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Chapter 1

1.1 Introduction.

The field of soft-robotics has been an area of interest for researchers for a long

time. The recent explosion in the field of robotics has furthered research and

development in the field. A robot is classified as hard or soft on the basis of the

compliance of its underlying materials.

The physical characteristics of animals’ bodies such as Elastic tendons, ligaments,

and muscles enable animals to robustly interact with the external world and

perform dynamic tasks[1]. The lack of rigid parts in the octopus body helps it to

squeeze and manure through tight spaces. Similarly, the structure of an elephant’s

trunk helps it to grasp things easily. Similar features that are found in animals

around us have made researchers incorporate those ideas into their design of

robots. Further, the physical features of soft robots such as capability of continuum

deformation allow researchers to mitigate many of the safety concerns associated

with rigid body robots[2]. Hence, these bio-inspired robotic systems are used in

rescue operations to medical surgeries.

The recent works in soft-robotics mainly focus on the control strategies for these

under-actuated systems. These soft-robotic systems mostly being under-actuated

makes the development of control laws difficult. One of the earlier works on
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model based soft robotic control is discussed in [3] which for the first time tackles

the development of closed loop dynamic controllers for a continuous soft robot.

This work mainly revolves around developing the control strategy of a novel soft

robotic system on a cart inspired from the classical pendulum on a cart problem.

This is a non-extensible soft-robotic arm with a revolving base on a cart. The

motion of the cart is fixed to a single dimension. Hence the cart has a total of three

dimensions of freedom, the curvature, the base angle and motion along the x-axis.

In this work, only the curvature of the system is allowed to actuate. That is the

angular acceleration of the base and acceleration of the cart cannot be controlled

directly. This makes the system an underactuated system with two degrees of

underactuation. Control strategies have been developed for soft robotic arms prior

to this work. [5] and [6] deals with a similar soft robotic system in which the base

of the system is fixed and the curvature is actuated. Hence the system has only one

degree of freedom and is completely actuated. The system introduced in [4] has

two degrees of freedom. Here, unlike in [5] and [6], the base is not fixed but the

curvature is actuated. This gives the system an additional degree of freedom

making it an underactuated system with one degree of under actuation. With an

additional freedom of motion but with the same degree of actuation, the system

dealt in this work becomes more complex and nonlinear.

In this work, we investigate the swing-up control for the soft robotic pendulum on

a cart and its stabilization around the upright equilibrium point. Further, although

feedback linearization is a well known strategy for the control of nonlinear
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systems, it has not been employed in the control development of soft robotic

underactuated systems. This work also investigates the viability of a feedback

linearization for the problem described above and for a special case of the above

problem where the mass of the cart goes to infinity. It should be noted that in the

above-mentioned limiting case, the dynamics of the system considered in this

work approaches the dynamics similar to [4] . In addition, it should also be noted

that in the limit, i.e., when the mass of the cart goes to infinity and very high

stiffness, the dynamics of the system converges to that of a classical pendulum.

Researchers have been dealing with control problems related to robotics for the

past three decades. Due to the nature of dynamics, the control strategies that could

be deployed for fully actuated systems cannot be directly implemented for

underactuated systems[4] and hence novel methods need to be sought for the

control of these systems.

Feedback linearization is one of the most widely used methods for the control of

nonlinear systems. This method employs the use of a feedback to cancel out

nonlinearities before the design of control laws. But, this cannot be used always

since most of the systems do not satisfy the necessary conditions. For example, a

simple classical pendulum is completely feedback linearizable while an acrobot or

even the cart pole system is not completely feedback linearizable. To mitigate this

problem, researchers came up with the idea of partial feedback linearization.

Some of the earlier works in the field for the control of underactuated systems

include control of acrobots using partial feedback linearization[7], pseudo
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linearization using spline functions[8] and observer based pseudo linearization[9].

In [10] [11] and [12], the authors were successful in showing that partial feedback

linearization can be used for swing up control of underactuated systems acrobot,

and a class of gymnast robots.

The more recent method of control for underactuated systems is energy based

control. This idea was first proposed in [13] for the swing up control of an

underactuated cart pole system. [14]and [15] employ the use of similar energy

based swing up control of the stabilization of more complex under actuated

systems. In this work we will use a similar energy based approach for the swing

up control of the system. Further, once the system reaches close to the upright

position with the help of swing up control, we switch to a LQR controller to

stabilize it around this equilibrium point.

1.2 Thesis Objective.

The objective of this work is to

● Derive the kinematics that corresponds to the novel soft robotic system with

revolute base attached to a cart (SIPC system).

● Design an energy based swing-up control which would take the system

from any arbitrary starting point in the configuration space to close to the

upright equilibrium point.

● Stabilize the system around this equilibrium point.

● Analyze the robustness and sensitivity of this control strategy.
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● Investigate the viability of feedback linearization and employ it for the

control of a special case of the system.

1.3 Organization of Thesis

The thesis is organized as below.

In chapter two, we derive the dynamics of the soft robotic system with revolute

base attached to a cart. We analyze the system with different values of system

parameters. We also compare the dynamics of the system in the limiting case.

In chapter three, we deal with analysis of the system around the equilibrium point,

derive the control law to stabilize the system around the equilibrium point,

evaluate the sensitivity of the controller, and find the domain of attraction of the

designed controller.

In chapter four, we develop the swing up control for the system, the necessary

conditions for the swing up control to work, stability analysis of the obtained

control law, and the robustness of the controller.

In chapter five we aim to control the system by canceling the nonlinearities of the

system when the mass of the cart is very high. This can be regarded as a special

case of the system. We investigate the viability of such a control law and try to

implement it in the above context.
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Chapter-2 Kinematics and Dynamics

2.1 Introduction

In this chapter, we derive the kinematics and dynamics of the soft robotic

pendulum on a cart system. For this, first, we model the system, then find the

kinetic and potential energy of the system, then formulate the Lagrangian and

finally use the Lagrangian to formulate the equations of motion. Further, will

investigate the properties and sensitivity of the above mentioned system.

2.2 System Model

To model the system we use the similar method used in [4]. We first model the

soft-robotic pendulum and then interconnect it with the cart to model the entire

system. To model the pendulum, consider the system in figure[1]. Before starting

the modeling we make the following standard assumptions.

● The soft robotic pendulum is non-extensible with constant curvature..

● Both the cart and the pendulum have uniform densities.

● There is no loss of energy on the joint between the cart and the pendulum

● The pendulum cart system always remains attached to the ground and the

cart makes an angle of zero degrees to the ground
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To model the pendulum, let L be the length of the pendulum along its central axis,

D be its thickness. Also, let us define s 𝛜 [0,1] such that L*s is the arc length along

the robot's central axis to the point s from the base, and d 𝛜 [-0.5, 0.5] such that

D*d is the lateral distance to the point d from the central axis. Let Ŝs be the

reference frame at each point s along the soft body’s axis. Hence, from the above

parametrization, Ŝ0 will be the base frame and Ŝ1 will be the top most frame. Using

this convention we can describe any point on the robot's body. For example, (s,d)

= (0.5, 0.25) describes the point on frame Ŝ0.5 (frame that is half way on the robots

central axis) at a distance of 0.25*D on the lateral side from the central axis.

Using the above mentioned constant curvature assumption (CC), we define the

configuration variables of the pendulum system as q0(t) 𝛜 ℝ1 and θ(t) 𝛜 S1, such

that q0(t) = L/r(t) where r(t) is the radius of curvature of the pendulum and θ(t) is

the angle that base of the pendulum makes with the cart.

Therefore, the orientation of the frame Ŝs is given by,

α
𝑠
(𝑡) = θ(𝑡) +

0

𝑠

∫ 𝑞
0
(𝑡)𝑑𝑙

= θ(𝑡) + 𝑞
0
(𝑡)𝑙|

0
𝑠

(1)= θ(𝑡) + 𝑞
0
(𝑡) * 𝑠

7



Figure: 2.1 Soft-robotic pendulum design.

Figure: 2.2 Soft-robotic pendulum on a cart system.
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Now, we find the cartesian coordinates and at a general point on the𝑥
𝑠𝑑

𝑦
𝑠𝑑

pendulum parametrized by s and d. From the above figure,

(2)𝑥
𝑠𝑑

= 𝐷𝑑𝑐𝑜𝑠(⍺
𝑠
(𝑡)) + 𝑥

𝑠𝑑
*  

(3)𝑦
𝑠𝑑

= 𝐷𝑑𝑠𝑖𝑛(⍺
𝑠
(𝑡)) + 𝑦

𝑠𝑑
*  

where, (4)
𝑑𝑥

𝑠𝑑
*

𝐿 = 𝑐𝑜𝑠( Π
2 + ⍺

𝑠
(𝑡))𝑑𝑠 

(5)
𝑑𝑦

𝑠𝑑
*

𝐿 = 𝑠𝑖𝑛( Π
2 + ⍺

𝑠
(𝑡))𝑑𝑠 

Integrating both sides of (4) and (5), we get,

, (6)
𝑥

𝑠𝑑
*

𝐿 =
0

𝑠

∫− 𝑠𝑖𝑛(⍺
𝑠
(𝑡))𝑑𝑠 

𝑦
𝑠𝑑
*

𝐿 =
0

𝑠

∫ 𝑐𝑜𝑠(⍺
𝑠
(𝑡))𝑑𝑠 

(7)𝑥
𝑠𝑑
* =− 𝐿

0

𝑠

∫ 𝑠𝑖𝑛(⍺
𝑠
(𝑡))𝑑𝑠 

(8)𝑦
𝑠𝑑
* = 𝐿

0

𝑠

∫ 𝑐𝑜𝑠(⍺
𝑠
(𝑡))𝑑𝑠 

Substituting equations (7) and (8) back into (4) and (5) gives,

(9)𝑥
𝑠𝑑

= 𝐷𝑑𝑐𝑜𝑠(⍺
𝑠
(𝑡)) − 𝐿

0

𝑠

∫ 𝑠𝑖𝑛(⍺
𝑠
(𝑡))𝑑𝑠 

(10)𝑦
𝑠𝑑

= 𝐷𝑑𝑠𝑖𝑛(⍺
𝑠
(𝑡)) + 𝐿

0

𝑠

∫ 𝑐𝑜𝑠(⍺
𝑠
(𝑡))𝑑𝑠 

Now, consider the case where this pendulum is attached to the cart. This allows the

pendulum to have another degree of freedom along the x-axis. This gives the

9



system another configuration variable xp where xp𝛜 ℝ1 denotes the location of

origin of the pendulum.

Finally, the position of any arbitrary point on the pendulum at any orientation of

the system is given by,

(11)𝑥
𝑠𝑑𝑥

= 𝐷𝑑𝑐𝑜𝑠(⍺
𝑠
(𝑡)) − 𝐿

0

𝑠

∫ 𝑠𝑖𝑛(⍺
𝑠
(𝑡))𝑑𝑠 + 𝑥

𝑝
 

(12)𝑦
𝑠𝑑𝑥

= 𝐷𝑑𝑠𝑖𝑛(⍺
𝑠
(𝑡)) + 𝐿

0

𝑠

∫ 𝑐𝑜𝑠(⍺
𝑠
(𝑡))𝑑𝑠 + ℎ 

where h denotes the height of the base of the pendulum from the x-axis.

Now, since we have the general cartesian coordinate of the system, we can go on

to derive the dynamics of the system.

2.3 Dynamics

In this section, we derive the expression for kinetic energy, potential energy,

formulate the lagrangian and finally derive the equations of motion. In this work,

we will calculate the kinetic energy contribution by the pendulum and cart

independently and add them to find the total kinetic energy of the system.

