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In this thesis, we systematically study the mean field limit for large systems of
particles interacting through rough or singular kernels by developing a new statis-
tical framework, based on controlling the relative entropy between the N —particle

distribution and the limit law through identifying new Laws of Large Numbers.

We study both the canonical 2nd order Newton dynamics and the 1st order
(kinematic) systems, leading to McKean-Vlasov systems in the large N limit. For
the 2nd order case, we only require that the interactions K be bounded. The
control of the relative entropy implies the mean field limit and the propagation of
chaos through the strong convergence of all the marginals. For the 1st order case,
with the help from noise we can even obtain the mean field limit for interactions
K € W=t j.e. the anti-derivatives of K are bounded (or even unbounded with
weak singularity).

To our knowledge, this is the first time the relative entropy method applied to

obtain the mean field limit. Compared to the classical framework with K € W1,



our results show another critical scale K € L*™ for the mean field limit. Our results
are quantitative: we can provide precise control of the relative entropy and hence
the convergence of the marginals. We expect that the relative entropy method will
be another standard tool in the study of the mean field limit.
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Chapter 1: Introduction

In this thesis, we rigorously derive mean field equations from large systems
of interacting particles with singular or rough interaction kernels, focusing on the
stochastic case where a large system of Stochastic Differential Equations (SDEs)
converges to a McKean-Vlasov Partial Differential Equation (PDE) as the number
N of particles goes to infinity. This is a longstanding open and challenging question,
considered as part of Hilbert’s 6th problem, which has only a few recent successes.
We refer to the book [133] and recent reviews [69,91,94] for detailed introduction

of this subject.

1.1 Large systems of particles: canonical models

Large systems of interacting particles are now fairly ubiquitous. They are usu-
ally formulated by first-principle (for instance Newton’s 2nd law) individual based
models which are conceptually simple. For instance, in physics particles can repre-
sent ions and electrons in plasmas [144], or molecules in a fluid [90] or even galax-
ies [1] in some cosmological models; in biosciences they typically model the collective
behavior of animals or micro-organisms (cell or bacteria) [29,42,118]; in economics

or social sciences particles are individual “agents” or “players” [99,119,145].



Large systems of particles are usually (at least in the classical regime) modeled
by systems of Ordinary Differential Equations (ODE) or SDEs. In this thesis, we

focus on two canonical models of large systems of particles formulated below.

The most classical model is the Newton dynamics for N indistinguishable
point particles driven by 2-body interaction forces and Brownian motions. Denote
by X; € D and V; € R? the position and velocity of particle number i. The evolution

of the system is given by the following SDEs,

1 :
AX; =Vidt, dV; = > K(X; — X;)dt + 20y AW, (1.1)
i
where ¢ = 1,2,---,N. The W* are N independent Brownian motions or Wiener

processes, which may model various types of random phenomena: For instance
random collisions against a given background. The stochastic term here and later in
(1.2) should be understood in the It6 sense. If o = 0, the system (1.1) reduces to
the classical deterministic Newton dynamics. Here vector valued kernels K model
the interaction forces between two particles. Detailed discussions on various choices
of K will appear in Section 1.3. We use the convention that K(0) = 0, i.e. there is

no self-interaction.

The space domain D may be the whole space R?, the flat torus T? or some
bounded domain. The analysis of a bounded, smooth domain is strongly dependent
on the type of boundary conditions but can sometimes be handled in a similar
manner with some adjustments. Thus for simplicity we typically limit ourselves to
D = RY, T¢. Even if D is bounded, there is no hard cap on velocities so that the

actual domain in position and velocity, D x R is always unbounded.



The critical scaling in (1.1) (and later in (1.2)) is the factor & in front of the
interaction terms. This is the mean field scaling and it keeps, at least formally, the
total strength of the interaction of order 1. For more detailed discussion on the

mean field scaling and other type scalings, we refer to the discussion in Section 1.1

in the review [91].

As the companion of (1.1), we also consider the 1st order stochastic system

1 .
dX; = F(X;)dt + > K(X; — X;)dt + 2oy AW, (1.2)
J#i
where ¢ = 1,---, N, F models the exterior forces and other assumptions follows the

2nd order system (1.1).

In the deterministic regime, i.e. o = 0, the 1st order system (1.2) comprises

the 2nd system (1.1) as a special case. Indeed, by setting that

Zi = (X3, Vi), F(Zi) = (Vi,0), K(Z, Z;) = (0, K(X; — Xj)),

the 1st order system (1.2) with K defined above reduces to the 2nd order system
(1.1).

However, in the stochastic case when oy > 0, we have a full diffusion in (1.2)
while only a degenerate diffusion (only on the velocity variables) in (1.1). This will

have several important consequences. See the discussions in Section 2.1.3.

We focus on the canonical models (1.1) and (1.2) simply because with vari-
ous kernels K they are enough for many interesting applications and capture the
essential difficulties of the mean field limit problem. We believe that our method
have implications well beyond them: models with friction, self-compelled terms,

3



multi-species, even with space dependent strength ox of noises and various models

in biophysics or in quantum mechanics settings...

1.2 The mean field limit: McKean-Vlasov PDEs

Due to the large number N of particles, it is extremely complicated and costly
to study or simulate the microscopic systems (1.1) or (1.2) directly. The number N
of particles can be as large as 10%° for typical physical settings and 10° in typical
bioscience settings. Even for N = 4,5, the dynamics of certain ODE systems (let
alone SDE systems) can be so chaotic [139-141] that it is impossible to trace the
trajectories of particles exactly. Fortunately, the large scale dynamics (for instance
the statistical information or the average behavior) can usually be approximated by
a continuous PDE model, thanks to the very famous critical mechanism known as

Laws of Large Numbers, in which people are most interested for practical purposes.

The basic but fundamental idea to reduce this complexity by deriving a meso-
scopic or macroscopic system dates back to Maxwell and Boltzmann in their work on
the later called Boltzmann equation. For the derivation of the Boltzmann equation,
we only refer the readers to [37,65,101]. Here we work on a different regime: the

collision-less regime under the mean field scaling.

For the 2nd order system (1.1), for very large N, one expects to approximate
the system (1.1) by the following Vlasov equation or McKean-Vlasov equation (if

diffusion is present)

hf+v-Vof+Kxp-V,f =0A,f, p(t,x):/Rdf(t,x,v)dv (1.3)

4



where the unknown f = f(t, z,v) is the phase space density or 1-particle distribution
and p = p(t,x) is the spatial (macroscopic) density and oy — o > 0. Our central
problem is then to show the mean field limit of the system (1.1) towards McKean-
Viasov equation (1.3) and in particular to quantify how close they are for a given
N.

Similarly, for 1st order system (1.2), one expects that as the number N of

particles goes to infinity the system (1.2) will converge to the following PDE

Op+div, (p [F+ K *p]) = 0A.p, (1.4)

where the unknown p = p(t, x) is the spatial density and again oy — o > 0.

1.3 Examples of interaction kernels and some variant models

In this section, we list some examples of K and discuss variant models of (1.1)
and (1.2). The references that are cited have no pretension to be exhaustive but
hopefully indicate that it is critical to consider the mean field limit for systems with

singular or rough kernels.

e The Poisson kernel. For the 2nd order system (1.1), the best known example

of interaction kernel is the Poisson kernel, that is

K(x):iCd#, d=2,3,--

where C; > 0 is a constant depending on the dimension and the physical parameters
of the particles (mass, charges...). This corresponds to particles under gravitational
interactions for the case with a minus sign and electrostatic interactions (ions in a

5



plasma for instance) for the case with a positive sign. See [96, 144] for the original

modelings and [66,67] for particle methods for the Vlasov-Poisson system (1.3).

The 1st order model (1.2) can be regarded as the zero inertia limit (Smoluchowski-
Kramers approximation) (see for instance [56,136]) of Langevin equations in statis-
tical physics. However, the model (1.2) has its own important applications.

e The Biot-Savart kernel. The most famous example is the stochastic vortex

model (1.2) with F' = 0 in fluid dynamics with the Biot-Savart kernel

1 —T2 T
K(z) = —(—2 2L
(LE) 271'(‘%’27 ’xP)v

which is widely used to approximate the 2D Navier-Stokes equation written in
vorticity form. See for instance [27,28,63,113,124] and (random) point vortex

method [41,72,110].

One important class of the kernels are given in the gradient form K = —VW,
where W are interaction potential functions. This class includes the Poisson kernels
as discussed above. Indeed, one chooses W (z) = £Cy/|z|*2 for d > 3 and W (x) =
:F% log |z| for d = 2, where Cy > 0. The positive sign in d > 3 and the minus sign
in d = 2 correspond to repulsive forces. However, we have more examples of K in

the gradient form.

o The 2nd order system (1.1) with kernels K = —VW. For the 2nd order
case, the interaction potential W can model the short-range repulsion and long-
range attraction mechanism in bioscience or physical applications. For instance W
might be

W(z) = —Cye 14 4 Crelelin,

6



where C'4, Cr and [, [ are the strengths and the typical lengths of attraction and

repulsion respectively. See [50] for the modeling and [17] for the mean field limit.

e The Ist order system (1.2) with kernels K = —VW. For the 1st order sys-
tem, the kernels K can also be the Poisson kernels, in particular W (z) = 5= log || in
2D, the system (1.4) corresponds to the famous Keller-Segel equation of chemotaxis,
a canonical model for the collective motion of micro-organisms. The corresponding
microscopic model (1.2) is usually used as a particle model to approximate (1.4).

We refer mainly to [64] for the mean field limit, together with [68,108].

In general, we consider aggregation models (1.2) with an exterior force F'(X;) =
—VV(X;). Mathematically well-investigated models typically require that W and
V are (quasi-)convex and with polynomial or exponetial growth at infinity, with the
help of gradient flow structures. They are widely used in many settings such as
in biology, ecology and in study of space homogeneous granular media [9]. See for
instance [19, 20, 36,43,111, 112] for the mathematical study of the particle system
(1.2) and more recently the mean field limit [10,11,33,35,51] using the gradient flow
techniques as in [5]. Similar to the 2nd order case above, certain choices of W can
model the short-range repulsion and long-range attraction mechanism. For instance

one can choose

1
| |42

W(z) =

1
+ §|3'3|2
for d > 3 as in [32] (see the references therein for a more detailed modeling discus-
sion).

In these cases the kernels K are usually only locally Lipschitz or even singular.



See also the examples in [51] where K = —VW and W can be chosen as the s—Riesz

functions as
Ccll \:vl|5’ if 0 < s <d,
W(z) = (1.5)

—ﬁﬁ log|z|, if s=0.

where Cy s are certain normalized constants depending on the dimension d.

The gradient flow structure for the 1st order system (1.2) with K = —VIWW shall
be compared to the Hamiltonian structure for the 1st order systems with div, K =0
(one example of K is the Biot-Savart kernel) and the 2nd order systems (1.1). The
Hamiltonian structure, i.e. the velocity fields K x p in the 1st order system and
(v, K x p(z)) in the 2nd order system are divergence free, enjoys a special attention

in this thesis.

In the following, we discuss some variant models of (1.1) or (1.2).

o Fokker-Planck equation. One can add extra terms like friction or self-propulsion
in the acceleration dV; in (1.1). For example, the expected limit (1.3) with an extra
term —rkdiv,(vf) in the left-hand side, correspondingly the particle system (1.1)
with an extra friction term —xV; dt in the acceleration dVj, is usually called the
Fokker-Planck (Vlasov-Poisson-Fokker-Planck if K is the Poisson kernel) equation
in the physics literature. See [84] for the mean field limit in 1D case.

e Alignment models. Since the pioneering works in [42,137] and later in [118],
Newton like systems (variants of (1.1)) have been used to model flocks of birds,
schools of fish, swarms of insects... One can see [29,34,76] and the references therein

for a more detailed discussion of flocking or swarming models in the literature. In



the Cucker-Smale model [42] the evolution of particle number ¢ reads
dX; = V;dt, dV, = %ZkQXZ- — X;D(V; = V)
i
where ¢ = 1,---, N. Or similarly, one can also consider the corresponding variant of
the 1st order model as
AX; = 3 SO ROX: = X)X, - X0,
i

where ¢+ = 1,---, N. These alignement models are also quite popular in modeling
opinion dynamics [99,119] and synchronization [100] for instance.

Here k is a scalar funtion now modeling the strength of the alignment, which
typically in the form of 1/(1+ |z])® in [29,42] or singular 1/|z|* in [31]. In [118] the

strength is normalized as
KX - X))
et KX = Xal)

Hence the force acting on each particle 7 is automatically bounded.

e Why stochastic models? Sometimes the presence of the noise in the models
is important since we cannot expect animals to interact with each other or the
environment in a completely deterministic way. We in particular refer to [75] for
stochastic Cucker-Smale model with additive white noise as in (1.2) and to [3] for
multiplicative white noise in velocity variables respectively. The rigorous proof of the
mean field limit was given in [17] for systems similar to (1.1) with locally Lipschitz
vector fields; the mean-field limit for stochastic Vicsek model where the speed is

fixed is given in [18].

e Rough kernels or kernels with discontinuities/jumps at critical distances.

9



In the above examples, K can be singular at the origin, i.e. |K(z)| — oo or
|IVK(z)] — oo as |z| — 0, but they are usually smooth outside any neighborhood
of 0. This does not hold for many applications.

For instance, in typical social science or bioscience settings, it is natural to
have discontinuous kernels, which means that the interaction between two particles
(a prey and a predator, a buyer and a seller, two birds in a flock...) could change
abruptly at certain critical distances. For instance, birds or mammals only have
limited vision abilities [30]: outside a visible region the interaction might suddenly
vanish. We can thus only expect localized interactions, for instance K (x) = h(|x|) =
0 if || > R where h is function measuring the vision ability and R > 0 is the
maximum distance an animal can see or the minimum distance to take action for
instance run away from predators. Here h can be discontinuous or only in L™ as

in [30]. See also [85,86] for modeling discussions.

e (Gleneral collision models. In collision models, particles only interact when
they collide. A canonical example is the famous Boltzmann equation describing the
evolution of dilute gases [14,15,37,101]. More general, one can consider particles
with non-smooth shapes (for instance cells or micro-organisms) in fluids which only
interact when they collide. For instance K (X; — X;) is more or less related to V1¢,
n (1.2), where C} is the region occupied by the j—th particle. In this case K can be
chosen to be a measure in an appropriate way on a sphere or even not a measure.
For fixed N, this general dynamics may even not be well-defined. But the large

scale dynamics similar to (1.3) or (1.4) might be clarified mathematically.

10



As in [12,78], one can also consider collective dynamics in the sense of Cucker-
Smale but driven by rank-based interactions. For instance, each particle (bird)
can only be influenced by the nearest m particles. See [46,105] for examples from
evolutionary game theory and economics respectively. In the large N limit, this will
lead to a Boltzmann type PDE. See also another rank-based model called competing

Brownian particles in [127], with possible applications in stock markets for instance.

1.4 Classical mean field framework as introduced by Kac

We introduce the classical setting for the mean field limit introduced by Kac
[97], focusing on the simple but significant 2nd order system (1.1), leading to the

McKean-Vlasov equation (1.3) in the large N limit.

1.4.1 The N—particle Liouville equation

The starting point of our statistical framework is the joint distribution/law
fN(t) Z) = LaW(X1<t>7 %(t)v B XN(t)7 VN(t)) € P(EN>’

where £ = D x R%. The evolution of the joint law fx is governed by the N — particle

Liouville equation (or the Master equation)

N N N
Oufn +Y vi Vi fv + %ZZK(%’ —2;)-Vofv=on ) Aufy, (L6
im1 i=1

i=1 j#i

corresponding to (1.1) and usually coupled with initial data f%. It can be derived
by applying [td’s formula to d¢(Xy(t), Vi(t), -, Xn(t), Va(t)), where ¢ is a test
function. See Proposition 7 on the existence of weak solutions of (1.6) and related
issues in Section 2.1.

11



The fact that particles are indistinguishable implies that fy € Psym(EN ), a
symmetric probability measure on the space EV. That is for any permutation of
indices 7 € Sy,

In(t, 21, 28) = fn(t zry, oo 2o )

We can then define the k—marginals of fy as

Invge(zr, oo 2k) = / In(t, 21, -+ 2n) d2zigr - - - day,
EN*k

where z; = (z;,v;), Z = (21, -+, 2n) and E = D x R, Tt is easy to check that the
k—marginal distribution is also symmetric fy € Psym(Ek) for 2<k < N.

The joint distribution fy € P(E”) contains all the information of the particle
system (1.1) but is not experimentally observable. Instead the observable statistical
information (temperature, pressure or other macroscopic quantities) of the system
is contained in the marginals fy;: Usually it is enough to know the behavior of the

marginals for practical reasons.

1.4.2 Propagation of (Kac’s) chaos

The original notion of propagation of chaos goes as far back as Maxwell and
Boltzmann. The classical notion of propagation of chaos was formalized by Kac
in [97].

Let us begin with the the simplest definition
Definition 1 Assume E is a Polish space. A law fy € P(EYN) is tensorized/chaotic

if there exists a probability measure f € P(E) such that

fN(Zla Tty ZN) = Hi]ilf(zi)'

12



We can simply denote as fn = foV.

The chaotic initial data f% = f&* for the Liouville Eq. (1.6) means that the
initial phase space positions Z;(0) = (X;(0),V;(0)) (i = 1,---, N) are independent
and identically distributed according to the common law fy. This is a usual as-
sumption, in particular in the probability community, for the initial distributions.
It is reasonable since in general the initial condition can be the result of a different
dynamics which could have an ergodic or mixing property.

But the chaotic initial condition is too strong. It is more realistic to have the
independence or chaos in the large N limit, instead of finite N, for the marginals
fn in fixed dimension k, instead of the joint law fy in dimension V.

This leads to Kac’s chaos, which is an asymptotic chaos in the large N limit.

Definition 2 (Kac’s chaos) Let E be a Polish space (In this section E = DxR?).
A sequence (fx)n>2 of symmetric probability measures on EV is said to be f—chaotic
for a probability measure f on E, if one of the following equivalent properties holds:
i) For any fired k = 1,2,3,-- -, the k—marginal fxr of fn converges weakly to f*
as N goes to infinity, i.e. fyr— fo ;

ii) The second marginal fno converges weakly to f* as N goes to infinity: fyo —
F92.

iii) The empirical measure (random probability measure valued in P(E)) associated

with fn, that is

N
1

pv(2) = ; 5(z — Z;) (1.7)

with fx = Law(Zy,- -+, Zy) where (Zy,-+- Zx) € EN are exchangeable random vari-
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ables, converges in law to the deterministic measure f as N goes to infinity.

Here the weak convergence fy; — f®F simply means that for any test func-

tions ¢17 o '7¢k S Cb(E)7

N—0

lim / ¢1(21) T ¢k(2k)fN,k(21, S Zk)d21 cedy = Hf:1 / f(Zi)@(Zi) dz;,
EF E
and gy converges in law to f means for any test function ¢ € Cy(F),

Epy |f 6(2) dna(2) = [0 (=) d=|°
= FEy, ‘% Zz]\il (Zi) — [ d(2)f(2) dzr

as N — oo, where F;, means the expectation is taken according to the law fy. In

—0

this section, we chose Z; = (X;(t),V;(t)) € E =D x R%
We refer to [135] for the classical proof of equivalence between the three prop-
erties. A version of the equivalence has recently been obtained in [83], quantified by

the 1 Monge-Kantorovich-Wasserstein (MKW) distance between the laws.

Even with the very strong chaotic initial condition f% = f$*, we can only
expect that the solution fx(t) to the Liouville Eq. (1.6) is f;—chaotic in the asymp-
totic or Kac’s sense as Definition 2. Indeed, for fixed N the solution fy(¢) cannot
be chaotic. There are correlations between particles simply because they are inter-
acting with each other through the force term K and hence strict independence is
only possible asymptotically as N — oo as an effect of Laws of Large Numbers.

We are more interested in propagating (Kac’s) chaos, i.e considering whether
or not the initial asymptotically chaotic condition can be propagated for certain time
if we run the dynamics (1.1) or (1.6). This corresponds to the notion of propagation
of chaos.
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Definition 3 (Propagation of (Kac’s) chaos) Assume that the sequence of ini-
tial data (f%)n>2 18 fo—chaotic. Then propagation of chaos holds for systems (1.1)
(or (1.6)) up to time T > 0 iff for any t € [0,T], the sequence (fn(t))n>2 is also

fi—chaotic, where f; is the solution to the limit (1.3) with initial data fo.

1.4.3 Formal derivation of the McKean-Vlasov system (1.3) from the

BBGKY hierarchy

Propagation of chaos is the key concept to obtain the mean field limit (the
classical form is given in Def. 2 iii) for instance). Assuming propagation of chaos,
in particular for any k fixed fy(t) — f2* up to time ¢ < T, one can formally
derive the McKean-Vlasov equation (1.3) from the Liouville equation (1.6) through
the famous BBGKY hierarchy.

