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Ring-shaped energy bands, where a continuum of degenerate minima lie along a closed

loop in momentum space, are of interest in ultracold fermionic and bosonic gases since the asso-

ciated singularity in the density of states is expected to stabilize unconventional phases of matter.

These moatlike dispersions are also linked to enhanced properties in solid-state materials. This

thesis describes the realization and characterization of a Mexican-hat band generated with an

amplitude modulated double-well optical lattice, where the effective static Hamiltonian giving

rise to the moat band can be understood using a Floquet analysis. Since our experimental ap-

proach allowed for the coherent preparation of Bose condensed (BEC) clouds in this hybridized

ring-shaped band, we also examined the stability of BEC dressed states in the presence of the

moatlike dispersion, which we modeled using a linear stability analysis of the mean-field solu-

tions to the driven Gross-Pitaevskii equation. Our observations are in fair agreement with the

theoretical prediction that a single-momentum BEC at the minimum of a moatlike band (which



is a competing bosonic ground state in several interesting phase diagrams associated with ring-

shaped dispersions) lies at the edge of an instability region and should, hence, be unstable in any

realistic scenario.

Motivated by the necessity to understand and mitigate dissipative mechanisms that curtail

the applicability of Floquet engineering in bosonic optical lattices, this thesis also discusses a

framework to model drive-induced instabilities in condensates subject to time-modulated lattice

potentials. A linear stability analysis, similar to the one employed to model the BEC stability in

the presence of the effective moat band, leads to parametric instabilities. Unlike the moat-induced

instability, which is inherent to the Floquet generated effective static band, these instabilities

are coupled via the modulation, and depend on the details of the modulation parameters. The

predictions of this model are contrasted with the results from an experimental investigation of the

condensate depletion in shaken optical lattices, as a function of the modulation parameters, from

which we assess the validity and limitations of the theory.
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Chapter 1: Introduction

Optical lattices [1–5], the physical system I studied as a PhD student, have been systemat-

ically employed in atomic physics laboratories since the early 1990s [6,7] and their implementa-

tion with ultracold neutral atoms continues to be a rewarding platform for the study of quantum

many-body physics [8–12]. The appeal of this experimental resource stems to a large extent

from its relatively high dynamic manipulability and the flexible probing techniques available in

cold atomic gases. Nearly every property of cold atoms in optical lattices is controllable, from

the lattice structure to the interaction strength (including sign). In the past quarter-century, these

properties have facilitated the observation of numerous interesting quantum phenomena in optical

lattices, some of which are challenging to realize in other systems such as solid-state electronic

materials. Among these nonclassical effects are the generation of different strongly correlated

states associated with the Hubbard model [13–20], the observation of interesting phases in re-

duced dimensions such as the stabilization of a Tonks-Girardeau gas [21, 22] (a fermionized

phase of a 1D Bose gas predicted in 1960 [23]) and the Berezinskii-Kosterlitz-Thouless (BKT)

transition to a quasicondensate [24, 25] in 2D Bose gases, the production of superfluidity pos-

sessing an unconventional orbital degree of freedom [26, 27], and the emulation of the Harper

Hamiltonian [28, 29] that describes the evolution of charged particles in crystals and large mag-

netic fields. In addition, the coherence of cold atom systems and the ability to isolate them from
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the environment allows for the production of non-equilibrium states that are completely unavail-

able in traditional condensed matter contexts. One example being the realization of the highly

excited so-called “super-Tonks-Girardeau” gas [30–32], a correlated highly excited many-body

state that is essentially impossible to realize in traditional solid-state materials.

The capabilities that optical lattices offer to realize unconventional phases of matter can

be further expanded using Floquet engineering [33–35] techniques, whereby the Hamiltonian of

a system is modified via a periodic time modulation of the parameters in the equations of mo-

tion. This Floquet approach, which relies on the restriction Floquet’s theorem imposes on the

form of the solutions to linear ordinary differential equations with periodic coefficients, is an

attractive technique in quantum simulation using ultracold atoms, as it allows forging effective

Hamiltonians which are expected to have exotic ground states. In optical lattices, proposed and

successful applications of Floquet engineering include the creation of topological bands [36,37],

the transformation of antiferromagnetic correlations into magnetic correlations [38], the gener-

ation of tunable artificial gauge fields [39, 40], and the production of low-energy single-particle

states with large degeneracy [41].

One approach to producing novel, strongly correlated ground phases of matter consists in

synthesizing interacting many-body systems whose low energy single-particle states exhibit a

large degeneracy, which enhances the role that interactions play in lifting the degeneracy, and

stabilizing unconventional states. This strong influence that interactions have in the determina-

tion of the ground state can take place even when the degeneracy occurs only at a couple of points

in phase space, as experimentally demonstrated in the observation of a chiral px ± ipy superfluid

order [26,42], the emergence of ferromagnetic domains in a BEC in the presence of a double-well

energy band [43], and the formation of a stripe phase in the double-well dispersion of spin-orbit-
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coupled BECs [44–46]. Not surprisingly, a continuous degeneracy in the single-particle ground

states causes interacting systems to exhibit exotic nonclassical behavior. An example is the frac-

tional quantum Hall effect, observed in 2D gases of interacting electrons that occupy an infinitely

degenerate lowest Landau level in the presence of a uniform magnetic field [47]. Another exam-

ple is given by systems with flat Bloch bands, whose high degeneracy is also expected to favor the

emergence of supersolid phases [48] and fractional anomalous quantum Hall states in the absence

of external magnetic fields [49–51]. Accordingly, there is significant interest in engineering such

continuous ground state degeneracy.

Such degeneracies arise in moatlike dispersions, where a continuum of nearly degenerate

minima lie along a closed loop in reciprocal space. This type of dispersion will be termed, some-

what interchangeably, as Mexican-hat (MH), ring-shaped, Rashba-like or moat band. Central to

this thesis is the idea that MH dispersions can be “Floquet-engineered” for ultracold atoms (both

bosons and fermions) by periodically modulating an optical lattice [41].

In fermionic systems, a MH dispersion arises in some 2D electron gases with Rashba spin-

orbit coupling (SOC). It has been argued that low-density cold fermionic possessing the Rashba-

type dispersion may exhibit interesting, competing low-energy states, such as the Wigner crystal,

spin-density waves and ferromagnetic nematic phases [52–54]. A Rashba SOC may also boost

the formation of bound states in an interacting 2D Fermi gas, inducing a BKT transition from a

BCS superfluid state to a BEC of molecules [55].

In bosonic systems, the determination of the interacting many-body ground state for the

moatlike degeneracy remains an interesting problem [41,56–62]. Even in the weakly interacting,

mean field limit, where strong correlations are not expected, the nature of the low energy states

is unclear. For noninteracting bosons in 3D with a ring-shaped dispersion, the density of states
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is two-dimensional at low energy, and Bose-Einstein condensation at finite temperature is not

expected. Interactions play an important role in the condensate stability, however, and BEC at

finite temperature has been predicted for the interacting system [63, 64]. It has been argued [41,

59–61] that the low density ground state in a moatlike dispersion is a composite-fermion-like

state leading to a chiral spin liquid.

In a more practical context, the pronounced rise in the density of states (DOS), commonly

referred to as van Hove singularity in condensed matter physics, that occurs at the lowest energy

of MH bands is connected to appealing properties in some two-dimensional materials composed

of a few monolayers. In tunnel field-effect transistors built with 2D graphene bilayer [65, 66],

for example, this DOS enhancement has been predicted to enable a steep, more efficient current

switching [67], an improved feature that would aid in reducing the power dissipation in inte-

grated circuits composed of a large number of transistors. The band flatness in the emergence of

a MH band, as measured via photoemission spectroscopy in Ref. [68], has also been proposed

as a mechanism to attain high-temperature superconductivity in bilayer graphene. In addition,

calculations based on density functional theory indicate that these van Hove singularities could

magnify the thermoelectric properties (such as the Seebeck coefficient) in van der Waals mate-

rials [69], improving, for example, the efficiency of power generators installed in satellites [70].

Monolayer and bilayer materials with MH bands also exhibit an inherent controllable magnetism

since they are unstable toward a ferromagnetic ground state [71–73], and constitute a potential

platform for the development of 2D spintronic devices [74].

Unfortunately, and in spite of the large number of experiments that have successfully em-

ployed Floquet engineering in interacting ultracold gases [28, 43, 75, 76], heating caused by the

interaction-induced and uncontrolled feeding of energy into the system (via the periodic drive)
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remains a common limitation in experimental realizations of low-energy phases of matter when

using Floquet methods. This problem has motivated numerous theoretical [77–82] and experi-

mental [83–88] studies aimed at understanding the origin and potential mitigation of the dissipa-

tive mechanisms inherent to the Floquet technique. Since a full treatment of periodically inter-

acting systems typically leads to intractable calculations, the analytical and numerical treatments

of periodically driven interacting systems commonly resort to approximate approaches, such as

the Truncated Wigner approximation (TWA) [89], high-frequency expansions, Fermi’s Golden

Rule (FGR) [90] and the weak-coupling conserving approximation. Feedback from experiments

is thus a valuable asset to determine the validity of the approximations adopted in such models

and to suggest more sophisticated ones. Given the importance of heating to Floquet systems, we

carried out experiments to study heating in the context of BECs in driven lattices.

Numerous studies [91–95] have been dedicated to enhance the controllability and tunability

in optical lattice setups, as well as to improve the associated detection procedures [96–100].

Examples of projects that were carried out with such intents by past members in my experimental

group, some of which were essential for the work described here, are: (i) the manipulation of the

internal spin of atoms with a subwavelength resolution (i.e., in a scale below the unit cell of the

lattice potential) for both field-sensitive [101] and field-insensitive states [102], (ii) the design and

construction of a single-beam retro-reflected double well lattice potential [103] that is impervious

to the phase noise generated by the vibrations of mirrors along the path of the lattice light, and

where features of the double well remain dynamically tunable, (iii) the cancellation of differential

Stark shifts, that cause inhomogeneous (generally unwanted) broadening in atomic transitions,

by finding “magic” wavelengths [104, 105], and (iv) the design and inclusion of low-steering

kinematic mirrors that allowed to controllably modulate the position of the optical lattice [106].
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The contents of this thesis are organized as follows. Chapter 2 briefly describes the main

elements of the experimental apparatus I worked with on a daily basis; this chapter includes a

concise review of the functional form and the typical calibration procedure of our double-well

optical lattice. The remaining three chapters deal with our work on Floquet engineering. A

review of both Floquet theory and the numerical solution of the Bogoliubov-deGennes equations,

tailored to the needs of the last two chapters is contained in Chapter 3. This review starts with the

single-particle Floquet framework, and expands it to incorporate the nonlinear Gross-Pitaevskii

equation and the linear stability of its solutions. Chapter 4 describes a thorough investigation of

condensate heating in a regime where parametric instabilities, arising from the interplay between

the modulation and the interactions, constitute the main cause of condensate depletion in shaken

optical lattices. (A peer-reviewed report of these results can be found in Ref. [86].) Finally,

Chapter 5 covers the realization of a MH energy dispersion using a Floquet approach with a

checkerboard optical lattice. This chapter recounts different modulation schemes we explored

to meet this goal. The chapter then reviews the different experimental probes we employed to

demonstrate we had realized a moatlike band, as well as our measurements of the condensate

stability in the presence of such ring-shaped dispersion. (Relevant references for this chapter are

the articles [41, 107].)
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Chapter 2: Apparatus

The current chapter offers a brief account of the hardware I employed routinely to generate

and manipulate a cold atomic gas in the presence of a double-well optical lattice. Section 2.1

covers the apparatus that generated the Bose-Einstein condensate (BEC). Section 2.2 describes

the setup for the optical lattice. Since some idiosyncrasies of the lattice and their effects on

the BEC will become relevant in later chapters of this thesis, the second section also addresses

the functional form of the lattice and outlines the numerical procedure to solve the Schrödinger

equation with such periodic potential.

2.1 BEC apparatus

Experimental procedures entailed producing an optically trapped BEC [108–112] of 87Rb

atoms, which would afterwards be subject to an optical lattice potential [93,113,114]. The atoms

to be Bose condensed, were cooled and trapped inside an ultra-high vacuum (UHV) chamber

(described in section 2.1.1.2) belonging to a larger vacuum structure (section 2.1.1). Electro-

magnetic radiation in the radiofrequency, microwave, infrared and visible regimes (traversing

the windows of the UHV chamber) and magnetic fields (generated by electrical current running

through coils surrounding the chamber) interacted with the atoms at different stages of the pro-

cedures to manipulate or extract physical information from the cloud. Measurements on the cold
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gas were for the most part performed via absorption imaging [115] from a probe laser beam after

time-of-flight (see section 2.1.3).

A more detailed account (including part numbers and relevant technical specifications) of

the laboratory hardware can be found in Roger Brown’s PhD thesis [116]. An older version of the

apparatus, having some overlap with the devices here discussed, is contained in John Huckans’

PhD thesis [117]. Reference [118] is also helpful as our apparatus design closely followed the

one reported in it; a similar implementation of that design has been documented in Ref. [119].

2.1.1 Vacuum system

2.1.1.1 Oven

Atoms for the production of a BEC were optically slowed and captured from a collimated

thermal beam of rubidium-87 atoms emanating from a ∼ 85 ◦C source that consisted of a broken

glass ampule containing rubidium with natural abundance housed inside a bellows. The thermal

source was separated from the “oven” vacuum space by a long tube that acted as a collimator and

a differential pressure orifice (see Fig. 2.1). The oven pressure, just above 5 × 10−10 torr, was

maintained with an ion pump and measured with a hot-filament ionization gauge [120]. Addi-

tionally, the oven contained a cup-like piece of copper with a collimation hole in it. This “cold

cup” was cooled down to . −10 ◦C by contact with an external thermoelectric cooler. The cold

cup passively yet uninterruptedly captured on its surface the excess amount of residual rubid-

ium atoms, further collimating the thermal beam and effectively preventing detrimental alkali

poisoning of the ion pump.
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Figure 2.1: Vacuum system diagram. This apparatus comprised two regions: the
“oven” and the UHV. A collimated thermal beam of Rb atoms was produced on the
oven side and then decelerated as it moved through a Zeeman slower before being
collected in a six-beam MOT in the main sience chamber (UHV section). After
several stages of evaporation the atoms in the MOT trap were transformed into a
BEC. The low pressures were maintained with the assitance of ion pumps, a ‘cold
cup’ and TiSub pumps.
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2.1.1.2 UHV

Atoms from the collimated effusive beam produced in the oven were fed into the ultra-

high vacuum (UHV) part of the apparatus through a differential pressure tube wrapped with

Zeeman slower coils [119, 121]. A commercial Uniblitz shutter was attached to the entrance of

this differential pumping tube and acted as a gate for the Rb atom beam. To protect the UHV

region from potential malfunctions in the oven, a pneumatic gate valve (interlocked to the oven

pressure) was installed between the oven and the Zeeman slower tube.

In addition to an ion pump and ion gauge, the UHV part of the vacuum had a pair of titanium

sublimation (TiSub) pumps [122], also known as titanium getters. The UHV pressure steadily

increased over time and heating of the TiSub filaments every other month or so was needed to

bring the pressure back to its optimal value on the order of 1 × 10−10 torr. When the TiSub

filaments were heated by driving current through them, harmful coating of the nearby vacuum

chamber windows by the sublimated titanium was prevented by closing the vacuum viewport

shutters (circular flapper plates mounted on a tangential axis), which were hand-rotatable from

the outside via feedthrough knobs.

The main science chamber was a spherical octagon UHV chamber directly attached to the

Zeeman slower. After being Zeeman-slowed, atoms from the collimated beam were collected

in a six-beam magneto-optical trap (MOT) [123]. The MOT light beams, with relatively large

diameters (between 25 mm and 40 mm), entered the main chamber directly after reflection from

pneumatically [124] or motorized movable flipper mirrors; these kinematic mirrors would only

stay close to the windows of the chamber during the MOT loading phase of the procedure and

would be retracted thereafter to provide optical access for other light beams needed at later stages.
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Shortly after the MOT gathered a sufficiently large number of atoms (the loading time of

the MOT was commonly used to regulate the final atom number in the BEC), the confinement

was switched to a magnetic quadrupole trap [125,126], where the gas underwent forced radiofre-

quency (RF) evaporation until the phase space density was as high as possible without inducing

significant detrimental nonadiabatic (Majorana) spin-flip losses [127] associated with slow mov-

ing atoms near the quadrupole zero-field point.

The cloud was then transferred to a cross-beam red-detuned optical dipole trap (ODT) [128]

by switching on a pair of infrared (1064 nm) perpendicular dipole beams and slowly ramping the

quadrupole field to zero. At the cloud’s position, one of the dipole beams (D1) had waists of

30 µm by 80 µm, while the other dipole beam (D2) had waists of 70 µm by 275 µm. Typical

trap frequencies in the ODT are 10 Hz along D1, 50 Hz along D2, and 130 Hz vertically. Lastly,

intensities of dipole beams were exponentially ramped down for approximately 4 seconds to

further evaporate the cloud, yielding a BEC (with minimal thermal component) in the F = 1,

mF = −1 magnetic state.

2.1.2 Cooling, repump and dipole lasers

Three lasers were employed to produce the cooling and repump light required for the Zee-

man slower and the six-beam MOT trap. The cooling laser (Toptica TA pro) was locked near the

cycling F = 2 → F ′ = 3 hyperfine transition of 87Rb, while the repump (Toptica DL pro) laser

was locked near the F = 1 → F ′ = 2 hyperfine transition to repump the atoms that escaped the

cycling transtion. Both the cooling and repump lasers were locked by beat-note frequency sta-

bilization [129] to a reference (or master) laser (New Focus Vortex model 6013). The latter was
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locked to the 87Rb F = 2 → F ′ = 2 − 3 crossover resonance produced by saturated absorption

spectroscopy [130].

The two dipole trap beams, having a 1064 nm wavelength, were generated with a Yb fiber

laser (IPG photonics, model YLR-20-1064-LP-S) and delivered to the experimental chamber

via crystal photonic fibers. The intensity of each dipole beam was actively stabilized in order

to avoid parametric heating of atoms in the trap. This stabilization was performed through a

feedback control system by controlling the RF power driving an AOM in the beam path. The

error signal in this control loop was constructed from the powers of beam-sampled fractions of

the dipole beams, measured at points near the main chamber. This intensity stabilization was not

required for the cooling and repump lights.

2.1.3 Imaging system

We used absorptive imaging [115] to measure the integrated column density of the atomic

cloud after time of flight along two different directions (see Fig. 2.2):

• The path of one of the probe beams nearly matched the path of one of the dipole beams

(differing by≈ 5◦). With this probe, the cloud was imaged in a plane (y-z plane in Fig. 2.2)

perpendicular to the one formed by the dipole beams, with gravity along one of the image

axes. Cloud images in this direction were always in focus regardless of the time of flight.

For this case, magnification was calibrated using acceleration of atoms due to gravity. The

CCD camera used for this probe was a Point Grey Flea 3.

• The path of the other probe beam was orthogonal to both dipole beams, imaging the cloud

in the 2D horizontal plane, i.e., the one formed by the dipole beams (x-y plane in Fig. 2.2).
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Figure 2.2: Layout of camera probe beams around the main science chamber. The
probe beam sent to the PI PIXIS camera imaged the atoms in the x-y plane, while
the one sent to the Flea 3 camera did the same in the y-z plane.
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Along this direction, the images of the cloud were in focus after approximately 30 ms time

of flight. The CCD camera used for this probe was a Princeton Instruments PIXIS.

Both probe beams were drawn from the cooling laser (locked near the F = 2 to F ′ = 3 transition)

and their intensities were kept below saturation.

2.2 Optical lattice

This section discusses some basic features of the optical lattice apparatus and the functional

form of the periodic potential (section 2.2.1), as well as a rough account of its alignment and

calibration (section 2.2.3). More in-depth expositions are contained in Refs. [103, 116], with

some more concise descriptions in Refs. [101, 131].

2.2.1 Double-well optical lattice

A double-well 2D optical lattice was formed along a horizontal (x-y) plane inside the main

science chamber by a retroreflected infrared laser, folded as shown in Fig. 2.3. Lattice light

was obtained from a tunable titanium-sapphire laser (pumped by a 532 nm Coherent Verdi laser)

whose wavelength λ was almost always set around 813 nm, i.e., 18 nm above (red-detuned in

energy) the rubidium 795 nm transition. The lattice beam was retroreflected at the curved mirror

M3 (after hitting the plane mirrors M1 and M2) hence traversing the atomic cloud four times, as

indicated by the wave-vectors k1, k2, k3 (=−k2) and k4 (=−k1). The four light fields associated

with these wave-vectors possessed each a 1/e2 radius of approximately 170 µm at the position

of the cloud, and their interference in this region gave rise to a periodic potential. The presence

of the lattice on top of the dipole trap produced an optical lattice in the x-y plane but a much
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Figure 2.3: Layout, around the main science chamber, of the components used to
generate our double-well optical lattice (top view). The periodic potential is formed
by retroreflecting a single light beam, indicated in red. In the figure, the beam first
enters the main science chamber from the right bottom corner (as indicated by the
arrow k1). It is then successively deflected by mirrors M1 and M2, eventually hitting
the curved mirror M3 where it is reflected back into its original path. The lattice
beam crosses the cloud four times as specified by the wave-vectors k1,2,3,4. The pair
of dipole beams D1 and D2 forming a cross-beam optical dipole trap are depicted
in light blue. The Pockels cell PC1 controls the relative intensity between the in-
plane (x-y) and out-of-plane (z) polarization components of the lattice light reaching
the atomic cloud. The Pockels cell PC2 tunes the path length difference between
the out-of-plane and in-plane polarization components without altering their relative
intensities.
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weaker (∼130 Hz) confinement along z causing the atomic gas to adopt a distribution of an array

of elongated tubes.

A property of this lattice configuration is that the phase of the k4 field was determined

by the phases of the k1, k2 and k3 fields alone as no new optical path length was traversed

by k4 when it reached the cloud. In other words, only three of the four beams inducing the

two-dimensional lattice were phase independent. Because of this, and as pointed out in refer-

ences [103, 132], the shape (or “topology”) of the double-well lattice potential produced under

this folded retroreflected configuration was unaffected by most sources of phase noise in the four

laser fields. The lattice was, nonetheless, still affected by global translations caused by phase

noise. These (most likely acoustic) displacements were, in general, unlikely to have major harm-

ful effects on the atoms due to the broad bandwidth and relatively low power of their spectra (i.e.,

low power spectral density). In contrast, rapid changes in the shape of the lattice would trans-

late into substantial nonadiabatic variations (quenches) in the band structure experienced by the

atoms, naturally leading to excitations into excited states. For this reason, it was advantageous

to work with an optical lattice whose “topology” is intrinsically insensitive to phase noise. Con-

trastingly, other double-well lattice configurations [133], where more than three beams are phase

independent, require active phase stabilization by interferometric methods in order to avoid rapid

uncontrolled changes in the lattice topology.

As shown in Fig. 2.3, two Pockels cells (LINOS Pockels cell driven by a Trek high-voltage

amplifier), denoted PC1 and PC2, lay along the path of the lattice beam. These two devices

allowed for dynamical variation of (i) the relative intensity between the out-of-plane (z) and in-

plane (x-y) lattice light polarization components at the cloud’s position and (ii) the relative phase

between those polarization components. Different values of parameters (i) and (ii) corresponded
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to lattices with distinct shapes. To be more precise about the effects of PC1 and PC2:

• The input Pockels cell PC1 had its fast axis oriented 45◦ with respect to the nearly perfectly

horizontal polarization of the inciding beam, making it possible to dynamically switch the

polarization from purely horizontal to purely vertical, as well as any intermediate distri-

bution between the polarization components. As the high voltage applied to PC1 moved

away from zero volts, the polarization changed from horizontal to elliptical until it turned

circular, then back to elliptical as it eventually became completely vertical.

• The Pockels cell PC2 had its fast axis aligned horizontally. When driven, PC2 would

produce a relative retardation (or advance) of the in-plane phase with respect to that of the

vertical component.

In its most simplified version, the double-well potential is composed of two independent

(non-interfering) lattices, namely, the lattice potentials produced by the light shifts from the hor-

izontal and the vertical polarization components of the lattice beam.

Denoting the angular wavenumber of the lattice laser as kR (= 2π/λ), the in-plane polar-

ization component of the lattice beam induces the following square optical lattice

Vip(x, y) = −
Vip,0

8
[2 cos (2kRx) + 2 cos (2kRy) + 4] , (2.1)

which we commonly referred to as the ‘in-plane’, ‘short-period’ or ‘λ/2-’ lattice as adjacent

minima of Vip are separated by λ/2 [Fig. 2.4(a)]. The out-of-plane component, on the other
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hand, generates the potential

Vop(x, y; θz) = −
Vop,0

16
cos2

[
kR
2

(x+ y)− θz
2

]
cos2

[
kR
2

(x− y)− θz
2

]
, (2.2)

knwon as the ‘out-of-plane’, ‘long-period’ or ‘λ-’ lattice. The last moniker originates from the

fact that consecutive minima have a separation of λ along x and y [Fig. 2.4(b)]. Strictly speaking,

however, the separation between nearest sites (along y = ±x direction) is λ/
√

2 and not λ. In

the equation (2.2), the parameter θz is the optical path-length difference produced by PC2; if PC2

is removed from the lattice beam path, θz = 0 as no path-length difference is induced. Changing

the value of θz results in a translation of the lattice along the x direction.

Since the potentials Vip and Vop are produced using non-interfering fields with polarizations

perpendicular to each other, the full potential VLATT is equal to

VLATT(x, y; θz) = Vip(x, y) + Vop(x, y; θz). (2.3)

Figure 2.4 shows four representative geometries of the double-well potential (2.3). For θz = 0

[Fig. 2.4(c)], the lattice displays a checkerboard geometry as the λ lattice induces an energy

offset Vop,0 between neighboring sites of the otherwise balanced λ/2 lattice. When θz = π/2

[Fig. 2.4(d)], the lattice displays a dimer geometry with the λ lattice lowering the barrier between

every other pair of adjacent minima.
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Figure 2.4: Different configurations of our double-well potential VLATT. (a) λ/2 or
‘in-plane’, formed when polarization is fully in-plane, i.e., Vop,0 = 0. (b) λ or ‘out-
of-plane’, formed when polarization is fully out-of-plane, i.e., Vip,0 = 0. (c) Checker-
board lattice, corresponds to θz = 0 in Eq. (2.3). In this configuration, minima of
out-of-plane potential lie on top of minima of in-plane lattice. (d) Dimer lattice,
corresponds to θz = π/2. Minima of out-of-plane potential lie halfway between
adjacent minima of in-plane lattice.
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2.2.2 Numerical treatment of Schrödinger’s equation

The scalar lattice potentials Vip(x, y) [Eq. (2.1)] and Vop(x, y; θz) [Eq. (2.2)] can be ex-

panded in plane-wave components using the vectors b1 = kR(êx − êy) and b2 = kR(êx + êy),

namely,

Vip(x, y) = −Vip,0

8

{[
e+i(b2+b1)·r + e+i(b2−b1)·r + h.c.

