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Quantum Computing leverages the quantum properties of subatomic matter to enable comp-
utations faster than those possible on a regular computer. Quantum Computers have become
increasingly practical in recent years, with some small-scale machines becoming available for
public use. The rising importance of machine learning has highlighted a large class of computing
and optimization problems that process massive amounts of data and incur correspondingly
large computational costs. This raises the natural question of how quantum computers may be
leveraged to solve these problems more efficiently. This dissertation presents some encouraging
results on the design of quantum algorithms for machine learning and optimization.

We first focus on tasks with provably more efficient quantum algorithms. We show a
quantum speedup for convex optimization by extending quantum gradient estimation algorithms
to efficiently compute subgradients of non-differentiable functions. We also develop a quantum

framework for simulated annealing algorithms which is used to show a quantum speedup in



estimating the volumes of convex bodies. Finally, we demonstrate a quantum algorithm for
solving matrix games, which can be applied to a variety of learning problems such as linear
classification, minimum enclosing ball, and ¢/ — 2 margin SVMs.

We then shift our focus to variational quantum algorithms, which describe a family of
heuristic algorithms that use parameterized quantum circuits as function models that can be
fit for various learning and optimization tasks. We seek to analyze the properties of these
algorithms including their efficient formulation and training, expressivity, and the convergence
of the associated optimization problems. We formulate a model of quantum Wasserstein GANs
in order to facilitate the robust and scalable generative learning of quantum states. We also
investigate the expressivity of so called Quantum Neural Networks compared to classical ReLU
networks and investigate both theoretical and empirical separations. Finally, we leverage the
theory of overparameterization in variational systems to give sufficient conditions on the converge-
nce of Variational Quantum Eigensolvers. We use these conditions to design principles to study

and evaluate the design of these systems.
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Chapter 1: Introduction

1.1 Motivations

Quantum Computers were conceptualized in the early 1980s [4], and were initially seen as
being necessary to solve the problem of simulating general quantum mechanical processes [5],
which seemed infeasible using only classical computers. The work of Deutsch and Josza [6],
and Simon [7] made it apparent that speedups from quantum computation could apply to general
computing problems that are unmotivated by quantum physics. This culminated in the seminal
work of Shor [8], that showed quantum algorithms for the prime factorization and discrete
logarithmic problems that are exponentially faster than the best known classical alternatives.
Around the same time, Grover [9] developed an algorithm for unstructured search that was
quadratically faster than the classical alternative. Exponential quantum speedups naturally draw
the most attention, however these have only been found for problems with some algebraic structure,
or those with quantum mechanical motivations or properties. On the other hand, polynomial
quantum speedups seem viable for a much larger class of computing problems.

The success of machine learning in the 21°' century, has highlighted a host of interesting
computational problems. These problems are often of great practical significance, and are applied
to massive datasets consisting of very high-dimensional data. The amount of data being processed

makes it so that even polynomial quantum speedups could have significant ramifications in the



practical solution of these problems. Recent years have seen many efforts in the development of
quantum algorithms, including algorithms with provable gaurantees (see for eg. [10, 11]), and
heuristic approaches (see for eg. [12, 13]). This raises the natural question of whether similar
algorithms can be obtained for machine learning tasks, or the optimization problems that power
them. The search for a quantum advantage in machine learning has been the subject of countless
recent works (see for eg. [14, 15, 16, 17]) This dissertation will present several new works in this

direction. The focus of these works will be two-fold:

1. To establish quantum algorithms for important machine learning and optimization tasks
that require computational costs that are provably lower than their best known classical

counterparts, and to investigate limitations on the degree of quantum advantage possible.

2. To explore the properties of heuristic quantum algorithms; in an attempt to obtain principled
approaches to improving their robustness, scalability, trainability, and usefulness. To this
end we theoretically investigate simplified models of these algorithms and verify and extend

our hypotheses through empirical study.

1.2 Contributions

Algorithms with provable guarantees. Quantum algorithms with provable guarantees have
been traditionally the most studied route to quantum advantage; since their computational require-
ments can be bounded analytically one can be certain that an advantage is obtained over the
best classical counterparts. Such guarantees are especially desirable in the case of quantum
algorithms, since the hardware challenges in constructing large scale quantum computers can

limit the scope of empirical analysis. Such algorithms have been proposed in the domain of
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machine learning for tasks including semi-definite programming [17, 18, 19], principle component
analysis [15], and singular value decomposition [16], and learning with quantum examples [14].

Interest in provable quantum advantage for machine learning grew after the seminal work
of Harrow, Hassidim and Lloyd [20] that demonstrated a quantum algorithm for solving linear
systems of equations. This algorithm has been further refined several times to improve the scaling
on the error margin and condition number of the equation system [10, 21]. The ubiquity of linear
systems in machine learning led to the anticipation of quantum linear system algorithms being
applied in many areas of machine learning. The algorithm in [20] suffers however from two
issues that limit its usefulness; it requires the data to be encoded in a quantum data structure, and
while it requires exponentially fewer resources than a classical linear equation solver, it provides
a much weaker solution wherein instead of a full description of the solution we obtain instead a
quantum system allowing us to sample based on its coefficients. This algorithm has however been
employed in several settings; most notably in an algorithm with claimed exponential advantage
for recommendation systems [22], however certain preprocessing assumptions in [22] allow
a classical algorithm [23] to also obtain performance exponentially faster than the previous
classical state of the art. In order to avoid the subtleties arising from such a comparison, we focus
on algorithms that return a complete classical description of the output; at the cost of smaller
(polynomial) speedups.

This dissertation presents three works on quantum algorithms with provable guarantees for

optimization and machine learning tasks:

1. Chapter 2 describes a quantum algorithm for convex optimization (based on [24] published

in Quantum in 2020 and presented at QIP 2019. Convex optimization represents the largest



class of efficiently solvable classical optimization problems and is the central computational
step in many machine learning applications. The general problem asks for an estimate of
the minimum of a convex function f over a convex set C; using queries to oracles that
evaluate f and indicate membership in C. Our algorithm is found to require quadratically
fewer queries to problem oracles than the best known classical counterpart (in terms of
the input dimension n); corresponding lower bounds are also established that rule out an

exponential quantum speedup.

2. Chapter 3 describes a quantum algorithm for estimating the volumes of convex bodies
(based on [25]) that was presented at QIP 2020. This is a task of historic importance in
convex geometry and has intimate connections with sampling and optimization routines
that are commonplace in machine learning. The problem is to estimate the volume of a
convex body given access only to a membership oracle. We obtain quantum speedups in

both arithmetic and oracle complexity, and show corresponding lower bounds.

3. Chapter 4 describes an optimal quantum algorithm for linear classification that is quadratic-
ally faster than the classical state of the art. The approach is generalized to obtain new
optimal classical and quantum algorithms for a range of matrix games and is applied to
other problems such as the caratheodery, SVMs and zero-sum games. This chapter is based

on [26] and [27] published in the proceedings of ICML 2019 and AAAI 2020 respectively.

Variational Quantum Algorithms. Quantum Variational Methods (QVMs) (see for eg. [12,
28, 29] have become a leading candidate for quantum applications on Near-Term Intermediate

Scale Quantum Computers. These algorithms use classically parameterized quantum circuits



as function models that can be trained to satisfy various properties. The classical parameters are
optimized on a classical computer, thereby eliminating the need to have precise control operations
and arithmetic executed on a quantum machine. The quantum machine is then simply used to
evaluate the parameterized function models, and these models can be chosen to be amenable to
implementation on near-term hardware. It is commonly conjectured that QVMs will help resolve
quantum physics related computational problems in the near future. They are also likely helpful
for solving general information/computational tasks, especially when the nature of these tasks
exhibits certain structures that can be exploited by quantum mechanics. The success of deep
learning in classical computer science has led to a paradigm shift where case by case algorithm
designs are often replaced by fitting extremely flexible function models.

A lot of study has already been devoted to the design, analysis, and small-scale implementa-
tion of QVMs (e.g., see the survey [30]). A prominent example is the variational quantum
eigensolver (VQE) [28] which is a QVM that finds the ground state/energy of physically-interesting
Hamiltonian systems and finds promising applications in quantum chemistry. Another one is the
quantum approximate optimization algorithm (QAOA) [29] which proposes a near-term feasible
variational circuits that mimic the behavior of quantum adiabatic algorithms to solve optimization
problems. One can also further leverage variational quantum circuits for classification [12] (under
the name of Quantum Neural Networks (QNNs)), generative models [13], and several other
learning tasks.

In contrast to deep learning, where empirical research has played a major role in investigating
the training methods, empirical research in quantum variational methods is limited by the available
quantum hardware as well as the exponential complexity of simulating them by classical means.

As aresult, current empirical findings do not necessarily generalize to intermediate-size variational



quantum circuits, which are predicted to be available in the near future. A more principled
approach is thus required to understand the properties of these systems including their robustness,
expressivity, and trainability. This dissertation presents three works that leverage ideas from the

theoretical study of deep learning to better understand these aspects of QVMs.

1. Chapter 5 presents a proposal of a quantum Wasserstein GAN that is used to facilitate more
robust and scalable learning of unknown target quantum states. This chapter is based on

[31] published in the proceedings of NeurIPS 2019.

2. Chapter 6 (based on work currently under review) makes a compares the expressive power
of QNN and feed-forward ReLLU networks. Separations are discovered in both directions;
indicating that the choice of classical vs quantum neural networks is dependent on the
particular problem and disproving a commonly held notion that QNNs are a strictly more

powerful alternative.

3. Chapter 7 (based on work currently under review) studies the convergence of the non-
convex optimization problems involved in VQEs. We provide the first rigorous proof of
convergence for over-parameterized VQEs and obtain sufficient conditions on the number
of required parameters. These conditions are then used as guiding principles to study and

evaluate the design of parameterized ansatz that are commonly used in VQEs.

Acknowledgement. Chapter 2 is based on joint work with Andrew Childs, Tongyang Li, and
Xiaodi Wu. Chapter 3 is based on joint work with Andrew Childs, Tongyang Li, Shih-Han Hung,
Chunhao Wang, and Xiaodi Wu. Chapter 4 is based on joint work with Tongyang Li, Chunhao

Wang, and Xiaodi Wu. Chapter 5 is based on joint work with Yiming Huang, Tongyang Li,



Soheil Feizi, and Xiaodi Wu. Chapter 6 is bsaed on joint work with Xiaodi Wu. Chapter 7 is

based on joint work with Xuchen You and Xiaodi Wu.

1.3 Preliminaries on Quantum Information

Quantum systems are represented by quantum states, which are Lo-normalized vectors in a
complex vector space (or Hilbert Space). The Hilbert space has an orthonormal basis, where each
basis vector corresponds to a distinct classical outcome. For example, a quantum bit (or qubit)
is represented by a state in the vector space spanned by |0) (the 0 basis vector) and |1) (the 1
basis vector). In general therefore, a qubit can be in the state [¢)) = «|0) + §|1), where a, 5 € C
such that |o?| + |3%| = 1. A state that is a linear superposition of the basis states is said to be in
superposition. The coefficients «, J are referred to as the amplitudes of the quantum state. The
Hilbert space corresponding to a system made up of disjoint subsystems is the tensor product of
the underlying Hilbert spaces.

Quantum computations are normally carried out on an array of one or more quantum
bits. The associated Hilbert space is spanned by a basis consisting of vectors corresponding
to each possible bitstring (this is termed the computational basis). Computational basis vectors
are often associated with the integer represented by the bitstring. A system of n qubits thus has an
associated Hilbert space of dimension 2". State vectors can also be viewed as normalized column
vectors, in which case the computational basis consists of the fundamental basis vectors e;. The
innner product of two vectors |1}, |¢) is denoted by (¢)|¢) and defined as a bilinear, complex
conjugate map that maintains the orthonormality of the computational basis. In column vector

form, (1|¢) is given by the product of the conjugate transpose of |¢) with |¢).



The dynamics of quantum states are given by linear maps that preserve their normalization.
Such mappings U are called unitary maps and satisfy the condition that UTU = UU' = [
where 1 denotes the adjoint operation. In column vector form, each mapping M is denoted by a
matrix with entries M;; = (i|M|j) where |i),|;) are the i*" and j'" compuational basis vectors
respectively. In matrix form, the adjoint of a mapping is given by its conjugate transpose. An
important (non-unitary) linear map, is the inner product between two vectors (|¢), |¢)) denoted
by |¢) (1| that maps any vector |v) to (¢)|v)|¢p). The inner product of a vector with itself is the
projection map into that vector. In general, any map P such that P? = P is a projection operator
onto some subspace of the Hilbert space.

An observation (or measurement) of a quantum state associates a real value (or outcome)
to every vector of some basis of the Hilbert space. For a basis |b;) and outcomes m; the
measurement can be encoded in the self-adjoint (Hermitian) matrix M = 3 m;|b;)(b;| . Corresp-
ondingly, any self-adjoint operator represents a measurement, where its eigenvectors form the
basis of measurement and the eigenvalues represent the associated outcomes. On applying
measurement M = > m;|b;)(b;| to a quantum state |¢)) the result m; is obtained with probability
|(bj1m)|2.

A vector in a composite Hilbert space is said to be entangled if it is not the tensor product of
two vectors from the Hilbert Spaces of the subsystems. The quantum state | 5p0) = \% (|00)+|11))
over 2 qubits, is entangled as it cannot be written as the tensor product of two single qubit states.
In contrast, the state 5(]00) 4 [01) +]10) + |11)) = \/Li(|0> +]1)) ® \/Li(|0> + 1)) is unentangled.

Any unitary matrix U is invertible. This implies that any quantum operation must be
reversible, unlike classical computing where common operations such as AND are irreversible.

There is a standard recipe to make any classical operation into a quantum operation as follows:



given a classical operation + — f(x) on bitstrings, we define the unitary U, that operates as
|z)|y) — |z)|y @ f(x)) when |x),|y) are compuational basis states. This unitary map can be

used to evaluate the function f(z) by setting y to the zero bitstring.

Quantum Gates: Quantum Circuits are built out of universal gate sets consisting of 1 or 2
qubit operations known as quantum gates. It is known that these gate sets can all approximate

each other with overhead that is polylogarithmic in the approximation error.

Complexity of a Quantum Algorithm: The analogue of runtime of a classical algorithm is the
number of gates of a universal gate set required to implement the required quantum circuits. This
is referred to as gate complexity but is often used interchangeably with runtime while comparing

the performance of algorithms.

Ensembles of quantum states: Consider an ensemble of quantum states {(p;, |¢;))}. This
ensemble can be encoded in a Hermitian positive definite matrix with trace 1 called the density
matrix as p = Y. p;|Y;)(1;]. Conversely, any Hermitian p.s.d matrix with unit trace is a valid
density matrix as its eigenbasis forms a valid ensemble. The expectation value when a measurement
operator M is applied to a density matrix p is Tr(pM). Density matrices that represent one
quantum state are referred to as pure states and have a rank of 1. Ensembles of more than one
state are referred to as mixed states, and the corresponding matrix has a rank greater than 1.

For a Hilbert space X the sets of Hermitian, Unitary and density matrices are denoted by

H(X), U(X), and D(X) respectively.



Chapter 2: Quantum Algorithms and Lower Bounds for Convex Optimization

In this section we study the problem of convex optimization on quantum computers. The

presented discussion is based on results initially obtained in [32].

2.1 Introduction

Convex optimization has been a central topic in the study of mathematical optimization,
theoretical computer science, and operations research over the last several decades. On the one
hand, it has been used to develop numerous algorithmic techniques for problems in combinatorial
optimization, machine learning, signal processing, and other areas. On the other hand, it is a
major class of optimization problems that admit efficient classical algorithms [33, 34]. Approaches
to convex optimization include the ellipsoid method [34], interior-point methods [35, 36], cutting-
plane methods [37, 38], and random walks [39, 40].

The fastest known classical algorithm for general convex optimization solves an n-dimensio-
nal instance using O(nQ) queries to oracles for the convex body and the objective function, and
runs in time O(n3) [41].! The novel step of [41] is a construction of a separation oracle by a
subgradient calculation with O(n) objective function calls and O(n) extra time. It then relies

on a reduction from optimization to separation that makes O(n) separation oracle calls and runs

'The notation O suppresses poly-logarithmic factors in 1, R, , €, i.e., O(f(n)) = f(n) log@™ (nR/re).
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in time O(n®) [42]. Although it is unclear whether the query complexity of O(n?) is optimal
for all possible classical algorithms, it is the best possible result using the above framework.
This is because it takes Q(n) queries to compute the (sub)gradient (see Section 2.5.1) and it also
requires §2(n) queries to produce an optimization oracle from a separation oracle (see [43] and
[44, Section 10.2.2]).

It is natural to ask whether quantum computers can solve convex optimization problems
faster. Recently, there has been significant progress on quantum algorithms for solving a special
class of convex optimization problems called semidefinite programs (SDPs). SDPs generalize the
better-known linear programs (LPs) by allowing positive semidefinite matrices as variables. For
an SDP with n-dimensional, s-sparse input matrices and m constraints, the best known classical
algorithm [42] finds a solution in time O(m(m? + n* + mns) poly log(1/¢)), where w is the
exponent of matrix multiplication and € is the accuracy of the solution. Brandao and Svore gave
the first quantum algorithm for SDPs with worst-case running time O(+/mns®(Rr/¢)??), where
R and r upper bound the norms of the optimal primal and dual solutions, respectively [17].
Compared to the aforementioned classical SDP solver [42], this gives a polynomial speedup in
m and n. Van Apeldoorn et al. [45] further improved the running time of a quantum SDP solver
to O(y/mns*(Rr/e)®), which was subsequently improved to O ((y/m + /n(Rr/e))s(Rr/e)*)
[46, 47]. The latter result is tight in the dependence of m and n since there is a quantum lower
bound of Q(y/m + /n) for constant R, 7, s, e [17].

However, semidefinite programming is a structured form of convex optimization that does
not capture the problem in general. In particular, SDPs are specified by positive semidefinite
matrices, and their solution is related to well-understood tasks in quantum computation such
as solving linear systems (e.g., [10, 20]) and Gibbs sampling (e.g., [46, 47]). General convex

11



optimization need not include such structural information, instead only offering the promise
that the objective function and constraints are convex. Currently, little is known about whether
quantum computers could provide speedups for general convex optimization. Our goal is to shed

light on this question.

2.1.1 Convex optimization

We consider the following general minimization problem:

mi}r(l f(z), where K C R" is a convex set and f: i — R is a convex function. (2.1)
Te

We assume we are given upper and lower bounds on the function values, namely

m < mingex f(x) < M, and inner and outer bounds on the convex set /&, namely

B»(0,7) € K C By(0, R), (2.2)

where By (x, 1) is the ball of radius [ in L, norm centered at x € R". We ask for a solution 7 € K

with precision €, in the sense that

f(Z) <min f(z) +e. (2.3)

zeK

We consider the very general setting where the convex body K and convex function f are

only specified by oracles. In particular, we have:

* A membership oracle Ok for K, which determines whether a given © € R" belongs to K;
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* An evaluation oracle Oy for f, which outputs f(z) for a given z € K.

Convex optimization has been well-studied in the model of membership and evaluation
oracles since this provides a reasonable level of abstraction of K and f, and it helps illuminate
the algorithmic relationship between the optimization problem and the relatively simpler task of
determining membership [34, 41, 42]. The efficiency of convex optimization is then measured
by the number of queries to the oracles (i.e., the query complexity) and the total number of other
elementary gates (i.e., the gate complexity).

It is well known that a general bounded convex optimization problem is equivalent to one
with a linear objective function over a different bounded convex set. In particular, if promised
that min,cx f(z) < M, (2.1) is equivalent to the problem

1 ! h th <z <M. 2.4
mlerﬂrgl’liler such that f(z) <z’ < 2.4)

Observe that a membership query to the new convex set

K'={(,2) eRx K| f(z) <2’ < M} (2.5)

can be implemented with one query to the membership oracle for K and one query to the

evaluation oracle for f. Thus the ability to optimize a linear function

. T
grélflgc T (2.6)

for any ¢ € R" and convex set X C IR" is essentially equivalent to solving a general convex
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optimization problem. A procedure to solve such a problem for any specified ¢ is known as an
optimization oracle. Thus convex optimization reduces to implementing optimization oracles
over general convex sets (Lemma 2.2.1). The related concept of a separation oracle takes as
input a point p ¢ K and outputs a hyperplane separating p from K.

In the quantum setting, we model oracles by unitary operators instead of classical procedures.
In particular, in the quantum model of membership and evaluation oracles, we are promised to

have unitaries O and Oy such that

e Forany z € R", Og|x,0) = |z, [z € K]|), where §[P] is 1 if P is true and 0 if P is false;

» Forany z € R", O¢|z,0) = |z, f(x)).

In other words, we allow coherent superpositions of queries to both oracles. If the classical
oracles can be implemented by explicit circuits, then the corresponding quantum oracles can be
implemented by quantum circuits of about the same size, so the quantum query model provides

a useful framework for understanding the quantum complexity of convex optimization.

2.1.2  Contributions

Our first main result is a quantum algorithm for optimizing a convex function over a convex

body. Specifically, we show the following:

Theorem 2.1.1. There is a quantum algorithm for minimizing a convex function f over a convex
set K C R™ using O(n) queries to an evaluation oracle for f and O(n) queries to a membership

oracle for K. The gate complexity of this algorithm is O(ns)

Recall that the state-of-the-art classical algorithm [41] for general convex optimization with
evaluation and membership oracles uses O(nQ) queries to each. Thus our algorithm provides a
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quadratic improvement over the best known classical result. While the query complexity of [41]
is not known to be tight, it is the best possible result that can be achieved using subgradient
computation to implement a separation oracle, as discussed above.

The proof of Theorem 2.1.1 follows the aforementioned classical strategy of constructing a
separating hyperplane for any given point outside the convex body [41]. We find this hyperplane
using a fast quantum algorithm for gradient estimation using 0(1) evaluation queries?, as first
proposed by Jordan [48] and later refined by [49] with more rigorous analysis. However, finding a
suitable hyperplane in general requires calculating approximate subgradients of convex functions
that may not be differentiable, whereas the algorithms in [48] and [49] both require bounded
second derivatives or more stringent conditions. To address this issue, we introduce classical
randomness into the algorithm to produce a suitable approximate subgradient with 0(1) evaluation
queries, and show how to use such an approximate subgradient in the separation framework to
produce a faster quantum algorithm. Moreover, our subgradient algorithm only relies on an
approximate membership oracle with precision 1/ poly(n) (see Definition 2.2.5).

Our new quantum algorithm for subgradient computation is the source of the quantum
speedup of the entire algorithm and establishes a separation in query complexity for the subgradient
computation between quantum (O(1)) and classical ((n), see Section 2.5.1) algorithms. This
subroutine could also be of independent interest, in particular in the study of quantum algorithms
based on gradient descent and its variants (e.g., [50, 51]).

On the other hand, we also aim to establish corresponding quantum lower bounds to

understand the potential for quantum speedups for convex optimization. To this end, we prove:

Theorem 2.1.2. There exists a convex body K C R", a convex function f on K, and a precision

2Here O(1) has the same definition as footnote 1, i.e., O(1) = log®™® (n.R/re).
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e > 0, such that a quantum algorithm needs at least )(\/n) queries to a membership oracle for

K and Q(\/n/logn) queries to an evaluation oracle for [ to output a point T satisfying

f(#) < min f(x) + ¢ 2.7)

with high success probability (say, at least 0.8).

We establish the query lower bound on the membership oracle by reductions from search
with wildcards [52]. The lower bound on evaluation queries uses a similar reduction, but this only
works for an evaluation oracle with low precision. To prove a lower bound on precise evaluation
queries, we propose a discretization technique that relates the difficulty of the continuous problem
to a corresponding discrete one. This approach might be of independent interest since optimization
problems naturally have continuous inputs and outputs, whereas most previous work on quantum
lower bounds focuses on discrete inputs. Using this technique, we can simulate one perfectly
precise query by one low-precision query at discretized points, thereby establishing the evaluation
lower bound as claimed in Theorem 2.1.2. As a side point, this evaluation lower bound holds even
for an unconstrained convex optimization problem on R", which might be of independent interest
since this setting has also been well-studied classically [33, 43, 44, 53].

‘We summarize our main results in Table 2.1.

‘ H Classical bounds ‘ Quantum bounds (this paper) ‘
Membership queries || O(n?) [41], Q(n) [54] O(n), Q(v/n)
Evaluation queries || O(n?) [41], Q(n) [54] O(n), Q(/n)

‘ Time complexity H O(n?) [41] ‘ O(n?) ‘

Table 2.1: Summary of classical and quantum complexities of convex optimization.
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2.1.3 Overview of techniques

2.1.3.1 Upper bound

To prove our upper bound result in Theorem 2.1.1, we use the well-known reduction
from general convex optimization to the case of a linear objective function, which simplifies the
problem to implementing an optimization oracle using membership oracle queries (Lemma 2.2.1).
For the reduction from optimization to membership, we follow the best known classical result
in [41] which implements an optimization oracle using O(n?) membership queries and O(n?)
arithmetic operations. In [41], the authors first show a reduction from separation oracles to
membership oracles that uses O(n) queries and then use a result from [42] to implement an
optimization oracle using O(n) queries to a separation oracle, giving an overall query complexity
of O(n?).

The reduction from separation to membership involves the calculation of a height function
defined by the authors (see Eq. (2.50)), whose evaluation oracle can be implemented in terms of
the membership oracle of the original set. A separating hyperplane is determined by computing
a subgradient, which already takes O(n) queries. In fact, it is not hard to see that any classical
algorithm requires Q(n) classical queries (see Section 2.5.1), so this part of the algorithm cannot
be improved classically. The possibility of using the quantum Fourier transform to compute
the gradient of a function using 0(1) evaluation queries ([48, 49]) suggests the possibility of
replacing the subgradient procedure with a faster quantum algorithm. However, the techniques

described in [48, 49] require the function whose gradient is to be computed to have bounded

second (or even higher) derivatives, and the height function is only guaranteed to be Lipschitz
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continuous (Definition 2.2.9) and in general is not even differentiable.
To compute subgradients of general (non-differentiable) convex functions, we introduce
classical randomness (taking inspiration from [41]) and construct a quantum subgradient algorithm

that uses O(l) queries. Our proof of correctness (Section 2.2.2) has three main steps:

1. We analyze the average error incurred when computing the gradient using the quantum
Fourier transform. Specifically, we show that this approach succeeds if the function has
bounded second derivatives in the vicinity of the point where the gradient is to be calculated
(see Algorithm 1, Algorithm 2, and Lemma 2.2.3). Some of our calculations are inspired

by [49].

2. We use the technique of mollifier functions (a common tool in functional analysis [55],
suggested to us by [54] in the context of [41]) to show that it is sufficient to treat infinitely
differentiable functions (the mollified functions) with bounded first derivatives (but possibly
large second derivatives). In particular, it is sufficient to output an approximate gradient
of the mollified function at a point near the original point where the subgradient is to be

calculated (see Lemma 2.2.4).

3. We prove that convex functions with bounded first derivatives have second derivatives that
lie below a certain threshold with high probability for a random point in the vicinity of the
original point (Lemma 2.2.5). Furthermore, we show that a bound on the second derivatives
can be chosen so that the smooth gradient calculation techniques work on a sufficiently
large fraction of the neighborhood of the original point, ensuring that the final subgradient

error is small (see Algorithm 3 and Theorem 2.2.2).

The new quantum subgradient algorithm is then used to construct a separation oracle as in
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[41] (and a similar calculation is carried out in Theorem 2.2.3). Finally the reduction from [42]
is used to construct the optimization oracle using O(n) separation queries. From Lemma 2.2.1,
this shows that the general convex optimization problem can be solved using O(n) membership

and evaluation queries and O(n®) gates.

2.1.3.2 Lower bound

We prove our quantum lower bounds on membership and evaluation queries separately
before showing how to combine them into a single optimization problem. Both lower bounds
work over n-dimensional hypercubes.

In particular, we prove both lower bounds by reductions from search with wildcards [52].
In this problem, we are given an n-bit binary string s and the task is to determine all bits of s
using wildcard queries that check the correctness of any subset of the bits of s: more formally,
the input in the wildcard model is a pair (T, y) where T C [n] and y € {0, 1}/7], and the query
returns 1 if s;p = y (here the notation s represents the subset of the bits of s restricted to 7).
Reference [52] shows that the quantum query complexity of search with wildcards is Q(y/n).

For our lower bound on membership queries, we consider a simple objective function,
the sum of all coordinates )", z;. In other words, we take ¢ = 1" in (2.6). However, the
position of the hypercube is unknown, and to solve the optimization problem (formally stated in
Definition 2.3.1), one must use the membership oracle to locate it.

Specifically, the hypercube takes the form X?zl[si — 2, 8; + 1] (where X is the Cartesian

product) for some offset binary string s € {0, 1}". In Section 2.3.1, we prove:

* Any query x € R" to the membership oracle of this problem can be simulated by one query
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to the search-with-wildcards oracle for s. To achieve this, we divide the n coordinates of
x into four sets: T} for those in [—2,—1), T, for those in (1,2], T} ma for those in
[—1,1], and T}, oy for the rest. Notice that T, 4 corresponds to the coordinates that are
always in the hypercube and 7, ,, corresponds to the coordinates that are always out of
the hypercube; T, o (resp., T3 1) includes the coordinates for which s; = 0 (resp., s; = 1)
impacts the membership in the hypercube. We prove in Section 2.3.1 that a wildcard query

with 7' = T}, , U T, ; can simulate a membership query to z.

* The solution of the sum-of-coordinates optimization problem explicitly gives s, i.e., it
solves search with wildcards. This is because this solution must be close to the point

(s1 —2,...,8, — 2), and applying integer rounding would recover s.

These two points establish the reduction of search with wildcards to the optimization problem,
and hence establishes the (y/n) membership quantum lower bound in Theorem 2.1.2 (see
Theorem 2.3.2).

For our lower bound on evaluation queries, we assume that membership is trivial by fixing
the hypercube at C = [0, 1]". We then consider optimizing the max-norm function

f(z) = max |z; — ¢ (2.8)

i€[n]

for some unknown ¢ € {0, 1}". Notice that learning c is equivalent to solving the optimization
problem; in particular, outputting an & € C satisfying (2.3) with ¢ = 1/3 would determine the
string c. This follows because for all i € [n], we have |%; — ¢;| < max;epy |T; — ;] < 1/3, and ¢

must be the integer rounding of 7;, i.e., c; = 0if Z; € [0,1/2) and ¢; = 1 if &; € [1/2, 1]. On the
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other hand, if we know c, then we know the optimum z = c.

We prove an (y/n/logn) lower bound on evaluation queries for learning ¢. Our proof,

which appears in Section 2.3.2, is composed of three steps:

1)

2)

We first prove a weaker lower bound with respect to the precision of the evaluation oracle.
Specifically, if f(z) is specified with b bits of precision, then using binary search, a query
to f(z) can be simulated by b queries to an oracle that inputs (f(x),t) for some ¢t € R
and returns 1 if f(x) < t and returns O otherwise. We further without loss of generality
assume x € [0,1]". If x ¢ [0, 1]", we assign a penalty of the L, distance between x and
its projection 7(z) onto [0, 1]"; by doing so, f(n(z)) and = fully characterizes f(z) (see
(2.81)). Therefore, f(x) € [0, 1], and f(z) having b bits of precision is equivalent to having

precision 27°.

Similar to the interval dividing strategy in the proof of the membership lower bound, we
prove that one query to such an oracle can be simulated by one query to the search-with-
wildcards oracle for s. Furthermore, the solution of the max-norm optimization problem
explicitly gives s, i.e., it solves the search-with-wildcards problem. This establishes the
reduction to search with wildcards, and hence establishes an §2(1/n/b) lower bound on the

number of quantum queries to the evaluation oracle f with precision 27 (see Lemma 2.3.1).

Next, we introduce a technique we call discretization, which effectively simulates queries
over an (uncountably) infinite set by queries over a discrete set. This technique might be of
independent interest since proving lower bounds on functions with an infinite domain can

be challenging.

We observe that the problem of optimizing (2.8) has the following property: if we are
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3)

given two strings x, 2’ € [0, 1]" such thatzy, ..., z,, 1—21,...,1—x,and 2}, ... 2/ 1—

Y n’

x},...,1 — ! have the same ordering (for instance, x = (0.1,0.2,0.7) and 2’ = (0.1, 0.3,

0.6) both have the ordering 1 < 2o < 1 — 23 <3 <1 —x9 <1 — 1), then

arg max |z; — ¢;| = argmax |z}, — ¢;]. (2.9)
i€[n] i€[n]
Furthermore, if 2, ..., 2] ,1 —2},...,1 — z; are 2n different numbers, then knowing the

value of f(z') implies the value of the arg max in (2.9) (denoted *) and the corresponding

¢;+, and we can subsequently recover f(z) given x since f(x) = |z« — ¢;«|. In other words,

f(z) can be computed given x and f(z').

Therefore, it suffices to consider all possible ways of ordering 2n numbers, rendering the

problem discrete. Without loss of generality, we focus on z’ satisfying {z/,..., 2/ ,1 —
a1 =} = {59, 522}, and we denote the set of all such 2’ by D, (see

also (2.97)). In Lemma 2.3.4, we prove that one classical (resp., quantum) evaluation
query from [0, 1]” can be simulated by one classical evaluation query (resp., two quantum
evaluation queries) from D,, using Algorithm 5. To illustrate this, we give a concrete

example with n = 3 in Section 2.3.2.2.

Finally, we use discretization to show that one perfectly precise query to f can be simulated
by one query to f with precision %; in other words, b in step 1) is at most [log, 5n] =
O(logn) (see Lemma 2.3.3). This is because by discretization, the input domain can be
limited to the discrete set D,,. Notice that for any x € D,,, f(z) is an integer multiple of
even if f(x) can only be computed with precision %, we can round it to the closest

1 .
2n+1°
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integer multiple of 51 which is exactly f(z), since the distance 221 < J. As a result,
we can precisely compute f(x) for all z € D,,, and thus by discretization we can precisely

compute f(x) forall z € [0, 1]".

In all, the three steps above establish an Q(y/n/logn) quantum lower bound on evaluation
queries to solve the problem in Eq. (2.8) (see Theorem 2.3.2). In particular, this lower bound is
proved for an unconstrained convex optimization problem on R", which might be of independent
interest.

As a side result, we prove that our quantum lower bound is optimal for the problem in
(2.8) (up to poly-logarithmic factors in n), as we can prove a matching O(\/ﬁ) upper bound
(Theorem 2.5.1). Therefore, a better quantum lower bound on the number of evaluation queries
for convex optimization would require studying an essentially different problem.

Having established lower bounds on both membership and evaluation queries, we combine
them to give Theorem 2.1.2. This is achieved by considering an optimization problem of dimension
2n; the first n coordinates compose the sum-of-coordinates function in Section 2.3.1, and the
last n coordinates compose the max-norm function in Section 2.3.2. We then concatenate both
parts and prove Theorem 2.1.2 via reductions to the membership and evaluation lower bounds,
respectively (see Section 2.3.3).

In addition, all lower bounds described above can be adapted to a convex body that is
contained in the unit hypercube and that contains the discrete set D,, to facilitate discretization;

we present a “smoothed” hypercube (see Section 2.3.4) as a specific example.

Organization. Our quantum upper bounds are given in Section 2.2 and lower bounds are given

in Section 2.3. Technical details that are not essential to the main discussion, included auxiliary
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lemmas (Section 2.5.1) and proof details for upper bounds (Section 2.5.2) and lower bounds

(Section 2.5.3) are provided in an appendix section at the end of the chapter for completeness.

2.2 Upper bound

In this section, we prove:

Theorem 2.2.1. An optimization oracle for a convex set K C R™ can be implemented using O(n)

quantum queries to a membership oracle for K, with gate complexity O(n3)

The following lemma shows the equivalence of optimization oracles to a general convex

optimization problem.

Lemma 2.2.1. Suppose a reduction from an optimization oracle to a membership oracle for
convex sets requires O(g(n)) queries to the membership oracle. Then the problem of optimizing
a convex function over a convex set can be solved using O(g(n)) queries to both the membership

oracle and the evaluation oracle.

Proof. The problem min,c f(x) reduces to the problem min, ;e g+ *" where K’ is defined as
in (2.4). K’ is the intersection of convex sets and is therefore itself convex. A membership oracle
for K’ can be implemented using 1 query each to the membership oracle for K and the evaluation
oracle for f. Since O(g(n)) queries to the membership oracle for K are sufficient to optimize

any linear function, the result follows. O
Theorem 2.1.1 directly follows from Theorem 2.2.1 and Lemma 2.2.1.
Overview. This part of the paper is organized following the plan outlined in Section 2.1.3.1.

Precise definitions of oracles and other relevant terminology appear in Section 2.2.1. Section 2.2.2
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develops a fast quantum subgradient procedure that can be used in the classical reduction from

optimization to membership. This is done in two parts:

1. Section 2.2.2.1 presents an algorithm based on the quantum Fourier transform that calculates
the gradient of a function with bounded second derivatives (i.e., a f-smooth function) with

bounded expected one-norm error.

2. Section 2.2.2.2 uses mollification to restrict the analysis to infinitely differentiable functions
without loss of generality, and then uses classical randomness to eliminate the need for

bounded second derivatives.

In Section 2.2.3 we show that the new quantum subgradient algorithm fits into the classical
reduction from [41]. Finally, we describe the reduction from optimization to membership in

Section 2.2.4.

2.2.1 Oracle definitions

In this section, we provide precise definitions for the oracles for convex sets and functions
that we use in our algorithm and its analysis. We also provide precise definitions of Lipschitz

continuity and S-smoothness, which we will require in the rest of the section.

Definition 2.2.1 (Ball in L, norm). The ball of radius r > 0 in L, norm ||-||, centered at v € R™

is Bp(x,7) :={y € Rn | [z —yll, <7}

Definition 2.2.2 (Interior of a convex set). For any 0 > 0, the d-interior of a convex set K is

defined as By(K,—0) := {x | Ba(z,d) C K}
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Definition 2.2.3 (Neighborhood of a convex set). For any § > 0, the d-neighborhood of a convex

set K is defined as Bo(K,0) :=={z |y € K s.t. ||z —yll2 < I}

Definition 2.2.4 (Evaluation oracle). When queried with x € R" and § > 0, output « such that
la — f(x)| < §. We use EVAL;s(f) to denote the time complexity. The classical procedure or

quantum unitary representing the oracle is denoted by Oy.

Definition 2.2.5 (Membership oracle). When queried with x € R™ and § > 0, output an assertion
that © € By(K,d) or x ¢ Bo(K,—0). The time complexity is denoted by MEM;(K). The

classical procedure or quantum unitary representing the membership oracle is denoted by O.

Definition 2.2.6 (Separation oracle). When queried with x € R™ and 6 > 0, with probability
1 — 0, either

* assert x € By(K,6) or

e output a unit vector ¢ such that ¢'x < ¢y + 6 forall y € Bo(K, —0).

The time complexity is denoted by SEP(K).

Definition 2.2.7 (Optimization oracle). When queried with a unit vector c, find y € R" such that
'z < Ty + 6 forall v € By(K, —0) or asserts that By(K, §) is empty. The time complexity of

the oracle is denoted by OPTs(K).

Definition 2.2.8 (Subgradient). A subgradient of a convex function f: R" — R at z, is a vector

g such that

fly) > f(z) + {9,y —z) (2.10)

for all y € R™. For a differentiable convex function, the gradient is the only subgradient. The set
of subgradients of f at x is called the subdifferential at x and denoted by O f ().
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Definition 2.2.9 (L-Lipschitz continuity). A function f: R* — R is said to be L-Lipschitz

continuous (or simply L-Lipschitz) in a set S if for all z € S, ||g||co < L forany g € 0f(x). An

immediate consequence of this is that for any x,y € S,

[f(y) = f(@)| < Llly — 2]l (2.11)

Definition 2.2.10 (5-smoothness). A function f: R" — R is said to be B-smooth in a set S if
for all x € S, the magnitudes of the second derivatives of f in all directions are bounded by [5.
This also means that the largest magnitude of an eigenvalue of the Hessian V> f(z) is at most f3.

Consequently, for any x,y € S, we have
B
Fy) < @) + (VI @),y — o) + Sy — % (2.12)

2.2.2 Evaluation to subgradient

In this section we present a procedure that, given an evaluation oracle for an L-Lipschitz
continuous function f: R” — R with evaluation error at most ¢ > 0, a point z € R", and
an “approximation scale” factor r; > 0, computes an approximate subgradient g of f at x.

Specifically, g satisfies

f(@) = f(x) +(9,q — 7) = Cllg — [|oo — 4nr1 L (2.13)

for all ¢ € R™, where E¢ < &(ry, €) and £ must monotonically increase with € as € for some

a > 0. Here ( is the error in the subgradient that is bounded in expectation by the function &.
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2.2.2.1 Smooth functions

We first describe how to approximate the gradient of a smooth function. Algorithm 1 and
Algorithm 2 use techniques from [48] and [49] to evaluate the gradient of a function with bounded
second derivatives in the neighborhood of the evaluation point. To analyze their behavior, we
begin with the following lemma showing that Algorithm 1 provides a good estimate of the

gradient with bounded failure probability.

Algorithm 1: GradientEstimate(f ¢, L, 5, x0)
Data: Function f, evaluation error ¢, Lipschitz constant L, smoothness parameter (3,
and point x.
Define
* | =24/¢/np to be the size of the grid used,

* b € N such that 2718 < L =1 g Br/ndg

* by € N such that QN;Z <5 =3 < I

* F(z) = 351f (20 + 5 (z = N/2)) — f(x0)], and,

e v:{0,1,...,N —1}—>G:: {=N/2,—-N/2+1,...,N/2 — 1} such that
v(x) =2z — N/2.

Let Oy denote a unitary operation acting as Op|z) = ¢2™@)|z), where

|F(z) — F(z)| < LO, with x represented using b bits and F'(z) represented using by
bits.
1 Start with n b-bit registers set to 0 and Hadamard transform each to obtain

1
Z |.T1,...,$Cd>; (214)

x1,..,24€{0,1,...,.N-1}

2 Perform the operation O and the map |z) — |y(z)) to obtain

1 .
oz 2 <o) (2.15)

geG™

3 Apply the inverse QFT over G to each of the registers;
4 Measure the final state to get k1, ko, . . ., kg and report § = %(l{:l, ko, ..., kq) as the
result.

Lemma 2.2.2. Let f: R® — R be an L-Lipschitz function that is specified by an evaluation
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oracle with error at most €. Let f be (-smooth in By (x,2+/€/[3), and let § be the output of

GradientEstimate(f, ¢, L, 3, xq) (from Algorithm 1). Then
1
Pr [|§i — Vf(2)i]| > 1500\/7%5} <3, Vie] (2.16)

The proof of Lemma 2.2.2 is deferred to Lemma 2.5.5 in the final section.
Next we analyze Algorithm 2, which uses several calls to Algorithm 1 to provide an

estimate of the gradient that is close in expected L distance to the true value.

Algorithm 2: SmoothQuantumGradient(f,e, L, 5, z)
Data: Function f, evaluation error ¢, Lipschitz constant L, smoothness parameter (3,
and point z.
1 Set T such that 2¢~7%/24 < 1500+/neB/L;
2 fort=1,2,...,T do
3 L e < GradientEstimate(f, e, L, 3, 1);

4 fort=1,2,...,ndo

5 If more than 7'/2 of egt) lie in an interval of size 3000+/n€/3, set §; to be the median
of the points in that interval;

6 Otherwise, set g; = 0;

7 Output g.

Lemma 2.2.3. Let f be a convex, L-Lipshcitz continuous function that is specified by an evaluation

oracle with error at most €. Suppose f is 3-smooth in By (x,2+/€/3). Let

g = SmoothQuantumGradient(f,e, L, 3, ) (2.17)

(from Algorithm 2). Then for any i € [n), we have |§;| < L and E|g; — V f(x);| < 3000y/nes;
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hence

El|g — Vf(z)|; < 3000n%%\/€3. (2.18)

If L, 1/B, and 1/e are poly(n), the SmoothQuantumGradient algorithm uses O(1) queries

to the evaluation oracle and O(n) gates.

Proof. For each dimension i € [n] and each iteration ¢ € [T'], consider the random variable

1 if el — Vf(2)i| > 1500y/neB
Xt = (2.19)

0 otherwise.

From the conditions on function f, Lemma 2.2.2 applies to GradientEstimate(f,¢, L, 3, ),
and thus Pr(X! = 1) < 1/3. Thus, by the Chernoff bound, Pr [|§; — V f(z);| < 1500y/nef] >

1—2eT%/24 > 1 — 1500y/n€f/L. In the remaining cases,

gi — Vf(x);| < L (see Line 4 of
Algorithm 1). Thus E|g; — V f(x);] < 3000y/nef for all i € [n], and (2.18) follows.

The algorithm makes 7" = poly(log(1/nef3)) calls to a procedure that makes one query
to the evaluation oracle. Thus the query complexity is O(l) To evaluate the gate complexity,
observe that we iterate over n dimensions, using poly(b) = poly(log(1/nef3)) gates for the
quantum Fourier transform over each. This process is repeated T = poly(log(1/nef3)) times.

Thus the entire algorithm uses O(n) gates. N
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2.2.2.2 Extension to non-smooth functions

Now consider a general L-Lipschitz continuous convex function f. We show that any such
function is close to a smooth function, and we consider the relationship between the subgradients
of the original function and the gradient of its smooth approximation.

For any 6 > 0, let ms: R™ — R be the mollifier function of width §, defined as

Lexp (_m) z € Bs(0,0)
ms(x) == (2.20)

0 otherwise,

where I,, is chosen such that f B2(0,5) ms(z)d*z = 1. The mollification of f, denoted Fs :=

f = ms, is obtained by convolving it with the mollifier function, i.e.,

Fs(x) = (f xms)(z) = . flz —y)ms(y) d™z. (2.21)

The mollification of f has several key properties, as follows:

Proposition 2.2.1. Let f: R™ — R be an L-Lipschitz convex function with mollification Fs. Then
(1) Fj is infinitely differentiable,
(i1) Fjy is convex,
(iii) Fj is L-Lipschitz continuous, and

V) |Fy(a) — f(2)| < L3,

These properties of the mollifier function are well known in functional analysis [55]. For

completeness a proof is provided in Lemma 2.5.2.
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Lemma 2.24. Let f: R" — R be an infinitely differentiable L-Lipschitz continuous convex
function with mollification Fys. Then any § satisfying ||g—V F5(y)|l1 = ¢ for some y € By (x,r1)
satisfies

f(@) = f(x) +(9,q — 2) = Cllg = lloo — 4nr L — 2L0. (2.22)

Here ( is the error in the subgradient and ¢ is the parameter used in the mollifier function.

Proof. For all ¢ € R", convexity of Fs implies

Fs(q) =2 Fs(y) + (VE5(y),qa —y) (2.23)

= F5(z) + (VF5(y),q — ) + (VF5(y),  — y) + (F5(y) — Fs(x)) (2.24)

> Fs(x) + (VFEs(y),q — x) —4nr L (2.25)

> F5(x) + (9,9 — ) = Cllg — [loc — 4nr1 L, (2.26)

so (2.22) follows from Proposition 2.2.1(iv). ]

Now consider ¢ such that L& < €. Then the evaluation oracle with error ¢ for f is also
an evaluation oracle for Fjs with error € + LJ ~ e. Thus the given evaluation oracle is also the
evaluation oracle for an infinitely differentiable convex function with the same Lipschitz constant,
with almost equal error, allowing us to analyze infinitely differentiable functions without loss
of generality (as long as we make no claim about the second derivatives). This idea is made
precise in Theorem 2.2.2. (Note that the mollification of f is never computed or estimated by our
algorithm. It is only a tool for analysis.)

Unfortunately, Lemma 2.2.3 cannot be directly used to calculate subgradients for Fj as
0 — 0. Note that for the given evaluation oracle for f to also be an ~ e-evaluation oracle for Fj,
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we must have § < e. Furthermore, there exist convex functions (such as f(z) = |z|) where if
|f(z) — g(z)] < § and g(z) is S-smooth, then 5§ > ¢ for some constant ¢ (see Lemma 2.5.3 in
the final section). Thus using the SmoothQuantumGradient algorithm at z = 0 will give us
a one-norm error of 3000n*2y/e3 > 3000n3/2,/c, which is independent of .

To avoid this problem, we take inspiration from [41] and introduce classical randomness
into the gradient evaluation. In particular, the following lemma shows that for a Lipschitz
continuous function, if we sample at random from the neighborhood of any given point, the
probability of having large second derivatives is small. Let y €r Y indicate that y is sampled
uniformly at random from the set Y. Also, let A(z) be the largest eigenvalue of the Hessian matrix
V2f(x) at x. Since the Hessian is positive semidefinite, we have \(z) < Af(z) := Tr(V?f(x)).

Thus the second derivatives of a function are bounded by A f(z).

Lemma 2.2.5. Let f: R™ — R be a twice differentiable L-Lipschitz function. Then

nL
EyepBo(@mAf(y) < —. (2.27)

1

Proof. We have

1
]EyGRBoo(:v,h)Af(y) - (27"1)” / Af(y) dny (228)
Boo(z,r1)
1
= \Y dr! 2.29
OBoo (z,r1)
1 n—1yr __ %
< (er)n@”)@“) L= - (2.30)

where (2.29) comes from the divergence theorem (the integral of the divergence of a vector field
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over a set is equal to the integral of the vector field over the surface of the set) and 7(y) is the

area element on the surface 0B, (x,r;) defined as

1 if Y; — Xy 2 (&1
n(y)i = (2.31)

0 otherwise.

]
Using Markov’s inequality with Lemma 2.2.5, we have
pnL 1
Pr A >—0 < - 2.32
y~Boo(z,71) |: f(y) 1 :| -p ( )

for p > 1. We use this fact to argue that at most points y € B, (x,r1), we can use the
SmoothQuantumGradient procedure (with a second derivative bound 5, = pnlL/ry) and
obtain good estimates to the gradient (with error that monotonically decreases with ¢).

From Lemma 2.2.3, we see that for SmoothQuantumGradient to be successful at a
point y, the second derivative bound 5, = pnL/r; must hold not only at y, but at every point
z € By(y,l), where [ := 2\/%. Thus we wish to upper bound the probability that a point y
lies in the [-neighborhood of the set of points with second derivatives greater than ;. Specifically,

we have the following.

Lemma 2.2.6. Let f: R" — R be an L-Lipschitz convex function with L > 1. Suppose n > 1

and € € (0,1). Then for any r; > 0,

16nL el/3
p 32 € Bu(y, ), Af(z) > —2 | < £
yERBoor(z,rl) & (y ) f(Z) 61/3 87'1

(2.33)
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where | = ¢2/3/2v/nL (i.e., | = 2+/€/By with 3y = pnL/r, and p = 161 /e/?).

Proof. We denote the measure of a set S by M(S). Consider y €r Boo(z,71). Then the
probability that y € S C B, (x, 1) is M(S)/(2r1)". Let B(S5,1) :=={y | 32z € Bx(y,1),z €

S}. From the union bound,

M(B(5,1)) < M(S) + M(S)M(Bso(0,1)) = (1 + (20)") M(S). (2.34)

Therefore, we have

M(Bx(S,1))
= 2.
yERBF;r(xyrl)[El 2 € Boo(y,1),2z € 5] @) (2.35)
M(S)
1 200" 2.36
= (1 + (21)") Pr [y € S]. (2.37)

YER Boo (x,71)

Considering S = {z | Af(z) > pnL/r} for any p > 1, combining (2.37) and (2.32) gives

L 1 20)™
Pr |3z By, ), Af(z) > 27 <2 4 (20) (2.38)
YER Boo (w,71) (&1 P b
n/2
1 4n
EE)T e
0
1 1 /16er,\™?
= ; + ]—9 an (240)
Using the assumptions thatn > 1, ¢ < 1, and L > 1, we have
pnL] 1 1 [/16rm\"?
Pr dz € Bo(y,1),Af(z) > —| < -+ - | — : (2.41)
YER Boo (2,71) ™ p D p
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1/3

Finally, with p = 16r; /€%, we have

16nL 1/3 1/3_n/6 1/3
Pr |3ze Bu(yl), Af(z) > 0 SRR ‘ (2.42)

YER Boo(2,71) el/3 | — 16m, 16, — 8r;

as claimed. O]

Thus we have shown that if we choose a point at random in the ;-neighborhood of the given
point z, every point in its [-neighborhood has small second derivatives with high probability. Note
the assumption that L > 1 is without loss of generality since otherwise we could simply run the

algorithm with L = 1.

Algorithm 3: QuantumSubgradient(f,e, L, x,r)
Data: Function f, evaluation error ¢, Lipschitz constant L, point z € R", length
T > 0.
1 Sample y €g Bo(x,71);
2 Output § = SmoothQuantumGradient(f,e, L, 16nL/e'/3,y).

Now we are ready to show that Algorithm 3 produces a good approximate subgradient.

Theorem 2.2.2. Let f be a convex, L-Lipschitz function that is specified by an evaluation oracle
with error ¢ < min{1,8192r?}. Let § = QuantumSubgradient(f,e, L, z,r) (Algorithm 3).

Then for all g € R",

fl@) > f(x) + (3,9 — v) — Cllg — 2[|oc — 4nri L, (2.43)

where B¢ < Le'/(15000n* + ).

Proof. Consider Fjs such that L) < e. From Proposition 2.2.1, Fjy is infinitely differentiable,
convex, and L-Lipschitz. The given evaluation oracle for f is also an evaluation oracle for Fij
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with error e = e + L < e.
We have e < 819273 and ¢; < 409613, so p = 16r1/e)’® > 1. Thus by Lemma 2.2.6, an
invocation of the algorithm ¢ = SmoothQuantumGradient (Fjy, €, L, 167”1/6}/3, y) behaves

correctly with probability at least 1 — e}/ ? /8ry. Thus for each i € [n], we have:

1. With probability at least 1 — /" /8,

16mn2Le;

1/3

Elg: — VF5(y):| < 3000 < 15000e}/*nL'? < 150006, °Ln.  (2.44)

2. With probability at most ¢, /8r1, the algorithm fails. From Lipschitz continuity, |V Fs(x);| <

L, and from Lemma 2.2.3,

gi| < L. Therefore,

Elg; — VFs(y):| < 2L. (2.45)
Finally, we have
1/3 L€1/3
Eyerfeter) |9 = VEFs(y)i] < 15000Ley*n + ——, (2.46)
1
SO
1/3 2 n
EyenBo(@m)llg — VEs(y)|1 < Le; (15000n + F) ) (2.47)
1
Thus from Lemma 2.2.4,
fl@) > f(z) + (9,9 — 7) — Cllg — ||oo — 4nr1 L — 2L (2.43)

for all ¢ € R™ where E¢ < Le}/3(15000n2 + 4”71) Now let 6 — 0. Then Fs — f, e; — €, and
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g — g. Finally,

fl@) = f(x) + (9,9 — x) = Cllg — [l — 4nr L (2.49)

for all ¢ € R", where E¢ < Le'/*(15000n* + ). O

2.2.3  Membership to separation

Algorithm 4: SeparatingHalfspace(K,p,p,d)
Data: Convex set K such that By(0,7) C K C By(0, R), x = R/r, d-precision
membership oracle for K, point p.

if the membership oracle asserts that p € By(K, §) then
| Output: p € By(K,4).

elseif p ¢ By(0, R) then
| Output: the halfspace {x € R" | 0 > (z — p,p)}.

else

Define h,(x) as in (2.50). The evaluation oracle for h,(z) for any x € B(0,7/2)
can be implemented to precision € = 7x0 using log(1/¢) queries to the
membership oracle for K;

[ S

A U A W

9

R1/261/3)

7 Compute § = QuantumSubgradient(hy,,¢, L, 0, 7 5%

8 Output: the halfspace
{z € R" | (100000R + 12RY? + 1) n?e'/%x3/2/p > (g, x — p)}.

In this section we show how the approximate subgradient procedure Algorithm 3 fits into
the reduction from separation to membership presented in [41]. We use the height function

hy: R™ — R defined in [41] for any vector p € R", as

hy(z) = —max{t e R |z +tp € K}. (2.50)

, Where p is the unit vector in the direction of p. The height function has the following properties:
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Proposition 2.2.2 (Lemmas 11 and 12 of [41]). Let K C R™ be a convex set with B3(0,r) C
K C By(0, R) for some R > r > 0. Then for any p € R", the height function (2.50) satisfies

(i) hy(z) is convex,

(i) hy(z) <0forallx € K, and

(iii) forall § > 0, hy(x) is %—Lipschitz continuous for v € Bs(0,0).

Now we are ready to analyze Algorithm 4.

Theorem 2.2.3. Let K C R"™ be a convex set such that B5(0,r) C K C By(0, R) for some
R>7r>0. Letp € (0,1) and § € (0, min{r/7k,1/7k}). Then with probability at least 1 — p,

SeparatingHalfspace(K,p, p,0) outputs a halfspace that contains K and not p.

Proof. Since 6 < min{r/7k,1/7k}, e < min{l,r}.

If p € By(K, 0) the algorithm is trivially correct.

If p ¢ By(0, R), the algorithm outputs a halfspace that contains B(0, R) (and therefore
contains K), and not p.

Finally, suppose p ¢ By(K,—9) and p € By(0, R). Since € > §, p ¢ Bo(K,—¢). The
height function h,(z) is 3x-Lipschitz for all x € By(0,r/2), where x := R/r. Since € <

min{1,r}, we have ¢ < r, so Theorem 2.2.2 implies
hp(7) > hy(0) + (G, ) — (||]|oe — 120715 (2.51)

forany z € K, where E¢ < 3xe'/#(15000n° + £-).
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Notice that —p/k € K and h, (—p/k) = h,(0) — £||p||2. From (2.51),

1 1
hp(0) — EHsz > hy(0) + (g, —p/K) — ECIIPHOO — 12nr1k (2.52)

SO

(3,p) > |Ipll2 = ClIplle — 12011 K2 (2.53)

As claimed in Line 6 of Algorithm 4, h,(z) can be evaluated with any precision € such that
7ké < e using O(log(1/€)) queries to a membership oracle with error d; the proof is deferred to
Lemma 2.5.6.

Since the membership oracle returns a negative response p ¢ By(K, —J), and the error €
in h,(z) must be > 9, p ¢ By(K, —e). We are also given that By(0,r) C K. Thus we have

(1 - €) K C By(K,—¢). Thus,
€
hy(0) = = (1= =) Ipll2 = =2 + en. (254
From (2.51), (2.52), and (2.54), we have

hy(x) > (g, 2 —p — C||z|loo — C||p||oc — 12071k — 12nrk? — ek (2.55)

> (G, 1 —p) — 2(R — 24nr K* — ek, (2.56)
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so (g, —p) < g:forallsc € K, where

EC < 6Rke? (15000n2 + 41> + 24nr K+ ex (2.57)
1
< 90000Rn2eYk + 12nRY2€Y/6,3/2 4 ek (2.58)
< (100000R + 12RY? + 1)n?e'/6x3/2, (2.59)
Thus the result follows from Markov’s inequality. [

Theorem 2.2.4. Let K C R™ be a convex set with By(0,7) C K C By(0,R) and k = R/r
for some R > r > 0, and let n > 0 be fixed. Further suppose that R,r,r € poly(n). Then a
separating oracle for K with error n can be implemented using O( 1) queries to a membership

oracle for K and O(n) gates.

Proof. Clearly, the unit vector in the direction g (from Algorithm 4) determines a separating
hyperplane given a point p ¢ By (K, —e¢).

From (2.52), we have

.00 Il — 30 (1500067 + 1) [yl 260
™
Letting 3¢'/* (1500072 + ) < 5k, we have
R 1
oR>r -~ = gl > —. 261
lglleR 21— o= = gl = 5 (2.61)

Thus, we have a separating oracle with error margin (200000R + 24R"/? + 2) n?e!/6x5/2p~1
and failure probability p. Setting p = ((200000R + 24R'/* + 2)n261/6n5/2)1/2, we have a
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composite error of (200000R + 24R'/? + 2)n2e¢'/5k%/2, To have error at most 7, we take € <
7%/ ((200000R + 24RY? + 1)5n1251%).

We finally obtain

6
€ . i 1
5:7—§7—m1n{ 12 5 1515 3,7“,1}.
KR K (200000R + 24R =+ 1) n-<K 216%6 (1500()”2 + 4:1)

(2.62)

Consequently, we have SEP, = @(1) MEM;, where

1 6 1
5= 7—min{ 771/2 — 3,7’,1}. (2.63)
K (2000001 + 24RY2 + 1)° n'2K1 51,6 (15000n2 i Sﬁ)

Therefore, 1/¢ and 1/6 are both O(poly(n)). Implementing the evaluation oracle takes

poly(log(1/€)) membership queries and a further O(1) queries are used for the sub-gradient.
The evaluation requires O(1/¢) gates and SmoothQuantumGradient uses

npoly(log(1/¢€)) gates. Thus a total of poly(log(1/n)) queries and n poly(log(1/n)) gates are

used. L]

2.2.4 Separation to optimization

It is known that an optimization oracle for a convex set can be implemented in O(n) queries

to a separation oracle. Specifically, Theorem 15 of [41] states:

Theorem 2.2.5 (Separation to Optimization). Let K be a convex set satisfying B2(0,r) C K C
By(0, R) and let k = 1/r. For any 0 < € < 1, with probability 1 — €, we can compute x €

By (K, €) such that ¢’z < minger cTx + €||c

o, using O(nlog(nk/e)) queries to SEP, (K),
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where n = poly(e/nk), and O(n®) arithmetic operations.
From Theorem 2.2.5 and Theorem 2.2.4, we have the following result

Theorem 2.2.6 (Membership to Optimization). Let K be a convex set satisfying Bo(0,r) C
K C By(0,R) and let k = 1/r. For any 0 < € < 1, with probability 1 — ¢, we can compute
& € By(K, €) such that v < mingeg T + ¢, using O(n) queries to a membership oracle for

K with error §, where § = O(poly(¢)), and O(n?) gates.

Proof. Using Theorem 2.2.4 with = poly(e/nk), each query to the separation oracle requires

O(1) queries to a membership oracle with error § = O(poly(e)). We make O(n) separation

queries and perform a further O(n3) arithmetic operations, so the result follows. 0

Theorem 2.2.1 follows directly from Theorem 2.2.6.

2.3  Lower bound

In this section, we prove our quantum lower bound on convex optimization (Theorem 2.1.2).
We prove separate lower bounds on membership queries (Section 2.3.1) and evaluation queries
(Section 2.3.2). We then combine these lower bounds into a single optimization problem in

Section 2.3.3, establishing Theorem 2.1.2.

2.3.1 Membership queries

In this subsection, we establish a membership query lower bound using a reduction from

the following search-with-wildcards problem:
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Theorem 2.3.1 ([52, Theorem 1]). For any s € {0,1}", let O, be a wildcard oracle satisfying

O.[T)[9)|0) = IT)w)|Qs(T' y)) (2.64)

forall T C [n]andy € {0,1}T|, where Q4(T, y) = 0[s|7 = y). Then the bounded-error quantum

query complexity of determining s is O(y/nlogn) and Q2 (\/n).

We use Theorem 2.3.1 to give an (/1) lower bound on membership queries for convex

optimization. Specifically, we consider the following sum-of-coordinates optimization problem:

Definition 2.3.1. Let
Cs := Xsi — 2,8+ 1], s; € {0,1} Vi € [n], (2.65)

where X is the Cartesian product on different coordinates. In the sum-of-coordinates optimization

problem, the goal is to minimize

f(z) = Z x; st x€Cs. (2.66)

Intuitively, Definition 2.3.1 concerns an optimization problem on a hypercube where the function
is simply the sum of the coordinates, but the position of the hypercube is unknown. Note that the
function f in (2.66) is convex and 1-Lipschitz continuous.

We prove the hardness of solving sum-of-coordinates optimization using its membership

oracle:

Theorem 2.3.2. Given an instance of the sum-of-coordinates optimization problem with members-
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hip oracle Oc,, it takes Q(\/n) quantum queries to O¢, to output an & € C, such that

£() < min f(x) + 3, @.67)

z€Cs

with success probability at least 0.9.

Proof. Assume that we are given an arbitrary string s € {0, 1}" together with the membership
oracle O¢, for the sum-of-coordinates optimization problem.

We prove that a quantum query to O¢, can be simulated by a quantum query to the oracle Oq
in (2.64) for search with wildcards. Consider an arbitrary point z € R" in the sum-of-coordinates

problem. We partition [n] into four sets:

Too:={i€[n]|ze[-2,-1)} (2.68)
Tpp = {i€n] |z € (1,2]} (2.69)
Tymia = {i € [n] | z; € [-1,1]} (2.70)
Tyou :={i € [n] | |25 > 2}, (2.71)

and denote T}, := T, o U T, and y@ € {0, 1}/7=! such that

0 ifie Ty
= (2.72)

1 ifieT,,.

We prove that O¢, (z) = Q(T%, y'™) if T, ou = @, and O¢, (z) = 0 otherwise. On the one hand,

if O¢,(x) = 1, we have x € Cs. Because for all i € [n], z; € [s; —2,s; + 1] C [-2,2] for
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both s; = 0 and s; = 1, we must have T}, ., = &. Now consider any ¢ € T;. If i € T, then
x; € [-2,—1). Because x; € [0 — 2,0+ 1] and z; ¢ [1 — 2,1 + 1], we must have s; = 0 since
x; € [s; — 2, s;+ 1]. Similarly, if ¢ € T}, 1, then we must have s; = 1. As a result of (2.72), for all
i € T, we have s; = yl-(m); in other words, s, = y@ and Q,(T,,y'”) = 1 = Oc, ().

On the other hand, if O¢, (z) = 0, there exists an ig € [n] such that z;, & [s;, — 2, s;, + 1].
We must have ig ¢ T, mig because [—1,1] C [s;, — 2, s;, + 1] regardless of whether s;, = 0 or
iy = 1. Next, if ig € T}, ou, then T}, o, # @ and we correctly obtain O¢, () = 0. The remaining
cases are iy € 1,9 and ig € T,;. If iy € T}, because z;, € [—-2,—1) C [0 — 2,0 + 1] and
Tiy & [Sio — 2, Sip + 1], we must have s;, = 1, and thus s7, # y®) because yi(:) = 0by (2.72). If
(z)

19 € 1% 1, we similarly have s;, = 0, Yi

= 1, and thus sz, # y'®). In both cases, s, # ¥, so
Qs(T, y' @) =0 = Oc, ().
Therefore, we have established that Oc,(z) = Q(T,, y®) if Ty ou = F, and O¢,(z) = 0
otherwise. In other words, a quantum query to O, can be simulated by a quantum query to O;.
We next prove that a solution x of the sum-of-coordinates problem satisfying (2.67) solves

the search-with-wildcards problem in Theorem 2.3.1. Because min,cc, f(z) = > . (s; — 2),

we have

Wl =

FE=>m< o+ (si—2). (2.73)
=1 =1

On the one hand, for all j € [n] we have Z; > s; — 2 since & € Cs; on the other hand, by (2.73)
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we have

i€[n], i#j

which implies Z; < s; — 2 + 5. In all,

T €lsi—2,5,—2+1%] Vie|[n]. (2.75)

Define a rounding function sgn_5,,: R — {0, 1} as

0 ifz<—3/2
SgN_3,5(2) = (2.76)

1 otherwise.

We prove that sgn_ /2(:%) = s (here sgn_3 , is applied on all n coordinates, respectively). For all
i € [n],if s; = 0, then T; € [-2,—3] C (—00,—3) by (2.75), which implies sgn_j ,(Z;) = 0
by (2.76). Similarly, if s; = 1, then 7; € [—1, —%] C (—%,4—00) by (2.75), which implies
SgN_35(T;) = 1 by (2.76).

In all, if we can solve the sum-of-coordinates optimization problem with an z satisfying
(2.67), we can solve the search-with-wildcards problem. By Theorem 2.3.2, the search-with-
wildcards problem has quantum query complexity 2(y/n); since a query to the membership
oracle O¢, can be simulated by a query to the wildcard oracle Oy, we have established an

Q(y/n) quantum lower bound on the number of membership queries needed to solve the sum-of-

coordinates optimization problem. 0
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2.3.2 Evaluation queries

In this subsection, we establish an evaluation query lower bound by considering the following

max-norm optimization problem:

Definition 2.3.2. In the max-norm optimization problem, the goal is to minimize a function

fe: R — R satisfying

fela) = max () — el + (3 Inr) — ) @)

1€[n]

for some ¢ € {0,1}", where m: R — [0, 1] is defined as

.

0 ifx<O
m(x) = » ifo<z<l1 (2.78)
1 ifx>1.
(

Observe that for all z € [0,1]", we have f.(x) = max;cp, |7; — ¢;|. Intuitively, Definition 2.3.2
concerns an optimization problem under the max-norm (i.e., L., norm) distance from c for all
x in the unit hypercube [0, 1]™; for all x not in the unit hypercube, the optimizing function pays
a penalty of the L, distance between = and its projection 7(z) onto the unit hypercube. The
function f. is 2-Lipschitz continuous with a unique minimum at z = ¢; we prove in Lemma 2.5.7
that f,. is convex.

We prove the hardness of solving max-norm optimization using its evaluation oracle:

Theorem 2.3.3. Given an instance of the max-norm optimization problem with an evaluation
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oracle Oy,, it takes Q2(v/n/ logn) quantum queries to Oy, to output an & € [0, 1]" such that

) . 1
Je(@) < min fo(x) + 3, (2.79)

with success probability at least 0.9.

The proof of Theorem 2.3.3 has two steps. First, we prove a weaker lower bound with

respect to the precision of the evaluation oracle:

Lemma 2.3.1. Suppose we are given an instance of the max-norm optimization problem with an
evaluation oracle Oy, that has precision 0 < § < 0.05, i.e., f. is provided with [log,(1/9)] bits
of precision. Then it takes 2(/n/log(1/6)) quantum queries to Oy, to output an T € [0, 1" such
that

) , 1
Je(@) < min fe(z) + 3, (2.80)

with success probability at least 0.9.
The second step simulates a perfectly precise query to f. by a rough query:

Lemma 2.3.2. One classical (resp., quantum) query to O, with perfect precision can be simulated

by one classical query (resp., two quantum queries) to Oy, with precision 1/5n.

Theorem 2.3.3 simply follows from the two propositions above: by Lemma 2.3.2, we can
assume that the evaluation oracle Oy, has precision 1/5n, so Lemma 2.3.1 implies that it takes
Q(yv/n/logbn) = Q(y/n/logn) quantum queries to Oy, to output an T € [0, 1]™ satisfying (2.79)
with success probability 0.9.
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The proofs of Lemma 2.3.1 and Lemma 2.3.2 are given in Section 2.3.2.1 and Section 2.3.2.2,

respectively.

2.3.2.1 Q(y/n) quantum lower bound on a low-precision evaluation oracle

Similar to the proof of Theorem 2.3.2, we also use Theorem 2.3.1 (the quantum lower
bound on search with wildcards) to give a quantum lower bound on the number of evaluation

queries required to solve the max-norm optimization problem.

Proof of 2.3.1. Assume that we are given an arbitrary string ¢ € {0,1}" together with the
evaluation oracle Oy, for the max-norm optimization problem. To show the lower bound, we
reduce the search-with-wildcards problem to the max-norm optimization problem.

We first establish that an evaluation query to O can be simulated using wildcard queries
on c. Notice that if we query an arbitrary z € R", by (2.77) we have

fula) = mae () — e + (32w - ) = Al + (3w~ wl) @8

i€[n]

where 7(x) = (mw(x1),...,m(z,)). In particular, the difference of f.(x) and f.(7(x)) is an
explicit function of z that is independent of c. Thus the query Oy, (x) can be simulated using one
query to Oy, (m(x)) where 7(x) € [0, 1]™. It follows that we can restrict ourselves without loss of
generality to implementing evaluation queries for x € [0, 1]™.

