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Consensus-Based Linear Distributed Filtering

Ion Matei and John S. Baras

Abstract

We address the consensus-based distributed linear filtering problem, where a discrete time, linear
stochastic process is observed by a network of sensors. We assume that the consensus weights are
known and we first provide sufficient conditions under which the stochastic process is detectable, i.e.
for a specific choice of consensus weights there exists a set of filtering gains such that the dynamics of
the estimation errors (without noise) is asymptotically stable. Next, we provide a distributed, sub-optimal
filtering scheme based on minimizing an upper bound on a quadratic filtering cost. In the stationary case,
we provide sufficient conditions under which this scheme converges; conditions expressed in terms of the
convergence properties of a set of coupled Riccati equations. We continue with presenting a connection
between the consensus-based distributed linear filter and the optimal linear filter of a Markovian jump
linear system, appropriately defined. More specifically, we show that if the Markovian jump linear
system is (mean square) detectable, then the stochastic process is detectable under the consensus-based
distributed linear filtering scheme. We also show that the optimal gains of a linear filter for estimating
the state of a Markovian jump linear system appropriately defined can be seen as an approximation of

the optimal gains of the consensus-based linear filter.

I. INTRODUCTION

Sensor networks have broad applications in surveillance and monitoring of an environment,
collaborative processing of information, and gathering scientific data from spatially distributed
sources for environmental modeling and protection. A fundamental problem in sensor networks
is developing distributed algorithms for the state estimation of a process of interest. Generically,
a process is observed by a group of (mobile) sensors organized in a network. The goal of each
sensor is to computed accurate state estimates. The distributed filtering (estimation) problem
has received a lot of attention during the past thirty years. An important contribution was
brought by Borkar and Varaiya [2], who address the distributed estimation problem of a random
variable by a group of sensors. The particularity of their formulation is that both estimates

and measurements are shared among neighboring sensors. The authors show that if the sensors



form a communication ring, through which information is exchanged infinitely often, then the
estimates converge asymptotically to the same value, i.e. they asymptotically agree. An extension
of the results in reference [2] is given in [7]. The recent technological advances in mobile
sensor networks have re-ignited the interest for the distributed estimation problem. Most papers
focusing on distributed estimation propose different mechanisms for combining the Kalman
filter with a consensus filter in order to ensure that the estimates asymptotically converge to
the same value, schemes which will be henceforth called consensus based distributed filtering
(estimation) algorithms. In [8] and [9], several algorithms based on the idea mentioned above are
introduced. In [3], the authors study the interaction between the consensus matrix, the number of
messages exchanged per sampling time, and the Kalman gain for scalar systems. It is shown that
optimizing the consensus matrix for fastest convergence and using the centralized optimal gain
is not necessarily the optimal strategy if the number of exchanged messages per sampling time
is small. In [11], the weights are adaptively updated to minimize the variance of the estimation
error. Both the estimation and the parameter optimization are performed in a distributed manner.
The authors derive an upper bound of the error variance in each node which decreases with the
number of neighboring nodes.

In this note we address the consensus-based distributed linear filtering problem as well. We
assume that each agent updates its (local) estimate in two steps. In the first step, an update is
produced using a Luenberger observer type of filter. In the second step, called consensus step,
every sensor computes a convex combination between its local update and the updates received
from the neighboring sensors. Our focus is not on designing the consensus weights, but on
designing the filter gains. For given consensus weights, we will first give sufficient conditions
for the existence of filter gains such that the dynamics of the estimation errors (without noise) is
asymptotically stable. These sufficient conditions are also expressible in terms of the feasibility
of a set of linear matrix inequalities. Next, we present a distributed (in the sense that each sensor
uses only information available within its neighborhood), sub-optimal filtering algorithm, valid
for time varying topologies as well, resulted from minimizing an upper bound on a quadratic
cost expressed in terms of the covariances matrices of the estimation errors. In the case where
the matrices defining the stochastic process and the consensus weights are time invariant, we
present sufficient conditions such that the aforementioned distributed algorithm produces filter

gains which converge and ensure the stability of the dynamics of the covariances matrices of the



estimation errors. We will also present a connection between the consensus-based linear filter
and the linear filtering of a Markovian jump linear system appropriately defined. More precisely,
we show that if the aforementioned Markovian jump linear system is (mean square) detectable
then the stochastic process is detectable as well under the consensus-based distributed linear
filtering scheme. Finally we show that the optimal gains of a linear filter for the state estimation
of the Markovian jump linear system can be viewed as an approximation of the optimal gains
of the consensus-based distributed linear filtering strategy.

Paper structure: In Section II we describe the problems addressed in this note. Section III
introduces the sufficient conditions for detectability under the consensus-based linear filtering
scheme together with a test expressed in terms of the feasibility of a set of linear matrix
inequalities. In Section IV we present a sub-optimal distributed consensus based linear filtering
scheme with quantifiable performances. Section V makes a connection between the consensus-
based distributed linear filtering algorithm and the linear filtering scheme for a Markovian jump
linear system.

Notations and Abbreviations: We represent the property of positive (semi-positive) definite-
ness of a symmetric matrix A, by A >0 (A > 0). By convention, we say that a symmetric matrix
A is negative definite (semi-definite) if —A >0 (-A > 0) and we denote this by A <0 (A <0).
By A > B we understand that A — B is positive definite. Given a set of square matrices {Ai}fi 1>
by diag(A;,i =1...n) we understand the block diagonal matrix which contains the matrices A;’s
on the main diagonal. We use the abbreviations CBDLF, MJLS and LMI for consensus-based

linear filter(ing), Markovian jump linear system and linear matrix inequality, respectively.

