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The field of neuroscience has striven for more than a century to understand how the brain

functionally coordinates billions of neurons to perform its many tasks. Recent advancements

in neural data acquisition techniques such as multi-electrode arrays, two-photon calcium imag-

ing, and high-speed light-sheet microscopy have significantly contributed to this endeavor’s pro-

gression by facilitating concurrent observation of spiking activity in large neuronal populations.

However, existing methods for network-level inference from these data have several shortcom-

ings: including undermining the non-linear dynamics, ignoring non-stationary brain activity, and

causing error propagation by performing inference in a multi-stage fashion. The goal of this

dissertation is to close this gap by developing models and methods to directly infer the dynamic

spectral and temporal network organizations in the brain, from these ensemble neural data.

In the first part of this dissertation, we introduce Bayesian methods to infer dynamic

frequency-domain network organizations in neuronal ensembles from spiking observations, by



integrating techniques such as point process modeling, state-space estimation, and multitaper

spectral estimation. Firstly, we introduce a semi-stationary multitaper multivariate spectral analy-

sis method tailored for neuronal spiking data and establish theoretical bounds on its performance.

Building upon this estimator, we then introduce a framework to derive spectrotemporal Granger

causal interactions in a population of neurons from spiking data. We demonstrate the validity of

these methods through simulations, and applications on real data recorded from cortical neurons

of rats during sleep, and human subjects undergoing anesthesia. Finally, we extend these meth-

ods to develop a precise frequency-domain inference method to characterize human heart rate

variability from electrocardiogram data.

The second part introduces a methodology to directly estimate signal and noise correlation

networks from two-photon calcium imaging observations. We explicitly model the observation

noise, temporal blurring of spiking activities, and other underlying non-linearities in a Bayesian

framework, and derive an efficient variational inference method. We demonstrate the validity of

the resulting estimators through theoretical analysis and extensive simulations, all of which es-

tablish significant gains over existing methods. Applications of our method on real data recorded

from the mouse primary auditory cortex reveal novel and distinct spatial patterns in the corre-

lation networks. Finally, we use our methods to investigate how the correlation networks in the

auditory cortex change under different stimulus conditions, and during perceptual learning.

In the third part, we investigate the respiratory network and the swimming-respiration coor-

dination in larval zebrafish by applying several spectro-temporal analysis techniques, on whole-

brain light-sheet microscopy imaging data. Firstly, using multitaper spectrotemporal analysis

techniques, we categorize brain regions that are synchronized with the respiratory rhythm based

on their distinct phases. Then, we demonstrate that zebrafish swimming is phase-locked to breath-



ing. Next, through the analysis of neural activity and behavior under optogenetic stimulations and

two-photon ablations, we identify the brain regions that are key for this swimming-respiration co-

ordination. Finally, using the Izhikevich model for spiking neurons, we develop and simulate a

circuit model that replicates this swimming-respiration coupling phenomenon, providing new

insights into the possible underlying neural circuitry.
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Chapter 1: Introduction

The brain is undeniably the most complicated, fascinating, and mysterious machinery ex-

isting in nature. Understanding how the brain coordinates the activity of billions of neurons to

perform cognitive and motor functions has interested humans for many years due to numerous

reasons. Studying how the brain’s functional connectivity changes under different behavioral

tasks and conditions provide us insights into how the neuronal networks in the brain effortlessly

adapt to different circumstances. These insights in turn facilitate advancements in artificial in-

telligence and machine learning, where the ultimate goal is indeed to develop artificial systems

replicating the brain’s functionality. Understanding the functional architecture of the brain is also

crucial for the progression of emerging neural engineering developments, such as brain-machine

interfacing. Moreover, investigating the functional connectivity of the brain also facilitates us to

better understand, detect and treat neurological diseases. For instance, functional connectivity is

significantly related to a variety of diseases such as depression, schizophrenia, and Alzheimer’s

disease [1, 2]. Thus, methodological advancements for inference of the functional network orga-

nizations in the brain have become very consequential.

The ability to investigate the functional architecture of the brain has recently been further

enhanced by the rapid progressions in different forms of neural data recording methods. With the

advancements of modern neural data acquisition techniques such as two-photon calcium imaging
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[3–6], high-speed light-sheet microscopy [6, 7] and high-density electrophysiology recordings

[8–10], today we have the ability to concurrently observe spiking activity in large populations of

neurons. These different data modalities have indeed facilitated the unique opportunity to inves-

tigate network organizations in the brain in diverse settings. Extracting the underlying spectral

and temporal network organizations from these data is key to deciphering computations carried

out by neuronal networks and understanding how the brain optimizes and coordinates the activity

of large populations of neurons to simultaneously perform many diverse tasks.

1.1 Limitations of existing methods

While these modern data recording techniques have opened up many avenues, existing

methods for network-level inference from these data have several shortcomings. Firstly, two-

photon calcium imaging is currently becoming very popular due to its capacity of recording

thousands of neurons simultaneously [3–5]. However, fluorescence observations recorded with

two-photon imaging are temporally blurred and noisy surrogates of neuronal spiking activities.

Some existing methods assume the fluorescence to be equivalent to spiking events and directly

perform network-level analysis on the fluorescence [11–14]. Due to the blurring and typically low

Signal-to-Noise ratio of fluorescence activity, this assumption could induce bias in the estimates.

On the other hand, even though it is possible to recover spikes first from spike deconvolution and

then infer network organizations, since deconvolution methods [15–26] are typically tailored to

be optimal to the recovery of accurate first-order statistics (i.e., spike timings) via spatiotemporal

priors, they could have detrimental effects on recovering higher-order statistics such as correla-

tions. Thus, developing neural encoding models and inference methods to infer latent neuronal
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connectivity directly from calcium imaging data without requiring intermediate spike deconvo-

lution is consequential [27].

Secondly, it is well known that the mapping between the stimuli integration, past activity,

and other latent neural covariates and the resulting neuronal spiking activities is non-linear [28].

Most existing methods assume spiking activities to be linearly related to these underlying latent

covariates, inducing significant bias on the connectivity estimates [29–32]. Thus, even if the

spikes were perfectly deconvolved or directly recorded using electrophysiological methods, most

conventional methods for network-level inference from neuronal spiking observations inherently

undermine the underlying non-linear dynamics.

Thirdly, most existing approaches for network-level inference perform the estimation in a

stage-by-stage fashion. For instance, estimating cross-spectral coupling from spiking observa-

tions is typically done by first estimating the latent underlying continuous covariates, and then

applying spectral analysis on estimated time-domain signals [29, 33, 34]. It is well-known that

time-domain smoothing can induce bias in the subsequent frequency-domain analysis. Existing

methods for network-level inference from two-photon calcium imaging observations that first re-

quire intermediate spike estimation are another such example. We note that the downstream net-

works inferred from those methods are highly sensitive to slight variations in estimated spikes;

i.e., the connectivity estimates when using different spike deconvolution techniques [15–26] tend

to be significantly different from each other. Multi-stage treatments of this nature frequently

cause an accumulation of uncertainty at each level of estimation, resulting in the downstream

estimates of network organizations being highly unreliable.

Lastly, while it is well known that the brain activity is non-stationary and may exhibit

rapid changes corresponding to the brain state or behavioral dynamics [34, 35], existing meth-
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ods generally assume the data to be stationary, or piece-wise stationary. Since this assumption

renders independent analysis of segmented observation windows, these methods will undermine

the stochastic continuity across the entire observation duration. Thus they provide sub-optimal

temporal resolution, and may even fail to recover the true underlying brain dynamics.

1.2 Contributions

In this dissertation, we address the aforementioned challenges by introducing Bayesian

models and methods to directly infer latent spectral and temporal network organizations, from

these high dimensional neural data. Bayesian techniques intrinsically have numerous well-known

[36] advantages including 1) Performing well under sparse and limited data, which is indeed the

typical setting of these neuronal data recordings, 2) Being highly interpretable and understandable

due to the so-called “white-box” approach, 3) Providing a principled framework for combining

observations with prior knowledge, i.e., facilitating a systematic framework for incorporating all

problem-specific information, and 4) Facilitating further statistical analyses such as the construc-

tion of confidence intervals.

For the clarity of exposition, we have organized our contributions into three parts. In Part

I (Chapters 2,3 and 4), we first introduce Bayesian models and methods for frequency-domain

network analysis from neuronal spiking data, and then extend these ideas for frequency-domain

inference of human heart rate variability. Next, in Part II (Chapters 5 and 6), we introduce

Bayesian models and methods to directly infer signal and noise correlation networks from two-

photon calcium imaging data and neuronal spiking data and then present several applications of

our methods. Finally, in Part III (Chapter 7), we demonstrate how we applied several spectro-
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temporal analysis techniques on whole-brain light-sheet microscopy imaging data, to explore and

model swimming-respiration coupling in larval zebrafish.

1.2.1 Part I: Frequency-domain inference

The first part of this dissertation introduces new models and methods for inference of dy-

namic frequency-domain network organizations from high dimensional neuronal spiking data.

Neural oscillations are well known to play a significant role in mediating the cognitive and mo-

tor functions of the brain [37–39]. While the advent of high-density electrophysiology record-

ings [8–10] from multiple locations in the brain has opened a unique window of opportunity to

probe these oscillations at the neuronal scale with a high temporal resolution, spectral analysis

techniques tailored for these data are in need to uncover the underlying spectro-temporal net-

work organizations. In this part of this dissertation, we introduce methods to infer underlying

spectro-temporal connectivity in neuronal ensembles from spiking observations, by integrating

techniques such as point process modeling [28], state-space estimation [33] and multitaper spec-

tral estimation [40–44].

Specifically, in Chapter 2 we introduce a semi-stationary multi-taper spectral estimation

method tailored for non-stationary multivariate spiking data, called the Point Process Multi-

Taper Semi-Stationary Spectral Density (PPMT-SSD) estimator. While the spectral estimation

of continuous-time series is well studied, inferring the spectral representation of latent non-

stationary processes based on spiking observations is challenging due to the underlying non-

linearities that limit the spectrotemporal resolution of existing methods. In this chapter, we ad-

dress this issue by developing the PPMT-SSD estimator: a multitaper spectral estimation [40–44]
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methodology that can be directly applied to multivariate spiking observations to extract the semi-

stationary spectral density [45] of the latent non-stationary processes that govern spiking ac-

tivity. We explicitly model the underlying non-linearities and non-stationarity of data using

point process modeling methods [28], state-space modeling [33] and Priestly’s formulation of

semi-stationary spectra [45], and then introduce an inference framework based on expectation-

maximization [46]. Further, we establish theoretical bounds on the bias-variance trade-off of the

PPMT-SSD estimator and demonstrate that it outperforms existing methods through extensive si-

mulations. Finally, we apply our estimator to infer dynamic spectro-temporal characterizations in

two real data experiments. While applications on data recorded from the rat brain [35] reveal new

insights on the coupling between two cortical neuronal populations across frequencies during dif-

ferent types of sleep episodes, application to multi-unit spike and local field potential recordings

from a human subject undergoing general anesthesia establish previously reported phase-locking

effects [34]. The results of this chapter were presented in part at the 2019 IEEE Data Science

Workshop [47], have been published in the IEEE Transactions on Signal Processing [48], and an

implementation is publicly available at [49].

Building upon PPMT-SSD, in Chapter 3 we then introduce a model and method to infer

spectrotemporal directional iterations in a neuronal network from ensemble spiking observations.

Granger causality is an increasingly prevalent tool in extracting the functional networks that

underlie neural processes. While its time-domain formulation yields useful insights into these

functional networks, the inferred Granger causal influences leave the spectral properties of said

functional networks ambiguous: this is a question of particular interest when neural processes

exhibit oscillatory behavior [37–39]. The frequency-domain formulation of Granger causality

proposed by Geweke has addressed the spectral properties of functional links between stationary
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processes [50, 51]. Based on Geweke’s method of conditional Granger causality [51], we intro-

duce a framework to derive direct dynamic spectro-temporal causal interactions in a population

of neurons from multivariate ensemble spiking observations, using point process modeling [28],

state-space estimation [33] and multitaper spectral analysis [40–44]. We demonstrate the utility

of our methods through a simulation study, and an application to rat cortical neuronal data [35]

acquired during sleep provides insights into the dynamics in directional functional connectivity

under different brain states. The results in this chapter were presented at the 2020 Asilomar

Conference on Signals, Systems, and Computers [52].

Next, in Chapter 4 we extend our multitaper spectral analysis methods to develop a precise

inference method to characterize spectral components of human heart rate variability (HRV) from

electrocardiogram data. The well-known oscillatory nature of HRV has led to the wide usage of

its frequency-domain analysis for the identification of features such as the interplay between

sympathetic and parasympathetic nervous system activation [53–55]. By posing the problem in a

Bayesian framework similar to Chapter 2, we introduce a denoised multitaper spectral estimation

method for frequency-domain HRV analysis. In addition, we provide two different methods for

deriving the confidence bounds of our estimates. Finally, we demonstrate the applicability of our

methods by deriving the denoised multitaper spectral components of experimentally recorded

electrocardiogram data (data from Schiff lab, Weill Cornell Medicine, New York City, NY).

1.2.2 Part II: Signal and Noise Correlation inference

The second part of this dissertation introduces new models and methods for signal and

noise correlation network inference from two-photon calcium imaging data. Neuronal activity

7



correlations are key to understanding how groups of neurons collectively encode information

[56–66], and are often categorized in two groups: signal correlations and noise correlations [58,

62, 67–70]. Given two neurons, signal correlation quantifies the similarity of neural responses

that are time-locked to a repeated stimulus across trials, whereas noise correlation quantifies

the stimulus-independent trial-to-trial variability shared by neural responses that are believed

to arise from common latent inputs. While two-photon calcium imaging has created a unique

opportunity to record the activity of large populations of neurons [3–6], existing methods for

inferring correlations from these data face several challenges. First, the observations of spiking

activity produced by two-photon imaging are temporally blurred and noisy. Secondly, even if the

spiking data were perfectly recovered via deconvolution, inferring underlying signal and noise

correlation networks from binary spiking data is a challenging task due to the non-linear relation

of neuronal spiking to endogenous and exogenous inputs [28].

Taking into account these challenges, in Chapter 5 we propose a methodology to explic-

itly model and directly estimate signal and noise correlations from two-photon calcium imaging

observations, without requiring intermediate spike deconvolution. We avoid the need to perform

spike deconvolution by integrating techniques from point processes [28] and state-space mod-

eling that explicitly relates the signal and noise correlations to the observed fluorescence traces

in a multi-tier model. Thus, we cast signal and noise correlations within a parameter estimation

setting. To solve the resulting estimation problem in an efficient fashion, we develop a solution

method based on variational inference [71, 72], by combining techniques from Pólya-Gamma

augmentation [73] and compressible state-space estimation [20, 74, 75]. Further, we provide

theoretical guarantees on the performance of the proposed estimator and demonstrate through

extensive simulations that our proposed method has significant performance gains over existing
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methods under a variety of settings. Applications of our method on real data recorded from the

mouse primary auditory cortex reveal that signal and noise correlation networks are more distinct

from each other than reported in previous work, while also exposing novel and distinct spatial

patterns in the correlation structures of two different layers in the mouse auditory cortex. We

presented these results in part at the 2020 Annual Conference on Information Sciences and Sys-

tems (CISS) [76], 2021 Annual Neuroscience Meeting (SfN), and also published in eLife [77].

Further, an implementation of our proposed method as well as the data used in this chapter are

made publicly available [78, 79].

Next, in Chapter 6 we apply our signal and noise correlation inference framework to in-

vestigate network-level changes in the auditory cortex under two different experiments. Firstly,

we present a comparison between correlation networks inferred by applying our methods to two-

photon calcium imaging data recorded from the mouse primary auditory cortex, under two dif-

ferent stimulus conditions: pure-tone versus two-tone presentation (data from Kanold Lab, Johns

Hopkins University, Baltimore, MD). We uncover distinct spatial patterns in the signal and noise

correlation networks under each stimulus setting, providing new insights into how the network

organizations change under different stimulus conditions. Next, we illustrate how our correlation

analysis methods provide insights into network-level changes in the course of perceptual learn-

ing, by applying our method to electrophysiological data recorded from the auditory cortex of

gerbils under auditory task performance [80]. Through this analysis, we demonstrate that while

our method was originally developed to be applied to two-photon calcium imaging data, it can

easily be adapted to infer signal and noise correlations even from neuronal spiking data.
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1.2.3 Part III: Zebrafish respiration-locomotion network coordination

In the last part of this dissertation (Chapter 7), we investigate the respiratory circuitry and

the swimming-respiration coupling phenomena in larval zebrafish by applying several spectro-

temporal analyses techniques, on whole-brain light-sheet microscopy imaging data (data from

Ahrens Lab, Janelia Research Campus, Ashburn, VA). Firstly, using multitaper spectrotemporal

analysis of whole-brain imaging data and simultaneously recorded electrophysiological data, we

discover brain regions that are synchronized with the respiratory rhythm. Then, using cross-

spectral density phase analysis, we introduce a method to categorize the respiratory neurons based

on their distinct phases relative to the breathing rhythm. Using several spectrotemporal analysis

methods, we also demonstrate that zebrafish swimming is phase-locked to breathing and is gated

by the respiratory rhythm. Then, through the analysis of whole-brain imaging data recorded

under optogenetic stimulation and two-photon ablations, we distinguish the brain regions that are

key for this swimming-respiration coupling. Finally, using the Izhikevich model [81] for spiking

neurons, we develop a circuit model that replicates the swimming-respiration coupling behavior

observed in real data, providing new insights into the possible underlying neural circuitry.

1.3 Broader Impact

Finally, we close this thesis in Chapter 8 by summarizing our contributions, discussing the

limitations of our approaches, and outlining potential future directions. Firstly, we discuss the

challenges that could potentially arise when using our methods due to factors such as model-

ing assumptions, inexact inverse solutions, computational complexity, and the biological inter-

pretability of the inferred functional networks. Then, we discuss several possible extensions of
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our work and outline future directions of research that are brought to light as a byproduct of

this dissertation. It is also noteworthy that the challenges we addressed through this dissertation

are shared among many other disciplines such as econometrics, climatology, seismology, social

network analysis, gene regulatory networks, astronomical imaging, and communication systems.

Thus, the developed ideas and algorithms in this thesis have potential applications in other do-

mains outside neuroscience and can be readily adopted thanks to the plug-and-play nature of our

algorithms. Furthermore, in the spirit of reproducibility, we have archived implementations of

our algorithms as open source repositories on https://github.com/Anuththara-Rupasinghe.
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Chapter 2: Multitaper Analysis of Semi-Stationary Spectra from Multivariate

Neuronal Spiking Observations

Neural oscillations are known to play a significant role in mediating the cognitive and motor

functions of the brain [37–39]. The advent of high-density electrophysiology recordings [8–10]

from multiple locations in the brain has opened a unique window of opportunity to probe these

oscillations at the neuronal scale. To exploit such experimental data for inferring the mechanisms

of brain function, spectral analysis techniques tailored for such neuronal spiking data are required

[82].

While there exists a wide range of mathematical models for capturing neuronal spiking

dynamics [83], statistical approaches based on the theory of point processes or generalized linear

models have gained popularity in recent years [28, 82, 84–86]. These models relate the statistics

of the neural stimulus (input) and response (output) in a model-based fashion to facilitate further

analyses such as estimation, prediction, and decoding. The input may consist of explicit (e.g.,

sensory stimuli) and latent (e.g., internal neural processes) portions. Existing methods for spectral

analysis under the point process framework typically consider univariate spiking observations

and take the input to be a latent second-order stationary process during the observation period

[29, 33, 86, 87]. Despite their relative success in capturing the spectral properties of spiking

activity, these methods have several shortcomings to be addressed.
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First of all, some of the existing methods first estimate the latent input processes in the

time domain, followed by spectral analysis of these time-domain estimates [29,33,34]. The time-

domain estimation techniques vary from averaging across different trials [29] to estimating the

latent process using Kalman filtering and smoothing [33,34]. Due to the time-domain smoothing

procedures used by these methods, the resulting power spectral density (PSD) estimates undergo

distortion in the spectral domain.

Secondly, some of the existing methods that overcome the aforementioned challenge and

aim at directly estimating the PSD without recourse to time-domain smoothing can only oper-

ate on univariate time-series [86, 87]. As such, they are not able to capture the cross-spectral

couplings of multiple spike trains, which is crucial in understanding the underlying circuit mech-

anisms of neural activity.

Finally, it is known that the brain oscillations that underlie neuronal spiking are non-

stationary and may exhibit rapid changes corresponding to the brain state or behavioral dynamics

[34, 88]. Existing methods apply sliding window adaptations of stationary spectral estimation

methods to capture these changes in the spectral domain, and thus provide sub-optimal spec-

trotemporal resolutions due to the well-known limitations of sliding window analysis. Indeed,

non-stationary time-series analysis has been well studied for multivariate continuous signals

and various methods have been proposed to quantify the energy-frequency-time distributions

[45, 89–97]. One notable example is the evolutionary power spectral characterization [45, 94],

which defines a time-varying spectral density matrix in order to quantify the local spectral energy

distributions at each instant of time for a multivariate oscillatory process.

In light of the foregoing challenges, a unified framework for capturing the non-stationary

spectral properties of multivariate neuronal spiking data with a high spectrotemporal resolution
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is lacking, but highly desired due to the emerging demands of modern neuronal data analysis. In

this chapter, we close this gap by developing a framework under the point process framework to

estimate the semi-stationary spectral density (SSD) matrix of a multivariate non-stationary latent

process, given spiking observations.

To address the first two challenges, we model the spiking observations as multiple real-

izations of Bernoulli processes with logistic links to the latent multivariate process. This model

is motivated by its univariate counterpart, which has been previously utilized in the statistical

analysis of spiking data [28, 98–100]. We then pose the problem of spectral estimation within

a multitaper framework [40–44] to directly estimate the SSD from multivariate spiking observa-

tions, and thus obviating the need for intermediate time-domain smoothing.

To address the third challenge, we adopt the working hypothesis that the latent processes

under study conform to the commonly-used regularity assumption in evolutionary spectral esti-

mation known as semi-stationarity. We employ a state-space model to characterize the dynamics

of the semi-stationary spectra [96] and derive an Expectation-Maximization (EM) algorithm for

efficiently computing the maximum a posteriori (MAP) estimate of the SSD matrix. We also

establish theoretical bounds on the bias-variance performance of our proposed estimator and re-

cover the favorable asymptotic properties of the classical multitaper framework.

We compare the performance of our proposed method to existing techniques through sim-

ulation studies and application to experimentally-recorded neuronal data. We present simulated

case studies using non-stationary multivariate auto-regressive processes, whose dynamics are in-

spired by neural oscillations. These studies reveal that the proposed method outperforms two

of the widely used methods for deriving spectral representations from spiking data. Next, we

apply our proposed estimator to multi-unit recordings from the rat cortical neurons during sleep
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[35, 101]. Our proposed method corroborates existing results on spectrotemporal dynamics of

brain state transitions obtained by local field potential analysis, by directly inferring said dynam-

ics from spike recordings at the neuronal scale and high spectrotemporal resolutions. Finally,

we apply our proposed estimator to multi-unit spike and local field potential (LFP) recordings

from a human subject undergoing general anesthesia [34, 86]. Our proposed estimates establish

existing hypotheses on the relation between the LFP signals and spiking dynamics under general

anesthesia [34, 86], validating its utility in obtaining reliable spectral representations of neural

spiking data.

In closing, our contributions in this chapter can be summarized as follows: 1) Developing

an algorithm for estimating the SSD matrix directly from spiking observations with no recourse to

time-domain smoothing procedures, 2) Enhancing the spectrotemporal resolution by integrating

the multi-tapering and state-space modeling frameworks, and 3) Establishing theoretical guaran-

tees on the bias-variance performance of our proposed estimator.

2.1 Problem Formulation

Let N(t) and H(t) denote the point process representing the number of spikes and spiking

history of a neuron in [0, t), respectively, where t ∈ [0, T ] and T denotes the observation duration.

The Conditional Intensity Function (CIF) [102] of a point process N(t) is defined as:

λ(t|Ht) := lim
∆→0

P [N(t+ ∆)−N(t) = 1|Ht]

∆
. (2.1)

To discretize the continuous process, we consider time bins of length ∆, small enough that the

probability of having two or more spikes in an interval of length ∆ is negligible. A choice

16



of ∆ ∼ 1 ms renders this assumption valid, due to the absolute refractory period property of

biological neurons [28]. Considering the binary nature of spiking data, this discretized point

process can be modeled by a Bernoulli process with success probability λk := λ(k∆|Hk)∆, for

1 ≤ k ≤ K, where K := T/∆ is an integer (with no loss of generality). We refer to λk as CIF

hereafter for brevity.

In a similar fashion, we consider spiking observations from an ensemble of J neurons, with

CIFs {λk,j}Kk=1, for j = 1, 2, · · · , J . Additionally, for each neuron, we assume that L independent

realizations of spiking activity are observed. Thus, we represent the lth realization corresponding

to the CIF λk,j by n(l)
k,j . Further, we model λk,j by a logistic link to the underlying latent ran-

dom process, xk,j . The logistic function is often referred to as the canonical link function for a

Bernoulli process in the generalized linear model and point process frameworks, and significantly

facilitates procedures such as regression and maximum likelihood estimation [28]. Accordingly,

we have

n
(l)
k,j ∼ Bernoulli(λk,j), (2.2)

where λk,j = `(xk,j) := 1/(1 + exp (−xk,j)), with `(·) representing the logistic function. Our

goal is to estimate the time-varying power spectral density of each process xk,j , for 1 ≤ j ≤ J ,

as well as the time-varying cross spectra between each pair of processes. To that end, we assume

that the process xk,j is a semi-stationary process in the sense of Priestly [45], which implies a

representation of the form,

xk,j − µk,j =

∫ π

−π
eikωAk,j(ω) dZj(ω), (2.3)
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where µk,j is the mean of xk,j , Ak,j(ω) is the time-varying amplitude function and dZj(ω) is an

orthogonal increment process. The semi-stationarity assumption restricts the rate of change of

Ak,j(ω) in the sense that for each fixed ω, the Fourier transform of Ak,j(ω) with respect to k, is

highly concentrated around zero [91]. Note that this assumption is the basis for the widely-used

short-time periodogram analysis as well as constructing estimators of the evolutionary spectra

[45]. Given that the dynamics of the neuronal processes underlying spiking activity are typically

much slower than the sampling rate, the assumption of semi-stationarity is commonly adopted in

neural data analysis.

To obtain a discrete-parameter harmonic process, we approximate Zj(ω) by a jump process

overN frequency bins [86], and thereby replace dZj(ωn) with π
N

(aj,n+ibj,n), at ωn = nπ/N, 1 ≤

n ≤ N − 1, where aj,n and bj,n are real-valued random variables. Since the random process is

real, using the symmetry Zj(ω) = Zj(−ω), we express the discretization of Eq. (2.3) as

xk,j = µk,j +
2π

N

N−1∑
n=1

Ak,j(ωn) (aj,n cos(ωnk)− bj,n sin(ωnk)).

To explicitly utilize the semi-stationarity assumption, we consider a piece-wise constant

approximation to Ak,j(ω), implying that the J-variate random process {xk,j}K,Jk,j=1 is jointly sta-

tionary in windows of small enough length W [96], and divide the total data duration K into M

non-overlapping segments of length W , with K = MW . We thus have:

xk,j = µm,j +
2π

N

N−1∑
n=1

(pm,j,n cos(ωnk)− qm,j,n sin(ωnk)),

for (m−1)W+1 ≤ k ≤ mW , 1 ≤ m ≤M , where pm,j,n and qm,j,n are real-valued random vari-

ables. Defining Xm,j := [x(m−1)W+1,j, x(m−1)W+2,j, · · · , xmW,j]>, vm,j := [ N
2π
µm,j, pm,j,1, qm,j,1,
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· · · , pm,j,N−1, qm,j,N−1]>, we have the compact representation Xm,j = Amvm,j , where Am is a

W × (2N − 1) matrix with the fist column equal to 2π
N

1, (Am)w,2n = 2π
N

cos
(
n(m−1)W+w

N
π
)

and

(Am)w,2n+1 = −2π
N

sin
(
n(m−1)W+w

N
π
)

, for w = 1, 2, · · · ,W and n = 1, 2, · · · , N − 1.

The evolutionary spectrum of an oscillatory process xk,j , at frequency ωn, is defined as

ψk,j(ωn) dωn = |Ak,j(ωn)|2E[|dZj(ωn)|2] [45]. Moreover, for a J-variate stationary vector-valued

orthogonal increment process Z(ωn) := [Z1(ωn), · · · , ZJ(ωn)]>, the spectral density matrix has

been expressed as Ψ(ωn)dωn := E[dZ(ωn)dZ(ωn)H ] [103]. Extending this notion to the semi-

stationary spectra, we formulate the SSD matrix as:

Ψm(ωn) =
π

N
E[(pm,n + iqm,n)(pm,n − iqm,n)>], (2.4)

where pm,n = [pm,1,n, pm,2,n, · · · , pm,J,n]> and qm,n = [qm,1,n, qm,2,n, · · · , qm,J,n]>.

For brevity, we concatenate the vectors pm,n and qm,n as wm,n := [p>m,n , q>m,n]>, 1 ≤ n ≤

N − 1, and define the vector wm := [w>m,0,w
>
m,1, · · · ,w>m,N−1]>, with wm,0 := [µm,1, µm,2, · · · ,

µm,J ]>. Thus, we see that the SSD matrix in Eq. (2.4), can be determined if E[wm,nw
>
m,n] is

estimated for 1 ≤ n ≤ N − 1. As such, the task of estimating the semi-stationary spectra of the

J-variate random process is reduced to computing E[wmw>m], for m = 1, 2, · · · ,M , given the

ensemble spiking data D = {n(l)
k,j}

L,K,J
l,k,j=1. To this end, we first develop a multitaper version of the

foregoing SSD estimator to enhance spectral resolution, and then complement it with a suitable

estimation algorithm within a Bayesian setting.
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2.2 Multitaper Estimation of the SSD Matrix

2.2.1 The Proposed Multitaper Framework

The estimate Ψm(ωn) in Eq. (2.4) is based on conventional Fourier analysis, which has its

inherent bias and variance limitations. Multitapering is a technique widely used in power spectral

estimation of stationary random processes, to overcome these limitations [40]. Given that the la-

tent process xk,j is not directly observable, forming its multitaper estimate is not straightforward.

We will indeed develop multitaper spectral estimates of xk,j based on its indirect observations

n
(l)
k,j .

For a stationary continuous process, x1, x2, · · · , xK the classical multitaper estimator is

given by:

Smt(ω) =
1

P

P∑
p=1

|y(p)(ω)|2 (2.5)

with y(p)(ω) =
∑K

k=1 ν
(p)
k xk e

−iωk, where ν(p)
k is the kth time sample of the pth discrete prolate

spheroidal sequence (dpss) [41], for 1 ≤ p ≤ P . The dpss tapers are a set of orthogonal tapers

that maximally concentrate their spectral power within a resolution bandwidth of [− ξfs
K
, ξfs
K

],

for some positive constant ξ. Tapering with the dpss sequences results in approximately unbi-

ased spectral estimates with minimal spectral leakage [42–44], and averaging the eigen-spectra

|y(p)(ω)|2, significantly reduces the variance of the estimated PSD [40, 42, 43].

While originally designed for univariate time series, multitapering has been likewise ex-

tended to multivariate time series [104]. Given a second order jointly stationary J-dimensional

random process x1,x2, · · · ,xK , where, xk = [xk,1, xk,2, · · · , xk,J ], the multitaper cross-spectral
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estimate between the rth process and the tth process (r, t ∈ {1, 2, · · · , J}) has been defined as,

Smt
r,t (ω) =

1

P

P∑
p=1

y(p)
r (ω)(y

(p)
t (ω))∗ (2.6)

where y(p)
r (ω) :=

∑K
k=1 ν

(p)
k xk,r e

−iωk.

These classical estimators are not directly applicable in our framework, since the latent

processes xk,j are not directly observable. Our objective is to estimate the semi-stationary spectra

Ψm(ωn) directly from the spiking observations, avoiding intermediate time-domain estimation of

the latent processes. Thus, we need to develop an alternative approach that incorporates the effect

of indirect observation of xk,j through spiking activity. The data log-likelihood in our model,

log f(D|{xk,j}K,Jk,j=1) =

K,J∑
k,j=1

L
{
nk,jxk,j−log(1+exp(xk,j)

}
, (2.7)

depends on the observations only through the ensemble average, nk,j := 1
L

∑L
l=1 n

(l)
k,j . Hence, nk,j

is a sufficient statistic. Thus, we need to characterize the effect of tapering the latent time series

xk,j on the observed ensemble average spiking nk,j . Note that tapering the observed process nk,j ,

i.e., ν(p)
k,jnk,j , is not admissible as the dpss tapers take negative values for p > 1, whereas spiking

observations are non-negative. In addition, ν(p)
k,jnk,j does not relate to the desired tapered latent

process ν(p)
k,jxk,j in a straightforward fashion.

Consider the log-likelihood log f({n(l)
k,j}Ll=1|xk,j) = L

{
nk,jxk,j − log (1 + exp(xk,j)

}
, in
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Eq. (2.7). Noting that

∂ log f({n(l)
k,j}Ll=1|xk,j)

∂xk,j

∣∣∣∣
xk,j=`−1(nk,j)

= 0,

the logit of nk,j defined by `−1(nk,j) := log(nk,j/(1− nk,j) is the maximum likelihood estimator

of xk,j . Accordingly, we use `−1(nk,j) as the estimator of xk,j . Furthermore, nk,j convergences

almost surely to `(xk,j), by the strong law of large numbers. To address the foregoing challenge,

we propose

(nk,j)
(p) := ` ( ν

(p)
kmodW+1 `

−1(nk,j) ), (2.8)

to be the estimator of the ensemble average, had the latent process been tapered by the pth dpss

taper, i.e., had the spiking activity been governed by ν(p)
kmodW+1xk,j . Note that when nk,j = 0 or

nk,j = 1, the function `−1(nk,j) is not defined. In such cases, we directly estimate (nk,j)
(p) by

nk,j . The dpss tapers are sandwiched between `(·) and `−1(·) in Eq. (2.8), which makes it an

admissible non-negative ensemble average and is key to developing the multitaper estimator of

the spectra of xk,j . If one would switch the order of evaluating `(·) and tapering in Eq. (2.8), the

process (nk,j)
(p) would reduce to ν(p)

kmodW+1nk,j , which is inadmissible for p > 1.

The problem is now reduced to computing the semi-stationary spectra of {xk,j} correspond-

ing to each dpss taper, Ψ
(p)
m (ωn), from (nk,j)

(p), for p = 1, 2, · · · , P . Then, the multitaper SSD es-

timate can be formed by averaging the P eigen-spectral estimates, Ψmt
m (ωn) = 1

P

∑P
p=1 Ψ̂

(p)
m (ωn).

In the next subsection, we first develop a method for estimating the SSD matrix of the untapered

latent process {xk,j} from {nk,j}, and then extend it to the case of P tapers by replacing {nk,j}

with {(nk,j)(p)}, which gives the eigen-spectral SSD estimate Ψ̂
(p)
m (ωn), for p = 1, 2, · · · , P .
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2.2.2 MAP Estimation of the Parameters via the EM Algorithm

In order to capture the evolution of the SSD Ψm(ωn), we impose a stochastic continuity

constraint on the random variables wm using the following state-space model:

wm = Φwm−1 + ηm, (2.9)

where the state transition matrix Φ is a constant matrix and ηm ∼ N (0,Qm). We consider the

special case where Φ takes the form αI, for simplicity. Nevertheless, Φ can also be estimated

from data within the same Expectation-Maximization [46] framework that follows next.

The parameters θ := {Qm, 1 ≤ m ≤ M} need to be estimated from the observations

D = {n(l)
k,j}

K,J,L
k,j,l=1. Considering w = {wm, 1 ≤ m ≤ M} to be the hidden variable, we aim

at recovering θ via MAP estimation. We consider a diagonal covariance matrix Qm, whose ith

diagonal entry is denoted by Qm,i. This assumption is due to the orthogonality of the increment

process dZj(ω) in Eq. (2.3) and eliminates undesired spectral coupling. In addition, it reduces

the number of parameters to be estimated, thereby improving the convergence of the estimator.

Given the typical sparsity of neuronal spiking in time and the low number of observed realizations

(L), an appropriate prior distribution on Qm helps in reducing the estimation variance. Thus, we

assume Qm to be independent and identically distributed for 1 ≤ m ≤M , with a density:

f(Qm) ∝ exp

(
−ρ

2J∑
j=1

N−2∑
n=1

(
log(Qm,J(2n−1)+j)−log(Qm,J(2n+1)+j)

)2
)
.

This prior distribution encourages continuity in log scale of the spectral estimates corre-
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sponding to adjacent frequency bins, and can be controlled by appropriately selecting the hyper-

parameter ρ. MAP estimation corresponds to maximizing the log-likelihood of the complete data

(D,w), given by:

log f(D,w,θ) = log fw|θ(w|θ) + log f(θ) + C1

= −1

2

M∑
m=1

{
log|Qm|+(wm−Φwm−1)>Q−1

m (wm−Φwm−1)
}

− ρ
M∑
m=1

2J∑
j=1

N−2∑
n=1

(
log(Qm,J(2n−1)+j)− log(Qm,J(2n+1)+j)

)2

+ C2,

where C1 and C2 represent terms that do not depend on θ. We next construct the EM algorithm

for solving this MAP estimation problem:

2.2.2.1 E-Step

Suppose that the current estimate of θ at the rth iteration is given by θ̂(r). Then, the Q-

function

Q(r) := E[log f(D,w,θ)|D, θ̂(r)] (2.10)

can be evaluated if the conditional expectations

wm|M := E[wm|D, θ̂(r)],

Σm|M := E[(wm−wm|M)(wm−wm|M)>|D, θ̂(r)],

Σm,m−1|M := E[(wm−wm|M)(wm−1−wm−1|M)>|D, θ̂(r)],
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are known. To compute these conditional expectations we utilize the Fixed Interval Smoothing

[74] and the Covariance Smoothing [105] algorithms. However, considering that the forward

model is not Gaussian in our formulation, we cannot directly use these algorithms to estimate

wm|m and Σm|m.

The density f({ws}ms=1|Dm1 , θ̂(r)), with Dm1 = {n(l)
k,j}

mW,J,L
k,j,l=1 , is proportional to the product

of the two densities f(Dm1 |{ws}ms=1, θ̂
(r)) and f({ws}ms=1|θ̂(r)), which are Binomial and Gaus-

sian distributed, respectively. Utilizing the unimodality of the density of {ws}ms=1|Dm1 , θ̂(r), we

approximate it by a multivariate Gaussian, and derive the mean of the distribution, w
(r)
m|m by the

mode of log f({ws}ms=1|Dm1 , θ̂(r)):

argmax
wm

J,m,W∑
j,s,w=1

L
{
n(s−1)W+w,j(Asvs,j)w − log (1 + exp(Asvs,j)w))}

− 1

2

m∑
s=1

{
log|Q(r)

s |+(ws−Φws−1)>(Q(r)
s )−1(ws−Φws−1)

}
, (2.11)

and its covariance, Σ
(r)
m|m by the negative of the inverse Hessian of log f({Vs}ms=1|Dm1 , θ̂(r)).

Observing that the objective function is a combination of convex functions and is differentiable,

we perform the above optimization for w
(r)
m|m using the Newton-Raphson method. Concurrently,

we estimate Σ
(r)
m|m using the Hessian matrix of the objective.

2.2.2.2 M-Step

Due to the separability of the Q-function Q(r) in terms of Qm’s, we can update Qm’s

independently as:

Q(r+1)
m = argmax

Qm

Q(r), 1 ≤ m ≤M. (2.12)
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Observing that Q(r) is differentiable in Qm, we employ the multivariate Newton-Raphson algo-

rithm to perform this maximization and derive the updates for Qm, 1 ≤ m ≤M .

An implementation of this EM procedure is outlined in Algorithm 2.1. Following conver-

gence, we use the final estimates wm|M and Σm|M to evaluate the SSD matrix Ψ̂m(ωn). As men-

tioned in Section 2.2.1, the same EM procedure can be carried out for {n(p)
k,j}, for p = 1, 2, · · · , P

in order to estimate the multivariate eigen-spectra Ψ̂
(p)
m (ωn). Finally, the multitaper spectral den-

sity matrix is formed by averaging the eigen-spectral estimates as outlined in Algorithm 2.2.

We refer to our proposed algorithm as the Point Process Multi-Taper Semi-stationary Spectral

Density (PPMT-SSD) estimator.

2.3 Theoretical Analysis

In this section, we derive bounds on the bias and variance of the proposed estimator. We

first briefly review the corresponding bounds for the classical multitaper estimator (Eq. (2.5)).

As proven in [106], the bias and variance of the multitaper estimate of a stationary process

x1, x2, · · · , xK with a uniformly continuous PSD S(ω) are bounded as follows:

|bias(Smt(ω))| ≤ (sup
ω
S(ω))

{
1− 1

P

P∑
p=1

cp

}
+ o(1), (2.13)

Var(Smt(ω)) = (1+β(ω))
1

P 2

P∑
p=1

c2
p S(ω)2 +O

(
1

P

P∑
p=1

(1−cp)

)
+ o(1), (2.14)

as K → ∞. Here cp is the eigenvalue corresponding to the taper ν(p) and β(ω) = 0 if ω
2π
6=

0, 1/2 mod 1 and is equal to 1 otherwise. It is evident that the multitaper estimator Ŝmt(ω) is

asymptotically unbiased.
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Algorithm 2.1 Estimation of the Semi-stationary Spectral Density Matrix via the EM Algorithm

Inputs: Ensemble averages of the spiking observations {nk,j}K,Jk,j=1, hyper-parameters ρ, ζ and
α, maximum number of EM iterations Rmax.
Outputs: Estimates of the SSD matrices Ψ̂m(ωn) for 1 ≤ m ≤M , 1 ≤ j ≤ N − 1

Initialization: Initial choice of Q
(0)
m = ζI, w0|0 = 0, Σ0|0 = 0, r = 1.

1: for r ≤ Rmax do
2: Forward filter, for m = 1, 2, . . . ,M :

wm|m−1 = Φwm−1|m−1

Σm|m−1 = ΦΣm−1|m−1Φ
> + Q(r)

m

Compute wm|m and Σm|m using Newton’s method as described in Eq. (2.11).

3: Backward smoother, for m = M − 1,M − 2, . . . , 1:
Bm = Σm|mΦ>Σ−1

m+1|m

wm|M = wm|m + Bm(wm+1|M −wm+1|m)

Σm|M = Σm|m + Bm(Σm+1|M −Σm+1|m)B>m

4: Covariance smoother, for m = M − 1,M − 2, . . . , 1:

Σm,m−1|M = Σ>m|MB>m−1

5: Update the Qm’s independently, for m = 1, 2, . . . ,M using the multivariate Newton-
Raphson method to solve:

Q(r+1)
m = argmax

Qm

Q(r)

6: Set r ← r + 1
7: end for
8: for 1 ≤ m ≤M do
9: Rm = Σm|M + wm|Mw>m|M

10: for 1 ≤ n ≤ N − 1 do

Rn
m = (Rm)(J(2n−1)+1:J(2n+1),J(2n−1)+1:J(2n+1))

Ψ̂m(ωn) =
π

N

{
Rn
m(1:J,1:J) + Rn

m(J+1:2J,J+1:2J)

+ i
(
Rn
m(J+1:2J,1:J) −Rn

m(1:J,J+1:2J)

)}
11: end for

12: end for
13: Return Ψ̂m(ωn) for 1 ≤ m ≤M , 1 ≤ n ≤ N − 1.
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Algorithm 2.2 Estimation of the Multi-Taper Semi-stationary Spectral Density Matrix (PPMT-
SSD)
Inputs: Collection of ensemble averages of the observations {nk,j}K,Jk,j=1, the set of P dpss tapers
of length W {ν(p)

w }W,Pw,p=1

Outputs: The multitaper estimates of the SSD matrices Ψ̂mt
m (ωn) for 1 ≤ m ≤ M ,

1 ≤ n ≤ N − 1

1: for p = 1, 2, · · · , P do

2: for 1 ≤ w ≤ W, 1 ≤ m ≤M, 1 ≤ j ≤ J do
3: k = ((m− 1)W + w)
4: if nk,j 6= 0 and nk,j 6= 1 then

(nk,j)
(p) = ` ( `−1(nk,j) ν

(p)
w )

5: else

(nk,j)
(p) = nk,j

6: end if
7: end for
8: Compute the pth tapered spectral density matrix estimate, Ψ̂

(p)
m (ωn) for 1 ≤ m ≤ M ,

1 ≤ n ≤ N − 1, using Algorithm 2.1, with {n(p)
k,j}

K,J
k,j=1 as the input collection of ensemble

averages.
9: end for

10: for 1 ≤ m ≤M, 1 ≤ n ≤ N − 1 do

Ψ̂mt
m (ωn) =

1

P

P∑
p=1

Ψ̂(p)
m (ωn)

11: end for

12: Return Ψ̂mt
m (ωn) for 1 ≤ m ≤M , 1 ≤ n ≤ N − 1

We state our main theorem for a univariate second-order stationary process x1, x2, · · · , xK ,

corresponding to the special case of J = 1, for the clarity of exposition. We later on provide

extensions to the multivariate and semi-stationary cases. To proceed with our theoretical analysis,

we need to make two extra technical assumptions.

