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This dissertation concerns various asymptotic problems related to the long-term macroscopic
behavior of randomly perturbed Hamiltonian systems, with different types of perturbations and
on different time scales. Since the perturbations of the systems are assumed to be small while the
systems are observed at large times, non-trivial phenomena can arise due to the interplay between
the perturbation size and the temporal and spatial scales, and the systems often demonstrate
qualitatively distinct types of behavior depending on the subtle quantitative relation between
asymptotic parameters.

More specifically, on a natural time scale, i.e., in time required for the dynamics to move
distance of order one, we investigate the dynamical systems with fast-oscillating perturbations
and obtain precise estimates on the distribution. In particular, we calculate the exact asymptotics
of the distribution in the case of linear dynamical systems. This problem also inspires the study

of the local limit theorem for time-inhomogeneous functions of Markov processes. The local



limit theorem is a significant and widely used tool in problems of pure and applied mathematics
as well as statistics. This result has been included in [1] and submitted for publication.

On the time scale that is inversely proportional to the effective size of the perturbation,
we prove that the evolution of the first integral of the Hamiltonian system with fast-oscillating
perturbations converges to a Markov process on the corresponding Reeb graph, with certain
gluing conditions specified at the interior vertices. The result is parallel to the celebrated Freildin-
Wentzell theory on the averaging principle of additive white-noise perturbations of Hamiltonian
systems, and provides a description of the long-term behavior of a system when adopting an
alternative approach to modeling random noise. Moreover, the current result provides the first
scenario where the motion on a graph and the corresponding gluing conditions appear due to the
averaging of a slow-fast system. It allows one to consider, for instance, the long-time diffusion
approximation for an oscillator with a potential with more than one well. This result has been
submitted for publication [2].

In the last part of the dissertation, we return to the more classical case of additive diffusion-
type perturbations, combine the ideas of large deviations and averaging, and establish a large
deviation principle for the first integral of the Hamiltonian system on intermediate time scales.
Besides representing a new step in large deviations and averaging, this result will have important
applications to reaction-diffusion equations and branching diffusions. The latter two concepts
concern the evolution of various populations (e.g., in biology or chemical reactions). This result

has been published in the journal Stochastics and Dynamics [3].



LONG-TERM BEHAVIOR
OF RANDOMLY PERTURBED HAMILTONIAN SYSTEMS:
LARGE DEVIATIONS AND AVERAGING

by

Shuo Yan

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2024

Advisory Committee:
Professor Leonid Koralov, Chair/Advisor
Professor Dmitry Dolgopyat
Professor Bassam Fayad
Professor Yu Gu
Professor Michael Fu



© Copyright by
Shuo Yan
2024



Dedication

I dedicate this dissertation to my parents.

il



Acknowledgments

I would like to express my sincere gratitude to all the people who helped me during my
time in graduate school and made this dissertation possible.

First and foremost, I would like to thank my advisor, Professor Leonid Koralov, for his
invaluable guidance, support, and encouragement throughout my journey from a fresh college
graduate to a professional researcher. He has been an extraordinary mentor to me in mathematics
and in life. He has spent countless hours with me, sharing knowledge, discussing research
problems, and providing help and advice every time I encountered a difficult situation. 1 feel
incredibly fortunate to have the opportunity to work under his supervision.

I would also like to take this opportunity to thank Professor Dmitry Dolgopyat and Professor
Bassam Fayad for being excellent mentors and collaborators; Professor Mark Freidlin for providing
interesting research problems and for helpful discussions; Professor Sandra Cerrai and Professor
Yu Gu for teaching valuable courses and organizing interesting seminars in probability. Special
gratitude is owed to Professor Michael Fu from Department of Decision, Operations and Information
Technologies for serving as the Dean’s representative during my defense.

I am deeply grateful for all the faculty members in the Department of Mathematics at the
University of Maryland, for their contribution to an open and insightful academic atmosphere,
allowing me to learn various subjects in mathematics and statistics. The staff members were

always patient and helpful. In particular, Trystan Denhard, Cristina Garcia, and Jemma Natanson,

il



in the Math Graduate Office, provided assistance with various matters in the PhD program, and
Liliana Gonzalez and Ruth Yun helped me a lot with travel and payroll.

I want to acknowledge financial support from Professor Dmitry Dolgopyat and Professor
Leonid Koralov which allowed me to focus on research during my second the fourth years. I
also owe gratitude to Graduate School for the Dean’s fellowship, Summer Research Fellowship,
and Ann G. Wylie Dissertation Fellowship and to Department of Mathematics for Herbert A.
Hauptman Endowed Graduate Fellowship and travel grants.

Finally, I wish to express my appreciation to all of my wonderful friends, who have been
with me during my ups and downs and have witnessed my journey of pursuing the doctoral
degree. And I owe my deepest gratitude to my family, who have always supported me, despite

being on the opposite side of the earth.

v



Table of Contents

Dedication il
Acknowledgements iii
Table of Contents A

Chapter 1:  Introduction

1.1 Random perturbations of dynamical systems . . . . . . ... ... ... ..... 1
1.2 Hamiltonian systems . . . . . . . . . . . . . e e e e e 3
1.3 Planof thedissertation . . . . . . . . .. .. ... ... 5
Chapter 2:  Fast-oscillating random perturbations of Hamiltonian systems 6
2.1 Introduction . . . . . . . . . L e 6
22 Mainresults . . . . ... 11
2.3 Preliminaries . . . . . . . ..o e e e e 15
2.3.1 Localization . . . . . . . . ... 16

232 Auxiliary process . . . . ... ..o e e e 19

2.3.3 Diffusion approximation . . . . . . .. .. ..o e e 22

2.4 Averaging principle inside onedomain . . . . ... ... Lo 23
2.4.1 Averaging principle before 7(¢*) An(d) . . . . . ..o 23

2.4.2 Averaging principlebefore o . . . . .. ... oL L 30

2.4.3  Averaging principle starting from v(e®) . . . ... ... L. 33

2.5 Exponential convergence on the separatrix . . . . . . ... .. .. ... ..... 41
2.6 Proofofthemainresult . . . . . ... ... ... L L L 59
2.7 Technical proofs . . . . . . . . . . .. 66
2.7.1 Derivatives of the action-angle coordinates . . . . . . .. ... ... ... 66

2.7.2  Exit from neighborhoods of critical points . . . . . .. ... .. ... .. 69

2773 Tightness . . . . . . . . 83
Chapter 3: ~ Local limit theorem for time-inhomogeneous functions of Markov processes 87
3.1 Introduction . . . . . . . . . L e 87
3.2 Preliminaries . . . . . . . ..o e e e e 91
3.3 Productoftheoperators . . . . . .. . . . . ... 97
33.1 FortnearO . . ... .. .. .. . . 97

332 FortawayfromO . .. ... .. ... .. .. .. 102

3.3.3 Product of the top eigenvalues . . . . . ... ... ... ... ... ... 104



34 Proofofthemainresult . . . . . ... ... ... Lo 109

3.5 Non-arithmetic condition and non-lattice condition . . . . .. .. ... .. ... 116
3.6 Application to linear dynamical systems . . . . . . ... .. ... L. 118
Chapter 4: ~ Large deviations for Hamiltonian systems on intermediate time scales 122
4.1 Introduction . . . . . . . . . . e e e e 122
42 Mainresults . . . . . .. e 126

4.3 Lower bound for the large deviation principle . . . . .. ... .. ... ... .. 128
4.3.1 The case where the process evolves inside oneedge . . . . .. ... ... 128

4.3.2 The case where the process starts at an exterior vertex . . . . . . . . . . . 135

4.3.3 Estimates near the separatrix . . . . . . ... ... ... ... .. ... . 138

4.3.4 Local large deviation principle: lowerbound . . . . . . . .. .. ... .. 150

4.4 Upper bound for the large deviation principle . . . . .. ... .. ... ... .. 153

4.5 Exponential tightness . . . . . . . . . . . ... e 160
4.6 Proofofthemainresult . . . . . .. ... ... L 164
477 Technical proofs . . . . . . . . . .. L 164
Bibliography 186

Vi



Chapter 1: Introduction

1.1 Random perturbations of dynamical systems

Consider the dynamical system defined by the ordinary differential equation with a vector
field b(-):

Understanding the evolution of complex dynamical systems is the subject of various important
research problems in a wide range of fields, including natural sciences, economics, and engineering.
Ideally, the evolution is deterministic since it obeys specific rules related to the system’s current
state, such as position, time, and temperature, thus a thorough study of the system should enable
one to describe its properties and predict its behavior precisely. However, in practice, a purely
deterministic description is impossible due to the complexity of the system, lack of information,
and underlying uncertainties. This gives rise to probabilistic models that capture those factors as
random components to describe real-world systems. For example, geometric Brownian motion
is a probabilistic model to describe the evolution of a financial asset’s price over time; while
branching diffusion is used in biology to model how certain populations grow, or to describe the
spread of certain infections.

Among all, we will focus on the situation where the random component serves as small



noise influencing the system, i.e., random perturbations with an asymptotically small parameter.
For instance, the additive white-noise-type perturbation is the most commonly considered object.
In the foundational book [4], M. Freidlin and A. Wentzell consider, among others, Gaussian

perturbations of dynamical systems

dXE = b(XF)dt + v/edW,, (1.2)

where W; is a Brownian motion, and develop the large deviation principle for the measure
induced by the process on the space of continuous functions. Namely, they describe the asymptotics
of the probability of the event that the sample path stays close to a trajectory that is different from
the deterministic process defined in (1.1). The probability is exponentially small in 1/¢ with the
action functional (also known as the rate function) that depends on the trajectory.

They also provide various averaging results for slow-fast systems. For example, let £ be a

random process, and define the process )N(f by

AX5 = b(X7 . &ye)dt

Here, the perturbation is no longer explicitly multiplied by a small parameter. However, with
additional mixing assumptions on the process £, one can conclude that Xf can indeed be viewed
as a perturbation of the “averaged dynamical system” defined by (1.1) with b(z) = (7, b(z, ")),

where 7 is the unique invariant measure of the process £ (cf. [5], [6]). More precisely,

Xf — x4 in probability as € | 0,



1 -
— (X} —x¢) = (s weakly as € | 0,
€
where ( is a Gaussian process. Note that, locally in time, the vector field b(x,&;/.) changes
primarily due to the fast component ;. and is fast oscillating as a result. Thence, we refer to this
type of perturbation as the fast-oscillating random perturbation of z; in (1.1).
In the next section, we will discuss in more detail the two types of perturbations in the

special case where (1.1) is given by a Hamiltonian system.

1.2 Hamiltonian systems

Consider a smooth function H and the dynamical system (1.1) on R*® with b(x) = VX H(x),
where

V*'H(p,q) = (-V,H,V,H), z=(pq).

It is clear that the dynamical system preserves the value of H, so a trajectory of the system lies
in a single level set of H. In particular, in two-dimensional Hamiltonian systems, the trajectory
coincides with a connected component of the level set if the latter is homeomorphic to a circle.

See Figure 1.1 for an example in R?.

Oy

Figure 1.1: Level sets and the Reeb graph.



Hamiltonian systems have been widely used to model dynamics in various physical systems.
In [7], non-degenerate additive white-noise perturbations of two-dimensional Hamiltonian systems
were considered. Due to the special structure of Hamiltonian systems, new phenomena (compared
to the trivial convergence to the unperturbed dynamics (1.1) on finite time intervals) can be
observed on the corresponding Reeb graph ([8]) on a larger time scale. Namely, in R?, the process
h(X f/e) converges weakly to a strong Markov process, where h is the projection onto the Reeb
graph. The limiting process on the graph is a diffusion inside the edges, with gluing conditions
specified at the interior vertices. The averaging principle can be applied to the perturbed system
(1.2) due to the unperturbed system (1.1) being ergodic on the connected components of the level
sets of the Hamiltonian /.

This result inspired a sequence of papers that considered similar problems in different
and/or more general situations: additive random perturbations of nonlinear oscillators ([9], [10]),
additive deterministic perturbations of Hamiltonian systems ([11]), additive small random and
deterministic perturbations of dynamical systems and diffusion processes on a multi-dimensional
space with a first integral ([12], [13], [14]), etc. There are also results on intermediate time
scales in the vicinity of the boundaries ([15], [16]). In Chapter 4, we consider the large deviation
principle of the pre-limiting process on the Reeb graph on the intermediate time scales.

In the case of multi-frequency systems with more than one first integral, the limiting process
is on the open book space instead of the Reeb graph. The situation is more complicated, and
several results in this direction include perturbations of multi-frequency systems outside of the
singularities ([17]), perturbations of weakly coupled oscillators ([18], [19]), etc.

Similar problems, including the case where the dynamical system (1.1) is only locally
Hamiltonian, have also been considered on symplectic manifolds, see e.g., [20], [21], [22], [23],

4



and [24].

All the results listed above concern additive perturbations. There are relatively few results
about fast-oscillating perturbations in the existing literature. Two-dimensional problems were
considered in [25] and higher-dimensional problems were considered in [26], both outside of the
singularities. In Chapter 2, we deal with the situation with presence of multiple critical points,
including saddle points, of the Hamiltonian H in R?, and prove the weak convergence of the

projection of the process on the Reeb graph.

1.3 Plan of the dissertation

In Chapter 2, we establish the averaging principle for fast-oscillating random perturbations
of Hamiltonian systems on R?. The study requires a number of novel technical tools, in particular,
a local limit theorem for fast-oscillating random perturbations of linear dynamical systems. It
turns out to be a special case of the local limit theorem of time-inhomogeneous functions of
Markov processes, which potentially has broader applications than the problems we consider
here, and we allocate the whole Chapter 3 to the proof of this general result. Finally, in Chapter 4,
we consider additive perturbations of Hamiltonian systems on intermediate time scales. We prove
the large deviation result, with the action functional determined by the averaging principle. Our
result establishes an important relationship between the two types of asymptotic regimes.

Since we have many objects defined in this dissertation, we need to reuse some notation.
Please keep in mind that the same notation usually refers to the same object in the same chapter,
unless specified otherwise, but not necessarily in different chapters. Each chapter is relatively

self-contained, with required references cited, and can be read independently if one wishes to.



Chapter 2: Fast-oscillating random perturbations of Hamiltonian systems

2.1 Introduction

Consider a diffusion process (X¢, &) in R? x T™ satisfying

AX; = b(X7,&)dt,  X§ =€ R?,
2.1)

e 1 £ 1 g ) m
d§; = EU(Et)dt + %U(St)dwtv & =1 €T,

where ¢ is a small positive parameter, T™ is the m-dimensional torus, and W, is an m-dimensional
Brownian motion. In the coupled system, X7 is the slow motion and &; is the fast motion, since

the generator of the diffusion in the second equation is scaled by 1.

In this system, all the
randomness comes from the second equation and the slow motion depends on the fast one in
a deterministic way, and this dependence results in fast-changing velocity for the slow motion.
Under natural conditions, the averaging principle holds for the process in (2.1) (cf. [4]). For
example, if o(y) is non-degenerate (and thus &5 has a unique invariant measure ; independent of
€), then X7 converges as ¢ — 0 in probability on each finite interval [0, 7' to an averaged process

defined by the differential equation

dx, = b(x,)dt, (2.2)



where b(z) = [i. b(z,y)du(y). Therefore, X; can be viewed as a result of fast-oscillating
random perturbations of the deterministic process x;. Moreover, the deviation can be described
more precisely: the process e~ /2(X¢ — x;) converges weakly to a Gaussian Markov process on
a finite interval [0, 7| (cf. [4]), and, if we assume a special type of vector b(x, y), then the local
limit theorem holds for e} (X? — ;) at time ¢ ([1]).

If the system (2.2) has a first integral H, then, by the averaging principle, H (X) is nearly
constant on finite time intervals when ¢ is small. Nontrivial behavior can, however, be observed
on larger time intervals (of order e~!). Assume, momentarily, that H has a single critical point.
Then it was demonstrated in [25] that H(X7,. ) converges weakly in C([0,7]), as e — 0, to
a diffusion process for any finite 7", under additional assumptions. A similar result in the case
of multiple degrees of freedom was obtained recently in [26] and the main goal there was to
overcome difficulties related to resonances, which is typical in the case of multiple degrees of

freedom. The result holds in the region where no critical points of the first integrals are present

and action-angle-type coordinates can be introduced.

O

Figure 2.1: Level sets and the Reeb graph.

Let us return to the two-dimensional situation. In the presence of multiple critical points,
including saddle points, the problem gets more complicated as we need to consider the Reeb

graph in order to describe the evolution of the first integrals denoted by h = (k, H). (For instance,



in Figure 2.1, we have two local minima and one saddle point in the space and thus two exterior
vertices and one interior vertex on the graph.) In particular, the interior vertices on the graph
correspond to the level curves that contain the saddle points, and those level curves are called
the separatrices. In this situation, the limiting behavior has already been described for the white-
noise-type additive perturbations of dynamical systems: Hamiltonian systems in R? ([4]), general
dynamical systems with conservation laws in R" ([27]), and Hamiltonian systems with an ergodic
component on two-dimensional surfaces ([22],[23],[24]).

In this chapter, we consider fast-oscillating random perturbations, as discussed above, of
Hamiltonian system in R? with multiple critical points and prove that the evolution of the first
integrals h converges to a diffusion process defined by an operator (£, D (L)) on the corresponding
Reeb graph. In particular, the exterior vertices turn out to be inaccessible and the behavior of the
process near the interior vertices is described in terms of the domain D(L£) in the following way:

for interior vertex O;, there are constants p; such that each function f € D(L) satisfies

> i lim f(hy) = 0. (2.3)

Ii~O;

Intuitively, the absolute value of py, is proportional to the probability of entering edge [}, after the
process arrives at the vertex O;. The relation (2.3) is usually referred to as the gluing condition.
In the next section, we will formulate the results along with the assumptions more precisely.
The coefficients p; will be calculated explicitly. As we mentioned, similar results hold in case
of additive perturbations of Hamiltionian systems. Now the techniques in the proof are more
involved and require new ideas with analysis on multiple time scales : O(¢™1), O(1), O(e), etc.

It is worth noting that our result provides the first example where the motion on a graph and the



corresponding gluing conditions appear as a result of averaging of a fast-slow system.
To start with, since our interest is in the long-time behavior of X§ on O(¢™!) time scales,
it is often convenient to consider a temporally re-scaled process (X7, &5):

1
dX: = ~b(X:, ) dt,  X§ =€ R?
€ (2.4)

€ 1 3 1 € & m

d§y = ?U(&)dt + ga(£t>th7 §o =Y € T™.
It is clear that (X7, &) = (Xf/a,é’f/a) in distribution. Thus, it suffices to prove the weak
convergence of h(X;) in the space C([0,7],G), where G is the Reeb graph. The proof of the
weak convergence relies on demonstrating that the pre-limiting process asymptotically solves the

martingale problem. Namely, we will show that, for each f in a sufficiently large subset of D(L)

and T > 0,

B [F(h(X5)) — f(h(x)) / CF(h(XE))dt] — 0. 2.5)

as € — 0, uniformly in z in any compact set in R? and in y € T™. The main idea in our proof is
to divide the time interval [0, T'] into smaller intervals between different visits to the separatrices
and show that the contributions from all individual excursions are small and do not accumulate.
For example, suppose for now that there is only one saddle point, as shown in Figure 2.2. Let O
be the saddle point with H(O) = 0, 7 be the separatrix, 7' = {x : |H(z)| = *} be a set near

the separatrix, where 0 < o < 1/2, and o > 0 be the first time when the process X reaches 7.



Define inductively the two sequences of stopping times:

0p =0,
T, =inf{t > 0,1 : X; € '}, (2.6)

o, =inf{t > 7, : X; € v},

and consequently two Markov chains (X , &7 ) and (X , & ). As pointed out earlier, we wish

Figure 2.2: Construction of discrete Markov chains.

to prove that the contributions to (2.5) from all individual excursions are small and the sum
converges to zero as ¢ | 0. Thus, it is sufficient to show that (a) the expectation corresponding to
one excursion converges to zero as € | 0 uniformly in the initial distribution, (b) the expectation
corresponding to one excursion is exactly zero if the process starts with the invariant measure of
the Markov chain (X , £ ) on~ x T™, and (c) the measures on v x T™ induced by (X} , & )
converge exponentially, as n — oo, uniformly in € and in starting point, to the invariant one.

The claim in (a) is an extension of the results outside singularities in [26], and new difficulties
arise due to the degenerations occurring on the boundaries. The claim in (b) is true if the gluing
conditions are chosen appropriately and there is a common invariant measure for the processes
(X;7,&5) for all . In general, there is no common invariant measure for all €, and we need to

10



consider a family of auxiliary processes near the separatrix that do have a common invariant
measure, and then use the proximity of the auxiliary and the original processes and the Girsanov
theorem. The assertion in (c) is harder to verify, and its proof requires new techniques, including
a local limit theorem and density estimates for hypoelliptic diffusions that will be discussed in
later sections.

The chapter is organized as follows: In Section 2.2, we introduce the notations, state the
assumptions, and formulate the main result. In Section 2.3, we construct an auxiliary process
and derive diffusion approximations of the processes. In Section 2.4, we prove the averaging
principle up to the time when the process reaches the separatrix. In Section 2.5, we construct the
Markov chain on the separatrix (see (2.6)) and prove its mixing properties. In Section 2.6, we

prove the main result. A few technical results are included in the Section 2.7.

2.2  Main results

Throughout this chapter, P and E represent the probability and expectation, respectively,
and the subscripts pertain to initial conditions. For brevity, the stopping times’ dependence on
parameters and initial conditions is not always indicated in the notation when introduced (e.g.
(2.6)). V denotes a first order differential operator, i.e., derivative, gradient, Jacobian, etc.,
depending on the context. x 4 denotes the indicator function of the event A. If A and B are two
non-negative functions that depend on an asymptotic parameter, we write A < B if A = O(B).
Co(G) is the space of continuous functions on the Reeb graph G that tend to zero at infinity with
uniform norm. A is the projection onto G. In order to formulate the assumptions and results, we

introduce some notation:

11



. Oy;’s are the vertices on the graph and are occasionally used to denote the corresponding
critical points on the plane when there is no ambiguity. [j’s are the edges on the graph
and Uy’s are the corresponding two-dimensional domains. Formally, O is the vertex that
corresponds to infinity. A symbol ~ between a vertex and an edge means that the vertex is

an endpoint of the edge.

. Consider the following metric on G: 7(hy, hy) is the length of the shortest path connecting
hy and hy. For example, if hy = (1, Hy), I ~ Oy, Oy ~ Iy, Iy ~ Oq, Oy ~ I3 and

hg = (3, HQ), then T(hl,hz) = |H1 — H(Ol)| -+ |H(Ol) — H<02)| + |H<02) — H2|

. v(h) ={x : H(z) = h} and y4(h) is the connected component of (/) in the domain Uy,.

. bp(z,y) = VH(x) - b(x,y).

. & 1s the diffusion process on T with the generator L, where

1 . 0?
Lf(y) = v(y) - Vo (y) + 5 ;j«m 5(0) 5, 5510 27)
. For h in the interior of I, define
dl

W= | e

2 1 >0
Alh) = 5 / ) /0 B, bn (1, £)bn (1, &)dsdl,

_ Y . vt
Bk<h) - Qk(h) /%(h) |VH($)| /O Euvl“bh(x758> (b(xvéo) \Y H<x>>d3dl7
Lif (h) = S A f'(h) + By(h)f ().

12



The following conditions are assumed to hold throughout the chapter.

Assumptions on the coefficients:

(HI) v(y) and o(y) are C* functions on T™. o(y) is m x m matrix-valued and o (y)o(y)" is

positive-definite for all y € T™.

(H2) H(z) is a C™ function from R? to R with bounded second derivatives. H(x) has a finite
number of non-degenerate critical points. Each level curve corresponding to a vertex on

the Reeb graph contains at most one critical point. As |z| — +o0, H(x)/|z| — +o0.

(H3) b(z,y)isa C* function from R?x T™ to R? such that the averaged process is a Hamiltonian

system with H, i.e. b(z) = V+H(x).

(H4) The fast-oscillating perturbation is non-degenerate, i.e. {b(x,y) — b(z) : y € T™} spans

R? for each 2 € R?, and is uniformly bounded together with its first derivatives.

(H5) For each x that belongs to one of the separatrices, there exists y € T™ such that the process
in (2.1) satisfies the parabolic Hsrmander condition at (z, y). Namely, with e~ '9(y) being

the drift term in the equation for &; in the Stratonovich form, we have that

0 b(z,y) 0
Lie A<k<m,| , 1<k<m
ok (Y) o(y) ok (y)
at (z,y) spans R*™™, where oy (y) is the k-th column of o (y), [-, -] is the Lie bracket, and

Lie(-) is the Lie algebra generated by a set (cf. [28] or Section 2.3.2 of [29]).
Definition 2.2.1. The domain D(L) consists of functions f € Cy(G) satisfying:

(i) f is twice continuously differentiable in the interior of each edge Iy of G;

13



(ii) The limits limy,, 0, Ly f (hi) exist and do not depend on the edge I;

(iii) For interior vertex O;, there are constants py, = =+ limy,_,o, Ax(h)Qx(h) such that

E pr lim  f'(hy) =0, (2.8)
thOi
I;~0O;

where the sign + is taken if O; is minimum on I, and the sign — is taken otherwise. The operator

L on the Reeb graph is defined by

LF(R) = Lif(h) 2.9)
for f € D(L) and h in the interior of Iy, and defined as limy,_,o, Lf(h) at the vertex O;.

By the Hille-Yosida theorem (see, for example, Theorem 4.2.2 in [30]), one can check that
there exists a unique strong Markov process on G with continuous sample paths that has £ as its

generator. Now we are ready to formulate the main result of this chapter.

Theorem 2.2.2. Let the process (X;,E&;) be defined as in (2.1) and the conditions (HI)-(H5)
hold. Then h(X f/s) converges weakly to the strong Markov process on the Reeb graph G that

has the generator (L, D(L)) and the initial distribution h(xy).

Remark 2.2.3. The last condition in (H2) can be relaxed without much extra effort since the
limiting process defined by L cannot reach infinity in finite time. In addition, as seen from
the proofs in Section 2.5 and Remark 2.5.7, assumption (H5) can be relaxed so that it holds
for at least one point on each separatrix. Moreover, if the number of Lie brackets needed to
generate R*™™ in the parabolic Hérmander condition is assumed to be given, then we can relax

the assumptions on smoothness of the coefficients.

14



To prove the theorem, we need a result on weak convergence of processes, that is Lemma

4.1 in [31] adapted to our case (see also the original statement in [7]):

Lemma 2.2.4. Let U be a dense linear subspace of Co(G) and D, be a linear subspace of D(L),

and suppose that V and D, have the following properties:

(1) Thereisa \ > 0 such that for each F' € V the equation \f —Lf = F has a solution f € D,;

(2) ForeachT > 0, each f € D, and each compact K C G,

T
B [f(bOXF) ~ £(h(o) — [ LF(XP)dH 0, 2.10
0
uniformly inx € h™'(K) and y € T™.
Suppose that the family of measures on C([0, 0], G) induced by the processes h(X;),
e > 0, is tight for each (x,y) € R* x T™. Then, for each (x,y) € R* x T™, h(X?) converges
weakly to the strong Markov process on the Reeb graph G that has the generator (L, D(L)) and

the initial distribution h(x).

Here we choose W to be all the functions in Cy(G) that are twice continuously differentiable
in the interior of each edge; D, to be all the functions in D(L) that are four times continuously
differentiable in the interior of each edge. It is easy to check condition (1) holds in Lemma 2.2.4,
and the tightness of distributions of h(X{) for all ¢ > 0 is verified in Section 2.7.3. Then the

main ingredient of the proof is to verify (2.10) in condition (2) of Lemma 2.2.4.

2.3 Preliminaries

In this section, we explain some technical difficulties and our approach to the proof.
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2.3.1 Localization

Considering Theorem 2.2.2 for X¢ in the state space R? causes technical difficulties due to
the presence of multiple separatrices of the Hamiltonian and to the fact that the process X7 is not
positive recurrent. However, such difficulties can be circumvented by considering the process X7
locally. Namely, let us cover the plane R? by finitely many bounded domains, each containing
one of the separatrices and bounded by up to three connected components of level sets of H, and
one unbounded domain not containing any critical points. For example, as shown in Figure 2.3,
we have different parts of the Reeb graph G that correspond to the domains in R%. Every point
of R? can be assumed to be contained in the interior either one or two domains. Since it takes
positive time to travel from the boundary of one domain to the boundary of another, it suffices to
prove the result up to time of exit from one domain. To be more precise, let {V}, : 1 < k < K}
be the open cover. Define 79 = inf{t > 0 : Xj € U, 1< OVi} and, for k such that X7 €V},
define 1, = inf{t > n,_1 : X{ &€ Vi}, n > 1. In order to prove (2.10), it suffices to prove

instead, uniformly in  in any compact set in R? and in yy € T™, that

Bl (X)) — F0(2)) — [ " LHXENdE 0, ase 10, @1D)

since it also implies that P(n, < T') — 0 as n — oo, uniformly in all ¢ sufficiently small. In
the unbounded domain without critical points, (2.11) can be obtained using the result in bounded
domain together with the tightness of h(X;). It remains to consider the bounded domains. Let
V' be one of the bounded domains. As explained below, the process X; in V' can be extended

beyond the time when it reaches the boundary by embedding V' into a compact manifold M with
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an area form and a Hamiltonian such that there are no other separatrices.

Figure 2.3: Domains projected on the graph.

Consider the case where V' is not simply connected - for example, V' is the domain that
contains O3 in Figure 2.3. There are three connected components of R? \ V' as shown in
Figure 2.4a (other situations can be treated similarly). Then we can modify the Hamiltonian
and the vector field in C'; and C5 in such a way that assumptions H(2)-H(4) hold locally, and
there is only one extremum point of H in C; and one in C5 (this modification is not needed if V'
is simply connected). The unbounded domain C'5 outside V' can be replaced by a compact surface
S so that the resulting state space of X7 is, topologically, a sphere M = V' |JC, |J Cy|J S. Then,
the vector field on the surface can be chosen as a smooth extension from V' so that the averaged
process is a Hamiltonian system on M with respect to an area form w, which is simply dx; A dzo
on V, Cy, and C,. Moreover, there exists a chart (S, ®) such that the corresponding vector field
b(x,y) on D := ®(S) satisfies that {b(x,y) — b(z) : y € T™} spans R? for each z € D and
the averaged process is a Hamiltonian system with respect to dx; A dxy on D. For example, as
shown in Figure 2.4b, we can modify the vector field on the plane outside V' so that there are two
disks with the same center D C D,, and the averaged process is a Hamiltonian system in Dy, in

particular, rotation between 0D, and 0D,. Then D, is smoothly glued to a hemisphere and the

17



resulting manifold is M, and the vector field can be extended to the surface in such a way that

the averaged process is a rotation with certain constant angular velocity on the level sets.

(a) Three connected components of R? \ V. (b) Hamiltonian system on manifold M.

Figure 2.4: Localization.

It is clear that, when restricted to V' x T™, the resulting system defined on M x T™ has
exactly the same behavior as the original process on R? x T™. Therefore, it suffices to prove
(2.11) for the new process on M x T™. Let us formally restate the corresponding assumptions
and formulate the result on M x T™. In the remainder of the chapter, all the definitions (e.g.
the quantities defined in Section 2.2) and statements on )/ are understood by locally choosing
coordinates so that w = dx; A dxs. In particular, on S, they are understood in the coordinate
®, while on the flat” part that contains V', they are understood in the usual way. Then the
assumptions on the coefficients on M x T™ are analogous to those introduced earlier, so we only

mention the differences:

(H2') H(z)is a C* function from M to R that has three extremum points and one saddle point.
(H3') b(x,y) is a C*> function from M x T™ to T'M such that b(z) = V*H(z).

(H4') {b(z,y) — b(zx) : y € T™} spans TM for all z € M.

From this point on, we denote the process on M x T™ as (X7, £5), and (X7, £5) on the time
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scale O(e7!) (defined by (2.1) and (2.4) with R? replaced by M), and assume that the conditions

(H2')-(H4') replacing (H2)-(H4) hold. Then (2.10) follows from

Proposition 2.3.1. For each f € D, and each'T' > (),

B [f(h(X5) — f(h(x)) - / " LEh(XE))de] — 0, @.12)

0

as € — 0, uniformly inx € M,y € T™, and n < T that is a stopping time w.r.t. ]:tX'E.

