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Optoelectronic oscillators (OEOs) are nonlinear, time-delayed and self-sustained microwave

photonic systems capable of generating ultrapure radiofrequency (RF) signals with extensive

frequency tunabilities. Their hybrid architectures, comprising both optical and electronic paths,

underscore their merits. One of the most notable points of OEOs can be unprecedentedly high

quality factors, achieved by storing optical energies for RF signal generations. Thanks to their low

phase noise and broad frequency tunabilities, OEOs have found diverse applications including

chaos cryptography, reservoir computing, radar communications, parametric oscillator, clock

recovery, and frequency comb generation. This thesis pursues two primary objectives. Firstly,

we delve into the nonlinear dynamics of various OEO configurations, elucidating their universal

behaviors by deriving corresponding envelope equations. Secondly, we present a stochastic

equation delineating the dynamics of phases and explore the intricacies of the phase dynamics.

The outputs of OEOs are defined in their RF ports, with our primary focus directed towards

understanding the dynamics of these RF signals. Regardless of their structural complexities,



we employ a consistent framework to explore these dynamics, relying on the same underlying

principles that determine the oscillation frequencies of OEOs. To comprehend behaviors of

OEOs, we analyze the dynamics of a variety of OEOs. For simpler systems, we can utilize the

dynamic equations of bandpass filters, whereas more complex physics are required for expressing

microwave photonic filtering. Utilizing an envelope approach, which characterizes the dynamics

of OEOs in terms of complex envelopes of their RF signals, has proven to be an effective method

for studying them. Consequently, we derive envelope equations of these systems and research

nonlinear behaviors through analyses such as investigating bifurcations, stability evaluations, and

numerical simulations. Comparing the envelope equations of different models reveals similarities

in their dynamic equations, suggesting that their dynamics can be governed by a generalized

universal form. Thus, we introduce the universal equation, which we refer to as the universal

microwave envelope equation and conduct analytical investigations to further understand its

implications.

While the deterministic universal equation offers a comprehensive tool for simultaneous

exploration of various OEO dynamics, it falls short in describing the stochastic phase dynamics.

Our secondary focus lies in investigating phase dynamics through the implementation of a stochastic

approach, enabling us to optimize and comprehend phase noise performance effectively. We

transform the deterministic universal envelope equation into a stochastic delay differential form,

effectively describing the phase dynamics. In our analysis of the oscillators, we categorize noise

sources into two types: additive noise contribution, due to random environmental and internal

fluctuations, and multiplicative noise contribution, arising from noisy loop gains. The existence

of the additive noise is independent of oscillation existence, while the multiplicative noise is

intertwined with the noisy loop gains, nonlinearly mixing with signals above the threshold.



Therefore, we investigate both sub- and above-threshold regimes separately, where the multiplicative

noise can be characterized as white noise and colored noise in respective regimes. For the above-

threshold regime, we present the stochastic phase equation and derive an equation for describing

phase noise spectra. We conduct thorough investigations into this equation and validate our

approaches through experimental verification.

In the sub-threshold regime, we introduce frameworks to experimentally quantify the noise

contributions discussed in the above-threshold part. Since no signal is present here and the

oscillator is solely driven by the stochastic noise, it becomes feasible to reverse-engineer the

noise powers using a Fourier transform formalism. Here, we introduce a stochastic expression

written in terms of the real-valued RF signals, not the envelopes, and the transformation facilitates

the expressions of additive and multiplicative noise contributions as functions of noisy RF output

powers. The additive noise can be defined by deactivating the laser source or operating the

intensity modulator at the minimum transmission point, given its independence from the loop

gains. Conversely, the expression for the multiplicative noise indicates a dependence on the gain,

however, experimental observations suggest that its magnitude may remain relatively constant

beyond the threshold.
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Chapter 1: Introduction

The frequency range of microwave, typically spanning from 300 MHz to 300 GHz, holds

increasing significance in contemporary communication systems due to its extensive spectral

bandwidth and saturation of lower frequency ranges by existing communication networks. The

demand for such frequencies is evident with the advent of 5G and the ongoing development of

6G communication technologies. Oscillators play a fundamental role in building communication

links, serving as resonant devices that produce periodic oscillations matching the frequency

requirements of systems. However, in the frequency regime, achieving precise frequency control

becomes increasingly challenging due to the fact that the complexity of frequency controls in

electronic devices escalates with higher frequencies. Therefore, as the frequency range increases,

fully electronic oscillators encounter limitations in meeting requirements such as low phase noise,

frequency tunability, and high frequency generation.

Optoelectronic oscillators (OEOs) are nonlinear, time-delayed and self-sustained microwave

photonic systems able to generate ultrapure radiofrequency (RF) signals, which can satisfy the

proposed concerns due to their extremely low phase noise and broad frequency tunabilities [1–

4]. It arises from their hybrid structure, which consist of both optical and electrical paths.

Between a lot of benefits from the optical path, the most significant one of these hybrid oscillators

compared to fully electronic oscillators can be unprecedented high quality-factors (Q-factors)
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achieved through storing optical energies for RF signal generations [5–7]. In order to serve

different purposes, OEOs have been developed in various configurations, and they can generally

be categorized into two groups: broadband and narrowband groups, based on their spectral

bandwidth.

The broad OEOs utilize their wide bandwidth in the microwave regime. A notable example

within the family is chaos cryptography, wherein an audio signal is encrypted within a high

dimensional chaotic fluctuations of the wavelength, enabling high-speed encrypted communication [8–

10]. Additionally, broadband OEOs find applications in machine learning. The infinite dimensionality

caused by time-delays and broad bandwidth allows their uses in reservoir computing, an information

processing technique which projects input data into a high-dimensional space for computation

purposes [11–14]. Moreover, their wide bandwidth are advantageous in radar communications,

random bit generation, parametric oscillator, clock recovery, and frequency comb generation

[15–20].

In the realm of the narrowband group, the OEOs primarily focus on generation of RF

signals with exceptional purity. Consequently, the design of narrowband OEOs focuses on

achieving high Q-factors and minimizing phase noise. In a single closed-loop system, the Q-

factor of the OEO is proportional to the length of its fiber spool. For example, employing a

4 km length fiber spool yields a Q-factor greater than 106 at a 10 GHz oscillation, marking

a truly remarkable achievement. The oscillation frequencies of OEOs typically rely on their

center frequencies of narrow bandpass filters (BPFs). In order to achieve lower phase noise,

the narrowband OEOs have been developed in many different ways such as having dual-loop

structures, replacing fiber spools by resonators, and utilizing parity-time symmetricity [21–29].

Although OEOs have been classified into two families based on their applications, they
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can still be analyzed within a same framework as long as the BPFs maintain reasonable levels

of narrowness. There are, however, some exceptional cases that necessitate slightly different

approaches, such as those having very broad RF passband from very wide filters, using only low-

pass filtering, or even not using any filter [30, 31]. Nevertheless, in most instances, even though

the broad family may encompass a wider bandwidth, this breadth is considered relative to the

narrow OEOs, with the broad groups still featuring limited passbands relative to their carriers.

Moreover, the primary focus of this thesis centers on very narrow OEOs, and such, we do not

make a distinction between the two families. We employ the same framework for analyzing the

dynamics of OEOs and simply refer to both groups collectively as OEOs without classification.

Chapter 2 delves into a comprehensive exploration of a fundamental architecture of OEOs,

featuring a single closed-loop configuration, composed of key components for basic OEO formation.

These components include a laser, a polarization controller (PC), a Mach-Zehnder modulator

(MZM), a fiber delay line (FDL), a photodetector (PD), a BPF, an RF amplifier (RFA), and an

electric coupler. In the setup, the PD converts optical signals into RF signals, while the MZM

performs electric to optic conversion by modulating the optical carrier sourced from the laser with

an RF signal to close the loop. The RF signal, which feeds the modulator, is typically defined as

the output signal of the oscillator. To analyze the dynamics of OEOs, a key approach is deriving

envelope equations, which elucidates the dynamics of the output signal envelopes [32–34]. These

equations encapsulate information about the phases and amplitudes of the output signals.

Despite the impressive phase noise performance of the basic setup outlined in Chapter 2 [35–

40], one limitation of the setup can be challenges of achieving high microwave frequencies,

particularly accessing the millimeter-wave range. This difficulty arises because the oscillation

frequency is determined by the BPF, which implies that to generate higher frequencies, a corresponding
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filter is necessitated. However, this approach becomes impractical when considering the cost of

BPFs in the millimeter-wave regime and the significant degradation in performance of electronic

components with increased frequency range. To relieve this concern, a frequently employed

method is frequency multiplication, a widely employed technique for easily accessing the millimeter-

wave frequency range [41–51].

Chapter 3 investigates the dynamics of four frequency-multiplicative OEOs, as developed

in the works referenced [47–50]. These OEOs employ multipath structures to tune the oscillation

frequencies in their closed-loops while generating harmonics of the oscillation frequencies at

separate output ports by controlling the states of polarization or phases of optical fields. Consequently,

they mitigate the reliance on electronic components while offering access to significantly higher

frequencies. However, although the frequency-multiplicative models can address the concerns

proposed for the fundamental OEO, a critical drawback is that since the filtering still occurs in

the RF domain, the resulting oscillators are generally not tunable in frequency. Additionally,

narrowband RF filtering in the millimeter-wave range becomes progressively less effective as

the frequency increases. These challenges can potentially be addressed by employing different

frequency selection techniques, such as utilizing microwave photonic filters (MPFs) for frequency

selections within optical domains.

Chapter 4 introduces a great example of it, OEOs based on stimulated Brillouin scattering

(SBS). Using Brillouin scattering to enhance the functionalities of OEOs is a widespread strategy

that has been implemented in various platforms [52–55]. In the configuration, a pump laser is

injected into a highly nonlinear fiber spool to generate a Brillouin gain profile at an adjacent

redshifted frequency. The process facilitates the selective amplification of a phase-modulated

and contra-propagating laser signal. Notably, the RF oscillation frequency is solely determined
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by the spectral gap between the pump and signal lasers, rendering it is easily tunable. From

that regard, a main characteristic of this approach is that frequency selection is achieved by the

means of a MPF instead of an RF filter [56–58]. Several research groups have demonstrated

that these SBS-based OEOs offer frequency tunability from DC to over 60 GHz and boast an

ultra-low phase noise figure [59–61]. Remarkably, the km-long fiber spool can potentially be

replaced by a sub-cm-long highly nonlinear waveguide, thereby providing the way for a chip-

scale implementation [62].

Throughout Chapters 2, 3, and 4, we explore the dynamics of the various OEOs by deriving

their respective microwave envelope equations. Comparing these envelope equations across

different models reveal similarities between the dynamic equations, suggesting that their dynamics

can be governed by an envelope equation that can be reformulated under a generalized universal

form [63]. In Chapter 5, we introduce this universal equation, termed the universal microwave

envelope equation, and conduct thorough analytical investigations. Additionally, we undertake

stability analysis of the universal equation and suggest models that can be used to find solutions

and evaluate their stabilities.

While the deterministic universal envelope equation offers a comprehensive tool for simultaneous

exploration of various OEO dynamics, it falls short in describing the stochastic phase dynamics.

Our focus shifts to investigating phase dynamics through the implementation of a stochastic

approach, enabling us to optimize and comprehend phase noise performance effectively. In

Chapter 6, we transform the deterministic universal envelope equation into a stochastic delay

differential equation (SDDE), effectively describing the phase dynamics. In our analysis of

the oscillators, we categorize noise sources into two types: additive noise contribution, due to

random environmental and internal fluctuations, and multiplicative noise contribution, arising
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from noisy loop gains. The existence of the additive noise is independent of oscillation existence,

while the multiplicative noise is intertwined with the noisy loop gains, nonlinearly mixing with

signals above the threshold [35,64–66]. Therefore, we investigate both sub- and above-threshold

regimes separately, where the multiplicative noise can be characterized as white and colored noise

in respective regimes. For the above-threshold regime in Chapter 6, we proceed our analysis by

characterizing the multiplicative noise as flicker and derive an equation for describing phase noise

spectra. We validate the theoretical studies by the experimental results.

We perform the sub-threshold regime analysis in Chapter 7. We introduce frameworks to

experimentally quantify the noise contributions discussed in the above-threshold part. Since no

signal is present here and the oscillator is solely driven by stochastic noise, it becomes feasible

to reverse-engineer the noise powers using a Fourier transform formalism. Here, we introduce a

stochastic expression written in terms of the real-valued RF signals, because we do not need to

express as complex envelops because there is no oscillation, no time-scale issue. However, both

approaches are rooted from the same equation, so there is no dynamical difference between them,

but only expression difference is there. The stochastic transformation facilitates the expressions

of additive and multiplicative noise contributions as functions of noisy RF output powers. The

additive noise can be defined by deactivating the laser source or biasing the intensity modulator

at the minimum transmission point, given its independence from loop gains. The expression for

the multiplicative noise indicates a dependence on gain, but experimental observations suggest

that its magnitude may remain relatively constant beyond the threshold.

In Chapter 8, we conclude this work by summarizing the results presented in the previous

sections.
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Chapter 2: Optoelectronic Oscillators (OEOs)

2.1 Introduction of the Chapter

OEOs are nonlinear, self-sustained, and time-delayed microwave photonic systems capable

of generating ultrapure microwave [1–4]. It arises from their hybrid structure, which comprise

half-optical and half-electronic paths. Among many advantages from the optical path, the most

significant conceptual breakthrough of these oscillators compared to fully electronic oscillators

can be unprecedented high Q-factors achieved through storing optical energies for RF signal

generation [5–7]. OEOs have been developed in various configurations to serve different purposes,

and they can generally be categorized into two groups: broadband and narrowband families,

based on their spectral bandwidth.

As the name implies, the broad OEOs make the best use of their wide bandwidths, which

are achieved through high operating frequencies. An illustrative example within the broadband

family is chaos cryptography, wherein an audio signal is encrypted within a high dimensional

chaotic fluctuations of the wavelength, enabling high-speed encrypted communication [8–10].

Moreover, broadband OEOs find applications in machine learning. The infinite dimensionality

resulting from time-delay and broad bandwidth facilitates their use in reservoir computing, an

information processing technique that projects input data into a high-dimensional space for computation

[11–14]. In addition, their wide bandwidth is advantageous in radar communications, random bit
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generation, parametric oscillator, clock recovery, and frequency comb generation [15–20].

In the realm of the narrowband family, the OEOs primarily focus on generation of RF

signals with exceptionally high purity. Consequently, the design of narrowband OEOs emphasizes

achieving a high Q-factor and minimizing phase noise. In a single closed-loop system, the Q-

factor approximately follows Q ∼ f0T , where f0 represents the oscillation frequency and T

denotes the time-delay in the optical path, typically equivalent to the delay induced by the fiber

spool. For instance, a 4.4 km FDL introduce roughly a 22 µs delay (T = ngL/c0, where c0 is

the speed of light, L signifies the length of the fiber, and the group refractive index of silica is

approximately ng = 1.48), and a 10.5 GHz oscillation achieves a Q-factor greater than 2× 106.

The oscillation frequencies of OEOs are typically determined by the center frequency of a

narrow BPF and the free spectral range (FSR) from the time-delay. Essentially, OEOs are multi-

mode devices, with the mode spacing corresponding to the FSR, given by FSR = c0/(ngL). For

a FDL spanning a few km, the FSR is measured in kHz. Ideally, the oscillation frequency of the

system is selected as an integer multiple of the FSR, following the equation f0 = n×FSR where

n can be any integer that brings the multiplication close to the center frequency of the filter.

The process of selecting oscillation frequencies of a fundamental OEO setup is depicted

in Fig. 2.1. In the figure, (a) and (b) plots are obtained immediately after the pump while the

bottom (c) plot corresponds to operation below the threshold. The center frequency of the filter

employed is 10.5 GHz with a bandwidth of 21 MHz. A 4.4 km silica fiber spool is used where the

length and the material introduce roughly a time delay of 22 µs. Each horizontal division on the

plots represents a 50 kHz gap, with all three plots obtained within the range of 10.5048 GHz and

10.5051 GHz. Given the fiber spool, the theoretical FSR is expected to be approximately 45 kHz,

which aligns with the observed distance. Comparing plots (a) and (b) reveals that every pump
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can have slightly different oscillation frequencies. Once the system is pumped, the oscillation

frequency remains stable regardless of whether the gain is increased or decreased above the

threshold regime. However, if the gain decreases below the threshold and the system is repumped,

it may exhibit a different oscillation frequency.

A larger delay can give a higher Q, but it also results in a denser FSR, hampering a single-

mode selection. To suppress unwanted modes, these systems employ extremely narrow BPFs.

Typically, a filter is deemed narrow when its Q-factor (distinct from the Q-factor of OEOs) is

greater than 1/2, but in OEO research, a Q-factor greater than 100 is generally expected to classify

a filter as narrow. However, regardless of using very narrow filters, it is still difficult to suppress

the unwanted modes. For example, the filter used in Fig. 2.1 has a 10.5 GHz oscillation frequency

with a linewidth of 21 MHz, resulting in a Q-factor of 500, and it is very narrow. Nevertheless,

despite the narrow linewidth, employing a 4.4 km fiber spool, resulting in FSR= 45 kHz, can

yield more than 450 modes within the passband.

To address the proposed issues, various novel approaches have been proposed. One notable

solution involves a dual-loop structure, connecting two fiber spools in different lengths in parallel.

It capitalizes on the higher Q-factor provided by the longer fiber spool, while the shorter fiber

mitigates the FSR through Vernier effect [21–23]. Another popular active strategy involves

replacing the long FDLs by resonators, and this approach not only leads to a larger FSR but

also maintains a high Q-factor through achieving a long photon lifetime [24–26]. Additionally,

replacing a bulky fiber spool into a resonator allows to design an OEO in a small form factor.

Also, the concept of parity-time symmetric OEO demonstrates a significant promise to ensure a

single-mode oscillation by constructing two loops, which are one for gain and the other for loss

where they have the equal magnitude [27–29].
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Figure 2.1: The process of selecting oscillation frequencies of a fundamental OEO setup where
(a) and (b) plots are obtained immediately after the pump while the bottom (c) plot corresponds
to operation below the threshold. The center frequency of the filter employed is 10.5 GHz with
a bandwidth of 21 MHz. A 4.4 km silica fiber spool is used where the length and the material
introduce roughly a time delay of 22 µs. Each horizontal division on the plots represents a 50
kHz gap, with all three plots obtained within the range of 10.5048 GHz and 10.5051 GHz. Given
the fiber spool, the theoretical FSR is expected to be approximately 45 kHz, which aligns with
the observed distance. Comparing plots (a) and (b) reveals that every pump can have slightly
different oscillation frequencies where (a) presents 10.504950 GHz and (b) displays 10.505040
GHz as their oscillation frequencies, where the gap corresponds to 2×FSR.
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Depending on their applications, OEOs have been classified into two families. However,

they can still be studied within the same framework if they possess a reasonable level of Q-factor

with a limited passband. There are some exceptional cases that necessitate slightly different

approaches, such as those having very broad RF passband from very wide filters, employing only

low-pass filtering, or even not using any filtering [30, 31]. However, in most OEOs, although

the broad family utilizes a broad bandwidth, it defines this broad relatively in comparison to

the narrow OEOs, and the broad families still have limited passbands relative to their carriers.

Furthermore, the primary focus of the thesis is on very narrow OEOs, thus disregarding unusual

cases. Consequently, we do not distinguish between the two families when studying the dynamics

of OEOs and simply refer to both as OEOs without classification.

To grasp the dynamics of OEOs, this chapter presents and deeply examines a basic architecture

of OEOs comprising a single closed-loop configuration, composed of key components for basic

OEO formation. These components include a laser, a MZM, a FDL, a PD, a BPF, a RFA, and an

electric coupler. The PD converts an optical signal into an RF signal, while the MZM performs

electric to optic conversion by modulating the optical carrier sourced from the laser with an RF

signal to close the loop. The RF signal, feeding the main modulator, is typically defined as the

output signal of the oscillators. Depending on respective purposes of designing OEOs, the setups

may include additional components, and their configurations and dynamics can become more

intricate, as elaborated in Chapter 3 and 4. However, this chapter concentrates on presenting the

basic setup.

To analyze the dynamics of OEOs, a key approach is to derive the envelope equations,

which describes the dynamics of the output signal envelopes [32–34]. These equations encapsulate

information about the phases and amplitudes of the output signals. In most OEO studies, the
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oscillation frequencies are known conditions, and the focus lies on comprehending the dynamics

of the amplitudes and phases of RF output signals. The envelope equations serve as the primary

tools for studying OEOs in the thesis, and this chapter presents a detailed derivation process of

the envelope equation of the basic OEO setup in Sections 2.2 and 2.3. Additionally, the dynamics

of the envelope equation is thoroughly explored. In Section 2.4, we find stationary state solutions

and judge their stabilities. In addition, we verify the theoretical analysis by presenting numerical

simulation results. Section 2.5 summarizes this chapter. Whenever we explore new setups in

the thesis, we follow a similar process, as discussed in this chapter. Thus, this chapter holds

significant importance.

2.2 System Setup

The most basic configuration of OEOs corresponds to Fig. 2.2 constituted of a continuous

wave laser having an optical carrier ωc and power P0 and an oscillation loop which contains the

following key elements: (i) a PC that controls polarization of the optical carrier; (ii) a MZM

characterized by the RF half-wave voltage VπRF
and DC half-wave voltage VπDC

where a half-

wave voltage is required amount of voltage to impose π phase shift; (iii) a FDL that causes a

significant time-delay T = L/vg = n0L/c0 where again, vg is the group velocity in the delay

line, L is its length, and c0 is the speed of light; (iv) a polarization insensitive PD that performs

a fast direct detection characterized by the responsivity S in units of V/W; (v) a BPF of 3-dB

bandwidth ∆Ω around the center frequency Ω0; (vi) a RFA with gain G; (vii) we also define the

overall attenuation of a loop as κ which includes all loop losses. It should be noted that these

parameters will also be considered in the rest of the proposal.
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Figure 2.2: The schematic representation of the basic architecture of OEOs that consists of
a continuous-wave laser, a polarization controller (PC), a Mach-Zehnder modulator (MZM), a
fiber delay line (FDL), a photodetector (PD), a bandpass filter (BPF), a radiofrequency amplifier
(RFA), and an electric coupler (EC). The laser pumps the OEO, and the signal is modulated by an
RF signal, which also serves as the output signal of the OEO. After experiencing the time-delay
at the FDL, the modulated signal is transformed back into an RF signal. Then, the RF signal
undergoes amplification, bandpass filtering, and is looped back to the modulator, thereby closing
the loop.