Now we consider a decision version of oracle queries to f., denoted Oy, ., where
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fedee: [0,1]™ x [0,1] — {0, 1} such that

Jegee(x, 1) = 0[fe(x) <.

(2.82)

(We restrictto ¢t € [0, 1] because f.(x) € [0, 1] always holds for x € [0, 1]”.) Using binary search,

a query to Oy, with precision d can be simulated by at most [log,(1/6)] = O(log 1/9) queries to

the oracle Oy, ..

Next, we prove that a query to Oy, . can be simulated by a query to the search-with-

wildcards oracle O, in (2.64). Consider an arbitrary query (z,t) € [0,1]" x [0,1] to Oy, .. For

convenience, we denote .Jy; := [0,¢], J1; := [1 — ¢, 1], and

Tos = Joy — (Jor N Jry)
Liyi=Jiy — (Jor N Jiy)
Iiar = Jos N it

]out,t = [0, 1} - (JO,t U Jl,t)-

We partition [n] into four sets:

Toop:={i€[n] |z €lo;}
Typg:={i€n] |z €L}

T:p,mid,t = {Z S [n] ‘ T; € Imid,t}

Tx,out,t = {Z € [77/] ‘ T; € Iout,t}-
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The strategy here is similar to the proof of Theorem 2.3.2: T’ niq + corresponds to the coordinates
such that |z; — ¢;| < ¢ regardless of whether ¢; = 0 or 1 (and hence ¢; does not influence whether
or not maX;epn |2; — ¢;| < t); Tyouy corresponds to the coordinates such that |z; — ¢;| > ¢
regardless of whether ¢; = 0 or 1 (so max;c[y |z; — ¢;| > t provided T, o+ is nonempty); and
Ty .0, (resp., T 1) corresponds to the coordinates such that |z; — ¢;| < ¢ only when ¢; = 0 (resp.,
c; =1).

Denote T}, ; := Ty 0+ U Ty and let 5@ € {0, 1}T= such that

0 ifie Ty,
ylot) = (2.91)

1 ifi€Toyy

We will prove that Oy, . () = Q(Ty, y'™") if Ty ous = @, and Oy, . (z) = 0 otherwise.
On the one hand, if Oy, . (7) = 1, we have f.(z) < t. In other words, for all i € [n] we

have |z; — ¢;| < t, which implies

x; € Jor Vi€ [n]. (2.92)

Since J.,; C Jo: U Ji4, we have z; € Jy, U Jy, forall i € [n], and thus T}, o+ = @ by (2.86)
and (2.90). Now consider any ¢ € T ,. If ¢ € T}, o4, then x; € Iy, by (2.87). By (2.83) we have
x; € Jot and x; ¢ J1+, and thus ¢; = 0 by (2.92). Similarly, if ¢« € T}, ; ;, then we must have

(r,t)

¢; = 1. Asaresult of (2.91), forall i € T, ; we have ¢; = y;""; in other words, ¢, , = y(“) and

QC(TCE,ﬁy(m’t)) = 1 = Ofc,dec (:’C>‘
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On the other hand, if Oy, . (z) = 0, there exists an iy € [n] such that

Tig & Jery - (2.93)

Therefore, we must have iy ¢ T mia+ since (2.85) implies Iyiar = Jour N J1p C J% +- Next, if
to € Ty out, then Ty, o+ # @ and we correctly obtain O Fodee () = 0. The remaining cases are
190 € Tyorand g € T q 4.

If iy € Ty 0., then ™ = 0 by (2.91). By (2.87) we have x;, € Iy, and by (2.83) we have

Tigt € Jor and z;, ¢ Jy4; therefore, we must have ¢;, = 1 by (2.93). As a result, Oy, 7 y(f”’t) at

(z,t)

ig- If ig € T} 1,4, we similarly have ¢;; = 0, y; " = 1, and thus ¢z, , =+ y(”) at 7. In either case,
o, # Y@V, and Qe(Toy, y'*Y) = 0= Oy, . (@).

We have established that Oy, . (z) = Qc(Ty,y™?) if Tyous = @, and Oy, (z) = 0
otherwise. In other words, a quantum query to Oy, . can be simulated by a quantum query to the
search-with-wildcards oracle O,.. Together with the fact that a query to Oy, with precision J can
be simulated by O(log 1/9) queries to Oy, ., it can also be simulated by O(log 1/0) queries to
O..

We next prove that a solution & of the max-norm optimization problem satisfying (2.80)

solves the search-with-wildcards problem in Theorem 2.3.1. Because min,e¢pp 1 fe(x) =0,

considering the precision of at most < 0.05 we have

fe(B) < 5+6<04. (2.94)
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In other words,

Z € e —0.4,¢,4+04] Vieln) (2.95)

Similar to (2.76), we define a rounding function sgn; ,: R — {0,1} as

0 ifz<1/2
sgny o(2) = (2.96)

1 otherwise.

We prove that sgn, 5(%) = c (here sgn, /, is applied coordinate-wise). For all i € [n], if ¢; = 0,
then #; € [0,0.4] C (—o0,1/2) by (2.95), which implies sgn, ,(Z;) = 0 by (2.96). Similarly, if
ci =1, then Z; € [0.6,1] C (1/2, +0oc) by (2.95), which implies sgn; 5(7;) = 1 by (2.96).

We have shown that if we can solve the max-norm optimization problem with an 7 satisfying
(2.80), we can solve the search-with-wildcards problem. By Theorem 2.3.2, the search-with-
wildcards problem has quantum query complexity 2(1/n); since a query to the evaluation oracle
Oy, can be simulated by O(log 1/§) queries to the wildcard oracle O., we have established an
Q(y/n/log(1/6)) quantum lower bound on the number of evaluation queries needed to solve the

max-norm optimization problem. ]

2.3.2.2 Discretization: simulating perfectly precise queries by low-precision
queries

In this subsection we prove Lemma 2.3.2, which we rephrase more formally as follows.

For our convenience, the function f. in (2.77) is abbreviated as f throughout this subsection.
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Lemma 2.3.3. Assume that f: [0,1]" — [0,1] satisfies | f(z) — f(z)| < =V € [0,1]" Then
one classical (resp., quantum) query to Oy can be simulated by one classical query (resp., two

quantum queries) 1o O ;.

To achieve this, we present an approach that we call discretization. Instead of considering

queries on all of [0, 1], we only consider a discrete subset D,, C [0, 1] defined as

D, = {x(a,7) |a € {0,1}"and 7 € S, }, (2.97)

where S, is the symmetric group on [n] and x: {0, 1}" x S,, — [0, 1]™ satisfies

X(a,m); = (1= ai) g + a;(1 — 5b) Vi€ [n). (2.98)

Observe that D, is a subset of [0, 1]".
Since |S,| = n! and there are 2" choices for a € {0,1}", we have |D,| = 2"n!. For

example, when n = 2, we have

D= {(ED. (DD ED.GD.EHED.E e

with |Dy| =22 .21 = 8.

We denote the restriction of the oracle Oy to D,, by Oy p,,, i.e.,

Ofp,|7)|0) = [2)|f(z))  Va € D,. (2.100)

In fact, this restricted oracle entirely captures the behavior of the unrestricted function.
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Lemma 2.3.4 (Discretization). A classical (resp., quantum) query to Oy can be simulated using

one classical query (resp., two quantum queries) to Oy p,,.

Algorithm 5: Simulate one query to Oy using one query to Oyp,,.

Input: x € [0, 1]";
Output: f(z) € [0, 1];
1 Compute b € {0,1}" and o € S, such that the 2n numbers
X1,%9,...,Tp, 1 —2x1,...,1 —x, are arranged in decreasing order as

bo)Zo1) + (1 = bo)) (1 — Zo1)) = -+ 2 bom)Tom) + (1 = bom)) (1 — Zoem))
> (1 = bom))Za(m) + bam) (1 = Tom)) = -+ 2 (1 = bo1))Ta) + bo() (1 = To(1));

(2.101)
2 Compute z* € D,, such that x(b,c~1) = x* (where ¥ is defined in (2.98));
3 Query f(z*) and let k* = (2n + 1)(1 — f(2*));
4 Return
1-0 by (1 — Tgm if k* = 1
f(ZL') — ( U(”))xa(”) + ( )( Z ( )) 1 ‘n—i_ (2102)
bok)To(kr) + (1 = borr)) (1 — To@=y)  otherwise.

We prove this proposition by giving an algorithm (Algorithm 5) that performs the simulation.
The main idea is to compute f(z) only using x and f(z*) for some z* € D,,. We observe that

max-norm optimization has the following property: if two strings = € [0, 1]" and z* € D,, satisfy

that z1,...,2,,1 —21,...,1 —x, and 27,..., 2,1 — 27,...,1 — z; have the same ordering,
then
arg max |r; — ¢;| = argmax |z} — ¢;. (2.103)
i€[n] i€[n]
. * * * _ 1 2n
Furthermore, x* € D,, promises that {z7,...,z;,1 —27,..., 1 — x5} = {57, .., 547 ) are

2n different numbers, and hence knowing the value of f(z*) implies the value of the arg max
above (denoted i*) and the corresponding ¢;«; we can subsequently recover f(x) given x since
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. In other words, f(x) can be computed given z and f(x*). Moreover, f(z*) is

fz) = |z —cis

_1
2n+1

1

=, We can round

an integer multiple of ; even if f(z*) can only be computed with precision

it to the closest integer multiple of ﬁ which is exactly f(z*), since the distance % < % Asa
result, we can precisely compute f(z*) for all z € D,,, and thus we can precisely compute f(z).
We illustrate Algorithm 5 by a simple example. For convenience, we define an order

function Ord: [0,1]" — {0,1}" x S, by Ord(z) = (b,0) for all x € [0,1]", where b and o

satisfy Eq. (2.101).

An example with n = 3. Consider the case where the ordering in (2.101) is

1—17321’12{['221—17221—13121’3. (2104)

Then Algorithm 5 proceeds as follows:
* Line 1: With the ordering (2.104), we have (1) = 3, 0(2) = 1,0(3) =2; b3 =0, b; = 1,

b2:1.

* Line 2: The point z* € D3 that we query given Ord(z) satisfies 1 — x5 = 6/7, 27 = 5/7,

vy =4/7,1—x5 =3/7,1—xf = 2/7,and 2§ = 1/7; in other words, z* = (5/7,4/7,1/7).

* Line 3: Now we query f(z*). Since f(z*) is a multiple of 1/7 and f(z*) € [1/7,6/7],
there are only 6 possibilities: f(z*) = 6/7, f(z*) = 5/7, f(z*) = 4/7, f(z*) = 3/7,
flz*)=2/7,0r f(z*) =1/T7.

After running Line 1, Line 2, and Line 3, we have a point =* from the discrete set D3 such

that Ord(z) = Ord(z*). Since they have the same ordering and |z; — ¢;| is either x; or
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1 — x; for all i € [3], the function value f(x*) should essentially reflect the value of f(x);

this is made precise in Line 4.

* Line 4: Depending on the value of f(z*), we have six cases:

— f(x*) = 6/7: In this case, we must have c3 = 1, so that |x3 — c3| = |1/7 — 1| =6/7
(|x1 — c1| can only give 5/7 or 2/7, and |z5 — c3| can only give 4/7 or 3/7). Because
1 — x5 is the largest in (2.104), we must have f(z) = 1 — x3.

— f(z*) = 5/7: In this case, we must have ¢; = 0, so that |z, — ¢;| = |5/7 — 0| = 5/7.
Furthermore, we must have ¢; = 1 (otherwise if ¢c; = 0, f(z) > |z3 —c3| = 6/7). As
aresult of (2.104), we must have f(z) = x; since x; > x3and z; > max{xs, 1 —x2}.

— f(z*) = 4/7: In this case, we must have ¢, = 0, so that |zo — co| = [4/7 — 0| = 4/7.
Furthermore, we must have c3 = 1 (otherwise if c3 = 0, f(x) > |23 — ¢3] = 6/7) and
c; = 1 (otherwise if ¢; = 0, f(x) > |x1 — 1| = 5/7). As aresult of (2.104), we must

have f(z) = xg since xo > 1 — 21 > 1 — z3.

— f(z*) = 3/7: In this case, we must have ¢, = 1, so that |zy — c5| = |4/7 — 1| = 3/7.
Furthermore, we must have c¢; = 1 (otherwise if c3 = 0, f(z) > |x3 — c3| = 6/7) and
c1 = 1 (otherwise if ¢; = 0, f(z) > |21 — ¢1| = 5/7). As aresult of (2.104), we must
have f(x) =1 — xgsincesince 1 —xo > 1 — 121 > 1 — x3.

— f(z*) = 2/7 or f(z*) = 1/7: This two cases are impossible because f(z*) >

|z — co| = |4/7 — 3| > 3/7, no matter c; = 0 or c5 = 1.

While Algorithm 5 is a classical algorithm for querying Oy using a query to Oy|p,,, it is

straightforward to perform this computation in superposition using standard techniques to obtain
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a quantum query to Oy. However, note that this requires two queries to a quantum oracle for
Oy|p,, since we must uncompute f(z*) after computing f(x).

Having the discretization technique at hand, Lemma 2.3.3 is straightforward.

Proof of Lemma 2.3.3. Recall that |f(z) — f(z)] < — VY € [0,1]". We run Algorithm 5 to

compute f(z) for the queried value of z, except that in Line 3 we take £* = [(2n+1)(1— f(z*))]

(here [a] is the closest integer to a). Because | f(z*) — f(z*)] < =, we have

~

|20+ 1)(1 = f(27) = 20+ 1)(1 = f@)| = @n+ DI f(") - fla)] < 2 < §;

(2.105)

as aresult, k* = (2n+1)(1— f(z*)) because the latter is an integer (see Lemma 2.5.9). Therefore,
due to the correctness of Algorithm 5 established in Section 2.5.3, and noticing that the evaluation
oracle is only called at Line 3 (with the replacement described above), we successfully simulate

one query to Oy by one query to O (actually, to O D) [
The full analysis of Algorithm 5 is deferred to Section 2.5.3. In particular,

* In Section 2.5.3 we prove that the discretized vector x* obtained in Line 2 is a good

approximation of x in the sense that Ord(z*) = Ord(z);
* In Section 2.5.3 we prove that the value k* obtained in Line 3 satisfies £* € {1,...,n+1};

* In Section 2.5.3 we finally prove that the output returned in Line 4 is correct.
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2.3.3  Proof of full lower bound

We now prove Theorem 2.1.2 using Theorem 2.3.2 and Theorem 2.3.3. Recall that our
lower bounds on membership and evaluation queries are both proved on the n-dimensional

hypercube. It remains to combine the two lower bounds to establish them simultaneously.

n

Theorem 2.3.4. Let C, := X._,[s; — 2,8; + 1] for some s € {0,1}". Consider a function
[:Cs x [0,1]" = R such that f(x) = fu(x) + fec(x), where for any © = (x1,x9,...,Ta,) €

Cs x [0,1]™,
fm(x) = Z X, fee(x) = max |r; —c¢ip (2.106)
for some ¢ € {0, 1}". Then outputting an & € C, x [0, 1|" satisfying

f(@) < min_ f(z)+3 (2.107)

x€Cs x[0,1]™

with success probability at least 0.8 requires ()(\/n) quantum queries to Oc, o 1j» and Q(y/n/logn)

quantum queries to Oy.

Notice that the dimension of the optimization problem above is 2n instead of n; however,

the constant overhead of 2 does not influence the asymptotic lower bounds.

Proof of Theorem 2.3.4. First, we prove that

i S d i = (s—2,,0), 2.108
B cﬂrilf&unﬂx) an arg Crsril[r&mf(x) (s c) (2.108)
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where 2,, is the n-dimensional all-twos vector and S := )" | (s; — 2). On the one hand,

fu(z) > S Ve, x[0,1]" (2.109)

with equality if and only if (z1,...,x,) = s — 2,,. On the other hand,

feolz) >0  VYazel, x[0,1]", (2.110)

with equality if and only if (z41,...,29,) = ¢. Thus f(z) = fu(z) + fe(r) > S for all
x € Cs x [0, 1]™, with equality if and only if x = (21, ..., %0, Tpat, ..., Ton) = (8 — 25, C).

If we can solve this optimization problem with an output Z satisfying (2.107), then

(@) + feo(@) = f(7) < S+ 3. (2.111)
Egs. (2.109), (2.110), and (2.111) imply
(@) <S+3 o fu(@) + 3 (2.112)
7)< L — i 1
fee(Z) < 5 Lo fee(z) + 3. (2.113)

On the one hand, Eq. (2.112) says that & also minimizes fy with approximation error ¢ = %.

w

By Theorem 2.3.2, this requires €2(1/n) queries to the membership oracle Oc,. Also notice that

one query to Oc,x[o1» can be trivially simulated one query to Og,; therefore, minimizing f

1

with approximation error € = 3

with success probability 0.9 requires £2(1/n) quantum queries to
Oc, x[o,1)7-
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On the other hand, Eq. (2.113) says that Z minimizes fg . with approximation error € =

W=

By Theorem 2.3.3, it takes Q(1/n/ log n) queries to Oy, _ to output Z. Also notice that

f(@) = fu(z) + fecla Z%—I—flzc (2.114)

therefore, one query to Oy can be simulated by one query to Oy, .. Therefore, approximately
minimizing f with success probability 0.9 requires Q(/n/ logn) quantum queries to Oy.

In addition, fy is independent of the coordinates x,, 1, ..., Z2, and only depends on the
coordinates z1, . .., z,, whereas fg . is independent of the coordinates z1, . .., z,, and only depends
on the coordinates 1, ..., Z2,. As aresult, the oracle Oc, «[o,1j» reveals no information about
¢, and Oy reveals no information about s. Since solving the optimization problem reveals both s
and c, the lower bounds on query complexity must hold simultaneously.

Overall, to output an Z € C, x [0, 1]" satisfying (2.107) with success probability at least
0.9-0.9 > 0.8, we need Q(1/n) quantum queries to Oc, x[o,1j» and 2(y/n/log n) quantum queries

to Oy, as claimed. O

2.3.4 Smoothed hypercube

As a side point, our quantum lower bound in Theorem 2.3.4 also holds for a smooth convex

n

body. Given an n-dimensional hypercube C,; := X,_, [z; — [, ], we define a smoothed version
as
" 2n 1 1
SCopi= B X 21 = ol wi - 1. z 2.115
! 2(>:<1 2n + 1 2n + 1 2n—|—1) @115
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using Definition 2.2.3. For instance, a smoothed 3-dimensional cube is shown in Figure 2.1.

Figure 2.1: Smoothed hypercube of dimension 3.

The smoothed hypercube satisfies

C 1 an—1; C SCIJ - CxJ (2.116)

Tl gy

where [,, is [ times the n-dimensional all-ones vector; in other words, it is contained in the original

(non-smoothed) hypercube, and it contains the hypercube with the same center but edge length

2n—1
2n+1

l. For instance, X:L:1[T1+17 %] C 8Cy,1 C X?ZI[O, 1]; by Eq. (2.97), D,, C SCy,, 1. It
can be verified that the proof of Theorem 2.3.2 still holds if the hypercube X?zl [si —2,8,+1] =
Cs11, 3 1s replaced by SC, 41, 3, and the proof of Theorem 2.3.3 still holds if the unit hypercube
0, 1]™ is replaced by SCy,, 1; consequently Theorem 2.3.4 also holds. More generally, the proofs

remain valid as long as the smoothed hypercube is contained in [0, 1]" and contains D,, (for

discretization).
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2.4 Conclusions

This chapter has presented quantum algorithms for convex optimization that are quadratical-
ly faster than the best known classical algorithms [41] in terms of the membership and evaluation
oracles required. The corresponding lower bounds show that despite these speedups, no exponential

quantum speedups are possible for this problem.

Related independent work. Inindependent simultaneous work, van Apeldoorn, Gilyén, Gribl-
ing, and de Wolf [56] establish a similar upper bound, showing that O(n) quantum queries to a
membership oracle suffice to optimize a linear function over a convex body (i.e., to implement an
optimization oracle). Their proof follows a similar strategy to ours, using a quantum algorithm
for evaluating gradients in O(l) queries to implement a separation oracle. Those authors also
establish quantum lower bounds on the query complexity of convex optimization, showing in
particular that Q(/n) quantum queries to a separation oracle are needed to implement an optimiza-
tion oracle, implying an Q(y/n) quantum lower bound on the number of membership queries
required to optimize a convex function. While Ref. [56] does not explicitly focus on evaluation
queries, those authors have pointed out to us that an Q(/n) lower bound on evaluation queries
can be obtained from their lower bound on membership queries, using a careful application
of techniques inspired by [41] (although our approach gives a bound with a better Lipschitz

parameter).

Open questions. This work leaves several natural open questions for future investigation. In

particular:
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* Can we close the gap for both membership and evaluation queries? Our upper bounds on

both oracles in Theorem 2.1.1 uses O(n) queries, whereas the lower bounds of Theorem 2.1.2

are only Q(y/n).

* Can we improve the time complexity of our quantum algorithm? The time complexity
O(n?) of our current quantum algorithm matches that of the classical state-of-the-art algorithm
[41] since our second step, the reduction from optimization to separation, is entirely classical.

Is it possible to improve this reduction quantumly?

* What is the quantum complexity of convex optimization with a first-order oracle (i.e.,
with direct access to the gradient of the objective function)? This model has been widely

considered in the classical literature (see for example Ref. [53]).

2.5 Deferred Technical Details

2.5.1 Auxiliary lemmas

Classical gradient computation. Here we prove that the classical query complexity of gradient

computation is linear in the dimension.

Lemma 2.5.1. Let f be an L-Lipschitz convex function that is specified by an evaluation oracle
with precision § = 1/ poly(n). Any (deterministic or randomized) classical algorithm to calculate
a subgradient of f with Lo-norm error ¢ = 1/ poly(n) must make Q(n) queries to the evaluation

oracle.

Proof. Consider the linear function f(x) = ¢’z where each ¢; € [0,1]. Since each ¢; must be
determined to precision ¢, the problem hides nlog(1/¢) bits of information. Furthermore, since
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the evaluation oracle has precision ¢, each query reveals only log(1/4) bits of information. Thus

nlog(

oa(l / = n/log(n) evaluation queries. O

any classical algorithm must make at least

Mollified functions. The following lemma establishes properties of mollified functions:

Lemma 2.5.2 (Mollifier properties). Let f: R" — R be an L-Lipschitz convex function with
mollification Fs = f x mgs, where my is defined in (2.20). Then
(1) Fj is infinitely differentiable,
(i) Fjs is convex,
(iii) Fj is L-Lipschitz continuous, and

(iv) |Fs5(z) — f(x)| < LS.

Proof.
(i) Convolution satisfies (gxq) = p* g—g, so because my is infinitely differentiable, Fj is
infinitely differentiable.

(i) We have F3(z) = [g. f(x — 2)ms(2) dz = [g. f(2)ms(x — 2) dz. Thus
Fs(Az+(1=XN)y) = /f()\x + (1 =Ny — 2)ms(z)dz (2.117)
> [Mfa=2+ 1=V -ms)d @8

Rn

= AFs(z) + (1 — N Fs(y), (2.119)

where the inequality holds by convexity of f and the fact that ms > 0. Thus Fj is convex.
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(iii) We have

\WH@—FHwHZH/U@—%%—ﬂy—@WM@dﬁ

< / 1@ —2) — £y — 2)llms(z) dz

< LH:U—yH/mg(z) dz
Rn

= Lz —yll

Thus from Definition 2.2.9, Fj is L-Lipschitz.

(iv) We have

|Fs(x) — f(2)] =

[ #a=2g21ds~ [ g a:

< / @ —2) - f(2) g(z)dz
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as claimed.

]

The following lemma shows strong convexity of mollified functions, ruling out the possibility

of directly applying Lemma 2.5.5 to calculate subgradients.

Lemma 2.5.3. There exists a 1-Lipschitz convex function f such that for any (-smooth function

g with |f(x) — g(x)| <0 forall x, 5§ > ¢ where c is a constant.

Proof. Let f(x) = |z|. Consider > 0. By the smoothness of g,

o) < 9(0) + Vg(0)" + 2 2.131)
g(—z) < g(0) — Vg(0) 'z + ga:Q. (2.132)

As aresult, we have g(z) + g(—x) < 2¢(0) + B2? for all z > 0. Since | f(z) — g(z)] < 4,

f(@)+ f(—2) <2f(0)+ B2* +46 = PBa*—22+46>0 (2.133)

forall z > 0.
Since 46 > 0, the discriminant must be non-positive. Therefore, 16 — 1650 < 0, so

58> 1. N

2.5.2 Proof details for upper bound

We give the complete proof of Lemma 2.2.2 in this section.
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Given a quantum oracle that computes the function Ny F' in the form

Urlo)ly) = |2)ly & (NoF(z) mod N)), (2.134)

it is well known that querying U with

]_ 2miz
o) = ——= > e i) (2.135)

N,
0ief01,.,N-1}

allows us to implement the phase oracle O in one query. This is a common technique used in
quantum algorithms known as phase kickback.

First, we prove the following lemma:

Lemma 2.54. Let G := {—N/2,—N/2+1,...,N/2—1} and define vy: {0,1,... ., N—1} - G
by y(x) = ©x — N/2 for all x € {0,1,...,N — 1}. Consider the inverse quantum Fourier

transforms

1 2mizy
QFTY' [z) = —= e N y), Vazelo,N—1]; (2.136)
VN ye[0,N—1]
_ 1 _2miy(z)y(y)
QFTS! |[y(2)) == i eV (), YA(z) €G (2.137)
v(y)eG

over [0, N — 1] :={0,1,..., N — 1} and G, respectively. Then we have QFT;' = U QFT' U,

where U is a tensor product of b = log, N single-qubit unitaries.
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Proof. For any x € [0, N — 1], we have

]. iy (x
QPTG Ja) = 7% 3 o) (2.138)
ye[0,N—1]
which is equivalent to
1 TLLY .
— Y e emlatpy) (2.139)

VN

ye[0,N—1]
up to a global phase. Setting Ulz) = e™*|x) forall z € {0,1,..., N—1}, we have the result. [
p g p g ) ) )

The above shows that we can implement QFT(_;1 on a single b-bit register using O(b) gates.
Thus there is no significant overhead in gate complexity that results from using QF T instead of
the usual QFT.

Now we prove Lemma 2.2.2, which is rewritten below:

Lemma 2.5.5. Let f: R® — R be an L-Lipschitz function that is specified by an evaluation
oracle with error at most €. Let f be (-smooth in By (x,2+/€/[3), and let g be the output of

GradientEstimate(f, ¢, L, 3, xq) (from Algorithm 1). Let g = V f(xq). Then
1
Pr (g, — g > 1500\/”65] <3 Viell. (2.140)

Proof. To analyze the GradientEstimate algorithm, let the actual state obtained before

applying the inverse QFT over GG be

1 e
)= s 3 ) @141

zeGa
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where |F(z) — 25[f(z0 + &) — f(20)]] < Ni Also consider the idealized state

2mig-x
N”/2 > e ). (2.142)

eG4

From Lemma 2.5.4 we can efficiently apply the inverse QFT over G; from the analysis of

phase estimation (see [57]), we know that

' p —— 2.14
Vi€ [n] r{ 5T ]<2(w—1)’ (2.143)
so in particular,
Ng; 1
' Pr || >4 <2 2.144
Vi€ [n] r{ 57 } <3 ( )

Now, let g = V f(x¢). The difference in the probabilities of any measurement on |¢)) and

|¢) is bounded by the trace distance between the two density matrices, which is

)@ = [9) {8l = 2¢/1 = [{¥]9) > < 2[[|4)) — |- (2.145)

Since f is S-smooth in B (z, 2\/%),
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P < g |1 (04 55) = slea] + 5

N (1 B2?\ 1
< — i
= 2L ( Vi@o) v+ 55 ) N
1 NpBIn  Ne
< — —_—.

Then we have

i (x 2mig.x
1) = lo)lI* = dZIQF() e oL |

zeGy

1 ~ g.$ 2
LS () - £9)
D
Nt £~ 2L
1 472N? (Bin €\
< [ T
<w 2T ()

z€Gy

472 N2 Ben
-z

In Algorithm 1, IV is chosen such that N < o F

1

119) = 1)1 < =7

Thus the trace distance is at most 3. Therefore, Pr Hk: — —| > 4] < 1. Thus we have

8L 1 :
Pr {]gl gil > W} <3 Vi € [n].

Plugging this into (2.149),

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)

(2.154)

From Algorithm 1, - < 48”W , SO % < 384m/neB < 15004/nef, and the result follows. [
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Finally, we prove that the height function %, can be evaluated with precision € using

O(log(1/€)) queries to a membership oracle:

Lemma 2.5.6. The function h,(z) can be evaluated for any x € By (0,r/2) with any precision

€ > Tro using O(log(1/€)) queries to a membership oracle with error §.

!
|
<
|
|
|
|
|
|
!
|
|
|
|
|
|
|
|
!
!
|
|
|
|

Figure 2.2: Relating the error to 20 in n = 2 dimensions.

Proof. We denote the intersection of the ray = + ¢p'and the boundary of K by (), and let H be an
(n — 1)-dimensional hyperplane that is tangent to K at (). Because K is convex, it lies on only
one side of H; we let ¢’'denote the unit vector at () that is perpendicular to H and points out of
K. Let 0 := arccos(p, ).

Using binary search with log(1/d) queries, we can find a point P on the ray = + ¢p such
that P ¢ B(K,—6) and P € B(K,§). The total error for ¢ is then at most -22;. Now consider

y = & — Aq for some small A > 0. Then h,(y) — hy(z) = -2, + o(-2;) (see Figure 2.2 for an

cos 6 cosf

illustration with n = 2).

By Proposition 2.2.2, h,(z) is 3x-Lipschitz for any x € B(0,7/2); therefore, h,(y) —
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h,y(x) < 3k|ly — z|| = 3xA, and hence

A A 1
+ o( ) <3kA = < 35k (2.155)
cos 6 cos 6 cos 6
for a small enough A > 0. Thus the error in h,(x) is at most % < Tk, and the result
follows. ]

2.5.3 Proof details for lower bound

In this section, we give proof details for our claims in Section 2.3.2.

Convexity of max-norm optimization. In this subsection, we prove:
Lemma 2.5.7. The function

n

folw) = max () = eil + (D Im(w:) - i) (2.156)

i€[n] —

is convex on R", where ¢ € {0,1}" and 7: R — [0, 1] is defined as

.
0 ifx<O
m(z) =1 2 ifo<z<l1 (2.157)
1 ifx>1.
\
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Proof. For convenience, we define g;: R" — R for i € [n] as

;

gi(x) = |m(z:) — 2| = {0 if0 <z <1 (2.158)

\

where the second equality follows from (2.157). From (2.158), it is clear that g;(z) = max{—z;, 0,
x; — 1}. Since the pointwise maximum of convex functions is convex, g;(z) is convex for all
i € [n].

Moreover, for all i € [n] we define h.;: R" — Ras h.;(z) = |n(z;) — ¢ + |7(x;) — 2]
We claim that h.;(z) = |2;—c¢;|, and thus h..; is convex. If ¢; = 0, then |7 (z;) —¢;|+|7(x;) — 24| =

m(x;) + |7 (x;) — x;]; as a result,

0<x; <1 = =w(x)+|n(x;) — x| = x; + |x; — ;| = 24 (2.160)
r>1 = 7w(z)+|n(z) —o| =141 — x| = ;. (2.161)

Therefore, Vi € [n], hei(z) = |x; — ¢;|. The proof is similar when ¢; = 1.

75



Now we have

fel) = ma (|7r(xl-) —al+ Y Imay) — xj|) (2.162)
j=1
= max ((]77(331-) — il + (i) — m)) + Zgj(x)) (2.163)
J#i
= max (hm-(x) +Y g (:c)). (2.164)

JF

Because h.; and g; are both convex functions on R” for all ¢, j € [n], the function h.;(x) +
> ki gj(x) is convex on R™. Thus f. is the pointwise maximum of n convex functions and is

therefore itself convex. O]

Proof of Lemma 2.3.4.

Correctness of Line 1 and Line 2. In this subsection, we prove:

Lemma 2.5.8. Let b and o be the values computed in Line I of Algorithm 5, and let x* =

x(b,071). Then Ord(z*) = Ord(z).
Proof. First, observe that b € {0,1}" and o € S,, because

» For all i € [n], both z; and 1 — z; can be written as b;z; + (1 — b;)(1 — z;) for some

bi - {0, 1},

* Ord(z) is palindrome, i.e., if z;, is the largest in {z1,...,z,,1 — x1,...,1 — z,} then
1 — x;, is the smallest in {x1,...,z,, 1 — 2z1,...,1 —x,}; if 1 — x;, is the second largest
in {x1,...,2,,1 —x1,...,1 — x,} then z;, is the second smallest in {z;,...,z,,1 —
x1,...,1 —x,}; etc.
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Recall that in (2.101), the decreasing order of {x1,...,z,, 1 —21,...,1 —z,} is

bo(1)To(1) + (1 = bo1)) (1 = Zo(1)) = +++ 2 bo(n)To(n) + (1 = bo(n)) (1 — To(n))

2 (1= bo(m))To(n) + bom)(1 = Tom) = -+ = (1 = bo(1))Zo1) + bo(n) (1 — Zor))- (2.165)

On the other hand, by the definition of D,,, we have

1 2 2n
-t 1—a :{ , —} 2.166
ton o, =) T T G U U (2.166)
Combining (2.165) and (2.166), it suffices to prove that for any i € [n],
bo(iy Ty + (1 = b)) (1 — 25;)) = 1 — SEL (2.167)
(1 — bg(z))wo.(z) + bo‘(l)(l - .Ta(i)) = on 1+ 1 . (2168)

We only prove (2.167); the proof of (2.168) follows symmetrically.

By (2.98), we have x; = (1 — bj)az;ﬁ) + b;(1 — 02;;81)) for all j € [n]; taking j = o(7),

we have 27 ;) = (1 — bo(i)) 57 + Doty (1 — 557 ). Moreover, since by(;) € {0,1} implies that

77



ba(i)(l - bg(i)) = 0 and b?r(i) + (1 - ba(i))Q = 1, we have

Doty Tasy + (1 = bo(i)) (1 = Zh5)) = bo(o) [(1 = boi)) 575 + botny (1 — 5:57) ]

+(1- bo(i))[b ()2n+1 + (1= bo( >( 2ni+1)] (2.169)

= 265 () (1 = bo(i)) 3y + (Oae) + (1 = bo)*) (1 = 557)

(2.170)
—1- i 2.171)
which is exactly (2.167). ]
Correctness of Line 3. In this subsection, we prove:
Lemma 2.5.9. There is some k* € {1,... ,n+ 1} such that f(z*) =1 — 2:11.
Proof. Because |r] — ¢;| is an integer multiple of 5~ for all i € [n], f(z*) must also be an

integer multiple of 31— As aresult, k* = (2n + 1)(1 — f(z*)) € Z.

1

It remains to prove that 1 < £* < n + 1. By the definition of D,, in (2.97), we have

o~ 1(i) . _
+b,~<1—2n+1> Vi€ [n); (2.172)

since b; = 0 or 1, we have &} € Ll(i), 1-— . Because we also have ¢; € {0, 1},
) 2n+1 2n+1

o~ 1(i) o 2n
on+1~" 2n+1

i —¢l <1-— (2.173)
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As a result,

= k' > 1.

) = max |z; —¢| <
fla) = maxla el < g7

It remains to prove £* < n + 1. By (2.172), we have

f e { n n+1 }
" :
o(n) 2n+1'2n+1J’
because ¢,(,) € {0, 1}, we have

o(n)

T3 () = Com)] =

2n+1°

Therefore, we have

n

) = max|zi — | > |25\ — Cotm)| =
f( ) ze[n)](| i ‘—|U(n) ()|—2n+1

)

which implies £* < n + 1.

Correctness of Line 4. In this subsection, we prove:

Lemma 2.5.10. The output of f(z) in Line 4 is correct.

Proof. A key observation we use in the proof, following directly from (2.172), is that

. prEs] if (i) = bo(i);

|$a(i) = Co(i)| =

1-— 27:_’_1 if Cg(i) =1- bg(i).
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First, assume that £* € {1,...,n} (i.e., the “otherwise” case in (2.102) happens). By

(2.178),

foaed g }; . { - } Vi kS, (2179
x”(k)€{2n+1 1) Yoo Flana o+ 1 i (2.179)

which implies that for all i # k*, [z} ;) — co)| # 1 — 5o since ¢o(;) € {0,1}. As a result, we

o(s

must have

T3 ) — Cothy| =1 — anjl— T (2.180)
Together with (2.178), this implies
Co(k*) = 1 = bo(e).- (2.181)
For any ¢ < k*, if c5(;y = 1 — by(3), then (2.178) implies that
Fla*) > sy — ol = 1= 5os > 1 L (2.182)
n+1 2n+1

which contradicts with the assumption that f(z*) = 1 — %ﬂ Therefore, we must have

Coti) = bosy Vi€ {l,..., k" =1} (2.183)
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Recall that the decreasing order of {z1,...,z,, 1 —21,...,1 —x,}is

bo(1)To(1) + (1 = bo1)) (1 = Zo()) = +++ 2 bo(n)To(n) + (1 = bo(n)) (1 — To(n))

2 (1= bo(m))To(n) + bom)(1 = Tom) = -+ 2 (1 = bo(1))Zo(1) + bo(r) (1 — Zon)). (2.184)

Based on (2.181), (2.183), and (2.184), we next prove

|Toke) = Coter)| 2 |Tat) — Co| Vi€ [n]. (2.185)

If (2.185) holds, it implies

f(x) = max |2; — ci| = [Ty — Corny- (2.186)

1€[n]

If by(i+y = O, then (2.181) implies ¢, (k=) = 1, (2.186) implies f(z) = 1 — x,(~), and the output

in Line 4 satisfies

ba(k*)xg(k*) + (1 - ba(k*))(l - xg(k*)) =1- xg(k*) = f(l’), (2187)

If b,(x+y = 1, then (2.181) implies c, =) = 0, (2.186) implies f(x) = z,+), and the output in
(k*) p (k*) (k*)

Line 4 satisfies

bo (k) To(ks) + (1 = borr)) (1 = Torr)) = Torry = f(2). (2.188)

The correctness of Line 4 follows.
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It remains to prove (2.185). We divide its proof into two parts:

* Suppose ¢ < k*. By (2.184), we have

bo(kr)Zo(er) + (1 = bo(er)) (1 = Toger)) = (1= o)) oty + bo(iy (1 — Zo))-  (2.189)

— If by(3+) = 0 and by(;) = 0, we have c,(+) = 1 and ¢,(;) = 0 by (2.181) and (2.183),
respectively; (2.189) reduces to 1 — x,(x+) > To(i)s

— If by(x+) = 0 and b,(;y = 1, we have c,(;+) = 1 and c,(; = 1 by (2.181) and (2.183),
respectively; (2.189) reduces to 1 — x,(4+) = 1 — Z5();

— If b,y = 1 and by(;) = 0, we have c(;+) = 0 and ¢,(;) = 0 by (2.181) and (2.183),
respectively; (2.189) reduces to Zo (1) = To(s)s

— If by(x+) = 1 and b,(;y = 1, we have c,(;+) = 0 and c,(; = 1 by (2.181) and (2.183),

respectively; (2.189) reduces to zy(+) = 1 — Zo(p).

In each case, the resulting expression is exactly (2.185). Overall, we see that (2.185) is

always true when ¢ < k*.

* Suppose ¢ > k*. By (2.184), we have

o) Zo(kr) + (1 = bo(ie)) (1 — Tore)) > Do) o) + (1 — bo(i) ) (1 — 20i));  (2.190)

bo(k) o (k) + (1 = Dore)) (1 = Zorey) = (1 = bo(i))To(i) + bo(iy (1 = T4m).  (2.191)

— If by(x+) = 0, we have ¢, -y = 1 by (2.181); (2.190) and (2.191) give 1 — z5(+) >
max{Z,@), 1 — Zo()};
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— If by(ey = 1, We have c ) = 0 by (2.181); (2.190) and (2.191) give T () >

max{Z @), 1 — To()}
Both cases imply (2.185), so we see this also holds for i > £*.

The same proof works when £* = n + 1. In this case, there is no 7 € [n| such that i > k*;

on the other hand, when 7 < k*, we replace (2.189) by

(1 = bo(m))To@m) + bom) (1 = Tom)) = (1 = bo())Tot) + bo@) (1 — Tog)), (2.192)

and the argument proceeds unchanged. U

Optimality of Theorem 2.3.3. In this section, we prove that the lower bound in Theorem 2.3.3

is optimal (up to poly-logarithmic factors in n) for the max-norm optimization problem:

Theorem 2.5.1. Let f.: [0,1]" — [0, 1] be an objective function for the max-norm optimization
problem (Definition 2.3.2). Then there exists a quantum algorithm that outputs an & € [0, 1]"
satisfying (2.79) with € = 1/3 using O(\/nlogn) quantum queries to O, with success probability

at least 0.9.

In other words, the quantum query complexity of the max-norm optimization problem is (:)(\/ﬁ)

We prove Theorem 2.5.1 also using search with wildcards (Theorem 2.3.1).

Proof. 1t suffices to prove that one query to the wildcard query model O, in (2.64) can be
simulated by one query to Oy, , where the c in (2.77) is the string c in the wildcard query model.

Assume that we query (7', y) using the wildcard query model. Then we query Oy, (z(T¥))
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where for all i € [n],

(

LoifigT,
x('Tﬁl/) —= <

i 0 ifi€Tandy; =0; (2.193)

1 ifieTandy; = 1.

\

If ¢z = y, then

« if |T] = n (i.e., T = [n]), then

fe(z) = max 27 — ¢ = 0 (2.194)
1en
y (Tvy) J— J— .
because forany i € [n], ;""" = y; = ¢;
o if || <n—1,then
1
fe(w) = max i — il + 9= 3, (2.195)

because for all i € T we have 7% = y; = ¢; and hence |27 — ¢;| = 0, and for all i ¢ T

)

we have |27 — ¢;] = 11—l =1

Therefore, if ¢j7 = y, then we must have f.(z¥) € {0,1}.
On the other hand, if ¢jp # y, then there exists an 7y € 1" such that c;, # y;,. This implies

EOT’y) = 1—cj,; asaresult, f,(2(7¥) = 1 because on the one hand f,(z"%) > [1—c¢;, —c;,| = 1,

x
and on the other hand f,(z™¥)) < 1 as |z\™") — ¢;| < 1foralli € [n].
Notice that the sets {0, 3} and {1} do not intersect. Therefore, after we query Oy, (z(7¥))
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and obtain the output, we can tell Q,(T,y) = 1 in (2.64) if Oy, (z™¥) € {0, 3}, and output
Qs(T,y) = 0if Oy (%)) = 1. In all, this gives a simulation of one query to the wildcard query
model O, by one query to Oy,.

As aresult of Theorem 2.3.1, there is a quantum algorithm that outputs the ¢ in (2.77) using
O(y/nlogn) quantum queries to Oy. If we take T = ¢, then f.(Z) = max; |¢; — ¢;| = 0, which is

actually the optimal solution with € = 0 in (2.79). This establishes Theorem 2.5.1. [
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Chapter 3: Quantum Algorithms for Estimating Volumes of Convex Bodies

In this chapter we present a quantum algorithm with a polynomial speedup for estimating

the volumes of convex bodies. The results presented were first established in [58].

3.1 Introduction

Estimating the volume of a convex body is a central challenge in theoretical computer
science. Volume estimation is a basic problem in convex geometry and can be viewed as a
continuous version of counting. Furthermore, algorithms for a generalization of volume estimation,
namely log-concave sampling—can be directly used to perform convex optimization, and hence
can be widely applied to problems in statistics, machine learning, operations research, etc. See
the survey [59] for a more comprehensive introduction.

Volume estimation is a notoriously difficult problem. References [60, 61] proved that
any deterministic algorithm that approximates the volume of an n-dimensional convex body
within a factor of n°("™ necessarily makes exponentially many queries to a membership oracle
for the convex body. Furthermore, Refs. [62, 63, 64] showed that estimating the volume exactly
(deterministically) is #P-hard, even for explicitly described polytopes.

Surprisingly, volumes of convex bodies can be approximated efficiently by randomized

algorithms. Dyer, Frieze, and Kannan [65] gave the first polynomial-time randomized algorithm
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for estimating the volume of a convex body in R". They present an iterative algorithm that
constructs a sequence of convex bodies. The volume of the convex body of interest can be
written as the telescoping product of the ratios of the volumes of consecutive convex bodies, and
these ratios are estimated by Markov chain Monte Carlo (MCMC) methods via random walks
inside these convex bodies. The algorithm in [65] has complexity’ O(n23) with multiplicative
error ¢ = O(1). Subsequent work [66, 67, 68, 69, 70, 71, 72] improved the design of the iterative
framework and the choice of the random walks. The state-of-the-art algorithm for estimating the
volume of a general convex body [73] uses O(n“) queries to the oracle for the convex body and
O(n®) additional arithmetic operations.

It is natural to ask whether quantum computers can solve volume estimation even faster
than classical randomized algorithms. Although there are frameworks with potential quantum
speedup for simulated annealing algorithms in general, with volume estimation as a possible
application [74], we are not aware of any previous quantum speedup for volume estimation. There
are several reasons to develop such a result. First, quantum algorithms for volume estimation
can be seen as performing a continuous version of quantum counting [75, 76], a key algorithmic
technique with wide applications in quantum computing. Second, quantum algorithms for volume
estimation can exploit quantum MCMC methods (e.g., [11, 77, 78]), and a successful quantum
volume estimation algorithm may illuminate the application of quantum MCMC methods in other
scenarios. Third, there has been recent progress on quantum algorithms for convex optimization

[32, 79], so it is natural to study the closely related task of estimating volumes of convex bodies.

'Throughout the paper, O omits factors in poly(log R/r,log1/¢,log n) where R and r are defined in (3.2).
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Formulation Given a convex set K C R", we consider the problem of estimating its volume

Vol(K) := / dz. 3.1)
zeK

To get a basic sense about the location of K, we assume that it contains the origin. Furthermore,

we assume that we are given inner and outer bounds on K, namely
B2(0,7) C K C BL(0, R), (3.2)

where B3 (z,[) is the ball of radius [ in /3-norm centered at € R™. Denote D := R/r.

We consider the very general setting where the convex body K is only specified by an
oracle. In particular, we have a membership oracle® for K that determines whether a given z € R”
belongs to K. The efficiency of volume estimation is then measured by the number of queries
to the membership oracle (i.e., the query complexity) and the total number of other arithmetic
operations.

In the quantum setting, the membership oracle is a unitary operator Ok. Specifically, we

have
Ok|z,0) = |z, d[x € K]) Ve e R", (3.3)

where §[P] is 1 if P is true and 0 if P is false.’ In other words, we allow coherent superpositions

>The membership oracle is commonly used in convex optimization research (see for example [34]). This model
is not only general but also of practical interest. For instance, when K is a bounded convex polytope, the membership
oracle can be efficiently implemented by checking if all its linear constraints are satisfied; see also [80].

3Here x can be approximated just as in the classical algorithms, such as with fixed-point numbers. Our
algorithmic approach is robust under discretization (see Section 3.5), and our quantum lower bound holds even
when zx is stored with arbitrary precision (Section 3.6). We mostly assume for convenience that Ok operates on
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of queries to the membership oracle. If the classical membership oracle can be implemented by an
explicit classical circuit, then the corresponding quantum membership oracle can be implemented
by a quantum circuit of about the same size. Therefore, the quantum query model provides a

useful framework for understanding the quantum complexity of volume estimation.

3.1.1 Contributions
Our main result is a quantum algorithm for estimating volumes of convex bodies:

Theorem 3.1.1 (Main Theorem). Let K C R" be a convex set with By (0,7) C K C B3(0, R).

—_—

Assume 0 < € < 1/2. Then there is a quantum algorithm that returns a value Vol(K) satisfying

1 —_—~—

o 6VOI(K) < Vol(K) < (1 + ¢)Vol(K) (3.4)

with probability at least 2 /3 using O(n3 +n??/€) quantum queries to the membership oracle Ox

(defined in (4.8)) and O(n® + n*? /€) additional arithmetic operations.*

To the best of our knowledge, this is the first quantum algorithm that achieves quantum
speedup for this fundamental problem, compared to the classical state-of-the-art algorithm [73,
82] that uses O(n*+n?/e?) classical queries and O (n®+n°/€?) additional arithmetic operations.’

Furthermore, our quantum algorithm not only achieves a quantum speedup in query complexity,

but also in the number of arithmetic operations for executing the algorithm. This differs from

x € R™, since this neither presents a serious obstacle nor conveys significant power.

4 Arithmetic operations (e.g., addition, subtraction, multiplication, and division) can be in principle implemented
by a universal set of quantum gates using the Solovay-Kitaev Theorem [81] up to a small overhead. In our quantum
algorithm, the number of arithmetic operations is dominated by n-dimensional matrix-vector products computed in
superposition for rounding the convex body (see Section 3.4.4).

SThis is achieved by applying [73] to preprocess the convex body to be well-rounded (i.e. R/r = O(y/n)) using
O(n*) queries and then applying [82] using O(n?/€2) queries to estimate the volume of the (well-rounded) convex
body. The number of additional arithmetic operations has an overhead of O(n?) due to the affine transformation.
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previous quantum algorithms for convex optimization [32, 79] where only the query complexity is
improved, but the gate complexity is the same as that of the classical state-of-the-art algorithm [42,
83].

On the other hand, we prove in Section 3.6.1 that volume estimation with ¢ = ©(1)
requires €2(y/n) quantum queries to the membership oracle, ruling out the possibility of achieving
superpolynomial quantum speedup for volume estimation. Classically, the best-known lower
bound on the query complexity of volume estimation is Q(nz) due to Rademacher and Vempala [84],
but there are technical difficulties to lift it to a quantum lower bound (see Section 3.1.2.3). For the
dependence on 1/e, we establish a quantum query lower bound of 2(1/¢), and the same argument
shows a classical query lower bound of Q(1/€?) (see Section 3.6.2). As a result, our quantum
algorithm in Theorem 4.1.1 achieves a provable quadratic quantum speedup in 1/¢ and is optimal
in 1/e up to poly-logarithmic factors.

Technically, we refine a framework for achieving quantum speedups of simulated annealing
algorithms, which might be of independent interest. Our framework applies to MCMC algorithms
with cooling schedules that ensure each ratio in a telescoping product has bounded variance,
an approach known as Chebyshev cooling. Furthermore, we propose several novel techniques
when implementing this framework, including a theory of continuous-space quantum walks with
rigorous bounds on discretization error, a quantum algorithm for nondestructive mean estimation,
and a quantum algorithm with interlaced rounding and volume estimation of convex bodies (as
described further in Section 4.3.1 below). In principle, our techniques apply not only to the
integral of the identity function (as in Theorem 4.1.1), but could also be applied to any log-
concave function defined on a convex body, following the approach in [40].

‘We summarize our main results in Table 3.1.
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H Classical bounds ‘ Quantum bounds (this paper) ‘

Query complexity O(n* 4+ n?/€?) [73, 82], Q(n?) [84] O(n3 +n2?3/e), QU/n+ 1/¢)
Total complexity O( n* + Cyewm) - (n* +n3/€?)) [73, 82] (5((n2 + Cuewm) - (7% 4+ n?5/e))

Table 3.1: Summary of complexities of volume estimation, where n is the dimension of the
convex body, € is the multiplicative precision of volume estimation, and Cygy is the cost of
applying the membership oracle once. Total complexity refers to the cost of the of queries plus
the number of additional arithmetic operations.

3.1.2 Techniques

We now summarize the key technical aspects of our work.

3.1.2.1 Classical volume estimation framework

Volume estimation by simulated annealing The volume of a convex body K can be estimated

using simulated annealing. Consider the value

Z(a) ::/e_a“ﬂ'2 dz, (3.5)
K

where ||z|y := /23 + - + 22 is the f;-norm of z. On the one hand, Z(0) = Vol(K); on
the other hand, because eIz decays exponentially fast with ||z||,, taking a large enough a
ensures that the vast majority of Z(a) concentrates near 0, so it can be well approximated by
integrating on a small ball centered at 0. Therefore, a natural strategy is to consider a sequence
ag > a; > --- > a,, with ag sufficiently large and a,, close to 0. We consider a simulated

annealing algorithm that iteratively changes a; to a;,1 and estimates Vol(K) by the telescoping
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product

—_

m—

Vol(K) & Z(a) = Z(ao) [

1=

Z(ait1)
Z(a;)

. (3.6)

In the i step, a random walk is used to sample the distribution over K with density proportional

to e~%l1l2, Denote one such sample by X;, and let V; := elaimair)IXill2  Then we have

—a;||z||2 e—ait+1llzl2 Z(a. 1)
EV; Z/e(“"_ai“)l'xQ—e dx:/ de = asLy (3.7)
Vil= Z(a) « Z(@) Z(ar)

Therefore, each ratio % can be estimated by taking i.i.d. samples X;, computing the correspo-
nding V;s, and taking their average.

We can analyze this volume estimation algorithm by considering its behavior at three levels:

1) High level: The algorithm follows the simulated annealing framework described above, where

the volume is estimated by a telescoping product as in (3.6).

2) Middle level: The number of i.i.d. samples used to estimate E[V;] (a ratio in the telescoping
product given by (3.7)) is small. Intuitively, the annealing schedule should be slow enough that

V; has small variance.

3) Low level: The random walk converges fast so that we can take each i.i.d. sample of V;

efficiently.

Classical volume estimation algorithm Our approach follows the classical volume estimation

algorithm in [73] (see also Section 3.4.1). At the high level, it is a simulated annealing algorithm
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that estimates the volume of an alternative convex body K’ produced by the pencil construction,
which intersects a cylinder [0,2R/r] x K and a cone C := {z € R"™ : 2y > 0,||z|]2 < z0}.
This construction shares the same intuition as above, but replaces the integral (3.5) by Z(a) =
fK/ e~ dz because it is easier to calculate while can be directly used to estimate Vol(K) when
a ~ 0 by a standard Monte Carlo approach (see Lemma 3.4.1).
Without loss of generality, assume that » = 1. Lovasz and Vempala [73] proved that if we
1

take the sequence ag > --- > a,, where ag = 2n, a;41 = (1 — \/—ﬁ)ai, and m = O(y/n), then

Z(ap) = [, e " dz and

Var[V?] = O(1) - E[V}]?, Vi € [m], (3.8)

i.e., the variance of V; is bounded by a constant multiple of the square of its expectation. Such
a simulated annealing schedule is known as Chebyshev cooling (see also Section 3.4.3.3). This
establishes the middle-level requirement of the simulated annealing framework. Furthermore,
[73] proves that the product of the average of O(y/n/€?) i.i.d. samples of V; for all i € [m] gives
an estimate of Vol(K’) within multiplicative error € with high success probability.

At the low level, Ref. [73] uses a hit-and-run walk to sample X;. In this walk, starting
from a point p, we uniformly sample a line ¢ through p and move to a random point along the
chord ¢ N K with density proportional to e~ **® (see Section 3.2.4 for details). Reference [72]
analyzes the convergence of the hit-and-run walk, proving that it converges to the distribution
over K with density proportional to e~ " within O(n?’) steps, assuming that K is well-rounded
(i.e., R/r = O(y/n)).

Finally, Ref. [73] constructs an affine transformation that transforms a general K to be well-
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rounded with O(n*) classical queries to its membership oracle, hence removing the constraint of
the previous steps that K be well-rounded. Because the affine transformation is an n-dimensional
matrix-vector product, this introduces an overhead of O(n?) in the number of arithmetic operations.
Overall, the algorithm has O(y/n) iterations, where each iteration takes O(y/n/€?) ii.d.
samples, and each sample takes O (n?) steps of the hit-and-run walk. In total, the query complexity

is

O(v/n) - O(v/n/e?) - O(n®) = O(n*/é?). (3.9)

The number of additional arithmetic operations is O(n*/e?) - O(n?) = O(n%/€?) due to the affine

transformation for rounding the convex body.

3.1.2.2  Quantum algorithm for volume estimation

It is natural to consider a quantum algorithm for volume estimation following the classical
framework in Section 3.1.2.1. A naive attempt might be to develop a quantum walk that achieves
a generic quadratic speedup of the mixing time. However, this is unfortunately difficult to achieve
in general. Quantum walks are unitary processes that do not converge to stationary distributions
in the classical sense. As aresult, alternative and indirect quantum analogues of mixing properties
of Markov chains have been proposed and studied (see Section 3.1.3.2 for more detail). None
of these methods provide a direct replacement for classical mixing, and we cannot directly apply
them in our context.

Instead, we adapt one of the frameworks proposed in [78]. To give a quantum speedup for

volume estimation by this method, we address the following additional technical challenges:
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* Quantum walks in continuous space: Quantum walks have mainly been studied in discrete
spaces [85, 86], and we need to understand how to define a quantum counterpart of the hit-and-

run walk.

* Quantum mean estimation: Quantum counting [76] is a general tool for estimating a probability
p € [0, 1] with quadratic quantum speedup compared to classical sampling. However, estimating
the mean of an unbounded random variable with a quantum version of Chebyshev concentration

requires more advanced tools.

* Rounding: Classically, rounding a general convex body takes O(n“) queries [73], more expensive
than volume estimation of a well-rounded body using O(n?/e?) queries [82]. To achieve an

overall quantum speedup, we also need to give a fast quantum algorithm for rounding convex

bodies.

* Error analysis of the quantum hit-and-run walk: We must bound the error incurred when
implementing the quantum walk on a digital quantum computer with finite precision. Existing

classical error analyses (e.g., [87]) do not automatically cover the quantum case.

We develop several novel techniques to resolve these issues:

Theory of continuous-space quantum walks (Section 3.3) Our first technical contribution is
to develop a quantum implementation of the low-level framework, i.e., to replace the classical
hit-and-run walk by a quantum hit-and-run walk. However, although quantum walks in discrete
spaces have been well studied (see for example [85, 86]), we are not aware of comparable
results that can be used to analyze spectral properties and mixing times of quantum walks in

continuous space. Here we describe a framework for continuous-space quantum walks that can
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be instantiated to give a quantum version of the hit-and-run walk. In particular, we formally
define such walks and analyze their spectral properties, generalizing Szegedy’s theory [85] to
continuous spaces (Section 3.3.1). We also show a direct correspondence between the stationary
distribution of a classical walk and a certain eigenvector of the corresponding quantum walk

(Section 3.3.2).

Quantum volume estimation algorithm via simulated annealing (Section 3.4.2) Having
described a quantum hit-and-run walk, the next step is to understand the high-level simulated
annealing framework. As mentioned above, it is nontrivial to directly prepare stationary states
of quantum walks. In this paper, we follow a quantum MCMC framework proposed by [78] that
can prepare stationary states of quantum walks by simulated annealing (see Section 3.2.2). In this
framework, we have a sequence of slowly-varying Markov chains, and the stationary state of the
initial Markov chain can be efficiently prepared. In each iteration, we apply fixed-point amplitude
amplification of the quantum walk operator [1] due to Grover to transform the current stationary
state to the next one; compared to classical slowly-varying Markov chains, the convergence rate
of such quantum procedure is quadratically better in spectral gap.

Our main technical contribution is to show how to adapt the Chebyshev cooling schedule
in [73] to the quantum MCMC framework in [78] using our quantum hit-and-run walk. The
conductance lower bound together with the classical O(n3) mixing time imply that we can
perform one step of fixed-point amplitude amplification using O(n1'5) queries to Ok. Furthermore,
the inner product between consecutive stationary states is a constant. These two facts ensure that
the stationary state in each iteration can be prepared with O(n“’ ) queries to the membership

oracle Ok. The total number of iterations is still O(\/ﬁ), as in the classical case.
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Quantum algorithm for nondestructive mean estimation (Section 3.4.3.3) In the next step,
we consider how to estimate each ratio in the telescoping product at the middle level. The basic
tool is quantum counting [76], which estimates a probability p € [0, 1] with error ¢ and high
success probability using O(1/¢) quantum queries, a quadratic speedup compared to the classical
complexity O(1/€?). However, in our case we need to estimate the expectation of a random
variable with bounded variance. We use the “quantum Chebyshev inequality” developed in [88]
which truncates the random variable with reasonable upper and lower bounds and then reduces
to quantum counting; see Section 3.2.3.° Compared to the classical counterpart, it achieves
quadratic speedup in the dependences on both variance and multiplicative error.

There is an additional technical difficulty in quantum simulated annealing: classically, it
is implicitly assumed that in the (7 4+ 1)* iteration we have samples to the stationary distribution
in the /" iteration. Applying existing quantum mean estimation techniques to the quantum
stationary state in the ™ iteration would ruin that state and make it hard to use in the subsequent
(2 + 1) iteration. To resolve this issue, we estimate the mean nondestructively in the quantum
Chebyshev inequality while keeping its quadratic speedup in the error dependence using a nondestructive
amplitude estimation technique developed in [89]. Nondestructive mean estimation relies on the
following observation: applying amplitude estimation on a state |¢)) results with high probability
in the measurement collapsing to one of two states |1 ), [¢)_) with constant overlap with ). The
algorithm repeatedly projects these states onto [¢)): if the projection is successful then the state
is restored, otherwise amplitude estimation can be performed again to obtain [¢) ), [¢)_) and the

projection can be repeated. Due to the constant overlap, poly(log(d~1)) repititions suffice to

A related technique is the quantum Monte Carlo method of Montanaro [11]. Here we use [88] for two reasons:
first, it has the advantage of handling multiplicative instead of additive errors, which is appropriate for estimating the
telescoping ratios. Second, its quantum algorithm is based on amplitude estimation and hence can readily be made
nondestructive, as discussed below.
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ensure that at least one of the projections succeeds with probability d. It remains to implement
the required projection efficiently: we show how this can be accomplished using quantum walk
operators corresponding to the Markov Chains in the MCMC framework; see Section 3.4.3.4.

In our quantum volume estimation algorithm, we apply the quantum Chebyshev inequality

1

under the same compute-uncompute procedure. This gives a quadratic speedup in e~ when

estimating the [V;] in (3.7), so that O(y/n/€) copies of the stationary state suffice’ (see Lemma 3.4.3).

Quantum algorithm for volume estimation with interlaced rounding (Section 3.4.4) The
stationary states of the quantum hit-and-run walk can be prepared with 0] (n'%) queries to Ok only
when the corresponding density functions are well-rounded, i.e., every level set with probability
u contains a ball of radius pr and the variance of the density is bounded by R?, where R/r =
O(y/n).2 It remains to show how to ensure that the convex body is well-rounded.

Classically, Ref. [73] gave a rounding algorithm that transforms a convex body to ensure
that all the densities sampled in the volume estimation algorithm are well-rounded. This algorithm
uses O(n*) queries, via O(n) iterations of simulated annealing. A quantization of this algorithm
along the same lines as detailed above gives an algorithm with O(n3'5) quantum queries.

To improve over that approach, we instead follow a classical framework for directly rounding
logconcave densities [40]. The rounding is interlaced with the volume estimation algorithm, so
that in each iteration of the simulated annealing framework, we use some of the samples to
calculate an affine transformation that makes the next stationary state well-rounded. This ensures

that the quantum hit-and-run walk continues to take only O(n'%) queries for each sample. Our

"It is possible to use fewer copies of the stationary state. See Footnote 14.
8When the density function is uniform in K, this definition of well-roundedness reduces to that in Footnote 5.
The definition of level sets is the same as in [73].
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algorithm maintains O(n) extra quantum states for rounding, and the quantum hit-and-run walk
is used to transform them from one stationary distribution to the next. In each iteration, we use a
nondestructive measurement to sample the required affine transformation. With O (/) iterations
this results in an additional O(y/n) - O(n) - O(n'®) = O(n?) cost for rounding.

We also show that this framework can be used as a preprocessing step that puts the convex
body itself in well-rounded position (i.e., B2(0,7) C K C By(0, R) with R/r = O(y/n)) using
O~(n3) quantum queries. Putting a convex body in well-rounded position implies that several
random walks used in simulated annealing algorithms (including the hit-and-run walk) mix fast
without the need for further rounding. Therefore, as an alternative, we could preprocess the

convex body to be well-rounded and then apply the simulated annealing algorithm to obtain a

volume estimation algorithm that uses O(n? 4+ n%?/¢) quantum queries.

Error analysis of discretized hit-and-run walks (Section 3.5) Although we defined quantum
hit-and-run walks abstractly in Section 3.3, implementing a continuous-space quantum walk on
a digital quantum computers will lead to discretization error, and the error analysis of classical
walks in a discrete space approximating R" (such as [87]) does not automatically apply to the
quantum counterpart. To ensure that discretization errors do not affect a realistic implementation
of our algorithm, in Section 3.5 we propose a discretized hit-and-run walk and provide rigorous

bounds on the discretization error.

Summary Our quantum volume estimation algorithm can be summarized as follows.

1) High level: The quantum algorithm follows a simulated annealing framework using a quantum

MCMC method [78], where the volume is estimated by a telescoping product (as in (3.6)); the
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number of iterations is O(y/n).

2) Middle level: We estimate the E[V;] in (3.7), a ratio in the telescoping product, using the
nondestructive version of the quantum Chebyshev inequality [88]. This takes O(\/ﬁ /€) implem-

entations of the quantum hit-and-run walk operators.

3) Low level: If the convex body K is well-rounded (i.e., R/r = O(y/n)), each quantum hit-and-
run walk operator can be implemented using é(n1'5) queries to the membership oracle Ok in

(4.8).

Finally, we give a quantum algorithm that interlaces rounding and volume estimation of
the convex body, using an additional O(n2'5) quantum queries to Ok in each iteration. Because
the affine transformation is an n-dimensional matrix-vector product, it introduces an overhead of
O(n?) in the number of arithmetic operations (just as in the classical rounding algorithm).

Overall, our quantum volume estimation algorithm has O~(\/ﬁ) iterations. Each iteration
implements O(+/n/€) quantum hit-and-run walks, and each quantum hit-and-run walk uses O(n'%)

queries; there is also a cost of O(n“’) for rounding. Thus the quantum query complexity is

O(v/n) - (O(vnfe) - O(n*®) + O(n*?)) = O(n® + n** fe). (3.10)

The number of additional arithmetic operations is O(n® + n?3/¢) - O(n?) = O(n® + n*?/€) due
to the affine transformations for interlaced rounding of the convex body.
Figure 3.1 summarizes our techniques. The volume estimation and interlaced rounding

algorithms are given as Algorithm 8 and Algorithm 9, respectively, in Section 3.4.
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Figure 3.1: The structure of our quantum volume estimation algorithm. The four purple frames
represent the four novel techniques that we propose, the yellow frame represents the known
technique from [1], and the green frame at the center represents our quantum algorithm.

3.1.2.3 Quantum lower bounds (Section 3.6)

The classical state-of-the-art query lower bound for volume estimation is a Q(nQ) bound
for n-dimensional parallelopipeds [84]. The argument uses Yao’s principle [90] to reduce the
problem of estimating the volume of parallelopipeds to a corresponding average-case lower
bound for deterministic algorithms. However, in the quantum setting, it is unclear how to apply
a similar argument since such a reduction to the deterministic case does not work in general.

Nevertheless, we prove that volume estimation requires €2(1/n) quantum queries to the
membership oracle, ruling out the possibility of exponential quantum speedup (see Theorem 3.6.1).
We establish this by a reduction to search: for a hyper-rectangle K = X?=1 [0, 2] specified by a
binary string s = (s1,...,s,) € {0,1}" with |s| = 0 or 1, we prove that a membership query to
K can be simulated by a query to s. Thus, since Vol(K) = 2 if and only if |s| = 1, the Q(y/n)
quantum lower bound on search [91] applies to volume estimation.

In addition, we prove that volume estimation requires (2(1/¢) quantum queries (see
Theorem 3.6.2), which means that our quantum algorithm is optimal in 1 /€ up to poly-logarithmic

factors. The idea is to construct a convex body whose volume estimation reduces to the Hamming
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distance problem with known tight quantum query complexity [92]. To be more specific, we
consider the n-dimensional unit hypercube and attach “hyperpyramids” to its faces, such that
its central axis passes through the center of the hypercube. We show that adding or deleting
any hyperpyramid of volume 1/2n does not influence the convexity of the convex body, and
calculating the volume of the body reveals the Hamming weight of a binary string that encodes

the presence or absence of the hyperpyramids.

3.1.3 Related work

While our paper gives the first quantum algorithm for volume estimation, classical volume
estimation algorithms have been well-studied, as we review in Section 3.1.3.1. Our quantum
algorithm builds upon quantum analogs of Markov chain Monte Carlo methods that we review in

Section 3.1.3.2.

3.1.3.1 Classical volume estimation algorithms

There is a rich literature on classical algorithms for estimating volumes of convex bodies
(e.g., see the surveys [59, 93]). The general approach is to consider a sequence of random
walks inside the convex body K whose stationary distributions converge quickly to the uniform
distribution on K. Applying simulated annealing to this sequence of walks (as in Section 4.3.1),
the volume of K can be approximated by a telescoping product.

The first polynomial-time algorithm for volume estimation was given by [65]. It uses a
grid walk in which the convex body K is approximated by a grid mesh K4 of spacing 4 (i.e.,

Keria contains the points in K whose coordinates are integer multiples of ). The walk proceeds
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as follows:
1. Pick a grid point y uniformly at random from the neighbors of the current point x.
2. If y € Kgrig, go to y; else stay at x.

Dyer, Frieze, and Vempala [65] proved that for a properly chosen 9, the grid walk converges
to the uniform distribution on Kq in O(n23) steps, and that §"|Kgq| is a good approximation of
Vol(K) (in the sense of (3.4)). Subsequently, more refined analysis of the grid walk improved its
cost to O(nS) [66, 67, 68]. However, this is still inefficient in practice.

Intuitively, the grid walk converges slowly because each step only moves locally in K.
Subsequent work improved the complexity by considering other types of random walk. These
improvements mainly use two types of walk: the hit-and-run walk and the ball walk. In this

paper, we use the hit-and-run walk (see also Section 3.2.4), which behaves as follows:
1. Pick a uniformly distributed random line ¢ through the current point p.
2. Move to a uniformly random point along the chord ¢ N K.

Smith [94] proved that the stationary distribution of the hit-and-run walk is the uniform
distribution on K. Regarding the convergence of the hit-and-run walk, [71] showed that it mixes
in O(n3) steps from a warm start after appropriate preprocessing, and [72] subsequently proved
that the hit-and-run walk mixes rapidly from any interior starting point (see also Theorem 3.2.4).
Under the simulated annealing framework, the hit-and-run walk gives the state-of-the-art volume
estimation algorithm with query complexity O(n“) [40, 73]. Our quantum volume estimation
algorithm can be viewed as a quantization of this classical hit-and-run algorithm.

Given a radius parameter 0, the ball walk is defined as follows:
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1. Pick a uniformly random point y from the ball of radius ¢ centered at the current point x.
2. If y € K, go to y; else stay at x.

Lovész and Simonovits [69] proved that the ball walk mixes in O(nﬁ) steps. Kannan et al. [70]
subsequently improved the mixing time to O~(n3) starting from a warm start, giving a total query
complexity of O(n5) for the volume estimation problem.

The analysis of the ball walk relies on a central conjecture in convex geometry, the Kannan-
Lovasz-Simonovits (KLS) conjecture (see [93]). The KLS conjecture states that the Cheeger
constant of any log-concave density is achieved to within a universal, dimension-independent
constant factor by a hyperplane-induced subset, where the Cheeger constant is the minimum ratio
between the measure of the boundary of a subset to the measure of the subset or its complement,
whichever is smaller. Although this quantity is conjectured to be a constant, the best known
upper bound is only O(n'/*) [95]. However, in the special case when the convex body is well-
rounded (i.e., R/r = O(y/n)), arecent breakthrough by Cousins and Vempala [82, 96] proved the
KLS conjecture for Gaussian distributions. In other words, they established a volume estimation
algorithm with query complexity O(n3) in the well-rounded case.