]
+ 4
}

(2.4)

and

Vop(x, y; θz) = −Vop,0

16

{
4 + 2

[
e+i(b2·r−θz) + h.c.

]
+ 2

[
e+i(b1·r−θz) + h.c.

]
+

+
[
e+i((b2+b1)·r−2θz) + h.c.

]
+
[
e+i(b2−b1)·r + h.c.

]}
. (2.5)

Expressing the lattice potential as a Fourier expansion is convenient when performing com-

putations in a plane-wave basis1. The identification of the reciprocal primitive vectors also clari-

fies the derivation of some mathematical objects naturally related to the periodicity of the poten-

tial. Some of these concepts are:

• Reciprocal lattice B̃. A useful notion nabbed from the diffraction theory in crys-

tallography [134, 135]. For our double-well optical lattice, it is given by B̃ =

{n1b1 + n2b2|n1, n2 ∈ Z}, where b1 and b2 are the vectors in Eqs. (2.4) and (2.5). For

crystallographers, the reciprocal lattice is a convenient tool to transform data inferred from

the Bragg peaks, obtained through diffraction techniques, into information related to the

(rarely directly accessible) lattice geometry in real space.

1Alternative sets of states used as basis to calculate properties of particles in the presence of optical lattices are
the Bloch states and the Wannier orbitals (tight-binding approach).
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• Bragg planes. The planes (in 3D) or lines (in 2D) bisecting the vectors in the lattice B̃ at

right angles.

• Brillouin zones. The first Brillouin zone BZ1 is defined as the Wigner-Seitz cell of B̃, i.e.,

set of points in reciprocal space that can be reached from the origin without crossing any

Bragg plane. In like manner, the n−th Brillouin zone BZn is the set of points in reciprocal

space that can be connected to the origin only by crossing no less than n Bragg planes.

• Bravais primitive vectors. For our double-well lattice, these are

a1 =
λ√
2

ex − ey√
2

, a2 =
λ√
2

ex + ey√
2

.

In general, the primitive vectors are found through the relation am · bn = 2πδmn. The

Bravais lattice is given by B = {m1b1 +m2b2|m1,m2 ∈ Z}, and the unit (or primitive)

cell is the parallelogram defined by a1 and a2. The lattice is invariant under any translation

by a vector in the discrete set B.

According to Bloch’s theorem [136, 137], when the potential Vlatt is spatially periodic, the

stationary states ψ that solve the Schrödringer equation (− ~2
2m
∇2 +VLATT)ψ = Eψ, have the form

ψnq(r) = eiq·runq(r), (2.6)

where q is a vector in the Brillouin zone BZ1 and known as crystal momentum or quasimomen-

tum, n is a discrete index referred to as the band index commonly taken to be a natural number,

and unq(r) is a spatially periodic function with the same periodicity as the potential. The wave-

functions ψnq are known as Bloch waves.
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Figure 2.5: Reciprocal and Bravais lattices associated with the double-well lattice
VLATT in Eq. (2.3). (a) Reciprocal lattice (dark circles), reciprocal primitive vectors
(b1 and b2), Bragg planes (dashed grey lines) and the first four Brillouin zones. (b)
Bravais lattice B and the Bravais primitive vectors a1 and a2 for our double-well
lattice. Contour lines in the background correspond to a checkerboard potential like
the one shown in Fig. 2.4(c).

Since the function unq(r) is B-periodic, it can be Fourier expanded in the reciprocal lat-

tice B̃, namely, unq(r) =
∑

Q∈B̃ Cn,q,Qe
iQ·r. From Eqs. (2.4) and (2.5), and inserting unq as a

Fourier expansion into the time-independent Schrödinger equation, one gets the following eigen-

value equation

[ML]VC,q = εn,qVC,q (2.7)
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where the matrix [ML] has the following aspect

[ML] =



. . . ...
...

...
...

...
...

...
...

...
...

... ...

. . . C∗ 0 0 . . . D∗ 0 0 . . . A 0 0 . . .

. . . B∗ C∗ 0 . . . (q − b2)2 D∗ 0 . . . B A 0 . . .

. . . A∗ B∗ C∗ . . . D q2 D∗ . . . C B A . . .

. . . 0 A∗ B∗ . . . 0 D (q + b2)2 . . . 0 C B . . .

. . . 0 0 A∗ . . . 0 0 D . . . 0 0 C . . .

... ...
...

...
...

...
...

...
...

...
...

... . . .



(2.8)

with

A = −vip,0

8
− vop,0

16
ei2θz , B = −vop,0

8
eiθz , C = −

vip,0

8
−
vop,0

16
, D = −

vop,0

8
e−iθz , (2.9)

and

VC,q = [. . . Cn,q,−b1−2b2 , Cn,q,−b1−b2 , Cn,q,−b1+0, Cn,q,−b1+b2 , Cn,q,−b1+2b2 , . . .

. . . Cn,q,−2b2 , Cn,q,−b2 , Cn,q,0, Cn,q,+b2 , Cn,q,+2b2 , . . .

. . . Cn,q,+b1−2b2 , Cn,q,+b1−b2 , Cn,q,+b1−0, Cn,q,+b1+b2 , Cn,q,+b1+2b2 , . . .]
T . (2.10)

In Eq. (2.9), lattice parameters have been scaled in units of the single-photon recoil energy

ER ≡ ~2k2
R/2m: vip,0 ≡ Vip,0/ER, vop,0 ≡ Vop,0/ER.

The values of the band index n labeling the eigenvalues are chosen so that ε1,q ≤ ε2,q ≤

ε3,q ≤ · · · . Upon taking this convention for n, the eigenenergies εn,q will depend continuously
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on q for a given band index n. The sets E(n) ≡ {εn,q|q ∈ BZ1} constitute disjoint intervals with

no energies lying outside of them; they are known as energy bands and the distances between

intervals are called band gaps, see Fig. 2.6. As a whole, the relation between εn,q and the variables

n and q is referred to as band structure or band dispersion. This concept plays an important role

in solid-state physics, as several properties of solids can be derived from it, such as band gaps,

effective mass, tunneling rates and density of states.

While the eigenvalue equation (2.7) involves matrices and vectors of infinite dimensions,

an actual numerical computation of its solution requires proper truncation, keeping only a finite

number of P unknown coefficients Cn,q,Q. Solving the eigenvalue equation reduces then to the

diagonalization of a P × P square matrix [ML]P . In most cases, one is mainly interested in

the lowest lying eigenvalues and their corresponding eigenvectors since the dynamics of atoms

loaded in an optical lattice can be expected to involve only the ground states and their first few

excited ones. For a sufficiently large matrix order P and appropriate selection of vectors Q in the

reciprocal lattice B̃, the low lying eigenenergies of [ML]P will depend very weakly on the value

of P , converging to their respective true numerical values (those obtained without truncating the

infiinite matrix) as P approaches infinity. In most of our calculations we useM = 81 coefficients

(Cn,q,rb1+sb2 , where integers r and s satisfy −4 ≤ r, s ≤ 4).

Figure 2.6 presents some examples of numerically calculated energy bands and Bloch states

for in-plane, checkerboard and dimer lattices.
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Figure 2.6: Lowest energy bands (upper row) and Bloch wavefunctions at q = 0
(lower row) for particular examples of (a) λ/2, (b) checkerboard and (c) dimer lat-
tices. Blue and red curves indicate, respectively, ground excited bands. The wave-
functions are plotted along the y = 0 line in real space. Parameters used for these
examples are (a) Vip,0 = 6 ER, Vop,0 = 0 ER, (b) Vip,0 = 5.2 ER, Vop,0 = 1.6 ER,
θz = 0, (c) Vip,0 = 5.2 ER, Vop,0 = 1.6 ER, θz = π/2. These three sets of parameters
correspond to a lattice beam with the same intensity but with different polarizations.
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2.2.3 Calibration and maintenance of lattice alignment

For different reasons, such as long-term drift in the lattice alignment or shifts in the center

of the ODT trap, it was necessary to occasionally improve the alignment of the lattice beams.

During the first step of this re-alignment process, we blocked the lattice beams k2,3,4 (see Fig. 2.3)

and tuned the alignment of the k1 beam by finely rotating the mount knobs of the mirror M0 in

Fig. 2.3. The proximity of k1 to the cloud was gauged by using the intensity and off-center

placement of this lattice beam to ‘pull’ the atoms, hence causing the (originally at rest) BEC,

held by the ODT, to undergo spatial oscillations whose amplitudes were related to how close k1

was to the cloud. Accordingly, this procedure was colloquially known as ‘dipole pulling’. If

the k1 beam lay close enough to the initially resting BEC, the latter would undergo substantial

oscillations detectable in a series of TOF images. To pull the cloud, the intensity of the k1 beam

was first rapidly ramped up close to its maximum possible power and then suddenly switched

off to let the cloud move in trap. As the k1 beam was moved closer to the ODT center, the

amplitude of the oscillations decreased until they became negligible. A drawback of this method

was that a low oscillation amplitude was not exclusive of a near-perfect alignment but was also

obtained when k1 was sufficiently far from the atoms. Consequently, one had to first identify a

narrow range of knob positions where, by tilting the mirror in a single direction, the amplitudes

went quickly first down to zero and then up again; the position, within this narrow range, where

amplitudes vanished corresponded to near-perfect alignment of k1.

In the rare occasions where k1 was awfully far away from the cloud (something that could

occur, for example, if the ‘dipole pulling’ technique was done carelessly), one would resort to a

coarser method by having k1 replace the dipole beam D1 (see figure 2.3) to form a cross-beam
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dipole trap with the dipole beam D2. This procedure was known as ‘k1-D2 trapping’. With this

technique, alignment of k1 was optimized based on the number of atoms held by the ‘k1-D2’ trap

after zero time of flight (in-situ detection).

Once k1 was satisfactorily lined up, the next step was to tune the alignment of the k2 beam

by touching up the position of the mount knobs for mirror M2. To do this, we blocked the curved

mirror M3 and formed a 1-dimensional sinusoidal lattice, along the direction of k1 + k2, caused

by the interference between the vertically polarized beams k1 and k2. Vertical polarization of k1

and k2 was obtained by driving the Pockels cell PC1 at its half-wave voltage. Alignment of k2

was improved using the lattice depth obtained from the diffraction technique.

Having aligned k1 and k2, the final part of the alignment procedure consisted in doing the

same for k3 and k4. This was performed by touching up the mount knobs of the curved mirror

M3 while maximizing the power sent back into the long optical fiber where lattice light originally

came from (i.e., the fiber that took light from the Ti:sapph laser into the optical table holding up

the vacuum apparatus). To monitor this power, a non-polarizing beamsplitter cube was placed

between the Ti:sapph laser and the fiber, which allowed to measure some fixed percentage of the

light sent back into this fiber after having hit the mirror M3.

2.2.4 Piezo-driven mirrors

A new design for low-steering piezo-driven mirrors, shown in Fig. 2.7(a), was implemented

in our lab to controllably modulate the position of the lattice potential with frequencies up to a few

tens of kilohertz and displacements reaching several lattice spacings. In this innovative design,

the mirror is translated along its principal axis by three piezoelectric actuators arranged in a tripod
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configuration and supported by a steel mount. Slight differences in the enlargements of the three

piezoelectric transducers (when driven with the same voltage) caused a significant adverse tilt in

the position of the mirror, and were considerably minimized by rescaling the respective voltages

driving each actuator via a feed-forward electronic system. The remaining tilt, measured with a

beam profiler placed several meters away from the mirror, was 0.6 microradians per micron of

displacement when modulating the mirror position at a few kilohertz. The mirror translation as

a function of the voltage driving the piezoelectric transducers was calibrated using a Michelson

interferometer where the piezo-actuated mirror modified the path length of one of the arms. The

largest translation attained with this mount was about 2 µm. Harmful mechanical resonances in

this device appear only for frequencies above 50 kHz, as indicated by the open loop Bode plot

shown in Fig. 2.7(b), obtained with the signal from the Michelson interferometer. A more detailed

account of the design and characterization of these kinematic mirrors, including the actual effects

of the tilt on the depth of the lattice as measured by Kapitza-Dirac diffraction, can be found in

Ref. [106].

Our optical lattice was shaken using a pair of the piezo-actuated mirrors [M1 and M3

in Fig. 2.8(a)]. Translation of mirror M1 alone moved the lattice along the x-only direction;

translation of mirror M3 alone moved the lattice along the diagonal y = −x direction. Arbitrary

trajectories (with amplitudes below the maximum possible displacement of the mirrors) could be

tailored by combining the two motions of M1 and M3, and adjusting their relative amplitudes

and phases. In our studies of parametric heating (Chapter 4), we explored the three modulation

trajectories illustrated in Fig. 2.8(b), namely, x-only, diagonal and circular.
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Figure 2.7: (a) Design of the piezo driven mirrors employed to shake our 2D lattice.
Left image is a sketch, and right image is a photo of the actual mirror mount used in
our experiment. By using three piezoelectric transducers in a tripod arrangement and
a feed-forward stabilization system, we attained an acceptably small tilt of 0.6 micro-
radians per µm of displacement [106]. (b) Frequency response (Bode plot) obtained
from the signal of a Michelson interferometer where the path length of one of the
arms was varied by translating the mirror. No detrimental mechanical resonances
arose when the mirror position was modulated with frequencies below 50 kHz.

Figure 2.8: Shaken 2D lattice. (a) The lattice, formed from a single retroreflected
beam, is translated along the plane defined by the lattice laser beams (x-y plane)
using the mirrors M1 and M3. (The mirror M2 is motionless.) (b) Trajectories
employed in our study of parametric heating (Chapter 4) sketched on top of a contour
plot of the square lattice.
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Chapter 3: Floquet-Bogoliubov equations for BECs in optical lattices

This chapter outlines a convenient framework to analyze periodically driven condensates

held in optical lattices as well as the properties of the dynamical instabilities arising therein.

Section 3.1 covers a few mathematical results and numerical techniques related to the Floquet

formalism, whose function in this thesis is to generalize the single-particle Bloch framework

(briefly outlined in Chapter 2) to periodically time-modulated lattice potentials. The Floquet

theory is illustrated by considering periodically shaken lattices where the frequency is (i) higher

than the bandwidth of the static ground band but far from the resonance with the excited bands,

and (ii) close to the separation between the first two bands. These two examples will be relevant

in chapters 4 and 5. Section 3.2 sums up the theoretical derivation of dynamical instabilities in

weakly-interacting BECs held in static optical lattices, as described by a linear stability anal-

ysis of the solution to the Gross-Pitaevskii equation. The theoretical approaches presented in

the first two sections are then combined in section 3.3, focusing on some aspects of parametric

instabilities.

3.1 Single-particle Floquet formalism

Floquet’s theorem is a result conventionally discussed in the context of linear ordinary dif-

ferential equations possessing periodic coefficients [138–140]. The application of this theorem
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to time-periodic Hamiltonians leads to results analogous to those of Bloch’s theorem when ap-

plied to lattice potentials. Both theorems exploit the symmetries of the problem to characterize

the solutions to the Schrödinger equation: while Bloch’s theorem constrains the eigenstates to

be eigenfunctions of space translation operators T̂ (R) with R belonging to the Bravais lattice

B, Floquet’s theorem restricts the eigenstates to the eigenfunctions of the time translation oper-

ator T̂ (T ), where T is the period of the Hamiltonian. In addition, just as the crystal momentum

of a particle (in the presence of a lattice) behaves virtually as its free-particle momentum, an

energy-like quantity (to be discussed below) emerges from the Floquet famework that acts as

the effective eigenenergy of the particle. This virtual energy is ascribed to an effective time-

independent Hamiltonian, whose form can be designed to some extent by tuning the parameters

defining the periodic drive; this last remark is the essence of “Floquet engineering” (reviewed in

Chapter 1).

3.1.1 Floquet states and quasi-energies

One way to formulate Floquet’s theorem [141–145] states that the evolution operator

Û(tf , ti) of a time-periodic Hamiltonian Ĥ(t) with period T can be factorized in the following

way

Û(tf , ti) = P̂ (tf ) exp

[
− i
~

(tf − ti) Ĝ
]
, (3.1)

where the time-dependent operator P̂ (t) is unitary, possesses the same periodicity as the Hamil-

tonian (i.e., P̂ (t+T ) = P̂ (t)), and matches the identity operator 1̂when t = ti, ti+T, ti+2T, . . .

(i.e., 1̂ = P̂ (ti) = P̂ (ti + T ) = P̂ (ti + 2T ) = · · · ). The time-independent operator Ĝ inside the

exponential is Hermitian and known as the Floquet Hamiltonian. Except for P̂ (t), equation (3.1)
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possesses the same form as that of a system whose (static) Hamiltonian is Ĝ.

As a corollary of Eq. (3.1), if ψm and εm denote the eigenvectors and eigenenergies of Ĝ, so

that ψm are eigenvectors of exp[− i
~(tf − ti)Ĝ] with proper values e−

i
~ (tf−ti)εm , then the solution

to the Schrödinger equation with inital condition ψm at time ti is

Û(tf , ti)
[
P̂ (ti)ψm

]
= Û(tf , ti)ψm = e−i(tf−ti)εm

[
P̂ (tf )ψm

]
, (3.2)

where the relation P̂ (ti) = 1̂ has been used. It follows from this equation, and after defining

um(t) ≡ P̂ (t)ψm, that some solutions to this periodically driven system possess the form

ψ̃m(t) = e−i εm (t−ti)um(t), (3.3)

where um(t) is by construction time-periodic with period T , i.e., um(t + T ) = um(t). Equa-

tion (3.2) hints at a technique to find both um(ti + T ) = um(ti) and εm: um(ti) is a solution of

the eigenvalue equation

Û(ti + T, ti)um(ti) = e−
i
~ εmT um(ti), (3.4)

and e−
i
~ εmT is its accompanying eigenvalue. The value of εm is determined only up to ~ω, where

ω = 2π
T

, as e−
i
~ (εm+κ~ω)T has the same value for any integer κ; this is not a limitation of this

method but results from the intrinsic Brillouin zone structure of εm [144].

Some authors [144] refer to the one-cycle evolution operator Û(ti+T, ti) as the monodromy

operator and its eigenvectors um(ti) as Floquet functions or Floquet modes. The solutions to the

time-dependent Schrödinger equation with the form (3.3) are known as Floquet states. These
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states are not stationary, as they would be if the Hamiltonian was static; however, the phase

factor e−
i
~ εm(t−ti) resembles the one accompanying the time evolution of stationary states for a

time-independent Hamiltonian. States (3.3) represent a generalized version of stationary states,

and the quantities εm, named quasienergies or Floquet energies, can be regarded as generalized

energies.

3.1.2 Numerical calculation of Floquet spectra

The analytical derivation of the full Floquet Hamiltonian Ĝ, or of its spectrum εm, is in gen-

eral a challenging task. Evaluations of the quasienergy spectra hence resort either to theoretical

approximations to Ĝ, as the ones worked out for systems driven at high frequencies [146–148],

or to numerical techniques [148, 149], two of which are outlined in this subsection.

Trotter-Suzuki decomposition of time-evolution operator

The major computational difficulty in solving the eigenvalue equation (3.4) is the calcula-

tion the one-cycle evolution operator Û(ti + T, ti). The operator Û(tf , ti), evaluated at arbitrary

times tf > ti and associated with a time-dependent Hamiltonian Ĥ(t), has a conventional expan-

sion known as the Dyson series [150–152]

Û(tf , ti) = T̂o exp

[
− i
~

∫ tf

ti

dτĤ(τ)

]
=

= 1̂+
∞∑
n=1

(
− i
~

)n ∫ tf

ti

dt1

∫ t1

ti

dt2 · · ·
∫ tn−1

ti

dtn Ĥ(t1)Ĥ(t2) · · · Ĥ(tn), (3.5)

where T̂o is a time-ordering operator.
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(One of the time-dependent Hamiltonians that we will be considering in this thesis is

Ĥs(r̂, p̂, t) = Ĥ0(r̂, p̂)− ωs [∆x cos(ωt)p̂x + ∆y cos(ωt+ θs)p̂y] , (3.6)

which describes a shaken lattice in the comoving frame. In the previous expression (3.6) for

the Hamiltonian Ĥs(r,p, t), ωs is the frequency of the modulation, ∆x and ∆y are the spatial

amplitudes of the shaking along x and y, and Ĥ0 is the Hamiltonian in the absence of the drive.

The other time-dependent Hamiltonian we will consider is

Ĥam(r̂, p̂, t) = Ĥ0(r̂, p̂) + αm cos(ωamt)V
[um]

latt (r), (3.7)

which describes an amplitude modulated lattice. In the previous expression (3.7) for the Hamil-

tonian Ĥam, ωam is the frequency of the drive, αm is the magnitude of the modulation, Ĥ0 is the

unmodulated Hamiltonian, and V [um]
latt (r) is the unmodulated optical lattice.)

It is usually impractical to evaluate Û using the expansion (3.5). A more practical approach

to calculate the one-cycle evolution operator Û(ti + T, ti) appearing in the equation (3.4) begins

by approximating Û(ti + T, ti) with a less convoluted time-ordered expression derived from the

Lie-Trotter product formula and given by [153–155]

Û(ti + T, ti) ≈
N∏
n=1

e−i
T
N
Ĥ(ti+

n
N
T )

≈ e−i
T
N
Ĥ(ti+T )e−i

T
N
Ĥ(ti+

N−1
N

T ) · · · e−i
T
N
Ĥ(ti+

2
N
T )e−i

T
N
Ĥ(ti+

1
N
T ), (3.8)

where equality is attained as N →∞.
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Exact computation of each exponential e−i
T
N
Ĥ(τ) in Eq. (3.8) is rarely efficient, and ap-

proximations are regularly used. While for a sufficiently large N it would be justified to make

the first-order approximation e−i
T
N
Ĥ(τ) ≈ 1̂− i T

N
Ĥ(τ), it is more convenient to first decompose

(if possible) the Hamiltonian Ĥ into two components Ĥ(t) = ĤA + ĤB(t) where ĤA is a time-

independent dominant part of the Hamiltonian and ĤB is expected to be small compared to ĤA.

This decomposition is then used along with a Trotter-Suzuki approximant [155] of second order,

e−i
T
N
Ĥ(τ) ≈ e−i

1
2
T
N
ĤB(τ)e−i

T
N
ĤAe−i

1
2
T
N
ĤB(τ), to obtain

Û(ti + T, ti) ≈
{
e−i

1
2
T
N
ĤB(ti+T )e−i

T
N
ĤAe−i

1
2
T
N
ĤB(ti+T )

}
×

×
{
e−i

1
2
T
N
ĤB(ti+

N−1
N

T )e−i
T
N
ĤAe−i

1
2
T
N
ĤB(ti+

N−1
N

T )
}
× · · ·

· · · ×
{
e−i

1
2
T
N
ĤB(ti+

2
N
T )e−i

T
N
ĤAe−i

1
2
T
N
ĤB(ti+

2
N
T )
}
×

×
{
e−i

1
2
T
N
ĤB(ti+

1
N
T )e−i

T
N
ĤAe−i

1
2
T
N
ĤB(ti+

1
N
T )
}
. (3.9)

In the expansion (3.9), the time-independent exponential e−i
T
N
ĤA need not be computed N times

but rather once, while the time-dependent exponential e−i
1
2
T
N
ĤB(τ) can be justifiably approxi-

mated by e−i
T
N
ĤB(τ) = 1̂ − i

~
T
N
ĤB(τ) since N is chosen such that (T/~N)ĤB is small. (Note

that this approximation works even if (T/~N)ĤA is not small.)

Quasienergies εm and the Floquet modes at time ti, um(ti), are obtained from diagonal-

izing the product (3.9), which yields as many eigenvalues as the rank of the employed matrix

representation for Ĥ . To obtain um(t) at arbitrary times 0 < t < T (and, hence, the full Floquet

state ψ̃m), one could either compute Û(t + T, t) within the interval (0, T ) or, more efficiently if

only a few of the Floquet modes are of interest, by time-evolving Schrödinger’s equation using

um(ti) as the initial condition. As a final remark, in some cases it might be complicated (even
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if possible) to identify within the raw computed quasienergies those who originate from one or

more bare (static) energy bands, i.e., those Floquet energies that would continuously transform

into a given set of bare bands as the modulation vanishes. One way to sort out this difficulty is

to use the overlap between the bare eigenstates and um(ti) as an indicator of what bare state a

quasienergy εm predominantly descends from.

Extending Hilbert space to include time-periodic functions

An alternative approach (discussed, for example, in Refs. [144, 148, 156]) to calculate the

Floquet states and the quasienergy spectrum εm circumvents the calculation of time-ordered

exponentials, but requires composing and diagonalizing a matrix over an extended Hilbert

space [157], also known as Floquet-Hilbert space [158], wherein time t is treated as a coordi-

nate. This framework is motivated by the equation

[
Ĥ(t)− i~ ∂

∂t

]
um(t) = εmum(t), (3.10)

obtained after inserting the expression (3.3) for a Floquet state ψ̃m into the Schrödinger equation

i~ ∂
∂t
ψ̃m = Ĥ(t)ψ̃m. The unknown Floquet modes um(t) in Eq. (3.10) are then expanded in

the extended basis E ≡ S ⊗ T , where T =
{
eiβωt | β is an integer and ω = 2π

T

}
is a Fourier

basis for time periodic functions with period T and S = {|Sα〉} is a basis for the unmodulated

Hamiltonian,

um(t) =
∑
α

c̃m,α(t) |Sα〉 =
∑
α,β

Cm,{α,β}

(
|Sα〉 ⊗ eiβ

2π
T
t
)
, (3.11)
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where c̃m,α(t) ≡
∑

β Cm,{α,β}e
iβ 2π

T
t is periodic in time and the indeterminate coefficientsCm,{α,β}

do not depend on time. By denoting the p-th time Fourier components of the Hamiltonian as Ĥp

(so that Ĥ(t) =
∑

p Ĥpe
ipωt) it follows from equation (3.10) and the expansion (3.11) that

∑
α′,p

〈Sα| Ĥp |Sα′〉Cm,{α′,β−p} + ~βω Cm,{α,β} = εmCm,{α,β} (3.12)

for any value of {α, β}. The equations (3.12) can be recast as the following eigenvalue equation

(
K̂ [E]

)
u[E]
m = εm u

[E]
m , (3.13)

where u[E]
m is the representation of um in the E basis

u[E]
m =

{
. . . , Cm,{α=1, β=−1}, Cm,{α=2, β=−1}, Cm,{α=3, β=−1}, . . .

