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Activity networks are a powerful tool for modeling and analysis in project management,
and in many other applications, such as circuit design and parallel computing. An activity
network can be represented by a directed acyclic graph with one source node and one sink node.
The directed arcs between nodes in an activity network represent the precedence relationships
between different activities in the project. In a stochastic activity network (SAN), the arc lengths
are random variables.

This dissertation studies stochastic gradient estimators for SANs using Monte Carlo simulation,
and the application of stochastic gradient estimators to network optimization problems. A new
algorithm called Threshold Arc Criticality (TAC) for estimating the arc criticalities of stochastic
activity networks is proposed. TAC is based on the following result: given the length of all arcs in
a SAN except for the one arc of interest, that arc is on the critical path (longest path) if and only

if its length is greater than a threshold. By applying Infinitesimal Perturbation Analysis (IPA)



to TAC, an unbiased estimator of the derivative of the arc criticalities with respect to parameters
of arc length distributions can be derived. The stochastic derivative estimator can be used for
sensitivity analysis of arc criticalities via simulation.

Using TAC, a new IPA gradient estimator of the first and second moments of project
completion time (PCT) is proposed. Combining the new PCT stochastic gradient estimator with
a Taylor series approximation, a functional estimation procedure for estimating the change in
PCT moments caused by a large perturbation in an activity duration’s distribution parameter is
proposed and applied to optimization problems involving time-cost tradeoffs.

In activity networks, crashing an activity means reducing the activity’s duration (deterministic
or stochastic) by a given percentage with an associated cost. A crashing plan of a project aims
to shorten the PCT by reducing the duration of a set of activities under a limited budget. A
disruption is an event that occurs at an uncertain time. Examples of disruptions are natural
disasters, electrical outages, labor strikes, etc. For an activity network, a disruption may cause
delays in unfinished activities. Previous work formulates finding the optimal crashing plan of an
activity network under a single disruption as a two-stage stochastic mixed integer programming
problem and applies a sample average approximation technique for finding the optimal solution.
In this thesis, a new stochastic gradient estimator is derived and a gradient-based simulation

optimization algorithm is applied to the problem of optimizing crashing under disruption.
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Chapter 1: Introduction

1.1 Activity Network Representations

A project can be viewed as a collection of activities and events. An activity is any undertaking
that consumes time and resources. An event is a well-defined occurrence in time [3]. Examples
of activities are staff training, goods transportation, upgrade system, etc. Examples of events are
completion of staff training, delivery of ordered products, completion of system upgrade, etc.

The most important relationship between activities in a project is the precedence relationship:
an activity cannot start until some activities are completed. Each activity has a starting time,
duration, and completion time. A project is completed if and only if all activities in the project
are completed. The project completion time (PCT), which is also called makespan [4], is of
interest to project managers and is to be minimized. The duration of an activity is the time it
takes to finish the activity, which can be either deterministic or stochastic.

A network is used to represent the precedence relationships of activities in a project and
is called an activity network (AN). There are two modes of representations of a project using a
network: activity-on-arc representation (A-on-A) and activity-on-node representation (A-on-N)
[3]. Both of the representations use a directed acyclic graph with one source node and one sink
node to represent an activity. In this thesis, we use activity-on-arc representation for stochastic

activity networks and time-cost tradeoffs optimizations, and activity-on-node representation for



the problem of optimal crashing of an activity network with single disruption.

1.1.1 Activity-on-arc Representation

In the activity-on-arc representation, an activity is represented by an arc in the network,
and an event is represented by a node in the network. The node (event) at the tail of a directed
arc (arrow) represents the start of the activity and the node (event) at the head node of the arrow
represents the termination of the activity. The requirement that activity ¢ precedes activity j is
represented by having the tail node of arc (activity) ¢ coincide with the head node of arc (activity)
j. Except for the source node and sink node, each node in the activity network must have at least
one arc entering it and one arc leaving it. In the activity-on-arc representation, arcs (activities)
and nodes (events) are indexed by nonnegative integers, and nodes are indexed in a way such
that a directed arc always leads from a smaller integer to a larger one. In the activity-on-arc
representation, dummy arcs (activities) are needed in some cases and are represented by dashed
arcs. A dummy activity has zero duration and does not represent an actual activity. An example

of an AN with activity-on-arc representation is presented in Figure 1.1.

Figure 1.1: Activity-on-arc Network Example



In Figure 1.1, d; represents the duration of activity 7. Notice the difference between the
index of nodes and arcs: ¢ indexes node 7, whereas the subscript of d; is the index of an arc, and
d; is a numeric attribute (the duration) of the arc. In the activity-on-arc representation, we also
refer to the duration of activity 7 as the length of arc ¢ (not the actual length of arcs on the graph).
The precedence relationships between activities in Figure 1.1 are: activities 3 and 4 cannot start

until activity 1 is completed; activity 5 cannot start until activities 2 and 3 are both completed.

1.1.2 Activity-on-node Representation

In the activity-on-node representation, an activity is represented by a node in the network
and an event is represented by an arc. The head node (activity) of a directed arc precedes the tail
node (activity) of the arc. Similar to the activity-on-arc representation, nodes are indexed in a
way such that a directed arc always leads from a node with smaller integer to a larger one. Notice
that in the activity-on-node representation, arcs have no index. Moreover, in the activity-on-node
representation, the source node and sink node are always dummy nodes (activities) with zero
duration and represent no activity in the project. No dummy activities are needed in the A-on-N
representation besides the source and sink node. The same example of an AN in Figure 1.1 is
shown with the A-on-N representation in Figure 1.2, i.e., Figures 1.2 and 1.1 are two different
network representations of the same project. The precedence relationship between activities
represented in Figure 1.2 is the same as of Figure 1.1. In Figure 1.2, node 0 and node 6 are

dummy nodes (activities) that represent no activities.



Figure 1.2: Activity-on-node Network Example

1.2 Features and Variables in ANs

1.2.1 Critical Path

We define the notion of a critical path for both A-on-A and A-on-N representations of ANs.
In an activity network, a path is a route from the source node to the sink node and is represented
by indices of activities that are on the path. The length of a path equals the sum of the durations of
activities that are on the path. The path with the longest length is called the critical path, which is
not necessarily unique. The path with the longest length is critical, because its length represents
the project completion time, and decreasing the duration of activities that are on the critical path
can decrease the PCT, whereas decreasing the completion time of activities that are not on the

critical path is not helpful for decreasing the PCT.

1.2.2 Node Release Times

The concept of node release time is relevant only for A-on-A representations of ANs. The

node release time of a given node j is the earliest time that arcs (activities) whose tail node is j



can start [2]. Since node j may have multiple incoming arcs, it cannot start until all its incoming
arcs are completed. The node release time of a given node j, denoted by 77, is the length of the
longest path that starts from the source node and ends at node j. Using the above definition, the
node release time of the sink node is the longest path length in the activity network.

A recursive way for calculating the node release time uses the relationship that the node
release time of node j equals the maximum of the 7;s that are tail node of node j’s incoming arcs

plus the length of the corresponding incoming arcs.

1.2.3  Project Completion Time

The Project Completion Time (PCT) or makespan [4] is the length of the critical path.
There are two approaches to calculate the PCT for activity networks: (1) Calculate the path
lengths for all paths and find the longest path length; (2) Use forward dynamic programming to
calculate the node release time starting from the source node; the sink node’s node release time

is the project completion time.

1.2.4 Slack Values

The slack value of an activity ¢ is defined to be the largest amount of time that activity ¢
can be delayed without delaying the project completion time. Activities on the critical path have

zero slack values.



1.2.5 Example

We illustrate the two approaches for calculating the PCT using the previous AN example of
Figure 1.1. There are three paths in this AN: {{1, 3,5}, {2,5},{1,4}} with their corresponding
path lengths {d, + d3 + d5,d2 + d5,dy + dy} = {12,11,8}. Path {1,3,5} is the critical path
and the PCT is 12. The node release time of nodes are given by: 73 = 0, T, = d; = 5,
T3 = max{ds, Ty + d3} = 11, Ty = max{Ts + dy4, T3 + ds} = 12. Since node 4 is the sink node,
its node release time equals the PCT. For large-scale activity networks, the second approach is
more efficient, because identifying all paths for large-scale networks and locating the maximum
value of a long list becomes computationally impractical.

In Figure 1.2, the same project with the A-on-N representation, there are three paths in
the AN: {{0,2,5},{0,1,3,5,6},{0,1,4,6}} with their corresponding path lengths {dy + ds +
ds,do + dy +ds + ds + dg, dy + dy + dy + dg} = {11,12,8}. Of course, in both representations,

the number of paths and their corresponding path lengths are the same.

1.2.6 Matrix Representation of Activity Networks

An activity network is represented as a directed acyclic graph G = (N, A), where N' =
{1,...,n} is the set of nodes and A C {(i,7) : i, = 1,2,...,n} is the set of arcs. An arc
(1,7) € A means there is a directed arc starting from arc ¢ and ending at arc j. For each node

k € N, its predecessor nodes Pred (k) and successor nodes Suce(k) are defined as [4]:

Pred(k) = {i e N : (i,k) € A}, Succ(k) ={j e N : (k,j) € A}



To form a matrix representation of the activity networks, nodes of an AN with n nodes are indexed
in a way that Succ(k) € {k + 1,...,n}, and the activity network is represented as a n x n upper

triangular square matrix G such that:

1, if (i,j) € A,
Gij =

0, otherwise

where g; ; is the entry of the i" row and j™* column of matrix G. For the A-on-A representation
network example in Figure 1.1, its structure matrix G and arc length matrix M are represented

below, where M, j is the arc length of arc (i, 7).

o O OO
OO O
O O ==
o O OO
O O O Lt

—_
o e
O = Ww o

For the A-on-A representation of AN in Figure 1.2, its structure matrix G and arc lengths

vector v are represented as:

0 1100 0 0] (0]
0011000 5
0000100 10
G=1{0000100/, M=|6
0000010 3
0000010 1
0000000 0|

Notice that the structure matrix for two AN representation modes are different. For A-on-
A mode, an activity is indexed by a tuple (7, j). For A-on-N mode, an activity is indexed by an
integer . Although in Section 1.1.1, it is mentioned that activities (arcs) in A-on-A mode are

indexed by integers, for convenience of problem formulation and programming implementation,
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in this thesis, all activities in A-on-A mode representation are indexed by tuples (4, j), where i is

the index of the tail node of the arc (activity) and j is that of the head node.

1.3 Stochastic Activity Network

Thus far, we have only discussed deterministic activity networks. In a Stochastic Activity
Network (SAN), some or all of activities durations (arc lengths) are random variables. We
assume these random variables are independently distributed with known continuous distribution
functions Fj(z). Then the project completion time becomes a random variable Y. In SANs,
whether a path is critical and whether an arc is on the critical path is not certain. Therefore, we
have two new concepts for a SAN: the criticality index of path j, denoted by C,,(j), the probability
that path j is a critical path; the criticality index of arc ¢, denoted by C,(i), the probability that

arc ¢ is on the critical path. For SANs, we are interested in estimating:
* The expectation of project completion time: E(Y")
* The distribution function of project completion time: Fy (y)
* Criticality index of arcs: C, ()

Criticality of arcs is of interest to project managers, since decreasing the completion time of arcs
with high criticality index can decrease the PCT with high probability. In Chapter 4, criticality

index of arcs plays an important role for optimization problems in SANs.



1.4 Generating Random SANs

To test various algorithms on a wide variety of problem settings, numerical experiments
are performed on stochastic networks with different sizes and structures. To generate stochastic
networks with different sizes and structures, we consider two random activity network generator
algorithms proposed in [5], the deletion method (DM) and the addition method (AM), both of
which are used for generating A-on-A mode ANs. The AM algorithm takes input n as the
number of nodes and m as the number of arcs, and outputs a matrix representation of a randomly
generated network with n nodes and m arcs. For example, with input n = 5, m = 8, the AM
algorithm outputs an upper triangular matrix and activity network structure, as shown in Figure

1.3.

Q

Il
coooo
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Figure 1.3: Randomly Generated AN

For arandomly generated SAN, not only is the structure of the network randomly generated;

parameters of the distributions of the arc lengths are also randomly generated. The details



about how distribution parameters are randomly generated will be introduced in the numerical

experiments section.

1.5 Applications of SANs

Project Management. SAN was first applied to project management [3]. The mostly
commonly used project schedule techniques are project evaluation and review technique (PERT)
and critical path method (CPM) [3]. In [6], PERT was employed to quantitatively design the
emergency disposal operation procedure of deepwater drilling riser fracture failure.

Parallel Computing. SAN can also be applied to parallel computing multiprocessor algorithms
[7]. A given task is be to executed on a system. In order to use parallel computing, the task needs
to be decomposed into a set of subtasks. There are precedence relationships between subtasks.
Therefore, subtasks completion time and their precedence relationships can be represented by
SANSs. The parallel computing algorithm uses SANs to determine which subtasks are computed
in parallel.

Digital circuit design. SAN can also be used to model delay in a digital combinational
logic circuit [4]. For a given digital circuit, we associate each gate with a node of an activity
network. The precedence relationship between nodes represents the signal flow graph. The delay
time of a gate represents the time it takes for the signal to get through the gate, and the critical
path length here represents the cycle time of the digital circuit. Techniques of estimating SANs

can be used for digital circuit sizing.
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1.6 Outline of Thesis

In Chap. 2, we introduce estimators for different performance measures in SANs, including
criticality index of arcs, criticality index of paths, and expected project completion times. We
propose a new arc criticality estimator called the threshold arc criticality (TAC) estimator and
compare it with existing estimators. The TAC estimator is shown to have low variance and
low computing time in numerical experiments. Chap. 3 reviews different stochastic derivative
estimation techniques that will be used in Chap. 4, including measure-based methods and sample-
based methods. Chap. 4 derives the stochastic gradient estimators for the performance measures
in Chap. 2 and also the stochastic gradient estimators of first and second moment of PCT.
Existing gradient estimators for moments of PCT cannot be extended to higher-order derivatives.
Using a technique similar to that used in deriving the TAC estimator, we propose new higher-
order stochastic gradient estimators for the first and second moments of PCT. Combining the
higher-order stochastic gradient estimators for the first and second moments of PCT, we derive
formulas that can estimate higher-order gradients for the variance of PCT. In Chap. 5, gradient-
based algorithms for solving time-cost tradeoff optimization problems in SANs are presented.
Using the higher-order gradient estimators in Chap. 4 in a Taylor series approximation, we
propose a new functional estimation of the arc criticality and gradient of expected PCT. We
also propose a new algorithm called Knapsack Ratio (KR) algorithm for solving the time-cost
tradeoff optimization problems. The KR algorithm is shown to require less computing time than
existing algorithms. In Chap. 6, optimal crashing of AN with disruptions is introduced and
solved with a new gradient-based simulation optimization algorithm. We introduce a new two-

stage stochastic programming with indicator functions formulation for crashing of AN with a
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single disruption. Our formulation improves upon an existing two-stage mixed integer stochastic
programming formulation in two ways: (1) it can handle a more general class of disruption
problems; (2) it reduces the computational time significantly. Under our formulation, a new
stochastic gradient estimator is derived and proved to be unbiased. Using the new gradient
estimator, a heuristic gradient-based simulation optimization algorithm is proposed and shown
in numerical experiments to have significantly lower computational cost for the same statistical

performance compared to existing algorithms.

1.7 Research Contributions

We view our main research contributions as the following:

* Developed a new arc criticality estimator called threshold arc criticality (TAC) estimator

that is computationally efficient when the number of paths in the network is not too large.

* Derived higher-order stochastic gradient estimators for first and second moments of PCT in
SAN:S, applied to estimate changes in PCT caused by large perturbations of distributional

parameters.

* Developed a new algorithm called knapsack ratio (KR) algorithm for time-cost tradeoffs
optimization problems, which when tested on large networks takes less computation time

to find the optimal solution compared with existing algorithms.

* Proposed a new formulation for optimal crashing AN with disruptions, which can handle

more general cases compared to an existing formulation.

* Derived new unbiased stochastic gradient estimators for a two-stage stochastic programming

12



problem with indicator functions.

* Developed a gradient-based optimization algorithm for optimal crashing AN with a single
disruption, which compared with existing SAA-based algorithms, has significantly lower

computational cost for comparable solutions.

13



Chapter 2:  SAN Performance Estimators

As mentioned in Section 1.4, the following output performance metrics are of interest to
project managers: criticality index of arcs (activities), criticality index of paths, and distribution
function of the PCT, all of which are in the form of an expectation. Therefore, Monte Carlo
simulation techniques are one approach for estimating the above. When estimating the criticality
indexes and distribution function using Monte Carlo simulations, the original estimators all
involve indicator functions, which present challenges when estimating the gradient in later chapters.
Therefore, smoothed perturbation analysis (SPA) estimators [8] are used here by conditioning on
a subset of activities’ durations.

The SPA estimators have two advantages: (1) conditioning and unconditioning can reduce
the variance of the estimator according to the law of total variance; (2) the estimator can be
smoothed (higher-order continuously differentiable) by conditioning. For the SPA estimators in
SANS, the choice of the set of activities” durations (arcs’ lengths) to be conditioned on is key. A
good choice of the set of arcs to be conditioned on can: (1) reduce the dimension of integration;
(2) make the conditioned estimator smoother.

Sigal et al. [9] proposed a class of sets called Uniformly Directed Cutsets (UDC) whose
complement can form a best set of arcs to be conditioned on. Using UDC [1], the dimension of

the exprected value integral is reduced as much as possible and the indicator estimator becomes
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a product of known distribution functions by conditioning. The definition and a method to find a
UDC is introduced in Section 2.1.2. Then an example on how to find and use UDC is presented
in Section 2.1.3. UDC is powerful for estimating criticality of arcs and paths, and also the
distribution function of PCT in small ANs [1].

Although UDC works well for small networks, it does not work well for large and complex
ANs. Thus, Bowman [2] proposed that instead of conditioning on a subset of arc lengths, it
is better to condition on node release times. Hence, a new criticality index of arcs estimator
conditioned on node release times is proposed in [2], named conditional arc criticality (CAC)
estimator. We propose yet another set to be conditioned on: all arc lengths except for the length
of one target arc, and proposed a new arc criticality estimator conditioned on the proposed set
of arcs, named threshold arc criticality (TAC) estimator [10]. The performance of the TAC and
CAC estimators are compared in numerical experiments on randomly generated ANs of different
sizes and arc length distributions.

UDC and TAC can also be applied to estimate the distribution function of PCT.

2.1 Criticality Index of Paths

2.1.1 Criticality Index of Paths

Suppose there are n,, paths in the SAN and all paths are indexed by integers. The criticality
index of path i is defined to be the probability that path i is the critical path, i.e. C,(i) = Pr(Y; >
Y;;1 < j <mn,,j#1i), where C,(7) denotes the criticality index of path 7, Y; denotes the length

of path j. Without loss of generality, assume 1 < i < n,, then C,(7) can be calculated from the
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integral:

Cp(i) = /“'/PI“(YE >Y,., Y 2Y Y > Y, Y 2 Y | X 1 < < m)XH fi(x;) day,

R™ =1

where X is the arc length (activity duration) of activity 7, and the Monte Carlo estimator is given

by the average over all simulated data-tuples X of:
HY; 2 Y1, Y 2 Y, Y 2 Vi, . Yi 2 Y, 2.1)

where (2.1) is an indicator function taking value 1 if path 7 is a critical path and O otherwise.
Notice that the path length Y is the sum of the lengths of the arcs (durations of activities)
that are on path j, i.e., Y; = Zz’epj X;. The event inside (2.1) contains n, events, {Y; > Y}, j =
1,2, ...,n,, that are not independent since an arc (activity) can be on more than one path. Our
goal is to choose a set of arcs whose length is to be conditioned on, so that the expectation of (2.1)
reduces to a probability of independent events. To find such a set, we will present the definition
of Uniformly Directed Cutset (UDC) [1] and show that by conditioning on a subset of activities’
durations that relates to UDC, (2.1) can be expressed as a product of known distribution functions.

Also, using UDC, the integral dimension of (2.1) can be reduced.

2.1.2  Uniformly Directed Cutset

Sigal et al. [9] defines a set of arcs called a Uniformly Directed Cutset (UDC), whose
complement together with an arc in UCD forms the best subset of arcs to be conditioned on, so

that the corresponding SPA estimator has lower variance and is smoother as a function of sample
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inputs { X, }. This section introduces the definition of UDC and how to find UDC in an AN.

The challenge in expressing (2.1) as a product of known distribution functions is that an
arc can be on more than one path in the network, which means the events inside the probability in
(2.1) may be dependent. Thus, one necessary condition of a target subset of arcs in the network
to be conditioned on is that in its complement no two arcs are on the same path. A set of arcs is
called path independent if no two arcs in the set belongs to the same path. Suppose ¥ is a set of

path-independent arcs and W€ is its corresponding complement set. Then we have

Pr(}/z Z }/17 7}/1 Z }/’i—17}/; Z }/’H-l; ?YL 2 Y’np

v = [[Pr(y; < V;|¥°)
J#i

and the criticality index of path is calculated by unconditioning:
C,(i) — /.../prm > Vi Vi YV Y Vi, Y 2 Y [0)dRe 22)

where Fye. is the joint distribution function of arcs in the set W°. We want the cardinality of the
path-independent set || to be as large as possible, so that |\W€| is as small as possible and as a
result the integration dimension of Equation (2.2) is minimized.

In [1], the path-independent set with the largest cardinality is denoted x*, and it was proved
that x* is indeed a cutset. A cutset C' of an activity network is a set of arcs that ’cut’ the set of
nodes into two sets: W containing the source node and its complement W containing the sink
node, such that all paths in the network have at least one arc in C'. Furthermore, Sigal et al. [1]
proved that x* is also a uniform directed cutset (UDC) [1]. The definition of UDC is a cutset such

that all arcs in the cutset are oriented from W to W, and such that each network path has exactly
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one arc in the cutset. Therefore, x* has two important properties: (1) no two arcs in x* belong
to the same path; (2) each network path has exactly one arc in x*. Therefore, to find the UDC
set, we only need to find the path-independent set with largest cardinalitywhich is not necessarily
unique.

Suppose we are interested in estimating the criticality index of path 7. We estimate the
probability that path ¢ is the critical path by conditioning on the complement of the UDC set in
the network x* together with an arc in UCD that is on path 7, z;. Then the conditional criticality

index of path [ is denoted by K;:
K; = PI'(Yi < Y;7 -"aan < K|>Z*7XJ)
And the formulation for K is presented in [1] as follows:

K= 1] bkl

where,

a; = min {Y} — Z Xk}
Pep; kEP k]

and
(if the UDC arc j which is on path 7 is

0, on more than one path and y; is less

than all paths containing arc 7,

1, otherwise

\

To calculate a;, first identify the set of paths in the network that contains arc j, P;. Then, for each
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path P in P;, calculate the different between the length of path ¢ and the length of P with arc j’s
length excluded, where a; is the minimum among the set of difference and 0 is either O or 1, since
by conditioning, for one of the events {Y; < Y;}, all arcs in this event are being conditioned on
so that the event is not random but deterministic. Next we will present an example on how to use

UDC to calculate criticality of paths in an AN.

