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Qubit noise spectroscopy is an important tool for the experimental investigation of open

quantum systems. However, conventional techniques for noise spectroscopy are time-consuming,

because they require measurements of the noise spectral density at many different frequencies. In

this dissertation, I describe an alternative approach to noise spectroscopy, which requires fewer

resources, and relies on direct measurement of arbitrary linear functionals of the noise spectral

density. This method uses random pulse sequences with carefully-controlled correlations, which

are chosen using algorithms for phase retrieval. These measurements allow us to reconstruct

sparse noise spectra via compressed sensing. Our simulations of the performance of the random

pulse sequences on a realistic physical system, self-assembled quantum dots, reveal a speedup

of an order of magnitude in extracting the noise spectrum, compared to conventional dynamical

decoupling approaches.

I also advance this method in two complementary directions: expanding its applicabil-

ity to a larger class of noise spectra, and simplifying its implementation. First, we extend the



random pulse sequences method to reconstruct piecewise-linear noise spectra, which more re-

alistically model many physical systems. We show through numerical simulations that the new

method resolves finer spectral features while maintaining an order-of-magnitude speedup over

conventional approaches to noise spectroscopy. Second, we introduce a simplified variant using

Rademacher measurements, optimized for sparse spectra, that greatly reduces experimental com-

plexity without compromising reconstruction accuracy. Together, these developments broaden

the reach of random pulse sequences noise spectroscopy and enhance its practicality for high-

resolution, resource-efficient noise characterization in realistic quantum systems.
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Chapter 1: Introduction

1.1 Motivation

The last two decades have witnessed extraordinary advances in the coherent control of mi-

croscopic quantum systems [1–4]. From superconducting Josephson circuits to trapped ions, se-

miconductor spins, and nitrogen–vacancy (NV) centers in diamond, researchers can now manip-

ulate and measure quantum states with high precision. Yet, despite remarkable improvements in

gate fidelity and coherence, decoherence—the loss of quantum phase information due to coupling

with uncontrolled degrees of freedom—remains the central bottleneck toward scalable quantum

technologies.

Quantum noise is the physical manifestation of the unavoidable coupling between a quan-

tum system and its environment. It represents stochastic fluctuations—of magnetic fields, electric

potentials, laser phases, phonon environments, or other microscopic variables—that act on the

system and randomize its phase or energy. Understanding and quantifying these fluctuations is

essential for both advancing quantum computation and enabling high-precision quantum sens-

ing [5–8]. The field of quantum noise spectroscopy builds directly on this motivation: it seeks

to treat the qubit not merely as a computational unit but as a sensitive spectrometer of its own

environment, capable of revealing the spectral and statistical structure of the surrounding noise.

Reducing the impact of noise is one of the central challenges in building scalable quan-
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tum computers. At the physical-control level, dynamical decoupling and related pulse-sequence

techniques are designed to suppress low-frequency noise by averaging out unwanted interactions

between the qubit and its environment [9–11]. At a higher, logical level, quantum error-correcting

codes and fault-tolerant architectures encode information redundantly to detect and correct errors

before they propagate [5, 6]. Both approaches depend critically on the properties of the under-

lying noise spectrum: correlations and frequency structure can all influence logical error rates

and threshold conditions for fault tolerance [12–14]. Accurate noise spectroscopy therefore pro-

vides the quantitative foundation for improving both low-level control protocols and high-level

error-correction strategies.

Although noise spectroscopy has been studied for decades—from early spin-echo experi-

ments to modern dynamical-decoupling and randomized-probe protocols—new frontiers in quan-

tum technologies continue to pose open challenges. As quantum processors grow in size and

complexity, there is a pressing need for fast, scalable methods of multi-qubit noise spectroscopy

that can characterize correlated noise across tens or hundreds of qubits [15, 16]. At the same

time, quantum sensors and precision measurement platforms demand more accurate and effi-

cient spectral estimation techniques that can extract high-resolution noise information without

prohibitively long acquisition times [17]. Addressing these challenges requires new theoretical

and computational tools that combine physical insight with data-efficient strategies, motivating

the development of approaches such as compressed-sensing-based noise spectroscopy explored

in this work.

In this chapter, we begin by introducing the physical foundations of quantum noise, de-

scribing how environmental coupling gives rise to dephasing, relaxation, and spectral structure.

We then review the principles and techniques of quantum noise spectroscopy, showing how tai-
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lored control sequences can selectively probe different parts of the noise spectrum. Finally, we

introduce compressed sensing, which provides the theoretical basis for reconstructing structured

or sparse spectra efficiently. Together, these three topics establish the conceptual and technical

framework that underpins the developments presented in this thesis.

1.2 Quantum Noise

All realistic quantum systems interact, to some extent, with their surrounding environment.

Even under highly controlled laboratory conditions—within dilution refrigerators, cryogenic vac-

uum chambers, or shielded optical tables—perfect isolation is unattainable. The coupling be-

tween the system and its surroundings introduces random perturbations that modify the system’s

Hamiltonian in time. These fluctuations, collectively referred to as quantum noise, are responsi-

ble for decoherence, energy relaxation, and operational errors in quantum devices.

For quantum information processing and precision sensing, where coherent superposition

and entanglement are the key physical resources, environmental noise represents a fundamental

limitation. Consider a qubit initialized in the superposition state

|ψ⟩ = α |0⟩+ β |1⟩ . (1.1)

In the absence of noise, this state would evolve unitarily, maintaining its phase coherence indefi-

nitely. In practice, random environmental perturbations cause the relative phase between |0⟩ and

|1⟩ to fluctuate in time, progressively reducing the off-diagonal coherence element of the qubit’s

density matrix. This process, known as decoherence, transforms a pure quantum state into a

statistical mixture and is the primary obstacle to scalable quantum technologies.
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1.2.1 The Open-System Framework

The theoretical framework of open quantum systems provides a systematic way to describe

the effects of environmental coupling [18]. The total Hamiltonian can be expressed as

Htot = HS +HB +HSB, (1.2)

where HS describes the system of interest, HB represents the environmental bath, and HSB cap-

tures their mutual interaction. The combined system–bath state evolves unitarily under Htot, but

because we typically have no access to the bath, we describe the system’s dynamics through the

reduced density matrix

ρS(t) = TrB
[
U(t) (ρS(0)⊗ ρB)U

†(t)
]
, (1.3)

where U(t) = e−iHtott/ℏ and TrB denotes the trace over environmental degrees of freedom. The

partial trace introduces apparent irreversibility and randomness into the system’s dynamics, even

though the overall evolution remains unitary. This reduced description is the mathematical origin

of decoherence and energy relaxation.

Physically, the interaction Hamiltonian HSB can often be expressed as a sum of tensor

products of system and bath operators,

HSB(t) =
∑
α

Sα ⊗Bα(t), (1.4)

where Sα acts on the system and Bα(t) represents an environmental operator that fluctuates in
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time. The environmental noise is statistically characterized by its autocorrelation functions

Cαβ(τ) = ⟨Bα(t)Bβ(t+ τ)⟩B, (1.5)

and their Fourier transforms, the power spectral densities (PSDs),

Sαβ(ω) =

∫ ∞

−∞
e−iωτCαβ(τ) dτ. (1.6)

The spectral density S(ω) quantifies how strongly the environment fluctuates at frequency ω, and

it serves as the fundamental object of study in quantum noise spectroscopy.

1.2.2 Noise in a Qubit Hamiltonian

For a single qubit, noise can be modeled as stochastic fluctuations in the effective magnetic

or electric fields experienced by the qubit. A general form of the Hamiltonian is

H(t) =
ℏω0

2
σz +

ℏ
2
[δωz(t)σz + δωx(t)σx + δωy(t)σy] , (1.7)

where ω0 is the nominal transition frequency, and δωα(t) are random time-dependent fluctuations.

The longitudinal term δωz(t) produces random phase accumulation, leading to pure dephasing,

whereas the transverse terms δωx,y(t) induce transitions between |0⟩ and |1⟩, causing energy

relaxation.

For purely dephasing noise, the off-diagonal coherence decays as

⟨σ+(t)⟩ = e−χ(t)⟨σ+(0)⟩, (1.8)
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where

χ(t) =
1

π

∫ ∞

0

Sz(ω)|F (ω, t)|2 dω, (1.9)

and F (ω, t) is a control-dependent filter function. This equation forms the theoretical foundation

of noise spectroscopy, linking measurable decoherence to the underlying noise spectrum.

1.2.3 Gaussian and Non-Gaussian Noise

When the environment consists of many weakly coupled degrees of freedom, its cumulative

effect on the system can be modeled as a Gaussian stochastic process. In that case, all higher-

order correlations can be expressed in terms of the two-point correlation function, and the spectral

density S(ω) completely determines the noise statistics. This Gaussian approximation greatly

simplifies analysis and forms the basis of most theoretical treatments, such as the filter-function

and master-equation formalisms.

However, many physical environments are not strictly Gaussian. In solid-state devices, for

example, a small number of fluctuating two-level systems or charge traps can dominate deco-

herence. These few strongly coupled fluctuators generate non-Gaussian noise, characterized by

higher-order correlations and non-exponential decay of coherence. The resulting dynamics often

exhibit random telegraph behavior, spectral diffusion, or other forms of non-stationarity. Un-

derstanding and mitigating these effects remains a key challenge in modern quantum hardware

development.
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1.2.4 Classical vs. Quantum Noise

A further distinction arises between classical and quantum noise. Classical noise can be

described as a random external field that commutes with itself at all times, while quantum noise

originates from operators Bα(t) that obey nontrivial commutation relations. Quantum noise in-

troduces an asymmetry between absorption and emission processes, captured by the fluctuation–

dissipation theorem, which relates the symmetric and antisymmetric parts of the noise spectrum:

S(±)(ω) =
1

2

∫ ∞

−∞
e−iωτ ⟨{B(t), B(t+ τ)}±⟩ dτ. (1.10)

At thermal equilibrium, these spectra satisfy

S(−)(ω) = e−ℏω/kBTS(+)(ω), (1.11)

indicating that upward and downward transition rates differ according to the thermal occupa-

tion of the environment. This asymmetry becomes important at cryogenic temperatures or when

probing the quantum backaction of a measurement apparatus.

1.2.5 Typical Spectral Forms of Noise

Different noise mechanisms correspond to distinct functional forms of the spectral density

S(ω). In the white-noise limit, correlations decay instantaneously in time, producing a flat spec-

trum S(ω) = S0. This Markovian case yields simple exponential relaxation and dephasing, as

described by the Lindblad master equation. At the opposite extreme, slow environmental fluc-
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tuations produce colored noise with long correlation times. A widely observed example is 1/f

noise, where

S(ω) ∝ 1

ωα
, 0.5 ≲ α ≲ 1.5. (1.12)

This form arises from ensembles of slow fluctuators with a broad distribution of switching rates

and dominates decoherence in many solid-state qubits, including superconducting and semicond-

uctor platforms. In other cases, coupling to a discrete environmental mode of frequency ωc and

linewidth γ yields a Lorentzian spectrum,

S(ω) =
Aγ2

(ω − ωc)2 + γ2
, (1.13)

revealing narrow-band noise sources such as nuclear spin precession or vibrational modes. Fi-

nally, non-stationary noise, where the spectrum itself changes in time, can occur due to slow

drifts in material properties or charge rearrangements, producing temporally evolving decoher-

ence behavior.

1.3 Quantum Noise Spectroscopy

While decoherence is typically viewed as a detrimental effect in quantum systems, it can

also be exploited as a sensitive probe of environmental fluctuations. The central idea of quan-

tum noise spectroscopy (QNS) is that the coherence decay of a well-controlled qubit contains

information about the spectral density of its surrounding noise. By designing appropriate con-

trol sequences, one can shape the qubit’s sensitivity to different frequency components of the

noise, and thus reconstruct the underlying spectrum. This approach turns the qubit from a fragile
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information carrier into a precision spectrometer for its own environment [19–24].

In essence, QNS establishes a quantitative relationship between the environmental power

spectral density S(ω) and the qubit’s coherence function W (t) = e−χ(t), where the decay rate

χ(t) depends on both S(ω) and a control-dependent filter function F (ω, t):

χ(t) =
1

π

∫ ∞

0

S(ω)|F (ω, t)|2 dω. (1.14)

This filter-function formalism provides the theoretical backbone of all noise-spectroscopy meth-

ods. Different control protocols correspond to different filter functions, enabling the selective

sampling of distinct frequency bands of the noise spectrum.

1.3.1 The Filter-Function Formalism

To understand Eq. (1.14) in more detail, consider a qubit subjected to dephasing noise along

the σz axis with a time-dependent control Hamiltonian Hc(t) =
1
2
ℏΩ(t)σx. In the toggling frame

defined by this control, the instantaneous noise Hamiltonian is modulated by a switching function

y(t) that alternates between ±1 depending on the applied pulses.

For stationary Gaussian noise, the dephasing exponent becomes

χ(t) =
1

2

∫ t

0

dt1

∫ t

0

dt2 y(t1)y(t2)C(t1 − t2) =
1

π

∫ ∞

0

S(ω)|F (ω, t)|2 dω, (1.15)

where F (ω, t) is the Fourier transform of the switching function:

F (ω, t) =

∫ t

0

y(t′)eiωt
′
dt′. (1.16)
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Hence, by choosing y(t) appropriately, one can tailor the spectral response of the qubit to specific

frequency windows.

1.3.2 Ramsey and Hahn-Echo Spectroscopy

The simplest noise-spectroscopy experiments employ free evolution or a single refocusing

pulse. In a Ramsey sequence, the qubit evolves freely for a duration τ between two π/2 pulses.

The switching function is y(t) = 1 for 0 < t < τ , leading to a filter function

|FRamsey(ω, τ)|2 =
4 sin2(ωτ/2)

ω2
. (1.17)

This filter strongly weights low-frequency noise, providing information about slow fluctuations

and static disorder. Consequently, Ramsey interferometry is used to measure pure dephasing

rates and low-frequency 1/f noise.

The Hahn-echo or spin-echo sequence adds a single π pulse at time τ/2, which reverses

the phase accumulated during the first half of the evolution. The resulting switching function

alternates between +1 and −1, producing a filter

|FEcho(ω, τ)|2 =
16 sin4(ωτ/4)

ω2
. (1.18)

The echo filter suppresses slow fluctuations and enhances sensitivity to noise near frequencies

ω ∼ 2π/τ , providing improved coherence and frequency selectivity.
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1.3.3 Robust and Composite Pulse Techniques

In real experiments, control pulses are never ideal: amplitude miscalibration, detuning, and

finite pulse durations lead to systematic errors that can themselves mimic or obscure environmen-

tal noise. To ensure reliable noise spectroscopy, these imperfections must be mitigated through

robust control design.

One broad class of techniques involves composite pulses, in which a logical rotation is

implemented through a sequence of pulses with carefully chosen phases and durations that can-

cel first- or higher-order errors. Representative examples include the BB1, SK1, and CORPSE

families [25, 26], which have been widely adopted in nuclear magnetic resonance and quantum

information processing.

A simplest example is the robust ππ̄ pair: a π pulse immediately followed by an inverse −π

pulse with opposite phase. This pulse sequence suppresses the leading-order effects of rotation-

angle and detuning errors.

1.4 Compressed sensing

In conventional signal processing, the Nyquist–Shannon sampling theorem [27, 28] estab-

lishes that a band-limited signal must be sampled at least twice its highest frequency component

in order to be perfectly reconstructed. This principle has long dictated how scientists and en-

gineers acquire and represent analog signals. However, the Nyquist limit can be prohibitively

demanding when one wishes to capture high-resolution information or when data acquisition is

intrinsically slow or costly. In many experimental settings—such as imaging, spectroscopy, or

quantum measurement—the number of feasible samples is severely limited.
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Yet, most real-world signals are not fully arbitrary. They often contain a high degree of

redundancy, meaning that their essential information is concentrated in a few degrees of freedom

while the rest carries little weight. A photographic image, for example, may consist primarily of

large uniform regions separated by sharp edges; an audio signal is dominated by a few tones or

harmonics; a noise spectrum might be characterized by a handful of resonant peaks atop a smooth

background. These observations suggest that many signals possess an underlying simplicity or

sparsity—that is, they can be represented by only a few nonzero coefficients in some appropriate

basis.

The theory of compressed sensing (CS), developed by Emmanuel Candès, Terence Tao,

and David Donoho, formalizes this intuition. It provides a rigorous framework for reconstruct-

ing sparse or compressible signals from far fewer measurements than traditional sampling theory

would require. The landmark works by Candès, Romberg, and Tao [29, 30] demonstrated that

exact signal recovery is possible from an undersampled dataset, provided that certain mathe-

matical conditions on sparsity and measurement randomness are met. This discovery sparked

a revolution in signal processing and has since influenced fields as diverse as medical imaging,

astronomy, radar, and quantum physics [31–34].

1.4.1 The Basic Principle

At the heart of compressed sensing lies a simple mathematical model. Suppose we have an

unknown signal x ∈ RN that we wish to reconstruct from a set of linear measurements

y = Ax+ ϵ, (1.19)
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whereA is anM×N measurement matrix withM ≪ N , y is the measured data, and ϵ represents

noise or experimental uncertainty. Because there are fewer equations than unknowns, this system

is underdetermined and has infinitely many solutions. The key additional assumption is that x is

sparse—it contains only K ≪ N nonzero components, or can be well approximated by such a

vector.

If this sparsity assumption holds, the problem becomes one of identifying which few com-

ponents of x are nonzero. In its idealized form, this can be written as a combinatorial optimization

problem,

min
x

∥x∥0 subject to y = Ax, (1.20)

where ∥x∥0 counts the number of nonzero entries in x. However, directly minimizing the ℓ0-

norm is computationally infeasible for all but the smallest problems, since it requires checking

all possible combinations of nonzero positions.

One of the central insights of compressed sensing is that the same sparse solution can be

obtained by solving a much simpler convex optimization problem,

min
x

∥x∥1 subject to y = Ax, (1.21)

where ∥x∥1 =
∑

i |xi| is the ℓ1-norm. This approach, known as Basis Pursuit [35], is compu-

tationally tractable and can be solved efficiently using standard convex optimization algorithms.

