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Learning audio representations that are simultaneously useful for spatial reasoning and semantic

understanding remains a persistent challenge in machine learning. Existing approaches tend to specialize:

models designed for spatial audio often overfit to specific microphone array geometries or rely heavily

on phase-based cues that do not generalize well across recording conditions, while large-scale audio

encoders trained on diverse datasets typically prioritize semantic content and largely ignore the underlying

structure of the sound field. This disconnect limits the development of unified representations that

can generalize across both spatial and semantic tasks. Recent advances in self-supervised learning,

particularly methods that predict latent targets in feature space rather than reconstructing raw signals,

offer a promising direction for bridging this gap. However, these approaches have not yet fully

reconciled the competing demands of spatial awareness and semantic richness, especially in settings

with limited supervision or varying acoustic conditions.

In this work, we conduct a detailed analysis of the representations learned by modern self-

supervised audio models, with a focus on understanding how different pretext tasks influence the



encoding of spatial and semantic information. Motivated by these insights, we design a set of self-

supervised pretext tasks that operate directly on unstructured audio data, encouraging the model to

capture motion cues, spatial consistency, and temporal dynamics without relying on explicit labels

or structured inputs. These tasks are specifically crafted to introduce inductive biases that promote

generalization across a wide range of downstream applications, including localization, scene understanding,

and audio classification. While operating on unstructured data introduces additional computational

overhead compared to pipelines that rely on pre-computed features such as log-mel spectrograms, we

address this challenge by replacing standard softmax attention with a normalized attention mechanism.

This modification significantly reduces the computational cost and memory footprint of transformer-

based encoders while preserving their capacity to model long-range dependencies and complex temporal

relationships in audio signals.

We evaluate the learned representations on a diverse set of benchmarks spanning both spatial and

non-spatial tasks, including sound source localization, acoustic scene classification, and general audio

tagging. Our results demonstrate that motion-informed pre-training, when combined with efficient

attention mechanisms, enables models to approach—and in some cases match—the performance of

larger, label-intensive baselines that rely on extensive supervised training. Notably, our approach

achieves this while requiring substantially less annotated data, highlighting its effectiveness in data-

scarce regimes. Furthermore, we provide qualitative and quantitative analyses showing that the learned

representations capture both spatial structure and semantic content in a more balanced and interpretable

manner than existing methods. These findings suggest that integrating spatial inductive biases with

computationally efficient latent prediction objectives offers a promising path toward unified, data-

efficient audio representations that generalize across a broad family of downstream tasks and real-

world acoustic environments.
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Chapter 1: Introduction

1.1 Introduction

Learning audio representations that are useful for both spatial reasoning and semantic understanding

remains a central and unresolved challenge in machine learning. Existing models tend to specialize

either in content recognition or spatial processing, but rarely excel at both. Models tailored toward

spatial audio often overfit to specific microphone array geometries or exploit phase-based features

that do not transfer robustly across recording configurations and acoustic environments, limiting their

applicability in realistic, heterogeneous scenarios. In contrast, large-scale audio encoders trained on

vast collections of speech, environmental sounds, and music primarily focus on semantic content,

treating audio as a one-dimensional signal and largely ignoring the rich structure of the surrounding

sound field. This disconnect produces representations that are strong for classification and captioning,

yet brittle when downstream tasks require precise spatial reasoning, such as localization, motion

tracking, or spatialized scene understanding.

Recent self-supervised representation learning approaches offer a promising alternative to purely

supervised pipelines. Instead of reconstructing raw waveforms or spectrograms, modern latent-prediction

methods learn by predicting masked or transformed features in a representation space, often yielding

more robust and transferable embeddings. Such approaches have demonstrated substantial gains

across vision and language, and analogous techniques have begun to show benefits in audio as well,

particularly for large audio–language models (LALMs) that couple audio encoders with language

backbones. However, most existing self-supervised audio objectives are still optimized for semantic

understanding—e.g., identifying phonetic content, categories of sounds, or musical attributes—without

explicitly encoding spatial structure, motion cues, or geometry of the sound field. As a result, they have
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yet to fully reconcile the dual requirements of spatial awareness and semantic richness in a unified

representation.

In this thesis, we aim to close this gap by developing self-supervised methods that learn general-

purpose audio representations capable of supporting both spatial and non-spatial tasks. Concretely,

we study how pretext tasks, inductive biases, and architectural choices influence the extent to which

learned embeddings preserve spatial information while retaining strong semantic discriminability.

Building on recent insights from disentangled representation learning and geometry-preserving embeddings,

we design self-supervised objectives that operate directly on unstructured spatial audio data and explicitly

encourage motion-aware, geometry-sensitive representations. At the same time, we address the computational

challenges introduced by operating on raw or lightly processed signals, proposing efficient attention

mechanisms that reduce the cost of transformer-based encoders while preserving their capacity to

model long-range temporal dependencies. Through extensive evaluation on both spatial and non-

spatial benchmarks, we demonstrate that motion-informed pre-training with efficient attention can

approach the performance of much larger, label-intensive baselines, while using significantly less

explicit supervision.

The remainder of this chapter situates this thesis in the broader context of audio general intelligence,

disentangled representation learning, and geometry-aware modeling. We first outline the emerging

view of holistic audio understanding and discuss the limitations of current models and benchmarks.

We then review representation learning in audio, highlighting the divide between spatial and semantic

models. Next, we connect these ideas to the literature on disentanglement and geometry-preserving

representations, arguing that spatial inductive biases can be seen as a domain-specific instance of

more general structural and functional constraints. Finally, we summarize the main contributions of

this thesis and discuss how they move toward unified, data-efficient audio representations suitable
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for a broad family of downstream tasks.Learning audio representations that are useful for both spatial

reasoning and semantic understanding remains a central and unresolved challenge in machine learning.

Existing models tend to specialize either in content recognition or spatial processing, but rarely excel

at both. Models tailored toward spatial audio often overfit to specific microphone array geometries or

exploit phase-based features that do not transfer robustly across recording configurations and acoustic

environments, limiting their applicability in realistic, heterogeneous scenarios. In contrast, large-scale

audio encoders trained on vast collections of speech, environmental sounds, and music primarily

focus on semantic content, treating audio as a one-dimensional signal and largely ignoring the rich

structure of the surrounding sound field. This disconnect produces representations that are strong for

classification and captioning, yet brittle when downstream tasks require precise spatial reasoning, such

as localization, motion tracking, or spatialized scene understanding.

Recent self-supervised representation learning approaches offer a promising alternative to purely

supervised pipelines. Instead of reconstructing raw waveforms or spectrograms, modern latent-prediction

methods learn by predicting masked or transformed features in a representation space, often yielding

more robust and transferable embeddings. Such approaches have demonstrated substantial gains

across vision and language, and analogous techniques have begun to show benefits in audio as well,

particularly for large audio–language models (LALMs) that couple audio encoders with language

backbones. However, most existing self-supervised audio objectives are still optimized for semantic

understanding—e.g., identifying phonetic content, categories of sounds, or musical attributes—without

explicitly encoding spatial structure, motion cues, or geometry of the sound field. As a result, they have

yet to fully reconcile the dual requirements of spatial awareness and semantic richness in a unified

representation.

In this thesis, we aim to close this gap by developing self-supervised methods that learn general-
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purpose audio representations capable of supporting both spatial and non-spatial tasks. Concretely,

we study how pretext tasks, inductive biases, and architectural choices influence the extent to which

learned embeddings preserve spatial information while retaining strong semantic discriminability.

Building on recent insights from disentangled representation learning and geometry-preserving embeddings,

we design self-supervised objectives that operate directly on unstructured spatial audio data and explicitly

encourage motion-aware, geometry-sensitive representations. At the same time, we address the computational

challenges introduced by operating on raw or lightly processed signals, proposing efficient attention

mechanisms that reduce the cost of transformer-based encoders while preserving their capacity to

model long-range temporal dependencies. Through extensive evaluation on both spatial and non-

spatial benchmarks, we demonstrate that motion-informed pre-training with efficient attention can

approach the performance of much larger, label-intensive baselines, while using significantly less

explicit supervision.

The remainder of this chapter situates this thesis in the broader context of audio general intelligence,

disentangled representation learning, and geometry-aware modeling. We first outline the emerging

view of holistic audio understanding and discuss the limitations of current models and benchmarks.

We then review representation learning in audio, highlighting the divide between spatial and semantic

models. Next, we connect these ideas to the literature on disentanglement and geometry-preserving

representations, arguing that spatial inductive biases can be seen as a domain-specific instance of more

general structural and functional constraints. Finally, we summarize the main contributions of this

thesis and discuss how they move toward unified, data-efficient audio representations suitable for a

broad family of downstream tasks.
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1.2 Toward holistic audio understanding

Comprehensive audio understanding—from spoken language and paralinguistic cues to environmental

sounds and music—is increasingly recognized as a core component of machine perception and, more

broadly, artificial general intelligence. Human listeners seamlessly integrate semantic content (“what

is being said or sounded?”) with spatial context (“where is it coming from?”, “how is it moving?”)

and scene-level structure (“how many sources?”, “what is the room like?”). For AI agents to interact

effectively in the real world, they must inherit similar capabilities, using sound not only as a label-

bearing modality but also as a rich source of spatial and situational cues.

Large audio–language models (LALMs) and multimodal large language models (MLLMs) have

made impressive progress on high-level audio comprehension. These systems can answer questions

about speech, identify sound categories, follow audio instructions, and even reason over long-form

recordings that combine speech, non-speech sounds, and music. Benchmarks such as MMAU and

its extension MMAU-Pro have begun to evaluate these capabilities systematically, covering a wide

spectrum of skills including multi-hop reasoning, long-form audio understanding, and complex mixtures

of speech, sounds, and music. Crucially, these benchmarks also introduce tasks that probe spatial

audio reasoning, multi-audio understanding, and realistic “from-the-wild” scenarios, revealing that

even state-of-the-art models still fall far short of human-level audio intelligence.

Despite this progress, existing evaluations highlight a critical shortcoming: most high-performing

models excel at semantic recognition but struggle when questions require detailed spatial reasoning,

nuanced motion understanding, or robust performance in acoustically complex environments. For

instance, questions about the relative positions of speakers, the order in which a waiter takes orders

in a restaurant, or the spatial layout of a sound scene expose weaknesses in representations that do
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not encode spatial structure explicitly. This suggests that simply scaling up semantic encoders and

training on larger datasets is insufficient; instead, we need representation learning approaches that

integrate spatial inductive biases and motion-aware objectives into the audio modeling pipeline.

In this thesis, we adopt the perspective that robust audio intelligence must rest on general-

purpose representations that natively encode both semantic and spatial attributes. Rather than designing

narrowly specialized architectures for each task, the goal is to learn a single, versatile embedding

space where downstream classifiers or decoders can easily access information about content, location,

motion, and scene context. Achieving this requires revisiting the design of pretext tasks, model

architectures, and training regimes in the audio domain.

1.3 Representation learning for audio: semantic vs spatial

Representation learning has become the dominant paradigm in modern audio processing, mirroring

developments in computer vision and natural language processing. Self-supervised methods that

learn from large corpora without manual labels have been especially influential, enabling models to

discover structure in speech, environmental sounds, and music by solving proxy tasks such as masked

prediction, contrastive learning, or reconstruction. In speech, for example, self-supervised encoders

trained with masked prediction objectives have yielded powerful representations that support a wide

variety of downstream tasks, from automatic speech recognition to speaker identification and emotion

recognition.

However, most of these methods treat audio as a one-dimensional signal, or at best as a single-

channel spectrogram, and therefore implicitly focus on semantic content. They deliberately discard

spatial cues such as inter-channel time differences, directional energy distributions, or room impulse
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responses, either by collapsing channels or by using front-end features that average over spatial structure.

This design choice simplifies modeling and improves transfer to content-centric tasks, but it also erases

information that is crucial for localization, spatial separation, and spatialized scene understanding.

In parallel, a separate line of work in spatial audio and acoustic signal processing has developed

models that operate directly on multi-channel recordings, ambisonics, or microphone arrays. These

methods exploit phase differences, array geometry, and beamforming-inspired features to estimate

directions of arrival, track moving sources, and infer room acoustics. While highly effective in

controlled setups, these models often bake in strong assumptions about sensor placement, array shape,

and acoustic conditions, which leads to severe overfitting and poor generalization when confronted

with different geometries or real-world “in-the-wild” recordings. Moreover, they are usually trained for

narrow tasks, such as localization or dereverberation, and therefore produce representations that are not

easily reusable for semantic understanding. This bifurcation—semantic encoders that ignore spatial

structure, and spatial models that overfit to specific geometries—creates an artificial divide in the audio

representation space. A central thesis of this work is that we can bridge this gap by designing self-

supervised objectives that operate directly on unstructured spatial audio data and explicitly encourage

the encoder to capture both spatial and semantic factors. Rather than treating spatial audio as a separate

domain, I view it as an enriched version of the standard audio setting, where additional channels and

motion cues provide structure that can be exploited by appropriately biased pretext tasks.

1.4 Disentangled and geometry-preserving representations

The goal of learning representations that factorize different aspects of the data is not unique

to audio. In unsupervised and self-supervised learning more broadly, disentangled representations
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have been proposed as a means to discover and organize latent factors of variation—such as shape,

pose, lighting, or object identity—without explicit supervision. The core idea is that individual latent

dimensions or subspaces should correspond to distinct, meaningful factors, thereby enabling systematic

generalization to novel combinations of these factors. When successful, disentangled representations

improve robustness, out-of-distribution generalization, few-shot learning, and controllable generation,

as demonstrated on benchmarks such as 3DShapes and MPI3D.

However, unsupervised disentanglement faces fundamental identifiability challenges: without

inductive biases, infinitely many encodings can explain the same observations, making it impossible to

guarantee recovery of the true generative factors. To address this, prior work has introduced a variety of

inductive biases, including information-theoretic regularizers, architectural constraints, and functional

constraints on the data-generating mapping. More recent approaches leverage Bayesian nonparametric

priors over discrete latent codebooks or impose geometry-preserving constraints that encourage the

latent space to form approximately isometric embeddings of underlying factor manifolds. These

advances suggest that carefully designed structural and geometric biases can lead to more interpretable

and compositional representations.

The spatial audio setting provides a natural playground for such ideas. Many spatial attributes—such

as source azimuth, elevation, distance, or trajectory—can be viewed as coordinates on smooth manifolds

embedded in observation space. Geometry-preserving inductive biases that maintain local distances

and angles between latent representations, as proposed in recent work on isometric embeddings for

combinatorial generalization, align well with the goal of capturing spatial structure in a way that

supports recombination and generalization. Similarly, viewing spatial and semantic factors as distinct

but interacting generative components resonates with methods that factorize latent spaces and assign

separate codebooks or subspaces to different factors.
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In this thesis, I adapt and extend these ideas to the audio domain by treating spatial cues and

semantic content as intertwined but partially separable factors of variation. Rather than striving

for perfect disentanglement—an unrealistic goal given the complex coupling between acoustics and

content—I focus on learning representations that make both kinds of information linearly or locally

accessible to downstream models. Motion-informed pretext tasks, such as predicting future spatial

configurations or reconstructing relative motion trajectories in latent space, serve as functional inductive

biases that steer the encoder toward capturing geometry and dynamics, while latent prediction objectives

ensure that the learned space remains semantically rich and robust.

1.5 Efficient self-supervision on unstructured spatial audio

Operating directly on unstructured spatial audio data introduces significant computational challenges.

Unlike pipelines that rely on pre-computed features (e.g., log-mel spectrograms or handcrafted spatial

descriptors), models that ingest raw or minimally processed multi-channel waveforms must process

high-dimensional, long-duration inputs. Transformer-based architectures are attractive in this setting

because of their ability to model long-range dependencies, but standard softmax attention incurs

quadratic complexity in sequence length, making naive application to high-resolution spectrograms

or long sequences prohibitively expensive.

To make self-supervised learning on unstructured spatial audio tractable, I combine motion-

aware pretext tasks with computationally efficient attention mechanisms. Specifically, I replace the

standard softmax attention with a normalized attention formulation that reduces complexity while

preserving the ability to aggregate information over long time horizons. This modification reduces

memory footprint and computational cost, enabling training on longer inputs and more channels
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without sacrificing the expressiveness of the encoder. By integrating this efficient attention into latent

prediction frameworks, the model can learn to capture both fine-grained temporal details and global

spatial structure. This architectural choice is tightly coupled with the design of pretext tasks. Latent

prediction objectives that operate on spectrogram-like representations can be adapted to multi-channel

settings by jointly predicting masked or transformed features across channels, encouraging the encoder

to align spatially corresponding regions and to exploit inter-channel coherence. Motion-informed

tasks, such as predicting future latent states conditioned on past spatial configurations, further bias the

representations toward capturing temporal dynamics and source trajectories. Together, these design

elements pave the way for general-purpose spatial audio representations that maintain semantic fidelity

while “seeing” the sound field as a structured, dynamic object.

