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Statistical learning is emerging as a new paradigm in science. This has ignited interest

within our inherently quantum world in exploring quantum machines for their advantages in

learning, generating, and predicting various aspects of our universe by processing both quantum

and classical data. In parallel, the pursuit of scalable science through physical simulations using

both digital and analog quantum computers is rising on the horizon.

In the first part, we investigate how physics can help classical Artificial Intelligence (AI)

by studying hybrid classical-quantum algorithms. We focus on quantum generative models and

address challenges like barren plateaus during the training of quantum machines. We further

examine the generalization capabilities of quantum machine learning models, phase transitions in

the over-parameterized regime using random matrix theory, and their effective behavior approximated

by Gaussian processes.

In the second part, we explore how AI can benefit physics. We demonstrate how classical



Machine Learning (ML) models can assist in state recognition in qubit systems within solid-

state devices. Additionally, we show how ML-inspired optimization methods can enhance the

efficiency of digital quantum simulations with ion-trap setups

Finally, in the third part, we focus on how physics can help physics by using quantum

systems to simulate other quantum systems. We propose native fermionic analog quantum systems

with fermion-spin systems in silicon to explore non-perturbative phenomena in quantum field

theory, offering early applications for lattice gauge theory models.



EXCURSION IN THE QUANTUM LOSS LANDSCAPE:
LEARNING, GENERATING, AND SIMULATING

IN THE QUANTUM WORLD

by

Ali Rad

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2024

Advisory Committee:
Professor Mohammad Hafezi, Chair/Advisor
Professor Michael Gullans, Co-Advisor
Professor Zohreh Davoudi
Professor Victor Albert
Professor Christopher Jarzynski



© Copyright by
Ali Rad

2024



Preface

“We have to remember that what we observe is not nature itself, but nature exposed

to our method of questioning.”

— Werner Heisenberg, Gifford Lectures at 1955
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Chapter 1: Introduction

“For the natural philosopher, there are no distinct fields of

physics, chemistry, biology or computer science. These are

artificial boundaries created by us. What lies in front of us is

simply nature, and the joy of discovering and playing with it.”

a source who requested anonymity

1.1 Fourth Paradigm

We are living in an extraordinary time in the universe—a sentiment echoed by every generation,

yet ours has a unique twist. We stand on the brink of a transformative era: the twilight of carbon-

based intelligence and the dawn of its silicon-based successor. Philosophers of science like Jim

Gray [5] suggest we are stepping into an unprecedented phase of scientific discovery, known as

the fourth paradigm. Long ago, the empirical method laid the foundation for scientific inquiry,

marking the first paradigm. It was a time when describing the natural world was a groundbreaking

endeavor. Fast forward to the last century, and we find ourselves in the second paradigm, where

models became the tools to abstract and generalize those empirical observations. The advent of

computational science heralded the third paradigm in recent decades, empowering us to simulate
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and understand complex systems in ways previously unimaginable. Now, it appears we are on

the cusp of the fourth paradigm. This new era promises to integrate theory, experiment, and

simulation with the vast potential of data exploration and intensive science discovery, heralding

a future where our understanding of the universe could expand tremendously.

1.2 Classical Machine and Quantum Machine

Leveraging the power of physical systems as computing platforms has become a pivotal

development, especially with the recent advancements in quantum computing. Originally, the

proposal to use physics in this way aimed to simulate more complex physical phenomena [6].

This leads to an intriguing question: why should the field of physics concern itself with computation

or, more broadly, computer science and information theory?

The intricate relationship between physics and computation and information theory is vividly

illustrated by Maxwell’s demon thought experiment [7], highlighting how classical computation

is intrinsically linked to the physical universe, its limitations, or how the entropy of black holes

put constraints on many computational and information theories. This concept underscores the

foundational principle that information processing and physical laws are deeply interconnected.

The Turing machine [8] further exemplifies this connection, serving as a pivotal model that

bridges the abstract realm of computation with tangible, physical mechanisms [9].

The evolution of computational paradigms led to the exploration of quantum computing,

a field that extends classical computational models to the quantum domain, characterized by

significantly lower energy levels. This transition was driven by the promise of quantum computing

to leverage the unique properties of quantum mechanics, such as superposition and entanglement,
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to achieve computational speedups that are unattainable with classical systems. The allure of

quantum computing lies not only in its potential to solve problems deemed intractable for classical

computers within a finite timeframe but also in its capacity to challenge and expand our understanding

of the fundamental principles of computation itself.

Quantum computing’s shiny selling point indeed revolves around its theoretical capability

to expedite certain and subset of problems, offering solutions to complex problems much more

efficiently than classical approaches. Some examples include factoring large numbers, simulating

quantum physical processes, and optimizing large systems, which are tasks where quantum

algorithms can outperform their classical counterparts.

However, the significance of quantum computing extends beyond its practical applications.

It poses profound questions about the nature of computation, information, and their relationship

with the physical laws governing the universe. By pushing the boundaries of what is computationally

possible, quantum computing prompts a reevaluation of the limits imposed by classical physics

and encourages a deeper inquiry into the principles underlying the physical world and our understanding

of it.

1.3 Physics vs. AI

The intriguing question of the relationship between physics and Artificial Intelligence (AI)

is one that invites both curiosity and skepticism. Is the frequent juxtaposition of these two fields

merely a trend, fueled by hype and buzzwords, or does it reveal a deeper, meaningful connection?

At first glance, AI and physics seem to operate within fundamentally different paradigms, almost

moving in opposite directions. Physics is dedicated to the discovery and demystification of the
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natural world, striving to uncover the underlying principles that govern the universe. In contrast,

contemporary AI, particularly in its reliance on neural networks, often treats these networks as

’black boxes.’ The intricacies of what occurs inside these networks can be difficult to decipher

or may not be the primary focus, provided that the end results are satisfactory. This approach

emphasizes the importance of data and computational power over an understanding of the internal

mechanisms at play.

This contrast highlights a fundamental difference in approach: physics seeks to understand

the world from the bottom up, building a foundation on fundamental principles, while AI adopts

a top-down approach, focusing on outcomes and applications without necessarily understanding

the underlying processes. This dichotomy is vividly captured in a short essay by Dan Robert,

titled ‘Why Physics Is Simple and AI Is Hard’ [10]. Robert’s argument sheds light on the inherent

complexity of AI compared to the relative simplicity of physics, at least in terms of conceptual

understanding and I would like to review his comment in the following lines.

Let’s consider an array of spins in the Ising model, arranged in a
√
n×√

n grid. Generally,

this system can exhibit 2n distinct configurations. If we assign one of two labels to each configuration

it is either trivial or non-trivial—the total number of possible configuration/label pairs escalates

to 22
n , resulting in a phase space of doubly exponential magnitude. Without any underlying

rules linking the configuration to its label, no algorithm could surpass the efficiency of a mere

lookup table that memorizes all label assignments. This scenario exemplifies the ”no-free-lunch”

perspective, suggesting that without specific patterns or rules, all algorithms perform equally over

all possible problem spaces.

Fortunately, the problems that interest us usually exhibit meaningful relationships between

data and labels, placing them within a manageable subset of this vast phase space. This raises the
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question: Why are humans capable of effective learning, and why is physics such a powerful tool

for deciphering the complexities inherent in nature? The ”no-free-lunch” theorem doesn’t seem

as daunting in practical scenarios.

One explanation is that humans tend to classify a significant portion of the phase space

as meaningless or noise, focusing only on the data with discernible, meaningful patterns. This

selective attention might make us overlook hidden patterns within what we dismiss as noise.

Indeed, current machine learning techniques, such as neural networks, have demonstrated the

ability to identify meaningful relationships in data that humans might not perceive directly.

These networks, embodying complex non-linear functions, reveal that human understanding is

not equipped to model phenomena of such complexity. However, it prompts a lingering question:

Could there be real, non-generated data that follows certain rules, existing only within specific

subspaces of the overall phase space?

This refined perspective suggests that while the universe of possible data configurations is

vast, the actual, meaningful data likely adheres to certain rules, confining it to a more navigable

subspace. This understanding underscores the potential of both human cognition and computational

models like neural networks to uncover and learn from the structured patterns that govern the

complexity of the world around us.

In other words, humans have an inductive bias and try to see what has been seen before.

They look for human-meaningful representations. But human learning may not encompass all

that can be learned from the universe. To me, human learning is just part of learning, a subset of

the whole phase space that can be explored. One approach is to try to teach machines to learn

and find patterns the way humans do, while another approach is to let them go beyond that limit.

In that sense, AI can learn patterns that are not recognizable to humans. In this sense, AI is doing
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something challenging.

On the other hand, human learning and its approach, physics, seem to have escaped from

algorithmic complexity. In this sense, it seems physics builds models that are very simple. But

why is that? There can be four properties that lead to this simplicity: 1- Typicality 2- Sparsity 3-

Locality 4- Translational Invariance [10].

In a theory with n degrees of freedom, there can be O(2n) different possible interactions,

since each degree of freedom can either participate in the interaction or not. This exponential

behavior is daunting, as mentioned before. These ”typical” theories are not efficient since the

number of experiments needed to find out all interactions increases exponentially and cannot

provide good predictive power for us. However, life can be easier with some guidelines. One of

them is sparsity. If in our interactions, only k degrees of freedom can participate, then we have

only polynomial terms (n, k) ∼ O(nk/k!). Another guideline is locality. It states that only up

to k degrees of freedom can interact at the same time: k-locality. We can also observe spatial

locality, implied by causality, that two far-off objects cannot participate in one interaction at the

same time. By imposing this, we expect the total number to reduce to O(dn) = O(n) if we have

a d-dimensional space. Another rule is that we have translational invariance, as a symmetry. This

is somehow natural that physics does not depend on where the experiment has been run in the

universe. This leads to O(1) number of parameters [10], therefore The sparsity and locality are

inductive biases of our learning of the universe via the tools of physics.

In the no-free lunch theorem, if averaged over all possible datasets, there is no distinction

between learning algorithms. But in physics, averaging over all experiments gives us a good

representation. So, there is a free lunch somehow. One justification is that as local observers,

we can only conduct local experiments and therefore we are just living in a tiny subspace of the
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general phase space, and that the no-free-lunch theorem doesn’t affect us.

1.4 Physics at the Age of AI

During my graduate studies, the scientific community was at the forefront of witnessing

the rapid evolution of AI, a field that promised to redefine the boundaries of computation and

problem-solving. Meanwhile, the exploration of quantum computing is an active agenda, seeking

to harness the quantum nature of the universe to tackle complex problems that remain insurmountable

for classical computers operating under traditional logic. The overarching vision of this new

computational era is to leverage the principles of physics for routine and critical tasks alike,

ranging from encryption to optimization. This ambition extends to all computing paradigms,

including innovative approaches like thermal computing, which utilizes the diffusion model to

generate novel images or videos, showcasing the versatility and potential of modern computing

frameworks [11].

A significant shift in the computational landscape has been the move away from the traditional

method of hardcoding algorithms for specific tasks. Instead, the focus has shifted towards

enabling machines to learn and deduce solutions independently. In this context, statistical learning

emerges as a fundamental component, with the acquisition of knowledge from data becoming a

primary and achievable objective. Generative models stand at the forefront of this transition,

representing the next frontier in application development.

It is a common belief that studying quantum systems, such as finding the ground state of a

quantum many-body system or predicting their evolutions, is challenging with classical machines.

This belief stems from the fact that the complexity of representing a quantum system grows
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exponentially, O(2n), with the size n of the system. However, this notion has be challenged

under certain conditions.

It turns out that data has significant power. By training machine learning models on

data obtained from quantum systems, classical machines, in some certain cases, can achieve

efficiencies comparable to those of quantum machines [12]. The power of classical Machine

Learning (ML) algorithm over classical algorithms can be demonstrated by one example from

work by Huang et al [13]. This research shows that through the efficient classical representation

of an unknown quantum system, ML prediction algorithms can capture certain properties (including

quantum fidelity, entanglement witness, local observables, two-point correlations, and entanglement

entropy) of the quantum system using a method called classical shadow. This leads to the

prediction of properties of a quantum system with very few measurements. Furthermore, for

tasks like predicting the ground state of the system, it seems that assuming RP ̸= NP, there is no

randomized classical algorithm that can make an average prediction error with polynomial time

in terms of the size of the system. However, there is a classical ML algorithm that, by using

polynomial data and computational resources, explores the potential of classical ML algorithms

to efficiently predict ground state properties of quantum systems and classify different quantum

phases of matter. Under certain conditions, classical ML algorithms can accurately predict the

properties of quantum systems after being trained with data derived from measurements of other

systems within the same quantum phase. This work not only demonstrates the efficiency of

ML in quantum physics but also highlights its capability to outperform traditional computational

methods that do not leverage data-driven learning.

In other words, a poly-time classical ML algorithm trained on data can predict better than

any poly-time classical algorithm. In fact, it turns out ML algorithms are more useful in this
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task since generalization from data can be easier than computing everything, implying that data

has computational power. This reveals an intersection between Quantum computation (BQP) and

classical algorithms (BPP), and classical ML algorithms with data [13].

To demonstrate another strength of classical ML, Huang et al. showed in another paper [14]

that there is an effective classical ML algorithm capable of learning to predict arbitrary quantum

processes over embedded classical data into the Hilbert space. This algorithm works not only for

polynomial gate sizes of E but also for arbitrary sizes.

1.5 Quantum Machine and Learning: Quantum Machine Learning

While recognizing that efficient classical machine learning algorithms exist for quantum

systems is not trivial, one might still believe that quantum machines should eventually have more

advantages since our world is inherently quantum. However, surprisingly, identifying problems

where we can achieve quantum advantage is another non-trivial task and the quantum advantage

of quantum machine learning (QML) algorithms for classical tasks has not been fully explored.

However, it has been shown that with enough data, classical methods could be as efficient

as quantum ones, unless a suitable quantum kernel is found [12]. This kernel must preserve the

distance between two quantum states after they transition to feature space.

The trainability of quantum machine learning models, which are proposed based on variational

quantum circuits or quantum kernel methods, often suffers from the “Barren Plateau” issue,

rendering the algorithms inefficient. For example, determining even the sign of the gradient

may require an exponential amount of measurements. On the other hand, it has been shown that

with a sufficient amount of data, classical ML algorithms can perform as well as quantum ML for
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certain tasks [13]. This narrows down the effectiveness of quantum ML models across all tasks.

While up to this point, the results have favored classical machine learning and highlighted

the limitations of quantum approaches for many tasks, there are subsets of problems where

quantum learning holds exponential advantages. For example, in Ref. [15], it has been demonstrated

that there are exponential separations between learning with and without quantum memory.

Additionally, it has been shown that there is a quantum advantage when classical shadow methods

are not efficient. The experimental work “Quantum Advantage in Learning States from Experiment”

[16] suggests that, in certain tasks, a quantum machine can learn from experiments exponentially

faster than classical methods. For an experiment involving n qubits with state ρ, if we aim to learn

some property of the system, conventional methods store each measurement in classical memory.

In contrast, with quantum enhancement, the quantum states are stored in quantum memory. This

quantum advantage applies not only to quantum states but also to quantum processes.

1.6 What AI can do for Physics?

As reviewed in Sec. 1.4, classical machines have recently been used by scientists to leverage

intelligence. We have reviewed recent progress in the literature on the application and advantages

of classical machine learning (ML) for quantum physics.

In Chapter 5, we discuss another technique from the optimization of ML that inspired us

to undertake a project aimed at reducing the cost of simulating the desired Hamiltonian and its

intersection with ion traps through the pruning method.

In addition, as we discussed in Section 1.5 , there is a promising quantum advantage in

using quantum machine learning for quantum experiments. Once a useful application of quantum
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machine learning is identified, it will be time to further study the trainability of quantum neural

networks and how their structures can be efficiently optimized. In Chapter 2, we discussed

methods of initialization and optimization for navigating the loss function landscape. In Chapter

4, we explored how phase transitions can occur in the trainability of variational quantum circuits,

exemplifying quantum neural networks, especially when the model enters the over-parameterization

regime.

These are just a few examples of how AI can assist us in automation, tuning, optimization,

and state recognition. As discussed earlier, the power of data is key to reducing the difficulty of

studying quantum systems with classical machines. Undoubtedly, more profound applications

will emerge in the future.

1.7 What Physics can do for AI?

Physical learning, also referred to as human or psychological learning, is often characterized

by sparsity and local observation. This concept of sparsity can be applied to a specific case

of deep learning to examine the outcomes. In the structure of neural networks, many neurons

are interconnected, resulting in interaction patterns that are far from sparse. However, in the

limit of large n—also known as the thermodynamic limit—the representation of the system can

significantly simplify. The infinite-width limit is one scenario where the system can be described

solely by its covariance, rather than by all interactions, thereby reducing complexity from O(2n)

toO(n2). This is referred to as the overparameterization regime. This concept can also be seen as

a 1/n expansion in physics, where at the order ofO(1/nk), we allow kth-order neurons to interact

with each other. In this context, physical approaches like RG-flow and effective theories can be
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applied to understand deep learning models through effective models [10]. We have elaborated

on this idea in Chapter 4, followed by previous work in the literature.

In addition, if quantum machines can learn classical data more efficiently, it significantly

benefits the intersection of physics and AI. Another promising area is generative models. One

application of quantum computers is to produce certain types of distributions exponentially faster.

In Chapter 2, we explore how to generate specific distributions using an ion-trap quantum computer

as a quantum generative model.

1.8 What Physics can do for Physics?

Quantum computing was initially proposed to leverage physics to enhance our understanding

and manipulation of physical systems. In this context, quantum learning models and agents are

employed to study complex many-body systems. Additionally, digital and quantum computers

are increasingly utilized to simulate quantum systems, albeit currently on a smaller scale.

In Chapter 5 , we discuss the Hamiltonian simulation with ion traps as a form of digital

quantum simulation. In Chapter 6, we introduce a novel native fermionic analog quantum simulator

to be used for simulating non-perturbative phenomena in quantum field theory and as a tool for

lattice gauge theories.

1.9 Structure of the Thesis

In a nutshell, the thesis structure can be described as follows:

In Chapter 2, we examine quantum generative models and propose Bayesian learning

strategies to mitigate the barren plateau effect in quantum neural networks.
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In Chapter 3, we investigate the effective theories of quantum neural networks in the sparse

regime and illustrate how Gaussian processes emerge as a result.

In Chapter 4, we study the generalization capabilities of quantum machine learning models

through the lens of random matrix theory. We demonstrate the potential for double descent

behavior in quantum models applied to quantum learning tasks, highlighting a phase transition in

quantum neural networks.

In Chapter 5, we apply pruning and Hessian-based learning techniques for efficient budget

simulation of Hamiltonians with ion trap quantum simulators.

In Chapter. 6, we discuss the development of a simulation proposal of native fermionic

analog quantum simulators based on silicon technology.
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Chapter 2: Surviving the Barren Plateau in Variational Quantum Circuits with

Bayesian Learning Initialization

“You left your learning rate at home, and now we’re wandering

this barren wasteland plateau”

Hagar to Adam optimizer

2.1 Abstract

Variational quantum-classical hybrid algorithms are seen as a promising strategy for solving

practical problems on quantum computers in the near term. While this approach reduces the

number of qubits and operations required from the quantum machine, it places a heavy load

on a classical optimizer. While often under-appreciated, the latter is a computationally hard

task due to the barren plateau phenomenon in parameterized quantum circuits. The absence

of guiding features like gradients renders conventional optimization strategies ineffective as the

number of qubits increases. Here, we introduce the fast-and-slow algorithm, which uses Bayesian

Learning to identify a promising region in parameter space. This is used to initialize a fast local

optimizer to find the global optimum point efficiently. We illustrate the effectiveness of this

method on the Bars-and-Stripes (BAS) quantum generative model, which has been studied on
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several quantum hardware platforms. Our results move variational quantum algorithms closer

to their envisioned applications in quantum chemistry, combinatorial optimization, and quantum

simulation problems.

2.2 Introduction

Quantum-classical hybrid algorithms are based on parameterized quantum circuits (PQC)

that can prepare different quantum states through variable gate parameters. These algorithms can

be adapted to different hardware environments and are, in principle, capable of solving a vast

array of problems [17]. This is achieved by outsourcing some of the computational complexity

from the quantum device (QPU) to a classical processor (CPU). This keeps the quantum circuits

shallow and amenable to noisy devices.

These ideas have been used for developing variational quantum algorithms (VQAs) [18],

such as the Variational Quantum Eigensolver (VQE) [19], the Quantum Approximate Optimization

Algorithm (QAOA) [20], and Quantum Neural Network (QNN) architectures [21–23]. The

original problem is mapped to finding the PQC parameters that minimize a cost function, which

is evaluated by performing measurements on the circuit output of the QPU. The results are then

provided to the CPU, which employs a classical optimization, or learning, algorithm to find the

next set of parameters to feed back to the QPU in an iterative loop. Multiple demonstrations

of this quantum-classical hybrid scheme have been realized on small systems [19, 24–29]. The

limitations are usually attributed to imperfect quantum hardware, but some of the work points out

the importance of the CPU itself [30].

The classical part of the algorithm is challenging for several reasons. The stochastic
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nature of QPU readout makes the measured cost function value fluctuate even for a fixed set

of parameters. In addition, as the Hilbert space size and the parameter space size increase,

the difficulty of finding the global minimum increases exponentially. This indicates that much

like non-trivial NP-hard optimization problems, getting trapped in a local minimum is very

likely [31, 32].

Additionally, finding the optimal point is made even more difficult by a phenomenon called

the “barren plateau” which means that far from any minima, the cost function provides no features

to guide the optimization. It can arise for many circuit architectures, including ansatzes with a

global cost function [33], highly expressive ansatz circuits [34], highly entangled [35,36] or noisy

circuits [37, 38], and the majority of dissipative perceptron-based Quantum Neural Networks

(QNN) [39]. It also provides a challenge for parameter initialization, since random initialization

of VQAs leads to exponentially small gradients [40].

The existing optimization approaches can generally be divided into gradient-based and

gradient-free methods. In the former, the gradient information can be obtained via the parameter

shift rule [41–43], or by directly measuring the first- or higher-order partial derivative on the

quantum hardware [44,45]. The optimization is then performed using algorithms such as Stochastic

Gradient Decent (SGD) [46], Quantum Natural Gradient Decent [47, 48], meta-learning [49],

and Simultaneous Perturbation Stochastic Approximation (SPSA) [50]. The latter only uses

the value of the cost function and includes methods such as Nelder-Mead, COBYLA, Powell’s,

and Bayesian-based methods [30, 51–55]. Experiments have revealed the vulnerability of both

gradient-based and gradient-free methods to barren plateaus [33, 35–37, 39, 40, 44, 53, 56–58].

While strategies to mitigate or avoid the barren plateau have been proposed [32, 32–34, 58–60],

their efficiency in general scenarios remains untested. Others require the circuit to be over-
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parameterized [32], which might not be feasible, or demand exponentially scaling resources [56].

In this work, we introduce and evaluate a new technique for finding the global optimum in

VQAs, which we call fast-and-slow following Ref. [61]. It employs Bayesian learning, which is

gradient-free, as an initialization procedure for subsequent gradient-based optimization, combining

global and local information of the parameter landscape. We first describe this method and

then test it for different local optimizers on the Bars-and-Stripes (BAS) quantum generative

model [30,62]. BAS is a quantum machine learning algorithm, which can be used as a benchmark

to study the performance and capabilities of PQCs, and which shows barren plateaus.

2.3 Bayesian Learning For VQAs

Bayesian learning is often viewed as a potent tool in classical optimization, especially

when acquiring new data to enhance the model of the cost function is expensive. This approach

combines two modes - exploitation and exploration - to strive towards finding the global optimum

point. Given its global optimization scheme, this method proves highly beneficial for our problem.

The existence of numerous unfavorable local minima and barren plateaus pose a significant

challenge to local optimization, which further emphasizes the importance of employing this

method. Recent observations suggest that VQC in the overparameterized regime behaves like a

Gaussian process [2]. Therefore, employing Bayesian learning could be an effective approach to

examining the energy landscape of the VQC in this regime. This concept could also be extended

to the more general case, including the underparameterized regime.

In this method, based on the hypothesis, H, for our quantum model, we can assume the

prior distribution of the parameters of the quantum circuit θ = {θi}. Assuming each parameter
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Figure 2.1: The fast-and-slow optimization method for variational quantum algorithms. The QPU
executes a quantum circuit consisting of gates {U(θi)}, parameterized by θ = {θi}. The output
is used to calculate a cost function value L(θ), which is passed to an optimizer running on a CPU.
The CPU first uses a slow global search method to identify a promising region in parameter space
and then a fast local optimizer to find the minimum.
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is independent of the others, the prior distribution can be represented as the product of individual

posterior distributions p(θ) =
∏|θ|

i=1 p(θi). The task of finding the optimum set of these parameters

corresponds to solving the intended optimization problem and updating which can be computed

through various approaches such as Maximum A Posteriori (MAP) or Maximum Likelihood

Estimation (MLE). In the case of MAP, the optimal parameter values can be determined by

maximizing the posterior probability

θ∗ = argmax
θ

p(θ|O,H)

Upon observing the data points of interest O, we can update our beliefs and make predictions

for new data points P using Bayes’ rule:

p(P|O,H) =

∫ |θ|∏
i

dθi p(O|θ,H) p(θ|O,H) (2.1)

One key feature that marks Bayesian inference as an intuitive toolkit for Variational Quantum

Algorithms (VQA) is the fact that the distribution of the output of the quantum circuit, y, in the

presence of a large number of parameters or qubits, trends towards a Gaussian distribution [2].

This is achieved by defining the output distribution as a series of correlators, up to an order of k,

symbolized as p(y) = e−S(y)/Z , whereby:

S(y) =
1

2

n∑
µ,ν=1

Kµνyµyν

+
k∑

m=2

1

(2m)!

∑
µ1,···µ2m=1

Cµ1···µ2myµ1 · · · yµ2m .

(2.2)

In the overparameterization limit, higher-order contributions lessen, thus allowing the output
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distribution to be approximated as

p(y) ≈ 1

Z e
1
2

∑
µ,ν=1nGµνyµyν (2.3)

Driven by this objective, in the following sections of this paper, we explore this global optimization

proposal further, broadening our analysis to encompass more general cases. These cases are

particularly interesting as they do not strictly adhere to the overparameterized regime, meaning

the number of parameters is not significantly large.

2.4 The Fast-and-Slow Method

Our method has two parts and is shown schematically in Fig. 2.1.

In the first, slow, part we initialize the parameters to zero and perform Bayesian optimization

using Gaussian processes. This method is well-suited for this task, since querying the QPU is

expensive and results in noisy outputs [63].

The computational complexity of Bayesian optimization increases as the number of samples

n gathered from the QPU accumulates, due to the O(n3) scaling of the calculation of the co-

variance matrix inverse [64]. Therefore, this method is not suited for a detailed local search.

In the second, fast, part we use the best parameter set from the slow part to initialize a local

optimizer. This is now highly likely to reach the global optimum, since we start in the correct

region and there is no longer a barren plateau [65].

There is a trade-off between the number of queries devoted to the global and local optimizers.

Too many queries in the slow part waste resources that should be spent on local optimization,

while too few queries increase the chance to switch over in a region containing only a local
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minimum. The latter might lead to failure since there is no guarantee for a local optimizer to

converge to the global optimum after random initialization, regardless of the number of iterations [66].

In practice, the BO shows a distinctive cost function drop after a certain number of iterations for

a given circuit. We use this phenomenological criterion as the change-over point in our protocol

(see below). Additionally, around this point, the standard deviation of the cost function calculated

for multiple batches of the experiment decreases significantly. Note that in general, we expect

the switching point to be problem-dependent. The code for the fast-and-slow algorithm used for

this work is available on GitHub 1

2.5 Results

To evaluate our method, we simulate the optimization of BAS circuits on four and six

qubits on a classical computer. The BAS [67] maps qubit states in the computational basis to a

two-dimensional array of black or white pixels, see appendix A.2 for details. This problem is a

good test case since its convergence behavior has been studied on a trapped ion system and it was

found to be very well captured by a simple finite-sampling noise model [30].

Specifically, we consider the ensembles BAS(2, 2) and BAS(2, 3) with input |ψ⟩ = |0⟩⊗n

for n = 2×2 and n = 2×3, respectively. The circuit design follows [30] with qubits connectivity

given by star-graph, and uses a gate set native to trapped ions. The first layer consists of single-

qubitX and Z rotation operators. The following layer appliesXX entangling gates to all pairs of

qubits. The unitary operator associated with the mentioned circuits, for a total number of layers

1Fast and Slow Algorithm codebase: https://github.com/frustea/
Quantum-Fast-and-Slow.
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L, can be written as:

U(θ) =

|θ|∏
k=1

Uk(θk) =
L∏

ℓ=1

n∏
i=1
j=2

Ri(α
ℓ
i , β

ℓ
i , γ

ℓ
i )Rx1xj

(ϕℓ
j) (2.4)

where we explicitly identify Uk and θk corresponding to one and two qubit gates and their

parameters in layer ℓ with

Rxixj
(ϕℓ

j) = e−iϕℓ
jXiXj (2.5)

Ri(α
ℓ
i , β

ℓ
i , γ

ℓ
i ) = eiα

ℓ
iXieiβ

ℓ
iZieiγ

ℓ
iXi . (2.6)

Expressed in this gate set, the quantum circuits for BAS(2,2) and BAS(2,3) have 26 and 41

variational parameters, respectively.

To ease comparison with [30], the Kullback–Leibler (KL) divergence is used as the cost

function, which is a standard metric to compare two distributions [68]:

LKL(θ) = KL
(
Tr
(
OU †(θ)ρU(θ)

)
||qBAS

)
. (2.7)

where qBAS refers to the desired BAS output distribution.

Since the variance of the cost function gradient, Var[∂µL] = ⟨(∂µL)2−⟨∂µL⟩2⟩, is exponentially

suppressed as a function of qubit number,

Var[∂µL] ≤
1

26n
f(O, ρ, ρBAS) (2.8)

there exists a barren plateau in the optimization landscape (see appendix A.1).
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To study the performance of the fast-and-slow method, we compare it against strategies

with only local or only global optimizers. Specifically, for the pure local schemes, we use

the Stochastic Gradient Decent (SGD) [46, 69, 70] and Nelder-Mead (NM) algorithm [71] with

random initialization. As a global scheme, we consider BO with parameters initialized to zero.

