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ABSTRACT

Title of Thesis: The LiG(a,Za)d Reaction at 50-80 MeV.
John W. Watson, Doctor of Philosophy 1970

Thesis directed by: Dr. Howel G. Pugh, Associate Professor

The Li®(a,2a)d reaction was studied at 50.4, 59.0, 60.5, 70.3 and 79.6
MeV bombarding energy. For each bombarding energy, several coincident energy
spectra of the two emitted o-particles were measured. Special emphasis was
placed on measuring spectra at pairs of angleswhere zero momentum (in the lab-
oratory frame of reference) was possible for the residual deuteron. Using the
constraints on three body kinematics, events corresponding to an a + o + d final
state were selected from the coincident energy spectra. The cross section for
these events was projected onto the Eq energy axis of the coincident spectra.

The projected energy speétra were analyzed with the Plane Wave Impulse
Approximation. From those points in the projected spectra which corresponded
to zero deuteron recoil momentum, off-mass-shell a-a scattering cross sections
were extracted, These were found to be in excellent agreement with free a-o
scattering cross sections, if free cross sections for the final state center of
mass energy of the two o's in the Li6(a,2u)d reaction were chosen for the com-
parison. Off-mass-shell a-o cross sections were also extracted for data where
the residualAdeuteron had a momentum of 30 MeV/c. These cross sections were
also found to agree with free o-a scattering, but it was necessary to introduce
an ad hoc shift in the o-o scattering angle to produce this agreement. Predic-
tions of off-mass-shell a-o cross sections were made using a potential model, These
indicate that the off-mass-shell cross section should indeed be very similar to

the on-mass-shell cross section at the final state energy.



Using the Plane Wave Impulse Approximation a momentum distribution for
a's in Li6 was extracted from the experimental data. A cluster model for L16
was devised to fit the binding energy and r.m.s. charge radius of Li6, as well
as the 3Sl a~d scattering phase shift. For comparison with the experimental
data, the momentum wave function of the a-particle in Li® was calculated by
taking the Fourier transform of the a-d relative motion. The theoretical and
experimental momentum distributions were found to be in serious disagreement,
both in magnitude and width at half maximum. By introducing a cut-off radius
into the theoretical wave function, the diécrepancies between theory and experi-
ment were accounted for. It was also found, that if the cut-off radius 1s used

as an adjustable parameter, then this Li®

wave function and reaction model ex-
plains the magnitudes and widths of the a-d relative momentum distributions

determined from a wide variet& of other reactions.
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CHAPTER 1

INTRODUCTION

The experiment chosen for this research project is the Lis(a,za)d
nuclear reaction. The particular feature of interest in this reaction is
the knockout process. In a knockout reaction, the incident projectile is
presumed to interact strongly with only one eonstituent of the target
nucleus, knocking it out of the target. In the absence of strong inter-
actions of either the incident or the knocked out particle with the remain-
der of the target nucleus, the knockout reaction will resemble free scatter-
ing between the incident and knocked out particle. For this reason, the
process is frequently described as '"quasi-free scattering".

In the "impulse approximation" any interaction of the incident particle
or the knocked out particle with the remainder of the nucleus is ignored.
If the impulse approximation is valid a knockout reaétion can yleld infor-
mation on the wave function in the target nucleus of the particle which
was knocked out. This requires, however, that two of the three particles
in the final state be detected in coincidence. Hence knockout reactions
usually are technically difficult, and have low counting rates. The devel-
opment during the last decade of high current medium energy accelerators
‘with a small energy spread in tﬁe beam, solid state detectors, multipara-
meter-multichannel pulseheight analyzers and on~line computers has done
much to overcome the experimental difficulties, and today knockout reactiong
are an important tool of nuclear structure physics.

The most thoroughly studied knockout experiment has been the (p,2p)

reaction. A proton with an energy of 100 MeV or greater has a mean free

" path in a target nucleus that is comparable to nuclear dimensions, and

"@;!‘ —_——
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it would seem reasonable to make the impulse approximation for the (p,2p)
reaction. Indeed (p,2p) experiments have shown that for energies in the

100 MeV range this is generally the case. Thorough reviews of (p,2p) reactions
are given in (Be66) and (J66).

In recent years, there has been growing interest in knockout reactions
- where a bound cluster of nucleons such as a deuteron or an a-particle is
knocked out of the target nucleus. These reactions are of considerable
interest, because they can potentially yield infofmation on clustering or
correlations in nuclei. It is not clear, however, that neglecting any
interaction of the incident and struck particles with the rest of the target
is a good approximation for the case of cluster knockout. This is particu-
larly true if complex projectiles such as a-particles are used. It is of
considerable interest, therefore, to investigate in detail the reaction
mechanism for cluster knockout, and in particular to test the validity
of the impulse approximation for such reactions.

Reeent experiments (J69) have shown that there is a relatively large
cross section for knocking a-particles out of Li6, and that the reaction
seens to proceed by quasi-free scattering. The LiG(a,2a)d reaction was
chosen for study because of this large cross seétion, and because the free
a—-o interaction has been rather thoroughly studied (D65). The purposes of
the e#periment were to study the o-a quasi-free scattering process in
detail, and if possible to use the impulse approximation to extract infor-

6
mation on the cluster structure of Li .



Section 1.1 Kinematics

One of the quantities that one wishes to determine for each event in the
Liﬁ(a,Za)d knockout reaction is the momentum of the knocked out a~particle
before the reaction occurred. This is done by using what will be loosely
described as the "impulse approximation", which relates this momentum to the
momentum of the deuteron in the final state.

Figure 1.1 shows the initial and final states in the laboratory of the

Li® + o > o + o + d reaction. In the initial state the incident o has a
Be fove
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Impulse Approximation: ;R =
Figure 1.1 The Li6 4+ a+a+ a+d Knockout Reaction

laboratory momentum 30, while the Li® nucleus is assumed to be a bound
system of an o and a deuteron with a binding energy Eg = 1.47 MeV. The o« in
the Li® has a momentum 4, and the deuteron has a momentum Pgp. In the labor-
atory reference frame § = - ﬁR be&ause the iarget Li® is stationary. In the
final state the two emitted a's have momenta Pj and 32, and the recoil
deuteron has a momentum $3. In the Impulse approximation the reaction is
considered as a collision between the two a-particles, and the deuteron is
assumed to be unaffected by the knockout process. Hence 33 = 3R’ Since

3R = -, we obtain

q = ~P3 (1.1)
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The distribution of a-particle momenta § in Li® 1s the square of the
Fourier transform of the wave function for the & in Li®. The product of the
width of the momentum distribution and the‘ﬁuclear size 1s approximately
equal to't/z by the uncertainty principle: Aqu:h/Z ~ 100 (nev/c) fm. If the
nuclear size is taken as 1.3 x Al/3 fm., then Ax ~ 2.5 fm. and Aq ~ 40 MeV/ec.
Near § = 0 the momentum distribution behaves like [{|2L where L is the orbital
angular momentum quantum number for the a-d relative motion wave function.
Because this wave function is nearly all L = 0 (see chapter 5), the momentum
distribution for the a-particle in Li® behaves like !3]0 near 4 = 0, 1.8
it is peaked at § = 0 rather than having a minimum there, For the residual
deuteron the corresponding momentum spread A33 ~ 40 MeV/c implies an energy
distribution in the final state exteﬁding up to about 406 KeV. This makes
direct detection of the deuteron unfeasible. However, the momentum §3 of the
deuteron can be determined from measurements on the other particles.

In the final state there are 10 kinematic variables. The three momenta
31, 32, and §3 each have 3 components which in'spherical coordinates will be
called 64, ¢4 and py for i =1, 2, 3. In addition there is the energy loss
in the reaction, which is equal to Ep (the binding energy of the ain L1%)
for transitions in which the residual deuteron is left in its ground state,
Four-momentum conservation gives four equations of constraint on tﬁe ten
‘variables, one for each component of four-momentum. Hence the determination
of 6 kinematic quantities will completely specify the rzmainder. For this
experiment, the six measured quantities were 03, ¢1; E1, 0y, ¢, and E, the
angles and kinetic energies of the two a~particles. Appendix 1 presents a
derivation of §3 and E, given 69, ¢3, 62, ¢2, Ej, and Eg. Several other
kinematic quantities are also derived.

The.experiment was performed with "coplanar" geometry, i.e. with
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Figure 1.3: Four kinematic loci for the Liﬁ(a,Za)d reaction at
The point where ¢ = O is indicated for each locus with an arrow.

69.9 MeV,
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¢2 = ¢1 + 180°, This means that the incident beam lies in the plane defined
by the trajectories of the two detected a's. Figure 1.2 shows the geometry

of the €Xperiment. The angles el and 6, are measured relative to the incident

\.Q‘\N Countevr Owne .
“?“\ slits defining ©, aud P,

By
X, _ O.= 6,+6,
o " S SRR
E, /‘
Li® Target

“;(_, Slits tlﬂ.&vt'l“j eLM"Q Q’z

;a\/\ Couu‘l’ew Tu’o

Figure 1.2: Experimental Geometry

beam direction. The separation angle between the two counters will be
called 612 and is equal to 6; + 6.

Data were taken for each pair of values of 87, 65 in the forg of
coincident two-dimensional energy spectra with E, and E,, the energy signals
from counters one and two, being the two energy axes. The kinematic constraints,
for fixed values of 615 615 025 ¢y, and Eg determine a line or "kinematic
locus" in the E; vs. E, plane. Every point on such a kinematic locus corres-
Ponds‘to a definite value of 33 or, using the impulse approximation, a,
the initial momentum of the knocked out a-particle. The values of ¢ which
occur on a given kinematic locus depend on 0,, ¢l, 85, ¢5, and Eg. Since we
will always be considering coplanar scattering, ¢; and ¢, will not be
mentioned from now on. Figure 1.3 shows several typical kinematic loci for
the LiG(u,Za)d reaction at 69.9 MeV. These values of G and 62 were.selected

so that one point with ¢ = 0 occurs on each locus. This point is where the
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(@,2a) knockout cross section is expected to be largest. The 4d=0 points
are indicated with arrows. Along each locus, |E] increases monotonically as
one moves away from the E = 0 point.

In the process of data reduction, events falling on the kinematic locus
corresponding to the desired value of EB were projected onto the El axis
producing a "projected energy spectrum'. For each value of El in the spectrum,

>
P hence E can be determined. The cross section of the projected spectrum

¢

is d3o/d91d92dEl.

For the remainder of this thesis the following conventions will be
used. Particle O is the incident a-particle. Particle T is the target Li6
nucleus, Particles one and two are the two detected a's. Particle three is
the "residual nucleus", the deuteron. These conventions will also be used
for the subscripts on kinematic quantities. The following two terms will
also be used: "Quasi-Free Peak' will refer to the peak near ;3 = 0 in the

projected energy spectra that is believed to be due to quasi-free o knockout

from Li6' "Quasi-Free Angle Pairs" will refer to a pair of angles el and

0, for which a ; = 0 point occurs on the kinematic "locus.

2
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Section 1.2 Theory (Plane Wave Impulse Approximation)

The theory that will be used for the analysis presented in this thesis
is the Plane Wave Impulse Approximation (P.W.I.A.). In calculating the
knockout cross section using P.W.I.A. one starts with the transition matrix

(T matrix) element for the reaction

- =D > S . o= R k—.‘o
X ‘?S. (le, 7)) cﬁ;(ﬁ'ur‘) c#s(k‘)r‘)h;sl q?r(h”r'r)(kjﬁ) CP"( A (1.3)
where ¢, ¢, and ¢4 are the wave functions of the two a's and the deuteron

in the final state, ¢T is the wave function of the target nucleus, ¢ rel is

the relative notion wave function of the a and the deuteron in the target,

and ¢o is the wave function of the incident a . T,, is the full 3 body

3B

transition operator. ¢1, ¢2, ¢3, ¢T, and ¢ are all plane waves.
r l(R) can be expressed in terms of its Fourier Transform, the momentum

space wave function ¢(q).

fu)-erf <0
G| T ED e HRER) 4

!975 +.7) 2(@q)e %_L—JA{ (1.4)

-
where T, is the coordinate of the o in L16, in the same coordinate system

-S>
- -

, ] - -+ - q > ’
in which L1, Tys Tgs Ty and r are defined, and ¢s(ﬁ’rs) is a §~function

i (R-F)
- J40.6,4 meld.6,053@eT 7 23 s

Now one makes the approximation of replacing TBB’ the full 3-body transition

normalized plane wave state. Then

operator by ” Zops the two body transition operator of the two a's. This,

formally, is the impulse approximation. Then _1.45__1)
T - 4 4 [<8.6. T ] %8 HE@] 6 4 w.o

The structure of the matrix element is now clear. The important factors are
-
<¢, dl‘,_l-ﬁa \gso ¢s > » the oa~a scattering matrix element and Q(q),the momentum

wave function of the ¢ in Li6. The remaining integrals in the matrix element
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(1.6) can be reexpressed as delta functions in momentum. The relationship
a = —33, which was called the impulse approximation in Section 1.1, is
incorporated implicitly in the theory in these delta functions.

In calculating the cross section from Tfi the two "important" terms
are squared, yielding C&ﬁ')ua (the o-o scattering cross section) and [@(q)]z,
These are multiplied by a third factor involving phase space and other
kinematic quantities. This third factor will be called "the kinematic factor".

A full derivation of the P.W.I.A. cross section is given non-relativistically

in (K68) and relativistically in (J69). The result is:

d.:.“o\.ﬁ- ge, = (Kinewshic Factor) » (35, SHEAT e

Non-relativistically, the kinematic factor is

k.kz My, T Ma o
(Kinematic Factor) = ‘Fﬁ;; m,’

k 1
E i m % C0s(6 +0,)- ...vcne] (L.8)
For Li6(a,2a)d this becomes o
‘hvuk“ (34.2"(.0':6 - ke cos B,
(Kinematic Factor) = L ke (1.9) /
.l
The kinematic factor includes in it terms which make ( «2 center of mass ”

cross section. ’ )
It is worth noting that (dc/dn&a in (1.7) is an "off-mass~shell" cross

section. This means that the center of mass energy in the initial state |¢°¢S:> )

is not the same as the center of mass energy in the final state<§l¢2| .

This 1s because the o in L16 is not a free a, but is bound by 1.47 Mev,

The term "off-mass-shell" refers ;pecifically to the fact that for the bound

o the normal relationship among the components of its four-momentum does not

hold, namely

2 ¢ n? (1.10)

The bound o in Li6 might also be described as a "virtual particle" for this

reason.

I 4
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The approximation used in (1.6), namely replacing TBB by T2B’ with the
direct result that E = -33, is the impulse approximation. The overall treat-
ment is called "Plane Wave Impulse Approximation' because %o° ¢, and ¢, are
left as plane waves. In "Distorted Wave Impulse Approximation" (Beb66) bg> 41
and ¢2 are replaced with distorted waves calculated in the optical potentials

for the target nucleus (yielding xo) or the residual nucleus (vielding Ky

s x2)' Then <¢n¢zl—r).5’¢a ¢s>"'_—9 <I,X2Iﬁglxo¢s > « It is not clear

that such a calculation is reasonable for the Li6(a,2a)d reaction where the
residual nucleus is a deuteron. If such a treatment were necessary, the
relatioﬁship E = —35 would no longer be valid.

Knockout processes are often referred to as peripheral processes (F62),
since the conditions for their occurrence are usually met in the surface or
periphery of the nucleus. Peripheral processes are usually discussed in terms
of Feynman diagrams. Figure 1.4 shows the Feynman diagram appropriate to the
L16 + o > o + o + d knockout process. The L16 emits é virtual o at thé lower
vertex, The real incident a interacts with this virtual o at the upper vertéx.

The amplitude for this diagram is the product of the amplitudes of the two

X

‘Figure 1.4: The Peripheral Diagram for the Li6(u,2a)d Knockout Reaction

vertices divided by the propagator for the virtual a . The amplitude for the

lower vertex is the "form factor" characterizing the momentum distribution
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for the virtual a . The amplitude for the upper vertex is the off-mass-shell
a-a scattering amplitude. Thus the cross section will be the product of the
squares of these two vertex amplitudes multiplied by phase space and other
kinematic quantities. For a more complete discussion of the evaluation of
peripheral diagrams for knockout and other reactions see (F62) or (S66).
The most important feature of the knockout cross section in P.W.I.A.

(or the peripheral model) is that it factorizes into 3 terms. The kinematic
factor is known (1.8), and is -in general a rather slowly varying function. -
The two remaining factors, the square of the momentum wave function for an

a in L16 and the a-a off-mass-shell cross section, are the interesting

factors and P,W.I,A. will be used to study both.

=tn, TR

-
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Section 1.3 The Li6 Ground State Wave Function

The ground state of the L16 nucleus has the following properties:
1) Spin and parity: J' = i*

2) Magnetic moment: y = +.822 n.m. (W54)

3)-Electric Quadrupole Moment: Q = -(0.80 * 0.08) e mh (W64)

1/2 _

4) R.M.S. Charge Radius: <r2)' (2.61 £ 0. ) fm. (Y69)

5) R.M.S. Magnetic Moment Radius: (3.0 * 0.45) fm. (R66).

Of interest in this experiment is the ot d c}uster structure for Li6.
Deuteron reduced widths for the Li6 ground state have been extracted from
a number of reactions at low energies. For o + d scattering, the low energy
scattering phase shifts were analyzed by Galonsky and McEllistrem in terms
of a dispersion formalism (G55). They found that the g-wave phase shift can
be fit well with a hard sphere of radius 5.0 fm. However, their analysis of
other low energy o-d scattering phase shifts leads them to prefer a hafd
sphere radius of 3.5 fm., which necessitates inclusion of a ground state tail
in the S-wave phase shift and a deuteron reduced width for the L16 ground
state of 62 = 0.51. This number has a large uncertainty, however, and any
value between zero and the Wigner limit is coﬁpatible with the data.

The Li6(p,He3)He4 reaction has been studied at 15 and 18.5 MeV by
Likely and Brady (L56). Using Plane Wave Born Approximation (P.W.B.A.) they
find a deuteron reduced width ezifor this reaction of 0.30 at 15 MeV, and
0.45 at 18.5 MeV. The Li6(n,t)He4 reaction has been studied by Frye (F54) at
14 MeV. His data has also been analyzed by Likely and Brady (L56). Using
P.W.B,A., they find a deuteron reduced width for this reaction of 0.5, Their
conclusion, after considering the deficiencies in this method of analysis

is that, "The true deuteron reduced width in-Li6 may then be of the order of

0.5, the greatest value of 62 above, or even greater,"

——— = -
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Although there are considerable uncertainties in.the values of the
deuteron reduced width for the Li6 ground state discussed in the preceeding
two paragraphs, they all suggest a substantial probability of deuteron
clustering. A variety of other reactions which provide information on the
a + d cluster wave function of Li6, as well as clustering p;opabilities
are discussed in Chapter 4. These include the L16(p,pd)He4, Li6(a,ad)He4,
11%(r™, 20)He%, 11%(p,pa)d, L18(a,20)d, c12(11%,)0%®, and 016115, d)Ne20

reactions,

— .
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Section 1.4 Experimental Objectives

As discussed in Section 1.2, the knockout cross section in P.W.I.A.

factorizes into :three terms:

d-ﬂcjk.;.d_;la&e‘ = <Wmc motic FBC;N‘) X %—%)&-& " ‘.:E (q‘BP (1.11)

This factorizability was used to study both the reaction mechanism and

.6
Li~ structure.

The objectives of this experiment were threefold. The first objective
was to study off-mass-shell o-o scattering in the knockout process. By
keeping 3 fixed, that is by kinematically selecting points with the same
value of 3, the factor [@(E}lzcould be held constant, and the a-a off-mass-shell
Cross section could be extracted from the measured cross section d3o/dnld92dEl-
This was possible because the kinematic factor is explicitly known (Formula
1.8). Using this technique, the off-mass-shell cross section was determined
as a function of both bombarding energy and scattering angle. The experimental
off-mass-shell a-o cross sections were then compared with free a-o
cross sections at nearby points on the mass- shell, and with off-mass-shell
cross sections calculated with a phenomenological ~a-o potential.

The second objective was to study the cluster structure of Li6. Once
the behavior of the off-mass-shell cross section was established, this was
used to extract l(b(q)l2 from d3o/dnldQZdEl. The measured |¢(q)[2 was then

compared with the momentum distribution derived from a cluster model wave

function for Li6.

The third objective was to study the validity of the Plane Wave Impulse
. 2
Approximation which was used in the extraction of (dO/dQ)a—a and |¢(q)|
from the data. This was studied through the overall consistency of the

analysis outlined in the two previous paragraphs.

o
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CHAPTER 2

THE EXPERIMENT: LiG(a,Za)d

Section 2,1 Design of the Experiment

2.1.1 Choice of Energies and Angles

The P.W.I.A. was already known to be fairly good for this reaction
(J69), hence it could be used to design the experiment., Because the bind-
ing energy for the breakup of L16 into an a-particle and a deuteron (1.47 MeV)
1s quite small when compared with the bombarding energy (50 - 80 MeV), the
kinematics for o knockout are very nearly the same as for free q-a scatter-
ing. We therefore begin with a discussion of free 0-& scattering.