We only give a sketch of the formal calculations here. The readers are encour-
aged to see [69] for a more detailed discussion.

From the Liouville equation (1.6), it is easy to deduce equations on each
marginal fy . Applying the fact fy € Psym(EN ) and using the appropriate per-

mutation, one obtains the BBGKY hierarchy

Ovfng + Zf:l Vi Ve, fne + % Z?:l Z?:Lj;éi K(z; — ;) - Vo, [y

+¥ f:l f]DXRd K(xl - x) ’ VvifN,k+1(t7 Rl Rk Z) dz =on 2?:1 sz‘fN,k7
(1.8)

where z = (z,v) and z; = (x;,v;).

Writing the formal limit of fy; as fs x, formally one obtains the Vlasov hier-
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archy or the mean field hierarchy

atfoo,k + Zf:l (% szfoo,k—i_
(1.9)
+ Zle f]D)de K(Iz - 1’) : waoo,k—i—l(ta Ryt Rk Z) dz = O-Zf:l Avifoo,ka
where 0 = limy_,oc on > 0. Taking the tensorized form of foo i = @k and also

fooks1 = f*FD given by the propagation of chaos, all (1.9) reduce to the Vlasov

equation (1.3).

The BBGKY hierarchy is more like a formal tool to get the right mean field
equations. The best rigorous result [132] to obtain the mean field limit through
the BBGKY hierarchy up to now still requires K € W1, We now switch to the

original Liouville equation (1.6), which contains exactly the same information as in

the BBGKY hierarchy.

1.5 From relative entropy to propagation of chaos

Our method works in the level of the Liouville equation which has several
advantages. First, we only need the existence of weak solutions to the Liouville
equation (1.6), which is possible under very weak assumptions of K, for instance
K € L*™. Second, working on the Liouville equation is conceptually easy: We do

not need to consider certain technical issues of stochastic processes.

The main difficulty of the mean field limit is the lack of an appropriate norm
which can measure the distance between the particle system (1.1) and its limit (1.3).
In the following, we will show that the (scaled) relative entropy is the right norm to

obtain the mean field limit.
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1.5.1 Preliminary about relative entropy

Here we only define the key concepts in this chapter. For a more complete
discussion on entropy and relative entropy, we refer the readers to Appendix A.

Let us define the (scaled) relative entropy of the joint distribution fy €
Psym(EN) with respect to the full tensor product of f € P(E), i.e. fn := f or

fn(Z) =TIY f(2), as the following

- 1 In
H = — log =— dZ
~(fnlfn) N Jox fnlog T
where Z = (z1,--+,2y) and 2z; € E and F = D x R? if we choose fy as a weak

solution to the Liouville (1.6), and f as the strong solution to the limit (1.3).
Similarly, one can define that the k£ dimensional relative entropy of fy; w.r.t.

the k—tensor product f®* of f as

1
Hk:(fN,k|f®k) = E/E'k fN,klOg%d% - dzg.

It is easy to check that any relative entropy (once well-defined) must be non-
negative. However, a more important observation is the monotonicity of the (scaled)

relative entropy as per

Proposition 1 (Monotonicity of the scaled relative entropy) For each 1 <
k < N, one has

0 < Hy(fnil f%) < Hx(fnlfEY).

The proof of a slightly stronger version is given in Appendix A.

17



Prop.1 indicates that the relative entropy estimate for the joint law fy can be
transferred to its marginals. This is really crucial, usually absent for other norms
for instance L” norm.

The k dimensional relative entropy Hy(fnx|f®*) can in turn control || fxx —

f®*|| ;1 thanks to the very famous

Lemma 1 (Classical Csiszar-Kullback-Pinsker inequality) Assume that E is

a Polish space. Let F,G € P(E)N LY(E), then

IF =Gl < V2H(F|G),

where the relative entropy is not scaled, that is

H(F|G) :/EF(Z) log Fgg dz.

The proof of this lemma can be found in Chapter 22 in [138]. We refer the readers
to Appendix A for a baby version and its elementary proof.

Combining Prop. 1 and Lemma 1, one reaches the following crucial estimate.

Proposition 2 (From relative entropy to chaos) Assume that E is a Polish

space, [y € Psym(EN) and f € P(E). Then one has

v — 1%l < /2 Hi(fil 1) < v/ ZREN (T,

Proof Applying Lemma 1 for two probability measures fyx and f& on E*, one

has the first inequality. The last inequality follows Prop. 1. O

The joint distribution fy itself is not very interesting and more like an in-
termediate object to get the physical relevant quantities for instance the marginals
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fn k. Prop. 2 indicates the possibility to work directly at the level of the Liouville
equation but hopefully to recover the information of the marginals. This is the main
idea of our framework: we directly compare the joint law fy to the limit through

the relative entropy, which in turn implies the propagation of chaos.

1.5.2 Mean field limit for the 2nd order system

With an asymptotically chaotic initial condition in the sense of relative entropy,
ie. Hy(0) := Hy(f3|fY) — 0 as N — oo and an expected evolution bound
LHy(fn@)]fEY) < $, we obtain the propagation of chaos for the 2nd order system

(1.1) as per

Theorem 1 (Propagation of Chaos for the 2nd order system) Assume K €
L>® and that the limiting solution f(t,x,v) € L>=([0, T], L*(D x RY) N WhP) for

every 1 < p < oo solves the Vlasov Eq. (1.3) with the bound

6; = sup / eMIVeloe £ da du < oo, (1.10)
tefo, T] JDxRA

for some 0¢, Ay > 0. For the case of vanishing randomness, that is in the case

on — 0 =0, we further assume that

sup |View log f(t,z,0)] < C(1+ |z|* + |v]"). (1.11)
tel0, T

Assume that the initial data f3 of the Liouville equation (1.6) satisfies

1 1
sup — fylog fydZ < oo, sup —
N>2 N Jpxrayw N>2 N

N
[ SO 07 < o
x i=1
(1.12)
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as well as

1
HN(fJ%|f(?N):N leog( Iy ~)dZ =0, as N — oo.
(DxR4)N foN

In the case o — 0 =0, we also assume that

su 1+ 2| ?* 4 v 2 dZ < . 1.13
oy [ Z o+ ) 1% (1.13)

There exists a universal constant C s.t. for any corresponding weak solution fx to

the Liouville Eq. (1.6) as given by Proposition 7 and for any t < T
C
Hy(fn(@)fPY) <e CtliKlzoe 05/As <HN(fzov|f§§N) +ay + N) — 0, as N — oo,

where ay = C (0 —on)?/(con) if o >0 and ay = Coy if o = 0.
Hence for any fized k, the k—marginal fny of fn converges to the k—tensor

product of f in L' as N — oo, i.e.

1 fng = f# I =0, as N — oo (1.14)

1.5.3 Consequence of the main result

Mean Field Limit. The main theorem above is a Propagation of Chaos result
but in a stronger form. In particular, any marginal fy; converges towards f®* in L'
norm with an explicit rate. Propagation of chaos implies the classical Mean Field
limit. Firstly note that the 1-particle distribution fy; converges to f in L.

Secondly, assume that one can obtain solutions to the SDE (1.1) system (at
least for a short time independent of N) for almost all initial data. Consider now
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a solution to (1.1) with random initial data determined according to the law fy;
the solution (X(t), Vi(t),..., Xn(t), Vn(t)) is hence random as well (even the de-
terministic system (1.1) with oy = 0 propagates any initial randomness). Then the
empirical measure as defined by (1.7) satisfies puy(t) — f; in law in P(P(D x R?))
for t < T and also that with probability 1, uy will converge to f for the weak — %
topology of measures. We refer to [69,71,91,135] for a more precise presentation of
this connection between the various concepts of Mean Field limit.

Some other stronger notions of propagation of chaos have recently been more
thoroughly investigated and some of the connections between them elucidated in
[83,116,117].

Weak-strong argument. Our main results are quite demanding on the expected
limit f, in particular through assumption (1.10). They are essentially weak-strong
type results: Weak requirements on fx(0) and K are replaced by strong assumptions
on the limit. In Theorem 1 the assumption (1.10) is satisfied if f has Gaussian or

vlo|*

any kind of exponential decay: f ~ e~ . In general C* functions with compact
support cannot satisfy (1.10) though Gevrey-like regularity seems to be possible.
Relative entropy turns out to be a very convenient norm for studying the mean
field limit. But the major restriction is the existence of smooth solution (and also
uniqueness) of the mean field PDE. How to extend the relative entropy method to

the case where discontinuity could occur in the limit PDE is critical. But major

difficulties might arise.

The validity of the time interval. All the theorems here are really conditional
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results: They hold on any time interval [0, T for which one has existence of ap-
propriate solutions f to the McKean-Vlasov Eq. (1.3). In particular, Prop. 10
guarantees that such a time interval will exist in Theorem 1 but 7" could be larger
than what is given by Prop. 10. One may have T" = +oco for some initial data or if

additional regularity is known for K.

1.5.4 Comparison with the literature

The first proofs of the mean field limit for deterministic systems such as (1.1)
with on = 0 were performed in [24,49, 121] (see also [133]) and for stochastic
systems (1.1) and (1.2) in [114] (see also [115,135]). Those now classical results have
introduced the main concepts and questions for the mean field limit and propagation
of chaos. They demand that K € W1 and rely on the corresponding Gronwall
estimates for systems of ODEs (extended to infinite dimensional settings).

Classical results of the mean field limit need the kernel K € W, One
possible way to overcome the singularity is to regularize or truncate the kernel K.
Since in many settings (like Poisson kernel), K is only singular at the origin, this
leads to working with a smooth Ky s.t. Kn(z) = K(z) for |x| > ey, en being small
parameter which typically vanishes when N — oco. The accuracy of the method
depends on how small the scale ey can be taken; one critical scale is ey = N —1/d
which would be the minimal distance in physical space of N particles over a grid.

For Poisson kernels, K = C z/|z|?, the mean feld limit was obtained for par-

ticles initially on a regular mesh in [66,142] for e >> N~'/%. When the particles
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are not initially regularly distributed, propagation of chaos was obtained in [67]
but only for ey ~ (log N)~!. Those results were recently improved in [104] with
much smaller truncation scales ey ~ N~/9%¢. See also [102,103] for more detailed
discussion of the derivation of the Vlasov-Poisson (or Vlasov-Maxwell) system.
The only results for deterministic 2nd systems with singular, non-Lipschitz,
kernels without truncation are [81] and the more recent [82] for the propagation of

chaos. Those require that K satisfies for some a < 1

Theorem 1 does not require any bound on |V K| but does not allow K to be un-
bounded either. It is therefore not directly comparable. In fact Theorem 1 is inter-
esting precisely because it introduced a new and unexpected critical scale, K € L.

Notice that the 2nd system (1.1) has a degenerate stochastic part (there is no
diffusion in the z variable) which may in addition vanish at the limit if oy — 0.
Theorem 1 is the only result that we are aware of in such a degenerate setting for
non Lipschitz force terms.

Using a quite different method, i.e. viewing the ODEs as a differential inclusion
system, the article [30] also deals with some flocking models with rough but bounded
influence functions, which shall be compared to our assumption that K € L.
We also refer to [84] for the Vlasov-Poisson-Fokker-Planck system with Coulomb
forces in 1D (hence the forces are bounded) and [80] for the earlier Dobrusin type
estimate [80] for the 1D Vlasov-Poisson system.

The relative entropy method is widely used in the context of “diffusion limit” or
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“scaling /hydrodynamic limit” context, see for instance [143] and earlier the entropy
method [74]. It has also recently been applied to SDEs, for example in [59]. But to
our best knowledge, it is the first time to be applied in the mean field limit in our

work [93,95].

1.6 Relative entropy estimates: the need of combinatorics

Our results show relative entropy s the right norm to obtain the mean field
limit. The proof of our main results relies on the study of the evolution of the relative
entropy Hy(t) = Hy(fx(t)|fZY). Since initially Hx(0) is small (Hy(0) — 0
as N — o0), to make the relative entropy method work, we only need to show
L Hy(t) < o(1) when N — oo.

In this chapter, we only prove an special case of Theorem 1: We focus on the
deterministic case oy = ¢ = 0 and assume a stronger assumption for the limit f,
that is

V,log f € L™ (1.15)

All other assumptions follow exactly Theorem 1. The complete proof of Theorem 1

will appear in Chapter 3.

1.6.1 An intuitive example

In order to illustrate under what conditions we can expect that < Hy(t) < o(1)

when N is large, we consider the following more general questions.
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Consider the following two PDEs for gn(t) € P(EY) and hy(t) € P(EY)

gy + Lngn =0 (1.16)

and

athN—l-LNhN:QNhN, (117)

where iLy is a self-adjoint linear operator, while supy ||@Qn|[z~ < C < 0.

Under this setting, one has

Lemma 2 Assume that the system (1.16) dissipates the entropy

/ gn(t) log gn (1) dZ < / g log g% dZ
EN EN

and the system (1.17) with supy ||@Qn ||~ < 00 admits a strong solution hy(t) with

corresponding smooth initial condition hS; fort € [0,T], T > 0. Then fort < T,

d
FHQN — hy|lr < / |Qn|hn dZ < sup [|Qn| Lo, (1.18)
t EN N
and
d1 gn 1 / supy [|Qn || Lo
— log 2= dZ < —— d < ——— =~ | 1.19
AN J vl dzs =5 | onCndZ < N (1.19)

Proof For the L! distance, one has

Olgn — hn| + Lylgy — hn| < |Qn|hn.

Taking integrals on both sides and then integration by parts gives

d
Sl =l < [ 1@vlhx dZ < Qo
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For the relative entropy, since we have already scaled it with the factor 1/N,
we expect its time derivative is in the order 1/N, provided that supy ||Qn| L= < oo.

Since gy dissipates the entropy, written in a formal way, that is

(0 + Ly)(gn log gn) < 0.

Since hy is a strong solution, one has
at IOg hN + LN log hN = QN-

Hence the evolution of the relative entropy can be computed formally as

S Jonlog i dZ = 5 [gnloggy — [Ognloghy dZ — [ gn0,log hy
< — [gn(0 + Ly)loghy = — [ gnQn

that is

d1

— | N4z < —— dZ.
N |9 og . /QNQN

Under the assumption supy [|@n||L= < 00, one obtains (1.19). This completes the

proof. O
Consequence of Lemma 2. We can conclude that given supy |[|Qn||r~ < o0

n (1.17),

av(®)log 2 8 < /N

1
N/ gNlog <C’/N:> ~

for t € [0,7]. Usually T cannot be arbitrarily large since the strong solution hy
might cease to be smooth (develop shock for instance) after a period of time.

If we can establish (1.19) in Lemma 2 for gy = fn, a weak solution to the
Liouville equation (1.6) and hy = fy = f®V, where f is the strong solution to the
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Vlasov equation (1.3), then combining with Prop. 2, the relative entropy estimate
(1.19) implies propagation of chaos. In particular, in the following of this chapter

let us write

Hy(t) = Hy(fn(O)1 (1), Hi(t) = He(fn ()] /4(1)

in short. If S Hy(t) < £ holds true as (1.19) in Lemma 2, then combining with

Prop. 2, we would obtain

1 fna(t) = f7ler < v/2kHy(t) < /2kHy () — 0

as N — oo given the asymptotic initial condition Hy(0) — 0 as N — oo. The
relative entropy estimate for the joint law fy can be transferred to the counterpart
of its marginals fx, which then implies the propagation of chaos. Next subsection
is devoted to show why we can expect %H N(t) < % even though the essential

supy ||@n ||z < 00 is not satisfied.

Why L' norm does not work. The L' norm does not work well simply because
it does not have the tensorization properties as for the entropy and the relative
entropy, in particular Prop. 1. Set gy = fy and hy = fy = f®V. Then under the

assumption that supy ||@n||z= < oo, the L estimate (1.18) in Lemma 2 becomes

d - _
il = Il < [ 1Qx1wdZ < supQulo~ < C, (1.20)

where C'is a universal constant.

However, we do not have a counterpart of Prop. 1 for L' (or LP) distance.
In particular, for fy € Psym(EN ) and fy; its 1—marginal, we cannot control
|fn1 — fllzr by any normalization of ||fx — fx|z: in the form ﬁHfN — full
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with Ay — oo as N — oo. Indeed, by choosing fy = g%V, where g € P(F) and

lg— fllzr = %, one has

5= lg = fller = 1 fva = fllor < N fv = Fvlle <2,

while ﬁHfN — fnllzr = 0as N — oo.

As a result of Lemma 2, in particular (1.18) or (1.20), even though

Ifx = Falln <C = |lfn(t) = fn@®)]l < C

for any t < T, we cannot recover any useful information for the marginals, except

for the trivial bound

1 fxp(®) = fE5 o < fn(t) = Il < C

which tells us nothing about the mean field limit or propagation of chaos.

1.6.2 The need of combinatorics

By Prop. 2, it seems tempting to apply Lemma 2 to the Liouville equation
(1.6) and a variant Liouville equation for fy = f®N. Let us first write down two
concrete examples for systems (1.16) and (1.17).

We now take Ly as the Liouville operator of (1.6) with o = 0. That is

N 1 N

i=1 i=1 j#i

Therefore the Liouville equation (1.6) with oy = 0 can be written shortly as

Oifn + Lnfn =0.
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Recall fn(t,Z) = ¥, f(t,2). It is easy to check that fy solves
Oufn + > vi- Va v+ Kxp() - Vo fv = 0.
i=1 i=1
Or using the Liouville operator Ly,

Ofn+ Lyfx = Ry fn (1.21)

where we define
N
RN::%fE:V%k%f@%va-{K@g—xﬁ—aK*p@w}. (1.22)
ij=1

The Ry is an example of Q) as in Lemma 2.

However, the basic but important assumption supy ||@Qn|lz~ < C does not
hold for our Ry defined in (1.22). Indeed, a priori Ry = O(N) since it is in a
double summation form but only normalized by 1/N. This indicates the need of
combinatorics which is the main technical difficulty of our method.

Recalling the calculations in Lemma 2, one has

Hy(t) < Hy(0)— = [

>~ - - fNRN dZdS (123)
N 0 EN

where Ry is the double summation defined in (1.22). We can complete the relative

estimate (1.23) by showing that

1 C
—— 7<=
N ENfNRNd =N

However, a priori Ry = O(N) indicates that this is only possible if we can
have certain cancellation rules. Recall that in the classical Laws of Large Numbers,

the independence of N random variables (or their joint distribution is tensorized)
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plays a key rule in obtaining the very famous convergence rate 1/v/N. We thus seek
to replace fy by a tensorized object, hopefully fy = f®V. We have the following

lemma

Lemma 3 (Evolution of the relative entropy) Consider any weak solution fy
to the Liouville equation (1.6) and f the strong solution to the Vlasov (1.3) with
initial data f3 and fy respectively. Recall that fy(t) = f2~. Then the evolution of

the relative entropy Hy(t) = Hy(fn(t)|fn(t)) reads

11 -
Hy(t) < /HN ds+;ﬁ fNeXp(V|RN|)dZd3,

where Ry is defined in (1.22) and v is an positive parameter.

Proof Applying the Frenchel’s inequality to the function u(x) = zlogz, that

is for any z,y > 0, xlogx < xlogx + e¥~!, we obtain

—5 [ InBNdZ < o5 [ ( V|RN|>
< %%fleog%dZ 1L [ fyvexp(v|Ry|)dZ

Therefore

1

1
N fNBydZ < —Hy(fn|fn) + ——/ fnexp(v|Ry|)dZ
EN 1%

Combining with (1.23) or integrating over time ¢ completes the proof. O

We have changed the reference measure fy to a tensorized one fy but as a

compensation |Ry| becomes exp(|Ry]).
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1.7 Combinatorics: Laws of Large Numbers

By the previous Lemma 3, we can conclude the relative entropy estimate by

Gronwall’s inequality if we can show under proper assumptions

/fN exp(v|Ru]) dZ < C < 00

where C' does not depend on N. This is the place where the combinatorics, in spirit
of Laws of Large Numbers, comes in. In this section, we will establish this main
estimate under a stronger assumption V, log f € L* or (1.15), concluding the proof

of this special case of Theorem 1.

1.7.1 Classical Laws of Large Numbers

Recall the very famous Laws of Large Numbers in probability. To make it
adaptable to our framework, we consider the L2, L* or more general L?* convergence

of the experimental average =y towards the mean value pu.

Proposition 3 (Law of Large Numbers in L?) Assume that a sequence of in-
dependent and identically distributed (real) random variable £, &, &y, - - - in L*(Q, P, F)

with the same law g € P(R). Define Ex = —]{, ) jvlgi. Then
I —/ () ] <% S0 N —
= xg(x)dz| r2q, , as 0.
N L2(Q,P) i

Proof For simplicity we let p = E{ = [xg(z)dx = 0. Then one simply

calculates
| X
E(= 2:—2§ &, QZNQE E¢ = E§2%0 (1.24)
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as N — oo. The crucial fact here is the independence of each pair (§;,,&;,) with

11 # 19, leading to the vanishing of off-diagonal terms

Therefore one has the L? convergence with the very famous convergence rate 1/v/N.