N

Remark 1.1: Given a positive integer N, a set of vectors {x;} .’ ,

a set of non-negative scalars

{ pi}fi ; summing up to one and a positive definite matrix Q, the following inequality holds

N " (N N
[Z pixi] Q[Z pixi] < > pix|Oxi.
i=1 i=1 i=1

Remark 1.2: Given a positive integer N, a set of vectors {xi}ﬁ\i |

N

a set of matrices {A,~}l.=1 and

a set of non-negative scalars { p,-}?i | summing up to one, the following holds

N N " N
(Z piAixi] (Z piAixi] < Z PiAixix A (1)
i=1 i=1 i=1



II. PROBLEM FORMULATION

We consider a stochastic process modeled by a discrete-time linear dynamic equation
x(k+1) = A(k)x(k) + w(k), x(0) = xo, (2)

where x(k) € R" is the state vector and w(k) € R” is a driving noise, assumed Gaussian with zero
mean and (possibly time varying) covariance matrix Z,,(k). The initial condition x¢ is assumed
to be Gaussian with mean pp and covariance matrix Xo. The state of the process is observed by

a network of N sensors indexed by i, whose sensing models are given by
yi(k) = Ci(k)x(k) +vi(k), i=1...N, 3)

where y;(k) € R’ is the observation made by sensor i and v;(k) € R" is the measurement noise,
assumed Gaussian with zero mean and (possibly time varying) covariance matrix X,,(k). We
assume that the matrices {Zvi(k)}f\; , and X, (k) are positive definite for k>0 and that the initial
state xp, the noises v;(k) and w(k) are independent for all £ > 0. For later reference we also define
/2 (k), 22 (k), where Z,,(k) 2 Z/2 ()} 2 (k) and T,,(k) £ =/ ()=, (kY .

The set of sensors form a communication network whose topology is modeled by a directed
graph that describes the information exchanged among agents. The goal of the agents is to
(locally) compute estimates of the state of the process (2).

Let %;(k) denote the state estimate computed by sensor i and let €;(k) denote the estimation
error, i.e. €;(k) = x(k) — X;(k). The covariance matrix of the estimation error of sensor i is denoted
by X;(k) = E[€i(k)ei(k)'], with Z;(0) = Zo.

The sensors update their estimates in two steps. In the first step, an intermediate estimate,

denoted by ¢;(k), is produced using a Luenberger observer filter
@i(k) = A(k)xi(k) + Li(k)(yi(k) — Ci(k)Xi(k)), i=1...N, “)

where L;(k) is the filter gain.
In the second step, the new state estimate of sensor i is generated by a convex combination

between ¢;(k) and all other intermediate estimates within its communication neighborhood, i.e.
N
Xi(k+1) = ) pij(k)pjk), i=1...N, )

j=1



where p;;(k) are non-negative scalars summing up to one ( Z_I,'V:1 pij(k)=1), and p; (k) =0 if no
link from j to i exists at time k. Having p;;(k) dependent on time accounts for a possibly time
varying communication topology.

Combining (4) and (5) we obtain the dynamic equations for the consensus based distributed

filter:

N
filk+1) = > pij(0[AGR)Z () + LK) (v;(k) = C;(0)%;(0))|, i=1...N. (6)
j=1
From (6) the estimation errors evolve according to
N
€ik+1)= > p;ijk) [(A(k) - Lj(k)Cj(k)) €;(k) +w(k)— Lj(k)vj(k)] ,i=1...N. (7)

j=1
We define the aggregate vectors of estimates, measurements, estimation errors, driving noise

and measurements noise, respectively
X(k)' = (&1(k),..., 2n(R)),
yk)' = 1 (k),...,yn(k)),
ek)’ = (e1(k),....en(k)"),
w(k) = w(k)',...,wk)),
v(k) = ik, ...,vn(k)),

and the following block matrices

A(k) Opxn *++ Opsn
Ak) 2 O’fx” A(_k) O’fx” e RN,
Onsn Onsn -+ A(K)
Ci(k) Opyn *+ Opyxn Li(k) Ouxr, “* Onxry
Gl | O €0 Onpn | g u| O B Omny |y
Orxn Opyxn -+ Cn(k) Ouxry, Onxr, -+ Ln(k)

where r = Zf\i . 7i- The dynamics (6) and (7) can be compactly written as

X(k + 1) = P(b)AKX(k) + P (k) LK)y (k) = C(H)X(K)], ®)



e(k+1) = P(k)[A(k) — L(k)C(k)]e(k) + w(k) — Pk).L{k)v((k), 9)

where P(k) = P(k)®1I and P(k) = (p;j(k)) is a stochastic matrix, with rows summing up to one.
Definition 2.1: (distributed detectability) Assuming that A(k), C(k) = {C,-(k)}?; , and p(k) =
{pi j(k)}?’j:1 are time invariant, we say that the linear system (2) is detectable using the CBDLF

scheme (0), if there exist a set of matrices L = {Li}ﬁ\i

1 such that the system (7), without the noise,
is asymptotically stable.

We introduce the following finite horizon quadratic filtering cost function

K N
JKL() = > > Elle®lP], (10)

k=0 i=1
where by L(-) we understand the set of matrices L(-) = {L;(k),k=0...K — l}f\i 1~ The optimal

filtering gains represent the solution of the following optimization problem
L*() = argHLl(iI)lJK(L(-))- 1D

Assuming that A(k), C(k) £ {C;()}Y ., Z,.(k), Z,(k) £ {Z,;(k)} and p(k) = {pij(k)}ﬁt’j=1 are time

=1’

invariant, we can also define the infinite horizon filtering cost function
1 N
— lim — _ 1 (II2
JoL) = lim —Jg(L) = lim ;E[ne,(k)n L (12)
where L = {Li}f\i | 18 the set of steady state filtering gains. By solving the optimization problem
L* = argn}JinJoo(L), (13)

we obtain the optimal steady-state filter gains.