On integrating and simplifying (11) and (12) we get,

𝑥
𝑠𝑑𝑥

= 𝐷𝑑𝑐𝑜𝑠(θ(𝑡) + 𝑞
0
(𝑡)𝑠) + 𝐿

𝑞
0
(𝑡) (𝑐𝑜𝑠(θ(𝑡) + 𝑞

0
(𝑡)𝑠) − 𝑐𝑜𝑠(θ(𝑡)) + 𝑥

𝑝
 

(13)

𝑦
𝑠𝑑𝑥

= 𝐷𝑑𝑠𝑖𝑛(θ(𝑡) + 𝑞
0
(𝑡)𝑠) + 𝐿

𝑞
0
(𝑡) (𝑠𝑖𝑛(θ(𝑡) + 𝑞

0
(𝑡)𝑠) − 𝑠𝑖𝑛(θ(𝑡)) + ℎ 

10



(14)

Now, the kinetic energy of the point characterized by (s,d) on the pendulum is

given by,

(15)▽𝐾
𝑝

=  1
2 ρ(𝑠, 𝑑) * (ẋ

𝑠𝑑𝑥
2 + ẏ

𝑠𝑑𝑥
2 )

where ẋsdx and ẏsdx are the time derivatives of xsdx and ysdx and such that,

0

1

∫
−0.5

0.5

∫ ρ(𝑠, 𝑑)𝑑𝑑 𝑑𝑠 = 𝑚
𝑝

Since we are dealing with uniform density, = . Further, from (15),ρ(𝑠, 𝑑) ρ

(16)𝐾
𝑝

=  1
2

0

1

∫
−0.5

0.5

∫ ρ * (ẋ
𝑠𝑑𝑥
2 + ẏ

𝑠𝑑𝑥
2 )𝑑𝑑 𝑑𝑠

where Kp is the kinetic energy of the pendulum.

Now, the kinetic energy of the cart can be directly written as,

(17)𝐾
𝑐

=  1
2 𝑚

𝑐
ẋ

𝑝
2

On summing 16 and (17), we get the total energy of he cart,

(18)𝐾𝐸 =  1
2

0

1

∫
−0.5

0.5

∫ ρ * (ẋ
𝑠𝑑𝑥
2 + ẏ

𝑠𝑑𝑥
2 )𝑑𝑑 𝑑𝑠 + 1

2 𝑚
𝑐
ẋ

𝑝
2

On simplifying (18) we get the kinetic energy of the system. For concise

representation this total kinetic energy can represented as

11



where is the time derivative of .𝐾𝐸 = 1
2 𝑞̇

𝑇
𝐷(𝑞) 𝑞̇ 𝑞̇ 𝑞̇ = [𝑞

0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡)]

𝑇

The matrix D(q) 𝛜 ℝ3x3 is called the inertia matrix. In the upcoming sections, we

will discuss the properties of this matrix.

(19)

Please refer appendix for the terms of the matrix

Now, we derive the potential energy of the system. The potential energy of the

system is the sum of potential energy of the cart and the soft robotic pendulum.

Since the cart is always assumed to slide on the x-axis, the potential energy of the

cart is zero. Therefore, the total potential energy of the combined system is just the

potential energy of the pendulum. I.e.,

(20)𝑃𝐸 = 𝑚
𝑝
𝑔

0

1

∫
−0.5

0.5

∫ (𝑥
𝑠𝑑𝑥

𝑠𝑖𝑛(η) + 𝑦
𝑠𝑑𝑥

𝑐𝑜𝑠(η))𝑑𝑑 𝑑𝑠

where g is the acceleration due to gravity. In this work, we have set , theη

direction of the gravitational field as zero. Now, substituting ysdx from equation

(14) and simplifying we get,

(21)𝑃𝐸 =−
𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(𝑞

0
 +θ) − 𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(θ) + 𝐿𝑞

0
𝑔𝑚

𝑝
𝑠𝑖𝑛(θ)

𝑞
0
2

Now we can define the Lagrangian.

Lagrangian is defined as the difference between kinetic and potential energy.

i.e., 𝐿 = 𝐾𝐸 − 𝑃𝐸

12



(22)= 1
2 𝑞̇

𝑇
𝐷(𝑞) 𝑞̇ +

𝐿𝑔𝑚
𝑝
𝑐𝑜𝑠(𝑞

0
 +θ) − 𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(θ) + 𝐿𝑞

0
𝑔𝑚

𝑝
𝑠𝑖𝑛(θ)

𝑞
0
2  

Now, the Euler-Lagrange equation

(23)∂𝐿

∂𝑞𝑖 (𝑡, 𝑞(𝑡), 𝑞̇(𝑡)) − 𝑑
𝑑𝑡

∂𝐿

∂𝑞̇
𝑖 (𝑡, 𝑞(𝑡), 𝑞̇(𝑡)) = τ

𝑖
,   𝑖 = 1, 2, 3.......... 𝑛

can be used to derive the equations of motion of the system where

𝑞1 = 𝑞
0
(𝑡),  𝑞2 = θ(𝑡) 𝑎𝑛𝑑 𝑞3 = 𝑥

𝑝
(𝑡) 

From [16] we can rewrite the Euler-Lagrange equation (23) as

, (24)
𝑗=1

𝑛

∑ 𝑑
𝑘𝑗

(𝑞)𝑞̈
𝑗
(𝑡) +

𝑖=1

𝑛

∑
𝑗=1

𝑛

∑ 𝑐
𝑖𝑗𝑘

(𝑞)𝑞̇
𝑖
𝑞̇

𝑗
+ 𝑔

𝑘
(𝑞) = τ

𝑘
         𝑘 = 1, 2.......... 𝑛

where and , . The terms cijk𝑔
𝑘

= ∂𝑃𝐸
∂𝑞

𝑘
𝑐

𝑖𝑗𝑘
= 1

2

∂𝑑
𝑘𝑗

∂𝑞
𝑖

+
∂𝑑

𝑘𝑖

∂𝑞
𝑗

−
∂𝑑

𝑖𝑗

∂𝑞
𝑘

⎰
⎱

⎱
⎰ 𝑑

𝑘𝑗
𝛜 𝐷(𝑞)

known as Christoffel symbols. The terms of type are called Coriolis terms𝑞̇
𝑖
𝑞̇

𝑗

while the terms of type are called the centrifugal terms. The above analysis𝑞̇
𝑖

2

applies to all system whose kinetic energy is of the form 𝐾𝐸 = 1
2 𝑞̇

𝑇
𝐷(𝑞) 𝑞̇

Finally the above equation (24) can be written as

(25)𝐷(𝑞) 𝑞(𝑡)¨ + 𝐶(𝑞, 𝑞)̇𝑞̇ +  𝐺(𝑞) = τ

Now, for the system discussed in this work, , ,𝑛 = 2 𝑞 = 𝑞
0
(𝑡),  θ(𝑡),  𝑥

𝑝
(𝑡)[ ]𝑇

and . Substituting for D𝑞̇ = 𝑞
0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡) ⎡⎢⎣

⎤⎥⎦

𝑇
𝑞

0
¨ (𝑡) = 𝑞

0
¨ (𝑡),  θ̈(𝑡),  𝑥

𝑝
¨ (𝑡) ⎡⎢⎣

⎤⎥⎦

𝑇

in equation (24), solving and writing it in (25) form, we get,

13



Please refer to the appendix for the elements of the matrix.

Further,

where,

𝐺
1
(𝑞) =

𝐿𝑔𝑚
𝑝
(2𝑐𝑜𝑠(𝑞

0
+θ)−2𝑐𝑜𝑠(θ)+𝑞

0
𝑠𝑖𝑛(𝑞

0
+θ)+𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
3

𝐺
2
(𝑞) =−

𝐿𝑔𝑚
𝑝
(𝑠𝑖𝑛(θ)−𝑞

0
𝑐𝑜𝑠(θ)+𝑞

0
𝑐𝑜𝑠(θ))

𝑞
0
2

𝐺
3
(𝑞) = 0

Finally, on adding the damping and stiffness terms we get,

(26)𝐷(𝑞) 𝑞(𝑡)¨ + 𝐶(𝑞, 𝑞)̇𝑞̇ + 𝐵
β
𝑞̇ + 𝐾

𝑘
𝑞 +  𝐺(𝑞) = τ

Where the damping ,

the stiffness term , and

Properties of D(q) and 𝐶(𝑞, 𝑞)̇
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● It should be noted that D(q) is a positive definite symmetric matrix, i.e.,

𝑥𝑇𝐷𝑥 > 0,  ∀ 𝑥 ϵ ℝ𝑛 

● Further, the matrix is skew-symmetric. That is𝑁(𝑞, 𝑞)̇ = 𝐷(𝑞)˙ − 2𝐶(𝑞, 𝑞)̇

𝑛
𝑗𝑘

=− 𝑛
𝑘𝑗

● D(q) is bounded. i.e., ∃𝑎 > 0 𝑎𝑛𝑑 𝑏 > 0 𝑠𝑡 𝑎 < 𝐷(𝑞) < 𝑏

Finally from (25) we get the equations of motion.,

(27)𝑞(𝑡) =¨ 𝐷(𝑞)−1(τ − (𝐶(𝑞, 𝑞)̇𝑞̇ + 𝐵
β
𝑞̇ + 𝐾

𝑘
𝑞 +  𝐺(𝑞)))

Dynamics when .𝑞
0
(𝑡) = 0

It should be noted that the inertia matrix(D), the coriolis matrix( ), and the𝐶(𝑞, 𝑞)̇

potential energy differential(G(q)) has terms with division by q0(t). This might

cause the D-matrix and C-matrix to explode when q0(t) goes to zero. But, for the

system the limit of D, C and G matrices exist and are finite. The limit values of

these two matrices are given below.

where, (28)

, , ,𝐷
11

=
𝑚

𝑝
(9𝐿2 +5𝐷2)

180 𝐷
12

=
𝑚

𝑝
(3𝐿2 +𝐷2)

24 𝐷
13

=
𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)

6

, ,𝐷
21

=
𝑚

𝑝
(3𝐿2 +𝐷2)

24 𝐷
22

=
𝑚

𝑝
(4𝐿2 +𝐷2)

12 𝐷
23

=−
𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)

2 ,

, ,𝐷
31

=
𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)

6 𝐷
32

=−
𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)

2 , 𝐷
33

= 𝑚
𝑐

+ 𝑚
𝑝

15



(29)

(30)

Now, consider the case when which means and . Therefore,𝑞
0

≡ 0 𝑞
0
˙ = 0 𝑞

0
¨ = 0

from (26) we get three equations. The second and third equations are shown

below. We have skipped the first equation since it is the same as the second

equation.

,
θ̈𝑚

𝑝
(3𝐿2+𝐷2)

12 −
𝐿𝑥

𝑝
¨ 𝑚

𝑝
𝑐𝑜𝑠(θ)

2 −
𝐿𝑔𝑚

𝑝
𝑠𝑖𝑛(θ)

2 = 0

𝐿𝑚
𝑝
𝑠𝑖𝑛(θ)θ̇

2

2 + 𝑥
𝑝
¨ (𝑚

𝑐
+ 𝑚

𝑝
) −

𝐿θ̈𝑚
𝑝
𝑐𝑜𝑠(θ)

2 = 0

The above two equations are analogous to the equation of motion of the cart pole

system. This is highly intuitive because when the curvature of the pendulum is set

to zero, the pendulum behaves like a pole of length L and width D.

Now we define the system parameters that we used for simulation. The length,

width and mass of the pendulum, the mass of the cart and beta and K values are

given below in Table-1.