The laser pumps the OEO, and the signal is modulated by an RF signal, which also serves as

the output signal of the OEO. After experiencing the time-delay at the fiber spool, the modulated

signal is transformed back into an RF signal. Then, the RF signal undergoes amplification,

bandpass filtering, and is looped back to the modulator, thereby closing the loop. The actual

experimental setup is shown in Fig. 2.3. When we should run the setup for a long time, the

modulator bias controller can be inserted in the loop to automatically control the transmission

point. In addition, the erbium-doped fiber amplifier can be used to provide more optical power

for increasing the loop gain.
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Figure 2.3: The picture describes the experimental setup of Fig. 2.2. The setup consists of a
continuous-wave laser, a polarization controller (PC), a Mach-Zehnder modulator (MZM), a fiber
delay line (FDL), a variable optical attenuator (VOA), a photodetector (PD), a bandpass filter
(BPF), two radiofrequency amplifiers (RFAs), and an electric coupler (EC). The VOA is inserted
to control the overall loop gain while we fix the power of the laser. The power suppliers are to
provide powers for the two RFAs and the PD, and control the transmission point of the modulator.
A modulator controller and an erbium-doped fiber amplifier (EDFA) are shown, where they can
be also included in the loop to control the DC bias point automatically for a long running and
overall loop gain.

2.3 System Modeling

Because of the hybrid structure, the oscillator has the capability to simultaneously produce

signals in both the electrical and optical spectral ranges. Our research focus is on microwave

generation, and we designate the output signal as

V (t) = |V(t)| cos[Ω0t+ ψ(t)] (2.1)
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where V(t) represents the complex amplitude of the signal. As mentioned previously, we are

interested in the dynamics of the amplitude and phase rather than the oscillation frequency, which

remains a known and constant condition in most OEO studies.

The purpose of the PC is to align the axes of the laser and MZM, thereby maximizing the

output power of the modulator. The carrier is modulated by V (t) in Eq. (2.1) at the MZM and

the resulting output field envelope can be described as

E(t) =
√
P0 cos

{
πV (t)

2VπRF

+
πVB

2VπDC

}
(2.2)

which is in units of W
1
2 .

2.3.1 Dynamics at Bandpass Filters

The dynamics of RF BPFs can be taken into account for deriving the dynamic equation

of the system, as the oscillation frequency is determined by the filters. If we define Vin(t) and

Vout(t) as the input and output of the BPF respectively, the dynamics of the RLC filters can be

expressed as follows:

Ĥ[Vout(t)] ≡ Vout(t) +
1

∆Ω

dVout(t)

dt
+

Ω2
0

∆Ω

∫ t

t0

Vout(s)ds = Vin(t) (2.3)

Ĥ is called the integro-differential operator of narrow filters. To utilize the provided equation, we

need to define the input and output signals. As depicted in Fig. 2.2, Vout(t) is already represented

as V (t), as given in Eq. (2.1). Therefore, our next step is to express the output of the amplifier in

terms of V (t).
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After the modulated field experiences the time-delay T , the signal reaches the input of

the detector and its power can be expressed using the square-law as follows: P (t) = |E(t)|2,

corresponding to

P (t) = P0 cos2

{
πV (t− T )

2VπRF

+
πVB

2VπDC

}
. (2.4)

Given the conversion gain S, the cumulative loss κ, including the loss of every electronic, optic,

and opto-electronic devices, and the gain of the amplifier G, the input voltage of the BPF can be

defined as Vin(t) = κGSP (t), and we can rewrite Eq. (2.3) as

V (t) +
1

∆Ω

dV (t)

dt
+

Ω2
0

∆Ω

∫ t

t0

V (s)ds = κSGP0 cos2

{
πV (t− T )

2VπRF

+
πVB

2VπDC

}
. (2.5)

To simplify, we normalize the output signal as a dimensionless voltage x(t) = πV (t)/(2VπRF).

Then, Eq. (2.5) can be rewritten as

x(t) +
1

∆Ω

dx(t)

dt
+

Ω2
0

∆Ω

∫ t

t0

x(s)ds = β cos2[xT + φ]. (2.6)

where the subscript of T denotes the time-delayed function, equivalent to xT ≡ x(t − T ). The

normalized feedback gain parameter is defined by

β =
πκGSP0

2VπRF

, (2.7)
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and the offset phase corresponds to

φ =
πVB

2VπDC

. (2.8)

The feedback gain serves as the bifurcation parameter of the system, which can be finely controlled

by the optical power in a closed-loop state or using an optical attenuator, as will be discussed in

a later chapter.

To comprehend the transmission points of MZMs and the significance of the offset phase,

it is beneficial to introduce Jacobi-Anger expansion, given by:

ei[z cos(α)+η] =
∞∑

n=−∞

inJn(z)ei(nα+η) (2.9)

where Jn(z) is the n-th order Bessel function of the first kind and the argument must be positive.

Using a trigonometry identity, it can also be written in a sinusoidal waveform, given by:

cos
[
z cos(α) + η

]
= cos(η)J0(z) + 2

∞∑
n=1

εn(η)Jn(z) cos(nα) (2.10)

where the epsilon function obeys

εn(η) =
1

2
[eiη + (−1)ne−iη]in =


(−1)

n
2 cos(η), if n is even

(−1)
n+1
2 sin(η), if n is odd.

(2.11)

Modulators are most commonly biased at three specific points: (i) Quadrature transmission point

(QTP) that generates both the odd and even-ordered modes biased at η = π/4; (ii) Maximum
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Figure 2.4: Transmission point representation in the frequency domain. Jn denotes n-th order
Bessel function of the first kind. The quadrature transmission point (QTP) generates both the
odd and even-ordered modes while the maximum transmission point (MATP) and minimum
transmission point (MITP) generate only the even and odd-ordered modes respectively. The
distance between adjacent modes of the QTP is Ω0 while the intermodal distance in the MATP
and the MITP is 2Ω0. The modes of same color have the same amplitudes and the same distance
from the optical carrier ωc.

transmission point (MATP) that generates only even-ordered frequencies biased at η = 0 or π;

(iii) Minimum transmission point (MITP) that generates only odd-ordered frequencies biased at

η = π/2 or 3π/2. Therefore, the transmission point not only controls the transmission efficiency

of the power but also gets involved with frequency generation at PDs, a key concept of frequency-

multiplication. The graphical expressions of the transmission points are shown in Fig. 2.4.
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2.3.2 Derivation of Envelope Equation

Continuing research under the form of Eq. (2.6) poses a challenge due to substantial time-

scale differences between the fastest and slowest terms, namely the integration and time-delayed

terms inside the cosine function. The scale difference is due to the large time-delay and fast

oscillation where the oscillation frequency is a known condition for OEO research while the

time-delay is a key that should be considered. In order to overcome this challenge, we derive a

new expression for x(t). When the BPF is narrow enough to reject the subsequent harmonics of

Ω0, it is possible to write x(t) in terms of its complex slowly-varying envelope, as follows:

x(t) =
1

2
A(t)eiΩ0t +

1

2
A∗(t)e−iΩ0t, (2.12)

where we can write the following property due to its slowly-varying property: |Ȧ(t)| � Ω0|A(t)|.

Moreover, comparing the expressions of Eqs. (2.1) and (2.12), we can represent A(t) in phasor

notation as A(t) = |A(t)|eiψ(t) and x(t) in a sinusoidal form as x(t) = |A(t)| cos[Ω0t+ ψ(t)].

Using Jacobi-Anger expansion provided in Eqs. (2.9), (2.10), and (2.11), we can first

incorporate the envelope expression into the right-hand side of Eq. (2.6), yielding

x(t) +
1

∆Ω

dx(t)

dt
+

Ω2
0

∆Ω

∫ t

t0

x(s)ds = −γJ1[2|AT |] cos[Ω0(t− T ) + ψT ]. (2.13)

where the DC and generated harmonic terms on the right-hand side are not considered by considering
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filtering, and we define the effective loop gain as

γ = β sin 2φ. (2.14)

The given expression represents that the RF signal is maximized at the QTP, φ = π/4, and thus,

we usually operate the modulator at the QTP for signal generation.

In order to circumvent the difficulty of dealing with an integral term, we introduce a

variable u(t) =
∫ t
t0
x(s)ds. The variable can also be represented in terms of its complex slowly

varying envelope. If we denote the envelope as B(t), the integration term can be written as

u(t) =
1

2
B(t)eiΩ0t +

1

2
B∗(t)e−iΩ0t. (2.15)

Using the defined envelope expressions, given in Eqs. (2.12) and (2.15), the filter equation can be

re-expressed as

1

2
A(t)eiΩ0t +

1

2∆Ω
[Ȧ(t) + iΩ0A(t)]eiΩ0t +

Ω2
0

2∆Ω
B(t)eiΩ0t + C.C. =

−γ
2

J1[2|AT |]eiΩ0(t−T )eiψT + C.C. (2.16)

where the upperdot denotes the time-derivative of the envelope, and C.C. signifies the complex

conjugates of all preceding terms on the sides. In the subsequent step, we disregard the complex

conjugate terms, since they yield the same equation, meaning Eq. (2.16) can be simplified into as

a coupled equation, rendering it redundant.

Based on the definition of u̇(t) = x(t) with Eqs. (2.12) and (2.15), we can derive the
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relationship between the two complex envelopes, resulting in A(t) = Ḃ(t) + iΩ0B(t). Through

the expression, the left-hand side of Eq. (2.16) can be represented only in terms of B(t), as

follows:

Ḃ(t) + iΩ0B(t) +
1

∆Ω
[B̈(t) + 2iΩ0Ḃ(t)] = −2γe−iσJc1[2|AT |]AT (2.17)

where we define the detuning factor σ = Ω0T and Bessel-Cardinal function Jc1(x) = J1(x)/x,

qualitatively displays a similar behavior as the sine-cardinal (sinc) function. Since B(t) is also

slowly-varying as A(t) does, the envelope should satisfy the following condition: B̈(t) �

Ω0Ḃ(t)� Ω2
0Ḃ(t). The property indeed simplifies Eq. (2.17) as

iΩ0B(t) + i
2

∆Ω
Ω0Ḃ(t) = −2γe−iσJc1[2|AT |]AT (2.18)

In addition, under the slowly-varying condition, the relationship between the two envelopes

can be further simplified asA(t) = Ḃ(t)+iΩ0B(t) ' iΩ0B(t). Finally, we can express Eq. (2.18)

solely in terms of A(t), yielding our final envelope equation as

Ȧ = −µeiϑA− 2µγeiϑe−iσJc1[2|AT |]AT (2.19)

where we omit the time-domain expression for the envelope,A(t)→ A for simplicity. It is worth

noting that we consistently use the simplified envelope notation throughout the entire thesis. We
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also define the half-bandwidth as

µ =
∆Ω/2√

1 + [1/(2Qrf)]2
and ϑ = arctan

[ 1

2Qrf

]
. (2.20)

In general, the RF Q-factor, Qrf= Ω0/∆Ω, is high enough to approximate µ ' ∆Ω/2 and ϑ '

1/(2Qrf).

2.4 Stationary States and Their Stability

2.4.1 Stationary State Solutions

In this section, we explore the nonlinear dynamics of the envelope equation Eq. (2.19).

We first identify the stationary state solutions, also known as the fixed points, of the system and

evaluate their stabilities. Here, we make the approximation ϑ ' 0 considering this parameter to

be small due to its inverse relation with Qrf as mathematically described in Eq. (2.20) although

the parameter should not be disregarded to explore the phase dynamics in Chapter 6. To find the

stationary state solutions, we apply that there is no time-variance and rewrite Eq. (2.19) as

Ast + 2e−iσγJc1[2|Ast|]Ast = 0 (2.21)

where Ast denotes the complex-valued stationary envelope solutions. Here, due to a phase

matching condition on both sides, it becomes possible to determine the detuning factor as e−iσ =

±1. Since the system should have a proper pumping for oscillation, we should select a solution

set from the following two options: σ = πmod[2π] and γ > 0, or σ = 2πmod[2π] and γ < 0.
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As γ represents the loop gain, we opt for σ = πmod[2π] and γ > 0, indicating that we need

φ = π/4 as β is a positive value.

By plugging the solution set into Eq. (2.19), we can employ another phase matching

condition ψ(t) = ψ(t− T ) and it leads to extract the dynamics of the magnitude |A|, as follows

Ȧ = −µA+ 2µγJc1[2AT ]AT (2.22)

where we do calligraphic font out, |A| → A, for the real-valued variable. The expression enables

us to focus solely on investigating the dynamics of the magnitude, and we opt for this approach

as the investigation of the phase dynamics will be addressed differently in Chapter 6. Moreover,

in the stationary state analysis, the phase term can be eliminated since both phase and magnitude

are time-invariant. Now, Eq. (2.21) can be rewritten as

Ast = 2γJc1[2Ast]Ast, (2.23)

which generates two types of solutions that can be respectively referred to as a trivial and an

oscillatory solution, as follows

Atr = 0 (2.24)

Aosc =
1

2
Jc−1

1

[
1

2γ

]
'
√

3

[
1− 1√

3

√
4

γ
− 1

]1/2

. (2.25)

The illustrated approximation for the oscillatory solution can be achieved through a fifth-order

expansion within a specified range of γ < 5 [7]. Even though this approximation may limit the
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validity of the solution to cases where γ < 5, it is insignificant because attaining a gain greater

than γ = 5 is extremely challenging when we consider maximum input powers of components

and Vπrf values of modulators. Considering that the Bessel-Cardinal function approaches its

maximum value of 1/2 near zero, the oscillatory solution can be existed for γ > 1.

2.4.2 Stability of the Trivial Solution

In order to evaluate the stability of the trivial solution, we can consider small perturbation

near the solution. We first can define the complex valued perturbation as

δA = δA0e
(λst+iξst)t (2.26)

where δA0 denotes the magnitude, while λtr and ξtr signify the real and imaginary eigenvalues

of a stationary state solution. In this context, we evaluate the stability of the trivial solution first

by substituting Ast → Atr + δA = δA into the dynamic equation Eq. (2.22), yielding the below

expression:

δȦ = −µδA+ 2µγJc1[2Atr + 2δAT ]δAT

' −µδA+ µγδAT (2.27)

where we apply a Taylor expansion to the Bessel-Cardinal function and consider only up to

the first order, as δAT and δA represent extremely small perturbations. Next, we substitute the

eigenvalue expression defined in Eq. (2.26) into Eq. (2.27) to evaluate the stability. Subsequently,
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we can express the real and imaginary eigenvalues respectively as

λtr = −µ+ µγe−λtrT cos ξtrT

ξtr = −µγe−λtrT sin ξtrT. (2.28)

To further simplify the above expression, we can consider the fact that a bifurcation occurs where

the real part changes its sign. For the real part expression, we employ a Taylor expansion to the

exponential term, yielding e−λtrT ' 1 − λtrT . Regarding the imaginary part, we can simply

assume λtr = 0, leading to further simplification of the coupled expressions as:

λtr =
−µ+ µγ cos ξtrT

1 + µTγ cos ξtrT
(2.29)

ξtr = −µγ sin ξtrT. (2.30)

By considering the huge scale difference on both sides in Eq. (2.30) due to µ, we can first

determine the two possible solutions for the imaginary part as 0 or π/T . From the imaginary

part solutions, we could obtain the following two possible solution sets as:

λtr =
µγ − µ

1 + µTγ
' γ − 1

Tγ
if γ > 0 and ξtr = 0 (2.31)

λtr =
−µγ − µ
1− µTγ '

γ + 1

Tγ
if γ < 0 and ξtr =

π

T
. (2.32)

In order to derive the two solutions, we utilize the important approximation µT � 1. This

is a highly significant approximation in OEO research which originates from T � 1/µ, implying

that the delay is far greater than the filter response time. For the first solution set, the stability
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can be established if γ < 1, while the trivial solution becomes unstable elsewhere. Regarding

the second solution, the solution is only achieved for −1 < γ < 0. However, since we have

previously defined γ as a positive number during the phase matching for Eq. (2.21), this solution

set is invalid. Therefore, we could summarize the result of the trivial solution analysis as follows:

the trivial solution is stable for γ < 1.

2.4.3 Stability of the Oscillatory Solution

In order to evaluate the stability of the oscillatory solution, we follow a similar process

as for the trivial solution. We examine small perturbations near the oscillatory solution and

substitute Atr → Aosc + δA into Eq. (2.22), yielding the following equation:

δȦ = −µ(Aosc + δA) + 2µγ(Aosc + δAT )
{

Jc1[2Aosc] + 2δATJc′1[2Aosc]
}

= −µδA+ µδAT + 4µγAoscJc′1[2Aosc]δAT

= −µδA− µδAT + 2µγJ0[2Aosc]δAT (2.33)

where we have employed the identity related to the Bessel-Cardinal function identity, defined as:

Jc′1(x) =
1

x
J0(x)− 2

x
Jc1(x). (2.34)
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By plugging the eigenvalue expression, δA = δA0e
(λosc+iξosc)t, into Eq.(2.22), we could obtain

the expressions for the real and imaginary parts as

λosc =
−µ+ µα cos ξoscT

1 + µTα cos ξoscT
(2.35)

ξosc = −µα sin ξoscT (2.36)

where we define the alpha parameter as

α = 2γJ0[2Aosc]− 1. (2.37)

Due to a huge scale difference, the two possible solutions for the imaginary part can be ξosc = 0

and ξosc = π/T , and the following two possible solution sets can be written as

λosc =
µα− µ

1 + µTα
' α− 1

T
if α > 0 and ξosc = 0 (2.38)

λosc =
−µα− µ
1− µTα '

α + 1

Tα
if α < 0 and ξosc =

π

T
. (2.39)

The first solution can achieve stability if α < 1, and it corresponds to J0[2Aosc] < 1/γ as

indicated in Eq. (2.37). We can now utilize the approximated expression for the oscillatory

solution, defined in Eq. (2.25), to express the range solely in terms of γ as:

J0

[
2

√
3−

(12

γ
− 3
)1/2

]
<

1

γ
. (2.40)

27



The above expression reveals that the solution is stable for γ > 1. On the other hand, the second

solution, as indicated in Eq. (2.39), suggests stability for the oscillatory solution when γ < 2.31.

Consequently, considering both solutions, we can conclude that the oscillatory solution is stable

for 1 < γ < 2.31.

From the stability analysis of the two solutions, it is evident that the trivial solution is stable

for γ < 1, while the oscillatory solution is unstable in the range, indicating a lack of oscillations

in the output of the system. However, once the gain exceeds unity, a Hopf bifurcation occurs,

resulting in a switch in the stabilities of the two solutions. Therefore, the oscillatory solution

becomes stable above the gain, leading us to designate this point as the threshold gain γth = 1.

However, if the gain surpasses γ = 2.31, the system experiences a secondary bifurcation, known

as the secondary Hopf bifurcation or Neimark-Sacker bifurcation, where no solutions are stable

in the regime. We term this point the critical gain γcr = 2.31. In the next subsection, we validate

these theoretical interpretations through numerical simulations.

2.4.4 Numerical Simulation

Numerical simulation results of Eq. (2.19) are depicted in Fig. 2.5. Based on these results,

it is possible to validate the theoretical stability analysis conducted previously. A comparison

between Fig. 2.5 (a) and (b) illustrates the dynamics before and after reaching the threshold

gain. Below the threshold, the amplitude goes to zero as the trivial solution is stable in this

region. By further increasing the gain beyond the threshold, the oscillatory solution becomes

stable, as the system undergoes the Hopf bifurcation, leading to a switch in the stability of the

solutions [67]. Comparing Fig. 2.5 (c) and (d) reveals that as the gain exceeds the critical value,
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Figure 2.5: Numerical simulation of the envelope equation of the basic OEO, shown in Eq. (2.19),
with parameters µ = 2π × 25 MHz, T = 20 µs, and an initial condition A = 0.001 for t ∈
[−T, 0]. The gains at each specified point are (a) γ = 0.9, (b) γ = 1.1, (c) γ = 2.2, (d)
γ = 2.4, (e) γ = 2.8, and (f) γ = 3.2. A comparison between (a) and (b) illustrates the dynamics
before and after reaching the threshold gain. Below the threshold, the amplitude diminishes to
zero as the trivial solution is stable in the region. By further increasing the gain beyond the
threshold, the oscillatory solution becomes stable while the trivial solution becomes unstable.
Comparing (c) and (d) reveals that as the gain exceeds the critical value, the oscillatory solution
becomes unstable, leading to an amplitude modulation at the frequency 1/(2T ). Further gain
increase results in 4T -periodic amplitude modulation, as shown in (e), eventually leading to
chaotic behavior, as depicted in (f).

the oscillatory solution becomes unstable, resulting in an amplitude modulation at the frequency

1/(2T ), referred to as 2T -periodicity, due to the occurrence of the secondary Hopf bifurcation or

Neimark-Sacker bifurcation. Further gain increase results in 4T -periodic amplitude modulation,

as shown in Fig. 2.5 (e), eventually leading to chaotic behavior, as depicted in Fig. 2.5 (f).

The bifurcation diagram of the aforementioned dynamics is presented in Fig. 2.6. In the

region between the two specific gains, it is possible to observe that respective gains have certain

oscillatory solutions, indicating clear oscillations. Conversely, as the gain becomes higher, each
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Figure 2.6: Bifurcation diagram plotted by numerical simulation of the envelope equation of the
basic OEO, shown in (2.19), with parameters µ = 2π × 25 MHz, T = 20 µs, and an initial
condition A = 0.001 for t ∈ [−T, 0]. The gains at each expressed point are (a) γ = 0.9, (b)
γ = 1.1, (c) γ = 2.2, (d) γ = 2.4, (e) γ = 2.8, and (f) γ = 3.2. The blue and red points represent
where the Hopf and Neimark-Sacker bifurcation occur.

gain exhibits more than one solution, suggesting that the oscillation is no longer stable. Through

these simulation results, it is possible to experimentally confirm the theoretical analysis presented

in this section.