. . . , Cm,{α=1, β=0}, Cm,{α=2, β=0}, Cm,{α=3, β=0}, . . .

. . . , Cm,{α=1, β=+1}, Cm,{α=2, β=+1}, Cm,{α=3, β=+1}, . . .
}T

, (3.14)
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K̂ [E] is the matrix representation of the operator K̂ = Ĥ(t)−i~ ∂
∂t

in the E basis, block partitioned

as follows

K̂ [E] =



. . . ...
...

...
...

... ...

· · · Ĥ
[S]
0 − 2~ω Ĥ

[S]
−1 Ĥ

[S]
−2 Ĥ

[S]
−3 Ĥ

[S]
−4 · · ·

· · · Ĥ
[S]
+1 Ĥ

[S]
0 − ~ω Ĥ

[S]
−1 Ĥ

[S]
−2 Ĥ

[S]
−3 · · ·

· · · Ĥ
[S]
+2 Ĥ

[S]
+1 Ĥ

[S]
0 Ĥ

[S]
−1 Ĥ

[S]
−2 · · ·

· · · Ĥ
[S]
+3 Ĥ

[S]
+2 Ĥ

[S]
+1 Ĥ

[S]
0 + ~ω

[
Ĥ−1

]
S

· · ·

· · · Ĥ
[S]
+4 Ĥ

[S]
+3 Ĥ

[S]
+2 Ĥ

[S]
+1 Ĥ

[S]
0 + 2~ω · · ·

... ...
...

...
...

... . . .



, (3.15)

with Ĥ [S]
p denoting the matrix representation of Ĥp in the S basis, i.e., (Ĥ

[S]
p )α,α′ = 〈Sα| Ĥp |Sα′〉.

The matrix (3.15) is truncated in actual computations of its spectrum, keeping only a finite num-

ber of block matrices according to the subset of states selected from the extended basis E .

3.1.3 Periodically shaken 1D lattice

This subsection illustrates some results connected with periodically shaken 1D sinusoidal

lattices. The following examples consider a lattice with spacing a` (= π/kR = λ/2) between

neighboring sites and a 7 ER depth. The three lowest energy bands of the unmodulated potential

are depicted as solid lines in Fig. 3.1. The amplitude, period and frequency of the shaking are

respectively denoted as ∆L, Ts and ωs. In the reference frame comoving with the lattice, this
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Figure 3.1: Lowest three energy bands (denoted as E1, E2 and E3) of a 1D lattice
with a 7 ER depth. Dashed and dotted lines indicate the frequencies ωs = 1 ER/~
and ωs = 5.2 ER/~.

periodic drive produces an inertial sinusoidal force given by [33, 75, 144]

F (t) = m (∆L)ω2
s cos(ωst) = K0

~ωs
a`

cos(ωst), (3.16)

where the dimensionless parameter K0, defined as K0 = m∆Lωsa`/~, represents the drive

strength and will become relevant later when approximate expressions to the Floquet energies

and states are presented.

Off-resonance shaking (band renormalization)

As a first example, ωs is chosen to be 1 ER/~, indicated by the dotted line in Fig. 3.1. This

frequency is much smaller than the separation between E1 and E2 so that the coupling between

the ground and excited bands is not substantial, and much larger than the width of the ground

band so that a high-frequency approximation is valid. Under these conditions, and as shown

in Fig. 3.2(a), the computed quasienergies ε1 (corresponding to the Floquet states largely com-
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posed of bare ground states) form a band similar to the unmodulated ground band E1, but whose

width first decreases and eventually becomes inverted as ∆L grows. As a matter of fact, in a

tight-binding single-band description, in which E1 is approximated by E1(qx) ≈ −2J cos(qxa`)

(where J is the tunneling matrix element between neighboring sites), this time modulated prob-

lem is well approximated by an effective Hamiltonian whose tunneling J is merely rescaled by

a factor set by the parameter K0 [75, 159]. This rescaling of J has been used in experiments to

observe dynamical localization [75,160] simulate frustrated classical magnetism [161] and create

state-dependent lattices [162].

Since ωs is small compared to the separation between E1 and E2, the quasienergies ε1 do

not exhibit significant avoided level crossings with other bands as is the case with the quasiener-

gies ε2 and ε3 [see Fig. 3.2(b)]. The dynamics thus takes place predominantly within the ground

band E1, a decent approximation to the spatiotemporal Floquet-Bloch waves with quasimomenta

qx is the Houston state [163]

ψ̃qx(x, t) ≈ exp

(
− i
~

∫ t

0

dτE1[q̃qx(τ)]

)
ψqx(x), (3.17)

where ψqx is the ground Bloch state and q̃qx(t) is the time-dependent wave number satisfying the

semiclassical equation ~[dq̃qx(t)/dt] = F (t), namely, q̃qx(t) = qx + (K0/a`) sin(ωst + φ). The

wavefunctions (3.17) are also known as accelerated Bloch states [164,165], and are valid for any

type of uniform forcing F (t) [160]. The dependence of ψ̃qx on time t and modulation strength

K0 is contained in the exponential in Eq. (3.17). Further insight into these scalings is obtained
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Figure 3.2: Quasienergies vs qx for a 7 ER one-dimensional lattice shaken at a
frequency ωs = 1 ER/~. (a) Quasienergy ε1 for different values of the modula-
tion amplitude ∆L (corresponding values of K0 are also indicated in the figure).
These quasienergies form a band whose width is first reduced and then gets in-
verted as ∆L grows. (b) Quasienergies εm plotted within a Floquet Brillouin zone
[−~ωs/2,+~ωs/2] for 1 ≤ m ≤ 5. Thickest lines correspond to ε1, cyan and brown
lines indicate ε2,3, and faintest points (in the background) represent ε4,5.
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by using the Jacobi-Anger expansion

E1[q̃qx(τ)] ≈ −2J cos[q̃qx(τ)a`] =

= −2J

{
cos(qxa`)

[
J0(K0) +

+∞∑
p=1

2J2p (K0) cos(2pωsτ)

]

− sin(qxa`)
+∞∑
p=1

2J2p−1 (K0) cos[(2p− 1)ωsτ ]

}
, (3.18)

where Jn is the n-th Bessel function of the first kind. The accelerated Bloch state then takes the

form

ψ̃qx(x, t) = exp

{
− i
~

[−2JJ0(K0) cos (qxa`)] t

}
×

× exp

{
+
i

~
2J cos(qxa`)

∞∑
p=1

1

pωs
J2p(K0) sin(2pωst)

}
×

× exp

{
+
i

~
2J sin(qxa`)

∞∑
p=1

2

(2p− 1)ωs
J2p−1(K0) sin[(2p− 1)ωst]

}
× ψqx(x).

(3.19)

It follows from this expression that the quasienergy ε1, effectively inducing a net increment in the

phase of the wavefunction ψ̃qx following a single period Ts of the drive, is approximated by [164]

ε1(qx) ≈
1

Ts

∫ Ts

0

dτE1(q̃qx(t)) = −2JJ0(K0) cos(qxa`). (3.20)

The last relation lends itself to the graphical interpretation illustrated in Fig. 3.3 whereby ε1 is

the time-averaged energy of a wavepacket whose quasimomentum oscillates as q̃qx(t). The width

of the band ε1, whose change was illustrated in Fig. 3.2, is then set by the scale factor J0(K0).
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Figure 3.3: The time average of E1(q̃qx(t)) for a wavepacket with time-varying
quasimomentum q̃qx(t) [see equation (3.20)] constitutes a good approximation to the
ground-like quasienergy ε1(qx) for a particle in a shaken lattice when the modulation
frequency is assumed to be much smaller than the separation between E1 and the
higher bands.

At moderate values of the strength K0, it is reasonable to neglect Bessel functions of order

higher than 2, and the expression (3.19) for the Houston state is then approximated by

ψ̃qx(x, t) ≈ exp

{
− i
~
ε1(qx)t

}
×

× exp

{
+i

2J

~ωs
cos(qxa`)J2(K0) sin(2ωst)

}
×

× exp

{
+i

2J

~ωs
sin(qxa`)2J1(K0) sin(ωst)

}
× ψqx(x) (3.21)

ψ̃qx(x, t) ≈ exp

{
− i
~
ε1(qx)t

}
×

×
[
J0

(
2J

~ωs
cos(qxa`)J2(K0)

)
+ 2iJ1

(
2J

~ωs
cos(qxa`)J2(K0)

)
sin(2ωst)

]
×

×
[
J0

(
2J

~ωs
sin(qxa`)2J1(K0)

)
+ 2iJ1

(
2J

~ωs
sin(qxa`)2J1(K0)

)
sin(ωst)

]
×

× ψqx=0(x), (3.22)

where the Jacobi-Anger expansion has been used again, keeping only its terms up to order 1

since it is assumed J is small compared to ~ωs. The approximation (3.20) has also been used in
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Eq. (3.21) to insert ε1 in the first exponential.

As it will become relevant later in the discussion of parametric instabilities, special atten-

tion is given to the form of the Houston states at qx = 0 and qx = ±k:

• At qx = 0, where the band ε1 has a minimum for moderate values of the strength K0

(making this quasimomentum relevant for experiments), only terms with even order Bessel

functions appear in Eq. (3.21), and the accelerated Bloch state is

ψ̃qx=0(x, t) ≈ exp

{
− i
~
ε1(qx = 0)t

}
×

×
[
J0

(
2J

~ωs
J2(K0)

)
+ 2iJ1

(
2J

~ωs
J2(K0)

)
sin(2ωst)

]
ψqx=0(x).

(3.23)

The time-periodic part of ψ̃qx=0(x, t) [second exponential in Eq. (3.23)] has a period Ts/2

and, hence, only possesses even time Fourier components; this halving of the period is

a consequence of the even symmetry of E1 [as it appears in Eq. (3.17)] around qx = 0.

Moreover, since it is assumed J/ωs � 1, and J1(ρ) ≈ ρ/2 for small ρ, one gets

ψ̃qx=0(x, t) ≈ exp

{
− i
~
ε1(qx = 0)t

}
×

×
[
J0

(
2J

~ωs
J2(K0)

)
+ i

2J

~ωs
J2(K0) sin(2ωst)

]
ψqx=0(x), (3.24)

from which it follows that the amplitude of the dominating time oscillating terms in

ψ̃qx=0(x, t) is proportional to JJ2(K0)/~ωs. Figure 3.4 shows the numerically calculated

coefficients c̃m=1,α(t) [see Eq. (3.11)] of the Floquet state ψ̃qx=0 corresponding to the εm=1

bands in Fig. (3.2). As expected from the preceding discussion on the Houston states, the
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Figure 3.4: Time variation of the numerically calculated complex Floquet coefficients
c̃m=1,α(t), shown for different values of the bare band index α, see Eq. (3.11). The
coefficients show here define the states at qx = 0 kR in the εm=1 bands shown in
Fig. 3.2. The modulation frequency is ωs = 1 ER/~, far from any resonance. Left,
middle and right panels correspond to ∆L/(λ/2) = 0, 0.36 and 0.61 (or, in terms of the
dimensionless strength, K0 = 0, 1.8, 3.0). The ±1ω Fourier terms of the dominating
coefficient c̃m=1,α=1(t) (darkest and thickest lines) vanish. The remaining coefficients
c̃m=1,α 6=1 grow with ∆L.

ground band coefficients c̃m=1,α=1(t) have a period Ts/2.
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• At conjugate quasimomenta qx = ±k, the Houston state (3.21) is

ψ̃qx=±k(x, t) ≈ exp

{
− i
~
ε1(qx = ±k)t

}
×

×
[
J0

(
2J

~ωs
cos(ka`)J2(K0)

)
+ 2iJ1

(
2J

~ωs
cos(ka`)J2(K0)

)
sin(2ωst)

]
×

×
[
J0

(
2J

~ωs
sin(ka`)2J1(K0)

)
± 2iJ1

(
2J

~ωs
sin(ka`)2J1(K0)

)
sin(ωst)

]
×

× ψqx=0(x) ≈

≈ exp

{
− i
~
ε1(qx = ±k)t

}
×

×
[
J0

(
2J

~ωs
cos(ka`)J2(K0)

)
+ i

2J

~ωs
cos(ka`)J2(K0) sin(2ωst)

]
×

×
[
J0

(
2J

~ωs
sin(ka`)2J1(K0)

)
± i 2J

~ωs
sin(ka`)2J1(K0) sin(ωst)

]
×

× ψqx=0(x), (3.25)

where the odd parity of J1 and the approximation J1(ρ) ≈ ρ/2 have been used.

Near-resonance shaking

As a second example, ωs is taken to be 5.2 ER/~, a frequency lying near the separation

between E1 and E2, as indicated by the dashed line in Fig. 3.1. The proximity of the excited

band causes ε1 to display a double-well shape [see Fig. 3.5(a)], a feature that has been used

in experiments to simulate domain formation in an effective ferromagnetic system [43], and to

generate a roton-maxon excitation spectrum [166].

If ∆L is relatively small, the form of ε1 in this second example is heavily determined by the

coupling between the ground and first-excited states, while the effects due to higher bands can
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be neglected. It is then reasonable to use a two-band approximation, in which the Floquet states

ψ̃m=1,qx and the time-periodic Hamiltonian Ĥ(t) are accurately represented in a basis composed

solely of the (static) Bloch states ψm=1,qx and ψm=2,qx . If, as is the case with shaken lattices, Ĥ(t)

can be split as a sum of a static Hamiltonian Ĥqx,0 and a time-dependent part Ĥ ′qx(t) having the

form Ĥ ′qx(t) = cos(ωst + ϕ)Ĥ ′qx,1, the representation of Ĥ(t) in this two-band approximation

resembles the Hamiltonian describing a two-state atom whose dipole moment interacts with lin-

early polarized radiation. This similarity, along with a rotating-wave approximation, leads to the

following effective time-independent representation [Hqx ]Bloch of the Hamiltonian for the shaken

1D optical lattice

[Hqx ]Bloch =

 E1(qx) Ω1,2(qx)

Ω∗1,2(qx) E2(qx)

 (3.26)

where Ω1,2(qx) = 1
2
eiϕ 〈ψm=1,qx|H ′qx |ψm=2,qx〉 is the effective coupling term between the lowest

lying states. The eigenvalues of the matrix (3.26)

εdr
±(qx) =

1

2
(E1 + E2 + ~ωs)±

1

2

√
δ2 + 4|Ω1,2|2, (3.27)

where δ = E2 − E1 − ~ωs is the detuning of the modulation frequency ωs with respect to the

energy spacingE2(qx)−E1(qx). The eigenvalues εdr
± are known as dressed energies, and represent
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Figure 3.5: Quasienergies plotted vs qx for a 7 ER one-dimensional lattice shaken
at a frequency ωs = 5.2 ER/~. (a) ε1 for different values of the modulation am-
plitude ∆L. Solid lines were computed using the extended Hilbert space. Dashed
lines were calculated using the formulas (3.27) for εdr

± in the two-band approxima-
tion. (b) Quasienergies εm for 1 ≤ m ≤ 5. Thickest lines correspond to ε1, cyan and
brown lines indicate ε2,3, and faintest points in the background represent ε4,5. (c) Ab-
solute value of the effective coupling term Ω1,2 [see Eq. (3.26)] between ground and
excited states for ∆L = 0.016 λ/2.
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approximations to the Floquet energies ε1 and ε2. The eigenvectors of (3.26)

w+ =
1√

|Ω1,2|2 + 1
4

(
δ +

√
δ2 + 4|Ω1,2|2

)2

 Ω1,2

+1
2
δ + 1

2

√
δ2 + 4Ω2

1,2

 (3.28)

w− =
1√

|Ω1,2|2 + 1
4

(
δ +

√
δ2 + 4|Ω1,2|2

)2

 −1
2
δ − 1

2

√
δ2 + 4Ω2

1,2

Ω∗1,2

 (3.29)

approximate the Floquet modes u1 and u2 with their periodic time dependence (or micromotion)

contained in the coupling term via the phase ϕ. Figure 3.5(a) includes the calculated values

of εdr
±(qx), showing the fair agreement between the full Floquet calculation and the two-band

approximation for the parameters chosen in this second example. The profile of |Ω1,2|, whose

form induces a double-well shape in ε1, is displayed in Fig. 3.5(c).

3.2 Weakly-interacting BECs in static optical lattice

The Gross-Pitaevskii (GP) equation [167, 168] describes dilute weakly-interacting BECs

at low temperatures in a mean-field approach, where all bosons are assumed to be in the same

single-particle state Ψ. The time-dependent GP equation for the order parameter Ψ is [169, 170]

i~
∂Ψ

∂t
=

[
− ~2

2m
∇2
r + Vext(r) + gn̄|Ψ|2

]
Ψ, (3.30)

where Vext is an external potential, g = 4π~2as/m is the coupling constant for the interpar-

ticle interactions and as denotes the s-wave scattering length (the dilute limit corresponds to

as being much smaller than the mean interparticle separation). Although this nonlinear equa-
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tion represents a simplification of the more complicated full many-body Schrödinger problem, it

successfully accounts for some interaction-induced effects in BECs such as collective phonon-

like excitations [171, 172], the formation of solitons [173], emergence of quantized vortices in

rotating gases [174–177] and macroscopic self-trapping between BECs held in a double-well

trap [178–180]. The GP equation is used in optical lattices to describe condensate fluctua-

tions (known as dynamical instabilities) that grow exponentially in time [181–183], swallow-tail-

shaped loop structures in nonlinear Bloch bands [184–187], which are responsible for nonexpo-

nential tunneling probabilities [188]. This subsection summarizes the theory related to dynamical

instabilities in optical lattices.

If Vext is a static lattice Vlatt(r), some stationary solutions Φc to the GP equation are

single-momentum Bloch states of the form, Φc(r, t; qc) = eiqc·r−iµctUc(r; qc), with qc denot-

ing the condensate quasimomentum. The state Φc satisfies the time-independent GP equation[
− ~2

2m
∇2
r + Vlatt(r) + 2gn̄|Φc|2

]
Φc = µcΦc, where µc represents the nonlinear eigenvalue. A

linear stability analysis of the state Φc begins by including low-energy non-condensed excita-

tions δφ in the order parameter as Ψ = Φc + δφ. Next, the perturbed Ψ is inserted into the

time-dependent GP equation which, after keeping terms up to first order in δφ, gives

i~
∂

∂t
δφ =

[
− ~2

2m
∇2
r + Vlatt(r) + 2gn̄ |Φc|2

]
δφ+ gn̄Φ2

cδφ
∗. (3.31)

The fluctuations δφ are then decomposed into modes labeled by qc + k: δφ(r, t; qc) =∑
k e

i(qc+k)·re−iµctvqc+k(r, t), where the perturbation functions vκ are periodic in r. Using this
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decomposition, one gets the linear differential equations

i~
∂

∂t

 vqc+k

v∗qc−k

 = σzM(k; qc)

 vqc+k

v∗qc−k

 , (3.32)

with

σz =

 1 0

0 −1

 , M(k; qc) =

 ĥqc+k gn̄U2
c

gn̄U∗2c ĥqc−k

 , (3.33)

where ĥκ = ~2
2m

(κ− i∇r)2 + Vlatt − µc + 2gn̄ |Φc|2.

The presence of exponentionally growing perturbations around Φc, known as dynamical in-

stabilities is inferred from the eigenvalues λqc(k) of the operator σzM(k; qc). Purely real eigen-

values represent the phonon spectrum of oscillatory modes [181]. In this case, half of the eigen-

vectors (or modes) Vk, representing the phonon modes, satisfy the skew normalization condition

V †kσzVk = +1, while the other half, referred to as anti-phonon mode (and providing no more in-

formation than already given by the phonon modes), meets the similar condition V †kσzVk = +1.

On the other hand, a complex eigenvalue λqc(k) indicates the corresponding mode is unstable and

has an exponential growth rate proportional to Im[λqc ]. Since the σzM(k; qc) is non-Hermitian

and real, the complex eigenvalues always appear in conjugate pairs [181] and, hence, a decaying

mode is always accompanied by a growing one.

The dynamical instabilities are closely related to the shape of the energy bands in optical

lattices, and are absent if a BEC is in free space. For example, when a mean-field state is a

local minimum of the energy dispersion, all eigenvalues λqc(k) are real and collective excita-
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tions cause an energy increase, which dynamically stabilizes the state Φc against fluctuations.

Figure 3.6 shows the calculated λqc,x spectra (only phonon modes) for four different condensate

quasimomenta qc,x using a 1D lattice with interaction coupling gn̄ = 0.03 ER. Unstable modes

appear in the region qc,x > 0.5 kR, where the band curvature is concave. No unstable modes are

present when the band is convex (qc,x < 0.5 kR).

3.3 Weakly-interacting BECs in periodically modulated optical lattice

3.3.1 GP equation with a time-periodic lattice

This subsection considers the GP equation when the lattice Vlatt(r, t) is time-periodic with

period T . Technically, Floquet theorem only holds for linear differential equations, so we should

expect attempts to apply Floquet theory to the non-linear, time-periodic GP equation to fail. One

sign of this failur is the appearance of imaginary values of λ. A single-momentum ansatz Φ̃c has

the Floquet-Bloch form

Φ̃c(r, t; qc) = eiqc·r−iµct/~uc(r, t; qc), (3.34)

where the mode uc is B- and T - periodic for any value of the condensate momentum qc. Inserting

Φ̃c into the GP equation gives

i~
∂

∂t

(
e−iµctuc

)
=

[
~2

2m
(qc − i∇r)2 +

(
Vlatt(r, t) + gn̄|uc|2

)] (
e−iµctuc

)
. (3.35)
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Figure 3.6: Dynamical instabilities in the lowest energy band of a 1D lattice with
a 6 ER depth. (a) Ground band E1 of a 1D lattice. Square, circle, trangle and dia-
mond markers correspond to quasimomenta 0, 0.2, 0.6 and 0.8 kR. (b) Real (top) and
imaginary (bottom) parts of calculated eigenvalues λqc,x of the matrix σzM(kx; qc,x)
plotted as a function of kx. Only phonon modes are presented for the real parts. The
imaginary parts include both values from the conjugate pairs. From left to right, con-
densate quasimomentum qc,x is 0, 0.2, 0.6 and 0.8 kR. The interaction coupling term
is gn̄ = 0.03 ER for all colored lines. Gray lines in the two rightmost panels were
obtained with gn̄ = 0.015 ER. Black lines correspond to gn̄ = 0 ER. (c) Maximum
value ΓM (for a fixed qc,x) of the imaginary part of λqc,x(kx), plotted as a function of
the condensate quansimomentum qc,x. No unstable modes appear if qc,x < 0.5 kR.
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Since the sum Ṽlatt (uc) = Vlatt + gn̄|uc|2 acts as an effective lattice in Eq. (3.35), a simple nu-

merical method to solve this nonlinear differential equation for e−iµctuc is a fixed-point iterative

method whereby the (n+ 1)-th order of the iteration
(
e−iµ

[n+1]
c tu

[n+1]
c

)
is obtained from the n-th

order result
(
e−iµ

[n]
c tu

[n]
c

)
by solving the linear Schrödinger equation with the potential Ṽlatt

(
u

[n]
c

)

i~
∂

∂t

(
e−iµ

[n+1]
qc tu[n+1]

c

)
=

[
~2

2m
(qc − i∇r)2 + Vlatt + gn̄

∣∣u[n]
c

∣∣2] (e−iµ[n+1]
qc tu[n+1]

c

)
. (3.36)

One advantage of this approach is that the techniques applicable to solve the single-particle

Schrödinger equation with time-periodic Vlatt, like those described in the subsection 3.1.2, can

be readily adapted to include the nonlinear term gn̄|uc|2.

A different technique, along the lines of the method outlined in the subsubsection 3.1.2,

expands the Floquet mode uc over the extended basisR⊗ T , whereR = {ρm′(r; qc)} is a basis

for the space of spatially B-periodic functions and T = {eim′′(2π/T )t|m′′ ∈ Z} is the Fourier

basis for time periodic functions with periodic T . R could, for example, be the set of plane

waves {eiQ·r|Q ∈ B̃}, or it might also be the set of Bloch modes at qc corresponding to the

unmodulated lattice. Over a finite subset of M ′ and M ′′ elements from R and T , respectively,

the expansion of uc is

uc(r, t; qc) =
M ′∑
m′=1

M ′′∑
m′′=1

cm′,m′′ ×
[
ρm′(r; qc) e

im′′ 2π
T
t
]
,

with indeterminate coefficients cm′,m′′ . Inserting this expansion into Eq. (3.35), followed by

grouping and equating those terms corresponding to the same harmonics (i.e., the same product

ρm′(r; qc) e
im′′ 2π

T
t), yields a set ofM ′×M ′′ nonlinear polynomial equations whose (M ′×M ′′)+1
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unknowns are the coefficients cm′,m′′ and µqc (an additional constraint being the normalization

condition ‖uc‖ = 1).

