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Chapter 1

1.1 Introduction.

The field of soft-robotics has been an area of interest for researchers for a long
time. The recent explosion in the field of robotics has furthered research and
development in the field. A robot is classified as hard or soft on the basis of the
compliance of its underlying materials.

The physical characteristics of animals’ bodies such as Elastic tendons, ligaments,
and muscles enable animals to robustly interact with the external world and
perform dynamic tasks[1]. The lack of rigid parts in the octopus body helps it to
squeeze and manure through tight spaces. Similarly, the structure of an elephant’s
trunk helps it to grasp things easily. Similar features that are found in animals
around us have made researchers incorporate those ideas into their design of
robots. Further, the physical features of soft robots such as capability of continuum
deformation allow researchers to mitigate many of the safety concerns associated
with rigid body robots[2]. Hence, these bio-inspired robotic systems are used in
rescue operations to medical surgeries.

The recent works in soft-robotics mainly focus on the control strategies for these
under-actuated systems. These soft-robotic systems mostly being under-actuated

makes the development of control laws difficult. One of the earlier works on



model based soft robotic control is discussed in_[3] which for the first time tackles
the development of closed loop dynamic controllers for a continuous soft robot.
This work mainly revolves around developing the control strategy of a novel soft
robotic system on a cart inspired from the classical pendulum on a cart problem.
This is a non-extensible soft-robotic arm with a revolving base on a cart. The
motion of the cart is fixed to a single dimension. Hence the cart has a total of three
dimensions of freedom, the curvature, the base angle and motion along the x-axis.
In this work, only the curvature of the system is allowed to actuate. That is the
angular acceleration of the base and acceleration of the cart cannot be controlled
directly. This makes the system an underactuated system with two degrees of
underactuation. Control strategies have been developed for soft robotic arms prior
to this work. [5] and [6] deals with a similar soft robotic system in which the base
of the system is fixed and the curvature is actuated. Hence the system has only one
degree of freedom and is completely actuated. The system introduced in [4] has
two degrees of freedom. Here, unlike in [5] and [6], the base is not fixed but the
curvature is actuated. This gives the system an additional degree of freedom
making it an underactuated system with one degree of under actuation. With an
additional freedom of motion but with the same degree of actuation, the system
dealt in this work becomes more complex and nonlinear.

In this work, we investigate the swing-up control for the soft robotic pendulum on
a cart and its stabilization around the upright equilibrium point. Further, although

feedback linearization is a well known strategy for the control of nonlinear



systems, it has not been employed in the control development of soft robotic
underactuated systems. This work also investigates the viability of a feedback
linearization for the problem described above and for a special case of the above
problem where the mass of the cart goes to infinity. It should be noted that in the
above-mentioned limiting case, the dynamics of the system considered in this
work approaches the dynamics similar to [4] . In addition, it should also be noted
that in the limit, i.e., when the mass of the cart goes to infinity and very high
stiffness, the dynamics of the system converges to that of a classical pendulum.
Researchers have been dealing with control problems related to robotics for the
past three decades. Due to the nature of dynamics, the control strategies that could
be deployed for fully actuated systems cannot be directly implemented for
underactuated systems[4] and hence novel methods need to be sought for the
control of these systems.

Feedback linearization is one of the most widely used methods for the control of
nonlinear systems. This method employs the use of a feedback to cancel out
nonlinearities before the design of control laws. But, this cannot be used always
since most of the systems do not satisfy the necessary conditions. For example, a
simple classical pendulum is completely feedback linearizable while an acrobot or
even the cart pole system is not completely feedback linearizable. To mitigate this
problem, researchers came up with the idea of partial feedback linearization.
Some of the earlier works in the field for the control of underactuated systems

include control of acrobots using partial feedback linearization[7], pseudo



linearization using spline functions[8] and observer based pseudo linearization[9].

In [10] [11] and [12], the authors were successful in showing that partial feedback

linearization can be used for swing up control of underactuated systems acrobot,
and a class of gymnast robots.

The more recent method of control for underactuated systems is energy based
control. This idea was first proposed in [13] for the swing up control of an
underactuated cart pole system. [14]and [15] employ the use of similar energy
based swing up control of the stabilization of more complex under actuated
systems. In this work we will use a similar energy based approach for the swing
up control of the system. Further, once the system reaches close to the upright
position with the help of swing up control, we switch to a LQR controller to
stabilize it around this equilibrium point.

1.2 Thesis Objective.

The objective of this work is to

e Derive the kinematics that corresponds to the novel soft robotic system with
revolute base attached to a cart (SIPC system).

e Design an energy based swing-up control which would take the system
from any arbitrary starting point in the configuration space to close to the
upright equilibrium point.

e Stabilize the system around this equilibrium point.

e Analyze the robustness and sensitivity of this control strategy.



e Investigate the viability of feedback linearization and employ it for the

control of a special case of the system.

1.3 Organization of Thesis

The thesis is organized as below.

In chapter two, we derive the dynamics of the soft robotic system with revolute
base attached to a cart. We analyze the system with different values of system
parameters. We also compare the dynamics of the system in the limiting case.

In chapter three, we deal with analysis of the system around the equilibrium point,
derive the control law to stabilize the system around the equilibrium point,
evaluate the sensitivity of the controller, and find the domain of attraction of the
designed controller.

In chapter four, we develop the swing up control for the system, the necessary
conditions for the swing up control to work, stability analysis of the obtained
control law, and the robustness of the controller.

In chapter five we aim to control the system by canceling the nonlinearities of the
system when the mass of the cart is very high. This can be regarded as a special
case of the system. We investigate the viability of such a control law and try to

implement it in the above context.



Chapter-2 Kinematics and Dynamics

2.1 Introduction

In this chapter, we derive the kinematics and dynamics of the soft robotic
pendulum on a cart system. For this, first, we model the system, then find the
kinetic and potential energy of the system, then formulate the Lagrangian and
finally use the Lagrangian to formulate the equations of motion. Further, will

investigate the properties and sensitivity of the above mentioned system.

2.2 System Model

To model the system we use the similar method used in [4]. We first model the
soft-robotic pendulum and then interconnect it with the cart to model the entire
system. To model the pendulum, consider the system in figure[1]. Before starting
the modeling we make the following standard assumptions.

e The soft robotic pendulum is non-extensible with constant curvature..

e Both the cart and the pendulum have uniform densities.

e There is no loss of energy on the joint between the cart and the pendulum

e The pendulum cart system always remains attached to the ground and the

cart makes an angle of zero degrees to the ground



To model the pendulum, let L be the length of the pendulum along its central axis,
D be its thickness. Also, let us define s € [0,1] such that L*s is the arc length along
the robot's central axis to the point s from the base, and d € [-0.5, 0.5] such that
D*d is the lateral distance to the point d from the central axis. Let S; be the
reference frame at each point s along the soft body’s axis. Hence, from the above
parametrization, S, will be the base frame and S, will be the top most frame. Using
this convention we can describe any point on the robot's body. For example, (s,d)
= (0.5, 0.25) describes the point on frame S, 5 (frame that is half way on the robots
central axis) at a distance of 0.25*D on the lateral side from the central axis.

Using the above mentioned constant curvature assumption (CC), we define the
configuration variables of the pendulum system as q,(t) € R' and 0(t) € S', such
that q,(t) = L/r(t) where r(t) is the radius of curvature of the pendulum and 0(t) is
the angle that base of the pendulum makes with the cart.

Therefore, the orientation of the frame S, is given by,
N
a () = 8(t) + [ q,()dl
0

= 6(0) + q,(01],

= 8(0) +q,(0) * s M



Figure: 2.1 Soft-robotic pendulum design.

Figure: 2.2 Soft-robotic pendulum on a cart system.



