α)f(x) = f(x), ν-a.s., which contradicts the fact that r(Q(t, α, α)) < 1.

To prove (3.26), we write, for m ∈ N,

Q(t, α, α)m = λ(t, α, α)mv(t, α, α)⊗ φ(t, α, α) +Nm(t, α, α).

Taking the second derivatives, we obtain

∇2
t (Q(t, α, α)

m)

= ∇2
t (λ(t, α, α)

m)v(t, α, α)⊗ φ(t, α, α) +∇t(v(t, α, α)⊗ φ(t, α, α))∇t(λ(t, α, α)
m)∗

+∇t(λ(t, α, α)
m)∇t(v(t, α, α)⊗ φ(t, α, α))∗ +Rm(t, α, α),

where Rm(t, α, α) = λ(t, α, α)m∇2
t (v(t, α, α)⊗ φ(t, α, α)) +∇2

t (N
m(t, α, α)). Note that

∇2
t (λ(t, α, α)

m) = m(m− 1)λ(t, α, α)m−2∇tλ(t, α, α)∇tλ(t, α, α)
∗

+mλ(t, α, α)m−1∇2
tλ(t, α, α).
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Then it follows that ∇2
t (λ(t, α, α)

m)(0, α, α) = m∇2
tλ(0, α, α). By Theorem 3.2.2, Rm(0, α, α)

is uniformly bounded for all m. Thus, for all µ ∈ B′
p,

sup
m≥1

|⟨µ,m∇2
tλ(0, α, α) · 1−∇2

t (Q
m(0, α, α)) · 1⟩| = sup

m≥1
|⟨µ,Rm(0, α, α) · 1⟩| <∞.

Therefore, for all initial distribution µ ∈ B′
p,

∇2
tλ(0, α, α) = lim

m→∞

1

m
⟨µ,∇2

t (Q
m(t, α, α))(0, α, α) · 1⟩

= − lim
m→∞

1

m
Eµ(S

α
mS

α
m

∗),

which implies (3.26).

We close this section by computing the product of the eigenvalues.

Lemma 3.3.5. For τ ∈ Rd,

lim
T→∞

⌊T ⌋−1∏
k=0

λ(
τ√
T
,
k

T
,
k + 1

T
) = exp(−1

2
τ ∗ΣΣ∗τ),

where ΣΣ∗ := −
∫ 1

0
∇2
tλ(0, α, α)dα is positive-definite.

Proof. Since λ(t, α, β) ∈ C2(Rd × [0, 1]2,C), ∇2
tλ(0, α, β) is continuous on [0, 1]2 and hence

uniformly continuous. Therefore,

lim
T→∞

1

T

⌊T ⌋−1∑
k=0

∇2
tλ(0,

k

T
,
k + 1

T
) = − lim

T→∞

1

T

⌊T ⌋−1∑
k=0

∇2
tλ(0,

k

T
,
k

T
)

= −
∫ 1

0

∇2
tλ(0, α, α)dα

= −ΣΣ∗.
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Since, for each α ∈ [0, 1], ∇2
tλ(0, α, α) is negative-definite, ΣΣ∗ is positive-definite. Finally, the

product of the top eigenvalues at t = τ/
√
T is computed:

lim
T→∞

⌊T ⌋−1∏
k=0

λ(
τ√
T
,
k

T
,
k + 1

T
) = lim

T→∞

⌊T ⌋−1∏
k=0

(1 +
1

2T
τ ∗∇2

tλ(0,
k

T
,
k + 1

T
)τ + o(

1

T
))

= exp

 lim
T→∞

1

2T

⌊T ⌋−1∑
k=0

τ ∗∇2
tλ(0,

k

T
,
k + 1

T
)τ


= exp

(
−1

2
τ ∗ΣΣ∗τ

)
.

3.4 Proof of the main result

In this section, we prove the main result - Theorem 3.1.4. Let us first make some simple

computations needed for the proof of the next lemma. Recall that I is the neighborhood of the

origin defined in Theorem 3.2.2.

(i) Since v(t, α, β) ∈ C2(I × [0, 1]2,B), ∇2
tv(0, α, β) is uniformly continuous on I × [0, 1]2.

Thus, using the Taylor expansion for the first variable near zero, we have, for each τ ∈ Rd,

all 0 ≤ k ≤ ⌊T ⌋ − 2, and all T sufficiently large,

v(
τ√
T
,
k + 1

T
,
k + 2

T
)− v(

τ√
T
,
k

T
,
k + 1

T
)

= 1 +
τ√
T

· ∇tv(0,
k + 1

T
,
k + 2

T
) +

1

2T
τ ∗∇2

tv(0,
k + 1

T
,
k + 2

T
)τ + o(

1

T
)

− 1− τ√
T

· ∇tv(0,
k

T
,
k + 1

T
)− 1

2T
τ ∗∇2

tv(0,
k

T
,
k + 1

T
)τ + o(

1

T
)

= o(
1

T
).

(3.33)

(ii) Since φ(t, α, β) is bounded on I × [0, 1]2, for each τ ∈ Rd and all 0 ≤ k ≤ ⌊T ⌋ − 2, we
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have by part (iii) in Theorem 3.2.2 and (3.33),

⟨φ( τ√
T
,
k

T
,
k + 1

T
), v(

τ√
T
,
k + 1

T
,
k + 2

T
)⟩ = 1 + o(

1

T
).

Therefore, for each τ ∈ Rd, uniformly in 0 ≤ i ≤ ⌊T ⌋ − 2,

lim
T→∞

⌊T ⌋−2∏
k=i

⟨φ( τ√
T
,
k

T
,
k + 1

T
), v(

τ√
T
,
k + 1

T
,
k + 2

T
)⟩ = 1. (3.34)

Moreover, by arguments similar to those leading to (3.34), the product in (3.34) is uniformly

bounded in τ/
√
T ∈ I .

(iii) We showed in Lemma 3.3.4 that ∇2
tλ(0, α, α) is negative-definite for all α ∈ [0, 1]. The

absolute values of the eigenvalues of ∇2
tλ(0, α, α) are bounded from below by a certain

c > 0 for all α ∈ [0, 1]. Then, by the continuity of ∇2
tλ(0, α, β), by making I smaller

(if needed), we can make sure that for all T sufficiently large, all τ/
√
T ∈ I , and all

0 ≤ k ≤ ⌊T ⌋ − 2,

λ(
τ√
T
,
k

T
,
k + 1

T
) ≤ 1− c|τ |2

3T
≤ exp(−c|τ |

2

3T
).

Then, for all τ/
√
T ∈ I and T sufficiently large,

⌊T ⌋−1∏
k=0

λ(
τ√
T
,
k

T
,
k + 1

T
) ≤ exp(−c|τ |

2

4
). (3.35)

Combining this with the last statement in part (ii), we see that there exists C2 > 0 such that
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for all τ/
√
T ∈ I , 0 ≤ k ≤ ⌊T ⌋ − 2, and T sufficiently large,

⌊T ⌋−1∏
k=0

λ(
τ√
T
,
k

T
,
k + 1

T
)

⌊T ⌋−2∏
k=0

⟨φ( τ√
T
,
k

T
,
k + 1

T
), v(

τ√
T
,
k + 1

T
,
k + 2

T
)⟩ ≤ C2 exp(−

c|τ |2

4
).

(3.36)

Define two (possibly complex) measures on Rd for u ∈ Rd, f ∈ B, and µ ∈ B′
p:

mu,f,µ
T (B) = det(Σ)(2πT )d/2Eµ[f(XT )1B(ST − u)],

m̃u,f
T (B) = e−

1
2T
u∗(ΣΣ∗)−1u⟨ν, f⟩L(B),

(3.37)

where Σ is defined in Lemma 3.3.5 and L is the Lebesgue measure. We need to prove that they

are sufficiently close as T tends to ∞. The following lemma is the main step towards this goal.

Lemma 3.4.1. For each h that is a continuous integrable function on Rd with compactly supported

Fourier transform and each constant C > 0, we have, uniformly in u ∈ Rd, f ∈ BC , and initial

distribution µ ∈ B′
p,

|⟨mu,f,µ
T , h⟩ − ⟨m̃u,f

T , h⟩| → 0, as T → ∞.

Proof. Recall the expression in formula (3.6). By Proposition 3.3.1, there exists M > 0 such

that, for all t ∈ I and all T sufficiently large,

⌊T ⌋−1∏
k=0

Q

(
t,
k

T
,
k + 1

T

)
Q̃(t, T )f

=

⌊T ⌋−1∏
k=0

λ(t,
k

T
,
k + 1

T
)

⌊T ⌋−2∏
k=0

⟨µ(t, k
T
,
k + 1

T
), v(t,

k + 1

T
,
k + 2

T
)⟩

· ⟨φ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

), Q̃(t, T )f⟩ · v(t, 0, 1
T
)
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+

⌊T ⌋−1∏
k=0

λ(t,
k

T
,
k + 1

T
)∥Q̃(t, T )f∥pt0,T · h(t, 0, 1

T
)

+

⌊T ⌋−1∏
k=0

λ(t,
k

T
,
k + 1

T
)∥Q̃(t, T )f∥qt0,T · v(t, 0, 1

T
),

where |pt0,T |, |qt0,T | < M/T . By the formula of inverse Fourier transformation, with ĥ denoting

the Fourier transform of h,

⟨mu,f,µ
T , h⟩ = det(Σ)(2πT )d/2Eµ[f(XT )h(ST − u)]

= det(Σ)

(
T

2π

)d/2
Eµ

[
f(XT )

∫
Rd

eit·(ST−u)ĥ(t)dt

]
= det(Σ)

(
T

2π

)d/2 ∫
Rd

ĥ(t)e−it·u⟨µ,
⌊T ⌋−1∏
k=0

Q

(
t,
k

T
,
k + 1

T

)
Q̃(t, T )f⟩dt

=: A1 +A2 +A3,

where

A1 = det(Σ)

(
T

2π

)d/2 ∫
I

ĥ(t)e−it·u
⌊T ⌋−1∏
k=0

λ(t,
k

T
,
k + 1

T
)

⌊T ⌋−2∏
k=0

⟨φ(t, k
T
,
k + 1

T
), v(t,

k + 1

T
,
k + 2

T
)⟩

· ⟨φ(t, ⌊T ⌋ − 1

T
,
⌊T ⌋
T

), Q̃(t, T )f⟩⟨µ, v(t, 0, 1
T
)⟩dt,

A2 = det(Σ)

(
T

2π

)d/2 ∫
I

ĥ(t)e−it·u
⌊T ⌋−1∏
k=0

λ(t,
k

T
,
k + 1

T
)∥Q̃(t, T )f∥

·
(
pt0,T ⟨µ, h(t, 0,

1

T
)⟩+ qt0,T ⟨µ, v(t, 0,

1

T
)⟩
)
dt,

A3 = det(Σ)

(
T

2π

)d/2 ∫
Ic∩K

ĥ(t)e−it·u⟨µ,
⌊T ⌋−1∏
k=0

Q

(
t,
k

T
,
k + 1

T

)
Q̃(t, T )f⟩dt,
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and K is the support of ĥ. By the change of variable with t = τ√
T

,

A1 =

∫
Rd

κµT (τ)e
−i τ ·u√

T ⟨1I(
τ√
T
)φ(

τ√
T
,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

), Q̃(
τ√
T
, T )f⟩dτ,

where

κµT (τ) = det(Σ)

(
1

2π

)d/2
· 1I(

τ√
T
)ĥ(

τ√
T
)

⌊T ⌋−1∏
k=0

λ(
τ√
T
,
k

T
,
k + 1

T
)

·
⌊T ⌋−2∏
k=0

⟨φ( τ√
T
,
k

T
,
k + 1

T
), v(

τ√
T
,
k + 1

T
,
k + 2

T
)⟩ · ⟨µ, v( τ√

T
, 0,

1

T
)⟩.

Define

κ(τ) = det(Σ)(
1

2π
)d/2ĥ(0) exp(−τ ∗ΣΣ∗τ/2).

By Lemma 3.3.5 and (3.34), κµT (τ) → κ(τ) as T → ∞, for each τ , uniformly in µ ∈ B′
p.

By (3.36), |κµT (τ)| ≤ C3 supt∈I |ĥ(t)| exp(−
c|τ |2
4
) with a certain constant C3 > 0. Hence, by

Lebesgue’s dominated convergence theorem, uniformly in µ ∈ B′
p,

∫
Rd

|κµT (τ)− κ(τ)|dτ → 0. (3.38)

Note that Q̃∗( τ√
T
, T )φ( τ√

T
, ⌊T ⌋−1

T
, ⌊T ⌋
T
) → ν in B′ as T → ∞. Again, by Lebesgue’s dominated

convergence theorem, uniformly µ ∈ B′
p,

∫
Rd

κµT (τ)∥1I(
τ√
T
)Q̃∗(

τ√
T
, T )φ(

τ√
T
,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

)− ν∥dτ → 0. (3.39)
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From the definition of m̃u,f
T in (3.37) and the definition of κ(τ), it follows that

⟨m̃u,f
T , h⟩ =

∫
Rd

κ(τ)e
−i τ ·u√

T ⟨ν, f⟩dτ.

Therefore, for all f ∈ BC ,

|A1 − ⟨m̃u,f
T , h⟩|

≤ |
∫
Rd

(κµT (τ)− κ(τ))e
−i τ ·u√

T ⟨ν, f⟩dτ |

+ |
∫
Rd

κµT (τ)e
−i τ ·u√

n

(
1I(

τ√
T
)⟨φ( τ√

T
,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

), Q̃(
τ√
T
, T )f⟩ − ⟨ν, f⟩

)
dτ |

≤ C

∫
Rd

|κµT (τ)− κ(τ)|dτ

+ C|
∫
Rd

κµT (τ)∥1I(
τ√
T
)Q̃∗(

τ√
T
, T )φ(

τ√
T
,
⌊T ⌋ − 1

T
,
⌊T ⌋
T

)− ν∥dτ |.

So, by (3.38) and (3.39), |A1 − ⟨m̃u,f
T , h⟩| → 0, as T → ∞, uniformly in u ∈ Rd, f ∈ BC , and

µ ∈ B′
p. Again, by Proposition 3.3.1,

|A2| ≤ det(Σ)

(
T

2π

)d/2 ∫
I

2M

T
|ĥ(t)| · |

⌊T ⌋−1∏
k=0

λ(t,
k

T
,
k + 1

T
)|dt · sup

t∈I
∥Q̃(t, T )∥∥µ∥∥f∥

≤ C

∫
Rd

κ̃T (τ)dτ,

where

κ̃T (τ) =
2M

T
det(Σ)

(
1

2π

)d/2
· 1I(

τ√
T
)|ĥ( τ√

T
)| · |

⌊T ⌋−1∏
k=0

λ(
τ√
T
,
k

T
,
k + 1

T
)|,

since ∥µ∥, ∥Q̃(t, T )∥ ≤ 1. By (3.35) and Lebesgue’s dominated convergence theorem, we have
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that
∫
Rd κ̃T (τ)dτ → 0. Finally, by Lemma 3.3.3, uniformly in u ∈ Rd, f ∈ BC , and µ ∈ B′

p, as

T → ∞,

|A3| ≤ det(Σ)

(
T

2π

)d/2 ∫
Ic∩K

|ĥ(t)| · |⟨µ,
⌊T ⌋−1∏
k=0

Q

(
t,
k

T
,
k + 1

T

)
Q̃(t, T )f⟩|dt

≤ det(Σ) · r⌊T ⌋K

(
T

2π

)d/2 ∫
Ic∩K

|ĥ(t)|dt · ∥f∥

≤ Cdet(Σ) · r⌊T ⌋K

(
T

2π

)d/2 ∫
Ic∩K

|ĥ(t)|dt→ 0.

The local limit theorem as in Theorem 3.1.4 with fixed (f, µ, u) follows from Lemma 3.4.1

by Theorem 10.7 in [39]. The following lemma enables us to state the uniform analogue of the

result in Theorem 3.1.4. It is a multi-dimensional version of the Lemma IV.5 in [33].

Lemma 3.4.2. Let χ be a parameter ranging over a set X and, for T ≥ 1, let mχ
T , m̃

χ
T be

positive measures on Rd with respect to which ρ(x) = 1 ∧ 1/|x|2 is integrable. Suppose that

supT supχ∈X m̃
χ
T (ρ(x)) is finite, and, for each continuous integrable function h on Rd whose

Fourier transform has compact support,

lim
T→∞

sup
χ∈X

|⟨mχ
T , h⟩ − ⟨m̃χ

T , h⟩| = 0.

Then, for each compactly supported real-valued continuous function g, we have

lim
T→∞

sup
χ∈X

|⟨mχ
T , g⟩ − ⟨m̃χ

T , g⟩| = 0.

Proof of Theorem 3.1.4. Since, for each real-valued f ∈ BC , f = f+ − f−, where f+ = f ∨ 0

and f− = −(f ∧ 0), it suffices to consider all non-negative f ∈ BC . Lemma 3.4.1 verifies the
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assumptions in Lemma 3.4.2 with the measures defined as in (3.37) and the parameter set X

being all u ∈ Rd, non-negative f ∈ BC , and initial distribution µ ∈ B′
p. Therefore, the uniform

convergence follows from the two preceding lemmas.

3.5 Non-arithmetic condition and non-lattice condition

It is clear that, under Assumptions (A1)-(A3), (A4) implies (NL). Here, we will show that

they are actually equivalent under Assumptions (A1)-(A3). The proof is based on the results in

[40] stated below. To apply the results, we consider a discrete Markov chain defined using Xt.