2.3.2 Auxiliary process

It turns out that similar results hold for a more general process with a slightly perturbed

fast motion:

dX; = b(X;. &)dt,
o L o (2.13)
&5 = vl€)dt + o (&)W + (X, &)

where c¢(z,y) is infinitely differentiable. Namely, h(X f/s) converges weakly to the Markov
process defined by the operator (L., D(L.)) on the Reeb graph. Here, the subscript ¢ indicates
that £, depends on the choice of ¢(z, ). If ¢(x,y) = 0, then it is clear that (X7, £5) = (X, £5),
and thus £ = L.. However, if ¢(z,y) # 0, then we have an additional drift term in (2.13), and
thus we need an additional drift term in the generator of the limiting process. While a precise
definition of (L., D(L.)) is deferred to later sections, we observe that the operators replacing
Ly, depend on ¢(z,y), and the domain D(L,.) as well as the linear subspace, denoted by D,
chosen in Lemma 2.2.4 also vary for different c¢(x,y). Therefore, in order to formulate general
results, we consider D, the set of continuous functions on G that are four-times continuously

differentiable inside each edge and satisfy conditions (i) and (ii1) in Definition 2.2.1, as well as a
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weaker form of condition (ii), namely, the limits limj, 0, Lx f(hx) exist but are not necessarily
independent of the edge ;. Note that D contains D, for all choices of ¢(z,y). Define L. on
D by applying the differential operator (L plus an additional drift corresponding to ¢(x,y)) on
each edge separately, with the result not being necessarily continuous at the interior vertices.

As mentioned before, we need to construct a family of auxiliary processes that, on the one
hand, have a common invariant measure for all € > 0 and, on the other hand, are very close to the
processes of interest. The auxiliary process on M can in fact be obtained by choosing a special
c(x,y) in (2.13). We denote this particular choice of ¢(z,y) as ¢(x, y). Now we find é(z, y) such
that A X p is the invariant measure for the process with every ¢, where A is the area measure w.r.t.

w and g is the invariant measure for &; in T™. Let L¢ be the generator of the process (Xf, éf )E

Ef(2,9) = b)Y (2,9) + 5,9) -V f(2,9) + - Lf ()

Hence, A x p is the invariant measure if Eg*p(y) = 0, where L¢* is the adjoint operator of L¢ and

p is the density of y, i.e.

0= Lp(y) = — div,(b(z, y)p(y)) — div, (&(z, y)p(y)) + éL*p(y), (2.14)

where L* is the adjoint operator of L. Since p is the invariant measure for &;, the last term

vanishes. Hence (2.14) reduces to

div,b(z, y)p(y) + divy(é(x, y)p(y)) = 0. (2.15)

To see the existence of the solution, we need the following lemma (cf. Lemma 2.1 in [26]).
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Lemma 2.3.2. Let §(x, 1) be a bounded function on R* x T™ that is infinitely differentiable, and
let L be the generator of a non-degenerate diffusion on T™ with the unique invariant measure
fi and suppose that [, G(x,y)dfi(y) = 0 for each x € R?. Then there exists a unique solution

u(x,y) to the equation

Li(w,y) = ~gwy). [ ale.)di(y) =0, (2.16)

and u(x,y) is also bounded and infinitely differentiable. Moreover, if §(x,y) has uniformly

bounded derivatives up to order K in x (or y), the same holds for u(x,y).

Remark 2.3.3. The same result also holds for functions on M x T™. Thus, the existence of the
solution to (2.15) immediately follows from Lemma 2.3.2 applied to g(x,y) = div,b(z,y)p(y)

and L = A, and by taking the gradient of the solution in (2.16) w.r.t. y, and dividing it by p(y).

As in (2.4), we define (X£, &) = (X e & /) in distribution. Then, a simple corollary can

be obtained by using Lemma 2.3.2 and then applying Ito’s formula to the corresponding solution

a(X¢, €) and @(X¢, £9) (cf. Lemma 2.3 in [26]).

Corollary 2.3.4. Let g satisfy the all the conditions in Lemma 2.3.2 with L=_Land K =1, then

for fixedT' > 0

E(mvy)

n - .
/0 §(X5 E)ds

uniformly in x € M, y € T™, and 1) that is a stopping time bounded by T
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2.3.3 Diffusion approximation

Since [ (b(z,y) — b(z))du(y) = 0, by Lemma 2.3.2, there exists a function v that is

bounded together with its derivatives such that

Lu(z,y) = —(b(x,y) - b(x)). 2.17)
The equation is understood element-wise. Apply Ito’s formula to u(Xf , éte )

w(X5,E5) = ulzo,yo) + / Lu(X2, )+ = / V(X €)o (€)W
(2.18)

t
SRS N HARRMIG NI HIE
0
Combining (2.13), (2.17), and (2.18), we obtain

t t
X =wo+ | VIH(X()ds + 8/ [Vau(XS, €)0(XE, €5) + Vyu( X, €9)e( X5, £5)]ds

0 0

t
+VE [ 9,005 €)@, + (uln, ) — u(XF &)
0
(2.19)
Similarly, by applying Ito’s formula to u(f(f, ff ) and repeating the steps above, we have

X;=xo+ - / VEH(XZ)ds + / (Vau(XE,E)b(XE, &) + Vyu(XE, &)e(XE, &)ds

0

/ ¥, u(XE, E)o(E)dW, + e(ulzo, yo) — u( X, E)).
(2.20)

This idea of diffusion approximation is frequently used in the remainder of the chapter, and the

function u(z, y) always refers to the solution to (2.17).
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2.4 Averaging principle inside one domain

In this section, we consider a general process (Xf, éf ) defined after Remark 2.3.3, which
is a faster version of the process in (2.13). The process takes values on M x T™. As a result of
localization, M 1is separated into three domains, each bounded by the separatrix or a part of it.
This section is devoted to the proof of the averaging principle for (f(f , ff) on M x T™ up to time
when X exits from one of the three domains. The domain under consideration will be denoted
by U. Therefore, without any ambiguity, the projection A simply reduces to the Hamiltonian H.
Let U(hq, hy) be the region in U between y(hy) and v(hs), O be the saddle point, and O’ be the
extremum point, and further define stopping times 7(h) = inf{t : |[H(X;) — H(O)| = h} and
n(h) = inf{t : |[H(X{) — H(O")| = h}. Without loss of generality, we assume that H(O) = 0

and H(O') = 1.

2.4.1 Averaging principle before 7(c“) A n(d)

We aim to prove the averaging principle between ~(¢®) and (1 — ¢) with constants 0 <
a < 1/4and 0 < 6 < 1. Notice that, for technical reasons, we assume that 0 < o < 1/4 in this
intermediate result and in the proofs that utilize it in this subsection and the next, while we always
assume that 0 < o < 1/2 elsewhere. Let us further define another coordinate ¢ inside this domain
U. Let [ denote the curve that is tangent to V H at each point and connects the saddle point O and
the extremum point (', and let /(%) be the intersection of [ and y(h). Let Q(h) denote the time it
takes for the averaged process @, to make one rotation on y(h) and ¢(x) denote the time it takes
for x, starting from [(H (x)) to arrive at x. Now we define the coordinate ¢(x) = ¢(x)/Q(H (z))

whose range is S* := R (mod 1). It is easy to see that z; has constant speed 1/Q(H (x;)) in ¢
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coordinate. Since there is logarithmic delay near the saddle point, the coordinate ¢ has exploding
derivatives near the separatrix. However, as shown in Section 2.7.1, the order of its derivatives
w.r.t. the Euclidean coordinates is under control. Let us denote HF = H(X?) and ®¢ = ¢(X?).
Along the same lines leading to (2.20), we have the following equations with v, = u - VH,

up =u- Ve, hg = H(zo), and ¢o = ¢(zo):

t
FE = hy + / (X2, E)To (€)W, + =(un(zo, yo) — un (X5, €))
0
t

[P (2,8 b )+ Vyun K )oK G, @2
0
FE ! ve ce\T _(¢e 1 ! 1
i = o+ [ VnoXe o @aw, + L [ o

n / (Vg (X2, €) - B(XE E) + Vyug (X2, €0) - o X2, E))ds

+ e(ug(To, y0) — ug( X5, &), (2.22)

fore* < hg <1—dandt < 7(c*) An(d). Define the following coefficients using the original

coordinates for all x € M:

Aw) = [ V()0 Pduty)

(2.23)
Bc(l') = /m [quh<x7 y) : b(l’, y) + vyuh(xa y) : C(l‘, y)]dﬂ(y%
and (h, ¢) coordinates for z = (h, ¢), where e* < h <1 —§and ¢ € S*:
Al é) = Alw), Al = [ Alh 0o
st (2.24)
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Define £, by L.f = LAf" + B,.f' for f € D in the interior of each edge. In particular, when

1
2
c(xz,y) = 0, this definition is consistent with that in (2.9). Introduce two processes close to

Hf,i)f:

t
Hf = ho + / YV un(XE, E) o (£5)dW,
0
t ~ ~ ~ ~ ~ ~ ~
" / [Voun (X2, E) - B(XE &) + Vyun(X5, &) - o(X5,E)]ds, (225
0
2 ! S ST s 1t 1
(I)t :¢0+/0 Vyu¢(Xsa§s) J<€S)dWS+g/O mds

t ~ ~ ~ ~ ~ ~ ~ ~
+/ [Vaug (X5, 65) - (XS, 65) + Vyue (XS, &) - e(XE, E9)]ds. (2.26)
0

Let 7o = 7(e*) An(d). Foreach f € D,z € U(e*,1—¢), y € T™, and stopping time o’ < T'A 7,
by Ito’s formula applied to f (I;T <)), we have

/

. o /1 - - - R
Bl () = F(H@) + By [ (519,m 8 @R ()
| Voun(X5,€) - b, €) + Vyun (X5, &) - o X5, 6] £(HD) ) ds.
Since supg<;<, |H: — HE| = O(e),

/

. o /1 . . 3
Bl 5) = S(H@) + By [ (19005 ETo@) ")

[V (K5, €) - (X2, €) + Vyun (X5, €) - o X5, €)] f(HD)) ds + Oe).
(2.27)
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Combining this with (2.23) and (2.24), by Lemma 2.3.2, as in Corollary 2.3.4, we have

’

pitg) ~ s - [ (EA(;[;, &) f(F1%) + Bu(F-, <i>z>f'<ff:>) s

E(m’y) 2

Lemma 2.4.1. Let g(h, $) be either A(h, ®)f"(h) or Be(h, ¢)f'(h), and g(h) = [4 g(h, ¢)do.

Then, for every T > 0,

/

sup sup Ey) / [g(ﬁsa, (fi) — g(ﬁ[j)] ds| — 0, ase |0,
zeU(e¥,1-8) 0’ <TA1g 0

yeT™

where the first supremum is taken over all stopping times o' <'T A 1.

Proof. Fix k > 0. Since, for fixed h, g(h,¢) — g(h) is a function on S', we can approximate it

by a finite sum of its Fourier series with error less than :

g(h,¢) =gy~ > gelh,d):= > Gi(h)exp(2rike),

0<|k|<K(e) 0<|k|<K(e)

foralle* < h<1-—4dand ¢ € S, where

Gi(h) = / l9(h. 6) — g(h)] exp(—2mike)d.

Since, as shown in Section 2.7.1, ¢"/, = O(|logh|/h), we see that K (c) can be chosen as
o]

e logel|? for sufficiently small . Then it suffices to prove that, for all 0 < |k| < K(e)
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and ¢ sufficiently small,

sup sup E(zﬁy)/ gk(ﬁg,@i)ds
2€U(e%,1-8) o’ <TATo 0
yeTm,

e«

We define an auxiliary function v for fixed gx, where 0 < |k| < K (¢):

_ gr(h,9)Q(h)
N omik

which satisfies that v /Q(h) = gi(h, ¢). We formulate the bounds on ¢, v, g, and their derivatives,

uniformly inalle®* < h <1 —4dand 0 < |k| < K(¢) (proved in the Section 2.7.1):

¢ €[0,1), Vo =O(1/h), V'¢ = O(1/h%),
v=0(|loghl), v; = O(|log hl), vj, = O(|log h[°/h),
(2.30)
vh = O(llog h*/h), vy, = O(log h* /%), vy, = O(|log hf* /1),

gh = O(|loghl|/h), gy, = O(|log h[*/1?).

By comparing (f[f, i)f) and (ﬁf, (f)f) in (2.21), (2.22), (2.25), and (2.26), and using the bounds

in (2.30), we know that for all o/ < T A 79,

J =
0 0

Apply Ito’s formula to v(H?,, ®<,) and obtain

| U(HE DY)
gr(HE, @2) — ==
Q(H:)

o (HE, @) — o, (He, ¢
¢( -2 ¢( - 25) ds = O(e'**|logel?).

(2.31)

1 (o v, (HE, &
_/ (ﬁ(—~)ds
o QH)

3
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= ( il,@if)—v(ﬂ(w)mb(ﬂf))—/o o (H, ®3)Vun (X2, 6) o (€)dW

- / v (89 [Voun (X3, €5) - B(XE ) + Vyun (X5, €) - e X5 €)ds
0

1 ag N N - ~ ~
B 5/0 Vi (HZ, 09|V yun (X5, €0) T o (€9)[Pds
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1 [° A A - -
a _/ s (HZ, )|V yu(X:,65) To(€5) P ds
0

- / o yun (X2, €T o (€ (€0) Tug (X2, €0)ds.

By using the estimates in (2.30) and the fact that 0 < o < 1/4, we know that the expectation

60471

of the right-hand side is o(7=—7). Combining this with (2.31), we get (2.29). Thus, the desired

[loge]

result follows. 0
Now, applying Lemma 2.4.1 to (2.28), we get

Lemma 2.4.2. Foreach f € D,0 < a < 1/4,and0 < <1, ase |0,

sup sup By [f(H(XS) — f(H(x)) —/ Lof(H(XS))ds]| = 0,
z€U(e*,1-0) o/ <TAn(8)A1(e®) 0
yeT™

where the first supremum is taken over all stopping times o' < T A n(d) N\ T(e%).

Remark 2.4.3. The diffusion process governed by L. can reach all points inside the edge and the
interior vertex but cannot reach the exterior vertex. For example, in the case considered here, the
process can reach all points in [0, 1) but cannot reach 1. The reason is that, for each 6 > 0, on
(0,1 — 8], B.(h) is bounded and 1/ A(h) < |logh| (see Section 2.7.1 for details). However, for
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k > 0 sufficiently small, on [1 — k, 1], B, is uniformly negative while A(h) < 1 — h due to the

non-degeneracy of the maximum point (see Lemma 2.7.1 for details).

Lemma 2.4.4. For each 0 > 0and 0 < o < 1/4, E(,,(n(8) A 7(e®)) in uniformly bounded for

allz € U(e*, 1 —90), y € T™, and ¢ sufficiently small.

Proof. The solution f? to the following equation exists on [0, 1 — §] due to Remark 2.4.3:

L.f0=—1
f0)=f01-0)=0

Let 7' > 3| f°||sup» then Lemma 2.4.2 implies that, for all 2 € U(¢*,1 — §), y € T™, and ¢ small

enough,

E(yy(n(6) AT(e*) ANT) < T/2.

Thus, by Markov inequality and strong Markov property, E(, . (n(6) A 7(e%)) < 27T O

Lemma 2.4.5. Foreach f € D,§ > 0,and0 < o < 1/4,ase | 0,

sup sup By [f(H(X5)) — f(H(2)) —/ L.f(H(XZ))ds]| — 0,
xEU(E%,l—&) o' <n(O)AT(e®) 0
yeT™

where the first supremum is taken over all stopping times o' < n(3) A 7(e®).

Proof. The result can be deduced from Lemma 2.4.2 and Lemma 2.4.4 by choosing a sufficiently

large 1" and using the Markov property. U
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2.4.2 Averaging principle before o

With estimates on the transition times and probabilities between level sets near the critical
points, the result from last section can be extended to the time when the process reaches the

separatrix, which is the stopping time o defined earlier. The main result of this subsection is

Proposition 2.4.6. For each f € D, as e | 0,

sup sup [E [[(H(XS)) — f(H(x)) - / CLpHEDd 0, @3

zelU,yeT™ ¢'<o

where the first supremum is taken over all stopping times o’ < o.
We state a simple corollary of Proposition 2.7.3.

Corollary 2.4.7. For each 0 < o < 1/2, uniformly in x € U(0,e*) and y € T™,
E o AT(e%) = O(e**|loge]).
Lemma 2.4.8. For each 0 < o < 1/2, uniformly in x € U(0,¢%) and y € T™,
1P (2)(7(e%) < 0) = H(x)e | = O(e%| log €]).
Proof. As in (2.21), write the equation for H (X7) = H¢ stopped at o A 7(®),

5 oNAT(e%) 5 B 5 B 5 B 5 B
H(Xe 0 o)) = H(z) + / Voun (X2, €9) - b(XE, E) + Vyun(KE, &) - o( X2, E)ds
0
oAT(e%) 5 B B
+/ Y, un(X5, &) To(E)dW, + O(e).
0
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From Corollary 2.4.7, it follows that

Pl (T(e%) < 0) = H(2)e | = e [Buy) H (X o)) — H(2)] = O(e*[loge]). O

We prove that the process spends finite time (in expectation) inside U. The idea is to use
the fact that the process on the graph spends little time near the vertices and exits the edge with

positive probability once it gets close enough to the interior vertex.

Lemma 2.4.9. For each 0 < a < 1/4, E(, ,)7(®) is uniformly bounded for all x € U such that

H(x) > &% y € T™, and ¢ sufficiently small.

Proof. By Lemma 2.7.2, fix § > 0 such that E(, ,yn(26) < 1 for all ¢ sufficiently small and all =
satisfying H (z) > 1 — 20 ; By Lemma 2.4.5, fix > 0 such that P, ,,(n(d) < 7(e%)) <1 -k
all z satisfying H(z) = 1 — 24, all y € T™, and all € sufficiently small; By Lemma 2.4.4, fix
T > 4(1 + Sup,ep(ea,1—6) yerm Bay) (7(*) A n(0)))/k. For all z with H(z) > 1 — 26 and

yeTm,

P(x,y) (T(&a) > 2T)

< Py(n(20) >T) + sup (P (T(%) An(8) > T) + Py (n(9) < 7(%)))
(z',y")ev(1-28) xT™

<1-k/2.

For all z € U with e* < H(x) < 1 — 20, the estimate above holds without the first term on the

second line. Then the uniform boundedness follows from the Markov property. [

We can apply the similar idea near the separatrix. Namely, we choose 0 < o/ < o < 1/4.
By Corollary 2.4.7, the process spent little time spent between v and 7(80"), and by Lemma 2.4.8,
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the process is very likely to exit through the separatrix rather than come back to v(¢*') once it
reaches y(e*). Then, with the fact that E, ,7(¢%) is uniformly bounded, one can prove the

following result:
Lemma 2.4.10. E, o is uniformly bounded for all v € U, y € T™, and ¢ sufficiently small.

Proof of Proposition 2.4.6. Fix k > 0and 0 < o < 1/4. By Lemma 2.4.9, let T" be large enough
such that P, ) (7(¢®) > T') < s forall x € U satisfying H(z) > ¢*, y € T™, and ¢ sufficiently

small. By Lemma 2.7.2, let 6 > 0 small enough such that for ¢ sufficiently small

sup sup By [F(H(XG)) ~ F(H@) - [ LAHES] <k @33)
IEU:H(’%)ZI—&a’Sn(&) 0
ye m

where the first supremum is taken over all stopping times ¢/ < 7(d). By Remark 2.4.3 and
Lemma 2.4.5, let 0’ > 0 small enough such that P, ,)(n(0') < 7(¢*)) < kforallz € U(e*, 1 —
d), y € T™, and ¢ sufficiently small. For stopping time ¢/ < 7(¢%), z € U(¢*,1 — J), and
y e ™,

B [f(H(XE) — f(H(x)) - / " L (H(XE)ds)

0

B n(6")Ao 5
< [ [ (H (XE g por) — F(H () — / Cof(H(X2))ds

+Py(n(d) <o) sup  [Buy)[f(H(XZ) - f(H(2') - / Lof(H(XS))ds]|.
:B’EUy:/g’](T:fri)ztsl 0

(2.34)
Note that the first term converges to 0 as ¢ — 0 by Lemma 2.4.5, the probability in the second
term is less than x, and the supremum is uniformly bounded for all € by Lemma 2.4.10. Thus, the

expression on the left-hand side of (2.34) converges to 0 uniformly. Combining this with (2.33),
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we obtain

sup  sup |Eqy[f(H(XZ)) - f(H(z)) —/ Lof(H(XS))ds]| — 0.
xEU:HT([‘a:)ZaD‘ o' <7(g%) 0
yeT™

Finally, let us choose 0 < o' < «a. Apply Corollary 2.4.7 and Lemma 2.4.8 to obtain that
Eyo AT(e?) < e and P (0 < 7(e%)) > 1/2 forall x € (%), y € T™, and ¢
sufficiently small. As in (2.34), by stopping the process at 7(¢*) A o’ and 7(¢*) A ¢’ and using

the strong Markov property, we can conclude that

/

sup  sup |E(z,y>[f(H(X§/))—f(H(x))—/ Lof(H(X;))ds]| — 0.
IEU@;Z]%‘QEEQ o'<o 0

Now (2.32) follows from this by applying Corollary 2.4.7 again. [

2.4.3 Averaging principle starting from ~y(¢®)

Fix 0 < a < ag < ag < 1/2,r > 0 small enough. Recall Q(h) is the rotation time of a;

on 7y(h). Our first lemma in this section concerns the typical deviation during one rotation.

Lemma 2.4.11. For each § > O there is k > 0 such that for all x € U(e*,r), y € T™, and ¢

sufficiently small,
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There exists 0' > 0 and k > 0 such that for all x € U(£**,r), y € T™, and ¢ sufficiently small,

Py sup | XF—axy| > | <&t
t€[0,Q(H (x))]

Proof. 1t suffices to prove the result for § < 1/2—a4. Fix0 < §' < §” < 1/2—a; —J. Recall the
definition of ¢ in Section 2.4.1 and consider the coordinates H and ¢ in U(£*?,2r). Asin (2.21)
and (2.22), let gy = q(x), up, = u-VH, u, = v - Vg, and ¢, = qo + ¢, and write the equations

with 70 = inf{t : |[HE — ho| > />0 or |Q — ¢| > €'} A Q(hy):

HXS) = 1)+ VE [ V(5 €00 €AW, + () — (Ko, €6)
0
v | V(X5 € - b(XE, &) + Vyun (X5, ) - o X5, )]s, (239)
0
A(X5) = o + V2 / 11y (X2, )T o (€)W, + (g, ) — (Ko, €50))

+5/ (Vaug (X, €5) - b(XZ € + Vyug (X5, €7) - o X2 €))ds. (2.36)
0

In Section 2.7.1, we prove that |V¢| = O(|VH|/H). Thus, it is not hard to see, by looking at the
inverse of the Jacobian of (H, q) w.r.t z, that | (X?) — H(x,)| < /2% and | X7 — ;| < £ for

)

allt < 79 Let Sy and Sq denote the stochastic integrals in (2.35) and (2.36). Since 7 < lloge

Py (7 < Q(M(2))) < Py (1Su] > €77°/2) + Py (|Sq] > ™' /2).

The variance of Sy and S is small:

0 0

Var(Sy) = <E( / IV, un (X2, E)To(8)Pds) < / VH(X?)Pds) < ¢l loge),
0 0
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0 0

Var(Sq) = <E( / Vg (X5, €)To () 2ds) < B / Vg(X2)2ds) < <2 [loge].
0 0

Hence both results follow from Chebyshev’s inequality with x < d. U

Let F'(h) be the solution to

(2.37)

Let 7' and 72 be the first times for X7 to exit U(c*,r) and U(2, 2r), respectively. Let 25 =

:Bt/g.

Lemma 2.4.12. There exists a function g(r) with lim,_,o g(r) = 0 such that |F'(h)| < g(r) for

all 0 < h < 2r. There exists C' > 0 such that |F"(h)| < C|logh| and |F"'(h)| < C/h.
Proof. The bounds can be verified with the help of estimates for Q)(h) in Section 2.7.1. ]

Lemma 2.4.13. There exists a function g(r) with lim,_,o g(r) = 0 such that for all x € (%),
y € T™, and ¢ sufficiently small,

E@ym <e%(r). (2.38)

Proof. For (X£, &) starting from (z, y), we define 72 = eQ(H (z)) A 72. As in (2.28):

=2

Bl [FUH(X2) ~ F(H(2) ~ [ GARDP/(HD) + BOEF(H(XD)s = Ofe),

(2.39)

uniformly in z € U(¢%2,2r) and y € T™. By the definition of A(h) and B(h), one can see that

cQ(H () A(H(z)) = [£2U) A(2%)ds and eQ(H (z))B(H (z)) = [ B(a2)ds. Since
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F solves (2.37), it follows that

“QH(x)) |
eQ(H(x)) = —eQ(H ()L F(H(x)) = —/0 S A FY(H (x5)) + B(a)) ' (H (7)) ds.

(2.40)
We prove that there exists £ > 0 such that
KE(,)(F(H(X%)) — F(H(2))) < —Q(H(x)) (2.41)
uniformly in z € U(e*',r), y € T™, and all ¢ sufficiently small. Then it follows that
E,7 < KF(H(x)), (2.42)

for v € U(e™,r), y € T™, and all ¢ sufficiently small. Indeed, we can define 72, k& > 0
recursively: 72 = 0, 72,, = inf{t > 72 : X{ ¢ U(e°2,2r)} A (5@([—](5(%)) + 72), and denote

the first & such that 72 exceeds 7' as nn. Then we have

Bioy | FUH(X7)) — F(H(2))|

= By eper [F(H(Kp, )~ FUH(X)]

SEuy Y Xper S By |FH(X2)) - F(H()

s (a/.y/)EU (€21 1) XTm

1 > -
< ?E(x,y) Z X%,§<frl (_5Q( ’5))
k=0
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Hence

o o
By <EeyTa =EBay > X (T — ) SeBay > XenQ(Xp2) < KF(H(x)).
k=0 k=0

Then (2.38) follows from (2.42) and Lemma 2.4.12 by taking = € ().

To prove (2.41), it is enough to see that, for z € U(c™,r), y € T™, and ¢ sufficiently

small,

Q(H()) + Boy) F(H(X%)) — F(H(x))

eQ(H(x))
— By [ (GAGFHED) B ) ) ds

# B [ (GACTDFHED) + BEOF(H(E) ) ds + O

=2

~ By [ (GARDFIHED) - AP () ) d

By [ (BODPHED) - BEF(H(E) ds
eQ(H(x))
B [ (GAGDFHE) + BEF(HE) ) ds+0()

= 0(eQ(H (x))),

where the first equality is due to (2.39) and (2.40) and the last equality is due to Lemma 2.4.11

and Lemma 2.4.12. O

Similarly to Lemma 2.4.10, we can look at the transitions between y(¢®) and (£**). By
the transition probabilities given in Lemma 2.4.8 and transition time given in Corollary 2.4.7 and

Lemma 2.4.13, one can obtain the following result using the Strong Markov property.

Corollary 2.4.14. There exists a function g(r) with lim,_,o g(r) = 0 such that for all © € (%),
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y € T™, and ¢ sufficiently small,

Lemma 2.4.15. Foreach f € D, ase | 0,

sup  sup (B [f(H(XZ)) = f(H(z)) — /OU Lof(H(X?))ds]| = o(c"),

(z,y)ev(e*)xTm o’'<o

where the first supremum is taken over all stopping times o’ < o.

Proof. Fix k > 0. By Corollary 2.4.14, we can choose r small enough so that for stopping time
0 < 0t B [H(XZ ) 00) — H@))| < 5 and B [f(H(XZ000) — F(H(@))]] < ke,
and

T(r)Ac’ B
sup sup |E(m,)/ L.f(H(X?))ds| < ke,
0

(z,y)€vy(ev)xT™ o' <o

for all ¢ sufficiently small, using similar arguments leading to (2.21) and (2.27). It follows that,
P(a;,y)(H(Xf(r)M/) =r) < H(z)/r + ke*/r < 2¢*/r. Therefore, uniformly in all z € (&),

y € T™ and o’ < o,

!

B (H(X2)) — f(H () - / " L f(R2)ds)
N T7(r)Ao B
< (B [IH (X 00r) — F(H(x)) — / Cof (H(X2))ds)

+ Py (H(X yrer) =7) /Seu?)\E(zf,yf)[f(H(Xi/))—f(H(l‘))—/O Lof(H(X))ds]|
y' €™
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< 3ke?,

for ¢ sufficiently small, due to Proposition 2.4.6 and our choice of r. The result follows because

 can be chosen arbitrarily small. [

Lemma 2.4.16. There is a constant k > 0 such that, for all  sufficiently small,

sup Eg e ? <1 — ke
(zy)€v(ex)xT™

Proof. By Corollary 2.4.14, as in the proof of Lemma 2.4.8, we can fix 0 < r < 1/3 such that
for all v € y(¢®), y € T™, and ¢ sufficiently small, P, ) (7(r) < 0) > %/2r. Let F be defined

as in (2.37) and t = F'(r)/3, then it follows from Proposition 2.4.6, as ¢ |, 0,

B oAT(2r)At B
10 B [P (X)) = FAH@) = [ LX) = 0

(zy)€y(r)xTm

Thus, we have that for all z € v(r), y € T™, and ¢ sufficiently small,

E(xvy)F(H(X(i/\T(Qr)/\t) > F(r)/2,

and it follows that,

E($,y)F(H(X§AT(2T)At> F(r)
SUP(o,27] F(h) Zsuppg o) I

P(Ly)(a > t) > P(x’y)((f A\ 7‘(2’/“) > t) >

) =:c1(r).
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Then, for all z € (r), y € T™, and ¢ sufficiently small,

Ewye " <Puy(o <t)+Puy(c>t)e <1—-Puylo>t)(1—e") <1—cr),

with ¢(r) = (1 — exp(—=F(r)/3))c1(r) > 0, and therefore,

Eg e ? <Puy(o<1(r) +Puylo>71(r)) sup E e’
z'ex(r),y' €Tm

<1—=Ppy(o>7(r)(1 - sup Ew y)e?)
z'ex(r),y’ €Tm
1 e®
<1-—-— —
<1 o)

The result holds with k = ¢(r)/2r.

Corollary 2.4.17. For a given t > 0, the expected number of excursions before t is O(e™%):

0o 0o .
€ —a
ZUP(%ZI) (TnJrl < t) < Z_;P(xay)(an < t) < Eg 5

where k is the constant chosen in Lemma 2.4.16.

Proof. By Lemma 2.4.16 and the strong Markov property,

sup  Egn e <( sup  Eggye 7)" < (1 —ke®)".
(w,y)eM xT™ (z,y)ey' xT™

Thus, by Markov’s inequality, for all n > 0,

Plog)(Tat1 <1) S Py(on <t) < eBye ™ < e'(1— k)",
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and (2.43) follows by taking the sum. [

2.5 Exponential convergence on the separatrix

We fix 0 < o < 1/2. As in (2.6), we define inductively two sequences of stopping times
on,n > 0, and 7,, n > 1, but now for the general process (Xf, ff ) on M x T™ with additional
drift c(x,y). Without loss of generality, we assume that the saddle point O satisfies H(O) = 0.
Let Ve = {z : |H(z)| < *} and Uy, Us, U; be the three domains separated by v. We aim to
prove that the distribution of Markov chain (f( o fgn) converges in total variation exponentially

fast, uniformly in ¢ and in the initial distribution. Namely, we have the following lemma.

Lemma 2.5.1. Let v}}; denote the measure ony x T™ induced by (X ,&; ) with starting point
(x,y) € v x T™. Then there exist a probability measure v° on v x T™ and constants = > 0 and

0 < ¢ < 1 such that, for all € sufficiently small,

sup  TV(ypp,v%) <Z-(1-¢)",
(z,y)EYXT™

where TV is the total variation distance of probability measures.

The rest of this section is devoted to the proof of Lemma 2.5.1. Let o,, n > 0, and 7,,,
n > 1, be the stopping times w.r.t. (Xg,£) that are analogous to o, 7, w.rt. (X2, £5). The
lemma is equivalent to the exponential convergence in total variation of (Xf_n7 éf-n) on~ x T™,

uniformly in € and in the initial distribution. The proof consists of three steps:

1. The process starting on 7/ x T™ hits I x T™ before 7, with uniformly positive probability,

where [ is a fixed interval on the separatrix.
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2. Let the process starting on / x T™ evolve for a certain period of time. Then, by a local
limit theorem, we can estimate from below the probabilities of hitting O(e)-sized boxes in

a certain O(/¢)-sized region, uniformly w.r.t. the starting point on I x T™.
3. By the Hormander condition (H5), we prove a common lower bound for the density of the
distribution of the process starting from each of the O(e)-sized boxes after a short time.