Parameters Values

L (length) 1.00m

16



g (acceleration due to gravity 9.8 m/s2

k (stiffness) 0.5 N/m

β1 (damping constant) 0.11 Ns/m

β2 (damping constant) 0.1 Ns/m

D (width of robotic pendulum) 0.1 m

mc (mass of the cart) 1 kg

mp (mass of the pendulum) 2 kg
Table:1 System Parameters

2.4 Simulation Results

The dynamics of the system in the absence of any external input is shown in the

figures below. The system was initialized from the starting point [pi/2;pi/2;0

;0;0;0].

Figure: 2.3 Moments after the pendulum started from the initial state
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Figure: 2.4 Dynamics of the system with damping

Figure: 2.5 Total energy of the system with damping.
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Figure: 2.6 Dynamics of the system without damping

Figure: 2.7 Total energy of system without damping
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It should be noted that the energy of the system in downward position is .−
𝑚

𝑝
𝑔𝐿

2

(This is further discussed in chapter-4). Figure-5 and 6 shows the dynamics and

energy of the system. As we can see from figure-5, the system which was

initialized from [pi/2;pi/2;0 ;0;0;0] is slowly approaching equilibrium because of

damping. As expected, the total energy of the system is reducing and slowly

approaching -9.8J which corresponds to the energy of the system when it is in the

stable equilibrium.

The same simulation was conducted for the un-damped system. This can easily be

achieved by setting the Bβ matrix and Kk matrix to zero. The dynamics and total

energy of this system are given in figure-6 and figure-7. As expected, the total

energy of the system was constant in this case. Figure-6 shows the undamped

oscillations and figure-7 shows that the energy of the system is constant.

2.5 Summary

This chapter focused on the derivation of kinematics and dynamics of the system.

We used the method similar to the one used in [3] and [4] to derive the dynamics

and the Lagrange method to derive the dynamics. Now, the dynamics given by

(27) can be used to develop the control laws for the system.
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Chapter-3 Stability Analysis and Stabilization

3.1 Introduction

In this chapter we will start with writing the system dynamics (27) in state- space

form, find the equilibrium points, analysis of the system around its equilibrium

points, linearize the system around the equilibrium point, derive a control law to

stabilize the system around the equilibrium point, evaluate the sensitivity of the

controller, and find the domain of attraction of the designed controller.

3.2 State Space form

First, we will write the system is equation (27) in standard form,

(31)𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢

Where u is the control input.

We know , , , , , (32)
𝑑𝑞

0

𝑑𝑡 = 𝑞
0
˙ 𝑑𝑞

0
˙

𝑑𝑡 = 𝑞
0
¨ 𝑑θ

𝑑𝑡 = θ̇ 𝑑θ̇
𝑑𝑡 = θ̈

𝑑𝑥
𝑝

𝑑𝑡 = 𝑥
𝑝
˙ 𝑑𝑥

𝑝
˙

𝑑𝑡 = 𝑥
𝑝
¨

i.e., from 32 and 27 we get

(33)
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Where .

It should be noted that when . This means that , where c𝑚
𝑝

→ ∞ ⇒ 𝑥
𝑝
¨ → 0 𝑥

𝑝
˙ = 𝑐

is some constant ( ). If we are starting from rest then which𝑐 ϵ ℝ1 𝑥
𝑝
˙ = 𝑐 = 0

means that where l is some constant . Assume that , i.e., we𝑥
𝑝

= 𝑙 ϵ ℝ1 𝑥
𝑝
(0) = 0

are starting from the origin. Substituting these values of xp and back in𝑥
𝑝
˙

equation (33) we get the system described in [4]. It is not surprising because even

for the pendulum on a cart system, if the mass of the cart is made “infinity” then

the dynamics of the system converges to that of just the pendulum.

Now we have our system in standard form. The state-space of the system is six

dimensional. That is, there are 6 state variables namely the angle of curvature (q0),

the angle from the origin ( ), the displacement along x-axis (xp), the angularθ

velocity of the curvature ( ), the angular velocity of the angle from vertical ( )𝑞
0
˙ θ̇

and finally the velocity along the x-axis ( ).𝑥
𝑝
˙
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The next task is to find the equilibrium point. The necessary condition for

the equilibrium point is that the unforced system has . i.e., .𝑥̇ = 0 𝑓(𝑥) = 0

Substituting this condition in equation (33) and solve for the state variables

(34)𝑥 = 𝑞
0
(𝑡),  θ(𝑡),  𝑥

𝑝
(𝑡),  𝑞

0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡)⎡⎢⎣

⎤⎥⎦

𝑇

we get the equilibrium points.

The equilibrium points of the system are

and , , (35)0, 0, 𝑥
𝑝
, 0, 0, 0[ ] 0, 𝑛π, 𝑥

𝑝
, 0, 0, 0[ ] 𝑥

𝑝
ϵℝ1 𝑛 ϵ 𝑍

This makes sense because for the isolated system (no influence of external force)

as long as

, , , and are zero and (36)𝑞
0
˙ 𝑞

0
θ̇ 𝑥

𝑝
˙ θ = 𝑛π

the position of the cart does not affect the equilibrium point. As long as the above

conditions are satisfied, irrespective of where the soft-robotic pendulum system is,

it is in equilibrium. It should be noted that the equilibrium point 0, 𝑛π, 𝑥
𝑝
, 0, 0, 0[ ]

is stable for (vertically down state) and is unstable forθ = (2𝑛 + 1)π,  𝑛 ϵ 𝑍

(upright state). More about the stability will be discussed in theθ = 2𝑛π,  𝑛 ϵ 𝑍

next section. However in this work we are interested in stabilizing the pendulum

around the origin. Therefore we are interested in the equilibrium point

(37)𝑥
0

= 𝑞
0
(𝑡),  θ(𝑡),  𝑥

𝑝
(𝑡),  𝑞

0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡)⎡⎢⎣

⎤⎥⎦ =  0, 0, 0, 0, 0, 0[ ]

i.e., when the soft pendulum is in the inverted state.
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In this work we will try to control the system with two degrees of underactuation.

Therefore, we will be trying to stabilize the system by varying just the curvature.

Therefore,

(38)

3.3 Stability Analysis

To find the stability of the equilibrium point of our interest, we follow the methods

discussed in [17] and [18]

First we need to linearize the system.

Theorem-1: From [17], for the nonlinear system

𝑥̇ = 𝑓(𝑥, 𝑢),  𝑦 = 𝑔(𝑥, 𝑢),  𝑥 ϵ ℝ𝑛,  𝑢 ϵ ℝ𝑘,  𝑦ϵ ℝ𝑚

Where x are the state variables and u are the control inputs, the LTI system,

(38)δ𝑥̇ = 𝐴δ𝑥 + 𝐵δ𝑢,  δ𝑦 = 𝐶δ𝑥 + 𝐷δ𝑢 

defined by the following Jacobian matrices

, , ,𝐴: = ∂𝑓(𝑥𝑒𝑞,𝑢𝑒𝑞)
∂𝑥 𝐵: = ∂𝑓(𝑥𝑒𝑞,𝑢𝑒𝑞)

∂𝑢 𝐶: = ∂𝑔(𝑥𝑒𝑞,𝑢𝑒𝑞)
∂𝑥 𝐷: = ∂𝑔(𝑥𝑒𝑞,𝑢𝑒𝑞)

∂𝑢

(39)

Is called the local linearization of the system (38) around the equilibrium point

(𝑥𝑒𝑞,  𝑢𝑒𝑞)
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On applying the above technique to our system defined by equation (33) (it should

be noted that is zero for our system. Therefore the C and D matrices 𝑦 = 𝑔(𝑥, 𝑢)

are zero) around the equilibrium point defined by (37), we get,

(40)

, ,

Now, for the LTI system defined by (39) to be stable, all the eigenvalues of A

should lie on the left half of the complex plane. But, one the eigenvalues of A for

our system lie on the imaginary axis and another one lies on the right side. Hence

the system is unstable. But with the help of a feedback control law we can stabilize

the system if it is controllable. To check for the existence of such a control law, we

need to check the controllability of the system.

Theorem-2: A linear system defined by (38) is controllable if the controllability

gramian defined as

(41)

has full rank.
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But for our system, the controllability matrix has a rank of four. Hence the

system is not completely controllable. But we can still use a feedback control law

to stabilize the system around the equilibrium point if the uncontrollable states are

stabilizable. There are different tests to find whether a system is stabilizable such

as the Eigenvector test, Popov-Belevitch-Hautus (PBH) test, and the Lyapunov

test. But, here, we use the controllability decomposition of the state space matrices

(Kalman Decomposition for just controllability) and check for the stability of the

uncontrollable states.

Theorem-3: From [18] for every LTI system of the form can𝑥̇ = 𝐴𝑥 + 𝐵𝑢

transformed through a similarity transform “T” into the standard form

(42)

Where (Ac,Bc) is the controllable pair and the similarity transform “T” is defined

as

where Vc forms a basis for the controllable subspace ℂ defined as𝑇 : = 𝑉
𝑐
 𝑉

𝑐[ ] 

of the pair (A,B).

Using the same eigenvalue test on the uncontrollable state matrix we see that𝐴
𝑐

the eigenvalues are negative. That is the uncontrollable states are stable. Hence we

can use linear feedback to control and stabilize the system around its equilibrium

state.
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3.4 Stability when = 0β
2

The very same analysis was conducted when in equation (38) whichβ
2

corresponds to the friction between cart and ground is zero. We linearized the

system around the equilibrium point and conducted the controllability test. Just

like in the previous case, the controllability matrix had rank four. Hence we did

controllability decomposition and eigenvalue analysis of uncontrollable modes.

This stability analysis revealed that the system has uncontrollable modes with

positive eigenvalues which means that the system is exploding and hence cannot

be stabilized around the equilibrium point.

3.5 Stabilization around equilibrium point

In this work, we will be using a Linear Quadratic Regulator to stabilize the system.

For a continuous linear time invariant system defined by the equation

,𝑥̇ = 𝐴𝑥 + 𝐵𝑢,  𝑥 ϵ ℝ𝑛,  𝑢 ϵ ℝ𝑘

Given a quadratic cost function defines as

(43)𝐽 = 𝑥𝑇(𝑡
1
)𝐹(𝑡

1
)𝑥(𝑡

1
) +

𝑡
0

𝑡
1

∫(𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢 + 2𝑥𝑇𝑁𝑢)𝑑𝑡

the control law that minimizes the value of the cost function is

(44)𝑢(𝑡) =− 𝐾𝑥(𝑡) 

where 𝐾 = 𝑅−1(𝐵𝑇𝑃 + 𝑁𝑇)

and P(t) is found by solving the algebraic Riccati differential equation
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(45)𝐴𝑇𝑃 + 𝑃𝐴 − (𝑃𝐵 + 𝑁)𝑅−1(𝐵𝑇𝑃 + 𝑁𝑇) + 𝑄 =− 𝑃̇(𝑡)

with the boundary condition such that Q is a positive symmetric𝑃(𝑡
1
) = 𝐹(𝑡

1
)

matrix, and .𝑅 > 0

In this work we use (where I is the identity matrix) and to find𝑄 = 𝐼
6×6

𝑅 = 1

the gain matrix K. Further, and . Therefore, the𝑃(𝑡
1
) = 𝐹(𝑡

1
) = 0 𝑁 = [0]

6×6

cost function becomes,

(46)𝐽 =
𝑡

0

∞

∫(𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑢)𝑑𝑡

The first term of the cost function J is the total path cost which is simply the sum

of squares of the state variables and the second term is the energy cost which is

just the square of the control input (since R=1). Integrating this over all the

intervals, we get the total cost “J”.