The ℓ1 norm acts as a convex surrogate for sparsity, penalizing the total magnitude of coefficients

and naturally encouraging most of them to vanish. This remarkable equivalence between ℓ0 and

ℓ1 optimization is one of the pillars of compressed sensing.
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1.4.2 Measurement Design and Incoherence

A crucial factor determining the success of compressed sensing is the choice of the mea-

surement matrix A. Not every measurement strategy allows sparse recovery; the measurements

must contain enough independent information about the signal components. This requirement is

captured by the concept of incoherence between the measurement basis and the sparsity basis.

Intuitively, incoherence means that each measurement mixes together many components of the

signal, so that information about any individual component is spread throughout the measure-

ments.

Random matrices play a central role because they are almost always incoherent with any

fixed basis. For example, matrices with entries drawn from Gaussian or Bernoulli distributions

satisfy the necessary conditions for recovery with overwhelming probability. Similarly, randomly

subsampled Fourier matrices also perform well. Randomness ensures that no measurement is

overly aligned with the sparsity structure of the signal, thereby avoiding pathological cases of

ambiguity.

1.4.3 Restricted Isometry Property and Recovery Guarantees

An important element of the theory of CS is the Restricted Isometry Property (RIP) in-

troduced by Candès and Tao [36]. A matrix A satisfies the RIP of order K if it approximately

preserves the lengths of all K-sparse vectors:

(1− δK)∥x∥22 ≤ ∥Ax∥22 ≤ (1 + δK)∥x∥22 (1.22)
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for all x with at most K nonzero elements, where δK is a small constant. Intuitively, this means

that every subset of K columns of A behaves almost like an orthonormal system. If δ2K is

sufficiently small (for instance, less than
√
2− 1), then exact recovery of all K-sparse signals via

ℓ1-minimization is guaranteed. Furthermore, this recovery is stable even when the measurements

are contaminated with noise (e.g., small additive errors).

A remarkable result is that random Gaussian or Bernoulli matrices satisfy the RIP with

high probability provided that the number of measurements scales as M ≳ K log(N/K) [37].

This scaling, far smaller than the classical Nyquist limit (M ∼ N ), is what makes compressed

sensing so powerful. It formally establishes that accurate reconstruction is possible with only a

logarithmic oversampling factor above the number of degrees of freedom in the signal.

1.4.4 Algorithms for Realistic Signals

Several algorithmic families have been developed for solving compressed sensing prob-

lems, each suited to different experimental and computational contexts. The original convex ap-

proach, Basis Pursuit, remains the most theoretically clean but can be computationally intensive

for large systems. For example, in real physical systems, the noise spectra are usually not ideally

sparse. We may adopt suitable data analysis techniques to better process compressed sensing.

For example, we can apply the LASSO (least absolute shrinkage and selection) algorithm [38,

39], which solves the following problem,

find x ∈ RN that minimize

1
2
||yT − AxT ||2L2 + λ||x||L1.

(1.23)
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This can be viewed as a Lagrangian relaxation of Eq. (1.21), which is useful when one is given

data y that contain noise or errors. The coefficient λ controls the relative strength between the

two parts in Eq. (1.23). In general, when the noise is strong, one need a larger λ to ensure the L1

regularization term still matters. Meanwhile, λ cannot be too large; otherwise, the result will be

too biased. Here, we use the cross-validation (CV) method to establish the value of λ.

1.4.5 Extensions Beyond Classical Sparsity

The notion of sparsity can be extended beyond the simple idea of having only a few

nonzero coefficients [40]. Many real-world signals and datasets exhibit more complex but still

low-dimensional structures. Two particularly important generalizations are total variation (TV)

minimization [41–44] and low-rank matrix recovery [45–47].

In total variation minimization, sparsity is promoted not in the signal itself but in its discrete

gradient. For a one-dimensional signal x ∈ RN , the discrete difference operator D is defined by

(Dx)i = xi+1 − xi, (1.24)

and the total variation norm is given by

∥x∥TV = ∥Dx∥1 =
N−1∑
i=1

|xi+1 − xi|. (1.25)

The corresponding optimization problem,

min
x

∥Dx∥1 subject to y = Ax, (1.26)
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promotes solutions that are piecewise constant or piecewise smooth, since only a few discrete

derivatives are nonzero. (Note that the equality constraint y = Ax can be relaxed, analogously

to Eq. (1.23), to allow for the possibility that the measurements y contain small additive errors.)

This formulation effectively penalizes rapid changes while preserving sharp edges, making it

particularly useful in image denoising and reconstruction problems [48]. More generally, higher-

order difference operators such as D2 or Dk can be used to encourage piecewise polynomial

behavior, forming the basis of higher-order trend filtering and total generalized variation (TGV)

methods.

When data are naturally represented as matrices, another kind of low-dimensional structure

arises: low rank. A matrix X ∈ Rm×n is said to be low rank if its number of nonzero singular

values, rank(X), is much smaller than min(m,n). Recovering such a matrix from incomplete or

noisy linear measurements y = A(X) can be formulated as

min
X

rank(X) subject to y = A(X), (1.27)

which, like the ℓ0-minimization problem in classical compressed sensing, is combinatorial and

computationally intractable. A convex relaxation replaces the rank function with the nuclear

norm,

∥X∥∗ =
∑
i

σi(X), (1.28)

the sum of the singular values of X . The resulting problem,

min
X

∥X∥∗ subject to y = A(X), (1.29)
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is known as nuclear-norm minimization or matrix completion, and it can be solved efficiently by

convex optimization [49]. (As noted previously, the equality constraint y = A(X) can be relaxed,

analogously to Eq. (1.23), in case the measurements y contain additive errors.) Under appropriate

incoherence and sampling conditions, this formulation exactly recovers the low-rank matrix from

a small number of measurements, with guarantees closely analogous to the sparsity-based results

of classical compressed sensing.

Both total variation and low-rank recovery exemplify a broader principle: the success of

compressed sensing does not depend solely on literal sparsity, but on exploiting any intrinsic low-

dimensional structure in the data. By choosing an appropriate regularizer—ℓ1, total variation,

nuclear norm, or others—one can efficiently recover signals, images, or operators that reside on

low-complexity manifolds within a high-dimensional ambient space [32, 40, 50].

1.5 Outline of the Thesis

The remainder of this thesis is organized as follows:

• Chapter 2: “Random Pulse Sequences” presents a general framework for the random pulse

sequences method with broad applicability. We show that phase retrieval techniques can

be used to design pulse sequences for measuring any desired linear functional of S(ω). We

analyze the accuracy of the method and establish a rigorous error bound. We then show

a simple application of the method to learn 1-D chain representations of open quantum

systems.

• Chapter 3: “Compressed Sensing with Random Pulses” makes use of the framework de-

veloped in Chapter 2. We demonstrate the efficient reconstruction of sparse spectra us-
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ing a combination of random pulse sequences, and techniques from compressed sensing.

We further apply this method to realistic physical platforms, including quantum dots, and

commercially-available quantum information processors based on superconducting and

trapped ions qubits.

• Chapter 4: “Piecewise Linear Modeling and Rademacher Measurements” advances the

general random pulse sequences method in two complementary directions. We extend the

method to reconstructing piecewise-linear noise spectra. We also introduce a simplified

variant using Rademacher measuremtns, optimized for sparse spectra. We showcase the

efficiency of these improvements through numerical simulations on both idealized and re-

alistic physical systems.
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Chapter 2: Random Pulse Sequences

2.1 Introduction

Noise spectroscopy is an essential tool for understanding the behavior of a quantum sys-

tem coupled to an environment. It plays an important role in the experimental investigation of

quantum computation and quantum sensing, in physical systems such as superconducting qubits,

semiconductor quantum dots, and nitrogen-vacancy centers in diamond [7, 21, 51–55]. Typically,

noise spectroscopy consists of estimating the noise spectral density, S(ω), at many different fre-

quencies ω, using techniques such as relaxometry or dynamical decoupling [24, 56–60].

Dynamical decoupling (DD) pulse sequences have been studied for decades in the field of

nuclear magnetic resonance (NMR) to reduce the dephasing of spin ensembles [61, 62], and later

implemented in various quantum systems for noise spectroscopy [20–24]. The rotation π-pulses

incorporated in these sequences shape the filter function that probes the qubit’s environment in

the frequency domain. However, this requires the application of many pulse sequences to learn

S(ω) across the whole frequency domain, and is thus quite time-consuming. This problem is

exacerbated when one performs multi-qubit noise spectroscopy on systems with many qubits,

which are relevant to many promising applications of quantum technologies [59, 63].

In this chapter, we develop a different approach to performing noise spectroscopy, which

requires fewer resources, and relies on direct measurement of arbitrary linear functionals of the
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noise spectral density S(ω). This can be used to estimate physically-relevant properties of S(ω),

without needing to completely characterize S(ω). Some properties of S(ω) that can be measured

in this way include: the total noise strength, which can be used to detect changes in the environ-

ment of the qubit in real time; inner products between S(ω) and sinusoidal functions, which are

useful for compressed sensing of S(ω) (described later in this work).

Our approach applies π−pulses at random timings with carefully-chosen correlations (i.e.,

random pulse sequences). These random pulse sequences are generated using finite impulse

response (FIR) filters, in a way that is simple enough to be implemented in many experimental

setups. The design of these FIR filters relies on computational methods for phase retrieval,

which is the task of estimating a function, given measurements of the (squared) absolute value

of its Fourier transform [64]. Algorithms for phase retrieval have a long history of use for image

reconstruction in astronomy, crystallography and other fields. Our use of phase retrieval, for

sensing in the time and frequency domains, is relatively unusual.

The first main result of this chapter is to show that phase retrieval techniques can be used

to design FIR filters for measuring any desired linear functional of S(ω), subject to some mild

admissibility conditions. In addition, we show that the statistical fluctuations in these measure-

ments, due to the random choice of the pulse sequence, become small as one increases the number

of pulsesM . More precisely, we show that the magnitude of these fluctuations is of order 1/
√
M ,

relative to the expectation value of the measurement.

These results can be compared with other recent works on generating or simulating noise

with prescribed time-correlations that are much slower than the system dynamics [65–68]. Our

goal in this work is different, however: we use random pulse sequences to measure properties

of the noise generated by an unknown environment, rather than to simulate or model a source of
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noise that has already been characterized by some other kind of measurement.

We then demonstrate the use of the random pulse sequences method to learn 1-D chain

representations of open quantum systems [69], demonstrating their power to efficiently probe

open system dynamics.

2.2 Noise Model

Let us consider a single qubit (“the system”) coupled to a classical bath that leads to pure

dephasing of the qubit. The general Hamiltonian can be written as

Ĥ(t) = Ĥ0 + ĤV (t) = (Ω + V (t))σz, (2.1)

where Ĥ0 = Ωσz is the system Hamiltonian and ĤV (t) is the Hamiltonian associated with a

stochastic process V (t) that describes the noise caused by the bath. For example, V (t) can

represent a classical fluctuating variable, such as a magnetic field. For simplicity, here we assume

that V (t) is a Gaussian process with zero mean value

⟨V (t)⟩V = 0, (2.2)

where ⟨...⟩V stands for the average with respect to the ensemble of V (t). The Gaussian process

is determined by the auto-correlation

⟨V (t)V (t′)⟩V = g(t− t′). (2.3)
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In the frequency domain, the spectral density can be defined by the Fourier transform of the

auto-correlation,

S(ω) =

∫ +∞

−∞
e−iωtg(t)dt. (2.4)

The dynamics of a system coupled to a Gaussian bath can be entirely determined by the spectrum,

S(ω) [18, 70].

In this work, we make an additional assumption that the noise spectrum vanishes at fre-

quencies larger than a cutoff frequency ωc, that is, S(ω) = 0 when |ω| > ωc [9, 71]. This

frequency ωc is also referred as ‘ultraviolet cutoff’ for Ohmic spectra and many 1/f spectra [72,

73]. We assume that the experimentalist has access to sufficiently fast controls, to probe the noise

spectrum up to this cutoff frequency.

The methods for noise spectroscopy described in this work can also be extended to char-

acterize quantum environments, such as bosonic baths [74]. For example, in the spin-boson

model [10, 75, 76], the system qubit is weakly coupled with many harmonic oscillators. The bath

Hamiltonian and the coupling between system and bath can be written as

ĤB + ĤV =
∑
k

ωka
†
kak −

1

2

∑
k

(gkak + g∗ka
†
k)σz, (2.5)

where ĤB, ĤV are the bath and interacting Hamiltonian, ak(a
†
k) is the kth mode annihilation

(creation) operator of the bath, and gk is the coupling strength between kth mode and the qubit.

The sum over k can be approximated by the frequency integral

∑
k

|gk|2 ≈
∫ ∞

0

S(ω)dω, (2.6)
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where S(ω) is the spectral function of the bath. When the bath is in thermal equilibrium at inverse

temperature β, the noise spectrum can be calculated as

S(ω) =


πS(ω)(coth(βω/2) + 1), ω > 0,

πJ(−ω)(coth(−βω/2)− 1), ω < 0.

(2.7)

Unlike a classical bath, the spectrum S(ω)of the bosonic bath contains “classical parts” and

“quantum parts” [59],

S+(ω) = (S(ω) + S(−ω))/2,

S−(ω) = (S(ω)− S(−ω))/2.
(2.8)

The “quantum part,” S−(ω), is nonzero only when the bath is quantum. However, we are only

able to characterize the “classical parts” using the spectroscopy method we discussed in this

work, as the decay rate only depends on S+(ω),

χ(T ) =

∫ ∞

−∞

dω

2π
S+(ω)W (ω). (2.9)

This brings difficulty to fully characterize S(ω). For example, suppose we are interested in

measuring a linear functional I =
∫ ωc

−ωc
S(ω)T (ω)dω, where the target function T (ω) is not an

even function of ω. We may as well define the even and odd parts of T (ω) in the following way,

T+(ω) = (T (ω) + T (−ω))/2,

T−(ω) = (T (ω)− T (−ω))/2.
(2.10)

The noise spectroscopy method only allows us to probe I+ =
∫ ωc

−ωc
S+(ω)T+(ω)dω, while the
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information about the quantum part, I− =
∫ ωc

−ωc
S−(ω)T−(ω)dω, is missing. However, when the

bath is at thermal equilibrium, this difficulty can be circumvented by observing that

S−(ω) = S+(ω) tanh (βω/2). (2.11)

Thus, if we know the inverse temperature β, we can set up a new target function T ∗(ω) that is

always even on ω,

T ∗(ω) = T+(ω) + T−(ω) tanh (βω/2). (2.12)

Then, we can then use the random pulse method to measure the following linear functional

I∗ =

∫ ωc

−ωc

S(ω)T ∗(ω)dω

=

∫ ωc

−ωc

S+(ω)T+(ω)dω +

∫ ωc

−ωc

S+(ω)tanh(βω/2) · T−(ω)dω

=

∫ ωc

−ωc

S+(ω)T+(ω)dω +

∫ ωc

−ωc

S−(ω)T−(ω)dω

=

∫ ωc

−ωc

S(ω)T (ω)dω = I.

(2.13)

That is to say, we can fully characterize the spectrum of a quantum spin-boson model in thermal

equilibrium, provided we know the temperature of the bath.

2.3 Protocols for noise spectroscopy

As illustrated by Fig. 2.1, a general protocol for noise spectroscopy goes as follows: (1)

Prepare the system qubit in the |+⟩ = 1√
2
(|0⟩ + |1⟩) state using a Hadamard gate. (2) Apply a

sequence of π pulses, of total time duration T . (3) Rotate the qubit back with a Hadamard gate
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|0⟩ H Pulse Sequence H

Figure 2.1: A single-qubit noise spectroscopy experiment. The qubit is initialized in the |+⟩ state
by a Hadamard gate. Then, the qubit evolves under the application of the pulse sequence. Finally,
a measurement is performed in the σz basis after another Hadamard gate.

and measure its state in the σz basis. (4) Repeat (1)-(3) many times and estimate the probability,

P0(T ), to obtain the qubit in the |0⟩ state.

For a stochastic bath, P0(T ) yields an exponential decay, e−χ(T ), which only depends on

S(ω) and the pulse sequence [72, 77, 78],

P0(T ) =
1
2
(1 + e−χ(T )),

χ(T ) =

∫ ∞

−∞

dω

2π
S(ω)|f̃(ω)|2 =

∫ ∞

−∞

dω

2π
S(ω)W (ω),

(2.14)

where f(t) is the filter function corresponding to the pulse sequence (see Fig. 2.2), f̃(ω) is the

Fourier transform of the filter function, and the window function, W (ω), is defined as W (ω) =

|f̃(ω)|2. Note that f(t), f̃(ω) and W (ω) all depend implicitly on the total evolution time T .
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Figure 2.2: Top: An illustration of the CPMG pulse sequence withM = 4 instantaneous π-pulses
(blue rectangles) along the y axis. The time interval between each two pulses is τ = T/M . The
qubit freely evolves for a time of τ/2 before the first pulse and after the last one. Bottom: The
corresponding filter function, f(t), flips the sign every time a π-pulse is applied.

Target function
𝑇(𝜔)

Random 
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Generator

Averaged 
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Figure 2.3: Illustration of the random pulse sequence method. Given a target function, T (ω), a
random pulse generator can produce multiple pulse sequences. The blue spikes represent instan-
taneous π-pulses. The expectation value of the resulting window function, E(W (ω)), approxi-
mates T (ω). As a result, one can measure the linear functional

∫
S(ω)T (ω)dω by averaging the

outcome of each individual pulse sequence.
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2.3.1 Dynamical decoupling

Here we review the Carr-Purcell-Meiboom-Gill (CPMG) pulse sequence as the typical DD

method used for noise spectroscopy [19–23, 61, 79, 80]. The CPMG pulse sequence (illustrated

by Fig. 2.2) consists of M rotation π-pulses applied with time period τ (τ = T/M ). The window

function of this sequence equals

W (ω) =


32
ω2 sin

4(ωτ
4
) sin2(ωMτ

2
)/ cos2(ωτ

2
), for even M

32
ω2 sin

4(ωτ
4
) cos2(ωMτ

2
)/ cos2(ωτ

2
), for odd M.

(2.15)

When M is large, W (ω) can be approximated as a Dirac δ−function located at ω = π
2
τ . As

a result, the application of a CPMG sequence mainly probes the noise at a single frequency of

π
2
τ . However, the exact window functions in Eq. (2.15) deviate from Dirac δ−functions and

include higher harmonics. A commonly used technique to deal with deviations is the Alvarez-

Suter method [56, 81, 82], which applies a comb approximation to the window function when M

approaches infinity.