Assumption (1). From Eq. (2.7), the data likelihood for the univariate case can be expressed
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as

f(D) :=

∫
exp

(
K∑
k=1

L
{
nkxk − log (1 + exp(xk)

}) K∏
k=1

dxk,

where nk := 1
L

∑L
l=1 n

(l)
k . Given the nonlinear functional form of the integrand, we consider the

saddle point approximation [107] of the integral, and take `−1(nk) as an estimator of xk. Under

this approximation, the proposed multitaper spectral estimator takes the simpler form:

Ŝmt(ω) =
1

P

P∑
p=1

|ŷ(p)(ω)|2, (2.15)

where ŷ(p)(ω) :=
∑K

k=1 ν
(p)
k `−1(nk) e

−iωk.

Assumption (2). We assume that |xk| ≤ B for all k = 1, 2, · · · , K, for some fixed upper

bound B. In defining the bias and variance, we condition the expectations on the event A :=

{nk | nk 6= 0, nk 6= 1, 1 ≤ k ≤ K}, which is highly probable due to the absolute boundedness

of xk, for L > 2(1+exp(B)) (See Appendix A.1 for details). We denote the conditional bias and

variance by biasA(·) and VarA(·), respectively. Note that for the multivariate case, we naturally

extend this assumption to |xk,j|≤ B for all k, j, and define the set A as A := {nk,j | nk,j 6=

0, nk,j 6= 1, 1 ≤ k ≤ K, 1 ≤ j ≤ J}.

Theorem 2.1 (Univariate Case). Under the Assumptions (1) and (2) and for L > max{2(1 +

exp(B)), 2B/log(1 + exp(B))}, the conditional bias and variance of Ŝmt(ω) in Eq. (2.15) are

bounded with respect to those of the direct multitaper estimate Smt(ω) given in Eqs. (2.13) and

(2.14) as:

|biasA(Ŝmt(ω))|≤ g1K
logL√
L

+ |bias(Smt(ω))|, (2.16)
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VarA(Ŝmt(ω)) ≤

{
g2K

logL√
L

+
√

Var(Smt(ω))

}2

(2.17)

where g1 and g2 are bounded constants depending on B, K and L, explicitly given in Appendix

A.1.

Proof of Theorem 2.1. The proof of Theorem 2.1 is given in Appendix A.1.

Remark. Theorem 2.1 states that the cost of the indirect access to the process {xk}Kk=1 through

spiking observations with L trials appears as excess terms in both the bias and variance, which

would go to zero as L
K2 log2 L

→∞. Hence, for a large enough number of realizations L, one can

expect a performance close to the direct multitaper estimate of {xk}Kk=1. While Assumption (2)

on the boundedness of the time-series is natural in practical scenarios, as long as |xk|≤ ε logL, for

some ε < 1/2, the excess bias and variance terms will be bounded by O(log2 L/L1/2−ε), which

implies that the bias and variance of the estimator Ŝmt(ω) will converge to those of Smt(ω) even

under milder conditions.

The following corollary extends Theorem 2.1 to the multivariate case:

Corollary 2.1 (Stationary Multivariate Case). Consider a second order jointly stationary J-

variate process {xk}Kk=1, where, xk = [xk,1, xk,2, · · · , xk,J ]>. Suppose that the observations are

binary spiking data, {n(l)
k,j}

K,J,L
k,j,l=1 with n(l)

k,j ∼ Bernoulli(` (xk,j)) and nk,j := 1
L

∑L
l=1 n

(l)
k,j . Then,

under Assumptions (1) and (2), the bias and variance of the multitaper cross-spectral estimate

between the rth and tth processes, given by

Ŝmt
r,t (ω) =

1

P

P∑
p=1

ŷ(p)
r (ω)(ŷ

(p)
t (ω))∗
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with ŷ(p)
r (ω) =

∑K
k=1 ν

(p)
k `−1(nk,r) e

−iωk, are bounded as follows:

|biasA(Ŝmt
r,t (ω))| ≤ g′1K

logL√
L

+ |bias(Smt
r,t (ω))|,

VarA(Ŝmt
r,t (ω)) ≤

{
g′2K

logL√
L

+
√

Var(Smt
r,t (ω))

}2

,

where g′1 and g′2 are bounded constants that depend only on B, K, and L, explicitly given in

Appendix A.2.

Proof. The proof is outlined in Appendix A.2.

It is not difficult to verify that bias(Smt
r,t (ω)) and Var(Smt

r,t (ω)) can be upper bounded in

a similar fashion to Eqs. (2.13) and (2.14), with the true cross-spectra Sr,t(ω) replacing S(ω).

Before extending the result of Corollary 2.1 to the semi-stationary case, we need an additional

assumption:

Assumption (3). Given that Corollary 2.1 holds for large L, in this regime we relax the prior

distribution on Qm to be flat, i.e., f(Qm) ∝ 1. Recall that the rationale for using a prior on Qm

in Section 2.2.2 was to reduce the variance of the estimates in the low spiking regime, i.e., small

L.

Finally, combining Corollary 2.1 and the treatment of [96], we have the following corollary

on the bias and variance of the PPMT-SSD estimator:

Corollary 2.2 (Semi-stationary Multivariate Case). Suppose that the J-variate process in Corol-

lary 2.1 is semi-stationary (jointly stationary within consecutive windows of length W ). Let

Ψm,r,t(ωn) be the cross-spectra between the rth and tth processes over window m, 1 ≤ m ≤

K/W , and Ψ̂mt
m,r,t(ωn) be the corresponding multitaper estimate obtained from spiking obser-

31



vations. Then, under Assumptions (1)–(3), the bias and variance of the proposed PPMT-SSD

estimator at window m can be bounded as,

|biasA(Ψ̂mt
m,r,t(ωn))|≤g′′1(ωn)W

logL√
L

+ |Ψm,r,t(ωn)||1−κm(ωn)|

+ κm(ωn)

{
sup
ω
{|Ψm,r,t(ω)|}

(
1− 1

P

P∑
p=1

cp

)
+ o(1)

}
,

VarA(Ψ̂mt
m,r,t(ωn))≤

{
g′′2(ωn)W

logL√
L

+

√
2

P
sup
ω
{κm(ω)|Ψm,r,t(ω)|}

}2

,

where g′′1(ω), g′′2(ω) are bounded functions of B, L, W and κm(·) is a function of ω, explicitly

given in Appendix A.2.

Proof. The proof is mainly based on Theorem 1 of [96]. The proof sketch is given in Appendix

A.2.

2.4 Simulation Studies

In this section, we present two simulation studies based on non-stationary AR processes

and compare the performance of the proposed PPMT-SSD estimator to those of two existing

methods and benchmarks.

2.4.1 Existing Methods and Benchmarks for Comparison

State-Space SSD (SS-SSD) Estimator

This estimator is based on [33], where the latent process xk is modeled as a first-order

autoregressive process, xk = xk−1 + εk, with εk
i.i.d.∼ N (0, σ2

ε ) for 1 ≤ k ≤ K. Following an
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EM algorithm developed in [33], the MAP estimate of xk given the observed data is obtained

and its multitaper PSD is computed. For the multivariate non-stationary case, for each process

xk,j , 1 ≤ j ≤ J , we assume joint stationarity within non-overlapping consecutive windows of

length W . The MAP estimates of all processes are obtained and an estimate of the SSD matrix is

derived using their PSDs within each window.

Peristimulus Time Histogram SSD (PSTH-SSD) Estimator

This estimator is derived by directly considering the ensemble mean of the spiking obser-

vations nk,j , referred to as the peristimulus time histogram (PSTH), as an estimate of the random

signal xk,j , for 1 ≤ k ≤ K and 1 ≤ j ≤ J [29]. With a similar joint stationarity assumption

in windows of length W , the non-overlapping sliding window multitaper spectral estimate of the

PSTH forms the PSTH-SSD estimator.

Benchmarks (True SSD & Oracle SSD)

To benchmark our comparison, we consider the theoretical spectra of the AR processes

derived using closed-form expressions (True SSD) as well as the non-overlapping sliding window

direct multitaper estimates of the processes xk,j that have been used to generate the spikes. We

refer to the latter benchmark as the Oracle SSD as if an oracle could directly observe the latent

processes and estimate their SSD.
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2.4.2 Simulation study 1: Estimating the SSD of a Latent Trivariate Process

In this study, we model the latent stimuli by AR processes, so that the ground truth is known

for performance comparison. We generate three processes (J = 3) with spectral couplings, by

considering different linear combinations of a set of AR(6) processes, {{y(i)
k }Kk=1, 1 ≤ i ≤ 6},

where y(i)
k is tuned around the frequency fi, with f0 = 0.0008 Hz, f1 = 1.15 Hz, f2 = 0.95 Hz,

f3 = 1.3 Hz, f4 = 1.5 Hz, f5 = 0.65 Hz and f6 = 1.85 Hz. These linear combinations are given

as:

xk,1 = y
(1)
k cos

(
2π f0

fs
k
)

+ 1.2y
(4)
k + 1.2y

(5)
k uk−0.4K + σx1 ν1,k + x1,dc

xk,2 = 0.83 y
(2)
k + 0.83 y

(4)
k−6 + 0.83 y

(5)
k + 0.83 y

(6)
k + σx2 ν2,k + x2,dc

xk,3 = y
(3)
k + y

(5)
k + y

(6)
k−10 u 0.5K−1−k + y

(6)
k uk−0.5K + σx3 ν3,k + x3,dc

where xi,dc are the DC components, uk is the unit step function, νi,k is a zero mean white Gaus-

sian noise with unit variance, and σi is a scaling standard deviation to set the SNR of all signals at

20 dB, for i = 1, 2 and 3. To induce non-stationarity, we have included an amplitude modulated

component based on y
(1)
k and an abruptly appearing version of y(5)

k in xk,1. Likewise, we in-

corporated non-stationarity and coupling among the processes {xk,i}3
i=1, by adding time-varying

weights to the different y(i)
k s using step functions.

All signals have been sampled at fs = 32 Hz, for a total duration of 2000 seconds (K =

64000). We take the window length of stationarity to be 100 seconds (W = 3200), resulting in a

total number of M = 20 windows. We assume that L = 20 spike train realizations are observed

from each latent process. All DC components have been set to −5.5, so that the average spiking
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rate of the ensemble, denoted by fr, is ≈ 0.28 spikes/s, consistent with the low spiking rate of

experimentally recorded data. A 30 s sample window of the process xk,1 and the corresponding

spiking raster plot are shown in Figure 2.1.

Figure 2.2 shows the main results of this study, and is formatted as a grid with columns

representing (from left to right) the True SDS, Oracle SSD, PPMT-SSD, SS-SSD, and PSTH

SSD estimates, and rows representing (Ψm)i,j(ω), i.e., the magnitude of the (i, j)th block of the
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Figure 2.1: Samples of the signal xk,1 (top) and the raster plot of the corresponding spikes (bot-
tom) from t = 1600 s to t = 1630 s.
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Figure 2.2: Estimation results for Study 1. Each panel shows the magnitude spectra in dB scale.
Columns from left to right: (A) True SSD, (B) Oracle SSD, (C) PPMT-SSD, (D) SS-SSD, and
(E) PSTH-SSD. Rows from top to bottom: (Ψm)1,1(ω), (Ψm)3,3(ω) and (Ψm)1,3(ω).
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SSD matrix for i, j = 1, 3. Furthermore, for a closer inspection, the magnitude of the spectra

corresponding to a window of t = 700 s to t = 800 s for (Ψm)i,j(ω), for i, j = 1, 2 are shown in

Figure 2.3. It can be observed that the proposed PPMT-SSD estimator (Figure 2.2-C) results in

much less background noise compared to all the others, while precisely capturing the evolution

of the spectra and properly resolving the various spectral components. The latter is more evident

from Figure 2.3, where the PPMT-SSD (black trace) closely matches the true SSD (blue trace)

on par with the Oracle SSD (red trace), while the SS-SSD (green trace) and PSTH-SSD (orange

trace) show significant bias and variability. It is worth mentioning that the erroneous spectral

peak near the DC component in Figure 2.3 (black trace) is due to the estimation error of the DC

component in the low spiking regime of our setting, and is mitigated as the spiking rate increases.

Due to time-domain smoothing carried out by the SS-SSD estimator, the SSD rapidly de-

cays with frequency (Figure 2.3, green trace). As such, the SS-SSD estimate (Figure 2.2-D)

heavily amplifies non-existing low-frequency components that arise from the intrinsic noise in

0

-40

-80

0

-40

-80

0

-40

-80
0    1     2

Frequency (Hz)

(d
B

)
(d

B
)

(d
B

)

True SSD Oracle SSD PPMT-SSD SS-SSD PSTH-SSD

Figure 2.3: A snapshot of the spectrograms of Figure 2.2 at the 8th window (t = 700 s–800 s).
Rows from top to bottom: (Ψm)1,1(ω), (Ψm)2,2(ω), and (Ψm)1,2(ω).
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spiking observations, while suppressing the higher frequency components that exist in the true

SSD (Figure 2.2-A). Similarly, the PSTH-SSD estimate shown in Figure 2.2-E fails to capture

most of the spectrotemporal features of the SSD, since it does not account for the binary nature

of the observations.

To quantify the performance of these estimators, we repeated this numerical experiment

for a total of 50 trials, generating independent realizations of the AR processes and spiking ob-

servations in each trial. The average Mean Squared Error (MSE) relative to the True SSD (in dB

scale) and the average spectral leakage across trials are presented in Table 2.1. To compute the

spectral leakage, we first define the in-band spectra by the components of the True SSD above

−10 dB and then take the relative power of each estimate outside the in-band spectra as the spec-

tral leakage. The MSE values are normalized relative to the total power of the True SSD (in dB

scale). The proposed PPMT-SSD estimator achieves the lowest MSE, followed by the SS-SSD

estimator with a significant gap. The PSTH-SSD estimator exhibits the poorest performance, in

terms of both average MSE and variance, which is also visually evident in Figure 2.3. The spec-

tral leakage of the SS-SSD and PSTH-SSD estimates are an order of magnitude higher than that

of the PPMT-SSD, which is comparable to that of the Oracle SSD.

It is noteworthy that the superior performance of PPMT-SSD comes at the cost of higher

computational complexity: Algorithm 2.2 has a computational complexity of O(JPMWN2),

Table 2.1: Comparison of MSE and spectral leakage in study 1

Estimation method MSE Spectral Leakage
Oracle SSD 0.0490± 0.0028 6.79%± 0.36%
PPMT-SSD 0.1868± 0.0075 7.69%± 0.89%

SS-SSD 0.3906± 0.0036 67.06%± 1.78%
PSTH-SSD 1.4777± 0.0315 46.59%± 0.89%
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whereas the complexity of SS-SSD and PSTH-SSD are considerably lower atO(JPMW logW ).

As such, the performance gain achieved by the PPMT-SSD estimator comes at the cost of a fac-

tor of O( N2

logW
) increase in computational complexity. In the spirit of easing reproducibility, a

MATLAB implementation that regenerates the data, results, and figures outlined in this section

has been made publicly available on the open-source repository GitHub [49].

2.4.3 Robustness to the Number of Realizations and Spiking Rate

Here, we evaluate the robustness of the various algorithms with respect to two main data

attributes: average spiking rate (fr) and number of realizations (L). For the same latent processes

considered in Study 1, we first vary L, while fixing the average spiking rate at fr = 0.28 spikes/s.

Next, we fix L = 10, and vary fr by changing the DC components of the latent processes. Finally,

we considerL = 1 and vary fr. The corresponding MSE and spectral leakage performance curves

are shown in Figure 2.4-A, B, and C, respectively.

The PPMT-SSD estimates uniformly outperform the PSTH-SSD estimates in terms of both

MSE and spectral leakage. They similarly outperform the SS-SSD estimates, except in terms of

the MSE for the case of L = 1 and fr ≤ 1 spikes/s (Figure 2.4-A and C). The spectrograms

shown in Figure 2.2 correspond to the case (a) marked in Figure 2.4-A (L = 20, fr = 0.28

spikes/s). For visual comparison, in Figure 2.5 we also depict the spectrograms of two other

cases from Figure 2.4: (L = 10, fr = 0.28 spikes/s), marked as case (b) in Figure 2.4-B, and

(L = 1, fr = 5.5 spikes/s) marked as case (c) in Figure 2.4-C. Overall, all estimates improve by

increasing L and/or the spiking rate, as expected. It is noteworthy that all estimators, including
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Figure 2.5: Estimated (Ψm)1,1(ω) for two selected cases from Figure 2.4. Each panel shows the
magnitude spectra in dB scale. Top: Case (b) in Figure 2.4-B, L = 10 and fr = 0.28 spikes/s.
Bottom: Case (c) in Figure 2.4-C, L = 1 and fr = 5.5 spikes/s. Columns, left to right: (A) True
SSD, (B) Oracle SSD, (C) PPMT-SSD, (D) SS-SSD, and (E) PSTH-SSD.

PPMT-SSD, perform poorly when both fr and L are small (Figure 2.4-C). However, even in this

regime, the PPMT-SSD estimator exhibits significantly lower spectral leakage, even for L = 1.

In conclusion, maintaining a trade-off between L and the spiking rate results in substantially

improved performance.
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2.4.4 Choice of Design Parameters and Hyper-parameters

We have chosenN = 800 bins to have a densely sampled spectral representation. Note that

the choice of N directly affects the computational complexity of the estimator. In cases where

the spectral range is known a priori (e.g., [0, 2] Hz in our simulation setting), the computational

complexity can be significantly reduced by using only the frequency bins in the relevant range

when constructing the matrix A [86].

The time-bandwidth product of the multitaper framework has been chosen as 2 (ξ = 2), and

we have used the first three tapers. Note that the design bandwidth of the multitaper framework

ξfs
W

must be chosen to match the spectral spacing fs
2N

. Thus, ξ could be determined based on W

and N . For any given ξ, the number of tapers (P ) with high spectral concentration within the

main lobe is bounded by 2ξ − 1 [42].

The hyper-parameters in Algorithm 2.1 are ρ, ζ and α. By appropriately adjusting the

magnitude of the state transition parameter α ∈ [0, 1], using cross-validation or data-driven tuning

within the EM framework, the degree of temporal dependency between adjacent time windows

can be controlled. Thus, α was chosen as 0.4. The optimal choices of ρ and ζ depend on the

average spiking rate and the number of realizations (L). Accordingly, we have set ρ = 0.2 and

ζ = 0.02 in Study 1. In general, the parameter ζ affects the average noise floor of the resulting

spectral estimates and ρ controls the degree of fluctuations. When the spiking data are highly

sparse (i.e., average spiking rate and L are small), choosing higher values of ζ and lower values

of ρ results in more robust estimates. These parameters can also be systematically tuned through
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cross-validation via Monte Carlo methods as shown in [86].

2.4.5 Simulation study 2: Estimating the SSD of a Bivariate Process, with Only

One Directly Observable Component

While the previous study was a natural choice for performance comparison, this study is

of particular interest in the joint analysis of neural spiking and continuous signals, such as the

local field potential (LFP). The LFP signal corresponds to the electrical field potential measured

at the cortical surface, and mesoscale dynamics of cortical activity. We consider a bivariate

random process, whose first component xk,1 is observed through spiking activity {n(l)
k,1}

K,L
k,l=1,

while its second component xk,2 is directly observable in i.i.d. zero-mean Gaussian noise, i.e.,

x̃k,2 := xk,2 + νk, with νk ∼ N (0, σ2
ν). Explicitly, the two processes are given by,

xk,1 = y
(1)
k cos

(
2π f0

fs
k
)

+ y
(4)
k + y

(7)
k + σx1ν1,k + x1,dc

xk,2 = 0.83 y
(2)
k + 0.83 y

(4)
k−6 + 0.83 y

(5)
k + 0.83y

(6)
k + σx2ν2,k + x2,dc.

The process xk,2 here is exactly the same as that in Section 2.4.2. To induce additional non-

stationarity, we slightly modified the process xk,1 by including an additional frequency modulated

component. The AR component y(7)
k , has been tuned around the frequency f7, which changes by

decrements of 0.06 Hz every 200 seconds, starting at 0.9 Hz at t = 0 s.

The SSD matrix can be estimated by Algorithm 2.2 with a minor modification in the for-

ward filtering step (step 2) of Algorithm 2.1: Given that the second process is directly observable,

the distribution f(Dm1 |{w}m1 , θ̂(r)) needs to be modified, and accordingly, the log-posterior in Eq.
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(2.11) changes to:

m,W∑
s,w=1

L
{
n(s−1)W+w,1(Asvs,1)w − log (1 + exp(Asvs,1)w))

}

−
m,W∑
s,w=1

1

2σ2
ν

(
x̃(s−1)W+w,2−(Asvs,2)w

)2

− 1

2

m∑
s=1

(ws−Φws−1)T (Q(r)
s )−1(ws−Φws−1).

Figure 2.6 shows the corresponding estimation results, similarly-formatted as in Figure

2.3. Note that in this case, we take the SS-SSD and PSTH-SSD estimates of (Ψm)2,2(ω) to be the

same as its Oracle SSD estimate, given that these methods are based on estimating the process

xk,2 in the time domain (which is directly observable here). Similar to previous study, the pro-

posed PPMT-SSD estimator (Figure 2.6-C) captures the dynamics of the spectra (Ψm)1,1(ω) and

(Ψm)1,2(ω) accurately, closely matching the True SSD (Figure 2.6-A). As before, the SS-SSD

estimator (Figure 2.6-D) is not able to capture the SSD dynamics, especially at high frequencies.

Though some frequency components at certain time windows are detected by the PSTH-SSD

estimates (Figure 2.6-E), most of the frequency content is concealed by background noise.
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Figure 2.6: Estimation results for Study 2. Each panel shows the magnitude spectra in dB scale.
Columns, left to right: (A) True SSD, (B) Oracle SSD, (C) PPMT-SSD, (D) SS-SSD, and (E)
PSTH-SSD. Rows, top to bottom: (Ψm)1,1(ω), (Ψm)2,2(ω), and (Ψm)1,2(ω).
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2.5 Real data studies

2.5.1 Real data study 1: Application to Experimentally-recorded Data from the

Rat Cortical Neurons During Sleep

Next, we apply our proposed PPMT-SSD estimator to multi-unit recordings from the rat

cortical neurons during sleep (data from [35], publicly available in the Collaborative Research in

Computational Neuroscience data sharing website [101]). The data set includes spiking activities

of putative pyramidal cells (pE) and putative interneurons (pI), as well as LFP signals recorded

from deep layers of frontal cortical areas [101]. To examine the homeostatic effects of sleep on

cortical activity, three main brain states of waking (WAKE), rapid eye movement (REM) sleep,

and non-rapid eye movement (nonREM) sleep have been identified and labeled throughout the

recordings (See [35] for details). Analyzing the dynamics of neuronal activity during REM and

nonREM sleep provides insights into how these brain states differentially contribute to homeosta-

sis. For instance, it has been shown in [35] that the LFP signals exhibit increased delta activity

(0.5–4 Hz) during nonREM sleep, as compared to WAKE and REM sleep episodes.

While the results of [35] based on spectrotemporal analyses of the LFPs give significant

insights into the cortical dynamics during sleep at the mesoscale, our proposed methodology

could be utilized to capture the spectrotemporal dynamics of neuronal activity at the neuronal

scale and across the pE and pI cell populations. To this end, we consider a bivariate setting (J =

2), where spiking observations of pE and pI cells are represented by n(l)
k,1 and n(l)

k,2, respectively.

We choose 10 spike trains (L = 10) from each cell type for the analysis, for a total observation

duration of 35 minutes (data from animal BWRat19, premotor cortex/M2 area [101]). Note that

43



we have assumed the activity of the L neurons to constitute independent realizations of a process

governed by the same underlying intensity. This assumption is motivated by the fact that cortical

neurons are known to phase-lock to global oscillatory signals (governed by subcortical processes)

under brain states such as anesthesia and sleep [34,35,108], and exhibit the so-called UP-DOWN

state dynamics [109, 110].

The average spiking rates of the pE and pI populations amount to fr = 2.92 spikes/s and

fr = 7.86 spikes/s, respectively. The spike trains are sampled at fs = 64 Hz. The first 7.5 minutes

of the observation duration pertain to the WAKE state, followed by a sleep episode consisting of

REM and nonREM epochs. Figure 2.7 shows a zoomed-in view of the raster plots of the two

neuronal ensembles corresponding to a 30 s window starting at t = 11 min.

We assume stationarity within windows of length 30 s, resulting in total M = 70 non-

overlapping time windows. Focusing our analysis to the delta band (0.5–4 Hz) [35], we estimate

the SSDs up to 4 Hz while N = 512. Further, we choose ξ = 2, and use the first three tapers

in the analysis. We set α = 0.1, ζ = 0.02 and ρ = 0.2. Figure 2.8 shows the results of

our analysis. The first three columns (from left to right) represent the PSTH-SSD, SS-SSD and
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Figure 2.7: Spike raster plots of pE cells (top: n(l)
k,1) and pI cells (bottom: n(l)

k,2) within the time
window of 11–11.5 min, from the data used in the spectrotemporal analysis of Section 2.5.1.
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Figure 2.8: SSD analysis of rat cortical activity during sleep. Each panel shows the magnitude
spectra in dB scale. The first three columns from left to right: (A) PSTH-SSD, (B) SS-SSD,
and (C) PPMT-SSD. State labels of WAKE (cyan), nonREM (blue) and REM (red) are indicated
at the bottom of each column. The fourth column shows a snapshot of the spectrograms at the
23rd window (11–11.5 min), whose endpoint is marked by dashed vertical lines in the first three
columns. Rows from top to bottom: (Ψm)1,1(ω), (Ψm)2,2(ω), and (Ψm)1,2(ω).

PPMT-SSD estimates. The fourth column illustrates the magnitude spectra corresponding to the

time window of 11–11.5 min shown in Figure 2.7. Rows from top to bottom correspond to the

estimates of (Ψm)1,1(ω), (Ψm)2,2(ω), and (Ψm)1,2(ω), respectively.

The PSTH-SSD estimate (Figure 2.8-A) is heavily attenuated and concealed by background

noise (first column, and orange traces in the fourth column) and does not capture the spectral vari-

ations across REM-nonREM transitions. On the other hand, the SS-SSD estimate (Figure 2.8-B)

captures these variations at the expense of significantly amplifying a wide band of low frequen-

cies and introducing spurious background noise (green traces in the fourth column). The PPMT-

SSD estimates (Figure 2.8-C), however, provide a denoised and well-delineated spectrotemporal

representation within and across the brain states. Both pE and pI cells (Figure 2.8-C, first and

second row, respectively), exhibit increased power in the delta band over the nonREM epochs.
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This is consistently observed in the three main nonREM epochs of 7.5–14 min, 14.5–18 min, and

19–29 min, manifestly within the 0.5–2 Hz frequency band. The cross-spectral coupling between

the two cell groups (Figure 2.8-C, third row) similarly increases within the 0.5–2 Hz band during

nonREM epochs, as compared to the REM and WAKE states. These observations are consistent

with the changes in the LFP spectra across REM/nonREM transitions reported in [35], which

indicate a steady increase of delta power during nonREM episodes. Note that the spectral power

in the 2–4 Hz band exhibits fluctuation during the nonREM epochs, with increased power in

only some of the time windows. This variability is likely due to the non-rhythmic and burst-like

spiking activity of the ensemble, perhaps modulated by finer state dynamics endogenous to the

nonREM episodes.

The spectral snapshots shown in the fourth column of Figure 2.8 show a consistent perfor-

mance pattern as in Figure 2.3 from our simulation studies: the spectral peaks are distinguishable

in the PPMT-SSD estimates, whereas the SS-SSD and PSTH-SSD estimates flatten the peaks

across a wide band of frequencies, with the former undergoing significant attenuation. It is note-

worthy that the attenuation of the PPMT-SSD estimates (Ψm)1,1(ω) and (Ψm)1,2(ω) (Figure 2.8,

fourth column, first and third rows) around 0.5 Hz is likely due to the increase of burst-like

activity of the pE neurons in the particular window chosen for generating the snapshots. This

attenuation is not consistent across windows, as evident in the spectrogram plots (Figure 2.8-C,

first and third rows), whereas the increased activity of the pI neurons in the 0.5–2 Hz band is

persistent during the nonREM episodes (Figure 2.8-C, second row). Our analysis validates the

utility of PPMT-SSD estimation as an alternative to existing methods, which excels in providing

spectrotemporal characterizations of multivariate spiking data with high resolution and favorable

denoising performance.
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2.5.2 Real data study 2: Application to experimentally-recorded data from gen-

eral anesthesia

Finally, we apply our proposed PPMT-SSD estimator to multi-unit recordings from a hu-

man subject under Propofol-induced general anesthesia (data from [34, 86]). The dataset in-

cludes the spiking activity of 41 neurons, as well as the LFP, recorded from a patient undergoing

intracranial monitoring for surgical treatment of epilepsy using a multi-channel microelectrode

array implanted in the temporal cortex [34]. Recordings were conducted during the administra-

tion of Propofol for induction of anesthesia (see [34] for details). It is known that the neuronal

spiking under general anesthesia is highly phase-locked to the LFP signal, with a significant level

of coupling between the two processes. Thus, we utilize this virtue to compare the estimated

spectra of these two processes as a means of validation.

We first downsample the LFP and spike recordings to the same sampling frequency of

25 Hz [86]. From the spike recordings, we select 25 neurons (L = 25) with the highest spiking

rates for analysis. Note that we have assumed the activity of the L neurons to constitute inde-

pendent realizations of a process governed by the same underlying intensity. This assumption is

justified by the fact that cortical neurons highly decouple under general anesthesia and phase-lock

to global oscillatory signals (governed by subcortical processes) [34]. The average spiking rate

of this sub-population of neurons is 0.1732 spikes/second. Figure 2.9 shows the LFP signal for a

total duration of 800 s considered in the analysis, as well as a zoomed-in view of the LFP and the

raster plot of the neuronal ensemble corresponding to a 40 s window from t = 480 s to t = 520 s.

Similar to Section 2.4.5, we model the activity of the neuronal ensemble and the LFP using

a bivariate process (J = 2), where the LFP is directly observable (via a single realization), but the
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Figure 2.9: Top: LFP signal. The downward arrow marks the induction of the anesthetic. Bottom:
zoomed-in view of the experimentally recorded LFP and the spike trains for t = 480 s to t =
520 s, , from the data used in the spectrotemporal analysis of Section 2.5.2.

latent process governing the neuronal activity is observed through spiking (L = 25 realizations).

We assume the process to be stationary within windows of length 40 s (W = 1000), resulting in

M = 20 non-overlapping windows. Given that the main spectral content is known to be in the

range of 0–2 Hz [34,86], we estimate the SSDs up to 2.5 Hz while N = 500. Further, we choose

ξ = 2 and use the first three tapers in the analysis. We set α = 0.85 and ρ = 0.02.

Figure 2.10 shows the results of our analysis. The first column illustrates the SSD estimates,

where the dashed vertical line marks the induction of anesthetic. The second column shows snap-

shots of the normalized magnitude spectrum corresponding to the time window shown in Figure

2.9. The first three rows (from top to bottom) show the estimates of (Ψm)1,1(ω), i.e., the SSD of

the latent process governing spiking activity, for PSTH-SSD, SS-PSD, and the proposed PPMT-

SSD, respectively. The fourth row shows the multitaper estimate of the LFP signal ((Ψm)2,2(ω)),

and the fifth row depicts the cross-spectra between the LFP and the latent process ((Ψm)1,2(ω)),
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Figure 2.10: SSD analysis of real data from anesthesia. Left: magnitude of the spectrograms
in dB scale. Right: a snapshot of the normalized SSD estimates for a 40 s window starting at
t = 480 s. Rows from top to bottom: PSTH-SSD, SS-SSD, PPMT-SSD of spiking observations,
the multitaper SSD of the LFP signal, and the PPMT-SSD estimate of the cross-spectrum between
the spiking observations and the LFP.

using the proposed PPMT-SSD method.

The PSTH-SSD estimate (Figure 2.10, first row) captures a significant number of spuri-

ous spectral harmonics, which are known to be absent during Propofol general anesthesia [34],

masking the relevant spectral content. Also, the SS-SSD estimate amplifies the low-frequency

components (Figure 2.10, second row). Even though the dominant spectral content of the LFP is

around 0.5 Hz and 1.1 Hz (Figure 2.10, fourth row, right panel), neither of these peaks are present

in the SS-SSD estimate (Figure 2.10, second row, right panel). In addition, the rapid change in

the LFP spectrogram (fourth row, left panel) marked by the dashed line, is not captured by the
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SS-SSD estimate (second row, left panel).

The proposed PPMT-SSD estimate (third row) closely resembles the spectrum of the LFP

(fourth row), evident in both the spectrogram and the spectral snapshot. The dominant frequency

components of the PPMT-SSD around 0.5 Hz and 1.1 Hz match those in the LFP spectrum. The

temporal variations of the PPMT-SSD are also consistent with those of the LFP. The estimated

cross-spectra (fifth row) emphasizes this observation, by exhibiting increased spectral coupling

between the LFP and the latent process governing the spiking activity following unconsciousness.

This result serves as validation that the PPMT-SSD method reliably characterizes the spectra of

the latent process governing spiking activity, and affirms the previously reported phase-locking

effect, albeit at higher spectrotemporal resolutions [34].

2.6 Concluding Remarks

In this chapter, we proposed a methodology for estimating the SSD matrix of a multivariate

non-stationary latent process directly from binary spiking observations, thus obviating the need

for intermediate time-domain smoothing procedures used by existing techniques, which in turn

result in biased estimates of the spectra. To this end, we integrated techniques from state-space

modeling, multitaper analysis, and point processes. We established theoretical bounds on the

bias and variance performance of the proposed estimator and compared its performance with the

existing techniques through application to simulated and experimentally-recorded neural data.

Our simulation studies confirmed our theoretical analysis and revealed the favorable performance

of our proposed method over existing approaches. Our application to real data provided a highly-

resolved characterization of the spectrotemporal dynamics of cortical activity during sleep and
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general anesthesia at the neuronal scale. It is worth noting that in the emerging neural recording

technologies, such as two-photon calcium and voltage imaging, the LFP signals are not recorded.

Spiking activity, however, can be recovered from these recordings using signal deconvolution

techniques, which renders our proposed methodology highly desirable in analyzing these data.

A key limitation of our proposed method is the assumption of semi-stationarity, which limits its

applicability to more general classes of non-stationary processes. Nevertheless, this assumption

seems to be plausible for neuronal spiking data under anesthesia or sleep, where the underlying

cortical activity pertains to slowly-varying states, as well as other types of slowly-varying binary

oscillatory processes such as heartbeat data [111].
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Chapter 3: Adaptive Frequency-domain Granger Causal Inference from Neu-

ronal Ensemble Data

The advent of neural data acquisition techniques such as two-photon calcium imaging and

multi-electrode array recording has enabled the observation of brain oscillations at the neuronal

scale, manifest in ensemble spiking activity. As we also demonstrated in Chapter 2, cross-

spectral and coherence analyses of such neural data provide insights into the spectro-temporal

coupling between neurons, and have been the focus of active research [34, 48, 87]. However,

such analyses do not capture the directionality of neuronal interactions, an essential component

of understanding the roles of different neurons within a population. Granger-Geweke causality

[30–32, 50, 51, 112–116] is a widely used statistical method of characterizing such frequency

domain directional interactions in continuous processes.

In time-domain analysis, if the prediction of one time series is improved by incorporating

the past samples of a second one, the second process is said to have a Granger Causal (GC)

influence on the first one. Geweke [50, 51] extended this notion to frequency-domain analysis,

further introducing a statistical characterization of conditional GC links [51]. The conditional

measure quantifies the fraction of total power of the first process at a given frequency that is

directly contributed by the second process [51]. Even though various applications and extensions

of this method have been introduced in the literature [112–116], they are tailored for the analysis
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of continuous observations and hence are not directly applicable to binary spiking observations.

Point processes and generalized linear models are widely-applied methods for model-

ing the underlying non-linear mappings between binary spiking observations and latent intrin-

sic/extrinsic oscillatory neural covariates [28, 33, 48, 87]. Existing work [30–32] on conditional

GC analysis of spiking observations applies methods developed for continuous processes to spike

trains, undermining the aforementioned non-linearities and thus leading to biased estimates that

cannot be guaranteed to identify the true directional interactions underlying neuronal oscillations.

Further, existing methods analyze spectro-temporal coupling using sliding windows, indepen-

dently estimating GC links at each time window. Brain oscillations underlying neuronal spiking

are in general non-stationary and may exhibit dynamics corresponding to brain state or behavior

[34, 35]. These dynamics may not be accounted for if the selected window length is too large; at

the same time, smaller window lengths can adversely affect the accuracy of spectral estimation.

To address the aforementioned challenges, in this chapter we introduce a unified method

to estimate spectro-temporal conditional GC links from binary spiking observations in a gener-

alized linear model framework. We employ state-space modeling techniques to characterize the

latent process driving ensemble spiking activity, and use the multitaper method [40, 43, 104] for

spectral estimation to subsequently infer conditional Geweke-Granger causal interactions non-

parametrically [114]. We quantify the statistical significance of the inferred links using an em-

pirical method. Finally, we demonstrate the utility of the proposed methods in a simulation study

and through application to multi-unit recordings from rat cortical neurons during sleep [35,101].
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3.1 Methods

In this section, we summarize the proposed methods for frequency domain conditional GC

analysis. We denote the ith element of vector v by v(i) and the (i, j)th element of matrix M by

M (i,j) in subsequent expositions. Suppose that the spiking activity of N neurons is observed

over L independent trials. Let n(i)
t,l denote the spiking activity of the ith neuron at discrete time

frame t in the lth trial. Further, suppose that spiking events n(i)
t,l for l = 1, · · · , L, are driven by

an underlying latent process x(i)
t corresponding to latent intrinsic/extrinsic oscillatory covariates.

Given the ensemble spiking observations {n(i)
t,l }

N,T,L
i,t,l=1, we seek to identify the direct causal in-

teractions in the latent oscillations at different frequencies and time windows. To this end, we

employ conditional Granger-Geweke Causality (GC) [51].

3.1.1 Geweke’s Conditional Granger Causality framework

First, we briefly review the non-parametric formulation of conditional Granger-Geweke

causality [114]. Let GCj→i|w (f,m) denote the conditional GC from the jth neuron to the ith

neuron, at frequency f and time window m. Here w represents the N − 2 neurons in the

population excluding i and j. To compute the conditional link GCj→i|w (f,m), we first de-

rive the Power Spectral Density (PSD) matrix [103] within the mth time window of the process

xt := [x
(1)
t , · · · , x(N)

t ]>, denoted by Sm (f). Re-arranging the entries of Sm (f), the full
(
Sfull
m (f)

)

54



and reduced
(
Sred
m (f)

)
PSD matrices can be formed as:

Sfull
m (f) =


S

(i,i)
m (f) S

(i,j)
m (f) S

(i,w)
m (f)

S
(j,i)
m (f) S

(j,j)
m (f) S

(j,w)
m (f)

S
(w,i)
m (f) S

(w,j)
m (f) S

(w,w)
m (f)

 , Sred
m (f) =

S
(i,i)
m (f) S

(i,w)
m (f)

S
(w,i)
m (f) S

(w,w)
m (f)

 .

Next, the symmetric minimum phase factorizations of these matrices, defined as:

Sfull
m (f) = Hm (f) ΣmH∗m (f) , Sred

m (f) = Gm (f) ΩmG∗m (f) ,

are obtained using Wilson’s algorithm for factorization of matrix spectral densities [117]. This

method has been used extensively in previous work [114–116], but, importantly, requires a high

spectral sampling frequency and smooth PSD estimates to ensure stability and convergence. Fi-

nally, the conditional Granger causal influence of the jth neuron on the ith neuron is defined as:

GCj→i|w (f,m) = log

 Ω
(i,i)
m(

Q
(i,i)
m (f)

)
Σ

(i,i)
m

(
Q

(i,i)
m (f)

)∗
, (3.1)

where the matrix Qm (f) is a function of the spectral factors Hm (f) and Gm (f) whose explicit

form is given in [114].

3.1.2 Proposed forward model

Note that the oscillatory process xt is latent, indirectly observed through spiking processes

n
(i)
t,l ; hence, recovering the PSD matrix is the key challenge in computing conditional GC links as

described previously. Though a method for direct spectral estimation from spiking observations
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without requiring estimation of xt was introduced in Chapter 2, the computational complexity

of this method increases considerably with the increase of frequency bins, and consequently is

not well-suited to the conditional GC estimation framework. Alternatively, PSD estimates with

minimum bias and variance can be obtained with considerably lower computational complexity

and higher sampling frequency using direct multitaper spectral estimation [40,43,104] if accurate

estimates of xt are available. Hence, we propose the use of generalized linear models for point

processes [28, 33, 34, 48] to estimate the latent oscillations xt from the spiking observations n(i)
t,l ,

and subsequently estimate the PSD matrix using multitaper spectral estimation as in [34].

We model the binary spiking process n(i)
t,l as a Bernoulli process with a logistic link to the

latent oscillatory continuous process xt:

n
(i)
t,l ∼ Bernoulli

 exp
(
x

(i)
t + µ(i)

)
1 + exp

(
x

(i)
t + µ(i)

)
 ,

where µ(i), for i = 1, · · · , N are the baseline firing rate parameters; these are taken to be hyper-

parameters in the proposed model, but in practice may be separately estimated based on the

average firing rates of neurons. The latent process xt is assumed to be jointly stationary within

windows of length W . The oscillatory process is explicitly modeled at the mth time window as a

multivariate autoregressive (AR) process:

xt =
P∑
p=1

Am,pxt−p + εt, εt ∼ N (0,Σm) , (3.2)

for (m− 1)W + 1 ≤ t < mW . Stochastic continuity across time windows is imposed by a first
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order state space model on the AR coefficients across time windows:

A(i,j)
m,p = βA

(i,j)
m−1,p + v(i,j)

m,p , v(i,j)
m,p ∼ N

(
0, σ2

)
,

where β ∈ [0, 1] is the state transition parameter. Finally, to compensate for potential over-fitting

arising from the sparsity of typical spiking observations, we impose a conjugate prior over the

noise covariance:

Σm ∼ InverseWishartN (ψ, γ) ,

where ψ and γ are hyper-parameters.

3.1.3 MAP estimation via Expectation-Maximization

Integrating the various facets of the forward model, the joint log-likelihood of the spiking

observations n := {n(i)
t,l }

N,T,L
i,t,l=1, the latent variables x := {x(i)

t }
N,T
i,t=1 and the parameters A :=

{Am,p}M,P
m,p=1 and Σ := {Σm}Mm=1 takes the form:

log p(n,x,A,Σ|β, σ2) = −1

2

M∑
m=1

(
(W + γ +N + 1) log|Σm|+ Tr(ψΣ−1

m )
)

+

N,T∑
i,t=1

(
L∑
l=1

n
(i)
t,l

(
x

(i)
t + µ(i)

)
− L log

(
1 + exp

(
x

(i)
t + µ(i)

)))

− 1

2

M∑
m=1

mW∑
t=(m−1)W+1

(
xt −

P∑
p=1

Am,pxt−p

)>
Σ−1
m

(
xt −

P∑
p=1

Am,pxt−p

)
− 1

2

(
N2PM log σ2 +

1

σ2

N,N,M,P∑
i,j,m,p=1

(
A(i,j)
m,p − βA

(i,j)
m−1,p

)2
)

+ ∆, (3.3)
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where ∆ cumulatively represents terms independent of n,x,A,Σ, β or σ2. We fix the hyper-

parameters µ, ψ, γ and P , and derive the maximum a posteriori (MAP) estimates of the latent

variables x and the parameters A, Σ, β and σ2 using Expectation-Maximization (EM) [46].