Table 3.2 summarizes classical algorithms for volume estimation.

State-of-the-art o
Method ) Restriction on the convex body
query complexity
Grid walk O(nd) [68] General (R/r = poly(n))
Hit-and-run walk | O(n?) [40, 73] General (R/r = poly(n))
Ball walk O(n?) [82,96] | Well-rounded (R/r = O(y/n))

Table 3.2: Summary of classical methods for estimating the volume of a convex body K C R"
when € = O(1), where R, r are the radii of the balls centered at the origin that contain and are
contained by the convex body, respectively.
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3.1.3.2 Quantum Markov chain Monte Carlo methods

The performance of Markov chain Monte Carlo (MCMC) methods is determined by the
rate of convergence to their stationary distributions (i.e., the mixing time). Suppose we have
a reversible, ergodic Markov chain with unique stationary distribution 7. Let 7; denote the
distribution obtained by applying the Markov chain for % steps from some arbitrary initial state.
It is well-known (see for example [97]) that O(% log(1/(e min, m(x)))) steps suffice to ensure
|7 — 7||1 < €, where A is the spectral gap of the Markov chain.

Many authors have studied quantum analogs of Markov chains (in both continuous [98]
and discrete [85, 99, 100] time) and their mixing properties. While a quantum walk is a unitary
process and hence does not converge to a stationary distribution, one can define notions of
quantum mixing time by choosing the number of steps at random or by adding decoherence
[77, 99, 100, 101, 102, 103, 104], and compare them to the classical mixing time. Note that
distribution sampled by such a process may or may not be the same as the stationary distribution
7 of the corresponding classical Markov process, depending on the structure of the process and
the notion of mixing. It is also natural to ask how efficiently we can prepare a quantum state
close to |m) := > +/7,|r), which can be viewed as a “quantum sample” from 7. However,
it is unclear how to do this efficiently in general, even in cases where a corresponding classical
Markov process mixes quickly; in particular, a generic quantum algorithm for this task could be
used to solve graph isomorphism [105, Section 8.4].

It is also possible to achieve quantum speedup of MCMC methods by not demanding
speedup of the mixing time of each separate Markov chain, but only for the procedure as a

whole. In particular, MCMC methods are often implemented by simulated annealing algorithms
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where the final output is a telescoping product of values at different temperatures. From this
perspective, Somma et al. [106, 107, 108] used quantum walks to accelerate classical simulated
annealing processes by exploiting the quantum Zeno effect, using measurements implemented by
phase estimation of the quantum walk operators of these Markov chains. References [109, 110]
also introduced how to implement Metropolis sampling on quantum computers.

Our quantum volume estimation algorithm is most closely related to work of Wocjan
and Abeyesinghe [78], which achieves complexity O(l / \/Z) for preparing the final stationary
distribution of a sequence of slowly varying Markov chains, where A is the minimum of their
spectral gaps. Their quantum algorithm transits between the stationary states of consecutive
Markov chains by fixed-point amplitude amplification [1], which is implemented by amplitude
estimation with O(1/v/A) implementations of the quantum walk operators of these Markov
chains (see Section 3.2.2 for more details).

Our simulated annealing procedure preserves the slowly-varying property, so we adopt the
framework of [78] in our algorithm for volume estimation (see Section 3.4.3.2). We develop
several novel techniques (described in Section 4.3.1) that allow us to implement the steps of this
framework efficiently. Note that the slowly-varying property also facilitates other frameworks
that give efficient adiabatic [105] or circuit-based [111] quantum algorithms for generating quantum
samples of the stationary state.

Previous work has mainly applied these quantum simulated annealing algorithms to estimating

partition functions of discrete systems. Given an inverse temperature 5 > 0 and a classical
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Hamiltonian H: {2 — R where (2 is a finite space, the goal is to estimate the partition function

Z(B) =) e M (3.11)

FISY)

within multiplicative error ¢ > 0. Wocjan et al. [74] gave a quantum algorithm that achieves
quadratic quantum speedup with respect to both mixing time and accuracy.

The classical algorithm that [74] quantizes uses O(log |Q2|) annealing steps to ensure that
each ratio Z(;11)/Z(p;) is bounded. In fact, it is possible to relax this requirement and use a
cooling schedule with only O(m ) steps such that the variance of each ratio is bounded,
so its mean can be well-approximated by Chebyshev’s inequality; this is exactly the Chebyshev
cooling technique [112] introduced in Section 4.3.1 (see also Section 3.4.3.3). Montanaro [11]
improves upon [74] using Chebyshev cooling; more recently, Harrow and Wei [89] further quadr-

atically improved the spectral gap dependence of the estimation of the partition function.

Organization We review necessary background in Section 4.2. We describe the theory of
continuous-space quantum walks in Section 3.3. In Section 3.4, we first review the classical state-
of-the-art volume estimation algorithm in Section 3.4.1, and then give our quantum algorithm for
estimating volumes of well-rounded convex bodies in Section 3.4.2. The proofs of our quantum
algorithms are given in Section 3.4.3, and the quantum algorithm for rounding convex bodies is
given in Section 3.4.4. The details of our discretized hit-and-run walk are given in Section 3.5,

and we conclude with our quantum lower bound on volume estimation in Section 3.6.
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3.2 Preliminaries

We summarize necessary tools used in this paper as follows.

3.2.1 Classical and quantum walks

A Markov chain over a finite state space {2 is a sequence of random variables X, X, ...

such that for each ¢ € N, the probability of transition to the next state y € €2,
Pr[Xi-‘rl =Y | Xi=z, X, 1=2i1,...,Xo = 350] = Pr[Xi-i-l =Y | X, = 93] = Pz—y

only depends on the present state x € ). The Markov chain can be represented by the transition
probabilities p,_,, satisfying Ey Pz—y = 1. For each i € N, we denote by ; the distribution
over {2 with density m;(x) = Pr[X; = z|. A stationary distribution 7 satisfies ) | _q, Dayym(2) =
7(y). A Markov chain is reversible if it has a stationary distribution 7 such that 7(z)p,—, =

7(Y)py—e for all z,y € €. The conductance of a reversible Markov chain is defined as

d — inf ers Zyeﬂ/sﬂ(x)pxﬁ\y

_ 3.12
égﬁ min{) s 7(x), erﬁ/s m(z)} o1

The theory of discrete-time quantum walks has also been well developed. Given a classical
reversible Markov chain on €2 with transition probability p, we define a unitary operator U, on

CI® @ €I such that

Upl2)[0) = [2)|pa), where |pa) = \/Passyl¥). (3.13)

yeN
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The quantum walk is then defined as [85]

W, == S(2U,(Io @ [0)(0U] — Io ® ), (3.14)

where Iq is the identity map on C”l and S := 37 o |#,9)(y, x| = ST is the swap gate on
Ccltl & cle,

To understand the quantum walk, it is essential to analyze the spectrum of W,,. First,
observing that W, = S(2IT — I) where IT = U,(Iq ® [0)(0))U} = > .o |2) (2] @ |ps)(psl
projects onto the span of the states |z) ® |p.), we consider the eigenvector |\) of IISTI with
eigenvalue \. We have IISTI = ) Dyy|2)(y| ® |ps)(py| Where Dy 1= | /DryDy—e. Since
Wy A) = S|A) and W,S|A) = 2AS|\) — |A), the subspace span{|)), S|\) } is invariant under W,,.
The eigenvalues of W, within this subspace are A £ i1 — \2 = eFiarccosd  For more details,
see [85].

The phase gap arccos A > \/m > /26, where 4 is the spectral gap of D. Therefore,
applying phase estimation using O(1/ Vo ) calls to W, suffices to distinguish the state corresponding

to the stationary distribution of the classical Markov chain from the other eigenvectors.

3.2.2  Quantum speedup of MCMC sampling via simulated annealing

Consider a Markov chain with spectral gap A and stationary distribution 7. Classically, it
takes O(x log(1/€myin))) steps to sample from a distribution 7 such that |7 — 7| < €, where
Tmin ‘= Min; m;. Quantumly, [78] proved the following result about a sequence of slowly varying

Markov chains:

Theorem 3.2.1 ([78, Theorem 2]). Let py,...,p, be the transition probabilities of r Markov
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chains with stationary distributions 7, . . . , 7., spectral gaps o, . . . , 0, and quantum walk operators
Wi, ..., W,, respectively; let A := min{dy,...,0,}. Assume that |(m;|m;1)|* > p for some
0 < p < landalli € [r— 1], and assume that we can efficiently prepare the state |m)
(Where each |m;) is a quantum sample defined as in Section 3.1.3.2). Then, for any 0 < e < 1,
there is a quantum algorithm that produces a quantum state |7.) such that |||7,.) — |m)|| < ¢
using O(r/(pV/AA)) steps of the quantum walk operators Wy, . .., W,, where the O omits poly-

logarithmic terms inr, 1/¢, and 1/ VA0

Their quantum algorithm produces the states |m),...,|n,.) sequentially, and can do so
rapidly if consecutive states have significant overlap and the walks mix rapidly. Intuitively, this is
achieved by amplitude amplification. However, to avoid overshooting, the paper uses a variant of
standard amplitude amplification, known as 7 /3-amplitude amplification [1], that we now review.

Given two states |¢) and |¢), we let IIy, := [¢) (4], IT; == I —Il, 1T := |$)(¢], and

Hj := I — II,. Define the unitaries

Ry = Wil + Hi, Ry = wll, + Hj) where w = ¢e's. (3.15)

Given [(1)|¢)|? > p, it can be shown that [(¢| Ry Ry|1)[* > 1 — (1 — p)3. Recursively, one can

establish the following:

Lemma 3.2.1 ([78, Lemma 1]). Let |¢)) and |§) be two quantum states with |{1|¢)|* > p for

some 0 < p < 1. Define the unitaries Ry, Ry as in (3.15) and the unitaries U,, recursively as

?Note that this is quadratically worse in 1/p than the Grover’s algorithm [113] with complexity O(1/,/p). This
is because we use a simple fixed-point quantum search algorithm [1] that does not require knowing p in advance.
Notice that there exist fixed-point quantum search algorithms that preserve the O(1/,/p) speedup (e.g., [114], [115,
Chapter 6]), but in our quantum algorithm, the simpler algorithm suffices as p = O(1) (see Lemma 3.4.2).
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follows:

U=1, Upni1=UnRyU RyU,. (3.16)

Then we have

(O Un|) P > 1= (1 —p)*", (3.17)

and the unitaries in { R, RL, R, RL} are used at most 3™ times in U,,.

Taking m = [logs(In(1/€)/p)], the inner product between |¢) and U,,|v) in (3.17) is at
least 1 — ¢, and we use 3" = O(log(1/¢)/p) unitaries from the set { R, RL, Ry, R;}

To establish Theorem 3.2.1 by Lemma 3.2.1, it remains to construct the unitaries R; :=
wlm)(m;| + (I — |m;)(m;|). In [78], this is achieved by phase estimation of the quantum walk
operator W; with precision vA /2. Recall that if a classical Markov chain has spectral gap 0,
then the corresponding quantum walk operator has phase gap of at least 21/3 (see Section 3.2.1).
Therefore, phase estimation with precision v/A /2 suffices to distinguish between |r;) and other

eigenvectors of IW;. As a result, we can take

R; = PhaseEst(W;)' (I ® (w]0)(0| + (I — |0)(0])))PhaseEst(W,). (3.18)
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3.2.3 Quantum Chebyshev inequality

Assume we are given a unitary U such that

U10)|0) = /p[0)|¢) + [0, (3.19)

where |¢) is a normalized pure state and ((0| ® I)|0+) = 0. If we measure the output state, we
get 0 in the first register with probability p; by the Chernoff bound, it takes ©(1/¢?) samples to
estimate p within € with high success probability. However, there is a more efficient quantum
algorithm, called amplitude estimation [76], that estimates the value of p using only O(1/¢) calls

toU:

Theorem 3.2.2 ([76, Theorem 12]). Given U satisfying (3.19), the amplitude estimation algorithm

in Figure 3.2 outputs an angle 0, € |—m, 7] such that j := sin®(0,) satisfies

2ry/p(l—p)  7°

— 3.20
i tap (3.20)

p—p| <

with success probability at least 8 /7, using M calls to U and U,

0) — ' —

: QFT : QFTH | 16,)
0) — —
Ulo) : Q

Figure 3.2: The quantum circuit for amplitude estimation.
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Here QFT denotes the quantum Fourier transform over Z,; and Q := —US,U'S; where S,
and S are reflections about |0) and the target state, respectively, following the pattern of Grover
search. The controlled-Q gate denotes the operation Zj]\igl |7)(j] ® ©7. In fact, it was shown in

the proof of [76, Theorem 12] that the state after applying the circuit in Figure 3.2 is

eiep _ e
0p) | V) —
I~

—if,

| — )W) (3.21)

S

where 6, € [0, 7] such that p = sin?(6,), and 6, € [0,7] is a random variable such that p =
sin(6,), and |¥..) are two eigenvectors of Q. Measuring the first register either gives 6, or —6,
with probability 1/2, but since sin?(d,) = sin?(—6,) = p, this does not influence the success of

Theorem 3.2.2.

In (3.20), if we take M = [27(22 + )] = O(1/e), we get

€

— 2
2eyp(l=p) | ™ 5 < (3.22)

p—p| <
p=rl< 27 472

Furthermore, the success probability 8/72 can be boosted to 1 — v by executing the algorithm
©(log 1/v) times and taking the median of the estimates.

Amplitude estimation can be generalized from estimating a single probability p € [0, 1] to
estimating the expectation of a random variable. Assume that U is a unitary acting on C° @ C/

such that

U10)0) = v/poltba)|z) (3.23)

e

113



where S € Nand {|1),) : z € Q} are unit vectors in C7. Let

Uy = prx, 02U = sz(x — MU)2 (3.24)

€ e

denote the expectation and variance of the random variable, respectively. Several quantum
algorithms have given speedups for estimating zi7. Specifically, Ref. [11] showed how to estimate
py within additive error € by O (o /€) calls to U and U'. Given an upper bound H and a lower
bound L > 0 on the random variable, Ref. [116] showed how to estimate x;; with multiplicative
error € using O(oy /epy - H/L) calls to U and U, More recently, Ref. [88] mutually generalized

these results and proposed a significantly better quantum algorithm:

Theorem 3.2.3 ([88, Theorem 3.5]). There is a quantum algorithm that, given a quantum sampler
U as in (3.23), an integer Ay, a value H > 0, and two reals €,0 € (0, 1), outputs an estimate
fu. If Ay > \Jok + pué/uy and H > g, then |fiy — pu| < epy with probability at least 1 — 6,

and the algorithm uses O(Ay /e - 1og®(H/ py) log(1/6)) calls to U and U™,

The quantum algorithm works as follows. First, assume €2 C [L, H] for given real numbers
L, H > 0, there is a basic estimation algorithm (denoted BasicEst) that estimates H 'y up to
e-multiplicative error:

However, usually the bounds L and H are not explicitly given. In this case, Ref. [88]
considered the truncated mean (., defined by replacing the outcomes larger than b with 0. The
paper then runs Algorithm 6 (BasicEst) to estimate 11, /b. A crucial observation is that \/m
is smaller than Ay for large values of b, and it becomes larger than Ay when b ~ ppyA%. As a
result, by repeatedly running BasicEst with A quantum samples, and applying O(log(H/L))
steps of a binary search on the values of b, the first non-zero value is obtained when b/ A% ~ ;.
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Algorithm 6: BasicEst: the basic estimation algorithm.

Input: A quantum sampler U acting on C¥ ® C/¥l, interval [L, H], precision
parameter € € (0, 1), failure parameter § € (0, 1).
Output: e-multiplicative approximation of H ! .
1 Use controlled rotation to implement a unitary 1?; z acting on C¥l ® C? such that for

£/1—210 Zl1 ifL<x< H
|)]0) otherwise
LetV =(Is®Rru)(U®I)and Il = I ® Iq ® |1)(1
fori=1,...,0(log(1/))) do
L Compute p; by Theorem 3.2.2 with U < V, S; < 2I1 — I, and

M O(1/(ey/H o)

Return p = median{pi, . . ., Po(og(1/s)) }-

(]

)

s W

(9]

In [88], more precise truncation means are used to improve the precision of the result to @(1 /€)
and remove the dependence on L.

Note that the quantum algorithm for Theorem 3.2.3 only relies on BasicEst. This is
crucial when we estimate the mean of our simulated annealing algorithm in different iterations

nondestructively (see Section 3.4.2 for more details).

3.2.4 Hit-and-run walk

As introduced in Section 3.1.3.1, there are various random walks that mix fast in a convex
body K, such as the grid walk [65] and the ball walk [69, 82]. In this paper, we mainly use the

hit-and-run walk [71, 72, 94]. It is defined as follows:
1. Pick a uniformly distributed random line ¢ through the current point p.
2. Move to a uniform random point along the chord ¢ N K.

For any two points p, ¢ € K, we let {(p, ¢) denote the length of the chord in K through p and q.

Then the transition probability of the hit-and-run walk is determined by the following lemma:
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Lemma 3.2.2 ([71, Lemma 3]). If the current point of the hit-and-run walk is u, then the density

function of the distribution of the next point x € K is

2 1

u = : y 3.25

Pu(2) nu, L(u,z)|x —ul"! (3-25)

where v, := 72 /T'(1 + 2) is the volume of the n-dimensional unit ball. In other words, the

probability that the next point is in a (measurable) set A C K is

2 1

P,(A) = : dz. 3.26

W= o T 20

In general, we can also define a hit-and-run walk with a given density. Let f be a density

function in R™. For any points u, v € R", we let

pr(u,v) == /0 f((1—t)u+tv)dt. (3.27)

For any line ¢, let /T and ¢~ be the endpoints of the chord ¢ N K (with + and — assigned
arbitrarily). The density f specifies the following hit-and-run walk:
1. Pick a uniformly distributed random line ¢ through the current point p.

f(=)
233 (Z7 7£+) ’

2. Move to a random point = along the chord ¢ N K with density

Let mk denote the uniform distribution over K. Smith [94] proved that the stationary
distribution of the hit-and-run walk with uniform density is mx. Furthermore, Lovasz and Vempala

[72] proved that the hit-and-run walk mixes rapidly from any initial distribution:
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Theorem 3.2.4 ([72, Theorem 1.1]). Let K be a convex body that satisfies (3.2): By(0,17) C K C
Bs(0, R). Let o be a starting distribution and let o™ be the distribution of the current point after
m steps of the hit-and-run walk in K. Let € > 0, and suppose that the density function do /dry is

upper bounded by M except on a set S with o(S) < €/2. Then for any

R2 M
m > 10" ——In —, (3.28)
T €

the total variation distance between ™ and i is less than e.
Theorem 3.2.4 can also be generalized to exponential distributions on K:

Theorem 3.2.5 ([72, Theorem 1.3]). Let K C R"™ be a convex body and let f be a density
supported on K that is proportional to ema'® for some vector a € R". Assume that the level set of
[ of probability 1/8 contains a ball of radius r, and B¢ (|x — z¢|*) < R?, where z; is the centroid
of f. Let o be a starting distribution and let c™ be the distribution for the current point after m

steps of the hit-and-run walk applied to f. Let ¢ > 0, and suppose that the density function d‘%

is upper bounded by M except on a set S with o(S) < 5. Then for
R? . MnR
m > 1092 m® =
r e

the total variation distance between o™ and 7y is less than e.

Roughly speaking, the proofs of Theorem 3.2.4 and Theorem 3.2.5 have two steps. First,

for any random walk on a continuous domain €2 with transition probability p and stationary
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distribution 7, we define its conductance (which generalizes the discrete case in Eq. (3.12)) as

& — inf Js fQ/S Az dy Topa—y

: 3.29
scomin{ [ dw ma, [, g dom} (3:29)

Itis well-known that the mixing time of this random walk is proportional to 1/®? up to logarithmic

factors. This is captured by the following proposition:

Proposition 3.2.1 ([69, Corollary 1.5]). Let M := supgcq % where o is the initial distribution.

Then for every S C (Q,

e ®(S) — 7(S)| < \/M(1 - %@2)k. (3.30)

Furthermore, the conductance in Proposition 3.2.1 can be relaxed to that of sets with a fixed small

probability p:

Proposition 3.2.2 ([69, Corollary 1.6]). ' Let M := supgcq % If the conductance for all
connected, measurable set A C Q) such that 7(A) = p < 1/2 is at least ®,, then for all S C (),

we have
1 k
|o™(S) — m(S)| < 2Mp +2M (1 — 5@2) : (3.31)

Second, Ref. [72] proved a lower bound on the conductance of the hit-and-run walk with

exponential density:

1%Note that in the original statement ([69, Corollary 1.6]), the conditions are given in a slightly different
formulation, but it is not hard to obtain the conditions in the original formulation from the conditions of this
proposition.
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Proposition 3.2.3 ([72, Theorem 6.9]). Let f be a density in R" proportional to e~ """ whose
support is a convex body K of diameter d. Assume that B5(0,r) C K. Then for any subset S with

71(S) = p < 1/2, the conductance of the hit-and-run walk satisfies

r
> .
~ 10%3ndIn(nd/rp)

o(S) (3.32)

Proposition 3.2.1 and Proposition 3.2.3 imply Theorem 3.2.4 and Theorem 3.2.5; complete
proofs are given in [72].
For the conductance of the hit-and-run walk with a uniform distribution, Ref. [72] established

a stronger lower bound that is independent of p:

Proposition 3.2.4 ([72, Theorem 4.2]). Assume that K has diameter d and contains a unit ball.

1

Then the conductance of the hit-and-run in K with uniform distribution is at least 55;—.

3.3 Theory of continuous-space quantum walks

In this section, we develop the theory of continuous-space, discrete-time quantum walks.
Specifically, we generalize the discrete-time quantum walk of Szegedy [85] to continuous
space. Let n € N and suppose (2 is a continuous'! subset of R™. A probability transition density

pon (2 is a continuous function p: 2 x 2 — [0, 400) such that

/ dyp(z,y) =1 Ve (3.33)
Q

We also write p,_,, := p(z,y) for the transition density from z to y. Together, {2 and p specify a

"'We say that € is continuous if for any z,y € € there is a continuous function f, ,: [0,1] — € such that
f,y(0) =z and fp (1) =y.
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continuous-space Markov chain that we denote ({2, p) throughout the paper.

For background on the mathematical foundations of quantum mechanics over continuous
state spaces, see [117, Chapter 1]. In this section, we treat quantum states as square integrable
functions f: Q — Rin L*(Q) if [, dz|f(x)|* < oo. The inner product (-, -) on L*(12) is defined

by

(f,g) = / do f(x)g(x) ¥ .g€ LX), (3.34)

Note that by the Cauchy-Schwarz inequality, we have

(P < ( [ arlrop) ([ aloo) < oo (335)

the norm of an f € L*() is subsequently defined as ||f| := +/(f, f). The pure states in

correspond to functions in the set

St(Q) == {f: Q—R ‘ /Qd:z:]f(x)|2 = 1}. (3.36)

The computational basis elements |y) for all y € ) correspond to Dirac delta functions
6(z — y) centered at y, where 6(z) = 0 for all z # 0, and [, d(x) dz = 1. Delta functions are
not members of the Hilbert space L*({2), however we interpret them in the following sense:
for any y € int.(€2) we consider a normalized Gaussian with width €, given by J, (z) o
me*”x*y“z/w for x € Q and 0 for x ¢ . It is clear that 0, € Lo(€2) and its behavior

approaches that of the delta function. In the remainder of the section statements such as A = B

are to be interpreted as lim,_,q |A. — B.| = 0 where A, B, are obtained from A, B by replacing
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every occurence of a computational basis vector |y) by 4, ..'? Integrals over Ly(2) are computed

pointwise. It can be verified that

/ de|z)(x| =1 (3.37)
Q
and

(x|z") = 6(x — 2'), Vz,2’ €. (3.38)

3.3.1 Continuous-space quantum walk

Given a transition density function p, the quantum walk is characterized by the following

states:

162) = |2) ® /ﬂ dy ol Vo e R (3.39)

Since p,_,, is a normalized probability density function, |¢,) € Lo(£2). Now, denote

U= [ delon) (el 0D o= [ delonenl. S:= [ [ aeayleival. G40

12 As in most treatments of continous quantum mechanics, we shall not be fully rigorous with respect to operations
such as interchanging orders of limits. We have two reasons to believe that pathological cases do not occur: (1) The
states that occur during the algorithm are mostly well-behaved and correspond to probability distributions that are
obtained during classical geometric random walks. (2) We later show Section 3.5.1 that our algorithm can also be
executed discretely, and we work in the continuous setting for ease of analysis.
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Notice that IT is the projection onto span{|@,)}.cg» because

2 , ’ 1 / o . |

and S is the swap operator for the two registers. A single step of the quantum walk is defined as

the unitary operator
W= S —1). (3.42)

The first main result of this subsection is the following theorem:

Theorem 3.3.1. Let

D= /Q /Q Az dy /P By ele) (o (3.43)

denote the discriminant operator of p. Let A be the set of eigenvalues of D, so that D =
Ly AAXN)Y (A, Then the eigenvalues of the quantum walk operator W in (3.42) are +£1 and

At i1 =N forall \ € A.

To prove Theorem 3.3.1, we first prove the following lemma:

Lemma 3.3.1. Forany \ € A, we have |\| < 1.
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Proof. Since ) is an eigenvalue of D, we have D|\) = A|\). As a result, we have

[A[0(0) = [A[{A[A) (3.44)
= [(A[D[N)] (3.45)
4//@@ﬂmmqwmww (3.46)

(by Cauchy-Schwarz) §\/ //dxdypy%g y|A)|? //da:dypfﬁy| (A|z)|? >
:W/@MW@UEWWM)@/meﬂ>
Q Q Q

(3.47)
- / dz (\z) (z ]\ (3.48)
Q
- <A|</dx|x><x|)yA> (by (3.37)) (3.49)
Q

= 6(0). (3.50)
Hence the result follows. ]

Proof of Theorem 3.3.1. Define an isometry
= [aviodtal = [ [ dray mleel (3.51)

Then

Tﬂ:Amemmmmbmemmzm (3.52)

123



and

szézgumwwmww
:/Q/Q/Q/Qdxdydadb<x!y><a|b>\/m’$><y’

:/Q/dedapxﬁaﬁﬂﬂ
:/de|x)(x|

=1.
Furthermore,

wwzéémwmmwm@
:/Q/Q/Q/dedydadb(x,a|S!y,b)m|x><y|
:/Q/deda\/mmﬂﬂ

=D.

As aresult, for any A € A we have

WTIA) = S2I — DT|\) = (2STTHT — ST)|A) = (2ST — ST)|\) = ST|N).
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Similarly, we have

WST|A) = S(2I1 — 1)ST|A) (3.63)

= (2STTST — S2T)|A) = (2STD — T)|A) = (2A8 — )T |A).

By Lemma 3.3.1, |\| < 1. As a result, we have

W(I—A+ivV1=X)S)TI\) = WT\) — (A +ivV1 = X2)WST|) (3.64)
= ST|A) — (A +ivV1 = A2)(2AS — I)T|\) (3.65)
= (S = (A +iV1 = )(2AS = 1))T|\) (3.66)

= A+ iVI=X)(I—= (A +iV1—= X )S)T|\);  (3.67)

in other words, A+iv/1 — A% is an eigenvalue of I with eigenvector (1 —(A+iv/1 — A2)S)T|\).

Similarly, we have
W(I—=A=ivVI=M)S)TIN) = A —ivV1—=X )1 — (A —ivV1—=X)S)T|N),  (3.68)

i.e., A —iv/1— A% is an eigenvalue of W with eigenvector (I — (A —iv/1 — A2)S)T|).
Finally, note that for any vector |u) in the orthogonal complement of the space spanyc,{7'|\),

ST|\)}, W simply acts as —S since

MN=77"= / AN TN\ (AT, (3.69)
A
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which projects onto spany,{7|A)}. In this orthogonal complement subspace, the eigenvalues

are +1 because S? = I. O

3.3.2 Stationary distribution

Classically, the density 7 = (7,),cq corresponding to the stationary distribution of a

Markov chain (€2, p) satisfies

/ derm, =1, / dy py—aTy = Ty Ve (3.70)
Q Q

In other words, we can naturally define a transition operator as

P:://dxdypyﬁx|x)<y|, (3.71)
aJo

and the stationary density 7 satisfies Pm = m. The Markov chain (€2, p) is reversible if there

exists a classical density o = (0,,).cq such that
Py—a0y = Pz—yOxz Vx, y e Q. (3.72)
(This is called the detailed balance condition.) Notice that for all x € €2,

/dypyﬁxo'y = / dypx%yo'z = Ux/ dypx%y = Oyg; (373)
Q Q Q

therefore, we must have Po = o, i.e., o is a stationary density of P. In this paper, we focus on

Markov chains (€2, p) that are reversible and have a unique stationary distribution (i.e., 0 = 7).
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Such assumptions are natural for Markov chains in practice, including the Metropolis-Hastings
algorithm, simple random walks on graphs, etc.
We point out that if 7 is the classical stationary density of a reversible Markov chain (€2, p),

then

) = /Q dz /7ol be) (3.74)

is the unique eigenvalue-1 eigenstate of the quantum walk operator I restricted to the subspace

span, o {T'|\), ST|A)}. First, a simple calculation shows that

W) = S(2I1 — 1)) (3.75)
— Slmw) (3.76)
_ (/Q/dedy|x,y><y,x|)(/Q/dedymw,@) (3.77)
= [ [ asayymmlen (378)

~ [ [ asdy ymmia)) (3.79)
- /Q do /o) ( /Q dy yPeal)) (3.80)
:/ng; V| bz) (3.81)

= |mw), (3.82)

where (3.76) follows from |my) € span,cq{|®.)}. (3.77) follows from the definition of S in
(3.40), (3.79) follows from (3.72), and (3.79) follows from the definition of |¢,) in (3.39). Thus

|Tw ) is an eigenvector of W with eigenvalue 1. On the other hand, since (£, p) is reversible, P
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is similar to D: if we denote D := [, dz \/7,|x) (x|, then

D.DD;" = (/de\/ﬂla%xl)(/g/dedy\/mm@‘)(/gdy Wy_1,y><y‘>
_ /Q /Q dz dy \/nﬂyflpﬁypy%m(y\ (3.83)

_ /Q /Q Az dypyo|z) (5] (by 3.72) (3.84)

=P (3.85)

As aresult, D and P have the same set of eigenvalues. Furthermore, Lemma 3.3.1 implies that
all eigenvalues of P have norm at most 1, and the proof of Theorem 3.3.1 shows that |my/) is the
unique eigenvector with this eigenvalue within span,,{T|\), ST|\)}.

The state

) = / do /72 (3.86)
Q

represents a quantum sample from the density 7; in particular, measuring |7) in the computational

basis gives a classical sample from 7. Furthermore, the unitary operator in (3.40) satisfies

Ultew) = ( [ dzloloyen) ([ o valon) = [ dovamlon =m0, 68

so we have U|m)|0) = |mw ).
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3.4 Quantum speedup for volume estimation

In this section, we present and analyze our quantum algorithm for volume estimation. First,
we review the classical state-of-the-art volume estimation algorithm in Section 3.4.1. We then
describe our quantum algorithm for estimating the volume of well-rounded convex bodies (i.e.,
R/r = O(y/n)) with query complexity O(n?®/e) in Section 3.4.2, with detailed proofs given
in Section 3.4.3. Finally, we remove the well-rounded condition by giving a quantum algorithm
with interlaced rounding and volume estimation with additional cost O(n2'5 ) in each iteration in

Section 3.4.4.

3.4.1 Review of classical algorithms for volume estimation

The state-of-the-art classical algorithm for volume estimation uses O(n4 +n3/€?) classical
queries, where O(n*) queries are used to construct the affine transformation that makes convex
body well-rounded [73] and O (n3/€*) queries are used to estimate the volume of the well-rounded
convex body (after the affine transformation) [82].

We now review the algorithm of [73] for estimating volumes of well-rounded convex
bodies. This algorithm estimates the volume of a convex body obtained by the following pencil

construction. Define the cone

C.= {x ER™ 2y >0, a? < xg}. (3.88)

=1

129



Let K’ be the intersection of the cone C and a cylinder [0,2D] x K, i.e.,
K’ := ([0,2D] x K) N C (3.89)

(recall D = R/r). Without loss of generality we renormalize to » = 1, so that By(0,1) C
K C By(0, D). Since DVol(K) < Vol(K’) < 2DVol(K), with the knowledge of Vol(K') we
can estimate Vol(K) with multiplicative error ¢ by generating O(1/¢?) sample points from the
uniform distribution on [0, 2D] x K and then counting how many of them fall into K’. Such an
approximation succeeds with high probability by a Chernoft-type argument (see Section 3.4.3.1
for a formal proof).

Lovasz and Vempala [73] considers simulated annealing under the pencil construction. For

any a > 0, define
Z(a) = // e~ dux. (3.90)
It can be shown that for any a < ¢/D,
(1 — e)Vol(K') < Z(a) < Vol(K'). (3.91)
On the other hand, it is shown in [73, Section 2.3] that for any a > 2n and € > (3/4)",
(1—¢) /c e dr < Z(a) < /Ce_‘w“ dz. (3.92)

This suggests using a simulated annealing procedure for estimating Vol(K'). Specifically, if we
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select a sequence ag > a; > -+ > a,, for which ag = 2n and a,, < €¢/D, then we can estimate

Vol(K') by
m—lZ :
Z(am) = Z(ao) [ Z(‘(Lafl). (3.93)
i=0 ’

(Note that this procedure uses an increasing sequence of temperatures 1/a;, unlike standard
simulated annealing in which temperature is decreased.)

Let 7; be the probability distribution over K’ with density proportional to e~%%°, i.e.,

dm(x) = ezf(aj)o dz. Let X; be a random sample from 7;, and let (X;)q be its first coordinate;

define V; := e(@i—ai+1)(Xi)o We have

—a;To Z(a;
E,, [V;] — /K/ elai—aiy1)zo dm(l‘) — /K, elai—air1)zo €Z<a) dr = Z(C(L:—)l) (3.94)

Furthermore, if the simulated annealing schedule satisfies a;,1 > (1 — L)ai, then V; satisfies
+ NG

(see [73, Lemma 4.1])

] a;iy ntl .
1< (ai( )> <8 Vie[m], (3.95)

20,41 — a;

Eﬂ'z‘ [‘/;2

Ex.[Vi]

1.e., the variance of V; is bounded by a constant multiple of the square of its expectation. Thus, this

simulated annealing procedure constitutes Chebyshev cooling (see also Section 3.4.3.3), ensuring
its correctness (see Proposition 3.4.1).

Algorithm 7 presents this approach in detail. Note that sampling from 7 in Line 2 is

straightforward: select a random positive real number x, from the distribution with density e~2"*

and choose a uniformly random point (v1, . . ., v,) from the unit ball. If X = (g, xgv1, . .., Tov,) ¢
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K/, try again; else return X. Equation (3.92) ensures that we succeed with probability at least

1 — e for each sample.

Algorithm 7: Volume estimation of well-rounded K with O(n'/€?) classical
queries [73].
Input: Membership oracle Ok of K; R such that B5(0,1) C K C By(0, R);
R = O(y/n), i.e., K is well-rounded.

Output: e-multiplicative approximation of Vol(K).
Setm = 2[v/nln(n/e)], k = 22y/nln(n/e), § = €n~', and a; = 2n(1 — =)’ for

i € [m];
Take k samples Xél), e ,Xék) from 7;
for i € [m] do

Take k samples from 7; with error parameter ¢ and starting points X Z-(Pl, ce XZ-(E)l,

o

w N

=

giving points XV, ..., X{¥;

(2

) (x@
Compute V; = %2?21 elai=ait1)(X;)o.

wn

=)

Return n!v, (2n) "DV ...V, as the estimate of the volume of K’, where
v, := 72 /T'(1 + %) is the volume of the n-dimensional unit ball;

3.4.2 Quantum algorithm for volume estimation

As introduced in Section 4.3.1, our quantum algorithm has four main improvements that

contribute to the quantum speedup of Algorithm 7:

1. We replace the classical hit-and-run walk in Section 3.2.4 by a quantum hit-and-run walk,
defined using the framework of Section 3.3. Classically, the hit-and-run walk mixes in O(n3)
steps in a well-rounded convex body given a warm start (see Theorem 3.2.4). Quantumly, we
can use the quantum hit-and-run walk operator to prepare its stationary state given a warm

start state using only O(n“’) queries to the membership oracle for the well-rounded convex

body.

2. We replace the simulated annealing framework in Algorithm 7 by the quantum MCMC frame-
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work described in Section 3.2.2. Classically, we sample from 7; in the i'" iteration by running
the classical hit-and-run walk starting from the samples taken in the (i—1)" iteration. Quantumly,
we prepare the quantum sample |7;) in the "™ iteration by applying 7 /3-amplitude amplification
to a quantum sample produced in the (¢ — 1)* iteration, where the unitaries in the 7/3-
amplitude amplification are implemented by phase estimation of the quantum hit-and-run walk

operators as in (3.18).

. We use the quantum Chebyshev inequality (see Section 3.2.3) to give a quadratic quantum
speedup in ¢! when taking the average e(@=ai+1)(X)o jn Line 5 of Algorithm 7. However, we
(k)

must be cautious because the resulting points X Z-(l), ..., X, in Line 4 follow the distribution

m;, which varies in different iterations of simulated annealing. Instead, our quantum algorithm

must be nondestructive: it must retain a copy of |m;) after estimating the average el@i=ait1)(Xio,

so that we can map this state to |m; 1) by 7/3-amplitude amplification for the next iteration.

This is achieved in Section 3.4.3.3.

. In Section 3.4.4, we show how the densities can be transformed to be well-rounded by an affine
transformation at each stage of the algorithm. This is to ensure that the hit-and-run walk mixes
fast assuming the densities 7; to be sampled from are well-rounded (see Theorem 3.2.5). The
high-level idea is to sample points from density 7; and compute an affine transformation S;,
that rounds 7; and the next density 7;,1 (see Lemma 3.4.11). To sample these points, we use
7 /3-amplitude amplification to map the states corresponding to the uniform distributions for
one stage to those for the next. The affine transformation can be computed coherently using

nondestructive mean estimation, with O(n*%) quantum queries in each iteration.

Algorithm 8 is our quantum volume estimation algorithm that satisfies our main theorem:
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Theorem 3.1.1 (Main Theorem). Let K C R" be a convex set with By(0,7) C K C B3(0, R).

—_—

Assume 0 < € < 1/2. Then there is a quantum algorithm that returns a value Vol(K) satisfying

1 —_—~—

T 6VOI(K) < Vol(K) < (14 €)Vol(K) (3.4)

with probability at least 2 /3 using O(n3 +n??/€) quantum queries to the membership oracle Ox

(defined in (4.8)) and O(n® 4+ n*? /€) additional arithmetic operations."

' _| Umcdian H/7/\|

Umedian U /74
0) — —
0) — + t —
Ucs,1 | U(T;BJ Ucg,2 | UéB,Q
1) — I ] ] ' -
: : Ui, :
|m1)— ’ — ] ’ —
) | |
: | |
: [ |
0) — + ¢ —
0) — é T . .
Ucs1 Ulpa Ucp,2 Ucpa
|7T1>— L | L ...
: Ui,
’7_‘_1>_ - | L ...

Figure 3.3: The quantum circuit for Algorithm 8 (assuming well-roundedness). Here Ucg ; s
the circuit of the quantum Chebyshev inequality (Theorem 3.2.3) in the " iteration and U is
7 /3-amplitude amplification from |7;) to |m;41).

13 Arithmetic operations (e.g., addition, subtraction, multiplication, and division) can be in principle implemented
by a universal set of quantum gates using the Solovay-Kitaev Theorem [81] up to a small overhead. In our quantum
algorithm, the number of arithmetic operations is dominated by n-dimensional matrix-vector products computed in
superposition for rounding the convex body (see Section 3.4.4).
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Algorithm 8: Volume estimation of convex K with O(n?4n?%/¢) quantum queries.

Input: Membership oracle Ok for K; R = O(y/n) such that
B»(0,1) C K C By(0, R).

Output: e-multiplicative approximation of Vol(K).

Set m = O(y/nlog(n/e)) to be the number of iterations of simulated annealing and
a; =2n(1 — \/Lﬁ)’ for i € [m]. Let 7; be the probability distribution over K’ with
density proportional to e~ **°;

Set error parameters 0, ¢’ = ©(e/m?), e; = €/2m; let k = ©(y/n/€) be the number of
copies of stationary states for applying the quantum Chebyshev inequality; let
[ = (:)(n) be the number of copies of stationary states needed to obtain the affine
transformation S;;

o

Prepare k + [ (approximate) copies of |mg), denoted |7~r(()1)), e |ﬁék+l)> (Lemma 3.4.4);
for i € [m| do
3 Use the quantum Chebyshev inequality on the & copies of the state |7;_1) with

(%]

parameters €1, J to estimate the expectation E,. [V;] (in Eq. (3.94)) as 171

(Lemma 3.4.9 and Figure 3.4). The post-measurement states are denoted
A0, 1w

i—1 i1
4 Use the [ copies of the state |m;_;) to nondestructively obtain the affine

transformation S; that rounds 7;_; and 7; (Section 3.4.4). The post-measurement

states are denoted ]ﬁfﬁl)% L [EEY,

5 Apply 7 /3-amplitude amplification with error € (Section 3.2.2 and Lemma 3.4.8)

and affine transformation S; to map ]Siﬁﬁ)l), ce \Sﬁﬁﬂ} to
|S,~7~r§1)), ce |S,~7”T§k+l)>, using the quantum hit-and-run walk;

6 Invert S; to get k + [ (approximate) copies of the stationary distribution |r;) for
use in the next iteration;

7 Compute an estimate Vol(K') = nlv,,(2n)~ DV} ...V, of the volume of K’, where
v, 18 the volume of the n-dimensional unit ball;

—_—

Use Vol(K’) to estimate the volume of K as Vol(K) (Section 3.4.3.1).

®

More generally, our framework paves the way of combining several different ingredients
in quantum computing, and it could be used to provide quantum speedup for classical simulated
annealing algorithms based on Chebyshev cooling, i.e., those with the property that the random
variable in each iteration has bounded ratio between its variance and the square of its expectation.
This might be of independent interest.

The proof of Theorem 4.1.1 is organized as follows. We first assume that in each iteration,
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Si11 puts ;1 in isotropic position, i.e., the densities are promised to be well-rounded. The
rest of this subsection presents an overview of the proof of Theorem 4.1.1 (including a quantum
circuit in Figure 3.3), and proofs details are given in Section 3.4.3. In Section 3.4.4, we show
how the well-roundedness be maintained at an additional cost of O(n”) quantum queries in each
iteration.

Following the discussion in Section 4.3.1, our proof can be described at three levels:

High level (the simulated annealing framework) In Section 3.4.3.1, we show how to estimate

Vol(K) given an estimate of the volume of the pencil construction, Vol(K'):

P

Lemma 3.4.1. If we have access to Vol(K') such that

1 —_—~—

T /2\/01(1{’) < Vol(K’) < (1 + ¢/2)Vol(K) (3.96)

—_——

with probability at least 0.7, then we can return a value Vol(K) such that

—_—

Vol(K) < Vol(K) < (1 + €)Vol(K) (3.97)

1+¢€

holds with probability at least 2/3, using O(nQ'5 /€) quantum queries to the membership oracle

Ok.

In Section 3.4.3.2, we prove that the inner product between stationary states of consecutive

simulated annealing steps is at least a constant:

Lemma 3.4.2. Let |7;) be the stationary distribution state of the quantum walk W; for i € [m]

defined in (3.86). For n > 2, we have (m;|m;11) > 1/3 fori € [m — 1.
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This allows 7/3-amplitude amplification to transform the stationary state of one Markov
chain to that of the next. The total number of iterations of 7/3-amplitude amplification is thus
O(\/ﬁ), which equals to the number of iterations of the classical volume estimation algorithm

by [73].

Middle level (each telescoping ratio) In Section 3.4.3.3, we describe how we apply the

quantum Chebyshev inequality (Theorem 3.2.3) to the Chebyshev cooling schedule.

Lemma 3.4.3. Given O(log(1/6)/€) copies of the quantum states |m;_,), there exists a quantum
algorithm that outputs an estimate of E..[V;] (in Eq. (3.94)) with relative error less than € with
probability at least 1—O(5) using O(C log(1/6) /€) oracle calls, where C oracle calls are required
to implement a sampler for |m;). Moreover, this quantum algorithm is nondestructive, i.e., the

initial copies of quantum states |m;_1) are restored after the computation with probability at least

1 - 0(6).

Because the relative error in each iteration for estimating the volume via Chebyshev cooling
is ©(e/m) = O(e/+/n), Lemma 3.4.3 implies that O(log(1/0)/(e/+/n)) = O(y/n/€) copies of

the stationary state suffice for the simulated annealing framework.'*

Low level (the quantum hit-and-run walk) In Section 3.4.3.4, we give a careful analysis
of the errors coming from the quantum Chebyshev inequality as well as the 7/3-amplitude

amplification:

4“Notice that in the quantum Chebyshev inequality by Hamoudi and Magniez, they did not distinguish the number
of copies of the initial state from the number of quantum samples [88, Theorem 5.3]. In fact, their proof uses only
O(log(1/6)) copies of the initial state |m;_1) in Lemma 3.4.3, which reduces the total number of copies of the
stationary states in the simulated annealing framework to O(log(1/4)). Nevertheless, this does not change the total
query and time complexities of our quantum algorithms because the total number of calls to the quantum sampler
remains the same.
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Lemma 3.4.4. For ¢, < 1, given O(log(1/8)/e1) copies of a state |7;_1) such that |||7;_1) —
|mi_1)|| < €, there exists a quantum procedure (using 7 /3-amplitude amplification and the
quantum Chebyshev inequality) that outputs a V; such that |V; — E,. [Vi]| < e E,.[Vi] (where
E.,[Vi] is defined in Eq. (3.94)) with success probability 1 — 6* using O(n*?log(1/8)/e; +
n321og(1/€)) calls to the membership oracle and returns O(log(1/3)/e1) copies of final states

|7;) such that |||7;) — |m)|| = O(er + 6 + €).

Having the four lemmas above from all the three levels, we establish Theorem 4.1.1 as

follows.

Proof of Theorem 4.1.1. We prove the correctness and analyze the cost separately.

Correctness By Lemma 3.4.1, it suffices to compute the volume of the pencil construction K’ to
relative error €/2 with probability at least 0.7 in order to compute the volume of the well-rounded
convex body K. This is computed as a telescoping sum of m = O(y/nlogn/e) products of
the form Z(a;11)/Z(a;). The random variable V; is an unbiased estimator for Z(a;1)/Z(a;),
ie., E.[Vi]| = Z(ai+1)/Z(a;). Consider applying Lemma 3.4.4 m times with sufficiently small
d,¢ < ¢/12m?* and €; = ¢/3m. This will promise that €; + + ¢’ < ¢/2m. At each iteration i we
have a state |7;_1) such that |||7;_1) — |m—1)|| < O(e/4m). Thus each telescoping sum can be
computed with a relative error of €/2m, resulting in a relative error of less than €/2 for the final
volume. The probability of success for each iteration is at least 1 — % = 1 — O(e*/4m?). Thus
the probability of success for the whole algorithm is at least 1 — O (e*/4m7) = 1 — O(e /n?9),

which is greater than 0.7 for a large enough n.

Cost Ignoring the cost of obtaining the affine transformation to round the logconcave densities to
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be sampled (assuming that all the relevant densities are well rounded), we have from Lemma 3.4.4,
the number of calls to the membership oracle in each iteration of Algorithm 8 is O(n?/?log(1/5)/e,+
n*?log(1/€')) = O(n?/€). The total number of oracle calls is thus O(n?%/¢). The argument for
correctness above applies for well-rounded logconcave densities. This is ensured by maintaining

) (n) states that are used to round the densities in each iteration (Algorithm 9). By Proposition 3.4.4,
this procedure uses O(n?%) calls to the membership oracle in each iteration, resulting in a final

query complexity of O(n3 +n%5 /¢). Since the affine transformation is an n-dimensional matrix-

vector product, the number of additional arithmetic operations is hence O(n?) - O(n? +n?3 /) =

O(n® + n*?/e). O

3.4.3 Proofs of lemmas in Section 3.4.2

We now prove the lemmas in Section 3.4.2 that establish Theorem 4.1.1.

3.4.3.1 From the pencil construction to the original convex body

Here we prove

—_—

Lemma 3.4.1. If we have access to Vol(K') such that

1 —~—

T /2v01(K’) < Vol(K') < (1 + ¢/2)Vol(K') (3.96)

—_—

with probability at least 0.7, then we can return a value Vol(K) such that

—_—

Vol(K) < Vol(K) < (1 + €¢)Vol(K) (3.97)

1+¢€
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holds with probability at least 2/3, using O(n*®/€) quantum queries to the membership oracle

Ok.

Proof. We follow the same notation in Section 3.4.1, i.e., without loss of generality we assume
that » = 1 and denote D = R/r = R. Since R and r are both given, D is a known value. The

pencil construction is

K’ := ([0,2D] x K) N {:c ER™ 12y >0, a? < :cg}. (3.98)

=1

By the definition of D, for any (1, ...,z,) € Kwe have Y. 22 < D? so [D,2D] x K C K.

)

This implies that DVol(K) < Vol(K’) < 2DVol(K). In other words, letting £k := —220\1,5)%){), we

have 0.5 < &g < 1.

Classically, we consider a Monte Carlo approach to approximating Vol(K): we take k
(approximately) uniform samples x1, ...,z from [0,2D] x K, and if £’ of them are in K, we
return % : V;T(ﬁ). For each ¢ € [k], d[z; € K'] is a boolean random variable with expectation
¢k = O(1). Any boolean random variable has variance O(1). Therefore, by Chebyshev’s
inequality, taking k£ = O(1/¢?) suffices to ensure that
%/ _ 5K‘ < 6—} > 0.99. (3.99)

Pr[ K
2

Quantumly, we adopt the same Monte Carlo approach but we implement two steps using

quantum techniques:

* We take an approximately uniform sample from K’ = [0,2D] x K via the quantum hit-
and-run walk. To obtain a quantum stationary state, we use a similar idea as in [65] to
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construct a sequence of m = [nlog,(2D)] convex bodies. Let Ko := B}*1(0,1) and K; :=
2/mBI+L(0,1) N K for i € [m]. As the length of the pencil is 2D, K,, = K'. The state
|mo) corresponding to Ky is easy to prepare. It is straightforward to verify that (7;|m; 1) > ¢
for some constant ¢, as Vol(Kiy1) < 2Vol(K;). To utilize the quantum speedup for MCMC
framework (Theorem 3.2.1), it remains to lower bound the phase gap of the quantum walk
operator for K;. It can be shown that the mixing property of the hit-and-run walk in Theorem 3.2.5

implies that the phase gap of the quantum walk operator is Q (n=12)

; see the proof of Lemma 3.4.8.
Thus, by Theorem 3.2.1, |7,,,) can be prepared using O(n)-O(n'?) = O(n?%) quantum queries

to OK

* We estimate £k with multiplicative error €/2 using the quantum Chebyshev inequality (see
Theorem 3.2.3) instead of its classical counterpart. This means that O(1/¢) executions of

quantum sampling in the first step suffice.

Overall, O(n?%/¢) quantum queries to Ox suffice to ensure that we obtain an estimate of

¢k within multiplicative error €/2 with success probability at least 0.99. Since (3.96) ensures

—_—

that Vol(K') estimates Vol(K') up to multiplicative error /2 with probability at least 0.7, Yo

> 2DE€k

estimates Vol(K) up to multiplicative error €/2 + €/2 = € with success probability 0.99 - 0.7 >

2/3. N

3.4.3.2 Inner product between stationary states of consecutive steps

We now show that the inner product between stationary states of consecutive steps is at

least a constant. More precisely, we have the following:

141



Lemma 3.4.2. Let |7;) be the stationary distribution state of the quantum walk W; for i € [m)]

defined in (3.86). For n > 2, we have (m;|m; 1) > 1/3 fori € [m — 1].

Proof. Recall that the stationary distribution 7; of step ¢ has density proportional to e~ **° as
discussed in Section 3.4.1. The corresponding stationary distribution state is | ;) = [, dzy /S~ ] ).
Lovész and Vempala [73, Lemma 3.2] proved that a"™'Z(a) is log-concave (noting that the

dimension of K’ is n + 1). This implies that

\/&?HZ(a,-)\/ ?-:_1 Z(ai41) < <%> VA (%) ) (3.100)

Now, we have

az+a1+1
€ X
AR L o ) (3.101)

K \/Z (a;) \/Z (@it1)
(2V&Z\ﬂEII) " [ daexp(= ") (3.102)

+ Q41 A (—az+2az+1)

n+1
_ (2\/“_W “”1) (3.103)

a; + Ait1

n+1
1 1
2y/a;y fai(1 — L) 2. /1 -+
_ (3.104)

7n
a; + a;(1 —\% 2—\% ’

Vv

where the inequality follows from (3.100). When n = 2 or n = 3, the above inequality holds.

When n > 4, to lower bound the above quantity, we use the fact that /1 — 1/ Vn>1——~ f %

Hence, for n > 2 we have

Q_L_l n+1 l n+1 1 n+1 1
(Tilmig1) > (%) = <1 9 " > = (1 - 2—1> = 3
G G (2=
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as claimed. O]

3.4.3.3 Chebyshev cooling and nondestructive mean estimation

Now we briefly review the classical framework for Chebyshev cooling and discuss how to

adapt it to quantum algorithms. Suppose we want to compute the expectation of a product
v=][v (3.105)

of independent random variables. The following theorem of Dyer and Frieze [68] upper bounds

the number of samples from the V; that suffices to estimate E[V'] with bounded relative error.

Proposition 3.4.1 ([68, Section 4.1]). Let V1, ..., V,, be independent random variables such that

E[[‘ZT; < Bforalli € [m]. Let X}l), o ,X](k) be k samples of V; for j € [m], and define

X, = %2521 Xj(»é). Let V =][}., V;and X = H;.":lyj_ Then, taking k = 16Bm/e* ensures

that

Pr[(1-eE[V] <X < (1+eE[V] > (3.106)

B~ w

With standard techniques, the probability can be boosted to 1 — with a log(1/§) overhead.
In applications such as volume estimation [72] and estimating partition functions [112],
the samples are produced by a random walk. Let the mixing time for each random walk be
at most 7. Then the total complexity for estimating E[V'| with success probability 1 — ¢ is

O(TBm]log(1/§)/€®). Replacing the random walk with a quantum walk can potentially improve

the mixing time; see Section 3.1.3.2 for relevant literature. In particular, Montanaro [11] proposed
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a quantum algorithm for the simulated annealing framework with complexity O(T Bm log(1/5)/e),
which has a quadratic improvement in precision. Note that the dependence on 7" was not improved,
as multiple copies of quantum states were prepared for the mean estimation (which uses measure-
ments). In this paper, we use the quantum Chebyshev inequality (see Theorem 3.2.3) to estimate
the expectation of V; in a nondestructive manner which, together with Theorem 3.2.1, achieves
complexity O(v/TBmlog(1/6)/e).

Recall that the random variables V; (determined by the cooling schedule) satisfy Eq. (3.95).
The following lemma uses this property of the simulated annealing procedure to show that the
quantum Chebyshev inequality can be used to estimate the mean of V; on the distribution 7,
which gives an estimate of the ratio % in the volume estimation algorithm. We first show
that our random variables can be made to satisfy the conditions of Theorem 3.2.3, and then we
outline how the corresponding circuit can be implemented. A detailed error analysis is deferred

to Section 3.4.3.4. To make the mean estimation nondestructive, we use the following theorem

of Harrow and Wei.

Theorem 3.4.1 ([89, Theorem 6]). Given state |1)) and reflections Ry, = 2|1)(¢)| — I and R =
2P — I, and any n > 0, there exists a quantum algorithm that outputs a, an approximation to

a = (Y| P), so that

B} a(l—a) 72
]a—a! SQWT—FW (3107)

with probability at least 1 — 1 and O(log(1/n)M) uses of Ry, and R. Morover the algorithm

restores the state 1) with probability at least 1 — 1.

Lemma 3.4.3. Given O(log(1/4)/€) copies of the quantum states |7;_,), there exists a quantum
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algorithm that outputs an estimate of E..[V;] (in Eq. (3.94)) with relative error less than € with
probability at least 1—O(0) using O(C log(1/6) /€) oracle calls, where C oracle calls are required
to implement a sampler for |m;). Moreover, this quantum algorithm is nondestructive, i.e., the

initial copies of quantum states |m;_1) are restored after the computation with probability at least

1-0(5).

Proof. We apply the quantum Chebyshev inequality (Theorem 3.2.3). For the random variables
Vi, we let p; denote their mean and JZ-Q their variance. From (3.95), \/m [ < V8 < 3.
For a small constant ¢, we use log(1/8)/c* copies of |m;_;) to create copies of |r;) using 7/3-
amplitude amplification. We now use a quantum circuit that given |x)|0) computes |x)|e® 70~ %-170)

and then apply a circuit Ueqian that computes the median of all the ancilla registers:

Umedian|0)|a1) - - - |as) = |median{ay, ..., as})|ar) - - - |as). (3.108)

By the classical Chebyshev inequality, we measure /i; such that |/; — u;| < cu; with probability
at least 1 — 0. Thus the probability that i;/(1 — ¢) < p is less than §. Taking H = ;/(1 — ¢),
our variables satisfy the conditions of the quantum Chebyshev inequality. In order to output an
estimate of the mean with relative error at most ¢, the quantum Chebyshev inequality now requires
O(log(1/6)/€) calls to a sampler for the state |r;), which we construct using 7 /3-amplitude
amplification on copies of |m;_;). By the union bound, the probability of failure of the whole
procedure is O(0).

To be more specific, we replace U|0) in BasicEst (Algorithm 6) by U,_; ;|m;_1) (where
U;_1, is the circuit transforming the ['" copy of |m;_;) to |m;)), and replace Q by —U; 1 ;(I;_; —

Hf_l)U;ﬂu(Hi — II) (where II; = |m;)(m;| and 11+ = I — II; for all i € [m]). The quantum
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circuit for nondestructive BasicEst is shown in Figure 3.4. Here, we run ©(log(1/4)) executions

of amplitude estimation (Figure 3.2) in parallel. Note that by (3.21), each amplitude estimation

ifp

7 16,) — %\ — 6,). We use an ancilla register and apply the unitary

returns a state

Ugn210)|0) := |0)] sin? ) (3.109)

because sin?(f,) = sin?(—6,) = p, the ancilla register becomes |}5), where 7 estimates p well
as claimed in Theorem 3.2.2. We then take the median of such ©(log(1/0)) executions using

(3.108), and finally run the inverse of Ug,> gates and amplitude estimations. The correctness
follows from the proof of Theorem 3.2.3 in [88].

To assure non-destructiveness, we replace every application of Quantum Amplitude Estimation
with the Nondestructive Mean Estimation as in Theorem 3.4.1. The resulting guarantees on the
error are the same as with the original amplitude estimation algorithm. To ensure an overall
success probability of 1 —O(9), it suffices to perform each instance of Nondestructive Amplitude
Estimation with success probability 1 — 0(6 ). Note that since we estimate an unweighted mean,
2P — I with P = H|0)(0|H can be implemented as H RyH where R, is a reflection around
the |0) state. Finally, we show in Corollary 3.4.1 that R, (the reflection around |7;)) can be

implemented using the same number of oracle calls and gates as that required to sample 7; (up to

polylogarithmic factors). 0

A detailed error analysis is given in the next subsection (see Lemma 3.4.9).
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: Q of :

|7;) |75)

Figure 3.4: The quantum circuit for nondestructive BasicEst.

3.4.3.4 Error analysis

In this section, we analyze the error incurred by both the quantum Chebyshev inequality

(Line 3) and 7/3-amplitude amplification (Line 5) in Algorithm 8.

Lemma 3.4.4. For ¢; < 1, given O(log(1/5)/e,) copies of a state |7;_1) such that |||7;_1) —

|mi—1)|| < €, there exists a quantum procedure (using w/3-amplitude amplification and the

quantum Chebyshev inequality) that outputs a V; such that |V; — E,. [Vi]| < e,E.,[Vi] (where

E.,[Vi] is defined in Eq. (3.94)) with success probability 1 — 6* using O(n*?log(1/5)/e; +

n32log(1/€")) calls to the membership oracle and returns O(log(1/8)/e1) copies of final states

|7t;) such that |||7;) — |m)|| = O(er + 5 + €).
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We first show that 7/3-amplitude amplification can be used to rotate |m;) into |m;_;) with
error ¢ using O(log(1/¢)) oracle calls. This procedure is used as a subroutine in a mean estimation
circuit that estimates the mean of the random variable V; using multiple approximate copies of
|mi_1). We ensure that the measurement probabilities are highly peaked so that the state is not
disturbed very much. Finally 7 /3-amplitude estimation is used again to rotate the approximate

copies of the state |m;_;) to approximate copies of the state |r;).

Large effective spectral gap Consider an ergodic, reversible Markov chain (€2, p) with transition
matrix P and a unique stationary distribution with density 7. Let a(x) be a probability measure
over () such that the Markov chain mixes to its stationary distribution with a corresponding
probability density 7(z) within a total variation distance of e within ¢ steps. Further let a(x)
be a warm start for 7(x). From the definition of the transition matrix P(z,y) = (z|Ply) = py—s-
The discriminant matrix [ defined in (3.43) is related to the transition matrix as P =
D.DD_ ! as shown in (3.85). For a hit-and-run walk, the transition matrix P represents a
convolution with an L, normalized function (corresponding to the square root of the density
Da—sy). Bounded subsets of Lo (€2) are therefore mapped by P to other bounded subsets, and hence
P is compact. Since D is connected to P by a similarity relation, D is a compact Hermitian
operator over L,(2) and thus has a countable set of real eigenvalues A; and corresponding

orthonormal eigenvectors (eigenfunctions) v; € Ly (€2). Orthonormality implies that [, v;(x)v;(z) dz =

d; ;. Notice that

PD,v; = Dy D(v;) = \;Dyvy; (3.110)
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thus f; = D, v; is an eigenvector of P’ with eigenvalue \;. The eigenvectors f; may not be
orthogonal under the standard inner product on L(€2). However, we can define an inner product

(f.9)= = (D;'f, D 'g) = /Q f@gla) 4, (3.111)

m(x)

over the space Lo(€2). It is easy to see that (f;, f;)» = (v;,v;) = d; ;. A corresponding norm can
be defined as || f||» = (f, f)x-

It can be verified that /7 () is an eigenfunction of D with eigenvalue 1. Thus the stationary
state 7(x) is an eigenfunction of the transition operator P with eigenvalue 1. Since P is stochastic,
this is the leading eigenvalue. The eigenvalues of P are thus 1, A\{, Ao, ... with corresponding
eigenfunctions 7 (x), fo(x), f3(z),.... From the orthonormality of the f under (-,-),, for any

function g in Ly(£2) we have

Z gafz m z 77r>7r+z<gafi>7rfi (3112)
i=1 1=2
_ g(@)7(x) e
= (/Qg(x) dﬂf) T+ Z<97 fi)x fi- (3.114)
=2

Since a is a probability density, a = m + >, (a, f;)= fi. After ¢ steps of the Markov chain M
on a we obtain the state P'‘a = m + > .-, Ni{a, fi)r fi. Since the walk mixes to total variation
distance € we have ||P'a—||; < ¢, and further since a is a warm start || P’a —r||,. Consequently,
13252 Ai{a. fi)= fill= < € and from the orthonormality of f, (a, fi)=\} < €. 1> X > 1 — 555

then \! = Q(1) and (a, f;)» = O(e).
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The above analysis indicates that if a probability density a (that is a warm start) mixes in ¢
steps under a Markov chain (€2, p), then it has small overlap with each of the “bad” eigenfunctions

(with spectral gap less than )) Thus P effectively has a large spectral gap when it acts on a.

Qt

Corresponding to a, consider the quantum states

- [ Vel o= [ [ Emim ey G

For an eigenvector v; of D (with eigenvalue );), define the state |v;) := fﬂ vi(z)de = fQ \/_
Then the walk operator W has the corresponding eigenvector |u;) = (I—(\i—iv/1 — A?)S)Tv;)
following the proof of Theorem 3.3.1. Let C; := X\; — iy/1 — A\?; then (Pg|u;) = (da|T|v;) —

Ci{¢a|ST|u;). Furthermore,

(Pa| T|vi) = (alvs) = /Q —W dz, (3.116)

and

(0a] ST0i) = (/\/Myl xl) </ mmm) (3.117)

= /Q \/a_w</Q \/px—wpy—mvi(y) dy> dx (3.118)

:/\/a_x(Dvi)(x)da: (3.119)

Q

—)\i/\/a_ﬂ)i(x) dz (3.120)
Q

— Nilalv,). (3.121)
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We have (¢, |u;) = (1 — X\;C;){a|v;) and therefore

[(@alu)| = (1 = XiCi)(alvi) = \/(1 — A2+ (1= X)X alvi) < 2/(alvi)]. (3.122)

In addition,

<a!w>=/g\/a_fz /\/7 (3.123)

The above discussion establishes the following proposition indicating that if a distribution
with density a(z) mixes fast and the stationary distribution with density 7(x) has a bounded Lo-
norm with respect to a(z), then the quantum walk operator W acting on the subspace spanned by

|7} and |a) has a large effective spectral gap.

Proposition 3.4.2. Let M = (£, p) be an ergodic reversible Markov chain with a transition
operator P and unique stationary state with a corresponding density T € Ly (). Let {()\;, fi)} be
the set of eigenvalues and eigenfunctions of P, and |u;) be the eigenvectors of the corresponding
quantum walk operator W. Let a € Lo(2) be a probability density that is a warm start for ™ and
mixes up to total variation distance € in t steps of M. Furthermore, assume that fQ ﬂ(x) m(x)dr <

c for some constant c. Define

:/Q\/a(:c)h:) dux; (3.124)
]gﬁa):/Q\/a(x)/ﬂx/pxﬁyll‘ﬂwdmdy. (3.125)

Then ($alu;) = O('/?) for all i such that 1 > X\; > 1 — i,
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Proof. Define S = {a;|’r($) > /%}. Because fQ

e )2 > a(z)dz = Jo e ”(x) (r)dz < ¢, Markov’s
inequality implies that f 5@ x)dr <e.
We now define the quantum state |a’) such that (z|a’) = (z|a) if x ¢ S and (a|z’) = 0

otherwise, and |¢,/) = T'|a’). Then

lba) — |6a) H—H/\/_Tyx d:cH— / )dz = V. (3.126)

From (3.122) and (3.123),if 1 > \; > 1 — then

()

. 1/4 .

Finally,

(Galtti) = (Par|i) + (B0 — Pu|s) < 26M4¥* + /e = O(VVe) (3.128)

ifl>\N>1-— ( ik Hence the result follows. O]

Warmness of 7;,; with respect to m; We show that density 7; mixes to m;,; under the walk
W41 and vice versa. To apply Theorem 3.2.5, we show that the two distributions are warm with
respect to each other.

The Ly-norm of a distribution with density m; € Lo(€2) with respect to another with density

Ty € Lo(Q2) is defined as

71 /7] = Exeon, {%} - /Q 28 ™ () da. (3.129)
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A density m € Lo(Q) is said to be a warm start for my € Lo(2) if the Lo-norm |7y /mol| is

bounded by a constant.

Lemma 3.4.5 ([73, Lemma 4.4]). The Lo-norm of the probability distribution with density m; =

e;:aj)o with respect to that with density T, = % is at most 8.
Lemma 3.4.6. The Lo-norm of the probability distribution with density w11 = % with
respect to that with density m; = e;az)o is at most e.
Proof. Since a™Z(a) is a log-concave function [73, Lemma 3.2], we have
o T (X) ]| Ji e(ai—ai+1)T0 o =dit1T0 g Ji e oda
X~mi1 ﬂ-z(X) - fK/ e~ %i+1%0d fK' e~ %i+1Tod
Z(2ai11 — a;)Z(a; ..
— (20i1 —a )2 (@) (definition of Z) (3.130)
Z(aiy1)
2 n
< (#> (logconcavity of a" Z(a)) (3.131)
a;(2a;41 — a;)
(1- %)
< 4z (definition of a;) (3.132)
T Vn
2\" 9
<({1l+-—-] <e (3.133)
n
where (3.133) holds because 1 + ;- — 2= < (1 + 2)(1 — ) as long as n > 16. O

Error analysis of 7/3-amplitude amplification Consider a simulated annealing procedure
that follows a sequence of Markov chains My, Ms, ... with stationary states ji1, ji2, . . . . Consider

an alternate walk operator (used in [78]) of the form

W! = Ul SU,RAU! SU,R 4 (3.134)
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where R 4 denotes the reflection about the subspace A := span{|z)|0) : x € K} and S is the
swap operator. We have U;[2)[0) = [ P, |2)|y) dy where p( is the transition probability
corresponding to the 7 chain.

The W/ operator is related to the walk operator W; = S(2I1; — I) via conjugation by Uj,
ie, W, = UW/ UZ-T. Thus W/ has the same eigenvalues as W, and if |u;) is an eigenvector of IV;
with eigenvalue \;, then [v) = U/|u;) is an eigenvector of 1/ with the same eigenvalue \;. For

any classical distribution f, we define | f) = [, v/f(z)|z) dz and

169y = / VI@)) / sy ly) dy da

. Since \gzﬁ,@) is a stationary state of 1W; with eigenvalue 1, it follows that |7;)|0) is an eigenvalue
of W; with eigenvalue 1.
In each stage of the volume estimation algorithm, we sample from a state with density

e~ aiT0

mi(z) = 7@ Each such distribution is the stationary state of a hit-and-run walk with the

corresponding target density. Thus the corresponding state |m;) is the stationary state of the
corresponding walk operators 1W; and W/. Both W; and W;; can be implemented using a constant
number of U; gates.

From Lemma 3.4.2, we know that the inner product (m;|m; ;1) between the states at any
stage of the algorithm is at least % This implies that the inner product between |m;)|0) and
|mi+1)|0) is also at least 3. In the following we abuse notation by sometimes writing only |7;) to
denote |;)|0), as it is easy to tell from context whether the ancilla register should be present.

Lemma 3.2.1 in Section 3.2.2 indicates that 7/3-amplitude amplification can be used to
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rotate the state |7;) to |m;41) if we can implement the rotation unitaries

Ry = w|m)(mi| + (I — |m)(ms|)  and  Riyy = w|mipn) (g | + (L — [Tig1) (Tisa]) -

To implement these rotations we use the fact that 7; and 7;, ; are the eigenvectors of the operators
W/ and W/, , with eigenvalue 1, respectively. We show the following lemmas which are adapted

variants of Lemma 2 and Corollary 2 in [78]:

Lemma 3.4.7. Let W be a unitary operator with a unique leading eigenvector |1)y) with eigenvalue

1. Denote the remaining eigenvectors by |1;) with corresponding eigenvalues e*™i. For any

A € (0,1) and ey < 1/2, define a := log(1/A) and ¢ := log(1/\/€3). There exists a quantum

circuit V that uses ac ancilla qubits and invokes the controlled-W gate 2°c times such that

V[10)[0)%% = [10)|0)®*¢ (3.135)

and

VIi0)%% = /1 — e2(7)1¥5) Ixg) + Veah)]e;)10)2° (3.136)

where |x;) is orthogonal to |0)*°° for all |1);) such that & > A, and €3(j) < €3 for all j.