For the fast-and-slow method, we employ the slow BO phase as discussed above, followed by

either NM or SGD. Additionally, we consider another hybrid algorithm introduced in Ref. [55],

that utilizes a Long Short Term Memory (LSTM) recurrent neural network for initialization

followed by NM.

The results are shown for four qubits in Fig. 2.2 and six qubits in Fig. 2.3. The effectiveness

of a classical optimizer for VQAs is typically only assessed by the convergence rate of the cost-

function without taking into account the quality of the output circuit [55, 59, 72–75]. However,

this does not in general make clear when the algorithm gets trapped in a local minimum [76].

For comparison with the target distributions, we show the state populations at different stages of

training as figure insets.

The results show that the fast-and-slow algorithm (NM with BO initialization) outperforms

the other methods based on the convergence behavior, the final value of the cost function, and

its success in generating the desired output distribution. This is even more pronounced when the

number of qubits is increased to six, shown in Fig. 2.3.

In our investigations, pure NM was found to perform better than other standard local

gradient-free optimizers on their own, such as COBYLA [51] and Powell [52]. Nevertheless,

its failure to find the true minimum for six qubits confirms that simplex-based gradient-free

optimizers are as susceptible to local minima as gradient-based methods [66].

The fast-and-slow variant involving BO initialization followed by the gradient-based SGD
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method is less effective than using NM as the fast stage. The output distributions only partially

match the ideal ones, especially when there are more qubits involved. Additionally, pure BO has

a low convergence rate and a large classical computational overhead, which means that despite

the reliability of discovering the global optimum, our results confirm that it is not practical for

VQAs. Finally, LSTM is the weakest strategy for solving our benchmark problems.

2.6 Outlook

Our results show that the fast-and-slow method of initialization and optimization is highly

promising since it reduces the number of queries to the QPU substantially and makes training

the VQA more practical for a larger number of qubits. The simulated experiment, while well-

motivated by being a generic circuit and allowing the comparison with a recent experimental

implementation on quantum hardware, only represents a single example problem. Going forward,

we will evaluate the method on different kinds of circuits on physical, rather than simulated,

quantum hardware.

Furthermore, the fast-and-slow algorithm introduced here represents only the simplest form

of a combined scheme with a single switching point and fixed switching criterion. More complex

problems might require a dynamic alternation between the fast and slow parts, which has been

shown to be beneficial for some problems in classical optimization [61]. Further study is needed

to find appropriate methods for determining the switching point and problem-specific adaptations,

which will make this method even more powerful.
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Figure 2.2: Comparison of different optimization methods for the BAS(2, 2) problem with 4
qubits and 26 circuit parameters. The main graph shows the cost function (2.7) against the number
of executed circuit instances on the simulated QPU for different combinations of initialization
and optimization methods: Nelder-Mead (NM), Stochastic Gradient Descent (SGD), Neural
Network (LSTM), and Bayesian Optimization (BO). The fast-and-slow method corresponds
to ”NM with BO Initialization.” For each method, the average value (solid line) and standard
deviation based on five repetitions (shaded region) are shown. The output distribution is sampled
Ns = 1024 times to add statistical errors. The insets show the output distribution at three stages
of optimization: 1) after 45 iterations (left), which is the switching point from BO to NM in the
fast-and-slow method, 2) after 100 iterations (bottom), when the cost function of fast-and-slow is
plateauing, and 3) after 300 iterations (right).
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Figure 2.3: Comparison of different optimization methods for the BAS(2, 3) problem with six
qubits and 41 circuit parameters (see text): Nelder-Mead (NM), Stochastic Gradient Descent
(SGD), Neural Network (LSTM), and Bayesian Optimization (BO). The fast-and-slow method
”NM with BO Initialization” is still the best strategy and produces the correct output distribution,
but the convergence is slower than for the four-qubit case. The insets show the output distribution
at three stages of optimization: 1) after 400 iterations (left), which is the switching point from BO
to NM in the fast-and-slow method, 2) after 900 iterations (bottom), and 3) after 1800 iterations
(right), which is beyond the range shown in the main plot.
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Chapter 3: Deep Quantum Neural Networks are Gaussian Process

“If you gaze long enough into a deep quantum neural network,

Johann Carl Friedrich Gauss also gazes back into you”

Desperate graduate student in his dungeon office

3.1 Abstract

The overparameterization of variational quantum circuits, as a model of Quantum Neural

Networks (QNN), not only improves their trainability but also serves as a method for evaluating

the property of a given ansatz by investigating their kernel behavior in this regime. In this study,

we shift our perspective from the traditional viewpoint of training in parameter space into function

space by employing the Bayesian inference in the Reproducing Kernel Hilbert Space (RKHS).

We observe the influence of initializing parameters using random Haar distribution results in

the QNN behaving similarly to a Gaussian Process (QNN-GP) at wide width or, empirically,

at a deep depth. This outcome aligns with the behaviors observed in classical neural networks

under similar circumstances with Gaussian initialization. Moreover, we present a framework

to examine the impact of finite width in the closed-form relationship using a 1/d expansion,

where d represents the dimension of the circuit’s Hilbert space. The deviation from Gaussian
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output can be monitored by introducing new quantum meta-kernels. Furthermore, we elucidate

the relationship between GP and its parameter space equivalent, characterized by the Quantum

Neural Tangent Kernels (QNTK) . This study offers a systematic way to study QNN behavior in

over- and under-parameterized scenarios, based on the perturbation method, and addresses the

limitations of tracking the gradient descent methods for higher-order corrections like dQNTK

and ddQNTK. Additionally, this probabilistic viewpoint lends itself naturally to accommodating

noise within our model.

3.2 Introduction

The capacity for learning and trainability in quantum circuits is an intriguing subject that

merits further exploration and discovery. The issue of how trainable variational quantum circuits

and quantum neural networks (QNNs) poses a significant challenge that needs to be tackled. The

standard approach to training QNN is within the context of parameter space. The aim is to find

the optimum point in the loss landscape using local gradient-based methods. However, these

methods might encounter the Barren Plateau problem [40], where the magnitude of the gradient

decreases exponentially as the size of the Hilbert space increases.

Alternatively, we can shift the training process into functios space, viewing QNNs as linear

combinations of Kernels that exist within the Reproducing Kernel Hilbert Space (RKHS) [21,77].

The learning task in the parametric space of gate’s parameters can be transformed into the task of

identifying the correct coefficients of kernel regression parameters, which are of the order of the

input dataset. This is typically much less than the dimension of the Hilbert space. The process

of identifying these coefficients is usually more convex than implementing the original gradient
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descent method in the parameter space.

Although the quantum kernel’s behavior in different quantum circuit regimes is still a

largely uncharted area, recent findings suggest that kernel-based methods can be more successful

than gradient methods in mitigating the Barren Plateau problem in under-parameterized regimes

[1, 78]. With this evidence, we can now turn our attention in this work to the other part of the

spectrum: the over-parameterized regime. We hope that this will enhance our understanding and

lay the groundwork for more generic and practical applications in the NISQ era. In this regime,

both the functional and parametric methods present more straightforward and comprehensible

approaches. Similar to classical Neural Networks (CNNs) [79], the output of the QNN can be

determined using the kernel regression method. The kernel employed in this lazy training method

is referred to as the Quantum Neural Tangent Kernel (QNTK) [80–84].

An interesting observation has been made regarding CNN when they are over-parameterized

through wide layers or deep networks: their output tends to converge towards a Gaussian distribution

and Gaussian Process (GP) [85–88]. Given this observation, it’s feasible to replace the prior

distribution of parameters in classical neural networks with a Gaussian process prior. This

process shifts the focus from parameter spaces to the space of functions. A Gaussian process

is a probabilistic model that defines a distribution over functions. the idea is to use a prior

probability on functions, which is specified as a Gaussian process that determines the shape of

the function space, and then update this with the observed data to get a posterior distribution over

functions. In contrast to kernel regression, in which one typically needs to make decisions about

the kernel hyperparameters, while in Gaussian process regression, these are typically learned

from the data. Furthermore, while kernel regression provides a point estimate, Gaussian process

regression provides a full probabilistic model, allowing for uncertainty estimation in predictions.
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Figure 3.1: Encoding the classical or quantum data can be seen in two way. (top): Encoding in
Feature space which is Hilbert space, |ϕ(x)⟩ ∈ F . The quantum circuit evolves the feature
vector using a parameter θ to predict the label. Training aims to find the optimal θ that
achieves the highest criteria, such as minimizing the loss function, for accurate label prediction.
(button):Encoding data as a quantum kernel K(X , ·). One example of quantum kernel is Fidelity
kernel defines as: KF (x, x′) = |⟨ϕ(x), ϕ(x′)⟩|2 = Tr[ρ(x)ρ(x′)]. The Reproducing Kernel
Hilbert Space (RKHS) is the feature space that has canonical feature space if for K(·, x) ∈ H for
all x ∈ X it has a reproducing property f(x) = ⟨f,K(·, x)⟩H. In this method, a training method
for quantum circuits that seeks to find the optimal coefficients {ci}, which effectively describe the
output function f(x) =

∑
i ciK(x, xi) based on the observed data points {xi}. This technique is

commonly referred to as kernel regression. This method can be extended to Bayesian inference
which probabilistic kernel regression and predict the p(f) instead of f .

we can think of Gaussian process regression as a probabilistic, kernel-based method, and it’s a

generalization of kernel regression that also provides uncertainty estimates.

3.2.1 Quantum Meta Kernels

We begin by study the standard structure of variational quantum circuits, integral to quantum

neural network models. The structure is given by:

U(θ) =
L∏

ℓ=1

Ui(θi)Wi, (3.1)
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where, Ui(θi) represents a unitary gate with a variational parameter θi. W stands for a fixed

and unparameterized section of the circuit. In a common scenario, Ui(θi) can be represented

as Ui(θ) = eiθiXi , where Xi is a Hermitian operator. The layer depth is denoted by L, which is

equivalent to the number of parameters θ = {θ1, · · · , θL}. By defining Ũi(θi)(ρ) := Ui(θi)ρU
†
i (θi)

ans W̃i := WiρW
†
i . We can express the whole quantum circuit as a quantum model that for a

given input ρα, it return an output (array or scalar):

fi,α = Tr(U(θ)(ρα)Oi) (3.2)

such that

U(θ)(·) = ⃝L
ℓ=1(Ũℓ(θℓ) ◦ W̃ℓ)(·) (3.3)

In order to analyze the probabilistic behavior of the outputs from our quantum models, it’s

necessary to examine the k-point correlation function, given by

Eθ[fi1;α1(θ) · · · fik;αk
(θ)] = Eθ[Tr

(
U (k)(θ)(ρ⊗k

α )O⊗k
)
] (3.4)

Where U (k) represents an extension of Eq.3.3, which is defined as follows:

U (k)(θ)(ρ⊗k
α ) := ⃝L

ℓ=1(Ũ
⊗k
ℓ (θℓ) ◦ W̃⊗k

ℓ )(ρ⊗k
α ) (3.5)

31



If the gates in a quantum model satisfy the t-design condition

1

|S|

s=|S|∑
s=1

Pt,t(U) =

∫
Ũ

dµ(U)UPt,t(U) (3.6)

then, it is possible to analytically evaluate the expectation values. This holds true for overparameterized

and deep circuits, where evidence suggests that the t-design condition can be met. In such cases,

we can derive analytical and closed-form expressions for these expectations for a random Haar

measure ensembles:

∫
Ũ(d)

Ui1,j1 · · ·Uip,jpU
†
i′,j′ · · ·U †

i′p,j′p
dµ(U)

=
∑

α,β∈Sp

δi1i′α(1)
· · · δipi′α(p)

δj1j′β(1) · · · δjpj′β(p)Wg,d(α
−1β),

(3.7)

where The Wg,d is Weingarten function defined on the symmetric group Sp [89, 90]

To gain a deeper understanding of the non-Gaussian characteristics of the distribution, it is

often beneficial to study the connected n-point correlator. This can be achieved by removing the

contributions from the vacuum state in our observable, according to the Wick’s theorem:

Eθ[f1f2 · · · fn] = Eθ[f1f2 · · · fn]|connected

+
∑

all pairing

Eθ[fα1,1 · · · fαm1,1
] · · ·Eθ[fαm,1 · · · fαm,m ],

(3.8)

where the term ”all-pairing” denotes all feasible subgroups with a collective count of m. By

adjusting the f → f − E[f ] we can observe that E[f ]|connected = E[−f ]connected This

assumption implies that the odd order of correlators will vanish.

Through careful calculation, as described in the appendix, we derive the following result
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|q1〉
U(θ1) W1

· · ·
U(θL) WL

· · ·
...

...|qn〉 · · ·

|q1〉
U(θ1) W1|q2〉

|q3〉
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Figure 3.2: In variational quantum circuits, as a model for quantum neural networks (QNNs), the
number of qubits, denoted as n and defined as n = log(d), can be interpreted as the width of
the model. To investigate the impact of the width (n) and depth (L) on the output distribution,
we conducted simulations of a quantum circuit following the described structure. Each layer of
the circuit consists of random two-qubit gates followed by entanglement gates. The observables
used in the simulations were constructed from the Pauli Z matrix, forming a complete basis.
We generated 105 random Haar instances for each circuit with given values of n and L. The
joint distribution, P (fi, fj), of the output was plotted for two fixed indices i and j. The input of
the circuit was constructed from the MNIST dataset, reduced size with the Principal Component
Analysis(PAC) , and then mapped to the feature space using the ZZFeaturemap [4]. As observed,
as the quantum neural network (QNN) becomes deeper, the output distribution tends to converge
more towards a Gaussian distribution.

33



for two-point correlator :

E[fi1,α1fi2,α2 ]|connected

=
Tr (Oi2Oi1)

d− d3
+

Tr (Oi2Oi1)Tr (ρα1ρα2)

d2 − 1

+
Tr (Oi1)Tr (Oi2)

d2 − 1
+

Tr (Oi1)Tr (Oi2)Tr (ρα1)Tr (ρα2)

d2

(3.9)

and similarly, for four-point correlator we obtain:

E[fi1,α1fi2,α2fi3,α3fi4,α4 ]|connected

=
d4 − 8d2 + 6

d2(d6 − 14d4 + 49d2 − 36)

[Tr (ρα1ρα2ρα3ρα4)× V4({Oi})

+ Tr
(
{ραi

ραj
ραk

}
)× V3({Oi}))

+O(
1

d5
).

(3.10)

Here, Vk represents a linear combination of functions that map subsets of {Oi}, {ρi}, i ∈

[1, · · · k] to scalar values using the Tr(·) operator.

For large values of d, we can approximate by expansion in terms of Hilbert space dimension

:

Q := E[f1f2] =
Q[2]

d2
+
Q[3]

d3
+ · · · := Q̂+Q+O(

1

d4
) (3.11)

and

V := E[f1f2f3f4] =
V [4]

d4
+
V [5]

d5
+ · · · := V̂+ V+O(

1

d6
) (3.12)
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such that for example:

E[fi1,α1fi2,α2 ]|conn. =
1

d2
[Tr(ρα1ρα2) Tr(Oi1Oi2)] +O(

1

d3
) (3.13)

To examine the impact of the number of layers, denoted as L, we can shift our perspective

back to the parametric space. In the classical context, it has been observed that E[f1f2] can be

approximated by averaging over E[⟨∇θf,∇θf⟩], based on Bochner’s theorem. This concept has

been extended to the quantum scenario in [82, 91]. For the structure like Eq.3.1, if we define:

[Hij,αβ]µν :=
∂fi,α
∂θµ

∂fj,β
∂θν

(3.14)

then the evolution of the output can be described by the following differential equation:

dfi,α = −
∑
µ,ν

ηµν [Hij,ασ]µν∇fj,σL+O(η2). (3.15)

By defining the left and right operators as UL,µ =
∏µ−1

ℓ=1 WℓUℓ, UR,µ =
∏L

ℓ=µ+1WℓUℓ,

VL,µ = UL,µWµUµ, and VR,µ = UR,µ, the derivative of the output with respect to a specific

parameter (or layer), expressed in a product form, can be represented as follows:

[Hij,αβ]µν = Tr
(
U †
R,µ[Xµ, U

†
µW

†
µU

†
L,µOiUL,µWµUµ]UR,µρα

)
× Tr

(
U †
R,ν [Xν , U

†
νW

†
νU

†
L,νOjUL,νWνUν ]UR,νρβ

) (3.16)

Now, by taking the Haar average over all random unitaries, utilizing Equation 3.7, We
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obtain

E[Hij,αβ]µν =
2d

(d− 1)(d+ 1)(d2 + d)
×

[Tr(OiOj) Tr(ραρβ)− Tr(Oi) Tr(Oj) Tr(ρα) Tr(ρβ)]

× Tr(XµXν) =
c

d2
Tr(OiOj) Tr(ραρβ) +O(

1

d3
)

(3.17)

where we have defined c := Tr(XµXν)

d
, which is typically of order one (O(1)). Based on

certain considerations [91], we can assume that the kernel can be approximated by a frozen one

and that the variables t are independent in the later stages of training. For simplicity, let’s assume

ηµν = δµν . Then the sum over all parameter sizes L arises as follows:

∑
µν

ηµν [Hij,αβ]µν ∼ L

d2
Tr(OiOj) Tr(ραρβ) +O(

1

d3
) (3.18)

This result motivates us to seek a similar property for the quantum neural network as well,

akin to what is observed in classical neural networks:

Q(ρx, ρx′) = Eθ∼p(θ)[fθ(ρx) · fθ(ρx′)]

∼ Eθ∼p(θ)[⟨∇θfθ(ρx),∇θfθ(ρx′)⟩] = QNTK

(3.19)

Thus, as we will explore in the subsequent section, the impact of depth, denoted as L, becomes

evident through the faster convergence to a Gaussian distribution:

f(t)− f(0) ∝ (e−LQ̂)tη (3.20)
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Figure 3.3: The phase transition of the energy landscape of a quantum neural network (QNN)
occurs when transitioning from the underparameterized regime to the overparameterized regime.
In the underparameterized regime, where the number of parameters in the QNN is low compared
to the dimension of the Hilbert space (or the degrees of freedom), the QNN’s highly non-convex
loss landscape contains unfavorable local minima with eigenvalues of similar magnitudes as
the global minimum. However, as the number of parameters increases, the landscape becomes
simpler and exhibits numerous favorable local minima. In this scenario, training and converging
towards the actual global minimum become much easier. b) The effect of overparameterization in
quantum neural networks (QNNs) is the emergence of Gaussian-like output distributions. As the
QNN becomes overparameterized, meaning that the number of parameters exceeds the necessary
amount to fit the data, the output distribution of the QNN tends to exhibit Gaussian characteristics.
This observation suggests that overparameterization promotes a smoother and more concentrated
output distribution, resembling a Gaussian distribution.
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3.3 Bayesian learning or how to get rid of parameters

For a given quantum model, denoted as M, the circuit architecture associated with it

will possess a collection of parameters that may either remain fixed or variable. These variable

parameters, referred to as θ = {θi, i ∈ [1, · · · , L]} need to be tuned such that the quantum circuit

performs the desired output. Since the variational parameters are assumed to be independent of

each other, the prior distribution of these parameters is merely the product of the prior distribution

of each individual parameter such that p(θ|M) =
∏L

ℓ=1 p(θℓ|M).

Recent investigations have delved into how the prior distribution of the p(θ|M) as a

method of initialization strategies of quantum neural networks, such as Gaussian initialization

and reduced-domain parameter initialization [92]. These studies suggest that such strategies can

enhance convergence speed and alleviate the problem of barren plateaus. However, it should be

noted that these assumptions do not guarantee that the global minimum can be reached within a

reasonable number of iterations using these initialization methods, and there is a risk of getting

trapped in undesirable local minima.

3.3.1 Marginalization of Parameters

When considering a specific model M, our prior hypotheses regarding the behavior of the

observables we seek to learn are taken into account. The probability distribution describing our

prior belief and prediction of the outcome of a quantum circuit, denoted as p(P|θ,M), can be

expressed as follows:
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p(fP|M) =

∫ L∏
i

dθi p(fP|θi,M) p(θi|M) (3.21)

Upon observing the data points of interest O, we can update our beliefs and make predictions

for new data points P using the Bayes’ rule:

p(fP|fO,M) =

∫ L∏
i

dθi p(fO|θ,M) p(θ|fO,M) (3.22)

However, this equation can be simplified by integrating out the parameters, resulting in the

following equation [93]:

p(fP|fO,M) =
p(fP, fO|M)

p(fO|M)
(3.23)

This formula allows us to update our beliefs and make predictions based on the observed

data points without explicitly involving any parameters. In fact, we have bypassed the intermediate

step of updating our posterior on the parameters, which can be obtained using different schemes

such as Maximum A Posteriori (MAP) or Maximum Likelihood Estimation (MLE). For example,

The optimal parameter values with MAP can be found by maximizing the posterior probability

θ∗ = argmax
θ

p(θ|O,M).

3.4 Probabilistic model of QNN

In this section, we present a proposition for a probabilistic approach to quantum neural

networks. In this novel viewpoint of quantum neural networks, the output of the circuit is

represented as a probability distribution, contrasting the traditional approach where the circuit’s
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output is a delta function across all potential outcomes. The key advantage of this perspective

lies in its ability to incorporate uncertainty within the framework, enabling increased flexibility

in noise analysis. Furthermore, owing to the inherent probabilistic nature of quantum circuits,

the variance from the expectation becomes more pronounced, underscoring its significance.

In general, assuming that the output distribution is symmetric with respect to the origin and

neglecting odd-numbered correlation functions, we can describe the output distribution using

Equation B.11:

In a general framework, assuming symmetry around the origin in the output distribution

and excluding correlations of odd order, we can characterize the output distribution as [93]

p(f) =
e−S(f)

Z , (3.24)

where the action S(·) is defined as:

S(f) =
1

2

n∑
µ,ν=1

Kµνfµfν

+
Λ∑

m=2

1

(2m)!

∑
µ1,···µ2m=1

Cµ1···µ2mfµ1 · · · fµ2m .

(3.25)

In this formulation, Cµ1···µ2m represents the m-th order couplings, and Λ serves as the truncation

threshold for limiting the series expansion up to the Λ-th order. Furthermore, the partition

function Z in the denominator of Equation B.11 is defined as:

Z =

∫
dnfe−S(f) (3.26)
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Here, Cµ1···µ2m represents the m-th order couplings defined as

E[f1f2 · · · fm] =
∫
dfmp(f)f1f2 · · · fm, (3.27)

and Λ is the limit for truncating the series to the Λ-th order. The partition function, Z in the

denominator of Equation B.11, is given by:

Z =

∫
dnfe−S(f) (3.28)

As the number of qubits, denoted by n, increases, the Hilbert space dimension expands

exponentially as d = 2n. In the asymptotic regime where d approaches infinity, higher-order

corrections within the correlation relation become negligible. Specifically, we observe that E[f1 · · · fm] ∼

O(1/dm
′+2) for m′ > 0. This implies that the action can be perturbed with respect to the

dimension of the Hilbert space:

S = S(0) +
S(2)

d2
+
S(4)

d4
+O

(
1

d6

)
. (3.29)

This perturbation approach bears resemblance to the 1
d

expansion technique employed in

the domains of statistical mechanics and quantum field theory [93], where S(0) characterizes the

vacuum state of the theory and S(2) represents the first-order interaction and so on.
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3.4.1 Infinite Width QNN

In this section, we want to study the extreme over-parameterized case d→ ∞ where all

higher order terms than quadratic interaction can be neglected: S ≈ S(0) + S(2)/d2. In this

regime, it becomes possible to express the output distribution of the quantum neural network as

a Gaussian distribution.

Our learning task, aimed at determining the cachectic of this distribution, entails observing

samples from ensembles of data points and subsequently predicting the output of the quantum

neural network for new, unseen data points. We represent the observed datapoints and their

corresponding sets as O = {ρβ, fi,β := yβ,i; β ∈ [1, · · · |O|], i ∈ [1, · · · , n]}.Here, |O| denotes

the size of the set of observable operators. In this representation, ρβ denotes the density matrix

of the β-th data point from the observed ensemble, while yi,β := fi,β represents the true label

of this particular data point. Similarly, we define the prediction sets as P = {ρα,= fj,α;α ∈

[1, · · · |P|], j ∈ [1, · · · , n]}. With these two sets, we can represent our updated posterior as

follows:

p(fO, fP) =
1

Z
exp

(
−1

2

n∑
i,j=1

∑
µ1,µ2∈P∪O

Kij,µ1µ2fi,µ1fj,µ2

)
(3.30)

where Z is the normalization factor, given by |2πK|n2 .

Utilizing Bayes’ rule, as presented in Equation 3.23, we can gain deeper insights into the

QNN’s output distribution for a particular data point, denoted as fP := f , based on previously

observed data points, fO. Similar computations to those used in classical neural networks, as

detailed in [93] and outlined in Appendix B.1, allow us to express this distribution as a Gaussian
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distribution, or potentially as a Gaussian process p(f) = 1
Z
exp(S) with Gaussian action:

p(f) =
1

Z
exp(−S),

S =
1

2

n∑
i,j=1

β1,β2∈P

Kij,β1β2 [fi,β1 −m∞
i,β1

][fj,β2 −m∞
j,β2

],
(3.31)

which is characterized by the following mean and covariance:

[m]i,µ =
∑
λ,σ∈O

Kij,µλK
ij,λσyi,σ := K(P,O)K−1(O,O)y,

[K]ij,µν = Kij,µν −
∑
λ,σ∈O

Kij,µλK
ij,λσKij,σν

= K(P,O)−K(P,P)K−1(O,O)K(O,P).

(3.32)

Here, K is a two-point correlation function representing the kernel function. Therefore, we

can establish the explicit relationship between the mean and covariance in terms of the inputs,

denoted by {ρβ}β∈O and observables {O}:

[m]i,β =
∑

α1,α2∈O
E[fifj]β,α1E[fifj]−1

α1,α2
yi,α2

=
∑

α1,α2∈O
[Tr(ρβρα1)][Tr(ρ♯1ρ♯2)]

−1
α1α2

yi,α2 +O(
1

d2
)

(3.33)

Furthermore, the covariance can be calculated using the following expression:

[K]ij,β1β2 =
Tr(OiOj)

d2
[Tr(ρβ1ρβ2)

−
∑

α1,α2∈O
Tr(ρβ1ρβ2)[Tr(ρ♯1ρ♯2)]

−1
β2α2

Tr(ρα2ρβ2)] +O(
1

d4
).

(3.34)
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In literature, the term Tr(ρxρx) is occasionally denoted as the Quantum fidelity kernel

KF(x, x′) [12]. Using this notation, we can make the previous equation more understandable:

Kij,P =
Tr(OiOj)

d2
[KF

P,O −KF
P,P(K

F)−1
O,O
KF

O,P] +O(
1

d4
) (3.35)

3.4.2 Parameter space representation

Within the context of parameter space, our learning endeavor can be seen as the creation

of a parametric model fQNN(ρ;θ), accompanied by a distribution p(θ). The aim is to locate the

best value of θ = θ∗, ensuring minimal error considering available computational resources (like

the number of qubits, gates, and observed datapoints). The goal is to have our model closely

approximate the actual distribution and align accurately with the real datapoints fQNN(x;θ
∗) ≈

f(x). The aspiration is that, with proper initialization near the actual global minimum, we can

locate this global minimum using gradient descent methods. As quantum neural networks lean

towards overparameterization, this assumption becomes more credible. Given this assumption,

the output of the Quantum Neural Network (QNN) can be approximated using a Taylor series:

f i,(t)
α = f i,(0)

α − η
∑
ij,β

Hij,βαϵj,β ↔ QNTK

+
η2

2

∑
ij1j2,β1β2

dHij1j2,αβ1β2ϵj1,β1ϵj2,β2 ↔ dQNTK

− η3

6

∑
ij1···α3

ddHij1···α3ϵj1β1ϵj2β2ϵj3β3 ↔ ddQNTK

+O(
1

d2
)

(3.36)
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where ϵ = ∇fL denotes the derivative of the loss function with respect to the output function and

H is defined as:

Hij,αβ =
∑
µν

ηµν
∂fi,α
∂θµ

∂fj,β
∂θν

. (3.37)

As the width of the Quantum Neural Network (QNN) approaches infinity, H can be approximated

by a frozen kernel, referred to as the Quantum Neural Tangent Kernel (QNTK):

Hij,αβ = Qij,αβ +O(
1

d2
) (3.38)

By comparing the expansion of the parameter space with the functional method outlined in

Sec.3.4, we can draw the following analogy:

QNTK : E[
∂fi1,α1

∂θµ

∂fj,α2

∂θν
] ∼ 1

d2
Tr(ρα1ρα2) Tr(OiOj)

∼ E[fi1,α1fj,α2 ] = Kij,α1α2

(3.39)

Likewise, for the other terms in the Eq.3.36 expansion, these are known as quantum meta kernels,

which correspond to the third and fourth-order correlations:

dQNTK : E[
∂2fi1,α1

∂θµ∂θν

∂fi2,α2

∂θλ

∂fi3,α3

∂θσ
] = 0

∼ E[fi1,α1fi2,α2fi3,α3 ],

(3.40)
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and

ddQNTK : E[
∂3f

∂θ1∂θ2∂θ3

∂f

∂θ4

∂f

∂θ5

∂f

∂θ6
]

+ E[
∂2f

∂θ1∂θ2

∂2f

∂θ3∂θ4

∂f

∂θ5

∂f

∂θ6
]

↔ E[fi1,α1fi2,α2fi3,α3fi4,α4 ] = Vi1i2i3i4,α1α2α3α4

(3.41)

Solving Eq.3.36 entails dealing with a complex set of differential equations, which generally

do not yield a closed-form solution [93]. However, in the limit of d→ ∞, it is acceptable to only

retain the linear term. The solution to the differential equation, in terms of steps (represented

here by the continuous variable t), can be expressed as:

f
(t)
i,α ≃ m

(t)
i,α + Σ

(t)
i,α =

∑
β1,β2∈O

Qαβ1Qβ1β2(1− e−ηQt)yi,β2

+ f
(0)
i,α −

∑
β1,β2∈O

Qαβ1Qβ1β2(1− e−ηQt)f
(0)
i,β2
.