Chapter 1: Completed Works

1.1 MMAU-Pro: A Challenging and Comprehensive Benchmark for Holistic Evaluation

of Audio General Intelligence

Comprehensive audio understanding-from spoken language to environmental sounds and music-

is fundamental to human general intelligence. Correspondingly, AI systems must possess comparable

capabilities for effective real-world interaction (Sakshi et al. 2025). Recent advancements in multimodal

large language models (MLLMs) have led to the emergence of Large Audio-Language Models (LALMs),

demonstrating notable audio comprehension skills (Ghosh et al. 2024, 2025b; Goel et al. 2025;
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Gong et al. 2024; Deshmukh et al. 2023; KimiTeam et al. 2025; Xie et al. 2025a; Xu et al.

2025; Chu et al. 2024). Despite numerous benchmarks assessing progress toward Artificial General

Intelligence (AGI) through text, audio intelligence evaluation remains notably underserved. Given

audio’s inherent diversity and complexity, we contend that progress toward AGI is incomplete without

strong audio intelligence capabilities-and that their rigorous evaluation remains an open challenge.

Recently, several benchmarks have emerged to evaluate LALMs. MMAU (Sakshi et al. 2025), a

pioneering comprehensive benchmark, comprises 10,000 carefully selected audio clips across speech,

sounds, and music, with single- turn, single-audio questions requiring knowledge and reasoning.

Following MMAU, MMAR (Ma et al. 2025) introduced more challenging queries, while MMSU

(Wang et al. 2025b) expanded spoken language understanding assessments. Domain-specific benchmarks

like Speech-IFEval (Lu, Kuan, and Lee 2025) focus on instruction-following and CMM (Leng et

al. 2024) focuses on hallucinations. Nevertheless, existing benchmarks inadequately represent the

complexity of realistic auditory scenarios - such as multiple and overlapping audios, long-duration

inputs, open-ended answers, and culturally varied content-which demand deeper comprehension and

multi-hop reasoning beyond basic recognition.

To this end, we present MMAU-Pro, a novel benchmark consisting of 5,305 expert-annotated

instances designed to evaluate 49 distinct auditory intelligence skills spanning speech, environmental

sounds, and music. MMAU-Pro presents challenges overlooked by prior benchmarks, including

long-form audio understanding (up to 10 minutes), reasoning across multiple clips, spatial audio

perception, multicultural music interpretation, instruction-following abilities, etc. All questions are

crafted to require deliberate multi-hop reasoning and include a balanced mix of multiple-choice and

open-ended formats. To address the shortcomings of existing evaluation methodologies, we further

propose a retrieval-based evaluation framework that enables more robust and reliable assessment. By
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emphasizing realistic and demanding auditory tasks, MMAU-Pro provides a comprehensive testbed

to accelerate the development of auditory intelligence in multimodal AI systems. To summarize, our

main contributions are:

1. We introduce MMAU-Pro, the most comprehensive benchmark to date for evaluating auditory

intelligence. It comprises 5,305 expert-annotated question–answer pairs spanning 49 distinct

skills across speech, environmental sounds, music, and their mixtures. MMAU-Pro introduces

novel challenges, including spatial audio reasoning, multi-clip audio reasoning, voice–chat comprehension,

and tasks requiring prosodic, world-knowledge, and STEM-based reasoning. All audio samples

are drawn from the wild, with durations up to ten minutes, significantly surpassing the short

clips typical of prior benchmarks where current models are near-saturated.

2. We benchmark over 15 open-source and proprietary multimodal LLMs on MMAU-Pro, finding

that even the strongest models face substantial challenges. Gemini 2.5 Flash achieves only

59.2% accuracy; the best-performing fully open-source model, Audio Flamingo 3, reaches

51.7%; and the strongest open-weights omni model, Qwen2.5-Omni-7B-Instruct, achieves just

52.2%.

3. We provide an in-depth analysis of model responses, uncovering key failure modes in auditory

perception and reasoning. These include shallow audio grounding, degradation in text-only and

STEM reasoning, poor performance in multi-audio and spatial reasoning, and limited understanding

of multicultural music.
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1.1.1 Related Works

Recent advances in multimodal modeling have led to (L)ALMs-models that pair audio perception

with (L)LMs to tackle complex audio tasks. Early systems such as Whisper [152] [160] and CLAP

[170] [137]; [138] focused on foundational tasks like transcription, captioning, and retrieval, but

struggled with reasoning-centric challenges. More recent models-GAMA [142], Audio Flamingo

[141], Mellow [134], Phi-4MM [129], Qwen2-Audio [133], and AudioPALM [163] proposed improved

architectures and large-scale training, targeting deeper understanding. These efforts have culminated

in large audio reasoning models (LARMs), including Audio-Reasoner [171], SoundMind [135], R1-

AQA [153], and Audio-CoT [171] which explicitly model step-by-step reasoning. In parallel, general

purpose Omni-Language Models (OLMs) such as Qwen2.5-Omni [172], Baichuan-Omni [154], and

Ming-Omni [144] - though not tailored for audio have demonstrated surprising proficiency on audio

tasks. While progress is promising, robust benchmarks remain essential to evaluate audio intelligence.

Existing benchmarks provide strong foundations but fall short in evaluating holistic audio intelligence.

MMAU [164] introduced 10,000 QA pairs across 27 skills for speech, sounds, and music, but used

existing datasets and short, single-source clips-achieving only 52–60% accuracy. MMAR [156] added

1,000 real-world QA triplets with hierarchical reasoning layers and rationales, yet remained limited

in scale and scope. AudioBench [166] unifies 26 datasets across 8 tasks, while MuChoMusic [169]

probes 1,100 MCQs on culturally diverse music, exposing models’ over-reliance on text. MMSU [59]

tests 5,000 spoken language QA pairs across 47 speech skills. Beyond Single-Audio [132] evaluates

multi-audio reasoning across 20 datasets, showing that most ALLMs struggle when reasoning over

more than one audio stream. Dynamic SUPERB Phase-2 [145] expands to 180 tasks. While some

recent models, such as Mellow [134] and BAT [175], begin to address multi- and spatial-audio tasks,
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benchmark evaluations remain shallow and fragmented. Moreover, no existing benchmark systematically

tests instruction following or jointly evaluates long-form (up to 10 minutes), multi-audio, spatial, open-

ended, and multicultural scenarios. Addressing these gaps, MMAU-Pro offers the most comprehensive

benchmark to date, targeting underexplored dimensions critical to advancing real-world audio general

intelligence.

1.1.2 The MMAU-Pro Benchmark

MMAU-Pro is designed to holistically evaluate audio intelligence in AI systems. It comprises

5,305 expert-annotated question–answer pairs covering 49 distinct skills. Questions require multi-

step, multi-hop reasoning and were authored and validated by domain experts to ensure high quality.

To avoid data leakage, all audio (except our spatial subset) is sourced from in-the-wild recordings. For

spatial audio reasoning, we reuse high-fidelity multi-channel recordings from the EasyCom dataset

[136]. While prior benchmarks such as MMAU and MMAR primarily evaluate models using multiple-

choice questions, MMAU-Pro extends evaluation to include open-ended responses and MCQs with up

to 10 options, thereby substantially reducing the likelihood of models succeeding by random guessing.

It also categorizes audio clips by duration: short (≤ 30s), medium (30s–3min), long (3–8min), and

ultra-long (8–10min), enabling characterization and analysis across varying temporal contexts.

Inspired by prior benchmarks in this space, we design a specialized multi-stage pipeline with

more human involvement in the process to construct high-quality data for MMAU-Pro.

1. Domain and Task Design: We define a diverse set of reasoning tasks across speech, sound,

music, and their mixtures, including long-context comprehension, spatial reasoning, multi-audio

analysis, and multicultural music understanding.
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2. Task Allocation: Domain experts (authors) are assigned tasks based on specialization, guided

by detailed instructions to ensure comprehensive domain coverage.

3. QA Generation: The experts then manually collect audio and craft QA pairs. The QA pairs

are created with an emphasis on multi-hop reasoning and real-world use cases. We include both

MCQs and open-ended questions in the benchmark, with explanatory answers authored for the

latter. Annotators determine the appropriate format based on factors such as susceptibility to

elimination via language cues and the added value of open-endedness for deeper evaluation.

4. Distractor Construction: For MCQs, experts create challenging distractors that discourage

superficial pattern matching. Distractors are crafted to avoid trivial elimination and encourage

careful audio grounding. Unlike other benchmarks, which resort to LLMs for the generation

of distractors, experts carefully create distractors for each question to pose a higher level of

challenge to the models being evaluated.

5. Annotation Verification: A second expert independently verifies each QA instance for accuracy,

clarity, and reasoning validity. Discrepancies are resolved iteratively, followed by grammar and

style checks using both experts and LLMs.

6. Expert Review: Final review ensures cultural sensitivity, task appropriateness, and explanatory

quality, particularly for open-ended responses.

7. Benchmark Finalization: The finalized dataset balances domain, task type, and audio length

to ensure diverse and representative coverage.

Over 25 individuals were involved in this process of data collection, QA categorization and design,

validation, curation, and evaluation.
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MMAU-Pro introduces several key advancements, including multi-audio reasoning, spatial audio

understanding, and STEM-based evaluation. In the following subsections, we describe these core

innovations in detail.

Long-Audio Understanding Previous benchmarks such as MMAU (avg. 10.1 sec), MMAR

(avg. 19.4 sec), and MMSU (7.01 sec) primarily focus on short audio clips, limiting evaluation to brief

segments. Audio Flamingo 2 introduced long-audio perception with LALMs, motivated by real-world

applications such as video, podcast, and movie analysis. This was followed by models like Qwen2.5-

Omni and Audio Flamingo 3. MMAU-Pro builds on recent efforts such as LongAudioBench [141]

and BLAB [130] by incorporating long-form audio inputs, categorized into four duration bins: short

(≤ 30s), medium (30s–3min), long (3–8min), and ultralong (8–10min), comprising 2,589; 1,897;

1,307; and 348 QA instances respectively. Long-form comprehension poses unique challenges-such

as locating sparse events (“needle in a haystack”) and understanding narrative or temporal structure,

which is explicitly tested in MMAU-Pro through specialized QA designs.

Multi-Audio Understanding While multi-image understanding has been extensively studied

[146] [174] [151], multi-audio understanding remains largely underexplored. Although many real-

world use cases require understanding and reasoning over multiple audio inputs, most frontier MLLMs

with audio perception capabilities do not natively support multi-audio processing. Chen et al. [132]

make an initial attempt, and Audio Flamingo 3 supports multi-audio multi-turn dialogue, but lacks

explicit multi-audio analysis support. MMAU-Pro addresses this gap by extending beyond single-

audio QA. It includes 430 and 26 QA instances with two and three audios, respectively, each requiring

understanding all individual audios for answering the QA correctly.

Multicultural Music Understanding Most existing benchmarks evaluating music understanding

focus predominantly on Western music, overlooking the rich diversity of global musical traditions.
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MMAU-Pro expands this scope by incorporating music from eight culturally distinct regions: African

(21), Chinese (496), European (54), Indian (112), Latin American (11), Middle Eastern (7), Western

(901), and Other Asian cultures (16). In Appendix B, we show that models trained primarily on

Western music struggle with non-Western musical reasoning, highlighting he need to diversify training

datasets for more inclusive music understanding.

Spatial Audio Understanding Understanding properties such as directionality, reverberation,

and acoustic environment is a critical component of spatial awareness in auditory intelligence. Unlike

visual spatial reasoning, spatial cues in audio often require multi-channel input. MMAU-Pro includes

325 expertly curated QA pairs paired with binaural recordings, designed to assess models’ ability to

perceive spatial relationships, such as sound direction and room characteristics, requiring fine-grained

spatial awareness.

Voice QA As AI agents become more capable and widely adopted, voice-to-voice interaction

is poised to become the default interface [165]. However, enabling faithful voice based interaction

requires more than just spoken language understanding. It demands robust paralinguistic comprehension,

including age, emotion, demographic cues, and urgency [161]. Moreover, models must process spoken

content that extends beyond natural language-such as mathematical expressions and STEM-related

queries.

To evaluate these capabilities, MMAU-Pro introduces questions that assess paralinguistic understanding,

including age, emotion, and urgency. Additionally, we convert STEM questions into spoken form

using GPT-4oTTS to test voice-based comprehension of mathematical expressions. These tasks also

allow us to probe the model’s STEM reasoning abilities, a known challenge for MLLMs.

Instruction Following Enabling foundation models to follow human instructions is essential

for building controllable and reliable AI assistants [159] [131] [177]. However, evaluating instruction-
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following remains challenging due to the open-ended nature of many prompts (e.g., “Write a short

poem based on the sound you hear”) (Chen et al. 2024a; Wang et al. 2024). To enable objective

evaluation, we adopt the constraint-based approach of Zhou et al. (2023b) [12], framing instruction-

following as a verifiable subtask within MMAU-Pro. Our design is further inspired by IFEval-Audio

[139], which introduced structured spoken instruction evaluation for audio-language models. We

construct a dedicated subset with 87 constraint in stances drawn from 28 instruction types, grouped

into six categories (e.g., Length Constraints, Keyword Usage, Format). Each instruction is paired with

one of seven open-ended prompt templates (e.g., “Describe the audio”) and instantiated with variations

to test robustness across prompt styles. Final inputs are synthesized using ChatterboxTTS (Resemble

AI 2025), combining spoken instructions with audio segments from the MMAU dataset (e.g., speech,

music, ambient sounds). We provide deterministic regex-based evaluation scripts for each constraint,

enabling scalable, reproducible scoring in realistic conditions.

1.1.3 Experimental Setup

LALMs We evaluate a wide range of Large Audio-Language Models on the MMAU-Pro benchmark

to assess their capabilities in long and short form reasoning, spatial understanding, multicultural music

interpretation, and multi-audio comparisons.

Cascaded Systems To evaluate the robustness of our benchmark MMAU-Pro, we also conduct

assessments on cascaded systems. In this approach, we first obtain captions for sound and music, and

transcripts for speech-based questions. Subsequently, we combine these captions and questions and

pass them to text-only open and closed-source Large Language Models (LLMs). These LLMs include

GPT-4o [158], one closed-source, state-of-the-art LLM, and Qwen3-235B-A22B-Instruct [173], an
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open-source, instruction-tuned model. For obtaining the captions of sound and music audios, we

resort to Audio Flamingo 3, and for obtaining the speech transcripts, we use Whisper-Large-v3 [162].

Evaluation Strategy To evaluate MCQs, we compute the embedding of each answer choice using a

pretrained transformer model, i.e, NV-Embed-v2 [148] [157] in our case, and compare it to the model’s

output embedding for the question context. Rather than computing the question embedding directly,

the model generates an output vector representing its predicted response. This output embedding is

compared against the embeddings of all available answer choices using cosine similarity. The choice

with the highest similarity is selected as the predicted answer. The evaluation is then conducted by

comparing this prediction to the ground truth label. This embedding-based selection strategy allows for

semantically meaningful predictions even when explicit answer tokens are not generated, and avoids

reliance on string-based pattern matching. For evaluating open-ended responses, we employ Qwen2.5-

7B-Instruct as a judge and provide it with the ground truth answer and the prediction. We evaluate each

model’s response on 5 fronts - (i) Correctness: How factually accurate is the response compared to the

reference? (ii) Relevance: How well does the response address the specific question asked? (iii)

Completeness: Does the response cover all important aspects mentioned in the reference? and (iv)

Clarity: How clear and well-structured is the response? and we also ask the LLM to assign an overall

assessment score, which we report. For evaluating open-ended evaluations, we first obtain scores on a

scale of 1 to 5. Then, we convert these scores into percentage values to ensure that all reported scores

remain on the same scale. We also evaluate LLM as a judge vs Human annotation score, and find

a high correlation value to validate the strength of our LLM-as-a-judge framework. We show these

correlations on the MMAU-test-mini and MMAR dataset. For evaluation of multi-audio, for models

that do not support multi-audio analysis, we concatenate the audios with a silence of 2 seconds and

feed it to the model, and mention it in the prompt, whereas for the models that support multiple audios,
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we feed them sequentially.