2.1.3 Path Criticality Example

The following is an example from [1] indicating the use of UDC in estimating the criticality
index of path. Figure 2.1 is a small network with 5 nodes and 8 arcs. Our goal is to estimate the
probability that path {2, 6, 8} is the critical path. In this example, we have the UDC set given by
X" = {Xs, X3, Xy, X7}, and its complement y* = {X;, X5, X4, Xg}. The UDC arc that is on
path {2 — 6 — 8} is X,. There are 6 paths in the network and we name path {2, 6, 8} number 5.

The conditional path criticality of path 5, K5 is given by:

K; =P(Y; <Y;,...,Ys < Y;5|x", Xo)
=P(Y1 <Y5,..., Y5 S V5[X) = 21, X5 = 25, X = 26, X5 = 5, Xo = T2)
=P(X7r <wys— 21, Xy <ys — 21 — 25, Xy S ys — 21 — 76 — Tg, Ta + T5 < Ys, X3 < Y5 — Tg)
= P22 + 25 < y5)P(X7 < y5 — 21)P(Xy < min{ys — 21 — 25, y5 — 21 — 26 — 25 })P(X5 < y5 — 23)

=0P(X7 < ys — 21)P(Xy < min{ys — z1 — 5,95 — 11 — 26 — x5 })P(X3 < y5 — a3)

where y5 = x9 + x¢ + x5 and b = Pr(zs + x5 < y5). The value of b is either 0 or 1 for the reason

that both x5, x5 and y5 are fixed numbers.
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Figure 2.1: UDC Example in [1]

2.2 Criticality Index of Arcs

Criticality index of arc ¢ is defined to be the probability that arc ¢ is on the critical path and
denoted by C,(i). The relationship between criticality index of arcs and paths in an AN is given
by [11]:

Cali) =Y Cy(j)I{i € P;} (2.3)
j=1
that is, the criticality index of arc 7 equals to the summation of criticality indexes of all paths that

contains arc ¢ for the reason that different paths is critical are exclusive events and arc ¢ is on the

critical path if and only if one of the paths containing ¢ is the critical path.

2.2.1 Indicator Arc Criticality

The criticality index of an arc is defined to be the probability that the arc is on the critical
path. Using Monte Carlo simulation to estimate the criticality of arc ¢, we simulate all arc length
and check whether arc i is on the critical path. And we assign 1 to output if arc 7 is on the critical

path and O otherwise. Therefore the first arc criticality estimator is called Indicator Arc Criticality

20



(IAC) and is derived from the following:

i) = /m/I{HPZ-H — PI} % [ fole) dar - d, 2.4)
Rm i=1

and the IAC estimator is given by: /{||P:|| = ||P||}. In Equation (2.4), P; is the set of path that
contains activity ¢ and P is the set of all paths in the AN. || - || here is an operator that calculates

the length of the longest path in the given set.

2.2.2 Conditional Arc Criticality

Bowman [11] states that the criticality index of arcs can be calculated using Equation (2.3).
Together with the UDC conditioning applied, the variance of the smoothed perturbation Monte
Carlo estimator can be further reduced. And Bowman [11] also states the drawbacks of UDC set
and Equation (2.3) in calculating the criticality index of arcs:

Bowman proposed a new criticality index estimator called Conditional Arc Criticality
(CAC) estimator conditioned on node release times in [11]. The node release time of node ¢
is defined to be the earliest starting time of activities with node ¢ as its head node. The CAC
estimator is based on a fact that arc ¢ is on the critical path if and only if two conditions are
satisfied: (1) arc ¢ is on the longest path that start from the source node and end at the head node
of arc 7; (2) head node of arc i itself is on the critical path. Figure 2.2 explains the formulation of

the CAC estimator. The CAC estimator is derived from the following:

Oa(l') = //Ca(ZlTl :tl,...,Tn :tn) X le 77777 Tn(tlu"'7tn) dtldtn, (25)
Rn
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and the CAC estimator is given by:

o Silts =) [Ty s Bt — 1)

Ca(i‘Tl = tl; ,Tn = tn) XCn(*‘Tl = tl, 7Tn = tn>

(2.6)
and
q+s
Cols|Ty = t1, . Ty =t,) = > Colj|Th = t1,.... T, = t,). (2.7)
J=q+1

The CAC estimator in Equation (2.6) consists of two parts, the left part as a likelihood ratio and
the right part as a summation. The left part calculates the likelihood that arc 7 is on the longest
path that starts from the source node and ends at the * node. Arc 7 is on the longest path that
ends at node * if and only if X, = T, — T}, when j = ¢ and X; < T, — T}, when j # i. The
right part calculates the probability that one of the arcs ejecting from the * node is on the critical
path. Thus, Equation (2.6) utilizes the two sufficient and necessary conditions mentioned before
to calculate the probability that an arc is on the critical path. Equation (2.7) makes the calculation
of the CAC estimator a recursive process. And in Equation (2.6), C,,(x) stands for the criticality
index of node, which is the probability that node * is on the critical path.

One thing to notice here is that the joint density function of node release times fr, 1, (t1, ..., t,)
is not known in Equation (2.5). Since we are using Monte Carlo simulation to estimate Equation
(2.5), the joint density function is not necessarily to be known in order to estimate C,, (). At each
simulation replication, only the arc lengths of all arcs are simulated and the node release times
are then calculated based on the simulated arc lengths. The calculated node release times are
jointly distributed with density function fr, 1, (t1,...,t,).

In [2], Bowman states that one option to estimate the criticality index of arc ¢ is to firstly
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estimating the criticality index of all paths that include arc ¢ and then applying the formula
Co(i) = 375, Cp(j)I{arc i is on path j}. When estimating Cy(j), the UDC technique is used.
And Bowman states three drawbacks of the above approach: (1) the cardinal number of a UDC set
for a large scale activity network is relatively small compared to the network size; (2) Identifying
the UDC set is computationally intensive for large scale activity networks; (3) Translation from

path criticality to arc criticality takes more time [2].

Figure 2.2: Focused Network View in [2]

2.2.3 Threshold Arc Criticality

We proposed a new arc criticality estimator called the Threshold Arc Criticality (TAC) in
[10]. The TAC estimator of arc 7 is conditioned on all arc lengths except for the length of arc . It
is derived from the fact that given all the arc lengths except for arc 7, arc ¢ is on the critical path
if and only if its own length is large enough, in other words, its own arc length is greater or equal

to a threshold. The TAC is based on the following lemma from [10]:

Lemma 1. C,(i|X; = z;,1 < j < m,j # i) = Pr(X; > m;), where m; = max(||P;—| —

P:lIE. 0 and it is a continuous function of {x; ; i
H zH ) ) Xy 1 <<k f f{ J}lﬁjﬁmd#z
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Proof.

Co(i|X; = 2;,1 < j <m,j # i) =P(arc i is on the critical path | X; = z;,1 < j <m,j # i)
= PP = IPIl|X; = 23,1 < < m.j #1)
= P(I1Pill = maz(IP:, P[5 = 25,1 < j < moj #13)
= P(IPi = 1P [ X; =251 <5 < m,j #1)
= P(X; 2 maz(|Pi | = 1P, 0)[X; = 2,1 < j < m,j #1)

]

Lemma 3 is based on the fact that for a realization of all Xs, if the longest path length of
all paths that do not include arc 7 is greater than the longest path length of all paths that include
arc ¢, then arc ¢ is not on the critical path, and arc : is on the critical path otherwise. When arc ¢’s
length is 0 and arc ¢ is not on the critical path, the difference of the two longest path lengths (with
arc ¢ included and without) is the threshold such that when the length of arc 7 is greater than the
threshold then it is on the critical path.

The TAC estimator is given by:

where

M; = maz(||Pi_|| — || Ps]]", 0). (2.8)
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In Equation (2.8), the operator || - ||* calculates the length of the longest path in a set given
that the duration of activity ¢ is 0. Applying the TAC estimator, the criticality index of arc ¢ is

calculated by integration:

Cu(i) :/---/Ca(ﬂXj =x;,1<j<m,j#i) x| fi(z))da;
Rm—l ]:1
J#i

=/ s /Fi(Mi) x ﬁfj(iﬁj)dxj- (2.9)
Rm—1 =1

i

2.2.4 Algorithms for Calculating the Threshold

For large scale SANs, calculating the threshold M; in Equation (2.8) for each simulation
replications is critical for using TAC here and the rest of chapters in this thesis. Two situations
are discussed here for calculating the threshold M;: (1) calculate the threshold for one fixed arc;
(2) calculate the threshold for all arcs.

For situation one, algorithm 1 is used. Algorithm 1 firstly calculate the length of the longest
path that does not include arc 7 by assigning a very small negative number — L to the length of arc
7. Then algorithm 1 secondly calculated the length of the longest path that includes arc ¢ using

the similar approach. Such algorithm has appeared in [12].

Algorithm 1: Calculate the Threshold for TAC

Input : Arc Length Matrix X,,»,, and (i*, %) the target arc coordinate.
Output: Threshold value 72;+ ;-

L2 1 Xl

Xi» j» < —L.

vy < Ts(Xpxn), where Ty is the node release time of the sink node.
X+ j+ < L.

V1 < Ts(ann)

return max{vy — (v; — L), 0}.

[

A U A WD
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Algorithm 2: Calculate the Threshold for all arcs
Input : Arc Length Matrix X,, .,
Output: Threshold value matrix M
1 calculate the length of all paths in the network
2 sort all paths lengths with descending order
3 for (i,j) € Ado
4 for all paths including arc (i, j), find their maximum length v;
5
6
7

for all paths excluding arc (4, j), find their maximum length vy
M[i, j| + max{vy — v1,0}
end

As for situation 2 when calculating the threshold for all arcs in the network, algorithm 2
is applied. In algorithm 2, it firstly calculate all path lengths and sorted them with a descending
order. Then the threshold for each arcs are calculated as the difference between longest path

length including the excluding the given arc.

2.2.5 Arc Criticality Example

The example used here is the AN presented in Figure 1.1. And the realization of the random
duration of all arcs is given by: X; =d; =5, Xy =dy =10, X5 =d3 =6, Xy =dy =3, X5 =
ds = 1. Under such realizations, the TAC estimator and the CAC estimator for arc 2 are calculated
below:

For the TAC estimator, we have Po_ = {{1,3,5},{1,4}}, Py = {{2,5}}, so that || Po_|| =
max{X; + X3 + X5, X1 + Xy} = max{5+6+ 1,5+ 3} = 12, and | P> = 0+ X; = 1.
Therefore, we have My = max(||P2_|| — ||P2||*,0) = 11, and the TAC estimator is given by
Pr(X, > 11) =1 — Fy(11).

For the CAC estimator, we have C,,(4) = 1, because the sink node is on every paths. And

we have calculated the node release times in Section 1.2.5, 77 = 0,15 = 5,175 = 11,T, = 12.
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Then we have the CAC estimator given by:

[s(Ty — T3) Fy(Ty — T3)

Cal®) = [5(Ty = T3)Fy(Ty — To) + fa(Ty — To) F5(Ty — T3) Cnl5)
I 0
f5(L)Fy(7) + f4(7)F5(1)
Cu(2) = fo(Ts = Th) F3(T5 — T5) Cu(5)

fo(Ts — T1) F3(T3 — To) + f3(T3 — To) Fo (T3 — Th)

— f2(11)F3(6)
AT A GESAGIATTIRAR

2.2.6  Numerical Result of Arc Criticality

Let C! (i) denote the estimation for C,(7) obtained from the IAC estimator, C? (i) denotes
the estimation for C, (i) obtained from the TAC estimator, and C”’(7) denotes the estimation for

C,(7) obtained from the CAC estimator, then for /N simulation replications:

N (k)
. _ [i
Co(i) = —Z’“‘]\l,
N (k)
1"y — FZ
C///(Z-) _ Zivzl Cék) (i|T1, ey Tn)

N

)

where Iz-(k is the IAC estimator of activity 7 obtained from the k" simulation replication result;

Fi(k) is the TAC estimator of activity 7 obtained from the k' simulation replication result; and
Cék)(ﬂTl, ..., T,,) is the CAC estimator of activity i obtained from the k" simulation replication
result.

The following lemma from [10] compares the variance performance of the TAC estimator

and the IAC estimator:
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Lemma 2. VAR(C”(i)) < VAR(C! (7)), Vi, VN.

Proof. From the law of total variance, we have that

Var(I™) = ElVar(IP|X;,1 < j <m,j #i)] + Var@[IP|X;,1 < j <m,j 1))

—EVar(I®|X;,1 < j <m,j #4)] + Var(F®)

since we have that E[Var(I™|X;,1 < j < m,j # i)] > 0, we have Var(F") < Var(1?).

Since all simulation replications are independent, we have that

N =(k
S, Y

)= Var(FZ-(k)) < Var(I(k))
N N ~ N

]

N (k)
Var(C"(i)) = Var( ~Var(Z=ti Ly o)

]

Also, we have that VAR(C?"(i)) < VAR(C. (7)), Vi, VN from [2]. As for the comparison
between VAR(C”(i)) and VAR(C”(i)), no theoretical proof can be shown. Hence, numerical
experiments are used for comparing the variance performance between the CAC and TAC estimators.

The CAC and TAC estimators are tested on randomly generated activity networks of different
sizes. A network with n nodes and m arcs is firstly randomly generated using the AM algorithm
mentioned in Section 1.4. Then the distributional parameters for each arcs in the network are
randomly generated. For exponentially and normally distributed arc lengths, their mean y are
uniformly sampled from [0.5, 15]. For a normally distributed arc length, its standard deviation
o is generated as 0 = 0.25u. For a gamma distribution, its shape parameter & is uniformly
sampled from [0.5, 9] and scale parameter 6 is uniformly sampled from [0.5, 2.5]. For a uniform
distribution, its lower bound is uniformly sampled from [0.5, 5.5] and its interval length is uniformly
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sampled from [2,10]. For a triangle distribution with parameters a« < ¢ < band a < b, a is
uniformly sampled from [1, 5], b — a is uniformly sampled from [3, 8] and ¢ is uniformly sampled
from [a, b].

Tables 2.1 - 2.5 provide 95% confidence intervals (C.I.) for a representative randomly

selected activity, which indicates that the TAC and CAC estimators have similar accuracy.

Table 2.1: 95% C.I. of Normally Distributed Arc Criticalities (based on 200 Independent
Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 030£0.04 080+0.05 059+0.06 0.65+£0.06 0.68+0.05 0.80=+£0.05
CAC 030+£0.03 080=£0.05 058+0.05 0.65+0.06 0.69+0.05 0.80=+0.05

Table 2.2: 95% C.I. of Exponentially Distributed Arc Criticalities (based on 200 Independent
Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 042+£0.05 046+006 043005 045+£0.06 0.78=+0.05 0.39=+0.06
CAC 044+0.04 047£006 043+005 045+0.06 0.78+0.04 0.38+0.06

Table 2.3: 95% C.I. of Gamma Distributed Arc Criticalities (based on 200 Independent
Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 0.18 £0.05 0.89+0.03 024+£0.05 0.62£0.05 0.36+0.06 0.83+£0.05
CAC 0.18+0.05 0.89£0.02 0244005 0.60+£0.06 034+0.06 0.86=+0.04
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Table 2.4: 95% C.I. of Uniformly Distributed Arc Criticalities (based on 200 Independent
Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 0.68£0.06 0.80+0.03 0.74+£0.04 0.89=£0.03 090+0.03 0.84+£0.05
CAC 0.67+£0.05 079£0.03 0.72+0.03 0.87+£0.03 0.89+0.03 0.83+0.04

Table 2.5: 95% C.I. of Triangularly Distributed Arc Criticalities (based on 200 Independent
Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 0.76 £0.04 055+0.06 021+£0.04 056=£0.05 027005 0.34+£0.05
CAC 076 £0.05 056=£0.05 0.21+0.04 054+£0.05 027=+£0.04 0.34=+0.05

Table 2.6 is an aggregated version of Tables 2.1 - 2.5. For each of network size settings
in Table 2.6, three independent networks are generated. And for each networks, arc criticalities
of all arcs are estimated by the CAC and the TAC estimators for 200 simulation replications
with common seeds. The sample standard deviation of criticality estimator for each activities is
calculated. Then the averaged sample standard deviation (STD) over all activities in the AN is
calculated and used as a measure of the estimator’s variance performance for all activities in an
AN. For each randomly generated networks, the ratio of averaged STD of TAC estimator over
CAC estimator is calculated. And for each network size settings in Table 2.6, each element in the
table is the averaged ratio value of three independent networks. Table 2.6 shows that for different
AN sizes and different arc distributions, the variance performance of the TAC estimator and the
CAC estimator are very close.

Notice that by conditioning on node release times, the dimension of integration in Equation
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(2.5) is reduced significantly from Equation (2.9) for ANs with more arcs than nodes. However,
in Table 2.6, for ANs with 100 nodes and 300 arcs, the sample variance performance for the
TAC estimator and CAC estimator is very close to each other, in which case the dimension of
integration for the CAC estimator is 100 and that for the TAC estimator is 299, nearly three
times as that of the CAC estimator. The reason is that the node release times in an AN are
not independent (they are positively correlated), while the activity durations are all independent.
Therefore, although the CAC estimator reduces the dimension of integration significantly, the

sample variance of the estimator is not reduced significantly compared to that of the TAC estimator.

Table 2.6:  Averaged Sample Standard Error of TAC/CAC (based on 200 Independent
Replications, elements unit 10~%)

Network Size

30 Nodes 50 Nodes 100 Nodes

Arc Distributions 60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

Exponential 120/113  83/72 93/84 70/60 71/66 52/46
Normal 60/65 52/51 46/45 26/25 49/45 29/27
Gamma 42/38 70/64 74172 49/47 50/49 43/42
Uniform 77174 44/40 85/86 55/52 46/44 15/13
Triangular 71/57 75175 49/49 33/30 36/35 13/14

Table 2.7: Time Ratio of TAC/CAC (based on 200 Independent Replications, number of paths
in parentheses)

Network Size

30 Nodes 50 Nodes 100 Nodes

Arc Distributions 60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

Exponential 029 (42) 1.65(391) 0.28(64) 0.94 (247) 0.66(245) 2.32 (956)
Normal 0.51 (50) 0.99 (162) 0.62(73) 1.45(561) 0.58(123) 1.56(832)
Gamma 0.44 (40)  0.55(155) 0.43(77) 0.71 (436) 0.42(125) 1.15(995)
Uniform 0.30 (43) 1.63(337) 0.28(65) 2.35(660) 0.29(112) 2.44 (983)
Triangular 0.45(88) 1.04(220) 0.29(74) 1.12(333) 0.38(144) 2.58(975)

Since activity networks are randomly generated, the number of paths of the randomly
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generated ANs cannot be easily controlled by the AM algorithm. Since we need to estimate
the criticality indexes for all activities in an AN, algorithm 2 is used for calculating the TAC
estimators. The values in Table 2.7 are the ratio of the computation time of the TAC estimator over
that of the CAC estimator. From Table 2.7, it can be concluded that for ANs with number of paths
less than 200, the TAC estimator computes faster than the CAC estimator. For networks with
number of paths greater than 200, the CAC estimator computes faster than the TAC estimator.
Algorithm 2’s time complexity is O(n,log(n,)), where n, is the number of paths in the AN and
from Equation (2.6), we can see that the time complexity of the CAC estimator for estimating
criticality index of all activities is O(n, ), where n, is the number of arcs (activities) in the AN,
as a result of which, it takes more time to estimate criticality index of all activities using the
TAC estimator than using the CAC estimator when the number of paths is large. Also, since we
need to use the density and distribution function several times for each estimation using Equation
(2.6), the complexity of the density function and distribution function of arc lengths can affect
the computing speed of the CAC estimator. In Table 2.7, the time ratio for gamma distribution of

same network size and similar number of paths is smaller than other distributions.

2.3 Distribution of PCT

For projects with a deadline, the distribution function of PCT is of great interest to project
managers. Suppose the deadline is ¢. And we are interested in estimating Pr(Y" > t). A direct

Monte Carlo estimation of Pr(Y > t) is given by:

Pr(Y>t):/~--/]{Y>t}><ﬁfi(xi)dxi
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For each simulation replications, all arcs’ lengths are simulated. And the estimator is an indicator
function whose value is 1 if PCT value is greater than ¢ and O otherwise. After large enough
number of simulation replications, the mean of the estimator converges to the true distribution

function value almost surely.

2.3.1 Conditional PCT Distribution Estimator

Fu [8] proposed a conditional distribution of the PCT estimator derived from

L if |P|I* >t
Pr(Y >t/ X, =2;,1<j<m,j#1i)=

Pr(||P;|| > t) otherwise,

where Pr(||Pi]| > t) = Pr(X; + [|P]|* > t) = Pr(X; >t — ||Pi||") = Fi(t — ||P:||°), and the
estimator is given by:

F(t = IPIOIIPI <) + I(IP]" > 1).

For each simulation replication, the simulated arc values are {X,};.;. Assign O value to the
length of arc 7, together with the simulated other arcs length, the PCT value can be calculated. If
the PCT value is greater than ¢, the estimator equals 0; otherwise, calculate the longest length of

all paths that include arc , ||P;||%, the estimator equals the probability that arc i’s length is greater

than t — || P;||".
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2.3.2 UDC PCT Distribution Function Estimator

Sigal [1] and Fu [8] both use UDCs in determining the PCT distributions. Then the

conditional PCT distribution function is denoted by Fy (t):
Fy(t) =Pr(Yy <t,...Y,, <t[x").
And the formulation for F'(t) is presented as follows:
Fy(t) = H*Fj(&j)
where, a; =t — || P;]’.

2.3.3 PCT Distribution Example

Figure 2.1 is used as the example here, and the realization of arc lengths are given by:
X1 =27, X0=06,X5 =11, X, =10, X5 = 12, X = 5, X7 = 35, Xg = 9. And suppose we are
interested in estimating the probability that the PCT is greater than 50. Assume the conditioned

arcs are all arcs except for arc 1. The conditional PCT distribution estimator is calculated as:

Fi(t = PDIAPI <) + 1P > ¢)

=F(50 — 35)1(35 < 50) + I(35 > 50)

As for the UDC approach, we have the UDC set given by x* = {X», X3, X4, X7}, and its
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complement y* = { X, X5, X, Xg}. Then the UDC PCT distribution estimator is calculated as:

Fy(50) = F5(50 — 14)F5(50 — 9)Fy (50 — 41) F7(50 — 27)
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Chapter 3: Stochastic Gradient Estimation

The content in this chapter is based on material from [13]. In this chapter, our goal is to

estimate

d.J(6)
o

where 6 is the parameter of interest and

J(0) = E[Y(X)] = E[Y (X1, X,, ..., Xy)].