3.1.3.1 E-step

The autocovariance function of xt up to lag P will be required for subsequent computations,

so we first perform a state augmentation x̃t := [x>t ,x
>
t−1, · · · ,x>t−P+1]>, to derive the first order

formulation equivalent to Eq. (3.2): x̃t = Ãmx̃t−1 + ε̃t. The first two conditional moments of the

augmented state variable x̃t, i.e. E[x̃t|n, Â, Σ̂, β̂, σ̂2] and E[x̃tx̃
>
t |n, Â, Σ̂, β̂, σ̂2], are obtained

by point process smoothing [33] and covariance smoothing [105]. The conditional mean and

autocovariance of xt can subsequently be recovered using the first two conditional moments of

x̃t.

3.1.3.2 M-step

The parameter updates for A, Σ, β and σ2 are derived by maximizing the expected log-

likelihood Ex[log p(n,x,A,Σ|β, σ2)]. First, we address the updates for Am,p, form = 1, · · · ,M

and p = 1, · · · , P . Note that the joint log-likelihood in Eq. (3.3) is quadratic in Am,p, and hence

the posterior distribution p(A|n,x1:T , Σ̂, β̂, σ̂
2) is in fact Gaussian. Thus, the maximization of

Am,p can be obtained by computing the conditional mean, for which we use fixed interval smooth-

ing [74]. The updated Â is then used to derive closed form expressions for the updates of Σ, σ2,

and β by maximizing Ex[log p(n,x, Â,Σ|β, σ2)].

We iterate between the aforementioned expectation and maximization steps until conver-
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gence. The resulting estimates are used to obtain the MAP estimate of the latent oscillatory

process (x̂t)MAP := E[xt|x1:T , Â, Σ̂, β̂, σ̂
2]. Then, the PSD matrix (Sm(f))proposed is estimated

non-parametrically by performing sliding window multitaper spectral estimation [43] on (x̂t)MAP.

Notably, the proposed model enables the full PSD matrix to alternatively be parametrically ob-

tained using the estimated AR coefficients Âm,p and the estimated noise covariance Σ̂m [112].

However, (Sm(f))proposed is in fact the better PSD estimate, since (x̂t)MAP for t = 1, · · · , T cap-

ture the underling dynamics with a much larger number of parameters than Â and Σ̂ combined.

Thus, the presented results focus on non-parametric spectral estimation using (x̂t)MAP, which

we denote by (Sm(f))proposed. Finally, employing Wilson’s factorization method and conditional

Granger-Geweke analysis as described in Eq. (3.1), we derive the proposed estimates of the GC

links GCproposed
j→i|w (f,m).

3.1.4 Testing statistical significance

Estimated GC links with non-zero values do not necessarily indicate a meaningful effect;

this necessitates statistical inference to identify the salience of estimated influences. The signif-

icance of estimated links, GCproposed
j→i|w (f,m), is tested using the following data-driven approach.

We empirically obtain the distribution of GC links under the null hypothesis that there is no con-

tribution from process j at frequency f to the power spectrum of i over time window m. Time

indices were shuffled for each neuron individually to decorrelate neuronal activity and spectral

GC analysis was applied to shuffled data. The distribution of the resulting links are used as the

empirical null distribution against which estimated links GCproposed
j→i|w (f,m) are tested.
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3.2 Results

In this section, we present a simulation and a real data study demonstrating the utility

of the proposed method. In both studies, we compare the performance to an existing, widely

used method [30–32] whose results are based on the peristimulus time histogram (PSTH) of

spiking activity, which we refer to as PSTH estimates, GCPSTH
j→i|w (f,m). The PSTH is given

by the ensemble average of spiking activity (x̂
(j)
t )PSTH = 1

L

∑
l n

(j)
t,l , which is used to estimate

the latent oscillatory process, followed by sliding window multitaper spectral estimation. We

additionally benchmark the performance of the estimators with respect to the oracle estimator,

GCoracle
j→i|w (f,m), in the simulation study. The oracle estimator, which uses the true latent process

as an observable, is derived using the multitaper estimates of xt in simulations.

3.2.1 Simulation study

We simulated the activity of three neurons as a tri-variate (N = 3) AR process, withL = 30

independent trials per latent process. Spikes were sampled at fs = 30 Hz for a total duration of

70 minutes. Figure 3.1 shows a one-minute sample duration of the three latent oscillatory pro-

cesses and the raster plots. The ground truth PSD matrix and conditional GC links in Figure 3.2

respectively show the true dynamics in spectral coupling and GC connectivity across frequencies.

Assuming stationarity within windows of length W = 2100, direct causal links were estimated

between each pair of processes using the oracle, proposed, and PSTH methods.

The magnitude spectrograms and the statistically significant conditional GC links inferred

by each of the three methods are illustrated in Figure 3.3. The proposed estimates closely follow

the oracle estimates and the ground truth, recovering most of the spectro-temporal dynamics of
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Figure 3.2: (A) Magnitude spectrograms of the ground truth PSD matrix Sm (f) in dB scale and
(B) the ground truth conditional GC links GCj→i|w (f,m) between each pair of neurons, in the
simulation study.

ground truth spectrograms and the conditional GC links. However, the PSTH-based approach

fails to identify links that are significant according to either statistical test. In fact, PSTH spectral

estimates generally capture spurious harmonics masking the true spectral content as was also

seen in Chapter 2, which in turn adversely affects the corresponding conditional GC estimates,

as seen in Figure 3.3.
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3.2.2 Application to experimentally recorded data

Finally, we applied our method to multi-unit recordings of rat cortical neurons during sleep

(data from [35], publicly available in the Collaborative Research in Computational Neuroscience

data sharing website [101], also analyzed in Section 2.5.1 of Chapter 2). The dataset included the

spiking activity of putative pyramidal cells (pE) and putative interneurons (pI) recorded during

three main brain states: waking (WAKE), rapid eye movement (REM) sleep, and non-rapid eye

movement (nonREM) (See [35] for details). We considered a bivariate setting (N = 2), denoting

spiking observations of pE and pI cells by n(1)
k,l and n(2)

k,l , respectively. We chose 10 spike trains

(L = 10) from each cell type for the analysis, and considered an observation period of 35 minutes.

Figure 3.4 shows the cross power spectral density estimates and the conditional GC esti-
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cells to pI cells
(
GC1→2|w (f,m)

)
and (C) the estimated GC links from pI cells to pE cells(

GC2→1|w (f,m)
)
. The Proposed (resp., PSTH) estimates are shown in the left (right) column.

State labels of WAKE (cyan), nonREM (blue) and REM (red) are indicated at the bottom of each
column. All GC links shown were statistically significant with respect to the empirical test for
α = 0.01.

mates from the proposed and PSTH methods during different brain states. The GC link estimates

in Figure 3.4 are statistically significant with respect to the empirical test at level α = 0.01. Simi-

lar to the results in Section 2.5.1 of Chapter 2, the cross PSD estimated from the proposed method

(Figure 3.4-A left) has greater cross power in low frequencies during nonREM sleep episodes.

The GC links estimated with the proposed method, shown in Figure 3.4-B (left) and Figure 3.4-C

(left), indicate steady low-frequency links from interneurons to pyramidal cells during nonREM

sleep episodes. In contrast, PSTH estimates (Figure 3.4 right) of cross spectra and GC links are
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unable to characterize these spectro-temporal dynamics.

3.3 Concluding Remarks

In this chapter, we introduced a framework that combines point processes, state-space mod-

eling, multitaper spectral estimation, and conditional Granger-Geweke Causality analysis to infer

spectro-temporal causal interactions from ensemble neuronal spiking activity, addressing short-

comings in existing methods. We also introduced a method to test the statistical significance

of inferred functional links. The utility of the proposed methods was demonstrated through a

simulation study. In an application to cortical neuronal data acquired during sleep, the proposed

method identified dynamics in functional connectivity under different brain states. These stud-

ies highlight the ability of the proposed method to accurately infer the underlying direct causal

spectro-temporal interactions in a network of neurons, outperforming existing methods for spik-

ing observations.
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Chapter 4: Denoised Multitaper Frequency-domain Heart Rate Variability in-

ference

Heart rate variability (HRV) describes the fluctuations in the time intervals between adja-

cent heartbeats [53–55]. The beat-to-beat variability in heart rate indexes neurocardiac function-

ality and is known to be generated by heart-brain interactions and dynamic non-linear autonomic

nervous system (ANS) processes [53–55]. HRV in general reflects the regulation of autonomic

balance, blood pressure (BP), gas exchange, gut, heart, and vascular tone, and possibly facial

muscles [53–55]. Further, the well-known oscillatory nature of HRV has led to the wide usage

of its frequency-domain analysis for the identification of key features [53–55]. For instance,

two critical parameters obtained from frequency-domain HRV analysis being widely used are

the low frequency (LF) power (0.04 − 0.15 Hz) which represents both sympathetic and vagal

influences; and the high frequency (HF) power (0.15 − 0.40 Hz) which reflects the modulation

of vagal tone [55]. In addition, the ratio between LF and HF components has been proposed to

represent the interplay between sympathetic and parasympathetic nervous system activation, with

sympathetic tone tending toward the low-frequency component and parasympathetic tone toward

the high-frequency component [53–55]. Thus, spectral analysis of HRV is a non-invasive and

easy-to-perform tool that is widely being used for evaluating cardiac autonomic activity [53–55].

While there exist various parametric and non-parametric methods for spectral estimation of
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stationary processes, non-parametric approaches are often preferred because they explicitly esti-

mate the frequency spectrum of the process without assuming any particular a priori parametric

structure [91]. Out of the many existing non-parametric spectral estimation methods, multita-

per spectral analysis has gained significant popularity in recent years due to its various favorable

properties [40–43]. Multitapering simultaneously reduces the estimation bias and variance in-

curred by using data of finite duration to estimate the spectra [42, 43]. Moreover, multitapering

also admits a principled framework for constructing confidence intervals about any specific fre-

quency of interest in the spectra [42, 43]. However, a systematic approach to performing HRV

analysis in the frequency-domain in a multitaper framework is not yet available, to the best of our

knowledge.

We close this gap in this chapter by introducing multitaper methods for frequency-domain

HRV analysis. Further, although the classical multitaper framework has the aforementioned fa-

vorable characteristics, it does not intrinsically have a mechanism to suppress the additive mea-

surement noise that commonly contaminates empirical observations. As we also illustrated in

Chapter 2, the classical multitaper estimates can be further improved by posing the multitaper

spectral estimation problem in a Bayesian framework, where observation noise and other additive

artifacts are explicitly taken into account and suppressed. Accordingly, we formulate the problem

of denoised multitaper spectral estimation from the HRV time series in a Bayesian framework and

then solve the inverse problem utilizing Expectation-Maximization (EM) following similar meth-

ods to Chapter 2. In addition, we provide two different methods for deriving confidence bounds

of the denoised multitaper spectral estimates. Finally, we demonstrate the applicability of these

methods by identifying the denoised multitaper frequency-domain components with confidence

bounds, from short-term (5 minute) single-lead electrocardiogram (EKG) recordings (data from
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Nicholas Schiff lab, Weill Cornell Medicine, New York City, NY).

4.1 Methods

4.1.1 Data Pre-processing and Preliminary Assumptions

We performed the frequency-domain HRV analysis on the tachogram of inter-beat-intervals,

which is simply a recording of the beat-to-beat heart rate fluctuations. More specifically, the

tachogram of inter-beat-intervals is a time series that records the time difference between con-

secutive R-peaks in the EKG as a function of the R-peak arrival times [53]. It is noteworthy that

both independent and dependent variables in this time series recording are time intervals, with

one being related to the other. Furthermore, since the variability in heart rate occurs on a beat-

to-beat basis, this time series is inherently unevenly spaced along the horizontal axis [53]. Thus,

a typical preliminary preprocessing step before frequency-domain analysis is to evenly resample

the tachogram of inter-beat-intervals to have a uniform sampling rate across the horizontal axis.

To that end, we utilized linear interpolation. Further, since all frequency components of interest

for HRV analysis are less than 2 Hz, we downsampled the time series to a sampling rate of 4 Hz.

Following standard procedure for frequency-domain HRV analysis, we then assumed these short

segments (5 minute) of heart rate variability data to be stationary processes.

4.1.2 Denoised Multitaper Spectral Estimation

We used similar methods to Chapter 2 to derive the denoised multitaper spectral estimates.

Specifically, let xk denote the kth time sample of the linearly interpolated and downsampled

(sampling rate: fs Hz) HRV time series. Suppose that we use L data tapers for multitapering,
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and let ν(l)
k denotes the kth time sample of the lth discrete prolate spheroidal sequence (dpss) /

data taper [41]. For each of the L tapers, first we derived the tapered time series x(l)
k := ν

(l)
k xk,

by multiplying the HRV time series xk with the corresponding data taper ν(l)
k . Then, let x(l) :=[

x
(l)
1 , x

(l)
2 , · · · , x

(l)
K

]>
denote the vector containing all K time points of the lth tapered time series.

Following a treatment similar to Chapter 2, we related this time series to the denoised spectral

eigen-coefficients w(l) :=
[
w

(l)
1 , w

(l)
2 , · · · , w

(l)
2N−1

]>
using the formulation:

x(l) = Aw(l) + ε(l),

where A is a K × (2N − 1) inverse Fourier transform matrix with the first column equal to 1
N

(N is the total number of frequency bins), Ak,2n := 1
N

cos
(
πkn
N

)
and Ak,2n+1 := 1

N
sin
(
πkn
N

)
for 1 ≤ k ≤ K and 1 ≤ n ≤ N − 1, and ε(l) :=

[
ε

(l)
1 , ε

(l)
2 , · · · , ε

(l)
K

]>
with ε(l)k ∼ N

(
0, σ2(l)

)
modeling additive observation noise. Finally, we assumed that the denoised eigen-coefficients

are independent and follow a Gaussian distribution:

w(l) ∼ N
(
0,Q(l)

)
,

whereQ(l) is a diagonal matrix. Under this formulation, the denoised multitaper spectral estima-

tor for the nth frequency bin (1 ≤ n ≤ N − 1) can be derived as:

Smt

(
fsn

2N

)
=

1

L

L∑
l=1

((
w

(l)
2n

)2

+
(
w

(l)
2n+1

)2
)
. (4.1)

Next, we solved the inverse problem using Expectation-Maximization (EM) [46], as in

Chapter 2. In brief, for each of the L tapers, we first estimated the expected values of w(l) in the
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E-step, then updated the parameter estimates σ2(l) and Q(l) in the M-step, and iterated between

the E-step and M-step until convergence. Once the estimates of w(l) are obtained for 1 ≤ l ≤ L,

we derived our final denoised multitaper spectral estimates using the formula in Eq. (4.1).

4.1.3 Confidence Intervals

Next, we derived the confidence bounds of the denoised multitaper spectral estimates us-

ing two different methods. The first approach is to use the frequency-domain bootstrap (FDB)

procedure introduced in [118]. We followed the same steps outlined in [118], performing the

bootstrapping procedure for 5000 repeats.

The second approach is to utilize the chi-square approximation to the distribution of multi-

taper spectral estimates [42]. In brief, it is well-known [42] that the multitaper spectral estimator

Smt(f) approximately follows a chi-square distribution with 2L degrees of freedom and a scaling

factor of S(f)
2L

, where S(f) is the true spectrum and L is the number of tapers. Hence:

P

(
φ2L (α) ≤ 2LSmt(f)

S(f)
≤ φ2L (1− α)

)
= 1− 2α

P

(
2LSmt(f)

φ2L (1− α)
≤ S(f) ≤ 2LSmt(f)

φ2L (α)

)
= 1− 2α, (4.2)

where φ2L (α) is the α × 100% percentage point of the inverse χ2
2L (chi-square distribution with

2L degrees of freedom) cumulative distribution function. Accordingly, the (1− 2α) × 100%

confidence bounds of the multitaper spectral estimates are given by
[

2LSmt(f)
φ2L(1−α)

, 2LSmt(f)
φ2L(α)

]
. For

instance, setting α = 0.025 in Eq. (4.2) gives the 95% confidence bounds of the multitaper

spectral estimates based on the chi-square approximation.
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4.2 Results

In this section, we demonstrate the applicability of our method by deriving the denoised

multitaper spectral estimates with confidence bounds of a 5 minute-long EKG segment from

a healthy individual (data from Nicholas Schiff lab, Weill Cornell Medicine, New York City,

NY). Figure 4.1 displays the time domain pre-processing steps followed for deriving the interpo-

lated inter-beat-interval tachogram (fourth row) from the raw EKG data (first row), on a sample

15 second long data segment.

The first step performed was to extract the R-peak arrival times (Figure 4.1 second row)

from the experimentally recorded raw EKG data (Figure 4.1 first row). Next, we derived the inter-

beat interval time series (Figure 4.1 third row), by recording the time differences (in milliseconds)

between consecutive R-peaks as a function of the R-peak arrival times. Then, we performed

linear interpolation on this inter-beat interval tachogram (Figure 4.1 fourth row) to have even

sampling across the time axis. Finally, we performed denoised multitaper spectral estimation on

this linearly interpolated inter heartbeat interval tachogram.

For an inter-beat-interval tachogram that is 5 minutes long, if the sampling frequency is

fs = 4 Hz, the total number of data points amounts to K = 1200 samples. Thus, we set the

number of frequency bins to be estimated to N = 512, the multitaper time-half-bandwidth prod-

uct to be 2, and the number of data tapers to be L = 3, to achieve an optimal spectral resolution

with minimal computational complexity (see Chapter 2 for more details). Under these parameter

settings, the multitaper spectral resolution amounts to 0.0067 Hz, while the spectral spacing is

0.0039 Hz. Figure 4.2-A shows the denoised multitaper spectral estimates thus obtained. The

top row of Figure 4.2-A shows the denoised multitaper spectral estimates with 95% confidence
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Figure 4.1: Time domain pre-processing steps performed before frequency-domain HRV anal-
ysis. Rows from top to bottom: sample 15 second long EKG recording (blue) from a healthy
individual and the detected R-peaks (red), extracted R-peak arrival time points (red), the cor-
responding inter-beat interval tachogram which records the time differences (in milliseconds)
between consecutive R-peaks as a function of the R-peak arrival times (green), and the linearly
interpolated inter-beat interval time series with even sampling across the time axis (black).

bounds derived through bootstrapping and the bottom row shows the denoised multitaper spec-

tral estimates with 95% confidence bounds obtained using the chi-squared approximation. The

dashed vertical lines indicate the frequency boundaries of the low frequency (LF) and high fre-

quency (HF) spectral bands.

For comparison, we also derived the classical multitaper spectral estimates [43], as shown

in Figure 4.2-B. While the denoised multitaper spectral estimates (Figure 4.2-A) closely follow

the classical multitaper spectral estimates (Figure 4.2-B), we also see some notable differences

between the two. For instance, the classical estimates clearly outline two distinct spectral peaks

in the frequency range [0, 0.04], while the denoised estimates outline a uni-modal spectral distri-
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Figure 4.2: Multitaper frequency-domain HRV analysis results of EKG data from a healthy in-
dividual. (A) Denoised multitaper spectral estimates derived from the EKG recording with 95%
confidence bounds based on bootstrapping (top) and the chi-squared approximation (bottom) (B)
The classical multitaper spectral estimates, in the same organization as panel A. The dashed ver-
tical lines indicate the frequency boundaries of the low frequency (LF) and high frequency (HF)
spectral bands.

bution within the same frequency range. We believe that these spurious effects in the classical

multitaper estimates could largely be artifacts induced by noise and jitter at the observation level.

The denoised multitaper spectral estimation method explicitly accounts for and suppresses ob-

servation noise, thus providing more accurate and robust spectral estimates.

4.3 Concluding remarks

In this chapter, we introduced a denoised multitaper spectral estimation method to perform

frequency-domain HRV analysis, by extending ideas developed in Chapter 2. Through applica-

tion to real EKG data, we demonstrated that our proposed denoised estimates are more robust and
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reliable than the classical multitaper spectral estimates. In addition, we derived the confidence

bounds of the multitaper spectral estimates using two different methods: frequency-domain boot-

strapping and the chi-squared approximation. We note that in general the bounds derived from the

frequency-domain bootstrapping method are tighter than those given by the chi-square approxi-

mation. The confidence intervals thus derived have many potential applications, such as refining

the predefined frequency bands (such as the low-frequency band and the high-frequency band) in

a principled manner at the subject level, and comparing the frequency-domain components across

subjects and different conditions. The methods introduced in this chapter thus facilitate a more

accurate and reliable frequency-domain analysis of heart rate variability, which could potentially

provide better insights into neurocardiac functionality.
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Part II

Signal and Noise Correlation inference
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Chapter 5: Direct Inference of Signal and Noise Correlations from Two-Photon

Calcium Imaging of Ensemble Neuronal Activity

Neuronal activity correlations are essential in understanding how populations of neurons

encode information. Correlations provide insights into the functional architecture and compu-

tations carried out by neuronal networks [56–66]. Neuronal activity correlations are often cat-

egorized in two groups: signal correlations and noise correlations [58, 62, 67–70]. Given two

neurons, signal correlation quantifies the similarity of neural responses that are time-locked to

a repeated stimulus across trials, whereas noise correlation quantifies the stimulus-independent

trial-to-trial variability shared by neural responses that are believed to arise from common latent

inputs.

Two-photon calcium imaging has become increasingly popular in recent years to record

in vivo neural activity simultaneously from hundreds of neurons [3–6]. This technology takes

advantage of intracellular calcium flux mostly arising from spiking activity and captures calcium

signaling in neurons in living animals using fluorescence microscopy. The observed fluorescence

traces of calcium concentrations, however, are indirectly related to neuronal spiking activity. Ex-

tracting spiking activity from fluorescence traces is a challenging signal deconvolution problem,

and has been the focus of active research [15–26].

The most commonly used approach to infer signal and noise correlations from two-photon
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data is to directly apply the classical definitions of correlations for firing rates [62], to fluores-

cence traces [11–14]. However, it is well known that fluorescence observations are noisy and

blurred surrogates of spiking activity, because of their dependence on observation noise, calcium

dynamics, and the temporal properties of calcium indicators. Due to temporal blurring, the re-

sulting signal and noise correlation estimates are highly biased. An alternative approach is to

carry out the inference in a two-stage fashion: first, infer spikes using a deconvolution technique,

and then compute firing rates and evaluate the correlations [66, 119–122]. These two-stage es-

timates are highly sensitive to the accuracy of spike deconvolution, and require high temporal

resolution and signal-to-noise ratios [21, 123]. Furthermore, these deconvolution techniques are

biased towards obtaining accurate first-order statistics (i.e., spike timings) via spatiotemporal

priors, which may be detrimental to recovering second-order statistics (i.e., correlations). Fi-

nally, both approaches also undermine the non-linear dynamics of spiking activity as governed

by stimuli, past activity and other latent processes [28]. There are a few existing studies that

aim at improving the estimation of neuronal correlations, but they either do not consider sig-

nal correlations [66, 76], or aim at estimating surrogates of correlations from spikes such as the

connectivity/coupling matrix [122, 124–126].

In this chapter, we propose a methodology to directly estimate both signal and noise cor-

relations from two-photon imaging observations, without requiring an intermediate step of spike

deconvolution. We pose the problem under the commonly used experimental paradigm in which

neuronal activity is recorded during trials of a repeated stimulus. We avoid the need to perform

spike deconvolution by integrating techniques from point processes and state-space modeling that

explicitly relate the signal and noise correlations to the observed fluorescence traces in a multi-

tier model. Thus, we cast signal and noise correlations within a parameter estimation setting. To
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solve the resulting estimation problem in an efficient fashion, we develop a solution method based

on variational inference [71,72], by combining techniques from Pólya-Gamma augmentation [73]

and compressible state-space estimation [20, 74, 75]. We also provide theoretical guarantees on

the bias and variance performance of the resulting estimator.

We demonstrate the utility of our proposed estimation framework through application to

simulated and real data from the mouse auditory cortex during presentations of tones and acoustic

noise. In application to repeated trials under spontaneous and stimulus-driven conditions within

the same experiment, our method reliably provides noise correlation structures that are invariant

across the two conditions. In addition, our joint analysis of signal and noise correlations corrobo-

rates existing hypotheses regarding the distinction between their structures [126–128]. Moreover,

while the application of our proposed method to spatial analysis of signal and noise correlations

in the mouse auditory cortex is consistent with existing work [14], it reveals novel and distinct

spatial trends in the correlation structure of layers 2/3 and 4. In summary, our method improves

on existing work by: 1) explicitly modeling the fluorescence observation process and the non-

linearities involved in spiking activity, as governed by both the stimulus and latent processes,

through a multi-tier Bayesian forward model, 2) joint estimation of signal and noise correlations

directly from two-photon fluorescence observations through an efficient iterative procedure, with-

out requiring intermediate spike deconvolution, 3) providing theoretical guarantees on the perfor-

mance of the proposed estimator, and 4) gaining access to closed-form posterior approximations,

with low-complexity and iterative update rules and minimal dependence on training data. Our

proposed method can thus be used as a robust and scalable alternative to existing approaches for

extracting signal and noise correlations from two-photon imaging data.
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5.1 Results

In this section, we first demonstrate the utility of our proposed estimation framework

through simulation studies as well as applications on experimentally - recorded data from the

mouse auditory cortex (data from the Kanold Lab, Department of Biology, University of Mary-

land, College Park, MD). Then, we present theoretical performance bounds on the proposed es-

timator. Before presenting the results, we will give an overview of the proposed signal and noise

correlation inference framework, and outline our contributions and their relationship to existing

work. For the ease of reproducibility, we have archived a MATLAB implementation of our pro-

posed method in [78], and have deposited the data used in this chapter in the Digital Repository

at the University of Maryland [79].

5.1.1 Signal and Noise correlations

We consider a canonical experimental setting in which the same external stimulus, denoted

by st, is repeatedly presented across L independent trials and the spiking activity of a population

of N neurons is indirectly measured using two-photon calcium fluorescence imaging. Figure

5.1 (forward arrow) shows the generative model that is used to quantify this procedure. The

fluorescence observation in the lth trial from the jth neuron at time frame t, denoted by y(j)
t,l , is a

noisy surrogate of the intracellular calcium concentrations. The calcium concentrations in turn

are temporally blurred surrogates of the underlying spiking activity n(j)
t,l , as shown in Figure 5.1.

In modeling the spiking activity, we consider two main contributions: 1) the common

known stimulus st affects the activity of the jth neuron via an unknown kernel dj , akin to the

receptive field; 2) the trial-to-trial variability and other intrinsic/extrinsic neural covariates that
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Figure 5.1: The proposed generative model and inverse problem. Observed (green) and latent
(orange) variables pertinent to the jth neuron are indicated, according to the proposed model for
estimating the signal (blue) and noise (red) correlations from two-photon calcium fluorescence
observations. Calcium fluorescence traces

(
y

(j)
t, l

)
of L trials are observed, in which the repeated

external stimulus (st) is known. The underlying spiking activity
(
n

(j)
t, l

)
, trial-to-trial variability

and other intrinsic/extrinsic neural covariates that are not time-locked with the external stimulus(
x

(j)
t, l

)
, and the stimulus kernel (dj) are latent. Our main contribution is to solve the inverse

problem: recovering the underlying latent signal (S) and noise (N) correlations directly from the
fluorescence observations, without requiring intermediate spike deconvolution.

are not time-locked to the stimulus st are captured by a trial-dependent latent process x(j)
t,l . Then,

we use a Generalized Linear Model to link these underlying neural covariates to spiking activity

[28]. More specifically, we model spiking activity as a Bernoulli process:

n
(j)
t,l ∼ Bernoulli

(
φ
(
x

(j)
t,l ,dj

>st

))
,

where φ(·) is a mapping function, which could in general be non-linear.

The signal correlations aim to measure the correlations in the temporal response that are

time-locked to the repeated stimulus, st. On the other hand, noise correlations in our setting
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quantify connectivity arising from covariates that are unrelated to the stimulus, including the

trial-to-trial variability [126]. Based on the foregoing model, we propose to formulate the signal

((Σs)i,j) and noise ((Σx)i,j) covariance between the ith neuron and jth neuron as:

(Σs)i,j :=d>i cov(st, st) dj, (Σx)i,j :=cov
(
x

(i)
t,l , x

(j)
t,l

)
, (5.1)

where cov(·) is the empirical covariance function defined as cov (ut,vt) := 1
T

∑T
t=1

(
ut −

1
T

∑T
t=1 ut

)(
vt − 1

T

∑T
t=1 vt

)>
, for a total observation duration of T time frames.

Our main contribution is to provide an efficient solution for the so-called inverse problem:

direct estimation of Σs and Σx from the fluorescence observations, without requiring intermedi-

ate spike deconvolution (Figure 5.1, backward arrow). The signal and noise correlation matrices,

denoted by S and N, can then be obtained by standard normalization of Σs and Σx:

(S)i,j :=
(Σs)i,j√

(Σs)i,i.(Σs)j,j
, (N)i,j :=

(Σx)i,j√
(Σx)i,i.(Σx)j,j

, ∀i, j = 1, 2, · · · , N. (5.2)

We note that when spiking activity is directly observed using electrophysiology recordings,

the conventional signal ((Σcon
s )i,j) and noise ((Σcon

x )i,j) covariances of spiking activity between

the ith and jth neuron are defined as [62]:

(Σcon
s )i,j :=cov

(
1

L

L∑
l=1

n
(i)
t,l ,

1

L

L∑
l=1

n
(j)
t,l

)
,

(Σcon
x )i,j :=

1

L

L∑
l=1

cov

(
n

(i)
t,l−

1

L

L∑
l=1

n
(i)
t,l , n

(j)
t,l −

1

L

L∑
l=1

n
(j)
t,l

)
, (5.3)

which after standard normalization in Eq. (5.2) give the conventional signal ((Scon)i,j) and noise
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((Ncon)i,j) correlations. While at first glance our definitions of signal and noise covariances in

Eq. (5.1) seem to be a far departure from the conventional ones in Eq. (5.3), we show that the

conventional notions of correlation indeed approximate the same quantities as in our definitions:

Scon ≈ S and Ncon ≈ N,

under asymptotic conditions (i.e., T and L sufficiently large). We prove this assertion of asymp-

totic equivalence in Appendix B.1, which highlights another facet of our contributions: our pro-

posed estimators are designed to robustly operate in the regime of finite (and typically small) T

and L, aiming for the very same quantities that the conventional estimators could only recover

accurately under ideal asymptotic conditions.

5.1.2 Existing methods used for performance comparison

To compare the performance of our proposed method with existing work, we consider

three widely available methods for extracting neuronal correlations. In simulation studies, we

additionally benchmark these estimates with respect to the known ground truth. The existing

methods considered are the following:

5.1.2.1 Pearson Correlations from the Two-Photon Data

In this method, fluorescence observations are assumed to be the direct measurements of

spiking activity, and thus empirical Pearson correlations of the two-photon data are used to com-

pute the signal and noise correlations [12–14, 129]. Explicitly, these estimates are obtained by

simply replacing n(j)
t,l in Eq. (5.3) by y(j)

t,l , without performing spike deconvolution.
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5.1.2.2 Two-stage Pearson Estimation

Unlike the previous method, in this case, spikes are first inferred using a deconvolution

technique. Then, following temporal smoothing via a narrow Gaussian kernel the Pearson corre-

lations are computed using the conventional definitions of Eq. (5.3). For spike deconvolution, we

primarily used the FCSS algorithm [20]. To also demonstrate the sensitivity of these estimates to

the deconvolution technique that is used, we provide a comparison with the f-oopsi deconvolution

algorithm [22] in Appendix B.4.1.

5.1.2.3 Two-stage GPFA Estimation

Similar to the previous method, spikes are first inferred using a deconvolution technique.

Then, a latent variable model called Gaussian Process Factor Analysis (GPFA) [130] is applied to

the inferred spikes to estimate the latent covariates and receptive fields. Based on those estimates,

the signal and residual noise correlations are derived through a formulation similar to Eq. (5.1)

and Eq. (5.2) [131].

5.1.3 Simulation study 1: Neuronal ensemble driven by external stimulus

We simulated fluorescence observations according to the proposed generative model given

in Section 5.3, from an ensemble of N = 8 neurons for a duration of T = 5000 time frames.

We considered L = 20 repeated trials driven by the same external stimulus, which we modeled

by an autoregressive process (see Section 5.3 for details). Figure 5.2 shows the corresponding

estimation results.

The first column of Figure 5.2-A shows the ground truth noise (top) and signal (bottom)
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Figure 5.2: Results of simulation study 1. (A) Estimated noise and signal correlation matrices
from different methods. Rows from left to right: ground truth, proposed method, Pearson correla-
tions from two-photon recordings, two-stage Pearson estimates, and two-stage GPFA estimates.
The normalized mean squared error (NMSE) of each estimate with respect to the ground truth and
the leakage effect quantified by the ratio between out-of-network and in-network power (leakage)
are indicated below each panel. (B) Simulated external stimulus (orange), latent trial-dependent
process (red), fluorescence observations (black), estimated calcium concentrations (purple), pu-
tative spikes (green), and estimated mean of the latent state (blue) by the proposed method, for
the first trial of neuron 1.

correlations (diagonal elements are all equal to 1 and omitted for visual convenience). The second

column shows estimates of the noise and signal correlations using our proposed method, which

closely match the ground truth. The third, fourth, and fifth columns, respectively, show the results

of the Pearson correlations from the two-photon data, two-stage Pearson, and two-stage GPFA

estimation methods. Through a qualitative visual inspection, it is evident that these methods incur

high false alarms and mis-detections of the ground truth correlations.

To quantify these comparisons, the normalized mean square error (NMSE) of different

estimates with respect to the ground truth are shown below each of the subplots (Figure 5.2-

A). Our proposed method achieves the lowest NMSE compared to the others. Furthermore, we

observed a significant mixing between signal and noise correlations in these other estimates. To

quantify this leakage effect, we first classified each of the correlation entries as in-network or out-

of-network, based on being non-zero or zero in the ground truth, respectively (see Section 5.3).
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We then computed the ratio between the power of out-of-network components and the power of

in-network components as a measure of leakage. The leakage ratios are also reported in Figure

5.2-A. The leakage of our proposed estimates is the lowest of all four techniques, in estimating

both the signal and noise correlations. In order to further probe the performance of our proposed

method, the external stimulus st, latent trial-dependent process x(1)
t,1 , simulated observations y(1)

t,1 ,

estimated calcium concentration ẑ(1)
t,1 , the putative spikes n̂(1)

t,1 := ẑ
(1)
t,1 −αẑ

(1)
t−1,1, and the estimated

mean of the latent statem(1)
xt,1 , for the first trial of the first neuron are shown in Figure 5.2-B. These

results demonstrate the ability of the proposed estimation framework to accurately identify the

latent processes, which in turn leads to an accurate estimation of the signal and noise correlations

as shown in Figure 5.2-B.

The main sources of the observed performance gap between our proposed method and

the existing ones are the bias incurred by treating the fluorescence traces as spikes, low spiking

rates, and non-linearity of spike generation with respect to intrinsic and external covariates, and

sensitivity to spike deconvolution. For the latter, we demonstrated the sensitivity of the two-stage

Pearson estimates to the choice of the deconvolution technique in Appendix B.4.1. Furthermore,

in order to isolate the effect of said non-linearities on the estimation performance, we applied the

two-stage methods to ground truth spikes in Appendix B.4.2. Our analysis showed that both two-

stage estimates incur significant estimation errors even if the spikes were recovered perfectly,

mainly due to the limited number of trials (L = 20 here). In accordance with our theoretical

analysis of the asymptotic behavior of the conventional signal and noise correlation estimates

given in Appendix B.1, we also showed in Appendix B.4.2 that the performance of the two-

stage Pearson estimates based on ground truth spikes, but using L = 1000 trials, dramatically

improves. Our proposed method, however, was capable of producing reliable estimates with the
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number of trials as low as L = 20, which is typical in two-photon imaging experiments.

5.1.3.1 Analysis of robustness with respect to modeling assumptions

While the preceding results are quite favorable to our proposed method, the underlying

generative models were the same as those used to estimate signal and noise correlations, which

is in contrast to conventional real data validation with known ground truth. Access to ground

truth correlations in two-photon imaging experimental settings, however, is quite challenging.

To further probe the robustness of our proposed method in the absence of ground truth data,

we utilized surrogate data that parallel the setting of Figure 5.2 but deviate from our modeling

assumptions.

1) Robustness to stimulus integration model mismatch. First, we considered surrogate data

generated with a non-linear stimulus integration model by replacing the linear receptive field

component d>j st with d>j st + (d̃>j,1st)
2 + (d̃>j,2st)

2, where d̃j,1 and d̃j,2 are akin to quadratic

receptive field components. We assumed a linear stimulus integration model in our estimation

framework (i.e., d̃j,1 = d̃j,2 = 0). Appendix B.4.3 shows the resulting correlation estimates.

While the performance of our proposed signal correlation estimates degrade under this setting as

compared to Figure 5.2, our proposed estimates still outperform existing methods. In addition,

the model mismatch in the stimulus integration component does not affect the accuracy of noise

correlation estimation in our method.

2) Robustness to calcium decay model mismatch. Next, we tested our proposed estimation

framework on data simulated with a different calcium decay model. Specifically, we simulated

data with second-order autoregressive calcium dynamics, and at a lower signal-to-noise ratio
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(SNR) compared to the setting of Figure 5.2, and used our inference framework which assumes

first-order calcium dynamics for estimation. Appendix B.4.4 shows the corresponding noise and

signal correlations estimated by the proposed method under these conditions. Even though the

performance slightly degrades (in terms of NMSE and leakage ratio), our method can recover the

underlying correlations faithfully under this setting.

3) Robustness to SNR level and firing rate. Next, we compared the performance of Pearson

and Two-Stage Pearson methods with our proposed method under varying SNR levels and av-

erage firing rates, as shown in Appendix B.4.5. While the performance of all methods degrades

at low SNR levels or firing rates (SNR < 10 dB, firing rate < 0.5 Hz), our proposed method

outperforms the existing methods for a wide range of SNR and firing rate values. To quantify this

comparison, we have also indicated the mean and standard deviation of the relative performance

gain of our proposed estimates across SNR levels and firing rates as insets in Figure B.5.

4) Robustness to observation noise model mismatch. Finally, we repeated the foregoing

comparisons under varying SNR levels and firing rates, only now we included an additional

observation noise model mismatch (Appendix B.4.6). Similar to the treatment in [15], we con-

sidered two temporally correlated observation noise models: white noise with a low-frequency

drift (Figure B.6, top panels) and pink noise (Figure B.6, bottom panels). In accordance with the

results in Appendix B.4.5, our proposed method outperforms the existing ones for a wide range of

SNR and firing rate values and under both observation noise model mismatch conditions. From

Figure B.6-C and F, it can be observed that the ground truth spikes are favorably recovered as a

byproduct of our method, even though the estimated calcium concentrations are contaminated by

the temporally correlated fluctuations in observation noise. This in turn results in accurate signal

and noise correlation estimates.
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5.1.4 Simulation study 2: Spontaneous activity

Next, we present the results of a simulation study in the absence of external stimuli (i.e. st =

0), pertaining to the spontaneous activity condition. It is noteworthy that the proposed method

can readily be applied to estimate noise correlations during spontaneous activity, by simply set-

ting the external stimulus st and the receptive field dj to zero in the update rules (see Section 5.3

for details). We simulated the ensemble spiking activity based on a Poisson process [33] using a

discrete time-rescaling procedure [33, 132] so that the data are generated using a different model

than that used in our inference framework (i.e., Bernoulli process with a logistic link as outlined

in Section 5.3). As such, we eliminated potential performance biases in favor of our proposed

method by introducing the aforementioned model mismatch. We simulated L = 20 independent

trials of spontaneous activity of N = 30 neurons, observed for a time duration of T = 5000 time

frames. The number of neurons in this study is notably larger than that used in the previous one,

to examine the scalability of our proposed approach with respect to the ensemble size.

Figure 5.3 shows the comparison of the noise correlation matrices estimated by our pro-

posed method, Pearson correlations from two-photon recordings, two-stage Pearson, and two-

stage GPFA estimates, with respect to the ground truth. The Pearson and the two-stage estimates

are highly variable and result in excessive false detections. Our proposed estimate, however,

closely follows the ground truth, which is also reflected by the comparatively lower NMSE and

leakage ratios, despite the mismatch between the models used for data generation and inference.

It is noteworthy that the proposed method exhibits favorable scaling with respect to the ensemble

size, thanks to the underlying low-complexity variational updates (see Section 5.3).

87



0

0.3

-0.3

Pearson Two-Stage PearsonProposed Ground Truth

5

10

15

20

 NMSE = 0.61  NMSE = 1.07  NMSE = 1.12

Two-Stage GPFA

 NMSE = 1.08
leakage = 0.55 leakage = 3.10 leakage = 2.17 leakage = 6.76

25

30
10 20 30

Figure 5.3: Results of simulation study 2. Estimated noise correlation matrices using different
methods based on spontaneous activity data. Rows from left to right: ground truth, proposed
method, Pearson correlations from two-photon recordings, two-stage Pearson, and two-stage
GPFA estimates. The normalized mean squared error (NMSE) of each estimate with respect
to the ground truth and the ratio between out-of-network power and in-network power (leakage)
are shown below each panel.

5.1.5 Real data study 1: Mouse auditory cortex under random tone presentation

We next applied our proposed method to experimentally recorded two-photon observations

from the mouse primary auditory cortex (A1). The dataset consisted of recordings from 371

excitatory neurons in layer 2/3 A1, from which we selected N = 16 responsive neurons (i.e.,

neurons that exhibited at least one spiking event in at least half of the trials considered; see Section

5.3.7). A random sequence of four tones was presented to the mouse, with the same sequence

being repeated for L = 10 trials. Each trial consisted of T = 3600 time frames, and each tone

was two seconds long followed by a four-second silent period (see Section 5.3.10 for details).

We considered an integration window of R = 25 frames for stimulus encoding (see Section

5.3.7 for details). The comparison of the noise and signal correlation estimates obtained by our

proposed method, Pearson correlations from two-photon recordings, two-stage Pearson and two-

stage GPFA methods is shown in Figure 5.4-A. The spatial map of the 16 neurons considered in

the analysis in the field of view is shown in Figure 5.4-B. Figure 5.4-C shows the stimulus tone
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Figure 5.4: Application to experimentally-recorded data from the mouse A1. (A) Estimated
noise (top) and signal (bottom) correlation matrices using different methods. Rows from left
to right: proposed method, Pearson correlations from two-photon data, two-stage Pearson, and
two-stage GPFA estimates. (B) Location of the selected neurons with the highest activity in the
field of view. (C) Presented tone sequence (orange), observations (black), estimated calcium
concentrations (purple), putative spikes (green), and estimated mean latent state (blue) in the first
trial of the first neuron. (D) Null distributions of chance occurrence of dissimilarities between
signal and noise correlation estimates using different methods. The observed test statistic in each
case is indicated by a dashed vertical line. (E) Scatter plots of signal vs. noise correlations
for individual cell pairs (blue dots) corresponding to each method. Data were normalized for
comparison by computing z-scores. For each case, the linear regression model fit is shown in red,
and the slope and p-value of the t-test are indicated as insets.

sequence st, two-photon observations y(1)
t,1 , estimated calcium concentration ẑ(1)

t,1 , putative spikes

n̂
(1)
t,1 := ẑ

(1)
t,1 −αẑ

(1)
t−1,1 and the estimated mean of the latent state m(1)

xt,1 , for the first trial of the first

neuron.
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We estimated the Best Frequency (BF) of each neuron as the tone that resulted in the highest

level of fluorescence activity. The results in Figure 5.4-A are organized such that the neurons

with the same BF are neighboring, with the BF increasing along the diagonal. Thus, expectedly

[129] our proposed method, as well as the Pearson and two-stage Pearson estimates show high

signal correlations along the diagonal. However, the two-stage GPFA estimates do not reveal

such a structure. By visual inspection, as also observed in the simulation studies, the Pearson

correlations from two-photon recordings, two-stage Pearson, and two-stage GPFA estimates have

significant leakage between the signal and noise correlations, whereas our proposed signal and

noise correlation estimates in Figure 5.4-A suggest distinct spatial structures.