Now, we find the cartesian coordinates X and y,ata general point on the

pendulum parametrized by s and d. From the above figure,

X, = Ddcos(as(t)) + x:d (2)
y ., = Ddsin(a (1)) +y_, 3)
dx.
where, LSd = cos(% + o (8))ds 4)
dy:d I |
T = sin( + aS(t))ds (%)

Integrating both sides of (4) and (5), we get,

- { — sin(a ())ds , —* = { cos(ax_(£))ds 6)
X =— L} sin(a ())ds 7
0
y:d = L} cos(as(t))ds (8)
0

Substituting equations (7) and (8) back into (4) and (5) gives,

X, = Ddcos(as(t)) — L}sin(as(t))ds 9)
0

Yoy= Ddsin(as(t)) + L} cos(as(t))ds (10)
0

Now, consider the case where this pendulum is attached to the cart. This allows the

pendulum to have another degree of freedom along the x-axis. This gives the



system another configuration variable x, where x,€ R' denotes the location of
origin of the pendulum.
Finally, the position of any arbitrary point on the pendulum at any orientation of

the system is given by,

X = Ddcos(as(t)) - L}sin(ag(t))ds + X, (11)
0

Yo = Ddsin(as(t)) + L} cos(as(t))ds + h (12)
0

where h denotes the height of the base of the pendulum from the x-axis.
Now, since we have the general cartesian coordinate of the system, we can go on

to derive the dynamics of the system.

2.3 Dynamics

In this section, we derive the expression for kinetic energy, potential energy,
formulate the lagrangian and finally derive the equations of motion. In this work,
we will calculate the kinetic energy contribution by the pendulum and cart
independently and add them to find the total kinetic energy of the system.

On integrating and simplifying (11) and (12) we get,

x . = Ddcos(6(t) + qo(t)s) + qL(t) (cos(B(t) + qo(t)s) — cos(B(t)) + X,

sdx

(13)

L
q,()

y . = Ddsin(6(t) + qo(t)s) +

sdx

(sin(0B(t) + qo(t)s) — sin(6(t)) + h

10



(14)
Now, the kinetic energy of the point characterized by (s,d) on the pendulum is

given by,
VK = Yos,d) * & +¥ ) (15)
p 2 PLS, sdx ysdx

where X, and v, are the time derivatives of x4, and y, and such that,

1 0.5
[ | p(s,d)ddds =m
0-0.5 p

Since we are dealing with uniform density, p(s, d)=p. Further, from (15),

1 05
1

.2 .2
K = 7£_£5p *(k, ty )ddds (16)

where K is the kinetic energy of the pendulum.

Now, the kinetic energy of the cart can be directly written as,
.2
K = —mx (17)

On summing 16 and (17), we get the total energy of he cart,

- L
KE = =

O

0.5
[ p* @&, +y dddds +%mcx; (18)
—-0.5

On simplifying (18) we get the kinetic energy of the system. For concise

representation this total kinetic energy can represented as

11



.T : : : . : : T
KE = %q D(q) q where q is the time derivative of q = [qo(t), 0(t), xp(t)] .

The matrix D(q) € R** is called the inertia matrix. In the upcoming sections, we

will discuss the properties of this matrix.

D1 D12 D3
D = |Dy1 Dy Do
D3y D3y Dss (19)

Please refer appendix for the terms of the matrix

Now, we derive the potential energy of the system. The potential energy of the
system is the sum of potential energy of the cart and the soft robotic pendulum.
Since the cart is always assumed to slide on the x-axis, the potential energy of the
cart is zero. Therefore, the total potential energy of the combined system is just the

potential energy of the pendulum. lL.e.,
105

PE = mpgf | (xsdxsin(n) + ysdxcos(n))dd ds (20)
0-05

where g is the acceleration due to gravity. In this work, we have set 1, the
direction of the gravitational field as zero. Now, substituting y, from equation
(14) and simplifying we get,

Lgm cos(q, +6) — Lgm cos(0) + Lq_gm sin(0)
PE =— — 1 — : - 1)
,

Now we can define the Lagrangian.
Lagrangian is defined as the difference between kinetic and potential energy.

ie, L =KE — PE

12



-T . Lgmpcos(q0 +6) — Lgmpcos(e) + qugmpsin(e)

=—q D(q) q + % (22)

Now, the Euler-Lagrange equation
oL : d_ oL : :
S (64(0,40) — 52 (640.40) =T, = 1,230n (23)
q
can be used to derive the equations of motion of the system where

1 2 3
q =qyt), g = 8(t)andq =x (1)

From [16] we can rewrite the Euler-Lagrange equation (23) as

n

" n n o
T d,@0,0 + 3 X € @004+ 6,0 =T, k=12 24

where g = Z£ and ¢ =— y + P _ 2y d € D(q). The terms c
9~ Toq, ijk 2 | 9q, 9q, oq, [> %1€ P\D ik

known as Christoffel symbols. The terms of type cil,q'j are called Coriolis terms

2
while the terms of type q, are called the centrifugal terms. The above analysis

applies to all system whose kinetic energy is of the form KE = %dTD (@) q
Finally the above equation (24) can be written as

D(q) q(®) + C(@, @)q + G(@) = T (25)
Now, for the system discussed in this work, n = 2, ¢ = [qo(t), 0(t), xp(t)]T,

q= [q' (D) B(D), x (©) ]T and q (t) = [4'0@, 6(t), x (©) ]T. Substituting for D

in equation (24), solving and writing it in (25) form, we get,

13



Cnu Ci2 Cis
C(q, ¢) = [Ca Cop Coy3
Cs31 (O3 Cs3

Please refer to the appendix for the elements of the matrix.

Further,

G where,

Lgmp(Zcos(q0+6)—2c‘os(9)+qosin(q0+6)+qosin(6))

0
Lgm (sin(8)—q cos(8)+q cos(6))
GZ(Q) =— - - 2 :
9y
G,(@ =0

Finally, on adding the damping and stiffness terms we get,

D(@) q(®) + C@.@q + B + K,q + G(@) = =

Bi 0 0
Bg=|(0 0 0
Where the damping 0 0 B
E 0 0 T1
K=]|0 0 0 T = |7
the stiffness term 0 0 0] and T3

Properties of D(q) and C(q, ci)

(26)

14



e [t should be noted that D(q) is a positive definite symmetric matrix, i.e.,

xTDx > 0, VxeR"

e Further, the matrix N(q, q.) = D(q) — 2C(q, ci) 1s skew-symmetric. That is

jk

=—n

kj

e D(q)isbounded.ie.,da > 0andb > 0sta < D(q) < b

Finally from (25) we get the equations of motion.,

a(0) =D(@) ' (x = (C(@.®q + B +Kq + G@))

Dynamics when g O(t) = 0.

27

It should be noted that the inertia matrix(D), the coriolis matrix( C(gq, d)), and the

potential energy differential(G(q)) has terms with division by qy(t). This might

cause the D-matrix and C-matrix to explode when q(t) goes to zero. But, for the

system the limit of D, C and G matrices exist and are finite. The limit values of

these two matrices are given below.

D

D

11

21

31

lim D(qy) =

q0—>0

180

24

Lm cos(0)
—_t

6

9

m (3L +D%
_r

b

mp(9L2 +5D%

b

D

D

Dy
Dy,
D3,

12

22

32

D12 D3
Dy>  Do3
D3y Dss| where, (28)
2 2
mp(3L +D") mecos(e)
24 ’ 13 6 >
2 2
m (4L +D") Lm cos(0)
e 7 _ 1
12 ? 23 2 ’
Lm cos(0)
=— —t—, D.=m +m,
2 33 c p

15



0 0 0

_ , 0 0 0
lim C(qo,q0) = ' . , .
G0—0 Lmysin(0)(go +26) Lmysin(0)(go + 36) 0
12 6 29)
[ —Lmygsin (0) ]|
6
lim G(q) = | —Lmygsin (9)
2
i 0 | (30)

Now, consider the case when g 0= 0 which means q 0= 0 and c{o = 0. Therefore,

from (26) we get three equations. The second and third equations are shown
below. We have skipped the first equation since it is the same as the second
equation.