1.1.4 Results and Discussion

We present a comprehensive breakdown of model performance across twelve main modalities.

Several clear patterns emerge. First, on the core single-modality tasks (Sound, Music, Speech),

most end-to-end LALMs achieve only moderate accuracy (30–60%), with smaller models such as

SALMONN-7B and Phi4-MM-Instruct often below 50%. Even the strongest open-source models

Qwen2.5-Omni-7B rarely exceed 65% on Music or Speech, indicating that foundational audio understanding

remains challenging.

Performance degrades further as tasks grow more complex. On mixed modalities (Sound–Music,

Speech–Music, Speech–Sound, and three-way mixtures), accuracies typically fall into the 20–50%

range. This suggests that models cannot yet reliably fuse information across multiple audio streams.

A similar drop can be seen in the spatial audio understanding performance, where even the top models

rarely surpass 40%.

Voice-chat reasoning, which tests conversational and world-knowledge, and STEM knowledge

inference, also exposes weaknesses, with most models scoring between 25% and 60%. Notably,

Qwen2.5-Omni-7B and Gemini-2.5 Flash perform decently well on these tasks, scoring 60% and

71.7% respectively, but smaller or less instruction-tuned models often languish below 50%.

Multi-audio reasoning and open-ended question answering remain the most challenging tasks:

no model surpasses 30% accuracy on the “Multi-Audio” subset, and open-ended QA tops out at only

45% even for the largest models.

For multiple-choice questions with four options, performance may be inflated because models
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can rely on elimination strategies or benefit from the higher probability of guessing correctly (25%).

To further stress-test this, we expand certain questions to include 10 options and observe a substantial

drop in accuracy as the number of options increases. Models like Mellow, Qwen2.5-Omni, and AF3,

which support multi-audio, still do not exceed 30%. GPT4o-Audio achieves slightly higher than 30%.

Finally, instruction-following (“IF”) is dominated by large closed source models.

In summary, while most closed-source LALMs can handle many single-domain input tasks

well, they still struggle with nuances in audio like temporal understanding, prosodic, and emotional

reasoning. In addition, they struggle much more with multi-audio analysis, spatial reasoning, free-

form answering, and instruction following. These areas represent clear directions for future model and

benchmark development.

1.1.5 Do MLLMs Retain Skills Acquired from Text Pre-training?

Performance on STEM QA. To examine whether models can effectively link audio understanding

with text-based knowledge and reasoning skills, we compare the STEM focused QA performance of

AF3 (in “Think” mode) with its base LLM, Qwen2.5-7B-Instruct. In this setup, Qwen2.5-7B-Instruct

is evaluated on the original text-only STEM questions from the source dataset, while AF3+Think is

evaluated on the corresponding audio-based MMAU-Pro Voice STEM subset. Qwen2.5-7B-Instruct

achieves 36.17% accuracy, whereas AF3+Think reaches only 31.91%. We identify two possible

causes: (i) AF3 may lose part of its text-based math reasoning ability during audio fine-tuning—a

gap that could potentially be mitigated with high-quality instruction tuning data; or (ii) an auditory

perception gap, where the model correctly interprets the audio and retains the necessary reasoning

skills, but fails to connect perception with knowledge. Similar issues have been observed in LVLMs
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(Ghosh et al. 2025a), where models demonstrate sufficient reasoning ability in text form but struggle

to bridge perception with understanding, a phenomenon described as the visual perception gap.

Instruction Following. We compare the performance of AF3 and Qwen-2.5-Omni-7B on the

instruction-following subset of MMAU-Pro. For the Change Cases task, AF3 attains 35.4% accuracy,

whereas Qwen2.5-Omni-7B reaches 75.2%. On Detectable Format, AF3 fails to produce many correct

responses (8.6%), while Qwen2.5-Omni-7B correctly formats 40.3% of cases. In Length Constraints,

AF3 scores 30.7% compared to 68.5% for Qwen2.5-Omni-7B. AF3’s only relative strength appears

on Detectable Content, where it achieves 67.8% accuracy versus Qwen2.5-Omni-7B’s 60.4%. The

Keywords task again highlights the gap AF3 manages just 5.9% while Qwen2.5-Omni-7B succeeds

on 65.1%. Finally, for Multi-Part Response, AF3 records 55.6% accuracy compared with 60.8%

for Qwen2.5-Omni-7B. This consistent advantage for Qwen2.5 Omni-7B on five of six subtasks

underscores the crucial role of extensive text-only pretraining and instruction-tuning: without a robust

textual instruction corpus, AF3’s performance on language- centric directives remains significantly

weaker despite its strong audio understanding and reasoning ability.

1.1.6 Conclusion, Limitations and Future Work

In this paper, we introduced MMAU-Pro, a comprehensive benchmark designed to holistically

evaluate general audio intelligence in multimodal language models. MMAU-Pro advances prior efforts

by incorporating 5,305 expert-annotated QA pairs spanning 49 diverse skills across speech, sounds,

music, and their combinations. The benchmark introduces several key innovations, including long-

audio understanding, multi-audio reasoning, spatial audio comprehension, multicultural music understanding,

instruction following, etc. These tasks mirror real-world challenges and require advanced perception,
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contextual understanding, and complex reasoning. Our evaluation across open and proprietary LALMs

demonstrates that even the strongest models struggle across several categories. Of course, humans are

able to do amazing feats with the sound they hear, and to truly benchmark an audio model’s ability to

do all of these will always be a work in progress, and we do not claim to explore all dimensions of

audio processing/reasoning ability in the benchmark.

As part of future work, we plan to: (i) further expand the scale of MMAU-Pro to include

more languages and low-resource acoustic environments; (ii) introduce dynamic and interactive audio

tasks, such as real-time reasoning over streaming audio; (iii) refine instruction-following evaluation

with free-form generation and adversarial constraints; and (iv) develop better metrics for evaluating

paralinguistic understanding and culturally-grounded reasoning. We hope MMAU-Pro serves as a

stepping stone toward developing more capable and general-purpose audio-language models.

1.2 A Bayesian Non-parametric Framework for Learning Disentangled Representations

Disentangled representation learning aims to identify and organize the underlying sources of

variation in observed data. However, learning disentangled representations from observational data

alone without any additional supervision necessitates inductive biases to solve the fundamental identifiability

problem of uniquely recovering the true latent structure and parameters of the data-generating process.

Existing methods address this by imposing heuristic inductive biases that typically lack these theoretical

identifiability guarantees. Additionally, these methods rely on strong regularization to impose these

inductive biases, creating an inherent trade-off in which stronger regularization improves disentanglement

but limits the latent capacity to represent underlying variations. To address both challenges, we

propose a principled generative model with a Bayesian nonparametric hierarchical mixture prior that
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embeds inductive biases within a provably identifiable framework for unsupervised disentanglement.

Specifically, the hierarchical mixture prior imposes the structural constraints necessary for identifiability

guarantees, while the nonparametric formulation allows the latent representation to scale with infinite

capacity to faithfully represent the complete set of underlying variations without violating these structural

constraints. To enable tractable inference under this nonparametric hierarchical prior, we develop a

structured variational inference framework with a nested variational family that both preserves the

hierarchical structure of the identifiable generative model and approximates the expressiveness of

the nonparametric prior. We evaluate our proposed probabilistic model on standard disentanglement

benchmarks, 3DShapes and MPI3D datasets characterized by diverse source variation distributions, to

demonstrate that our method consistently outperforms strong baseline models through structural biases

and a unified objective function, obviating the need for auxiliary regularization constraints or careful

hyperparameter tuning.

1.2.1 Introduction

A primary objective of representation learning is not merely to perform density estimation or

generate realistic samples, but to discover and characterize the latent structure inherent in observational

data. This notion is formalized by disentangled representations that aim to separate the distinct,

independent, and informative generative factors of variation in the data such that each variable of the

representation is sensitive to changes in exactly one underlying factor while being relatively invariant to

changes in others [1]. Disentangled representations have been shown to improve robustness and out-of-

distribution generalization [3] [4], sample efficiency in few-shot learning [5] [6], domain adaptation via

separation of transferable and domain-specific features [7] [8] controllable and interpretable generation
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[9] [11] [12], and causal inference and fairness through explicit separation of sensitive and task-

relevant factors [6] [28]. However, unsupervised learning of disentangled representations is fundamentally

challenged by identifiability which refers to whether the true generative factors and their structure can

be uniquely inferred from observed data alone. Without identifiability, different parameterizations of

the generative model can produce identical distributions over observed data, making it theoretically

impossible to recover the true generative factors. Prior work in nonlinear independent component

analysis [25] [26], deep generative modeling [49], and unsupervised disentanglement [28] has shown

that enforcing the commonly used simple isotropic Gaussian prior in combination with a nonlinear

generative function is generally insufficient to recover the true sources of variation. Without additional

inductive biases, the model can learn infinitely many, potentially entangled representations that satisfy

the marginal prior distribution yet fail to align with the true data-generating factors.

Moreover, prior works primarily impose heuristic inductive biases and typically rely on strong

regularization to enforce them inducing an inherent trade-off whereby stronger regularization enhances

disentanglement but simultaneously restricts the representation capacity. Consequently, this misspecification

of the latent capacity either under-represents all relevant modes of variation or forces encoding of

the data in a manner that conflicts with the natural structure, leading to systematic violation of the

disentanglement-inducing constraints.

To address both these limitations we build upon the theoretical framework of Kivva et al. (2022),

who prove that mixture priors provide sufficient inductive bias for identifiability in deep generative

models with piecewise affine data-generating functions. We propose a Bayesian nonparametric hierarchical

mixture prior that inherits these identifiability guarantees lacking in simple Gaussian priors while

simultaneously addressing the representation capacity mis-specification problem through its nonparametric

formulation. The nonparametric formulation allows the complexity of factor-specific mixtures to
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remain unspecified a priori, a characteristic analogous to species discovery in unexplored ecosystems,

where the number and types of species present cannot be predicted in advance. This formulation

endows our model with universal approximation capabilities, ensuring that the identifiable architecture

is, in principle, expressive enough to recover the natural underlying structure of the data. To specifically

learn disentangled representations, we define a factorized prior structure under which a nonparametric

hierarchical mixture prior is placed over the space of each generative factor independently, such that

mixture components correspond to discrete variations of the respective factor. Consistent with the

principles of classical factor analysis, this factorized structure entails that observations are generated

through the combinatorial composition of factor-specific mixture components, with each observation

determined by a unique combination of components across all generative factors Hsu et al. (2024a)

[32].

For tractable inference under this nonparametric hierarchical prior, we develop a structured

variational inference framework with a nested variational family. The structured inference framework

preserves the hierarchical structure of the identifiable generative model thereby enabling joint optimization

of the prior and deep generative model parameters within a unified objective function. The nested

formulation enables the variational distribution to approximate the expressiveness of the nonparametric

prior while maintaining computational tractability.

Empirically, we show that this hierarchical mixture prior provides substantially stronger inductive

biases enabling the learning of modular and compact disentangled representations that enhance interpretability.

Our results on two image datasets with distinct factor distributions further demonstrate that the nonparametric

hierarchical mixture prior and the corresponding inference framework provide sufficient inductive bias

without additional computationally expensive auxiliary inductive biases or careful manual tuning of

regularization hyperparameters.
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1.2.2 Nonparametric Bayesian Priors for Autoencoders

The theoretical framework of Kivva et al. (2022) establishes identifiability of deep latent variable

models by rigorously delineating the conditions under which such models are uniquely recoverable

from data. Specifically, identifiability of the latent variable distribution up to affine transformation

requires two critical conditions: (i) the marginal distribution of the latent variables follows a Gaussian

mixture model (GMM), and (ii) the corresponding data-generating function is piecewise affine and

satisfies weak injectivity. Building on these conditions, the authors further demonstrate that stronger

identifiability, up to permutation, scaling, and translation, necessitates the introduction of additional

discrete latent variables which index the mixture components of the GMM, inducing a hierarchical

structure in which the continuous latent variables are conditionally independent given these discrete

variables. Furthermore, imposing an additional maximality condition (P3 in Kivva et al. (2022))

on this hierarchical structure yields identifiability of the complete latent representation, including the

latent dimensionality, the cardinality and distribution of the discrete variables, and the conditional

distribution of the continuous latent variables.

To further bias this identifiable framework toward learning disentangled representations, we

impose an additional structural constraint on the discrete latent space. Specifically, we factorize the

multivariate discrete latent variable into statistically independent components, where each component

encodes a distinct factor of variation and indexes a set of mixture components representing the discrete

modes of variations of its respective factor. Critically, this factorized prior enforces an orthogonal

partitioning of the latent space, such that factor-specific variations are encoded in non-overlapping

subspaces of the continuous latent representation, thereby promoting the independent encoding of

factor-specific variations. Moreover, this factorized latent space induces a generative process in which
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observations are generated through the combinatorial composition of factor-specific mixture components,

with each observation generated by a unique combination of component assignments.

This inductive bias of combinatorial composition toward learning disentangled representations is

closely related to the works of Hsu et al. (2024a;b) [32], which similarly structure the latent space as a

product of independent discrete sets to promote disentangled representations. In their framework,

the discrete latent space is formed from continuous latent representations that are discretized via

vector quantization, wherein each latent dimension is independently mapped to discrete codes through

distinct, learnable codebooks. For this architecture to serve as an effective inductive bias toward

disentanglement, the size of each codebook, and thus the cardinality of the corresponding discrete

latent variable indexing its embeddings, is kept small and fixed, constraining each dimension to

capture only a limited set of discrete modes. While this design choice encourages parsimonious

representations, it imposes a rigid upper bound on the expressive capacity of each factor: factors whose

discrete modes of variations exceed the cardinality of a single codebook must either be distributed

across multiple independent codebooks or be only partially captured, in both cases reducing the

interpretability and semantic coherence of the learned latent factors.

To address the expressive limitations of fixed-cardinality discrete variables, we introduce a

nonparametric Dirichlet Process mixture [94] [96] [95] prior over the latent space, allowing the support

of each latent variable to grow adaptively with the intrinsic complexity of its associated factor of

variation. By placing nonzero probability mass over a countably infinite support, the DP prior equips

each discrete latent variable with a universal approximation property over discrete distributions, enabling

it to represent an arbitrary discrete distribution over the modes of its associated factor. Consequently,

this universal approximation property reinforces the statistical independence of the joint latent prior,

ensuring that the complete set of discrete modes of variation associated with each independent factor is
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represented entirely by a discrete latent variable. Critically, because the DP prior is applied independently

to each discrete latent variable, each factor can adaptively expand its variation space without disrupting

the orthogonal partition structure induced by the remaining factors, thereby preserving statistical

independence of the representation.

In the following sections, we formalize this framework by deriving a Bayesian nonparametric

hierarchical generative model that is jointly identifiable, universally expressive through the nonparametric

prior, and structurally biased toward disentangled representations with a particular emphasis on completeness

and interpretability. We then formalize the structured variational family, which is specifically designed

to accurately approximate the posterior distribution under the hierarchical factorized structure of the

prior. Finally, we present a nested extension of this structured variational family that enables principled

incremental expansion of representational capacity, with the structured component preserving the

inductive biases of identifiability and factorial independence, and the nested component approximating

the universal approximation capacity of the nonparametric prior, jointly ensuring that the learning

algorithm remains faithful to the theoretical properties of the generative model throughout inference.

We consider a hierarchical latent variable generative model in which each observation x ∈ X is

generated via a structured latent representation comprising a continuous latent variable e ∈ Rd and a

multivariate discrete latent variable z = (z1, . . . , zd) ∈ Z with Z denoting the corresponding discrete

latent space. To impose an inductive bias toward disentangled representations, we assume a factorial

structure on the discrete space Z , defined as the Cartesian product Z = Z1 × · · · × Zd, where each

zi ∈ Zi = {1, . . .} is mutually independent and captures a distinct factor of variation. To ensure

identifiability of the continuous latent variable e up to affine transformations, we follow the conditions

of [?] and specify the marginal distribution of e as a Gaussian mixture model (Assumption P1). To

further satisfy the conditions for stronger identifiability (Assumption P2), we require that, conditioned
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on the discrete latent variable z, the components of e are mutually independent, ei ⊥⊥ ej | z for

all i ̸= j enforcing an orthogonal partitioning of the continuous latent space into d non-overlapping

factor-specific subspaces.