For free a-a scattering, neglecting relativistic correction, the
center-of-mass scattering angle ., is twice the laboratory scattering angle
91- Since the two particles a;e of equal mass, the separation angle between
them, 61, = 01 + 6y, 1is 90° 1in the laboratory (180o in the c.m. system).
Because these are identical particles, the c.m. cross section is symmetric
about B = 90° (61 = 45°). For "quasi-free" knockout with no recoil momen-
tu@ for the deuteron, very neafly the same conditions hold. The angles
in the laboratory 9; and 6y, will both be slightly smaller (on the order of
1 in the energy range of interest) to compensate for the energy lost in
breaking up LiG,

The free a-o differential cross section'has been measured as a function
of angle at several energies in the region of interest (D65). The angular
distributions for bombarding energies of 53.4, 58.5, 63.9, 69.9, 77.6, 99.6
and 120 MeV are shown in Fig., 2.1. In addition, do/dQ has been measured as

o o o o
8 function of energy from 24 MeV to 54 MeV at 6.y = 20, 317, 55, and 90

(D65). For reasons to be discussed later, scattering angles of smaller than

SRS
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at 90° in the center of mass, as a function of center of mass energy.
The data was taken from (D65).
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50° in the center-of-mass (25o in the lab) are kinematically inaccessible
in this Li6(a,2a) experiment, In the range of 50° to 90° in the center-of-
mass, the notable features of the a-a cross §ection are the deep minimum in
the vicinity of 73o - 83° which shifts gradually to larger angles at larger
energies, the dramatic fall of the cross section for ., = 900, shown in
Fig. 2.2, and the change in the relative heights of the maxima at 90° and
about 600.

One of the experimental objectives discussed in Section 1.4 was the
determination of the off-mass-shell a-a differential cross section. The
angles and bombarding energies used in the L16(a,2a)d reaction were chosen
to see if the above features of on-masg—shell 0~0 scattering were present
in the off—mass-shellJscattering: In particular, it was decided that a =0
would be the primary "fixed" value of q for the extraction of off-mass-
shell cross sections. Therefoée, a large number of ''quasi-free' angle
pairs were studied, so that data for a = 0 could be extracted, 1In additionm,
each measurement at a quasi-free angle pair gave a complete measurement of
|§(q)|2 for comparison with theory.

2,1,2 Particle Identification

It is necessary to identify the particles observed, as well as measure
their eneréies. Because of the limited possibilities for competing processes,
full identification was not necessary, but a system of single channel ana-
lyzers and discriminators could be used together with a knowledge of the
kinematics of various possible procesées to eliminate all but the desired
events,

The detectors were Silicon surface barrier and Lithium drifted Silicon
detectors. A two counter AE - E combination consisting of a totally depleted

Silicon surface barrier AE detector and a 3 mm Li - drifted Silicon E
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loss in the AE detector. The abscissa AE+E is the energy loss in both counters.
A "window" on the AE response and a "level'on the E response are indicated,
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detector was used to detect G-particle one (El)' A similar AE - E combina-
tion using a AE detector with a 1500 U partially depleted Silicon surface

barrier E detector was used for a-particle two <E2)-

Fig. 2.3 shows the response to various particles of a 50M AE detector

coupled with a counter thick enough to stop 70 MeV a's. The ordinant is

"AE" the response of the AE detector. The abcissa is "E + AE" the summed

response of the two counters., When a window of 0.8 to 6.0 MeV is set on the

AE signal and a lower level of 4.0 MeV is set on the E signal all protons
and all deuterons except those with energy between 5.0 and 8.0 MeV are elimi-
nated, Note that these deuterons can easily be recognized, since the lowest

energy g-particle which can reach the E counter with greater than 4 MeV

energy, is 10 MeV., For reactions on heavier‘contaminants, Lia's of less

than 34 MeV are excluded also.

It should be pointed out here, that the 10 MeV lower limit on g-particle
energies restricts the kinematic regions in which the Lié(a,za)d reaction
could be studied. From the kinematic loci presented in Fig, 1.3
it is clear that for values of 91 smaller than'v25°{ the ; = 0 point will

be lost due to the restriction that E2 > 10 MeV,

2.1.3 Elimination of Competing Reactions

There are two types of competing reactions to consider: reactions due

6 . 3
to target contaminants, and Li~ reactions involving 3 body breakup modes

other than Li6(d,2a)d-
7 12 _14 16
The probable contaminants are H , L1 , C , N ', and 0" . Three body

breakup involving Hl cannot contribute at all, with the particle identifica-

tion system described in Section 2,1.2, The Li used for this experiment is

rated as 96% Li6. The Li7(a,2a)t reaction has a cross section some 10 times

— —
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smaller than Li6(a,2a)d (J69). Other reactions on Li7, such as Li7(a,aﬂe3)H4,
etc,, have highly unfavorable Q values. Hence Li7 caused no difficulty,
The kinematics for 3 body breakup with Clz, N14 and O16 are all very
similar, O16 will be shown as a representative case. Figures 2.4 and 2.5
show the Li6(q,2a)d, 016(a,2a)012, 016(G,GH33)013, and 016(G,He3a)013 reac-
tions at 69.9 MeV for O; = 44.2°, 8, = 44.2° and for 8, = 26.2°, 8, = 62°,
It is clear that in the region of zero recoil momentum for the Li6(a,209d
reaction, the other reactions can be distinguished kinematically. Further-

more the upper level on the AE signal in Fig. 2.3 eliminates most Li 's
from the possible three body reactions on Clz, N14 and 016.

Three body breakup reaction on Li6 with no g-particles in the final
state have such a large Q value they need not be considered. The remaining
possible reactions are Li6(a,2a)d, Li6(a,aHe3)t, Li6(a,He3g)t. Figures 2.6
and 2,7 show the kinematic loci for the above three reactions at 69,9 MeV
for g, = 44.2°, 6y = 44.2° and for 8, = 26.2°, 8, = 62°. Also included is
the threshold for the Li6(q,2q)np four body reaction. Again it is clear
that the Li6(a,2a)d reaction is clearly distinguishable from the other on
the basis of kinematics,

2.1,4 Reaction Mechanisms Contributing to the Li6(q,2a)d Reaction

Quasi-free knockout is not the only mechanism leading to the LiG(a,Za)d
reaction. We must consider competition from other reaction mechanisms.
Five diagrams for possible mechanisms are shéwn in Fig. 2.8. There is one
diagram with one vertex and four diagrams with two vertices with this final
state, Diagrams with more than two vertices will not be considered,
Diagram 2.8a represents the process usually known as instantaneous

breakup. If the matrix element M for this process is assumed to be con-

stant, then the cross section is proportional to phase space.
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Figure 2.8: Five Feynman diagrams for the
Li® + o + o + o + d reaction,
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Near the quasi-free peak, this is a smoothly varying, almost constant
function., It 1s, in fact, proportional to tﬁe kinematic factor (1.8), Pre-
vious studies of the Li6(a,20)d reaction (J69) have shown that the contribu-
tion of this type of process is small.

Figure 2.,8b is the quasi-free w-Q scattering already discussed in
Section 1.2, the reaction mechanism of interest, Figure 2.8c 1s quasi-free
a~d scattering. If the same analysis is applied to this reaction as was
applied to 2.8b, it is seen that the maximum contribution is expected when
the internal momentum of the ¢ in the Li6 is zero., Experimentally, we can
only detect this @ if it has an ehergy of at least 10 MeV i.e. a momentum
of at least 245 MeV/c. This is very far out in the tail of the momentum
wave function for Li6 as deterﬁined by previous measurements (see Section
5.6), so that the contributions from this reaction mechanism are likely to
be negligible,

Figure 2,.8d represents a reaction mechanism where the incident ¢ emits
a virtual deuteron which undergoes the d + L16 -+ o + o reaction, This reac-
tion, like that in diagram 2,8c, can be excluded on kinematic grounds. The
conditions of the knockout experiment are generally that the deuteron be
stationary in the lab. For the deuteron in the final state of diagram 2.8d
to be stationary in the lab, the virtual deuteron must be emitted with a
momentum of 300 MeV/c or greater, a rather unlikely event. In additionm,
the threshold for breakup of He4 into two deuterons lies some 20 MeV above
the He4 ground state, leading to a small d + d cluster component to the He
wave function. The necessity for a rearrangement collision at the lower

vertex is expected to reduce the importance of this mechanism still further.
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Near the quasi-free peak, this is a smoothly varying, almost constant

function., It is, in fact, proportional to the kinematic factor (1.8), Pre-

Vious studies of the Li6(a,2a)d reaction (J69) have shown that the contribu-

tion of this type of process is small.

Figure 2.8b is the quasi-free a-a scattering already discussed in
Section 1.2, the reaction mechanism of interest, Figure 2.8c is quasi-free

a~d scattering, If the same analysis is applied to this reaction as was

applied to 2,8b, it is seen that the maximum contribution is expected when
6 .
the internal momentum of the o in the Li is zero. Experimentally, we can

only detect this q if it has an ehergy of at least 10 MeV i.,e. a momentum

of at least 245 MeV/c., This is very far out in the tail of the momentum

wave function for L16 as determined by previous measurements (see Section

5.6), so that the contributions from this reaction mechanism are likely to

be negligible.
Figure 2,8d represents a reaction mechanism where the incident g emits

a virtual deuteron which undergoes the d + Li - a + a reaction. This reac-

tlon, like fhar in diagram 2.8c, can be excluded on kinematic grounds. The

conditions of the knockout experiment are generally that the deuteron be
Stationary in the lab. For the deuteron in the final state of diagram 2.8d
to be stationary in the lab, the virtual deuteron must be emitted with a

momentum of 300 MeV/c or greater, a rather unlikely event. In addition,

the threshold for breakup of He4 into two deuterons lies some 20 MeV above

the He ground state, leading to a small d + d cluster component to the He

Wave function. The necessity for a rearrangement collision at the lower

vVertex is expected to reduce the importance of this mechanism still further,

(2.1)
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The last diagram, Fig. 2.8e, is the most troublesome. This diagram
represents a ''sequential process" of the following type:

*
o+ Li6—'a + L:I.6

L a+d (2.2)

The only discrete states of Li6 strongly excited by inelastic « scat-
tering are the 2,18 MeV (3+) state and the 4.5 MeV (2+) state (W69). For
sequential processes, E is uniquely determined by 6, from inelastic scat-
tering kinematics. The two o's arising from the reaction (2.2) will be calléd
the "inelastic'" o and the "breakup" a to specify their roles in the process.
The kinematics of a sequential process proceeding via a given state in L16
are determined by the kinematics of inelastic scattering. If the "inelastic”
o 1s scattering into counter 1, its energy E1 is uniquely determined by 91,
from inelastic scattering kinematics. A peak will then occur on the kinematic

locus at that value of E Similarly, if the '"inelastic" o is scattered into

1°
counter 2, a peak will occur on the kinematic locus at that value of E2 deter-
mined by 92.

As the angles of the two detectors are changed, the energies at which
these sequential peaks occur will also change. Figure 2.9 shows energies at
which sequential peaks will appear for quasi-free angle palrs, when the bom-
barding_energy is 69.9 MeV. The abscissa is 91 of the quasi-free angle pair
(ez is unique for each el), the ordinant is El’ the energy coordinate for the
projected spectra. The high energy curves labeled 2,18 and 4,5 correspond
to the "inelastic" a scattering into counter 1 via the 2.18 and 4.5 MeV states
of Li6. The low energy curves correspond to the "inelastic" q scattering into

counter 2 and the "breakup" o being detected by counter 1. Also shown is the

energy where a, the momentum (in the initial state) of the knocked out a is
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zero, It is clear that as the angle 91 gets smaller, sequential processes
will be occurring closer and closer to the zero recoil point, At 91 = 25°

the ¢ = 0 point and a peak due to a sequentiél breakup via the 4,5 MeV state
of Li6 will virtually coincide. This is an additional reason for 25° being

the limit for meaningful study of quasi-free q-g scattering from Li6.

2.1.5 Optimization of Experimental Resolution

The experimental resolution proHem to be discussed in this section is
that of the effecfs caused by the large solid angles which must be used in
such a low counting rate coincidence experiment, The effects of averaging
the data over a finite range of energy E1 (to improve statistics) will also
be considered,

In Section 1.1 it was demonstrated that there are six independent kine-
matic variables. One of these, Ep, will be used to specify the Q value of
the reaction. The cross section to be extracted, therefore, is a five fold
differential quantity, dd/d(cosel)d§1 d(cosez)d§2 more conveniently written
as dg/dQldQZdEl. The resolution problem is that the experimental set up
has of necessity finite sizes for AQI’ Aﬂz an& AEI’ the solid angles of the

two detectors and the E, energy bin, To analyze the effects of finite

1
resolution, a large computer program, MOMRATH, was written. A description
of this program is given in Appendix 2. The measured cross section is an

average of the differential cross section over the allowed range of the five

independent variables. If the measured cross section is called op? then

Gy =

{ dwn-u S ‘L'Q-z. dE\ ‘10..____
A.SZ.AS)-,_AE| A.Q.' & d_ﬂ'dﬂsz,

$by (2:3)

To the extent that one has a theory for dg/dQldQZdEl, one can calculate the

"smearing effects'" that make different from the true cross section for

M

the centers of the detectors and the Ej energy bin,
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MOMRATH produces two types of output. First of all for a given reac~
tion it can calculate the "resolution function' or distribution over the five
dimensional volume A1, A9, AE; of some kinematic quality such as q the
recolil momentum, or E2 the energy of the second detected particle. This
resolution function is independent of any theory of the cross section, and
relates strictly to the physical set up of the experiment. It gives, in
effect, the resolving power of the system for a particular kinematic quantity.

Secondly, the relative importance of each of the five independent variables

is also accessed for a given geometry. Given a theory for do/dﬂldQZdEl (usually

that do/dQ;dQ,dE; depends on l@(q)l2 only, assuming that (ggafree and the kine-
matic factor are effectively constant), the quantity o, can be calculated,
giving a direct measure of the amount of smearing.

Studies with MOMRATH have shown that finite resolution effects become im-~
portant only near 3 = 0, or when one of the quantities important in determining
the shape of the cross section has its first derivative pass through zero.
Thus, since the object of this experiment is to measure cross sections at
a = 0, it is important to determine to what extent these measurements will be
in error.

The reason why resolution éffects are important near ; = 0 can be seen as
follows. Assume that [@(q)|2 is the function that determines the shape of the
cross section. This 1s a function of I;]-only. When the nominal value of
Ial (i.e. the value for the centers of the counters and the center of the E;
energy bin) is well away from zero, the smearing of ]3' caused by the finite

sizes of the counters will tend to even out, with the average still near the

nominal value. When the nominal value of fal is zero, however, the deviation
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will all be towards larger values of lal. The average of vector q will

8till be very close to 3 = 0, but the average of scalar la} will not be,

Away from 3 = 0 this distinction between Eland ]E] is not important. At

3 =0 it is, since the cross section is presumed to depend on ,3, not 3.
MOMRATH has been found to have enormous value in the design of this and

other experiments (J69). For this experiment MOMRATH was used to choose

solid angles and counter shapes which have an essentially negligible effect

on the resolution in [al, while maintaining adequate counting rates at most

angles and energies.
For the studies to follow, a prototype momentum distribution of a Gaussian

with a width at half maximum of 30 MeV/c was used, Thi; is close to ,@(q)]z

as determined by (J69). Figure 2.10 shows o, and the mean value of <q> of the

above mentioned "resolution function" for a variety of counter shapes for
Liﬁ(a,Za)d at 69.9 MeV with 67 = 0, = 44,25°.  The energy bin width E1 has

Y
been fixed at 400 KeV centered about E; = 34,22 MeV the q = 0 point. The

@ o a . lo
Ccounter shapes range from %- high by 4° wide to 4° high by 3 Wwide, all with

the same solid angle of two square degrees. Both counter shapes are the same.

0 s
For oy, since Egﬁafree and the kinematic factor are assumed constant, what is

actually plotted is $2(0)/$2(0) where ¢$2(0) the smeared value of ¢2(q) for the

nominal a = 0 point. It is seen that a ratio of height to width of about

unity is optimum, but that for a broad range of counter shapes, the smearing

effect ig relaéively small, giving approximately 5% reduction in the "measured"

¢2(0) from the "actual' $2(0).
The resolution in q is not the sole factor in choosing the slit shapes,

Other factors must be considered, as well. The width A8 of the slits will

affect the width of the peaks seen in sequential processes. Above and beyond

the intrinsic widths of such peaks, they will acquire a kinematic spread directly

; 6 1
Proportional to A8. Typically, for the 2,18 MeV state of Li", at E =69.9 MeV,
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with 6, = 440, the kinematic spread for inelastic o scattering is 850 Kev/degree.
It is important to limit the kinematic spread introduced into these peaks,

first of all to localize them in the measured spectra and limit their encroach-
ment into the quasi-free peaks, and ;econdly so that elastic and inelastic

o scattering can be used for energy calibrations.

Another consideration is the efficient utilization of the active area
of the detectors (which are always circular). To achieve a given solid angle
with a tall narrow slit necessitates the use of a much smaller percentage
of the active area of a detector than if the slit were square. This shortens
the life of a detector since the radiation is concentrated in a small area,
leading to rapid radiation damage.

Given these additional considerations, a slit shape of g high and i b
wide was decided upon, seeing that this does not seriously worsen the effects
of finite resolution from their values for the optimum slit shape.

To gauge the effects of finite resolution for values of E other than
zero, Figure 2.11 shows a "spectrum" for 6, = 6, = 44.2° with E°‘= 69.9 MeV
along with the unsmeared ¢2(q). It is clear that only near a = 0 are there

noticeable differences between the smeared and unsmeared curves.



TABLE 2.1

Target Thickness Relative Relative ___Rel. Thickness
Number (Chem. Analysis) Thickness Counting Rate Rel. Counting Rate
6 0.456 mg. o .586 0.73 0.80
7 0.779 mg. i 1.00 1.00 1.00
8 0 846 mg, o > 1.09 1.02 1.07

Table 2.1: Thickness determined by chemical analysis and

relative counting rates for elastic alpha scat-

tering for three L16

Yy "

targets.
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Section 2.2 Execution of the Experiment

2.2,]1 Targets, Scattering Chamber, Detectors
Self-supporting Li targets were made using the procedure in Appendix 3,

6 targets were placed in the scattering chamber.

Three 96% isotopically pure Li
One of these was used for the Li6(a,2a)d reaction. The otﬁers were used to
help in assessing the reliability of the target thickness measurement, per-
formed as follows. With a‘beam energy of 60.5 MeV, elastic and inelastic

@ scattering (singles) spectra were measured with all three targets, After

the experiment, known areas of all three targets were chemically analyzed for

Li content, and the thicknesses determined by this method were compared with

the relative counting rates for'& scattering from the three targets.

Table 2.1 gives a comparison of the two methods. The discrepancy between
the two methods for determining relative thickness is presumably due to non-
uniformity in the thickness. Target number % was used for the Li6(a,2a)d reac-
tion, and its thickness will be taken as 0.78 mg.cm'_2 + 25%.

The scattering chamber used for this experiment was designed by Dr. Charles
Goodman of 0Oak Ridge National Laboratories. ‘ It is 30 inches in diameter, and
is equipped for two independeﬁt counters, The angle of one counter, (which will
| be called counter 1) and the separation angle between the counters are indepen-
dently adjustable to an acéuracy of better than 0.1°. The target angle was
fixed for this experiment at 0° (target normal to the beam). A check of the

zero reading for the counter angles was made at the beginning of the experiment

by taking singles spectra on both sides of the beam with the same counter. The

nominal angles were found to be correct to within + 0.05°.
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The two counters as dicussed in Section 2.1.2 each consisted of two

gi solid state detectors. For coumter 1 the AE detector was a 61y Si sur-

face barrier detector, the "E" or thick detector was a 3000 y Si (Li) detec~-
tor. For counter 2 the AE detector was a 55 y Si surface barrier detector,
the "E" detector was a 1500 u Si surface barrier detector.

The defining slits in front of each counter were 0:025 in. Ta 1/8" wide
by 1/4" high at a distance of 7" fram the center of the chamber, for a nominal
1° x 2° size. The actual solid angles were: AR, = 5.85 x 10-4 + 1.5%,
a0, = 5.68 x 107" + 2%,

2.2,.2 The Beam

The o-particle beam from the O:k Ridge Isochronous cyclotron was analyzed
by a 153°, 50 inch radius n = %—an&bzing magnet. The exit slit of the magnet
was 100 mils wide, giving an energy spread to the beam of 1 part in 500. The
beam energy was calculated from the magnetic field in the analyzing magnet, as
measured by a nuclear magnetic resonance probe and from the geometry of the slits.

The beam currents used in the experiment ranged from 10 to 100 nanoamps.

The beam passing through the target was stopped in a Faraday cup and the total
charge was measured with a current .ntegrator and a scaler. The integrator

was calibrated after the run with a1l u amp source. The calibration is believed
to be accurate to better than 37%.

During the course of the run the beam spot on the target was checked from
time to time with a phosphorescent screen. The location was observed to wander
laterally, generally less than 1/32 of an inch, but sufficient to affect the an-
gular accuracy of the measurement. With a detector at a distance of 7 inches
and at an angle of 26°, this wander corresponds to a 0.2° uncertainty in the
measured angle. This will be taken as the accuracy with which angles were

known.
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further details,

Block diagram of the electronics,

See the text for



2,2,3 Electronics

A block diagram of the electronics is given in Figure 2,12, The pre-
amplifiers were Tennelec Model TC-150 charge sensitive preamplifiers. The
output signals of the preamplifiers were split, and for each counéer the AE
and E signals were added by inverting one signal, balancing their relative
amplitudes with variable impedances (in the "ADDER" unit) and feeding them
into the differential inputs of a Tennelec TC-200 amplifier. The added sig-
nals were delayed and fed into a Tennelec TC-250 biased amplifier. The out-
puts of the biased amplifiers were gated and fed into the X and Y analog-to-
digital converters (A.D.C.'s) of a Victoreen 20,000 channel two dimensional
pulse height analyzer operating in a 100 channel (Y or E,) by 200 channel (X or
E;) mode,

The gating signals were &erived from the following coincidence circuitry.
The second (split) output of each preamp was fed into a double delay line
amplifier (Ortec Model 410 for the E; and E, signals, Canberra Model 1410 for
the AE; and AE, signals). The outputs of these amplifiers were fed into single
channel analyzers (S.C.A.'s) which were set to give the partial particle iden-
tification described in Section 2.1.2. The outputs of the S.C.A.'s were fed
in pairs into time-to-amplitude converters (T.A.C.'s). The pairs were AE] - Eg,
AE; -'E9, and AE; -AE,. The outputs of the three T.A.C.'s were fed through
three more S.C.A.'s set to allow only events from the same beam r.f. burst to
pass. The outputs of these three S.C.A.'s were sent into an Ortec Model 409
triple coincidence unit. When a triple coilncidence occurred the output signal
triggered a gate generator which cpened the gates for the linear signals to

enter the X and Y A.D.C.'s of the 20,000 channel analyzer.
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This somewhat redundant coincidence circuitry allowed switching between
coincidence and singles counting without changing any cables or connections.
Singles spectra were taken with each counter for each angle pair and stored in
the lowest X and Y channels of the 20,000 channel analyzer. The switch from
coincidence to singles could be achieved by throwing two switches on the triple
coincidence unit, and moving one pin on thé program board of the analyzer, with
no need to interfere with the gatiag circuitry.