In the next sections we will address the following problems:

Problem 2.1: (Detectability conditions) Under the above setup, we want to find conditions
under which the system (2) is detectable in the sense of Definition 2.1.

Problem 2.2: (Sub-optimal scheme for consensus based distributed filtering) 1deally, we would
like to obtain the optimal filter gains by solving the optimization problems (11) and (13),
respectively. Due to the complexity of these problems, we will not provide the optimal filtering
gains but rather focus on providing a sub-optimal scheme with quantifiable performances.

Problem 2.3: (Connection with the linear filtering of a Markovian jump linear system) We
make a parallel between the consensus-based distributed linear filtering scheme and the linear

filtering of a particular Markovian jump linear system.



[II. DISTRIBUTED DETECTABILITY

We start with a toy example motivating our interest in the distributed detectability problem
under the CBDLF scheme. Let us assume that no single pair (A, C;) is detectable in the classical
sense, but the pair (A,C) is detectable, where C’ = (C’,...,C;\,). In this case, we can design a
stable (centralized) Luenberger observer filter. The question is, can we obtain a stable consensus-
based distributed filter? As the following example will show, in general this is not true. That is
why is important to find conditions under which the CBDLF can produce stable estimates.

Example 3.1: (Centralized detectable but not distributed detectable) Consider a linear dynam-

ics as in (2-3), with two sensors, where
A=[ 100 ] Ci=(1 0)and Co=(0 1)
0 10

Obviously, the pairs (A,Cy) and (A,C>) are not detectable while the pair (A,C) it is, where
C’'=(C] C)) is. Let L} =(ly ) and L] = (I3 ly). For this example, the matrix that dictates the
stability property of (9) is given by
pu10-14) 0 10p12  —pi2ls

—puiilr 10pir 0 pa(10-1y)
p21(10=141) 0 10p»n  -pnl3

—pail 10p21 0 p(10-1y)
For p11 =0.9, p12 =0.1, po1 =0.7 and p; = 0.3, the characteristic polynomial of the above

matrix is given by
q(s) = s* +q3(11,13)s> + qo (1, 14, 1o 13) s> + q1 (1, 1a) + qo (U1, Ly),

where

q3(l1,13) = =24+ 0.901 + 0.3y,
q2(l1,14,1213) = =0.07113 = 5.614 + 184 — 12.811 + 0.2711 14,
q1(l1,14) = 3004 —480—2.41114 + 4214,
qo(ly,14) = =40l — 4014 + 41114 + 400,

and let A;(11,14,0213) denote the eigenvalues of A. We define A,,,4x(11,14,[203) = max;|;(I1, 14, 213)|.

The system (2-3) is not detectable in the sense of Definition 2.1 if A,,,4x(l1,14,113) > 1 for all values



of I, [ and of the product /5/3. We introduce also the quantity /1,%13(”(1213) =miny, 1, Amax(l1,14,1203).

Fig. 1. The evolution of /lf,fax(lzh)

From Figure 1, we note that mingp;3 /l,znilx(lzlg) = 4.498, which shows that, for the given
consensus weights, and matrices A, C| and C,, there are no values for /1, [, [3 and l4, such that
(9) can be made asymptotically stable.

The CBDLF (8) uses only one consensus step and we have seen, through Example 3.1, that
in general this does not guarantee stable estimates, even in the case where the pair (A,C) is
detectable. However, as the next proposition suggests, stable estimates might be achieved if a
large enough number of consensus steps is used, i.e. we set P(k) = P(k)"®1, for some positive
integer value 7, large enough.

Proposition 3.1: Consider the linear dynamics (2)-(3). Assume that in the CBDLF scheme
(6), we have p;; = % and that X;(0) = xo, for all i, j=1...N. If the pair (A, C) is detectable, then
the system (2) is detectable as well, in the sense of Definition 2.1.

Proof: Rewrite the matrix C as
N
c=>0C,
i=1

where C_'lf =(Onxry - Onxery le Ouxri,; - - - Onxry)- 1gnoring the noise, we define the measurements

yi(k) = Cix(k),



which are equivalent to the ones in (3). Under the assumption that p;; = # and x; = x¢ for all

i,j=1...N, it follows that the estimation errors respect the dynamics
N

ek+1)= %Z(A — L,C)e(k). (14)

i=1

Setting L; = NL for i =1...N, it follows that
elk+1)=(A-LC)e(k).

Since the pair (A,C) is detectable, there exists a matrix L such that A— LC has all eigenvalues
within the unit circle and therefore the dynamics (14) is asymptotically stable, which implies
that (2) is detectable in the sense of Definition 2.1. [ |

The previous proposition tells us that if we achieve (average) consensus between the state
estimates at each time instant, and if the pair (A,C) is detectable (in the classical sense), then
the system (2) is detectable in the sense of Definition 2.1. However, achieving consensus at each
time instant can be time and numerically costly and that is why is important to find (testable)
conditions under which the CBDLF produces stable estimates.

Lemma 3.1: (sufficient conditions for distributed detectability) If there exists a set of sym-

metric, positive definite matrices { Qi}ﬁ ! and a set of matrices {L,-}fv ] such that

N
Qi:iji(A_LjCj)/Qj(A_chj)+Si, i=1...N, 15)
=

for some positive definite matrices {S ,-}ﬁ\; |» then the system (2) is detectable in the sense of
Definition 2.1.