Let us take care of these steps in order.
Step 1. Let 0 < S < 1, which will be specified later. We prove that the process has
a uniformly positive probability of following along the averaged motion and going through a

neighborhood of the saddle point without making a deviation more than /¢ in terms of H.

Lemma 2.5.2. For each fixedt > 0, 3’ > 0,

Py (SUP | X7 — x| < 5,\@) ,

0<t<t

is uniformly positive for all (x,y) € M x T™ and ¢ sufficiently small.

Proof. Letthe eigenvalues of V2 H be bounded by K. Recall formula (2.19). By the boundedness

of the coefficients, the event

t B _ _ 1 B
E = { sup | | Vyu(X:, &€)o(&)dWs| < 55/6_Kt}

o<t<t Jo

has positive probability, uniformly in the starting points. By (2.19), we have that on the event F,

fort < tande sufficiently small,

X: - <| / (VEH(XE) — V4 H(z.)ds| + V2| / V,u(X2, E)o(€)dW)|
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+€|/ [Vou(X5, €)b(XE, €) + Vyu(XE, €)e(XE €)]ds| + elu(z,y) — u(XF, &)

< K/ | X — x,|ds + Be /.
0

Then Gronwall’s inequality implies that \Xf — x| < B'\/eforall t < {. Therefore, E implies

{supp<;<i |X¢ — ;| < B'\/}, and the uniform positivity follows. O
Lemma 2.5.3. For any given 0 < c < 1, there exist curves I'y and I'y in U, such that

(i) I'y and Iy have their tangent vectors as NV H. They intersect with the separatrix on different
sides of the saddle point and the averaged motion on the separatrix spends finite time from

FQ to Fl.

(ii) Let x € T'y satisfy 26/ < |H(z)| < 2v/€ and 7, = inf{t : X € T';}. Then for all

y € T™, P a2y (SuPo<i<r, |H(X?) — H(z)| < B\/E) > cfor all < sufficiently small.

—

I3

’2

Figure 2.5: Curves in different coordinates.

Proof. Suppose H(x) > 0 for all z € U;. By the Morse lemma, there exist neighborhoods U and
V' of the saddle point O and the origin, respectively, and a diffeomorphism v from U to V' such

43



that H(xz) = G(¢(z)), where G(z) = z;29. Then consider a random change of time by dividing

the generator by D(z) := det(V,¥(z)):

B b Xa* ek
de* — ( t~7 *t )dt,
D(XF)

. . 2.44
FEX 1 U( ;:*) d 1 U(Ef*) ( )

Xs* e
th+C< L E)

P eD(X) Ve [p(xe) D(X:¥)

Write the equation for Z&* := (X *):

- 1 ~ ~ ~ ~ -
A7 = ——— VbW (ZF)b(WN(Z5), €7)dt =: b (25, €%)dt.
D) YT ZENWTHZT), &) ( )

It is not hard to verify that b*(z, y) satisfies

/ (= y)duly) = V),

Hence, by Lemma 2.3.2, there exists a bounded solution u*(z, y) to

Lu*(z,y) = (0" (2,y) = V' G(2)) - D' (2)).

Consider a local coordinate G = z125 and ¢* = %].Og(ZQ /z1) in V. The averaged motion has
constant speed: 0 in GG and 1 in ¢*. As in (2.21) and (2.22), we have the equations for é’f* =

G(Ze*), &2+ = ¢*(Z5*), by applying Ito’s formula to uy = u* - VG and uj, = u* - V¢*, with
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2= (), go = G(2), and ¢ = ¢7(2):

o(€5)
D(y=1(Zz*))

Gor = go+ Ve / v ul(Ze )T AW, — =(u (27, &) — i (,9)
(4

Z:), &)
D(¢1(Z

)

AW, — e(u(Z5, €7) — ui(z,y))

ds(2.45)

_|_€/ (ZE* EE*) b*(Zs* EE*)+Vyu (Zs* éz*) . E
0 ")

o(€5")
D(yp=1(Zz*))

t
D = f +t + \/E/ vyu;(zg*,gg*)T
0

(¢~ (ZE*) &)

ds(2.46
D (2 | P

+€/0 [V u¢(Z€* €§*> b*(ZE* 58*)+Vyu¢(zs* 52*) .

To get the lower bound for the desired probability, we will choose the curves I'y and I’y
that are close enough to the saddle point. The time it takes to get from I’y to I's is still of order
|log | since they are chosen independently of . In this way, the process starting on I'; and
stopped on I'; will be shown to have small variance, hence it is unlikely for the process to have
deviations larger than what we wish. With C' > 0 to be specified later, let [; = {z : ¢*(2) =
tloge + 3log B+ Ch Iy = {z: ¢*(2) = —(3loge + 3log B+ C)}, and I = {z : ¢*(2) =
—(i loge + %log B + C) — 2}. The idea is to look at event that the process stays close to the
averaged motion before the latter reaches /5, which implies that the process does not make a
large deviation in G, or equivalently, in H, before reaching /5. Let I'j, I'; be the curves that
have tangent vectors as V1) o 1)~1(V,1 0 ~1)TV G and go through the points (e, e £/¢),
(e“T18y/e,e~C~1), respectively. Since ¥ is a diffeomorphism, it is easy to see that each z on '}
or I's with G(z) > 4/ satisfies that § loge+3 log 8+C < ¢*(2) < —(3loge+1log f+C)—
Let I'; and 'y be the pre-images of I'] and I'; in U;. They have VH as tangent vectors due to

the specific way we construct I'7 and I';. Consider the process in (2.44) starting at + € Iy
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satisfying that 26/c < H(x) < 2./e with an arbitrary y € T™. Let ¢} = ¢; + t. Define
ty = inf{t : ¢ = ¢*(Io)} and 7 = inf{t : |G5* — go| = BV/E} Adnf{t : [B5* — ¢F| = 1} Aty

Then it is clear that P, ,)(Supg<i<, H(X;) — H(z)| < BvE) > Proy (1 = t,). Let Sg and

S, denote the stochastic integrals in (2.45) and (2.46), respectively, with ¢ replaced by 7. Since
75 < |logel, VG is bounded, and V¢* < £71/2 pefore 77, we see that the unwanted deviations

happen only if S and S are large. Namely,

Py (72 <to) S Py (ISel = BVE/2) + Py (95 = 1/2).

Both terms on the right-hand side can be controlled by Chebyshev’s inequality. Note that there

exists a constant X > 0 independent of ¢ such that

T*

Var(Sq) < eKE / TV G(Ze 2ds

0

= 5KE/ ” @§*<€2<fi* + G_Qéi*)ds
0

<K / (24 B)VER( + e )ds
0

—2(% loga—i—% log B+C)
< 3KVe3e? / (€25 + e72%)ds
0
—(% loga—i—% log 8+C)

= 3K\/€_362/ (€% + e %) dy

i log 5+% log B+C

3
S —KGQ_QCE,
B
and, similarly,
T; ~ 7—; 1 HE* 5 E* 1
Var(S;) < eKE/ IVO(Z5)|2ds < eKE/ & (€257 4 72 )ds < EKGQ_QC.
0 0 ox
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Then C' can be chosen large enough such that both variances are small enough, and hence

Py (IH(XE) — H(z)| < BE) > ¢ O

Figure 2.6: Four curves on four directions.

We can choose the corresponding curves in the other regions. As a result, we have four
curves corresponding to four different directions, all with positive distance to the saddle point, as
shown in Figure 2.6. Moreover, the corresponding transition probabilities near the saddle point
have lower bounds analogous to that given in Lemma 2.5.3 (ii). For the rotations happening
away from those curves, we will prove that, before the time when the process comes back to the
curves, the deviation of H can be large enough to cross the separatrix with positive probability.

Let Fi(hl, hg) be the set {.T S Fl : hl S H(l’) S hg}

Lemma 2.5.4. For each fixed t > 0,

P(;E’y) ( ianH(XtE) < _\/g’ sup ’th _ wt‘ < €1+42a>
0<t<t 0§t§£
is positive uniformly in & € U3(0,2/Z), y € T", and all & suffciently small.

Proof. By Lemma 2.5.2 and the Markov property, it is enough to consider small ¢ such that x,

does not reach I'y before ¢. Using formula (2.19) again, we see that P, ;) (sup,<; | XE — x| >
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£77%) = 0 as e | 0 uniformly in (z,y). Use formula (2.21) on a shorter time scale:

HUKE) = )+ 7 [ 9, &)o@, + c(un(r.0) = n(X7.€0)

: / V.un (X2, €0) - UXE €0) + Vyn(X €6) - (X5 )]s
0

So, it suffices to show the uniform positivity of

o<t<t 0<t<t

Py ( inf / Vyun(X (€E)dW < —4, sup |X — x| < 51+42a> )
Note that there exists another Brownian motion W such that
[ o &a€am, v ([ 19, mk & o € ).
Recall that in Section 2.4.1 we defined A(z) = [, |Vyun(z,y)o(y)*du(y). By Corollary 2.3 .4,

By / 1V, un (X2 ) To (€9))2ds — / A(X3)ds| = O(/2). (2.47)

142

Note that on the event {supy,; | X —ax,| <e 7}, A(X?) is uniformly positive for 0 < ¢ < £.

Let us denote this lower bound as m, which is independent of z, y, and . Then

t
1:'(904,)(/O A(XE)ds > mi, sup | X5 — | < 55) 5 1.

o<t<i
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By the L' convergence in (2.47), we obtain

0<t<t

i
P, (/ 1V, un (X, &) To(€9))2ds > mi/2, sup | X: — ] < ) Sl (248)

Suppose 0 < ¢ < P(infocicio W, < —4). Then, for all ¢ sufficiently small,

( inf / Vun( X2, €)To(€2)dW, < —4, sup | X7 — x| < €1+42a>

o<t<t 0<t<t

=Py ( inf W (/ |Vyun(X ) 0(52))|2d5> < —4, sup |Xt€ — x| < €1+42a>

0<t<t 0<t<t

t
> Py ( i =T / IV un (X5, €)To(€9))2ds > mi/2, sup | X7 — @y < )

0<t<mi/2 0<t<t

> /2.

Remark 2.5.5. The result in Lemma 2.5.4 also holds for x € T4(0,2+/¢). Similarly, for each

fixedt > 0,

Play) (SUP H(X?) > e, sup | X7 — x| < 51+42a>

0<t<it 0<t<t
is positive uniformly in © € T'y(—2+/2,0) UT4(—21/2,0), y € T™, and ¢ sufficiently small.

Now we can choose § = 1/10. By the results in Lemma 2.5.2, Lemma 2.5.3, Lemma 2.5 4,

and Remark 2.5.5, using the strong Markov property, we obtain the following lemma:

Lemma 2.5.6. There exists a closed interval I on ~y that does not contain the saddle point and
a constant 0 < ¢ < 1 satisfying the following property: if the system (2.13) starts at (x,y) €

~" x T™, then for all  sufficiently small

P(%?J) (771 < T1> >c
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where 7, = inf{t : X7 € I}.

Remark 2.5.7. In order for us to apply Lemma 2.5.4, we need to choose I that contains the
intersection of 'y and v in its interior. In fact, it is not difficult to show that Lemma 2.5.6 holds

for any subset of v with non-empty interior (see Figure 2.7).

Figure 2.7: The interval on 7 can be reached from any points on «’.

Step 2. Without loss of generality, we assume that if @, starts at one endpoint of /, then
the other endpoint is x; /5. In the remainder of this section, x; always denotes this deterministic
motion, irrespective of where Xf starts. We aim to study the distribution of the process (X ‘s éf )
starting on [ x T™ with certain ¢ > 0. The choice of ¢ will depend on the initial point = being
considered (see Figure 2.8), and this will be convenient as we use the strong Markov property
later when combining all three steps. To be more precise, for x € I, let s(x) be such that
ZTye) = = (500 < s(x) < 1/2). We introduce a process ff, 0 < t, as the second term in the

expansion of X'f around the deterministic motion & (,)1):

d(; = V(VH) (@) 1) S At + D@y &) — VEH (Ty(ay40)]dE, (= 0.

(Note that, for finite ¢, éf is of order y/z.) Then, by standard perturbation arguments and
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xo L €T L1/2 L1

Figure 2.8: Higher order estimate on the distribution of Xf.

Gronwall’s inequality, it can be shown that, uniformly in z such that 0 < s(z) < 1/2,0 <

t<1-—s(z),andy € T™,

E(oy)| X5 — @ow)e — G| = O(e). (2.49)

Therefore, understanding of the distribution of 5 s @) would help one to understand the distribution
of X I—s(z)- However, it is not straightforward to study (s since (£, () is not a Markov process.
We introduce a related process (; defined using the original Markov process &7, apply the local
limit theorem to (&7, (;), and use the Girsanov theorem to get the desired estimate. Namely, let

¢f, s < 't, be defined by:

d¢E = V(VTH) (@ s(0)40) At + D@ s, &) — VEH (o)1) dt, ¢ = 0. (2.50)

The following result is a version of the local limit theorem [1] (cf. Theorem 3.6.3) adapted to our

case.

Theorem 2.5.8. Let g : [0,1] x T™ — R? be a C*™ function such that g(t,-) spans R?* and
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Jom 9(t,y)dp(y) = 0 for all t > 0, where yu is the invariant measure of &;. Then a local limit

theorem holds for the following random variable as ¢ — 0 uniformly in (x,y) € I x T™,

1 1—s(z)
s=t [ gtsto) v e gt
0

3

Namely, there exists an invertible covariance matrix B(s) continuous in s such that

lim 2_7r detB(S(x)) . P(x,y)(S€ —uc [07 1)2) - exp(_€<B(s(gj))—1u,u>

e—=0| & 2

)| =0, (2.51)

uniformly inu € R%, x € I, and y € T™.

The second term in (2.51) is non-trivial even when u takes large values (of order 1/4/¢),

which is exactly the situation we are dealing with. Following (2.50), we solve explicitly
1—s(z) N
Gy = [ Vo ey &) — *Hzors)i,
0
where U, 5 solves the differential equation
AUy s = V(V*'H)(2,) Uy ods,

and U, , is the identity matrix. Since x; is deterministic, the integrand can be treated as a function
only of time ¢ and &. Moreover, for each ¢, the integrand has zero mean w.r.t. the invariant

measure and spans R?, since Ui, 1s deterministic and non-singular and, for each =z, {b(z,y) —
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VL H(z) : y € T™} spans R? by assumption (H4'). Then Theorem 2.5.8 implies that

Py (éqs(x) €, g+1) x[kk+ 1)) > = de:B(s(x)) exp (—6<B(S(x>)2(17 k), (J, k?)>)

(2.52)
for all € small enough, —1/y/c < j,k < 1/y\/e, x € I, and y € T™. Finally, we compare
(X, €5, (o) with (X2, €2, ¢F). Since the added drift ¢(x, y) in the equation of £ is small compared
to the diffusion term \/iga(y), it is not hard to verify that, using the Girsanov theorem, for all ¢

small enough, —1//c < j,k < 1/y/e,x € I,andy € T™,

Pl (i 1+ 1% 84 D) 2 1P (A L+ x k1)
(2.53)
Step 3. We proved that x; + fffs(z) reaches the O(e)—sized boxes with probabilities
bounded from below. We also proved that X f_s(l,) is O(g)-close to x; + ff_s(w) in L'. Let us take
K

one generic pair (j, k), let B;;" = 1 +[(j — K)e, (j+ 14+ K)e) x [(k— K)e, (k+1+ K)e), and

study the distribution of (X7, £;) with the initial point in B5 x T after time of order O(e).

Figure 2.9: Common component of the distributions.
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Lemma 2.5.9. Foreachx > 0, K > 0, and 3y € T™, there exist ty > 0, ¢ > 0, and, for each pair

(J, k), a point 5 such that, for each (x,y) € Bj,f x T™ and all ¢ sufficiently small,

P(ij) (7’,.i < t26) > c,

where 7, = inf{t : X{ € B(%5, ke), & € B(j,r)}.

Proof. Recall the definition of @, at the beginning of Step 2 (see Figure 2.8). By assumption
(H4'), {b(x1,y) : y € T™} spans R?. So there exist y;,y> € T™ such that v; := b(xy,y;) and
vy := b(x1, y) span R?. Let us consider the set S, = ﬂxij_f {z 4+ avy + bvy : a,b > 0}. Then
it is easy to see that, there exist a constant ¢, > 0 and, for each pair (7, k), a point ij x € Sk such
that for all z € Bj,f( , :f:;k = x + azevy + byevy and 0 < a,, b, < to/5. There exists 6 > 0 such
that for each = € B(«1,2d) and each y in B(y;, 20), |b(x,y) — v;| < Kk/ta, i = 1,2. Let M be the
upper bound of vector b(x, y). For all ¢ sufficiently small, the probability of the following event,
denoted by F, has a lower bound, denoted by ¢, that only depends on t9, xk, M, y1, y2, ¥, 0, and

not on the starting point (z,y) € B(x1,d) x T™, thus not on (7, k):

71 < (ta A k/M)e/5; éilH € B(y1,20), t € [0,a.€]; 72 <71+ a, + (ta A k/M)e/5;

e € B(y2,20), t € [0,b,e]; T3 < o+ bye + (ta A K/M)e/5

where 7 = inf{t > 0 : & € B(y,0)}, m» = inf{t > 7 + a,e : €& € B(y,0)}, and
75 = inf{t > 7 + bye : £ € B(§, k) }. If E is a subset of the event {7,, < t,¢}, then the lemma

is proved. To show the inclusion, note that on F,

]X'js — 5.l = |X§3 — (T 4 azevy + byevs)|
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< |X§3 7'2+be| + | T2+l7 e (X7€—2 + bx5U2)| + |X X7€—1+a a|
+ | Tl+azs (Xil + ax5U1)| + |X§1 — ZE‘

< Ke.

Besides, by the definition of 73, éﬁg € B(7, k). Thus 7, < 73 < ¢ on E. O

From now on, let § be the point in assumption (H5) such that the parabolic Hormander

condition holds at (z1, ) and let p¢((z, y), -) be the density of (X5, £5.) starting at (z, ).

Lemma 2.5.10. There exists & > 0 such that for each & € B(x1, k) and all € sufficiently small,
there is a domain C5 ; C V* x T™ with \(C5 ;) > we® and p5((x,y),-) > r/e* on C5 ; for

(x,y) € B(z, ke) x B(y, k).

Proof. Consider the stochastic processes that depend on the parameters (¢, z, y):

dO;™ = b(w + 07"y +p™)dt, 657 =0 € R?,

dny™ = v(y +np"Y)dt 4+ ec(x + €07y + np"Y)dt + o(y + np ™) dW, ng™? =0 € R™.
(2.54)

Since, by assumption (H5), the parabolic Hormander condition for equation (2.1) holds at (x4, 9),
it is not hard to see that, if (x,y) is close to (¢, 7) and ¢ is small, the parabolic Hormander
condition holds for (2.54) at 0 and the distribution of (6;"", n;"*"¥) is absolutely continuous w.r.t.
the Lebesgue measure ([29]). Moreover, if the density function, denoted by p;"(6,7), exists,
it is continuous in €, z,y, 0, and 7. Let 0 and 7 7) satisfy that po b y(é, 7) > 0. Then there exists
0 < & < 1 such that p7™¥(6,n) exists and is greater than ¢ for all 0 < & < §, z € B(xy,9),

y € B(y,0),0 € B(9,5),and n € B(i,6). For & € B(x,,/2), define C% ; = B(i+e0,e/2) x
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B(g + 1,0/2). Then, for (x,y) € B(z,e6/2) x B(y,6/2), and (2',y') € C;

x7y ’

and 0 < € < 4,

we have that

c | )
ril(e,y), (@',y) = 0~ ( —y - y) > 5.
The result holds with x = (§/2)™+2. O

Lemma 2.5.11. For each K > 0, there exist constants ¢ > 0 and t; > 0 such that for all
—1/ve < 4,k < 1/4/¢, there exists a measure 5 and a stopping time ﬁg’k < ty1€ such that
for each (x,y) € Bj,f x T™, the distribution of (X;§k7é;§k) starting at (v,y) has 75, as a
component and 75, (V= x T™) > c for all € sufficiently small.

Proof. We fix constant > 0 such that the statements in Lemma 2.5.10 hold. Then, for the
fixed k, by Lemma 2.5.9, we fix t; > 0, ¢ > 0, and the point 5, for each pair (7, k) such
that for all (x,y) € B;,f( x T™ and ¢ small, P, (7, < tag) > ¢, where 7,, = inf{t : X; €
B(%5,,, ke), & € B(j, x)}. It follows from Lemma 2.5.10 that there is a domain C5p CVEXT™
with A\(C%,) > ke® and pi((z,y),-) > r/e” on C5, forall (z,y) € B(i5,, ke) X B(y, x). Then

2

the result follows if we define ¢ = k=, Ty = dr/e? - X{C;.,k}k, ty = ty + 2, and ﬁg’k =

T. N toe + € < t€. ]

Now let us combine Step 2 and Step 3 together to get the following result concerning the

total variation distance of (Xﬁ , én) with different starting points on / x T™:

Lemma 2.5.12. For each (v,y) € I xT™, let [i;, , be the measure induced by (X, &) starting
at (x,y). Then there exists ¢ > 0 suchthat TV (i, ,, fi5, /) < 1—cforany (z,y), (z',y') € IXT™

and all € sufficiently small.

Proof. 1t suffices to show that there exist ¢ > 0 and a stopping time 17 < 7y such that the total
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variation distance of (X, €;) with different starting points on  x T™ is no more than 1—c. Recall
the definitions of s(z) and (f in Step 2. For the process (X¢,£7) starting at (z,y) € I x T™,
define
A5y = {28y € g + 1) x [k k1),
By = {|Xf—s(x) — & — éla—s(x)| > Ke}U{ sup |H(X)| > Kye}).
0<t<1-s(z)

Using (2.52) and (2.53), we can find a constant ¢ > 0 such that, forall z € I,y € T™, ¢
sufficiently small, and —1/y/e < j, k < 1/v/2, P(4)(A5,) > c’c. And using (2.19) and (2.49)
we can choose K large enough such that, for all x € I, y € T™, and ¢ sufficiently small,

P (E%) < /100. Let 7, = 1 — s(x) A 1. Then it is not hard to see that

€ ¥ e, K
Yo Py (A5 N { Xy, € B < /100,
—1/y/e<j,k<1/y/e

Now let us define, for (z,y) € I x T™,

R, ={(,k): —1/VE < 4.k S 1VE P, (A, N{XE, € Bl }) < def2}.

Then we know that |R; | < - since, for every (j, k) € R;

I,y’
€ V< e, K € € v < e, K
P($7y)<Aj,k N {Xﬁ2 ¢ Bj,k }) > P(z,y)(Aj,k) - P(w,y)<Aj,k N {Xﬁg € Bj,k P> 015/2-

Let the constants ¢’ > 0, t; > 0, the stopping time 74" < t,e, and 75 be defined as in
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Lemma 2.5.11. Define

1 1
G / € ~E _ / S5
™ = §C€ E ﬂ-j,lw ﬂ-x,y,z/,y’ = §C€ E 7Tj k-
—1/E<jk<1/\/E U:k)eRs yURS,

In order to define the desired stopping time, we first run the process starting on I x T™ for
time 7), (with overwhelming probability, it is the time for the deterministic motion with the same
stating point to reach x1). Then we use the locations of both 5;2 and ng to determine whether
the process continues and, if it continues, we choose the stopping time based on Lemma 2.5.11.

Namely, we define

M=iet Y x5 n{X5. e B (X5, 6.
1/ <G k<1/VE

where 7" (, ) denotes the stopping time with initial condition (x,y). Then it follows from

previous results that, for any pair (x,y), (z,y") € I x T™, there is a common component 7° —

75 yary Of the distributions of (X;, é;) starting from (x, y) and (z/,y’), respectively. Moreover,
(78 — &S o) (VE X T™) > ¢ since |R;,| < = and |RS, | < =-. Therefore, the total
variation is no more than 1 — ¢/¢”. O

Finally, we combine the result we just obtained with Step 1 to prove Lemma 2.5.1.

Proof of Lemma 2.5.1. As we discussed, the result is equivalent to the exponential convergence
in total variation of (f( b éin) on ' x T™, uniformly in ¢ and in the initial distribution. Let s ,
denote the measure on 7’ x T™ induced by (Xil,éil) with the starting point (z,y) € 4" x T™.
Then it suffices to prove that there exists ¢ > 0 such that, for every pair (z,y), (z/,¢') € ' x T™

and all ¢ sufficiently small, TV (y ,, ui,y,) < 1 — ¢, which follows from Lemma 2.5.6 and
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Lemma 2.5.12. [

2.6 Proof of the main result

Since we deal with both the original and the auxiliary processes in this section, certain
notation needs clarifying to avoid possible ambiguity: the process (Xf ,ég) represents not a
generic process with arbitrary bounded ¢(z, y) but only the auxiliary process with &(z, y) satisfying
(2.15); 0, T, are defined as in (2.6), and 7,,, 7,, represent the corresponding stopping time w.r.t.

(X¢, 7). In (2.24), we defined £, on each edge for a generic ¢(z, y). Here we give a more explicit

definition of £; = L on the edge Ij:

Faf(h) = S A £(8) + Bu(h) £/ (h),

2 1 o
Ap(h) = Qk—(h’>/yk(h) W/o E,bn(, &)bn(, So)dsdl,
] 1 1 © |
Bull) = 7 /y ) /0 B diva (ba(x, &) (b, &) — V2 H (2)))dsdl.

One can easily check that this is consistent with the definitions of A and B, in (2.24), which are

the generalizations of the coefficients defined in Section 2.2, and

A QU [ (1)) = SALIQR() () + Bulh)Quhu) f (). 259)

Lemma 2.6.1. For each [ € D and all € sufficiently small, we have B, [ Lof(h(XF))dt = 0.

Proof. Since the process (Xf , é’f ) on M x T™ is recurrent, and the measure \ x p is the invariant
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measure, by Theorem 2.1 in [32], we have that for any measurable set A C M,

/M Na(@)AA @) = A(A) = (A x p)(A x T™) = B, /O (Xt
Thus,
/M Lof (h(2))dA(z) = B, / " Lo f(h(X))dt

So, it suffices to show that the left-hand side is zero. By (2.55) and (2.8),

/ Lef(h Z/l L f (ha) Qi () dhy

Z/I (5 Ak(hi) £ (hi) + Bie(hie) £ (hie)) Qe ()

=2 /I %[Ak(hk>ka(hk)f/(hk)]/dhk

3
_ o
= Zpk: hELnO f'(ha)

k=1

DN —

Il
=

€

Let us verify the analogue of (2.12) in the case of the auxiliary process (X7, &5).

Proposition 2.6.2. For each f € D andT > 0,

B, [F(W(X2)) — F(h(x)) - / " Lo f (X)) de] — 0

as ¢ — 0, uniformly in x € M, y € T™, and 1 is a stopping time bounded by T
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Proof. We divide the time interval [0, 7] into visits to the separatrix. Since o,, — 00,

B [f (h(X7)) = f(h(2)) — /017 Lof (h(XF))dt]|

< | Tim By [f(h(XE,) — F(h(z)) - / " Lof (h(XE))d]|

] lim By Bg. ) [ (h(XE,)) — F(R(X5)) ~ / LKD)

n

<2 sup IE(x,y)[f(H(Xé))—f(H(w))—/aﬁef(H(Xi))dS]l (2.56)

(2.9)€MXT™ 0

+2lim  sup B y,[f(A(XE)) —f(h(%'))—/oan Lof(MXD)dt)].  (2.57)

=00 (2 )€y xTm

Note that (2.56) converges to 0 due to Proposition 2.4.6, and (2.57) also converges to 0 since

n—oo (:z:,y)E'yX Tm

im  sup By f(R(XE,)) — f(h(z)) - / " LoF (h(X))d)

' Ok+1 N
< lim  sup Z!E(x,y)/ Laf(h(X7))dt]

n—eo (w,y)eyxT™ k=0 k

0 (gy)EeyxTm | — (2! y')EyxTm

n &1 ~
<lm  sup Z<2-Tv<v§;;,ua>- sup (B | Eaf(h(Xf))dtl)
k=0 0

=0,

where the second inequality is due to Lemma 2.6.1 and the last equality follows from Proposition 2.4.6,

Lemma 2.5.1, and Proposition 2.7.3. Thus, the desired result holds. OJ
A technical result is needed to verify (2.12) for the original process (X7, &) on M x T™.

Lemma 2.6.3. For each f € D and § > 0 there is 0 < p < 1 such that, for all x € ~, y € T™,
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and all € sufficiently small,

0 (Bl Y Xpoaeo X, ) = FXE) = [ £1((x)as)
o n=0 ”” (2.58)

<Op+e"6 Y Playlon < p),
n=0

where o' is a stopping time w.r.t. ]—"tX‘ .

Proof. The result holds either with or without the integral term since nearly all of the time
is spent from 7, to o,. To be precise, by the strong Markov property, Corollary 2.4.17, and
Proposition 2.7.3,
& Tn+1
sup sup |E(x,y) Z X{on<ao'} / Lf(h(Xs))dS|
(z,y)eyxT™ o'<p n=0 on
- (2.59)

S osup sup ) [Ewy)X{on<o Eixe, g, )71 = O(e%]logel).
(zy)eyxTm a'<p =,

Thus, it suffices to prove for all € sufficiently small

sup [Eey) Y Xoa<on [ (R((X5,,)) = FM(XE ) S 6p+°0 ) Payy(on < p). (2.60)

a'sp n=0 n=0

Let us prove this for Xf first using Proposition 2.6.2, then apply the Girsanov theorem to
get the result for X;. Let 5’ be the analogue of ¢’ w.r.t. ]—"tX " Divide the time interval [0, '] into

excursions using stopping times &,, and 7,,:

B F(H(XZ)) — F(h(x)) - / C LF(EE)) 2.61)

= B (K2 s) — F(h(2)) — / T LR (2.62)



+> By (X{&n<&’}[f(h(X§n+1/\&’>>_f(h(Xgn))_/nH Ef(h(fff))dt])(l&)

n=0

+Y Eoy, (X{%n<a’}[f(h(X§nAaf)) (X)) - / o £f<h<Xf>>dt]) (264

n=1

Thus, (2.63) converges to 0 uniformly for all x € 7 and ¢’ < p due to the convergence
of (2.61), (2.62), and (2.64), by Proposition 2.6.2, Proposition 2.4.6, and Lemma 2.4.15 with

Corollary 2.4.17, respectively. Note that (2.59) also holds for Xf, hence we conclude that

sup sup Y Egy) (X{&Ny} [F(R(XE,  ner) — f(h(fféin))]) — 0. (2.65)

(zy)eyxTm &'<p  —

To apply the Girsanov theorem, we choose a sufficiently small time interval and use the
fact that the transition probability of (X7, &5) is similar to that of (X7, &) in the sense that they
are absolutely continuous with density close to 1. More precisely, for any fixed 6’ > 0, by the

Girsanov theorem, we can choose a constant p; such that for all 0 < p < py,

d~8
(s <) 2res
'/1:7y

where (5, , and fi;, , are the measures on C|[0, p] induced by (X7, ;) and (X¢, ). Define

o {ia-
dps, ,

< 6} C Cl0,p], ¥ ={(X, t€]0,p]) € C'}.