Proof. Consider a quantum phase estimation circuit U with a ancilla qubits that invokes the
controlled-W gate 2¢ times (see Figure 3.5). The phase estimation circuit first creates an equal
superposition over a ancilla qubits using Hadamard gates. For & = 0,...,a — 1 we apply a

controlled-W* operator to the input register, controlled by the (a — k)™ register. Finally the
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inverse quantum Fourier transform is applied on the ancilla registers. Then

2¢—1
1 |
Ul3)[0)%* = |1;) © QFT' (— > e2mmff|m>> (3.137)
\/2_(1 m=0
1 2¢—1
=W @g D T m), (3.138)
m,m’=0

The amplitude corresponding to |0) on the ancilla registers is

2¢—-1

. 1 —— 1— 627ri2a§j
a0 = 5 mzo e2mme; — ) (3.139)
for j # 0, and apo = 1. If j # O then
1 _ e2mi2%¢; 1

lajo| = (3.140)

1
. . < .
2a(1 _ €2m5j) 2a71<1 _ e2m§j) - 2a+1‘€j|

Thus |a;o| < 3 if & > A. Using c copies of the circuit (resulting in ac ancilla registers and

2%c controlled-V gates), the amplitude for O in all the ancilla registers if {; > A is at most

b= Ve -

0) —H] . QFT,. [—

) ——— W W -

Figure 3.5: The quantum phase estimation circuit. Here 1/ is a unitary operator with eigenvector
|4;); in 7/3-amplitude estimation it is the quantum walk operator W/ in (3.134).
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Corollary 3.4.1. Let W be a unitary operator with a unique leading eigenvector |1y) with

eigenvalue 1. Denote the remaining eigenvectors by |1);) with corresponding eigenvalues ¢*™*.

For any A € (0,1] and €5 < 1/2, define a := log(1/A) and c := log(1/\/€;). For any constant
a € C, there exists a quantum circuit R that uses ac ancilla qubits and invokes the controlled-W

gate 29T ¢ times such that

RJipo)|0)2 = (R|wp))|0)=* (3.141)

(where R = o) (vo| — (I — [tbo) (tho])) and

| R]%;)]0)% — (R|¥;))]0)%|| < /e (3.142)

for j # 0 suchthat §; > A.

Proof. Let R := V(I ® Q)V where V is the quantum circuit in Lemma 3.4.7 and Q :=

«|0)(0]®* + (I — |0)(0|®*¢). Then we have

R[1)]0)%% = VI(I ® Q)[1ho)|0)2%¢ = a|aho)|0)29¢ = R]eo)|0)2c. (3.143)
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For j # O such that §; > A,

Rl |0y = V(I ® Q) (VT = ea|vyy) ;) + vVeal;)[0)2*) (3.144)
= VI(VI = elv;)x;) + Veali;)]0)) (3.145)
=Vi([y;) ® (VI —elx;) + Vel0)%*) + Ve (o — 1)) |0)%)  (3.146)

= 9,)]0;) + VIy/e2(a — 1)|1h;)|0)2. (3.147)
Thus || B]¢;)[0)2% — (RJy;))|0)2%|| < [V /(e — 1)]1;)]0)*| < a. 0

Finally, we prove the following lemma for analyzing the error incurred by 7 /3-amplitude

amplification in our quantum volume estimation algorithm:

Lemma 3.4.8. Starting from |m;), we can obtain a state |7;.1) such that |||7i11) — |Tit1)|| < €
using O(n*?log(1/¢)) calls to the controlled walk operators W/, W/. . This results in O(n*/*log(1/e))

calls to the membership oracle Ok.
Proof. From Theorem 3.2.5, Lemma 3.4.5, and Lemma 3.4.6, we find that

* 7;(x) mixes up to total variation distance ¢; in O(n3 log® ﬁ) steps of the Markov chain
€1

Mi—f—la and

* m;+1(x) mixes up to total variation distance €; in O(n3 log® g) steps of the Markov chain

M.
From Proposition 3.4.2, we find the following:

o |m) = |7}) + |e1) where |7}) lies in the space of eigenvectors |v](-i+1)> of W/, such that

i+1 i+1 .
Ag ):]_OI')\; )Sl—m,and |||€1>|| Sel,and
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* |mip1) = |m,1) + |e2) where |7, ) lies in the space of eigenvectors |v](-i)) of W/ such that

)\g.l) =1lor )‘§‘Z) <1- m’ and |H62>H < €.

Note that |7;) and |7; 1) are simply the leading eigenvectors of W; and W, 1, respectively.

Thus both |;) and |7;41) lie €; close to the “good” subspaces corresponding to W/ (respectively

i : i o e
W/,,) which are spanned by eigenvectors |vj( )) (respectively |vj( +1)>) with eigenvalues e?™*i

. -+ (i+1) i i
(respectively €™ o ) such that fj(- ) = 0or fj(- ) > Each state that occurs

1
O(n3/210g®/2(n/e1)) "

during 7/3-amplitude amplification to rotate |m;) to |m;11) or vice versa is a linear combination

of |m;) and |m; 1) and is thus also close to the good subspaces of 1] and W/, ;.

1

S S _ 2 .
I () er) and e, €7, we can implement a

Applying Corollary 3.4.1 with A =
quantum operators R;, R;4; such that |R; — R;|| < 26 and ||Riy; — Rij1]| < 2¢;, using
O(n®?1og”*(n/e;) log(1/e)) calls to the controlled-1V; and controlled-WW/, | operators, respect-
ively.

The above shows how to approximately implement R; and R, ;. If these operators could
be implemented perfectly, Lemma 3.2.1 and Lemma 3.4.2 show that we can prepare a state

|T;14) such that (m;41|Fi1) < 1 — (2/3)%" by applying m recursive levels of 7/3-amplitude

amplification to |7;), using 3™ calls to R;, R!, R4y, R! 41- Since

i1 — Firall = V/2(1 = (mig1|Fis1)), after O(log(1/e€2)) calls to the rotation gates we obtain a
final state with error eo. However, each rotation gate can cause an error of €; by itself. By making
O(n®?1og”*(n/e ) log(1/e1) log(1/e,)) calls to controlled-W/ and controlled-I/, , operators,
we obtain a final error of O(e; log(1/e2) + €2). Choosing €2 = ¢/2 and ¢; = ¢/(21n(2/¢)) gives

the result. O
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Error analysis for the quantum Chebyshev inequality We also analyze the error from the

quantum Chebyshev inequality (Theorem 3.2.3), giving a robust version of Lemma 3.4.3.

Lemma 3.4.9. Suppose we have O(log(1/8)/€) copies of a state |7;_y) such that |||7;_,) —
|mi_1)|| < e. Then the quantum Chebyshev inequality can be used to output V; such that |V; —
E..[Vi]| < O(€)E,,[V;] with success probability 1 — §* using O(n®/?1og(1/68)/€) calls to the

membership oracle. The output state |T;_1) satisfies |||7;_1) — |mi_1)|| = O(e + 9).

Proof. The error-free version of this lemma was proven in Lemma 3.4.3. Here we focus on the
error analysis. The quantum Chebyshev inequality uses an implementation of US,U"S; where
U is a unitary operator satisfying U|m;_1) = |m;). From Lemma 3.4.8, using log(1/¢2) iterations
of m/3-amplitude amplification (Uog1 /e; 10 (3.16)) instead of U induces an error of €3 and uses
O(n*?1og(1/ey)) oracle calls. Using approximate phase estimation as in Corollary 3.4.1 and
Lemma 3.4.8, I1;_; and I1; can be implemented up to error e3 using O(n*?log(1/e3)) oracle calls.
Thus each block corresponding to Theorem 3.2.2 induces an error of O(e;+€3), and the final state
before the median is measured has an error of O(e + €5 + €3). Therefore, using O(log(1/01)/€)
copies of |7;_,) returns a sample V; such that |V; — E.,[Vi]| < O(ey + €5 + €) B, [V;] with success
probability 1 — ¢;. Performing a measurement with success probability 1 — ¢; implies that the

posterior state has an overlap /1 — 0; with the initial state. This induces an error of magnitude

atmost \/2(1 — VT — &) = O(6,/).

The measurement on the log(1/0)/c copies of |7;_;) used to estimate /i has relative error
at most ¢ with probability 1 — §. This causes an error 0(61/ 4) in addition to the error e; from
7 /3-amplitude amplification.

Finally, note that the basic amplitude estimation circuit (analyzed in Theorem 3.2.2) is a
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subroutine of the quantum Chebyshev inequality (Theorem 3.2.3), and uncomputing the block
corresponding to Theorem 3.2.2 induces an error of O(ey + €3), giving an overall error of O(e; +

€3 + € + 8'/%). The result follows by taking €5 = €3 = e and §; = &%, O
We finally prove Lemma 3.4.4 here.

Proof. Lemma 3.4.9 is used to estimate the mean with € = ¢; and leaves a posterior state |7;_;)
such that |||7;—1) — |mi—1)|| = O(er + ). We can then use 7/3-amplitude amplification to
rotate this state into |7;), adding error O(¢) at the cost of O(n*?1og(1/€’)). This completes the

proof. ]

3.4.4 Quantum algorithms for rounding logconcave densities
We first define roundedness of logconcave density functions as follows:
Definition 3.4.1. A logconcave density function f is said to be c-rounded if
1. The level set of f of probability 1/8 contains a ball of radius r;
2. E; (Jo — z4|) < R?, where z; is the centroid of [, i.e., zy := Eg(x);
and R/r < cy/n.

In the previous section we assumed that the distributions 7; sampled during the hit-and-run
walk are O(1)-rounded (i.e., well-rounded). From Theorem 3.2.5, this implies that the hit-and-
run walk for the distribution 7; mixes from a warm start in time O(n?). In this subsection we
show how the distributions 7; can be transformed to satisfy this condition.

Following the classical discussion in [40], we actually show a stronger condition: the
distributions are transformed to be in “near-isotropic” position. A density function f is said
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to be in isotropic position if
Effz] =0 and E;[za’]=1. (3.148)

The latter equation is equivalent to [, (u”z)?f(x) dz = |u|* for every vector u € R". We say

that K is near-isotropic up to a factor of c if

< /n(uT(x —zp))*f(z)dz < ¢ (3.149)

for every unit vector u € R".
The following lemma shows that logconcave density functions in isotropic position are also

O(1)-rounded:
Lemma 3.4.10 ([118, Lemma 5.13]). Every isotropic logconcave density is (1/e)-rounded.

The following lemma shows that any logconcave density function can be put into isotropic
position by applying an affine transformation, generalizing the same result for uniform distributions

by Rudelson [119]:

Lemma 3.4.11 ([40, Lemma 2.2]). Let | be a logconcave function in R™ such that there is no
linear subspace S C R™ such that [ f(x)dx > 1/2, and let X*, ..., X* be independent random

points from the corresponding distribution. There is a constant Cy such that if k > Cot® Inn, then

—-1/2

the transformation g(x) = T~'/*x where

k
d (X - X)X - X)T (3.150)
=1

>
| =

1 k
X=-> X, T=
=1

162



puts [ in 2-isotropic position with probability at least 1 — 1/2".

From Lemma3.4.11, k = [Con In® n] = ©(n) samples from a logconcave density f suffice
to put it into near-isotropic position. However, efficiently obtaining samples from a density m;
requires it to be well-rounded to start with. To overcome this difficulty, we interlace the rounding
with the stages of the volume estimation algorithm where in each stage, we obtain an affine
transformation that puts the density to be sampled in the next stage into isotropic position. The
density 7 is very close to an exponential distribution (since it is concentrated inside the convex
body) and can hence be sampled without resorting to a random walk.

To show that samples from 7; can be used to transform 7,11 into isotropic position, we use

the following lemma:

Lemma 3.4.12 ([39, Lemma 4.3]). Let f and g be logconcave densities over K with centroids

zy and z4 respectively. Then for any u € R",

Byl (o - 2] < 108y | 2] Byl (o - 2 (315D

We now have the following proposition:

Proposition 3.4.3. If affine transformation S; puts 7; in near-isotropic position then it also puts

;1 IN near-isotropic position.

Proof. Let S; put 7; in 2-isotropic position. Applying Lemma 3.4.12 with f = m;11,9 = m;, we
have that for any unit vector v € R",
Bralli: (0 ) < 10Ey [ 22 Bl - 2)2 <320 Gas2)
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since B, [E} < e? from Lemma 3.4.6. Again applying Lemma 3.4.12

Uy

1 ;
5 SEof(u- (2= 2))"] <Er, [—} Ery (- (2 = 25,,,)) (3.153)
Ti+1
E., [7:21] < 8 from Lemma 3.4.5. Therefore,
1
5 < 1286, [(u - (x — 2r,.,))°] (3.154)
Thus £, , is also put in near-isotropic position. 0

We finally have the main result of this section:

Proposition 3.4.4. At each stage i of Algorithm 9, the affine transformation puts the distribution

Tiy1 in near-isotropic position using an additional O(n?®) quantum queries to O.

Proof. Since 7 is nearly an exponential distribution, it can be sampled without using a random
walk and thus the proposition is true for = 0. Assume that the proposition is true for 1, 2, ..., k.
Then an affine transformation can be found to put 7 in near-isotropic position. Thus a classical
hit-and-run walk starting from 7;_; converges to 7y in O(n3 ) steps. By the analysis in

Section 3.4.3.4, a quantum sample |7,_;) can be rotated to |7;,) using O(n'") quantum queries.
O(n) such samples suffice to compute the covariance matrix 7" in (3.150), which puts 7 in
2-isotropic position. By Proposition 3.4.3, this also puts 71 in near-isotropic position. This

concludes the proof. O

Rounding the convex body as a preprocessing step Consider applying only the rounding part
of Algorithm 9. By Proposition 3.4.4, the final affine transformation puts the density m,,
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Algorithm 9: Volume estimation of convex K with interlaced rounding.
Input: Membership oracle Ok for K.
Output: e-multiplicative approximation of Vol(K).
1 Setm = ©(y/nlog(n/e)) to be the number of iterations of simulated annealing and

a; =2n(1 — \/Lﬁ)’ for i € [m]. Let m; be the probability distribution over K’ with

density proportional to e~ **°;

Set error parameters 0, ¢’ = ©(e/m?), e; = €/2m; let k = ©(y/n/€) be the number of
copies of stationary states for applying the quantum Chebyshev inequality; let
[ = (:)(n) be the number of copies of stationary states needed to obtain the affine

transformation S;; Prepare k + [ (approximate) copies of |m), denoted

~ ~ (k+l1
‘ﬂ'(()l)>> R ‘Wé +)>;

for i € [m| do
2 Use the quantum Chebyshev inequality on the k copies of the state |7;_1) with
parameters €7, d to estimate the expectation E_,[V;] (in Eq. (3.94)) as v

(Lemma 3.4.9 and Figure 3.4). The post-measurement states are denoted
700, - 7))

i—1 i—1
3 Use the [ copies of the state |m; 1) to nondestructively' obtain the affine

transformation S; = T = } 22:1()( ¢ — X)(X?— X)T where the X, are samples

from the density 7;,_; and X = % 22:1 X 1. The post-measurement states are

denoted |7ATZ(EJ1F1)>> T |7ATZ(EJ1FZ)>

4 Apply 7/3-amplitude amplification with error € (Section 3.2.2 and Lemma 3.4.8)

and affine transformation S; to map |S;# ), ... |57 %)) 1o
|S,-7~r§l)>, ce |Si7~r§k+l)>, using the quantum hit-and-run walk;

5 Invert .S; to get k + [ (approximate) copies of the stationary distribution |r;) for
use in the next iteration;

s Compute an estimate Vol(K’) = n!v,(2n)~"+DV] ... V,, of the volume of K’, where
v, 1S the volume of the n-dimensional unit ball;

—_——

Use Vol(K’) to estimate the volume of K as Vol(K) (Section 3.4.3.1).

|

e~%m®0 in near-isotropic position. Since a,, < €2/n, we have

e"am|y — |2

< : .
/ Za) dr < 2n; (3.155)

(1= EelX - X < [

thus Ex/[| X — X|]2 < 2n/(1 — €2). From [40, Lemma 3.3], all but an e-fraction of the body is

contained inside a ball of radius O(y/n). Combined with our assumption that B2(0, 1) C K’, this
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shows that S,,, ;1 puts the convex body K’ in well-rounded position.

3.5 Implementation of the quantum hit-and-run walk

Due to the precision of representing real numbers, the implementation of volume estimation
algorithms in practice requires to walk in a discrete domain that is a subset of R". It is known
that walks only taking local steps within a short distance (such as the grid walk and the ball
walk) can be discretized with good approximation by dividing R" into small hypercubes and
walking on their centers (see e.g. [87]), but such error analysis does not automatically apply to
hit-and-run walks for which we did not find existing classical discretizations. We emphasize the
discretization in contrast to most classical treatments for two reasons: (1) Quantum algorithms are
typically presented in a circuit model, in contrast to the RAM model used by classical algorithms.
Continuous variables in the circuit model correspond to registers of infinite size, preventing a
clear analysis of the resources of the algorithm in terms of gate count. Specifically to obtain the
performance of the algorithm in reality, we must show that poly(log(1/¢)) bit registers suffice.
(2) Standard methods of preparing walk operators corresponding to classical Markov Chains (see
for eg. [85]) rely on the sparsity of the transition matrix. In the case of geometric random walks
sparsity is not well-defined in the continuous case and may not hold even for discretizations (for
example, the hit-and-run walk has a non-zero transition density to any point in the convex body.)
The efficient preparation of quantum states corresponding to classical distributions is not always

a trivial operation, and there has been research [120] about preparing common distributions

15Similar to Lemma 3.4.3, we do not directly measure the states; instead we use a quantum circuit to (classically)
compute the affine transformation .S; and apply it to the convex body coherently for the next iteration. Note that the
quantum register holding the affine transformation will be in some superposition, but by using O(logn) copies and
taking the mean (as in Lemma 3.4.3), the amplitude of the correct affine transformation will be arbitrarily close to 1.
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for quantum Monte-Carlo methods. Most existing general procedures come without provable
guarantees on the resources required for sufficiently accurate samples; we provide here a simple
analysis for the cost of implementing the hit-and-run walk via the Grover-Rudolph method [121].

In this section, we introduce a discretized quantum hit-and-run walk and give an explicit
analysis of its implementation. The basic idea of the discretization is to represent the coordinates
with rational numbers. We approximate K by a set of discretized points in K and define a Markov
chain on these points (see Section 3.5.1). We use a two-level discretization: the hit-and-run
process is performed with a coarser discretization and then a point in a finer discretization of
the coarse grid is chosen uniformly at random as the actual point to jump to. This ensures
that the starting and ending points (in the coarser discretization) of one jump are far from the
boundary so that a small perturbation does not change the length of the chord induced by the
two points significantly. Then in Section 3.5.2, the discrete conductance can be bounded by
bounding the distance between the discrete and continuous transition probabilities as well as the
distance between the discrete and continuous subset measures. In Section 3.5.3, we prove that
the quantum gate complexity of implementing the discretized quantum hit-and-run walk is O(n)

the same overhead as for implementing classical hit-and-run walks.

3.5.1 Discretization of the hit-and-run walk

For a convex body K C R", we let K. denote the set of vectors in K whose coordinates can
be represented by some fixed-point representation using log(1/¢) bits'® We can use the . We call

K. an e-discretization of K. The finite set K. provides an e-net for K. We also define (R"), as a

16Note that this ¢ is different from the multiplicative error in the problem definition. However, this € is not the
dominating error and the overhead is only logarithmic.
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e-discretization of R".
We consider a Markov chain whose states are the points in K.. For any v € R", we define
the e-box b (v) := {x € R" : z(i) € [v(i) —€/2,v(i) +¢/2], Vi € [n]}. Let K, be the continuous

b.(x). For two distinct points

set formed by the e-boxes of the points in K., i.e., K, = UxeKe .

u,v € R”, we denote by /,, the line through them. For a line ¢ C R™, let /(K,) be the segment
of ¢ contained in K, i.e., /(K.) = {x € £: x € K.}. In addition, for u € ¢, we define /(K, u, €)
as the ¢'-discretization of ¢(K,) starting from u, i.e., /(K. u,¢) = {z € ((K.) : |z —u| =
ke’ for some k € {0,1,...}}. Analogous to the distribution 7 for the continuous-space case, we
define its corresponding discrete distribution 7, with 7(S) = 3= s f(2)/ > c@n). f(2):

To implement the hit-and-run walk (see Section 3.2.4), we sample a uniformly random
direction from a point u. We achieve this by sampling n coordinates according to the standard
normal distribution from the corresponding coordinate of u and normalizing the new point to
have unit length; the uniformity of such sampling is well known (see for example [122, 123])."7
Let this normalized point be v, so that the sampled direction is /,,. Note that the coordinate we
sample from is discrete. The directions we can sample form a discrete set denoted L(u, €'), where
¢’ is the precision for sampling directions.

Now we compute the probability that a specific direction is sampled. After normalization,
the point will “snap” to a point in (R").. Consider ,., ,(,)np, . bc(v), where B, is the n-
dimensional unit sphere. We use the (n — 1)-dimensional volume (surface area) of this body to
approximate that of B,,, with up to a v/2 enlargement factor due to the fact that e-boxes have sharp

corners. Thus, the number of points that v can snap to is in the range [nVol(B,,) /¢" !, v/2nVol(B,,)

7A one-line proof is that this distribution is invariant under orthogonal transformations, but the uniform
distribution on the n-dimensional unit sphere B,, is the unique distribution that satisfies this property. Although
the Gaussian distributions we sample from are discretized, the invariance under orthogonal transformations holds
approximately, so we have approximate uniformity.
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/e, which is also the range of |L(u, ¢')|. To make the lines in L(u, €') cover every e-box on
the boundary of \/nB,, (so that it is possible to sample all the points in K.), we need € < ¢/y/n.

Let L := |L(u,€’)|. We label the lines in L(u,€’) as {¢,...,¢;} (ordered arbitrarily).
For each i € [L], let v; be the point after normalization. Intuitively, v; approximates a point on
the “surface” of the unit ball around u (see Figure 3.6). There are hyperfaces of b. (v;) that are
out-facing and not adjacent to any €'-box in ,..; ,(,)np, 2o be(v) (as an illustration, see dashed
edges in Figure 3.6). For all points v” in these hyperfaces, the line segments from u through v”
of length /n form a set, which we refer to as a hyperpyramid, denoted by P;. The apex of each
hyperpyramid is u, and the base of each hyperpyramid is a subset of the hyperspherical surface.
Intuitively, the bases of Py, ..., Py form a partition of the “surface” of the ball of radius \/n

around u, and therefore {Py, ..., P} forms a partition of the ball of radius /n around u.

3.5.2 Conductance lower bound on the discretized hit-and-run walk

The discretized hit-and-run walk on K, described above can be summarized as Algorithm 10.

Algorithm 10: One step of the discretized hit-and-run walk.
Input: Current point u € K..
1t Uniformly sample a line ¢ € L(u, €) by independently sampling n coordinates around
u according to the standard normal distribution and then normalizing to unit length;
2 Sample a point v’ in /(K¢, u, ¢') according to f;
3 Leto” € K /en1/4 that is closest to v';
4 Output a uniform sample v in b ,1/4(v") N (R”);

Note that we have used a two-level discretization of K, as illustrated in Figure 3.7. The
first level is a coarser discretization K /1,4 and the second level is a finer discretization K.. We
first choose a temporary point v” in K /,1/4. Then we choose a point v uniformly at random in
b /en1/a(v") N (R™). to jump to. The purpose of this two-level discretization is to avoid having a
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Figure 3.6: Constructing a hyperpyramid. The inner circle represents the unit ball and the outer
circle represents the ball of radius y/n. The grids represents the €’-discretization of R"; each grid
is an €¢-box. The shaded boxes are points where a direction “snaps” to after normalization, and
the dashed edges of b (v;) is its “outer face.” The hyperpyramid P; is represented by a circular
sector.

small change of the original point u cause a huge difference in /,,(K.) (when u is very close to
the boundary).

We first compute the transition probability of the discretized hit-and-run walk.

Lemma 3.5.1. The transition probabilities defined by Algorithm 10 satisfy

VA ()
Py > 2 V201Vl (B,) (i) s (UK. u, ) (150

'UiGZ(RGu,e/)JGL(a:,e):
Z(K&U’E/)nb\/gnl/él (’U);é@
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Figure 3.7: A demonstration of the 2-level discretization of K. The thicker grid represents the
coarser discretization K /,1/4 and the thinner grid represents the finer discretization K.. When v”
is chosen from K /,,1/4, an actual point v to jump is chosen uniformly at random in b, /,,1/4 (0" )N
(R™). marked by the points in the shaded region.

where for any S C R", we define

r(S) =Y fla). (3.157)

€S

n—1

Proof. First note that the probability of a line ¢ € L(u, €) being sampled is at least Tl (EBn) T

Along /, the probability of sampling v' is f(v')/fi;(¢(K., u,€')), and the probability of choosing

vinb g (v") N Keis (ve)" /nm/4. O

According to the definition in (3.12), the conductance of any subset S C K. is

- 2 ues ver s Py (1)
) = ing (), A, (KA S)} G139
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where 7 is defined as 7;(A) = >, f(x). The conductance of the Markov chain is then

¢ = min ¢(8S). (3.159)

SCKe

Now we prove the main theorem of this section, which shows that the conductance of the discretized

hit-and-run walk does not differ significantly from that of the continuous hit-and-run walk.

Theorem 3.5.1. Let K, be the discretization of convex body K that contains a unit ball and is
contained in a ball with radius R < \/n. Let the density function be f(x) = e=o'® having
support K where a = (1,0,...,0). Let € < \/en™3/* For S C K. such that 7;(S) < 1/2, we

have

1

¢(S) >
5) 1016n\/ﬁln(§jgj)

— €. (3.160)

Proof. This proof closely follows that of [72, Theorem 6.9]. We first consider the transition

probability for the continuous hit-and-run walk in K. For u, v € K, recall that

/ - 2 f(z)dz
PO = 355, e P G160

where y7(u, x) is a shorthand for ju;(¢,,(Kc)). We compare P, (b, s,1/4(v)) with P,, for u € K,

and v € K /,1/4. To this end, we use fiy to approximate s s: for each £, we have
€ fip (0K, u, ) < e s (6(K)). (3.162)

Consider each hyperpyramid P; defined in Section 3.5.1 whose associated line through its apex
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is ¢; and 0;(K.,u,€') N'b Jent/4(v) # . Note that the distance between each u € K. and the
boundary of K, is at least €/2. Inside each hyperpyramid, the length of the chords through u can
differ by a factor at most 2. For each ¢ C Py, ji;(4;(Ke, u, ') < 2¢ i (€(K., u,€)). Together

with (3.162), it follows that
€fip(6:(Ke,u, €)) < 26 iy (LK) (3.163)

for all ¢ C P;. Define ¢; := |¢;(K,u,€¢') N b, z,1/4(v)| (the number of points in this set) and

d; == [0;(K)Nb Jent/4(v)| (the length of this line). Note that ¢; < d;/¢'. We further partition P;

into ¢; sets Q; 1, ..., Q;., along the direction of ¢; so that the distance between the hyperplanes

that separate adjacent sets is at most €. For each j € [¢;], we have

Enflf(vl) _ _ 6nflf(v/)elh)/__ u|n71
nVol(By) (V) =i (Gi(Ke, u, €)) - enVol(By) (vn) =i (G(Ke, u, €)) 0" — ul"~!
f(U/)VOI(Qi,j N b\ﬁnl/‘* (U))

> T )
~ 2¢nVol(B,,) fup (4;(Ke, u, €))|v) — uln!

(3.164)

where we have used the fact that the distance between adjacent Q; ; and Q; ;41 can be bounded
from below by ‘Qi,j N €z|/<1 -+ 6,/2) > ‘Qi,j N €z|/2

Now we consider the integration in Q; ; N b /,1/4(v). We use f(v) to approximate f(v')
which causes a relative error at most V"'’ and use [v/ — u|""! to approximate |z — u|""! for

all 2 € Q;; N b /z,1/4(v) which causes a relative error at most e provided € < y/en™** (noting
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that the distance between = and u is at most \/en'/*). We have

/ f(z)d
Qi jNb 174 (v) nVOI(B”)/“Lf (w, z)fw = uf!
2 Vent/t42e' 41 !
_ Ry (0 / da (3.165)
enVol(B,,)ir(li(Ke, u, €))|v" — u|r! Qs ep1/a(v)
26\/En1/4+26/+1f(U/)VOI(QZ'J Nbyenisa(v))

- = 7 3.166
enVol(B,)fis (6 (Ke, u, €))|v) — ufn—1 (3.166)

where the inequality follows from (3.163). Let iy, . . ., i; be the indices such that P;. Nb Jenl/4 (v) #
@ for j € [t]. Weuse [J;c(y Pi;Nb,/en1/4(v) as a partition to approximate b, /,,1/4(v), which causes

a relative error at most (1 + €)™ for Vol(b, /,,1/4(v)). We have

[ fode 1oy f(a)da
b\/g b

1/4(v) Mf(“? I)|$ - u|n_1 N jelt] \/gnl/4(v)ﬂP,-]. Mf(“’ x)|yc - u|n_1.
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Hence,

(Q (b ors(0))

2(ve)" f(x) dx
/ T (3.167)

= n1+”/4V01(Bn) u, x)\x _ u’n—l
2(v/e)"(1 —|— €) x)dx
< (Ve Vl Z/ f(z) __ (3.168)
n O j€lt] en1/a(@)NPi; :uf )’33 _u|
2 (1
_ (Ve +e)" Z Z f(z)dz _ (3.169)
nVol(Bn) jelt] ke[ci ] b 1/4(U)ﬂQz‘-,k ,uf(u, ZL‘)|J} — u|
< Z 4(1 —+ 6) e\fnl/4+26 +1<\/_) f( )VOl(Qlj N b\[n1/4( )) (3 170)
et kel e¢nVol(By,) iy (€, (Ke, u, €))|u — v/~ '
(W)
< 4(1 + e)reVent/ e ( AV (3.171)
j;}k;{; nVol(B \/_) Ll (Ke, u, €))
=4(1+¢€)"e Vent/442¢ Hp < o5t2e P, (3.172)

where the last inequality holds when € < 1/n.
For u € K¢ and v € K /,1/4, we approximate fzebe(u) Py (b jenra(v)) dms(z) by €' Pyy.
Note that for all ' € b.(u), we have |u' — v|™ < e|u — v|™. Also, the lengths of ¢,,, and /., can

differ by at most a factor of 2. As a result, 77 (£yr, (Ke, u, €') < 27 £y (K, o/, €). Tt follows that

P, > P,,/(2¢e). Therefore,

[ Pt dryte) 2 g ()
P,(b jepi/a(v))dms(x S/ —PM dmr (3.173)
2€be(u) ve x€be(u) (\/E) P
2) 5+2¢'+€,,n/4
—e " Puv,ﬁ-f (u>6n‘ (3174)

(Ve

Next, for the relationship between 7; and ¢, we consider the sets K. NnK, K. \ K, and
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K \ K. separately. Without loss of generality, assume 7;(S) < 7;(K. \ S). We partition S as

S1USy, where S; = {z € S: b.(r) C K} and S, = S\ S;. We also define S; := |J__q bc(7)

€S €

and Sy := (J,cq, be(2). For Sy, we use f(v) to approximate f(x) for all # € b.(v); it follows that

71(S1) < e*mp(S1) and  wp(Sy) < €74 (S). (3.175)
For S, we have
71(Se) < 2e*7(Sy NK), (3.176)
SO
71 (S) = 7p(S1) + 75(S2) (3.177)
< e*mp(Sy) + 2e*m; (S NK) < 37,(KNS). (3.178)

Now we bound the numerator of the conductance: »_,cq > cx.\s Pufy(u). Foru € S

and v € K\ S, we consider four cases. First, when b.(u), b.(v) C K, we have

Puvfrf(u) > (\/_i/ P;(bﬁnl/‘l(q))) dﬂ'f(&?). (3179)
x€be(u)

— 9e5t+2€e/+epn/4
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Second, when b.(u) C K and b.(v) Z K, we have

~ (\/E)n / /
Puip(u) > —— PL(b jepisa () dmp(x (3.180)
(u) 95+2¢ +epyn/4 webe(u) ( Ve (v)) dmy ()
(Ve
Z W s P;(b\/gnl/4<v) ﬂK) d7Tf(CL‘). (3181)

Third, when b.(u) € K and b.(v) C K, we have

. (Ve
Putty(u) 2 5 gsaten g )P;(b Jent/a(v)) drry () (3.182)
TEDLe (U
(Ve)"
= 252 e/ [y ok Py (b jeni/a(v)) dmy(z). (3.183)
xebe(u)N

Fourth, when b (u) Z K and b.(v) € K, we have

. (vVe)"
Putty(u) 2 5o g )P;(b veni/a(v)) drrp () (3.184)
TEDe (U
€ n
= 265”5;5171”/4 / be (w)NK PL(bﬁ””“(v) NK)drs(z). (3.185)
r€be(u)N

We also need to consider the set K \ K.. There exists a small subset E C K \ K, such that
75(E) < emf(S). We need to consider the transition from E to C K\ K\ E: we have [ _. P.(K\

K.\ E)dr(z) < 7(E) < ems(S). Putting everything together, we have

S % P+ / P/(K\ K, \ E) dry(z)

uES vEK\S zeENK

1 / =
> P.(K\ (SNKUE))dnr(x), (3.186)
e | P ) dr (x)
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which further implies that

A 1 e
SO Puisu) > W/xesmKUEPI(K\(SﬂKUE))de(:c)—ewf(S)

u€S veKe\S

1 _
> — P (K\ (SNKUE))dm(z) — ee“@ts(S). (3.187)
P / (K )) dry(z) = ey (S)

By Proposition 3.2.3, we have

ZuES ZUGK \S Puvﬁ-f (U)
¢(S) = — (3.188)
71 (S)
1 [osowos PLEN\ (SNKUE)) dry(x) p 3189
= Qpb+2€¢+e ﬁf(s) © Qedt2e 3. )
1 foesowon HENSNKUE))dryp(x) e (3.190)
T Bedt2ete T (SNK) + m4(E) 2e5+2¢ '
1 €
> , — = - (3.191)
101465+2¢ +En\/ﬁln(ﬂf(%£1<)) 2e5+2
> = ‘ (3.192)

1014e5+26’+6n\/ﬁ ln(%) 2e5+2¢’

where the third inequality follows from (3.178). The above inequality can then be simplified to

1

>
" 10%ny/n ln(%)

¢(S)

— (3.193)

which is exactly the claim in Theorem 3.5.1. [

The mixing time for the discrete hit-and-run walk can be bounded by the following corollary.

Corollary 3.5.1. Let K. be the discretization of convex body K that contains a unit ball and
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is contained in a ball with radius R < \/n. Let the density function be f(x) = emo'® having

support K where a = (1,0,...,0). Let € < \/en™3/%. Let the initial distribution be o and the

distribution after m steps be c™. If ) %(fx))a(x) < M then, after

. M M
m > 10%n3 In? n—\/ﬁ n— (3.194)
€ €
steps, we have dry (o™, 7f) < e.
Proof. First note that, since ) . :, ,(Zt))a(a:) < M, thesetS = {x: 7{;((2) > 2} has measure

0(S) < €/2. Then a random point in K, can be thought of as being generated with probability 1 —

€¢/2 from a distribution ¢’ satisfying ;’;((SS/,)) < 2M /e for any subset S’ C K, and with probability

¢/2 from some other distribution. As a consequence of Theorem 3.5.1, for any such subset S’

with 7¢(S") = p, the conductance of S’ is at least

1
- 106n/nIn(2ny/n/p) “

o, (3.195)

For the purpose of analysis, we use p = 86—;4. When € is reasonably small (say, € < 55w, \/ﬁlln( eI ),

the € term in the conductance bound can be ignored with an additional 1/2 factor. Then we have

o, > By the condition that o’(S") < (2M/e)7s(S'), as well as the way a

1
p 2-:1016n/n1n(2n/n/p)

random point in K, is generated, Proposition 3.2.2 implies that

R € e\ (e 4M P2\ "

Therefore, after the claimed number of steps, the total variation distance is at most e. L]
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As the uniform distribution is a special case of a log-concave distribution, the proof of
Theorem 3.5.1 also applies to this case. More specifically, we use Proposition 3.2.4 in (3.191),

which yields the following stronger corollary.

Corollary 3.5.2. Let K, be the discretization of a convex body K that contains a unit ball and is
contained in a ball with radius R < /n. Let € < \/En’?’/ 4. The conductance of the hit-and-run

walk in K. with uniform distribution satisfies

1
> —— —¢€. 3.197
¢2 2%6n\/n ‘ ( )

Note that Corollary 3.5.2 is stronger than Theorem 3.5.1 because (3.197) is independent of S C

K. This corollary is informative and is not used in this paper.

3.5.3 Implementing the quantum walk operators

We now describe how to implement the discretized quantum walk. Following (3.2), consider
a convex body K such that By(0,7) € K C By(0, R). Each stage of the volume estimation
algorithm involves a hit-and-run walk over the convex body with target density e~**°. In order
to use techniques from [78] to obtain a speedup in mixing time, we implement the quantum walk
operator W corresponding to an e-discretized version of this walk Algorithm 10.

Let |x) be the register for the state of the walk, and U be a unitary that satisfies U |x)|0) =
|2)|ps) for all |z) (recall that [p,) = > k. \/Peyly) Where p,_,, is the probability of a
transition from x to y). Since the state of the hit-and-run walk is given by points on an e-grid that
can be restricted to B, (0, R), there are (2£)" possible values of = and thus |z) can be represented

using n log (%z) qubits. In the rest of the section, we abuse notation by letting x refer to both a
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point on the grid and its corresponding bit representation. Then the quantum walk operator [78]
can be realized as

W' =U'SURLU'SUR4 (3.198)

where R 4 is the reflection around the subspace A = span{|z)|0) | z € K.} and S is the swap

operator. It thus remains to implement the operator U.

Continuous case We first explain a continuous version of the implementation before explaining
how it can be discretized. Given an input |x), consider n real ancilla registers, each in the
state fol |z) dz. Given a pair of uniformly distributed random variables &3, &, the Box-Muller

transform

b1 =/ —26%In&; cos 2wy (3.199)
g2 = v/ —2621In & sin 2w&, (3.200)

yields two variables ¢, ¢, that are distributed according to a univariate normal distribution with

mean 0 and variance 62. Thus applying the unitary mapping

€1)[&) = |V —4In& cos 2m&) [/ —4In & sin 27, (3.201)

to [} |2)dz ® [ |2)dz yields the state [, \/%Ee_g/ﬂz) dz® [ \/%76_'22/4’2:) dz. With n such

registers, we have the state

1 n 2
—(Xi=1 7 /4) d 3.202
e z Z. .
/Rn Vi 2) ( )
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We now compute the unit vector (direction) corresponding to each z in a different ancilla register,
and uncompute the Gaussian registers. Since \/%e*@?:l w7/4) js independent of the direction of

the vector z, we obtain a uniform distribution over all the directions on the n-dimensional sphere

| nan/2

Corresponding to each direction u, the line {z + tu : t € R} intersects the convex body K at two

S™ given by

points with parameters ¢1, 5. These points as well as the length [(u) = |t; —t2| can be determined
within error € using O(log *) calls to the membership oracle. We must now map each direction
|u) to a superposition proportional to fttf e EHW 2|y oty dt = fttf eto@ottuo) /2|0 4 ) dt.
Since the exponential distribution is efficiently integrable, this can be easily effected by making

a variable change starting from the state fol |z} dz. The normalization factor is

o ApUo
T \/6_‘101’0 (€—a0t1 _ e—aotg)' (3204)

Consider the variable change f: [0,1] — [t1,t2] such that df;—:(t) = Aeto(@ottuo)/2 1 £(()) = ¢,
f(1) = ty. Applying f to fol |2) dz produces fttf Aedoottuo)/2|¢) dt, which can be transformed
to ﬁf’ e0(@oFtu0)/2| 3 1 t4) dt with an operation controlled on the input register x. This produces

the appropriate superposition over points corresponding to each direction.

Discrete case The operator U can be implemented in a discrete setting using a similar process

to the continuous case with two main changes:

* Instead of a continuous uniform variable fo |z) dz we use a discrete uniform distribution.
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We can create a uniform distribution on a grid with spacing ¢ as follows. We take n sets of
ancilla registers, each consisting of log (1/¢) registers initialized to the state 0. We apply
Hadamard gates to each of these registers, giving the superposition )., v/€ Zl/ e PAY

2z;=0

Each |z) can be mapped to |z¢), producing the required uniform distribution over the grid.

* Applying a bijective mapping to a discrete uniform distribution simply relabels the states,
so the change of variable methods used in the continuous setting cannot be used to construct
the Gaussian and exponential superpositions. We use instead the Grover-Rudolph method
[121] that prepares states with amplitudes corresponding to efficiently integrable probability
distributions. Exponential distributions can be analytically integrated, and an n-dimensional
Gaussian variable is a product of n univariate standard normal distributions, each of which

can be efficiently integrated by Monte Carlo methods.

Given a point u € K, and a line I(u, €) to be approximately uniformly sampled, we determine
the range of points in [(K¢, u, ¢') using binary search with the membership oracle and prepare an
exponential superposition as described above. We apply a unitary mapping to compute the closest
point v” € K /,1/2. Finally, corresponding to each point v”, we generate a uniform distribution
over an € grid in b1/« N (R,,). by applying the Hadamard transform to log(n'/*/+/€) qubits.
Overall, this implementation of the discretized quantum hit-and-run walk operator gives

the following.

Theorem 3.5.2. The gate complexity of implementing an operator U such that |U — U|| =
O(e) where U|z)|0) = |2) > cx. /Paoyly) is 0, (nlog (1)). The correspondsing quantum walk

operator W can be implemented using a constant number of calls to U.
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3.6 Quantum lower bounds for volume estimation

3.6.1 A quantum lower bound in n

In this subsection, we prove the following quantum query lower bound in n for volume

estimation:

Theorem 3.6.1. Suppose 0 < ¢ < \/2 — 1. Estimating the volume of K with multiplicative

precision € requires Q)(\/n) quantum queries to the membership oracle Ok defined in (4.8).

Proof. We prove Theorem 3.6.1 by reduction from the Hamming weight problem. In [92] by
Nayak and Wu, it is shown that if we are given an oracle Oy |i, b) — |i,b@® s;) for an input n-bit
string s = (s1,...,8,) € {0,1}", and given the promise that the Hamming weight of s is either
0 or 1, it takes Q(y/n) quantum queries to decide which is the case.

To establish an §2(1/n) lower bound for volume estimation, for an n-bit string s € {0,1}"
with Hamming weight |s|g.m < 1, we consider the convex body K = X?Zl[(), 2%]. The volume

of K is 2lslm ¢ 1,2}, and membership in K is determined by the function

1 ifforeachi € [n],0 < x; < 2%,
MEM;(z) := (3.205)

0 otherwise.

The corresponding membership oracle Ok (defined in (4.8)) can be simulated by querying O
using Algorithm 11.
We now prove that for any positive integer k and s € {0, 1}" with |s|gam < 1, if there is a k-

query algorithm that computes the volume with access to MEMj, then there is a k-query algorithm
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Algorithm 11: Simulating MEM; with one query to O.
Input: A vector z = (z1,...,x,) € R™
Output: MEM;(x).
1 fori=1,...,ndo
2 if z; > 2 or x; < 0 then
3 L Return 0O;

4 Set y; = 1if x; > 1 and O otherwise;

5 if |y|pam > 1 then

6 \ Return 0;

7 else

8 if |y|pam = 1 then

9 | Find ¢ such that y; = 1. Return O,(4);
10 else

1 L Return 1;

for deciding whether |s|pg.n > 0 with access to O,. We first show that Algorithm 11 simulates
the oracle MEM;. In the for loop of Line 1, we know that y; = 1 if and only if 1 < z; < 2, which
is inside the convex body if s; = 1. The case |y|gam > 1 implies that there exist two distinct
coordinates ¢, j such that x;, x; > 1, which implies that x lies outside the convex body. Now we
are left with the cases |y|gam = 1 or 0. In Line 9, y; = 1 implies 1 < z; < 2, which lies in the
convex body if and only if s; = O4(i) = 1. Also, |y| = 0 implies that for every coordinate i,
0 < z; < 1, which lies in the body for all s.

—~—

Finally, if there is a k-query algorithm that computes an estimate Vol(K) of the volume of
K up to multiplicative precision 0 < € < v/2 — 1, then s = [log, Vol(K) | where [-| returns the
nearest integer. This immediately gives a k-query algorithm that decides whether |$|gam = 0 or

1. Since there is an (/1) quantum query lower bound for this task, the 2(1/n) lower bound on

volume estimation follows. L]

Remark 3.6.1. The proof of Theorem 3.6.1 has similarity to [79, Section 5].
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3.6.2 An optimal quantum lower bound in 1/¢

In this subsection, we prove:

Theorem 3.6.2. Suppose 1/n < e < 1/3. Estimating the volume of K with multiplicative

precision € requires (1 /€) quantum queries to the membership oracle Ok defined in (4.8).

Comparing with Theorem 4.1.1, this shows that our quantum algorithm for volume estimation
is optimal in 1/€ up to poly-logarithmic factors.

The proof constructs a convex body whose volume encodes the Hamming weight of a
string. A membership oracle for this convex body can be implemented by querying the bits
of the string. Then the tight lower bound of Nayak and Wu on the quantum query complextiy
of approximating the Hamming weight [92] implies a lower bound on the query complexity of
volume estimation.

We construct the convex body by attaching hyperpyramids to the faces of the n-dimensional
unit hypercube. The axis of each hyperpyramid is aligned with the axis of the face of the
hypercube it corresponds to, and the height of the hyperpyramid is 1/2. More concretely, if
the unit hypercube is H,, := [—1/2,1/2]", then the two hyperpyramids on the face perpendicular

to the ™ axis are

Py ={z:x; > 1/2,|z] + |zi| <1VEk € [n]/{i}}; (3.206)

P =z < =1/2,|z| + 2] <1VE € [n]/{i}}. (3.207)
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Figure 3.8: The convex body Cs.

We denote the convex body with all hyperpyramids attached by

n

C, = H, U (U(H-,+ U Pi,,)). (3.208)

=1

For illustration, the 3-dimensional convex body Cj is shown in Figure 3.8.

We first prove:
Lemma 3.6.1. C,, is convex for all n € N.

Proof. Tt suffices to show thatif z,y € C,, and v € [0, 1], then az + (1 — )y € C,,. We consider

three cases:

Case 1: z,y € H,, This case is straightforward as H,, is convex, hence ax + (1 — a)y € H,, C

Ch.

Case2: z € |J_(P+ UP_),y € H, Leti* € [n]suchthatz € Py U P;-_. Then by

(3.206) and (3.207), |z;=

> 1/2 and |z;| + |@

< 1Vi € [n]\ {i*}, which implies |z;| <
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1/2Vi € [n] \ {:*}. Also note that y € H,, implies |y;| < 1/2 Vi € [n]. Therefore,

1-— 1
oz + (1 — )| < alzi] + (1 — a)y] < %+ 5 - S vieml/trh (3209

<1/2,thenax+ (1 —a)y € H, C C,. If |azy + (1 — @)y,

> 1/2, then

lazys + (1 — @)ye| + |az; + (1 — a)y;| < af|x

+ zi]) + (1 — @) (|yi

+[wil)  (3.210)

<a+(l—-a)=1 Vien\{i*}. (3.211)

Therefore, by (3.206) and (3.207) we have ax + (1 —a)y € P . U P« _ C C,,. In any case, we

always have az + (1 — o)y € C,,.

Case3: z,y € U, (P,+ UP,_) Leti*, j* € [n]suchthatz € P, UP;:_andy € Pjx 4 U
Pj. _. If v = j*, the proof is identical to that of Case 2 and we omit the details here. It remains

to consider the case i* # j*. Then we have |x;|, |y;| < 1/2Vi € [n] \ {¢*,j*}. In addition,

+ Jowje + (1 = a)y;-

S Oz(|xl*

+ |I'J*

+ |y

i + (1 = a)yr )+ (1= a)(ly; )

<a+(l—-a)=1 (3.212)

by (3.206) and (3.207). This means that at most one of |ax;« + (1 — a)y;-

and |oxj- + (1 — )y, |
can be more than 1/2. If neither of them is more than 1/2, then ax 4+ (1 — a)y € H,, C C,,. If
exactly one of them is more than 1/2, say |ax;-+(1—a)y;-| > 1/2 and |axj-+(1—a)y,«| < 1/2,

then ax + (1 —a)y € Py«  UP _ C C,,. Inany case, we always have az + (1 —a)y € C,,. [

We use the following lower bound on the quantum query complexity of approximating the
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Hamming weight:

Proposition 3.6.1 ([92]). Suppose we are given the quantum oracle O,|i)|0) = |i)|s;) Vi € [n]

for some s € {0,1}". Let 0 < | < I' < n be two integers, A = |l — '

,and m € {l,l'} such

that |5 — m| is maximized. Then the quantum query complexity of determining whether s has

Hamming weight at most | or at least ' is ©(\/n/A + \/m(n —m)/A).
Now we can prove Theorem 3.6.2.

Proof. Given a binary string s € {0, 1}", we consider the convex body

C,:= H,U ( U (PsU Pi,_)>. (3.213)

i: 8;=1

By Lemma 3.6.1 and the fact that each hyperpyramid is the intersection of C,, and the convex
spaces {z : x; > 1/2} or {x : x; > 1/2}, Cy is also convex. Furthermore, a query to the
membership oracle in (4.8) for C can be implemented using one query to the binary string oracle
O,: queries to points outside C,, or inside H,, are trivially answered with 0 and 1, respectively,
whereas queries to points in P, . U P; _ should return s;. Also note that for each i € [n], the
volume of the hyperpyramid F; ; is

1/2 1
Vol(P, 1) = / (1—2t)"'dt = — (3.214)
0 2n

since the intersection of P, and {z : x; = 1/2 + ¢} is an (n — 1)-dimensional hypercube with

side-length 1 — 2¢ and hence volume (1 — 2¢)"~!. By symmetry, we also have Vol(P; ) = =-.
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Therefore

Vol(C,) = Vol(H,) + > (Vol(Pi+) + Vol(P; ) (3.215)
i:sizl
2 am
=1+ [8|gam - — = 1 + o (3.216)
2n n

In other words, estimating the volume of C,; with multiplicative error € is equivalent to the
Hamming distance problem with A = 4en. Taking m = 4 + A in Proposition 3.6.1, we find that
the quantum query complexity of estimating the volume of C; is at least

Q<\/g+ —Vnz/jn_ew) - Q(1> (3.217)

€

forany 1/n <e<1/3. O

Remark 3.6.2. The same proof strategy implies a classical lower bound of )(1/€?) for volume
estimation if we replace Proposition 3.6.1 by its folklore classical counterpart. In particular,
this shows that our quantum algorithm in Theorem 4.1.1 achieves a provable quadratic quantum

speedup in 1/e.

Remark 3.6.3. Although the proofs of both theorems consider well-rounded convex bodies, this
assumption can be simply waived by assuming known multiplicative rescaling factors cy, . .., c,

along all the n directions. The proofs follow from the same arguments.

190



Chapter 4: Sublinear Quantum Algorithms for Linear Classification via Matrix

Games

In this section we first present a sublinear algorithm with quantum speedup for linear
classification and some associated problems. We then view this problem as a matrix game and
extend our algorithms to more general matrix games; with applications to problems such as the
well known caratheodory problem. The results discussed here were first established in [26] and

[27].

4.1 Introduction

Motivations. Classification is a fundamental problem of supervised learning, which takes a
training set of data points of known classes as inputs and aims to training a model for predicting
the classes of future data points. It is also ubiquitous due to its broad connections and applications
to computer vision, natural language processing, statistics, etc.

A fundamental case of classification is linear classification, where we are given n data
points X,..., X, in R? and a label vector y € {—1,1}". The goal is to find a separating

hyperplane, i.e., a unit vector w in R?, such that

yi- X, w >0 VYic]n) (4.1)
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By taking X; « (—1)%X;, it reduces to a maximin problem, i.e., max,, min; X,)w > 0. The
approximation version of linear classification is to find a unit vector @ € R¢ so that

X' > maxmin X, w —e Vi€ [n], 4.2)
wERy i’ €[n]

i.e., w approximately solves the maximin problem. More generally, we can regard a (nonlinear)
classifier as a kernel-based classifier by replacing X; by W(X;) (U being a kernel function). We
will focus on algorithms finding approximate classifiers (in the sense of (4.2)) with provable
guarantees.

The Perceptron Algorithm for linear classification is one of the oldest algorithms studied in
machine learning [124, 125], which runs in time O(nd/¢?) for finding an w € R? satisfying (4.2).
The state-of-the-art classical result along this line [126] solves linear classification in time O((n—i—
d)/€e?). A careful reader might notice that the input to linear classification is n d-dimensional
vectors with total size O(nd). Hence, the result of [126] is sub-linear in its input size. To make

it possible, [126] assumes the following entry-wise input model:

Input model: given any i € [n] and j € [d], the j-th entry of X; can be recovered in O(1) time.

The output of [126] is an efficient classical representation of w in the sense that every entry
of w can be recovered with 0(1) cost. It is no surprise that w per se gives such a representation.
However, there could be more succinct and efficient representations of w, which could be reasona-
ble alternatives of w for sub-linear algorithms that run in time less the dimension of w (as we will

see in the quantum case). The complexity of [126] is also optimal (up to poly-logarithmic factors)
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in the above input/output model as shown by the same paper.

Recent developments in quantum computation, especially in the emerging topic of “quantum
machine learning” (see the surveys [127, 128, 129]), suggest that quantum algorithms might
offer significant speed-ups for optimization and machine learning problems. In particular, a
quantum counterpart of the Perceptron algorithm has been proposed in [130] with improved
time complexity from O(nd/e?) to O(y/nd/e?) (details in related works). Motivated both by the
significance of classification and the promise of quantum algorithms, we investigate the optimal
quantum algorithm for classification. Specifically, we aim to design a quantum counterpart of
[126].

It is natural to require that quantum algorithms make use of the classical input/output
model as much as possible to make the comparison fair. In particular, it is favorable to avoid
the use of too powerful input data structure which might render any finding of quantum speedup
inconclusive, especially in light of a recent development of quantum-inspired classical machine
learning algorithms (e.g., [131]). Our choice of input/output models for quantum algorithms is

hence almost the same as the classical one, except we allow coherent queries to the entries of X;:

Quantum input model: given any ¢ € [n| and j € [d], the j-th entry of X; can be recovered in

O(1) time coherently.

Coherent queries allow the quantum algorithm to query many locations in super-position,
which is a standard assumption that accounts for many quantum speed-ups (e.g., Grover’s algorithm
[132]). A more precise definition is given in Section 4.2.

On the other side, our output is exactly the same as classical algorithms, which guarantees

no overhead when using our quantum algorithms as subroutines for any applications.
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Contributions. Our main contribution is a tight characterization (up to poly-log factors) of

quantum algorithms for various classification problems in the aforementioned input/output model.

Theorem 4.1.1 (Main theorem). Given ¢ = O(1), we have quantum algorithms that return an
efficient representation of w € By for the following problems', respectively, with complexity

O(v/n + V/d) and high success probability:

* Linear classification (Section 4.3):

mlnX w > max mlnX W — €. 4.3)

i€[n] weBy i€[n]

* Kernel-based classification (Section 4.4.1):

min(¥(X;), w) > max min(¥(X;), w) — €, 4.4)

1€[n] weBy i€[n]

where k(a,b) := (V(a), ¥ (b)) can be the polynomial kernel k,(a,b) = (a"b)? or the Gaussian

kernel kgauss(a,b) = exp(—|la — b[|?).

* Minimum enclosing ball (Section 4.4.2.1):

max||w X;||? < min max ||w — X;||* + e 4.5)
i€[n] weR? i€n]

 (?-margin SVM (Section 4.4.2.2):

min(X,'w)? > maxmin 2X, w — ||w||* — €. (4.6)
i€[n] weRY i€[n]

'Here By is the unit ball in R?,i.e., By := {a € R | 3¢y lail* < 1}.

194



On the other hand, we show that it requires Q(\/n + \/3) queries to the quantum input model to

prepare such w for these classification problems (Section 4.5).

Our matching upper and lower bounds /n + \/d give a quadratic improvement in both n
and d comparing to the classical state-of-the-art results in [126].

Technically, our result is also inspired by the recent development of quantum semidefinite
program (SDP) solvers (e.g., [18]) which provide quantum speed-ups for approximating zero-sum
games for the purpose of solving SDPs. Note that such a connection was leveraged classically in
another direction in a follow-up work of [126] for solving SDPs [133]. However, our algorithm
is even simpler because we only use simple quantum state preparation instead of complicated
quantum operations in quantum SDP solvers; this is because quantum state preparation is a direct
counterpart of the ¢? sampling used in [126] (see Section 4.3.1 for details). In a nutshell, our
result is a demonstration of quantum speed-ups for sampling-based classical algorithms.

Moreover, our algorithms are hybrid classical-quantum algorithms where the quantum part
is isolated pieces of state preparation connected by classical processing. In addition, special
instances of these state preparation might be physically realizable as suggested by some work-
in-progress [134]. All of the above suggest the possibility of implementing these algorithms on
near-term quantum machines [135].

In general, we deem our result as a proposal of one end-to-end quantum application in
machine learning, with both provable guarantees and the perspective of implementation (at least

in prototype) on near-term quantum machines.

Application to matrix zero-sum games. As a side result, our techniques can be applied to

solve matrix zero-sum games. To be more specific, the input of the zero-sum game is a matrix
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X € R™*"™ and an € > 0, and the goal is to find a € R™ and b € R™ such that?

a'Xb> max min p' Xq—e. 4.7

PEAR, g€EAR,

If we are given the quantum input model of A, we could output such a and b as classical vectors®
with complexity O(y/ny + na/€e*) (see Theorem 4.4.3). When € = ©(1), our quantum algorithm

is optimal as we prove an €2(y/n; + n2) quantum lower bound (see Theorem 4.5.3).

Related works. We make the following comparisons with existing literatures in quantum machine

learning.

* The most relevant result is the quantum perceptron models in [130]. The classical perceptron
method [124, 125] is a pivotal linear classification algorithm. In each iteration, it checks
whether (4.1) holds; if not, then it searches for a violated constraint 7, (i.e., yioXiE w < 0) and
update w < w + X;, (up to normalization). This classical perceptron method has complexity
O(nd/€?); the quantum counterpart in [130] improved the complexity to O(y/nd/€?) by applying
Grover search [132] to find a violated constraint. In contrast, we quantize the sublinear algorithm

for linear classification in [126] with techniques inspired by quantum SDP solvers [18]. As a

result, we establish a better quantum complexity O(/n + v/d).

In addition, [130] relies on an unusual input model where a data point in R is represented by
concatenating the the binary representations of the d floating point numbers; if we were only
given standard inputs with entry-wise queries to the coordinates of data points, we need a cost

of Q(d) to transform the data into their input form, giving the total complexity O(y/nd).

Here A, is the set of probability distributions on [n], i.e., Ay, := {a € R" | a; > 0 Vi € [n], Zie[n] a; =1}.
3In fact, 2 and y are classical vectors with succinct representations; see more details at Remark 4.4.1.
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The same group of authors also gave a quantum algorithm for nearest-neighbor classification
with complexity O(\/ﬁ) [136]. This complexity also depends on the sparsity of the input data;

in the worst case where every data point has ©(d) nonzero entries, the complexity becomes
O(y/nd?).

There have been rich developments on quantum algorithms for linear algebraic problems. One
prominent example is the quantum algorithm for solving linear systems [10, 20]; in particular,
they run in time poly(log d) for any sparse d-dimensional linear systems. These linear system
solvers are subsequently applied to machine learning applications such as cluster assignment

[137], support vector machine (SVM) [138], etc.

However, these quantum algorithms have two drawbacks. First, they require the input matrix
to be sparse with efficient access to nonzero elements, i.e., every row/column of the matrix
has at most poly(log d) nonzero elements and their indexes can be queried in poly(log d) time.
Second, the outputs of these algorithms are quantum states instead of classical vectors, and it
takes €(d) copies of the quantum state to reveal one entry of the output in the worst case. More

caveats are listed in [139].

In contrast, our quantum algorithms do not have the sparsity constraint and work for arbitrary
input data, and the outputs of our quantum algorithms are succinct but efficient classical repres-

entations of vectors in R?, which can be directly used for classical applications.

There are two lines of quantum machine learning algorithms with different input requirements.
One of them is based on quantum principal component analysis [140] and requires purely

quantum inputs.

Another line is the recent development of quantum-inspired classical poly-logarithmic time
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algorithms for various machine learning tasks such as recommendation systems [131], principal
component analysis [141], solving linear systems [142, 143], SDPs [144], and so on. These
algorithms follow a Monte-Carlo approach for low-rank matrix approximation [145] and assume
the ability to take samples according to the spectral norms of all rows. In other words, these
results enforce additional requirements on their input: the input matrix should not only be

low-rank but also be preprocessed as the sampling data structure.

* There are also a few heuristic quantum machine learning approaches for classification [12, 146,
147] without theoretical guarantees. We, however, look forward to further experiments based

on their proposals.

4.2 Preliminaries

Quantum oracle. Quantum access to the input data (referred as quantum oracles) needs to be
reversible and allows access to different parts of the input data in superposition (the essence of
quantum speed-ups). Specifically, to access elements in an n X d matrix X, we exploit an oracle

Ox (a unitary on C" ® C? @ C%«) such that

Ox(|) ®15) ®12)) = i) © |j) © |2 ® Xij) (4.8)

for any i € [n], j € [d] and z € C%« such that X;; can be represented in C%«. Intuitively,
Ox reads the entry X;; and stores it in the third register. However, to make Ox reversible (and
unitary), Ox applies the XOR operation () on the third register. Note that Ox is a natural

unitary generalization of classical random access to X, or in cases when any entry of X can be
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efficiently read. However, it is potentially stronger when queries become linear combinations of
basis vectors, e.g., >, aulix) ® |jk). This is technically how to make superposition of different
queries in quantum.

We summarize the quantum notations as follows.

‘ ‘ Classical ‘ Quantum ‘
Ket and bra & and &/ i) and (i]
Basis {€,..., €41} {10),...,|d—1)}
State 7= (vo,...,04-1)" ) = S50 i)
Tensor U®T |u) @ |v) or |u)|v)
Orcle || w— Xyt | Oxlili)l2) = [0li)]z ® Xg)

Table 4.1: Summary of quantum notations used in this paper.

Quantum complexity measure. We assume that a single query to the oracle Ox has a unit
cost. Quantum query complexity is defined as the total counts of oracle queries, and quantum

gate complexity is defined as the total counts of oracle queries and two-qubit gates.

Notations. Throughout this paper, we denote 1,, to be the n-dimensional all-one vector, and
X € R™ to be the matrix whose entry in the intersection of its i row and j® column is X;(j)
for all i € [n], j € [d]. Without loss of generality, we assume X7, ..., X, € By, i.e., all the n

data points (also the n rows of X) are normalized to have ¢*-norm at most 1.

4.3 Linear classification

4.3.1 Techniques

At a high level, our quantum algorithm leverages ideas from both classical and quantum

algorithm design. We use a primal-dual approach under the multiplicative weight framework
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[148], in particular its improved version in [126] by sampling the update of weight vectors. An
important observation of ours is that such classical algorithms can be accelerated significantly
in quantum computation, which relies on a seminal technique in quantum algorithm design:

amplitude amplification and estimation [57, 132].

Multiplicative weight under a primal-dual approach. Note that linear classification is essent-
ially a minimax problem (zero-sum game); by strong duality, we have

o =max min p' Xw = min maxp' Xw. 4.9)
wERy pEA, PEA, wERy

To find its equilibrium point, we adopt an online primal-dual approach with 7" rounds; at round
t € [T, the primal computes p, € A,, and the dual computes w; € R,, both based on p, and w,
for all 7 € [t — 1]. After T rounds, the average solution w = %ZL w; approximately solves
the zero-sum game with high probability, i.e., minyea, p' X > 0 — e.

For the primal problem, we pick p; by the multiplicative weight (MW) method. Given a
sequence of vectors ry, ..., rr € R", MW sets w; := 1,, and for all ¢ € [T], p; := w;/||w¢||; and
w1 (2) == wi (i) fw(—nre(i)) for all ¢ € [n], where f,, is a weight function and 7 is the parameter
representing the step size. MW promises an upper bound on Zle p/ r, whose precise form
depends on the choice of the weight function f,,. The most common update is the exponential
weight update: f,(x) = e~* [148], but in this paper we use a quadratic weight update suggested
by [126], where wy1(2) := w;(7)(1 — nr(i) +n°r4(¢)?). In our primal problem, we set r; = Xw;
for all t € [T] to find p.

For the dual problem, we pick w; by the online gradient descent method [149]. Given a
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set of vectors qi,...,qr € R? such that ||g;|l» < 1. Let wy := 04, and y;1 = w; + \%qt,

. Yt+1
Wil *= Sy} 1en

T
max Z q, w Z thwt < T, (4.10)
t=1

weBy

This can be regarded as a regret bound, i.e., Z;‘le q w; has at most a regret of 24/T compared to
the best possible choice of w. In our dual problem, we set ¢; as a sample of rows of X following
the distribution p;.

This primal-dual approach gives a correct algorithm with only 7" = O(l /€?) iterations.
However, the primal step runs in ©(nd) time to compute X w,. To obtain an algorithm that is
sublinear in the size of X, a key observation by [126] is to replace the precise computation of
Xw,; by an unbiased random variable. This is achieved via ¢*> sampling of w: we pick j; € [d]
by j; = j with probability w;(5)?/||w]|?, and for all i € [n] we take 0,(z) = X;(j¢)||we||*/we ().

The expectation of the random variable 7;(7) satisfies

2

w

§ ”w ”2 ”j)tH = Xyw. (4.11)
t

In a nutshell, the update of weight vectors in each iteration need not to be precisely computed
because an ¢? sample from w suffices to promise the provable guarantee of the framework. This

trick improves the running time of MW to O(n) and online gradient descent to O(d); since there

are O(1/€2) iterations, the total complexity is O( 4) as claimed in [126].

Amplitude amplification and estimation. Consider a search problem where we are given a

function f,: [n] — {—1,1} such that f,, (i) = 1iff i # w. To search for w, classically we need
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Q(n) queries to f,, as checking all n positions is the only method.

Quantumly, given a unitary U,, such that U,|i) = |i) for all i # w and U,|w) = —|w),

Grover’s algorithm [132] finds w with complexity O(y/n). Denote |s) = \/iﬁ > icn |7) (the

uniform superposition), |s’) = \/% > icin)/{wy [1)> and Us = 2|s)(s| — I, the unitary U, reflects
a state with respect to |s’) and the unitary U; reflects a state with respect to |s). If we start with
|s) and denote § = 2arcsin(1/4/n) (the angle between U,|s) and |s)), then the angle between
U,|s) and U,U,,|s) is amplified to 20, and in general the angle between U, |s) and (U,U,)*|s) is
2k0. To find w, it suffices to take k& = ©(y/n) in this quantum algorithm. See Figure 4.1 for an

llustration.

/e/z

Figure 4.1: Geometric interpretation of Grover’s algorithm. This figure is copied from Wikipedia.

This trick of alternatively applying these two unitaries is called amplitude amplification; in
general, this provides a quadratic speedup for search problems. For the quantitative version of
estimating # (not only finding w), quadratic quantum speedup also holds via an improved version
of amplitude amplification called amplitude estimation [57].

Our main technical contribution is the implementations of amplitude amplification and
estimation in the primal-dual approach for solving minimax problems. On the one hand, we

achieve quadratic quantum speedup for multiplicative weight update, i.e., we improve the complexity
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from O(n) to O(y/n). This is because the ¢> sampling of w is identical to measuring the
quantum state |w) in the computational basis; furthermore, we prepare the state |w) by amplitude
amplification (see Section 4.3.2.1).*

On the other hand, we also achieve quadratic quantum speedup for online gradient descent
(improving O(d) to O(v/d)). This is because the main cost of online gradient descent comes from
estimating the norms ||y,||, which can be regarded as an amplitude estimation problem; details

are given in Section 4.3.3.

Comparison between classical and quantum results. Although our quantum algorithms enjoy
quadratic speedups in n and d, their executions incur a larger dependence in €¢: we have worst
case O (\E/Tﬁ + ‘6/—83) compared to the classical complexity 0, (6% + 6%) in [126]. The main reason of
having a larger e-dependence in quantum is because we cannot prepare the weight states in MW
via those in previous iterations (i.e., the quantum state |w;) cannot be prepared by |w,_;)), and
we have to start over every time; this is an intrinsic difficulty due to quantum state preparation.
Therefore, there is a trade-off between [126] and our results for arbitrary e: we provide

faster training of the classifiers if we allow a constant error, while the classical algorithms in

[126] might work better if we require high-accuracy classifiers.

4.3.2 Quantum speedup for multiplicative weights

First, we give a quantum algorithm for linear classification with complexity O(\/ﬁ)

Theorem 4.3.1. With success probability at least 2/3, Algorithm 12 returns a succinct classical

4 Another common method to prepare quantum states is via quantum random access memory (QRAM). This is
incomparable to our approach because preparing the data structure for QRAM takes Q(n) cost (though after that one
read takes O(1) cost). Here we use amplitude amplification for giving sublinear algorithms. See also Section 4.3.2.1.
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representation of a vector w € R? such that

X;w > max min X;w —e Vi € [n], (4.12)

wEBy i’ €[n]

oy
7

using O( %) quantum gates.

Algorithm 12: Quantum linear classification algorithm.

Input: ¢ > 0, a quantum oracle Oy for X € R4,
Output: w that satisfies (4.12).

1 LetT =23% 2logn, y1 = 00,1 = /L%, uy = 1,,, |p1) = I5 Dier 113
2 fort=1to7 do
3 Define’ w; :=

Yt .
max{1,||y:[|}
4 | Measure the state |p;) in the computational basis and denote the output as i; € [n];

5 Define y;11 := y; + \/%—TXQ;
6 | Choose j; € [d] by j; = j with probablhty (”)22 ;
7 | Foralli € [n], denote #(i) = X;(j,) 122 4, (i) = min{1/n, max{—1/n, 5,(i)} },

wt (Jt

)9
and w1 (1) = w(i )(1 — nui(i) + n?v(4)?). Implement a quantum oracle O; such
that for all i € [n], O]i)|0) = |i)|usr1(2)) by Algorithm 14 in Section 4.3.2.2;
8 Prepare |p;11) = m > _icin We+1(1)]7) by applying Algorithm 13 to O;

- _ 1\T .
Return w = % Y, ; wy;

o

Note that Algorithm 12 is inspired by the classical sublinear algorithm [126] by using
online gradient descent in Line 5 and ¢? sampling in Line 6 and Line 7. However, to achieve the
O( \/n) quantum complexity we use two quantum building blocks: a state preparation procedure

in Line 7, and an oracle implementation procedure in Line 8; their details are covered in ,

respectively. The full proof of Theorem 4.3.1 is given in Section 4.3.2.3.

By defining w; here, we do not write down the whole vector but we construct any query to its entries in O(1)

ye (1) i constructed by one query to y(¢). The y,41 in

time. For example, the i coordinate of w; is wy (i) = (LT

Line 5 is defined in the same sense.
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4.3.2.1 Quantum state preparation with oracles

We use the following result for quantum state preparation (see, e.g., [150]):

Proposition 4.3.1. Assume that a € C", and we are given a unitary oracle O, such that O|i)|0) =
|liY|a;) for all i € [n]. Then Algorithm 13 takes O(\/n) calls to O, for preparing the quantum

state m > icin) @il) with success probability 1 — O(1/n).

Algorithm 13: Prepare a pure state given an oracle to its coefficients.

1 Apply Diirr-Hgyer’s algorithm [151] to find apax := max;epy) |a;| in O(y/n) time;
2 Prepare the uniform superposition \/iﬁ D i 19

3 Perform the following unitary transformations:

2
amax max

% S iy 2 % S lilas) — % S (20 + 41— C\lcmz )
i€[n] i€[n]

i€[n]

a; |CL»L'|2
0 1——1);
Cme| )+ aim”

(4.13)

e LI

i€[n]

4 Delete the second system in Eq. (4.13), and rewrite the state as

1 .
%;HQ ' <Ha\|2 D alid)11) + fa)]0), (4.14)
max 15[71}

Iy . 1 _ lai]?