In addition to the above electronics, scalers were used to record the num-
ber of pulses out of the S.C.A.'s after the E; - AE; T.A.C. and the E, - AE,
T.A.C., on the output of the triple coincidence unit, on the current integrator
and on a kilocycle clock which ran only while the analyzer was in the accumulate
mode., The scaler outputs on the :wo T.A.C.'s were checked after the experi-
ment was completed and no irregularities were found.

A SCIPP 1600 channel pulse height analyzer was also available for this
experiment. It was used to monitor the data as it was being taken by display- ﬁ
ing either the gated Ej + AE; or tie gated E, + AE, signal.

To determine the extent to which dead fime losses from the electronics
effected the experimental measurements, the following procedure was carried
out during part of the experiment. While data were being faken, signals from
a four channel pulser were fed similtaneously into the preamplifiers for the
four solid state detectors, at a rate of about 1/;ec. These signals had the
shape and pulsé heights to simulatz two o-particles with E; v 80 MeV and Ep ~ 70
MeV. A peak from the pulser signals appeared in the two dimensional energy
spectra in a region well away from the Li6(d,2x)d kinematic locus. From the
num?er of counts in this peak, the rate of the pulser, and the time for which

data were accumulated, dead times were estimated.
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TABLE 2.2

Eq e1 02

70.3 MeV 44, 25° 35.25°, 38.25°, 41.25°, 44.25°", 47.25°, 50.25°
41.25° 44.25°, £7.25°%, 50.25°
38.25° 38.2°, 41.2°, 44.2°, 47.2°, 50.2°"
36.75 51.7°"
35.25° 50.2°, 53.2°7, 56.2°
32,25° 47.15°, 50.15°, 53.15° 56.15° , 59.15°, 62.15°
29.25° 59.10°"
26.25° 58.0°, 61.0°, 64.0°

79.6 MeV 44, 3° 44,3°%
41.3° 47.3°"
39.8° 45.8°, 48.8°", 51.8°
38.3° 50.3°"
36.8° 51.8°%
35.3° 53.3°"
32.3° 56.2°"
29, 3° 56.2°, 59.2°°, 62.2°
26.3° 62.1°"

60.5 MeV 44,15° by 159

59.0 MeV 44,15° 44,15°%
41.15° &7 A5
38.15° 50.10°*
35,15° 53.10°%
32,15° 56.05°"
29,15° 58.90°%

50.4 MeV 44,1° 44,1°%
41.1° 47.1°%
38.1° 50.1°"
35.1° 53.1°%
32,1° 56.1°%

Angles and Energies at which Data was taken

Asterisk (*) indicates "quasi-free'" angle pair




In general, dead time was found to be in the range of 4% to 8%. This
relative constancy ié partly due to an attempt to keep the singles rates for
the two counters constant by adjusting the cyclotron beam intensity. For
the measurements where 6, was smallest, however, dead times may have been larger

than the above figure,

2.2.4 "Semi On-Line" DataiProcessigé

A S.E.L. 850A computer with a 16,000 word memory and disc storage was used
for "semi on-line" data handling. When a two dimensional spectrum was com-
Pleted, the memory of the 20,000 channel analyzer could be transferred to the

disc storage of the S.E.L. 850A and was thus immediately available for preliminary

PTrocessing,

A program was used which generated two hyperbolae across the two dimensional
data array and summed the y channels between the hyperbolae for every X channel.
Thig Program was used to provide preliminary projected spectra within minutes,

and was of great value in allowing the experimenters to keep track of the data

as it was being taken.

2.2.5 Data Taken

Table 2.2 lists the angle pairs and energies at which data was taken. 1p

addition, singles spectra were recorded for each angle of every pair, for use

in energy calibrations.
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CHAPTER 3

DATA REDUCTION

Section 3.1 Energy Calibrations

Energy calibrations were obtained from the singles data taken for both
Counters at each angle pair. The data was stored in the lowest channel in
each direction, i.e. the E1 singles along the E1 axis (x axis) the'Ez singles
along the E2 axis (y axis). From these singles spectra the elastic &
Scattering peaks were used as calibration points.

The overall accuracy of the E1 calibration established by this method
is believed to be better than 100 KeV. There is same scatter in the points
Caused by the wander of the beam spot mentioned in Section 2.2.2 The E1
channel width is 395 KeV. '

Some difficulty was experienced because of the one degree width of the
slits in front of the counters. In a region of the elastic scattering
angular distribution where the cross section is varying rapidly as a function
of angle the elastic scattering peak will have a maximum at an energy
Corresponding to some angle slightly different than the nominal angle

(the angle for the center of the slits). Figure 3.1 shows the elastic ¢

ScCattering angular distributions at 70.3, 79.6, 59.0 and 50.4 MeV, taken

from the above mentioned singles spectra, It can be seen that the counting
rate cap vary by as much as 25% in one degree., A crude estimate of the effect
°n the calibration of counting rate variations across the face of the
Counterg gives a maximum error of less than 60 KeV,.

The overall accuracy of the E2 calibration is believed to be better

9 calibration is not as critical as that for El’ since

the E2 variable is integrated over to produce projected spectra, and it

than 200 Key, The E
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is necessary only that it be good enough to include the proper channels in
the integral.

A problem closely associated with the accuracy of the energy calibration,
is the accuracy with which the E = 0 point can be determined (see Section 4,1),
The 0.2° uncertainty in the angles can cause an uncertainty of up to 200 KeV.
in the energy for which 3 = 0 actually occurs. Coupled with the 100 KeV
uncertainty in the calibration there could be a total error of up to 300 KeV

in determination of the a = 0 point.
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Section 3.2 Projection of the Data onto the E, Axis

The projection of the data ornto the El axis was done in the following
manner. Using the energy calibrations discussed in the previous section,
curves were generated across the 100 x 200 channel data array. These corres-
pond to kinematic loci for the Liﬁ(u,Za)d reaction with Q values of 0.0 and
-3.0 MeV. The actual Q value is -1,47 MeV. .For a given El chaﬁnel all the

events in the E, channels lying between the two kinematic loci (including

2
those channels through which the loci passed) were summed. This was done
only for the solution to three body kinematic (see Appendix 1) corresponding
to larger values of E2. This is the solution containing the E = 0 point.

The separation of the experimental kinematic locus from the region of
4 body events corresponding to ;n o+ a+n+ p final state (Q value =

-3.69 MeV) is quite clean, and it appears that almost none of these events

is included in the sums.

!

!
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TABLE 3.1
Source Percent Error
Solid Angles 3.5%
Target Thickness " 25%
E;. Energy Bin Width ik
Faraday Cup £ 3%
Total £32%

Contributions to -the Error in the Absolute
Cross Sections
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Section 3.3 Absolute Magnitude of the Cross Sections,

Table 3.1 gives the contributions of various sources to the uncer-
tainty in the absolute magnitude of the cross sections. The total uncer-
tainty is + 32%, with the largest contribution being due to uncertainty
in the target thickness. For different spectra and within a given

spectrum, relative errors are all taken to be statistical, i.e. the square

root of the number of counts. However, the estimates of dead time losses,

discussed in Section 2.2,3 should be borne in mind when comparing cross

sections from different spectra. Tae relative uncertainty is less than

+ 27 except possibly at the very smallest values of 61+
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Section 3.4  Results

The experimental data will now be presented in a series of Figures
(3.2 to 3.13). The data is in the form of projected energy spectra

(dc/dnlszdE vs. El)'

1

For the data at 79.6 MeV bombarding energy, the spectra are displayed
with pairs of channels summed to improve the statistics of each point. The
El channel width éor these spectra is therefore 790 KeV, Fig. 3.2 shows
the energy spectra for 9 quasi-free angle pairs at a bombarding energy of
79.6 MeV. For all of these spectra, 612, the separation angle between the
two counters, is roughly constant ard equal to~88.5". 61 varies between
44.3° and 26.3°, 1In each spectrum, the point where q = 0 occurs is indicated
by an arrow on the E1 axis, The location of the sequential peak due to
the 4.5 MeV state of Li6 is aléo indicated on each spectrum,

It is of interest to note that the magnitﬁde of the cross section at
H = 0 varies greatly as 91 changes. It has a minimum near 38.3o and maxima
at 90° and 32.30. This behavior is remarkabl; similar to the behavior of
free a~a scattering in the vicinity of 80 MeV, as seen in Fig. 2.1
(Remember that for free a-a scattering 6 = %8, ).

Figures 3.3, 3.4 and 3.5 show similar sets of spectra for bombarding
energies of 70.3, 59.9, and 53.4 MeV. Remarks similar to those made about
Fig. 3.2 apply here also. It is interesting to note in comparing the four
spectra with el = 92 A'aao that the cross section for E = 0 drops by a
factor of about 15 between 50.4 MeV and 79.6 MeV, This is strikingly similar
to the behavior with bombarding energy of the free @-a cross section at
0o, = 90° as shown in Fig. 2.2,

Fig. 3.8 shows six energy spectra at a bombarding energy of 70,3 MeV,

with 6, = 44.25°, 8, varies betweer 50.25° and 35.25°, The possibility



- 52 -

| | | | # | | 1 I I
401 6,=44.25" e -
g,=4425° | L || A5 MV 218 Mev
20 i | lladz/’ k
y I' [
I |||' "ﬂ' : (L
o‘ o IO LR ""'l.l'l,l‘lllll ‘ | e 1,
= . “ 45|
% e e’ | '"| 512,18 Mev+4
20l 6,=47.25 III I b £
|ﬂ mmml'
0 Ly inhm't 1! "ll"l"l" lu" .' "
| 4.5 MeV~g ' Me
20 & =38.25° \‘\“ .""2_;'3 4
s ¥ bt .
_ 8, 50.25"“' "lull.i'"l“'l!'l'lm“ll"'l i ||'
T gaad) u"...'u’.'“ " ‘ '
L O 4.5 MeV
2 ol 6,°3675 | /'l’ 2
o o it gl 218 mev
I\ 8,=5!.70 i
& . ||Hﬂﬂ“mm ' m" Ll +4
.g 0 [ iul .|"|“||Il|||||| lll I 'l | ‘
3 4.5 MeV
e 8,=35.25" | '“” {'
N
g L B 0 Pl -
S 20[ 6,=53.20 '"m‘h, i L.
I '
53 .m’.m"whmmﬁ +4
b o T Lttt otk
o
9,=32.25° ||"
" 1 —4.5 Mey]
40| 8,=26.15 Il | r
U
| !
N {
. i .'."I" Iy
o e lita " L ' 4'5
8, =29.25° , : ||| |||“ MeV
40| 6,=59.0° ll | —
b
20+ ‘J | —
. 'l '
IR RTTITPONLLIL T I TP 14, l..'"."l" A_r

O bt by Y t T T T T T
l5202530354045505560
E| (MeV)
d energy spectra for seven quasi-free angle pairs

for 70.3 MeV bombarding energy. The point with q = 0 in each spectrum
is indicated by an arrow on the Ej axis. Sequential peaks are labeled

according to the state of Li through which the sequential reaction passes.

Figure 3,3: Projecte




do/d$2; df2, dE; (mb srr2MeV™')

- 53 -

' l I | | I T
1201~ 6, -44.5°
100} 62=445° |||| _—2.18 Mev

| | g
80 | ||

60} |

2.18 MeV | | a5 Mev | "
401 |/ | ‘ | =
20 ', i h, E
0 Ill'l A nl..ll“'lll'l'll ‘ lllll'lll 1
00 8, =415 o
| 9,:4715°
a0l | 1, .o o
| I
20— . ! l Al : -
0 l-“”.'“ 1 ...'l'.”'l‘ll.lA i .||| L ll I
“(”4155ﬂev
40 6,:=38.15° | . - |
20| 6,=50.10° oo it k .
|ll it :
o Ak L T I T T L AL ot UL R L T L TP L L e
(ThRe
a0l 8,:3515° 4.5r1ev i gm,
20l- 82=53.0° 4 s o |
0 N N R e n"nu'lr"'."""'l""""""'“".'.“l lII .
K 4.5 MeV ;
20| 6256.05" T T
v ! "
0 PR TR PPl T ALY (PR n.ll'lL""”“'l : L A
60 6,=29.15° | o !
401 6,:=58.90 "ll LI '
|
20 ”H |
L } 11 ||.I‘ !
0 i .n..l.lu llll.LA‘A.l 'J'A_l'lll LY ..;....' ad _asial nl... ! T A T
15 20 25 30 35 40 45

E| (MeV)

Figure 3.4: Projected energy spectra for six. Spasi-free angle pairs,
for 59.0 MeV bombarding energy. The point with q = 0 in each spectrum
is indicated by an arrow on the E; axis. Sequential peaks are labeled
according to the state of L1 through which the sequential reaction passes.




I | l |] T ]
8, =44. Il II
50 6,-44.° II | 1
100 I I J
II |
2'8 MeV 14.5 Mev
50 | l/- 4.5 MeV /| | Jr o b A
. |
hyl & hy Nl
thptit
O i Yaa PR TR TN b ‘ 1 .
= 8,=4L1° |
3 150 =47l | .
I
é e N N l | l——4.5 MeV —
Lg 2.18 MeV H || |
% O 14 I S W |'||Ill Latass? 1I.IA..'I' 4‘_' I” u:’!ﬂ’ﬂf
b . 1 i
o ;'1%
g
50f 6,=50.I° l|I ’ _ ji
|_4/2.I8 MeV o ' ]
0 : i sl lll'llul"lulll‘_lll 4‘_7 ' s ‘ﬂ"'
AL 1 Eabik 1 " 4'5 ; h
50 |- 6,=35.1° T hiev gy
. . ‘ I
6,=53. |“‘| a
_a—2.18 MeV T v |
O ”u l.nwl.nllll".'lll ! !| Flgpb e . | |
50 6, =32.1° | -
92=56.|° |I I]”] Ill l
NRLRRI TR I
0 PR B P TTP LIPC AR i h I| L at ad d
|
|10 15 20 25 30 35
E, (MeV) . |

ectra for five quasi-free angle pairs,

for 50.4 MeV bombarding energye. The point with E = 0 in each spectrum
is indicated by an arrow on the Eq axis. Sequential peaks are labeled
according to the state of 1i6 through which the sequential reaction passes,

B

Figure 3.5: Projected energy SP

ey




20

IO

: T I PRI
...,.A'l.'A"llll.ll'lllll||||l '4@"' '

0 PP
6,=48.8"

IO | 5,

'l ‘
1
'I'I'|l|||l'||'l.‘|ll . i

() aaddasztal akasl |
° .
§,=458 'l
lO"‘ I ll 3 1“'
| 'l 1 I 41*3
' ININE |
0 LI PPTTOY PILLLILLLIWTIL AL P }""ll 4#4L1* T : T j
0 15 20 25 30 35 40 45 50 55 60
E| (MGV) :

do/dS2; df2, dE; (mb sr2Mev™')

ctra for three angle pairs with ¢ = 39,.8°
The point with the minimum value 9f q
ow on the El axis. Sequential
through which the sequential

*igure 3,6; Projected energy spe
Lor 79.6 Mev bombarding energy.

N each spectrum is indicated by an arr
Peaks are labeled according to the state of Li
Teaction passes,

..... | N ) &
> o ’:'é}‘- o T"’
_... ) "'\ it hy: !
. ¥ Tw. Y - i
2 5 . RS
' & & i‘;:' -:. ; ' 3 J}
RV
o T




- 56 -

| | | I | —
>
=
0 5
L: . — _—-
ST - 4
4
IR N | %~
N 1 ® { © ‘
R 1 3 e A
(]} ([]] ]} (]}
S @ | & <
| | ] : i
8 Og 8 08 8 @

(,_ASW s qu) !'3p 2y5p ly5p/op

Figure .3,7:

for 79.6 MeV bombarding energy.
in each spectrum is indicated by an arrow on the E;

The point with the minimum value of ¢

axis.

Sequential

5 20 25 30 35 40 45 50 55 60 65 70

10

Projected energy spectra for three angle pairs with 81 = 29,3°

peaks are labeled according to the state of Li6 through which the sequential

reaction passes.

E| (MeV)



-~ 57 -

J [ | I T T
2.18 MeV 6 =4425°
| |
. ,“/.‘J7 8,=50.25°
22 "'“-Au“" 'n'-u""'"'nl.ln.lh... -"'w'”l'"'"'l"

I 8,= 47.25°

|
' ] |||
TPTLLITTTULLLICT1 L TPRUTTTPITL A

5 o B

N
O

I

!
1) '
(I T PR PP RLILAL ”1'!!1‘"" A | |l|" |

O

H
®)

do/dQ,dQ,dE, (mb sr®MeV™)

n
@)

O

n
O

I
|

ﬂl ll' -

. '“|”.”|“|“ " ! JAL‘ ' ﬂ' H'”lhlu

1™y g,=38.25
lll| l||| -
ot llulllul” : . ”I
'“'l" ' A 'lh'nah.nl“'”" 2

20

o 8,=35.25 -
! |

I !
JIMN '
]
! ot
! “1]1]111]LLL“|'“ !

Figure 3.8:

4o

_A
25 30
El(MeV)

5 20

Projected energy spectra for six angle pairs with 8; = 44,25°

for 70.3 MeV bombarding energy. The point with the minimum value of q

in each spectrum is indicated by an arrow on the E; axis.

Sequential

peaks are labeled according to the state of L16 through which the sequential
reaction passes., ’
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of § = 0 occurs only in the spectrum for 82 = 44.250, but an arrow indi-
cates where £he point of minimum a occurs in each spectrum. Sequential
8roups corresponding to the 4,5 MeV state of Li6 occur on the high energy
side of the quasi-free peak in all the spectra, Because the value of
E

1 for these events is uniquely determined by the value of 6, (see dis-

in

cussion in Section 2.1.4) this group occurs at the same value of B,

all six spectra, For the spectra with 62 = 50.25O and 47.250, sequential
groups corresponding to the 2,18 MeV state of Li6 occur on the low energy
side of the quasi-free peak. These groups of events are due to the inelas-
tically scattered a being detected by counter two., For each 62 the value

of E) for these groups is unique, but the value of E.,is not, because the

L
kinematic locus can be double valued. For the values of 92 smaller then
47.25° shown here, the energy of inelastically scattered o's from the 2,18 MeV
state of L16 is larger than any valuz of E2 on the kinematic locus and so no
Sequential groups occur from that pracess.
As mentioned previously, the only point with q = 0 in-Fig. 3.8 occurs
in the spectrum with 62 = 44.250. The minimum value of a in the other
spectra gets larger, the further 62 is from 44,25°, 1In general, the cross
sections at these ' min.'" points gets smaller as ''q min.".gets larger.
This is what might be expected if l@(q)\z was the only strongly varying fac-
tor in the cross section, In fact_,@(q)‘2 is not the only strongly varying
factor determining the cross section, The spectra in Fig, 3.2 showed that
(do/d2)q~a also seems to play a strong role in determining the cross section.
Figures 3.6, 3.7, and 3.9 to 3.13 show other sets of spectra for bombard-
ing energies of 79.6 and 70.3 MeV. For each figure, 8, is the same for all
the spectra., The same general comments that were made about Fig. 3.8 apply

to these figures as well., There are some individual differences, however,

In Fig. 3.10, for instance, the only point with a = 0 occurs in the top
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Spectrum, with 91 = 38,25o and 92 = 50.20. Again the minimum value of \a\
increases as 6, gets further away from 50,2°, But in this case the cross
section seems to increase as ''q min.' gets larger, instead of decrease.

-~ |2
This is the opposite of what one would expect if I@(q)l was the only

strongly varying factor of the cross section. This feature and other anomal-

les will be discussed in more detail in Chapter 5.
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§EEEEQE;3.5 Sequential Processes

The concern in this experiment with sequential processes has so far
been largely how to select regions of phase'épace in which they are unimpor-
tant when compared with quasi-free scattering. As discussed in Section 2.1.4,
the only states seen strongly in inelastic a scattering on Li~ are the 2,18
Mey (31 ang the 4.5 MeV (21) states, This'ig, in general, a criterion for
@ state to contribute to the three body o + & + d final state via sequentiai
decay. Indeed tﬂese two states do seem to be the only ones which appear
Strongly in the spectra presented in Figs. 3.2 - 3.13.

Angular correlation measurements of sequential breakup reactions can

Provide information on the angular momentum quantum numbers of the inter-

Medigte State, They are often used in this way for reactigns followed by

Y‘decay to study the intermediate state, Given a knowledge of the quantum
Numbers of the intermediate state, angular correlations can be used to
Study Matrix elements of the formation of that state in the reaction being
Studieq, Examples of this type of study in the'Li6(a,2aDd reaction are
Teported by Dolinov (Do6%) at 25 MeV bombardiﬁg energy and Matsuki "(Ma68)
. 29.4" Mey bombarding energy.