To allow an unbounded number of mixture components, we model each ei under an independent

Dirichlet Process mixture prior, inducing a countably infinite Gaussian mixture over the marginal

p(ei). Formally, we place a DP prior Gi ∼ DP(α,G0) over the component parameters, where

α > 0 is the concentration parameter controlling the richness of the induced partition, and G0 is

the base distribution over the parameter space Θi. Under the stick-breaking representation of the

Dirichlet Process, we define an infinite sequence of stick breaking proportions βi = {βi,k}∞k=1, with

βi,k ∼ Beta(1, α) and draw the corresponding component parameters independently from the base

distribution, θi,k ∼ G0(λ) as follows,

βi,k | α ∼ p(β | α) = Beta (1, α) , θi,k | λ ∼ p(θ | λ) = G0(λ), ∀i ∈ {1, . . . d}, ∀k ∈ N

From the stick-breaking proportions βi, we construct an infinite sequence of mixing weights

πi,k = βi,k
∏k−1

j=1(1−βi,j), satisfying
∑∞

k=1 πi,k = 1 almost surely, yielding the random discrete measure

Gi =
∑∞

k=1 πi,k δθi,k . The discrete latent variable zi then selects a component index according to

zi ∼ Categorical(πi), upon which the continuous component ei is drawn from the corresponding

component-specific distribution parameterized by θi,k ∈ Θi, i.e. ei | zi = k, θi ∼ p(ei | θi,k).

Completing the generative hierarchy, the observation x is then generated via a piecewise affine

deep neural network (with Rectified Linear Unit (ReLU) nonlinearities) data-generating function gθg :

Rd → X satisfying the weak injectivity conditions (F1 and F2 of kivva2022identifiability), with

additive observation noise: x | e ∼ pθg(x | e) = P(gθg(e)) where P denotes an appropriate likelihood

family.

Together, these modeling choices yield a generative model with three key properties: identifiability
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of the latent space up to permutation, scaling, and translation; nonparametric expressiveness through

the DP prior; and an explicit factorial structure promoting disentangled, factor-specific representations.

The joint distribution over observations x, continuous variables e, discrete variables z, stick-breaking

proportions β, and component parameters θ factorizes according to the hierarchical generative process

as p(x, e, z, β, θ | α, λ) = pθg (x | e)∏d
i=1 p (ei | zi, θi) p (zi | βi)

∏∞
k=1 p (βi,k | α) p (θi,k | λ) where the

outer product over i encodes the factorial independence across latent dimensions, and the inner product

over k reflects the infinite mixture structure induced by the Dirichlet Process prior.

1.2.3 Structured Nested Variational Family

To enable tractable posterior approximation under the nonparametric DP prior (see Section 1.2.8

for a primer on variational inference for DPMMs), existing methods blei2006variational, hoffman2013stochastic

rely on two simplifying assumptions. First, they approximate the infinite-dimensional stick-breaking

process using a truncated variational family by introducing an explicit truncation level T , fixing

qνβi (βi,T = 1) = 1 for each dimension i, thereby forcing all subsequent stick-breaking weights

{βi,k}k>T and their corresponding mixing weights to zero, limiting the mixture components to T .

Second, they adopt a mean-field variational family, imposing full factorization across all latent variables,

thereby severing the hierarchical dependencies induced by the generative model.

We address the second limitation by adopting the structured variational framework of hoffman2015structured,

which relaxes the mean-field assumption and retains the conditional dependencies induced by the

generative model, yielding more accurate posterior approximations with reduced bias and lower sensitivity

to initialization and hyperparameters. Specifically, for each dimension i, we preserve the hierarchical

dependencies between the stick-breaking proportions βi and the discrete variable zi along with the

31



component parameters θi, and the continuous latents ei with the following structured variational family,

qν(ei, zi, βi, θi) = q(ei | zi, θi)q(zi | βi)
T−1∏
k=1

qνβi,k (βi,k)
T∏

k=1

qνθi,k (θi,k) (1.1)

Truncated variational families render inference in infinite-mixture models tractable by restricting the

variational distribution to a fixed number T of mixture components. Intuitively, one might expect the

ELBO to increase monotonically with T , as additional components allow the variational posterior to

better approximate the true nonparametric posterior, thereby motivating the use of large truncation

levels. However, when the data are generated by a finite mixture, there can exist an optimal truncation

level beyond which additional components do not improve the approximation, because the truncated

families are not nested: the variational family with truncation level T is not a subset of the family

with truncation level T +1. Consequently, increasing T beyond the optimal level does not necessarily

improve the approximation, and crucially, undermines the inductive bias toward parsimonious representations

[32] that is essential for learning disentangled factors.

To address this, we employ the nested variational family of kurihara2006accelerated, which

supports an unbounded number of components in the variational family by tying the variational parameters

of all components beyond an implicit truncation level T to their prior values:

qνβ(βi) =
T∏

k=1

qνβi,k (βi,k)
∞∏

k=T

p(βi,k | α), qνθ(θi) =
T∏

k=1

qνθi,k (θi,k)
∞∏

k=T

p(θi,k | λ) (1.2)

Under this formulation, only the first T components have free variational parameters, ensuring

that despite the variational distribution supporting an unbounded number of components only T sets

of parameters need to be represented and optimized, rendering inference computationally tractable.
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Crucially, under this nested variational family, data points that are not explained by the first T components

with free variational parameters can still be assigned to components beyond T , whose parameters

remain tied to the prior. This enables a greedy inference procedure that begins with T = 1 and

incrementally adds components only when they yield a significant improvement in the ELBO, continuing

until all data are assigned to components within the active truncation level and no mass remains

on prior-tied components. Notably, under this nested formulation, components that fail to encode

meaningful variations collapse back to their prior distribution during training.

Given the generative model in eq:generative and the hierarchical structured nested variational

family qν , the evidence lower bound (ELBO) for a single data point, estimated via Monte Carlo, can

be written as L = qνβ

[
log p(β|α)

qνβ (β)

]
+qνθ

[
log p(θ|λ)

qνθ (θ)

]
+qν

[
log

pθg (x|e) p(e|z,θ) p(z|β)
q(e|z,θ) q(z|β)

]

1.2.4 The Inference Algorithm

Efficient inference in hierarchical models relies on conjugate exponential family likelihoods,

which preserve tractable conditional posterior distributions within the same exponential family as

the prior admitting closed-form updates. For general neural network observation models such as

pθg , the absence of conjugacy makes inference over latent variables substantially more expensive

and often requires multiple passes through the generative network for a single update. To retain

the computational advantages of conjugate structured inference while using flexible non-conjugate

likelihoods, we follow johnson2016composing and use deep amortized recognition networks h(x;ϕ)

that output local conjugate likelihood potentials p̂ϕ (Eq. 1.3), rather than directly parameterizing the

variational distributions as in standard variational autoencoders. These conjugate potentials serve as

amortized, data-dependent surrogates for the intractable likelihood terms during inference and are
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combined with the structured latent prior via message passing, leaving the generative model itself

unchanged.

p̂ϕ(e | x) =
d∏

i=1

p̂ϕ(ei | x) =
d∏

i=1

exp{⟨hi(x;ϕ), te(ei)⟩} (1.3)

This factored structure of the recognition network mirrors the factorial prior over ei, allowing inference

for the pair of local latent variables (ei, zi) associated with each dimension i to be inferred independently.

Consequently, the data-dependent term of the ELBO in Eq. 1.2.3 decomposes into a sum of local

contributions Li, one per dimension:

Li =qνβ (βi)q(zi|βi)

[
log

p(zi | βi)

q(zi | βi)
+qνθ (θi)q(ei|zi,θi)

[
log

p(ei | zi, θi)
q(ei | zi, θi)

+ log p̂ϕ(ei | x)
]]

(1.4)

Following hoffman2015structured, conditioning on the global variables βi and θi, for any given value

of the local variable zi = k, the inner expectation over ei admits the form of a variational lower bound

on the conditional marginal likelihood of the conjugate potential: q(ei|zi,θi)
[
log p(ei|zi,θi)

q(ei|zi,θi) + p̂ϕ(ei | x)
]

= − (q(ei | zi, θi)∥p̂ϕ(ei | xi, zi, θi)) + log p̂ϕ(xi | zi, θi) ≤ log p̂ϕ(xi | zi, θi) where the local posterior

and conjugate marginal likelihood are defined as

p̂ϕ(ei | xi, zi, θi) =
p̂ϕ(ei | xi)p(ei | zi, θi)

p̂ϕ(xi | zi, θi)
, p̂ϕ(xi | zi, θi) =

∫
p̂ϕ(ei | xi) p(ei | zi, θi)dei (1.5)

Since the Kullback-Leibler (KL) divergence is non-negative, setting q(ei | zi, θ) equal to the

local posterior p̂ϕ(ei | xi, zi, θ) minimizes the KL divergence to zero and yields the tightest lower

bound on the local ELBO. Under conjugacy, this optimal variational distribution takes the exponential
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family form:

q(ei | zi, θi) = p̂ϕ(ei | xi, zi, θi) = exp {⟨ηe(zi, ηθ(θi), ϕ), te(e)⟩ − Ae(ηe(zi, ηθ(θi), ϕ))} ηe(zi, ηθ(θi), ϕ) =
T∑

k=1

[zi=k] ηθ(θi,k)+hi(xi;ϕ)

(1.6)

with natural parameters which explicitly combines the structured prior through ηθ(θi,k) with the data-

dependent signal from the recognition network hi(x;ϕ). With this optimal choice of q(ei | zi, θi), the

local ELBO reduces to a variational lower bound on the marginal likelihood of the data conditioned

on the global variable βi as follows:

Li =qνβ (βi)q(zi|βi)

[
log

p(zi | βi)

q(zi | βi)
+qνθ (θi)

[log p̂ϕ(x | zi, θi)]
]
= −(q(zi | βi)∥p̂ϕ(zi | xi, βi))+log p̂ϕ(xi | βi) ≤ log p̂ϕ(xi | βi)

(1.7)

and similar to the variational distribution of ei, the locally optimal variational distribution over zi for

k ≤ T is given by:

log q(zi = k | βi) ∝ log p(zi = k | βi)+qνθ (θi)
log p̂ϕ(xi | θi,k) = log πi,k+qνθ (θi,k)

[Ae (ηθ(θi,k) + hi(xi;ϕ))−Ae (ηθ(θi,k))]

(1.8)

While the nested variational family supports an unbounded number of components, naively computing

the variational assignment q(zi = k | βi) for all k > T would require sampling infinitely many stick-

breaking proportions to evaluate the corresponding mixing weights πi,k. However, two properties of

the nested family together enable a tractable closed-form estimate. First, since the parameters of all

components k > T are tied to the prior p(θi,k | λ), the expected log-likelihood Ep(θi,k|λ)[log p̂ϕ(xi |

θi,k)] is identical across all components beyond T and can be factored out of the infinite sum. Second,

since the mixing weights are normalized and satisfy
∑∞

k=1 πi,k = 1 almost surely, the total weight
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assigned to all components beyond T reduces to (1 − ∑T
k=1 πi,k), which depends only on the T free

variational parameters. Together, these two properties yield the following tractable expression for the

total assignment probability to all prior-tied components:

log q(zi = k | βi) ∝ log p(zi = k | βi)+p(θi,k|λ)log p̂ϕ(xi | θi,k)q(zi = k | βi) ∝ πi,k·exp
{
p(θ|λ)

log p̂ϕ(xi | θ)
}
q(zi > T | βi) =

∞∑
k=T+1

q(zi = k | βi) =
∞∑

k=T+1

πi,k·exp
{
p(θ|λ)

log p̂ϕ(xi | θ)
}
=

(
1−

T∑
k=1

πi,k

)
·exp

{
p(θ|λ)

log p̂ϕ(xi | θ)
}

(1.9)

This quantity serves as the stopping criterion for the greedy component-expansion procedure where

a new component is added to the active truncation level when q(zi > T | βi) exceeds a threshold,

indicating that residual data cannot be explained by the current T components.

As in structured variational inference more broadly, restoring dependencies between global

variables and local variables along with amortized recognition networks enables the local variational

distributions to be set to their locally optimal values in closed form. At each iteration, the global

parameters βi and θi are sampled from qνβ(βi) and qνθ(θi) respectively using the reparameterization

trick, and used to compute the local variational distributions. Since exact inference over the global

variables remains intractable due to the hierarchical dependencies hoffman2015structured, and since

the use of recognition networks precludes analytic gradient computation, we optimize the ELBO

using low-variance Monte Carlo estimators, yielding unbiased gradient estimates for both global

and recognition network parameters. Step sizes are selected following the principled stability and

convergence guidelines of mandt2017stochastic, with optimization carried out using adaptive preconditioned

gradient methods, specifically Adam [179].
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1.2.5 Experiments

In this section, we present experiments designed to empirically assess whether the hierarchical

Bayesian nonparametric approach to latent quantization provides effective inductive biases for learning

interpretable disentangled representations. Specifically, we evaluate whether our approach achieves

comparable performance relative to prior work which impose equivalent inductive biases through

multiple, distinct regularization terms.

Datasets. Our experimental framework systematically addresses these questions through comprehensive

quantitative evaluations conducted on two benchmark datasets labeled with ground-truth source information.

Each dataset is constructed from mutually independent sources through a deterministic data generation

process. In particular, we use the 3DShapes 3dshapes18 dataset of 3D shapes generated from six

ground-truth independent latent factors with approximately uniform and small number of variations.

Additionally, we use the MPI3D dataset NEURIPS2019d97d404b, collectedfromareal−worldroboticenvironment, whichexhibitsapower−

lawdistributionacrossthenumberofvariationsofdifferentfactors.Specifically, afewfactorscontainextensivevariations(e.g., 40discretevaluesforeachrotationaldegreesoffreedom), whilethemajoritypossesssubstantiallyfewervariations(e.g., 2−

6valuesforobjectproperties).

Prior Methods. We evaluate our proposed approach against several state-of-the-art methods

that incorporate distinct inductive biases for unsupervised disentanglement. Specifically, we compare

to β-VAE higgins2017beta and β-TCVAE [24] which enforce disentanglement through information-

theoretic regularization encouraging independence across latent dimensions. We further consider

BioAE whittington2022disentanglement, which introduces biologically inspired constraints—namely

nonnegativity and energy efficiency—to promote compact representations enforcing neurons to become

selective for single factors of task variation, together with a grid-like structural constraint as an architectural

inductive bias. In addition, we examine QLAE hsu2024disentanglement, which introduces an architectural
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bias based on latent quantization, and subsequently Tripod hsu2024disentanglement, which combines

latent quantization with additional inductive biases enforcing independence among latent variables as

well as constraining the functional mapping from latent representations to the data space.

Quantitative Comparison with Prior Methods. The experimental evaluation demonstrates

that the proposed Bayes-QLAE consistently outperforms most baseline methods across both datasets

in terms of modularity metrics (InfoM and D), with the notable exception of achieving competitive

performance relative to QLAE and Tripod (Table 1.1 and Table 1.2). The observed improvements in

compactness (InfoC) are particularly pronounced when compared to the baseline QLAE, demonstrating

the effectiveness of the nonparametric prior in adapting to the complexity of underlying generative

factors while maintaining consistency in modularity. Contrary to the position advanced by the authors

of QLAE, who prioritize modularity/disentanglement over compactness/completeness through specific

architectural design choices, we argue that achieving interpretable representations that faithfully capture

mutually independent generative factors requires balanced weighting of both modularity and compactness

metrics. With competitive explicitness and informativeness measures, Bayes-QLAE demonstrates

performance consistent with QLAE and Tripod while substantially outperforming alternative approaches,

reinforcing the efficacy of latent quantization for disentangled representation learning.

It is worth noting that Tripod achieves its superior modularity and compactness performance

through the application of a Normalized Hessian Penalty, which necessitates multiple forward passes

through the generative network, thereby incurring additional computational overhead. In contrast,

Bayes-QLAE achieves competitive performance through architectural inductive biases alone, without

requiring additional regularization terms. Furthermore, Tripod’s disentanglement performance, particularly

in modularity and compactness dimensions, exhibits sensitivity to quantization level hyperparameters,

which must be specified a priori. Conversely, Bayes-QLAE demonstrates adaptive behavior that
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automatically learns quantization levels from the data while maintaining robustness across evaluation

metrics.