{X;} are input random variables and Y is a measurable output function, ¥ : R" — R. We will
focus on the setting where 6 is a distributional parameter of the input r.v.s. The various stochastic
gradient estimation techniques are classified into two classes by their treatment of the dependence
on #: sample path-based methods and measure-based methods. The three most popular stochastic
gradient estimation techniques are infinitesimal perturbation analysis (IPA), the likelihood ratio
(LR) method (also known as the score function method), and the weak derivative (WD) method

[14, 15, 16, 17, 18, 19].
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3.1 Measure-Based Methods

Assume the joint distribution function of X7, X5, ..., Xy has a corresponding density function

f(z1,xa,...,xy). Then express J(f) as an integration as follows:

16) =B (%) = [ ¥ (xdFxx)

N
:/---/Y(xl,xg,...,xN) X f(xl,xg,...,xN;é’)H dz;.
RN 7=l

Further assume the regularity conditions to exchange derivative and integration is satisfied, we

have

dJ(@) 6f($1,x2,~--,$]\[;0) -
) :/.../y(xl,@,...,m x - ]1'[1 dz;. (3.1)
RN B

3.1.1 Likelihood Ratio Method

The likelihood ratio (LR) method is also called the score function (SF) method [20, 21, 22].
Since we are using Monte Carlo simulation to estimate the stochastic gradients, we want to
express Equation (3.1) in the form of an expectation. Thus, a transformation of the derivative

of the density function is applied:

dJ(0) Of (1,29, -, xN3 0) 5
W://Y<£L’1,x2,,x]\[)x 20 Hdl']
RN i=1

N
:/.../y@l,@,‘_‘,m) y 31n(f(m1,:gz,...,mm@))f(xhxz,_”,xN;g)H dz;
RN =

Oln(f(X1, Xy, ..., Xn; 9))]

:]E[Y(Xl,XQ,...,XN) X -
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and the LR estimator is given by:

aln(f(Xl,Xg, ,XN,Q))

Y(Xi, Xo, ..., X
( 1y, 422, ) N)X 89

If {X;} are independent random variables and ¢ is a distributional parameter of the density
function f; of X; only, then the LR estimator becomes:

OIn(f1(Xy;0))

Y(XlaXQa"'7XN) X 960

3.1.2 Weak Derivative Method

We assume here that {X;} are independent random variables and 6 is the distribution

parameter of X;. Then we have:

N

Of (x1, 9, ...,xn;0)  Ofi(x150)
90 == 115

We can decompose the derivative of the density function as a constant times the difference of two

density functions f1(+) and fl(f):

O0f1(x1;0)

o = aO)(f7@:0) = £ (w1:0)). (3.2)
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An example for normally distributed X; with mean p and variance o2 is provided here: the

density function of X is given by

2

iz p) = - 127T exp ( - %)

and the derivative of the density function of X; with respect to ;. can be expressed as,

Ofi(xy; T — x1 — p)?
Pt 0 e (- 14T
- 127T [(5610—2 1) exp ( _ %)I(ml > 1)
_ (M;_fl) exp (- %)1@1 <m). (3.3)

Inside the bracket of Equation (3.3), the first part is of the form p + Wei(2, \/50) and the second
part is of the form y — Wei(2,v/20), and the constant term is \/% The triple (¢;(0), 1(+), 1(_))

constitutes a weak derivative (WD) for f;, which is generally not unique. Using the weak
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derivative of f;, we can express the gradient as:

- 7 :/.--/Y(.]}l,xz,...,.fl}]\[) X 8f($17x27-- IN’ H dIJ
RN

N

:/---/Y(xl’x27...,$N> X wdl‘lﬂfj(xﬁ dxj
RN

=2

= /]R.N. /Y(xl’x2""’xN) X ( 1(+)(x1;9) _f( (#1;6) dmjl_[?f] i
N N
201(9)</---/Y(:Bl,xg,...,a:N) < [ @ 0) T £ T da
RN j=2 j=1

N N
= [ Yo x5O0 [ e T )
RN o =

—c1(6) (]E [Y(X{”, Xo, oo XN)] _E [Y(XP, Xo, oo XN)] )
Thus the WD estimator is given by
e (0) (Y (X1, X, o Xy) = YV(X]T, X, X))
where Xer) ~ f1(+) and Xl(_) ~ fl(_).

3.2 Sample Path-Based Methods

3.2.1 Derivatives of Random Variables

Because the sample path (PA) estimators require the notion of derivatives of random variables,
the definition of the derivative of a random variable X is introduced here. We first construct a

family of random variables {X ()} parameterized by 6 on a common probability space. We
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construct X (0) ~ F(-;0) such that X (0) is differentiable w.r.t  w.p.1. Then the sample

derivative is defined as:

where w is a sample point in the sample space €. If the distribution function of X is known, we

have [23, 24]

dX(0)  9F(X;6)/00
o~ OF(X;0)/0X" 4

3.2.2 Location and Scale Parameters

A distributional parameter ¢ of a random variable X ~ F(-;6) is said to be a location
parameter if F'(z + 6;6) does not depend on 6; 6 is said to be a scale parameter if F'(x6;6) does

not depend on 6; 6 is said to be a generalized scale parameter if F'( + z0;0) does not depend on

0.
dXx () dXx(0)

If 6 is a location parameter, then - = L 1If f is a scale parameter, then = %. Ifo

is a generalized scale parameter, then d)é—go) = #

3.2.3 Infinitesimal Perturbation Analysis

Infinitesimal perturbation analysis (IPA) method is a sample path-based method. IPA may
transform the random variables so that the random variable and its distributional parameter are
split. For example, if X ~ N (u,0), X can be expressed as X = u + oZ, where Z ~ N (0, 1).
For random variable X with general distributions, an inverse transform method can be applied so

that X has the same distribution as F~!(U; ), where U ~ U(0, 1) [25].
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Assuming the regularity condition to exchange derivatives with integration is satisfied and

after applying the transformation to change the measure, we have:

dJ(0) dY (X (6;u))
— = —=d 3.5
0 / a0 “ (3-5)
(0,1)N
. . . dY (X (0u)) _ dY dX S dx(o) -
where in the integrand of Equation (3.5), === = 9%, the estimation of =~ is needed,

which has been introduced in Section 3.2.1.

3.3 Finite Difference Methods

The previous three methods are direct gradient estimation methods, which utilize sample
path information and distribution functions to obtain a stochastic gradient estimator. Indirect
gradient estimation methods assume the output of the simulation comes out of a black box and
take the form of finite difference estimators.

The simplest finite difference (FD) estimator is the one-sided forward difference gradient

estimator, given by:

Y(0+06,&%) —Y(0,6)
20

A more accurate estimator is the two-sided symmetric difference estimator is given by:

Y(e + 57 52) - Y(@ B 57 él)
20 ’

where Y(+) is the sample performance function, J is a small perturbation value, £; and &, are two

sample points in the sample space. For example, in SANs, Y could be the PCT of the network
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and 6 could be the mean value of arc 1’s length. Then, to obtain the FD estimator, all arc lengths
are simulated with the mean of X; equal to 6 + §, and the PCT value is calculated based on the
first simulation replication, which we denoted by ). Then all arc lengths are resimulated with

the mean of X; equal to  — § and the PCT value is calculated based on the second simulation

YD _y®@

replication, denoted by y®. The FD estimator is given by 5

One of the drawbacks of FD estimators is that they have large variance. In order to reduce
the variance of FD estimators, the common random numbers (CRN) variance reduction technique
(&1 = &) is applied here. When applying (CRN) technique to SANSs, in the first simulation
replication, all arc lengths are simulated, whereas in the second simulation replication, only the
arc that 6 belongs to is resimulated and all the other arc lengths remain the same as the first

simulated values.
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Chapter 4: Stochastic Gradient in SANs

In this chapter, we are interested in estimating the stochastic gradient of the sample performance
measures introduced in Chapter 2 and moments of PCT with respect to the distribution parameters
of arc lengths. The gradient of the criticality index of arcs with respect to distribution parameters
of activities durations can help us understand how sensitive the criticality index of arc ¢ is to its
mean duration; similarly for the gradient of expected PCT. Higher-order gradients of expected
PCT can help with functional approximation of the expected PCT as a function of distribution
parameters. In Chapter 5, it is shown that the first-order gradient of expected PCT reduces to the
arc criticality index if the distribution parameter is a location parameter.

It is obvious that the expected PCT is an increasing function of an activity’s mean duration.
However, Elmaghraby [26] notes that the variance of expected PCT is not a monotone function of
an activity’s mean duration. To better understand how variance of PCT changes when the mean
duration of an activity changes, higher-order gradient estimation of variance of PCT is important.
To estimate the gradient of the variance of PCT, we estimate the gradient of the second moment
of PCT.

For optimization problems with a differentiable objective function, gradient-based methods
are commonly used for finding the optimal solution and optimal value. Examples of such gradient-

based optimization methods are: (1) Interior-Point methods [27, 28, 29], (2) Stochastic Gradient
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Descent methods. Thus, a good stochastic gradient estimator with low variance and low complexity
is key for gradient-based optimization algorithms.

In this section, we will introduce stochastic gradient estimators for: criticality index of arcs,
first moment of PCT, second moment of PCT, and variance of PCT using the gradient estimation

techniques mentioned in Chapter 3.

4.1 Stochastic Gradient of Arc Criticalities

In this section, we are interested in estimating the following:

OC, (i)
00,

where C,(7) is the criticality index of arc ¢, and ¢; is the distribution parameter of X;. C,(i)
can also be expressed as [E[I{arc i is on the critical path}]. The different arc criticality estimators
in Chapter 2 correspond to different stochastic gradient estimators, because they have different
sample performance functions and different probability measures: IAC has the sample performance
function as an indicator function; TAC has the sample performance function as a complementary

distribution function; CAC has the sample performance function as a recursive formula.
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4.1.1 IPA gradient of Arc Criticalities

4.1.1.1 IPA of TAC

Assuming the regularity conditions for exchanging derivative and integral in Equation (2.9)

is satisfied, we have

0CuD) _ [ [OROM) T
26, _/ / 56, lej[lfj(xj)dx]. (4.1)
R i

The IPA estimator for TAC arc criticality is from [10]:

_OF(M;)  dFi(M;)

06, do;,
COF(M;)  dF(M;) dM,
00; dM; db,
_ dFy(M;) dmax(||Pi|| — [P, 0)
JF(M) OF;(X;)
A 7 '3 . * . * 89j
. x1{||7>,-_||—||7%||zowu{yea_}—f{yem)x(W)-

Assuming the regularity conditions for exchanging derivative and integral in Equation (2.9)

8" Ca (i)

n times is satisfied, the high-order derivative estimator for on

is given by:

_OR(M)

4.2
5 4.2)
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4.1.1.2 TPA of CAC

Assuming the regularity conditions for exchanging derivative and integral in Equation (2.9)

is satisfied, we have:

J Ty =ty,....T, =
30;(1) ://aoa(l| 1 tla y4n tn) X le 77777 Tn(tla-'-atn) dtl---dtn,
J
R

0 00,
so the IPA estimator for CAC is given by:

0C, (1|1, ..., Ty,)
00;
a fi(T*_Ti) H?:l’j;ﬁi Fj(T*_Tj)
o ZZ:l fk(T*—Tk)Hg:Lj;ﬁk Fj(T—Tj)
00;
a fi(T*_Ti) H?:l’j;ﬁi Fj(T*_Tj)
o ZZ:l fk(T*_Tk)H‘JZ':LJ’;ﬁk Fj(T—Tj)

— . x Cy(x|T1, ..., T})

n fi(T = T) ?:1,#1‘ Fi(T. —Ty) « 0C, (x|T, ..., Ty,)
ZZ:1 fk(T* - Tk) Hg‘:l,j;ék Fj(T* - TJ) 90;

X Cn(*|T1, ceey Tn)

4.3)

For the derivatives appearing in the first term of Equation (4.3) above, we have (i # j):

ON(T ~T.) _ df(T~T) (T, ~T.) 0X, | (T~ T.)

00; AT, —-T.) 0X; 06 00;
O(T,~T.) _ dfi(T, — 1) O(T, — T.) OX,
00, dT;-T.) 0X; 06;’
oT; . .
ox, = [{Xj is on the longest path that ends at node 7 }. 4.4)

For calculating the derivatives of F}, substitute f; with F; for the above equations, and we
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have

OF(T;,~T.) _ dF(T,~T.)0(T; ~T.) 0X,  OF(T ~T.)

00; - dT,-T.) 0X; 06 00, ’
OF(T: —T.) dF(T; —T,) 0(T; — T.) 0X;
90; AT, -T,) 0X; 00,

4.1.2 LR Gradient of Arc Criticalities

The TAC estimator is not available for measure-based gradient estimators when the parameter

30’1(1) . The reason LR is not

of interest belongs to X, i.e., when we are interested in estimating
applicable for TAC is that in Equation (2.9) the joint density function is independent of 6,.
The CAC estimator is also not available for measure-based gradient estimators, because the

joint density function of node release times fr, 1, (t1,...,t,) in Equation (2.5) is unknown. In

order to use measure-based gradient estimation techniques, we need information about

Ofry,.. 1ty

96;

which is unknown.

In conclusion, both the TAC and the CAC estimators are not applicable for measure-
based gradient estimation techniques. Measure-based gradient estimation techniques are only
applicable to the IAC estimator. The LR estimator of IAC is derived from exchanging derivative

and integration of Equation (2.4)

/ /[{HPH—HPH}X H“fz( Ol i) 4o g

/ - [10P = 1Py < SRR T e .
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and the LR estimator for IAC is given by:

On(f;(x;))

I{IPll = NP} > o0,

4.5)

4.1.3 WD gradient of Arc Criticalities

As mentioned before, the WD gradient estimation technique is only applicable for the IAC

estimator. The WD estimator for IAC a(c;_;@ is given by:
J

cl(ej)(y(xl, X X)) =Y (X, X, ...,XN)> (4.6)

where we have X](-+) ~ f;ﬂ and X](_) ~ f;_). (c1(05), f;ﬂ, f;_)) forms a weak derivative of
the distribution of X;. For details about weak derivatives of different distributions, please refer
to [13].
The variance of the WD estimator is given by:
Var [cl(ej)(y(xl, e XX = Y (X, X, ...,XN))]
~(e1(6,))* (Var [Y (X1, 0, X, X)| o Var [V (3, X, X))

— 2Cov [Y(Xl, XX, Y (X, X, ....,XN)D.

To minimize the variance of the WD estimator, we want Cov [Y(X Ty eeny X ](H, ey XN
Y(Xy, ..., X](_), ey XN)} to be as large as possible. In [30], it is shown that the WD gradient
estimator for expected PCT with all activities’ durations normally distributed outperforms IPA

and LR gradient estimators in numerical experiments of small ANs. Heidergott et al. [31] apply
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OE[Y]
do

coupled phantoms in reducing the variance of the WD gradient estimator for , where Y is

the PCT of an AN as a Gaussian system and o is the standard deviation of the system.

4.1.4 Numerical Results of Gradient Estimators of Arc Criticalities

In this section, a random activity network with n nodes and m arcs is first generated using
the AM algorithm mentioned in Section 1.4. For a normally distributed arc length, its mean value
w1 is uniformly sampled from [0.5,15] and its standard deviation is generated as o = 0.333u. For
an exponentially distributed arc length, its mean value p is uniformly sampled from [0.5,15].

With number of nodes n and number of arcs m fixed, an activity network with all arcs
either normally distributed or exponentially distributed is randomly generated. The generated
network is random in terms of both the network structure and its arcs’ distributional parameters.
The criticality indexes of all arcs of the randomly generated network is estimated using the CAC
estimator with 1000 simulation replications. Then the set of arcs P with top 10 largest criticality
indexes of arcs are chosen as the target list of arcs. The arc criticality gradients ag;;ii), Vi € P
are estimated using different estimators with the same set of 200 simulation replications. For
each ¢ € P, the sample standard deviation (STD) of the estimator and the sample mean (gradient
estimation) of the gradient estimator are calculated.

For fixed number of nodes n and number of arcs m, the procedure in the previous paragraph
is repeated 3 times. Finally, the sample standard deviation (STD) and computing time are
averaged over 30 arcs coming from 3 independently generated SANs with same number of nodes

and number of arcs. In Tables 4.1 to 4.6, TAC stands for the IPA gradient estimator of arc

criticalities in Equation (4.2), CAC stands for the IPA gradient estimator of arc criticalities in
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Table 4.1:

95% C.I. of Gradient of Normally Distributed Arc Criticalities (based on 200
Independent Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs
TAC 0.032 & 0.006 0.046 &= 0.010 0.034 +=0.005 0.065 & 0.007 0.037 &= 0.005 0.040 & 0.006
CAC 0.027 & 0.005 0.042 & 0.007 0.033 &0.006 0.062 & 0.005 0.041 &0.005 0.016 & 0.006
LR 0.050 +20.035 0.041 &0.063 0.030 == 0.030 0.086 4 0.037 0.030 & 0.027 0.025 £ 0.039
WDC 0.032 £0.007 0.036 £0.011 0.035+0.006 0.071 =0.009 0.028 +0.014 0.036 = 0.011
WDNC 0.023 +0.009 0.046 = 0.018 0.033 =0.009 0.059 £0.012 0.031 £0.029 0.038 +0.017

Table 4.2: 95% C.I. of Gradient of Exponentially Distributed Arc Criticalities (based on 200
Independent Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs
TAC 0.009 £0.002 0.017 £0.002 0.003 + 5e-4 0.065 £0.007 0.003 £ 4e-4 0.040 £ 0.006
CAC 0.009 £ 0.004 0.004 £ 0.004 0.006 = 0.002 0.062 +=0.005 0.009 = 0.003 0.016 £ 0.006
LR 0.011 £0.016 0.011 £0.018 0.008 +=0.008 0.086 +0.037 0.014 +0.010 0.025 £ 0.039
WDC 0.015 £0.009 0.010 £0.006 0.013 +=0.005 0.071 &0.009 0.007 & 0.004 0.028 £ 0.014
WDNC 0.020 £ 0.017 0.012 £0.014 0.013 £0.007 0.059 £0.012 0.018 & 0.007 0.031 4 0.029

Equation (4.3), LR stands for the LR estimator of arc criticalities in Equation (4.5), WDC stands
for the WD estimator of arc criticalities with common random numbers applied in Equation (4.6)
and WDC is the estimator in Equation (4.6) without common random numbers applied.

In Tables 4.1 and 4.2, for each randomly generated AN with given number of nodes
and arcs, an arc with arc criticality between 0.3 and 0.8 is randomly picked and applied with
different arc criticality estimators under 200 simulation replications. The 95% C.I. for different
arc criticality estimators are presented in Tables 4.1 and 4.2. It can be concluded that: for all
activities’ durations normally distributed or exponentially distributed, TAC, CAC, WDC and
WDNC have very close accuracy, while LR has the worst accuracy.

Tables 4.3 and 4.4 are the aggregated version of Tables 4.1 and 4.2. Instead of focusing
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Table 4.3: Averaged STD of Gradient of Normally Distributed Arc Criticalities (based on 200
Independent Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 0.032 0.049 0.033 0.048 0.034 0.033
CAC 0.038 0.062 0.034 0.064 0.041 0.046
LR 1.024 1.580 1.086 1.369 0.971 1.097
WDC 0.038 0.061 0.041 0.059 0.041 0.041
WDNC 0.081 0.145 0.114 0.147 0.121 0.102

Table 4.4: Averaged STD of Gradient of Exponentially Distributed Arc Criticalities (based on
200 Independent Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 0.014 0.022 0.012 0.018 0.015 0.015
CAC 0.018 0.027 0.021 0.023 0.025 0.020
LR 0.104 0.173 0.083 0.125 0.108 0.113
WDC 0.042 0.063 0.037 0.054 0.042 0.040
WDNC 0.081 0.146 0.064 0.106 0.098 0.100

on estimating the gradient of one arc, Tables 4.3 and 4.4 contain the averaged STD among
30 different arcs from 3 different networks with the same number of nodes and arcs, and the
sample variance performance of the TAC arc criticality gradient estimator is the lowest among the
gradient estimators across randomly generated activity networks of different sizes. The variance
of the TAC and CAC estimators are close, whereas LR has the highest variance. WDC is close
to TAC and CAC when all arcs are normally distributed, but when all arcs are exponentially
distributed, the sample variance performance of WDC is worse than that of TAC and CAC. The
averaged STD value of WDNC is about twice as that of WDC, which indicates that common
random numbers cuts the sample variance of the WD gradient estimator in half.

In Tables 4.5 to 4.6, MCT is short for the mean computation time, which is the corresponding
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Table 4.5: MCT of Gradient of Normally Distributed Arc Criticalities

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 2.11 222 5.29 5.35 17.26 17.17
CAC 9.71 13.48 22.55 29.19 70.43 84.11
LR 0.41 279 2.52 11.38 10.61 69.78
WDC 0.82 5.51 4.32 22.28 21.20 140.24
WDNC 1.78 6.73 6.86 25.33 29.75 149.36

Table 4.6: MCT of Gradient of Exponentially Distributed Arc Criticalities

Network Size

30 Nodes 50 Nodes 100 Nodes

60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TAC 2.10 2.24 5.31 5.32 17.22 17.30
CAC 10.03 13.75 23.59 30.01 74.37 88.48
LR 0.42 2.717 249 11.13 10.30 71.15
WDC 0.79 5.52 4.25 21.62 20.38 142.90
WDNC 1.72 6.65 6.69 24.41 28.63 151.75

average computing time for Tables 4.3 to 4.4. Tables 4.5 to 4.6 indicate that CAC has the longest
computing time in most cases. WDC and WDNC have the longest computing time in the case of
100 nodes and 300 arcs. The performance function of LR, WDC and WDNC are both PCT, and
the time complexity for calculating PCT is O(n,), where n, is the number of paths in the SAN.
As a result, the time complexity of LR, WDC and WDNC are O(n,,). And the computing time
of WDC and WDNC is about twice as LR, because weak derivative estimators in Equation (4.6)

requires two estimates of the performance function Y.
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4.2 Stochastic Gradient of First Moment of PCT

In this section, we are interested in estimating the following:

IE(Y)
a0,

where Y is the project completion time (PCT), which can be expressed as:

V(X1 X)) = > X 4.7

i€ P*

4.2.1 IPA Conditioned on Node Release Time

dE(Y)

The IPA gradient estimator of =~
J

is given by:

9X,
I{je pVy—21
EAREFT)

Bowman [11] proposed a conditional IPA estimator for PCT conditioned on node release times,

derived from the following:

OE(Y) 1. dX;
—E[1{j e p1%s
96, A dej}
B X % de
- E_E[[{] € Pt Tl,...,TnH (4.8)
dx,

4.9)

—E[c,i|T, ... T))

Xj—Thm—Tt(j)]

dd;
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where —2 is the gradient of random variable X; mentioned in Equation (3.4). And from Section

3.2.2 we have that 2 = 1 for 6, being a location parameter and ¢ = 22 for §; being a
s a; i g p o, — 9 J g

scale parameter. Because the mean value p is a location parameter for normally distributed

random variables and a scale parameter for exponentially distributed random variables, Equation

BJE(Y)

(4.9) reduces to = (,(i) for normally distributed arc j’s length. In Equation (4.9),

Co(i|Ty, ..., T,,) is the expression in Equation (2.6), T},(;) is the node release time of the head
node (where the arrow points at) of arc j and 7y, is the tail node of arc j. Thus, the IPA gradient

estimator conditioned on node release times is named NIPA and is given by:

dX;

C.G|Ty, ..., T, .
A

(4.10)

In Equation (4.10) stands for the value of the derivative of random variable X;

’ d9
TN X=Th )~ Tuij)

as a function of X; when X; = Tj,;) — T}(;). For example, when 0; is a scale parameter of X,

dX; _ Thp—Tiy)
d6; 9, -
P X=Th) ~Th) !
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4.2.2 TPA Conditioned on Threshold

We proposed a conditional IPA estimator for PCT conditioned on all arc lengths expect for

the one of interest in [32]. The estimator is derived from the following:

E(Y) _

21ty < |

= [ [[{J S P*} ‘Xz,z %JH (4.11)
E[Pr(X; > m;)], 6;is alocation parameter

E[% f;;oo zfj(z)dz], 6;is ascale parameter

The IPA estimator for PCT using TAC condition is named TIPA and is given by:

Pr(X,; > m;), 6, isalocation parameter
(4.12)

91j j;:]oo xfj(x)dx, 0, is ascale parameter

f;(x) in Equations (4.11) and (4.12) is the density function of the duration of activity j, X,. And
for most of commonly used random variables, the integral part of Equation (4.12) is a closed-form

function.