On solving the above equation we get

𝐾 = [− 162. 4701, − 478. 7420, − 4. 5312, − 29. 5405, − 76. 8044, − 88. 0402]

(47)

Substituting the above value of K in equation (44) we get the feedback control

law that will stabilize the system. This control law minimizes the cost given by

(46). Now, the closed loop system is given by

𝑥̇ = 𝐴𝑥 + 𝐵𝑢

= 𝐴𝑥 + 𝐵(− 𝐾𝑥)

(48)= (𝐴 − 𝐵𝐾)𝑥
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The system given by equation (46) is the closed loop system. Now, to find the

stability of the closed loop system, we can do the same eigenvalue test. As

expected, the eigenvalues of the system lie on the left half of the(𝐴 − 𝐵𝐾)

complex plane. Hence the closed loop system is stable and therefore any trajectory

that starts within a neighborhood of the equilibrium will converge toδ

.𝑥𝑒𝑞 𝑎𝑠 𝑡 → 0

It should also be noted that a regular pole placement technique using a feedback

controller will also be able to stabilize the system. But finding an optimal gain

value is very difficult using trial and error methods. Further, the position of the

pole affects the dynamics a lot. If the poles are too far from the origin, the

controller becomes very aggressive which might break the linearity assumption of

the system and if it's too close to the origin, the controller might take a long time

to reach the desired values.

Now we can go on to find the region of attraction of the LQR. The region

of attraction (or domain of attraction) of the linear quadratic regulator is the set of

points that can be brought to the desired equilibrium point using LQR. There are

multiple ways to find the region of attraction such as using Lyapunov based

sampling methods, and solving SOS equations. In Lyapunov based sampling

methods[19], we solve the Lyapunov equation (where Q is a𝐴𝑇𝑃 + 𝑃𝐴 =− 𝑄

positive definite matrix) for P, find the Lyapunov function candidate 𝑉(𝑥) = 𝑥𝑇𝑃𝑥

, find find c* and sublevel set V(c*) defined as𝑉̇(𝑥) 
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(49)𝑉(𝑐*) =  {𝑥 ∈ 𝑋 :  𝑉 (𝑥) ≤ 𝑐*},  𝑥 ϵ ℝ𝑛

is the domain of attraction. It should also be noted that if P is positive definite then

the system is stable. In the SOS method we try to optimize a SOS problem to find

the region of convergence for the system. In this work,we find the region of

attraction by using a completely numerical method. For a set of initial conditions,

we check whether the feedback LQR controller is able to take the system closeϵ

to the equilibrium in finite time. The set of points which satisfy the above

condition is part of the region of attraction of the LQR.

3.6 Results.

The system was initialized with the following initial condition.

𝑥
0

= [− 0. 9860, 0. 0200, − 0. 1049, − 0. 4290, 2. 4184, 0. 7098]

The figures below describe the dynamics of the system, the total energy of the

system and the value of the control input.
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Figure: 3.1 Dynamics converging to the equilibrium point using LQR

Figure: 3.2 Total energy of the system starting from x0
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Figure: 3.3 Value of the control input τ
1

3.7 Actuating the curvature vs actuating the cart position

Now, the same procedure was repeated for the system, but this time, instead of

actuating the curvature, the acceleration of the cart was actuated. It was found

experimentally that for stiffness, , the system does not converge to the𝑘 < 0. 55

equilibrium point. Therefore, the control input of the two system where compared

with . It should be noted the both systems where controllable for𝑘 = 0. 55

. The dynamics, energy and control values of the system are given in𝑘 = 0. 55

figures 3.4, 3.5 and 3.6. Both the systems were initiated close to the origin with

initial value,
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. The energy of the system in the upright position is𝑥
0

= [0. 01,  0,  0,  0,  0,  0]

9.8J. It can bee seen from the figures that the system converges to the equilibrium

point faster when is actuated.𝑞
0
¨

Figure: 3.4 Dynamics of the system. actuated on the left and on the right𝑞
0
¨ 𝑥

𝑝
¨

Figure: 3.5 Energies of the system. actuated on the left and on the right𝑞
0
¨ 𝑥

𝑝
¨
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Figure: 3.6 Control inputs of the system. actuated on the left and on the right𝑞
0
¨ 𝑥

𝑝
¨

The convergence of the system for are shown below.𝑘 = 10,  𝑘 = 5 𝑎𝑛𝑑 𝑘 = 3

Figure: 3.7 Convergence of system for values of 𝑘 = 10,  𝑘 = 5 𝑎𝑛𝑑 𝑘 = 3

3.8 Summary

In this chapter we discussed the nature of equilibrium points, regarding the

controllability of the system, linearization, feedback control law and linear

quadratic regulator. We used controllability decomposition to check whether the

system is stabilizable, and used both pole placement technique and LQR to
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stabilize the system. Experiments revealed that as expected, LQR gives better

results in terms of total energy and better dynamics.

35



Chapter-4 Swing-up Design

4.1 Introduction

In this chapter we develop the swing up control for the system, derive the

necessary conditions for the swing up control to work, stability analysis of the

obtained control law, and the robustness of the controller. Swing-up control of

under-actuated systems like acrobot, pendubot and double pendulum has been a

field of study for a long time. Swing-up control of an acrobot using an energy

based method is discussed in detail in [25] while the control using partial-feedback

linearization is detailed in [7]. In [13] it has been successfully shown that the same

energy based control with modifications in Lyapunov function candidate can be

used for pendubot. A passivity based control strategy was successfully developed

for inverted-pendulum-system in [26]. Further, in [23] a double-pendulum on a

cart was successfully stabilized at the vertical equilibrium using energy

based-swing-up and LQR control. In addition, modern sample based control

methods such as Monte Carlo Model Predictive Control [27] has been successfully

employed for the swing-up control of inverted pendulum on a cart.

In this work, we have used an energy based method for the swing-up control of the

SIPC system. For this, we use a Lyapunov function based method to derive the

control law. For this, first we need to derive the total energy of the system. Then,

we formulate an energy based general Lyapunov function and derive the control

input from this. We will also find the homoclinic orbit and prove that the derived
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control law will take you from any initial point in the state space to the homoclinic

orbit. For this, we will use LaSalle’s invariance principle. The system is in

homoclinic orbit when the total energy of the system is equal to the energy of the

system when it is in upright condition with predetermined conditions satisfied.

Once the system is in the homoclinic orbit, we can use the linear quadratic

regulator that we designed in the previous chapter to stabilize the system once the

pendulum reaches within the LQR’s region of attraction.

4.2 Energy of the System

First we will find the total energy of the system.

From the previous chapters, first we calculate the sum of kinetic energy and

potential energy of the system. The total kinetic energy is given by

𝐾𝐸 = 1
2 𝑞̇

𝑇
𝐷(𝑞) 𝑞̇

where D(q) is the inertia matrix and and the total𝑞̇ = 𝑞
0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡) ⎡⎢⎣

⎤⎥⎦

potential energy is given by

𝑃𝐸 =−
𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(𝑞

0
 +θ) − 𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(θ) + 𝐿𝑞

0
𝑔𝑚

𝑝
𝑠𝑖𝑛(θ)

𝑞
0
2

But, since we have damping and stiffness terms, we need to take these terms also

into consideration

This will be contributed by

(50)𝐸𝑔 = 1
2 𝑞𝑇𝐾

𝑘
𝑞 

where Kk is the matrix introduced in chapter two and 𝑞 = 𝑞
0
(𝑡),  θ(𝑡),  𝑥

𝑝
(𝑡)[ ]
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Therefore total energy

(51)𝐸 = 𝐾𝐸 + 𝑃𝐸 + 𝐸𝑔

= 1
2 𝑞̇

𝑇
𝐷(𝑞) 𝑞̇ −

𝐿𝑔𝑚
𝑝
𝑐𝑜𝑠(𝑞

0
 +θ) − 𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(θ) + 𝐿𝑞

0
𝑔𝑚

𝑝
𝑠𝑖𝑛(θ)

𝑞
0
2 + 1

2 𝑞𝑇𝐾
𝑘
𝑞

(52)= 1
2 𝑞̇

𝑇
𝐷(𝑞) 𝑞̇ −

𝐿𝑔𝑚
𝑝
𝑐𝑜𝑠(𝑞

0
 +θ) − 𝐿𝑔𝑚

𝑝
𝑐𝑜𝑠(θ) + 𝐿𝑞

0
𝑔𝑚

𝑝
𝑠𝑖𝑛(θ)

𝑞
0
2 + 1

2 𝑘𝑞
0
2

Now, differentiating total energy E wrt time we get,

(53)𝐸̇ = 𝑞̇
𝑇
𝐷(𝑞) 𝑞̈ + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇ + 𝑞̇

𝑇
𝐾

𝑘
𝑞 + 𝑃𝐸̇

Now,

(54)𝑃𝐸̇ = 𝑑𝑃𝐸
𝑑𝑡 = 𝑑𝑃𝐸

𝑑𝑞
𝑑𝑞
𝑑𝑡 = 𝑞̇

𝑇
𝐺

where 𝐺 = 𝑑𝑃𝐸
𝑑𝑞

Substituting equation (54) back in (53) we get,

(55)𝐸̇ = 𝑞̇
𝑇
𝐷(𝑞) 𝑞̈ + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇ + 𝑞̇

𝑇
𝐾

𝑘
𝑞 + 𝑞̇

𝑇
𝐺

But from chapter two we know

𝐷(𝑞) 𝑞(𝑡)¨ + 𝐶(𝑞, 𝑞)̇𝑞̇ + 𝐵
β
𝑞̇ + 𝐾

𝑘
𝑞 +  𝐺(𝑞) = τ

⇓

(56)𝐷(𝑞) 𝑞(𝑡)¨ = τ − (𝐶(𝑞, 𝑞)̇𝑞̇ + 𝐵
β
𝑞̇ + 𝐾

𝑘
𝑞 +  𝐺(𝑞))

Substituting (56) in (55) we get,
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𝐸̇ = 𝑞̇
𝑇
(τ − (𝐶(𝑞, 𝑞)̇𝑞̇ + 𝐵

β
𝑞̇ + 𝐾

𝑘
𝑞 +  𝐺(𝑞))) + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇ + 𝑞̇

𝑇
𝐾

𝑘
𝑞 + 𝑞̇

𝑇
𝐺

= 𝑞̇
𝑇
τ − 𝑞̇

𝑇
𝐶(𝑞, 𝑞)̇𝑞̇ − 𝑞̇

𝑇
𝐵

β
𝑞̇ − 𝑞̇

𝑇
𝐾

𝑘
𝑞 −  𝑞̇

𝑇
𝐺(𝑞) + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇ + 𝑞̇

𝑇
𝐾

𝑘
𝑞 + 𝑞̇

𝑇
𝐺

(57)= 𝑞̇
𝑇
τ − 𝑞̇

𝑇
𝐶(𝑞, 𝑞)̇𝑞̇ − 𝑞̇

𝑇
𝐵

β
𝑞̇ + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇

But we know

(58)

Substituting this in (57) and simplifying we get,

𝐸̇ = 𝑞̇
𝑇
τ − 𝑞̇

𝑇
𝐶(𝑞, 𝑞)̇𝑞̇ − 𝑞̇

𝑇
𝐵

β
𝑞̇ + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇

(59)= 𝑞̇
0
τ

1
− 𝑞̇

𝑇
𝐶(𝑞, 𝑞)̇𝑞̇ − 𝑞̇

𝑇
𝐵

β
𝑞̇ + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇

Now, from properties of the inertia matrix D and coriolis and centrifugal matrix C

we know that the matrix is skew-symmetric.𝐷̇ − 2𝐶 

If a matrix Hnxn is skew-symmetric then

(60)𝑎𝑇𝐻𝑎 = 0,  𝑎 ϵ ℝ1×𝑛 

Using the above property since is skew-symmetric,𝑀̇ − 2𝐶

since (61)𝑞𝑇(𝑀̇ − 2𝐶)𝑞 = 0 𝑞 ϵ ℝ1×6

Therefore,
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𝐸̇ = 𝑞̇
0

τ
1

− 𝑞̇
𝑇
𝐶(𝑞, 𝑞)̇𝑞̇ − 𝑞̇

𝑇
𝐵

β
𝑞̇ + 1

2 𝑞̇
𝑇
𝐷̇𝑞̇

= 𝑞̇
0
τ

1
+ 1

2 𝑞̇
𝑇
(𝐷̇ − 2𝐶(𝑞, 𝑞))˙ 𝑞̇ − 𝑞̇

𝑇
𝐵

β
𝑞̇

(62)= 𝑞̇
0
τ

1
− 𝑞̇

𝑇
𝐵

β
𝑞̇

We know

Substituting this in 62 we get,

(63)𝐸̇ = 𝑞̇
0
τ

1
− (β

1
𝑞̇

0

2
+ β

2
𝑥̇

𝑝

2
)

Now we want to find a control law which takes the system from any initial point to

the homoclinic orbit. Now, to find the homoclinic orbit, we find the total energy of

the system in the upright position. The total energy of the system in upright

position is the sum of energies of the pendulum and cart. Since the cart is always

on the ground, the energy of the cart should be zero. Therefore, the energy of the

system is just the energy of the pendulum which is defined as . When the𝐸

pendulum is in upright position, and Substituting this in total𝑞
0

= 0 𝑞
0
˙ = 0

energy equation we get,

(64)𝐸 =
𝑚

𝑝
*𝑔*𝐿

2
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4.3 Homoclinic Orbit

From [17] we define homoclinic orbit.