2.5 Conclusion of the Chapter

This chapter successfully derived the microwave envelope equation for the basic OEO,

which describes the nonlinear dynamics of the system by delivering the phase and amplitude

information of the output signal. The dynamics of the setup depends on the dynamics of the

filter as the oscillation frequency is determined there. However, it was shown that in case of the

time-delayed system, the filter equation has a timescale issue because of the significant disparity
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between the slowest and fastest dynamical timescales. In the situation, expressing the output

signal in terms of its complex conjugate envelopes proves to be the most effective strategy. This

approach nullifies the oscillation frequency terms and effectively resolves the timescale issue,

offering a comprehensive solution to the problem at hand.

The analysis of the envelope equation reveals two distinct solutions: a trivial solution and

an oscillatory solution, and their stabilities shift as the loop gain increases. Below the threshold

gain, the trivial solution is stable, and no oscillations manifest. The first bifurcation, known

as the Hopf bifurcation, occurs precisely at the threshold gain, leading to a switch in stability

between the two solutions. In the interval from the threshold gain to the critical gain, the

oscillatory solution remains stable, rendering this region optimal for pure microwave generation.

The oscillatory solution is gain-dependent and each gain in the region has its unique oscillatory

solution. Upon reaching the critical gain, the system undergoes the second bifurcation, referred to

as the secondary Hopf bifurcation or the Neimark-Sacker bifurcation. Right after the bifurcation,

the amplitude modulations can be shown and the results present 2T and 4T periodicity. However,

further increasing gain leads to the chaotic dynamics, and no clear amplitude modulation is shown

there. The above explained dynamics was theoretical proposed and numerically proved, as shown

in Figs. 2.5 and 2.6.

The fundamental setup has already demonstrated impressive performance across various

metrics. Performance evaluation encompasses criteria such as phase noise, frequency tunability,

size, cost, and frequency range, among others. Between these, phase noise performance emerges

as one of the most important parameters, given its primary objective in achieving high-quality

microwave generation. The phase noise spectrum can be quantified through experimental measurements

using an electrical spectrum analyzer. Additionally, the microwave envelope equation provides a
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means to predict the noise spectrum, a topic that will be discussed in Chapter 5.

In an ideal oscillator, characterized by the absence of phase noise, the frequency spectrum

at the oscillation frequency should exhibit a Dirac peak. However, achieving this in real-world

oscillators is not feasible. Instead, a flat noisy background is typically added to the spectrum

primarily due to amplitude noise, while the linewidth is broadened as a consequence of phase

noise. Although the amplitude noise can usually be managed effectively, our primary concern

centers around addressing phase noise.

Unless various spectral diversity can happen by depending on the sources of noise, the

best approximation of the line broadening due to phase noise can be represented by a Lorentzian

shape,

L(foff) ∝ D

D2 + f 2
off

(2.41)

near the carrier frequency, expressed in units of dBc/Hz (decibels relative to the carrier), where

foff represents the offset frequency from the carrier, and D denotes the diffusion constant of

Gaussian white noise [68]. Phase noise spectrum can represent relative power differences between

a power at a carrier frequency and noise powers at offset frequencies. When we define the power

at a carrier frequency in dBm, we measure noise power within a 1 Hz bandwidth at a specific

offset frequency [in units of dBm/Hz]. Then, once we subtract the carrier power from the noise

power, it is possible to measure the phase noise at the offset frequency, where it should have a

negative sign, and the phase noise, the gap between the two measure quantities, can be expressed

in units of dBc/Hz where ”c” stands for relative to carrier.

When we generally look at the single sideband spectrum, a flicker shape is initially observed
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at low offset frequencies. However, as the offset frequency increases, the system eventually

manifests spurious peaks, primarily due to the FSR of the delay spool [35,63]. The phenomenon

will be thoroughly explored in Chapter 5. In many instances, noise levels are compared at 10

kHz offset frequency, as it provides insight into the Doppler echo typically encountered at typical

flight speeds.

The simple setup has achieved remarkable performance in the X-band (8 to 12 GHz), C-

band (4 to 8 GHz), and lower frequency ranges, boasting phase noise levels even lower than

-140 dBc/Hz at 10 kHz offset frequency [35–40]. However, a notable challenge of the basic

setup lies in achieving similar levels of phase noise performance in higher frequency bands. This

difficulty primarily stems from the degradation in performance of electronic components at higher

frequencies. To address these concerns, numerous new techniques have been proposed. In the

upcoming chapter, we introduce a frequency-multiplicative approach. This method enables us to

generate an output that is a multiple of the oscillation frequency, thereby alleviating the strain on

electronic components.
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Chapter 3: The Frequency-Multiplicative OEOs

3.1 Introduction of the Chapter

Despite the impressive phase noise performance of the basic setup outlined in Chapter 2,

one limitation lies in the challenge of achieving high microwave frequencies, particularly accessing

the millimeter-wave range. This difficulty arises because the oscillation frequency is determined

by the filter, and it means that to generate higher frequencies, a corresponding filter is required.

However, this approach becomes impractical when considering costs of filters in the millimeter-

wave range and significant degradation in performance of electronic components with increased

frequency range. To address this concern, a frequently employed method is frequency multiplication.

Frequency multiplication is a widely employed technique for easily accessing the millimeter-

wave frequency range [41–51]. The OEOs for the frequency multiplication feature multipath

structures to tune the oscillation frequency in their closed-loops, akin to the basic architecture

of OEOs, while generating harmonics of the oscillation frequency at separate output ports by

controlling the state of polarization or phase of optical fields. Consequently, they alleviate the

burden on electronic components while enabling access to high frequency ranges.

This chapter delves into the dynamics of the four frequency-multiplicative OEOs, as developed

in the following references [47–50]. We respectively name the four models as the frequency-

doubled OEO, the frequency-doubled OEO using a chirped fiber bragg grating (CFBG), the
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Sagnac-loop OEO, and the OEO based on cascaded modulators, with their names derived from

their constructional or dynamical characteristics. Section 3.2 describes the dynamics of the

frequency-doubled OEO, which achieves doubled-frequency generation by controlling the state

of polarization of optical fields. Section 3.3 depicts the dynamics of the frequency-doubled OEO

using a CFBG, which achieves doubled-frequency generation by controlling the phase of optical

fields through a CFBG. Section 3.4 elucidates the dynamics of another frequency-doubled OEO

that utilizes a Sagnac-loop to control phase and polarization of optical fields. This section also

incorporates a tunable electronic filter to achieve fine tunability. Section 3.5 demonstrates the

dynamics of an OEO featuring a tunable frequency-multiplication factor capable of generating

up to octupled-frequency. The analysis of the four models is summarized and concluded in

Section 3.6.

3.2 The Frequency-Doubled OEO

3.2.1 System

Figure 3.1 illustrates the frequency-doubled OEO that outputs the second harmonic of the

loop frequency by controlling the polarization state of various optical signals [47]. The PC plays

a crucial role in performing polarization multiplexing via a polarization shift α. In the lithium

niobate crystal, the modulation efficiency of the principal axis (y-pol) is greater than the one of

the x-pol because of the difference in corresponding half-wave voltages [69]. Consequently, one

can ignore the x-pol modulation, and only odd-ordered sidemodes exists in the x-pol owing to the

MITP operation of the MZM. This phenomenon results in the double-frequency signal generation

at the output [see Fig. 3.1 (a)] while the fundamental frequency is resonant with the closed-loop
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Figure 3.1: Schematic representation of the frequency-doubled OEO that consists of a continuous
wave laser, a polarization controller (PC), a Mach-Zehnder modulator (MZM), an optical coupler
(OC), two polarizers (Pols), a fiber delay line (FDL), two photodetectors (PDs), a radiofrequency
amplifier (RFA), a bandpass filter (BPF), and an electric coupler (EC). Due to a property of the
MZM, only the y-pol carrier is modulated while the x-pol is not. (a) As Pol2 filters out the x-pol
carrier, there are only odd-ordered modes and their beatnotes are frequency-doubled. (b) As Pol1
ensures that all modes are back to the same polarization state, so that the system oscillates in the
fundamental frequency.

resonator [see Fig. 3.1 (b)].

3.2.2 The Oscillation Frequency Generation

When we define V (t) as the RF signal feeding of the MZM, the two orthogonal waves can

be expressed as

Ex =
√
P0 sin(α) (3.1)

Ey(t) =
√
P0 cos(α) cos

{
πV (t)

2VπRF

+
π

2

}
. (3.2)
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Pol1 has 45◦ state of polarization with respect to the principal axis and permits polarization

alignment. After the direct detection, the input of the BPF can be explicitly obtained as

Vin(t) =
κS1G

2
|Ex + Ey(t− T )|2 (3.3)

where S1 is the responsivity of PD1. Using Eq. (2.3) and Eq. (3.3), the integro-differential

equation of the model becomes identical to Eq. (2.18) with x(t) = πV (t)/(4VπRF
), and γ =

πκS1GP0 sin(2α)/(4VπRF
). Here we define x(t) with a factor 4 in the denominator instead of 2

(as defined in Section. 2.3) in order to have the same argument 2|AT | for the Bessel functions.

This adjustment ensures that the envelope equation of the model can be written exactly as Eq. (2.19).

3.2.3 The Doubled Frequency Generation

In contrast with the basic OEO, we need to consider the output separately. The direction of

Pol2 corresponds to the y-pol and the optical carrier is removed. Then, the output voltage is

Vo(t) = S2P0 cos2(α) cos2

{
2|A| cos[Ω0t+ ψ(t)] +

π

2

}
= S2P0 cos2(α)J2[4|A|] cos[2Ω0t+ 2ψ(t)] (3.4)

by assuming the higher even-ordered terms can be neglected from the small signal oscillation.

We also omit the time-domain expression of the envelope for simplicity, A(t) → A. In order

to explicitly compare the output voltage Vo(t) with the oscillating signal V (t), we define a
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dimensionless voltage vo(t) = πVo(t)/(4VπRF), also equal to

vo(t) =
1

2
C(t)ei2Ω0t +

1

2
C∗(t)e−i2Ω0t (3.5)

where the dimensionless output envelope is equal to

C = GoJ2[4|A|]eiϕ(t). (3.6)

We also omit the time-domain expression of the output envelope. And, the output gain is

Go =
πS2P0 cos2(α)

4VπRF

. (3.7)

Due to the fact that ϕ(t) = 2ψ(t), the phase noise of the doubled-frequency should at least be

20 log10 2 = 6 dB worse than the one of the fundamental frequency.

3.3 The Frequency-Doubled OEO Using a CFBG

3.3.1 System

The schematic representation of the frequency-doubled OEO employing a CFBG is illustrated

in Fig. 3.2 [48]. A notable aspect of this configuration is its polarization insensitivity, as the

frequency-doubling is a result of phase control. The DP-MZM, comprising two parallel MZMs,

serves as a third Mach-Zehnder interferometer, generating the two outputs in phase quadrature.

The output of the DP-MZM demonstrates orthogonality between the carrier and sidemodes due

to the shorted upper MZM and the MITP biased lower MZM [refer to Fig. 3.2(a)]. Without

38



PC

∼∼∼

Laser

Optical path
RF path DP-MZM FDL

PD1BPF RFA

0

Oscillation Freq
Analysis [𝛀]

EC

Vdc1

V(t)

OC

Output Freq [𝟐𝛀]
PD2

00

a

b

Optical out path

Vdc2

Vdc3
CFBG

𝑱𝟏
𝑱𝟏

𝑱𝟑

𝑱𝟑
𝝎𝒄

+𝛀
−𝛀

+𝟑𝛀

−𝟑𝛀

𝑱𝟎
a Frequency Domain

𝑱𝟏
𝑱𝟏

𝑱𝟑

𝑱𝟑
𝝎𝒄

+𝛀
−𝛀

+𝟑𝛀

−𝟑𝛀

𝑱𝟎

Frequency Domainb

𝝎

𝝎

Figure 3.2: Schematic representation of the frequency-doubled OEO using a CFBG that consists
of a laser, a polarization controller (PC), a dual-parallel Mach-Zehnder modulator (DP-MZM),
an optical coupler (OC), a fiber delay line (FDL), a circulator (Circ), a chirped fiber bragg grating
(CFBG), two photodetectors (PDs), an radiofrequency amplifier (RFA), a bandpass filter (BPF),
and an electric coupler (EC). a) the DP-MZM implements a carrier phase shifted double sideband
modulation and the fundamental (oscillation) frequency is highly suppressed at the output. b) the
CFBG drags all modes to recover the fundamental frequency in the oscillation loop. Note that
comparing a) and b) expresses phase differences, not states of polarizations.

proper phase alignment, the fundamental frequency experiences significant suppression in direct

detection, which results in the second harmonic becomes the dominant output frequency. To

ensure the oscillation of the fundamental frequency, a dispersion-compensating fiber is integrated

before PD1, functioning akin to a CFBG by aligning the carrier with the first sidemodes in phase

[refer to Fig. 3.2(b)].

3.3.2 The Oscillation Frequency Generation

If we define the output envelopes of the lower and upper MZMs respectively as E1(t) and

E2(t), the output of the DP-MZM can be written as follows

E(t) = E1(t) + iE2(t) =

√
P0

2

[
cos

{
πV (t)

2VπRF

+
π

2

}
+ i cosφ

]
. (3.8)
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φ represents the offset phase of the upper MZM. Subsequently, the field is coupled into the CFBG

via a delay line, facilitating phase alignment. Assuming that the zeroth and first sidemodes are

dominant compared to higher-ordered modes due to the small-signal modulation index, the output

of the CFBG is then shaped as

ECFBG(t) =

√
P0

2

{
ieiθ0 cosφ− J1

[
π|VT |
2VπRF

]
ei{Ω0(t−T )+ψT +θ1}

− J1

[
π|VT |
2VπRF

]
e−i{Ω0(t−T )+ψT−θ2}

}
(3.9)

where the three phase shifts, denoted as θ0, θ1, and θ2, are the results of the CFBG. Each of them

undergoes distinct phase shift, which can be individually identified as

θ0 = Lbgβp(ωc)

θ1 = Lbgβp(ωc) + Lbgβ̇p(ωc)Ω0 + Lbgβ̈p(ωc)Ω
2
0/2

≈ Lbgβp(ωc) + LbgnbgΩ0/c− LbgDbgλ
2
cΩ

2
0/(4πc)

θ2 = Lbgβp(ωc)− Lbgβ̇p(ωc)Ω0 + Lbgβ̈p(ωc)Ω
2
0/2

≈ Lbgβp(ωc)− LbgnbgΩ0/c− LbgDbgλ
2
cΩ

2
0/(4πc). (3.10)

βp(ωc), β̇p(ωc), and β̈p(ωc) are the zeroth, first, and second order derivatives of the propagation

constant at the optical carrier, λc is the wavelength of the incident light, c is the speed of light,

Dbg is the dispersion constant of the fiber, nbg is the refractive index of the CFBG, and Lbg is

length of the CFBG [46].
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By plugging Eq. (3.10) into (3.9), it is possible to express the output of PD1, as follows

Vin(t) = −βJ1

[
π|VT |
2VπRF

]
cos

[
Ω0(t− T ) + ψT +

LbgnbgΩ0

c

]
. (3.11)

It indeed presents that the CFBG recovers the fundamental frequency oscillation, and the generalized

loop gain is equivalent to

β = −κS1GP0 cosφ sin

(
LbgDbgλ

2
cΩ

2
0

4πc

)
. (3.12)

Given the results, the BPF equation of the model can be explicitly written as

x(t)+
1

∆Ω

d

dt
x(t) +

Ω2

∆Ω

∫ t

t0

x(s)ds =

− γJ1[2|AT |] cos[Ω(t− T ) + ψT + LbgnbgΩ/c] (3.13)

where

x(t) =
πV (t)

4VπRF

, A =
πV(t)

4VπRF

, γ =
πβ

4VπRF

. (3.14)

In contrast with the preceding models, Eq. (3.13) incorporates an extra constant phase term,

LbgnbgΩ0/c. However, it is still possible to write the envelope equation of the current setup

as Eq. (2.19). We can simply integrate the constant phase into the cumulative gain by setting

σ = Ω0T + LbgnbgΩ0/c.
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3.3.3 The Doubled Frequency Generation

In the absence of additional phase control, the carrier phase-shifted double sideband modulation

scheme prominently suppresses the fundamental frequency, which results in the second harmonic

generation as the output, as illustrated by

Vo(t) =
S2P0

4
J2[4|A|] cos

[
2Ω0t+ 2ψ(t)

]
, (3.15)

If we define a dimensionless output voltage as vo(t) = πVo(t)/(4VπRF), the output envelope is

easily obtained as

C = GoJ2[4|A|]eiϕ(t) (3.16)

where the output gain is

Go =
πS2P0

16VπRF

. (3.17)

The expression of the output signal is equivalent to Eq. (3.6).

3.4 The Sagnac-Loop OEO

3.4.1 System

As depicted in Fig. 3.3, the frequency-tunable OEO utilizing a Sagnac-loop executes phase

and intensity modulation separately [49]. At the polarization beam splitter level, the optical
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Figure 3.3: Schematic representation of the frequency-tunable OEO using a Sagnac-loop
that consists of a continuous wave laser, four polarization controllers (PCs), a polarization
beam splitter (PBS), a phase modulator (PM), a circulator (Circ), an optical coupler (OC),
two polarizers (Pols), two photodetectors (PDs), a fiber delay line (FDL), a radiofrequency
amplifier (RFA), a Yttrium-iron-garnet bandpass filter (YIG-BPF), and an electric coupler (EC).
(a) and (b) indicate modulated waves where red and blue colors respectively result from the
counter clockwise (CCK) and clockwise (CK) wave circulations. In addition, the arrow-direction
indicates phases and their states of polarization are separately written next to labels. (c) and (d)
illustrate the frequency domain modal distribution ahead of photodetection.
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carrier is evenly and orthogonally distributed into clockwise (CK) and counterclockwise (CCK)

direction. Due to velocity mismatch, the CCK wave is not phase-modulated as efficiently as the

CK wave [see Fig. 3.3 (a) and (b)] [70]. PC2 is introduced to switch the state of polarization of

the waves to ensure effective exit from the beam splitter. Intensity modulation is accomplished

by integrating of a PC and a Pol. Consequently, the joint use of a PM, a PC, and a Pol is

actually equivalent to a MZM (we call it simply equivalent-MZM) [71]. The configuration has

two equivalent-MZMs and they are differently biased [see Fig. 3.3(c) and (d)].

3.4.2 The Oscillation Frequency Generation

The phase-modulated CCK and CK waves in the Sagnac-loop can be written as

ECK(t) =

√
P0

2
exp

{
i
πV (t)

VπRF

}
and ECCK =

√
P0

2
(3.18)

where V (t) is the RF input of the PM. If either PC3 or PC4 induces a phase difference of α, the

output of the two Pols can be written as

EPol(t) =
1√
2

[ECK(t) + ECCKe
−iα]. (3.19)

The purpose of both Pols is to combine two lightwaves on a polarization space. Starting from this

point, we do not need to consider states of polarization, but instead, the parameter that matters is

the phase difference. For the oscillation loop, we set α = π/2, and the input voltage of the filter
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can be written as

Vin(t) = −κS1GP0J1

[
π|VT |
VπRF

]
cos[Ω0(t− T ) + ψT ]. (3.20)

The BPF dynamics becomes identical to Eq. (2.3) and if we define x(t) = πV (t)/(2VπRF
) and

γ = πκS1GP0/(2VπRF
), the OEO will have an envelope equation that is identical to Eq. (2.19).

3.4.3 The Doubled Frequency Generation

PC4 induces α = π to lead the optical carrier of the CCK wave to be orthogonal to

adjacent sidemodes. It causes the suppression of the fundamental frequency at photodetection

level, following

Vo(t) = S2P0J2[2|A|] cos[2Ω0t+ 2ψ(t)]. (3.21)

By defining the output voltage vo(t) = πVo(t)/(2VπRF
), the output envelope can be written as

C = GoJ2[2|A|]eiϕ(t) (3.22)

with the output gain Go = πS2P0/(2VπRF). The expression for this output signal is equivalent to

Eq. (3.6).

3.5 The OEO based on Cascaded Modulators
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3.5.1 System

The graphical representation of the frequency tunable OEO using cascaded modulators

is found in Fig. 3.4 [50]. A polarization modulator is a specific kind of PM supporting both

transverse electric and transverse magnetic modes with opposite phase modulation indices [51].

The configuration has two equivalent-MZMs (see the previous section to understand the concept

of equivalent-MZM). We define the equivalent-MZM1 as a joint use of the modulator, PC3,

and Pol2, and it is operated at the QTP. The equivalent-MZM2 consists of the modulator, PC2,

and Pol1 while it is modulated again to achieve tunable multiplication by a factor up to 8. We

define beforehand the following parameters: (i) VπRF1
is the half-wave voltage of the polarization

modulator; (ii) VπRF2
is the half-wave voltage of the MZM; (iii) θ1 is a tunable phase of the phase

shifter; (iv) θ2 is the offset phase of the MZM.

3.5.2 The Oscillation Frequency Generation

Let us define V (t) as the RF driving voltage of the polarization modulator or input of the

shifter. PC1 has a 45◦ polarization angle with respect to the principal axis of the polarization

modulator. Therefore, the orthogonal output of the modulator can be expressed as

Ex(t) =

√
P0

2
exp

{
i
πV (t)

VπRF1

}
Ey(t) = E∗x(t). (3.23)
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Since the purpose of the Pols is polarization alignment, the output of any equivalent-MZM can

be written as

E(t) =
1√
2

[Ex(t) + Ey(t)e−iα], (3.24)

where it is biased at the QTP if α = π/2, the MATP if α = 0, and the MITP if α = π. Once the

equivalent-MZM1 is operated at the quadrature point, the BPF relation is established as identical

to Eq. (2.18) with x(t) = πV (t)/VπRF1
γ = πκS1GP0/VπRF1

. The envelope equation will be the

same as Eq. (2.19).

Equation (3.24) is modulated again by the MZM, and the output can be written as

Eo(t) = E(t) cos
{
|B(t)| cos[Ω0t+ ψ(t) + θ1] + θ2

}
(3.25)

where the normalized voltage is defined as |B(t)| = π|V(t)|/(2VπRF2
). We also omit the time

domain expression of B(t), thereby B(t) → B. By tuning the parameters of Eq. (3.25), it is

possible to have an adjustable multiplicative factor, as discussed below.