The angular correlation data in this experiment does not cover a large
énough angular range for an analysis of the sequential processes to be worth-
While, Of considerable interest, however, is the bossibility of interference
betWeen the quaéi_free and sequengial comﬁonents of the cross section for fhe
C+a+ g final state., Presumably the matrix elemenés for the diagrams in
Figs. 2,8b and 2.8¢c should be added and then squared yielding an interference

term, One place to look for such interference, either constructive or destruc-

tive, Would be in a region of phase space where the contributions of both

4 )
lagramg are non-negligible.
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As an example, consider Fig, 3,12, Here are six spectra with 8, = 32,25°
for Ej = 70.3 MeV. 1In the bottom spectrum, with 6, = 47.15° the quasi-free
peak is quite small, The sequentia. peak due to the 4.5 MeV state of Li6
shows clearly with its long tail, <his tail is also seen in the inelastic
gcattering (singles) spectra which vere used for the energy calibration (see
gection 3.1). As 92 increases, the position of the sequential peak remains
fixed, but the quasi-free peak shifts to higher energies, until in the top |
spectrum with 62 = 62,15° they almost coincide, As the two peaks get closer
together, there appears to be no discernible interference between them, The
cross section in the region between the peaks can, within statistics, be
explained by the simple addition of the shapes of the two peaks, as seen
when they are clearly separated in the spectra near the bottom of the figure.

No positive evidence either for (or against) interference has been
found in any of the spectra. This is not to say that interference doésn't

occur, but it is not strong enough to be evident upon close examination of

the spectra.
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CHAPIER 4
THE o~o0 OFF-MASS-3HELL CROSS SECTION

A particle is said to be "virtial" if the square of its four-momentum

is not equal to minus the square of its rest mass, i.e.
T = P 5~
) n ZI/Q«
The particle is said to be a "distance" AE = m - (-TP%)* off-mass-shell.

The struck particle in the Li6(a,2a)d reaction is, in the model illus-

trated by the Feynman diagram below, a virtual g-particle in this sense

Q)
N i
2
(o) >3
&% {
my; my .
(™ 3) m"w
Conservation of four-momentum at the two vertices requires that the trans- [
: wwﬁa
ferred particle has an invariant mass different from that of a free ®-particle. mw
The elastic scattering at the upper vertex is said to be off the mass-shell ; ”@

by the distance My~ M This quartity is readily calculated as follows: _ |

four momentum conservation at the lower vertex implies

,ﬁl': ’T?T' —’“?3

| (4.2)

Hence . [__—‘;*3; i, [ Bt rr\a,'\'j)_] !
- [%) i (m;F—e'Tﬂ] (4.3)

Hence

Z
me= [(my- Ep-T3) - q2]™
(4.4)
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If one then makes a non-relativistic approximation

m,-+m
Y o peg, - E:B & cgl ——3————2;>

Then if the rest mass of the virtual a is called m, one finally finds that

2

the transferred particle (and also the collision) is off the mass-shell by

the distance

I}

P
O My- My % EB+ C%/:;)L

(4.6)

Three kinematic variables are needed to specify the off-mass~shell cross
section. The ones chosen here are Es» the initial c.m. energy of the two
a-particles, Ef, the final c.m. energy of the two a-particles and 6., the
c.m. scattering angle. Derivations of these quantities are given in Appendix 1.
Note that the notation is different in Appendix 1: Ei =Ty = Tbscm;

Ep = T, = TlZcm' The difference between E; and Ef is just Ep + q2/2u, the
distance of the collision from the mass-shell. The differential cross section
may then be written as dc/dQ(Ei, Ee, Bcm) .

In this chapter a-o off-mass-shell cross sections will be presented which
were extracted from the spectra presented in Chapter 3 by assuming the validity
of the P.W.I.A. The primary off-mass-shell data will be taken from the points
for which a = 0. A second set of data will be taken from points where
|4 = 30 Mev/c.

Of particular interest are on-mass—-shell approximations to the observed
off-mass-shell cross section. In many previous quasi-free scattering experi-

ments, such approximations have been used without careful investigation of their

validity. There is no clear guide in the theory as to what on-mass-shell cross

i
mnmﬂ"

e
rH" "‘ h “'

ki

'
i

r‘ |
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Section 1s the best approximation. In p—g scattering it has been observed

(059) that the on-energy-shell cross section is largely a function of momen-

tum trangfer only, hence a fairly plausible choice of the free cross section

to use in (1.7) can be made (J63). For g-a scattering, however, this strong

dependence on one variable does not exist, and there is no obvious prescrip-

tion for the on-energy-shell cross section to use in (1.7). Two possible on-

Mass~shell approximations to do/dQ(Ey, Eg, e;m) will be investigated. These

are dc/dQ(Ei, 9cm) and do/dQ(Ef, ecm)' These will be referred to as the Ei

and Ef approximations. Other choices for on-mass-shell approximations could,

of Course, be made.

N
-

; mi'l"ﬂﬁﬂ

s
g

f



) - at 90°
a-a

hea/(

do
daf

(da'
dfd

I T <1 T 1
N
~
49.6™ |
\ o
10.0— 1 ;
C , :
L \ g
50} \\ |
o 38.7 \
. \ 4
\
o 34.9 | \ -
\
3.9
\
2 . 7
- 3 = \\ /]
. 26.6 1 // ]
d - ‘ E
) / I
/ \ L 7
/ \ y \i '
4 \ . - i
& / \ ] L wi
I/A : 1
\ . gl
0.l g \ ] 1
¥ \ | X
: \ -
0.05 |— \ | ]
Vo
i Vo il
N ¥
; ' l o lo 90
30 40 50 60 70 8

6 (DEGREES)
o astic a~a scattering in
ions are all normalized
indicated for each curve.

Figure 4.1: Differential cross sectionz'fzzisit
the center of mass sgstem. The angular li g
to unity at @ = 90 . Center of mass energ

The datw is tSPen from (D65) and (C60).




o Th =

Y
§EEEEQE*4-1 Off-Mass-Shell Cross Sections at q = 0

In the spectra presented in Figures 3.3 - 3.13, there are 26 points
Where 3 = 0 occurs. In addition one spectrum was measured with 61 = 92 =
44,15° at Eo = 60.5 MeV which contains a 3’= 0 point, and the three spectra

with 91 = 26.25° and E = 70.3 MeV can be interpolated to yield another
o

4 -
9 = 0 point. Thus there are 28 data points in all with q = 0.

' -+
For these 28 data points the cross section at ¢ = 0 was extracted,

¥ith allowance made in the error for the # 300 KeV or * 3/4 channel uncer-
tai { - g ections were the
Dty in the energy of the q = 0 point. These cross s n

divided by the kinematic factor (1.8) yielding the product of the effective
- 2
%=G cross section and f¢(3 = 0) |
-1 _ . J:o) =
(426 n g0 de) x KEY' = @o/dsdess, x [EG> |
cross sections have been measured at very nearly the

The free o0

€hergies needed to compare free and quasi-free angular distributions. It is

‘ﬁmﬂ
{
neCessary’ however, in view of the accuracy of the present data to inter- 1amT
wrh
Polate between the angular distributions of (D65) and (C60). Figure 4.1 %mﬁ*

Shows the free a-a cross sections af center ‘of mass energies of 23.6, 26.6,
29.2, 31.9, 34,9, 38,7 and 45.6 MeV, all normalized to unity at 90°. Dis-
Played 1, this form, the systematics of the freé a-o data are clearer.

1 is then easier to make reasonable interpolations for the free cross ;
Sectisns at the desired energies, for the 59,0, 70.3 and 79.6 MeV quasi~free |
data. Recent unpublished data (869) indicates that there are no new reson- :
dnces in a-0 scattering between 55 and 70 MeV bombarding energy. ?hus a

SWooth interpolation of the data currently available seems reasonable. For

= d ilabl
the 50.4 Mey data, the cross section for E; = 25.1 MeV is already available

from (C60). For E, = 23.6 MeV the cross section can be generated from the
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Phase shifts reported in (D65).

The free cross sections for Ef and Ei together with the quasi-free
angular distributions are shown in Figure 4.2. It is clear that for ecm> 65°

Ef is superior zo E;, and the agreement for E. seems to be very good indéed.
However, for smaller angles it would seem that deviations from E; begin

to occur, partjcularly in the 79.6 and 59 MeV data. An alternate way of
displaying the data is to present excitation functions for (dg/dQ) at a
fixed angle, as a function of energy. The five data points corresponding

to ecm = 90° ars shown in Figure 4.3, plotted against both Ei and Ef. Also
shown is the free (or on-mass-shell) o-a excitation function for ecm = 90°.
The quasi-free data has been normalized in both cases to give a "best fit",

The normalization factor for E, is |¢(0)|2 = 2,67 x 10_7(MeV/c)-'35r_l =

4
2.05 fm.3sr_l. For Ef it is [¢(0)|2 = 1.97 x 10"7(MeV/c)_35r—1
In either case, one can say Lhat the agreement of the energy dependence of
the free and the quasi-free cross sections is very good indeed. It is clear
from Tigure 4.3 that a somewhat better fit is obtained for Eg than for E.»
but the case cannot be made strongly.

Figures 4.4, 4.5 and 4.6 show excitation functions for GC = 83.80,

m

77.7°, 71.5°, 65.4°

. 59,3° and 53.2°. The quasi-free data is again plotted
against both Ei and Ef. The free oa-a excitation functions are also shown,
with the data between 22 and 26 MeV being generated from the phase shifts
given in (D65). The normalization of the quasi-free data to the free data
is the same as for Figure 4.3. It again appears that Ef provides a better
fit to the data, given the normalization to the 90° excitation function.

It would appear from the overall comparison of‘the quasi-free and free

=
a-0 cross sections, that for q = 0, the factorization of the P.W.I.A, cross

section is remarkably good, if E is used for the free cross sectionms.

-1
= 1.51 fm.BSr .
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Whether the normalization factor |¢(0)l2 ~ 2.0 x 10_7(MeV/c)—'3sr_l is
reasonable or not will be considered in Chapter 5.
Some comments should be made on the choice of the Ef approxima-

tion, Firstly, it should be remembered that E_ is merely an on-energy-shell

f
approximation to the desired off-energy-shell cross section. Some off-energy-
shell calculations are discussed later in this chapter. Secondly, absorption
effects may in fact be important, and there is no reason to expect these

to be the same for all scattering angles. Thus the apparent preference for

f

absorption with decreasing scattering angle. The overall impression of the

E. from the angular distributions may be an accidental effect of increasing

data, however, is that P.W.I.A. appears to give excellent results for E = 0.
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§E§Ei£§_ﬁ;2 Off-Mass-Shell Cross Sections for q # 0.

Having extracted off-mass-shell cross sections.for 3 = 0 and having
determineqd that the factorization of the quasi-free cross section for q=0
Seems valid, the next logical step is to look at the data where 3 # 0. For
an exploratory investigation, the data for ,a] = 30 MeV/c have been .chosen,
In each spectrum containing a 3 = 0 point,. there are two poiﬁts at which
'3, = 30 MeV/c. These points are roughly the half-maximum points on either
8lde of the quasi-free peak. For convenience these will be called q = =30
MeV/c or the q = +30 MeV/c points, debending on whether the poiht falls on
the 1oy énergy or the high energy side of the quasi-free peak, respectively.

These q = + 30 Mev/c points have the property that all the points for

One actyal bombarding energy correspond very nearly to the same values of

B and g, However, the q = + 30 MeV/c and the q = - 30 MeV/c points corres-

Pond to two different directions for the recoil deuteron. The q = -30 MeV/c

Pointg 411 have the deuteron recoiling at a laboratory angle of 85° + 2° wmm%

*elative to the beam on the side of counter one, The q = +30 MeV/c points - Jmﬁﬁ
© relative to the Mm%

—
il have the deuteron recoiling at an arigle of 85~ % 2
beam’ but on the side of counter two.
iz ti . Th
Figute 4.7 shows the q = % 30 MeV/c angular distributions e errors | 1
on the data include the + 300 KeV uncertainty in the determination of the jﬁ

=130 MeV/c points. The data has been normalized by taking the q = +30

Mev/e and the q = -30 MeV/c points for the spectra with 6, = 6, '~ 44° and.
setting their mean equal to unity. Smooth curves have been dréwn through

the Various angular distributions to guilde the reader's eye. It is immed-
1ate1y obvious that the two angular distributions are systematically different.

= =30 MeV/c constitutes

This difference between q = +30 MeV/c and q

® definfte failure of P.W.I.A.,since the tvo effective cross sections
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Figures 4.8 (a) - (d): The data from Figure 4,7 (a) - (d) but in this case
with the q = +30 MeV/c data displayed for (v - 8 n)+ The curves are inter-
polated free a-a cross sections for Eg, the finai state center of mass energy.
The curve for each energy has bezn shifted in angle to match the behavior of
the off-mass-shell data.
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sh
ould be identical. It is interesting, however, to note how they differ.

Wh
en the +30 MeV/c and the -30 MeV/c effective a-o CIOSS sections are

di
fferent, it means that the quasi-free peak is not centered at g = 0, but

ig n " .
8 "ghifted" in energy to a slightly different value of E,. This shift is

not :
always in the same direction, however, as is evident from the way the

(e
urves for the +30 MeV/c and -30 MeV/c data cross.

There is, however, a similarity between the q = + 30 MeV/c and the

9 = -30 MeV/c data if the one set is shifted a few degrees relative to the

ot :
her. The smooth curves drawn through the 4 = +30 MeV/c and the q = -30

M .
eV/c data are quite similar in shape, but seem to be offset from each

)
ther by a few degrees. It is {nteresting to replot the data of Figure 4.7

wi "
th q = 430 Mev/c data plotted against ( 7-6 ). This is equivalent to

cross section and assuming the

ign
8noring the symmetrization of the a~d

Pre - fadd .
sence of the deuteron somehow makes the tWO a's distinguishable.

ves are the Ccross sections for Ef from

In Figure 4.8 the smooth cur

F ' :
igure 4.3 displayed for (6+A4 ) and (r-06-24 ) where A 1s a shift

i
Dtroduced to make the curves pass through the data as well as possible

N
Ote that A is different for each energy: The normalization of all four
at 90°, With this latitude

Qul-
Ves was chosen to make them pass through unity

make them pass through most of

in .
Plotting the curves, it is possible to
o note that A decreases with energy.

the
data points. It is interesting t

At 5
0.4 Mey A~ 5°; at 79.6 MeV A ~ % s

>
This shift A is similar to the shifts from symmetry about q = 0 often
ns in knockout

obg
€IVed in wave functions extracted from angular correlatio

is divided by (do/dQ) and

Te
actiong, d o/dﬂldQZdEl

' In the latter case,
2(q) |2 % ;
D [° is extracted; in the present case, /da,d0,dE, is divide by

th cases a shift in angle 1s observed.

l6(q) 12
VI ang (do/dq) is extracted. In bo
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This type of shift has often been attributed to distortion effects, though
it is Dot clear that distortion is the only possible mechanism that can

Produce "shiftg" .

There is one more fairly complete set of data available for the type

of test Presented in Figure 4,8. There are six angle pairs in the 70,3 Mey

data with 612 - 85°, Por these spectra effective cross sections can also be

fXtracted for q = % 30 MeV/c. None of these six spectra contains q = 0
Points, The one. difference between this data and that in Figure 4.8 is that
Ef = 31.7 Mev for alil the data points; This data is displayed in Figure 4.9
With the q = +30 MeV/c data displayed for ( m - 6 ). The curve is the inter-
Polateq free cross section for 31.7 MeV shifted and normalized in ' the same
Manner 54 the curves in Figure ;.9. In this case; the curve actually misses
any of the points, and the shift A used here is only about 1°. The quality
of the CHEY §8 too poor and-the number and range of data points is too
limitEd, howéver, to draw any strong conclusions about the size or signifi~
Bance of A . . )

The results in this section show that P.W.I.A. does not give a perfect
descriptions of the reaction mechanism for quasi-free knockout when q # 0,
It W$UId seem, however, that distortion effects are fairly small and seem

to decreage with bombarding energy. The qualitative features of the P.W.I.A.

* Crogg Section are still strongly present in. the data.



Section 4,3 off-Mass-shell Calculations

In this section, off-mass-shell cross sections for a-o scattering will
be Calculated with a phenomenological a-a patential., For other studies of
thig Problem see Balashov and Meboniya (B68). The following conventions will

be used; ¢(k) is a plane wave of momentum hk, X(k) is a Coulomb distorted

ane’ and i,b(k) is the full scattering V&ave funCt;ion. The subscripts iand f
Wil Fefer to the initial and final states.

The cross section for elastic scattering on the mass-shell is (R67)

IS L <4, 00N AKCOMES A CY

(4.8)
“here p. 15 the density of final states.
i mk,
o il kz C‘-k B T """‘""
j? (£,) - @n)? E_Ei;_ £ = Es @®)® % e (4.9)
. vy .
Thep k
(+) 2 X (_v:__'f; ),
45 Fhonoobin ol G0,
T N ANV e K| o
Lpap (o £ONRTTRIRSREL g VEpE

. ‘ ; E, = E, restriction is
R the Mass-shell ke = kyo Off the mass-shell the E. i :

. ff-mass-shell cross
dropped but the kf/ki term is retained, Thus the o

Section fis

45 < VI = 8),

L (4.11)
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It can also be expressed as

d
g;_* K Lr-,z»ﬁ'?r‘<q} (k;_)lV]dJ (k)>\ (3/1-1

(4.12)

These two forms will not necessarily give the same cross section off the
mass-shell though they must on the mass-shell. Whether (do/dQ)I (4.11) or
(dg/dQ)II (4.12) is the better expression off the mass-shell is related to
whether %% (Ei) or %% (Ef) is a better on-mass-shell approximation and both
forms will be investigated,

The "T matrix" element <¢f(kf)lv\wi(+)(ki)> will now be converted into
the "two potential' form. It seems at first that the numerical calculation
of <¢Elv\$i(+)> is a perfectly well defined operation, If V is an infinite
range potential, however, it is not possible to calculate <#E|V\¢i(+)>
numerically, hence the "two potential' approach. V is separated into two
potentials, a long range and a short range one, which will be called Vcoulomb

and V or V, and V; respectively.

nuclear

V=VC+VN:VO+V| (413)

Coulomb or '"distorted" waves are defined as

(*)
(?f— E, - \{ £ L€ \J )[
(4.14)
‘#; u EJ H \J (ﬁ

The T matrix is

<‘ﬁ;|\/[ WA-(”> = {d Ve ‘Pﬁ”) R CAMEIAD IR

[EL IR 1
[

1iplime!
ﬁ.qt.ll

e
#
-

i #
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Replacing ¢f with (4.14) yields

T = <P IVLl 8 + (xS Y (H>
G gmmgee WETD

Now the first terms above can be reexpressed using the following identity

| t v -
-——-———-——-"l N e 0 —
E-H,+1€ E- W~V *i¢ E~ HoV+ i€ E-Ht L€

(4.17)

S +) : g
This is used to express l[l cH in a more convenient form:

<+> ___..L,,_-— v) .M
¢ L L H (V + )4’
|

= @ & )
C gmine CorW Y

U S ()
E - Ho-Voti€ "E’—Tr—'“ (Yot V) 9,

¢ = _.E ____—-r——’".. H'o Vot i€ (\/°+ V1> VIL("')

b I ~ Wy (‘IDLG)" ¢.¢.)

E;- HD-VO*'LG )
)(Lu) N | \/| (h ‘ ( )

Eg- Ho—V, Fi€
Substituting this into the first term of (4.16) yields

= LE VNS> + (b 1Y%

W
E.-H -Votie€

q;k. ) >

+ ) SN AR R (4.19)
(X OV ¢, Y- (e Vo £, - Ho-V, rik ]‘7” ),
On the energy -shell the second and fourth terms normally cancel since
E¢ = E;j. Off the energy-shell they do not. However, these two terms can

be combined into a more useful form,.
] ) \ (
" <¢f|\/° E-HoV +i€ V’\\PL >+<¢¥\Vomiév‘\%+)>
- ! e \ Q)
4 _<¢f\VO[E§_H°_V°+i6 E] \/,\(,UA. >

Ei- Ho-V, t i
o e < (e, B 1 &3
R CANA N vl CEL) v LAl

(4.20)

(4.16)

i
i

it
i
!