Consider the system

.𝑥̇ = 𝑓(𝑥)

Suppose that there exists an equilibrium point . Then the solution of the system𝑥
0

is homoclinic ifφ(𝑥)

asφ(𝑥) → 𝑥
0

𝑡 → ∞

For our system, homoclinic orbit is characterized by a set of points such that

● 𝐸(𝑥) = 𝐸(𝑥)

● (64)𝑞
0

= 0

● 𝑞
0
˙ = 0

Substituting for q0 and in equation (52) we get,𝑞
0
˙

𝐸 =
(𝑚

𝑐
+𝑚

𝑝
)(𝑥

𝑝
˙ )

2

2 −
𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)θ̇

4 +
𝑚

𝑝
(4𝐿2+𝐷2)(θ̇)

2

24 −
𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)(𝑥

𝑝
˙ )(θ̇)

4 +
𝐿𝑚

𝑝
𝑔𝑐𝑜𝑠(θ)

2

(65)

𝐸 =
(𝑚

𝑐
+𝑚

𝑝
)(𝑥

𝑝
˙ )

2

2 + θ̇ 
−6𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)+𝑚

𝑝
(4𝐿2+𝐷2)(θ̇) −6𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)𝑥

𝑝
˙

24

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

+
𝐿𝑚

𝑝
𝑔𝑐𝑜𝑠(θ)

2

(66)

Equating we get𝐸(𝑥) = 𝐸(𝑥) = 𝑚*𝑔*𝐿
2
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(𝑚
𝑐
+𝑚

𝑝
)(𝑥

𝑝
˙ )

2

2 + θ̇ 
−6𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)+𝑚

𝑝
(4𝐿2+𝐷2)(θ̇) −6𝐿𝑚

𝑝
𝑐𝑜𝑠(θ)𝑥

𝑝
˙

24

⎡
⎢
⎢
⎣

⎤
⎥
⎥
⎦

+
𝐿𝑚

𝑝
𝑔𝑐𝑜𝑠(θ)

2 −
𝑚

𝑝
𝑔𝐿

2 = 0

(67)

which is the homoclinic orbit. Now the control law that we drive should take the

system to this homoclinic orbit.

4.4 Control Law

Now, we need a Lyapunov Function V(x). Following the steps in [4] and [11] we

define the Lyapunov function

(68)𝑉(𝑞, 𝑞̇) =
𝑘

𝑒

2 (𝐸 − 𝐸)
2

+
𝑘

𝑑

2 𝑞̇
0

2
+

𝑘
𝑝

2 𝑞
0
2

such that Now we need to calculate the derivative of this Lyapunov𝑘
𝑝
,  𝑘

𝑑
,  𝑘

𝑒
> 0

function candidate along the trajectories of the state equation.

(69)𝑉̇(𝑞, 𝑞̇) = 𝑘
𝑒
(𝐸 − 𝐸) 𝐸̇ + 𝑘

𝑑
𝑞̇

0
𝑞

0
¨ + 𝑘

𝑝
𝑞

0
˙ 𝑞

0

Now, we substitute from equation (63) to the above equation we get,𝐸̇

(70)𝑉̇(𝑞, 𝑞̇) = 𝑘
𝑒
(𝐸 − 𝐸) (𝑞

0
˙ τ

1
− (β

1
𝑞̇

0

2
+ β

2
𝑥̇

𝑝

2
)) + 𝑘

𝑑
𝑞̇

0
𝑞

0
¨ + 𝑘

𝑝
𝑞

0
˙ 𝑞

0

= 𝑞
0
˙ (𝑘

𝑒
(𝐸 − 𝐸)(τ

1
− β

1
𝑞̇

0
) + 𝑘

𝑑
𝑞

0
¨ + 𝑘

𝑝
𝑞

0
) − 𝑘

𝑒
(𝐸 − 𝐸)β

2
𝑥̇

𝑝

2

(71)

= 𝑞
0
˙ (𝑘

𝑒
(𝐸 − 𝐸)(τ

1
− β

1
𝑞̇

0
−

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ ) + 𝑘

𝑑
𝑞

0
¨ + 𝑘

𝑝
𝑞

0
)

Now, we want to be negative. For this, if we make𝑉̇(𝑞, 𝑞̇)
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(72)− 𝑞
0
˙ = (𝑘

𝑒
(𝐸 − 𝐸)(τ

1
− β

1
𝑞̇

0
−

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ ) + 𝑘

𝑑
𝑞

0
¨ + 𝑘

𝑝
𝑞

0
)

Then,

𝑉̇(𝑞, 𝑞̇) =  𝑞
0
˙ * (− 𝑞

0
˙ )

In the next sections we find ke, kp, kd such that the control input is stable.τ
1

𝑉̇(𝑞, 𝑞̇) =  𝑞
0
˙ * (− 𝑞

0
˙ ) =− 𝑞

0
˙ 2

 ≤ 0

which implies that,

𝑉̇(𝑞, 𝑞̇) ≤ 0

Therefore we can go on to derive the control input required for the system from

the above expressions..

Now, from the dynamics discussed in earlier chapters, the state dynamics can be

written as

(73)𝑞
0
¨ = 𝑓

11
τ

1
+ 𝑓

12

(74)θ̈ = 𝑓
22

(75)𝑥
𝑝
¨ = 𝑓

32

Substituting this in equation (71) we get,

− 𝑞
0
˙ = (𝑘

𝑒
(𝐸 − 𝐸)(τ

1
− β

1
𝑞̇

0
−

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ ) + 𝑘

𝑑
(𝑓

11
τ

1
+ 𝑓

12
) + 𝑘

𝑝
𝑞

0
)

          = τ
1
(𝑘

𝑒
(𝐸 − 𝐸) + 𝑘

𝑑
𝑓

11
) + (− 𝑘

𝑒
(𝐸 − 𝐸)(β

1
𝑞̇

0
+

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ ) + 𝑘

𝑑
𝑓

12
+ 𝑘

𝑝
𝑞

0
)
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(76)

From the above expression we get,

    τ
1
(𝑘

𝑒
(𝐸 − 𝐸) + 𝑘

𝑑
𝑓

11
) =− 𝑞

0
+ 𝑘

𝑒
(𝐸 − 𝐸)(β

1
𝑞̇

0
+

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ ) + 𝑘

𝑑
𝑓

12
+ 𝑘

𝑝
𝑞

0

(77)

Finally, we get,

(78)τ
1

=
−𝑞

0
˙ +(𝑘

𝑒
(𝐸−𝐸)(β

1
𝑞̇

0
+

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ )−𝑘

𝑑
𝑓

12
−𝑘

𝑝
𝑞

0
)

𝑘
𝑒
(𝐸−𝐸)+𝑘

𝑑
𝑓

11

(79)τ
1

=
−𝑞

0
˙ +(𝑘

𝑒
𝐸(−β

1
𝑞̇

0
+

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ )−𝑘

𝑑
𝑓

12
−𝑘

𝑝
𝑞

0
)

𝑘
𝑒
𝐸+𝑘

𝑑
𝑓

11

where is the error in energy between the final energy and the𝐸 = 𝐸 − 𝐸

instantaneous energy.

4.5 Stability analysis of Control Law

This control input should be able to take the system from any arbitrary initial point

to the homoclinic orbit defined by (66). In the subsequent section we will prove

the stability of the control input and derive the necessary condition that the control

input should satisfy.τ
1

If the term

(80)𝑞
0
˙ (𝑘

𝑒
(𝐸 − 𝐸) + 𝑘

𝑑
𝑓

11
) ≠ 0
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in the denominator of the control input is not zero, then the expression won't have

any singularities.

First, let us consider the case where,

𝑘
𝑒
𝐸 + 𝑘

𝑑
𝑓

11
≠ 0

From the above expression we can write,

(81)|𝐸| <
𝑘

𝑑
𝑓

11

𝑘
𝑒

because is an element of D(q) which is bounded. Therefore each element of𝑓
11

the matrix is bounded.

Therefore, the above condition will be satisfied for some δ > 0

(82)|𝐸| ≤ (
𝑘

𝑑

𝑘
𝑒

− δ)𝑓
11

<
𝑘

𝑑
𝑓

11

𝑘
𝑒

Now for the above control law, we need to avoid getting stuck at the stable

equilibrium point which is the bottom one. To do this we first find the energy of

the pendulum when it is in the stable equilibrium point. We can directly find this

by substituting in the potential energy equation. Following this we getθ = π

(83)𝐸
𝑏𝑜𝑡𝑡𝑜𝑚

=−
𝑚

𝑝
𝑔𝐿

2

In order to achieve this we need

(84)|𝐸| <𝑚
𝑝
𝑔𝐿

Therefore, taking equation (80) and (82) into account, we get,
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|𝐸| <  𝑚𝑖𝑛(𝑚
𝑝
𝑔𝐿, (

𝑘
𝑑

𝑘
𝑒

− δ)𝑓
11

) = 𝑐

(85)

|𝐸| < 𝑐

where,

𝑐 = 𝑚𝑖𝑛(𝑚
𝑝
𝑔𝐿, (

𝑘
𝑑

𝑘
𝑒

− δ)𝑓
11

)

Since we know that , is a decreasing function. Therefore the𝑉̇(𝑞, 𝑞̇) ≤ 0 𝑉(𝑞, 𝑞̇)

maximum value of will be the initial condition itself. Hence the above𝑉(𝑞, 𝑞̇)

equation will hold if

(86)𝑉(0) < 𝑐2

2

Further, from equation (80), the system will have singularities if .𝑞
0
˙ = 0

Therefore, the system cannot be initialized with . Combining this two, the𝑞
0
˙ = 0

region defined by is the region of attraction of the𝑥:  𝑉(𝑥) < 𝑐2

2 ∩ 𝑞
0
˙ ≠ 0{ }

swing up control. If the initial points are inside this, then the controller will be able

to take the system to the homoclinic orbit.

Now we use LaSalle’s invariance theorem to discuss the stability of the control

input.