Namely, we consider a Markov chain Xk, k ≥ 1, defined as the path of the Markov process Xt on

the interval [k−1, k], on the metric space (X,B(X)), where X denotes D([0, 1]). Let P denote the

Markov kernel of Xk, B be the Banach space of bounded B(X)-measurable complex functions

on X equipped with the supremum norm: ∥F∥ = supx∈X |F (x)|. To introduce a counterpart of

Q(t, α, α), we define Iα ∈ B, by Iα(x) =
∫ 1

0
b(α, xs)ds, and the operator Q(t, α) : B → B by

Q(t, α)F (x) =

∫
X

exp(it · Iα(y))F (y)P(x, dy).

(i) We first prove that, for each 0 ≤ α ≤ 1 and t ̸= 0, r(Q(t, α)) < 1. The following

lemma is a reformulation of the results in Theorem 3.1, Corollary 3.1, and Lemma 3.3 in [40],

adapted to our situation:

Theorem 3.5.1. If B(X) is countably generated and the Markov kernel P satisfies the Doeblin

condition, then either r(Q(t, α)) = r(P) = 1 and Q(t, α) is quasi-compact, or r(Q(t, α)) <

r(P) = 1.
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It is not hard to verify B(X) is countably generated since X = D([0, 1]), and the Doeblin

condition is satisfied for the operator P given Assumptions (A1)-(A2). So, in order to prove (i),

it remains to show that the first situation in the statement, i.e., where r(Q(t, α)) = r(P) = 1 and

Q(t, α) is quasi-compact, is not possible.

Suppose that r(Q(t, α)) = 1 and Q(t, α) is quasi-compact. Then there exists F̂ ∈ B

with ∥F̂∥ = 1 and an eigenvalue λ̂ with |λ̂| = 1 such that Q(t, α)F̂ = λ̂F̂ . Namely, for each

x ∈ D([0, 1]),

λ̂F̂ (x) = Q(t, α)F̂ =

∫
X

exp(it · Iα(y))F (y)P(x, dy)

= Ex1

[
exp

(
it ·
∫ 1

0

b(α,Xs)ds

)
F̂ (X·)

]

by the Markov property of the process {Xs}s≥0, where X· stands for the path of Xs on [0, 1].

Note that the right-hand side is a function of x1. Hence, there exists f̂ ∈ B with ∥f̂∥ = 1 such

that f̂(x1) = F̂ (x), and, for each x ∈X ,

λ̂f̂(x) = Ex

[
exp

(
it ·
∫ 1

0

b(α,Xs)ds

)
f̂(X1)

]
. (3.40)

For each ε > 0 small, we can find x ∈X such that |f̂(x)| > 1−ε and, by Assumption (A2),

we can find N > 0 such that TV(P (N, x, ·), ν) < ε. By applying (3.40) N times, we obtain:

λ̂N f̂(x) = Ex

[
exp

(
it ·
∫ N

0

b(α,Xs)ds

)
f̂(XN)

]
.
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It follows, from how we chose x and N , that

1− ε ≤ |λ̂N f̂(x)| ≤ Ex|f̂(XN)| ≤ ⟨ν, |f̂ |⟩+ 2ε,

which implies that ⟨ν, |f̂ |⟩ > 1− 3ε. Since this holds for arbitrary ε > 0 small, we conclude that

⟨ν, |f̂ |⟩ = 1, i.e., |f̂ | = 1, ν-a.s.

Let us come back to (3.40). Since |f̂ | = 1, ν-a.s., we can write f̂ = exp(iu), ν-a.s., where

u is a real-valued bounded measurable function. Then, (3.40) implies that

∣∣∣∣Eν

[
exp

(
i

(
t ·
∫ 1

0

b(α,Xs)ds+ u(X1)− u(X0)

))]∣∣∣∣ = 1,

which contradicts with the non-lattice condition (NL).

(ii) We now prove that, for each 0 ≤ α ≤ 1 and t ̸= 0, r(Q(t, α, α)) < 1. There exists

C > 0 such that, for each f ∈ B with ∥f∥ = 1 and n > 0,

∥Q(t, α, α)nf∥ = ∥Q(t, α)nF∥ < Cr(Q(t, α))n,

where F is defined by F (x) = f(x1). Therefore, r(Q(t, α, α)) ≤ r(Q(t, α)) < 1, and we

conclude that (NL), together with (A1)-(A3), implies (A4).

3.6 Application to linear dynamical systems

In this section, let us discuss an application to the averaging principle for randomly perturbed

linear dynamical systems.
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Theorem 3.6.1. Let Y ε
t be defined by the equation:

dY ε
t = [A(t)Y ε

t + v(t,Xt/ε)]dt, Y
ε
0 = y ∈ Rd, (3.41)

where A(t) is a continuously differentiable d−dimensional square-matrix-valued function, v :

[0,∞) ×X → Rd is a continuous function, and {Xs}s≥0 satisfies Assumptions (A1) and (A2).

Let
∫
X
v(t, x)dν(x) = v̄(t) and yt be the averaged motion defined by:

dyt = [A(t)yt + v̄(t)]dt, y0 = y. (3.42)

Fix t > 0 and suppose that v(αt, x)− v̄(αt) as a function of α and x satisfies (A3) and the non-

arithmetic condition (A4) holds for ({Xs}s≥0, v(αt, x) − v̄(αt)). Then the local limit theorem

holds for 1
ε
(Y ε

t − yt) as ε → ∞. Namely, there exists a positive-definite matrix Σt such that, for

each compactly supported continuous real-valued function g, we have

lim
ε→0

|det(Σt)(2πt/ε)
d/2Eµ[f(Xt/ε)g(

1

ε
(Y ε

t − yt)− u)]− e−
1
2T
u∗(ΣtΣ∗

t )
−1u⟨ν, f⟩⟨L, g⟩| = 0,

uniformly in real-valued measurable f satisfying ∥f∥ ≤ C, u ∈ Rd, and probability measure µ.

Proof. By taking the difference of (3.41) and (3.42) we obtain

1

ε
(Y ε

t − yt) =
1

ε

∫ t

0

(
A(s)(Y ε

s − ys) + v(s,Xs/ε)− v̄(s)
)
ds.
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Let U(t) solve the equation: 
dU(t) = A(t)U(t)dt

U(0) = I

.

Then

1

ε
(Y ε

t − yt) =
1

ε

∫ t

0

U(t)U(s)−1
(
v(s,Xs/ε)− v̄(s)

)
ds.

After the change of variable, with T = t/ε, we obtain that

1

ε
(Y ε

t − yt) =

∫ T

0

U(t)U(st/T )−1 (v(st/T,Xs)− v̄(st/T )) ds.

The integral has the form of (3.4) with b(α, x) = U(t)U(αt)−1 (v(αt, x)− v̄(αt)). It is not

hard to see that Assumption (A4) holds for ({Xs}s≥0, b(α, x)) since U(·) is non-degenerate. In

addition, Assumption (A3) follows from the assumptions we have on functions A and v. Thus,

the result follows from Theorem 3.1.4.

Remark 3.6.2. The functional central limit theorem is well-known for the fast-slow systems of

the form:

dZε
t = c(Zε

t , Xt/ε)dt. (3.43)

Namely, under natural assumptions, Zε
t converges to a deterministic process zt in probability as

ε ↓ 0 on each finite interval, and 1√
ε
(Zε

t − zt) converges to a Gaussian Markov process weakly

([5], [6]). The functional central limit theorem gives, in particular, the distribution of Zε
t in a

neighborhood of zt of size O(
√
ε). Theorem 3.6.1 refines this statement to spatial scales of order

ε in the special case of linear systems.
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In addition, it is not hard to verify that the arguments in this chapter can be applied to prove

the following slightly stronger version of the local limit theorem:

Theorem 3.6.3. Let assumptions (A1)-(A4) be satisfied. For 0 ≤ ρ < 1, define S(ρ, T ) =∫ (1−ρ)T
0

b(ρ + s/T,Xs)ds. Then there exists a positive-definite matrix Σρ that is continuous in

ρ such that, for each compactly supported function g ∈ C(Rd,R), C > 0, and 0 ≤ ρ0 < 1,

uniformly in real-valued f ∈ BC , initial distribution µ ∈ B′
p, 0 ≤ ρ ≤ ρ0, and u ∈ Rd,

lim
T→∞

∣∣∣det(Σρ)(2πT )
d/2Eµ[f(XT (1−ρ))g(S(ρ, T )− u)]− e−

1
2T
u∗(ΣρΣ∗

ρ)
−1u⟨ν, f⟩⟨L, g⟩

∣∣∣ = 0.

Remark 3.6.4. The formulation of the result in Theorem 3.6.3 might seem strange at first.

However, it can be useful, for example, when considering the distribution of the process Y ε
t

in Theorem 3.6.1 starting from different points on the trajectory of yt. Such result is used in [2]

in order to establish the regularity of the density of fast-slow systems of the form (3.43) starting

from different points on zt (see also Theorem 2.5.8). Some of the steps in the proof of regularity in

[2] involve a linearization of (3.43), which yields a process of the form (3.42), whose distribution

can be described using Theorem 3.6.1 (see also Step 2 in Section 2.5).
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Chapter 4: Large deviations for Hamiltonian systems on intermediate time scales

4.1 Introduction

Consider the Hamiltonian dynamical system in R2 defined by an ordinary differential

equation:

dxt = v(xt)dt, x0 ∈ R2, (4.1)

where

v(x) = ∇⊥H(x) :=

(
−∂H(p, q)

∂q
,
∂H(p, q)

∂p

)
,

and Hamiltonian H is smooth enough.

Figure 4.1: A typical example of a Hamiltonian system and the corresponding Reeb graph.

Small random perturbations of Hamiltonian systems have been studied extensively from

different perspectives. In particular, let ε be a small positive parameter, and X̃ε be a diffusion
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process in R2 defined by the equation:

dX̃ε
t = ∇⊥H(X̃ε

t )dt+
√
εσ(X̃ε

t )dW̃t, X̃ε
0 = x0 ∈ R2, (4.2)

where H is a smooth function from R2 to R with bounded second derivatives; σ(x) is a smooth

2× l matrix-valued function such that σ(x)σ∗(x) is uniformly positive-definite and bounded; W̃t

is a standard l−dimensional Wiener process. On time scales of order one, the large deviation

principle, known as Freidlin-Wentzell theory, established in [41], describes the probability of

the event that a realization of X̃ε
t belongs to a neighborhood of a path that is different from the

trajectory of the deterministic flow (4.1). On time scales of order 1/ε, the averaging principle

tells us that the projection of the process X̃ε
t onto the Reeb graph behaves as a strong Markov

process. In particular, on each edge of the graph, H(X̃ε
t ) behaves as a diffusion process ([42]).

On intermediate time scales, i.e., when time is of order | log ε|εβ−1, a result of the averaging

type can also be established ([16]). Namely the time-changed process converges to a motion

on a rescaled graph, provided it starts on or near a level curve containing a saddle point of H .

In this chapter, we also study the intermediate time scales, t ∼ εβ−1, however, without spatial

rescaling. Our main result states that, after projection onto the graph, the process satisfies the

large deviation principle on time scales of order εβ−1. The action functional can be described in

terms of the coefficients of the averaged process on the graph. In the particular case β = 1/2,

estimates on transition probability for the process inside the edges and estimates for the exit time

from a neighborhood of an interior vertex were given in [43]. (The main focus of the latter paper

was on the propagation of the reaction front in the KPP equation with the underlying diffusion

given by (4.2).) In this chapter, we allow arbitrary β ∈ (0, 1), which requires a more complicated
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approach.

Since we are interested in the behavior of X̃ε
t with t ∼ εβ−1, it is convenient to rescale the

time by defining Xε
t = X̃ε

tεβ−1 . Then we have the equation for Xε
t :

dXε
t = εβ−1∇⊥H(Xε

t )dt+ εβ/2σ(Xε
t )dWt, Xε

0 = x0,

where Wt is an l−dimensional Wiener process. By Ito’s formula applied to H(Xε
t ),

H(Xε
t ) = H(x0) + εβ

∫ t

0

AH(Xε
s )ds+ εβ/2

∫ t

0

∇H(Xε
s )

∗σ(Xε
s )dWs, (4.3)

whereA is the operatorAu(x) = 1
2

∑
i,j[σ(x)σ

∗(x)]i,j · ∂2

∂xi∂xj
u(x). Note thatAH(x) is uniformly

bounded, so, due to the εβ factor, the second term on the right-hand side does not contribute to

the action functional. However, this term is important to understand the behavior of the process

near the critical points of H , where the integrand in the last term in (4.3) vanishes. In order

to understand large deviations, we should study how the coefficients are averaged along the

trajectories of the perturbed process.

Let Γ denote the Reeb graph corresponding to the Hamiltonian H , and let Y : R2 → Γ

be the projection on the graph. Let x1, ...,xN be all the critical points of H , and Ok = Y (xk),

k = 1, ..., N . Let the edges of Γ be labeled as I1, ..., IN ′ and a symbol ∼ between a vertex and an

edge means that the vertex is an endpoint of the edge. Then define:

• Di is the set of all points x ∈ R2 such that Y (x) belongs to the interior of Ii;

• Ck = {x : Y (x) = Ok} is the extremum point xk or the separatrix containing xk;

• Ci(H) = {x ∈ Di : H(x) = H} is one of the connected components of the level set of H;

124



• Di(H1, H2) = {x ∈ Di : H1 < H(x) < H2}, provided that H1 < H2, is the set between

Ci(H1) and Ci(H2);

• Dk(±δ) is the connected component of the set {H(xk)− δ < x < H(xk) + δ} containing

Ck;

• D(±δ) =
⋃
kDk(±δ);

• Cki(δ) = {x ∈ Di : H(x) = H(xk)± δ}, for Ok ∼ Ii;

• Ti(H) =
∮
Ci(H)

1
|∇H(x)|dl, for applicable H , is the rotation time of system (4.1);

• B2
i (H) = 1

Ti(H)

∮
Ci(H)

|∇H(x)∗σ(x)|2
|∇H(x)| dl for H in H(Ii); B2

i (H) = 0 for H = H(xk) and

Ok ∼ Ii, is the “averaged” diffusion coefficient w.r.t. the invariant measure on Ci(H).

It’s worth noting that Ti(H) and Bi(H) have nice regularity properties if H is smooth

enough. The following lemma is a direct application of Lemma 8.1.1 from [42].

Lemma 4.1.1. Ti(H) and B2
i (H) are k − 1 times continuously differentiable at the interior

points of the interval H(Ii) if H is k times continuously differentiable. (This implies the Lipschitz

continuity of Ti(H), B2
i (H) and Ti(H)B2

i (H) on any closed interval I ⊂ H(Ii) if k ≥ 2.)

In Section 2, we state the necessary assumptions and formulate the main result. The proof

comes in the sections that follow. The lower and upper bounds of the local large deviation

principle are proved in Sections 3 and 4, respectively. Then, exponential tightness is justified

in Section 5. These arguments, together with Puhalskii’s Theorem (cf. [44] and [45]), imply the

main result. Some technical proofs are given in the Section 4.7.
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4.2 Main results

Our main result concerns the large deviation principle for the process Y (X̃ε
tεβ−1). Large

deviations from averaged behavior are described in terms of the action functional, which describes

the probability that the trajectories of the process are close to a given deterministic trajectory.

More precisely, we give the formal definition of an action functional ([42]):

Definition 4.2.1. Let (X, ρ) be a metric space. Let µε, ε > 0, be a family of probability measures

on B(X), λ(ε) be a positive real-valued function going to +∞ as ε ↓ 0, and S(x) be a function

on X with values in [0,∞]. It is said that λ(ε)S(x) is an action function (action functional if X

is a function space) for µε as ε ↓ 0 if:

(0) the set Φ(s) = {x : S(x) ≤ s} is compact for every s ≥ 0;

(1) for each δ > 0, each γ > 0, and each x ∈ X , there exists ε0 > 0 such that

µε{y : ρ(x, y) < δ} ≥ exp{−λ(ε)[S(x) + γ]}

for all ε ≤ ε0;

(2) for each δ > 0, each γ > 0, and each s > 0, there exists ε0 > 0 such that

µε{y : ρ(y,Φ(s)) ≥ δ} ≤ exp{−λ(ε)(s− γ)}

for all ε ≤ ε0.

Consider the following metric on Γ: r(y1, y2) is the length of the shortest path connecting
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y1 and y2. For example, if y1 = (1, H1), I1 ∼ O1, O1 ∼ I2, I2 ∼ O2, O2 ∼ I3 and y2 = (3, H2),

then r(y1, y2) = |H1 − H(x1)| + |H(x1) − H(x2)| + |H(x2) − H2|. Based on this metric,

we introduce the uniform metric on C ([0, T ],Γ): ρ0,T (φ,ψ) = sup0≤t≤T r(φ(t),ψ(t)). In the

metric space (C ([0, T ],Γ) , ρ[0,T ]), we consider the probability measures induced by the family

of process Y (X̃ε
tεβ−1). We use the conventions 0/0 = 0, sup{∅} = −∞, and inf{∅} = +∞.

A trajectory φ on Γ can be written in terms of its components as (it, φt). Define the functional

S(φ) on C ([0, T ],Γ):

S(φ) =
1

2

∫ T

0

|φ̇t|2

B2
it
(φt)

dt

forφ ∈ C ([0, T ],R) that is absolutely continuous and satisfies φ̇t/Bit(φt) ∈ L2([0, T ]); otherwise

S(φ) = ∞. Note that, if φt = Ok for some interior vertex Ok, then we will have different

representations of φt since it’s on multiple edges at the same time. However, by the definition of

B2, there’s no ambiguity because, according to our conventions, the integrand is defined as 0 at

such vertices (see Lemma 4.7.1). The following conditions are assumed to hold throughout the

chapter:

1. The Hamiltonian H(x), x ∈ R2, is four times continuously differentiable with bounded

second derivatives.

2. For sufficiently large |x|, there exist positive A1, A2 and A3, such that H(x) ≥ A1|x|2,

|∇H(x)| ≥ A2|x|, and ∆H(x) ≥ A3.

3. H(x) has a finite number of critical points, and the Hessian matrix is non-degenerate at

those points.