Proof: The dynamics of the estimation error without noise is given by
N
€k+1)= ) pii(A-L;Cjejk), i=1...N. (16)
j=1
In order to prove the stated result we have to show that (16) is asymptotically stable. We

define the Lyapunov function
N

V() = > 5k Qpxilh),

1

and our goal is to show that V(k+1)—V(k) <O for all kK > 0. The Lyapunov difference is given
by
N

J

i=1 J

pij(A— LjCj)Ej(k)] — (k)T Qi€i(k) <
1

N (N ’
Vk+1)=V(k) = Z ( pij(A-L;C j)fj(k)] Qi[
=1
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N

N
< Zl [Z pijfj(k)’(A - LjCj)/ 0;(A- LjCj)Ej(k)] - ei(k)/QiEi(k), (17)

j=1
where the inequality followed from Remark 1.1. By changing the summation order we can farther
write

N N
V(k+1)= V() < > €k [Z PilA=LiC)Y Qi(A-L;C})~ Ql-)e,(k).

i=1 j=1
Using (15) yields

€(k)'S j€i(k)

M=

Vk+1)-V(k) < -
i=1

From the fact that {S j}?’: , are positive definite matrices, we get

Vik+1)-V(k) <0,

which implies that (16) is asymptotically stable. [ ]

The following result relates the existence of the sets of matrices {Qi}f\i ! and {L,-}f\i 1 such that

(15) is satisfied, with the feasibility of a set of linear matrix inequalities (LMI).
Proposition 3.2: (distributed detectability test) The linear system (2) is detectable in the sense

of Definition 2.1 if the following linear matrix inequalities, in the variables {X;}"¥ , and {Y,-}?i 1

are feasible

Xi VPUA' X1 =CY])  \Pau(A’ X2 =CLY}) - A[pNi(A' XN —CyYy)
VPLi(X1A-Y1C1) Xi 0 0
VP2i(X2A - 12C2) 0 X, 0 >0, (18)
VPNi(XNA=YNCy) 0 0 Xy

for i=1...N and where {Xi}?i are symmetric. Moreover, a stable CBDLF is obtained by

1
choosing the filter gains as L; = Xl._lYi fori=1...N.

Proof: First we note that, by the Schur complements Lemma, the linear matrix inequalities

N

(18) are feasible if and only if there exist a set a symmetric matrices {X;}._, and a set of matrices

{Yi} |, such that

X;—

N
(X;A-Y,C)X; (X;A-Y,Cj) >0, X; >0

j=1

for all i=1...N. We further have that,

N
Xi= > (A=X7'Y,C)X(X;A-X7'Y,C)) > 0, X; >0
=1



11
By defining L; = Xl._lY,-, it follows that

N
Xi— Z(A —LjCj)/Xj(A —LjCj) >0, X;> 0.
j=1
Therefore, if thr matrix inequalities (18) are feasible, there exists a set of positive definite matrices

{Xi}?i ! and a set of positive matrices {Si}ﬁ\i 1> such that

N
Xi= > (A=LiCYX{(A=L;Cj)+S..
j=1
By Lemma 3.1, it follows that the linear dynamics (7), without noise, is asymptotically stable,

and therefore the system (2 is detectable in the sense of Definition 2.1. [ ]

IV. SuB-OptiMAL CONSENSUS-BASED DISTRIBUTED LINEAR FILTERING

Obtaining the closed form solution of the optimization problem (11) is a challenging problem,
which is in the same spirit as the decentralized optimal control problem. In this section we
provide a sub-optimal algorithm for computing the filter gains of the CBDLF, with quantifiable
performance in the sense that we compute a set of filtering gains which guarantee a certain level

of performance with respect the quadratic cost (10).

A. Finite Horizon Sub-Optimal Consensus-Based Distributed Linear Filtering

The sub-optimal scheme for computing the CBDLF gains results from minimizing an upper
bound of the quadratic filtering cost (10). The following proposition gives upper-bounds for the
covariance matrices of the estimation errors.

Proposition 4.1: Consider the following coupled difference equations

N
Oilk+1)= > pij(k) [(AK) = Lik)C (k) k) (AK) = LiKICK)) + LK)y ()L (k)| + Z k),
i=1 (19)
with Q;(0) = Z;(0), for i=1...N. The following inequality holds
Zi(k) < Qi(k), (20)

fori=1...N and for all k> 0.

Proof: The matrix X;(k+ 1) can be explicitly written as

Yitk+1)=E[gk+1)elk+1)] =
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N N ’
—E [Z pij k) (At = L(k)C(0)) €,(K) + w(k) = > pij(k)L (kv ,(k)]

= =1

N N
[Z Pij (k) (At = Lj()C (k) ) 1K) + w(k) = ) pij(k)L (kv "(k)J] .
j=1 j=1

Using the fact that the noises w(k) and v;(k) have zero mean, and they are independent with

respect to themselves and the initial state, for every time instant, we can further write

Yik+1)=E

N "( N
{Zpi,(k) (A - L;(k)C (k) e,(k)} [Zpij(lo(A(k)—Lj<k>c,~<k)) ej(k)J +

J=1 J=1

N (N
E [Zpij(k)Lj(k)Vj(k)] (Zpij(k)Lj(k)Vj(k)} + 2y (k).

J=1 J=1

By Remark 1.2, it follows that

N (N
E [Zp,-j(k)(A(k)—Lj(k>cj(k>)e,~<k)] [Zpij(m(A(k)—L;(k)cj<k>)e,~<k>] <

J=1 Jj=1
N

< > pijk) (A = Lt C () 2 (k) (AGK) — Li(K)C j(K))
j=1

and

N "( N N
E {Z pij)L (kv j(k)] [Z pijk)L (kv ,-(k)” < > piOL (R, (LK), i=1...N.