3.5.3 The Quadrupled Frequency Generation

We operate both the two MZMs (equivalent-MZM2 and the MZM) at the MITP while

the shifter induces a phase shift θ1 = π/2. One can approximate the output of the MZM to

Eo(t) ' i2
√
P0J1[|A|]J1[|B|] sin[2Ω0t + 2ψ(t)] where the modulation indices are set to obey

J1[|A|]J1[|B|] � J1[|A|]J3[|B|] > J3[|A|]J1[|B|] > · · · . Finally, the direct detection of Eo(t)

is the quadrupled frequency. If we define a dimensionless voltage vo(t) = πVo(t)/VπRF1, the
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Figure 3.4: Schematic representation of the tunable frequency multiplicative OEO that consists of
a continuous wave laser, three polarization controllers (PCs), a polarization modulator (PolM), an
optical coupler (OC), two polarizers (Pols), a fiber delay line (FDL), two photodetectors (PDs),
a radiofrequency amplifier (RFA), a bandpass filter (BPF), two electric couplers (ECs), a phase
shifter (PS), a Mach-Zehnder modulator (MZM), and an Erbium-doped fiber amplifier (EDFA). A
joint use of a PolM, a PC, and a Pol is equivalent to a MZM, so we label that as equivalent-MZM.
The equivalent-MZM1 consists of the PolM, the PC3, and the Pol2, and the equivalent-MZM2
consists of the PolM, the PC2, and the Pol1. The cascaded use of the equivalent-MZM2 and the
MZM achieves an adjustable frequency multiplicative factor.

output envelope C can be written as C = GoJ2
1[|A|]J2

1[|B|]ei(ϕ(t)+π) where the phase satisfies

ϕ(t) = 4ψ(t), and the output gain is Go = 2πS2P0/(VπRF1).

3.5.4 The Sextupled Frequency Generation

In this configuration, we need to bias the equivalent-MZM2 at the MATP and the MZM

at the MITP while the shifter does not induce shift. One additional setting is |A| = |B| which

is achieved by adjusting the bias voltages of the modulators. If we set |A| ' |B| ' 1.91, the

Bessel functions obey J1[|A|] > J2[|A|] > J0[|A|] > J3[|A|] � · · · . Under these conditions,

the output can be written as Eo(t) ' 2
√
P0

{
J1[|A|]J2[|A|] + J0[|A|]J3[|A|]

}
cos[3Ω0t + 3ψ(t)]

where the amplitude of the fundamental frequency term is close to 0. This procedure achieves

the sextupled-frequency generation.
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3.5.5 The Octupled Frequency Generation

We bias the MZMs at the MATP while tuning the phase shifting to π/2. Also, we set

|A| ' |B| ' 1.70, so that J0[|A|] > J2[|A|] � · · · . The maximum point does not generate

odd-ordered term and we can only consider the zeroth and second order Bessel functions which

lead to Eo(t) ' −2
√
P0J2

2[|A|] cos[4Ω0t+ 4ψ(t)]. The beating of the fourth sidemodes generates

the octupled-frequency as the output of PD2.

3.6 Conclusion of the Chapter

We have studied the dynamics of the four frequency multiplicative OEOs, which successfully

manipulate the state of polarization and phase of optical fields to generate harmonics of the

oscillation frequency at the output ports. The models streamline the loads of electronic components

thanks to the harmonic generations and achieve frequency-tunability through the utilization of the

RF tunable filter or by regulating the transmission points of the cascaded modulators. Notably,

the envelope equations of these models are equivalent to that of the basic architecture shown in

Eq. (2.19), which implies the dynamical similarities between the OEOs [63].

However, several concerns remain unresolved. The first issue is the limited frequency-

tunability of the systems. The Sagnac-loop OEO can achieve fine tunability by using the tunable

RF filter, but the component is bulky and expensive to be commercialized. The OEO based on

cascaded modulators has demonstrated that the potential for achieving a tunable multiplication

factor by controlling the transmission points of the cascaded modulators. However, the resolution

of frequency tuning is limited, given that it operates on a multiplication factor. More importantly,

a well-known challenge arises from the fact that this technique inevitably entails a 6 dB decrease
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in phase noise for every octave increase in frequency. Considering additional noise contributions

from other components within the multi-loop structure, the resulting degree of phase noise may

prove unacceptable. The aforementioned issues have prompted researchers to explore frequency

selection in the optical domain, thereby achieving MPFs.
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Chapter 4: The OEO based on Stimulated Brillouin Scattering

4.1 Introduction of the Chapter

The models shown in Chapters 2 and 3 have already presented great performances in

terms of high frequency generation and low phase noise, but a critical drawback is that since

the filtering still occurs in the RF domain, the resulting oscillators are generally not tunable in

frequency. Another drawback is narrowband RF filtering in the millimeter-wave range becomes

progressively less effective as the frequency increases.

Both these problems are addressed by OEOs based on SBS. Using Brillouin scattering

to improve the functionalities of OEOs is a widespread strategy that has been implemented

in various platforms [52–55]. In the configuration of interest in this chapter, a pump laser

is launched in a highly nonlinear fiber spool in order to generate a Brillouin gain profile at

an adjacent redshifted frequency. This process permits the selective amplification of a phase-

modulated and contra-propagating laser signal. Most importantly, the RF oscillation frequency

solely depends on the spectral gap between the pump and signal lasers and is thereby easily

tunable. From that regard, a main characteristic of this approach is that frequency selection

is achieved by the means of a MPF instead of an RF filter [56–58]. Once the RF beatnote

is generated after photodetection, it is filtered, amplified, and fed back to the PM to close the

optoelectronic loop. It has been demonstrated by several research groups that these SBS-based
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OEOs feature frequency tunability from DC to more than 60 GHz and an ultra-low phase noise

figure [59–61]. In fact, the km-long fiber spool can be replaced by a sub-cm-long highly nonlinear

waveguide, and in that case, the system has the potential to be reduced to a chipscale size [62].

Despite the potential and many distinctive advantages of SBS-based OEOs, no dynamical

model has ever been proposed to describe their nonlinear behavior. Indeed, Chapters 2 and 3

have shown that it is in general possible to obtain an equation for the envelope of the microwave

generated by these OEOs. In this chapter, we undertake a theoretical analysis showing that an

delay-differential envelope equation for SBS-OEOs can be derived, analogously to what had

been done earlier for the conventional architectures of OEOs. In agreement is shown that as

the gain is increased, the system undergoes a primary Hopf bifurcation and then a secondary

Neimark-Sacker bifurcation before being driven to fully developed chaos, presenting dynamical

similarities with the basic OEO shown in Chapter. 2.

The outline of this chapter is following. In Section 4.2, the SBS-based OEO is presented,

and its principle of operation is described. Section 4.3 is devoted to the analysis of the SBS

dynamics, and an input-output relationship is derived for the selectively amplified signal wave.

The dynamical characterization of the SBS-based MPF enables us to obtain a time-domain

differential equation for the OEO in Section 4.4. Sections 4.5 and 4.6 are focused on evaluating

the stability of the stationary dynamical states predicted by the model in the cases where the

frequency-selective amplification is mediated by a km-long fiber delay line (T 6= 0) or by a

sub-cm-long waveguide (T ' 0), respectively. The last section concludes the article.
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4.2 System and Operation Principle

The schematic representation of the SBS-based OEO is presented in Fig. 4.1. The dynamics

of this system can be described by two key variables. The first one relates to electric field E(t) at

the input of the PM, while the second relates to the voltage V (t) feeding the modulator. Instead

of working directly with the real-valued variables E(t) and V (t), we use instead their complex

slowly-varying amplitudes E(t) = E(t)eiϕ(t) and V(t) = V (t)eiψ(t) defined through

E(t) =
1

2
E(t)eiω0t +

1

2
E∗(t)e−iω0t (4.1)

V (t) =
1

2
V(t)eiΩ0t +

1

2
V∗(t)e−iΩ0t , (4.2)

where ω0 and Ω0 are the angular frequencies associated with the signal infrared laser beam

(around 1550 nm) and to the microwave signal (multi-GHz frequency to be defined later), respectively.

The pump optical path is also called high-order frequency selection branch, and it is where

the RF frequency Ω0 is determined. The pump field is Ep(t) while Es(t) and Es(t) is the phase-

modulated signal field that is launched at the input of the highly nonlinear fiber. The two

waves counter-propagate in the nonlinear fiber spool, and the pump wave stimulates Brillouin

backscattering. The frequencies of the fields involved in this process are related as ωp = ω0 +

Ω0 + ΩB, so that the RF output frequency can be obtained as

Ω0 = ωp − ω0 − ΩB (4.3)

where ΩB is the Brillouin shift in the fiber (typically 2π× 10–20 GHz). In the oscillator, the first
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Figure 4.1: The schematic representation of the OEO based on SBS, for the generic case where
T 6= 0 that consists of a pump laser, a signal laser, two polarization controllers (PCs), a phase
modulator (PM), two isolators (ISOs), a high nonlinear fiber delay line (HNLF), a circulator
(Circ), a photodetector (PD), a filter, a radiofrequency amplifier (RFA), and a phase shifter (PS).

blue-sidemode is chosen for the SBS amplification. The peak of the Brillouin gain is such that

ωB = ωp −ΩB, and the MPF amplifies this mode while narrowing its linewidth [see Fig. 4.1(a)].

In Eq. (4.3), the frequencies ω0 and ΩB are fixed: however, the tunability of ωp allows the RF

output frequency to be tunable as well. As a result of the frequency-selective amplification, the

zeroth (central) and first-order (blue-side) modes of the phase-modulated signal beam become

dominant [see Fig. 4.1(b)], and their spectral spacing defines the RF beatnote frequency after

photodetection.

It is important to note that one of the most outstanding challenge in OEO technology

is the generation of millimeter-wave [72–75]. In general, achieving such high frequencies (>

30 GHz) is achieved via frequency multiplication. Additionally, the other outstanding challenge

for OEOs is tunability, which has been addressed using several different techniques [49, 76–

84]. From that perspective, a key advantage of SBS-based OEOs is that they address both

challenges simultaneously and the only limitation for the maximal frequency of the RF signal
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Figure 4.2: The schematic representation of the chipscale SBS-based OEO. This system
corresponds to zero-delay case by containing only essential components which are a pump laser,
a signal laser, a phase modulator (PM), a high nonlinear waveguide (HNLW), a circulator (Circ),
and a photodetector (PD).

is the bandwidth of the PD and PM.

4.3 Frequency-Selective Amplification Based on SBS

4.3.1 Brillouin Amplification

The phenomenology of frequency-selective Brillouin amplification is the following. We

consider that the highly nonlinear fiber of length L and aligned along an axis z such that the fiber

is located at 0 ≤ z ≤ L. The pump laser wave

Ep(t) =
1

2
Epe

iωpt +
1

2
E∗pe−iωpt (4.4)

is launched on the right end (at z = L), with power Pp = |Ep|2 and optical frequency ωp '

2π × 193 THz (i. e. λp ' 1550 nm). As it propagates in the −z direction, it creates a Lorentzian
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Brillouin gain profile

g
B
(ω) = g

B0

(∆ΩB/2)2

(∆ΩB/2)2 + (ω − ωB)2
(4.5)

around the red-shifted frequency ωB = ωp − ΩB, where ΩB is the Brillouin shift in the fiber

(typically 2π × 10–20 GHz), ∆ΩB being the full width at half-maximum of the gain profile

(typically 2π × 10–50 MHz) and g
B0

being the peak value of the Brillouin gain (in m/W).

Consider now a contra-propagating signal laser beam Es(t) defined as

Es(t) =
1

2
Ese

iω0t +
1

2
E∗s e−iω0t , (4.6)

that is launched on the left end (at z = 0), with power Ps = |Es|2 and a frequency that falls within

the bandwidth of the Brillouin gain, that is ω0 ' ωB [note that this simplified situation does

not correspond to the one described in Fig. 4.1(a), where it is a sidemode of the phase-modulated

signal that is amplified, so that we have instead ω0 ' ωB +Ωrf ; equivalently, one can say that both

configurations are equivalent is Ωrf ≡ 0]. The signal wave would undergo frequency-selective

amplification, i.e., the spectral components of the signal falling within the bandwidth will be

amplified, while those that are outside would remain unchanged (provided we ignore all other

effects in the fiber, such as losses, cross- and self-phase modulation, etc.). Since the fiber has

a length L, it takes a time T = L/vg for the signal Es to exit the fiber amplifier, with vg being

the group velocity of light in the fiber. The output signal would therefore a selectively amplified

and time-delayed counterpart of the input signal, and the purpose of this section is to find the

dynamical relationship between both.
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4.3.2 Equations of Traveling Waves

The time-domain slowly-varying envelope of the input and output signals are written as

E in
s (t) and Ẽout

s (t), respectively (in units of
√

W). We can introduce their corresponding intensities

as I in,out
s (t) = |E in,out

s (t)|2/Aeff (in units of W/m2), with Aeff being the effective area of the fiber.

If we neglect dispersion and cross/self-phase modulation in the fiber, the pump and signal

intensities Ip(z, t) and Is(z, t) at any point of the Brillouin amplifier obey the well-known equations [85,

86]

∂Ip

∂z
− 1

vg

∂Ip

∂t
= g

B0
IsIp + αIp (4.7)

∂Is

∂z
+

1

vg

∂Is

∂t
= g

B0
IpIs − αIs , (4.8)

where α stands for the linear losses in the fiber (in units of m−1). Note unlike in ref. [86], the

z-coordinate is here oriented along the propagation direction of the signal laser wave (instead of

the pump wave), for being the variable of interest in our study.

We furthermore make the following two assumptions: (i) The pump laser power is assumed

undepleted (i. e. Ip is assumed approximately constant, and such that Ip � Is); (ii) and the losses

in the fiber are negligible in comparison to the Brillouin amplification (i. e., α ' 0). As a

consequence, the above equations are reduced to the single equation

∂Is

∂z
+

1

vg

∂Is

∂t
= g

B0
IpIs with Ip = Const. , (4.9)
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which has a generic solution of the form

Is(z, t) = egB0
Ipz I

(
t− z

vg

)
(4.10)

where I is at this point an arbitrary waveform propagating along the fiber in the z direction.

Indeed, the input and output signals in the fiber can be defined as

I in
s (t) ≡ Is(0, t) = I (t) (4.11)

Iout
s (t) ≡ Is(L, t) = egB0

IpL I(t− T ) , (4.12)

where L = vgT is the length of the Brillouin-active fiber yielding a time-delay T when light

travels at the group velocity vg. We therefore deduce

Iout
s (t)

I in
s (t− T )

= egB0
IpL (4.13)

and since egB0
IpL > 1, it results as expected that owing to SBS, the output signal is an amplified

version of the delayed input signal.

4.3.3 Accounting for Frequency Selection

Equation (4.13) does not account for frequency selection in the amplification process; more

precisely, it assumes that the pump and the input/output signals are perfectly monochromatic

signals with center frequencies ωp and ω0 = ωB, respectively.

Accounting for the effect of the Brillouin gain bandwidth on the amplification process
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requires rewrite Eq. (4.13) in the Fourier domain and to replace the gain parameter g
B0

by the

Brillouin gain profile g
B
(Ω), following

Ĩout
s (Ω)

Ĩ in
s (Ω)

=
|Ẽout

s (Ω)|2
|Ẽ in

s (Ω)e−iΩT |2
= egB (Ω)IpL , (4.14)

where Ω = ω − ωB is the frequency detuning from the center frequency of the Brillouin gain. It

is important to note here that according to Eq. (4.14), the Brillouin gain viewed by the incoming

signal Ĩ in
s (ω) is not a Lorentzian; Instead, it is the exponential of a Lorentzian. This gain profile,

which is can prosaically be described as a hump on top of a flat background equal to 1, provides

a sound intuitive description of the Brillouin selective amplification. On the one hand, frequency

components ω far outside the gain profile are not amplified [g
B
(ω) ' 0, i.e. egB (ω)IpL ' 1] and

the input signals are unaltered; On the other hand, frequency components ω inside the gain profile

amplified [g
B
(ω ' ωB) > 0, i.e. egB (ω)IpL > 1].

We need now to rewrite Eq. (4.14) in terms of fields in the Fourier domain, so that the phase

information of all the signals involved can be retrieved. We first express the Brillouin gain as

g
B
(Ω) = g

B0
|LB(Ω)|2 , (4.15)

where

LB(Ω) =
(∆ΩB/2)

(∆ΩB/2) + iΩ
(4.16)
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is the complex-valued Lorentzian profile as viewed by the signal field. Using the equality

egB (Ω)IpL ≡
∣∣∣e 1

2
g
B0
IpLLB(Ω)

∣∣∣2 (4.17)

we can now rewrite Eq. (4.14) as

Ẽout
s (Ω)

Ẽ in
s (Ω)e−iΩT

= e
1
2
g
B0
IpLLB(Ω) . (4.18)

It is not possible to perform rigorously an inverse Fourier transform for the fields Ẽ in,out
s (Ω)

in Eq. (4.18). The main reason is that there is no closed-form relationship giving the inverse

Fourier transform for the exponential of Lorentzian. However, one can note that for small

gain (i. e. g
B0
IpL � 1), the exponential of a Lorentzian can be approximated to a Lorentzian

superimposed to a flat background, following

e
1
2
g
B0
IpLLB(Ω) ' 1 +

1

2
g
B0
IpLLB(Ω) . (4.19)

which allows to perform a closed-form inverse Fourier transform for the fields Ẽ in,out
s (Ω) in

Eq. (4.18).

Because of this useful mathematical property (the possibility to perform an inverse Fourier

transform), we propose to generalize the small-gain expansion of Eq. (4.19) to the case of large

gain. We therefore consider that gain is the sum of a flat background (= 1) and a Lorentzian,
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even in the case of large gain, that is

e
1
2
g
B0
IpLLB(Ω) ' 1 +GoLeq(Ω) with Leq(Ω) =

µ

µ+ iΩ
, (4.20)

where Leq(Ω) is an equivalent Lorentzian with full width half maximum bandwidth 2µ, while

Go is the equivalent peak gain. The rationale behind the approximation of Eq. (4.20) is twofold.

The first reason is that as explained earlier, we can find a closed-form analytical formula for the

inverse Fourier transform for a Lorentzian gain, while we cannot do so for the exponential of a

Lorentzian. The second reason is related to the experimental features if Brillouin grain: Indeed, in

practice, the gain profile g
B
(Ω) of the Brillouin gain is only approximated by a Lorentzian, so that

strictly speaking, expressing our gain as the exponential of the Brillouin Lorentzian in Eq. (4.14)

is also an approximation, and not an exact result; therefore, the choice of the fitting function

for the Brillouin amplification is not critical as long as that function displays the main features

of frequency-selective amplification (input signal is unaltered outside of bandwidth, while it is

amplified when within bandwidth; see for example [87, 88]).

For the approximation of Eq. (4.20) to be physically valid, we have to make sure that the

peak value and half-linewidth values of the equivalent Lorentzian gain 1+GoLeq(Ω) match those

of the exact profile e
1
2
g
B0
IpLLB(Ω). We therefore have the equalities

Gain peak condition:
∣∣∣e 1

2
g
B0
IpLLB (0)

∣∣∣ = |1 +GoLeq(0)| (4.21)

Gain bandwidth condition:
∣∣∣e 1

2
g
B0
IpLLB (±µ)

∣∣∣ = |1 +GoLeq(±µ)| (4.22)
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that lead to

Go = e
1
2
g
B0
IpL − 1 (4.23)

µ =
∆ΩB

2

√
g
B0
IpL

ln
[

1
2

(
egB0

IpL + 1
)] − 1 . (4.24)

Note that unlike Brillouin scattering that has a peak gain and bandwidth independent of the pump

intensity Ip, frequency-selective Brillouin amplification has a pump dependent peak gain and

bandwidth.

4.3.4 Time-Domain Equations for Brillouin Amplification

We now have all the elements needed to perform the inverse Fourier transform that will

give the us the equations ruling the field dynamics in the time domain. Let us first rewrite the

output signal as

Eout
s (t) = Eamp

s (t) + E in
s (t− T ) (4.25)

where Eamp
s (t) is the amplified portion of the output signal. Then, we can use Eqs. (4.18) and

(4.20) to express the Fourier transform of this amplified portion as

Ẽamp
s (Ω) = Ẽout

s (Ω)− Ẽ in
s (Ω)e−iΩT = Go

µ

µ+ iΩ
Ẽ in

s (Ω)e−iΩT . (4.26)
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After multiplying both sides of this equation by µ + iΩ, we can perform an inverse Fourier

transform and finally obtain the desired equation

Ėamp
s (t) = −µEamp

s (t) + µGo E in
s (t− T ) (4.27)

where the overdot stands for time derivative. Equation (4.27) rules the frequency-selective amplification

in the time domain, and the output signal Eout
s (t) is recovered via Eq. (4.25). It is interesting to

note that we have mapped the partial differential Eq. (4.9) into a time-delayed equation, while

adding the narrowband filtering property of the amplifier.

It is interesting to note that: (i) We do not need to add a detuning σ; (ii) We adopt an

input-output convention such that the excitation term is not multiplied by i; (iii) By definition,

the initial condition for Eamp
s is 0, which corresponds to Eamp

s (0) = 0.

4.4 Model

4.4.1 Phase Modulation

The signal laser emits a monochromatic wave, that can be written as

EL =
√
P0 , (4.28)
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where P0 is the optical power of this continuous-wave laser (i.e., EL is in units of
√

W). We

assume that this PM has an RF modulation signal V (t), so that its output optical field is

EPM(t) = EL exp

{
iπ
V (t)

Vπp

}
=
√
P0 exp

{
iπ
|V(t)|
Vπp

cos[Ω0t+ ψ(t)]

}
. (4.29)

Using Jacobi-Anger expansion given in Eq. (2.9), we have the expansion

EPM(t) =
√
P0 E(t) =

√
P0

+∞∑
n=−∞

En(t)einΩ0t . (4.30)

with the modal fields

En(t) = inJn

[
π
|V(t)|
Vπp

]
einψ(t) . (4.31)

Note that the complex envelope field E and its modal components En are dimensionless.