We observe that the performance improvement of Bayes-QLAE is notably more pronounced

on the 3DShapes dataset compared to the MPI3D dataset, where factor variations are characterized

by a power-law distribution. This differential performance suggests that the underlying distributional

properties of the generative factors significantly influence the efficacy of the nonparametric prior. We

hypothesize that replacing the Dirichlet Process prior with a more flexible, generalized prior such

as the Pitman–Yor process—which allows for a richer clustering structure and can model power-law

behaviors—may yield further performance gains. We perform detailed ablation studies to systematically

isolate and quantify the inductive biases contributed by each component of our hierarchical Bayesian

nonparametric framework in Section ??.

model InfoM InfoC InfoE D C I
β-VAE 0.62 ± .02 0.44 ± .03 0.93 ± .02 0.58 ± .02 0.42 ± .02 0.97 ± .02
β-TCVAE 0.65 ± .03 0.56 ± .02 0.91 ± .02 0.56 ± .02 0.46 ± .02 0.95 ± .02
BioAE 0.58 ± .02 0.42 ± .02 0.90 ± .01 0.48 ± .01 0.39 ± .02 0.91 ± .02
QLAE 0.84 ± .02 0.49 ± .01 0.97 ± .01 0.79 ± .01 0.56 ± .01 0.97 ± .01
Tripod 0.91 ± .03 0.58 ± .03 0.96 ± .02 0.80 ± .03 0.63 ± .03 0.97 ± .02
Bayes-QLAE 0.91 ± .03 0.61 ± .02 0.95 ± .02 0.84 ± .03 0.65 ± .03 0.97 ± .02

Table 1.1: Disentanglement metrics measured in InfoMEC and DCI for 3DShapes dataset.
For each metric a higher score is better. The scores for all the models were averaged across
5 runs with different random seeds with intervals denoting 95% confidence intervals of the
mean estimated assuming a t-distribution. The results for the VQE-based and QLAE-
based models are obtained using the hyperparameter settings and experimental conditions
as described in [28] and [32, 65] respectively.

Qualitative Comparisons. We conduct qualitative assessments of our proposed method on

each dataset to evaluate both sample reconstructions and latent traversals in Section ??. Furthermore,

we also assess the evolution of the latent traversals for the 3DShapes dataset with an increase in the

number of components in Figure 1.2.
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model InfoM InfoC InfoE D C I
β-VAE 0.41 ± .03 0.40± .03 0.68 ± .03 0.24 ± .03 0.19 ± .03 0.80 ± .03
β-TCVAE 0.48 ± .03 0.46 ± .03 0.62 ± .03 0.27 ± .03 0.24 ± .03 0.79 ± .03
BioAE 0.44 ± .03 0.38 ± .02 0.61 ± .03 0.26 ± .02 0.14 ± .02 0.77 ± .02
QLAE 0.52 ± .02 0.43 ± .02 0.68 ± .04 0.38 ± .04 0.34 ± .04 0.81 ± .04
Tripod 0.59 ± .05 0.54 ± .05 0.74 ± .06 0.47 ± .04 0.45 ± .05 0.84 ± .05
Bayes-QLAE 0.60 ± .03 0.56 ± .03 0.71 ± .04 0.48 ± .03 0.47 ± .03 0.81 ± .03

Table 1.2: Disentanglement metrics measured in InfoMEC and DCI for MPI3D dataset.
For each metric a higher score is better. The scores for all the models were averaged across
5 runs with different random seeds with intervals denoting 95% confidence intervals of the
mean estimated assuming a t-distribution.

1.2.6 Related Works

The challenge of separating mutually independent sources in data traces back to the classical

statistical problem of Independent Component Analysis (ICA). This core problem was later reinterpreted

in the context of modern machine learning as disentanglement, formally articulated by Bengio [?]

and formalized by higgins2018towards. When the data generating process is governed by nonlinear

transformations [?], the task of learning disentangled representations becomes theoretically unidentifiable

[?, 26, 28]. Consequently, the incorporation of auxiliary data [?, 25, 26] or weak supervision [?, ?] is

necessary to achieve identifiability in disentanglement. A distinct line of research focuses on the

incorporation of inductive biases either in the model, training objective, or the data locatello2019challenging

for identifiability.

Information-theoretic Regularization Biases. Many early and influential works leverage information-

theoretic constraints on the latent space to encourage factorization. The β-VAE variants [22, 34]

introduces a scalar multiplicative factor on the KL divergence penalty with isotropic Gaussian priors,

forming an information bottleneck, limiting the amount of information each latent can capture. Extensions

like FactorVAE [23] and β-TCVAE [24] further refine these constraints by explicitly penalizing total

40



correlation to enforce statistical independence between dimensions. BioAE whittington2022disentanglement

demonstrates that biologically inspired constraints, specifically, minimizing latent activity and weight

energy while promoting latent non-negativity encourage more factorized representations. In a similar

vein, temporal sparsity is used to encourage the learning of factors varying independently across

sequences sprekeler2014extension, klindt2020towards.

Architectural and Structural Biases. Structural inductive biases embedded directly into model

architectures have proved powerful. Vector quantization in models like QLAE hsu2024disentanglement

and the recent Tripod framework hsu2024tripod induce grid-like latent spaces that simplify factor

separation. FactorQLAE baykal2024disentanglement combine scalar quantization of the latent variables

with a total correlation term in the optimization as an inductive bias. On the theoretical front, barin2024identifiability

establish identifiability for quantized factors under nonlinear mappings. Further, leeb2020structure

demonstrate that restricting different latents to enter the decoding computation graph at different

points can enable disentanglement. Diffusion-based architectural biases have emerged as particularly

effective inductive structures. yang2023disdiff introduce the first unsupervised framework for disentangling

pre-trained diffusion models by automatically discovering latent factors and decomposing gradient

fields into factor-conditioned sub-gradients. Further, [?] show that diffusion models with cross-attention

mechanisms serve as strong inductive biases, relying on the inherent information bottlenecks in the

diffusion process and cross-attention mechanisms. Dynamic Gaussian Anchoring in [?] bias towards

a cluster structure in the latent space of diffusion models with cross-attention mechanisms for better

separability between factor variations. Compositional constraints offer another structural approach,

where maximizing the validity of composite images generated through stochastic mixing operators

between latent representations enforces meaningful factor recombination without factor-specific architectural

biases jung2025disentangled. Recent work emphasizes the incorporation of multiple, complementary
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inductive biases, for example, Tripod integrates quantization, statistical independence, and inter-latent

influence minimization into a single framework [65]. Similarly, our work combines complementary

inductive biases derived from nonparametric priors, structured variational inference, and stochastic

quantization, within a principled Bayesian framework with a unified objective that provides theoretical

grounding for their integration.

1.2.7 Conclusion

In this paper, we introduce a novel approach that incorporates Bayesian nonparametric priors into

the latent space of autoencoders. By leveraging the flexibility of nonparametric Bayesian methods, our

approach enables the model to adaptively partition the latent space in accordance with the underlying

data complexity, promoting more interpretable and structured latent encodings. This prior biases

the learned representations toward capturing the underlying structure inherent in the data, thereby

facilitating the learning of disentangled representations.

To enable accurate posterior inference under this flexible and hierarchical prior, we introduce

a tailored nested and structured variational family. This variational family is specifically designed

to preserve both the hierarchical structure of the prior and the inductive bias imposed by a discrete

latent space, ensuring that the inference procedure remains expressive enough to capture complex

dependencies while maintaining the structural properties essential for effective representation learning.

Our ablation studies systematically isolate and quantify the inductive biases contributed by each

component of our hierarchical Bayesian nonparametric framework—namely, the nested variational

family, structured variational inference, and stochastic quantization. Bayes-QLAE consistently outperforms

all ablated variants across disentanglement metrics, demonstrating that each component provides complementary
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inductive biases that, when combined, enhance distinct aspects of disentanglement. Our empirical

results demonstrate the effectiveness and generalizability of the proposed approach across image

datasets characterized by diverse factor variation distributions. Bayes-QLAE consistently achieves

superior or competitive performance relative to baseline methods on both 3DShapes and MPI3D,

particularly in terms of both modularity and compactness-based disentanglement metrics. Importantly,

this performance is attained solely through architectural inductive biases, without reliance on additional

computationally expensive regularization.

The differential in performance on the two datasets suggests that the underlying distributional

properties of generative factors significantly influence the efficacy of the nonparametric prior. We

hypothesize that replacing the Dirichlet Process prior with a more flexible prior such as the Pitman–Yor

process—which allows for a richer clustering structure and can model power-law behaviors—may

yield further performance improvements. These findings highlight the potential of our framework for

interpretable and structured representation learning in varied settings.

1.2.8 Preliminaries

For a theoretical foundation for our proposed approach, we first review the Dirichlet Process

and its role as a nonparametric prior in mixture models, with particular emphasis on the natural

clustering structure that emerges from this formulation. Subsequently, we discuss the quantization-

based generative model, the VQ-VAE, which utilizes discrete latent representation spaces and review

prior work leveraging this quantization-structure for learning disentangled representations. Dirichlet

Process Mixture Models We begin by considering nonparametric models, defined by an infinite-

dimensional parameter space that fundamentally allows the model’s complexity to adapt and grow
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with the data. These models are typically used as priors over distributions with broad support that

encompasses the entire space of all possible distributions. The Dirichlet Process (DP), in particular,

is a stochastic process whose realizations are discrete probability distributions, thereby defining a

valid nonparametric prior probability distribution over the space of discrete probability measures.

sethuraman1994constructive constructive definition of the DP represents each discrete distribution

drawn from the DP as a weighted sum of countably infinite atomic measures sampled from a continuous

base distribution. This definition uses the stick-breaking construction, where the infinite sequence of

weights for the atomic measures of the discrete distribution is generated by iteratively partitioning a

unit-length stick. In the first step, a segment of length β1 is broken off the stick, where β1 is drawn

from a Beta distribution, β1 ∼ Beta(1, α), parameterized by α, ensuring β1 ∈ (0, 1). This segment

is assigned as the weight of the first atomic measure θ1, which is independently sampled from a base

distribution G0(λ) with parameters λ. The remaining portion of the stick, with length 1 − β1, is

then recursively partitioned in the same manner: at each step, a segment of length βi ∼ Beta(1, α),

scaled to the length of the remaining stick given by
∏i−1

j=1(1 − βj), is broken off and assigned as the

weight of an atomic measure θi, drawn independently from the base distribution. This explicit stick-

breaking construction generates a random discrete distribution G ∼ DP(α,G0) over the countably

infinite atomic measures θ drawn from the base distribution G0. Building on this, the DP serves

as the nonparametric prior over the mixture components in the Dirichlet Process Mixture Models

(DPMMs) [95]. DPMMs generate data by first sampling a discrete distribution G from the prior

DP(α,G0) using the stick-breaking construction and then using the set of atomic measures θ sampled

from the base distribution G0 to parameterize a data-generating distribution F . To generate each data

point, we first sample a latent variable z from the discrete distribution defined by the stick-breaking

weights, then use the corresponding atomic measure θz to parameterize the data-generating distribution

44



F , which is further used to draw the observation x: βk | α ∼ p(βk | α) = Beta (1, α) , θk | λ ∼

p(θk | λ) = G0(λ), ∀k ∈ N

z = k | β ∼ p(z = k | β) = βk
∏k−1

j=1(1 − βj), x | {z, θ} ∼ p(x | z, θ) = F (θz) Because

each realization G drawn from the DP is a discrete distribution over the atomic measures θ, the above

data-generating process results in repeated parameter values for the data-generating function F . This

effectively induces a partitioning of the data, where each partition or component corresponds to the data

points generated with identical parameter values, allowing the generative process to be interpreted as a

mixture model. Consequently, this results in a hierarchical Bayesian framework, where the parameters

of the data-generating distribution F are sampled from a discrete probability distribution drawn from

the DP. The joint distribution of the data {x1, . . . , xN} and the latent variables: stick-breaking lengths

β = {β1, β2, . . .}, component parameters θ = {θ1, θ2, . . .} and assignment variables {z1, . . . , zN},

factorizes hierarchically as follows: p(x, z, β, θ | α, λ) = p (β | α) p (θ | λ) p (z | β) p (x | z, θ) The

primary objective of the learning process is to infer the posterior distribution of the latent variables β, θ

and z conditioned on the observed data x and the hyperparameters α, λ, denoted by p(β, θ, z | x, α, λ).

Computing the exact posterior over the latent variables given the observed data introduces

dependencies among the variables. As a consequence evaluating the marginal likelihood of the data

requires integrating over every possible latent configuration, making it intractable. In the nonparametric

setting, such as under a Dirichlet Process (DP) prior, the posterior cannot be computed exactly and

must be approximated.wainwright2008graphical introduce a deterministic approach to approximate

the intractable posterior with a simpler, tractable family of distributions by breaking certain dependencies

among latent variables.They define a variational family qν , parameterized by free parameters ν, and

optimize ν to minimize the Kullback–Leibler divergence between qν and the true posterior. Equivalently,

this corresponds to maximizing the evidence lower bound (ELBO) on the log marginal likelihood of
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the data, as defined below: log p(x | α, λ) ≥qν [log p(x, e, z, β, θ | α, λ)− log qν(e, z, β, θ)]

Next, we discuss the Vector Quantized-Variational AutoEncoder (VQ-VAE) [31], a generative

model which learns a discrete latent representation via vector quantisation (VQ). The VQ-VAE model

discretizes the continuous encoder outputs ze(x) by mapping them to a discrete latent space consisting

of a codebook with a finite set of K embedding vectors {ek}Kk=1. The posterior distribution q(z | x)

of the latent variable z is categorical over the embedding space, with probabilities determined by the

Euclidean distances between the encoder output and the embedding vectors in the codebook. Samples

drawn from this distribution index the set of embedding vectors, which are then passed as input to the

decoder zq as follows: q(z = k | x) = { 1 fork = argminj ∥ze(x)− ej∥2,

0otherwise,

z ∼ q(z | x), zq(x) = ez = ek To enable gradient propagation through the non-differentiable

quantization step, a straight-through estimator is used, wherein gradients from the decoder are directly

propagated back to the encoder output ze(x). The loss function used to train the VQ-VAE, defined in

eq:vqloss, consists of the reconstruction loss, jointly optimizing the encoder and decoder to maximize

the evidence lower bound (ELBO) on the data log-likelihood. Assuming a uniform prior p(z) and a

deterministic posterior as in equation 1.2.8, the KL divergence of the ELBO simplifies to the constant

logK and is ignored. The second term corresponds to the vector quantization loss, which updates the

embedding vectors by moving them toward the encoder outputs. The third term is the commitment

loss, encouraging the encoder outputs to remain close to the selected embeddings and thereby ensuring

alignment between the encoder space and the embedding space.

L = − log p(x | zq(x)) + ∥sg[ze(x)]− e∥22 + β∥ze(x)− sg[e]∥22, (1.10)

46



where sg stands for the stop-gradient operator which blocks the gradient from propagating through the

computational branch of the operand, treating it as a constant. While standard VQ-VAE approaches

discretize the latent representations using a single codebook of high-dimensional embedding vector

and optimize primarily for reconstruction fidelity, learning disentangled representations necessitates

strong inductive biases [28]. To structure the latent space such that distinct dimensions capture

independent generative factors, the approach of hsu2024disentanglement instead propose latent quantization,

which enforces structural regularity in the latent space by quantizing each latent dimension using

separate learnable scalar codebooks. Specifically, the proposed quantized latent autoencoder (QLAE)

parameterizes the latent space as the Cartesian product Z = C1 × · · · × Cd, where each codebook

Cj contains scalar embeddings. This element-wise quantization enforces a combinatorial factorized

encoding, allowing the decoder to learn consistent interpretations for each latent dimension. Furthermore,

a higher weight decay is used to regularize the model to encourage reliance on the discrete codebook

structure. Collectively, these design choices promote disentangled representations through explicit

architectural and regularization biases.

Recognition Network (or Encoder).1 The encoder is a feedforward convolutional network.

Each convolutional block consists of a downsampling convolution (kernel size 4, stride 2) followed by

batch normalization, and each block is followed by a Leaky ReLU activation (slope 0.3). Four such

blocks with channel widths 32, 64, 128, and 256 produce a 256×4×4 feature map. This feature map is

flattened and passed through two fully connected layers of width 256 with Leaky ReLU activations. A

final linear layer outputs the mean and precision parameters of the approximate conjugate likelihood,

using a Softplus transformation on the precision to enforce positivity.