O
Let us translate the expectation into the integral against the joint law gy =

g®N of &, -+, &y. Indeed, the cancellation rule (1.25) reduces to the following

/R @ a,gn(X) dX = < /R xilg(xil)dxil) ( /R xiQQ(xiQ)dxiQ) .

provided that 7; # is.

In this trivial case, we have N? multi-indices I, = (i1,19) in the summation
(1.24) while only N diagonal terms I = (i,4) will not vanish after taking expecta-
tion or integral against the tensorized joint law gy. Note that N = v/N2, which
corresponds to the critical convergence rate 1/v/N.

Of course here the combinatorics is almost trivial, but the counterpart for the

convergence in L% needs more advanced combinatorics, which motivates our work.

Proposition 4 In the setting in Prop. 3, we further assume that

Eleli = / 2fig(z) dz < 1 (1.26)

fori=1,2,---. Then for any integer k, one has the L?** convergence
CVk
||EN—/$9($) dz||p2r.p) € —F=-
= (©Q,P) N
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Proof The assumption (1.26) for g € P(R) trivially holds true if the support
supp(g) C [0, 1]. As usual, we assume the mean p = 0 for simplicity. We can expand

the expectation as

BE* = Y B ) (1.2

1<y, igg <N
We summarize the cancellation rule as follows. Any term in the summation

with index Io, = (i1, -, i9) vanishes, i.e.

E(&l fm) = /NJ?z‘l "‘$i2ngdZL’1"~ dl‘N =0
R

provided that there exists 7, such that

7:04 ¢ {ila e 72.04—171‘04—&-17 o 7i2k}-

Consequently, the multi-indices I, for non-vanishing terms all belong to the

effective set En ox, which is defined as
Enok = {lor = (i1, - i) |1 # a, = {1l <a<2kl|i,=v}|, v=1,---,N}.

In other words, any multi-index Iy, € En2; has no singleton: any integer in I must
be repeated.

Hence one has

EEN" =5z 2. Blen &)

Iy €EN 2k

For each non-vanishing term, one has the trivial estimate

E(é‘ll .. é‘z%) — E( %1 ce ?VN) < (E’é“al) B (E’f‘aN) < 1’
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where a, is the multiplicity of the integer v in Io.

Applying the Lemma 5.5 in Chapter 5, we can bound the cardinality of Ey o

as

|En k] < kePNFEF.

Combining all the estimates above, one finally obtains

_ 1 1
E(En)* < N Y ooi< m(kze’“k"“).

Iy €EN 2k
Therefore, we can still get the usual convergence rate 1/v/N. O
In this advanced case, the total number of multi-indices I is N%*, while
the cardinality of the effective set Ey o is in the order of C*k*N* which is again

roughly vV N2k, Here the effective set Eyor can be regarded as a set of General

Diagonal Multi-indices .

1.7.2 Combinatorics for double multi-indices

Now we go back to show that under proper assumptions

[ Foesptl iz <0<

where C' does not depend on N. Our main estimates as in Theorem 5, Theorem 6
and Theorem 7 are all written in this form.

We here present a basic main estimate result, which can be proved by some
similar but advanced combinatorics arguments in the spirit of Laws of Large Num-

bers, in particular Prop. 4.
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Theorem 2 Assume that ||K||p~ < oo and ||V, log f||p~ < oo. For parameter

v >0 with v||K||1~||V,1og f||L~ < 1/C, one has

/ Fy exp(v|Rx]) dZ < € < o0
EN

where C' is a universal constant and fx = f®N and Ry is defined in (1.22).

The preparation of the proof of Theorem 2. For simplicity we set v = 1. The
classical Laws of Large Numbers such as Prop. 3 and Prop. 4 cannot directly apply
to the exponential function. Therefore, by Taylor expansion for y = exp(x) and

Cauchy-Schwarz inequality, one expand the above integral as a series

fvexp(|Ryl|)d Z |/fN|RN|2’“dZ. (1.28)

EN =0
If we can show the above series converges, the job is done. There is no better way

but to expand Ry by its definition. Therefore the k—th term

1 r 2k
— dz
2k)! /EN Ixlitx|

can be expanded as

N2k / Z Z (El : (SKil’jl) . (E% . 5Ki2k7j2k) f_N dZ, (129>

1<i, i <N 1<iog,jok <N

where we define
Fi = Vvi IOg f(fl, UZ‘), (SKi’j = K(ﬁl - Ilfj) — K*p(l’l)

Under the assumption ||V, log f||L~ < oo, the k—th term can be estimated

with

i [ RN 42 < N QIR o[V, g fl=)™ . (130
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We divide the estimates for (1.28) into two cases. For the case when k < N
(actually we will choose 4k < N), the right hand side of (1.30) will blow up if we
fix k but let N — oco. Therefore in this case we should go back to (1.29) and make
use of the combinatorics in spirit of Prop. 4 to complete the estimates. For the case
when £ is large (actually we choose 4k > N), the trivial bound (1.30) is sufficient.

Now Theorem 2 is a natural consequence of the following two propositions.

Proposition 5 (The case 4k > N) In the ezpanding (1.28), for 4k > N, the

k—th term can be estimated as
1 _
ot | RN 42 < (1] K [ og i)™

Proof of Prop. 5 This proposition is a direct consequence of the trivial bound

(1.30). Indeed, since 4k > N,

1
wN% < (Qk,)—Zker (41{‘)% _ (26)%,

where we use the inequality pP < pleP in Chapter 5 as a consequence of Stirling’s

formula. Inserting it back to (1.30) completes the proof. O

Proposition 6 (The case 4k < N) In the expanding (1.28), for 4k < N, the

k—th term can be estimated as

1

(2k)! / B[ fy dZ < (ClIK |1~ | Vo log fllz=)™

where C' is a universal constant which does not depend on N.
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Proof of Theorem 2 is trivial now: by assuming Prop. 5 and Prop. 6 and
setting v (or || K||1<||Vylog f||z~) be small enough, the series in (1.28) will con-
verge. In the following, we focus on the proof of Prop. 6, which is the place where

combinatorics plays a crucial role.

In the case 4k < N, we shall go back to the complete expanding (1.29) and
try to find the cancellation rules. More careful treatment will be given in Chapter 6
and Chapter 7. Here we give a general framework under which Theorem 2 or Prop.
6 shall be expected.

The general cancellation rules for the 2nd order case is simple. The exact
formulation is Lemma 17 in Chapter 6. Here we summarize the essences as the

following lemma

Lemma 4 Assume that 4k < N. Consider double multi-indices (lay, Jop) with
Ly = (i1, ,io) and Jogp = (J1,- -+, J2k), where each component is chosen from
{1,2,---, N}. Therefore the term with multi-indices (Isy, Jo) in the expanding (1.29)
will vanish provided that one of the following statements is satisfied:

1) there exists one i,, such that io & {i1, -, ia_1,%a + 1, -, o };

2) there exists one jg, such that jg & {i1, 42, -, dok} U{J1, -+, J8=1, Jp+1s - s J2k -

Lemma 4 can be easily proved by Fubini’s Theorem and the following two type

cancellation rules (2.15)
/Fz' : 5Ki’jf(37i7vi) dxz; dv; = 0, /Fz : 5Ki’jf($jyvj) dz; dv; = 0.
The complete proof will be given in Chapter 6. Since a typical non-vanishing term
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in (1.29) can be estimated as
/ (Fyy - K)o (Fy, - SK2002%) fiy dZ < (2| K| 1|V log fll1)%,  (1.31)

the crucial part is to count how many terms will not vanish.

We need to count those double multi-indices (/o Jor) such that neither con-
ditions in Lemma 4 are satisfied. Consequently, I, must has no singleton, i.e.
Ly € Enok. And for fixed I, € Enok, Jor shall be chosen according to Ip;. In

particular, Jo; belongs to the set defined as

( 3\
either for all 1 < v < 2k,j, € {i1, -+, i };

I
PN = J2c € Tnak | or for any v such that j, ¢ {i1, -, i},

Jv' # v, such that j, = j,.

\ /

Iog

By Lemma 18 in Chapter 6, we has the right order for the cardinality for Py,
that is

Pyl < CFEFNE,

where C' is a universal constant.

Therefore one reaches the following lemma

Lemma 5 In the ezpanding (1.29), the number of double multi-indices (Iax, Jox) for

non-vanishing terms can be bounded by C*k** N?* where C' is a universal constant.

Proof. The proof is simply. Since the number of all possible choices of I
is bounded by C*k* N* by Lemma 5.5, and for fixed Iy, the choices of Jy; is also
bounded by C¥E¥N*, the multiplication principle of counting will complete the
proof. O
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The total number of all the double multi-indices (Iog, Jox) is N4. The total
number of the non-vanishing multi-indices for (1.29) is in the order C*k** N?* which
is roughly v N4, This agrees with the case in classical Laws of Large Numbers, in

particular Prop. 4.

Now we can prove Prop. 6 by assuming Lemma 5.
Proof of Prop. 6 First, by Lemma 4 and Lemma 5, the expanding (1.29) can

be reduced to

11 e 7
(%) N7 > /EN(E1'5K H) e (B - 0KPR20) fiy dZ.

I
IszEN,zkszkGPI\igk

Combining with the trivial bound (1.31), it can be further bounded by

1 1
o chk%N?k 2| K|| ||V log f”LOO>2k _

Applying p? < pleP to p = 2k will give the final form in Prop. 6. O

More complete treatments of the combinatorics argument would appear in
Chapter 5 —Chapter 7. The stronger assumptions (1.26) for the Law of Large
Numbers in L?* space agree with similar strong moment assumptions for the limit
law f in our problem: here we assume a stronger assumption V,log f € L,
which can be relaxed to the assumption (1.10) or an equivalent moment assumption

M, Vo lo; : . . . .
SUP,>1 - = SUPp> % < 00. See the discussion in Section 3.2.
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Chapter 2: Main results for the 1st order system and the comparison

with the literature

From this chapter, we deal with the technical issues of the mean field limit in
our framework in a complete way. Our main result for the 1st order system will be
presented and compared to the existing literature. In the last part, some related

problems will also be discussed.

2.1 Existence of weak solutions of the Liouville equations

As illustrated in the previous chapter, we are working at the level of the
Liouville equations. Recall that for the 2nd order system (1.1), the evolution of
the joint law fy(t) = Law(Xy(t), Vi(t), -+, Xn(t), Vy(t)) is given by the Liouville

equation

N
Oy + ) v Vafn + 5 ZZK i — ;) vvlfN—o—NZAv,fN, (2.1)

i=1 i=1 j#i i=1

as first stated in (1.6).

Similarly, for the 1st order system (1.2), the joint law/distribution

pn(t, X) = Law(X,(t),---, Xn(t)) € P(T%
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solves the corresponding Liouville equation

N N N
1
ﬁtpN+Z divxi(pNF(xz-))—i—N Z Z divy, (onK(x; — ;) = on Z Agpn. (2.2)
i=1 i=1

i=1 j#i

Again the Liouville equation (2.2) can be derived from It6’s formula (see [88]),
applied to ¢(X1(t), -+, Xn(t)) directly.

The transition from the original particle systems (1.1) and (1.2) to their cor-
responding Liouville equations (2.1) and (2.2) respectively enjoys an obvious advan-
tage: We can now consider more general kernels K. Indeed, if we work at the level
of SDEs, the It6’s theory on the well-posedness for the Cauchy problem of (1.1) or
(1.2) requires that K be at least locally Lipschitz. However, very weak assumptions
on K (for instance K € L™ in the 2nd order case) can guarantee the existence of

weak solutions to the Liouville equations (2.1) and (2.2).

2.1.1 The 2nd order case

For the completeness we first present the existence of the weak solutions to

the Liouville equation (2.1) in the 2nd order case.

Proposition 7 (Existence of weak solutions to the Liouville equation (2.1))
Assume that K € L™ and that the initial data f% > 0 satisfies the following as-

sumptions

i) f% € LY((D x RHON) with f(Dde)N Xdz =1,

(2.3)
“’) f(DXRd)N f]% log f]?/ dz < 00,
together with the moment assumption
N
i) / 37 (L [zl 4 o) £ dZ < oo, (2.4)
(DXRd)N i=1
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for some k > 0. Then there exists fy > 0 in L¥(Ry, L'((D x RHYN)), which is a

solution to (2.1) in the sense of distribution and satisfies

) Joxpey IN(E2)dZ =1, forae. t,
i1)  fipuga In(t2) log fn(t, 2)dZ + ey [y [ gay LA A7 ds
< f(Dde)N fylog fRdZ,  forae. t,

111) SUP;e(o, 7] f(Dde)N Y (1 + [z ** + |v;**) fn(t, Z2)dZ < o0, for any T < .
(2.5)

For fixed N, we can find weak solutions to (2.1) which dissipate the entropy
and propagate the moment provided that the initial entropy and moment are finite.

More detailed discussions will appear in Section 2.1.3.

2.1.2 The 1st order case

Before stating the existence result for the law py () solving the Liouville equa-
tion (2.2), let us fix some notations first.
The notation K € W1 means that there exists a d x d matrix-valued

function V' = (Vi;)1<pi<a defined on D = T¢ with
| K |w-100 := ||V |z = sup ||[Villpe < 400
1<h,1<d
such that
K=(K'--- K% and K"= Zaﬂvm, h=1,---,d. (2.6)

Sometimes we also write (2.6) as K = divV for simplicity.
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Proposition 8 (Existence of weak solutions of the Liouville equation (2.2))
Assume that the underlying domain is D = T¢. Assume that divF € L™ and
that K permits a decomposition K = K, + Ky where Ky € L™, Ky = divV with

V' = (Viu)1<ni<a s a d x d matriz valued function such that

sup |Vu(z)| < Cy/|loglz||, for any x € D.

1<h,i<d

We further assume that the initial data p% > 0 satisfies the following assumptions

i) pX € LYDY) with [y p%dX =1,
(2.7)
i) Jon PR log Py dX < oo.
Then there exists py > 0 in L>®°(Ry, L*(DV)), which is a solution to (2.2) in

the sense of distribution and satisfies

i) Jovon(t,X)dX =1, forae. t,

g )2

i) Jow pn(t X) log px(t, X) dX + on [y fpn 220 X ds

< Jon P log oy dX — + SV > i f(f Jon pn (s, X) (divyKy)(z; — ;) dX ds
+% 2511 Zj;éi fot fDN Vapn Ko(x; —x;)dX ds

+ Zf\il fot fDN pn(div,F)(x;)dX ds, fora.e. t.

i11) SUPyepo, 71 Jpm Zf\il (1+ |zi]?) pn(t, X) dX < 00, for any T < co.
(2.8)

2.1.3 Remarks on Proposition 7 and Proposition 8

We omit the proofs of Proposition 7 and Proposition 8. It is straightforward by
approximating K by a sequence of smooth kernels K, and then passing to limit. The
weak solutions we used here are those dissipating the entropy. And the dissipation
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of the entropy, i.e. the Fisher information (see Appendix A), will be helpful in the

1st order case to obtain the mean field limit for K € W1 for instance.

We do not have uniqueness in Proposition 7 and Proposition 8: There could
be several such solutions. Even though we do not have uniqueness here, any weak
solution fx(t,Z) or pn(t,X) prescribed in the above propositions will be close to
the limit f; or p; in the scaled relative entropy sense as illustrated in Chapter 1
when N is large: Main results on propagation of chaos do not rely on the specific

choice of weak solutions fy or py.

Uniqueness and in general the well-posedness of the Cauchy problem for trans-
port equations like (2.1) or (2.2) with oy = 0 are usually handled through the the-
ory of renormalized solutions as introduced in [47] and improved in [4] (see also [6]

and [44] for a good introduction).

Renormalized solutions not only give well-posedness to transport equations
like (2.1) with oy = 0 but also provide the existence of a flow to the corresponding
ODE system thus giving a meaning to the ODE system (1.1) with oy = 0 for

instance.

In the case o = 0, the general setting of [4] would require K € BV. That
may sometimes be improved for 2nd order systems like (1.1), see [22,23, 38, 92].
However for a system in large dimension like (1.1), it seems out of reach to obtain
renormalized solutions or a well posed flow with only K € L. Therefore in that
case, it is actually critical to be able to work with only weak solutions to (2.2).

If one had a full diffusion, that is A,fy + A, fy in the Liouville equation
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(2.1) or A,py in (2.2), it would in general be possible to obtain uniqueness together
with a flow for the system (1.1) or (1.2) respectively in some sense, see for instance
[38,39,55,106]. Note though that even for oy > 0, the diffusion in (2.1) is degenerate
(diffusion only in the v; variables) so that even for oy > 0, well posedness for the

equation (2.1) does not seem easy with only K € L.

Of course our analysis also applies to more regular interactions K for which it
may be possible to have solutions to the SDE systems (1.1) and (1.2) even if only

for short times (for instance K is continuous).

2.2 Main results: Mean field limit for the 1st order system

Now we present our main results for the 1st order system (1.2). Note that in
the 2nd order system (1.1) or (2.1) the space domain I can be whole space R¢ or
the flat torus T¢ while in the 1st order case (1.2) or (2.2) it can only be D = T? due
to the regularity restrictions for the limit law p;.

We have the following propagation of chaos result for the general first order

system (1.2).

Theorem 3 (Propagation of chaos for the 1st order system) Assume that divF €
L*>® and that K permits a decomposition K = Ki + Ky, where Ky € L and

Ky = divV, V = (Vi) i<ni<a s an anti-symmetric matriz valued function with

sup |Viu(z)| < C/|loglz||, for any z €D =T (2.9)

1<h,l<d

We further assume that p(t,z) € L*([0, T], L=(D) N W?P) for every 1 < p < oo
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solves the macroscopic equation (1.4) with

R||1r(pdz
sup ||V, logpllp=~ < o0,  sup (sup M) < 00, (2.10)
t€[0,T) te0,7] \ p>1 p
where we define
Rhl(.’B) = —Olﬁhp( Z |Rhl (2.11)
p(x) Py

Assume that the initial data p% of the Liowville equation satisfies assumptions (2.7)

and
1 0
sup — pN log pj dZ < o0, (2.12)
n>2 N
as well as
Hy(0%105™) N/ leog )dX — 0, as N — oc.

Then for any corresponding weak solution pyn to the Liouville equation as given by

Proposition 8, one has for anyt < T,

Hy(pn()1p8™) < (Hn(p%1p5™) + S + Mo(0 — on)?)

o (exp(-C 1+ (]9

(2.13)

where C' is a universal constant and 0 < h € L'[0,T] with fo s)ds = Cy < 00, C;
depending on t. Consequently, for any fived k, the k—marginal pn i of pn converges

to the k—tensor product of p in L' as N — oo, i.e.
lon e — P®]€||L1 — 0, as N — 0.

Similar consequences of Theorem 3 would follow the discussion in Section 1.5.3.

For instance we would have the mean field limit etc. We remark in particular that
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in Theorem 3, the assumption (2.10) is satisfied if the law p is comparable to the
Lebesgue measure on the torus T and its 1st and 2nd derivatives are all bounded.

The main estimate (2.13) has the very special double exponential rate, which
shall be compared to Theorem 1. Theorem 3 indicates the possibility to propagate
the relative entropy (then chaos) for the very general systems (1.2) or (2.2) even
with singular kernels. Indeed, in Theorem 3, the time 7' can be arbitrarily large a
prior as long as the assumptions (2.10) on p are satisfied.

The assumption that V' is anti-symmetric can be replaced by divK; € L.
Our proof in Chapter 4 applies to this case in an identical way. We still keep the
original form in Theorem 3 simply because it is more natural physically, considering

the Helmholtz decomposition for instance.

2.3 The difference between the 2nd order case and the 1st order case.

For the 2nd order system (1.1) and its corresponding limit (1.3), our framework

applies in an identical manner in the following three cases

e No randomness oy = 0 where (1.1) reduces to the deterministic Newton dy-

namics.

e Fixed randomness oy — o > 0 as N — +o0.

e Vanishing randomness oy — 0 =0 as N — +o0.

In the general 1st order system (1.2) with K € L, the presence of the noise

o > 01is essential. However, for the 1st order system with the Hamiltonian structure,
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i.e. divK = 0, the following corollary should be a direct consequence of Theorem 1

and a more advanced combinatorics result (for instance Prop. 9)

Corollary 1 For the 1st order system (1.2) with divF € L>®, K € L* and divK =
0. One has the propagation of chaos and hence mean field limit result for (1.2)
towards (1.4) in the vanishing viscosity cases o — 0 or in the purely deterministic

case oy = o = 0 under proper assumptions as in Theorem 1.

The generalization is straightforward: the mean field PDE (1.4) with 0 = 0

and F' = 0 can be written as
op+Kxp-Vup=0, (2.14)

since divK = 0. Now the velocity field K * p is also divergence free as (v, K x p)
in the 2nd order case. The same type cancellation rules as in Lemma 4 shall be
expected for the 1st order system (2.14) with the Hamiltonian structure.