3.3.2 Floquet-BdG equations (stability of the mean-field solution)

The linear stability of the calculated Φ̃c(r, t; qc) is assessed, as was done in the sub-

section 3.2, by adding fluctuations δϕ̃ on top of Φ̃c. These perturbations are expanded as

δϕ̃(r, t; qc) =
∑
k e

+i(qc+k)·re−iµct/~wqc+k(r, t), with qc + k indicating the quasimomentum

of the excitation and the functions wκ(r, t) being B-periodic. Inserting the perturbed order pa-

rameter Φ̃c + δϕ̃ into the GP equation, keeping terms up to first order in the perturbation, yields

i~
∂

∂t
wqc+k(r, t) =

[
~2

2m
(qc + k − i∇r)2 + Vlatt(r, t)− µc + 2gn̄|uc|2

]
wqc+k(r, t)+

+ gn̄ u2
c w
∗
qc−k(r, t), (3.37)

with a similar equation for w∗qc−k(r, t), leading to the Floquet-BdG equations

i~
∂

∂t

 wqc+k

w∗qc−k

 =

 ĥqc+k gn̄u2
c

−gn̄u∗2c −ĥqc−k


 wqc+k

w∗qc−k

 , (3.38)

where ĥκ(r, t) = ~2
2m

(κ− i∇r)2 + Vlatt(r, t) − µc + 2gn̄|uc(r, t; qc)|2. To numerically solve

Eqs. (3.38), the B-periodic time-dependent functions wκ(r, t) are expressed as a linear com-

bination of N ′ orthogonal states {ρm′(r;κ)} in a, possibly κ-dependent, R basis for spatially

periodic functions wκ(r, t) =
∑N ′

m′′=1 dm′′(t;κ)ρm′′(r;κ). In terms of the coefficients dm′ , the
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BdG equations (3.38) turn into 2×N ′ linear differential equations

i~
∂

∂t
dm′(t; qc + k) =

=
N ′∑

m′′=1

[
1

VBZ

∫
dr ρ∗m′(r; qc + k) ĥqc+k(r, t) ρm′′(r; qc + k)

]
dm′′(t; qc + k) +

+ gn̄
N ′∑

m′′=1

[
1

VBZ

∫
dr ρ∗m′(r; qc + k)u2

c(r, t; qc) ρ
∗
m′′(r; qc − k)

]
d∗m′′(t; qc − k),

(3.39)

i~
∂

∂t
d∗m′(t; qc − k) =

= −
N ′∑

m′′=1

[
1

VBZ

∫
dr ρ∗m′(r; qc + k) ĥqc+k(r, t) ρm′′(r; qc + k)

]
dm′′(t; qc + k) +

− gn̄
N ′∑

m′′=1

[
1

VBZ

∫
dr ρ∗m′(r; qc + k)u2

c(r, t; qc) ρ
∗
m′′(r; qc − k)

]
d∗m′′(t; qc − k),

(3.40)

where VBZ is the volume (or area) of the Brillouin zone. The results from Floquet’s theorem [138]

apply to this set of equations as all coefficients appearing in them are time-periodic. The Lya-

punov exponents γk = Im(λk) are calculated from the eigenvalues e−iλkT/~ of the propagator,

which is determined by time-evolving the equations over a single period of the drive (at fixed val-

ues of qc and k). A nonzero γk implies the collective mode with momentum qc + k is unstable.

3.3.2.1 Single-band approximation of the Floquet-BdG equations

If only the modes related to the macroscopically occupied Floquet band are expected to be

relevant (as would be the case, for example, if the coupling with the other bands is weak), it is

reasonable to make a single-band approximation of the BdG equations. In this approximation,
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Figure 3.7: Sketch of the single-band approximation to the BdG equations, wherein
the BEC fluctuations (represented by the Floquet modes χ) are restricted to the
macroscopically occupied band µκ. The coefficients D determine the rate of growth
of the unstable modes.

the functions wκ in Eqs. (3.37) are expressed as wκ(r, t) = D(t;κ)χ(r, t;κ) where χ is the

Floquet mode satisfying the Schrödinger equation with Ṽlatt (uc(r, t; qc)) as the potential

µκχ(r, t;κ) + i~
∂

∂t
χ(r, t;κ) =

[
~2

2m
(κ− i∇r)2 + Vlatt(r, t) + gn̄|uc|2

]
χ(r, t;κ). (3.41)

Substitution of Eq. (3.41) into Eq. (3.37) gives the following pair of equations for the coefficients

D(t; qc + k) and D(t; qc − k)

i~
∂

∂t

 D(t; qc + k)

D∗(t; qc − k)

 =M2(t;k, qc)

 D(t; qc + k)

D∗(t; qc − k)

 , (3.42)

where

M2(t;k, qc) =

 +(µqc+k − µc) + A+(t) B(t; qc,k)

−B∗(t; qc,k) −(µqc−k − µc)− A−(t)

 , (3.43)
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and

A±(t) = gn̄

∫
dr χ∗(r, t; qc ± k)|uc(r, t; qc)|2χ(r, t; qc ± k), (3.44)

B(t; qc,k) = gn̄

∫
dr χ∗(r, t; qc + k)u2

c(r, t; qc)χ
∗(r, t; qc − k). (3.45)

3.3.3 Drive-induced (parametric) instabilities

The off-diagonal time-periodic terms B(t; qc,k) ofM2 in Eq. (3.43) are typically domi-

nated by the Fourier component of order ν for some integer ν, which is determined by the time

dependence of the condensate and excitation modes uc and χ in Eq. (3.44). An effective time-

independent approximation toM2 in the BdG equations (3.42), after moving to the νω rotating

frame and neglecting fast oscillating terms, is

M[RWA]
2 =

 +(µqc+k − µc) Bνω(qc,k)

−B∗νω(qc,k) −(µqc−k − µc) + ~ νω

 , (3.46)

where Bνω is the Fourier coefficient of order ν of B(t). The excitation spectrum is inferred from

the quadratic characteristic polynomial P of the matrix (3.46)

P(η;k) = {η − (µqc+k − µc)} × {η − [−(µqc−k − µc) + ~ νω]}+ |Bνω|2. (3.47)
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The imaginary parts of the roots of P(η;k) determine the exponential growth rates (i.e., the

Lyapunov exponents) of the unstable modes. For the polynomial P(η;k), whose discriminant is

{
+ (µqc+k − µc)− [−(µqc−k − µc) + ~νω]

}2 − 4|Bνω|2, (3.48)

to yield roots that are not purely real, the difference between (µqc+k − µc) and −(µqc−k − µc) +

~ νω should be less than 2|Bνω(qc,k)|. The fastest growth rate ΓM among all the unstable modes

is approximately given by ΓM = |Bνω(qc,kres)|, i.e., the imaginary part of the roots of P when

evaluated at the quasimomenta k = ±kres where (µqc+kres −µc) matches −(µqc−kres −µc) + ~ νω

(resonance condition).

Although the dynamical instabilities pertaining to BECs in static lattices (reviewed in sec-

tion 3.2) are associated with the Lyapunov exponents arising from very similar dynamical equa-

tions, the unstable modes derived from the spectrum of the matrix (3.46) [or, more accurately,

from the spectrum of the propagator of equations (3.42)] are fundamentally linked to an interplay

between the drive and the interactions in the BEC. The replication, or Brillouin zone indeter-

minacy, of the Floquet bands (separated by ~ω) becomes relevant when clarifying the origin of

these unstable modes, with the latter being graphically interpreted as resonant conditions be-

tween the replicated bands. This last point is illustrated in the examples presented later in the

section 3.3.3.1.

The BdG equations (3.42) describing the perturbations of a condensate in a periodically

driven lattice in the single-band approximation can be mapped onto the equations describing the

modes of a parametric oscillator. (This similarity was formally derived in Refs. [78, 80] for off-

resonance shaken lattices using a single-band tight-binding description.) Due to this analogy,
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which is further examined in the section 3.3.3.2, the instabilities in modulated lattices obeying

Eqs. (3.42) have been described as parametric instabilties. A few properties of these instabilities

in the case of off-resonance shaken lattices are presented in the section 3.3.3.3.

3.3.3.1 Graphical examples of parametric instabilities

Figure 3.8(a) shows the spectrum of Lyapunov exponents γkx and excitation energies of a

condensate in a shaken 1D lattice, calculated numerically using the propagator of Eqs. (3.42).

Blue and red lines in the bottom panel correspond to phonon and anti-phonon modes, with the

dashed purple lines indicating the resonance condition betwen the two replicated Floquet bands

(in blue) highlighted with a higher opacity. The red anti-phonon curves, resulting from simulta-

neous reflections of the blue phonon curves across the kx and ky axes, aid in the identification of

the resonance conditions. The approximate characteristic polynomials P(η; kx) [Eq. (3.46)], for

the quasimomenta indicated by the circle (kx = 0.38 kR) and square (kx = 0.65 kR) markers in

Fig. 3.8(a), are plotted along the real axis of η in Fig. 3.8(b).

Figure 3.9 compares calculated spectra for a driven and undriven lattice, similar to the one

shown in Fig. 3.8(a) but with a drive frequency ωs = 0.085 ER/~ (half of the one in Fig. 3.8). No

unstable modes are present in the undriven case. The dashed arrow lines in Fig. 3.9(a) indicate

resonances between the Floquet bands that result in unstable modes caused by the even order

oscillating terms in the BdG equations. The dot-dashed arrow lines point to a resonance that

leads to no instabilities since odd order oscillating terms are not present in the BdG equations, as

will be explained in the subsubsection 3.3.3.3.

Figure 3.10 shows the Bogoliubov spectrum as a function of kx (along ky = 0) for a
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Figure 3.8: Calculated Bogoliubov excitation spectrum for a condensate with mo-
mentum qc,x = 0 and interaction coupling gn̄ = 0.1 ER in a shaken 7 ER deep 1D
optical lattice. Modulation parameters areK0 = 1.3, ωs = 0.17ER/~. (a) Upper and
lower panels show, respectively, the numerically calculated imaginary (Lyapunov ex-
ponents γkx) and real (excitation energies µkx) parts of the Floquet exponents λkx .
In the lower panel, energies of the phonon (anti-phonon) modes are indicated in
blue (red). (b) Characteristic polynomial P(η; kx) plotted versus real values of η
for kx = 0.38 kR (top) and kx = 0.65 kR (bottom), corresponding to the circle and
square markers in (a).
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Figure 3.9: Comparison of (a) the driven and (b) the undriven Bogoliubov excitation
spectra for a condensate with momentum qc,x = 0 in a shaken 1D optical lattice. The
shaking strengths are (a) K0 = 1.3 and (b) K0 = 0. Top and bottom panels show,
respectively, the Lyapunov exponents γkx and the excitation energies. The lattice
depth is 7 ER and the interaction coupling is gn̄ = 0.1 ER. Modulation frequency is
ωs = 0.085 ER/~. The width of the band is lower in the driven case (a) due to the
tunneling renormalization. Filled (solid) arrows in (a) indicate resonances leading to
unstable modes due to the ±2ωs and ±4ωs oscillating terms. Empty arrows in (a)
point to the resonances (surrounded by faint circles) that do not induce instabilities
since odd order oscillating terms (±1ωs, ±3ωs, . . . ) are absent from the dynamical
equations.

62



condensate with crystal momentum qc = 0 in an amplitude modulated 2D checkerboard optical

lattice. In this case, all resonances (caused by oscillating terms of even and odd orders) yield

unstable modes.

3.3.3.2 Relation to the parametric oscillator equation

To elaboratore more on the similarity between the FBdG equations and a simple parametric

oscillator, let’s recall that the latter obeys the equation

d2x

dt2
+ ω2

n[1 + αp sin(ωpt)]x = 0, (3.49)

where αp and ωp denote, respectively, the amplitude and frequency of the pump drive, and

ωn is the natural frequency of the oscillator. The presence of unstable modes in the para-

metric oscillator and their corresponding growth rates are determined by the discriminant√
(ωp − 2ωn)2 − (αpωn/2)2, whose imaginary values correspond to unstable modes. Similar to

the condition for roots of P with nonzero imaginary parts, unstable parametric oscillator modes

appear when two energies (ωp and ωn) are close to each other, and the width of this resonance

is set by the strength αp of the pump. The analogy between the instabilities in the parametric

oscillators and the ones resulting from Eq. (3.42) is made clear by noting that the natural fre-

quency of the oscillator corresponds to the separation ∆µ between the replicated Floquet bands

at the quasimomenta qc± k, the pump frequency is νω, and the pump drive strength is set by the

dominating Fourier coefficient Bνω:

ωn ↔ ∆µ, ωp ↔ νω, αp ↔ Bνω. (3.50)
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Figure 3.10: Calculated parametric instabilities along kx for a qc = 0 condensate
in an amplitude modulated checkerboard optical lattice with depth 5.9 ER and tilt
0.44 ER. Frequency of the drive is ωam = 0.19 ER/~. Dashed (dot-dashed) arrow
lines indicate resonances associated with oscillating terms of odd (even) order. All
resonances (not only those of even order) lead to unstable modes.
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The resonance occurs when n′ω approaches ∆µ and the width is set by |Bn′ω|.

3.3.3.3 Parametric instabilities in off-resonance shaken 1D lattices

In the case of off-resonance shaken 1D lattices (discussed in a single-particle context in

Section 3.1.3), further insight into the form of the off-diagonal coupling term B(t; qc,x, kx) and,

hence, the dynamical instabilities obtained from the spectrum of Eq. (3.46), can be gained by

using Eqs. (3.24) and (3.25) as approximations to the Floquet modes uc at qc,x = 0 and χ at

0 ± kx [see expression Eq. (3.45) for B(t; qc,x, kx)]. First, since the coefficient of the sin(ωst)

term in Eq. (3.25) possesses opposite signs for the conjugate momenta±kx, the first order Fourier

terms (i.e., the ±1ωs terms) will vanish in the expression (3.45) for B(t). The dominating time

oscillating terms are thus the second order Fourier components B2ωs of the term B(t; qc,x =

0, kx). This explains the absence of first order resonances in the Bogoliubov spectra displayed in

Figs. 3.8 and 3.9.

Collecting all the terms varying with the frequency 2ωs, one gets

B2ωs(qc,x = 0, kx) ∼ gn̄× i 2J

~ωs
J2(K0) [1− cos(kxa`)] . (3.51)

Using the following approximation for the effective Bogoliubov (or acoustic) energy spec-

trum

µ0+kx − µc = µ0−kx − µc ≈
√

2Jeff
(
1− cos(kxa`)

)
[2Jeff

(
1− cos(kxa`)

)
+ 2gn̄],

where Jeff = JJ0(K0), the resonant quasimomentum 0 + kx,res [defined by the resonance condi-
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tion µ0+kx,res − µc = −(µ0−kx,res − µc) + 2~ωs] has the following dependence on ωs and gn̄

1− cos(kx,resa`) =
1

2JJ0(K0)

(√
(gn̄)2 + (~ωs)2 − gn̄

)
. (3.52)

(A requirement for this resonance condition to exist is
√

(gn̄)2 + (~ωs)2 − gn̄ < 4JJ0(K0).)

Since the maximum growth rate ΓM among all the unstable modes occurs near the resonant quasi-

momentum [see the comments following Eq. (3.47)], one gets after inserting the expression (3.52)

into Eq. (3.51)

ΓM = |B2ωs(qc,x = 0, kx,res)| ∼
|J2(K0)|
|J0(K0)|

(√
(gn̄)2 + (~ωs)2 − gn̄

) gn̄

~ωs
, (3.53)

which implies that ΓM is linear in gn̄|J2(K0)|/|J0(K0)| and grows with the frequency ωs (van-

ishing at ωs = 0).

The preceding analysis assumes that ωs is small enough (or Jeff is large enough) to al-

low for the resonance condition to be met for some quasimomentum kx,res; explicitly, no unsta-

ble modes should appear when ~ωs > 1
2

(µ0+kR + µ0−kR − 2µc) =
√

4Jeff(4Jeff + 2gn̄) [see

Fig. 3.11(a)]. In a more realistic description, where transverse free degrees of freedom are

included, the resonance condition is always attainable by exciting modes along the tubes, as

illustrated in Fig. 3.11(b). Since the shaken degree of freedom x and the unmodulated free-

particle degree of freedom (denoted as r⊥) are separable, the growth rate of the unstable mode

with conjugate quasimomenta ±k = ±(k⊥ + kxêx) is determined by the Fourier component

|B2ωs(qc,x = 0, kx)| in Eq. (3.51) alone and does not depend on the projection k⊥ of k on the free

degree of freedom. At a fixed frequency ωs, |B2ωs(qc,x = 0, kx)| grows monotonically with kx,
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Figure 3.11: (a) One-dimensional Bogoliubov excitation energies in a shaken lattice.
Left panel is the same as Fig. 3.8(a). Right panel, where no instabilities are observed,
is obtained with the same parameters as the ones used for the left panel, except for
the drive frequency which is increased to ωs = 0.25 ER/~ (above the height of
the effective excitation spectrum). (b) If transverse free degree of freedoms k⊥ are
considered, the resonance condition is always attained regardless of the value of ωs.
If ωs <

√
4Jeff(4Jeff + 2gn̄) (left panel), resonant momenta with values of kx only up

to kx,res are possible and the fastest growing modes (indicated by the dashed arrows)
are located along k⊥ = 0. If ωs >

√
4Jeff(4Jeff + 2gn̄) (right panel), resonant

momenta with all possible values of kx within the first Brillouin zone [−kR,+kR]
are obtained. In this case, the most unstable modes are located on the edge of the
Brillouin zone (kx = ±kR).
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and the fastest growing mode thus occurs at the largest value kx where a resonant condition takes

place. Hence, we have the following two regimes:

• If ωs does not exceed the height of the effective Bogoliubov spectra [left panel in

Fig. 3.11(b)], the fastest growing mode has conjugate quasimomenta with k⊥,res = 0 and

the previous discussion ignoring transverse degrees of freedom holds. In particular, the

expression (3.53) for ΓM remains valid.

• If, on the other hand, ωs does exceed the threshold
√

4Jeff(4Jeff + 2gn̄) [right panel in

Fig. 3.11(b)], the quasimomenta of the most unstable mode will lie on the edge of the

Brillouin zone (with the largest value of kx), namely, ±kres = ±(k⊥,res ± kRêx). Using

Eq. (3.51), the maximum growth rate is now

ΓM = |B2ωs(qc,x = 0, kx = ±kR)| = 4JJ2(K0)
gn̄

~ωs
, (3.54)

where cos(±kRa`) = −1 has been used.

3.3.3.4 Parameric instabilities in an off-resonance shaken 2D square lattice

Our experimental study of parametric instabilities in shaken lattices, to be discussed in the

next chapter, were carried out using a separable square lattice. In this lattice, the two-dimensional

Floquet modes uc and χ have the form

uc(x, y, t; qc) = uc,X(x, t; qc,x)× uc,Y (y, t; qc,y), (3.55)

χ(x, y, t;κ) = χX(x, t;κx)× χY (y, t;κy), (3.56)
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with uc,X , uc,Y , χX and χY representing the Floquet modes of the one-dimentional problems

(discussed above in section 3.3.3.3) along x and y, respectively. The form of the B term (3.44)

in this 2D separable lattice is

B(t; qc,k) = gn̄×
[

1

gn̄
BX(t; qc,x, kx)

]
×
[

1

gn̄
BY (t; qc,y, ky)

]
=

= gn̄

∫
dxχ∗X(x, t; qc,x + kx)u

2
c,X(x, t)χ∗X(x, t; qc,x − kx)×

×
∫
dy χ∗Y (y, t; qc,y + ky)u

2
c,Y (y, t)χ∗Y (y, t; qc,y − ky), (3.57)

where BX and BY denote the off-diagonal terms along the separable degrees of freedom X or

Y , respectively. The term BX (BY ) is time-independent if the lattice is static along X (Y ) and

would thus contribute nothing to the time oscillating terms of B(t). The problem then reduces to

the one-dimensional one and the equations derived in section 3.3.3.3 remain valid.

For a diagonal shake, both the spatial motion and the independent terms BX(t) and BY (t)

(whose dominant time-oscillating coefficients possess a frequency ±2ωs) oscillate in phase and

their product [and hence B(t)] interferes constructively. For a circular shake, the spatial motion

along x and y are out of phase by π/2 causing BX(t) and BY (t) to oscillate out of phase (i.e.,

with a phase difference of π). Hence, B(t) in Eq. (3.57) displays a weak dependence of time

when the lattice is shaken circular. The 2ω Fourier component for B(t) will be

B2ω ≈ B0,XBY,2ω + ei2φB0,YBX,2ω, (3.58)

where the phase φ captures the relative phase between the oscillations for X and Y . This implies

that the most unstable modes for diagonal occurs at the points ±(kR, kR) and ±(kR,−kR) in
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reciprocal space, with a growth rate given by 2|B2ω,Y |. The dominating unstable modes for

circular occurs at the points ±(kR, 0) and ±(0,−kR) with a rate given by |B2ω,Y |.
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Figure 3.12: (a) Due to constructive interference, the dominating unstable modes for
a diagonally shaken square lattice occur at ±(kR, kR) and ±(kR,−kR) (blue mark-
ers). Due to destructive interference, the dominating unstable modes for circularly
shaken square lattice occur at ±(kR, 0) and ±(0, kR) (red markers). (b) For diagonal
shaking, the growth rate of most unstable modes (due to constructive interference)
is 2|B2ω,Y | at the points ±(kR, kR) and ±(kR,−kR). (c) For circular shaking, the
growth rate of most unstable modes (due to destructive interference) is only |B2ω,Y |
(half the one for the diagonal shaking) at the points ±(kR, 0) and ±(0, kR).
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Chapter 4: Parametric heating in a periodically shaken bosonic lattice

This chapter describes the experimental study of heating that our group carried out in a

periodically shaken BEC held in a 2D lattice and prepared under conditions where paramet-

ric instabilities described by the Floquet Bogoliubov-deGennes (FBdG) equations (discussed in

Chapter 3) should heavily affect the evolution of the BEC depletion. The observed dependence

of the heating on the parameters of our 2D lattice were contrasted with the predictions from a

model along the lines of Ref. [80], which contains a thorough analytical and numerical study of

parametric instabilities in 1D lattices with a transverse free degree of freedom.

The predicted emergence of parametric instabilities in the context of driven optical lattices

represents an example of the parametric amplification of field modes, an ubiquitous phenomenon

in systems that obey nonlinear equations. Optical effects such as harmonic generation and down

conversion (that have been employed, for example, to produce entangled photons and squeezed

light) originate from the interaction between light fields in a nonlinear dielectric material, and are

described by the Manley-Rowe equations for parametric amplifiers [189]. In a different range

of the electromagnetic spectrum, the nonlinear capacitance of varactor diodes has been used to

amplify weak microwave signals in low noise radio receivers. Another example is the parametric

oscillation instability that occurs when the radiation pressure couples the mechanical eigenmodes

of a Fabry-Perot cavity to its optical modes [190]; these instabilities are considered detrimental
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in the context of gravitational waves interferometers, where they were first predicted [191]. In

the context of bosonic gases, BECs obey a nonlinear Schrödinger equation [Eq. (3.30)] and it is

thus not surprising that an external periodic drive can induce the parametric growth of bosonic

modes.

The present chapter is organized as follows: Section 4.1 provides a link between some

of the predicted attributes of parametric instabilities (discussed in the previous chapter) and the

expected heating rates of the physical observable we measured in our experiments, with sec-

tion 4.1.1 listing some of the shortcomings in the FBdG model used to calculate these rates and

section 4.1.2 commenting on the differences between the FBdG theory and the alternative FFGR

approach. Section 4.2 goes over some of the regular calibrations we performed on our lattice

setup before the systematic measurement of heating rates. Some of these undertakings were the

minimization of the optical lattice imbalance (section 4.2.1) and the experimental corroboration

of the tunneling renormalization in shaken lattices (section 4.2.2). Section 4.3 begins by explain-

ing our choice of lattice and shaking parameters. It then describes the experiments and results on

the shake-induced decay of the atomic condensate fraction. Section 4.4 concludes this chapter by

commenting on the agreement between our observations and the FBdG model.

4.1 Expected properties of the observables related to parametric instabilities

A few theoretically calculated properties of parametric instabilities in off-resonance shaken

lattices were motivated in Chapter 3 using a slightly different approach from the formal deriva-

tions included in Refs. [80, 86], where a tight-binding approximation was employed. In terms of

the drive parameters K0 and ωs, the tunneling matrix element J and the interaction coupling den-
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sity gn̄, the features of these instabilities that will be more relevant in the experiments described

below are:

• The growth rate γκ of the unstable mode with a momentum κ (including the maximally

unstable one) is predicted to possess a linear dependence on gn̄.

• γκ is expected to vary with K0 as γκ ∝ |J2(K0)|.

• The dependence of the dominating growth rate ΓM on the frequency ωs exhibits two regimes

separated by a threshold frequency ωth (whose value depends on the type of shaking). The

two scalings are

ΓM ∝


|J2(K0)|
|J0(K0)|

(√
(gn̄)2 + (~ωs)2 − gn̄

) gn̄

~ωs
, if ωs ≤ ωth,

4|J2(K0)|J gn̄

~ωs
, if ωs ≥ ωth.

(4.1)

Although calculations yield a continuum of unstable modes having a broad range of growth

rates γκ, it was argued in Ref. [80] that the rate with which the experimental observables O

connected with parametric instabilities (such as the noncondensed fraction of the atomic cloud

or the energy density of the excitations) are expected to grow exponentially is 2 × ΓM = 2 ×

maxκγκ. This expectation relies on (a) the observables O typically being quadratic functionals

of the Bogoliubov modes and (b) the most unstable mode dominating the late growth of these

quantities. Further discussion of this hypothesis can be found in Ref. [80], where a full time

evolution of some physical observables validates the behavior O(t) ∝ e(2×ΓM)t for sufficiently

long times t. (It is worth commenting that different scalings are anticipated during the early stages

of the instabilities growth with the initial populations of the modes being more consequential;
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this timescale is, however, believed to be hardly accessible in our experiments.) This predicted

scaling remains valid if multiple independent modes share the maximum growth rate ΓM because

the total depletion would remain proportional to the exponential e+(2×ΓM)t. The assumption that

the maximally unstable mode dictates the time dependence of experimental quantities was also

employed in the first reported observations of dynamical instabilities in static lattices [182].

To obtain the expected exponential growth rate ΓFBdG of physical quantities resulting from

the parametric instabilities in the case of a shaken 2D square lattice, one needs to consider the

dependence of ΓM on the type of shaking, e.g., circular or diagonal, as was discussed in Sec-

tion 3.3.3.4. The values of ΓFBdG for the three types of shaking considered in our experiments, in

the respective regimes ωs > ωth, are

Γx-only
FBdG = 2× Γx-only

M = 1× 2× Γ1D
M (ωs > ωx-only

th = 1× ω1D
th ) (4.2)

Γdiagonal
FBdG = 2× Γdiagonal

M = 4× 2× Γ1D
M (ωs > ωdiagonal

th = 2× ω1D
th ) (4.3)

Γcircular
FBdG = 2× Γcircular

M = 2× 2× Γ1D
M (ωs > ωcircular

th = 1× ω1D
th ), (4.4)

where Γ1D
M is the dominating growth rate of the 1D problem along any of the shaken directions

(i.e., ignoring the other two degrees of freedom).