4. Each level curve corresponding to a vertex on the Reeb graph contains at most one critical
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point.

5. σ(x) is continuously differentiable with bounded derivatives and σ(x)σ∗(x) is bounded and

uniformly positive-definite.

Now we are ready to formulate the main result:

Theorem 4.2.2. Let the assumptions above be satisfied and let the process X̃ε
t be defined as in

(4.2). Then ε−βS(φ) is the action functional of the family of process Y (X̃ε
tεβ−1) in the sense of

the uniform metric on C([0, T ],Γ) restricted to the set of functions that start at Y (x0).

4.3 Lower bound for the large deviation principle

Let us prove the lower bound for the large deviation principle. First, we look at a process

that starts and evolves inside a single edge. Next, we deal with a process that starts at an exterior

vertex but stays within an edge. Finally, we estimate the probability for a process to travel through

an interior vertex.

4.3.1 The case where the process evolves inside one edge

In this section, the process evolves only inside one edge (for example Ii). Therefore, we

simplify the notations when there is no ambiguity: Ti(H) → T (H); B2
i (H) → B2(H); S(φ) =

S(i, φ) → S(φ), etc. The following lemma tells us that if the process starts sufficiently near the

initial point of the deterministic trajectory, it has a good chance to follow the trajectory and arrive

in a tiny neighborhood of where the trajectory ends.

Lemma 4.3.1. For every δ > 0, γ > 0, and a trajectory φt = (i, φt) ∈ C ([0, T ], Ii) such that

inft∈[0,T ] r(φt, H(O)) > 0 for each O ∼ Ii, there exists h > 0 such that for every h′ > 0 there
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exists ε0 > 0 such that for every initial point Xε
0 = x satisfying |H(x)− φ0| < h,

P(|H(Xε
T )− φT | < h′, ρ0,T (H(Xε

t ), φt) < δ) ≥ exp
[
−ε−β(S(φ) + γ)

]
,

for all ε < ε0.

Proof. We present the proof in several steps. i. We can assume that h′ ≤ h and that φ is

absolutely continuous with φ′ ∈ L2([0, T ]) because S(φ) = ∞ for any other φ. Also, without

loss of generality, we assume that T = 1, Oj ∼ I , Ok ∼ I , H(xj) < H(xk), and H(xj) = 0. We

can assume that 0 < m̃ ≤ φ ≤ M̃ and δ < m̃
2
∧ H(xk)−M̃

2
. Let C = Di(m̃− δ, M̃ + δ), which is

a compact set in R2. Then there exist m > 0, M > 0, L > 0 such that:

(1) |AH(x)|+ |σ(x)| < M, ∀x ∈ R2; |∇H(x)∗σ(x)|2 < M, ∀x ∈ C;

(2) |∇H(x)∗σ(x)|2 > m, ∀x ∈ C;

(3) m < Ti(H) < M and m < B2
i (H) < M, ∀H ∈ {H : r(H,Ran(φ)) < δ};

(4) |∇H(x)−∇H(y)|+ ||∇H(x)∗σ(x)|2 − |∇H(y)∗σ(y)|2| < L|x− y|, ∀x, y ∈ C;

(5) |Ti(H1) − Ti(H2)| + |Ti(H1)B
2
i (H1) − Ti(H2)B

2
i (H2)| < L|H1 −H2|, ∀H1, H2 ∈ {H :

r(H,Ran(φ)) < δ} (see Lemma 4.1.1).

With m,M,L selected, we choose the parameters as follows:

(1) δ′ > 0 such that δ′ < δ, α := 8L(M+1)
m2 δ′ < 1/2 and α

1−α

∫ 1

0

|φ′
t|2

B2(φ)
dt < γ;

(2) r > 0 such that r < m
24M

;

(3) n ∈ N such that a, b ∈ [0, T ] with |a− b| < 1/n implies |φa − φb| < rδ′ < 1
12
δ′;
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(4) h > 0 such that h < rδ′ and α
1−α

∫ 1

0

|φ′
t|2

B2(φ)
dt+ 1

1−α · n2hδ′

m2 < γ

ii. Now let us study how Xε
t behaves on one interval [ k

n
, k+1

n
]. To start with, Xε

t satisfies

the equation:

dXε
t = εβ−1∇⊥H(Xε

t ) + εβ/2σ(Xε
t )dWt, Xε

0 = x.

For every 0 ≤ k < n, define Ak as the event where the process is not perturbed significantly by

the diffusion during the time required to make one rotation (which will allow us to use averaging)

and does not travel far from the original level curve. More precisely,

Ak =

⌊ 1
nTε

k
⌋⋂

p=0

{
sup

pT ε
k+

k
n
≤t≤(p+1)T ε

k+
k
n

εβ/2

∣∣∣∣∣
∫ t

k/n+pT ε
k

σ(Xε
s )dWs

∣∣∣∣∣ ≤M · ε
1−β
4

}
⋂ {

sup
0≤t≤ 1

n

∣∣∣H(Xε
k
n
+t
)−H(Xε

k
n

)
∣∣∣ ≤ δ′

2

}
,

where T εk = ε1−βT (H(Xε
k
n

)). By Lemma 4.7.5, for the initial point Xε
k = x satisfying |H(x) −

φ k
n
| < h,

P (Ω \ Ak) ≤ exp

(
− nδ′2

64Mεβ

)
=: λ3(ε).

For each 0 ≤ p ≤ ⌊ 1
nT ε

k
⌋ and t ≥ k

n
+ pT εk , define a deterministic process ξεt with random initial

data by the equation:

dξεt = εβ−1∇⊥H(ξεt )dt, ξεk
n
+pT ε

k
= Xε

k
n
+pT ε

k
.

On the event Ak ∩
{
|φ k

n
−H(Xε

k
n

)| < h
}
⊂ {Xε

t , ξ
ε
t ∈ C, t ∈ [ k

n
, k+1

n
]}, estimate the difference
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|Xε
t − ξεt | on the interval [ k

n
+ pT εk ,

k
n
+ (p+ 1)T εk ]:

|Xε
t − ξεt | ≤ εβ−1

∫ t

k/n+pT ε
k

∣∣∇H⊥(Xε
s )−∇H⊥(ξεs)

∣∣ ds+ εβ/2

∣∣∣∣∣
∫ t

k/n+pT ε
k

σ(Xε
s )dWs

∣∣∣∣∣
≤ εβ−1

∫ t

k/n+pT ε
k

L |Xε
s − ξεs | ds+M · ε

1−β
4 .

So, for ε small enough, by the Gronwall’s inequality,

|Xε
t − ξεt | ≤M exp(L · T (H(Xε

k
n

))) · ε
1−β
4 ≤M exp(LM) · ε

1−β
4 ≤ δ′

M
. (4.4)

We approximate |∇H(Xε
s )

∗σ(Xε
s )|2 with B2(φs) on the interval [ k

n
+ pT εk ,

k
n
+ (p+ 1)T εk ], still

on the event Ak ∩
{
|φ k

n
−H(Xε

k
n

)| < h
}

:

∫ k
n
+(p+1)T ε

k

k
n
+pT ε

k

|∇H(Xε
s )

∗σ(Xε
s )|2ds

≤
∫ k

n
+(p+1)T ε

k

k
n
+pT ε

k

|∇H(ξεs)
∗σ(ξεs)|2ds+ LT εk ·

δ′

M

≤
∫ k

n
+pT ε

k+ε
1−βT (H(Xε

k
n+pTε

k

))

k
n
+pT ε

k

|∇H(ξεs)
∗σ(ξεs)|2ds+ ε1−β · Lδ′M + ε1−βT (H(Xε

k
n

))L · δ
′

M

≤ ε1−βT (H(Xε
k
n
+pT ε

k
))B2(H(Xε

k
n
+pT ε

k
)) + ε1−β · Lδ′(M + 1)

≤ ε1−βT (φ k
n
+pT ε

k
)B2(φ k

n
+pT ε

k
) + ε1−β · Lδ′(M + 2)

≤ ε1−βT (H(Xε
k
n

))B2(φ k
n
+pT ε

k
) + ε1−β · Lδ′(2M + 2)

= T εkB
2(φ k

n
+pT ε

k
) + 2ε1−β · Lδ′(M + 1),

where the first inequality is by (4.4), the second inequality is by Lipschitz continuity of T (H)

and boundedness of |∇H(ξεs)
∗σ(ξεs)|, and the fourth inequality is by the Lipschitz continuity of
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T (H)B2(H).

With the same reasoning, we get an estimate in the other direction:

∫ k
n
+(p+1)T ε

k

k
n
+pT ε

k

|∇H(Xε
s )

∗σ(Xε
s )|2ds ≥ T εkB

2(φ k
n
+pT ε

k
)− 2ε1−β · Lδ′(M + 1).

Note that these inequalities are valid for every 0 ≤ p ≤ ⌊ 1
nT ε

k
⌋. Therefore, on the event Ak ∩{

|φ k
n
−H(Xε

k
n

)| < h
}

,
∫ k+1

n
k
n

|∇H(Xε
s )

∗σ(Xε
s )|2 can also be approximated by

∫ k+1
n

k
n

B2(φs) on

the interval [ k
n
, k+1

n
]:

∫ k+1
n

k
n

|∇H(Xε
s )

∗σ(Xε
s )|2ds

≤
⌊ 1
nTε

k
⌋−1∑

p=0

∫ k
n
+(p+1)T ε

k

k
n
+pT ε

k

|∇H(Xε
s )

∗σ(Xε
s )|2ds+ T εkM

≤
⌊ 1
nTε

k
⌋−1∑

p=0

T εkB
2(φ k

n
+pT ε

k
) +

1

nT εk
· 2ε1−β · Lδ′(M + 1) + T εkM

≤ (1 + α/2)

∫ k+1
n

k
n

B2(φs)ds+
4L(M + 1)

mn
· δ′

≤ (1 + α)

∫ k+1
n

k
n

B2(φs)ds,

for ε sufficiently small. And similarly,

∫ k+1
n

k
n

|∇H(Xε
s )

∗σ(Xε
s )|2ds ≥ (1− α)

∫ k+1
n

k
n

B2(φs)ds.

iii. We proceed to estimate the conditional probability thatH(Xε
t ) followsφt on the interval

[ k
n
, k+1

n
], given that H(Xε

k
n

) is close enough to φ k
n

. Let ck =
∫ k+1

n
k
n

B2(φt)dt, s0 = (1 − α)ckε
β ,
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s1 = (1 + α)ckε
β , Pk = φ k+1

n
−H(Xε

k
n

), and

Zt = εβ/2
∫ k

n
+t

k
n

∇H(Xε
s )

∗σ(Xε
s )dWs = W̃ (⟨Z⟩t),

where ⟨Z⟩t = εβ
∫ k

n
+t

k
n

|∇H(Xε
s )

∗σ(Xε
s )|2ds and W̃ is a one-dimensional Wiener process. Earlier,

we saw that s0 ≤ ⟨Z⟩ 1
n
≤ s1 on the event Ak ∩

{
|φ k

n
−H(Xε

k
n

)| < h
}

. On the other hand, the

increment in H(Xε
t ) is almost Z1/n, since for ε small enough

∣∣∣H(Xε
k+1
n

)−H(Xε
k
n

)− Z1/n

∣∣∣ = εβ

∣∣∣∣∣
∫ k+1

n

k
n

AH(Xε
s )ds

∣∣∣∣∣ ≤ εβ
M

n
< h′/2.

Then, for the initial point Xε
k = x satisfying |H(x)− φ k

n
| < h,

P
({

|φ k+1
n

−H(Xε
k+1
n

)| < h′
}
∩ Ak

)
= P

({
|H(Xε

k+1
n

)−H(Xε
k
n

)− Pk| < h′
}
∩ Ak

)
≥ P

({∣∣Z1/n − Pk
∣∣ < h′

2

}
∩ Ak

)
= P

({∣∣∣W̃ (⟨Z⟩ 1
n
)− Pk

∣∣∣ < h′

2

}
∩
{
s0 ≤ ⟨Z⟩ 1

n
≤ s1

}
∩ Ak

)
≥ P

({
sup

s0≤s≤s1
|W̃s − Pk| <

h′

2

}
∩ Ak

)
≥ P

(
sup

s0≤s≤s1
|W̃s − Pk| <

h′

2

)
− λ3(ε)

≥ P

(
|W̃s0 − Pk| <

h′

4
, sup
s0≤s≤s1

|W̃s − W̃s0| <
h′

4

)
− λ3(ε)

=
1√
2πs0

∫ Pk+h
′/4

Pk−h′/4
exp(− y2

2s0
)dy ·P

(
sup

s0≤s≤s1
|W̃s − W̃s0| <

h′

4

)
− λ3(ε)

≥ h′

2

1√
2πs0

exp

(
− 1

2s0

(
|φ k+1

n
− φ k

n
|+ 2h

)2)
· 1
2
− λ3(ε)

133



≥ 2 exp

−

(
|φ k+1

n
− φ k

n
|+ 2h

)2
2(1− α)εβ

∫ k+1
n

k
n

B2(φt)dt

− exp

(
− nδ′2

64Mεβ

)

≥ exp

−

(
|φ k+1

n
− φ k

n
|+ 2h

)2
2(1− α)εβ

∫ k+1
n

k
n

B2(φt)dt

 .

iv. Since the previous result is valid for every 0 ≤ k < n,

P (|H(Xε
1)− φ1| < h′, ρ0,1(H(Xε

t ), φt) < δ)

≥ P

(
|H(Xε

1)− φ1| < h′, sup
0≤t≤1

|H(Xε
t )− φt| < δ′

)
≥ P

(
n−1⋂
k=0

Ak ∩
{
|H(Xε

k
n

)− φ k
n
| < h′ for every 1 ≤ k ≤ n

})

≥
n−1∏
k=0

inf
y:|H(y)−φ k

n
|<h

P
({

|φ k+1
n

−H(Xε
k+1
n

)| < h′
}
∩ Ak|Xε

k
n

= y
)

≥
n−1∏
k=0

exp

−

(
|φ k+1

n
− φ k

n
|+ 2h

)2
2(1− α)εβ

∫ k+1
n

k
n

B2(φt)dt


= exp

− 1

2εβ(1− α)

n−1∑
k=0


∣∣∣∫ k+1

n
k
n

φ̇tdt
∣∣∣2∫ k+1

n
k
n

B2(φt)dt
+ 4h

h+
∣∣∣∫ k+1

n
k
n

φ̇tdt
∣∣∣∫ k+1

n
k
n

B2(φt)dt




≥ exp

(
− 1

2εβ(1− α)

n−1∑
k=0

(∫ k+1
n

k
n

|φ̇t|2

B2(φt)
dt+

nhδ′

m

))

≥ exp

(
− 1

2εβ

(
1

1− α

∫ 1

0

|φ̇t|2

B2(φt)
dt+

1

1− α
· n

2hδ′

m

))
≥ exp

(
− 1

2εβ

(∫ 1

0

|φ̇t|2

B2(φt)
dt+

α

1− α

∫ 1

0

|φ̇t|2

B2(φt)
dt+

1

1− α
· n

2hδ′

m

))
≥ exp

(
−ε−β (S(φ) + γ)

)
.
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4.3.2 The case where the process starts at an exterior vertex

In this section, we assume that x0 = (0, 0) (the origin in R2) is a local minimum point and

H(x0) = 0, without loss of generality. We aim to estimate from below the probability that the

random process starting at an exterior vertex escapes from a certain neighborhood of the vertex

sufficiently fast. We start with the following lemma. Again, we simplify the notations as what

we did in the preceding section.

Lemma 4.3.2. Suppose that Xε
0 = x0. Then, for every T > 0, there exists a positive number k

such that the stopping time τ1 := inf{t : H(Xε
t ) = kεβ} satisfies P(τ1 < T ) ≥ 1

2
for all ε small

enough.

Proof. Let us again write down the equation for H(Xε
t ),

H(Xε
t ) = εβ

∫ t

0

AH(Xε
s )ds+ εβ/2

∫ t

0

∇H(Xε
s )

∗σ(Xε
s )dWs,

where A is the operator Au(x) = 1
2

∑
i,j[σ(x)σ

∗(x)]i,j · ∂2

∂xi∂xj
u(x). First, note that both σσ∗ and

the Hessian matrix of H are positive-definite at x0, hence d := AH(x0)/2 > 0 and AH(x) > d

in a sufficiently small neighborhood of x0. Second, let λ > 0 be the smaller eigenvalue of the

Hessian matrix of H at x0. Then, by Taylor’s expansion at x0, we deduce that |H(x)| ≥ 1
4
λ|x|2

in a sufficiently small neighborhood of x0. Third, due to the boundedness of both the second

derivatives of H and the norm of σσ∗, we have |∇H∗(x)σ(x)|2 ≤ Λ|x|2 for some Λ and all

x ∈ R2. Let k be small enough so that k ≤ d/2,

√
32kΛT

πλd2
exp(− λd2

32kΛT
) <

1

2
,
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and, in U = {x : |x| ≤
√

4k
λ
εβ/2}, we have AH(x) > d and |H(x)| ≥ 1

4
λ|x|2. We define

τ2 = inf{t : H(Xε
t ) ∈ ∂U}, and it follows that τ1 ≤ τ2. We are ready to estimate

P(τ1 ≥ T ) = P

(
τ2 ≥ τ1 ≥ T, εβ

∫ T

0

AH(Xε
s )ds+ εβ/2

∫ T

0

∇H(Xε
s )

∗σ(Xε
s )dWs < kεβ

)
≤ P

(
τ2 ≥ τ1 ≥ T, εβ/2

∫ T

0

∇H(Xε
s )

∗σ(Xε
s )dWs < (k − d)εβ

)
≤ P

(
τ2 ≥ τ1 ≥ T,

∫ T

0

∇H(Xε
s )

∗σ(Xε
s )dWs < −dε

β/2

2

)
= P

(
τ2 ≥ τ1 ≥ T, W̃ (

∫ T

0

|∇H(Xε
s )

∗σ(Xε
s )|2ds) < −dε

β/2

2

)
≤ P

(
τ2 ≥ τ1 ≥ T, inf

0≤t≤4kΛTεβ/λ
W̃t < −dε

β/2

2

)
≤ 2P

(
W̃4kΛTεβ/λ >

dεβ/2

2

)
≤
√

32kΛT

πλd2
exp(− λd2

32kΛT
)

<
1

2
.