4.2.3 Higher-Order Stochastic Gradients of PCT

Since the IPA gradient estimator has better variance performance and faster convergence

speed compared to the LR gradient estimator, we will not use LR for estimating the higher-order
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stochastic gradient of PCT, that is estimating:

OPE(Y)
o607

where n > 1. Since estimating analg(:/) using CIPA requests taking higher-order derivatives of
J

Equation (2.6), which is very complicated, NIPA is not appropriate for estimating 8né]E9(TLY) . Higher-
J
order derivative using WD estimators require additional simulation replications, so is also not

considered.

87;%?/) , the TIPA estimator for WSET? is given by [32]:

For estimating

d" Pr(X;>m;)

o , 0, 1is alocation parameter
J

(4.13)
a e @)

aor dx, 0;1is ascale parameter

Notice that for most commonly used continuous random variables, Equation (4.13) is a closed-

form function of the threshold m; defined in Equation (2.8).

4.3 Stochastic Gradient of Second Moment of PCT

In this section, we are interested in estimating the following:

OE(Y?)
a0,

where Y is the project completion time (PCT) given by Equation (4.7).

OE(Y?)

—55 > the stochastic gradient of the variance of PCT with
J

Once we have the estimator for
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respect to arc j’s length distribution parameter ¢; can be calculated as:

OVar(Y) O(E(Y?) — (E(Y))?)

00, 00,
_ OE(Y?)  O(E(Y))?
00, 00,
OE(Y?) OE(Y)
= ——-=> —2E(Y)—.
00, ) 00;
Similarly, the higher-order derivatives are given by:
o?var(Y)  OPE(Y?) OE(Y)\2 OPE(Y)
= -2 —2E(Y)———
007 007 ( 00, > (¥) 007
3 3 2 2 3]E Y
0°Var(Y) _ 0 ]E(:}; ) 68E(Y)6 IE(ZY) _ QE(Y)a (3 )
06’ a0; 00, 00; 00;
O'Var(Y)  9'E(Y?) B 6(82E(Y)>2 B OE(Y) PE(Y) B IE(Y)84]E(Y)
69;‘ B 89;* 007 20; 00} 69;‘

4.3.1 IPA Conditioned on Node Release Time

The IPA gradient estimator of % is given by:

X,
9I{j € P*Yv =i,
{jepr} o0,

Bowman [11] proposed a conditional IPA estimator for PCT conditioned on node release times,

the IPA gradient estimator of second moment of PCT conditioned on node release times is derived
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from the following:

OE(Y?) o dX
o5 ~F 21{ ep }Yde ]
—E| [2]{; € P*}Yi Ty, .. Ty H
dX

— g |20, 6|1y, T,)T, %255
i (Z’ 1 ) ) de

} , (4.14)
X5=Th(j)—Te(5)

where £ is the gradient of random variable X; mentioned in Equation (3.4). Thus, the IPA

o,
gradient estimator for second moment of PCT conditioned on node release times is named NIPA2

and is given by:
X,

27,C. (T, ..., T, ,
h )de Xi=Th() ~Te()

(4.15)

The difference between the gradient estimator of first moment of PCT in Equation (5.1) and
that of second moment of PCT in Equation (4.15) is that Equation (4.15) has one more term
27T,,. Assume that the regularity condition for exchanging derivative and expectation n times is

OmE(Y2)

satisfied in Equation (5.1), then the higher order IPA gradient estimator for Z——)

gor— 1S given by

taking derivative of Equation (4.15) n — 1 times, which requires n — 1 order derivative of the
recursive formula C,(i|Ty, ..., T,,), that is very complicated and time consuming. In conclusion,
the NIPA?2 estimator is not suitable for higher-order gradient estimation of the second moment of

PCT.

4.3.2 IPA Conditioned on Threshold

The IPA estimator for second moment of PCT conditioned on all arc lengths expect for the

one of interest is similar to that of the first-moment estimator. The estimator is derived from the
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following:

IE(Y?) dX;
—E|21{j € P"}y 1]
00 beryo
dX;
- E[E[Ql{j e Py x, i+ jﬂ
db;
2E[f7:°°(x +a;)f;(x)dx], 6;is alocation parameter
2E [+ fnjoo z(x + a;) f;(z) dz], 0;is a scale parameter
where a; = ||P|’, which is the length of the critical path given all arc lengths under the condition

that the length of arc j is 0, and f;(x) is the density function of the duration of activity j, X,. The
IPA estimator for the second moment of PCT using TAC condition is named TIPA2 and is given
by:

2 fy:oo(:v +a;)f;(xz)dx, 0;is alocation parameter,
’ (4.16)

9% j;:;oo x(x + a;j) f;(z) dz, 6; is a scale parameter.

Assume the estimator in Equation (4.16) is n — 1 times continuous differentiable. Then the IPA

O"E(Y?) .

gradient estimator conditioned on TAC condition for =, is given by:
J

2 fi;o(flf + Gj)—anf;;@z) dx, 6, 1is alocation parameter,
J (4.17)

2 “+00 8"71]“]'(33) .
o fmj z(x + aj) 51 dx, 0;is ascale parameter.

Notice that for most commonly used continuous random variables, Equation (4.17) is a closed-

form function of the threshold m; defined in Equation (2.8).
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Chapter 5: Applications of Gradient Estimators in SANs

In this chapter, we first introduce how the gradient estimator in Section 4.2.3 can be applied
in estimating the change in expected PCT when the mean duration of one activity is changed by
a given amount. Then, using the estimation of change of expected PCT, an algorithm is proposed
for solving an optimization problem in SANs called time-cost tradeoffs problem.

Bowman [11] proposed a simulation-based optimization problem of crashing the mean
duration of activities called the time-cost trade-off problem. Kim et al. [4] concentrate on the
problem of minimizing a quantile of the PCT subject to constraints on circuit design variables.
Goh [33] proposed a robust programming algorithm for minimizing the expected PCT when the
distributions of the activity durations are not known. We improved the heuristic optimization
algorithm in [11] using the SPA estimator of expected PCT. The content in this chapter is based

on material from [32].

5.1 Estimating the Change of Expected Project Completion Time
Cho and Yum [34] claimed that %J/) cannot serve as an accurate estimate for change in
E(Y') due to a discrete change in the mean duration of activity i, ;. For example, if the original

value of activity 1’s mean duration p; is 25, then using % to estimate the amount of change

of E(Y') when 1 is decreased by 5, keeping all the other activity mean durations unchanged, is
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not accurate.

The goal is to estimate:

Cho and Yum [34] consider:
nw
AENID) = [ Cilalde, (5.1)
o

where C;(x) is a function with input of arc i’s mean duration and output of criticality index of arc
1. In [34], it is assumed that all activities are normally distributed and the parameter of interest is

the mean duration of activity 7. An explanation of Equation (5.1) is given by:

AE[Y](6) = E[Y]

pi=

-y
n— 1

Equation (4.15) follows from the mean duration y; being a location parameter for normal
distributions, and Bowman [11] proved that for location parameters, aag = Cy(x). Then, to
find a functional approximation of C;(x), Cho and Yum [34] proposed using logistic regression
to fit C;(z), because C;(x) is a S shaped curve. Numerical experiments indicated that their logit
fitting approach underestimates A;E[Y](d) when o;/u; is large, where p; and o; are the mean

and standard deviation of normally distributed X;.

We propose using a Taylor series approximation to fit C;(x) locally, assuming C;(x) is
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N-times continuously differentiable,

N
1
Cilw) = > =CP () (@ — ), (5.3)

where Ci(k) () is the k™ order derivative of function C;(z) at activity i’s original mean duration
1, which can be estimated using the IPA estimator in Equation (4.2). As for the case 6; is a scale

parameter rather than a location parameter, we have the expectation version of Equation (5.3)

given by:
OE[Y] <L 1 9FIE[Y] .
R~ _— — )" 4

Using Equation (5.4), we have that Equation (5.2) becomes:

AEY](0) =EY]  —E[Y]] -5
[ OE[Y]
_/u_a o dx

b1 OFHE]Y]

x — p)kde
S g () (x — )

Q
—

2l 1 9HE[Y] k1 |
:;ugﬂ)! gt W
N o \k+1 gk+1
_ Z ( 1) ot E[Y] (,u)(;k"H, (5.5)

(k+ 1) gur+

il

0

Notice that Equation (5.5) works not only for the distribution parameter being the mean, but also
works for other distributional parameters. In [34], they also claimed that using direct Monte
Carlo simulation (MCS) to fit a logistic regression requires several thousands of runs to estimate

C;(x) at different = values. Hence, they proposed using Taguchi Orthogonal Array experiment to
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reduce the number of simulation replications. Using the TAC estimator, we can solve this issue
with an easy and efficient approach. Since m; in Equation (2.8) does not depend on X, and
therefore not on 1;, no new simulation replications are needed for estimating C;(x) at a new z

value.

5.2 Estimating the Criticality Curve

As mentioned in Section 5.1, to fit a logistic regression model for C;(x), we need to
estimate the C, (i) value when the mean duration of activity ¢ takes different discrete values
while the parameters of other arc length remain unchanged. For estimating arc criticality using
the TAC estimator, calculating the threshold m; is important. The following algorithm presents
an efficient way of calculating the TAC threshold for one activity of interest.

When estimating the criticality curve using TAC, Algorithm 1 is helpful. Suppose we
are interested in estimating the criticality curve at 10 different values. The following procedure

explains the advantage of the TAC estimator:
1. Simulate all arc lengths.
2. Calculate threshold m;.
3. Calculate estimator for C;(x), EST < Fj(m;).

When estimating C;(x) at different x values, steps 1 and 2 only need to be run once, and for
different = values, redo step 3 with the distribution parameter of F;(z) changed. This property is
called Sample Performance Invariance (SPI), because estimating the gradient at different parameter

values does not depend on the simulated samples. This property is advantageous for all measure-
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based gradient estimation methods, such as the Likelihood Ratio (LR) method and the weak
derivatives method. Sample path-based gradient estimation methods such as IPA do not generally
possess this property, but for the TAC estimator, the IPA estimator also possesses the SPI property,

so we can estimate the function of C;(z) more efficiently.

5.3 Optimization of Time-cost tradeoff Problem

Bowman [11] formulated a nonlinear programming problem called the time-cost tradeoff
optimization problem, where the objective function is the expected PCT of a stochastic activity
network. The cost of reducing one unit of mean duration of activity ¢ is b;, and the total budget
is B. The upper and lower bounds of the mean duration of activity ¢ are given by u; and /;, i.e.,
li < p; < ;. Assume ) . b;(u; — I;) > B and there are m arcs in the activity network. Then we

have an optimization problem with nonlinear objective function and linear constraints given by:

mﬁin E[Y] (5.6)

s.t. Zbiﬁi <B (5.62)
=1

—B;<0, Vie{l,..m} (5.6¢)

where (3; is the amount of decreasing of 6; (distribution parameter of the duration of activity
1, usually is the mean) and Y is the PCT. In [11], Bowman claimed that the KKT condition
[29] for Problem (5.6) is a necessary and sufficient condition for a local optimum solution and

derived a heuristic algorithm for finding the local optimum solution satisfying the local KKT
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condition. Here, we will show that the KKT condition of Problem (5.6) is indeed a necessary
and sufficient condition for a global optimum solution by proving that the expected PCT as the
objective function in Problem (5.6) is a convex function of 3. For proving the convexity of the

objective function in in Problem (5.6), the following Theorem is presented:

Theorem 1. Let X = (X, Xo, ..., X,,,) be a random vector with X; independent random variables
with known invertible distribution functions F;(-;6;), f: R™ — R be a convex function, A a real
matrix and b a real vector, 0 = (01,05, ..., 0,,,), where 0; is the distribution parameter of X;. If 6;
is either a location or scale parameter of X; for all i, then E[f(AX + b)] is a convex function of

6.

Proof. Proof of Theorem 1. First consider location parameter 6; of X;, where i is fixed. The
distribution function of X; is given by F;(z; 6;), for z fixed, by definition of location parameter
0;, we have, F;(zo + 0";0") = Fi(xy + 0";0") = y, where ' # 6" are two different values
of ;. Then we have F, '(y;6') = xo + 6 and F, *(y;0") = o + 0". Hence, F, *(y;0") =
F (g 0) — 0 4 0",

& FY(Y;;0;), where

By the probability integral transform theorem [35], we have X;(6;)

Y, & U(0,1), let ¢ = 6, fixed, for any value of §;, we have X;(6;) < Z:(0;) = F ' (Y;;0;) =

F7Y(Yi;00) — 6o + 6;, then X;(6;) is equal in distribution to a new random variable Z;(6;) that
can be expressed as a linear function of 6;.

Similarly, if 6; is a scale parameter of X;, by definition of a scale parameter, we have

Fi(z00';0') = Fy(200";0") = y,and F; ' (y; ') = 20, F, ' (y;0") = x00". Hence, F; ! (y;0") =

i (Visbo) g

M@”. Therefore, X;(6;) iZ,-(@Z-) = Fifleo

) iid
2 ;» where 6 is a constant and Y; '~ U(0, 1).

Hence, we have that X;(6;) is equal in distribution to a new random variable Z;(6;) that can be
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expressed as a linear function of 6;.

In conclusion, if 6; is either a location or scale parameter of X; for all 7, then X =

(X1, Xoy ooy Xin) L7 - (Z1, Zs, ..., Zy), where Z is a linear mapping of 6. Since the composition

of convex and linear mappings is convex, and expectation preserves convexity [29], Ex[f(AX +
b)] = Ez[f(AZ + b)| is a convex function of 6.

]

Bowman [11] states that constraint (5.6a) can be replaced by equality constraint > . | b;3; =
B, because E[Y] is a decreasing function of j; for all . Hence, we replace the constraint (5.6a)

with Z:’ll b;5; = B and derive the KKT conditions as follows:

szﬂi =B
=1
pi >0, Vie{l,2,..,m}
A >0, Vie{l,2,..m}
X >0, Vie{l,2,..,m}
N(Bi— (u; — 1)) =0, Vie{l,2,...,m}
NeBi =0, Vie{l1,2,...m}

From the KKT conditions, we have that the necessary and sufficient condition for 5 to be the

67



global minimum solution of Problem (5.6) is given by:

S b~ B
i=1

B >0, Vie{l,2,..m}

OE[Y]  OE[Y]
;0B

Vi, j € {k|0<5k <uk—lk,k:1,2,...,m} (5.7)

The heuristic algorithm proposed in [11] has two stages: in stage 1, at each step, the algorithm
decreases the mean duration time of the activity that has the largest / b; by aB/b;, where a is
the fraction of budget to be used, e.g., a = 0.01; in stage 2, the algorithm redistributes the budget
between activity ¢ that has the largest / b; value and activity j that has the smallest 8E T] /b;
value among activities whose decision variables are not at their boundaries (strictly between 0
and upperbound).

Using the proposed Taylor series approximation method in Equation (5.5), we propose a
new heuristic algorithm called the Knapsack Ratio (KR) algorithm [32] for solving the time-
cost tradeoff optimization problem. In the following algorithm, 6 stands for the original mean
duration of activity . The KR algorithm is given below:

In Algorithm 3, N is the number of simulation replications, o and ¢ are real numbers
strictly between O and 1, 6 is the vector of distribution parameters of all activities’ duration
in the AN. C,(i) is the criticality index of activity ¢ and is estimated using the TAC estimator
in Equation (2.8). A;E(Y)(6;) is defined and estimated using the Taylor series approximation
method in Equation (5.5). In Algorithm 3, we assumes that at each step, a chosen activity’s mean

duration will be decreased by a fixed amount. The optimal solution of the optimization problem
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Algorithm 3: Knapsack Ratio (KR) Algorithm for Time-cost tradeoffs Problem
Input : N, q,t,0

Output: 0
1 G+ {i|C(i) > t,1 € {1,2,...,n,}}
2 0% 0
3 while B > 0 do
5 E(—{z|lz<91<uz,z€G}

6 | J+ argmax{w/bi}
i€E ’

8 B + B — min(b;0;, B)

9 end

is approximated by the optimal solution of a knapsack integer programming problem when « is

small enough, e.g., o = 0.01.

5.4 Numerical Experiments Results

In this section, stochastic activity networks with fixed numbers of nodes and arcs are
randomly generated using the algorithm presented in [5]. All arc lengths in the randomly generated
network are either normally distributed or exponentially distributed. For normally distributed
activities, their mean durations are generated uniformly between 0.5 and 50, and their standard
deviations are generated uniformly between 0.1 and 1 times their mean durations. For exponentially
distributed activities, their mean durations are generated uniformly between 0.5 and 50.

For following experiments, we will use direct Monte Carlo simulation with common random
numbers (DMCCR). Suppose we use Monte Carlo simulation with N simulation replications to
estimate E(Y") or C,, (i) when a stochastic network and all activities’ distribution parameters are
given. Then one of the activity’s distribution parameter ¢; is changed and we need to re-estimate

performance functions like E(Y') and C, (7). Instead of simulating all activities’ lengths again,
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DMCCR only re-simulates activity ¢’s length NV times and replaces the old simulated X; values
while keeping all other simulated X, j # ¢, values unchanged. DMCCR can save computational

time and reduce variance when only a small set of activities’ parameters are changed.

5.4.1 Numerical Results of Estimation of Criticality Curve

With the number of arcs and number of nodes fixed, a random network with all arcs
independently distributed is generated. The criticality index of a given activity 7 is mainly affected
by two factors: the number of paths that includes activity 7 and the mean duration of activity 7. In
extreme cases, if activity 7 is on all paths, then C;(x) = 1, Vz, and if the mean duration of activity
i is sufficiently large, then C, (i) is very close to 1. For activities with very small criticality index
values, we are less interested in fitting their criticality curves, because decreasing their mean
duration has negligible effect on the expected project completion time. For activities that are on
most of the paths, we are also less interested in fitting their criticality curves, because changes in
their mean duration has negligible effect on their criticality indexes. Therefore, for each SAN,
we randomly choose an activity ¢ such that C,,(7) > 0.5 and R; < 0.6.

After the network structure and distribution parameters are randomly generated, and the
arc of interest is chosen, for a chosen arc ¢ with original mean duration x, 30 mean duration
values ranging from 0.1y to 1.5u with stepsize 1.44/30 are considered. For each mean duration
value x, N = 1000 simulation replications are run for estimating C;(x) and its corresponding
sample standard deviation is computed. The mean of the sample standard deviations across the
30 different = values is also calculated, called the Mean Standard Deviation (MSD). To compare

the TAC and CAC estimators [2], ratios of their MSD and computation time are computed.
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Algorithm 1 is used for calculating the TAC estimator, and DMCCR is applied for estimating
the CAC estimator. From Table 5.1, we can see that the variance performance of the TAC
estimator and the CAC estimator in estimating the criticality curve for both normally distributed
and exponentially distributed activity times are close to each other. From Table 5.2, we can see
that the computational time for the CAC estimator is about 100 times that of using the TAC
estimator. Thus, considering variance performance and computing speed, the TAC estimator is

preferred over the CAC estimator in estimating the criticality curve.

Table 5.1: Criticality Curve Estimation MSD Ratio of CAC/TAC (unit 10~3)

Network Size

30 Nodes 50 Nodes 100 Nodes

Arc Distributions 60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

Normal 9/12 10/11 12/14 10/13 12/11 12/13
Exponential 10/13 11/14 12/13 9/13 11/13 10/11

Table 5.2: Criticality Curve Estimation Time Ratio of CAC/TAC

Network Size

30 Nodes 50 Nodes 100 Nodes

Arc Distributions 60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

Normal 73.8 93.1 95.9 123.7 108.0 126.7
Exponential 88.2 102.6 85.9 96.9 86.2 90.1

Figure 5.1 depicts a representative criticality curve plot of a chosen activity 7 in a randomly
generated SAN with normally distributed activities of size 20 nodes and 50 arcs, where 30
different criticality values are obtained using the same method as in the experiments in Tables
5.1 - 5.2. For logit curve fitting, we first do a logistic regression on 30 sample points estimated
by the TAC estimator and have the estimation for coefficients of the Logit function, then plot the
curve of the Logit function. For TAC and CAC, we first estimate 30 different criticality values,
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then join the 30 points with a smooth curve. Figure 5.1 indicates that the Logit curve fit of the

criticality curve deviates from the other two, especially for lower values of ;.
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Figure 5.1: Criticality Curve of Normally Distributed SAN with 20 Nodes and 50 Arcs.

5.4.2 Estimation of Change of Mean Completion Time

We consider three approaches for estimating A;E[Y](4): direct Monte Carlo simulation
with common random numbers (DMCCR); Logit model approximation (LGT); Taylor series
approximation (TSA). The experiment first generates a random network with given numbers
of arcs and nodes, and then chooses an activity as in Section 6.1, i.e., an activity ¢ such that
C.(i) > 0.5 and R; < 0.6. In the following experiments, 6 = i, where i is the original mean
duration of the activity of interest and « takes two values: o = 10% and o = 20%. For the
TSA method, N = 3 in Equation (5.5). For each method, N = 1000 simulation replications are
run for estimating A;E[Y](0) once. For each methods and network, A;E[77](6) is estimated 100
times to compute the sample mean and sample standard error.

In Tables 5.3 - 5.6, the first three rows are the 95% confidence intervals (C.1.) of the three
methods on the 100 macro replications. And the last three rows are the total computation time
of the three methods. For each column, an activity network with given number of nodes, number
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of arcs, and arc distributions is first generated. From Tables 5.3 - 5.6 we can conclude that both
TSA and LGT method have better variance performance than the DMCCR method. The variance
performance of TSA and LGT are indistinguishable. In Tables 5.3 - 5.4, all three methods have
close estimated mean values. But in Tables 5.5 - 5.6, LGT underestimates A;E[Y](4), as is
mentioned in [34]. As for computing speed, TSA and DMCCR are faster than LGT, and TSA
and DMCCR have similar computing speed. In conclusion, in terms of variance performance and

computing speed, the TSA method is the best among all three different methods.