The physical quantity we measured in our experimental studies of parametric heating of

driven condensates was the condensed fraction (CF), i.e., the population of atoms that remained

in the BEC relative to the total number of both condensed and noncondensed atoms. We chose this

observable because it was was argued in Ref. [80] that its complement, namely, the noncondensed

fraction, obeyed the type of exponential growth discussed above. An alternative measurable
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quantity considered in that same reference, and whose detection proved to be ambiguous in our

setup, is the momentum distribution of quasiparticle modes. This proposed momentum-resolved

measurement of the parametric instabilities in shaken bosonic 1D lattices was successfully carried

out in a similar experimental work reported in Ref. [87], where it was claimed that the tuning of

the scattering length via a Feshbach resonance (which is essentially unavailable for rubidium-87)

was vital to attain the parameter regimes where the unstable modes were recognizable in TOF

images.

4.1.1 Limitations of the FBdG framework

As some of them will arise in the interpretation of our experimental results, a list of relevant

deficiencies in the FBdG model accompanying our experimental work is the following:

• It disregards the fact that the interactions make the problem non-separable in the x and y

coordinates.

• The validity of the FBdG-calculated excitation growth rates ΓFBdG is anticipated to be lim-

ited to a very specific time window since (a) at early times, and as commented earlier,

the instabilities evolution may exhibit behaviors that differ from the exponential growth,

while (b) at late times, saturation effects that effectively reduce the observed rate are likely

to occur. The saturation stems from the interaction between both the excitations and the

condensate, as well as among the excitations themselves.

• The model only includes the lowest order terms in the high-frequency expansion.

• It assumes a bosonic superfluid, and will fail as the effective tunneling amplitude becomes
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small and a transition to a correlated Mott insulator takes place [192].

• The effects of a finite duration of the initial modulation ramp in the preparation protocol

are not considered in the calculations.

4.1.2 Contrast with the Floquet Fermi’s golden rule

An alternative and well-studied perturbative approach to describe the observed heating in

periodically driven lattices similar to the one treated in our work is based on the Floquet Fermi’s

golden rule (FFGR) [84, 90, 193]. In this framework, the scattering rate dN/dt between the

BEC state |ΨFGR
i 〉 and a excited state |ΨFGR

f 〉 possessing two excitations outside the condensate is

calculated using the golden rule

dN

dt
=

2π

~
∑
n

| 〈ΨFGR
f |Hint |ΨFGR

i 〉 |2δ(εf − εi) (4.5)

where the interaction term Hint (proportional to the coupling density gn̄) is considered a pertur-

bation to the effective Hamiltonian, and εf − εi is the difference between the total quasienergy of

the final state |ΨFGR
f 〉 (which includes fluctuations) and the total quasienergy of the macroscop-

ically occupied state |ΨFGR
i 〉. In the case of off-resonance shaken lattices, the rate (4.5) has the

following expression

dN

dt
= Cm ×

[
gn̄
JJm(K0)

ωs

]2

, (4.6)

where Cm is a coefficient that depends on the order m of the resonance, i.e., the order of the time

Fourier component that induces the resonant scattering (see Ref. [84]). In contrast to the FBdG
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rates [Eqs. (4.1) and (4.2)], the FFGR rates are quadratic in gn̄J .

4.2 Lattice characterization

This section describes some regular calibrations that eliminate dissipative effects not related

to the parametric instabilities we are studying, as well as the experimental corroboration of a

renormalized effective tunneling in our shaken optical lattice (discussed in Section 3.1.3 and

illustrated in Fig. 3.2).

4.2.1 Cancelation of lattice site-imbalance

Imperfections caused by a residual vector light shift [103] in the folded, retroreflected lat-

tice used in our experiments, gave rise to an unintended double-well checkerboard potential,

whose tilt between adjacent sites could enable undesired resonant transfers in the shaken lat-

tice, something that could interfere with the measurement of parametric heating. This lattice

imbalance was routinely assessed by measuring the relative populations in the lattice A and B

sites using microwave spectroscopy of an alternating lattice site-dependent transition. In this

technique [101], an adiabatic loading of the cloud in the nearly balanced checkerboard lattice

produced an atomic wavefunction ψ1, illustrated in Fig. 4.1(a), whose relative populations on

sites A and B is set by the accidental tilt. The lattice amplitude and the tilt were then ramped up

to “freeze in” the local A/B populations, and to induce a substantial separation between the mea-

sured center frequencies of the microwave transition |F = 1,mF = −1〉 → |F = 2,mF = −2〉

on sites A and B [see Fig. 4.1(b)]. As shown in Fig. 4.1(c), the difference in height between the

two resonances in the microwave spectra (revealing the population imbalance between A and B
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Figure 4.1: Reduction of the lattice site imbalance using microwave spectroscopy
of a site-dependent microwave transition. (a) Atoms were initially loaded in a lattice
with a residual tilt ∆residual. Left figure shows the calculated, imbalanced square mod-
ulus of wavefunction ψ1 in a checkerboard lattice with depth 22 ER and residual tilts
0, 0.05 and 0.15 ER. (b) The tilt between the A and B sites was then increased to a
large value ∆readout that produced a significant difference between the frequencies of
the hyperfine transition |F = 1,mF = −1〉 → |F = 2,mF = −2〉 for the A and B
sites. (c) Microwave spectra obtained with the tilt ∆readout. Measured relative popula-
tion in the hyperfine state |F = 2,mF = −2〉, as a function of the relative frequency
of the microwave radiation addressing the |F = 1,mF = −1〉 → |F = 2,mF = −2〉
transition, is shown here for three different values of the voltage PC1V applied on
the input Pockels cell PC1. These spectra displayed two separate resonances corre-
sponding to sites A and B. The energy imbalance between adjacent sites, inferred
from the height difference between the two separate profiles, was corrected by tuning
PC1V.
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sites) was corrected by slightly adjusting the input polarization of the lattice beam using the input

Pockels cell PC1.

An alternative calibration technique, described in Ref. [103], that directly measures the

energy offset between the A and B sites consisted in measuring the frequency of the oscillations

in the observed ground band diffraction pattern [see Fig. 4.2(a)] after rapidly loading the BEC in

the tilted lattice and varying the time th the cloud is held in this potential [see Fig. 4.2(c)]. The

loading was carried out faster than the tunneling amplitude J to avoid having the BEC prepared

in the ground state, wherein the A sites have a small population for non-negligible offsets. The

oscillations in the diffraction TOF images were induced by the different phases acquired by the

atoms in the A and B sites due to the energy tilt. This method was, unfortunately, not always

suitable for direct measurements of small tilts (which produce slow variations of the diffraction

patterns) because, as exemplified in Fig. 4.2(c), the oscillations typically dwindled significantly

after ∼ 1 ms, preventing an accurate extraction of frequencies below 1 kHz. (We attribute the

observed dephasing to an inhomogeneous spread in the on-site interaction energies produced

by a nonuniform population among the sites of the quickly loaded lattice.) In spite of these

complications, the small tilts could still be inferred from extrapolating the dependence of large

tilts with the PC1V voltage [Fig. 4.2(d)].

4.2.2 Tunneling renormalization

We took advantage of the intrinsic sensitivity of the microwave transitions to the sites A and

B in our double-well lattice, along with the ability to resolve different hyperfine states, to measure

the effective tunneling Jeff in our shaken square lattice. The main stages of the measurement
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Figure 4.2: Measurement of the the lattice tilt using the oscillations of the diffraction
pattern. (a) Example of observed oscillations in the ground band diffraction pattern
for a lattice with depth 33 ER. (b) The patterns were characterized by the quantityG,
defined as the normalized difference between the population in the diffraction peaks
surrounded by squares and the population in the peaks surrounded by circles. (c) The
frequency of these pattern variations [corresponding to the images in (a)], which is
about ∼ 3.3 kHz in this example, was a measurement of the effective energy offset
between adjacent sites. The oscillations were typically not sustained for more than
∼ 1 ms. (d) By varying the voltage PC1V applied on the input Pockels cell, we could
measure larger tilts (i.e., higher frequencies in the oscillations), from which smaller
tilts were inferred with a higher accuracy by fitting a “rectified” parabola.
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protocol are illustrated in Fig. 4.3(a). In this procedure, a relatively large tilt between sites was

employed to prepare an antiferromagnetic-ordered state (stage II), in which the A sites were only

occupied by atoms in the hyperfine |h1〉 state, while B sites were exclusively occupied by atoms

in a different state |h2〉. The tilt (and lattice depth) were then rapidly ramped down before the

beginning of the modulation. After the lattice was shaken for a time te (stage III), the particles

were redistributed among the lattice sites at a rate predominantly set by Jeff. In the resulting new

arrangement of the atoms in the lattice, the ones that started at the A sites were differentiated

from those that did it at the B sites via the hyperfine state. To image the relative population of

the atoms that switched from A sites to B sites (or viceversa) in a Stern-Gerlach detection, these

particles were transferred to new hyperfine states |h3〉 and |h4〉 differing from |h1,2〉 (stage IV);

the atoms that did not switch sites remained in their original hyperfine states |h1,2〉. Jeff was

deduced from the decay rate of the initial ordered state quantified by the magnetization Ms. We

measured a reduced Jeff as K0 grew from 0 to K0 ∼ 2.4, and an increase in Jeff with K0 in the

range 2.4 . K0 . 3.3, as expected from the relation Jeff = J (K0) [see Eq. (3.20)].

4.3 Experiments on parametric heating

In our experiments, we extracted the BEC condensate fractions (CF) following the shaking

of the optical lattice holding the cloud. The CF decay rates were measured under different condi-

tions that would allow us to evaluate the validity of our theoretical model. This section presents

the results of these explorations. Section 4.3.1 goes over some details in the selection of the

experimental lattice and shaking parameters. A brief discussion of the observed CF decay with

the modulation time, as well as the dependence of the extracted condensate loss rate on different
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Figure 4.3: Observing tunneling renormalization in a shaken lattice. (a) Outline of
the protocol used to measure the effective tunneling Jeff: I. The atomic cloud was
first loaded in a balanced square optical lattice with equal populations in A and B
sites, and all atoms in the |h1〉 = |F = 1,mF = −1〉 hyperfine state (indicated with
orange). II. Next, the lattice depth and the tilt were increased to induce a site depen-
dence on the microwave transition between |h1〉 and a different hyperfine state |h2〉
(blue). This transition was used to prepare an antiferromagnetic- (AF-) ordered state,
in which all atoms in the B sites were transferred to |h2〉, while those in A remained
in |h1〉. III. The lattice potential was set to a configuration where the effective tun-
neling Jeff was to be measured (via the redistribution of atoms in |h1,2〉 among the A
and B sites). In our case, this was a shaken and shallower square lattice. IV. Lattice
depth and the tilt were quenched to higher values (as in step III) so that the atoms
in the |h2〉 state occupying the A sites, as well as those in the |h1〉 occupying the B
sites, were, respectively, transfered to different hyperfine states |h3〉 (gray) and |h4〉
(green). (States |h1,2,3,4〉 were all different and resolvable via Stern-Gerlach imag-
ing.) (b) Observed decay of the magnetization Ms for different shaking strengths K0.
The effective tunneling is inferred from the speed of the decay. (c) Obtained effective
(renormalized) tunneling Jeff for different values of K0.
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parameters of our system is included in section 4.3.2.

4.3.1 Parameter regimes and other considerations

The drive frequencies ωs we used in the experiments did not exceed 2π × 4 kHz, an up-

per bound lying below the lowest value (∼ 2π × 6.2 kHz) at which appreciable (and intrusive)

multiphoton transitions [83,194] between the ground and excited energy bands were detected by

vibrational heating spectroscopy. Additionally, ωs was also picked to be larger than the range

of values for the bare tunneling amplitude J and the interaction density gn̄, so that the high-

frequency approximation mentioned in the subsubsection 3.1.3 is valid and the tunneling matrix

elements along both spatial directions can be replaced with the effective tunneling amplitude

Jeff = J J0(K0) [75, 192]. As for the drive strengths, we explored K0 between 0 and 4. How-

ever, the following discussion focuses on the range 0 ≤ K0 < 2.4, where Jeff remains positive,

as these are the conditions where the parametric nature of the instabilities should dominate over

the dynamical instabilities caused by a negative curvature of the band.

The initial and final ramps of the modulation profile also required some consideration. The

drive amplitude was ramped smoothly (at a fixed frequency) because a rapid turn-on or turn-off in

the modulation profile caused undesired higher-band excitations, whose thermalization with the

condensate led to a detrimental decrease of the condensed fraction on a timescale of 2 ms (see

Appendix A of Ref. [86]). On the other hand, the ramps were as fast as they could be in order

to avoid these excitations while having no significant CF decay at the end of the initial turn-on

ramp. To avoid complications associated with micromotion on the measured CF, each experiment

concludes after an integer number of modulation periods including the initial smooth turn-on of
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the drive and the ending ramp-down.

As an additional consideration, we verified that the observed heating could be largely at-

tributed to a Floquet-induced mechanism rather than to the emergence of a Mott insulator phase

induced by the suppressed tunneling matrix element. This was done by checking that the BEC

lifetime in a static lattice possessing a small (bare) tunneling Jtest was substantially longer than

the lifetime obtained with a shaken (and shallower) lattice with bare tunneling J2, and whose

effective tunneling Jeff = J2J (K0) nearly matched Jtest.

4.3.2 Observed behavior of the condensed fraction decay rate

The condensate fraction (CF) was extracted from TOF absorption images resolving the

2D lattice Brillouin zones (captured by the PI PIXIS camera in Fig. 2.2), and obtained after a

300 µs band map immediately following the turn-off modulation ramp. As shown in Fig. 4.4,

the observed dependence of the CF with the shaking time agreed with an exponential fit Ce−ΓCFt,

from which we extract the decay rate ΓCF. Although a decelerated condensate loss rate was

inevitable for long modulation times due to the finite size of the BEC, it is worth noting that the

measured scaling of the CF with the shaking time was never consistent with the FBdG theory

because the exponential growth of the parametric excitations predicted by this model implies an

accelerated loss of CF. A potential justification for this discrepancy is the short duration of the

undamped FBdG regime compared to the BEC lifetime owing to eventual saturation effects of the

condensate depletion rate caused by interactions (not accounted for by the FBdG model) between

the collective unstable modes and the remaining condensate. In our experiments, we measured

ΓCF for different values of the tunneling amplitude J and the interaction coupling density gn̄,
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Figure 4.4: (a) Example of the observed decay of the condensate fraction CF as a
function of the modulation time in a shaken lattice. Data corresponds to a 22 ER
deep lattice, shaken diagonally with a strength K0 =2.2 and a frequency ωs = 2π ×
2.5 kHz. The gray solid line is an exponential fit of the form Ce−ΓCFt, from which the
decay rate ΓCF is determined. The values of the condensate fraction were extracted
from TOF images by fitting the optical depth distribution with a two-dimensional
Thomas-Fermi profile on top of a Gaussian one. This is illustrated in (b) for the
pair of points labeled I and II in (a). In (b), the left panels show the captured TOF
images, and the right panels display two transversal cuts of the corresponding two-
dimensional fits.
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Figure 4.5: Linear scaling of decay rates Γ with Jgn̄. For the experimental data
shown here, J and gn̄ were (not independently) tuned using the lattice depth, and
were taken with a drive strength K0 = 2.1, and the modulation frequencies ωs =
2π × 4 kHz (filled markers) and ωs = 2π × 2.5 kHz (empty markers). Solid lines
correspond to FBdG theory, which predicts ΓM scales linearly with Jg/ωs. Dashed
lines are linear fits to the data.

as well as for different values of the modulation parameters ωs and K0 that define the x-only,

diagonal and circular shakings.

Figure 4.5 displays the measured decay rate ΓCF as a function of J gn̄/ωs using K0 = 2.1

and a couple of modulation frequencies (ωs = 2π × 2.5 kHz and ωs = 2π × 4 kHz). J , gn̄,

and their product J gn̄, were tuned by changing the depth V0 of the optical lattice, and their

values were calculated from the calibrated lattice depth, the atom number and the frequencies of

our harmonic trap. Lowest depth V0 in Fig. 4.5, corresponding to the largest value of Jgn̄, was

7.3 ER. The predicted rates ΓFBdG are displayed as solid lines. The observed magnitude of ΓCF

along with its predominantly linear scaling with Jgn̄ match the expectation [see Eq. (4.1)] for
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heating mechanisms largely induced by parametric instabilities, and is in marked contrast to the

quadratic power law predicted in a Floquet FGR approximation. It is worth mentioning that the

rates predicted for the diagonal and circular trajectories are, respectively, four times and twice

the ones expected for x-only trajectories, as explained in Chapter 4.

The dependence of ΓCF on K0 is presented in Fig. 4.6 for a 22 ER deep lattice modulated

at 2.5 kHz. This behavior follows approximately the scaling J2(K0) predicted from the FBdG

calculations (solid lines). For the x-only drive, in particular, the magnitude of ΓCF nearly matches

the theoretical values (orange solid line) and, although the scaling (J2(K0))2 in the FGR theory

is not clearly ruled out by our data, it differs by a factor of about 30 from the magnitude obtained

with a FGR approach (red dashed line). The sudden increase of ΓCF shown in Fig. 4.6 for the

circular and diagonal modulations as K0 approaches 2.4 from below (where the tunnelings in

the x and y directions are both expected to nearly vanish) strongly suggests a breakdown of the

FBdG theory, and is further examined in Ref. [86].

Experimental evidence of the two different regimes in the scaling of ΓCF with ωs (discussed

in sections 3.3.3.4 and 3.3.3.3) separated by the respective threshold frequencies ωxth, ωdiag
th and

ωcirc
th is shown in Fig. 4.7. This behavior is closely related to the role of transverse degrees of

freedom in the resonance condition for the instabilities and, for this reason, constitutes strong

evidence of the parametric nature of this heating. The relatively poorer agreement between the

measured and predicted rates at frequencies below 1 kHz was ascribed to a potential failure of

the employed high-frequency approximations in the theory and the need to include corrections

on the order of ω−1
s .
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Figure 4.6: Decay rates Γ as a function of K0 for a drive frequency of 2.5 kHz. Lat-
tice depth is 22 ER, at which J and gn̄ are 2π×50 Hz and 2π×700 Hz, respectively.
Solid lines indicate the respective rates predicted by a FBdG analysis. The expected
rates using the FGR theory for the x-only drive are shown as a dashed red line.

89



Figure 4.7: Γ vs ωs for a 11 ER deep lattice and a drive amplitude of K0 = 1.25.
Respective values of the calculated ΓFBdG are displayed as solid lines. The inset
zooms into the region 0 kHz ≤ ωs/2π ≤ 1 kHz with the position of the threshold
frequencies ωth indicated by the down-pointing arrows.
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4.4 Conclusions and outlook

We measured BEC decay rates in a periodically shaken square lattice under conditions

where parametric instabilities were expected to represent a major dissipative mechanism. A

goal of this experiment was to corroborate the suitability of the theory originally proposed in

Refs. [78,80], and later adapted to 2D shaking in Ref. [86], to account for the interaction-induced

heating in our modulated lattice. Motivated by a calculated nontrivial dependence of ΓCF on the

drive geometry, we explored different shaking trajectories.

Although we did not obtain direct evidence of parametric instabilities by resolving the

exponential growth of collective modes, the observed heating possessed some robust signatures

of a dissipative mechanism heavily influenced by parametrically amplified excitations. One of

our experimental results supporting this last claim is the linear scaling of ΓCF with Jgn̄ (shown

in Fig. 4.5), which in theory follows from the form of the off-diagonal terms in the Bogoliubov

coupling matrix [Eq. (3.46)]. The presence of the threshold frequencies ωth in the profiles of

ΓCF vs ωs, along with their fair agreement with the expected values (see Fig. 4.7), represents

additional experimental evidence since the predicted values of ωth are determined by (i) the effect

that the finite bandwidth along the lattice directions has on the parametric resonance condition

(see Fig. 3.11) and (ii) the order of the Fourier components dominating the parametric coupling.

The weak agreement between the measured ΓCF and the calculated ΓFBdG that we observed

in other features of our data prodded us to think about the relevance of the limitations in our FBdG

model (some of them listed in Section 4.1.1). For instance, the difference between the values of

ΓCF and ΓFBdG was more noticeable for the diagonal and circular trajectories than it was for x-

only modulation, suggesting a breakdown of the separability along the x and y coordinates that
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was assumed in our calculations. In addition, the absence of an accelerated condensate loss rate

in the measured dependence of the fraction CF with the modulation time (subsection 4.3.2 and

Fig. 4.4) was potentially caused by a significant initial buildup of the excited population (acting

as seed populations for the instabilities) that hampered the detection of the exponential growth

scaling predicted by the FBdG model. This would suggest that the later regime with decelerated

(saturated) growth rates is more prevalent in realistic scenarios.

Possible avenues to mitigate the the parametric growth of excitations that we describe here

include the reduction of the initial population of unstable modes and the minimization of the

off-diagonal coupling terms in the FBdG equations. The latter could be attained by combining

different modulation schemes whose coupling terms cancel out. Although seemingly far-fetched,

this idea has been employed to suppress dissipative coupling in the two-path interference scheme

described in Ref. [88]. However, the feasibility of these mitigation techniques relies on the va-

lidity of the FBdG model, which was partially successful at explaining our data, and prompts a

further refinement of the theory. In addition, one of the main interests in Floquet systems is in the

production of and study of highly correlated states, which will have different heating mechanisms

than the weakly interacting condensate.
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Chapter 5: Floquet-engineered moat band for ultracold atoms

This chapter covers the realization of a Mexican-hat band, whose importance was discussed

in Chapter 1. To accomplish this energy spectrum we employed a Floquet approach by modulat-

ing the amplitude of a checkerboard optical lattice.

Section 5.1 mentions some of the ideal characteristics that a cold-atom approach that pro-

duces a Mexican-hat band (MHB) should possess. Next, Section 5.2 provides an account of some

preliminary theoretical and experimental considerations of the Floquet protocol we planned to im-

plement in our experimental setup. The theory employed in this section recovers the notions pre-

sented in Section 3.1.3 within the context of near-resonance shaken lattices [see equations (3.26)

and (3.27)], departing (to some degree) from the terminology used in the previous chapter. In

particular, the effective coupling term Ω1,2 between the lowest-lying bands and the detuning δ of

the drive frequency with respect to the band spacing were both instrumental to infer the shape of

the hybridized bands. Section 5.2 also reviews the incipient signatures (e.g., Fig. 5.5) of a ring-

shape band when we modulated the depth of a checkerboard lattice. Section 5.3 then presents a

set of systematic measurements that constitute a more unambiguous evidence of a moatlike band

[Figs. 5.15, 5.16(c), 5.19(c), 5.22]. This section demonstrates that the BEC can be prepared in a

Floquet state associated with the effective Mexican-hat band. Section 5.4 contains our observa-

tions on the stability of a BEC in the effective MHB [Fig. 5.23], which we analyzed numerically
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in light of the FBdG formalism discussed in Section 3.3. The FBdG equations [Eqs. (3.38),

(3.39), (3.40)] that were used throughout Chapter 4 to discuss parametric instabilities under a

single-band approximation, were here adapted to include both the ground and the first-excited

band, and were applied to model the stability of mean-field Floquet states associated with the

hybridized moat band. Finally, a possible optimization in our Floquet protocol is described in

Section 5.5.

A peer-reviewed, more succinct report of some of the results presented in this chapter can

be found in Ref. [107].

5.1 Requirements for a moatlike band

A cold-atom approach to generate well defined moatlike bands should have several prop-

erties: (i) it should have a clear maximum near q = 0 so that a continuum of minima can exist

along a ring of q, (ii) the variation in the minimum energy along the ring of minima should be

smaller than all other energy scales in the problem, (iii) the drive-induced heating should not be

too strong, and (iv) it should be generally applicable to many atomic species, both bosons and

fermions.

Proposed approaches to produce moatlike energy dispersions include inducing Rashba

spin-orbit coupling (SOC) [195] and Floquet engineering the desired band in a driven optical

lattice [41]. In both cases, the modified dispersion results from hybridizing different motional

states. Experimentally, approximate moatlike dispersions have been realized with ultracold atoms

using SOC [195–198]. The resulting dispersions retain the discrete rotational symmetry of the

spin-orbit coupling beams, and the moat minimum consists of 3 or 4 distinct minima instead
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of a completely degenerate ring [199]. In addition, the SOC approach relies on particular spin

structures, and is not generally amenable to any atomic species.

We considered several Floquet approaches to generate and hybridize bands to meet the

criteria (i)-(iv) listed above, some of which are discussed in detail in the next section.

5.2 Experimental design considerations

5.2.1 Floquet dressed bands

The proposal for the Floquet approach in Ref. [41] to engineer an effective band with a

moat shape was inspired by the Floquet engineered double-well band reported in Ref. [43]. As

discussed in Section 3.1.3, this double-well effective dispersion is produced by a shaking-induced

coupling between the two lowest bands of a 1D sinusoidal lattice, where the |Ω1,2(q)| profile of

the shake-induced band coupling featured a bump around the center of the BZ [see Figs. 3.5(c)].

This local maximum plays an important role in generating the double-well dispersion, as the two

bands are more strongly repelled near the center of the BZ. It is then reasonable to conclude that,

for a 2D optical lattice, it would be beneficial to have a symmetric “bump” in the band coupling

near q = 0.

5.2.2 Ruling out separable square lattices

It is tempting to try and apply the 1D shaking approach to our square separable lattice

Vip(x, y) ∝ cos(2kRx) + cos(2kRy) [see Eq. (2.1) and Fig. 2.4(a)]. However, Vip(x, y) is

not appropriate to produce an effective moat dispersion. An amplitude- or phase- modulated

square lattice system would remain separable in the x and y coordinates since the unitary evolu-
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tion operator is the product of an operator dependending exclusively on x and another depend-

ing exclusively on y. The resulting two-dimensional quasienergy spectra would have the form

ε(qx, qy) = εX(qx) + εY (qy), for which it would be impossible to get a flat minimum. To see

this, note that if εX and εY each had a similar double-well minima at ±qx,min and ±qy,min, re-

spectively, the energy at q = (0, qy,min) would be halfway between the energy at q = 0 and

q = (qx,min, qy,min).A further complication is that for a square lattice, the first excited states con-

sist of two bands (one for the x-direction and one for the y-direction). This three-band problem

is more complicated to “dress” than a simpler two-band model of two isolated bands. It is worth

mentioning that the failure of a separable square lattice to yield ring-shape band was already

pointed out in Ref. [41]. For the reasons just mentioned, one needs to employ lattices with more

complicated geometries.