To quantify this visual comparison, we used a statistic based on the Tanimoto similarity

metric [133], denoted by Ts(X,Y) for two matrices X and Y. As a measure of dissimilarity, we

used Td(X,Y) := 1− Ts(X,Y) (see Section 5.3). The comparison of Td(Ŝ, N̂) for the four es-

timates is presented in the second column of Table 5.1. To assess statistical significance, for each

comparison we obtained null distributions corresponding to chance occurrence of dissimilarities

using a shuffling procedure as shown in Figure 5.4-D, and then computed one-tailed p-values

from those distributions (see Section 5.3 for details). Table 5.1 and Figure 5.4-D includes these

p-values, which show that the proposed estimates (boldface numbers in Table 5.1, second col-

umn) indeed have the highest dissimilarity between signal and noise correlations. The higher

leakage effect in the other three estimates is also reflected in their smaller Td(Ŝ, N̂) values. It is

also noteworthy that while both our proposed and the two-stage GPFA estimates indicate that this

dissimilarity is statistically significant (p-values in Table 5.1 and Figure 5.4-D), the dissimilarity

metric statistic of our estimates is considerably larger than that of the two-stage GPFA estimates.

To further investigate this effect, we have depicted the scatter plots of signal vs. noise

90



Table 5.1: Dissimilarity metric statistics for the estimates in Figure 5.4-A (also illustrated in Fig-
ure 5.4-D) and linear regression statistics of the comparison between signal and noise correlations
in Figure 5.4-E.

Dissimilarity Td(Ŝ, N̂) Regression statistics (Figure 5.4-E)
Estimate (Figure 5.4-D) slope (p-value) R2 value

Proposed 0.8725 (p < 10−4) 0.02 (p = 0.84) 4× 10−4

Pearson 0.6675 (p = 0.71) 0.33 (p = 2× 10−4) 0.11
Two-Stage Pearson 0.7325 (p = 0.09) 0.15 (p = 0.10) 0.02
Two-Stage GPFA 0.7625 (p < 10−4) 0.02 (p = 0.86) 3× 10−4

correlations estimated by each method in Figure 5.4-E. To examine the possibility of the leakage

effect on a pairwise basis, we performed linear regression in each case. The slope of the model

fit, the p-value for the corresponding t-test and the R2 values are reported in the third and fourth

columns of Table 5.1 (the slope and p-values are also shown as insets in Figure 5.4-E). Consistent

with the results of [14], the Pearson estimates suggest a significant correlation between the signal

and noise correlation pairs (as indicated by the higher slope in Figure 5.4-E). However, it is

noteworthy that none of the other estimates (including the proposed estimates) in Figure 5.4-E

register a significant trend between signal and noise correlations. This further corroborates our

assessment of the high leakage between signal and noise correlations in Pearson estimates since

such a leakage effect could result in overestimation of the trend between the signal and noise

correlation pairs. It is noteworthy that the signal and noise correlations estimated by the proposed,

the two-stage Pearson and the two-stage GPFA methods show no such pairwise trend, suggesting

distinct patterns of stimulus-dependent and stimulus-independent functional connectivity [13,60,

63, 126].

A key advantage of our proposed method over the Pearson and two-stage approaches is the

explicit modeling of stimulus integration. The relevant parameter in this regard is the length of

the stimulus integration window R. While in our simulation studies the value of R was known,
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it needs to be set by the user in real data applications. To this end, domain knowledge or data-

driven methods such as cross-validation and model order selection can be utilized (see Section

5.3.7 for details). Noting that the number of parameters to be estimated linearly scales with

R, it must be chosen large enough to capture the stimulus effects, yet small enough to result

in favorable computational complexity. Here, given that the typical tone response duration of

mouse A1 neurons is < 1 s [134–136], with a sampling frequency of fs = 30 Hz, we surmised

that a choice of R ∼ 30 suffices to capture the stimulus effects. We further examined the effect

of varying R on the proposed correlation estimates in Appendix B.5.1. As shown, small values

of R (e.g., R = 1 or 10) may not be adequate to fully capture stimulus integration effects. By

considering values of R in the range 25 − 50, we observed that the correlation estimates remain

stable. We thus chose R = 25 for our analysis.

Careful inspection of the second panel in Figure 5.4-C shows that the fluorescence activity

often saturates to ∼ 4 times its baseline value. This effect is due to successive closely-spaced

spikes, which implies the occurrence of more than one spike per frame and thus violates our

Bernoulli modeling assumption. To inspect the performance of our method more carefully un-

der this scenario, we show in Appendix B.5.2 a zoomed-in view of the estimated latent pro-

cesses ẑ(1)
t,1 (calcium concentration) and n̂

(1)
t,1 (putative spikes) for a sample data segment with

high fluorescence activity. The estimated latent processes reveal two mechanisms leveraged

by our inference method to mitigate the aforementioned model mismatch: first, our proposed

method predicts spiking events in adjacent time frames to compensate for the rapid increase in

firing rate and thus infers calcium concentration levels that match the observed fluorescence; sec-

ondly, even though our generative model assumes that there is only one spiking event in a given

time frame, this restriction is mitigated in our inference framework by relaxing the constraint
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n̂
(j)
t,l := ẑ

(j)
t,l − αẑ

(j)
t−1,l ≤ 1, as explained in Section 5.3.6. While this relaxation was performed

for the sake of tractability of the inverse solution, it in fact leads to improved estimation results

under episodes of rapid increase in firing rate, by allowing the putative spike magnitudes n̂(j)
t,l

to be greater than 1. The latter is evident in the magnitude of the inferred spikes in Figure B.8,

following the rise of fluorescence activity.

Given that the ground truth correlations are not available for a direct comparison, we in-

stead performed a test of specificity that reveals another key limitation of existing methods. Flu-

orescence observations exhibit structured dynamics due to the exponential intracellular calcium

concentration decay (as shown in Figure 5.4-C, for example), which are in turn related to the un-

derlying spikes that are driven non-linearly by intrinsic/extrinsic stimuli as well as the properties

of the indicator used. As such, an accurate inference method is expected to be specific to this

temporal structure. To test this, we randomly shuffled the T time frames consistently in the same

order in all trials, to fully break the temporal structure governing calcium decay dynamics, and

then estimated correlations from these shuffled data using the different methods. The resulting

estimates of noise correlations are shown in Figure 5.5-A for one instance of such shuffled data.

The average NMSE for a total of 50 shuffled samples with respect to the original un-shuffled

estimates (in Figure 5.4-A) are tabulated in Table 5.2, and are also indicated below each panel in

Figure 5.5-A.

A visual inspection of Figure 5.5-A shows that the Pearson correlations from two-photon

recordings expectedly remain unchanged. Since this method treats each time frame to be inde-

pendent, temporal shuffling does not impact the correlations in any way. On the other extreme,

both of the two-stage estimates seem to detect highly variable and large correlation values, de-

spite operating on data that lacks any relevant temporal structure. Our proposed method, however,
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Figure 5.5: Assessing the specificity of different estimation results shown in Figure 5.4. Rows
from left to right: proposed method, Pearson correlations from two-photon data, two-stage Pear-
son, and two-stage GPFA estimates. (A) The estimated noise correlations using different meth-
ods after random temporal shuffling of the observations. The mean and standard deviation of the
NMSE across 50 trials are indicated below each panel. (B) Histograms of the noise correlation
estimates between the first and third neurons over the 50 temporal shuffling trials. The estimate
based on the original (un-shuffled) data in each case is indicated by a dashed vertical line.

remarkably produces negligible correlation estimates. Although both the two-stage and proposed

estimates show variability with respect to the shuffled data (Table 5.2), the standard deviations of

the NMSE values of our proposed method are considerably smaller than those of the two-stage

methods (Table 5.2). For further inspection, the histograms of a single element ((N̂)1,3) of the

estimated correlation matrices across the 50 shuffling trials are shown in Figure 5.5-B. The orig-

inal un-shuffled estimates are marked by the dashed vertical lines in each case. The proposed

estimate in Figure 5.5-B is highly concentrated around zero, even though the un-shuffled esti-

mate is non-zero. However, the two-stage estimates produce correlations that are widely variable

across the shuffling trials. This analysis demonstrates that our proposed method is highly specific

to the temporal structure of fluorescence observations, whereas the Pearson correlations from

two-photon recordings, two-stage Pearson, and two-stage GPFA methods fail to be specific.
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Table 5.2: The average NMSE across 50 trials used in the shuffling procedure illustrated in Figure
5.5-A.

Estimate NMSE in N̂ NMSE in Ŝ

Proposed 1.07± 0.16 1.32± 0.19
Pearson 0 0

Two-Stage Pearson 1.84± 0.34 0.55± 0.12
Two-Stage GPFA 2.32± 0.52 2.26± 0.51

5.1.6 Real data study 2: Spontaneous vs. stimulus-driven activity in the mouse

A1

To further validate the utility of our proposed methodology, we applied it to another ex-

perimentally recorded dataset from the mouse A1 layer 2/3. This experiment pertained to trials

presenting a sequence of short white-noise stimuli, randomly interleaved with silent trials of the

same duration. Figure 5.6-A shows a sample trial sequence. The two-photon recordings thus

contained episodes of stimulus-driven and spontaneous activity (see Section 5.3.10 for details).

Under this experimental setup, it is expected that the noise correlations are invariant across the

spontaneous and stimulus-driven conditions. By the foregoing results of real data study 1, we

also expect the signal and noise correlation patterns to be distinct. Each trial considered in the

analysis consisted of T = 765 frames (see Section 5.3.10 for details). We selected N = 10 re-

sponsive neurons (according to the criterion described in Section 5.3.7), each with L = 10 trials.

Similar to real data study 1, we chose a stimulus integration window of length R = 25 frames.

Figure 5.6-B shows the resulting noise and signal correlation estimates under the sponta-

neous (N̂spon, top) and stimulus-driven (N̂stim and Ŝstim, bottom) conditions. Figure 5.6-C shows

the spatial map of the 10 neurons considered in the analysis in the field of view. A visual in-

spection of the first column of Figure 5.6-B indeed suggests that N̂spon and N̂stim are saliently
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Figure 5.6: Comparison of spontaneous and stimulus-driven activity in the mouse A1. (A) A sam-
ple trial sequence in the experiment. Stimulus-driven (stim) trials were recorded with randomly
interleaved spontaneous (spon) trials of the same duration. (B) Estimated noise and signal cor-
relation matrices under spontaneous (top) and stimulus-driven (bottom) conditions. Rows from
left to right: proposed method, Pearson correlations from two-photon data, two-stage Pearson,
and two-stage GPFA estimates. (C) Location of the selected neurons with the highest activity
in the field of view. (D) Stimulus onsets (orange), observations (black), estimated calcium con-
centrations (purple), and putative spikes (green) for the first trial from two pairs of neurons with
high signal correlation (top) and high noise correlation (bottom), as identified by the proposed
estimates.

similar, and distinct from Ŝstim. The Pearson correlations obtained from two-photon data (second

column) and the two-stage Pearson and GPFA estimates (third and fourth columns, respectively),

however, evidently lack this structure. As in the previous study, we quantified this visual compar-

ison using the similarity metric Ts(X,Y) and the dissimilarity metric Td(X,Y) (see Section 5.3

for details). These statistics are reported in Table 5.3 along with the p-values (null distributions

are shown in Appendix B.6.1), which show that the only significant outcomes (boldface numbers)
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Table 5.3: Similarity/dissimilarity metric statistics for the estimates in Figure 5.6.

Estimation Method Ts(N̂spon, N̂stim) Td(Ŝstim, N̂stim)

Proposed 0.5716 (p = 0.003) 0.7946 (p = 0.004)
Pearson 0.3031 (p = 0.61) 0.5032 (p = 0.92)

Two-Stage Pearson 0.2790 (p = 0.05) 0.7862 (p = 0.39)
Two-Stage GPFA 0.2008 (p = 0.50) 0.7792 (p = 0.22)

are those of our proposed method. While it is expected from the experiment design for the noise

correlations under the two settings to be similar, the only method that detects this expected out-

come with statistical significance is our proposed method. Moreover, the statistically significant

dissimilarity between the signal and noise correlations of our proposed estimates corroborate the

hypothesis that signal and noise are encoded by distinct functional networks [13, 60, 63, 126].

Furthermore, Figure 5.6-D shows the time course of the stimulus, observations, estimated

calcium concentrations, and putative spikes for the first trial from two pairs of neurons with high

signal correlation (j = 2, 8, top) and high noise correlation (j = 3, 5, bottom). As expected, the

putative spiking activity of the neurons with high signal correlation (top) is closely time-locked

to the stimulus onsets. The activity of the two neurons with high noise correlation (bottom),

however, is not time-locked to the stimulus onsets, even though the two neurons exhibit highly

correlated activity. The correlations estimated via the proposed method thus encode substantial

information about the inter-dependencies of the spiking activity of the neuronal ensemble.

5.1.7 Real data study 3: Spatial analysis of signal and noise correlations in the

mouse A1

Lastly, we applied our proposed method to examine the spatial distribution of signal and

noise correlations in the mouse A1 layers 2/3 and 4 (data from [129]). The dataset included
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fluorescence activity recorded during multiple experiments of presenting sinusoidal amplitude-

modulated tones, with each stimulus being repeated across several trials (see Section 5.3.10 and

[129] for experimental details). In each experiment, we selected on average around 20 respon-

sive neurons for subsequent analysis (according to the criterion described in Section 5.3.7). For

brevity, we compare the estimates of signal and noise correlations using our proposed method

only with those obtained by Pearson correlations from the two-photon data. The latter method

was also used in previous analyses of data from this experimental paradigm [14].

In parallel to the results reported in [14], Figure 5.7-A and Figure 5.7-B illustrate the corre-

lation between the signal and noise correlations in layers 2/3 and 4, respectively. Consistent with

the results of [14], the signal and noise correlations exhibit positive correlation in both layers,

regardless of the method used. However, the correlation coefficients (i.e., slopes in the insets)

identified by our proposed method are notably smaller than those obtained from Pearson corre-

lations, in both layer 2/3 (Figure 5.7-A) and layer 4 (Figure 5.7-B). Comparing this result with

our simulation studies suggests that the stronger linear trend between the signal and noise corre-

lations observed using the Pearson correlation estimates is likely due to the mixing between the

estimates of signal and noise correlations. As such, our method suggests that the signal and noise

correlations may not be as highly correlated with one another as indicated in previous studies of

layers 2/3 and 4 in mouse A1.

Next, to evaluate the spatial distribution of signal and noise correlations, we plotted the

correlation values for pairs of neurons as a function of their distance for layer 2/3 (Figure 5.7-

C) and layer 4 (Figure 5.7-D). The distances were discretized using bins of length 10 µm. The

scatter of the correlations along with their median at each bin are shown in all panels. Then, to

examine the spatial trend of the correlations, we performed linear regression in each case. The
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Figure 5.7: Comparison of signal and noise correlations across layers 2/3 and 4. (A) Scatter-plot of noise
vs. signal correlations (blue) for individual cell pairs in layer 2/3, based on the proposed (left) and Pearson
estimates (right). Data were normalized for comparison by computing z-scores. The linear model fits
are shown in red, and the slope and p-value of the t-tests are indicated as insets. Panel B corresponds to
layer 4 in the same organization as panel A. (C) Signal (top) and noise (bottom) correlations vs. cell-pair
distance in layer 2/3, based on the proposed (left) and Pearson estimates (right). Distances were binned to
10 µm intervals. The median of the distributions (black) and the linear model fit (red) are shown in each
panel. The slope of the linear model fit, and the p-value of the t-test are also indicated as insets. Dashed
horizontal lines indicate the zero-slope line for ease of visual comparison. Panel D corresponds to layer
4 in the same organization as panel C. (E) Spatial spread of signal (top) and noise (bottom) correlations
in layer 2/3, based on the proposed (left) and Pearson estimates (right). The horizontal and vertical axes
in each panel respectively represent the relative dorsoventral and rostrocaudal distances between each cell
pair, and the heat-map indicates the magnitude of correlations. Marginal distributions of the signal (blue)
and noise (red) correlations along the dorsoventral and rostrocaudal axes for the proposed method (darker
colors) and Pearson method (lighter colors) are shown at the top and right sides of the sub-panels. Panel F
corresponds to layer 4 in the same organization as panel E.
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Table 5.4: Linear regression statistics for the analysis of correlations vs. cell-pair distance
Statistics of layer 2/3 correlations Statistics of layer 4 correlations

Correlations slope (p-value) R2 value slope (p-value) R2 value

Proposed Signal Corr. −9× 10−5 (p = 0.002) 0.012 −1× 10−4 (p = 3× 10−6) 0.023
Pearson Signal Corr. −5× 10−5 (p = 0.02) 0.007 −3× 10−5 (p = 0.02) 0.005
Proposed Noise Corr. −1× 10−4 (p = 0.005) 0.010 −5× 10−5 (p = 0.06) 0.004
Pearson Noise Corr. −4× 10−5 (p = 0.1) 0.003 −5× 10−5 (p = 0.02) 0.005

slope of the model fit, the p-value for the corresponding t-test and the R2 values are reported in

Table 5.4 (the slope and p-values are also shown as insets in Figure 5.7-C & D).

From Table 5.4 and Figure 5.7-C & D (upper panels), it is evident that the signal correla-

tions show a significant negative trend with respect to distance, using both methods and in both

layers. However, the slope of these negative trends identified by our method (boldface numbers

in Table 5.4) is notably steeper than those identified by Pearson correlations. On the other hand,

the trends of the noise correlations with distance (bottom panels) are different between our pro-

posed method and Pearson correlations: our proposed method shows a significant negative trend

in layer 2/3, but not in layer 4, whereas the Pearson correlations of the two-photon data suggest a

significant negative trend in layer 4, but not in layer 2/3. In addition, the slopes of these negative

trends identified by our method (boldface numbers in Table 5.4) are steeper than or equal to those

identified by Pearson correlations.

Our proposed estimates indicate that noise correlations are sparser and less widespread in

layer 4 (Figure 5.7-D) than in layer 2/3 (Figure 5.7-C). To further investigate this observation, we

depicted the two-dimensional spatial spread of signal and noise correlations in both layers and

for both methods in Figure 5.7-E & F, by centering each neuron at the origin and overlaying the

individual spatial spreads. The horizontal and vertical axes in each panel respectively represent

the relative dorsoventral and rostrocaudal distances, and the heat maps represent the magnitude
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of correlations. Comparing the proposed noise correlation spread in Figure 5.7-E with the cor-

responding spread in Figure 5.7-F, we observe that the noise correlations in layer 2/3 are indeed

more widespread and abundant than in layer 4.

It is notable that the spatial spreads of signal and noise correlations based on the Pear-

son estimates are remarkably similar in both layers (Figure 5.7-E & F, right panels), whereas

they are saliently different for our proposed estimates (Figure 5.7-E & F, left panels). This fur-

ther corroborates our hypothesis on the possibility of high mixing between the signal and noise

correlation estimates obtained by the Pearson correlation of two-photon data. To further exam-

ine the differences between the signal and noise correlations, the marginal distributions along

the dorsoventral and rostrocaudal axes are shown in Figure 5.7-E & F, selectively overlaid for

ease of visual comparison. To quantify the differences between the spatial distributions of sig-

nal and noise correlations estimated by each method, we performed Kolmogorov–Smirnov (KS)

tests on each pair of marginal distributions, which are summarized in Appendix B.7.1. Although

the marginal distributions of signal and noise correlations are significantly different in all cases

from both methods, the effect sizes of their difference (KS statistics) are notably higher for our

proposed estimates compared to those of the Pearson estimates.

Finally, it is noteworthy that the spatial spreads of correlations for either method and in each

layer suggest non-uniform angular distributions with possibly directional bias. To test this ef-

fect, we computed the angular marginal distributions and performed KS tests for non-uniformity,

which are reported in Appendix B.7.2. These tests indicate that all distributions are significantly

non-uniform. In addition, the angular distributions of both signal and noise correlations in layer

4 exhibit salient modes in the rostrocaudal direction, whereas they are less directionally selective

in layer 2/3 (Appendix B.7.2).
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In summary, the spatial trends identified by our proposed method are consistent with em-

pirical observations of spatially heterogeneous pure-tone frequency tuning by individual neurons

in the auditory cortex [14]. The improved correspondence of our proposed method compared

to results obtained using Pearson correlations could be the result of the demixing of signal and

noise correlations in our method. As a result of the demixing, our proposed method also suggests

that noise correlations have a negative trend with distance in layer 2/3, but are much sparser and

spatially flat in layer 4. In addition, the spatial spread patterns of signal and noise correlations

are more structured and remarkably more distinct for our proposed method than those obtained

by the Pearson estimates.

5.1.8 Theoretical analysis of the bias and variance of the proposed estimators

Finally, we present a theoretical analysis of the bias and variance of the proposed estimator.

Note that our proposed estimation method has been developed as a scalable alternative to the

intractable maximum likelihood (ML) estimation of the signal and noise covariances (see Section

5.3). To benchmark our estimates, we thus need to evaluate the quality of said ML estimates. To

this end, we derived bounds on the bias and variance of the ML estimators of the kernel dj for

j = 1, · · · , N and the noise covariance Σx. To simplify the treatment, we posit the following

mild assumptions:

Assumption (1). We assume a scalar time-varying external stimulus (i.e. st = st, and hence

dj = dj,d = [d1, d2, · · · , dN ]> ). Furthermore, we set the observation noise covariance to be

Σw = σ2
wI, for notational convenience.

Assumption (2). We derive the performance bounds in the regime where T and L are large,
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and thus do not impose any prior distribution on the correlations, which are otherwise needed to

mitigate overfitting (see Section 5.3).

Assumption (3). We assume the latent noise process and stimulus to be slowly varying

signals, and thus adopt a piece-wise constant model in which these processes are constant within

consecutive windows of length W (i.e., xt,l = xWk,l and st = sWk
, for (k − 1)W + 1 ≤ t < kW

and k = 1, · · · , K with Wk = (k − 1)W + 1 and KW = T ) for our theoretical analysis, as is

usually done in spike count calculations for conventional noise correlation estimates.

Our main theoretical result is as follows:

Theorem 5.1 (Performance Bounds). Let q > 1
64

, 0 < ε < 1/2, and 0 < η ≤ 1/2 be fixed

constants, σ2
m := maxi(Σx)i,i and σ2

s := 1
K

∑K
k=1 s

2
Wk

. Then, under Assumptions (1) - (3), the

bias and variance of the maximum likelihood estimators d̂ and Σ̂x, conditioned on an event AW

with P (AW ) ≥ 1− η satisfy:

∣∣∣biasAW

(
d̂j

)∣∣∣≤ 1√
W 1−2ε

C1

(
2σw
√

1 + α2 + 1
)

+ τj,√
VarAW

(
d̂j

)
≤

√
(Σx)j,j

KLσ2
s (1− η)

+
1√

W 1−2ε
C2

(
2σw
√

1 + α2 + 1
)

+ τ̃j,

∣∣∣biasAW

(
(Σ̂x)i,j

)∣∣∣≤ | (Σx)i,j |
KL(1− η)

+

√
logW

W 1−2ε
C3

(
14σw

√
1 + α2 + 3

)
+ ξi,j,√

VarAW

(
(Σ̂x)i,j

)
≤
√

(KL−1)((Σx)2i,j+(Σx)i,i(Σx)j,j)
K2L2(1−η)

+
√

logW
W 1−2εC4

(
2σw
√

1 + α2 + 1
)

+ ξ̃i,j,

for all i, j = 1, 2, · · · , N , if logW ≥ max
{

log 2,
max{6.25, 4(‖µx‖∞+ maxk,j{ |sWkdj | })

2
}

8qσ2
m

, 32σ2
mq
ε2

,

2 log(64q)
1−2ε

, log(8KLN/η)
q

}
, where τj and τ̃j denote bounded terms that are O(σ2

w) or O
(

1
W

)
, ξi,j

and ξ̃i,j denote bounded terms that are O(σ2
w) or O

(
1

W 1−2ε

)
and C1, C2, C3 and C4 are bounded

constants given in Appendix B.2.
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Proof. The proof of Theorem 5.1 is provided in Appendix B.2.

To discuss the implications of this theoretical result, several remarks are in order:

5.1.8.1 Remark 1: Achieving near oracle performance

A common benchmark in estimation theory is the performance of the idealistic oracle esti-

mator, in which an oracle directly observes the true latent process xt,l and the true kernel dj and

forms the correlation estimates. In this case, the oracle would incur zero bias and variance of

orderO (1/KL) in estimating dj , and outputs an estimate of Σx with bias and variance in the or-

der of O (1/KL). Theorem 5.1 indeed states that for sufficiently large W and small σw, the bias

and variance of the ML estimators are arbitrarily close to those of the oracle estimator. Recall

that our variational inference framework is in fact a solution technique for the regularized ML

problem. Hence, the bounds in Theorem 5.1 provide a benchmark for the expected performance

of the proposed estimators, by quantifying the excess bias and variance over the performance of

the oracle estimator.

5.1.8.2 Remark 2: Effect of the observation noise and observation duration

As the assumed window of stationarity W → ∞ (and hence the observation duration

T → ∞), the loss of performance of the proposed estimators only depends on σ2
w, the variance

of the observation noise. As a result, at a given observation noise variance σ2
w, these bounds

provide a sufficient upper bound on the time duration of the observations required for attaining

the desired level of estimation accuracy. It is noteworthy that σ2
w is typically small in practice, as

it pertains to the effective observation noise and is significantly diminished by pixel averaging of
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the fluorescence traces following cell segmentation.

5.1.8.3 Remark 3: Effect of the number of trials

Finally, note that the bounds in Theorem 5.1 have terms that also drop as the number of

trials L grows. These terms pertain to the performance of the oracle estimator. As the number

of trials grows (L → ∞), the oracle estimates become arbitrarily close to the true parameters

Σx and dj . Thus, our theoretical performance bounds also provide a sufficient upper bound on

the number of trials L required for the oracle estimator to attain the desired level of estimation

accuracy.

5.2 Discussion

We developed a novel approach for the joint estimation of signal and noise correlations of

neuronal activities directly from two-photon calcium imaging observations and tested our method

with experimental data. Existing widely used methods either take the fluorescence traces as sur-

rogates of spiking activity or first recover the unobserved spikes using deconvolution techniques,

both followed by computing Pearson correlations or connectivity matrices. As such, they typ-

ically result in estimates that are highly biased and are heavily dependent on the choice of the

spike deconvolution technique. We addressed these issues by explicitly relating the signal and

noise covariances to the observed two-photon data via a multi-tier Bayesian model that accounts

for the observation process and non-linearities involved in spiking activity. We developed an effi-

cient estimation framework by integrating techniques from variational inference and state-space

estimation. We also established performance bounds on the bias and variance of the proposed es-
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timators, which revealed favorable scaling with respect to the observation noise and trial length.

We demonstrated the utility of our proposed estimation framework on both simulated and

experimentally-recorded data from the mouse auditory cortex. In our simulation studies, we eval-

uated the robustness of our proposed method with respect to several model mismatch conditions

induced by the stimulus integration model, calcium decay, SNR level, firing rate, and temporally

correlated observation noise. In all cases, we observed that our proposed estimates outperform

the existing methods in recovering the signal and noise correlations.

There are two main sources for the observed performance gap between our proposed method

and existing approaches. The first source is the favorable soft decisions on the timing of spikes

achieved by our method as a byproduct of the iterative variational inference procedure. Accurate

probabilistic decoding of spikes results in better estimates of the signal and noise correlations, and

conversely having more accurate estimates of the signal and noise covariances improves the prob-

abilistic characterization of spiking events. This is in contrast with both the Pearson correlations

computed from two-photon data and two-stage methods: in computing the Pearson correlations

from two-photon data, spike timing is heavily blurred by the calcium decay; in the two-stage

methods, erroneous hard decisions on the timing of spikes result in biases that propagate to and

contaminate the downstream signal and noise correlation estimation and thus result in significant

errors.

The second source of performance improvement is the explicit modeling of the non-linear

mapping from the stimulus and latent covariates to spiking through a canonical point process

model, which is in turn tied to a two-photon observation model in a multi-tier Bayesian fashion.

Our theoretical analysis in Theorem 5.1 corroborates that this virtue of our proposed methodology

results in robust performance under a limited number of trials. As we have shown in Appendix
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B.1, as the number of trials L and trial duration T tends to infinity, conventional notions of

signal and noise correlation indeed recover the ground truth signal and noise correlations, as the

biases induced by non-linearities average out across trial repetitions. However, as exemplified in

Appendix B.4.2, in order to achieve comparable performance to our method using few trials (e.g.,

L = 20), the conventional correlation estimates require considerably more trials (e.g., L = 1000).

Application to two-photon data recorded from the mouse primary auditory cortex showed

that, unlike the aforementioned existing methods, our estimates provide noise correlation struc-

tures that are expectedly invariant across spontaneous and stimulus-driven conditions within an

experiment, while producing signal correlation structures that are largely distinct from those

given by noise correlation. These results provide evidence for the involvement of distinct func-

tional neuronal network structures in encoding the stimulus-dependent and stimulus-independent

information.

Our analysis of the relationship between the signal and noise correlations in layers 2/3 and

4 in mouse A1 indicated a smaller correlation between signal and noise correlations than previ-

ously reported [14]. Thus, our proposed method suggests that the signal and noise correlations

reflect distinct circuit mechanisms of sound processing in layers 2/3 vs 4. The spatial distribution

of signal correlations obtained by our method was consistent with previous work showing sig-

nificant negative trends with distance [14]. However, in addition, our proposed method revealed

a significant negative trend of noise correlations with distance in layer 2/3, but not in layer 4, in

contrast to the outcome of Pearson correlation analysis. The lack of a negative trend in layer 4

could be attributed to the sparse nature of the noise correlation spread in layer 4, as revealed by

our analysis of two-dimensional spatial spreads. The latter analysis indeed revealed that the noise

correlations in layer 2/3 are more widespread than those in layer 4, consistent with existing work
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based on whole-cell patch recordings [137, 138].

The two-dimensional spatial spreads of signal and noise correlations obtained by our method

are more distinct than those obtained by Pearson correlations. The spatial spreads also allude to

the directionality of the functional connectivity patterns, with a notable rostrocaudal preference in

layer 4. This result seems surprising in light of existing evidence for quasi-rostrocaudal organiza-

tion of the tonotopic axis in mouse A1 [139]. However, given the heterogeneity of tuning in both

layers, 2/3 and 4 with a best frequency interquartile range of ∼1-1.5 octaves over the imaging

field [129] and using supra-threshold tones, we expect that the tones will drive not only neurons

with the corresponding best frequency but also neurons tuned to neighboring frequencies. More-

over, there is high connectivity between layer 4 cells within a few 100 µm across the tonotopic

axis [137, 140], potentially amplifying and broadening the effect of supra-threshold tones.

Our proposed method can scale up favorably to larger populations of neurons, thanks to the

underlying low-complexity variational updates in the inference procedure. Due to its minimal de-

pendence on training data, our estimation framework is also applicable to the single-session anal-

ysis of two-photon data with a limited number of trials and duration. Another useful byproduct

of the proposed framework is gaining access to approximate posterior densities in closed-form,

which allows further statistical analyses such as the construction of confidence intervals. Our pro-

posed methodology can thus be used as a robust and scalable alternative to existing approaches

for extracting neuronal correlations from two-photon calcium imaging data.

A potential limitation of our proposed generative model is the assumption that there is at

most one spiking event per time frame for each neuron, in light of the fact that typical two-

photon imaging frame durations are in the range of 30–100 ms. Average spike rates of excitatory

neurons in mouse A1 layers 2/3 and 4 are of the order of < 10 Hz [136, 141] and thus our model
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is reasonable for the current study, although it might not be optimal during bursting activity. It is

noteworthy that we relax this assumption in the inference framework by allowing the magnitude

of putative spikes to be greater than one, thus alleviating the model mismatch during episodes

of rapid increase in firing rate. This assumption can also be made more precise by adopting a

Poisson model, but that would render closed-form variational density updates intractable.

Furthermore, in the regime of extremely low spiking rate and high observation noise, the

proposed method may fail to capture the underlying correlations faithfully and its performance

degrades to those of existing methods based on Pearson correlations, as we have shown through

our simulation studies. Nevertheless, our method addresses key limitations of conventional signal

and noise correlation estimators that persist even in high spiking rates and high SNR conditions.

Our proposed estimation framework can be used as groundwork for incorporating other

notions of correlation such as the connected correlation function [142], and to account for non-

Gaussian and higher-order structures arising from spatiotemporal interactions [143, 144]. Other

possible extensions of this work include leveraging variational inference beyond the mean-field

regime [145], extension to time-varying correlations that underlie rapid task-dependent dynamics

[146], and extension to non-linear models such as those parameterized by neural networks [124].

In the spirit of easing reproducibility, a MATLAB implementation of our proposed method as

well as the data used in this chapter are made publicly available [78, 79].
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5.3 Methods and Materials

5.3.1 Proposed forward model

Suppose we observe fluorescence traces of N neurons, for a total duration of T discrete-

time frames, corresponding to L independent trials of repeated stimulus. Let yt,l := [y
(1)
t,l , y

(2)
t,l ,

· · · , y(N)
t,l ]>, zt,l := [z

(1)
t,l , z

(2)
t,l , · · · , z

(N)
t,l ]>, and nt,l := [n

(1)
t,l , n

(2)
t,l , · · · , n

(N)
t,l ]> be the vectors of

noisy observations, intracellular calcium concentrations, and ensemble spiking activities, respec-

tively, at trial l and frame t. We capture the dynamics of yt,l by the following state-space model:

yt,l = A zt,l + wt,l, zt,l = α zt−1,l + nt,l,

where A ∈ RN×N represents the scaling of the observations, wt,l is zero-mean i.i.d. Gaussian

noise with covariance Σw, and 0 ≤ α < 1 is the state transition parameter capturing the calcium

dynamics through a first order model. Note that this state-space is non-Gaussian due to the binary

nature of the spiking activity, i.e., n(j)
t,l ∈ {0, 1}. We model the spiking data as a point process or

Generalized Linear Model with Bernoulli statistics [28, 33, 84, 99]:

n
(j)
t,l ∼ Bernoulli

(
λ

(j)
t,l

)
, λ

(j)
t,l = φ

(
x

(j)
t,l ,dj

>st

)
where λ(j)

t,l is the conditional intensity function [28], which we model as a non-linear function of

the known external stimulus st and the other latent intrinsic and extrinsic trial-dependent covari-

ates, xt,l := [x
(1)
t,l , x

(2)
t,l , · · · , x

(N)
t,l ]>. While we assume the stimulus st ∈ RM to be common to all

neurons, we model the distinct effect of this stimulus on the jth neuron via an unknown kernel
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dj ∈ RM , akin to the receptive field.

The non-linear mapping of our choice is the logistic link, which is also the canonical link

for a Bernoulli process in the point process and Generalized Linear Model frameworks [28].

Thus, we assume:

φ
(
x

(j)
t,l ,dj

>st

)
=

exp
(
x

(j)
t,l + dj

>st

)
1 + exp

(
x

(j)
t,l + dj

>st

) .
Finally, we assume the latent trial dependent covariates to be a Gaussian process xt,l ∼ N (µx,Σx),

with mean µx := [µ
(1)
x , µ

(2)
x , · · · , µ(N)

x ]> and covariance Σx.

The probabilistic graphical model in Figure 5.8 summarizes the main components of the

aforementioned forward model. According to this forward model, the underlying noise covari-

Figure 5.8: Probabilistic graphical model of the proposed forward model. The fluorescence
observations at the tth time frame and lth trial: yt,l, are noisy surrogates of the intracellular
calcium concentrations: zt,l. The calcium concentration at time t is a function of the spiking
activity nt,l, and the calcium activity at the previous time point zt−1,l. The spiking activity is
driven by two independent mechanisms: latent trial-dependent covariates xt,l, and contributions
from the known external stimulus st, which we model by D>st (in which the receptive field D
is unknown). Then, we model xt,l as a Gaussian process with constant mean µx, and unknown
covariance Σx. Finally, we assume the covariance Σx to have an inverse Wishart prior distribution
with hyper-parameters ψx and ρx. Based on this forward model, the inverse problem amounts to
recovering the signal and noise correlations by directly estimating Σx and D (top layer) from the
fluorescence observations {yt,l}T,Lt=1,l=1 (bottom layer).
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ance matrix that captures trial-to-trial variability can be identified as Σx. The signal covariance

matrix, representing the covariance of the neural activity arising from the repeated application of

the stimulus st, is given by Σs := D> cov(st, st) D, where D := [d1,d2, · · · ,dN ] ∈ RM×N .

The signal and noise correlation matrices, denoted by S and N, can then be obtained by standard

normalization of Σs and Σx:

(S)i,j :=
(Σs)i,j√

(Σs)i,i.(Σs)j,j
, (N)i,j :=

(Σx)i,j√
(Σx)i,i.(Σx)j,j

, ∀i, j = 1, 2, · · · , N.

The main problem is thus to estimate {Σx,D} from the noisy and temporally blurred data

{yt,l}T,Lt=1,l=1.

5.3.2 Overview of the proposed estimation method

First, given a limited number of trials L from an ensemble with typically low spiking

rates, we need to incorporate suitable prior assumptions to avoid overfitting. Thus, we impose

a prior ppr(Σx) on the noise covariance, to compensate sparsity of data. A natural estimation

method to estimate {Σx,D} in a Bayesian framework is to maximize the observed data likeli-

hood p({yt,l}T,Lt,l=1|Σx,D), i.e., maximum likelihood (ML). Thus, we consider the joint likelihood
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of the observed data and latent processes to perform Maximum a Posteriori (MAP) estimation:

p(y, z,x,Σx|D)

= ppr(Σx)
∏T,L

t,l=1
1√

(2π)N |Σw|
exp

(
−1

2
(yt,l −Azt,l)

>Σ−1
w (yt,l −Azt,l)

)
×
∏T,L,N

t,l,j=1

(
exp

(
x
(j)
t,l +dj

>st
))z(j)

t,l
−αz(j)

t−1,l

1+exp
(
x
(j)
t,l +dj

>st
) ∏T,L

t,l=1
1√

(2π)N |Σx|
exp

(
−1

2
(xt,l − µx)>Σ−1

x (xt,l − µx)
)

(5.4)

Inspecting this MAP problem soon reveals that estimating Σx and D is a challenging task:

1) standard approaches such as Expectation-Maximization (EM) [46] are intractable due to the

complexity of the model, arising from the hierarchy of latent processes and the non-linearities

involved in their mappings, and 2) the temporal coupling of the likelihood in the calcium concen-

trations makes any potential direct solver scale poorly with T .

Thus, we propose an alternative solution based on Variational Inference (VI) [71, 72, 147].

VI is a method widely used in Bayesian statistics to approximate unwieldy posterior densities

using optimization techniques, as a low-complexity alternative strategy to Markov Chain Monte

Carlo sampling [148] or empirical Bayes techniques such as EM. To this end, we treat {xt,l}T,Lt,l=1

and Σx as latent variables and {zt,l}T,Lt,l=1 and D as unknown parameters to be estimated. We intro-

duce a framework to update the latent variables and parameters sequentially, with straightforward

update rules. We will describe the main ingredients of the proposed framework in the following

subsections. Hereafter, we use the shorthand notations y := {yt,l}T,Lt,l=1, z := {zt,l}T,Lt,l=1, and

x := {xt,l}T,Lt,l=1.
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5.3.3 Preliminary assumptions

For the sake of simplicity, we assume that the constants α, A, Σw and µx are either known

or can be consistently estimated from pilot trials. For example, we assume A to be diagonal and

estimate the diagonal elements based on the magnitudes of spiking events. Further, we estimate

µx from the average firing rate and Σw using the background fluorescence in the absence of

spiking events. Next, we take ppr(Σx) to be an Inverse Wishart density:

Σx ∼ InvWishN(ψx, ρx),

which turns out to be the conjugate prior in our model. Thus, ψx and ρx will be the hyper-

parameters of our model. Procedures for hyper-parameter tuning and choosing the key model

parameters are given in Section 5.3.9 and Section 5.3.7, respectively.

5.3.4 Decoupling via Pólya-Gamma augmentation

Direct application of VI to problems containing both discrete and continuous random vari-

ables results in intractable densities. Specifically, finding a variational distribution for xt,l in our

model with a standard distribution is not straightforward, due to the complicated posterior arising

from co-dependent Bernoulli and Gaussian random variables. In order to overcome this diffi-

culty, we employ Pólya-Gamma (PG) latent variables [73, 149, 150]. We observe from the joint

likelihood that the posterior density, p(x|z,D,Σx) is conditionally independent in t, l with:

p(xt,l|z,D,Σx) ∝ p(xt,l|Σx)
N∏
j=1

(
exp

(
x

(j)
t,l + dj

>st

))z(j)t,l −αz(j)t−1,l

1 + exp
(
x

(j)
t,l + dj

>st

) .
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Thus, upon careful inspection we see that this density has the desired form for the PG augmenta-

tion scheme [73]. Accordingly, we introduce a set of auxiliary PG-distributed i.i.d. latent random

variables ωt,l := [ω
(1)
t,l , ω

(2)
t,l , · · · , ω

(N)
t,l ]>, ω(j)

t,l ∼ PG(1, 0) for 1 ≤ j ≤ N , 1 ≤ t ≤ T and

1 ≤ l ≤ L, to derive the complete data log-likelihood:

log p(y, z,x,ω,Σx|D)

= −TL
2

log|Σx|+ log ppr (Σx) +

T,L∑
t,l=1

{
− 1

2
(yt,l −Azt,l)

>Σ−1
w (yt,l −Azt,l)

−1

2
(xt,l − µx)>Σ−1

x (xt,l − µx) +
N∑
j=1

{(
z

(j)
t,l − αz

(j)
t−1,l −

1

2

)(
x

(j)
t,l + dj

>st

)
−1

2
ω

(j)
t,l

(
x

(j)
t,l + dj

>st

)2

+ log p
PG(1,0)

(
ω

(j)
t,l

)}}
+ C, (5.5)

where ω := {ωt,l}T,Lt,l=1 and C accounts for terms not depending on y, z,x,ω, Σx and D. The

complete data log-likelihood is notably quadratic in zt,l, which as we show later admits efficient

estimation procedures with favorable scaling in T .

5.3.5 Deriving the optimal variational densities

In this section, we will outline the procedure of applying VI to the latent variables x =

{xt,l}T,Lt,l=1 ,ω = {ωt,l}T,Lt,l=1 and Σx, assuming that the parameter estimates ẑ and D̂ of the pre-

vious iteration are available. The methods that we propose to update the parameters ẑ and D̂

subsequently, will be discussed in the next section.

The objective of variational inference is to posit a family of approximate densities Q over

the latent variables, and to find the member of that family that minimizes the Kullback-Leibler
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(KL) divergence to the exact posterior:

q∗(x,ω,Σx|ẑ, D̂) =argmin
q∈Q

KL
(
q(x,ω,Σx|ẑ, D̂)

∥∥∥ p(x,ω,Σx|y, ẑ, D̂)
)
.

However, evaluating the KL divergence is intractable, and it has been shown [72] that an equiva-

lent result to this minimization can be obtained by maximizing the alternative objective function,

called the evidence lower bound (ELBO):

ELBO (q) = E[log p(x,ω,Σx,y|ẑ, D̂)]− E[log q(x,ω,Σx|ẑ, D̂)].

Further, we assume Q to be a mean-field variational family [72], resulting in the overall

variational density of the form:

q (x,ω,Σx) = q (Σx)

T,L∏
t,l=1

(
q (xt,l)

N∏
j=1

q
(
ω

(j)
t,l

))
. (5.6)

Under the mean field assumptions, the maximization of the ELBO can be derived using the

optimization algorithm ‘Coordinate Ascent Variational Inference’ (CAVI) [72,151]. Accordingly,

we see that the optimal variational densities in Eq. (5.6) take the forms:

log q∗ (xt,l) ∝ Eq∗(Σx)q∗(ωt,l)

[
log p

(
xt,l|ωt,l,Σx,y, ẑ, D̂

)]
log q∗

(
ω

(j)
t,l

)
∝ Eq∗(xt,l)

[
log p

(
ω

(j)
t,l |xt,l,Σx,y, ẑ, D̂

)]
log q∗ (Σx) ∝ Eq∗(x)

[
log p

(
Σx|x,y, ẑ, D̂

)]
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Upon evaluation of these expectations, we derive the optimal variational distributions as:

q∗(xt,l) ∼ N (mxt,l ,Qxt,l), q∗(ω
(j)
t,l ) ∼ PG (1, c

(j)
t,l ), q∗(Σx) ∼ InvWishN(Px, γx).

whose parameters mxt,l := [m
(1)
xt,l ,m

(2)
xt,l , · · · ,m

(N)
xt,l ]

>, Qxt,l , c
(j)
t,l , Px, and γx can be updated given

parameter estimates D̂ and ẑ:

Qxt,l = (Ω̃t,l + γxP
−1
x )−1,

mxt,l = Qxt,l

(
ẑt,l − αẑt−1,l −

1

2
1− Ω̃t,l D̂

>st + γxP
−1
x µx

)
,

Px = ψx +
T,L∑
t,l=1

{
Qxt,l + mxt,lm

>
xt,l
− µxm>xt,l −mxt,lµ

>
x + µxµ

>
x

}
,

c
(j)
t,l =

√(
Qxt,l

)
j,j

+
(
m

(j)
xt,l + d̂>j st

)2

,

and γx := ρx + TL, with Ω̃t,l ∈ RN×N denoting a diagonal matrix with entries (Ω̃t,l)j,j :=

1

2c
(j)
t,l

tanh
(
c
(j)
t,l

2

)
and 1 ∈ RN denoting the vector of all ones.