The first sidemode E1(t) is now injected into the Brillouin amplifier. Following the analysis

led in the preceding section, the amplified portion of the signal in the fiber obeys the equation

Ḃ(t) = −µB(t) + µGoE1(t− T ) (4.32)

with initial condition B(0) = 0 [also note that B(t) is a dimensionless variable]. The total output

optical field after Brillouin amplification is now

F(t) =
+∞∑

n=−∞

Fn(t)einΩ0t , (4.33)
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with Fn(t) being defined as

Fn(t) = En(t− T ) + δ(n− 1)B(t) ≡


E1(t− T ) + B(t) for n = 1

En(t− T ) otherwise

, (4.34)

where δ(x) is the Kronecker function (equal to 1 for x = 0 and to 0 otherwise), while all the

modal fields En(t) are defined as in Eq. (4.31).

4.4.2 Accounting for the Brillouin Amplification

Now that we have the equation ruling the Brillouin amplification, we can proceed with

calculating the voltage generated by the photodetection of this optical signal, which can be

expressed as (in units of V):

Vpd(t) = SP0|F(t)|2 = SP0

∣∣∣∣∣
+∞∑

n=−∞

Fn(t)einΩ0t

∣∣∣∣∣
2

=
1

2
M0(t) +

+∞∑
k=1

{
1

2
Mk(t)e

ikΩ0t + c.c.

}
,

where c.c. stands for the complex conjugate of the preceding terms, and

Mn(t) = 2SP0

∑
m

F∗m(t)Fm+n(t) (4.35)

is the complex slowly-varying envelope corresponding to the microwave spectral component

of frequency n × Ω0 (in volts), while S stands for the PD sensitivity (in units of V/W). This

photodetected signal is then bandpass filtered, so that it rejects the DC componentM0 and the

harmonicsMk with k ≥ 2. Hence, only the spectral component at frequency Ω0 is allowed to
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pass through (note that this filter is not narrow, so that it does not specifically induce dynamical

effects other than fundamental mode selection). The slowly-varying amplitude of the voltage at

the output of the PD is thereforeM1(t) (still in units of V). This signal is then amplified in the

electrical branch with a gain Ge (dimensionless). We can also account for all the loop losses

through a single loss coefficient κ (dimensionless). Therefore, the slowly-varying envelope V(t)

of the microwave signal fed back to the RF input of the PM is

V(t) = κGee
iΦM1(t) = 2κGeSP0e

iΦ

+∞∑
n=−∞

F∗n(t)Fn+1(t) , (4.36)

where the phase factor eiΦ accounts for the effect of the microwave round-trip phase shift Φ. If

necessary, this phase be tuned to any desired value (modulo 2π) using a RF phase shifter.

We now need to put all these elements together in order to obtain our final model. Let us

introduce the dimensionless microwave envelope

A(t) =
π

Vπp
V(t) . (4.37)

and the optoelectronic gain as

β =
πκGeSP0

Vπp
. (4.38)

Note that β is not a loop-gain parameter as it is the case for conventional fiber-based OEOs, since

it explicitly excludes the Brillouin amplification.

We therefore have the following four-step model for our tunable OEO based on Brillouin
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amplification:

En(t) = in Jcn[|A(t)|]An(t) (4.39)

Ḃ(t) = −µB(t) + µGoE1(t− T ) (4.40)

Fn(t) = En(t− T ) + δ(n− 1)B(t) (4.41)

A(t) = 2βeiΦ
+∞∑

n=−∞

F∗n(t)Fn+1(t) (4.42)

where

Jcn(x) =
Jn(x)

xn
with x ∈ R and n ∈ Z , (4.43)

is the Bessel-cardinal function of order n.

Note that the gain of this OEO can be tuned in this system following two different ways:

either via the optical gainGo (controlled by the power of the pump laser), or via the optoelectronic

gain β (controlled via the gain Ge of the RF amplifier of the electronic branch). In this study, we

will consider without loss of generality that the optical gain Go is fixed, while the optoelectronic

gain β is tunable via Ge.
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4.4.3 Envelope Equation for the Generic Case T 6= 0

The four-step model presented in the preceding subsection can be simplified. We have

indeed

A(t) =2βeiΦ
+∞∑

n=−∞

F∗n(t)Fn+1(t) (4.44)

=2βeiΦ
{
B(t)J0[|A(t− T )|]− B∗(t)Jc2[|A(t− T )|]A2(t− T )

}
(4.45)

+ 2iβeiΦeiψ(t−T )

+∞∑
n=−∞

Jn[|A(t− T )|]Jn+1[|A(t− T )|] , (4.46)

but however, Bessel functions of the first kind obeys

+∞∑
n=−∞

Jn(x)Jn+m(x) ≡ 0 (4.47)

for all x ∈ R and all m ∈ Z. Knowing that E1 = i Jc1[|A|]A, we can now rewrite the four-step

model under the simpler form

Ḃ(t) = −µB(t) + iµGoJc1[|AT |]AT (4.48)

A(t) = 2βeiΦ
{
B(t)J0[|AT |]− B∗Jc2[|AT |]A2

T

}
(4.49)

where we omit the time-domain expressions of the envelopes for simplicity, such as A(t) → A.

Equation (4.49) can be furthermore simplified. Indeed, an analysis of the above equations shows
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that the phases ψ(t) and ϕ(t) of A and B are such that

ϕ(t) =
π

2
+ ψ(t− T ) and ψ(t) = Φ + ϕ(t) (4.50)

which leads to the solution

Φ = −π
2

and ψ(t) = ϕ(t)− π

2
= Constant . (4.51)

Note that a direct consequence of this solution is that we now have eiΦ = −i, so that a phase

shifter has to be introduced in the loop to implement this phase condition. A phase rotation

therefore allows to obtain

A = −2iβB
{

J0[|AT |] + J2[|AT |]
}

= −4iβB Jc1[|AT |] , (4.52)

where we have used the recurrence relationship

Jn−1(x) + Jn+1(x) =
2nJn(x)

x
. (4.53)

Note that Eq. (4.52) preserves the phase relationship of Eq. (4.51).

Let us now rewrite Eq. (4.52) and Eq. (4.48) as

B = − A
4iβ Jc1[|AT |]

(4.54)

Ḃ =
µA

4iβ Jc1[|AT |]
+ iµGo Jc1[|AT |]AT (4.55)
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meaning that both B and Ḃ are expressed completely as a function of A and AT .

We can now determine Ȧ as

Ȧ =
∂A
∂B

∂B
∂t

+
∂A
∂|AT |

∂|AT |
∂t

=
∂A
∂B Ḃ +

∂A
∂|AT |

∂t|AT | , (4.56)

where

∂t|AT | = ∂t[ATA∗T ]
1
2 =
ȦTA∗T +AT Ȧ∗T

2|AT |
. (4.57)

is the derivative of |AT | with regard to time. It is important to note that ∂t|AT | 6= |∂tAT | =

[ȦT Ȧ∗T ]
1
2 . From Eq. (4.52), we obtain

∂A
∂B = −4iβ Jc1[|AT |] (4.58)

∂A
∂|AT |

= −4iβBJc′1[|AT |] . (4.59)

We now use the results from Eqs. (4.55), (4.54), (4.58), and (4.59) to rewrite Eq. (4.56) as

Ȧ = −4iβ Jc1[|AT |]
{

µA
4iβ Jc1[|AT |]

+ iµGo Jc1[|AT |]AT
}

− 4iβJc′1[|AT |] ∂t|AT |
{
− A

4iβ Jc1[|AT |]

}
, (4.60)

and using Jc′1(x) = −J2(x)/x, this can be finally be written as

Ȧ = −µA+ 4µγ Jc2
1[|AT |]AT −

{
J2[|AT |]
J1[|AT |]

∂t|AT |
}
A (4.61)
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with γ = βGo being the loop gain.

Equation (4.61) is well-defined, and in particular, the time-delayed terms in the brackets

in the right-hand side are well-defined at any time. The term ∂t|AT | is indeed unusual, but is

not problematic from the mathematical viewpoint because at any time t, the variable AT and any

variable that univocally depends on it can be determined unambiguously, even at the numerical

level. One can also note that in the steady state, we have Ȧ = 0, ∂t|AT | = 0. Note that unlike

the conventional envelope equations for OEOs, Eq. (4.61) involves coupling between the delayed

and non-delayed variables. Also note that the phase dynamics is irrelevant in the deterministic

case, and can be disregarded but will become key at the time to investigate the noise performance

of the system [35, 89–92].

4.4.4 Envelope Equation for the Practical Case T = 0

Using Eq. (4.61), we can obtain an envelope equation for the case T = 0, which corresponds

to the physical configuration where the system is chipscale. We first note that the phase ψ of the

microwave envelope A is a constant of motion [see Eq. (4.51)]. It results that [∂t|A|]A = Ȧ|A|

and consequently, Eq. (4.61) can be written as

Ȧ = −µA+ 4µγ Jc2
1[|A|]A−

{
J2[|A|]
J1[|A|] |A|

}
Ȧ , (4.62)

from which we directly obtain

Ȧ = −µA 1− 4γ Jc2
1[|A|]

1 + J2[|A|]/Jc1[|A|] . (4.63)
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Figure 4.3: The graphical representation of (4.65) where L(Ast) = Ast/4γ and NL(Ast) =
J2

1[Ast]/Ast are expressed as discontinuous colored and continuous black lines respectively.

This equation is the one that has to be considered to track the temporal dynamics of the microwave

envelope in the case where T = 0.

4.5 Stationary States and Their Stability for T = 0

We already know that the phase ofA is an arbitrary constant, which can be set without loss

of generality to zero. In that case, A becomes real-valued and we can remove the calligraphic

fonts following A ≡ A ≥ 0, so that the amplitude equation reads

Ȧ = −µA 1− 4γ Jc2
1[A]

1 + J2[A]/Jc1[A]
. (4.64)
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The stationary state of Eq. (4.64) can be obtained as

Ast

4γ
=

J2
1[Ast]

Ast

. (4.65)

and two possible solutions are

Ast =


Atr = 0

Aosc = Jc−1
1

[
± 1

2
√
γ

] (4.66)

where Atr = 0 is the trivial solution, Aosc 6= 0 is the oscillatory (nontrivial) solution, and Jc−1
1 is

the inverse function of Jc1 (whenever single-valued). The above solutions are valid regardless of

there is a time-delay or not. Equations (4.65) and (4.66) are graphically shown in Fig. 4.3. The

trivial solution exists for the all gains while the oscillatory solution is valid for γ > 1.

Equation (4.66) shows two possible oscillatory solutions, but we can reduce to one by

confirming the limit of the Bessel-Cardinal function. The function oscillates between −0.066 <

Jc1(x) < 0.5. If we consider γ is a positive value, the two solutions should cover the positive and

negative range separately, and thus

Jc1[Aosc] =


+

1

2
√
γ

for 0 < Jc1[Aosc] < 0.5

− 1

2
√
γ

for − 0.066 < Jc1[Aosc] < 0

(4.67)

The only requirement for the validity of the positive solution is γ > 1 while the negative solution

needs γ > 56.0 practically very difficult to achieve. We can only consider the positive solution,
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and therefore, the oscillatory solution Aosc we will consider is

Aosc = Jc−1
1

[
1

2
√
γ

]
where 1 < γ < 56.0. (4.68)

Now, we need to determine the stability of the two solutions. However, since the upper

limit γ ' 56 is already far beyond physically achievable, we are going to restrict our analysis to

the range 0 ≤ γ < 56 for the gain values.

4.5.1 Stability of the Trivial Solution

To evaluate the stability of the trivial solution Atr = 0, we can perturb the fixed point

and check if it decays or grows by depending on the loop gain γ. Considering a very small

perturbation δA around the fixed point, thereby applying A → Atr + δA, leads Eq. (4.64) to be

written as

δȦ = −µ(1− γ) δA (4.69)

where higher order nonlinear terms are neglected. It is trivial to show that δA decays to zero for

γ < 1, while it diverges for γ < 1. Therefore, feedback gain γth ≡ 1 defines the threshold below

which the trivial fixed pointAtr = 0 remains stable (no oscillations), and above which microwave

oscillations are triggered (microwave oscillation of frequency Ω0 and constant amplitude). It can

be shown that this bifurcation corresponds to a Hopf bifurcation for the microwave signal, and a

pitchfork bifurcation for its amplitude [3, 32–34].
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Figure 4.4: Numerical simulation of the SBS-based OEO with null delay [Equation (4.63)] for
various values of the gain γ. The value of the Brillouin gain bandwidth is set to µ = 2π×25 MHz.

4.5.2 Stability of the Oscillatory Solution

We now perturb the oscillating solution Aosc (which only exists for γ > 1), so that the

linearized counterpart of Eq. (4.64) can be written as

δȦ = −µγR1δA (4.70)

where we define

R1 =
8Jc1[Aosc]J2[Aosc]

1 + J2[Aosc]/Jc1[Aosc]
. (4.71)

Since the constant coefficient R1 of is always positive, it appears that we always have δA → 0

for 1 < γ < 56, so that the oscillatory solution Aosc is always stable for that range of gain values.
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4.5.3 Numerical Simulation for the Case T = 0

Figures 4.4(a) and (b) display the transient dynamics of the SBS-based OEO with null delay

for γ = 0.9 and γ = 1.1, that is, just below and above the threshold value γth = 1. On the other

hand, Figs. 4.4(c) and (d) show the dynamics of the oscillator at γ = 2.49 and γ = 56, thereby

showing that oscillating solution is indeed stable in the gain range of interest in for that solution

(1 < γ < 56). The amplitudes of the oscillating solutions also correspond to the intersections

points in Fig. 4.3.

4.6 Stationary States and Their Stability for T 6= 0

We now consider the generic case where the delay is not null. Here also we can take

advantage of the fact that that the phase ψ of the microwave is a constant. Once again it is

convenient to arbitrarily set ψ = 0, so that the envelopeA becomes real-valued, withA ≡ A > 0

and AT ≡ AT > 0. The microwave dynamics is now ruled by

Ȧ = −µA+ 4µγ Jc2
1[AT ]AT −

J2[AT ]

J1[AT ]
AȦT , (4.72)

It first appears that the stationary states of Eq. (4.72) are exactly the same as those obtained for

the case T = 0. We have trivial and oscillatory solutions given by Eq. (4.66), and the restriction

discussed in Eq. (4.68) also apply in the present case. We can determine the stability of the two

solutions in the same way as T = 0 case.
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4.6.1 Stability of the Trivial Solution

When we perturb the trivial solution with δA = δA0 exp[(λtr + iξtr)t], Eq. (4.72) can be

written as

δȦ ' −µδA+ µγδAT (4.73)

From the eigenvalue expression, the coefficients λtr and the ξtr will obey

λtr = −µ+ µγe−λtrT cos ξtrT (4.74)

ξtr = −µγe−λtrT sin ξtrT (4.75)

We can only consider near λtr = 0 where the sign change of the λtr occurs. Equation (4.75)

generates two possible solutions ξtr = 0 and ξtr = π/T but the later one cannot satisfy Eq. (4.74).

Therefore, the unique solution is

λtr '
γ − 1

Tγ
(4.76)

ξtr = 0 (4.77)

where we have assumed the condition µT � 1. This solution generates the same result as for the

case T = 0, i.e. the trivial solution is stable for γ < γth and unstable otherwise.
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Figure 4.5: Numerical simulation of the SBS-based OEO when T 6= 0 [Equation (4.72)] for
various values of the gain γ. The insets of (c) and (d) show the asymptotic dynamical behavior
of the system, evidencing the qualitative difference induced by the Neimark-Sacker bifurcation
at γcr = 2.49. The parameters of the system are µ = 2π × 25 MHz and T = 5 µs.

4.6.2 Stability of the Oscillatory solution

When we perturbing the oscillatory solution Aosc, the linearization of Eq. (4.72) can be

yields

δȦ = −µδA+ µR2 δAT −R3 δȦT (4.78)
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Figure 4.6: Bifurcation diagram for the SBS-based OEO. The labels (a)–(f) indicate the values
of the gain γ used for the time-domain simulations in Fig.4.5. The Hopf and Neimark-Sacker
bifurcations numerically emerge at the gain values γth = 1 and γcr = 2.49 (resp.), as predicted by
the theory. The parameters of the system are µ = 2π × 25 MHz and T = 5 µs.

where we use a Bessel-Cardinal function property Jc′1(x) = J0(x)/x− 2Jc1(x)/x and define

R2 = 8γJc1[Aosc]J0[Aosc]− 3 and R3 = J2[Aosc]/Jc1[Aosc] (4.79)

If we define δA = δA0 exp (λosc + iξosc)t, the real part will be ruled by

λosc =
−µ+ µR2e

−λoscT cos ξoscT −R3e
−λoscT ξosc sin ξoscT

1 +R3e−λoscT cos ξoscT
(4.80)

and the imaginary part can be written as

ξosc =
−(µR2 −R3λosc)e

−λoscT sin ξoscT

1 +R3e−λoscT cos ξoscT
(4.81)
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The two results lead to two possible solutions

λosc '


R2 − 1

R2T
if R2 > 0

R2 + 1

R2T
if R2 < 0

(4.82)

where we are still assuming µT � 1. Equation (4.82) shows that λosc is negative for |R2| < 1,

and that condition corresponds to the gain range 1 < γ < 2.49. Therefore, if we define γcr ≡ 2.49

as the critical value for which the microwave is destabilized, then the oscillatory solution is stable

for γth < γ < γcr.

The secondary bifurcation occurring at γcr = 2.49 is a Neimark-Sacker or torus bifurcation [3,

32, 33, 93, 94]. It should be noted that in the case of a short (but non-null) delay with µT ∼ 1,

the formalism developed above is not valid anymore and a more involved calculation would be

needed to determine γcr. Please refer to [95].

4.6.3 Numerical Simulation for the Case T 6= 0

Figures 4.5(a) and (b) display the transient dynamics of γ = 0.9 and γ = 1.1 the just

below and above the threshold value γth. On the other hand, Figs. 4.5(c) and (d) show the

dynamics of the oscillator at γ = 2.48 and γ = 2.5, that is, just before and just after the torus

bifurcation. The amplitude of the output microwave is stable below the critical value (γcr) and

unstable above, as predicted by the bifurcation analysis. When the gain is further increased, the

oscillator displays 4T -periodic behavior [Fig. 4.5(e)] while further increase of γ leads to a chaotic

behavior. [Fig. 4.5(f)]. The overall dynamics of the oscillator can be described via a bifurcation

diagram as displayed in Fig. 4.6, where the Hopf and Neimark-Sacker bifurcations are shown to
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occur exactly where they were analytically predicted.

4.7 Conclusion of the Chapter

In this chapter, we have studied the nonlinear dynamics of the SBS-based OEOs. We have

first analyzed the SBS effect in the nonlinear fiber acting as a MPF, and we have derived as well

an explicit input-output relationship ruling the frequency-selective amplification. The modeling

of the SBS process has enabled us to obtain a delay-differential equation for governing the

microwave envelope of the OEO output microwave signal. Then, a stationary state analysis was

conducted to find and evaluate the stability of the fixed points (trivial and oscillatory solutions),

leading to the analytical determination of the threshold gain value triggering the onset of microwave

oscillations, as well as the critical value leading to their destabilization. Numerical simulations

confirmed the stability analysis.

The proposed setup addresses the proposed concerns raised by the models presented in

Chapters 2 and 3. The key idea of this setup lies in achieving microwave photonic filtering

through SBS, thereby enabling frequency selection in the optical domain and alleviating the

reliance on electronic components. Furthermore, the model offers easy frequency tunability,

with the pump frequency serving as the tuning parameter. An additional noteworthy aspect is

that the dynamics exhibit strikingly similarities to the previous models, depending on electronic

components for frequency selection. Therefore, another significant realization from this section

is that OEOs demonstrate consistent dynamical similarities irrespective of the methods employed

for frequency selection.
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Chapter 5: The Universal Microwave Envelope Equation

5.1 Introduction of the Chapter

Throughout Chapters 2, 3, and 4, we explored the dynamics of the various OEOs by

deriving their respective microwave envelope equations. These equations effectively describe

the nonlinear behaviors of the systems and offer crucial insights into their magnitude and phase

dynamics. Interestingly, based on the obtained results, we could observe noteworthy dynamical

similarities among the different OEO setups. Upon comparing the analyses conducted for the

basic OEO in Chapter 2 and the SBS-based OEO in Chapter 4, we observed striking similarities in

their numerical simulation results and bifurcation diagrams. Notably, the only point of differentiation

appears to be the critical gain value. Furthermore, analogies were found between their dynamic

equations. In Chapter 3, we demonstrated that the dynamic equations governing the oscillation

loops of the frequency-multiplicative models can be described using Eq. (2.19), which represents

the envelope equation of the basic OEO proposed in Chapter 2. However, the envelope equation

of the SBS-based OEO, Eq. (4.61), is more intricate due to the additional complexities introduced

by the microwave photonics filtering. Nevertheless, both equations share common elements,

which consist of a damping and a nonlinear pumping term.

Therefore, comparing the envelope equations of the models reveal similarities between the

dynamic equations, suggesting that their dynamics can be governed by an envelope equation that
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can be reformulated under a generalized universal form [63]. In this chapter, we introduce the

universal equation, which we refer to as the universal microwave envelope equation, and conduct

analytical investigations. Furthermore, we perform stability analysis of the universal equation and

suggest models that can be used to find solutions and assess their stablilities. We also provide a

description of the envelope dynamics of the frequency-multiplied output in a universal form. This

chapter consists of the following sections: In Section 5.2, we present the universal microwave

envelope equation and perform stability analysis. We also apply the universal models to the basic

OEO and the SBS-based OEO to verify their validity. In Section 5.3, the universal equation for

the frequency-multiplied output is presented. Finally, the chapter is summarized in Chapter 5.4.

5.2 The Universal Microwave Envelope Equation

Comparing the envelope equations presented in the preceding chapters, we can express the

universal microwave envelope equation in terms of a damping and nonlinear pumping terms, as

follows:

Ȧ = −µeiϑA− µγeiϑe−iσf
NL

[A,AT , ȦT ] (5.1)

where f
NL

[A,AT , ȦT ] is an arbitrary nonlinear function fulfilling the following condition f
NL

[0, 0, 0] =

0. Chapter 3 demonstrated that the nonlinear functions of most RF-filtering based OEOs depend

on A and AT , while Chapter 4 illustrated that the microwave photonic filtering process can give

rise to a more complicated form by involving higher-order terms, such as ȦT .
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5.2.1 Stationary States and Their Stabilities

The first task in analyzing the universal equation is stability analysis, akin to what was

conducted in Chapters 2 and 4. Please refer to Chapter 2 to see more detailed analysis process.