Table 5.3: Normal Distribution Mean Completion Time with 10% Change (95% C.I. based on
100 Macro Replications, STD in parentheses)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TSA C.I. 2.224+0.006 3.85+0.006 4.15+£0.004 3.394+0.004 4.77+0.004 3.52-+0.006
LGT C.I. 2.224+£0.006 3.86+0.006 4.15+0.004 3.4+ 0.004 478 +£0.004 3.52 £ 0.006
DMCCR C.I. 2.19 £0.19 391 £0.22 425 +0.18 3.35 +£0.27 4.82 +0.16 3.68 +£0.24
TSA Time 1.32 (0.06) 1.33 (0.07) 2.87 (0.18) 2.87 (0.13) 9.21 (0.33) 9.30 (0.39)
LGT Time 3.20 (0.13) 3.20 (0.14) 4.69 (0.22) 4.71 (0.23) 10.87 (0.35) 10.97 (0.41)
DMCCR Time 1.21 (0.06) 1.22 (0.07) 2.76 (0.17) 2.74 (0.14) 9.06 (0.33) 9.09 (0.37)

Table 5.4: Normal Distribution Mean Completion Time with 20% Change (95% C.I. based on
100 Macro Replications, STD in parentheses)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs
TSA C.I 425 +0.01 7.6+0.014 8.27+£0.01 6.74 £0.006 9.5+ 0.008 6.98 + 0.01
LGTC.IL 424 +0.01 7.634+0.014 828 +£0.01 6.754+0.006 9.52+0.008 6.99+0.01
DMCCR C.I. 436 +0.19 7.78 £0.24 831 +£0.18 6.77 £0.31 9.5+0.16 7.11 £0.19
TSA Time 1.27 (0.04) 1.25 (0.05) 2.76 (0.21) 2.80(0.11) 9.00 (0.51) 9.04 (0.66)
LGT Time 3.04 (0.07) 3.02(0.11) 4.51(0.29) 4.61(0.25) 10.68 (0.65) 10.73 (0.80)
DMCCR Time 1.15 (0.02) 1.15 (0.05) 2.66(0.19) 2.68 (0.13) 8.89 (0.52) 8.93 (0.68)
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Table 5.5: Exponential Distribution Mean Completion Time with 10% Change (95% C.I. based
on 100 Macro Replications, STD in parentheses)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs
TSA C.I. 242 4+0.008 3.73 £0.008 4.054+0.006 2.884+0.008 4.63+0.006 3.0+ 0.004
LGT C.I. 1.28 £0.008 3.19 £ 0.01 3.81 £0.008 2.41+0.008 4.3 4 0.008 2.46 4+ 0.01
DMCCR C.I. 2.6 £0.26 3.66 = 0.34 3.95 £+ 0.36 2.96 £+ 0.29 434 +0.34 3.09 £+ 0.27
TSA Time 1.19 (0.08) 1.21 (0.12) 2.73 (0.22) 2.76 (0.15) 9.08 (0.74) 9.15 (0.62)
LGT Time 1.26 (0.09) 1.27 (0.13) 2.80 (0.24) 2.83(0.13) 9.14 (0.68) 9.18 (0.62)
DMCCR Time 1.17 (0.08) 1.19 (0.13) 2.71 (0.22) 2.73 (0.13) 9.05 (0.68) 9.16 (0.63)

Table 5.6: Exponential Distribution Mean Completion Time with 20% Change (95% C.I. based
on 100 Macro Replications, STD in parentheses)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs

TSA C.I. 4,68 £0.018 7.44+0.018 8.07 £0.012 571 £0.014 921 +£0.012 591 +0.016
LGTC.IL 242 +£0.018 633+0.024 7.64+0.018 479 £0.018 8.58 +0.016 4.85+0.02
DMCCR C.I. 475 +£0.23 7.31 £0.31 8.24 +£0.35 5.58 £0.25 9.15 £ 0.38 5.78 £ 0.27
TSA Time 1.16 (0.02) 1.16 (0.10) 2.64 (0.15) 2.68 (0.18) 8.87 (0.65) 8.87 (0.15)
LGT Time 1.23 (0.02) 1.23 (0.09) 2.70 (0.16) 2.75 (0.18) 8.95 (0.66) 8.95 (0.15)
DMCCR Time 1.14 (0.01) 1.15 (0.09) 2.63 (0.15) 2.66 (0.18) 8.85 (0.66) 8.87 (0.13)

5.4.3 Numerical Experiments of Optimization of Time-Cost Tradeoffs

In this section, the DMCCR is not applied, i.e., whenever i, 1s changed, all arc lengths are
re-simulated. The DMCCR is not applied here for two reasons: (1) the number of simulation
replications N = 1000 is too small to get an accurate estimate using DMCCR for the case when
several y;s are changed one by one; (2) for large enough NV, e.g., N = 10000, the time complexity
of evaluating the ratio is relatively large compared to that of extra simulation runs without using
the DMCCR. For each randomly generated SAN, the KR algorithm and Bowman’s algorithm

[11] are compared for finding the optimal solution of time-cost tradeoff problems described in
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Problem (5.6). The parameter settings are: p! is the original mean duration of activity i, costs
a; are uniformly generated between 1 and 20, u; = p?,l; = 0.2 % 9, criticality lower bound
t = 0.001, budget B = 0.2)_a;(u; — ;). The parameter settings for the KR algorithm are:
number of simulation replications N = 1000, decreasing step o = 0.2, and criticality lower
bound ¢t = 0.001, Taylor series approach is used in step 6 of the KR algorithm with N = 2 in
Equation (5.5). The parameter setting for Bowman’s algorithm are: simulation replication for
phase 1 and phase 2 are N1 = N2 = 1000, step of decreasing for phase 1 and phase 2 are
Al = A2 = 0.1*Budget, upper limit of iteration times for phase 2 is M = 20. After finding the
solutions using the two different algorithms, 10,000 simulation replications are run for estimating
the mean and standard deviation of project completion time under the parameter settings obtained
through two algorithms. In Tables 5.7 - 5.8, the first two rows are the 95% confidence interval
(C.I) of project completion time under the optimized parameters obtained by the KR algorithm
and Bowman’s algorithm. The third row is the 95% C.I. for the project completion time before
decreasing any mean duration. Rows 4 and 5 are the computation times for the optimization using

the two methods.

Table 5.7: Normal Distribution Optimal Project Completion Time Estimation (95% C.1. based
on 10,000 Independent Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs
KR 181.7 +£0.74 239 +0.78 211.1 £0.8 2323 +£0.71 237.84+0.74 253.4+0.74
Bowman 183.1 £0.74 23954078 210.7+0.82 233 +0.68 238.1 £0.76 257 £0.74
Original 301.7 £ 0.84 391.7+0.92 4093 +£1.02 4059+091 427.2+098 474.8+0.84
KR Time 65 199 127 371 692 2806
Bowman Time 128 286 543 795 1949 3942
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Table 5.8: Exponential Distribution Optimal Project Completion Time Estimation (95% C.I.
based on 10,000 Independent Replications)

Network Size

30 Nodes 50 Nodes 100 Nodes
60 Arcs 90 Arcs 100 Arcs 150 Arcs 200 Arcs 300 Arcs
KR 209.8 £1.08 27834+132 2359+1.19 291.1+£1.25 287.84+1.2 318.9 £+ 1.08
Bowman 208.6 =21.07 275.8+129 2323 +1.13 2914 +1.22 288.4+1.18 320.1 £ 1.07
Original 3473 + 1.7 460.8 =2.03 4588 +2.02 4999 +2.09 50064195 59594+1.7
KR Time 22 177 82 248 567 2760
Bowman Time 70 209 315 450 2549 5148

From Tables 5.7 - 5.8, we can see that the KR algorithm is better than Bowman’s algorithm
in terms of computing speed, especially for large complex networks. However, in some cases, the
KR algorithm’s solution has a worse (larger) objective value compared with Bowman’s algorithm’s
solution, although in most cases the difference is relatively small compared to the original objective
function value. By decreasing o and ¢, we believe that the KR algorithm will converge to the

global optimal solution.

5.5 Future Research

Future research will focus on the local functional estimation of the variance of PCT using
the higher-order gradient estimator in Section 4.3. The higher-order gradient estimator in Section
4.3 and its application in estimating the change of variance of PCT due to large perturbation of
distribution parameters in the SAN will be tested on randomly generated ANs. By changing the
objective function of the time-cost tradeoffs problem to a linear combination of expected PCT
and variance of PCT, we can decrease uncertainty of the PCT by choosing the optimal decision
variables.

The PERT distribution [36] has been widely used in project management. Sensitivity
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analysis and time-cost tradeoffs optimization problems will be tested on SANs with activity
durations PERT distributed.

Theorem 1 only consider the case where the distribution parameters in SANs are either
location or scale parameters. Future work will focus on expanding Theorem 1 to the case that the
parameter of interest is neither a location nor a scale parameter, for example, characterizing tail

behavior in heavy-tailed distributions.
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Chapter 6: Optimal Crashing AN with Single Disruption

6.1 Problem Background

6.1.1 Crashing ANs

Crashing an activity means reducing the duration of the activity at some cost. Crashing an
activity network means reducing the PCT by crashing some activities in the network. Generally,
there are multiple crashing options. For example, let activity 1 be drilling a tunnel that has a fixed
duration of 1000 hours, and suppose there are two options for crashing activity 1: option 1 is
to have overtime work to reduce the duration by 0.05 percent for every extra working hour; and
option 2 is to use new materials that can reduce the duration by 1 percent for every ton of new
material used. The cost of overtime work is $5/7/hr and the cost of new material is $200K /ton.
Assume a limit of 200 overtime working hours by law and 15 tons of new material. Let d; to
denote the duration of activity 1; e} = 0.0005 denotes the ratio of duration deduction per overtime
working hour applied; ¢? = 0.01 denotes the ratio of duration deduction per ton of new material
applied; b} = 5 denotes the cost of one overtime working hour; b? = 200 denotes per ton price
of new material; 6} denotes the amount of overtime hour spent and 6% denotes the tons of new
material used. We also define the upper bound for overtime hours and new materials usage given

by 6} = 200 and 6? = 15.
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Now the project manager has $500K available for reducing the duration of activity 1,
among which $300K is allocated to option 1 (overtime work) and $200K is allocated to option
2 (new material). Then, the amount of overtime working hour is 61 = 300/5 = 60 hours and
the tons of new material used is #7 = 200/200 = 1 ton, which result in a total reduction for
activity 1 of 1000(fje; + 0%e?) = 40 hours, so that the duration of activity 1 after crashing is

1000(1 — (61e} + 02e?)) = 960 hours.

6.1.2 Disruptions

A stochastic disruption is an event that may occur at any time during the project and results
in a change—typically a significant change—in the system’s parameters [37]. Examples of
disruption are: Hurricane, Earthquake, Electrical Outage, Pandemic, Manual Strike, etc. When a
disruption happens before the completion of a project, it will affect (delay) some of the activities
in the project. We assume that a disruption can delay the duration of activities that start after the
disruption and does not change the duration of activities that start on and before the disruption.

For example, a project has 5 activities and their starting times are given by ¢t; = t, = 0,
t3 =ty = b, t; = 11, their durations are given by dy = 5, dy = 10,d3 = 6, dy = 3, d5 = 1.
If a disruption occurs at time 3, it will delay activities 3, 4, and 5 by X3 = 50, X; = 30, and
X5 = 150 respectively, so that the new durations for activities 3, 4, and 5 that have not started
becomes d3 + X3 = 56, dy + X, = 34, and d5 + X5 = 151. The disruption occurrence time
denoted by H is assumed to be continuous random variable with known distribution and support
[0, 400). The delays associated with each activity caused by the disruption are denoted by { X}

and are independent continuous random variables with known distributions and support [0, +00).
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It is also assumed that H and {X;} are mutually independent. But when a disruption occurs, the
realizations of all delays { X} are known. For example, we estimate the damage of a hurricane

after its occurrence.

6.1.3 Crashing of ANs with a Single Disruption

Crashing an activity network with a single disruption is addressed by Yang and Morton
in [37]. For the example provided in Section 6.1.1, if activity 1 started after the occurrence of
the disruption (say, a hurricane), its duration is no longer 1000 hours. Due to the effect of the
hurricane, its duration is delayed by X; = 2000 hours, so that the new duration of activity 1
is dy + X7 = 3000 hours. For the same crashing budget allocation plan provided in Section
6.1.1, we have the duration of activity 1 after crashing given by (d; + X1)(1 — (fie] + 6%¢?)) =
3000 * 0.94 = 2820.

For the project provided in Figures 1.1 and 1.2, we have the durations of activities given
by dy = 5,dy, = 10, ds = 6, dy = 3, ds = 1, and we have the starting time of activities
given by t; =t = 0, t3 = t4, = 5, t5 = 11 (here we assume all activities start immediately
whenever feasible). Assume there is only one crashing option for each activity in Figure 1.2.
For the crashing and cost parameters, assume that ¢} = b} = 1,0} = 0.5,Vi € {1,2,3,4,5}.
The budget is 2 and the crashing decision variables are 6] = 0.5, 63 = 0.5, 03 = 0.5, 6} = 0,
6} = 0.5, and the PCT after crashing is 6. When the disruption occurred at time 3, the durations
of activities 1 and 2 are unchanged, while the durations of activities 3, 4, and 5 are delayed by
X3 = 50, X4 = 30, and X5 = 150 such that their new durations are given by d3 + X3 = 56,

dy + X4 = 34, and d5 + X5 = 151. Due to contract and other issues, the budget and resources
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are spent at the beginning of the activities and cannot be recalled once the activity started. Under
such restriction, when the disruption happen at 3, the value of ¢{ and 6} cannot be changed, and
we can only reallocate the rest of the budget (2-0.5-0.5=1) among activities 3, 4, and 5, which
have not yet started. The original values of 63, 6} and 6} are not optimal, given the new durations
of activities 3, 4 and 5. Thus, we change the crashing decision variable of activities 3, 4, and 5 to
01 = 0.5, 0} = 0 and A} = 0.5 to minimize the PCT,

The above example shows the minimization of PCT based on the remaining budget under
one scenario of A and random delays in the sample space. Our goal is to find a set of initial
crashing decision variables that minimize the expected PCT when the random disruption and

delays are taken into account.

6.2 Problem Formulation

We now present three different formulations for the problem in Section 6.1: a Stochastic
Programming (SP) formulation [38], a Mixed Integer Formulation proposed by Yang and Morton
[37], and a Piecewise Linear formulation [38]. We will show in Sections 6.3 and 6.4 that our SP
formulation can be used for a gradient descent method and in Section 6.6 that our SP formulation

can handle more situations.

6.2.1 Stochastic Programming Formulation

Before introducing the SP formulation of the optimal crashing of AN with single disruption,
the linear programming (LP) formulation of crashing ANs without disruption is first introduced

here. Materials of this section are from [38].
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6.2.1.1 Linear Programming Formulation of Optimal Crashing of ANs

In the A-on-N representation mode, the starting time of activities must satisfy the following
condition: for any directed arcs in the AN, the starting time of the head node of the arc is greater
than or equal to the summation of the starting time of the tail node of the arc and the duration of

the tail node. The LP formulation of the project in Figure 1.2 is provided below:

@ =min g (6.1)
st tg—t5 > (1 —05)ds
te —ty > (1 —04)dy
ts —t3 > (1 —03)ds
ts —ty > (1 — 03)ds
ty—t; > (1—61)dy
ts —t1 > (1 —601)dy
0 +0;+03+0,+0;<B
0<6;, <05 Vie N

t; >0 Vie N

In Problem (6.1), ¢; denotes the starting time of activity ¢, d; denotes the duration of activity ¢ and
6; denotes the amount of crashing option applied to activity i. The decision variables in Problem
(6.1) are {t1,ts,t3, 14,15, 16, 01,04,03,04,05}. For illustrative simplicity, we assume that there is

only one option for each activity and e; = b; = 1,Vi € N = {1,2,3,4,5}. The first 6 constraints
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indicate that an activity cannot start until all of the activities it precedes are completed. The
objective function is the starting time of the dummy sink node, which is the PCT. Notice that the
starting time of the source dummy node ¢, does not appear in the constraints, because constraints

including ¢, are included in the last constraint.

6.2.1.2 Example of LP Formulation of Crashing AN with Disruption

Recall the example provided in Section 6.1.3, when a disruption happens at time 3, it
changed the duration of some activities and caused a redistribution of the remainder of the budget
based on the new durations. Thus, the LP formulation of the example provided in Section 6.1.3

is given below:

min {4 (6.2)
st tg—15 > (ds + Xs5)(1 — es05) (Type I)
ts—tg > (dy + X4)(1 — e40y) (Type 1)

b5 —t3 > (ds + X3)(1 — e303) (Type II)

ts —ty > dy(1 — eg0;) (Type III)

014 05+ 05+ 0, + 05 < 1
0< 03,0405 <1

t~37 Z?47 g57 {{6 2 0

In Problem (6.2), the decision variables are {ts, t, 05, 0,, é5}, and {t,, t3,t4, 61, 05 } are not decision

variables in Problem (6.2), but are feasible solutions from Problem (6.1). Notice that the starting
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times of activities 3, 4, 5, and 6 are uncertain, because they depend on the choice of the redistributed

crashing decision variables 65, 6,, and 05.

6.2.1.3 Stochastic Programming Formulation

From Sections 6.2.1.1 and 6.2.1.2, it is clear that our problem is a two-stage stochastic
programming problem. The general formulation is provided below. The first-stage problem is

given by:

Z* = r%n g(t,0) (6.3)
st by —t; > di(1-) el6?) V(i,k) € A (6.32)
jed;
Y N vlel<B (6.3b)
iel jGJi
dol<i Vie N (6.3¢)
JE€J;
0<6 <@ Vi€ J,ieN (6.3d)
t: >0 Vie N (6.3¢)

In Problem (6.3), t and @ are the vector form of activity starting times and crashing decision
variables for all options of all activities. (t, @) are the decision variables of Problem (6.3). A is
the set of all arcs in the AN, NV is the set of nodes in the AN, and J; is the set of crashing options

for activity 7. Also g(t, @) is defined as:
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where f(t,0,X, H) is a function of activity starting times and crashing decision variables from
the first-stage problem, and the realization of the random delay and disruption occurrence, defined

by the output as the optimal value of the second-stage problem given below:

f(t,0,X, H) =min ty,{qn, < H} +tn,I{qn, > H} (6.5)
st. tel{qe < H} + . I{qu > HY — (t:I{q; < H} + t,1{q; > H})

> (X;I{t; > H} + d;)

(1= e(0/I{t; < H} + 0/I{t; > H})) V(i k) e A
JE€J;
(6.5a)
SN B(0I{t; <HY+6/1{t; > H}) < B (6.5b)
ieN jeJ;
S (0{t; <H} +0/I{t; > H}) < 1 Vie N
Jje€J;
(6.5¢)
0<@I{t; <H}+&I{t;>H} <6 VieN,jeJ;
(6.5d)
(6.5¢)
In Problem (6.5), g, = mza‘uf((k){ti}, qr. 1s the node starting time the predecessor nodes of
iEpre

node £ that has the largest node (activity) starting time, where predecessor is defined in Section
1.2.6. In the second-stage Problem (6.5), all variables with a tilde are decision variables for the

second-stage problem and for variables without a tilde, they are either input of the function (first-
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stage decision variables) or parameters. In the second-stage Problem (6.5), the set of constraints

Table 6.1: Four Types of Second-stage Constraints

Types Constraint Range of H
Type I Ek—fi > (Xi+di)(1_zjeJi 629}) H < q;
Type I1I ik—tj, Zdl(l_z_jeJl 6505) t; < H < qx
TypeIV  ty —t; > di(1— Y, €l67) g < H

in (6.5a) are classified into four mutually exclusive classes listed in Table 6.1. Notice that Type IV
is not included in the second-stage Problem (6.5a), because all variables in Type IV are first-stage
variables. Thus, for H fixed, each constraint in (6.5a) only belongs to one of the first three types
in Table 6.1. Given (t, @) and H, we denote the set of activities in the second-stage Problem (6.5)
that belongs to Type i in Table 6.1 as A, the set of activities with stochastic delayed durations
as N1, and the set of activities with fixed durations as NJ?. Then, we have that iQIAf{ = A,
AN AT = 0¥ # jand N UN = N, N NN/ = ). Examples of three types of

constraints are provided in Problem (6.2).

6.2.1.4 Further Formulation of the Two-stage SP Problem

Recall that the formulation in Section 6.2.1.3 has two sets of decision variables: the starting
time of activities t and the amount of crashing for each options of all activities 8. From the
constraints in first-stage Problem (6.3), we know that t and 0 are not independent. Because
we want to apply gradient based optimization, it is desirable to have the set of decision variables
independent. As aresult, the decision variable t is expressed as a function of @ and an independent

non-negative auxiliary variable e. We express two equivalent formulas for calculating the activity
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starting time t:

_ jpi
t(0,€)p = Zer;ﬁlxk){ (1 Ze@ ) +t(0,¢€) }+€k, Vk e N, (6.6a)
t(6,€) _r%%if{ S A=Y et e, VhEN. (6.6b)
ieP—{k} JeJ;

In Equations (6.6a) and (6.6b), t(6, €) is a vector whose k" element is the starting time of activity
k, denoted by t(, €);;. We always have that t(6, €);5) = 0, dy = 0 and ¢y = 0. Equation (6.6a)
is a recursive formula for calculating activity starting times, while Equation (6.6b) is another
formula for calculating activity starting times. For any feasible solution (t;, 8;), there exists €;
such that t(01, €;) = t;, and vice versa. Hence, using the formulation of t(@, €), we can transform

Problem (6.3) into an equivalent problem:

Z* = nélin g(t(0,€),0) (6.7)
YN vlel<B (6.7a)
ieN jeJ;

PCES! Vie N (6.7b)
JEJ;

0<6 <6 VieN,je J; (6.7¢)
& >0 Vie N (6.7d)

Notice that in Problem (6.7) all constraints involving t are eliminated, because t(8, €) automatically

satisfies constraints (6.3a) and (6.3e). As a consequence, Equation (6.4) becomes:

g(t(0.€),0) =Ex y[f(t(0,€),0,X, H)] (6.4b)
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and the second-stage Problem (6.5) becomes:

F(46.€).0,X, H) = min (6, €y [{t(6, €) ) < H} + iy 1{tB.0)ny) > HY  (68)
— (t(@, E)m[{t(@, E)m < H} + t}[{t(@, 6)[2-/] > H})

> (X, 1{t(0,€)y > H} + d;) (1 - @/ 1{t6,e)y < H}

JE€Ji

+OI{4(0,€) > H})) V(i k) € A (6.82)

SN HOI{K6, €}y < HY + BI{1(6, )y > H}) < B

ieN jed;

(6.8b)

> (0I1{t(0.€)y < H} + 0/T{t(0,€) > HY) <1 VieN

Jj€J;
(6.8¢c)
0<0/1{t(0,€)y < HY +0/I{t(8,€)y > H} <6  VieN,jcJ,
(6.8d)
t(0,€)I{t(0,€) < H} +1,1{t(0,€);n > H} >0 VieN

(6.8e)

In Problem (6.8), k¥’ = argmax t;, i.e., k' is the index of the predecessor node of node % that
icpred(k)

has the largest starting time, similarly for i'. (0, €) are the first-stage decision variables from

Problem (6.8), and X is a realization of the random delays of durations of activities and H is the

occurrence time of the disruption. The SP problem formulated by (6.7) and (6.8) is equivalent

to the formulation (6.3) and (6.5). Notice that the two-stage stochastic programming problem is
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different from the commonly used two-stage SP in [39, 40], in the sense that indicator functions

are included.

Recall that in Section 5.3, we mentioned that the inequality constraint on the budget can

be replaced an equality constraint. The same can be done for constraint (6.7a) in Problem (6.7).

However, it is not trivial to check the validity for that reason that g(t(0, €), 8) is not a decreasing

function of #; for all :. Thus, the following Theorem is provided to validate the exchange of

inequality with equality in constraint (6.7a).

We define a new first-stage problem with its optimal value as a function of budget 5:

Z(B) = nel}GH g(t(@,e),@)

S.t.

SN vlel=B

ieN jed;

dol<i Vie N
JEJ;

0<6 <0 VieN,jeJ;
6220 VZEN

Theorem 2. z(B) is a decreasing function of B.

(6.75)

(6.7S.a)

(6.7S.b)

(6.7S.c)

(6.7S.d)

Proof. Proof of Theorem 2. We first present Algorithm 4 for allocating extra budget § > 0.