Note that the quantity in (2.60) primarily depends on the behavior of the processes on time
interval [0, o’] and event €'. Indeed, we can replace the stopping times 7,, by 7, A ¢’ with O(e®)

errors. To replace €2 with ', we need several additional results that control the difference.
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As in Corollary 2.4.17, we fix £ > 0 and choose a large constant C' > 0 independent of p

such that

S Puploa<n) <> e— ket <dpe
n=[Clog(C/p)e~*] n=[Clog(C/p)e=<]

Now we choose ps > 0 such that, for all 0 < p < po, Cplog(C/p) < ¢'. Hence, for all o’ < p,

ZP(W)({% < oI\ Q) < Cp*log(C/p)e™ + &' pe™™ < 28 pe~.

n=0

Thus, with K := max;, .o |limp, 1, n,—0 f'(hi)], we obtain

Eea) D Xgowcone [F (XS, no) = FIRXE )] < 2(K +1)8p.

n=0

By following the same steps, we can choose p3 > 0 such that for all 0 < p < ps,

By D Xtowcone [F (X5, ns) = FIRXE )] < 2(K +1)8p. (2.66)

n=0

It remains to consider

By D Xowconnar [F (X5, o)) = FIRXE )], (2.67)
n=0

which can be written and estimated as, with F' denoting the functional on C[0, p] found inside
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the expectation in (2.67),

Fdut ~c d_ﬁi’y €
dlLL.Z’,y - quxvy - F d £ - 1 d’lj/x7y
ol el el Ky
s' [ i+ 0 [ 1P,
Cl I Cl b

The first term is bounded by 2(K + 2)d’p due to (2.65) and (2.66). The second term is simply

bounded by (K + 1)8'e*> " P, (0n < p). Thus, we see that the left-hand side in (2.60) is
no more than (4K +6)0'(p +e* > " Py (0, < p)) with finite K independent of ¢’ and p for

all € sufficiently small. It remains to take 6’ = § /(4K + 6). O

Proof of Proposition 2.3.1. Fix arbitrary 6 > 0. We divide the time interval [0, 1] into excursions

from  to + and from 7’ to y by using stopping times o,, and 7,:

B, [f(h(X2) — f(h(x)) — / " Lrh(X))de)

0

~ By [[(1(X;0) - J(0) - | " LR (X))t 2.68)

Tn+1/A\1N

+ 3 By (X X, 1) = 0K~ [

On

Ef(h(Xf))dt]) (2.69)

n=0

+ Euy (X{m@}[f(h(XinAn)) — f(h(XZ)) — /Un nEf(h(Xf))dt]) . (2.70)

n=1

Here (2.68) converges to 0 by Proposition 2.4.6 and (2.70) converges to 0 by Lemma 2.4.15 and

Corollary 2.4.17. It remains to consider (2.69) and it suffices to consider instead

S E,) <x{an<n} 0 0) = Sk ) [ £f<h<Xf>>dt1) @)

because the difference converges to 0 by Proposition 2.7.3. By Proposition 2.6.2, we choose
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0 < p < 1 such that (2.58) holds for ¢ and all ¢ sufficiently small. We introduce the stopping
times &,, by letting 6, = o and &,, be the first of o such that o, — 7,1 > p. It is clear that

or/p = T = 1. Hence, we can replace (2.71) by

[7/p)-1

D By (XonemBixe e ) > Xopeny [F (X5, )= F(R(XE,))— / LE(h(XE))dt))
n=0 k=0 On

and, by the strong Markov property, the difference is no more than

sup 5up [Brayy S Xponeon [FURCXE,) — FOR((XE)) — / " Lr (X)),

!
(z,y)eyxTm o' <p n—0

where ¢’ is a stopping time w.r.t. ]-"tX ", Both of them can be bounded by O(§) due to Lemma 2.6.3

and Corollary 2.4.17. [

2.7 Technical proofs

2.7.1 Derivatives of the action-angle coordinates

In this section, we carefully estimate the first and second derivatives of ¢(z), Q(h), ¢(x),
A(h, ¢), and B.(h, ¢) in order to prove (2.30). Our main tool is the Morse lemma. Note that we
only need to verify the bounds near the separatrix, since the derivatives are uniformly bounded
inside the domain. For z,y € R2, let z — y denote the line segment connecting = and y.
For z,y € ~(h) for certain h, let + - 1 denote the piece of v(h) connecting x to y along the
direction of V- H. Recall that ¢(z) = fl (Do ﬁdl . To start with, using the Morse lemma,

one can compute that ¢(z) < |log H(x)| and Q(h) < |log h|. Then we make use of two special
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deterministic motions in the directions of VX H and V H to calculate the first derivatives of ¢(z)

precisely:

d.’Bt = VLH(mt)dt,
dy, = VH(y)dt.

It follows that

Y

I

O 2

Figure 2.10: Motions tangent and perpendicular to the level curve.

q(xt) = q(zo) + 1, (2.72)
VH VH
= ———— ndl = iv(——— 2.
q(ye) q<y0)+/apt VH ndl q(yo)—i-/Dt dw(wHP)dS, (2.73)

where D; is the region bounded by [, trajectory of y,, 0 < s < t, v(H(yo)), and v(H (y:)),
as shown in Figure 2.10. Thus, by differentiating (2.72) and (2.73) in ¢, we have the following

equations:

Vq(z) ViH(z) =1,
(2.74)

VH 1
qu-VH:c:VHa:Q/ div(—=——=)—=—=dl.
(@) VH@ = IVHWP [ (e
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Therefore, with subscripts denoting the partial derivatives, by solving the linear system,

!/

_ 2
H/

¢ = H{Tle + Hyp,
where p(z) = fl HD dlv( )WH‘dl Using the Morse lemma, one can compute p(z) =
O(1/H (x)), since

VH 1
di .
7T

Note that the non-degeneracy of the saddle point implies that |[H| < |V H|?, and hence Vg =
O(|VH|/H). The next step is to estimate Vp. For all z,y close enough, with D denoting the

region bounded by [, + — y, y(H (z)), and v(H (y)), we have

VH @VH VH @VH
= -ndl — d -ndl
o) =l =| | (i g it = WQVHPNVHP ‘
VH VH VH
< .
_/D div [le(|VH|2)|VH|2:| dS—i—/ dw(|VH|2 ]VH|

1 1
< | ———ds+ / —_dl.
/D [VH|! ooy [VHP?

. 2 . .
Then one can obtain |Vp| < [VH|/H* by using the Morse lemma again and, as a result, |¢};| S

\VH|?/H?, 1 < 4,7 < 2. Similarly, we can estimate the derivatives of Q(h). In fact, Q'(h) =

f dlv(

i) \v1H| dl = O(1/h) because of the estimate we had on p(z). In addition,

Q" ()] =

VH  VH] 1 1
div [div( ) } dl’ < / L u—oam.
[/(h) IVH[?"|VH[?*| [VH| vy IVH?
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Since ¢(z) = q(x)/Q(H(x)). [V¢| S |VH|/H and |¢j| < |VH|*/H? 1 < i,j < 2. Finally,
we estimate the derivatives w.r.t. h of a general function F'(h,®) = F(zy,x5) with F having
bounded first and second derivatives. By computing the inverse of the Jacobian of (H, ¢) and
using the first equation in (2.74),

_ Hey, — Fyéh

P =12 "2
" High — Hye}

= (F{ ¢ — F3¢))Q(H (21, 75)). (2.75)
We deduce that F}, = O(|log h|/h) and, using F}, instead of F in (2.75), F}, = O(|log h|*/h?).

Similarly, one can obtain F, = O(|log h|) and Fjj; = O(|log h[/h).

2.7.2 Exit from neighborhoods of critical points

In this section, we obtain estimates for the exit time from the neighborhoods of the critical
points, including extremum points and saddle points. Recall the notation in Section 2.4: O is
a saddle point, O’ is an extremum point, U is a domain bounded by the separatrix, and n(h) =

inf{t : |[H(X7) — H(O')| = h}. Recall the function  defined in (2.17) and let us define

Aw)= | V,ule,y)o)oy) TV, ule,y) duly). (2.76)

T m

Using assumption (H4'), one can see that A(x) is positive-definite. Indeed, if there exist a point =
and a vector v # 0 such that v" A(x)v = 0, then, since oo is positive-definite, v"V , u(x,y) = 0
for all y € T™. Namely, v u(z,y) is constant, and v (b(x,y) — b(x)) = L(vTu(x,y)) = 0 on

T™, which contradicts with (H4').
Lemma 2.7.1. Recall the definition of B.(x) in (2.23). If O’ is a minimum point, then B.(O’) >
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0; if O is a maximum point, then B.(0’) < 0.

Proof. We prove the result in the case of minimum point. The other case can be treated similarly.

Since O' is a critical point and Lu(x,y) = —(b(z,y) — b(x)), we have VH(O’') = 0 and

BAO) = [ [9a(0. WO 9) + V(O p)el,)lduly)
— [ u(0) VRO y)duty)

__ / (0 ) TVH(O) (O y)diy)

—— Y o) / (0 y) Ly (O, y)du(y)

— 2,01
1<4,5<2
= — Z e H(O’)/ 1(uLu + uiLu;) (O, y)du(y)
B . 81:28% m 2 ‘ J J ‘ Y)Y
1<i,5<2
=3 > o HO) (A~ [ Lwa)uty
2 4~ Ox01; " o T HEY
1<4,5<2
1 0? ,
S A(O'
1<4,5<2
This is positive since both V2H and A are positive definite at O'. U

Lemma 2.7.2. For each k > 0, there exists 6 > 0 such that

E@y)n(d) < &

for all x satisfying |H(x) — H(O')| < 6, y € T™, and ¢ sufficiently small.

Proof. Without loss of generality, we assume O’ to be a minimum point. Similarly to (2.21), we
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apply Ito’s formula to us (X7 5., & 5)01) and we obtain

B n(d)A1 L 5 B 5
H(X5sn) = H(z) + /0 Vyun(X5, ) o (€)dWs + e(un(x,y) — un(X5 5005 &5 501))

n(§)A1 - . - .
[ V(5 ) W) + V(K58 - (28
0
By taking the expectation on both sides and using Corollary 2.3.4, we obtain
n(6)A1 -
E(w)/ B.(XZ)ds < 6+ O(e). (2.77)
0

Due to Lemma 2.7.1, B.(O") > 0. Hence, we can choose ¢ to be small enough such that
B.(X¢) > B,(0')/2 > 0 before 7(6). Thus, it follows from (2.77) that, for all ¢ sufficiently
small,

E(24)(n(0) A1) < 46/B.(0").

Then P, (n(0) > 1) < 40/B.(0’) for all x satisfying |H(z) — H(O")| < §, y € T™ by
Markov’s inequality. Then, one can obtain the desired result using the Markov property by the

fact that E(, )n(0) < By (1(0) A1) + Eey) (1(0) X {n(5)>1})- O

Proposition 2.7.3. Ler 0 < o < 1/2, V¢ = {z : |H(z) — H(O)| < €%}, and 7 = inf{t : X¢ ¢

Ve}. Then, uniformly in(0 < a < 1/2 and (z,y) € VE x T™, ase | 0,
E(;,7 = O(e*|logel).

To prove Proposition 2.7.3, it is more convenient to consider the process (f(f, éf ), define
the stopping time 7 = inf{t : X; ¢ V°}, and then prove that E(, ,,7 = O(c?*~!|log¢|). We
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need careful analysis of the behavior of the processes near the saddle point and away from the
saddle point. The latter is easier to deal with since there is no degeneracy, while the former needs
us to, again, use the Morse Lemma to make concrete computations. For simplicity, we prove
the result in the case of (X[, &) without the additional drift ¢(x, y) since it can be seen in the
proof that the additional terms induced by c(x, y) are always relatively small. We prove that there
exist two neighborhoods, D; C D,, of O (as shown in Figure 2.11a), such that, in V¢, it takes
the process O(|log¢|) time to escape from D, and O(1) time to return to D;. Since x € V¢ is
two-dimensional, we denote x = (p, ¢). To avoid confusion brought by convoluted formulas, we
assume the saddle point is the origin and the Hamiltonian H (z) = pq in a small neighborhood
of O. This assumption is not restrictive because, as in the proof of Lemma 2.5.3, we can use the
Morse Lemma and perform a random change of time with the multiplier bounded from below
and above, which will not change the order of the expected time. For » > 0, we denote D, to be
the region in V¢ with |p| < rand |¢| < r, (0D,)n = {|p| =r}NV=, (0D,)ouw = {|q| =7} NV,

and choose r3 > 0 small enough that H(z) = pq in D,,.

(ODy, )in

_

i

(a) Two neighborhoods of O. (b) D,, and D,,.

Figure 2.11: Transitions between two boundaries.
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Lemma 2.7.4. There exist r1,ry > 0 such that, uniformly in (xz,y) € D,, x T™, ase ] 0,
E@y)T = O(|loge]),

where T = inf{t : X; & D,, }.

Proof. We denote 1} = (X7 ) and study the behavior of 77 inside B(0, r3). All the computations

below concern X before leaving D,.,. As in (2.19), we can write the equation for 7,

t t
i =q+ / nids + /2 / V,ua(X2, €)To ()W,
0 0

t
be / Vous(X5,€9) - b(XZ, €)ds + e(us(x,y) — un( X5, £)).
0

Introduce 7;, which is close to 7;:

t t t
ﬁ§:q+/ ngds+\/5/ VyUQ(Xj,ﬁj)Ta(ﬁj)dWs+€/ Voua( X, €5) - b(XE, £5)ds.
0 0 0

q _—z

Let F(q) = [le™* [; €“"dwdz, which satisfies F(q) ~ 1logg, as p — oo, and has bounded

derivatives up to the third order. Then we can choose a large C' > 0, such that |F'|, |F"|, |F""

)

lu(x, )|, [Vu(z,y)|, [V?u(z,y)| are bounded by C. Recall from (2.76) that the vector-valued
function V,us(x,y) o (y) has non-degenerate average w.r.t. i, in the sense that Ag(z) > 0.
Let AO = AQQ(O) >0andlet) < r; < ry < r3 be such that A()(l — 1/(20)) < AQQ(I’) <

Ao(1+41/(2C)) in D,,, as shown in Figure 2.11b. Let 7, = 2#2. Define function f(g) (that
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depends on <) and compute its derivatives:

2 q

— o(F(—~ fllq) = ——F==F :
flg) =2( (\/—) (\/—)) f'(q) iz ( A0€) o)
1 __i ! q " _ 2 " q
() = AogF <\/A_os>’ f"(q) = (\/A—@?)F ( Aoe)'
Furthermore, f satisfies the differential equations:
sAvef” +qf = —
(2.79)

By Lemma 2.3.2, there is a function vy(z,y) that is bounded together with its derivatives such

that

Lua(z,y) = [Vyuz(z, y)o(y)]” — Az(2).

where L is the generator of the process &; (see (2.7)). Since |n; — 77| = O(e) and 75 > 19, We

can apply Ito’s formula to vo (X7, £5) f"(nf) for 0 <t < 7:

v (X7, &)1 () =vale, ) " (q) +/0 Va(va( X5, €)1 (n7)) - (X5, €5)ds

1 t
+g/0 Lo (X2, €) " (nf ds+—/ Vv (X5, €))7 " (nf)o(£5)dW.
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Hence it follows that

AUW@@E&W@W—AMXmW%Ms
— & (0a( X5, €) (1) — val,y) f /V’w (1)) - (X<, £)ds
—ﬁ/ﬂ%Wm@M@MWW

—0(1) + O(— t—f/ﬂmVM§§W%MW

\/_
(2.80)

Now apply Ito’s formula to f(7;) for 0 <t < 7:

1) = 1 /fmﬁ%+/f%WWﬂ;@W®Ws
+e/fw@vaX;Q»MX3$Ms+¢§ffW®vaX;§fd§mw
/f P)icds + O(VE) -t + = /f”ns Agy(X5)ds
+5[}Wwwﬁ@Wd$W—Aﬂxmﬂwmm+m¢aw

+ﬁAﬂ@%Mﬁ§WﬁWW

Aoe
2

t—f/ﬂmVM§§W%WMHmﬁH

=ﬂ@+AUWWﬁ+ A% iy + € /stAMX) Ao)ds

+-(0(1 )+O(

O ™

-
+ﬁAﬂ@%Mffﬂ%%W

1@ -1+ 500+ 01 =Y [ e s € TotE
+ﬁAﬂ@%ME§W%WW

where the equalities follow from (2.78) and (2.80), and the last inequality holds since f solves
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(2.79) and | A9 (XE) — Ag| < Ap/(2C). Let 7 = T A 1/e. Then 7 € [—7,To] because

|z — nz| = O(e). The previous calculation reduces to

) < 5@ 724+ 06) + 0 7~ Y5 [ 009, &) o€,

VE [5G (X €O €)W
0
By taking the expectation, we have for all x € D,,,, y € T™, and € small enough

Eqy7 <5 sup f(¢') = O(|logel).

—72<q' <72

Then, by Markov’s inequality and the Markov property, we obtain that E(, ,,7 = O(|logel|). O

Lemma 2.7.5. Let r1, 9, T be defined as in Lemma 2.7.4. Then, uniformly in (z,y) € D,, x T™,
P(x,y)(X; € ((‘3DT2)in) —0ase \l/ 0.

Proof. Again, we denote = = (p, q) and, for simplicity, we assume that the saddle point is the
origin and that H(z) = pq in a small neighborhood of O. We extend the function b(x, y) in the
vertical direction in such a way that it is bounded together with its partial derivatives and the first
component of b(x) is —p in the region {z : |p| < r2}. We denote ¢ = (X7); and show that it
takes significantly longer than | log ¢| for ; to reach %y, hence it is unlikely for X to exit D,,

through (0D,,),,. All the computations below concern X before (; reaches £ry. As in (2.19),
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we can write the equation for (;:

€ __ o ! € ! e ¢e\T €
Ct =P A gsds—l—\/g/o Vyul(Xs’ss) 0-(£s>dWs

e / Vo (X2, €) - b(XE, €)ds + e(ur(z, ) — un (XE, £5)).
0

Introduce é’f , which is close to (;:

t t t
E=p- / Cds+ Ve / Y, (X, &) To(€)dW, + ¢ / Voun (X, €) - b(XE, €)ds.
0 0 0

Since b(x, y) and its partial derivatives are bounded in {x : |p| < 5} x T™, we can choose C' > 0

such that

sup  (|Vyui(z,9) To(y)] V 2lui(z,y)| V [Veur(z,y) - b(z,y)]) < C/2. (2.81)

x:|p|<ro,y€T™

Let us define 7, = 132, 7 = inf{t : [(f| > 7>}, and function f(p) = exp(p?/(Ce)). Then it

follows that

Ce

5 ff=pf = f=0. (2.82)

Note that |¢F] < 7, for 0 < t < 7, since [(F—(F| < Ce/2. Apply Ito’s formula to exp(—t/2) f(CF)

for 0 <t < 75 and obtain using (2.81):

—t/2 p(reN - ' —s/2 p( e ds — ' —5/2 gl ( e £d
e 2F(E) = f(p) / F(E)ds / F(E)czds
e / &2 F(C)V un (X, €) - (X, €5)ds
0

+§ /0 e 2 ()| yur (X2, €5) o (€5)2ds
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t
Ve / 2 f(E5)V yun (X2, €9) T (€5)dW,

1) =5 [ s

+/ e /2 f1((2) <_%é§ + l(éj —(5) +eVoun (X5, €5) - b(XE, €5) — %ég}) ds
0

+§ /0 e 2 f(C) |V yui (X2, €5) o (€5) 2 ds

Ve / &2 f(CEVV s (X2, €9) T (€)W,

1

< )= [ G5 [ e i+ [ e

2 0 0

+ /0 (S [(é§—<§>+evxu1<X§,ez>-b(X;ﬁi)—%éi} ds

L VE / &2 F(CEVV yur (X2, €9) T (€)W,

< f(p) + 18CE(1 — %) + V2 / e/ f1(CE) T yun (X2, €9) T (€2) AW,
0

The last inequality follows from (2.82) and the fact that the integrand on the second line is either

negative, when |Z| > 2C, or small and bounded by 9Cee~*/2, when |(¢| < 2Ce. By replacing

t by the stopping time 7, and taking expectation, we obtain

E. y)e—fz/2 < 2e(ri=m2)/(Ce)

Let 7, = inf{t : |¢F| > r,}. Then, since |¢f — (5| < Ce/2, it follows that

ri—r5  |logel

Ce 2,/

Pay) (T2 < [logel/Ve) < Pay) (72 < [logel//e) < 2exp( )
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as € | 0. However, by Lemma 2.7.4 and Markov’s inequality, we have

Py (7 > [logel/vE) — 0,

as € | 0. Thus, the desired result follows. O]

Lemma 2.7.6. Let T = inf{t : X7 € D, } A 7. Then there exists a > 0 such that, uniformly in

(xuy) € (aDrg)out X Tm;

P, (T < T,/ |Vyuh(X§,£§)T0(£§)|2ds <a)—=0ase — 0.
0

Furthermore, B, T is bounded uniformly in (x,y) € (0D, )ous X< T™.

Proof. Lett > 0 and f > 0 be the lower bound and the upper bound of time spent by x; to get

from (0D, )ou to D, , respectively. Then, similarly to (2.48), there exists a > 0 such that

g/g 142
Py ( / IV, un(X5, )0 (€0)Pds > a, sup | X — a gﬁ) Y

0<t<2t

Hence

P (% <r [ 19 m &) olE) Pas < )
0

<Ppy (A/Q <7< 7',/0 ]Vyuh(Xj,ﬁz)TU(Ei)\zds < a) +Puyy(T<7,7T< f/2)
t/2 1420
<Py | [ 19X E)To€) s < 0 ) + Py  sup 1X7 —] >
0 0<t<2t
—0
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Similarly, it is easy to see that P, ,) (7 > 2f) < P, <sup0§t§2t~ | X7 — x| > 51+42a> — 0, and

the desired result follows from the Markov property. [

Proof of Proposition 2.7.3. Asin (2.21):

H(XE) = H(z) + ¢ / V(X5 E9) - b(XE,€)ds
0

Ve / Y, un(XE, €)T0(€5)dW, + e(un(z, y) — un( X5, £5)).
0

The change in H (X ) is mainly due to the stochastic integral while the other terms are of order

O(e) and O(t - €) and can be controlled. For each t(¢) > 0,

t(e)
{r<t<e>}a{sup VE [ Xz € olga,

[0,¢(e)]

> 36‘1}
(2.83)

t(e)
N {8 | V(X2 €0 6XE €0 < e“/2} .
0

Note that if we choose t(g) = o(g>~'), then the second event is always true. Now we recursively

define stopping times:

0 =inf{t >0, ,: X €0D,,} AT,

0p =inf{t > 07 : X: € 0D, } A T.

We denote D(z,y) = V,un(x,y) To(y). Note that once the process leaves V¢, the stopping times
stay constant afterwards. The main idea of the proof is to show that after a sufficiently long time

t(e), the stochastic integral will accumulate enough variance to exit from V°. Let us bound the
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probability of variance being small:

t(e)
Poy | T2 t(g)v/ |D(XE,€9)ds < 952a_1>
0

t(e)
< Py ("' > t(e) > Hi(a)a/() |D(X¢, &) Pds < 952&_1) + Py (One) > 1(e)),
(2.84)

where the integer n(e) will be specified later. Let 7, 7, and a be defined as in Lemma 2.7.4 and

Lemma 2.7.6. Then

t(e)
Py (7‘ > t(e) > O, / |D(XE, &) ds < 95201)
0

a— 1 [O e gc
< eXp(982 1/a)E($,y) (X{'r>9711(5)} exXp <_a / |D(Xs ) fs)|2d8>) (2.85)
0

1 0% n(e)—l
sup Ey) (X{T>9%} exp <——/ |D(X§>€§)‘2d3>)] .
(x,y)€8Dy XxT™ a Jo

Now let us deal with one excursion from D, to D,.,. For (x,y) € (0D;,)out X T™,

1 T
E(y) (X{T«} exp (—5/0 ID(X§,£§)|2dS>>

< P(x,y)(; < T,/ |D(X§,£§)|2ds < a)+ P(x,y)(% < T,/ |D(X§,£§)|2ds >a)/e
0 0

< exp(9e*! /a)

<:e—099

— I

(2.86)

for all € sufficiently small, by Lemma 2.7.6. For (z,y) € 0D,, x T™:
1[4 ,
E@y) X{r>61} €XP —5/ |D(X:, )| ds
0
1[4
< E@y (X{wa},Xfe(aDm)out} exp <—5/0 |D(X§7£§)|2d5>) + P(w,y)(X; € (0Dy,)in)
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1 T
< s B (v o (<) [ IDOGEPES) )+ Pey(X: € @D

(2',y")E€(ODry)out xT™

S 670.98’

by Lemma 2.7.5 and (2.86). Now we can come back to (2.85) and have

t(e)
Py <T >t(e) > H}L,/ |D(XE,€9)|%ds < 9520‘1) < exp(9e* ! /a —0.98(n(e) — 1)).
0
(2.87)
The second probability on the right-hand side of (2.84) can be bounded by Lemmas 2.7.4 and

2.7.6 with certain X > 0:

Poy) (0 > t(c)) < E g0, /t(e)

_ _\ n(e
S Sup E(x/7y’)7— + Sup E(x/7y’)7— ° Q (288)
(2/,y')€DDy xT™ (2/,y')€DDy x T t(e)
n(e)K|loge|
tle)

Choose n(e) = [10e?*7!/a + 2]. Then the quantity in (2.87) converges to 0. Choose t(g) =
100K &2~ log €| /a, then the quantity on the right-hand side of (2.88) converges to 0.1. Therefore,
the quantity on the right-hand side of (2.84) converges to 0.1. Moreover, since t(g) = o(e*!), it

follows from (2.83) that, for all x € V¢, y € T™, and ¢ sufficiently small,

f/D £ £)

), sup
[0,¢(e)]

< 35“)

te)
<Py (T > t(e),/ [D(XE, €)[*ds > 9571, sup
0

f/D . £)

[0,t(e)]

< 35“)
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t(e)
+ Py <‘r > t(e),/ |D(XE, €9)|%ds < 962‘“_1>
0

< 0.69+0.11 = 0.8,

since the stochastic integral in the last inequality can be represented as time-changed Brownian

motion. Finally, we have by the Markov property

E(y7T < 5t(e) = O(e** | logel). O

2.7.3 Tightness

In this section, we verify the tightness for the original process (2.4) on R? x T™. By the

Arzela—Ascoli theorem, it suffices to check the following two conditions

N1 NES .
(@) Jin_Poy (s (OG> R) 0, (.89
(17) lggl Poy | sup r(h(X7), (X)) >~k ]| =0, (2.90)
0<s<t<T
|s—t|<d

hold for all k > 0, uniformly in all 0 < ¢ < 1. As in (2.21), we can also write the equation for

H(X?), where we consider (X¢, £7) to be a process on R? x T™:

H(X}) = H(r) +/o Vyun (XS, )T o (£)dWs + e(up (o, yo) — un( X5, )
2.91)

t
—I—/ Vaoun(XE,E) - b(XE, E)ds.
0
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By assumption (H4) and Lemma 2.3.2, u(z,y) is bounded together with its first derivatives.
Besides, by assumption (H2), H(x)/|x|] — +oo as |x| — +oo, hence sup{|z| : H(z) <
R}/R — 0 as R — 4o0. Also, there exists an X > 0 such that and H(x) > —K for all
r € R% For R > K, let Tp = inf{t : |H(X?)| = R} A T. Then, by Markov’s inequality and
boundedness of second derivatives of H,

Py (sup [H(X7)| > R) =Py (H(XZ) = R)

0<t<T

< B (H(X:,) + K)/R
S(H@)+ (e+T)sup{|VH(z)| : Hz) < R}+ T+ K)/R

S(H(x)+ (e+T)sup{|z| : Hx) <R}+ T+ K)/R — 0,
as R — 400, uniformly in 0 < € < 1. Thus, we have (2.89), and it also follows that
P(x,y)( sup |VH(X[)| > R) — 0, (2.92)

0<t<T

as R — +o0, uniformly in 0 < € < 1. To verify (2.90), we see that, for an arbitrary x > 0 small,

[T/4]
() t) 5 = (z,y) ko+t)s ko
P sup r(h(X7),h(X9) >k | < P supr(h(Xis.,), h(X5s)) > k/4

0<s<t<T — t<6

|s—t|<d -
[T/3]

< 3" Pl (sup [HXGs,) — XG> w/12)

k=0 =
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Since (2.92) holds, it is sufficient to prove, for each R > 0,

(T/6]
S Pl (sup H(XEy,,) — HXE)| > /12, sup [VH(XE)| < R) 0.
k=0 <6 0<t<T

Let K’ be the upper bound for |b(z,y) — V*H ()|, |u(z,y)|, |Vsu(z,y)|, and eigenvalues of
V?H(z) and (V,uoo "V, u')(x,y) over R? x T™. Here we need to deal with the cases where &

is small or large compared to « separately. Namely, on the event {sup,<,<7 |VH (X})| < R}:

(1) If & > zf57, we have that, by (2.4), for § < ( )2and all 0 <t <4,

__k__
24K'R

1 ké+t SRK'
H(XGs) = HOG) =12 [ VXD X3 €)ds| < S < /12,
and the probabilities are simply zero;
(2) If e < [g7zg,» by recalling (2.91), we have
sup |H(Xli(5+t) — H(X}s)|
=)
kot
< sup| V,un(X2, ) o (65)dW,| + 2eK'R + K(K' 4+ R)6
t<s  Jks

< sup |Wi|+ K”?(K'+ R)d + r/24,

0<t<5K'R2

where W, is another Brownian motion. Hence, for § sufficiently small, independently of ¢,

(T/9]

S Puy) (sup H(XEss) — HXE)| > 5/12, sup [VH(XE)| < R)
— 1<o 0<t<T

T N
< {— + 1] Py sup |W,| > /48

6 OStS(SK/RQ
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as ¢ | 0, since each term is exponentially small as ¢ | 0.
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Chapter 3: Local limit theorem for time-inhomogeneous functions of Markov

Pprocesses

3.1 Introduction

Suppose that { X7} .~ is a time-homogeneous Markov family on a metric space (X, Z(X))
with P(s,z,I") being its transition function. We will drop the superscript = from the notation
when it is clear what the initial point or distribution of the process is. Let B be the Banach space
of bounded # (X )-measurable complex functions on X equipped with the supremum norm:

| f|l = sup,ex | f(z)|. Then we have the corresponding semigroup { P, } s> defined as

Pof(a) = E.f(X,) = /X F () P(s. 2, dy).

In order to state the local limit theorem, we make additional assumptions about { X }s>o. Among
all, the most essential condition is the uniqueness of the invariant measure and the uniform
convergence of X to this measure, which can be re-formulated in terms of the quasi-compactness
([33]) of the operators P, s > 0. To be more precise, an operator P acting on B is said to
satisfy the property of quasi-compactness if B can be decomposed into two P-invariant closed
subspaces:

B=F@&H, (3.1
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where r(P|,) < r(P), while dim(F") < oo, and each eigenvalue of Py has modulus r(P).
Here, r(-) stands for the spectral radius of an operator. Suppose that v is the unique invariant
measure of {X;}s>o, and the distribution of X converges to v in total variation, uniformly in
initial distribution. Then it is clear that, for every s > 0, P is quasi-compact with F' = span{1}
and H = {f € B: (v, f) = 0}, where v is understood as a functional on B via (v, f) = [ fdv.
A more direct way to understand quasi-compactness is to give a decomposition of the operator
itself. Define Lz to be the space of all bounded linear operators from B to itself, and 55’ to be the
space of all bounded linear operators from B to C. For ¢ € B and v € BB, we define v ® ¢ € L
by (v®@ @) f = (p, flvforall f € B. Let us denote () = P; be the operator corresponding to the
Markov process {X;}>o sampled at integer points. As we discussed, () is quasi-compact with

F =span{l}and H = {f € B: (v, f) = 0}. So, we have the following decomposition for Q:

Q=18v+N, (32)

where N = QIly, [1y is the projection onto H, and r(N) < 1.

In applications, one often considers limit theorems for additive functionals of Markov
processes ([33],[34],[35]). For example, let b(z) be a real-valued bounded continuous function on
X. One is interested in describing the distribution of fOT b(Xs)ds as T — oo. So, in addition to
the process { X }s>0, assumptions also need to be made about the function b(z). Similar questions
have also been studied for discrete-time Markov chains, in which case, one is interested in the
distribution of the sum > _;_, b(X}) as n — oo.

In this chapter, we focus on the integral formulation of the problem as described but allow

the function b to vary in time. Namely, let b : [0,1] x X — R% d € N, be a real-valued
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bounded continuous function and Sy = fo s/T, Xs)ds. We will prove that a local limit
theorem holds for Sp. The spectral method has been applied to prove various limit theorems
for Markov chains (cf. [33], [36], [37], [35], [38], and the references therein). For example, in
the case where the function b does not depend on time, the local limit theorem can be obtained
by studying the characteristic function of the sum (or the integral in the continuous case) or,
equivalently, the limiting behavior of the power of the corresponding Fourier kernels. Due to the
quasi-compactness of the corresponding operator, the limiting behavior of its power is primarily
determined by the dominant eigenvalues and the corresponding eigenfunctions. However, in this
chapter, we need to deal with the additional dependence on another parameter that appears in
the discretization of the time interval [0, 7] due to the time-inhomogeneity of the function b, and
study the product of a sequence of different Fourier operators that depend on the parameter. This
main technical step is given in Proposition 3.3.1.

The chapter is organized as follows: In the rest of Section 3.1, we introduce some notation,
formulate the assumptions and the main result, and discuss some applications. In Section 3.2,
we give preliminary results to motivate the ingredients of the proof. In Section 3.3, we prove the
technical results. In Section 3.4, we give the proof of our main result, Theorem 3.1.4.