In this work, we apply a deconvolution procedure to correct for the deviations without any

assumption on M . This window function contains one major peak, at ω0 ≈ π
2
τ , and multiple

minor peaks at higher harmonics. The reconstructed spectrum S(ω) from the decoherence data

is a solution to the Fredholm type equation

χ(T ) =

∫ ∞

−∞

dω

2π
S(ω)W (ω). (2.16)

Since we assume that the spectrum decays to zero at high frequency, we can reconstruct the spec-
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trum from higher to lower frequencies by subtracting the effect of higher harmonics recursively

using the analytical form of W (ω) in Eq. (2.15).

The detailed algorithm goes in the following way: We first approximate the spectrum from

the main contribution of the decay exponent due to the major peak,

χ(T ) ≈
∫ ω+

ω−

dω

2π
S(ω)W (ω)

≈ S(ω0)

2π

∫ ω+

ω−

dωW (ω)

≈ S(ω0)

2π
Σ,

(2.17)

where Σ is the area under the major peak, defined as the integral ofW (ω) between the nearest two

local minima ω− and ω+ around ω0. Thus we get the first-order approximation of the spectrum,

S1(ω0) ≈
2πχ(T )

Σ
. (2.18)

We then apply different CPMG sequences to sample the spectrum at various frequencies.

We sort all sampled frequencies from highest to lowest, and label them as [ω1
0, ω

2
0, . . . , ω

max
0 ].

The corresponding window functions are labelled as [W 1(ω),W 2(ω), . . . ,Wmax(ω)]. Assuming

that the noise spectrum vanishes above the highest sampled frequency, ωmax, expression (2.18)

is exact such that S(ωmax
0 ) = S1(ω

max
0 ). Next we can iteratively calculate the spectrum from the

highest frequency downwards,

S(ωi
0) = S1(ω

i
0)−

∫ ∞

ωi
+

dω

2π
S∗(ω)W i(ω), (2.19)

where S∗(ω) takes the value of the previously (recursively) extracted spectrum at the sampled
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frequency closest to ω.

Another commonly applied reconstruction method for noise spectroscopy is the Alvarez-

Suter method [56], which requires the assumption of an infinite number of pulses to justify the

comb approximation. Compared to that, the decomposition method mentioned above utilize the

exact form of the window function, and in general works better for the spectra decaying to zero

at high frequency [21, 81, 82].

To fully decompose the spectrum then requires sweeping the free evolution time, τ (or

the number of pulses, M ). However, such probing across the whole frequency range involves

numerous measurements, which are not always necessary for extracting the significant features

of the noise.

2.4 Random pulse sequences

We propose an alternative method for noise spectroscopy based on random pulse sequences.

Rather than probing single frequencies like the CPMG method, our approach generates window

functions, W (ω), that approximate a desired spectral shape T (ω). The general idea is to design a

random pulse generator to produce a group of sequences, such that the expectation value of their

window function, E(W (ω)), can approximate the desired target function, T (ω), as illustrated

in Fig. 2.3. As a result, we can directly estimate the linear functional, I =
∫
S(ω)T (ω)dω.

This procedure is analogous to the generation of a stationary sequence [83], adapted for noise

spectroscopy.

The random pulse sequences are generated in the following way. The total experiment

time, T , is divided into M equal segments, such that T = Mτ . Rotation π-pulses are applied
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only at the end of particular segments determined by a random pulse generator. Specifically, we

generate a vector of random variables, U⃗ = (U1, . . . , UM) ∈ {1,−1}M , and a corresponding

random pulse sequence, such that:

1. Ui represents the value of the filter function, f(t), in the time segment t ∈ [(i− 1)τ, iτ ]. A

π-pulse is applied at time iτ if and only if Ui ̸= Ui+1.

2. The expectation value of any random variable is zero, i.e., E(Ui) = 0.

3. The covariance of two random variables, Ui, Uj , should only depend on the distance |j − i|,

i.e., it has the form E(UiUi+j) = R(j) (for j ≥ 1).

Random variables Ui satisfying these properties can be constructed by generating a se-

quence of independent Gaussian random variables N0, N1, N2, . . ., applying a finite impulse re-

sponse (FIR) filter with suitably chosen coefficients (a0, a1, . . . , aλ−1), and then applying the sign

function to obtain:

Ui = sign(
λ−1∑
j=0

ajNi+j), i = 0, 1, 2, . . . . (2.20)

Without loss of generality, we can extend the FIR coefficients to a normalized M dimensional

vector V⃗m = (0, 0, . . . , a0, a1, . . . , aλ−1, 0, . . . , 0) where a0 appears in position m, so that Um =

sign(V⃗mN⃗T ) and V⃗mV⃗ T
m = 1. Furthermore, the whole construction process can also be viewed

geometrically as a hyper-plane tessellation, see Fig. 2.4. V⃗m is the normal vector of a hyper-plane

in RM which divides the entire space into two regions. The value of Um is determined by whether

the random vector N⃗ lies within the corresponding region. The covariance R(k) between Um and
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Um+k (for k ≥ 1) can thus be calculated using the angle between different hyper-planes:

R(k) = E(Um+kUm)

= P (Um ̸= Um+k) · (−1) + P (Um = Um+k) · (+1)

=
arccos (

V⃗mV⃗ T
m+k

|V⃗m||V⃗m+k|
)

π
· (−1) +

(π − arccos (
V⃗mV⃗ T

m+k

|V⃗n||V⃗m+k|
)

π
· (+1)

=
2

π
arcsin (V⃗nV⃗

T
n+k) =

2

π
arcsin (

λ−1−k∑
i=0

aiai+k).

(2.21)

Figure 2.4: A geometric interpretation of how to generate the random pulse sequences, U⃗ , by
hyper-plane tessellation. The space is separated by hyper-planes with normal vectors indicated
by the FIR coefficients, V⃗m. Every time we generate a Gaussian random sequence N⃗ , we can
calculate U⃗ by checking which region N⃗ lies in after the tessellation. For example, if N⃗ lies in
the right upper corner of the hyper sphere we show, then Um = Un = 1. Since the elements
in N⃗ are independent Gaussian random variables, N⃗ is uniformly distributed over all directions.
Thus, the covariance between different Um can be calculated by the solid angles between these
hyper-planes.

Next, we can calculate the expectation value of the window function generated by the

random pulse sequences. Recall that the decay exponent equals

χU(T ) =
1

2π

∫ π/τ

π/τ

dωS(ω)W (ω), (2.22)
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with

WU(ω) =
∣∣∣f̃U(ω)∣∣∣2, (2.23)

f̃U(ω) =

∫ ∞

−∞
dtfU(t)e

iωt, (2.24)

fU(t) =


Um if t ∈ [(m− 1)τ,mτ), m ∈ {1, 2, . . . ,M},

0 otherwise.

(2.25)

Hence we have

W (ω) =
∣∣∣f̃U(ω)∣∣∣2

= τ 2 sinc2(ωτ
2
)
∣∣∣ M∑
m=1

Ume
iωmτ

∣∣∣2
= τ 2 sinc2(ωτ

2
)U⃗TA(ω)U⃗ ,

(2.26)

where we define the matrix A(ω) ∈ CM×M whose (m,m′) entry is

Am,m′(ω) = eiω(m−m′)τ . (2.27)

We can further define the matrix B(S) ∈ CM×M whose (m,m′) entry is

Bm,m′(S) = Ŝm−m′ ≡
∫ π/τ

−π/τ

dωS(ω) sinc2(ωτ
2
)Am,m′(ω) (2.28)

where Ŝm−m′ is equal to the (m−m′)’th coefficient of the Fourier series expansion of S(ω) sinc2(ωτ
2
).
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Thus we can write χU in the following form:

χU =
τ 2

2π
U⃗TB(S)U⃗ , (2.29)

Therefore, the expectation value of W (ω) is

E(W (ω)) = τ 2 sinc2(ωτ
2
)E(U⃗TA(ω)U⃗)

= τ 2 sinc2(ωτ
2
)
∑
m,m′

(E(UmUm′)Am,m′(ω))

=Mτ 2 sinc2(ωτ
2
)[1 + 2

λ∑
k=1

R(k) cos (kωτ)(1− k
M
)].

(2.30)

The expectation value of χU(T ) is

E(χU(T )) =
Mτ 2

2π

∫ ωc

−ωc

dωS(ω) sinc2(ωτ
2
)[1 + 2

λ∑
k=1

R(k) cos (kωτ)(1− k
M
)] (2.31)

In some cases, time-varying FIR filters may be used for improved computational efficiency

(see Appendix 2.8).

The above construction is related to the phase retrieval problem, in the following way.

We can see from Eq. (2.21) that the correlations R(k) in the random pulse sequence are related

to the autocorrelation function of the filter coefficients ai. One can interpret the ai as Fourier

coefficients of some periodic function on the real line:

b(m) =
λ−1∑
j=0

aje
−j 2πim

2λ−1 . (2.32)

Then the R(k) can be rewritten in terms of |b(m)|2, i.e., they encode information about the
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magnitudes, but not the complex phases, of the function b(m). This is analogous to a phase

retrieval problem.

Now, given some desired correlations R̃(k), let our goal be to choose filter coefficients ai

that will generate random variables Ui whose correlations R(k) approximately match the R̃(k).

We will do this using phase retrieval techniques, in the following way. We interpret the R̃(k)

as “noisy” measurements of |b(m)|2, where the “noise” is due to the fact that the desired corre-

lations R̃(k) may not be exactly realizable by a stochastic process of the form (2.20). We then

use algorithms for phase retrieval to learn a function b(m) such that |b(m)|2 is approximately

compatible with the desired correlations R̃(k). From b(m) we finally obtain the corresponding

filter coefficients ai.

Assuming that the R̃(k) satisfy some mild admissibility conditions, the above phase re-

trieval problem is guaranteed to have a feasible solution, due to the Fejér-Riesz theorem [84,

85]. In practice, solutions can be found using gradient descent methods, or the Gerchberg-Saxton

(GS) algorithm [64]. See section 2.5 for details.

2.5 Approximating a desired window function

Recall from Section 2.4 that our goal is to ensure that the averaged window function

E(W (ω)) approximates some prescribed target function T (ω). Note that the cosine functions

{cos(kωτ)} form an almost complete basis (the zeroth term excluded) in the region [−π
τ
, π
τ
].

Thus we take the following approach: we match the time interval between segments and the cut-

off frequency of the noise (i.e., setting τ = π
ωc

), and we adjust the random pulse generator (i.e.,

35



optimizing the filter coefficients (a0, a1, . . . , aλ−1)), so that

R(k) = M
π(M−k)

∫ ωc

−ωc

cT (ω) cos(kωτ)

sinc2(ωτ
2
)

dω (∀k = 1, . . . , λ), (2.33)

which implies

E(W (ω))
λ→∞−−−→Mτ 2[cT (ω) + (1− cT0) sinc

2(ωτ
2
)]. (2.34)

Here c is an adjustable parameter that ensures the positivity of W (ω), and T0 is a constant term

depending on T (ω),

T0 =
1
ωc

∫ ωc

−ωc

T (ω)

sinc2(ωτ
2
)
dω. (2.35)

Combining equations (2.21) and (2.33), we finally get an equation to generate the filter

coefficients:

λ−1−k∑
i=0

aiai+k = sin (
π

2
R(k)) = sin ( M

2(M−k)

∫ ωc

−ωc

cT (ω) cos(kωτ)

sinc2(ωτ
2
)

dω) (∀k = 1, . . . , λ).

(2.36)

Note that the left side of this equation can be seen as the autocorrelation of a sequence formed by

ai, so solving for the values of ai is equivalent to a 1-dimensional discrete phase retrieval problem

[64]. This can be solved by switching to the Fourier domain, as follows.

Define R(k) for all integers k, by defining R(0) = 1 and R(k) = R(−k). We define q(m)

to be a periodic function on the real line, with q(m) = q(m+2λ− 1), whose Fourier coefficients

are sin ( M
2(M−k)

∫ ωc

−ωc

cT (ω) cos(kωτ)

sinc2(
ωτ
2

)
dω):

q(m) =
λ−1∑

k=−(λ−1)

sin ( M
2(M−k)

∫ ωc

−ωc

cT (ω) cos(kωτ)

sinc2(ωτ
2
)

dω)e−k 2πim
2λ−1 . (2.37)
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Next, we define b(m) to be a periodic function on the real line, with b(m) = b(m + 2λ − 1), as

follows:

b(m) =
λ−1∑
j=0

aje
−j 2πim

2λ−1 (2.38)

Then equation (2.36) becomes:

q(m) = |b(m)|2, ∀m ∈ R. (2.39)

That is, given a function q(m) (which is defined by (2.37)), we want to solve for a function b(m)

that has the form (2.38). Note that m can take arbitrary real values.

When q(m) is non-negative, the existence of solutions to Eq. (2.39) can be guaranteed by

the well-known Fejér-Riesz theorem [84, 85]:

Theorem 1 (Fejér-Riesz) If

Y (eit) =
M∑

n=−M

y(n)e−int (2.40)

and assumes non-negative real values for all real t, then there is a polynomial

X(z) =
M∑
n=0

x(n)z−n (2.41)

such that

Y (eit) = |X(eit)|2. (2.42)

To use the Fejér-Riesz theorem, we need to guarantee the non-negativity of q(m) for all m.

We will do this by adjusting the value of c. For instance, we can always set c sufficiently small
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so that maxk ̸=0, |k|≤λ−1 | sin (π2R(k))| ≤
1

2λ−2
. Then we have

q(m) = 1 +
∑

k ̸=0, |k|≤λ−1

sin (
π

2
R(k))e−k 2πim

2λ−1

≥ 1 +
∑

k ̸=0, |k|≤λ−1

−| sin (π
2
R(k))| ≥ 0,

(2.43)

as desired. This proves the existence of a solution to Eq. (2.39), and thus Eq. (2.36), for any target

function T (ω).

In practice, we would like to set c as large as possible, and hence set max |R(k)| as large

as possible (not necessarily bounded by maxk ̸=0 | sin (π2R(k))| =
1

2λ−2
). That is to say, we want

to find:

copt = arg max c, subject to q(m) ≥ 0, ∀m ∈ R. (2.44)

An efficient and practical way to solve this problem is to relax these constraints, by restricting m

to lie in the set {0, 1, ..., 2λ− 2}, so that e−k 2πim
2λ−1 is uniformly distributed on the unit circle. Thus

we can easily maximize c subject to these constraints:

crelax = arg max c, subject to q(m) ≥ 0, ∀m ∈ {0, 1, ..., 2λ− 2}. (2.45)

Since copt is always smaller than crelax, we should set c to be slightly smaller than crelax. In practice,

this can be done by trial and error.

Finally, we can solve Eq. (2.39) to recover b(m), and thus obtain the ai. In practice, this
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can be done by solving the following nonlinear least-squares problem:

a⃗ = arg min
2λ−2∑
m=0

(q(m)− |b(m)|2)2, such that b(m) =
λ−1∑
j=0

aje
−j 2πim

2λ−1 , ∀m ∈ {0, 1, ..., 2λ− 2}.

(2.46)

This can be solved using gradient descent methods, or the Gerchberg-Saxton (GS) algorithm [64].

2.6 Measuring Linear Functionals of S(ω)

We now combine all of the above pieces, in order to show, given a target function T (ω),

how to construct the corresponding random pulse sequence that estimates the linear functional

I =
∫
S(ω)T (ω)dω.

The random pulse sequence produces a certain window function, W (ω), that probes the

noise. The expectation value of the window function over all the possible realizations of U⃗ yields

E(W (ω)) = Mτ2 sinc2(ωτ2 )[1 + 2

λ∑
k=1

R(k) cos (kωτ)(1− k
M )], (2.47)

where we define sincx = sinx
x

and λ is the cutoff distance of the correlation between random

variables, i.e., R(k) = 0 whenever k > λ.

Our goal is to ensure that E(W (ω)) approximates some prescribed target function T (ω).

Note that the cosine functions {cos(kωτ)} form an almost complete basis (the zeroth term ex-

cluded) in the region [−π
τ
, π
τ
]. Thus, we take the following approach: we match the time interval

between segments and the cutoff frequency of the noise (i.e., setting τ = π
ωc

), and we adjust the

random pulse generator (i.e., optimizing the filter coefficients (a0, a1, . . . , aλ−1), using techniques
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from phase retrieval, as explained in section 2.5), so that

R(k) = M
π(M−k)

∫ ωc

−ωc

cT (ω) cos(kωτ)

sinc2(ωτ
2
)

dω (k = 1, . . . , λ), (2.48)

which implies

E(W (ω))
λ→∞−−−→Mτ 2[cT (ω) + (1− cT0) sinc

2(ωτ
2
)]. (2.49)

In Eqs. (2.48) and (2.49), c is a parameter that “rescales” the target function T (ω), in order

to ensure that it can be approximated by a window functionW (ω) that is generated by a stochastic

process of the form (2.20). We show that a suitable value of the parameter c always exists, and

describe a heuristic way of setting the parameter c (see Appendix 2.5). Essentially, we want to

choose c as large as possible, subject to certain constraints (which can be easily checked). T0 is a

constant term depending on T (ω),

T0 =
1
ωc

∫ ωc

−ωc

T (ω)

sinc2(ωτ
2
)
dω. (2.50)

Here, we have constructed the random pulse sequence U⃗ so that R(k) is proportional to

the k-th coefficient of the Fourier series representation of T (ω)/ sinc2(ωτ
2
) (Eq. (2.48)). As such,

Eq. (2.49) is a good approximation for a finite λ, if R(k) converges to 0 as k → ∞. By plugging

Eq. (2.49) into Eq. (2.14), the expectation value of the decay exponent yields

E(χ) =
Mτ2

2π

∫ ωc

−ωc

[cT (ω)S(ω)dω + (1− cT0) sinc
2(ωτ2 )S(ω)dω]. (2.51)

Note that E(χ) grows linearly with the total evolution time T =Mτ , as expected.

From Eq. (2.51), we can extract the desired functional, I =
∫
S(ω)T (ω)dω, by subtracting
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the second term
∫
S(ω) sinc2(ωτ

2
)dω from E(χ). This term can be estimated by applying an

additional series of “base” random pulse sequences, for which U⃗ contains independent random

variables (that is, R(k) = 0 for all k > 0). The expectation value of the “base” sequence’s

window function is E(Wbase(ω)) = Mτ2

2π
sinc2(ωτ

2
), and the corresponding decay exponent is

E(χbase) = 1
2π

∫
S(ω)E(Wbase(ω)). This allows us to subtract the second term in Eq. (2.51).