We write the cancellation rules as the following lemma

Lemma 6 Assume that 4k < N. Consider a function ¢ : E X E — R, with the

following cancellation rules

/Eqﬁ(x, Jp(x)dx =0, /Egb(-, z)p(z)dz = 0. (2.15)

Let px = p®N. Then for a double multi-index (Iog, Jor) with Iy = (i1, -+, iox),

Jor = (J1, -+, Jar) and 1 <, jg < N, the following integral vanishes, i.e.

/ gb(miv xj1) e ¢(xi2k> 'Ij2k)ﬁN dry--- dzy =0
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provided that there exists i, such that

Z.Oz ¢ {ila e 7ia—17ia+17 e 71.2/%‘7.].17 e 7j2/€}7

or there exists jg such that

98 & {1, vhoks Jus o5 =1, 841, s Jok )

Lemma 6 can be easily proved by Fubini’s Theorem and the two type cancella-
tion rules (2.15). Notice that Lemma 6 applies both to the 2nd order case (Lemma
4) and the 1st order case (Lemma 19). In particular, for the 1st order system (1.2)

with the Hamiltonian structure (divK = 0), one can set £ =D and

¢(wi,25) = Vg, log p(w;) - {K(z; — ;) — K * p(;)}.

As we have already seen in Chapter 1, the crucial part is to count the effective /non-
vanishing double multi-indices (/s, Jox). This is answered by the following combi-

natorics result.

Proposition 9 Assume that 4k < N. Consider double multi-indices (Iog, Jor) with
Ly = (i1, ,i0k) and Jop = (J1," -, Jok), where each component is chosen from

{1,2,---, N}. Define the singleton of Iy as

Sing(Ior) = {ialia # is, for any [ # a}.

Similarly we can define the singleton of Jor.. We further define the general diagonal

multi-indices as

Dok = {(Lok, Jor)|Sing(Lax) C Jox, Sing(Jar) C Loy},
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where in Sing(Iay) C Jop we treat Jop, as a set of its components and the same for

Sing(Jor) C Iog. Then one has
|DN,2k| S Ckk‘QkNQk,
where C' is a universal constant.

Prop. 9 plays a fundamental rule in obtaining Theorem 3 and also the above
Corollary 1. A slightly stronger version of this proposition will be proved in Chapter
7, which is much more difficult than the counterpart for the 2nd order case, Lemma
4 for instance.

The total number of all the double multi-indices (Ia, Jog) is N*¥, while the
total number of the general diagonal multi-indices (or non-vanishing multi-indices)
is in the order of C*k?* N?* which is roughly v/ N*_ This agrees with the order in
classical Laws of Large Numbers Prop. 4. Furthermore, if we simply set Jo. = 0,
then Dy o1, will reduce to the effective set €y o as in classical Laws of Large Numbers

Prop. 4.

2.4 Comparison with the literature

The mean field limit and propagation of chaos is more well-investigated for the
1st order deterministic systems (the system (1.2) with o = 0 for instance). Systems
like (1.2) with kernels K non smooth only at the origin z = 0 enjoy additional
symmetries with respect to the 2nd order case which make the derivation easier.

We refer to [91] for a more thorough comparison.
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The main example of the deterministic 1st order system is the point vortex
method for the 2D Euler equations. The mean field limit has been obtained for well
distributed initial conditions, see for example [41,72] while the proof of propagation
of chaos can be found in [129,130]. We refer to [79] for the best results so far for

general multi-dimensional 1st order systems.

In comparison with the deterministic case, the stochastic case, oy > 0 in (1.1)
or (1.2), seems harder as many of the techniques developed in the deterministic
settings are not applicable. The Lipschitz case, K € W/llo’coo can still be handled
through Gronwall like inequalities, see for instance [17,29].

In the non degenerate case, oy — o > 0 in (1.2) for instance, the regularizing
properties of the stochastic part can actually be exploited to handle some singularity
in K (up to order 1/|z|). For 1st order systems, propagation of chaos can hence
be proved for the 2D viscous or stochastic vortex systems for the Euler equations,
leading to the 2D incompressible Navier-Stokes system; see [58,63,124]. See also
[64,68,108] for Keller-Segel systems with similar techniques.

Compared to the results in [63,108,124], Theorem 3 is weak in the singularity
of kernels: The stream or potential function can at most have the “square root of
logarithmic” singularity. For example we can deal with a variant stochastic vortex

model for 2D Navier-Stokes by setting

K () =77+ (Vioglal)

which is less singular than the Biot-Savart kernel or the Poisson kernel in 2D.

But we only make assumptions on the order of the singularity, not on the
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specific structure or symmetries of the kernels. In particular, K can be anisotropic
in our results. Also we can even treat measure-valued kernels. For instance we can

choose that

K (21, 25) = (¢(2), 60(21)),  K(w1,22) = Vg0 (21, 22)

where ¢ is a smooth function and Jy is the Dirac mass at the origin while Bg(0) is
the open ball centered in 0 with the radius R > 0. Theorem 3 applies to both cases
since K € W= divK = 0 in both examples. The systems (1.2) with those K
can model certain 2D collision models.

Furthermore, we have obtained explicit convergence rate for the relative en-
tropy and for the L' distance between the marginals and the limit, which is usually
absent from the literature. There are certain results [63,108,124] on the weak con-
vergence up to any positive time ¢, but without any rate since they all rely on

compactness arguments.

We also want to mention several recent results of the mean field limit for the
1st order systems under various assumptions of K. Firstly, in [87] a new coupling
strategy and a Glivenko-Cantelli theorem are used to show the mean field limits for
systems (1.1) or (1.2) with global Hélder continuous interaction kernels K € C%.
For 1st order system, a > 0 is enough. But it requires a > % for 2nd systems
in order to ensure the existence of a differentiable stochastic flow (see [134] for
instance). The results are given essentially in the sense of large deviation. It is not
directly comparable to our results. For instance for a kernel K € L* satisfying our

assumption might not be Holder continuous (even discontinuous) at all.
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Recently, inspired by the work in [131], a mean field limit result is obtained for
the 1st order systems with an s—Riesz interaction gradient, i.e. K = —VW where
W is defined in (1.5). We also refer to the recent preprints [10,11] for the mean field

limit for the 1st order system (1.2) in 1D with kernels like

K@) =29 T c09)

i Ed
where ¢ € CZ(R?). The proof relies on the convexity property of the interaction
potential and the corresponding functional. Gradient flow techniques [5] in metric

spaces or I'—convergence for certain functionals play a crucial role there.

The technical tools developed in this thesis could be applied to more compli-
cated systems. We expect that the relative method will be a standard tool and a

useful norm to study the mean filed limit and related problems.

2.5 Related problems

There are many other interesting questions that are related to mean field limit

for stochastic systems but that are out of the scope of this thesis. For instance

e The derivation of collisional models and Kac’s Program in kinetic theory. Af-
ter the seminal in [101] and later [37], the rigorous derivation of the Boltzmann
equation was finally achieved in [65] but only for a short time (of the order
of the average time between collisions). The derivation for longer time is still
widely open in spite of some critical progress when close to equilibrium in [14].
Many tools and concepts that are used for mean field limits were initially in-
troduced for collisional models, such as the ideas in the now famous Kac’s
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program. Kac first introduced a probabilistic approach to simulate the spa-
tially homogeneous Boltzmann equation in [97] and formulated several related
conjecture. For most recent progress in Kac’s program, we refer in particular

to [83,116,117].

The Boltzmann type kinetic equations have been derived formally in certain

flocking models with topological instead of metric interactions [12,78].

Stochastic vortex dynamics with multiplicative (instead of additive) noise lead-
ing to Stochastic 2D Euler equation. In [58], the authors showed that the point
vortex dynamics becomes fully well-posed for every initial configuration when
a generic stochastic perturbation (in the form of multiplicative noises) com-
patible with the Euler description is introduced. The SDE systems in [58] will
converge to the stochastic Euler equation, rather than Navier-Stokes equation
as the number N of point vortices goes to infinity. However, the rigorous proof

of the convergence is difficult and still open.

Scaling limit (hydrodynamic limit) of random walks on discrete spaces, for
instance on lattice Z¢ for which we refer to [98]. In this setting, one also tries
to obtain a continuum model, usually a deterministic PDE, from a discrete
particle model on a lattice, as N — oo and of course the mesh size h converges
to 0. An interesting observation is that we can use a stochastic PDE as a

correction to the limit deterministic PDE, see [48].

Quantum many particle systems and the derivation of non linear Schrodinger
equations (nonlinear Hartree or Gross-Pitaevskii for instance) from N —particle
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linear Schrodinger equation. See for instance [40,53,54,73] and the references
therein. Now a very common strategy is to follow the BBGKY hierarchy and
in particular show the uniqueness of the infinite hierarchy. It is natural and
tempting to cook up a controllable norm (as the relative entropy in our case)
to compare the quantum many particle systems and the coresponding limits.

We refer to [70,131] in particular for recent successes in this spirit.
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Chapter 3: Proof of the main result: The 2nd order case

In this chapter, we give the proof of Theorem 1 by assuming the Main Estimate
(5). The Main Estimate (5) will be proved in Chapter 6 by combinatorics argument.
The main techniques is the entropy analysis which can also be applied to get a weak-

strong uniqueness result Theorem (4) at the PDE level.

3.1 The Vlasov equation (1.3): Weak-strong uniqueness

Our framework, the relative entropy method at the level of the Liouville, is
initially inspired by a classical weak-strong uniqueness argument for the Vlasov
equation, based on the relative entropy of two solutions. Consider two non-negative
solutions f and f with total mass 1 to Eq. (1.3). If f is smooth enough then it
is possible to control the distance between them through the relative entropy of f

with respect to f or

H(t) = HAN@ = [ Flog(})dedo
DxRd f
More precisely, one has the following result

Theorem 4 (Weak-strong Uniqueness) Assume that K € L™, that f(t,z,v) €

L>([0, T, LY(D xR NWLP) for any 1 < p < oo is a strong solution to (1.3) with
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(1.10) for some \f > 0. Then for any f € L>([0, T], LY x R?)), weak solution

to (1.3) with mass 1, initial value fO and satisfying

2 ~ ~
/ flogfd:vdv+a/ / |V f| dxdvds</ % log fOdxdo,
DxRd DxRd

DxR4

one has for some constant C' > 0 and any t € [0, T] that as long as H(f| f)(s) <1

for any s € [0,¢],

H(f| )(t) < exp(Ct|[K|lr (1+1ogby)) H(f| f)(t=0).
In particular if initially f(t = 0) = f° then f = f at any later time.

The short proof of Theorem 4 is given in subsection B.1. It relies at the key step
on a weighted Csiszar-Kullback-Pinsker inequality (see [21]).
Theorem 4 requires enough smoothness on f. Fortunately such solutions are

guaranteed to exist, at least on some bounded time interval as per

Proposition 10 Assume that K € L=, f° € LY(DXxR)NW? for every 1 < p < oo

and s.t. for some Ag > 0
/ eV lngo‘fo dx dv < o0.
DxRd

Then there exists T depending on fO and f € L>([0, T], LY(DxRY)NW1P) solution
to (1.3) s.t. (1.10) holds for some Ay > 0. Furthermore, if o = 0 and we assume
that

|V(a:,v) 10g f0’ < C(]- + |$|k + |U|k)
for some k > 0, then

Sup |V (z.0) log f(t,z,v)| < CeT(1+ |z + |v]").
tel0, T
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The proof of Prop. 10 is straightforward and also given in the appendix.

It is tempting to try to use directly a result like Theorem 4 to prove the Mean
Field limit. In the case of the purely deterministic system (1.1) with oy = 0, one
may associate to each solution the so-called empirical measure pn defined in (1.7).
If (X;,Vi)i=1..v solves (1.1) in an appropriate sense (for instance it comes from
a flow), then uy defined through (1.7) is a solution to Eq. (1.3) in the sense of
distribution. If one could then use a weak-strong uniqueness principle to compare
1y to the expected smooth limit f then the Mean Field limit and propagation of
chaos would follow.

This general idea plays an important role in the recent [104] for instance (see
also [16,103]), leading to an improved truncation parameter (see the discussion after
the main result in Chapter 1). However Theorem 4 relies on a very different weak-
strong uniqueness principle than the one used in [104] and cannot be used directly as
it is. There are several reasons for that: In particular Theorem 4 requires the weak
solution f to have a bounded entropy, which cannot be the case of the empirical
measure [y .

Instead the main result in this article consists in extending Theorem 4 to the
Liouville Eq. (1.6).

The study of well-posedness for Vlasov-type systems is now classical and
mostly focused on the Vlasov-Poisson case (K = C z/|z|?). The existence of weak

solutions was obtained in [7] but global existence of strong solutions in dimen-
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sion 3 had long been difficult (see [8] for small initial data) before being obtained
in [126,128] and concurrently in [107] through the propagation of moments (see
also [125] for more recent estimates). The most general uniqueness result for the

Vlasov-Poisson system was obtained in [109].

3.2 Main Estimate: The need of combinatorics

Instead of trying to use directly Theorem 4, our approach is to try to mimic
its relative entropy estimate but at the level of the Liouville equation (1.6).

First define the tensor product of the expected limit f by
fN(tv Xa V) = szilf(ta Ly Ui)?

We can now directly compare fy to fy through the N dimensional relative entropy

. In log(]i_N) dz.
I

We will also write Hy(t) := Hx(fn|fn)(t) in short. The key difficulty is to find

Hy(fn|fn)(t)

N N ID)NX(]Rd)N

a suitable replacement for the weighted Csiszar-Kullback-Pinsker inequality used
in the proof of Theorem 4. This turns out to be very delicate and it is the main
technical contribution of the article.

Define for any p > 1

M, = (/ |VUloghf]][’fd:z:d’u>p7
DxR4

then one has

Theorem 5 Assume that f € L*NLY(DxRY) with f > 0 and [ f =1, that V,f €

1
827

WEP for every 1 < p < oo with SUD; <)oo % < 00 and that || K|| <supp %) <
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then

- 8e?|| K || o (supp %)
/ Fxexp(|Ra])dZ < 5+6 | <o
(DxRI)N 1 — (862||K||Loo (Supp %))

where fy =Y, f(t,75,v;) and Ry is defined by

Ry = % Z Vo, log f(zi,v;) - {K(z; — ;) — K % p(z;)} . (3.1)

7,7=1
It is straightforward to see why Ry as defined in Eq. (3.1) is the key quantity.

Defining the Liouville operator as

N L N
LN:ZUi'Vri+NZZK($i_xj)'vvi_UNZAW
i=1

i=1 i=1 jti

the Liouville Eq. (1.6) can be written as

Oifn + Lnfn =0.

Indeed since f solves the limit Eq. (1.3) then fy solves the Liouville Eq. with a

right-hand side given by Ry
— — — N —
Oifn + Ly fn = Ry fn + (0 — on) Z Ay fn.
i=1
Theorem 5 is a sort of modified law of large numbers, written at an exponential or

large deviation scale. Contrary to usual laws of large numbers, that have been used

for Mean Field limits recently in [70] with K € W, Ry here exhibits a double
sum so that a priori Ry = O(N) and the challenge in Theorem 5 is to prove that
in fact Ry = O(1).

Finally we observe that the assumption sup, % < 00 is essentially equivalent

to the assumption (1.10) in Theorem 4. Indeed,
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i) supp% < A implies [ feMVee/ldz is finite for any A < Z: By Taylor

expansion for e”,
JfeVelelldz <1437 P [ £V, log P dz

ST+ AP (Ap)P <14+ 307 (eAN).

p=1 p!

ii) Assumption (1.10) implies sup, % < /0\—’;. Indeed, for any p = 1,2, -,

/f|VU log fIPdz < p!)\fp/fg\f [Volog fI 4,
Since p! < pP,

M,
sup — < —sup ferr[Volog ] dz)p < 00.
p

3.3 From combinatorics and Theorem 5, to Theorem 1

Recall that f is a strong solution to the Vlasov Eq. (1.3). Therefore fy solves
— — — N —
Ofn + Lvfx = fnBy + (0 = ox) > Ay fy, (3.2)
i=1

where Ry is defined as (3.1) with the convention that K(0) = 0.
From this point the initial calculations exactly follow the proof of Theorem 4.

Since fx is a weak solution to the Liouville Eq. according to Prop. 7

Hy () = 5 Jippayy fnlog($)dZ = 5 [ fn log fv — & [ falog fn

<~ [ [y log f — % fo / WVfNP + J fvlog fn,

per the assumption of dissipation of entropy for fy in Prop. 8.
Since fy is smooth, log fy can be used as a test function against fy which is

a weak solution to the Liouville Eq. (1.6) so that

/ f log i = / 1% log J2 + /O / J(s, X, V) (9 log fix + Ly log fi) dZ ds,
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where
N

L}‘V:Zvi-vxi—i— ZZK T; — ;) Vvl—f—UNZAvl

i=1 =1 j#i
Since fy is a strong solution to (3.2), this leads to
[ fnlog fv = [ & log f& + [y [ fv By dZds
o Jyf v (B8 + Avlog i) dZds + (0 — o) [y [ 28 dZ ds.
Hence,
Hy(t) < Hy(0) — & ) [ fnRy dZ ds

~5 o S [ i (B 4 Avlog fy )| dZ as (3.3)

—os [0 [ v A dZ ds,

Entropy analysis gives us the following estimate for (3.3).

Lemma 7 One has the estimate for the diffusion terms in (5.3)

_oN f [IVVfN\ (Af‘{]\{zv +AV10ng>] dz — U_]\C;'N ffNA}gI\{N dz
S anN — 07
as N — oo. In particular, we can choose any = 0 in the case oy = o > 0,

o2 . . .
ay = C’% and ay = Copn with a universal constant C in the case oy — o > 0

and oy — 0 respectively.

Proof We now treat the three types of the choices of oy separately.
Case I: oy = 0 > 0. In this case, the last term in the right-hand side of (3.3)

vanishes. Classical entropy estimates show that

|vaN|2 /f ( vfx +Avlogfzv> dz = /fN\Vleg_‘QdZ>O

see the proof of Theorem 4 for detailed calculations.
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Therefore we finally obtain that

0

Case II: oy — 0 > 0. The terms in (3.3) induced by randomness can be bounded

by the entropy of f¥,

ko J [on T o A oy f Ay log f] dZds

=—-3 f(fffN‘ﬂvV log fy — 22V log fy|*dZ ds

_|_(U—4ZN)2 fotf |V\}]J;N|2 dZ ds
— 4o

< M%fé[%(wds

< (04;,]; [ flengN ffN )log fn(t )}

Recalling the assumption (1.12) and Prop. 8, one has for any t € [0, 7]

Sup—/ fnlog fndZ > Cy — sup —/Z 1+ |z fn(t, 2)dZ > —C,
N>2 N (DxRI)N telo, T]

where Cy is a universal constant only depending on the dimension d and C' > 0 is a
universal constant only depending on the uniform bound in (1.12), the time interval

T and the dimension d. Therefore, we obtain that

HN(t) S HN(O) - %/t/fNRNdZdS*FOZN, (35)
0
where
ay = ‘74;;]\[\7 [ /fN fN—_/fN ) log fn(t }_ %

goes to 0 as N — oo and again C' only depends on the uniform bounds in (1.12)
and the time 7" and the dimension d.
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Case III: o)y — 0 = 0. This is the vanishing randomness case, that is there is no
diffusion in the limit Vlasov equation. The terms in (3.3) induced by randomness

in N—particle system can also be bounded but by some moment bounds for f¥,

S 3 1[5 v
75 i ISR o gy By Wy log fi

< Iy offN|VV10ng|2dst

This is the reason why we add here extra moment restrictions. Recall that (1.11)

and the second part of Proposition 10, 7.e.
[V 10g f| < |Vaa log f| < O+ [af* + [o])).
Therefore,
S(on) < C 2 (% JETSoN (0 ™ + o) £y 42 ds) 0,

as N — oo. Hence, we also obtain (3.5) in this case with ay < Coy — 0 as

N — o0o. This completes the proof. O

Now we can proceed to prove the estimate for Hy(t). Recall the Frenchel’s

inequality for the function u(x) = zlogz: For all z, y > 0
zy < zlogx + exp(y — 1).

Hence for v > 0

_peRy <Y (f_N” |RN|) < I ( 2 1og( ) + exply |RN|>) |

Therefore Eq. (3.5) becomes

H(?) gHN(o)+aN+1/ H(s) ds+l%/ /fNexp(V\RNDdZ ds. (3.6)
v /o vN J,
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Now define K = v K and take v s.t.

. M M
1Rl sup =¥ = Kl s =2 < v | Kl 0 /A < 355

We may apply Theorem 5 to K and Ry = v Ry. This implies that

L =sup sup /fN exp(v |Ry|) dZ < 10.