(3.42)

In the limit of large iteration times, we can determine the output of the circuit (without

actually performing any training) as a linear kernel regression:

fQNN(ρx) ≈ fQNTK = QNTK(ρx, ρX)
T ·QNTK(ρX , ρX)

−1 · Y, (3.43)

and the optimized parameters at the end of training would be determined as

θ∗ = θ(0) − η∇θf ·Q−1
NTK(f − y) (3.44)
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To see the connection with the Gaussian process, let’s consider the expected output for a

particular input ρα, which can be given as:

E[f (t)
i,α] =

∑
β1,β2∈O

Qαβ1Qβ1β2(1− e−ηQt)yi,β2 , (3.45)

which, in the limit of infinite iterations, converges to m(∞)
i,α :=

∑
β1,β2∈OQαβ1Qβ1β2yi,β2 .

Likewise, the covariance of the circuit’s output will take the following form:

E[f (t)
i,α1

f
(t)
j,α2

]|connected = Qα1α2

−
∑

β1,β2∈P
Qα2β1Qβ1β2(1− e−ηQt)Qα1β2

−
∑

β1,β2∈P
Qα1β1Qβ1β2(1− e−ηQt)Qα2β2

+
∑

β1,··· ,β4∈P
Qα1β1Qβ1β2 [1− e−ηQt]Qα2β3 [1− e−ηQt]

×Qβ3β4Qβ4β2 := Σij,t
α1α2

.

(3.46)

The higher order moments are of the order O(1/d2) and can be disregarded. Based on this

observation, we can infer that the most likely distribution to describe the statistics of the output

is a Gaussian process. Upon comparing with the functional description of the output distribution,

we observe that we obtain the same distribution as predicted by the Gaussian process, particularly

as t→ ∞, and substituting Q with K:

f (t) ∼ GP(m(t),Σ(t))
lim
t→∞→ GP(m(∞),K) (3.47)

comparing the linear kernel regression method with the Gaussian process,
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f ∼ fQNTK ↔ Kernel Regression

p(f) ∼ N (µ,Σ) ↔ Gaussain Process

(3.48)

3.4.3 Finite Width QNN

When working within the finite width regime of the parameter space, it becomes necessary

to consider higher-order terms, such as dQNTK and ddQNTK, which are based on the higher-

order derivative terms dH and dHH. Using traditional methods to obtain higher-order corrections

in the output distribution, such as for dQNTK, can be unfeasible and not provide a closed-form

solution. However, in this section, we demonstrate that by utilizing Bayesian learning, we can

obtain higher-order corrections of the output distribution in a closed form, at least for the case of

dQNTK.

To enhance the model’s ability to capture the finite width regime, it becomes necessary to go

beyond the Gaussian distribution and utilize representation learning techniques. By incorporating

additional correlation functions into the model, it becomes better equipped to accurately represent

the underlying reality.

To obtain a nearly-Gaussian (NG) distribution, comparable to ddQNTK, we need to incorporate

the next leading order in finite width, which is of O(1/d). This is because in the nearly-Gaussian

distribution, the odd terms are zero or equivalently, dQNTK is zero.

SNG :=
1

2

n∑
µ,ν

Kµνfµfν −
λ

4!

n∑
ν1ν2ν3ν4=1

V ν1ν2ν3ν4fν1fν2fν3fν4 . (3.49)
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such that

Kα1α2 = Q̂α1α2 +O(
1

d3
)

V α1α2α3α4 = V̂(α1α2)(α3α4) +O(
1

d5
)

(3.50)

By employing the same calculations as we did for the infinite width scenario, we can

determine the contributions of finite width structures to the mean and covariance:

E[fi,β] = m∞
i,β +

1

3!

∑
j1,β∈P

Kij1,ββ1

× [
∑
j2j3j4

α2α3α4∈O

V j1j2j3j4,βα2α3α4yj2,α2yj3,α3yj4,α4 ]

∑
j1j2j3

β1β2β3∈P

[Kij1,ββ1Kj2j3,β2β3 +Kij2,ββ2Kj1j3,β1β3

+Kij3,ββ3Kj1j2,β1β2 ]
∑

j4,α∈O
V j1j2j3j4,β1β2β3αyj4,α

+O(
1

d4
),

(3.51)

and

Σ′ = E[fi1,µ1fi2,µ2 ]|conn. = Ki1i2,µ1µ2

− 1

2

∑
j1j2j3j4=1
ν1ν2ν3ν4

V j1j2j3j4,ν1ν2ν3ν4Ki1j1,µ1ν1Ki2j2,µ2ν2

×Kj3j4,ν3ν4

, (3.52)

wherem(∞)
i,α =

∑
β1,β2

Kα1β1K
β1β2yi,β2 thus e can refine the kernel regression method by incorporating
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finite-size corrections:

m′ = f̄ = m(∞) +m(1/d) +O(
1

d2
) (3.53)

If we aim to maintain the Gaussian approximation, the corrected covariance, which arises

from higher orders, and the effects of wiring with others, can be described as

f ≈ GP(m′,Σ′). (3.54)

However, and in the large d limit and the output distribution can be approximate better by

forth order correlator as :

p(f) = p(f |yα, Q̂µν , V̂µνδσ). (3.55)

such that Q̂ = Σ′ and V̂ given by (see appendix for more details)

Vi1i2i3i4,µ1µ2µ3µ4 =
∑

j1j2j3j4

∑
ν1ν2ν3ν4

V j1j2j3j4,ν1ν2ν3ν4

×Ki1j1,µ1ν1Ki2j2,µ2ν2Ki3j3,µ3ν3Ki4j4,µ4ν4 +O(
1

d5
)

(3.56)

3.5 Conclusion

In this study, we examined variational quantum circuits, which serve as a model for quantum

neural networks, from the perspective of function space instead of parameter space. We explored

the impact of over-parameterization through the expansion of width and depth. Theoretically

and via simulation, we observed that this led to a shift in the output distribution of the quantum

models towards a Gaussian process. We also examined how the finite size of the width can skew
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the distribution towards non-Gaussianity. We demonstrated how this can be achieved using a 1/d

expansion.
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Chapter 4: Double Descent in Learning with Quantum Machines

“Nobody takes you seriously until you double-descent”

My two-cents

4.1 Abstract

The generalization power of learning and generating with quantum machines is an important

subject that has not been fully addressed yet. Quantum machines, due to the exponentially large

dimension of their representation space and the curse of dimensionality, are prone to exhibit poor

generalization capability. In this work, as a proof of concept, we present a comprehensive study

showing that, similar to the classical violation of the bias-variance trade-off wisdom, variational

quantum circuits, as an example of quantum neural networks, exhibit double descent behavior

and a phase transition when transitioning from underparameterized to overparameterized regimes

in terms of test error versus model complexity. To achieve this, we use random matrix theory.

Similar to the classical case, we make a connection by modeling the quantum neural network

with the theory of spin-glass. We express the quantum circuit unitary evolution in terms of a path

integral over the random Haar ensemble and finally use the connection with the random Gaussian

distribution and random Wishart distribution.
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4.2 Introduction

Can quantum computers transform and enhance learning tasks in the inherently quantum

universe? This question drives the exploration of quantum computing’s potential to revolutionize

data analysis and learning.

To explore this potential, significant research has focused on the trainability of Variational

Quantum Circuits (VQC), a subset of Quantum Neural Network (QNN) architecture. These

studies aim to understand the potential and limitations of quantum circuits in learning tasks.

Quantum learning advantages have been demonstrated in tasks involving unknown physical systems

by utilizing quantum-native data stored in quantum memory [16]. This approach exponentially

reduces the number of experiments needed to learn system properties compared to classical

methods. However, classical data and machine learning models can often achieve capabilities

similar to their quantum counterparts, potentially diminishing the quantum advantage in certain

tasks [12]. The effectiveness of quantum kernels, which preserve data point distances during

feature mapping, is crucial in maintaining this advantage [94].

Another crucial direction of investigation is the generalization capability of quantum machines,

which has not been fully addressed in the literature. Generalization is essential in learning

tasks as it enables models to apply insights from observed data to predict outcomes for unseen

data. Traditional statistical learning suggests a trade-off between bias and variance, resulting

in a U-shaped generalization error curve [95]. Low-complexity models suffer from high bias

(underfitting), while high-complexity models face high variance (overfitting). An optimal balance

point minimizes generalization error. Recent deep learning studies have challenged this belief,

showing that highly overparameterized models can achieve near-zero test errors, a phenomenon
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known as double descent [96–98].

This study explores how quantum machines can trace generalization and double descent

phenomena. We present an analytical example tracking double descent behavior, providing a

proof of concept for this phenomenon in quantum computing. We introduce quantum random

feature regression to address generalization, scalability, and kernel concentration issues.

4.3 Generalization in Variational Quantum Algorithms

Learning tasks with quantum machines, similar to classical ones, involve identifying a

hypothesis, h∗, to reveal the hidden relation between given samples {x} from the sample space

X and its corresponding labels {y} from the target space Y . This relation can be expressed as

y = h∗(x). To achieve this goal, one can construct a parametric function, hθ ≈ h∗ : X → Y , to

find the best possible parameters that minimize the error between the ground truth and the label

predicted by the model.

One approach to build this model is with the Kernel methods [99–101]. Unlike conventional

variational quantum algorithms where optimization occurs in the parameter space, the Quantum

Kernel method leverages the Reproducing Kernel Hilbert Space (RKHS). The optimal kernel is

expressed as a linear combination of individually evaluated kernels for each trained datapoint,

xi ∈ D, with the optimal weight of a∗i as:

fa∗(x) =

|D|∑
i=1

a∗iQ(x, xi) (4.1)

and here the quantum kernel, a function over input density matrices, ρ(x), is defined asQ(x, x′) =

h(ρ(x), ρ(x′)), where the input density matrix can either be constructed from classical data
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mapped to a feature space or be intrinsically quantum data. One advantage of this method is the

convexity of its objective function, which simplifies the training process. However, scalability

issues emerge as computations grow with O(|D|3). There is also an additional challenge: the

‘Concentration of the Kernel’ phenomenon. This issue is compounded by the need to sample

from circuits where shot noise is significant [94]. These issues lead to various forms of kernel

concentration caused by the model’s expressibility, noise, and global measurement by product.

The general forms of these bounds are as follows:

P[Q(x, x′)− E[Q(x, x′)] ≥ δ] ≤ poly(1/2n, N, 1/δ) (4.2)

for n qubits and |D| = N . This means that for N ≪ 2n, the quantum kernel performs poorly on

generalization, such that fa(x) ≃ 0 for all unseen data. This observation motivates us to study

the issues of generalization, scalability, and concentration simultaneously in quantum learning

tasks.

In the following, we briefly review the mathematical foundations of generalization, a cornerstone

concept in both classical and quantum machine learning. The journey begins with the definition

of the ‘training error’ or ‘empirical error’, represented mathematically as the average loss over

all samples in a training dataset:

ES(a) =
1

N

N=|D|∑
i

L(a, xi, yi), (4.3)

where a∗s = minaES(a) identifies the optimal parameters that minimize this training error.

Transitioning from training to prediction, the ‘prediction error’ or ‘population error’ emerges
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as a critical measure of a model’s ability to generalize beyond its training data:

ED(a) = EPx,y∼D[L(a, xi, yi)], (4.4)

with a∗D = minaED(a) marking the parameter set that minimizes the prediction error. The

discrepancy between these optimized parameters, or the ‘estimation error’, is given by ED(a
∗
s)−

ED(a
∗
D) highlighting the model’s deviation from ideal prediction capabilities. A model’s capacity

for ‘Probably Approximately Correct’ (PAC) learning is evaluated by its ability to reduce the

estimation error with an increasing volume of data. This adaptability is intricately linked to the

Bias-Variance tradeoff, which posits that the generalization error (ED(a
∗
s)) can be decomposed

into a bias component and a variance component. Classical learning theories have illuminated the

phenomenon of ‘double descent’, where models of excessive complexity paradoxically achieve

lower generalization errors, sometimes even approaching zero as they become highly overparameterized.

To evaluate of model performance is crucial for understanding its effectiveness and reliability.

Two fundamental concepts in this context are the test error and the generalization error. The test

error provides a practical measure of how well a model performs on a specific subset of unseen

data, while the generalization error offers a theoretical expectation of the model’s performance

across the entire data distribution. Although these terms are often used interchangeably, they

have distinct definitions and implications. The concept of ‘generalization error’ can be expressed

as:

G := EG(a) = ED(a
∗
s)− ES(a

∗
s) ≈ sup

a
ED(a)− ES(a),

indicating the model’s effectiveness in applying learned insights to unseen data. Notably, both
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classical and quantum frameworks have established bounds for this error, suggesting it can be

polynomially limited by the model’s complexity and the inverse of the sample size (poly(|a|, 1/N)).

The nuanced exploration of quantum models introduces the concept of adjusting the generalization

error to account for optimization challenges, such as shot noise, that are unique to quantum

computing. This adjustment is vital for accurately assessing a quantum model’s performance,

particularly in how it manages the delicate balance between theoretical precision and practical

implementation.

To pragmatically evaluate test error for the model performance, we can use the metric like

Leave-one-out cross-validation (LOOCV) and Generalized cross-validation (GCV), provide a

robust framework for examining the double descent phenomenon. Especially in high-dimensional

contexts, these validation techniques have proven effective in aligning theoretical predictions with

empirical testing errors, offering a comprehensive lens through which to study and understand the

intricate dance of bias, variance, and model complexity in the quest for generalizable intelligence.

4.4 Path Integral for QNNs

In this section, we aim to examine the variational quantum circuits from a new perspective,

establishing a connection to the emergent phenomena of random feature mapping as the number

of parameters increases.

Variational quantum circuits are recognized as a cornerstone in the realm of quantum

machine learning. In this paradigm, the input to the circuit is derived from the embedded

representation of either a quantum or classical data point, characterized by the ρα = |ψα⟩⟨ψα|

vector were α ∈ [1, · · · , |D|] for data set D. The variational circuit consists of L parameters,
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which can be optimized and adjusted to yield the best representation of the input dataset. Without

loss of generality, we can express this unitary evolution as

U(θ) =
ℓ=L∏
ℓ=1

Uℓ(θℓ)Cℓ, Uℓ(θℓ) = eiθℓPℓ (4.5)

in terms of vector of parameters θ = (θ1, · · · , θL). Here Pℓ represents a Hermitian operator,

typically selected from the set of Pauli operators. Meanwhile, Cℓ signifies fixed operators,

predominantly chosen from the Clifford operators. Upon measuring the state evolved by the QNN

using the observable operator O, the output label corresponding to the input ρα is determined as:

fα,θ = Tr
[
U(θ)†OU(θ)ρα

]
. (4.6)

Recent advancements in the literature have introduced various methods to investigate the

behavior of the quantum neural network as described in Eq .4.6, particularly in response to

changes in the number of parameters or layers. This includes studying the behavior of wide

Quantum Neural Networks (QNNs) as the number of qubits approaches infinity, leading to a more

tractable method to understand the network’s behavior through Quantum Neural Tangent Kernels

(QNTK) [83, 102]. Additionally, for networks with finite width, the application of the Gaussian

process has been developed, which examines the network in terms of correlation functions and

explores the moments of the output distribution [2,103]. Another approach involves the direct use

of path integrals through the Taylor expansion of the Pauli operators, as outlined in Ref. [104].

This method is employed to observe the phase transition from the underparameterized regime to

the overparameterized regime in a more tractable way. In the following, we review this method.
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Beginning with the assumption of the Hermitian property of the generators of parameterized

gates, we can express the algebra of the group of generators as P 2m = I and P 2m+1 = P for

m = 0, 1, 2, · · ·. This identity enables us to reformulate the unitary operator of each layer using

a Taylor expansion, expressed as Uℓ(θℓ) = I cos(θℓ) + iPℓ sin(θℓ).

Utilizing this representation, the unitary evolution in Eq. (4.6) can be expanded into 2L

terms:

U(θ) =
∑

µ∈(0,1)×L

UµΩµ, (4.7)

where µ = (µ1, · · · , µL), and each µi ∈ {0, 1}. Here, Ωµ is a multivariate trigonometric

polynomial of order L, defined as Ωµ =
∏L

ℓ=1 Ωµℓ
, with each term Ωµℓ

= cos(θ)1−µℓ sin(θ)µℓ .

The term Uµ represents the unitary operator of the circuit at θ = −(π
2
)µ, taking the form:

Uµ = (−i)||µ||∗U(θ = −π
2
µ) = (−i)||µ||∗

L∏
ℓ=1

P µℓ

ℓ Cℓ. (4.8)

With these identities, Eq. (4.6) can be rewritten as

fα,θ =
∑

µ,ν∈(0,1)×L

ΩµΩν Tr
[
U †
µOUνρα

]
. (4.9)

By introducing a weight variable, Θ = ⊗L
µ=1Θµ := ⊗L

µ=1(cos θµ, sin θµ)
⊤, we can reformulate

the path integral expansion of the Quantum Neural Network (QNN) as follows:

fα,θ = Θ⊤Λ†
αOΛαΘ (4.10)
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Figure 4.1: The path integral representation of a variational quantum circuit is characterized by
the total number of parameters, denoted as L.

where Λα = [Λα,µ] = [Uµ|ψα⟩] is a matrix wherein each row corresponds to one combination of

the P operator from all possible configurations of µ ∈ (0, 1)×L vector. This matrix representation

can be interpreted as a summation over 2L paths. Each path comprises a string of trigonometric

contributions, which are illustrated in Fig.4.1.

4.5 Theory of Spin-Glass and Quantum Neural Network

The Λα up to its second moment order aligns closely with the Haar random unitary, leading

to nearly identical expectation values. Given this similarity, the operator Uµ can be effectively

substituted with the random Haar unitary operator, denoted as URH, where ‘RH’ stands for Random

Haar measure unitary. For the first moment, k = 1 this difference is exactly zero, and for the

general kth moment, According to Theorem. 4 presented in Ref. [104], the deviation can be

bounded:

EU [Tr
(
U †
µOUνρ

)⊗k − Tr
(
U †

RH,µOURH,νρ
)⊗k

] ≤ 2poly(−n,L,k) (4.11)

By changing the coordinate that In the next section, we will study the behavior of random Haar

matrices and their connection to random Gaussian matrices
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4.6 On Random Matrix Theory

Random Matrix Theory (RMT) is a branch of linear algebra with surprising applications

in many fields. From particle physics, as demonstrated by Wigner, who showed that the energy

levels of heavy nuclei can be predicted using RMT predictions [105], to the distribution of zero

points of the zeta function in number theory [106,107]. It also finds applications in finance [108],

graph theory [109], and machine learning.

In the realm of machine learning, the loss landscape has been explored from the perspective

of the Spin-glass model, both in early works [110–112] and more recent studies [113–116]. This

spin-glass method, based on Random Matrix Theory, provides a framework for understanding

generalization and the double descent phenomenon in a more tractable way [117–120].

As discussed in the previous section, random matrices can serve as an effective approximation

for neural networks in both classical and quantum scenarios. In the context of classical neural

networks, the parameters typically follow a Gaussian distribution. These parameters may either

be initialized using an independent and identically distributed (i.i.d.) Gaussian distribution (G ∈

GOE(n) : Gij ∼ N (1/n), Gii ∼ N (2/n), Gij = Gji) or may stem from the broader structure

of the random Gaussian β-ensemble. The inclusion of the parameter β specifies the underlying

assumptions; for instance, the i.i.d. Gaussian case corresponds to β → 0, and the Gaussian

Orthogonal Ensemble (GOE) is represented with β = 2. The GOE ensemble possesses two

independent properties simultaneously: the entries are both random and independent, and the

ensemble is invariant under U ∈ O(N), meaning if X ∈ GOE, then UXU⊤ ∈ GOE. It

can be shown that GOE, GUE, and GSE are the only distributions that exhibit these properties,

characterized by β = 1, 2, and 4. The joint probability distribution of eigenvalues follows the
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following form:

Pβ(λ) = CNβe
−βN

2

∑N
j=1 λ

2
j

∏
j<k

|λj − λk|β, (4.12)

which can be seen as a level repulsion but with an exponential decay weight. By defining the

level spacing as si := λi+1 − λi, in the large matrix limit the spacing distribution function is

the Wigner-surmise function: p(s) = π
2
se−

πs2

4 . This can also be extended to complex values

matrix. Considering the random matrix n × n with complex variable entries zi,j = x + iy such

that zi,i = N (0, 1) and zi,j = CN (0, 1) where CN denotes the complex Gaussian distribution.

Similarly, the Z distribution is invariant under unitary transform Z → U †ZU .

For a given matrix X of size n, with a set of eigenvalues {λi}, the Empirical Spectral

Distribution (ESD) can be defined as

µESD = µn :=
1

n

n∑
i=1

δλi
(Xn)

where δ(·) is the delta function. In many case, we need to calculate the terms like

Gn :=
1

n

n∑
i=1

E[g(λi(X))] = E
∫
R
g(λ)µ̂X(dλ) (4.13)

to do so, we can take a levarge of the Stieltjes transform. This transform map the probablity

measure µ ∈ P(R) into the space of functional F(C) such that:

mµ(z) :=

∫
µ(dx)

x− z
=

1

n
Tr
[
(A− zI)−1

]
, (4.14)

such that m(z) = limn→∞ E[mn(z)] and the ESD of a matrix can be obtained for the Stieltjet
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transform of the matrix with limϵ→0
1
π
Re[mµ(x+ iϵ)] = µ and and therefore the Eq. 4.13 can be

calculated as Gn = limϵ→0

∫
g(λ) 1

π
Re(mµn)(λ+ iϵ)dλ.

Applying this technique to find the ESD of GOE matrix help us to realized that the By this

technique to find that as the matrix size increases, eigenvalues concentrate around the origin with

the Wigner-semicircle density function . Comparing the Stilject transform of two matrix with size

Gn and Gn−1 leads us to realize they can be wrttien as the form of mn(z) = 1/n
∑n

i=1 1/(−z −

mn(z) + o(n) which leads to have recursive relation for the Stiljet transform of Gn matrix:

m2
n + zmn + 1 = 0 (4.15)

therefor in the continuous limit EDS converges to

µSC(λ) =
1

2π

√
(4− λ2)dλ. (4.16)

On the other hand, in the quantum neural network paradigm, the random matrices of

interest are unitary operators measured with the Haar measure. To construct a Haar random

matrix, suppose we start with an i.i.d Gaussian matrix, G, and decompose it into G = QR.

The claim is that Q is Haar random. Furthermore, for any R ∈ O(N), the matrix RQ has

the same distribution. The eigenvalues of a Haar random unitary matrix are uniformly distributed

across the unit circle, exhibiting behavior distinct from that observed in classical networks, where

ρ(λ) = 1
2π

. Additionally, the joint probability distribution of these eigenvalues demonstrates a

level repulsion property: p(λ) =
∏

i<j |eiλi − eiλj |2. In this context, the spacing distribution

follows the Wigner-Dyson form: p(s) = 32
π2 s

2e−
4s2

π .
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4.6.1 Convergence of Random Haar unitary to Gaussian Distribution

Despite the different behaviour of random matrix with Haar measure and random Gaussion

matrix, there is a connection between them. The Haar-distributed orthogonal matrix can be

approximated using a random Gaussian matrix. One way to obtain a random unitary matrix,

which is drawn from the group of unitary matrices with a uniform distribution, is by constructing

the complex Gaussian matrix, G. By decomposing it as G = UR using the Gram-Schmidt

orthonormalization procedure, U becomes a random Haar measure matrix. where R is an upper-

triangle matrix. This is because U is unitary, and it inherits the uniform distribution from G. It

can be shown that selectingm row from the n row of the unitary, denoted by U[m,m], then distance

between scaled version of the unitary
√
nU[m,m] and corresponding gaussian matrix with sizem is

bounded such that the Euclidean norm ofFm
i generator is less than

√
(2− 4/3(1− (1− α)3/2/α)m

where α = m/n. and this distance mererge to zero ifm = O(n/ log n) andm = O(
√
n) provides

another rate of convergsnce [121]. given

1

cn,m

∏
1≤j<k≤m

|zj − zk|2
m∏
j=1

(1− |zj|2)n−m−1 (4.17)

for cn,m = πmm!
∏m−1

j=0

(
n−m+j−1

j

)−1 1
n−m+j

this distribution merges to

m
m(m+1)

2

πm
∏m

k=1 k!
e−m

∑m
i=1 |zi|2

∏
i<j

|zi − zj|2. (4.18)

which means unitary matrix converges to GUE with β = 2 in a truncated scenario.
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4.6.2 Wishart-Laguerre ensemble

We can extend this study to consider a more general random matrix, G with the size of

d × n and then construct a new matrix by W = GG†, we get new ensemble for each β. The

distribution of eigenvalues will be given by

P (λ) =
1

Zd,n

e−
1
2

∑N
i=1 λi

N∏
i=1

λ
αβ/2
i

∏
j<k

|λj − λk|β (4.19)

where α = (1 + n − d) − 2/β. The self-consisten equation for Wishard matrix with size n

leads to have the realtion as mn(z) = (−z + 1/(1 + rmn(z)))
−1 which in the large limit where

d, n → ∞ and d/n → ∞, this density function converges to the Marcenko-Pastur density [122]

µ(x) → 1
βd
µMP

(
x
βd

)
such that:

µMP(x) = (1− 1

r
)+δ0(x) +

√
(λ+ − x)(x− λ−)

2πrx
Ix∈[λ−,λ+]dx (4.20)

With λ± = (1 ± √
r)2, a key phenomenon of this distribution is the phase transition

that occurs. The distribution’s behavior is dependent on the value of r relative to one, either

concentrating eigenvalues at zero or not. Relevant to our work is the universality of the mentioned

distribution. For many random matrices X with properties such as E[Xij] = 0, E[X2
ij] = 1, and

E[X4
ij] <∞, the empirical spectral distribution converges to the Marchenko-Pastur distribution.

Extending this discussion to the complex realm, we examine the distribution of the real part

of the Wishart matrix: 2Re(W ) = W +W⊤. We observe that Re(W ) corresponds to the real

Wishart distribution with 2n parameters. The distribution of eigenvalues can be considered in two
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ways: If W̃ = (W +W⊤)/2, then the distribution of eigenvalues aligns with the Marchenko-

Pastur distribution, but with the ratio r adjusted to r/2, where r = d/n. If we consider W̃ =

W+W⊤, then the distribution is modified with r becoming r/2, and the eigenvalues are scaled by

a factor of half, transforming (λ− λ+) to (λ/2− λ+). In both cases, the adjustment of the ratio

r and the scaling of eigenvalues reflect the intricate relationship between the Wishart matrix’s

complex structure and its eigenvalue distribution.

4.7 Double Descent in Generalization

In the preceding section, we explored variational quantum circuits as a quintessential example

of Quantum Neural Networks (QNNs), highlighting their function as random feature maps. To

train these networks, we utilize input data encapsulated in the input density matrix ρα and aim to

optimize the objective loss function tailored to the task at hand. For instance, in linear regression,

one might opt for the Mean Square Loss (MSE) defined as:

L =
1

n

n∑
α=1

(yα − ŷα)
2, (4.21)

where {yα} represents the true target values or labels, and {ŷα} denotes the predictions made by

the QNN, according to Eq. 4.9:

ŷα =
∑

µ,ν∈(0,1)×L

ΩµΩν Tr
[
U †
µOUνXα

]
, (4.22)

where X := [ρα] with ρα ∈ Cd×d, U ∈ Cm×m, Ω ∈ R2L×1 and Y := [yα] ∈ R1×n with m = d.

According to our notation in Eq. 4.10, we can represent ŷα in the above equation in vector form
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as well:

ŷα := w⊤Jαw, (4.23)

with Jα ∈ C2L×2L andw ∈ C2L×1. Incorporating a regularization term with the hyperparameter λ

as λwTw into the total loss function and subsequently optimizing this function helps identify the

optimal parameters where ∇wL|w=w∗ = 0. This results in (J+JT +λI)−1Y (J+JT ) = wT
∗ Jw∗.