5 Apply amplitude amplification [57] for the state in (4.14) conditioned on the second
system being 1. Return the output;

i) is a garbage state;

Note that the coefficient in (4.14) satisfies % > in; therefore, applying amplitude
amplification for O(y/n) times indeed promises that we obtain |1) on the second system with

success probability 1 — O(1/n), i.e., the state m 2 _ic[n) @?) is prepared in the first system.

Remark 4.3.1. Algorithm 13 is incomparable to state preparation via quantum random access
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memory (QRAM). QRAM relies on the weak assumption that we start from zero, and every added
datum is processed in poly-logarithmic time. In total, this takes at least linear time in the size of
the data (see, for instance, [22]). For the task of Proposition 4.3.1, QRAM takes at least 2(n)
cost.

In this paper, we use the standard model where the input is formulated as an oracle, also
widely assumed and used in existing quantum algorithm literatures (e.g., [10, 18, 20, 132]).
Under the standard model, Algorithm 13 prepares states with only O(+/n) cost.

Nevertheless, it is an interesting question to ask whether there is a poly(log(nd))-time
quantum algorithm for linear classification given the existence of a pre-loaded QRAM of X. This
would require the ability to take summations of the vectors \/%Xit in Line 5 of Algorithm 12 in
poly(log(nd))-time as well as the ability to update the weight state u, 1 in Line 8 in poly (log(nd))-
time, both using QRAM. These two tasks are plausible as suggested by classical poly-log time
sample-based algorithms for matrix arithmetics under multiplicative weight frameworks [144],

which can potentially be combined with the analysis of QRAM data structures in [22]; we leave

this possibility as an open question.

4.3.2.2 Implementation of the quantum oracle for updating the weight vectors

The quantum oracle O, in Line 7 of Algorithm 12 is implemented by Algorithm 14. For
convenience, we denote clip(v, 1/n) := min{1/n, max{—1/n,v}} forall v € R.

Because we have stored w and js, we could construct classical oracles O, ;(0) = js,

2

OS,w (38) = lw,

Ws (]s

with O(1) complexity. In the algorithm, we first call O, ; to compute j; and

~

store it into the second register in (4.15). In (4.16), we call the quantum oracle O for the value
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Algorithm 14: Quantum oracle for updating the weight state.

Input: Wi, ..., W € Rd, jl, . ,jt S [d]
Output: An oracle O, such that O;|)|0) = |i)|us11(7)) for all ¢ € [n].

_ ||1USH2

1 Define three classical oracles: O, ;(0) = js, Os.(Js) = TRCAL
Oviip(a, b, c) = c- (1 — nclip(ab, 1/n) + n? clip(ab, 1/77)2);

2 fors=1totdo

3 Perform the following maps:

and

[8)]0)10) |0} s () =225 [i)]1,)10)]0) [z ()
O, 1)) | X (7)) 10} s (8))

Y i)
[|ws

2 it Ll
ooy e )
Oz

Js)
I

D5 i) ]7)10)|0) g (7))

—1

OQ j . .
— [0}]0}]0}|0} 41 (4)).

2, i) X))

(4.15)
(4.16)

4.17)

(4.18)

(4.19)
(4.20)

4.21)
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X (js), which is stored into the third register. In (4.17), we call O, ,, to compute % and store

it into the fourth register. In (4.18), because we have X;(j,) and lw(]“? at hand, we could use

O(1) arithmetic computations to compute (1) = X;(js)||ws]|*/w:(js) and

Us1(1) = us(3) (1 = nelip(05(2), 1/n) +n? clip(2,(3), 1/1)?). (4.22)

We then store wus,1(7) into the fifth register. In (4.19), (4.20), and (4.21), we uncompute the
steps in (4.17), (4.16), and (4.15), respectively (we need these steps in Algorithm 14 to keep its
unitarity).

In total, between (4.15)-(4.21) we use 2 queries to Ox and 0(1) additional arithmetic
computations. Because s goes from 1 to ¢, in total we use 2¢ queries to Ox and O(t) additional

arithmetic computations.

4.3.2.3 Proof of Theorem 4.3.1

To prove Theorem 4.3.1, we use the following five lemmas proved in [126] for analyzing

the online gradient gradient descent and ¢? sampling outcomes:

Lemma 4.3.1 (Lemma A.2 of [126]). The updates of w in Line 3 and y in Line 5 satisfy
max Y Xjw < Y Xjw, +2V2T. (4.23)
te[T]

weB
" te[T)

Lemma 4.3.2 (Lemma 2.3 of [126]). For any t € [T, denote p; to be the unit vector in R™ such
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that (p;); = |(i|pe)|? for all i € [n]. Then the update for p;,; in Line 8 satisfies

Zptvt<mmzvt —i—?]Ztht 107g]n7

te(T]
where v} is defined as (v?); := (v;)? for all i € [n].

Lemma 4.3.3 (Lemma 2.4 of [126]). With probability at least 1 — O(1/n),

max [vt(i) — X,-wt} < 4nT.
i€[n] fe)

Lemma 4.3.4 (Lemma 2.5 of [126]). With probability at least 1 — O(1/n),

< 109T.

‘ Z Xitwt - ZptTvt
te(T]

te[T]

Lemma 4.3.5 (Lemma 2.6 of [126]). With probability at least 3/4,

Zpt v; < 8T.

te(T]

Proof. We first prove the correctness of Algorithm 12. By Lemma 4.3.1, we have

> Xjw > max > Xjw—2V2T > To —2V2T.

te[T] te(T]

On the other hand, Lemma 4.3.3 implies that for any ¢ € [n],

> X > th — .

te[T]
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Together with Lemma 4.7.1, we have

Zptvt<m1nZth+'r]Zptvt+T+477T (4.30)

te(T) te[T]

Plugging Lemma 4.3.4, Lemma 4.3.5, and (4.28) into (4.30), with probability at least % —

0(;) = 3,
1 1
m[ln —Ogn—877T—477T—|—TJ—2V2T—1077TZTU—2277T— oen
i€[n]
elT)
(4.31)

Since T’ = 23%¢2logn and ) = |/ %", we have

T
1 [logn
min X;w = — min Xwy > 0 —23 >0 —c¢€ (4.32)
i€ln] T ien] ; ! T

with probability at least 2/3, which is exactly (4.12).

Now we analyze the gate complexity of Algorithm 12. To run Line 3 and Line 5, we need d
time and space to compute and store w; and y,,1; for all ¢ € [T, this takes total complexity
odT) = O(e%) It takes another O(dT") = O(e%) cost to compute j, for all ¢ € [T] in Line 6.
The quantum part of Algorithm 12 mainly happens at Line 7 and Line 8, where we prepare
the quantum state |p,; ) instead of computing the coefficients u;,1(z) one by one for all i € [n].

To be more specific, we construct an oracle O, such that O;]i)|0) = |i)|u1(7)) for all i € [n].

This is achieved iteratively, i.e., at iteration s we map |i)|us(7)) to |i)|uss1(7)). The full details are
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given in Algorithm 14 in Section 4.3.2.2; in total, one query to O, is implemented by 2¢ queries
to Ox and O(t) additional arithmetic computations.

Finally, we prepare the state |p; 1) = m "D icfn We+1(1)[4) in Line 8 using O(y/n) calls
to Oy, which are equivalent to O(,/nt) calls to Ox by Line 7 and O(y/nt) additional arithmetic

computations. Therefore, the total complexity of Line 8 for all ¢ € [T is

T

Y O/at) = O(/nT?) = 0 ({—f) (4.33)

t=1

In all, the total complexity of Algorithm 12 is 0, (‘E/Tﬁ + E%) , establishing our statement.
Finally, the output @ has a succinct classical representation with space complexity O(logn/€?).
To achieve this, we save 27" = O(log n/€?) values in Algorithm 12: i1, ..., ir and ||y1]|, - - ., |lyz|l;

it then only takes O(log n/e?) cost to recover any coordinate of w by Line 3 and Line 5. O

Remark 4.3.2. Theorem 4.3.1 could also be applied to the PAC model. For the case where
there exists a hyperplane classifying all data points correctly with margin o, and assume that the
margin is not small in the sense that % < d, PAC learning theory implies that the number of
examples needed for training a classifier of error § is O(1/020). As a result, we have a quantum

algorithm that computes a o | 2-approximation to the best classifier with cost

o4 o2

O<_\/1/"25 L@ ) O<a51\/5 + %) (4.34)

This is better than the classical complexity O(% + U%) in [126] as long as 6 < o2, which is

plausible under the assumption that the margin o is large.
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4.3.3 Quantum speedup for online gradient descent

Norm estimation by amplitude estimation. We further improve the dependence in d to O(v/d).
To achieve this, we cannot update w; and y; in Line 3 and Line 5 by each coordinate because
storing w; or y; would already take cost at least d. We solve this issue by not updating w; and y;
explicitly and instead only computing ||y;|| for all ¢ € [T']. This norm estimation is achieved by

the following lemma:

Lemma 4.3.6. Assume that F': [d] — [0, 1] with a quantum oracle Op|i)|0) = |i)|F(i)) for all
i € [d]. Denote m = % S>% | F(i). Then for any § > 0, there is a quantum algorithm that uses

O(Vd/§) queries to Op and returns an 1 such that |, — m| < dm with probability at least 2/3.
Our proof of Lemma 4.3.6 is based on amplitude estimation:

Theorem 4.3.2 (Theorem 15 of [57]). For any 0 < € < 1 and Boolean function f: [d] — {0,1}
with quantum oracle O¢|i)|0) = |i)|f(i)) for all i € [d], there is a quantum algorithm that

outputs an estimate t to t = | f~'(1)| such that
[t —t] < et (4.35)

with probability at least 8 /72, using O(%\/g) evaluations of Oy. If t = 0, the algorithm outputs

t = 0 with certainty and Oy is evaluated O(+/d) times.

Proof. Assume that F'(i) has [ bits for precision for all i € [d] (in our paper, we take [ = O(1),

say | = 64 for double float precision), and for all k& € [I] denote F},(i) as the k™ bit of F(i);

denote ny, = 3,1 Fi(4)-
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We apply Theorem 4.3.2 to all the [ bits of n;, using O(+v/d/d) queries (taking e = §/2),
which gives an approximation 7, of ny, such that with probability at least 8/72 we have |n; —
ng| < ong/2if n, > 1, and ny, = 0 if ny, = 0. Running this procedure for ©(log /) times and take
the median of all returned 7y, and do this for all & € [[], Chernoff’s bound promises that with

probability 2/3 we have

As a result, if we take m = é > kell] ZL—’,;, and observe that m = é Zke[z] g—’,g, with probability at

least 2/3 we have

- 1 g Nk 1 ong
kell] kel(l]
The total quantum query complexity is O(llogl - v/d/d) = O(\/d/$). O

Quantum algorithm with O(v/d) cost. Instead of updating y, explicitly in Line 5 of Algorithm 12,
we save the i, for all ¢ € [T] in Line 4, which only takes O(1/€?) cost in total but we can
directly generate 1, given iy, ..., i,. Furthermore, notice that the probabilities in the /?> sampling
in Line 6 do not change because w;(7)?/||w:]|> = v:(5)?/||y:]|%; it suffices to replace 0;(i) =
X () lwel|? /we(Ge) by 9e(6) = Xi(o)llyell?/ (ye (je) max{L, ||| }) in Line 7. These observations

result in Algorithm 15 with the following result:

Theorem 4.3.3. With success probability at least 2/3, there is a quantum algorithm that returns
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a succinct classical representation of a vector w € R? such that

X;w > max min X;w —e Vi € [n], (4.38)
weBg i'€[n]

using O({Tﬁ + ‘6/—83) quantum gates.

Algorithm 15: Quantum linear classification algorithm with O(v/d) cost.

Input: ¢ > 0, a quantum oracle Oy for X € R™*,
Output: w that satisfies (4.12).

1 Let T =27%¢2logn, y; = 04,1 = 4/ 10%", uy = 1,, [p1) = \/Lﬁ Zie[n] |7);

2 fort =1to 7T do

3 | Measure the state |p;) in the computational basis and denote the output as i; € [n];
4 | Define® v, 11 =y + \/%—TX%;

5 | Apply Lemma 4.3.6 for 2[log T'] times to estimate [|;||* with precision § = n?,

— 2

)

and take the median of all the 2[log 7| outputs, denoted ||y,
6 | Choose j; € [d] by j; = j with probability ;(7)?/||y:||%, which is achieved by
applying Algorithm 13 to prepare the quantum state |y;) and measure in the
computational basis;

7 | Foralli € [n], denote 0;(i) = Xi(jt)||yt||2/(yt(jt) max{1, ||y }),

ve(#) = clip(8,(1), 1/n), and we1 (1) = we(d) (1 — nve(d) + n*ve(i)*). Apply
Algorithm 14 to prepare an oracle O, such that O|i)|0) = |i)|us1(2)) for all
i € [n], using 2t queries to Ox and O(t) additional arithmetic computations;

8 | Prepare the state |p;y1) = m > icin W+1(2)]7) using Algorithm 13 and Oy;
Returnw = L S0 w .
> Retum © = 7 211 ot [l

Proof. For clarification, we denote

9
Xi(J Xi(J 2 .
Ut approx (1) = — Gdllwll g i) = — (]t)”?f” Vien. (439
Ye(Je) max{1, ||y} Yt (Jr) max{1, ||y ]| }

®The meaning of the definition here is the same as Footnote 12 in Algorithm 12.

214



In other words, the v, in Line 7 of Algorithm 15 iS ¥ approx, an approximation of ¥y yr,.. We prove:
Dt approx (1) — T ()] < Vi € [n]. (4.40)

Without loss generality, we can assume that ¥y ye(2), Orapprox (1) < 1/7; otherwise, they are both

truncated to 1/7 by the clip function in Line 7 and no error occurs. For convenience, we denote

9
m = ||y]|* and 7 = ||y|| . Then

6t,appr0x (Z )

2~)t,approx(i) _ 1‘ < l .
) o Ut true (1)

ﬁt,true (Z

ﬁt,approx(i) - 6t,true<i)’ = 6t,true(i) : - 1‘ (441)

When ||y;|| > 1 we have Deapprox() ™. when [|y;]| < 1 we have Beappron (D) \/% Because in

'Ut,lrue(i) 'Ut,lrue(z)
—2
Line 5 |ly|| is the median of 2[log T'] executions of Lemma 4.3.6, with failure probability at
most 1 — (2/3)2°87 = O(1/T?) we have | — 1| < §; given there are T iterations in total, the
probability that Line 5 always succeeds is at least 1 — 7' - O(1/T?) = 1 — o(1), and we have

ﬁ _ 1‘ <4 (4.42)
m

Y

2
m

Plugging this into (4.41), we have

'ﬁt,approx(i) - ﬂt,true(i)l < =T, (443)

I | >

which proves (4.40).

Now we prove the correctness of Algorithm 15. By (4.40) and Lemma 4.3.3, with probability
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atleast 1 — O(1/n) we have

max > [vy(i) — Xyuwy] < 4nT +nT = 5nT, (4.44)
i€[n] by
where w; = % for all ¢ € [T]. By (4.40) and Lemma 4.3.4, with probability at least
max{1,||y:

1 —0(1/n) we have

‘ ZXitwt - Zp;rvt

te(T) te[T]

< 10nT +nT = 11nT}; (4.45)
by (4.40) and Lemma 4.3.5, with probability at least 3/4 we have
> plv; <8T+2T = 10T. (4.46)
te(T)

As a result, similar to the proof of Theorem 4.3.1, we have

| |
min Y Xowy >~~~ 109T — 59T + To — 2V2T — 14T > To — 265T — —>.
te[T]
4.47)
Since T' = 27%¢ 2logn and n = 4/ 10%", we have
1 d [logn
min X;w = — min Xowy >0 —27 >0 —¢€ (4.48)
i€ln] T icn] ; ! T

with probability at least 2/3, which is exactly (4.38).

It remains to analyze the time complexity. Same as the proof of Theorem 4.3.1, the
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complexity in n is O(‘/Tﬁ) It remains to show that the complexity in d is O~(‘6/—§) The cost

€

in d in Algorithm 12 and Algorithm 15 differs at Line 5 and Line 6. We first look at Line 5;

because

T
1
=) X, 4.49
VAT & (449)

one query to a coefficient of y, takes ¢t = O(1/€?) queries to Ox. Next, since X; € B, for all
i € [n], we know that X;; € [—1,1] forall i € [n], j € [d]; to apply Lemma 4.3.6 (F" should have
image domain in [0, 1]) we need to renormalize y, by a factor of ¢t = O(1/€?). In addition, notice
that § = 1> = O(¢?); as a result, the query complexity of executing Lemma 4.3.6 is O(v/d/€?).

Finally, there are in total T = O(1/€?) iterations. Therefore, the total complexity in Line 5 is
SN AN aoVdy a1y L oVd
o) o) oDy o) -o(Z)  am

Regarding the complexity in d in Line 6, the cost is to prepare the pure state |y;) whose
coefficient is proportional to ;. To achieve this, we need t = O(1/€®) queries to Oy (for
summing up the rows X;,,...,X;,) such that we have an oracle O,, satisfying O,,[7)|0) =
|7)|y¢(4)) for all j € [d]. By Algorithm 13, the query complexity of preparing |y;) using O,,

is O(v/d). Because there are in total 7' = O(1/€?) iterations, the total complexity in Line 6 is
! ! - Vd
O(—) -O(\/c_l)-O(—) - 0(—). 451)

In all, the total complexity in d is O(v/d/e®) as dominated by (4.50). Finally, @ has a

— 2 —2
succinct classical representation: using i, . ..,i7 obtained from Line 3 and ||y ..., |lyr]l
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obtained from Line 5, we could restore a coordinate of @ in time T = O(1/€?). O

Remark 4.3.3. For practical applications of linear classification, typically the number of data
points n is larger than the dimension d, so in practice Theorem 4.3.1 might perform better than
Theorem 4.3.3. Nevertheless, the O(\/E) complexity in Theorem 4.3.3 matches our quantum

lower bound (see Theorem 4.5.1).

4.4 Applications

As introduced in Section 4.3.1, the ¢? sampling of w picks j; € [d] by j; = j with
probability w(j)?/||w]|?, and the expectation of the random variable X;(j;)||w|]?/w(j;) is X;w.
Here, if we consider some alternate random variables, we could give unbiased estimators of
nonlinear functions of X. We first look at the general case of applying kernel functions [152]
in Section 4.4.1. We then look at the special case of quadratic problems in Section 4.4.2 as they
enjoy simple forms that can be applied to finding minimum enclosing balls [153] and ¢?>-margin
support vector machines [154]. Finally, we follow this methodology to give a sublinear quantum

algorithm for solving matrix zero-sum games in Section 4.4.3.

4.4.1 Kernel methods

Having quantum algorithms for solving linear classification at hand, it is natural to consider
linear classification under kernels. Let U: R? — # be a mapping into a reproducing kernel

Hilbert space (RKHS), and the problem is to find the classifier & € H that solves the maximin
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problem

_ in(h, U(X,)), 4.52
o I&%gﬁh (X3)) (4.52)

where the kernel is defined as k(a, b) := (¥(a), ¥ (b)) for all a,b € R%
Classically, [126] gave the following result for classification under efficiently-computable

kernels, following the linear classification algorithm therein:

Theorem 4.4.1 (Lemma 5.3 of [126]). Denote T}, as the time cost for computing k(X;, X;) for
some i, j € [n], and denote Ly, as the time cost for computing a random variable k(X;, X ;) for
some i,j € [n] such that E[k(X;, X;)] = k(X;, X;) and Var[k(X;, X;)] < 1. Then there is a

classical algorithm that runs in time

O(Lkn+d+min{Tk ﬂ}) (4.53)

R
€2 el b

and returns a vector h € H such that with high success probability (h,V(X;)) > o — ¢ for all

i € [n].

Quantumly, we give an algorithm for classification under kernels based on Algorithm 15:
Theorem 4.3.3 and Theorem 4.4.1 imply that our quantum kernel-based classifier has time

complexity

O(Lkﬁz/ﬁ+g+min{%,%}>. (4.54)

For polynomial kernels of degree ¢, i.e., kq(z,y) = (z7y)? we have L, = ¢ by taking the
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Algorithm 16: Quantum algorithm for kernel-based classification.

Input: € > 0, a quantum oracle Ox for X € R"*%,
Output: w that satisfies (4.12).

— logn .
1 Let T =272 2logn, yi = 04,1 = 1/ 5" w1 = 1y, [p1) = 7= D0y 193
2 fort=1to7 do
3 | Measure the state |p;) in the computational basis and denote the output as i; € [n];

4 Define y; 1 :== y; + \/ﬁ\I/(X );

5 | Apply Lemma 4.3.6 for 2[log T'| times to estimate ||y, ||?

with precision § = 72,
— 9

and take the median of all the 2[log T'| outputs, denoted ||y;|| ;

6 | Choose j; € [d] by j; = j with probability ;(7)?/||y:||%, which is achieved by

applying Algorithm 13 to prepare the quantum state |y;) and measure in the

computational basis;

7 | Foralli € [n], denote 0;(i) = \If(Xi)(jt)HytHQ/(yt(jt) max{l, HytH}),

v (i) = clip(,(i), 1/n), and w1 (i) = we () (1 = noi(i) + n*vi(i)?). Apply
Algorithm 14 to prepare an oracle O, such that O,|)|0) = |i)|u.11 (7)) for all
i € [n], using 2t queries to Oy and O(t) additional arithmetic computations;
8 Prepare the state [p;;1) = m > icn) Wt+1(7)|7) using Algorithm 13 and Oy;

-

Returnw ==Y, , —¥%
T Zt_l max{L,[y:||}

product of ¢ independent ¢? samples (this is an unbiased estimator of (2 "3)? and the variance of

each sample is at most 1). As a result of (4.54),
Corollary 4.4.1. For the polynomial kernel of degree q, there is a quantum algorithm that solves
iy ofd)

the classification task within precision € with gate complexity O( i

n+d)

Compared to the classical complexity O( -+ min {d % ) in Corollary 5.4 of [126], our
quantum algorithm gives quadratic speedups in n and d.

For Gaussian kernels, i.e., kGauss(Z,y) = exp(—||z — yl||?), Corollary 5.5 of [126] proved

that Ly, = 1/s* if the Gaussian has standard deviation s. As a result,

Corollary 4.4.2. For the polynomial kernel of degree q, there is a quantum algorithm that solves

the classification task within precision € with gate complexity O( ‘f S}{;g)

This still gives quadratic speedups in n and d compared to the classical complexity O(Z; ¢+
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min {4, -5 }) in Corollary 5.5 of [126].

4.4.2  Quadratic machine learning problems

We consider the maximin problem of a quadratic function:

max min p' (b + 2Xw — 1,,||w||*) = max min b; + 2X;w — ||wl|?, (4.55)

weRd pEA, weR4 i€[n]

where b € R™ and X € R"*% Note that the function b; + 2X;w — ||w||? in Eq. (4.55) is
2-strongly convex; as a result, the regret of the online gradient descent after 7" rounds can be
improved to O(log T') by [155] instead of O(v/T) as in Eq. (4.10). In addition, ¢*> sampling

of the w in Algorithm 12 and Algorithm 15 still works: consider the random variable w =

b; + % — ||w||* where j = k with probability zﬂ’fv—ku); Then the expectation of w is
d . 2 . 2
w(j) 2Xi()lwll 5 2
E[X] = (bi i _ ) — b+ 2Xw — |[w|?, 456
X1 =3 s (0 200~ Bolf) = bt 2 s 50

1.e., w 1s an unbiased estimator of the quadratic form in (4.55). As a result, given the quantum
oracle Oy in (4.8), we could give sublinear quantum algorithms for such problems; these include
two important problems: minimum enclosing balls (MEB) and /?-margin supper vector machines

(SVM).

4.42.1 Minimum enclosing ball

In the minimum enclosing ball (MEB) problem we have b; = —|| X;||? for all i € [n]; Eq.

(4.55) then becomes max,,cga Minzep,) — || X;||*+2X,w—||w|]* = — min,ecgs max;ep, [|w—X;||?,
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which is the smallest radius of the balls that contain all the n data points X1, ..., X,,.

Denote oygp = min,cga MaX;ep, ||w — X;||*, we have:

Theorem 4.4.2. There is a quantum algorithm that returns a vector w € R? such that with

probability at least 2/3,
m?u]( | — X;||* < omps + €, (4.57)
€N
. ~ \/_ﬁ d . H 1 o \/_ﬁ
using O( T+ E) quantum gates; the quantum gate complexity can also be improved to O( o+

)

e )

We omit the proof of Theorem 4.4.2 because it directly follows from Theorem 4.3.1 (see
also Theorem 3.1 in [126]) and Theorem 4.3.3. For the O(\/c_l) complexity result, the same idea of
Algorithm 15 is applied to estimate the norm ||y;|| by amplitude estimation; the error dependence
becomes 1/¢” because with high probability, the number of iterations that we obtain a new y; in

Line 4 is O(aT) = O(1/¢), and the other overheads in e is still O(v/d/€®) (see Eq. (4.50)).

4422 (*margin SVM

To estimate the margin of a support vector machine (SVM) in ¢?-norm, we take b; = 0 for
all i € [n]; Eq. (4.55) then becomes solving ogyy := max m[lr]l 2X;w — ||lw||?.
weR i€[n

Notice that ogyy > 0 because 2X,w — ||w||> = 0 for all i € [n] when w = 0. For the case

osym > 0 and taking 0 < € < ogywm, similar to Theorem 4.4.2 we have:

Corollary 4.4.3. There is a quantum algorithm that returns a vector w € R? such that with
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probability at least 2/3,

m[n} 2X;w — ||w||* > osym — € > 0, (4.58)
S

using O (\E/Tﬁ + %) quantum gates; the quantum gate complexity can also be improved to O (‘6/75 +

Note that (4.135) implies that X;w > 0 for all i € [n]; furthermore, by the AM-GM

inequality we have (‘ﬁ;—zﬁf + ||@||* > 2X;w, and hence

X;w\ 2 : _ _
min (_’u}) > m[lr]l 2X;0 — ||0|* > ogvm — €. (4.59)
1€n

ieln] \ |||

If we denote w = w/||w||, then X;w > y/osym — € > 0 for all i € [n]. Consequently, if the data
X is from an SVM, we obtain a normalized direction w0 (in £2-norm) such that all data points
have a margin of at least \/osynm — €. Classically, this task takes time O(n + d) for constant oy

by [126], but our quantum algorithm only takes time O(+/n + v/d).

4.4.3 Matrix zero-sum games

Our (?-sampling technique can also be adapted to solve matrix zero-sum games as an
application. To be more specific, the input of a zero-sum game is a matrix X € R"™*"2 and

the goal is to find a € R™ and b € R™? such that

a'Xb > max min p'Xq— ¢ (4.60)
pEAnl qEAnQ
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for some € > 0; such (a, b) is called an e-optimal strategy. It is shown in [156, Proposition 1] that

for 0 < € < 0.1, an e-optimal strategy for the (n; + ny + 1)-dimensional anti-symmetric matrix

implies an 18e-optimal strategy for X. Therefore, without loss of generality, we could assume
that X is an n-dimensional anti-symmetric matrix (by taking n = ny + ny + 1). In this case,
the game value max,ea, mingea, p' X¢q in (4.60) equals to 0, and due to symmetry finding an

e-optimal strategy reduces to find an w € A,, such that

Xw<e-1,, (4.62)

where < applies to each coordinate. As a normalization, we assume that max; ;e[ \Xm-] < 1.
Classically, one query to X is to ask for one entry in the matrix, whereas quantumly we
assume the oracle in (4.8). Inspired by Ref. [156, Theorem 1], we give the following result for

solving the zero-sum game:

Theorem 4.4.3. With success probability at least 2/3, Algorithm 17 returns a vector w € R"

such that Xw < € - 1,, using O({Tﬁ) quantum gates.

Proof. We first prove the correctness of Algorithm 17. We denote P;(t) := exple S 0_, Xiz. /2]

and p;(t) = P;(t)/ > 5, P;(t) forall i € [n] and t € [T]. Then [p1) = > i, /pi(t)]7). We
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Algorithm 17: Sublinear quantum algorithm for solving zero-sum games.

Input: ¢ > 0, a quantum oracle Ox for X € R"*".

Output: w € A, that satisfies (4.62).

Let T < 4e2logn, A + 0,, Ip1) < \/%7 Zie[n] DF

fort =1to T do

Measure the state |p;) in the computational basis and denote the output as k; € [n];
Update the k;-th coordinate of A: Ay, <+ Ag, + 1;

Prepare the state

—

wn A W N

Zze[n exple ZT 1 Xik, /4]]2)
Ve Dl Sy X, /2

’pt+1 (4.63)

| using Algorithm 13;
6 Return w = A/T;

also denote the potential function ®(t) = """ | Pi(t). It satisfies

n n

d(t) = Z Py(t) = Z Pi(t — 1) expleX; s, /2] = D(t — 1) Z pi(t — 1) expleXin, /2]. (4.64)

Since Line 3 selects k; with probability p, (¢ — 1), Eq. (4.64) implies

E[(1)] = 0t~ 1) S pult — 1pelt — 1) expleXop /2] (4.65)

ik=1

Because |X; x| < 1, we have

eXin €
: —. 4.66
5 TG (4.66)

expleX;x/2] <1—

Also because X is skew-symmetric, we have ) 31, | pi(t — 1)px(t — 1) Xi = 0. Plugging this
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and (4.66) into (4.65), we have E[®(t)] < E[®(t — 1)](1 + ). As a result of induction,

2

E[®(T)] < @(0)(1 + 66 )T < nexp[Te*/6] < n®3. (4.67)

By Markov’s inequality, we have ®(T") < 3n°/3 < n? with probability at least 2/3. Notice that
®(T) < n? implies P(T) < n?forall i € [n],ie.,e> .| Xk /2 < 2Inn forall i € [n]. The

1-th coordinate of X w satisfies

e 4lnn

T
B 1 1
(Xw); = ~(XA); = T ;Xi,m <

=€ (4.68)

T 4lnn. €

since this is true for all i € [n], we have Xw < ¢-1,,.

It remains to prove the complexity claim. The measurement in Line 3 takes O(logn)
gates, and the update in Line 4 also takes O(logn) gates because it only adds 1 to one of the
n coordinates. The complexity of the algorithm thus mainly comes from Line 5 for preparing
|pe+1). Notice that arg max exple S0 X, /4] = argmax Y ', X, _, which can be computed
in O(ty/n) queries to the oracle Ox. Similarly, the amplitude amplification in Algorithm 13 can

also be done with cost O(¢+/n). In total, the time complexity of Algorithm 17 is

Y O(tvn) = O(T*Vn) = O (\/—ﬁ> (4.69)

t=1
[

Remark 4.4.1. The output of Algorithm 17 is a classical vector in A,,; furthermore, it has a

succinct representation of O(log2 n/e®) bits: Line 4 in each iteration add 1 to one of the n
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coordinates and hence can be stored in [log, n| bits, and there are in total O(logn/e?) rounds.
Therefore, such output can be directly useful for classical applications, which distinguishes from
many quantum machine learning algorithms that output a quantum state (whose applications are

more subtle).

4.5 Quantum lower bounds

All quantum algorithms (upper bounds) above have matching lower bounds in n and d.
Assuming € = O(1) and given the oracle Ox in (4.8), we prove quantum lower bounds on linear
classification, minimum enclosing ball, and matrix zero-sum games in Section 4.5.1, Section 4.5.2,

and Section 4.5.3, respectively.

4.5.1 Linear classification

Recall that the input of the linear classification problem is a matrix X € R™*? such that

X; € By foralli € [n] (X; being the i row of X), and the goal is to approximately solve

0 = max min pTXw = max min X,w. 4.70)
weBy pEA, w€eBg i€[n]

Given the quantum oracle O x such that Ox|i)|7)|0) = |i)|j)|X;;) Vi € [n],j € [d], Theorem 4.3.3
solves this task with high success probability with cost O (\64‘ + ‘E/—Ba) We prove a quantum lower

bound that matches this upper bound in n and d for constant e:
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Theorem 4.5.1. Assume 0 < € < 0.04. Then to return an w € By satisfying

X;w > maxmin X,w —e Vj € [n] 4.71)
wEBy i€[n]

with probability at least 2/3, we need Q(~/n + /d) quantum queries to Ox.
Proof. Assume we are given the promise that X is from one of the two cases below:

1. There exists an [ € {2,...,d} such that X;; = ——%, X, = —=; Xo1 = Xy = \/%;
there exists a unique £ € {3,...,n} such that X;; = 1, X}y = 0; X;; = % for all

ie{3,...,n}/{k},j€{1,l},and X;; = 0foralli € [n], 7 ¢ {1,1}.

2. There exists an [ € {2,...,d} such that X;; = Xy = L5 Xop = Xy = L

1
V2’
Xij= pforallie {3,....,n},j € {1,1},and X;; = 0 foralli € [n], j ¢ {1,1}.

Notice that the only difference between these two cases is a row where the first entry is 1 and the
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™ entry is 0; they have the following pictures, respectively:

1 1
-5 0 --- 0 v 0 - 0
1 1
% 0O - 0 7% 0 - 0
L 0 ... 0 L 0 -0
Case 1: X = V2 V2 ; (4.72)
1 0 0 0 0 0
1 1
7 0 - 0 7% 0 - 0
1 1
7% 0 0 7 0 0
and
1 1
v/ 0 --- 0 7 0 - 0
1 1
7% 0 - 0 7% 0 - 0
Case2: X = . 4.73)
1 1
% 0O - 0 7% 0 - 0
1 1
7 0O - 0 7 0 - 0

We denote the maximin value in (4.70) of these cases as 1 and o9, respectively. We have:
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1
o = =
72 V2©

On the one hand, consider w = ¢, € By (the vector in R? with the ['"" coordinate being 1 and

all other coordinates being 0). Then X,w = L foralli e [n], and hence oy > Mine[,) X;W =

V2
\/%. On the other hand, for any w = (wy, ..., wy) € By, we have
1 1 1 1 1 1
minXiw:min{—— —wy, —=w +—w}§—w < —, (4.74
e AR R S R S :

where the first inequality comes from the fact that min{a,b} < “t for all X,b € R and

the second inequality comes from the fact that w € B, and |w;| < 1. As a result, o =

MaxXy,eB, Milief) X;w < f In conclusion, we have gy = \}5
c o =L
\ 4+2v/2
On the one hand, consider w = \/4;\/551 + \/\f:;/ieﬁ € B,. Then
1 1 1 2+1 1
Xiw = V2t = : (4.75)
V2 iy 2\/5 V2 \ii2v2 4422
1 1 1 1 1 1
Xy = — t V2t V2t Vi € [n]/{1, k)

V2 Viteve V2 Vitae \/4+2f Vi +2v2
(4.76)

1 1 1
Xpw = +0- V2 + 4.77)

Vit \/4+2\/_ NIEENGY

1

Var2va

On the other hand, for any w = (wq, ...

In all, oy > min;ep,) Xyw =

,wq) € By, we have

min X,w = min

1 1 1 1
Z ot —wy, —w w,w} 4.78
iy { \/51 7 ! \/5 \/55 1 (4.73)
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If w; < ———, then (4.78) implies that min;e,) X;w < ———; if w; > ———, then

V4422 \ 4+2v2 \V4+2v2

1 V241
w < y\J1—w?=,/1- = , 4.79)
! 44+2V2  \J1+9/2

and hence by (4.78) we have

CNw < 1 N Lo 1 N 1 V2+1 1
mnX,w< ——w +—=w < ——F4= ' —F/——e—eos + — - = .
i€ln] V2 V2 V2 Vit2v2 V2 VAt 2v2 A+ 22

(4.80)

In all, we always have min;cp,) X;w < \/41—\/' As a result, 01 = maxXyep, My Xw <
+2v2

1

———— In conclusion, we have o; = L
\/ 44+2v2

Varava

Now, we prove that an w € B, satisfying (4.71) would simultaneously reveal whether

X is from Case 1 or Case 2 as well as the value of [ € {2,...,d}, by the following algorithm:

1. Check if one of ws, ..., w, is larger than 0.94; if there exists an I’ € {2,...,d} such that

wy > 0.94, return ‘Case 2’ and [ = [';

2. Otherwise, return ‘Case 1’ and | = arg maxX;e(a,... 4} W;.
We first prove that the classification of X (between Case 1 and Case 2) is correct. On the
one hand, assume that X comes from Case 1. If we wrongly classified X as from Case 2, we

would have wy > 0.94 and w; < v/1 — 0.94%2 < 0.342; this would imply

1 1 1 1 1
min X;w = min{ — —wW1 + —=w;, —=W1 + —wl,wl} < < ———004 <07 —¢
i€ln] V2 V2 V2 V2 Va+2V2
(4.81)
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by 0.342 < ! — 0.04, contradicts with (4.71). Therefore, for this case we must make

V4422

correct classification that X comes from Case 1.

On the other hand, assume that X comes from Case 2. If we wrongly classified X as from

Case 1, we would have w; < max;eqa,... gy w; < 0.94; this would imply

-----

1 1 1
wl,—wl—%ﬁwl}g w < —=—004<09—¢€

V22
(4.82)

by % < % — 0.04, contradicts with (4.71). Therefore, for this case we must make correct
classification that X comes from Case 2. In all, our classification is always correct.

It remains to prove that the value of [ is correct. If X is from Case 1, we have

o1 — € < min X;w = min
1€[n]

1 1 1 1
{ — —wl + —wl, —wl + —wl, 1111}; (483)

V2

S
S
S

as aresult, w; > o1 —e > 0.38 — 0.04 = 0.34, and

1 1 _ _ _
— BTt s> 034 = ;> 034V2+w; > 0.34(vV/2+1) > 0.82.  (4.84)
Because 2:0.822 > 1, w; must be the largest among s, . . . , W, (otherwise I’ = arg maxiefa,.. d} Wi

and [ # 1" would imply @[> = 3, [@i* > @} + wj; > 2w} > 1, contradiction). Therefore,
Line 2 of our algorithm correctly returns the value of /.
If X is from Case 2, we have

09 — € < min X;w = min
1€[n]

1 1 1 1 1
By + —=, —=1D +—u—)}§—w, 4.85
{ ' 0 1} < 5 (4.85)

I~
N
>
N
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and hence w; > v/2(0y—¢€) > \/5(% —0.04) > 0.94. Because 2-0.94% > 1, only one coordinate
of w could be at least 0.94 and we must have [ = [I’. Therefore, Line 1 of our algorithm correctly
returns the value of /.

In all, we have proved that an e-approximate solution w € B, for (4.71) would simultaneously
reveal whether X is from Case 1 or Case 2 as well as the value of [ € {2, ..., d}. On the one hand,
notice that distinguishing these two cases requires 2(y/n — 2) = Q(y/n) quantum queries to Ox
for searching the position of k because of the quantum lower bound for search [91]; therefore, it
gives an Q(y/n) quantum lower bound on queries to Ox for returning an @ that satisfies (4.71).
On the other hand, finding the value of [ is also a search problem on the entries of X, which
requires Q(v/d — 1) = Q(+/d) quantum queries to O also due to the quantum lower bound for

search [91]. These observations complete the proof of Theorem 4.5.1. [

Because the kernel-based classifier in Section 4.4.1 contains the linear classification in
Section 4.3 as a special case, Theorem 4.5.1 implies an Q(y/n + \/3) quantum lower bound on

the kernel method.

4.5.2 Minimum enclosing ball (MEB)

Similarly, the input of the MEB problem is a matrix X € R"™*¢ such that X; € B, for
all i € [n], and we are given the quantum oracle Ox such that Ox|i)|7)|0) = |i)|j)|Xi;) Vi €

[n], 7 € [d]. The goal of MEB is to approximately solve

oyes = min max ||w — X (4.86)
weRd i€[n]
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Theorem 4.4.2 solves this task with high success probability with cost O(\E/Tﬁ + \6/—3) In this
subsection, we prove a quantum lower bound that matches this upper bound in n and d for

constant €:

Theorem 4.5.2. Assume 0 < ¢ < 0.01. Then to return an w € Ry satisfying

maXHw X;||? <€ min max ||w — X;||* + € (4.87)
1€[n] wERY i€[n]

with probability at least 2/3, we need Q2(\/n + Vd) quantum queries to Ox.

By Section 4.4.2.2, Theorem 4.5.2 also implies an Q(y/n + v/d) quantum lower bound on

(?>-margin SVMs.

Proof. We also assume that X is from one of the two cases in Theorem 4.5.1; see also (4.72) and

(4.73). We denote the maximin value in (4.86) of these cases as oygp,1 and ovgg 2, respectively.

We have:

1
® OMEB,2 = 3-

On the one hand, consider w = %eﬁ. Then

o = X = (w +%>2+<wz—%)2+2w32( )2:%; (4.88)
1 1
V2 V2

2 1 )
o= X" = (w1 - ) =5 vie{2...n)
(4.89)

Therefore, ||& — X;||? = 1 for all i € [n], and hence onpp 2 < maxep, ||[w — X[ = 3
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On the other hand, for any w = (wy, ..., wy) € Ry, we have

max ||w — X;|?
1€[n]

= max{(wl—%y—F(wz—%)?nLZw?, (m—l—%)Q—I—(wz—%)z—Fwa}

i1, i1l
(4.90)
> %[(wl - })2 + (w \}_)2} +%[(w1 + f>2 + (i - %)2 +;Uw§ 4.91)
:w1+<wl—%2+ wf+% (4.92)
i£1,]
> % (4.93)

where (4.91) comes from the fact that max{a,b} > 1(a + b) and > iz, wi > 0. Therefore,

OMEB2 > % In all, we must have oygg 2 = %

_ 2+
®* OMEB,1 = ~

=

On the one hand, consider w = (% — \/75)51 + 72 ¢;. Then

|0 — X1 = (w1 + i>2 + (wl — i)2 + w2 = (1 + \/_5)2 4 <\/T§>2 _ 2+ \/5

V2 V2 i#1,] l 2 4 4
(4.94)
VB (VB 2440
- 2 _ 12 2 2 _ (1, V=2 VANt L .
| - Xil? = (wy — 1) +wl+;lwz G+5) + (%) T (4.95)
142 12 6-3vV2 2+V2
__X.2: R — _ 2: ) 1 .
o — Xi|1* = (wr \/§> + (w \/5) +#Zuwz 2 < 2 i LK)
(4.96)
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In all, oypg, < maxep) |0 — X;|° = 25

On the other hand, for any w = (wy, ..., wy) € Ry, we have

1\2 1\2
maXHw—Xi\PZmaX{(wl—l——) +(wl—%> +Zw§,(w1—1)2—|—wl2~l—2wi2}

icfn] V2 by =y
(4.97)
> [ (wn + %)Z (o - %)Q] + 5[ =17 4+ wf] *;,“’3 (4.98)
V2 V2 V2
N R R
. 2 +4\/§ | (4.100)
24 24v2

V2 1p all, we must have ovpp 2 =

Therefore, onpp2 > =5

4

Now, we prove that an w € R, satisfying (4.87) would simultaneously reveal whether

X is from Case 1 or Case 2 as well as the value of [ € {2,...,d}, by the following algorithm:

1. Check if one of wsy, ..., w, is larger than %5; if there exists an I’ € {2,...,d} such that

wy > %5, return ‘Case 1’ and | = [';
2. Otherwise, return ‘Case 2’ and [ = argmax;cyo, .. 4} W;.

We first prove that the classification of X (between Case 1 and Case 2) is correct. On the
one hand, assume that X comes from Case 1. If we wrongly classified X as from Case 2, we

would have w; < max;ecqo,. ay W; < %ﬁ. By (4.92), this would imply

1\2 1 1 1
*—&2>(*~—> S>> , 4101
IZIEI%L)](HQU I > (@ 7 t52 35 T35 = OMEBI +e ( )
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contradicts with (4.87). Therefore, for this case we must make correct classification that X comes
from Case 2.
On the other hand, assume that X comes from Case 2. If we wrongly classified X as from

Case 1, we would have w; > %i. If [ = I, then (4.99) implies that

&

max || — X;||* >
i€[n]

+

>
4 _327L 4

> OMEB,2 1 €, (4.102)

<_ \/§>2 2+4Vv2 1 2+

contradicts with (4.87). If [ # ', then (4.99) implies that

2 2 9 2 2
mac |l — X, > a4 2TY2 5 Oy 2 V2

> 4.103
e 1 32 A OMEB2 Tt € (4.103)

also contradicts with (4.87). Therefore, for this case we must make correct classification that X
comes from Case 1.
In all, our classification is always correct. It remains to prove that the value of [ is correct.

If X is from Case 1, by (4.92) we have
(4.104)

1 12
Z 40.01 > max IT}—Xi2Z’LU2+<QD——> 3 @t
2 sl X2 o+ (- )+ 3

As aresult, w; < 0.1 < %ﬁ foralli € [n|/{l} and w;, > \% —-0.1> %5. Therefore, we must

have [ =I', i.e., Line 1 of our algorithm correctly returns the value of /.
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If X is from Case 2, by (4.99) we have

24+ /2
+4\f +0.01 2 max o - X, (4.105)
€N
1 V2\12 V2\2 , 2+42
o (L_V2 g — V4 7 . 410
—[wl (2 4>]+<wl 4)+;1le+ 1 (4.106)

As aresult, w; < 0.1 < 0.25 for all i € [n]/{1,l}, w; < % — \/T§ + 0.1 < 0.25, and w; >

¥2 (0.1 > 0.25. Therefore, we must have w; = max;e(2

7] 4y W;, 1.€., Line 1 of our algorithm

correctly returns the value of /.

In all, we have proved that an e-approximate solution w € R for (4.87) would simultaneously
reveal whether X is from Case 1 or Case 2 as well as the value of [ € {2, ..., d}. On the one hand,
notice that distinguishing these two cases requires Q(v/n — 2) = Q(/n) quantum queries to Ox
for searching the position of £ because of the quantum lower bound for search [91]; therefore, it
gives an Q(y/n) quantum lower bound on queries to Ox for returning an @ that satisfies (4.87).
On the other hand, finding the value of [ is also a search problem on the entries of X, which

requires Q(v/d — 1) = Q(+/d) quantum queries to O also due to the quantum lower bound for

search [91]. These observations complete the proof of Theorem 4.5.2. [

4.5.3 Zero-sum games

Recall that for zero-sum games, we are given an n-dimensional anti-symmetric matrix X

normalized by max; je[n | X ;| <1, and the goal is to return an w € A,, such that

Xw <e€-1,. (4.107)
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Given the quantum oracle Oy in (4.8), i.e., Ox|i)|7)]0) = |i)|7)|X;;) V4, j € [n], Theorem 4.3.1
solves this task with high success probability with cost O(‘E/ff) We prove a matching quantum

lower bound in n:

Theorem 4.5.3. Assume 0 < € < 1/3. Then to return an w € A, satisfying (4.107) with

probability at least 2/3, we need §)(\/n) quantum queries to Ox.

Proof. Assume that there exists an k € [n] such that

1 ifi £k —1 ifi#k

0 ifi=F 0 ifi=k

Denote w = (w1, . .., w,)". Then (4.108) implies that

Vi k, (Xw); =Y Xjw; = Xywy = —wy; (4.109)
j=1

(Xw)e =Y Xpjw; = > _w. (4.110)

=1 ik

In order to have (4.107), we need to have —w;, < eand > ., w; < € by (4.109) and (4.110),

J#k
respectively. Because w; > 0 forall j € [n] and 37 | w; = 1, they imply that 1 — e < wj, <1
and 0 < w; < eforall j € [n]/{k}. Therefore, if we could return an w € A,, satisfying (4.107)
with probability at least 2/3, then we become aware of the value of k. On the other hand, this
is a search problem on the entries of X, which requires 2(1/n) quantum queries to Ox by the

quantum lower bound for search [91]. In all, this implies that the cost of solving the zero-sum

game takes at least {2(1/n) quantum queries or gates. 0
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4.6 Generalization to Matrix Games

Minimax games between two parties, i.e., min, max, f(z,y), is a basic model in game
theory and has ubiquitous connections and applications to economics, optimization and machine
learning, theoretical computer science, etc. Among minimax games, one of the most fundamental

cases is the bilinear minimax game, also known as the matrix game, with the following form:

minmaxy' Az, where A € R"™¢ X c RY, Y c R™ (4.111)
zeX yey

Matrix games are fundamental in algorithm design due to their equivalence to linear programs [157],
and also in machine learning because they contain classification [124, 158] as a special case, and
many other important problems.

For many common domains X and )/, matrix games can be solved efficiently within
approximation error e, i.e., to output z’ € X and y' € Y such that (y')" A2’ is e-close to the
optimum in (4.114). For some specific choices of X and ), the matrix game can even be solved
in sublinear time in the size nd of A. When X and ) are both ¢;-norm unit balls, [156] can solve
the matrix game in time O((n + d) log(n + d)/€?). When X is the {-norm unit ball in R? and
is the ¢;-norm unit ball in R™, [126] can solve the matrix game in time O((n + d) logn/e?).

As far as we know, the /1-/; and /5-¢; matrix games are the only two cases where sublinear
algorithms are known. However, there is general interest of solving matrix games with general
norms. For instance, matrix games are closely related to the Carathéodory problem for finding a
sparse linear combination in the convex hull of given data points, where all the £,-metrics with

p > 2 have been well-studied [159, 160, 161]. In addition, matrix games are common in machine
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learning especially support vector machines (SVMs), and general /,-margin SVMs have also
been considered by previous literature, see e.g. the book by [162]. In all, it is a natural question
to investigate sublinear algorithms for general matrix games. In addition, quantum computing
has been rapidly advancing and current technology has reached quantum supremacy” for some
specific tasks [163]; since previous works have given sublinear quantum algorithms for ¢;-¢;
matrix games [164, 165] and ¢5-¢; matrix games [164] with running time (1/n + \/3) poly(1/e),

it is also natural to explore sublinear quantum algorithms for general matrix games.

Contributions. We conduct a systematic study of /,-¢; matrix games for any ¢ € (1, 2] which
corresponds to ¢,-margin SVMs and the /,-Carathéodory problem for any p > 2. We use the
following entry-wise input model, the standard assumption in the sublinear algorithms in [126,

156]:
Theorem 4.6.1 (Main Theorem). Given q € (1,2]. Define p > 2 such that % + % = 1. Consider
the (,-(1 matrix game’:

o ;= max min p' Az, (4.112)
mEBg PEA,

where Bf]l is the {,-unit ball in R? and A, is the {,-simplex in R". Then we can find an T € Bg

s.t.8

min A,T > o0 — ¢ (4.113)

i€[n]

"Throughout the paper, we use the bold font p to denote a vector and the math font p to denote a real number.
87 ¢ Bg is the standard objective quantity under the £,-norm. Also note that once we have the Z in (4.113), any
p € A, satisfiesp' AT > o —e.
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with success probability at least 2/3, using

. O(("er)(f—;log")) classical queries (Theorem 4.7.1); or

O(p vnog e ‘[) quantum queries® (Theorem 4.8.1).
When p = Q(log d/¢), the above bounds can be improved (by Lemma 4.6.1) to respectively

logd n . . .
. O(W—Zﬂog)) queries to the classical input model;

« 0 (LG e\/ﬂi) queries to the quantum input model.

Both results are optimal in n and d up to poly-log factors as we show Q(n + d) and Q(y/n + \/a)

classical and quantum lower bounds respectively when ¢ = ©(1).

Conceptually, our classical and quantum algorithms for general matrix games enjoy quite

a few nice properties. On the one hand, they can be directly applied to

* Convex geometry: We give the first sublinear classical and quantum algorithms for the
approximate Carathéodory problem (Corollary 4.9.1), improving the previous linear-time

algorithms of [160, 161];

* Supervised learning: We provide the first sublinear algorithms for general ¢,-margin

support vector machines (SVMs) (Corollary 4.9.2).

On the other hand, our quantum algorithm is friendly for near-term applications. It uses the
standard quantum input model and needs not to use any sophisticated quantum data structures.
It is classical-quantum hybrid where the quantum part is isolated by pieces of state preparations

connected by classical processing. Its output is completely classical.

9Here O omits poly-logarithmic factors.
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Technique-wise, we are deeply inspired by [126], which serves as the starting point of our
algorithm design. At a high level, Clarkson et al.’s algorithm follows a primal-dual framework
where the primal part applies (¢5-norm) online gradient descent (OGD) by [149], and the dual
part applies multiplicative weight updates (MWU) by /5-sampling. The choice of the ¢5-norm
metric greatly facilitates the design and analysis of the algorithms for both parts. However, it is
conceivable that more sophisticated design and analysis will be required to handle general ¢,-¢;
matrix games.

Our main technical contribution in this section is to expand the primal-dual approach
of [126] to work for more general metrics for the /,-¢; matrix game. Specifically, in the primal
we replace OGD by a generalized p-norm OGD due to [166], and in the dual we replace the
{5-sampling by ¢,-sampling. We conduct a careful algorithm design and analysis to ensure that
this strategy only incurs an O(p/e?) overhead in the number of iterations, and the error of the
;-1 matrix game is still bounded by € as in (4.113). In a nutshell, our algorithm can be viewed
as an interpolation between the /5-¢1 matrix game [126] and the ¢;-¢; matrix game [156]: when
q 1s close to 2 the algorithm is more similar to [126], whereas when ¢ is close to 1, p is large and
the p-norm GD becomes closer to the normalized exponentiated gradient [166], which is exactly
the update rule in (author?) [156].

Quantumly, we also provide a corresponding quantum speedup of our new classical algorit-
hm, inspired by the previous quantum speedup by [164]. They achieved a quantum speedup
of O(y/n + V/d) for solving ¢5-¢; matrix games by levering quantum amplitude amplification
and observing that /5-sampling can be readily accomplished by quantum state preparation as
quantum states refer to ¢, unit vectors. For general /,-¢; matrix game (¢ € (1,2]), we likewise
upgrade both primal and dual parts as in our classical algorithm: specifically, in the primal, we
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apply the p-norm OGD in O~(\/c_l) time, whereas in the dual, we apply the multiplicative weight
update via an {,-sampling in O~(\/ﬁ) time. To that end, we contribute to the following technical

improvements:

* In our algorithm, we cannot directly leverage quantum state preparation in the ¢, metric
because it corresponds to ¢s-normalized vectors. Instead, we propose Algorithm 19 for
quantum /,-sampling with O(,/n) oracle calls which works with states whose amplitudes

follow /,-norm proportion. Measuring such states is equivalent to performing /,-sampling.

e When p = q = 2, we improved the e-dependence from the 1/¢% in [164] to 1/€”, which is

achieved by deriving a better upper bound on the entries of the vectors in the p-norm OGD.

These improvements together result in Theorem 4.6.1.

Related works on Matrix Games. Matrix games were probably first studied as zero-sum
games by [167]. The seminal work [43] proposed the mirror descent method and gave an
algorithm for solving matrix games in time O(nd/e?). This was later improved to O(nd/¢) by
the prox-method due to [168] and the dual extrapolation method due to [169]. To further improve

the cost, there have been two main focuses:

» Sampling-based methods: They focus on achieving sublinear cost in nd, the size of the
matrix A. [126, 156] mentioned above are seminal examples; these sublinear algorithms

can also be used to solve semidefinite programs [170], SVMs [171], etc.

* Variance-reduced methods: They focus on the cost in 1/¢, in particular its decoupling
with nd. [172] showed how to apply the standard SVRG [173] technique for solving ¢5-¢5
matrix games; this idea can also be extended to smooth functions using general Bregman
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divergences [174]. Variance-reduced methods for solving matrix games culminate in [175],

where they show how to solve ¢;-¢; and ¢5-¢; matrix games in time

(nnz(A) + /nnz(A) - (n + d)/e), where nnz(A) is the number of nonzero elements in

> O

There have been relatively few quantum results for solving matrix games. [130] solved the ¢5-¢;
matrix game with cost O(\/ﬁd /€?) using an unusual input model where the representation of a
data point in R? is the concatenation of d floating point numbers. More recently, [165] was able to
solve the ¢1-/; matrix game with cost O(\/ﬁ /€3 +1/d/€®) using the standard input model above,
and [164] solved the (,-¢; matrix game with cost O(y/n/e* + v/d/e®) also using the standard

input model.

Interpolation for large p. If p is large, we prove the following lemma showing that we can
restrict without loss of generality to cases where p such that % + % = 11is O(log d/¢), since in this

case the /,-¢; matrix game is e-close to the ¢,-¢; matrix game in the following sense:

Lemma 4.6.1. An (,-(, matrix game where p such that ]l) + é = 1 is greater than log d /e can be
solved using an algorithm for solving (1-{1 games. This introduces an error O(¢€) in the objective

value.

Proof. Assume without loss of generality that e < 1/2. Letp > logd/e > logd/(—log(1 — ¢)).
It can be easily verified that Bf C B € B{ + (1 — d~/#) BZ. Thus B C B{ + ¢B.

Consider applying an algorithm to solve an ¢;-¢; matrix game instead of the ¢,-/; matrix
game as required in (4.112). Let the optimal solution to (4.112) be z* € BfIl, p* € A,. By the

previous analysis, there is a point x € B¢ such that ||z — z*||, < €. Thus the solution z, p* has
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an error at most O(¢) from the true objective, and the algorithm for solving ¢;-¢; games finds a

solution at least as good as this. 0

Notations. Throughout the paper, we denote p, ¢ > 1 to be two real numbers such that % + % =
1;p € [2,+00) and ¢ € (1,2]. For any s > 1, we use B¢ to denote the d-dimensional unit ball in
{s-norm, i.e., B? := {x : > icia) [Til* < 1}; we use A, to denote the n-dimensional unit simplex
{peR":p; >0,> . p;i =1}, and use 1,, to denote the n-dimensional all-one vector. We denote
A € R™ to be the matrix whose i row is A for all i € [n]. We define sgn: R — {—1,0,1}

such that sgn(z) = —1if v < 0,sgn(z) = lif x > 0, and sgn(0) = 0.

4.7 A sublinear classical algorithm for general matrix games

For any ¢ € (1, 2], we consider the /,-/; matrix game:

0 :=max min p' Az. (4.114)
zeB? pEA,

The goal is to find a & that approximates the equilibrium of the matrix game within additive error
mﬁ Az >0 —e (4.115)
i€n

Throughout the paper, we assume A;,..., A, € Bg, i.e., all the n data points are normalized to

have ¢,,-norm at most 1.

Theorem 4.7.1. The output of Algorithm 18 satisfies (4.115) with probability at least 2/3, and
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Algorithm 18: A sublinear algorithm for /,-¢; games.
Input: € > 0; p € [2,+00), g € (1,2] such that ]lj + é =1; A € R with
A; € BIVi e [n].
Output: 7 that satisfies (4.115).

_ 1895logn+4p _ _ [1llogn o .

2 fort=1to T do

w Yt .
31 P e T )
4 | Choose i; € [n] by i; < i with probability p;(i);
5 Define y;.; where for any j € [d], y141,; < Yyt + %sgn(ﬁri{i):ﬁi’tf |p71;
6 Choose j; € [d] by j; < j with probability ﬁ’;ft]”)q ;

q

7 fori=1tondo
8 (1) < AiG) |zl /2 ()"
9 vy (1) «— clip(04(7), %) where clip(v, M) := min{ M, max{—M,v}} Yo, M € R;
10 Wip1 (1) = we (i) (1 — nue(i) + 7?0 (4)?);

- 1 T
1 Returnz = £ >, | =y

its total running time is O(("er)(f—jlogn)) where p > 2 such that % + % =1

Our sublinear algorithm follows the primal-dual approach of Algorithm 1 of [126], which
solves ¢;-(, matrix games. Here for {,-/; matrix games, the solution vector  now lies in IB%Z.
Hence, the most natural adaptations are to use £,-sampling instead of ¢y-sampling in the primal
updates, and to use a p-norm OGD by [166] which generalizes the online gradient descent
by [149] in ¢y-norm. In the following, we use various technical tools to show these natural

adaptations actually work.

Proposition 4.7.1 ((author?) 166, Corollary 2.18). Consider a set of vectors u,, ... ,ur € R?

. |p—1
such that ||u;||, < 1. Set v = qQ;Tl. Let g < 04, Ty11,; < i + waor all i € [d],

—2
[[uell?

:l~3t+1
and x4 +— ————t——~. Then
t+1 max{1,||Z¢+1]/q}

T T 5T
T T
;ré%?;utm—;ut T < q——l (4.116)
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The analysis of Algorithm 18 uses the following lemma, adapted from the variance multiplicative

weight lemma and martingale tail bounds in [126]':

Lemma 4.7.1 (Section 2 of [126]). In Algorithm 18, the parameters p; in Line 3 and v, in Line 9

satisfy
lo n
Zptvt<mmth —1—an & (4.117)
te(T) t €[T] te(T)
where v? is defined as (v}); := (v;)? for all i € [n], as long as the update rule of w; is as in

Line 10 and Var[v,(:)?] < 1forallt € [T) and i € [n]. Furthermore, with probability at least

—O(1/n),

max » [v(i) — Azy] < 4T (4.118)
i€[n]

te[T]
‘ S Aua =Y plw| < 1097, 4.119)
te[T] te(T)

with probability at least 5/7, 3,y pv? < TT.
We also need to prove the following inequality on different moments of random variables.

Lemma 4.7.2. Suppose that X is a random variable on R, and p > 2. If E[|X|P] < 1, then

E[X?] < 1.

Proof. Denote the probability density of X as y. Then fj;o |z|Pdp, = E[|X|P] < 1. By Holder’s

10The proof follows from the proofs of Lemmas 2.3, 2.4, 2.5, and 2.6 in Section 2 and Appendix B of [126],
with only small modifications to fit our new parameter choices. For instance, the original statement requires that

1 /111
n > 1/ =&, but the proofs actually work for n > 1/ —5%".
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inequality, we have

+00 +oo
> / 2 - 1pdp, = / 2du,, (4.120)

hence the result follows. 0
Now we are ready to prove our main theorem.

Proof of Theorem 4.7.1. First, 9;(7) is an unbiased estimator of A;z; as

X
—~ thHq Ty Jt>"
Jt
Furthermore,
th ()7 1A Pl 22
je=1 th”q 4 ( ]t)p(q b
— Al < 1. (122

where the second equality follows from the identities ¢ = p(¢ — 1) and p = ¢(p — 1), and the last
inequality follows from the assumption that A; € BY Vi € [n]. By Lemma 4.7.2, E[0,(i)?] < 1.
Because the clip function in Line 9 only makes variance smaller, this means that the conditions

of Lemma 4.7.1 are satisfied and we hence have (4.117), rewritten below:

logn
Zptvt<m1nth +772ptvt f;] : (4.123)

te(T]
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Furthermore, Lemma 4.7.1 implies that with probability 5/7 — O(1/n) we have

logn

Z Az <min Y vy(i) + 17T + (4.124)

ic[n]

te[T) te[T)

Moreover, (4.118) gives Ztem [vt( ) — A; xt} < 4nT, and hence min;cy Ete 7] v (7)) < 4nT +

min;cy) > A;x,. Plugging this into (4.124), we have

te(T)

Z Aztxt < Z Py Ut + 1077T

te[T) te[T)
1
<min Y Ay + 21T + 220 (4.125)
i€[n]
te[T]
with probability (5/7 — O(1/n)) - (1 — O(1/n)) > 2/3.
On the other hand, by taking u; = A;, in Proposition 4.7.1,
T
To <max Y A,z < ZAtht +/2Tp (4.126)
zeBd P
since qul = § < p. Combining (4.125) and (4.126), we have
logn
m[II]lZAIt>TO’—\/2T p —21nT — . “4.127)
S
te[T]
Consequently, the return z = % Zthl x; of Algorithm 18 in Line 11 satisfies
in Az > 0 — | 2L _ o1y — 108" (4.128)
min 4,2 >0 — 1/ —= — — : .
i€[n) T g nTl
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To prove (4.115), it remains to show that % + 21n + lng" < €, which is equivalent to /2p +

21 \/ 11logn \/ 12logn .\ /Te by the definition of 7). This is true because the AM-GM inequality

implies that that LHS is at most 2(1/2p)? + 2 21\/111°g" \/121°g” 2 < 4p 4+ 895logn <

Tée2. ]

Lemma 4.6.1 combined with Theorem 4.7.1 yields the classical result in Theorem 4.6.1.

4.8 A sublinear quantum algorithm for general matrix games

In this section, we give a quantum algorithm for solving the general (,-¢; matrix game.
It closely follows our classical algorithm because they both use a primal-dual approach, where
the primal part is composed of p-norm online gradient descent and the dual part is composed of
multiplicative weight updates. However, we adopt quantum techniques to achieve speedup on
both.

The intuition behind the quantum algorithm and the quantum speedup is that we measure
quantum states to obtain random samples. These quantum states can be efficiently prepared
(with cost O(y/n) and O(v/d)). A quantum state can be mathematically represented by an /-
normalized complex vector ¢ in the sense that measuring this quantum states yields outcome ¢
with probability |¢;]? (thus there is a quantum state corresponding to every probability distribution).
Let us denote the quantum state for sampling from w by |w) and the quantum state for sampling
from x by |z) (different from the notation in the paper). If we can maintain |w) and |x) in each
iteration, then there is no need for classical updates, and preparing |w) and |z) becomes the
bottleneck of the quantum algorithm. We design Algorithm 19 for such state preparation and we

showed (in Proposition 4.10.1) that preparing |w) costs O(+/n) and preparing |z) costs O(v/d).

251



This is the source of our quantum speedup.

As an important subroutine, Algorithm 19 is used to prepare states for £,-sampling. It uses
standard Grover-based techniques to prepare states but we carefully keep track of the normalizing
factor to facilitate /,-sampling. This subroutine is summarized in Proposition 4.10.1 (in the

supplementary material). We give its high-level ideas as follows:

1. We first create a quantum state corresponding to the uniform distribution, which is easy.

2. For each entry, we create a state with the desired amplitude associated with O, and an
undesired amplitude associated to 1 (the unitarity of quantum operations necessitates the

existence of this undesired term).

3. Finally we use a technique called amplitude amplification to amplify the portion of the state

corresponding to O for each entry, to get a state with only the desired amplitudes.

The details of our quantum algorithm is rather technical. To simplify the presentation, we
postpone its pseudocode (Algorithm 20) to the final section and highlight how it is different from

Algorithm 18 in the following.

* For the primal part, we prepare a quantum state |y;) for the g-norm OGD and measure it
(in Line 7) to obtain a sample j; € [d]. The subtlety here is that we need to perform the
¢,-sampling to the vector y;; this is different from the ¢,-sampling in [164] which uses the
fact that pure quantum states are ¢s-normalized. To this end, we design Algorithm 19 for
{,-quantum state sampling, which may be of independent interest; this algorithm is built
upon a clever use of quantum amplitude amplification, the technique behind the Grover

search [132]. Note that sampling according to y; is equivalent to sampling according to
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Algorithm 19: Prepare an /,-pure state given an oracle to its coefficients.

1 Apply the minimum finding algorithm [151] to find a), := max;cp, |a;|7? in O(y/n)

time;
2 Prepare the uniform superposition \/Lﬁ > el 103
3 Perform the following unitary transformations:

JR % S e

i€[n] 1€[n]

q?/? a:la
Z’ e <a||q 0+ 1—’@;‘ |1>>

ze[n
q/2 |a’q
>+ - B} ‘1> )
quII gl

4 Discard the second register above and rewrite the state as

26 [n]

lall#? [ 1

a??)iy | 10) + |a)|1)
Vnajg ||a\|‘”21€%

_ lagld

2
a
llall

i);

where [a') == =37,

(4.129)

5 Apply amplitude amplification [57] for the state in (4.129) conditioned on the second

register being 0. Return the output.
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x in Algorithm 18, because x:(j)?/||z4||2 = y:(7)?/||y:||Z. Moreover, it suffices to replace
el 2/ (5e) 7" with [[yel|2/ (ye(je)?" max{1, [|y|l4}) in Line 8 of Algorithm 20. Similar
to preparing |p;), we use O(v/d) queries to O 4 to prepare ¥, while classically we need to

compute all the entries of y,, which takes O(d) queries.

* For the dual part, we prepare the multiplicative weight vector as a quantum state |p;) and
measure it (in Line 3) to obtain a sample i; € [n]. This adaption enables us to achieve
the O(\/ﬁ) dependence by using quantum amplitude amplification in the quantum state
preparation: in Line 8, we implement the oracle O; and in Line 9 we use O(\/ﬁ) queries
to O, to prepare the state |p,.1) for the next iteration. In contrast, classically we need
to compute all the entries of w,; to obtain the probability distribution p;,; for the next

iteration, which takes O(n) queries.

In general, Algorithm 20 can be viewed as a template for achieving quantum speedups for
online mirror descent methods: In this work, we focus on the general matrix games where the
primal and dual are in the special relationship of ¢, and ¢, norms, but in principle it may be
applicable to study other dualities in online learning.

We summarize the main quantum result as the following theorem, which states the correctness
and time complexity of Algorithm 20. The relevant technical proofs are deferred to the supplementary

material.

Theorem 4.8.1. Algorithm 20 returns a succinct classical representation'' of a vector w € R¢

""The algorithm stores T = O(p/e€?) real numbers classically: ii,...,ir obtained from Line 3 and
ly1llys - - - llyrll, obtained from Line 6. After that, each coordinate of Z can be computed in time O(p/e?).
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such that

A;z > maxmin Ayz —e Vi € [n], (4.130)
+eBd 7' €[n]

with probability at least 2/3, and its total running time is 0, (pi—)/ﬁ + @). We can also assume

p = O(logd/e€) (Lemma 4.6.1) and result in running time O~(‘E/—65 + v )

€

oy

Moreover, Algorithm 20 enjoys the following features:

e Simple quantum input: Algorithm 20 uses the standard quantum input model and needs not
to use any sophisticated quantum data structures, such as quantum random access memory

(QRAM) in some other quantum machine learning applications, to achieve speedups.

* Hybrid classical-quantum feature: Algorithm 20 is also highly classical-quantum hybrid:
the quantum part is isolated by pieces of state preparations connected by classical processing.
logn+p

In addition, it only has O(=25™2) iterations, which implies that the corresponding quantum

€

circuit is shallow and can potentially be implemented even on near-term quantum machines [135].

* Classical output: The output of Theorem 4.8.1 is completely classical. Compared to quantum
algorithms whose output is a quantum state and may incur overheads [139], Algorithm 20
guarantees minimal overheads and can be directly used for classical applications.

4.9 Applications

We give two applications that generically follow from our classical and quantum ¢,-¢;

matrix game solvers.
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4.9.1 Approximate Carathéodory problem

The exact Carathéodory problem is a fundamental result in linear algebra and convex
geometry: every point © € R? in the convex hull of a vertex set S C R? can be expressed as
a convex combination of d + 1 vertices in S. Recently, a breakthrough result by [159] shows that
if S C B, i.e., S is in the £,-norm unit ball, then there exists a point u’ s.t. ||u—u/||, < e and v’ is
a convex combination of O(p/e?) vertices in S. The follow-up work by (author?) [160] proved
a matching lower bound Q(p/e?), and (author?) [161] can give better bounds under stronger
assumptions on S or .

Currently, the best-known time complexity of solving the approximate Carathéodory problem

is O(ndp/€?) by Theorem 3.5 of [160]. We give classical and quantum sublinear algorithms:

Corollary 4.9.1. Suppose that S C B¢,

S| = n, and w is in the convex full of S. Then we can

find a convex combination Zle x;v; such that v; € S forall i € [k], k = O((p + logn)/e?),

and | Y8 zvill, < € using a classical algorithm with running time O(("er)(f—;log")) ora

quantum algorithm with running time O(pi—l/ﬁ + 1735—7(i). We can also assume p = O(logd/e)

(Lemma 4.6.1) and result in running time O(("+d)(1°g€§/ ctlog ")) and O(*E/—f Vd ) respectively.