Even though this chapter explains important steps required for stability analysis. In order to find

the stationary states of the universal envelope equation, we can set the time-derivative terms as

zero, which allows one to express Eq. (5.1) in terms of a stationary solution Ast = A = AT as

follows:

Ast − γe−iσfNL
[Ast,Ast, 0] = 0. (5.2)

We approximate ϑ = 0 as this parameter is naturally very small and has minimal effect on

the amplitude dynamics. Here, we utilize two phase matching conditions. First, as shown in

Eq. (5.2), we require σ = ±π and this fact can generate two solution sets. However, since the

nonlinear function given in Eq. (5.1) should have a proper pumping term, we select a specific

solution set σ = πmod[2π] and γ > 0. Secondly, if we plug the aforementioned conditions back

into Eq. (5.1), it can be found that we need to have the following condition ψ(t) = ψ(t− T ) due

to a phase-matching requirement. This implies that the phase terms can be canceled out on both

sides of Eq. (5.1), allowing us to rewrite the universal equation solely in terms of the magnitude,

as follows:

Ȧ = −µA+ µγf
NL

[A,AT , ȦT ] (5.3)
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where the calligraphic fonts out represent they are real-valued now. We already used the above

mentioned analyses in Chapter 2.

From Eq. (5.2), we find two solutions for Atr: a trivial solution Atr = 0 and an oscillatory

solution satisfying Aosc = γf
NL

[Aosc, Aosc, 0]. We first analyze the stability of the trivial solution

by directly replacing A→ Ast +δA, where the small perturbation is complex-valued and defined

as δA = δA0e
(λst+iξst)t. Then, we could observe whether the real part of the perturbation grows

or decays depending the loop gain in order to asses stability. Considering the small perturbation

expression, Eq. (5.3) can be rewritten as:

δȦ = −µδA− µAst + µγf
NL

[Ast + δA, Ast + δAT , δȦT ]. (5.4)

In the next, we apply a Taylor expansion to the nonlinear function, which leads the nonlinear

function to be expanded as follows:

f
NL

[Ast + δA, Ast + δAT , δȦT ] ' f
NL

[Ast, Ast, 0]+[
δA ∂

∂A
+ δAT

∂

∂AT
+ δȦT

∂

∂ȦT

]
f
NL

[A,AT , 0]

∣∣∣∣
A,AT =Ast

(5.5)

where we consider up to the first-ordered terms. By applying Eq. (5.5) into Eq. (5.4), we can

express the perturbation equation as

δȦ = −µδA+ µγ

[
δA ∂f

∂A
+ δAT

∂f

∂AT
+ δȦT

∂f

∂ȦT

]
(5.6)

where each partial differential term is evaluated atA = AT = Ast, and we denote f ≡ f
NL

[A,AT , 0]
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for notational simplicity. This means, for example, that the first differential term is equivalent to:

δA ∂f
∂A

= δA ∂

∂A
f
NL

[A,AT , 0]

∣∣∣∣
A,AT =Ast

. (5.7)

In Eq. (5.6), the terms −µAst and f
NL

[Ast, Ast, 0] are removed, as they are both zero in the case

of the trivial solution and cancel each other out in the case of the oscillatory solution. Now, we

look into the two solution cases separately using the eigenvalue expression. A given solution will

be stable if λst < 0, as instability decays exponentially, and unstable if λst > 0, as instability

grows exponentially on the other hand.

5.2.1.1 Stability Analysis of the Imaginary Part

By plugging the expression of the eigenvalue expression in Eq. (5.6), we can express the

imaginary part ξst, as follows

ξst = µγe−λstT
{(

ξst cos ξstT − λst sin ξstT
) ∂f

∂ȦT
− sin ξstT

∂f

∂AT

}
. (5.8)

For the imaginary part analysis, we can simply plug λst = 0 into the above expression, which

results in the following expression:

ξst =
−µγ sin ξstT

∂f
∂AT

1− µγ cos ξstT
∂f

∂ȦT

. (5.9)

Interestingly, both sides of Eq. (5.9) exhibit a significant scale difference when considering the

typical magnitude of µ. Hence, in a sinusoidal cycle, the only possible solutions could be 0 or
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π/T , where the choice depends on the evaluation of the real part of the eigenvalue.

5.2.1.2 Stability Analysis of the Real Part

By applying the eigenvalue expression to Eq. (5.6), we can express the real part λst, as

follows

λst =− µ+ µγ

{
∂f

∂A
+ e−λstT cos ξstT

∂f

∂AT

+ e−λstT (λst cos ξstT + ξst sin ξstT )
∂f

∂ȦT

}
. (5.10)

It is possible to further simplify Eq. (5.10) by using Taylor-expansion on the exponential term,

thereby rewriting it as e−λtrT ' 1 − λstT . Next, we can linearize it near λst = 0, which finally

generates:

λst =
−µ+ µγ

(
∂f
∂A

+ cos ξstT
∂f
∂AT

)
1 + µγ cos ξstT

(
T ∂f
∂AT
− ∂f

∂ȦT

) . (5.11)

Finally, Eq. (5.11) suggests a universal criterion for evaluating the stability of OEOs.

5.2.2 Apply the Universal Stability Analysis into the Basic OEO

Now, we apply the universal stability analysis to the basic OEO proposed in Chapter 2 to

evaluate its effectiveness by comparing the stability results from the universal models with the

results obtained in Chapter 2. First, we need to identify the nonlinear function, which can be
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written as:

f
NL

[AT ] = 2Jc1[2AT ]AT . (5.12)

Since the function only depends on AT , we can only calculate the derivative with respect to AT ,

which can be obtained as

∂f

∂AT
= −2Jc1[2Ast] + 2J0[2Ast]. (5.13)

For the trivial solution, Atr = 0, the nonlinear function corresponds to 1. Applying this into

Eqs. (5.9) and (5.11) results in Eqs. (2.29) and (2.30) respectively. Therefore, through the

universal models, it is possible to obtain the same results as those obtained in Chapter 2. For the

oscillatory solution, Eq. (5.13) is equivalent to 2J0[2Aosc]−1/γ. Applying this into Eqs. (5.9) and

(5.11) yields Eqs. (2.35) and (2.36), which also verify the validity of the universal expressions.

5.2.3 Apply the Universal Stability Analysis into the SBS-based OEO

Now, we apply the universal analysis into the SBS-based OEO proposed in Chapter 5 to

observe their validity. We first need to identify the nonlinear function, which can be written as:

f
NL

[A,AT , ȦT ] = 4Jc2
1[AT ]AT −

AȦTJ2[AT ]

µγJ1[AT ]
. (5.14)

Due to the more complicated dynamics of the microwave photonic filtering compared to the basic

setup, the nonlinear function of the SBS-based OEO depends on A, AT , and ȦT . Therefore, we
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need to define the three differentials, which can be expressed as:

∂f

∂A
= 0 (5.15)

∂f

∂AT
= 4Jc2

1[2Ast] + 8AstJc1[2Ast]Jc′1[2Ast] (5.16)

∂f

∂ȦT
= −AstJ2[Ast]

µγJ1[Ast]
. (5.17)

Equating the three differential results into Eqs. (5.9) and (5.11) results in Eqs. (4.75) and (4.74)

for the trivial solution case and Eqs. (4.81) and (4.80) for the oscillatory solution case as expected.

5.2.4 Universal Stability Analysis

Through studying various models and the universal equation, it is possible to conclude

that the stability analysis generally yields two bifurcation values γth and γcr. For the gains, the

trivial fixed point is stable when 0 ≤ γ < γth, while the oscillatory solution is stable whenever

γth < γ < γcr. As long as BPFs are narrow enough, OEOs generally display similar behavior,

with different critical gains and oscillation magnitudes, thereby different oscillatory solutions.

Comparing Figs. (2.5) and (4.5) or Figs. (2.6) and (4.6) further verifies their similarities.

Below the threshold gain, the trivial solution is stable, but the system soon experiences

a primary Hopf bifurcation at the threshold [3, 33]. When the gain is further increased, the

system undergoes a secondary Hopf bifurcation, also known as a Neimark-Sacker (or torus)

bifurcation, beyond which the oscillatory solution is unstable [3, 93, 94]. The amplitude shows

2T periodic behavior right after the Neimark-Sacker bifurcation and 4T periodic behavior by

further increasing the gain. At very high gains, the behaviors finally become chaotic. Note that

the square-wave behavior is due to the fact that the delay is substantially larger than 1/µ [67].
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5.3 The Frequency-Doubled Output

By manipulating phase or polarization of optical fields, a frequency-multiplicative model

generates a subsequent harmonic at a separate output port and keeps tuning the fundamental

(oscillation) frequency in the closed-loop [41–45,50,51]. We can describe the doubled-frequency

generations using the following variable [63]:

C = G0J2[d|A|]eiϕ(t) (5.18)

where G0 is the output gain and d is an integer determined by modulators. Taking the time-

derivative of the above expression, we obtain dynamics in a similar form as Eq. (5.1), which

results in:

Ċ = −2
Ȧ
AC + dGoJ1[d|A|]Ȧeiϕ(t)

2 . (5.19)

The output is expressed as a coupled equation with the dynamic equation, and thus, the expression

can also open possibilities of researching the oscillating loop and separate output ports simultaneously [96].

5.4 Conclusion of the Chapter

In this chapter, we derived the universal microwave envelope equation based on the findings

from the preceding sections and developed the models suitable for stability analysis. Utilizing

these universal models, we conducted stability analyses of the OEOs, which yielded the results

consistent with those presented in Chapters 2 and 4, affirming the validity of the universal
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Figure 5.1: The illustration of the bifurcation sequence of the OEOs. The dynamics of OEOs can
be segmented into three regimes. In the first regime, where the gain is below the threshold level,
there is no oscillation occurs because the trivial solution is stable. When the loop gain parameter
exceeds the threshold value, a Hopf bifurcation occurs, stabilizing the oscillatory solution while
rendering the trivial solution unstable. Consequently, OEOs operate as limit-cycle oscillators
in this regime, ensuring stable oscillation regardless of the initial conditions. This is dedicated
for pure microwave generation. With further gain increases, the systems encounter a Neimark-
Sacker bifurcation, causing the oscillatory solution to become unstable. Initially, the systems
exhibit regular amplitude modulation, but with continued gain increase, the oscillators behave
akin to a torus, as depicted.

envelope equation. Importantly, the universal equation suggests that the dynamics of OEOs

remain highly similar irrespective of their dynamical complexities. We also derived the universal

envelope equation of the frequency-doubled setups so that it is also possible to open possibilities

of researching the oscillating loop and separate output ports simultaneously.

The analysis is encapsulated in Fig. 5.1, illustrating the system dynamics across varying

loop gains. The behavior of OEOs can be segmented into three regimes. In the first regime, where

the gain is below the threshold level, there is no oscillation occurs because the trivial solution is
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stable. When the loop gain parameter exceeds the threshold value, a Hopf bifurcation occurs,

stabilizing the oscillatory solution while rendering the trivial solution unstable. Consequently,

OEOs operate as limit-cycle oscillators in this regime, ensuring stable oscillation regardless of the

initial conditions. This is dedicated for pure microwave generation. With further gain increases,

the systems encounter a Neimark-Sacker bifurcation, causing the oscillatory solution to become

unstable. Initially, the systems exhibit regular amplitude modulation, but with continued gain

increase, the oscillators behave akin to a torus, as depicted.

The significance of this chapter lies in the revelation that the universal envelope equation

highlights the dynamic similarities among OEOs regardless of their complexities. This suggests

that dynamical behavior observed in one setup may be mirrored in others, enabling interpretations

or analyses applicable across different setups. For instance, results of a detailed examination of

the fundamental setup can be applicable to other OEOs while the universal equation can provide

a path for the transferring.
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Chapter 6: The Stochastic Delay Differential Equation of the Phase

6.1 Introduction of the Chapter

In Chapter 5, we examined the dynamical similarities among different OEOs and derived

the universal microwave envelope equation, expressed in the first order delay differential deterministic

form. Our focus primarily centered on comprehending the dynamics of the magnitude, while the

phase dynamics left unaddressed. Here, our focus shifts to investigating phase dynamics through

the utilization of a stochastic approach, which enables us to optimize and comprehend phase

noise performance effectively.

We first transform the universal deterministic envelope equation into a stochastic delay

differential equation (SDDE), effectively describing the phase dynamics. To analyze the oscillators,

we categorize noise sources into two types: an additive noise contribution, stemming from

random environmental and internal fluctuations, and a multiplicative noise contribution, arising

from noisy loop gain. The existence of the additive noise is independent of oscillation existence,

while the multiplicative noise is intertwined with the noisy loop gain, thereby nonlinearly mixed

with signals above the threshold [35, 64–66]. Since our focus is on investigating the phase noise

spectrum, we delve into the above-threshold regime in this chapter.

By employing the Langevin approach, we can directly incorporate the noise contributions

into the envelop equations. Subsequently, we can convert the stochastic envelope equation into
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the SDDE of the phase using stochastic calculus. Later, through Fourier transform of the model,

we can obtain the power spectral density (PSD) of the phase term, enabling theoretical investigation

of phase noise. Thus, the SDDE serves as a tool for predicting phase noise of setups and

optimizing phase noise performance. We delve into a thorough analysis of the noise spectrum

and compare it with experimental results.

This chapter comprises the following sections. In Section 6.2, we employ the Langevin

approach to transform the deterministic universal envelope equation presented in Eq. (5.1) into a

stochastic form. In Section 6.3, we convert the noisy envelope model into the SDDE of the phase,

where we conduct a thorough investigation of the model. We derive the phase noise spectrum

from the stochastic model and deeply explore its characteristics, presenting an experimental result

for comparison. Finally, the chapter is summarized and concluded in Section 6.4.

6.2 Derivation of the Stochastic Delay Differential Equation

To consider noise in the oscillators, we can account for two main noise contributions of the

systems. The first contribution is the additive noise which accounts for thermal noise, shot noise,

and laser relative intensity noise (RIN) at high frequencies. This contribution can be assumed to

be spectrally white and is not related to existence of an oscillating signal. Since we are interested

in noise near the oscillation frequency, it is possible to express the noise in terms of its complex

conjugate envelopes, similar to how we defined the oscillation voltages and optical fields in terms

of their complex conjugate envelopes. This results in the following expression:

ξa(t) =
1

2
ζa(t)eiΩ0t +

1

2
ζ∗a (t)e−iΩ0t (6.1)
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where ζa(t) represents the complex envelope, with the subscript ”a” denoting the additive noise.

The real and complex noise variables are in units of 1/s1/2, and their auto-correlations respectively

obey 〈ξa(t)ξ∗a(t′)〉 = δ(t − t′) and 〈ζa(t)ζ∗a (t′)〉 = 2δ(t − t′), leading to their PSDs being

|ξ̃a(iω)|2 = 1 and |ζ̃a(iω)|2 = 2. The effect of this contribution can be accounted for as

a Langevin forcing term, and it can be directly added to the dynamic equation of the OEO.

However, it should be noted that since we have not considered the diffusion constants in the auto-

correlations defined above, we should include the scale factor in the ultimate expression, which

will be shown in Eq. (6.4) later.

The next noise contribution that we consider is the multiplicative noise due to the noisy loop

gain which depends on a lot of factors that can be noisy as shown in Eq. (2.7). The multiplicative

noise considers colored noise of amplifiers, laser RIN at low frequencies, and optical frequency

noise due to dispersion. Given the noisy parameters such as the noisy conversion gain S →

S + δS(t) and noisy amplifier gain G→ G + δG(t), there will be overall noisy fluctuation near

the gain, which can be mathematically expressed as γ → δγ(t). In order to express the noise

differently, we introduce a dimensionless multiplicative noise as

ηm(t) =
δγ(t)

γ
(6.2)

where it is in units of 1/s1/2 and represents the relative gain fluctuation and obeys ηm(t) �

1 [35]. When considering that the main causes of the noise are generally RFAs and PDs, we can

approximate the multiplicative noise as flicker at low offset frequencies and white above a certain
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knee value [35, 64–66]. Under these conditions, we can justify the following expression:

|η̃m(iω)|2 =

[
1 +

ΩH

ω + ΩL

]
(6.3)

where ΩL and ΩH are respectively the low and high corner frequencies of the flicker noise. The

noise remains flicker in between the two corner frequencies and white elsewhere. Based on the

given definitions and Langevin approach, we can directly include the additive and multiplicative

noise contributions into Eq. (5.1) to describe the universal envelope dynamics with noise, resulting

in

Ȧ = −µeiϑA+ µγ

[
1 +

σm√
2µ
ηm(t)

]
eiϑf

NL
[A,AT , ȦT ] + µeiϑ

σa√
2µ
ζa(t) (6.4)

where we omit the time-domain expression for the complex envelope A(t) → A and adapt

σ = π (Please refer to Chapter 2), while σa,m respectively describe the magnitudes of the two

noise sources and generate their diffusion constants, which can be written as Da,m = σ2
a,m/2. We

intentionally subtract 1/
√

2µ from σa,m to make the diffusion constants as dimensionless.

In the sub-threshold regime where the loop gain is less than unity, we can linearize Eq. (6.4)

around the trivial solution, yielding:

Ȧ = −µ(1− aγ)eiϑA+ µγbeiϑAT + µeiϑ
σa√
2µ
ζa(t) (6.5)

where we take into account that in the sub-threshold regime, we could linearize the nonlinear

function as f
NL

[A,AT , ȦT ] = aA+ bAT around the trivial fixed point. Here, we do not consider

a dependence on ȦT because it either does not appear in most OEO equations or results in higher-
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order terms as shown in the previous chapters. In Eq. (6.5), it is noteworthy that the multiplicative

noise contribution is neglected in this regime as it generates higher-order terms. This is indeed

acceptable considering that the multiplicative noise is attributed to the noisy loop gain, but the

loop is not closed in the sub-threshold regime. By Fourier transforming Eq. (6.5), it is possible

to obtain the PSD of this regime as:

|Ã(iω)|2 =
2µDa

|µ[(1− aγ)− bγe−iωT ] + iωe−iϑ|2 . (6.6)

The dynamics described by Eq. (6.6) is illustrated in Fig. 6.2. For the simulation, we consider

the basic OEO setup case (a = 0 and b = 1) and neglected ϑ by assuming the filter has a high

enough Q-factor. The PSD follows the spectral shape of the RF filter, considering a single-side

band. However, it is noteworthy that unlike classic filters, it exhibits a quasi-flat shape inside the

bandwidth, where the spurious peaks are generated due to the FSR from the fiber delay line. If

we further increase the loop gain, the roll-off becomes steeper.

6.3 Phase Dynamics Above the Threshold

In the above-threshold regime, we can linearize the nonlinear function near the oscillatory

solution by using a property given as f
NL

[A,AT , ȦT ] = [aA+bAT ]/γ, resulting in the following

expression:

Ȧ = −µeiϑ
[
(1− a)− a σm√

2µ
ηm(t)

]
A+ µbeiϑ

[
1 +

σm√
2µ
ηm(t)

]
AT

+ µeiϑ
σa√
2µ
ζa(t). (6.7)
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Figure 6.1: The analytical PSD |Ã(iω)|2 below the threshold shown in Eq. (6.6) with the
parameters of T = 22 µs, µ = 2π × 10.5 MHz, Da = 1 × 10−6, γ = 0.1, a = 0, b = 1,
and ϑ = 0. The PSD follows the spectral shape of the RF filter, considering a single-side band.
However, unlike classic filters, it exhibits a quasi-flat shape inside the bandwidth, where the
spurious peaks are generated due to the FSR from the fiber delay line. If we further increase the
loop gain, the roll-off becomes steeper.

Now, we convert the above stochastic equation that describes the dynamics of the noisy envelope

into another stochastic form describing the noisy dynamics of the phase. In [35], it was proposed

that we can use Itô chain rules to derive the stochastic differential equation for the phase. Before

using the rule, we first write (6.7) under the differential form

dA =− µeiϑ
[
(1− a)− a σm√

2µ
ηm(t)

]
Adt+ µbeiϑ

[
1 +

σm√
2µ
ηm(t)

]
ATdt

+ µeiϑ
σa√
2µ
dWa(t). (6.8)

where dWa(t) = dWa,r(t) + idWa,i(t) is the differential Wiener process. Wa,r(t) and Wa,i(t)

are respective the real and imaginary parts of the Wiener process, and they are uncorrelated
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〈Wa,r(t),Wa,i(t)〉 = 0, while having equal variance 〈(Wa,i(t))
2〉 = 〈(Wa,r(t))

2〉 = dt.

Now, from the above expression, we want to extract the information of the phase solely,

so as a trick, we define A =
√
P (t)eiψ(t) = eρ(t)+iψ(t) where ρ(t) = (1/2)lnP (t). Plugging

this expression into Eq. (6.8) allows us to use Itô lemma, and at order dt, we obtain the new

expression as follow:

dρ(t) + idψ(t) = dlnA =
dA
A(t)

− 1

2

[
dA
A

]2

' dA
A

=− µeiϑ
[
(1− a)− a σm√

2µ
ηm(t)

]
dt+ µbeiϑ

[
1 +

σm√
2µ
ηm(t)

]AT
A dt

+ µeiϑ
σa√
2µ

1

AdWa(t). (6.9)

The above expression implies that we can only consider the imaginary part to explore the dynamics

of the phase solely, and it is possible to write:

dψ =− µ sinϑ

[
(1− a)− a σm√

2µ
ηm(t)

]
dt+

µ

Aosc

σa√
2µ
dWa,ψ(t)

+ µb

[
1 +

σm√
2µ
ηm(t)

]
sin(ϑ+ ψT − ψ)dt (6.10)

where we consider |A| = |AT | = Aosc and omit the time-domain expression, ψ(t) → ψ. The

real Gaussian white noise ξa,ψ(t) has its differential Wiener process dWa,ψ(t) = dWa,r(t) sinϑ+

dWa,i(t) cosϑ, satisfying 〈ξa,ψ(t)ξa,ψ(t′)〉 = δ(t − t′). For the ultra-stable oscillators, the noise

is necessarily very small and we can establish the following approximation: |ψ − ψT | � ϑ� 1,

which allows for the linearization sin[ϑ−(ψ−ψT )] ' ϑ−(ψ−ψT ). Then, the SDDE describing
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the dynamics of the phase, can be written as:

ψ̇ =
µ(a+ b− 1)

2Qrf

− µb(ψ − ψT ) +
µσm(a+ b)

2Qrf

√
2µ

ηm(t) +
µσa

Aosc

√
2µ
ξa,ψ(t). (6.11)

The first term on the right-hand side can be discarded in the frequency domain as it is a Dirac

term, which leads to write the PSD of the phase as

|Ψ̃(iω)|2 =
µ

2

∣∣∣∣∣(a+ b)σmη̃m(iω)/(2Qrf) + σaξ̃a,ψ(iω)/Aosc

iω + µb(1− e−iωT )

∣∣∣∣∣
2

. (6.12)

The aforementioned expression delineates how specific factors influence the ultimate phase noise.