Throughout this chapter, P and E represent the probability and expectation, respectively,
and the subscripts pertain to initial conditions. The Lebesgue measure is denoted by £. For each
k > 0, a subset X of a Euclidean space, and a Banach space Y, C’“(X ,Y') denotes the space of k
times continuously differentiable functions from X to Y. For C' > 0,let Bc = {f € B : ||f|| <

C}. Let B, be the space of probability measures on X. Let |7T'| denote the integer part of 7.
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Definition 3.1.1. The operator Q(t,a, 3) € Lp, t € RY, , 8 € [0, 1], is defined as

Q(t,0,8)f(x) = E, [exp (z’t ] b(at s(8— ). X.) ds) f<X1>] N

In particular, for each o and 3, and t = 0, this operator coincides with Q).
Assumptions:

(A1) {X,}s>0 is a Markov process on the complete separable state space (X, %(X)) with

sample paths in the Skorokhod space D(]0, c0), X).

(A2) v is the unique invariant measure of { X }s>o on X. There exists 7 > 0 such that

sup TV(P(T,z,),v) <1,

rzeX

where TV is the total variation distance between two probability measures.

(A3) b:[0,1] x X — R? is continuous and bounded. For each 0 < o < 1, fX b(a,-)dv = 0.
For each 2 € X, b(a, x) is twice differentiable in .. Moreover, -2 b(a, ) and a%b(oz, x)

> Ja

are continuous and bounded on [0, 1] x X.

(A4) Non-arithmetic condition on ({X;}s>0,b(cr,x)) holds: For every 0 < « < 1 and every

t#0,7(Qt o)) < 1.

Remark 3.1.2. It is not hard to verify that, under Assumption (A2), Q) is quasi-compact as defined
in (3.1) and has the decomposition (3.2). In addition, under Assumption (A3), Q(t,«,3) €

C2(R? x [0, 112, Ls).
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Remark 3.1.3. The non-arithmetic condition (A4) is required to prove the local limit theorem.
However, the formulation is not intuitive and often not easy to verify. In fact, with Assumptions

(Al)-(A3), it can be reduced to a more natural form - the non-lattice condition:

(NL) For each o € [0,1], there is no a € R% a closed subgroup H ; R?, and bounded
measurable function u : X — RY such that fol bla, X)ds + u(Xy) — u(Xo) = a + H,

v-a.s.
In Section 3.5, we will provide a proof of this statement.

Theorem 3.1.4. Let Assumptions (Al)-(A4) be satisfied and

T
ST:/ b(s/T, Xs)ds. (3.4)
0

Then there exists a positive-definite matrix > such that, for each compactly supported function
g € C(RY,R), and C > 0, uniformly in real-valued f € B, initial distribution u € B!, and
u e RY

lim |det(S)(27T)Y2E,[f(Xr)g(Sr — u)] — e 2@ =0 u gy, )8 g)| = 0.

T—o00

Example 3.1.5. The assumptions are satisfied if X is a non-degenerate diffusion process on T™,

(A3) is satisfied, and {b(c, x), v € X } spans R? for each 0 < o < 1.

3.2 Preliminaries

Throughout the rest of the chapter, we assume that the conditions (A1)-(A4) are satisfied.
In order to understand the limiting distribution of S, we study the limiting behavior of the
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characteristic function, which can be represented as a product of the operators Q(t, «, /3). Since
T is not necessarily an integer, we define a special operator Q(t, T') that will serve as the last

factor in the product. Namely, for each f € B, we define

T—|T)|
exp (z’t / b (LTJTJ“ S,XS) ds) f (XTLTJ)] . (3.5)
0

From the definition (3.4) of St, we immediately get the following lemma.

Q(t’ T)f = Ez

Lemma 3.2.1. For each f € B and each probability measure ji,

T|-1 )

|
Bl 0] = o [T @ (1755 ) @), 36)

where the product of the operators HZ:1 A means A1 As.. A,

The operator in (3.5) does not play a role in the limiting distribution and the introduction
of it is purely for technical reasons. We will not touch it until in the proof of the main result.
It will be proved, using Assumption (A4), that the value of (3.6) decays exponentially fast as
T — oo if t is away from the origin. To deal with the situation where ¢ is close to the origin,
we need to study the behavior of Q(t, «, 3) near the origin. In fact, since Q(¢,a, ) can be
treated as a perturbation of Q = Q(0, «, ), the decomposition in the form of (3.2) and the quasi-
compactness can be extended locally to all ¢ close to the origin. This result is given explicitly in
the following perturbation theorem. The theorem is similar to Theorem 3.8 in [33]. The proof is
also similar except that now we need to deal with the dependence of the operator Q)(t, o, 3) on
the parameters « and (5 due to the time-inhomogeneity of the function b, and we need to establish

additional differentiability of various terms in the decomposition and prove the existence of a
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neighborhood I that would work for all the values of the parameters. We include the proof for

the sake of completeness.

Theorem 3.2.2 (Perturbation Theorem). There exists a neighborhood I of the origin, C' > 0, and

r € (0,1) such that, fort € I, o, B € [0, 1], Q(t, , 5) has the following decomposition:

Qt, o, B) = AL, o, B)u(t, o, B) @ p(t, o, B) + N(t, v, B), (3.7)

where
(i) A(t,a, B) € C*(I x [0,1]%,C);
(i) v(t,a, B) € C2(I x [0,1)2, B) and ||v(t, v, B)|| = 1;
(iii) p(t,a, 8) € C*(I x [0,1)%,B') and {p(t, a, B),v(t, a, B)) = 1;

(iv) B = F(t,a,p) ® H(t,«o, ), F(t,a, ) = span{v(t,«,5)}, and H(t,o,5) = {h :

<90(t7 a, /6)’ h) = 0};

(v) N(t,o,8) = Q(t, o, B)pa,p) € C3(I x [0,1]%, Lg) and r(N(t,c, B))/IN\(t, 0, B)| < 7

forallt € I and o, 8 € [0, 1];
(vi) [VE(N(t, 0, 5)")| < C forall a, 5 € [0,1] and n € N.

Proof. (1) Let us temporarily fix ag, Sy € [0,1]. Recall that H = {f € B : (v, f) = 0}. Note

that for h € H, o, 5o € [0, 1],

(1, Q(0, a0, o) (L + 1)) = (. QL+ ) = (Q'w, 1+ ) = (1 + 1) = L.
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There exists a neighborhood J; (v, o) in R? x [0, 1] of (0, g, Bo) such that for all (¢, a, 3) €
Ji(ap, Bo) and h € H of norm no more than 1, we have (v, Q(¢, a, 8)(1 4+ h)) # 0. Then we can

define a function F' : Jy(ap, fo) x {h € H : ||h]| <1} — H by

Qt, o, f)(1 + h)
(v, Q(t, o, B)(1 + h))

F(t’aaﬁ7h): —(1+h>.

Note that F'(0, g, B, 0) = 0. By the fact that

Q(1+h)

F(0, ap, Bo, h) = v, Q(1+ h))

—(1+h) =Qh—h,

we see that the partial differential of F' at the point (0, ag, By, 0) w.r.t. his Qg — 1 which
is an isomorphism of H since 1 is not in the spectrum of Q|y due to (3.2). Hence, by the
implicit function theorem, there exists a neighborhood Jo (v, 59) C Ji (v, 5o) of (0, g, 5o), a
neighborhood Hy C H of 0, and a unique function h(t, o, 3) € C*(J2(v, o), Ho) such that for
all (t,«, B) € Ja(aw, Bo), F(t, e, B, h(t,a, 5)) = 0. And we define

1+ h(t,a, B)

oo B) = e gy €€ Pel00 K0, B)

Mt o, 8) = (v,Q(t,a, B)(1 + h(t, o, B))) € C*(Ja(c, Bo), C).

Note that (0, a, ) = 0, v(0, v, ) = 1, and A(0, v, 5) = 1 on Ja (g, Bo)-

(2 For f € Blet f-={veB : (&, f) =0} Let H =1+ ={op € B : (¢,1) = 0}.
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Define the function G : Ja(«v, o) X H' — B’ by

Gi(t, o, B, 9) = Q. B)" (v + ) = At o, B) (v + ¢).

Note that B' = H' @ span{r}. Define the projection = onto H' by m¢) = ¢ — (3, 1)v for each
¥ € B', and the function G : Jy(«g, fy) X H — H’ by the composition G = 7 o GG;. By the
continuity of v(¢, «v, 8), there exists a neighborhood J3(«ay, By) smaller than J (v, 5p) such that

(v,v(t,a, B)) # 0 forall (¢, a, B) € J3(v, Bo)- So, for each v € B,

_waltad)
Y= tha gy Y

(¥, v(t, o, B))
(v, v(t, o, B))

v,

and B = v(t,a, )" @ span{v}. Therefore, for each (t,c,3) € Js(ap,B), 7 is bijective
from v(t, o, 8)* to H'. On the other hand, since G(0, ap, 3y,0) = 0 and the partial differential
of G at point (0, a, By,0) with respect to ¢ is Q*|p, — 1, which is an isomorphism of H’,
we can find a neighborhood Jy(ayg, By) C J3(v, 5o)) of (0, v, Bo), a neighborhood H), C H’
of 0, and a unique function ¢ € C*(J4(v, o), H}) such that, for all (t,a,8) € Ji(ag,Bo),
G(t,a, B,0(t, o, 8)) = 0and (v +¥(t, o, B),v(t, v, B)) # 0. By the fact that 7 is bijective from
v(t,a, B)to H', Gi(t, o, B,%(t, o, B)) = 0. Then it is clear that v + (¢, «, 3) is an eigenvector

of Q*(t,, 5). We define

v+t a,p)
v+t o, B),v(t, o, B))

@(taaaﬁ) = S CZ(J4<&O7BO)7B/)7

and define N (¢, a,8) € C?*(Jy(aw, Bo), L) using (3.7). Again, it is clear that (0, o, 3) = 0,
©(0,a, ) = v,and N(0, o, ) = N on Jy(cvg, Bo)-
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(3) For each f € B, we have the equality

f={plt, . B), fHo(t, e, B) + (f = {p(t, . B), fHo(t, a, §)).

Hence, we have the decomposition of B as claimed, and it is not hard to verify that N (¢, «, ) =
Q(t, a, B)lg(t,q,3. Observe that 7(N) < 1 (by the quasi-compactness of @), A(t, o, 3) and
N(t, a, B) are continuous, and spectral radius is an upper-semicontinuous function of the operator.
Therefore, r(N(t,«, 5))/|\(t,a, 5)] < r := (r(N) + 1)/2 < 1 holds on a neighborhood
J5(co, Bo) C Ja(ao, Bo)-

Finally, to get the bound in (vi), we express VZ(N (¢, , 5)") as a sum of n? terms of the
forms

V =N(t a B)"ViN(t,a, B)N(t, o, B)"*V N (t, e, B)"N(t, o, f)" (3.8)

with ny + no +ng =n — 2, ny,no,ng > 0, or

V = N(t,a, )" ViN(t, o, B)N(t, o, )" (3.9)

3 .

with ny +ny = n—1,ny,ny > 0. Let us choose my € N such that || N™|| < (
N(t,a, B) € C*(Ix][0,1]%, Lp), there exist a neighborhood J(ay, 5y) C J5(c, f) and a constant
Ci(ap, By) > 1suchthat | N(t, o, B)™| < r™, and N(t,, 3), ViN(t, o, 3), and VZN (¢, c, 3)
are bounded by C' (v, o) on J (o, o). Let Ca(aw, Bo) = (Ci(ag, Bo)/r)™. Then, for every
m € N, with m = kmg + 7, 0 < j < myg, we have on J(ay, 5y) that

C'1(040? 5o)j

IN(t o, B)"[| < IN(t e, ™| [IN(t 0, B)P <™ ri

< Cy(ag, Bo)r™.
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Hence, we obtain that, for each term V in the form of (3.8) or (3.9), | V|| < Cs(ap, o) - 72

Since there are n? terms in total, we have that

VAN (2,0, )| < Coleg, Bo)n? 1772 = 0,

as n — 0o. Therefore, the left-hand side is bounded uniformly in n and (¢, o, 8) € J(av, Bo).
(4) So far, we showed that \(¢, o, ), v(t, o, B), ¢(t, , ), and N (t, o, 3) that satisfy the
decomposition (3.7) and the conditions (i)-(vi) stated in the theorem exist on Uao’ Boclon) (v, Bo)-
Then, by the compactness of [0, 1]%, we can find a neighborhood I of the origin in R? such that
the functions above exist on I x [0, 1]* and the conditions (v) and (vi) are satisfied with uniform

constants. L]

3.3 Product of the operators

As suggested by Lemma 3.2.1, the main ingredient of the proof is to study the limiting
behavior of the product of the operators. In this section, we deal with two situations where ¢ is
close to or away from the origin. The product contains the information about the characteristics
of the limiting distribution in the first situation and vanishes as 7' tends to infinity in the second
situation. Our arguments involve different products. To avoid confusion, we use the convention:

for p;, € C, Hfﬁ;i p; = 1; and, for P, € L, Hf{;i P; = id is the identity operator.

3.3.1 Fortnear(

In this section, we apply the perturbation theorem to deal with the product where ¢ is close
to the origin. To present cleaner arguments, we assume that the operator N in (3.2) has its norm
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less than 1. This assumption is not restrictive since, by the uniform ergodicity assumption (A2),
if we define () = P,, with n large enough instead of () = P, then the total variation between the
distribution of X, and the invariant measure v will be small enough, and the norm of N will be

less than 1. The perturbation theorem still holds with the relation in (v) replaced by
IN(E, . B)I/IA(E, o, B)| <, (3.10)

and the left-hand side of (3.6) can still be represented as a product of those perturbed operators.

Proposition 3.3.1. Let I be defined as in Theorem 3.2.2. There exist constants M and N large
enough such that, for all T > N and all t € I, we have the formula for the product of the

operators, for f € Band (0 <i < |T| —1,

7)1

k k+1
[T etz =5

k=i
_mﬁlk(t k k+1>m‘2< o F AL kL kr2)
- 1 7T7 T ot 90 7T7 T 9 9 T 9 T
|T] -1 |T] 1 1+1
<(p(t’ T ? T )7 f>v(t7 T’ T )
Tk k41 RN RN
At, =, —— ¢ t, — L h(t, = 3.11
+ kr:[Z <7T7 T )Hf” pzT U(7T7 T )+qZT (’T7 T ))) ( )
where h(t,a,3) € H(t, o, B), [|h(t, o, B)|| = 1, |plp| < M/T, and |q! 7| < MrTI=" + M/2T.

In particular, |py 7|, |q4 7| < M/T. The bounds on p} 1, q; 1 hold uniformly in f € B.

The proof of this result requires careful treatment of error terms induced by the shifts of
the eigenspace corresponding to the top eigenvalue. Roughly speaking, the idea is to show that,
compared with the first term in (3.11), which is obtained by exclusively looking at the vectors
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and projections on the eigenspace, error terms that emerge because of the shifts of the eigenspace

and the presence of the operator N (¢, %, %) are negligible.

Proof. We apply Theorem 3.2.2 to control the error brought by the shift of the eigenspace.

Namely, there exists & > 0 such that the following relations hold for ¢ € I:

(i) Foralll1 <k < |T]| -1,

ot 27 Pt g ) -
<[t 22 ot S ot S D) G.12
< K/T.
Consequently,
L7
Zr:[;w,%, 2).olt, o | < e G.13)
Moreover, by (3.10),
ING, 2 2o, 2 )]
= NG DM kg1 gyt 7 )
<IN M b 00t ) @14
< A S BN b (et 70 ) = (e, St )]
< mu,%,%ﬂ . %
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(i) Forall1 <k < |T]—1,h e H(t, 5 5L, ||n]| =1,

k—1 k k—1 k E k+1
L 2 < R - <
(ott. < [ttt S ) - ot ) <

k-1 k k-1 k
- - < = ). )
B < A~ )| (3.16)

N(t
IV, "

Furthermore, we can choose K sufficiently large so that ||¢(, «, 5)|| is bounded by K for all

tel,a,p €0,1]. Let a denote 2K eK /T. We prove by backwards induction that, for all ¢ € I,

0 <i < |T] —1, and all T" sufficiently large, (3.11) holds with

pie] < ar(1l+ a)m*iﬂ(l — rmﬂ'”) N ar[(1+ CL)LTJ*F1 —1]
1—r 1—r—ar 3.17)

lgir| < (1 + @) TIi-tplri=iy 9T
’ 1—r—ar

In particular, it is not hard to see that this implies the desired result.

Let us verify that (3.17) holds if i = |T'] — 1. By (3.7),

BN EE ISy I O NV
IR

We have p|r)—1,7 = 0 and, by (3.10),

ozl < v = By 22 o
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By assuming the validity of (3.17) at ¢, we obtain

[T']-1
IT e >f
k=i—1
. T)-1
-1 4 k k+1
= QU 7) g Qlt, o~
[T]-1 |T|—2
k k+1 k k+1 k+1 kE+2
H )\ )H <90(t7?7 T )7U(t7 T 3 T >>
k=i—1 k=i—1
LTJ—l LTJ 1—1 12
<Sp(t’ T ) T )7 f>/U(t7 T ) T)
T|-1
k; k:—l—l —1 1 1 1+ 1 1 —1 1
/\ T b= ) t7 s
+er[1 )||f||< ( T ’T)’U(’T’ T )>p,TU( T T
|T|-1 . o . ,
k;—l—l —1 2 1 1+ 1 1—1 1
Mty =, —— hit. — : t, ,—
+klj[1 )HfH< ( T 7T)> <7T7 T >>Q,TU( T T
[T]-1 |T]—2
k+1 kK k+1 k+1 k42 LTJ—l LTJ
+kH1A<t, o )gw, ot T N el S
1—1 1 7 1+ 1 1—1 1
N — _ 2
(1, 2ol o, )N )
[T]-1 . . )
k—i—l -1 2 z+1 1
)\t — — Nt — —
+H Wl N ot el 2, /A St o)
1 ? ) i+1 2—1 z'
/\ TN(t —)h(t, = Mt

We deduce that, by (3.12) and (3.15),

pic1r| < (1+a)|pir| + algrl,

(3.20)

(3.21)

(3.22)

(3.23)

where the two terms on the right-hand side correspond to (3.18) and (3.19), respectively; and, by
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(3.13), (3.14), and (3.16),

1 1
|gi—1.7| < 5@7’ + §ar]p7;,:r\ + (1 +a)r|girl, (3.24)

where the three terms on the right-hand side correspond to (3.20), (3.21), and (3.22), respectively.
Now using (3.23) and (3.24) and backwards induction on ¢, it is easy to see that (3.17)

holds. Indeed, at each step of induction, we first show that |p} ;| < 1. So (3.24) implies that
\gi—1,7| < ar+ (1+a)r|gr|, (3.25)

when assuming (3.17) for p} - and ¢} .. Then (3.17) for i — 1 instead of i can be established using

(3.23) and (3.25). As we noted, (3.17) implies the statement in the lemma. ]

3.3.2 For t away from 0

As noted earlier, we expect that the product decays exponentially fast for all ¢ that are at a

uniformly positive distance from the origin, so it does not contribute to (3.6).

Lemma 3.3.2. Suppose that P(t,«, 3) € C(K x [0,1]?, L) where K is a compact set in R? and

that r(P(t, o, B)) < 1o. Then

(i) There exists 71 < 1o and mg such that ||P(t,a, B)™|| < r]" forallt € K, o, B € [0, 1], and

m > my.

(ii) There exist ro < o9 and mq such that for each m > my there exists O > 0 such that for all
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te K,
IT] Pt o, Bo)ll < s
k=1
if lag — | < dand|Br — Bi| < foralll <k <m.
Proof. (1) This result follows from the proof of Corollary I11.13 in [33].

(ii) Let mg be defined as in (i) and fix arbitrary o € (r1,7) and m > myg. Define

m

Pm(taah -"7am7/61a 76771) = HP(tvakaﬁk)

k=1

Since P(t, a, (3) is continuous in ¢, c, and 3, P, is continuous on K x [0, 1]>™, hence is

uniformly continuous. Then there exists o > 0 such that

”Pm<t7 aq, "'70517ﬂ17 "-751) - Pm(taoéh "'705m7517 7ﬁm)” S 711271 - rina

if |ap — a1| < 0 and |5 — B1| < é forall 1 < k < m. Therefore, the result follows. O

Lemma 3.3.3. For every compact set K C R%\ {0}, there exist constants v € (0,1) and N

large enough such that, for all T > N and allt € K,

|T)-1
k k‘+1 |7
t— ——)|| < g
1T @t =701 <

Proof. By Lemma 3.3.2.(ii) and Assumption (A4), there exist ro < 1, m € N large enough, and

0 > 0 such that

ITT @ ax, Bl < 15"
k=1
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holds if |ax — ay| < 0 and |B, — (1] < d forall 1 < k < m. Now fix arbitrary rx € (rg, 1).
Choose Iy € N such that (75 /7 )" < rx and choose N > 3m(ly \VV 1/6). Let |T'| = Im + j with

0 < 7 < m. Then we have [ > [, and

|T]-1 I Im—1 |T|-1
k k+1 k k+1 k k+1
t,—, —)| < t,—, ——)| - t, —, ———
1T etz <ITT TT @301 TT Qg
k=0 =1 k=(-1)m k=Im
] Im—1 k k—i—l
im im .m [T]
< l|:1| ||k_(|l_|1) Q(taf7—T <™ <rgh-rg <71 0

3.3.3 Product of the top eigenvalues

In this section, we obtain the asymptotic value of the product of the top eigenvalues by the
Taylor expansion near 0. The first result concerns the first and second derivatives of A(¢, a, )

w.r.t. t at 0.
Lemma 3.34. (i) Forall o, € |0, 1], we have V, (0, a, ) = 0.

(ii) Forall o € [0, 1], VZX(0, a, @) is real and negative-definite. Moreover;
2 : 1 o Qouk
VIO, a.) = = lim ZE,(S7S57), (3.26)

T—o0

where S = fOT b, Xs)ds.

Proof. (i).With the same notation as in Theorem 3.2.2, we have the decomposition

Q(t7a7 /8) = )\(t7a7/8>6<t7 a? /8) ® @(t7a7/8> + N<t7 a? /8)7
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fort € I and o, B € [0, 1], where

_ v(t, a, ) 5
o(t,a, ) = ————S= and @(t,a,8) = (v,v(t, o, B))e(t, o, B).
(¢, a, B) WoltoB)) (t,a, 8) = (v,0(t, o, B))(t, @, B)
Compared to the previous decomposition, we no longer have ||0(¢, «, 5)|| = 1, but instead have

(p(0,a, B), 0(t, v, B)) = 1, and still have Q(t, o, B)0(t, o, ) = A(¢, o, B)0(¢, v, 3). Differentiate

the equations with respect to ¢. Then

(2(0, v, ), Vii(t, a, B)) = 0,
ViQ(t, a, B)o(t, «, B) + Q(t, v, f)V,0(L, v, )

= Vt)‘(ta Qa, 6)6(15’ &, B) + )‘(t7 a, ﬂ)vtf)(ta &, B) (327)

Note that (0, o, 8) = 1, $(0,,5) = v, A(0,a,8) = 1, and Q(0, v, ) = Q. Applying v to

(3.27) at t = 0, we obtain, by Assumption (A3),
1
VA0, 0, 8) = (v, V,Q(0, o, B)1) = iE,( / ba+s(B—a), X)ds) =0.  (3.28)
0
(ii). Taking (3.28) into account, for t = 0 and o = (3, (3.27) reduces to
1
(1-Q)Vw0(0,a,a) = V:Q(0,a, )1 = zEz(/ b(a, Xs)ds). (3.29)
0

Since both V;9(0, a, ) and z'Ex(fO1 b(a, Xs)ds) have zero mean w.r.t v, they are in the closed

subspace H. Also recall that 1 is not in the spectrum of (). Therefore, V.0(0, v, ) can be
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viewed as a solution to (3.29), and thus,
V:0(0, o, o) = iu(a) (3.30)

for a certain real-valued bounded function u(«) that depends on the parameter «. Take second
derivatives on both sides of the equality Q(t, o, a)v (¢, v, ) = A(¢, o, @) 0(¢, v, @) and apply v to

the result at £ = 0 (here * stands for the transpose without taking complex conjugate):

V2A0, o, ) = (v, V2Q(0, ar, @)1 + V,Q(0, ov, a) V(0 o, a)* + (V4 Q(0, o, ) V5 (0, ar, ar)*)*).

(3.31)

Let us compute the terms on the right-hand side by recalling the definition in (3.3) and (3.30):

(v, V2Q(0, 0, a)1) = — B, [( / b(a, X.)ds)( / ba, X.)ds)"],
0 0 (3.32)

(v, V:Q(0, 0, a)V,9(0, o, )*) = —EV[(/O bla, Xs)ds)u(a)(Xy)*].

Then using (3.31) and (3.32) for the first equality below and (3.29) and (3.30) for the second

equality below, we obtain that

VM0, a, )
- -E, K /0 1 b(a, X,)ds + u(a)(Xl)) ( /0 1 b(v, X,)ds + u(a)(Xﬁ) ] + Eyu(a)u(e)”
- _E, K /0 1 b(ar, Xo)ds + u(a)(X;) — u(a)<x)> ( /O 1 b(a, X)ds + u(a)(X1) — u(oa)(x)) ] :

Hence V2 (0, o, a) is negative semi-definite. To see that it is negative definite, let us assume that

106



there exists a non-zero vector t € R? such that t*V2\(0, a, )t = 0. Then we have v-a.s. that

2

E, [t . ( /0 b, X.)ds + u()(X) — u(oz)(x))} 0,

which implies that ¢- <f01 bla, Xs)ds + u(a)(Xy) — u(a)(x)) = 0, v-a.s. However, this contradicts

Assumption (A4). Indeed, let f(x) = exp(it - u(«)(z)). Then we have

Q(t,a,a)f(z) = E, {exp (z’t : (/01 b(a, X,)ds + u(a)(X1) — u(oz)(x)))] f(2).

Then Q(t, o, ) f(x) = f(x), v-a.s., which contradicts the fact that r(Q(t, o, ) < 1.

To prove (3.26), we write, for m € N,
Qt,a,a)™ = Mt, a, )™ v(t, o, ) @ p(t, a, ) + N™ (¢, o, ).

Taking the second derivatives, we obtain

Vi (Q(t, o, )™)
= VIt o, )™ u(t, o, 0) @ o(t, a,a) + Vi(v(t, a,a) @ o(t, o, @) VAt a,a)™)*

+ Vi(A(t, o, )™ Vi(v(t, a,a) @ o(t, o, )" + Ry (t, a, @),

where R, (t, o, @) = \(t, o, )"V (v(t, o, ) @ p(t, o, ) + VZ(N™(t, o, ). Note that

VIt a,)™) = m(m — DAE, o, )" 2Vt o, ) VAt o, a)F

+mA(t, a, )" VI, @, ).
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Then it follows that VZ(A(t, o, «)™)(0, a, ) = mV?A(0, o, ). By Theorem 3.2.2, R,,,(0, v, )

is uniformly bounded for all m. Thus, for all u € B,

sup [(1, mVIXN0, o, a) - 1 — VZH(Q™(0,a, @) - 1)] = sup |{, R (0, @, @) - 1)| < o0.

m>1 m>1

Therefore, for all initial distribution ;1 € B/,

VIA(0,a,0) = lim {1, VAQ™(t, 0, a))(0, ) - 1)

m—o0 E
: 1 o Qox
which implies (3.26). [

We close this section by computing the product of the eigenvalues.

Lemma 3.3.5. For 7 € R%,

1
) = exp(—§T*EZ*7'),

~

h

;
ﬂh
elka
N

where ¥X* 1= — fol V20, a, a)da is positive-definite.

Proof. Since A\(t,a, 8) € C*(R? x [0,1]%,C), VZX(0, a, B) is continuous on [0, 1]* and hence

uniformly continuous. Therefore,

[Tt o+ 1 1

1 ) k L 2 k kK
Jim 7 3 VIO, 3, 7o) = = Jim 7 3 VINO. £ )



Since, for each « € [0, 1], VZX(0, a, «) is negative-definite, ¥X3* is positive-definite. Finally, the

product of the top eigenvalues at ¢t = 7/ VT is computed:

7)1

T k ) I oo
o ) = A L0 gEm VA

E k+1
T T

oy
+
—_

)7+ o()
|T|-1

1 a2 k k+1
= exp Tlgﬂoﬁ;TvtA(o’?’ T )T

1
= exp (—57*22*7') ) ]

3.4 Proof of the main result

In this section, we prove the main result - Theorem 3.1.4. Let us first make some simple
computations needed for the proof of the next lemma. Recall that [ is the neighborhood of the

origin defined in Theorem 3.2.2.

(i) Since v(t,a, 8) € C*(I x [0,1)%, B), V?v(0, a, 3) is uniformly continuous on I x [0, 1]°.
Thus, using the Taylor expansion for the first variable near zero, we have, for each 7 € R,

all0 < k < |T| — 2, and all T sufficiently large,

T k+1 k+2 Tk k+1
U(\/T7 T T >_U(_T’T’T)
— 1+ 7= V(0 (UL P -
—1- % - V(0, —, %) - %T*va(o, ; %)T + 0(%)
= o().

(i) Since @(t,, 3) is bounded on I x [0,1]?, foreach 7 € R¥and all 0 < k < |T] — 2, we
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(111)

have by part (iii) in Theorem 3.2.2 and (3.33),

T ﬁ k+1)v( T k+1 k+2>>_1+0(1)
yT'T' T N7 T T T

(e(

Therefore, for each 7 € RY, uniformly in 0 < i < |T] — 2,

y Tk k41 r k41 k42
1m

T o0 <90(\/T7T7 T )’U(ﬁ’ T 5 T )>:1.

k=t

(3.34)

Moreover, by arguments similar to those leading to (3.34), the product in (3.34) is uniformly

bounded in 7/v/T € I.

We showed in Lemma 3.3.4 that VZ\(0, o, ) is negative-definite for all € [0,1]. The
absolute values of the eigenvalues of VZA(0, a, ) are bounded from below by a certain
¢ > 0 for all « € [0,1]. Then, by the continuity of VZX(0, a, 3), by making I smaller

(if needed), we can make sure that for all 7" sufficiently large, all 7/ VT €1 , and all

T k k+1 |7]? 7|2
PYE R -
Then, for all 7/+/T € I and T sufficiently large,
Ees eI

). (3.35)

T k k+1
Py \/T T T

Combining this with the last statement in part (ii), we see that there exists Cs > 0 such that
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forall 7/v/T € 1,0 < k < |T| — 2, and T sufficiently large,

|T]-1 \T]—2
T k k+1 T k k+1 T k+1 k+2 c|t|?
M—=, =, —— — <C — .
IH) ( T7T7 T ) IH)<()0(\/T>T7 T >7U(ﬁ7 T ) T )>— 2eXp( 4 )
(3.36)
Define two (possibly complex) measures on R foru € R?, f € B,and u € B,:
my*(B) = det(Z)(2nT)*E,[f (X1)15(Sr — u)),
(3.37)

! (B) = e 2 S, )2(B),

where Y is defined in Lemma 3.3.5 and £ is the Lebesgue measure. We need to prove that they

are sufficiently close as 7' tends to oo. The following lemma is the main step towards this goal.

Lemma 3.4.1. For each h that is a continuous integrable function on R? with compactly supported

Fourier transform and each constant C > 0, we have, uniformly in u € R, f € B, and initial

distribution . € B!,

[(m%# BY — (% B)| = 0, as T — 0.

Proof. Recall the expression in formula (3.6). By Proposition 3.3.1, there exists M > 0 such

that, for all ¢ € [ and all T’ sufficiently large,

[T]-1

T Qg 5t ) Qs
k=0

|T]-1 |T]—2
koktl Kokl k+1 k+2
= 1Lz =) I ot 7 =)ot = 0
T -1 |T ~ 1
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|T]-1

E k+1 ~ 1
+ 1 Mt %)HQ@, T) e - h(t.0, 7)
k=0
[7]-1 ]
+ 10 LN T) b - o100, 7).

where [pj 7, |¢6r| < M/T. By the formula of inverse Fourier transformation, with h denoting

the Fourier transform of h,

(my* h) = det(S)(2nT) B, [f (X7)h(St — )]
/2
= det(X) ( E, {f LS (¢ )dt}
—dan(s) (5 ) / (e LTﬁl@( r ) e
= A + Ay + As,

where

7\ 42 [T]-1 k I [T]-2
A=) (5 ) e L A S T et ot B 57
k=0
(ol mT‘ 3 %, QY1) (0010, ),
dj2 [T]-1
A=) (5 ) foe T e g e )

1 1
: (pf),T<:ua h(t7 07 T)) + qé,T<M7 U(t7 07 T))) dta

|T]-1

d/2 .
Az = det(2) (%) /1ch e, H Q( L 1) Qt,T)f)dt,
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and K is the support of h. By the change of variable with ¢ = \/LT’

B i iz T T |T|-1|T], ~ 7 .
Al—/RdHT(T)e *F<1I(\/T)90(\/T7 T T )7Q<\/T7T)f>da
where
M 4/2 AT - T k k+1
i) =aer®) (3-) UM TREE
|T)—2
[T (e ) ol S 20 - (0. )
Define

w(r) = det(Z)(%)d/Qﬁ(O) exp(—T* T /2).