N tefo, T)
Inserting this in (3.6) gives

1 [t 10t
Hn(t) < Ha(0 — H d —
V() < N()+aN+V/O wls) ds+ 00

and up to time T > 0, by Gronwall’s inequality

Hy(fnlfa)(t) < <HN(fN|f_N)(0) +ay + %) exp(t/v), (3.7)

which gives the first part of Theorem 1 taking v=' =16 €2 || K ||~ 07/ A;.

Now we apply Prop. 1, for any fixed k > 1,

Hk(fN,k|f®k) = %/(D Ry fN,k log (%) dzy -+ - dz, < HN(fN|fN) — 0,

as N — oo.
The classical Csiszar-Kullback-Pinsker inequality (see chapter 22 in [138]) then

implies that

v = ¥l < /2R H(f sl F55) = 0

as N — oo. This completes the proof of Theorem 1.
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Chapter 4: Proof of the main results: The 1st order case

In this chapter, we prove the main result Theorem 3 for the 1st order system by
assuming two main estimates Theorem 6 and Theorem 7 whose proof are the main
technical difficulties in this thesis and will be given in Chapter 7. The difference to
the 2nd order case is that presence of the noise o > 0 is essential since we need the
diffusion of the relative entropy (with minus sign) to cancel some bad terms splitting
from integration by parts. Moreover, we apply the entropy estimate in Prop. 8 to
control the average minimal distance (Prop. 12) of particles, which in turn controls

the contribution of the singular part.

4.1 Main Estimates: Combinatorics results

The idea to prove the main result Theorem 3, is rather straightforward: we
study the evolution of the relative entropy and try to control the growth of it.

In this chapter, for simplicity we write that

pn(t, X) = imipi(as) = pP, Hn(t) == Hy(pn(8)|p]™).

In Theorem 3, we assume that the kernel K permits a decomposition K = K; + Ko,

where K; = divV, V is a matrix valued function. The components of K; can be
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written as

d
K=Y 0.Vi, h=1,-.d (4.1)
=1
We further define
OVl = Viu(w; — x;) = Vi % plas), (4.2)

and adopt the convention that V},;(0) = 0 for each 1 < h,l < d. Finally we define
A7 = (div,K)(z; — ;) — (div. K) * p(z;). (4.3)
The main estimates in the 1st order case can be formulated as the following

Theorem 6 (Main Estimate I) Suppose that p € L N LY(D) with p > 0 and

Jpp(z)dz = 1. Assume that g, ¢ € L®(D) with ||¢||r=|lg|lL~ < 5. Then

2e

5
/]DN PN exp(Rﬁ,’f’i)dX <3 (1 + i _0;)3 + ] f @) < 00, (4.4)

where py = Y p(t, z;) and R}f}f’i is defined by

N
1 . iy
R =5 Do o°(w) 00 66,

Ji,j2=1

with §¢" = ¢(z; — ;) — ¢ * p(x;) and
4
o = (2[V]p= | Valogplli=)' <1, 8= (2v2e|[Vi1~ | Valogpllp= ) < 1.

In Theorem 6, the bounded functions ¢, g can represent V}; and |0, log p|

respectively for instance. Therefore one has the following corollary

Corollary 2 Suppose that p € L> N L' (D) with p > 0 and [ p(x) dz = 1. Assume
that V,V,log p € L®(D) with |V | ||V, 1og pll~ < 5. Then

; 5)
sup sup / ﬁNeXp(TZ”) dX <3 (1+ a + ﬂﬁ) < 00, (4.5)
DN

1<i<N 1<h,I<d (I—a)p 1-—
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where py = 1IN p(t, x;) and Tp" is defined by

N

Y (D log p(a:))*6V, 8V, (4.6)

J1,92=1

; 1
Nyi

and a, B are defined similarly as in Theorem 6.

Theorem 7 (Main Estimate IT) Suppose that p € L> N L'(D) with p > 0 and
podx =1, the vector field K = divV, V = (Viy)1<ni<a is a matriz valued function

and that as defined in (2.11) in Theorem 3,

R @
sup —” HLP(pd ) < 00
p>1 b

and

Rl| 1o (pds 2
v = (C’ IV ze + || dive K| po] (supm + 1)) <1,

p>1 b

where C' is a universal constant. Then

3
/ PN exp(@N) dX < T < 00, (47)
DN Y

where py(t, X) =Y p(t,x;) and O is defined by

where R, Ry, are defined in (2.11) while Vi and A are defined in (4.2) and (4.3)

respectively.

The proof of the previous main estimates is the main technical difficulty of the

article and will be given in Chapter 7.
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4.2 The evolution of the relative entropy

The starting point of the proof is the evolution of the relative entropy as per

Lemma 8 (Evolution of Relative Entropy) For py(t) solving the Liouville Eq.
(2.2) and the p; a strong solution to (1.4) with initial data pn(0) and py respectively,

the relative entropy can be estimated as

Hy(t) < Hy(0) — % 3 [on pnGrndX ds — L [0 [Lx pxQudX ds — & [ Dy ds

=Hy0)+1+11+111

(4.8)

where
Gx = 5 3 Vaulogpled) (K (= 25) — K » )} (49)
Qn = % Z {(div,K)(x; — z;) — (div,K) * p(x;)} (4.10)

with the convention that K(0) = 0 and (div,K)(0) = 0 and the diffusion term

(depends on o, oy obviously) is defined as

2 Axp
DNEUN/ MdX+UN/ pNAxlogﬁNdX+o'/ ON )pr dX.
DN DN D

PN N PN
Proof Since py is a weak solution to the Liouville equation (2.2), the relative

entropy Hy(t) thus can be estimated as follows

Hy(®) < 57 Jow pv Lo Z_x dX = 5 Jyw pnlog py dX — § [on pnlog py dX
< % fDN P(J)v logp% dX — fo fDN wd)( ds

S fon (s, X)[(dive F) (2) + % 32, i(dive K) (2 — ;)] dX ds

—% f]D)N PN lOg ﬁN dX
(4.11)
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according to the assumption of dissipation of entropy for py as in Prop. 8.
Recall that p is a strong solution to the macroscopic PDE (1.4), then log pn(X) =
Zfil log p(z;) can be used as a test function against py which is a weak solution to

the Liouville equation (2.2) such a way that

N Jov nlog py dX = [ piy log piy dX (4.12)

+3 Jy Jon pv(s, X) {0:log p + Li log piv} dX ds,

where the dual of the differential operator Ly is given by

N
Ly =2 F@) Vot 5 ZZK R
i=1

zlj;éz i=1

A simple computation shows that

O log piy + Liylog pv = S Vi, log p(x;) - {% Yoz K — ) — K x P(Ii)}

— N (div, F)(z;) — o8 (dive K) » p(a;) + onAx log py + o 22N XPN
(4.13)

Combing (4.11), (4.12) and (4.13), we prove this lemma. O
In the following, we treat three terms I, IT and II] in (4.8) one by one. A

priori trivial bounds for the fist two term read
[ < IVelogplloee [ K|z,  [TT] < [|divE]| e,

which are both in the order 1 and will make it impossible to obtain the expected
smallness of Hy(t), i.e. Hy(t) — 0 when N — oco. More precise combinatorics
results, considering the subtle cancellation rules in the integrals I and 11, will be
critical to get this proof done.

The last term, due to the randomness in the particle system (1.2) and the
corresponding diffusion in the limit (1.4), will help to cancel some bad terms splitting
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from I for instance by integration by parts. That is the reason we need the viscosity
o to be strictly positive even though it can be arbitrarily small.

We deal with the term 11 first. The essential property of K is that K permits
the decomposition K = K+ K, with divK; € L*°, Ky € L*>. We write the estimate

for 111 as the following lemma

Lemma 9 Assume that divF € L*> and that the kernel K permits a decomposition
K = K; + Ky with divK; € L™ and Ky € L. Then the term II1 in (4.8) can be

estimated as

L[ o [ PN
II[=—— | Dyds < —— Vi log Z212dX ds + Ag(o — on)?
N/o vds < QN/O/]D)NpN| XOgﬁN| s+ Ao(o —on)?,

where the constant Ay has the explicit form

2 1 . . T
Ao = (sup — /p?v log p% dX + T div, K1 ||z + T|| divy F|| L + —HKQH%OO) :
o N>2 N o

(4.14)

Proof of Lemma 9 We discuss two types of the choices of oy separately.
Case I: oy = o for any N > 2, i.e. the strength of the noise does not
depend on the number of interacting particles. Then Dy in I11 coincides with the

diffusion of the relative entropy

2
0/ PN Vxloge—N dX.
DN PN
In this case
o [ PN ?
1] = —— pn |Vxlog—| dXds,
N Jo Jo~ PN

which gives the thesis.

71



Case II: oy — o > 0. Without loss of generality, assume that oy > o/2 for
any N > 2 since we are interested in the asymptotic behavior as N — oco. Then

now Dy in (4.8) can be rewritten as

2
Dy =% [pn PN ‘VX log £%| dX 4 F Jon on [ Vxlog py — 22V x 10gPN|2 dX

g

_ (o—on)? Vxpn|?
20 f]DJN PN dX

which is thus trivially bounded from below by

7
9 DNPN

Inserting this back to the term I11, we get

Vx loge—N
PN

? 4 — (U—UN)Q/ IVxpn|? e
20 DN PN

2
r<—= ! pN)vxloge—N dX ds

oc—opn)? 2
R [on i o i ax as].

Thanks to the estimate ii) in Proposition 8, we can then bound the term inside

the bracket [-]. Indeed, by Cauchy-Schwarz inequality, one has

% Dic1 Zj;éi [ Vapn Ko(w; — ;) dX
2
< g [l ax 4 IN [ pn| Kol (21 — ) dX.
Consequently, combining with the fact that o > /2, the inequality ii) in Propo-

sition & becomes

o t \v4 $,X 2
Jor px(t, X) log py (£, X) dX + % [ [ F2EXEOE 4 X ds 1

< Jow PR 10g PR dX + NT (S Ko7 + | dive K| oo + [ dive F ) -
Since the entropy (if well-defined) of a probability measure on torus D = T? is

always non-negative, we can estimate the quantity inside the bracket [-] with

1 T . .
2 [ Atou s axX 4 Tl + T diva K + T v Pl )

72



Combining with (4.15), one reaches the thesis and the constant A is given by (4.14).

O

Up to now, we have not considered the specific structure of the kernel K. Recall
that K permits a decomposition K = K; + Ky with K; = divV where Ky € L,
V is an anti-symmetric matrix valued function with a square root of logarithmic
singularity at the origin as in (2.9). We use the usual divide and conquer strategy

as per the following lemma

Lemma 10 For py(t) solving the Liouville Eq. (2.2) and the p; a strong solution to
(1.4) with initial data pn(0) and po respectively, the relative entropy can be estimated
as

Hy(t) < Hy(0) + Ao(0 — on)? + Ji + T, (4.17)

where the constant Ag is given in (4.14) and for v =1,2

J, = _% fot f]D)N pnG% dX ds — % fot f]D)N pn@Q% dX ds (4.15)
2 )
—in fot Jov PN ‘VX log%‘ dX ds,

with
G% = % 200 Vi, log pla) { K, (v — 25) — K, = p(a:)}

Q% = £ {(dive ) (i — 2) — (divaK,) % p(ai)}
Lemma 10 is a direct consequence of Lemma 8 and Lemma 9. We note that

Q) vanishes since
divKy = 0, () 0aVi) =0
h l
since V' is anti-symmetric. In the following, we actually treat a more general case

when divK; € L. We now proceed to bound J; and J5 respectively.
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4.3 Control of the K; part with K7 = divV

In this section, we assume that K, = divV, where V is matrix valued function
with a singularity as (2.9). We use a more general assumption divK; € L, while
divK; = 0 for K = divV when V is anti-symmetric as in Theorem 3.

We decompose K7 and correspondingly V},; into bounded parts and singular
parts. For each fixed time ¢, we choose a small parameter ex(t) < 1 (to be deter-

mined later) and define
K=Ky + K, Ky(r) = Ki(7) 1jgzey (2).
Correspondingly we write Vi, = V)i + Vj§ with V5 (2) = Viu(2) 145y (). Therefore
d
K} =) 04V, h=1,--.d
=1

and
sup Vil < Cv/Tloglenl

We can then decompose J; defined in (4.18) as the following

T = jlb +J7,
where
jlb — _% fot f]D)N pNG}\}b dX ds — % fOt f]D)N pNQ}\}b dXds (4 19)
2 .
s o Jow o |V log 2] ax s
and
Ti ==L [ oy pnGi AX ds — L U [ pvQN dX ds (4.20)

2
dX ds,

~ % Jo Jon P ‘VX log &%
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with
LN
Gy = ngl Vo, log p(a) { Ky(x; — ) — Ky * p(x;)}

and G°, QLP N and Q) can be defined similarly.

4.3.1 Control of jlb: The bounded part of K3

Recall that (4.18) with v = 1 and in this subsection we define further

1 1 [
I = ——/ / pnGY dX ds, II, := ——/ / pnQY dX ds.
N Jo Jo~v N Jo Jon

Now we proceed to bound the terms I; and I1; above. We recall the definition
of 6V7 in (4.2) and GL’ etc. as above.

We firstly split the term [ by integration by parts, that is
1 t 1,b
L =—% fo prGN dX ds

= 5 Lyt Soniet Jo S PN B O 1og p(a) {(Du Vi) (@i — x5) — (0 Vih) = pla:)} dX ds

where

Z Z / /PNa (10g —) 9, log p() 6(Viy)? dX ds,

4,j=1 h,l=1

and

- Ly s [ [ vty sviy ax as.

4,j=1h,l=1
. . . . _ o . 2 1 2
Then applying Cauchy’s inequality with ¢ = Z, i.e. ab < ea” + -b” for a,b € R,

we extract the diffusion of the relative entropy term out of D}

DY < &S0 S Jy J o iy [0ugtog 2] | 0L, 0, log plas) 6V, | dX dis

< ﬁf;]ﬂN\leOg%P TN Zz 1Zhl 1fo pr< j= 18xhlogp(:ci) 5Vhiij) :
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Combining Lemma 9, the decomposition of I; and the estimate of D]l\}b above,

one obtains

TV < My + Mo, (4.21)
where
20 1 = [ 1« i
M, = ;N;MZZI/O /DN PN <N;a’rh log pla;) 6(Vip)” ) dX ds
and
t
My = N/o /]D)N pNOn dX ds,

where

(4.22)

ov=y > [(Z Bya(:) 6<v,fl>“) S

hi=1

recalling the definitions of functions Ry, R : D — R in (2.11) in Theorem 3 and
SV in (4.2) and AY in (4.3) but we use the bounded parts of Vj; and divK].
It suffices to control M; and Ms now, which will be given by our main estimates

Theorem 6 and Theorem 7.

We now proceed to bound M; and M, in (4.21). assuming Theorem 6 and
Theorem 7.

FEstimate on M. Applying the Frenchel’s inequality for the function u(z) =
xlogz, that is for z,y > 0, zy < zlogx + €¥~!, we obtain that for any n > 0 (to be

determined later)

ftidlZz 1Zhl1[an_ pNT]Thl dX} ds
ot?&dirzz 1th 1[77pr (leog + exp(nY )) dX] ds
< 527765 (HN<5) + ]lv SUP1<i<n SUP1<hi<d fDN PN eXp(nTZ’i) dX) ds,
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where we recall that as in Theorem 6 and its following corollary
. [N 2 | X
T =N (N > Ounlog pla) 6(Vin)' ) ey Z i log p(xi))* 6(Vig) " 6(Vip) ™.
j=1 =1

Consequently, as long as /7]||V?||=||V,1og p||r < 5, applying Theorem 6 to

= /nV? and thus to TZ’ = nThl , one has for any t € [0, 7],

sup  sup / pNeXp(T )dX<3< (15a~ + B~>,
a

1<i<N 1<h,i<d

where

- 4 ~ 4
&= (2ey/n|V| 1< Valogpllr=) <1, 5= (2\/ 2en||V°| 1< Ve IOgPHLw) <L

(4.23)
Consequently, M; in (4.21) can be estimated with
M</ & Hy(s)d L3 (4.24)
s+ —| ds .
1> 2170_ N N 3
) 2
where 0 <7 < (26\\Vb||Loo\\vz longLoo> and
5a B
A=1 —. 4.25
1 + 1—a)y + 5 ( )

The definition of & and 3 is given above in (4.23). Here = ~ ||[V?||2. ~ |logen,

where ey is the cut-off parameter which can be time dependent.

Estimate on M,. Finally we estimate M, in (4.21). By the same trick used in
bounding M, for a new n > 0 which might be smaller than the previous one, we

have

My = 0 nN Jon PN ( (U@N)> dX ds
< 0 nN f]D)N PN (p_N 108; p—N + eXp(n@N)> dX ds
< fcf %HN(S) ds + T,LN fJ fDN pn exp(nOy) dX ds.

7



Choose n small enough such that

R p xT 2
= (c [DlIV? e + ] div, K o] (supmH)) <L (426)

p>1 b

where C' is a universal constant as in Theorem 7. Then applying Theorem 7 to

Vb= nV? and therefore K, = Nk, On = nOy, one has for t € [0, 7]

/ ﬁN exp((:)N) dX S S u———
DN

Therefore, M; in (4.21) can be estimated as follows

where 7 should satisfy (4.26).

Combing (4.21), (4.24) and (4.27), we have

b1 /a3 3 [(dPA 1
b L fa 9 o, L
gt [ o) [ 3 (5 e 15| o

where 7 is a small fixed constant satisfies both (4.23) and (4.26) and Ay, A; and ¥

are all fixed constants given in (4.14), (4.25) and (4.26) respectively. In particular,

we remark that 1 can be choose according to
1 . .
e Vo7 + I divE [z = 1+ [ Kyl + [ div | oo (4.28)

For very small ey = en(t) < 1, one can choose 71 = C|logey|. Therefore

we can obtain

Proposition 11 The contribution J? of the bounded part of K, can be bounded as

t
Jh < C/ |log en| {HN(S) + %} ds, (4.29)
0
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where C'is a universal constant depending on the uniform bounds in the assumptions
(2.10), ||Vi1ogpllr= in particular, and the dimension d, the wviscosity o and the

assumptions on Ky or V.

4.3.2 Control of J: The singular part of K;

The following part is to control J;°. As what we did in the previous subsection,

we split the first term in J7 (4.20) by integration by parts

—L [ [pnGy dX ds = Dy + Dy

where

w35 [ [ o (082 ot Wit ) — Vi x )]

1,5=1h,l=1

and

D =53 323 1 f o gt Vites = ) = Vi)

. . . . . 2,
Since V' is anti-symmetric and p is smooth (p € W 7),

Z /pN Ot Opnp(7) SV dX ds = 0,

h,l=1

and therefore D3’ = 0. Again for the case that V is anti-symmetric, Qy° = 0. Even
under a more general assumption, for instance divK; € L* or even with a small
singularity, we can still get similar results for J;’.

Now we only need to consider D]l\}s. Applying the Cauchy-Schwarz inequality

1
to Dy’, one has

D18§N2Zzg 1th 18dfofPN|8 log |2dXd5
N d t s s
"‘# Zi,j:l Zh,l:l %leVm log PH%@O fo fPNth(l’i —x;) = Vi *P(l’i)|2 dX ds.
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Then the J; defined in (4.19) can be estimated as

S 2d3 ! S S
Jr < T”VxlOgPH%w sup  sup / /PNWhl(xi_Ij) _th*P(xi)FdXdS'

1<i,j<N 1<hi<d Jo

(4.30)

To complete the estimate of J; (4.30), we only need to bound for i # j

/ PN’Vifl(xi_ivj)‘QdX:/ PN,2’VhSz(96’1 — z9) dxy dag
DN D2

and similarly
[ palVi e plo)f da

Indeed, we need to show the smallness of the following quantity

1 X1 —a2 €
Sup/ / PN T | |<en dxy day dt, (4.31)
]]])2

N>2 - $2|

or equivalently the functional

1|$1 x2|<5N
dt,
[ B
Z#J

where a > 0 is a index to be determined. The estimates for these quantities rely on

the bound given by the dissipation of the entropy or the Fisher information.

Proposition 12 (Control of the average distance) For any fized time T > 0,

one has

T
1 1
su E— ———dt < Cr < 00, 4.32
Nzg/o NZ;DQ—XJ»W ’ (4.32)
where 0 < <2 ford> 3 and <2 for d =2 and Cr is a constant depending on

T.

Assuming the above proposition, we can easily bound the contribution from
the singular part. Indeed, one has the following proposition
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Corollary 3 For a small parameter en = en(t),

1 i— X | <epn(t —a
Uy fy Baps Yoy —priira s dt < [y en ()P h(t) dt < oo, (4.33)

where 0 < h € L} with fOT h(t)dt < Cr and Cy is defined in the previous Proposition

loc

12.
Assuming Corollary 3, one can thus estimate J;° as per

Proposition 13 The contribution J;° of the singular part of Ky can be estimated

xﬂgcékwgﬂm@+1ym (4.34)

where h € L}, and C is a universal constant depending on the dimension d, the

viscosity o and the assumptions (2.10) on p in particular |V qpl|r~ and ||pl| L.