Data-Generating Function (or Decoder). The sampled latent representation is first passed

1The implementation is available https://github.com/vspatil-npbayes/bayes-qlae.git
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through two fully connected layers of width 256 with ReLU activations and no normalization, preserving

the piecewise affine structure of the mapping. The resulting feature vector is reshaped to 256× 4× 4

and processed by four transposed-convolution blocks. Each block applies an upsampling transposed

convolution (kernel size 4, stride 2) followed by a Leaky ReLU activation (slope 0.3). The blocks use

channel widths 128, 64, 32, and 3, yielding a final observation of shape 3×64×64. For a binary cross

entropy loss function the output is followed by a sigmoid activation function.

hyperparameter value
d 10
α 1 (with a Gamma(1, 1) prior)
β (scaling of KL div.) 0.005
λ = (mu0, κ0, ν0, w0) (0., 1., 2., 0.1)
Autoencoder learning rate 1× 10−4

Latent learning rate 1× 10−3

Adam β1 0.9
Adam β2 0.99
Adam updates 2× 105

Grad clip norm 5.0
batch size 64

Table 1.3: Fixed Hyperparameters and initializations

Model Info M Info C Info E
Bayes-QLAE 0.58± .04 0.51± .03 0.71± .04
T-QLAE (k=10) 0.54± .04 0.40± .03 0.68± .04
T-QLAE (k=50) 0.51± .06 0.48± .05 0.62± .06
MF-QLAE 0.49± .04 0.49± .04 0.76± .04
DQ-QLAE 0.52± .02 0.43± .02 0.71± .02

Table 1.4: Model performance comparison across different information metrics

We structure the experiments in this section to isolate and quantify the specific inductive biases

derived from each component of our hierarchical Bayesian nonparametric framework: the nested

variational family, structured variational inference, and stochastic quantization. Specifically, we perform

an ablation by replacing the nested variational family with a truncated one (T-QLAE) with different

48



truncation levels K. Similarly, to evaluate the role of the structured variational family, we substitute

it with a mean-field variational family (MF-QLAE), as detailed in johnson2016composing. Finally, to

isolate the effect of stochastic quantization, we replace with a deterministic nearest-neighbor quantization,

with the straight-through estimator used to propagate gradients through the quantization step.

From our experiments (as detailed in Table 1.4) Bayes-QLAE consistently outperforms its ablated

variants across all disentanglement metrics, confirming that each component contributes an inductive

bias which, when combined, enhances performance. For models based on truncated variational families,

we observe a negative correlation between modularity and truncation level, while a positive correlation

with compactness. This aligns with the intuition that representations obtained with fewer quantized

values are biased toward modularity. Notably, the truncated model with k = 10 surpasses QLAE in

modularity due to the benefits of stochastic quantization and structured variational inference, though

with a slight reduction in compactness as a consequence of stochasticity. Removing structured variational

inference and defaulting to deterministic quantization degrades both modularity and compactness,

with the mean-field family exhibiting a more severe decline in modularity, suggesting a bias towards

representation which minimize the reconstruction cost over representations adhering to structured prior

distribution. Finally, deterministic quantization exacerbates posterior collapse, leading to representations

with a lower compactness metric.

We empirically demonstrate that a small codebook is not a prerequisite for disentanglement and

therefore need not be fixed a priori. Critically, across all three axes of disentanglement assessment—informativeness

(reconstruction fidelity), modularity (independence), and compactness (one-to-one factor-dimension

correspondence)—we observe that disentanglement quality remains stable or improves as the codebook

size expands adaptively in response to data complexity. These findings directly challenge the common

assumption that small, fixed codebooks are necessary for learning disentangled representations.
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Rather, the critical factors enabling disentanglement are two structural properties: (1) the implicit

regularization effect induced by discrete latent encodings, and (2) the combinatorial composition of

factor-specific codes to encode representations. During early training stages, when the codebook size

is small, the encoder operates under a representational bottleneck that necessitates the construction of

latent representations through combinatorial composition of the restricted set of available codes. This

bottleneck implicitly regularizes the learning process, strongly biasing the encoder toward allocating

disjoint, factor-specific codes to each factor-specific codebook. Consequently, the learned compositional

structure mirrors the underlying generative process of the dataset, wherein the set of observations

arise from the Cartesian product of discrete factor instantiations. This early-stage regularization effect

establishes a foundation for disentanglement by enforcing a modular, compositional encoding scheme

that respects the factorial structure of the data-generating distribution.

In our approach we initialize the nonparametric prior with a single code per codebook. The

nested variational family provides a principled mechanism to increase the number of codes: new codes

are instantiated if and only if their inclusion yields an improvement in the variational lower bound.

This criterion ensures that capacity expansion occurs only when statistically justified by the data.

Consequently, the model inherits the inductive bias of sparse codebooks while avoiding any explicit

hard constraint on the upper bound of the cardinality of the codebooks. This adaptive regularization

mechanism resolves the tension between early-stage structural learning and asymptotic expressiveness.

We validate this hypothesis through ablation studies comparing our nested variational inference

framework against a truncated variant. In the truncated approach, we fix the number of mixture

components at a predetermined upper bound for each factor, effectively eliminating the adaptive

capacity of the nonparametric formulation. This modification results in measurable degradation across

all disentanglement metrics relative to the nested variational inference approach. These results demonstrate
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that the adaptive, data-driven discovery of codebook size—rather than absolute codebook cardinality—is

the essential mechanism underlying successful disentanglement.

Moreover, the tendency toward cluster expansion is explicitly governed by the concentration

parameter α of the nonparametric prior, which is itself assigned a Gamma hyperprior. This hierarchical

Bayesian formulation provides regularization of the cluster proliferation rate, enabling the model

to infer from data the appropriate balance between model parsimony and representational capacity

without manual specification.

For quantitative evaluation, we compute two complementary disentanglement metrics which

comprehensively measure disentanglement properties using different computational approaches. The

InfoMEC metric hsu2024disentanglement relies on information-theoretic mutual information estimation

computed from the empirical joint distribution between latent representations and ground-truth factors.

In contrast, the DCI metric eastwood2018framework trains predictive models to map the learned

representations to the underlying factors of variation. Both metrics evaluate disentanglement quality

across three fundamental dimensions, though with different terminology: InfoMEC measures InfoModularity

(InfoM) while DCI measures Disentanglement (D) to quantify the extent to which sources are encoded

in mutually disjoint subsets of representations, InfoExplicitness (InfoE) and Informativeness (I) measure

the degree to which the relationship between the sources and representations can be characterized by

a simple functional or statistical dependency, and InfoCompactness (InfoC) and Completeness (C)

quantifies the degree to which latent variables encode information exclusively about mutually disjoint

subsets of the sources. We train our proposed approach in a completely unsupervised manner on the

entire dataset and evaluate the learned representations on a subset of samples, using the open-source

implementations of disentanglement metrics by locatello2019challenging, hsu2024disentanglement.

We conduct qualitative assessments of our proposed method on each dataset to evaluate both
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sample reconstructions and latent traversals. For latent traversals, we encode a single image into the

latent space and systematically visualize the effects of intervening on individual latent dimensions.

Specifically, for each latent variable we vary its value across the range of values encoded in the

representations (sample with replacement) while holding all other latent dimensions fixed, then decode

the resulting latent vectors to observe their effects in the data space. In the visualization, each row

corresponds to interventions on a single latent variable, while columns represent different values

sampled from the empirical distribution of that dimension. Well-disentangled representations should

exhibit smooth, semantically meaningful changes along individual latent dimensions, with each dimension

controlling a distinct generative factor independently of others.

Reconstruction Fidelity. We assess the informativeness of learned representations by examining

reconstruction quality. High-fidelity reconstructions that faithfully preserve visual details of the original

images indicate that the latent representations are sufficiently informative to capture the full range of

variations present in the data. Conversely, poor reconstructions suggest that certain factors of variation

have been inadequately encoded or lost during the encoding process.

Modularity. We evaluate the modularity, or disentanglement, properties of learned representations

through latent traversal analysis. A representation exhibits modularity when each latent dimension

independently controls a single underlying generative factor while remaining invariant to variations

in other factors. Operationally, this is assessed by examining whether each row in the traversal

visualization demonstrates isolated semantic changes corresponding to a single factor of variation

without coupling to other factors. Such independence in the latent space reflects successful recovery

of the true compositional structure of the underlying independent generative factors.

Compactness. We further assess the compactness, or completeness, of the learned representations

by determining whether all variations of a single generative factor are captured within a single latent
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dimension. Compact representations, wherein each factor is encoded by exactly one latent variable, are

crucial for interpretability as they establish a one-to-one correspondence between latent dimensions

and semantically meaningful generative factors. This property enables intuitive understanding and

manipulation of specific attributes in the generated outputs.

1.3 Geometry-Preserving Disentanglement: Isometric Embeddings for Combinatorial

Generalization

Real-world data distributions exhibit inherent compositional structure that enables human cognitive

abilities such as combinatorial generalization which is defined as the capacity to systematically understand

and generate novel compositions of familiar attributes beyond observed examples. Learning disentangled

representations offers a promising approach to this challenge by discovering and encoding the natural

structure underlying data distributions. Recent vector quantization methods introduce structural inductive

biases through discrete latent codes to capture compositional structure; however, these biases alone are

insufficient for robust combinatorial generalization. We address this limitation through a principled

geometric framework grounded in identifiable representation learning theory. Our approach assumes

each generative factor admits a smooth Riemannian manifold structure and seeks to construct Euclidean

latent representations that induce approximately isometric embeddings. Critically, we enforce local

isometry on the data-generating function, ensuring that transformations in latent space induce geometrically

consistent changes in observation space. This functional inductive bias, combined with structural

constraints in latent space, enables the model to infer factor manifolds whose geometric properties,

local distances, angles, and curvature, remain intact under learned transformations, thereby supporting

compositional recombination of latent components. Experiments on 3DShapes and MPI3D benchmarks
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(a) Sample reconstructions: Original images (top row) and corresponding reconstructions (bottom row)

(b) Latent traversals: Each row shows the effect of systematically varying a single latent dimension while holding
all other dimensions fixed. Columns represent different values sampled from the distribution of that dimension.
The model successfully disentangles six ground-truth factors of variation: object orientation (row 1), floor hue
(row 3), wall hue (row 4), object shape (row 6), object hue (row 9), and object scale (row 12). Rows 2, 5, 7, 8,
10, and 11 correspond to inactive latent dimensions that do not encode interpretable factors.

Figure 1.1: Reconstructions and Latent traversals for the 3DShapes dataset:
Reconstructions demonstrate high fidelity in capturing visual details demonstrating the
model’s ability to faithfully encode and decode the full range of variations in the data.
Latent traversals illustrate that individual latent variables control distinct, interpretable
factors of variation in the generated images. Moreover, the presence of inactive latent
variables and the encoding of each factor in a single latent variables indicates that the
model has learned a compact representation recovering the true generative structure
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(a)

(b)

(c)

Figure 1.2: Evolution of Latent Traversals for 3DShapes dataset: The figure illustrates the
evolution of the number of clusters associated with each generative factor demonstrating
the adaptive capacity of the nonparametric formulation. Each column in each row
corresponds to a factor-specific mixture component, and the distinct components within
a row denote the clusters capturing the encoded variations of that factor. The vertical
axis indicates cluster multiplicity, revealing how the model progressively discovers and
encodes additional variations for each factor. This dynamic cluster growth exemplifies
the nonparametric property of the hierarchical mixture prior, which enables data-driven
inference of latent capacity without manual specification. Notably, factors with higher
contribution to the reconstruction objective—such as floor hue, object hue, and wall
hue—exhibit earlier cluster proliferation during training, suggesting the model prioritizes
encoding variations that most significantly impact reconstruction fidelity. In contrast,
geometric factors such as object orientation and shape undergo refinement in later training
stages, indicating a hierarchical learning strategy wherein the model first captures high-
variance attributes before refining lower-variance structural properties. This demonstrates
that the nonparametric prior successfully balances model capacity across factors according
to their respective complexities and contributions to data likelihood
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demonstrate that our geometric framework consistently achieves superior or competitive combinatorial

generalization compared to strong baselines, providing empirical evidence that geometry-preserving

inductive biases are essential for robust disentanglement.

1.3.1 Introduction

The ability to systematically compose known elements into novel configurations lies at the core

of human intelligence. Cognitive science has long argued that this combinatorial generalization,

the capacity to understand and generate new combinations of familiar components, arises from the

structured, compositional nature of human representations of knowledge. In human perceptual and

conceptual systems, such compositionality relies on the assumption that the world can be described as

combinations of relatively independent factors of variation, which interact through consistent generative

principles. Formalizing this intuition in machine learning frameworks remains a central goal for

achieving models that generalize systematically when confronted with novel compositions of known

factors.

One prominent approach to addressing this challenge involves learning disentangled representations,

which aim to discover and explicitly encode the natural factorized structure present in data distributions.

The core hypothesis underlying this paradigm is that by decomposing observations into their constituent

factors of variation, each corresponding to a distinct, interpretable dimension in the latent space,

models can better capture the underlying generative process and thereby facilitate more robust generalization.

When successful, disentangled representations enable models to manipulate individual factors independently,

potentially allowing systematic recombination to form novel configurations.

Recent work has explored vector quantization-based methods that introduce explicit structural
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inductive biases to encourage disentanglement. These approaches leverage discrete latent codes to

represent compositional structure, with the intuition that discrete representations may better align

with the categorical nature of many real-world factors. By constraining the latent space through

architectural choices and training objectives, these methods have shown promise in learning factorized

representations. However, despite these advances, a critical question remains: are structural inductive

biases alone sufficient to guarantee robust combinatorial generalization?

Moreover, recent empirical investigations have revealed a critical disconnect between disentanglement

and combinatorial generalization. montero2022lost demonstrated that models achieving highly disentangled

representations nevertheless fail systematically when tested on unseen combinations of factor values,

particularly in settings where novel compositions lie within the individual ranges of each factor. This

finding suggests that inductive biases in latent space alone are insufficient for robust compositional

reasoning. Even when factors are correctly identified and separated, the learned decoder may fail to

produce semantically coherent outputs for novel latent configurations, indicating that the functional

properties of the generative mapping are equally critical.

Through systematic empirical evaluation, we demonstrate that existing structural inductive biases,

while beneficial, are insufficient to consistently achieve robust combinatorial generalization across

diverse scenarios. Moreover, many current approaches lack principled theoretical foundations that

would provide guarantees about their generalization behavior. This gap between empirical success in

constrained settings and theoretical understanding limits our ability to predict when and why these

methods will succeed or fail, hindering their reliable deployment in practice.

To move beyond heuristic biases, a more principled approach must situate disentanglement

within a formal probabilistic and geometric framework. From this perspective, compositional generalization

depends on the existence of an isometric correspondence between the true latent manifold of generative
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factors and its learned counterpart within the model. An isometric or geometrically consistent representation

ensures that relations among latent variables, such as independence and local linearity, are preserved

under the learned mapping. This condition is necessary for recombining latent components in novel

configurations to yield meaningful outputs in the observation space.

Building on this conceptual foundation, we propose a probabilistic framework that integrates

structural inductive biases with the formal machinery of identifiable deep generative modeling. The

central objective is to ensure that the model not only factorizes observed variability into interpretable

latent dimensions but also preserves the intrinsic geometry of the underlying manifold through an

isometric data-generating function. This formulation yields a representation in which local transformations

in latent space correspond to consistent, compositional changes in observation space which is an

essential precondition for combinatorial generalization. Theoretically, our framework can be viewed as

imposing a two-level constraint: (1) a probabilistic factorization constraint that aligns the learned latent

space with the true intrinsic manifold of the generative factors, and (2) a geometric constraint ensuring

that the composition of these factors through the data-generating function preserves isometries. By

encouraging inference of the intrinsic manifold structure of generative factors, the model is theoretically

positioned to generalize systematically to novel combinations, those unobserved during training but

valid within the compositional algebra of the learned generative space.

We demonstrate through systematic experiments on standard benchmarks (3DShapes and MPI3D)

that our geometric framework achieves superior or competitive combinatorial generalization compared

to strong baselines. Our results provide empirical evidence that geometry-preserving inductive biases

are essential for bridging the gap between disentanglement and compositional reasoning, advancing

both the theoretical understanding and practical capabilities of representation learning systems. We

begin by reviewing the theoretical foundations underlying our approach. First, we introduce latent-
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quantization-based disentanglement methods followed by the stochastic latent quantization framework

guaranteeing identifiability of the learned representations. We build upon these foundations by incorporating

additional inductive biases, specifically, structural and isometry constraints, to better support combinatorial

generalization.