By Lemma 3.3.5 and (3.34), #%:(17) — k(7) as T — oo, for each 7, uniformly in 1 € B,
By (3.36), |K/(7)| < Cssup, |h(t)| exp(—cwz) with a certain constant C5 > 0. Hence, by

4

Lebesgue’s dominated convergence theorem, uniformly in p € B,
/ |kh(T) — K(T)|dT — 0. (3.38)
Rd

Note that Q*(\/LT,T)QO(\/LT, LT%_l, %) — vin B as T — co. Again, by Lebesgue’s dominated

convergence theorem, uniformly p € B,

u T (~., T T |T|—-1 |T]
| MO D@ (= Dol T

) — v||dr — 0. (3.39)
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From the definition of /2% in (3.37) and the definition of (7), it follows that
(S Y = / w(r)e ™ (v, f)dr.
R4
Therefore, for all f € B¢,

(AL — (mg! B

<| [ (ki) = () F o i

u(h( T T |T|-1 |T]

1 [ wp(r)e
Rd

<C [ |wh(r) = w()ldr

u T  ~u, T T |T|-1 |T] ~lldr
+01 [ ORI (T Dl = L ) = vlar,

So, by (3.38) and (3.39), |A; — (% h)| — 0, as T — oo, uniformly in u € R%, f € B¢, and

p € B,,. Again, by Proposition 3.3.1,

TN\Y? oM . SR A A | .
Ayl < det(s) ([ — /—ht - AL S ET Iy LT
ol ) () [ 21T M g e sup Qe DS
SC/ Rr(T)dT,
Rd

where

[T)-1

4/2 T s, T T
() = prden(s) (50 ) TT N S

since |||, |Q(t, T)|| < 1. By (3.35) and Lebesgue’s dominated convergence theorem, we have
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that [o, i (7)dr — 0. Finally, by Lemma 3.3.3, uniformly in v € R%, f € Bc, and 11 € B, as

7\ ] L Eok+1\ -
g e (o) [ ol TT @ (g ") @ mpie

7] T d/2 R
<) 7 (50) [ ol i1
°n

T\ Y2 )
< Cdet() - riT! (—> / Ih(t)|dt — 0. O
I°NK

The local limit theorem as in Theorem 3.1.4 with fixed (f, iz, u) follows from Lemma 3.4.1
by Theorem 10.7 in [39]. The following lemma enables us to state the uniform analogue of the

result in Theorem 3.1.4. It is a multi-dimensional version of the Lemma IV.5 in [33].

Lemma 3.4.2. Let x be a parameter ranging over a set X and, for T > 1, let m¥,m2 be
positive measures on R with respect to which p(x) = 1 A 1/|z|? is integrable. Suppose that
Supp sup, c y My (p(x)) is finite, and, for each continuous integrable function h on R? whose

Fourier transform has compact support,

lim sup [{mX, h) — (mX, h)| = 0.
Jim sup (. ) = G 1)

Then, for each compactly supported real-valued continuous function g, we have

lim sup [(mY, g) — (m¥, g)| = 0.
Jim sup (m) — (i)

Proof of Theorem 3.1.4. Since, for each real-valued f € B¢, f = f. — f_, where f, = f V0

and f- = —(f A 0), it suffices to consider all non-negative f € Bc. Lemma 3.4.1 verifies the
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assumptions in Lemma 3.4.2 with the measures defined as in (3.37) and the parameter set X’
being all u € R?, non-negative f € B, and initial distribution ;1 € B;,. Therefore, the uniform

convergence follows from the two preceding lemmas. [

3.5 Non-arithmetic condition and non-lattice condition

It is clear that, under Assumptions (A1)-(A3), (A4) implies (NL). Here, we will show that
they are actually equivalent under Assumptions (A1)-(A3). The proof is based on the results in
[40] stated below. To apply the results, we consider a discrete Markov chain defined using X;.
Namely, we consider a Markov chain &), k£ > 1, defined as the path of the Markov process X; on
the interval [k—1, k], on the metric space (X, Z(X)), where X denotes D([0, 1]). Let I3 denote the
Markov kernel of X}, B be the Banach space of bounded %(X)-measurable complex functions
on X equipped with the supremum norm: ||F|| = sup,x |F(¢)|. To introduce a counterpart of

Q(t, o, ), we define I, € B, by I,(¢r) = fol b(c, rs)ds, and the operator Q(¢, «) : B — B by

Qta)F(r) = / exp(it - 1 () F(0)B(x, d).

X

(i) We first prove that, for each 0 < o < 1 and ¢t # 0, r(Q(¢,«)) < 1. The following
lemma is a reformulation of the results in Theorem 3.1, Corollary 3.1, and Lemma 3.3 in [40],

adapted to our situation:

Theorem 3.5.1. If B(X) is countably generated and the Markov kernel *B3 satisfies the Doeblin
condition, then either r(Q(t,«)) = r(*B) = 1 and Q(t, «) is quasi-compact, or r(Q(t,a)) <

r(P) = 1.
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It is not hard to verify ®B(X) is countably generated since X = D(]0, 1]), and the Doeblin
condition is satisfied for the operator ¥ given Assumptions (A1)-(A2). So, in order to prove (i),
it remains to show that the first situation in the statement, i.e., where 7(Q(¢, a)) = r(J3) = 1 and
Q(t, «) is quasi-compact, is not possible.

Suppose that 7(Q(t,«)) = 1 and Q(¢, ) is quasi-compact. Then there exists F' € B
with || F'|| = 1 and an eigenvalue A\ with || = 1 such that Q(¢,«)F = AF. Namely, for each

r € D([0,1]),

~

SE(r) = Q(t,a)F = / exp(it - 1n(0)) F(n)B(z. d)

= E, lexp (it : /0 1 b(a,Xs)ds) F(X.)}

by the Markov property of the process { X }s>0, where X. stands for the path of X on [0, 1].
Note that the right-hand side is a function of ;. Hence, there exists f € B with ||f|| = 1 such

that f(x;) = F(x), and, for each z € X,

\(x) = E, {exp (z’t - /0 1 b(a,Xs)ds) f(Xl)l | (3.40)

For each e > 0 small, we can find 2 € X such that | f(z)| > 1—¢ and, by Assumption (A2),

we can find N > 0 such that TV(P(N, z,-),v) < €. By applying (3.40) N times, we obtain:

~

MWiz)=E, [exp (z’t : /ONb(a,XS)ds) f(XN)} .
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It follows, from how we chose x and NV, that
L—e <AV f(2)] S Bl f(Xn)| < (v, | ]) + 26,

which implies that (v, | f|) > 1 — 3e. Since this holds for arbitrary ¢ > 0 small, we conclude that
W, |f]) =1,ie., |f| = 1, v-as.
Let us come back to (3.40). Since |f| = 1, v-a.s., we can write f = exp(iu), v-a.s., where

u is a real-valued bounded measurable function. Then, (3.40) implies that

E, {exp <z (t - /01 ba, X.)ds +u(X:) — u(Xo))>] ‘ 1,

which contradicts with the non-lattice condition (NL).

(if) We now prove that, foreach 0 < o < 1l and ¢t # 0, 7(Q(t, o, )) < 1. There exists

C > 0 such that, for each f € B with || f|| = 1and n > 0,

1Q, o, )" f[| = |1Q(t )" FI| < Cr(Q(t, a))",

where F' is defined by F(r) = f(r1). Therefore, r(Q(t, o, ) < r(Q(t,«)) < 1, and we

conclude that (NL), together with (A1)-(A3), implies (A4).

3.6 Application to linear dynamical systems

In this section, let us discuss an application to the averaging principle for randomly perturbed

linear dynamical systems.
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Theorem 3.6.1. Let Y° be defined by the equation:
dYe = [A@R)YF +o(t, Xy)|dt, Y5 =y € R, (3.41)

where A(t) is a continuously differentiable d—dimensional square-matrix-valued function, v :
0,00) x X — R? is a continuous function, and {Xs}s>0 satisfies Assumptions (Al) and (A2).

Let [y v(t,z)dv(x) = v(t) and y, be the averaged motion defined by:
dy: = [A(t)y: + o(t)]dt, yo =y. (3.42)

Fix t > 0 and suppose that v(at, x) — v(at) as a function of o and x satisfies (A3) and the non-
arithmetic condition (A4) holds for ({Xs}s>0,v(at,x) — v(at)). Then the local limit theorem
holds for %(Yf — ;) as € — oo. Namely, there exists a positive-definite matrix ¥, such that, for

each compactly supported continuous real-valued function g, we have
: 1 € — L (22w
lim [det(%0) (2t/) VB[ (X )g (S (V7 = ) — w)] — e 3" G0, 1) (2, g)] = 0,

uniformly in real-valued measurable f satisfying || f|| < C, u € RY, and probability measure ju.

Proof. By taking the difference of (3.41) and (3.42) we obtain

207 =) = £ [ (AGIOT =)+ o5, X)) s
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Let U(t) solve the equation:

Then

1 1

(Y =) = - / U@U(s)™" (v(s, Xope) = 0(s)) ds.

After the change of variable, with 7" = t /¢, we obtain that

1

S ) = / U()U(st/T) ™ (u(st/T, X.) — 5(st/T)) ds.

The integral has the form of (3.4) with b(a,z) = U(t)U(at)™! (v(at,z) — v(at)). It is not
hard to see that Assumption (A4) holds for ({ X;}s>0,b(a, x)) since U(-) is non-degenerate. In
addition, Assumption (A3) follows from the assumptions we have on functions A and v. Thus,

the result follows from Theorem 3.1.4. ]

Remark 3.6.2. The functional central limit theorem is well-known for the fast-slow systems of
the form:

dZ; = o(ZF, X,).)dt. (3.43)

Namely, under natural assumptions, Z; converges to a deterministic process z; in probability as
e | 0 on each finite interval, and \/ig(ZtE — z;) converges to a Gaussian Markov process weakly
([5], [6]). The functional central limit theorem gives, in particular, the distribution of Z; in a
neighborhood of z; of size O(\/€). Theorem 3.6.1 refines this statement to spatial scales of order

€ in the special case of linear systems.
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In addition, it is not hard to verify that the arguments in this chapter can be applied to prove

the following slightly stronger version of the local limit theorem:

Theorem 3.6.3. Let assumptions (Al)-(A4) be satisfied. For 0 < p < 1, define S(p,T) =
fo(l_p T b(p+ s/T, X;)ds. Then there exists a positive-definite matrix 3, that is continuous in
p such that, for each compactly supported function g € C(R4R), C > 0, and 0 < py < 1,
uniformly in real-valued f € B, initial distribution p € B;,, 0<p < py andu € RY,

lim |det(,)2nT)Y2E,[f(Xra-)9(S(p, T) — u)] — e 50 o= iy £y g)| = 0.

T—o0

Remark 3.6.4. The formulation of the result in Theorem 3.6.3 might seem strange at first.
However, it can be useful, for example, when considering the distribution of the process Y,
in Theorem 3.6.1 starting from different points on the trajectory of y;. Such result is used in [2]
in order to establish the regularity of the density of fast-slow systems of the form (3.43) starting
from different points on z; (see also Theorem 2.5.8). Some of the steps in the proof of regularity in
[2] involve a linearization of (3.43), which yields a process of the form (3.42), whose distribution

can be described using Theorem 3.6.1 (see also Step 2 in Section 2.5).
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Chapter 4: Large deviations for Hamiltonian systems on intermediate time scales

4.1 Introduction

Consider the Hamiltonian dynamical system in R? defined by an ordinary differential
equation:

dz; = v(x,)dt, 19 € R? 4.1)

where

v(r) = VtH(z) = (

and Hamiltonian H is smooth enough.

. (
X3

Figure 4.1: A typical example of a Hamiltonian system and the corresponding Reeb graph.

Small random perturbations of Hamiltonian systems have been studied extensively from

different perspectives. In particular, let € be a small positive parameter, and X¢ be a diffusion
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process in R? defined by the equation:

dX: = VYH(X)dt + Veo(XO)dW,,  Xg = xy € R?, (4.2)

where H is a smooth function from R? to R with bounded second derivatives; o () is a smooth
2 x | matrix-valued function such that o(z)o™*(x) is uniformly positive-definite and bounded; W,
is a standard [—dimensional Wiener process. On time scales of order one, the large deviation
principle, known as Freidlin-Wentzell theory, established in [41], describes the probability of
the event that a realization of Xf belongs to a neighborhood of a path that is different from the
trajectory of the deterministic flow (4.1). On time scales of order 1/¢, the averaging principle
tells us that the projection of the process Xf onto the Reeb graph behaves as a strong Markov
process. In particular, on each edge of the graph, H (Xf ) behaves as a diffusion process ([42]).
On intermediate time scales, i.e., when time is of order |log 8|55_1, a result of the averaging
type can also be established ([16]). Namely the time-changed process converges to a motion
on a rescaled graph, provided it starts on or near a level curve containing a saddle point of H.
In this chapter, we also study the intermediate time scales, ¢ ~ %=1 however, without spatial
rescaling. Our main result states that, after projection onto the graph, the process satisfies the
large deviation principle on time scales of order ¢°~!. The action functional can be described in
terms of the coefficients of the averaged process on the graph. In the particular case 5 = 1/2,
estimates on transition probability for the process inside the edges and estimates for the exit time
from a neighborhood of an interior vertex were given in [43]. (The main focus of the latter paper
was on the propagation of the reaction front in the KPP equation with the underlying diffusion

given by (4.2).) In this chapter, we allow arbitrary 5 € (0, 1), which requires a more complicated
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approach.
Since we are interested in the behavior of Xf with ¢ ~ €771, it is convenient to rescale the

time by defining X; = X +.s—1- Then we have the equation for X7:
dXf = PIWWEH(XE)dt + 90 (XE)dW,, X = xo,
where 1V, is an [—dimensional Wiener process. By Ito’s formula applied to H(X;),

t t
H(X?) = H(zo) + €° / AH(XE)ds 4 £°/? / VH(XE) o (XE)dWs, (4.3)
0 0

where A is the operator Au(z) = 1 >oijlo(@)o ()] #;xju(x). Note that AH (z) is uniformly
bounded, so, due to the £? factor, the second term on the right-hand side does not contribute to
the action functional. However, this term is important to understand the behavior of the process
near the critical points of H, where the integrand in the last term in (4.3) vanishes. In order
to understand large deviations, we should study how the coefficients are averaged along the
trajectories of the perturbed process.

Let I" denote the Reeb graph corresponding to the Hamiltonian H, and let Y : R? — T’
be the projection on the graph. Let x, ..., x be all the critical points of H, and O = Y (xy),

k =1,...,N. Let the edges of I" be labeled as I, ..., Iy and a symbol ~ between a vertex and an

edge means that the vertex is an endpoint of the edge. Then define:

e D, is the set of all points = € R? such that Y (x) belongs to the interior of I;;
* Cp = {x:Y(x) = O} is the extremum point x;, or the separatrix containing xy;

* Ci(H) ={xz € D;: H(x) = H} is one of the connected components of the level set of H;
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* D/(Hy,Hy) ={x € D; : H < H(xz) < Hy}, provided that H; < Ha, is the set between

Cz(Hl) and CZ(HQ),

* Dy(40) is the connected component of the set { H(x) — 0 < © < H(xy) + ¢} containing

Cks
* D(£6) =, Di(£9);
* Cri(0)={x € D;: H(x) = H(x}) £}, for O ~ [;

e Ti(H) = 550( ) RH@)] H dl for applicable H, is the rotation time of system (4.1);

° B2 = fﬁc —|VI-|IV:§_)I @) | dl for H in H(I) Bf(H) = 0 for H = H<Xk) and

Oy, ~ I, is the “averaged” diffusion coefficient w.r.t. the invariant measure on C;(H).

It’s worth noting that T;(H) and B;(H) have nice regularity properties if H is smooth

enough. The following lemma is a direct application of Lemma 8.1.1 from [42].

Lemma 4.1.1. T;(H) and B?(H) are k — 1 times continuously differentiable at the interior

points of the interval H(1;) if H is k times continuously differentiable. (This implies the Lipschitz

continuity of T;(H), B?(H) and T;(H)B?(H) on any closed interval I C H(IL;) if k > 2.)

In Section 2, we state the necessary assumptions and formulate the main result. The proof
comes in the sections that follow. The lower and upper bounds of the local large deviation
principle are proved in Sections 3 and 4, respectively. Then, exponential tightness is justified
in Section 5. These arguments, together with Puhalskii’s Theorem (cf. [44] and [45]), imply the

main result. Some technical proofs are given in the Section 4.7.
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4.2 Main results

Our main result concerns the large deviation principle for the process Y (X7 ;_,). Large
deviations from averaged behavior are described in terms of the action functional, which describes
the probability that the trajectories of the process are close to a given deterministic trajectory.

More precisely, we give the formal definition of an action functional ([42]):

Definition 4.2.1. Let (X, p) be a metric space. Let 1i°, € > 0, be a family of probability measures
on B(X), A(€) be a positive real-valued function going to +oc as € | 0, and S(x) be a function
on X with values in [0, cc]. It is said that \()S(x) is an action function (action functional if X

is a function space) for u° as € | 0 if:
(0) the set ®(s) = {x : S(z) < s} is compact for every s > 0;

(1) foreach $ > 0, each v > 0, and each x € X, there exists £y > 0 such that

oy s p(z,y) <0} > exp{—A(e)[S(x) + 7]}

forall e < gq;

(2) foreach § > 0, each v > 0, and each s > 0, there exists £q > 0 such that

pH{y oy, ®(s)) > 0} < exp{—A(e)(s —7)}

forall e < ¢y.

Consider the following metric on I': r(yy, y2) is the length of the shortest path connecting
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y1 and yo. For example, if y; = (1, Hy), [; ~ Oy, O1 ~ I, Iy ~ O3, Oy ~ I3 and yo = (3, Hs),
then r(y1,vy2) = |Hy — H(x1)| + |H(x1) — H(x2)| + |H(x2) — H|. Based on this metric,
we introduce the uniform metric on C ([0, T],T'): por(p, %) = supoc;<r r((t),1(t)). In the
metric space (C ([0,7],I'), pjo,r)), we consider the probability measures induced by the family
of process Y(X;B_l). We use the conventions 0/0 = 0, sup{0)} = —oo, and inf{}} = +oo.
A trajectory ¢ on I' can be written in terms of its components as (i, ;). Define the functional

S(e)on C ([0, T],T):

1 [T |¢f?
S :—/ ——dt
=3 B

for p € C ([0, T],R) thatis absolutely continuous and satisfies o,/ B;, (¢¢) € L?([0,T]); otherwise
S(p) = oo. Note that, if ¢, = Oy for some interior vertex Oy, then we will have different
representations of ¢, since it’s on multiple edges at the same time. However, by the definition of
B?, there’s no ambiguity because, according to our conventions, the integrand is defined as 0 at
such vertices (see Lemma 4.7.1). The following conditions are assumed to hold throughout the

chapter:

1. The Hamiltonian H(z), x € R? is four times continuously differentiable with bounded

second derivatives.

2. For sufficiently large |z|, there exist positive A;, Ay and As, such that H(z) > A;|z|?,

\VH(x)| > As|x|,and AH(z) > As.

3. H(z) has a finite number of critical points, and the Hessian matrix is non-degenerate at

those points.

4. Each level curve corresponding to a vertex on the Reeb graph contains at most one critical
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point.

5. o(z) is continuously differentiable with bounded derivatives and o (z)o*(z) is bounded and

uniformly positive-definite.
Now we are ready to formulate the main result:

Theorem 4.2.2. Let the assumptions above be satisfied and let the process f(f be defined as in
(4.2). Then ==S(¢p) is the action functional of the family of process Y (X < 5-1) in the sense of

the uniform metric on C([0,T],T") restricted to the set of functions that start at Y (x).

4.3 Lower bound for the large deviation principle

Let us prove the lower bound for the large deviation principle. First, we look at a process
that starts and evolves inside a single edge. Next, we deal with a process that starts at an exterior
vertex but stays within an edge. Finally, we estimate the probability for a process to travel through

an interior vertex.

4.3.1 The case where the process evolves inside one edge

In this section, the process evolves only inside one edge (for example [;). Therefore, we
simplify the notations when there is no ambiguity: T;(H) — T'(H); B?(H) — B*(H); S(y¢) =
S(i, ) — S(p), etc. The following lemma tells us that if the process starts sufficiently near the
initial point of the deterministic trajectory, it has a good chance to follow the trajectory and arrive

in a tiny neighborhood of where the trajectory ends.
Lemma 4.3.1. For every 6 > 0, v > 0, and a trajectory ¢, = (i,¢;) € C([0,T], ;) such that
infycpo,r (e, H(O)) > 0 for each O ~ I, there exists h > 0 such that for every h' > 0 there
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exists €9 > 0 such that for every initial point X§ = x satisfying |H (x) — ¢o| < h,

P(|H(X5) — ¢r| <P, por(H(X;), 1) < 0) > exp [—eP(S(p) +7)] ,

forall ¢ < g.

Proof. We present the proof in several steps. i. We can assume that A’ < h and that ¢ is
absolutely continuous with ¢’ € L?([0,T]) because S(p) = oo for any other . Also, without

loss of generality, we assume that 7' =1, O; ~ I, Oy ~ I, H(x;) < H(x;),and H(x;) = 0. We

can assume that 0 < m < o < M and § < % A w Let C = D;(m — 5,M+5),which is

a compact set in R2. Then there exist m > 0, M > 0, L > 0 such that:
(1) |AH(z)| + |o(x)| < M, Yz € R?; [VH(z)*o(x)|*> < M, Vz € C,
(2) |VH(z)*o(z)|*> > m, Va € C,
3) m<Ti(H) < Mandm < B3(H) < M, VH € {H : r(H, Ran(y)) < §};
@ |VH(x) = VH(y)| + ||[VH(x)"o(x)|* — [VH(y)"o(y)]*| < Llz -y, Yo,y € C;

(5) |Ti(Hy) — Ti(Hy)| + |T;(H1) B (Hy) — Ti(H2) Bf (Hy)| < L|Hy — Ho|, VHy, Hy € {H :

r(H, Ran(p)) < ¢} (see Lemma 4.1.1).

With m, M, L selected, we choose the parameters as follows:

(1) 6’ > Osuchthatd’ < 6, o := %;“1)6’ <1/2and ;> fol gﬁ%i)dt <7

(2) 7> O such that r < 5777;

(3) n € Nsuch that a,b € [0, 7] with |a — b| < 1/n implies [p, — ¢p| < 1’ < $56";
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dt+ﬁ-”2h5/ <7

m?2

(4) h > 0 such that h < rd’ and i 01 ;ﬁg(l:z)

ii. Now let us study how X¢ behaves on one interval [£ %] To start with, X} satisfies

n’
the equation:

dX; = "IVEH(XT) + PPo(X7)dW, X =

For every 0 < k < n, define Ay as the event where the process is not perturbed significantly by
the diffusion during the time required to make one rotation (which will allow us to use averaging)

and does not travel far from the original level curve. More precisely,
1

Lare )
A = ﬂ { sup /2

p=0 \PTE+E<t<(p+D)TE+E /n+pTg
5/
sup < 3 (
o<t<i

where TF = ¢! "PT(H(X%)). By Lemma 4.7.5, for the initial point X{ = x satisfying |H (x) —

SM.glzlﬁ}

¢
/ o(X:)dWs
k

H(X;,,) — H(XS)

<,0£|<h,

P (Q\ Ay) < oxp G%) — ().

Foreach 0 < p < LR;EJ and t > % + pT7, define a deterministic process £; with random initial
k

data by the equation:

dg; = " IVEH(E)dt, €L g =

€
k .
ntPTy

On the event A; N {|<p£ — H(X5)| < h} C {X;,& € C, t € [£, 2]}, estimate the difference

n’
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| X — & on the interval [£ + pT7, £ + (p + 1)T]:

t
X5 — &l <™ / [VHY(XE) — VH ()| ds + 772

k/n+pTg

t
/ o (X3)dW,
k

/n+pTe

t
gaﬁ—l/ LIX:—¢lds+M-c7.
k

/n+pTy

So, for € small enough, by the Gronwall’s inequality,

i o
X7 = &1 < Mexp(L-T(H(XD))-'% < Mexp(LM) % <

b S 4.4)

We approximate |V H (X?)*o(X¢)|* with B?(p,) on the interval [£ + pT¢, £ + (p 4 1)T5], still

on the event Ay N {|<p£ —H(X3%)| < h}:

B (p+1)TE
/ IV H(X2) o(X5)|2ds
wtPTE

E(p+1)Tg ,

S/e \VH (&) o (&) P ds + LT, - o

+pTy M

n

<

k4 T+l =BT(H (X5, oz >
/ T VH(E) 0(€)Pds + €17 LYM + & PT(H(XD)L -+
k

+pTy; n

n

< e"PT(H(XS

ntPTy

))B*(H (X%

ntPTg

N4 P L (M +1)
< T (k4 pge ) B (P ) + 6177 LO(M +2)
< e PT(H(X5))B* (¢ pre) +' 77 Lo'(2M +2)

= TlfB2(90E+pT,§) +2'70 - LO'(M + 1),

where the first inequality is by (4.4), the second inequality is by Lipschitz continuity of T'(H)

and boundedness of |V H (£5)*0(£5)], and the fourth inequality is by the Lipschitz continuity of
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T(H)B2(H).

With the same reasoning, we get an estimate in the other direction

wHE+1)TE
) VH(X?) o
k

(X5)[Pds = TEB* (e 4 pre)
ntPTE "

— 267 LS (M +1).

Note that these inequalities are valid for every 0 < p < L%j Therefore, on the event A, N

k1
{\cpk —H(X5)| < h}, Ji" |[VH(XE)*o(XZ)|* can also be approximated by fk Bz(gos)
the interval [£, EH1]:

k41
" VH(X?) o (X)) ds
k
L 171 E ()T
< ) \VH(XE)*o(XE)|2ds + TEM
k £
p=0 wtpTy
e )1 )
< T B* (5 pre) + e 26V P LS (M + 1)+ TEM
p=0 . k
k+1
= AL(M + 1
< —|—a/2)/ B2(p,)ds + LAY
k mn
<(1+a) B*(ps)ds,

for € sufficiently small. And similarly,

k+1

A "IV H (X o(X2) Pds > (1 - a) / " B

iii. We proceed to estimate the conditional probability that H (X[ ) follows ¢, on the interval
) %], given that H (X4 ) is close enough to (&

k. Letc, = fk B2 (1)dt, so = (1 — a)cxe?,
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s1=(1+a)ae’, Py = pras — H(XS), and

n

ot _
7, = aﬁﬂ/ VH(X) o (X)dW, = W((Z),),

E -
where (Z), = £° [ IV H(X2)*o(X?)|%ds and IV is a one-dimensional Wiener process. Earlier,

we saw that sg < (Z)1 < s; on the event Ay N {|ng — H(X5)| < h}. On the other hand, the

n =

increment in H (X7) is almost Z ,, since for € small enough

k+1

/ " AH(X)ds
k

H(X5) — H(XL) = Ziju| = €

n n

< 5’8% < h'/2.
n

= £

Then, for the initial point X} = z satisfying |H (z) — ¢« | < h,

w

[ — H(X5u)| < W'} 1 A)

I
w

|H(Xin) = H(XE) = Bl < 1} 0 Ay)

Il
w

v
w
TN TN T T

v
w

v
w

B B B B I
|Ws, — Pi| < o Sup (Ws — Ws| < —) — As3(e)

v
o
AN
vy
IN
>
W

v
w
T N N

|m
e
g |
]
=

|
=
N

| =
~__
|

>
w
o

Pk+h//4 2 _ _ h/
. sup |[W,—W, | < — ] — As(e
V21S0 Jp,—n/a 250 (8035251’ o 4 ) o(e)

> ! ( |+2h)2 L)
— exp | —=— 41— - = — As(e
— 2 4/27msy P 259 T 2 ’
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2
<190w — x|+ 2h> né’?
>2exp | — 0 — exp (— )
21— a)ef [, B(g.)dt 64Me?

2
(Ipse — pul +21)

21— a)e? [, B(py)di

> exp

iv. Since the previous result is valid for every 0 < k < n,

P (|H(XT) = eu| <N, poa(H(XF), 1) < 0)

> p (|H<Xf> C ol < W, sup [H(XE) — ] < 6’)

0<t<1

n—1
>P <ﬂ AN {|H(X2) —pr| < h/ forevery 1 < k < n})
k=0 " !

n—1
> inf P({ — H(XE., <h'}mA X = >
=11, [pas — H(XE0) X5 =y

y)—pk |<h
n

2
(!wﬁ —pr|+ 2h>

Tl
2(1 — a)e? [,» B2(py)dt

n—1
> ] exp

k=0

kg2 B4l
1 nz_l Ji" @tdt‘ ht|[i" ‘Ptdt‘

31— k1 s
2e8(1 — ) o\ [ B2(py)dt [ B2(py)dt
~1

k+1

1 < n ‘¢t|2 nho’
> SR — dt
= eXp 256(1_(1)]; / B T
1 1 Lo ? 1 n’hd
> S dt :
- exp( 2¢P (1—&/0 B2(py) T Tm
1 b a [ e 1 n?hy
> S dt dt + ——
_eXp< 2¢P (/0 B*(¢1) +1_a/0 Blp)" I-a m

> exp (—e 77 (S() +7)) -
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4.3.2 The case where the process starts at an exterior vertex

In this section, we assume that x, = (0, 0) (the origin in R?) is a local minimum point and
H(xq) = 0, without loss of generality. We aim to estimate from below the probability that the
random process starting at an exterior vertex escapes from a certain neighborhood of the vertex
sufficiently fast. We start with the following lemma. Again, we simplify the notations as what

we did in the preceding section.

Lemma 4.3.2. Suppose that X§ = xq. Then, for every T' > (, there exists a positive number k
such that the stopping time 7, := inf{t : H(X}) = ke”} satisfies P(ty < T) > 5 for all & small

enough.

Proof. Let us again write down the equation for H (X7 ),

t t
H(XE) =¢P / AH(X%)ds + ¢°/? / VH(XE) o (XE)dW,
0 0

where A is the operator Au(z) = 1 doijlo(@)o* ()] - 852% u(z). First, note that both co* and
the Hessian matrix of H are positive-definite at X, hence d := AH(x¢)/2 > 0 and AH(x) > d
in a sufficiently small neighborhood of x43. Second, let A > 0 be the smaller eigenvalue of the
Hessian matrix of H at xo. Then, by Taylor’s expansion at xo, we deduce that |H (z)| > IA|z|?
in a sufficiently small neighborhood of x4. Third, due to the boundedness of both the second

derivatives of H and the norm of oc*, we have |[VH*(z)o(x)[*> < Alz|? for some A and all

x € R2. Let k be small enough so that k < d/2,

32kAT - Ad2
a2 TPV 30kAT

1
<_
)< 3
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and, in U = {z : |[z] < \/%eP?}, we have AH(z) > d and |[H(z)| > 1A|z|%. We define

= inf{t : H(X]) € 0U}, and it follows that 7y < 75. We are ready to estimate

T T
P(r, >T) P( > T sﬂ/ AH(Xg)ds+sﬁ/2/ VH(X)*o(X)dW, < keﬁ)
0 0
SP(T >n>T W/ VH(XE) o (XE)dW, < (k — d)e )
dePP
<P (T > T / VH(X)) o(X9)dW, < == )
T dgﬂ/2
—p(nznz [ vHOG R < -5
0
~ deP/?
gP( >n>T, inf  W,<-% )
" 0<t<4kATEP 2
~ deB/?
< P(W4kATaf3/)\> 2 >
32KAT Ad?
TAd? 32kAT

l\DI»—t

Assuming that the process starts at x with H(x) = ke”, i.e. a certain distance away from
the extremum point, we can apply Ito’s formula with f(z) = /x to the process H(X[) in order

to make the diffusion coefficient uniformly positive.

Lemma 4.3.3. For a given non-constant ¢ with o = H(x9) = 0 and S(¢) < oo and a positive
constant c, there exists p > 0 such that the stopping time T := inf{t : H(X{) = p} satisfies

P(7 < T) > exp(—ce~?) for all ¢ sufficiently small, where T = inf{t : |, — po| = p}.