Proof of Prop.13. Apply Corollary 3 to |Vi5(z)| < Cy/|log|z| < C/|x|'/* for

en < 1. Indeed,

¢ t
/ / p2l Vi (21 — 22) day dap ds < / en(s)h(s)ds,
0 Jp2 0

if we take (3 very close to 2 and o = 1/2 and where h € L} . By the definition of

loc®

the convolution,

dz < O||p||peet * < Cen

Vi % p(a)] < [lplloee /

|z|<en

C
PG
and

[ oalvics )i ae < Con
ford=2,3,---. O
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The proof of the above Corollary is straightforward. We only give a short
proof of the Proposition 12.

Proof of Proposition 12. Since the joint law py is symmetric, we only need to

// _PN2 e day dt.
D2 |-T1—$2|5

Recalling the inequality (4.16) in the proof of Lemma 9, one has

T 2
aNi/ / MddegC},
NJo Jov  pn

bound the quantity

where

1 K%
Cr= 2N /p?\, log p% dX + 2T (% + || divKy || g~ + | diVIFHLoo) :

Again by symmetry, one has

T 2
/ / Naon 4y as < ¢t jon.
0o JpDN PN

Combing with the trivial inequality

T
/ / |V, log pnalt, 1, 22) — Vo, log pn (2, X)|?pydX dt >0,
o JpN

one then obtains

T 2
//’V“pm’ da:ldxgdtg/ / Naionl® 4 x s < 010y
D2 PN2 o JoN PN

Choose L(z) = 1/|z|” — C where C = [;1/]z|°dz for § < 2 for d > 3 and in

particular 5 < d for d = 1,2. Solve the Poisson equation

_AQOZ L:
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then one has
Vo=, —dive=L.
One can choose ¢ such that |¢(z)| < C/|z|°~!. Now one has
Ijﬁv =CT + fOT Jo2 P2 (t, 1, 22) L(wy — x2) day dap dt
=CT + fOT sz VPN - ¢y — x2) doy deg dt
< T+ (J7 Jon =2228) " (7 Je pvalo?)
< CT +C\/Cpfoy (foT Jpe ﬂ%) -

As long as < 2, one has

1/2

b geme
|21 — 19|22 |21 — 1o]?

Consequently we can estimate as

I8 < OT 4+ C/CL Jond® P4 T8

which implies

Ty < Cp:=2CT + 2d*P2C%CL /oy,
which completes the proof. O

4.4 Control of the Ky part with Ky € L™

We recall that for a function ¢,

00" = p(w; — ;) — ¢+ p(xy),

according to the definition (4.2). In this section, for a vector field K = (K1, - -

we also write

0K = K(; —a;) = K x p(x;),  6(K")yy = K"(2; — x;) — K" % p(x,)
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where h=1,---,d.
By the similar method in the previous two sections, one can easily obtain the

following

Proposition 14 The contribution Jo from the Ky part with Ko € L> can be esti-

mated as
td C
< — |H —| d 4.36
s [ i)+ 5 o (4.30)
where n~! is in the order of |Ks||3« and C is a universal constant depending on
[ Ko os

Proof of Prop. 14. Now we proceed to control 7, as in (4.18) with v = 2, that
is
T == Jy Jow pvGR AX ds = 5 [y Jow pnQ% dX ds

2
—iN fot fDN PN ‘VX logg—z dX ds.

Firstly, we rewrite the 2nd term above as
_le pNQ%V dX
= — 3z iy S PN [(diveKo) (z; — a5) — (dive ) * pl;)] dX

- Ly { J o8 V2, log pla:) SKY AX + [ pyV., log 2 6K dX}

by integration by parts, where 6Ky is defined in (4.35).
Consequently, one has
g 2
Jo= 31 s Jo [ Ve log 2 6KY AX ds — £ [} fy o [Vxlog 24| dX ds

N2
< ULNZ’Z\L]. fotfPN (% Zjvzl (5K§J> dX ds.

The last inequality is ensured by the Cauchy-Schwarz inequality. For fixed 4, one

has
L X 2 d XN 2
ij . h
/pN <N; 51@) dX_hZ;/pN (N; 5([(2),7) dx.
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By the same trick in bounding J; and applying the main estimate Theorem 6 with

g =1, one has for  small such that /7| Ks||r~ < 5

N 2
1 X 1 3A,
— . < — P
/pN (N ;:1 6(K2)U> dX < UHN(t) + N

where

< oo (4.37)
since
_ 4
& = eyl Ealli=)' <1, B = (2v/2en]|Kallie) < 1.

Integrating over time completes the proof. O

4.5 Final step of the Proof of Theorem 3

Now we can prove Theorem 3. Indeed, combining Lemma 10, Prop. 11, Prop.

13 and Prop. 14, one finally reaches

Hy(t) < Hy(0) + Ao(o — on)?
(4.38)
+C [y [logen(s)| (Hy(s) + §) ds + C [y en(s)(h(s) + 1) ds.
If one chooses the parameter ey(s) = Hy(s)+% at time s, then the above inequality

reduces to

HN(t) S HN(O)+A0<O—UN)2+C/O |lOg(HN(S)+%)‘ <HN<S) + %) (1+h<8))d8

By Gronwall’s inequality, one finally reaches

Hy(t) < (HN(O) + % + Ao(o — aN)Q) exp (exp(—C’ /Ot(l + h(s) ds)) ,

85



where C' is a universal constant depending on the time length ¢, the dimension d,
the viscosity ¢ and some uniform bounds in (2.10) and assumptions on K while
0<h e L}, with [ hds = C; as in Corollary 3. Other parts follows exactly as the

2nd order cases.

This completes the proof of Theorem 3.
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Chapter 5: Preliminary of combinatorics

In this chapter, we list several classical combinatorics results that will be used

in the proof of the main estimates. We first recall Stirling’s formula for n = 1,2, - -,

nl = A2 (g)n (5.1)

where 1 < A, < % and A\, — 1 as n — oco. A straightforward consequence of the

Stirling’s formula is
P’ <ple,

which will be used frequently for simplicity.

Lemma 11 For any 1 < p < g, one has

(q) < ePgPpP.
b

Proof of Lemma 11 The proof is straightforward by the Stirling’s formula. O

Lemma 12 For any 1 < p < q, one has

—1
{1, 0p) eNPIVILT<b <q, bi4by+--+b,=q} = (Z—l).

Proof of Lemma 12 When p = 1, the lemma trivially holds true with the convention

(g) =1if p=¢g = 1. We thus assume p > 2 in the following. Since each p—tuple
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(b1, ba, - -+, by) uniquely determines a (p—1)—tuple (cy, ca, - -, ¢p—1) and reciprocally
via
C1 :bl,CQ :bl+b2,--~,cp,1 :b1+62+"'+bp71,

it suffices to verify that

—1
{(ciyco,vp1) | 1< <ea <+ <cpoy < q—1} = (]q?—l).

This is simply obtained by choosing p— 1 distinct integers from the set {1,2,---,q—

1} and assigning the smallest one to ¢, the second smallest to ¢z, and so on. O
Much of the combinatorics that we handle is based only on the multiplicity

in the multi-indices. It is therefore convenient to know how many multi-indices can

have the same multiplicity signature

Lemma 13 Foranyay,...,a, € N s.t. a;+---+a, = p, then the set of multi-indices

I, = (i1,...,ip) with 1 <1y < gq and corresponding multiplicities has cardinal

’{(il,...,ip)e{l,...,q}”|Vlal—|{k|ik—l}|}‘ 7

ar!---ag!

Proof This is the basic multinomial relation: We have to choose 1 a; times among

p positions, 2 as times among the remaining positions and so on... O

Similarly as for the binomial coefficients, - is the coefficient of z* ... xg’
g

in the expansion of (z1 + - - - + z,)P leading to the obvious estimate

P! »
— P 2
> ot 52

alv"'7aq207 ai1+--+aq=p
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Definitions To let the presentation simple, let us introduce some notations here.
We write the integer valued p—tuple as I, = (i1,---,4,) . The overall set 7, of

those indices is defined as
={l, = (iy,---,4y)|1 <i, <gq, forall 1 <v <p}. (5.3)

We thus define the multiplicity function ®,, : T,, — {0,1,---,p}? with ®,,(I,) =

A, = (ay1,az,---,a,), where
ap= {1 <v <pli, =1}

With the multiplicity function ®,,, we can proceed to define the “effective

set” &, p of index I, as

Eop = {Ip € Typ| Pyp(l,) = Ay = (a1, ,a,) with a, # 1 for any 1 < v < ¢}.
(5.4)
The cardinality of the effective set Enor or En i play a crucial role in the combina-

torics argument later, which is given by the following lemma

Lemma 14 Assume that 1 < p < q. Then

€0l <Z() (ng) (121)" < Zebgt (g)? (5.5)

Proof If p =1, then &, = (). The estimate (5.5) holds trivially. Hence we
assume that p > 2. Assume that there are [ distinct integers in [,,, then 1 <[ < L%’j
by the definition of &, .

We count the number [{I, € &,,||{1,---,i,}| = {} by the multiple principle.
Indeed, at the first step, we choose [ distinct integers from {1,2,---, N}. There are
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(];f ) choices in this step. Then we order those integers at p positions with possible

repeatition. The total number of all orderings can be bounded by [P, the total

number without any restriction. Therefore one reaches

[N4S]

L] 15
. . q
Eual = 100y € €l i i =01 = 3 (1)
=1

=1

Simply applying the Lemma 11, we complete the proof. O
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Chapter 6: Main estimates:The 2nd order case

In this chapter, we establish the main estimates Theorem 5 for the 2nd order
case. This chapter is the most technical part in the article [93]. We simply the
proof and emphasize the key properties to make use of the Laws of Large Numbers

corresponding to certain cancellation rules.

6.1 Intuitive calculations: the scaling of Ry

We present some of the basic scaling properties of Ry. Recall that the defini-

tion (3.1) of Ry in the 2nd order case, that is the double summation

N
Ry = % Z Vo, log f(xi,v;) - {K(x; — ;) — K % p(x;)}.

ij=1

Then a trivial bound for |Ry| is simply
|Ry| < KL= [[Volog fllz) N. (6.1)
However inserting this bound in the evolution of the relative entropy

1 t
HN(t) S HN(O) — N /fNRN dZ ds
0

for the purely deterministic case for instance would only give that Hy(t) = O(1)
without any chance of converging. Instead Theorem 5 essentially proves that Ry is
of order 1 and not of order N, which indicates the need of certain cancellation rules.
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To get
/ fnexp(|Ry|)dZ < C < o0,
(DxR4)N

where C' doesn’t depend on N, we expand exp(|Ry|) by Taylor expansion. Note

though that

m‘RNPk—H < (2’:’_1)!|RN|2I€ (%%1 + 2I<:+1)|RN’ )

< %@lRNPk 4 mLRNPkJﬂ’

so that we only have to bound the even terms and have

oo 1 o
o) = 32 it <33 il
k=0 k=

Consequently, we have
/fNexp ‘RN| Z ‘/|RN‘2kadZ. (62)
— !
The basic idea of the proof for Theorem 5 is to expand the sum defining Ry in
| Ry|**and show that a large number of terms vanish under integral with respect to

fn. Indeed, the k—th term in (6.2) can be expanded as

e J |BN fy dZ
= (2k; )! ]Vzl€ f Zl<z1 J1<N ° Zl<12k ]2k<N<F 5K“ jl) ( 12k 5K12k j%) fN dz

- (_NL ZIQkGTN 2k ZJ2k€TN 2k f(Fll ’ 5Ki17j1) o ( ik SOK"m jzk) fN dz.
(6.3)

where we recall the definition (5.3) of 7, for ¢ = N and p = 2k and we define in

this chapter

Fi = Vvl. lOg f(.fl?“ UZ'), 5Ki’j = K(.ﬁEl — .Z'j) — K*p(l’z)
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In the expansion (6.3), one typical term with fixed index ([g, Jox) can be

bounded simply by

U(El ORI (B - SKTR0I2k) fy dZ}

2k

(6.4)
< QIK|z=)? [ Vo, log f(21)]2 -+ [V log f(zn)|* fy dZ

with (a1,---,ay) is just the multiplicity of Ip;. Even under stronger assumption
|V log f||ze < 0o compared to the one sup, % < oo in Theorem 5, another trivial

bound for each term in the series (6.2) based on (6.4) will give us

1 = 1
o [ IR 2 < N IR Voo fl)™ . 69

which will blow up if we fix & but let N — oo. However, the above simple bound
tells us we only need to focus on the case k is small compared to N: the trivial
bound discussed here will be enough for the case k> N.

In the following, we only present two basic calculations, indicative of the type

of cancellations that we use

Lemma 15 Assume that f € LN L' (D x RY) with f >0 and [ f = 1. Assume

that K € L*> and that V, f € L%OC’ then

/ Ry fndZ =0.
DNX(Rd)N

Proof Simply expanding Ry, we get

fRN.fN dZ = % Z,]-szl SV log faivi) - {K(z; — ;) — K % p(x;)}
f(zy1,v1) - flxny,vn)dZ.
For fixed (i,7), notice that f(x;,v;)V,,log f(x;,v;) = V., f(zi,v;), and no other
terms depend on v;. Integration by parts thus implies that the integral vanishes.
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Indeed, by Fubini’s Theorem, without loss of generality, we only need to check

/va(x, v) K % p(x)dzdv =0 (6.6)
and
/Vvlf(xl, vi){K (21 — x3) — K x p(x1) }p(x2) dzy dvy dzg = 0. (6.7)
O

Lemma 15 only illustrates the simplest cancellation in Ry. It is also straight-
forward to show some orthogonality property between the terms in the sum defining

Ry. This leads to the first indication that indeed Ry is of order 1 and not V.

Lemma 16 Assume that f € LN L' (D x RY) with f >0 and [ f = 1. Assume

that K € L™ and that V,f € L?oc’ then

/]D)N () |Ry|*fvdZ < 4||K||%oo/ IV, log fI2f dz dv.
X

DxRd

Proof For convenience we recall
Fi = Vvi lOg f(.fz, UZ'), (SKi’j = K(IZ — l’j) — K*p(IJ

Simply expand the left-hand side

N N
_ 1 o L
/ |Ry[*fydZ = Nz > / Fy, - SK"IF,, - K™% fydZ.

i1,82=1 j1,J2=1

If i1 # iy, then by integration by parts,
/ F, - 0K"IF, K™% fydZ = 0.
Indeed, without loss of generality, let iy = 1 and iy = 2, then
[F, - 6K"IF,, - 5K fydZ
= f(Dde)Q Vo, f(z1,v1) - OKY1V,, f(19,v9) - SK?72dzy dzy = 0,
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by integration by parts since K19t and §/K?72 do not depend any v variables.

If 41 = iy while j; # ja, then at least one of {ji,j»} is not equal to iy, then
this type of integral vanishes by the definition of convolution. Indeed, without lost
of generality, let assume that 7; =i, = 1 and j; = 2 while j; # 2, then

Sippays Fon - K9 F, - 6K fy dZ

= f(Dde)N [V, log f(z1,v1) - {K (21 — 22) — K % p(71)}]
[V, log fz1,01) - {K (21 — x5,) = K x p(21)}] fv dZ

- f(Dde)Nfl [V log f(x1,01) - {K (21 — x5,) — K * p(@1) H Wiga f (24, v;) d2;
(Vo log f(x1,v1) - [p{K (21 — 22) — K % p(z1) } p(x2) dz2)

-0,

where we used that

/D (K (21— 1) — K % plar) }p(as) day = 0,

by the definition of convolution, and since p has integral 1.

Hence after integration only those terms with indices iy = iy and j; = Jjs
contribute to the summation. That is

W i o oy [ By OKWE, SR f dZ

= 5 L1 2jer (B 0K i dZ < 4| K[Fe [0 [V log f*f ddo,

which completes the proof. O
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6.2 Main Estimates: Proof of Theorem 5

Now we are ready to give the complete proof of Theorem 5. From the discussion

above, it only show the convergence of the series

o)

@ / |Rn|* fy dZ

k=0

which we divide in two different cases: k is small compared to N or k is comparable
or larger than N. The first part, 3k < N, is more delicate and requires some
preparatory combinatorics work. The second part, 3k > N, is almost trivial since
now the coefficients % dominates and we can simply use the trivial bound similar
to (6.5). We remark the general strategy is the same for the 1st order systems but

it is more difficult there and the cancellation rules there are more tricky.

Accordingly Theorem 5 is a consequence of the following two propositions

Proposition 15 For 3k < N, we have

|

|z

]

el

]

M\ 2
k <862HKHLoo <sup —p)> :
=1 p P

1 _
m/|RN12’fdeZ <142
k=0 )

Proposition 16 For 3k > N, we have

[e's) 1 . o] ) Mp 2k
Z w |RN| deZ S Z He ||K||Loo sup — .
k= Y |41 ' k= 41 PP

Let us briefly explain how we can prove Theorem 5 from Proposition 15 and Propo-
sition 16.

Proof of Theorem 5 Recall that

k __ k _
Zkr —T’JZT =0
k=1 k=0
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Under the assumption || K|z~ sup, % < we have that

862 )

2k

15 2 AN o 2 My
S (8Kl (sup, 22)) ™ < 5552, b (862K (sup, 2
(8@2”K||Loo (supp %))2

= (17(8e2||m|m (Supp%))zy

< 00,

and

i (5€2||K||L0<> (sup—>)2 < Z< ) i

2
T ()

Hence, by (6.2), Proposition 15 and Proposition 16 we have that

[ Ivexp(|Ry])dZ <3327 o [ 1BN [ v dZ

< 3 (1 +23 07k <8€2HKHL°° (Supp %))2 + 2 e (g)%)

8e2||K|| oo(sup %) 2
< 5+6 s i A2 SR
17(862||K||Loo (supp Tp>>

This completes the proof. O

6.2.1 The case 3k < N: Proof of Proposition 15

We start with the general rule for cancellation in the expansion (6.3).

Lemma 17 (General Cancellation Rule) Fiz an integer p > 1. Take any pair

of multi-indices (I,,J,), where I, = (i1,i2,---,1p) and J, = (J1,J2, ", Jp)-

components of 1, and J, are taken from the set {1,2,---,N}. Then

f(]D)de)N (le log f(wi17vil) ' {K(xll - x]&) — K x p(le)})

: (V% log f(w;,,v,) - {K (i, — ;,) — K * p(xzp)}> fvdZ =0

provided that one of the following statements is satisfied:

1) there exists one i, such that i, & {i1, -, ip—1,%11, ", lp};

All

(6.8)

2) there exists one j,, such that j, & {i1,%2, -, ip} U{J1, 1 Jo—1sJot1, = Jp}-
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Proof The proof of the this lemma is essentially the same as Lemma 15
and Lemma 16. For completeness, we give a short proof here. Let us first check
the case 1) above. Without loss of generality, we can assume i, = i; = 1 while
iy # 1,--,i, # 1. Now use the conventions F; and §K"’ to simplify notations.
Hence the integral becomes

f(Dde)N (Fy, - 0K - (F, - S22 - ... (Fz'p .5Kip7jp) fvdZ

= [V f(zi,v) - 6K (Fy, - 6K™32) .. (Fy - §Kv) IV, f(x;,v;) dZ,
where the only term depending on vy is f(x1,v1). Integration by parts shows that
(6.8) holds.

In the second case, without loss of generality, we can assume that j; = 1, while

JoF# Lo+ jp#1land ¢y #1,---,4, # 1. Hence the integral becomes
[Fy AK (zi, — 1) — K # p(i,)} (F, - 6K252) .- (F, - K™ fy dZ
= f(Dde)N_l (F, - 0K™72) ... (E.p .5Kz‘p,jp) N, f(zs,v5) dzy - - - dzy
Jowra Vi, 108 f (i, vi) - {K (25, — 1) — K % p(ai,) }f (21, 01) day duy
= f(Dde)N—l (Fy, - 0K™292) oo (F; - 0K»92) TN, f (25, v;) dza - - - day
: (v% log f(zi, 1) oy pa{ K (i — 21) — K 5 p(xs )} f(@1, 1) day dvl) ,

where only K(z;, —x1) and f(x1,v1) are (z1,v;)-dependent. As in Lemma 16

/D ey = 00) = K s plaa) o, o) don dos =0,

and hence again (6.8) holds, completing the proof.

O
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Using the notation Ey g introduced in (5.4), the first

means that once the index Iy, ¢ En ok, then

cancellation rule above

(B8 By K faZ =0

Therefore, we only need to count those couples (Iok, Jo) With loy € En o and Joy

belongs to the set defined as

(

I
PN = J2c € Tvak | or for any v such that j, ¢ {i1, -, i},

IV # v, such that j, = j,.