Firstly, σm and σa govern the overall noise level, where these parameters are determined by

components within the setup, such as RFAs and PDs, and environmental fluctuations. Chapter 7

elaborates on quantifying these parameters, enabling the prediction of noise levels prior to frequency

locking. The multiplicative noise contribution can be mitigated by implementing narrow filters.

The PSD of the phase (the phase noise spectrum) is depicted in Fig. 6.2. We now partition

the offset frequency into three regimes and analyze each separately, as they exhibit distinct

shapes. The regimes are as follows: (i) low offset frequencies (ω � ΩH); (ii) the spurious

peak region (ΩH � ω � µ); and (iii) beyond the half-bandwidth: ω � µ.

6.3.1 Phase Noise at Low Offset Frequencies: ω � ΩH

In the regime where offset frequencies are very small, particularly when ω � ΩH, the

flicker noise is dominant over the additive noise, as illustrated in Fig. 6.2. In order to comprehend

it mathematically, we can approximate Eq. (6.12) for this specific regime. Throughout the
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Figure 6.2: The PSD of the phase (phase noise spectrum) above the threshold obtained by using
Eq. (6.12) with the parameters of T = 22 µs, µ = 2π×10.5 MHz,Da = 1×10−6,Dm = 1×10−4,
ΩH = 2π × 100 kHz, ΩL = 2π × 1 Hz, Aosc = 0.58, and QRF ' 500. In order to obtain the
results, sampling frequencies of 100 Hz within the range of 100 Hz to 10 kHz, 0.2 Hz within
10 kHz to 10 MHz, and 9 kHz within 10 MHz to 100 MHz are used. If frequencies near the
carrier (ω � ΩH), the flicker noise is dominant over the additive noise. When frequencies lie
between the high corner frequency of the flicker and the half-bandwidth (ΩH � ω � µ), there
are spurious peaks due to the FSR on the quasi-flat baseline and the effect of the multiplicative
noise is minimal here. Lastly, if frequencies beyond the half-bandwidth (ω � µ), the FSR term
becomes negligible and the noise level decreases.

entire thesis, we have set that µT � 1, which is generally reasonable for most OEOs, and this

assumption allows us to further approximate ωT � 1 in the current region. Considering that, we

can obtain the PSD in the regime by following the below procedure:

|Ψ̃(iω)|2 ' µ

2

∣∣∣∣(a+ b)σmη̃m(iω)/(2Qrf) + σaξ̃a,ψ(iω)/Aosc

iω + iωbµT

∣∣∣∣2
' (a+ b)2(2Qrf)

−2Dm|η̃m(iω)|2 +DaA
−2
osc

b2µT 2ω2

' (a+ b)2(2Qrf)
−2DmΩH

b2µT 2ω3
(6.13)
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where we apply the Taylor expansion for the exponential term and assume that Dm � Da. In

this regime, the noise becomes nearly inconsequential to the oscillation magnitude, provided that

the multiplicative noise dominates over the additive noise. In addition, it is worth to note that the

oscillator adheres to Leeson’s model, given that the noise spectrum is proportional to f−3 for the

flicker noise [35, 97].

6.3.2 Phase Noise in the Spurious Peak Region: ΩH � ω � µ

When frequencies lie between the high corner cutoff frequency of the flicker and the half-

bandwidth, we observe an intriguing dynamics, which are the spurious peaks. These peaks are

generated due to the FSR from the fiber spool, superimposed on a quasi-flat noise floor. This

frequency regime merits exploration, particularly because it is where we typically evaluate the

performance of OEOs, most commonly at a 10 kHz offset frequency. In the regime, the impact of

the multiplicative noise is less pronounced compared to the preceding regime, owing to the high

Q-factor of a filter in the system and the approximate equality of |η̃(iω)|2 to 1. Additionally, the

effect of the colored noise is minimal here as shown in Fig. 6.2.

In order to define the quasi-flat noise level initially, we need to find the minimum value of

Eq. (6.12), which occurs when T = 0. Accordingly, from Eq. (6.12), it is possible to find the

baseline level by employing the following procedure:

|Ψ̃floor|2 =
µ

2

|σmη̃m(iω)/(2Qrf) + σaξ̃a,ψ(iω)/Aosc|2
ω2 + 4µ2b2

' 1

8µb2

∣∣∣∣σmη̃m(iω)

2Qrf

+
σaξ̃a,ψ(iω)

Aosc

∣∣∣∣2
' Da

4µb2A2
osc

(6.14)
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where we consider that the two different noise contributions are uncorrelated. The above expression

indicates that we can mitigate the phase noise in this regime by increasing the loop gain, consequently

increasing the oscillation magnitude. Therefore, one great way for phase noise optimization is

increasing the loop gain manually, therefore by fixing the additive noise contribution as a constant

factor. In Fig. 6.2, obtained for the case of the fundamental OEO proposed in Chapter 2 meaning

a = 0 and b = 1, we used the following parameters: Da = 1 × 10−6, Aosc = 0.58, and

µ = 2π × 10.5 MHz. In that case, the floor level is approximately calculated as −139 dBc/Hz

from Eq. (6.14), and it aligns with the displayed result in Fig 6.2.

The above expression indicates that we can mitigate the phase noise in this regime by

augmenting the loop gain, consequently amplifying the oscillation magnitude. This is because

the presence of oscillations renders the additive noise contribution irrelevant.

Now, we want to more closely look at the spurious peaks. Considering the definition of

the FSR, one would anticipate that the positions of the spurious peaks ought to align with ωn =

nΩT = 2πn/T , denoting that they are located at integer multiples of the FSRs, where n represents

any integer indicating the order. However, for a more precise determination of their locations, we

opt to redefine these positions. For the analysis, we first define the denominator of Eq. (6.12) as

a new function k(ω):

k(ω) = |iω + µb(1− eiωT )|2

= ω2 + iµωb(e−iωT − eiωT ) + µ2b2(2− e−iωT − e+1ωT ). (6.15)

Now, we consider a small perturbation near the frequencies and we look into up to the fourth-
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order Taylor expansion, as follows:

k(nΩT + δω) ' k(nΩT ) + δωk′(nΩT ) +
δω2

2
k′′(nΩT ) +

δω3

6
k′′′(nΩT ) +

δω4

24
k′′′′(nΩT )

' (nΩT + δω)2 + iµωb(−2iT δω + i
T 3

3
δω3)− µ2b2(T 2δω2 +

T 4

12
δω4)

' (nΩT + µTbδω)2 − 1

3
µT 3nΩT bδω

3 − 1

12
µ2T 4b2δω4 (6.16)

where we consider µT � 1 again. Using the new expression of the denominator, the PSD of the

phase at the fouth-order Taylor expansion can be newly written as follow:

|Ψ̃(ω)|2 =
µ

2

|(a+ b)σmη̃m(ω)/(2Qrf) + σaξ̃a,ψ(ω)/Aosc|2
(nΩT + µTbδω)2 − 1

3
µT 3nΩT bδω3 − 1

12
µ2T 4b2δω4

. (6.17)

In order to pinpoint the locations of the spurious peaks, we need to identify the perturbation

frequencies that minimize the denominator function. In the scenario, the perturbation should

fulfill the condition nΩT+µTbδω = 0, as outlined in Eq. (6.17). Consequently, the corresponding

frequency perturbations can be expressed as δf = −n/(π∆FT 2b), which finally leads to the peak

locations being described as:

fn =
n

T
− n

πb∆FT 2
. (6.18)

In the above expression, it is possible to observe that there exists a trade-off when selecting the

length of the fiber spool. As mentioned frequently, a longer delay can lead to a higher Q-factor of

the system. However, according to Eq. (6.18), increasing the delay causes all the spurious peaks
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to shift to the left side (towards lower offset frequencies). Consequently, augmenting delays may

induce unstable oscillations as the peaks move closer to the evaluation offset points. Given the

locations, we can define their peaks by directly plugging Eq. (6.18) into Eq. (6.17), and it results

in the following expression:

|Ψ̃spurs|2n = µ3 (a+ b)2Dm/(2Qrf)
2[1 + ΩH/(ω + ΩL)] +Da/A

2
osc

4π4n4/(b2T 4)

= µ3 (a+ b)2Dm/(2Qrf)
2 +Da/A

2
osc

4π4n4/(b2T 4)

' µ3b2T 4Da

4A2
oscπ

4n4
. (6.19)

The above expression also emphasizes the trade-off of selecting the length of a FDL, because

a larger delay can result in greater spurious peaks. Given the narrow linewidth of the peaks,

it is essential to determine an appropriate frequency resolution for simulations. In order to

comprehend the narrowness, it is worth to look at their 3 dB bandwidths. By definition, we

can find ∆ωn that satisfies the following condition: |Ψ̃(ωn)|2 = 2|Ψ̃(ωn + ∆ωn/2)|2 where ∆ωn

stands for the angular bandwidth of the spurious peaks. From Eqs. (6.17) and (6.18), we can

establish the following relationship:

2× 4

b2µ2

[
πn

T

]4

=

(
1

2
bµT∆ωn

)2

+
4

b2µ2

[
πn

T

]4

. (6.20)

Then, we can finally define the 3 dB bandwidth of the spurious peaks as

∆fn = n2 2π

b2µ2T 3
(6.21)
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Figure 6.3: The zoomed views of the first two spurious peaks in Fig. 6.2 with the parameters
of T = 22µs, µ = 2π × 10.5 MHz, Da = 1 × 10−6, Dm = 1 × 10−4, ΩH = 2π × 100 kHz,
ΩL = 2π × 1 Hz, Aosc = 0.58, and QRF ' 500. For the simulation, the sampling frequency
of 4 µHz is used. The actual positions and magnitudes of the peaks little differ from the values
depicted in Fig. 6.2.

where we assume that µ� ω in the regime and the Q-factor of the RF filter is high enough.

Given the simulation conditions illustrated in Fig. 6.2, the peak locations can be expressed

as fn = 50n kHz−50n/π Hz. Calculating for the first and second peaks yields their positions

as 49, 984 Hz and 99, 968 Hz respectively. At these frequencies, utilizing Eq. (6.19), the peak

values are determined to be −32.9 and −44.9 dBm respectively. Notably, their bandwidths are

computed as 0.16 Hz and 0.54 Hz. These values indicate that the resolution of 0.2 Hz utilized for

Fig. 6.2 within the spurious peaks regime is not sufficiently narrow to yield accurate results.

Consequently, the discrepancy between the magnitudes of the two spurious peaks shown in

Fig. 6.2 and the calculated peak values arises. In Fig. 6.3, a resolution of 4 µHz is employed,

aligning the displayed results with the calculated values.

6.3.3 Phase Noise Beyond the Half-Bandwidth: µ� ω

Lastly, beyond outside the bandwidth, the term generated by the FSR becomes negligible

as ω � µ in the denominator of Eq. (6.12). Consequently, the spectrum can be approximated as

106



2 3 4 5 6 7 8
Offset Frequency [log(Hz)]

Ph
as

e N
ois

e S
pe

ctr
um

 [d
Bc

/H
z]

−40

−60

−80

−100

−120

−140

−160

Figure 6.4: The analytical experimental phase noise spectra above threshold. The orange plot
is obtained experimentally with a resolution of 0.1 % across the entire frequency range. Within
every frequency decade, the spectrum is divided into two regions: the first 1/3 and the remaining
portion. In each region, the resolution is 0.1 % of the maximum frequency within that region.
For example, between 100 Hz and 1 kHz, the resolution is 3 Hz between 100 Hz and 300 Hz,
and 10 Hz between 300 Hz and 1 kHz. The analytical plot depicted in blue is generated through
numerically simulating Eq. (6.12) with the parameters of T = 22µs, µ = 2π × 10.5 MHz,
Da = 1 × 10−6, Dm = 1 × 10−4, ΩH = 2π × 100 kHz, ΩL = 2π × 1 Hz, Aosc = 0.58, and
QRF ' 500. In order to obtain the numerical results, sampling frequencies of 100 Hz within the
range of 100 Hz to 10 kHz, 0.2 Hz within 10 kHz to 10 MHz, and 9 kHz within 10 MHz to 100
MHz are used.

follows:

|Ψ̃(iω)|2 ' µDa

ω2A2
osc

. (6.22)

The expression present a strong damping obeying the f−2 decrease of the phase.
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6.3.4 Experimental Phase Noise Spectrum

The phase noise spectrum of the fundamental OEO setup is experimentally obtained and

illustrated in Fig. 6.4. The blue plot represents numerical simulations derived from Eq. (6.12),

while the orange plot depicts the experimentally acquired phase noise spectrum using the Rhode

and Schwarz FSW-43 phase noise spectrum function. The minimum resolution of the measurement

device that 0.1 % of every frequency decade is used. Within every frequency decade, the spectrum

is divided into two regions: the first 1/3 and the remaining portion. In each region, the resolution

is 0.1 % of the maximum frequency within that region. For example, between 100 Hz and 1 kHz,

the resolution is 3 Hz between 100 Hz and 300 Hz, and 10 Hz between 300 Hz and 1 kHz.

Upon comparison of the two sets of results, it was possible to estimate the diffusion constants

of the two contributions as Da = 1 × 10−6 and Dm = 1 × 10−4, respectively. In terms of the

spurious peaks observed in the measurement, they exhibit smaller magnitudes compared to those

in the simulation, suggesting that the lower amplitudes can be attributed to the limited resolution

of the measurement device. We checked that a very tiny frequency resolution is required to

correctly plot the spurious peaks. Overall, the close agreement between the two plots indicates

that Eq. (6.12) serves as an excellent model for predicting the phase noise of OEOs.

6.4 Conclusion of the Chapter

In this chapter, we converted the deterministic universal microwave envelope equation

into the SDDE form that describes the phase dynamics. During the derivation of the stochastic

phase equation, we distinguished between two types of noise in the oscillators: the additive and

multiplicative noise contributions. The additive noise contribution is attributed to the environmental
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and random fluctuations while the multiplicative noise is due to the noisy loop gain. Then, we

directly included the contributions into the deterministic envelope equation. Given the phase

equation, we were able to obtain the PSD of the phase, providing insight into the phase noise

spectrum of OEOs. We conducted thorough theoretical and numerical investigations of the

spectrum, revealing a significant level of agreement between two results. This alignment serves

to validate the theoretical expression for the phase noise spectrum.
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Chapter 7: Quantifying Additive and Multiplicative Noise in Optoelectronic

Oscillators: An Experimental and Theoretical Analysis

7.1 Introduction of the Chapter

Since the primary goal of OEOs is generation of ultrastable microwave signal, a lot of OEO

research interests lie in optimization of phase noise. Achieving this goal requires a comprehensive

examination of the various noise sources, with a focus on how these stochastic fluctuations are

coupled to the phase dynamics. Most research works along that line are primarily centered on

phase noise analysis in the oscillating regime as discussed in Chapter 6, when the oscillator gain

is set above the threshold [35, 63]. However, in that case, the noise is nonlinearly coupled to the

oscillating signal, and it is not straightforward to characterize it unambiguously.

In this chapter, we propose a novel approach for noise characterization in OEOs based on

the fact that from the modeling standpoint, noise sources should be accounted for independently

from the fact that the oscillator is under or above the threshold. However, under the threshold,

there is no signal and the oscillator is driven by the stochastic noise to be characterized. Since

the sub-threshold regime is linear, it becomes possible to reverse-engineer the noise power using

a Fourier transform formalism. We therefore aim in this study at presenting a comprehensive

framework for quantifying noise contributions in OEOs with that methodology, that is, by operating
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the oscillator in the sub-threshold regime.

In the previous chapters, it was discussed that for the OEOs, dynamic equations can be

derived by establishing relationships between input and output signals for an RF filter in the

electric path or a MPF in the optical path of the feedback loop, finally resulting in a first-order

integro-differential form. Importantly, in Chapter 5, it was demonstrated that the dynamics of

various OEO setups can be universally described using a deterministic form applicable across

various configurations. Therefore, although the work of this chapter focuses on a fundamental

setup, akin to the setup described in Chapter 2, that is only composed of the essential core

components, the same approach can be extended to derive noise characteristics for other OEO

setups as well. However, it should be noted that noise sources such as flicker noise cannot be

characterized using this approach for being consubstantial to the existence of a carrier above the

threshold.

The transformation allows us to obtain the expressions of the additive and multiplicative

noise contributions as functions of noisy RF output power, as shown in Section 7.2. In particular,

the additive noise can be defined by deactivating the laser source or operating the modulator at the

MITP, given its independence from loop gain. Conversely, the expression for the multiplicative

noise indicates a dependence on gain, but experimental observations suggest that its magnitude

may remain relatively constant beyond the threshold. As a result, in Section 7.3, it is shown that

we can effectively quantify the noise contributions by measuring the RF noise powers within the

RF domain. This methodology suggests valuable insights into noise characteristics and enables us

to proactively address noise-related challenges in OEOs. The chapter is concluded in Section 7.4.
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Figure 7.1: Schematic representation of the OEO setup, comprising a laser, a polarization
controller (PC) for principal axis alignment, a Mach-Zehnder modulator (MZM) for electro-optic
modulation, a fiber delay line (FDL) to store optical energy for RF signal generation, a variable
optical attenuator (VOA) for manual gain control, a photodetector (PD) for signal conversion, two
radiofrequency amplifiers (RFAs) for loss compensation, a bandpass filter (BPF) for the center
frequency selection, and an electric coupler (EC) for measuring purpose. The MZM is driven by
V (t), and the RF power is measured using an RF power meter (PM).

7.2 Model

The setup is depicted in Fig. 7.1. The only two distinctions between this configuration and

the fundamental setup shown in Fig. 2.2 are as follows: Firstly, there are two RFAs introduced

to compensate the loop loss, where we define the total gain from the amplifier as G = G1G2.

Secondly, we incorporate a variable optical attenuator (VOA) to manually regulate the loop gain.

Therefore, without any induced optical loss from the VOA, the loop gain is always greater than

unity.

7.2.1 Derivation of the Stochastic Model

The oscillator is driven by a wide variety of noise sources. In this study, we lump them

into the two main contributions as mentioned previously in Chapter 6. The first contribution
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accounts for all the environmental fluctuations that perturb the system. We here consider that

this contribution is additive. The second contribution accounts for the fluctuations of the gain

in the feedback loop, and it mathematically corresponds to a multiplicative stochastic term. We

here consider that both stochastic contributions can be modeled as Gaussian white noise terms.

This methodology where noise is directly accounted for as a perturbation in a core deterministic

model in the time-domain is known as the Langevin approach.

We can directly incorporate the two noise contributions into Eq. (2.6) to obtain the following

Langevin equation:

x+
1

∆Ω

dx

dt
+

Ω2
0

∆Ω

∫ t

t0

x(s) ds =
1√
∆Ω

σaξa(t)

+β

{
1 +

1√
∆Ω

σmξm(t)

}
cos2(xT + φ) (7.1)

where σa and σm are the dimensionless additive and multiplicative noise amplitudes. The normalized

Gaussian white noise terms ξa(t) and ξm(t) [1/s1/2] have auto-correlations of 〈ξa,m(t)ξa,m(t′)〉 =

δ(t − t′) and a cross-correlation of 〈ξa(t)ξm(t′)〉 = 0. It is important to highlight that we

employ the same definitions for the noise sources as in Chapter 6. Consequently, upon deriving

the envelope equation from Eq. (7.1), the outcome will align with Eq. (6.4). Again, we have

scaled the noise amplitudes to the bandwidth with the prefactor
√

1/∆Ω so that σa,m can remain

dimensionless.

The difference between the sub- and above-threshold analyses should be highlighted here.

The significance of this work lies in the quantification of the noise sources in the sub-threshold

regime so that we can comprehend the origins of the noise before the sources are nonlinearly

mixed with the signal. Therefore, the multiplicative contribution has been assumed to be white,
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whereas it exhibits different characteristics in the above-threshold [64–66]. As shown in Chapter 6,

in order to define the multiplicative noise in the above-threshold regime, we should consider the

colored noise induced by the RFAs, the low-frequency laser RIN generated at the PD due to

the conversion of the intensity noise into phase noise, and the optical frequency noise caused

by dispersion in the FDL. These are frequency-dependent and approximated as flicker. So,

comparing this work with the above-threshold analyses can help us to understand the formation

of the frequency-dependent noise at the threshold gain. We can also track the variation of

the additive noise by comparing the two analyses. In both regimes, the additive noise can be

described as the thermal noise of the electronic path, the laser RIN at the oscillation frequency,

and the shot noise at the detector. In the case of the RIN and shot noise, their magnitudes directly

depend on currents, and thus, they may fluctuate as the system transits from the small and large-

signal regime, which can be identified through the comparison.

Considering that the trivial solution remains stable below the threshold gain, Eq. (7.1) can

be further simplified. The square of the cosine term can be expanded through a Taylor series,

but we limit our consideration to the first-order terms. This is because higher-order terms have

negligible impact on the dynamics. Consequently, the time-delayed term is considered trivial and

disregarded in the regime. Taking into account these considerations and defining the integration

term as y(t) = (Ω2
0/∆Ω)

∫ t
t0
x(s) ds, the stochastic equation can be reformulated as a set of

coupled equations:

dx

dt
=−∆Ω(x+ y) +

√
∆Ωσaξa(t) +

√
∆Ω

β

2
σmξm(t) (7.2)

dy

dt
=

Ω2
0

∆Ω
x (7.3)
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where we operate the modulator at the QTP for the loop gain maximization and neglect the DC-

related terms as they are filtered out.