émp(3L2+D2) L)Epmpcos(e) Lgmpsin(ﬁ)
12 N 2 N 2 -

.2
Lm sin(6)6
—_
2

LOm cos(0)
_
> =0

+ xp(mc + mp) —
The above two equations are analogous to the equation of motion of the cart pole
system. This is highly intuitive because when the curvature of the pendulum is set
to zero, the pendulum behaves like a pole of length L and width D.

Now we define the system parameters that we used for simulation. The length,

width and mass of the pendulum, the mass of the cart and beta and K values are

given below in Table-1.

Parameters Values

L (length) 1.00m

16



g (acceleration due to gravity 9.8 m/s*

k (stiffness) 0.5 N/m
B, (damping constant) 0.11 Ns/m
B, (damping constant) 0.1 Ns/m
D (width of robotic pendulum) 0.1m

m, (mass of the cart) 1 kg

m, (mass of the pendulum) 2 kg

Table:1 System Parameters

2.4 Simulation Results
The dynamics of the system in the absence of any external input is shown in the

figures below. The system was initialized from the starting point [pi/2;pi/2;0

;0;0;0].

Time =0

-1 -0.5 0 0.5 1
Figure: 2.3 Moments after the pendulum started from the initial state

17
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0 2 4 6 8 10
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Figure: 2.4 Dynamics of the system with damping

T

o

Total Energy
n

-10 1

-15 1

Figure: 2.5 Total energy of the system with damping.
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Solution y

Time t

Figure: 2.6 Dynamics of the system without damping

T

Total Energy

-10 [

-15

Time

Figure: 2.7 Total energy of system without damping
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It should be noted that the energy of the system in downward position is —

(This is further discussed in chapter-4). Figure-5 and 6 shows the dynamics and
energy of the system. As we can see from figure-5, the system which was
initialized from [pi/2;pi/2;0 ;0;0;0] is slowly approaching equilibrium because of
damping. As expected, the total energy of the system is reducing and slowly
approaching -9.8] which corresponds to the energy of the system when it is in the
stable equilibrium.

The same simulation was conducted for the un-damped system. This can easily be
achieved by setting the By matrix and K, matrix to zero. The dynamics and total
energy of this system are given in figure-6 and figure-7. As expected, the total
energy of the system was constant in this case. Figure-6 shows the undamped
oscillations and figure-7 shows that the energy of the system is constant.

2.5 Summary

This chapter focused on the derivation of kinematics and dynamics of the system.
We used the method similar to the one used in [3] and [4] to derive the dynamics
and the Lagrange method to derive the dynamics. Now, the dynamics given by

(27) can be used to develop the control laws for the system.

20



Chapter-3 Stability Analysis and Stabilization

3.1 Introduction

In this chapter we will start with writing the system dynamics (27) in state- space

form, find the equilibrium points, analysis of the system around its equilibrium

points, linearize the system around the equilibrium point, derive a control law to

stabilize the system around the equilibrium point, evaluate the sensitivity of the

controller, and find the domain of attraction of the designed controller.
3.2 State Space form
First, we will write the system is equation (27) in standard form,
x = f(x) + g(u
Where u is the control input.

dq . dq S < ab . dx . dx
o _ 0o _ — —z
We know aa o "ar 99 7ac T % Tar T % Tar T p> dt p

i.e., from 32 and 27 we get

| [D(q) (7 — (C(q,4)d + Bsg + Krq + G(q)))]sx1] 6x1

€2))

(32)

(33)

21



[ %o T 0
0 0
- Z, " 0
| [D(q) ' (=(C(q,d)4 + Bpd + Kirq + G(9)))]3x3] gx1 [D(q) ' 7]3x1
T1
T = |T
Where 731,

It should be noted that when mp - 00> xp — 0. This means that xp = ¢, where ¢

. 1 . : :

is some constant (c e R ). If we are starting from rest then X, =c= 0 which
. 1 .

means that X, = [ where 1 is some constant € R". Assume that xp(O) = 0, 1i.e., we

are starting from the origin. Substituting these values of x, and X, back in

equation (33) we get the system described in [4]. It is not surprising because even
for the pendulum on a cart system, if the mass of the cart is made “infinity” then
the dynamics of the system converges to that of just the pendulum.

Now we have our system in standard form. The state-space of the system is six
dimensional. That is, there are 6 state variables namely the angle of curvature (qy),

the angle from the origin (0), the displacement along x-axis (x,), the angular

velocity of the curvature (cio), the angular velocity of the angle from vertical (é)

and finally the velocity along the x-axis (x.p).

22



The next task is to find the equilibrium point. The necessary condition for

the equilibrium point is that the unforced system has x = 0. ie., f(x) = 0.

Substituting this condition in equation (33) and solve for the state variables

v =[a,0, 00, x 0, 4,0, b0, @] 69
we get the equilibrium points.
The equilibrium points of the system are
[0,0, x,0,0, 0] and [0, 7, x,0,0, 0], xpe]Rl nez (35)
This makes sense because for the isolated system (no influence of external force)
as long as
do’ q, é, and x.p are zero and 6 = nm (36)
the position of the cart does not affect the equilibrium point. As long as the above

conditions are satisfied, irrespective of where the soft-robotic pendulum system is,

it is in equilibrium. It should be noted that the equilibrium point [O, nm, xp, 0,0, O]

is stable for 6 = (2n + 1)m, ne Z (vertically down state) and is unstable for
0 = 2nm, n e Z (upright state). More about the stability will be discussed in the
next section. However in this work we are interested in stabilizing the pendulum

around the origin. Therefore we are interested in the equilibrium point

x, = [qo(t), 8(0), x (0), q,(t), 6(t), x’p(t)]= [0,0,0,0,0,0]  (37)

i.e., when the soft pendulum is in the inverted state.
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In this work we will try to control the system with two degrees of underactuation.

Therefore, we will be trying to stabilize the system by varying just the curvature.

Therefore,
T1 T1
T=|n|=10
T3 0 (38)

3.3 Stability Analysis

To find the stability of the equilibrium point of our interest, we follow the methods
discussed in [17] and [18]

First we need to linearize the system.

Theorem-1: From [17], for the nonlinear system

x = f(x,w), y = g(x,u), xeR", ueIRk, ye R"

Where x are the state variables and u are the control inputs, the LTI system,

§x = ASx + BSu, 8y = C6x + Ddu (38)

defined by the following Jacobian matrices

A = af(xeq,ueqz

ox ?

B: = afgxeq,ueqz C: = aggx‘“"’,u"’q) D: = ag(xeq,ueq]
T ou T ax T ou

b 9

(39)

Is called the local linearization of the system (38) around the equilibrium point

" u
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On applying the above technique to our system defined by equation (33) (it should
be noted that y = g(x, u) is zero for our system. Therefore the C and D matrices

are zero) around the equilibrium point defined by (37), we get,

0 0 0 1 0 0
0 0 0 0 1 0
A 0 0 0 0 0 1
—118.07 —115.1993 0 —38.5218 0 0.5872
55.0918 69.5758 0 15.4241 0 —0.3546
| 3.9338 7.7940 0 0.6459 0 —0.0897] (40)
- 0 1
0
B 0
350.1986
—140.2910
| —5.8715 | C=[0 0 0 0 0 0 D = [0]

b

Now, for the LTI system defined by (39) to be stable, all the eigenvalues of A
should lie on the left half of the complex plane. But, one the eigenvalues of A for
our system lie on the imaginary axis and another one lies on the right side. Hence
the system is unstable. But with the help of a feedback control law we can stabilize
the system if it is controllable. To check for the existence of such a control law, we
need to check the controllability of the system.