J=1 J=1 J=1

From the previous two expressions, we obtain that

N
Sitk+1) < )" pijk) (AGK) = Lik)C0)) 2k (AK) - Litk)C k) +
=1

N
+ " pij(R)L RSy (KL (k) + (k)
j=1
We prove (20) by induction. Assume that X;(k) < Q;(k) for all i=1...N. Then
(A(k) — Li(k)Ci(k)) Zi(k) (A(k) = Li(k)Ci(k))" < (A(k) - Li(k)C;(k)) Qi(k) (A(k) — Li(k)C;i(k))’,

and

Li(k)Z;(k)Li(k)" < Li(k)Qi(k)L;(k)’, i=1...N.



and therefore

Yik+1) < Qi(k+1), i=1...N.

Defining the finite horizon quadratic cost function

kL) = T8, 2N 11 Qi(k)),

the next Corollary follows immediately.

Corollary 4.1: The following inequalities hold
JEL() < TR,

and

1 1 -
lim sup fJK(L) < limsup fJK(L)

K—oo K—oo

Proof: Follows immediately from Proposition 4.1.
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1)

(22)

(23)

In the previous corollary we obtained an upper bound on the filtering cost function. Our

sub-optimal consensus based distributed filtering scheme will result from minimizing this upper

bound in terms of the filtering gains {L,-(k)}ﬁ\i i
in Jg(L()).
min k(L())
Proposition 4.2: The optimal solution for the optimization problem (24) is
* * ’ * ’ -1
L; (k) = A()Q; ()Cilk) |y, (k) + Ci(k) Qf () Cilk)' |,
and the optimal value is given by
K N
TeW () =323 r(Q; k),
k=1 i=1

where Q7(k) is computed using

Qﬂk+1%=Zﬁlmﬂ@Pﬂ@Qﬁ@Awy+Zw%%ﬂ“MQ“@Cﬂ@“

(2000 + CLRQRCKRY) " CHOQTRARY |,
with 07(0) =%;(0) and for i=1...N.
Proof:

(24)

(25)

(26)

Let Jx(L(-)) be the cost function when an arbitrary set of filtering gains L(-) £ {L;(k),k =
0...K- l}ﬁ\il is used in (19). We will show that J_I*((L*(~)) < Jg(L(+)), which in turn will show
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that L*(-) = {L;(k)",k=0...K — l}fi | 18 the optimal solution of the optimization problem (24).
Let {Q?(k)}?; , and {Q,-(k)}?i , be the matrices obtained when L*(-) and L(-), respectively are
substituted in (19). In what follows we will show by induction that Q7 (k) < Q;(k) for k>0
and i =1...N, which basically prove that J_I*((L*(~)) < Jx(L(+)), for any L(-). For simplifying the
proof, we will omit in what follows the time index for some matrices and for the consensus
weights.

Substituting {L;(k),k > O}ﬁ\; | 1n (19), after some matrix manipulations we get

N
itk +1)= Y pij| AQI0IA + 5, AQUKICH (S, +

j=1
+CjQ}‘-(k)C})_1Cij*~(k)A’], Q;(0)=%;(0), i=1...N.
We can derive the following matrix identity (for simplicity we will give up the time index):
(A+ LiC)Qi(Ai + LiC)) + LiZ, L} = (A+ L;C)Qi(Ai + LIC)) + L'%,, LY +
+(Li = L)Xy, + C:O:CH(Li = ). 27
Assume that Q7(k) < Q;(k) for i=1...N. Using identity (27), the dynamics of Q;(k)* becomes

N
Q;(k+1)= Z pij ((A +Li(k)C)Q;(k)A+Lj(k)C;) + Lj(k)Zy,Lj(k)' —

Jj=1
~(L (k) = L))y, + Q1 CHLi(k) ~ Li(k)) +5y,).

The difference Q7(k+1)— Q;(k+1) can be written as
N
Qitk+1)" = Qi(k+1) = Z Dij ((A +Li(k)C)(Q(k)— Q;j(k)A + Lj(k)C)) -
j=1

~(Lj(k) = i) (Ey, + C; Q5 CNLi(K) ~ L)Y ).

Since X, +C5Q,~(k)le is positive definite for all k>0 and i =1...N and since we assumed that
Q7 (k) < Qi(k), it follows that Q7(k+1) < Q;(k+1). Hence we obtain that

T () < Jg (L),

for any set of filtering gains L(-) = {L;(k),k=0...K - 1}5\; 1> which concludes the proof. |
We summarize in the following algorithm the sub-optimal CBDLF scheme resulted from

Proposition 4.2.
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Algorithm 1: Consensus Based Distributed Linear Filtering Algorithm
Input: uo, Py

Initialization: X;(0) = ug, Y;(0) =X

o

2 while new data exists
3 Compute the filter gains:

Li « AYC/(Z,, + CiY,C))™!