Proof. Let 7y = inf{t : H(X?) = ke”} and let 7, = 7 — 71. By the strong Markov property of
X7, we deduce that

P(r<T)>P(n <
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By Lemma 4.3.2, we can find such k that

Consider the process that starts at x satisfying H (x) = ke”. Since a two-dimensional nondegenerate

diffusion does not reach the origin, we can apply Ito’s formula to \/ H (X[) and get

VHXF) = Vie? + & /t ( AR ‘VH(XE)*"(X@P) s

2/ H(X?) 8 H(X:)3
t £)* €
+ 56/2/ VH(XS) U(XS)dWS.
0 2 H(Xg)
Due to the positive-definiteness of the Hessian matrix at x, = (0,0), we can find » > 0

small enough that satisfies the conditions in Lemma 4.7.7, and there exist A\;, Ao, A;, Ay > 0
independent of r such that, for every z € B(xq,r), we have the estimates: \;|z|* < H(z) <
Ao|z|* and Ay |z| < |VH(z)| < As|z|. Let p be sufficiently small so that X; € B(xg,r) for

t < 17o. By Lemma 4.7.7,

P(r >1T/2)

—P (, [H(X:,,) < /B, 7 > T/2>

T/2 e\ * €
o2 / VHXDo(XD) 0 TQETﬂ)
0

2\ (X))
<P(W /m 2
(
(

IN
'-U
RS

VH(XF) 0 (X7)
2/ H(X?)

S \/587’8/2, P 2 T/2

<P (W, < /pe P2, forsome \T < t < 2AT, 1 > T/2)

<P ~t < \/55_5/2, for some \T < t < 2)\T> .
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Here ) is a constant determined by A;, Ao, A1, As. Hence

P(r, <T/2)>P (W, > /pe ?2, forall \T <t < 2\T)

1
> §P (W)\T > 4/ 2p€7’8/2>
S 1 3p

By Lemma 4.7.8, we can find p such that the value above is greater than 2 exp(—cs?). [

4.3.3 Estimates near the separatrix

In this section, we prove that the probability that the process goes through an interior vertex
sufficiently fast is not too small. For that purpose, we invoke the Morse-Palais Lemma to make
concrete computations. Suppose that x;, is a nondegenerate saddle point of H and that H (x;) =
0. By the Morse-Palais Lemma, there exists a neighborhood U, (we may assume that U is an
8l x 4l rectangle with [ < 1) of the origin and a diffeomorphism v : Uy — Vj, where 1} is a
neighborhood of x;, such that H(¢(u,v)) = p? — v? =: G(u,v), if (u,v) € Uy. Since 1 is a
diffeomorphism, there exists M such that |[¢0|, |72, [Tl | Jp-1]l, [det(Jy)], [Vdet(J,)| are
all bounded by M, for all (i, v) € Up. Let us take U C U to be the 4/ x 2[ rectangle centered at

the origin, and V' = ¢ (U). Look at the deterministic slow motion

dr, = V*H (z,)dt.
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Then we derive the equation for the process ¢! (x;) in Up:

dp~ () 1
dt det(Jy (=1 (zr)))

VG ().

This means that G (1) ~*(z;)) remains constant as the process evolves, which leads to the fact that
if g is close to x;, and H (o) > 0, then the deterministic motion ¢~ (z;) will exit from U across
the upper or lower boundary, depending on which side of separatrix z( is on and the sign of

det(Jy). We define, for (i, v) € U,

1/’ det(Jy( ?ﬂ+u2—v27y))dy

T(,u,lj):— /—y2+u2_y2

5 4.5)

Without loss of generality, we assume det(.J,,) > 0. Then it’s not hard to see that T'(u,v) =
inf{t : vYxy) & U, v (xg) = ()} if (u,v) € U, u > 0, and 0 < H(Y((u,v))) <
312 (in this case, the process 1)~ (z;) exits from U across the upper part of the boundary, and
the integrand in (4.5) (multiplied by a half) is the reciprocal of the vertical speed); and that
T Nxy)) — T (wp1)) = Vif ay, 1441 € Voand 0 < H(zy) < 3[%; and for 7y € V and

0 < H(xo) < 302,

T (x0)) < 1T {mg (14 VP + @) - glog<ﬂ<x0>>] | 46)

Furthermore, differentiating 7'(u1, v), we get the following estimates:

or, _—| |yl |1l v ¢
T\ _ 37 . + < , 4.7
Bl = [W 2 AT MQ—VQI‘HWW)) Y
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T gy [ v] I c

+ + < ;
v N (T By A N R e H((p,v))

(4.8)

for a certain positive constant C' (details are given in the Section 4.7, Part 4). We will go through
the following steps to get the desired estimates on the probability of going through an interior

vertex sufficiently fast:

1. We first deal with the random process that starts on the separatrix. Then, by Theorem 3.2
in [16], for any d > 0, the process escapes to Ck,-(s%ﬁ ) in a fixed time with a probability

bounded from below independently of €.

2. If d > 0 is small enough, then the process that starts at Cki(e%dﬁ) can reach Cki(e%ﬁ )

with at least an exponentially small probability, as is stated in Lemma 4.3.8.

3. After the process arrives at Cy,;(¢%®) with a < 1/2, it can further travel to Cy;(¢(*~9#) with
d small but positive, with at least an exponentially small probability. This is the statement

of Lemma 4.3.6. Hence, after finitely many steps, the process can reach Cy;(e%).

4. The last step would be traveling from Cy;(¢%) to a constant distance from the separatrix.

This is done in Lemma 4.3.10.

5. Similarly, the process that starts at a certain distance from the separatrix can hit it within
a constant time with at least an exponentially small probability. Therefore, the probability
that the process follows a certain trajectory going across the separatrix is not terribly small,

which is the result of Lemma 4.3.14.

140



Let us define the curves:

Yin = {x € OV N D; : V* H(x) points inwards of V},

Yout = {x € OV N D; : V- H(x) points outwards of V' }.

The following lemma contains simple estimates on the Brownian motion that will be needed later.

The proof will be given in the Section 4.7, Part 4.

Lemma 4.34. (i) For 0 < d < a < % and every k > 0, we have the following estimate for

small enough:

1
P (56/2WT < —4el@=DB(q — d)B|logel|, °*W, < Z—La6| logele®™ V0O <t < T)

> 2exp (_6—(1—2(a—d))ﬁ—n) _

(ii) For 0 < d < % A % and every k > 0, we have the following estimate for € small enough:

eBlRPW, < —2(1 — d)ﬂgl%dﬂ log e|;
Pl 82w, < 5% vo <t <e®, | >2exp(—e77).

BIPW, <« TP Ve <t <T

(iii) For 0 < d < 1/,6’771 and every A > 0, we have the following estimate for € small enough:

1 A?
P <€5/2WT < —A, 66/2Wt < Zd6| 10g5|5d57 Vo<t< T) > 2exp (_?8_5> .

As we’ve already seen from (4.6), the exit time for the deterministic process from the
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neighborhood of a saddle point is approximately |log H|. Now we need a similar statement for
X,
Lemma 4.3.5. Suppose that Oy, is an interior vertex and an endpoint of I;. For any given 0 <

a<i0<d< 1/5 Y=L A a, and for every 0 < k < $(1—(1+2d)B), every T > 0, we have the

9 _af 11_aB

following estimate for each xo € Your N Di(75", 156*") and & small enough

t
P (/ |log H(XE)VH (X o(X5)|?ds > t, VE<nA T) > 1 — exp (—e (72amd)izr)
0

where ) = inf{t : X; € Ci(=D%) U Cp,;(*?/2)}.

The idea behind this lemma is that the process starts on 7,,; and moves away from the
saddle point first, with the intervals of time away from and near the saddle point alternating
repeatedly. The integrand is large when the process is away from the saddle point, which is
sufficient to compensate for the relatively long time spent near the saddle point. A detailed proof
will be given in the Section 4.7, Part 4. Now let us formulate the argument of Step 3 (above) in
the following lemma.

Lemma 4.3.6. Suppose that Oy, is an interior vertex and an endpoint of I;. For any given 0 <

1/6 1

a < %, 0<d< A a, and for every T' > 0, every ¢ > 0, there exists o small enough such

that, for each xo € Yot N D;( 1%5“6, %E“ﬁ ), we have

P(r <T) > exp(—ce?), Ve < &,

where T = inf{t : X{ € C;(cl*=95)}.

Proof. Define 7 = inf{t : X; € Cy;(c*’/2)}, n = 7 A7/, and f(z) = zlogx — x. Since
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f € C*([e%8/2,le=DA)), Tto’s formula can be applied here:

FOH(X3)) = f(H(x0)) + € /On <1ogH(X§)AH(X§) + |VH(X§)*U(X§)I2) "

2H(X?)

n
+ P2 / log H(XS)VH (X)) o(XE)dW,
0

= f(H (o)) + € /On <1ogH(X§)AH(X§) + |VH(X§)*0(X§)I2) s

2H(X?)

. U
+ PP </ | log H(X;)VH(X;)*O—(X;)PCZS) ,
0
where W is another Brownian motion. To simplify notations, define events R and .S as follows:

~ ~ 1
R= {55/2WT < —4e@=DB(q — d)B|logel|, #*W, < Zaﬂ| log £|e for every 0 < t < T} ,

t
S = {/ |log H(XE)VH(XE)*o(XE)|*ds >t, Vt <nA T} :
0

By Lemma 4.3.4(i) and Lemma 4.3.5, we know that P(RN.S) > exp (—e~(172(@=9)5=*) for any
positive « and all sufficiently small . Therefore, since « can be taken arbitrarily small, it remains

to show that # N S implies 7 < 7. On this event, if we assume that > 7', then
T
/ log H(XE)VH(X?) o(XE)ds > T.
0

So, we may define n/ = inf{t : [, |log H(XS)VH(XZ)*o(XZ)|?ds = T} < T < n, and still

write the equation

/

UG = S )+ [ ' (log H(XE)AH(X?)

\VH(X?)*o(X?)[?
TR )ds
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0

~ 77/
I ( / log H(X;)VH<X§>*U<X§>|%S>

!

! VH(X2)*o(XE)|2 .
— f(H (o)) +&” / (log H(X9)AH(xE) + VX 0 (X ) ds 4+ P2,
0 2H(X¢)
Since the Brownian motion here dominates the whole right-hand side due to the definition of R,

we have f(H(X5)) < f(e=®?), which contradicts the fact that 7/ < 7. Thus 77 < T'. Then it

follows that 7 < T since f(H (X)) # f(¢*’/2) by the definition of the set R. O

We can complete the proofs corresponding to Steps 2 and 4 above in the same way.

Lemma 4.3.7. Suppose that Oy, is an interior vertex and an endpoint of I;. For every d < 1/ i_l A

%, and for every T' > 0, we have the following estimate for each xy € YoM Di(%e%ﬁ , %5%5 )
and ¢ small enough

t
P (/ |log H(XE)VH(XE)*o(XE)|?ds >t, Vt <nA T) >1—exp (—e %),
0

where n = inf{t : X € Cii(e 7 P) U Cra(e77 % /2)}.
Since the proof is similar to that of Lemma 4.3.5, the details are omitted.

Lemma 4.3.8. Suppose that Oy, is an interior vertex and an endpoint of I;. For every d <
% A % and for every T' > 0, ¢ > (0, there exists €y small enough, such that for each v, €

9 idﬂ 11 idﬂ
Yout NV Di(556 2 7, 156 2 ), we have

P(r <T) > exp(—ce?), Ve < &,

where T = inf{t : X; € Cli(e 2 7)}.
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Proof. The proof is similar to that of Lemma 4.3.6. Define 7/ = inf{t : X; € Cy(c 2 ?/2)},

1+d

n=71A7, and f(z) = xlogz — z. Since f € C*([2e = 7, e'2')), Ito’s formula can be applied

here:

VHOL UL

F(H(X5)) = f(H (xo)) +&° /0 n (10gH(X§>AH<X5>+ 2H(X:)

5 n
+ PP (/ | log H(X;)VH(X;)*U(XSE)WS) :
0

Let

e82Wr < —2(1 — d)Be 3P| loge|; P2W, < 5%, V0 < t < £98;
R - )

BPW, < —e 3B Ve <t <T

t
S = {/ llog H(X5)VH(XE) o(XE)2ds > t, ¥t <n A T} .
0

By Lemma 4.3.4(ii) and Lemma 4.3.7, we know that P(R N S) > exp (—e 2%~%) for any

positive x, and R N S implies 7 < 7', so we’re done. 0
The proof of the following lemma is also similar to that of Lemma 4.3.5.

Lemma 4.3.9. Suppose that Oy, is an interior vertex and an endpoint of I;. For every d < Ug_4 A

1, and for every T' > 0, we have the following estimate for each Ty € 7y N Di(%sdﬁ , %5555 ) and

€ small enough
t
P (/ |log H(XE)VH(XE)*o(XE)|?ds > t, Vit <nA T) > 1 —exp (_E—B—n) ’
0

where n = inf{t : X; € Cy;(0) U Cri(£%°/2)}.
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Lemma 4.3.10. Suppose that Oy, is an interior vertex and an endpoint of I;. For every d <

1/6—2_1 A 1, and for every T > 0, ¢ > 0, there exist § > 0 and €y > 0 such that, for each

2 € Your N Di(35%, 15%), we have

P(r < T) > exp(—ce?), Ve < &,

where T = inf{t : X; € C;(9)}.

Proof. The proof is, again, similar to that of Lemma 4.3.6. Define 7/ = inf{t : X7 € Cy,;(e%*/2)},

n=7A7 and f(z) = zlogz — . Since f € C*([3e%,]), Ito’s formula can be applied here:

) = fitGan) + 2 [ (1o mOeame) + TSI o

_ n
+ PP (/ | log H(X;)VH(X;)*O—(X;)WS) .
0

Let
. .
R= {66/2WT < 2f(8), e*?W, < Zdﬂ\ log e|e® forevery 0 < t < T} :
t
S = {/ |log H(XS)VH (X)) o(XE)|*ds > t, Vt <nA T} .
0
By Lemma 4.3.4 (iii) (with A = —2f(J)) and Lemma 4.3.9, we know that P(R N S) >

exp (—@5“3), and R N .S implies 7 < T, so we’re done if we choose o so small that

4f(0)? < T. ]

The following lemma ensures that the assumptions that the process starts on a piece of
Yout 1N the lemmas above make sense, since the process reaches the piece of the curve with a
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uniformly positive probability.

Lemma 4.3.11. For A < 1/2 and every fixed T' > 0, we have the following estimate for € small

enough:

P(r<T)>1/2,

where T = inf{t : X; € vou N Di(55e?, 15e™)}, for each xg € Cy(e?).

Proof. The proof is similar to that of Lemma 4.3.5. Let us look at the slow motion:

dX: = VEH(X?)dt + 2o (X2)dW,,  X& = x0 € R?,

and take o € (A, 1/2). Then the idea is that 7 < 7" on the event

2AM|loge| k+A ~
E = ﬂ sup |ve o(X5)dW,| <e* ¢,
k=0 A€[0,1] k

and P(E) > 1 — 2AM|loge|exp(—e*~1/2) > 1/2 for ¢ sufficiently small, since ¢ is bounded
and the stochastic integral can be represented as a time changed Brownian motion. See the proof

of Lemma 4.3.5 for details. O]

Lemma 4.3.12. Suppose that Oy, is an interior vertex. For any T > 0, ¢ > 0, there exist 6 > 0

and €y > 0 such that, for every € < g and each x € CY,

P(r <T) > exp (—ce?),

where T = inf{t : X7 € Cy;(9)}.

147



Proof. Setd = 1//3’1_4 A 3 and n = [5] 4+ 8. By Theorem 3.2 in [16], for every d > 0, the process
reaches C’ki(sl%dﬁ ) by time 7'/n with probability at least p > 0, where p is independent of ¢.
Then we apply Lemma 4.3.6, Lemma 4.3.8, Lemma 4.3.10, and Lemma 4.3.11 with our fixed d,

%, and 5. By the strong Markov property of X7, we get the desired result. [

As in Lemma 4.3.12, the process starting at Cj;(J) arrives at the separatrix with probability

at least exp(—ce?) prior to time 7. Combining these two results, we get the following lemma.

Lemma 4.3.13. Suppose that Oy, is an interior vertex with Oy, ~ I; and Oy, ~ I;. Then, for any

T >0, ¢ > 0, there exists 0 such that, for any xo € C;(0),

P(r <T) > exp(—ce™?),

where T = inf{t : X; € C;(9)}.

Next, we formulate the lower bound for the probability that the random process goes

through an interior vertex, near a certain deterministic path.

Lemma 4.3.14. Suppose that Oy, is an interior vertex with Oy ~ I; and Oy ~ I;. For every
§d > 0,7 >0, h >0, and a trajectory @ such that oy = (j, H(xx) £0), or = (i, H(xx) £ 9),
and |y — H(xy)| < d fort € [0, T), there exist hg > 0 and ey > 0 such that, for any x satisfying

r(Y(xo0), o) < ho, we have the estimate for all € < ¢

P (r(Y(X5), o) < h, por (Y (X5), 1) < 26) > exp(—e " (Sor(p) +7)).

Proof. Without loss of generality, we assume that H(x;) = 0 and 2 < ¢. Due to the absolute
continuity of o, we can fix £ so small that |a — b| < ¢ implies that |, — @, < h/2. Fix &' < §/2
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positive and small, such that for any xy € Cj;(0"),

P(ry < 1; X{ € Di(6/2), t € [0,75]) > exp (—ye 7 /4), 4.9)

where 75 = inf{t : X¢ € Cy;(¢")}. This is possible since, for ' small enough, the process starting
on Cj;(0") escapes Dy (0/2), within a fixed time, with a probability that is bounded from above
by exp(—Ce~") for certain constant C, while the constant ¢ in Lemma 4.3.13 corresponding to
¢’ can be chosen such that ¢ < C.

Lett; = inf{t > 0: ¢, = £0'/2}, to = sup{t > 0: ¢, = £0'}, and o, = ¢, _; fort €

[ty +1,T]. By Lemma 4.3.1, we can fix ho < d such that, for any x satisfying | H (o) — 0| < ho,

P (po, (H(X7), 1) < 8'/2) > exp [—e 7 (Sos, () +7/4)] , (4.10)

and we can fix © < ¢’ such that, conditioned on X¢

P satisfying [H (z) — @, ¢ < tts

P(py, ir(H(X7), &) < h/2) > exp [ (S, 1 () +7/4)] . (4.11)

where ¢, = ¢,_;. Furthermore, let 7y = inf{t : X; € C;(0')} and » = inf{t : X7 € Cy;(¢')}.

Let’s consider the event:

A pos (H(XE), p1) < &/2;m0 — 1 <1, X§ € Di(9), t € [0, T);

th EDi((SI_M76I+M)7tG [7—27t2+ﬂ; |H(Xt€)_95t| <h/27t€ [t2+£7T]

Note that A implies the desired event, hence it suffices to prove P(A) > exp(—e?Sor(¢) +7).
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Figure 4.2: A typical graph where event A happens.

To see this, combine (4.9), (4.10) and (4.11) and note that (4.3) implies that

P (Xte S Dz(él —u,é'—l—,u),t S [Tg,t2+ﬂ) Z

Y

N | —

for € small enough. Thus, by the strong Markov property of X7,

P(A) > exp(—~"(Sor(ep) +7))- N

4.3.4 Local large deviation principle: lower bound

With all the preliminary results obtained, we can get the lower bound for the large deviation

principle.

Lemma 4.3.15. Forany 6 > 0,7 > 0, and ¢ € C([0,T],T") with po = Y (), there exists £,

such that

P (po1r(Y(XF), ) < 8) > exp [-e77(S(ep) +7)] .
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for any ¢ < g,.

Proof. We can assume that ¢ is absolutely continuous and ¢’ € L?([0,T1]) for the rest of the
proof, because S(¢) = oo for any other ¢ = (i, ). Consider the case where ¢ is at an exterior
vertex Oy, and (7 is not at any vertex. Given 0 > 0 and v > 0, by Lemma 4.3.3, we can find

p < /4 Ainfy |or — H(xy)| such that, for e sufficiently small,

P(1 < q) > exp(—¢ "7/4),

where ¢ = inf{t : (¢, Oy) = p} and 7 = inf{t : |H(X7) — H(x;)| = p}. Let &' = 3p, and

define the following three sequences inductively:

4o = 4;
tr, = inf {t > qx_1 : 7(¢1, O) = ¢’ for some vertex O},
pr = sup {t < tx : (¢, O) = 2’ for some vertex O} ,

qr = inf {t > t; : r(¢ps, O) = 20’ for some vertex O},

for k < n, where n is such that the set {t > ¢,, : (¢, O) = ¢’ for some vertex O} is empty. Note
that n > 0 is finite due to the absolutely continuity of ¢. We define p,, ;1 = 7". By Lemma 4.3.1,
we can find h < %(5’ such that, for all ' < h, there exists £, small enough such that, conditioned

on X; = xsatisfying |[H(x) — ¢, ,| < h and for all £ < &,

5 € — g
P (|H<Xp;€) - 907716| < h/7 kaflypk(Y(Xt% Sat) < 6) Z exp [_6 B(quil’qk((p) + 2k+2>
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Figure 4.3: A typical partition of a trajectory.

holds for all 1 < k£ < n + 1. By the strong Markov property of X (since the process can remain
near the same level curve between time 7 and ¢), for each 2’ > 0, there exists £y such that, for all

e <ego,

P(|H(X7) = oql <N, pog(Y(XF), pr) < 0) > exp(—e7/2).

On the other hand, for 1 < k& < n, on the interval [py, x|, we have two different situations:

() If ¢y, = g, then, conditioned on X; = w satistying |H(x) — ¢,,| < h/2, for all ¢ small

enough,

P (’H<X;€) - 90%’ < hv ppk,Qk<Y(XtE)> ‘Pt) < (S)

zP( sup |H(X7) — H(X;))| <h/2> >

Pr<t<qx

DN | —

(i) If ¢, # g, then, for € small enough, by Lemma 4.3.14, there exists © < h/2 such that,
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conditioned on X = x satisfying |H () — ¢, | < p,

€ € — i
P (’H(qu) - Squ| < h, ppk:Qk(Y(Xt)7 Y1) < 5) > exp(—e 5<Spqu<‘/’) + 2k+2))'

With the estimates above combined, we obtain that

P (por(Y(X;), ) < 8) > exp [ 7 (S(g) +7)]

for any € small enough. In the case where ¢ is at an interior vertex or inside an edge, or 7 is

at a vertex, the proof is similar. O

Theorem 4.3.16. Given ¢ € C ([0, T],T") with o = Y (xy),

lim lim £” log P (po (Y (X), ) < 8) > =S(¢p).

6—0e—0

Proof. This is an immediate consequence of the previous lemma. 0

4.4  Upper bound for the large deviation principle

In this section, we deal with the upper bound for the local large deviation principle. We start
with the discussion about what happens inside a single edge (Lemma 4.4.1 and Lemma 4.4.2).

Again, we simplify the notations when there’s no ambiguity, as we did in Section 3.1.

Lemma 4.4.1. Suppose that C = D;(H,, Hy) C D; and X§ = x© € C. Then, for every 6 > 0,
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every v > 0, and every s > 0, there exists £ > 0 such that
P(X; € C,por(Y(XF), ®(s)) 2 6) < exp(—e (s =)

forall e < ¢y and every x, where ®(s) = {¢p € C([0,T], ;) : S(e) < s, @o € [H1, Ho]}.

Proof. Without loss of generality, we let 7" = 1. Since H (C') is compact, and C' is away from the

critical points, there exist m > 0, M > 0, and L > 0, such that:

(1) |AH(z)| + |VH(z)*o(2)|*> < M, Vz € C,

(2) |VH(z)*o(z)|*> > m, Va € C,

(3) m<T(H)< Mandm < B*(H) < M, VH € H(C);

@) [VH(z) = VH(y)| + [|[VH (2)"o(2)] = [VH(y) o (y)]| < Llz =y, Va,y € C;

(5) |T(Hy) —T(H,)| + |T(H,)B*(H,) — T(H,)B*(H,)| < L|H, — H,|, VH,, H, € H(C).
For s > 0,y > 0, and 6 > 0, we choose the following parameters:

(1) 0 < p < 1/3suchthat s(1 —2u) >s—1;

(2) ¢ > 0 suchthaty < A %, which particularly implies that

2
L&'(2M +1) < ‘“;f ,

1—p? 2m+ LY _ 1—p?/2
2 2m — Lo’ 2 ’

(3) n € N such that nd’> > 64M (s — 7).

154



For every 0 < k < n, define the random variable Tf = T (H (X)), the event A,

as in Lemma 4.3.1, and the event Bj, where the process stays within the compact set, in which
|V H(X$)| is bounded, so that A, happens with overwhelming probability:

|k
A = ﬂ { sup gh/2

p=0 \PTE+E<t<(p+1)Tg+E

ﬂ { sup
o<t<li

k k+1
Bk:{XfeO,Vte[ i ]}.

¢
/ o(X5)dW,
k

/n+pTg

5'}
<50
D)

H(X% ) — H(X%)

™
n n

If we denote

1 n
27 B2 (H(xy)) - 4

Yi =

H(XG) — H(X5)

n n

then, by Lemma 4.7.9, we have E(xp,na, - exp((1 — p)Y%) | Fr) < ¢, for some 0 < ¢, < oo.
Let [¢ be the random polygon with vertices at (%, H(X¢§ )) for0 < k < n,andlet B =

"~} By. Then

P(X; € O (V(XE), B(s)) > )
=P (X7 € C,p01(Y(X7), ®(s5)) = 0, por (Y (X)), lf) <))
+P (X7 € C,poa(Y(X7), (s)) = 0, por(Y(X7), l}) = 0))

<P(X;eCS(I)>s) +P ({ sup |H(X?) — 5] > 5} N B)

0<t<1

P (ﬁ A[[{S@) > s}ﬂB> +P (O(Q\Ak)ﬂ3>

k=0

+P ({ sup |H(XE) — 15| > 6} ﬂB) .

0<t<1

IN
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We estimate the first term:

P (ﬁ A [{S(F) > s} ﬂB)
-r(anson{y [ 5 )

n—1 n2 n—1 % H(Xij) _ H(XEE)
—P AN B -~ - -
(Ax N Bg) ﬂ 5 ﬂ B () dt > s
k=0 k=0
n—1 n—1
SP( (AkﬂBk)ﬂ{eﬁzYk>s}>
k=0 k=0

_ E[IT5 xauns, - exp (1= p)Yi)]
N exp (1 —p)s - e77)
E ([T Xaunm, - exp (1= 1Y) - B (X, 0, exp(1— )V 1) Fat )|
B exp (L= pr)s-=7)
E[[TiZo xawnm, - exp (1 — w)Y3)]

(4.12)

ST (0 ms ) )
< s (4.14)
= o (1 - s e 7) |

< S exp(~(1 - 2p)s )

< S exp(—e (s~ 7)),

where (4.12) follows from the exponential Chebyshev’s inequality, and (4.13) follows from
Lemma 4.7.9, and (4.14) can be obtained by applying Lemma 4.7.9 repeatedly. We estimate

the second term using Lemma 4.7.6:

P (L](Q \4) ﬂB) <nexp (g ) < gexpl-s s - ),

k=0
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by recalling that nd’> > 64M (s — ). Similarly, we estimate the third term:

P <{ sup |H(X5) — 15| > 5} ﬂB) < MP <

0<t<1

AN
byl
Il |
[en}

'ﬁ
/-~

Thus,

P(X; € C.poa(Y(X7), B(s)) 2 6) < exp(—="(s — 7). =

The next result, which relies on Lemma 4.4.1 and Theorem 4.7.4, gives an upper bound on

probability that the process stays close to a given trajectory on the graph.

Lemma 4.4.2. Suppose that ¢ = (i,p) € C([0,T1],1;) is such that inf,com (¢, H(O)) > 0
foreach O ~ I; and S(p) < oo. Then, for every v > 0, there exist 0 > 0 and £y > 0 such that,

for each ¢ < gy and each initial point xo € D;(¢po — 9,0 + ),

P (por(Y (X)) < 0) < exp (—e(S(¢) — 7)) -

Proof. Without loss of generality, we assume that O; ~ I;, Oy ~ I;, and H(x) > H(x;) = 0.

Suppose that 0 < m’ < ¢ < M’ < H(xy). We define the compact set C' = D;(m’/2, —M/H;(x’“)) C
D; and s = S(¢p) — v/2. Then, by Theorem 4.7.4, po (¢, ®(s)) > 0, where (s) = {¢ :

S(p) < s, ¢g € [M'/2, W]} (if ®(s) is empty, then py (e, P(s)) = o0). We choose
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d > 0 suchthat 0 < por(p, ®(s))/2and D;(m' — 5, M' + ) C C. If por(Y(X5), ) < 6, then

por(Y(X7), @(s)) = por(ep, @(s)) — por(Y(X;), ) > 0.
So, by Lemma 4.4.1, for ¢ small enough,

P (por(Y(X7), ) <6) =P (por(Y(X7), ) <6,X; € C)
<P (por(Y(X;), ®(s)) > 0,X; € C)
< exp (=77 (s —7/2))

— oxp (—(S(p) ~ 7)) s
Theorem 4.4.3. Given ¢ € C([0,T],T") with ppg = Y (),

lim lim &7 log P (po.r (Y (X7), ¢)) < 6) < =S(¢p).

0—0e—0

Proof. There exists a compact set C' such that {z : po7(Y (), ) < 6} C C. Let M be such that

|AH (2)| + |VH(2)*o(z)]* < M, Vz € C.

Let us consider the case where neither ¢ nor @1 is at a vertex. Fix v > 0. If S(p) =

1T _lol?

2 Jo B (ot < oo, then there exists 0 < 0" < infy|po — H(xg)| A infg |pr — H(xg)| so

small that

/T 1] N ndt < 7
: + €D (£ .
o Bizt((pt) {pteD(£d")}
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Now let us define three sequences in [0, 7] inductively:

qgo = 0;
tr, = inf {t > qx_1 : 7(¢s, O) = &' for some vertex O},
pr = sup {t <ty : 7(¢py, O) = 20’ for some vertex O},

qr = inf {t > t; : r(¢p;, O) = 26" for some vertex O},

for 1 < k < n, and n is such that the set {t > ¢, : ¢; € D(d")} is empty. Define p,; = 7. The
sequences are all finite due to the absolutely continuity of (. Hence, by Lemma 4.4.2, there exist

0 > 0 and gy > 0 such that, conditioned on X ;k =z, forall e < g,

P (pymns (V(XD), @) < ) < ox —5—5(1/%1 (2R S
Py prt1 t)HhP) = > €Xp 5 " Bi(@t) Y) )

since {t : (¢, O) > &' for every vertex O on I'} D |J;'_,(qk, pe+1). Thus, we obtain

P (por(Y(X7), ) <0) <P (kavpk-‘—l(H(leg)?(p) <0,0<k< n)

< exp —5_5(1/ |;bt|2 dt—2’y)
2 JUr_o(awmnsn) Bi (@)

< oxp (~=(S(9) — 7 — 29))

= exp (—e77(S() = 37))

by the strong Markov property. Since we chose v > 0 arbitrarily,

lim Iim £ log P (po.r (Y (X7), ¢)) < 8) < —S(¢p).

6—0e—0
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In the case where S(¢) = oo, it is easy to show that, for every s > 0, there exist finitely
many disjoint closed intervals {J;} such that ¢ stays away from all vertices on all J;’s and
> xS (¢) > s. The result then follows in a similar way as in the finite action functional

case. O]

4.5 Exponential tightness

In this section, we establish the exponential tightness of the process Y (X;) in C ([0, T],T).

We start with the definition before heading to the proof (cf. [46]).
Definition 4.5.1. The family Y (X?) is exponentially tight (with rate £°) in C ([0, T],T) if there

exists an increasing sequence of compact sets (K;);j>1y in C ([0, T],T') such that

lim lim £’ log P(Y(X{) € € ([0, T],T) \ K;) = —oc.

j—o0e—0

Our approach is based on Theorem 3.1 in [44]. It suffices to check the following conditions:

C—o0e—0 [0,7]

(i) lim lime” log P (sup\H(XfN > C’) = —00,

0—0e—0 r<T—§ tE[O,&]

(#) lim lim £’ log sup P (sup r(Y(X:,,), Y (X5)) > 77) = —o00, Vn>0,

where 7 is a stopping time w.r.t. the filtration F.

Theorem 4.5.2. Under our assumptions, conditions (i) and (ii) are both valid, hence the family

Y (X)) is exponentially tight (with rate 6’8) in C([0,T],T).