From [17] LaSalle’s invariance theorem says that, let be a compact set thatΩ ⊂ 𝐷

is positively invariant with respect to
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𝑥̇ = 𝑓(𝑥)

Let be a continuously differentiable function such that in .𝑉:  𝐷 → 𝑅 𝑉̇(𝑥) < 0 Ω

Let E be the set of all points in where . Let M be the largest invariantΩ 𝑉̇(𝑥) = 0

set in E. Then every solution starting in approaches M as ,Ω 𝑡 → ∞

For our system, we know, which is always less than or equal to𝑉̇(𝑞, 𝑞̇) =  − 𝑞
0
˙ 2

zero since . This means that is non increasing. Therefore𝑞
0
˙ ϵ ℝ1 𝑉(𝑞, 𝑞̇)

are bounded. Further, from the above𝑞
0
(𝑡),  θ(𝑡),  𝑥

𝑝
(𝑡),  𝑞

0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡)⎡⎢⎣

⎤⎥⎦

analysis, the error in energy is bounded. Now, let be the compact set of the𝐸 Ω

system defined by (27) that is positively invariant (which means every solution

that starts in stays in for all future time). Let be the set of all points inΩ Ω Ψ Ω

such that . i.e.,𝑉̇(𝑥) ≡ 0

Ψ = 𝑞
0
(𝑡),  θ(𝑡),  𝑥

𝑝
(𝑡),  𝑞

0
˙ (𝑡),  θ̇(𝑡),  𝑥

𝑝
˙ (𝑡){ }:  𝑉̇(𝑞, 𝑞̇) ≡ 0

Let be the largest invariant set in . Then from LaSalle’s invariance𝑀 ϵ Ψ Ψ

principle all solution starting in approaches M as . Now we will find this Ω 𝑡 → ∞

largest invariant set M in . For the set , which implies thatΩ Ψ  𝑉̇(𝑞, 𝑞̇) ≡ 0

which means that is a constant. Further, since ,− 𝑞
0
˙ 2

= 0 ⇒ 𝑞
0
˙ = 0 𝑞

0
𝑞

0
˙ = 0

. Now also implies that is a constant which means𝑞
0
¨ = 0 𝑉̇(𝑞, 𝑞̇) ≡ 0 𝑉(𝑞, 𝑞̇)

from equation (67)
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(87)
𝑘

𝑒

2 (𝐸 − 𝐸)
2

+
𝑘

𝑑

2 𝑞̇
0

2
+

𝑘
𝑝

2 𝑞
0
2 =  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Since ke, kp, and kd are constants and and is a constant,𝑞
0
˙ = 0 𝑞

0
𝐸

2
= (𝐸 − 𝐸)

2

is also a constant which means is also a constant. Therefore or .𝐸 𝐸 = 0 𝐸 ≠ 0

We know from the above discussion that

− 𝑞
0
˙ = (𝑘

𝑒
𝐸(τ

1
− β

1
𝑞̇

0
−

β
2
𝑥

𝑝
˙ 2

𝑞
0
˙ ) + 𝑘

𝑑
𝑞

0
¨ + 𝑘

𝑝
𝑞

0
)

Substituting and taking the limit when , in the above equation we𝑞
0
¨ = 0 𝑞

0
˙ = 0

get,

(88)𝑘
𝑒
𝐸τ

1
+ 𝑘

𝑝
𝑞

0
= 0

First, let us consider the case when . When , from the above equation𝐸 = 0 𝐸 = 0

. These are the conditions defined by equations (64) which we used for𝑞
0

= 0

defining the homoclinic orbit and hence the trajectory belongs to the homoclinic

orbit.

Now let us consider the case when but is a constant. From equation (87),𝐸 ≠ 0

since and are constants, should also be a constant. Also from (69)𝑘
𝑒
,  𝑘

𝑝
,  𝑞

0
𝐸 τ

1

when we get . We know from the above discussion𝑞̇ = 0 𝑉(𝑞, 𝑞̇) =
𝑘

𝑒

2 𝐸
2

+
𝑘

𝑝

2 𝑞
0
2

that is non- decreasing which means that𝑉(𝑞, 𝑞̇)

(89)𝑉(𝑞, 𝑞̇) =
𝑘

𝑒

2 𝐸
2

+
𝑘

𝑝

2 𝑞
0
2 ≤ 𝑉(0)
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From the above equation, since both and are positive we can write𝐸
2

𝑞
0
2

𝑘
𝑝

2 𝑞
0
2 ≤ 𝑉(𝑞, 𝑞̇) ≤ 𝑉(0) ⇒

𝑘
𝑝

2 𝑞
0
2 ≤ 𝑉(0)

(90)
𝑘

𝑝

2 𝑞
0
2 ≤ 𝑉(0) ⇒ 𝑘

𝑝
|𝑞

0
| ≤ 2𝑉(0)

From (87) we get . Taking the absolute value on𝑘
𝑒
𝐸τ

1
=− 𝑘

𝑝
𝑞

0
= 𝑘

𝑝
𝑘

𝑝
𝑞

0

both sides we get,

(91)𝑘
𝑒
|𝐸τ

1
| = 𝑘

𝑝
𝑘

𝑝
|𝑞

0
|

Substituting (89) in (90) we get,

(92)𝑘
𝑒
|𝐸τ

1
| = 𝑘

𝑝
𝑘

𝑝
|𝑞

0
| ≤ 𝑘

𝑝
2𝑉(0)

Now substituting from (86) we get,

𝑘
𝑒
|𝐸τ

1
| ≤ 𝑘

𝑝
𝑐

Which means (93)|𝐸τ
1
| ≤

𝑘
𝑝
𝑐

𝑘
𝑒

From equation (93) we can see that for appropriate values of , will𝑘
𝑒
 𝑎𝑛𝑑 𝑘

𝑝
|𝐸τ

1
|

be a small value which means, since is bounded, will also be bounded and𝐸 τ
1

will be small.

Since is a constant. When it comes to the rate of base rotation and𝑞
0
˙ ≡ 0,  𝑞

0
θ̇

velocity of the cart , it could be zero or not. Considering means that is𝑥
𝑝
˙ θ̇ ≠ 0 θ

continuously changing. If , the rotation will result in a gravity inducedθ̇ ≠ 0

49



torque on the soft robot’s body which will cause it to change its degree of

curvature which means . But this is a contradiction against our assumption𝑞
0
˙ ≠ 0

that and hence is not possible. Therefore . Now if , then the𝑞
0
˙ ≡ 0 θ̇ = 0 𝑥

𝑝
˙ ≠ 0

gravity induced force (reaction force) will cause a change in the angle whichθ

means that which in turn means that which is again a contradiction.θ̇ ≠ 0 𝑞
0
˙ ≠ 0

Hence .𝑥
𝑝
˙ = 0

Also, the curvature and base rotation are constants only if is exactlyτ
1
 

compensating gravity and stiffness induced torque. From the above derivation we

know that is small which is only possible if is close to zero. Otherwiseτ
1

𝑞
0

τ
1

will be large so as to bring close to zero. Therefore has to be close to zero.𝑞
0

𝑞
0

Therefore, for to be close to zero should be close to zero or should be closeτ
1

θ θ

to . But is excluded since its not the desiredπ (θ ≃ 0 𝑜𝑟 θ ≃ π ) θ ≃ π

equilibrium which means that . Therefore, and whereθ ≃ 0 |𝑞
0
| < ε

*
 |θ| < ε

*
 ε

*

is an arbitrarily small constant. In addition to this, if we substitute the conditions

and in the equationτ = 0, 𝑞
0

= 0,  𝑞
0
˙ = 0,  𝑞

0
¨ = 0,  𝑥

𝑝
˙ = 0 , θ̇ = 0  θ̈ = 0

𝑞(𝑡) =¨ 𝐷(𝑞)−1(τ − (𝐶(𝑞, 𝑞)̇𝑞̇ + 𝐵
β
𝑞̇ + 𝐾

𝑘
𝑞 +  𝐺(𝑞)))

we get . Therefore the largest invariant set Q in is given by the set ofθ ≡ 0 Ψ

points in the homoclinic orbit and the interval
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where . Therefore finally the𝑞
0
,  θ,  𝑥

𝑝
,  𝑞

0
˙ ,  θ̇,  𝑥

𝑝
˙( ) = (ε,  0,  𝑥

𝑝
,  ε,  0,  0) |ε| < ε

*

largest invariant set M in is defined as,ψ

𝑀 = 𝑞
0
,  θ,  𝑥

𝑝
,  𝑞

0
˙ ,  θ̇,  𝑥

𝑝
˙( ):  𝑞

0
≡ 0,  𝑞

0
˙ ≡ 0,  𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (67){ }

𝑞
0
,  θ,  𝑥

𝑝
,  𝑞

0
˙ ,  θ̇,  𝑥

𝑝
˙( ), 𝑞

0
,  θ,  𝑥

𝑝
,  𝑞

0
˙ ,  θ̇,  𝑥

𝑝
˙( ) = (ε,  0,  𝑥

𝑝
,  ε,  0,  0), |ε| < ε

*
 { }

(94)

It should be noted that even though the control input has a division by , during𝑞
0
˙

simulation, this never caused an issue.

4.6 Results

Figure: 4.1 Swing-up control
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Figure: 4.2 Total energy of the system during Swing-up control

Figure: 4.3 Control input
The swing-up control of the system starting from the initial point

is given above. As we can see from figure 4.2,𝑥
0

= [− π
6 ,  π,  0,  0. 001,  0,  0]

the system has not reached the homoclinic orbit yet (the total energy of the system
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is not 9.8J). In figure: 4.10 we can see that the system initialized from the same

point has reached homoclinic orbit at around 15 seconds and has switched to LQR

at around 16 seconds.

The swing-up control and stabilization of the system starting from the vertically

down position with the cart at the origin ( ) is given below. The system is𝑥
𝑝

= 0

switched to LQR at around 16.5 seconds (system is within the region of attraction

of LQR). You can notice a sudden jump in the value of theta. Note that we derived

the LQR for the reference value . Therefore to check𝑥
0

= [0,  0,  0,  0,  0, 0]

whether the system is within the region of attraction and to initialize the LQR, we

divide by and take the remainder. This doesn't make any difference to theθ 2π

system dynamics because, for the pendulum, the rotation from the2𝑛π ± ν

vertical is same as (since is one complete rotation).± ν 2π

Figure: 4.4 Swing-up control and stabilization
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Figure: 4.5 Energy of the system

Figure: 4.6 Control input
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The swing-up control of the system starting from the vertically down position with

the cart at ( ) is given below. Just like𝑥
𝑝

= 10 𝑥
0

= [0. 001,  π,  10,  0. 001,  0,  0]

in the first case, the system is switched to LQR starting at around twenty two

seconds when the system is inside the region of attraction of the LQR. Just as in

the previous case, you can see a sudden jump in the value of . We can notice theθ

same jump in theta in figure: 4.10.