¢
Proof. We denote the matrix V := (vy;v9;- -+ ;v,) where v; is the i™ element in S. Note that
the approximate Carathéodory problem can be formed as minyca, ||V 'p — u/,. In addition, by
Holder’s inequality [|y||, = max,.|.|,<1 ¥ ; therefore, we obtain the following minimax matrix
game:

: T T
V- : 4.131
R gy PV e @130
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We denote U = (u;u;--- ;u) € R™9, ie., all the n rows of U are u. Then we have (p'V —

u")z = 2p" 5%z, Furthermore, since u,v; € BY for all i € [n], each row of *ZY is also in

u,v; € Bg. Finally, by the Sion’s Theorem [176] we can switch the order of the min and max
in (4.131). In all, to solve the approximate Carathéodory problem with precision e, it suffices to

solve the maximin game

max min
z€BYd PEA, 2

x (4.132)

with precision . This is exactly (4.114), thus the result follows from Theorem 4.1.1 and Theorem 4.8.1.

]

Compared to [160], we pay a log n overhead in the cardinality of the convex combination,
but in time complexity the dominating term nd is significantly improved to n + d. We also give
the first sublinear quantum algorithm. Note that as (author?) [160] pointed out, the approximate
Carathéodory problem has wide applications in machine learning and optimization, including
support vector machines (SVMs), rounding in polytopes, submodular function minimization, etc.
We elaborate the details of SVMs below, and leave out the details of other applications as the

reductions are direct.

4.9.2 {,-margin support vector machine (SVM)

When we solve the ¢,-¢; matrix game in Algorithm 18, we apply ¢,-sampling where j; = j
with probability w(j)?/|[w||? for any j € [d]. The key reason of the success of Algorithm 18 is
because the expectation of the random variable A;(j;)||z[|¢/x¢(j;)9"" in Line 8 is X;w, which is
unbiased.
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If we consider some alternate random variables, we can potentially solve a maximin game
in {,-¢; norm with respect to some nonlinear functions of the matrix. A specific problem of
significant interest is the /,-margin support vector machine (SVM), where we are given n data
points X1,..., X, in R? and a label vector y € {1,—1}". The goal is to find a separating
hyperplane w € R? of these data points with the largest margin under the ¢,-norm loss, i.e.,

ogym := maxmin 2y; - X, w — [Jwl|2. (4.133)
weRd i€[n]

Without loss of generality, we assume y; = 1 for all i € [n], otherwise we take X; < (—1)¥ - X,.

In this case, the random variable 2.X;(j)||w||¢/w(7)9" — [Jw]|¢ is unbiased under ¢,-sampling on

VR

lwll] = 2X;"w — [Jwl|2. (4.134)

Note that ogyy > 0 since 2X, w — [|w||¢ = 0 for all i € [n] when w = 0. For the case ogyy > 0

and taking 0 < € < ogyn, similar to Theorem 4.1.1 and Theorem 4.8.1 we have:

Corollary 4.9.2. To return a vector w € R® such that with probability at least 2/3,

m[lr}l 2X5w — [[w||f > ogym — € > 0, (4.135)
1en

( (ntd) (f;-log n) )

there is a classical algorithm that achieves this with O time and a quantum algorithm

that achieves this with O (pi—\ﬁ + @) time. We can also assume p = O(log d/¢) (Lemma 4.6.1)

((n+d)(log€§l/€+10g")) and O(\E/_? + %) respectively.

and result in running time O
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Notice that classical sublinear algorithms for /,-SVMs have been given [126, 171], and
there is also a sublinear quantum algorithm for /5,-SVMs in [164]. We essentially generalize their
results to the [,-norm cases based on our new general matrix game solvers in Theorem 4.7.1 and

Theorem 4.8.1.

4.10 Deferred Technical Details

We first give the details of our quantum algorithm.

Algorithm 20: A sublinear quantum algorithm for ¢,-¢; matrix games.

Input: € > 0; p € [2,+00),q € (1,2] such that _ + - = 1; A € R’ with
A; € BI Vi € [n].

Output: 7 that satisfies (4.115).

LetT - ’7134610&—‘ y - Oda 77 - \/ 111120%’”’ wl n7 ‘pl) fZ'LE ’ >

fort =1to 7 do

Measure the state |p;) in the computational basis and denote the output as i; € [n];
4 | Foreachi € [t], estimate || A;,||2 by Lemma 4.10.1 with precision 6 = n?.

—~—P
Output:= ||Ait||p;

[

w N

5 Define'?y; 1 by Yry1,5 ¢ yi + %Sgn(ﬁsz%” " for all J € ld;
it

6 Apply Lemma 4.10.1 2[log 7'] times to estimate ||yt]|q w1th precision § = 7%, and
take the median of the 2[log 7| outputs, denoted by Hyt H

7 | Choose j; € [d] by j, = j with probability y;(;)?/||y:||2, which is achieved by
applying Algorithm 19 to prepare the quantum state |yt> and measure in the
computational basis;

8 | Foralli € [n], denote 04(i) = Ai(jt)”ytHZ/ (+(j:) ! max{1, ||yt||q}),

ve(i) = clip(94(i), 1/n), and uy 1 (i) = us (i) (1 — noe(i) + n*v:(i)?). Prepare an
oracle Oy such that O;|i)|0) = |i)|u¢41 (7)) for all i € [n], using 2¢ queries to Ox and
O(t) additional arithmetic computations;

9 Prepare |p;y1) = m > icin W+1(2)]7) using Algorithm 19 (with g = 2 therein)
and Oy;

T 1 T Yt
10 Return w = = .
T Zt_l max{L,[|yel,}

We need the following lemma to estimate the norm of a vector:

12Here we do not write down the whole vector y;, 1, but we construct any query to its entries in O(1) time.
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Lemma 4.10.1 ((author?) 164, Lemma 6). Given a function F' : [d] — [0, 1] with a quantum
oracle Op : [i)|0) — |i)| F (1)) foralli € [d], letm = % % F(i). Thenforany§ < 0, thereis a
quantum algorithm that uses O(\/d/8) queries to Op and returns an 7, such that |m — m| < ém

with probability at least 2/3.

We use the procedure below for preparing a quantum state given an oracle to a power of its

coefficients:

Proposition 4.10.1. Assume that a € C", and we are given a unitary oracle O, such that

Oli)|0) = |i)|a;) for all i € [n]. Then Algorithm 19 takes O(\/n) calls to O, for preparing

q/2
i

the quantum state —-— D icin) @i |i) with success probability 1 — O(1/n).

2
llall/

Proof. Note that Algorithm 2 of [164] had given a quantum algorithm for preparing an /5-norm
pure state given an oracle to its coefficients, and Algorithm 19 essentially generalize this result

to the /,-norm case by replacing all a; by ag/ ® as in Algorithm 19. Note that the coefficient in

2
Jla )/

(4.129) satisfies VRaT > \/iﬁ As a result, applying amplitude amplification for O(y/n) times
q

indeed promises that we obtain O in the second system with success probability 1 — O(1/n), i.e.,

the state W > icin] a?’?|i) is prepared. O

We need the following lemma.

Lemma 4.10.2. For all i € [n|, Define

T4
i . Ai(G) |y S Ai () 1yl
Tt approx (1) 1= —— e (i) = e (44136)
ye(je)~ max{(1, |y } Ye(7e)2 "t max{L, [lyllq}
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., |
where ||y and |1y |¢ satisfy

)
1yelly = Nwell§| < Ollyellg (4.137)

with probability at least 1 — o(1). Also assume that Uy approx(1), Uptrue(2) < 1/n. Then, it holds

that for all i € [n),
N N . o .
'Ut,approx@) - Ut,true(l>| S E VZ € [n], (4138)

with probability at least 1 — o(1).

Proof. First note that

~ . ~ . ~ . ﬁt,apprOX(i) 1 @t,apprOX(i)
v 1) — 0 )| =70 )| -1 < -] === —1]. 4.139
t,approx( ) t,true( )‘ t,true( ) Utgcrue(Z) ‘ ?7 Ut7true(l) ( )
5 @ _ el 5 @ el
When [y, > 1, we have %zl — (9% and when |y, < 1. we have "ozl — gy,

T4
By assumption, with probability at least 1 — o(1), it holds that % - 1’ < 4. Since 1 <
Iy Wl ke Tonl >yl and 1> 200 5 Bly pe o gl it also holds
lyellg™" = Twellz tg = 19tler = Dwelld™ = Mlyellg g tia
—q—1
that ::zt::g_l — 1’ < 0. Putting this into (4.139), we have the desired inequality. O
tllg

Now, we are ready to prove the main quantum result.

>

Proof of Theorem 4.8.1. First note that in Line 4, we use an estimation ||4;,[|, of [|4;,[[} with
. . . P2, . . . .

relative error at most d. Then in Line 5, || A;, ||, is an estimation of || A;,|[>~* with relative error

—— p—2 —~—
at most ¢ because p > 2 and || 4;, ||§ = (||A;, Hi)(p”)/p. Hence, y;,1 has a relative error of at
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most ¢ compared to its true value defined by

q— 1 Sgn<Ait j)|Ait j|p71
: ’ . 4.140
NS T A (149

Consider Line 6. The estimate HAyt/HZ is the median of 2[log T'| executions of Lemma 4.10.1.

It implies that, with failure probability is at most 1 — (2/3)?°¢T7 = 1 — T2, (4.137) holds. Since
there are T iterations in total, the probability that (4.137) holds is at least 1 — T - O(1/T?) =
1 — o(1). Also consider (4.136). It is easy to see that ¥y approx(7), Ut true(i) < 1/1 because of
Line 8. Therefore, the conditions of Lemma 4.10.2 hold and its result follows.
As § = 1%, by Lemma 4.10.2 and Lemma 4.7.1, we have that with probability at least
5/7—0(1/n),
logn

Az <Y plog+ 11T <min Y v,(4) + 21T + ——. (4.141)
Z tEE[’;} t el %] K

te[T]

Moreover, by Lemma 4.10.2 and Eq. (4.118), we have min;cy Ztem v (i) < T +nT +

min;en) Y, Az Plugging this into (4.141), we have
te(T)

1
Z Az < Z ptTvt + 11T < min Z Ay + 26nT + osn (4.142)
. 1€[n]
e[ te[T] te[T]
with probability (5/7 — O(1/n)) - (1 — O(1/n)) > 2/3.
Similar to the proof of Theorem 4.1.1, we have
AT > o — 2P gy 187 (4.143)
mnA;z >0 — 4/ — — — . )
i€[n) T g nT
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By the choices of p and 7 in Algorithm 20, the desired error bound for (4.130) holds because

2
2p logn 2p logn 2 4p + 1346 logn 9
— 4 26 <2(—= 2126 — ] < < 4.144
(\/T+ ”+nT>— (T e\t ) = T s, @14

where the first inequality follows from the AM-GM inequality and the last inequality follows

from the choice of 7" in Algorithm 20.
Now, we analyze the time complexity. In Line 4 of Algorithm 20, the number of queries to
O, for Lemma 4.10.1 is O(v/d/5) = O(p\/d/€?). In Line 5, we have
t _
q — 1 sgn(Ay, )| Ai P!

Ytj = )
S N

(4.145)

An oracle for y, can be implemented with O(p/e®) queries to O 4. To estimate ||y;||,, we first

need to normalize y;. The summand in (4.145) is in the range [—1, 1], to see this, note that

A P! < | Ai 4P
‘|Ai7||£_2 N (|Air7j|p)(1’—2)/p

Therefore, y;; = O(,/pg/¢) = O(,/p/e). Since the precision is § = 1> = O(?/p), the cost for
amplitude estimation is O(pv/d/€?). Finally, there are T = O(p/€?) iterations in total. The total

complexity in Line 5 is

o(5)-0(L)-0(2)-0(5)-0(51) ww)

For Line 6, we need to prepare the state |y;). To simulate a query to an coefficient of y;,

we need O(p/€®) queries to O 4. The query complexity for Algorithm 19 is O(v/d), and there are
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= O(p/e) iterations in total. The total complexity in Line 6 is

0(5)-oa)-0(%)=0 <p2\4/3) , (4.148)

which is dominated by (4.147).

For Line 8, to implement one query to O, we need 2¢ queries to O 4 with O(t) additional
arithmetic computations. For Line 9, to prepare the state |p;, 1), we need O(y/n) queries to Oy,
which can be implemented by O(y/nt) queries to O 4 by Line 8 and O(y/nt) additional arithmetic

computations. Therefore, the total complexity for Line 9 is

XT: O(v/nt) = O(/nT?) = ( 2\/_) (4.149)

t=1

The time complexity of this algorithm is established by (4.147) and (4.149).

Finally, Z has a succinct classical representation: using ¢1, . . . , ¢, obtained from Line 3 and
91 ||q7 ce ||yT||q obtained from Line 6, a coordinate of Z can be restored in time 7' = O(p/eQ).
]
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Chapter 5: Quantum Wasserstein GANSs

This chapter presents a formulation of a variational algorithm for the stable and scalable

learning of quantum states. The results presented were first obtained in [31].

5.1 Introduction

Generative adversarial networks (GANs) [177] represent a power tool of training deep
generative models, which have a profound impact on machine learning. In GANSs, a generator
tries to generate fake samples resembling the true data, while a discriminator tries to discriminate
between the true and the fake data. The learning process for generator and discriminator can
be deemed as an adversarial game that converges to some equilibrium point under reasonable
assumptions.

Inspired by the success of GANs and classical generative models, developing their quantum
counterparts is a natural and important topic in the emerging field of quantum machine learning [127,
129]. There are at least two appealing reasons for which quantum GANS are extremely interesting.
First, quantum GANs could provide potential quantum speedups due to the fact that quantum
generators and discriminators (i.e., parameterized quantum circuits) cannot be efficiently simulated
by classical generators/discriminators. In other words, there might exist distributions that can

be efficiently generated by quantum GANs, while otherwise impossible with classical GANSs.
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Second, simple prototypes of quantum GANSs (i.e., executing simple parameterized quantum
circuits), similar to those of the variational methods (e.g., [178, 179, 180]), are likely to be
implementable on near-term noisy-intermediate-scale-quantum (NISQ) machines [135]. Since
the seminal work of [13], there are quite a few proposals (e.g, [181, 182, 183, 184, 185, 186,
187]) of constructions of quantum GANs on how to encode quantum or classical data into this
framework. Furthermore, [185, 187] also demonstrated proof-of-principle implementations of
small-scale quantum GANSs on actual quantum machines.

A lot of existing quantum GANs focus on using quantum generators to generate classical
distributions. For truly quantum applications such as investigation of quantum systems in condensed
matter physics or quantum chemistry, the ability to generate quantum data is also important. In
contrast to the case of classical distributions, where the loss function measuring the difference
between the real and the fake distributions can be borrowed directly from the classical GANSs, the
design of the loss function between real and fake quantum data as well as the efficient training
of the corresponding GAN is much more challenging. The only existing results on quantum data
either have a unique design specific to the 1-qubit case [181, 185], or suffer from robust training
issues discussed below [182].

More importantly, classical GANs are well known for being delicate and somewhat unstable
in training. In particular, it is known [188] that the choice of the metric between real and fake
distributions will be critical for the stability of the performance in the training. A few widely used
ones such as the Kullback-Leibler (KL) divergence, the Jensen-Shannon (JS) divergence, and the
total variation (or statistical) distance are not sensible for learning distributions supported by low
dimensional generative models. The shortcoming of these metrics will likely carry through to
their quantum counterparts and hence quantum GANSs based on these metrics will likely suffer
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from the same weaknesses in training. This training issue was not significant in the existing
numerical study of quantum GANSs in the 1-qubit case [181, 185]. However, as observed by [182]
and us, the training issue becomes much more significant when the quantum system scales up,
even just in the case of a few qubits.

To tackle the training issue of classical GANSs, a lot of research has been conducted on

the convergence of training GANSs in classical machine learning. A seminal work [188] used
Wasserstein distance (or, optimal transport distance) [189] as a metric for measuring the distance
between real and fake distributions. Comparing to other measures (such as KL and JS), Wasserstein
distance is more appealing from optimization perspective because of its continuity and smoothness.
As aresult, the corresponding Wasserstein GAN (WGAN) is promising for improving the training
stability of GANs. There are a lot of subsequent studies on various modifications of the WGAN,
such as GAN with regularized Wasserstein distance [190], WGAN with entropic regularizers [191,
192], WGAN with gradient penalty [193, 194], relaxed WGAN [195], etc. It is known [196] that
WGAN and its variants such as [193] have demonstrated improved training stability compared to
the original GAN formulation.
Contributions. Inspired by the success of classical Wasserstein GANs and the need of smooth,
robust, and scalable training methods for quantum GANs on quantum data, we propose the first
design of quantum Wasserstein GANs (QWGANSs). To this end, our technical contributions are
multi-folded.

In Section 5.3, we propose a quantum counterpart of the Wasserstein distance, denoted
by qW(P, Q) between quantum data P and (), inspired by [188, 189]. We prove that qW(-, -)
is a semi-metric (i.e., a metric without the triangle inequality) over quantum data and inherits
nice properties such as continuity and smoothness of the classical Wasserstein distance. We
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will discuss a few other proposals of quantum Wasserstein distances such as [197, 198, 199,
200, 201, 202, 203, 204] and in particular why most of them are not suitable for the purpose
of generating quantum data in GANs. We will also discuss the limitation of our proposal of
quantum Wasserstein semi-metric and hope its successful application in quantum GANs could
provide another perspective and motivation to study this topic.

In Section 5.4, we show how to add the quantum entropic regularization to qW(-,-) to
further smoothen the loss function in the spirit of the classical case (e.g., [190]). We then show the
construction of our regularized quantum Wasserstein GAN (QWGAN) in Figure 5.3 and describe
the configuration and the parameterization of both the generator and the discriminator. Most
importantly, we show that the evaluation of the loss function and the evaluation of the gradient
of the loss function can be in principle efficiently implemented on quantum machines. This
enables direct applications of classical training methods of GANSs, such as alternating gradient-
based optimization, to the quantum setting. It is a wide belief that classical computation cannot
efficiently simulate quantum machines, in our case, the evaluation of the loss function and its
gradient. Hence, the ability of evaluating them efficiently on quantum machines is critical for its
scalability.

In Section 5.5, we supplement our theoretical results with experimental validations via
classical simulation of QWGAN. Specifically, we demonstrate numerical performance of our
qWGAN for quantum systems up to 8 qubits for pure states and up to 3 qubits for mixed states
(i.e., mixture of pure states). Comparing to existing results [181, 182, 185], our numerical
performance is more favorable in both the system size and its numerical stability. To give a
rough sense, a single step in the classical simulation of the 8-qubit system involves multiple

multiplications of 2% x 2% matrices. Learning a mixed state is much harder than learning pure
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states (a reasonable classical analogue of their difference is the one between learning a Gaussian
distribution and learning a mixture of Gaussian distributions [205]). We present the only result
for learning a true mixed state up to 3 qubits.

Furthermore, following a specific 4-qubit generator that is recently implemented on an
ion-trap quantum machine [2] and a reasonable noise model on the same machine [206], we
simulate the performance of our gWGAN with noisy quantum operations. Our result suggests
that gWGAN can tolerant a reasonable amount of noise in quantum systems and still converge.
This shows the possibility of implementing qWGAN on near-term (NISQ) machines [135].

Finally, we demonstrate a real-world application of gWGAN to approximate useful quantum
application with large circuits by small ones. qgWGAN can be used to approximate a potentially
complicated unknown quantum state by a simple one when using a reasonably simple generator.
We leverage this property and the Choi-Jamiotkowski isomorphism [207] between quantum
operations and quantum states to generate a simple state that approximates another Choi-Jamiotko-
wski state corresponding to potentially complicated circuits in real quantum applications. The
closeness in two Choi-Jamiotkowski states of quantum circuits will translate to the average output
closeness between two quantum circuits over random input states. Specifically, we show that
the quantum Hamiltonian simulation circuit for 1-d 3-qubit Heisenberg model in [208] can be
approximated by a circuit of 52 gates with an average output fidelity over 0.9999 and a worst-
case error 0.15. The best-known circuit based on the product formula will need ~11900 gates,
however, with a worst-case error 0.001.

Related results.  All existing quantum GANs [13, 181, 182, 183, 184, 185, 186, 187], no
matter dealing with classical or quantum data, have not investigated the possibility of using the

Wasserstein distance. The most relevant works to ours are [181, 182, 185] with specific GANs
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dealing with quantum data. As we discussed above, [181, 185] only discussed the 1-qubit case
(both pure and mixed) and [182] discussed the pure state case (up to 6 qubits) but with the loss
function being the quantum counterpart of the total variation distance. Moreover, different from
ours, the mixed state case in [181] is a labeled one: in addition to observing their mixture, one

also gets a label of which pure state it is sampled from.
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Figure 5.1: (1) {(p;,U;)} refers to the  Figure 5.2: An example of a parameterized 3-
generator with initial state €, and its  qubit quantum circuit for U; in the generator.
parameterization; (2) ,v,£r refers to R, (6;) = exp(30;0;) denotes a Pauli rotation
the discriminator; (3) the figure shows how  with angle ¢;. It could be a 1-qubit or 2-qubit
to evaluate the loss function L by measuring  gate depending on the specific Pauli matrix o;.
¢,1,&r on the generated state and the real  The circuit consists of many such gates.

state () with post-processing.

Figure 5.3: The Architecture of Quantum Wasserstein GAN.

5.2 Classical Wasserstein Distance & Wasserstein GANs

Let us first review the definition of Wasserstein distance and how it is used in classical
WGAN:S.
Wasserstein distance Consider two probability distributions p and ¢ given by corresponding

density functions p: X — R,q: Y — R. Given a cost function c: X x Y — R, the optimal
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transport cost between p and ¢, known as the Kantorovich’s formulation [189], is defined as

d.(p,q) := min // 7(x,y)c(z,y) de dy (5.1)

w€ll(p,q)

where II(p, q) is the set of joint distributions 7 having marginal distributions p and ¢, i.e.,
Jy (2, y) dy = p(x) and [, w(z,y) dz = q(y).

Wasserstein GAN The Wasserstein distance d.(p, ¢) can be used as an objective for learning
a real distribution ¢ by a parameterized function (G4 that acts on a base distribution p. Then the

objective becomes learning parameters ¢ such that d.(Gy(p), ¢) is minimized as follows:

mln min // m(x,y)c(Go(z),y) dz dy. (5.2)

Tell(P,Q)

n [188], Arjovsky et al. propose using the dual of (5.2) to formulate the original min-min

problem into a min-max problem, i.e., a generative adversarial network, with the following form:

minmax  Es.pl¢a()] — Ey~oltbs(y)] (5.3)

st ¢alGo(r)) — Uply) < c(Golx),y), Va,y, (5.4)

where ¢, 1) are functions parameterized by «, S respectively. This is advantageous because it
is usually easier to parameterize functions rather than joint distributions. The constraint (5.4)
is usually enforced by a regularizer term for actual implementation. Out of many choices of
regularizers, the most relevant one to ours is the entropy regularizer in [190]. In the case that

c(x,y) = || — y||2 and ¢ = 9 in (5.3), the constraint is that ¢ must be a 1-Lipschitz function.
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This is often enforced by the gradient penalty method in a neural network used to parameterize

o.

5.3 Quantum Wasserstein Semimetric

Mathematical formulation of quantum data Any quantum data (or quantum states) over space
X (e.g., X = C% can be mathematically described by a density operator p that is a positive
semidefinite matrix (i.e., p = 0) with trace one (i.e., Tr(p) = 1), and the set of which is denoted
by D(X).

A quantum state p is pure if rank(p) = 1; otherwise it is a mixed state. For a pure state p,
it can be represented by the outer-product of a unit vector 7 € C%, i.e., p = ¥, where { refers
to conjugate transpose. We can also use ¢ to directly represent pure states. Mixed states are a
classical mixture of pure states, e.g., p = ZZ piﬁ;ﬁ;T where p;s form a classical distribution and
v;s are all unit vectors.

Quantum states in a composed system of X and ) are represented by density operators p
over the Kronecker-product space X ® ) with dimension dim(X’) dim()’). 1-qubit systems refer
to X = C?. A 2-qubit system has dimension 4 (X®?) and an n-qubit system has dimension 2".
The partial trace operation Try (-) (resp. Try(+)) is a linear mapping from p to its marginal state
on Y (resp. &).

From classical to quantum data Classical distributions p, ¢ in (5.1) can be viewed as special
mixed states P € D(X),Q € D()) where P, Q are diagonal and p,q (viewed as density
vectors) are the diagonals of P, Q respectively. Note that this is different from the conventional

meaning of samples from classical distributions, which are random variables with corresponding
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distributions.

This distinction is important to understand quantum data as the former (i.e., density operato-
rs) rather than the latter (i.e., samples) actually represents the entity of quantum data. This is
because there are multiple ways (different quantum measurements) to read out classical samples
out of quantum data for one fixed density operator. Mathematically, this is because density
operators in general can have off-diagonal terms and quantum measurements can happen along
arbitrary bases.

Consider X and ) from (5.1) being finite sets. We can express the classical Wasserstein
distance (5.1) as a special case of the matrix formulation of quantum data. Precisely, we can
replace the integral in (5.1) by summation, which can be then expressed by the trace of 7C’ where
C' is a diagonal matrix with ¢(z,y) in the diagonal. = is also a diagonal matrix expressing the
coupling distribution 7(z, y) of p,q. Namely, 7’s diagonal is 7(z, y) and satisfies the coupling
marginal condition Try(7) = P and Try(7) = @ where P, are diagonal matrices with the
distribution of p, ¢ in the diagonal, respectively. As a result, the Kantorovich’s optimal transport

in (5.1) can be reformulated as

d.(p,q) = min Tr(7C) (5.5)

s.t. Try(m) = diag{p(x)}, Try(7) = diag{q(y)}, 7 € D(X ® ),

where C' = diag{c(z, y)}. Note that (5.5) is effectively a linear program.
Quantum Wasserstein semimetric Our matrix reformulation of the classical Wasserstein

distance (5.1) suggests a naive extension to the quantum setting as follows. Let qW (P, Q) denote
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the quantum Wasserstein semimetric between P € D(X), Q € D()), which is defined by

qW(P, Q) := min Tr(x () (5.6)

st. Try(m) =P, Try(r) = Q, r€e D(X® YY),

where C' is a matrix over X ® ) that should refer to some cost-type function. The choice of
C' is hence critical to make sense of the definition. First, matrix C' needs to be Hermitian (i.e.,
C = (C7) to make sure that qW(-,-) is real. A natural attempt is to use C' = diag{c(z,y)}
from (5.5), which turns out to be significantly wrong. This is because qW (747, 751) will be
strictly greater than zero for random choice of unit vector ¢’ in that case. This demonstrates
a crucial difference between classical and quantum data: while classical information is always
stored in the diagonal (or computational basis) of the space, quantum information can be stored
off-diagonally (or in an arbitrary basis of the space). Thus, choosing a diagonal C fails to detect
the off-diagonal information in quantum data.

Our proposal is to leverage the concept of symmetric subspace in quantum information [209]
to make sure that W (P, P) = 0 for any P. The projection onto the symmetric subspace is

defined by
1
Hym = 5(]1;@3; + SWAP), (5.7)

where [ ygy is the identity operator over X ® ) and SWAP is the operator such that SWAP (7 ®

7)) = (y® ©),VZ € X,y € Y." Itis well known that IL,, (@ ® @) = @ ® @ for all unit vectors u.

'One needs that X is isometric to ) to well define ILy,. However, this is without loss of generality by choosing
appropriate and potentially larger spaces X and ) to describe quantum data.
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With this property and by choosing C' to be the complement of Iy, i.e.,

1
C:= ]IX®37 - 1_[sym = 5(]1/\’@37 - SWAP)J (58)
we can show W (P, P) = 0 for any P. This is achieved by choosing 7 = 3", \;(v;0;' ® 05;")

given P’s spectral decomposition P = ) _, \:0;0;. Moreover, we can show

Theorem 5.3.1 (Proof in Appendix 5.7.2). qW(+,-) forms a semimetric over D(X) over any

space X, i.e., for any P, Q € D(X),
1. qW(P,Q) >0,
2. qW(P, Q) = qW(Q,P),
3. qW(P,Q) = 0iff P = Q.

Even though our definition of qW(+, -), especially the choice of C', does not directly come
from a cost function ¢(z,y) over X and )/, it however still encodes some geometry of the space
of quantum states. For example, let P = 0" and Q = @', W (P, Q) becomes 0.5 (1 — |@'v]?)
where |i'7] depends on the angle between @ and ¥ which are unit vectors representing (pure)
quantum states.

The dual form of ¢W(-,-) The formulation of qW(-,-) in (5.6) is given by a semidefinite

program (SDP), opposed to the classical form in (5.5) given by a linear program. Its dual form is
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as follows.

max  Tr(Qy) — Te(Pg) (5.9)

st. Iy®@Y -0l 2C,¢ € H(X), € H(Y),

where H(X'), H()) denote the set of Hermitian matrices over space X and ). We further show
the strong duality for this SDP in Appendix 5.7.2. Thus, both the primal (5.6) and the dual (5.9)
can be used as the definition of qW(-, -).

Comparison with other quantum Wasserstein metrics There have been a few different
proposals that introduce matrices into the original definition of classical Wasserstein distance.
We will compare these definitions with ours and discuss whether they are appropriate in our
context of quantum GANSs.

A few of these proposals (e.g., [201, 202, 210]) extend the dynamical formulation of
Benamou and Brenier [211] in optimal transport to the matrix/quantum setting. In this formulation,
couplings are defined not in terms of joint density measures, but in terms of smooth paths
t — p(z,t) in the space of densities that satisfy some continuity equation with some time
dependent vector field v(z,t) inspired by physics. A pair {p(-,-),v(-,-)} is said to couple P
and @, the set of which is denoted C'(P, Q), if p(z,t) is a smooth path with p(-,0) = P and

p(+,1) = @Q. The 2-Wasserstein distance is

1 1
Wy (P, Q) = inf —/ / v(z, t)]?p(x, t) dz dt. 5.10
2(P, @) {p(-)0()eC(PQ) 2 Jg n|( ez, 1) ©.10)

The above formulation seems difficult to manipulate in the context of GAN. It is unclear (a)
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whether the above definition has a favorable duality to admit the adversarial training and (b)
whether the physics-inspired quantities like v(z, t) are suitable for the purpose of generating fake
quantum data.

A few other proposals (e.g., [197, 199]) introduce the matrix-valued mass defined by a
function px : X — C™" over domain X, where p(x) is positive semidefinite and satisfies
Tr( [y p(x)dr) = 1. Instead of considering transport probability masses from X to Y, one
considers transporting a matrix-valued mass j(x) on X to another matrix-valued mass y1(y)
on Y. One can similarly define the Kantorovich’s coupling 7 (z,y) of ug(x) and p(y), and
define the Wasserstein distance based on a slight different combination of 7(z,y) and ¢(z, y)
comparing to (5.1). This definition, however, fails to derive a new metric between two matrices.
This is because the defined Wasserstein distance still measures the distance between X and Y
based on some induced measure (|| - || ) on the dimension-n matrix space. This is more evident
when X = {P} and Y = {Q}. The Wasserstein distance reduces to c(z,y) + ||P — Q||% where
the Frobenius norm (|| - || ) is directly used in the definition.

The proposals in [198, 204] are very similar to us in the sense they define the same coupling
in the Kantorovich’s formulation as ours. However, their definition of the Wasserstein distance
motivated by physics is induced by unbounded operator applied on continuous space, e.g., V,,
div,. This makes their definition only applicable to continuous space, rather than qubits in our
setting.

The closest result to ours is [203], although the authors haven’t proposed one concrete
quantum Wasserstein metric. Instead, they formulate a general form of reasonable quantum
Wasserstein metrics between finite-dimensional quantum states and prove that Kantorovich-Rubi-

nstein theorem does not hold under this general form. Namely, they show the trace distance
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between quantum states cannot be determined by any quantum Wasserstein metric out of their
general form.

Limitation of our ¢W(-,-) Although we have successfully implemented qWGAN based on
our qW (-, -) and observed improved numerical performance, there are a few perspectives about
qW (-, -) worth further investigation. First, numerical study reveals that qW (-, -) does not satisfy
the triangle inequality. Second, our qW (-, -) does not come from an explicit cost function, even
though it encodes some geometry of the quantum state space. We conjecture that there could be
a concrete underlying cost function and our qW (-, -) (or a related form) could be emerged as the
2-Wasserstein metric of that cost function. We hope our work provides an important motivation

to further study this topic.

5.4 Quantum Wasserstein GAN

We describe the specific architecture of our gWGAN (Figure 5.3) and its training. Similar

to (5.2) with the fake state P from a parameterized quantum generator (=, consider

mGin min  Tr(xC) (5.11)

™

st. Try(n) = P, Trx(r) = Q,m € DX @),

or similar to (5.3) by taking the dual from (5.9),

minmax Tr(Qy) — Tr(Po) = Eqly] — Erld] (5.12)

st. Iy®@Y—9®Iy 2C,¢ € H(X), Y€ H(Y),
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where we abuse the notation of Eq[¢] := Tr(Q1), which refers to the expectation of the outcome

of measuring Hermitian ¢) on quantum state (). We hence refer ¢, ¢ as the discriminator.

Regularized Quantum Wasserstein GAN

The dual form (5.12) is inconvenient for optimizing directly due to the constraint [y ® 1) —
¢ ® I, =< C. Inspired by the entropy regularizer in the classical setting (e.g., [190]), we add a
quantum-relative-entropy-based regularizer between 7 and P ® () with a tunable parameter \ to

(5.11) to obtain

mGin min  Tr(7C) 4+ A Tr(w log(m) — mlog(P ® Q)) (5.13)

st. Try(m) =P, Try(m) =Q,m € DX R ).

Using duality and the Golden-Thomposon inequality [212, 213], we can approximate (5.13) by

min max Eo[v] — Ep[¢] — Epeglér] st ¢ € H(X), ¥ € H(Y), (5.14)

where &g refers to the regularizing Hermitian

A (—C—¢®Hy+]b(®¢)' (5.15)

§r= geXP h\

Similar to [190], we prove that this entropic regularization ensures that the objective for the outer

minimization problem (5.14) is differentiable in P. (Proofs are given in Section 5.7.3.)
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Parameterization of the Generator and the Discriminator

Generator G is a quantum operation that generates P from a fixed initial state p, (e.g., the
classical all-zero state ;). Specifically, generator GG can be described by an ensemble {(py, U;), . ..
, (pr, U,)} that means applying the unitary U; with probability p;,. The distribution {py,...,p,}
can be parameterized directly or through some classical generative network. The rank of the
generated state is 7 (r = 1 for pure states and » > 1 for mixed states). Our experiments include
the cases r = 1, 2.

Each unitary U; refers to a quantum circuit consisting of simple parameterized 1-qubit and
2-qubit Pauli-rotation quantum gates (see the right of Figure 5.3). These Pauli gates can be
implemented on near-term machines (e.g., [2]) and also form a universal gate set for quantum
computation. Hence, this generator construction is widely used in existing quantum GANs. The
jth gate in U; contains an angle 0; ; as the parameter. All variables p;, 0; ; constitute the set of
parameters for the generator.

Discriminator ¢, ) can be parameterized at least in two ways. The first approach is to represent
¢, as linear combinations of tensor products of Pauli matrices, which form a basis of the
matrix space. Let ¢ = >, oy A and ¢ = ), 5, B;, where A, B; are tensor products of
Pauli matrices. To evaluate Ep[¢] (similarly for Eg[¢]), by linearity it suffices to collect the
information of Ep[Ag]s, which are simply Pauli measurements on the quantum state P and
amenable to experiments. Hence, «;, and (; can be used as the parameters of the discriminator.
The second approach is to represent ¢, 1) as parameterized quantum circuits (similar to the )
with a measurement in the computational basis. The set of parameters of ¢ (respectively 1)

could be the parameters of the circuit and values associated with each measurement outcome.
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Our implementation mostly uses the first parameterization.

Training the Regularized Quantum Wasserstein GAN

For the scalability of the training of the Regularized Quantum Wasserstein GAN, one must
be able to evaluate the loss function L = Eg[¢)] — Ep[¢] — Epggl€r] or its gradient efficiently
on a quantum computer. Ideally, one would hope to directly approximate gradients by quantum
computers to facilitate the training of gWGAN, e.g., by using the alternating gradient descent
method. We show that it is indeed possible and outline the key steps. More details are in
Section 5.8.

Computing the loss function: Each unitary operation U; that refers to an actual quantum circuit
can be efficiently evaluated on quantum machines in terms of the circuit size. It can be shown that
L is a linear function of P and can be computed by evaluating each L; = Eq[¢] — E;, vt (@] —

E where Ul-poUiT refers to the state after applying U; on py. Similarly, one can show

Uspot e SRl
that L is a linear function of the Hermitian matrices ¢, 1, £g. Our parameterization of ¢ and ¢
readily allows the use of efficient Pauli measurements to evaluate Ep|¢| and Eg[¢/]. To handle
the tricky part Epgq[Er], we relax {g and use a Taylor series to approximate Epg[€r]; the result
form can again be evaluated by Pauli measurements composed with simple SWAP operations. As
the major computation (e.g., circuit evaluation and Pauli measurements) is efficient on quantum
machines, the overall implementation is efficient with possible overhead of sampling trials.

Computing the gradients: The parameters of the qWGAN are {p;} U {6, ;} U{as} U{Bi}. L
is a linear function of p;, ag, 5. Thus it can be shown that the partial derivatives w.r.t. p; can be

computed by evaluating the loss function on a generated state U, py UZ-T and the partial derivatives

w.r.t. o, 0, can be computed by evaluating the loss function with ¢, replaced with Ay, B;
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respectively. The partial derivatives w.r.t. 0;; can be evaluated using techniques due to [214]
via a simple yet elegant modification of the quantum circuits used to evaluate the loss function.
The complexity analysis is similar to above. The only new ingredient is the quantum circuits
to evaluate the partial derivatives w.r.t. ¢; ; due to [214], which are again efficient on quantum
machines.

Summary of the training complexity: A rough complexity analysis above suggests that one
step of the evaluation of the loss function (or the gradients) of our gWGAN can be efficiently
implemented on quantum machines. (A careful analysis is in Appendix 5.8.5.) Given this
ability, the rest of the training of qWGAN is similar to the classical case and will share the same
complexity. It is worthwhile mentioning that quantum circuit evaluation and Pauli measurements
are not known to be efficiently computable by classical machines; the best known approach will

cost exponential time.

5.5 Experimental Results

We supplement our theoretical findings with numerical results by classical simulation of
quantum WGANS of learning pure states (up to 8 qubits) and mixed states (up to 3 qubits) as well
as its performance on noisy quantum machines. We use quantum fidelity between the generated
and target states to track the progress of our quantum WGAN. If the training is successful, the
fidelity will approach 1. Our quantum WGAN is trained using the alternating gradient descent
method.

In most of the cases, the target state is generated by a circuit sharing the same structure

with the generator but with randomly chosen parameters. We also demonstrate a special target
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Figure 5.6: A typical performance of learning pure states (1,2,4, and 8 qubits).

state corresponding to useful quantum unitaries via the Choi-Jamiotkowski isomorphism. More
details of the following experiments (e.g., parameter choices) can be found in Appendix 5.9.
Most of the simulations were run on a dual core Intel IS processor with 8G memory.
The 8-qubit pure state case was run on a Dual Intel Xeon E5-2697 v2 @ 2.70GHz processor
with 128G memory. All source codes are publicly available at https://github.com/
yiminghwang/qWGAN.
Pure states We demonstrate a typical performance of quantum WGAN of learning 1,2, 4, and
8 qubit pure states in Figure 5.6. We also plot the average fidelity for 10 runs with random

initializations in Figure 5.11 which shows the numerical stability of gWGAN.

average fidelity,qubit=1 = average fidelity,qubit=2 ——— average fidelity,qubit=4 | == average fidelity, 8 qubits

fidelty
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fidelty

fidelity

700 50 760 80 200
iteration iteration iteraton 7" ftemtion

Figure 5.7: 1 qubit Figure 5.8: 2 qubits  Figure 5.9: 4 qubits  Figure 5.10: 8 qubits

Figure 5.11: Average performance of learning pure states (1, 2, 4, 8 qubits) where the black line
is the average fidelity over multi-runs with random initializations and the shaded area refers to

the range of the fidelity.

Mixed states We also demonstrate a typical learning of mixed quantum states of rank 2 with

1,2, and 3 qubits in Figure 5.15. The generator now consists of 2 unitary operators and 2 real
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Figure 5.15: Average performance of learning mixed states (1, 2, 3 qubits) where the black line
is the average fidelity over multi-runs with random initializations and the shaded area refers to
the range of the fidelity.
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. ‘ ‘ Figure 5.17: Learning to approximate the 3-qubit
Figure 5.16: Learning 4-qubit pure Hamiltonian simulation circuit of the 1-d Heisenberg
states with noisy quantum operations. model.

probability parameters p;, p, which are normalized to form a probability distribution using a
softmax layer.

Learning pure states with noise To investigate the possibility of implementing our quantum
WGAN on near-term machines, we perform a numerical test on a practically implementable 4-
qubit generator on the ion-trap machine [2] with an approximate noise model [206]. We deem this
as the closest example that we can simulate to an actual physical experiment. In particular, we add
a Gaussian sampling noise with standard deviation o = 0.2,0.15,0.1,0.05 to the measurement
outcome of the quantum system. Our results (in Figure 5.16) show that the quantum WGAN can
still learn a 4-qubit pure state in the presence of this kind of noise. As expected, noise of higher
degrees (higher o) increases the number of epochs before the state is learned successfully.

Comparison with existing experimental results We will compare to quantum GANs with
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quantum data [181, 182, 185]. It is unfortunate that there is neither precise figure nor public
data in their papers which makes a precise comparison infeasible. However, we manage to give
a rough comparison as follows. Ref. [181] studies the pure state and the labeled mixed state
case for 1 qubit. It can be inferred from the plots of their results (Figure 8.b in [181]) that the
relative entropy for both labels converges to 1071% after ~ 5000 iterations, and it takes more
than 1000 iterations for the relative entropy to significantly decrease from 1. Ref. [185] performs
experiments to learn 1-qubit pure and mixed states using a quantum GAN on a superconducting
quantum circuit. However, the specific design of their GAN is very unique to the 1-qubit case.
They observe that the fidelity between the fake state and the real state approaches 1 after 220
iterations for the pure state, and 120 iterations for the mixed state. From our figures, qWGAN
can quickly converge for 1-qubit pure states after 150 — 160 iterations and for a 1-qubit mixed
state after ~ 120 iterations.

Ref. [182] studies only pure states but with numerical results up to 6 qubits. In particular,
they demonstrate (in Figure 6 from [182]) in the case of 6-qubit that the normal gradient descent
approach, like the one we use here, won’t make much progress at all after 600 iterations. Hence
they introduce a new training method. This is in sharp contrast to our Figure 5.6 where we
demonstrate smooth convergence to fidelity 1 with the simple gradient descent for 8-qubit pure
states within 900 iterations.

Application: approximating quantum circuits To approximate any quantum circuit Uy over
n-qubit space X', consider Choi-Jamiotkowski state ¥, over X' ® X defined as (U ® [y )® where
© is the maximally entangled state — 2 e @6 and {€ )2 forms an orthonormal basis of
X. The generator is the normal generator circuit U; on the first X’ and identity on the second X,

i.e., U; ® L. In order to learn for the 1-d 3-qubit Heisenberg model circuit (treated as Up) in [208],
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we simply run our gWGAN to learn the 6-qubit Choi-Jamiotkowski state W, in Figure 5.17 and
obtain the generator (i.e., U;). We use the gate set of single or 2-qubit Pauli rotation gates. Then
U, only has 52 gates, while using the best product-formula (2nd order) Uj has ~11900 gates. It is
worth noting that U; achieves an average output fidelity over 0.9999 and a worst-case error 0.15,
whereas U, has a worst-case error 0.001. However, the worst-case input of U; is not realistic in
current experiments and hence the high average fidelity implies very reasonable approximation

in practice.

5.6 Conclusion & Open Questions

We provide the first design of quantum Wasserstein GANS, its performance analysis on
realistic quantum hardware through classical simulation, and a real-world application in this
paper. At the technical level, we propose a counterpart of Wasserstein metric between quantum

data. We believe that our result opens the possibility of quite a few future directions, for example:

* Can we implement our quantum WGAN on an actual quantum computer? Our noisy simulation

suggests the possibility at least on an ion-trap machine.

* Can we apply our quantum WGAN to even larger and noisy quantum systems? In particular,
can we approximate more useful quantum circuits using small ones by quantum WGAN? It

seems very likely but requires more careful numerical analysis.

* Can we better understand and build a rich theory of quantum Wasserstein metrics in light

of [189]?
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5.7 Deferred Techinical Details

5.7.1 Matrix Arithmetics

Unless otherwise mentioned, the matrices we consider are Hermitian, defined as all matrices
A such that AT = A. For any two Hermitian matrices A, B € C"*", we say A = Biff A — B
is a positive semidefinite matrix (i.e., A — B only has nonnegative eigenvalues), and A > B iff
A — B is a positive definite matrix (i.e., A — B only has positive eigenvalues).

A function of a Hermitian matrix is computed by taking summations of matrix powers

under its Taylor expansion; for instance, for any Hermitian A we have

exp(A) =Y o (5.16)
k=0
and for any 0 < B < 21 we have
o (_1)k+1
log(B) ==Y — (B - Nk (5.17)

k=1

Furthermore, we introduce two tools for matrix arithmetics that we frequently use throughout the

paper. The first is a rule for taking gradients of matrix functions:

Lemma 5.7.1 ([215]). Given a Hermitian matrix W € C™*" and a function f: R — R, we define

Af(W)ij
) = ( fW)ij

the gradient Vyy f (W) as the entry-wise derivatives, i.e., Vyy f (W i )itj=1. Then we

have

Vi Tr(W log(W)) = [log(W) + (W)] = log(W) + W. (5.18)
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For exponentiations of Hermitian matrices, we use the Golden-Thompson inequality stated

as follows:

Lemma 5.7.2 ([212, 213]). For any Hermitian matrices A, B € C"*",

Tr(exp(A + B)) < Tr(exp(A) exp(B)). (5.19)

5.7.2 Properties of the Quantum Wasserstein Semimetric

5.7.2.1 Proofs
Lemma 5.7.3. Strong Duality holds for the semidefinite program (5.6).

Proof. Note that 7 = P ® Q is a feasible solution to the primal program (5.6).

Consider the solution ¢ = —Iy,, ¢ = [y for the dual program (5.6). Then [y ® 1) —p &1y —
C = -2l ®1y— C. Forany vectorv € X @ Y, v (=2l @y — C)v = -2 —v'Cv < -2 < 0.
Therefore [y ® 1 — ¢ ® [, < C and the solution is strictly feasible. Since a strictly feasible
solution exists to the dual program and the primal feasible set is non-empty, Slater’s conditions

are satisfied and the lemma holds [216, Theorem 1 (1)]. ]

Lemma 5.7.3 shows that the primal and dual SDPs have the same optimal value and thus
(5.9) can be taken as an alternate definition of the Quantum Wasserstein distance.

The following theorem establishes some properties of the Quantum Wasserstein distance.

Theorem 5.7.1. qW(-,) forms a semimetric over the set of density matrices D(X) over any

space X, i.e., for any P, Q € D(X),

1. qW(P,Q) >0,
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2. qW(P, Q) = qW(Q,P),
3. qW(P,Q) =0iff P = Q.
Proof. We will use the definition of qW(+, -) from (5.6) with ) being an isometric copy of X.

1. Consider the matrix C' = =282 Let @ = Y, .| u;€;€; be any vectorin ¥®) = CMleCI',

By simple calculation,

ATCH =Y g (uy —uie) = (uf; — wl)(uiy —wji) = Y ug; —uie> > 0; (5.20)

1] i<j 1<j

thus C'is positive semidefinite. As a result, Tr(7C') > 0 for all 7 »= 0, and qW (P, Q) > 0 for

all density matrices P, Q € D(X).
2. This property trivially holds because of the definition in (5.6) is symmetric in P and Q.

3. Suppose that P = () have spectral decomposition ) _, \iT;01. Consider 1y = 32, \i(G:7] ®
%), Then, Tr(moC) = Tr(3, \i(@d! @ :51)C) = Te(X2, M(7 @ 01)C(# ® )). Since

C = E8WAE O(5; @ 0;) = 0. Thus Tr(mC) = 0 and since C is positive semidefinite, this

must be the minimum. Thus qW (P, P) = 0. ]

5.7.3 Regularized Quantum Wasserstein Distance

The regularized primal version of the Quantum Wasserstein GAN is constructed from

(5.11) by adding the relative entropy between the optimization variable 7 and the joint distribution

289



of the real and fake states P ® @, given by S(7||P ® Q) = Tr(wlog(w) — 7w log(P ® Q)):

min  Tr(7C) 4+ A Tr(w log(7) — wlog(P ® Q)) (5.21)

™

st. Try(m) =P, Try(n) =Q,m e D(X ® D).

Here )\ is a parameter that is chosen during training, and determines the weight given to the
regularizer.
To formulate the dual, we use Hermitian Lagrange multipliers ¢ and i) to construct a saddle

point problem:

min max Tr(7C) + A Tr(wlog(m) — mlog(P ® Q))

+ Tr(p(Try(m) — P)) — Tr(¢(Tra(m) — Q))
= min max Tr(r(C + ¢ @1y — Iy @) — Tr(Po)

™

+ Tr(Qv) + A Tr(w log(w) — wlog(P @ Q)). (5.22)
Switching the order of the optimizations:

max min  Tr(7(C+ ¢ @1y — Iy @ ¢)) — Tr(Po)

+ Tr(Qv) + A Tr(mwlog(n) — wlog(P @ Q)). (5.23)

Solving the inner optimization problem for 7 and using Lemma 5.7.1, we have that for the optimal
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(C+ 91y — Ty @)+ Mog(m) + A\ — log(P ® Q) = 0. (5.24)

Thus the dual optimization problem reduces to

max Tr(Qy) — Tr(P¢) — 2Tr <exp (log(P Q) =-C-ooh+lx® ¢)> (5.25)

A

st. @€ H(X), Y e H(Y).

Note that the additional term in the objective of the dual cannot be directly written as the expected
value of measuring a Hermitian operator. However, we can use the Golden-Thompson inequality
(Lemma 5.7.2) to upper bound on the objective, which can be written in terms of the expectation

as

max  Tr(Qy) — Tr(Po) — 2Tr ((P®Q)exp <—C—¢®Hy+ﬂx®1/}))

R A
= max Bqly] ~ Epl] - > - Eraq {exp <_C_ d)@iy“"w)] (5.26)

st ¢ € H(X), v eH().

The regularized optimization problem has the following property:
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Lemma 5.7.4. Let f: D(X) — R be defined as

Eolt] — Eplg] — 2 - Epgq {exp (_C - ¢®H;’ + Lx ®¢)} (5.27)

st P EH(X), v eH).

Then f(P) is a differentiable function of P.

Proof. The optimization objective (5.27) is clearly convex with respect to its parameters. Furthe-
rmore, the second derivatives are non-zero for all ¢, ), and the optimum hence is reached at a

unique point. The objective function can be rewritten as

(5.28)

A —C—¢RIy+Iy®
EP@Q(_¢®Hy+HX®¢—E-eXp( ¢ @1y + Iy Ip))

A

Since P and () are density matrices and are constrained to lie within a compact set, there exists
a compact region S that is independent of P (but may depend on \) such that the maximum lies
inside S. f(P) can therefore be written as f(P) = max g(P, ¢, 1), where ¢, 9 € S, g is convex,

and attains its maximum at a unique point. By Danskin’s theorem [217], the result follows. [

5.8 More Details on Quantum Wasserstein GAN

5.8.1 Parameterization of the Generator

The generator G is a quantum operation that maps a fixed distribution p, to a quantum state
P. Two pure distributions (states with rank 1) are mapped to each other by unitary matrices. pg

is fixed to be the pure state @), eo. If the target state is of rank r, G can be parameterized
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by an ensemble {(p;,U;), ..., (p,, U.)} of unitary operations U;, each of which is applied with
probability p;. Applying a unitary U; to py produces the state U; ,ooUiT. Applying G to p, thus
produces the fake state p;U;pg UJ.

Each Unitary U; is parameterized as a quantum circuit consisting of simple parameterized
1- or 2- qubit Pauli-rotation quantum gates. An n-qubit Pauli-rotation gate R,(f) is given by
exp (197") where @ is a real parameter, and o is a tensor product of 1 or 2 Pauli matrices. Pauli-

rotation gates can be efficiently implemented on quantum computers. Thus each unitary U; can

0i,j%,j

be expressed as U; = [[ e

5.8.2 Parameterization of the Discriminator

The optimization variables in the discriminator are Hermitian operators, ¢ and ). There

are two common parameterizations for a Hermitian matrix H:

1. As UTHyU, where U is a parameterized unitary operator, and Hy, is a simpler fixed Hermitian
matrix that is easy to measure. Measuring H then corresponds to applying the operator U and

then measuring H,.

dim(H)

2. As alinear combination ) ;""" a; H;, where H;s are fixed Hermitian matrices that are easy

to measure. Measuring H corresponds to measuring each H; to obtain the expectation value

m,;, and then returning Z?iznol(m a;m; as the expected value of measuring H.

We choose the latter option because it allows £i to be conveniently approximated by a linear
combination of simple Hermitian matrices. Thus ¢ and ¢ are represented by ", a; Ay and
>, BBy where Ay, By are tensor products of Pauli matrices. The s, ;s constitute the parameters
of the discriminator.
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The overall structure of the Quantum Wasserstein GAN is given in Figure 5.19.
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Figure 5.18: Example parameterization of a unitary U; acting on 3 qubits. There are 12 possible
1-qubit gates and 48 possible 2-qubit gates.

®?:1 eo — 1(pi, Us)}
Q

Cas

QL & —{(p:Ui)}

g Tr <exp (IOg(P®Q)*C;¢®Hy+HX®’¢>) B
Q —

Figure 5.19: The structure of the quantum WGAN. Here (Q is the input state and ¢, is the 0™
computational basis vector, meaning that the corresponding system is empty at the beginning.
The final gate L combines the outputs of the measurements of ¢, ¢, £g to produce the final loss
function.

5.8.3 Estimating the Loss Function

The loss function is given by Tr(Qv) — Tr(P¢) — Tr((P @ Q)ér) = Eg[Y] — Eplg] —
EpgolEr] where &g is the Hermitian corresponding to the regularizer term % exp (W) .
The fake state P is generated by applying a quantum operation G to a fixed quantum state

po- The quantum operation is represented by applying a set of unitary operations {Uy, Ua, ..., Uy}

with corresponding probabilities {p1, pa, . . ., px } Where k is the rank of the final state that would
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be generated:

P=> pUipU}. (5.29)

1€[k]

Lemma 5.8.1. Given a quantum state p = Zle a;p; and a Hermitian matrix H then E,(H) can

be estimated given only the ability to generate each p; and to measure H.

Proof. Since p is a quantum state {ay, . . ., oy } must form a probability distribution. Thus,
E,[H] = Tr[pH] = Tt [Z ozipiH} = i TelpH] = Y aiE, [H] = E,E, [H]. (5.30)

Thus we can measure the expected value of /I measured on p, by sampling an 7 with probability
«;, measuring the expected value of H on p;, and then computing the expectation over ¢ sampled
from the distribution oe. We can also simply measure the expectation value m,; corresponding to

each p; and return ZZ «;m; as the estimate. L]

The unitaries U; are parameterized by a network of gates of the form ¢?+i%.5 where 0,5 18
a tensor product of the matrices o,, 0., 0., I acting on some/all of the registers. With a sufficient
number of such gates, any unitary can be represented by an appropriate choice of 0; ;. Since each
U, 1s expressed as a composition of simple parameterized gates each of them can be implemented
on a quantum computer and thus each U;p, U;r can be generated.

Note that P =}, piUipoU) and P® Q = D icl pi(UipoU] ® Q). From Lemma 5.8.1,
if ¢ and £ can be measured, we can estimate the terms Ep[¢] and Epg[£r]. Next we show how
to measure ¢, 1, g where ¢, 1) are parameterized as a linear combination of tensor products of

the Pauli matrices ox, 0y, 07, 07.
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Lemma 5.8.2. Any Hermitian that is expressed as a linear combination ) . o; H; of Hermitian
matrices H; that can be measured on a quantum computer, can also be measured on a quantum

computer.

Proof. For any fixed state p,

E,[H] = Tr[pH] = Tr [pz ain} = o TpH] = Y B [H]. (53D

Thus each of the Hermitians H; can be separately measured and the final result is the weighted
average of the corresponding expectation values with coefficients «;.

If the «; form a probability distribution, the expectation can be estimated by sampling
a batch of indices from the distribution of «;, measuring H;, and estimating the expectation
averaging over the sampled indices. This procedure can be more efficient if some of the «; are
of very small magnitude in comparison to the others. Note that any Hermitian that can be written
by as a linear combination ) , 5, H; where each H; is easy to measure can be transformed such

that the coefficients form a probability distribution as (). |5;) >, Z‘ﬂ ‘lﬁ‘ sgn(5;)H;. If H; can

be measured on a quantum computer, —f{; can also be measured by measuring /7; and negating

the result. O]

Tensor products of Pauli matrices can be measured on quantum computers using elementary
techniques [207]. As a result, Lemma 5.8.2 implies that ¢, 1) can be measured on a quantum
computer.

Now, we prove the following lemma for expressing the regularizer term £g:

Lemma 5.8.3. The Hermitian corresponding to the regularizer term &g can be approximated
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via a linear combination of Hermitians from {¥,SWAP - ¥} where ¥ is a tensor product of

2-dimensional Hermitian matrices.

Proof. Since C' = %,

(5.32)

(—C—QS@]Iy‘l-H)(@@/J)_ (SWAP—H—2¢®Hy+2]IX®¢)
exp \ = exp 3\ .

Observe the following two facts:

* if >J); and X2, are both tensor products of 2-dimensional Hermitian matrices, then >J; - 25 is also

a tensor product of 2-dimensional Hermitian matrices;

* if 3 is a tensor product of 2-dimensional Hermitian matrices, then SWAP - ¥ - SWAP is also a

tensor product of 2-dimensional Hermitian matrices.

As a result, any integral power of SWAP — I — 2¢ ® I, + 2[y ® 9 can be written as a linear
combination of the matrices {¥, SWAP - X} where ¥ is a tensor product of 2-dimensional
Hermitian matrices. Thus any Taylor approximation of exp(SWAP — I — 2¢ ® [y, + 2[y ® )
is a linear combination of the same Hermitian matrices, each of which can be easily measured
on a quantum computer. Thus the Taylor series for the exponential can be used to approximately
measure the regularizer term.

A representation as a linear combination of the Hermitians {3, SWAP - ¥}, where ¥ is a

tensor product of Pauli matrices, can be obtained more easily for a relaxed regularizer term

£n = exp (%) exp <_¢ ® Hy; v @ w) exp (;—f) : (5.33)
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this is motivated by the Trotter formula [218] of matrix exponentiation: for any Hermitian
matrices A, B such that | A||, || B]| < § < 1, |[[eA*B —e?eB|| = O(6%) but ||eATE —eA/2eBeA/2|| =
O(4%). Using this regularizer gives us a concrete closed form for £/, as a linear combination of
simpler Hermitian matrices. It is less computationally intensive to compute than the original
regularizer, since the only operation acting on 2n qubits at the same time is SWAP. This
relaxation also yields good numerical results in practice.

Since (—p @ 1Iy)(Ix @¢) = (Ix @ Y)(—p @ 1y) = (—¢ ® 1), the central term in the RHS
of (5.33) is an exponential of commuting terms. If A and B are commuting matrices, we have
exp(A + B) = exp(A) exp(B), and hence

&y = exp <;—S> exp (%b) ® exp (%) exp (%) (5.34)

We choose ¢ and v to be tensor products of terms of the form ao, +boy, +co, +dlI. It can be
verified that 0,0, = [ and 0,0, + 0;0; = 26; ;1 and therefore (ao, +bo, + co,)? = (a*+b*+?)L

Given r = Q. (a;0, + bjo, + ¢;0, + d;I), we therefore have

r? = Q) (dilao, + bioy + cio. + d1) + I, (a? + b + ¢ + d2)I) (5.35)

i=1

and by induction,

k=2
- ® (dfl(amx + bioy + cio, + dil) + <Z df) (a? + b7+ + d?)]l) . (5.36)
. g

Eq. (5.36) can be used to expand exp(—¢/\) ® exp(1/\) using the truncated Taylor series for

the exponential. Thus exp(—¢/\) ® exp(¢)/\) can be approximated by a linear combination of
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gates in Y up to any desired accuracy.
In addition, C' = % implies that C is a projector, i.e., C* = C for all k € N* and

C° = 1. This can be used to express exp(C) in terms of only I and C":

exp (ﬁ) :]I+i ¢ c=1+ [exp <_—1) _ 1]0. (5.37)

Using (5.36) and (5.37) we can compute an approximate expression (with any desired accuracy)
for the relaxed regularizer £}, as a linear combination of the Hermitian {3, SWAP - ¥} where X

is a tensor product of Hermitian matrices. 0

Finally from Lemma 5.8.1,Lemma 5.8.2,Lemma 5.8.3, each of the terms E[¢],Ep[¢], and

Epgolér] can be computed on a quantum computer.

5.8.4 Direct Estimation of Gradients

In this subsection, we show how the gradients with respect to the parameters of the qgWGAN
can be directly estimated using quantum circuits. Suppose we have the following parameterization

for the optimization variables:

d r i, H;
Po = ®5oé§), P = ZPiUz’POUJ, Ui = H€ 2 (5.33)
i=1 i=1 j
and
6= Ay, U= BB, (5.39)
!

k
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where H;, Ay, B; are tensor products of Pauli matrices. The parameters of the generator are given
by the variables p;, 0; ; and the parameters of the discriminator are given by oy, 5. As shown in
Lemma 5.8.3, the regularizer term I? can be written as ) _ r, R, where each R, is either a tensor
product of Pauli matrices or a product of SWAP with a tensor product of Pauli matrices. Thus

the loss function is given by

L = Tr[Qu] — Tr[Pg] — Tr [(P ® Q)R] (5.40)

and hence

OL

5, =~ THlU@dule] - Tr [(Uad U] @ Q)R (5.41)

To compute the partial derivative with respect to the parameters p;, we create a fake state using

only the unitary U;, and compute the regularizer term as shown before:

oL AL ®Iy)R
aﬂz—ﬂWM%T{@®@Lﬂ%ﬁ%; (5.42)
oL Iy ® B)R

Clearly (A ® Iy)R and (Iy ® B;)R can be written as linear combinations of products of
SWAP and tensor products of Pauli matrices, because such form exists for A, B;, R. Thus these

gradients can be measured as shown in Lemma 5.8.2.
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Regarding the gradients with respect to 6; ;, we have

OL _ ITt[o(UipoU))] 0 Trlr(Uiplf © Q)]

5.44

A Tr[¢(UspoUD)] 0 Tr[er(UipoU] 9Q)]

The terms 20, , , 2,

can be evaluated by modifying the quantum circuits for
U, using with an ancillary control register, using previously known techniques [214, Section III.

B]. This allows us to evaluate the partial derivatives of the loss function w.r.t. the §; ; parameters.

5.8.5 Computational Cost of Evaluating the Loss Function

Consider a quantum WGAN designed to learn an n-qubit target state with rank r; the
generator hence consists of r unitary matrices. Suppose that each unitary U; is a composition of
at most /V fixed unitary gates. Furthermore, assume that ¢ and v are parameterized as a linear
combination of at most M tensor products of Pauli matrices. The size of the network (the number
of parameters) is thus O(rNM).

The loss function consists of 3 terms:
* The expectation value of ¢ measured on the state P.
» The expectation value of 1) measured on the state ().
* The expectation value of £z measured on the state P ® ().

The complexity of a quantum operation is quantified by the number of elementary gates
required to be performed on a quantum computer. We show that a single measurement of ¢ on

UipoU], 1 on Q, and & on UspoUJ ©Q can be carried out using poly (n, k, N, M, log (1)) gates.
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The expectation values can then be estimated by computing the empirical expectation on a
batch of measurements. These expectation values are combined as shown earlier in Appendix 5.8.3
to obtain the expected values measured on P and P ® ().

First, £ can be approximated to precision € via truncation of a Taylor series consisting of
log (%) terms. Thus £p is approximated by a linear combination of poly (M , %) fixed Hermitian
matrices of the form ¥ or SWAP -3 where each X is a tensor product of 2-dimensional Hermitian
matrices.

Second, by the Solovay-Kitaev theorem [219], any n-qubit unitary operator can be implemen-

ted to precision € using poly (log (n, %)) gates. Similarly, any fixed n-qubit Hermitian matrix

can be measured using a circuit with poly (n, log (1)) gates. Consequently:

* 1) can be measured on () using M measurements of fixed tensor products of Pauli matrices,

therefore using poly (n, M, log (%)) gates.

* ¢ can be measured on UipoUl-T for any 7 using M measurements of fixed tensor products of

Pauli matrices, therefore using poly (n, M, log (%)) gates.

* &g can be measured on U, pg UiT ® @ for any ¢ using poly (M , %) measurements of fixed tensor

products of Pauli matrices, using poly (n, M,log (1)) gates.

* Each unitary U, can be applied by a composition of N fixed unitaries, therefore using poly

(n,N,log (1)) gates.

From Appendix 5.8.4, it can be seen that the partial derivatives with respect to the parameters

p, «, B are each computed by the same procedure as the loss function with some of the variables
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restricted. Furthermore, the partial derivatives with respect to ¢; ; can be evaluated using the
circuit for U; with an ancillary register and a constant number of extra gates [214]. Each partial
derivative therefore has the same complexity as the loss function. Since there are O(rN M)
parameters, the total gradient can be evaluated with a multiplicative overhead of O(r N M) compared

to evaluating the loss function.

5.9 More Details on Experimental Results

Pure states We used the quantum WGAN to learn pure states consisting of 1,2, 4, and 8 qubits.
In this case, the generator is fixed to be a single unitary. The parameters to be chosen in the
training are A (the weight of the regularizer) and 7,, 7,4 (the learning rates for the discriminator
and generator parameters, respectively). The training parameters for our experiments for learning

pure states are listed in Table 5.1.

Parameters | 1 qubit | 2 qubits | 4 qubits | 8 qubits
A 2 2 10 10
n=mn,=mnq| 107 107! 107! 1072

Table 5.1: Parameters for learning pure states.

For 1,2, and 4 qubits, in addition to Figure 5.11, we also plot the average loss function for
a number of runs with random initializations in Figure 5.24 which shows the numerical stability

of our quantum WGAN.

Mixed states We also demonstrate the learning of mixed quantum states of rank 2 with 1, 2, and
3 qubits in Figure 5.15. The generator now consists of 2 unitary operators, and 2 real probability

parameters p;, po wWhich are normalized to form a probability distribution using a softmax layer.
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Figure 5.24: Average performance of learning pure states (1, 2, 4 qubits) where the black line
is the average loss over multi-runs with random initializations and the shaded area refers to the
range of the loss.

The learning rate for the probability parameters is denoted by 7),. The training parameters are

listed in Table 5.2.

Parameters ‘ 1 qubits ‘ 2 qubits ‘ 3 qubits
A 10 10 10
NasNgsMp | (1071,1071,1071) | (1071, 1071,1071) | (1071, 1071, 1071)

Table 5.2: Parameters for learning mixed states.

Learning pure states with noise In a recent experiment result [2], a quantum-classical hybrid
training algorithm using the KL divergence between classical measurement outcomes as the
loss function on the canonical Bars-and-Stripes data set was performed on an ion-trap quantum
computer. Specifically, they use the generator in Figure 5.25. Even though the goal of [2] is to
generate a classical distribution, we still deem it as a good example of practically implementable

quantum generator to testify our quantum WGAN.
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Figure 5.25: The generator circuit used in Ref. [2] where Z stands for the ¢?°= gate, X stands
for the ¢%7= gate, and X X stands for the ¢?7+®7= gate.

We use the same training parameters as in the noiseless case (Table 5.1). Furthermore, we
add the sampling noise (modeled as a Gaussian distribution with standard deviation o) which is a
reasonable approximation of the noise for the ion-trap machine [206]. Our results show that the
quantum WGAN can still learn a 4-qubit mixed state in the presence of this kind of noise. As is
to be expected, noise with higher degrees (i.e., higher o) increases the number of epochs required
before the state is learned successfully. The corresponding results are plotted in Figure 5.16.

Our finding also demonstrates the different outcomes between choosing different metrics
as the loss function. In particular, some of the training results reported in [2] demonstrate a
KL distance < 10~* but the actual quantum fidelity is only about 0.16. On the other side, our

quantum WGAN is guaranteed to achieve close-to-1 fidelity all the time.

Application: Approximating Quantum Circuits The quantum Wasserstein GAN can be used
to approximate the behavior of quantum circuits with many gates using fewer quantum gates.
Consider a quantum circuit Uy over n qubits. It is well known [207] that there exists an isomorphism

between n qubit quantum circuits U and quantum states Wy such that

Uel)(eoe) = (U(e;) ® €;). (5.45)
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The quantum Wasserstein GAN can be used to learn a smaller quantum circuit U such that Wy,
is close to Wyy,. This can be done by setting the real state to ¥y, and using the GAN to learn
to generate it using a circuit of the form (U; ® I) applied to f S22 NE ® &). The fidelity
between Wy, and Wy, is given by the average output fidelity for uniformly chosen inputs to U
and U,.

We apply these techniques to the quantum circuit that simulates the evolution of a quantum
system in the 1-dimensional nearest-neighbor Heisenberg model with a random magnetic field in
the z-direction (considered in [208]). The time evolution for time ¢ is described by the unitary
iHt

operator ¢'*'* with the Hamiltonian H given by

n

j2 g Z () l+D) +U() §J+1)+0() G+1) 4 p0) O-J) (5.46)
J=1

where O'Z(j ) denotes the Pauli gate o; applied at the j*" qubit, and the h\9) € [—h, h] are uniformly
chosen at random.
We study the specific case witht = n = 3 and h = 1, with a fixed target error of ¢ = 1073

in the spectral norm. Quantum circuits for simulating Hamiltonians that are represented as the

y y L . . . . .
sum of local parts, et = ¢ 2i=1211; are obtained using k" order Suzuki product formulas Sy,

defined by
L 1
= [ exp(a;H;2/2) [ ] expla;HiA/2) (5.47)
j=1 iy
Sor(N) = [Sar—2 (PrA)]? Sar—2 (1 — 4px) A)? [Saw—2 (ppM)]? (5.43)

where p, = 1/ (4 — 41/(2k_1)) for k > 1.
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We then approximate e*/* by [Sy, (£)]". Obtaining error € in the spectral norm requires

(Lt)1+1/2k

T = “~Zm—. From (5.47), each evaluation of Sy requires (2[/)5’“*1 gates of the form ;0

where 0 is a real parameter. In the case of the Hamiltonian (5.46), it is the sum of 12 terms each

of which is the product of up to 2 Pauli matrices. Thus the k" order formula S, yields a circuit

(36)1+1/2k
0.0011/2k

for simulating (5.46) requiring (24)5%~! gates of the form €*” where o is a product of up
to 2 Pauli matrices. These are the gates used in the parameterization of our quantum Wasserstein
GAN, and can be implemented easily on ion trap quantum computers. The smallest circuit is
obtained using S, and requires ~ 11900 gates.

Using the quantum Wasserstein GAN for 6-qubit pure states, we discovered a circuit for
the above task with 52 gates, an average output fidelity of 0.9999, and a worst case error 0.15.