Assuming that the process starts at x with H(x) = kεβ , i.e. a certain distance away from

the extremum point, we can apply Ito’s formula with f(x) =
√
x to the process H(Xε

t ) in order

to make the diffusion coefficient uniformly positive.

Lemma 4.3.3. For a given non-constant φ with φ0 = H(x0) = 0 and S(φ) < ∞ and a positive

constant c, there exists ρ > 0 such that the stopping time τ := inf{t : H(Xε
t ) = ρ} satisfies

P(τ < T ) ≥ exp(−cε−β) for all ε sufficiently small, where T = inf{t : |φt − φ0| = ρ}.

Proof. Let τ1 = inf{t : H(Xε
t ) = kεβ} and let τ2 = τ − τ1. By the strong Markov property of

Xε
t , we deduce that

P(τ < T ) ≥ P(τ1 <
T

2
, τ − τ1 <

T

2
).
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By Lemma 4.3.2, we can find such k that

P(τ1 <
T

2
) ≥ 1

2
.

Consider the process that starts at x satisfyingH(x) = kεβ . Since a two-dimensional nondegenerate

diffusion does not reach the origin, we can apply Ito’s formula to
√
H(Xε

t ) and get

√
H(Xε

t ) =
√
kεβ + εβ

∫ t

0

(
AH(Xε

s )

2
√
H(Xε

s )
− |∇H(Xε

s )
∗σ(Xε

s )|2

8
√
H(Xε

s )
3

)
ds

+ εβ/2
∫ t

0

∇H(Xε
s )

∗σ(Xε
s )

2
√
H(Xε

s )
dWs.

Due to the positive-definiteness of the Hessian matrix at x0 = (0, 0), we can find r > 0

small enough that satisfies the conditions in Lemma 4.7.7, and there exist λ1, λ2,Λ1,Λ2 > 0

independent of r such that, for every x ∈ B(x0, r), we have the estimates: λ1|x|2 ≤ H(x) ≤

λ2|x|2 and Λ1|x| ≤ |∇H(x)| ≤ Λ2|x|. Let ρ be sufficiently small so that Xε
t ∈ B(x0, r) for

t < τ2. By Lemma 4.7.7,

P (τ2 ≥ T/2)

= P
(√

H(Xε
T/2) ≤

√
ρ, τ2 ≥ T/2

)
≤ P

(
εβ/2

∫ T/2

0

∇H(Xε
s )

∗σ(Xε
s )

2
√
H(Xε

s )
dWs ≤

√
ρ, τ2 ≥ T/2

)

≤ P

W̃
∫ T/2

0

∣∣∣∣∣∇H(Xε
s )

∗σ(Xε
s )

2
√
H(Xε

s )

∣∣∣∣∣
2

ds

 ≤ √
ρε−β/2, τ2 ≥ T/2


≤ P

(
W̃t ≤

√
ρε−β/2, for some λT < t < 2λT, τ2 ≥ T/2

)
≤ P

(
W̃t ≤

√
ρε−β/2, for some λT < t < 2λT

)
.
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Here λ is a constant determined by λ1, λ2,Λ1,Λ2. Hence

P (τ2 ≤ T/2) ≥ P
(
Wt >

√
ρε−β/2, for all λT < t < 2λT

)
≥ 1

2
P
(
WλT >

√
2ρε−β/2

)
≥ 1√

2πλT
exp(− 3ρ

λTεβ
).

By Lemma 4.7.8, we can find ρ such that the value above is greater than 2 exp(−cε−β).

4.3.3 Estimates near the separatrix

In this section, we prove that the probability that the process goes through an interior vertex

sufficiently fast is not too small. For that purpose, we invoke the Morse-Palais Lemma to make

concrete computations. Suppose that xk is a nondegenerate saddle point of H and that H(xk) =

0. By the Morse-Palais Lemma, there exists a neighborhood U0 (we may assume that U0 is an

8l × 4l rectangle with l < 1) of the origin and a diffeomorphism ψ : U0 → V0, where V0 is a

neighborhood of xk, such that H(ψ(µ, ν)) = µ2 − ν2 =: G(µ, ν), if (µ, ν) ∈ U0. Since ψ is a

diffeomorphism, there exists M such that ∥ψ∥, ∥ψ−1∥, ∥Jψ∥, ∥Jψ−1∥, |det(Jψ)|, |∇det(Jψ)| are

all bounded by M , for all (µ, ν) ∈ U0. Let us take U ⊂ U0 to be the 4l× 2l rectangle centered at

the origin, and V = ψ(U). Look at the deterministic slow motion

dxt = ∇⊥H(xt)dt.
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Then we derive the equation for the process ψ−1(xt) in U0:

dψ−1(xt)

dt
=

1

det(Jψ(ψ−1(xt)))
· ∇⊥G(ψ−1(xt)).

This means that G(ψ−1(xt)) remains constant as the process evolves, which leads to the fact that

if x0 is close to xk and H(x0) > 0, then the deterministic motion ψ−1(xt) will exit from U across

the upper or lower boundary, depending on which side of separatrix x0 is on and the sign of

det(Jψ). We define, for (µ, ν) ∈ U0,

T (µ, ν) =
1

2

∫ l

ν

det(Jψ(
√
y2 + µ2 − ν2, y))√

y2 + µ2 − ν2
dy. (4.5)

Without loss of generality, we assume det(Jψ) > 0. Then it’s not hard to see that T (µ, ν) =

inf{t : ψ−1(xt) ̸∈ U, ψ−1(x0) = (µ, ν)} if (µ, ν) ∈ U , µ > 0, and 0 < H(ψ((µ, ν))) <

3l2 (in this case, the process ψ−1(xt) exits from U across the upper part of the boundary, and

the integrand in (4.5) (multiplied by a half) is the reciprocal of the vertical speed); and that

T (ψ−1(xt)) − T (ψ−1(xt+1)) = 1 if xt, xt+1 ∈ V0 and 0 < H(xt) < 3l2; and for x0 ∈ V and

0 < H(x0) < 3l2,

T (ψ−1(x0)) ≤M

[
log
(
l +
√
l2 +H(x0)

)
− 1

2
log(H(x0))

]
. (4.6)

Furthermore, differentiating T (µ, ν), we get the following estimates:

|∂T
∂µ

| ≤M

[
|πµ|√
µ2 − ν2

+
|µ|

(µ2 − ν2)
√

1 + µ2 − ν2
+

|ν|
µ2 − ν2

]
≤ C

H(ψ(µ, ν))
, (4.7)
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|∂T
∂ν

| ≤M

[
|πν|√
µ2 − ν2

+
|ν|

(µ2 − ν2)
√

1 + µ2 − ν2
+

|µ|
µ2 − ν2

]
≤ C

H(ψ(µ, ν))
, (4.8)

for a certain positive constant C (details are given in the Section 4.7, Part 4). We will go through

the following steps to get the desired estimates on the probability of going through an interior

vertex sufficiently fast:

1. We first deal with the random process that starts on the separatrix. Then, by Theorem 3.2

in [16], for any d > 0, the process escapes to Cki(ε
1+d
2
β) in a fixed time with a probability

bounded from below independently of ε.

2. If d > 0 is small enough, then the process that starts at Cki(ε
1+d
2
β) can reach Cki(ε

1−d
2
β)

with at least an exponentially small probability, as is stated in Lemma 4.3.8.

3. After the process arrives at Cki(εaβ) with a < 1/2, it can further travel to Cki(ε(a−d)β) with

d small but positive, with at least an exponentially small probability. This is the statement

of Lemma 4.3.6. Hence, after finitely many steps, the process can reach Cki(εdβ).

4. The last step would be traveling from Cki(ε
dβ) to a constant distance from the separatrix.

This is done in Lemma 4.3.10.

5. Similarly, the process that starts at a certain distance from the separatrix can hit it within

a constant time with at least an exponentially small probability. Therefore, the probability

that the process follows a certain trajectory going across the separatrix is not terribly small,

which is the result of Lemma 4.3.14.
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Let us define the curves:

γin = {x ∈ ∂V ∩Di : ∇⊥H(x) points inwards of V },

γout = {x ∈ ∂V ∩Di : ∇⊥H(x) points outwards of V }.

The following lemma contains simple estimates on the Brownian motion that will be needed later.

The proof will be given in the Section 4.7, Part 4.

Lemma 4.3.4. (i) For 0 < d < a < 1
2

and every κ > 0, we have the following estimate for ε

small enough:

P

(
εβ/2WT < −4ε(a−d)β(a− d)β| log ε|, εβ/2Wt <

1

4
aβ| log ε|εaβ, ∀ 0 < t < T

)
≥ 2 exp

(
−ε−(1−2(a−d))β−κ) .

(ii) For 0 < d < 1/β−1
3

∧ 1
2

and every κ > 0, we have the following estimate for ε small enough:

P


εβ/2WT < −2(1− d)βε

1−d
2
β| log ε|;

εβ/2Wt < ε
1+d
2
β, ∀ 0 < t < εdβ;

εβ/2Wt < −ε 1−d
2
β, ∀ εdβ < t < T

 ≥ 2 exp(−ε−2dβ−κ).

(iii) For 0 < d < 1/β−1
2

and every A > 0, we have the following estimate for ε small enough:

P

(
εβ/2WT < −A, εβ/2Wt <

1

4
dβ| log ε|εdβ, ∀ 0 < t < T

)
≥ 2 exp

(
−A

2

T
ε−β
)
.

As we’ve already seen from (4.6), the exit time for the deterministic process from the
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neighborhood of a saddle point is approximately |logH|. Now we need a similar statement for

Xε
t .

Lemma 4.3.5. Suppose that Ok is an interior vertex and an endpoint of Ii. For any given 0 <

a < 1
2
, 0 < d < 1/β−1

2
∧ a, and for every 0 < κ < 1

8
(1 − (1 + 2d)β), every T > 0, we have the

following estimate for each x0 ∈ γout ∩Di(
9
10
εaβ, 11

10
εaβ) and ε small enough

P

(∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
)

≥ 1− exp
(
−ε−(1−2(a−d))β−κ) ,

where η = inf{t : Xε
t ∈ Cki(ε

(a−d)β) ∪ Cki(εaβ/2)}.

The idea behind this lemma is that the process starts on γout and moves away from the

saddle point first, with the intervals of time away from and near the saddle point alternating

repeatedly. The integrand is large when the process is away from the saddle point, which is

sufficient to compensate for the relatively long time spent near the saddle point. A detailed proof

will be given in the Section 4.7, Part 4. Now let us formulate the argument of Step 3 (above) in

the following lemma.

Lemma 4.3.6. Suppose that Ok is an interior vertex and an endpoint of Ii. For any given 0 <

a < 1
2
, 0 < d < 1/β−1

2
∧ a, and for every T > 0, every c > 0, there exists ε0 small enough such

that, for each x0 ∈ γout ∩Di(
9
10
εaβ, 11

10
εaβ), we have

P(τ ≤ T ) ≥ exp (−cε−β), ∀ε < ε0,

where τ = inf{t : Xε
t ∈ Cki(ε

(a−d)β)}.

Proof. Define τ ′ = inf{t : Xε
t ∈ Cki(ε

aβ/2)}, η = τ ∧ τ ′, and f(x) = x log x − x. Since

142



f ∈ C2([εaβ/2, ε(a−d)β]), Ito’s formula can be applied here:

f(H(Xε
η)) = f(H(x0)) + εβ

∫ η

0

(
logH(Xε

s )AH(Xε
s ) +

|∇H(Xε
s )

∗σ(Xε
s )|2

2H(Xε
s )

)
ds

+ εβ/2
∫ η

0

logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )dWs

= f(H(x0)) + εβ
∫ η

0

(
logH(Xε

s )AH(Xε
s ) +

|∇H(Xε
s )

∗σ(Xε
s )|2

2H(Xε
s )

)
ds

+ εβ/2W̃

(∫ η

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds
)
,

where W̃ is another Brownian motion. To simplify notations, define events R and S as follows:

R =

{
εβ/2W̃T < −4ε(a−d)β(a− d)β| log ε|, εβ/2W̃t <

1

4
aβ| log ε|εaβ for every 0 < t < T

}
,

S =

{∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
}
.

By Lemma 4.3.4(i) and Lemma 4.3.5, we know that P(R∩S) ≥ exp
(
−ε−(1−2(a−d))β−κ) for any

positive κ and all sufficiently small ε. Therefore, since κ can be taken arbitrarily small, it remains

to show that R ∩ S implies τ ≤ T . On this event, if we assume that η > T , then

∫ T

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > T.

So, we may define η′ = inf{t :
∫ t
0
| logH(Xε

s )∇H(Xε
s )

∗σ(Xε
s )|2ds = T} < T < η, and still

write the equation

f(H(Xε
η′)) = f(H(x0)) + εβ

∫ η′

0

(
logH(Xε

s )AH(Xε
s ) +

|∇H(Xε
s )

∗σ(Xε
s )|2

2H(Xε
s )

)
ds
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+ εβ/2W̃

(∫ η′

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds

)

= f(H(x0)) + εβ
∫ η′

0

(
logH(Xε

s )AH(Xε
s ) +

|∇H(Xε
s )

∗σ(Xε
s )|2

2H(Xε
s )

)
ds+ εβ/2W̃T .

Since the Brownian motion here dominates the whole right-hand side due to the definition of R,

we have f(H(Xε
η′)) < f(ε(a−d)β), which contradicts the fact that η′ < η. Thus η ≤ T . Then it

follows that τ ≤ T since f(H(Xε
η)) ̸= f(εaβ/2) by the definition of the set R.

We can complete the proofs corresponding to Steps 2 and 4 above in the same way.

Lemma 4.3.7. Suppose thatOk is an interior vertex and an endpoint of Ii. For every d < 1/β−1
3

∧

1
2
, and for every T > 0, we have the following estimate for each x0 ∈ γout∩Di(

9
10
ε

1+d
2
β, 11

10
ε

1+d
2
β)

and ε small enough

P

(∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
)

≥ 1− exp
(
−ε−2dβ−κ) ,

where η = inf{t : Xε
t ∈ Cki(ε

1−d
2
β) ∪ Cki(ε

1+d
2
β/2)}.

Since the proof is similar to that of Lemma 4.3.5, the details are omitted.

Lemma 4.3.8. Suppose that Ok is an interior vertex and an endpoint of Ii. For every d <

1/β−1
3

∧ 1
2
, and for every T > 0, c > 0, there exists ε0 small enough, such that for each x0 ∈

γout ∩Di(
9
10
ε

1+d
2
β, 11

10
ε

1+d
2
β), we have

P(τ ≤ T ) ≥ exp (−cε−β), ∀ε < ε0,

where τ = inf{t : Xε
t ∈ Cki(ε

1−d
2
β)}.
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Proof. The proof is similar to that of Lemma 4.3.6. Define τ ′ = inf{t : Xε
t ∈ Cki(ε

1+d
2
β/2)},

η = τ ∧ τ ′, and f(x) = x log x− x. Since f ∈ C2([1
2
ε

1+d
2
β, ε

1−d
2
β]), Ito’s formula can be applied

here:

f(H(Xε
η)) = f(H(x0)) + εβ

∫ η

0

(
logH(Xε

s )AH(Xε
s ) +

|∇H(Xε
s )

∗σ(Xε
s )|2

2H(Xε
s )

)
ds

+ εβ/2W̃

(∫ η

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds
)
.

Let

R =


εβ/2W̃T < −2(1− d)βε

1−d
2
β| log ε|; εβ/2W̃t < ε

1+d
2
β, ∀ 0 < t < εdβ;

εβ/2W̃t < −ε 1−d
2
β, ∀ εdβ < t < T

 ,

S =

{∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
}
.

By Lemma 4.3.4(ii) and Lemma 4.3.7, we know that P(R ∩ S) ≥ exp
(
−ε−2dβ−κ) for any

positive κ, and R ∩ S implies τ ≤ T , so we’re done.

The proof of the following lemma is also similar to that of Lemma 4.3.5.

Lemma 4.3.9. Suppose thatOk is an interior vertex and an endpoint of Ii. For every d < 1/β−1
2

∧

1, and for every T > 0, we have the following estimate for each x0 ∈ γout∩Di(
9
10
εdβ, 11

10
εdβ) and

ε small enough

P

(∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
)

≥ 1− exp
(
−ε−β−κ

)
,

where η = inf{t : Xε
t ∈ Cki(δ) ∪ Cki(εdβ/2)}.
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Lemma 4.3.10. Suppose that Ok is an interior vertex and an endpoint of Ii. For every d <

1/β−1
2

∧ 1, and for every T > 0, c > 0, there exist δ > 0 and ε0 > 0 such that, for each

x0 ∈ γout ∩Di(
9
10
εdβ, 11

10
εdβ), we have

P(τ ≤ T ) ≥ exp (−cε−β), ∀ε < ε0,

where τ = inf{t : Xε
t ∈ Cki(δ)}.

Proof. The proof is, again, similar to that of Lemma 4.3.6. Define τ ′ = inf{t : Xε
t ∈ Cki(ε

dβ/2)},

η = τ ∧ τ ′ and f(x) = x log x− x. Since f ∈ C2([1
2
εdβ, δ]), Ito’s formula can be applied here:

f(H(Xε
η)) = f(H(x0)) + εβ

∫ η

0

(
logH(Xε

s )AH(Xε
s ) +

|∇H(Xε
s )

∗σ(Xε
s )|2

2H(Xε
s )

)
ds

+ εβ/2W̃

(∫ η

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds
)
.