4 Update the state estimates:

@i — Aki+ Li(yi —C—i%;)
Xj Zpij%‘
J

s Update the matrices Y;:

N
Y Z pij((A=LiCHY[A-LiC)) + L%, L)+,
=1

B. Infinite Horizon Consensus Based Distributed Filtering

We now assume that the matrices A(k), {C;(k)}Y {Zv,»(k)}f\i , and X, (k) and the weights

=1’

{pi j(k)f/j:l} are time invariant. We are interested in finding out under what conditions Algorithm
1 converges and if the filtering gains produce stable estimates. From the previous section we

note that the optimal infinite horizon cost can be written
N
Jeo= lim ) r(Q; (k).
i=1
where the dynamics of Q;(k)* is given by

N
Qi (k+1) = Z‘ Dij [AQ;(k)A’ +3, - AQNKC) (), +C ,-Qj.(k)c})'1 C ij(k)A’] . (28)
=

and the optimal filtering gains are given by
* * ’ * /171
L} (k) = AQ; ()C} |2y, + Ci0; (C]|

for i =1...N. Assuming that (28), converges, the optimal value of the cost J, is given by

N
Jo = er(Qi),
i=1
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where {Qi}ﬁ | satisfy

N
0i = pij|AQA" + 2~ AQ,;CH(Z,, +C;0,C)7'C;0;4']. (29)
j=1
Sufficient conditions under which there exists a unique solution of (29) are provided by Proposi-
tion A.7, which says that if (p, L, A) is detectable and (A,Zi/ 2,p) is stabilizable in the sens of Def-
initions A.1 and A.2, respectively, then there is a unique solution of (29) and limy_,« Q;‘(k) =0,.

Mimicking Theorem A.12 of [6], it can be shown that a numerical approach to solve (29) (if

it has a solution) consists in solving the following convex programming optimization problem

max tr(Z?;l Qi) (30)
-0+ levzl PijAQA’ +%,,  pinC1O1A” ... [piaiCNONA’
\/pﬂAQICi 2V1+C1Q1C’1 0 - 0
\/piNAQNC;V 0 EVN+CNQNC]/V
Q;i>0,i=1...N.

V. CONNECTION WITH THE MARKOVIAN JUMP LINEAR SYSTEMS STATE ESTIMATION

In this section we present a connection between the detectability of (2) in the sense of
Definition 2.1 and the detectability property of a MJLS, which is going to be defined in what
follows. We also show that the optimal gains of a linear filter for the state estimation of the
aforementioned MJLS can be used to approximate the solution of the optimization problem (11),
which gives the optimal CBDLF. We assume that the matrix P(k) describing the communication
topology of the sensors is irreducible and doubly stochastic and we assume, without loss of
generality, that the matrices {C;(k),k > O}ﬁ\; , 1n the sensing model (3), have the same dimension.

We define the following Markovian jump linear system
E(k+1) = Ay (EK) + By (k) (k)
2(k) = Copy (K)E(k) + Doy (k)P (k), £(0) = &0,

where £(k) is the state, z(k) is the output, 8(k) € {1,...,N} is a Markov chain with probability

€2y

transition matrix P(k)’, w(k) and ¥(k) are independent Gaussian noises with zero mean and
identity covariance matrices. Also, & is a Gaussian noise with mean po and covariance matrix
Yo. We denote by mj(k) the probability distribution of 8(k) (Pr(6(k) =i) = mj(k)) and we assume
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that 7;(0) > 0. We have that Agg (k) € {A;(}Y |, Bouoy(k) € {Bi(k)}Y |, Cop(k) € {Cik)}Y, and

=1’

Dg(k)(k) € {D,-(k)}?i |» Where the index i refers to the state i of 6(k). We set

Ay =A(k),  Bik)= Y=Q512 (),

vri(k) (32)
Cith = A5G, Dith) = —A=512w),

for all i,k >0 (note that since P(k) is assumed doubly stochastic and irreducible and 7;(0) > 0,
we have that m;(k) > 0 for all i,k > 0). In addition, &y, 6(k), w(k) and ¥(k) are assumed independent
for all k£ > 0. The random process 6(k) is also called mode. Assuming that the mode is directly

observed, a linear filter for the state estimation is given by

Eke+1) = Ag (EK) + Moo (k) (2(k) ~ Coo (RE(K)), (33)
where we assume that the filter gain My, depends only on the current mode. The dynamics
of the estimation error e(k) = £(k) —é(k) is given by

e(k+ 1) = (Ag(k) — Mooy (k) Coqro (k) ) e(k) +
+Bgqio (k)w(k) — Mooy (k) Doy (k)v (k).
Let u(k) and Y (k) denote the mean and the covariance matrix of e(k), i.e. u(k) = E[e(k)] and

(34)

Y(k) = E[e(k)e(k)'], respectively. We define also the mean and the covariance matrix of e(k), when

the system is in mode i, i.e. (k) £ E[e(k)1ig)=i] and Y;(k) = E[e(k)e(k)' Ligk)=iy], where 1igx)=i)

is the indicator function. It follows immediately that u(k) = va Mi(k) and Y (k) = f\i 1 Yi(k).
Definition 5.1: The optimal linear filter (33) is obtain by minimizing the following quadratic

finite horizon cost function

K
TkM() = > (¥ () =

k=1

where M(+) 2 {M;(k),k=0...K— l}f\i , are the filter gains and where M;(k) corresponds to My (k)

K N

tr(Y;(k)), (35)
k=1 i=1
when 6(k) is in mode i. We can give a similar definition for an optimal steady state filter using
the infinite horizon quadratic cost function.

Definition 5.2: Assume that the matrices A;(k), Ci(k) and P(k) are constant for all k> 0. We
say that the Markovian jump linear system (31) is mean square detectable if there exits {M,-}?; 1
such that limy_ E[|le(k)]|*] = 0, when the noises w(k) and (k) are set to zero.