The worst case input is not realistic, and thus the 52 gate circuit provides a very reasonable

approximation in practice.
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Chapter 6: Separations in Expressivity between Quantum Neural Networks and

Feed-Forward RelLU Networks

6.1 Introduction

The recent establishment of quantum supremacy ([220, 221]) has spurred a new era of
interest in the practical applications of quantum computers. Variational quantum algorithms
based on Quantum Neural Networks [12, 29] have emerged as a candidate for demonstrating
quantum advantage for machine learning, on modern Noisy Intermediate-Scale Quantum (NISQ
[135]) quantum computers.

Quantum Neural Networks (QNNSs) consist of a series of parameterized quantum operations,
applied on a quantum state that encodes the input. Any classical input encoded by an n-qubit state
corresponds to a 2" dimensional vector in the Hilbert space, which has the potential to represent
functions on high-dimensional features, and at the same time hard for classical computers to
simulate [222]. Indeed, it has been conjectured that the power of QNNs could come from their
expressive power to kernel methods in high dimensions [223, 224, 225].

A learning model can be advantageous in three main ways: the model can be more expressive
than others of equivalent complexity, it can be easier to optimize, or can generalize better given

fewer training examples. Despite the common belief in the quantum machine learning community,
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there is not yet any rigorous evidence that either shows a concrete advantage of QNNs over
classical learning models [139] or separates the expressive power between quantum and classical.
Any progress on such a fundamental question about QNN could provide principled guideline on
the seek of useful applications of QNNss.

The major conjectured advantage of QNN lies in their ability in efficient computing of
certain functions, in particular those functions involving high-dimensional spaces (e.g., quantities
from quantum physics). As a result, it is conjectured that QNNs would be more expressive than
classical models. Establishing such separations is however subtle: classical neural networks
(even those with just one hidden layer) have been proven to be universal approximators [226]
and the same is conjectured to be true for sufficiently general QNNs [227]. A valid comparison
must therefore consider models of the same complexity. Furthermore, the scale of empirical
comparison between quantum and classical models is also limited by the relatively small size of
existing quantum machines as well as the exponential cost associated with simulating quantum
models via classical means. As a result, theoretical analysis is likely the only approach to a
scalable comparison between quantum and classical models. On the other side, such a theoretical
separation between even classical models of different depths has proven notoriously difficult
[228]. Establishing such a separation between quantum and classical would be conceivably more
difficult.

Contributions. We provide a rigorous comparison between the expressivity of QNN to feedforward
ReLU networks (ReNNs), which have been a very successful model for classical problems in
machine learning. Specifically, we compare the minimum complexity of QNNs that approximate
various classes of functions to that of an ReNN for an equally good approximation. Our findings

lead to a 2-way separations between quantum and classical , i.e. each model may be superior
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for certain function classes. Such separations already indicate that simply replacing ReNNs
with QNNs for achieving quantum advantages is unlikely successful, as there are specific cases
that favor the use of ReNNs. The particular cases where advantages are obtained for QNNs
can be used to identify potential quantum advantages in classical learning problems such as
classification.

We have two major findings: Firstly, we surprisingly discover that there are classes of
highly oscillatory functions that ReNNs approximate exponentially more efficiently than QNNss.
It has been conjectured that the inherent periodicity of functions represented by QNNs results
in an expressive advantage for periodic, oscillatory functions [227]. Our theoretical results
indicate that this is false when restricted to a finite domain and may in fact be exponentially
disadvantageous. Thus the choice of learning tasks for which to deploy QNNs may be subtler
than previously imagined. This result relies on the representation of QNN as truncated Fourier
Series [227, 229].

Conversely, we show that univariate sinusoidal functions are more efficiently expressed by
QNNs than ReNNs with only one hidden layer. This result leverages the fact that ReNNs with
width—w and depth—t approximate ¢-wise compositions of functions with w-linear regions [230,
231]. We show that there exist complexity theoretic barriers to proving an exponential advantage
(in terms of the input dimension) for QNNs against ReNNs with depth> 4. Theoretically, the
situation for ReNNs with lower depth is less clear and is left as an open question. However, a
naive construction of an ReNN with depth< 4 to approximate a general QNN with complexity
linear in the input dimension (based on ReNNs for multivariate polynomials [232]) requires
exponential width. We conjecture that such an exponential dependence is necessary, and perform

an empirical evaluation to verify this hypothesis. To this end we introduce a notion of empirical
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separation, where instead of analytically determining the complexities necessary for approximation,
we compare the minimum complexities of QNNs and ReNNs that can be trained to represent a
function accurately. Due to the non-convexity of the optimization problems, and the infeasibility
of training (or testing) a function over a continuous data set, the empirical expressivity of a QNN
does not necessarily capture its theoretical expressive power. Nevertheless, since models need
to be trained to be deployed, the empirical expressivity is a good proxy for a models effective
expressivity in practice. Our empirical results are obtained for functions represented by random
QNNs. This indicates that QNNs may have exponential advantages over ReNNs for the majority
of functions represented by quantum circuits. Specifically for cases where the task is to learn an
unknown quantum circuit or process [31, 233], the experiments are in line with the hypothesis
of a practical advantage for QNNs. We therefore anticipate that the advantage of QNNs will be
primarily for functions originating in quantum phenomena, while our first result proves that they

are not universally advantageous for general functions.

ReNN depth 2 w(1) 2 w(1)
Input dimension d=1 d=1 d>1 d>1
Analytical Analytical Analytical Analytical

Classical Advantage O(only(log(l/E))) O(gpoly(log(l/E))) 0(2p01y(log(1/6))) O(only(log(l/E)yd))
(Corollary 6.3.1)  (Corollary 6.3.1) (Corollary 6.3.1) (Corollary 6.3.1)

Analytical Analytical Empirical Empirical
Quantum Advantage | O(2r°y(1°8(1/9)))  O(poly(log(1/e)) O(2relylloa(l/e).d)) O(2rey(@)
(Corollary 6.3.2) (Corollary 6.3.2) (Figures 6.4,6.5) (Figure 6.6)

Table 6.1: Expressive power separations between QNNs and depth ¢ ReNNs on d-dimension
inputs. For each type of separation we indicate the ratio of minimum complexity required to
e-approximate a certain class of function

Related Works. The memory capacity (related to the VC-dimension) of QNNs has been
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found to have limited advantages over classical networks [234]. As we show in this paper, QNNs
and classical NNs each have expressive advantages over the other, so separations are likely
to be found for specific classes of functions rather than in the total capacity. The functional
form of QNNs has been investigated in [227, 229] and shown to be expressed by truncated
Fourier series. These works do not establish explicit separations from classical networks based
on this observation. Finally, [235] investigates the “effective dimension” (based on the Fisher
information) and provides evidence that QNNs may have a larger effective capacity than classical
networks when taking into account trainability and generalization.

Explicit separations between classes of neural networks have been a hot topic of study
in classical machine learning. There have been demonstrations of exponential separations (in
d) between ReLU networks with depth-2 and depth-3 [236, 237]. The advantages of depth
have also been investigated in the dimension-free univariate setting, with exponential separations
shown in [230, 238]. A width-based phase transition in expressivity was shown in [239]. Related
work [231] studies the functional form of ReLLU networks based on their width and depth, and

characterizes affine regions in the landscape.

6.2 Background

6.2.1 Expressive Power of Parameterized Models.

A parameterized function model (including classical and quantum neural networks) is a
mapping from a set of real parameters to a function from the input domain to the output range.
Specifically, a model with p parameters, domain D), and range R can be described by a function

F: © — DR where © C RP? is the parameter space. A parameterized model is often identified by
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the set of functions that can be represented by using some setting of the parameters. A model M
approximates a function f if some setting of its parameters results in a function f, such that the
L.-distance sup,p, | f(x) — fc(x)] is less than some predetermined error parameter e, referred to
as an e-approximation. The e-expressive power of a class of a models M is the set of functions

that it can e-approximate and is denoted expr, (M).

6.2.2 ReLU Neural Networks (ReNNs).

Classical neural networks have been an extremely succesful parameterized function model
in machine learning. Typical feedforward networks are parameterized by a sequence of matrices
{W;}._, and bias vectors {b;}!_,, where W, € R%*%i-1 b, € R™i, with wy, w; set to the
dimension of the domain and co-domain respectively (for a real valued network w; = 1). Each
W, b; defines an affine transformation W;: R%-1 — R™: such that W;(x) = W;x + b;. For

input vector x, the output y of the neural network is

y =W, o(W;_10(...0(Wiz)...)), (6.1)

where o(-) denotes an element-wise activation on the output of each layer. Different choices of
activation functions have been studied in the literature including identity maps (o (z) = z) [240],

quadratic maps (o(z) = 2?) [241] and sigmoid functions o(z) = (1 + e %)}

. In this paper
we focus on real valued ReLU networks (ReNNs) that use the ReLU activation function o (z) =

max(0, x).

Definition 6.2.1. A feedforward ReLU network (ReNN) is a neural network that uses the activation
function o(x) = max (0, z) on each layer. The width(w) of an ReNN is the maximum of the layer
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sizes ie. maxwy,...,w; and the depth is the number of layers t. We use ReNN,, . to denote
the family of ReLU neural networks with width w and depth t, acting on an input space with

dimension d.

6.2.3 Quantum Neural Networks (QNNs)

Encoding Block Unitary Block

[Rxcamad OO |———|R,, ()]
H[rxero o ke (5)
{ [rRero oo Hiry (B

| rRx@re o H-r (&) F—002 2

L layers

Figure 6.1: An example layer of Figure 6.2: An r-parallel QNN with L layers, with a
a l-parallel QNN. Such blocks are  pre-processing function ¢ and final measurement M
repeated 7 times in parallel, and L
times in succession for a general QNN.

Figure 6.3: Architecture of a Quantum Neural Network

Quantum Neural Networks are parameterized models where the input and the parameterized
computations are replaced by networks of unitary operations (quantum gates) operating on a set
of n registers initialized to ep». They share the layered structure of a classical neural network
where operations are sequentially applied to the output of the previous layer, with the following
differences:

Input. The inputs to ReNNs are simply feature vectors. For QNNs however, the input must be
encoded into quantum states that are then fed to quantum circuits. There are a variety of encoding
schemes used for quantum neural networks [2, 13, 233] that have been used in quantum neural
networks. A common scheme that has been applied in many experiments based on QNNs is
the rotation-encoding scheme. Here a vector x = (z;,...,x4) is represented by Pauli-rotation

gates with the individual components of the input encoded in their parameters. Specifically, r of
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the n registers of the circuit are chosen to correspond to each component of the d-dimensional
input (rd total). An r-parallel encoding block then corresponds to applying the gate R, (27x;)
(where 0 € {X,Y, Z}) on every register that corresponds to component j (a common choice is
R, (2mx;) on any register ¢ such that ¢ = j( mod d)).

Classical Parameterization of Quantum Operations. The parameterized transformations applied
in ReNNs are affine transforms {W; }!_; acting on vectors. In a QNN the parameterized transform-
ations must be unitary operators acting on quantum states. For generality, the gates chosen
must allow for the approximation of any unitary operation using arbitrarily many gates. The
parameterized single qubit gates chosen are of the form R, (6/2) (where o € {X,Y, Z}) where
0 is a real parameter. The two qubit entangling gates are chosen from ¢€'97«®? (where a,b €
{X,Y, Z}) with real parameter 6, or the unparameterized CNOT. These parameterized gates are
structured into unitary blocks, with single qubit gates applied to every register and double qubit
gates to every adjacent pair of registers.

Output. In contrast to ReNNs, where we can simply read out the output after the appropriate
transformations, in QNN the output must be obtained by measuring the state obtained by applying
the encoding and parameterized operations. This measurement is represented by a Hermitian
matrix M and is applied on some subset of the registers. There is no direct analog of the non-
linear activation functions used in classical NNs.

Preprocessing Input. The input to a QNN can be pre-processed by applying a bijective processing
function ¢: R? — R¢ whose output is subsequently fed to the encoding gates.

There have been several different architectures proposed for QNNs. The version we define below
is general enough to accommodate most proposals in the literature, while leading to an at most

polynomial increase in complexity. A Quantum Neural Network interleaves blocks of encoding
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blocks and unitary blocks as follows (Figure 6.3):

Definition 6.2.2 (Quantum Neural Network (QNNs)). Given an input x € [0, 1]¢ a d-dimensional,
L-layer, r-parallel Quantum Neural Network is defined by a sequence of L layers of quantum
gates acting on n = rd + O(1) registers. Each layer consists of (1) (Optionally) An encoding
block that encodes each component x; of x on each register m such that m mod d = (j — 1)
(2) A unitary block of parameterized gates. The output is measured as the expectation value of
an observable M applied to the set of registers (can be taken to be applied to the first register
wlog). The input redundancy R of a QNN is the total number of encoding gates corresponding
to each component of the input (R < rL), and the total number of gates is called the size of the
network. The corresponding parameterized model is denoted QNN,, | ;.

The model with a pre-processing function ¢ is denoted PONN,. 1 , 5 and represents ONN,. | ; with

input ¢(x).

Truncated Fourier Representation of QNNs. Recent works have shown that the functions
represented by QNNs where the input encoding is via gates of the form e?ifi (for Hermitian
matrices f;) have representations as truncated Fourier series [227]. Furthermore, the maximal
frequencies of this encoding are closely connected to the input redundancy 2 of the QNN. We
state this observation in a proposition tailored to our model of QNNs with proof deferred to the

supplementary material.

Proposition 6.2.1. Given a L-layer, r-parallel PONN () with measurement M and preprocessing
function ¢, the corresponding function Fg : R? — R can be expressed as a truncated Fourier
Series Y a,e™ @) where w € RY such that w; € {—2R,—2R +1,...,2R — 1,2R},Vj €
[1,d] where R = Lr is the redundancy of the circuit (). Equivalently, Fy = Y a,, cos(2mw -
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() + b, sin(2mw - P(x)).

6.3 Analytical Separations in Expressive Power

Cost of parameterized models The computational complexity associated with a parameterized
model comes from the cost to evaluate the function for a particular input and parameters, and the
cost to optimize the parameters for a specific learning task. Due to the heuristic nature of non-
convex optimization, the number of parameters can be used as a proxy for the optimization cost.
ReNNs with width-w, depth-t have w?t parameters, and are evaluated using ¢ w-dimensional
matrix-vector products resulting in a cost of ©(w?t). The evaluation cost and number of parameters
of a QNN are both equal to the number of quantum gates O(rdL). We define cost as measure of

model complexity.

cost(ReNNy,; 4) = w’t, cost(QNN, ; ;) = rdL (6.2)

PQNN, ; ,, additionally incurs the classical cost of evaluating ¢. We therefore restrict ¢ to
functions that can be computed by an ReNN with cost O(rLd) so as to not simply replace
the quantum computation by a more expensive classical processing step. PQNN,.; ; , with ¢

satisfying this condition is simply denoted PQNN,. ; ;

Defining expressive advantage. A class of models C'; has an analytical advantage over C} if
there provably exists a class of functions F' such that M; € () e-approximates every function
F, while any equally good approximation M, € C) satisfies cost(M;) = o(cost(Ms)) ie.

expr.(Mj) C expr.(Ms) only if cost(M;) = o(cost(Msz)). When C; = ReNN,Cy =
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QNN (and vice versa), we denote the corresponding results as classical and quantum advantage
respectively.

We compare several sub-classes of ReNNs to QNNs and summarize our results in Table 6.1.
The worst case error of approximation can be constantly increased by simply multiplying all
functions by a constant. To eliminate such trivial scaling considerations, we only consider
functions with bounded range ([0, 1] w.1.0.g.). The functions approximated by QNN are inherently
periodic in contrast to ReNNs, and so these classes trivially cannot approximate each other
over R%. We therefore consider approximation only on the bounded domain [0, 1]%. We also
consider preprocessed networks from PQNN,. ; ; where the pre-processing does not change the

asymptotics of the model complexity.

Classical Advantage Functions encoded by QNN as truncated Fourier series with frequencies
bounded by the input redundancy 1. This representation places two main restrictions on the
properties of the function represented by a QNN: (1) A Truncated Fourier Series approximation
must retain all frequencies with large coefficients (Lemma 6.3.1). (2) The number of oscillations
(or times crossing a fixed value) of a truncated Fourier series is bounded by the largest frequency

(Lemma 6.3.2).

Lemma 6.3.1 (Proof in appendix Lemma 6.5.1). Let f: [0, 1] — [0, 1] be a continuous function
represented by a Fourier series given as Y - c(k)e’™ e, If f:[0,1] — [0,1] is a continuous
function that e-approximates f and has a truncated Fourier series Zf:_ x C(k)e™™ then c(k) <

e forall |k| > K.
Lemma 6.3.2 ([242]). Let f: [0, 1] — [0, 1] be a continuous function represented by a truncated
Fourier Series f(z) = Y1 c(k)e®™ . The equation f(x) = c for any ¢ € [0,1] has a
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maximum of 2K roots in [0, 1] unless f(x) is identically c for x € [0, 1].

To obtain a classical advantage we show that ReNNs can efficiently approximate several
functions with slowly decaying Fourier coefficients. Furthermore, based on the observations of
[230] the number of oscillations in the output of an ReNN can increase exponentially with its
depth.

Our results employ the following result based on the work of [232] on the approximation

of univariate piecewise-polynomial functions by ReNNs.

Lemma 6.3.3 (Lemma 6.5.2). Let ¢ > 0. Let f : [0,1] — [0,1] be a continuous function such
that [0, 1] can be divided into p intervals on each of which f is some polynomial with degree at
most D. Then f can be e-approximated on [0, 1] by a ReNN with width and depth bounded by

O(pDlog(D/¢€)?).

We define the following class of functions to demonstrate our results on classical advantage.

Definition 6.3.1. Let F, ¢ p be the class of G-Lipschitz continuous functions f: [0,1] — [0, 1]
such that [0, 1] can be divided into p intervals on each of which f is given by a polynomial with
degree at most D, and f(0) = f(1) = 0. F,c.py is the class of functions f: [0,1]7 — [0, 1]
suchthat f = fio0 fao---0o fy_1 0 fi, where each f; € F, c.a. Fpa.p.dx IS the class of functions

f:10,1]¢ — [0, 1] such that f(x = (z1,...,74)) = 52?:1 fi(x;) where each f; € F, c bk
We next show that F, 1, 4 is highly oscillatory

Lemma 6.3.4 (Lemma 6.5.3). Let f € F, 1. p such that f(x) = 1 for some x € [0,1]. Then the
value of f* oscillates between 0 and 1 at least 2 times on [0, 1], and f(z) = 1/2 at > 2* points.
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Our main result is expressed in the following theorem and corollary.

Theorem 6.3.1. Define the class of functions Fu = Fpcpar with p,G,D = O(1) and
Fp.c.pak as in Definition 6.3.1. Every function in F,, can be e-approximated by a ReNN with
width O(dk?log(d/€)?) and depth O(k*log(d/€)?). However, ONN, | ; can e-approximate every

function in Fyy, only if rL = Q(max(28721/€'/2)).

Proof. We first upper bound the complexity of approximation by ReNNs. By Lemma 6.3.3, any
function in J; ; can be d-approximated using at most O(log(1/6)?) width and depth. To compute
functions f € F;; to error §, we must make d parallel computations of functions in F; ; to error
4/d, each using width and depth bounded by O(log(d/§)?). The final computation of f uses a
total width of O(dlog(d/4)?) and a depth of O(log(d/§)?). Finally the composition f; o f can
be computed by appending the ReNN computing f; to that computing f>. Functions in F;, are
computed using k layers of ReNNs corresponding to functions in F; ;. If each of these layers has
error 6, the error at the next layer will be at most (G' + 1)d (§ from the new layer, G§ due to the
input error). The final errorin f = f; o--- o f; is guaranteed to be < ¢, if the error for each f; is
< ¢/(G + 1)*. Since each f; € Fi, any function f € F, can be e-approximated by a function
in ReNNo(ax2 10g(d/e)2),0(k2 log(d/e)?).d-

Next, we lower bound the complexity of approximation by QNNs. Consider first the case
with d = 1. There is an infinitude of functions f € F; ; such that f(0) = f(1) =0and f(p) =1
for some p € [0,1] (eg. f(x) = 1 — 4(x — 1/2)?). Consider any such function f and let f*
be approximated by some € QNN,. ; ;. By Proposition 6.2.1, the corresponding function fq
is a truncated Fourier series with integer frequencies ranging from —2R to 2R, where the input

redundancy R < rL. Therefore by Lemma 6.3.2, fo = 1/2 at < 2R points in [0, 1]. On the
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other hand by Lemma 6.3.4, f¥ = 1/2 at > 2" points. If 2(2R) < 2*, there must exist an interval
where fo — 1/2 has constant sign, but f* ranges from 0 to 1, therefore | fo — f*| > 1/2 at some
point in the interval. Therefore, for any € > 1/2, a QNN (@ that e-approximates f* must satisfy
rL > R > 22

Now consider the piecewise affine triangle function g(z) = min(2z, 2 — 2z). By definition
g € Fii1. Let fo be the function corresponding to any QNN () with redundancy R that e-
approximates g(z) (on R, fg will approximate a 1-periodic function that matches f on [0, 1]). By
Proposition 6.2.1 fq is a truncated Fourier series with frequencies in [—2R, 2R]. Let ¢(n) be the
Fourier co-efficients of f. By Lemma 6.3.1, ¢(n) < e for all n > 2R. It can be verified by direct
computation that c(n) = ©(1/n?). Therefore, rL > R = Q(1/€'/?).

Now let d > 1. Let f € Fj be such that any QNN approximating () must have R >
Q(max(2¥72,1/€'/2)). Consider f;: [0,1]7 — [0, 1], fa(z) = (1/d) Z?Zl f(z;). Let R; be the
redundancy of component ;. If R; = o(max(2¢72,1/¢'/2)), then setting x; = 0,Vi # j yields
@ € QNN,. ; ; with 7L = o(max(2"~2,1/€!/?)) that e-approximates f;, contradicting the already
established case for d = 1. Thus the total redundancy R = Z;l:1 R; = Q(max(d2*2 d/e'/?)).

]

Corollary 6.3.1 (Corollary 6.5.1). 1. expr,(ReNNj3:) C expr, (PONN, ,) = Lr = €
1/€1/2)

2. expr (ReNNo(iog(1/¢)),0(k log(1/e)),1) € expr (PONN, 1 1) = Lr = Q(max(2F2,1/€'/?))

3. expr (ReNNayz2.4) L expr (PONN, ;) = Lr = Q(d/e"/?)

4. expr (ReNNo (a3 10g(d/c)2),0(d? log(d/c)?),d) L expr (PONN, 1 ;) = Lr = Q(d292) and Lr =

Q(d/e'/?).
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Corollary 6.3.1 shows that the cost of QNNs that can e-approximate every function that is
exactly represented by a ReNN of depth 2d must be exponential in d and polynomial in 1/¢/2

indicating exponential classical advantage.

Quantum Advantage for univariate functions Our second main result shows a quantum
advantage for approximating univariate sinusoidal functions. We employ the following results

(folklore, but shown in supplementary material for completeness).
Lemma 6.3.5 (Lemma 6.5.4). Any f: [0,1] — R in ReNN,, ;1 has O((2w+2)'"") affine regions.

Lemma 6.3.6 (Lemma 6.5.5). Any quadratic function of (cos(2rkz), sin(2rkx)) can be exactly

represented by a function in QNN ;. .

Theorem 6.3.2 is the main result, demonstrating that simple sinusoidal functions require

poly(1/e)-piecewise affine functions for an e-approximation.

Theorem 6.3.2. For any integer k, the class of quadratic functions of (cos(2rkx),sin(2nkx))

cannot be e-approximated by any class of piecewise affine functions with o(k/'/3) affine regions.

Proof. Consider fi.(z) = (1 + cos(4nkx))/2 = cos?(2rkz). Let fy(x) be e-approximated by
some piecewise-affine function. We now determine the maximum possible size of each affine
region of the approximating function. The affine regions will be largest at the points x = n/4k
for odd n where the second derivatives are (0, thereby minimizing the deviation from linearity.
Consider any such point x = a, and let it be approximated in some interval [a — d1,a + Jo]
with 61,09 > 0. Since the number of affine regions required is independent of a function shift
or scaling, we can equivalently consider the problem of approximating the function sin(47kz)
in the region [—d7,d2]. Let & = min(dy,d2) and the affine e-approximation in the region be
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gr + h. We have —e < h < e. For sufficiently small e, it must hold that 47ké < 1. For
r < 1,2%/12 < |sin(z) — x| < /6. For e-approximation to hold ¢(§/2) + h > sin(4wkd) — €
and g6 + h < sin(4wkd) + e. Via simple algebra, we obtain (47kd)> < 24(4e) Therefore,

§ = O(e'/3/k) and the total number of affine windows covering [0, 1] must be Q(k/e'/?) O

Theorem 6.3.2 and Lemma 6.3.5 directly yield the claimed advantage of QNNs over ReNN's

for univariate functions.

Corollary 6.3.2. For constant k, expr (ONN, ;.,3,) € expr(ReNN, ;1) unless (2w + 2)'~! =

Q(k/e'/?) (eg. w constant and t = Q(log(1/¢)), or t constant and w = Q(1/€/3)).

Barriers to Analytical Super-polynomial Quantum Advantage in d. Following the work of
[228], we observe that there exist complexity theoretic barriers to proving a superpolynomial

quantum advantage for L,-approximation over ReNNs with depth > 4 for any p < oo.

Theorem 6.3.3 ([228]). Let f : [0, 1]¢ — [0, 1] be a poly(d)-Lipschitz continuous that is computable
using poly(d) space. If f cannot be L,-approximated to error 1/ poly(d) (for p < co) by a ReLU

network of size poly(d) and constant depth k > 4, then PSPACE ¢ TC)_,,.

The function fg corresponding to an efficient QNN satisfies the conditions of Theorem 6.3.3

Lemma 6.3.7 (Lemma 6.5.6). Let Q be a QNN with input redundancy R < cost(Q) = poly(d).

The corresponding function f is poly(d)-Lipschitz continuous and computable in poly(d) space.

Therefore, if an ReNN with depth> 4 requires superpolynomial width to approximate f,

then PSPACE ¢ TCY. Since PSPACE C EXP, proving a super-polynomial quantum advantage
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also shows EXP ¢ TC thereby proving a decades-long open conjecture in complexity theory

[243, 244].

6.4 Empirical Separations in Expressive Power

The empirical expressive power of a model is the minimum complexity of the model that
can be trained to e-approximate a class of functions. Due to the heuristic nature of non-convex
optimization, and the limitations imposed by a finite data-set, the expressivity cannot be exactly
determined in this manner. However, several well known gradient based optimization methods
have proven quite successful for ReNNs and QNNs and thus the empirical expressivity serves as
a good proxy in the absence of theoretical proof, or as a tool to verify theoretical results. Learning
models need to be trained to be deployed, so empirical expressivity may be the more important

measure in practical settings.

6.4.1 Empirical quantum advantage for multi-variate functions

mda0n

Figure 6.4: m,,(d, €)/2¢ vs d for ReNNs with depth 2 (¢ = 0.01) and 3, 4 (¢ = 0.005)

Based on a naive construction similar to those used classically for approximating multivari-
ate polynomials by ReNNs, a general QNN () with poly(d) redundancy can be e approximated by
a ReNN with width O(2P°Y(@ /¢) and constant depth=4, or with total size bounded by O(d2P°V (@

log(d/€)*) respectively (Lemma 6.5.7). We hypothesize that these exponential dependences are
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Gimension o

Figure 6.5: m.,(4, €)e!/? vs 1/e for ReNNs with depth 3,4,  Figure 6.6: m,,(d,0.001)/2¢ for
d=14 ReNNs with depth-d

Classical advantage:

o[ rE

Figure 6.7: Worst case error  Figure 6.8: mp(c)e'/? vs 1/e  Figure 6.9: m,,(¢)e'/3 vs 1/e
for different redundancies

necessary: ie. QNNs have an exponential advantage in d, log(1/¢) over ReNNs with depth < 4,
and an exponential advantage in d over variable depth ReNNs. To verify our hypothesis we
perform experiments with the following setup: a target function with d-dimensional input is
fixed, and ReNNs with a particular chosen depth are trained to e-approximate the function. The
width of the ReNN is varied and binary search is used to determine the minimum width at which
the ReNN achieves the desired approximation. By varying d, ¢ we extrapolate the dependence of
the minimum width on these quantities. If this dependence is exponential, we can establish an

exponential empirical separation.

Experimental Details We fix a QNN architecture consisting of two 1-parallel Ry encoding
layers, and two unitary blocks. Each parameterized unitary block consists of two sub-blocks,
each with a layer of R, gates followed by a layer of Ry gates followed by a CNOT entangling
layer. Corresponding to any setting of d, we select a target QNN (); by randomly fixing the
gates of this architecture, with corresponding function f,. Any instance ()4 of this architecture

has cost(Qq) = O(d). Given d, e we search for lower bounds on the minimum width m,,(d, €)
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of an ReNN that e-approximates fq, at a fixed depth ¢. A subset P € [0, 1] of random points
(usually 4%) are selected. We fix an interval [0, B] for our search. For any width w € [0, B] an
ReNN is trained to minimize the mean-squared error on the set P for 10000-15000 epochs or
until convergence. The training is successful if the worst-case loss is ever < ¢, and corresponds
to finding a good approximation. We perform binary search in [0, B] to find the minimum width
m.,(d, €) for successful training. If none of the widths allow for successful training, we report
m.(d,e) = B. Each ReNN is trained using the Adam optimizer [245] with hyper-parameters
manually tuned for effective training, and 3 different restarts with random initializations. (In the
graphs below, we plot m,,(d, €)/g(d, €) where g(d, €) is a function representing the separation
we are trying to demonstrate. If the separation is valid, the obtained ratio should be greater
than 1 and monotonically increasing.) Due to the limitations of simulating quantum circuits on
classical hardware, we are only able to vary d up to 6. While our experiments show a clear trend,
improvements in simulation capacity may eventually allow us to improve our results.
Implementation Details The experiments are implemented using the Pytorch library [246] and
offered under the MIT license. The experiments were run on an AWS cluster with an 8-core Intel
Xeon E5-2686 v4 (Broadwell) processor, and a single NVIDIA Tesla V100 GPU.

Exponential quantum advantage in d over ReNNs with depth < 4. The minimum cost for
approximation at dimension d is empirically greater than 2¢ : Fixing ¢ = 0.01 for ReNNs of
depth 2 and € = 0.005 for depth 3,4 we observe (Figure 6.4) that m.,(d, €)/2? > 1 and increases
in d.

Exponential quantum advantage in log(1/¢) over ReNNs with depth < 4. The minimum
approximation cost is empirically greater than 1/¢'/2 = O(2P°(oe(1/9)) : Fixing d = 4, we
observe (Figure 6.5) for ReNNs of depth 3,4 that m,, (4, €)e!/? is an increasing function of 1/e.
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Exponential quantum advantage in d over variable depth ReNNs. For dimension d we
train ReNNs of depth d to e-approximate fp, on a random set of 9dvd points ! for fixed ¢ =
0.001. m(d,0.001)/2% is observed (Figure 6.6) to be greater than 1 indicating a large empirical
advantage for small d, but is not clearly monotonically increasing as in the constant depth cases.

There is hence weaker evidence for an overall exponential separation.

6.4.2 Empirical Verification of Analytical Separations

Classical Advantage (Corollary 6.3.1). We train truncated Fourier Series (corresponding
to QNN s with redundancy R) to e-approximate g¢ for g(z) = 14+2 max(z—1/2,0)—2max(1/2—
z,0) (¢ € ReNNj 24.1). The models are trained to convergence, from 3 random initializations.
1. With R = 2?73 the minimum worst-case error observed on the training set {i/2" | i € N, 0 <

i < 2%} is strictly greater than 1/2 for 3 < d < 10. (Figure 6.7). Models with R = 2972 are
able to attain a worst-case error less than 1/2.

2. Fixing d = 1, we search for the minimum redundancy mg(¢) required for e-approximation
of ¢ on integer multiples of ¢, as in Section 6.4.1. We observe (Figure 6.8) that mpg(e)e/? is
greater than 1 and increasing in 1/¢, indicating R = Q(1/¢'/2)

Quantum Advantage (Corollary 6.3.2). We train ReNNs with depth=2 to e-approximate cos(4mz)

on integer multiples of ¢, and determine a lower bound on the minimum required width m,, ()

(as in Section 6.4.1). The minimum width is empirically O(1/ l/3 ) since we observe (Figure 6.9)

that m,,(€)e!/? is greater than 1 and increasing in 1/e.

' A network with constant width and linear depth can approximate functions with k¢ affine regions thereby exactly
fitting k¢ points for any constant d, therefore 2¢(%) training points must be used to observe an advantage.
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6.5 Deferred technical details

Proposition 6.5.1. Given a L-layer, r-parallel PONN (@) with final measurement M and pre-
processing function ¢, the corresponding function Fg has the following property:

Fo(x) can be expressed as a truncated Fourier Series ) . a,e2™ @) where w € R? such
thatw; € {—2R,—2R+1,...,2R —1,2R},Vj € [1,d| where R = Lr is the redundancy of the

circuit Q). Equivalently, Fo =" a, cos(2mw - ¢(x)) + b, sin(2nw - ¢(z)).

Proof. Let U be the parameterized unitary operator represented by the quantum circuit. The
output of the circuit is then given by Fp = egd UtMUegya, where e, = @%_,e;, forall b € {0, 1},

Notice that in each layer [ of the circuit, we apply at most one encoding unitary of the form

E = <® exp(zzmkfp(g;k))) (6.3)

j=r k=1

where oy, is a Pauli matrix. Since each Pauli matrix has eigenvalues {1, —1}, we have

d
®<® exp(i2m oy, )ukuk+
k=1

exp(—mas(xk))vkvL) (6.4)

where uy, v are the eigenvectors of 0. Denoting the remaining gates in each layer (that
are independent of the input) as U;, we have U = Hé:l E;U;. Making the corresponding
substitutions, we have that F, = > a,e?™ @) where each component of w is the sum of
2R terms in [1, —1]. A complex exponential exp(iy) can be written as the linear combination of

sin(|y|), cos(|y|). Since Fy, is real by construction, Fyy = > a,, cos(2nw - ¢(z)) + b, sin(27mw -
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¢(x)) with real coefficients a,,, b,, O

Lemma 6.5.1. Let f: [0,1] — [0,1] be a continuous function represented by a Fourier series
givenas > o c(k)e*™ . If £:10,1] = [0,1] is a continuous function that e-approximates f
and has a truncated Fourier series representation Zsz_ i C(k)e™™ then c(k) < for all |k| >

K.
Proof. We can extend the Fourier series of f by

fla)y =Y ék)e™™ st é(k)=0,Yk| > K (6.5)

k=—K

Consider the integral Z(k) = fol f(k)e~ 2™ dz that is well defined because f is continuous by

definition. Then, from (6.5) Z(k) = ¢(k). Therefore,

e(k) — &(k)| = | / f(@)e 2 dy — T (k)| 6.6)
oy / (f(2) — fla))e > d) 6.7)
/ |(f x))e” 2™ dy (6.8)

<[ (\f() e >|)r k| 69

<e (6.10)

From (6.5), ¢(k) = 0 for k > K, and therefore c(k) < e. O

Lemma 6.5.2 (based on [232]). Let € > 0. Let f : [0,1] — [0, 1] be a continuous function such
that [0, 1] can be divided into p intervals on each of which, f is given by a polynomial with degree
at most D. Then f can be e-approximated on |0, 1] by a ReNN with width and depth bounded by
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O(pDlog(D/e)?).

Proof. We proceed by induction on p. For p = 1, f is simply a polynomial of degree D. By
[232][Lemma 3.3], the function x¥ can be e-approximated by an ReNN with width and depth
bounded by O(log(y/€)?). A polynomial of degree D is the linear combination of D such
terms with y < D, and can be approximated by an ReNN with width and depth bounded by
O(Dlog(D/e)?).

Now suppose the lemma is true for all p — 1. Let a be the leftmost point of separation

between two intervals on which f is polynomial. Specifically,

f(z) = 6.11)

where f; is a polynomial and f5 is p — 1 piecewise polynomial. By the continuity of f, fi(a) =

f2(a) = f(a). Consider the function,

f(z) = fi(a—max(a — x,0))+

fo(max(z — a,0) +a) — f(a) (6.12)

where fi, f, are € /2-approximations of fi, f, respectively. By inspection,

filx) + faola) = fla), z<a,
f(x) (6.13)
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f is therefore an e-approximation of f, that can be approximated by a ReNN with width/depth

bounded by O(pD log(D/€)?). O

Lemma 6.5.3. Let f € F, 1 p suchthat f(0) = f(1) = 0and f(z) = 1 for some x € [0,1]. Then
the value of f* oscillates between 0 to 1 at least 2* times on the domain [0,1], and f*(x) = 1/2

at > 2F points.

Proof. We proceed by induction. Clearly the lemma is true for £k = 1. Now let f*~! oscillate
from 0 to 1 at least 28! times. On each interval [a, b] where f*~! ranges from 0 to 1 or vice versa,
f* = f o f* ! oscillates from 0 to 1 and back again, by the defining property of f. Furthermore
by the continuity of f, f* attains the value 1/2 at at least 2 points in this interval. Since, there are

2%~ intervals [a, b], the result follows by induction. O

Corollary 6.5.1. 1. expr.(ReNN2 1) C expr,(PONN, ;) = Lr = Q(1/e'/?)

2. expr (ReNNo(iog(1/e)),0(k10g(1/e)),1) © expr(PONN, ;1) = Lr = Q(max(2"2, 1/€4/2))

3. expr.(ReNNag2q) € expr. (PONN, ;) = Lr =Q(d/e"/?)

4. expr (ReNNo (a3 10g(d/e)?),0(d? log(d/e)?).d) £ expr(PONN, ; ;) = Lr = Q(d2%72) and Lr =

Q(d/e"/?).

Proof. Observe that if a function f can be approximated only by QNNs () with cost(Q) =

Q(q(d, €)), the function f o ¢ can be approximated only by PQNNs ) with cost(Q) = Q(q(d, €))

if () uses ¢ as the pre-processing function. Let the classical cost of approximating f be 2(c¢(d, €)),

by our condition on pre-processing functions the classical cost of approximating fo¢ is (c(d, €)+

q(d, €)). Therefore, any exponential classical advantages over QNNs also hold over PQNNS.

1. The triangle function g(z) = min(2z,2 — 2z) = 1 4+ 2max(z — 1/2,0) — 2max(1/2 — z,0)
and can thus be exactly represented by a ReNN with width—2 and depth—2. By the proof of
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Theorem 6.3.1, g can only be expressed by QNNs with redundancy Q(1/¢"/2).

2. Follows by setting d = 1 in Theorem 6.3.1.

3. Follows by the proof on Theorem 6.3.1, specifically for (1/d) Z;l:l g(z;) where g is the
triangle function.

4. Follows by setting £ = d in Theorem 6.3.1.

Lemma 6.5.4. A function f: [0,1] — R in ReNN,, ;1 has O((2w + 2)'™') affine regions.

Proof. We proceed by induction. A univariate ReNN with depth-2 can be written as 7+ ;" | max
(xa; — i), which is clearly affine everywhere except the w points «;/f; resulting in w + 1
affine regions. We now observe the following: the linear combination of two piecewise affine
functions with p; and p, affine regions has < p; + p, affine regions. Furthermore, the function
max(0,a + bf(z)) where f(x) is piecewise affine with p affine regions, has 2p affine regions
(possible points of non-differentiability arise where f(x) is non-differentiable, or when f(z) =
—a/b which occurs at < p points).

Consider a ReNN with depth-¢ and width-w. The output is the sum of w functions, each of
which is of the form max(0, f(x)) where f(x) is the output of a ReNN with depth-t — 1 and width
w. By the inductive hypothesis, each such f(x) has at most O(272(w + 1)'~2) affine regions.
Therefore each max(0, f(x)) has at most O(2'~*(w+1)""') affine regions and the whole network

has O(w2! ! (w + 1)'72) < 02" (w + 1)) affine regions. O

Lemma 6.5.5. Any quadratic function of (cos(2mkx),sin(2rkx)) is exactly represented by a

Junction in QNN ;45 ;.

Proof. Tt can be verified that Rx(6)ey = cos()ey + sin(f)e;. Consider a univariate QNN
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with input x, where the first k& gates are encoding gates given by Ry (27wx). By definition,
Rx(0)* = Rx(k0). Therefore, the state of the system after applying these encoding gates is
1 = cos(2mkf)eo+sin(2mk0)e;. Let the following three gates be Rx (o), Ry (a2), Rx (cg) with
parameters «, o, aig. An appropriate setting of the parameters allows this sequence of gates to
represent an arbitrary unitary operator /. Given some fixed final measurement M, UTMU can
represent any Hermitian operator with the same eigenvalues as M. The circuit can therefore
effectively compute the expectation value of an arbitrary measurement operator on ¢). Thus a

1-parallel circuit with £ + 3 layers can compute a function

a c+id
fo(z) = <cos(27rkx) —1 sin(27r/<:x)>
c—id b

cos(2mkx)
(6.14)

isin(2mwkx)

= acos®(2rkx) + 2dsin(2nkz) cos(2mkx)

+ bsin?(27wkx) (6.15)
Since a, b, d are arbitrary real numbers, any quadratic function can be realized. 0

Lemma 6.5.6. Let () be a QNN with input redundancy R < cost(Q)) = poly(d). The corresponding

function fq is poly(d)-Lipschitz continuous and computable in poly(d) space.

Proof. 1. From definition 0; Rx (z;) = 2miox Rx(x;). Consider the function fo(z = (x1,...,24))

corresponding to a quantum neural network () and consider its partial derivative with respect
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to each component z;. As a function of x;, f is expressed as

d T
fo(zj) = <<H UiRX(«Tj)> e0> M

=1
d
( (H UiRX(ﬂsj)> e0> (6.16)
=1

Applying the chain rule 0, fq is the sum of 2R terms of the form

d
27m'<( H Uin(xj)) UjUxRX(ZUj)

i=j+1

j—1 T d
(H UZ-RX(a:j)> e0> M ((H UiRX(xj)> e0> (6.17)

=1 =1
Since fg € [0,1], 9;fo = O(R). The function is thereby Rv/d = poly(d)-Lipschitz.

2. The output of a QNN @ with cost(Q)) = poly(d) is the result of simulating a quantum circuit
with poly(d) gates. It is well known that such a simulation can be carried out using polynomial
space [247] to any poly(d) number of bits.

]

Lemma 6.5.7. Any QNN with poly(d) redundancy can be e-approximated by a ReNN with width

O(2°P°Y /¢) and constant depth-4, or width O(2°°Y (D) and depth O(dlog(d/e)?).

Proof. By Proposition 6.2.1, the function f¢ corresponding to any QNN () is represented as the
linear combination of at most 2(4R + 1)¢ terms of the form cos(27w - x),sin(27w - =) with
we {-2R,—2R+1,...,2R — 1,2R}. Clearly each term w - x can be exactly computed using
a ReNN of depth=2, width=d with R = poly(d) bounded weights. All the terms w - = can be

exactly computed by a hidden layer with (4R + 1)? nodes.
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The linear combination corresponding to f can be computed to accuracy e if every sin(-),
cos(-) term is computed to accuracy ¢/2(4R + 1)%. By [236][Lemma 6] each term can be
computed using a depth=2 ReNN with width 2(4R + 1)?/e. fq can therefore be computed using
an ReNN of depth=4 and width O(4(4R + 1)??/e) = O(2P°V@ /e).

Since x € [0,1]%, |2mw - x| < 4w Rd. By [248][Theorem 4.1], cos(27w - x), sin(27w - x)
can be computed to error ¢ using constant width and depth O(log(1/d) + log(4wRd)). Thus fq

can be computed using depth O(d log(d/¢)?) and width O(2P°w(@)), O
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Chapter 7: A convergence theory for over-parameterized variational quantum

algorithms

7.1 Introduction

Quantum Variational Methods (QVMs) (see for eg. [12, 28, 29] have become a leading
candidate for quantum applications on Near-Term Intermediate Scale Quantum Computers. The
last chapter covered Quantum Neural Networks (QNNs) compared to common classical counterparts
such as feed-forward ReLU networks (ReNNs). In this chapter, we focus on a different popular
quantum variational method, the so called Variational Quantum Eigensolver or VQE. VQE
bear a similarity to QNNs in that they both involve the optimization of quantum circuits that
are parameterized by classical real parameters that are optimized using classical optimization
routines. This moves the bulk of the control operations, that may be hard to implement on near-
term quantum machines to the classical controller, leaving the quantum computer to repeatedly
implement the corresponding parameterized circuit. The parameterization of these circuits is
often chosen so as to be efficiently implementable on a quantum computer.

In contrast to QNNs however, VQEs are a form of quantum generative learning, where
the goal is to learn a circuit that generates a quantum state satisfying certain properties. In

[31], the goal is to learn a circuit that exactly reproduces some unknown quantum state. For
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a VQE, the goal is to generate a quantum state that is the ground state; or eigenvector with the
smallest eigenvalue of a given Hermitian matrix. Due to the role played by Hermitian operators
as observables in quantum mechanics; the learning loop of a VQE measures the expectation value
of the target observable on the output of the parameterized circuit; and this value is then treated
as a loss function to optimize the parameters. Despite the apparent inflexibility of this approach,
choosing the Hermitian and ansatz carefully can lead to a great number of interesting problems
being expressed this way: VQE has been employed in physical problems where obtaining properties
of ground states can be of central importance, and several physically inspired ansatz have been
designed for such problems including the Transverse Field Ising model, XXZ Heisenberg model,
and the Kitaev Honeycomb model. On the other hand, there are approaches to embedding
combinatorial optimization problems in the target Hamiltonians in the search for quantum speedups
through VQE like systems, the primary example here is the Quantum Approximate Optimization
Algorithm (QAOA) [29].

VQEs suffer from some of the same problems as QNN in that their expressive advantages
over classical systems have not been theoretically established. However, another central problem
arises from the non-convexity of the associated optimization problems: therefore even if it could
be shown that expressive advantages exist, there is no guarantee that the parameters can be
optimized to have small training loss. There have been empirical observations of difficulties in
optimizing VQESs due to the presence of suboptimal local minima; the presence of exponentially
many local minima has been theoretically confirmed in the case of under-parameterized QNNs [249].
The problem of non-convexity is further excacerbated by the observation that randomly initialized
deep VQEs are likely to suffer from the barren plateau problem [250], wherein it is likely that
for any given setting of the parameters the measured gradients will be vanishingly small. This

337



leads to two further problems: small gradients are more difficult to measure accurately on noisy
systems, and even in a noiseless setting small gradients can lead to optimization algorithms
stalling at objective values far from the minimum. Several empirical studies [251, 252, 253,
254, 255] have empirically explored the impact of architecture and initialization choices on the
convergence of these systems.

A very similar issue occurs in the case of classical deep neural networks. The associated
optimization problems in deep learning are manifestly non-convex, and the empirical observation
that deep neural networks tend to converge to very small training error, has been the basis of a long
time puzzle in classical machine learning. In recent years there have been explanations of this
phenomenon [256, 257, 258, 259] based on over-parameterization. Deep Neural Networks often
have a very large number of parameters, compared to the input dimension as well as the size of the
data set. It has been shown that coupled with suitably chosen random initializations, this leads
to a regularizing effect where the dynamics of training concentrates around some convergent
dynamics. This is often referred to as lazy training because some important quantity connected
to the dynamics is shown to vary very slowly through the training process. In the specific case of

deep neural networks, this quantity is the Neural Tangent Kernel [258].

Contributions. In this chapter, we attempt to construct a theory based on over-parameterization
to give the first known sufficient conditions for a particular VQE ansatz to converge. The theoretical
results are obtained for a specially formulated ansatz which we call the Partially Trainable
Ansatz; we argue empirically and theoretically that this ansatz is a good stand in for more common

architectures of VQEs. Our specific contributions are as follows:

1. We provide the first rigorous proof of convergence for over-parameterized VQEs for the
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partially trainable ansatz, and establish sufficient conditions on the degree of over-parameterization

required to ensure this convergence.

2. We show that certain restrictions made in the choice of ansatz can reduce the degree of

over-parameterization required for convergence.

3. We perform an empirical analysis based on our results: first we confirm our theoretical
hypothesis in the practical setting. Importantly we show that the conditions on convergence
established hold also for commonly used practical ansatz as well as the partially trainable

ansatz.

4. We use the notion of reduced over-parameterization requirements to study and evaluate
the design of commonly used physical ansatz choices. We investigate whether the design
choices are justified according to our theory. This may establish a framework for future

heuristic ansatz designs to be studied and evaluated in a principled manner.

Related Work

Existing Studies of VQA dynamics Exploring the role of overparameterization in the convergence
of large classical variational systems such as deep neural networks has been a very active area
of research in theoretical machine learning in recent years. Jacot et. al [258] introduced the
notion of a neural tangent kernel, identifying the dynamics of training highly overparameterized
neural networks with kernel training with a fixed kernel. Arora et. al [257] and Allen-Zhu et.
al [259] make this notion exact by showing sufficient overparameter ization conditions for the

convergence of various architectures of deep neural networks based on this observation.
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The theoretical study of training variational quantum algorithms is even more recent, leading
to a number of papers over the previous couple of years. Anschuetz [260] studies the role of
overparameterization in the optimization landscape of quantum generative models, and show that
there exists a critical point in the number of parameters above which all local minima are close to
the global minimum in function value, and below which local minima are far from the global
minimum in general. This provides strong evidence that overparameterized neural networks
are more likely to converge, but [260] does not rigorously show convergence to the desired
quantum state since non-convex optimization problems may not converge to local minima due to
getting stuck in saddle points or barren plateaus. Larocca et. al [261] study overparameterization
from an information theoretic perspective, defining the overparameterization threshold as the
point beyond which adding new parameters does not increase the rank of a Quantum Fischer
Information Matrix. To the best of our knowledge our work is the first to show that sufficient
overparameterization guarantees the successful convergence of a VQE system.

There has also been some work on the study of tangent kernels in the quantum setting.
Liu et. al [262] and Shirai et. al [263] hypothesize that the the training of Quantum Neural
Networks (QNNs) can be identified with kernel training with the corresponding tangent kernel,
and empirically study the training of such kernels as a stand in for directly training QNNs. Abadi
et. al [264] show that the tangent kernel can indeed be shown to be slow varying when the system
dimension is arbitrarily large. There has not yet been a rigorous analysis of Quantum Neural
Networks in the overparameterized setting, and this remains an interesting problem for future
study.

A final paper that may be of interest to our setting is [265], where the authors explore

Riemannian Gradient Flow directly over the unitary group. We instead analyze the optimization
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of VQEs using Riemannian Gradient Flow over the sphere, the convergence of which has already
been established classically [266], allowing us to establish convergence results in the quantum

setting.

Connection to the Barren Plateau phenomenon A phenomenon that is anticipated to present
difficulties in the training of varaitonal quantum algorithms is the so-called barren plateau pheno-
menon (first observed by McClean et. al [250]). The phenomenon shows that the gradients of
sufficiently large randomly initialized parameterized quantum systems are likely to be exponentially
decaying (with the number of qubits in the system). Specifically, [250] considers a n-qubit
parameterized quantum circuit with an ansatz U : R? — SU(2"). When the parameters are
randomly initialized to @ € RP, the loss function L(0) = (0|U(8)MU(6)|0) and its partial
derivatives are random variables. If U is deep enough that U (@) is approximately Haar distributed

on SU(d),
E[L] = 0 and Variance[0y L] = O (2%) . Vk € [p] (7.1)

With probability at least 1 — 6 therefore, [0y L|* < O (53 log (3)) and for systems with a large
number of qubits n, the gradient components can be vanishingly small, leading to the eponymous
barren plateaus in the landscape. The main possible difficulties arising from this phenomenon are

two-fold

* Firstly, the components of the gradient of variational quantum sytems are measured in
practice by estimating the expectation value of some Hermitian operator through repeated

measurements of shots. If the components are exponentially decaying in n, the estimates
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of the expectations need to be correspondingly precise, leading to the number of shots
necessary growing exponentially with n. This represents an exponential overhead in the

training cost of the circuit.

» Secondly, the existence of vanishingly small gradients may indicate that the training landscape
is infeasible to optimization by gradient based methods. Even if the landscape is free
of spurious local minima, an optimization algorithm can in principle require a long time
to find any minimum at all. Alongside the existence of saddle points that trap gradient
based algorithms, barren plateaus constitute one of the main difficulties in non-convex

optimization.

Our results show that, for variational quantum eigensolvers with sufficient over-parameterization,
the latter issues does not arise and the deviation of the output from the target space decays
exponentially over time as exp (At/n) where the target Hamiltonian has spectral gap A (see
Theorem 7.3.1). This convergence can exist even with vanishing gradients because the gradients
along the trajectory are spatially correlated along the training trajectory leading to significant
progress towards the global minimum despite the small gradient components. Intuitively, this
situation is similar to that in unstable equilibria in dynamical systems, where small forces can
combine to cause significant deviations from equilibrium positions. We also show that the
convergence is robust to a certain threshold of noise in the gradients (Corollary 7.4.1). The
tolerable noise threshold is however O(1/2?") in n-qubit systems and therefore cannot resolve
the first issue observed above. We note however, that the degree of parameterization required
to ensure convergence is already exponentially large in n, and we have the noise tolerance

improves along with the parameterization requirements. This is because the noise tolerance as
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well as the parameterization threshold are dictated by a quantity called the effective dimension
(Corollary 7.5.1) which is equal to 2" in general but may be significantly smaller for certain
structured ansatz (see Section 7.5). Finally, we mention that the vanishing gradient problem
occurs also in classical neural networks where the gradients decay exponentially with the network
depth. Over-parameterization has been shown to still enable convergence in such systems ([259]),

our results effectively establish the same phenomenon for VQE:s.

Organization We first give an introduction to the framework used to obtain convergence results
for overparameterized classical systems in Section 7.2.2. In Section 7.2.1 we introduce the
background behind VQEs and formally introduce and motivate the Partially Trainable Ansatz.
The main theory of converge- nce for VQE is introduced in Section 7.3. We then present a noise
robustness threshold for convergence in Section 7.4. Finally, we present a more specific form
of the theory that depends on the properties of the specific ansatze used, and discuss how this
can be used to understand the properties of these ansatze. We empirically confirm our theory
in Section 7.6 and use the results of Section 7.4 to predict the empirical performance of various

ansatz in Section 7.7.

7.2 Preliminaries

7.2.1 Variational Quantum Algorithms

Variational Quantum Algorithms (VQA) is a paradigm of quantum algorithms for search
over a family of functions modeled as quantum ansatze. A quantum ansatz is a parameterized

model that maps real parameters to unitary operators. A p-parameter ansatz on a d-dimensional
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Hilbert space # can be denoted U : R? — C%*? and maps real parameters 6 to an operator U(8).
A prominent example of VQA is the Variational Quantum Eigensolvers (VQE). A VQE intance
is specified by a triplet (M, |®), U), and the goal is to approximate the ground state of a d x d
problem Hamiltonian M as U(6)|®) using the p-parameter ansatz U: RP — C%? and the input

state |®) € C4, by solving the following optimization problem
min L(6) := (®|UT(0)MU(6)|®) (7.2)

The search for optimal parameter 6* are usually performed by gradient descent 8 <+ 6 —
nVeL(0). For sufficiently small learning rate 7, the dynamics of gradient descent reduces to

that of gradient flow
dl/dt = —nVeL(0) (7.3)

Popular choices of parameterizations include the Hardware-Efficient Ansatz (HEA) and
Hamiltonian Variational Ansatz (HVA). Hardware-efficient ansatz (e.g. [267]) is a family of
parameterized circuits that makes use of native gates of quantum computers and is mostly composed
of interleaving single-/two-qubit Pauli rotations and entanglement unitaries implemented with CZ
/ CNOT gates. The main motivation behind the design is to facilitate the implementation on real
quantum machines. Hamiltonian variational ansatz (e.g. [3, 268]) is a family of problem-specific

ansatz design that utilize the structure of the problem Hamiltonian.

Fully- and partially-trainable Ansatz. In this work, we consider a general family of ansatze

that includes HEA and HVA as special cases, specified by the number of layers L and a set of K
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d x d Hermitians {H;, Hy,--- | Hg}:

Definition 7.2.1 (Fully-trainable ansatz). A fully-trainable L-layer ansatz with a set of Hermitians

A={H,,H,,--- JHg} has K - L trainable parameters and is defined as

L K

U(0) = [ ][] exp(—ib..Hy) (7.4)

=1 k=1

The superscript L will be omitted when there is no ambiguity.

For a fixed set A = {H;, -+ ,Hg} and the parameter domain © C RE, the set of all
achievable matrices U ,{U"(0) : @ € © C R¥'} forms a subgroup of SU(d) which we
will refer to as G4 ¢. For many choices of ansatz with a limited set of A, G 4 ¢ is a strict subgroup
of SU(d). The subscript © will be dropped when © = R for a more concise notation.

Using the group G 4, we define the partially-trainable ansatze associated with A as:

Definition 7.2.2 (Partially-Trainable Anastz for A). Let the subgroup G 4 be a subgroup of SU(d)
associated with fully-trainable ansatze with a set of Hermitians A = {H;,H,,---Hg}. The

corresponding p-parameter partially-trainable ansatz is defined as:

U(0) = ([ [ Urexp(—i6:H,)) Uy (7.5)

=1

where k is arbitrarily chosen in [K] and U, are i.i.d. sampled from the Haar measure over G 4.
(Due to the Haar distribution of the matrices U the distribution of U(0) is independent of the

choice of k.)

The partially-trainable ansatz can be viewed as a fully-trainable ansatz trained on a subset
of the parameters starting from a random initialization by identically and independently sample
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(011, ,0;x) from distribution D over © C RX for all | € [L], hence the name “partially-
trainable”™: Let S be a subset of SU(d) defined as S := {1, exp(—i6;H}) : § € © C R},
the distribution of the fully-trainable unitary U® is equivalent to a random walk over the group
G 40 with each step sampled from S according to D. Under mild regularity conditions, the
random walk converges to the Haar measure over G 4 ¢ (See [269, Section 3]). In the case where
the ansatz has a set of parameters spanning the entire group SU(d) it has been shown ([270])
O(t'°(log d)?) random nearest-neighbor 2-qubit gates suffice to realize an approximate t-design,
ie. a distribution that matches the first Z-moments of the Haar distribution. Therefore training a
fully-trainable ansatz in Eq (7.4) on {6, } for I’s that are multiples of a large constant and k& =
O(t'(log d)?) is approximately equivalent to optimizing the partially-trainable ansatz defined in
Eq (7.5) upto the first -moments.

The Haar measure constitutes the most natural distribution over unitary matrices, and
integration over these measures is well studied [271]. In this work, we theoretically analyze
the convergence of gradient flow in VQE instances with partially-trainable ansatze for analytic
convenience. We argue above that the behavior of partially-trainable ansatze may closely mimic
that of fully-trainable ansatze that are only logarithmically larger in the Hilbert dimension (d).
Furthermore, we will see in our empirical study (Section 7.6.1), our theory for partially-trainable

ansatze makes precise predictions also for fully-trainable ansatze.

7.2.2 Convergence in overparameterized classical systems

Overparameterization has been proposed as an explanation for the convergence of the

highly nonconvex training of parameterized classical models such as artificial neural networks [256,
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257, 258]. The convergence of the models arises from two main phenomenon:

1. Convergence of expected dynamics: When the parameters are randomly initialized, the
expected dynamics of the training are shown to exhibit convergence to a global minima.
The expected dynamics is therefore a smoothed version of the actual dynamics that removes

some of the irregularities that can lead to a failure in convergence.

2. Convergence under perturbation: Despite the convergence of the training dynamics in
expectation, the actual training corresponds to a particular setting of initial parameters. This
leads to the actual training being a perturbed version of the expected dynamics, it is thus

necessary to show that the convergence of this dynamics is robust to small perturbations.

3. Concentration at initialization: Due to the law of large numbers, with high probability,
deviations from the expected dynamics decrease as the number of random parameters
increases. Overparameterization thus plays the crucial role of leading to the concentration
of the dynamics around the expected value, allowing the magnitude of random perturbations

to be bounded with high probability.

4. Lazy training: It must be shown that the actual training concentrates throughout the
training given the convergence at initialization. This phenomenon has been characterized
as lazy training [256], where the dynamics of a system at initialization remain a good
approximation throughout its training. Once again, overparameterization plays an important
role in ensuring this phenomenon; as the number of parameters increases the changes in

each parameter become smaller with high probability over the course of training.

This method can be illustrated by the example of the Neural Tangent Kernel [258], which has been
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used to show convergence while training several overparameterized classical neural networks
including wide feedforward networks [257].

Consider a classical classification problem where the input data is drawn from a distribution
Pin over R™ and an output in R"2, the space of valid functions is given by F = {f: R™ — R"}.
The model is specified as a realization function mapping p parameters to candidate functions
F("): R? — F. Denoting the parameters at time t by 6(t) = (6,(t),...,6,(t)), the function
at time ¢ is given by F(L)(Q(t)). The data distribtution induces an inner product over F given
by (£,8)p,, = Eup,, [f(z)7g(z)]. Given a cost function C, the gradient flow dynamics of the
system correspond to kernel training with respect to the neural tangent kernel (NTK) given by
K =", 0,FY(0) ® 9, F(0).

Let y € F be the true function mapping inputs to ouputs resulting in the residual function
V() = y — FP(G(t)). If C is the squared loss function, the dynamics of the system is
simply given by r = —nKr where 7 is the chosen step size. It is known that if K is a constant
positive definite matrix, the system exhibits linear convergence. Following the above recipe,
this leads to a framework for showing the convergence of classical neural networks, it is shown
that K = E(K(6(0))) is a positive definite constant matrix. It is also shown that the dynamics
i = —nKr converges whenever | K —K]|| < €. Further define an overparameterization threshold

PW)(ny, ny)Convergence can then be established via the following propositions:

1. Concentration at initialization: If p > P”, |[K(A(0)) — K|| < ¢ with probability at

least 9/10.

2. Small perturbations imply convergence: ||K(0(t)) — K|| < ¢ for all t < ¢, we have

lr(t) — T(t)|| < € forall ¢ < ¢, where T denotes the residuals when the kernel is frozen
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at initialization (in which case the system is known to converge).

3. Convergence implies small perturbations: If p > P~ and ||r(t) — T(t)|| < ¢ for all

t < t', wehave |[K(A(t)) — K|| < ¢ for all t < #' with probability at least 9/10

These propositions are sufficient to inductively prove the convergence of the training dynamics
to a global minimum. Consider the earliest time ¢, where the perturbation in the kernel is too
large; by the final proposition this can only occur if the convergence of the system is violated at
some time t;, < t,. However, by the second proposition, this would imply that for an earlier time
ty the kernel perturbation must have been too large, contradicting our initial assumption that ¢,
was the earliest such time. This shows that both the small perturbation condition as well as the

convergence of the system are maintained throughout the training.

7.3 A convergence theory for VQE

In this section we use ideas from the classical theory of overparameterized variational
systems to give sufficient conditions for the convergence of a VQE to zero loss. We also establish
the main factors influencing the (linear) rate of convergence. As discussed in Section 7.2.2, the
random initialization of the parameters plays an important role in the convergence. For the results
of this section, we rely on the Partially Trainable Ansatz. To demonstrate the main techniques
we restrict ourselves to the case where the set of Hermitians defining the ansatz form a complete
basis of the Lie Algebra of SU(d). The corresponding induced subgroup is therefore the entire

unitary group SU(d). Under this setting, we recall the definition as follows

Definition 7.3.1 (Partially Trainable Ansatzover SU(d)). Consider a quantum system over n-
qubits with a corresponding Hilbert space of dimension d = 2". We define a (p-parameter)
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random ansatz parameterized by @ € RP:
U(0) = U,exp(—id,H) - ---- U; exp(—i0;H)Uj (7.6)

where U, are sampled i.i.d. with respect to the Haar measure over SU(d), and H is a trace-0

Hermitian.

The Partially Trainable Ansatz has several appealing analytical properties for the analysis
of convergence. Firstly, the random initialization of the ansatz is restricted to the unitaries U,
which are never updated during the training. There is thus a clear separation between the random
initialization and dynamic evaluation of the system. Furthermore, since U; are sampled from the
right-invariant Haar measure over SU (d), the distribution of U(#) is independent of the scheme
used to initialize the trainable parameters 8. Finally, the distribution of the ansatz is also invariant
under arbitrarily changes to the parameters, therefore the distribution of the ansatz does not
change as the system evolves. This intuitively indicates that important quantities connected to
the ansatz may be slow-varying as their expectation value remains the same. The remainder of
the section will formalize this notion.

Recall that a VQE instance is specified by a specified by a problem Hamiltonian M € C%*¢,
an input state |®) € C? and an p-parameter variational ansatz U : R? — C%*?, and seeks to solve

the following optimization problem
min L(6) := (®|UT(0)MU(0)|D) (7.7)

We investigate the dynamics of training the system using gradient flow, ie. the parameters are
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updated according to the differential equation d@/dt = —nV¢L(0), where 7 is some previously

chosen learning rate.

Notation and Definitions . We define here some notations, quantities, and conventions that

will play an important role in the forthcoming analysis.

W ,>.q2 denotes the swap operator Za beld] E. ® Ey,.
I d h d . . . (Cd2 ><d2
2 d2 enotes the identity matrix in

Without loss of generality we assume Tr(M) = Tr(H) = 0.

We use the short hand U,.,(6) to represent

Ul—i—l:p(O) = Up(ep) tee Ul+1(9l+1) (78)

where 6 may be omitted when not ambiguous

A common normalizing factor appears due to Haar integral: for any d x d-Hermitian A,

define Z(A,d) := T;E{‘?.

The matrix

Vi(0) :=U,6,)---Uy(6) = U,exp(—ib,H) - - - - - U, exp(—i6,H) (7.9)

is defined as the composition of all the layers of the ansatz from p to [. Using this notation,

the ansatz U (@) can be written as V(6)Uj.

We define the matrix H;(0) := V;(0)HV,(0).
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* The central quantity dictating the dynamics of VQE (see Lemma 7.3.1) is given by the

matrix
1 p
Y(0):=——— ) H® (7.10)
O g 21

* We note finally that |¥), {U,;},{V;},{H,;},Y are also functions of time ¢ through the

evolution of the parameters 6(t).

Main Elements of Theory. Following the structure in Section 7.2.2 we outline the main compon-

ents of our analysis:

1. Identifying (idealized) gradient flow dynamics of VQE with classical dynamics that
is known to converge. We show that the dynamics of VQE is equivalent to Riemannian
Gradient Flow (RGF) over the unit sphere in d-dimensions, by tracking the evolution of the

output state. Specifically, we have the following lemma

Lemma 7.3.1 (VQE output-state dynamics under gradient flow). For a VQE instance
(M, | V), U), with U being the ansatz defined in Definition 7.3.1, when optimized with

gradient flow with learning rate 1), the output state |V) follow the dynamics
d
210 =—(-p- Z(H,d) Tra (Y - (M, [T) (T[] @ Taxa))|¥) (7.11)

Here the Hermitian Y € C¥*® js q time-dependent matrix defined as

p

Y(0) = m S (UL, (6()HU] (0(1)) (7.12)

=1
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Over the randomness of ansatz initialization, for all @ € RP, the expected value of matrix
YisY" = Wge,p2 — CllIdzde. If we choose n = —L_ the VQE dynamics allows the

pZ(H)’

following decomposition:
d
[0 = =M [U)(@]][9) = Try (Y = Y7) - [M, | W)(V] @ L) [W) - (7.13)

The first term is exactly the Riemannian gradient descent over the unit sphere with loss
function (W|M|¥), which is known to converge linearly to the ground state [266]. Lemma 7.3.1
shows that the main quantity that controls the deviation of the VQE gradient flow from RGF

over the sphere is Y — Y™, ie. the deviation of Y from it’s expectation.

. Convergence of idealized dynamics under small perturbations. The deviation of Y
from its expectation cannot be zero in general, so we must establish that a small perturbation
to RGF on the sphere maintains the property of linear convergence. The following lemma
(analogous to Lemma F.1 in [257]) states that, if Y (¢) is close to Y* through out the

optimization, then the gradient flow is guaranteed to find the ground state efficiently

Lemma 7.3.2 (VQE Perturbation Lemma). Conditioned on the event that the output state

at initialization |V (0)) has non-negligible overlap with the target ground state

T*): [((0)[ T2 > OQ), if forall t > 0,

Y<t) - (W - éIdQXcP)Hop < ij:ii : 2_\/1§d’

then under the dynamics £|U) = — Tri (Y ([M, [U)(U|] @ Lyxa))|¥), the output states
converges to the ground state:

A2 — Ap
2logd

1 — [(W(t)|[ ") [* < exp(— t). (7.14)
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3. Concentration to idealized dynamics throughout training. In order to show that the
perturbations from RGF over the sphere are small, we leverage the concentration properties
of Y arising from the large number of parameters used in order to bound the deviation
from expectation by a quantity decreasing in p. We first show that concentration holds at
initialization
Lemma 7.3.3 (Concentration at initialization for VQE). Over the randomness of ansatz
initialization (i.e. for {U;}|_, sampled i.i.d. with respect to the Haar measure), for any

initial 6(0), with probability 1 — 0:

1 2|H|? 2
m logd— (7.15)

IY(60) = Yl < - = ;

We further show that the concentration is maintained throughout the evolution of the dynamics

as long as exponential convergence holds

Lemma 7.3.4 (Concentration during training (time dependent)). Suppose that under learning
raten = Zm,forallo <t < T, 1-[{(T|w*|)? < exp(—%t), then with probability

>1—0,forallt > 0:

1Y () = Y(0)lop < C5 (% A2 — Ap) - —ZCEQH_,dl)i‘ (1 + 4 /log (%)))

(7.16)

where C3 is a constant.

4. (Main Result) Sufficient conditions for convergence. The previously established conditions
on concentration and convergence under perturbations are combined to yield a sufficient
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condition on the degree of overparameterization required to ensure that a VQE converges

to its ground state under gradient flow.

Theorem 7.3.1 (Exponential convergence for VQE). Consider a VQE system in a d-dimen-
sional Hilbert space (with architecture as described in Definition 7.3.1) with a target

Hamiltonian M with eigenvalues A\ < Xs ... \y, generating Hamiltonian H and number

Aa—X1
Ao

4
of parameters p be greater than ) << ) : Z(chl4d)3 ,log (%‘i)) Denote the ground state
of the system by |1*). Conditioned on the event that the output state at initialization |V (0))
has non-negligible overlap with the target ground state |U*): [(¥(0)|0*)|* > O(3), and

with a learning rate of n = m, the system converges to the ground state with error

e =1— (|v*)? in time T, = f;ig;f log (%) with failure probability at most é.

Technical details and proofs. In the following sections we describe the main technical ideas
behind the results outlined previously. The proof of convergence under perturbation, and concentration
of initialization follow relatively well known techniques and are postponed to Section 7.8.1 in the
appendix. The identification of VQE gradient flow (Lemma 7.3.1) is proved in Section 7.3.1. The
proof of concent- ration during training (Lemma 7.3.4) is in Section 7.3.2, and the main theorem

is proved in Section 7.3.3.