Notice that in Problem (6.8), the index sets A i = 1,2,3,4 and N7 i = 1,2 all depend

(2

on (6,€, H). Let Q be the sample space of (X, H), O = {(i,5)]i € N,j € Ji}. Let

B =Y icn e, b/67, for any B’ € [0,B] and 6 € [0, B — B'] fixed, we want to show that

2(B') < z(B'+6). For B = B, its associated optimal solution is (6", €*). Notice the difference
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Algorithm 4: Allocate Extra Budget

Input : 0%,€*,0

Output: 6

n <+ 0

0+ 0"

€+ €'

while 6 > 0 do

in + argmax{t(,€)y|3j € Ji;,# < 6/ and 3

N AW N =

jEJ; 0] <1}
6 | jn< argmax{b] ¢ <0}

J

7 8, ¢ min{@¢" — 6", 21— 6!

in? pin> J€Jin 3 Fdn

n

s | 0" 0 44,

9 €+ 0,Vi € {i‘t(e, 6)[i] > t(0, 6)[1-”}}
10 0™« 0; €™ €6 06—6,

11 n+<n+1

12 end

between Problem (6.7S) and Problem (5.6): the objective function is (5.6) is a decreasing function
of each coordinate decision variables, which is not true for Problem (6.7S); increasing a crashing
decision variable in (6.7S) may increase the objective function. As a result, we need a way to
allocate the extra budget so that the objective function decreases, and Algorithm 4 provides a way
of allocating the extra budget. Assume we have  extra budget to allocate, we allocate ¢ based on
the Algorithm 4:

Assume when Algorithm 4 stops, n = m > 1 and 0™ is the @ value after k™ iteration of
Algorithm 4. Next we will show that the above algorithm will generate a new crashing decision
variable 8™ such that g(t(8™ €*),8™) < ¢(t(0*, €*),0") and D ieN Dje; b{@f(m) = B+,
where {6’ (™)1 are elements of 6.

Let k = 0, for each (X, H) € €, we have

F(t(09, ), 00 X, H)
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IN

inf max {

0<67 <07 V(i,j)cOH (8(0) (0 PEPy,,

e, 01 <SLVIENT (0 ™)

>0

(i.7)e0H (0(0)

<B+s— 261
0)) (1.5)€0H (8(0),(0))

S (=) 1)

i€ PANF (09 e(0) j€Js

S <di+xi><1—zezéz>} o

i€PNNF (010 e(0)

inf max {

0<G1 <07 (i,j)cOH (8 ) PEPxy,
S jes; 01 <1ViENH (8©),e®)
() €0f 0@ e®)  (i)c0d (6" &)
iji
)DRNUES Sl ST
i€ PANT(61),e%)) iedi

~inf max {

0<0? <0 ¥(i,j)cOH (0 )  PEPN,

e, 01 <1VieNT (0(),e()

>4 <B- 6
(i,7)e0f (0(0),£(0)) (i.)) €0 (8(0) £(0))
i 03 (0
2. @+ X)(-3 af)+ > a1 =3 ee)
’iGPmN{I(e(O)ye(())) jeJ; lEPm(NQH(9(0)76(0))7/\/’2}1(0*,5*)) jed;
(T2.¢)

0<67 <67 ¥(i,j)c0H (9*,e*)  PEPNp

>4

(i,5) €01 (8%,e*)

2

inf max {
1,VieNH (6% ,e*)

<B- »6*
(i,5) €0 (0%,e*)

(d; + X3)( 1—2&9]

i€ PNNF (00 e(0)) JjEJ;
o inf max{
0<67 <! ¥(i,j)eO (6*,e*)  PEPNp

>0

(i,5)e0f (6% ,e*)

LYVieNT (6% ,e*)
<B- Lo
(1,))€ O (8% ,e*)

JE€Ji

S (a1 Sl )

i€ PNNF (6% ) Jj€Ji

)+

Z (di(l—Zegﬁg(o))+e

i€ PONFT (00 ,e(0)) - NF (6% ,€%)) JeJi

> (- S )

ie PANH (6% €) jedi

2.

2.

(=S elor) +er)+

i€ PANS (0% ,e*) J€J;

> (di +X) (1= €l

i€ PANE (00 ,e0) N (6% ) Jedi

(T2.d)

( 1—26]9]* +e)+

i€ PANF (6% ,e*) Jj€J;
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S @+ X —zezéz>} (20

i€ePNNT (0% ,e*) JjeJi

=f(t(0",€"),0", X, H).

Equation (T2.a) is the piecewise linear form of f(t(0”,€®), 0 X H). At each iteration of
Algorithm 4, one of 017 is increased to its upper bound. By increasing 0{ , the duration of activity
1 1s decreased, as a result reducing the starting time of some of the activities that originally start
after activity 7. Hence, after the first iteration of Algorithm 4, for a fixed disruption occurrence
time H, the set of activities starts after H is getting smaller, i.e., N7 (8, €©) is smaller than

N (0%, €*). We also have the following:

N0, D) UNS (00, ) = N (67, €) UNS (07, €") = N,

N0, ™) c N(07, €)
=N (07, €) C N (69, ),

N (0%, €) = N (69, e) = N (0, V) — N (6%, €)
=150, ) = Ny (67, €) U (N (8"), ) — N (67, €)),

N6, €)= N (87, ) U (NST(0), ) — NGT(67, €)), (T2.f)
=05(0,€) = 0] (67, ) U (0] (8", ) — O] (6, €")),

O (6°,€') = OF (0, ") U (0F(8), ) — O (67, ¢")). (T2.9)

From (T2.a) to (T2.b) is a result of decomposing N’ (9(0), €®) into two parts using Equation
(T2.f). Based on the choice of i,, in Algorithm 4, for all activities starting after activity %,,, their
corresponding ¢; all equal to O and their crashing parameters {93 } all at their maximum. Also,
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we have

(0%, €") > t;, (0", €*), Vie PNNI (0D, ) — NI (6, €))

= =0, <¢/9 V(i j) e 00D, ) - 0 (6", €) (T2.h)
(1= el t! ) < (di+ X)L =D elbl), vie Pn(NF(00),€0) — NF (07, €)),
JE€Ji Jj€J;
(T2.0)

it is clear that (T2.b) equals to (T2.c). For every feasible solution of the minimization problem

(T2.d), {é{}(i,j)eom*’e*), we have

Yoo <B- > o

(i.5) €O (6% €%) (1.5) €031 (0" €¥)
> Y@ <o Yo - N
(i,)€0f (6 ,e®) (1.)€05 (6%€%)  (i,j)e0f (6 ,e(®)~OL (6" )
> Y# <p- Yo -y
(4,5)€OH (0(9) () (i,§) €O (0% ,€*)  (4,§)€OH (8D (D) —OH (6% e*)
> Y@ =B Y - e
(4,5)€OH ((0) €(0)) (i,§) €O (0 ,€*)  (3,§)€OH (8D ()~ OF (6% %)
= > <B- Y9 . (T2;)
(1./)€O0f (019 () (i) €03 (6 )

(T2.j) shows that for each feasible solutions of the minimization Problem (T2.d), it is also feasible
in Problem (T2.c), i.e., the feasible region of Problem (T2.d) is smaller than or equal to that of
Problem (T2.c). From (T2.1), we also have that for each element in the M ax function (for each
path in the network), its corresponding value (its path length) of (T2.d) is smaller than or equal

to that of (T2.c). In conclusion, we have checked the validity from (T2.c) to (T2.d).
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Repeat (T2.a) to (T2.¢) for {(8*), €))}7_ . then we have

VX, H) e Q. V1 <k <m, ft(0P, "), 0% X H) < f(t(0% D ek g%V X H)
V(X,H) e Q, f(t(8©,e),00 X, H) < f(t(6*,€),0", X, H)

=V(X, H) € Q, f(t(08™, ™), 0™ X H) < f(t(0",€*),0", X, H)

=Exulf(t(0"™, ™), 0 X, H)] < Ex u[f(t(6",€"),6", X, H)]

=g(t(08™ ™). 0) < g(t(6*, €, 0)

=2(B+0) < 2(B)

In conclusion, z(B) is a decreasing function of B.

O

Applying Theorem 2, Problems (6.7S) and (6.7) are equivalent. Then, our final two-stage
stochastic programming formulation with indicator functions included is given by Problem (6.7S)

and (6.8).
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6.2.2 Mixed Integer Formulation

Yang and Morton provided a discrete mixed integer version of formulation of Problem (6.3)

and (6.5) in [37]. The problem is given below:

* . 0 w LW
z —ntl})n ptND—i-Zp fe(t,0)

weN

st ty—t; > di(1-) e

JE€J;

d ) vlel<B

ieEN jeJ;

e <1

JE€Ji

0<6 <@

;>0

767) V(i,k) e A

1

Vie N

VieN,jeJ

Vie N

And the second-stage problem corresponding to Problem (6.5) is given by:

Fe(t,0) = n%n tn,
t7

S.t. Hw—f—MGZZtZ

H* —M(1-G;) <t

ti+ M'G; >t
ti— M'G; > 1;
0+ 607Gy > 0

0 —0G; < ¢

Vie N
Vie N
Vie N
Vie N
Vie N,jeJ;

VieN,jeJ;
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(6.9)

(6.9a)

(6.9b)

(6.9¢)

(6.9d)

(6.9¢)

(6.10)

(6.10a)

(6.10b)

(6.10c)

(6.10d)

(6.10e)

(6.101)



te —t; > di + X2 G,y

— Zdie{(){ — ZXi“’egzg

jeJ; JjEJ;

YN vlel<B

el jGJi

PES!
JjeJ;

J Ty
2z <0G,

J J
z; < 0

2 <0 +6/(G;—1)

t; >0

@)
A\
D
ENyy
IN
) b‘

G; €{0,1}

V(i, k) e A

Yie N

Vie N,jeJ;
Vie N,jeJ;
Vie N,jeJ;

Vie N

Vie N
Vie N,jeJ;
Vie N,jeJ;

Vie N,

(6.10g)

(6.10h)

(6.101)

(6.10j)
(6.10k)

(6.101)
(6.10m)
(6.10n)
(6.100)
(6.10p)

(6.10q)

where in Problem (6.10), p° is the probability that disruption will not happen, w is a scenario in

the sample space of stochastic duration delays X and disruption occurrence /1. In Problem (6.10),

{t;} are first stage variables and {t;} are second stage variables, G; equals 1 if activity 7 starts

after the disruption occurrence and equals 0 otherwise. M and M’ are constants, sufficiently large

positive numbers. Constraints (6.10c) - (6.10f) guarantee that for activities not affected by the

disruption (start before the disruption), their starting time and crashing decision equal the first-

stage decision values in Problem (6.8). Constraint (6.10n) restricts the second-stage starting time
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of activities to be no later than the disruption occurrence time. For each activity ¢, its duration

becomes (d; +X;G;) (1=

Jedi
Notice that (d;+X;G;) (1=

j€J;

variable zf , and constraints (6.10j) - (6.101).

eg 0{ ), which expands to the right hand side of constraint (6.10g).

e]67) contains bilinear terms {G;6” }, which are linearized using

Yang and Morton [37] also provide an extensive formulation of the two-stage stochastic

mixed integer programming, which is presented below:

2F = IIgiIl P, + Zp“’f”(t, 0)

weN
st ty—t; > di(1-)_ele)) V(i k) € A
Je€J;

> D Wbi<B
ieN jed;
d o<1 Vie N
JjeJi
HY + MGY > t; Vie N,we
HY -M(1-GY)<t; Vie N,weQ
9 4+ M'GY > t; VieN,we
ty — M'GY <t Vie Nywe Q
0 +0/GY > 6! VieN,j€ J,we
0 —61GY > ¢ VieN,j€ J,we

£ — 2 > d; + X£GY

=D diell =y Xpel V(ik) € Aw € Q
JjeJ; jeJ;
> D 0ol <B Vw € Q
1EN jET;
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6.11)

(6.11a)

(6.11b)

(6.11c)

(6.11d)
(6.10¢)
(6.10f)
(6.10g)
(6.10h)

(6.101)

(6.11j)

(6.11k)



> o< VieN,weQ (6.111)
Jjedi

<G VieN,je J,weQ (6.11m)
2 < VieN,je J,weQ (6.11n)
<0+ 01(GY —1) VieN,je J,weR (6.110)
t; >0 Vie N (6.11p)
9> H*GY Vie N,weN (6.11q)
0<6 <@ VieN,jeJ; (6.11r)
0<6 <@ VieN,je J,we (6.11s)
0<2<1 VieN,jeJ (6.11¢)
GY € {0,1} Vie N,weQ. (6.11u)

Notice that in the formulation (6.11), it is assumed that the sample space of stochastic delay
of activities’ durations and disruption occurrence has a finite number of elements, where w
in Problem (6.11) stands for a scenario in the sample space. Then Problem (6.11) can be
solved using Sample Average Approximation (SAA). Yang and Morton proved that Problem
(6.11) is NP-hard even with a single disruption scenario that occurs with probability one at
time zero [37]. As a result, they formulate the problem as a two-stage stochastic mixed integer
programming problem using (6.9) and (6.10) and develop a branch-and-cut decomposition SAA

based algorithm to solve (6.9) and (6.10) [37].
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6.2.3 Difference between SP and Mixed Integer Formulations

The two-stage stochastic programming formulation in (6.3) and (6.5) is different from the
two-stage mixed integer formulation in (6.9) and (6.10) in two ways: (1) Yang and Morton’s [37]
formulation assumes the event that disruption will not happen has a positive probability, not just
that the support of the density function of disruption occurrence time is from 0 to positive infinity;
our formulation in Section 6.2.1 does not have this assumption; (2) The criterion determining the
starting time of activity ¢ a first-stage or second-stage decision variable in two formulations are
different. In Yang and Morton’s [37] two-stage mixed integer formulation, the criterion is whether
or not: activity ¢ starts before the disruption. While in our formulation, the criterion is whether
or not: all of activity ¢’s predecessor nodes (activities) start before the disruption.

For the first difference between the two formulations, the objective function of Problem
(6.7S) can be adjusted by adding one more term to accommodate the difference. That is, the

objective function in Problem (6.3) is adjusted to:

pOtND + (1 - pO)EX,H[f(t7 0’ Xv H)]

For the second difference, our formulation in Problem (6.5) can be changed to accommodate
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Problem (6.10) and is provided by

f(t,0.X, H) =min ty,[{ty, < H} +tn, [{tn, > H} (6.5A)
st tl{ty < HY +tpI{ty > H} — (t;1{t; < H} + t;I{t; > H})

> (X;I{t; > H} + d;)

(1= el(@l1{t; < H} + 6/I{t; > H})) V(i k) € A
JjeJi
(6.5A.2)
SO bl@I{t: < Hy +6/1{t; > H}) < B (6.5A.b)
1EN jET;
S (@{t; <H} +0/I{t; > H}) < 1 Vie N
jedi
(6.5A.¢)
0<@I{t; <H}+6/I{t;>H} <6 Vie N,jeJ;
(6.5A.d)
(6.5A.¢)

The difference between Problem (6.5A) and Problem (6.5) is that in (6.5A), all {¢;} are replaced
by {t;}, and the RHS of constraint (6.5¢) becomes I{¢; > H} H in constraint (6.5A.¢e). Although
Problem (6.5A) is equivalent to Problem (6.5), we prefer Problem (6.5) over Problem (6.5A),
because in the next section, we need f(t, 8, X, H) to not depend on H once the interval in which

H falls is known, and the term I{¢; > H} H in constraint (6.5A.e) precludes this.
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6.2.4 Piecewise Linear Formulation

The piecewise linear formulation takes advantage of the fact that PCT is the maximum
of all path lengths in the AN. Notice that there are also constraints about the budget, crashing
decision variables bounds, etc. We have seen the piecewise linear formulation in the proof of

Theorem 2. The piecewise linear formulation is given by:

9(t(6,¢€),0)

=inf Expy [%f max { > (X I{t(8,€) > H} +d;) (1 =) (B I{t(0, €)) < H}

o PEPN
DX ep jed;

+ 0/ 1{t(6, €)1 > H})) H (6.12)
where F; denotes constraints (6.7a) - (6.7d) and E, denotes constraints (6.8b) - (6.8d).

6.3 Stochastic Gradient Estimation

The materials in Sections 6.3 - 6.7 are from [38]. In the next section, we develop a
simulation optimization algorithm that is based on a stochastic gradient estimated by Monte Carlo
simulation. A simulation-based approach to two-stage stochastic programming with recourse was
first proposed by [41]. In this section, we need to derive an unbiased stochastic gradient estimator
for the gradient of ¢(t(0, €), @), the objective function in Problem (6.7S). The difference between
two-stage stochastic programming with recourse [39, 40] and the problem setting in this paper is
that there are indicator functions of the first-stage variables in the second-stage problem in our

problem formulation. In our formulation, whether a variable belongs to the first stage or second
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stage depends on the independent random event called the disruption. The indicator function
increases the complexity of the problem and also creates new technical challenges in deriving a
stochastic gradient estimator. There are two challenges in deriving an unbiased gradient estimator
for g(t(0,€),0): (1) function inside the expectation f(t(0,¢€),0,X, H) does not have a closed
form; moreover, if we express f(t(0,€),0,X, H) in the piecewise linear form in Section 6.2.4,
the derivative variable appears both in the feasible region and objective function; (2) There are
indicator functions in f(t(0,€),0,X, H) in all formulations. As for the first challenge, Shipario
et al. [41] proposed a gradient-based algorithm for solving stochastic programming problems.
As for the second challenge, in Section 6.3.1, we [38] propose an unbiased estimator of the
stochastic gradient by pushing the first-stage variables out of the indicator function and moving it
into the measure of the disruption. Using the unbiased stochastic gradient estimator and KKT
condition, we propose a gradient-based simulation optimization algorithm for the two-stage
stochastic mixed integer programming problem with constraints. Our estimator and algorithm
can be extended to more generalized multi-stage stochastic programming problems with indicator

functions included in both the objective function and constraints.

6.3.1 Conditional Expectation and Gradient

The key to estimate the stochastic gradient Vg(t(6,€),0) is to estimate the stochastic
gradient of Equation (6.4b): VEx x[f(t(0,€),0,X, H)]. Notice that the constraints in Problem
(6.8) all include indicator functions of disruption happening time H and first stage variable (0, €).
Thus, we will estimate VEx 5 [f(t(0,€),0,X, H)] by conditioning on H. For a given fixed set

of crashing decision 6 and e, the activity starting times of all activities without disruption can be
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calculated using Equations (6.6a) or (6.6b). The activity starting times are denoted by (vector)
t(0,€) = [to,t1,t2,...,tn,]. Reorder the element of t(8, €) in ascending order so that t*) (8, €)
is the k' smallest element of t. We define the event E(™ = {t(™=1(0,€) < H < t™ (0, ¢)}
for1 < m < Np — 1, and EMNp) = {{’o=1)(9 €) < H}. By conditioning on E™ and

unconditioning, we rewrite Equation (6.4b) as:

g(t(0,¢€),0) = i E[f(t(8,¢€),0,X, H)|E™]P(E™) (6.4¢)

m=0

and for 67 and ¢; such that g(t(6, €), 0) is differentiable, the gradient of g(t(6, €), ) is calculated

as:

dq(t(0,€),0)

00!
Np -
$R {0, 0 X HNE ]y g
m=1 7
" " ot (9, €) _ otm=1(0, €)
FELA(0.€).0.X 1B (10, 0) "R — s )(9’6))Tz>}’
(6.13a)
Jg(t(0,€),0)
862'
_ e { a]E[f(t<07 €>’ 0.X, H)|E(m)] P(E(m))
1 0@»
ot (0 (m—1)
FELF10,0),0.X 1) (1t ™(0,0) 5% g6, n B

(6.13b)

Notice that Equations (6.13a) and (6.13b) are valid for a given feasible 0{ and ¢; if small perturbation

of #/ and ¢; does not change the order of elements of t(8, €), which is true if there are no ties
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in t(0, €). If there are ties in t(@, €), only a one-sided gradient exists for Equation (6.13a) and

99(40.9.9) 10

(6.13b). To make Equation (6.13a) valid for estimating the one sided gradient P

elements in t(6, €) that have the same value need to be ordered in a way such that t(6, €)},) <

t(0, €)y, if (GJ,) o< (9],)[’“] the same for 2 gg]i) 9, ag(tng),e)’ and ag(téi’f)’e). In Equations

7 i

(6.13a) and (6.13b), there are three parts requiring Monte Carlo simulation to estimate:

OE[f(t(8,€),0,X, H)[t" (0, €) < H < t"(8, €)

A , (6.14a)
06!
OE[f(t(0,¢€),0,X, H)|t"1(0,¢e) < H <t (ee)] (6.14b)
861‘
and
E[f(t(0,€),0,X, H)|t™Y(0,¢e) < H < t"™(8,¢)). (6.15)

6.3.2 Stochastic Gradient Estimator

Conditioning on t™1(0, €) < H < t(™) (8, €), we have that Problem (6.8) becomes:

f(t(6,€),0, X, H) =min ty, (P.0)

st fy—1; > (d+ X)) (1= €lol) V(i k) € A" (P.Oa)

JE€Ji

e —t(0,€) > (di + X;)(1— ) _€l6!) V(ik) € AY  (POb)

JjeJ;
b — (6, €)y > di(1 - > el6?) V(i k) € AL (P.Oc)
J€J;
SN+ D > Hel<B (P.0d)
ielf jed; ieNf j€J;
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Transforming Problem (P.0) into canonical form, we have:

—max

S.t.

_gND

_gk—ng—(di—l—Xi)Zegég < —d;— X;

JjeJi

jedi
—t < —t(0,€) +d; Y _el6] —
jed;
2 2 MEsB= ) > v
ieNH jeT; ieNfT jeJ;
PES
Jj€Ji
0] < ¢!
0/ >0
t; >0
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vie N (P.Oe)

Vi e NE Vj e J;
(P.Of)

Vi e N, Vj € J;
(P.0g)

Vi e N (P.Oh)

(P.1)

V(i, k) € A (P.1a)
V(i k) € A (P.1b)
V(i k) € AL (P.1c)
(P.1d)

vie N (P.le)

Vie NI vjed;, (Pl
Vie NEVjeJ, (Plg)

Vi e N (P.1h)



Assuming the regularity conditions for exchanging derivative and expectation are satisfied for

Equations (6.14a) and (6.14b), our next goal is to estimate:

01(t0.€).0.X 1) Of(t(6.€).0.X, H)

Y D (6.16)

given that t"~1 (0, €) < H < t(™(8, €). Although under the condition that t™~Y(0,€) < H <
t(m) (8, €), we do not have a closed form for the function f(t(8, €), 8, X, H), we can still estimate
its derivative. Notice that f(t(0,€),0,X, H) in Problem (P.1) is a function whose output is the
optimal value of a linear programming and whose input are the parameters of the RHS of the
constraints of the LP. From [42], the sensitivity analysis of RHS of LP constraints, we have that
for a small perturbation of the RHS of a constraint of in an LP problem, its optimal solution’s

change equals the perturbation times its corresponding shadow price.