The next result makes the connection between the detectability of the MJLS defined above the
distributed detectability of the process (2).
Proposition 5.1: 1f the Markovian jump linear system (31) is mean square detectable, then

the linear stochastic system (2) is detectable in the sense of Definition 2.1.
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Proof: In the context of this proposition, the dynamics of the estimation error for the MJLS
(31) becomes

e(k+1) = (A= Mag)Co))e(k), e(0) = e,

where C; = C;. It is not difficult to check that the dynamic equations for the covariance matrices

{Yi(k)}?i 1 and the mean vectors {,ui(k)}fi , are given by

N 1 1
Yitk+1)= i(A—M;———C)Yi(k)(A-M;———C;), 36
(k+1) ;pj( j\/m j) j( )¢ j 0) j) (36)

with Y;(0) =Y} and
N
itk 1) = > A= M Cpt (0, 11(0) = 4. 37
P 7;(0)
for i=1...N. Since the MJLS is assumed mean square detectable it follows that there exists
a set of matrices {Mi}f\; , such that (36) is asymptotically stable. But this also implies (see for
instance Proposition 3.6 of [6]) that (37) is asymptotically stable as well. Setting L; = m;(0)M;,
we see that (37) is identical to equation (7) and therefore (7) is asymptotically stable (when
ignoring the noise). Hence, (2) is detectable in the sense of Definition 2.1. [ |
The next result establishes that the optimal gains of the filter (33) can be used to approximate
the solution of the optimzation problem (11).
Proposition 5.2: Let M*(-) = {M:(k),k=0,...,K - l}f\i , be the optimal gains of the linear filter
(33). If we set Lj(k) = L M;(k) as filtering gains in the CBDLF scheme, then the filter cost

Vmi(0)
function (10) is guaranteed to be upper bounded by

K N

1

kLY D~ 0T K. (38)
k=0 i=1 """

where Y7 (k) are the covariance matrices resulting from minimizing (35).
Proof:
By Theorem 5.5 of [6], the filtering gains that minimize (35) are given by
* e * ~ ’ A o ’ ~ * ~ ’ -1
M; (k) = Ai(k)Y; (k)Ci(k) [ﬂi(k)Dj(k)Dj(k) +Ci(k)Y; (k)Ci(k)] : (39)
fori=1...N, where Yl.*(k) satisfies
Yik+1) = SN pijo|Aj(0Y I RA kY + (k) B (k) B (k) -

- - L . 8 14 . (40)
—A (k)Y i) C (kY (7D j(k)D (k) +C (k)Y 5(k)C (k) ‘e R H (kA j(k)'] .
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In what follows we will show by induction that Y (k) = m;(0)Q; (k) for all i,k > 0, where Q7 (k)
satisfies (26). For k =0 we have Y (0) = m;(0)Y*(0) = m:(0)XZo = m;(0)Q7(0). Let us assume that
Y:(k) = m(0)Q; (k). Then, from (32) we have

(BB (k) = 7(0)Zw(k), 7i(k)Dj(k)Dj(k) = Zy,(k),

7D (R kY +C1(0Y I MCKY =, (k) + C10QRIC (K @b

Also,
M; (k) = m(OAR)Q; (DC,KY [£,,(0) + C () Q5 RIC kY | (42)

and from (25) we get that M} (k) = Vm;(0)L; (k). From (40) and (41) it can be easily argued that
Yi(k+1)=m(0)Q;(k+1). By Corollary 4.1 we have that

Jr(L() < Tk(L()),
for any set of filtering gains L(-) and in particular for L;(k) = ﬁM?(k) = L (k), for all i and
k. But since N
Tew o= — v,
pere kO

the result follows.

VI. CoONCLUSIONS

In this note we addressed three problems. First we provided (testable) sufficient conditions
under which stable consensus-based distributed linear filters can be obtained. Second, we gave
a sub-optimal, linear filtering scheme, which can be implemented in a distributed manner and is
valid for time varying communication topologies as well, and which guarantees a certain level of
performance. Third, under the assumption that the stochastic matrix used in the consensus step
is doubly stochastic we showed that if an appropriately defined Markovian jump linear system is
detectable, then the stochastic process of our interest is detectable as well. We also showed that
the optimal gains of the consensus-based distributed linear filter scheme can be approximated
by using the optimal linear filter for the state estimation of a particular Markovian jump linear

system.
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APPENDIX
A. Properties of a special class of difference matrix equations

Given two positive integers N and n, a sequence of positive numbers p = {p; j}?’j:l and a set

of matrices F = {F i}fi |» we consider the following matrix difference equations
N
Witk+1) = ZpiijWj(k)F;, W;(0) = Wl.o, i=1...N. (43)
j=1

Additionally, consider a similar set of matrix difference equations

N
Wilk+1)= > piFiWi(k)Fj, Wi(0) =W/, i=1...N. (44)
j=1
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Proposition A.1 ([4]): The dynamics (43) is asymptotically stable if and anly if the dynamics
(44) is asymptotically stable.

Related to the above dynamic equations, we introduce the following stabilizability and de-
tectability definitions.

Definition A.1 ([5]): Given a set of matrices C = {Ci}ﬁ\; |» we say that (p,L,A) is detectable
if there exists a set of matrices L = {L,-}fi ; such that the dynamics (43) is asymptotically stable,
where F; =A;—L;,C;, fori=1...N.

Definition A.2 ([5]): Given a set of matrices C = (cay

‘> We say that (A, L, p) is stabilizable,
if there exists a set of matrices L = {Li}f\i , such that the dynamics (43) is asymptotically stable,
where F; =A;—C;L;, fori=1...N.