To address the effect of noise, it is crucial to add the noise term to the prediction term like

Ŷ := [ŷα + ϵα] such that ϵα ∼ N (0, σ2
ϵ ). To assess the generalization error, one approach is to

calculate the generalization errors. Starting with the train error, we have:

E(λ)test =
1

n
||Y − Ŷ ||

=
1

n
||Y (I − (J + JT + λI)−1(J + JT ))||,

(4.24)

and defining the resolvent as

Q := J + JT + λI, (4.25)

we can express the train error as

E(λ)train =
1

n
λ2||Y Q||2. (4.26)

In the next step, to calculate the generalization error like the Leave-One-Out Cross-Validation

(LOOCV) error, denoted as EL, and the Generalized Cross-Validation (GCV) error, denoted as

EG, we can find the following relationships:

EL(λ) =
1

n
||Y Q diag(Q)−1||22, EG(λ) =

1
n
||Y Q||22(

1
n

Tr(Q)
)2 . (4.27)

67



The properties of expressions like Eq. 4.26 and Eq. 4.27 have been thoroughly examined in the

context of classical neural networks [96, 117–119, 123–126] and It has been observed that in

higher dimensions, these terms converge to the same behavior as the test error such that:

lim
m,n,d→∞

EL(λ) = EG(λ) = Etest(λ), (4.28)

and In line with these foundational works, to find the analytical understanding of the generalization

error we can define τ1(λ) and τ2(λ) respectively as:

τ1(λ) :=
1

n
E[Tr

[
Q(λ)−1

]
] (4.29)

and

τ2(λ) :=
1

n
ETr

[
1

n
XTXQ(λ)−1

]
(4.30)

and upon this definition, these parameters are integrated into the solution of a set of coupled

polynomial equations:

ϕ

ψ
[ζτ2τ1 + ϕ(τ2 − τ1)] = ζτ2τ1(1− λτ1)

= (τ1 − τ2)ϕ[ζ(τ2 − τ1) + ητ1]

(4.31)
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Figure 4.2: Test error as a measure of generalization error in terms of the complexity of the
quantum model, represented by the m/n ratio for various regularization hyperparameters, λ.
According to the simulation, there is a double descent with a phase transition around m ∼ n,
which leads to an initial increase and then a decrease in the error. In the ideal overparameterized
scenario, we expect the generalization error to converge to zero, which contradicts the previous
bias-variance trade-off observed in classical cases. Here, for the quantum case, we observe the
same behavior.

such that ϕ := d/n, ψ := d/m, ζ := (En∼N (0,σ2
ϵ )
[NŶ ]/σ2

ϵ )
2, and η := En∼N (0,σ2

ϵ )
[nŶ ]. In the

same manner the derivatives of τ1 and τ2 respect to the λ have the following form:

τ ′1 = −
(
ζ2τ 51 τ

2
2

(
τ2ψϕ

τ1
− ϕ(ψ + ϕ)

)/
[(ϕ2(−ζ2τ1τ 22 (τ 21 − (τ1 − τ2)

2ϕ)+

ϕ
(
ητ 21 − ζ(τ1 − τ2)(τ1 + 2τ2)

))
ψ
)

× (τ1 − τ2)
2
(
ζ2τ1τ

2
2 + (ζ(τ2 − τ1) + ητ1)]

)
(4.32)
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and

τ ′2 = −ζ2τ 31 τ 22 (τ1 − τ2)
(
τ1ψϕ(ζ − η) + ζϕ2(τ1 − τ2)

)
/

[(ϕ2(−ζ2τ1τ 22 (τ 21 − (τ1 − τ2)
2ϕ)+

ϕ
(
ητ 21 − ζ(τ1 − τ2)(τ1 + 2τ2)

))
ψ
)

× (τ1 − τ2)
2
(
ζ2τ1τ

2
2 + (ζ(τ2 − τ1) + ητ1)]

)
(4.33)

such that the expected values for the test and training errors can be computed as:

Etest =
σ2
ϵ τ

′
1 + τ ′2
τ 21

(4.34)

and

Etrain = λ2(σ2
ϵ τ

′
1 + τ ′2) (4.35)

Now, since we have a good expression for the test error, we can study the behavior of the

learning task in terms of the number of samples, parameters, and the dimension of the random

feature quantum map, namely in terms of m/n. To see this, the test error has been plotted in

Fig. 4.2 for various regularization terms in terms of m/n. As observed, there is a double descent

phenomenon. By increasing m/n, the test error increases for small regularization parameters

(ideally zero), and, after the point where m ∼ n, the test error converges to zero. Therefore, we

can achieve zero generalization error in the case of overparameterization, where m≫ n.
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4.8 Outlook and Conclusion

In this study, we explored the task of generalization with quantum machines. Quantum

machines can have poor performance in predicting unseen data due to their intrinsically large

exponential representation space, making them prone to poor generalization error. For the first

time, we demonstrate a proof of concept that, for a quantum network behaving like a random

feature map, similar to classical networks, we can analytically predict the double descent behavior

of the prediction error using random matrix theory. This finding challenges the traditional bias-

variance trade-off belief. Our results suggest that in the overparameterized regime, quantum

circuits, like their classical counterparts, can be useful, at least in theory and concept.
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Chapter 5: Efficient Hamiltonian Calibration Through Pruning Control Parameters

“Who knew my fate would collapse into a part-time gardener?”

Brain-damaged quantum scientist

5.1 Abstract

Operating a quantum simulator entails an essential phase: the engineering of the desired

Hamiltonian via available experimental controls. In this study, we focus on facilitating arbitrary

interaction patterns by fine-tuning the amplitudes of driving lasers in a trapped ion quantum

simulator. Construction of sophisticated interaction patterns often requires additional laser tones,

subsequently complicating the experimental setup. To address this challenge, we propose adopting

an algorithm widely used in machine learning called the optimal brain damage method that uses

the Hessian of the cost function to prune unimportant parameters. Employing this strategy, we

aim to identify laser amplitudes that reliably produce the desired Hamiltonian while minimizing

the need for supplementary laser tones. As a case study, we consider the simulation of interaction

patterns inspired by Schwinger and Harper-Hofstader models. The outcomes demonstrate a

significant parameter reduction of at least 50% while ensuring a reconstruction error below 1%.

Furthermore, we demonstrate that our strategy, utilizing Hessian information to reduce the laser
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parameters budget, performs markedly better than a baseline approach where parameters are

removed randomly as a no prior knowledge, achieving improvements spanning several orders of

magnitude.

5.2 Introduction

Quantum simulators offer a unique platform for in-depth analysis of properties and behavior

of quantum systems within a controlled setting [127]. These systems frequently exhibit complexities

that surpass the grasp of classical methods, which are confronted with difficulties in handling the

rapid expansion of a quantum system’s Hilbert space [128]. There are various physical platforms

that are being utilized to construct quantum simulators (see e.g., Ref. [128] for a review).

Ion-trap quantum computers are a promising solution for large-scale quantum computing,

offering advanced control methods, low error rates, and the capability to create entanglement

across numerous qubits while maintaining long coherence times [129–132]. This platform is

particularly useful for simulating arbitrary interacting spin-spin models by utilizing long-range

phonon mediated interactions between ions [133–135].

Even in a linear trap, the interactions graph of ions can extend beyond their geometric

configuration, exhibiting higher-dimensional structures with rich geometries [136]. Within these

systems, precise computation and fine-tuning of laser parameters are imperative for accurately

designing the effective coupling graph, necessary for desired quantum simulations. While finding

the coupling graph of a system for given control parameters is a well-defined forward problem,

determining the specific laser parameters to simulate a particular spin-spin interaction graph

presents a challenging inverse problem that needs to be addressed [136]. This inverse problem
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is a non-linear optimization problem that seeks to minimize the difference of the target and

realized Hamiltonians by identifying suitable laser parameters. Existing methods using direct

optimization [136] or neural networks [137], typically require the utilization of many laser tones,

which can be costly and not always necessary.

In this study, we introduce a new approach for tuning laser parameters that is based on a

widely used technique in classical machine learning known as the optimal brain damage pruning

algorithm [138]. Originally, pruning was used to optimize neural networks by minimizing their

size, thereby reducing computational load while maintaining accuracy by selectively removing

less influential parameters, with its criteria often related to the cost function’s second derivative [139–

142]. Adapting this algorithm to the problem of calibrating a target coupling graph in a trapped-

ion quantum simulator thus allows us to simplify the complexity of the experiment while preserving

its accuracy.

A fully connected arbitrary interaction graph of N spins entails N(N − 1)/2 pairwise

interactions. To realize this, one can use N2 tunable laser control parameters corresponding to

the Rabi frequencies of N laser beams on N ions [136, 137]. However, in many cases not all

N2 parameters are necessary. We therefore use Hessian information to identify and remove less

effective parameters and only keep crucial ones needed for realizing specific spin interactions,

while maintaining acceptable reconstruction errors. This reduction is rooted in the physical

symmetries and constraints inherent in the physics Hamiltonian.

We investigate the trade-off between pruning percentage, i.e. the percentage of parameters

removed, and accurate reconstruction error in interaction graphs, by introducing a quantitative

measure of error, calculated as the square norm of the difference between the target coupling

matrix and its reconstructed counterpart. Remarkably, our findings demonstrate that acceptable
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reconstruction error levels can be maintained even with high pruning percentages.

Through case studies inspired by the Schwinger [143] and the Harper-Hofstadter [144]

models, we observed that utilizing at most half of the initial N2 laser parameters is sufficient

to keep the total error below 1%. We emphasize that except in special cases, for a general

coupling matrix, it is not a priori clear which of the parameters are more important, and hence

we cannot simply start with those reduced set of parameters. To this end, we compare the

performance of Hessian-based pruning with a baseline random pruning algorithm in terms of

error level and convergence rate, and show that Hessian-based pruning outperforms random

pruning in both aspects. Consequently, this efficient optimization method not only reduces the

overall optimization time but also enables real-time optimization strategies for dynamic systems.

Particularly in scenarios where swift adjustment of parameters is essential and time constraints

limit the use of traditional computational resources, our method proves highly advantageous.

5.3 Setup

We consider a trapped ion simulator consisting of N ions, where each of the ions is

irradiated with N bi-chromatic laser beams and a global counter-propagating laser beam. The

interference between these beams produces Raman beat notes at frequencies of ω0 ± µn for

a fixed, but tunable set of µn. Here, n can take a value ranging from 1 to the total number

of laser beams, N . We have set these frequencies by spacing them from the phonon normal

modes, ωn. Similar to Ref. [145], without loss of generality, we have chosen µ1 = ω1 + ϵδω and

µn = ωn + ϵ(ωn−1 − ωn) , if n ̸= 1, for small and non-zero constant number ϵ. Here δω denotes

the average difference between two adjacent phonon modes. This setup is depicted in Fig. 5.1.
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The pairwise interactions between the N laser beams and the N ions can be characterized by N2

Rabi frequencies Ωi,n, where i and n represent the ion and tone indices, respectively. This setup

produces an effective spin-spin coupling Hamiltonian

H =
N∑

i,j<i

Ji,jσ
+
i σ

−
j + h.c, (5.1)

where σ±
j is the spin raising and lowering operators on ion j, and h.c. indicates hermitian

conjugation, see Fig. 5.1. The coupling matrix elements Ji,j can be tuned by individual control

of the Rabi frequencies Ωi,n as

Ji,j({Ωi,n}, {µn}) =
N∑

n=1

Ωi,nΩj,n

N∑
m=1

ηi,mηj,mωm

µ2
n − ω2

m

≡
N∑

n=1

Ωi,nΩj,nFi,j,n (5.2)

where ωm represents the vibrational phonon mode frequencies, ηi,m = bi,mδk
√
ℏ/(2Mωm) is

the Lamb-Dicke parameter, bi,m denotes the phonon-mode transformation matrix of the ith ion

corresponding with the mth normal mode, and δk represents the wave vector difference of the

counter-propagating Raman lasers. Here M is the mass of a single ion, ℏ is the reduced Planck

constant, and Fi,j,n is the response of the spin-spin coupling Jij to the spectral component n [136].

In general, solving the forward equation (5.2) to compute the values of Ji,j , given the

parameters Ωi,n and µn, is a straightforward task. However, the true challenge lies in solving

the inverse problem: determining the Rabi frequencies Ωi,n that will satisfy Eq. 5.2, given the

values of Ji,j and µn. This problem is highly nonlinear and can potentially lead to unstable

solutions [145]. In previous works, a set ofN2 Rabi frequencies Ωi,n has been used as the control
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parameters to successfully engineer a wider range of interaction graphs [136,137]. However, due

to the presence of symmetries and constraints in the desired interaction graph, it is sometimes

possible to achieve the same result with fewer control parameters and hence a sparser Rabi

frequency matrix.

In order to achieve scalability in simulations with a larger number of ions, it becomes

crucial to find an economical solution in terms of laser usage and we suggest pruning can be seen

as an effective approach to address this requirement. Given the set of N2 Rabi frequencies Ωi,n,

our aim is to disregard (or prune) as many Rabi frequencies as possible while constructing an

approximation Ĵi,j of Ji,j such that the resulting error defined as

E =
||J − Ĵ ||22
||J ||22

=
1

||J ||2
N∑

i,j=1

|Ji,j − Ĵi,j|2 (5.3)

is minimized. We defined the cost function, E based on the squared error of how different the

ion interaction graph rendered by the model, Ĵ , was from the given interaction graph, J .

To evaluate the effect of varying each parameter on the total error, we consider the change

in total error δE up to the second order in the change Ωi,n using the Taylor expansion is given by

δE =
∑
i,n

gi,nδΩi,n +
1

2

∑
i,n

hi,n,i,nδΩ
2
i,n

+
1

2

∑
i,n ̸=j,m

hi,n,j,mδΩi,nδΩj,m +O(||δΩ||3). (5.4)

Here, δΩi,n denote the change in Ωi,n, gi,n = δE/δΩi,n and hi,n,j,m = δ2E/δΩi,nδΩj,m represent
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the components of the gradient and Hessian of E with respect to Ωi,n, respectively 1.

Note that the number of parameters hi,n,j,m scale quadratically with the number of variables

Ωi,n and their calculation can quickly become intractable. For example, with 50 ions and 50 tones,

there are more than 3×106 parameters to calculate. To reduce the computational intensity of this

task, we follow Ref. [138] and make a few simplifying assumptions. First, we assume that the

effect of pruning multiple Rabi frequencies equals the sum of the effects of pruning each of them

individually. This is equivalent to ignoring the cross terms hi,n,j,m with i ̸= j and n ̸= m, leading

to the diagonalization of the Hessian. Second, we assume that we are pruning the frequencies

after the cost function has converged, i.e. it is at a local minimum, and therefore the gradient gi,n

is zero. These assumptions simplify Eq. (5.4) to:

δE ≈ 1

2

∑
i

hi,n,i,nδΩ
2
i,n. (5.5)

Note that when removing a parameter we have δΩi,n = Ωi,n. Therefore, this adds a cost

proportional to Ω2
i,n and its Hessian hi,n,i,n. Consequently, a parameter’s significance is determined

by its magnitude and Hessian. This allows us to rank the parameters based on the on their

influence on the error. The parameters than cause the least change in the error when removed

are the least significant ones and can be safely removed. While in general hi,n,i,n can be calculated

using automatic differentiation efficiently, we calculate them analytically by differentiating Eq. (5.2)

to further speed up the pruning procedure.

To accommodate resource constraints, we can selectively remove or prune a certain percentage

of less significant parameters, guided by this criteria. This pruning technique is commonly known

1The quadratic expansion of the cost function and the subsequent analysis can be straightforwardly extended to
complex valued Ωi,n.
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as optimal brain damage pruning in the neural network literature [138]. In the subsequent section,

we delve deeper into the technique of pruning.

5.4 Optimization and Pruning

As previously mentioned, it’s not immediately evident which of the Ωi,n parameters are of

primary importance. Consequently, it’s often advisable to begin with a larger set of parameters

than might seem necessary. In fact, initiating with more parameters can facilitate the optimization

process, making it more straightforward and easier to navigate the cost landscape and find a

suitable solution [98]. In light of this, we adopt an ‘optimize, prune, and fine-tune’ strategy [138].

We first find the Ωi,n parameters, with full capacity of the lasers budgets, that minimize the

cost function defined in Eq. (5.3) until achieving a desired threshold for the error. We choose a

threshold of 10−7 for the value of the cost function as the stopping point.

In the next step, to optimize our resources and stay within the constraints of the laser

budget, we initiate pruning. Through this approach, we retain a certain percentage of the control

parameters based on specific criteria, while setting the remainder to zero. The parameters that

are set to zero are essentially deactivated and will not participate in the next steps.

We execute pruning based on a given criteria using the concept of a mask. The mask,

M, serves as an element-wise transformation from the original coupling matrix to its modified

counterpart: Ωi,n → Mi,n ∗ Ωi,n. Therefore, when pruning p% of the parameters, Mi,n = 0

corresponds to the discarded parameters, while Mi,n = 1 represents the retained ones.

One criteria for constructing the mask is based on the Hessian in Eq. (5.5). The Hessian

mask utilizes the diagonal elements of the Hessian matrix, as discussed in the previous section. In
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this approach, the variables are sorted according to their respective Hessian values hi,n,i,nδΩ2
i,n.

The top (100− p)% of the variables, with the highest hi,n,i,nδΩ2
i,n values are selected. Therefore,

we have Mi,n = 0 for the top (100− p)% and Mi,n = 1 for the rest.

To further probe the significance of the Hessian-based criteria in potentially enhancing

results, as well as to understand if the sheer number of parameters alone is pivotal, we compare

our outcomes against those obtained using a random mask for benchmarking. In constructing the

random mask, we randomly select retained parameters without relying on prior knowledge about

the underlying physics of the problem. Specifically, we set Mi,n = 0 for p% of the elements

chosen at random, and Mi,n = 1 for the rest. Thus effectively we only keep (100 − p)% of the

elements in Ωi,n at random.

Following the parameter pruning phase, the remaining variables, which have already undergone

the pruning stage, are optimized during the fine-tuning stage. The act of pruning inevitably

increases the error as predicted by Eq. (5.5). Therefore, as the final fine-tuning step, we optimize

the error again using the reduced set of parameters.

To ensure a more refined optimization, we allocate double the iteration budget compared to

the initial stage. In our study, the training phase was carried out using gradient descent with the

Adam optimizer [146]. We utilized a fixed learning rate of η = 10−3. The iteration budgets were

determined based on initial and final epoch numbers, with the final epoch being twice the initial

one. These numbers ranged from 103 to 106, as detailed in the next section.
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5.5 Results

We consider the effectiveness of our method in realizing two example coupling matrices.

In our first example, drawing inspiration from the Harper-Hofstadter model [144], where for a

two-dimensional lattice on the xy plane, under the influence of an external magnetic field in the

z direction, the interaction coupling matrix for a two-dimensional lattice incorporates a phase, ϕ,

in the y direction:

JHH ∼


Jx,

Jye
i2πϕy.

(5.6)

This demonstrates our method’s capability to handle coupling matrices with complex values and

beyond 1 dimension. The second example is relevant for simulations of the lattice Schwinger

model [143]. In this case, the coupling matrix is represented as:

JSch ∼ Jx
(N − x)

N
, (5.7)

for a specified one-dimensional lattice of size N in the x direction. This model has also been

explored in Ref. [147].

We first illustrate the main idea by considering the Harper-Hofstadter model in Fig. 5.2.

Using the full laser capacity we obtain the Rabi matrix Ωi,n after 3× 105 iterations, as illustrated

in Fig. 5.2(a). This solution is capable of accurately simulating the target J , shown in Fig. 5.2(h)

with a cost function value of less than 10−14.

To evaluate the effectiveness of pruning strategies in achieving faithful reconstruction while

maintaining a reasonably low laser budget, we compare two levels of pruning: p = 50% and
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p = 80%. The schematic representation of the optimized mask, generated using the Hessian

method, is depicted in Fig. 5.2(b,c). The optimized Rabi matrix, corresponding to a pruned laser

budget, is depicted in Fig. 5.2(d,e). In order to evaluate the effectiveness of pruning, we have

shown the real and imaginary part of the reconstructed Ĵ matrix, in Fig. 5.2(h). Comparing the

reconstructed coupling matrices with pruning levels of p = 50% and p = 80% reveals that lower

pruning results in fewer imperfections in the reconstruction, as one would expect. However,

remarkably, even with a pruning level of p = 80%, the reconstructed matrix remains reasonably

close to the ideal one.

In the next part of the study, we focused on analyzing the reconstruction error in terms of the

pruning percentage for the two models of interest. As demonstrated in Fig. 5.3, the changes in the

cost function relative to the percentage of unpruned parameters highlight the cost-effectiveness

of pruning as a technique for maintaining an acceptable level of accuracy in reconstruction. In

Fig. 5.3(a), we have examined the dependence of this reconstruction accuracy on the percentage

of unpruned parameters for the Schwinger model, while Fig. 5.3(b) represents the same study for

the Harper-Hofstadter model. We have also compared the performance of the Hessian pruning

strategy with the random pruning technique. Remarkably, in the Schwinger model, the Hessian

pruning method achieves an error smaller than 10−4 even when activating only 20% of the laser

parameters. As expected, reducing the pruning percentage results in a significant increase in

accuracy. These pair of case studies indicate that it’s feasible to reconstruct the target coupling

matrix with reasonable error even when the laser budget is reduced by at least 50%. They

further suggest that optimal damage pruning could serve as an effective strategy across a range

of physical models.

The third part of our study aimed to investigate the convergence rates of various pruning
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strategies. It is essential to examine how different strategies perform in finding the optimum,

whether in terms of the number of iterations or their ability to locate the optimum point at all. This

analysis is also crucial, given the existing trade-off between optimization time and reconstruction

accuracy. Our results indicate that the optimal brain damage algorithm, utilizing the ‘optimize,

prune and fine-tune’ approach, converges faster than the random pruning benchmark, suggesting

that our method provides a more efficient and accurate optimization process. As illustrated in

Fig. 5.4, the Hessian pruning method yields lower errors as the number of iterations increases, in

contrast to the random pruning method, which exhibits either a plateau or a decreased convergence

rate with increasing iterations.

The results presented in this study highlight the potential value of the Hessian pruning

method as a crucial tool in optimizing quantum systems. This approach not only enhances

performance but also reduces both the expenses and complexity associated with the experiments.

5.6 Conclusion and Outlook

This study explored the efficiency of pruning methods in reducing the complexity and cost

of quantum simulation. Our investigation probes the impact of various pruning percentages on

the accuracy of Hamiltonian reconstruction. We have found that, for some models, a pruning

strategy of up to 50% can accomplish minimal error while maintaining a relatively low laser

budget. Additionally, we have utilized the Hessian information in our pruning and demonstrated

that it surpasses the random benchmark in both quality and convergence rate.

For future study, it will be fruitful to account for decoherence resulting from the first-order

spin-dependent coherent displacements. By incorporating time error evolution minimization, we
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can achieve higher fidelity in quantum simulation. This can be achieved by augmenting the cost

function with a term representing the norm of the spin-phonon coupling operator, which can be

added to the main cost function.

Code and Data Availability

The code and sample of data used in this research is available on GitHub: https://

github.com/frustea/Hamiltonian-Simulation-Brain-Damage
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Figure 5.1: Quantum Simulator with Ion Traps (a) An array of N trapped ions (illustrated
for N = 4) are exposed to bichromatic laser beams from the left and a globally counter-
propagating beam from the right. The interaction among N ions is shaped by the interference-
generated Raman beats and the Rabi frequencies. (b) A specific percentage of laser beams can
be deactivated to conserve the laser budget. (c) The ion-laser interaction is determined by a
Rabi matrix, Ωi,n. By pruning certain laser-ion interactions, we can create a sparser Ωi,n matrix
and thus reduce the laser budget. (d) The coupling matrix J represents the pairwise interaction
between ions. (e) Despite the linear arrangement of the trapped ions, the coupling matrix design
enables the generation of a wide range of rich Hamiltonians. (f) By adjusting the Rabi matrix,
Ω, and taking into account the ion-phonon interaction Lamb-Dicke matrix, η, we can derive the
desired J .
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Figure 5.2: Pruning Method. (a) The illustration represents the magnitude of optimized Rabi
frequencies |Ωi,n| used to realize the target coupling matrix, which is inspired by the Harper-
Hofstadter model with N = 49 qubits. The full capacity of lasers is utilized, with no pruning
involved. In this model, both Ji,j and Ωi,n are complex-valued. (b,c) The Hessian masks are
depicted with varying pruning ratios of 50% and 80%, respectively. In panels (d) and (e), the
optimal |Ωi,n| is obtained using the Hessian method to reconstruct the desired coupling matrix,
and the magnitude of the pruned solution is displayed. (f,g) The imaginary part of the realized
coupling matrix represented as Im(Ĵ), is displayed in panels d and e, showcasing the effects of
different pruning ratios with the optimal solution. (h) The real and imaginary parts of the target
coupling matrix are presented for the Harper-Hofstadter model with a lattice comprising a total
of N = 7× 7 lattice sites.
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Figure 5.3: Effectiveness of Pruning for Reconstructing Physical Systems. (a) On the left,
we present Schwinger’s 1d coupling matrix JSch, which serves as the target for simulation. On
the right, a cost function that measures the reconstruction error (The norm square between the
target, J , and the reconstructed one, Ĵ) is plotted as a function of the unpruned percentage. We
use this analysis to evaluate the relative performance of the two pruning strategies with Hessian
and random masks. The horizontal dashed line shows the one percent error baseline (b) the same
evaluation has been repeated using the 2d Harper-Hofstadter (HH) model. The cost function is
computed by averaging over ten random initializations. For the Schwinger model, this is done
after 3 × 106 iterations, while for the HH model, we perform this computation after 3 × 105

iterations. The horizontal dashed line in the graphs represents the baseline for a 1% error rate.
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Figure 5.4: Convergence Rate. The impact of the total optimization iterations on the
reconstruction error for two pruning strategies with Hessian and random masks, each with 50%
pruning has been illustrated. This is repeated for a coupling matrices inspired by both the Harper-
Hofstadter (top) and Schwinger (bottom) models.
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Chapter 6: Analog Quantum Simulator of a Quantum Field Theory with Fermion-

Spin Systems in Silicon

“In the age of digital, being analog is a new luxury”

iCloude Shannon

6.1 Abstract

Simulating fermions coupled to spin degrees of freedom, relevant for a range of quantum

field theories, represents a promising application for quantum simulators. Mapping fermions to

qubits is challenging in 2 + 1 and higher spacetime dimensions, and mapping bosons demands

substantial quantum-computational overhead. These features complicate the realization of mixed

fermion-boson quantum systems in digital quantum computers. We propose a native fermion–

(large-)spin analog quantum simulator by utilizing dopant arrays in silicon. Specifically, we

show how to use a dynamical lattice of coupled nuclear spins and conduction-band electrons

to realize a quantum field theory: an extended Jackiw-Rebbi model involving coupled fermions

and quantum rotors. We demonstrate the feasibility of observing dynamical mass generation

and a confinement-deconfinement quantum phase transition in 1+1 dimensions on this platform,

even in the presence of strong long-range Coulomb interactions. Furthermore, we employ finite-

88



temperature Hartree-Fock-Bogoliubov simulations to investigate the dynamics of mass generation

in two-dimensional square and honeycomb arrays, showing that this phenomenon can be simulated

with realistic experimental parameters. Our findings reveal two distinct phases, and demonstrate

robustness against the addition of Coulomb interactions. Finally, we discuss experimental signatures

of the phases through transport and local charge sensing in dopant arrays. This study lays the

foundation for quantum simulations of quantum field theories exhibiting fermions coupled to

spin degrees of freedom using donors in silicon.

6.2 Introduction

Understanding the origin of the mass of elementary and composite particles has long driven the

field of particle and hadronic physics. A spontaneous symmetry breaking of gauge symmetries

via the Higgs mechanism gives rise to the mass of elementary particles in the Standard Model [148,

149], while spontaneous breaking of a chiral symmetry greatly influences the spectrum of hadrons

in quantum chromodynamics (QCD) [150–152]. Despite this understanding, a complete picture

of dynamical mass generation in QCD in, e.g., systems with nonzero fermion density and/or

in out-of-equilibrium conditions, and the connection between chiral symmetry breaking and

confinement-deconfinement phase transition, are yet to be developed [153–156]. While the

method of lattice QCD with the aid of classical computing has opened the door to illuminate part

of this picture [157–160], some questions remain intractable classically. Quantum simulation

of quantum (gauge) field theories [161–166] provides a unique avenue to explore inherently

quantum, nonperturbative, and dynamical phenomena such as quantum phase transitions and

mass generation in QCD and other strongly-coupled quantum field theories. We aim to introduce
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Figure 6.1: Donor array in silicon. A schematic illustrating electron localization and tunneling
behaviors in a silicon phosphorus-donor array. The lattice model approaches continuity as donor
distance tends to zero and lattice size tends to infinity. Electrons can hop in both x and y
directions with tunneling rates tx and ty. An external magnetic field, B, can be applied to
polarize electrons in a given direction. The probes (charge or conductance), along with gates,
allow indirect inference and control of the internal electron-density configuration, |Ψe|2, within
the central island, facilitating a comprehensive understanding of electron behavior and phases of
the system in the donor lattice structure.

a solid-state analog quantum simulator to explore such questions in a quantum field theory, setting

the stage for future experimental implementations.

A range of models for mass generation have been proposed, such as the Nambu model and

the Gross-Neveu model [150, 151, 167–171], allowing for qualitative understanding in systems

that are simpler to study. An especially important case is dynamical mass generation, where

mass in the fermion field arises from the spontaneous breakdown of chiral symmetry [167,

170, 172, 173], which may be observed when the confinement-deconfinement phase transition is

crossed. One of the simplest models which has been shown to capture the physics of dynamical
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mass generation and the confinement-deconfinement quantum phase transition is the Jackiw-

Rebbi model [174, 175]. This model consists of matter particles interacting with a dynamical

lattice, i.e., a lattice hosting dynamical bosons, see Fig. 6.2. A first analog-quantum-simulation

proposal for simulating the Jackiw-Rebbi model in (1+1)D was developed in Ref. [175], but

higher dimensional versions were left unexplored. Digital quantum computation could simulate

this model using a Jordan-Wigner mapping of fermions [176–179], and e.g., a binary mapping

of bosons [180], to qubits, and by digitizing the time-evolution operator in terms of a universal

set of gates. These approaches, therefore, demand a large computational overhead and a high

level of quantum control. By contrast, analog quantum simulations can produce faithful results,

often by a natural mapping of degrees of freedom and by allowing for a continuous evolution.

Therefore, finding an analog-simulation method using native fermionic and bosonic matter would

greatly improve the scalability of the simulation of the Jackiw-Rebbi model and other quantum

field theories in the near term.

We propose a (1+1)D and (2+1)D native fermionic-bosonic platform for quantum simulation

of the rotor Jackiw-Rebbi model, based on donors in silicon (see Fig. 6.1). The fermionic

degrees of freedom are directly encoded in conduction-band electrons that populate the array,

removing the necessity to map fermions to qubits. Dynamical lattices with large local Hilbert-

space dimensions are achieved using the local nuclear-spin degree of freedom of the dopants,

which range from 1
2

(P), over 7
2

(Sb) [181] to 9
2

(Bi) depending on the choice of dopant atom.

This platform has recently been used to simulate small instances of the extended Fermi-Hubbard

model in (2+1)D [182–185] and the Su-Schrieffer-Heeger model [186, 187].

These results, in conjunction with similar demonstrations [188, 189], show that scanning

tunneling microscopy (STM) lithography can be used to fabricate and probe arrays of dopants
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with sub-nanometer precision for applications in quantum simulation [190, 191]. Crucially,

the nuclear and electron spins in these systems show extremely long coherence times [192]

and, following theoretical proposals [193–198], high-fidelity quantum-information-processing

applications have been demonstrated experimentally [199–201]. Dopants in silicon, therefore,

exhibit the coherence properties required for high-fidelity quantum simulations. Although current

technology is limited to relatively modest lattice sizes on the order of ten sites, progress in

fabrication techniques, particularly those demanding atomic precision, have been demonstrated [191,

202, 203]. Moreover, advancements in external gates enable local electrical control of the donor

charge states [199, 201].

We show how to map a rotor Jackiw-Rebbi model to a donor platform (see Fig. 6.2), and

estimate the parameter regimes in which a faithful simulation can be achieved. We perform exact

and approximate (using the Hartee-Fock-Bogoliubov method) numerical simulations to predict

phenomena that could be observed in (1+1)D and (2+1)D. In this way, we map out the phase

diagram of the model and identify the occurrence of dynamical mass generation, confinement-

deconfinement transition, and the effect of thermal fluctuations on chiral-symmetry restoration.