Theorem-2: A linear system defined by (38) is controllable if the controllability
gramian defined as

CTRB:=|(B AB A?B A3B ... A"'B] (41)

has full rank.
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But for our system, the controllability matrix has a rank of four. Hence the
system is not completely controllable. But we can still use a feedback control law
to stabilize the system around the equilibrium point if the uncontrollable states are
stabilizable. There are different tests to find whether a system is stabilizable such
as the Eigenvector test, Popov-Belevitch-Hautus (PBH) test, and the Lyapunov
test. But, here, we use the controllability decomposition of the state space matrices
(Kalman Decomposition for just controllability) and check for the stability of the

uncontrollable states.

Theorem-3: From [18] for every LTI system of the form x = Ax + Bu can

transformed through a similarity transform “T” into the standard form

Tc . A, Al [z B.
Lr‘:e]_[() AaHijLlO]u (42)

Where (A.,B,) is the controllable pair and the similarity transform “T” is defined
as

T:= [VC VZ] where V, forms a basis for the controllable subspace C defined as

C=Im lIﬁm}
0

of the pair (A,B).
Using the same eigenvalue test on the uncontrollable state matrix AE we see that
the eigenvalues are negative. That is the uncontrollable states are stable. Hence we

can use linear feedback to control and stabilize the system around its equilibrium

state.

26



3.4 Stability when Bz =0
The very same analysis was conducted when [ 5 in equation (38) which

corresponds to the friction between cart and ground is zero. We linearized the
system around the equilibrium point and conducted the controllability test. Just
like in the previous case, the controllability matrix had rank four. Hence we did
controllability decomposition and eigenvalue analysis of uncontrollable modes.
This stability analysis revealed that the system has uncontrollable modes with
positive eigenvalues which means that the system is exploding and hence cannot

be stabilized around the equilibrium point.

3.5 Stabilization around equilibrium point

In this work, we will be using a Linear Quadratic Regulator to stabilize the system.

For a continuous linear time invariant system defined by the equation

Jé= Ax + Bu, xe]R{n, ueRk,

Given a quadratic cost function defines as

t
1

J =x (tL)F(E)x(t) + [(x' Qx +u Ru + 2x' Nu)dt (43)

0

the control law that minimizes the value of the cost function is

u(t) =— Kx(t) (44)

where K=R'BP+N)

and P(t) is found by solving the algebraic Riccati differential equation
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AP+ PA— (PB+NR'(BP+N)+Q=—P1t (45

with the boundary condition P(t1) =F (tl) such that Q is a positive symmetric

matrix, and R > 0.

In this work we use Q =1 6x6 (where I is the identity matrix) and R = 1 to find

the gain matrix K. Further, P(t1) =F (t1) =0and N = [0]6x6. Therefore, the

cost function becomes,

] = f (xTQx + uTu)dt (46)

0
The first term of the cost function J is the total path cost which is simply the sum

of squares of the state variables and the second term is the energy cost which is
just the square of the control input (since R=1). Integrating this over all the
intervals, we get the total cost “J”.

On solving the above equation we get

K = [— 162.4701,— 478.7420,— 4.5312, — 29.5405, — 76.8044, — 88.0402]

(47)

Substituting the above value of K in equation (44) we get the feedback control

law that will stabilize the system. This control law minimizes the cost given by

(46). Now, the closed loop system is given by
x = Ax + Bu
= Ax + B(— Kx)

= (A — BK)x (48)
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The system given by equation (46) is the closed loop system. Now, to find the
stability of the closed loop system, we can do the same eigenvalue test. As
expected, the eigenvalues of the system (A — BK) lie on the left half of the
complex plane. Hence the closed loop system is stable and therefore any trajectory
that starts within a & neighborhood of the equilibrium will converge to

qast—>0.

A
It should also be noted that a regular pole placement technique using a feedback
controller will also be able to stabilize the system. But finding an optimal gain
value is very difficult using trial and error methods. Further, the position of the
pole affects the dynamics a lot. If the poles are too far from the origin, the
controller becomes very aggressive which might break the linearity assumption of
the system and if it's too close to the origin, the controller might take a long time
to reach the desired values.

Now we can go on to find the region of attraction of the LQR. The region
of attraction (or domain of attraction) of the linear quadratic regulator is the set of
points that can be brought to the desired equilibrium point using LQR. There are

multiple ways to find the region of attraction such as using Lyapunov based

sampling methods, and solving SOS equations. In Lyapunov based sampling
methods[19], we solve the Lyapunov equation AP + pA =— Q (where Q is a
positive definite matrix) for P, find the Lyapunov function candidate V(x) = x Px

, find V(x) find ¢ and sublevel set V(c") defined as
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V(c*) = {xeX:V(x)< c*}, xeR" (49)
is the domain of attraction. It should also be noted that if P is positive definite then
the system is stable. In the SOS method we try to optimize a SOS problem to find
the region of convergence for the system. In this work,we find the region of
attraction by using a completely numerical method. For a set of initial conditions,
we check whether the feedback LQR controller is able to take the system € close
to the equilibrium in finite time. The set of points which satisfy the above
condition is part of the region of attraction of the LQR.
3.6 Results.
The system was initialized with the following initial condition.

X, = [— 0.9860,0.0200,— 0.1049, — 0.4290,2.4184,0.7098]

The figures below describe the dynamics of the system, the total energy of the

system and the value of the control input.
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Figure: 3.1 Dynamics converging to the equilibrium point using LQR

40

351
30
251
20

15

Total Energy

10

-10

Figure: 3.2 Total energy of the system starting from x,
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Figure: 3.3 Value of the control input T

3.7 Actuating the curvature vs actuating the cart position

Now, the same procedure was repeated for the system, but this time, instead of
actuating the curvature, the acceleration of the cart was actuated. It was found
experimentally that for stiffness, k < 0.55, the system does not converge to the
equilibrium point. Therefore, the control input of the two system where compared
with k = 0.55. It should be noted the both systems where controllable for
k = 0.55. The dynamics, energy and control values of the system are given in
figures 3.4, 3.5 and 3.6. Both the systems were initiated close to the origin with

initial value,
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X, = [0.01, O, 0, 0, 0, 0]. The energy of the system in the upright position is
9.8J. It can bee seen from the figures that the system converges to the equilibrium

point faster when ¢ | is actuated.

Solution y
Solution y

9.61025 ; ; . .

9.8102
9.81015

9.8101

9.81005

Total Energy
Total Energy

Figure: 3.5 Energies of the system. actuated 6{0 on the left and xp on the right
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Figure: 3.6 Control inputs of the system. actuated Cio on the left and xp on the right

The convergence of the system for k = 10, k = 5 and k = 3 are shown below.
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Figure: 3.7 Convergence of system for values of k = 10, k = S5and k = 3

3.8 Summary

In this chapter we discussed the nature of equilibrium points, regarding the
controllability of the system, linearization, feedback control law and linear
quadratic regulator. We used controllability decomposition to check whether the

system is stabilizable, and used both pole placement technique and LQR to

34



stabilize the system. Experiments revealed that as expected, LQR gives better

results in terms of total energy and better dynamics.
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Chapter-4 Swing-up Design

4.1 Introduction

In this chapter we develop the swing up control for the system, derive the
necessary conditions for the swing up control to work, stability analysis of the
obtained control law, and the robustness of the controller. Swing-up control of
under-actuated systems like acrobot, pendubot and double pendulum has been a
field of study for a long time. Swing-up control of an acrobot using an energy
based method is discussed in detail in [25] while the control using partial-feedback
linearization is detailed in [7]. In [13] it has been successfully shown that the same
energy based control with modifications in Lyapunov function candidate can be
used for pendubot. A passivity based control strategy was successfully developed
for inverted-pendulum-system in [26]. Further, in [23] a double-pendulum on a
cart was successfully stabilized at the wvertical equilibrium using energy
based-swing-up and LQR control. In addition, modern sample based control
methods such as Monte Carlo Model Predictive Control [27] has been successfully
employed for the swing-up control of inverted pendulum on a cart.