Figure 5.1 presents the observed behavior of a BEC when it was loaded in the double- and

quadruple- well dispersions produced by near-resonance shaking a separable square lattice. In

agreement with results in Ref. [43], the time-of-flight images showed atoms condensing predom-

inantly in only one of the wells, whose selection among the multiple degenerate minima was

controlled by inducing a small velocity on the cloud before turning on the modulation. These

observations confirmed experimentally the discrete nature of the degeneracy in these bands, as

opposed to the continuous degeneracy in a MHB. The lifetime of the condensate was on the order

of several tens of miliseconds, ∼ 80 ms - 120 ms, when shaking with a frequency above (but not

too close to) the gap separating the lowest two bands. (A frequency too far from the gap reduced

the effectiveness of the coupling, requiring a larger modulation strength, which was accompanied

by undesired transfer to higher bands.)

The following subsections discuss the suitability of some modulated lattices available in
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Figure 5.1: Effective bands generated by near-resonance shaking the separable
square lattice Vip. Left panels show contour plots over the first Brillouin zone of the
calculated double- and quadruple- well effective dispersions produced by shaking
(a) only along x and (b) along both x and y. Right panels display TOF images af-
ter adiabatically loading a BEC in the respective double- and quadruple- well bands.
Each TOF image correspond to a slightly different velocity of the BEC (induced by
kicking the cloud).
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our experimental setup, other than the square lattice Vip, to produce a MHB.

5.2.3 Floquet coupling approaches

Due to this non-separability constraint, a moat band generated using a Floquet approach re-

quires a lattice with a non-trivial unit cell. A non-separable unit cell, however, does not guarantee

favorable conditions for forming a Mexican-hat shape.

5.2.3.1 Shaking square and checkerboard lattices

Any shaking-induced coupling Ω1,2(q) between the two lowest Bloch bands of a checker-

board lattice should vanish at q = 0, as illustrated both theoretically and experimentally in

Fig. 5.2 for x-, diagonal and circular shaking, respectively. To see why Ω1,2 is expected to be

0 at the center of the BZ let’s begin by noting that the ground and first-excited Bloch waves

at q = 0 in the checkerboard potential have even parity around the center of the lattice sites

[see, for example, Figs. 2.6(b) and 4.1(a)]. Since the coupling operator Ĥ ′ associated with shak-

ing is a linear combination of the operators p̂x ∝ ∂x and p̂y ∝ ∂y [see Eq. (3.6)], the term

Ω1,2 is the inner product of two functions with opposite parity and thus vanishes. An experi-

mental confirmation of the coupling’s profile can be obtained by performing Landau-Zener (LZ)

sweeps centered around the q = 0 resonant frequency between the two lowest bands. This pro-

cedure starts by heating the cloud within the lowest Bloch band to induce a significant spread

of atoms in reciprocal space, after which the lattice potential is shaken with a time-dependent

detuning crossing the resonance value. Atoms are transferred from the ground band to the first

excited band with a probability dependent on |Ω1,2(q)| according to the Landau-Zener formula
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Figure 5.2: Three-dimensional plots (left) and contour plots (middle) of the coupling
term |Ω1,2|, along with the experimentally observed profiles (right) obtained from
single-shot TOF images following Landau-Zener sweeps for (a) circular, (b) x-, and
(c) diagonal shaking.
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PLZ(q) = 1 − exp (−κLZ|Ω1,2(q)|2), where κLZ depends on the sweep rate; the atoms in states

where the coupling vanishes have a lower probability to be transferred to the excited band than

those in states where coupling is maximum. Figure 5.2 shows TOF images obtained using the

bandmapping technique after performing LZ sweeps. In these images, the central square (mostly

depleted due to the LZ transfer) corresponds to atoms remaining in the ground band after the

sweep, and the outer triangles correspond to atoms transferred to the first excited band [see Bril-

louin zone illustration in Fig. 2.5(a)].

A consequence of a zero Ω1,2 at the center of the BZ is that periodic shaking of a checker-

board lattice will not give rise to an effective moat band when its frequency is above (blue-detuned

with respect to) the energy gap at q = 0 as, regardless of the modulation strength, the energy of

the upper dressed band is always a local minimum. This type of coupling does, however, still

allow for an effective Mexican-hat dispersion if the frequency is red-detuned and if the coupling

possesses an appropriate rotational symmetry around q = 0. In this “avoided crossing” regime,

the local maximum at q = 0 arises from the curvatures of the two bare bands, not from the

q-dependence of the coupling strength. Unlike the blue-detuned case, preparing atoms in the

red-detuned effective bands is expected to require a frequency sweep starting far from ∆q=0 and

will also be sensitive to the initial modulation frequency; this consideration will be illustrated later

when discussing the effective bands obtained by modulating the lattice depth (section 5.2.3.4 and

Fig. 5.7). Unfortunately, a vanishing Ω1,2(q = 0) can be anticipated to complicate an adiabatic

preparation into the target ring-shape band with a cloud at rest.

100



Figure 5.3: Form of the coupling term |Ω1,2|(q) profiles for a (a) x-shaken (with
drive amplitude of 32 nm) and an (b) amplitude modulated dimer lattice with αm =
0.12. For the example shown here, the lattice has a depth of 5.89 ER and a tilt of
0.44 ER.

5.2.3.2 Shaking a dimer lattice

In order to have a non-zero band coupling at q = 0, one needs to break the symmetry of

the unit cell. The proposal in Ref. [41] used a shaken, non-separable dimer lattice to generate

moat bands. The electro-optic modulator PC2 in our lattice setup [Fig. 2.3] allows to implement a

double-well optical lattice with a dimer configuration [Fig. 2.4(d)]. The ground and first-excited

Bloch waves at q = 0 possess opposite parity around the center of the dimer lattice sites: it is

even for the ground wave and odd for the excited one [see Fig. 2.6(c)]. Both amplitude and PC1

modulation preserve the wavefunction parity and will not be effective in coupling the lowest two

bands [see Fig. 5.3(b) for the coupling profile of an amplitude modulated dimer lattice]. Shaking,

on the other hand, shifts the wavefunction parity and thus provides a significant coupling between

the lowest bands, including the q = 0 states. However, our calculations indicate that, for all types

of shaking, the coupling |Ω1,2(q)| is a (weakly) concave up function of q [Fig. 5.3(a)]; for this

reason, a moat dispersion can not be obtained with blue detuning. The moat band can still be

realized using the band curvature and operating at red detuning.

101



5.2.3.3 Tilt modulation in a checkerboard lattice

Amplitude modulation of the checkerboard potential varies the depth of all lattice sites in

the same proportion and with equal phase. An alternative mechanism to change the sites depths

is to tune the voltage applied on PC1 (Fig. 2.3). This modulation the polarization of the field

inducing the lattice potential. Unlike amplitude modulation, the depth variation in adjacent sites

occurs with opposite phase; if the depth of the shallow wells grows, it decreases for the deep

wells, and vice versa. The explicit expression for the time dependence of the potential is

V (PC1M)
LATT (x, y, t) = [1 + α sin(ωt)]Vip(x, y) + [1− α sin(ωt)]Vop(x, y). (5.1)

The combination of amplitude and PC1 modulation produces the driven potential

V (PC1M + AM)
LATT (x, y, t) = [1 + α sin(ωt)]Vip(x, y) + [1 + α sin(ωt+ δm)]Vop(x, y). (5.2)

The coupling profile derived from this type of driving is very similar to the one obtained with

amplitude modulation. While it would still allow to obtain the Rashba-like dispersion, it turns

out that the coupling is not as effective as when the sites depths vary in phase; for the same value

of α, |Ω1,2| is larger when δm = 0.

5.2.3.4 Amplitude modulation in checkerboard lattice

Given the limitations of the shaken dimer lattice for the blue-detuned driving, we also con-

sidered coupling the two lowest bands by periodically varying the overall depth of the potential.
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Figure 5.4: Form of the coupling term |Ω1,2|(q) profiles for an amplitude modulated
checkerboard lattice with αm = 0.12. For the example shown here, the lattice has a
depth of 5.89 ER and a tilt of 0.44 ER.

Explicitly, the time dependence is given by

V (AM)
LATT (x, y, t) = [1 + αm sin(ωt)]VLATT(x, y) = [1 + αm sin(ωt)] [Vip(x, y) + Vop(x, y)] , (5.3)

where |αm| < 1 sets the driving strength and VLATT(x, y) is the static potential. In our setup, this

periodic variation of the lattice depth is accomplished by controlling the RF power feeding an

AOM whose first diffraction order is used as the lattice beam.

As opposed to shaking, the coupling operator αmV̂LATT(x, y) for amplitude modulation

preserves the parity of Bloch waves around the center of the lattice sites and the effective coupling

term Ω1,2 = 1
2
〈1|αmV̂LATT(x, y) |2〉 will not vanish at the center of the Brillouin zone. Not only

is the coupling at q = 0 nonzero at the center of the BZ but this value is the largest one over the

entire Brillouin zone, as shown in Fig. 5.4. While Ω|q=0 being a maximum is a favorable feature

to obtain an effective moat band, the curvature at the center is not large; this reduces the range of

blue-detuned frequencies that yield the desired band shape.

In the first implementations of AM hybridization in the chekerboard lattice, care was taken
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Figure 5.5: Initial TOF images in a motalike effective band (prepared with a fre-
quency sweep in an amplitude modulated checkerboard lattice) displayed a ring-like
feature, which contrasts with the discrete condensation shown in Fig. 5.1.

to sweep the frequency starting blue-detuned and ending red-detuned to make sure atoms were

prepared in the dressed band having the Mexican hat shape and not in the other hybridized band;

turning on the shaking at a single fixed red-detuned frequency was expected to induce uncon-

trolled transfer between the dressed bands. Initial evidence that bosons had been loaded in a

moat-like band was obtained from time of flight images where atoms were distributed along a

ring inside the first Brillouin zone and population at the center was relatively more depleted [see

Fig. 5.5(a)].

One straightforward test on the moatlike band was to load the lattice in the far blue detuned

limit and sweeping the detuning adiabatically to different final detunings. Lower final detuning

increased the radius of the ring-shaped feature observed in TOF images [see Fig. 5.6], as one

would expect from the dressed picture describing the hybridization.

Another aspect of our understanding on how a Mexican-hat band arises is illustrated in

Fig. 5.7(a). If the frequency sweep to hybridize bands starts red-detuned with respect to the band

gap at q = 0, then the atoms will not be prepared in the band with a moat shape [upper sequence
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Figure 5.6: Growth of moat radius by lowering the value of the final drive frequencies
ffinal in the amplitude modulation sweep (larger red detunings).

in Fig. 5.7(a)]. To load the cloud into the moatlike band the sweep should start blue-detuned

[lower sequence in Fig. 5.7(a)]. This hypothesis was tested, as shown in Figs. 5.7(b), 5.7(c) and

5.7(d). The obtained images showed a clear difference between the sweep direction; sweeps with

an increasing frequency favored atoms condensing at the center of the Brillouin zone, while those

with a decreasing frequency had stronger signatures of the “filled” ring.

Originally, we thought the procedures to prepare the cloud in the Rashba-like band should

start with a condensate at q = 0; this was the case in the initial implementations. As shown in

Fig. 5.5, bosons did not condense into a single quasimomentum state but rather showed a broad

distribution along a ring inside BZ1. It was later noticed through experiments that the cloud

quasimomentum during preparation was a very important parameter. When atoms were kicked

by a sudden shift of the trap position the cloud oscillates, allowing the hybridized band production

to be accomplished with different BEC crystal momentum. Adiabatic loading of the BEC into

the moat band at different times, and therefore different quasimomenta, during this oscillation

led to contrasting results. If the hybridization was achieved when atoms were close to q = 0, the
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Figure 5.7: (a) Upper panel: to load the cloud into the hybrid band that does not have
a moat shape, the sweep should start red-detuned and end close to resonance. Lower
panel: to load the cloud into the moatlike band, the modulation should start blue-
detuned and end close to resonance. (b) TOF images following amplitude modulation
sweeps that have the same final frequencies ffinal (at which an effective moat band
is formed) but different initial frequencies finitial (and hence different sweep signs).
Lower (upper) panels correspond to finitial = 3.50 kHz (2.10 kHz).
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condensate is rapidly destroyed and atoms show a broad distribution along a ring. On the other

hand, preparing the hybrid bands when the cloud lay close to the moat minimum and far from the

Brillouin zone center favors condensation at a single quasimomentum. An additional observation

is that the non-condensed fraction of the condensate obtained along the moat increases with the

atom number in the cloud, as will be illustrated later in Fig. 5.17(a) in Section 5.3.4. All in all,

the stability of the bosonic condensate seemed strongly dependent on the quasimomentum of

the cloud and on its density. Ultimately, we found that the amplitude modulated checkerboard

lattice was the most favorable approach to engineer a moat band, and we used it in the detailed

experiments that follow.

5.2.4 Mexican-hat band from amplitude modulating a checkerboard lattice

After considering various other options, we chose to Floquet engineer a moatlike band for

ultracold atoms using an optical lattice consisting of a two-dimensional checkerboard array of

one-dimensional tubes, hybridizing [43] its two lowest energy bands [Fig. 5.8(a)] by modulating

the lattice depth. The form of the resulting dressed bands εi(q) depends on the frequency fm and

fractional amplitude αm of the modulation [Fig. 5.8(c)]. For drive frequencies fm close to the

bare band spacing at q = 0, one of the hybrid bands (which we denote the “upper” band) has a

nearly circular minimum at nonzero radius qmin [Fig. 5.8(b)].

The rotational symmetry of the resulting effective Mexican-hat dispersion relies on the

intrinsic symmetry of the unmodulated coupled bands and of the coupling Ω1,2 associated with

the periodic drive. If the latter are symmetric enough, the generated ring-shaped band is expected

to exhibit a high intrinsic rotational symmetry, allowing for smaller absolute energy variation
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Figure 5.8: Production of a Mexican-hat band via amplitude modulation. (a) Low-
est bare energy bands of the checkerboard lattice, plotted versus crystal momen-
tum q = (qx, qy) over the first Brillouin zone. (b) Calculated Floquet-Bloch energy
band with nearly degenerate moatlike minima, resulting from the hybridization of
the bands shown in (a). (c) Cross section along qx (with qy = 0) of the quasienergy
spectrum ε(q) showing both dressed bands ε1,2. Left panel: adiabatic preparation
of a condensate, initially occupying the bare ground band, into the upper band by
sweeping the drive frequency down, starting above resonance. Right panel: prepa-
ration into the lower band by sweeping the frequency up, starting below resonance.
(d) Peak-to-peak variation of the Floquet energy ε along the bottom of the Mexican-
hat dispersion, ∆εMOAT, and moat flatness F versus detuning of the drive. The moat
radii are indicated in the upper axis.
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along the Mexican-hat minimum than typical Raman SOC schemes [195–198]. Figure 5.8(d)

presents two indicators of the MH band degeneracy calculated as a function of the detuning of

the drive frequency fm relative to the static (bare) band spacing at q = 0. The magnitude of

the peak-to-peak amplitude of ε along the ring-shaped minima, ∆εMOAT, is less than 21 Hz over

the entire range. The calculated flatness F , defined as the ratio of ∆εMOAT relative to the local

maximum of the band at q = 0, is similar to the F determined in Ref. [41].

5.3 Experimental demonstration of an effective moat band

This section discusses the measurements and numerical analysis we carried out to confirm

we had generated an effective ring-shaped band. All the experiments described in this section

began with a BEC held in a hybrid trap, consisting of a crossed optical dipole trap and a vertically

offset magnetic quadrupole trap. A 2D checkerboard lattice, discussed previously in Chapter 2

and depicted in real space in Figs. 2.4(c) and 2.5(b), was then adiabatically loaded in 200 ms

to a depth V0, with a staggered offset ∆V between neighboring sites. The explicit form of this

checkerboard periodic potential is given by

V [S]
latt (x, y) = −V0 ×

1

4
[cos(kRx) + cos(kRy)] −

∆V ×
[
cos

(
kR
2

(x+ y)

)]2 [
cos

(
kR
2

(x− y)

)]2

, (5.4)

where kR = 2π/λ (λ being the wavelength of the laser beam generating the lattice), V0 is the

amplitude of a square lattice with spacing λ/2 (referred to as the ‘λ/2 lattice’), and ∆V is the

amplitude of a square lattice with spacing λ/
√

2 (referred to as the ‘λ lattice’). The ‘λ lattice’ in-

duces an energy offset ∆V between the (otherwise balanced) λ/2 lattice sites [labeled A and B in
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Figure 5.9: Brillouin zones and band structure for a checkerboard lattice with a depth
V0 = 5.9(1)ER and a tilt 0.44(1)ER. (a) Associated Brillouin zones. The first Bril-
louin zone BZ1 is enclosed by the dashed blue square, while the second Brillouin
zone BZ2 is region bordered by the dotted red square and outside of BZ1. Con-
tour profiles, corresponding to the three-dimensional plots of the ground and first
excited bands displayed in Fig. 5.8(a), are here plotted (in an extended Brillouin
zone scheme) over BZ1 and BZ2, respectively. (b) Band structure plotted along the
segments X − Γ − M − X . The two lowest bands are both separated from the
second-excited band by at least h× 5.2 kHz.

Fig. 2.5(b)]. The first two Brillouin zones of the periodic two-dimensional potential V [S]
latt (x, y) are

shown in Fig. 5.9(b). In this set of experiments, the parameters defining the lattice potential typi-

cally take the values V0 = 5.9(1)ER = h× 20.4(3) kHz, ∆V = 0.44(1)ER = h× 1.52(3) kHz

and λ = 813 nm. (For rubidium-87 the single-photon recoil energy is ER = ~2k2
R/2m =

h×3.5 kHz, where kR = 2π/λ is the single-photon wave-vector.) This resulted in the two lowest

bare bands having a spacing at q = 0 of h∆0 = h×3.2 kHz, both separated from the next adjacent

(weakly-coupled) excited band by no less than h × 5.2 kHz [see Fig. 5.9(b)]. In the presence of

the optical lattice, the trap frequencies were ω⊥/2π = 11(1) Hz, ωz/2π = 50(2) Hz, and the

atomic cloud (containing approximately 104 atoms) possessed an average mean-field interaction
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Figure 5.10: Calibration of ∆V/V0 from the energy difference ∆E1,2 between the
lowest bare bands at q = 0. The tilt-to-depth ratio ∆V/V0 is deduced from the min-
imum value of ∆E1,2 for different values of the lattice beam power at fixed PC1V.
Points in this figure correspond to the center frequencies resulting from fitting para-
metric heating spectra.

energy of approximately h× 125 Hz, which dropped to h× 70 Hz when the lattice was absent.

The ratio between the depths of the λ and λ/2 lattices, ∆V/V0, is determined by the voltage

PC1V applied to the high-voltage input Pockels cell PC1 (see Fig. 2.3). To calibrate this ratio,

we measured, using vibrational heating spectroscopy of a BEC loaded into the lattice, the energy

difference ∆E1,2 between the lowest bare bands at q = 0, for different values of the lattice beam

power, see Fig. 5.10. The value of ∆V/V0 is inferred from the minimum value of ∆E1,2, at a

fixed PC1V. The values of V0 and ∆V , that fully characterize V [S]
latt (x, y), are then determined

from ∆E1,2 and the measured ∆V/V0.

We chose this calibration approach because both our lattice depth V0 and its tilt ∆V are
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relatively small. Alternative calibration techniques, such as Kapitza-Dirac diffraction or the tilt

(“G”-) measurement illustrated in Fig. 4.2, are typically reliable only when using larger values

of V0 and ∆V , with the parameters of shallower lattices being measured only indirectly. Since

the results presented in this chapter are related to a near-resonance modulation protocol, and their

interpretation depends heavily on having an accurate value of the spacing between the lowest

bare energy bands, we preferred a calibration method that allowed for a direct measure of the

parameters V0 and ∆V .

5.3.1 Functional form of the lattice modulation

We modulated the amplitude of our optical lattice by varying the intensity of the beams

through the RF power applied on an AOM placed along the path of the lattice light. A feedback

loop, whose error signal was constructed from a beam sample acquired near the main science

chamber, actively stabilized the light intensity to a dynamically varying setpoint defining the

modulation profile.

The amplitude modulation we used to hybridize the energy bands of the static lattice V [S]
latt

[Eq. (5.4)] has the explicit form

Vlatt(x, y, t) =

[
1 + αm cos

(
2π

T
t

)]
V [S]

latt (x, y), (5.5)

with αm and T denoting, respectively, the strength and the period of the drive. (Unless otherwise

noted, αm = 0.12 in all experiments described later in this chapter.)

For some of the measurements that will be described later, we required a smooth turn-on

of the modulation strength, which was accompanied by a simultaneous frequency ramp. In those
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cases, the complete functional form of the drive was given by

Vlatt(x, y, t) = [1 + αmP(t)]V [S]
latt (x, y), (5.6)

where

P(t) =


E(t) cos

(
2π
(
fi + 1

2
∆f t

τ1

)
t
)

t ≤ τ1

cos (2πff t+ θm) t > τ1

. (5.7)

Here, E(t) is the envelope characterizing the gradual turn-on of the modulation strength, fi and ff

are the initial and final frequencies, ∆f is the difference between the frequencies (∆f = ff− fi),

τ1 is the sweep time (taken to be 12 ms throughout these experiments), and θm is a phase that

ensures P has no discontinuities at time τ1. As shown in Fig. 5.11, we smoothly ramped on

the modulation, starting off-resonantly, with the exponential envelope E(t) while ramping the

frequency to its final value in τ1 ms.

5.3.2 Calculation of noninteracting Floquet-Bloch bands

The unmodulated energy spectrum En(q) and the Bloch states

ψB,n = eiq·re−iEnt/~χn(r; q) (5.8)

are calculated using an 81 × 81 matrix representation [see Eq. (2.8)] of the static lattice Hamil-

tonian in a plane wave basis. To determine the single-particle quasienergy spectrum εn(q) of the
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Figure 5.11: Example of gradual turn-on of amplitude modulation as described by
Eq. (5.6). The modulation strength is smoothly ramped on during τ1 = 12 ms (indi-
cated by vertical dashed line) while the frequency is simultaneously swept from its
initial value to its final value. After the sweep, the modulation occurs for a variable
time at the final frequency.
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driven Hamiltonian and the corresponding Floquet-Bloch states

φn = eiq·re−iεnt/~un(r, t; q), (5.9)

with time- and space- periodic Floquet mode un, we solve the Schrödinger equation

i~
∂φn
∂t

=

[
− ~2

2m
∇2
r + Vlatt(r, t)

]
φn, (5.10)

with Vlatt given by Eq. (5.5), by calculating the associated unitary time-evolution operator

U(q, T ) over a single period T of the drive [144, 148] [see Eq. (3.4)]. The operator U is com-

puted using the Suzuki-Trotter product decomposition [see Eq. (3.9)] with > 600 steps, where all

factors are represented either in a subset of the plane wave basis (81× 81 matrices) or in a subset

of the Bloch basis (2 × 2 matrices). A representative spectrum ε is shown in Fig. 5.12 for the

following parameters: V0 = 5.9ER, ∆V = 0.44ER, αm = 0.12 and T = 1.17h ·E−1
R = 339 µs.

The Floquet bands ε1 and ε2 (figure 5.12, thick lines), corresponding to the lowest bands of the

unmodulated lattice, are well isolated from the other Floquet bands, with only small avoided

crossing couplings to higher bands (not visible in Fig. 5.12). We found that a two-band model

provides an accurate description of the system.

The rotational symmetry of the moat band minima (flatness and radial position of the min-

ima) depends on the respective symmetries of the coupled bare bands and the q-dependent cou-

pling matrix element between the bands, both of which contribute to the shape of the hybridized

bands. Fig. 5.13(a) shows the quasienergy εM and position of the moat band minima for two

different detunings, with all other conditions the same as in Fig. 5.8(d). The variation of εM has
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Figure 5.12: Floquet quasienergy spectrum (small dots) obtained using the Trotter
decomposition of U in a plane wave basis consisting of 81 momentum states. Thick
lines indicate the quasienergies of the dressed states possessing the largest overlap
with the lowest bare Bloch bands. On the scale of this figure, the two-state Bloch
basis calculation is indistinguishable from the 81 plane waves calculation.
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Figure 5.13: (a) Examples of moat minima for different values of the modulation
detuning δ. Upper (lower) panel corresponds to δ = −130 Hz (δ = −550 Hz),
which yields a mean value q̄M of the radial position of q̄M = 0.15 kR (q̄M = 0.28 kR).
(b) Variation with δ of the difference ∆qM between the largest and smalles values of
the radial position relative to the mean value q̄M .

the four-fold symmetry of the Brillouin zone. For the larger detuning, slight deviations from a

circle can be seen, where the moat minima resembles a bit more a rounded square (squircle). The

fractional variation ∆qM/q̄M of the radial positions qM of the minima is plotted in Fig. 5.13(b)

as function of detuning δ, which indicates less than 2.5% variation in moat radius over the range

shown. Due to the interplay of the bare band shape and the band coupling shape, at δ ≈ −130 Hz,

the moat is a circle with constant radial positions of the minima.
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5.3.3 Quench spectroscopy

We first corroborated the effectiveness of amplitude modulation to hybridize (i.e., induce

avoided crossings between) the lowest bare bands by measuring the spacing ∆ε(q) between the

dressed bands for two different detunings, δ = fm − ∆0. To extract the values of ∆ε we ob-

served the bare band population dynamics after a sudden quench into the dressed bands [see

Fig. 5.14(b) for an example of the oscillations in the band population]. Similar spectroscopic

techniques are reported in Refs. [200,201]. This quench protocol, sketched in Fig. 5.14(a), began

with the atoms loaded in the lowest band E1 of the static lattice, followed by a sudden turn-on of

the modulation. While the lattice was driven, the condensate wave function was approximately

described by squench(t) = c1φ1(t) + c2φ2(t), where φ1,2(t) are the Floquet states corresponding

to the bands ε1,2 [given by Eq. (5.9)], and c1,2 are constants whose values are set by the ini-

tial condition squench(t = 0) = ψB,1, the Bloch state associated with the ground band [equation

(5.8)]. After a variable time taq, we measured the relative population in the static ground band,

|〈χ1|squench(t)〉|2 using a band map [202], where the lattice was ramped off in 800 µs. This relative

population |〈χ1|squench(t)〉|2 oscillated at frequencies dominated by the Floquet quasienergy dif-

ference |ε2(q)−ε1(q)|. Examples of the measured time evolution along with fits to exponentially

damped sinusoids are shown in Fig. 5.14(b).