5.3.6 Low-complexity parameter updates

Note that even though z is composed of the latent processes zt,l, we do not use VI for its

inference, and instead consider it as an unknown parameter. This choice is due to the temporal

dependencies arising from the underlying state-space model in Eq. (5.4), which hinders a proper

assignment of variational densities under the mean-field assumption. We thus seek to estimate

both z and D using the updated variational density q∗(x,ω,Σx).

First, note that the log-likelihood in Eq. (5.5) is decoupled in l, which admits independent

updates to {zt,l}Tt=1, for l = 1, · · · , L. As such, given an estimate D̂, we propose to estimate
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{zt,l}Tt=1 as:

{ẑt,l}Tt=1 = argmax
{zt,l}Tt=1

Eq∗(x,ω,Σx)

[
log p

(
y, z,x,ω,Σx|D̂

)]
= argmin

{zt,l}Tt=1

T∑
t=1

{
1

2
(yt,l −Azt,l)

>Σ−1
w (yt,l −Azt,l)

−
N∑
j=1

(
m(j)

xt,l
+ d̂>j st

)(
z

(j)
t,l − αz

(j)
t−1,l

)}
, (5.7)

under the constraints 0 ≤ z
(j)
t,l − αz

(j)
t−1,l ≤ 1, for t = 1, · · · , T and j = 1, · · · , N . These

constraints are a direct consequence of n(j)
t,l = z

(j)
t,l − αz

(j)
t−1,l being a Bernoulli random variable

with E
[
n

(j)
t,l

]
∈ [0, 1]. While this problem is a quadratic program and can be solved using

standard techniques, it is not readily decoupled in t, and thus standard solvers would not scale

favorably in T .

Instead, we consider an alternative solution that admits a low-complexity recursive solution

by relaxing the constraints. To this end, we relax the constraint zt,l − αzt−1,l � 1 and replace

the constraint zt,l − αzt−1,l � 0 by penalty terms proportional to |z(j)
t,l − αz

(j)
t−1,l|. The resulting

relaxed problem is thus given by:

min
{zt,l}Tt=1

T∑
t=1

{
1

2
(yt,l −Azt,l)

>Σ−1
w (yt,l −Azt,l) +

N∑
j=1

ν
(j)
t,l

∣∣∣z(j)
t,l − αz

(j)
t−1,l

∣∣∣} , (5.8)

where ν(j)
t,l := β |m(j)

xt,l+d̂>j st|with β ≥ 1 being a hyper-parameter. Given that the typical spiking

rates are quite low in practice, m(j)
xt,l + d̂>j st is expected to be a negative number. Thus, we have

assumed that −m(j)
xt,l − d̂>j st = |m(j)

xt,l + d̂>j st|.

The problem of Eq. (5.8) pertains to compressible state-space estimation, for which fast

recursive solvers are available [20]. The solver utilizes the Iteratively Re-weighted Least Squares
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(IRLS) [75] framework to transform the absolute value in the second term of the cost function into

a quadratic form in zt,l, followed by Fixed Interval Smoothing (FIS) [74] to find the minimizer.

At iteration k, given a current estimate z[k−1], the problem reduces to a Gaussian state-space

estimation of the form:

yt,l = Azt,l + wt,l, zt,l = αzt−1,l + vt,l, (5.9)

with wt,l ∼ N (0,Σw) and vt,l ∼ N (0,Σ
[k]
vt,l), where Σ

[k]
vt,l ∈ RN×N is a diagonal matrix with

(Σ
[k]
vt,l)j,j :=

√(
ẑ
(j)[k−1]
t,l −αẑ(j)[k−1]

t−1,l

)2
+ε2

/
ν

(j)
t,l , for some small constant ε > 0. This problem can be

efficiently solved using FIS, and the iterations proceed for a total of K times or until a standard

convergence criterion is met [20]. It is noteworthy that our proposed estimator of the calcium

concentration zt,l can be thought of as soft spike deconvolution, which naturally arises from

our variational framework, as opposed to the hard spike deconvolution step used in two-stage

estimators.

Finally, given q∗(x,ω,Σx) and the updated ẑ, the estimate of the kernels dj for j =

1, 2, · · · , N can be updated in closed-form by maximizing the expected complete log-likelihood

Eq∗(x,ω,Σx) [log p(y, ẑ,x,ω,Σx|D)]:

d̂j =

(
T,L∑
t,l=1

(
(Ω̃t,l)j,jstst

>
))−1(

T,L∑
t,l=1

{(
ẑ

(j)
t,l − αẑ

(j)
t−1,l −

1

2

)
st − (Ω̃t,l)j,jm

(j)
xt,l

st

})
.

The VI procedure iterates between updating the variational densities and parameters until con-
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vergence, upon which we estimate the noise and signal covariances as:

Σ̂x := mode{q∗(Σx)} =
Px

γx +N + 1
, Σ̂s := D̂> E[stst

>] D̂.

The overall combined iterative procedure is outlined in Algorithm 5.1. Furthermore, a

MATLAB implementation of this algorithm is publicly available in [78]. It is worth noting that

a special case of our proposed variational inference procedure can be used to estimate signal and

noise correlations from electrophysiology recordings. Given that spiking activity, i.e. {nt,l}T,Lt,l=1,

is directly observed in this case, the solution to the optimization problem in Eq. (5.8) is no

longer required. Thus, the parameters Σx and D can be estimated using a simplified variational

procedure, which is outlined in Appendix B.3.

5.3.7 Guidelines for model parameter settings

There are several key model parameters that need to be set by the user prior to the appli-

cation of our proposed method. Here, we provide our rationale and criteria for choosing these

parameters, which could also serve as guidelines in facilitating the applicability and adoption of

our method by future users. We will also provide the specific choices of these parameters used in

our simulation studies and real data analyses.

Number of neurons selected for the analysis (N )

While our proposed method scales up well with the population size due to the low com-

plexity update rules involved, including neurons with negligible spiking activity in the analysis

would only increase the complexity and potentially contaminate the correlation estimates. Thus,
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Algorithm 5.1 Estimation of Σx and D through the proposed iterative procedure
Inputs: Ensemble fluorescence measurements {yt,l}T,Lt,l=1, constants α,A,Σw and µx, hyper-parameters
ψx, ρx, β and ε, tolerance at convergence δ and external stimulus st
Outputs: Σ̂x and D̂
Initialization: Initial choice of Σvt,l , Ω̃t, Σ̂x and D̂, residual = 10 δ, γx = ρx + LT

1: while residual ≥ δ do
2: Estimate calcium concentrations using Fixed Interval Smoothing

Forward filter, for t = 1, · · · , T :
z(t|t−1), l = α z(t−1|t−1), l

P(t|t−1), l = α2 P(t−1|t−1), l + Σvt,l

Bt, l = P(t|t−1), lA
>(A P(t|t−1), l A> + Σw)

−1

z(t|t), l = z(t|t−1), l + Bt, l(yt,l −A z(t|t−1), l)

P(t|t), l = (I−Bt,l A)P(t|t−1), l

Backward smoother, for t = T − 1, · · · , 1:
ẑt,l = z(t|t),l + αP(t|t),lP

−1
(t+1|t),l(ẑt+1,l − z(t+1|t),l)

3: Update variational parameters, for t = 1, · · · , T and l = 1, · · · , L:

Qxt,l = (Ω̃t,l + γxP
−1
x )−1

mxt,l = Qxt,l

(
ẑt,l − αẑt−1,l −

1

2
1− Ω̃t,l D̂

>st + γxP
−1
x µx

)
ν

(j)
t,l := β |m(j)

xt,l + d̂>j st| (for j = 1, · · · , N)

c
(j)
t,l =

√(
Qxt,l

)
j,j

+
(
m

(j)
xt,l + d̂>j st

)2
(for j = 1, · · · , N)

(Ω̃t,l)j,j :=
1

2c
(j)
t,l

tanh
(
c
(j)
t,l

2

)
(for j = 1, · · · , N)

Px := ψx +
T,L∑
t,l=1

{Qxt,l + mxt,lm
>
xt,l
− µxm>xt,l −mxt,lµ

>
x + µxµ

>
x }

4: Update IRLS covariance approximation, for l = 1, · · · , L, t = 1, · · · , T and j = 1, · · · , N :

(Σvt,l)j,j :=
√(

ẑ
(j)
t,l −αẑ

(j)
t−1,l

)2
+ε2
/
ν

(j)
t,l

5: Update outputs and the convergence criterion:

d̂j =

(
T,L∑
t,l=1

(
(Ω̃t,l)j,jstst

>
))−1(

T,L∑
t,l=1

{(
ẑ

(j)
t,l − αẑ

(j)
t−1,l −

1

2

)
st − (Ω̃t,l)j,jm

(j)
xt,lst

})
(D̂)prev = D̂, D̂ =

[
d̂1, d̂2, · · · , d̂N

]
(Σ̂x)prev = Σ̂x, Σ̂x =

Px

γx +N + 1

residual = ‖(Σ̂x)prev − Σ̂x‖2/‖(Σ̂x)prev‖2+‖(D̂)prev − D̂‖2/‖(D̂)prev‖2

6: end while
7: Return Σ̂x and D̂
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we performed an initial pre-processing step to extract N neurons that exhibited at least one spik-

ing event in at least half of the trials considered.

Stimulus integration window length (R)

The number of lags R considered in stimulus integration is a key parameter that can be

set through data-driven approaches or using prior domain knowledge. Examples of common

data-driven criteria include cross-validation, Akaike Information Criterion (AIC), and Bayesian

Information Criterion (BIC), which balance the estimation accuracy and model complexity [152,

153].

To quantify the effect of R on model complexity, we first describe the stimulus encoding

model in our framework. Suppose that the onset of the pth tone in the stimulus set (p = 1, · · · , P ,

where P is the number of distinct tones) is given by a binary sequence f (p)
t ∈ {0, 1}. The

choice of R implies that the response at time t post-stimulus depends only on the R most recent

time lags. As such, the effective stimulus at time t corresponding to tone p is given by s
(p)
t :=

[f
(p)
t , f

(p)
t−1, · · · , f

(p)
t−R+1]> ∈ RR. By including all the P tones, the overall effective stimulus at

the tth time frame is given by st := [s
(1)>
t , · · · , s(P )>

t ]> ∈ RRP . The stimulus modulation vector

dj would thus be RP -dimensional. As a result, the number of parameters (M = RP ) to be

estimated linearly increases with R. By using additional domain knowledge, we chose R to be

large enough to capture the stimulus effects, and at the same time to be small enough to control

the complexity of the algorithm.

As an example, given that the typical tone response duration of mouse primary auditory

neurons is < 1 s [134–136], with a sampling frequency of fs = 30 Hz, a choice of R ∼ 30
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would suffice to capture the stimulus effects. By further examining the effect of varying R on the

proposed correlation estimates in Appendix B.5.1, we chose R = 25 for our real data analyses.

Observation noise covariance (Σw) and scaling matrix (A)

We assumed that the observation noise covariance Σw is diagonal, and estimated the di-

agonal elements using the background fluorescence in the absence of spiking events, for each

neuron. We set A = aI, where I ∈ RN×N represents the identity matrix, and estimated a by

considering the average increase in fluorescence after the occurrence of isolated spiking events.

Specifically, we derived the average fluorescence activity of multiple trials triggered to the flu-

orescence rise onset, and set a as the increment in the magnitude of this average fluorescence

immediately following the rise onset.

State transition parameter (α)

We chose α in the range [0.95, 0.98], which match the slow dynamics of the calcium indi-

cator in our data. We tested the robustness of our estimates under different choices of α in this

range through the method outlined in Section 5.3.9 and accordingly chose the optimal value of

α.

Mean of the latent trial-dependent process (µx)

We estimated µx as a constant that is proportional to the average firing rate. To this end,

we parametrized each component of µx as µ(j)
x = −aµ+ bµ

1
LT

∑T,L
t,l=1 y

(j)
t,l , for j = 1, · · · , N . The

constants aµ and bµ were chosen such that −2 ≤ µ
(j)
x ≤ −10, which gives the range of baseline
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parameters compatible with observed firing rates in our experimental data.

5.3.7.1 Parameter choices for simulation study 1

In the first simulation study, we set α = 0.98, β = 8, A = 0.1I, µx = −4.51 and Σw =

2×10−4I (I ∈ R8×8 represents the identity matrix and 1 ∈ R8 represents the vector of all ones), so

that the SNR of simulated data was in the same range as that of experimentally-recorded data. We

used a 6th order autoregressive process with a mean of −1 as the stimulus (st), and considered

R = 2 (M = 2) lags of the stimulus (i.e., st = [st, st−1]>) in both the generative model and

inference procedure. The components of the linear and quadratic stimulus modulation vectors,

i.e. dj , d̃j,1 and d̃j,2, were chosen at random uniformly in the range [−0.5, 0.5]. The variance of

st was set in each case such that the average power of the overall signal component (d>j st for the

linear model, and d>j st + (d̃>j,1st)
2 + (d̃>j,2st)

2 for the non-linear model) was comparable to the

average power of the noise component
(
x

(j)
t,l

)
.

5.3.7.2 Parameter choices for simulation study 2

In the second simulation study, we set α = 0.98, A = 0.1I, µx = −4.51 and Σw = 10−4I

(I ∈ R30×30 represents the identity matrix and 1 ∈ R30 represents the vector of all ones) when

generating the fluorescence traces {yt,l}T,Lt,l=1, so that the SNR of the simulated data was in the

same range as of real calcium imaging observations. Furthermore, we simulated the spike trains

based on a Poisson process [33] using the discrete time re-scaling procedure [33,132]. Following

the assumptions in [132], we used an exponential link to simulate the observations:

n
(j)
t,l ∼ Poisson

(
λ

(j)
t,l

)
, λ

(j)
t,l = exp

(
x

(j)
t,l

)
.
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as opposed to the Bernoulli-logistic assumption in our recognition model. Then, we estimated

the noise covariance Σ̂x using the Algorithm 5.1, with a slight modification. Since there are no

external stimuli, we set st = 0 and D = 0. Accordingly, in Algorithm 5.1, we initialized D̂ = 0

and did not perform the update on D̂ in the subsequent iterations.

5.3.7.3 Parameter choices for real data study 1

The dataset consisted of recordings from 371 excitatory neurons, from which we selected

N = 16 responsive neurons for the analysis. Each trial consisted of T = 3600 time frames

(the sampling frequency was 30 Hz, and each trial had a duration of 120 seconds), with the

presentation of a random sequence of four tones (P = 4). The spiking events were very sparse

and infrequent, and hence this dataset fits our model with at most one spiking event in a time

frame.

We considered R = 25 (M = 100) time lags in this analysis and further examined the

effect of varying R in Appendix B.5.1. We set α = 0.95 and A = I (I ∈ R16×16 represents the

identity matrix).

5.3.7.4 Parameter choices for real data study 2

Each trial consisted of T = 765 frames (25.5 seconds) at a sampling frequency of 30 Hz.

The A1 neurons studied here had low response rates (in both time and space), with only ∼ 10

neurons exhibiting spiking activity in at least half of the trials. Thus, we selectedN = 10 neurons

and L = 10 trials for the analysis, and chose R = 25 lags of the stimulus (M = 25) in the model

for the stimulus-driven condition. We set α = 0.95 and A = 0.75I (I ∈ R10×10 represents the

125



identity matrix).

5.3.7.5 Parameter choices for real data study 3

Each experiment consisted of L = 5 trials of P = 9 different tone frequencies repeated

at 4 different amplitude levels, resulting in each concatenated trial being ∼ 180 second long

(see [129] for more details). We set the number of stimulus time lags considered to be R = 25

(M = 225). For each layer, we analyzed fluorescence observations from six experiments. In

each experiment, we selected the most responsive N ∼ 20 neurons for the subsequent analysis.

We set α = 0.95 and A = I.

5.3.8 Performance evaluation

5.3.8.1 Simulation studies

Since the ground truth is known in simulations, we directly compared the performance of

each signal and noise correlation estimate with the ground truth signal and noise correlations,

respectively. Suppose the ground truth correlations are given by the matrix X and the estimated

correlations are given by the matrix X̂. To quantify the similarity between X and X̂, we defined

the following two metrics:

Normalized Mean Squared Error (NMSE): The NMSE computes the mean squared error

of X̂ with respect to X using the Frobenius Norm:

NMSE :=
‖X− X̂‖2

F

‖X‖2
F

.
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Ratio between out-of-network power and in-network power (leakage): First, we identi-

fied the in-network and out-of-network components from the ground truth correlation matrix X.

Suppose that if the true correlation between the ith neuron and the jth neuron is non-zero, then∣∣∣(X)i,j

∣∣∣ > δx, for some δx > 0. Thus, we formed a matrix Xin that masks the in-network com-

ponents, by setting
(
Xin
)
i,j

= 1 if
∣∣∣(X)i,j

∣∣∣ > δx and
(
Xin
)
i,j

= 0 if
∣∣∣(X)i,j

∣∣∣ ≤ δx. Likewise, we

also formed a matrix Xout that masks the out-of-network components, by setting (Xout)i,j = 1 if∣∣∣(X)i,j

∣∣∣ ≤ δx and (Xout)i,j = 0 if
∣∣∣(X)i,j

∣∣∣ > δx. Then, using these two matrices we quantified

the leakage effect of X̂ comparative to X by:

leakage :=
‖X̂ ·Xout‖2

F

‖X̂ ·Xin‖2
F

,

where (·) denotes element-wise multiplication.

5.3.8.2 Real data studies

To quantify the similarity and dissimilarity between signal and noise correlation estimates,

we used a statistic based on the Tanimoto similarity metric [133], denoted by Ts(X,Y) for two

matrices X and Y. For two vectors a and b with non-negative entries, the Tanimoto coefficient

[133] is defined as:

T (a,b) :=
a>b

a>a + b>b− a>b
.

The Tanimoto similarly metric between two matrices can be defined similarly, by vectorizing

the matrices. Thus, we formulated a similarity metric between two correlation matrices X and

Y as follows. Let X+ := max{X, 0I} and X− := max{−X, 0I}, with the max{·, ·} operator

interpreted element-wise. Note that X = X+ − X−, and X+,X− have non-negative entries.
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We then defined the similarity matrix by combining those of the positive and negative parts as

follows:

Ts(X,Y) := ε T (X+,Y+) + (1− ε)T (X−,Y−)

where ε ∈ [0, 1] denotes the percentage of positive entries in X and Y. As a measure of

dissimilarity, we used Td(X,Y) := 1 − Ts(X,Y). The values of Td(Ŝ, N̂) in Table 5.1 and

Ts(N̂spon, N̂stim) and Td(Ŝstim, N̂stim) reported in Table 5.3 were obtained based on the foregoing

definitions.

To further assess the statistical significance of these results, we performed the following

randomized tests. To test the significance of Ts(N̂spon, N̂stim), for each comparison and each

algorithm, we fixed the first matrix (i.e. N̂spon) and randomly shuffled the entries of the second

one (N̂stim in both cases) while respecting symmetry. We repeated this procedure for 10000

trials, to derive the null distributions that represented the probabilities of chance occurrence of

similarities between two random groups of neurons.

To test the significance of Td(Ŝ, N̂) and Td(Ŝstim, N̂stim), for each comparison and each

algorithm, again we fixed the first matrix (i.e. signal correlations). Then, we formed the elements

of the second matrix (akin to noise correlations) as follows. For each element of the second

matrix, we assigned either the same element as the signal correlations (to model the leakage

effect) or a random noise (with the same variance as the elements in the noise correlation matrix)

with equal probability. As before, we repeated this procedure for 10000 trials, to derive the null

distributions that represent the probabilities of chance occurrence of dissimilarities between two

matrices that have some leakage between them.
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5.3.9 Hyper-parameter tuning

The hyper-parameters that directly affect the proposed estimation are the inverse Wishart

prior hyper-parameters: ψx and ρx. Given that ρx appears in the form of γx := TL + ρx,

we will consider ψx and γx as the main hyper-parameters for simplicity. Here, we propose a

criterion for choosing these two hyper-parameters in a data-driven fashion, which will then be

used to construct the estimates of the noise covariance matrix Σ̂x and weight matrix D̂. Due to

the hierarchy of hidden layers in our model, an empirical Bayes approach for hyper-parameter

selection using a likelihood-based performance metric is not straightforward. Hence, we propose

an alternative empirical method for hyper-parameter selection as follows.

For a given choice of ψx and γx, we estimate Σ̂x and D̂ following the proposed method.

Then, based on the generative model in Section 5.3.1, and using the estimated values of Σ̂x and

D̂, we sample an ensemble of simulated fluorescence traces ŷ = {ŷ(l)
t }

T,L
t,l=1, and compute the

metric d (ψx, γx):

d (ψx, γx) := Dfrob (cov(ŷ, ŷ), cov(y,y)) ,

where cov(·) denotes the empirical covariance and Dfrob(X,Y) := ‖X − Y‖2
F . Note that

Dfrob(X,Y) is strictly convex in X. Thus, minimizing Dfrob (X,Y) over X for a given Y has a

unique solution. Accordingly, we observe that d (ψx, γx) is minimized when cov(ŷ, ŷ) is nearest

to cov(y,y). Therefore, the corresponding estimates Σ̂x and D̂ that generated ŷ, best match the

second-order statistics of y that was generated by the true parameters Σx and D.

The typically low spiking rate of sensory neurons observed in practice may render the

estimation problem ill-posed. It is thus important to have an accurate choice of the scale matrix
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ψx in the prior distribution. However, an exhaustive search for optimal tuning of ψx is not

computationally feasible, given that it has N(N + 1)/2 free variables. Thus, the main challenge

here is finding the optimal choice of the scale matrix ψx,opt.

To address this challenge, we propose the following method. First, we fix ψx,init = τI,

where τ is a scalar and I ∈ RN×N is the identity matrix. Next, given ψx,init we find the optimal

choice of γx as:

γx,init = argmin
γx∈Sγ

d(ψx,init, γx) ,

where Sγ is a finite set of candidate solutions for γx > N − 1. Let Σ̂x,init denote the noise

covariance estimate corresponding to hyper-parameters (ψx,init, γx,init). We will next use Σ̂x,init

to find a suitable choice of ψx. To this end, we first fix γx,opt := TL + ρ̃x, for some N − 1 <

ρ̃x � TL. Note that by choosing ρ̃x to be much smaller than TL, the final estimates become less

sensitive to the choice of γx. Then, we construct a candidate set Sψ for ψx,opt by scaling Σ̂x,init

with a finite set of scalars η ∈ R+: Sψ =
{
ηΣ̂x,init, η ∈ R+

}
. To select ψx,opt, we match it with

the choice of γx,opt by solving:

ψx,opt = argmin
ψx∈Sψ

d (ψx, γx,opt) .

Finally, we use these hyper-parameters (ψx,opt, γx,opt) to obtain the estimators Σ̂x and D̂ as the

output of the algorithm.
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5.3.10 Experimental procedures

All procedures were approved by the University of Maryland Institutional Animal Care

and Use Committee (data from the Kanold Lab, Department of Biology, University of Maryland,

College Park, MD). Imaging experiments were performed on a P60 (for real data study 1) and

P83 (for real data study 2) female F1 offspring of the CBA/CaJ strain (The Jackson Laboratory;

stock #000654) crossed with transgenic C57BL/6J-Tg (Thy1-GCaMP6s)GP4.3Dkim/J mice (The

Jackson Laboratory; stock #024275) (CBAxThy1), and F1 (CBAxC57). The third real data study

was performed on data from P66-P93 and P166-P178 mice (see [129] for more details). We used

the F1 generation of the crossed mice because they have good hearing into adulthood [154].

We performed cranial window implantation and 2-photon imaging as previously described

in [12, 155, 156]. Briefly, we implanted a cranial window of 3 mm in diameter over the left au-

ditory cortex. We used a scanning microscope (Bergamo II series, B248, Thorlabs) coupled to

Insight X3 laser (Spectra-physics) (study 1) or pulsed femtosecond Ti:Sapphire 2-photon laser

with dispersion compensation (Vision S, Coherent) (studies 2 and 3) to image GCaMP6s flu-

orescence from individual neurons in awake head-fixed mice with an excitation wavelength of

λ = 920 nm and λ = 940 nm, respectively. The microscope was controlled by ThorImageLS

software. The size of the field of view was 370 × 370 µm. Imaging frames of 512 × 512 pix-

els (pixel size 0.72 µm) were acquired at 30 Hz by bidirectional scanning of an 8 kHz resonant

scanner. The imaging depth was around 200 µm below pia.
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5.3.10.1 Data pre-processing

A circular ROI was manually drawn over each cell body to extract raw fluorescence traces

from individual cells. Neuropil contamination subtraction and baseline correction were per-

formed on the raw fluorescence traces of each cell [12,129,155] according to Fcell−αnFneuropil−baseline

baseline
,

where αn was set to 0.7 in real data study 1 [12], 0.8 in real data study 2 [155] and 0.9 in real

data study 3 [129]. The two-photon observations {yt,l}T,Lt,l=1 used in our analyses are the output of

this pre-processing step.

5.3.10.2 Stimuli for real data study 1

During imaging experiments, we presented 4 tones (4, 8, 16 and 32 kHz) at 70 dB SPL.

The tones were 2 s in duration with an inter-trial silence of 4 s. For the sequence of tones, we first

generated a randomized sequence that consisted of 5 repeats for each tone (20 tones in total), and

then the same sequence was repeated for 10 trials.

5.3.10.3 Stimuli for real data study 2

During imaging experiments, we presented a 75 dB SPL 100 ms broadband noise (4–48

kHz) as the auditory stimulus. Each trial was 5.1 s long (1 s pre-stimulus silence + 0.1 s stimulus

+ 3 s post-stimulus silence), and the inter-trial duration was 3 s. Spontaneous neuronal activity

was collected from activity during randomly interleaved no-stimuli trials of the same duration,

and these trials had complete silence throughout the trial duration (5.1 s long).

Then, we extracted 50 such trials from each type, and formed 10 (L = 10) trials each of

25.5 s duration (T = 765 frames) for the subsequent analysis, by concatenating five 5.1 s trials.
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This final step was performed to increase the effective trial duration.

5.3.10.4 Stimuli for real data study 3

During imaging experiments, sounds were played at four sound levels (20, 40, 60, and

80 dB SPL). Auditory stimuli consisted of sinusoidal amplitude-modulated (SAM) tones (20 Hz

modulation, cosine phase), ranging from 3–48 kHz. The frequency resolution was 2 tones/octave

(0.5-octave spacing) and each of these tonal stimuli was 1 s long, repeated five times with a 4—6 s

inter-stimulus interval (see [129] for details).
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Chapter 6: Applications of Signal and Noise Correlation analysis

In Chapter 5, we introduced a new method to directly extract signal and noise correlations

from two-photon calcium imaging data. Moreover, we also explained how our method can easily

be adapted to extract the same correlations from electrophysiology data. In this chapter, we

use those methods to understand how the network-level changes in the auditory cortex occur

in diverse settings. Specifically, in Section 6.1, we present a comparison between correlation

networks inferred by applying our methods on two-photon calcium imaging data recorded from

the mouse primary auditory cortex, under two different auditory stimulus conditions (data from

the Kanold Lab, Johns Hopkins University, Baltimore, MD). Then, in Section 6.2, we investigate

network-level changes in the auditory cortex in the course of perceptual learning, by applying

our methods to multi-unit spiking data recordings from the gerbil auditory cortex under auditory

task performance (data from [80]).

6.1 Pure-tone vs two-tone network organizations

In this section, we use the signal/noise correlation estimation methods introduced in Chap-

ter 5 to identify how the network-level properties in the mouse primary auditory cortex layer

2/3 change under two different auditory stimulus conditions: pure-tone vs two-tone presenta-

tion (i.e., presenting two pure-tones simultaneously). First, by combining several spatial filtering
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methods, we uncover distinct spatial patterns in the signal and noise correlation networks un-

der each stimulus condition, providing new insights into how the network organizations change

under the two different stimulus conditions. Then, by separately analyzing subpopulations of in-

terest, we closely inspect the nature and sources of these spatial patterns. Next, by performing the

same analysis on a different set of frequencies (non-harmonics), we demonstrate that those spatial

patterns are largely invariant to the choice of frequencies. Finally, by comparing the network pat-

terns inferred from the healthy mice with an equivalent analysis performed on hearing-impaired

mice (i.e., animals diagnosed with OTOF-related hearing loss), we further illustrate that the spa-

tial patterns inferred using our methods provide meaningful interpretations and insights into the

underlying network organizations.

6.1.1 Methods

We analyzed two-photon calcium imaging data recorded from the mouse primary auditory

cortex layer 2/3, in eight healthy (five female and three male) and five hearing-impaired (three fe-

male and two male) animals. The experiment consisted of presenting a pseudo-random sequence

of pure-tones (the four frequencies 4, 8, 16 and 32 kHz, each presented five times), and a similar

sequence of two-tones (the six pairwise combinations of the four pure-tones, each presented five

times), and both sequences were repeated across ten trials. Each tone presentation lasted for one

second, and the tones were interleaved by a four-second duration of silence. The pure-tone and

two-tone trials were presented randomly interleaved rather than in separate blocks, but the overall

stimulus sequence was kept unchanged across all experiments. While the same stimulus ordering

was used in the experiments of non-harmonic frequencies as well, the four presented frequencies
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were changed to 4, 9.5, 22.6, and 53.8 kHz in those experiments.

6.1.1.1 Data pre-processing

In each dataset, we performed several initial data pre-processing steps. Firstly, neuropil

contamination subtraction and baseline correction were performed on the raw fluorescence traces

of each cell [129] according to Fcell−αnFneuropil−baseline

baseline
, where αn was set to 0.7. Then, we used

the following method to identify the neurons that had statistically significant responses under

pure-tones and two-tones. Recall that each tone (4 pure-tones and 6 two-tones) was repeated 50

times (5 times within a trial × 10 trials), in each experiment. For each neuron and each tone, we

tested whether the responses were statistically significant by performing a t-test (with α = 0.01)

comparing the average fluorescence activity one second after the tone onset with the average

fluorescence activity one second before the tone onset, over the 50 repeats. For the subsequent

analysis, we considered only the neurons that responded with statistical significance to at least

one of the four pure-tones and one of the six two-tones. When finding the responsive neurons in

the hearing-impaired datasets, we relaxed the threshold of the t-test to α = 0.05, since relatively

fewer neurons were responsive.

6.1.1.2 Signal and Noise correlation inference

We used the iterative procedure introduced in Chapter 5 to derive signal and noise corre-

lations directly from fluorescence observations. We first separated the 10 trials corresponding to

pure-tone vs two-tone presentation and then derived signal and noise correlation matrices under

each condition following the methods in Chapter 5.
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6.1.1.3 Identifying significant spatial patterns

To identify spatial patterns in correlations, we first derived the two-dimensional (2D) rel-

ative spatial spreads of correlations, by centering each neuron at the origin and overlaying the

individual spatial spreads. Then, to investigate the existence of significant spatial patterns in

these 2D spatial spreads, we adopted a procedure similar to [157]. In brief, we derived the 2D

FFT of the 2D spatial maps and compared it with a null distribution (α = 0.05) to extract the

statistically significant FFT components. To form the null distribution, we randomly shuffled the

correlations in each dataset (while respecting the symmetry), derived the 2D spatial spreads of

the shuffled correlations, obtained the 2D FFT from those shuffled spatial spreads, and consid-

ered the magnitude of the 2D FFT. We formed the null distribution corresponding to the chance

occurrence of spatial patterns by performing 500 repeats of this procedure. Then, we obtained

the 95% percentile points from the null distribution and extracted the 2D FFT components of the

original un-shuffled spatial maps with a magnitude exceeding those thresholds. Next, we per-

formed a smoothing in the FFT-domain using a 2D low-pass Gaussian filter and then performed

an inverse 2D FFT to recover the filtered significant spatial patterns. Finally, to emphasize the

significant spatial patterns, we visualized these filtered spatial patterns in the form of 2D contour

plots.

6.1.1.4 Identifying best frequency and suppressive/facilitative interactions

To identify the best frequency of each neuron, we used the tuning curves inferred as an

additional outcome of the correlation estimation method in Chapter 5. For each neuron, we

compared the tuning curve levels inferred for each of the four tones under pure-tone presentation
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and determined the mode of the tuning curve to be the best frequency (BF) of that neuron.

Then, to identify suppressive and facilitative interactions, we performed the following anal-

ysis. For each neuron considered, we compared the tuning curve level inferred for its best fre-

quency tone under pure-tone presentation, with those inferred for its best frequency tone along

with a second tone under two-tone presentation. If the two-tone tuning curve level is significantly

larger/smaller than the corresponding pure-tone tuning curve level (according to a Wilcoxon

signed-rank test with α = 0.05), we considered the frequency of the second tone under the

two-tone presentation to be facilitative/suppressive to the best frequency. Following this conven-

tion, we termed all pairwise interactions between the target neuron and all other neurons whose

best frequency is equal to that of the second tone, as facilitative/suppressive interactions.

6.1.2 Results

We analyzed two-photon calcium imaging data (11 datasets in total) recorded from layer

2/3 of the primary auditory cortex of healthy mice under two different stimulus conditions, specif-

ically pure-tones vs two-tones. Figure 6.1-A shows the pure-tone and two-tone sequences that

were repeated in each dataset across 10 trials. The pure-tone sequence was a pseudo-random

sequence of four different frequencies (4, 8, 16 and 32 kHz, each presented five times) and the

two-tone sequence consisted of the six pairwise combinations of the same four frequencies (each

presented five times also in a pseudo-random order). Each tone presentation lasted for one sec-

ond, and the tones were interleaved by a four-second duration of silence (Figure 6.1-A).

Firstly, from each dataset, we extracted the neurons that significantly responded to at least

one of the four pure-tones and one of the six two-tones, by considering the stimulus-locked
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Figure 6.1: The design of the experiment and preliminary observations. (A) Mice were presented
with pseudo-random sequences of pure-tones and two-tones while recording activity in the pri-
mary auditory cortex layer 2/3 via two-photon calcium imaging. (B) The average fluorescence
activity of neurons with the best frequency 8 kHz (black) for each of the four pure-tone (diago-
nal) and six two-tone (off-diagonal) presentations. The maroon, red and pink traces respectively
show the average fluorescence activity of neurons that are within a distance of 0 − 250 µm,
250− 500 µm, and 500− 750 µm away from neurons with the best frequency 8 kHz. The error
bars indicate the 95% confidence intervals of the average activity, derived through bootstrapping.
(C) Same as panel B for neurons with the best frequency of 16 kHz.

fluorescence activity. We restricted our subsequent analysis to this set of responsive neurons.

To understand how the fluorescence responses change under the pure-tone and two-tone stimuli,

we performed the following preliminary analysis. We classified the neurons based on their best

frequency, and derived the average fluorescence activity of neurons with the same best frequency,

under the ten different tones (four pure-tones and six two-tones). Figure 6.1-B and C (black

curves) show the comparisons thus obtained, for neurons with the best frequency 8 kHz and

16 kHz respectively. Then, in each case, we also extracted the average fluorescence activity of

neurons that are within a distance of 0− 250 µm, 250− 500 µm and 500− 750 µm away from

the target neuron, as illustrated respectively by the maroon, red and pink traces in Figure 6.1-B
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and C.

Careful inspection of the activity traces in Figure 6.1-B and C reveals several interesting

phenomena. When closely observing the pure-tone and two-tone responses to frequency 8 kHz in

Figure 6.1-B, we see that the response to 8 kHz of the neighboring neurons (shown by the maroon,

red and pink traces) is significantly higher under two-tone conditions ((8, 4), (8, 16), (8, 32) kHz)

than the pure tone condition (i.e., the gap between the black and colored traces is considerably

smaller under the two-tone cases than the corresponding pure-tone case). This suggests that

neurons that did not originally significantly respond to 8 kHz, have a clear increase in response

when the same frequency (8 kHz) is presented with another tone. We noted the same response

pattern from a similar analysis on the other frequencies as well (Figure 6.1-C shows the activity

under 16 kHz). In addition, Figure 6.1-C reveals another interesting aspect. Note that the average

response of neurons tunes to 16 kHz to both pure-tone frequencies 4 kHz and 8 kHz are negligible,

as indicated by the corresponding black traces in Figure 6.1-C. On the other hand, the average

response of the same neurons to the pairwise combination of 4 kHz and 8 kHz is remarkably

higher (the black trace of the two-tone combination (4, 8) kHz is as large as the corresponding

colored traces). This validates that neurons that did not originally respond to 4 kHz or 8 kHz,

do respond when the same two tones are presented together. These preliminary results clearly

illustrate that the responses in the mouse primary auditory cortex under the pure-tone stimuli and

two-tone stimuli have notable differences, in particular, neurons further apart from each other

seemingly have higher stimulus-locked connectivity under two-tone stimuli than pure-tone ones.

In the subsequent sections, we explore how these response changes manifest at the network level.
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6.1.2.1 Signal/Noise Correlations vs cell pair distance

To investigate network-level changes under pure-tone and two-tone stimuli, we first derived

the signal and noise correlation networks following the methods in Chapter 5. Then, to evaluate

the spatial distribution of correlations under the two different stimulus conditions, we plotted

the correlation values for pairs of neurons as a function of their cell-pair distance, separately for

signal (Figure 6.2-A) and noise (Figure 6.2-B) correlations. The distances were discretized using

bins of length 10 µm. The scatter of the correlations along with their median (shown in black)

at each bin are shown in all panels. Next, to examine the spatial trend of the correlations, we

performed linear regression (as shown in red) in each case. The slope of the model fit, and the

p-value for the corresponding t-test, are also reported as insets in all panels.

Consistent with the results reported in Chapter 5, we see that signal correlations have a

statistically significant decreasing trend with distance under pure-tone presentation (Figure 6.2-

A left panel). Interestingly, although the same trend exists in the two-tone signal correlations
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A B

Figure 6.2: Variation of correlations vs cell-pair distance. (A) Variation of signal correlations
vs. cell pair distance, under pure-tone stimuli (left) and two-tone stimuli (right). Distances were
binned to 10 µm intervals. The median of the distributions (black) and the linear model fit
(red) are shown in each panel. The slope of the linear model fit, and the p-value of the t-test to
identify the statistical significance of the slope are also indicated as insets. Dashed horizontal
lines indicate the corresponding zero-slope lines for the ease of visual comparison. (B) The same
configuration as panel A, for noise correlations.
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(Figure 6.2-A right panel) as well, it is comparatively much smaller (the slope under two-tone

stimuli is half of that under pure-tone stimuli in Figure 6.2-A). This indeed corroborates our

preliminary observations in Figure 6.1; i.e., stimulus-induced correlations under two-tone stim-

uli sustain over longer distances than under pure-tone stimuli, suggesting that two-tone signal

correlation networks are more anatomically widespread than the pure-tone ones.

Further, from Figure 6.2-B we see that noise correlations under both pure-tone and two-

tone stimuli are very sparse compared to the signal correlations. This is also expected since

our analysis is focused specifically on neurons that significantly responded to stimuli. Given that

these neurons are well-tuned to encode the stimuli, it is highly likely that they have comparatively

weaker spontaneous activity, thus resulting in the noise correlations being insignificant. As a

result of this sparseness, the distributions of noise correlations vs cell-pair distance (Figure 6.2-

B) do not seem to exhibit statistically significant trends under either stimuli.

6.1.2.2 Spatial patterns in 2D spatial spreads of correlations

Next, to get an understanding of the relative configuration of correlations in the rostrocaudal-

dorsoventral axes system, we derived the 2D relative spatial spreads of correlations by centering

each neuron at the origin and overlaying the individual spatial spreads. Figure 6.3-A and -B re-

spectively shows the spatial spreads of signal and noise correlations thus obtained. The horizontal

and vertical axes in each panel represent the relative rostrocaudal and dorsoventral distances re-

spectively, and the heat maps represent the average magnitude of correlations. In accordance with

the results illustrated in Figure 6.2, we see from these spatial spreads as well that the noise cor-

relations (Figure 6.3-B) under both pure-tone and two-tone conditions are notably weaker than
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Figure 6.3: Investigating spatial patterns in 2D spatial spreads of correlations. (A) 2D spatial
spread of signal correlations inferred under pure-tone stimuli (left) and two-tone stimuli (right),
before performing filtering in the 2D FFT domain. The horizontal and vertical axes in each panel
respectively represent the relative rostrocaudal and dorsoventral distances between each cell pair,
and the heat maps indicate the average magnitude of correlations. (B) Same organization as panel
A, for noise correlations. (C) Same organization as panel A, for contour plots of statistically
significant 2D spatial patterns of signal correlations after performing filtering in the 2D FFT
domain. (D) Same organization as panel C, for noise correlations.

the corresponding signal correlations (Figure 6.3-A). Furthermore, it is not possible to immedi-

ately identify the differences/similarities between the spatial patterns of signal correlations under

pure-tone and two-tone conditions from an initial inspection of Figure 6.3-A, since both of these

2D spatial distributions are extremely dense and noisy.

Thus, we performed the following analysis on each 2D spatial spread, to denoise and ex-

tract the underlying spatial patterns. For each case, we derived the null distribution of spatial

spreads corresponding to the chance occurrence of spatial patterns by shuffling the correlation

estimates, for 500 repeats. Then, we derived the 2D FFT of the un-shuffled and shuffled spa-
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tial spreads, and extracted the 2D FFT components of the original un-shuffled spatial spreads

with magnitude greater than the 95% percentile point indicated by the null distribution (in other

words, we extracted the components in the original un-shuffled spatial spread that rejected the

null hypothesis with α = 0.05). Next, we performed a 2D low-pass Gaussian filtering in the 2D

FFT domain on the statistically significant 2D FFT components, to smoothen the spatial patterns.

Finally, we performed an inverse 2D FFT to recover the spatial patterns in the spatial domain,

and visualized the filtered maps in the form of contour plots as shown in Figure 6.3-C and -D.

The filtered spatial patterns of signal correlations in Figure 6.3-C reveal several key charac-

teristics. The significant spatial patterns of pure-tone signal correlations (Figure 6.3-C left panel)

have a uni-modal centered structure, whereas the ones derived from two-tone signal correlations

(Figure 6.3-C right panel) are multi-modal (specifically, there is a strong centered component and

several detached “islands” around it), and more widespread. To further investigate the differences

between the pure-tone and two-tone filtered signal correlation spatial maps in Figure 6.3-C, we

also derived the marginal radial and angular distributions of the spatial maps as shown in Figure

6.4-A and -B respectively. The marginal radial distributions in Figure 6.4-A clearly show that

the pure tone activity (left panel) decays very fast, while the two-tone activity (right panel) sus-

tains considerably over longer distances. The marginal angular distributions in Figure 6.4-B also

reveal several interesting features. While both pure-tone and two-tone angular distributions are

significantly different from a uniform distribution (as indicated by the p-values in Figure 6.4-B),

note that comparing p-values is not useful, as the alternative distributions are unknown. The KS-

statistic (effect size) of the two-tone case being larger compared to the pure-tone case validates

that the two-tone distribution deviates from a uniform distribution far more than the pure-tone

distribution, which was also visually evident in Figure 6.3-C. In addition, from both Figure 6.3-C
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Figure 6.4: Marginal radial and angular distributions of filtered spatial patterns of signal cor-
relations in Figure 6.3-C. (A) Marginal radial distributions of filtered spatial patterns of signal
correlations under pure-tone stimuli (left) and two-tone stimuli (right). The error bars indicate
the standard deviation. (B) Marginal angular distributions of filtered spatial patterns of signal
correlations under pure-tone stimuli (left) and two-tone stimuli (right). The KS test statistic com-
paring each polar distribution with a uniform distribution (shown in magenta), along with the
corresponding p-values are indicated below each polar plot.

and Figure 6.4-B, we see that the two-tone spatial patterns tend to have a dorso-ventral direction

preference, while the pure-tone spatial patterns are less directionally selective.