Alternatively, one can set up a Ramsey experiment of time τ to measure the second term. The

cost for each method depends on experimental details. For example, ideally we want χ to be

of order 1. When τ is too small, χ might be too close to 0 for the Ramsey experiment, thus

increasing the number of measurements needed to reach certain accuracy.

Figure 4.1 illustrates the window functions generated by the random pulse protocol for a

target function of T1(ω) = sinc2 (ωτ
2
) cos (3ωτ). The value of E(Wbase) (dashed magenta line in

Fig. 2.5a) is subtracted from E(W (ω)) (dashed cyan line in Fig. 2.5a), to obtain T (ω) (dashed

cyan line in Fig. 2.5b).

The experimental estimation of the desired functional, Iexp, requires measuring the decay

exponent χexp, by generating N1 different random pulse sequences with each repeated N2 times,

as well as measuring the base decay exponent, χexp
base, by generating Nbase,1 different random pulse

sequences with each repeated Nbase,2 times (see section 2.7.3).

Note that we are free to choose larger values ofN1 andN2 in order to obtain better accuracy;

whereas our choices of T , M and τ are more constrained. In particular, T must be chosen so

that the decay exponent χ is of order 1 (so that it can be estimated from a small number of

experimental trials); τ is constrained by the capabilities of the experimental apparatus and its

control system; and M must satisfy T =Mτ .

For the specific target function T (ω) in Fig. 4.1, the application of random pulse sequences
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Figure 2.5: Illustration of the generation of the target function T (ω) =
sinc2 (ωπ/50) cos (3ωπ/25) by two groups of random pulses. In both plots, the dashed
lines represent exact expectation values. The solid lines represent simulated results of an
experimental realization considering 200 random pulse sequences with 250 segments, each
repeated 200 times. The shaded areas represent the ±1 standard deviation of these results.
(a) The dashed blue line (dashed red line) stands for the expectation value of the window
function, E(W (ω)) (of the base window function, E(Wbase(ω))), generated by T (ω), and the
solid cyan line (solid magenta line) is one corresponding simulation of the experimental result,
W exp(ω) (W exp

base(ω)). (b) The dashed blue line represents T (ω). The solid cyan line stands
for the extracted window function of the two averaged window functions in (a), calculated by
W ∗(ω) = [W exp(ω)− (1− cT0)W

exp
base(ω)]/c. Here c is set to be 1/3.
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with (M,N1, N2) = (M,Nbase,1, Nbase,2) = (200, 200, 50) (solid lines in Fig. 4.1) provides a

close estimation of the expectation values (dashed lines in Fig. 4.1).

2.7 Accuracy of the method

In this section, we will analyze the accuracy of the random pulse sequence method. Recall

that we need to estimate the desired linear functional, I =
∫
S(ω)T (ω)dω, from the expected

decay exponent E(χ) (Eq. (2.51)). The accuracy of the estimator thus depends on the error in the

decay exponent measured, χexp.

Theorem 2 For random pulse sequence experiments containingN1 different sequences with each

repeated N2 times, the accuracy of the measured decay exponent, χexp = χexp
U (T ), is upper

bounded by

|χexp
U (T )− E(χU(T ))| = O

(√
Var(χU(T ))√

N1

+
E(χU(T ))√

N1N2

)
, (2.52)

Var(χU(T )) ≤
(7λ̃2 + 10λ̃+ 1)Mτ 3

π
||S(ω) sinc2(ωτ

2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||2L2. (2.53)

Here λ̃ is a parameter that quantifies the correlations in the random pulse sequence, which is

defined precisely in Section 2.7.2. S(ω) is the noise spectrum, M is the total number of pulses, τ

is the time between pulses, and ⟨·⟩ denotes averaging over the frequency domain, i.e., ⟨f(ω)⟩ =

τ
2π

∫ π/τ

−π/τ
f(ω)dω.

The proof of this theorem goes in this way: we first upper-bound the variance of the decay

exponent, Var(χU(T )), for a given group of random pulse sequences. Then we describe the

method for estimating χU(T ) (i.e., computing χexp
U (T )) based on experimental data, and we derive

a bound on the error in χexp
U (T ).
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2.7.1 Variance of the decay exponent: the uncorrelated case

In this part we calculate the variance of the decay exponent. Using Eqs. (4.11) and (2.29),

the variance of χU(T ) is given by

Var(χU(T )) = E(χU(T )
2)− E(χU(T ))

2

=
τ 4

4π2

∑
ijkl

(E(UiUjUkUl)− E(UiUj)E(UkUl))Bi,j(S)Bk,l(S)
(2.54)

The fourth order term E(UiUjUkUl) is in general hard to evaluate. So let us first consider a spe-

cial case, where the Ui are completely independent. For this case, we will obtain the upper bound

(2.53) with λ̃ = 0.

This uncorrelated case is also referred in the main work as the base random pulse sequence.

Recall that the random variables of the base sequence are all independent with E(UiUj) = δij ,

such that

E(UiUjUkUl) = δij,kl + δik,jl + δil,kj − 2δi,j,k,l. (2.55)

Substitute it into Eq. (2.54). Combined with the fact that B(S) = B(S)T (S(ω) is an even

function of ω), we get

Var(χU(T )) =
τ 4

4π2
[2Tr(B(S)2)− 2

∑
i

Bi,i(S)
2]. (2.56)
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We can bound Tr(B(S)2) as follows, using Parseval’s theorem:

Tr(B(S)2) =
M∑

m,m′=1

|Bm,m′(S)|2

=
M∑

m=1

M−m∑
l=1−m

|Ŝl|2

≤M
∞∑

l=−∞

|Ŝl|2

=
2Mπ

τ

∫ π/τ

−π/τ

S2(ω) sinc4(ωτ
2
)dω

=
2Mπ

τ
||S(ω) sinc2(ωτ

2
)||2L2.

(2.57)

We then have an upper bound for the variance of the decay exponent:

Var(χU(T )) =
τ 4

4π2
(
4Mπ

τ
||S(ω) sinc2(ωτ

2
)||2L2 − 2M ||S(ω) sinc2(ωτ

2
)||2L1)

≤ Mτ 3

π
||S(ω) sinc2(ωτ

2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||2L2.

(2.58)

Interestingly, the variance of the measured decay rate is bounded by the difference between the

square of L2 norm and L1 norm of the function S(ω) sinc2(ωτ
2
). This can be seemed as the

deviation of S(ω) sinc2(ωτ
2
) from a constant function. When this function is exactly a constant

function in the frequency regime [−π/τ, π/τ ], Var(χU(T )) is precisely 0. At the opposite ex-

treme, if S(ω) sinc2(ωτ
2
) is a sparse signal with a single peak of width ∆ω, then Var(χU(T )) is

of order O( ωc

M∆ω
E2(χU(T ))).

2.7.2 Variance of the decay exponent: the general case

In this section, we will derive an upper bound on the variance of the decay exponent χU(T ),

in a more general case where E(UiUj) = R(j − i) for some arbitrary correlation coefficients
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R(1), R(2), R(3), . . .. For this purpose, we will define a parameter λ̃ that characterizes the struc-

ture of the correlations among the random variables Ui(i = 1, . . . ,M).

We will view Ui as a Markov random field. According to Section 2.4, Ui is defined by the

sign of jointly normal random variables: Ui = sign(V⃗iN⃗T ). We define a dependency graph G (on

vertices V = {1, . . . ,M}) based on the normal random variables V⃗iN⃗T , in which vertices i, j are

connected if E(V⃗iN⃗T V⃗jN⃗
T ) ̸= 0. It follows that V⃗iN⃗T form a Gaussian Markov random field

(GMRF) respect to G [86]:

1. For any i, j not equal or adjacent, V⃗iN⃗T ⊥⊥ V⃗jN⃗
T | V⃗V \{i,j}N⃗

T ,

2. For any i ∈ V and J ⊂ V not containing or adjacent to i, V⃗iN⃗T ⊥⊥ V⃗JN⃗
T | V⃗V \{i}∩JN⃗

T .

Applying the sign function does not introduce new dependencies that would alter the con-

ditional independence structure inherent in the original GMRF. That is to say,

1. For any i, j not equal or adjacent, V⃗iN⃗T ⊥⊥ V⃗jN⃗
T | sign(V⃗V \{i,j}N⃗

T ),

2. For any i ∈ V and J ⊂ V not containing or adjacent to i, V⃗iN⃗T ⊥⊥ V⃗JN⃗
T | sign(V⃗V \{i}∩JN⃗

T ).

Furthermore, since the sign function is symmetric on normal random variables with zero mean,

the marginal probability distributions of sign(V⃗iN⃗T ) and sign(V⃗jN⃗T ) are also conditionally in-

dependent for any i, j not equal or adjacent. For example,

P (sign(V⃗iN⃗T ) = 1, sign(V⃗jN⃗T ) = 1|sign(V⃗V \{i,j}N⃗
T ))

=P (V⃗iN⃗
T > 0, V⃗jN⃗

T > 0|sign(V⃗V \{i,j}N⃗
T ))

=P (V⃗jN⃗
T > 0|sign(V⃗V \{i,j}N⃗

T ))P (V⃗jN⃗
T > 0|sign(V⃗V \{i,j}N⃗

T ))

=P (sign(V⃗iN⃗T ) = 1|sign(V⃗V \{i,j}N⃗
T ))P (sign(V⃗jN⃗T ) = 1|sign(V⃗V \{i,j}N⃗

T )).

(2.59)
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Thus we have:

1. For any i, j not equal or adjacent, Ui ⊥⊥ Uj | UV \{i,j},

2. For any i ∈ V and J ⊂ V not containing or adjacent to i, Ui ⊥⊥ UJ | UV \{i}∩J .

So the Ui also form a Markov random field respect to the same dependency graph G. We then

define λ̃ as the maximum degree of G, which equals 2 times the number of nonzero R(K)s.

Next, we can use Eq. (2.54) to write the variance of χU(T ) as:

4π2

τ 4
Var(χU(T )) =

∑
ijkl

ΛijklBij(S)Bkl(S),

where we define

Λijkl = E(UiUjUkUl)− E(UiUj)E(UkUl).

Note that U2
i = 1. Hence, whenever i = j or k = l, we have Λijkl = 0. Thus we can write:

4π2

τ 4
Var(χU(T )) =

∑
i̸=j,k ̸=l

ΛijklBij(S)Bkl(S). (2.60)

Now consider any (i, j, k, l) ∈ {1, ...,M}4 such that i ̸= j and k ̸= l. Then (i, j, k, l) must

belong to one of the cases described below. For each of these cases, we will upper-bound the

corresponding contribution to the sum in Eq. (2.60):

• Case 1: {i, j} = {k, l}. Then we have the following upper bound:

∑
(i,j,k,l) in case 1

ΛijklBij(S)Bkl(S) ≤ 2
∑
i̸=j

|Bij(S)|2 ≤ 2M
∑
ℓ̸=0

∣∣∣Ŝℓ

∣∣∣2,
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where we used the fact that Λijij = Λijji = 1−E(UiUj)
2 ≤ 1, and the definition of Bij(S)

in Eq. (4.11).

• Case 2: |{i, j} ∩ {k, l}| = 1. Without loss of generality, suppose that j = k. Then we have

Λijkl = Λijjl = E(UiUl)− E(UiUj)E(UjUl). Now let H be the induced subgraph of G on

the set of vertices {i, j, l}. H belongs to one of the following cases:

– Case 2(a): H has no edges, i.e., all three vertices in H are isolated. This implies that

Λijjl = 0, and thus does not contribute to the above sum.

– Case 2(b): H consists of two connected components. This implies that one of the

vertices in H is isolated (has no edges). If the isolated vertex is i or l, then Λijjl = 0,

and thus does not contribute to the above sum. If the isolated vertex is j, then Λijjl =

E(UiUl) ≤ 1, and i and l are connected by an edge in H . Then we have the following

upper bound:

∑
(i,j,j,l) in case 2(b)

ΛijjlBij(S)Bjl(S)

≤ 1
2

∑
(i,j,j,l) in case 2(b) s.t. i∼l in H

|Bij(S)|2 + |Bjl(S)|2

≤ 1
2
λ̃
∑
i̸=j

|Bij(S)|2 + 1
2
λ̃
∑
j ̸=l

|Bjl(S)|2 ≤ λ̃M
∑
ℓ̸=0

∣∣∣Ŝℓ

∣∣∣2,
where we used the arithmetic-geometric mean inequality, and the fact that for any

choice of i, there are at most λ̃ choices of l that contribute to the sum, and vice versa.

– Case 2(c): H consists of a single connected component. Note that Λijjl ≤ 2. Using a
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similar argument as in case 2(b), we have the following upper bound:

∑
(i,j,j,l) in case 2(c)

ΛijjlBij(S)Bjl(S)

≤
∑

(i,j,j,l) in case 2(c) s.t. H is connected

|Bij(S)|2 + |Bjl(S)|2

≤ 2λ̃
∑
i̸=j

|Bij(S)|2 + 2λ̃
∑
j ̸=l

|Bjl(S)|2 ≤ 4λ̃M
∑
ℓ̸=0

∣∣∣Ŝℓ

∣∣∣2,
where we used the fact that for any choices of i and j (respectively j and l), there are

at most 2λ̃ choices of l (respectively i) that contribute to the sum.

• Case 3: {i, j} ∩ {k, l} = ∅. Let H be the induced subgraph of G on the set of vertices

{i, j, k, l}. H belongs to one of the following cases:

– Case 3(a): There exists at least one vertex in H has no edges, i.e., it is isolated (dis-

connected) from all of the other vertices. Without loss of generality, let this be vertex

i. This implies that

Λijkl = E(Ui)E(UjUkUl)− E(Ui)E(Uj)E(UkUl) = 0,

and thus does not contribute to the above sum.

– Case 3(b): H consists of two edges (i, j) and (k, l). This implies that

Λijkl = E(UiUj)E(UkUl)− E(UiUj)E(UkUl) = 0,

and thus does not contribute to the above sum.
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– Case 3(c): H consists of two edges (i, k) and (j, l). Then we have the following

upper-bound:

∑
(i,j,k,l) in case 3(c)

ΛijklBij(S)Bkl(S)

≤ 1
2

∑
(i,j,k,l) in case 3(c) s.t. i∼k,j∼l in H

|Bij(S)|2 + |Bkl(S)|2

≤ 1
2
λ̃2

∑
i̸=j

|Bij(S)|2 + 1
2
λ̃2

∑
k ̸=l

|Bkl(S)|2 ≤ λ̃2M
∑
ℓ̸=0

∣∣∣Ŝℓ

∣∣∣2,
where we used the fact that for any choices of i and j (respectively k and l), there are

at most λ̃2 choices of k and l (respectively i and j) that contribute to the sum.

– Case 3(d): H consists of two edges (i, l) and (j, k). For this case, we have the same

upper-bound as for case 3(c).

– Case 3(e): H consists of a single connected component. Note that Λijkl ≤ 2. Then

we have the following upper bound:

∑
(i,j,k,l) in case 3(e)

ΛijklBij(S)Bjl(S)

≤
∑

(i,j,k,l) in case 3(e) s.t. H is connected

|Bij(S)|2 + |Bjl(S)|2

≤ 6λ̃2
∑
i̸=j

|Bij(S)|2 + 6λ̃2
∑
j ̸=l

|Bjl(S)|2 ≤ 12λ̃2M
∑
ℓ̸=0

∣∣∣Ŝℓ

∣∣∣2,
where we used the fact that for any choices of i and j (respectively k and l), there are

at most (2λ̃)(3λ̃) choices of k and l (respectively i and j) that contribute to the sum.

Combining the above results, and using Parseval’s identity, we get the following upper
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bound on the variance of χU(T ):

Var(χU(T )) ≤
(7λ̃2 + 10λ̃+ 1)Mτ 3

π
||S(ω) sinc2(ωτ

2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||2L2. (2.61)

Note that the bound in Eq. (2.61) also holds for previous cases in Eq. (2.58) and Eq. (2.82) when

one sets λ̃ = 0 and λ̃ = 1, respectively.

2.7.3 Experimental estimation of the decay exponent

In order to estimate the χU(T ) accurately, we need to set the parameters τ and M appro-

priately, perform multiple runs of the experiment (using different pulse sequences), and average

the results. Here, we describe how to do this.

First, we choose the period τ of the random pulse sequences. We assume that we are given

some high-frequency cutoff ωc, such that S(ω) is supported inside the interval [−ωc, ωc].

Next, we choose the length M of the random pulse sequences. Our goal is to ensure that

χU(T ) is of order 1, so that it can be accurately estimated by observing events that occur with

probability P0(U⃗) =
1
2
(1 + e−χU (T )). Based on equation (2.34), we know that χU(T ) is linearly

dependent on M . Here, we assume that we are given an initial guess for χU(T ) (call it χg) that

has the correct order of magnitude. We then use χg to choose the value of M .

To be concrete, let us assume that χg lies within the range

χU(T )

10
≤ χg ≤ 10χU(T ). (2.62)
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Then we set

M =

⌈
2π

τ 2χg

⌉
. (2.63)

The actual value of χU(T ) will fluctuate around its expectation, but these fluctuations will less

than 1 with high probability, as shown later by equation (2.68).

Let us fix two parameters N1 and N2. We then choose N1 random pulse sequences (let

us call them U⃗ (j), for j = 1, . . . , N1). For each pulse sequence U⃗ (j), we run N2 trials of the

experiment, and obtain measurement outcomes

Xjk =


1 if we observe |0⟩

−1 if we observe |1⟩,

(2.64)

for k = 1, . . . , N2. Note that Xjk has expectation value E(Xjk | U⃗ (j)) = exp
(
−χUj

(T )
)
. This

motivates us to define an estimator χ as follows:

Yj =
1

N2

N2∑
k=1

Xjk, (2.65)

Zj = − log Yj, (2.66)

χexp =
1

N1

N1∑
j=1

Zj. (2.67)

2.7.4 Accuracy of the estimator

At last, we can combine the previous results and derive a bound for χexp. Recall that the

variance of χU is bounded by Eq. (2.61). Using Chebyshev’s inequality plus a union bound, we
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can prove that for all j over U⃗ (j),

P (|χUj
(T )−E(χ)| > N1

√
(7λ̃2 + 10λ̃+ 1)Mτ 3

π
||S(ω) sinc2(ωτ

2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||L2) ≤

1

N1

.