In this work, we have used an energy based method for the swing-up control of the
SIPC system. For this, we use a Lyapunov function based method to derive the
control law. For this, first we need to derive the total energy of the system. Then,
we formulate an energy based general Lyapunov function and derive the control

input from this. We will also find the homoclinic orbit and prove that the derived
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control law will take you from any initial point in the state space to the homoclinic
orbit. For this, we will use LaSalle’s invariance principle. The system is in
homoclinic orbit when the total energy of the system is equal to the energy of the
system when it is in upright condition with predetermined conditions satisfied.
Once the system is in the homoclinic orbit, we can use the linear quadratic
regulator that we designed in the previous chapter to stabilize the system once the
pendulum reaches within the LQR’s region of attraction.

4.2 Energy of the System

First we will find the total energy of the system.

From the previous chapters, first we calculate the sum of kinetic energy and

potential energy of the system. The total kinetic energy is given by
LT :
KE =--q D(q) q

where D(q) is the inertia matrix and é= [cio(t), é(t), x.p(t)] and the total

potential energy is given by

Lgm cos(q, +6) — Lgm cos(8) + Lq_gm sin(0)
PE =— p 0 p - »
2
4,

But, since we have damping and stiffness terms, we need to take these terms also
into consideration

This will be contributed by
1
Eg =—5q K,q (50)

where K, is the matrix introduced in chapter two and g = [qo(t), 0(t), xp(t)]
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Therefore total energy

E = KE + PE + Eg

Lgmpcos(q0 +6) — Lgmpcos(e) + qugmpsin(ﬂ)

1 .T .
=549 D(q) q - 2
qO

.T . Lgmpcos(q0 +0) — Lgmpcos(e) + qugmpsin(G)

1
=549 D(q) q - 2
qO

Now, differentiating total energy E wrt time we get,

. .T - T+ T :
E=q D(q) q +7qu+quq+PE

Now,

' dPE _ dPE dq !
PE=—0—="0 =46
dPE

where G = d

q

Substituting equation (54) back in (53) we get,

T T T

. . - 1.T.. . .
E=qD(@q +59Dg+qKq+qG

But from chapter two we know
D(@) q®) + Cla.q)q+Byg+ K g+ Glg) =
U

D(q) q() = T — (C(a.®a + B,a + K,q + G(@)

Substituting (56) in (55) we get,

(1)
1 T
+5q qu

1 2
+ 7kq0 (52)

(33)

(54)

(35)

(56)
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. .T N . 1 .T .. .T .T
E=q (- (Clqq+Ba+Kaqg+ @) +59Dq+qKqg+qC

T T

. . T
=qt—q

.o .T . .T . 1.T.. .T .T
Clapa—-aBa—-—qKaq—qGl@ +59Dq+qKqg+qC

T

. .T .. .T 1.T..
=qt-qC(qqq—4qBq +5qDq (57)

But we know

T1 T1
T= || =10
T3 0 (58)

Substituting this in (57) and simplifying we get,

T T

. : T
E=qt—q

.o .T . 1 T -
Cle,a)a —a Byg +-54q Dq

: .T ST LT
=q,t, —q Cla9g—qBg +—54qDq (59)
Now, from properties of the inertia matrix D and coriolis and centrifugal matrix C

we know that the matrix D — 2C is skew-symmetric.

If a matrix H,,, is skew-symmetric then
a Ha = 0, ae R" (60)
Using the above property since M — 2Cis skew-symmetric,

q (M — 2C)q = 0 since geR° 61)

Therefore,
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T

. . . A .T . .T ..
1
E=qyv, —qClqaqq—qB4q +5qDq

. 1 T . . .T .
=q,T, + 59 (D —-20(q.9)q —qBg

. .T .
=4q,5, —4Bg (62)
We know
1 0 0O
Bs=1[0 0 0
0 0 5

Substituting this in 62 we get,

. . .2 .2
E= 9t~ (B,q, + Bx) (63)

Now we want to find a control law which takes the system from any initial point to
the homoclinic orbit. Now, to find the homoclinic orbit, we find the total energy of
the system in the upright position. The total energy of the system in upright
position is the sum of energies of the pendulum and cart. Since the cart is always

on the ground, the energy of the cart should be zero. Therefore, the energy of the

system 1is just the energy of the pendulum which is defined as E. When the
pendulum is in upright position, q, = 0 and Cio = 0 Substituting this in total
energy equation we get,

E=——r (64)
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4.3 Homoclinic Orbit

From [17] we define homoclinic orbit.

Consider the system

x = f(x).

Suppose that there exists an equilibrium point X, Then the solution of the system

@(x) 1s homoclinic if

(p(x)—>xoast—>oo

For our system, homoclinic orbit is characterized by a set of points such that

o E(x) = E(x)
® q,=0 (64)
° do =0

Substituting for q, and do in equation (52) we get,

B (mc+mp)(x'p)2 B mecos(e)é mp(4L2+D2)(é)2 B mecos(e)(x'p)(é) Lm_gcos(6)
2 4 24 4 2
(65)
B (mc+mp)(x'p)2 8 —6mecos(9)+mp(4L2+D2)(é) —6mecos(e)x'p Lm_gcos(6)
- 2 24 2
(66)

Equating E(x) = E(x) = m*éq*L we get

41



.2 . .
(mc+mp) (xp) e —6mecos(6) +mp(4LZ+D2) (C)) —6mecos(6)xp megcos(e) mng
2 24 2 2

(67)
which is the homoclinic orbit. Now the control law that we drive should take the
system to this homoclinic orbit.

4.4 Control Law

Now, we need a Lyapunov Function V(x). Following the steps in_[4] and [11] we

define the Lyapunov function

: k, =2 k2 ko
V(g @) =—(E —E) +—q,+4, (68)

such that kp, k 7 ke > 0 Now we need to calculate the derivative of this Lyapunov

function candidate along the trajectories of the state equation.
Vig.q) =k,(E—E)E+kaq.a,+kaq, (69)

Now, we substitute E from equation (63) to the above equation we get,

. . — . .2 .2 . .
V(g.@) =k (E - E)(q, T (Byq, + Bx ) +ka.a,+k apq, (70)

. — . - — .2
= q, (e, (E = E)(t, = B,q,) + k. +k a) =k (E = E)B,x

(71)

o — . Blepz .
=q, (k(E —E)(t, - Bq, — ] ) +ka,+ka)

q

Now, we want V(q, ci) to be negative. For this, if we make
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2

- _ . BZx.p .
~ 0y = (8~ )5, By~ ) kg, + k) (72)

q

Then,
In the next sections we find k., k,, k4 such that the control input T1is stable.

. . . . .2
Ve = q,* (=q) =—q, =0

which implies that,

Vg, q) <0
Therefore we can go on to derive the control input required for the system from
the above expressions..

Now, from the dynamics discussed in earlier chapters, the state dynamics can be

written as
9, = f11T1 t f12 (73)
0=f, (74)
x = fa, (75)

Substituting this in equation (71) we get,

2

B.x
i,‘p )tk (T )t kpqO)
0

~q,= (k (E - E)(t, - B,q, -

2

=t (k(E—E) +kf )+ (—k(E-E@B4q,+ ﬁq—) tkf,+ka)
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(76)

From the above expression we get,

2

— — . Bzx'p
Tl(ke(E —F) + kdfll) =— qo + ke(E — E)(quo + _q ) + kdflz + kpqo

0

(77)
Finally, we get,
_q'0+(ke(E_E)(B140+B42:L)_kdf12—kp%)
o " 4 (78)
1 k (E=E)+k f |
—do+(keg(_ﬁlé(ﬁ%)_kdflz_kpqo)
o , (79)

1 =
keE+kdf11

where E= E — E is the error in energy between the final energy and the

instantaneous energy.

4.5 Stability analysis of Control Law

This control input should be able to take the system from any arbitrary initial point
to the homoclinic orbit defined by (66). In the subsequent section we will prove
the stability of the control input and derive the necessary condition that the control

input T should satisfy.
If the term

q,(k (E —E) +kf ) #0 (80)
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in the denominator of the control input is not zero, then the expression won't have
any singularities.