7.3.1 Identify VQE with Reimannian Gradient Flow (RGF) over unit sphere

Lemma 7.3.1 (VQE output-state dynamics under gradient flow). For a VQE instance (M, |V), U),

with U being the ansatz defined in Definition 7.3.1, when optimized with gradient flow with

355



learning rate n, the output state |V) follow the dynamics
d
CN) = (0 p- Z(L) Tr(Y - (ML 9){0] © 1)) 0) (7.11)

Here the Hermitian Y € CT*% jsa time-dependent matrix defined as

Y0 = s > (Uin(0(0)HUL(0(0)) (7.12)

Proof. We start by calculating the gradient of U,.,(0) with respect to 6;: For r > [, U,,, is

independent of 6, ; For r <[,

U, , ,
5 Ql” =U,p(0) - (—iH) - U,y_1(0) = —iU,HUJ U, (7.17)
Therefore
oL6) = (U9 U, MU, Uy |®) + (U UL, MO, U, Uy|D) (7.18)
891 - oYl 1p 1:p*o0 0~ 1:p (Y 1:p~0 :
= (®|UJU],i[U;, HU]  M|Uy,,U,|®) (7.19)
= i Tr([M, |0)(¥[]U,,HU] ) (7.20)

Following gradient descent with learning rate 7:

do, 1

G = 10 ZL(8) == ~in Tr(M, |U)(¥(]U,HUL) (7.21)
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The dynamics for U;,, and | V) are therefore:

p

d d, &
—Up(t) =Y —r0, Uy, = —n Y Te([M, |9)(¥[]U,, HU],)U,HU] Uy, (7.22)

dt dt
r=l r=l

d d 1< ; ;

E|\I[> = %Ul:pU0|qD> = _(77 ’ pZ)p_Z(Z TI'({M, “I]><\I[HUl:pHUl:p)Ul:pHUl:p)Ul:pUO‘(I)>
=1

(7.23)
= —(n-pZ) Tri(Y - [M, [W)(¥[]] @ D)[¥) (7.24)
]

7.3.2 Concentration of dynamics from overparameterization

In this section we wish to prove that Y concentrates to its expected value throughout
training upto any point in time until which the linear convergence condition holds on the gradient

flow dynamics. The proof will be based on two main ideas:

1. The linear convergence of the gradient flow dynamics allows the deviation of the parameters

0 from their initial values to be bounded in terms of the evolution time (See Lemma 7.3.5).

2. The random variables Y (6(¢)) for different times ¢ form a random field, whose deviations
Y (6(t1)) — Y(O(t1)) we show to be bounded by a quantity proportional to [t; — t2|/(/D.
We then use Dudley’s lemma on the concentration of random fields to bound the supremum

of the deviation from initialization over time.

357



We first show a result connecting the evolution time to the corresponding deviation in 6.

Lemma 7.3.5 (Slow-varying 6). Suppose that under learning rate n = m, forall0 <t < T,

1= [(W[W]])? < exp(—522021), then for all 0 < ty,ty < T:

1 )\d_>\1 d?—1 Aa—A1, S TS
— < - S 1 S 2
||0(t2) 0<t1)||oo_p 4\/—>\2 )\1 Z( ,d) IOgd(e 41gd e 4logd )
1 d? —1
<= V2N = M) | e [t — _
=3 V2(Xa — A1) Z(H,d) |ty — 4] (7.25)

1 )\d_)\l d? —1 A=A, _ oAy
- < _— og 1 _ ° 2
||9(t2) 9(t1)||2 S \/]_j 4\/_)\2 )\1 Z(H,d) log d <e Frozd e Alogd >

@2 —1
Z(H, d)

1
NG

IN

V2 g — M) - |ty — ] (7.26)

Proof. Let K(t) := [M, |¥)(¥|] and H; := Ul:pHUzr:p. Recall that

o, 1 :
PR ) Tr(iK(t), Hy(t)), (7.27)

t2 do(t)
out) — o) =| [ e = | / T (HL (0K (1) (7.28)
t1

<iZ|| () / (0 7.29

1
\/Tr H2/ V2 — Ap)e~ Tt tdy (7.30)

_ 4\/_/\d _ il @ _Zl logd (e_?T_;dltl e Zogxdlw) (7.31)
1

Here we use the fact that [|K||r < v2(Ag—\1)/1 — [(¥(¢)|¥*]])2 (from technical Lemma 7.8.3)

O]
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We next consider the random variables Y (6(t)) for ¢ in some interval [0, T']. These variables
form a random field and we show a concentration inequality on the expected deviation in Y (60(t))
over different intervals. A random variable X is said to be sub-gaussian [272, Proposition 2.5.2]
if its tails satisfy Pr[X > t] < 2exp (—t?/K?), here the quantity K is defined to be the second

Orlicz norm, or 1, norm of X.

Lemma 7.3.6 (Expectation of deviations in Y (6(%))).

(7.32)

Pr[|[Y(8(t2) — Y(0(t1))]lop > 1] < 2exp ( —t2Z(H, d) )

_201||9(t2) —0(t1)]3

for some constant C'y

Proof. We first observe that due to the Haar distribution of the unitaries U;, Y (6(t2)) — Y (0(t1))
is distributed identically to Y (6(t2) — 0(t1)) — Y (0). For convenience we define 60 = 0(ty) —
0(t1) in the remainder of the proof.

Define Y;(0) = H*; then Y (0) = m 7. Y,. We consider a re-parameterization
of the random variables H;(6) by constructing random variables that are identically distributed,
but are functions on a different latent probability space. Defining H; as U, - - - UlHUlT e UL, Y
can be rewritten as:

Y(6) = 1 zp: (e—prp oo Hia B i Hi ei9pHp>®2 (7.33)
By the Haar randomness of {U,}]_,, we can view {H,}/_, as random Hermitians generated by
{V,HV} for i.i.d. Haar random {V,;}?_ . This variable is identically distributed to Y and Y

can be defined as each term in the sum.
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We will apply the well-known McDiarmid inequality that can be stated as follows: Consider

independent random variables X, ..., X; € X. Suppose arandom variable ¢: X* — R satisfies
the condition that for all 1 < j < k and for all xy, ..., x;,..., 2,7 € X,
O(@1, . xy, k) — O(wy, 2, x| S g (7.34)

then the tails of the distribution satisfy

2
i=1Gi

042

With our earlier re-parameterization we can consider Y and consequently Y, as functions
of the randomly sampled Hermitian operators H;. Define the variable Y ® as that obtained by
resampling H;, independently, and Yl(k) correspondingly. Finally we define A®)Y = ||(Y(60) —
Y (0)) — (Y®(50) — Y®(0)]lop = [[Y(60) — Y*)(60)||op. Via a helper technical lemma
(Lemma 7.8.4 proved in the appendix) we have that for any unitary I/ be generated by Hermitian

H (W = exp(—if0H)), we have

(WKW — K92 2 4(0]| Hllop|| K13, 1 (7.36)

360



Via the triangle inequality,

APY = Y (60) — Y®(50)| (7.37)
1 k
=— > v,00) - Y .
pZH 2 1(00) =Y, (60)]| (7.38)
1 k
(k)
< — - .
s 7 ;:1 1Y.(60) — Y, (60)]| (7.39)
Then by definition,
I1Y1(50) - Y[ (50)] (7.40)

:(e—i(SOZ,Hp . e_i59k+1Hk+l )®2 ((e—iéeka KeiéGka)@)Q _ (e—iéekH; K6Z59kH;€)®2)

(6i501+1Hl+1 - 6i(50pHp)®2 (741)

where K := ¢7"00k—1Hr—1 .. o=001 Hip | 00011 Higr .. 00k 1Hie1 By [emma 7.8.4,

1(Y1(68) — Y1(0)) — (Y{P(60) — Y7 (0)) || < 8]60k]||H]|opl K2, = 8]0, |HL|]2, (7.42)

We finally have A®)(y) < %”H”g". By the McDiarmid inequality, the result follows. O

To bound the supremum of the deviation over an entire time interval, we employ Dudley’s

integral inequality (stated below in it’s matrix form)

Lemma 7.3.7 (Dudley’s integral inequality: subgaussian matrix version (Adapted from Theorem

8.1.6 in [272]). Let R be a metric space equipped with a metric d(-,-), and X : R + RP*P
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with subgaussian increments ie. it satisfies

2
Pr([|X(r) — X(r2)[lop > 1] < 2D exp (—W) (7.43)

Then with probability at least 1 — 2D exp(—u?) for any subset S C R.:

diam

sup [|X(r1) = X(r2)[lop < C'- Cs

(r1,m2)€S

(S)
VN(S,d, ) de +u- diam(S)] (7.44)

for some constant C, where N (S,d, €) is the metric entropy defined as the logarithm of the

e-covering number of S using metric d.
We then have the following main result:

Lemma 7.3.4 (Concentration during training (time dependent)). Suppose that under learning
rate ) = m, forall0 <t <T,1— [{(T]P*]])? < exp(—%t), then with probability

>1—0,forallt > 0:

1Y () = Y (0)[[op < Cs (% V2(A = M) - % (1 + 4/ log (%))) (7.16)

where Cs is a constant.

Proof. Via Lemma 7.3.6,

(7.45)

Pr{|[Y/(6(t2)) = Y'(O(t)) op > 1] < 2exp ( o0 ol )

- 201]|6(t2) — O(1y)|?

By Lemma 7.3.5 [|0(t2) — 0(t1)||» < \/Lﬁ V2(\g — A1) - ,/% - [t2 — t1]. Thus, Y’ has sub-

362



gaussian increments if we define the metric d(ts,t;) = \/Lﬁ V2(Ag — ) - % -ty — t],

thereby satisfying the conditions for Lemma 7.3.7. Under this metric, the diameter of the interval
0,7 is % V2N — A1) -y /Zz%jdl)g. Applying Lemma 7.3.7, with failure probability at most &

we have

sup [¥(0(0) = Y(0(0)|ep < (diamao, 7)) (1 + 1 log (%))) (7.46)

By the previous consideration,

sup ([ Y (0(1)) = Y(0(0)) op < Cs (% V(= M) - Zd(H_—dl) <1 +Jog (%d)))

te[0,7

(7.47)

where Cy, C3 are constants. [

7.3.3 Linear convergence to the ground state

Finally, we can combine our previous results to show that with sufficient overparameteriz-

ation, the VQE dynamics can be made to exponentially converge to the ground state

Theorem 7.3.1 (Exponential convergence for VQE). Consider a VQE system in a d-dimen-
sional Hilbert space (with architecture as described in Definition 7.3.1) with a target Hamiltonian

M with eigenvalues \y < )Xo ...y, generating Hamiltonian H and number of parameters p be

4
greater than ) ((iz:t) , Z(Iflﬁd)g ,log (%)) Denote the ground state of the system by |{*).

Conditioned on the event that the output state at initialization |V(0)) has non-negligible overlap

with the target ground state |U*): [(¥(0)|¥*)[> > O(3), and with a learning rate of n = m,
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the system converges to the ground state with error ¢ = 1 — (|¢*)? in time T, = f;ig)ff log (1)

with failure probability at most 6.

Proof. By Lemma 7.3.2, if the closeness condition on Y is maintained for time 7, = 2l°gd log ( )
the obtained error is less than or equal to e. Therefore by Lemma 7.3.4 and Lemma 7.3.3,

in order to ensure [|Y(t) — Y(0)]] < {45t - 5737 Upto any time 0 < ¢t < T, such that

1 — [(T)T*])? < exp(— & t) for all times less than ¢, it suffices to choose p such that

O <\/% V2= M) - % <1 + 1/log (%))) < ij A 2\[(1 By simple algebra, it can

be verified that choosing p > () (< v ii) Z(H IR log ( )) is sufficient.

Let ¢y be the minimum time such that either 1 — |[(¥, |TU*|[)? > exp(—(gﬁ;g’\;)tg) or

1Y (o) = Y ()l > 53¢ - 55 11— [(U[W]])2 > exp(— G2 o), we must have [[Y (tg) —

2logd
Y (0)|| > /\1 . zfd at some earlier time ¢{, (Lemma 7.3.2). Similarly, if ||'Y (o) — Y (0)| >
o ii 2\1[11, we must have 1—[(Wy [¥*][)* > exp(— (QIOg’\C})t{)) at some earlier time ¢, (Lemma 7.3.4).

Therefore by contradiction, both conditions must be realized for all times ¢ < T, yielding the

result. ]

7.4 Robust convergence under noisy gradient

So far we have assumed perfect access to the exact gradient VL. In the practical NISQ
setting, the estimation of gradients are usually noise either due to the finite number of measurements,
or the noisy implementation of circuits. In this section, we show that our convergence theorem
is noise-tolerant. In the continuous time setting we consider the following definitin for noisy

gradient descent:
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Definition 7.4.1. Noisy gradient flow. For loss function L : RP — R, the noisy gradient flow on

the parameters 0 € RP with learning rate 1) is defined as

de db, oL
— VL = L D (& l 7.4
5 WL =-n(VL+e) or o = g tal) Ve (7.48)
where e(t) := (g1(t),-- - ,€,(t)) is the noise to the gradient estimation.

The robust version of our theorem states that when () is bounded in /.,-norm, the converg-

ence result still holds:

Corollary 7.4.1 (Robust convergence for VQE with noisy gradient). Consider a VQE system in
a d-dimensional Hilbert space (with architecture as described in Definition 7.3.1) with a target

Hamiltonian M with eigenvalues \y < Ay < -+ < Ay, generating Hamiltonian H and number

Ad—A1
A2—A1

of parameters p be greater than ) (( ) Z(H ) , log (%)) Denote the ground state of the
system by |V*). Conditioned on the event that the output state at initialization |V (0)) has non-
negligible overlap with the target ground state |U*): |(U(0)|0*)|* > O(3), and with a learning

rate of n = W’ the system converges under noisy gradient to the ground state with error

e=1—[{U(t)|9*)|?in time T, = log ( ) with failure probability at most 0, if the gradient

estimation error ||€(t)]| s < 2” — A)/1 = [QU () [ U [0 () [0).

To interpret the upper bound on ||&||, notice that

V1= ()0 28 ()] T7)] < max{[(T ()2, 1 — [(T(0)[0*)]*}. (7.49)

At the initial stage of training, || ||, need to be O(]{¥(¢)|¥*)|?) so that the worst-case perturbation
in the gradient does not eliminate the overlap between |W(t)) and |U*); at the final stage of
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training ||€||« need to be O(1 — |(¥(¢)|¥*)|?) to obtain solutions with high quality. We also
highlight that the analysis considers the worst-case (or adversarial) gradient noise €. It is possible
for the more practical scenario, the structure of € can relax the requirement on ||& ||, (for example
when the noise is purely due the finite measurements and therefore stochastic).

The following Lemma 7.4.1 calculates the dynamics at the presence of gradient noise.
Corollary 7.4.1 then follows directly from Lemma 7.4.2, which states the convergence of the
noisy dynamics. The proof for the lemmas are modified based on Lemma 7.3.1 and 7.3.2 and

are postponed to Section 7.8.2.

Lemma 7.4.1 (Output-state dynamics with noisy gradient estimation). Consider VQE instance
(M, |®), U), with U being the ansatz defined in Definition 7.3.1. Under gradient flow with
learning rate 1 and noisy gradient estimation VL :=VL+ et) = (g—é + gl(t))qu]’ the output

state |V) follow the dynamics

W) =~ (- 2L ) Tos (Y (M [9) (9] © Ta)) [9) + 0 i HW)  (750)

=1
Here the Hermitian Y € CT*% js the time-dependent matrix defined as

p

Y(6) = m " (U (6()HU], (6()) (7.51)

I=1
and H; are defined as Ul:p(O(t))HUzr:p(O(t)).

The following modified version of Lemma 7.3.2 implies that the main theorem holds with

noisy gradient estimation:

Lemma 7.4.2 (VQE Perturbation Lemma under noisy gradients). Conditioned on the event that
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the output state at initialization |V (0)) has non-negligible overlap with the target ground state

[T [(T(O)[*)> > O(3). if for all t > 0, [[Y (1) = Y*(t)]lop < 3275+ 5755 and e(t)l| <

Ad—A1 4v2d

e (A2 = A/ L= [T ()02 (W (1) 97)

, Then under the dynamics

d 1 &,

19 = = T (Y (M, [)(0]] © Laxa)) [ ¥) + 07 > e H)|W) (7.52)
1=1

the output states converges to the ground state:

A2 — Ap
4logd

1= (T (6)[T")]* < exp(— t). (7.53)

7.5 Ansatz-dependent results

7.5.1 Ansatz-dependent upperbound

The bounds obtained in Theorem 7.3.1 provide sufficient conditions on the number of
classical parameters required to ensure that an instance of the Partially Trainable Ansatz over
SU(d) (Definition 7.3.1) converges to its ground state with a linear rate of convergence. These
bounds are primarily influenced by the dimension d of the Hilbert Space, and a quantity %
influenced by the conditioning of the spectrum (which we will call the spectral ratio in the
following) of the problem Hamiltonian M. In this section, we provide ansatz-dependent upperbo-
unds on over-parameterization. We show that the choice of parameterized ansatz can result in the
sufficient overparameterization threshold being governed by quantities the effective dimension

desr and spectral ratio xef Which can be significantly smaller than d and «. In the later section 7.7,

we evaluate these two quantities for popular Hamiltonian variational ansatz (HVA) and use them
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to explain the success of HVA over general ansatz designs such as HEA.

Group Representations To present our result for specifc ansatze, we first state some elementary
results from group representation theory (for a full introduction to representations of Lie Groups
see [273, Chapter 4]). A finite-dimensional representation (V/, II) of a group G is specified by a
vector space V' and a group homomorphism I1: G — GL(V), such that I1(g;)I1(g2) = [1(g192)
for all g1, go € G. The representation is unitary if I1(g) is unitary for all ¢ € G. An important
concept in the group representation theory is irreducibility. Given a representation (V,II) of
G, a subspace W C V is said to be invariant if II(g)w € W for all w € W and g € G.
A representation is further said to be irreducible if it has no invariant subspaces other than the
trivial subspaces consisting of the empty set & and the whole space V.

For a unitary matrix Lie group G defined on V/, the simple identity map furnishes a unitary
representation of GG on the Hilbert space G. We will refer to this representation as the natural
representation. In this case we will not distinguish the group element from its representation.
The following proposition indicates that a unitary matrix group G induces a decomposition of

the ambient space V.

Proposition 7.5.1 (Adapted from [273, Proposition 4.27]). Let G be a group with unitary representation
[T acting on a vector space V. Then this representation is completely reducible ie. V' is isomorphic
to a direct sum V1 ®- - -BV,,, where each V; is an invariant subspace which itself has no non-trivial

invariant subspaces.

For ansatz design .4, let G 4 be the associated subgroup of SU(d) as defined in Section 4.2.
G 4 is a unitary matrix subgroup defined on the state space 7. By Proposition 7.5.1, the natural
representation of G4 induces a decomposition of the state space H = V; & --- & V,,,. We now
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define the ansatz compatibility and the key quantities de and k¢ for a VQE instance (M, |®), U)

using this decomposition.

Definition 7.5.1 (Compatible Ansatz). Consider an VQE instance (M, |®), U) with ansatz design
A Let H = Vi & --- ®V,, be the completely-reduced decomposition induced by the ansatz
design A through the natural representation of G 4 and Let |V*) denote the ground state of M.
The ansatz design A is said to be compatible with the VQE problem if there exists j € [m] such

that both |®) and |U*) lie within an invariant subspace V;.
The effective quantities for compatible ansatz can be defined using the invariant subspace:

Definition 7.5.2 (Effective dimension d.; and Effective ratio k). Consider an VOE instance
(M, |®), U) with compatible ansatz design A. And let W denote the invariant subspace where
the input and the ground state lies with projection TI = QQ. The effective dimension de is
defined as the dimension of W. The effective spectrum is defined as the ordered eigenvalues

/ !

N, =X
(A, - ,)\Zleﬁ) of the Hermitian Q"MQ. The effective spectral ratio ke is defined as ;?2‘: X L

The effective generating Hamiltonian Heg is defined as QTHQ

Given the projection IT onto W, the decompostion Q) is not unique but allow a degr X defr
unitary transformation. This does not introduce any ambiguity in the definition of the effective
spectrum as unitary transformations does not change the eigenvalues of Q' MQ.

The Killing-Cartan classification indicates that the subgroup G 4 restricted on the invariant
subspace W 7 must be one of the simple lie groups. Here we focus on the case where the subgroup
G 4 restricted on the invariant subspace 1V j is a special unitary group SU (def). Similar results
can be proved for special orthogonal, symplectic group by replacing the integral forumla (e.g.
See [271]).
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By definition W is invariant under the action of any operator represented by ansatz A,
indicating the dynamics of the output state is restricted to the subspace V; spanned by the column
space of Q. By transforming all the Hamiltonians and the input state by Q in the proof of

Theorem 7.3.1, we have the following corollary:

Corollary 7.5.1. Let (M, |®), U) be a VQE instance using compatible ansatz design A with
dess, Keff, Hegr and (N, - -, /\Idefr) as defined in Definition 7.5.1. Let |U*) denote the ground state
of Ml and |V (t)) the output state at time t, then conditioned on the event that the output state at

initialization |V (0)) has non-negligible overlap with the target ground state [ 0*): | (¥ (0)|¥*)|* >

O(-%), and with a learning rate of n = the system converges to the ground state with

1
det PZ (Hefr,defr)’

error € = 1 — (U(t)|0*)? in time T, = zifg_‘f\%ff log (%) with failure probability at most 6, if the
2 1

. d?
number of parameters p is greater than () ((liéﬁ«, m, log (ng’ff )) )

For general ansatz design A including HEA with G4 = SU(d), the effective dimension
desr (resp. effective ratio ke is the same as the system dimension d (resp. the ratio k = %). In
fact this holds for fully-trainable ansatze that contain universal gate sets and satisfy the premise
of [270]. On the other hand, a problem-specific compatible ansatz design can have much smaller
defr and ke and achieve reasonable performance with much fewer number of parameters. As
we see in Section 7.7 For physical problems like Transverse field ising model and Heinsenberg

model, certain HVA designs can achieved de and ke orders of magnitudes smaller than d and

K.
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7.5.2 Estimating deg and reff

Given VQE problem (M, |®), U) with a compatible ansatz design .4, we can estimate the

column space of Q of the invariant subspace by estimating the support of the matrix
. 1
II=—)Y U0y (o|U! 7.54
I 2; [®)(®|U] (7.54)

with U, sampled ¢.7.d. from the Haar measure over G 4. Empirically we approximate the Haar

measure over G 4 by calculating

Lsample K

U¢) = [[ [Iexo(—idriHe) (7.55)

'=1 k=1

for sufficiently large Lsample and randomly initialized {¢z/,k}ke[K],zfe[L Any orthonormal

sample] *

basis of the support of IT can be used as Q to estimate des and kg using Definition 7.5.2.

Example: Kitaev Model For a concrete example, consider the HVA for the Kitaev model on

square-octagon lattice with external field introduced in [3]. We will see that the proper ansatz

design leads to an effective dimension much smaller than the system dimension (der = 76
v.s. d = 256) and that the effective ratio k. can be orders of magnitudes smaller than ﬁ

(Figure 7.3).
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The problem Hamiltonian for Kitaev models with external field is defined as

MKitaev

s ZZZ+“’~ Y XX+ ) YY) +h ZX+Y+Z

(u,w)ESZ (u,w)ESx (u,v)ESy

(7.56)

with X; denoting the Pauli- X matrix acting on the i-th qubit. This system has coupling in the X,
Y, Z directions on edge sets Sx, Sy and S respectively. The parameter .J,,, controls the coupling
in the X/Y -direction and h controls the strength of the external field. For 8-qubit Kitaev models
on square-octagon lattice, by labeling each qubit with indexes O through 7, the edge sets are
defined as Sx = {(0,1),(2,3)}, Sy = {(1,2),(0,3)}, and Sz = {(4,0),(1,5),(3,7),(2,6)}
(See Figure 7.1 or Figure 1(c) in [3]).

We use the ansatz proposed in [3]: the ansatz design A = {H;,--- ,Hg} with

H, Z XX, Hy o Z Y, Y, Hs Z ZuZow,

(u,v)€Sx (u,v)€Sy (u,v)€SZ
7 7 7
Hyoc > X H;oc Y Vi Heox Y 7 (7.57)
1=0 =0 1=0

In Figure 7.2, we plot the eigenvalues of IT for the Kitaev models for input state |®) = |0)®8
and the ansatz specified in Eq (7.57) using R = 100 and Lgymple = 20. As the number of samples
R increases from 0 to 100, IT converges to a matrix with uniform eigenvalues. Figure 7.2 indicates
that the |®) lies within the 76-dimensional invariant subspace W embedded in a 256-dimensional

state space H. It is also verified that the ground state of M.y lies within the subspace W as

Ag—M

well. We also compare the effective ratio ke with kK = 3 /\

L (i.e. the effective ratio for generic

ansatz designs) for a wide range of parameters (.J,,, h) in Figure 7.3. We observe that the HVA
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Figure 7.1: Configuration of the 8-qubit
Kitaev model on square-octagon lattice
defined in [3]. Qubits are labeled by
0,1,---,7, and each edge corresponds to
an interation term. The types of interactions
XX,YY and ZZ are as specified in texts.
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(a) Kitaev Model: N=8, varying J,
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Figure 7.2: Specturm of II for 8-qubit
Kitaev model with 8 qubits for number
of samples R 1,2,---,100. As the
number of samples increases, II converges
to Hermitians with uniform spectrum,
and can thus be good approximation of
the normalized projection to the invariant
subspace V.
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Effective
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(b) Kitaev Model: N=8, varying h

Figure 7.3: The spectral ratio kg for 8-qubit Kitaev models by varying J,, while fixing the
external field 7 = 1 and varying h while fixing J,, = 1. The effective ratio is significantly
smaller than the actual ratio for a wide range of (.J,,, h).

proposed in [3] decreases kef by orders of magnitudes.

7.6 Empirical Study: Verifying the Convergence Theory

In this section we present two sets of numerical simulations to corroborate our theoretical

results.

1. In Section 7.6.1 we first calculate the deviation of Y and 6 for HVAs and HEAs. We show

that Lemma 7.3.4 and 7.3.5 correctly predict the maximal deviation of Y and @ for both
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the partially-trainable and the fully-trainable settings.

2. In Section 7.6.2, we confirm that the over-parameterization threshold is positively correlated
to the proposed quantities ke and deg as predicted in Theorem 7.3.1 and Corollary 7.5.1

using synthetic toy VQE examples.

7.6.1 Experiment 1: Deviation of key quantities during training

In this section we optimize Hamiltonian variational ansatz (HVA) and Hardware-efficient
ansatz (HEA) in both the partially- and fully-trainable settings and evaluate Y and @ during
training. Recall that Y is a function of time step ¢ through its dependency on the parameters 6(t).
Lemma 7.3.5 and 7.3.4 predict that @ remains in a {..-ball centered at 6(0) with radius O(1/p)
throughout training, and that || Y (¢) — Y (0)|/op = O(\/Lﬁ). Our experiments show it is true for
both partially- and fully-trainable HVAs and HEAs.

Definition of Y for fully-trainable ansatz For partially-trainable ansatz defined in Definition 7.2.2,

Y can be equivalently expressed as

Y(0) = %Z (Ul,+(0)HU;+(9))®2

=1

(7.58)

using U, ;.(0) = ([]/_;,, Ur exp(—ifyH)) - U,, the matrix applied to the input state after the
rotation exp(—i6;H). Similarly for fully-trainable ansatz, define U ;1) . (8) as [],_, 1 15, exp(—ify 1 Hy)-

ng ki1 €Xp(—i0; 1 Hy ) as the matrix applied to the input state after the rotation exp(—if; xHy),
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Y can be defined as:

K
SN (U (0)HUL,, L (0)7 (7.59)

=1 k=1

Y(0) =

SR

Here p = K - L is the total number of trainable parameters.

HVA for Transverse Field Ising Models For HVA, we consider /V-site one-dimensional transverse

field Ising models (TFI1d). The problem Hamiltonian is defined as
N-1 N-1
Mrri14(g) = Z XiXip1+g Z Z; (7.60)
=0 =0

with periodic boundary (i.e the /N-th site is identified with the O-th site). The parameter ¢ is the
strength of the transverse field. In this experiment we choose the input state \/%T,(l, L, )T

and the compact HVA for TFI1d model proposed in [268] with K = 2 and

N-1 N-1
Hi o Y XXy, Hyx ) Z (7.61)
=0 1=0

For all the experiments, {H},} X | are normalized such that Z(H, d) = Tr(H3)/(d*> — 1) = 1.
For both partially- and fully-trainable settings, we solve 4-qubit TFI1d model with external
field ¢ = 0.3 using gradient descent with learning rate 1 x 10~*/p, where the numbers of
trainable parameters are varied from 30 to 150. For each p the trainings are repeat over 20 random
initializations.
During training The deviations as a function of time ¢ are plotted We calculate the deviation

of Y and @ during trraining for solving 4-qubit TFI1d model with transverse field g = 0.3 for both
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Figure 7.4: Maximal deviation of Y from initial value as a function of number of trainable
parameters during the training of HVA for 4-qubit TFI1d model with transverse field g = 0.3.
The mean values and the standard deviations are calculated over 20 random initializations for
each number of trainable parameters p = 30,40, --- ,150. In both figures, the reference lines
50//p are plotted in green, showing that our theory correctly predicts the O(1/,/p)-dependency
of max;>o||Y(¢) — Y (0)||op for both settings.

partially- and fully-trainable HVAs. For the number of trainable parameters p = 30, 40, - - - , 150,
the partially- (fully-)trainable ansatze are optimized using gradient descent with learning rate
1 x 1074/p.

For both settings, the deviations of Y in operator norm (|| Y (¢) — Y (0)||op) saturate after a
few iterations (Figure 7.16 in the appendix), and max;>|Y (£) — Y (0)||op displays an O(1/,/p)
dependency on p 7.4. Moreover, note that in both Figure 7.4(a) and (b) the reference lines plotted
in green are 50/,/p. This indicate that the max deviation of Y in the two settings not only match
in the dependency on p but also on constants.

Similarly, the O(1/p) dependencies of max;>q ||0(t)—6(0)||~ are demonstrated in Figure 7.5.

HEA with CZ entanglement Similar observations occur in hardware-efficient ansatz (HEA)
with layers of single-qubit X /Y -rotations and C'Z entanglements. For an N-qubit instance, let

CZ;; denote the CZ gate acting on the i-th and j-th qubits, we define the CZ entanglement layer
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Figure 7.5: Maximal deviation of @ from initial value as a function of number of trainable
parameters during the training of HVA for 4-qubit TFI1d model with transverse field g = 0.3.
The mean values and the standard deviations are calculated over 20 random initializations for
each number of trainable parameters p = 30,40, --- ,150. In both figures, the reference lines
1/p are plotted in green, showing that our theory correctly predicts the O(1/p)-dependency of
max;>g ||0(t) — 6(0)|| for both settings.

Ucz as:

Uz= [[ CZiu [] CZun (7.62)

eveni€[N] oddi€[N]

Using that fact that Cij is identity for any pair of (7, j), the HEA can be fit into the ansatz

defined in Def 7.2.1 with K = 4N and

H4¢+1 < Xj, H4i+2 x Y;, H4i+3 < Ucz X;Ucz, H4i+4 x UczY;Ucz Vie [N] (7.63)

We use the ansatz defined in Eqn (7.63) to solve problem Hamiltonian

Myea = diag(0,0.5,1, -+ , 1) (7.64)

with input state |®) = |0)®Y = (1.0,0,---,0)" and learning rate 1 x 10~2/p. The empirical

results are summarized in Figure 7.6 and 7.7.
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Figure 7.6: Maximal deviation of Y in 4-qubit hardware-efficient ansatz (HEA) with CZ

entanglement.

The mean values and the standard deviations are calculated over 10 random

initializations for each number of trainable parameters p = 32,64, .- ,320. In both figures,
the reference lines are 45/, /p.
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Figure 7.7: Maximal deviation of € in 4-qubit HEA with CZ entanglement. The mean values
and standard deviations are calculated over 10 random initialization for each p varying from 32

to 320. The references lines in both figures are 6/p.
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Figure 7.8: Maximal deviation of Y and 6 in HVA for 4-qubit TFI1d model with transverse field
g = 0.3. The references lines for Y in both figures are 50/, /p. The references lines for @ in both
figures are 1/p.

We also extend our experiments to the setting when the gradient estimation is noisy. In
Figure 7.8, we consider &;(t) sampled i.i.d. from A/(0,1 x 107°) for all ¢ and [ € [p], and have

similar observation on the dependency of the maximal deviation of Y and 6 on p.

7.6.2 Experiment 2: Over-parameterization for toy models

In this section, we simulate gradient descent in toy VQE problems with varying d, d.s and
Keff Using ansatze with different number of parameters. we show that the over-parameterization
thresholds are positively correlated to the effective dimensions des and spectral ratios keg as

predicted in Corollary 7.5.1.

Estimating Over-parameterization Threshold For a concrete criterion of over-parameterizat-
ion, we estimate the success rate for the training to converge to an output state |W(¢)) such that
the error 1 — [(U(¢)|P*|]|)? is less than 0.01, where |¥*) is the ground state. We define the over-
parameterization threshold as the smallest p such that 1 — [(¥(¢)[¥*|])? > 0.01 with probability
> 98% over random initialization.

For physical problems like TFI1d, the system dimension d, effective dimension ds and
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keff are jointly defined by the number of qubits and the system parameters, be it external fields or
the strengths of coupling. We decouple these parameters by starting with toy problems. For a toy

1

problem with (d, de, Keff), We embed a degr X desr Hermitian with eigenvalues (0 ey 1)

1
) e
into a d-dimensional space and consider ansatze with rotations restricted to the d.g-dimensional
space (see Section 7.9 for the concrete definition for the toy problems). For each set of (d, defr, Kefr)
and each number of trainable parameters p, the training is repeated over 100 random initializations
with learning rate 1 x 1072/p.
In Figure 7.9 we examine how the convergence of HVAs depends on the number of parameters
p for toy instances with varying (d, dess, kefr): In Figure 7.9(a) we change the system dimension
d with d and ke fixed. For all d = 8,16, 32, the over-parameterization threshold is around
8, showing that the convergence is almost independent of the system dimension for fixed def
and ker. In Figure 7.9(b), we fix the system dimension d = 16, ker = 4.0 and vary the
effective dimension de: the over-parameterization threshold increases as the effective dimension
increases; For a more quantitative evaluation, we define the over-parameterization threshold as
the smallest p to achieve a success rate of at least 98%, and plot the threshold for different de in
Figure 7.10(a). The dependency of the over-parameterization thresholds on res are displayed in

a similar way in Figure 7.9(c) and Figure 7.10(b). It is clearly reflected in Figure 7.10 (a) and (b)

that the over-parameterization threshold is positively correlated to degr and Keg.

Remark 7.6.1. Readers may notice that the dependency on des is almost linear, seemingly
contradicting previous empirical observation in [274]. There are several factors that may have
contributed to this discrepancy. (1) The most prominent factor is the statistical error due to the

finite number of random initializations. (2) Another plausible reason is that the ratio ke is a
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Figure 7.9: Dependency of the over-parameterization threshold on system dimension d, effective
dimension de and the condition number ko in toy problems: the x-axes are the numbers of
trainable parameters p, and the y-axes are the success rates for finding solutions with error less
than 0.01. For each data point, the success rate is estimated over 100 random initializations.
(a) Fixing der = 4, ker = 4.0, the over-parameterization threshold does not depend on the
system dimension for d = 8,16,32. (b) Fixing d = 16, ker = 4.0 for der = 2,4,6,8. The
threshold increases as the system dimension increases. (c) Fixing d = 16, def = 4 for ke =
2.0,4.0, 8.0, 16.0. The threshold is positively correlated to the condition number of the system.

concise but inexact descriptor of all the eigenvalues of the problem Hamiltonian. As the effective
dimension varies, the eigenvalues also vary in spite of the controlled kes. (3) The third reason is

that the over-parameterization threshold are defined differently in [274].

7.7  Empirical Study: Predicting Ansatz Performance

In this section, we use Corollary 7.5.1 to explain the performances of different ansatze
for Ising models and Heisenberg models by (1) calculating ke and de using the procedure
described in Subsection 7.5.2 and (2) estimating the over-parameterization thresholds. The results

are summarized as follows:

* For Transverse field Ising (TFI) model, we compare ansatze T'F'[, and T'F'I5 (defined
later). T'F'I, and T'F'I3 have identical kef, but T'F'I5 has smaller d. Empirically, we

observe T'F'I, reaches over-parameterization with fewer number of parameters.

* For the Heisenberg XXZ model, we compare ansatze X X 7, and X X Zg (defined later).
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Figure 7.10: Dependency of the over-parameterization threshold on effective dimension d and
the condition number £ in toy problems: the over-parameterization thresholds in the plots are
defined as the smallest p achieving a success rate > 98% to find a solution with error less than
0.01. Success rates are estimated over 100 random initializations. (a) Fixing d = 16, ke = 4.0
for desf = 2,4,6, - -, 16. The threshold increases as the system dimension increases. (b) Fixing
d = 16,der = 4 for ke = 2.0,4.0,6.0, - - - ,26.0. The threshold is positively correlated to the
condition number of the system.

XXZ,yand X X Zg have de of same order of magnitude, but the rer of X X Zg diverges
at the critical point while ke of X X 7, remain bounded. Empirically we observe as the
system approaches the level-crossing point, X X Zg requires significantly more number of

parameters to obtain a reasonable solution.

* For both TFI and XXZ models and all HVA considered, des is much smaller than the system
dimension d. Also for T'F1,, TFI3, X X Z,, the effective ratio k¢ remain bounded near
level-crossings where k = % approaches infinity. This explains why problem-specifc
HVA can be used to solve VQEs that can not be efficiently solved by generic ansatz like

HEA ([268]) (Recall that for typical HEA design, d is the system dimension d and ke is

simply k).

These observations demonstrate the predicting power of the quantities des and res and highlight

that good, problem-specific ansatz designs are crucial to the efficient training of VQE in practice.
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1-d TFI problems For 1d TFI models, in addition to HVA with 2-alternating Hermitian mentioned
in Section 7.6.1 Eq 7.61 (which we will now refer to as T'F'[5), we consider variaitonal ansatz

T FI; containing 3 Hermitians A = {H;, Hy, H3} with

N-1
Hooy o< ) XiXip1, Hamoc » XiXip, H.oox ) 7 (7.65)
=0

evens oddi

Compared with T'F' I, T F I3 decouples the odd and even coupling in the X direcion. The
effective dimension deg of TF'I, and T'FI3 for N = 4,6,8,10 are summarized in Table 7.1:
both ansatz design achieves small effective dimension compared with the system dimension d,
and the effective dimension des for T'F'I5 is consistently smaller than that of T'F'I3 for different

N’s.

N 4 6 8 10

d 16 64 256 1024
TFI, | 4 8 16 32
TFI; |5 10 25 50

Table 7.1: System dimension d for N-qubit TFI1d models with N = 4,6,8, 10 and effective
dimension d for variational ansatze T F'I5 and T F'I5.

Despite the difference in desr, T F'[5 and T'F'I3 has similar ke¢: in Figure 7.11, we visualize
the eigenvalues and k. of T'F I, TFI3 and the original problem Hamiltonian M+1gj14(g) with
varying transverse field g for 6-qubit 1d TFI models. In Figure 7.11 (a) and (b), we plot the 4
smallest eigenvalues of the effective Hamiltonian M’ associated with TF' I, and TFI3: while
T F'I, and T'F'I3 have different effective dimensions, they have similar eigenvalues.

This allows us to demonstrate the dependency of the threshold on the d.s with controlled

keff. In Figure 7.12 we plot the success rate against the number of parameters p for both ansatze
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with number of qubits N = 4,6, 8, 10: it is observed that T'F' [, (V) consistently achieve lower
over-parameterization threshold p than 7'F'I3 (B) due to smaller d.g.

Ground states of TFI1d models are degenerated for |g| < 1 in the thermodynamic limit
N — oo. Although there are no degeneracy for finite N, the first excitation energy (i.e. the
smallest eigen-gaps) decrease quickly as g drops below 1.0. In Figure 7.11(c), we visualize the
smallest 4 eigenvalues for N = 6. The vanishing eigen-gap for small g leads to drastic increase
of Kee as plotted in blue in Figure 7.11. On the contrary, the effective ratio ke for both T'F'I,
and T'F'I5 remain small as g approaches 0. As a result, the over-parameterization threshold
remains almost the same for T'F'[; as the transverse field g decreases from 0.5 to 0.1 (as shown in
Figure 7.13). This shows that the usage of HVA instead of general purpose ansatz design allows

solving VQE problems efficiently near critical points.

1-d XXZ model XXZ1d modelis a special case of Heisenberg model with problem Hamiltonian

defined as
N-1 N-1
Mixxz1d(/z2) = Z XiXip +YiYip + J., Z ZiZiq (7.66)
i=0 i=0

The parameter J,, controls the coupling in the Z-direction. XXZ1d model is essentially different

from the TFI1d model in that actual level-crossing happens for finite NV at J,, = —1.
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Figure 7.12: Comparison of the over-parameterization threshold for 7'F'I, and T'F'I3 ansatze
for N = 4,6, 8,10. (a) The success rates for finding a solution with error less than 0.01 versus
the number of parameters for instances with different ansatz and different sizes. The number
of qubits is encoded by different colors and the ansatz design is encoded by ¥ for 7T'F'I; and B
for T'F'I5. For each data point, the success rate is estimated over 20 random initializations. (b)
Plot of the over-parameterization threshold versus number of qubits for different ansatze. The
threshold is defined as the the smallest number of parameters to achieve success rate over 98%.
For each NV, the threshold for T F'I5 is lower than that of T F'I5.
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Figure 7.13: Comparison of the over-parameterization threshold for 7'F'I, with transverse field
g =0.1,0.3,0.5 for (a) N = 6 (b)N = 8 (¢) N = 10. The x-axis is the number of trainable
parameters p, and the y-axis is the success rate for finding a solution with error less than 0.01.
For N = 6,8, 10, despite the vanishing eigen-gap of Hrry14(g) for small g, the ground state can
be found with reasonable p with ansatz T'F'[,. For each data point, the success rate is estimated
over 20 random initializations.

We examine the HVA proposed in [268] (denoted as X X Z,):

H o ) XiXii+ ) YiYin, (7.67)

Hp o ) XiXivi + ) YiYiu, (7.68)
odds oddi

Hy o< ) ZiZiy, i) ZiZin (7.69)
eveni oddi

as well as a similar HVA (denoted as X X Zg)

Hio ) XiXin, Hpoc) XiXi, Hzoc ) ViV, (7.70)
evens oddi eveni

Hyoc ) ViV, Hyo ) ZiZin, Hsox ) ZiZi (7.71)
odds event oddi

The effective dimensions for X X Z, and X X Zg are summarized in Table 7.2. While both X X 7,
and X X 7 significantly reduce the effective dimension des, X X Z, further removes the level-

crossing: in Figure 7.14, we see that both X X' 7, and X X Zs reduces the ratio ks by orders
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of magnitude, and the ratio xes for X X Z, (in ) remains small as J,, — —1 while the
ratio for both X X Z; (in green) and the original Hamiltonian (in blue) increases to infinity. In
Figure 7.15, we present side by side the success rate of X X7, and X X7z for N = 4 with
J.., = —0.9,—0.5,—0.3,0.1. It is observed that the over-parameterization threshold X X 7,
remain similar across different values of .J,, and the over-parameterization threshold for X X Zg

increases significantly as .J,, decreases to —0.9 due to the vanishing eigen-gaps.

N 4 6 8 10

d 16 64 256 1024
XXZ, | 3 4 12 21
XXZg| 4 5 19 34

Table 7.2: System dimension d and effective dimension def for XXZ1d model with N =
4,6,8,10 for X X Z, and X X Zg ansatze

7.8 Deferred Technical Details

7.8.1 Details of Convergence Proof

Proof of Lemma 7.3.2.

Lemma 7.3.2 (VQE Perturbation Lemma). Conditioned on the event that the output state at

initialization |V (0)) has non-negligible overlap with the target ground state

[0*) s [(©(0)|*)[* > O(3), if forall t > 0,

Y(t) - (W - éIdQXdQ)Hop S iz:ii : ﬁ, then

under the dynamics L|0) = — Try (Y ([M, |¥)(¥|] @ L4xq))|¥), the output states converges to
the ground state:

Ay — A\
2logd

1= ()W) < exp(—22—2Lp). (7.14)
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problem Hamiltonian, level crossing happens at .J,, = —1, making it impossible to solve for the
ground state when J,, is close to —1. Note that the level crossing breaks down under X X 7,.
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Figure 7.15: Comparison of the over-parameterization threshold for (a) X X 7, and (b) X X Z;
with Z-coupling J,, = 0.1, —0.3, —0.5, —0.9. The x-axis is the number of trainable parameters
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success rate is estimated over 100 random initializations.
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Proof for Lemma 7.3.2. Let E(t) denote the deviation of Y (¢) from its expected value:
E(t):=Y(t) — (W - C_lIdQXdQ) (7.72)
The matrix that governs the dynamics can be expressed as
Try (Y () ([M, B (1)) (W ()] @ Laxa)) = ML [V () (P (1)]] + E(t) (7.73)
where
E(t) := Try (E() (M, [W(6))(¥(1)]] @ Lixa)) (7.74)
Define h as [(U*|U(1)[])?
d

pri (%|‘1’(t)>)T|‘I’*><‘If*\‘I’(t)!+>(‘I’(t)!‘lf*|<>|‘lf*%l‘1’(t)> (7.75)

= 2((U (MY (1)) = M) (T (B)]])* + Te(E@) W)U, [T @) (L @)])  (7.76)

The first term in Line (7.76) corresponds to the actual Riemannian gradient flow on the sphere:

2000 ()M (1)) — M) (0)]])* = 2((L(1)[M[P (1)) — M)A (7.77)
> 2((1 = h)Ay + hA — M)A (7.78)
= 2Ny — Ai)(1 = h)h (7.79)
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The second term in Line (7.76) stems from the deviation of Y from its expectation:

Te(E()[|T*) (U], [W(1) (T ()]]) (7.80)
=T (Try (E(&) (M, W (6)(W(1)]] ® Taxa)) [197) (2], [9 () (T (2)]]) (7.81)
=Tr (B(t)([M, [W () (L (@)[] ® (L) (T, [L(6) (L)) (7.82)

— [EE NIV [P (@) (W ()] @ [19) (W], 19 () (P ()] (7.83)
= = 2¢/A(1 = BB IML [9(6)) (W ()]l (7.84)
= = 2Vdy/h(1 = W)E@®) 1M, [ O) (O] # (7.85)
— — 2V2VAVh(1 — h)(Aa — M)|[E®)]| (7.86)

Line (7.84) follows from Lemma 7.8.2; Line (7.86) follows from Lemma 7.8.3

Hence

d Ad — 1
—h>2(X— M)l —h)h(1 —V2d E(t 7.87
Following the technical Lemma 4 in [266]
d L~ V23 E®) | 7
— log(—log(h)) < —2(As — . L 7.88
o7 log(—log(h)) < —2(X, T logh (7.88)
Apparently for ||E(t)[]: v/2 :\\j a \/_||E(t)|| < 1, h(t) is non-decreasing. Conditioned
on h(0) > %, if v2d HE( )|l 1/d < 1, the absolute value of the right-hand side is lower
bounded by 22 210g .
Therefore if |[E(t)]| < 5758235 1 — A(t) < —logh(t) < exp(—3375t). O
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Proof of Lemma 7.3.3.

Lemma 7.3.3 (Concentration at initialization for VQE). Over the randomness of ansatz initialization
(i.e. for {U,}i_, sampled i.i.d. with respect to the Haar measure), for any initial 6(0), with

probability 1 — §:

. 1 2[H|3, d2
HY(O(O))—YHOPSE~ —\/log = (7.15)

Proof. Define X as the centered random matrix

X, = U, HU ) —y* 78
=z (U HUL) (7.89)

{X;} can be viewed as independent random matrices as the haar random unitary removes all the

correlation. The square of X; is bounded in operator norm:

2|[H]*

[H|?  d+1
+
Z(H,d)

X2 = | X,]1? <
X7 = [[Xa|* < ( 7 ¥

)2 < ( ) (7.90)

The ratio g; = ||H|?/ Tr(H?) satisfies that 1 > ¢; > 1/d. By Hoeffding’s inequality([275],

Thm 1.3), with probability > 1 — 4,

L2H|? ) d
Y-Y<—- 1 7.91

]

For comparison, consider the following matrix Berstein inequality (adapted from [276],
Thm 6.1.1):
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Lemma 7.8.1. Consider a finite sequence {X;} of identically distributed, independent, random

Hermitian with dimension d'. Assume E[X?*] = o2 and ||X|| < R. Then with probability > 1 — §

1< o\/2log(2d'/8)  2Rlog(2d'/d)
“NTX < 7.92
[ ; /< 5t (7.92)
In our case, | X|| < (d? — 1)g; + 2, and /E[X?] < V/2d:
E[Xj] = E[%(VIHQVZ )= (Y)? (7.93)
1 g 1 A PR S P+1. 2
(7.94)
Tr?(H?) 1 ?+1. 2
@127 (1~ g+ ((H) - W] - ——1+ 7W (7.95)
1 L
(@ = )[(1 = S0 (F))T + (g(H) — )W) ng L+ =W (7.96)
(-2 % — go(d — 1/ANT + (go(d® — 1) — d + 3/d)W (7.97)

where go(H) := Tr(H*)/ Tr*(H?), and 1 > go(H) > 1/d.

Helper Lemmas.

Lemma 7.8.2. Let x, v be two vectors in C%, the commutator i[xx', vv'] has eigenvalues
:l:’<X7 V>| V 1— |<X7 V>‘2'

Proof. Express x as av + fw with w orthogonal to v.

ifxx", vwi] = ia* fwvl —iaf*vw' (7.98)
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This rank-2 Hermitian has two real eigenvalues A, and A\_ suchthat A\, + A\_ =0and A, \_ =

—laf?|B*. 0

Lemma 7.8.3 (Bounding commutator norms). Let M := Z?Zl )\jvjv; be a d x d-Hermitian
matrix with eigenvalues \; < --- < \q. The frobenius norm of the commutator [M, xx'] can be

bounded in terms of |(x, V)| as:

IV, x| <V2(Aa = A)V/1 =[x, V)2 (7.99)

Proof. Expand x as avy + fw, where v is the ground state of M and unit vector w is orthogonal

tovy:

IV, xx]|[7 = [|[M— M T xxT] (7.100)
= 2(x'M*x — (x'Mx)?) (7.101)

= 2(|8)*w'M*w — (|6*x"Mx)?) (7.102)

< 2|8)*wM?w (7.103)

< 2|8 (A — A1) (7.104)

[

Lemma 7.8.4 (Estimation with taylor expansion). Let W be a unitary generated by Hermitian

H: W = exp(—ifH), we have

(WEWH®2 — K92 < 4|0|||H||||K||*1 (7.105)
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For symmetrically distributed random H (i.e. H ~ —H)

Eg[(WEWH® - K92 < 86°||H ||| K ||*1 (7.106)

More generally, consider Hermitian-preserving linear maps ®,, @, € £(Cd2Xd2) such that

[D1(X)[| < Ly || X, |P2(X)|| < Lof| X[

Ex[@1 (WK W)E2) 0y (WE,WH®?) — @1 (KP?) Do (KS?)] < 64L1 Lo|| H||(| K1 ||? || Ko ||°T

(7.107)
Proof. The first- and second-order derivatives of (W KW 1)®? are:
d
@(WKWT)@ =W([~iH,K]® K + K ® [-iH, K])(WT)®2 (7.108)
dQ
S WKW = —W[H, K] @ [H, K]+ [H, [H, K||© K + K ® [H, [H, K]))(W)*
(7.109)
Hence
(WKWH®2 - %2 (7.110)
0
= / df' (e OS2 H K] ® K + K ® [—iH, K])(e'0=0)H)®2 (7.111)
0
=4[Ol H[[I1<[1* (7.112)
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For symmetrically distributed random H

E(WKWT)®? - K®? (7.113)
=Ef([—iH,K]|® K + K ® [—iH, K)) (7.114)
0
—E / 0'do’ (7.115)
0

(e OO, K] @ [H, K] + [H, [H, K] @ K + K © [H, [H, K]))(l0"")2

(7.116)

=<86°||H||*|| K||*T (7.117)
For the more general case:

d%cbl((WKWT)®2)<I>2((WKWT)®2) (7.118)

=P, (%(WKWT)@)@Q((WKWT)@Q) + &, ((WKWT)@)(I)Q(d%(WKWT)@?) (7.119)

=0, (W*([~iH,K|® K + K ® [—iH, K])(W")®?) &, (WKWT)®?) (7.120)

+O&, (WEWH®) @y (W ([—iH, K] ® K + K ® [—iH, K])(W")®?) (7.121)
When evalutated at 6 = 0,

d%(bl((WKWT)®2)<I>2((WKWT)®2) lo—o (7.122)

=0, (([~iH,K]® K + K ® [—iH, K]))®,(K*?) (7.123)

+01 (K®?) 0y (([~iH, K] ® K + K ® [—iH, K])) (7.124)
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The second order derivative

B (WEWE) 0, (W KWe2) 7.125)
d d ®2 ®2 ®2 d ®2
:@{%(@(WKWT) )@ (WEWHE?) + & (WEWT) )@z(@(WKWT) )}
(7.126)

=20, (W**([—iH,K|® K + K ® [—iH, K])(W")®?)

D, ([—iH, K] ® K + K ® [—iH, K])(W"®?) (7.127)
+&; (WKW)®2)d, (— W (2[H, K] ® [H, K| + [H,[H,K]] ® K

+ K ® [H,[H, K]))(WH®?) (7.128)
+&, (- W*(2[H,K|® [H,K|+ [H,[H,K]|® K + K ® [H, [H, K]])(W")#?)

P, (WEWT)®?) (7.129)

For any 0, the second derivative is upperbounded in operator norm by 64 L, Lo|| H ||| K ||*. By the
Taylor expansion the operator norm of E [® (WK WT)®2) &, (W KW T)¥2) —d; (K®2) dy (K®?)]

is bounded by 32L, Lo || H||?|| K|*. O

7.8.2  Proof of Corollary 7.4.1

Lemma 7.4.1 (Output-state dynamics with noisy gradient estimation). Consider VQE instance

(M, |®), U), with U being the ansatz defined in Definition 7.3.1. Under gradient flow with

learning rate 1 and noisy gradient estimation VL :=VL+ e(t) (g—é +&(t)) el the output
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state |V) follow the dynamics

%I‘W = —(n-p- Z(H,d)) Try(Y(IM, [W) (¥[] © Laxa))[0) + 1) _ i Hi|¥)

=1

Here the Hermitian Y € CT*% js the time-dependent matrix defined as

Y(0) = m 2 (Us,(6(0)HU],(6(1))) ™

and H; are defined as Ul:p(e(t))HU}L:p(B(t)).

(7.50)

(7.51)

Proof. We start by calculating the gradient of U,.,(0) with respect to 6;: For r > [, U,,, is

independent of 6, ; For r <[,

a[Ir:p
00,

= UZ5P(0) ’ <_ZH) ’ U’/‘ll—1<0> = _iUlipHU;:pUTIP

Therefore

IL(6)
90,

= (9|U0, U] ,MU,,,Uo|®) + (®|UJUL, M, U, Up|®)

= (®|UJU},i[U,HU] M]U,,U|®)

I:p>

= i Te([M, |0) (V]| U,, HU], )
Following gradient descent with learning rate 7:
do, 4 t
- —n(QL(O) + &) = —in Te([M, |0)(¥||U,,HU, ) — ne,
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(7.131)

(7.132)

(7.133)

(7.134)



The dynamics for U;,, and | V) are therefore:

d
—U;. A
Z U1 (7.135)
p
db
= —0,U,. 7.136
ar dt l:p ( )

p p
=—nY_ Tr(IM,[U)(¥||U,,HUL,) U, HUL, Uy, +in Y e U, HUL U,  (7.137)

r=l r=1
d d
W) = = Uy, Ug|@ 7.1
—(n-pZ)— 7 ZTr M, [0)([]U,,HU] ) U, HU] )U,Ug|®)  (7.139)
=1
p
+in Yy U, HUf Uy, Ug|®) (7.140)
=1
p
—(n-p2) Try(Y - M, U)W @ )| W) + 1 Y i H| W) (7.141)
=1
O

Lemma 7.4.2 (VQE Perturbation Lemma under noisy gradients). Conditioned on the event that

the output state at initialization |V (0)) has non-negligible overlap with the target ground state

) [ OE)P = 02, i (1) = Y (1) lop < 2220+ 2 and [le(t)]oe <
VT (BRI ()] 9],
I = =T (Y (M, [9)(0) @ L) [9) + - > i) (7.52)

=1
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the output states converges to the ground state:

A2 — A\

L (O < exp(- T8

). (7.53)

Proof for Lemma 7.4.2. Let E(t) :== Y (t) — (W — 212, q2) denote the deviation of Y (¢) from

its expected value. The matrix that governs the dynamics can be expressed as

Tr (Y (O(IM, [W0) (U] © L)) = ML WON B + B (7.142)

where

E(t) == Try (E(t)([M, [¥(£)) (¥ (t)] © Taxa)) (7.143)

Define h as |(U*|¥(t)][)?, the time derivative of h

= (W) ) )] ) (U ()9 )2 ) (7.144)
= 2w ML) — AW ()] (7.145)
FT(B) ) (2], ()0 () (7.146)
TN () (0], [(0) (2(0)]) 7.147)

with N (t) defined as — piZ > iey,H;. The first term corresponds to the actual Riemannian gradient
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flow on the sphere:

20U ()M () — AL (B)][)* = 2((T(£)[M|T(L)) — M)h
> 2((1— h)Ay + hA; — M )h

= 2(\s — M)(1 — h)h

The second term stems from the deviation of Y from its expectation:

Te(E@[W) ], [0 () (T ()]
=Tr (Try (E@) (M, [T ()N (6)]] @ Lasea) ) [T (T*], [T () (T (2)]])
=Tr (E(t)([M, [ W () (U] @ W) (W], [w () (U @)])

— [E@)IM, [ (@) (T ()] & [ (U7, [T () (L] ]ler
= —2¢/h(1 — ) |[E() |||V [W(6) (L ()] e

= —2Vdy/h(1 = W) |E@IIM, 12 @) (T (O]l »

= — 2V2VdVh(1 — h)(Ag — M) E(@) ||

1
Vhd

=—0.5h(1 — h)(A2 — A1)

Here we use technical Lemma 7.8.2 and 7.8.3.

The third term is a result of inaccurate estimation of gradients:

Te(N @) W], [ (@) (T(@)]]) = 2N @)V h(1 = h Ah(1 = h)

Here we use the fact that | N(t)]| < $(A2 — A)y/h(1 = h) if [le]| < 5 (>\2 A1)
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(7.149)

(7.150)

(7.151)

(7.152)

(7.153)

(7.154)

(7.155)

(7.156)

(7.157)

(7.158)

(7.159)

(1 —h).



Combining all three terms, we have

d
2= Qe = A1 = h)h(1 - T) (7.160)

Following the technical Lemma 4 in [266]

d 1= 2f
—log(—1 — 161
o log(=log(h)) < —(Az = Ay)— "% oh (7.161)

Aa—A1

Conditioned on ~(0) > 1
g

é the absolute value of the right-hand side is lower bounded by 22 =

O]

7.8.3  Proof of Corollary 7.5.1

The proof of Corollary 7.5.1 involves replacing the integration formula in the proof to
the main theorem with integration over subgroups. We start by presenting a basic fact about
block-diagonal matrices (Lemma 7.8.5) and the integration formula for subgroups of SU(d)

(Lemma 7.8.6).

Lemma 7.8.5 (Basic Fact). Let G be a matrix subgroup of SU(d) inducing a decomposition of
invariant subspace V- = @', V; with projections {H]} * .. Without loss of generality, assume V

to be the subspace of interest: for any Hermitian A and unitary matrix U in group G:
II,UAU'TL, = II, U, - IT, AT, - IT, U'T, (7.162)

Proof. The decomposition of invariant subspaces dictates that any U € G is block-diagonal
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under {I1;}72,, namely forallU € G,Vj # j', I1;; UII; = 0.

ITI,UAUII, (7.163)
=IL,U ) TLAY I,UTL (7.164)
j=1 j'=1

= Y (I, UTI;)A(TI, U'IL) (7.165)

3,3'€[m]
=I1,UIL, AII, U'TI, (7.166)
=IT, UII, I1, AII, IT, U'TI, (7.167)
The last equation uses the property of projections H? = II,. [

As a direct result, we have the following generic integral formula for U sampled from any

D supported on the subgroup G:

Lemma 7.8.6 (Integration Formula on subgroup restricted to an invariant subspace). Let G be
a matrix subgroup of SU(d) inducing a decomposition of invariant subspace V = @I,V with
projections {I1; };":1 Without loss of generality, assume V| to be the subspace of interest. For

any Hermitians { A, }2_, and measure D over G:

QN Ey~p @, UA, UQ®" = Eyo)_po [©F, UPAN (UMW) (7.168)

where DY is the distribution of Q"UQ for U sampled with respect to D, and Aﬁ,l) =Q'A,.Q

is the Hermitian A, restricted to the subspace V.

Lemma 7.8.6 allows using the integration formula in [271] when D) is the Haar measure
over a special unitary, special orthogonal or symplectic group. We are now ready to present the
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proof of Corollary 7.5.1.

Proof of Corollary 7.5.1 Without loss of generality, we assume V to be the relevant subspace
with projection IT; = QQ'. For concise notations, define U = Q'uQ, AV = QAQ and
UMW) = QF|W) for any unitary U, Hermitian A and vector |¥).

Note that the potential function we track in the proof of Theorem 7.3.1 [(¥*|W(¢))]? =
(WO wM($))]? if both |U)* and |W(t)) € Vi. Therefore for the purpose of the proof it suffices
to track the dynamics of [ (¢)). Below we (1) establish that |¥(¢)) € V; through out the
training and (2) show that the dynamics of |U'())(¢)) takes the same form as stated in Lemma 7.3.1
by replacing M and H with M = Q'MQ and HY = Q'HQ.

By Lemma 7.3.1, the dynamics of | V) takes the form
d BN i i
1) o = STV [9(0)) (0(0) [ U, UL, U, HUL (1) (7.169)
=1

We first show that |W(¢)) remains in V; for all ¢ (i.e. |¥(¢)) = II;|W(¢))). It suffices to

show the time derivate % stays in V; for |U) € V:

I1, U, HU] |7) (7.170)
=U,,IL,HU]_ |7) (7.171)
=U,, HIL, U] |¥) (7.172)
=U,, HU IL, |7) (7.173)
=U;,HU] |7) (7.174)
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The first and the third equality is because Uy, € G 4 for all | and therefore block-diagoanl
under {IL;}7",; The second equality is because and H is block-diagoanl under {II;}7,; The
last equality follows from |U) € V.

We now calculate the dynamics of |W(1)(#)). For the trace operation in each term,

Tr([M, [T (£)) (¥ (1)U, HU] ) (7.175)
=Tr([|W(£))(T(t)], Uy, HU] M) (7.176)
= Te([TL | (1)) (T (t)| T, U, HU] |M) (7.177)
= Tr([IL, | (t)) (¥ (¢) |11, IT, Uy, I, HIT, U}, 11, M) (7.178)
= T([IL, [W(¢)) (¥ (t)| 11, I, Uy, IL HIT, U, T )T M) (7.179)
=Tr([Q[(1))(T(1)|Q, 'MQIQ'U,,QQ'HQQU] Q) (7.180)

The first, fourth and the fifth equation follows from basic properties of trace operators; the second
equality uses the fact that |U(¢)) remains in Vj; the third equality uses the fact that U;,, and H

are block-diagonal. Therefore we can rewrite Eq (7.169) as

P P

d 1<
g YU 0) o= > T (M, U )@ UL HO (U HULHD U w0 (0)
=1

(7.181)

The dynamics of |¥()(¢)) depends on Q'MQ, Q'HQ and Q'UQ. The corollary follows

trivially by using the integration formula specified in Lemma 7.8.6.
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7.9 More on the empirical Study

Implementation of partially-trainable ansatz We implement the partially-trainable ansatz

(Definition 7.2.2) by approximate the Haar measure over G 4 by calculating

Lsample K

U(¢) = [] []exp(—i¢v.Hy) (7.182)

'=1 k=1

for Lsample = 20 and randomly initialized { ¢y j }repr) rern

Sample] :

Deviation of Y and 6 as functions of time ¢ In Figure 7.16 and Figure 7.17, we plot the
deviation of Y and @ as functions of time steps ¢ for both the partially- and fully-trainable settings.
The mean values are plotted in solid lines and the shaded areas represent the standard deviation
over random initializations.

The maximum time steps is set to be 10,000. As observed in Figure 7.16 and 7.17, the

deviation of Y and 0 saturates quickly after a few time steps.

Definition of Toy problems For the toy problem with system dimension d, effective dimension
desr and the effective spectral ratio ke, we embed a der X degr problem Hamiltonian MO =
Q'™MQ with eigenvalues (0, H%F, 1,---,1), generators HY = Q'HQ and unitaries {Ul(l) =

QTUIQ}’;’:1 into a d-dimensional space using arbitrary d X d unitary Ugmpeq = [Q QL] with
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Figure 7.16: Deviation of Y during training for HVA and HEA
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Q! being arbitrary complementary columns of Q:

M = Uembed
H= Uembed
Ul = Uembed

And the ansatz takes the form

U(6) = ([[ Uiexp(—i6H)) - U,

=1

where de X degr unitaries {Ul(l)} are sampled i.i.d from the Haar measure over SU (def).

0
T
Uembed
Id—deff X d—def
0
T
Uem bed
Id*defr X d—deff
0
T
Uembed )
Id—deff X d—deff

(7.183)

(7.184)

(7.185)

(7.186)

In Figure 7.18, we plot the success rate versus the number of parameters for various des

and ks that are used to generate Figure 7.10.

Estimating the invariant subspace for TFI and XXZ models

Similar to the Kitaev model in

Section 7.5.2, we numerically confirm that the TFI and XXZ models involved are all compatible.

The convergences of the empirical estimatino of projection II are summarized in Figure 7.19,

Figure 7.20, Figure 7.21 and Figure 7.22
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Chapter 8: Conclusions

This dissertation analyzes the applications of quantum computing in several areas of machine

learning and optimization.

* Chapters 2, 3, and 4 present quantum algorithms with provable speedups for some important
tasks including general convex optimization (Chapter 2), the estimation of the volume
of convex bodies (Chapter 3), and for matrix games with applications including linear

classification and SVMs (Chapter 4).

* Chapters 5, 6, and 7 consider the applications of quantum machine learning methods
whose parameters are then optimized by classical methods. We explore the design of
generative models (Chapter 5), expressivity of Quantum Neural Networks (Chapter 6),

and the optimization of Variational Quantum Eigensolvers (Chapter 7).

These results motivate a search for further applications of quantum computing in machine learning
and associated large optimization tasks. The following summarizes some general directions that

may be worth exploring in the future as extensions of this work:

Structured Convex Optimization Problems. Our results on convex optimization provide a
quantum speedup for the problem in its most general form where the only constraint placed

on the objective function and feasible set is convexity. In most important convex optimization
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problems however, the form of the objective function is explicit which allows for more efficient
algorithms than those for general convex optimization (see for instance the situation for linear
classification or SVMs [26, 126]). This raises the natural question of whether quantum speedups
can be obtained for such structured problems. In the common situation where the optimization
problem has an efficiently computable gradient, there have recently been some negative results
in this direction: [277, 278] have shown that classical accelerated gradient descent algorithms
are optimal in such settings. The setting where second order or higher derivative information
is available remains open. Such settings are interesting both for regression problems [279], and
non convex optimization [280]. It is also interesting to study such problems in the non-oracular
setting where we seek only a runtime improvement: [281, 282] present some algorithms that
may have runtime advantages over classical interior point methods. Making these advantages
rigorous or finding a clearer characterization of problems where they may occur can also be very

advantageous in the implementation of quantum optimization solvers.

Non-convex Optimization Problems. Non-convex optimization optimizations have become
more significant in machine learning as they model the loss functions of deep neural networks.
Despite the success of gradient methods in many cases, optimizing networks often presents a
fundamental challenge for their deployment and indeed has influenced the design of popular
architectures. This raises the natural question of whether quantum algorithms can provide speedups
for convex optimization. While the general problem is NP-Hard, several algorithms focus on
finding local optima, since there exist landscape results in many settings that indicate their
closeness to the global optima [283, 284]. [285] have recently given a quantum speedup for

the problem of escaping saddle points. It would be of interest to obtain quantum speedups for
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some problems where the complete runtime is known (consider for example the case with over-
parameterized neural networks.) Such an algorithm could in principle yield a quantum speedup

for training classical neural networks.

Quantum Sampling Algorithms. Sampling from log-concave densities is a computational
challenge in statistics, optimization and machine learning. It finds applications in estimation,
inference, and optimization algorithm. Several problems rely on sampling over bodies specified
by explicit constraints. In the setting of sampling from the uniform density over an n-dimensional
polytope specified by m constraints, the volume estimation algorithm would simply require
O(mn?) queries to the entries of the constraint matrix (O(n*) membership queries each costing
O(mn)). The best known classical algorithm for this task [80] instead achieves an oracle cost of
O(m?n“~1/3) where w is the exponent of matrix multiplication. This is more efficient than the
general algorithm whenever m < n. This raises the question of whether quantum speedups can
be obtained in this case, with costs dependent on m. [80] replaces the MCMC algorithm based
on the hit-and-run walk algorithm with Hamiltonian Monte-Carlo algorithms where the trajectory
of the random walk is given by the stochasticized trajectory of a partial differential equation. A
recent classical paper [286] has characterized the spectral gap of Hamiltonian Monte-Carlo for x-
conditioned log-concave functions to be 2(1/x). This suggests the investigation of whether \/x
quantum speedup over the best classical algorithm can be obtained using a quantum analogue of

Hamiltonian Monte-Carlo.

Further understanding of Variational Quantum Algorithms. Our results on variational qu-

antum algorithms provide some promising early results towards the ultimate goal of demonstrating
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quantum advantage on near-term quantum algorithms. Further progress is possible along the lines
of each of the projects presented in the dissertation. Our work on generative quantum learning
in Chapter 5 [58] demonstrates the utility of variational quantum circuits in approximate circuit
compression. The scale of circuits treated is currently limited by simulation constraints, and a
careful analysis and engineering of the resource requirements of the system could allow for the
system to be run on a real quantum system. This could allow for the pre-computed approximate
compression of larger circuits.

A better understanding of the expressivity of Quantum Neural Networks is also essential
to choosing proper avenues for their application. Our work indicates that large advantages may
exist for the majority of functions expressed by QNNs of a fixed size, but that such advantages
may be difficult to establish rigorously. There are two directions that could be pursued for
further progress: 1) We search for exponential advantages over neural networks of depth < 3.
Our complexity theoretic barriers do not apply to this case. If a rigorous separation could be
found, then the particular functions that yield the separation could yield a characterization of
hard quantum functions. 2) We increase the scale of our empirical study to obtain a larger
sample size for interpolation. This may be through running experiments on real quantum systems,
improving the simulation performance, or through finding easily simulable QNN that also yield
an empirical expressive advantage.

It may be also valuable to further investiagate the convergence of quantum systems. Our
results show that sufficient overparameterization is sufficient for the convergence of VQEs, but
for a general quantum ansatz the degree of overparameterization required is large enough to
remove any possible quantum advantage. We do show that carefully chosen ansatz can reduce this

requirement, but all the cases we investigated still have exponential dependence on the number
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of qubits in the system. Finer analyses of the parameterization threshold is required to give
even an exponential algorithm that is faster than a classical optimization algorithm for the same
problem. It is also important to study the convergence of other variational algorithms like QNNs
and variants such as Convolutional QNN that have valuable properties such as not suffering from
the barren plateau phenomenon.

Finally, one may consider the extension of all the above ideas to other forms of parameteriz-
ation of quantum systems. Analog quantum systems based on direct manipulation of control
pulses have gained interest for near term applications due to the possibility of more resource
efficient optimizations [287, 288], and these interfaces are starting to become available on comme-
rcial systems (see for eg. [289]). These systems offer the potential of new parameterizations
which have different optimization and generalization properties while sharing the potential for
large speedups over classical simulation. These properties can be studied by forming hypotheses
from the lens of our results on the circuit model, as well as via new theoretical and empirical

analyses.
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