8t(0,€)[k]

67

Notice that

may not exist if there are ties of the length of paths that start from
source node and end at node k, i.e., two paths in P, have the same length and activity ¢ only

appears on one path. As a result of that, only the following two one-sided gradient always exist

of(t(0,¢€),0,X, H) of(t(0,¢€),0,X, H)
— and I
0! Oe;

. (6.17)

Notice that for a given m > 1, when t(™~1(0,€) < H < t™™ (8, €), f(t(0, €),0,X, H) does not

depend on H. Also notice that there is only one element in A% . For m fixed and ™~ (0, €) <
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H < t™)(0, €), we have the gradient estimators of (6.17) given by:

8f(t(0,e),0,X, H) 8t(0,e)m " ik ik
907E = Z —8 S Yni(@' k") — Z diegynt(i’,k’) + bnyc,
¢ (@' keAHUAE ¢ (¢ k)eAH
i'>i i'=i
(6.18A)
8f(t<9,€),9,x, H) 8t(0,€)m .
o = Y T aF Ve (6.18B)
¢ (' ke ASUAR !

i'>i

where n; is a mapping such that n,(4, j) is the constraint number in (P.1a) and (P.1b) that corresponds
to arc (1, j), IV, is the constraint numbers associated with (P.1¢) in Problem (P.1), and Yn, (id) and
yy. are the optimal solutions of the dual problem of (P.1) corresponding to the n,(i, j)™ and
N constraints. Next we provide a theorem showing the unbiasedness of the above gradient

estimators.

Theorem 3.

OE[f(t(0,¢€),0,X, H)|tm1(0,¢) < H < t™(,¢)]
967*

of(t(6.¢€),0.X, H
op=
OE[f((0,€),0,X, H)|t™ D (0,¢) < H <t (0, ¢)]

et

(2

:E[ >‘t(m1)(0, €) < H< t(m)(O, e)],

0f(1(8,€),0,X, H)
de-

(2

:E[ ‘ﬂm—l)(e, €) < H < t™(8, e)],

where 2L (t(géz)j’f’x’H) and af(’(eggf’xﬂ) are given by Equations (6.18A) and (6.18B).
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6.3.3 Proof of Unbiased Gradient Estimator

Two lemmas are first presented and prepared for the proof of Theorem 3. Recall from the
previous section that y; is the dual variable that corresponds to the 7' constraint of Problem (P.1).
In Problem (P.1), let Ny = |A¥|, Ny = |A¥| and N3 = | AL|. Also create a mapping n; such
that n,(7, j) is the constraint number in (P.1a) and (P.1b) that corresponds to arc (7, j). Before the
proof of unbiasedness, we first present two lemmas, Lemma 3 and Lemma 4. Lemma 3 states
that for any feasible solutions of the dual problem of (P.1), the first N; + Ny + N3 dual variables

are all less than or equal to 1.

Lemma 3. yzgl, V1§2§N1+N2+N3

Proof. Proof of Lemma 3. The dual constraints for all columns of the LHS of Problem (P.1) that

includes {t;} are given by:

Z Yny(i,Np) < 1, (L.2a)
(i,Np)eu? _ AR
S Ui S DL Uniw Vi€ {ilik) € AT}, (L.2b)
(i,4)€ud,_, AR (j,k)eAH

Constraint (L.2b) indicates that for each activity in the network whose starting time is affected
(delayed) by the disruption, the sum of the dual variable of their incoming arcs are no larger
than the sum of outcoming arcs. Constraint (L.2a) indicates that the sum of dual variables of the
incoming arcs of the sink node is no larger than 1. Since all dual variables are non-negative, we

have that the first N; + N, + N3 dual variables of problem (P.1) are all between O and 1.
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Next we provide Lemma 4 stating that the optimal N. = (N7 + No+ N3+ 1) dual variable
(the dual variable corresponding to the budget constraint) is bounded by an integrable function
of X. Before the proof of Lemma 4, we first create two mappings n4 and n. such that activity ¢ is

the ny(7)"" constraint in (P.1d) and option j of activity i is the n. (i, )" constraint in (P.1e).
Lemma 4. y3, < h.(X), E[h.(X)] < 4o0.

Proof. Proof of Lemma 4. Let O = {(i,j)|: € N{¥,j € J;} and N, = |[N{¥|. The constraints

of the dual problem of (P.1) that corresponding to {éf } are given by:

— (d; + X;)el Z Yna(ink) T+ blyn. + YNotnali) + YUNetk Notneij) = 0, V(3,5) € OfF
(i,k)eATuAL

1 ; .
SYN, = 7] ((dz' +XDel ) Ynlik) — YNetnali) — ch+Nd+ne(i,j)), v(i,j) € Of
i (i,k)e AHUAH

1
SYy, > max { 7 ((d + X) Z Yni(ik) = YNedna(s) — ch+Nd+ne(i7j))}
(i.y)eof" L b; P
g (3,k)c AT UAL

since the RHS of constraint (P.1d) is positive, the optimal dual solution y;; that minimized the

dual objective function satisfies the following inequalities:

* 1 * * *
Yp, = Max < max {b] ((d + X) Z Yne(ik) — YN +24nq() — ch+2+Nd+nc(i,j)) }7 0)

(1,5)eOf
i (i,k)e ATUA

1 .
< max {b] (di + Xy)e] Z ynt(i,k)}

© »J)GOH (z,k:)EA{{UAg
H H j
- {Mwmez}
(1.4)€0 b;
H H ;
{|A |+ A3 |(di+Xi>e£} = he(X)

m) Z
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It is obvious that E(h.(X)) < +oo under the assumption that { X;} have finite first moments.

Next is the proof for Theorem 3.

Proof. Proof of Theorem 3. Without loss of generality, we only prove the first case of Theorem
3. For (i, j) and X fixed, and ™1 (0, €) < H < t'™ (0, €), there exists N > 0, such that when

n > N, we have:

n|f(t(076)707X7H) - f(t(e - A1>6)70 - Al,X, H)|

:n‘ Z (t(G, €>[i/] - t(O - Al, 6)[i’])ynt(i’,kz’) - Z EI{Z, = z}diefynt(i/ ) bjync

(i keATuAll (i k) eAll
>0
Joo%
< E ‘eiym(i%,) + E |[I{i" =i}d;e? ym ol + |b]ync\
(@' k") eAEUAE (3’ k) eAH
i'>1

(LAY + [AS | + A di)el + b/ he(X) = hp(X),
and similarly, we also have

n|f(t(0,€),0,X, H) — f(t(0,e — Ay),0,X, H)|

=n ) ‘(t(@, €)1 — 60, € = Do) Y, i a)

(i K )eAHUAL
P>

<(|A7] + 145']) = (|| + [AZ|)e],

7%
€i Yni (i k")

where Ay = [0, ..., =, ..., 0], a vector whose elements are all zero except for the element corresponding

' n?

to 9{ and Ay = [0, ..., %, ...,0], a vector whose elements are all zero except for i’ element.
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Let Exjgn[] = E[[t™~V(0,e) < H < t™)(0,€)]. Since E[|hp(X)|] < +o0, as a result of

Lebesgue Dominated Convergence theorem [43], we have

lim nE[f(t(0,€),0,X,H) — f(t(0 — Ay, €),0 — A, X, H)[t™ (0, €) < H<tM™(,€)]

n—-+o0o

:EX‘Hm[ lim n< Y (M. €)p — O — A, ) p) i a)—

n—-+o00
(@' k') e AHUAH
i >0

1 ; 1. .
Z n {Z Z} ezynf,(z k) + n i Yne

(i k") eAH

o0, € . . , i« j
:EX\HW |: Z —8937 ynt(i'ﬁ/) - Z [{Z/ = Z}diegynt(i/yk/) + bgch s
(¢ k) eATUAL ? (i k') e AL
i'>i

and

lim nE[f(t(8,€),0,X, H) — f(t(0,e — Ay),0,X, H)[t™ (0, ¢) < H<t™(0,¢)]

n—-+o0o

—Expe| Tim n >0 (66, € — 60, € — 22))ui o))

L n—-4o00
(& ke ATUAT
i'>q

=Exgm _ Z —31:(9, G)W] ?/;b}a

j_
(i kY e AT UAL 09;
i'>q
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which are equivalent to

OE[f(t(0,€),0,X, H)[tm 1 (0,¢€) < H < t™(0,¢€)]
00~

f(t(8,¢€),0,X, H
067~
OE[f(t(8,¢€),0,X, H)|t" 1 (0,€) < H < t™)(6, ¢)]
Oe.

(2

:]E[ )‘Am—l)(e, €) < H <t™(e, e)},

of(t(0,¢),0, X, H
Oe;

(2

:E[ )’t<m—1>(0, €) < H< t<m>(9, e)},

and similarly, we also have the same results for right hand side derivatives.

6.4 Stochastic Gradient-Based Optimization

Notice that Problem (6.7S) is an optimization problem with objective function differentiable
almost everywhere whose domain is open and with linear constraints. Let Np = |[N|, P =
{(i,7)]i € N,j € J;}, Np = [{(i,4)]i € N,j € J;}|, and ng(i, j) is the number of ordered

element in P. The KKT condition for Problem (6.7S) is given by

d 6l -1<0, Vie N
JEJ;

6l — 07 <0, VieN,jeJ;
—# <0, Vie N,jeJ;
—EZ‘SO, VlEN

YN vlel=B
ieN jed;
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i >0, i=1,..,2(Np+ Np)

MO el 1) =0, i=1,2,...,Np

Jje€di
(] — 0)ANpsns(ig) = O, VieN,jeJ;
0 AN p+ Npins(ig) = 0, VieN,je J
€iMoNp+Np+i = 0, 1=1,...,Np

together with the gradient condition

Vy( +Z/\V293—1 > ANptnstin) V(O = 6)

JjeJ; (i,4)EP

D
= > MptNetns) VE = Y donpnp+i Ve + vV () D b0 — B) =
=1

(i,j)eP ieN jeJ;

From the KKT condition, we have that a feasible and differentiable (8, €) and its dual

optimal solution (A, v) satisfy the KKT condition if and only if: (1) For all 9311 and ij nonzero

and can be increased, Bg(ta(gjf),@) = ag(taem ; (2) For all € > 0, M = AoNp+Np+i- The
1

KKT condition is a necessary and sufficient condition for a stationary point. And if the objective
is convex, every stationary point is a global optimum, and as a result the KKT condition is a
necessary and sufficient condition for an optimal solution [29] . However, the objective function
g(t(8, €),0) in Problem (6.7S) is not convex. A nonconvex example is provided in Figure 6.1.
Figure 6.1 is an activity network with three activities and three nodes. The duration of each
activities are provided on the graph as d; = 5, do = 25 and d3 = 2. The disruption occurrence
time H follows uniform distribution H ~ U(3 — 0.001,3 + 0.001). The delay of activity 3 is
X3 = 10,000 with probability 1. The per unit crashing all equal 1, i.e., 1 = ey = e3 = 1,
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Figure 6.1: Nonconvex Activity Network

and the unit cost are all equal to 1, b = by = b3 = 1. The crashing upper bounds are given by
0, = 0y = 03 = 0.5. The total budget is B = 0.5. The probability that disruption will not happen

is p = 0.1 and o = 0.9. We have two crashing decisions (8", €V and (¥, e®?) given by:

6" = [0.41,0.02,0.07]
6 =1[0.3,0.01,0.19]
@V + (1 - )0® = [0.399,0.019, 0.082]

eV =e?® =9

and the objective function for this example is given by:

g(t(0,¢€),0) =px max{(1 — 61)dy + (1 — 63)do, (1 — O3)ds}+
(1- p)(max{(l —00)dy + (1= 05)ds, (1 — B3)ds)P(H > (1 — 6))d)

+ ; ein% _B{max{(l — 91)d1 + (1 — Qg)dg, (1 — ég)(dg + Xg)}}]P(H < (1 - 61>d1>>
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Then we have

g(t(@m, 6(1)), 9(1))
=0.01 %+ 24.5 +0.99 % 24.5 = 24.5

g(t(0(2), 6(2))7 9(2))
=0.01 * 24.75 4 0.99 % 9304.81 = 9212.0094

g(t(@®Y + (1 —2)0?, aeV + (1 — a)e?), a0V + (1 — 2)8?)
=0.01 % 24.525 + 0.99 * 9184.841 = 9093.23784

ag(t(O(l), e(l)), g(l)) +(1— a)g(t(B(Z), 6(2))’ 9(2))

=0.9 % 24.5 + 0.1 * 9212.0094 = 943.25094,

as a result of which we have

g(t(a8Y + (1 —2)8? ae® + (1 - a)e?), a8V + (1 — a)8®?)

>ag(t(8,€1),00) + (1 - a)g(t(0"”, €?),6).

In conclusion, ¢(t(@,€), ) is not convex. Since we have unbiased estimators for one-sided
gradients of the objective function of Problem (6.7S), a heuristic gradient-based algorithm for
solving Problem (6.7S) is proposed in Algorithms 5 and 6. In Algorithms 5 and 6, O = {(i, j)|i €
N,j € J;}. The gradients in Algorithm 5 are estimated by Monte Carlo simulation with N;
simulation replications and the gradients in Algorithm 6 are estimated by Monte Carlo simulation

with N, simulation. For phase 1, at each step, we choose the option with largest gradient descend
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and increase the crashing option parameter by a given amount. Phase 1 stops when the budget is
exhausted. For phase 2, at each step, we choose the option that decreases the objective function
the most and the option that decreases the objective function the least among all the options that
are not at their boundaries. And we redistribute the budget among the previous two options by
a given amount. At each step of phase 2, a decreasing of the objective function is guaranteed.

Phase 2 stops after M iterations, where M is a positive integer inputed as a hyper-parameter.

Algorithm 5: Phase 1 Optimization

Input . Nl, a1, A

Output: 6

600

e« 0

while B > 0 do

(i,j) « arg min{ 24 aeﬁ 290.2).6) /iy
(,))€0
07 <06

5 5j — 04197

6 | 0« 6 +min(b]6],0/(1— 3 e sy OF), B) /b

7 | B+ B—min(b/6/,b)(1 — Y kesinr 01), B)

8 | €« max{0,¢ — /\89 0)}

9 end

A W N =
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Algorithm 6: Phase 2 Optimization
Input : Ny, Ny, M, 0

Output: 6

1 5d — ]\%

2n<+0

3 whilen < M do

4 (i1,71) argmm{%/bﬁ}
(i,5)€O
0<6! <6’

5 (ia, jo) +— arg max{22U8.).0) 9]_ %) /bl
(i-7)€0
0<6? <6}

6 | O min(dg, 202 B (1= X, 1, O1)
7|0 0]+ 6/b]!

J2 J2 2
8 0i2 — 01'2 - 5b/b52

9 | €+ max{0,¢ — /\%Zf)’m}

10 n+<n+1
11 end

6.5 Numerical Experiments

Both algorithm?2 in [37], called SAA, and our gradient-based algorithm, called SGD, are
tested on five acvitity networks named case 11, 14, 19, 19a and 35, where all except case 19a are
from [37]. Experimental data and AN structures of the five ANs are provided in Appendix B.
The disruption occurrence time follows a log-normal distribution. All activity random delays are
independent exponentially distributed with known mean values. The probability that H = 400
is 0.1, where H = 400 means the disruption will not happen.

For the SGD algorithm, in order to find the appropriate batch sizes N; and N, (number
of simulation replications) for estimating the gradient, the SGD algorithm is tested on four ANs
named case 11, 14, 19 and 19a with the value of N; = N, equal to 1, 5, 10, 20, 50 and 100.

For each batch size Ny = N,, the SGD algorithm is run 20 times to give 20 independent
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Figure 6.2: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 11 Activities (based on 20 runs) of different SGD batch sizes

Case 11
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W72
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1 5 10 0 50 100
batch sizes

upper bounds

Figure 6.3: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 14 Activities (based on 20 runs) of different SGD batch sizes

Case 14

2800

2750

2700

upper bounds

2650

2drzoc

2550

batch sizes

optimal solutions that are tested on 5000 fixed randomly generated samples and calculated by
Equation (6.4c). For the AN with 35 activities, the choices of Ny = N, are 1, 5, 10 and 20.
Boxplots of the estimated objective function values are provided in Figures 6.2 - 6.6, from which
we can conclude that increasing the batch size can make the estimated objective solution more
stable (corresponding minimum objective values close to each other for different runs). For case
19b, increasing the batch size decreases the sample variance and range of the upper bound but

increases the median of it. It is believed that for case 19b the SGD algorithm finally converge to
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Figure 6.4: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 19 Activities (based on 20 runs) of different SGD batch sizes
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Figure 6.5: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 19a Activities (based on 20 runs) of different SGD batch sizes

Case 19a

810
805
800
795

790

785
— +
780
[+]
775 o
1 5 10 0 50 100

batch sizes

upper bounds

a local minimum instead of the global minimum. Thus, we conclude that for the SGD algorithm,
larger batch size is not necessarily better, as small batch size allows more randomness of the
descent direction and can avoid converging to the local optimum. Also, for both SAA and SGD
algorithm, in order to achieve a better solution, it is necessary to have multiple independent runs
of the same algorithm and have their output solutions tested on the simulated objective function
value performance instead of having a single run. From Figures 6.2 - 6.6 we can also conclude

that a batch size of 10 is good enough for case 35, a batch size of 20 is good enough for case 14
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Figure 6.6: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 35 Activities (based on 20 runs) of different SGD batch sizes

Case 35
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batch sizes

and 19b, and a batch size of 50 is good enough for case 11 and 19.

Figure 6.7: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 11 Activities (based on 20 runs with 50 batch size)

Case 11

294

292

upper bounds

290

288
[+]

i optimization algorithms =
Figures 6.7 - 6.11 are the comparison between the SAA and SGD algorithm in finding
the optimal solution for the five AN examples. For each network, the SAA algorithm is run 20
times with 500 simulation replications each used to estimate the optimal solution. The hyper-
parameters are the same as in [37]. The computation hardware for SAA is Intel Xeon CPU with
30 cores (each core 3.1 Ghz) and 120GB RAM. The computation hardware for SGD is Intel

Core 15-8279U CPU with 4 cores (each core 2.4 Ghz) and 8GB RAM. The SAA algorithm is
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Figure 6.8: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 14 Activities (based on 20 runs with 20 batch size)

Case 14

2660
2640
2620
2600

2580 Q

2560

upper bounds

SAA SGD
optimization algorithms

Figure 6.9: Boxplots (with red line the median) of Estimated Minimum Objective Function Value
for Activity Network with 19 Activities (based on 20 runs with 50 batch size)

Case 19

364

362

380

358

upper bounds

356

354

SAA SGD
optimization algorithms

constructed using version 0.18.0 of the JuMP package [44] on the Julia platform using the code
provided by Yang [37]. The SGD algorithm is constructed using version 3.6 of Python. All linear
programming problems are solved by version 8.0.1 of Gurobi [45]. For the SAA algorithm, each
node is solved by 6 cores and we allow at most 5 nodes to be solved simultaneously, so that the
maximum of cores used at any time is 30 [37]. For the SGD algorithm, only a single core is
used, and no parallel computing is applied. SGD is run 20 times with N; = 100, a; = 0.5, Ny =

100, Ng = 10 %« B, M = 20. For both SAA and SGD, we have 20 independent optimal solutions.
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Figure 6.10: Boxplots (with red line the median) of Estimated Minimum Objective Function
Value for Activity Network with 19a Activities (based on 20 runs with 20 batch size)
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Figure 6.11: Boxplots (with red line the median) of Estimated Minimum Objective Function
Value for Activity Network with 35 Activities (based on 20 runs with 10 batch size)
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For each method, the optimal solutions are tested on 5000 fixed randomly generated samples and
calculated by Equation (6.4c), then 20 objective function sample means are calculated and used
as an approximation of the true expected project completion time (PCT). In Figures 6.7 to 6.11,
the left-hand side boxplot is the boxplot of 20 optimal values of SAA algorithm and right-hand
side boxplot is the boxplot of 20 optimal values of the SGD algorithm. Except for Figure 6.10,
SGD produces a tighter boxplot with lower mean compared with SAA. As for Figure 6.10 of case

19a, SAA produces a tighter boxplot with lower mean.
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Table 6.2: 95% Confidence Interval for Upper Bound of Optimal Value (based on 20 runs)

Algorithm 11 Activities 14 Activities 19 Activities  19a Activities 35 Activities
SGD 286.8 £0.25 2580.7 £29.84 357.4+£0.07 779.7+837 1061.1 £0.37
SAA 288.2+3.74 2588.7+49.30 357.6£5.72 778.8+£8.08 10674 +9.64

Table 6.3: Paired-t test p-value (based on 20 runs)

11 Activities 14 Activities 19 Activities 19a Activities 35 Activities

p-value 5.6e-3 0.16 0.69 0.50 2.23e-5

Table 6.2 is the 95 % confidence interval of the heuristic optimal value (upper bound of the
optimal value) estimated by the SGD and SAA algorithms. Table 6.3 contains the p-values of
the paired t-test between the 20 upper bounds produced by the SGD and SAA algorithms. From
Tables 6.2 and 6.3, we can conclude that the SGD algorithm produces an upper bound of the

optimal value with lower mean and tighter C.I. compared to the SAA algorithm.

Table 6.4: Averaged Computing Time (in seconds, over 20 runs, standard deviation in
parentheses)

Algorithm 11 Activities 14 Activities 19 Activities 19a Activities 35 Activities

SGD 12 (1.3) 14 (0.2) 60 (1.3) 142 (2.3) 580 (23.8)
SAA 53(25.2) 685 (221.9) 850 (218.3) 116 (36.5) 230 (83.8)

Table 6.4 provides the averaged computing time of SAA and SGD algorithms. The computing
times are measured in seconds. Notice that the SGD algorithm has two versions, Activity-on-
Node (A-on-N) version (Algorithms 5 and 6) and Activity-on-Arc (A-on-A) version (Algorithms
7 and 8). The A-on-A algorithm is based on the A-on-A representation of ANs, whose details
are presented in Appendix A. The A-on-A algorithm is applied for cases 11, 14 and 19, and the
A-on-N algorithm is applied for cases 19b and 35. For an AN, the A-on-A algorithm is preferred

if its A-on-A representation is simpler (takes less number of nodes and arcs to present) than its
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A-on-N representation, vice versa.

Table 6.5: Memory Consumption (over 10 runs, in GB)

Algorithm 11 Activities 14 Activities 19 Activities 19a Activities 35 Activities

SGD 0.08 0.08 0.08 0.08 0.09
SAA 22 46 45 27 27

Notice that the AN structure of cases 19a and 35 in Figures B.7 and B.8 are different from
cases 11, 14, and 19 in Figures B.2 - B.6. An AN is called dense if the ratio of number of arcs
and number of nodes is large [5]. For an AN with A-on-N representation, we define the depth of
an AN to be the number of nodes on the path with the most nodes and define the breadth of an
AN to be the largest number of activities that are in progress at the same time during the course
of the project. Cases 19a and 35 are very dense networks. Moreover, cases 19a and 35 have
small depth and large breadth. Cases 19a and 35 are neural network-like ANs. Due to the parallel
nature of the SAA algorithm, the SAA algorithm is good at dense ANs with small depth and
large breadth in terms of computing time. Also notice that the SAA algorithm’s computing speed
depends on the fixed durations and distributional parameters of the random delays a lot. When
a permutation between the data within Tables B.4 and B.5 is applied, with the structure of the
ANs unchanged, the averaged computing time for case 19a and 35 is about 7 times of the time in
Table 6.4 whereas the computing time for the SGD algorithm varies little for different duration
and distribution parameters. It can be concluded that the SGD algorithm outperforms the SAA
algorithm in computing speed for cases 11, 14 and 19 whose AN’s structure have large depth and
small breadth. And the SAA algorithm outperforms the SGD algorithm in computing speed for
cases 19a and 35, whose AN’s structure are dense and have small depth and large breadth.