First, let us consider the case where,
keE + k df L *0
From the above expression we can write,

-~ kdfll
|E| <42 81)

e

because f 1 is an element of D(q) which is bounded. Therefore each element of

the matrix 1s bounded.

Therefore, the above condition will be satisfied for some § > 0

~ k

k fll
El < (= - 8)f, <= (82)

Now for the above control law, we need to avoid getting stuck at the stable
equilibrium point which is the bottom one. To do this we first find the energy of
the pendulum when it is in the stable equilibrium point. We can directly find this

by substituting 8 = T in the potential energy equation. Following this we get

L
mg

bottom = 2 (83)
In order to achieve this we need
|E| <mp gL (84)

Therefore, taking equation (80) and (82) into account, we get,
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IE| < min(m gL, (';—': - &f ) =c
(85)
E| < ¢
where,

k
f— ’ d —_
c = mm(mng, (_ke 8)f11)

Since we know that V(q, q) < 0, V(q, q) is a decreasing function. Therefore the

maximum value of V(q, d) will be the initial condition itself. Hence the above

equation will hold if
CZ
V(0) <= (86)
Further, from equation (80), the system will have singularities if do = 0.

Therefore, the system cannot be initialized with g 0= 0. Combining this two, the

2 .
region defined by {x: V(ix) < CTn q, * 0} is the region of attraction of the

swing up control. If the initial points are inside this, then the controller will be able
to take the system to the homoclinic orbit.

Now we use LaSalle’s invariance theorem to discuss the stability of the control
input.

From [17] LaSalle’s invariance theorem says that, let 0 € D be a compact set that

is positively invariant with respect to
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x = f(x)
Let V: D - R be a continuously differentiable function such that V(x) < 01in Q.

Let E be the set of all points in ) where V(x) = 0. Let M be the largest invariant

set in E. Then every solution starting in Q0 approaches M as t — oo,

. .2
For our system, we know, V(q,q) = — q, which is always less than or equal to

zero since e R. This means that V/(q,q) is non increasing. Therefore

[qo(t), 8(0), x (0), q,(t), 6(t), x’p(t)] are bounded. Further, from the above

analysis, the error in energy E is bounded. Now, let (1 be the compact set of the
system defined by (27) that is positively invariant (which means every solution

that starts in () stays in () for all future time). Let W be the set of all points in Q
such that V(x) = 0.1.e.,
v = {q,0, 80, x (0, 4,®), 8(®), x, O} V(@.9) = 0

Let M eW be the largest invariant set in W. Then from LaSalle’s invariance

principle all solution starting in {1 approaches M as t — co. Now we will find this

largest invariant set M in (). For the set W, V(q, q) = 0 which implies that

—q, = 0= q = 0 which means that q, 1s a constant. Further, since q.0 = 0,

C}.O = 0. Now V(q, d) = 0 also implies that V(q, d) is a constant which means
from equation (67)
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k, —2 k2 k.
—(E —E) + -4, t —Zﬂq0 = constant (87)

2

/\2

Since k., k,, and k, are constants and cio = O and q, isaconstant, E = (E — E)

1s also a constant which means E is also a constant. Therefore E = 0 or E # 0.

We know from the above discussion that

2
~dy = O, — By =) + kg, + k)
Substituting c{o = 0 and taking the limit when Cio = 0, in the above equation we
get,
k Ex, + ka,=0 (88)
First, let us consider the case when E = 0. When E = 0, from the above equation
q,= 0. These are the conditions defined by equations (64) which we used for

defining the homoclinic orbit and hence the trajectory belongs to the homoclinic

orbit.
Now let us consider the case when E # 0 but is a constant. From equation (87),
since ke, kp, q, and E are constants, T, should also be a constant. Also from (69)

. . k A2 k
when ¢ = 0 we getV(q,q) = —E + T’Dq(z). We know from the above discussion

that V(q, q) 1s non- decreasing which means that
k ~2

. . k,, 2
V(g,9) = E +—q,<V(0) (39)
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/\2

From the above equation, since both £ and qi are positive we can write
kp 2 . kp 2
—q, < V(g.q) < V(0) =>—Lq, < V(0)

k, 2
quo < V(0) =, /kp|q0| <./2V(0) (90)
From (87) we get keE‘t1 =— kpq0 = ., /kpq /kpqo. Taking the absolute value on

both sides we get,

kJET| =k [k lq,| 1)

Substituting (89) in (90) we get,
kJET | = Jk \Jk la)| <[k 2V (0) (92)
Now substituting from (86) we get,

k|ET | < \/k:c

~ k
Which means |Et,| < {PC 93)

From equation (93) we can see that for appropriate values of ke and kp, |Erl| will

be a small value which means, since E 1s bounded, T . will also be bounded and
will be small.

Since q, = 0, q, is a constant. When it comes to the rate of base rotation 6 and
velocity of the cart X it could be zero or not. Considering 6 # 0 means that 0 is

continuously changing. If 0+ 0, the rotation will result in a gravity induced
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torque on the soft robot’s body which will cause it to change its degree of

curvature which means q, * 0. But this is a contradiction against our assumption

that do = 0 and hence is not possible. Therefore 8 = 0. Now if x.p # 0, then the

gravity induced force (reaction force) will cause a change in the angle 6 which

means that O # 0 which in turn means that g 0 F 0 which is again a contradiction.

Hence x = 0.
P
Also, the curvature and base rotation are constants only if T is exactly

compensating gravity and stiffness induced torque. From the above derivation we

know that T ) is small which is only possible if g 0 is close to zero. Otherwise T .
will be large so as to bring q 0 close to zero. Therefore q 0 has to be close to zero.
Therefore, for t . to be close to zero 6 should be close to zero or 0 should be close

tom (6=00r0 =~ mw). But 8 =~ 1 is excluded since its not the desired

equilibrium which means that 8 =~ 0. Therefore, |q0| < ¢ and |0| < ¢, where €,
is an arbitrarily small constant. In addition to this, if we substitute the conditions
T=0, q, = 0, Cio = 0, d-o = 0, x.p= 0,é = 0 and é= 0 in the equation
. 1 . :
q(t) =D(q) (v — (C(a.q)q + Byq + K g + G(9)))

we get 0 = 0. Therefore the largest invariant set Q in W is given by the set of

points in the homoclinic orbit and the interval
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(q v 0, xp, q . é, yép) = (g 0, xp, g, 0, 0) where |e| < g,. Therefore finally the
largest invariant set M in r is defined as,

M = {(CIO, 0, X do’ 9 x.p): q, = 0, cio = 0, and satisfies equation (67)}

U {(qo, 0, xp, qy 0, xp), (qo, 0, xp, dy 0, xp) = (g 0, xp, g 0,0),le] < 8*}
(94)
It should be noted that even though the control input has a division by do’ during

simulation, this never caused an issue.

4.6 Results
40 0
q
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>
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=
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Figure: 4.1 Swing-up control
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Figure: 4.3 Control input
The swing-up control of the system starting from the initial point

X, = [— %, m, 0, 0.001, 0, 0] is given above. As we can see from figure 4.2,

the system has not reached the homoclinic orbit yet (the total energy of the system
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is not 9.8J). In figure: 4.10 we can see that the system initialized from the same
point has reached homoclinic orbit at around 15 seconds and has switched to LQR
at around 16 seconds.