Now
using (4.18) ang (4.14) this becomes

P (E-EL) (X, 8, 0%, s

(4.21)
Thus altogether
s SN % S - O @
- (E,(u. E{) <X,;’ 964, S[}‘__'-XL > . (4.22)

E9uation (4.22) is exact, The matrix element <¢f]VolXi(+)> is the

"
Coy
Lomb amplitude", onp the mass~shell this term is known exactly:

: - Tltl _F ( )
\/ K+) = o4 q>
<¢f , 0! X,L 2'1 shell 2m | (4'23)
A C R exp {"i Jog (5in2 8. +2‘o’}
i kamig% 1 5.( ;> fL [¢) (4.24) m@
Where Vl ) # 2_'2'82‘ ' %L?
= —~——7;~—— ‘
E NV
(4.25) H

Moig '
the redyceq mass for the scattering system and g, is the "zeroth Coulomb

The authop is unaware of a closed form expression for £,(8) off the
€neg ; ;
rgy'Bhe.'ll. This term could be treated in Ist Born Approximation., Then

- ~Qu=z'er _ - auz='el -
+C(9)N ‘%—ii(—ﬁ*l),. ;hmcj(':l_,.pc:'_jjtlkacoSQ)

(4.26)

The last term ip (4.22) vanishes on the mass-shell, Off the mass-shell

it .
is nOt_clear how it behaves, but it probably remains small and can be

neg ].ec tEd
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- +
It remains now to put the second term in (4.22), <xf( )Ivl\wi( )>,
the "nuclear" term into a calculable form by making a partial wave expan-

sion, The potential used will be local but 4, dependent. The nuclear part

of the T matrix is

T, = <% W] A

(4.27)
Expanding X¢ and P, in partial waves:
+ o ! : O* A o
%:( )(kl_')":"l'_ﬂ 12' L.ltl.afe (Kﬁ)u£,<k‘-)r)y£, qu)z: (/\})
(4.28)
4 m 4 m
X &) B p AP e“&(“f)[‘ (ks r)y (k)yl *("
£ (k=47 n . g Ny 2 f | ) o g

where the ki direction has been taken as the z axis of a spherical polar
coordinant system. The a, (k)'s are "Coulomb phase shifts' and the Fy are

the "Regular Coulomb Waves'". Uf is the solution to the Schrodinger equa- i
i

tion for the full potential minus a point Coulomb potential,

e

i
i

Using (4.28) and (4.29), .
Ty=tem2Z (22 1 (a k) v o G
tw )A€ CENAAGIACTY

X \/,2, *(E‘.) \/XM(E;) 57; FORAGET (4.30)

The integral over r yields Gu'émo and
s 1LY }‘L'T(J?a + (&) .
T b ? £ [1 )+ 6 Jul(‘%l,a\'/q(r)li(khk) ey

b %o *@J 7;0(1;) (4.31)

Now
1) Y () = B T os )

(4.32)
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where 9 is the center-of-mass scattering angle. Then

T, = 47 %l (32+1) Py (cos &) 4 (T the) + a1 (k)
o U () VL0 F Gy o) vl
' (4.33)
1f (4.33) is compared with the usual partial wave expansion for £(8), the
gcattering amplitude on the mass-shell (with ke = k;), then
- = 6) = _‘,—— .‘,1‘59 AL T
ﬁzTN. ¥N(> L&?‘(QQH)E(((OSG)(E i ——DeL %
L (4.34)
it is then obvious that on the mass-shell
(5t |> o —altpk fu)z B Vo B (k) vade
nt h ’ ‘ (4.35)
Thus on the mass-shell the formalisn developed in this section can be used
to calculate phase shifts,
The final step in calculating the cross sections is to symmetrize the
scattering amplitudes, because in tre final state the two particles are

identical Bosons.

Thus

de (9 = G5 b | @+ T (-9 2 e ae]]”

(4.36)
where TN(G) is given by (4.27) and fc(e) is given by (4.24) or by (4.26).
The odd 4 partial waves in TN vanish under the symmetrization operation

above and the even £ waves are doubled leaving

e @ - @) 52+ A 5 (9) 4, (-03]|"

dao o
(4.37)

*
Whether or not symmetrization is needed in the initial state is not
clear, since the particles are not identical (one is off the mass-shell).

However the final state is the one detected, and there the particles are identical.

_—
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To calculate Ty» @ computer code was assembled largely out of subrou-
tines from SCAT4, the U,C.L.A, optical model code (M61) as modified by
Dr, Ian McCarthy. These generated ug(k), Fy(k), and oy(k). Further modi-
fications were made by this author to generate V&(k) in the form described
in Section 4.3.2. The integral in (4.33) was performed with the trapezoidal
approximation,

4.3.2 The a-a Potential

To calculate the a-& cross section in the T-matrix formalism presented
in Section 4.,3.1, a potential is needed. Darriulat et al. (D65) give a
Phenomenological 0~ potential devised to fit a-a scattering phase shifts
UP to 120 MeV., This was the pot;ntial selected for use. This potential

has the following form:

-1
\"N(ﬂ = U\ D+ exp <‘Ejrr‘):) — {UL‘L *V*/} [l +p (%?>]—l+ Vc (v)
(4.38)
This potential is basically a Woods-Saxon potential with an inverted Woods-
Saxon repulsive core. The Coulomb potentia. was fixed as that for a uniformly
charged sphere of 2 fm, radius. The imaginary well strength W was fixed
at 5 MeV for energies greater than 40 MeV and zero for energies smaller than
40 MeV, The potential is 4 dependent and includes partial waves up to 4 = 8§,
To test the program described in Section 4.3,1 this potential was used
to calculate on-mass-shell phase shifts 5& asccording to (4.35). 1In the process
it was discovered that although the Darriulat potential did indeed provide
good fits to the real parts of the 6£'s, it was seriously in error in the
imaginary parts. Not only were the imaginary phase shifts wrong, but their
""balance" was wrong so that some of the partial waves were too weak or too
strong and the cross sections had the wrong shape as well as the wrong magni-

tude,
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TABLE 4.1
U
1 rl al UZ W rz ?,2
1
50 Mev 1.65 fm 0.1 fm 9.2 MeV 3.5 MeV 3.72 fm 0.4
1
30 1.63 0.05 16 6.0 3.55 0.3
220 1.2 0.05 71 11.5 2.48 - 0.46
50 8.0 2.96 0.53
110 35.0 2.00 0.6
e :

Parameters for the phen

used for t

sections,

he calculation of off-mas

omenological o-¢ potential

g-shell cross
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To attempt to correct for this deficiency, the imaginary well strength
W was adjusted for each partial wave. It was found that this did not seri-

ously affect the real phase shifts as remarked in (D65). It was not possible,

however, to fit the imaginary phase shifts well at all energies with this
pProcedure, indicating that the shape of the imaginary potential may be dif-
ferent from the one chosen in (D65). For the purposes of the present investi-
gation, the imaginary well strengths were adjusted to give a reasonable fit
to the imaginary phase shifts in the vicinity of 70 to 80 MeV. Table 4.1
lists the parameters actually used in (4.38) for the potential. Fig. 4,10

shows the experimental imaginary phase shifts from (D65) and those calcu-

lated for the potential in (4.38) with W =5 MeV, 10 MeV, and the values
listed in Table 4.1.

4.3.3 Results

In this section, some results will be presented from calculations using
the formalism of Section 4.3.1 and the potential of Section 4.3.2. To give
an overall view of the quality of the potential, Figure 4.11 shows the data
from (D65) for bombarding energies of 53.4, 58.5, 63.9, 69.9, 77.6 and 99.6
MeV. Also shown are the cross sections generéted by the potential (4.38)
using the parameters in Table 4.1. The general behaviour of the data is re-
produced in the cross sections from the potential, but the agreement is only
qualitative. At 53.4 and 99.6 MeY the fit is rather poor, but at 69.9 and
77.6 MeV it is not too bad.

In view of the high accuracy of the off-mass-shell cross sections ex-
tracted in the earlier sections of this chapter, the fits with the potential
to the free scattering data are not good enough to make a direct comparison

with the (o,2a) data. The calculations presented here will be exploratory,

LIt
i

i
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Figure 4.,10: Imaginary phase shifts
for a-o elastic scattering as a
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Figure 4.11: Differential cross sections for elastic a-oa scattering in the
center of mass system. The data points are from (D65). The smooth curves are
from the potential (4.38) with the parameters from Table 4.1. '
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t0 find oyt which off-mass-shell effects are important. For actual fitting
°f the (a,2q) data, it was felt (and the following discussion will Justify
that Procedure) that interpolating the experimental o-a data from (D65)
nd using the E; on-mass-shell approximation was more reliable.
Flgure 4.12 shows the data from 58.4, 63.9 and 69.9 MeV again, together
Mth crogg Sections calculated from the full potential (4.38) and cross
Sectiong from the potential (4.38) without the Coulomb potential. It is
Clear that neglecting Coulomb effects makes an error of about the same size
48 the discrepancy between the experimental data and the cross sections
calculated from the full potential, Therefore, Coulomb effects wiil be left
e ompletely in the calculations to follow.-
When 4 better g-o potential becomes available, the approximations
uggested in Section 4.3.1 for handling Coulomb effects off the mass-shell
‘Tay pe useful, It is worth noting, however, that the present on-mass-shell
alculations show that approximating the exact Coulomb amplitude (4.24)
With Borp Approximation (4.26) makes less than a three percent error in the
°fshel} Cross sections for o * 45°,
In Section 4.31 it was mentioned that there are two cross sections one
= define off the mass shell. The first, which-will be called (da/dn) is

alculated from <¢ ,V,wi(+9;> Figure 4.13 shows the off-mass-shell cross

35,1 MeV in the center of mass system

ec
tion (do/dg) calculated for Ei

(7 0 3 Mey in the laboratory system). The values of AE = Ei - Ef chosen

i 0.0, 3 47, 3.0. 6.0. 9.0 and 12.0 MeV. This figure shows that the cross

Section decreases rapidly at all angles as AE increases. Figure 4.14 shows

o Same calculations as in Figure 4.13, but with the cross sections all

l‘maliZed to unity at 9 8 900. This figure emphasizes the way in which

the
angular dependence of (dc/dﬂ) depends on A E.
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Figure 4.13: Off-mass-shell differential o~a cross sections (dc/dQ)I in the
center of mass system. The bombarding energy is 70.3 MeV. AE = Ej - Ef is
the distance off the mass—-shell. The cross sections are from the potential
(4.38) without the Coulomb potential, using the parameters from Table 4.1.
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Figure 4.15: Off-mass-shell differential a-o cross sections (do/d2)11 in
the center of mass system. The bombarding energy is 70.3 MeV. AE = Ej - Eg
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(4.38) without the Coulomb potential, using the parameters from Table 4.1.
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The second off-mass-shell cross section one can define which will be
called (do/dQ)II is calculated from <wf(—)|v|¢ij>, Figure 4.15 shows (dg/dQ)II
for Ei = 35.1 MeV in the center of mass (70.3 MeV in the lab) at several
values of AE. As AE increases, the cross section (do/dQ)II also increases
rapidly at ecm = 900. Figure 4.16 shows the same calculation as in Figure
4,15 but normalized to unity at ecm = 90°, 1t will be seen from Figures 4,14
and 4.16 that for small AE the shape of the angular distribution is a more
rapidly varying function of AE in the (do/dQ)II calculations than in the
(do/dQ)I calculations. This may be seen by comparing the curves for AE = 0,
1.47 and 3 MeV in the two figures. This is not surprising, since the effect

of the potential in the T matrix is at least bartially felt through wi(+)

(+) -

or wf(—). In (do/dQ)II, wf(-) is changing in energy, whereas ¥y
(do/dQ)I 18 Aok,

We next consider whether dg/dQ(Ei) and do/dQ(Ef), the previously suggested
on—mass-shell approximations to the offsmass,-shell cross section, are related
to (do/dQ)I and (do/dQ)II. One finds that they are indeed closely related.
For the calculations of (do/dQ)I in Figures 4.13 and 4.14 the on-shell
approximation do/dQ(Ei) is just the calculation for AE = 0. Thus in Figure
4,14 one can see that for AE = 1.47 MeV and 3 MeV (do/dQ)I has almost
exactly the same shape as do/dQ(Ei) = (do/dQ)I for AE = 0. This observation
should be tempered with remembrance that Figure 4.13 shows that the magnitude
of (do/dQ)I varies rapidly with changing AE, even though the shape remains
roughly constant for small AE;

Figure 4.17 shows a comparison of (do/dQ)II and do/dQ(Ef) for AE = 1.47,
3.0 and 6.0 MeV. In each comparison (do/dQ)II and do/dQ(Ef) have been normalized

)
to the same value at ecm = 907, Again the two methods agree very closely as

far as the shape of the angular distributions is concerned, but their absolute
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the potential (4.38) without the Coulomb Potential, using the parameters
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magnitudes are different.

In both the comparison of do/dQ(Ei) with (do/dQ)I and the comparison
of do/dQ(Ef) with (do/dQ)II it was found that the methods are by no means
equivalent for predicting the absolute cross section. Figure 4.18 shows |

(dc/dQ)I, (do/dR) dc/dQ(Ei) and do/dQ(Ef) for the energy spectrum with

I’
& = 8

from the potential (4.38) without the Coulomb part. The c.m. scattering

= 44.250 and EO = 70.3 MeV. These cross sections are all calculated

angle ecm’ is very close to 90° for all parts of this energy spectrum, but
as Ei varies, E and hence the distance from the mass-shell changes. In

terms of ld>(q)|2 to be extracted using these four cross sections, Figure
4,18 shows that analyzing the spectrum using (dc/dQ)I would yield a broader
and higher momentum distribution than using do/dQ(Ei). Similarly, using
(do/dQ)II would yield a narrower and smaller momentum distribution than
dc/dQ(Ef). The magnitude of ghese differences is roughly 20 - 25% in normal-
ization and about 2 MeV/c out of 30 MeV/c in the half width at half maximum
of the momentum distribution. These differences are comparable with the
experimental uncertainties in the present measurements.

In summary, for the shape of the angular distribution (do/dQ)I and
dc/dQ(Ei) are closely equivalent, while (do/dQ)II and dc/dQ(Ef) are closely
equivalent. The experimental data at 3 = 0 shows a strong preference for
do/dQ(Ef) or its equivalent (do/dQ)II. The uncertainty in absolute magnitude
of the experimental data and the rather small range of values of q prevents
a test of (do/dQ)II as opposed to do/dQ(Ef). For the purposes of further
analysis of the momentum wave function, the on-shell approximation do/dQ(Ef)
will be used. The distinction between (dc/dﬂ)II and dc/dQ(Ef) might be

important for the extraction of momentum wave functions for nuclei where

the (a,20) reaction lies further off the mass-shell. In this respect Li6
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is probably a favorable case.

It should be mentioned that Balashov and Meboniya (B68) have previously
formulated the (do/dQ)I and (dc/ds’z)II prescriptions for the (a,2a) reaction.
After comparing their theory with rather limited data on the 016(a,2a)012,

5 7 , 6
, Li' (a,2a)t and Li (a,2a)d reactions at 25 MeV,

Clz(a,Za)Bea, Beg(a,Za)He
they expressed a preference for (do/dQ)II. They did not investigate the
difference between (dc/dQ)II and do/dQ(Ef) but their conclusions appear

compatible with the present ones.
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CHAPTER 5

THE MOMENTUM DISTRIBUTION FOR a-PARTICLES IN Li6

The somewhat remarkable success of the Plane Wave Impulse Approxima-
tion in analyzing the E = 0 data encourages us to use P.W.I.A. to extract
an experimental momentum distribution for @'s in Li6. The procedure is to
divide the measured cross sections by the proauct of the kinematic factor

(1.7) and the on-mass-shell cross section obtained using the E¢ approxima-

tion:

il -1
[ @|* = (do/dn,dnad €,) x (Rinemshe Fackor) x e /dn),
(5.1)

This results of this procedure are presented in Section 5.1.

It is desirable to compare the experimental momentum distribution with
theoretical ones, In Sections 5.2 and 5.3, relative motion wave functions
for the a-particle and the deuteron in Li6 are discussed for the oscillator
shell model and the Nuclear Cluster Model. 1In both cases these wave func-
tions are found to be inadequate in theilr treatﬁent of the asymptotic pro-
perties of the ®-d interaction. Therefore, in Section 5.4 a cluster model
wave function with the correct asymptotic properties for the &-d interaction
is developed. 1In Section 5.5 this cluster model wave function is compared

'
with the experimental momentum distribution., Because of a gross discrepéncy
between the predictions of P,W.I.A, and the experimental results, it will
be found that the P.,W.I.A. must be asandoned° A simple procedure is intro-
duced involving a cutoff in the cluster wave function, and this is found to
correct the discrepancy. Then in Section 5.6, both the theoreticél and the
experimental momentum distributions are compared with the momentum distri-

o . ' g 6 :
butions determined in the other experiments on Li . This comparison is

made in the framework of the P,W.,I,A. with a cutoff,
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Figures 5.1 (a) - (e): The momentum distributions l¢(q)|2 extracted from
the Li®(a,20)d reaction at 50.4, 59.0, 60.5, 70.3 and 79.6 MeV. These
momentum distributions were extracted using do/dQ(Eg).



Section 5,1 The Experimental Momentum Distribution For a's in Li6

To extract’é(q)lz, the spectra with 6; = 8, ~ 44° were chosen. There
are five of these spectra, one for each bombarding energy. Fig. 5.1 shows
the momentum distributions l@(q)lz derived with do/d2(Eg). The lines show a
calculated momentum distribution to be discussed later. The point here is
that the 1ine is the same for each set of data, indicating that the shapes
of all five momentum distributions are very similar and the values of
li(; = 0)[2 are all consistent, Note that the spectra for 60.5 and 50,4 MeV
are shifted by approximately 2 MeV/c from the a = 0 point, This discrepancy
is within the experimental error discussed in Section 3.2, It could have
been caused by the beam spot being misaligned by 1/32 of an inch, c#using
an error in the measured angles of'v0.2°. This will not seriously affect
the measurement of the width of the momentum distribution.

These five spectra were also analyzed using %g(Ei), Table 5.1 sum-
marizes some of the parameters of the extracted momentum distributions,
using both E; and Eg, The discrepancy between the value of [@(3 = 0)(2
for the 50.4 MeV data and the other four spectra when analyzed with E; is
rather substantial. It is clear from Table 5.1 that E; gives a more con-
sistent picture of l@(q)‘z than E.. This conclusion agrees with the analy-
sis of off-mass-shell cross sections in Chapter 4, For futher studies of
l@(q)[z in this thesis do/dQ(Eg) . will be used.

One could, of course, extract experimental momentum distributions from
other data than the 8; = 8 ~ 44° spectra, Each experimental point in each
spectrum yields I@(q)lz for that point, In particular, every spectrum con-
taining a = 0 could in principle be used to extract a complete ]@(q)lz, but
it was pointed out in Section 4.2 that many spectra are not quite symmetric

about ¢ = 0, and hence would yield an asymmetric momentum distribution,
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TABLE 5.1

|¢(q)|2 EXTRACTED USING do/dQ(Eg)

E, 16(0) |2 (Mev/c) 3sr-1 F.W.H.M. F.W. 1/10 M.
50.4 MeV (1.940.2)x10~7 58+2 MeV/c 11345 MeV/c
59.0 (2.1+0.2)x10~7 58+2 117+5
60.5 1 (2.040.2)x1077 58+2 11445
70.3 (2.0+0.2)x10™7 59+2 11245
79.6 (1.8+0.3)x107’ 5743 120410

|$(q) | EXTRACTED USING do/dg(E)

E, |6€0) |2 (MeV/c) 3sr~1 F.W.H.M, F.W. 1/10 M.
50,4 MeV (4.4+0,4)x10™7 61+2 MeV/c 10945 Mev/c
59.0 (2.5+0.25)x10~7 61+2 12045
60.5 (2.6+0.25)x10~7 62+2 119+5
70.3 (2.9+0.3)x10~/ 62+2 12245
79.6 (2.6+0.25)x10"7 60+2 129410

Table 5.1 Parameters of the experimental I¢(q)|2,
extracted from spectra with 61 = 8y v 44°,

using both do/dQ(E;) and do/dQ(Eg).
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Figure 5.2: Momentum distributions extracted from angular correlation data

from the Li6(a,2a)d reaction at 70.3 MeV. The three angular correlations

had 6; fixed at 44.25°, 38,259, and 32,25° respectively, For each angle pair

the point of minimum q was used, Positive q corres
negative q corresponds to 8, ) 88.59.

ponds to 61, <88.5°;
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Because these asymmetries cannot exist in the spectra with 61 = 92, one
avoids the problems caused by these asymmetries by choosing only spectra

with 61 = 92.

In the data from this experiment there are a number of angular correla-

tions in the 70.3 MeV data which yield essentially independent measurements

2

Although the data does not cover a very large range of a it is

of [@(q)
still useful to extract l@(q)lz from the data that does exist. There are

six spectra with 91 = 44.250, five spectra with 91 = 38.250, and six spectra
with 91 = 35.25°, For these 17 spectra I@(q)lz was extracted for the point

in each spectrum where Ial was a minimum. This data is presented in Fig. 5.2.
This analysis was performed using dc/dQ(Ef). The curves, which will be dis-
cussed more in Section 5.4, are the same curves which were used to fit the
momentum distributions from thé five 6, = 62"v44° spectra, It has been
necessary to displace the curves towards ''positive'" q by varying amounts to
fit the data. The normalizations are all within the range of (@(o)!z =
(2,0 * 0.2) = 10-7 (MeV/c)--:Bsr-1 determined for Ef in the measurement of
1@(q)[2 from the five 61 = 62'~ 44° spectra, Aside from the shifts necessary
to fit the data, the momentum distributions extracted in this manner are con-
‘sistent with that from the five spectra analyzed earlier in this section,

The shifts, however, represent a departure from P.,W.I.A. and.indicate the
inadequacy of such a simple model of the reaction mechanism,
It will be noted that the shift in the curves necessary to fit the data

in Fig. 5.2 is largest for the 91 = 38.25o spectrum, The angle involved is
close to the minimum in the free @-O angular distribution, Whether this is

significant is not clear, but at this angle the cross sections are correspond-

ingly smaller and the effects of secondary processes may be correspondingly

more serious,

lql



« 113 -

Section 5.2 Shell Model Calculations

5.2.1 Introduction

In this section the wave function for that part of Li6 which overlaps
(oo + d) will be calculated, using a shell model description of Li6. Only
one configuration for Li6, (ls)h(lp)z, is iﬁcluded, and the filled 1s shell
is considered to be an inert, spherically symmetric core, which provides a
central field for the two valence particles, Under these conditions, anti-
symmetrization of the two valence nucleons with respect to the nucleons in
the core can be ignored. The properties of the low-lying levels of Li6
are, in this model, determined by the p-shell nucleons alone.

Li6 has been found to be close to the L-§S coupling limit (no les force).

Using L-S coupling notation (QTH )25+l

L“J’ ) the allowed states which
can be constructed out of two p-shell nucleons are:

13 11 13 31, 33 31
S15 " Pps. Dy 5 35 Sps Po,1,20 Dy o (5.2)

These states are all degenerate in the absence of interactions between the
two valence nucleons.