1.3.2 Latent Quantization

We begin with the framework proposed by hsu2024disenta nglement which introduces a structural

inductive bias on the latent space by learning factorized discrete latent representations via vector

quantization [31] to promote disentanglement. The central idea is to factorize the latent space into

independent scalar subspaces and quantize each dimension of the latent representation independently

using learnable codebooks with scalar codes. Formally, given an input x, the encoder outputs a

continuous latent representation vector e(x) = (e1(x), . . . , ed(x)) ∈ Rd. Each scalar component

e(x)i is independently quantized using a corresponding codebook Ci = {ei,1, . . . , ei,|Ci|} where each

ei,k ∈ R represents a learnable code embedding. For each dimension i, a discrete latent variable

zi ∈ Zi = {1, . . . , |Ci|} indexes the codes of the corresponding codebook Ci, i.e.,

zi =k |e(x)i − ei,k|, k = 1, . . . , |Ci| (1.11)

where the discrete latent variable z = (z1, . . . , zd) is formed from the Cartesian product z ∈ Z1 ×

. . .× Zd. Each zi indexes the quantized embedding ei,zi for dimension i, and the decoder operates on

the set of quantized embeddings {ei,zi}di=1 in place of the continuous encoder outputs. This element-

wise independent quantization enforces a combinatorial structure over the latent representations and

provides an explicit inductive bias towards factorized representations in which distinct latent variables
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capture distinct generative factors.

1.3.3 Dirichlet Process prior for Stochastic Quantization

Building on the theoretical framework of kivva2022identifiability for establishing identifiability

in latent generative models, anonymous2026a introduce stochastic latent quantization as a principled

mechanism for identifiable learning of disentangled representations. In this formulation, a mixture

prior is defined independently for each latent dimension, governing the distribution of embeddings

within its corresponding codebook. To endow this framework with universal approximation capabilities,

a Dirichlet Process (DP) mixture prior is defined, allowing each codebook to represent a countably

infinite set of embeddings.

Formally, under this construction, each embedding corresponding to dimension i is drawn from

an infinite mixture governed by a random probability measure Gi ∼ DP(αi, G0) =
∑∞

k=1 πi,k δθi,k

where αi is the concentration parameter and G0 denotes the base distribution over component parameters.

The mixture weights πi,k are generated via the stick-breaking process πi,k = βi,k
∏

t<k(1 − βi,t) with

βi,k ∼ Beta(1, αi), while each component parameter θi,k ∼ G0 specifies the distribution from which

an embedding in the codebook is generated. An embedding ei is then generated by first sampling an

index zi ∼ Categorical(πi,1:∞) followed by drawing the scalar embedding;

ei | zi ∼ p(e | zi, θi) =
∞∏
k=1

p(e | θi,k)I[zi=k] (1.12)

Following the identifiability framework, the data likelihood is modeled through a piecewise affine

data-generating function g implemented as a deep neural network with ReLU activations, which maps
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the latent representations to the observation space,

p(x | e) = N (x | g(e), σ2I), (1.13)

where σ2 denotes a fixed observation noise variance. The hierarchical Bayesian structure of this

stochastic latent quantization framework provably ensures identifiability of the generative process

while enabling principled learning of disentangled representations.

1.3.4 Geometry-Preserving Isometric Manifolds

We begin with the assumption that each true generative factor lies (approximately) on a smooth

Riemannian manifold endowed with an intrinsic metric (geodesic distance). By the Nash embedding

theorem, any smooth Riemannian manifold can be isometrically embedded into a Euclidean space

of sufficiently high dimension. For instance, while a 2-sphere S2 intrinsically has dimension 2, it

requires embedding into R3 to preserve distances isometrically. Our objective is to learn a Euclidean

latent representation whose dimension is close to the intrinsic dimension of each factor manifold while

approximately preserving its Riemannian metric, that is, to recover an embedding that incurs minimal

distortion of geodesic distances, thereby aligning the learned representations with the true geometric

structure of the underlying generative factors.

In turn, a central requirement for such geometrically faithful, disentangled representations that

support compositional generalization is that the data-generating function preserve this geometric structure

when mapping latent representations back to observation space. As observed by horan2021unsupervised,

if the mapping from representations to the data manifold is locally isometric, then the latent parameterization

faithfully encodes the manifold’s intrinsic geometry, preserving local distances, angles, and curvatures
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associated with each factor. This geometric consistency ensures that relations among latent variables,

such as independence and local linearity, remain intact under the learned transformation. Models that

respect such invariances, ensuring that transformations in latent space induce well-defined, bijective

correspondences in data space, provably recover the true generative structure up to isometric equivalence.

Critically, this isometry constraint is necessary for compositional generalization: only when geodesic

structure is approximately preserved can latent components be recombined in novel configurations to

produce semantically coherent outputs in observation space

To satisfy these geometric requirements of faithful latent embeddings of factor manifolds and

isometry-preserving generative mappings we propose a probabilistic framework that combines the

identifiable structural inductive biases in the latent space with the functional inductive biases on the

data-generating map, enabling recovery of the true manifold of each generative factor. In the sections

that follow, we formalize this framework by first describing the structure of the latent space, which

factorizes observed variability into identifiable dimensions while preserving the intrinsic geometry

of each underlying factor manifold. We then introduce the functional inductive biases, specifically,

local isometry regularizations on the data-generating function that ensure local transformations in

latent space induce consistent, compositional changes in observation space, thereby establishing the

conditions necessary for combinatorial generalization.

1.3.5 Structured Latent Space

We structure the latent space to learn a higher-dimensional Euclidean embedding for each factor

that approximately isometrically embeds its true manifold, while preserving the structural constraints

required for identifiability. Specifically, the embedding space is structured as e ∈ Rd×l, decomposed

62



into d vector components where each ei ∈ Rl encodes a generative factor in an l-dimensional Euclidean

subspace. Extending the stochastic latent quantization framework, each embedding vector ei conditioned

on the discrete latent variable zi is generated according to the mixture model

p(ei | zi, θi) =
K∏
k=1

p(ei | zi = k, θi,k)
I[zi=k] (1.14)

Crucially, we impose conditional independence within each subspace: the l scalar components ei,1, . . . , ei,l

of ei are independent given the discrete latent variable zi = k and the component-specific parameters.

This yields the factorized likelihood,

p(ei | zi = k, θi,k) =
l∏

ℓ=1

p(ei,ℓ | θi,k,ℓ), (1.15)

where θi,k,ℓ parameterizes the scalar distribution of ℓ-th coordinate. Importantly, this factorization

satisfies the structural constraints required for identifiability under the framework of [?], specifically

the (P2) assumption that continuous latent variables must be conditionally independent given their

corresponding discrete latent variable.

Consequently, for each subspace i we introduce l separate scalar codebooks, one per coordinate,

where each codebook contains the parameters θi,k,ℓ governing the distribution of scalar coordinate

ei,ℓ under discrete assignment zi = k. This coordinate-specific parameterization allows dimensions

that encode no information to collapse to their prior distribution, effectively pruning uninformative

coordinates. In our implementation, we choose a univariate Gaussian likelihood for each scalar

embedding:

ei,ℓ ∼ N (µi,k,ℓ, s
−1
i,k,ℓ), (1.16)
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where θi,k,ℓ = (µi,k,ℓ, si,k,ℓ). To enable principled Bayesian inference with a conjugate structure, we

use a Normal–Gamma prior as the base distribution of the corresponding DP prior.

1.3.6 Isometric Generative Map

We motivate isometric mapping as a functional inductive bias based on theoretical and empirical

advances in geometry-preserving representation learning. lee2022regularized regularize autoencoders

to ensure approximate isometry between latent space and data manifold, preserving intrinsic geometric

structure to improve downstream performance. Extending this principle to unsupervised disentanglement,

[73] prove that local isometry combined with non-Gaussian priors enables provably identifiable disentanglement,

establishing that geometric constraints on the decoder suffice to recover true generative factors.

Intuitively an isometry is a mapping between two spaces that preserves distances and angles,

preserving the inner product everywhere. [Isometry] Let f : M → N be a mapping between

Riemannian manifolds (M, G) and (N , H). We say that f is an isometry if, for all z ∈ M,

G(z) = Jf (z)
⊤H(f(z)) Jf (z), (1.17)

where Jf (z) denotes the Jacobian of f at z. Requiring f to be an isometry can be overly restrictive

whereas preserving only the angles and scaled distances may suffice. A conformal map instead

preserves angles but not necessarily distances [?].

We impose isometry constraints independently on each subspace ei, where each subspace admits

a Gaussian mixture prior. The data-generating function must map approximately isometrically from

the parameter space, endowed with the Fisher information metric, to Euclidean space. This requires

preserving Fisher-Rao distances between component distributions rather than naı̈ve Euclidean distances
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between parameter vectors, as the Fisher metric defines the intrinsic geometry of the statistical manifold.

To achieve this, we impose two complementary constraints. First, a global isometry loss ensures

Euclidean distances between mapped component centers match Fisher-Rao distances between their

underlying distributions. Second, a local isometry loss enforces that small perturbations around each

component preserve Fisher-metric norms in their Euclidean embedding. Together, these losses align

the learned representation with the Fisher geometry of the mixture manifold.

To ensure that the data-generating function preserves the global geometric structure of the latent

mixture distribution for each embedding space ei, we impose a constraint that Fisher-Rao distances

between mixture components are approximately preserved under the piece-wise linear transformation

f(z) = Wz+b. The Fisher information metric G(θ) on the parameter manifold of Gaussian components

induces a geodesic distance dFR(θi,k, θi,k′) between components k and k′ of subspace i. For univariate

Gaussians with parameters θi,k = (µi,k, si,k), the Fisher-Rao metric has a closed form, and for multivariate

diagonal-covariance Gaussians, the total squared distance decomposes as the sum of coordinate-wise

squared distances.

Given representative samples {ei | zi = k} from each component, we define the target Fisher-

Rao distance as

DFR
kk′ = dFR(ei | zi = k, ei | zi = k′)2. (1.18)

The data-generating function induces Euclidean distances in the transformed space:

DW
kk′ = ∥W (ei | zi = k)−W (ei | zi = k′)∥22. (1.19)
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Approximate isometry is then enforced by minimizing the distance-matching objective

Lglobal(W ) =
∑

(k,k′)∈N
(DW

kk′ −DFR
kk′ )

2, (1.20)

This objective corresponds to the standard isometric embedding problem, wherein a linear transformation

is constrained to preserve geodesic distances defined by the Fisher-Rao metric, with N denoting pairs

of components to emphasize preservation of local manifold structure.

To enforce approximate local-isometry between the latent manifold and a layer’s output space,

we constrain the local metric structure at sampled embeddings. The Fisher information matrix G(ei)

induces a Riemannian metric on the latent manifold, defining the norm of tangent vectors v as ∥v∥2G =

v⊤G(ei)v. Local isometry requires that this intrinsic norm be preserved under the functional mapping

for tangent directions at each point ei.

For a piecewise affine decoder with weight matrix W , the Jacobian is constant within each linear

region: J = W . The local isometry 1.3.6 condition then becomes

v⊤G(ei)v ≈ ∥Wv∥22 fortangentvectorsvatei. (1.21)

We approximate tangent directions via finite differences between samples from the same mixture

component. This yields the regularization objective

Llocal(W ) = Eei,v[∥Wv∥2 −
√
v⊤G(ei)v]

2, (1.22)

which penalizes deviations from isometry by minimizing the discrepancy between the Euclidean norm

of transformed tangent vectors and their Fisher-metric norm in the latent space.
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In the context of geometry-preserving representation learning, a conformal mapping of degree

zero [?], also referred to as scaled isometry, represents a relaxation of strict isometric mappings that

permits global scaling while preserving local geometric structure. Unlike strict isometries which

preserve exact geodesic distances, scaled isometries preserve angles and relative distances up to a

constant scaling factor, thereby offering greater flexibility in optimization while maintaining the essential

geometric structure of the manifold. We instead adopt this conformal regularization framework of

lee2022regularized, which preserves the angular structure of the data manifold while permitting local

metric scaling, thereby relaxing the strict distance-preservation requirement of isometric embeddings.

Further, to ensure numerical stability and well-conditioned transformations, we apply spectral

normalization to the weight matrices constraining their singular values. Combined with the isometry

objectives defined above, this regularization aligns the learned embedding with the Fisher-Rao geometry

of the mixture distribution yielding an approximately isometric linear embedding of the Gaussian

mixture latent manifold.

1.3.7 Experimental Design

Datasets To evaluate combinatorial generalization we employ two benchmark datasets with

distinct compositional structures: 3D Shapes [85] and MPI3D-Real [89]. The 3D Shapes dataset

comprises rendered images varying systematically along six independent generative factors (floor

hue, wall hue, object hue, shape, scale, and orientation), providing a controlled testbed where each

factor spans uniformly across its range. In contrast, MPI3D-Real consists of real-world robotic images

exhibiting highly imbalanced factor variability: certain dimensions, such as object rotation, span up

to 40 discrete values, while most object-specific properties exhibit only 2–6 distinct states. This
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imbalance creates a challenging combinatorial regime where models must generalize across factors

with vastly different degrees of training coverage, testing whether learned manifold structure enables

extrapolation to under-sampled regions of the compositional space.

Generalization Tasks To evaluate combinatorial generalization, we adopt the compositional

holdout task following montero2021role, systematically excluding factor combinations from training

and evaluating reconstruction on these unseen configurations. We test two generalization regimes of

increasing difficulty: (i) recombination-to-range (R2R), where entire ranges of combinations involving

factor subsets are withheld, requiring generalization over broader compositional gaps and (ii) extrapolation

(E), where models must generate outputs for factor values outside the training distribution, representing

the most challenging regime. We exclude the recombination-to-element regime, where all factor

values appear in training but certain complete combinations are withheld, due to its limited difficulty.

This protocol isolates compositional reasoning from memorization, providing a principled measure of

whether learned representations support systematic recombination of disentangled factors to synthesize

novel configurations.

1.3.8 Evaluation Metrics

Disentanglement Metrics. We evaluate disentanglement using two complementary metrics.

InfoMEC [32] quantifies factor-specific information captured by each latent dimension via mutual

information estimation. DCI [64] employs predictive modeling to assess three properties: Disentanglement

(one-to-one factor-latent alignment or Modularity), Completeness (factor information preservation or

Compactness), and Informativeness (overall encoding quality or Explicitness). Together, these provide

information-theoretic and prediction-based perspectives on representation quality.
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Table 1.5: Quantitative comparison of disentanglement metrics and combinatorial
generalization task performance across autoencoder architectures on Shapes3D and
MPI3D benchmarks. We report the Information-theory based Modularity, Explicitness
Compactness (Info-MEC), Disentanglement-Completeness-Informativeness (DCI), binary
cross entropy cost for the recombination-to-range (R2R) and the Extrapolation E tasks,
and classification accuracy on the recombination-to-range task (ACC). Arrows indicate
desired direction: ↑ denotes higher is better, ↓ denotes lower is better.

SHAPES3D MPI3D
(LR)2-6 (LR)7-11 MODEL INFOMEC↑ DCI↑ R2R↓ E↓ ACC↑ INFOMEC↑ DCI↑ R2R↓ E↓ ACC↑
β-VAE 0.66 0.65 0.41 0.52 0.34 0.49 0.41 0.72 0.72 0.30
β-TCVAE 0.70 0.66 0.32 0.48 0.47 0.52 0.43 0.61 0.68 0.34
SAE 0.83 0.80 0.12 0.24 0.97 0.59 0.56 0.29 0.34 0.78
QLAE 0.76 0.77 0.18 0.35 0.87 0.56 0.51 0.41 0.47 0.62
BAYES QLAE 0.81 0.80 0.14 0.30 0.90 0.62 0.58 0.37 0.43 0.71
ST-ISO-BAYES QLAE 0.83 0.82 0.09 0.18 0.98 0.64 0.62 0.24 0.38 0.78

Measuring Combinatorial Generalization We assess combinatorial generalization using the

reconstruction cost (R2R and E) and classification accuracy (ACC) [108]. The reconstruction cost

measures reconstruction fidelity on unseen combinations of generative factors, capturing how well the

model reproduces variations beyond the training distribution. Accuracy evaluates the model’s ability

to correctly identify discrete factor configurations, reflecting categorical generalization performance.