The swing-up control and stabilization of the system starting from the vertically

down position with the cart at the origin (xp = 0) is given below. The system is

switched to LQR at around 16.5 seconds (system is within the region of attraction
of LQR). You can notice a sudden jump in the value of theta. Note that we derived

the LQR for the reference value X, = [0, 0, 0, 0, 0,0]. Therefore to check

whether the system is within the region of attraction and to initialize the LQR, we
divide 0 by 2m and take the remainder. This doesn't make any difference to the
system dynamics because, for the pendulum, the rotation 2nm + v from the

vertical is same as + v (since 21 is one complete rotation).
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Figure: 4.4 Swing-up control and stabilization

53



25

20

15

10

Total Energy
w

-5

-10

15

20 25

10 15
time

Figure: 4.6 Control input

20 25

54



The swing-up control of the system starting from the vertically down position with

the cart at xp = 10 (x0 = [0.001, m, 10, 0.001, O, 0]) is given below. Just like

in the first case, the system is switched to LQR starting at around twenty two
seconds when the system is inside the region of attraction of the LQR. Just as in
the previous case, you can see a sudden jump in the value of 8. We can notice the

same jump in theta in figure: 4.10.

20

I =
10 =\ —6
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10

Solution y

0 10 20 30
Time t

Figure: 4.7 Swing-up control and stabilization
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Figure: 4.10 System initialized at x = [— - 1;0;0.001; 0; 0]

4.7 Summary.

In this section we derived an energy based swing-up control for the soft-robotic
inverted pendulum on a cart (SIPC) system. For this we found the total energy of
the system, formulated a general energy based Lyapunov function for the system,
found the homoclinic orbit, derived a control input such that the Lyapunov
function is non-increasing, analyzed the stability of the Lyapunov function, and
used LaSalle’s invariance principle to find the largest invariant set. The control
input was capable of successfully bringing the system from bottom down position
to the homoclinic orbit in finite time. Once the system reaches the homoclinic

orbit, it will stay there (with q, being zero, i.e., in fully elongated state, and the

system will continue to oscillate along the x-axis with the pendulum continuously
rotating 6 continuously increasing) for all future time as expected. The experiment
was repeated for several initial conditions. Even though the control input took
more time to push the system into the invariant set for certain initial states, it was

successfully able to do so starting at any initial condition. Even though there is a
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division by q.0 which could result in the control input exploding, no such thing

happened during the simulation. It was also found that, the position of cart always
stayed within an € neighborhood of the starting x-position where &€ < 0.5.

Concisely written, where xp(O) is the initial X, value, |xp(0) — xp(t)| < ¢. This
could be attributed to the fact that the control input is bounded, small and smooth

and as a result x.p doesn't have huge jumps. It should also be noted that in the

absence on a control input, because of the damping due to friction, x.p will

eventually go to zero. Further, from the set of equations (89) through (93) and

tuning, we get the values kp = 9.0, kd = 2.0, ke = 5.0
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Chapter-5 Feedback Linearization

5.1 Introduction

Feedback linearization is one of the earliest control strategies for controlling a
nonlinear system. It has been extensively studied. It can be employed on nonlinear
systems with single or multiple inputs. In addition to the control strategies
employed in the previous chapters, we tried feedback linearization to control the
dynamics of the system. Since the computation using the original system dynamics
were expensive and time consuming, we considered the limiting case where the

mass of the cart m, - . As discussed in the second chapter when the mass of the

cart go to infinity, the X, and X, 1s zero and hence the system converges to the

SIPR system introduced in [4]. Hence, analysis of feedback linearization was
conducted on this new reduced system.

The feedback linearization approach involves transforming a nonlinear system into
an equivalent linear system through a change of variables and suitable control
input. Once such a transformation and control input has been identified, a regular
outer loop control strategy can be deployed to achieve the required control
objective. Feedback linearization for underactuated systems is an extremely tough
control problem because for most of the underactuated systems, there may not
exist a transformation and control input that could fully linearize the system. In

such cases, we use partial feedback linearization to linearize the states that could
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be linearized and analyze the zero dynamics of the non feedback linearizable
states. The concept of partial feedback linearization has been extensively studied

in_[16], [17] and [20].

One of the earlier works in the field of feedback linearization for underactuated
systems is the swing up control of an acrobot using partial feedback
linearization[7]. It was already shown in [8] and [9] that acrobot is not feedback
linearizable with static state feedback and nonlinear coordinate transformation.
Therefore, the implementation of partial feedback linearization for swing up
control and stabilization and analysis of zero dynamics were carried out. In [22]
and [21] feedback linearization of quadrotor control and collocated partial
feedback linearization to the position and stretching control of a planar
underactuated mechanical system respectively were successfully implemented.

5.2 Simplified system and feedback linearization viability

The dynamics of the reduced system is given by

.- * -1 * . % - % *
qt) =D (@) (v —(C(@qq+Ba+Kaqg+ G(@)) O
Where

D21 D22 5 , , GZ 5

k *
K| = 0 T = n
0 0 0

Such that,
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« mp(72L2q o D'q, +12L°q) —144Lsin(q ) + 72L°q cos(q,))

1 5
36q0
. mp(24L2+ D’q, +12L°q, —24L"cos(q,) —24L°q sin(q,))
D =
12 244"
0
" mp(24L2+ D’q, +12L°q, —24L"cos(q,) —24L°q sin(q,))
21 24q,

2 2 3 2,
mp(24L q,+ D q,—24L sm(qo))

D =

22 12q3
2 . I 3
C* _ -L mpq0(12q0—305m(q0) +3qO sm(qo) + 18qocos(qo)+q0)
11 3q(6)
2 .
* _ L mpG(ZqO—Bsm(qO) + qocos(qo) )
12 q
0
2 o2 2 o : ; 2 S22
C* -L mp(4qo+q0q0+29qo—4 q,c05(q)—4q,q,5in(q)) =3 0 q;sin(q ) + q,q,cos(q )+ 6 q cos(q )
21 ¢
0
2 ,
C* _ -L mpq0(2q0—3sm(q0)+ qocos(qo))
22 q
0

* Lgmp(Zcos(qO+9)—ZCos(G)+qosin(q0+6)+qosin(9))

- 3

* Lgmp(sin(e)—qocos(9)+q0cos(9))

2_ 2
qO

B = Bl and k is the same damping from the original equation.
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Now we will check whether exact linearization with state feedback is possible for

the above system. From [20] suppose a system x = f(x) + g(x)u is given, then

the state space exact linearization problem is solvable near a point X, if and only if
the following conditions are satisfied.
. -2 -1
e The matrix ([g(xo) ad fg(xo). Ce ad; g(xo) ad; g(xo)]) has rank n
e The distribution D = span {g(xo), ad FERE ad;_zg] is involutive
near x|
Such that for the smooth vector fields f(x) and g(x),
k k—1 . 0
adfg(x) = [f, adf gl(x), for k = 1 and setting adfg(x) = g(x)
where, [f,g](x) is the Lie Bracket of f & g defined as
— 99 of ag of . .
[f, g]l(x) = 5 f(x) —5-9(x), 5, and -~ denotes the Jacobian matrices of
mappings g and f respectively.

For the reduced SIPC system, the number of dimensions n = 4. First, we check

* -1 *
the condition one. From the above analysis gT(x) = [O 0D (q) T] .
4x1

Therefore the size of the adjoint matrix(adj)

. -2 -1 .
adj = [g(xo) adfg(xo). - ad; g(xo) ad; g(xo)] is 4X%x4  On
substituting the condition X, = [0, 0, 0, 0] we find that rank(adj) < 4. Since

the first condition itself fails, the system is not exact feedback linearizable. We
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tried the same analysis for the original SIPC system, but since the computational
time complexity of the adjoint matrix is exponential, we couldn't find it.

Therefore, we tried partial feedback linearization.