To further simplify, we introduce a dimensionless time variable, τ = ∆Ω · t, giving rise

to dτ = ∆Ω · dt. Considering the stochastic terms defined as 〈ξa,m(t)ξa,m(t′)〉 = δ(t − t′),

we express them in terms of τ using the delta-function property δ(ax) = δ(x)/|a|, yielding

δ(t− t′) = ∆Ωδ(τ − τ ′). Defining the Gaussian white noise in the dimensionless time-domain as

ζ(τ), we establish a relationship between their auto-correlations: 〈ζ(τ)ζ(τ ′)〉 = 〈ξ(t)ξ(t′)〉/∆Ω.

This relation ultimately leads to ζ(τ) = (1/
√

∆Ω)ξ(t) and consequently, the coupled stochastic

equations presented in Eqs. (7.2) and (7.3) can be transformed into

ẋ = − x− y + σaζa(τ) +
β

2
σmζm(τ) (7.4)

ẏ = Q2x (7.5)

where the upper dots denote derivative in terms of τ , namely ẋ = dx/dτ and ẏ = dy/dτ .

7.2.2 Derivation of the Noise Contributions

We now define the noisy RF output as a function of the two noise contributions. Initially,

we can employ Ohm’s formula to describe RF powers as follow:

P (β) =
〈V 2(t)〉
2Rout

=

(
2VπRF

π

)2 〈x2(τ)〉
2Rout

(7.6)

where the brackets represent the averages of the functions in their domains. Then, it is no longer

a function of time, but is a function of β.

115



In order to express the right-hand side as a function of β, we use Parseval’s theorem, given

by

〈x2(τ)〉 =
1

2π

∫ ∞
−∞
|X̃(iω)|2dω, (7.7)

where X̃(iω) is the Fourier transform of x(τ) which can be obtained from Eqs. (7.4) and (7.5) as

X̃(iω) =
σaζ̃a(iω) + (β/2)σmζ̃m(iω)

1 + iω(1−Q2/ω2)
. (7.8)

In the Fourier domain, ζ̃a(iω) and ζ̃m(iω) represent the Fourier transform of the additive and

multiplicative noise where they are auto-correlated, |ζ̃a,m(iω)|2 = 1, and not cross-correlated∫∞
−∞ ζ̃

∗
a (iω)ζ̃m(iω)dω = 0.

The integration obtained from equating Eq. (7.8) into Eq. (7.7) can indeed be simplified by

using the property below:

I =

∫ ∞
−∞

ω2

ω4 + (1− 2Q2)ω2 +Q4
dω = π (7.9)

which indicates that the integration is independent of Q. Consequently, we can convert Eq. (7.6)

as follows

P (β) =

(
2VπRF

π

)2
(β2σ2

m/4 + σ2
a)

4Rout

. (7.10)

This expression enables one to determine the power of the stochastic output of the OEO under

the threshold as an explicit function of the additive and multiplicative noise powers.
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Figure 7.2: Variation in RF noise power for the Q = 0.52 filter setup as a function of the DC bias
applied to the modulator. The laser power is set at 16 dBm, and three distinct gain parameters,
namely β = 0.3, 0.5, and 0.7, are achieved by adjusting the VOA. For β = 0.3, the optical
output power of the modulator is minimized at approximately 8.6 V input, maximized around 2.8
V, with a 5.8 V gap approximately corresponding to the DC halfwave voltage of the modulator
VπDC = 6 V. Additionally, the output power of the modulator is halved near 5 V, marking the
QTP where the RF power reaches its maximum.

An important baseline for our analysis is the stochastic power in the open-loop configuration,

that is, when β = 0. The value of P (0) can be determined either theoretically and experimentally.

One can use theory of quantum electronics to obtain an approximated value following

P (0) ' 1

4π
[FkT0 + 2eIphReq]G∆Ω (7.11)

where k is the Boltzmann constant, T0 represents the temperature, e is the electron charge, Iph

represents the current to the PD, Req is the equivalent resistance, and F is the noise figure of the

first amplifier [35]. The first and second terms express the thermal and shot noise, and there is

no laser RIN as the laser is turned off.
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The expression of σ2
a can be obtained by plugging β = 0 into Eq. (7.10) as

σ2
a = 4RoutP (0)

(
π

2VπRF

)2

. (7.12)

Subsequently, it is possible to quantify σ2
a using P (0), which can be either obtained by Eq. (7.11)

or measured experimentally.

Once σ2
a is known, it is possible to quantify σ2

m. Using Eq. (7.10), the multiplicative noise

can be obtained as follows:

σ2
m =

[
4RoutP (β)

(
π

2VπRF

)2

− σ2
a

]
4

β2
. (7.13)

This procedure requires to experimentally measure P (β). In principle, one would mathematically

expect σ2
m to be gain-dependent (i.e., a function of β), but as evidenced below the experimental

measurements indicate instead that is constant over a broad range of values.

7.3 Results and Discussion

7.3.1 Workflow

The workflow unfolds as follows: initially, we identify the threshold point at which the

oscillatory solution becomes stable, where β = 1. The gain is varied experimentally using the

VOA, while the power of the laser source remains fixed. We measure three optical power cases for

respective filter setups, and the feedback gain parameter is tuned by the attenuator. The associated

insertion loss of components is calculated as−15.5 dB. Subsequently, we experimentally measure

118



-17 -15 -13 -11 -9 -7 -5 -3 -1
Input Power [dBm]

C
on

ve
rs

io
n 

G
ai

n 
[V

/W
]

20

24

28

16

32

1 3 5

18

22

26

30

Figure 7.3: Characterization of the PD near the power budget of the setup. The conversion gain
is approximately 30 V/W above -1 dBm input power and 18 V/W below -13 dBm input power,
with variation within -13 dBm and -1 dBm range, which corresponds to our power budget.

P (0) by deactivating the laser source and P (β) by adjusting the attenuator respectively. Based

on the outcomes, we can analytically compute the values of σa and σm of the setups. To

validate these findings, we reintegrate the computed σa and σm back into Eq. (7.4), enabling us to

numerically compute P (0) and P (β). The subsequent comparison of these numerical results with

the experimental measurements serves as the final step in verifying the accuracy of our analytical

predictions.

7.3.2 Experimental Setup

The laser (IDPhotonics CoBrite-DX2) operates at 1550 nm, and power levels of 14 dBm,

15 dBm, and 16 dBm are employed to demonstrate that this active component does not induce

significant noise changes as long as β remains constant. The feedback gain parameter can

stay at the same by inducing more attenuation at different optical power levels. The optical

signal is introduced into the 10 GHz MZM (IXblue MX-LN-10-PD-P-P-FA-FA) characterized
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Figure 7.4: Variations in experimental and analytical RF output powers with the feedback gain
parameter β below the threshold. In parts (a), (b), and (c), we examine the cases with Q = 0.52,
1.94, and 7.21 respectively, considering the three different optical powers: 14 (in red), 15 (in
green), and 16 dBm (in blue). The straight lines represent analytical solutions obtained through
numerical simulations by using the calculated multiplicative and additive noise contribution
magnitudes while the red circles, green triangles and blue squares represent the measured data of
the three power level cases. In order to obtain the simulation results, we used the calculated
σ values from Eqs. (7.12) and (7.13), obtained as σa = 4.527 × 10−3, 1.218 × 10−3, and
σa = 8.068 × 10−4 for the broad, intermediate, and narrow cases. The calculated σm values for
each gain are depicted in Fig. 7.5, and the corresponding values were used for the simulations.

120



11

[x10!"]

(a) Q = 0.52

(b) Q = 1.94

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Feedback Gain Parameter

(c) Q = 7.21

9

13

15

3.0

4.0

4.5

5.0

3.5

1.2

1.6

1.8

2.0

1.4

[x10!"]

[x10!"]

10

12

14

5.5

6.0

Figure 7.5: Variations in multiplicative noise contributions with the feedback gain parameter β
below the threshold. In parts (a), (b), and (c), we examine the cases with Q = 0.52, 1.94, and
7.21 respectively, considering three different optical powers: 14 (in red), 15 (in green), and 16
dBm (in blue). It is worth noting that σm’s exhibit a rapid decrease at very low gains, after
which it stabilizes at nearly the same value as the gain increases. This behavior becomes more
pronounced at higher Q-values. Furthermore, it is evident that the noise contributions remain
consistent across the different optical power levels since they share the same gain control through
the VOA.
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by VπRF = 5.5 V and VπDC = 6 V. The FDL is 4.4 km long, resulting in a time-delay of 22 µs.

It is important to acknowledge the potential impact of the length of the delay line, as it can

cause wavelength fluctuations and deteriorate the phase noise performance through chromatic

dispersion, but this work uses one delay length as the length-dependent noise can be lumped into

our phenomenological noise sources [98].

To regulate β, the manually controlled VOA is inserted. Higher optical power levels require

increased attenuation to ensure a uniform gain across the three optical power settings, resulting in

an identical input to the detector for all cases. The 50 GHz high-speed PD (Finisar XPDV2120R-

VF-FA) transforms the time-delayed optical signal into an RF signal. To compensate for loop

losses, two RFAs with gains of G1 = 40.2 dB (Mini-Circuits ZKL-1R5+) and G2 = 11.6 dB

(Mini-Circuits ZJL-7G+) are incorporated, with the first amplifier exhibiting a noise figure of 3

dB. The setup employs three different BPFs: a) Filter with parameters Ω0 = 2π × 510 MHz,

∆Ω = 2π× 980 MHz, and Q ' 0.52 (Mini-Circuits ZABP-510-S+) for the broad bandwidth. b)

Filter with parameters Ω0 = 2π × 70 MHz, ∆Ω = 2π × 36 MHz, and Q ' 1.94 (Mini-Circuits

ZX75BP-B70-S+) for the intermediate bandwidth. c) Filter with parameters Ω0 = 2π×101 MHz,

∆Ω = 2π× 14 MHz, and Q ' 7.21 (Mini-Circuits SBP-101+) for the narrow bandwidth. These

designations help to compare their relative Q-values. The RF power of the setup is measured

using the RF power meter (Keysight V3500A).
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7.3.3 Variation in Output RF Noise Power with the DC Bias (Transmission

Point) of the Modulator

Although this work operates the setup at the QTP for noise measurement, it is valuable

to explore the dynamics of the setup at various transmission points to get a deeper insight into

the additive and multiplicative noise. The output powers of the modulator in different voltages

and gains are depicted in Fig. 7.2. For β = 0.3 measurement, the optical output power of the

modulator is minimized at approximately 8.6 V input, maximized around 2.8 V where a 5.8 V

gap corresponds to the DC halfwave voltage of the modulator VπDC = 6 V. Additionally, the

output power of the modulator is halved near 5.6 V, indicating it is the QTP where the RF power

reaches its maximum. The measurements were performed sequentially with β values of 0.3, 0.5,

and 0.7. It is also shown that the overall curve shifts leftward as the measurements progress,

starting with β = 0.3 and concluding with β = 0.7 is measure last. This is attributed to the fact

that the transmission curves of modulators tend to shift leftward or rightward as the modulator

is heated up. No bias controller was used during these measurements to delicately control the

transmission point.

Based on the definition of Jacobi-Anger expansion [63], one might expect the output power

at the MATP should be equivalent to the output power at the MITP. However, Fig. 7.2 presents

a slight difference between them, and to understand this point, we should do characterization of

the PD. The experimental characterization of the PD is shown in Fig. 7.3. In our measurements,

the input power to the PD is in between −13 dBm and −1 dBm at the MATP, and it is presented

that the conversion gain is not a constant in the power budget, which needs to be accounted for

when calculating the feedback gain parameter. However, at the MATP, the power budget is still
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at the above the threshold of the detector.

The input power to the PD at the MITP is less than−30 dBm. However, the detector hardly

detects powers below −17 dBm, and it indicates that the range is below the threshold of the PD.

Consequently, the power at the MITP corresponds to the zero input power, P (0). Therefore, the

power gap between at the MITP and the QTP in Fig. 7.2 is related to the multiplicative noise

contribution, as defined in Eq. (7.13).

7.3.4 Quantifying the Additive Noise Contribution

By turning off the laser, P (0) values are measured as follows: −29.01 dBm for the broad

case, −40.41 dBm for the intermediate case, and −43.99 dBm for the narrow case. The values

can also be analytically verified using Eq. (7.11) by taking into account the provided parameters,

T0 = 295 K, Iph ' 2 mA, and F = 3 dB for the first amplifier. The errors between the

experimental and analytical results fall within a range of ±2 dB. Given the extremely low power

levels under consideration, this level of error is regarded acceptable, accounting for measurement

uncertainties stemming from the powermeter and temperature variations.

Utilizing Eq. (7.12), the additive noise contributions for the three setups are calculated

as follows: σa ' 4.527 × 10−3 for the broad setup, σa ' 1.218 × 10−3 for the intermediate

setup, and σa ' 8.068 × 10−4 for the narrow setup. It is important to note that to determine

the actual magnitudes of the noise, we need to multiply σa by
√

1/∆Ω, since this term was

initially subtracted from σa to make the contributions dimensionless. Consequently, the effective

magnitudes of the noise can be calculated using σa ×
√

1/∆Ω and the values are calculated

approximately as: 5.769 × 10−8 s1/2, 8.099 × 10−8 s1/2, and 8.602 × 10−8 s1/2 for the broad,
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intermediate, and narrow ones. In the configuration depicted in Fig. 7.1, the only difference

among the three setups is the replacement of the filters, while all other components remain

the same. Given the results, it is shown that the magnitudes of the three cases do not vary

significantly, indicating that the noise effect from filters is relatively minimal. In addition, it is

important to note that a larger bandwidth does not necessarily results in higher noise levels; the

level of the center frequency also needs to be taken into consideration.

7.3.5 Quantifying the Multiplicative Noise Contribution

To quantify the multiplicative noise contributions, the RF powers are measured for the

gains ranging from β = 0.1 to β = 0.9 at intervals of 0.1, as depicted by the red circles, blue

squares, and red triangles in Fig. 7.4. Notably, the noise power increases as the linewidth of the

filter broadens. Applying the measured powers and the values of the calculated σa into Eq. (7.13),

the values of σm are calculated and presented in Fig. 7.5. It is valuable noting that σm displays a

quick decrease at very low gains, followed by a stabilization at nearly the same value as the gain

continues to increase below the threshold. This behavior becomes more pronounced at higher

Q-values. Furthermore, it is evident that the noise contributions remain consistent across the

different optical power levels, as they all share the same gain control through the VOA.

For the values of β greater than 0.3, the σm for the three cases can be approximated as

follows: σm ' 11.9× 10−3 for the broad one, σm ' 3.92× 10−3, and σm ' 1.45× 10−3 for the

narrow one. Then, we can determine the effective magnitude of these noise using σm ×
√

1/∆Ω

and the results are calculated approximately as follows: 1.517 × 10−7 s1/2, 2.606 × 10−7 s1/2,

and 1.546 × 10−7 s1/2 for the broad, intermediate, and narrow setups. It is noteworthy that the
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magnitudes of the additive and multiplicative noise are comparable. Lastly, with the results of

σm and σa, it is feasible to calculate the output power analytically through numerical simulation

using Eqs. (7.4) and (7.5). The analytical results are represented as the solid lines in Fig. 7.4,

demonstrating a high match with the experimental results.

One important fact is that we should focus on the actual noise magnitudes, σa,m×
√

1/∆Ω,

for comparing the magnitudes of the noise, not the measured powers as discussed. Although

the noise magnitudes are linked to the powers, the increased powers do not necessarily imply

increased noise, and it is imperative to consider that the power also depends on the bandwidth.

Another perspective to comprehend is defining the noise contributions differently. In Eq. (7.1),

we intentionally subtracted
√

1/∆Ω from σa,m to render them as dimensionless. However, if we

choose not subtract, the right side of Eq (7.10) needs to be multiplied by ∆Ω as we should replace

σa,m by σa,m ×
√

∆Ω. This clearly highlights that power is contingent on both bandwidths and

noise contributions.

7.4 Conclusion of the Chapter

The primary objective of this chapter was to quantify the additive and multiplicative noise

contributions before the frequency-locking. We started from deriving the deterministic dynamic

equation of the OEO and used Langevin approach by directly including the additive and multiplicative

noise contributions into the deterministic form, similar to the approaches used in Chapter 6.

However, the distinction from Chapter 6 was utilization of the real-valued signal in this chapter,

instead of the complex envelope expression. This choice is made because there is no oscillating

signal here, thus it is not necessary to consider the envelope expression, as it was due to the
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time-scale issue.

By using the obtained stochastic equation, we derived the equations for the additive and

multiplicative noise. The additive noise is independent of the existence of actual oscillations,

meaning it has no dependency on the gain parameter. Therefore, in order to quantify the additive

noise, we measured the RF output powers by deactivating the laser source in the three filter

setups. On the contrary, the multiplicative noise contribution is influenced by the noisy feedback

gain parameter, making it a function of the gain. By manipulating the gain parameter through

regulating the attenuator, we measured the output RF powers and calculated the associated multiplicative

noise contributions. It was observed that these contributions remain at nearly constant values

regardless of the increases of the gain parameters, despite quick decrease in the initial stage.

However, it is important to note that as the noise contribution needs to be multiplied by the gain

parameter to determine the ultimate noise magnitude, the impact of multiplicative noise becomes

more substantial at higher powers.
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Chapter 8: Conclusion

In Chapters 2, 3, and 4, we successfully derived the microwave envelope equations of

the various OEOs where they used different approaches for frequency selections and conducted

in-depth investigation into the significance of the dynamic equations. Based on the similarities

between the envelope equations of the diverse OEOs, we derived the universal envelope equation

in Chapter 5. We derived the universal microwave envelope equation based on the findings from

the preceding sections and developed the models suitable for stability analysis. By employing

these models, we conducted stability analyses of the OEOs, yielding the results consistent with

those presented in earlier chapters and affirming the validity of the universal envelope equation.

Crucially, the universal equation suggests that the dynamics of OEOs remain highly similar

irrespective of their dynamical complexities. We also derived the universal envelope equation

of the frequency-doubled setups so that it is also possible to open possibilities of researching the

oscillating loop and separate output ports simultaneously.

The analysis of the universal envelope equation unveiled two distinct solutions: a trivial and

an oscillatory solution, with their stabilities shift as the loop gain increases. Below the threshold

gain, the trivial solution remains stable, and no oscillations manifest. The first bifurcation,

known as the Hopf bifurcation, precisely occurs at the threshold gain, resulting in a switch

in stability between the two solutions. In the interval from the threshold gain to the critical
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gain, the oscillatory solution remains stable, rendering this region optimal for pure microwave

generation. The oscillatory solution is gain-dependent, with each gain in the region having its

unique oscillatory solution. Moreover, it was demonstrated that different setups may exhibit

different critical gains. Upon reaching the critical gain, the system undergoes the second bifurcation,

referred to as the secondary Hopf bifurcation or the Neimark-Sacker bifurcation. Following the

bifurcation, the amplitude modulations emerge, with the results present 2T and 4T periodicity.

However, further increasing gain leads to the chaotic dynamics, where no clear amplitude modulation

is observed.

The significance of Chapter 5 lies in the revelation that the universal envelope equation

highlights the dynamic similarities among OEOs regardless of their complexities. This implies

that dynamical behavior observed in one setup may be mirrored in others, facilitating interpretations

or analyses applicable across different setups. For example, insights gained from a thorough

investigation of the fundamental setup can be extrapolated to other OEOs, while the universal

equation can serve as a pathway for such transfer of the knowledge.

In Chapters 6 and 7, we investigate the phase dynamics of OEOs. To explore the oscillators,

we discern between two types of noise in the oscillators: the additive noise and the multiplicative

noise. The additive noise contribution is attributed to the environmental and random fluctuations

while the multiplicative noise is due to the noisy loop gain. Both contributions are directly

incorporated into the deterministic equations for further analyses. In both chapters, we considered

the fundamental setup only due to its simplicity and we learned that interpretations towards

a specific OEO can be applicable to other OEOs in different configurations because of the

universality between OEOs. However, the multiplicative noise exhibits different characteristics

in the above-threshold and sub-threshold regimes, as its contribution is influenced by the presence

129



of signals.

In Chapter 6, we examined the above-threshold regime where the multiplicative noise is

nonlinearly mixed with the oscillating signals. Here, we converted the deterministic universal

microwave envelope equation into a stochastic form that describes the phase dynamics, in the

form of a SDDE. During the derivation of the phase equation, we directly integrated the two noise

contributions into the deterministic envelope equation. With the phase equation established, we

proceeded to derive the power spectral density of the phase, offering valuable insights into the

phase noise spectrum of OEOs. We conducted thorough theoretical and numerical investigations

of the spectrum, revealing a significant level of agreement between two results. This alignment

serves to validate the theoretical expression for the phase noise spectrum.

In contrast, in Chapter 7, the primary objective was to quantify the additive and multiplicative

noise contributions before the frequency-locking. We started from deriving the deterministic

dynamic equation of the OEO and used Langevin approach by directly including the additive

and multiplicative noise contributions into the deterministic form, akin to the methodologies used

employed in Chapter 6. However, the distinction from Chapter 6 was utilization of the real-valued

signal in this chapter, instead of the complex envelope expression. This choice is made because

there is no oscillating signal here, thus it is not necessary to consider the envelope expression, as

it was due to the time-scale issue.

Using the derived stochastic equation, we formulated the equations for the additive and

multiplicative noise. The additive noise is independent of the existence of actual oscillations,

meaning it has no dependency on the gain parameter. Thus, to quantify the additive noise,

we measured the RF output powers by deactivating the laser source across the three setups.

Conversely, the multiplicative noise contribution is influenced by the noisy feedback gain parameter,
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rendering it a function of the gain. By manipulating the gain parameter through regulating the

attenuator, we measured the output RF powers and calculated the associated multiplicative noise

contributions. It was observed that these contributions remain at nearly constant values regardless

of the increases of the gain parameters, despite quick decrease in the initial stage. However, it is

crucial to note that while the impact of multiplicative noise remains relatively constant regardless

of gain parameter increases, its significance becomes more pronounced at higher powers, as the

noise contribution needs to be multiplied by the gain parameter to determine the ultimate noise

magnitude.

The contents of Chapter 3 are published in [63], Chapter 4 in [99], Chapter 5 in [63, 96],

Chapter 7 in [100].
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