\

either for all 1 < v < 2k,j, € {i1, -+, i };

Vs

We now turn to bounding the number of choices of Jy;, in P]I\?’;k with o, € En ok

Lemma 18 (Choices of the multi-indices Jor,) Assume that 3k < N and I, € En ok

with [{i1,- -, ik }| = 1. Recall that 1 <1 < k. Then we have

2k
Iog _ 12k 2k—h 2k
PRl =12+ 1 p ) [En-ual:

h=2
Furthermore,

Pl < Prvow = 2ke 22 kP N*.

Proof Without loss of generality, we assume that as a set {41,
By the definition of the set PJ]VQ”“Z,C, we have two cases. The
are chosen from {1,2,---,l}. The total number of such Jy
be any integer from 1 to [.

In the second case, there exists some j, in {{+1,---

(6.9)

(6.10)

iy = {1,2,-- -1}
first case is that all j,

is [?* since each j, can

, N} and for each such

ju > 1+ 1, there exists v/ # v such that j, = j,,. That is to say, each component
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Ju > 1+ 1 is repeated. Denote by
h={1<v<2klj, >1+1}

the number of components of Jo, which are larger than [. We thus have 2 < h < 2k.

For a fixed h, we need to choose h positions in Jo; to put integers bigger than
[ for (2:) choices.

The remaining (2k — h) positions of Jo, can be filled with any integer in
{1,2,---,1}, for I**=" choices.

Finally, we choose h integers from the set {l + 1,---, N} for each of the h
positions in Jo, that we chose initially. Again, the multiplicity for each integer
chosen is at least two and the order is taken into account. This coincides with the
definition of Ex_; ;. Hence, in this step, the total number is just |Ex_; ).

Therefore for a fixed h, one has that

2k
|{Jor € Pyt|h components of Jy, are larger than I}| = (h)l%h|8N17h|.
Adding all the cases together, we obtain
]P]I\?’“Qk| = 1PF S Ty € 77][@7’“2k|h components of Jo; are larger than [}|

- S, G el
which is exactly (6.9).
Now we simplify the bound for |P]I\?’5k . Applying Lemma 14, we have

ey

h
2

>

(&

| >

|En—in] < (N —1)
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Therefore

PRl < 1%+ 305, PR () hex (N = D)% (3)
< PR 4 2keh SN PR (Y (N — 1)3 k>
< ke { 2k (2R) (N — Z)%k%} — 2ket (z + /RN = z))%
< 2kek 22k [k Nk,

This completes the proof.

O

We are now ready to prove Prop. 15 by combining Lemma 14 and Lemma 18.

Proof of Prop. 15 Applying Lemma 17, the expansion in 6.3 becomes

amn J |BN [ fy dZ

- ﬁNL ZfzkESN 2k ZJ%GP{VQIE,C I(F'Ll ’ 5Ki1’j1) o ( ik 0K hk) fN dz.
(6.11)

Combining the typical bound (6.4) and the definition M, = ||V, log f||rr(ay), i€

f |V log f (21, 01)|" -+ [V log f(on, on) ™ fndZ
al as aN < Mp 2k al anN
= Ma1 Ma2 ) “MaN — (Supp T) Ay - apn

with the convention that 0° = 1, we obtain

(2k f|RN|2kadZ
= (2%)' N2 2= 121%651\7% {1, yion }|= ZZJ%EpI% f F;, -5Ki17j1)...(ﬂ2k.6Ki2k:j2k)f_NdZ

2k
M, a
< G >y 2 Iop€En o [in, i} =1 T N2k (2||K||L°° (SUPP Tp>> a' - ay’
(6.12)

where we recall that Py og = 2k e* 22% k¥ N* which is the bound obtained on |73A?2k|

in Lemma 18.
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Observe that for a given [ and given multiplicities a4, ..., a;, the number of

L, € En o, with such multiplicities is bounded by

(2k)!
(an)! - ()"

by Lemma 13.

Thus

Zf:l Z[2kegN,2k, [{i1,iak }| = a‘fl - a‘]lVN
= Zf:l (]7) Za1+-~-+al:2k7 a1>2,a;>2 %CL&“ cee af”
< (Qk)!ezk le\il (J;/) (2kl:l;1)’
where the last inequality is ensured by a;* < a;! e and a direct consequence of

Lemma (12)

|{(a17...’al)|a1—|—...—|—al:2]{:,(11 227...7(” 22}|
= {(by, - b)br+ -+ by =2k,by > 1, b > 1} = (3771,

-1

Since 1 < [ < k, Stirling’s formula gives

2k—-1—-1 < 2k < LQ%.
-1 k k
Combining all the estimates, one obtains
e J B[ fydZ
)2k 2k
< CUSLe™ b (sup, 2 ) 2k ek 2% kF NF) (L 200 (20)!) S0 ()

ok
< 2vVk <8HKHLOO (supp%>) e 5k ().

S

(6.13)

Now we use Stirling’s formula again to simplify the binomial coefficient above,

RN N KN N N AV
Nk\k) NF(N—k)k = /zkVN -k \N -k ‘
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The assumption 3k < N gives that % < % and further implies

kk(N) 3,
— <3/ —€".

Using this bound in (6.13) we complete the proof of Prop 15. O

6.2.2 The case 3k > N: Proof of Proposition 16

Now we establish the estimate for large k.

Proof of Proposition 16 We only need the trivial bound for Ry, that is

N
|Ry| < 2| K|~ Y |V, log fl.

=1

As what we did in the previous section, one proceeds as

_ 2k 2k _
i 1B fxdz < Gl f(zfilm 1ogf<xi,vi>\) fndz

_ CIK]Le)* (2k)! a a
— (2—15)' Z(Zl—‘r'”—i-[lN:Qk, alZO;"'aNZO mMaf o o MCL]]\\/] (614)
A 2K
< <2€||K||L°° (SuPp Tp>> [Za1+~~+<mzzk,a120,--~awzo 1]
where the summation inside the bracket [-] equals to
2k+ N -1
{(ay, -, an)lay +---+ay =2k,a; > 0for 1 <i < N}| = ( ;\; . )

by applying Lemma 12 with b; = a; + 1. To simplify this binomial coefficient, we

write N — 1 = 2ks, where s < %, yielding

(Qk +N - 1> 2k +s))!
N—1 (2ks)1(2k)!

Apply Stirling’s formula to the factorials above and using the fact that (1+1)* <e

for s > 0, we get N > 2 and 3k > N,

k
2k + N 1Y _ §26%
N—-1 )= \2
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Inserting this control back into (6.14), one finally reaches

1 B M 2k
—— [ |Ry|*fydZ < (562 K|~ (Su —p>> .
i [ 1Bz < (s (sup

Summation over all k > % completes the proof. O
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Chapter 7:  Main Estimates: The 1st order case

In this chapter, we prove the main estimates Theorem 6 and Theorem 7, the
most technical part in the article [95]. The main idea is essentially the same as
the one in the second order case. However, the combinatorics arguments here are
more complicated than the 2nd order case. Indeed, in the Newton dynamics or in
the limit Vlasov system, the velocity field (v, K x p(z)) in the limit is divergence
free and in particular the velocity in the z—direction only depends on v while the
velocity in the v—direction only depends on z, more directly leading to cancellation

rules for instance in the expansion (6.3) induced by integration by parts.

7.1 Main estimate I : Proof of Theorem 6

Quite different to the main estimate in the 2nd order cases, here essentially
we only have one index Jy; € Tyar rather than the couple (Ia, Jor). And the
cancellation rule is essentially only due to the definition of convolution for instance

for a function ¢ and integers ¢ # j

/D {p(x; — xj) — dpx p(a;)} p(x;)dz; = 0.
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Proof of Theorem 6 As we did before, we write

007 = p(x; — ;) — O * p(;).

By symmetry we assume that ¢ = 1 in the following and call Ry = R‘ﬁ,l in this
proof.

By Taylor’s expansion and the discussion before (6.2), one has

- 1 k: - 1 2k
exp(Ry) = 3 15(Bx)" <3 (R
k=0 k=0

Hence it suffices only to bound the series with even terms

/DN pn exp(Ry)dX < 32@/@\7(}%]\”% dX, (71)

where in general the k—th even term can be expanded as

[ 2k
1 ,ON(RN) dX
20 (7.2)

= BNE Lyt Jox PG (@)1 - 5l X,

We divide the proof in two different cases: k is small compared to N or k is
comparable to or larger than N. In the first case, 4k < N, we apply Lemma 14 to
get the combinatorics work done. The second part, 4k > N, is almost trivial since

now the coefficients ( domlnates

Case: 4 < 4k < N Recall the definitions of the overall set (see (5.3)) and the

multiplicity function in chapter 5. Write

S = (J1, -+ Jak) € Tvaes  Pnan(Jag) = By = (b1, b, -+ -, by).

In (7.2), the integral with index Jy, = (j1,- -, Jax) € Tnar vanishes provided that
for some 2 <[ < N, the multiplicity b; = 1. That means number [ is only be taken
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once in Jy, say only j, = [. Indeed,

fow on(g()) 69t - - 6tim dX

= fDN—l % (g<x1))4k HV’#V(;QZSUVIH[/;Q dl‘l/
(fplolar — @) — ¢x p(a1))p(;) day)

=0,

by the definition of the convolution

¢xp(x1) = /Daﬁ(xl — x2)p(22) ds.

Consequently, the indices Jy, € Ty 4k for the non-vanishing terms in (7.2) only
have two types: either 1) by # 1 for all 1 <1 < N or 2) b = 1 but b, # 1 for all
2 <1 < N. Recall the definition of the “effective set” &,, before lemma 14. The
total number of the first type indices Jy, with all b # 1 is just |Ey 4k

Let us count the other type indices, i.e. those Jy with by = 1 but b; # 1 for

any 2 < [ < N. In the first step, we choose one position from 4k ones for number

4k

1) choices in this step. All other components of Jy; are

1 since a; = 1. We have (
chosen from the set {2,3,---, N} but no number is only chosen once. Hence, in
this step the total choice should be |Eyx_1 4x—1]. By the multiplication rule, the total
number of this type Juy is 4k|En_1.45—1].

Consequently, the number of the non-vanishing terms in (7.2) after integral is

no larger than
|8N74]€| + 4k|€N—1,4k’—1| S (1 + 4k)|gN,4k| S 10]€2€2kN2k(2k)2k. (73)

The last inequality above is ensured by Lemma 14.

107



For each term in the summation of (7.2), one trivially has

Jor P (g(a)) ™ 581 600 AX < (26| llgllz) ™ (7.4)
Consequently, combining (7.2), (7.3) and (7.4), for 1 <k < [Z], we obtain

by [ (RN X< e (LORSXN ) ol o)™

< 5k% (2e||o| 1< gl 1o )™

The last inequality in (7.5) is ensured by the Stirling’s formula for n = 2k.

Case: 4k > N In this case, we don’t need count how many terms in (7.2) will
remain after integral. We can simply use the total number |Ty 4| = N* in the

calculation. Combing (7.2) and (7.4), we have for k > [ 4]

4k
b [ on(Br)® AX < e N (26 1= gl o)
4k

< kb (V2] ¢ 19l o)

The last inequality in (7.6) is also obtained by the Stirling’s formula.

Combing (7.5), (7.6) and (7.1), we establish
_ 3] ,.8 4k
Jon Pnexp(Ry) dX <3{ 14351, 5k2 (2e]| 6| |9l )
00 _1 4k
FT2 e b (Ve g ) )

The proof of (4.5) is completed by

>kt 5k (2e][@l LoellgllLee)™ < Sa 32l k(k 4+ 1o

5 doa?(Zk oa)zga(ﬁ) =(15—a)3<oo

and

I (T B S R S
k=X 41

O
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7.2 Main estimate II: Proof of Theorem 7

The combinatorics here is the most difficult one in this thesis. Let us recall

some important notations

d
hi=1
where
Ry(x) = ——=0,0np(x) Z | R (2
p( ) oy
and

OV = Vil — x;) — Vi x p(), AV = (div, K)(z; — x;) — (diveK) % p(;).

Using the new notion of G¥, we can write Oy = Oy = - Ef\;zl GY

For any p > 1, we further denote

vy = ([ ar@i+ 17 oo dx)’l’. (78)

Consequently, a simple calculation can show that

M R p x
Mo g R listpan

p>1 P p>1 D

+1 < o0. (7.9)

The quantity supp>1 > L will enter the estimates below.

As in the proof of Theorem 6, since

/ pn exp(Oy) d Z / pv|On|* dX, (7.10)

DN =0 N

it suffices to show the convergence of the series of even terms
L+ 32520 ar Jow ANION X

_ 1 N N = (i1, ok, Jok
= 1+ Zk 1 ( 1 N2F Zil,---,m:1 Zjl,---,j2k=1 f]DJN NG G dX.

(7.11)
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As the previous section, we divide the proof into two cases: the technical case
when £k is relatively small compared to N and the trivial case when £ is comparable
to or larger than N.

Accordingly Theorem 7 is a consequence of the following two propositions

Proposition 17 If 4k > N, one has

R B 2% 4 X 2 . MO\
(25! NPN|@N| dX < [ 6e”[||V]|pe + || dive K| po] | sup —= _
)

p>1 P

Proposition 18 For 4 < 4k < N, one has

1 _ ok , M\
oYY pN|ON|TdX < | 1600 [||[V]|pe + || divy K|1] | sup — :
(2k)! Jpn p21 P

Let us give a quick proof of Theorem 7 assuming Proposition 17 and Proposition

18. Proof of Theorem 7 By (7.10) and Proposition 17 and Proposition 18, one has

i 2k
Jon v exp(On)dX < 3(1 + Z,Eif (1600 [V ||z + || divy K| zoe] (Suppzl MT))
o0 2 . A\ 2
+Ek=L%J+1 (66 NIVl + || divy K| poo] <supp21 pp)) )

By the definition of 7 and (7.9), one obtains

pnexp(Oy)dX <3 < 00.
L. 2=
This completes the proof of Theorem 7. O

We now proceed to establish the above propositions. We start with the easier

one.
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7.2.1 The case 4k > N: Proof of Proposition 17

In this case, it is sufficient to apply the trivial bound for G¥ without consid-

ering any possible cancellation due to the integration against py, that is

|G < 2|V |R(2)| + 2] divy K| e < 2|V [|zee + || dive K[ <] (| R(wi)] + 1)
(7.12)

Consequently, for k& > % the k—th even term in (7.11) can be estimated with

a2 IV [l + [ dive K[| z)™ 323 Jon ov (IR(zi,)| + 1) -+ (|R (2, )] + 1) dX

11,02 =1

2k S ivg 00 )2k = 2k
= ZVhs et sy (S8 (RG] + 1) dX

PR RS @M agar . gen
(2k)! a1 +--+an=2k, a1 >0,--an>0 (a1)!(an)! ai an "’

(7.13)

where we recall that (7.8), i.e.

Mg = [ (R@)+ 1) p(o) do

and we use the convention that M{ = 1 as well as 0! = 0° = 1. By the fact (7.9),

one has for any 1 <i < N

_ M\ “ M\
M < (sup —”) < " (a;) (sup —p) ,

p>1 D p>1 D

where the last inequality uses the fact n” < e"nl. Inserting it into (7.13), one obtains

@ Jon PN [ON[PFdX

. M, 2k
< (2 [V + 1 diva K] (191 22 ) ) | SCuriaycs, arsomanso ]
(7.14)

2k+N—-1

where the summation inside the bracket [] is noting but (*37;

). Again it is a
consequence of Lemma 12 in Chapter 5. See the argument in the proof of Prop. 16.
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We set that N — 1 = 2ks where s < 2 since 4k > N, leading to

(2k+N — 1) ~(2k(1 +8)!
N -1 —(2ks)!(2k)!

By the Stirling’s formula, the fact (1 + 1)® < e for any s > 0 and here 0 < s < 2,

one has the estimate

%+ N — 1 .
< .
( N-1 )—(36)

Inserting it into (7.14), one obtains that for 4k > N

L . M\
el /DNﬁN|@N|2kdxg(662[||v||m+||dw$z<||mo] (831)?17)) (719)
’ b=

This gives the proof of Proposition 17.

Now we proceed to prove the case when 4k < N. It is the most technical part

of this article. We need several new combinatorics lemmas.

7.2.2 The case 4 < 4k < N: Proof of Proposition 18

In this case, the purely trivial estimate as the previous case for

1 _
Ty PO

is far from enough to show the convergence of (7.11). Indeed, even under a strong

assumption ||R| L~ < oo, for fixed k, the following estimate

1 2k

_ 2 .
T . 1O NG IV s e ) (Rl 1)

will blow up when we send N to infinity. Fortunately, most of the terms in the

following expansion

2k

dX

_ N ij
@ f]])zv PN ‘% Zi,j:l GY

— _1 1 N N AW ioksd2k
T (2k)! N2k Zilwwigk:l Zjl:"‘7j2k21 fDN PN G G dX.

(7.16)
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will vanish after the integration against py.

Now we need to count the pairs ([o, Jor) again. Recall the definitions of
Tnor in (5.3) and of the multiplicity function ®y 9. As a convention, we denote
that Oy or(lor) = An = (a1, a9, -, an) and Py ox(Jor) = (b1, -+, bn). Finally we
denote

mr = [{l|a =1}, n;y=I[{l]a > 1},

s.t. mr+ny is exactly the number of integers present in Iog: m;+n; = |{l| a; > 1}].

Observe that for a particular choice of I, and Jo

fDN ﬁNGilvjl oo Qleeidee X
< Jow AN IZE 2| V| e + [|div K1) (|R(;,)| + 1) dX

< 2%(|[V[pee + ||div K[ p<)** [yw pv (R(21) + )™ . (R(zy) + 1)*Y dX.
(7.17)

As one readily sees this bound only depends on the multiplicity in 5, and therefore
the main difficulty is to identify and count for which I, and Jo; the above integral
does not vanish.

We start by the following lemma which, for every Iy, identifies the only pos-
sible Jyi s.t. the integral does not vanish.

First we simplify the possible expression of Iy, which makes the counting easier
by using the natural symmetry by permutation of the problem. For any 7 € Sy, we
simply define 7(Io) = (7(41), ..., 7(i2)). Thus 7 is a one-to-one application on the

I, and moreover

/ ﬁNGil’jl . GiQk:ij dX = ﬁNGT(il)ﬂ'(jl) . GT(iQk):T(ij) dX.
]DN

DN
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Therefore we only need to consider one Iy, in each of the equivalence classes {7(Ia), V7 €

Sy}, leading to

Definition 4 A multi-index o, belongs to the reduced form set Ry o, iff 0 < a1 <

as...<a, and a,y1 =---=ay = 0.

Note that for any Iy there exists only one f2k € Ry ok that belongs to the same
class, even though there can be several 7 s.t. 7(lg) = L.
By the definition of m; and ny, if Iy, € Ry ok, one hence has a; = 1 for

l=1,--- my,a>1forl=mr+1,---,m;+n; and a; = 0 for [ > my + n;.

Lemma 19 (Cancellation Rules) For anym, n, define as Jp,.n the set of indices

Jog with multiplicity (by,...,byx) satisfying
e by >1 foranyl=1...m;
o by #1 for any l > m +n.
Then for any Ia, € Ry ok and any Jop € Tmyn,, one has that

/ ﬁNGil’jl L Giszzk dX =0.
]D)N

This lemma implies that we only need to count for each Iy, € Ry ok, the indices Jo, €
Jm;m; as the others lead to vanishing integrals. Lemma 19 is not an equivalence:
There are still indices Jo € T, n, giving a vanishing integral. But the formulation
above allows for simpler combinatorics and in particular 7,,, ,, only depends in a
basic manner on Iy through the two integers m; and nj.
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Proof of Lemma 19 Choose any Io, € Ry ok, without loss of generality, assume

that Iy, has the following form

[2k: 1,2,---,m1,m1+1,---,m1+11,-~-,Zn[+n1,--~,m1+n£

-~ -~

Am 41 Amp+ng

Choose any Jog & Jm,n,;- That means that there exists [ < my s.t. by = 0 or that
there exists [ > my+ny s.t. by = 1. Each case corresponds to a different cancellation

in the integral.

The case by = 0 for some | < mj. By the definition of the reduced form, a; = 1 and
therefore the index [ appears only once in I, and never in Jy, thus being present

exactly once in the product inside the integral. Assume that i, = [ for some v so
f]D)N DN Gt .. Qeeidee X

= fDN*l p(i_]:-,,,) Hu’;ﬁyGi”/’j”/ (fD p(wn) Gliveiv dfl?z‘u) M, dIiV,-

Now it is enough to remark that for any ¢ and j

/p(xl) G dx; = 0, (7.18)
D
as
f]D) p(x:) GY da; = f]D) p(zi) Zil:l Ry(zi) M/le dz; — f]D) p(z:) AV da;
= et Jo OutOpnp(s) V(i — 25) = Vi x pla)] day — [, plaes) AV da
= [pp(x;) [(diveK)(z; — ;) — (diveK) % p(z;)] da; — [y pla;) AY da;
where we do integration by parts twice from the 2nd line to the 3rd line and recall

that

d
Z axh oo Vhl = lexK

h,l=1
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and

A7 = (div,K)(z; — ;) — (div,K) * p(z;).