The introduction of a residual central interaction between the two
p-shell nucleons, splits the levels of different L and T, but since the inter-
action is diagonal in the L-S representation, J, L, S, and T remain good
quantum numbers. The introduction of an 1°*s force and/or tensor forces
will mix some levels with the same Jand T leaving J, T and parity as the
remaining good quantum numbers. The only states consistent wigh the experi-~
mental assignment of T = 0 and J = 1 for the ground state of Li6 are

L3 L1, 13 * , ;
Sl’ Pl’ and Dl' Thus we may describe the wave function of the ground

% 6
The parity of the Li  ground state is positive, but this is true of

all states of the (ls)4 (lp)2 configuration,
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state of L:L6 as

T . I’ " 1>
- al’sy v al"R) e a| D> .

The coefficients a; can be determined by perturbation theory, i,.e.
diagonalization of the interaction matrix for the exchange forces, spin-
orbit force and perhaps the tensor force. A large number of people have
performed such calculations for Li6 (I53; BE53, RS54, TS4, A55; K56, M56,

F57, S57, P58, B66),

All of these calculations have been very consistent in two respects,

namely:

!Q'Ilz > O'qg

[a,? 5 Jaa]® > lasl® (5.4)

With respect to the size of ag, it has been shown by Brennan and his

coworkers (A55) and (P58) that the quadrupole moment of Li6, which is very |
it

small (.80 + .08 e mb) requires that ag be very small (< .03). Given the
size of Iallz it would seem reasonable to consider the ground state of Li6 i

to be 138 i,e. L=0 as well as T =0 and J =1,

1’
5.2.2 Calculations

The overlap of the wave function for two p-~shell nucleons of Li6 with a

real deuteron will now be calculated.

The central potential for the p-shell is taken to be an harmonic oscil-

lator well,

Viry = 5 Ke?

(5.5)
Introducing the following parameters simplifies things:
% T (5.6)

Then h‘yt V'L

5
- muw = o=
V ¢r) = _i_r - 2m

(5.7)
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With this definition of vy, the eigenfunctions are

B g, €50 = Yem (F) Une (vr) (5.8)

Y.
where " .,
y (11+1h—') L-n+3
u”’e (le-> = [ o ,) ) 2, J »
Il El (n-)! _§;2~_!£‘_>_ .
x(vr2) te 2 ke (e AKeD T (5 g

K=0

This has the normalization conditions:

S (7L:l¢n| <F) d}l" e l

all space

j ue (r) v dr = | (5.10)

The Li6 wave function is a product of two such lp wave functions, coupled
toJ=1, L=0, S=1, Using the transformation brackets of Brody and

Moshinsky (B60), this product can be turned into a sum of products of rela-

tive and center-of-mass wave functions., If n, 11, m, 0, 42, and m, are

the quantum numbers of the two p-shell wave functions and n, 1, m, N, L,
and M, those of the relative and center-of-mass wave functions, and X\ and MU
are the angular momentum and its projection for the total system,
ln‘ﬂ"m') n, Q m, l}L S
S« nd, BLyL e Lovgd, = 5%

n LNL
X | nlm, NLMj Xp D (5.11)

Where

,h,Q‘m,) Ny Q,_ M11M> = Eyl'm‘ ('v\-') \/—QLM:\. (?'1)_] LLH_Q' (\?Y"z) U,._,_O.,_ (vr:)
| ndm, NLM, Ap ) = LY (B Vs (é)]unl (\%"L) U'NL(asz)
Rl AR A R- (R+n)/,
h=dsd Xzl
A m M

+ (5.12)



TABLE 5.2

1p 1p 1s 2s 1//2
1p 1p. 0
2s 18 -1/v2

1p 1p 1p 1P 1

1p 1p 1s 1D 1//2
1p 1p 0
1d 18 -1/v2

Table 5.2 Moshinsky Transformation Brackets for

the product of two lp-shell oscillator
wave function from (B60).

Note that

the definitions used here for nj, np,

n and N are greater by unity than those

of (B60), hence p is greater by 4.



and g is the projection of X.

is independent of {, so there g

(D\n+1) + (3\;\\ +L> =
'i|+91 (-| Q+L
(") s ) ‘ (5.13)
The transformation brackets relevant tq the Li
ground state are given i
n
Table 5.2, Using the convention that the orbjita] angular momentum
quantum
number for ﬁ,and L will be designated by lower and upper case type, r
E) eSpeC-

.6
tively, the Li~ ground state wave function can be written as follows:

' Q\
Yo, = 2 11528 — = 125,15y + ay |1p, 17
Qy QR (5.14)
== 14 1S 23 s
= 114,18 + ;\l,\D>

As mentioned previously, aj has been shown to be very small, because of the

.6
small quadrupole moment of Li~, Thus the last two terms in (5.14) can be

ignored. The deuteron contains no [ = 1 components, so the third term in

(5.14) can be neglected. Then, with a, approximated by unity, one gets

. e
Lo = )15 28 —ELEL .

1t should be noted that while (5.15) is a very good approximation indeed for

the present studies because of the extreme smallness of ay and the lack of

) =

1 in the deuteron, it will not be a good approximation for all purposes.

i i . .6
Now that the relative wave function appropriate to Li has been deter-

mined, the overlap with a deuteron can be calculated. A Hulthén wave function

will be used for the deuteron, with parameters taken from (M58):
B ( N -Pr—)/
= e -
L/Jd_ L r

T axp (4+p) ya:_qms (5.16)
d= 0232 ?w:‘, [3’ laox ) . (d1_/3z>
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Figure 5.3: |C]_s|2, ICZSIZ, and IClS + Czs|2 as a function of v, the

oscillator size parameter.¥2 C1S is the overlap of a Hulthén wave function
with a 1S oscillator wave function. v2 C2g is the overlap of a Hulthén wave
function with a 2S oscillator wave function.
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The 1s and 2s relative wave functions are:
-yt

ks (22 (2 3/"-2/1/4 e
ll L

Uss (22 = (I S e % [1- i (5.17)

-yr '

LN N

The Overlap integrals are:
3, Y ® A B
C. — fuls % s o (7/) i QWB j(e fe® e
e @
¥4 32R f(e-dze"(é"’ e [' \;’s‘

— Saazs%*ldr’(; 7
(4

IClslz,lCZSIZ and the total overlap

where has been left as a variable.

are displayed as a function of v in Fig. 5.3 It is seen that

C 2

| s * CZSI

the tota) overlap reaches a maximum of approximately 63% in the vicinity of
= =2 - -2

V=75 fn s but with a broad range of v, say .5 fm e to 1.5 fm ~, giving

The parameter v 1is not, of course, a free parameter,

Nearly the same value.
In (H68)

Since it ig usually adjusted to fit the energy level spectrum of Li

a best fit to the Li® spectrum was calculated using the Hamada-Johnson potential
= .312 fn~2 e

The value of v for their "best fit'" was
i

for an effective interaction.
Then

T

i

This valye will be taken as the correct one
2. b N z
‘C|s' = 5 |Gosl'= .qoaS ICis +C2>l =.51 (5.19)

This chojice implies that the center of mass wave function for the component which M
. -ﬁ
A

looks 1ike a deuteron is almost all 2s.
For our purposes it is necessary to have the wave function, not for the

cénter-of-mass motion of the deuteron, but for the relative motion of the deuteron
For convenience, these ls nucleons

and the center-of-mass of ls shell nucleons
Thus it is the "a-d'" relative wave function which

will be called an « particle.
If we define

3
The o-d separation distance will be called R = -2- .

is desired.

A =-§V, then
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1"

Yad

U2zs (;2\)21) = Uzs (gv (Rt): uZ5<A(2").

1 [1 3/1.{ N &7_ "
¢ *A e E%_ [Y‘ E% A 63:]
T 7y

1}

(5.20)

5.2.3 Deficiencies of the Shell Model Calculations.

There are several deficiencies in the shell model calculations presented in
the previous sections. Firstly, although an interaction between the two p-shell
nucleons was invoked to produce the splitting of the originally degenerate levels
of L16, this result was used only to pick out which L-S coupling state made the
major contribution to the Li6 ground state. The residual interaction was com-
pletely ignored in the calculation of the overlap integrals, although it clearly
must be responsible for the binding of Li6, given that He5 and Li® are unbound,
This type of deficiency is, of course, common to most perturbation theory calcula-
tions. Although the binding energies and energy level spacings may be very good,

the wave functions can still be poor approximations to reality. Thus, although

a fairly realistic wave function was used for the deuteron, the Li6 ground state

wave function was not very realiétic. Had a more realistic Li® wave function
been used, however, the calculations would have been more difficult,

A second deficiency is that only the overlap of a deuteron and the p—sﬁell WW
nucleons has been calculated. There is thus the implicit assumption of the iden- |
tity of the closed 1ls shell and an a-particle, This is clearly only an approxi- ,,€

k' l

mation.

Thirdly, because of the choice of an oscillator well, the wave function (5.20)
-BR
does not have the right "binding energy'" tail < R (neglecting Coulomb effects)

where AJfST_-E?__
= tﬂ B
ﬁ R (5.21)

/u is the a-d reduced mass, and Ej = 1.47 MeV is the binding energy of Lib for

breakup into an o plus a deuteron.
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Section 5,3 The Cluster Model

The possibility of nucleon clustering in nuclei is clearly suggested
by the binding energies of light nuclei. He4 nuclei, or alpha particles,
are bound by about 20 MeV, Be . is actually slightly unbound with respect
to decay into two alpha particles, C12 and.O16 require rather large energies
for breakup involving single nucleons, but small energies for breakup into
3 or 4 alphas, respectively,

These obvious suggestions of clustering led many investigators in the
1950's to try quite simple calculations of nuclear properties using cluster
wave functions with point a-particles, In many respects, however, these
early approaches to clustering féiled to explain nuclear properties satisfac-
torily. The considerable success of the shell model has led to the near
abandonment of these early app?oaches. There is still, however a variety
of problems, particularly in very light nuclei, where the success of the
shell model has been limited. This has been especially true of Li6. There-
fore, during the past decade, a more realistic ™uclear Cluster Model" (W58)
has been developed. Excellent reviews of the Nuclear Cluster Model are given
in W66), (N65), R68) and (H69).

The modern '"Nuclear Cluster Model" is based on Wheeler's 'resonating
group' method. An expansion in a complete set of fully antisymmetrized cluster
basis state must be capable of describing a nuclear state correctly, Then,
for many purposes, it 1s possible jusf one or two members of this expansion
may describe the relevant nuclear properties adequately, Which4members of
the expansion are important, often depends on the reaction being studied,
The key difference between the modern approach and many of the earlier cal-

culations, is the use of fully antisymmetrized many particle wave function,

rather than point clusters.,
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It has also been found recently, that a high degree of overlap may exist
between shell model wave functions and nucleon cluster wave functions., An
example of this was seen in Section 5,2,2 where a simple oscillator shell.
model calculation gave a 51% overlap between the product of two lp shell
oscillator wave functions, and a Hulthén deuteron wave function. A good dis-
cussion of such calculations is given in (N65) and also in (R68).

In the description of the nuclear cluster model to follow, we consider
only Li6. The generalization of the formalism should be obvious, however.

A good starting point is the oscillator cluster model. Here the cluster
expansion is truncated to just one term, o plus deuteron with both clusters
in their ground states, With just the a plus deuteron term, the Li6 wave

function 1is

%L-L, = A {1& (1234) ‘)Ld_ (st) E (ﬁ‘i- ﬁd) ’XOBH‘SL)}

(5,22)
Where Y 2
yo- e (F3E 1)
___5_4 2
?%E = exp (. ] %lsﬁfﬁ ) .
i = _ . R
iz T ) ' ri F:L (5.23)
R &% R- 5% '

¢a(1234) and ¢d(56) are the internal wave functions of the a and the deuteron
in their ground states, A is the antisymmetrization operator, QKEG - ﬁg) is
the relative motion function and ¥ (1234,56) is a spin~-charge function. For

future convenience, the following definition is also made:

—

= —
R = K, - Ry (5.24)

-—)
The angular part of the relative wave function W(R) is chosen to be

A
Yoo(R) since the Li® ground state is assumed to be L = 0, It is now necessary
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to chose the radial part of @(ﬁ) to be consistent with two oscillator quanta,
This is to make the total number of oscillator quanta agree with the (ls)4 (lp)2

shell model configuration., Two forms frequently considered are:

EE (R\ o Rze‘%c R=>
' (5.25)

—

. RER®
EEJCR)= U, (4c RY) < E-S‘;—‘c\?‘e 3 }

(5.26)

The second function, @%, is a 28 oscillator function of the form(5.9)and is
identical to the wave function (5.20) derived in the previous section, if
C = %v. The first is of the same form as a 1D oscillator function, but it
now multiplies YOO(R). These two forms also have the property, that when
a=Db = c and the full antisymmetrization operation is carried out, they
become identical with each other and with the fully antisymmetrized shell
model wave function [(ls)4 (lp)2 [42] L = O;>(K68). For the case of @& (5.25)
the equivalence to l(ls)4 (lp)2 [42] L = 0) is demonstrated explicitly in
(N65) and in Appendix C of (W66). Thus the oscillator cluster model and
oscillator shell model yield identical fully antisymmetrized wave functions,
when a = b = ¢ = v, where v is the oscillator parameter in 5.9. Note that the
antisymmetrization here involves exchange between the clusters, whereas the
calculations in Section 5.2 did not.

Thé oscillator cluster model has the advantage here that one need not
restrict oneself to a = b = ¢, The "size parameters' in the exponentials
may be treated as variational parameters. In calculations reported recently
by Kudeyarov, et al, (K68), the size parameters were adjusted to fit the form
factors of elastic Coulomb and elastic M1l electron scattering, and inelastic
quadrupole (1+ - 3+) electron scattering. These could all be fit moderately
well using @& and a value of the parameter X = c¢/a of approximately 0,3 or

0.4, X is called the "cluster isolation parameter" and a value of X <1
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indicates that the size of the '"clusters' is generally much smaller than

their separation., If X << 1 one might expect the effects of antisymmetriza-

tion, i.e. exchange of particles between the clusters, to be small. Indeed

the results in (K68) show this, Significantly, their calculations also show

that for the relative motion function, q&(R) (5.25) is preferred to E&(R)

(5.26) for fitting the data mentioned above,

Using an oscillator relative wave function of the form 5.25, Tang,

Wildermuth and Pearlstein (T61) have calculated energy level spacings for

6
Li using a Serber force. They find a somewhat larger value of X on the

order of 0,7, but it would appear that their calculations are not very sensi-

tive to X.
In general one need not restrict oneself to oscillator wave functions,

and extensive variational calculations using multiparameter trial functions

have been carried out by several authors: (S63), (T69). The problem of using

the variational method, is that the calculations are not very sensitive to
The only published calculations to date which

the long range behavior of W(R).
2 are those in (S63),

tried to obtain the correct r.m,s. charge radius for Li

and the value they were seeking to match, 2,73 fm, is now out of date,

Most of the calculations of cluster wave functions mentioned above, there-
fore, do not give the relative motion function W(R) the correct asymptotic

behavior, determined by the 1.47 MeV binding energy of Li~ for breakup into

an o plus a deuteron. It has been emphasized by D.F, Jackson (J67) that in

determining spectroscopic factors, it is crucial to have the correct asymptotic

tail. This may be doubly important for the (a,2a) reaction, since a-particles

are strongly absorbed in nuclear matter and the reaction may largely take

place near the nuclear surface.

One solution to this problem, used by M, Jain (J69), was to join an

exponential tail on to the cluster wave function of Schmidt et al. (863),
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by Matching logarithmic derivatives. The matching radius is uniquely
determined by this procedure. This procedure still neglects Coulomb effects,
however, and these can have a considerable effect in the region of the

uclear surface.
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Section 5.4 Cluster Model Calculations with a Phenomenological Potential

5.4.1 Introduction

In the previous two sections, wave functions for the relative a-d
motion in the Li6 ground state have been discussed for both the shell
model and the Nuclear Cluster Model. Because the relative motion wave
functions in both cases were oscillator states, the results suffer from a
common deficiency, mamely incorrect aymptotic behavior. For the Li6(a,2a)d
reaction, which is likely to occur mainly in the nuclear surface, this is.
a severe deficiency indeed. For this reason, a cluster model calculation

was undertaken which could account for several of the asymptotic properties

of Li6.

The basic approach here has been to use a phenomenological a-d potential.
The cluster wave function is.then obtained for a point a and a point deuteron
by numerical integration of the Schr8dinger equation. It was felt that full
antisymmetrization would have little effect on these asymptotic properties
(exchange between the clusters should be unimportant when they are well
separated) and so antisymmetrization has been ignored. To partially com-
pensate for the neglect of antisymmetrization, the form of the phenomenological
potential was chosen to simulate the repulsive effect known to result from
antisymmetrization. By this means the most important effect of antisymmetriz-

ation may have been introduced into the calculation.

The determination of the phenomenological potential will now be discussed.
There have been several recent studies of the a-d interaction at center of
mass energies up to approximately 20 MeV (M67), (D67), (M68), and in partic-
ular, phase shifts have been determined for several partial waves. It was
required that the phenomenological potential should generate a reasonable

fit to the S-wave scattering phase shifts. In addition, it was required
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that the potential should have a bound S state at ~1.47 MeV and that this

bound state should have the correct r.m.s. charge radius, as determined by

electron scattering experiments. The method for calculating the r.m.s. radius

is discussed in Section 5.4.2.

There are several theoretical problems to the approach outlined above.
First of all, since the percentage of o + d clustering in L16 is not very
well known, it may be quite unrealistic to expect to get the correct r.m.s.
charge radius, with only o + d structure included. Secondly, no distortion
of the deuteron is allowed. Distortion almost certainly occurs, however,
since at separations of less than 1.5 fm. the Coulomb repulsion between
the a and the proton (in the deuteron), is greater than the binding energy
of the deuteron, or L16 for that matter. Yet for all separation distances,
the calculations performed below assume the shape of the deuteron is the
same as a free deuteron., Thirdly, the computer codes used for calculating
phase shifts from a phenomenological potential treat the o and the deuteron
as point particles, but the r.m.s. radius calculation in Section 5.4.2
takes into account the finite size of both. Thus there would seem to be a
basic inconsistency in approach. It should be pointed ouf, however, that to
the extent that both the r.m.s. charge radius and the phase shifts are
asymptotic properties of the a-deuteron interaction, the two approaches are
not drastically inconsistent. Likewise, the effects of distortion of the

deuteron will be less important at larger separation distances.

5.4.2 Calculation of the r.m.s. Charge Radius of Li6 with a Cluster
Wave Function

The cluster wave function for Li6 will be written as
- N !
= R =
= (R> % (R) Yoo CR) Vun (P (R> (5.27)

where R 1s the separation distance between the centers of mass of the o




DEUTERON

a- PARTICLE

Figure 5.4: Geometry used for folding the finite size of the oa-particle and
the deuteron into a cluster wave function for Li .
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and the deuteron. To obtain the overall charge distribution for Li6, it is
necessary to fold the finite size of the o and the deuteron charge distri-

butions into the square of the cluster wave function. Then

(5.28)

Where -
£ (2 | E @ [APdR SF-F-F)

(5.29)
Py is the charge distribution of the a particle. See Figure 5.4 for the

) > >
definitions of r', r and i. Eliminating the & function in (5.27) with the

-->
integral over r yields

60 [ Fa) | B ()R
wo )] £ (B A Ras o | W@ RiaRdcosedd,

4

Performing the integration over ¢

oo -1 - : 1
£ 1= £ {19 @) PR | LSl

Similarly . . o N
£o(er= (L) R RIMraR SE-F-2AREA)
(5.32)
= JR - aRn) 2 (RPF

- . (5.33)

= v Hff:( (v R - ‘Lra—R C°Se)|\P(R)\ RdRdcos 9d ¢
-1 (5.34)
= é I[ \P(R\erRfﬁ (feey Rig - ‘L%Bcoss)o\mse s
8 o 5.35

The double integrals (5.31) and (5.35) were performed numerically on an

IBM 360/44 computer using Simpson's Rule., 201 points were used in the radial

integrals; 31 points were used in the angular integrals. It 1is believed that

the error in the calculation of r.m.s. charge radii for Li6, using pLi6 in
(5.28) and the above numerical integrations is less than 2%, based .on

calculations which could also be performed analytically.



For o the charge distribution in the o, the following "Fermi Three

Parameter'" form was used (L67)

£ = P (t+ %‘:)/(H—JLXP (’ré;)) (5.36)

Where

c = 1.01 fm. z = ,327 fm. w = 445, (5.37)
and by numerical integration it is determingd that
p, = 1.3406 (5.38)
The charge distribution of the deuteron has not been so conveniently
parameterized. To obtain ; charge distribution for the deuteron, and inci-
dentally test the double integral program mentioned above, the charge dis-
tribution of the proton was folded into a relative wave function for the
deuteron. The deuteron wave function used was Moravcik'g best 4 parameter

fit to the Gartenhaus S-state wave function (M58):

G (r)= 09195 0—«:‘”"}(1—a“"sq')(e—o'mr- e mr)/r (5.39)

The proton charge distribution was taken as

"
nm

o e a- “*/arp . f

jo = T¥g e M

: .

da> o ol

where<:r2> ;/2 = (;155) = 0,72 fm.; and ap = 0.588 fm. Then in a manner ‘w

analogous to the calculation of pLi6 one finds: ' i

ﬁ(r V- % jl ¥, R Rw{j £, (Jr=4 B -Rrcos 57&0959 (5.41)

The numerical integrals were performed with 401 points in the radial
integral and 121 points in the angular integral, The r.m.s. radius of the
resultant charge distribution was 2.17 fm. The experimental value is

(2,17 = .05) fn, (L67).
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5.4,3 Numerical Results

Before calculating r.m.s. radii of the wave functions in a variety of
potentials, some studies of the scattering phase shifts for various poten-
tials were made. This helped to narrow the region of search, an important
consideration, since the r.m.s. radius computer code described in Section
5.4.2 was quite slow (nearly ten minutes per case).