Proof. We present the proof in two steps. i. Let us check condition (7) first. By assumptions,
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there exists M large such that H (z) > A;|z|? for |z| > M, |AH(z)|+ ||o(x)|| < M for z € R?,
and |V H| is Lipschitz with constant M. For any large C' > A;M? + 2|H (zo)| + A1|zo|* + 1,

define the stopping time 7 = inf{¢ : H(X;) = C'} A T. Then we have

H(X?) :H(aco)—l—E’B/ AH(X;)dHeﬁ/?/ VH(X) o (X2)dW,.

.
0 0

Let F' = {x: H(x) < C}. Then, forz € F, |z| < ,/A%. In light of the boundedness of o and of

the second derivatives of H,

|VH*(z)o(x)| < M?|x — 0] < M?(4 /A% + |zo|) < 2M?y /A%, (4.15)

for each = € F. From the fact H(X¢) = C we deduce that, on the event {7 < T'},

55/2/ VH(X) o(XE)dW, = C — H(xg) — 55/ AH(X%)ds
0 0

v

C — H(xo) — MTe"

AV
DN | —

C,
for ¢ sufficiently small. Thus, on the event {7 < T},

T
| ximaVHCC o)W, > 0=
0

T
([ oo VHOX) (X0 Pds) = 50
0

sup VNV,: > —C’E"B/Q,
aM4TC
0,554

N = N N
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where W is another Brownian motion. Hence {r < T} implies that {SuPte[o arirey W, >
9’ Al

1Ce78/2}. As for the probability P (supjo 7y [H(XF)| > C) for fixed C' large enough,

[0,7]

P (sup]H(Xfﬂ > C’) =P(r<T)

~ 1
<P sup W; > 505_6/2

4
[0, 4MATC}

~ 1
=2P (W4M4TC > _05_6/2)
a2

32MAT P AC

<y exp(—— ).
SV ac P

Therefore,

lim lim & log P (sup]H(Xf)\ > C) = —00
C—ooe—0 [0,7]

ii. Since we’ve already checked the validity of the first condition, it suffices to instead prove

that for every n > 0, C' > 0,
limlime’log sup P | sup r(Y(XZ,,),Y(XE) > n,sup |H(XS)| < C | = —o0.
6—=0e—0 7<T—§ t€[0,4) [0,T7]

Without loss of generality, we assume that 7 is so small that < |H (x;) — H (x;)| for any critical

points x; # X,. Note that

{ sup (Y (X5,,),Y(X7)) > n} c { sup [H(XZ,,) — H(X?)| > n/3} .

t€[0,4] t€[0,]
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Thus, it suffices that show that, for any positive 77 and C,

limlime” log sup P | sup |H(XZ,,) — H(XE)| > Q,sup]H(Xf)\ <C| =—o0.
§—0 -0 r<T—6  \t€[0,] 3 (0,17

Since AH (x) is bounded, this is implied by

T+t
lim lim e’ log sup P (sup | VH(X:) o(X5)dWy| > g,sup |H(X))| < C’) = —00.
(0,71

d—0e—0 T<T—§ tE[O,(S} ’

Define the process Y, = ¢%/2 [V H(X)*o(XZ)dW,, which is a martingale. Fix § > 0. Then,
for any stopping time 7 < T — J, define a random change of time 7; := 7 + ¢ and a new process
}Aff :=Y;, with a new filtration ]:"t := F%, V¥t > 0. By Theorem 1 from Chap.4, Sect.7 in [47],
)A/f is also a martingale, hence Z; = }A/f — Y/OE is martingale with filtration ;. Furthermore,
by Problem 2.28 from Chap.3 in [48], ¢ := exp(\Z; — 1A\?(Z¢);) is supermartingale for each
A € R. Take a stopping time o := inf{t < 0 : |Z¢| > n/4} A § wrt. F,. By the Optional
Sampling Theorem, ECCX{zz>n/4, supyr 1H(X7)<c} < ECG = 1. Keeping (4.15) in mind, we

conclude that

A A2 4M*
P|Z:>n/4, sup |H(X;)| <C | <exp (__77+__ 0-566)
0.7) 4 2 A

holds for each A € R. Thus, P (Z > n/4, supyq |H(XF)| < C) < exp (-W)

Similarly, one can prove P (Z5 < —n/4, supjo7 [H (X7)| < C) < exp <—%). So the

second condition is also valid. ]
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4.6 Proof of the main result

The following theorem is a result by Puhalskii adapted to our particular case (cf. Theorem

1.2 in [44], and also Corollary 3.4 in [45]).

Theorem 4.6.1. If the family of process Y (X¢) is exponentially tight (with rate £° ) and functional
S satisfies the following condition for every @ with ¢o = Y (x9):

S(g) = — lim Tin = log P (po.r (Y (X5), ) < 0)

0—0e—0

= — lim lim ¢’ log P (po 1 (Y (X7), ) < 9),

=050
then e~ °S(¢p) is the action functional of the family of process Y (X{) in C ([0, T],T') restricted to
the set of functions that start at Y (xo).

Proof of Theorem 4.2.2. The validity of the conclusion is due to Theorem 4.3.16, Theorem 4.4.3,

Theorem 4.5.2, and Theorem 4.6.1. O

4.7 Technical proofs

Part 1. We prove the level set Os5(s) = {r(po, Y (z0)) <0 :S(p) < s} is compact in

C([0,T],R) forany § > 0, s > 0.

Lemma 4.7.1. Suppose that ¢ : [0, T] — R is absolutely continuous, and let E = {t : ¢, = c},
where c is a fixed constant. Then, for almost every point t in E (with respect to the Lebesgue

measure), we have p; = 0.

Proof. Since ¢ is absolutely continuous on [0, T, it’s differentiable almost everywhere. Let F’
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be the subset of £ where ¢ is not differentiable, so A\(F') = 0. For each t, € E'\ F, the limit

lim Pto+h — Pty

h—0 h
exists. If ¢y, # 0, then ¢, # ¢y, = 0 on [ty — h,to + h] for some positive h, which means that
to 1s an isolated point in £. There can be at most countably many isolated points inside a set of
finite measure, so G := {t : ¢, exists and is nonzero} has measure 0. Thus F \ (F'UG) is the set

where ¢; = 0, and \(FFUG) = 0. O
Lemma 4.7.2. The mapping S : C ([0, T],T') — R is lower semicontinuous.

Proof. Suppose that o) — ¢ in C([0,7],I'). It is sufficient to consider the case where
liminf;_,, S(®) is finite. For [ large enough, ¢ is uniformly bounded by some M; € R.
Consequently, Bf(l) (o®) is uniformly bounded by some M, € R. Using the Lemma from [49]

on page 75, we evaluate

= Jor, = or, 2

Pt Pti—a
sup _—
0<to<..<ty<T = ti—ti1

N 0 @ 2
. ’thL - (pti,1’
= sup lim _—
0<to<..<ty<TIoo0 = ;i —1i
N ’ (O] |2
. (pti Sptifl
< lim sup —_—
500 0<to<...<ty<T = ti —ti1

T
=lm [ |p"
l—00 JO

< 2M, lim S(p") < o0,

l—00

which implies that ¢ is absolutely continuous and has square integrable derivative. Now fix
v > 0, and define U, = {t : B2(¢;) > ~}. This is an open set that is a union of at most
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countably many open intervals {I; : j > 1} inside [0, T]. Take L such that B?(H) is Lipschitz
continuous on [, My| with constant L uniformly in i. Then, by the uniform continuity of ¢, for
each ¢ > 0, there exists & > 0 such that |, — ¢,| < ve/L whenever t,s € I, and |t — s| < 4.

Notice that on a single interval I j» % remains the same. Hence 7, s € I ;and |t — s| < ¢ implies

Bz‘QS (905)
Bi (%)

<1+e.

Take 7 large enough so that T/n < 4, and, for each I; = (a,b), let a, = a + £ E(b—a). Again, i,

remains the same on /;, so

/b ‘¢t’2 dt < (1 + )nzi 1 /ak+1 | . |2dt
8 S —
a Bz(gpt) a B2 ag 7t

1 k=0 ) (Spak)
n—1

- My ) 2
1 | — 1]
— 1+ o sup Yo =Pl
=0 Bz ((pak) ak<t0< <t <ak+1 ZZI tk — tk‘
n—1 My | @ |2
1 Py
= (1 + E) _ sup lim k—z
k=0 B?((pak) ak§t2<...<t£{k§ak+1 [=o0 ; tl t !
n—1 M;, | ‘) ) |2
1 Sptl ()Otz 1
<(1+e)) 7y lim sup. Yo
S BiPar) 100 gcit . ciecap = e
n—1
1 ) Gk41 )
=(14¢)) ———lim |<,p§l)|2

B (Pa,) 100 Ja,

=
Il
o

-1

k41 2
(1+¢) 2 Z lim / ‘%—(’l)dt
ag

o L0 B‘2(S0t )
l)|2

3

§(1+5)2h_m |§0t()
iwoe Ja B2(g)")

Since € was chosen arbitrarily, we obtain f 'wt dt < liminf; o f" "] i dt which implies

et)
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that |, 2t < liminfy_ fT elR dt. Since this is true for every v > 0, we have
Uy Bj, (#1) : 0 B2 (") y ’
it

212 T 502

where U = {t : B} (¢;) > 0}. By convention 0/0 = 0 and Lemma 4.7.1, we have

|4
dt =0,
/[O,T]\U Bi(@t)

which implies that

LT el 1T P .
S(p) = —/ dt < lim —/ —t o dt = lim S(p").
2 /o BZ(‘Pt) =00 2 Jo Bi(gpﬁ”) =00

So S is lower semicontinuous. L]

Lemma 4.7.3. The set ®5(s) = {r(po, Y (z0)) <6 :S(p) < s} is precompact in C ([0, T],T)

forany 6 > 0, s > 0.

Proof. We first prove the uniform boundedness of ®;(s). Since H has bounded second derivatives,
|V H(x)| is Lipschitz continuous with coefficient L > 0. By assumption 5, we can assume that
|lo|| < M. And due to assumption 2, we can find M; > |zo| such that H(x) > A;|x|? for all

|| > M,y — |z, My > 2V Sand L(M; — |xo]) > |V H(0)]. Notice that
1
|H(x)| < H(zo) + §L|33 —z0]* + |VH(20)| - |z — 20].

Hence, |H(z)| > |H(zo)| + MZL implies that |x — x¢| > M, and therefore |H (x)| > A;|x|>.
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Let My = |H(zo)| +0+1+ MZL+ %. Suppose that () is not uniformly bounded, so
there exists ¢ = (i, ;) € Ps(s) such that supjg 1y || > 2M,. Let 7 = inf{t : || = 2Ma} > 0
and 7 = sup{t < 7,|p| = Mz} > 0. Fort € |11, 7], |¢¢| > My > |H(z0)| + M?L, which
implies that |z — x¢| > M, for all x € C;,(¢;). Thus, we obtain

< AM?L*

Bi(p) < sup [VH (z)o(z)” <M* sup (Llz|+[VH(0)))* < ——]al.

xeCit (S@t) .Z’Ecit (gpt) 1

Thus

M22 - |907 - 9071|2

/ Sl
T1

i ‘¢t’2 /T 2
/n 2oy ) Bule)

AM2L2
Ay
16 M2sTL?
S elliiladly V4
A, 2

2

<25-T- - 2M,

16 M2sT L2

However, by definition, M, > a

, which leads to a contradiction. Next, we prove the
equicontinuity of ®;(s). Since P;(s) is uniformly bounded, we assume that B (o) < Ms for

each ¢ € ®;(s). Instantly, we obtain

t+h
H@ran 1)? < ( / |¢t|dt)
t

2 | 2

t+h |90t t+h )
< —dt-/ B2 (py)dt < h-25Ms.
/t Bi(%) t ( ! ’

Thus

(@irns i) < V/25Ms - Vh.
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The precompactness of ®4(s) now follows from the Arzela—Ascoli theorem. ]

Theorem 4.7.4. The set Os(s) = {r(wo, Y (x0)) < 6 :S(p) < s} is compact in C ([0, T],R) for

any 0 >0, s > 0.

Proof. This is a direct consequence of Lemmas 4.7.2 and 4.7.3. [

Part 2. We make two claims about the behavior of the random process during a short

period of time.

Lemma 4.7.5. Let the assumptions of Lemma 4.3.1 be satisfied and event A, be defined as in the

proof of Lemma 4.3.1. Then, for € sufficiently small,

no’?
P(Q2\ A) <exp (_64]\/[55) ,

for every initial point X| = x that satisfies |H (z) — pi| < h.

Proof. Without loss of generality, we assume that £ = 0 in the proof. On the interval [0, %}, we
have |AH(X[)| < M, so the increment in H (X[) due to the ordinary integral is negligible in the

sense that

t t
|H(XF) — H(XS)] ggﬁ/ |AH(X¢)|ds + £°/? / VH(XE) o (XE)dW,
0 0

M
Sgﬁ.__’_gﬁ/?
n

t
/ VH (XS o(X2)dW,
0

Hence by recalling that, in Lemma 4.3.1, C was defined as a compact set contained in D;, for ¢
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small enough, we have that

2

P( sup [H(X}) - H(Xp)[ <

o<t<l
— —n

)

N |

/

t
> P(sup <2 WO [ [VHO) 0D ds|) < T X7 € ©)
0

o<t<i
W« 9
>P W, X, el
(oifgng DS X €0)
5/
1
=P( sup (W] < —5)

where Wt(l) is a one-dimensional Wiener process. Equivalently, we have

P(mpW@ﬂ—HWW>g>SM@-

o<t<i
— —n

Let 0, denote the i-th row of . For € small enough,

>M—€1715>

2 ¢ M. 7
P (U{ sup b/ / 0;(X5)dWs| > —}>
P

i1 PTE<t< ()T g 2

t
/’dﬁwm
P

pT¢ <t<(p+1)T§ TE

P ( sup B/

IN

2 K M-e1
< P sup b2 / o (X5)dWg| > ———
; PTS <t<(p+1)Tg pTe V2
2 t 1-8
M-e
< P sup W-(2)(55/ 0,(X5)[*ds)| > ———
jzl pT5 <t<(p+1)T§ ’ pT§ ! \/§
2 15
M- e
< P sup w® (t)‘ > ——
; o<t<mzrEes |7 V2
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= JTHXG) e+ 1
LT eXp( 4T<H<Xs>>e“f>

1+8

_SYTHX) -« 1
a NG P\ i) )

P ( sup B2

PI§ <t<(p+1)T5

t
/ o (X3)dW,
P

£
0

where Wj(z) is a one-dimensional Wiener process for each j. Particularly, we conclude that
148

> M - 8145>
CSVTHXG) e 1
ST A T\ ()

8VM - 1
S TGXP (_F> =: )\2(8) < )\1(5).

E 2

Since |H(z) — ¢o| < h, T§ > me'~P, by the discussions above, we know that the event A

happens with overwhelming probability when ¢ is small enough, in the sense that

P (Q\ Ap)
ke t
<\()+P sup Al / o(X5)dWs| > M - et
p=0 PTG <t<(p+1)T5 pT§
Lmnc‘ll*BJ t
<) +P U sup A2 / o(X5)dWs| > M - et
p=0 PIG<t<(p+1)T5 pT§
2
< el A1(e)
2 8V2MeP nd'"?
pu— . eX —_——_—
mnel=8  Jrm -6 P\ 32MeP
né"
_ . 0
= eXp( 64Msﬂ>
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Lemma 4.7.6. Let the assumptions in Lemma 4.4.1 be satisfied and events Ay, By, be defined as

in the proof of Lemma 4.4.1. Then, for € sufficiently small,

P ((Q\ A0) N By) < exp (—Jf}gﬁ) |

Proof. The proof is almost the same as that of Lemma 4.7.5. O

Part 3. We formulate the next two lemmas to prepare for the proof of Lemma 4.3.3.
Lemma 4.7.7 shows that the random process that starts at an exterior vertex does not get stuck
there; and Lemma 4.7.8 shows that the trajectory that starts at an exterior vertex does not escape
too fast. Recall the assumptions of Section 3.2: xo = (0, 0) (the origin on R?) is a local minimum

point and H (xg) = 0.

Lemma 4.7.7. With the same assumptions as in Lemma 4.3.3, in a small neighborhood B(xq, 1),

we have that, for every x € B(x¢,7) \ {Xo},

AH(z) \VH*(x)o(x)|?

2/ H(z) 8/ H(x)3

> 0.

Proof. It suffices to prove that

4H(2)AH (z) — |VH*(x)o(z)]* > 0

in B(xg,r). By Taylor’s expansion, in B(xg,r) we have H(z) = ai? + bj* + 2¢29 + O(|z|?),
where © = (Z,7). The Hessian matrix of H at X is positive-definite, hence a,b > 0, and

ab — ¢ > 0. Since H is four times continuously differentiable, the derivatives can also be
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approximated in the following way:

%I; = 2ai + 2c + O(|z]?), %I; = 20 + 2c3 + O(|z|?),
82 0*H 0*H
=2 =2 =2 .

Define the matrix-valued function

92H OH 2 92H _ 9H 9H
2H G 072 ( oz ) 2H8m6y 01 09

b(x) =

92H OH 8H a2H OH
2H8:1:8y T 8% 0§ 2H <ay)

With the Taylor’s expansions, we can compute, for z € B(xg, ) with r sufficiently small,

PH  (OH\® ) .
2H8i2_(8i) = 4g9°(ab—¢*) + O(|z|”) > 0
PH (0H\® ) 5

0*°H OH o0H
2H0:%8y 5% 97 = 429(c* — ab) + O(|z*).

It follows that det (b(x)) = O(|z|*). Since a(x) = o(x)o*(z) is positive-definite and uniformly

nondegenerate, there exists m such that a;ya90 — a%z > m. Due to the continuity of a(x), it’s

bounded on any compact set, so there exists v € (0, 1) such that |ajo(z)| < \/ ar1(z)ag(r) —m <
— v)v/a11(x)ag(z) for every x € B(x,1). Let r be smaller than 1 and such that bi5(z)? <

(14 7)2b11(x)baa(x) for every z € B(xq, ). Therefore,

a1 (z)ba(w)] < (1 -7 \/an ) ag(1)b11 () b2 ().
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It follows that

which completes the proof. ]

Lemma 4.7.8. Suppose that ¢, = (i, ;) € C([0,T], ;) is non-constant with S(p) finite, and

o is at an exterior vertex O. If ty = inf{t : ¢, # O}, then p;,+ = 0.

Proof. Without loss of generality, we assume that ¢, = 0 and ¢y = H(x() = 0, where xj is the
origin, and a local minimum is achieved there. Due to the positive-definiteness of the Hessian
matrix at xg, we have , \, A > 0 such that, for every z € B(xg,7), we have the estimates:
H(x) > Mz|* and |[VH(x)| < Alz|. It follows that there exists Hy > 0 such that, for every
H < Hy, C;(H) C B(xq, ). Furthermore, let the eigenvalues of co* be bounded from above by
M. Thus, for H < H,

B}(H) < max |[VH(x)*o(2)]? < max M|VH(z)]? < max MA?|z|?
xECZ(H) :L‘ECZ(H) $ECL(H)

H > max Mz

z€C;(H)
B M
H — X

A direct consequence of this estimate is that if ¢ is so small that for every s < ¢, p, < Hy, then

t t BQ MA2 t
/ Bf(‘zps)ds < / M ’ QDSdS < A ’ / stds'
0 0 0

Ps
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By the Cauchy-Schwarz Inequality, when ¢ is sufficiently small,

t 2 t sz t
Ds ds> g/ = ds-/ Bf vs)ds
</0 ‘ l 0 BZZ(%) 0 ( )
t .2 2 t
Vop MA /
< ds - - | psds
t .9 2 t s
O MA / / .
< ds - . wlduds
_/0 B? () A 0o Jo i
t .2 2 t
Yop MA / .
< ds - -t slds.

Thus, we can conclude that

t .
sd 2 -2
o hledds MA/ Zods =0,

tT ot T A B} (s)

as t — 0, which completes the proof.
Part 4. Now we turn to the technical preparation for Section 3.3.

Verification of (4.7) and (4.8).

oT 1 [P0 [det(J 242 — 12,
8—<u,u>|:_/_ VoV i =)
It 2./, o V2 + 2 — 12
A sl
<%/ o + a dy
=2 ), \p2 2= (2 + 2 —12)32
— !
M
= — arctan . a + Y . 5
2 M—VQ \/u2_y2y /92+M2—V2 u2—v
<M 2 + 2|’/| .
V1 D1+ p? — pe=v
<
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— ! l
M
= — arctan i V] + Y 2’”’ S|+ =
2 \/MQ—V2 \/,uQ—zﬂ ) Pz -2 R —v o
_ ’771/‘ ’V’ V2 1
<M + + -
(\/IMQ—VQ (W2 —v2)\/1+p2 =12 pp*—v?) n
— ez v
(e ¥ o
/12 — 12 (2 — 12) N+p2—1v2 p*—v
< O]

Proof of Lemma 4.3.4. We only give the proof of the first statement here, and the others can be
proved similarly. Our approach here is based on the reflection principle. Let us start with the

probability of a larger event,

P (PPWy < —4e=D8(q — d)B| log e])

> P (7 Wy € (= — 4e™DP(q — d)B|log g|, —4e“~DP(a — d)B|log )

w1 (4 (a — d)B|loge| +£7)?
> e ——— exp
T \2Twef 2T P 7

while the probability of the difference is estimated, with & := 4c(©~9%(a—d) 8| log |+ af3| log e[e*,

as follows:

1
P (55/2WT < —4e@ DB (g — d)B|logel|, £#*W, > Zaﬁ| log e|e® | for some t € (O,T)>

1
=P (56/2WT > 4@ D8 (g — d)B|log e| + §aﬁl log 6\5“5)
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B 1 /°° ( x? \d
 \or - BT s eXP 28T v

< .

1 ePT 2
. eX J—
= Vor .o 2 P\ Tares )

where the first equality follows from the reflection principle and the inequality follows from the

relation: [ ™ exp(—cz®)dr < 5 exp(—cy?), for all y,¢ > 0. Consider the ratio of these two

probabilities:

P (PPWr < —4@=DB(q — d)B|logel, #/*W, > LaB|loge|e*?, for some t € (0,T))
P (eP2PWr < —4ela=DB(a — d) S| log e])
e°T ((48(“_61)/3(@ —d)B|loge| +e%)? &

< ——¢ —
= gapg P 9Teh 2Th

) — 0, ase — 0.
Combining the estimates above, we obtain

1
P (55/2WT < —4el@ DB (q — d)B|logel, **W, < Zaﬁ‘ logele®, V0 <t < T)

1,5 1 (4el@=DB(q — d)B|log | + £%)?
> —e"W—==exp | —

2 V2T weB 2T'eP
> 2exp (_6—(1—2(a—d))ﬂ—n) :

for € small enough. 0

Proof of Lemma 4.3.5. Let us look at the slow motion for small e:

dr, = V*H(xy)dt;

dXe = VEH(X?)dt + /2o (X7)dW,.
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Let F be the region between the level curves {z : H(z) = %} and {z : H(z) = (@95},
and between 7,,; and 7;,, where z; moves from 7;, to v,,:. The integrand is at least | log ¢|?
large (for some constant c) if the process is away from the critical point, and we would like to
show that, with high probability, the process does not spend more than C|loge| time (for some
constant (') in F' during a typical rotation. By (4.6), the deterministic process starting at any
point in F' spends no more than time C'| log | in F' before exit. We’ll bound the exit time for the
random process by approximating it with piecewise deterministic motion and will see that the
small diffusion added does not significantly delay the time for the process to exit from F'.
Define 71 (z) = inf{t : @y & F, v = x} and Tyo(z) = inf{t : 2, € Y, x9 = x}. For
the process starting at z, define stopping times 1° = inf{t : Xf € Cpi(¢%?/2) U Cj;(e@DP)},
& = inf{t : X7 € vou}, 75 = inf{t : X7 € i}, ¥ = inf{t > 77 : X' € 7Your}, and
TF = Tf An*, 5 =0,1,2. Since o is bounded, it’s not hard to see that, for each x € F' and Xe

J

starting at z,

t+A
P ( sup |ve o(X2)dW,| > 55_5(1_2(“_‘1)”_2”) < exp (—5_(1_2(“_d))’3_4“) :
A€[0,1] t

We claim that, with M defined at the beginning of the Section 3.3 and = € 7;,,

M|loge|—1 k+A B - _
E = ﬂ { sup /e o(X5)dWy| < 62_2(1_2(“_@)6—2”} C {7y < M|logel} .

k=0 A€[0,1] k

To verify this, note that, by Gronwall’s inequality, the event E is contained in

M|loge|—1
e e k < oL . 23—3(1-2(a—d))f—2x
ﬂ sup [Xiin — Tpga| S €727z ,
k=0 Agl0,1]
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where L is the Lipschitz constant of VH and x* is the deterministic process with random starting

point defined by

dek = VYH(M)dt, k<t <k+1, 2F = X¢.

Then, by the recalling that || J,-1| < M and |[VT(¢~1(x))| < |fo)| , it follows that

M|loge|—1
EC ﬂ { sup [ Xja — 517]12+A| <ek. 5é_§(1_2(a_d))5_2”}

k=0 Ag[0,1]
M|loge|—1
c N B < @& -1/ vop {5 < Mllogel}  @.16)
k=0
C {75 < M|logel} . (4.17)

Here we need to explain why the last two inclusions hold.

(1) Let us start with (4.16). For each 0 < k < M|loge| — 1, if SUPA[0,1] 1 Xia — 2 Al <

el - e373(1-2(a=d)B=2 then one of the following must happen:

(a) If X7, , ¢ F, then 7¢ < M|loge|.

(b) If X;,, € Fand 2f,, € F, then Ty(z},,) = Ti(X;) — 1 and |Ty(X;,,) —
Ti(afy)l = 1T (X)) = T (@i )| = o(1), so Th(Xiyy) < (Th(Xf) —
1/2).

© IfX;, € F,af,, ¢ F,and H(z},,) & [2e%%,c0DF], then X§ ¢ F and 7§ <
M|logel.

d) If X, € Foab,, ¢ F, Hxk, ) € [5e% cl=DF) and 2%, € V; \ V, then, as in
(b), we still have that 71 (X, ,) < (T2 (X}) — 1/2).

() IfXg,, € Fak, ¢ F, H(zf,,) € [3e%,£=DF], and 2%, ¢ Vj, then we have a
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. . . . . it 1_101_ _ _
contradiction here, since ¢ is a diffeomorphism, | Xf, , —zF | < el-g272(172a=d)f=2x

and there is a constant distance between OU and 0U,,.

(2) The last inclusion (4.17) is justified by the fact that T} (x) < M|log H(z)| < 3M|loge|—1

on F' for € small enough.

Thus, by the strong Markov property,

P(7) < M|loge|) > P(E) > (1 —exp (—5_(1_2(“_@)6—4”))]\4‘logal
>1— M|loge|exp (—5_(1_2(a—d))6—4n)

>1—exp (—g_(1—2(a—d))6—2n) '

Now we look at one full rotation. For each x € v,,; N Di(%eaﬁ ) gla—d)p ) and deterministic

and random processes starting at x, consider the events

Er={n" <yn{ sup |X— < ez 20-2e-d)i-2ny
t€[0,2T>(z)]

Br= (7 >0l _swp X | < 40720072 0 (55 5 < T logel).
€(0,27152(x

Es={n">m}nN {t [OS;liP( | |XE — 2| < 5%_%(1_2(“_‘1))5_2“} N{7 — ' > M|logel}.
€10,27T5(x

By the strong Markov property of X7, P(F3) < exp (—e~(172(@=d)8-2%) Furthermore, note that

P(El L E2 L ES) = P < sup ’Xf — xt| < 6;—%(1—2@—@),8—25)

t€[0,2T2 ()]

> 1 — exp (_5*(1*2(11711))674,{) :
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where last inequality follows from the fact that 75(z) is bounded by a constant on 7,,;. We
deduce that

P(E) U Ey) > 1 —2exp (— 72 d)f=2m) (4.18)

Observe that, on the event E; U By, [, |log H(X2)VH(X?)*o(XZ)|%ds > ¢ holds for all t < 7.
Using the strong Markov property of X; = X +.s—1 and (4.18) for every rotation prior to n A T
(here the term “rotation” means that the process travels from 7,,; to v;, and then back to v,,;),
we obtain the desired result by noting that the number of rotations N is then bounded by C'e”~!

provided that the analogue of F; U Es holds for every rotation,

t
P (/ |log H(XE)VH(XE)*o(XE)|?ds > t, Vit <nA T)
0
~(1-2(a—d))B—2r\\N
2(1—2exp (—5 ))
>1— IN exp (_E—(I—Z(a—d))ﬁ—Z‘f)

>1—exp (—5_(1_2(“_d))5_”) . O]

Part S. The last lemma is needed for the proof in Section 4.1.

Lemma 4.7.9. With the same assumptions as in Lemma 4.4.1, we have, for every 0 < k < n,

1—p n

2
H(Xin) - HXD)| | | Fe | <0<,
20 g (H(xg)) - 4 ’ ’ ' |

E | xB.na, - €Xp

where C,, is a constant that depends solely on ji.

Proof. Without loss of generality, we can assume that k£ = 0, the initial point is x € C, and drop
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the conditioning on F . Note that

1/n

1/n
H(X5,,) — H(z)] < &° / AH(X%)ds| + 77 VH(XS)'o(X)dW,|.  (4.19)
0

0

The first term on the right-hand side is negligible compared to the second term, which needs to

be studied further. Note that, on the event By, H(X;) € H(C) for 0 < ¢t < 1/n. For each

0<p< Ln;J and t > p1§, define the deterministic process with the random starting point:
0

d¢; = " IVEH(E ;Tg = X;Tg-

Then, on the event Ay N By,

t
[ Xi =&l < 551/ [VHY(XE) — VH(€9)| ds + 772

pT§

[ ot

€

pTo

t
gaf“/ LIX:—¢lds+M-c 7.
pT5

So, for € small enough, by Gronwall’s inequality,

X7 —&| < Mexp(L-T(H(x))) e'7 < Mexp(LM) &7 <

Using (4.20) and Lipschitz continuity and boundedness of |V H (z)*o(x)|?, B*(H), and T(H),

we estimate |V H (X¢)*o(X¢)|? in terms of B?(X¢) on the interval [pTg, (p+ 1)T¢], on the event
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AO N Bol

(p+1)T§
[ vHe e P
p

15

(p+1)T§ 5
< / VH(E) o(¢) Pds + e PT(H(z)L - 2

TS M
0
PTG +e! = PT(H(XEre)) 0o’
< / IVH(£) o (€9)|?ds +' P - L&' M + " PT(H(2))L - —
pT§

M
< e PT(H(Xge))B*(H(Xpge)) + 77 - L8'(M + 1)

<TsB*(H(Xpe)) + &7 - Lo'(2M + 1),

This is valid for every 0 < p < LH;E |. Combining the contributions from all the time intervals,
0

since B?(H) is Lipschitz and ¢’ is chosen to be small enough, it follows that on the event Ay N By:

1/n
| IvHC e
0

g )1 (p+1)T¢
S IV H(XE) o (X)ds + Ty
p=0 pT5
L 11
< ¥ (TSBQ(H(X;TS)) P LY (2M + 1)) YTEM
p=0
1 Lo
< B + |
n

for ¢ sufficiently small. Let Q = 22 [B%(H(z)) + LT‘SI} Since |[AH (x)] < M in C and (4.19)
holds,

1-— n 2
E (XBoﬂAo 1 eXp ( QE,BM ' B2 (H(l‘)) L& H( lg/n) - H(l’)‘ ))

2
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2
n

2

L |
< B [ xmyn, - exp | L= ( / VH(X?) o (X3)dW,
0

n(l — ~
=E | xB,na, - €Xp ( 1) (W(

1—pn n ~ M 2
<E - - . W (t)| + — /2
= XBon4, * €XpP ( 9 B2 (H(ZL’)) _Lé <0251£Q| ( >| + n € > ))

1—2 BX(H@)+¥ 1 . M 2
<E exp( r. (@) ﬁsf'—<sup \W(t)HFgm)

0 n

/ ’ |VH<X;‘>*0<X:>|2ds)

0<t<Q

B (eXp (1—_52/3 L |W(t)|2)) + exp (1_7“2/2) ,

where the last inequality follows, for ¢ small, by integrating over the sets {sup,;<q W (t)| >

VQ/2} and {supy<,< W (t)| < \/@Q/2} separately. For every a > 0, by the reflection principle,

P ( sup |[W(t)]* > a2) < 4P (WQ > a) =2P (\WQP > a2> :

0<t<@

Therefore, for every a > 0, P({ > a) < 2P(n > a), where

Since
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we have

E(ﬁ):/UOOP(§>x)dx§2/OOOP(77>x)dx:2éu<oo,

which completes the proof of the Lemma.
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