(2.68)

Since E(χ) scales linearly with M , χUj
(T ) is quite concentrated when M is large. Following a

Bernstein-type inequality for sub-exponential random variables [37], we obtain

1

N1

N1∑
j=1

χUj
(T ) ≈ E(χU(T ))±

√
(7λ̃2 + 10λ̃+ 1)Mτ 3

π

||S(ω) sinc2(ωτ
2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||L2√

N1

.

(2.69)

Conditioned on choices of the U⃗ (j) that satisfy the above properties, we will now consider

the probabilities over Xjk, which are independent Bernoulli random variables. According to

Hoeffding’s inequality,

P (|Yj − exp
(
−χUj

(T )
)
| ≥ t) ≤ 2 exp

(
−N2t

2

2

)
. (2.70)

So Yj has a binomial distribution with exponentially-decaying tails, centered around exp
(
−χUj

(T )
)
,

with standard deviation O(exp
(
−χUj

(T )
)
/
√
N2). The random variable Zj takes the negative

logarithm of Yj , which also has exponentially-decaying tails centered around χUj
(T ) and with

standard deviation O(χUj
(T )/

√
N2). This holds because we are in the regime where the log

function does not blow up too badly, because of (2.68). Then with high probability,

χexp ≈ 1

N1

N1∑
j=1

χUj
(T )±

O(χUj
(T ))

√
N1N2

. (2.71)

This follows from a Bernstein-type inequality for sub-exponential random variables [37].
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Now combining (2.69) and (2.71), we can see that

χexp ≈ E(χ)±

√
(7λ̃2 + 10λ̃+ 1)Mτ 3

π

||S(ω) sinc2(ωτ
2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||L2√

N1

±O(
E(χ)√
N1N2

).

(2.72)

Note that there are two error terms. Increasing N1 causes both error terms to decrease, increasing

N2 only helps with the second error term. Thus the best strategy is to make N1 large, and keep

N2 as small as possible.

But how small can we choose N2? If N2 is too small, we have problems: Yj can be close

to zero, which causes the log function to blow up when computing Zj . To avoid these problems,

we need to make sure that 1/
√
N2 ≤ O(exp

(
−χUj

)
), or equivalently, N2 ≥ Ω(exp

(
2χUj

)
).

Although we don’t know the value of χUj
a priori, we can set N2 adaptively to get close

to this bound. For most choices of U⃗ (j), χUj
is at most some constant, hence setting N2 to be a

constant should be good enough. However, since we are using N1 random pulse sequences (U⃗ (j),

for j = 1, . . . , N1), we expect there could be a few U⃗ (j) where χUj
could be as large as equation

(2.68). For those U⃗ (j), we could obtain a large estimation for χUj
and increase N2 accordingly.

Another way to get rid of the problem with large χUj
is to use the median of means method

[87, 88]. We can construct K independent sets of size N1. For each individual set, we do the

same experiment as we discussed before and get an estimation for the decay rate. We then find

the median of their values. It is guaranteed that for K independent sets of size N1 = 34Z/ϵ2

suffice to construct a median of mean estimator χexp
median that obeys

Pr(|χexp
median − E(X)| ≥ ϵ) ≤ 2e−K/2, (2.73)
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where Z = (7λ̃2+10λ̃+1)Mτ3

π
||S(ω) sinc2(ωτ

2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||2L2.

Combine all of the above pieces, the accuracy of the experimental estimation of the desired

functional, Iexp, depends on the accuracies of the experimentally measured decay exponents,

which are also yielded by the method to generate random pulses. This accuracy can be bounded

in the following way:

Var(χ) ≤ (7λ̃2 + 10λ̃+ 1)Mτ3

π
||S(ω) sinc2(ωτ2 )

−⟨S(ω) sinc2(ωτ2 )⟩||2L2,
(2.74)

|χexp − E(χ)| = O

(√
Var(χ)√
N1

+
E(χ)√
N1N2

)
. (2.75)

Here Var(χ) is the variance of the decay rate χ with respect to the choice of the random pulse

sequence. λ̃ denotes twice the number of nonzero R(k)s, and can be interpreted as an upper

bound on the complexity of the correlations among the random pulses. ⟨·⟩ denotes averaging

over the frequency domain, i.e., ⟨f(ω)⟩ = τ
2π

∫ π/τ

−π/τ
f(ω)dω. Finally, a bound similar to Eq. (2.75)

holds for |χexp
base − E(χbase)| with E(Wbase(ω)) =Mτ 2 sinc2(ωτ

2
).

One interesting consequence of Eq. (2.74) is that, as the number of pulses M grows large,

Var(χ) scales roughly linearly with M . This implies that the fluctuations in χ are small (of order

1/
√
M ) relative to the expectation value of χ:

√
Var(χ)

E(χ)
∝ λ̃√

M
. (2.76)

Intuitively, the M random pulses behave as if they were independent, up to a correction factor

that depends on λ̃ (but not on M ). This intuition is made precise in the proof of Eq. (2.74), by

modeling the random variables Ui as a Markov random field with some correlation graph G, and

observing that λ̃ is related to the maximum degree of G. (See section 2.7.2.)
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Equation (2.74) also depends on the squared L2 norm of S(ω) sinc2(ωτ
2
) minus its average

value. This can be viewed as a measure of the smoothness of S(ω) sinc2(ωτ
2
). This is consistent

with what one might intuitively expect, when applying a random pulse sequence that samples

the noise at many different frequencies simultaneously: when S(ω) sinc2(ωτ
2
) is roughly constant

on all frequencies, the fluctuations in χ should be small; but when S(ω) sinc2(ωτ
2
) consists of

isolated peaks, the fluctuations in χ can be large.

When performing noise spectroscopy on a real physical system, one needs a way to estimate

the right hand side of Eq. (2.74), using physical parameters of the environment that may be

known a priori. This can be done by using Holder’s inequality ∥A∥2L2 ≤ ∥A∥L1∥A∥L∞, and then

plugging in upper bounds on the total noise strength, and the maximum noise strength at any

single frequency. These bounds can come from knowledge of physical interactions and energy

scales in the system.

Finally, Eq. (2.75) suggests a simple strategy for minimizing the error in the measured

decay exponent χexp: make N1 large, while keeping N2 as small as possible. One interesting

possibility is to set N2 = 1, so that each run of the experiment uses an independently-sampled

random pulse sequence. This approach bears some resemblance to fully randomized benchmark-

ing [89].

Setting N2 = 1 causes difficulties with the statistical estimation of the decay exponent

for each random pulse sequence, because there is no averaging to smooth out the shot noise.

Nonetheless it is still possible to obtain crude statistical estimates in this situation (see Appendix

2.7.4). This approach is suitable for experimental setups where the random pulse sequence can be

generated in real time, using a field programmable gate array (FPGA) or fast programmable logic.

One advantage of this approach is that it removes the need to store the random pulse sequence in
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computer memory.

2.8 Alternative generator

The general method is powerful since it can be used to approximate arbitrary target func-

tions, T (ω), using the average window function of the pulse sequences. However, in some spe-

cial cases where the form of T (ω) is restricted, we can utilize other simplified but efficient pulse

generators. For example, in the compressed sensing case, we want to generate random pulse

sequences where only one of the covariances R(k) (k ̸= 0) is nonzero, i.e., there exists some

k′ ≥ 1 such that, for all k ≥ 1, R(k) has the form R(k) = δkk′R(k
′). An alternative generator

can be used for this particular job with a simpler structure and fewer hardware memories.

Using the terminology of the previous section, this alternative method is equivalent to using

a time-varying FIR filter. The resulting covariances E(UiUi+k) depend on both the time i and the

time-difference k; but if one averages over i, one obtains the desired covariance R(k). This kind

of averaging occurs naturally in experiments, whenever the bath dynamics are time-independent.

The idea of this alternative method is to create correlated pairs. As shown in Fig. 2.6,

the chain of circles represents the random pulse sequence, labelled by the random variables

U⃗ = (U1, U2, ..., UM) ∈ {1,−1}M . The sequence of random variables is split into indepen-

dent segments with length 2k′, indicated by the red dashed lines, so that the random variables

from different segments are independent. Each segment is further divided into two halves (“left”

and “right”) by the green dashed lines. The variables on the left side of the segments are chosen

uniformly random from {−1, 1}. We then choose some r in the range [−1/2, 1/2]. For every

variable on the right side, one can always find a corresponding variable in the left side, such that
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Ui Ui+k’-1Ui+1 Ui+k’ Ui+k’+1 Ui+2k’-1

2R(k’)

Ui+2k’

Figure 2.6: An illustration to generate the random pulses with only one nonzero R(k) (corre-
sponding to k = k′) using the alternative generator. The black circles represent the random pulse
sequence, labelled with random variables U⃗ . The red dashed lines split the pulse sequence to
individual segments with length 2k′. The green dashed line further divides the segments into two
halves (“left” and “right”). The random variables on the left side are correlated with correspond-
ing ones on the right side, indicated by the blue lines. The distance between the correlated pairs
is always k′, and the covariance is 2R(k′).
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the distance between them is k′. We denote the left and right variables in the pair as Ui and Ui+k′ .

Conditioned on Ui, Ui+k′ is generated according to the following probability distribution:

P (Ui+k′ = u|Ui = u) = 1/2 + r,

P (Ui+k′ = −u|Ui = u) = 1/2− r,

(2.77)

for all u ∈ {1,−1}. As a result, the covariance between Ui and Ui+k′ is 2r.

We assume that M is divisible by 2k′, and the pulse sequence starts with a complete seg-

ment. When one averages over all choices of i (including those values of i where i+k′ no longer

lies in the same segment as i), the averaged covariance between Ui and Ui+k′ is

R(k) = δkk′ Ei(UiUi+k′)

= δkk′
2r ·M/2

M − k′

= δkk′
M

M − k′
r.

(2.78)

Assuming k′ ≪M , and substituting the result into Eq. (2.30), we have

E(W (ω)) =Mτ 2 sinc2(ωτ
2
)[1 + 2r cos (k′ωτ)]. (2.79)

In the compressed sensing scenario, we can simply set r = 1/2, which means that the paired

variables take the same value. The expectation value of the window function is thus

E(W (ω)) =Mτ 2 sinc2(ωτ
2
)[1 + cos (k′ωτ)], (2.80)

which is perfect for compressed sensing (see Section 3). Compared to the general method, this
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alternative method has a much simpler structure. In addition, those independent segments can

be generated in parallel. This may be advantageous in the NISQ era where the hybrid quantum

systems have limited memory resources.

The variance of this alternative method can be calculated easily. It can be considered as

simplified version of the general one described in section 2.7.2, where the dependency graph G

is of degree 1, i.e., λ̃ = 1. Similar to the general model, we have

4π2

τ 4
Var(χU(T )) =

∑
i̸=j,k ̸=l

ΛijklBij(S)Bkl(S). (2.81)

The remaining cases of (i, j, k, l) that have a nonzero contribution to the sum are: Case 1, Case

2(b), Case 3(c) and Case 3(d). It can be calculated that

Var(χU(T )) ≤
4Mτ 3

π
||S(ω) sinc2(ωτ

2
)− ⟨S(ω) sinc2(ωτ

2
)⟩||2L2. (2.82)

2.9 Applications to 1-D Chain Mapping of Open Quantum Systems

In this section, we illustrate a direct application of random pulse sequences to efficient

simulation of the short-time dynamics of an open quantum system, using the 1-D chain mapping

technique [69]. Instead of trying to learn a complete description of the environment, we can

use random pulses to extract just a few parameters that capture how the environment affects the

qubit over short times. Those parameters let us replace the complicated bath with a simple one-

dimensional chain model, whose first links encode the most important features. We then simulate

the qubit interacting with this chain, using efficient numerical methods such as DMRG (density
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matrix renormalization group). We find that even with only a handful of calibrated parameters,

the predicted dynamics closely track the exact result.

First, we briefly review the 1-D chain mapping technique [69]. In the spin-boson model,

the bath can be described by infinite number of bosonic modes, with the total Hamiltonian given

by

H = Hsystem +Hbath + Vint = Hsystem +

∫ xmax

xmin

dxg(x)a†xax +

∫ xmax

xmin

dxh(x)Â(ax + a†x) (2.83)

where x is some continuous real variable, g(x) represents the dispersion relation of the bath fre-

quency to x, Â is some operator on the system and h(x) represents the coupling strength between

the system and each mode. The spectral density is given by S(ω) = πh2(g−1(ω))|dg
−1(ω)
dω

|, which

fully determines the dynamics induced in this open quantum system (OQS). This gives us free-

dom to choose the variable x as well as g(x) and h(x), as long as S(ω) does not change. Thus,

by setting g(x) = gx, Eq. (2.83) can be written in a 1-D chain form as

H = Hsystem +H ′
bath + V ′

= Hsystem + g
∞∑
n=0

(
√
βn+1b

†
nbn+1 +

√
βn+1b

†
n+1bn + αnb

†
nbn) + ||π0||Â(b0 + b†0)

(2.84)

where bn are the transformed bosonic operators with b†n =
∫ xmax

xmin
dxUn(x)a

†
x. The unitary operator

Un(x) can be written in the form of a polynomial as Un(x) = h(x)πn(x)
||πn|| . The coefficients αn, βn

together with πn are defined recursively,

πn+1 = (x− αn)πn − βnπn−1, π0 = 1, π1 = x− ⟨x⟩

αn =
⟨xπn, πn⟩
⟨πn, πn⟩

, βn =
⟨πn, πn⟩

⟨πn−1, πn−1⟩

(2.85)
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where ⟨·⟩ represents the integral with respect to the measure
∫ 1

0
· dxS(ωcx)/||S||, normalized so

that ⟨1⟩ = 1, and ωc is the cutoff frequency. This recurrence procedure is known as “Stieltjes’s

procedure” [90].

Note that ⟨x⟩ can be seen as the 1st order moment of S(ωcx)/||S||. We can rewrite the

coefficients in terms of central moments, µi = ⟨(x− ⟨x⟩)i⟩ for i ̸= 1, where µ1 is defined as the

moment ⟨x⟩. For example,

π0 = 1, α0 = µ1, β0 = 1,

π1 = x− µ1, α1 = µ1 +
µ3

µ2

, β1 = µ2,

π2 = (x− µ1)
2 − µ3

µ2

(x− µ1)− µ2,

α2 = µ1 +
µ5 − 2µ3

µ2
µ4 + (

µ2
3

µ2
2
− 2µ2)µ3 + 2µ3µ2 + µ2

2

µ4 − µ2
3

µ2
− µ2

2

,

β2 = µ4 −
µ2
3

µ2
2

− µ2.

(2.86)

So the first few parameters can be characterized without knowing the whole spectrum if we can

measure the first few central moments. This can be done, by a straightforward application of the

random pulse sequences method developed in this chapter.

Usually, the noise spectrum of a physical bath belongs to the Szego class and the parameters

will quickly converge (αn → 1/2,
√
βn → 1/4). Thus, the short time dynamics of the spin system

is determined by those central moments, which we can measure efficiently using the random pulse

sequence method.
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2.9.1 Numerical example

We start with a simple bath S(ω) = λωθ(ωc − ω), where θ(·) denotes the Heaviside step

function. This is a special case of a power law, with a high-frequency cutoff ωc [69]. Its exact

chain-mapping parameters can be calculated using the shifted-Jacobi polynomials,

αn =
1

2
(1 +

1

(1 + 2n)(3 + 2n)
),

√
βn =

(1 + n)

2(3 + 2n)

√
2 + n

1 + n
.

(2.87)

The system Hamiltonian and the coupling term are set to be

Hsystem = Eσz, Â = (I + σ4)/4 (2.88)

We initialize a chain with a truncation length of 60, then apply time-dependent DMRG (t-DMRG)

[91, 92] to simulate the coherence of the qubit over time. In Fig. 2.7, the purple line represents

the result we get using the exact chain-mapping parameters.

In contrast, we can also initialize a homogeneous chain in which all the parameters are

set to be constants (αn = 1/2,
√
βn = 1/4 for all n), with only the first m parameters mea-

sured by the random pulse sequences method, and simulate the dynamics of those approximately-

reconstructed chains using t-DMRG. Different colors in Fig. 2.7 represents the results of different

numbers of parameters being measured. The simulated dynamics of the qubit rapidly converge

to the exact case as m increases.
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Figure 2.7: The t-DMRG simulation of the coherence of the qubit over time using the 1-D chain
mapping technique, with m parameters measured by the random pulse sequences method. The
purple line represents the t-DMRG simulation of the exact analytical chain, while other colors
stand for the approximately-reconstructed chains with only m parameters measured by the ran-
dom pulse sequences method.
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Chapter 3: Compressed Sensing with Random Pulses

In chapter 2, we developed a general framework that has many possible applications. In this

chapter, we apply that framework to demonstrate the efficient reconstruction of sparse noise spec-

tra S(ω), using a combination of the random pulse sequences described above, and techniques

from compressed sensing [31, 93]. This method is reminiscent of compressed sensing techniques

used in NMR, though the domain where we apply these techiques (noise spectroscopy) is quite

different [94, 95]. This method requires measurements of only O(s log n) linear functionals of

S(ω), where s is the sparsity and n is the number of grid points in the frequency domain.

For a realistic physical system that has a sparse noise spectrum, self-assembled quantum

dots [80, 96], numerical simulations show that this method can achieve an order of magnitude

speedup, compared to conventional dynamical decoupling sequences. In addition, proof-of-

concept demonstrations on commercially-available quantum information processors, using su-

perconducting qubits and trapped ions, and synthetically generated noise with correlations that

are much slower than the system dynamics [67, 68], show the practical feasibility of this ap-

proach.
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3.1 Theory

A promising application of the random pulse method is the compressed sensing (CS) [31,

93] of sparse noise spectra. Let us approximate a noise spectrum by a function on a discrete set

of N “grid points” in the frequency domain (call this subset GN ). We say the noise spectrum

is s-sparse if it is nonzero at (at most) s points in GN . As we show below, our method can use

O(s logN) sets of random pulses to fully reconstruct an s-sparse spectrum, ideally providing an

exponential speedup compared to O(N) sets of experiments required by the CPMG protocol.