Figure: 4.7 Swing-up control and stabilization
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Figure: 4.8 Energy of the system

Figure: 4.9 Control input
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Figure: 4.10 System initialized at 𝑥
0

= [− π
6 ; π; 0 ; 0. 001; 0; 0]

4.7 Summary.

In this section we derived an energy based swing-up control for the soft-robotic

inverted pendulum on a cart (SIPC) system. For this we found the total energy of

the system, formulated a general energy based Lyapunov function for the system,

found the homoclinic orbit, derived a control input such that the Lyapunov

function is non-increasing, analyzed the stability of the Lyapunov function, and

used LaSalle’s invariance principle to find the largest invariant set. The control

input was capable of successfully bringing the system from bottom down position

to the homoclinic orbit in finite time. Once the system reaches the homoclinic

orbit, it will stay there (with being zero, i.e., in fully elongated state, and the𝑞
𝑜

system will continue to oscillate along the x-axis with the pendulum continuously

rotating continuously increasing) for all future time as expected. The experimentθ

was repeated for several initial conditions. Even though the control input took

more time to push the system into the invariant set for certain initial states, it was

successfully able to do so starting at any initial condition. Even though there is a
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division by which could result in the control input exploding, no such thing𝑞
0
˙

happened during the simulation. It was also found that, the position of cart always

stayed within an neighborhood of the starting x-position where .ε ε < 0. 5

Concisely written, where is the initial value, . This𝑥
𝑝
(0) 𝑥

𝑝
|𝑥

𝑝
(0) − 𝑥

𝑝
(𝑡)| < ε

could be attributed to the fact that the control input is bounded, small and smooth

and as a result doesn't have huge jumps. It should also be noted that in the𝑥
𝑝
˙

absence on a control input, because of the damping due to friction, will𝑥
𝑝
˙

eventually go to zero. Further, from the set of equations (89) through (93) and

tuning, we get the values 𝑘
𝑝

= 9. 0,  𝑘
𝑑

= 2. 0,  𝑘
𝑒

= 5. 0
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Chapter-5 Feedback Linearization

5.1 Introduction

Feedback linearization is one of the earliest control strategies for controlling a

nonlinear system. It has been extensively studied. It can be employed on nonlinear

systems with single or multiple inputs. In addition to the control strategies

employed in the previous chapters, we tried feedback linearization to control the

dynamics of the system. Since the computation using the original system dynamics

were expensive and time consuming, we considered the limiting case where the

mass of the cart . As discussed in the second chapter when the mass of the𝑚
𝑝

→ ∞

cart go to infinity, the and is zero and hence the system converges to the𝑥
𝑝
¨ 𝑥

𝑝
˙

SIPR system introduced in [4]. Hence, analysis of feedback linearization was

conducted on this new reduced system.

The feedback linearization approach involves transforming a nonlinear system into

an equivalent linear system through a change of variables and suitable control

input. Once such a transformation and control input has been identified, a regular

outer loop control strategy can be deployed to achieve the required control

objective. Feedback linearization for underactuated systems is an extremely tough

control problem because for most of the underactuated systems, there may not

exist a transformation and control input that could fully linearize the system. In

such cases, we use partial feedback linearization to linearize the states that could
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be linearized and analyze the zero dynamics of the non feedback linearizable

states. The concept of partial feedback linearization has been extensively studied

in [16], [17] and [20].

One of the earlier works in the field of feedback linearization for underactuated

systems is the swing up control of an acrobot using partial feedback

linearization[7]. It was already shown in [8] and [9] that acrobot is not feedback

linearizable with static state feedback and nonlinear coordinate transformation.

Therefore, the implementation of partial feedback linearization for swing up

control and stabilization and analysis of zero dynamics were carried out. In [22]

and [21] feedback linearization of quadrotor control and collocated partial

feedback linearization to the position and stretching control of a planar

underactuated mechanical system respectively were successfully implemented.

5.2 Simplified system and feedback linearization viability

The dynamics of the reduced system is given by

(95)𝑞(𝑡) =¨ 𝐷*(𝑞)
−1

(τ* − (𝐶*(𝑞, 𝑞)̇𝑞̇ + 𝐵
β
* 𝑞̇ + 𝐾

𝑘
*𝑞 +  𝐺*(𝑞)))

Where

, , , ,

,

Such that,
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𝐷
11
* =

𝑚
𝑝
(72𝐿2𝑞

0
+ 𝐷2𝑞

0
5 +12𝐿2𝑞

0
3 −144𝐿2𝑠𝑖𝑛(𝑞

0
) + 72𝐿2𝑞

0
𝑐𝑜𝑠(𝑞

0
))

36𝑞
0
5

𝐷
12
* =

𝑚
𝑝
(24𝐿2+ 𝐷2𝑞

0
4 +12𝐿2𝑞

0
2 −24𝐿2𝑐𝑜𝑠(𝑞

0
) −24𝐿2𝑞

0
𝑠𝑖𝑛(𝑞

0
))

24𝑞
0
4

𝐷
21
* =

𝑚
𝑝
(24𝐿2+ 𝐷2𝑞

0
4 +12𝐿2𝑞

0
2 −24𝐿2𝑐𝑜𝑠(𝑞

0
) −24𝐿2𝑞

0
𝑠𝑖𝑛(𝑞

0
))

24𝑞
0
4

𝐷
22

=
𝑚

𝑝
(24𝐿2𝑞

0
+ 𝐷2𝑞

0
3 −24𝐿2𝑠𝑖𝑛(𝑞

0
))

12𝑞
0
3

𝐶
11
* =

−𝐿2𝑚
𝑝
𝑞

0
˙ (12𝑞

0
−30𝑠𝑖𝑛(𝑞

0
) +3𝑞

0
2 𝑠𝑖𝑛(𝑞

0
) + 18𝑞

0
𝑐𝑜𝑠(𝑞

0
)+𝑞

0
3 )

3𝑞
0
6

𝐶
12
* =

𝐿2𝑚
𝑝
θ̇(2𝑞

0
−3𝑠𝑖𝑛(𝑞

0
) + 𝑞

0
𝑐𝑜𝑠(𝑞

0
) )

𝑞
0
4

𝐶
21
* =

−𝐿2𝑚
𝑝
(4𝑞

0
+˙ 𝑞

0
˙ 𝑞

0
2+2θ̇𝑞

0
2−4 𝑞

0
˙ 𝑐𝑜𝑠(𝑞

0
)−4 𝑞

0
𝑞

0
˙ 𝑠𝑖𝑛(𝑞

0
) −3 θ̇ 𝑞

0
𝑠𝑖𝑛(𝑞

0
) + 𝑞

0
2 𝑞

0
˙ 𝑐𝑜𝑠(𝑞

0
)+ θ̇ 𝑞

0
2𝑐𝑜𝑠(𝑞

0
))

𝑞
0
5

𝐶
22
* =

−𝐿2𝑚
𝑝
𝑞

0
˙ (2𝑞

0
−3𝑠𝑖𝑛(𝑞

0
)+ 𝑞

0
𝑐𝑜𝑠(𝑞

0
) )

𝑞
0
4

𝐺
1
* =

𝐿𝑔𝑚
𝑝
(2𝑐𝑜𝑠(𝑞

0
+θ)−2𝑐𝑜𝑠(θ)+𝑞

0
𝑠𝑖𝑛(𝑞

0
+θ)+𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
3

𝐺
2
* =−

𝐿𝑔𝑚
𝑝
(𝑠𝑖𝑛(θ)−𝑞

0
𝑐𝑜𝑠(θ)+𝑞

0
𝑐𝑜𝑠(θ))

𝑞
0
2

and k is the same damping from the original equation.β = β
1
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Now we will check whether exact linearization with state feedback is possible for

the above system. From [20] suppose a system is given, then𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢

the state space exact linearization problem is solvable near a point if and only if𝑥
0

the following conditions are satisfied.

● The matrix has rank n𝑔(𝑥
0
)  𝑎𝑑

𝑓
𝑔(𝑥

0
) .  .  .  .  𝑎𝑑

𝑓
𝑛−2𝑔(𝑥

0
)  𝑎𝑑

𝑓
𝑛−1𝑔(𝑥

0
)⎡⎢⎣
⎤⎥⎦( )

● The distribution is involutive𝐷 = 𝑠𝑝𝑎𝑛 𝑔(𝑥
0
),   𝑎𝑑

𝑓
𝑔,  .  .  .  𝑎𝑑

𝑓
𝑛−2𝑔{ }

near 𝑥
0

Such that for the smooth vector fields and ,𝑓(𝑥) 𝑔(𝑥)

𝑎𝑑
𝑓
𝑘𝑔(𝑥) = [𝑓, 𝑎𝑑

𝑓
𝑘−1𝑔](𝑥), 𝑓𝑜𝑟 𝑘 ≥ 1 𝑎𝑛𝑑 𝑠𝑒𝑡𝑡𝑖𝑛𝑔  𝑎𝑑

𝑓
0𝑔(𝑥) = 𝑔(𝑥)

where, is the Lie Bracket of & defined as[𝑓, 𝑔](𝑥) 𝑓 𝑔

, and denotes the Jacobian matrices of [𝑓, 𝑔](𝑥) = ∂𝑔
∂𝑥 𝑓(𝑥) − ∂𝑓

∂𝑥 𝑔(𝑥) ∂𝑔
∂𝑥

∂𝑓
∂𝑥

mappings and respectively.𝑔 𝑓

For the reduced SIPC system, the number of dimensions . First, we check𝑛 = 4

the condition one. From the above analysis .𝑔𝑇(𝑥) = 0 0 𝐷*(𝑞)
−1

τ*⎡
⎢
⎣

⎤
⎥
⎦4×1

Therefore the size of the adjoint matrix(adj)

is . On𝑎𝑑𝑗 = 𝑔(𝑥
0
)  𝑎𝑑

𝑓
𝑔(𝑥

0
) .  .  .  .  𝑎𝑑

𝑓
𝑛−2𝑔(𝑥

0
)  𝑎𝑑

𝑓
𝑛−1𝑔(𝑥

0
)⎡⎢⎣
⎤⎥⎦ 4 × 4

substituting the condition we find that . Since𝑥
0

= [0,  0,  0,  0] 𝑟𝑎𝑛𝑘(𝑎𝑑𝑗) < 4

the first condition itself fails, the system is not exact feedback linearizable. We
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tried the same analysis for the original SIPC system, but since the computational

time complexity of the adjoint matrix is exponential, we couldn't find it.

Therefore, we tried partial feedback linearization.

5.3 Partial Feedback Linearization and normal form

The dynamics of the above system can be written as

(96)𝐷
11

𝑞
0
¨ + 𝐷

12
θ̈ + 𝑐

1
+ ϕ

1
= τ

1

(97)𝐷
21

𝑞
0
¨ + 𝐷

22
θ̈ + 𝑐

2
+ ϕ

2
= 0

where are the elements of C-matrix and G-matrix. Now, from (97)𝑐
1
, ϕ

1
, 𝑐

2
, ϕ

2

we get,

(98)θ̈ = − 𝐷
22

−1(𝐷
21

𝑞
0
¨ + 𝑐

2
+ ϕ

2
)

Substituting this expression into (96) we get

(99)𝐷
11

𝑞
0
¨ + 𝐷

12
(− 𝐷

22
−1(𝐷

21
𝑞

0
¨ + 𝑐

2
+ ϕ

2
)) + 𝑐

1
+ ϕ

1
= τ

1

(𝐷
11

− 𝐷
12

𝐷
22

−1𝐷
21

) 𝑞
0
¨ + 𝑐

1
− 𝐷

12
𝐷

22
−1𝑐

2
+ ϕ

1
− 𝐷

12
𝐷

22
−1ϕ

2
= τ

1

(100)

Note that the matrix is the Schur's complement of in𝐷
11

− 𝐷
12

𝐷
22

−1𝐷
21

𝐷
22

D(q) and it is symmetric and positive definite. The control law

τ
1

= (𝐷
11

− 𝐷
12

𝐷
22

−1𝐷
21

)α
1

+ (𝑐
1

− 𝐷
12

𝐷
22

−1𝑐
2
) + (ϕ

1
− 𝐷

12
𝐷

22
−1ϕ

2
)

(101)
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where is an additional outer-loop control term results in the normal form,α
1

. Therefore the final system in normal form is given by𝑞
0
¨ = α

1

(102)𝑞
0
¨ = α

1

(103)𝐷
22

θ̈ + 𝑐
2

+ ϕ
2

=− 𝐷
21

α
1

This system is partially feedback linearized. As we can see (102) is now linear.