Let

R =

{
εβ/2W̃T < 2f(δ), εβ/2W̃t <

1

4
dβ| log ε|εdβ for every 0 < t < T

}
,

S =

{∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
}
.

By Lemma 4.3.4 (iii) (with A = −2f(δ)) and Lemma 4.3.9, we know that P(R ∩ S) ≥

exp
(
−4f(δ)2

T
ε−β
)

, and R ∩ S implies τ ≤ T , so we’re done if we choose δ so small that

4f(δ)2 < cT .

The following lemma ensures that the assumptions that the process starts on a piece of

γout in the lemmas above make sense, since the process reaches the piece of the curve with a
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uniformly positive probability.

Lemma 4.3.11. For A < 1/2 and every fixed T > 0, we have the following estimate for ε small

enough:

P(τ < T ) ≥ 1/2,

where τ = inf{t : Xε
t ∈ γout ∩Di(

9
10
εA, 11

10
εA)}, for each x0 ∈ Cki(ε

A).

Proof. The proof is similar to that of Lemma 4.3.5. Let us look at the slow motion:

dX̃ε
t = ∇⊥H(X̃ε

t )dt+
√
εσ(X̃ε

t )dW̃t, X̃ε
0 = x0 ∈ R2,

and take α ∈ (A, 1/2). Then the idea is that τ < T on the event

E :=

2AM | log ε|⋂
k=0

{
sup

∆∈[0,1]
|
√
ε

∫ k+∆

k

σ(X̃ε
s )dWs| < εα

}
,

and P(E) ≥ 1 − 2AM | log ε| exp(−εα−1/2) ≥ 1/2 for ε sufficiently small, since σ is bounded

and the stochastic integral can be represented as a time changed Brownian motion. See the proof

of Lemma 4.3.5 for details.

Lemma 4.3.12. Suppose that Ok is an interior vertex. For any T > 0, c > 0, there exist δ > 0

and ε0 > 0 such that, for every ε < ε0 and each x0 ∈ Ck,

P(τ ≤ T ) ≥ exp (−cε−β),

where τ = inf{t : Xε
t ∈ Cki(δ)}.
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Proof. Set d = 1/β−1
4

∧ 1
4

and n = [1
d
] + 8. By Theorem 3.2 in [16], for every d > 0, the process

reaches Cki(ε
1+d
2
β) by time T/n with probability at least p > 0, where p is independent of ε.

Then we apply Lemma 4.3.6, Lemma 4.3.8, Lemma 4.3.10, and Lemma 4.3.11 with our fixed d,

T
2n

, and c
2n

. By the strong Markov property of Xε
t , we get the desired result.

As in Lemma 4.3.12, the process starting at Ckj(δ) arrives at the separatrix with probability

at least exp(−cε−β) prior to time T . Combining these two results, we get the following lemma.

Lemma 4.3.13. Suppose that Ok is an interior vertex with Ok ∼ Ii and Ok ∼ Ij . Then, for any

T > 0, c > 0, there exists δ such that, for any x0 ∈ Ckj(δ),

P(τ ≤ T ) ≥ exp (−cε−β),

where τ = inf{t : Xε
t ∈ Cki(δ)}.

Next, we formulate the lower bound for the probability that the random process goes

through an interior vertex, near a certain deterministic path.

Lemma 4.3.14. Suppose that Ok is an interior vertex with Ok ∼ Ii and Ok ∼ Ij . For every

δ > 0, γ > 0, h > 0, and a trajectory φ such that φ0 = (j,H(xk) ± δ), φT = (i,H(xk) ± δ),

and |φt−H(xk)| ≤ δ for t ∈ [0, T ], there exist h0 > 0 and ε0 > 0 such that, for any x0 satisfying

r(Y (x0),φ0) < h0, we have the estimate for all ε < ε0

P (r(Y (Xε
T ),φT ) < h, ρ0T (Y (Xε

t ),φt) < 2δ) ≥ exp(−ε−β(S0T (φ) + γ)).

Proof. Without loss of generality, we assume that H(xk) = 0 and h < δ. Due to the absolute

continuity of φ, we can fix t̂ so small that |a− b| < t̂ implies that |φa − φb| < h/2. Fix δ′ < δ/2
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positive and small, such that for any x0 ∈ Ckj(δ
′),

P(τδ′ ≤ t̂; Xε
t ∈ Dk(δ/2), t ∈ [0, τδ′ ]) ≥ exp (−γε−β/4), (4.9)

where τδ′ = inf{t : Xε
t ∈ Cki(δ

′)}. This is possible since, for δ′ small enough, the process starting

on Ckj(δ′) escapes Dk(δ/2), within a fixed time, with a probability that is bounded from above

by exp(−Cε−β) for certain constant C, while the constant c in Lemma 4.3.13 corresponding to

δ′ can be chosen such that c < C.

Let t1 = inf{t > 0 : φt = ±δ′/2}, t2 = sup{t > 0 : φt = ±δ′}, and φ̃t = φt−t̂ for t ∈

[t2+ t̂, T ]. By Lemma 4.3.1, we can fix h0 < δ such that, for any x0 satisfying |H(x0)−φ0| < h0,

P(ρ0,t1(H(Xε
t ), φt) < δ′/2) ≥ exp

[
−ε−β(S0,t1(φ) + γ/4)

]
, (4.10)

and we can fix µ < δ′ such that, conditioned on Xε
t2+t̂

= x satisfying |H(x)− φ̃t2+t̂| < µ,

P(ρt2+t̂,T (H(Xε
t ), φ̃t) < h/2) ≥ exp

[
−ε−β(St2,T−t̂(φ) + γ/4)

]
, (4.11)

where φ̃t = φt−t̂. Furthermore, let τ1 = inf{t : Xε
t ∈ Ckj(δ

′)} and τ2 = inf{t : Xε
t ∈ Cki(δ

′)}.

Let’s consider the event:

A =


ρ0,t1(H(Xε

t ), φt) < δ′/2; τ2 − τ1 < t̂, Xε
t ∈ Dk(δ), t ∈ [τ1, τ2];

Xε
t ∈ Di(δ

′ − µ, δ′ + µ), t ∈ [τ2, t2 + t̂]; |H(Xε
t )− φ̃t| < h/2, t ∈ [t2 + t̂, T ]

 .

Note that A implies the desired event, hence it suffices to prove P(A) ≥ exp(−ε−βS0T (φ)+γ).
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Figure 4.2: A typical graph where event A happens.

To see this, combine (4.9), (4.10) and (4.11) and note that (4.3) implies that

P
(
Xε
t ∈ Di(δ

′ − µ, δ′ + µ), t ∈ [τ2, t2 + t̂]
)
≥ 1

2
,

for ε small enough. Thus, by the strong Markov property of Xε
t ,

P(A) ≥ exp(−ε−β(S0T (φ) + γ)).

4.3.4 Local large deviation principle: lower bound

With all the preliminary results obtained, we can get the lower bound for the large deviation

principle.

Lemma 4.3.15. For any δ > 0, γ > 0, and φ ∈ C ([0, T ],Γ) with φ0 = Y (x0), there exists ε0

such that

P (ρ0,T (Y (Xε
t ),φ) < δ) ≥ exp

[
−ε−β(S(φ) + γ)

]
,
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for any ε < ε0.

Proof. We can assume that φ is absolutely continuous and φ′ ∈ L2([0, T ]) for the rest of the

proof, because S(φ) = ∞ for any other φ = (i, φ). Consider the case where φ0 is at an exterior

vertex Ok and φT is not at any vertex. Given δ > 0 and γ > 0, by Lemma 4.3.3, we can find

ρ < δ/4 ∧ infk |φT −H(xk)| such that, for ε sufficiently small,

P(τ < q) ≥ exp(−ε−βγ/4),

where q = inf{t : r(φt, Ok) = ρ} and τ = inf{t : |H(Xε
t ) − H(xk)| = ρ}. Let δ′ = 1

2
ρ, and

define the following three sequences inductively:

q0 = q;

tk = inf {t > qk−1 : r(φt, O) = δ′ for some vertex O} ,

pk = sup {t < tk : r(φt, O) = 2δ′ for some vertex O} ,

qk = inf {t > tk : r(φt, O) = 2δ′ for some vertex O} ,

for k ≤ n, where n is such that the set {t > qn : r(φt, O) = δ′ for some vertex O} is empty. Note

that n ≥ 0 is finite due to the absolutely continuity of φ. We define pn+1 = T . By Lemma 4.3.1,

we can find h < 1
2
δ′ such that, for all h′ < h, there exists ε0 small enough such that, conditioned

on Xε
qk−1

= x satisfying |H(x)− φqk−1
| < h and for all ε < ε0,

P
(
|H(Xε

pk
)− φpk | < h′, ρqk−1,pk(Y (Xε

t ),φt) < δ
)
≥ exp

[
−ε−β(Sqk−1,qk(φ) +

γ

2k+2
)
]
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Figure 4.3: A typical partition of a trajectory.

holds for all 1 ≤ k ≤ n+ 1. By the strong Markov property of Xε
t (since the process can remain

near the same level curve between time τ and q), for each h′ > 0, there exists ε0 such that, for all

ε < ε0,

P(|H(Xε
q )− φq| < h′, ρ0,q(Y (Xε

t ),φt) < δ) ≥ exp(−ε−βγ/2).

On the other hand, for 1 ≤ k ≤ n, on the interval [pk, qk], we have two different situations:

(i) If φpk = φqk , then, conditioned on Xε
pk

= x satisfying |H(x) − φpk | < h/2, for all ε small

enough,

P
(
|H(Xε

qk
)− φqk | < h, ρpk,qk(Y (Xε

t ),φt) < δ
)

≥ P

(
sup

pk≤t≤qk
|H(Xε

t )−H(Xε
pk
)| < h/2

)
>

1

2
.

(ii) If φpk ̸= φqk , then, for ε small enough, by Lemma 4.3.14, there exists µ < h/2 such that,
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conditioned on Xε
pk

= x satisfying |H(x)− φpk | < µ,

P
(
|H(Xε

qk
)− φqk | < h, ρpk,qk(Y (Xε

t ),φt) < δ
)
≥ exp(−ε−β(Spkqk(φ) +

γ

2k+2
)).

With the estimates above combined, we obtain that

P (ρ0,T (Y (Xε
t ),φ) < δ) ≥ exp

[
−ε−β(S(φ) + γ)

]

for any ε small enough. In the case where φ0 is at an interior vertex or inside an edge, or φT is

at a vertex, the proof is similar.

Theorem 4.3.16. Given φ ∈ C ([0, T ],Γ) with φ0 = Y (x0),

lim
δ→0

lim
ε→0

εβ logP (ρ0,T (Y (Xε
t ),φ)) < δ) ≥ −S(φ).

Proof. This is an immediate consequence of the previous lemma.

4.4 Upper bound for the large deviation principle

In this section, we deal with the upper bound for the local large deviation principle. We start

with the discussion about what happens inside a single edge (Lemma 4.4.1 and Lemma 4.4.2).

Again, we simplify the notations when there’s no ambiguity, as we did in Section 3.1.

Lemma 4.4.1. Suppose that C = Di(H1, H2) ⊂ Di and Xε
0 = x ∈ C. Then, for every δ > 0,
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every γ > 0, and every s > 0, there exists ε0 > 0 such that

P(Xε
t ∈ C, ρ0,T (Y (Xε

t ),Φ(s)) ≥ δ) ≤ exp(−ε−β(s− γ))

for all ε ≤ ε0 and every x, where Φ(s) = {φ ∈ C ([0, T ], Ii) : S(φ) ≤ s, φ0 ∈ [H1, H2]}.

Proof. Without loss of generality, we let T = 1. Since H(C) is compact, and C is away from the

critical points, there exist m > 0, M > 0, and L > 0, such that:

(1) |AH(x)|+ |∇H(x)∗σ(x)|2 < M, ∀x ∈ C;

(2) |∇H(x)∗σ(x)|2 > m, ∀x ∈ C;

(3) m < T (H) < M and m < B2(H) < M, ∀H ∈ H(C);

(4) |∇H(x)−∇H(y)|+ ||∇H(x)∗σ(x)|2 − |∇H(y)∗σ(y)|2| < L|x− y|, ∀x, y ∈ C;

(5) |T (H1)− T (H2)|+ |T (H1)B
2(H1)− T (H2)B

2(H2)| < L|H1 −H2|, ∀H1, H2 ∈ H(C).

For s > 0, γ > 0, and δ > 0, we choose the following parameters:

(1) 0 < µ < 1/3 such that s(1− 2µ) > s− γ;

(2) δ′ > 0 such that δ′ < δ ∧ m2µ2

4L(2M+1)
, which particularly implies that

Lδ′(2M + 1) <
µm2

3
,

1− µ2

2
· 2m+ Lδ′

2m− Lδ′
<

1− µ2/2

2
;

(3) n ∈ N such that nδ′2 > 64M(s− γ).
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For every 0 ≤ k < n, define the random variable T εk = ε1−βT (H(Xε
k
n

)), the event Ak

as in Lemma 4.3.1, and the event Bk where the process stays within the compact set, in which

|∇H(Xε
t )| is bounded, so that Ak happens with overwhelming probability:

Ak =

⌊ 1
nTε

k
⌋⋂

p=0

{
sup

pT ε
k+

k
n
≤t≤(p+1)T ε

k+
k
n

εβ/2

∣∣∣∣∣
∫ t

k/n+pT ε
k

σ(Xε
s )dWs

∣∣∣∣∣ ≤M · ε
1−β
4

}
⋂{

sup
0≤t≤ 1

n

∣∣∣H(Xε
k
n
+t
)−H(Xε

k
n

)
∣∣∣ ≤ δ′

2

}
;

Bk =

{
Xε
t ∈ C, ∀t ∈ [

k

n
,
k + 1

n
]

}
.

If we denote

Yk =
1

2εβ
· n

B2
(
H(Xε

k
n

)
)
− Lδ′

2

∣∣∣H(Xε
k+1
n

)−H(Xε
k
n

)
∣∣∣2 ,

then, by Lemma 4.7.9, we have E(χBk∩Ak
· exp((1− µ)Yk) | F k

n
) < cµ for some 0 < cµ <∞.

Let lε be the random polygon with vertices at
(
k
n
, H(Xε

k
n

)
)

for 0 ≤ k ≤ n, and let B =⋂n−1
k=1 Bk. Then

P (Xε
t ∈ C, ρ0,1(Y (Xε

t ),Φ(s)) ≥ δ)

= P (Xε
t ∈ C, ρ0,1(Y (Xε

t ),Φ(s)) ≥ δ, ρ0,1(Y (Xε
t ), l

ε
t ) < δ))

+P (Xε
t ∈ C, ρ0,1(Y (Xε

t ),Φ(s)) ≥ δ, ρ0,1(Y (Xε
t ), l

ε
t ) ≥ δ))

≤ P (Xε
t ∈ C, S(lε) > s) +P

({
sup
0≤t≤1

|H(Xε
t )− lεt | ≥ δ

}
∩B

)
≤ P

(
n−1⋂
k=0

Ak
⋂

{S(lε) > s}
⋂

B

)
+P

(
n−1⋃
k=0

(Ω \ Ak)
⋂

B

)

+P

({
sup
0≤t≤1

|H(Xε
t )− lεt | ≥ δ

}⋂
B

)
.
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We estimate the first term:

P

(
n−1⋂
k=0

Ak
⋂

{S(lε) > s}
⋂

B

)

= P

(
n−1⋂
k=0

(Ak ∩Bk)
⋂{

1

2

∫ 1

0

|lεt
′ |2

B2(lεt )
dt > s

})

= P

n−1⋂
k=0

(Ak ∩Bk)
⋂n

2

2

n−1∑
k=0

∫ k+1
n

k
n

∣∣∣H(Xε
k+1
n

)−H(Xε
k
n

)
∣∣∣2

B2(lεt )
dt > s




≤ P

(
n−1⋂
k=0

(Ak ∩Bk)
⋂{

εβ
n−1∑
k=0

Yk > s

})

≤
E
[∏n−1

k=0 χAk∩Bk
· exp ((1− µ)Yk)

]
exp ((1− µ)s · ε−β)

(4.12)

=
E
[∏n−2

k=0 χAk∩Bk
· exp ((1− µ)Yk) · E

(
χBn−1∩An−1 · exp((1− µ)Yn−1)|Fn−1

n

)]
exp ((1− µ)s · ε−β)

≤ cµ ·
E
[∏n−2

k=0 χAk∩Bk
· exp ((1− µ)Yk)

]
exp ((1− µ)s · ε−β)

(4.13)

≤
cnµ

exp ((1− µ)s · ε−β)
(4.14)

≤ 1

3
exp(−(1− 2µ)s · ε−β)

≤ 1

3
exp(−ε−β(s− γ)),

where (4.12) follows from the exponential Chebyshev’s inequality, and (4.13) follows from

Lemma 4.7.9, and (4.14) can be obtained by applying Lemma 4.7.9 repeatedly. We estimate

the second term using Lemma 4.7.6:

P

(
n−1⋃
k=0

(Ω \ Ak)
⋂

B

)
≤ n exp

(
− nδ′2

64Mεβ

)
≤ 1

3
exp(−ε−β(s− γ)),
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by recalling that nδ′2 > 64M(s− γ). Similarly, we estimate the third term:

P

({
sup
0≤t≤1

|H(Xε
t )− lεt | ≥ δ

}⋂
B

)
≤

n−1∑
k=0

P

({
sup

k
n
≤t≤ k+1

n

|H(Xε
t )− lεt | ≥ δ

}⋂
B

)

≤
n−1∑
k=0

P

({
sup

0≤t≤ 1
n

∣∣∣H(Xε
k
n
+t
)−H(Xε

k
n

)
∣∣∣ > δ′

2

}⋂
B

)

≤ n exp

(
− nδ′2

64Mεβ

)
≤ 1

3
exp(−ε−β(s− γ)).