Remark A.1: Given a semipositive definite matrix X and a positive definite matrix Y, the
following holds:

min L(V)r(X) < 1r(YX) < max L(V)tr(X)
=1...n 1=1...n

Proposition A.2: If there exists a set of symmetric positive definite matrices {Vi}ﬁ ; such that

Vi:ipﬁF;VjFﬁS,-, (45)
j=1
for some set of symmetric positive set of matrices {S ,-}5\; |» then the dynamics (43) is asymptoti-
cally stable.
Proof: We use the same idea as in the proof of Theorem 3.19 of [6] and define the following

Lyapunov function
N
Ok) = > tr(Wik)V)).
i=1

In the following we show that the difference ®(k + 1) —®(k) is negative for all k > 0, from which

we infer the asymptotic stability of (43). We get that

N N
Dk +1)— (k) = tr[z [Z pi_,-F_,-Wj(k)F;.] Vi— Wik) vl-] =

i=1\j=1

N N N
- tr[Z Witk) [Z piiFiVi(kF] - Vin = 2, rWilkS ).
. -

i=1 Jj i=1

Since {W,-(k)}ﬁ\; , are positive semi-definite matrices for k > 0 and {$S i}f\i

| are positive definite, by
Remark A.1, it follows that

Ok+1)-D(k) <0, k>0.
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|

Proposition A.3: If there exists a set of symmetric positive definite matrices {Vi}f\i | such that
N

Vi= Y piiF{ViFi+S;, (46)

j=1
for some set of symmetric positive set of matrices {S ,-}f\; |» then the dynamics (43) is asymptoti-
cally stable.
Proof: Using the same approach as in the previous proposition, we prove the asymptotic
stability of dynamics (44). Using Proposition A.1, the result follows. [ ]

Proposition A.4: 1f the following linear matrix inequalities are feasible

Xi VPuXiFi \puF!X; -+ [pniFX;
VPUXiFi X 0o - 0
VPNIXiF, 0 0 - Xy

where {X,-}f\; are the unknown variable, then the dynamics (43) is asymptotically stable.

1
Proof: By the Schur complement lemma, (47) are feasible if and only if
N
Xi— pjiXiFiX;lF;Xi>0, Xl'>(), i=1...N. (48)
j=1

By defining V; = Xl._l, i=1...N, (48), becomes

N
Vi—ZPjiFiVij >0, V;>0,i=1...N.
j=1
By Proposition A.2, (43) is asymptotically stable. u

Inspired by Proposition A.4, detectability and stabilizability tests, in the sense of Definitions
A.1 and A.2, respectively, can be formulated in terms of the feasibility of a set of linear matrix
inequalities.

Proposition A.5 (detectability test): 1If the following matrix inequalitie are feasible

Xi VPiI(XiAi=YiCi)  NPa(XiAi=Y,C) -+ Pin(XiAi=YiC))
VPil(XiA; =Y, Cy) X, 0 0

VP(XiA; = YiCy) 0 Xz 0 >0, i=1...N, (49)

VPin(XiAi = YiCi)’ 0 0 . Xy
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where {Xi}f\i , and {Yi}f\; are the unknown variable, then (p,L,A) is detectable in the sense of

1
Definition A.1. Moreover chosing L; = Xl._] Y;, fori=1...N, the dynamics (43) is asymptotically
stable.

Proof: By the Schur complement lemma, (49) are feasible if and only if

N
X,' - Zpij(XiAi - Y,'C,')X;I(X,’A,’ - YiC,’)/ > 0, X,' > O, i=1...N. (50)
j=1
By defining L; = Xl._lY,- and V; = Xl._l, i=1...N, (48), becomes
N
Vi— pijFiVjFl{>0, Vi>0,i=1...N.
j=1
By Proposition A.3, (p,L,A) is detectable in the sense of Definition A.1. [ ]
Proposition A.6 (stabilizability test): If the following matrix inequalities are feasible
Xi VP1i(XiA; = CiY))  AprXA —-CiY)) - Apni((XKGA; - CiYy)
VP1i(XiAi = CiY)) X1 0 0
Vp2i(XiAi = CiY)) 0 X> 0 >0,i=1...N, (51)
Vpni(XiA; — CiYy) 0 0 e XN

where {X,-}fi , and {Y,-}fi are the unknown variable, then (A, L, p) is stabilizable in the sense of

1
Definition A.2. Moreover chosing L; = Yin._l, for i=1...N, the dynamics (43) is asymptotically

stable.

Proof: By the Schur complement lemma, (51) are feasible if and only if
N
Xi— pji(Xl'Ai—YiCi),XjTl(XiAi—YiCi) >0, X;>0,i=1...N. (52)
j=1

By defining L; 2 X;'Y; and V; 2 X!, i=1...N, (48), becomes

N
Vi_zpjiF,{VjFi>O, V;>0,i=1...N.
J=1

By Proposition A.2, (p,L,A) is stabilizable in the sense of Definition A.2. [ |
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B. Discrete-time coupled Riccati equations

Consider the following coupled Riccati difference equations

N
Qilk+1)= )" pij(A;Q1(0A} = A;Q,()CHCQIC)+2,)7' C;Qi(A} +2y),  (53)
i=1

0i(0) = Q? >0, i=1...N, where {Zvi}ﬁv

Proposition A.7: Let /% = (£)/4V | where T, = %,/ Z'Za./ 2. Suppose that (p,C,A) is de-

=1’

, and X, are symmetric positive definite matrices.

tectable and that (A,Zi/ z,p) is stabilizable in the sense of Definitions A.1 and A.2, respectively.

Then there exists a unique set of symmetric positive definite matrices Q = {Q_i}ﬁ\; , satisfying

N
0i= ) pij(A;j Q4% -A;0,CHC;0iC;+35,) ' C;QA +3,), i=1...N. (54)
i=1

Moreover, for any initial conditions Q? > 0, we have that lim_,. Qi(k) = O;.

Proof: The proof can be mimicked after the proof of Theorem 1 of [S]. Compared to our
case, in Theorem 1 of [5] a scalar term, taking values between zero and one, multiplies the
matrix %, in (54). However it is not difficult to note that the result holds even in the case where

this scalar term takes value one, which corresponds to out setup. [ ]