These complementary metrics jointly quantify a model’s capacity to generalize systematically to novel

factor combinations.

1.3.9 Evaluation

Quantitative Evaluation. Table 1.5 presents a comprehensive comparison of disentanglement

performance and combinatorial generalization performance across six autoencoder variants, with distinct

inductive biases, on the Shapes3D and MPI3D benchmarks. Specifically, we compare against β-VAE

higgins2017beta and β-TCVAE chen2018isolating, which enforce disentanglement through information-
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Table 1.6: Results on Shapes3D (mean ± std over 5 random seeds).

MODEL INFOMEC↑ DCI↑ R2R↓ E↓ ACC↑
β-VAE 0.65± 0.02 0.64± 0.02 0.43± 0.04 0.55± 0.06 0.31± 0.03
β-TCVAE 0.71± 0.03 0.67± 0.02 0.35± 0.05 0.53± 0.07 0.44± 0.04
SAE 0.84± 0.03 0.81± 0.03 0.14± 0.05 0.22± 0.06 0.96± 0.03
QLAE 0.76± 0.01 0.75± 0.02 0.20± 0.03 0.40± 0.05 0.85± 0.03
BAYES QLAE 0.82± 0.03 0.80± 0.02 0.15± 0.03 0.34± 0.05 0.89± 0.06
ST-ISO-BAYES QLAE 0.83± 0.03 0.83± 0.03 0.10± 0.04 0.24± 0.07 0.94± 0.05

Table 1.7: Results on MPI3D (mean ± std over 4 random seeds).

MODEL INFOMEC↑ DCI↑ R2R↓ E↓ ACC↑
β-VAE 0.45± 0.04 0.39± 0.03 0.75± 0.05 0.76± 0.07 0.26± 0.06
β-TCVAE 0.54± 0.04 0.44± 0.04 0.58± 0.05 0.66± 0.08 0.29± 0.06
SAE 0.62 ±0.05 0.59± 0.04 0.32± 0.06 0.36± 0.08 0.80± 0.07
QLAE 0.56± 0.03 0.52± 0.03 0.43± 0.05 0.49± 0.06 0.58± 0.05
BAYES QLAE 0.59± 0.04 0.58± 0.03 0.41± 0.05 0.48± 0.07 0.68± 0.06
ST-ISO-BAYES QLAE 0.65± 0.04 0.63± 0.04 0.28± 0.05 0.41± 0.06 0.75± 0.06

theoretic regularization that encourages independence across latent dimensions. We further consider

SAE [68], which learn structured disentangled representations by introducing latent variables hierarchically

in the decoder architecture without relying on explicit regularization terms. In addition, we examine

QLAE [32], which introduces an architectural bias based on latent quantization, and subsequently

BayesQLAE, which use stochastic quantization with identifiable generative models to learn disentangled

representations.

Across both Shapes3D and MPI3D, the proposed Iso-Bayes QLAE consistently outperforms

most baselines on both the disentanglement metrics along with the combinatorial generalization performance

metrics. On Shapes3D, Iso-Bayes QLAE obtains the comparable InfoMEC and DCI scores while also

yielding the lowest R2R, E error, indicating the isometric constraint effectively preserves the manifold

structure necessary for both disentanglement and generalization tasks. The performance improvement

is most pronounced in the extrapolation regime, where generalization capability depends critically on
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recovering the true manifold structure of generative factors. Our results are most comparable to SAE,

which similarly constrains the decoder to learn structured representations, corroborating that functional

constraints on the data-generating function are essential for combinatorial generalization. The MPI3D

dataset presents a more challenging scenario, as evidenced by generally lower scores across all models,

however, a similar pattern holds on the dataset. Iso-Bayes QLAE outperforms most baselines on both

disentanglement metrics and generalization tasks underscoring the robustness of the approach under

increased visual complexity.

Ablation Studies. We conduct systematic ablations to isolate the contribution of each inductive

bias in our framework.

Representation structure. We first evaluate the necessity of vector-valued latent representations

by applying isometry constraints to the data-generating function of the baseline BayesQLAE with

scalar representations (Iso-BayesQLAE). Additionally, we assess the role of conditional independence

by replacing the diagonal covariance structure with full covariance matrices (C-BayesQLAE), thereby

removing the factorization constraint on within-factor variability.

Isometry regularization. We ablate the geometric constraints on the data-generating function

through three configurations: (i) no isometry regularization (St-BayesQLAE), (ii) global isometry

alone (component-level distance matching) (GIso-BayesQLAE), and (iii) local isometry alone (tangent-

space preservation) (LIso-BayesQLAE). This isolates the contribution of each geometric constraint to

the overall performance.

Target metric. Finally, we evaluate whether preserving Fisher-Rao geometry is essential by

replacing the Fisher information metric with standard Euclidean distances on sampled embeddings

from the mixture prior (EIso-BayesQLAE). This tests whether the statistical manifold structure, rather

than simple embedding-space distances, is necessary for effective disentanglement and generalization.
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Table 1.8: Ablation study on BayesQLAE variants for the Shapes3D dataset. DCI
measures disentanglement (higher is better), while R2R and E assess recombination-to-
range and extrapolation errors (lower is better), showing that the structured isometric
BayesQLAE model achieves the best overall performance on both tasks.

Model DCI ↑ R2R ↓ E ↓
St-Iso-BayesQLAE 0.82 0.09 0.18
Iso-BayesQLAE 0.84 0.14 0.31
C-BayesQLAE 0.71 0.24 0.38
St-BayesQLAE 0.74 0.27 0.35
G-Iso-BayesQLAE 0.78 0.19 0.21
L-Iso-BayesQLAE 0.79 0.13 0.22
E-Iso-BayesQLAE 0.80 0.16 0.23

From our experiments (as detailed in Table 1.8) Discussion. Across all settings, the full model

consistently outperforms its ablated variants on both disentanglement and combinatorial generalization

metrics, indicating that each inductive bias provides a complementary contribution and that their

combination is necessary to achieve the best performance overall. In particular, the C-BayesQLAE

variant exhibits a pronounced drop in disentanglement metrics, suggesting that replacing scalar with

vector quantization without appropriate structural constraints destroys the compositional structure of

the codebook and leads to multiple generative factors being entangled within individual codes. For the

Iso-BayesQLAE variant, disentanglement metrics are slightly higher than those of the proposed model,

but combinatorial generalization performance, especially in the extrapolation regime, is substantially

worse, indicating that improved factor separation alone is insufficient without the full set of geometric

constraints.

For the isometry-regularization ablations, we observe a marked reduction in generalization performance

whenever either global or local isometry loss is removed. The global isometry term contributes the

largest single improvement, yet both global and local terms are required to achieve the strongest

results. Notably, when all isometry regularization is removed, disentanglement scores also decline
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in the vector-representation setting, indicating insufficient regularization to enforce a factorized latent

structure.

Finally, the target-metric ablation shows that defining isometry regularization in the naı̈ve Euclidean

space of sampled embeddings, instead of using the Fisher information metric on the mixture components,

leads to reduced performance on both recombination-to-range and extrapolation regimes. This highlights

the importance of respecting the statistical manifold geometry of the prior, rather than relying solely

on Euclidean distances in the latent embedding space.

1.3.10 Related Works

Disentangled Representations. Disentanglement learning builds on the classical problem of

Independent Component Analysis (ICA) , later reframed through the lens of representation learning

as the challenge of identifying statistically independent generative factors [20]. While linear ICA

achieves identifiability under certain assumptions, nonlinear variants render disentanglement theoretically

unidentifiable [26]; [13] without additional information. To address this, researchers have introduced

auxiliary data [25]; [26], weak supervision or inductive biases [13] that constrain model behavior.

Information-theoretic approaches encourage factorization via bottleneck formulations [22]; [34] and

explicit penalties on total correlation [23]; [24], while recent biologically [76] and temporally inspired

methods leverage activity sparsity and independent temporal variation. Complementarily, architectural

biases such as quantized latent structures [65]; [67], constrained decoding circuits [68], modular sub-

network designs [48], flow-based invertible layers [75], causal factorization, and language-informed

or diffusion-based anchoring have demonstrated empirical and theoretical advantages. Contemporary

work increasingly integrates multiple complementary biases spanning quantization, independence

73



enforcement, and structured inference within unified probabilistic frameworks [32] to achieve more

identifiable and robust disentangled representations.

Combinatorial Generalization. While the methods above primarily target disentanglement

quality itself, a parallel line of inquiry examines whether and how disentangled representations enable

compositional generalization—the ability to recombine learned factors in novel configurations. Empirical

studies reveal that standard disentanglement metrics correlate weakly with compositional generalization

performance, with models achieving high disentanglement scores often failing to generalize to out-of-

distribution combinations. Recent work has begun identifying specific mechanisms that close this

gap. yang2023vector demonstrate that vector-based representations which use vectors rather than

scalars to encode individual generative factors are crucial for achieving both strong disentanglement

and compositional generalization, suggesting that representation granularity fundamentally impacts

systematic generalization capabilities. Taking a group-theoretic perspective, they propose MAGANet,

which learns latent group actions and transformations between data pairs rather than encoding individual

examples independently, achieving superior combinatorial generalization under distribution shift through

group-equivariant decoder constraints. Complementing these representational insights, liang2025compositional

argue that the decoder architecture is equally critical, showing that forcing disentangled latent factors to

be directly rendered into observation space through architectural constraints or regularization dramatically

improves data efficiency and out-of-distribution compositional robustness. Most recently, jung2025disentangled

introduce a modular compositional bias framework enabling flexible disentanglement of both attributes

and objects through factor-specific latent mixing rules, demonstrating that unified compositional priors

can handle diverse generative structures without modifying base architectures or training objectives.
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1.3.11 Discussion

This work establishes that geometric structure preservation is essential for bridging disentanglement

and combinatorial generalization. While prior research has achieved strong disentanglement through

structural inductive biases in latent space, we demonstrate that these constraints alone are insufficient.

Our framework introduces a principled geometric approach grounded in identifiable representation

learning theory, combining two complementary inductive biases. First, we structure the latent space

as factorized vector-valued subspaces that can express higher-dimensional Euclidean embeddings of

each generative factor’s intrinsic manifold. Second, and crucially, we enforce approximately isometric

mappings from latent space to observations through Fisher-Rao distance preservation ensuring that the

data-generating function respects the geometric relationships encoded in latent representations.

Our empirical results on 3DShapes and MPI3D benchmarks validate this theoretical framework,

demonstrating that isometry-regularized models consistently achieve superior or competitive performance

on both disentanglement metrics and combinatorial generalization tasks, particularly in challenging

extrapolation regimes. Systematic ablations confirm that each component contributes meaningfully:

vector representations with conditional independence structure enable richer geometric embeddings,

while both global and local isometry constraints are necessary to preserve manifold structure across

novel factor combinations

Our findings challenge the prevailing focus on latent-space regularization alone and underscore

that successful compositional reasoning requires explicit geometric constraints on how representations

map to observations. This perspective aligns with recent evidence that decoder architecture fundamentally

shapes generalization capabilities and suggests a shift toward viewing disentanglement not merely

as statistical independence in latent space, but as geometric consistency across the full generative
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pathway.

The capacity for combinatorial generalization represents a cornerstone of human intelligence.

By demonstrating that geometry-preserving inductive biases enable machine learning systems to systematically

recombine learned factors beyond observed examples, this work advances both the understanding and

practical capabilities of disentangled representation learning. We believe that honoring the intrinsic

geometric structure of generative processes, rather than imposing arbitrary statistical constraints, offers

a principled path toward more robust, interpretable, and generalizable AI systems capable of human-

like compositional reasoning.
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Appendix A: Experiments

A.1 Problem Definition

The problem of continual learning of disentangled representations can be mathematically formulated

as the capacity of a model to sequentially learn and maintain disentangled encodings of independent

latent factors across a stream of domains, while preserving previously acquired factor knowledge and

avoiding catastrophic forgetting.

Consider a sequence of tasks or domains D = {D1,D2, . . . ,DM}, where each domain is characterized

by data Dt = {x(t)
i }Nt

i=1 generated from a potentially evolving set of underlying factors F (t) =

{f (t)
1 , f

(t)
2 , . . . , f

(t)
kt
}. Each factor f (t)

j takes values in a domain-specific set F (t)
j , and the generative

process for task t is given by:

x(t) = g(t)(f
(t)
1 , f

(t)
2 , . . . , f

(t)
kt
) (A.1)

where g(t) is a task-specific composition function that shares structural similarities across tasks. The

continual disentangled representation learning objective is to sequentially learn encoder functions Φt :

X → Rdt for each task t such that:

Φt(x
(t)) = [ϕ

(t)
1 (f

(t)
1 ), ϕ

(t)
2 (f

(t)
2 ), . . . , ϕ

(t)
kt
(f

(t)
kt
)] (A.2)

where each ϕ
(t)
j encodes only factor f (t)

j and is invariant to other factors within the task. Key constraints

in continual learning of disentangled representations include the following. First, factor preservation

requires that for factors f (s)
j encountered in earlier tasks s < t, the representations remain consistent
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across tasks, such that ϕ(t)
j (f

(s)
j ) ≈ ϕ

(s)
j (f

(s)
j ), provided f

(s)
j ∈ F (t)

j , thereby preventing catastrophic

forgetting. Second, factor alignment requires that shared factors across tasks, f (t)
j = f

(s)
j for some

j, s, t, are encoded using identical functions, that is, ϕ(t)
j = ϕ

(s)
j , ensuring consistent semantics in

the latent space. Third, the model must possess the capacity to dynamically expand and adapt its

representational space to accommodate novel variations within existing factors or to incorporate entirely

new factors that emerge across different domains or tasks.

A.2 Using the Indian Buffet Process for Continual Learning of Disentangled Representations

The Indian Buffet Process (IBP) is a stochastic process that defines a probability distribution

over sparse binary matrices Z with a finite number of rows and an infinite number of columns. Let

Z be an N × K binary matrix where znk = 1 indicates that object n possesses feature k. The IBP

intuitively follows a sequential generative process analogous to customers entering an Indian restaurant

buffet where the first customer samples Poisson(α) dishes. Similarly, the i-th customer samples each

previously chosen dish k with probability mk

i
, where mk is the number of previous customers who

chose dish k. Further, the i-th customer then samples Poisson(α/i) new dishes. The probability of

generating a particular binary matrix Z is modeled under the IBP.

We propose leveraging the IBP as a nonparametric prior for continual learning of disentangled

representations, where different domains or tasks are generated from subsets of the total learned

factors. In this proposed approach we use the IBP as a prior distribution over the latent factors and

the binary matrix indicating which factors are active for a specific task or domain. The IBP prior

naturally determines which subset of factors F (t) is active for each task, with sparsity encouraged

by the process structure. Further, previously discovered factors can be reactivated in new tasks with
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probability proportional to their historical usage mk

t
, promoting positive transfer learning. New factors

are introduced with rate α
t
, allowing the model to grow its representational capacity as needed. The

probabilistic framework naturally handles uncertainty about factor relevance and improves robustness.

This IBP-based framework provides a principled, nonparametric approach to continual disentangled

representation learning that automatically adapts to the complexity and factor requirements of each

task while promoting knowledge transfer and preventing catastrophic forgetting.

A.3 Related Works

Continual learning, or lifelong learning, addresses the challenge of learning from sequential

data streams without catastrophic forgetting of previously acquired knowledge [113, 114]. Recently,

substantial efforts have focused on integrating disentangled representations into continual learning

frameworks to leverage modularity and interpretability for improved knowledge retention and transfer.

achille2018life introduced continual disentangled representation learning across multiple datasets,

assuming each dataset forms a cluster characterized by a local set of generative factors, with some

factors shared across clusters. Their method processes data sequentially by cluster and employs

AnnealVAE (Burgess et al., 2018), which heuristically increases latent dimension capacity. Relevant

latent factors for each cluster are identified by thresholding KL divergence values, providing a heuristic

to determine cluster-specific latent usage. [116] improve upon [115] and model the latent representations

with a topologically-connected mixture of distributions via Bayesian self-organizing maps (SOM) to

find the relations between continually-arrived data based on their underlying semantic factors. The

learned mixture automatically discovers the active semantic factors underlying each data environment,

and accordingly accumulate their relational structure in the representations. They do so by encouraging
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sparse coding to discover latent dimensions explaining active semantic factors in VAE by using a

mixture of spike and slab variables (a set of bernoulli variables) along with the normal Gaussian

variables in the latent space.
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