The main idea of the CS method is to choose a random set of Fourier basis functions,

and then generate random pulse sequences whose window functions approximate these Fourier

basis functions, in order to probe the noise spectrum. More precisely, we choose m random

Fourier functions with frequencies k1, . . . , km. For each a ∈ {1, . . . ,m}, we define target func-

tions Tka(ω) = cos(kaωτ) sinc
2(ωτ

2
), and we generate random pulse sequences with R(j) =

M
2(M−ka)

δ(j − ka). Using equations (2.47) and (2.49), these random pulse sequences have decay

exponents χka that satisfy

E(χka − χbase) =Mτ 2
∫ ωc

−ωc

S(ω) sinc2(ωτ
2
) cos(kaωτ)dω. (3.1)

We view this as a compressed sensing measurement of the function S(ω) sinc2(ωτ
2
), from which

we can readily extract the noise spectrum S(ω). Note that S(ω) sinc2(ωτ
2
) has the same sparsity

as S(ω), since sinc2(ωτ
2
) varies mildly between 4

π2 and 1, when ω is in the interval [−π
τ
, π
τ
]. By

the same token, estimating S(ω) sinc2(ωτ
2
) is equivalent to estimating S(ω), up to a small loss of

precision.
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According to the CS theory [31, 93], the discretized spectrum S∗ : GN → R (where GN

is the set of grid points) can be recovered by solving a convex optimization problem. Given

experimental measurements of χexp
ka

(a = 1, . . . ,m) and χexp
base, one can solve:

min
S∗:GN→R

||S∗(ω) sinc2(ωτ
2
)||L1 , subject to

m∑
a=1

∣∣∣χexp
ka

− χexp
base − 2ωcMτ2

N |GN |

∑
ω∈GN

S∗(ω) sinc2(ωτ
2
) cos(kaωτ)

∣∣∣2 ≤ ϵ.

(3.2)

Here, ϵ is chosen by the experimenter to allow for noise in the measurements of χexp
ka

and χexp
base.

The solution S∗(ω) to Eq. (4.4) is an accurate approximation of (the discretized approximation

of) S(ω), when the number of generated Fourier functions satisfies m ≥ Ω(s logN). Rigorous

error bounds for S∗(ω) can be derived using standard techniques from compressed sensing theory

[93].

In practice, one may have prior information about the range of frequencies [f1, f2] where

noise will occur. In the above discussion, we have considered the special case where f1 = 0.

However, one can easily extend our method to the case where f1 > 0, in the following way:

First, one constructs random pulse sequences whose window functions are sinusoidal functions

with wavelengths (f2 − f1)/k, for randomly chosen integers k ∈ {1, 2, 3, . . .}. Then, when

solving for the noise spectrum S(ω), one imposes constraints that specify the values of S(ω)

for ω ∈ [0, f1]. Compressed sensing then works in the same way described above. When the

range [f1, f2] is large, compressed sensing is expected to outperform conventional CPMG pulse

sequences.
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3.2 Numerical Examples

Fig. 3.1a presents a numerical simulation of the CS method on an ideal sparse spectrum.

The solid blue line represents a 2-sparse spectrum with N = 250 grid points. The red circles

represent the reconstructed spectrum, S∗(ω), obtained from CS with m = 12 different Fourier

basis functions. By accurately identifying the non-zero elements of the original spectrum (blue

line), the CS method (red circles) succeeeds in reconstructing it.

We further examine the accuracy of CS in reconstructing ideal spectra under different spar-

sities, s, as a function of the number of Fourier basis functions, m (Fig. 3.1b). These random

spectra are generated in the following way. We initialize a vector of dimension N , with every co-

ordinate equal to zero. Then we randomly pick s coordinates, where s is the prescribed sparsity.

Next, we set the amplitudes of those chosen coordinates to be uniformly random in [0, 1]. Finally,

we normalize the vector so that its ℓ1 norm equals s. The average value of the peaks remains the

same regardless of s, thus we can compare the accuracy of the CS method under different random

spectra and different sparsities.

For each sparsity (different curves in Fig. 3.1b), we randomly generate 200 sparse spectra

with N = 250 grid points to obtain the averaged accuracy. The accuracy is defined as the

L∞ norm of the difference between the discretized true spectrum, S(ω), and the reconstructed

spectrum, S∗(ω). For each sparsity, the accuracy undergoes a clear phase transition at a certain

value ofm. We definemc as the critical number of Fourier basis functions for which the accuracy

reaches 0.5 (e.g., for s = 13, mc = 40). It can be seen that mc is a linear function of s (inset

of Fig. 3.1b), which is consistent with the theoretically-predicted proportionality between m and

s logN .
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Figure 3.1: (a) A reconstruction of an ideal sparse spectrum using the CS method. The solid
blue line represents a 2-sparse spectrum with N = 250 grid points. The red circles represent
the decomposed spectrum using CS based on m = 12 different Fourier basis functions. For each
Fourier basis function, we generate random pulse sequences with (M,N1, N2) = (250, 1000, 50).
(b) The accuracy of CS ((M,N1, N2) = (250, 1000, 50)) in reconstructing ideal spectra as a
function of the number of Fourier basis functions. Different curves represent different sparsities
s, considering 200 randomly generated spectra with N = 250, normalized so that the L1 norm
equals 0.1s. Each simulation is repeated 100 times and the shaded areas represent the 95%
confidence regime. Inset: The scaling of the critical number of Fourier basis functions, mc, as a
function of the sparsity of the spectrum.
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3.3 Application to Quantum Dots

Next, to quantify the performance of the CS method for realistic physical systems, we

explore the ability of the method to extract the spectral density of noise that interacts with

InAs/GaAs quantum dots. This noise represents the decoherence of the quantum dots due to

their hyperfine interaction with an ensemble of nuclear spins broadened by strain [80, 96]. The

solid blue line in Fig. 3.2 shows the theoretical spectral density of such a noise source calculated

from the Fourier transform of the autocorrelators of the fluctuating nuclear spins, while consider-

ing quantum dots of pure indium and arsenic at a temperature of 4 K and under a magnetic field

of B = 2 T applied perpendicular to the growth direction of the dots (Voigt geometry) [96]. This

spectrum consists of several narrow peaks at spectral frequencies that correspond to different

Larmor frequencies of the nuclei.

The red dots in Fig. 3.2 represent the discrete spectrum obtained by simulating the perfor-

mance of CS withm = 40 different Fourier basis functions. While the theoretical spectrum is not

ideally sparse, we adopt suitable data analysis techniques (least absolute shrinkage and selection

(LASSO) [97]), along with cross-validation (CV), see section 1.4.4) to successfully identify the

centers of the major peaks.

We quantify the accuracy of extracting the InAs/GaAs noise spectrum by comparing the

central frequencies of the largest three peaks obtained from CS to their theoretical values. The

theoretical central frequencies, ω̂th = (ω1, ω2, ω3), are calculated by a Gaussian fitting to the the-

oretical spectrum. The experimental results, ω̂∗ = (ω∗
1, ω

∗
2, ω

∗
3), are the weighted mean values

of the frequencies from the neighboring non-zero discrete S∗(ω) obtained from CS. The recon-

struction accuracy is defined as the ℓ∞ norm of the difference between these two vectors, i.e.
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Figure 3.2: A reconstruction of the noise spectrum of an ensemble of nuclear spins interact-
ing with an InAs/GaAs quantum dot (under an external magnetic field of B = 2 T at the Voigt
geometry) using pulse sequences of compressed sensing. The blue solid line represents the
theoretically simulated noise spectrum, with the maximum intensity normalized to 1. The red
dots represent the simulated reconstructed spectrum considering random pulse sequences with
(M,N1, N2) = (200, 2000, 50) andm = 40 different Fourier basis functions. For the CS method,
we estimate the spectrum using the LASSO, with N = 667 grid points and 10-fold cross valida-
tion, which successfully identifies the central frequencies of the major peaks.

|ω̂∗ − ω̂th|∞.

The solid blue line and the dashed red line in Fig. 3.3 represent the simulated reconstruc-

tion accuracies of CS with N = 167 and N = 667 grid points, respectively. In these simulations,

we assume no experimental errors and only focus on the effect of the number of different sets of

experiments, Nset. For CS, Nset = m+ 1 for m Fourier basis functions and one additional exper-

iment with the base random pulse sequence. For both choices of N , we observe a sharp change

(phase transition) in the accuracy of reconstructing the spectrum atNset ≈ 40. The reconstruction

accuracies then converge to constant values inversely proportional to N (e.g., the dashed red line
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Figure 3.3: Numerical simulations of the accuracy of reconstructing the central frequencies of the
InAs/GaAs noise spectrum as a function of the number of sets of experiments, Nset. The recon-
struction accuracy, |ω̂∗ − ω̂th|∞, quantifies the deviation between the reconstructed frequencies
and the theoretical ones for the three largest peaks. The solid blue line and the dashed red line
represent the accuracy of CS withN = 167 andN = 667 grid points, respectively. The CS simu-
lations are repeated for 30 times and the shaded areas represents the 95% confidence regimes. The
dotted green line represents the reconstruction accuracy of the noise spectrum using the CPMG
sequences. Achieving a certain accuracy by utilizing the CPMG sequences requires an order of
magnitude more sets of experiments than by utilizing CS.
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for N = 667 has a lower baseline than the solid blue line for N = 167). As a result, increasing

the number of grid points N in post-processing could boost the spectral resolution of CS without

adding any resources.

To further demonstrate the resource efficiency of the CS method, we compare the accu-

racies of CS in resolving the InAs/GaAs noise spectrum to the ones obtained by using the con-

ventional CPMG method (dotted green line in Fig. 3.3). For CPMG, the number of sets of

experiments required for noise spectroscopy is given by Nset = 2ωcT/π, i.e., the number of dif-

ferent sequences that probe the noise spectrum over the frequency range [0, ωc] given the total

experiment time, T [19–23, 61, 79, 80].

ForNset < 100, the CPMG sequences cannot resolve adjacent spectral peaks of the InAs/GaAs

noise spectrum (i.e., |ω̂∗ − ω̂th|∞ > 1), because the sampling frequency interval associated with

the sequences is wider than the spectral distance between nearby peaks in the spectrum. Mean-

while, for Nset > 100, the CPMG protocol can resolve the desired spectrum, with accuracy

inversely proportional to Nset. However, to achieve a certain level of accuracy, the CPMG se-

quences require at least an order of magnitude more resources than the CS method. For example,

as we illustrate for the InAs/GaAs noise spectrum, |ω̂∗ − ω̂th|∞ ≈ 0.2 for CS dashed red line)

with N = 667 grid points and Nset ≈ 40; but this accuracy is hardly reached by CPMG (dotted

green line) up to Nset ≈ 500.

3.4 Experimental Demonstration

Finally, we demonstrate the compressed sensing technique on two experimental quantum

devices. This provides evidence that our methods can be made robust to various imperfections
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that occur in real experiments.

For example, in real experiments, the pulses are imperfect as they have finite pulse width

and often contain some systematic error. Using our method, the effects of the finite pulse width

will be felt equally across the frequency domain; whereas using CPMG pulse sequences, these

effects will be worse at high frequencies and less harmful at low frequencies. It is not surprising

that our method behaves this way, because our method works across a broad range of frequencies,

i.e., it is a “broadband” measurement technique.

As for systematic errors like over-rotation or axis error, it is well known in the context

of CPMG pulse sequences that these kinds of errors can be canceled out by using composite

pulses [98]. The same technique can be applied to our random pulse sequences. In the following

experiments, we apply robust ππ̄ pulse sequences (each π pulse followed by a −π pulse).

The first device we examined is ibmq_lima, a superconducting quantum information pro-

cessor built by IBM. We utilize the Schrodinger Wave Autoregressive Moving Average (SchWARMA)

tools [67, 68] to inject noise (with a sparse noise spectrum) into the qubit. The solid blue line

in Fig. 3.4a shows a random 2-sparse spectrum. Noise with this spectrum was generated using

SchWARMA. The green squares represent the spectrum reconstructed from the CPMG method,

plus a non-negative least squares fitting (NNLS). The CPMG process contains 64 sets of ex-

periments on different frequencies, with each experiment repeated 5000 times ((M,NCPMG) =

(64, 5000)). The red circles represent the reconstructed spectrum obtained from CS with m = 10

different Fourier basis functions, each contains random pulse sequences with (M,N1, N2) =

(64, 100, 50). We also use LASSO and CV to analyze the data.

Compared to the CPMG method, the CS result captures the main peaks of the injected

noise, while eliminating the background white noise caused by the gate and SPAM (state prepa-
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ration and measurement) errors. This is as expected, because the random pulse sequences we

used here were designed to search for sparse “pulse-like” features that resemble delta functions,

rather than smoothly-varying background noise such as white noise or 1/f noise 1.

device T1 T2 SPAM Gate error Gate time
ibmq_lima 109 µs 188 µs 0.66% 0.14% 305.77 ns

ionq_harmony 10 s 0.2 s 0.26% 0.15% 10 µs

Table 3.1: Properties of qubit 0 in ibmq_lima and average performance in ionq_harmony [99].
SPAM represents error associated with state preparation and measurement inaccuracies. Gate
error represents averaged error rate occurring during the operation of single-qubit gates.

We also perform the same experiments on ionq_harmony, a trapped-ion quantum com-

puting platform built by IonQ. The basic settings, including sets of experiments and numbers

of pulse sequences, are exactly the same as the ones for ibmq_lima. The results are shown in

Fig. 3.4b. The CS method again well captured the main peaks of the injected noises. Compared

with the superconducting qubits result, the trapped ion experiments have less background noise

in the CPMG, due to the smaller SPAM error rate (see table 3.1).

Similar to Fig. 3.3, we can further quantify the accuracy of the CS method on both platforms

by comparing the central frequencies of the peaks obtained from CS to the actual values. The

dashed red and blue lines in Fig. 3.5 represent the results for ibmq_lima and ionq_harmony. It

is interesting to see that the phase transition points of the accuracy are almost the same for both

platforms, despite different hardware properties.

1In principle, it is possible to design random pulse sequences with window functions that are more suitable for
parametric fitting of 1/f noise. It is an interesting question whether this approach could perform better than parametric
fitting of 1/f noise using CPMG pulse sequences.
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Figure 3.4: (a) A reconstruction of the (artificially generated) sparse noise spectrum on the super-
conducting qubit ibmq_lima. The blue solid line represents the ideal sparse spectrum we want
to inject using SchWARMA, with maximum intensity normalized to 1. The green squares rep-
resent the CPMG (plus NNLS) result with 64 sets of experiments, each repeated 5000 times
((M,NCPMG) = (64, 5000)). The red circles represent the CS reconstruction with m = 10 differ-
ent Fourier basis functions and random pulse sequences with (M,N1, N2) = (64, 100, 50). (b)
Same experiments performed on ionq_harmony.

76



5 10 15
m

0.0

0.2

0.4

0.6

0.8

1.0
|

*
th

|
ibmq_lima
ionq_harmony

Figure 3.5: The accuracy of reconstructing the central frequencies of the injected noise spectrum
on different platforms as a function of the number of sets of experiments. The dashed red and
blue lines represent the results for ibmq_lima and ionq_harmony, respectively. The shaded
areas represent ±1 standard deviation, averaged over 60 different choices of CS bases.

3.5 Outlook

To conclude, we develop a new method for qubit noise spectroscopy based on the real-

ization of random pulse sequences. By using mathematical techniques for phase retrieval, this

method allows us to measure arbitrary linear functionals of the noise spectrum. As an applica-

tion, we demonstrate the reconstruction of sparse noise spectra, by using random pulse sequences

together with compressed sensing (CS). Furthermore, the proposed method can be used to recon-

struct noise spectra of realistic physical systems, such as optically-active quantum dots, with an

order of magnitude less resources than conventional dynamical decoupling techniques.

While it may seem surprising that random pulse sequences can be used to implement such

a large class of spectroscopic measurements, our results are consistent with recent findings on
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the realization of optimal quantum control using switching pulse sequences [100]. These results

suggest that optimal control and characterization of large numbers of qubits can be achieved using

relatively simple control electronics (i.e., without resorting to arbitrary waveform generators).

For future research, our method can be generalized to incorporate pulses with durations

other than π, and toward the characterization of multi-qubit systems [59]. In addition, while we

have only considered the reconstruction of the noise spectrum on a finite set of sample points,

similar ideas can be applied to reconstruction over continuous domains [101–103].

Finally, the accuracy of CS utilizing random pulse sequences strongly depends on the spec-

tral properties of the probed noise source. Beyond the experimental realization of CS on the

specific platform of InAs/GaAs quantum dots, it would be beneficial to study the performance of

random pulse sequences on realistic noise sources with various spectral features. For example,

our method can be used to probe noise spectra of NV centers in diamond, which consist of a sharp

(sparse) peak due to the interaction with 13C nuclear spin as well as slow decaying components

associated with a bath of P1 electronic spins [104].

The raw data that support the findings of this article are openly available [105]. Source

codes are available upon reasonable request from the authors.
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Chapter 4: Piecewise Linear Modeling and Rademacher Measurements

4.1 Introduction

Characterizing the spectral properties of environmental noise is essential for understand-

ing and mitigating decoherence in quantum systems. In particular, the accurate reconstruction

of the noise spectral density, S(ω), informs both noise-resilient control protocols and error mit-

igation strategies in quantum technologies [106–108]. Dynamical decoupling (DD) techniques

enable indirect access to S(ω) by modulating a system’s sensitivity to environmental fluctuations

via tailored control sequences. However, conventional methods of DD often rely on coarse fre-

quency resolution or assumptions of spectral smoothness, limiting their effectiveness in resolving

structured and non-smooth features [19, 23, 24, 56, 58].

To improve the resolution and resource efficiency of noise spectroscopy, compressed sens-

ing (CS) has emerged as a powerful framework for spectral reconstruction in quantum noise

spectroscopy, particularly when the spectrum possesses sparse structure in a suitable represen-

tation [109, 110]. Recent work has introduced random pulse sequences as a tool for the direct

measurement of arbitrary linear functionals of S(ω), enabling the CS reconstruction of sharp

spectral peaks with significantly fewer measurements [17].

While this approach is effective for perfectly sparse spectra, it leaves two key challenges

unresolved: can this method be applied to a larger class of noise spectra that are not perfectly
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sparse, and can the practical difficulty of applying the desired random pulse sequences in an

experiment be reduced? This paper addresses both of these challenges separately.

First, many realistic noise processes, including charge and magnetic noise in solid-state

qubits, exhibit more complicated spectral features rather than sparse peaks represented by simple

delta functions [80, 96]. For example, the spectra of quantum dot systems often combine narrow

resonances with broad, slowly varying backgrounds. This motivates the need for models that

retain sparsity while capturing richer structures. Piecewise-linear, and more generally piecewise-

polynomial, functions provide such a representation.