Finally, we discuss how these phenomena could be probed in donor-array simulators by local

charge sensing and transport measurements. Our experimental and theoretical advances set the

stage for future quantum simulations of lattice gauge theories in donors in silicon.

This work is organized as follows. In Sec. 6.3, we introduce the rotor Jackiw-Rebbi

model, the donor platform along with its intrinsic Hamiltonian, and the reasoning for why this

platform can be thought of as an analog quantum simulator of the rotor Jackiw-Rebbi model. In

Sec. 6.4, we investigate the properties of the (1+1)D system and benchmark our results against

the findings of Ref. [175]. We further investigate the effect of Coulomb interactions on phases of
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Figure 6.2: Schematic of a dynamic lattice. Each individual donor nuclear-spin orientation
(illustrated on the Bloch sphere) can dynamically change and locally alter the potential landscape
at each fermionic donor-electron site, acting as a dynamical mass term akin to a Jackiw-Rebbi
rotor coupled to fermionic matter. Each spin, S, which in our platform is represented by the
nuclear spin of a donor, interacts with the local density of fermions, |Ψe|2, via the hyperfine
interaction with strength g. Depending on the orientation of the nuclear spin at each site, the
energy level of the system at each site is in the range of Eb±gS, where Eb represents the binding
energy of the electron and nuclear spin.

the model. Next, in Sec. 6.5, we delve into the phase diagram of the (2+1)D array and explore

the phenomenon of dynamical mass generation in this extended model. Finally, in Sec. 6.6.2, we

discuss the experimental feasibility of detecting the discussed phases in donor arrays by focusing

on suitable observables.
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6.3 Donors in silicon as an analog quantum simulator of the rotor Jackiw-Rebbi

model

In this work, we lay out the reasoning for why donor arrays in silicon provide benefits for the

simulation of (lattice) quantum field theories containing fermions and bosons. In particular, we

focus on the physics of fermionic systems with a dynamical mass generated from interactions

with bosonic degrees of freedom. As a first step, we focus on a proposal for simulating the

rotor Jackiw-Rebbi model in (1+1)D and (2+1)D. A proposal for implementing the (1+1)D

model using ultra-cold atoms in optical lattices was developed in Ref. [175], which, nonetheless,

involved mapping the model to a fully bosonic quantum simulator. In contrary, the fermion-

boson simulator of this work provides a more natural path to quantum simulation of the rotor

Jackiw-Rebbi model in future implementations.

6.3.1 Model Hamiltonian

Consider a massless Dirac-fermion field Ψ and its adjoint Ψ = Ψ†γ0 in d + 1 spacetime

dimensions with d = 1, 2. The Dirac gamma matrices satisfy {γµ, γν} = 2gµν (under spacetime

metric g00 = 1, gii = −1 with i = 1, · · · , d). Consider also the vector fields ϕ and ℓ, representing

the orientation of a quantum rotor and its angular momentum, respectively. As will be explained

in Sec. 6.3.3 and Appendix C.1, in an equivalent lattice formulation, ϕ captures the Néel alternation

of antiferromagnetic ordering between spins at neighboring lattice sites while the presence of ℓ

also allows for slow spin fluctuations with respect to uniform ordering. The continuum Hamiltonian
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of a corresponding lattice model we aim to study is:

H(RJR) =

∫
ddx

{[
− icΨ(x)γi∂iΨ(x)

−Ψ(x)
[
g · ϕ(x) + γ0g · ℓ(x)

]
Ψ(x)

− h · ℓ(x)
]}

. (6.1)

The first term in Eq. (6.1) is the free-fermion Hamiltonian, the second term describes the interactions

of fermions with bosonic quantum rotors via the coupling vector g, and the last term is responsible

for rotor’s precession in a uniform magnetic field h. In (1+1)D, the Hamiltonian is invariant

under a discrete chiral transformation, Ψ → γ5Ψ, with γ5 = iγ0γ1 = iσz, if ϕ = 0. Such a

symmetry gets broken spontaneously if ⟨ϕ⟩ ≠ 0, hence generating a dynamical fermion mass in

the model. In (2+1)D, no chirality can be defined but the Hamiltonian with ϕ = 0 is invariant

under another discrete transformation, i.e., spatial reflection, that only changes the sign of one

of the two components of the position vector, e.g., x1 → −x1, transforming the fermion field

as Ψ → γ1Ψ. Again, if ⟨ϕ⟩ ̸= 0, such a symmetry gets broken spontaneously, generating a

dynamical fermion mass.

The model described by the Hamiltonian in Eq. (6.1) can be identified as a variant of the

Jackiw-Rebbi model, as introduced in Ref. [175]. In the original Jackiw-Rebbi model [174],

fermions interact with a self-interacting scalar field. In the model considered here, called rotor

Jackiw-Rebbi model, fermions interact with rotor fields, and these rotors exhibit no self interactions.

This distinction is significant: in the Jackiw-Rebbi model, the contribution from the scalar field

to the generation of dynamical mass through symmetry breaking can be explained classically,

but this is not the case in the rotor Jackiw-Rebbi model. This model, in fact, bears a stronger
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resemblance to the Gross-Neveu models, although without an O(N) symmetry [204].

Due to intrinsically quantum and nonperturbative spontaneous symmetry breaking and

dynamical mass generation in the rotor Jackiw-Rebbi model, one needs nonperturbative simulation

tools to study model’s phases. In this model, spontaneous symmetry breaking turns out to occur

within a specific range of external magnetic fields. As is shown in Ref. [175] for the (1+1)D

model, the range is notably dependent on a function which cannot be approximated by a Taylor

expansion for small but nonzero rotor-fermions coupling. A similar behavior is expected in

(2+1)D, as is studied in this work. In the subsequent sections, we will explore in detail how

a dopant analog quantum simulator can effectively implement a lattice-discretized version of the

rotor Jackiw-Rebbi model in both (1+1)D and (2+1)D.

6.3.2 Simulator Hamiltonian

To investigate how the proposed dopant array, as illustrated in Fig. 6.1, can be used to

probe the physics of dynamical mass generation in the rotor Jackiw-Rebbi model, we begin by

introducing the platform and its intrinsic Hamiltonian.

To prepare a donor array, first, standard semiconductor processing techniques are used to

create a clean surface. The dopant atoms are then incorporated into the surface using scanning-

tunneling-microscope hydrogen lithography techniques [205, 206]. Following the incorporation

of the dopants, silicon is grown over the array to encapsulate the donors and hold them in place,

as well as allow further lithography of metallic top gates. This protected and contollable lattice

of dopants then creates a new band structure within the band gap of the underlying silicon

crystal. Electrons moving in this dopant lattice can, therefore, be seen as an analog to cold
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atoms hopping in an optical lattice, with the silicon lattice only participating as a dielectric, but

otherwise being inert. This analogy has opened up the demonstration of this platform as a novel

native fermionic quantum simulator with an early application to simulate the Fermi-Hubbard

model 1 and beyond [182, 183, 185, 188]. Furthermore, electrons interact with themselves and

with the dopant nuclei via Coulomb interactions, and both electron and nuclear spin respond to

external magnetic fields. Importantly, the electron spin couples to the nuclear spin via a hyperfine

interaction.

Let us discuss these interactions in more detail. The intrinsic Hamiltonian of the dopant

analog quantum simulator can be decomposed to

H(lattice) = Hµ +Hk +Hff +Hsf +Hs. (6.2)

The chemical-potential term, denoted as Hµ, represents the onsite binding energy, Eb, of

a single electron to a dopant in the absence of tunneling. By carefully adjusting the energy

level of the system to be near the Fermi level, one can control the total electron occupancy in

the system. The other contribution to the onsite energy term comes from the local Coulomb

potential between the electron and the nuclei of the dopants within the array. Additionally, there

is another contribution to the overall electric potential, resulting from the gates and other charges

1The effective donor Hubbard model in silicon crystals has parameters significantly smaller than those in the
crystal itself. This means modest physical temperatures correspond to extremely low temperatures in Hubbard
parameter units. For instance, the on-site Coulomb interaction is less than 400 K. Additionally, the capacity
for transport measurements and strong, adjustable long-range Coulomb interactions make this platform a viable
alternative to studying the Hubbard model, compared to cold atoms in optical lattices.
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surrounding the system, denoted by ϵ [183]. Overall, Hµ can be written as

Hµ =
∑
i

∑
σ

[(
− Eb,i + ϵi

)
c†i,σci,σ +

∑
j ̸=i

V0,ijc
†
i,σci,σ

]
. (6.3)

Here, c†i,σ and ci,σ represent the electron’s creation and annihilation operators, respectively. σ =

↑, ↓ is the spin index of the electron, and i denotes the site index within the d-dimensional array

with given geometry. For example, this index ranges from 1 to N = Nd
s on a square lattice with

side length L = aNs and lattice spacing, or constant, a. V0,ij represents the strength of electric

potential at site i, created by the nucleus at site j. We approximate the interaction potential by

V0,ij = V0e
−λ|ri−rj |/|ri−rj|, where the constant term V0 = 1/(4πϵ0ϵsi) reflects the permittivity of

the electric field in silicon, ϵsi, and λ determines how the electric field is reduced due to screening

[183, 185, 207]. ri denotes the position vector of site i.

The kinetic term Hk describes the hopping of electrons between neighboring sites in the

array. In this study, we assume that the hopping strength can be engineered to be uniform

across the system, which demands an atomically precise placement of the donors. In general, the

hopping strength decays exponentially with distance, so we restrict this study to nearest-neighbor

hopping of strength t:

Hk = −t
∑
⟨i,j⟩

∑
σ

c†i,σcj,σ + h.c. (6.4)

Hff represents the fermion-fermion interaction in the system. This interaction can be

modeled as the sum of two components: the Coulomb interaction between fermions across the

array and the onsite interaction between two electrons with opposite spins. The strength of the
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latter interaction is denoted by Ui:

Hff =
∑
i

[∑
j ̸=i

∑
σ

V0,ijni,σnj,σ + Uini,↑ni,↓

]
, (6.5)

where ni,σc
†
i,σci,σ is the number operator for a fermion with spin σ at lattice site i.

Hsf represents the most crucial term of relevance to the model we aim to study. It involves

the interaction of the dopant nuclear spin I with the electrons,

Hsf = g
∑
i

szi I
z
i . (6.6)

Here, the parameter g represents the hyperfine coupling, and szi c
†
i,↑ci,↑ − c†i,↓ci,↓ is the electron-

spin operator along the z direction. The electrons will be assumed to be spin-polarized in this

direction by an external magnetic field, B.

We allow for a transverse magnetic field, hx, arising from time-dependent Nuclear Magnetic

Resonance (NMR) control. This leads to an effective Hamiltonian in the rotating frame of the

nuclear spins:

Hs = −
∑
i

h · Ii +
∑
i

hes
z
i . (6.7)

Here, the first term is the rotating-frame Hamiltonian for the nuclear spins in the presence of

the NMR drive with the magnetic field in the form of h = hzẑ + hxx̂. We will work in the

limit of a large drive detuning, where |hz| ≫ |hx|. Given this condition, we omit the effect

of the transverse magnetic field, hx, on the electrons. We assume that in this regime, the spin

polarization of electrons due to the transverse magnetic field remains constant and is negligible.

Finally, he is the Zeeman splitting of the electron spin.
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In the above Hamiltonian, we work in a configuration where the electrons’ spins are polarized

in the |↓⟩ direction (see Sec. 6.6.2 for how to create such a polarization). In this case, the spin

drops out of the Hamiltonian terms and one gets

H(lattice) =− t
∑
⟨i,j⟩

(
c†icj + h.c.

)
−
∑
i

µic
†
ici

−
∑
i

(
gc†iciI

z
i + h · I i

)
+
∑
i

∑
j ̸=i

V0,ijc
†
icic

†
jcj.

(6.8)

Here, ci (c†i ) denotes annihilation (creation) operator for the down-spin electron at site i and

µi = Eb,i − ϵi −
∑

j ̸=i V0,ij . Note that since the total number of electrons in each spin state is

conserved, the last term in Eq. (6.7) contributes trivially to the dynamics and is dropped. In the

subsequent sections, we explore the connection between this lattice Hamiltonian and the rotor

Jackiw-Rebbi model.

6.3.3 The connection between the Rotor Jackiw-Rebbi model and the lattice

model

Standard techniques can be employed to map the low-energy limit of a lattice theory of

fermions and spins to a continuum quantum field theory, see Ref. [175] and Appendix C.1.

Let us first consider the free-fermion Hamiltonian. Here, we assume a uniform electron

chemical potential throughout the lattice such that µiµ is constant. We further assume a fermionic

state with half filling, i.e., 1
N

∑
i⟨c†ici⟩ = 1

2
. There is a quantum field theory describing low-

energy excitations around the Fermi points (surface). In (1+1)D, this means linearizing the
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dispersion relation ϵ(k) = −2t cos(ka) near two (free-fermion) Fermi points at kF = ± π
2a

,

i.e., ϵ(k) ≈ (|k| − kF )vF , with the Fermi velocity defined as vF2ta. By this approximation, the

fermionic operators ci in (1+1)D are reduced to left- and right-moving slowly varying fermion

fields, ψ+(x) and ψ−(x). These fields map to the staggered lattice fermions of Kogut and

Susskind [208] (see Ref. [175]), which is a lattice discretization of the continuum Dirac fermions

in Eq. (6.1), upon the identification Ψ = (ψ+ ψ−)T and c = vf .

On a (2+1)D square lattice, the (free-fermion) Fermi surface is the boundary of the diamond

shape − π√
2a
< k± ≤ π√

2a
within the Brillouin zone, where k± = 1√

2
(kx±ky). Linearizing around

this boundary does not give rise to the Dirac fermions of the continuum as is known. Nonetheless,

as shown in Appendix C.1 and Sec. 6.5, due to the Fermi Surface admitting a nesting vector at

momentum (π/a, π/a), a Néel-order phase arises in this model too, generating dynamical mass

for the fermions. The two-component Ψ field can be understood as pairs of lattice fermions

on adjacent sites along the x direction, hence breaking the reflection symmetry 2 discussed in

Sec. 6.3.1 in the Néel phase, see Appendix C.1. Alternatively, to recover the continuum Dirac

theory in Eq. (6.1), fermions can be placed on a honeycomb lattice. On such a lattice, upon the

linearization of the dispersion function, one arrives at ε(k) = −vFκ · γ, where κ is a small

momentum around the Fermi points K and −K with K = 2π
3a
(1, 1√

3
). This recovers the Dirac

free-fermion theory upon the identification c = vF and

Ψ =

 c±K+κ,A

−c±K+κ,B

 (6.9)

around the Fermi points ±K. Here, ck,A and ck,A are the Fourier transform of the ci operators

2Or in this case, translational symmetry along the x direction.
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defined on sublattices A and B of the honeycomb lattice, respectively (see Appendix C.1 for

details).

To achieve a low-energy quantum field theory of nuclear spins on the lattice, i.e., a long-

wavelength large-spin limit, a continuum field of unit length, ϕ, can be introduced such that it

varies slowly on the scale of a lattice spacing. To allow for a quantum disordered phase with

no long-range spin order, it is imperative to also include a component of the spins which is

perpendicular to the local orientation of the Néel order, which is denoted by the continuum field

ℓ, as discussed in Appendix C.1. Formally, this can be described as

I(ri) ≃ S
[
δiϕ(ri)

√
1− a2dℓ2(ri) + adℓ(ri)

]
(6.10)

such that ϕ · ϕ = 1, ϕ · ℓ = 0, and a2dℓ2 ≪ 1. Here, δi is either 1 or −1 depending on which

sublattice, A or B, ri belongs to, see Ref. [209] for more details.

As shown in Appendix C.1, the low-energy excitations of fermions near the Fermi surface

are mediated by the rotors in either the Néel-order phase or the disordered phase. Hence, the

hyperfine coupling of nuclear spins to electrons maps to the fermion-rotor interactions in the

rotor Jackiw-Rebbi model. Additionally, the nuclear-spin interactions in presence of the NMR

drive are naturally reduced to the last term inH(RJR) in Eq. (6.1). Finally, while electron-electron

Coulomb interactions do not have an equivalent low-energy description in the rotor Jackiw-Rebbi

model, as our numerics show, these interactions do not affect qualitative features of the phases of

the model and the dynamical mass generation when experimental parameters are concerned.

With the connection between the (discretized) rotor Jackiw-Rebbi model and the lattice

model accessible in the quantum simulator established, we are ready to delve into the study of
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the properties and different phases exhibited by the lattice model.

6.4 Phenomenological study of the model in (1+1)D

To investigate the quantum many-body system described by the simulator Hamiltonian in Eq. (6.8),

one might consider employing exact diagonalization (ED) techniques. However, the dimensionality

of this Hamiltonian grows exponentially with the system size, making the application of ED with

available classical computational resources feasible only up toO(101). To produce more accurate

high-L/a results, studies on system with larger sizes are required. While well-known efficient

methods like density-matrix renormalization group (DMRG) [210] and tensor networks [211]

are suitable for the (1+1)D cases, extending these methods to (2+1)D has proven challenging. To

address this challenge, albeit with a modest sacrifice in accuracy, we have employed the mean-

field approach of Hartree-Fock (HF) [212] and finite-temperature Hartree-Fock-Bogoliubov (FTHFB) [213].

These enable the exploration of larger systems with a computational complexity proportional to

the system size O(N). Comparing the results obtained from the HF approximation with those

from ED for systems up to O(10) lattice sites, we have nonetheless demonstrated that the mean-

field approach is a reliable method of approximation, even when considering small values of

dopant spin, S. As the system size increases, i.e., in the limit of large L/a and large S, a previous

study [175] shows that the mean-field predictions can converge to the exact methods smoothly.

6.4.1 Dynamical mass generation

To study the distinct phases of the lattice model in Eq. (6.8), we can explore the phase

space in terms of a set of macroscopic parameters, including hyperfine coupling and the external
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longitudinal and transverse magnetic fields, which are denoted respectively as (g, hz, hx). We will

also investigate the impact of these parameters on the transition between possible phases for given

fixed values of dopant spin, tunneling coupling, the temperature of the reservoir surrounding the

system, Coulomb-force coupling, chemical potential, and lattice constant, denoted respectively

as (S, t, T, V0, µ, a). The list of parameters has been provided in Appendix. C.6. The boundary

condition is another factor that needs to be set in the simulation. We have investigated the effects

of open and periodic boundary conditions and found that the periodic one can better mitigate the

(undesired) effects of Coulomb interactions. Thus, in this work, we present results concerning

the periodic case.

Our numerical simulations reveal that modulating the macroscopic parameters gives rise

to two distinct phases within the system, characterized by the phenomenon of dynamical mass

generation. Building upon the method described in Ref. [175], we utilize the modified Néel-

order parameter, denoted as nz, as the principal observable to investigate spontaneous symmetry

breaking in the phase diagram and to distinguish between different phases. The parameter nz is

defined as

nz
1

N

N∑
i=1

1

S

(
⟨Sz

1S
z
2i⟩ − ⟨Sz

1S
z
2i−1⟩

)
, (6.11)

where i denotes the index of the lattice site,N is the total number of lattice sites, and Si represents

the spin of the dopant at location i in the array. Our numerical simulations, conducted using the

mean-field HF method, demonstrate the existence of two distinct phases for the (1+1)D lattice

model. This phase diagram is presented in Fig. 6.3 (see Appendix C.2 for more details). The

phase diagram is derived at zero temperature and one electron above the half-filling state, for a
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wide range of gS/t and hzS/t, and a fixed nonzero transverse magnetic field hx and given the

Coulomb interaction with strength V0.

The first phase, termed the ‘trivial phase’, is characterized by all spins being polarized

and aligned with the external magnetic field. This alignment results in a zero value for nz. In

this configuration, the fermion density across the system is found to be distributed around half-

filling for all lattice sites, indicating the absence of dynamical mass terms in Eq. (6.1). In this

phase, the fermions are massless, thereby exhibiting chiral symmetry. This state of the system is

analogous to the Luttinger-Liquid (LL) phase for fermions in (1+1)D. In contrast, the ‘nontrivial

phase’ emerges within a specific range of macroscopic parameters, where nz departs from zero.

The corresponding fermion density across the system indicates the presence of dynamical mass

generation. As discussed in the preceding section, chiral symmetry is spontaneously broken in

this phase, and the system settles into one of the ground states.

6.4.2 Confinement/deconfinement of fractionally charged quasi-particles

To investigate the phenomenon of confinement and deconfinement of fractionally charged

fermions coupled to the Néel field, it is essential to introduce a pinning potential as an impurity

to break the translational symmetry. By adopting the method detailed in Ref. [175], we add a

pinning potential, Hϵ = −∑N
i=1 εi(d)S

z
i , which can lead to fermions localizing at the lattice
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positions i0 and i0 + d for a certain range of hzS/t and gS/t. Here,

εi(d) =



ε(−1)i 1 ≤ i < i0

ε(−1)i+1 i0 ≤ i < i0 + d

ε(−1)i i0 + d ≤ i ≤ N

(6.12)

for small pining potential strength ε/t = 0.05 compared to the tunneling coupling. Since the total

extra fermionic density is equal to one electron, one can refer to this configuration as fractional

charge since at each end, there is half of an electron localized.

To examine the system’s dynamics, we calculate the static potential between two fractional

charges, V (d) = E(d) − E∞, where E∞ denotes the ground-state energy when d ≫ 1. This

analysis unveils two distinct, confined and deconfined, phases. The confined phase features

an ascending static potential with respect to d, indicating the binding of fractional charges.

In this model, the integer-charged fermion field couples to the rotors field, allowing, under

certain conditions, the Néel field’s configuration to host localized fractional charge, mirroring

quark bags in the phenomenological models of QCD, where the quarks are confined within a

finite region of space known as the ‘bag’ [214, 215] and make up pions, nucleons, and other

hadrons. Conversely, the deconfined phase shows a decreasing static potential, signifying no

binding between fractional charges. Figure 6.4 illustrates these phases, emphasizing that they

can occur even amidst Coulomb repulsion in a silicon platform, highlighting the unique interplay

between fractional charges and the Néel-field configuration. In this plot, we choose two coupling

strengths: one assuming the Coulomb interaction does not exist, V0/(at) = 0, and the second

one with the highest value of V0/(at) = 3.6 for silicon with fixed a = 4.7 nm and t = 7.5 meV,
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which are chosen close to experimentally favorable numbers.

6.5 Phenomenological study of the model in (2+1)D

In the subsequent section, we examine evidence for the occurrence of dynamical mass generation

and spontaneous symmetry breaking within the (2+1)D model. As mentioned before, the continuum

physics of square and honeycomb lattice models are distinct, and only the latter recovers Dirac

fermions of the Jackiw-Rebbi model. Nonetheless, we study both cases in the following.

6.5.1 Dynamical mass generation on a square lattice

We apply both ED for small systems and the HF method for larger systems to investigate

phases of the lattice model on a square lattice for a range of macroscopic parameters. Our

simulations demonstrate that a phase diagram akin to the one observed in the (1+1)D lattice

can also be observed in (2+1)D. Figure 6.5 illustrates the phase diagram for a N = 10× 10 array

obtained using the mean-field HF method.

To extend our study, we further consider the system at a finite temperature, T1/β, hence

consider the thermal expectation value of the total number of fermions, denoted as
∑

i⟨c†ici⟩β ,

where expectation value is with respect to the Boltzmann factor e−βH (lattice) . This expectation value,

when considering the grand canonical ensemble at a fixed temperature, becomes a function of the

chemical potential, represented as µ.

As shown in Appendix C.3, achieving a half-filling state requires independent tuning of

the chemical potential for a given temperature. Within our HF calculation, we have also checked

if there is nonzero pairing in the (Bardeen–Cooper–Schrieffer) BCS channel. To start with, we
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analyzed the quantity K̃ 1
N2

∑
i,j KijK

∗
ij where Kij⟨cicj⟩β . The results, as shown in Fig. C.6 in

Appendix C.3, demonstrate that the averaged pairing correlator ⟨cicj⟩β , remains zero throughout

the entire range of chemical potentials and temperatures considered. However, the approximate

HF method employed effectively only looks at Coulomb repulsion as a cause for pairing. The

possible role of interactions between nuclear-spins and electrons in pairing is not addressed with

this approximate method. Other studies [216–218] with a Hamiltonian that shares similar terms

as our system indicate that pairing can occur at a certain range of Coulomb coupling and hyperfine

coupling V0/g ≪ 1. This range is the opposite of the physical condition in the analog quantum

simulator of this work, i.e., V0/g ≫ 1, and is hence not analyzed further.

Our investigation, according to Fig. 6.6, further reveals that as the temperature deviates

from absolute zero, nontrivial phases gradually diminish, ultimately driving the quantum state

towards a thermal state, as predicted. Under such circumstances, discrete reflection symmetry

in (2+1)D is restored as the temperature rises, causing the fermionic field to revert to a zero-

mass state. A similar effect can also be partially induced through the escalation of Coulomb

interactions. Nonetheless, for the coupling strength V0 from zero to the highest value of 123 nm ·

meV for silicon, the nontrivial Néel-order phase persists, even when considering nonzero temperatures.

Finally, the transverse component of the external magnetic field, hx, introduces fluctuations to the

system. As illustrated in Fig. 6.6, increasing hx has an effect qualitatively analogous to raising

the temperature on the restoration of discrete reflection symmetry.
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6.5.2 Dynamical mass generation on a honeycomb lattice

In this section, we aim to broaden our study to include another structure in the (2+1)D case,

specifically focusing on the honeycomb lattice. On one hand, the continuum model of fermions

on a honeycomb lattice is more tractable—its tight-binding model admits Dirac fermions like

graphene. On the other hand, this structure is of significant interest considering previous research

that explored the emergence of superconductivity in the behavior of the system when the ratio of

V0/g couplings falls within a certain regime [216–218]. In these lattice structures, phenomena

similar to the confinement-deconfinement transitions observed in (1+1)D may be linked to superconductivity

behavior and pairing mechanisms. Recent work in Ref. [219] on a Hamiltonian which incorporates

similar interactions has shown signs of unconventional superconductivity, exhibiting staggered d-

wave and f-wave pairings, along with topological superconductivity. This phenomenon can be

compared to the confinement phenomenon observed in the (1+1)D case.

We apply our numerical procedure to the honeycomb lattice. Employing FTHFB simulations,

while incorporating the presence of Coulomb interactions, we have examined the phase diagram

for a wide range of (gS/t, hS/t) parameters. We observe a pattern similar to the Néel order

within a certain range of an external magnetic field as shown in Fig. 6.7.

Despite the observation of the two phases in this model, realizing the parameter regime

relevant to the emergence of superconductivity [216–218] is very challenging because the hyperfine

coupling that sets the strength of the sub-lattice potential needs to be comparable to the Coulomb-

interaction strength. Instead, a more promising route to explore emergent superconductivity in

this platform is to introduce a static sub-lattice potential using external gates or by controlling

the number or type of dopant on each site. We leave the investigation of such extensions of our
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model as an interesting avenue for future work.

6.6 Experimental Probing

In the following section, we investigate the experimental viability of observing the phase transition

described in earlier sections in present doped semiconductor quantum simulators. It is crucial

to establish this viability, as the desired phase transitions occur within certain ranges of model

parameters that should be matched to the ranges accessible by current laboratory capabilities.

Additionally, we discuss methods for preparing the initial state and detecting the system’s phase,

as well as other relevant observables within our proposed framework for two-dimensional dopant

arrays. We remark that all the necessary ingredients for our proposal have been previously

demonstrated in experiments with phosphorus donors in silicon [199, 201, 220, 221].

6.6.1 State preparation

The initial phase of an experimental investigation involves setting the system to a preferred

initial state. In the magnetic-field range characterized byB, with electron and nuclear gyromagnetic

ratios γe and γn, such that γeB ≫ g > 2γnB, the eigenstates of the fermion–nuclear-spin system

at each site, in the absence of hopping and Coulomb interactions, can be segmented into four

distinct states. These are ordered from the lowest energy level to the highest as |↓,⇑⟩, |↓,⇓⟩,

|↑,⇓⟩, and |↑,⇑⟩, where in this notation, the first spin represents the electron spin, and the second

one the nuclear spin. To see the nontrivial phase in the rotor Jackiw-Rebbi model, we prepare

the state at each site in the |↓,⇓⟩ state, instead of the ground state, that is |↓⇑⟩ at all sites. The

electrons can be polarized to all-|⇓⟩ state using the strong magnetic field. To achieve the desired

110



spin configuration of nuclear spins, one can use the method that has been widely used for high-

fidelity nuclear-spin control [220]. In this method, the nuclear spin can be read via the electron-

spin-resonance (ESR) method with high fidelity. Depending on the orientation of the nuclear

spin, the external magnetic field experienced by the electron will vary. This variation leads to

different resonance frequencies, ν±e = γeB ± g/2, for the two distinct nuclear-spin orientations.

As a result, it allows for the detection of nuclear-spin states, |⇑⟩ or |⇓⟩. After reading the nuclear

spin with this method, if the spin is already polarized as |⇓⟩, no operation is needed, otherwise

the nuclear spin on that site can be polarized to |⇓⟩ using NMR fields or using the electric-dipole

spin resonance (EDSR) technique of Ref. [221]. This polarization process based on measurement

and feedback would need to be repeated individually on each site or parallelized across the array.

Alternatively, a more easily scalable approach for large systems is to place a single electron

on each dopant site and use dynamical nuclear polarization (DNP) to simultaneously pump the

nuclear spins to a polarized state [221, 222].

To engineer the right conditions for the rotor Jackiw-Rebbi model, after polarizing the

nuclear spins, we need to change the electron occupation so that there is close to 1
2

an electron

for each dopant site. By choosing the detuning of the nuclear NMR field, one can also ensure

that the correct sign of the hz term is obtained to realize the symmetry-broken phase. Once these

conditions are satisfied, we envision that the ground state could be adiabatically prepared by

starting from a state with a large chemical-potential difference between each site and then slowly

tuning these differences to zero. This can be achieved by controlling the voltages of the gates at

each site. Alternatively, it would also be possible to start in a state with zero chemical-potential

differences and adiabatically tune the sign of the NMR detuning from positive to negative values.
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6.6.2 Accessible parameter regimes

In order to lay the groundwork for analyzing nonperturbative phenomena within (2+1)D

systems, selecting simulation parameters that align with the experimental capability is critical.