Therefore an outer loop control can be designed to track a trajectory for the

curvature. The response for the angle ( ) is given by (103). The equation (103)θ

represents internal dynamics with respect to an output . The goal of the𝑦 = 𝑞
0

outer loop control then is to track a given trajectory for the curvature and at the

same time excite the internal dynamics to swing the pendulum to a balancing

position. In the next section we will analyze the zero dynamics of the system.

5.4 Zero Dynamics

From [16], let the output be defined as , then the set defined as𝑦 = ℎ(𝑞
1
, 𝑞

2
) ϑ

is called the zero-dynamicsϑ = (𝑞, 𝑞̇) :  ℎ(𝑞) = 0,  ℎ̇(𝑞) = ∂ℎ
∂𝑞 (𝑞) 𝑞̇ = 0{ }

manifold. An outer-loop control that asymptotically stabilizes the equilibrium yα
1

= 0 makes an invariant manifold for the system. The reduced order dynamics onϑ

are called the zero dynamics.ϑ

From the previous section, the complete system in normal form with output is

given by,
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𝑞
0
¨ = α

1

𝐷
22

θ̈ + 𝑐
2

+ ϕ
2

=− 𝐷
21

α
1

(104)𝑦 = 𝑞
0

To find the zero dynamics, we set in the above𝑞
0

= 0,  𝑞
0
˙ = 0 𝑎𝑛𝑑 α

1
= 0

system. Therefore, the resultant system is given by,

(105)𝐷
22−𝑙𝑖𝑚

θ̈ + 𝑐
2−𝑙𝑖𝑚

+ ϕ
2−𝑙𝑖𝑚

= 0

Where,

, ,𝐷
22−𝑙𝑖𝑚

=
𝑚

𝑝
(𝐷2+4𝐿2)

12 𝑐
2−𝑙𝑖𝑚

= 0 ϕ
2−𝑙𝑖𝑚

= −𝐿*𝑔*𝑚*𝑠𝑖𝑛(θ)
2

Which gives,

(106)
𝑚

𝑝
(𝐷2+4𝐿2)

12 θ̈ −
𝐿*𝑔*𝑚

𝑝
*𝑠𝑖𝑛(θ)

2 = 0

As expected, this is the dynamics of a rigid body pendulum. Since all the

trajectories of this zero-dynamics manifold are periodic orbits, the equilibrium

solutions are not asymptotically stable. The reduced order dynamics (106)

represents the system with 2 state variables, but when one of them is fixed. Figure:

5.1 shows the phase portrait of the system defined by (106). As expected, the

reduced order model has stable equilibrium points at , and unstable(2𝑛 + 1)π

equilibrium points at , .2𝑛π 𝑛 ϵ 𝑍
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Figure: 5.1 Phase plot of zero dynamics

5.5 Summary

In this chapter, we considered a reduced version of the system and tried to

feedback-linearize it. Since it was found that the system is not complete state

feedback linearizable, we tried partial feedback linearization. We successfully

linearized three states out of four and analyzed the zero dynamics of the system. It

was found that the zero dynamics of the system is that of the rigid body pendulum
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Chapter 6 Conclusion

6.1 Summary and Conclusion

To conclude, to start with, in this work we provided a thorough discussion of

existing soft-robotic models and their control strategies. Then, we modeled a new

oft inverted pendulum on a cart system, derived the system dynamics and the state

space form. We conducted analysis on dynamics of the system for parameters.

Then we linearized the system around its upright equilibrium point and studied the

point’s stability. Further, we discussed the controllability and stabilizability of the

system. This study revealed that for the system to be stabilizable, there should

exist damping between the cart and the x-axis. Next we used the Linear Quadratic

Regulator to stabilize the system around the equilibrium point. Furthermore, we

analytically found the region of attraction of the LQR. After this, we derived the

total energy of the system, formulated an energy based Lyapunov function and

derived the control law which will drive the system from any initial point to the

upright equilibrium point. We also studied the stability of the control law and used

LaSalle's invariance principle to ensure the convergence of trajectory to the

invariant set. We also found the invariant set and proved the stability of the control

law. Then we implemented a switching based control law which is the composition

of swing-up and LQR. In addition to this, we studied the variability of feedback

linearization, designed a partial feedback controller and found the normal form of

the reduced system. We also talked about the zero-dynamics of the system.
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6.2 Future Work

System modeling, control design and computer aided validation are the first few

stages of any robot-control design. The next step would be to implement the

system in a physical environment and study the real life practicality of the control

law. In this work we have considered the soft robotic pendulum with constant

curvature. Therefore, in the future work, we can extend the study towards system

soft robotic arms with non-constant curvatures.
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A. Appendix

A.1 Elements of Inertia Matrix

The inertia matrix D is given by,

𝐷
11

=
𝑚

𝑝
(72𝐿2𝑞

0
+ 𝐷2𝑞

0
5 +12𝐿2𝑞

0
3 −144𝐿2𝑠𝑖𝑛(𝑞

0
) + 72𝐿2𝑞

0
𝑐𝑜𝑠(𝑞

0
))

36𝑞
0
5

𝐷
13

=
𝐿𝑚

𝑝
(2𝑠𝑖𝑛(θ)−2𝑠𝑖𝑛(𝑞

0
+θ) +𝑞

0
𝑐𝑜𝑠(𝑞

0
+θ)+𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
3

𝐷
21

=
𝑚

𝑝
(24𝐿2+ 𝐷2𝑞

0
4 +12𝐿2𝑞

0
2 −24𝐿2𝑐𝑜𝑠(𝑞

0
) − 24𝐿2𝑞

0
𝑐𝑜𝑠(𝑞

0
))

24𝑞
0
4

𝐷
22

=
𝑚

𝑝
(24𝐿2𝑞

0
+ 𝐷2𝑞

0
3 −24𝐿2𝑠𝑖𝑛(𝑞

0
))

12𝑞
0
3

𝐷
23

=
𝐿𝑚

𝑝
(𝑐𝑜𝑠(𝑞

0
+θ)−𝑐𝑜𝑠(θ)+𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
2

𝐷
31

=
𝐿𝑚

𝑝
(2𝑠𝑖𝑛(θ)−2𝑠𝑖𝑛(𝑞

0
+θ) +𝑞

0
𝑐𝑜𝑠(𝑞

0
+θ)+𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
3

𝐷
32

=
𝐿𝑚

𝑝
(𝑐𝑜𝑠(𝑞

0
+θ)−𝑐𝑜𝑠(θ)+𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
2

𝐷
33

= 𝑚
𝑝

+ 𝑚
𝑐

A.2 Elements of 𝐶(𝑞, 𝑞̇)

The elements of is given by,𝐶(𝑞, 𝑞̇)
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𝐶
11

=
−𝐿2𝑚

𝑝
𝑞

0
˙ (12𝑞

0
−30𝑠𝑖𝑛(𝑞

0
) +3𝑞

0
2 𝑠𝑖𝑛(𝑞

0
) + 18𝑞

0
𝑐𝑜𝑠(𝑞

0
)+𝑞

0
3 )

3𝑞
0
6

𝐶
12

=
𝐿2𝑚

𝑝
θ̇(2𝑞

0
−3𝑠𝑖𝑛(𝑞

0
) + 𝑞

0
𝑐𝑜𝑠(𝑞

0
) )

𝑞
0
4

𝐶
13

= 0

𝐶
21

=
−𝐿2𝑚

𝑝
(4𝑞

0
+˙ 𝑞

0
˙ 𝑞

0
2+2θ̇𝑞

0
2−4 𝑞

0
˙ 𝑐𝑜𝑠(𝑞

0
)−4 𝑞

0
𝑞

0
˙ 𝑠𝑖𝑛(𝑞

0
) −3 θ̇ 𝑞

0
𝑠𝑖𝑛(𝑞

0
) + 𝑞

0
2 𝑞

0
˙ 𝑐𝑜𝑠(𝑞

0
)+ θ̇ 𝑞

0
2𝑐𝑜𝑠(𝑞

0
))

𝑞
0
5

𝐶
22

=
−𝐿2𝑚

𝑝
𝑞

0
˙ (2𝑞

0
−3𝑠𝑖𝑛(𝑞

0
)+ 𝑞

0
𝑐𝑜𝑠(𝑞

0
) )

𝑞
0
4

𝐶
23

= 0

𝐶
31

=
−𝐿𝑚

𝑝
(6𝑞

0
˙ 𝑠𝑖𝑛(θ)−6𝑞

0
˙ 𝑠𝑖𝑛(𝑞

0
+θ)+𝑞

0
2𝑞

0
˙ 𝑠𝑖𝑛(𝑞

0
+θ)+θ̇𝑞

0
2𝑠𝑖𝑛(𝑞

0
+θ)+θ̇𝑞

0
2𝑠𝑖𝑛(θ)+4𝐿𝑞

0
˙ 𝑐𝑜𝑠(𝑞

0
+θ)+2θ̇𝑞

0
𝑐𝑜𝑠(𝑞

0
+θ)

𝑞
0
4

+
2𝐿𝑚

𝑝
θ̇𝑞

0
𝑐𝑜𝑠(θ)−2𝑞

0
˙ 𝑞

0
𝑐𝑜𝑠(θ)

𝑞
0
4

𝐶
32

=
−𝐿𝑚

𝑝
(2𝑞

0
˙ 𝑐𝑜𝑠(𝑞

0
+θ)−2𝑞

0
˙ 𝑐𝑜𝑠(θ)−θ̇𝑞

0
2𝑐𝑜𝑠(θ)+𝑞

0
˙ 𝑞

0
𝑠𝑖𝑛(𝑞

0
+θ)+𝑞

0
θ̇𝑠𝑖𝑛(𝑞

0
+θ)+𝑞

0
˙ 𝑞

0
𝑠𝑖𝑛(θ)−θ̇𝑞

0
𝑠𝑖𝑛(θ))

𝑞
0
3

𝐶
33

= 0

A.3 Lyapunov Stability
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Given the nonlinear system defined by equation , suppose that𝑥̇(𝑡) =  𝑓(𝑥(𝑡))

is an equilibrium. Then the null solution is said to be𝑥 = 0 ϵ ℜ𝑛 𝑥(𝑡
0
) = 0

● stable if and only if, for any there exist such thatε > 0 δ = δ(ε) > 0

for all||𝑥(𝑡
0
)|| < δ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 ||𝑥(𝑡)|| < ε 𝑡 > 𝑡

0

● asymptotically stable if x = 0 is stable and, in addition,

||𝑥(𝑡
0
)|| < δ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 ||𝑥(𝑡)|| → 0 𝑎𝑠 𝑡 → ∞

● unstable if it is not stable.

The stability, respectively, asymptotic stability, is said to be global if the

corresponding conditions hold for every initial condition 𝑥(𝑡
0
) ϵ ℜ𝑛

A.4 Schur's Complement

Let M be a matrix partitioned into sub-blocks as (𝑝 +  𝑞) ×  (𝑝 +  𝑞)

in which A, B, C, and D are, respectively 𝑝 ×  𝑝,  𝑝 × 𝑞,  𝑞 ×  𝑝,  𝑎𝑛𝑑 𝑞 ×  𝑞

sub-matrices. Assuming that D is invertible, the Schur complement of the block D

in the matrix M is the matrix𝑝 ×  𝑝

𝐷 = 𝐴 − 𝐵𝐷−1𝐶

Further,
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● If M is a symmetric, positive definite matrix, then so is the Schur

complement of D in M

● The determinant of M is 𝑑𝑒𝑡(𝐷) * 𝑑𝑒𝑡(𝐴 − 𝐵𝐷−1𝐶)

● The rank of M is equal to 𝑟𝑎𝑛𝑘(𝐷) + 𝑟𝑎𝑛𝑘(𝐴 − 𝐵𝐷−1𝐶)
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