Figure 5.15 shows the measured band spacing ∆ε at different quasimomenta q. For mea-

surements at nonzero quasimomenta, a kick is imparted to the condensate before the modulation

starts, by suddenly translating the magnetic quadrupole field. This induces oscillatory motion of

the cloud along a line passing through the center of the trap in the unmodulated lattice. For de-

tuning δ = −550 Hz, the measured dressed band spacing has a minimum ' 200 Hz (0.06 ER/h)
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Figure 5.14: Dynamics of the bare band population after a quench into the modu-
lated Hamiltonian. (a) Quench protocol began with an unmodulated lattice, followed
by a sudden turn-on of the modulation whose duration was taq. (b) Example of ob-
served variation in the relative band populations as a function of the time taq the
cloud was held in the driven lattice following the quench. The amplitude modulation
was suddenly turned on with a strength αm = 0.18. Starting in the ground band, the
population oscillates between the ground and excited bands. (c) The relative ground
band population is fitted to a damped sinusoid (dotted and dashed lines). For the ex-
ample shown here, the measured frequency of the oscillation (corresponding to the
effective band spacing) was ∆ε = 280 Hz.
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Figure 5.15: Dressed band spacing ∆ε between the Floquet bands as a function of
crystal momentum q, measured along a line passing through the center of BZ1. The
circle and square markers correspond to detunings δ = 0 Hz and δ = −550 Hz.
Experimental values of ∆ε were obtained from quench spectroscopy, as illustrated
in Fig. 5.14. Solid lines indicate calculated spacings. (For δ = −550 Hz only,
αm = 0.18.)

at q ' 0.3 kR, as expected from calculations.

5.3.4 Bare band admixture of the Floquet states

In order to adiabatically prepare the condensate in a single dressed band, the amplitude

modulation coupling the two bands was slowly turned on, starting off-resonance, using the mod-

ulation profile described by Eq. (5.6) and illustrated in Fig. 5.11. The magnitude and frequency

of the coupling were simultaneously ramped to their final values in 12 ms starting at a detuning

|δ| > 600 Hz. The direction of the frequency sweep determined which dressed band the BEC was

loaded into: a sweep starting blue (red) detuned and ending close to resonance prepared atoms in

the upper (lower) dressed band [see Fig. 5.8(c)].

We measured the bare band admixture of the experimentally prepared state immediately
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after the 12 ms ramp [see Fig. 5.16(a)] as a function of q and compared it to the expected bare

state populations [see Fig. 5.16(c)]. The theoretical profiles from a non-interacting Floquet calcu-

lation [Fig. 5.16(c), dashed lines] captured the magnitude of the admixture, particularly near the

center of the band. A nonlinear mean-field calculation based on the time-dependent GP equation

improved the overall agreement with the data [Fig. 5.16(c), solid lines].

We complemented the admixture profile along a single direction within BZ1, shown in

Fig. 5.16(c), with the 2D bare band admixture extracted from single-shot TOF images of a heated

cloud having a significant spread around the center of the first Brillouin zone (BZ1), showing the

2D nature of the moat band. To clarify how these TOF images were produced, Fig. 5.17(a) shows

the TOF images of BECs with different atom number loaded into the dressed lattice band, with all

other conditions the same. Instability heating occurred during the loading process, and the final

condensate fraction depended on the initial number of BEC atoms, as expected for an interaction

driven instability. In Fig. 5.17(b) we show single-shot measurements of the excited band admix-

ture (lower row) extracted from the TOF images (upper row) under conditions similar to those in

the right-most panel of Fig. 5.17(a). The inability to adiabatically preserve band populations near

the band edge while “band mapping” [203] leads to discrepancies with the expected admixture

near the band edge. The admixture is more azimuthally homogeneous than the raw populations

[Fig. 5.17(c)], whose distribution was affected by both stochastic and systematic fluctuations of

the initial momentum of the BEC.
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Figure 5.16: Bare band admixture in the Floquet bands as a function of crystal
momentum q, measured along a line passing through the center of BZ1. (a) The
admixture is obtained by band mapping an adiabatically prepared Floquet state in
the moat band, obtained after a 12 ms modulation ramp. (b) TOF images after band
mapping for moat bands with δ = 0 and δ = −450 Hz, and different condensate q.
(b) Measured bare excited band admixture for Floquet states in the moat band. The
solid (dashed) lines are the admixture calculated with (without) mean-field interac-
tions. Marker shapes correspond to different modulation detunings.
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Figure 5.17: (a) TOF images of BECs adiabatically prepared in a dressed ring-
shaped band for different number Na (and, hence, density) of atoms in the conden-
sate, with all other experimental conditions being the same. From left to right, the
values of Na are approximately 2 × 103, 20 × 103, 40 × 103 and 80 × 103. Red
regions correspond to higher optical depth (OD). Dashed lines outline the edges of
the first Brillouin zone (BZ1). Color scale has been adjusted for each figure for vi-
sualization purposes. Images were obtained after a 800 µs bandmap. (b) Upper row:
TOF images obtained under similar conditions to those in the right-most panel of (a)
with a high Na and the crystal momentum of the initial condensate (before the start
of the modulation) lying close to the center of BZ1. The three images correspond
to different values of the modulation detuning δ, with all other parameters being the
same. From left to right the values of δ are −200 Hz, −300 Hz and −400 Hz. Lower
row: Corresponding excited band admixture profiles plotted over BZ1. Lighter col-
ors indicate higher values of the excited band admixture.
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Determination of quasimomentum from time-of-flight images

To extract an accurate value of the crystal momentum q from TOF images, we required a

model of the dynamics of the cloud in the trap. This point will be explained below, along with an

illustration of how an improper determination of q significantly distorts the profiles presented in

Fig. 5.16(c).

Time-of-flight (TOF) absorption images are captured 30 ms after release from the trap.

When measuring the plane wave composition, the lattice and trapping potential are abruptly

turned off at the same time in order to project the state onto nearly free-particle states. When

measuring the population in the bare bands, we ‘band map’ the state by turning off the lattice in

800 µs, which was chosen to be adiabatic with respect to band excitation but fast with respect to

interaction and trap time scales.

We calibrate the dimensions of the first Brillouin zone BZ1 in TOF images using the spac-

ing between lattice diffraction peaks. Since the condensate position after time of flight rTOF is

determined not only by its quasimomentum q , but also by its initial position within the trap rtrap,

namely,

rTOF =
~
m
q tTOF + rtrap, (5.11)

where tTOF (= 30 ms) is the time of flight, a simple linear scaling of rTOF by the size of BZ1 is

not enough to determine an accurate estimate of q.

To properly account for the value of rtrap from the position after time of flight, we model
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the oscillatory evolution of rtrap and q using semiclassical equations of motion

dq

dt
=

1

~
ftrap(rtrap),

drtrap

dt
= ∇qE, (5.12)

where ftrap is the force due to the harmonic confinement, and E is the dispersion associated with

the unmodulated lattice.

Figure 5.18(a) compares the displacement of the condensate after time of flight, dTOF, rela-

tive to its equilibrium position and its associated quasimomentum contribution ~qtTOF for motion

along a straight line and conditions matching those in our experiment. The contribution of rtrap to

the displacement dTOF is sensitive to the dispersion E. In Fig. 5.18 we show the values of q cal-

culated assuming either a free-particle (dashed line) or a bare lattice (dotted line) dispersion. To

indicate the impact of the dispersion used to calculate q from rTOF, we show in Fig. 5.18(b) the red

points presented in Fig. 5.16(c), plotted against the different quantities depicted in Fig. 5.18(a).

Due to the fact that rtrap is out of phase with ~qtTOF, the admixture has a non-single valued depen-

dence on the directly measured dTOF (left panel). This effect is decreased when plotting versus q

determined using the free particle dispersion (middle panel), and is almost entirely removed when

plotting the admixture against the q determined using the bare lattice dispersion (right panel).

5.3.5 Group velocity of the Floquet states

The dispersion ε(q) determines the condensate’s center of mass velocity vg, which is related

to the gradient of the Floquet band according to the equation

∇qε = ~〈vg〉T , (5.13)
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Figure 5.18: Determination of crystal momentum from TOF images. (a) Displace-
ment dTOF after time of flight (scaled by the factor m/~kRtTOF) for motion along a
straight line as a function of the time held in the trap (black thick curve). Expected
quasimomentum contribution to dTOF (accounting for the motion in the trap), whenE
is the free-particle dispersion (dashed curve) and when E is the dispersion associated
with a static lattice (dotted curve). (b) Excited band admixture data, corresponding
to the red points in Fig. 5.16(c), when plotted against the (scaled) raw TOF position
dTOF (left panel), q calculated according to a free-particle dispersion (middle panel),
and q calculated according to the static lattice dispersion (right panel).
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where the symbol 〈. . . 〉T indicates time-average over a single period T = 1/fm of the mod-

ulation. The validity of Eq. (5.13) is not obvious as the time average of an observable over

micromotion does not in general equal the Floquet effective quantity. This relation can be found,

for example, in Ref. [204], where it was discussed within the context of a particle in a periodic

potential subject to a uniform time-periodic force, and was motivated by invoking the Hellmann-

Feynman theorem. The derivation of Eq. (5.13) for a periodically modulated lattice is outlined

in Appendix B, where the explicit form of the micromotion term for vg is also presented. A

generalization of this equation to a nonlinear mean-field context, where the wave function of the

condensate is described by the time-dependent GP equation, is also included in Appendix B.

We measured vg under the same conditions used for the admixture profile [Fig. 5.16(c)],

except that the bare band population detection was replaced by a diabatic snap-off of the lattice

[see Fig. 5.19(a)], which projects the condensate onto its plane-wave components. Micromo-

tion during the drive period gave rise to periodic instantaneous vg, which we accounted for by

averaging over different snap-off times relative to T . The values of vg were extracted from time-

of-flight (TOF) images, as the one shown in Fig. 5.19(b), by computing the mean velocity of the

momentum peaks, weighted by their populations. TOF images resulting from a diabatic turn-off

of the lattice reveal a time-periodic micromotion (characteristic of Floquet states [148]) set by the

phase Θ of the drive at which the lattice is snapped off (maximum and minimum lattice depths

during the modulation correspond, respectively, to Θ = 0 and Θ = π). Fig. 5.20 illustrates the

micromotion-related effects on the population measurements used in the measurements of vg.

The measured 〈vg〉T profile, presented in Fig. 5.19(c), is the result of averaging vg at modulation

phases 0, π/2 and π, corresponding to maximum, average and minimum lattice intensities. A

vanishing group velocity for nonzero q, a feature easily recognized in the black and red data, is a
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Figure 5.19: Group velocity profiles of the Floquet states as a function of crystal
momentum q, measured along a line passing through the center of BZ1. (a) The
group velocity is obtained by snapping off an adiabatically prepared Floquet state in
the moat band, obtained after a 12 ms modulation ramp. (b) Example of a time-of-
flight (TOF) images from which vg was extracted by computing the mean velocity
of the momentum peaks, weighted by their populations. (c) Time-averaged group
velocity 〈vg〉T for Floquet states in the moat band. The solid and dashed colored
lines are calculated numerically assuming interacting and noninteracting particles,
respectively. The dashed (dotted) gray lines indicates the group velocity associated
with the bare lattice (free-particle) dispersion.
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Figure 5.20: (a) Observed micromotion in TOF absorption images following snap-
off of the lattice with Θ = 0 (left), Θ = π/2 (middle), and Θ = π (right). The
Floquet state (and, hence, the quasimomenta) is the same for all TOF images shown
here. Red regions indicate higher optical depth (OD). Dashed lines delineate the
border of the first Brillouin zone. (b) Group velocity vg as a function of the crystal
momentum q for snap-off phases Θ = 0 (circles), Θ = π/2 (diamond) and Θ = π
(square). These values of vg correspond to the average 〈vg〉T shown in Fig. 5.19(c)
for δ = −450 Hz (red triangles). Solid lines indicate predicted values from the
Floquet-Bloch solutions to the GP equation.
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Figure 5.21: To measure the evolution of the crystal momentum of the BEC, we
held the atoms in the Mexican-hat band for a variable time. The effective dispersion
was adiabatically generated with a 12 ms modulation ramp.

clear signature of a band with a moat-like shape.

5.3.6 Effect of modified dispersion on the motional dynamics of the BEC

Spectroscopic measurements like those in Figs. 5.15, 5.16(c) and 5.19(c) provide informa-

tion about dressed energies, but do not capture the modified dressed state behavior. While the

data in Fig. 5.19(c) directly show the velocity, it is an instantaneous measurement. The modifica-

tion of vg should impact the motional dynamics of the BEC in the trap, if the heating of the BEC

is sufficiently small relative to the timescale of the trap.

We employed the protocol sketched in Fig. 5.21 to observe the motional dynamics of the

BEC in the trap after adiabatic preparation in the upper dressed state. Figure 5.22 shows the ex-

pected and observed evolution of crystal momentum q with an initial value away from zero, for

bands with different moat radii. Theoretical calculations of the time evolution of the crystal mo-

mentum q, superimposed on the corresponding dispersion, are displayed in Fig. 5.22(a). These
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trajectories were computed using the quasiclassical equations of motion [205]

dq/dt = ~−1ftrap(rc), drc/dt = ~−1∇qε, (5.14)

where ftrap is the force exerted by the harmonic trap, rc is the position of the condensate, and ε

is the quasienergy spectrum inferred from the calibration of lattice parameters. Initial conditions

(q0, rc0) were the same for all curves, and were chosen so that the trajectories have a significant

dependence on the moat position. For the unmodulated case, the trajectory was a standard ellipse

associated with the isotropic harmonic trap. For the modulated case, the change in effective mass

significantly modified the atoms’ response to the restoring force of the trap.

We experimentally verified the effect of the dressed band dispersion on the dynamics of a

condensate. Using parameters that produced the effective bands in Fig. 5.22(a), we measured

the position after time-of-flight as a function of the time held in the Mexican-hat band [see

Fig. 5.22(b)], using a two-kick sequence that resulted in elliptical motion for the unmodulated

case. (The scaled time-of-flight position is approximately equal to q/kR, with a small additional

contribution from the position rc, as explained above in Section 5.3.4.) Although heating effects

limited the longest hold time in the dressed band to 26 ms (black curve) and 21 ms (red curve),

the effect of the modification of the dispersion on the motion in the trap is evident.

5.4 BEC stability in the Floquet generated Mexican-hat band

An important requirement for effective Floquet systems is that they are stable against heat-

ing. We also present our observations regarding the stability of condensed dressed states in both

Floquet bands. We found that the observed instability rates are dominated by frequently over-
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Figure 5.22: Time evolution of quasimomentum in different moat bands for the
same initial conditions. (a) Predicted quasimomentum trajectories, plotted on top
of the respective quasienergy spectrum. The yellow dots indicate the initial value
q0 of the crystal momentum. Blue, black and red curves correspond to moats with
radii 0 kR (no modulation), 0.23 kR, and 0.30 kR. (b) Position after time of flight,
(xTOF, yTOF), scaled by LTOF = ~kR/mTTOF, for different times held in the effec-
tive moat band. Experimental data taken under conditions that yield dressed bands
similar to those shown in (a). Blue points were obtained in the absence of mod-
ulation. Modulation frequencies for the black and red points are fm = 2.90 and
fm = 2.65 kHz, respectively. Time elapsed for blue, black, and red points is 130, 26,
and 21 ms, respectively. Dashed lines are the predicted position after time of flight
for condensates held in the bands shown in (a).
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looked dynamical instabilities inherent to the effective ring-shaped dispersion.

Figure 5.23(a) shows the measured condensate fraction decay rates for BECs loaded into

the upper and lower hybridized band as a function of the detuning δ, which changes the moat

radius qmin of the upper band. Rates were measured for condensates prepared at |q| = 0 kR and

|q| ' 0.20 kR. To keep an approximately constant value of |q| during the decay measurement, we

carefully prepare the initial condition so that the resulting trajectory is circular. We find that the

decay rates in the upper band increase dramatically when |q| approaches qmin, becoming difficult

to measure for |q| < qmin.

To understand the condensate decay, we modeled the system with a periodically driven GP

equation and calculated condensate depletion rates using a linear stability analysis, as outlined in

Section 3.3.2 [see Eqs. (3.39) and (3.40)]. The calculations were carried out using: (i) a 2-band

approximation of the FBdG model, where Bogoliubov excitations may arise in any of the Floquet

upper and lower bands (ignoring the higher-excited bare bands), and (ii) a 1-band approxima-

tion, where excitations are restricted to the macroscopically occupied Floquet band (ignoring the

“complementary” dressed band). Examples of calculated growth rates γk (Lyapunov exponents)

of Bogoliubov excitations with momenta k, plotted over the first Brillouin zone, are displayed

in Figs. 5.24 and 5.25 under the 2-band and 1-band approximations using the same modulation

parameters.

In Fig. 5.23(b) we present the theoretical condensate depletion rates, which are calculated

as the largest growth rate of the unstable modes, for the frequency range used for the experimental

data in Fig. 5.23(a). The frequencies at which the condensate in the upper and lower bands are

most unstable differ substantially, due to the opposite band curvatures [185]. We find that there

are two contributions to the decay: intra-band scattering processes within the dressed band and
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Figure 5.23: Instabilities of a condensate in the dressed bands. (a) Observed con-
densate fraction decay rates for BECs in lower and upper bands. For each band, we
measured rates for |q| = 0 kR and |q| = 0.2 kR. The solid (dashed) vertical gray line
indicates the frequency at which the moat radius qmin is 0.2 kR (0 kR). (b) Calculation
of the growth rate of the most unstable mode, based on a Floquet-Bogoliubov linear
stability analysis for conditions similar to those in (a). The instability rates calculated
for |q| = 0.2 kR including only contributions from the single BEC-occupied band
are shown with open symbols. The unoccupied band induces increased decay for |q|
near resonance.
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Figure 5.24: (a) Nonlinear moatlike band µc with an approximate radius of qmin =
0.25 kR, corresponding to a detuning δ ≈ −300 Hz (modulation frequency fm =
2.92 kHz). This was calculated for a condensate with gρ̄ = 0.02 ER. Blue circles
indicate points with condensate crystal momenta qc,x = 0, 0.07, 0.14, 0.21, . . . ,
0.49 kR (with qc,y = 0 kR). (b) Lyapunov exponents γk of Bogoliubov excitations
with momenta k = (kx, ky), plotted over the first Brillouin zone BZ1 for different
BEC quasimomenta qc,x [labeled A, B, C, . . . , H in (a)]. The γk shown here were
calculated using a 2-band approximation of the FBdG model, where excitations are
restricted to the effective bands resulting from hybridizing the two lowest bare bands.
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Figure 5.25: (a) Nonlinear moatlike band µc with an approximate radius of qmin =
0.25 kR, corresponding to a detuning δ ≈ −300 Hz (modulation frequency fm =
2.92 kHz). This was calculated for a condensate with gρ̄ = 0.02 ER. Blue circles
indicate points with condensate crystal momenta qc,x = 0, 0.07, 0.14, 0.21, . . . ,
0.49 kR (with qc,y = 0 kR). (b) Lyapunov exponents γk of Bogoliubov excitations
with momenta k = (kx, ky), plotted over the first Brillouin zone BZ1 for different
BEC quasimomenta qc,x [labeled A, B, C, . . . , H in (a)]. The γk shown here were
calculated using a 1-band approximation of the FBdG model, where the excitations
are restricted to the macroscopically occupied moat band.
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Figure 5.26: Transverse cuts of a numerically calculated Mexican-hat band along
qx = 0 and qy = 0, crossing the points with crystal momentum (qx, qy) =
(0, 0.01) kR and (qx, qy) = (0, 0.17) kR. The minima of the dispersion in this ex-
ample possesses a radius of approximately 0.2 kR, and is indicated by the dotted
light blue line in the center figure.

inter-band scattering between the bands. The intra-band processes are fundamentally related to

the shape of the band, and dynamical instabilities [181, 182] for a moat-like dispersion generally

arise for |q| < qmin, where the band curvature becomes negative along the direction perpendicular

to q (see Fig. 5.26). On the other hand, the inter-band processes are not restricted to |q| & qmin.

Figure 5.23(b) (open triangles) shows the stability analysis restricted to the single moat band,

and it shows no decay until the sudden turn on of loss at |q| = qmin. Despite the fact that the

mode stability analysis is only applicable to the initial exponential dynamics that are dominated

by decay into a single mode, the model captures the overall scale of the condensate decay rate

and its dependence on detuning.

Previous theoretical work [63, 64] in the Rashba SOC system with similar moat-like dis-

persion indicates that a single-momentum condensate is stable exactly at |q| = qmin. This is con-

sistent with the absence of inter-band processes contributing to the decay for |q| ≥ qmin for the
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Rashba case. However, while the stability analysis shows that the condensate is stable at the moat

minima, we note that, as with our case, the Rashba SOC system is also unstable for |q| < qmin,

and therefore sits at a critical point in momentum space (see Fig. A.1(b) in Appendix A and

Ref. [206]). The |q| < qmin instability is related to the curvature of the moat band, and is gener-

ally present, regardless of the underlying mechanism for generating the moat. It is indicative of

the fact that the BEC is not a many-body eigenstate of the static effective Halmiltonian. The fact

that the moat minima coincide with the boundary of the instability region likely has implications

for the ground state of the system, even in the weakly-interacting limit. The |q| & qmin instability

is due to resonant coupling to the second band and depends on the specific lattice configuration

used. It can be avoided under configurations lacking resonant dispersion conditions.

The instability at |q| < qmin can be seen in Figure 5.23(b) where we show the single-band

linear stability analysis calculation (open triangles). The decay rate increases sharply from near-

zero at |q| = qmin, as illustrated in Fig. 5.25 where a 1-band approximaton of the FBdG model

shows all Bogoliubov modes become stable as soon as the crystal momentum exceeds qmin. The

contribution from the lower band induces more loss in the region |q| & qmin, as shown by the

two-band calculation (blue filled triangles) and illustrated by the γk in Fig. 5.24 where a 2-band

approximation (which includes the lower band) was employed.

5.5 Optimized Floquet engineering of a Mexican-hat band

This section presents some potential improvements to the modulation coupling that pro-

duces a ring-shaped band. Section 5.5.1 discusses again some numerical results for near-

resonance shaken 1D lattices, like the ones presented in Section 3.1.3, and attempts to explain
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the presence and the relative size of the “bump” at the center of the effective coupling term |Ω1,2|

profile [see Fig. 3.5(c)]. The insight obtained from this brief review of shaken 1D lattice is then

applied in section 5.5.2 to an amplitude modulated 2D honeycomb lattice whose |Ω1,2| displays

a bump at q = 0 (similar to the 1D case), that can be enhanced by a mechanism analogous to the

one illustrated in section 5.5.1. Section 5.5.2 also includes a stability analysis, using the FBdG

model, for a BEC in the moat band obtained with the driven honeycomb lattice.

5.5.1 Revisiting the 1D shaken lattice

Figure 5.27(a) shows the three lowest energy bands E1,2,3 and the effective coupling |Ω1,2|

for shaken 1D lattices with depths 5, 7 and 9 ER. [The band structure En and its |Ω1,2| for the

7 ER case (green lines) were already shown, respectively, in Figs. 3.1 and 3.5(c).] As observed in

this figure, the bump is more pronounced for the shallowest lattice (blue dashed lines), which also

happens to possess the smallest spacing between the first- and second- excited bands at qx = 0.

The proximity between the bands E2 and E3 is connected to a substantially different form

of the first-excited wavefunction ψ2 near qx = 0, as illustrated in Fig. 5.27(b) [compare the

dark solid blue line (qx = 0 kR) with the dark dashed line (qx = 0.08 kR)]. The first-excited

wavefunction ψ2 for the 9 ER potential, which exhibits a larger spacing between E2 and E3, is

shown in Fig. 5.27(c) for different crystal momenta. For the 9 ER lattice [Fig. 5.27(c)], the form

of ψ2 near qx = 0 does not differ from the form of ψ2 at qx far from 0 as much as it does in the 5ER

case [Fig. 5.27(b)]. Since the effective coupling term is given by Ω1,2 = 1
2
〈ψ2| Ĥmodulation |ψ1〉, it

is reasonable to conclude that the bump in |Ω1,2| is caused by the pronounced change in the shape

of ψ2 near the center of the Brillouin zone, which is in turn related to the proximity between the
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Figure 5.27: Revisiting the problem of a near-resonance shaken 1D lattice to illus-
trate a potential relation between an enhanced bump in |Ω1,2(qx)| at qx = 0 and the
reduced band spacing between the second and third bands. (a) Left panel: Three low-
est energy bands E1, E2 and E3 (left) for 1D static lattices with depths 5, 7, 9 ER.
Right panel: Effective coupling |Ω1,2(qx)| for 1D shaken lattices with depths 5, 7,
9 ER. (The gray dash-dotted line in the right panel indicates the coupling Ω1,3 be-
tween the first and third band for the 7 ER lattice.) The shallowest potential (5 ER)
exhibits the smallest separation between E2 and E3, along with a more protruding
bump in the |Ω1,2| profile. (b) Modulus of ground and first-excited wavefunctions ψ1

and ψ2 for the 5 ER lattice. (c) Modulus of ground and first-excited wavefunctions
ψ1 and ψ2 for the 9 ER lattice. The shape of |ψ2(x)|2 for the shallowest potential
displays a higher sensitivity with qx near the center of the Brillouin zone, which we
believe induces the more pronounced bump in |Ω1,2|.
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bands E2 and E3 at qx = 0.

5.5.2 Near-resonance modulation in a hexagonal lattice

We now present an example of an amplitude modulated lattice VHC(r, t) that yields a moat-

like Floquet band which, according to our FBdG model, should avoid instabilities arising from

the proximity of the lower dressed band for |q| near qmin. This would offer an advantage over

the protocol we employed [Eq. (5.5)] in our experiment. It should be noted, however, that the

instabilities for |q| < qmin inherent to the curvature of the moat band persist in the modulated

lattice we briefly discuss here.