Moreover, the optimal set of parameters needs to be meticulously determined. In Ref. [185], the

lattice constant, a, was explored within a range from 10 nm to 4 nm. We have chosen a = 4.7 nm

for most of our simulations. Due to the oscillatory behavior of the electron’s wave function and

the exponential dependence of the tunneling rate on the lattice constant, an accurate value of

the lattice constant is crucial in obtaining definitive results. Such a high level of control on the

value of a has, nonetheless, been recently achieved [185]. With no adverse effects of disorder on

resonant tunneling in the two-dimensional arrays, the dopant platform is favorable for studying

models in (2+1)D [183].

The hyperfine coupling, which reflects the interaction of electron spin with nuclear spin,

is almost a steady parameter (or can be slightly adjusted by applying a strong external electric

field). Thus, the main macroscopic variable that allows one to feasibly access the full range

of the phase diagram is the ratio of the hyperfine constant to the tunneling rate, g/t, while the

external magnetic field can be varied from zero to a higher value. In the following, we discuss

the experimental aspects concerning t and g.

Let us denote the tunneling rates between sites i and j as tij . For an electron at site i with

wave function |ψi⟩, we characterize the Coulomb potential, incorporating a screening factor λ,

by the formula Ui = −V0e−λ|r−ri|/|r − ri|. We further define the overlap of wave functions

between sites i and j as Sij = ⟨ψi|ψj⟩, and the potential energy due to the interaction at site j on

an electron at site i as Vij = ⟨ψi|Uj|ψi⟩. Further define V ′
ij = ⟨ψi|Uj|ψj⟩. With these definitions,
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one can calculate the tunneling rate tij using the expression tij = (SijVij − V ′
ij)/(1− S2

ij), as

detailed in Refs. [183, 223]. Given the wave function’s exponential decay, it is reasonable to

consider tij as approximately zero for sites that are more than two lattice constants apart. For

simplicity, we assumed equal spacing along both directions of the lattice, which simplifies tij to

t. In our simulations with spacing a = 4.7 nm, we have taken t = 7.5 meV, consistent with

Ref. [183].

The tunneling rate and its profile are strongly influenced by silicon orientation. Silicon

wafer orientation refers to the crystallographic directions and planes of the silicon crystal lattice.

Each number in these orientations represents a Miller Index, which is a notation system in

crystallography used to describe the orientation of planes within a crystal lattice. Among the three

main orientations [100], [111], and [110], the last is more favorable for experimental fabrications.

To estimate the profile of tunneling as a function of the distance between two adjacent sites, one

can use the effective-mass theory, as outlined in Refs. [224–226] and summarized in Appendix C.4.

The hyperfine coupling, g, and the hyperfine splitting energy of phosphorus are contingent

upon the specific isotope of phosphorus. For instance, 31P, the most prevalent isotope, has a

hyperfine splitting energy approximately in the range of 114.3 MHz to 117 MHz. This coupling

can be affected by the Stark shift, which varies as g(E) = g(0)(1 + 2.8 × 10−3E2) with g(0) =

0.48 µeV for external electric field, E [227]. It can also be affected by other effects such as the

engineering of the spin-orbit coupling for a given E .

Having access to the full range of the phase space, we need to make sure hz/t is of the

same order as gS/t. The feasible region for observing the Néel phase in terms of lattice constant

is depicted in Fig. 6.8 for the [100] silicon orientation. For the sake of completeness, other

orientations are presented in Appendix C.4, Figs. C.8, and C.9. As observed in Fig. 6.8, for any
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given lattice constant, there always exists a narrow corridor of external magnetic fields that enable

the manifestation of the nontrivial phase in the experimental setup. This corridor is wider in the

[111] orientation as shown in Appendix C.4.

Variation of gS/t during the experiment can be challenging. A more feasible approach is

to keep gS/t fixed and vary the external magnetic field as a macroscopic parameter, which can

still change the system’s phase. In this scenario, we are limited to exploring one slice of the

2D phase diagrams studied in Sec. 6.4. Due to the small value of gS/t within the accessible

range of parameters, gS/t ∼ 3.2× 10−5, experimental probing occurs at the corner of the phase

diagram. Simulating this corner with the HF method is unreliable. However, the ED method

for small arrays, as shown in Fig. 6.9, indicates that as long as |hx| ≪ |hz|, in a region where

hzS/t is comparable to gS/t, the Néel phase is expected to be observed. This is indicative of the

robustness of nonperturbative phenomena in this system. The numerical simulation in Fig. 6.9(a)

shows that for a lattice constant of a = 4.7 nm, we expect to observe the Néel phase when the

magnetic field is around 1.5− 2.5 T. This range is feasible in the current experimental setups.

6.6.3 Probing the system

In this section, we continue our experimental feasibility study by exploring methods to

detect the system and identify possible observables. The dopant array is surrounded by electrons

from outside of array, which allows electrons to tunnel to the island of the array via source and

drain probes. Due to this tunneling capability of the electrons and the system’s finite temperature,

the total electron count is not fixed.

One method for detecting the phase of a system involves using a global charge sensor.
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Such a sensor, which could be a quantum dot situated nearby or a proximal metallic gate, is

acutely responsive to changes in the surrounding charge environment. By meticulously tracking

variations in the conductance of this sensor, it becomes feasible to discern the addition or subtraction

of a single electron from the dopant array. This ability allows for the prompt and precise detection

of both the total charge and its transitions. As demonstrated in Fig. 6.10, our numerical simulations

for the (2+1)D system on a 2 × 2 square array reveal that the charge profiles, with respect to

variations in g and hz, are discernible, effectively differentiating between the trivial and nontrivial

phases. This method serves as a valuable tool for distinguishing between the phases, thereby

enhancing our understanding of the system’s phase transition characteristics. A similar study for

(1+1)D dimensions has been demonstrated in Appendix C.2, Fig. C.7.

Another method to analyze the state of the system involves investigating the linear conductance,

denoted byG, in relation to the chemical potential, denoted by µ. Considering a two-dimensional

array where the source and drain interact primarily with the array’s leftmost and rightmost columns—

and their interaction with the inner parts of the array decreases exponentially—we can illustrate

how the dopant array interacts with the leads. This method has been reviewed in Appendix C.5.

Our study shows that the pattern of linear conductance can differ depending on which of the two

distinct phases the system is in. Nonetheless, the phase-discerning potential of this method is not

as prominent as the charge-sensing method.

6.7 Conclusion and outlook

In this study, we proposed utilizing a solid-state framework, specifically a donor array in silicon,

as a native fermionic-bosonic analog quantum simulator. The primary objective was to explore
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this framework’s applicability in studying relativistic phenomena in a quantum field theory, such

as dynamical mass generation and confinement-deconfinement phase transitions.

Our study focused on the lattice representation of the rotor Jackiw-Rebbi model. Using

numerical mean-field techniques, we explored the model’s behavior in both (1+1)D and (2+1)D

systems. Notably, for the rotor Jackiw-Rebbi model on a spatial square lattice, we discerned a

nontrivial phase akin to its (1+1)D counterpart. In this phase, fermions acquire dynamical mass

within the lattice framework, facilitated by an antiferromagnetic order of dopant spin acting as

a bosonic field interacting with the fermions. The (1+1)D version of the model showcases the

potential to enter a phase wherein charge fractionalization occurs, yielding transitions between

confined and deconfined phases involving quark-like quasi-particles. Additionally, thermal effects

or an external (transverse) magnetic field could reestablish chiral symmetry by dynamical instabilities

akin to those observed in spin models [228]. Extending our (2+1)D model to the honeycomb

lattice reveals the presence of a similar nontrivial Néel-order phase. Moreover, phenomena

analogous to those observed near the confinement-deconfinement transition can be traced in the

creation of a superconductivity phase on a two-dimensional array over a certain range of model

parameters, as studied in previous work [219].

Our research further elucidates the experimental feasibility of our proposal, paving the way

for potential laboratory realizations and verifications. In relation to existing works, we juxtaposed

our framework with proposals in the realm of cold atoms. This comparison emphasized the

potential advantage of the solid-state platform of this work, particularly when transitioning to

(2+1)D with native fermionic-bosonic simulators. Looking at the broader picture, our approach

heralds the potential for empirical observations of confinement-deconfinement phase transitions,

as well as the restoration of chiral symmetry at finite temperatures and densities, in a quantum
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field theory.

While the model studied in this work presents a streamlined approach to analog quantum

simulations, it is essential to recognize its differences compared with lattice gauge theories

(LGTs). Unlike LGTs, the rotor Jackiw-Rebbi model does not exhibit gauge invariance, simplifying

its implementation within experimental setups. This model, nonetheless, offers a more accessible

introduction to analog quantum simulations of quantum field theories, and opens up opportunities

to delve into the nonperturbative properties of quantum fields. As we look ahead, our ambition

is to develop quantum-control techniques that enforce stringent gauge constraints on the degrees

of freedom, making them more suitable for simulating LGTs. This will likely require time-

dependent (floquet) engineering and novel approaches to develop a more intricate relationship

between nuclear spins and fermions.

In summary, by harnessing engineered artificial lattices using solid-state technologies, we

envision significant advancements in quantum simulations of quantum field theories, leading to

deeper insights into strongly interacting systems in nuclear and high-energy physics.
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Figure 6.3: Phase diagram of a (1+1)D system. The phase diagram obtained from Hartree-Fock
simulations, illustrates two distinct phases, trivial (a) and nontrivial (b), influenced by external
magnetic fields hz at fixed hx. The nontrivial Néel phase, indicated in blue, emerges within a
specific range of hz when hx ≪ hz, while the trivial phase, where all spins are polarized in
a single direction, is represented by a white background. The circles represent the density of
fermions at each site, where a darker color indicates higher density and the arrows show the
orientation of the dopant’s spin. The blue color represents the parameter |nz|, where nz is defined
in Eq. (6.11), which is ideally one for the Néel-order phase and zero for the trivial phase. The
simulation is done on a one-dimensional array with N = 43 sites in a configuration with one
fermion above the half-filling state. The arrows represent the spin, ⟨Sz

i ⟩, of the dopants, while
the circles denote the fermion density at each site, indicated as ⟨ni⟩. The parameter hxS/t is set
to 0.01, where hx denotes the external magnetic field in the x direction and t denotes the hopping
parameter. For this plot, we have set t = 7.5 meV and V0/(at) = 1.1
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Figure 6.4: Confinement/deconfinement phase transition. Plots show the normalized system
energy, E, as a function of the pinning-potential range, d, minus the normalized energy in the
limit d ≫ 1. Adjusting gS/t in a certain range with fixed hz creates quark bags in the Néel
phase, increasing energy as d increases (quark confinement). Lowering gS/t below a threshold
results in a deconfined phase with reduced energy. Coulomb interaction present in the silicon-
based experimental platform does not alter this phenomenon. The numerical simulation is based
on the Hartree-Fock method at half-filling with hxS/t = 0.01, hzS/t = 0.4, a = 4.7 nm, and
t = 7.5 meV
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Figure 6.5: Phase diagram of a (2+1)D system. Similar to the (1+1)D scenario in Fig. 6.3, the
spin configuration and fermion distributions in a two-dimensional square array, N = 10×10, are
depicted. The arrows represent the spin, ⟨Sz⟩, of the dopants, while the circles denote the fermion
density at each site, indicated as ⟨ni,j⟩. Note that we have now introduced a two-dimensional
index (i, j) compared to the linear index i introduced in Sec. 6.3.2. The phase diagram of the
system, in terms of macroscopic parameters, comprises two phases: the trivial phase (a) and the
Néel-order phase (b). The blue color represents the parameter |nz| defined in Eq. (6.11), which
is ideally one for the Néel-order phase and zero for the trivial phase. For this plot, we have set
t = 7.5 meV, hxS/t = 0.01, and V0/(at) = 1.1
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Figure 6.6: The impact of temperature, Coulomb potential, and transverse magnetic field
on the phase diagram of the (2+1)D system. a) Comparing the subplots in the left and right
columns illustrates the influence of increasing temperature on the phase diagram. Additionally,
comparing the top and bottom rows sheds light on the effect of Coulomb’s repulsion force on
the phase diagram. The results are based on the Finite-Temperature Hartree-Fock method for
an array of N = 10 × 10, and the chemical potential is tuned such that the system is around
half-filling. The blue color represents the parameter |nz| defined in Eq. (6.11). b) The different
phases of the square array are plotted for two different transverse fields, hx. The simulations for
b) are performed using ED for the total number of spin N = 2 × 2 at half-filling. The Coulomb
potential is set to V0/(at) = 3.6. The color represents the absolute value of the order parameter,
|nz|. In both a) and b), t = 7.5 meV, and in part a), hxS/t = 0.01.
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Figure 6.7: Phase diagram of a (2+1)D honeycomb array for N = 72 sites. a) Similar to the
square lattice shown in Fig. 6.5, the phase diagram in terms of macroscopic parameters comprises
two phases: the Néel-order phase and the trivial phase, with the presence of Coulomb interaction.
The blue color represents the parameter |nz| defined in Eq. (6.11), which ideally is one for the
Néel-order phase and zero for the trivial phase. b) The dopant-spin configuration and fermion-
density distributions (⟨c†i,jci,j⟩) in the honeycomb lattice are shown for a region where the system
exhibits the Néel-order phase. The numerical simulations are based on the finite-temperature
Hartree-Fock method with inverse temperature β = 103. The tunneling coupling and horizontal
external magnetic field are set similar to those in the square lattice, with t = 7.5 meV, hxS/t =
0.01, and V0/(at) = 1.1. The chemical potential is tuned to ensure that the system is around
half-filling in the Néel-order phase.
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Figure 6.8: Effect of lattice constant. The influence of lattice constant, a, on the tunneling
coupling, as well as the ratios g/t and hz/t for fixed values of g = 0.48 µeV and hz = 2.5 T, is
depicted. The top panel shows the ratio of the Coulomb potential coefficient, V0, compared to the
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fixed g = 0.48 µeV as a function of the lattice constant.
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is set at t = 7.5 meV and hxS/t = 10−7.
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Figure 6.10: Charge-occupation profile as a probe. The variations in charge-occupation
profiles, detected using a charge sensor, reflect the different phases in the 2 × 2 square array.
The pronounced differences in the charge profiles, particularly in the nontrivial phase, provide
evidence for the detection of phase transitions. The charges are calculated by tracing the
electrons’ density matrix determined at a finite temperature of T = 10 mK using the grand
canonical ED method. Here, ⟨n⟩ =

∑
i⟨c†ici⟩β . Other parameters used for this simulation are

t = 7.5 meV, hxS/t = 0.01, and µ/t = 0.91.
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Chapter 7: Conclusion

In this thesis, we explored the intricate interplay between quantum computing and machine

learning, elucidating how each field can benefit from the other and how quantum systems can

be harnessed to simulate other quantum phenomena. This exploration spans the development of

hybrid classical-quantum algorithms, the theoretical underpinnings of quantum machine learning,

the practical aspects of quantum simulations, and the proposal of innovative frameworks for

quantum analog simulations.

7.1 Chapter Summaries and Unified Insights

Chapter 2: Fast-and-Slow Initialization and Optimization

Our investigation into the fast-and-slow method of initialization and optimization revealed

its potential to substantially reduce the computational overhead in training variational quantum

algorithms (VQAs). This hybrid approach makes VQAs more feasible for larger qubit systems

by minimizing the number of queries to the quantum processing unit (QPU). Future work will

involve applying this method to diverse circuit types and physical quantum hardware, along with

developing dynamic switching schemes for more complex optimization problems.

Chapter 3: Variational Quantum Circuits in Function Space

We analyzed variational quantum circuits as quantum neural networks, focusing on their

126



behavior in function space. Our study of over-parameterization showed that increasing the width

and depth of these circuits leads their output distribution towards a Gaussian process, though

finite widths can introduce non-Gaussianity. This insight is crucial for designing robust quantum

models and understanding the implications of over-parameterization in practical applications.

Chapter 4: Generalization in Quantum Machines

Addressing the challenge of generalization in quantum machines, we discovered that quantum

networks exhibit double descent behavior akin to classical networks. By employing random

matrix theory, we demonstrated that over-parameterized quantum circuits could be theoretically

beneficial, challenging the traditional bias-variance trade-off. This finding opens new pathways

for improving the predictive performance of quantum models on unseen data.

Chapter 5: Pruning Methods for Quantum Simulation

We evaluated the efficiency of pruning methods in quantum simulations, finding that significant

complexity and cost reductions could be achieved with minimal error impact. Utilizing Hessian

information for pruning outperformed random benchmarks, suggesting a promising direction for

optimizing quantum simulations. Future research will incorporate decoherence effects and focus

on enhancing fidelity through time error evolution minimization.

Chapter 6: Solid-State Framework for Quantum Simulations

We proposed a solid-state framework using a donor array in silicon as an analog quantum

simulator for relativistic phenomena in quantum field theory. Our study of the rotor Jackiw-Rebbi

model demonstrated the feasibility of this approach in both (1+1)D and (2+1)D systems, revealing

nontrivial phases and potential experimental realizations. This framework offers a compelling

alternative to cold atom proposals, particularly for simulating confinement-deconfinement transitions

and chiral symmetry restoration in quantum field theories. Future work will develop quantum-
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control techniques to enforce gauge constraints, enhancing the simulation of lattice gauge theories.

7.2 Future Directions and Needed Developments

Several key areas require further investigation to build upon the findings of this thesis:

Developing adaptive optimization methods that dynamically switch between fast and slow phases,

tailored to specific problem characteristics, will enhance the efficiency of VQA training. Exploring

the impact of finite sizes and over-parameterization in quantum neural networks will inform the

design of more robust quantum models capable of generalizing better to unseen data. Incorporating

decoherence and optimizing cost functions to include error evolution will improve the fidelity of

pruned quantum simulations, making them more practical for real-world applications. Developing

time-dependent (Floquet) engineering and innovative quantum-control techniques to enforce gauge

constraints will enable more accurate simulations of lattice gauge theories, bridging the gap

between simplified models and complex quantum field theories.

In conclusion, this thesis has been just an early step toward promising directions in quantum

computing research. By addressing both theoretical and practical challenges, we have advanced

the understanding and applicability of quantum algorithms and simulations, paving the way for

future developments in the field.
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Appendix A:

A.1 The Barren Plateau in VQAs

Variational circuits can be described as a unitary operation, U(θ), with a set of parameters

θ = {θi}mi=1 For a given observable Oi, and a fixed initial state ρ, the expectation value can be

estimated by executing repetitive measurements on the QPU. In general, these measurements can

be used to calculate the cost function defined as

L(θ) =
∑
i

hifi

(
Tr
(
OiU(θ)ρU

†(θ))
)
, (A.1)

where {hi ∈ R, fi : R → R} encodes the problem.

The goal of VQAs is to find the optimum set of parameters that minimizes the cost function:

θ⋆ =θ L(θ). (A.2)

In general, the ansatz can be described with a unitary U(θ) as

U(θ) =
m∏
i=1

Ui(θi), (A.3)

where U(θi) = e−iθiσi and σj is a Hermitian 1- or 2-qubit operator and σ2
j = I. In this
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representation, we assume the parameters are independent of each other. To study behaviour

of a specific parameter θµ, 1 ≤ µ ≤ m, we can split the U(θ) into a left and right part:

U(θ) = UR(θR)UL(θL), (A.4)

where right and left operators are defined asUR(θR) =
∏µ

i=1 Ui(θi) andUL(θL) =
∏m

i=µ+1 Ui(θi),

respectively. The derivative of U(θ) can be written as ∂θµU(θ) = UR(− i
2
σµ)UL and ∂θµU †(θ) =

U †
L(

i
2
σµ)U

†
R

The cost function of our generative model is based on the Kullback–Leibler (KL) divergence

function in Eq. (2.7) in the main text. We define Ci := Tr(OiUρU
†), qi := Tr[OiρBAS], and let

Oi ∈ {|i⟩⟨i|}2n−1
i=0 . Note that ∂θµ

∑
iCi = 0. Therefore, the derivative of the cost-function with

respect to a single parameter, θµ, is given by

∂µL(θ) =
2n−1∑
i=0

∂θµCi log(Ci/qi), (A.5)

where the derivative of Ci respect to the parameter θµ can be written as [33]

∂µCi = − i

2
Tr(U †

ROiUR[σ
µ, ULρU

†
L])

=
i

2
Tr(ULρU

†
L[σ

µ, U †
ROiUR]).

(A.6)

In order to calculate the average value of the gradient, ⟨∂θkL(θ)⟩ =
∑

i⟨∂µCi logCi/qi⟩,

we can consider three cases: either UL, UR, or both satisfy the 2-design property. This allows

us to simplify certain terms in the average by an integral over the Haar measure. A t-design

unitary defined as a finite set of unitary operator{Uk}kk=1 ∈ U(d) with any arbitrary function
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P(t,t)(U)(which acts at each element of matrix U and U † with polynomial degree at most t) such

that it satisfies the following relation

1

K

K∑
k=1

P(t,t)(Uk) =

∫
U(d)

dµ(U)P(t,t)(U), (A.7)

where dµ(·) is a Haar measure over the unitary group U(d). In general, for a random unitary

matrix U = (Uij)i≤i,j≤d, the expectation of the following form with respect to the Haar measure

over a unitary group U(d) is given by

E[Ui1j1Ui2j2 · · ·UinjnU
∗
i′1j

′
1
U∗
i′2j

′
2
· · ·U∗

i′nj′n
]

=
∑

σ,τ∈Sn

δi1i′σ(1) · · · δini′σ(n)
δj1j′σ(1) · · · δjnj′σ(n)

WgU(σ−1τ, d)

:=
∑

σ,τ∈Sn

δσ(i, i
′)δτ (j, j

′)WgU(σ−1τ, d),

(A.8)

where Sn is the symmetric group [90, 229]. The Wg(·, d) is Weingarten function defined

on Sd with the following Fourier expansion:

WgU(σ, d) =
1

d!

∑
λ⊢n,ℓ(λ)≤d

fλ∏ℓ(λ)
i=1

∏λi

j=1(d+ j − 1)
χλ(σ), (A.9)

such that for a given λ, χλ is the irreducible character of Sd associated with it. fλ is the degree of

χλ and λ ⊢ n is the sum over all partitions of λ defined by Young diagram λ = (λ1, λ2, · · ·λl) of

d and l = ℓ(λ). Applying this theorem for first and second moment of U , over the Haar measure
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dµ(U), provides the following identities based on the calculation over S1 and S2 group:

∫
UijU

∗
pkdµ(U) =

δipδjk
d

(A.10)∫
Ui1j1Ui2j2U

∗
i′1j

′
1
U∗
i′2,j

′
2
dµ(U) =

δi1i′1δi2i′2δj1j′1δj2j′2
d2 − 1

− δi1i′1δi2i′2δj1j′2δj2j′1 + δi1i′2δi1i′2δj1j′1δj2j′2
d(d2 − 1)

.

For U ∈ U(d = 2n) the above identities can be re-written in the form of

∫
Tr(UXU †Y )dµ(U) =

1

2n
Tr(X)Tr(Y ) (A.11)∫

Tr(UXU †Y )Tr(UZU †W )dµ(U) =

Tr(X) Tr(Y ) Tr(Z) Tr(W ) + Tr(XZ) Tr(YW )

22n − 1

− Tr(XZ) Tr(Y ) Tr(W ) + Tr(X) Tr(Z) Tr(YW )

23n − 2n
,

and

∫
Tr
[
UXU †Y UZU †W

]
dµ(U) (A.12)

=
Tr(X) Tr(Z) Tr(YW ) + Tr(XZ) Tr(Y ) Tr(W )

22n − 1

− Tr(XZ) Tr(YW ) + Tr(X) Tr(Y ) Tr(Z) Tr(W )

2n(22n − 1)
. (A.13)

For simplicity, we start the calculations with the case that both UR and UL are 2-designs. By
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applying the above identities to calculate E[Ci] and E[CiCj], we obtain

E[Ci] =

∫
Tr
(
OiUρU

†)dµ(U) (A.14)

=
Tr(Oi) Tr(ρ)

2n
=

1

2n
,

and

E[CiCj] =

∫
Tr
(
OiUρU

†)Tr(OjUρU
†)dµ(U)

=
Tr(Oi) Tr(Oj)

22n−1
[Tr(ρ)2 − Tr(ρ2)

2n
]

+
Tr(OiOj)

22n − 1
[Tr
(
ρ2
)
− Tr(ρ)2

2n
]

=
1 + δi,j
22n − 1

(1− 2−n),

(A.15)

since for observable in the form of Ojk
i = δi,jδi,kI

jk
2n×2n , we have Tr(Oi) = Tr(O2

i ) = 1 and∑2n−1

i=0 Tr(Oi) = 2n. A similar calculation can be repeated for the E[∂µCi]:

E[∂µCi] =
i

2

∫
Tr
(
ULρU

†
L[σ

µ, U †
ROiUR]

)
dµ(UL)d(UR)

= i
Tr(ρ)[Tr(σµ),Tr(Oi)]

22n+1
= 0,

(A.16)

and therefore E[∂µCi log qi] = 0. Similarly, the expectation value of the second moment can be

calculated as follows:
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E[∂µCi∂µCj] = −1

4

∫
Tr
(
ULρU

†
L[σ

µ, U †
ROiUR]

)
×Tr

(
ULρU

†
L[σ

µ, U †
ROjUR]

)
dµ(UL, UR)

=
(Tr(σµ)2Tr(OiOj) + Tr

(
σ2
µ

)
Tr(Oi) Tr(Oj)

22n − 1

−Tr
(
σ2
µ

)
Tr(OiOj) + Tr(σµ)

2Tr(Oi) Tr(Oj)

23n − 2n

− 1

2n
Tr
(
σ2
µ

)
Tr(OiOj)

)
× (

−Tr(ρ2) + 2−n

22n − 1
).

(A.17)

To obtain an upper-bound on |⟨∂µL⟩| we use the Cauchy-Schwarz inequality and the property

of logarithmic functions, where for a two random variable x and y, we have E[x log y] ≤ E[xy]−

E[x]. Applying this identity to calculate E[∂µCiCi/qi] leads to the following inequality:

∣∣∣E[∂µCi log
Ci

qi
]
∣∣∣ ≤ ∣∣∣E[∂µCi

Ci

qi
]− E[∂µCi]

∣∣∣ = ∣∣∣E[∂µCi
Ci

qi
]
∣∣∣

≤ q−1
i

√
E[(∂µCi)2]

√
E[(Ci)2].

(A.18)

To avoid the divergence in the numerical calculation of KL divergence we replace the qi,BAS

with the clipper function max[ϵ, qi,BAS] for arbitrary small ϵ := Λ−1. By using the result of

Eq .(A.17) and Eq. (A.14) and adding all terms from Eq .(A.5), we can derive the following

upper bound on the magnitude of expectation value gradient of the cost function:

|⟨∂µL⟩| ≤
√

2(2n − 1)2(Λ · 2n + 2Λ− 4)2

22n(2n + 1)(22n − 1)2
∼ O(2−

3n
2 ). (A.19)

In the next step, to find the expectation value of the variance of the gradient of the cost

function with respect to a parameter θµ, Var[∂µL], we start with the its definition and use Cauchy-
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Schwarz to get an upper bound on it

Var[∂µL] = ⟨(∂µL)2 − ⟨∂µL⟩2⟩

=
∑
i,j

E[∂µCi log
Ci

qi
∂µCj log

Cj

qj
]

−
∑
i

E[∂µCi log
Ci

qi
]2

≤
∑
i,j

E[∂µCi
Ci

qi
∂µCj

Cj

qj
]

≤
∑
i,j

(qiqj)
−1
(
E[(∂µCi)

4]E[(∂µCj)
4]E[C4

i ]E[C4
j ]
) 1

4
.

(A.20)

To calculate the fourth-moment expressions in the right-hand side of the inequality, we assume

that bothUR andUL satisfy the 4-design property. This assumption is motivated by the observation

that random local quantum circuits with a depth that grows polynomially in the number of qubits

form an approximate unitary t-design, and conjectured to be valid for logarithmic-depth circuits
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as well [36, 230, 231]. Based on the 4-design assumption, according to Eq. (A.8):

E[C4
i ] =

4∑
i,i′,j,j′=1

E[Ui1j1Ui2j2Ui3j3Ui4j4U
∗
i′1j

′
1
U∗
i′2j

′
2
U∗
i′3j

′
3
U∗
i′4j

′
4
]

×
4∏

ν=1

ρjν i′νO
i
j′ν iν

=
4∑

i1,j1,··· ,i4,j4
i′1,j

′
1,··· ,i′4,j′4=1

∑
σ,τ∈S4

4∏
ν=1

× ρjν i′νO
i
j′ν iν

δσ(i, i
′)δτ (j, j

′)WgU(σ−1τ, d)

=
∑

σ,τ∈S4

4∑
i′1,···i′4

j′1,···j′4=1

4∏
ν

Oi
i′
σ(ν)j′ν

ρj′
τ(ν)

i′νWgU(σ−1τ, d)

:=
∑

σ,τ∈S4

Trσ,τ (ρ,O
i)WgU(σ−1τ, d)

≤ C

d4

∑
σ,τ∈S4

Trσ,τ (ρ,O
i),

(A.21)

where in last inequality is based on the property of Weingarten coefficient [232] and C is a

constant number.

Similarly

E[(∂µCi)
4] =

∑
σ,τ∈S4
α,β

WgU
L(σ

−1τ, d)WgU
R(α

−1β, d)
4∑

i′,j′,k
k′,l′,l=1

1∑
rv :r1r2
r3,r4=0

4∏
ν=1

×(ρj′
τ(ν)

i′νσ
µ
j′νkν

Oi
l′νkν

δkν ,α(k′ν)δiσ(ν),β(l′ν))
rν

((−1)ρj′
τ(ν)

i′νσ
µ
lν iσ(ν)

Oi
l′νkν

δkν ,α(j′ν)δlν ,β(l′ν))
1−rν

:=
∑

σ,τ∈S4
α,β

WgU
L(σ

−1τ, d)WgU
R(α

−1β, d) Trα,βσ,τ (σ
µ, Oi, ρ)

≤ C2

d8

∑
σ,τ∈S4
α,β

Trα,βσ,τ (σ
µ, Oi, ρ).