On the other hand, similar to the un-filtered noise correlation spatial spreads in Figure 6.3-

B, the spatial patterns of noise correlation maps after filtering shown in Figure 6.3-D are also

very weak and insignificant in comparison to their signal counterparts. It is also noteworthy that

while they are very weak, the noise correlation spatial patterns under pure-tone (Figure 6.3-D

left panel) and two-tone (Figure 6.3-D right panel) presentation have the same salient features.

This is indeed what one would expect; since the pure-tone and two-tone trials were recorded

randomly interleaved rather than in separate blocks, the spontaneous activity (and thus the noise

correlations) under the two settings tend to be quite similar to each other. Considering the sparse-

ness, very low strength, and lack of structure in noise correlation spatial patterns, we restrict the

subsequent analysis of further investigating the source of spatial patterns to signal correlations.
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6.1.2.3 Network spatial patterns of neurons with same/different best frequency

In this section, we investigate the contributions of pairwise interactions between neuronal

pairs having the same best frequency vs neuronal pairs with different best frequencies, to the

spatial patterns of signal correlations observed in Figure 6.3-C. We categorized all pairwise inter-

actions into two groups based on their best frequencies: pairwise interactions between neuronal

pairs with the same best frequency, and pairwise interactions between neuronal pairs having dif-

ferent best frequencies. Figure 6.5 shows the contour maps corresponding to each of these two

cases, for pure-tone and two-tone conditions. The pie charts in Figure 6.5 indicating the pro-

portion of pairwise interactions that fall under each case show that only 34% of the pairwise

interactions had the same best frequency, whereas the other 66% had been contributed by neu-

ronal pairs with different best frequencies.

The spatial patterns in Figure 6.5 reveal several interesting phenomena. Firstly, when look-

ing only at the pairwise interactions with the same best frequency (Figure 6.5-A), we see that

both pure-tone and two-tone signal correlation spatial patterns are very similar to each other,

with a uni-modal centered structure (similar to the initial pure-tone signal correlation spatial pat-

terns in Figure 6.3-C). The fact that the off-centered islands that were observable in the two-tone

spatial patterns in Figure 6.3-C no longer exist in the two-tone spatial patterns in Figure 6.5-A,

clearly indicates that that widespread two-tone connectivity is not an outcome of the interaction

between neurons with the same best frequency. In other words, this affirms that the widespread

connectivity in the two-tone spatial spreads in Figure 6.3-C had been primarily contributed by

pairwise interactions between neuronal pairs with different best frequencies. On the other hand,

the main lobe at the center of the two-tone spatial patterns in Figure 6.3-C is likely to be majorly
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Figure 6.5: Contributions of neuronal pairs with the same best frequency (BF) vs different best
frequencies to the spatial patterns of signal correlations in Figure 6.3-C. (A) Contour maps of
statistically significant 2D spatial patterns of signal correlations after performing filtering in the
2D FFT domain, when considering only the pairwise interactions between neuronal pairs with
the same best frequency, under pure-tone (left) and two-tone conditions (right). The pie chart at
the bottom indicates (in green) the proportion of interactions with the same best frequency. (B)
Same organization as panel A, for neuronal pairs having different best frequencies.

contributed by the pairwise interactions between neuronal pairs with the same best frequency, as

evident from the uni-modal centered spatial distribution in Figure 6.5-A right panel.

Moreover, from the left panel of Figure 6.5-B we see that there is no significant contribution

to the spatial patterns of the pure-tone activity from interactions between neuronal pairs having

different best frequencies. In comparison, we do see widespread connectivity in the correspond-

ing two-tone case (Figure 6.5-B right panel), further corroborating our hypothesis regarding the

source of the broader connectivity noted in the two-tone maps. It is also noteworthy that while

the augmentation of the two populations considered in Figure 6.5-A and B will indeed bring

together the entire set of pairwise connections between all neurons, the combination of the two

filtered maps in Figure 6.5-A and B will not reproduce the exact spatial patterns in Figure 6.3-C,

essentially because the spatial filtering method we perform is not a linear operation.
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6.1.2.4 Contributions of suppressive/facilitative interactions to spatial patterns

From the analysis in the previous section, we concluded that the widespread connectivity

in the two-tone signal correlation spatial patterns is mostly contributed by pairwise interactions

between neuronal pairs with different best frequencies. Here, we further probe into the neuronal

pairs with different best frequencies, specifically to see whether those pairwise interactions are

primary suppressive or facilitative. To classify interactions as suppressive or facilitative, for each

neuron, we compared the tuning curve level inferred for its best frequency under pure-tone con-

ditions, with those inferred for its best frequency tone along with a second tone under two-tone

conditions. If the two-tone tuning curve level is significantly larger/smaller than the correspond-

ing pure-tone tuning curve level, we considered the frequency of the second tone under the two-

tone presentation to be facilitative/suppressive. Following this convention, we termed all pairwise

interactions between the target neuron and other neurons having the best frequency equal to that

second tone as facilitative/suppressive interactions. Figure 6.6-A and -B respectively illustrated

the two-tone signal correlation spatial patterns inferred based on suppressive and facilitative in-

teractions. Specifically, in each case, we have shown the spatial patterns under two settings: when

including only the considered type of pairwise interactions (left panels), and when including all

other interactions except the type of interest (right panels).

From the pie charts at the bottom of Figure 6.6, we see that while 40% of total pairwise

interactions are contributed by suppressive interactions, facilitative interactions in total amount to

only 8%. Thus, the majority of the best frequency different interactions are suppressive. The spa-

tial patterns of suppressive interactions in Figure 6.6-A reveal how important these suppressive

interactions are to the spatial patterns of two-tone signal correlations in Figure 6.3-C. Note that
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Figure 6.6: Contributions of suppressive vs facilitative interactions to the spatial patterns of two-
tone signal correlations. (A) Contour maps of statistically significant 2D spatial patterns of two-
tone signal correlations after performing filtering in the 2D FFT domain, when including only the
suppressive pairwise interactions (left) and when excluding all suppressive pairwise interactions
(right). The pie chart at the bottom indicates (in green) the proportion of interactions considered
in each case. (B) Same organization as panel A, for facilitative pairwise interactions.

excluding all suppressive interactions (Figure 6.6-A right panel) eliminates the off-centered is-

lands in the Figure 6.3-C (right panel), while the spatial patterns of considering only suppressive

interactions (Figure 6.6-A left panel) has a widespread structure that is very similar to the spatial

patterns of all best frequency different interactions (Figure 6.5-B right panel). This indeed im-

plies that the widespread two-tone signal correlation connectivity is predominantly contributed

by suppressive interactions. In contrast, the spatial distribution of only facilitative interactions

(Figure 6.6-B left panel) is more unimodal and centered, suggesting that facilitative interactions

primarily occur over shorter distances. Consequently, the off-centered isolated islands in the two-

tone signal correlation patterns still notably persist even when observing the spatial patterns of

all other interactions except the facilitative ones (Figure 6.6-B right panel).
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6.1.2.5 Network spatial patterns in data recorded under non-harmonic tones

Next, to investigate whether the spatial patterns identified in the previous sections are

unique to the choice of stimulus (in particular, note that since the four frequencies we considered

4, 8, 16, 32 kHz are one octave apart from each other, they are all harmonics), we performed the

same set of analyses on five other datasets recorded under a slightly different stimulus. Specif-

ically, we changed the four frequencies used in the stimuli to 4, 9.5, 22.6, 53.8 kHz for both

pure-tone and two-tone experiments, while using the same pseudo-random sequences as before

(Figure 6.1-A). Note that while the four frequencies used in our initial analyses were harmonics

of each other, none of the frequencies in this new setting have integer octave relative frequency

spacing. Thus, this eliminates any biases induced in our previous results due to tones presented

being harmonics of each other. Figure 6.7 shows the spatial patterns inferred under this new

stimulus setting.

The correlation vs cell pair analysis of these new datasets (Figure 6.7-A and -B) interest-

ingly reveals that all trends in correlations (signal/noise under pure-tone/two-tone) with cell-pair

distance under non-harmonic tones are identical to the corresponding results under harmonic

tones (Figure 6.2). Specifically, we note that even under the non-harmonic tones, both pure-tone

and two-tone signal correlations have a statistically significant trend to decrease with distance, but

the slope under the pure-tone case (Figure 6.7-A left panel) is around twice as large as the slope

under the two-tone case (Figure 6.7-A right panel). These results indicate that even under non-

harmonic frequencies, two-tone signal correlations are more widespread than the corresponding

pure-tone ones. Moreover, similar to the noise correlations under the harmonic setting (Figure

6.2-B), noise correlations under both pure-tone (Figure 6.7-B left panel) and two-tone (Figure
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Figure 6.7: Spatial patterns of correlation networks inferred from datasets recorded under non-
harmonic tones (specifically, the four frequencies of the tones are 4, 9.5, 22.6, 53.8 kHz). (A)
Variation of signal correlations vs. cell pair distance, under pure-tone stimuli (left) and two-
tone stimuli (right). Distances were binned to 10 µm intervals. The median of the distributions
(black) and the linear model fit (red) are shown in each panel. The slope of the linear model fit,
and the p-value of the t-test to identify the statistical significance of the slope are also indicated
as insets. Dashed horizontal lines indicate the corresponding zero-slope lines for ease of visual
comparison. (B) The same configuration as panel A, for noise correlations. (C) Contour plots of
statistically significant 2D spatial patterns of signal correlations inferred under pure-tone stimuli
(left) and two-tone stimuli (right), after performing filtering in the 2D FFT domain. The horizon-
tal and vertical axes in each panel respectively represent the relative rostrocaudal and dorsoventral
distances between each cell pair. (D) Same organization as panel C, for noise correlations.

6.7-B right panel) non-harmonic conditions are also very sparse, with no significant spatial pat-

terns.

To further investigate the nature of the spatial patterns under non-harmonic frequencies, we

also derived the statistically significant spatial patterns as illustrated in Figure 6.7-C and -D. Note

that the spatial patterns in Figure 6.7-C and -D are also very similar to their harmonic counter-

parts (Figure 6.3-C and -D). In brief, pure-tone signal correlations are uni-modal and centered,
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two-tone signal correlations are multi-modal (have a strong central component along with several

detached islands) and widespread, and noise correlations under both pure-tone and two-tone cases

are very weak with no identifiable structure. On the other hand, the orientation of the widespread

connectivity under two-tone non-harmonic signal correlations (Figure 6.7-C right panel) is no-

tably different from its harmonic equivalent (Figure 6.3-C right panel). While the harmonic two-

tone signal correlation widespread patterns were primarily oriented in the dorsoventral direction

(Figure 6.3-C right panel), the corresponding non-harmonic spatial patterns (Figure 6.7-C right

panel) are displaying a significant rostrocaudal directional preference.

In summary, the analysis presented in this section signifies two key factors. Firstly, the

overall spatial patterns of pure-tone/two-tone signal/noise correlations that we illustrated for the

dataset with harmonic frequencies in previous sections preserve uniformly even with the dataset

under non-harmonic frequencies, validating that the spatial trends we outlined in previous sec-

tions are not singular to our initial choice of frequencies. Secondly, we see that while indeed two-

tone signal correlation spatial patterns are multi-modal and widespread under both harmonic and

non-harmonic cases, the preferred direction of the widespread connectivity seemingly changes

under the two settings.

6.1.2.6 Control experiment: network spatial pattern analysis in data recorded

from animals diagnosed with OTOF-related hearing loss

Finally, we performed the same signal/noise correlation spatial pattern analysis on a control

experiment, data collected from hearing-impaired mice (diagnosed with OTOF-related hearing

loss) under identical experimental settings (with tone frequencies 4, 8, 16 and 32 kHz similar to
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the initial setting). OTOF gene is key for the healthy maturation of synapses of the peripheral au-

ditory system, and its mutations encoding for the protein otoferlin are known to cause significant

hearing impairment [158]. However, the entire auditory system is not completely dysfunctional

in the absence of otoferlin, and a weaker form of hearing capability is preserved in a majority

of the individuals with a lack of this gene [158]. Here, we investigate how the underlying net-

work organizations in the mouse primary auditory cortex change under this hearing impairment

condition.

We analyzed data from five datasets and used a less stringent threshold when selecting the

responsive neurons compared to the healthy datasets, to reduce any potential biases incurred due

to a smaller population being inherently strongly responsive to auditory stimuli in the hearing-

impaired datasets. Figure 6.8-A and -B shows the analysis of correlations vs cell pair distance

and Figure 6.8-C and -D show the significant spatial patterns inferred from the 2D relative spatial

spreads of correlations.

The correlations vs cell-pair distance distributions in Figure 6.8-A and -B expose several

striking features. Note that the statistically significant trend of signal correlations decreasing with

the distance that was observed in healthy animals (Figure 6.2-A) no longer exists in the equivalent

analysis of the hearing-impaired mice (Figure 6.8-A), under both pure-tone and two-tone condi-

tions. This indicates that the spatial structure of nearby neurons tending to have higher signal

correlations in healthy animals does not prevail in the signal correlation networks inferred from

hearing-impaired animals. On the other hand, while there was no significant trend in noise cor-

relations in healthy mice (Figure 6.2-B), there does exist a significant trend for noise correlations

to decrease with distance in hearing-impaired mice (Figure 6.8-B). In addition, we see that noise

correlations are less sparse in hearing-impaired animals (Figure 6.8-B) than in the healthy ones
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Figure 6.8: Spatial patterns of correlation networks inferred from mice diagnosed with OTOF-
related hearing loss. (A) Variation of signal correlations vs. cell pair distance, under pure-tone
stimuli (left) and two-tone stimuli (right). Distances were binned to 10 µm intervals. The median
of the distributions (black) and the linear model fit (red) are shown in each panel. The slope of
the linear model fit, and the p-value of the t-test to identify the statistical significance of the slope
are also indicated as insets. Dashed horizontal lines indicate the corresponding zero-slope lines
for ease of visual comparison. (B) The same configuration as panel A, for noise correlations.
(C) Contour plots of statistically significant 2D spatial patterns of signal correlations inferred
under pure-tone stimuli (left) and two-tone stimuli (right), after performing filtering in the 2D
FFT domain. The horizontal and vertical axes in each panel respectively represent the relative
rostrocaudal and dorsoventral distances between each cell pair. (D) Same organization as panel
C, for noise correlations.

(Figure 6.2-B). This suggests that in hearing-impaired animals there are more spontaneous con-

nections than in healthy ones, while spontaneous connectivity also being stronger over a shorter

distance (similar to the stimulus-driven connectivity in healthy animals, thus it is as if the struc-

ture of the signal and noise correlations are reversed in hearing-impaired animals comparative to

the healthy ones).

Consistent with the changes in the distribution of correlations vs cell-pair distances noted
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in Figure 6.8-A and -B, we see equivalent transformations in the analysis of significant spatial

patterns in correlation networks (Figure 6.8-C and -D) as well. The central lobe that was strongly

noted in both pure-tone and two-tone signal correlation spatial patterns in healthy mice (Fig-

ure 6.3-C), is completely absent in the corresponding spatial patterns of hearing-impaired mice

(Figure 6.8-C). This indeed corroborates that the tendency of signal correlations to be stronger

between nearby neurons no longer persists in this control dataset. On the other hand, the spatial

patterns of noise correlations in Figure 6.8-D have a more distinct structure than those in Fig-

ure 6.3-D. While the noise correlation spatial patterns in Figure 6.3-D display a sporadic nature,

the ones in Figure 6.8-D have a multi-modal structure with a distinguishable central component

(under both pure-tone and two-tone conditions).

In conclusion, we see that in the case of hearing-impaired mice, spontaneous connectivity

has a more evident network organization than stimulus-driven connectivity, whereas we noted

the inverse in healthy mice. This is indeed what one would also intuitively expect; since stimulus

encoding and decoding are much weaker in the auditory cortex of hearing-impaired mice, it is

natural for the stimulus-driven responses to be much weaker than spontaneous activity. More-

over, this also shows that spontaneous networks are stronger and better organized in the primary

auditory cortex of hearing-impaired mice than in healthy mice.

6.1.3 Concluding remarks

In summary, we demonstrated in this section how network-level organizations in the mouse

primary auditory cortex change under two different auditory stimuli: pure-tones vs two-tones. By

closely inspecting the spatial patterns of the underlying signal and noise correlation network pat-
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terns, we concluded that neuronal pairs at a larger cell-pair distance are more likely to have high

signal correlations under two-tone conditions than pure-tone conditions. We also showed that the

relative 2D spatial patterns of signal correlations under pure-tone conditions have a uni-modal

centered structure, whereas the spatial patterns of signal correlations under two-tone stimuli were

multi-modal and widespread. Further investigation into the source of these differences revealed

that while the central lobe of the two-tone signal correlation spatial patterns was majorly con-

tributed by interactions between neuronal pairs with the same best frequency, the off-centered

widespread connections were predominantly a consequence of the pairwise interactions between

neuronal pairs with different best frequencies. By diving into this further, we demonstrated that

the dominant source of the widespread connectivity in the two-tone signal correlation spatial pat-

terns was the suppressive frequency interactions, whereas the facilitative frequency interactions

seemed to primarily occur over shorter distances.

Next, by performing the same spatial analysis on an equivalent experiment with a different

set of frequencies, we demonstrated that the overall spatial trends remain largely invariant. In par-

ticular, while the original set of frequencies we considered were harmonics, in this case, we used a

set of frequencies that had non-integer octave frequency spacing, to eliminate any biases incurred

by the frequencies being harmonics. From this analysis, we observed that the uni-modal structure

of pure-tone signal correlation spatial patterns and the multi-modal, widespread patterns in the

two-tone signal correlation networks were consistently preserved even under the non-harmonic

frequencies. However, while the widespread connectivity under the harmonic frequencies was

primarily orientated in the dorsoventral direction, the directional preference of widespread con-

nectivity under the non-harmonic frequencies was in contrast rostrocaudal. Thus, this reveals

that the orientations of the widespread connectivity in the two-tone signal correlation patterns are
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sensitive to the choice of frequencies, while the overall patterns of activity are not.

Finally, by performing an equivalent analysis on a similar dataset collected from hearing-

impaired animals, we illustrated that none of the aforementioned significant spatial patterns of

signal correlations inferred from healthy mice persisted in hearing-impaired mice. On the other

hand, noise correlations were much stronger in hearing-impaired mice than in healthy ones, and

noise correlations displayed notable spatial patterns, unlike in healthy mice. This suggests that

stronger spontaneous activity coordination exists in hearing-impaired animals than in healthy

ones, possibly due to stimulus-driven activity encoding being much weaker. All these results

facilitate us to gain a better understanding of how stimulus-encoding and spontaneous networks

in the neurons of the auditory cortex depend on the type of stimulus, and also on the hearing

capabilities of the subjects. In conclusion, the work presented in this section provides us with

novel meaningful intuitions about how the network-level organizations in the primary auditory

cortex change under different stimulus conditions.

6.2 Network-level changes during perceptual learning

In the second part of this chapter, we apply the signal and noise correlation methods in-

troduced in Chapter 5 on electrophysiological data recorded from the auditory cortex of gerbils

under auditory task performance (data from [80]). The animals in the dataset had been trained to

drink from a water spout while in the presence of the safe stimulus (unmodulated noise), and to

withdraw from the spout when the sound changed to the warn stimulus (AM - Amplitude Mod-

ulated noise), to avoid an aversive shock (see [80] for details). During each day, the animals had

been presented with five different warn stimuli of varying AM depths (the level of task difficulty
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depends on the AM depth), and the depths had been changed from day to day based on the an-

imal’s performance [80]. The dataset also included multi-unit recordings from the left auditory

cortex, as animals trained and improved on the AM detection task [80]. In addition, auditory

cortex activity during disengaged listening sessions that occurred just before (pre-passive) and

just after (post-passive) training sessions had also been recorded. The spout and metal floor plate

had been removed from the test cage during the disengaged sessions; otherwise, the sound stimuli

presented and the position of the recording electrodes had been identical to behaviorally engaged

sessions [80].

6.2.1 Results

For each day in the course of perceptual training, we first extracted the signal and noise cor-

relation matrices from the multi-unit recordings under different AM modulation levels, separately

for pre-passive, actively engaged, and post-passive conditions, using the method outlined in Al-

gorithm B.1 of Chapter 5. Figure 6.9 shows sample correlation matrices thus obtained, from data

recorded during the first day of perceptual training. While the signal correlation matrices (Figure

6.9-A) are not very similar across the two modulation levels and engaged-disengaged sessions,

the noise correlation structure (Figure 6.9-B) seems to be quite consistent across the different

conditions. This is indeed expected from the design of the experiment because the trails corre-

sponding to different modulation levels had been presented to the animal randomly interleaved

rather than in separate blocks [80], and noise correlations account for ongoing spontaneous ac-

tivity.

158



Easy mod. level Difficult mod. level Easy mod. level Difficult mod. level

0.2

-0.2

0.2

-0.2

0.2

-0.2

P
re

-p
a
ss

iv
e

P
o
st

-p
a
ss

iv
e

E
n

g
a
g
ed

Sample Signal Correlation matrices Sample Noise Correlation matricesA B

Figure 6.9: Sample signal and noise correlation matrices estimated from multi-unit recordings
from the gerbil auditory cortex under auditory task performance. (A) Sample signal correlation
matrices extracted from data recorded while the animal was in pre-passive (top), actively engaged
(middle), and post-passive (bottom) sessions on the first day of perceptual training, for an easy
(left) and a difficult (right) modulation level. (B) Sample noise correlation matrices organized in
the same layout as panel A.

6.2.1.1 Pre/Post-passive vs actively-engaged network similarity

Next, to compare the similarity of correlation networks inferred under the two disengaged

sessions with the actively-engaged session, we performed the following analysis. On each day,

for each AM modulation level, we computed the similarity (via pairwise correlation) between the

correlation matrices inferred under the pre-passive session and those inferred under the actively-

engaged session, and also likewise between the post-passive and actively-engaged sessions. Fig-

ure 6.10 shows the corresponding results. While a notable trend does not seem to exist in the

variations of network similarity between disengaged sessions and engaged sessions across days,

from the rightmost panels in Figure 6.10 we see that the average similarity between post-passive

and active networks are consistently higher than the average similarity between pre-passive and
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Figure 6.10: Pairwise correlations between the signal (top) / noise (bottom) correlation networks
inferred for each AM depth on each day, under the pre-passive and actively engaged sessions
(left), and under the post-passive and actively engaged sessions (middle). The black dots show
the pairwise correlations corresponding to the five different modulation depths on each day, and
the solid lines (blue: pre-passive vs active, and red: post-passive vs active) indicate the variation
of the mean across the five modulation depths, with days of perceptual training. The rightmost
panels show the mean pre-passive vs active and post-passive vs active variations on a single plot,
for the ease of visual comparison.

active networks, for all days and both signal and noise correlation networks. This suggests that

both signal and noise correlation networks under actively engaged sessions on average are more

similar to the corresponding networks under post-passive sessions than those inferred from pre-

passive sessions. This result is indeed consistent with the task-specific plasticity effects illustrated

in [80], corroborating that disengaged neural sensitivity is better if measured immediately after

(post) behavioral testing, rather than before (pre).

6.2.1.2 Similarity of correlation networks across modulation levels vs behavior

Next, to investigate the relationship between network-level changes with behavior, we per-

formed the following analyses on the correlation networks inferred under actively-engaged ses-

sions. Firstly, for each day, we computed the pairwise correlation between signal/noise correla-

tion matrices extracted for each pair of AM depths presented during that day. Then, we observed
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the variation of those pairwise correlations relative to the corresponding performance of the ani-

mal, by plotting them as a function of the average hit rate in those trials, as shown in Figure 6.11.

Note that the results in Figure 6.11 are pooled across days of training. Consistent with what was

also noted in Figure 6.9, we see in Figure 6.11 that the pairwise correlations between the noise

correlation matrices across AM depths are very high (∼ 1) independent of the performance. On

the other hand, the similarity between signal correlation matrices across AM depths (Figure 6.11

left) seems to have a clear dependency on the performance. While the signal correlation networks

across modulation depths are also very similar to each other (as suggested by pairwise correla-

tions ∼ 1) consistently at modulation depths with small hit rates (< 0.5), there is no such notable

trend between the signal correlation networks inferred on modulation levels with better perfor-

mance (hit rate > 0.5). This indeed suggests that the similarity of signal correlation networks

across AM depths has a dependency on the performance and that signal correlation networks

under AM depths with poor performance seem to be always similar to each other.

For a closer inspection of the similarity between signal correlation matrices across mod-

ulation levels, we illustrate the pairwise correlations between the signal correlation networks

extracted at the five different AM depths (ranked from 1 to 5 based on the level of task diffi-
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Figure 6.11: Pairwise correlations between signal (left) / noise (right) correlation matrices across
different modulation depths vs the average hit rate of the corresponding modulation depths. The
comparisons were performed independently for each day, and the plots show the results pooled
across days.
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culty) from day 1 to day 4 of perceptual training, in Figure 6.12 (diagonal elements are all equal

to 1 and omitted for visual convenience). From Figure 6.12, we see that the two most difficult

modulation levels (ranked 4 and 5) have high similarity steadily from day 1. This is indeed very

consistent with the phenomena we also noted through Figure 6.11 left panel; the pairwise cor-

relations between signal correlation matrices are consistently high in cases with low average hit

rates (corresponding to the difficult modulation levels). On the other hand, the similarity between

the signal correlation structures extracted from the relatively easier modulation depths (ranked

1-3 in Figure 6.12) seemingly increases with days of perceptual learning.

To further investigate this effect, Figure 6.13-A shows the signal correlation matrices of

an easy modulation level (left - level 1) and a difficult modulation level (right - level 3) in an

early day (top: day 2) and a later day (bottom: day 7) in the course of perceptual learning. Even

visually, one can see that the two networks inferred on day 7 are more similar to each other than

the two networks inferred on day 2. Next, to quantify this visual comparison, for each day we

computed the mean and standard deviation of the pairwise correlations between signal correlation

networks across the three modulation levels ranked 1 − 3 and observed how that varies across

days (Figure 6.13-B top panel). Note that we excluded the two most difficult modulation levels

task more difficult
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Figure 6.12: Similarity of signal correlation networks across modulation levels on different days
(day 1 to day 4 from left to right). Each panel shows the pairwise correlations between the signal
correlation networks extracted at the five different AM depths (ranked from 1 to 5 based on the
level of task difficulty) presented on that day.
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Figure 6.13: Identifying network-level changes during perceptual learning (A) Sample signal
correlation matrices estimated for an easy modulation level (left - level ranked 1) and a difficult
modulation level (right - level ranked 3) in an early day (top: day 2) and a later day (bottom:
day 7) during perceptual training. (B) Top: The variation of the similarity of signal correlation
networks across the modulation levels ranked 1-3, with days. The black line indicates the mean
and the shaded grey area indicates the standard deviation. Bottom: The comparison of the true
behavioral thresholds (blue) with the behavioral thresholds predicted (using linear regression)
by the mean and standard deviation of the similarity of signal correlation networks (red) across
different modulation levels. The dashed vertical lines indicate the two days shown in Panel A.

(ranked 4 and 5) in this analysis since they displayed a different trend as we illustrated in Figure

6.12. Consistent with what we also visually noted in Figure 6.12, we see from the top panel of

Figure 6.13-B that the similarity across modulation levels indeed increases from day 1 to day 4.

However, this increasing trend with days is not very consistent across the later days of

training, as evident from the fluctuations (for instance, on days 5 and 9 in the top panel of Figure

6.13-B). To investigate the source of these fluctuations, next, we also observed the variation of

behavioral thresholds (see [80] for details on the procedure followed in deriving the thresholds)

across the same days, as shown in blue in the bottom panel of Figure 6.13-B. Interestingly, we

note that the behavioral thresholds also have analogous fluctuations to those in the similarity

across modulation levels. To further investigate this, we performed a linear regression on the

behavioral thresholds using the mean and standard deviation of the similarity of signal correlation
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networks as covariates. The behavioral thresholds thus predicted from network-level statistics are

shown in red in the bottom panel of Figure 6.13-B. The resemblance between the fluctuations in

the blue and red curves in the bottom panel of Figure 6.13-B indeed suggests that the similarity

of signal correlation networks across different modulation levels follows a trend that is very close

to the fluctuations in behavioral thresholds. In other words, this analysis suggests that the signal

correlation networks across modulation levels converge better on days that the gerbils perform

the auditory discrimination task more competently.

6.2.2 Concluding remarks

In this section, we presented our analysis of signal/noise correlation networks inferred (us-

ing methods introduced in Chapter 5) from spiking data recorded from the gerbil auditory cortex

while the animals were learning an amplitude modulation detection task. An initial comparison

between the correlation networks inferred under pre-passive, actively engaged, and post-passive

conditions revealed that the actively engaged and post-passive networks are more similar to each

other than the actively engaged and pre-passive ones. This indeed provides further validation to

the previously reported task-specific plasticity effects [80]; i.e, post disengaged neural sensitivity

is better than the pre disengaged sensitivity.

Next, we closely inspected how the correlation networks inferred during actively engaged

sessions changed with the animal performance. We noted that the noise correlation networks

across different modulation levels were always highly similar to each other independent of the

performance, which was expected since noise correlations encoded spontaneous neural activity.

On the other hand, signal correlation networks across different modulation levels indicated a clear
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dependency on animal performance. One notable pattern was that the signal correlation networks

across different modulation levels became more similar to each other in the course of learning.

Upon close inspection, we observed that the variation of the similarity of signal correlation net-

works across days had identical fluctuations to the variation of the behavioral threshold (derived

based on the animal’s daily performance) across days. This indicates that on the days that the an-

imal learns the task better, the signal correlation networks in the gerbil auditory cortex are more

similar across modulation levels. Thus, we demonstrated through this section how the methods

introduced in Chapter 5 can be used to inspect network-level changes that occur in the auditory

cortex with perceptual learning, using electrophysiological data. Moreover, through these results,

we also exemplify the fact that while the methods in Chapter 5 were originally developed to be

applied to two-photon calcium imaging data, they can easily be adapted to infer the signal and

noise correlation networks from neuronal spiking data as well.
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Part III

Zebrafish respiration-locomotion network coordination
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Chapter 7: Investigating and modeling larval zebrafish respiration-locomotion

coordination neural mechanisms

The recent advancements of high-speed light-sheet microscopy techniques to image almost

all neurons in the intact larval zebrafish brain at single-cell resolution have facilitated the ex-

citing prospect of examining the functional and anatomical structure of activity patterns across

the entire brain [6, 7]. The whole-brain imaging data thus obtained have been used in previ-

ous work to investigate various functional circuits of the zebrafish brain; such as locomotion,

sensory motor-transformation, and motor adaptation [6, 159–162]. Moreover, the ability to si-

multaneously monitor the motor response of the zebrafish by the means of electrophysiological

techniques (see [160, 163] for details), provides us the unique opportunity of observing behavior

along with the concurrent whole-brain neural activity.

While neural oscillations are known to play a significant role in mediating the cognitive

and motor functions of the brain [37–39], there is very limited evidence of the presence of neural

oscillations in the zebrafish brain. Upon closer inspection of whole-brain light-sheet imaging

data and electrophysiological data recorded from the zebrafish brain (data from the Ahrens Lab,

Janelia Research Campus, Howard Hughes Medical Institute, Ashburn, VA) we observed con-

sistent widespread synchronous brain oscillations, that have not been discovered and analyzed in

previous studies to the best of our knowledge. Subsequently, we noted that these oscillations are
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also synchronous with the jaw movement during breathing, from which we deduced that these os-

cillations corresponded to the zebrafish respiratory rhythm. In the rest of this chapter, we present

the analyses we performed on whole-brain imagining data and electrophysiological recordings, to

investigate and understand the functionality and circuitry of these respiratory brain oscillations.

7.1 Motivation: Preliminary observations

Firstly, we noted that an EEG (Electroencephalography) signal recorded from the tectum

of the zebrafish brain displayed very consistent rhythmic oscillations. By performing a sliding

window multitaper spectral analysis [40,43], we discovered these oscillations to be in the 2−4 Hz

range and persist at all instances of time. Figure 7.1 illustrates the Power Spectral Density (PSD)

derived through multitaper spectral estimation, in an experiment that was 15 min long. Both

the time domain signal (Figure 7.1 bottom) and the PSD indeed validates the consistency of

these EEG oscillations. Subsequently, we noted that these oscillations are also in sync with the

jaw movement, from which we deduced that they correspond to the respiratory rhythm of the
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Figure 7.1: Rhythmic activity in the EEG recorded from the zebrafish tectum. The power spectral
density (PSD) of the EEG recording in a 15 min experiment is shown on the top. The bottom
figure shows the time domain EEG oscillations in a sub-interval (3− 3.25 min).
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zebrafish. Since the respiratory rhythm could be recorded very robustly and regularly at the

macro-scale, we were interested in identifying the neural sources of this EEG. To that end, we

utilized whole-brain light-sheet imaging recordings of larval zebrafish.

Accordingly, calcium fluorescence observations of each neuron in the zebrafish brain were

recorded along with the EEG, under spontaneous conditions. For example, in the above experi-

ment, we observed the fluorescence activity of 9951 cells in the brain (from plane 10), spanning

from the hind-brain to the fore-brain. To identify the neurons that contain the respiratory rhythm,

we performed the following analysis. We divided the 15 min experiment into windows of length

16 seconds, and then for each cell, computed the coherence [103] between the fluorescence ob-

servations and the recorded EEG signal, at the peak EEG oscillation frequency within that time

window. Then, we computed the average coherence of each cell with EEG across all time win-

dows, which is indicated in Figure 7.2-A. Based on this coherence analysis, we identified two

primary neuronal clusters in the hind-brain with very high coherence: the Caudal-Medulla Ob-

longata (C-MO in Figure 7.2-B) and the Lateral-Medulla Oblongata (L-MO in Figure 7.2-C).

Then, to verify whether the fluorescence recordings of the cells within each of these clusters

(A) Coherence with EEG (B) Caudal-MO (C) Lateral-MO

Figure 7.2: Identifying the main brain regions that have oscillations in sync with the EEG. (A)
The intensity of the coherence between the fluorescence observations of individual cells and the
EEG. (B) and (C): two neuronal clusters with high coherence: (B) Caudal-Medulla Oblongata
(C-MO) and (C) Lateral-Medulla Oblongata (L-MO).
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are similar to each other, we performed K-means clustering on the fluorescence observations of

all 9951 cells, setting the number of clusters to an arbitrary large value (K = 80). Interestingly,

the Caudal-MO and Lateral-MO neuronal clusters grouped into two distinct clusters, while not

grouping with the other brain areas. This further suggested that the Lateral-MO and Caudal-MO

are indeed two distinct neuronal clusters, with similar functionality within each group.

Then, we derived the average fluorescence activity within each of these two neuronal clus-

ters. Figure 7.3 shows the average fluorescence activity of the Caudal-MO and Lateral-MO in

comparison to the EEG in a sample time window. Even though neuronal recordings have more

observation noise than the EEG, from Figure 7.3 we see that these two brain regions do have

very similar oscillations to the EEG. This is further evident after low-pass filtering of the signals

(Figure 7.3 right), which demonstrates that there indeed exist oscillations that are in sync with

EEG in these two brain regions. Moreover, from Figure 7.3 we also note that the oscillations in

Caudal-MO and Lateral-MO seem to be anti-phasic relative to each other.

Along with the EEG, EMG (electromyography) from the tail was also recorded to identify

fictive swim events [163]. When a fictive swim event occurs, the EMG has a significant increase
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Figure 7.3: The EEG and the average fluorescence observations from Caudal-MO and Lateral-
MO within the time window 7− 7.15 min are shown on the left. The right panel shows the same,
after low-pass filtering to reduce the observation noise in fluorescence activity.
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in magnitude. Figure 7.4 shows a comparison of the EEG, Caudal-MO, and Lateral-MO with the

EMG activity, in a one-minute time window. We noted several interesting phenomena through

this comparison. In the occurrence of a swim bout (observed as spiking events in EMG), there

are significant changes in the EEG, Caudal-MO and Lateral-MO oscillations. Specifically, we

observed that the frequency of EEG oscillation changes when swim bouts occur. Further, swim

events seem to cause an increase in the magnitude of fluorescence activity in both brain regions,

more prominently observed in the Caudal-MO.

It was evident from all the aforementioned preliminary observations that these respiratory

brain oscillations play a very important role and could be key to understanding both respiration

and motor circuitry in zebrafish. In what follows, we interchangeably refer to this EEG-sync

brain rhythm as oscillations and respiratory-rhythm. Understanding the relationships between the

Lateral-MO and Caudal-MO oscillations, the relationships between the EEG and the oscillations

from different brain regions, and the relationships between swim bouts and the respiratory rhythm
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Figure 7.4: Comparison of the breathing-related oscillatory signals with the EMG recording
(swim bouts). The EEG, the average fluorescence observations from Caudal-MO and Lateral-
MO, and the EMG recording within the time window 9− 10 min are shown from top to bottom.
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were some of the interesting features to explore. In the subsequent sections, we first present the

deductions we formed based on these analyses and finally introduce the circuit model that we

propose combining all empirical evidence.

7.2 Cross Spectral and Spectral Granger Causality analysis

To understand the nature of the spectral coupling between the EEG, Caudal-MO, and

Lateral-MO, we first performed a cross power spectral density analysis. We divided the ex-

perimental duration into non-overlapping windows of length 20 seconds and performed sliding

window multitaper spectral analysis to derive the PSD matrix. Figure 7.5 shows the magnitude

and phase spectra between each pair of processes over different time windows. The time win-

dows in Figure 7.5 are ranked in the decreasing order of EMG activity, to understand the nature

of spectral coupling in the presence and the absence of swimming.

From the magnitude spectrograms in Figure 7.5, we see that all three processes have highly

coupled activity. In time windows with more swim activity, the spectral coupling between the

processes occurs at a lower frequency, around 1 Hz. Further, the power of this swimming-related

activity seems to be greater in the Caudal-MO than in the Lateral-MO. On the other hand, in the

time windows with less swim activity, all three processes display consistently coupled oscilla-

tions around 3 Hz. While the EEG signal displays the strongest oscillations, the spectra of the

Caudal-MO and Lateral-MO also follow it very closely. All these observations indeed corrob-

orate that the breathing rhythm changes with swimming, consistent with the changes noted in

the temporal sequences in Figure 7.4. The phase spectrograms in Figure 7.5 also signifies a key

phenomenon. Note that the phase shift between each pair of processes is very consistent across
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Figure 7.5: Cross power spectral density analysis. The magnitude spectrograms(
mag

(
S

(i,j)
m (f)

))
in decibels are shown on the left and the phase spectrograms(

phase
(
S

(i,j)
m (f)

))
in radians are shown on the right. In both cases S(i,j)

m (f) refers to the cross

power spectrum between the ith process and the jth process in time window m and at frequency
f . For ease of comparison, time windows are ranked in decreasing order of swimming activity,
as indicated by the average EMG activity below each column.

all time windows. This implies that these three signals are highly correlated with each other, and

could potentially be time-shifted versions of the same stochastic process.

Despite cross-spectral analysis being instrumental for identifying spectral content and cor-

relations at different frequencies, it does not imply the directions of these interactions. To identify

the direction of these functional links, we also performed a spectral Granger Causality (GC) anal-

ysis [50,51,114]. We derived both the pairwise GC links and the conditional GC links from each

process to the other two, as shown in Figure 7.6. We tested the statistical significance of the de-

rived links through an empirical test, as in Chapter 3. The Spectral GC links thus derived revealed

several interesting phenomena.

We saw pairwise GC links from the Caudal-MO to Lateral-MO, specifically around 3 Hz

during time windows with less swimming, and near 1 Hz in time windows with high EMG activ-
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Figure 7.6: Spectral Granger Causality analysis. The pairwise Granger Causal links(
GCpairwise

j→i (f,m)
)

are shown on the left and the conditional Granger Causal links(
GCconditional

j→i|w (f,m)
)

are shown on the right. In the case of conditional GC links, w refers to
the other processes excluding i and j. All GC links are statistically significant with α = 0.01
according to the empirical test. For ease of comparison, time windows are ranked in descending
order of swimming activity, as indicated by the average EMG activity below each column.

ity. However, when conditioned on the EEG, these links no longer seem to exist, as apparent from

the conditional GC results. Further, there exists strong and consistent pairwise GC links from the

EEG to both Cadual-MO and Lateral-MO, specifically around 3 Hz. Even though these links are

much weaker in the conditional GC analysis, we can still see some traces of them in the con-

ditional GC results. These observations further strengthen our initial hypothesis that these three

processes are indeed strongly coupled, and they in fact could correspond to time-shifted versions

of a single underlying oscillatory stochastic process. To further validate this, we performed the

following simulation as an attempt to replicate these empirical observations.
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7.2.1 Replicating the spectro-temporal coupling in real data using AR modeling

The objective of this simulation is to replicate the spectro-temporal coupling (near 3 Hz)

observed between Caudal-MO, Lateral-MO, and EEG in time windows with fewer swimming

events, using Auto-Regressive (AR) processes. Note that the lower frequency (near 1 Hz) cou-

plings during time windows with more swimming activities also displayed a very similar phase

and GC coupling. Thus, these simulations indeed provide insights into the overall coupling be-

tween the different processes, during both swimming and non-swimming periods. Upon careful

inspection of the temporal patterns (Figure 7.3), cross power spectral density analysis (Figure

7.5) and the spectral Granger Causality analysis (Figure 7.6), we concluded that the following

model can generate oscillations with similar characteristics to the observed respiratory rhythms.

Let zt be a latent oscillatory process, which we model by an AR(2) process that is tuned

around 3.5 Hz. Then, suppose there exist three processes x(1)
t , x(2)

t and x(3)
t which are differently

time shifted and scaled versions of zt:

x
(1)
t = −0.1zt−δ + w

(1)
t + εt,

x
(2)
t = 0.05zt−δ−2 + w

(2)
t + εt,

x
(3)
t = zt−δ−4 + w

(3)
t . (7.1)

The three processes x(1)
t , x(2)

t and x(3)
t hypothetically represent the breathing rhythms in Caudal-

MO, Lateral-MO and EEG respectively. Note that all three processes have shifted versions of

zt with different time delays. Further, to replicate the anti-phasic nature of the oscillations in

Caudal-MO compared to those in Lateral-MO and EEG (see Figure 7.3), we have included a
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negative one factor in x(1)
t . The noise components w(i)

t for i = 1, 2, 3 have the same variance

and model their independent variations. The common noise εt in process 1 and process 2 models

artifacts induced by the calcium imaging set-up. Different time shifts were included for each

process considering the time shifts observed in the time-domain signal in true processes (Figure

7.3) and the phase shifts observed in the true phase spectrograms (Figure 7.5). Figure 7.7 shows

a sample time-domain comparison of the three simulated processes.

Note that x(3)
t in Figure 7.7 has stronger oscillations comparative to x

(1)
t and x

(2)
t , as a

result of the higher SNR (see Equation 7.1). This is very similar to the nature of EEG, which

displays very strong oscillations with significantly less noise than the Lateral-MO and Caudal-

MO. Figure 7.8 and Figure 7.9 respectively show the cross power spectral density and spectral

Granger Causality analysis of these simulated processes. Since the simulations only account for

the ∼ 3 Hz breathing rhythm and the true neural recordings could have many other underlying

spontaneous activities in addition to these oscillations, as one would expect the magnitude spectra

of the simulated processes (Figure 7.8 left) have fewer perturbations than the magnitude spectra
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Figure 7.7: Tri-variate oscillatory process simulated using AR modeling. The processes x(1)
t , x(2)

t

and x(3)
t respectively replicate oscillations in Caudal-MO, Lateral-MO and EEG.
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Figure 7.8: Cross power spectral density analysis of the simulated AR processes. The magnitude
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(
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(
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in decibels are shown on the left and the phase spectrograms(

phase
(
S

(i,j)
m (f)

))
in radians are shown on the right.

of the real data (Figure 7.5 left). On the other hand, the phase spectrograms of the simulated

processes (Figure 7.8 right) replicates the phase spectrograms of the real signals (Figure 7.5 left)

with striking similarity.

The pairwise and conditional Granger Causal links reported in Figure 7.9 also very closely

follow the corresponding results from real data (Figure 7.6). Note that spectral Granger Causal-

ity essentially quantifies the fraction of total power in one process at a given frequency that is

(directly, in the case of conditional links) contributed by the other process. Thus, the presence

of a GC link from j to i does not necessarily mean that the process j precedes process i in time.