The potential VHC(r, t) is driven with the same amplitude modulation as Eq. (5.5),

VHC(r, t) =

[
1 + αm cos

(
2π

T
t

)]
V

[S]
HC(x, y), (5.15)

but the static potential V [S]
latt is replaced with a honeycomb lattice V [S]

HC (r) given by

V [S]
HC (r) =V1,HC [cos (b1 · r) + cos (b2 · r) + cos ((b1 + b2) · r)] +

V2,HC [cos (b1 · (r + ds)) + cos (b2 · (r + ds)) + cos ((b1 + b2) · (r + ds))] , (5.16)

with b1 = 1
2
(
√

3, 3) k̃R, b2 = (−
√

3, 0) k̃R and ds = 4π× (1/
√

27, 0) k̃−1
R . In the following

example, the amplitudes are chosen to be V1,HC = 3.0 ẼR, V2,HC = 0.84 ẼR (ẼR is defined

here as ~2k̃2
R/2m). The lattice V [S]

HC is illustrated in Fig. 5.28(a). The interband coupling |Ω1,2|

for the amplitude modulated honeycomb lattice [Eq. 5.15] is shown in Fig. 5.28(b), along with

the corresponding band structure. The dashed lines indicate a deper lattice where the larger
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Figure 5.28: (a) Contour plot of honeycomb lattice V [S]
HC [Eq. (5.16)]. Inset shows the

corresponding first Brillouin zone. (b) Coupling |Ω1,2| and band structure En for an
amplitude modulated potential VHC(r, t) with αm = 0.12. Dashed lines correspond
to a honeycomb lattice with different depth and tilt, that produce a larger band spac-
ing between E2 and E3. (c) Coupling |Ω1,2| and band structure En for the amplitude
modulated potential we used in our experiments (αm = 0.12). In both (b) and (c)
the dash dotted line indicates the coupling Ω1,3 between the ground band and the
second-excited band.

separation between the band E2 and the higher bands reduce the protruding aspect of the bump

at the Γ point (q = 0), as discussed in section 5.5.1 for the shaken 1D lattice [see Fig. 5.27(b)].

(Dash dotted line indicates the coupling Ω1,3 between the ground band and the second-excited

band.) The profile |Ω1,2| for the amplitude modulated checkerboard potential employed in our

experiments is included in Fig. 5.28(c) for comparison.

Figure 5.29(a) shows the growth rate ΓM of the most unstable mode as a function of quasi-

momentum for condensates occupying the moatlike band generated using the driven square

checkerboard lattice in Eq. (5.5) (blue points) and a moatlike band produced using the driven

lattice VHC in Eq. (5.15) (orange points). The amplitude modulation strength in both cases

was αm = 0.14, and the modulation frequencies were chosen to yield same band moat radii

qmin ≈ 0.17 kR [indicated by the gray vertical line in Fig. 5.29(a)]. The rates Γm in Fig. 5.29(a)
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were calculated using the same two-band linear stability analysis used to compute the filled tri-

angles in Fig. 5.23. Unlike Γm corresponding to Vlatt, the Γm profile associated with VHC nearly

vanishes for |q| near and larger than qmin.

The stability of the honeycomb lattice for |q| & qmin is due to the absence of inter-band

scattering processes. To see this, we show in Figs. 5.29(b) and 5.29(c) the Bogoliubov spectra

of condensates sitting at (qx, qy) = (qmin, 0) for the checkerboard and honeycomb Floquet bands

used in Fig. 5.29(a). Unlike the checkerboard spectrum, the honeycomb spectrum lacks inter-

band scattering processes at similar lattice depths and modulation amplitudes, due to the smaller

width of the dressed band and the larger gap separating the bands.

5.6 Conclusions and outlook

In conclusion, we synthesized a ring-shaped energy band for ultracold atoms in a double-

well optical lattice, and corroborated the dispersion by measuring the dynamics of a BEC in the

modulated lattice. We also measured condensate lifetimes under different moat conditions. In ad-

dition to the condensate decay inherent to the shape of the Mexican-hat band, our model indicates

that interactions coupling to the other dressed band may be important and warrant consideration

in protocols involving near-resonance hybridization. For the most part, our observations are in

fair agreement with the theoretical prediction that a BEC at the minimum of a moat dispersion

sits at the edge of an instability region and should hence be unstable in realistic scenarios, which

likely has implications for the ground state of the system (even in the weakly-interacting limit).

The many-body ground state of interacting bosons in the low density, strongly correlated

limit in such a moat remains an open question [41, 56–61]. It has been argued [41, 59–61] that
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Figure 5.29: (a) Growth rate of most unstable Bogoliubov mode ΓM as a function
of qx (with qy = 0) for condensates occupying moatlike Floquet bands generated
using the driven lattices Vlatt in Eq. (5.5) (blue points) and VHC in Eq. (5.15) (orange
points). Both bands have a moat radius qmin ∼ 0.17 kR (indicated by vertical gray
line). (b), (c) Bogoliubov spectra µ(k) = Re[λk] along ky = 0 for condensates at
(qx, qy) = (qmin, 0) for the checkerboard and honeycomb lattices in (a). The thick
lines show µ(k), and the thin lines show −µ(−k). Energy and momentum conserv-
ing scattering occurs at crossings of the two curves. Interband scattering is absent
for the honeycomb lattice.
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the low density ground state in a moat-like dispersion is a composite-fermion-like state leading

to a chiral spin liquid, and it will be interesting to explore this limit experimentally. Reaching

the highly correlated regime requires confinement in the transverse direction (attainable with the

addition of an out-of-plane optical lattice) to ensure the system is fully 2D. Additionally, the

density would need to be much lower; for example, with qmin . 0.3 kR, the density should not

exceed one atom per ten lattice sites [41]. It remains an outstanding experimental and theoretical

question as to how to prepare a low energy state in such a system, as well as how and how quickly

the correlated system heats.
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Appendix A: Rashba SOC stability analysis

The Bogoliubov spectrum of isotropically interacting bosons with ideal Rashba spin-orbit

coupling (SOC) has been discussed previously, for example in Refs. [63, 64, 206], for a single-

momentum condensate at one of the circularly degenerate lowest-energy states, |q| = Q. Here

we review the equations governing the linear stability analysis of the corresponding single-

momentum condensates with arbitrary momenta q. This analysis is very similar to the one out-

lined in Section 3.3 to study the BEC stability in periodically modulated optical lattices. However,

the absence of time dependence in the noninteracting Rashba Hamiltonian and the simplicity of

its resulting mean-field states make it possible to write the Bogoliubov equations in a compact

analytical form, which was not feasible in the model for driven lattices. We show that the con-

densate is unstable whenever the magnitude of its momentum is less than that of the degenerate

minima, |q| < Q. This is the same behavior as that calculated in the single-band approximation

for our Floquet-engineered moat band.

Analogous to Eq. (3.30), the Gross-Pitaevskii equation describing the Rashba SOC system

is [207]

i~
∂

∂t
Ψ =

[
− ~2

2m
∇2
r + i

~2Q

m
σ⊥ · ∇r + gρ̄|Ψ|2

]
Ψ, (A.1)

where Ψ is a spinor order parameter, σ⊥ = (σx, σy), σi are the Pauli matrices, Q is the SOC
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strength, g = 4π~2a/m (a is the scattering length), and ρ̄ is the average density of the state.

The dispersion of this system consists of two energy branches given by

ER,±(q) = εQ

{(
|q|
Q
± 1

)2

+
1

2

gρ̄

εQ

}
, (A.2)

with εQ = ~2Q2

2m
. The branch ER,− possesses a Mexican-hat shape whose degenerate minima lie

along the circle |q| = Q in the two-dimensional momentum space [Fig. A.1(a)]. The correspond-

ing states are

ψ±,q = eiq·rξ±,q =
eiq·r√

2

 1

∓eiφ(q)

 , (A.3)

where φ(q) = Arg(qx + i qy). (Unlike the periodically time-modulated lattices we discuss in

Chapters 3, 4 and 5, the states ψ±,q in the Rashba system have uniform and time-independent

density.)

To determine the stability of bosons condensed at the single-momentum mean-field state

ψ−,q for arbitrary values of q, we expand the perturbations δψ around ψ−,q in the following way

δψ = e−i[ER,−(q)+gρ̄/2]t/~e+iq·r×∑
k

[
e+ik·r

(
u

(−)
q+k(t) ξ−,q+k + u

(+)
q+k(t) ξ+, q+k

)
+

e−i
~k·~r
(
v

(−)
q+k

∗
(t) ξ−, q−k + v

(+)
q+k

∗
(t) ξ+, q−k

)]
, (A.4)

and insert the perturbed order parameter ψ−,~q + δψ in equation (A.1). This leads to the
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Figure A.1: (a) Lower branch ER,− of the Rashba energy spectrum. Dash-dotted line indicates
the degenerate minima of ER,−, located at |q| = Q. The red, black and blue markers indicate
points with Q−1q = Q−1(qx, qy) = (0.7, 0), (1.0, 0) and (1.3, 0), respectively. (b) Dependence
of the largest value of Im[λR(k; q )] (at a given q ) on |q |, for gρ̄ = εQ. (c) Real and imaginary
parts of gapless λR(k; q) as a function of ky (with kx = 0) for the three different values of the
condensate momentum q indicated by the red, black and blue markers in (a), and for gρ̄ = εQ.
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Bogoliubov-de Gennes (BdG) equations

i~
∂

∂t



u
(−)

~q+~k

v
(−)

~q−~k

u
(+)

~q+~k

v
(+)

~q−~k


= ΣzM~k,~q



u
(−)

~q+~k

v
(−)

~q−~k

u
(+)

~q+~k

v
(+)

~q−~k


. (A.5)

In Eq. (A.5), the matrix Σz is defined as

Σz = I2 ⊗ σz =



+1 0 0 0

0 −1 0 0

0 0 +1 0

0 0 0 −1


, (A.6)

(I2 is the identity matrix of order 2) and the matrix Mk,q is given by

Mk,q = ∆k,q + gρ̄W †
k,q ⊗Wk,q , (A.7)

where ∆k,q is

∆k,q =



δE
(a)
− 0 0 0

0 δE
(b)
− 0 0

0 0 δE
(a)
+ 0

0 0 0 δE
(b)
+


, (A.8)
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with the terms δE(a)
± and δE(b)

± defined by the expressions

δE
(a)
± = ER,±(q + k)− ER,−(q), δE

(b)
± = ER,±(q − k)− ER,−(q), (A.9)

and the vectors Wk,q used in the Kronecker product W †
k,q ⊗Wk,q are given by

Wk,q =



ξ†−,aξ0

ξ†0ξ−,b

ξ†+,aξ0

ξ†0ξ+,b


, (A.10)

with the states ξ0, ξ±,a and ξ±,b defined as follows

ξ0 =
1√
2

 1

+eiφ(q)

 , ξ±,a =
1√
2

 1

∓eiφ(q+k)

 , ξ±,b =
1√
2

 1

∓eiφ(q−k)

 .

(A.11)

Explicitly, the elements of ΣzMk,q are the following

ΣzMk,q = (I2 ⊗ σz)(∆k,q + gρ̄W †
k,q ⊗Wk,q) =

 Λ1 Λ2

Λ3 Λ4

 , (A.12)
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where

Λ1 =

 +δE
(a)
− + gρ̄|ξ†0ξ−,a|2 +gρ̄(ξ†−,bξ0)(ξ†−,aξ0)

−gρ̄(ξ†0ξ−,a)(ξ
†
0ξ−,b) −δE(b)

− − gρ̄|ξ
†
0ξ−,b|2

 , (A.13)

Λ2 =

 +gρ̄(ξ†0ξ+,a)(ξ
†
−,aξ0) +gρ̄(ξ†+,bξ0)(ξ†−,aξ0)

−gρ̄(ξ†0ξ+,a)(ξ
†
0ξ−,b) −gρ̄(ξ†+,bξ0)(ξ†0ξ−,b)

 , (A.14)

Λ3 =

 +gρ̄(ξ†0ξ−,a)(ξ
†
+,aξ0) +gρ̄(ξ†−,bξ0)(ξ†+,aξ0)

−gρ̄(ξ†0ξ−,a)(ξ
†
0ξ+,b) −gρ̄(ξ†−,bξ0)(ξ†0ξ+,b)

 , (A.15)

Λ4 =

 +δE
(a)
+ + gρ̄|ξ†0ξ+,a|2 +gρ̄(ξ†+,bξ0)(ξ†+,aξ0)

−gρ̄(ξ†0ξ+,a)(ξ
†
0ξ+,b) −δE(b)

+ − gρ̄|ξ
†
0ξ+,b|2

 . (A.16)

The stability of a condensate in the state ψ−,q is inferred from the eigenvalues λR(k; q ) of

ΣzMk,q [185]. Purely real eigenvalues represent the spectrum of excitations. On the other hand,

complex eigenvalues with a positive imaginary part indicate the presence of an unstable mode

with growth rate given by Im[λR(k, q )].

We find that the modes of condensates with |q| ≥ Q are stable for all values of k,

Im[λR(k, q)] = 0. By contrast, condensates with |q| < Q always have unstable modes with

momenta q + k in the neighborhood of q. This result holds for any positive value of gρ̄ and is
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illustrated in Figure A.1(b), where we present the growth rate of the most unstable mode (i.e.,

maxk Im[λR(k, q)]) as a function of |q | and for gρ̄ = εQ. The abrupt increase in maximum

growth rate when |q| < Q has the same behavior as the single-band model for the Floquet-

engineered moat band, shown in Fig 5.23 (open triangles).

The instabilities have the highest growth rate for k ⊥ q [Fig. A.1(c)], which is the direction

along which the band curvature is negative. For k ⊥ q , the pair of eigenvalues λR possessing

a nonzero imaginary part are accurately described by a single-band model restricted to the µR,−

branch. In this simplified description, the Bogoliubov excitations are found by diagonalizing

the upper left quadrant of the 4 × 4 matrix representation of ΣzMk,q, i.e., the matrix Λ1. The

eigenvalues of this 2× 2 matrix are

λ̃R(k, q) = ±

√√√√δẼ−

[
δẼ− + gρ̄

(
1 +

|q |√
|q|2 + |k|2

)]
, (A.17)

where δẼ− is defined as δE(a)
− (= δE

(b)
− ). For |q| ≥ Q and gρ̄ > 0, the expression inside

the radical in Eq. (A.17) is always positive if |k| is nonzero, and hence λR correspond to stable

gapless modes [blue and black lines in Fig. A.1(c)]. For |q| < Q and gρ̄ > 0, the same expression

is always negative in some neighborhood of k = 0 since δẼ− < 0 when k is near 0. For those

momenta, the eigenvalues λR are purely imaginary and correspond to unstable modes [red line

in Fig. A.1(c)]. This instability argument holds for any Bogoliubov-like dispersion of the form√
δE(δE + C) where δE is the single particle dispersion.
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Appendix B: Relation between the group velocity and the quasienergy

In a static lattice, the group velocity VG of a Bloch state is related to the dispersion E(q)

according to the equation

VG =
1

~
∇qE(q). (B.1)

The purpose of this appendix is to formally derive the relation between the quasienergy ε and

the group velocity vg of the Floquet state. The group velocity is understood here as the expected

value 〈p̂〉 of the momentum operator divided by the massm, which is what we can infer from time

of flight diffraction images when the Floquet state is projected into the free-particle Hamiltonian

by snapping-off the lattice. The appendix also includes the explicit form of the time-periodic

micromotion term for vg. Additionally, we discuss the form of this relation when accounting

interactions via the time-modulated GP equation.
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B.1 Free-particle case

Let’s consider a Floquet-Bloch wavefunction ψ̃ as the solution to the modulated free-

particle Schrödinger equation

ψ̃ = eiq·r−εqtu(r, t; q), (B.2)

where the Floquet mode u is a B- and T - periodic function for every value of the crystal mo-

mentum q in the first Brillouin zone. [See Eq. (3.3), where this Floquet form was presented in

the context of the Floquet theorem, and Eq. (3.34), where the Floquet-Bloch form was discussed

as an ansatz to the GP equation which reduces to the Schrödinger equation in the absence of

interactions.] The Schrödinger-like equation for the Floquet mode u alone is

εqu(r, t; q) + i~
∂

∂t
u(r, t; q) =

[
~2

2m
(q − i∇r)2 + Vlatt(r, t)

]
u(r, t; q), (B.3)

which follows from Eq. (3.10), and where Vlatt is the modulated lattice potential.

By performing the operation
∫
dr u∗(r, t; q)×Eq. (B.3) [i.e., projecting Eq. (B.3) onto

u(r, t; q)], one gets

εq +

∫
dr u∗(r, t; q)i~

∂

∂t
u(r, t; q) =

=

∫
dr u∗(r, t; q)

[
~2

2m
(q − i∇r)2 + Vlatt(r, t)

]
u(r, t; q) (B.4)

In order to extract the difference dε = εq2 − εq1 , let’s now evaluate the terms highlighted in
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blue and red in Eq. (B.4) at two nearby crystal momenta q1 and q2, whose difference is ∆q (i.e.,

q2 = q1 + ∆q). In the following derivation, we will employ the approximate expansions

(q2 − i∇r)2 = (q1 + ∆q − i∇r)2 ≈ (q1 − i∇r)2 + 2(q1 − i∇r) ·∆q, (B.5)

u(r, t; q2) = u(r, t; q1 + ∆q) ≈ u(r, t; q1) +∇qu(r, t; q1) ·∆q, (B.6)

valid for small enough ∆q.

Term highlighted in blue

Using the approximation (B.6) and keeping terms up to first order in ∆q, the difference

between the term with the time derivative (highlighted in blue) in Eq. (B.3) evaluated at crystal

momenta q1 and q2 is approximated by

∫
dr u∗(r, t; q2)i~

∂

∂t
u(r, t; q2)−

∫
dr u∗(r, t; q1)i~

∂

∂t
u(r, t; q1) ≈

≈ +

∫
dr [∇qu∗(r, t; q1) ·∆q] i~

∂

∂t
u(r, t; q1) +

+

∫
dr u∗(r, t; q1)i~

∂

∂t
[∇qu(r, t; q1) ·∆q]. (B.7)

Term highlighted in red

Using the approximations (B.5) and (B.6), and keeping terms up to first order in ∆q, the

difference between the term involving the lattice potential Vlatt (highlighted in red) in Eq. (B.3)
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evaluated at the nearby crystal momenta q1 and q2 is approximated by

∫
dr u∗(r, t; q2)

[
~2

2m
(q2 − i∇r)2 + Vlatt(r, t)

]
u(r, t; q2)

−
∫
dr u∗(r, t; q1)

[
~2

2m
(q1 − i∇r)2 + Vlatt(r, t)

]
u(r, t; q1) ≈

+
~2

m
∆q ·

∫
dr u∗(r, t; q1) (q1 − i∇r)u(r, t; q1) +

+

∫
dr u∗(r, t; q1)

[
~2

2m
(q1 − i∇r)2 + Vlatt(r, t)

]
∇qu(r, t; q1) ·∆q +

+

∫
dr ∇qu∗(r, t; q1) ·∆q

[
~2

2m
(q1 − i∇r)2 + Vlatt(r, t)

]
u(r, t; q1) . (B.8)

It is important to note that the term encircled by the square XXXXX in Eq. (B.8) is proportional

to the (time-dependent periodic) weighted average of the momenta

~2

m
∆q ·

∫
dr u∗(r, t; q1) [(q1 − i∇r)]u(r, t; q1) =

~2

m
∆q ·

q1 +
∑
Q∈B̃

Q|cQ(t)|2
 (B.9)

where B̃ is the reciprocal lattice, and cQ(t) are the time-dependent periodic coefficients of u

when expanded in terms of plane waves.

Using Eq. (B.3), the last two terms in Eq. (B.8) can be written in terms of time derivatives

(and also some terms involving the quasienergy εq1 , but those terms will cancel out)

156



∫
dr u∗(r, t; q1)

[
~2

2m
(q1 − i∇r)2 + Vlatt(r, t)

]
∇qu(r, t; q1) ·∆q +

+

∫
dr ∇qu∗(r, t; q1) ·∆q

[
~2

2m
(q1 − i∇r)2 + Vlatt(r, t)

]
u(r, t; q1) =

=

∫
dr

[
εq1u

∗(r, t; q1)− i~ ∂
∂t
u∗(r, t; q1)

]
∇qu(r, t; q1) ·∆q +

+

∫
dr ∇qu∗(r, t; q1) ·∆q

[
εq1u(r, t; q1) + i~

∂

∂t
u(r, t; q1)

]
=

= εq1∆q ·
∫
dr [u∗(r, t; q1)∇qu(r, t; q1) + u(r, t; q1)∇qu∗(r, t; q1)] +

+ ∆q ·
∫
dr

[
+∇qu∗(r, t; q1)i~

∂

∂t
u(r, t; q1)−∇qu(r, t; q1)i~

∂

∂t
u∗(r, t; q1)

]
=

= εq1∆q ·
∫
dr ∇q [u∗(r, t; q1)u(r, t; q1)] +

+ ∆q ·
∫
dr

[
+∇qu∗(r, t; q1)i~

∂

∂t
u(r, t; q1)−∇qu(r, t; q1)i~

∂

∂t
u∗(r, t; q1)

]
=

= 0 + ∆q ·
∫
dr

[
+∇qu∗(r, t; q1)i~

∂

∂t
u(r, t; q1)−∇qu(r, t; q1)i~

∂

∂t
u∗(r, t; q1)

]
(B.10)

where in the last step we have used the fact that

∫
dr ∇q [u∗(r, t; q1)u(r, t; q1)] = ∇q

∫
dr [u∗(r, t; q1)u(r, t; q1)] = ∇q(1) = 0, (B.11)

which follows from
∫
dru∗(r, t; q1)u(r, t; q1) = 1 being a constant (due to the normalization

condition of u) and having no dependence on q. Note that the time derivative has been highlighted

in blue since similar terms appear in Eq. (B.7).
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Evaluate difference between εq2 and εq1

To calculate the difference difference between εq2 and εq1 , let’s use Eq. (B.4) along with

the derived expansions (B.7), (B.8) for the blue and red terms, and the relations (B.9), (B.10)

εq1+∆q − εq1 + ∆q ·
∫
dr

(((((((((((((((

∇qu∗(r, t; q1)i~
∂

∂t
u(r, t; q1)+

+ ∆q ·
∫
dr u∗(r, t; q1)i~

∂

∂t
∇qu(r, t; q1) =

=
~2

m
∆q ·

q1 +
∑
Q∈B̃

Q|cQ(t)|2
+

+ ∆q ·
∫
dr

[
+
(((((((((((((((

∇qu∗(r, t; q1)i~
∂

∂t
u(r, t; q1) −∇qu(r, t; q1)i~

∂

∂t
u∗(r, t; q1)

]
,

(B.12)

µq1+∆q − µq1 + ∆q ·
∫
dr u∗(r, t; q1)i~

∂

∂t
∇qu(r, t; q1) =

=
~2

m
∆q ·

q1 +
∑
Q∈B̃

Q|cQ(t)|2
+ ∆q ·

∫
dr

[
−∇qu(r, t; q1)i~

∂

∂t
u∗(r, t; q1)

]
,

(B.13)
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µq1+∆q − µq1 =
~2

m
∆q ·

q1 +
∑
Q∈B̃

Q|cQ(t)|2


−∆q ·
∫
dr

[
∇qu(r, t; q1)i~

∂

∂t
u∗(r, t; q1) + u∗(r, t; q1)i~

∂

∂t
∇qu(r, t; q1)

]
(B.14)

which can be written as

εq1+∆q − εq1 =
~2

m
∆q ·

q1 +
∑
Q∈B̃

Q|cQ(t)|2
−∆q · i~ ∂

∂t

∫
dru∗(r, t; q1)∇qu(r, t; q1)

(B.15)

If we integrate over a single period T of the modulation, the last term in the previous

equation, namely,

i~
∂

∂t

∫
dr u∗(r, t; q1)∇qu(r, t; q1), (B.16)

(which can be termed as a residual or micromotion term), we get

i~
∫ τ+T

τ

dt
∂

∂t

∫
dr u∗(r, t; q1)∇qu(r, t; q1) =

= i~ [u∗(r, τ + T ; q1)∇qu(r, τ + T ; q1)− u∗(r, τ ; q1)∇qu(r, τ ; q1)]

= 0, (B.17)
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where the last equality follows from the time-periodicity of the Floquet mode u. Finally, we

obtain the result

εq1+∆q − εq1 =
~2

m
∆q ·

q1 +
∑
Q∈B̃

Q 1

T

∫ τ+T

τ

dt |cQ(t)|2
 , (B.18)

which relates the quasienergy ε to the expected value of the “momentum”. Since the red part

of Eq. (B.18) determines how much εq changes with ∆q, it represents the gradient of the

quasienergy, namely,

1

~
∇qεq = 〈vg(q)〉T , (B.19)

where the symbol 〈· · · 〉T indicates average over a single period of the modulation.

B.2 Relation derived from the GP equation

If we now use the Floquet-Bloch form (B.2) for the condensate order parameter as an ansatz

for the GP equation (3.30) [or Eq (3.35)], instead of the Schrödinger equation with no nonlinear

term, we obtain

εquc(r, t; qc) + i~
∂

∂t
uc(r, t; qc) =

[
~2

2m
(qc − i∇r)2 + Vlatt(r, t) + gn̄|uc|2

]
uc(r, t; qc),

(B.20)
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which possesses the same form as Eq. (B.3) with the effective time-periodic lattice Ṽlatt(r, t; qc) =

Vlatt(r, t) + gn̄|uc(r, t; qc)|2. Since the form of the lattice was arbitrary in the derivation of

Eq. (B.18), it would seem plausible to conclude that it remains valid with the effecive poten-

tial Ṽlatt(r, t). However, the q- dependence of uc (and, hence, Ṽlatt) produces, in the derivation

outlined above, the additional term

gn̄

∫
dr u∗c [u∗c∇quc + uc∇quc]uc =

gn̄

2
∇q
∫
dr |uc|4. (B.21)

Hence, the relation between vg and the (nonlinear) quasienergy when using the GP equation is

now

∇q
(
µc −

1

2
gn̄

〈∫
dr |uc|4

〉)
= ~ 〈vg〉T . (B.22)
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[36] Gregor Jotzu, Michael Messer, Rémi Desbuquois, Martin Lebrat, Thomas Uehlinger,
Daniel Greif, and Tilman Esslinger. Experimental realization of the topological Haldane
model with ultracold fermions. Nature, 515(7526):237–240, 2014. [Cited on page 2.]
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a quantum system with modulated periodic driving. Phys. Rev. A, 95:023615, Feb 2017.
[Cited on page 36.]

173



[157] Hideo Sambe. Steady states and quasienergies of a quantum-mechanical system in an
oscillating field. Phys. Rev. A, 7:2203–2213, Jun 1973. [Cited on page 36.]

[158] Michael Vogl, Martin Rodriguez-Vega, and Gregory A. Fiete. Effective Floquet Hamilto-
nian in the low-frequency regime. Phys. Rev. B, 101:024303, Jan 2020. [Cited on page 36.]

[159] D. H. Dunlap and V. M. Kenkre. Dynamic localization of a charged particle moving
under the influence of an electric field. Phys. Rev. B, 34:3625–3633, Sep 1986. [Cited on
page 40.]
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