Thus,

P(Xε
t ∈ C, ρ0,1(Y (Xε

t ),Φ(s)) ≥ δ) ≤ exp(−ε−β(s− γ)).

The next result, which relies on Lemma 4.4.1 and Theorem 4.7.4, gives an upper bound on

probability that the process stays close to a given trajectory on the graph.

Lemma 4.4.2. Suppose that φ = (i, φ) ∈ C ([0, T ], Ii) is such that inft∈[0,T ] r(φt, H(O)) > 0

for each O ∼ Ii and S(φ) < ∞. Then, for every γ > 0, there exist δ > 0 and ε0 > 0 such that,

for each ε ≤ ε0 and each initial point x0 ∈ Di(φ0 − δ, φ0 + δ),

P (ρ0,T (Y (Xε
t ),φ) ≤ δ) ≤ exp

(
−ε−β(S(φ)− γ)

)
.

Proof. Without loss of generality, we assume that Oj ∼ Ii, Ok ∼ Ii, and H(xk) > H(xj) = 0.

Suppose that 0 < m′ ≤ φ ≤M ′ < H(xk). We define the compact setC = Di(m′/2, M
′+H(xk)

2
) ⊂

Di and s = S(φ) − γ/2. Then, by Theorem 4.7.4, ρ0,T (φ,Φ(s)) > 0, where Φ(s) = {φ̃ :

S(φ̃) ≤ s, φ̃0 ∈ [m′/2, M
′+H(xk)

2
]} (if Φ(s) is empty, then ρ0,T (φ,Φ(s)) = ∞). We choose
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δ > 0 such that δ < ρ0,T (φ,Φ(s))/2 and Di(m
′ − δ,M ′ + δ) ⊂ C. If ρ0,T (Y (Xε

t ),φ) < δ, then

ρ0,T (Y (Xε
t ),Φ(s)) ≥ ρ0,T (φ,Φ(s))− ρ0,T (Y (Xε

t ),φ) > δ.

So, by Lemma 4.4.1, for ε small enough,

P (ρ0,T (Y (Xε
t ),φ)) < δ) = P (ρ0,T (Y (Xε

t ),φ) < δ,Xε
t ∈ C)

≤ P (ρ0,T (Y (Xε
t ),Φ(s)) > δ,Xε

t ∈ C)

≤ exp
(
−ε−β(s− γ/2)

)
= exp

(
−ε−β(S(φ)− γ)

)
.

Theorem 4.4.3. Given φ ∈ C ([0, T ],Γ) with φ0 = Y (x0),

lim
δ→0

lim
ε→0

εβ logP (ρ0,T (Y (Xε
t ),φ)) < δ) ≤ −S(φ).

Proof. There exists a compact set C such that {x : ρ0,T (Y (x),φ) ≤ δ} ⊂ C. Let M be such that

|AH(x)|+ |∇H(x)∗σ(x)|2 < M, ∀x ∈ C.

Let us consider the case where neither φ0 nor φT is at a vertex. Fix γ > 0. If S(φ) =

1
2

∫ T
0

|φ̇t|2
B2

it
(φt)

dt < ∞, then there exists 0 < δ′ < infk |φ0 − H(xk)| ∧ infk |φT − H(xk)| so

small that ∫ T

0

|φ̇t|2

B2
it
(φt)

· χ{φt∈D(±δ′)}dt < γ.
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Now let us define three sequences in [0, T ] inductively:

q0 = 0;

tk = inf {t > qk−1 : r(φt, O) = δ′ for some vertex O} ,

pk = sup {t < tk : r(φt, O) = 2δ′ for some vertex O} ,

qk = inf {t > tk : r(φt, O) = 2δ′ for some vertex O} ,

for 1 ≤ k ≤ n, and n is such that the set {t > qn : φt ∈ D(δ′)} is empty. Define pn+1 = T . The

sequences are all finite due to the absolutely continuity of φ. Hence, by Lemma 4.4.2, there exist

δ > 0 and ε0 > 0 such that, conditioned on Xε
qk

= x, for all ε ≤ ε0,

P
(
ρqk,pk+1

(Y (Xε
t ),φ

)
≤ δ) ≤ exp

(
−ε−β(1

2

∫ pk+1

qk

|φ̇t|2

B2
it
(φt)

dt− 2−k · γ)
)
,

since {t : r(φt, O) ≥ δ′ for every vertex O on Γ} ⊃
⋃n
k=0(qk, pk+1). Thus, we obtain

P (ρ0,T (Y (Xε
t ),φ)) < δ) ≤ P

(
ρqk,pk+1

(H(Xε
t ), φ) < δ, 0 ≤ k ≤ n

)
≤ exp

(
−ε−β(1

2

∫
⋃n

k=0(qk,pk+1)

|φ̇t|2

B2
it
(φt)

dt− 2γ)

)

≤ exp
(
−ε−β(S(φ)− γ − 2γ)

)
= exp

(
−ε−β(S(φ)− 3γ)

)

by the strong Markov property. Since we chose γ > 0 arbitrarily,

lim
δ→0

lim
ε→0

εβ logP (ρ0,T (Y (Xε
t ),φ)) < δ) ≤ −S(φ).
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In the case where S(φ) = ∞, it is easy to show that, for every s > 0, there exist finitely

many disjoint closed intervals {Jk} such that φ stays away from all vertices on all Jk’s and∑
k SJk(φ) > s. The result then follows in a similar way as in the finite action functional

case.

4.5 Exponential tightness

In this section, we establish the exponential tightness of the process Y (Xε
t ) in C ([0, T ],Γ).

We start with the definition before heading to the proof (cf. [46]).

Definition 4.5.1. The family Y (Xε
t ) is exponentially tight (with rate εβ) in C ([0, T ],Γ) if there

exists an increasing sequence of compact sets (Kj){j≥1} in C ([0, T ],Γ) such that

lim
j→∞

lim
ε→0

εβ logP(Y (Xε
t ) ∈ C ([0, T ],Γ) \Kj) = −∞.

Our approach is based on Theorem 3.1 in [44]. It suffices to check the following conditions:

(i) lim
C→∞

lim
ε→0

εβ logP

(
sup
[0,T ]

|H(Xε
t )| > C

)
= −∞,

(ii) lim
δ→0

lim
ε→0

εβ log sup
τ≤T−δ

P

(
sup
t∈[0,δ]

r(Y (Xε
τ+t), Y (Xε

τ )) > η

)
= −∞, ∀η > 0,

where τ is a stopping time w.r.t. the filtration F .

Theorem 4.5.2. Under our assumptions, conditions (i) and (ii) are both valid, hence the family

Y (Xε
t ) is exponentially tight (with rate εβ) in C ([0, T ],Γ).

Proof. We present the proof in two steps. i. Let us check condition (i) first. By assumptions,
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there exists M large such that H(x) ≥ A1|x|2 for |x| ≥M , |AH(x)|+ ∥σ(x)∥ ≤M for x ∈ R2,

and |∇H| is Lipschitz with constant M . For any large C > A1M
2 + 2|H(x0)| + A1|x0|2 + 1,

define the stopping time τ = inf{t : H(Xε
t ) = C} ∧ T . Then we have

H(Xε
τ ) = H(x0) + εβ

∫ τ

0

AH(Xε
s )ds+ εβ/2

∫ τ

0

∇H(Xε
s )

∗σ(Xε
s )dWs.

Let F = {x : H(x) ≤ C}. Then, for x ∈ F , |x| ≤
√

C
A1

. In light of the boundedness of σ and of

the second derivatives of H ,

|∇H∗(x)σ(x)| ≤M2|x− x0| < M2(

√
C

A1

+ |x0|) < 2M2

√
C

A1

, (4.15)

for each x ∈ F . From the fact H(Xε
τ ) = C we deduce that, on the event {τ < T},

εβ/2
∫ τ

0

∇H(Xε
s )

∗σ(Xε
s )dWs = C −H(x0)− εβ

∫ τ

0

AH(Xε
s )ds

≥ C −H(x0)−MTεβ

≥ 1

2
C,

for ε sufficiently small. Thus, on the event {τ < T},

∫ T

0

χ{τ≥s}∇H(Xε
s )

∗σ(Xε
s )dWs ≥

1

2
Cε−β/2

W̃ (

∫ T

0

|χ{τ≥s}∇H(Xε
s )

∗σ(Xε
s )|2ds) ≥

1

2
Cε−β/2

sup
[0, 4M

4TC
A1

]

W̃t ≥
1

2
Cε−β/2,
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where W̃ is another Brownian motion. Hence {τ < T} implies that {sup
t∈[0, 4M4TC

A1
]
W̃t ≥

1
2
Cε−β/2}. As for the probability P

(
sup[0,T ] |H(Xε

t )| > C
)

for fixed C large enough,

P

(
sup
[0,T ]

|H(Xε
t )| > C

)
= P (τ < T )

≤ P

 sup
[0, 4M

4TC
A

]

W̃t ≥
1

2
Cε−β/2


= 2P

(
W̃ 4M4TC

A

≥ 1

2
Cε−β/2

)
≤
√

32M4Tεβ

πAC
exp(− AC

32M4Tεβ
).

Therefore,

lim
C→∞

lim
ε→0

εβ logP

(
sup
[0,T ]

|H(Xε
t )| > C

)
= −∞

ii. Since we’ve already checked the validity of the first condition, it suffices to instead prove

that for every η > 0, C > 0,

lim
δ→0

lim
ε→0

εβ log sup
τ≤T−δ

P

(
sup
t∈[0,δ]

r(Y (Xε
τ+t), Y (Xε

τ )) > η, sup
[0,T ]

|H(Xε
t )| ≤ C

)
= −∞.

Without loss of generality, we assume that η is so small that η < |H(xk)−H(xj)| for any critical

points xj ̸= xk. Note that

{
sup
t∈[0,δ]

r(Y (Xε
τ+t), Y (Xε

τ )) > η

}
⊂

{
sup
t∈[0,δ]

|H(Xε
τ+t)−H(Xε

τ )| > η/3

}
.
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Thus, it suffices that show that, for any positive η and C,

lim
δ→0

lim
ε→0

εβ log sup
τ≤T−δ

P

(
sup
t∈[0,δ]

|H(Xε
τ+t)−H(Xε

τ )| >
η

3
, sup
[0,T ]

|H(Xε
t )| ≤ C

)
= −∞.

Since AH(x) is bounded, this is implied by

lim
δ→0

lim
ε→0

εβ log sup
τ≤T−δ

P

(
sup
t∈[0,δ]

|
∫ τ+t

τ

∇H(Xε
s )

∗σ(Xε
s )dWs| >

η

4
, sup
[0,T ]

|H(Xε
t )| ≤ C

)
= −∞.

Define the process Y ε
t = εβ/2

∫ t
0
∇H(Xε

s )
∗σ(Xε

s )dWs, which is a martingale. Fix δ > 0. Then,

for any stopping time τ ≤ T − δ, define a random change of time τ̂t := τ + t and a new process

Ŷ ε
t := Yτ̂t with a new filtration F̂t := Fτ̂t , ∀t ≥ 0. By Theorem 1 from Chap.4, Sect.7 in [47],

Ŷ ε
t is also a martingale, hence Zε

t = Ŷ ε
t − Ŷ ε

0 is martingale with filtration F̂t. Furthermore,

by Problem 2.28 from Chap.3 in [48], ζεt := exp(λZε
t − 1

2
λ2⟨Zε⟩t) is supermartingale for each

λ ∈ R. Take a stopping time σ := inf{t ≤ δ : |Zε
t | ≥ η/4} ∧ δ w.r.t. F̂t. By the Optional

Sampling Theorem, Eζεσχ{Zε
σ≥η/4, sup[0,T ] |H(Xε

t )|≤C} ≤ Eζε0 = 1. Keeping (4.15) in mind, we

conclude that

P

(
Zε
σ ≥ η/4, sup

[0,T ]

|H(Xε
t )| ≤ C

)
≤ exp

(
−λη

4
+
λ2

2
· 4M

4C

A1

· δεβ
)

holds for each λ ∈ R. Thus, P
(
Zε
σ ≥ η/4, sup[0,T ] |H(Xε

t )| ≤ C
)

≤ exp
(
− A1η2

128M4Cδεβ

)
.

Similarly, one can prove P
(
Zε
σ ≤ −η/4, sup[0,T ] |H(Xε

t )| ≤ C
)
≤ exp

(
− A1η2

128M4Cδεβ

)
. So the

second condition is also valid.
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4.6 Proof of the main result

The following theorem is a result by Puhalskii adapted to our particular case (cf. Theorem

1.2 in [44], and also Corollary 3.4 in [45]).

Theorem 4.6.1. If the family of process Y (Xε
t ) is exponentially tight (with rate εβ) and functional

S satisfies the following condition for every φ with φ0 = Y (x0):

S(φ) =− lim
δ→0

lim
ε→0

εβ logP (ρ0,T (Y (Xε
t ),φ)) < δ)

=− lim
δ→0

lim
ε→0

εβ logP (ρ0,T (Y (Xε
t ),φ)) < δ) ,

then ε−βS(φ) is the action functional of the family of process Y (Xε
t ) in C ([0, T ],Γ) restricted to

the set of functions that start at Y (x0).

Proof of Theorem 4.2.2. The validity of the conclusion is due to Theorem 4.3.16, Theorem 4.4.3,

Theorem 4.5.2, and Theorem 4.6.1.

4.7 Technical proofs

Part 1. We prove the level set Φδ(s) = {r(φ0, Y (x0)) ≤ δ : S(φ) ≤ s} is compact in

C ([0, T ],R) for any δ ≥ 0, s ≥ 0.

Lemma 4.7.1. Suppose that φ : [0, T ] → R is absolutely continuous, and let E = {t : φt = c},

where c is a fixed constant. Then, for almost every point t in E (with respect to the Lebesgue

measure), we have φ̇t = 0.

Proof. Since φ is absolutely continuous on [0, T ], it’s differentiable almost everywhere. Let F
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be the subset of E where φ is not differentiable, so λ(F ) = 0. For each t0 ∈ E \ F , the limit

lim
h→0

φt0+h − φt0
h

exists. If φ̇t0 ̸= 0, then φt ̸= φt0 = 0 on [t0 − h, t0 + h] for some positive h, which means that

t0 is an isolated point in E. There can be at most countably many isolated points inside a set of

finite measure, so G := {t : φ̇t exists and is nonzero} has measure 0. Thus E \ (F ∪G) is the set

where φ̇t = 0, and λ(F ∪G) = 0.

Lemma 4.7.2. The mapping S : C ([0, T ],Γ) → R is lower semicontinuous.

Proof. Suppose that φ(l) → φ in C ([0, T ],Γ). It is sufficient to consider the case where

lim inf l→∞ S(φ(l)) is finite. For l large enough, φ(l) is uniformly bounded by some M1 ∈ R.

Consequently, B2
i(l)

(φ(l)) is uniformly bounded by some M2 ∈ R. Using the Lemma from [49]

on page 75, we evaluate

sup
0≤t0<...<tN≤T

N∑
i=1

|φti − φti−1
|2

ti − ti−1

= sup
0≤t0<...<tN≤T

lim
l→∞

N∑
i=1

|φ(l)
ti − φ

(l)
ti−1

|2

ti − ti−1

≤ lim
l→∞

sup
0≤t0<...<tN≤T

N∑
i=1

|φ(l)
ti − φ

(l)
ti−1

|2

ti − ti−1

= lim
l→∞

∫ T

0

|φ̇(l)|2

≤ 2M2 lim
l→∞

S(φ(l)) <∞,

which implies that φ is absolutely continuous and has square integrable derivative. Now fix

γ > 0, and define Uγ = {t : B2
it(φt) > γ}. This is an open set that is a union of at most
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countably many open intervals {Ĩj : j ≥ 1} inside [0, T ]. Take L such that B2
i (H) is Lipschitz

continuous on [γ,M2] with constant L uniformly in i. Then, by the uniform continuity of φ, for

each ε > 0, there exists δ > 0 such that |φt − φs| < γε/L whenever t, s ∈ Ĩj and |t − s| < δ.

Notice that on a single interval Ĩj , it remains the same. Hence t, s ∈ Ĩj and |t− s| < δ implies

B2
is(φs)

B2
it
(φt)

≤ 1 + ε.

Take n large enough so that T/n < δ, and, for each Ĩj = (a, b), let ak = a+ k
n
(b− a). Again, it

remains the same on Ĩj , so

∫ b

a

|φ̇t|2

B2
i (φt)

dt ≤ (1 + ε)
n−1∑
k=0

1

B2
i (φak)

∫ ak+1

ak

|φ̇t|2dt

= (1 + ε)
n−1∑
k=0

1

B2
i (φak)

sup
ak≤t0k<...<t

Mk
k ≤ak+1

Mk∑
i=1

|φtik − φti−1
k

|2

tik − ti−1
k

= (1 + ε)
n−1∑
k=0

1

B2
i (φak)

sup
ak≤t0k<...<t

Mk
k ≤ak+1

lim
l→∞

Mk∑
i=1

|φ(l)

tik
− φ

(l)

ti−1
k

|2

tik − ti−1
k

≤ (1 + ε)
n−1∑
k=0

1

B2
i (φak)

lim
l→∞

sup
ak≤t0k<...<t

Mk
k ≤ak+1

Mk∑
i=1

|φ(l)

tik
− φ

(l)

ti−1
k

|2

tik − ti−1
k

= (1 + ε)
n−1∑
k=0

1

B2
i (φak)

lim
l→∞

∫ ak+1

ak

|φ̇(l)
t |2

≤ (1 + ε)2
n−1∑
k=0

lim
l→∞

∫ ak+1

ak

|φ̇(l)
t |2

B2
i (φ

(l)
t )

dt

≤ (1 + ε)2 lim
l→∞

∫ b

a

|φ̇(l)
t |2

B2
i (φ

(l)
t )

dt.