The case by =1 for some | > m; + n;. Again by definition, this means that a; = 0.
The index [ appears only once in Jy; and never in I,. Again it is present exactly

once in the product inside the integral. Assume that j, = [ for some v so
fID)N PN Gt ... GQlekdzk X
= f]D)N—l p([;—lj,,) HV/;,éVGiV/’jV/ (f]D) p(le,) Giviv dejV) H,/#V dQTjD,.
The results then follows from the fact that for i # j

/p(xj) G dz; = 0. (7.19)

Indeed,
Jp p(5) Ru(:) (Via(zi — 25) = Vi * p(a;)) da;

= Ru(z:) [ fpy p(25) Via(as — ) daj — Vigx p(a)] =0,

by the definition of the convolution

Vi p(z;) = / Vii(z; — x5)p(x;) day,
D

while similarly

/p(l"j) ((dive K) (i — ;) = (dive i) p(x)) dzj = 0.
D
And from the definition of G¥ in (7.7),

Jo o) G9 day = 375y [y p(a;) Ru(as) (Via(as — a5) = Vig x pla:)) da
+ fD p(z;) ((div,K)(z; — ;) — (div,K) * p(x;)) dz; = 0.
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O From the cancellations obtained in Lemma 19, it is enough to bound |7, | and
for each m and n the cardinal of {Io;| m; = m, n; = n}. Indeed by (7.16) and

(7.17), one has

3,j=1

Jox v |ES5_ @] AX <O [Vl + i K o] g
(Crsesameon, 0z, Wi (I | Oxe(ln) = (ar, .. an)})
Jpn An (R(21) + D)% - (Ray) + 1) dX,

where we denote mq = Ma,,...an) = [{l]| @ = 1}, N = Nay,..an) = {1 ] @z > 1}

Recall that M? = [(|R(z)| + 1)? p(x) dz and thus

M\ 2
/ pn (R(x1) + 1) .. (R(xy) + 1) dX < e (Sup —p) ar!---an!.
DN

p>1 P

On the other hand by Lemma 13

(2k)!

{ Lok | Pwvok(lor) = (a1,...,an)} < agl - an!’

which implies that

2k
dX

_ N iq
by Jon P | Ly G

2k
(2e)?  (||V || oo+ || divK || o0 )?* My
< N2k Supp>1 =, D ar4etan=2k, ar>0man 0. | Imanal

The missing estimate is given by

Lemma 20 One has that for some universal constant C'
| T < CF NF=m/2 phetm/2,

where C' can be chosen as 512 e or roughly 1400.

Assuming the above lemma true for the time being, we may now conclude the proof

of the Proposition 18 as

2k

dX

_ N I
@ f]D)N PN ‘% Zi,j:l G

2%
e)?**(|VIlLoo+[I divK]| poo)?* Mp k ATk—ma/2 Lk+ma/2
< N2k Supp>1 7, D ar b tan=2k, 4130, -ay>0, CF NTTMel2 RETMa/E,
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Consider any (ay, - - -, ay) with exactly p coefficients a; > 1. Up to ( ) permutations,
we can actually assume that aq,---,a, > 1. All the other a; are 0. Since we have

Ma + g = p and my + 21, < 2k then m, > 2 (p — k). As N > k then

NFk—ma/2 fktma/2 < NF—(0=k)+ pkt(p—Fk)+

Hence

k—ma/2 1.k+me/2 _ N2k (N k—(p—k)+ Lk+(p—k)+
Za1+~-~aN:2k N k - Zle (p) Za1,~--,ap21ya1+"'+ap=2]f N k

<X () () W

p—1

by Lemma 12. Simply bound (% 1) < 2%% and now for p < k since obviously (]Z ) is

maximum for p = k

Z < ) (Qk - 1) NE==h)+ =)+ < 92k f, (N > N¥EF < (8e)" N2
— l{: — Y

by Lemma 11. Similarly for p > k,

(N>Nk (p=Fk)+ ph+(p— k)+<€pr pr% PLP — oP N2k
p

Hence again

2%k
Z <N> <2k:11) NF— R pht—k)s < o2k o2k N2 %<8€2>k N2
p=k+1 p p

Finally,

2k
" ax < 32000) (IVm + ivE ) (supysy 22))

ﬁ f]D)NﬁN ‘%Zz] lGZJ

< (1600)2 (HVHLoo + [|div K ) (S“szl %))

2k

concluding the proof of Proposition 18.
Now we give the proof of the above lemma. Proof of Lemma 20 One simply
has to impose that b > 1 for [ < m and b, = 0, 2, 3,... for [ > m + n. Let us
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distinguish further between those | > m + n where by = 0 and those for which
b > 2.

Choose first p = 0,1, ..., L%%mj and choose then p indices [y, ..., 1, between
m+mn+ 1 and N which will correspond to b; > 2. There are (N _;”_”) such possibil-
ities.

Once these ly,...,l, have been chosen, the set of possible multiplicities for

Jor € Tm.n 1s given by

I {(bl, ) b b =1 by by > 2,
bh=0ifl>m+nandl#1l,...,l, and by + by + --- + by = 2k}.
Applying the invariance by permutation, one may assume that [y = m+n+1,
ly = m +n + 2... Denoting the partial sums s, = by + -+ + b, and s, = b1 +

“ + bpynp, One has

k—-m/2 (N—m— 2k—2
| Tmn| = szgn/ ( Zl n) Zsm:£ Zbl wbm>1, bite b =sm

DD
Sn=2p bm+n+17~-'7bm+n+p22, bm+n+1+"'+bm+n+p:5n

(2k)!
me+1:~"7bn207 b1+ +bmin=2k—sm—sn b1!"'bm+n+p!'

Using the standard multinomial summation (5.2), one can easily calculate the last

sum to obtain

‘jm’nl _ Zl;;(r)n/Q (N—m—n)

p

2k—2p 2k—S$m n2k—sm—sn
ZS'rn:"n Zbl wbm>1, b1t tbm=sm an=2p (2k—8m—8n)'

(2k)!
me+n+1 ,...,bm+n+p >2, bm+n+1 +"'+bm+n+1):sn bi!---bm! bm+n+1!“‘bm+n+p! ’

Now bound the sum on b, ...b,, by the sum starting at by, ...,b,, = 0 and similarly
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for the sum on by4n41 - - - bygntp to obtain

|jmn| Zk m/2 (N—m—n)

p

Z2k72p ZZk Sm (2k)!n2k—sm—sn msm psn
Sm=m Sn=2p (2k—5m—sn)! sm!sn!

We recall the obvious bound (‘Z) < 2% g0 that

(2k)! L (2k—sm)! (2k)!
(2k—sm—sn)!sm!sn! — (2k—sm—sn)!sn! (2k—sm)! sm!
_ (2k\ (2k—sm 4k
_ (sm)( Sn ) S 2%

Furthermore by the Stirling’s formula, more precisely by lemma 11 as m+n < N/2,

(N_ZL_”) < eP NPp~P. Thus

| T | < 20 Zl;;gn/z o NP 22k72p sz Smp2k—sm—sn psn—p pysm

Sm=m Sn=2p

Note that 2k — s,,, — s, > 0 and s,, — p > 0 and m, n, p < 2k so
n2k—sm—sn psn—p msm S (Qk)Qk‘—p'

Therefore finally

|jm,n| < 90k gk (2k)2 Zl;;gnh NP L2k—p
< 96k ok <2k)2 ka—m/Q kk+m/2 < (296)k Nk—m/2 kk+m/2.

as since N > k, the maximum of N? k?*7? is attained for the maximal value of p. O
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Appendix A: Preliminary about entropy and relative entropy

A.1 Definitions

Consider a Polish (complete separable metric) space E. For instance in this
thesis we set it as D x R? in the 2nd order case (1.1) or D in the 1st order case
(1.2). There are two important quantities that we use to quantify (Kac’s) chaos:
the Boltzmann entropy and the Fisher information. Denote by fy, gy € P(EYN).
And recall we denote by Z = (z1,--+,2y) € EN with 2 € F in general. The (scaled)

entropy is defined as

HN(fN) = % . fN 10g fN le s dZN. (Al)

The Fisher information is

2
[N(fN) = % . |VfLNN|d21 s dZN. (AQ)

The relative entropy of fy w.r.t. gy is defined as

1
Hy(fnlgn) = N fnlog In dzy -+ dan. (A.3)
EN 9N

Upon normalization with the factor 1/N, both the entropy and the relative

entropy have the very famous tensorized property
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Lemma 21 (Tensorization properties) If fy is tensorized or (Boltzmann-)chaotic,

i.e. there exists a probability measure f on E s.t. fy = f&V, then

Hy(fn) = Hi(f) = H(f) = [, flog f dz,

In(y) = h(f) = 1) = J, 2 d.

Similarly, if in addition gy is tensorized, with gy = g®V, then

Hy(fnlgn) = Hi(flg) = H(flg) = /Efloggdz.

Simply checking the definitions will give the proof.

A.2  Monotonicity of the relative entropy

Recall that the k—marginal of fy is defined as
Inge(zr, -, 2) Z/ In(X)dzgqr -+ - day.
EN—-k
One has the following key observation as per

Proposition 19 (General form of Prop. 1) Assume that fy € P(EY) (not nec-

essarily symmetric) and fy_1 € P(ENY) with the assumption
/EfN(Zla"'aZN)dZi:fN—l(zla"'aZi—laéi,'"azN), i=1,,N,
where z; means the variable z; is taken away at that position. Then one has
Hy 1(fn-1) < Hy(fn)

Consequently, provided that fn € Psym(EN), i the k—marginal of fx and that

f € P(E), one has

Hie(fng) < Hv(fn),  He(fnel ) < Hy(fnlfY). (A4)
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The proof of the above proposition relies on a consequence or a variant of the

very famous General Holder inequality (See Appendix B g in [52]) as per

Lemma 22 (General Holder inequality) For N functions f; defined on EN™!

N > 2), one defines a function f : EN — R as
( ;

f(zla e 7ZN) - Hi]\ilfi(zla o '7273—1721'721'—&-17 e JZN)7

where z; means we omit the variable z; at that position. Then one has

11l < TEL | fillpver. (A.5)

Proof. The case with N = 2 can be easily show by Fubini’s theorem. For

N > 3, it can be proved by induction and the usual Holder inequality. O

Proof of Proposition 19. By the symmetry,
1 1N .
Hy 1(fv-1) = 755 2oic1 Jpn [nlog fvoi(ze, -0 zic1, 2oy 2igr, -, 2n) A2

=+ [on [nlog Gy (2) dX,
where

1

Gn(Z) =1L, (fn-1(2:)) 7.

Applying Lemma 22 | one has

N
IGll < T (vt (E) % (v = [ vl <1

Consequently,

Hy(fn) = Hya(fn-1) = % [ frlog £-dZ

=k Gy (g +1- L) 47— % fGraZ+ 4 [ fyaz >0,

where the first integral in the second line is non-negative since the function h(z) =
xlogx +1 —x > 0 for any x > 0. The second part of this theorem is a direct
consequence of the first part. O
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A.3  Csiszar-Kullback-Pinsker (CKP) inequality
The classical Csiszar-Kullback-Pinsker(CKP) inequality can be illustrated by

the following elementary calculation.

Lemma 23 Assume that p,p € P(T?) N LY(T%) N L°(T%). Then one has a baby

version of CKP inequality

o= plir < llp— pllze < V2(llpllz + 116]lL) v/ H (plp).

Proof Let g(x) = xlog x for x > 0 with the convention that g(0) = 0. Then Taylor’s
expansion near p gives

1

9(p) = 9(p) = (1 +log p)(p = p) + 59" () (p = p)’,

with £ chosen between p and p. Taking the integral of both sides leads to

H(plp) = / ol log % az= / d @(M (=) d=.

Then
lp—pllz: <2 (Sup IE(Z)!) H(plp) < 2(]|pllze + ol ) H (plp)-
The control of the L' norm by the L? norm is ensured by the Cauchy-Schwarz

inequality. O

A.4 Lower bounds for the entropy

For E = T¢ where /  1dz =1, the entropy is always non-negative, i.e.

flog i dZ = /(leong+ 1~ fx)dZ >0,
EN
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thanks to the function h(z) = xlogz + 1 —x > 0 for any = > 0.
If we work on the unbounded space for instance £ = D x R? in the 2nd order
case, a uniform bound w.r.t. N for the moments of fx up to time T is required, for

instance

N
1
sup sup N/Z|Zi|2deZ<OO'
i=1

N2>20<t<T

We assume a finite moment for initial distribution f% and then we can propagate
the bound such that it is still uniform in N up to time 7.

Now we can give a lower bound for Hy(fy) as

Hy(fn) = [ fnlog fy dZ
— LGy (%log%—%+l> + 5 [ fvlogGy
> 5 [ fnlogGy

where for instance if E = R? then Gy € P(F) is usually chosen as the Gaussian

G (X) = g exp(- Zm ,

this explains why the 2nd moment bound is important.
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Appendix B:

B.1 Weak-strong uniqueness on Eq. (1.3) and the proof of Theorem

4

Assume that f and f solve Vlasov equation (1.3) in weak sense. Assume that
[ satisfies (1.10). By density we may assume that f is smooth, C!, and decays
at infinity without ever vanishing; just consider any such sequence f, satisfying
uniformly the bound (1.10) and pass to the limit f,, — f at the end of the argument.

Consider for any t € [0, 7] and decompose

H(t) = fDX]Rdflog(%)dxdv = fflogf— fflogf
<[f 10gf°—0'f§f% — [ flog f,
with fO = f (t = 0) and per the assumption of dissipation of entropy for f in
Theorem 4.
By our assumption f is smooth and log f can hence be used as a test function.
Thus since f is a solution to the Vlasov equation (1.3) in the sense of distribution,

one has that

Joxga flog f = Jpxca 0 log f°

+f0thX]Rd f(s,z,v) (B log f+v-Vylogf+ K xp-V,logf+ oA, logf).
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Since f is a strong solution to the Vlasov equation, this leads to

[flogf=/[f° 10gf0+fgff(s,:c,v)Rdxdvds
+o fgff(s,x,v) (¥+Avlogf> dx dv ds,

where we define
R :=V,log f(z,v) - {K xp(x) — K % p(z)}.

Observe now that, with usual entropy estimates

— [ f(s,2,v) (%%—Avlogf) dxdv—f%dxdv

— _ ~|va|2 Vv.f'vvf _ ‘VUfIQ
= [ (-7 0% 2 dedo
= — [ fIV,log {2 dzdv < 0.

Therefore

H#) gH(O)—/Ot/D  FRdzdvds. (B.1)

Note that by the definition of R

/ fRdxdv:/va(K*ﬁ—K*p)dxdv:O,
DxR4

as K x p and K % p do not depend on v. Hence

/DXRd fRdzdv :/ (f = f) Rdz dv.

DxRd

Simply bound

/ fRdzdv
DxR4

Observe that

<N = Pl [ 9o fI1F = fldzdo

DxRd

1K % (5= p)lleee < K [zellp = pllr < N K | llf = fllr,
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so that

H() < 5O+ 1K [ 171l | [ 190107117 = flaeac] as

x R4
Use the weighted Csiszér-Kullback-Pinsker inequality in Theorem 1 in [21] with

o(z,v) = |V, log f| to obtain

- 1
/|Vvlogf||f—f|dxdv < )\3 (g+log/e)‘f|vv1°gffd:pdv) <\/ﬁ+ §H)
f

Recall the notation
0y = sup /eAfV”logflf dxdv < oo,

telo, T

by the assumption (1.10). This leads to
! . H
fﬂwSHmwimru%@mem/uf—mﬁ(¢ﬁ+§)d&
0

Simply use now the classical Csiszar-Kullback-Pinsker inequality (see [138]) to find

¢ 3/2
H(t) < H(0)+ C(1+1logby) || K| 1= /0 (H+ H2 > ds. (B.2)

As long as H(t) < 1, then H 3 < H. Eq. (B.2) gives a Gronwall’s inequality which

proves Theorem 4.

B.2 Proof of Proposition 10

We first denote the linear operator for a fixed p(¢,x) as
L=v-V,f+Kxp-V,.

To show the existence of a smooth solution over a short time, it is sufficient to
propagates some norms of |V f].
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Step I: Propagate ||V f||r: and ||V f||r=. It is easy to check that

{at (vmf)+L(vxf) = UAv(vrf)_<K*vmp)'vvfa at(vvf)+L(vvf) = O-Av(vvf)_vrf‘
(B.3)

In the following, we also write

Va.f
Vf=
i

Hence the equation (B.3) can be written as

(K* vmp) ’ vvf
(V) + L(Vf) =0A,(Vf) =
Vaf

The evolution of ||V f||.: is given by

SV AL < (K Vapllze + D) IVl (K2l Vpllr + 1) [V f]] 2
< (KN eIV Allr + D) IV £l

This is a closed inequality as the right-hand side only depends on ||V f||z1. This
may blow-up in finite time because of the ||V f]|2,. However there exists 7" > 0
which depends only on ||V O 11 s.t. sup,<p |V f|lz1 < oo. This is the time interval
over which Prop. 10 holds.

By the maximum principle, we can now bound ||V f||z~ up to this time T
Indeed

d
VAl < (K = lIV il + D IV Fllze < CIV flz.

Observe that there cannot be any blow-up in [|V| L~ before there is blow-up in

IVl
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To conclude this step, we have obtained a time T" > 0, s.t.
IVl <C, IV fllee <O, VEST,
where C' depends on || K ||z, ||V [0z and ||V fO .
Step II: Define the variable quantity
O(t,\) = / fexp(A|Vlog f|) dz dv.
DxR4

The main object below is to bound Of(t, A) in [0,7] for some A as the estimate

required for weak-strong uniqueness argument is

sup /fexp(MVv log f|) dz < oc.

te[0,T

First, we derive the equation for exp(A|V log f|). Denote

—

. N, V. log f N
N =Vlog f = = =
X, V. log f a

By Eq. (B.3), one has that

(8, + L) exp(A\|V log f|) = Aexp(\|V log f)7 - (9, + L)N

. _(K*vxp) Vvlogf_l'%(Av(vxf) _vxIngAvf)

= Aexp(A|V log f])7 -
—Vm logf + % (Av(vvf> - vv lOg fAvf)

< Chexp(A|Vlog f[)[VIog f|

Av<vzf) - V:v log fAvf
—i—a)\% exp(A|V log f|)7i -

Av(vvf) - Vv 10g fAv.f
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Thus

O(fexp(A[V1og f|)) + L(f exp(A|V log f]))
< CAfexp(A[Viog f|)[Vog f| + o exp(A[V]og f|)A, f
A, (Vof)—=Vilog fA,f

Ay (Vof) = Vylog fA,f

+oexp(A|Vlog f|)7i

Hence, by integration by parts,

d
dt DxRa

f exp(A[Vlog f]) d= < CA / £ exp(A[V log )|V log f| + Q.

where (), is an extra term due to the diffusion,

Qo = o\ [ SHRITEI (T, 10g f - A(Tof) = Vo log fIPA,f+

Valog - Ay(Vof) = [Vulog [PALS ) + 0 [ exp(AV log f) Ay f

Notice that

(Volog f) - Ay(Vaf) = [Velog fPALf +2(Vilog f) - (Vo f - V) (V. log f)
+fValog f- Ay(Valog f),

and

(vv 1Og f) ’ Av(vvf) = |vv 1Og f|2Avf + 2(vv log f) ) (vvf ’ Vv)(vv log f)

+fV,log f-A,(V,log f).
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We hence obtain that
Qs =2)0 [ fexp(A\|V1og f)7i - (N, - V)N + o [ fexp(A|V log f|)7i - A, N
+0o [exp(A[Vlog f)A, f
= X0 [ fexp(\[Vlog f|) No(V,N#t) + Ao [ fexp(A|Vlog f|)7 - A,N
= Ao [ fexp(A[Viog f|) No(VoN7i) = Ao 3222, [ fexp(A[V log f)V,N; - Vn,

Ao S22 [ fFexp(A[V 1og f)(N, + AV, Ni)n,V,N;

= —X\0o [ fexp(A\|Vlog FDIVLN? — Ao [ fexp(A|V log VN - Vit

< 0.
Hence,
d
5 | rexpiog flydz <€ [ Fexp(AVlog £ Viog £
dt ID)XRd
That is

0,0; — CALO; < 0.

The characteristic equation is given by A(t) = A\ge~¢* which implies

(1 A(1)) < O5(0, Ao) = / f exp(ho|Vlog f]) < oo.

Hence we get
[ FeplineViog 1)) < €,(0) < oo,

Consequently (1.10) holds for Ay < e~ T, where C' = ||K * V,p| 1~ + 1 < 0.

In the case 0 = 0, we can easily propagate the bound for |V log f| by tracing

back the characteristics.
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