In this work, we develop a CS protocol for reconstructing piecewise-linear noise spectra

by enforcing sparsity on the second derivative S ′′(ω). Specifically, we apply an L1-norm regular-

ization on S ′′(ω), which promotes reconstructions that are globally continuous but exhibit sparse

curvatures. This approach aligns with recent advances in total generalized variation (TGV) [111–

113] and higher-order sparse regularization techniques for inverse problems [114, 115]. It can

also be viewed as an extension of previous work on compressed sensing, for piecewise-constant

images in two dimensions, based on regularization using the total variation (TV) norm [41–44].

Our method extends this to the problem of compressed sensing of a piecewise-linear func-

tion using TGV regularization, in one dimension. This particular setting appears to be more

challenging from a theoretical perspective, and beyond the scope of the above works. Nonethe-

less, our numerical simulations on simulated spectra with varying degrees of piecewise-linearity

demonstrate high-fidelity reconstructions.

Second, we consider the experimental implementation of random pulse sequences, which

can be resource-intensive. In particular, previous work proposed the use of random pulse se-

quences with complex, long-range correlations, which are difficult to generate in real time. In-
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stead, the entire pulse sequence typically had to be generated “offline,” using a desktop computer,

then transferred to an arbitrary waveform generator (AWG), before being applied to a physical

qubit. The loading and storage of a great number of different pulse sequences creates a bottleneck

in experiments.

To address this, we introduce a simplified variant of the method, using uncorrelated random

pulses, which we call Rademacher measurements. These pulse sequences are easier to generate

in real time, so that the entire pulse sequence never has to be stored in memory. In this scheme,

the total evolution time is divided into equal segments indexed by m = 1, 2, . . . ,M , each time

segment is assigned a Rademacher random variable Um (i.e., an independent random variable that

takes on the values 1 and −1 with equal probability), and rotation π-pulses are applied whenever

Um+1 ̸= Um.

Because these pulse sequences have no correlations, it is easy to generate them on-the-fly,

using a short random seed and a pseudorandom number generator; thus they can be generated

in real time using a field-programmable gate array (FPGA), without any need for an AWG. De-

spite their simplicity, we show via simulations that Rademacher measurements retain the same

compressed-sensing efficiency as Fourier-based random pulses [17] while substantially reducing

experimental complexity.

Finally, we extend our investigation to realistic physical systems, focusing on the noise

spectra of self-assembled quantum dots [80]. We demonstrate the efficiency of the TGV-based

CS method, combine it with the Rademacher measurements technique, and demonstrate its po-

tential for rapidly reconstructing realistic noise spectra. We also explore modifications of the

protocol that further reduce the number of control pulses without significant loss in reconstruc-

tion accuracy. These results broaden the applicability of random-pulse-based noise spectroscopy
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and improve its practicality for near-term quantum devices.

The remainder of this chapter is organized as follows. The basic model and background are

introduced in section 4.2. The two main results of the paper are discussed in detail in section 4.3

and section 4.4. We then verify our results by simulations on realistic systems in section 4.5. We

conclude with a summary and a discussion of open problems in Section 4.6.

4.2 Model

Similar to previous chapters, we consider a single qubit subject to pure dephasing due to

coupling with a stationary bath. Equation (2.14) provides a pathway for estimating the spectrum

of a noisy environment via linear inversion. We apply a set ofm control sequences on the system,

then measure the corresponding survival probabilities Pk, k = 1, . . . , K. For each k, one obtains

estimates of χk = − log(2Pk − 1). To make the inversion tractable, we discretize the frequency

axis at N points {ωn}, leading to the approximation

χk =
N∑

n=1

Fk(ωn)S(ωn) + ϵk. (4.1)

Here ϵk represents the error in the k-th measurement. In matrix form, Eq. (4.1) becomes

χ = FS+ ϵ, (4.2)

where χ ∈ RK contains the measured decay exponents, F ∈ RK×N encodes the filter functions,

and S ∈ RN represents the discretized noise spectrum. The estimation of S then reduces to

solving a linear regression problem.

82



A common way to solve this problem is to apply the Carr-Purcell-Meiboom-Gill (CPMG)

pulse sequence with evenly spaced rotation π pulses, whose filter function is approximately the

Dirac δ-function. One can then solve Eq. (4.2) via nonnegative least squares (NNLS) or other

deconvolution methods [17]. Intuitively, each CPMG sequence captures a narrow range of the

spectrum, and one needs to apply many sequences to cover all frequency ranges. As a result, the

number of measurements needed, K, is of the same order as the discrete number in the frequency

domain, N . However, such numerous measurements are not always necessary for extracting

noise spectra with some prior knowledge. For example, we may know a priori that the spectrum

we are investigating has some sparse structure in a suitable representation [109, 110].

Recent studies have shown that the random pulse sequence method [17] and the CS method

[31, 93] can be used to greatly speed up the reconstruction of sparse spectra. By generating ran-

dom pulse sequences whose filter functions are Fourier basis functions, the number of measure-

ments needed, K, is reduced from O(N) to O(s logN), where s is the sparsity of S.

However, the previous approaches are only capable of fully reconstructing ideal sparse

spectra with Dirac δ function shapes. For realistic spectra with more complicated shapes, one

could only detect the centers of the peaks, and not a complete characterization of their shapes [17].

In addition, for each measurement of the decay exponent, we need to generate a set of different

random pulse sequences and load them into the experimental control system. This loading pro-

cedure could be time-consuming on current quantum computing platforms.

To solve the above limitations of the random pulse sequences method, we will advance this

method in two complementary directions. We first extend the random pulse sequences method

to piecewise linear spectra, and demonstrate the efficiency of the method through numerical si-

mulations. Next, we introduce a simplified variant of the random pulse sequences method using
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Rademacher measurements, which greatly reduces experimental complexity for sparse spectra.

4.3 Estimation of Piecewise Linear Spectra

In this section, we show how random pulse sequences can be adapted to estimate piecewise

linear noise spectra. Following [17], we generate random pulse sequences with total time T and

M equal segments, such that T = Mτ . Here τ is the minimum time between two consecutive

pulses in the sequence, and we choose τ ≪ 1/ωc, where ωc is the high-frequency cutoff of

the noise spectrum S(ω). The filter functions of those sequences can be set to approximate the

Fourier basis functions,

Fk(ωn) ∝ cos(jkωnτ). (4.3)

Here, jk is a random integer chosen between [0,M ]. If we assume that S(ωn) is sparse with at

most s nonzero points, the discretized spectrum S∗ : GN → R (where GN is the set of grid

points) can then be recovered by solving a convex optimization problem,

S∗ = argmin
S:GN→R

(
∥χ− FS∥2L2

+ λ ∥S∥L1

)
. (4.4)

λ can be optimized via the cross-validation method. The solution S∗ to Eq. (4.4) is an accurate

approximation of S if the number of generated Fourier functions satisfies K ≥ Ω(s logN).

We then generalize the result to noise spectra that are piecewise linear. This class of func-

tions appears in various physical systems, where the underlying noise processes vary smoothly

within frequency bands, but exhibit kinks or discontinuities at a few locations. A prototypi-

cal example includes Lorentzian kinks with 1/f noise background regularized at high and low
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frequencies, or engineered environments with structured frequency response [67, 68]. The clas-

sification of a spectrum as piecewise linear is useful because the second-order derivative is still

sparse, which allows us to perform CS.

We define the second-order discrete difference operator D2 ∈ R(N−2)×N as

(D2S)n = Sn+2 − 2Sn+1 + Sn, 1 ≤ n ≤ N − 2. (4.5)

This operator acts as a discrete Laplacian and evaluates local curvature; for a piecewise linear

function, D2S is sparse, with nonzero entries only at the discontinuity points of the slope. Note

that the cosine functions are the eigenfunctions of the discrete Laplacian operator, hence we have

N∑
n=1

Fk(ωn)S(ωn) ≈
1

(jkτ)2

N∑
n=1

Fk(ωn)D
2S(ωn). (4.6)

We define ∆ = D2S as the second order derivatives of the spectrum. As a result, similar to

problem (4.4), we are guaranteed to recover ∆ by solving the following optimization problem:

∆∗ = argmin
∆:GN→R

(
∥χ∗ − F∆∥2L2

+ λ ∥∆∥L1

)
, (4.7)

where χ∗ = ((j1τ)
2χ1, . . . , (jKτ)

2χK). We define s∗ as the sparsity in ∆. Intuitively, s∗ equals

the number of kinks in the spectrum. The solution ∆∗ to Eq. (4.7) is again exact when the

number of generated Fourier functions satisfies K ≥ Ω(s∗ logN). One may then reconstruct S

by double integration (solving D2S = ∆∗) with boundary constraints (e.g., S1 = SN = 0, or by

low-frequency anchors).

However, the above procedure can be numerically unstable: it can amplify low-frequency
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noise, and accumulate error when integrating D2S∗. In practice, we can solve a one-step convex

problem that directly estimates S while promoting second-order sparsity:

S∗ = argmin
S:GN→R

(
∥χ− FS∥2L2

+ λ ∥D2S∥L1

)
. (4.8)

Equation (4.8) can also be viewed as a second order TGV-regularized [111] optimization problem.

While first-order TGV enjoys mature, sharp error bounds with Fourier sampling [41–44,

116, 117], the second-order case lacks equally general bounds in our setting. However, stud-

ies have shown that the second order TGV can be applied for signal reconstruction with un-

dersampled discrete Fourier measurements, and yields results that are superior to conventional

methods [112, 118]. In this work, we show through simulations on piecewise linear spectra that

problem (4.8) can be solved efficiently, and produces accurate reconstructions of S.

Figure 4.1a shows a numerical example demonstrating the effectiveness of CS with 2nd

order TGV penalty (CSTGV) in reconstructing an ideal piecewise linear spectrum. The true spec-

trum, which is 4-sparse in the second-order difference domain over N = 100 grid points, is

represented as a solid blue curve. The spectrum recovered from CSTGV is shown as red circles

and is obtained using only K = 20 random Fourier basis measurements. For each Fourier basis,

we generate N1 = 100 different random pulse sequences with each individual sequence repeated

N2 = 50 times. The reconstruction closely aligns with the original signal, confirming that CSTGV

is capable of accurately recovering the spectrum structure with far fewer samples than grid points.

To further investigate the performance of CSTGV, we assess its reconstruction accuracy

across various levels of second-order sparsity, s∗, as a function of the number of Fourier basis

measurements,K, as illustrated in Fig. 4.1b. For each sparsity [different dotted lines in Fig. 4.1b],
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we generate 100 random piecewise linear spectra with fixed norm, each withN = 100 grid points,

to obtain the averaged accuracy. The accuracy is quantified as the L2 norm of the difference

between the discrete true spectrum, S(ω), and the CS estimate S∗(ω). For each sparsity, the

accuracy increases sharply as K increases, revealing the potential of CSTGV to fast reconstruct

piecewise linear spectra.

4.4 Rademacher Measurements for Sparse Spectra

In the previous section, we described improvements to the numerical algorithms for recon-

structing sparse and piecewise-linear noise spectra. Now we turn our attention to different classes

of random pulse sequences that can be used for CS. In this section, we will demonstrate a new

way of reconstructing sparse noise spectra using Rademacher random pulse sequences and CS.

This new class of random pulse sequences is much simpler compared to the previous

work [17], as it only contains uncorrelated π-pulses. Specifically, we assign a sequence of

Rademacher random variables (sampled independently and uniformly from {1,−1}), denoted

U⃗ = (U1, . . . , UM) ∈ {1,−1}M , to the M segments of the total experimental time T . In other

words, the probability that Um = 1 is p = 0.5 and so is the probability that we generate a π-pulse

in between the time segments. (In the same way as before, we write T = Mτ , and we assume

τ ≪ 1/ωc, where ωc is the high-frequency cutoff of the noise spectrum S(ω).)

Different from the previous approach, the random pulses are completely uncorrelated, and

the Rademacher measurements do not involve the averaging of the filter function over many

independent realizations of U⃗ , but rather focus on the specific filter function of each individual
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Figure 4.1: (a) A reconstruction of an ideal piecewise linear spectrum using the CSTGV method.
The solid blue line represents a randomly generated spectrum with N = 100 grid points. This
spectrum is 4-sparse in its 2nd order derivatives. The red line represent the decomposed spectrum
using CSTGV based on K = 20 different Fourier basis functions. For each Fourier basis function,
we generate random pulse sequences with (M,N1, N2) = (100, 100, 50). (b) The accuracy of
CSTGV ((M,N1, N2) = (100, 100, 50)) in reconstructing ideal spectra as a function of the num-
ber of Fourier basis functions. Different curves represent different sparsities s in the 2nd order
derivatives, considering 40 randomly generated spectra with N = 100, normalized so that the L2

norm equals 1. Each simulation is repeated 100 times and the shaded areas represent the 95%
confidence regime.
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U⃗ , such that

Fk(ω) = τ 2 sinc2(ωτ
2
)
∣∣∣ M∑
m=1

Ume
iωmτ

∣∣∣2
= τ 2 sinc2(ωτ

2
)U⃗TA(ω)U⃗ ,

(4.9)

where we define the matrix A(ω) ∈ CM×M whose (m,m′) entry is

Am,m′(ω) = eiω(m−m′)τ . (4.10)

We can further define the matrix B(S) ∈ RM×M whose (m,m′) entry is

Bm,m′(S) = Ŝm−m′ ≡
∫ π/τ

−π/τ

dωS(ω) sinc2(ωτ
2
)Am,m′(ω) (4.11)

where Ŝm−m′ is equal to the (m−m′)’th coefficient of the Fourier series expansion of S(ω) sinc2(ωτ
2
).

We find that B(S) is a Toeplitz matrix, in which each descending diagonal from left to right is

constant. The eigenvalues of B(S) equal MS′ : GM → R, which is the discretized spectrum of

MS(ω) sinc2(ωτ
2
) on M grid points.

Then we can rewrite Eq. (4.2) as a linear operator A(B) : RM×M → RK that maps

B(S) ∈ RM×M to χ ∈ RK :

χ = A(B(S)) =
τ 2

2π
UTB(S)U+ ϵ. (4.12)

Here U ∈ {1,−1}K×M encodes K sets of Rademacher sequences.

Similarly to the previous CS scenario, if we assume that S′ is sparse with sparsity s, the
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Toeplitz matrixB(S) is also of low rank s. Thus, the estimation of S′ is equivalent to the recovery

of the low-rank matrix B(S):

B∗ = argmin
B∈RM×M ,B is Toeplitz

(
||χ−A(B)||2L2

+ λ||B||∗
)
. (4.13)

Here || · ||∗ represents the nuclear norm of the matrix.

Using recent theoretical results on recovery of low-rank Toeplitz matrices [47], we show

that this problem can be solved accurately if K ≥ Ω(s log2M).

Theorem 3 [47] Let ||ϵ||2 ≤ η. With probability exceeding 1 − e−cK , the solution B∗ to

Eq. (4.13) satisfies

||B∗ −B||F ≤ C
η

K1/2
, (4.14)

where this bound holds simultaneously for all symmetric Toeplitz matrices B of rank at most s,

provided that K > Ls log2M . Here c, C and L are some numerical constants.

In realistic physical systems, the noise spectrum S(ω) is non-negative, and so is S′. As

such, we have

||B(S)||∗ ∝ ||S′||L1 ≈ ||S||L1 (4.15)

The problem in Eq. (4.13) can then be rewritten in the same form as in the previous section.

S∗ = argmin
S:GN→R

(
∥χ− FS∥2L2

+ λ ∥S∥L1

)
. (4.16)
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Since both B and B∗ are Toeplitz and diagonal in the Fourier basis, we have

||B∗ −B||F =M ||S∗ sinc2(ωτ
2
)− S sinc2(ωτ

2
)||2. (4.17)

In practice, we can set the number of grid points N = M . Thus, substituting Eq. 4.17 into

theorem 3, we get that with probability exceeding 1−e−cK , the solution S∗ to Eq. (4.16) satisfies

||S∗ − S||2 ≤ C
η

NK1/2
. (4.18)

Provided that K > Ls log2N , c, C and L are some numerical constants.

As a result, despite using a different measurement setup (with uncorrelated random pulses),

and a different mathematical formulation (low-rank Toeplitz matrix recovery), we arrive at a place

which is reassuringly familiar: we can still use the same CS algorithms as before to reconstruct

sparse noise spectra efficiently. We denote this CS method combined with Rademacher measure-

ments as CSR later on.

Figure 4.2a presents a simulation that shows the efficiency of the Rademacher measure-

ments technique. The solid blue line depicts the true spectrum, a 4-sparse signal defined over

N = 100 grid points. Using only K = 20 random Rademacher measurements, the CSR method

accurately reconstructs the spectrum, shown as red circles.

We then investigate the accuracy of this new method as a function of the number of Rademacher

sequences, K, in Fig. 4.2b. For each value of the sparsity, s, we generate 100 random spectra

with a constant norm, each with N = 100 grid points, and compute the average reconstruction

error. We again quantify the accuracy using the L2 distance between the discrete true spectrum,
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S(ω), and the CSR estimate S∗(ω). Each dotted line in Fig. 4.2b exhibits a distinct phase transi-

tion: as K increases, the error drops sharply around a threshold value. We define this threshold

Kc as the minimum number of basis functions needed for the reconstruction error to fall below

0.5. For example, Kc = 9 when s = 3.

Figure 4.3 is similar to the simulations in Fig. 4.2b, in which we draw the accuracy of CSR

in reconstructing ideal sparse spectra as functions of K. Different dotted lines (with different

colors) represent simulations with different grid numbers, N . For each value of N , we fix the

sparsity s = 2, and generate 100 random spectra (again with fixed norm) to compute the averaged

results. The distinct phase transition of the accuracy can be obtained asK increases. As shown in

the inset of Fig. 4.2b and 4.3,Kc scales linearly with s and quadratically with logN , in agreement

with the theoretical prediction that K ∼ s∗ log2N .