Since ε was chosen arbitrarily, we obtain
∫ b
a

|φ̇t|2
B2

i (φt)
dt ≤ lim inf l→∞

∫ b
a

|φ̇(l)
t |2

B2
i (φ

(l)
t )
dt, which implies
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that
∫
Uγ

|φ̇t|2
B2

it
(φt)

dt ≤ lim inf l→∞
∫ T
0

|φ̇(l)
t |2

B2
it
(φ

(l)
t )
dt. Since this is true for every γ > 0, we have

∫
U

|φ̇t|2

B2
it
(φt)

dt ≤ lim
l→∞

∫ T

0

|φ̇(l)
t |2

B2
it
(φ

(l)
t )

dt,

where U = {t : B2
it(φt) > 0}. By convention 0/0 = 0 and Lemma 4.7.1, we have

∫
[0,T ]\U

|φ̇t|2

B2
it
(φt)

dt = 0,

which implies that

S(φ) =
1

2

∫ T

0

|φ̇t|2

B2
it
(φt)

dt ≤ lim
l→∞

1

2

∫ T

0

|φ̇(l)
t |2

B2
it
(φ

(l)
t )

dt = lim
l→∞

S(φ(l)).

So S is lower semicontinuous.

Lemma 4.7.3. The set Φδ(s) = {r(φ0, Y (x0)) ≤ δ : S(φ) ≤ s} is precompact in C ([0, T ],Γ)

for any δ ≥ 0, s ≥ 0.

Proof. We first prove the uniform boundedness of Φδ(s). SinceH has bounded second derivatives,

|∇H(x)| is Lipschitz continuous with coefficient L > 0. By assumption 5, we can assume that

∥σ∥ < M . And due to assumption 2, we can find M1 > |x0| such that H(x) ≥ A1|x|2 for all

|x| ≥M1 − |x0|, M1 >
2|∇H(x0)|

L
, and L(M1 − |x0|) > |∇H(0)|. Notice that

|H(x)| ≤ H(x0) +
1

2
L|x− x0|2 + |∇H(x0)| · |x− x0|.

Hence, |H(x)| ≥ |H(x0)| +M2
1L implies that |x − x0| ≥ M1, and therefore |H(x)| ≥ A1|x|2.
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Let M2 = |H(x0)|+ δ+1+M2
1L+ 16sM2TL2

A1
. Suppose that Φδ(s) is not uniformly bounded, so

there exists φ = (it, φt) ∈ Φδ(s) such that sup[0,T ] |φ| > 2M2. Let τ = inf{t : |φt| = 2M2} > 0

and τ1 = sup{t < τ, |φt| = M2} > 0. For t ∈ [τ1, τ ], |φt| ≥ M2 ≥ |H(x0)| +M2
1L, which

implies that |x− x0| ≥M1 for all x ∈ Cit(φt). Thus, we obtain

B2
it(φt) ≤ sup

x∈Cit (φt)

|∇H∗(x)σ(x)|2 ≤M2 sup
x∈Cit (φt)

(L|x|+ |∇H(0)|)2 ≤ 4M2L2

A1

|φt|.

Thus

M2
2 = |φτ − φτ1|2

=

∣∣∣∣∫ τ

τ1

φ̇tdt

∣∣∣∣2
≤
∫ τ

τ1

|φ̇t|2

B2
it
(φt)

dt ·
∫ τ

τ1

B2
it(φt)dt

≤ 2s · T · 4M
2L2

A1

· 2M2

=
16M2sTL2

A1

M2.

However, by definition, M2 >
16M2sTL2

A1
, which leads to a contradiction. Next, we prove the

equicontinuity of Φδ(s). Since Φδ(s) is uniformly bounded, we assume that B2
it(φt) ≤ M3 for

each φ ∈ Φδ(s). Instantly, we obtain

r(φt+h,φt)
2 ≤

(∫ t+h

t

|φ̇t|dt
)2

≤
∫ t+h

t

|φ̇t|2

B2
it
(φt)

dt ·
∫ t+h

t

B2
it(φt)dt ≤ h · 2sM3.

Thus

r(φt+h,φt) ≤
√

2sM3 ·
√
h.
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The precompactness of Φδ(s) now follows from the Arzelà–Ascoli theorem.

Theorem 4.7.4. The set Φδ(s) = {r(φ0, Y (x0)) ≤ δ : S(φ) ≤ s} is compact in C ([0, T ],R) for

any δ ≥ 0, s ≥ 0.

Proof. This is a direct consequence of Lemmas 4.7.2 and 4.7.3.

Part 2. We make two claims about the behavior of the random process during a short

period of time.

Lemma 4.7.5. Let the assumptions of Lemma 4.3.1 be satisfied and event Ak be defined as in the

proof of Lemma 4.3.1. Then, for ε sufficiently small,

P (Ω \ Ak) ≤ exp

(
− nδ′2

64Mεβ

)
,

for every initial point Xε
k = x that satisfies |H(x)− φ k

n
| < h.

Proof. Without loss of generality, we assume that k = 0 in the proof. On the interval [0, 1
n
], we

have |AH(Xε
t )| < M , so the increment in H(Xε

t ) due to the ordinary integral is negligible in the

sense that

|H(Xε
t )−H(Xε

0)| ≤ εβ
∫ t

0

|AH(Xε
s )|ds+ εβ/2

∣∣∣∣∫ t

0

∇H(Xε
s )

∗σ(Xε
s )dWs

∣∣∣∣
≤ εβ · M

n
+ εβ/2

∣∣∣∣∫ t

0

∇H(Xε
s )

∗σ(Xε
s )dWs

∣∣∣∣ .
Hence by recalling that, in Lemma 4.3.1, C was defined as a compact set contained in Di, for ε
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small enough, we have that

P( sup
0≤t≤ 1

n

|H(Xε
t )−H(Xε

0)| ≤
δ′

2
)

≥ P( sup
0≤t≤ 1

n

εβ/2
∣∣∣∣W (1)(

∫ t

0

|∇H(Xε
s )

∗σ(Xε
s )|

2 ds

∣∣∣∣) ≤ δ′

4
, Xε

t ∈ C)

≥ P( sup
0≤t≤M

n

|W (1)
t | ≤ δ′

4εβ/2
, Xε

t ∈ C)

= P( sup
0≤t≤M

n

|W (1)
t | ≤ δ′

4εβ/2
)

≥ 1− 8
√
2Mεβ√
πn · δ′

exp(− nδ′2

32Mεβ
) =: 1− λ1(ε),

where W (1)
t is a one-dimensional Wiener process. Equivalently, we have

P

(
sup

0≤t≤ 1
n

|H(Xε
t )−H(Xε

0)| >
δ′

2

)
≤ λ1(ε).

Let σi denote the i-th row of σ. For ε small enough,

P

(
sup

pT ε
0≤t≤(p+1)T ε

0

εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σ(Xε
s )dWs

∣∣∣∣∣ > M · ε
1−β
4

)

≤ P

(
2⋃
j=1

{ sup
pT ε

0≤t≤(p+1)T ε
0

εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σj(X
ε
s )dWs

∣∣∣∣∣ > M · ε 1−β
4

√
2

}

)

≤
2∑
j=1

P

(
sup

pT ε
0≤t≤(p+1)T ε

0

εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σj(X
ε
s )dWs

∣∣∣∣∣ > M · ε 1−β
4

√
2

)

≤
2∑
j=1

P

(
sup

pT ε
0≤t≤(p+1)T ε

0

∣∣∣∣∣W (2)
j (εβ

∫ t

pT ε
0

|σj(Xε
s )|

2ds)

∣∣∣∣∣ > M · ε 1−β
4

√
2

)

≤
2∑
j=1

P

(
sup

0≤t≤M2T ε
0 ε

β

∣∣∣W (2)
j (t)

∣∣∣ > M · ε 1−β
4

√
2

)
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≤ 4
2∑
j=1

P

(
W

(2)
j (M2T ε0 ε

β) >
M · ε 1−β

4

√
2

)

≤ 4
2∑
j=1

√
T (H(Xε

0)) · ε
1+β
4

√
π

exp

(
− 1

4T (H(Xε
0))ε

1+β
2

)

=
8
√
T (H(Xε

0)) · ε
1+β
4

√
π

exp

(
− 1

4T (H(Xε
0))ε

1+β
2

)
,

where W (2)
j is a one-dimensional Wiener process for each j. Particularly, we conclude that

P

(
sup

pT ε
0≤t≤(p+1)T ε

0

εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σ(Xε
s )dWs

∣∣∣∣∣ > M · ε
1−β
4

)

≤
8
√
T (H(Xε

0)) · ε
1+β
4

√
π

exp

(
− 1

4T (H(Xε
0))ε

1+β
2

)

≤ 8
√
M · ε 1+β

4

√
π

exp

(
− 1

4mε
1+β
2

)
=: λ2(ε) < λ1(ε).

Since |H(x) − φ0| < h, T ε0 ≥ mε1−β , by the discussions above, we know that the event A0

happens with overwhelming probability when ε is small enough, in the sense that

P (Ω \ A0)

≤ λ1(ε) +P

⌊ 1
nTε

0
⌋⋃

p=0

sup
pT ε

0≤t≤(p+1)T ε
0

εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σ(Xε
s )dWs

∣∣∣∣∣ > M · ε
1−β
4


≤ λ1(ε) +P

⌊ 1

mnε1−β ⌋⋃
p=0

sup
pT ε

0≤t≤(p+1)T ε
0

εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σ(Xε
s )dWs

∣∣∣∣∣ > M · ε
1−β
4


≤ 2

mnε1−β
· λ1(ε)

=
2

mnε1−β
· 8

√
2Mεβ√
πn · δ′

exp

(
− nδ′2

32Mεβ

)
≤ exp

(
− nδ′2

64Mεβ

)
.
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Lemma 4.7.6. Let the assumptions in Lemma 4.4.1 be satisfied and events Ak, Bk be defined as

in the proof of Lemma 4.4.1. Then, for ε sufficiently small,

P ((Ω \ Ak) ∩Bk) ≤ exp

(
− nδ′2

64Mεβ

)
.

Proof. The proof is almost the same as that of Lemma 4.7.5.

Part 3. We formulate the next two lemmas to prepare for the proof of Lemma 4.3.3.

Lemma 4.7.7 shows that the random process that starts at an exterior vertex does not get stuck

there; and Lemma 4.7.8 shows that the trajectory that starts at an exterior vertex does not escape

too fast. Recall the assumptions of Section 3.2: x0 = (0, 0) (the origin on R2) is a local minimum

point and H(x0) = 0.

Lemma 4.7.7. With the same assumptions as in Lemma 4.3.3, in a small neighborhood B(x0, r),

we have that, for every x ∈ B(x0, r) \ {x0},

AH(x)

2
√
H(x)

− |∇H∗(x)σ(x)|2

8
√
H(x)3

> 0.

Proof. It suffices to prove that

4H(x)AH(x)− |∇H∗(x)σ(x)|2 > 0

in B(x0, r). By Taylor’s expansion, in B(x0, r) we have H(x) = ax̂2 + bŷ2 + 2cx̂ŷ + O(|x|3),

where x = (x̂, ŷ). The Hessian matrix of H at x0 is positive-definite, hence a, b > 0, and

ab − c2 > 0. Since H is four times continuously differentiable, the derivatives can also be

172



approximated in the following way:

∂H

∂x̂
= 2ax̂+ 2cŷ +O(|x|2), ∂H

∂ŷ
= 2bŷ + 2cx̂+O(|x|2),

∂2H

∂x̂2
= 2a+O(|x|), ∂2H

∂ŷ2
= 2b+O(|x|), ∂2H

∂x̂∂ŷ
= 2c+O(|x|).

Define the matrix-valued function

b(x) =

2H ∂2H
∂x̂2

−
(
∂H
∂x̂

)2
2H ∂2H

∂x̂∂ŷ
− ∂H

∂x̂
∂H
∂ŷ

2H ∂2H
∂x̂∂ŷ

− ∂H
∂x̂

∂H
∂ŷ

2H ∂2H
∂ŷ2

−
(
∂H
∂ŷ

)2
 .

With the Taylor’s expansions, we can compute, for x ∈ B(x0, r) with r sufficiently small,

2H
∂2H

∂x̂2
−
(
∂H

∂x̂

)2

= 4ŷ2(ab− c2) +O(|x|3) > 0,

2H
∂2H

∂ŷ2
−
(
∂H

∂ŷ

)2

= 4x̂2(ab− c2) +O(|x|3) > 0,

2H
∂2H

∂x̂∂ŷ
− ∂H

∂x̂

∂H

∂ŷ
= 4x̂ŷ(c2 − ab) +O(|x|3).

It follows that det (b(x)) = O(|x|5). Since a(x) = σ(x)σ∗(x) is positive-definite and uniformly

nondegenerate, there exists m such that a11a22 − a212 > m. Due to the continuity of a(x), it’s

bounded on any compact set, so there exists γ ∈ (0, 1) such that |a12(x)| <
√
a11(x)a22(x)−m <

(1 − γ)
√
a11(x)a22(x) for every x ∈ B(x0, 1). Let r be smaller than 1 and such that b12(x)2 <

(1 + γ)2b11(x)b22(x) for every x ∈ B(x0, r). Therefore,

|a12(x)b12(x)| < (1− γ2)
√
a11(x)a22(x)b11(x)b22(x).
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It follows that
2∑

i,j=1

aij(x)bij(x) > 0,

which completes the proof.

Lemma 4.7.8. Suppose that φt = (i, φt) ∈ C ([0, T ], Ii) is non-constant with S(φ) finite, and

φ0 is at an exterior vertex O. If t0 = inf{t : φt ̸= O}, then φ̇t0+ = 0.

Proof. Without loss of generality, we assume that t0 = 0 and φ0 = H(x0) = 0, where x0 is the

origin, and a local minimum is achieved there. Due to the positive-definiteness of the Hessian

matrix at x0, we have r, λ,Λ > 0 such that, for every x ∈ B(x0, r), we have the estimates:

H(x) ≥ λ|x|2 and |∇H(x)| ≤ Λ|x|. It follows that there exists H0 > 0 such that, for every

H < H0, Ci(H) ⊆ B(x0, r). Furthermore, let the eigenvalues of σσ∗ be bounded from above by

M. Thus, for H < H0,

B2
i (H) ≤ max

x∈Ci(H)
|∇H(x)∗σ(x)|2 ≤ max

x∈Ci(H)
M |∇H(x)|2 ≤ max

x∈Ci(H)
MΛ2|x|2,

H ≥ max
x∈Ci(H)

λ|x|2

⇒ B2
i (H)

H
≤ MΛ2

λ
.

A direct consequence of this estimate is that if t is so small that for every s ≤ t, φs < H0, then

∫ t

0

B2
i (φs)ds ≤

∫ t

0

B2
i (φs)

φs
· φsds ≤

MΛ2

λ
·
∫ t

0

φsds.
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By the Cauchy-Schwarz Inequality, when t is sufficiently small,

(∫ t

0

|φ̇s|ds
)2

≤
∫ t

0

φ̇2
s

B2
i (φs)

ds ·
∫ t

0

B2
i (φs)ds

≤
∫ t

0

φ̇2
s

B2
i (φs)

ds · MΛ2

λ
·
∫ t

0

φsds

≤
∫ t

0

φ̇2
s

B2
i (φs)

ds · MΛ2

λ
·
∫ t

0

∫ s

0

|φ̇u|duds

≤
∫ t

0

φ̇2
s

B2
i (φs)

ds · MΛ2

λ
· t
∫ t

0

|φ̇s|ds.

Thus, we can conclude that

φt
t

≤
∫ t
0
|φ̇s|ds
t

≤ MΛ2

λ

∫ t

0

φ̇2
s

B2
i (φs)

ds→ 0,

as t→ 0, which completes the proof.

Part 4. Now we turn to the technical preparation for Section 3.3.

Verification of (4.7) and (4.8).

|∂T
∂µ

(µ, ν)| =

∣∣∣∣∣12
∫ l

ν

∂

∂µ

(
det(Jψ(

√
y2 + µ2 − ν2, y))√

y2 + µ2 − ν2

)
dy

∣∣∣∣∣
≤ M

2

∫ l

ν

(
µ

y2 + µ2 − ν2
+

µ

(y2 + µ2 − ν2)3/2

)
dy

=
M

2

[arctan y√
µ2 − ν2

· µ√
µ2 − ν2

]l
ν

+

[
y√

y2 + µ2 − ν2
· µ

µ2 − ν2

]l
ν


≤M

(
πµ√
µ2 − ν2

+
µ

(µ2 − ν2)
√

1 + µ2 − ν2
+

|ν|
µ2 − ν2

)

≤ C

H(ψ(µ, ν))
.
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|∂T
∂ν

(µ, ν)| =

∣∣∣∣∣12
∫ l

ν

∂

∂ν

(
det(Jψ(

√
y2 + µ2 − ν2, y))√

y2 + µ2 − ν2

)
dy − det(Jψ(µ, ν))

2|µ|

∣∣∣∣∣
≤ M

2

∫ l

ν

(
|ν|

y2 + µ2 − ν2
+

|ν|
(y2 + µ2 − ν2)3/2

)
dy +

M

2µ

=
M

2

[arctan y√
µ2 − ν2

· |ν|√
µ2 − ν2

]l
ν

+

[
y√

y2 + µ2 − ν2
· |ν|
µ2 − ν2

]l
ν

+
1

µ


≤M

(
|πν|√
µ2 − ν2

+
|ν|

(µ2 − ν2)
√

1 + µ2 − ν2
+

ν2

µ(µ2 − ν2)
+

1

µ

)

=M

(
|πν|√
µ2 − ν2

+
|ν|

(µ2 − ν2)
√

1 + µ2 − ν2
+

µ

µ2 − ν2

)

≤ C

H(ψ(µ, ν))
.