It is possible for the said link to exist, if process j is with a much higher SNR compared to i,

even if j might be lagging i (in our simulation, x(3)
t displays GC links to the other two processes

due to the higher SNR, despite being the most time-lagged process). This is indeed the source of

the GC links from the EEG to Caudal-MO and Lateral-MO (Figure 7.6). Further, this simulation

also explains why the pairwise GC links from Caudal-MO to Lateral-MO (Figure 7.6 left) do not

appear in the conditional analysis (Figure 7.6 right). We see the same pattern in the GC analysis
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Figure 7.9: Spectral Granger Causality analysis of the simulated AR processes. The pairwise
Granger Causal links

(
GCpairwise
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)
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Causal links
(
GCconditional
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)

are shown on the right. In the case of conditional GC links,
w refers to the other processes excluding i and j. All GC links are statistically significant with
α = 0.01 according to the empirical test.

of the simulation (Figure 7.9) as well. Since all of these three processes are time-shifted versions

of one another, conditioned on x(3)
t (which has very high SNR), the contributions from the other

process become negligible.

Finally, note that even though we modeled the underlying latent oscillations by an abstract

process zt, zt can be thought of as the breathing rhythm that pertains to the Caudal-MO. This

would have been the case if the Caudal-MO were the source of the breathing rhythm (i.e., the

breathing pacemaker is located in the Caudal-MO). In that case, zt would represent the true de-

noised oscillations in the Caudal-MO, with δ = 0.

7.2.2 Relative time-shifts between the three oscillatory processes

From the previous simulation, we concluded that the oscillations in Caudal-MO, Lateral-

MO, and EEG are essentially phase-shifted versions of a single rhythm, and Caudal-MO has

an opposite polarity to Lateral-MO and EEG. Thus, to find the relative time shifts between the
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three activities using the phase spectrograms, first, it is necessary to perform a sign correction.

To account for this anti-polarity, it is required to multiply the average fluorescence activity of

Caudal-MO by a factor of minus one, as shown in Figure 7.10. This brings all the oscillations

to the same polarity, as we see in the right panel of Figure 7.10. After this modification, it is

evident that the Caudal-MO precedes the oscillations in time. Then, the Lateral-MO follows and

the EEG is the most lagged version. For the ease of visual comparison, we have indicated some

peaks of the Caudal-MO in Figure 7.10 (right) with dashed red vertical lines.

To quantify these time-shifts, we derived the phase spectrograms of the three signals after

accounting for the sign correction, as shown in Figure 7.11. It is also important to note that

the magnitude spectrograms and the Granger Causal analysis remain unchanged under this sign

transformation. From Figure 7.11, we see that the true temporal sequence is correctly reflected in

the phase spectrograms, after sign correction. We see that Caudal-MO oscillations precede both

other oscillations in time, followed by the Lateral-MO, while the EEG is the most time-lagged

oscillation.

time (min)

EE
G

C
au

da
l

M
O

La
te

ra
l

M
O

12 12.2

-0.4

-1

1

-2
1.5

-1

0.4

1

1

-2
1.5

-1

time (min)12 12.2

-1 ×Caudal-MO

Before sign correction After sign correction

Figure 7.10: Sign correction of the Caudal-MO activity. The average fluorescence observations
from Caudal-MO and Lateral-MO, and the EEG within the time window of 12 − 12.2 min are
shown on left. The right panel shows the same, after performing the sign correction on the average
Caudal-MO activity. For ease of visual comparison, some peaks of the Caudal-MO are indicated
by dashed red vertical lines.
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Figure 7.11: Changes in the phase spectrograms with sign correction. The phase spectrograms(
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(
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in radians before the sign correction are shown on the left and after the sign

correction of the Caudal-MO are shown on the right. The dashed horizontal lines on the right
figure show the average peak EEG oscillation frequency, derived from the magnitude spectrogram
of the EEG.

Table 7.1: Relative phase and time shifts at peak EEG oscillation frequency

EEGL-MOC-MO
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-M

O
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Phase (time) lag

Ph
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e 
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m
e)

 le
ad 0

0

0

0.86 rad
(43 ms)

1.76 rad
(89 ms)

0.92 rad
(46 ms)

-0.92 rad
(-46 ms)

-0.86 rad
(-43 ms)

-1.76 rad
(-89 ms)

Next, to derive the relative time shifts, we estimated the average peak EEG oscillation

frequency (fEEG) using the magnitude spectrum of the EEG. Then, for each phase spectrogram,

we calculated the average phase-shift (∆φ) across all time windows at fEEG, as indicated by the

dashed horizontal lines in Figure 7.11 (right). Finally, phase-shifts were converted to time-shifts

by ∆t = ∆φ
2πfEEG

. Table 7.1 shows both phase-shifts (∆φ) and time-shifts (∆t) thus calculated.

From this, we see that the Lateral-MO oscillations lag the Caudal-MO oscillations by around

43 ms while the EEG has a further lag of 46 ms. These results indeed corroborate with the time
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shifts that we originally observed between the three time series (Figure 7.10).

7.3 Swimming occurs at a distinct phase of the breathing rhythm

From our preliminary analysis (Figure 7.4), we noted that the breathing frequency changes

with swim bouts. This was further confirmed by the cross-spectral (Figure 7.5) and spectral

Granger Causality (Figure 7.6) analysis, by the display of lower frequency (near 1 Hz) coupling

in time windows with higher EMG activity. Upon closer inspection of the breathing oscillations

along with the EMG, we noted another interesting phenomenon.

Figure 7.12 shows the observed EMG, Caudal-MO, Lateral-MO, and the EEG activity, in

a 0.3 min time window that had several swim bouts (spikes in the EMG). While the breathing

frequency reduces when swim bouts occur, we also noted that the swim bouts seem to occur

immediately after the negative peak of the Caudal-MO oscillations (or the positive peak of the

sign corrected version, shown in Figure 7.12 right). For ease of visual comparison, we have
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Figure 7.12: Swim events occur at a particular oscillation phase. The EMG, average fluorescence
observations from Caudal-MO and Lateral-MO, and the EEG within the time window of 14.6−
14.9 min are shown on the left. The right panel shows the same, after performing the sign
correction on the average Caudal-MO activity. For ease of visual comparison, dashed vertical
lines are indicated on the figure on the right, corresponding to the occurrences of swim bouts.
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included some dashed vertical lines on the figure on the right, showing the occurrences of swim

bouts. This pattern was consistent across all observations and different fish. To further verify

this, we derived the swim triggered averages of each of these oscillatory signals, by averaging the

activity three seconds before and after the peak of swim bouts. The mean and standard deviation

of EMG, Caudal-MO, Lateral-MO, and EEG activity around the swim bouts are shown in Figure

7.13 (left). While the activity before and after swim bouts on average is random, that is not the

case during the occurrence of swim bouts. Since swim bouts tend to occur at the negative peak

of Caudal-MO oscillations (Figure 7.12 left), we observed the same pattern in the swim triggered

averages (Figure 7.13 left) as well.

Next, we derived the instantaneous phases of Caudal-MO, Lateral-MO, and EEG by apply-

ing a Hilbert transform on the low-pass filtered average activity. Then, similar to swim triggered

activity averages, we derived the swim triggered instantaneous phase averages as shown in Figure

7.13 right panel. This further validates the dependency of swim bouts on the phase of breathing.
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Figure 7.13: Swim triggered averages of activity and phase of oscillations. The swim triggered
averages of activity three seconds before and after the EMG peak are shown on the left. Rows
from top to bottom: the EMG, average fluorescence observations of Caudal-MO, average fluo-
rescence observations of Lateral-MO, and the EEG activity. The right panel shows the swim-
triggered averages of instantaneous phase in the same organization as the left panel.

182



While the average phase is near zero (since it is random) before and after the swim bouts, in

the duration of the swim bout, the phase seems to be similar across trials (shown by non-zero

mean and lower standard deviation). Further, this average instantaneous phase plot also reflects

the opposite polarity of the Caudal-MO oscillations. Note that the EEG and Lateral-MO phase

triggered averages are of the same shape, while the Caudal-MO phase triggered average seems

flipped across the time axis. For a better exposition of this effect, we show in Figure 7.14 the

comparison of the swim triggered averages of instantaneous phase, before and after correction of

the sign of Caudal-MO oscillations. Note that after the sign correction, the triggered averages of

Caudal-MO, Lateral-MO, and EEG all look very similar to each other in the overall pattern.

Finally, we derived the average EMG activity, triggered to the instantaneous phase of the

oscillations. The phase triggered averages of the EMG relative to the Caudal-MO phase, Lateral-

MO phase, and EEG phase are shown in Figure 7.15. In the case of Caudal-MO phase triggered

averages, we have included the plots both before and after sign correction for comparison. Fur-

ther, below each figure, we have plotted a polar histogram that shows the average EMG activity
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Figure 7.14: Swim triggered averages of instantaneous oscillation phases before performing
sign correction on the Caudal-MO oscillations (left), and after performing sign correction on
the Caudal-MO oscillations (right).
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during each phase. These results further validate our hypothesis that swim bouts indeed occur at

a particular phase of breathing oscillations. We consistently see this across all four distributions,

with the EMG activity being significantly concentrated at a distinct phase. Further, comparing

Caudal-MO after sign correction, Lateral-MO, and EEG, we see that the peak EMG activity oc-

curs first in Caudal-MO, then in Lateral-MO, and finally in EEG; corroborating our previous

results.

In summary, we see that the results derived in this section are consistent with those pre-

sented in previous sections, further validating our hypotheses regarding these oscillations. Fur-

ther, from the analysis presented in this section, we see that the swim bouts are phase-locked and

gated by the breathing rhythm. This suggests that the respiratory rhythm plays a major role in the

locomotion gating of zebrafish.
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Figure 7.15: Instantaneous-phase triggered averages of EMG (swimming) activity. The average
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bottom row shows the same, in the form of polar plots.
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7.4 Timing of grating induced swimming depends on pre-stimulus EEG

It is well known that sensory inputs can induce swimming, and the auditory/visual-motor

transformation and the brain circuitry that integrates the sensory inputs have been explored in re-

cent work [161,164]. However, given that the swimming circuit is phase-locked and coupled with

respiration, it is also interesting to investigate the role of breathing in sensory-induced swimming.

To that end, we presented a one-second visual grating stimulus to zebrafish across repeated trials,

and recorded the breathing (through EEG) and swimming (through EMG) under the stimulus ap-

plication. Figure 7.16 shows the averages of the EMG and EEG activity across all trials, aligned

to the onset of the grating stimulus onset. The green shaded areas indicate the 95% empirical

confident levels. The increased EMG activity in Figure 7.16 after stimulus presentation indicates

that a grating stimulus can reliably induce swimming. Further, the corresponding changes in the

EEG indicate that the breathing pattern also changes as a consequence of swimming.
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Figure 7.16: Grating stimulus onset triggered averages of EMG and EEG, three seconds before
and after the stimulus presentation. The black lines show the average across multiple trials and
the green shaded areas indicate the 95% empirical confident levels.
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Next, to investigate the relationship between grating-induced swimming and breathing, we

performed the following analysis. First, we extracted the trials that consisted grating triggered

swimming, and extracted the swimming onsets of those trials as indicated by the green line in the

example trial in Figure 7.17. Then, we also extracted the EEG peaks of the same trials, as shown

by the yellow lines in Figure 7.17. To test whether the timing of the grating-induced swimming

indeed depends on the pre-stimulus EEG, we extracted the following two time differences. As

illustrated in Figure 7.17, t1 is the time between the pre-stimulus EEG peak and the grating onset,

and t2 is the time between the grating onset and the onset of the grating induced swimming. If

the swimming occurs independent of the ongoing breathing activity, one would expect t2 to be

constant independent of t1. To test whether t2 is dependent or independent of t1, we performed a

linear regression as shown in Figure 7.18. From the linear regression statistics reported in Table

7.2, we see that the linear fit is significantly different from a constant model, which shows that
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Figure 7.17: Comparing the timing of grating induced swimming with the timing of the pre-
stimulus EEG. In each trial, we compare the time between the pre-stimulus EEG peak and grating
onset (t1) with the time between the grating onset and the grating induced swimming onset (t2).
The green lines indicate the swimming onset and the yellow lines indicate the EEG peaks.

186



t₁ (seconds)

t₂ 
(s

ec
on

ds
)

0 0.8
0

0.4

Figure 7.18: Linear regression between t1 and t2 to test the dependence of t2 on t1.

Table 7.2: Linear regression statistics
Slope of the line p-value R-squared

−0.28 4× 10−9 0.42

the data fits the line with statistical significance.

Thus, these results clearly illustrate that the timing of the grating triggered swimming is

dependent on the pre-stimulus EEG, in other words, the ongoing breathing activity. It is also

noteworthy that the slope is less than one in magnitude, which indicates that the timing of the

swimming is not completely independent of the stimulus presentation. This indicates that in

general the next breathing cycle occurs faster than expected as a result of the stimulus presentation

and the stimulus-induced swimming. However, the grating-triggered swimming cannot happen

immediately after the stimulus presentation, and the timing of the swimming depends on the

phase of the breathing at the stimulus onset.

We also noted that when the fish is in hypoxic conditions, sometimes grating-induced

swimming does not happen immediately after the stimulus onset, but a little later. Figure 7.19

shows four example trials of activity recorded under such conditions. While in trial 1 of Figure

7.19 the grating-induced swimming occurs at the first EEG peak after the grating onset (as indi-
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Figure 7.19: Example trials for swimming under grating during hypoxia. The one-second grating
stimulus (green), EMG activity (black), EEG activity (blue), and the EEG peaks after grating
(yellow) are indicated in each trial. The trials are centered on the pre-stimulus EEG for ease of
comparison. The arrow indicates the time of the first swim induced by the grating visual stimulus.

cated by the arrow), it is not the case in the other three trials. It is evident from Figure 7.19 that

the first swim induced by grating occurs respectively at the second, third, and fourth EEG peak

after the grating onset, in trials 2, 3, and 4.

An initial inspection of the timing of swimming induced by grating revealed that it is in-

deed dependent on the pre-stimulus EEG, consistent with the preceding results. In addition, even

the timing of swimming occurring with a delay (such as trials 2, 3, and 4 in Figure 7.19) seems

to occur with minimal influence on the ongoing rhythmicity of breathing. To test this, we com-

pared the averages across multiple trials aligned to the pre-stimulus EEG peak, with the averages

aligned to the stimulus onset. Figure 7.20 shows the comparison of the pre-stimulus EEG peak

triggered averages with the grating onset triggered averages, of the EMG and EEG activity until

the occurrence of the first grating induced swimming event.

The multi-modal nature of the pre-stimulus EEG peak triggered average EMG activity in
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Figure 7.20: Comparison of (A) Pre-stimulus EEG peak triggered averages with (B) Grating
onset triggered averages. The rows from top to bottom show the grating stimulus activity, EMG,
and EEG activity respectively. The shaded green areas indicate the 95% empirical confidence
levels. The results of fitting a Gaussian mixture model on the swim onsets are shown in red in
panel A.

Figure 7.20-A illustrates that the timing of grating induced swimming is indeed governed by the

ongoing EEG rhythmicity. To further validate this, we fit a Gaussian mixture model on the onsets

of the grating induced swimming, as indicated in red in Figure 7.20-A. The peaks of the Gaussian

fit indeed coincide with the peaks of the EEG, as evident when comparing the second and third

rows of Figure 7.20-A. On the other hand, the EMG activity average triggered to the grating onset

(Figure 7.20-B) is uni-modal with a larger variance, indicating that the timing of the swimming

is not completely determined by the grating onset. While the swimming is indeed triggered by

the grating, the timing of the swimming seems to be mainly determined by the ongoing breathing

rhythm. Thus, these results suggest that the ongoing breathing rhythm acts as a predictor of the

timing of stimulus-induced swimming.

189



7.5 Exploring breathing activity at the individual-cell level

In the previous sections, we looked in detail at the EEG-sync breathing oscillations that

were observed in the Caudal-MO neuronal cluster and Lateral-MO neuronal cluster. However,

it is also interesting to investigate the breathing oscillations at the individual-cell level, since it

could be the case that there are minor variations among the individual cells in those neuronal

clusters. Moreover, it is also possible that there could exist weaker breathing-related oscillations

in other brain regions as well. In this section, we explore these possibilities by analyzing the flu-

orescence observations at the individual-cell level, as opposed to considering neuronal clusters.

Furthermore, we compare the breathing networks under two different conditions: non-swim vs

with-swimming, to further investigate the changes in the respiratory circuitry induced by swim-

ming.

To that end, we first performed a coherence analysis to identify the cells with oscillations.

We divided the observation duration into windows of length 4 s and then performed a sliding

window multitaper analysis [43] to quantify the cross-spectral power between the fluorescence

activity of each cell and the EEG. Then, we derived the average coherence [103] between the

activity of each cell and the EEG, at peak EEG frequency, based on the cross power computations.

Figure 7.21 (left) shows the average coherence thus obtained for each cell.

Next, we performed a statistical test to identify the cells with statistically significant co-

herence with the EEG. We obtained a null distribution corresponding to chance occurrences of

coherence by temporally shuffling fluorescence activity of randomly selected cells. Then, based

on that null distribution, we derived the coherence threshold that would reject the null hypothesis

with α = 0.01. Figure 7.21 (right) shows the cells that had statistically significant coherence
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Figure 7.21: Extracting cells having significant coherence with EEG. (A) The left panel shows
the average coherence of each cell with the EEG, for time windows without swimming. The right
panel shows the cells that have high coherence with statistical significance (α = 0.01) according
to an empirical test, for time windows without swimming. (B) Same organization as panel A, for
time windows with swimming.

according to this test (α = 0.01). The top panels (Figure 7.21-A) show the coherence maps

obtained using time windows without any fictive swim events, while the bottom panels (Figure

7.21-B) indicate the coherence maps derived from time windows with swimming.

From Figure 7.21 we see that the cells that have significant coherence under non-swim

conditions are a subset of those with significant oscillations under swimming conditions. Next,

we derived the magnitude spectrogram (of the CPSD wrt to EEG) in decibels and phase spectro-

gram (of the CPSD wrt to EEG) in radians of those significant cells at the peak EEG oscillation

frequency, as shown in Figure 7.22. The magnitude spectrograms indeed look similar to the co-

herence maps, with higher cross-spectral power in the Lateral-MO and Caudal-MO areas. The

phase spectrograms in Figure 7.22 reveal very interesting phenomena. From the phase spectro-

gram, we see that the regions around the Lateral-MO are in a similar phase and all the regions

around the Caudal-MO are in a different phase. Moreover, from Figure 7.22-B we see that there
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Figure 7.22: Magnitude and phase spectrograms of cells with significant coherence. (A) Aver-
age magnitude spectrogram in decibels (left) and average phase spectrogram in radians (right)
of the Cross Power Spectral Density (CPSD) between the EEG and cells with significant coher-
ence (α = 0.01) at the peak EEG frequency, in time windows without swimming. (B) Same
organization as panel A, for time windows with swimming.

exist cells in the mid-brain having a phase similar to the Caudal-MO region, under swimming

conditions. These results strongly suggest that the respiratory rhythm is indeed distributed across

a larger population of cells in the hind-brain, and is not only restricted to the two clusters Lateral-

MO and Caudal-MO.

For a closer inspection of the phase spectrogram in Figure 7.22, we also looked into the

contours of the phase spectrogram. Specifically, Figure 7.23 shows the different cells, within

intervals of 0.4 rad in phase-shift relative to EEG. From Figure 7.23-A, we see that there are

oscillations around the Lateral-MO and Caudal-MO with different phase shifts, even under the

non-swim condition. Note that the negative phase shifts in the Caudal-MO arise due to the anti-

polarity with the EEG, and do not imply that the Caudal-MO is lagging in time relative to EEG.

In fact, in the previous sections, we provided several results that showed that the Caudal-MO

precedes in time compared to all oscillations. Further, from Figure 7.23-B we see that the phase
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Figure 7.23: Phase sequence of cells with significant coherence. (A) Cells with different phase
shifts (∆φ in radians) relative to the EEG, under non-swim conditions. The phase shift range
in each panel is indicated above the panel. These plots correspond to different contours of the
heat-map in Figure 7.22-A (right). (B) Same as panel A, for swimming conditions.

sequence of the breathing-related activity under swimming conditions is very similar to that under

non-swim conditions, with a comparatively larger population of neurons being activated.

7.5.1 Reconstructing EEG through regression

To further validate that the EEG is indeed a surrogate of the oscillations in the above cells,

we performed a regression analysis as follows. Firstly, we extracted the cells that have significant

coherence with EEG under both non-swim and swimming conditions (Figure 7.21-A & -B), as

shown in Figure 7.24. Since these cells are the ones that have the same frequency activity as

EEG, the EEG is likely a surrogate of the oscillations in these cells. To test this hypothesis, we

applied a regression on the fluorescence observations from those cells, to reconstruct the EEG
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time series.

Cells with significant coherence Weights from regression

Figure 7.24: Cells selected for the regression analysis. The left panel shows the cells that have
significant coherence with EEG under both non-swim and swimming conditions. The right panel
shows the weight of each cell from the regression analysis.

Specifically, let Y ∈ RT×N be a matrix of the fluorescence recordings from the cells in

Figure 7.24 (left). HereN represents the total number of cells and T corresponds to the number of

time samples observed. Then, suppose that the contribution of the nth cell to the EEG is weighted

by the weight wn. Thus, w = [w1, · · · , wN ] ∈ RN is a vector containing all the weights. Under

this setting we performed a regression to find the optimal weights in the least-squares sense:

wopt = argmin
w

||EEGtrue−Yw||2+λ||w||2, (7.2)

where λ is a hyper-parameter and EEGtrue is the observed EEG time series. We performed

two-fold cross validation to find the optimal setting of λ. The optimal weights thus derived are

shown in Figure 7.24 (right). Interestingly, we noted that the weights are mostly uniform, which

implies that the oscillatory fluorescence activity in all these cells almost equally contribute to the

EEG activity. Then, we derived the reconstructed EEG activity from the optimal weights and

fluorescence observations:

EEGrecon = Ywopt. (7.3)
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Figure 7.25 shows a comparison between the true EEG (EEGtrue) and the reconstructed EEG

from regression (EEGrecon). While the reconstructed EEG is somewhat noisier than the true

EEG due to observation noise in fluorescence recordings, the reconstructed EEG follows the true

observed EEG with remarkable accuracy.

To further check for the consistency of this observation, we performed a cross power spec-

tral density analysis (CPSD) between the true EEG and reconstructed EEG, for the entire du-

ration of the experiment. Figure 7.26 shows the magnitude spectrograms in decibel and phase

spectrograms in radians corresponding to the CPSD analysis. The windows are ranked accord-

ing to the increasing order of swim events. From the magnitude spectrograms, we see that the

reconstructed EEG displays the same spectral content around the breathing frequency as the true

EEG, consistently under both non-swim and swimming time windows. On the other hand, from

the phase spectrograms we see that within the oscillation frequency band, the true EEG and the

reconstructed EEG are indeed in-phase (with near-zero phase shift). Due to the presence of ob-

servation noise, the phases are different (in fact, random) at other frequencies.

In conclusion, the results of this analysis are key to understanding the potential source

of EEG oscillations. This analysis shows that the EEG can be reconstructed with remarkable

time (min)
3 3.5

0

-0.4

0

-0.4

Figure 7.25: Comparison between the observed EEG and the EEG reconstructed from cells in
Figure 7.24 using regression.
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to the cross power spectrum between the ith process and the jth process in time window m and
at frequency f . The windows are ranked from left to right in the order of increasing swimming
events.

accuracy by combining the fluorescence activity recorded from several cells in the hindbrain.

Thus, this indeed validates that the respiratory rhythm we capture through the EEG has a potential

neural source, specifically the respiratory cells located in the hindbrain.

7.6 Optogenetic stimulation of the middle C-MO changes the breathing rhythm

In this section, we investigate the changes in breathing rhythmicity induced through opto-

genetic stimulation of different brain regions. Figure 7.27-A shows the four brain regions that

were considered: middle C-MO, lateral C-MO, L-MO, and the cerebellum. The stimulation was

one second long and each brain area was stimulated across multiple trials. Figure 7.27-B shows

an example trial highlighting the key parameters of interest. Under the stimulation, we recorded

the breathing pattern via EEG as shown in blue in Figure 7.27-B. Then, to analyze the effect of

stimulation on the breathing rhythm, we extracted the following quantities. For each trial, we

extracted the EEG peak-to-peak distance before stimulation (tpre), during stimulation (tpost1) and
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Figure 7.27: (A) The optogenetically stimulated brain regions. (B) An example trial outlining
the optogenetic stimulation (red), EEG activity (blue), EEG phase (green) and the EEG peaks
(magenta). The peak-to-peak distance before stimulation (tpre), during stimulation (tpost1) and
after stimulation (tpost2), and the phase of EEG at the stimulation onset (φonset) are also indicated.

after stimulation (tpost2) as shown for the example in Figure 7.27-B. Further, we derived the in-

stantaneous phase of EEG using the Hilbert transform (as shown in green in Figure 7.27-B), and

extracted the phase of EEG at the stimulation onset (φonset). Then, to identify effects on breathing

rhythmicity induced by the stimulation, we derived the two quantities: ∆t1 = tpost1− tpre and

∆t2 = tpost2− tpre. If the stimulation does not have a uniform effect on the breathing rhythmicity,

one would expect ∆t1 and ∆t2 to be randomly distributed near zero. Moreover, to investigate

whether the response could depend on the phase of EEG at stimulation onset, we plotted ∆t1 and

∆t2 in each trial as a function of φonset, as illustrated in Figure 7.28.

From Figure 7.28, we see that the stimulation of lateral C-MO, L-MO and cerebellum do

not have notable effects on the breathing rhythm, since both ∆t1 and ∆t2 seem to be randomly

distributed across multiple trials. However, there does exist a notable trend in the change in

rhythmicity following middle C-MO stimulation (first column of Figure 7.28). During the middle

C-MO stimulation, while ∆t1 is near zero and random when the phase of EEG at the stimulation

onset is negative (φonset < 0), we clearly see from Figure 7.28 that ∆t1 < 0 when φonset > 0. On
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Figure 7.28: Results of optogenetically stimulating different brain areas. Each panel indicates
time shifts ∆t1 = tpost1− tpre (top) and ∆t2 = tpost2− tpre (bottom) as a function of the phase of
EEG at the stimulation onset (φonset). Columns from left to right show the results of stimulating
the brain regions: middle C-MO, lateral C-MO, L-MO and the cerebellum respectively.

the other hand, while ∆t2 < 0 when φonset < 0, ∆t2 is random when φonset > 0.

This result can be understood as follows. When the phase of EEG at the onset of the

stimulation of middle C-MO is positive, the change in rhythmicity induced by the stimulation is

immediate; the EEG peak that immediately follows the stimulation occurs sooner than expected.

On the other hand, when the phase of EEG at the onset of the stimulation is negative, the response

to the stimulation is not immediate, it is not the first EEG peak that occurs sooner than expected,

but the second. In conclusion, the changes in breathing rhythmicity induced by middle C-MO op-

togenetic stimulation depend on the phase of breathing at the onset of the stimulation. Moreover,

the fact that the stimulation of middle C-MO causes the timing of the following breaths (and thus

the breathing rhythmicity) to be changed indeed further suggests that the breathing pacemaker

could potentially be located in that region.
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7.7 Ablation of Lateral-MO does not affect phase coupling between swimming

and breathing

Next, to investigate the role of the Lateral-MO in breathing and swimming, we performed

ablation of L-MO cells and compared the breathing and swimming activities before and after the

L-MO ablations. Consistently in all experiments, it was noted that the EEG is largely unaffected

by the ablations, which implies that the other breathing cells can continue functioning indepen-

dently of the L-MO. Further, it was noted that both spontaneous and stimulus-driven swimming

increases significantly after L-MO ablations, which suggests that L-MO could have an inhibitory

effect on swimming.

To investigate the effect of L-MO ablations on the oscillations in other brain regions, we

performed whole-brain imaging of activity before and after L-MO ablations. Then, we extracted

three main groups (Lateral-MO, Caudal-MO, Group-7) related to breathing using data recorded

before ablations, as shown in Figure 7.29-A. We compared the average fluorescence activity of

these three groups along with the EEG and EMG, before and after L-MO ablations. Figure 7.29-

B & C show two such example trials, recorded under a grating visual stimulus. From Figure

7.29-B, we see that L-MO is anti-phasic relative to C-MO and G-7, and all three brain regions

have breathing and swimming-related oscillations before L-MO ablation. On the other hand, after

L-MO ablation (Figure 7.29-C), while the L-MO activity is random, the C-MO and G-7 neurons

indeed have phase-locked oscillations in sync with EEG and EMG same as before.

To further investigate this, we derived the instantaneous phase of the L-MO, C-MO, G-7,

and EEG, and computed the average swimming activity triggered to the phase of these oscilla-
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Figure 7.29: Ablation of Lateral-MO experiment. (A) Groups of cells with breathing activity
under normal conditions: Lateral-MO (L-MO), Caudal-MO (C-MO), and Group-7 (G7) neurons.
(B) Sample average fluorescence activity recorded from L-MO, C-MO, G-7, and the EEG and
EMG under presentation of a grating visual stimulus, before L-MO ablations. (C) Same organi-
zation as panel B, for activity recorded after L-MO ablations.

tions, from data before and after L-MO ablations. Figure 7.30 shows the phase triggered averages

of swimming thus obtained. As indeed one would expect, the swimming activity triggered in the

L-MO phase is random after the L-MO ablations, while it is not the case before the ablation.

More interestingly, the average swimming activity triggered by C-MO, G-7, and EEG phase

seems to be largely unaffected by the L-MO ablations. These results suggest that swimming

is phase-locked to the oscillations in C-MO and G-7 cells independent of the L-MO. Further,

the breathing rhythm in C-MO and G-7 persists even after L-MO ablations, which further rein-

forces our hypothesis that the breathing pacemaker is located in this area. However, increased
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Figure 7.30: Average swimming activity triggered to the instantaneous phase of L-MO, C-MO,
G-7 and EEG oscillations, before (top) and after (bottom) L-MO ablations.

swimming after L-MO ablations suggests that the L-MO plays a role in regulating swimming, by

inhibiting swimming.

7.8 Proposed circuit model for respiratory-swimming coupling

Finally, we develop a circuit model for zebrafish respiratory-swimming coupling based on

the observations and deductions of all the preceding sections. We focus on the two main respira-

tory brain regions (C-MO and L-MO) and create a model that can replicate their interactions with

swimming. To that end, first, let us summarize the major conclusions that we deduced through

all the analyses in the preceding sections.

• The C-MO is in-phase with swimming, and the fluorescence activity of C-MO is large

during swimming.

• The breathing rhythm slows during swimming, and swimming is phase-locked to breathing.

• The L-MO activity is anti-phasic relative to C-MO activity during both swimming and
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non-swimming conditions and is slightly delayed relative to C-MO.

• Swimming is facilitated by the ablation of L-MO, which suggests that an inhibitory con-

nection exists from L-MO to swimming.

• The breathing frequency slows down during high oxygen conditions, and the fish can swim

more easily in highly oxygenated water.

Based on the foregoing observations, we deduced the circuit model in Figure 7.31. The C-

MO models the combination of the breathing pacemaker and other brain regions having activity

in-phase with swimming. Since L-MO is anti-phasic relative to the C-MO, we hypothesize that

L-MO activity is driven by a post-inhibitory rebound from C-MO. Then, since swimming is fa-

cilitated by L-MO ablation, swimming is hypothesized to be inhibited by the L-MO. On the other

hand, since swimming is in-phase with C-MO and C-MO activity is large during swimming, we

hypothesize an excitatory link between C-MO and swimming, with the swim drive being primar-

ily modulated by the C-MO. Finally, since the breathing rhythm changes with oxygen conditions,

we assume that an oxygen level sensor modulates the rhythm of the breathing pacemaker.

Next, we simulated the circuit model in Figure 7.31 using the Izhikevich model for spik-

ing neurons [81]. The Izhikevich model is a two dimensional system of ordinary differential

C-MO L-MO

Swim

Oxygen level

Swim drive

Figure 7.31: Proposed circuit model for respiratory-swimming coupling.
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equations of the form,

v̇ = 0.04v2 + 5v + 140− u+ I

u̇ = a(bv − u) (7.4)

with the after-spike resetting

if v > 30 mV, then v ← c and u← u+ d.

By changing the settings of the four parameters a, b, c and d, it is possible to simulate

various intrinsic firing patterns observed in real neurons [81]. Considering that respiratory os-

cillations are generally known to be bursting events, we set the parameters such that the three

populations: C-MO, L-MO and swim generate bursting events. Since the C-MO consists of the

pacemaker and can generate the rhythm intrinsically, we modeled the C-MO as a tonic bursting

unit, with the baseline tonic input level being determined by the oxygen level. Thus, the C-MO

generates intrinsic bursting oscillations (respiratory rhythm) while modulating the frequency of

oscillations with the oxygen level. A swim drive causes an instantaneous increase in C-MO input,

which causes the C-MO bursts to be stronger (and hence larger calcium activity), which in turn

triggers swimming.

To model the post inhibitory rebound effect in L-MO induced by C-MO, we used an addi-

tional linear differential equation:

ṙ = −pr + q I[C-MO > 0]
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and then modeled the input to the L-MO as

IL−MO = r × I[C-MO < 0]

This causes the L-MO to be silent when the C-MO activity is high, and then to generate a bursting

event after being released from the C-MO inhibition. Finally, we modeled the swimming activity

as being generated by another bursting unit that is primarily driven by C-MO, along with an

inhibitory input from L-MO.

Figure 7.32-A shows a sample case with all the variables, where we have simulated spiking

activity with 1 ms resolution. Figure 7.32-B shows the corresponding low temporal resolution

(sampling frequency 20 Hz) and temporally blurred calcium activity, similar to the calcium fluo-

rescence activity observed in real data. In the example in Figure 7.32-A, the first, third, and fourth

swim drives induce swimming while the second one fails to do so. This is because the second

drive is not as strong as the other three, and the corresponding C-MO activity is not sufficiently

strong enough to induce swimming activity by overcoming L-MO inhibition. It is evident from

this simulation that the model replicates all the key properties that we observed in real data.

Next, to investigate the changes in the model with oxygen level and L-MO ablations, we

extended our simulation to those conditions. Figure 7.33 shows simulated calcium activity under

two different oxygen levels. To further make the setting realistic, we have modeled both sponta-

neous and stimulus-induced swim drives in this simulation. The spontaneous swim drives were

modeled by a smoothed Bernoulli noise process (shown in blue in Figure 7.33 first row). The

oscillation frequency of C-MO and L-MO is lower during high oxygen conditions, similar to real

data. Due to the inhibition from L-MO to swim, weak swim drives cannot induce swimming
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Figure 7.32: Sample simulated Izhikevich neuronal model activity. (A) Simulated Izhikevich
neuronal spiking activity. Rows from top to bottom: swim drive, C-MO, L-MO, and swimming.
Each panel also shows the variables and the inputs of the corresponding Izhikevich model. (B)
The calcium activity with low temporal resolution and temporal blurring, in the same organization
as panel A.

under the low oxygen condition in Figure 7.33. On the other hand, due to lower frequency os-

cillations under high oxygen conditions, swimming is mostly released from the L-MO inhibition

by the time the excitation from C-MO is received, which facilities swimming. Thus, even weak

swim drives can induce swimming under high oxygen conditions, as shown in Figure 7.33. This

explains the potential neural mechanism of how zebrafish adjust their swimming rates based on

the oxygen availability in the environment.

Then, to test the role of L-MO in regulating swimming, we simulated the same setting

as in Figure 7.33 by removing the inhibition from L-MO to swimming (which is equivalent to

ablating the L-MO cells). Figure 7.34 shows a comparison of the swimming generated by our

model, before and after L-MO ablations. After L-MO ablations, we see more spontaneous and

stimulus-induced swimming even under low oxygen conditions, as a result of lack of inhibition

from L-MO to swimming. From this, we see that the role of L-MO is to regulate swimming,
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Figure 7.34: Comparing swimming generated by our model at the same settings as Figure 7.33,
before and after L-MO ablations.

by suppressing swimming through inhibition during low-oxygen conditions. On the other hand,

since swimming is primarily driven by the C-MO, the lack of inhibition from L-MO to swimming

does not have a significant impact on the C-MO-swimming phase coupling, consistent with what

we also observe in real data experiments.

206



Finally, we repeated a stimulus under 100 trials (with different spontaneous activity in each

trial), under low and high oxygen conditions, both before and after L-MO ablations as shown in

Figure 7.35. The second row of Figure 7.35 shows the swimming activity in each trial, and the

third row shows the average swimming activity across all trials. These results indeed corroborate

our initial observations: fish tend to swim more easily under high oxygen conditions than under

hypoxia, and swimming is facilitated by ablation of L-MO irrespective of the oxygen level. In

conclusion, the circuit model that we developed accurately reproduces the coupling between C-

MO, L-MO, and swimming observed in real data, along with the changes induced in the network

under different oxygen conditions.
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Figure 7.35: Comparing swimming generated by our model across multiple trials, before and
after L-MO ablations, and under low and high oxygen conditions. The first row indicates the
stimulus repeated across trials, and the second row shows the trial-to-trial swimming activity.
The third row indicates the average swimming activity across all 100 trials.
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7.9 Concluding Remarks

In this chapter, we investigated the respiratory circuitry and the swimming-respiration cou-

pling phenomena in larval zebrafish by analyzing whole-brain light-sheet microscopy imaging

data. Firstly, using multitaper spectrotemporal analysis of whole-brain imaging data and simul-

taneously recorded EEG data, we discovered brain regions that are synchronized with the EEG

oscillations. Then, using cross-spectral and spectral Granger causality analysis, we established

that the oscillations extracted from those brain regions and the oscillations in the EEG are indeed

a single rhythm, which corresponded to the zebrafish respiratory rhythm. Using cross-spectral

density phase analysis, we then introduced a new method to categorize the whole-brain respira-

tory neurons based on their distinct phases relative to the breathing rhythm. From this analysis,

we deduced that the neural source of EEG is primarily located in the hind-brain and that a larger

population of neurons spanning from the fore-brain to the hind-brain is in sync with breathing

under swimming conditions in comparison to non-swim conditions. Using several spectrotempo-

ral analysis methods, we also demonstrated that zebrafish swimming is phase-locked to breathing

and is gated by the respiratory rhythm. Next, through the analysis of whole-brain imaging data

under optogenetic stimulation and two-photon ablations, we identified the brain regions that are

key for this swimming-respiration coupling. Finally, using the Izhikevich model for spiking neu-

rons, we developed a circuit model that replicates the swimming-respiration coupling behavior

observed in real data, providing new insights into the possible underlying neural circuitry.

While the results presented in this chapter are indeed very promising, several deductions

may require further investigation to make our conclusions more concrete. Firstly, from our re-

sults, we hypothesized that the breathing pacemaker lies in the Caudal-MO area, based on mul-
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tiple observations. While the observations indeed strongly suggest that, we do not yet have suf-

ficient experimental evidence to distinguish the exact pacemaker neurons. Then, we introduced

a minimal circuit model in Section 7.8 that could potentially explain the swimming-respiratory

coupling behavior we noted in real data. It is noteworthy that we have not yet established the con-

nections that we hypothesized at a synaptic level, and the true underlying circuitry is quite likely

to be significantly more complicated than our proposed model. In addition, while we developed

our model at a neuronal cluster level, our phase analysis at an individual-cell level in Section

7.5 revealed that there does exist notable variability in the respiratory rhythm at the scale of in-

dividual neurons. Nevertheless, our model is capable of reproducing all the main observations

we have noted consistently across different datasets and experiments, in particular the effects re-

lated to swimming-respiration coupling. Future optogenetic stimulation and ablation experiments

performed targeting individual neurons (as opposed to regions/clusters) could potentially aid in

identifying the exact key respiratory-swimming neurons and their underlying connections more

specifically and accurately.

Another interesting future direction would be investigating similarities and differences be-

tween the zebrafish respiratory system and the well-known mammalian three-phase respiratory

rhythm/circuit [165–167]. The anti-phasic nature of the Caudal-MO and Lateral-MO suggests

that one of them could correspond to inspiration activity while the other corresponds to expiration

activity. It is possible that the different phases in oscillations we observed in Section 7.5 could

correspond to different phases of the respiratory cycle. Since we believe that the Caudal-MO is

the potential pacemaker area, it is very likely to correspond with the pre-Botzinger pacemaker

neurons, that are known to initiate the inspiration phase. Likewise, it seems as if the Lateral-MO

has functionality similar to the Post-Inspiratory Complex and the Botzinger neurons, regulating
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expiration activity. Investigating if there indeed exists a mapping between the zebrafish respira-

tory circuit and the mammalian respiratory system, and identifying their common components is

a potential extension of this work.

Finally, it is well known that in humans and other mammals, respiration is often coupled

with locomotion; particularly during sustained, rhythmical activities such as cycling, rowing,

running, and wheelchair propulsion [168–170]. This phenomenon is known as Locomotion-

Respiratory coupling (LRC), and has been hypothesized to occur as a byproduct of optimizing

the effective oxygen volume due to the usage of common respiratory and locomotion muscles

[168, 170]. The swimming-breathing coupling in zebrafish that we observed in Section 7.3 and

7.4 too seems to be a very similar phenomenon, where we came to several deductions such as

zebrafish swimming is phase-locked to breathing, the breathing frequency slows-down during

swimming, and the timing of stimulus-induced swimming depends on the pre-stimulus breath-

ing activity. Investigating the similarities and differences between the mammalian locomotion-

respiratory coupling and zebrafish swimming-breathing coupling side-by-side could potentially

help us in gaining a better understanding of both of these phenomena.
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Chapter 8: Concluding Remarks and Future Directions

8.1 Summary and Extensions of our Contributions

In this dissertation, we introduced new models and methods to infer spectral and tempo-

ral network organizations from high dimensional neural data, specifically neuronal spiking data,

two-photon calcium imaging data, and light-sheet imaging data. We identified that the exist-

ing methods for network-level inference from these data modalities have several shortcomings;

including undermining the non-linear dynamics that govern neuronal spiking activity, requiring

intermediate time-domain estimation, ignoring non-stationary brain activity, and causing down-

stream network-level analysis to be erroneous by solving the inverse problem in a multi-stage

fashion. We addressed these issues by introducing Bayesian models and methods to directly infer

the underlying network connectivity from the observed data, without requiring intermediate steps

of latent activity estimation.

In the first part of this thesis, we introduced Bayesian methods to infer dynamic frequency-

domain network organizations in neuronal ensembles from spiking observations, by integrating

techniques such as point process modeling, state-space estimation, and multitaper spectral es-

timation. Firstly, we introduced a semi-stationary multi-taper method tailored for spiking data,

called the Point Process Multi-Taper Semi-Stationary Spectral Density (PPMT-SSD) estimator,

and established theoretical bounds on its performance. Building upon PPMT-SSD, we then in-
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troduced a framework to derive dynamic spectrotemporal Granger causal interactions in a pop-

ulation of neurons from spiking data. We demonstrated the validity of these methods through

simulations, and application to real data recorded from the rat brain revealed new insights on

the coupling of different neuronal populations across frequency during different sleep episodes.

Finally, we also extended our frequency-domain estimation methods for a completely different

application: developing a precise inference method to characterize frequency-domain compo-

nents of human heart rate variability from electrocardiogram data.

In the second part, we introduced a methodology to explicitly model and directly esti-

mate signal and noise correlations from two-photon calcium imaging observations. Despite its

remarkable spatial throughput, two-photon imaging only provides temporally blurred and noisy

observations of spiking activity. Even if spiking data were perfectly recovered via deconvolu-

tion techniques, inferring the underlying neuronal correlations is challenging due to the non-

linear dependence of neuronal spiking on endogenous and exogenous inputs. We addressed these

challenges by posing the problem in a Bayesian framework and derived an efficient variational

inference method. We demonstrated the validity of the resulting estimators through theoreti-

cal analysis and extensive simulations, all of which established significant gains over existing

methods. Applications of our method on real data revealed novel and distinct spatial patterns

in the correlation structures of two different layers in the mouse primary auditory cortex. Then,

we used our methods to investigate how the spatial patterns of the correlation networks in the

primary auditory cortex change under pure-tone vs two-tone stimulus conditions. Next, we ex-

tended our estimation framework to infer signal and noise correlation from electrophysiological

data. By applying our method to electrophysiological data recorded from the auditory cortex of

gerbils under auditory task performance, we illustrated how our method provides new insights
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into network-level changes during perceptual learning.