4.5 Applications

4.5.1 Quantum Dots

Next, to quantify the performance of our new methods for realistic physical systems, we

examine their ability to reconstruct the spectral density of noise that interacts with InAs/GaAs

quantum dots. This type of noise arises from decoherence mechanisms due to hyperfine interac-

tions between the electron spin and a surrounding ensemble of nuclear spins broadened by strain

[80, 96]. The solid blue line in Fig. 4.4a shows the theoretical noise spectral density, computed

by taking the Fourier transform of the autocorrelation functions of fluctuating nuclear spin dy-

namics. The simulation assumes quantum dots composed of pure indium and arsenic, maintained

at a temperature of 4 K and subjected to a magnetic field of B = 2 T applied perpendicular to
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Figure 4.2: (a) A reconstruction of an ideal sparse spectrum using the Rademacher measurements
based CS method. The solid blue line represents a randomly generated spectrum with N = 100
grid points. This spectrum is 4-sparse. The red line represent the decomposed spectrum using
CSR based on K = 20 different Rademacher sequences, with each repeated for 5000 times.
(b) The accuracy of CSR in reconstructing ideal spectra as a function of sets of Rademacher
sequences. Different dotted lines represent different sparsities s, considering 100 randomly gen-
erated spectra with N = 100. In (b), each simulation is repeated 100 times and the shaded areas
represent the 95% confidence regime.
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Figure 4.3: (c) The accuracy of CSR as a function of sets of sequences. Different dotted lines
(with different colors) represent different grid numbers, N , representing in the logarithm scale.
Each dot contains the simulation of 100 random spectra. Inset: The scaling of the critical number
of Rademacher measurements, Kc, as a function of the logarithm of the grid numbers, log(N).
In (c), each simulation is repeated 100 times and the shaded areas represent the 95% confidence
regime.
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the growth axis (Voigt geometry) [96]. This spectrum features several narrow resonances corre-

sponding to distinct nuclear Larmor precession frequencies.

First, we demonstrate the recovery of piecewise-linear approximations of this noise spec-

trum, using the technique from Section 4.3. The red dotted line in Fig. 4.4a shows the discretized

spectrum reconstructed using the CSTGV method with K = 70 randomly chosen Fourier basis

functions. The reconstruction successfully recovers both the positions and shapes of the narrow

peaks, as well as the slowly decaying broadband background, demonstrating the method’s ef-

fectiveness in capturing realistic spectral features with limited measurements. In contrast, the

previous method only provides the positions of peaks.

Note that the noise spectrum of the previously introduced InAs/GaAs quantum dot system

can also be approximated by a sparse function (albeit with poorer accuracy and sparsity, than

the piecewise-linear approximation). So, we can again use it to test the new Rademacher ran-

dom pulse sequences method of Section 4.4. Inspired by the previous section, we modify the

Lagrangian in Eq. (4.16) by adding a penalty term on the discrete Laplacian of S:

S∗ = argmin
S:GN→R

(
||χ− FS||2L2

+ λ1||S||L1 + λ2||D2S||L1

)
. (4.19)

Equation (4.19) is a combination of the TGV and Rademacher measurements (CSR+TGV). As is

shown in Sec. 4.3, the second order TGV penalty term restricts the recovered spectrum to be

piecewise linear, thus revealing more details than a simple sparse signal recovery.

Figure 4.4b shows the discretized spectrum (red dots) reconstructed by CSR+TGV from K =

90 randomly chosen Rademacher sequences. The method accurately recovers the narrow peaks

and the slowly decaying broadband background.
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Figure 4.4: (a) A reconstruction of the noise spectrum of an ensemble of nuclear spins interacting
with an InAs/GaAs quantum dot (under an external magnetic field of B = 2 T at the Voigt ge-
ometry) using CSTGV. The blue solid line represents the theoretically simulated noise spectrum,
with the maximum intensity normalized to 1. The red dotted line represent the simulated recon-
structed spectrum considering random pulse sequences with (M,N1, N2) = (200, 200, 50) and
K = 70 different Fourier basis functions. (b) Same experiments with the Rademacher measure-
ments method. The blue solid line represents the theoretically simulated noise spectrum. The red
dots represent the simulated reconstructed spectrum considering random pulse sequences with
K = 90 different sequences.
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Figure 4.5: Accuracy of reconstructing the InAs/GaAs noise spectrum as a function of the num-
ber of sets of experiments, Nset. The solid blue line and the dashed red line represent the accuracy
of CS with 2nd order TGV, and Rademacher measurements combined with TGV. The CS simula-
tions are repeated for 30 times and the shaded areas represents the 95% confidence regimes. The
dotted green line represents the reconstruction accuracy of the noise spectrum using the CPMG
sequences.
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We further quantify the accuracy of extracting the InAs/GaAs noise spectrum under differ-

ent approaches. The reconstruction accuracy is defined as the L2 norm of the difference between

the reconstructed spectrum, S∗(ω), and the true spectrum, S(ω). The dotted red and blue lines in

Fig. 4.5 represent the simulated reconstruction accuracies of CSTGV and CSR+TGV, respectively.

For both methods, we have N = 200 grid points. In these simulations, we assume no experi-

mental errors and only focus on the effect of the number of different sets of experiments, Nset.

For both random pulse sequence methods, Nset ≈ K. And for both methods, we observe a sharp

change (phase transition) in the accuracy of reconstructing the spectrum.

We also compare the accuracies of both CS methods in resolving the InAs/GaAs noise

spectrum to the ones obtained by using the conventional CPMG method (dotted green line in

Fig. 4.5). For CPMG, the number of sets of experiments required for noise spectroscopy is given

by Nset = 2ωcT/π, i.e., the number of different sequences that probe the noise spectrum over

the frequency range [0, ωc] given the total experiment time, T . When Nset < 100, the CPMG

method can not resolve the peaks because of poor resolution. When Nset > 100, the accuracy in

reconstruction decreases with a constant rate. In contrast, both CS methods experience a sharp

phase transition, and gain decent speedup over the CPMG method.

4.5.2 Sensing with Fewer Pulses

As discussed in section 4.5.1, the Rademacher random pulse sequences, combined with

TGV techniques, can be used to rapidly reconstruct the noise spectra of a quantum dot system.

However, in some experimental platforms, it is difficult to apply large numbers of pulses to the

qubits, due to undesirable physical effects such as laser-induced tunneling, or practical limitations

98



of the control electronics [80].

In this section, we show that we can even further reduce the number of pulses when per-

forming Rademacher measurements. Recall from section 4.4 that the pulse sequence is con-

trolled by a Rademacher random vector U⃗ , with probability p = 0.5 that Um = 1, and probability

1 − p = 0.5 that Um = −1. The expected number of pulses, Np, we need to apply in the

Rademacher random pulse sequences equals

Np =M2p(1− p). (4.20)

Equation 4.20 can be calculated by observing that we apply a pulse whenever Um+1 ̸= Um, which

happens with probability 2p(1 − p). As such, when p deviates from 0.5, the number of pulses

decreases quadratically. We then investigate how the accuracy of the CS method changes when

we adjust the value of p.
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Figure 4.6: Numerical simulations of the accuracy of reconstructing the InAs/GaAs noise spec-
trum as a function of the number of sets of experiments, Nset. The blue dotted, magenta
squared and red diamond lines represent the accuracy of Rademacher pulse sequences with
M = N = 200 and p = 0.5, 0.1, 0.05 , respectively. The corresponding averaged numbers
of pulses are Np = 100, 36, 19. The simulations are repeated for 40 times and the shaded areas
represents the 95% confidence regimes. The dotted green line represents the reconstruction ac-
curacy of the noise spectrum using the CPMG sequences. As p decreases, the speedup for the CS
method gradually disappears.

Figure 4.6 shows the simulation of the accuracy of reconstructing the InAs/GaAs noise

spectrum, similarly to what we have done in Fig. 4.5. The blue dotted, magenta squared, and red

diamond lines represent the results of the Rademacher measurements with different probabilities,

p = 0.5, 0.2, 0.05, respectively. In this simulation, the number of grid numbers equals the number

of time segments, such that N = M = 200. So the corresponding expected value for the blue,

magenta, and red dotted lines can be calculated via Eq. (4.20), with Np = 100, 64 and 19. The

green dotted line represents the result we get from the CPMG method. Note that the blue and
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green dotted lines are identical to the dotted lines with the same color in Fig. 4.5.

We see that there is a regime for p in which the number of pulses we need is greatly de-

creased, while the loss in the efficiency of reconstructing the spectrum of InAs/GaAs is bearable,

making this a potentially useful trade-off. For example, by setting p = 0.1, Np is decreased down

from 100 to only 36. Meanwhile, the threshold number of Nset for the accuracy to drop below 0.1

barely changed from 75 to 85, and remains an advantage over the conventional CPMG method.

4.6 Outlook

To conclude, we improve on the random pulse sequence method for qubit noise spec-

troscopy in two respects. We expand the method’s applicability to CS of noise spectra with piece-

wise linear features, via TGV regularization. We also simplify the implementation of the method

via Rademacher measurements when reconstructing sparse noise spectra. The proposed methods

are verified through numerical simulations on realistic physical systems, such as optically-active

quantum dots. Compared to previous work, these new developments broaden the reach of ran-

dom pulse sequences and reduce the experimental complexity while preserving reconstruction

accuracy. This brings the technique closer to experimental feasibility for quantum dots, and po-

tentially also for other quantum systems, such as nitrogen vacancy centers [104].

For future research, we would like to further explore the class of noise spectra that can be

rapidly reconstructed by random pulse sequences. For example, while piecewise linear model-

ing works well for many realistic physical systems, there are other possible approaches, such as

model-based compressive sensing [40], which may be useful for characterization of noise spectra

in current quantum computing platforms. There is also room for improvement, as well as encour-
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aging recent progress [44, 47], in the theoretical recovery guarantees for compressed sensing in

the scenarios studied in this paper, i.e., for reconstruction of 1-dimensional signals, using TGV

regularization, and Rademacher measurements.
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Appendix A: Appendices

A.1 Variance of the decay exponent: a special case

In this section, we illustrate a special case in Section 2.7.2 Case 3(e), where H consists of

a single connected component with l = k+1 = j+2 = i+3. We compute the exact value of the

fourth order term E(UiUjUkUl), which is rather complicated. We can again utilize the geometric

interpretation of random pulses with hyper-plane tessellation: we now have 4 hyper-planes, indi-

cated by 4 normal vectors, V⃗1 = (a0, a1, 0, 0, 0), V⃗2 = (0, a0, a1, 0, 0), V⃗3 = (0, 0, a0, a1, 0) and

V⃗4 = (0, 0, 0, a0, a1), with a0a1 = π
2
sin(R(1)). For simplicity, we remove the irrelevant zeros in

the vectors to reduce the dimension.

The hyper-planes cut the whole space into 16 pieces. In half of the separated spaces, the

product UiUjUkUl equals 1, while in the other half of the spaces, UiUjUkUl equals −1. The

problem now is to find the total solid angles of spaces with the same value. Define Ω+ to be the

total solid angle with UiUjUkUl = 1, and Ω− for the part with UiUjUkUl = −1, so we have

E(UiUjUkUl) =
Ω+ − Ω−

Ω+ + Ω−
. (A.1)

This can be calculated with the help of Ribando’s formula [119]:
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Ω = Ωd
|det(V )|
(2π)d/2

∑
a⃗

[
(−2)

∑
i<j aij∏

i<j aij!

∏
i

Γ(
1 +

∑
m̸=i aim

2
)]α⃗a⃗. (A.2)

In Ribando’s formula, Ωd represents the solid angle subtended by the (d− 1)-dimensional

spherical surface of a unit sphere, which equals 8π2/3 in our case (d = 5). V denote the matrix

formed by the unit vectors defining the angle, which are the 4 normal vectors, V⃗i. The multivari-

able α⃗ contains the inner products of V⃗i, with αij = V⃗i · V⃗j , 1 ≤ i ≤ j ≤ 4. The vector a⃗ is the

corresponding integer multiexponent, with aji = aij and α⃗a⃗ =
∏
αaij
ij . Define matrix M whose

diagonal elements are 1 and off diagonal elements equals −|αij|. Equation (A.2) will converge

to the solid angle defined by the vectors if and only if M is positive definite, which is true in our

scenario.

Note that all 16 solid angles can be defined by the 4 normal vectors by adding negative

signs to them. So the multivariables that determine the solid angles can be written as α⃗ =

(±π
2
sin(R(1)), 0, 0,±π

2
sin(R(1)), 0,±π

2
sin(R(1))). The 16 pieces are reduced to 8 due to the

symmetry of the hyper-plane tessellation. Furthermore, we define Ω±±± to be the specific solid

angle whose notes indicates the signs of the three non-zero elements in α⃗, we have

Ω− = 2(Ω+++ + Ω−−− + Ω−+− + Ω+−+),

Ω+ = 2(Ω−++ + Ω−−+ + Ω+−− + Ω++−).

(A.3)

Now, substituting Eq. (A.3) and Eq. (A.2) into Eq. (A.1), we can find the value of E{i,j,k,l}∈F (UiUjUkUl)
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as an infinite series involving R(1):

E(UiUjUkUl) =

∑
a1a2a3

G(a1, a2, a3, R(1))(1 + (−1)a2 − (−1)a1 − (−1)a3)∑
a1a2a3

G(a1, a2, a3, R(1))(1 + (−1)a2 + (−1)a1 + (−1)a3)
,

G(a1, a2, a3, R(1)) :=
(−2)a1+a2+a3∏

i a1!a2!a3!
Γ(

1 + a1
2

)Γ(
1 + a1 + a2

2
)Γ(

1 + a2 + a3
2

)Γ(
1 + a3

2
)

· (π
2
sin(R(1)))a1+a2+a3(1 + (−1)a1+a2+a3).

(A.4)

One trivial example is that when R(1) = 0, E(UiUjUkUl) = 0. And when R(1) = 1/3,

E(UiUjUkUl) = 2/15.
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[106] Ł. Cywiński, R. M. Lutchyn, C. P. Nave, and S. Das Sarma, How to enhance dephasing
time in superconducting qubits, Physical Review B 77, 174509 (2008).

[107] M. J. Biercuk, A. C. Doherty, and H. Uys, Dynamical decoupling sequence construction
as a filter-design problem, Journal of Physics B: Atomic, Molecular and Optical Physics
44, 154002 (2011).

[108] C. L. Degen, F. Reinhard, and P. Cappellaro, Quantum sensing, Reviews of Modern
Physics 89, 035002 (2017).

[109] L. M. Norris, G. A. Paz-Silva, and L. Viola, Optimally band-limited spectroscopy of con-
trol noise using a qubit sensor, Physical Review Letters 116, 150503 (2016).

[110] T. Roger, M. Berta, and S. Wehner, Spectrum estimation for arbitrary quantum processes
using compressive sensing, npj Quantum Information 4, 28 (2018).

[111] K. Bredies, K. Kunisch, and T. Pock, Total generalized variation, SIAM Journal on Imag-
ing Sciences 3, 492 (2010).

[112] F. Knoll, K. Bredies, T. Pock, and R. Stollberger, Second order total generalized variation
(tgv) for mri, Magnetic resonance in medicine 65, 480 (2011).

[113] F. I. Karahanoglu, I. Bayram, and D. Van De Ville, A signal processing approach to gen-
eralized 1-d total variation, IEEE Transactions on Signal Processing 59, 5265 (2011).

[114] M. A. T. Figueiredo, R. D. Nowak, and S. J. Wright, Gradient projection for sparse recon-
struction: application to compressed sensing and other inverse problems, IEEE Journal of
Selected Topics in Signal Processing 1, 586 (2007).

[115] E. J. Candès, M. B. Wakin, and S. P. Boyd, Enhancing sparsity by reweighted ℓ1 mini-
mization, Journal of Fourier Analysis and Applications 14, 877 (2008).

[116] E. J. Candes, Y. C. Eldar, D. Needell, and P. Randall, Compressed sensing with coherent
and redundant dictionaries, Applied and Computational Harmonic Analysis 31, 59 (2011).

[117] G. Ongie and M. Jacob, Off-the-grid recovery of piecewise constant images from few
fourier samples, SIAM Journal on Imaging Sciences 9, 1004 (2016).

[118] P. Liu, L. Xiao, and J. Zhang, Fast second degree total variation method for image com-
pressive sensing, Plos one 10, e0137115 (2015).

[119] J. M. Ribando, Measuring solid angles beyond dimension three, Discrete & Computa-
tional Geometry 36, 479 (2006).

112

https://doi.org/10.5281/zenodo.15374840
https://doi.org/10.5281/zenodo.15374840
https://doi.org/10.1088/0953-4075/44/15/154002
https://doi.org/10.1088/0953-4075/44/15/154002
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1103/PhysRevLett.116.150503
https://doi.org/10.1038/s41534-018-0076-4
https://doi.org/10.1109/JSTSP.2007.910281
https://doi.org/10.1109/JSTSP.2007.910281
https://doi.org/10.1007/s00041-008-9045-x

	Acknowledgements
	Table of Contents
	List of Figures
	List of Tables
	List of Publications
	Introduction
	Motivation
	Quantum Noise
	The Open-System Framework
	Noise in a Qubit Hamiltonian
	Gaussian and Non-Gaussian Noise
	Classical vs. Quantum Noise
	Typical Spectral Forms of Noise

	Quantum Noise Spectroscopy
	The Filter-Function Formalism
	Ramsey and Hahn-Echo Spectroscopy
	Robust and Composite Pulse Techniques

	Compressed sensing
	The Basic Principle
	Measurement Design and Incoherence
	Restricted Isometry Property and Recovery Guarantees
	Algorithms for Realistic Signals
	Extensions Beyond Classical Sparsity

	Outline of the Thesis

	Random Pulse Sequences
	Introduction
	Noise Model
	Protocols for noise spectroscopy
	Dynamical decoupling

	Random pulse sequences
	Approximating a desired window function
	Measuring Linear Functionals of S()
	Accuracy of the method
	Variance of the decay exponent: the uncorrelated case
	Variance of the decay exponent: the general case
	Experimental estimation of the decay exponent
	Accuracy of the estimator

	Alternative generator
	Applications to 1-D Chain Mapping of Open Quantum Systems
	Numerical example


	Compressed Sensing with Random Pulses
	Theory
	Numerical Examples
	Application to Quantum Dots
	Experimental Demonstration
	Outlook

	Piecewise Linear Modeling and Rademacher Measurements
	Introduction
	Model
	Estimation of Piecewise Linear Spectra
	Rademacher Measurements for Sparse Spectra
	Applications
	Quantum Dots
	 Sensing with Fewer Pulses

	Outlook

	Appendices
	Variance of the decay exponent: a special case

	Bibliography