Proof of Lemma 4.3.4. We only give the proof of the first statement here, and the others can be

proved similarly. Our approach here is based on the reflection principle. Let us start with the

probability of a larger event,

P
(
εβ/2WT < −4ε(a−d)β(a− d)β| log ε|

)
≥ P

(
εβ/2WT ∈ (−εaβ − 4ε(a−d)β(a− d)β| log ε|,−4ε(a−d)β(a− d)β| log ε|)

)
≥ εaβ

1√
2Tπεβ

exp

(
−(4ε(a−d)β(a− d)β| log ε|+ εaβ)2

2Tεβ

)
,

while the probability of the difference is estimated, with ε̃ := 4ε(a−d)β(a−d)β| log ε|+1
2
aβ| log ε|εaβ ,

as follows:

P

(
εβ/2WT < −4ε(a−d)β(a− d)β| log ε|, εβ/2Wt ≥

1

4
aβ| log ε|εaβ, for some t ∈ (0, T )

)
= P

(
εβ/2WT > 4ε(a−d)β(a− d)β| log ε|+ 1

2
aβ| log ε|εaβ

)
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=
1√

2π · εβT

∫ ∞

ε̃

exp(− x2

2εβT
)dx

≤ 1√
2π · εβT

· ε
βT

ε̃
· exp

(
− ε̃2

2Tεβ

)
,

where the first equality follows from the reflection principle and the inequality follows from the

relation:
∫∞
y

exp(−cx2)dx ≤ 1
2cy

exp(−cy2), for all y, c > 0. Consider the ratio of these two

probabilities:

P
(
εβ/2WT < −4ε(a−d)β(a− d)β| log ε|, εβ/2Wt ≥ 1

4
aβ| log ε|εaβ, for some t ∈ (0, T )

)
P (εβ/2WT < −4ε(a−d)β(a− d)β| log ε|)

≤ εβT

εaβ ε̃
exp

(
(4ε(a−d)β(a− d)β| log ε|+ εaβ)2

2Tεβ
− ε̃2

2Tεβ

)
→ 0, as ε→ 0.

Combining the estimates above, we obtain

P

(
εβ/2WT < −4ε(a−d)β(a− d)β| log ε|, εβ/2Wt <

1

4
aβ| log ε|εaβ, ∀ 0 < t < T

)
≥ 1

2
εaβ

1√
2Tπεβ

exp

(
−(4ε(a−d)β(a− d)β| log ε|+ εaβ)2

2Tεβ

)
≥ 2 exp

(
−ε−(1−2(a−d))β−κ) ,

for ε small enough.

Proof of Lemma 4.3.5. Let us look at the slow motion for small ε:

dxt = ∇⊥H(xt)dt;

dX̃ε
t = ∇⊥H(X̃ε

t )dt+
√
εσ(X̃ε

t )dW̃t.
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Let F be the region between the level curves {x : H(x) = 1
2
εaβ} and {x : H(x) = ε(a−d)β},

and between γout and γin, where xt moves from γin to γout. The integrand is at least c| log ε|2

large (for some constant c) if the process is away from the critical point, and we would like to

show that, with high probability, the process does not spend more than C| log ε| time (for some

constant C) in F during a typical rotation. By (4.6), the deterministic process starting at any

point in F spends no more than time C| log ε| in F before exit. We’ll bound the exit time for the

random process by approximating it with piecewise deterministic motion and will see that the

small diffusion added does not significantly delay the time for the process to exit from F .

Define T1(x) = inf{t : xt ̸∈ F, x0 = x} and T2(x) = inf{t : xt ∈ γin, x0 = x}. For

the process starting at x, define stopping times ηx = inf{t : X̃ε
t ∈ Cki(ε

aβ/2) ∪ Cki(ε
(a−d)β)},

τx0 = inf{t : X̃ε
t ∈ γout}, τx1 = inf{t : X̃ε

t ∈ γin}, τx2 = inf{t > τx1 : X̃ε
t ∈ γout}, and

τ̂xj = τxj ∧ ηx, j = 0, 1, 2. Since σ is bounded, it’s not hard to see that, for each x ∈ F and X̃ε

starting at x,

P

(
sup

∆∈[0,1]
|
√
ε

∫ t+∆

t

σ(X̃ε
s )dWs| > ε

1
2
− 1

2
(1−2(a−d))β−2κ

)
< exp

(
−ε−(1−2(a−d))β−4κ

)
.

We claim that, with M defined at the beginning of the Section 3.3 and x ∈ γin,

E :=

M | log ε|−1⋂
k=0

{
sup

∆∈[0,1]
|
√
ε

∫ k+∆

k

σ(X̃ε
s )dWs| ≤ ε

1
2
− 1

2
(1−2(a−d))β−2κ

}
⊆
{
τ̂x0 ≤M | log ε|

}
.

To verify this, note that, by Gronwall’s inequality, the event E is contained in

M | log ε|−1⋂
k=0

{
sup

∆∈[0,1]
|X̃ε

k+∆ − xkk+∆| ≤ eL · ε
1
2
− 1

2
(1−2(a−d))β−2κ

}
,
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where L is the Lipschitz constant of ∇H and xk is the deterministic process with random starting

point defined by

dxkt = ∇⊥H(xkt )dt, k ≤ t ≤ k + 1, xkk = X̃ε
k.

Then, by the recalling that ∥Jψ−1∥ < M and |∇T (ψ−1(x))| ≤ C
|H(x)| , it follows that

E ⊆
M | log ε|−1⋂

k=0

{
sup

∆∈[0,1]
|X̃ε

k+∆ − xkk+∆| ≤ eL · ε
1
2
− 1

2
(1−2(a−d))β−2κ

}

⊆
M | log ε|−1⋂

k=0

{
T1(X̃

ε
k+1) ≤ (T1(X̃

ε
k)− 1/2) ∨ 0

}⋃{
τ̂x0 ≤M | log ε|

}
(4.16)

⊆
{
τ̂x0 ≤M | log ε|

}
. (4.17)

Here we need to explain why the last two inclusions hold.

(1) Let us start with (4.16). For each 0 ≤ k ≤ M | log ε| − 1, if sup∆∈[0,1] |X̃ε
k+∆ − xkk+∆| ≤

eL · ε 1
2
− 1

2
(1−2(a−d))β−2κ, then one of the following must happen:

(a) If X̃ε
k+1 ̸∈ F , then τ̂x0 ≤M | log ε|.

(b) If X̃ε
k+1 ∈ F and xkk+1 ∈ F , then T1(x

k
k+1) = T1(X̃

ε
k) − 1 and |T1(X̃ε

k+1) −

T1(x
k
k+1)| = |T (ψ−1(X̃ε

k+1)) − T (ψ−1(xkk+1))| = o(1), so T1(X̃ε
k+1) ≤ (T1(X̃

ε
k) −

1/2).

(c) If X̃ε
k+1 ∈ F , xkk+1 ̸∈ F , and H(xkk+1) ̸∈ [1

2
εaβ, ε(a−d)β], then X̃ε

k ̸∈ F and τ̂x0 ≤

M | log ε|.

(d) If X̃ε
k+1 ∈ F , xkk+1 ̸∈ F , H(xkk+1) ∈ [1

2
εaβ, ε(a−d)β], and xkk+1 ∈ V0 \ V , then, as in

(b), we still have that T1(X̃ε
k+1) ≤ (T1(X̃

ε
k)− 1/2).

(e) If X̃ε
k+1 ∈ F , xkk+1 ̸∈ F , H(xkk+1) ∈ [1

2
εaβ, ε(a−d)β], and xkk+1 ̸∈ V0, then we have a
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contradiction here, sinceψ is a diffeomorphism, |X̃ε
k+1−xkk+1| ≤ eL·ε 1

2
− 1

2
(1−2(a−d))β−2κ,

and there is a constant distance between ∂U and ∂U0.

(2) The last inclusion (4.17) is justified by the fact that T1(x) < M | logH(x)| < 1
2
M | log ε|−1

on F for ε small enough.

Thus, by the strong Markov property,

P(τ̂x0 ≤M | log ε|) ≥ P(E) ≥
(
1− exp

(
−ε−(1−2(a−d))β−4κ

))M | log ε|

≥ 1−M | log ε| exp
(
−ε−(1−2(a−d))β−4κ

)
≥ 1− exp

(
−ε−(1−2(a−d))β−2κ

)
.

Now we look at one full rotation. For each x ∈ γout ∩Di(
1
2
εaβ, ε(a−d)β) and deterministic

and random processes starting at x, consider the events

E1 = {ηx ≤ τx1 } ∩ { sup
t∈[0,2T2(x)]

|X̃ε
t − xt| < ε

1
2
− 1

2
(1−2(a−d))β−2κ},

E2 = {ηx > τx1 } ∩ { sup
t∈[0,2T2(x)]

|X̃ε
t − xt| < ε

1
2
− 1

2
(1−2(a−d))β−2κ} ∩ {τ̂x2 − τ̂x1 ≤M | log ε|},

E3 = {ηx > τx1 } ∩ { sup
t∈[0,2T2(x)]

|X̃ε
t − xt| < ε

1
2
− 1

2
(1−2(a−d))β−2κ} ∩ {τ̂x2 − τ̂x1 > M | log ε|}.

By the strong Markov property of X̃ε
t , P(E3) ≤ exp

(
−ε−(1−2(a−d))β−2κ

)
. Furthermore, note that

P(E1 ⊔ E2 ⊔ E3) = P

(
sup

t∈[0,2T2(x)]
|X̃ε

t − xt| < ε
1
2
− 1

2
(1−2(a−d))β−2κ

)

> 1− exp
(
−ε−(1−2(a−d))β−4κ

)
,
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where last inequality follows from the fact that T2(x) is bounded by a constant on γout. We

deduce that

P(E1 ∪ E2) ≥ 1− 2 exp
(
−ε−(1−2(a−d))β−2κ

)
. (4.18)

Observe that, on the event E1 ∪E2,
∫ t
0
| logH(X̃ε

s )∇H(X̃ε
s )

∗σ(X̃ε
s )|2ds > t holds for all t ≤ τ̂x2 .

Using the strong Markov property of Xε
t = X̃ε

tεβ−1 and (4.18) for every rotation prior to η ∧ T

(here the term “rotation” means that the process travels from γout to γin and then back to γout),

we obtain the desired result by noting that the number of rotations N is then bounded by Cεβ−1

provided that the analogue of E1 ∪ E2 holds for every rotation,

P

(∫ t

0

| logH(Xε
s )∇H(Xε

s )
∗σ(Xε

s )|2ds > t, ∀ t ≤ η ∧ T
)

≥
(
1− 2 exp

(
−ε−(1−2(a−d))β−2κ

))N
≥ 1− 2N exp

(
−ε−(1−2(a−d))β−2κ

)
≥ 1− exp

(
−ε−(1−2(a−d))β−κ) .

Part 5. The last lemma is needed for the proof in Section 4.1.

Lemma 4.7.9. With the same assumptions as in Lemma 4.4.1, we have, for every 0 ≤ k < n,

E

χBk∩Ak
· exp

1− µ

2εβ
· n

B2
(
H(Xε

k
n

)
)
− Lδ′

2

∣∣∣H(Xε
k+1
n

)−H(Xε
k
n

)
∣∣∣2
 | F k

n

 ≤ Cµ <∞,

where Cµ is a constant that depends solely on µ.

Proof. Without loss of generality, we can assume that k = 0, the initial point is x ∈ C, and drop
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the conditioning on F k
n

. Note that

|H(Xε
1/n)−H(x)| ≤ εβ

∣∣∣∣∣
∫ 1/n

0

AH(Xε
s )ds

∣∣∣∣∣+ εβ/2

∣∣∣∣∣
∫ 1/n

0

∇H(Xε
s )

∗σ(Xε
s )dWs

∣∣∣∣∣ . (4.19)

The first term on the right-hand side is negligible compared to the second term, which needs to

be studied further. Note that, on the event B0, H(Xε
t ) ∈ H(C) for 0 ≤ t ≤ 1/n. For each

0 ≤ p ≤ ⌊ 1
nT ε

0
⌋ and t ≥ pT ε0 , define the deterministic process with the random starting point:

dξεt = εβ−1∇⊥H(ξεt )dt, ξεpT ε
0
= Xε

pT ε
0
.

Then, on the event A0 ∩B0,

|Xε
t − ξεt | ≤ εβ−1

∫ t

pT ε
0

∣∣∇H⊥(Xε
s )−∇H⊥(ξεs)

∣∣ ds+ εβ/2

∣∣∣∣∣
∫ t

pT ε
0

σ(Xε
s )dWs

∣∣∣∣∣
≤ εβ−1

∫ t

pT ε
0

L |Xε
s − ξεs | ds+M · ε

1−β
4 .

So, for ε small enough, by Gronwall’s inequality,

|Xε
t − ξεt | ≤M exp(L · T (H(x))) · ε

1−β
4 ≤M exp(LM) · ε

1−β
4 ≤ δ′

M
. (4.20)

Using (4.20) and Lipschitz continuity and boundedness of |∇H(x)∗σ(x)|2, B2(H), and T (H),

we estimate |∇H(Xε
s )

∗σ(Xε
s )|2 in terms of B2(Xε

s ) on the interval [pT ε0 , (p+1)T ε0 ], on the event
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A0 ∩B0:

∫ (p+1)T ε
0

pT ε
0

|∇H(Xε
s )

∗σ(Xε
s )|2ds

≤
∫ (p+1)T ε

0

pT ε
0

|∇H(ξεs)
∗σ(ξεs)|2ds+ ε1−βT (H(x))L · δ

′

M

≤
∫ pT ε

0+ε
1−βT (H(Xε

pTε
0
))

pT ε
0

|∇H(ξεs)
∗σ(ξεs)|2ds+ ε1−β · Lδ′M + ε1−βT (H(x))L · δ

′

M

≤ ε1−βT (H(Xε
pT ε

0
))B2(H(Xε

pT ε
0
)) + ε1−β · Lδ′(M + 1)

≤ T ε0B
2(H(Xε

pT ε
0
)) + ε1−β · Lδ′(2M + 1).

This is valid for every 0 ≤ p ≤ ⌊ 1
nT ε

0
⌋. Combining the contributions from all the time intervals,

sinceB2(H) is Lipschitz and δ′ is chosen to be small enough, it follows that on the eventA0∩B0:

∫ 1/n

0

|∇H(Xε
s )

∗σ(Xε
s )|2ds

≤
⌊ 1
nTε

0
⌋−1∑

p=0

∫ (p+1)T ε
0

pT ε
0

|∇H(Xε
s )

∗σ(Xε
s )|2ds+ T ε0M

≤
⌊ 1
nTε

0
⌋−1∑

p=0

(
T ε0B

2(H(Xε
pT ε

0
)) + ε1−β · Lδ′(2M + 1)

)
+ T ε0M

≤ 1 + µ

n

[
B2(H(x)) +

Lδ′

2

]
,

for ε sufficiently small. Let Q = 1+µ
n

[
B2(H(x)) + Lδ′

2

]
. Since |AH(x)| ≤ M in C and (4.19)

holds,

E

(
χB0∩A0 · exp

(
1− µ

2εβ
· n

B2 (H(x))− Lδ′

2

∣∣H(Xε
1/n)−H(x)

∣∣2))
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≤ E

χB0∩A0 · exp

 n(1− µ)

2B2 (H(x))− Lδ′

(∣∣∣∣∣
∫ 1

n

0

∇H(Xε
s )

∗σ(Xε
s )dWs

∣∣∣∣∣+ M

n
εβ/2

)2


= E

χB0∩A0 · exp

 n(1− µ)

2B2 (H(x))− Lδ′

(∣∣∣∣∣W̃
(∫ 1

n

0

|∇H(Xε
s )

∗σ(Xε
s )|2ds

)∣∣∣∣∣+ M

n
εβ/2

)2


≤ E

(
χB0∩A0 · exp

(
1− µ

2
· n

B2 (H(x))− Lδ′

2

·
(

sup
0≤t≤Q

|W̃ (t)|+ M

n
εβ/2

)2
))

≤ E

(
exp

(
1− µ2

2
·
B2 (H(x)) + Lδ′

2

B2 (H(x))− Lδ′

2

· 1
Q

(
sup

0≤t≤Q
|W̃ (t)|+ M

n
εβ/2

)2
))

≤ E

(
exp

(
1− µ2/2

2
· 1
Q

(
sup

0≤t≤Q
|W̃ (t)|+ M

n
εβ/2

)2
))

≤ E

(
exp

(
1− µ2/3

2
· 1
Q

sup
0≤t≤Q

|W̃ (t)|2
))

+ exp

(
1− µ2/2

2

)
,

where the last inequality follows, for ε small, by integrating over the sets {sup0≤t≤Q |W̃ (t)| >
√
Q/2} and {sup0≤t≤Q |W̃ (t)| ≤

√
Q/2} separately. For every a > 0, by the reflection principle,

P

(
sup

0≤t≤Q
|W̃ (t)|2 > a2

)
≤ 4P

(
W̃Q > a

)
= 2P

(
|W̃Q|2 > a2

)
.

Therefore, for every a > 0, P(ξ > a) ≤ 2P(η > a), where

ξ = exp

(
1− µ2/3

2
· 1
Q

sup
0≤t≤Q

|W̃ (t)|2
)
> 0,

η = exp

(
1− µ2/3

2
· 1
Q
|W̃ (Q)|2

)
> 0.

Since

E (η) = E

(
exp

(
1− µ2/3

2
· 1
Q
|W̃ (Q)|2

))
:= c̃µ <∞,
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we have

E (ξ) =

∫ ∞

0

P (ξ > x) dx ≤ 2

∫ ∞

0

P (η > x) dx = 2c̃µ <∞,

which completes the proof of the Lemma.
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