(A.22)
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Consequently, by substituting the Eq. (A.21) and Eq. (A.22) in the Eq. (A.20) we find the variance

Var[∂µL], is exponentially suppressed as a function of qubits number since

Var[∂µL] ≤
C

26n

2n∑
i,j=1

(qiqj)
−1[

∑
σ′,τ ′∈S4

α′,β′

∑
σ,τ∈S4
α,β

Trα,βσ,τ (σ
µ, Oj, ρ)

Trσ,τ (ρ,O
i) Trα

′,β′

σ′,τ ′ (σ
µ, Oi, ρ) Trσ′,τ ′(ρ,O

i)]
1
4

(A.23)

A.2 Bars and Strips ensemble

The Bars and Stripes (BAS) [67] ensemble is one of the standard benchmarks used to study

the performance of unsupervised generative models. For a given (n,m), this data set, BAS(n,m),

can be constructed based on the two-dimensional grid with n rows and m columns where each

plaquette can be black (filled) or white (empty) with total number of possible configurations

of 2n·m. Each sample of BAS belongs to a specific subset of these states which the grids are

filled to make exclusively i filled columns (0 ≤ i ≤ m) or exclusively j rows (0 ≤ j ≤

n), i.e. bars and stripes, respectively. Therefore, the total number of possible BAS samples

is NBAS(n,m)

∑n
k=0

(
n
k

)
+
∑m

p=0

(
m
p

)
− 2 = 2n + 2m − 2. The ratio of total to valid BAS

patterns decreases exponentially as 2−min(n,m). To evaluate the performance of a quantum system

to generate BAS states, a qBAS score was introuced [62]. It is defined as qBAS = 2pr
p+r

,

where r is the recall number, i.e. the ability to generate all patters of BAS(n,m), and p is

the ability to retrieve states belongs to BAS(n,m). In order to observe the whole spectrum of

BAS(n,m) patterns, we need to handful of measurements from the circuit. Since each pattern

occurs with probability 1/NBAS(n,m), we need to do NM = NBAS(n,m)(1 + 1
2
+ · · · 1

NBAS(n,m)
) ≈
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2max(m,n)(max(m,n) + γ) measurements where γ is Euler-Macheroni constant.
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Appendix B:

B.1 Infinite width QNN

In the context of infinite-width quantum neural networks, the prior distribution takes the

form of a simple Gaussian distribution. Consequently, the posterior distribution can be represented

as follows:

p(fO, fP) =
1√

|2πK|n2
exp

(
−1

2

n∑
i,j=1

∑
µ1,µ2∈P∪O

Kij,µ1µ2fi,µ1fj,µ2

)
(B.1)

It is possible to divide the series in the exponent into four separate matrices. Starting with

Kij,µ1µ2 =

Kij,o1o2 Kij,o1p2

Kij,p1o2 Kij,p1p2

 =

E[fi,o1fj,o2 ] E[fi,o1fj,p2 ]

E[fi,p1fj,o2 ] E[fi,p1fj,p2 ],

 (B.2)

The inverse of Kµ1µ2 , for a specific ij index, is expressed as
∑

µ2
Kµ1µ2Kµ2µ3 = δµ1,µ3 .

This separation for the first-order correction is valid since Kij,αβ ∼ 1
d2
Tr(OiOj) Tr(ραρβ) :=

MijGαβ This expression can be broken down into four distinct sectors as follows:

Kµ1µ2 =

Kα1α2 +
∑

α3α4∈O,β3,β4∈PK
α1α3Kα3β3Kβ3β4Kβ4α4K

α4α2 −∑α3∈O,β3∈PK
α1α3Kα3β3Kβ3β2

−∑α3∈O,β3∈PK
β1β3Kβ3α3K

α3α2 Kβ1β2 ,


(B.3)
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where in the above notation, Kpp is defined as (Kpp − KpoK
−1
oo Kop)

−1, and the expression for

Kp1p2 is Kp1p2 −
∑

o3,o4∈OKp1o3K
o3o4Ko4p2 .

Now, We can rewrite the exponent in Eq.B.1 using the Kµ1µ2 matrix:

− 1

2

n∑
i,j=1

∑
µ1,µ2∈P∪O

Kij,µ1µ2fi,µ1fj,µ2 = −1

2

n∑
ij=1

∑
β1,β2∈P

Kij,β1β2fi,β1fj,β2 −
1

2

n∑
i,j=1

∑
α1,α2∈O

Kij,α1α2yi,α1yj,α2

− 1

2

n∑
i,j=1

∑
α1,∈O,β1∈P

Kij,α1β1fi,β1yj,α1 −
1

2

n∑
i,j=1

∑
α1,∈O,β1∈P

Kij,β1α1fj,β1yi,α1

= −1

2

n∑
i,j=1

∑
β1,β2∈P

Kij,β1β2 [fi,β1 −
∑

α3,α4∈O
Kij,β1α3K

ij,α3α4yj,α4 ][fi,β2 −
∑

α′
3,α

′
4∈O

Kij,β2α′
3
Kij,α′

3α
′
4yj,α′

4
]

− 1

2

n∑
ij=1

∑
α1,α2∈O

Kij,α1α2yi,α1yj,α2 −
1

2

n∑
i,j=1

∑
β1,β2∈O

Kij,β1β2(
∑

α3,α4∈O
Kij,β1α3K

ij,α3α4yi,α4)

× (
∑

α′
3,α

′
4∈O

Kij,β2α′
3
Kij,α′

3α
′
4yj,α′

4
).

(B.4)

By defining m∞
i,β =

∑
α1α2

Kij,βα1K
ij,α1α2yj,α2 , we can ultimately express the posterior

distribution Eq.B.1 as:

p(f) := p(fO, fP) =
1√

|2πK|n
exp

(
−1

2

n∑
ij=1

∑
α1,α2∈O

Kij,α1α2yi,α1yj,α2 −
1

2

n∑
ij=1

∑
β1,β2∈O

Kij,β1β2m∞
i,β1
m∞

j,β2

)

×−1

2

n∑
ij=1

∑
β1,β2∈P

Kij,β1β2 [fi,β1 −m∞
i,β1

][fj,β2 −m∞
j,β2

]

(B.5)

The aforementioned joint posterior distribution lets us ascertain our desired posterior distribution
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for unobserved data f ∈ O, as outlined in Eq.3.23:

p(f |fO) = C(2)(fO)× exp

[
−1

2

n∑
ij=1

∑
β1,β2∈P

Kij,β1β2 [fi,β1 −m∞
i,β1

][fj,β2 −m∞
j,β2

]

]
, (B.6)

where C(fO) is solely a function of the previously observed data, fO, and can be considered as a

constant.

Therefore, we can deduce that in the case of an infinitely deep scenario, the output of the

QNN follows a Gaussian process with the respective mean and variance:

p(f) ∼ GP(m,K),

[m]i,µ =
∑
λ,σ∈O

Kij,µλK
ij,λσyi,σ,

[K]ij,µν = Kij,µν −
∑

ij,λ,σ∈O
Kij,µλK

ij,λσKij,σν .

(B.7)
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or equivalently

[m]i,β =
∑

α1,α2∈O
Kij,βα1K

ij,α1α2yi,α2 =
∑

α1,α2∈O
E[fifj]β,α1E[fifj]−1

α1,α2
yi,α2

=
∑

α1,α2∈O
[
1

d2
Tr(OiOj) Tr(ρβρα1)][

1

d2
Tr(OiOj) Tr(ρ♯1ρ♯2)]

−1
α1α2

yi,α2 +O(
1

d2
)

[K]ij,β1β2 = Kij,β1β2 −
∑

α1,α2∈O
Kij,β1β2K

ij,β2α2Kij,α2β2

= E[fifj]β1β2 −
∑

α1,α2∈O
E[fifj]β1β2E[fifj]−1

β2α2
E[fifj]α2β2

=
Tr(OiOj)

d2
[Tr(ρβ1ρβ2)−

∑
α1,α2∈O

Tr(ρβ1ρβ2) Tr(ρ♯1ρ♯2)]
−1
β2α2

Tr(ρα2ρβ2)] +O(
1

d4
)

:=
Tr(OiOj)

d2
[KQ

β1β2
−

∑
α1,α2∈O

KQ
β1β2

(KQ)−1
β12α2

KQ
α2β2

] +O(
1

d4
)

(B.8)

B.2 Beyond Gaussian Distribution and 1
d Expansion

Here, we utilize the notation as prescribed by [93] and reproduce the calculation performed

in that textbook for our quantum scenario, where the k-point functions may not exhibit perfect

symmetry.

This is due to the fact that despite the orthonormal random matrix which can be written as

sum over pairings, this theorem doesn’t hold to the random unitary in general

This comes from the observation that

E[f1 · · · fk] = E[Tr
(
U1ρ1U

†O1

)
· · ·Tr

(
UkρkU

†Ok

)
] (B.9)
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By assuming the parity symmetry of the output , f , with respect to zero, we can describe

the output distribution by series of the even moments(correlation function) denominated as p(f).

These moments are defined as:

E[f1f2 · · · fk] =
∫
dfkp(f)f1f2 · · · fk (B.10)

which is zero for while isk is an odd number. Based on these k−point correlators, the distributions

can be defined as follows:

p(f) =
e−S(f)

Z (B.11)

such that the action, S(·) is given by:

S(f) =
1

2

n∑
µ,ν=1

Kµνfµfν +
Λ∑

m=2

1

(2m)!

∑
µ1,···µ2m=1

Cµ1···µ2mfµ1 · · · fµ2m , (B.12)

Here, Cµ1···µ2m is the m-th order couplings, and Λ is the practical limit for cutting the series and

limiting it to some Λ-th order. The partition function, Z in the denominator in Eq.B.11is defined

as:

Z =

∫
dnfe−S(f) (B.13)

.

An action with a small fourth-order interaction can provide the first leading order of deviation

from Gaussian distribution. This nearly Gaussian action can be defined as follows:

SNG :=
1

2

n∑
µ,ν=1

Kµνfµfν −
λ

4!

n∑
ν1ν2ν3ν4=1

V ν1ν2ν3ν4fν1fν2fν3fν4 +O(λ2). (B.14)
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We can take this one step further and construct actions beyond nearly Gaussian, and so

forth:

SNNG :=
1

2

n∑
µ,ν=1

Kµνfµfν −
λ

4!

n∑
ν1ν2ν3ν4=1

V ν1ν2ν3ν4fν1fν2fν3fν4

+
λ2

4!

n∑
ν1ν2ν3ν4,ν5,ν6=1

Uν1ν2ν3ν4ν5ν6fν1fν2fν3fν4fν5fν6 +O(λ3)

(B.15)

The partition function of the nearly Gaussian action can be calculated by:

ZNG =

∫ ∏
µ

dfµe
−S(f) =

√
|2πK|EK [e

− λ
4!

∑n
ν1ν2ν3ν4=1 V

ν1ν2ν3ν4fν1fν2fν3fν4 ]

=
√

|2πK|EK [1−
λ

4!

n∑
ν1ν2ν3ν4=1

V ν1ν2ν3ν4fν1fν2fν3fν4 +O(λ2)]

=
√

|2πK|[1− 3λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4Kν1ν2Kν3ν4 +O(λ2)]

(B.16)

In the third line, we used the Wicks theorem which holds for Gaussian distribution:

EK [f1 · · · f2k] =
∑

all pairs

EK [fi1fj1 ] · · ·EK [fikfjk ] (B.17)

the second term in the nearly-Gaussian action can be re-written in terms of ∆:
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S2 =
1

4!
[

∑
j1j2j3j4

µ1µ2µ3µ4O∪P

V j1j2j3j4,µ1µ2µ3µ4fj1,µ1fj2,µ2fj3,µ3fj4,µ4 ]

=
1

4!
[
∑

j1j2j3j4
µ1µ2µ3µ4O

V j1j2j3j4,µ1µ2µ3µ4yj1,µ1yj2,µ2yj3,µ3yj4,µ4 ]

+
∑

j1j2j3j4

∑
β1β2β3β4∈P

V j1j2j3j4,β1β2β3β4fj1,β1fj2,β2fj3,β3fj4,β4

+ 4
∑
j1,j2

β1β2∈P

fj1,β1fj2,β2

∑
j3j4

α3α4∈O

V j1j2j3j4,β1β2α3α4yj3,α3yj4,α4

4
∑
j1j2j3

β1β2β3∈P

fj1,β1fj2,β2fj3,β3

∑
j4,α∈O

V j1j2j3j4,β1β2β3αyj4,α

4
∑

j1,β∈P
fj1,β

∑
j2j3j4

α2α3α4∈O

V j1j2j3j4,βα2α3α4yj2,α2yj3,α3yj4,α4

(B.18)

Now, with the explicit relations for S1 and S2, we can derive the correlation functions in

terms of K, V , and the y variables. similar to the classical one, by adhering to the notation and

methodology in [93], we can write the first-order correlation function, the mean, as:

E[fi,β] =
∫
dfp(f |y)fi,β =

∫
df
e−S1

Z
[e−S2fi,β] =

∫
df
e−S1

Z ′ [e−S2(f−m∞)((fi,β −m∞
i,β) +m∞

i,β)]

= m∞
i,β + ES1 [(fi,β −m∞

i,β)e
S2(f−m∞)]

= m∞
i,β +

1

3!

∑
j1,β∈P

Kij1,ββ1 [
∑
j2j3j4

α2α3α4∈O

V j1j2j3j4,βα2α3α4yj2,α2yj3,α3yj4,α4 ]

1

3!

∑
j1j2j3

β1β2β3∈P

[Kij1,ββ1Kj2j3,β2β3 +Kij2,ββ2Kj1j3,β1β3 +Kij3,ββ3Kj1j2,β1β2 ]
∑

j4,α∈O
V j1j2j3j4,β1β2β3αyj4,α

(B.19)

145



we can evaluate the second moment using the following equation:

E[fµ1fµ2 ] =
1

Z

∫ ∏
µ

dfµe
−S(f)fµ1fµ2 =

√
|2πK|
Z EK [fµ1fµ2e

− λ
4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4fν1fν2fν3fν4 ]

=
1

Z [EK [fµ1fµ2 ]−
λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4EK [fµ1fµ2fν1fν2fν3fν4 ] +O(λ2)]

= Kµ1µ2 −
λ

2

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4Kµ1ν1Kµ2ν2Kν3ν4 +O(λ2),

(B.20)

and we obtain a similar outcome for the connected two-point correlator because:

E[fµ1fµ2 ]|connected = E[fµ1fµ2 ]− E[fµ1 ]E[fµ2 ] = E[fµ1fµ2 ]. (B.21)

Now, by incorporating the measurement indices, we get:

E[fi1,µ1fi2,µ2 ]|conn. = Ki1i2,µ1µ2−
λ

2

∑
j1j2j3j4=1
ν1ν2ν3ν4

V j1j2j3j4,ν1ν2ν3ν4Ki1j1,µ1ν1Ki2j2,µ2ν2Kj3j4,ν3ν4+O(λ2)

(B.22)
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Our subsequent action entails computing the fourth moment:

E[fµ1fµ2fµ3fµ4 ] =

∫ ∏
µ

dfµe
−S(f)fµ1fµ2fµ3fµ4

=

√
|2πK|
Z [⟨fµ1fµ2fµ3fµ4⟩K − λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4⟨fµ1fµ2fν1fν2fν3fν4⟩K +O(λ2)]

=

√
|2πK|
Z [

( ∑
all 3 pairing

Kµℓ1
µℓ2
Kµℓ3

µℓ4
)− λ

4!

∑
all 15 pairing

Kµℓ1
µℓ2

· · ·Kµℓ5
µℓ6

+O(λ2)]

= [1− 3λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4Kν1ν2Kν3ν4 +O(λ2)]× [
( ∑

all 3 pairing

Kµℓ1
µℓ2
Kµℓ3

µℓ4
)

− λ

4!

∑
all 15 pairing

Kµℓ1
µℓ2

· · ·Kµℓ5
µℓ6

+O(λ2)]

= Kµ1µ2Kµ3µ4

− λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4 [12Kµ1ν1Kµ2ν2Kµ3µ4Kν3ν4 + 12Kµ3ν1Kµ4µ2Kµ1µ2Kν3ν4 ]

+Kµ1µ3Kµ2µ4

− λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4 [12Kµ1ν1Kµ3ν3Kµ2µ4Kν3ν4 + 12Kµ2ν1Kµ4µ3Kµ1µ3Kν3ν4 ]

+Kµ1µ4Kµ2µ3

− λ

4!

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4 [12Kµ1ν1Kµ4ν3Kµ2µ3Kν3ν4 + 12Kµ2ν1Kµ3µ4Kµ1µ4Kν3ν4 ]

− λ
∑

ν1ν2ν3ν4

V ν1ν2ν3ν4Kµ1ν1Kµ2ν2Kµ3ν3Kµ4ν4 +O(λ2)

= E[fµ1fµ2 ]E[fµ3fµ4 ] + E[fµ1fµ3 ]E[fµ2fµ4 ] + E[fµ1fµ4 ]E[fµ2fµ3 ]

− λ
∑

ν1ν2ν3ν4

V ν1ν2ν3ν4Kµ1ν1Kµ2ν2Kµ3ν3Kµ4ν4 +O(λ2),

(B.23)

Then, after incorporating the measurement indices, we obtain:
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E[fi1,µ1fi2,µ2fi3,µ3fi4,µ4 ]|connected = (B.24)

− λ
∑

j1j2j3j4=1
ν1ν2ν3ν4

V j1j2j3j4,ν1ν2ν3ν4Ki1j1,µ1ν1Ki2j2,µ2ν2Kj3j4,µ3ν3Kµ4ν4 +O(λ2) (B.25)

With the relation in Eq.B.20 and Eq.B.24 we can Find explicit form of K and V :

Qi1i2
µ1µ2

= Ki1i2
µ1µ2

− λ

2

∑
j1j2j3j4

∑
ν1ν2ν3ν4

V ν1ν2ν3ν4
j1j2j3j4

Kj1i1
µ1ν1

Kj2i2
µ2ν1

Kj3i3
ν3ν4

+O(λ2) (B.26)

and

Vµ1µ2µ3µ4 = −λ
∑

ν1ν2ν3ν4

V ν1ν2ν3ν4Kµ1ν1Kµ2ν2Kµ3ν3Kµ4ν4 +O(λ2) (B.27)

Vi1i2i3i4,µ1µ2µ3µ4 = −λ
∑

j1j2j3j4

∑
ν1ν2ν3ν4

V j1j2j3j4,ν1ν2ν3ν4Ki1j1,µ1ν1Ki2j2,µ2ν2Ki3j3,µ3ν3Ki4j4,µ4ν4+O(λ2)

(B.28)

B.3 Haar average

In this section, we will demonstrate how to compute the two-point correlation functions as

a quantum kernel.

Q := Ep∼Haar(U(θ))[fi1,α1(U(θ))fi2,α2(U(θ))] (B.29)
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and four point correlation function as quantum kernel Quantum meta Kernel

V := Ep∼Haar(U(θ))[fi1,α1(U(θ))fi2,α2(U(θ))fi3,α3(U(θ))fi4,α4(U(θ))] (B.30)

and how get express them as series of Hilbert space’s dimension, d:

Qi1i2,µ1µ2 = E[fi1,µ1fi2,µ2 ] =
Q

[2]
i1i2,µ1µ2

d2
+
Q

[3]
i1i2,µ1µ2

d3
+ · · · := Q̂i1i2,µ1µ2 +Qi1i2,µ1µ2 +O(

1

d4
)

(B.31)

and Similarly

Vi1i2i3i4,µ1µ2µ3µ4 = E[fi1,µ1fi2,µ2fi3,µ3fi4,µ4 ] =
V

[4]
♯

d4
+
V

[5]
♯

d5
+ · · · := V̂♯ + V♯ +O(

1

d6
) (B.32)

B.3.1 Two point correlation

In order to calculate the two-point correlation, for t−design circuit, as discusse the main

text, it is necessary to perform Haar averaging over terms such as Tr(·) Tr(·). To transform this

form into the identity described in Equation 3.7, we can define projection operators Pr1r2 in the

following manner:
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Tr
(
ρ1UO1U

†)Tr(ρ2UO2U
†) =∑

i1

∑
i2

⟨i1|ρ1UO1U
†|i1⟩⟨i2|ρ2UO2U

†|i2⟩

=
∑
i1,i2

Tr
(
P21ρ1UO1U

†P12ρ2UO2U
†)

:=
∑
i1,i2

Tr
(
ρ̃1UO1U

†ρ̃2UO2U
†),

(B.33)

where we have defined P12 := |i1⟩⟨i2|, P21 := |i2⟩⟨i1| and Pρ := ρ̃. Then according to Eq.3.7

E[Tr
(
ρ̃1UO1U

†ρ̃2UO2U
†)] = 1

d2 − 1
[Tr(O1) Tr(O2) Tr(ρ̃1ρ̃2) + Tr(O1O2) Tr(ρ̃1) Tr(ρ̃2)]

− 1

d3 − d
[Tr(O1O2) Tr(ρ̃1ρ̃2) + Tr(O1) Tr(O2) Tr(ρ̃1) Tr(ρ̃2))]

(B.34)

Now, based on the given definition, we can rephrase ρ̃ as ρ as a following:

Tr(ρ̃1ρ̃2) = Tr(P21ρ1P12ρ2) = ⟨i1|ρ1|i1⟩⟨i2|ρ2|i2⟩ →
∑
i1,i2

Tr(ρ̃1ρ̃2) = Tr(ρ1) Tr(ρ2). (B.35)

Similarly, we can apply the same rephrasing to other term:

Tr(ρ̃1) Tr(ρ̃2) = Tr(P21ρ1) Tr(P12ρ2) = ⟨i1|ρ1|i2⟩⟨i2|ρ2|i1⟩ →
∑
i1i2

Tr(ρ̃1) Tr(ρ̃2) = Tr(ρ1ρ2)

(B.36)

Therefore, Equation B.34 can be expressed using the actual density matrix as follows:
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E[Tr
(
ρ1UO1U

†)Tr(ρ2UO2U
†)] =∑

i1,i2

E[Tr
(
ρ̃1UO1U

†ρ̃2UO2U
†)]

=
1

d2 − 1
[Tr(O1) Tr(O2) Tr(ρ1) Tr(ρ2) + Tr(O1O2) Tr(ρ1ρ2)]

− 1

d3 − d
[Tr(O1O2) Tr(ρ1) Tr(ρ2) + Tr(O1) Tr(O2) Tr(ρ1ρ2))].

(B.37)

To calculate the connected form of the two-point correlator, we can utilize the fact that the

expectation value of odd correlations is zero. Similar to the previous identity, we obtain the

following expression:

E[fi1,α1fi2,α2 ]|connected = E[fi1,α1fi2,α2 ]− E[fi1,α1 ]E[fi2,α2 ]

=
Tr (Oi2Oi1)

d− d3
+

Tr (Oi2Oi1)Tr (ρα1ρα2)

d2 − 1
+

Tr (Oi1)Tr (Oi2)

d2 − 1

+
Tr (Oi1)Tr (Oi2)Tr (ρα1)Tr (ρα2)

d2
.

(B.38)

At large d, the two point correlator exhibits the following behavior:

E[fi1,α1fi2,α2 ]|connected =
1

d2
[Tr(ρα1ρα2) Tr(Oi1Oi2)] +O(

1

d3
) (B.39)

151



B.3.2 Four-point correlator

We can employ the same method discussed in Section B.3.1 to derive closed-form expressions

for the four-point correlation function. We begin by considering the four-point interaction term:

Tr
(
ρ1UO1U

†)Tr(ρ2UO2U
†)Tr(ρ3UO3U

†)Tr(ρ4UO4U
†)

=
∑

i1,i2,i3,i4

Tr
(
P41ρ1UO1U

†P12ρ2UO2U
†P23ρ3UO3U

†P34ρ3UO4U
†)

=
∑

i1,i2,i3,i4

Tr
(
ρ̃1UO1U

†ρ̃2UO2U
†ρ̃3UO3U

†ρ̃4UO4U
†).

(B.40)

such that the projection operators map the density matrix to

ρ̃1 = P41ρ1 = |i4⟩⟨i1|ρ1 ρ̃2 (B.41)

= P12ρ2 = |i1⟩⟨i2|ρ2, , ρ̃3 = P23ρ3 = |i2⟩⟨i3|ρ3 , ρ̃4 (B.42)

= P34ρ4 = |i3⟩⟨i4|ρ4. (B.43)

By this definition, we can observe that, for example, Tr(ρ̃1ρ̃2ρ̃3ρ̃4) = Tr(ρ1) Tr(ρ2) Tr(ρ3) Tr(ρ4) =

1. Similarly, Tr(ρ̃1ρ̃4ρ̃3ρ̃2) = Tr(ρ1ρ3) Tr(ρ2ρ4), and so on. Now by employing Eq.3.7 we get

the bare four point correlator as follows with the help of [89] package:
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∫
N (d)

Tr
(
U †OUXU †OUY U †OUZU †OUW

)
dµ(U) =

d4 − 8d2 + 6

d2(d6 − 14d4 + 49d2 − 36)
× [

Tr (O1)Tr (O2)Tr (O3)Tr (O4)Tr(XY ZW ) + Tr (O2O1)Tr (O3)Tr (O4)Tr(Y )Tr(XZW )

Tr (O3O2)Tr (O1)Tr (O4)Tr(Z)Tr(XYW ) + Tr (O3O1)Tr (O2)Tr (O4)Tr(XW )Tr(ZY )

Tr (O2O3O1)Tr (O4)Tr(Y )Tr(Z)Tr(XW ) + Tr (O3O2O1)Tr (O4)Tr(XZYW )

Tr (O4O2)Tr (O1)Tr (O3)Tr(WZ)Tr(XY ) + Tr (O4O1)Tr (O2)Tr (O3)Tr(X)Tr(ZWY )

Tr (O2O4O1)Tr (O3)Tr(X)Tr(Y )Tr(WZ) + Tr (O4O2O1)Tr (O3)Tr(XZWY )

Tr (O4O3O1)Tr (O2)Tr(XWY Z) + Tr (O4O3)Tr (O1)Tr (O2)Tr(W )Tr(XY Z)

Tr (O4O3O2)Tr (O1)Tr(XYWZ) + Tr (O3O4O1)Tr (O2)Tr(W )Tr(X)Tr(ZY )

Tr (O4O3O2O1)Tr(WY )Tr(XZ) + Tr (O3O4O2)Tr (O1)Tr(W )Tr(Z)Tr(XY )

Tr (O3O4O2O1)Tr(W )Tr(XZY ) + Tr (O4O2O3O1)Tr(Z)Tr(XWY )

Tr (O2O4O3O1)Tr(Y )Tr(XWZ) + Tr (O3O2O4O1)Tr(X)Tr(WZY )

Tr (O3O1)Tr (O4O2)Tr(XWZY ) + Tr (O2O3O4O1)Tr(W )Tr(X)Tr(Y )Tr(Z)

Tr (O3O2)Tr (O4O1)Tr(X)Tr(Z)Tr(WY ) + Tr (O2O1)Tr (O4O3)Tr(W )Tr(Y )Tr(XZ)]

+
1

d5 − 10d3 + 9d
× [· · · 49 terms · · · ]

+
3 (2d2 − 3)

d2 (d6 − 14d4 + 49d2 − 36)
× [· · · 52 terms · · · ]

+
1

d7 − 14d5 + 49d3 − 36d
× [· · · 53 terms · · · ].

(B.44)
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Then, according to the Wick theorem:

E[f1f2f3f4]|connected = E[f1f2f3f4]−E[f1f2]E[f3f4]−E[f1f3]E[f2f4]−E[f1f4]E[f2f3] (B.45)

Hence, the connected four-point correlator can be expressed as:

E[Tr
(
ρα1UOiU

†)Tr(ρα2UOjU
†)Tr(ρα3UOkU

†)Tr(ρα4UOℓU
†)]|connected

= E[Tr
(
ρα1UOiU

†)Tr(ρα2UOjU
†)Tr(ρα3UOkU

†)Tr(ρα4UOℓU
†)]

− E[Tr
(
ρα1UOiU

†)Tr(ρα2UOjU
†)]E[Tr(ρα3UOkU

†)Tr(ρα4UOℓU
†)]

− E[Tr
(
ρα1UOiU

†)Tr(ρα3UOkU
†)]E[Tr(ρα2UOjU

†)Tr(ρα4UOℓU
†)]

− E[Tr
(
ρα1UOiU

†)Tr(ρα4UOℓU
†)]E[Tr(ρα2UOjU

†)Tr(ρα3UOkU
†)].

(B.46)

This leads to a closed-form relation for the connected four-point correlator:

E[fi1,α1fi2,α2fi3,α3fi4,α4 ]|connected =
d4 − 8d2 + 6

d2(d6 − 14d4 + 49d2 − 36)
× [

Tr (ρα1ρα2ρα3ρα4)× [Tr (Oi1Oi2Oi3Oi4) + Tr (Oi1Oi2Oi4Oi3)

Tr (Oi1Oi3Oi2Oi4) + Tr (Oi1Oi3Oi4Oi2) + Tr (Oi1Oi4Oi2Oi3) + Tr (Oi1Oi4Oi3Oi2))]

Tr (ρα1ρα2ρα3) (Tr [Oi2Oi3Oi1 ] + Tr (Oi3Oi2Oi1))Tr (Oi4)

Tr (ρα1ρα2ρα4) (Tr (Oi2Oi4Oi1) + Tr (Oi4Oi2Oi1))Tr (Oi3)

Tr (ρα1ρα3ρα4) (Tr (Oi3Oi4Oi1) + Tr (Oi4Oi3Oi1))Tr (Oi2)

Tr (ρα2ρα3ρα4)Tr (Oi1) (Tr (Oi3Oi4Oi2) + Tr (Oi4Oi3Oi2)− 2Tr (Oi2)Tr (Oi3)Tr (Oi4))]

+O(
1

d5
)

(B.47)
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Appendix C:

C.1 Continuum Limit and Effect of Boson-Fermion Interactions

The connection between lattice Hamiltonians to relativistic quantum field theories is established

in a standard way by resorting to the low-energy limit of the former. In this appendix, we examine

the low-energy limit of the Hamiltonian in Eq. (6.8), first on the square lattice and then on the

honeycomb lattice. The connection to Dirac fermions of the continuum theory is made clear in

the latter case. The case of the (1+1)D lattice is analyzed in detail in prior work, including in

Ref. [175].