5.3 Partial Feedback Linearization and normal form

The dynamics of the above system can be written as

D q+D.®+c +d =1 (96)

D,q+D,0+c,+d =0 (97)
where Cpr ¢1’ C, c|)2 are the elements of C-matrix and G-matrix. Now, from (97)
we get,

0=-D_ (D, q +c,+d) (98)

Substituting this expression into (96) we get

) .
DllqO + DlZ(_ D22 (D21q0 + CZ + q)Z)) + Cl + q)l - Tl (99)

-1 " -1 -1
(0, -D.D, D, )q +c —D.D ~c,+¢ —D. D ~b =

12 22 12 22 12 22 1

(100)

: -1 . \ .
Note that the matrix D11 — D12D22 D21 is the Schur's complement of D22 in

D(q) and it is symmetric and positive definite. The control law

—1 —1 —1
L= (D11 - D12D22 D21)a1 + (C1 - D12D22 Cz) + ((I)l B D12D22 (I)z)

(101)
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where o, is an additional outer-loop control term results in the normal form,

C;O =a. Therefore the final system in normal form is given by

q,= o (102)

D,O+c,+¢,=—D o (103)

This system is partially feedback linearized. As we can see (102) is now linear.
Therefore an outer loop control can be designed to track a trajectory for the
curvature. The response for the angle (0) is given by (103). The equation (103)

represents internal dynamics with respect to an output y = q, The goal of the

outer loop control then is to track a given trajectory for the curvature and at the
same time excite the internal dynamics to swing the pendulum to a balancing
position. In the next section we will analyze the zero dynamics of the system.

5.4 Zero Dynamics

From [16], let the output be defined as y = h(ql, qz), then the set 9 defined as
9 = {(q, q) h(q) = 0, ﬂ(q) = Z—Z(q) q = O} is called the zero-dynamics
manifold. An outer-loop control o, that asymptotically stabilizes the equilibrium y

= 0 makes 9 an invariant manifold for the system. The reduced order dynamics on
9 are called the zero dynamics.
From the previous section, the complete system in normal form with output is

given by,
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(104)

To find the zero dynamics, we set g 0= 0, q 0= 0 and o = 0 in the above

system. Therefore, the resultant system is given by,

DZZ—lime t CZ—lim t (I)Z—lim =0
Where,

mp(D2+4L2)

= —,C
22—lim 12 > T2—lim

2—lim 2
Which gives,

2 2 * ko ki
mp(D +4L") o L*g m sin(0) _

12 v 2 -

_ __ —L*g*m*sin(0)
= ,(I) LN

(105)

(106)

As expected, this is the dynamics of a rigid body pendulum. Since all the

trajectories of this zero-dynamics manifold are periodic orbits, the equilibrium

solutions are not asymptotically stable. The reduced order dynamics (106)

represents the system with 2 state variables, but when one of them is fixed. Figure:

5.1 shows the phase portrait of the system defined by (106). As expected, the

reduced order model has stable equilibrium points at (2n + 1)m, and unstable

equilibrium points at 2nm, n € Z.
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Figure: 5.1 Phase plot of zero dynamics

In this chapter, we considered a reduced version of the system and tried to
feedback linearizable, we tried partial feedback linearization. We successfully
linearized three states out of four and analyzed the zero dynamics of the system. It

feedback-linearize it. Since it was found that the system is not complete state
was found that the zero dynamics of the system is that of the rigid body pendulum

5.5 Summary



Chapter 6 Conclusion

6.1 Summary and Conclusion

To conclude, to start with, in this work we provided a thorough discussion of
existing soft-robotic models and their control strategies. Then, we modeled a new
oft inverted pendulum on a cart system, derived the system dynamics and the state
space form. We conducted analysis on dynamics of the system for parameters.
Then we linearized the system around its upright equilibrium point and studied the
point’s stability. Further, we discussed the controllability and stabilizability of the
system. This study revealed that for the system to be stabilizable, there should
exist damping between the cart and the x-axis. Next we used the Linear Quadratic
Regulator to stabilize the system around the equilibrium point. Furthermore, we
analytically found the region of attraction of the LQR. After this, we derived the
total energy of the system, formulated an energy based Lyapunov function and
derived the control law which will drive the system from any initial point to the
upright equilibrium point. We also studied the stability of the control law and used
LaSalle's invariance principle to ensure the convergence of trajectory to the
invariant set. We also found the invariant set and proved the stability of the control
law. Then we implemented a switching based control law which is the composition
of swing-up and LQR. In addition to this, we studied the variability of feedback
linearization, designed a partial feedback controller and found the normal form of

the reduced system. We also talked about the zero-dynamics of the system.
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6.2 Future Work

System modeling, control design and computer aided validation are the first few
stages of any robot-control design. The next step would be to implement the
system in a physical environment and study the real life practicality of the control
law. In this work we have considered the soft robotic pendulum with constant
curvature. Therefore, in the future work, we can extend the study towards system

soft robotic arms with non-constant curvatures.
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A. Appendix

A.1 Elements of Inertia Matrix

The inertia matrix D is given by,

Dy Di2 Dy
D = |Dyy Ds Do
D3y D3y Dss
mp(72L2q0+ D’q) +12L°q, —144L’sin(q,) + 72L°q cos(q,))
D =
11 36q5

0

me(Zsin(G)—Zsin(q0+9) +qocos(q0+9)+qosin(9))
D =
13 3
q,

mp(24L2+ D’q, +12L°q, —24L"cos(q,) — 24L°q cos(q,))
D =
21 244"

0

2 2 3 2,
mp(24L q,* D q, —24L sm(qo))

22 12q2
me(cos(q0+6)—cos(6)+qosin(6))
D =
23 z
qy

me(Zsin(G)—Zsin(q0+9) +q0cos(q0+9)+qosin(9))
D =
31 3
4,

me(cos(qo+6)—Cos(6)+qosin(9))

32 2
qO

D33 = mp + mc
A.2 Elements of C(q, d)

The elements of C(q, d) is given by,



Cnu Ci2 Cis
C(g, ¢) = [Ca Cap Coy3
C31 O3 Cs3

2 . 2 . 3

c = —L mpq0(12q0—305m(q0) +3q0 sm(qo) + 18qocos(q0)+q0)
11 6
3q0

2 .
c L mp6(2q0—3sm(q0) + qocos(qo) )
- 4
12 q,

C13=O

2 L2 o602 o : . 2 - 2

c = —L mp(4q0+q0q0+26q0—4 q,c0s(q)—4q,q,5in(q,) —3 0 q sin(q ) +q,q,cos(q)+ 6 q cos(q))
21 5
4,

2 : .

c = —L'm q,(29,—3sin(q )+ q,cos(q,) )
- 4
22 q

. . 2- Y Y . .
—me(6qosm(6)—6qosm(q0+6)+q0qosm(q0+9)+9qosm(q0+9)+9qosm(6)+4qucos(q0+6)+26qocos(q0+9)

C =
31 4
qO

2me6q0cos(6)—Zqoqocos(e)

4
qO

c = —me(Zqocos(q0+6)—Zqocos(e)—qucos(9)+q0qosm(q0+6)+qoesm(q0+6)+q0q051n(6)—6q05m(9))
32 3
4,

A.3 Lyapunov Stability
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Given the nonlinear system defined by equation Jé(t) = f(x(t)), suppose that
x = 0eR isan equilibrium. Then the null solution x(to) = 0 is said to be

e stable if and only if, for any € > 0 there exist § = §(¢) > 0 such that

||x(t0)|| < dimplies ||x(t)||] < € forallt > t

e asymptotically stable if x = 0 1is stable and, in addition,
||x(t0)|| < dimplies ||x(t)[]| 2 0ast — oo

e unstable if it is not stable.

The stability, respectively, asymptotic stability, is said to be global if the

corresponding conditions hold for every initial condition x(to) eR”

A.4 Schur's Complement
LetMbea(p + q) X (p + q) matrix partitioned into sub-blocks as

Y lA B]

C D
in which A, B, C, and D are, respectivelyp X p,p X q, q X p, andq X q
sub-matrices. Assuming that D is invertible, the Schur complement of the block D
in the matrix M is the p X p matrix

D=A-BDC

Further,
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If M is a symmetric, positive definite matrix, then so is the Schur

complement of D in M
The determinant of M is det(D) * det(A — BD_lC)

The rank of M is equal to rank(D) + rank(4 — BD_IC)
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