Only the S-wave phase shift was considered here, as an extension of the
assumption that the Li6 ground state is all L = 0. Any coupling between
the L = 0, J =1 and the L = 2, J = 1 partial waves was ignored. This is
equivalent to ignoring those parts of the nuclear interaction that mix
L - S coupling states and treating the Li6 ground state as all L = 0,

Two basic types of potentials were studied: those without a repulsive
core, and those with a repulsive core. The basic shape of both types of
potentials was taken to be of the "Woods-Saxon" form. To this was added a
Coulomb potential for a uniformly charged sphere of the same radius R as

the "Woods—Saxon'" part. Finally a repulsive core could be added. Thus
r"

Ve Voo & Yeuiaok * Veore (5.42) .T'
e}
Vus. (= = Vo x (1 + exp (\:fi)) | | (5.43) ':"!
Vit )= 22 (3357) #or r ¢ R |
= .E:E?' _ Sor ;i R
v (5.44)
For all of the calculations, a, the "diffuseness" was fixed:
a=0,7 fm, (5.45)

For the potentials without a repulsive core, it was found that no
potentials with a 1S bound state at -1,472 MeV could fit the o-d S-wave

scattering phase shifts continuously to a deuteron laboratory energy
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greater than about 4 MeV. Of the coreless potentials with a 2S bound state
at -1,472 MeV a good fit to the S—wave scattering phase shifts up to a
deuteron laboratory energy of about 27 MeV was found with R = 2.2 fm. (note
that Vo = 62 MeV 1s uniquely determined). |

Two types of repulsive cores were considered, "soft" cores and "hard"
cores. The soft cores were of the form G/rn, with both G and n being variables.
This form was suggested by the radial form of ¢1(R) in (5.25). The comment
was made in Section 5.3 that (5.25) has the same analytic form as a 1D
oscillator wave function. Hence the potential for (5.25) would be of the
form of an oscillator plus a G/r2 core, the core having the same form as
the centrifugal barrier for the 1D state., Specifically:

G . A AR | 3k

—

r~ o r2 mr? (5.46)

Calculations of phase shifts:for potentials with a G/r2 core, even with G
taken as a variable, were unable to fit the s-wave phase shifts above 5 MeV
deuteron laboratory energy. By generalizing the form to G/rn it was possible
to obtain fits to the phase shifts, up to 27 MeV deuteron energy, for n > 4.
This generally involved a good deal of parameter juggling, since Vo’ R,
n, and G were all variables, and the only constraint was that the binding
energy equal 1.472 MeV,

The "hard core'" potentials had v, == for r smaller than some radius
Rc. For potentials with R between 1.5 and 3.5 fm. it was possible to find
values of Rc which gave reasonable fits to the s-wave phase shifts up to
27 MeV, with Vo adjusted to give the right 1,472 MeV binding energy.

Since the "soft core" potentials G/rn with n > 4 aré really rather
"hard" and to reduce the number of parameters, this form was abandoned in
favor of the "hard core' approach, which has only 3 parameters. The only

“no core" potential which could fit the phase shifts above 5 MeV deuteron

il
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Figure 5.5: R vs. R contours of constant r.m.s. charge radius for LiG.
R is the hard core radius and R is the Woods=-Saxon well radius of a
phenomenological a-d potential with a bound 1S state at -1.47 MeV. The

diffuseness is fixed at a = 0.7. The region where good fits to the a~d
S-wave phase shift are found is indicated.
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at -1.472 MeV which also gave a "best fit" to the S-wave phase shifts has
2% 172 : ; "
<r ‘> = 2.81 fm. The potential with a 2S state at -1.472 and a 'best

fit" has <r2>'= 2.77 fm, Several potentials with VC = G/r6 which gave

ore
“"pest fits'" for various fixed values of R all yielded r.m.s. charge radii
between 2.75 fm. and 2.80 fm. The very best phase shift fit with a hard

core potential (center of the good fit region in Figure 5.5) yields

<i2)l/2 = 2,75 fm. Note that all of these potentials except the 1S '"no core'

potential yield good fits to the phase shifts up to 27 MeV. All of these
also yield r.m.s. radii in a narrow range, hence the choice of potential
seems to be relatively uncritical.

Figure 5.6 shows the final choice of wave function, with R = 2.0 fm.,
B, = 1.25 fm., V_ = 45.246 MeV, a = 0.7 fm. Figure 5.7 shows the fit to
the S-wave phase shifts with this potential,

It should be noted that ; good fit to the low energy phase shifts is
more important than a good fit to the high energy ones. This is because
the higher energy scattering probes smaller interaction radii, where ex~

change effects, ignored in this calculation, are expected to be important.
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Section 5.5 Comparison of Theory and Experiment

In this sectién the "experimental" momentum distribution presented
in Section 5.1 will be compared with the cluster wave function derived in
Section 5.4.3. If the wave function in Figure 5.6 is Fourier transformed
and squared one finds [¢(Z = 0)|2 = 1,21 x 10—'6 (MeV/c)--:asr—1 and a width
at half maximum of 38.4 MeV/c. This compares with experimental values of
le(q = 0) 12 « 2.0 % 107 (Mevle) st and & widih of 29 2 2 MeV/e. Clearly
the two do not agree. Calculations for the other wave functioés discussed
in Section 5.4.3 which fit a-d scattering and yield a reasonable r.m.s.
charge radius for Li6 do not yield theoretical wave function parameters
appreciably different from those quoted. The reduction in the measured
value of ,¢(3 = 0),2 due to finite resolution effects is thought to be only
about 5%. In Section 5.2.2 iF was shown that a simple shell model leads to
a reduced clustering probability of only about 50%. This reduction is not
nearly enough to account for the observed reduction in IQ(E = O)lz. Thus
theory and experiment appear to be in serious disagreement.

As was seen in Section 4,2,effects were seen to be present in the data
which could be attributed to distortion effects in the reaction mechanism,
It is also known that «-particles are generally strongly absorbed in nuclear
matter. Thus a calculation of the effects of a very simple model of the
absorption process was attempted. The model is this: when the separation
of the o and the deuteron in Li6.is sma11e¥ than some given amount, the
incident « interacts not only with the a in Li6, but with the deuteron as

well, This process will lead to other processes, such as g + He3 + 0+ d

>
or @+ @ + n + p breakup and also to @ + @ + d events far away from q = 0.

It is assumed that all interactions inside this separation radius do not

lead to events inside the quasi-free peak. This will be called the "sharp



v(r) (fm"snlr"’z)

¢ (Q) (Mev/c)3/2 (g 12

(o) CLUSTER WAVE FUNCTION (b) CLUSTER WAVE FUNCTION {(c) CLUSTER WAVE FUNCTION
- . WITH 5.0 tm CUTOFF - WITH 100 fm CUTOFF
—_———_——X5
0.2t 0.2r 0.2}
O.lF O.lF O.lF
K e,
o) 1 1 —m
o 5 10 qo 5 10 0O 5 10
r (fm) r (fm) r (fm)
. (d) FOURIER TRANSFORM OF (o) 5 (e) FOURIER TRANSFORM OF (b) (f) FOURIER TRANSFORM OF (c)
4xI0 4x103f axi0”> R
2x0° 2x1073 2xi073
0 0 . ~L - o ==
i 0 S0 100 0 50\ _~-00 i
q (MeV/c) q (MeV/c) i
q (MeVv/c)
‘ Figure 5. 8: The cluster wave function Y(r) and its Fourier transformﬁﬁq_)_—

for cutoff radii of 0, 5.and 10 fm.



- 140 =~

cutoff" model, in that none of the a-d cluster wave function inside a
given o-d separation distance participates in the quasi-free scattering
process. This distance will be called the "cutoff radius'. The observed
momentum distribution is then the Fourier transform of only that part of
the wave function that lies outside the cutoff radius. Although the sharp
cutoff method may seem to be a drastic procedure, it is a fairly frequently
used device in nuclear reaction calculations. It has been used previously
for knockout reactions by several authors, including Green and Brown (G60)
and Sakamoto (S65). The cutoff procedure is also equivalent to the well
known Butler model for stripping and pickup reactions, where the matrix
element for the interaction is calculated using plane waves and integrating
over all space outside a sphere of radius R.

The introduction of a cutoff radius in the cluster wave function has
two desirable effects, First.of all, removing the center of the spatial
wave function removes high momentum components from the momentum wave
function, reducing the width. Secondly, the effective number of a's in
Li6 for the quasi-free scattering process is reduced, which in turn reduces i
|¢(q = 0)|2. Figure 5.8 shows the spatial wave functions and their Fourier

transforms for cutoff radii of O, 5 and 10 fm. The two effects mentioned

i
above are quite clear, EFW
' i
th g
-Figure 5.9 shows the dependence of|<1>(0)|2 and the width at half I
N
i
maximum 0f|¢(q)|2 as a function of cutoff radius for the cluster wave .

function calculated {n Section 5.4.3. When the width is 30 MeV/c at a cutoff

-1. I1f the 51% clustering

radius of 5 fm. ]@(0)'2 = 4,36 x 10_7 (MeV/c)_Bsr
calculated in Section 5.2.2 or the experimental deuteron reduced width of
.5 is assumed then |¢(0)|2 w 2,0 % 10—7 (MeV/c)-33r“1 which is just about

the experimental value observed in this Li6(a,2a)d reaction. If one assumes ‘
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= Jh2 =

100% clust
ering, a la
r
ger cutoff radius is
needed to fit |¢(0)|2 Then

the predict
ed width i
s 2
6 MeV/c, somewhat too small. D
. Due to the large un-

certainty in
the absol
ute cross sections, however '¢(0)lz
: also has a

MeV/c com
patible wi
th 1007
% clustering. Thus qualitatively the diser
epancies

between
the the
oretical a
nd experime
ntal momentum di
stributions for al
s

in Li6 ca
n be accou
nte
e d for by this simple model of the absorption
oretical m |
omentum distributions in Figures 5.1 and 5.2 ar
W = e

the squar
e of the

Fouri

Sepndan EoA % ier transform of the cluster wave function from

oo wthas

momentum distrib fm. cutoff. Considering the overall fit to the

ibutio
n this wave function seems to do best, in the sharp

cutoff appro ’
ach. For
\ o
he 50.4 MeV and the 60.5 MeV data, the theoretical
left to compensate for the

wave functio
n
has been shifted 2 MeV/c to the
at the

r in Figure 5.1 th

discre
pancies
noted in Section 5.1. It 18 clea

hereafter falls

theoretical
curve
gives a good fit up t0 60 MeV/c, DUL g

off too fast
her with the

0.3 MeV, toget
1stribution us
slightly from

0 MeV/c

Figure 5
1
0 shows all of the data for 7
The momentuf d

ed here

cross secti
ions predicted with P.W.I.A
¢ differs only

is the "experi
m
ental" momentum distribution bu
cutoff. Beyond

the distri
butio
it is somewh n from the wave function with a 5 fm.
< ew
at larger to compensate
The S

the theor
eti
cal distribution at large 9
natE.

ag the ordd

arranged with
61 as the abscissa ana 6,2
88°.

y Of the £

e TOW with 613 ~

o
. 88° across,

Foll
owing the row with 6
12

generally

o
good but the "shifts" of the eX
1e of the ef

perimental

(which sh
ow
ed up in the shift in ang




P ———

/
/

'... .t |
%31 LI L
]
1 -" = [‘
. u
u. '.' ! i 4 ~
o -
L ¢ . |
[ 24 "
" - 4
Pl 4 2 % 42

30 50 30 50

.
. -

P.a e

A
A
A
f
Al

.
-r__f
. 3
-~
of
%S5
r
\"‘\-
» 3

e
ot

&% oo
oo
N

4

r - e s
e wes 0 s
3

P ococm
-ene =

L4
‘/' \
o e 4
. R
: .r m'
P
‘(,ﬂ

3
3
" » -, 12
CHME -, ; ]_ )
o I w I3
.&' | j
1 _
o R
—— P MR 4 N
b s ...: T 8
1 l ? 4
< -1 ::’ ) 1 %
5 8 b { _8
LS
= g ;!:'A . .'.l:::: .
1 (@)
. L @ " . 79}

a3 . : - ®
o7 R 4 '-Sti . =k ‘: .
e - o - g = S S o o
(AW ,is qu) '3p°up'up/op
L] ° ° () ° ° °
3 e 9]
o % o © ® 2 N
] ? ? ! N
N
®

Figure 5.10: 28 projected energy spectra for the L:L6(a,2a)d reaction at
70.3 MeV. The spectra arranged in rows and columns according to 617 and 6;.
The solid curves are calculated from P,W.I.A. with a cutoff in the o-d
cluster wave function.

E,(MeV)

3675

26.25°

32.25° 29.25°

3525°

4i25° 3825°

64425



- 1k -

in Section 4.2) are apparent. For 61 = 38.25° the theory falls progressively
more and more below the experiment as 912 gets smaller than ~ 880. This
phenomenon was seen before in Section 5.1 as a shift in the momentum distri-
bution to positive q.

In the vicinity of el = 32.25° an iﬁteresting phenomeﬁon seems to be
occurring. On the low energy side of the peak the experimentél cross sections
are significantly larger than the theory without a similar phenomenon on
the high energy side of the peak. For el = 44,25° and 612 < 88° the same
thing also seems to be happening. This has the same appearance as an effect
seen recently in the Hz(a,ap)n reaction which seems to be attributable to
multiple scattering effects (Bo69). If this is in fact the result of multiple
scattering, it may represeﬁt a much more serious deviation of the experiment
from P.,W.I.A. than the other‘"shift" phenomeﬂa. The "shifts" can quite
possibly be accounted for by a distorted wave impulse approximation calcu-
lation, but explicit calculations of higher order diagrams would be much
more difficult,

As a general conclusion, however, it seeﬁs that P.W.I.A. can account
for much of the observed data and in the vicinity of 3 =0 ( 615 ~ 88°) %
provides a good quanti;ative description of the reaction mechanism, It

should be remembered that large absorption effects are apparent in the

wave function extracted from the 08, = 6. ~ 44° spectra and given the crude
2 P g

1 it

model used for absorption, minor deviations from P.W.I.A, with scattering

angle are not unexpected.
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ection 5.6 Other Measurements of the Li6 Wave Function

5,6.1 Studies with the Li6(p.DQ)He4 and Lie(oz!odeHe4 Reactions

The L1%(p,pd)He® reaction has been studied at 30, 55 and 155 MeV. Devins,

gcott and Forster studied this reaction at 30 MeV (De65). With ep = 0y

gpey obtained an angular correlation by integrating the cross section over
E for each angle pair. Fitting this angular correlation with the Fourier
¢ransform of a Yukawa wave function yields a half width at half maximum
petween 21 and 32 MeV/c and Neff’ the effective number of clusters, between

‘04 and .12.

Hendrie et al, studied Li6 (p,pd)He4 at 55 MeV (H66). Analysis of this

data for one spectrum with ep = 60° and ed = 460
jation with ep = 600, Ed = 23 MeV yields a half width at half maximum of

32 + 2 MeV/c and Neff = .15 * ,075.

, and for an angular corre-

Ruhla et al. have studied the L16(p,pd)He4 reaction at 155 MeV (R63).

with ep = By and Ep = 100 MeV they measured an angular correlation., This

had a half width at half maximum of 34 * 4 MeV/c and Ne s 81 & .18,

ff
1"
The Li6(oz,ozd)1rie4 reaction has been studied by Bahr et al. with 24 MeV

a's (Ba69). Throughout the experiment 6, was held fixed at 45°, From coplan-

d
ar and non-coplanar angular correlations about ea = 230, and an energy
spectrum for 0 = 23° they obtained a half width at half maximum of 24 =+ 3
MeV/c with Neff = ,035 to .065.

6

BB Mrndias s ER Phe L4020 e

and Li6 1_,2n He4 Reactions
6. + 4 6, - 4
The Li (7 ,2p)He and Li (v ,2n)He reactions can also be analyzed in
terms of a peripheral mechanism, similar to Figure 2.9c. The difference is
that the 1r+ +d -+ 2p or mT +d->+ 2n process replaces the upper vertex.
Then by detecting the two neutrons or two protons the momentum distribution

of the deuteron can be deduced.
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The Li6(ﬂ+,zp)ue4 reaction has been studied by two groups. Charpak et ?
al. studied this reaction with 80 MeV pions (C67). They find their data to
be consistent with a peripheral mechanism, but a large amount of experimental
resolution has been folded into their theoretical fits to the data and no
width is quoted. They find Neff ~ 0.4, Burman and Nordberg have studied
the Li6(1r+,2p)1{e4 reaction with 31 MeV pions (Bu68). Again no width is
available from their data, although they do find positive results for invar-
iance under Trieman-Yang rotation, which supports the peripheral mechanism
for that type of reaction.
The Li6(n-,2n)He4 reaction has been studied by Davies, Muirhead, and
Woulds using pions at rest (D66). For their momentum distribution a width
of 32 + 3 MeV/c is indicated, along with a clustering probability of 37% &+ 10%.
5.6.3 Studies Using the Li6 a)d and Li6 a,20)d Reactions
M. Jain of the University of Maryland has studied the Li6(p,pa)d reaction
using 57 MeV protons from the ORIC cyclotron (J69). His data for the Li6

wave function using this reaction consists of an energy spectrum for Bp = 1050,

ea = 300’ and an angular correlation moving ea about the above angle with

Ep held fixed at 28 MeV. His data give a width of 34 t 4 MeV/c and he quotes *
|

Neff = 0.16. No error is given for N_.., but based on his estimate of * 25% p

error in the absolute cross section, and the uncertainties in the analysis, ﬁm

the error in Neff will be taken to be 50%. ;h
Ruhla et al. have studied the Li6(P, pa)d reaction at 155 MeV (R63).

Their data is an angular correlation with Sp = 6, and Ep fixed at 120 MeV,.

Their angular correlation has a width of 30 % 5 MeV/c and Neff = ,éo + .10.
The Li6(a,2a)d reaction has very recently been studied at 55 MeV by

Pizzi et al. (R69). Their data consists of an equal angle angular correlation,

and an energy spectrum for 6, = 6, = 44.3°, Their analysis, received since
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the present analysis was completed, also favors the use of dc/dQ(Ef). Using

Ei for Li6 they find a width of 20 MeV/c and Ne

they find a width of 29 MeV/c and Ne

£F " .015 to .105; using E

= ,04 to .11, Although no error is

f

ff
quoted for the width, a study of their data would suggest 29 + 4 MeV/c for

their Ef analysis. These results are in agreement with the present analysis.
M, Jain has studied the Li6(a,2a)d reaction at 62 MeV using the ORIC
cyclotron (J69). His data for the Li6 wave function consists of an energy -

spectrum with 6, = 6, = 44.2° and a 5 point equal angle angular correlation,

1 2

4 he found a width of 31 + 3 MeV/c and Noge = 0.15; using Eg he

found a width of 29 *+ 3 MeV/c and although none is quoted, Nogg ~ 10 % 05

Using E

would seem to be appropriate, These results are in agreement with the present

analysis.

For the data in this. thesis, studying the Li6(a,2a)d reaction at 50

to 80 MeV, a width of 29 + 2 and Ne of .08 * ,04 were found using E_.. For

ff
Ei the results were a width of 31 + 2 and Ne
6

fl
£F = «15 & 10,

5.6.4 Studies Using the Clz(Li ,d)016 and 016(Li6,d)Ne20 Reactions

The ClZ(Li6,d)016 and 016(Li6,d)Ne20 reac£ions at 25,8 MeV have recently
been studied by Davydov and Pavlichenkov (D69), They analyzed the angular
distributions of rotational levels of O16 and Ne20 excited in this reaction,
using the following assumptions: (1) Li6 has an d~+ d cluster structure;
(2) The cross sectién of the reaction is proportional to the probability
of finding an a-particle with angular momentum L in the volume of the tar-
get nucleus. L is the spin of the rotational state of the final nucleus;

(3) The probabilities of a-particle capture are the same for all the levels
of the rotational band; (4) Relative motion of nuclei in both channels is
described by plane waves.

With these assumptions they show that the cross section can be fac-

torized with I@(hK)lz as a factor, where K = ky - l.kLi6. For a given
o)



TABLE 5.3

Reaction Energy Width Noge Reference
1 Li%(p,pd)ne? 30 MeV 21-32 MeV/c D=, 13 De65
2 H 55 MeV 32+2 .15+.075 H66
3 ¥ 155 MeV 34+ .31+.155 R63
4 Li%(a,ad)He? 24 MeV ‘ 26443 .035-.065 \ B69
5 Li®(r~,2n)Het at rest \ 32+3 «37+.10 \ D66
6 Lib (p,pa)d 57 MeV 34+ .16+.08 J69
7| # 155 MeV 3045 .20+.10 R63
g* 11%(a,20)d 55 MeV 29+4 .04-,11 P69
9% " 62 MeV 29+3 .10+.06 369
\—10* " 50-80 MeV 29+2 | -08+.04 This work

*Results for E¢ analysis only.

Information og the Width—-at-Half-Maximum and the Effective

Clustering Probabilities (Neff) for the Ground State Momen-

tum Distribution for L16 as Determined with Various Reactioms.

- gnt -
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rotational band they then extract \Q(hK)\z from the data. Unfortunately,
the minimum value of hK they observe is 25 MeV/c, and no definitive state-
ments can be made about Neff or the width of the momentum distribution
observed in this reaction. It appears, however, that these reactions are

ones in which a detailed knowledge of the a~d relative motion wave func-

tion is essential, and which could, in principle, provide further information

on cluster structure and the cutoff model,

5.6.5 Discussion

‘ In Sections 5.6.1, 5.6.2, and 5.6.3 ten different measurements of the
Liﬁ(a + d) wave function using five different reactions have been discussed,
The results are summarized in Table 5.3, with only the results for E¢ pre-
sented for the Li6(a,2a)d'reaction. Many of the measurements appear to be
inconsistent, particularly the Lis(a,c@d)He4 reaction and the Li6('rr-,2n)He4
reaction. In most of the more recent measurements the authors make a point
of indicating which other measurements are consistent with theirs and which
are not,

In Section 5.4, it was pointed out that in the sharp cutoff model both
Neff and the width at half maximum decreased with increasing cutoff radius,
This was used to show that the measurements for this thesis were consistent
with the cluster wave function calpulated in. Section 5.2,3, in the "sharp
cutoff" model for absorption, In Table 5.3 this pattern tends to be repeated
in the data. The measurements with small values for Neff tend to have smaller
widths, This is shown in Fig. 5.11 where the data of Table 5.3 is displayed
with Neff plotted against the width at half maximum. The solid curve is for
the wave function calculated in Section 5.2.3 with various cutoff radii.