C.1.1 Square lattice: Fermi surface coupled to nuclear spins

First, we consider the free (kinetic) part of Eq. (6.8) on a square lattice, which represents a

tight-binding fermion model,

Hk =−
∑
⟨i,j⟩

t
(
c†icj + h.c.

)
− µ

∑
i

ni. (C.1)
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We assume the electron chemical potential is uniform throughout the lattice and further restrict it

to µ = 0, i.e., the half-filling limit. Let us define the momentum-space fermionic operator,

ck =
1√
N

∑
i

e−ik·rici, (C.2)

where N is the number of lattice sites, ri is the position vector associated with site i, and k is the

momentum. In this basis,

Hk = −2t
∑
k

[
cos(kxa) + cos(kya)

]
c†kck. (C.3)

The ground state of Hfree is depicted in Fig. C.1. All states within the diamond-shaped Fermi

surface (shaded grey) are occupied.

Now consider the interaction of electrons with the nuclear spins in Eq. (6.8), which in

momentum space reads: −g∑q,k c
†
k+qckI

z
q . Notice in Fig. C.1 that the Fermi surface has a

nesting vector of Q = (π/a, π/a): for any point k that lies on the Fermi surface, k + Q also

lies on the Fermi surface. Thus, any bosonic mode of momentum Q that couples to the fermions,

scatters an electron on the Fermi surface to a different point also on the Fermi surface, leaving

its energy unchanged. Since we are interested in low-energy excitations of fermions around the

Fermi surface, it is useful to focus on the bosonic modes centered around q = 0 and q = Q. For

us, the bosons in question are the nuclear spins. Then, q = 0 corresponds to uniform spin order

and q = Q = (π/a, π/a) corresponds to Néel order. This provides further motivation for our

choice of decomposition of the nuclear spins into the Néel and uniform components in Eq. (6.10).
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Figure C.1: Tight-binding model at half-filling on a square lattice. The Brillouin zone
(square) and the Fermi surface of the square-lattice tight-binding model at half-filling (grey
diamond) are depicted. The nesting vector Q = (π/a, π/a) is also shown, see the text for details.

Let us assume a2dℓ2 ≪ 1 and decompose the unit Néel vector ϕ as

ϕ(x, y) = ϕ0ẑ + δϕ(x, y), (C.4)

where ϕ0ẑ ≡ ⟨ϕ⟩ is constant over each lattice site, and δϕ ≡ ϕ − ⟨ϕ⟩ is the fluctuating part of
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the Néel field. Here, ẑ is a unit vector in the internal (nuclear-spin) z-direction. So,

I(x, y) = S
[
(−1)

x
a
+ y

a (ϕ0ẑ + δϕ(x, y)) + a2ℓ(x, y)
]
. (C.5)

With this ansatz, consider the interaction between the fermions and nuclear spins. We see that

when the average Néel field ϕ0 is nonzero, there is a term that couples every fermion at the Fermi

surface to a different Fermion Q away in momentum space (Fig. C.1). As a consequence, the

degeneracy between two points on the Fermi surface that are separated by Q is split. Hence,

a gap opens up along the Fermi surface, which means at half-filling, the occupied free-fermion

state is gapped. This also results in the halving of the Brillouin zone down to the shaded region

in Fig. C.1. When ϕ0 ̸= 0, the new unit cell has a two-site A-B basis shown in Fig. C.2. Another

symmetry that is broken is the reflection symmetry around lines parallel to the x or y axes that

pass through points R+ (a
2
, a
2
) for a site R belonging to the original square lattice.

Let us now define

ck,A =

√
2

N

∑
i∈A

cie
−ik·ri , (C.6)

ck,B =

√
2

N

∑
i∈B

cie
−ik·ri , (C.7)

Ψk ≡
(
ck,A ck,B

)T

, (C.8)

and further do a change of variables from (kx, ky) to (k+, k−) where k± = 1√
2
(kx± ky). The new
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Figure C.2: Square lattice and Néel order. Schematic of the putative lattice structure in the
lattice fermionic-bosonic model when ϕ0 ̸= 0, i.e., when there is a nonzero Néel order. The
two-site unit cell is marked. The sites labeled red (A sites) have nuclear spins pointing up (in the
σz basis) and those labeled blue (B sites) have nuclear spins pointing down.
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Brillouin zone, i.e., the shaded region in Fig. C.1, is given by

− π√
2a

< k± ≤ π√
2a
. (C.9)

In this notation, the fermionic Hamiltonian Hf obtained by retaining only the terms involving the

fermions in Eq. (6.8) is given by

Hf =
∑
k∈BZ

Ψ†
k

{
−4t cos

(
k+a√
2

)
cos

(
k−a√
2

)
τx

− gSϕ0τ
z

}
Ψk

− gS
∑
k,q

Ψ†
k+q

[
δϕz

q τ
z + ℓzq

]
Ψk.

(C.10)

Here, BZ denotes the reduced Brillouin zone defined in Eq. (C.9) and τ i denote Pauli matrices in

the A-B-site indices. The spectrum of the part of Hf without the fluctuation terms of the last line

is thus given by

εf (k)

= ±
{
(gSϕ0)

2 + 16t2 cos2
(
k+a√
2

)
cos2

(
k−a√
2

)}1/2

.

(C.11)

We see that the higher-energy band has minimum energy along the boundary of the shaded

Brillouin zone in Fig. C.1, i.e. along k+ = ± π√
2a

, and separately along k− = ± π√
2a

. Here,

the minimum energy fermionic excitations occur along an entire locus of points in momentum

space, as opposed to a single momentum, say k = 0. Hence, this theory does not map to a

(discretized) Dirac theory. Nonetheless, it exhibits the dynamical mass generation explored in
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Figure C.3: Tight-binding model at half-filling on a honeycomb lattice. a) The interactions
in a honeycomb lattice can be described as the interaction of each sublattice point, A and B, with
its three nearest neighbors, characterized by strength t. Basis vectors a1,2 are also shown. b)
The Brillouin zone and the nodes, K and K ′, as discussed in the main text, along with the basic
vectors on the reciprocal lattice.

this work.

C.1.2 Honeycomb lattice: Dirac Fermions coupled to nuclear spins

Let us revisit the interactions between fermions and nuclear spins on the honeycomb lattice,

which readily reveal a Dirac-fermion property. To see how, we briefly review the tight-binding

model of fermions on a honeycomb lattice. For this lattice array, one may choose basis vectors

a1 =
a
2
(3,

√
3) and a2 =

a
2
(3,−

√
3), and the basis vector in the reciprocal lattice b1 = 2π

3a
(1,

√
3), b2 =

2π
3a
(1,−

√
3) such that bj · ai = 2πδi,j . Depending on the site, a fermion may hop forward along

the x axis, or hop along the a1 and a2 vectors. Therefore, it is useful to define two sublattices A
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and B, as shown in Fig. C.3, each containing one type of the sites. Now upon defining ck,A, ck,B,

and Ψk as in Eqs. (C.6)-(C.8), the fermion kinetic Hamiltonian can be written as:

Hk =
∑
k

Ψ†
kh(k)Ψk (C.12)

with

h(k) =− t eikxa× 0 e−ik·a1 + e−ik·a2 + 1

eik·a1 + eik·a2 + 1 0

 . (C.13)

Let us now expand this Hamiltonian around the points of the Brillouin zone, K = 2π
3a
(1, 1√

3
)

and K ′ = 2π
3a
(1,− 1√

3
) (which is equivalent to −K up to a reciprocal lattice vector). For values

k = ±K + κ with small |κ|, this leads to

h(±K + κ) = −vF (κxσy ∓ κyσx)

= −vF (∓κxiγ2 ± κyiγ
1), (C.14)

at linear order in κ and upon a rescaling of the fermion fields with a phase. Here, we have

defined the γ matrices as γ0 = σz, γ1 = iσx, and γ2 = ±iσy. Now note that γ0h(±K + κ)γ0 =

−vf (κxγ0γ1 + κyγ
0γ2). For this reason, we can define Ψ as done in Eq. (6.9), which is the

transformed version of the original Ψk, i.e., Ψk → γ0Ψk. Comparing this behavior with that of

Dirac fermions, i.e., the kinetic term in the Hamiltonian in Eq. (6.1), we observe that the behavior

of electrons in the honeycomb lattice near the nodes identified can be approximated by massless
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Dirac fermions in (2+1)D with an effective speed of light c = vF = 3ta
2

. Note that in odd

spacetime dimensions, there are two irreducible representations for the Clifford algebra which

are not related by a similarity transformation [233], hence the two sets of γ matrices introduced

above. Alternatively, one may work with one set of γ matrices and still recover the Dirac equation

of motion by expanding around both Dirac points ±K. This requires different redefinitions of

Ψk at each Dirac point, which can be obtained straightforwardly.

Finally, upon coupling these fermions to bosons, and considering a phase with a nonzero

ϕ0 (Néel order in the rotor picture), the reflection symmetry along e.g., lines parallel to the y

direction passing through hexagon centers gets broken, corresponding to spontaneous breaking

of the Ψ(x, y) → γ1Ψ(−x, y) symmetry in the original Dirac Hamiltonian, hence a fermion mass

gets generated dynamically.

C.2 Supplementary Plots

A number of supplemental results were left out from the main text and will be presented here,

along with accompanying discussions. These include the effect of the chemical potential on the

phase diagram (of a square array), a discussion of correlations in both the trivial and nontrivial

phases, and the charge-occupation profile for a one-dimensional array.

C.2.1 Effect of chemical potential

To examine the influence of the chemical potential on the system’s phase, we showcase the

phase diagram for three different chemical potentials in Fig. C.4. The chemical potential can be

adjusted to regulate the electron transport from the Fermi sea (i.e., the surrounding probes) to the
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Figure C.4: Effect of chemical potential on the phase diagram. This figure displays the phase
diagram of a (2+1)D system with size of N = 10 × 10 at half filling. nz denotes the order
parameter defined in Eq. (6.11). The diagram is rendered for three different chemical potentials,
µ, each normalized with the tunneling coupling t = 7.5 meV. The inverse temperature for all
subplots is uniformly fixed at β = 100 and hxS/t = 0.01.

dopant array. Thus, to achieve a half-filling state, it is feasible to adjust the appropriate exterior

chemical potential. This is particularly important in the finite-temperature scenario, where our

control is limited to the expected value of the total number of electrons on the array.

C.2.2 Trivial phase

In the main text, our focus was on the nontrivial phase in which both the dynamical

mass and Néel order are evident. For a comprehensive understanding, we briefly discuss the

contrasting phase named ‘trivial’. In the (1+1)D context, this phase corresponds to the Luttinger-

Liquid (LL) phase. When plotting the correlation function, ⟨c†ici+d⟩, against d (the separation

between two sites), an oscillatory pattern emerges. As illustrated in Fig. C.5, this contrasts

with an exponential trend and is consistent with the characteristic charge-density wave (CDW)

observed in (1+1)D systems. The precise form of the correlation depends on the specific model

and boundary conditions. For finite-temperature scenarios, this correlation can be approximated

as: ⟨c†ici+d⟩ ∼ ρ0 + A cos(Bd)/d1+δ + · · · where ρ0, A, B, and δ are functions of the model’s
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parameters, such as temperature and Fermi momentum [234]. In the (2+1)D context, the theory of

Luttinger Liquid cannot be extended straightforwardly. However, an oscillatory pattern remains

evident, as shown in Fig. C.5(b) and (d).

(Thermal) correlation functions, as well as total fermion occupations, are also plotted for

the two-dimensional array for the nontrivial phase in Fig. C.6. As explained in Sec. 6.5.1, these

results indicate that the pairing mechanism due to only Coulomb potential is unlikely to explain

the nontrivial phase observed in this model. However, due to the limitations of the HF method,

it cannot address other contributions to pairing, such as those caused by a combination of the

Coulomb potential and electron-spin interactions. We leave these aspects to future studies.

C.2.3 Charge-occupation profile in (1+1)D

In alignment with Fig. 6.10 and the discussion in the experimental section 6.6, we exhibit

the outcomes of the simulations for the charge-occupation profile of the (1+1)D system with

N = 43 at a finite temperature in Fig. C.7. As shown, while the nontrivial phase exhibits a wide

range of stable charge occupations across the phase diagram, the trivial phase is more layered,

exhibiting different charges as the macroscopic parameters are changed. This feature can be used

to probe the two phases in the one-dimensional array.

C.3 Finite-Temperature Hartee-Fock-Bogoluivov Method

The Hartree-Fock method [235] constricts the wave function |ψ⟩ to a specific form known as a

Slater determinant, which aims to find the minimum energy that best approximates the system,

thus finding a state as close as possible to the ground state. The Hartree-Fock-Bogoliubov (HFB)
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Figure C.5: Correlation function and fermion behavior in the trivial phase. a) and b) The
single-particle density matrix of the fermions in their trivial phase illustrates behavior akin to a
Luttinger Liquid in (1+1)D. c) The correlation function ⟨c†ici+d⟩ is plotted as a function of d for a
fixed position i = N/2. The correlation function has been tested against two analytical functions
suggested by theoretical predictions, see Sec. C.2.2 for more details. One behavior is exponential
decay characterized by the parameter γ, while the other is oscillatory decay characterized by the
parameters ρ0, A, B, and δ. These parameters are obtained by minimizing the distance (mean
square error) between the data and the analytical function. d) Analogous calculation for the
(2+1)D scenario with size N = 10 × 10. The lattice indices in the (2+1)D case are defined by
row-major order.
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Figure C.6: Correlation functions for a 10 × 10 array at two inverse temperatures β.
We show the total occupation number

∑
i⟨c†ici⟩β (right axis) and the average pairing matrix

K̃
∑

i,j KijK
∗
ij/N

2 with Kij = ⟨cjci⟩β . Here, the lattice constant is a = 4.7 nm, the tunneling
coupling is t = 7.5meV, the Coulomb potential strength is V0S/(td) = 3.6, and the transverse
component of the external magnetic field is set to hxS/t = 0.01. As we can observe, K̃ is
almost zero for the entire range of chemical potential, suggesting that ⟨cicj⟩ is zero using the
Hartree-Fock method.
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method [213] serves as a more generalized single-particle theory that builds upon the Hartree-

Fock method. In this method, one considers the actual Hamiltonian, H , defined in terms of

fermionic operators c†i , ci, and approximates this using quasi-particle operators a†i , ai, yielding an

approximate Hamiltonian H̃ =
∑N

i=1 Ẽia
†
iai with the approximate ground state |Φ⟩. In order to

effectively apply the HFB method, one needs to expand the energy expectation value ⟨Φ|H|Φ⟩
⟨Φ|Φ⟩ up

to the second order in terms of the largest energy scale in the Hamiltonian. In the Fermi-Hubbard

model, this is normally the hopping terms, associated with the coupling t.

The HFB method at finite temperature can be established by minimizing the grand canonical

ensemble’s free energy

Ω = E − TS − µn. (C.15)

with S standing for the van-Neumann entropy and n standing for electron occupation. We start

with the transition from the fermionic operator basis, represented as {c}, to the quasi-particle

basis, denoted as {a}:

a†i =
∑
j

(
Uijc

†
j + Vijcj

)
,

ai =
∑
j

(
V ∗
ijc

†
j + U∗

ijcj

)
, (C.16)

such that the matrices U and V satisfy the following set of identities

UU † + V V † = 1, UV T + V UT = 0. (C.17)

The single-particle density matrix, represented as ρij = ⟨a†jai⟩, can be rewritten in the following
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manner:

ρ = UTfU∗ + V †(1− f)V, (C.18)

where f(E) = (1 + eE/(kBT ))−1 is the Fermi-Dirac distribution. Likewise, the pairing matrix,

denoted as Kij = ⟨ajai⟩, can be described as:

K = UTfV ∗ + V †(1− f)U, (C.19)

In finite-temperature conditions, the vacuum state of quasi-particles no longer serves as

a reference for the product state, causing Wick’s theorem to be inapplicable. Despite this,

ensemble averaging remains a valid technique for statistical analysis [213, 236]. In the case

of a Hamiltonian featuring quartic interaction, the interaction component can be approximated as

follows:

⟨c†ic†jcℓck⟩ = ⟨c†ick⟩⟨c†jcℓ⟩ − ⟨c†icℓ⟩⟨c†jck⟩+ ⟨c†ic†j⟩⟨cℓck⟩. (C.20)

Leveraging the aforementioned relationship, we can express a general Hamiltonian, which

has up to quadratic interaction, with general tunneling matrix t, as:

Hij = tij + Γij − µ,

Γij =
∑
i,j,k,ℓ

V̄ijkℓρkℓ,

∆ij =
1

2

∑
k,ℓ

V̄ijkℓKkℓ,

(C.21)
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and the energy can be described through the following expression

E = Tr

[
tρ+

1

2
Γρ

]
− Tr

[
1

2
∆K∗

]
. (C.22)

Similarly, the grand-canonical free energy can be expressed as

Ω =
∑
i,j

(Γ− µ)ijρji +
1

2

∑
i,j,k,ℓ

V̄ijkℓρℓjρki

+
1

4

∑
i,j,k,ℓ

V̄ijkℓK
∗
ijKkℓ

+ kBT
∑
i

[fi ln fi + (1− fi) ln(1− fi)] .

(C.23)

By setting the variation of the grand canonical potential, denoted as δΩ, equal to zero at a

given value of β, one can determine the ground state of the system

 H ∆

−∆∗ −H∗


Ui

Vi

 = Ei

Ui

Vi

 . (C.24)

This set of equations is markedly nonconvex. Nonetheless, it is expected that with a suitable

initial setup, one can achieve convergence to the global minimum with iterative methods. We have

used this method in the main text and Appendices for the majority of our calculations of fermion

densities and correlations.
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Figure C.7: Charge-occupation profile for a (1+1)D system. Similar to Fig. 6.10, the variations
in charge-occupation profiles have been simulated for the N = 64 one-dimensional array.
The charges are simulated by tracing the single-particle density matrix determined at a finite
temperature of T = 10 mK. Here, ⟨n⟩ =∑i⟨c†ici⟩β . The tunneling coupling is set at t = 7.5meV,
µ/t = 11.9, hxS/t = 0.01, and periodic boundary condition are used. The calculations are
performed using the FTHFB method.

C.4 Dopants in Silicon

In this section, we briefly outline the general description of an electron’s wave function bound to

a dopant in silicon and its connection to calculating the tunneling coupling of an electron from

one dopant site to another. Each donor has the ability to be host of one electron in its neutral state,

referred to as D0, or two electrons when in its negatively charged state, termed D−. The binding

energy for an isolated neutral D0 center is approximately 45 meV. In this study, our main focus

is on the ground state of the donor in silicon, denoted as 1sA1 in the literature.

The wave function of an electron can be written as an expansion of Bloch functions around
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the lower part of the conduction band. The conduction band of silicon can be characterized by

six valleys located at

K = 0.85× 2π

aSi
{[±1, 0, 0], [0,±1, 0], [0, 0,±1]}

from the Γ point of the Brillouin zone. The Γ point represents the center of the Brillouin zone,

where the wave vector k is zero. It serves as a reference point for defining other points in the

reciprocal space. The lattice constant of silicon, denoted as aSi, is approximately 0.54 nm [237].

The 6-fold expansion of the wave function around the sub-valley conduction [238] can be written

as:

ψA1(r) =
1√
6

∑
i∈±{x,y,z}

Fi(r)ϕi(r). (C.25)

Here, F (r) represents the slowly varying envelope function, while ϕ(r) denotes the Bloch function

for each valley [226]. These Bloch functions can be characterized by [224]:

ϕi(r) = ui(r)e
iKi·r. (C.26)

When multiple dopants are present, the interaction of electrons from different valleys, known

as valley-orbital coupling, leads to the breaking of the 6-fold degeneracy. Typically, only two

states, ±z, have lower energy. The wave function can be expressed as a superposition of these
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two components:

ψA1 =
1√
2
(ψ+z + ψ−z) (C.27)

=
1√
2
F (r)[ϕ+z(r)± ϕ−z(r)]. (C.28)

The envelope function can be determined via the variational method. Following Ref. [224],

one can expand it over a finite set of orbital basis states:

Fi(r) =
N∑
ν=1

Ai,νFi,ν(r) (C.29)

such that for example:

Fz,ν ∼ xnxynyznze−α⊥(x2+y2)e−α∥z2 (C.30)

The parameters {nx, ny, nz, α⊥, α∥} need to be obtained numerically using the variational method.

To write the full Hamiltonian for the variational method, one can use the Shindo-Nara

multi-valley effective-mass theory [239] to express the kinematic term as a combination of two

terms with two masses. For example, in the +z direction:

Tz = − ℏ2

2m⊥

[
∂2

∂x2
+

∂2

∂y2
+ γ

∂2

∂z2

]
, (C.31)

where γm⊥/m∥ with m⊥ = 0.19m and m∥ = 0.91m. The full Hamiltonian can then be written

as:

EFi(r) = [Ti + U(r)]Fi(r) +
∑

λ∈±{x,y,z}
Cλi(r)Fi(r). (C.32)
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Here, Fi was introduced after Eq. (C.25), Ti denotes the kinetic term that encompasses two

effective masses, symbolized as m⊥ and m∥. The attractive binding potential U(r) due to a

donor in silicon is well approximated as a screened Coulomb potential at long distances, up

to corrections that are discussed in Ref. [224]. Cλi(r)ϕ
∗
λ(r)ϕi(r)U(r) represents the coupling

between different valleys. Leveraging these mathematical constructs enables a method to find

the envelope function, F (r), and Bloch functions, ui(r), by minimizing the ground-state energy

using the variational method. This procedure leads to a full description of the wave function in

Eq. (C.25). The tunneling coupling between dopant sites can then be calculated, as outlined in

Section 6.6.2.

In line with Fig. 6.8, Figs. C.9 and C.8 present the calculated tunneling coupling, t, for two

of the three orientations of the silicon array, provided for completeness. To plot these figures,

we directly use the numerical representation of the wave function and the tunneling coupling as

a function of distance from the center of the dopant, provided in Ref. [224]. For more detailed

numerical information, please refer to the supplementary material of Ref. [224]. It is worth

highlighting, as demonstrated in Fig. C.9, that the [111] silicon orientation provides the most

expansive viable region for the emergence of the Néel phase. This trait might render the [111]

orientation especially intriguing. Nonetheless, a primary concern associated with this orientation

is the oscillatory nature of the wave function in the [111] direction, which results in variations in

the tunneling coupling.

174



100

101

102

λ = ∞

λ = 0

[110]

V0/(t · d)

2 4 6 8 10 12 14
Lattice constant, d(nm)

10−4

10−3 gS/t

Figure C.8: Effect of lattice constant for [110] orientation. The effect of the lattice constant,
a, on the tunneling coupling, t, is plotted for a [110] silicon crystal orientation for fixed values of
g = 0.48 µeV and hz = 2.5 T. The top panel shows the ratio of the Coulomb potential coefficient,
V0, compared to the tunneling coupling across the full range of screening, λ. The bottom panel
shows values of gS/t for fixed g = 0.48 µeV as a function of the lattice constant.
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Figure C.9: Effect of lattice constant for [111] orientation. The effect of the lattice constant,
a, on the tunneling coupling, t, is plotted for a [111] silicon crystal orientation for fixed values
of g = 0.48 µeV and hz = 2.5 T. The top panel shows the ratio of the Coulomb-potential
coefficient, V0, compared to the tunneling coupling across the full range of screening, λ. The
bottom panel shows values of gS/t for fixed g = 0.48 µeV as a function of the lattice constant.
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C.5 Linear Response Conductance as a Probe

In this section, we review the method for probing the donor systems, as discussed in Sec. 6.6,

through linear conductance. We begin by modeling the system as an island of electrons hosted

by donors interacting with the Fermi sea, using the following Hamiltonian [183]:

H = H(lattice) +H(probes) +H(interaction), (C.33)

with H(lattice) already defined in Eq. (6.8) of the main text and

H(probes) =
∑
k∈BL

ϵLk c
†
kck +

∑
k∈BR

ϵRk c
†
kck,

H(interaction) = C
∑

i∈cL, j∈L
c†icj + h.c.

+ C
∑

i∈cR, j∈R
c†icj + h.c.

(C.34)

Here, L and BL (R and BR) refer to the left (right) probe (in position and momentum space,

respectively) with associated momentum modes ϵLk (ϵRk ). cL (cR) refers to the sites on a column

in the two-dimensional dopant array adjacent to the left (right) probe. The coupling to the left and

right probes, C, is assumed equal. This coupling depends on the potential barrier at the probe-

dopant interface, and decreases exponentially with the separation between the dopants and the

probes [183].

Using the approach outlined in Beenakker’s theory of resonant tunneling and linear-response

theory for quantum dots [240], one can investigate the linear response conductance of electrons

between reservoirs at a specified temperature, Tr, and a chemical potential, µ, applied to a dopant

177



array with a temperature T perceived as a quantum-dot island.

We denote by En
α with α = 0, 1, 2, · · · the electron energy in level α given n total electrons

in the array, and let {n} be all electron configurations with total electron number n corresponding

to the same energy. The linear conductance, G, can be derived from the stationary current from

the left barrier to the right barrier in the regime linear in the potential difference applied between

the two probes, divided by the potential difference. It can be shown to have the form [183, 240]:

G = G0,T

∑
α,α′

∑
{n}

Q
{n}
α,α′P

{n}
α [1− fFD(E

n
α − En−1

α′ µ)]. (C.35)

Here, G0,T = e2/(kBTr) and

Q
{n}
α,α′ =

Γ
L,{n}
α,α′ Γ

R,{n}
α,α′

Γ
L,{n}
α,α′ + Γ

R,{n}
α,α′

(C.36)

represents the contribution from the quantum tunneling rates. Note that in accordance with

Fermi’s golden rule, the tunneling rate can be ascertained by observing that the transition of

an electron is feasible when its energy matches the energy difference between the state of the

array with an additional electron, En
α − En−1

α′ . This involves the matrix element of the electrons’

creation operator at the edges between the state of the array with n electrons,
∣∣∣Ψ{n}

α

〉
, and n− 1

electrons,
∣∣∣Ψ{n−1}

α′

〉
:

Γ
L,{n}
α,α′ = Γ

∑
i∈cL

|⟨Ψ{n}
α |c†i |Ψ{n−1}

α′ ⟩|2, (C.37)

with Γ = 2πC2 and cL denoting sites belonging to the leftmost column of the two-dimensional

array. A similar expression applies to the right probe. Furthermore, fFD(·) in Eq. (C.35) is the

Fermi-Dirac distribution, fFD(E−µ) = (1+e
E−µ
kBT )−1. Finally, the stationary probability function
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P
{n}
α in Eq. (C.35) is given by:

P {n}
α =

e−(1/kBT )(En
α−nµ)∑

α′
∑

{n} e
−(1/kBT )(En

α′−nµ)
. (C.38)

This expression is valid under the assumption that the system and probe possess their thermal

state as distinct temperatures. This assumption holds as long as probing occurs at fast time scales

compared with the equilibration time of the system-probe composite.

To explore the concept of linear conductance as a tool for detecting the different phases

of the dopant array, we employed the ED method to simulate the actual wave function of the

system, albeit for a limited size. In Fig. C.10, we plot the linear conductance as a function of

the chemical potential for a 2 × 2 square array over a range of temperatures. We adjust the

macroscopic parameters to place the system phase in a nontrivial state. As can be observed

in finite-temperature scenarios, with parameters that realistically align with experimental setups

around Tr = 10 mK [185] and T ≪ 1 mK, the resonance features are both detectable and

pronounced.

Moving forward, to investigate the potential for observing phase-transition signatures through

conductance behavior, we plot the conductance over a range of external magnetic fields as a

macroscopic parameter, for a 2 × 2 square array. As illustrated in Fig. C.11, the conductance

resonance profile varies between nontrivial and trivial phases. Consequently, this suggests that

conductance measurement may serve as a probe for exploring and discerning the phases of the

system.
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Figure C.10: Effect of temperature on linear conductance of a 2 × 2 array. The variation
in the (normalized) linear-conductance response, G, with respect to chemical potential, µ, has
been simulated for an experimental setup consisting of a 2 × 2 square dopant array at three
distinct reservoir temperatures, Tr, obtained from ED. For the simulation, the following system
parameters are used, gS/t = 4× 10−5, hzS/t = 10−5, and hx/hz = 0.01.

C.6 Numerical Simulation Parameters

In the numerical simulations conducted for this study, specific values of parameters within experimentally

feasible ranges have been used. Here, we provide a list of these parameters to ensure completeness

and reproducibility.
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Figure C.11: Effect of external magnetic field on linear conductance of a 2 × 2 array. The
variation in the (normalized) linear-conductance response, G, with respect to chemical potential,
µ, has been simulated for an experimental setup consisting of a 2 × 2 square dopant array.
To investigate the dependency of the system’s linear response on its phase, the conductance is
simulated using the ED method for three distinct external magnetic fields, hz, at gS/t = 4×10−5.
These magnetic fields correspond to different phases of the system, as elaborated in the main
text. As we can observe, the conductance profile at hz = 1.8 T is different from the other two,
indicating a nontrivial phase. The variations in these fields lead to noticeable changes in the
response profile. The temperature of the array is set to T = 0.01 mK, and the temperature of the
reservoir is set to Tr = 10 mK.
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Parameter Description Type Value
S Nuclear spin Constant 1/2
t Tunneling coupling Constant 7.5 meV
g Hyperfine coupling Constant 0.48 µeV
hz External (longitudinal) magnetic field Variable [0−O(1)] Tesla
hx External (transverse) magnetic field Variable [0−O(10−2)] Tesla
β Inverse of temperature Variable [0−O(103)]
V0 Coulomb coupling Constant 123 nm · meV
λ Coulomb screening Variable [0−∞] nm−1

µ Chemical potential Variable [±O(102))] meV
a Lattice constant Constant 4.7 nm
d Distance between pinned spins Variable [0−O(N)]
N Total sites number Variable [1−O(102)]
BC Boundary condition Constant Periodic

Table C.1: Summary of numerical values of parameters and other features adopted in the
simulations of this work.
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