Table 6.5 is the RAM usage for 10 runs of the SGD and SAA algorithms. Due to the
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parallel computing nature of the SAA algorithm, its RAM usage is proportional to the computing
time (more runs more RAM used). As for the SGD algorithm, its RAM usage is independent of
the number of runs. Since the SGD algorithm only use single core, its RAM usage is significantly
smaller than that of the SAA algorithm, which can be concluded from Table 6.5.

In conclusion, the SGD algorithm produces an upper bound of the optimal value with lower
mean and tight C.I. with little RAM usage. The SGD algorithm is faster than the SAA algorithm
for non-dense ANs with large depth and small breadth. The SAA algorithm is faster than the
SGD algorithm for dense ANs with small depth and large breadth. The SGD may converge to a
local optimum if the batch size is too large; choosing a smaller batch size and have multiple runs
can alleviate this issue. Both the SAA and SGD algorithms require multiple runs to find the best

solution.

6.6 Extensions

In this section, we extend our formulation and gradient-based algorithm to more general

situations:

The disruption affects activities that have yet to complete.

When a disruption occurs prior to the complete of an activity, the delay it causes is proportional

to the remaining time for completing the activity based on its original duration.

Multiple disruptions occur during the course of the project.

The nominal duration of activities are random variables.
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6.6.1 Unfinished Activities

The problem formulation in Section 6.2 assumes that activities that have already started

are not affected by the disruption, even if they haven’t finished, i.e., the disruption only affects

activities that have not started [37]. In this section, we assume that the disruption affects all

unfinished activities. Yang and Morton [37] proposed the following formulation to relax this

assumption:

weN
st ty—t; > dp(1-) elo)) V(i k) € A
Je€J;

YD vlel<B
ieN jeJ;
PES! Vie N
Jj€J;
Hw—f-MG(;Jth ‘v’iEN,wGQ
HY -M(1-G?)<t; Vie N,weQ
e+ M'GY > t; Vie NyweQ
e —M'GY <t Vie N,weN
0 + 601G > ¢ Vie N,je J,weQ
0 —6/GY > ¢ VieN,je J,we

£t > dy + X0GY

= drell = Xyl V(i,k) € A,w € Q

jE€Jg J€Jk
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(6.19)

(6.19a)

(6.19b)

(6.19¢)

(6.19d)
(6.19¢)
(6.19f)
(6.19g)
(6.19h)

(6.191)

(6.19))



N ve<B Yw e Q (6.19k)
ieN jed;

> o< VieN,we (6.191)
Jj€J;

¢ < 0/GY ViceN,jE J,weN (6.19m)
29 <6 VieN,je J,we (6.19n)
29 <0+ 60(GY — 1) VieN,j€ Ji,weN (6.190)
t; >0 Vie N (6.19p)
9 > H*GY Vie N,weQ (6.19q)
0<6 <o VieN,je J; (6.19r)
0<6 <@ VieN,je J,we (6.19s)
0<2¥<1 VieN,je (6.19t)
Gv e {0,1} VieN,weQ. (6.19u)

The difference between Problem (6.19) and Problem (6.11) is: (1) In Problem (6.19), ¢; denotes
the completion (finish) time of activity ¢ instead of the starting time of activity ¢; (2) In constraints
(6.19a) and (6.191), if node ¢ precedes k, then the difference between the finish time of activity
k and ¢ is no less than the duration of activity k after crashing. Formulation (6.19) assumes
that the crashing decisions can be adjusted before the activity ends, which seems unrealistic
for most real-world applications. For example, if the disruption happens near the very end of
completion of activity ¢, one would expect that adjusting the crashing decision shouldn’t decrease

the total duration of activity ¢, only the remaining time. We do not make this assumption, and our
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corresponding new amended formulation is given by

f(0.€, X, H)=min t(0, €)1 1{t(0,€)n )+ dny, < H} 4 tn, I{t(0,€)n1) + dny > H}
(6.20)
st t(0, € I{t0, €)p) + dy < H} + 1, I{t(0,€)p + dp > H}
— (4(0, €)g I{t(6,€)p +dy < H} +,1{t(0,€); + dy > H})

> (X I{t(0, €)py +d; > H} + di)(l =Y el01{t(6,e)y < H}

Jj€J;

+OII{t(0, €) > H})) V(i k) € A (6.20a)

SN l(OI{t(8, )y + di < H} + 0/T{t(0,€);y + d; > H}) < B
ieN jeJ;

(6.20b)

> (0I1{t(0, €)y +di < Hy + 6/1{t(6,€);y +di > H}) <1 Vie N

J€J;
(6.20c)
0<O/1{t(0,€)p +di < Hy + 0/ I{t(8,€)q+d; > H} <6  VieN,jeJ
(6.20d)
t(0,€)I{t(0,€) +dv < H} +1,I{t(0,€)y; +dy > H} >0 Vie N

(6.20e)

In Problem (6.20), t(6, €); still denotes the starting time of activity &, but &' = argmax  (t; +
icpred(k)
d;), i.e., k' is the index of the predecessor node of node k with the largest completion time.

Note that in constraint (6.20a), the crashing decision of activity ¢ can be revised if and only

if it starts after the disruption. The activities’ completion times are denoted by v(0,€) =
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[V, V1, V2, ..., VN, |, Where v; = t; + d;. Reorder the element of v/(6, €) in ascending order so
that v*)(0, €) is the k™ smallest element of v. We define the event E™) = {v(m~1)(9 ¢€) <
H <v(™(@,¢€)} for1 <m < Np — 1, and E¥P) = {(Np=1)(9, €) < H}. By conditioning on

E) and unconditioning, we rewrite Equation (6.4b) as:

§(t0.€).0) = S E[f(t(0.€).0.X, )| E|B(E™)

m=0

The gradient estimator and proof of unbiasedness are similar to Sections 6.3.2 and 6.3.3 and

hence omitted here.

6.6.2 Proportional Duration Delay

Under the settings up to now, a disruption occurring near the end of an activity causes the
same delay as if it occurred at the start of the activity, whereas an alternative is to have the delay
proportional to the remaining duration. This can be handled by replacing each {X;} in Problem

(6.20) by

d; — max(min(¢; + d; — H,d;),0)
d;

Xi7

but now f(0,€,X, H) in Problem (6.20) depends on H, given that H is in E™). As long as
all the indicator functions in Problem (6.20) do not depend on H, given that H is in E(™), the

gradient estimators in Section 6.3 still work.
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6.6.3 Multiple Disruptions

In the problem setting of [37], it is assumed that there can be at most a single disruption

during the course of the project, which is reasonable when the disruptions are rare events, such as

hurricanes, labor strikes, etc. However, in real applications, disruptions with high frequency can

also cause delays for projects, for example, rainy days, floods, high temperature, which can occur

multiple times during the course of the project. Our model can be adjusted to handle multiple

disruptions. Assume {H;} is the set of occurrence time of different disruptions, whose joint

distribution is known. Then Problem (6.5) can be adjusted to:

ng ng
F(6,0,X,{H}) =min ty, [ [ Havp < Ha} +1n, [ [ Hawy > Hal

n=1 n=1
ng ~ ng
s.t. 1 Hf{qk < Hn} + 15 H I{qk > Hn}

n=1 n=1

ng ~ ng
— (t: [ [ e < Ha} + & [ [ H{a: > Ha})
n=1 n=1
ng
> (di+ Y XM'{t; > H,})

n=1

(1= el ﬁ I{t; <H,} + ¢ ﬁ I{t; > H,}))

Jj€J; n=1

A ﬁ]{ti < H,}+0! ﬁf{tz‘ > H,}) < B
n=1 n=1

ieN jeJ;

. nE ~ nE
SO [[ 1t < Hay + 0[] 1{t: > Ha}) <1
J€J; n=1 n=1
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(6.21)

V(i k) e A

(6.21a)

(6.21b)

Vie N

(6.21c)



ng nE
0<6! [[1{t: < Ha} + 0! [[ 1{t: > Ho} <& Vie N,j e J

n=1 n=1
(6.21d)
ng 5 ng
ti [ [ H{a < Ho} + 4 [ [ H{a: > Ha} >0 Vie N
n=1 n=1
(6.21e)

In constraint (6.21a), X is the random delay of activity 7 caused by disruption n. At the begining
of Section 6.3.1, we partition the positive real line into N + 1 intervals and define event £(™) as
H falls into the mth interval. Similarly, we can partition the R™™ space into (Np + 1)"# disjoint
sets and define event £(™ as {H,,} falls into the mth partition. Then Equation (6.4c) can be

reformulated as:
NLF
9(t(6.€).0) = Y _E[f(t(6.€),0,X, H)| EP(E™),
m=0
and the corresponding one-sided gradient estimators are similar to Section 6.3.

6.6.4 Random Durations of Activities

In previous sections, it is assumed that the duration of activities are deterministic if no
disruption happened or disruptions happened after the completion of the project. Our formulation
in (6.75) and (6.8) can be adjusted to handle the setting where activity durations are continuous

random variables instead of deterministic. To adjust our model, first redefine Equation (6.4b) as

g(t(6, €. D), 8) = Ex 11 p| f(t(0,€,D),0,X, H,D)] (6.22)
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and the second-stage Problem (6.8) becomes:

f(g,G,X, H, D) = min t(9,e,D)[ND]I{t(0, G,D)[N/D] < H} + ENDI{t(O, E,D)[Nb} > H}
(6.23)

S.t. t(G, €, D)[k}l{t(B, €, D)[k’] S H} + fk]{t(e, €, D)[k:’] > H}
— (t(0, €, D)y I{t(6, €, D)y < H} + L,I{t(0, €, D)y > H})

> (X, 1{t(0,€,D); > H} + D) <1 — ) el(0/1{t(6,€,D); < H}

JE€Ji

+ 0/ 1{t(6, €, D) > H})) V(i k) € A (6.23a)

>N bl(0/I{t(6,€,D); < H} + 6/1{t(6,e, D)y > H}) < B

ieN jeJ;

(6.23b)
> (01{t(6,€ D)y < H} + 0/1{t(0,€, D)y > H}) <1 Vie N
JjeJ;

(6.23¢)

0 <O I{t(8,e, D)y < H} +6/1{t(0,e, D)y > H} <6  VieN,jcJ

(6.23d)

t(0.e, D) [{t(0,e, D)y < H} +1,I{t(6,e,D)y; > H} >0  VieN,

(6.23e)
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where { D, } are independently distributed continuous random variables and D is the vector representation

of {D;}. Further rewrite Equation (6.4b) as

g(t(e, €, D)v 0) :EX,H,D[f(t(Ov €, D), 0.X, H, D)]

= ZD ED[EX[f(t(B, €, D), 0.X H, D)’E(m)]]P)(E(m))]

Np
=) Epx[f™(t(6,€.D),6,X, H D)P(E™)]
m=0

where (™ (t(0,¢€,D),0,X, H,D) is the function in Problem (6.23), given that H is in E™.

Then we have the adjusted gradient estimators given by

0f(t(6,€,D),0,X, H,D) 0t(6. €, D) . . .
067* = Z T?/m(mk/) - Z Diegynt(i’,k’) + bﬁch
! (i k) eAF LAY ' (i k" e Al
i'>iq i'=i
(6.24A)
0f(t(6,€),0,X, H,D) ot(6,€, D)
Oe* - Z et Yno (it k') (6.24B)
‘ (i' K )eAHUAH ¢
i'>1

The unbiasedness proof for estimators (6.24A) and (6.24B) is similar to Theorem 1 and is omitted
here.
Finally, notice that our formulation can handle not only the situations in Sections 6.6.1,

6.6.2, 6.6.3 and 6.6.4 separately, but also any combination of those cases, as well.
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6.7 Future Research

Future research will focus on analyzing the extension cases in Section 6.6, both theoretically
and empirically via numerical experiments. In Section 6.6.3, the complexity of the algorithm is
NP-hard due to the exponentially increased number of partitions of the disruptions occurrence
sample space. Future work will focus on reducing the time complexity of the multiple disruptions
setting and applying parallel computing to accelerate computing speed. Finally, it would be
interesting to apply the algorithms proposed to some real world business cases (e.g., deep water

drilling, disaster and pandemic management).
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Appendix A:  Activity-on-Arc (A-on-A) Formulation

In this section, we will use the A-on-A representation to reformulate the two-stage stochastic
programming problem in Section 6.2.1 and derive its stochastic gradient estimator based on the
new formulation. The materials in this section are from [38]. The the A-on-A version stochastic
gradient descent algorithm is provided. Finally, the difference between the A-on-A formulation

and the A-on-N formulation is provided.

A.1 Linear Programming Formulation

The activity on arc LP formulation of Problem 6.1 is given by:

= min 1, (A.0)
st ty—t3 > (1 —0s4)dsy (A.0a)

ty —ty > (1 — bay)day (A.Ob)

ts —ty > (1 — Ba3)dos (A.Oc)

ts —t1 > (1 — 63)dss (A.0d)

ty —t1 > (1 — 019)dro (A.Oe)

019 + 013 + 0o + oy + 05, < B (A.0f)
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t:>0 Vi€ {1,2,3,4} (A.0g)

The difference between the A-on-N and A-on-A formulations of our two-stage stochastic programming
problem is that Problem 6.7 and 6.8 are substituted by the A-on-A LP formulation. Also, for the
same problem setting, A-on-A and A-on-N formulations are equivalent if and only if the 8 in

Equations (6.6a) and (6.6b) is a zero vector.

A.2  A-on-A Two-Stage Formulation

Notations will be used in this section are given by:

X, = delay of duration of arc (i, k) created by the disruption

d;, = fixed duration of activity (i, k)

t, = the node release time of node &

Jir, = the set of crashing option for activity (i, k)

b), = per unit cost of the jth crashing option of activity (4, k)

efk = ratio of decreasing of activity (i, k)’s duration per unit jth crashing option applied
¢/, = amount of jth option of activity (i, k)

67, = upper bound of jth option of activity (i, k)

pred(k) = {i|(i, k) € A}

succ(k) = {i|(k,i) € A}

= t.
D= o ed
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t(0) = node release time of node &k

t(@)w) = max {t(0)n}

i€pred(k)

The two-stage A-on-A formulation is given by:

2 =min g(¢(6).6) (A1)

s.t. V¢, <B (A.la)
Z Z ik ik

j€Jik (i,k)eA

> o<1 V(i,k)e A (A.lb)
Jj€Jik
0<6, <, Vi € Ju, (i, k) € A (A.1lc)

and its second-stage formulation given by:

f(£(0),0.X, H) =min  (0) v, [{t(0)pvy) < H} +tn, I{t(0)n;,) > H} (A.2)
st. t(O)I{t(0)y < HY + LI {t(0)) > H}
— (H(O) I {t(0)) < H} + LI{t(0)) > H})
> (X I{t(0)) > H} + dir)

(L= eh(0I{t(6)y < H} + 0, 1{t(6); > H})) V(i.k) €A

J€Jik

(A.2a)

SN v 0RI{t(0)y < H} + 0], 1{t(0); > H}) < B

Jj€Jik (i,k)EA
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> (0L I{t(0) < H} + 6, 1{t(0); > H}) < 1 V(i k) e A

jEJzk
0 <@, I{tO@)y < H}+ 0, 1{t(0)y > H} <&, Vi Juy, V(i k)
t(e)m[{t< )[z’] <H}—|—t[{t< ) >H}>0 ViE{O,l,...,ND}

where we have

9(t(0),0) = Ex n[f(t(0),6,X, H)]
and t(0) as a vector is defined to be as below, whose elements are given by two equivalent
formulations:

HO)y = max ){dik(l DI AR t(@)m}, V2 <k < Np (A.32)

iepred(k

HO) ) = max{ 3N dn(l— Y €0, } ¥2 < k< Np (A.3b)

PEPy

(il)iZ)GP ]E']'leg
Similarly to Table 6.1 in Section 6.2.1.3, for a given realization of H, the disruption occurrence
time, we classify constraint (A.2a) into four mutually exclusive classes in Table A.1.

Table A.1: Four Types of Second Stage Constraints

Types Constraint Range of H

Type I th — 1 > (Xap +dix)(1 — ZJEJ . elkﬂlk) H <p;
Type I ¢, —t; > (Xig + dix)(1 — ZJEJ . e 0h) pi<H<t
Type L &), —t; > dix(1 = Y e, €.0%) t; < H < py
Type IVt —t; > dir(1— X 55, el 607) H > py
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A.3 A-on-A Stochastic Gradient Estimator

Similarly to Section 6.3.1, for a given fixed set of crashing parameter 6, the node release
time of all nodes without disruption T can be calculated as T = ¢(0), where T = [t1, o, ..., tn,]-
Reorder the element of T in ascending order so that ¢(*) is the kth order element. By conditioning
on t™1) < H < t™ and unconditioning, we have the equivalent formulation of Equations

(6.4c) and (6.13a) given by:

§(t0).0) = S E[F(1(6. €), 0.X. )| EB(E) (A4)
and
Jg(t(0,€),0)
06,
Np (m)
_ Z {aE[f(t(g>7ge7]X? H)|E ]]P;(E(m))

e K e

o0, 007,

And the stochastic gradient estimators are given by:

of(t(0),60, X, H) ot(0)
007 = 2 porE Ik

y — IH{(i, k) € A?}dikeikyiit(i,k) + bl Yng -
(i k') e AT UAH
i'>i

(A.6)
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where n (7', k') is the line number correspond to activity (¢’, k') in constraint (A.2a) and Ng is
the line number corresponding to the budget constraint. Proof of the unbiasness of the estimator

in Equation (A.6) is very similar to Theorem 1 and is omitted here.

A4 A-on-A Gradient Descent Algorithm

The stochastic gradient descent algorithm based on the estimator in Equation (A.6) is given

by Algorithm 7 and 8 below:

Algorithm 7: Phase 1 Optimization
10+0

2 while B > 0 do
Ag(
3 (1,7) + argmm{—gatéf’+ )/bzk}
(i,k,5)€O
00 <0l
4 531@ < a19§k

5 0%, < 0% + min(b} 07, b (1 — > nesinzi i), B)/b},
6 B+ B — mm(b] 5fk,bfk( Znehn# o), B)
7 end

Algorithm 8: Phase 2 Optimization
104 xsn+0
2 whlle n < M do

),0
3 (Zlakh.]l) — argmln{ a@]* )/bk’}
(i,k,5)€0O
0<67, <67,
4 (2271{:27]2) — a’rgma‘x{ 80]* /b k’}
(4,k,j)€0O
0<6?, <67,
: j2 J2 1 n
5 51) — mln(6d7 b12k2922k27 bljllﬂ( ZnEJilkl,nyf]j 0i1k1))
J1 J1
6 ezlkl — 621k1 + 5b/b21k1
J2 J2
7 612]{}2 <_ GZQk’Q - 5b/b12k2
8 n<n+1
9 end

where we have O = {(i, k, j)|j € Juk, (i, k) € A}. Algorithm 8 takes algorithm 7’s output
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as input. The only difference between the A-on-N Algorithm (Algorithm 5 and 6) and the A-on-
A Algorithm (Algorithm 7 and 8) is that no iterations of € is required, because we assume that €

18 a zero vector.

A.5 Difference between the Two Formulations

Notice that the A-on-A formulation and the A-on-N formulation are equivalent if and only
if for the optimal solution we have that €* = 0. The advantage of the A-on-A formulation is
that for ANs whose A-on-A representation have less nodes and arcs compared to its A-on-N
representation, the A-on-A algorithm compute faster than the A-on-N algorithm, which is the
reason why for cases 11, 14 and 19 in Section 6.5, the A-on-A algorithm is used. Since we
cannot check the condition that €* = 0, we can run Algorithm 6 a few times only for iteration of

€ with input the optimal solution calculated by the A-on-A algorithm.
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Appendix B: Experimental Data for Chapter 6

B.1 Optimal Crashing Activity Networks

The experimental data of Section 6.5 are from [37] and [38] and provided here. For all
test cases, we assume there is only one possible crashing option for each activity. The option
consumes 1 unit of resource and has effectiveness parameter e} = 0.5 for all i € A. The
probability that the disruption will not occur is py = 0.1. The disruption occurrence time [
follows a lognormal distribution with parameters ;. and o, where the mode is ¢/~ The random
delays {X;} are independent and follow an exponential distribution with mean p;. The values
of duration d; and mean delay x; are shown in Tables B.1 - B.5. Figures B.1 - B.8 give the AN

structure. The crashing budget B and lognormal distribution parameters are as follows:

Case 11: B=3,u=In6,0=0.5

Case 14: B=4, u=In35,0=0.5

Case 19: B=4,u=In8,0=0.5

Case 19a: B=4, u=In8,0=0.5

Case35:B=8, u=In4,0=0.3

142



Figure B.1: Activity Network with 11 Activities (A-on-A)

Figure B.2: Activity Network with 11 Activities (A-on-N)
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Table B.1: Activity Duration d; and the Mean of Disruption Magnitude y; for Case 11

Activity d; i Activity d; Lbi
1 10 10° 7 73 1
2 2 4 8 4.9 50
3 10 2 9 11.1 40
4 12 30 10 3.5 40
5 3 1500 11 9.9 5
6 10 1

Figure B.4: Activity Network with 14 Activities (A-on-N)
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Table B.2: Activity Duration d; and the Mean of Disruption Magnitude p; for Case 14

ACtiVity d i i Activity dz g

1 5 1079 8 49 4000
2 30 5 9 40 4000
3 25 40000 10 30 3000
4 20 40000 11 45 4000
5 15 1500 12 25 5

6 24 20000 13 21 5

7 30 20000 14 5 5

Figure B.5: Activity Network with 19 Activities (A-on-A)
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Figure B.6: Activity Network with 19 Activities (A-on-N)
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Table B.3: Activity Duration d; and the Mean of Disruption Magnitude ; for Case 19

Activity d; Lbi Activity d; i

1 2.5 400 11 6 50
2 2.1 200 12 0.001 40
3 10 1000 13 12 1000
4 5 10 14 1 50
5 6 40 15 1.5 10
6 4.5 300 16 0.001 300
7 8.1 2 17 8 100
8 6.1 100 18 18 300
9 10 100 19 35 300
10 6 50
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Figure B.7: Activity Network with 19a Activities

Table B.4: Activity Duration d; and the Mean of Disruption Magnitude y; for Case 19a

Activity d; Lbi Activity d; i

1 5 10 11 6 400
2 10 100 12 4.5 300
3 18 300 13 12 1000
4 35 300 14 L5 10
5 6 50 15 2.1 200
6 6 50 16 8.1 2

7 2.5 400 17 6.1 100
8 8 20 18 0.001 40
9 10 1000 19 0.001 300
10 1 50
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Figure B.8: Activity Network with 35 Activities
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Table B.5: Activity Duration d; and the Mean of Disruption Magnitude ; for Case 35

Activity d; L Activity d; i Activity d; Lbi

1 9 10 13 5 200 25 1 300
2 7 40 14 2 10 26 4 400
3 3 30 15 5 400 27 3 200
4 4 100 16 2 10 28 4 1000
5 6 50 17 10 10 29 10 300
6 3 10 18 4 2000 30 7 500
7 10 10 19 8 10 31 2 200
8 4 20 20 8 500 32 9 100
9 3 10 21 1 500 33 7 100
10 6 1000 22 5 500 34 1 100
11 9 10 23 2 10 35 7 200
12 8 500 24 7 10
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