The dashed curve is for the same wave function, but with only a 50% cluster-

ing probability for Li6, i.e. with Neff reduced by %,
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Figure 5.11: Neff the effective number of clusters vs. the half width at
half gaximum for the momentum distribution from ten different experiments
on Li”. The data is taken from Table 5.3. The solid curve is for the phen-
omenological a~d wave function with a cutoff. The dashed curve is the same
as the solid but multiplied by 0.5,
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The curve reproduces the general trend of the daéa in a very gratify-
ing way. It is unfortunate that the uncerfainties in the measurements are
generally so large. It is possible that improved accuracy in the various
experiments might enable one to determine not only the absolute magnitude
vs, half widtﬁ at half maxi-

of but also the detailed shape of the.Ne

Negs? ££
mum curve. This would then be a complete determination of the a-d relative.
wave function. However, improved accuracy might only reveal the inadequacy
of the cutoff model., What is clear, however, is that all the existing mea-

surements can be explained by our wave function with one adjustable para-

meter, the cutoff radius.
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CHAPTER 6

SUMMARY AND CONCLUSIONS

Section 6.1 Off-Mass~Shell a-o Scattering

In Chapter 4, the Plane Wave Impulse Approximation was used to extract
off-mass-shell cross sections from the Li6(a,2a)d reaction. The primary off-
mass-shell data was taken from those points in the experimental spectra where
E, the momentum in the target nucleus of the knocked out a-particle, was zero.
These off-mass-shell cross sections were found to be in excellent agreement
with free o-a scattering as a function of both scattering angle and bombard-
ing energy, if the free cross section was evaluated at Ef, the center-of-mass
energy in the final state of the off-mass-shell a-o collision. These off-
mass-shell data were sufficiently accurate to display a clear preference for
free cross sections at this final state center-of-mass energy as opposed to
the initial state center-of-mass energy. This result was published in Physi-
cal Review Letters (Pu69) and it has recently been confirmed by Pizzi, et al.
(P69) .

Off-mass-shell a-a cross sections were also extracted from points in the
experimental spectra where IE] = 30 MeV/c. This data was also in general
agreement with free a-o scattering cross sections, but it was necessary to
introduce an ad hoc shift in a—a'scattering angle. The necessity for this
shift must be taken as an indication of the failure of P.W.I.A. to account
for the fine details of the reaction mechanism. Presumably the "shift" is
the result of distortion of the incoming and outgoing waves or similar effects.
It should be pointed out, however, that these deviationg of the data at

lal = 30 MeV/c from P.W.I.A. are in fact very small, Significantly the "ghift"
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in q-q scattering angle appeared to decrease as the bombarding energy increased.

. Off-mass-shell cross sections were calculated using a phenomenological g-g

Potential, taken largely from (D65). It was found, however, that the on-mass-

Shell cross sections calculated for this potential were In worse agreement with

-3
the measured free a-a cross sections than were the experimental q = 0 off-mass-

shell crossg sections. Hence these off-mass-~shell calculations were taken as

Model calculations only.

There are two off-mass-shell T matrices one can define: <¢flvl wi(+)>
and <@f(")!V,¢i>. These produce different off-mass-shell cross sections. It
Was found that near the mass-shell <¢flV| wi(+)> ylelds a cross section which
Varies with angle in much the same way as do/dQ(E;) where E; is the initial
State energy. Similarly near. the mass-shell <wf<-)lV]¢£7 yields é cross
Section which behaves with angle like do/dQ(Ef), where E¢ 1s the final state
énergy. In both cases, however, the magnitudes of the on~ and off-mass-shell
Cross sections were different. For the Li6(a,2a)d reaction at ; = 0 (which
1s rather near the mass-shell) the agfeement of the off-mass-shell cross
Section with do/d(E;) indicates that (xpf(‘) lvl¢i> is the preferred off-
Mass-shell T matrix. This is in agreement with tﬁe results of Balashov and
Meboniya (B68), who reached the same conclusion from rather more limited I
data ai lower energies. :

These model calculations of off-mass-shell cross sections indicate
that the use of dc/dQ(Ef) as an approximation to the true off-mass-shell
Cross section is well justified theoretically, for pointé near the mass-shell,

In this respect Li® would appear to-be a particularly favorable case because
of its small binding energy against a + d breakup. For this experiment

the difference in magﬁitude of the on and off-shell cross sections (in the
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model calculation) would appear to be smaller than the experimental uncer-

tainties.
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Section 6.2 The Momentum Distribution for o's in Li6

In Chapter 5 an experimental momentum distribution for a's in Li6 was
extracted from the LiG(a,Za)d data assuming the validity of the P.W.I.A., and
using do/dQ(Ef). The five spectra with 8, =6, ~ 44° were chosen, to eliminate
any asymmetries in the momentum distribution which might result from the
known small departures of the reaction mechanism from P.W.I.A. The extracted
momentum distributions were all highly consistent.

A fairly realistic wave function for the a-d relative motion in L16
was desired. A survey was made of the traditional calculations of an g-d ‘
relative wave function in the oscillator shell model and in the fully anti-
symmetrized oscillator nuclear cluster modelz These were found to be inade-
quate in their treatment of thé asymptotic behavior of the cluster wave
function, as so a cluster wave function was calculated which accounted more
completely for the asymptotié behavior,

Specifically, the calculation involved a phenomenologic &-d potential,

This potential was required to have a bound § state at -1.47 MeV, and to

reproduce the S~-wave shifts determined from,récent &—d scattering experiments.

The wave function for the bound state at =1.47 MeV was then required to

produce the correct r.m.s. charge radius for Lié, when the finite charge
distributions of the o and the deuteron were folded in. Throughout these '
calculations antisymmetrization was ignored. Id

It was found that there were two types of potentials which generateq wj
the correct S-wave o-d scattering phase shifts. The first has a 2S state |
at -1.47 MeV and a spurious 1S state at some deeper binding eﬁergy. The
second type of potential has a 1S state at -1.47 MeV but also has a repul-
sive core. The presence of the spurious state in the first type of potential

is due to the lack of antisymmetrization in the calculation. The repulsive
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€ore in the second type of potential simulated the main effect of anti-

Symmetrization, namely repulsion at small radii, an& there is no spurious
State. The second type of potential was therefore chosen as the better
form, glven the lack of antisymmetrization. The absence of a spurious state
indicates that the lack of antisymmetrization has been at least partially
Compensated for. For computational simplicity, the repulsiveAcore was taken
to be a hard core, and the rest of the fotential had the "Woods-Saxon" form.
The Coulomb potential was also included, With this the form of the potential,
the parameters were searched to satisfy the above criteria on tﬁe potential

and the bound state wave function, and a satisfactory solution was found.

The wave function obtained is felt to be very reliable for reaction calcu-
6

lations involving the long range d + d structure of Li

This cluster wave function was Fourier transformed and squared to pro-
duce 3 theoretical momentum distribution for o's in Li . When the experimental

Momentum distribution from the Lis(a,Za)d reaction was compared with this

theoretical one, the two were found to be in serious disagreement, both in
Width and in magnitude. It was found: howevér; that the introduction .of a
Cutoff radius of about 5 fm. in the cluster wave function produced good
agreement in both width and magnitude. In addition, by making the cutoff

radius an adjustable parameter, the theoretical momentum distribution was

- found to be consistent with momentum distributions for Li~ from a large

Variety of reactions, over a wide range of energies. Although the use of a

cutoff radius is an ad hoc procedure, it is a well known technique and has

been used successfully in other types of reaction calculations for many years.
The necessity of introducing a cutoff into the cluster ﬁave function,

indicates that the Li6(d,2a)d knockout reaction tends to be localized to

the nuclear surface. In a sense this is a severe failure of the P.W.I.A.
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The remarkable overall consistency of P.W,.I.A. with a cutoff indicates,
hOwever, that the reactions taking place (other than quasi-free knockout),

do not generally contribute to the o + a + d final state in the same

region of phase space as quasi-free knockout, and that the impulse approx-

imation is a good description of those knockout events that do occur.
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Section 6.3 Conclusions

There are several conclusions that can be drawﬁ from the data analysis
and the calculations in this thesis. The first major conclusion is that the
off-mass-shell g~a cross section extracted from the L16(a,2a)d reaction
at E = 0 appears to be in very good agreement both as a fﬁﬁction of angle
and energy with free a-o scattering at the final state enefgy. This agree-
ment implies that dso/dQldQZdE1 does indeed factorize, and strongly supports
the P.W,I.A., or peripheral model. It also implies that the preferred off-mass-
shell T matrix is <"[’f(—) IV|¢1> rather than Qflvlwi(+)>.

The second major conclusion is that the measured a-particle momentum
distribution and the one calculated from the theoretical cluster wave function
do not agree. It is necessary t; introduce an ad hoc cutoff into the cluster
wave function to produce agreement. This implies that strong absorption
effects are present, and thaé the reaction seems to be 1ocali£ed in the nuclear
surface region. The necessity for a cutoff justifies the effort that went into
guaranteeing that the cluster wave function had the correct asymptotic pro- °
perties, while the short range behaviour, which requires a detailed treatment
of the antisymmetrization, was treated approximately. It also indicated that
this reaction is not sensitive to the details of the Li6 wave function at
short distances, so that other reactions must be found for studying them.

The third major conclusion is that a cutoff works surprisingly
well, With the cutoff radius as an adjustable parameter, the measurements ‘
of the cluster wave function for Li6 from this and a variety of other reactions
are consistent with the cluster wave function calculated here; This may mean
that the use of this very simple model may have a rather general usefulness
for extracting spectroscopic information from medium-energy reactions, until

more complex models are formulated,



/ -~ 159 -

APPENDIX I

THREE BODY KINEMATICS

Al.,1 General Considerations

In this appendix the following conventions will be used:
7? = (p,1iE) 1is a four momentum
3 1s a momentum
E=T+m is a total energy
T is a kinetic energy
m 1is a mass.
Note that these conventions may differ from those used in the body of this
thesis. They are consistent with the notation of the 3-body kinematics pro-
gram QUASTA.
Figure Al shows the initial and final states in the laboratory system.
Particle o with mass m, and momentum Bb is incident on a stationary target
of mass . In the final state there are 3 particles with masses m;, m,, m

3

> > >
and momenta Pys Pys and P3-

Initial State l . Final State

Figure Al: The initial and final states
of the reaction, as seen in
the laboratory.
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The coordinate system will be a spherical polar system with the polar axis
defined by 13:), i.e. the incident beam direction.

The components of a momentum
-}
are then pi = (pi’gi’ i)'

For the angle eij between two momenta i;i and —51 the
following relationship holds:

Cos ©,; = COs S; Cos@j + sin@; suBjcos (¢.- qu.)

(Al.1)
B3 - s 9
The basic quantities of interest are T, and pg, given P, P, 25 P95 and

Q. Q 1s the "energy loss" or "Q value" of the reaction, defined by:
Q = Myt mT . YY'\'—Y'Y\.z—)'Y\a
* (A1.2)
The starting point of the calculation is four momentum conservation:
_ TP -
P;; = Pr v = TP& (A1.3)
Squaring both sides of (Al.3):
2 2 2 2 ]Pl
3 L o
f - ’) == -’7 v
¢ AT - 2P T - 2P V- 3P -am-T, + a® T
d (AL.4)
Now P2z -m® hence in the laboratory one finds
t &
2 w2y mdpomd o
i B | " SE.E $EE
= E,—-AE E = ¥ « =0
+ QMTED"?\MTEI am"l‘ & L c~a
+ APp.p, COS O, +3,.FonC°59-a - RE Py cos 6'1 ' ;
(Al1.5)

Using (A1.2) and rearranging (Al.5) yields
0= XA Qmg+ Qk ) Q)
m, +
2T, (my-met @) -2 (ms
AT (myam s @) ~ATT T AT £ T

L e .
F AP, P oSS, + AP, Pa COS Sy~ P Pa €05 Oia e
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Rearranging (Al.5) and dividing by 2 yields
[Qm3 - Gza/a + To(ms_mo+ Q)— iy <m3+-M, + Q -\—Tn)
+ Pop cos@,]
‘Tl [m3+ M, 4 Q +_I—O’T|j
* P [P cos 8- p,cos ©,]=0 (A1.7)

This will be written as

p(_.ﬂ‘l';t Ju }.’Pl: O

(A]-ua)
There are two ways of solving (Al.8). The first method is to substitute
(T 2+ 27 m )1/2 for p, in (Al.8) and squaring:
2 2 2 2
.9
¥P, = ﬂ—’; = o (L83
. ' a3 a_ AP Ty iy
5 (TReaTumy)=-p2 T2 + o p (41.10)

2 = S 2
T (¥*- p?) + T,(3¥'m,+ BAf Jalt= (A1,11)

(A1.11) can be solved by the quadratic formula, but if there are two disadvan-
tages. Firstly, this method usually requires double precision on the computer
for reasonable accuracy in obtaining, Py and T2. Secondly, the sign of P,

is ambiguous, i.e. solution may be possible with particle two traveling either

direction along the (6,,9,) line.

2 2.1/2
The second method for solving (Al.8) involves substituting LBy |+ Wy gy
for T,, and then squaring:
oL + ¥p = T2 (A1.12)

; A\ Yo
L v Fp, M= Al + m) (A1.13)
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X A dAmy + A mE + A(A1Bm)Yp, + (zi—p’)pi=/;1m:

(A1.14)
o F
Pt (5p%) + 2(x M)y p, + [x2+2 Apmy |- O
(Al.15)
This w111 pe called
Ap2 4 Bp, + C =0 ~
Pa # (A1.16)
Hence .
- B & | B2 -Y4AC
Py © ' .
C2A (A1.17)
Th
e remaining kinematic variables follow from conservation of momentum
bge B, =Ty ~fa ‘ (A1.18)
F;. - ’,02 ""f’,1 1_’,:: . QP,F. os©; = AP, Pa c«::s'@‘;L
; ' (A1.19)

+ 2 Pipycos ell
Tz and T
3 can of course be calculated from Py and p3'. 93 and <P3 can be found

Con,
8€rvation of the various components of momentum, i.e,

g fosy = (po - P c05©, ~ PaCas éﬂ)

, (Al.20)
Py Sth ¢, sin©; = ~P, S P, Sin B, - Fy sin P, sin O
(A1,21)
P; Cos cp3 Sin B, = ~p, cos q)} sim € - P, cos ‘P.;L sin ©,
(AL,22)
P
y b
An additional kinematic quantity of interest 1s the center of mass energy '

B ;
f pairs of existing particles. This 1s found by considering the Lorentz in-

: ;
ariant scalar product of the sum of the four momenta of two particles A and B.

(Bt = B+ T ) = (04 (Eppe V) (a1.23)

. : 2 . .
-y 2 2 o S _"‘ o fks .
K- mD 9‘EA EB ta Pﬁ Pn, N ABCM <A,1'24)
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Then

o R
ABCM E\n + mg +1(ﬁfm4\) (TB“’mB} "D‘FA FB cos AB—] (Al,25)

By "M

= (A1.26)
TABCM ABCM = =

It should be noted that there are two possible solutions to (Al 17),
Which Makes the kinematics double valued, i.e. there can be two values of

2 for a 8iven value of T,. The solution to (Al,17) with the minus sign for

ll

t
he radical corresponds to the larger value of T2
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Al'z.Kinematic Variables for Off-Mass-Shell Cross Sections in Knockout Reactions

For the off-mass-shell cross section there are three kinematic variables:

the

Ti, the initial state c.m. energy; Tf, the final state c.m. energy; 6 o

c.m, scattering angles. The off-mass-shell collision 1is presumed to involve
Particles 1 and 2 with particle 3 being a spectator. The target contains two

Particles, particle 3 and particle § (for struck). The impulse approximation

Yequires that

T~ 2 (A1.27)
It is also assumed that particle O becomes particle 1 and particle S becomes

Particle 2,
T, has already been derived, It is just Tj, = from (AL.25) and (AL.26).

Specifically:

. , . y
T e m s 2 (Tem) (T me) -2ppces € ] *=mi=m
. ' (A1.28)

it is necessary to first determine what-ﬁk is, There

To calculate T,
One for the three body

are two conservation laws assumed for the reaction.

TYeaction, and one for the two body off-mass-shell scattering:

(AT T g (A1.29)

R

g Py © s '*’WE :
. (A1.30)

These two conservation laws require
- -,
Thus in the laboratory system

@c’s),_AB 8 E’?a, £ (""1" Ezﬂm i [ﬁ;; ’LES] (Al.l32‘)

(A1.31)
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Now because of (Al.30)

o

oscm 12 em (A1.33)

And Eioem 18 alr'eady known. Thus Tosem the center-of-mass kinetic energy

in the initial state can be calculated easily:

S

T, =T = E e ® 1™ o

4 Oscm osch (A1.34)

M, is of course already known. mg, the invariant mass of the off-mass-shell

Particle is determined as follows:

- 3
——msa: "?:=P3-E5
- N2 (A1.35)
= P - (me - E5)
(A1.36)
So 5. aj}’z
mg = [(mT'JM3_73> ks
' (A1.37)
Note that '
Mg 7 %2 (A1.38)

i.e., the struck particle is off the mass-shell.

The remaining quantity of interest is 9cm' This is the angle between the

Vectors 1';0 and 51 in the center—of-mass system for the two body collision.

One starts with the dot product of TPO and P

<Tro 'TPIBLAB = (TFO 't‘Pl>(M - TPocM '/TPKCM (A1.39)
T
B EoE\ T RP s, & —EOCMEICH W ECM Flem ©08 Srem
(AL.40)
Therefore:

Foﬂcos 6‘ iy EoEx i Eacm EsCH

il

cos 8,
iDtCM. POCM
PP 58~ B+ Focn Ercn (A1.41)

<E0cma =Py )h (Elcma A‘m'a')'/a,

et gt B L e e e e

e
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So qum and Elcm are needed. BRut

LUSE O A NS (¢ RS WY T
ﬁ'ﬁo P e E (E'fE;) (O* I'ACH) (OLH L CCM)

E

1AM oCcmMm

Hence

Eo(E,+Ea)-—Pa(ﬁcose‘+13cose;)

EOCM:
lxcm

Similarly from (ﬁ& ¥F})TF1 one obtains
= mr+ EE; — RP,COSO
E

ACM

icm

Hence cosé&cm in (A1.37) can be calculated, using (Al.44) and (Al.45).

(A1.42)

(AL.43)

(A1.44)

(A1.45)
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APPENDIX 2
MOMRATH

The following is a more complete description of the program discussed in
Section 2.1.4. MOMRATH is a computer program that will calculate the effects
of finite resolution in a three body breakup reaction. The principal quantity
generated by MOMRATH is the "resolution function" W(x) for a given kinematic
variable x. This resolution function W(x) depends on the geometry and kine-
matics of the reaction, the sizes of the detectors, and the E, energy bin
width but not on any assumptions made about the reaction mechanism. The reso-
lution function W(x) is a measure of the ability of the experimental system
to resolve the kinematic quantity x. The discussion to follow will be special-
ized to the calculation of W(b3) where P3 is the magnitude of the momentum of
the residual nucleus. The generalization for other kinematic variables is
obvious.

For a given reaction, at.a specified bomﬁarding energy, Py has a unique
value for every point in the five dimensional volume AQ, AQ5AEy defined by the
solid angles of the detectors and the width of the E; energy bin. w(p3)dps
is defined as the probability of finding p3 in the range dpy for events occur=
ring in the volume AQ, AR,AE,, assuming that each volume element is equally

probable. The normalization of W(p3) is

W(py) dpy = 1.
(A2.1)

Operationally MOMRATH generates W(p3) by calculating P3 for a large number

of points in AﬂlAﬂz AE, and making a distribution of values obtained.
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MOMRATH selects this large number of points in a systematic manner. A
grid of points is selected for each counter and a series of points is selected
for the E; energy interval. Figure A.2 shows how such an array of points

might look

[t e

T -t Tt iwviesy wE =§
AP, T B, = agy | ng =< J
et et e S
— AO—> — LO, —
Counter One Counter Two E; Energy Bin

Figure A2 Grid Points on the Counters and E; Energy Bin
The number of grid points né;, nf;, né), nd and nE; for each of the five
variables 91,<P1, ©y, ¢§, and E; is assigned according to the sensitivity of Py

to changes in the five variables. This sensitivity is determined in the early

stages of the program by varying the five variables one at a time. MOMRATH then
calculates p3 for every possible combination of a grid point from counter one, a
grid point from counter two, and a grid point from the E; energy bin. This
means typically pj is evaluated for about 3000 different combinatioms. The
values of P3 are stored and displayed in a histogram which is W(p3).

When W(p3) has been calculated it can be used within certain limitations to
evaluate the amount to which the measured cross section will be smeared by the
finite resolution of the system for p3. This is done as follows. The cross
section is assumed to be a function of P3 only. For quasi-free scattering in
the Plane Wave Impulse Approximation (1.7) this means that the kinematic factor
and (d9/dn) are assumed to be constant over the volume AnlA%AEl. Then

_&e
dS, dSL.dE,

it

c| e (42.2)
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The measured cross section which will be called Iy is an average of

3 .
d o/dQldQZdEl over AQlAﬂzAEl

i el b bl G el

an 5 Sy E

| : (A2.3)

- CJ;‘Q‘JM“PE' G

AR, AR, TBE,

(A2.4)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>