Lastly, in the third part of this dissertation, we investigated the respiratory circuitry and

the swimming-respiration coupling phenomena in larval zebrafish by applying several spectro-

temporal analysis techniques, to whole-brain light-sheet microscopy imaging data. Firstly, using

multitaper spectrotemporal analysis of whole-brain imaging data and simultaneously recorded

electrophysiological data, we discovered brain regions that are synchronized with the respiratory

rhythm and categorized them based on their distinct phases relative to the breathing rhythm. Us-

ing several spectrotemporal analysis methods, we then demonstrated that zebrafish swimming

is phase-locked to breathing and is gated by the respiratory rhythm. Next, through the analy-

sis of whole-brain imaging data under optogenetic stimulations and two-photon ablations, we

identified the brain regions that are key for this swimming-respiration coupling. Finally, us-

ing the Izhikevich model for spiking neurons, we developed a circuit model that replicates the

swimming-respiration coupling behavior observed in real data, providing new insights into the

possible underlying neural circuitry.

8.2 Limitations of our approaches

It is noteworthy that while we indeed addressed most of the shortcomings in existing meth-

ods, there are some limitations inherent to our approaches as well. In what follows, we outline

some important aspects to keep in mind when using our methods and interpreting our results.

1. Computational Complexity: While the approaches we introduced in Part I and Part II have

significant performance gains in comparison to existing methods, it is important to note

that we achieved this at the cost of higher computational complexity. Nonetheless, we
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devised our inverse solutions so that computational complexity was tractable, and also

used prior knowledge and data pre-processing to further reduce computational complexity;

for example, in the Chapter 2 we restricted the estimated frequency range based on prior

knowledge of the typical frequencies of brain oscillations. It is also noteworthy that all

analyses presented in this dissertation were performed using a simple Intel Core i7 CPU,

thus our implementations also do not require expensive computational resources despite

having greater computational complexity in comparison to existing naive approaches.

2. Modeling Assumptions: Since our approaches are based on assuming an explicit genera-

tive model, it is important that the experimental data meaningfully follows our modeling

assumptions. For example, in Chapter 2 and 3, we assume that the spiking activities are bi-

nary, with at most one spiking event per time bin. Thus, it is not recommended to use these

methods under bursting and other rapidly firing conditions. Next, in Chapter 5 we noted

that in the regime of extremely low spiking rate and high observation noise, our proposed

method also fails to capture the underlying correlations faithfully and its performance de-

grades to those of existing methods. Thus, it is worth performing an initial inspection

of whether the data to be analyzed indeed saliently falls under our modeling assumption,

before applying our methods.

3. Approximate inverse solutions: Due to the multi-tier nature of our statistical models with

the involvement of multiple latent variables and unknown parameters, the exact maximum

likelihood solutions are intractable. Thus, we used alternative methods such as expectation-

maximization (Part I) and variational inference (Part II) to solve the inverse problems. It

is noteworthy that both these methods only guarantee convergence to a local optimum,
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and thus are sensitive to initialization. We used extensive simulations to validate that our

solutions indeed converged to the global optima, and also initialized the estimates using

outputs of simpler models to ensure convergence to the desired solution. However, it is also

important to keep in mind that a comprehensive theoretical understanding of initialization

methods is lacking, and there is always a possibility of converging to local optima.

4. Biological Interpretation: Finally, it is important to keep in mind that the functional net-

works identified by our methods must not be readily interpreted as direct or synaptic con-

nections. We derived all network organizations in this dissertation purely based on statis-

tical relationships between neural signals over time. For example, the circuit model we

propose for zebrafish respiration-swimming coordination in Part III was entirely based on

empirical observation, with no reference to anatomical connectivity. Whether these net-

work patterns also exist at the anatomical synaptic level is yet to be tested. An alternative

and inclusive view is that these network organizations reflect a measure of the information

transferred between neurons in the brain, rather than their underlying synaptic connections.

8.3 Future Directions

In closing, we outline some future directions of research that are brought to light as an

additional outcome of this dissertation work:

1. Improving the temporal resolution of our frequency-domain network analysis methods by

relaxing the semi-stationarity assumption, and integrating more general notions of non-

stationarity such as Priestley’s evolutionary spectra [45] or Weyl spectra [94]

2. Introducing frameworks to infer dynamic frequency-domain network organizations directly
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from two-photon calcium imaging observations, by combining the methods introduced in

Part I and Part II of this dissertation.

3. Incorporating our direct inference framework of latent network organizations from two-

photon calcium imaging data to network-level analysis beyond signal and noise correla-

tions: such as connected correlation analysis [142], Granger causal network analysis [171],

and synchrony analysis [172]

4. Extending our baseline signal and noise correlation inference framework to time-varying

correlations that underlie rapid task-dependent dynamics [146], and to non-linear models

such as those parameterized by neural networks [124]

5. Improving our signal and noise correlation inference framework by leveraging variational

inference beyond the mean-field regime [145]

6. Investigating our proposed zebrafish swimming-respiration coupling circuit model at the

individual-cell level and the anatomical synaptic level [173]

7. Comparing the zebrafish respiratory neural circuitry with the well-known mammalian three-

phase respiratory rhythm/circuit [165–167]

8. Comparing the zebrafish swimming-respiration coupling with the mammalian locomotion-

respiratory coupling phenomena [168–170]

Finally, note that the challenges we addressed through this dissertation are shared among

many other disciplines such as econometrics, climatology, seismology, social network analysis,

gene regulatory networks, astronomical imaging, and communication systems. Thus, the de-

veloped ideas and algorithms in this thesis have potential applications in other domains outside
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neuroscience and can be readily adopted thanks to the plug-and-play nature of our algorithms. In

the spirit of reproducibility, we have archived implementations of our algorithms as open source

repositories on https://github.com/Anuththara-Rupasinghe.
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Chapter A: Supplementary Material on Chapter 2

This appendix contains the proofs of the theorems characterizing the bias and variance of

the PPMT-SSD estimator.

A.1 Proof of Theorem 2.1

Proof. Let S(ω) be the PSD of the process {xk}Kk=1. Then,

|bias(Ŝmt(ω))| := |E[Ŝmt(ω)]− S(ω)|

(a)

≤ |E[Ŝmt(ω) − Smt(ω)]|+ |bias(Smt(ω))|,
(A.1)

where (a) follows from the triangle inequality. Further,

Var(Ŝmt(ω)) := E[|Ŝmt(ω)− E[Ŝmt(ω)]|2]

≤ E[|Ŝmt(ω) − Smt(ω)|2] + Var(Smt(ω))

+ 2E[(Ŝmt(ω) − Smt(ω))(Smt(ω) − E[Smt(ω)])]

(b)

≤
{√

E[|Ŝmt(ω) − Smt(ω)|2] +
√

Var(Smt(ω))

}2

,

(A.2)

where (b) follows from the Cauchy-Schwarz inequality. Thus, the desired bounds on the bias

and variance can be established through bounding the first and second moments of (Ŝmt(ω) −
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Smt(ω)). The first moment can be bounded by

∣∣∣E[Ŝmt(ω)− Smt(ω)]
∣∣∣ (c)

≤ 1

P

P∑
p=1

∣∣E [|ŷ(p)(ω)|2−|y(p)(ω)|2
]∣∣

(d)

≤ 1

P

P∑
p=1

K∑
k=1

K∑
m=1

∣∣∣E[`−1(nk)`
−1(nm)−xkxm]ν

(p)
k ν(p)

m e−iω(m−k)
∣∣∣

(e)

≤ 1

P

P∑
p=1

K∑
k=1

∣∣E [(`−1(nk))
2 − x2

k

]∣∣ (ν(p)
k )2

+
1

P

P∑
p=1

∑
k 6=m

∣∣E [`−1(nk)`
−1(nm)−xkxm

]∣∣∣∣∣ν(p)
k ν

(p)
m

∣∣∣, (A.3)

where (c) and (d) follow from the triangle inequality and (e) follows by bounding the complex

sinusoid. The main technical difficulty in further development of the bounds is due to the fact

that `−1(z) does not have a Taylor series expansion for z ∈ (0, 1). We thus have to find other

algebraically useful bounds. To this end, we need to establish the following technical lemma.

Lemma A.1. Consider the event A = {nk | nk 6= 0, nk 6= 1, 1 ≤ k ≤ K}. The following

inequality holds true for all nk ∈ A:

ε(nk) :=
∣∣`−1(nk)− xk

∣∣ ≤ g(xk, L) |nk − λk| ,

where

g(xk, L) = max

{
1

λk(1− λk)
,
|log(L− 1) + xk|
|λk − 1/L|

,
|log(L− 1)− xk|
|1− 1/L− λk|

}
.

Proof of Lemma A.1. First, consider the case λk ≤ 0.5. We bound the function ε(nk) in a piece-

wise fashion as follows. Note that `−1(nk) is convex for nk ≥ 0.5 and concave for nk ≤ 0.5.
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Thus, it immediately follows that for nk ≤ λk, ε(nk) is convex and hence,

ε(nk) ≤ |log(L− 1) + xk|
|λk − 1/L|

(λk − nk) . (A.4)

Furthermore, for λk ≤ nk ≤ 0.5, ε(nk) is concave, and hence is bounded by the tangent at

λk as follows.

ε(nk) ≤ 1

λk(1− λk)
(nk − λk) (A.5)

Finally, for the case of nk ≥ 0.5, consider the line

h(nk) :=
|log(L− 1)− xk|
|1− 1/L− λk|

(nk − λk). (A.6)

From the convexity of ε(nk), h(nk) upper bounds ε(nk) for nk ≥ 0.5, since h(0.5) ≥ ε(0.5) for

λk ≤ 0.5. Combining the piece-wise bounds in Eqs. (A.4), (A.5) and (A.6), we conclude the

claim in Lemma A.1 for λk ≤ 0.5. Due to the symmetry of ε(nk), through a similar argument,

the bound can be established for λk > 0.5, which concludes the proof.

Given that |xk| ≤ B and assuming that L is large enough so that L ≥ 2(1 + exp(B)), we

can further simplify the bound of Lemma A.1. We have:

g(xk, L) ≤ max

{
exp(B) (1 + exp(−B))2,

|log(L− 1) +B|
(1/(1 + exp(B))− 1/L)

}
≤ max

{
exp(B) (1 + exp(−B))2, 4(1 + exp(B)) logL

}
.

Thus, for sufficiently large L, we conclude that,

ε(nk) ≤ 4(1 + exp(B)) logL |nk − λk| . (A.7)
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Now, consider the expectations in the bounds of Eq. (A.3). Using iterated conditioning,

∣∣E[(`−1(nk))
2 − x2

k]
∣∣ =

∣∣E[E[(`−1(nk))
2|xk] − x2

k]
∣∣

=
∣∣E[2xkE[(`−1(nk)− xk)|xk] + E[(`−1(nk)−xk)2|xk]]

∣∣
(f)

≤E[2|xk|E[|`−1(nk)−xk||xk]]+E[E[(`−1(nk)−xk)2|xk]], (A.8)

where (f) follows from triangle and Jensen’s inequalities. In order further simplify these bounds,

we invoke the result of Lemma A.1. First, note that `−1(nk) is unbounded in the complement

of event A. Provided |xk| ≤ B, P(nk 6= 0) and P(nk 6= 1) can be lower bounded by 1 −

exp(−L log(1 + exp(−B))), which implies that

P(A) ≥ 1− 2 exp(−L log(1 + exp(−B))).

Therefore, for sufficiently large L, we see that P(A) is exponentially close to 1. Thus, hereafter

we condition the expectations on the highly probable event A. From Eq. (A.7), we get

E[ |`−1(nk)− xk| |xk, A] ≤ 4(1 + exp(B)) logLE[ |nk − λk| |xk, A].

Note that the random variable nk = Lnk is the sum of L independent Bernoulli random variables
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given xk. Thus, given xk, nk ∼ Binomial(L, λk). Accordingly,

E[ |nk − λk| | xk, A] = E[ |nk − λk|1A |xk]/P(A)

(g)

≤
√
E[ (nk − λk)21A |xk] /P(A)

(h)

≤
√
λk(1− λk)/(

√
LP(A)), (A.9)

where (g) follows from the Jensen’s inequality and (h) follows from substituting expression for

the variance of a binomial random variable. Further, note that λk(1− λk) ≤ 1/4, for λk ∈ [0, 1]

and P(A) ≥ 1/2, if L ≥ 2B/log(1 + exp(B)), which is satisfied for large enough L. Thus,

combining the bounds in Eqs. (A.9) and (A.7), we get,

E[ |`−1(nk)− xk| |xk, A] ≤ 4(1 + exp(B))
logL√
L
. (A.10)

By a similar argument we can show that,

E[ (`−1(nk)− xk)2 |xk, A] ≤ 8(1 + exp(B))2

(
logL√
L

)2

.

Thus, the expectation in Eq. (A.8) is bounded as:

∣∣E[(`−1(nk))
2 − x2

k |A]
∣∣ ≤ 8(1 + exp(B))

logL√
L

(
B + (1 + exp(B))

logL√
L

)
. (A.11)
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Following a similar argument, one can show for n 6= m,

|E[`−1(nk)`
−1(nm) − xkxm |A ]| ≤ 8(1 + exp(B))

logL√
L

(
B + 2(1 + exp(B))

logL√
L

)
.

(A.12)

Finally, using the bounds of Eqs. (A.11) and (A.12) and noting that
∑K−1

k=0 (ν
(p)
k )2 = 1, for all

0 ≤ p ≤ P , we can upper bound the expectation in Eq. (A.3) as,

|E[Ŝmt(ω) − Smt(ω) |A]| ≤ g1K
logL√
L
, (A.13)

where

g1 := 8(1 + exp(B))

{(
1

K
+ 1

)
B +

(
1

K
+ 2

)
(1 + exp(B))

logL√
L

}
.

This concludes the proof of the bound on bias. Following similar bounding techniques, the second

moment in Eq. (A.2) can be bounded by:

√
E[|Ŝmt(ω) − Smt(ω)|2 |A] ≤ g2K

logL√
L
, (A.14)

where

g2 := 4(1 + exp(B))

{√
2

K

[√
13

3

logL√
L

(1 + exp(B)) +B

]

+

[
4

(
logL√
L

(1 + exp(B)) +B

)2

−B2

]1/2}
.
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This concludes the proof of Theorem 2.1.

A.2 Proof of Corollaries 2.1 and 2.2

Proof of Corollary 2.1. Proof of Corollary 2.1 follows the proof of Theorem 2.1 closely, with the

natural extension to the multivariate case. Following the proof of Theorem 2.1, the constants g′1

and g′2 in this case are given by:

g′1 := 8 (1 + exp(B))×
(
B + 2(1 + exp(B))

logL√
L

)

g′2 := 4(1 + exp(B))

√
4

(
logL√
L

(1 + exp(B)) +B

)2

−B2

Proof of Corollary 2.2. As for Corollary 2.2, we work under the technical assumptions of The-

orems 1 and 2 in [96]. Following [96], we assume that in Eq. (2.9), Qm = Q for all m in this

proof, and that the EM algorithm finds estimates of Q and α close to their true value (for large

enough K). Then, under Assumptions (1) and (2), we identify the effective observation ỹ
(p)
m cor-

responding to the pth taper at window m in [96] by the concatenation of ν(p)
w logit (n̄(m−1)W+w,j)

for w = 1, 2, · · · ,W and j = 1, 2, · · · , J in a vector of length WJ . We also assume, without

loss of generality that W = uN , for some integer u. Then, we denote by Σ∞ the steady state

covariance of the backward smoother, and Λ := αΣ∞(α2Σ∞+ Q)−1 and Γ = (α2Σ∞+ Q)[I−

uW ((α2Σ∞ + Q)−1 + uW I)−1], as in [96]. Note that these matrices are NJ ×NJ in our case.

Under the same assumptions [96], we consider them to be diagonal with the ith diagonal element
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being γi and ηi respectively. Then, following the proof of Theorem 2.1, Corollary 2.1 and those

of Theorems 1 and 2 in [96], it can be shown that the statement of the corollary holds with the

constants:

g′′1(ωn) := 8(1 + exp(B))

(
B + 2(1 + exp(B))

logL√
L

)
× η(n−1)J+r η(n−1)J+t

M∑
s,s′=1

γ
|s−m|
(n−1)J+rγ

|s′−m|
(n−1)J+t,

g′′2(ωn) := 4(1 + exp(B))

√
4

(
logL√
L

(1 + exp(B)) +B

)2

−B2

× η(n−1)J+r η(n−1)J+t

M∑
s,s′=1

γ
|s−m|
(n−1)J+rγ

|s′−m|
(n−1)J+t,

and

κm(ωn) := η(n−1)J+r η(n−1)J+t

M∑
s,s′=1

γ
|s−m|
(n−1)J+r γ

|s′−m|
(n−1)J+t α

|s−s′|.

We refer the interested readers to [96] for detailed derivations.
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Chapter B: Supplementary Material on Chapter 5

This appendix contains the proofs of the connection between proposed estimators and con-

ventional definitions, proofs of the theorems characterizing the bias and variance for the proposed

estimators, the proposed signal and noise correlation estimation framework for electrophysiology

recordings, and supplementary figures further elaborating the simulation and real data studies in

Chapter 5.

B.1 Relationship to existing definitions of Signal and Noise correlations

Recall that the conventional definitions of signal and noise covariance of spiking activity

between the ith and jth neuron are [62]:

(Σcon
s )i,j =cov

(
1

L

∑
l

n
(i)
t,l ,

1

L

∑
l

n
(j)
t,l

)
,

(Σcon
x )i,j =

1

L

∑
l

cov

(
n

(i)
t,l−

1

L

∑
l

n
(i)
t,l , n

(j)
t,l −

1

L

∑
l

n
(j)
t,l

)
,

where cov (ut,vt) := 1
T

∑T
t=1

(
ut − 1

T

∑T
t=1 ut

)(
vt − 1

T

∑T
t=1 vt

)>
, is the empirical covari-

ance. The correlations, are then derived by the standard normalization:

(Scon)i,j :=
(Σcon

s )i,j√
(Σcon

s )i,i.(Σcon
s )j,j

, (Ncon)i,j :=
(Σcon

x )i,j√
(Σcon

x )i,i.(Σcon
x )j,j

,∀i, j = 1, 2, · · · , N. (B.1)
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Suppose that the spiking events follow the forward model:

n
(j)
t,l ∼ Bernoulli

(
λ

(j)
t,l

)
,

λ
(j)
t,l = φ

(
x

(j)
t,l ,dj

>st

)
,

where φ : R2 → [0, 1] is a differentiable non-linear mapping. We assume xt,l and st to be

independent. Without loss of generality, let E [st] = 0 and E [xt,l] = µx . Further, we define

the notation Xt ≈ Yt to denote almost sure equivalence, i.e., Xt
a.s.−→ Z and Yt

a.s.−→ Z for some

random variable Z.

First, let us consider (Scon)i,j . Noting that E
[
n

(j)
t,l

]
= E

[
λ

(j)
t,l

]
and E

[
n

(i)
t,ln

(j)
t,l

]
=

E
[
λ

(i)
t,lλ

(j)
t,l

]
, we conclude as T →∞:

(Σcon
s )i,j ≈ cov

(
1

L

∑
l

λ
(i)
t,l ,

1

L

∑
l

λ
(j)
t,l

)
,

from the law of large numbers. Then, if we consider the Taylor series expansion of φ
(
x

(j)
t,l ,dj

>st

)
around the mean (µ

(j)
x , 0), we get:

(Σcon
s )i,j ≈ cov

(
φ
(
µ

(i)
x , 0

)
+ 1

L

∑
l

(
x

(i)
t,l − µ

(i)
x

)
φ(

x
(i)
t,l

) (µ(i)
x , 0

)
+
(
di
>st
)
φ(di

>st)

(
µ

(i)
x , 0

)
+ ε

(i)
t,l ,

φ
(
µ

(j)
x , 0

)
+ 1

L

∑
l

(
x

(j)
t,l − µ

(j)
x

)
φ(

x
(j)
t,l

) (µ(j)
x , 0

)
+
(
dj
>st
)
φ(dj

>st)

(
µ

(j)
x , 0

)
+ ε

(j)
t,l

)
,

where ε(i)t,l and ε(j)t,l represent the higher order terms. Then, as L→∞, we get:

(Σcon
s )i,j ≈ cov

((
di
>st
)
φ(di

>st)

(
µ

(i)
x , 0

)
,
(
dj
>st
)
φ(dj

>st)

(
µ

(j)
x , 0

))
+ εt,l,
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since lim
L→∞

1
L

L∑
l=1

(
x

(j)
t,l

)
= µ

(j)
x by the Law of Large numbers. Thus, we see that:

(Σcon
s )i,j ≈ CSdi

> cov (st, st) dj + εt,l

= CS(Σs)i,j + εt,l,

where CS is a constant and εt,l is typically small if the latent process xt,l and the stimulus st are

concentrated around their means. Then, the signal correlations are obtained by normalization of

the signal covariance as in Eq. (B.1), through which the scaling factor CS cancels and we get:

(Scon)i,j ≈ (S)i,j.

Thus, as T, L → ∞, we see that S is indeed the signal correlation matrix that is aimed to be

approximated by the conventional definitions.

Next, let us consider (Ncon)i,j . Similar to foregoing analysis of the signal covariance, as

T →∞ we get:

(Σcon
x )i,j ≈

1

L

∑
l

cov

(
λ

(i)
t,l−

1

L

∑
l

λ
(i)
t,l , λ

(j)
t,l −

1

L

∑
l

λ
(j)
t,l

)
.

Then, from a Taylor series expansion, we get:

(Σcon
x )i,j ≈

1

L

∑
l

cov

(
x

(i)
t,lφ

(
x
(i)
t,l

) (µ(i)
x , 0

)
− 1

L

∑
l

x
(i)
t,lφ

(
x
(i)
t,l

) (µ(i)
x , 0

)
+ ξ

(i)
t,l ,

x
(j)
t,l φ

(
x
(j)
t,l

) (µ(j)
x , 0

)
− 1

L

∑
l

x
(j)
t,l φ

(
x
(j)
t,l

) (µ(j)
x , 0

)
+ ξ

(j)
t,l

)
,
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where ξ(i)
t,l and ξ(j)

t,l represent the higher order terms. Then, as L→∞:

(Σcon
x )i,j ≈ 1

L

∑
l cov

((
x

(i)
t,l − µ

(i)
x

)
φ(

x
(i)
t,l

) (µ(i)
x , 0

)
,
(
x

(j)
t,l − µ

(j)
x

)
φ(

x
(j)
t,l

) (µ(j)
x , 0

))
+ ξt,l,

from the law of large numbers. Accordingly, we see that:

(Σcon
x )i,j ≈ CN

1

L

∑
l

cov
(
x

(i)
t,l − µ

(i)
x , x

(j)
t,l − µ

(j)
x

)
+ ξt,l

= CN (Σx)i,j + ξt,l,

where CN is a constant and ξt,l is typically small if the latent process xt,l and the stimulus st are

concentrated around their means. Then, the noise correlations are derived by normalization of

the noise covariance given in Eq. (B.1). This cancels out the scaling factor CN , and we get:

(Ncon)i,j ≈ (N)i,j.

Thus, we similarly conclude that as T, L → ∞, the conventional definition of noise correlation

Ncon indeed aims to approximate N.

As a numerical illustration, we demonstrated in Appendix B.4.2 that the conventional defi-

nitions of the correlations indeed approximate our proposed definitions, but require a much larger

number of trials to be accurate. More specifically, to achieve comparable performance to our

method using L = 20 trials, the conventional correlation estimates require L = 1000 trials.
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B.2 Proof of Theorem 5.1

In what follows, we present a comprehensive proof of the Theorem 5.1. Recall the follow-

ing key assumptions:

Assumption (1). We assume a scalar time-varying external stimulus (i.e. st = st, and hence

dj = dj,d = [d1, d2, · · · , dN ]> ). Furthermore, we set the observation noise covariance to be

Σw = σ2
wI, for notational convenience.

Assumption (2). We derive the performance bounds in the regime where T and L are large,

and thus do not impose any prior distribution on the correlations (i.e., ppr(Σx) ∝ 1), which are

otherwise needed to mitigate overfitting (see Section 5.3).

Assumption (3). We assume the latent noise process and stimulus to be slowly varying

signals, and thus adopt a piece-wise constant model in which these processes are constant within

consecutive windows of length W (i.e., xt,l = xWk,l and st = sWk
, for (k − 1)W + 1 ≤ t < kW

and k = 1, · · · , K with Wk = (k − 1)W + 1 and KW = T ) for our theoretical analysis, as is

usually done in spike count calculations for conventional noise correlation estimates.

Proof of Theorem 5.1. First, recall the proposed forward model (see Section 5.3) under Assump-

tion (1)–(3):

yt,l = Azt,l + wt,l,

zt,l = α zt−1,l + nt,l,

n
(j)
t,l ∼ Bernoulli

(
φ
(
x

(j)
Wk,l

))
,

xWk,l ∼ N (µx + sWk
d, Σx) ,
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where φ (·) := exp(·)
1+exp(·) , is the logistic function. Note that we have re-defined the latent process xt,l

by absorbing the stimulus activity std to the mean of xt,l for notational convenience, without loss

of generality. Hereafter, we also assume that A = I without loss of generality. For a truncation

level B (to be specified later), consider the event AW =
{ ∣∣∣x(j)

Wk,l

∣∣∣ ≤ B and 1
2(1+exp (B))

≤

n
(j)
Wk,l
≤ 1 − 1

2(1+exp (B))
for j = 1, · · · , N, k = 1, · · · , K and l = 1, · · · , L

}
, such that nWk,l =[

n
(1)
Wk,l

, n
(2)
Wk,l

, · · · , n(N)
Wk,l

]>
:= 1

W

∑W
w=1 n(k−1)W+w,l. First, we derive convenient forms of the

maximum likelihood estimators via the Laplace’s approximations and asymptotic expansions

[174] through the following lemma:

Lemma B.1. Conditioned on event AW , the maximum likelihood estimators of the stimulus ker-

nel of the j th neuron and the noise covariance between the ith and j th neurons take the forms:

d̂j = d̃j
(
1 +O

(
σ2
w

))(
1 +O

(
1

W

))
and

(Σ̂x)i,j = (Σ̃x)i,j
(
1 +O

(
σ2
w

))(
1 +O

(
1

W

))
,

where

d̃j =
1

L
∑K

k=1 s
2
Wk

K,L∑
k,l=1

sWk

(
φ−1

(
ñ

(j)
Wk,l

)
− µ(j)

x

)
and

(Σ̃x)i,j =
1

KL

K,L∑
k,l=1

(
φ−1

(
ñ

(i)
Wk,l

)
− µ(i)

x − sWk
d̃i

)(
φ−1

(
ñ

(j)
Wk,l

)
− µ(j)

x − sWk
d̃j

)
,

with ñWk,l =
[
ñ

(1)
Wk,l

, ñ
(2)
Wk,l

, · · · , ñ(N)
Wk,l

]>
:= 1

W

∑W
w=1

(
y(k−1)W+w,l − αy(k−1)W+w−1,l

)
and

φ−1(z) := ln(z/(1− z)).

Proof of Lemma B.1. First, maximizing the data likelihood, we derive the estimators:
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d̂j =argmax
dj

p(y|Σx,d)

=

∫ (
1

L
∑K
k=1 s

2
Wk

∑K,L
k,l=1 sWk

(
x

(j)
Wk,l
− µ(j)

x

))
p(y|n)p(n|x)p(x|Σx,d) dndx∫

p(y|n)p(n|x)p(x|Σx,d) dndx
, (B.2)

and

(Σ̂x)i,j =argmax
(Σx)i,j

p(y|Σx,d)

=

∫ (
1
KL

∑K,L
k,l=1

(
x
(i)
Wk,l
−µ(i)x −sWk d̂i

)(
x
(j)
Wk,l
−µ(j)x −sWk d̂j

))
p(y|n)p(n|x)p(x|Σx,d) dndx∫

p(y|n)p(n|x)p(x|Σx,d) dndx
,

(B.3)

where Wk = (k − 1)W + 1. Then, we simplify these integrals based on the saddle point method

of asymptotic expansions [174]. To that end, first consider the numerator of Eq. (B.2) denoted

by I(1)
num. First, we evaluate the integration in I(1)

num relative to the variable n. To that end, note:

I(1)
num =

∫
h(1)

num(n) exp (A1f1(n))dn,

where h(1)
num(n) = 1√

(2π)TNLσ2TNL
w

∫ (
1

L
∑K
k=1 s

2
Wk

∑K,L
k,l=1 sWk

(
x

(j)
Wk,l
− µ(j)

x

))
p(n|x)p(x|Σx,d) dx,A1

= 1
σ2
w

, f1(n) = −1
2

∑
t,l,j

(
y

(j)
t,l −

∑t
k=1 α

t−kn
(j)
t,l

)2

and dn is shorthand notation for the product

measure of the discrete random vector n. Observing that ∇f1(n̂) = 0 for n̂ := {n̂t,l = yt,l−

αyt−1,l}T,Lt,l=1, using the method of asymptotic expansions, I(1)
num can be evaluated as:

I(1)
num = h(1)

num(n̂)× exp (A1f1(n̂))

√
(2π)TLN

−A1 |H(f1)|

(
1 +O

(
1

A1

))
, (B.4)

where the determinant of the Hessian matrix |H(f1)|, is a negative function of α. Note that
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the covariance of this Gaussian integral (−(H(f1))−1) is a function of α ∈ (0, 1), and hence

is bounded. Thus, all higher order error terms in Eq. (B.4) are also bounded, as higher order

moments of Gaussian distributions are functions of the covariance.

Next, we simplify the integral h(1)
num(n̂) in Eq. (B.4) using a similar procedure. We have:

h(1)
num(n̂) =

∫
r(1)

num(x) exp (A2f2(x))dx, (B.5)

where f2(x) =
∑

k,l,j

(
ñ

(j)
Wk,l

x
(j)
Wk,l
− log

(
1 + exp

(
x

(j)
Wk,l

)))
with ñWk,l =

[
ñ

(1)
Wk,l

, ñ
(2)
Wk,l

, · · · ,

ñ
(N)
Wk,l

]>
:= 1

W

∑W
w=1 n̂(k−1)W+w,l, r

(1)
num(x) =

1√
(2π)(W+1)KLNσ2TNL

w |Σx|KL
×

exp
(
−1

2

∑
t (xWk,l − µx − sWk

d)>Σ−1
x (xWk,l − µx − sWk

d)
)(

1

L
∑K
k=1 s

2
Wk

∑K
k=1 sWk,l

(
x

(j)
Wk,l

−µ(j)
x

))
and A2 = W . Then, we note that the gradient of f2, ∇f2(x̂) = 0 for x̂ :=

{
x̂

(j)
Wk,l

=

φ−1
(
ñ

(j)
Wk,l

)}K,L,N
k,l,j=1

, where φ−1(z) := logit(z) = ln(z/(1 − z)). Accordingly, by re-applying

the saddle point method of asymptotic expansions, we evaluate the integral in Eq. (B.5) as:

h(1)
num(n̂) = r(1)

num(x̂)× exp (A2f2(x̂))

√
(2π)KLN

−A2|H(f2(x̂))|

(
1 +O

(
1

A2

))
, (B.6)

where the determinant of the Hessian, |H(f2(x̂))|= −
∏

k,l,j ñ
(j)
Wk,l

(
1− ñ(j)

Wk,l

)
< 0 when condi-

tioned on event AW . The higher order terms in Eq. (B.6) will be bounded if the covariance of

the saddle point approximation (−(H(f2(x̂)))−1) is bounded, which we ensure by conditioning

on event AW . This completes the evaluation of I(1)
num.

Following the same sequence of arguments, we evaluate the denominator of Eq. (B.2)
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denoted by I(1)
den. Accordingly, we derive:

I
(1)
den = h

(1)
den(n̂)× exp (A1f1(n̂))

√
(2π)TLN

−A1|H(f1)|

(
1 +O

(
1

A1

))
,

h
(1)
den(n̂) = r

(1)
den(x̂)× exp (A2f2(x̂))

√
(2π)KLN

−A2|H(f2(x̂))|

(
1 +O

(
1

A2

))
, (B.7)

where r(1)
den(x) = 1√

(2π)(W+1)KLNσ2TNL
w |Σx|KL

exp
(
−1

2

∑
k,l (xWk,l − µx − sWk

d)>Σ−1
x (xWk,l − µx − sWk

d)
)
.

Finally, by combining Eq. (B.4), Eq. (B.6) and Eq. (B.7), the maximum likelihood estimator in

Eq. (B.2) takes the form:

d̂j =
I

(1)
num

I
(1)
den

= d̃j

(
1 +O

(
1
A1

))(
1 +O

(
1
A2

))
(

1 +O
(

1
A1

))(
1 +O

(
1
A2

)) = d̃j
(
1 +O

(
σ2
w

))(
1 +O

(
1

W

))
.

Further, following the same sequence of reasoning, simplifying the numerator (I
(2)
num) and denom-

inator (I
(2)
den) of Eq. (B.3) yields:

(Σ̂x)i,j =
I

(2)
num

I
(2)
den

= (Σ̃x)i,j

(
1 +O

(
1
A1

))(
1 +O

(
1
A2

))
(

1 +O
(

1
A1

))(
1 +O

(
1
A2

))
= (Σ̃x)i,j

(
1 +O

(
σ2
w

))(
1 +O

(
1

W

))
.

This concludes the proof of Lemma B.1.

Given that φ−1(z) is unbounded for z = 0 or z = 1, we consider another truncation:

φ−1
B′ (z) := min{max{φ−1(z),−B′}, B′}, where B′ = 2 log (2 exp (B) + 1). This choice of

B′ guarantees that over AW ,
∣∣∣φ−1
B′

(
n

(j)
Wk,l

)∣∣∣ < B′ for all j = 1, · · · , N , k = 1, · · · , K and

l = 1, · · · , L: and thus φ−1
B′

(
n

(j)
Wk,l

)
= φ−1

(
n

(j)
Wk,l

)
on AW .
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From Lemma B.1, the bias and variance of the maximum likelihood estimators, d̂j and

(Σ̂x)i,j are upper-bounded, if those of d̃j and (Σ̃x)i,j are bounded:

∣∣∣bias
(
d̂j

)∣∣∣ ≤ ∣∣∣bias
(
d̃j

)∣∣∣+ ζj, Var
(
d̂j

)
≤ Var

(
d̃j

)
+ ζ̃j, (B.8)

and

∣∣∣bias
(

(Σ̂x)i,j

)∣∣∣ ≤ ∣∣∣bias
(

(Σ̃x)i,j

)∣∣∣+ υi,j, Var
(

(Σ̂x)i,j

)
≤ Var

(
(Σ̃x)i,j

)
+ υ̃i,j, (B.9)

where ζj , ζ̃j , υi,j and υ̃i,j represent terms that are O(σ2
w) or O

(
1
W

)
. Thus, we seek to derive the

performance bounds of d̃j and (Σ̃x)i,j .

Bounding the bias of d̂j

Let us first consider d̃j . Note that:

∣∣∣bias
(
d̃j

)∣∣∣ :=
∣∣∣E [d̃j]− dj∣∣∣

(a)
=
∣∣∣E [d̃j − (dOracle)j

]∣∣∣
(b)

≤ 1

L
∑K

k=1 s
2
Wk

K,L∑
k,l=1

|sWk
|E
[∣∣∣φ−1

B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣] (B.10)

where (a) holds since the Oracle estimator, (dOracle)j = 1

L
∑K
k=1 s

2
Wk

∑K,L
k,l=1 sWk

(
x

(j)
Wk,l
− µ(j)

x

)
(i.e., observing xt,l directly) is unbiased and (b) follows through the application of Jensen’s in-
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equality and triangle inequality. To simplify this bound, the triangle inequality yields:

E
[∣∣∣φ−1

B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣] ≤ E
[∣∣∣φ−1

B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(j)
Wk,l

)∣∣∣]+ E
[∣∣∣φ−1

B′

(
n

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣].
(B.11)

Then, to bound each of these terms, we establish a piece-wise linear Lipschitz-type bound on

φ−1
B′ (z). First, consider the first term E

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(j)
Wk,l

)∣∣∣]. We seek to upper-bound

this expectation by bounding
∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(j)
Wk,l

)∣∣∣ via the following technical lemma:

Lemma B.2. Conditioned on event AW , the following bound holds for all j = 1, · · · , N , k =

1, · · · , K and l = 1, · · · , L:

ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
:=
∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(j)
Wk,l

)∣∣∣ ≤ g (B)
∣∣∣ñ(j)
Wk,l
− n(j)

Wk,l

∣∣∣ ,
where

g (B) = max
{

4 (1 + exp (B))2 , 4 exp (−B) log (2 exp (B) + 1)
(
1 + (2 exp (B) + 1)2)}

.

Proof of Lemma B.2. First, consider the case n(j)
Wk,l
≤ 0.5.

We bound the function ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
in a piece-wise fashion as follows. Note that

φ−1
B′

(
ñ

(j)
Wk,l

)
is convex for ñ(j)

Wk,l
≥ 0.5 and concave for ñ(j)

Wk,l
≤ 0.5. Thus, it immediately
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follows that for ñ(j)
Wk,l
≤ n

(j)
Wk,l

, ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
is convex and hence:

ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
≤

∣∣∣B′ + φ−1
B′

(
n

(j)
Wk,l

)∣∣∣∣∣∣n(j)
Wk,l
− 1

1+exp(B′)

∣∣∣
(
n

(j)
Wk,l
− ñ(j)

Wk,l

)
. (B.12)

Furthermore, for n(j)
Wk,l
≤ ñ

(j)
Wk,l
≤ 0.5, ε

(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
is concave, and hence is bounded

by the tangent at n(j)
Wk,l

:

ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
≤ 1

n
(j)
Wk,l

(1− n(j)
Wk,l

)

(
ñ

(j)
Wk,l
− n(j)

Wk,l

)
. (B.13)

Finally, for the case of ñ(j)
Wk,l
≥ 0.5, consider the line,

h
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
:=

∣∣∣B′ − φ−1
B′

(
n

(j)
Wk,l

)∣∣∣∣∣∣ 1
1+exp(−B′) − n

(j)
Wk,l

∣∣∣
(
ñ

(j)
Wk,l
− n(j)

Wk,l

)
. (B.14)

From the convexity of ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
, h
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
upper bounds ε

(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
for ñ(j)

Wk,l
≥

0.5, since h
(

0.5, n
(j)
Wk,l

)
≥ ε

(
0.5, n

(j)
Wk,l

)
for n(j)

Wk,l
≤ 0.5. Combining the piece-wise bounds in

Eq. (B.12), Eq. (B.13) and Eq. (B.14), we conclude that for n(j)
Wk,l
≤ 0.5:

ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
≤ g̃

(
n

(j)
Wk,l

, B′
) ∣∣∣ñ(j)

Wk,l
− n(j)

Wk,l

∣∣∣ , (B.15)

where

g̃
(
n

(j)
Wk,l

, B′
)

= max

 1

n
(j)
Wk,l

(1− n(j)
Wk,l

)
,

∣∣∣B′ + φ−1
B′

(
n

(j)
Wk,l

)∣∣∣∣∣∣n(j)
Wk,l
− 1

1+exp(B′)

∣∣∣ ,
∣∣∣B′ − φ−1

B′

(
n

(j)
Wk,l

)∣∣∣∣∣∣ 1
1+exp(−B′) − n

(j)
Wk,l

∣∣∣
 .
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Due to the symmetry of ε
(
ñ

(j)
Wk,l

, n
(j)
Wk,l

)
, the same bound in Eq. (B.15) can be established for

n
(j)
Wk,l

> 0.5 as well.

Then, using
∣∣∣φ−1
B′

(
n

(j)
Wk,l

)∣∣∣ ≤ B′ and conditioning on event AW , we simplify this bound

as:

g̃
(
n

(j)
Wk,l

, B′
)
≤ max

{
4 (1 + exp (B))2 ,

4B′ (1 + exp (B′)) (1 + exp (B))

exp (B′)− (2 exp (B) + 1)

}
.

Finally, based on the fact that B′ = 2 log (2 exp (B) + 1), the latter is further upper bounded as:

g̃
(
n

(j)
Wk,l

, B′
)
≤ g (B) ,

where

g (B) = max
{

4 (1 + exp (B))2 , 4 exp (−B) log (2 exp (B) + 1)
(
1 + (2 exp (B) + 1)2)}

.

This concludes the proof of Lemma B.2.

Following Lemma B.2, by conditioning on the event AW we have:

EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(j)
Wk,l

)∣∣∣] ≤ g (B)EAW

[∣∣∣ñ(j)
Wk,l
− n(j)

Wk,l

∣∣∣] . (B.16)
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Then, we note that:

E
[∣∣∣ñ(j)

Wk,l
− n(j)

Wk,l

∣∣∣] (c)

≤

√
E
[∣∣∣ñ(j)

Wk,l
− n(j)

Wk,l

∣∣∣2]
(d)
=
σw
√

1 + α2

√
W

, (B.17)

wherein (c) we have used the Cauchy-Schwarz inequality, and in (d) we have used the fact that

the observation noise across the W time instances is i.i.d. and white. From the bounds in Eq.

(B.16) and Eq. (B.17), we conclude that the first expectation in Eq. (B.11), conditioned on event

AW is bounded as:

EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(j)
Wk,l

)∣∣∣] ≤ g (B)EAW

[∣∣∣ñ(j)
Wk,l
− n(j)

Wk,l

∣∣∣]
≤ g (B)

σw
√

1 + α2

√
W P (AW )

. (B.18)

The foregoing sequence of reasoning similarly follows for E
[∣∣∣φ−1

B′

(
n

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣], since

1
1+exp (B)

≤ φ
(
x

(j)
Wk,l

)
≤ 1 − 1

1+exp (B)
for k = 1, · · · , K, l = 1, · · · , L and j = 1, · · · , N (as a

consequence of |x(j)
Wk,l
|< B for k = 1, · · · , K, l = 1, · · · , L and j = 1, · · · , N , conditioned on

AW ). Accordingly, we derive the upper bound on the second term in Eq. (B.11), conditioned on
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event AW :

EAW

[∣∣∣φ−1
B′

(
n

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣] ≤ g (B)EAW

[∣∣∣n(j)
Wk,l
− φ

(
x

(j)
Wk,l

)∣∣∣]
(e)

≤ g (B)

W P (AW )

√
E
[(∑W

w=1 n
(j)
(k−1)W+w,l −W φ

(
x

(j)
Wk,l

))2
]

(f)
=

g (B)

W P (AW )

√
E
[
Wφ

(
x

(j)
Wk,l

)(
1− φ

(
x

(j)
Wk,l

))]
(g)

≤ g (B)

2
√
W P (AW )

, (B.19)

where (e) follows from the application of Jensen’s inequality, (f) follows from the formula

for the variance of a Binomial random variable, and (g) follows from the inequality φ
(
x

(j)
Wk,l

)
×
(

1− φ
(
x

(j)
Wk,l

))
≤ 1/4, for φ

(
x

(j)
Wk,l

)
∈ [0, 1]. Combining the results in Eq. (B.18) and Eq.

(B.19), the overall expectation in Eq. (B.11), conditioned on the event AW is upper-bounded by:

EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣] ≤ 2g (B)√
W

(
σw
√

1 + α2 +
1

2

)
, (B.20)

where we have lower bounded the probability of the event AW by 1/2 (that is, P (AW ) > 1/2).

Thus, from Eq. (B.10) and Eq. (B.20) we derive:

∣∣∣biasAW

(
d̃j

)∣∣∣ ≤ 2g (B)√
W

(
σw
√

1 + α2 +
1

2

)∑K,L
k,l=1 |sWk

|
L
∑K

k=1 s
2
Wk

(h)

≤ 2g (B)

σs
√
W

(
σw
√

1 + α2 +
1

2

)
,

where in (h) we have used the Cauchy-Schwarz inequality
∑K

k=1 |sWk
| ≤
√
K
√∑K

k=1 s
2
Wk

while

defining σ2
s := 1

K

∑K
k=1 s

2
Wk

.

Then, forB ≥ 2.5, we have g (B) = 4(1+exp (B))2 andB′ = 2 log(2 exp (B)+1) ≤ 3B.
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Let B := σm
√

8q logW for some q > 1
64

. Further, for some ε < 1/2, suppose that:

logW ≥ max

{
log(8KLN/η)

q
,
32σ2

mq

ε2
,
2 log(64q)

1− 2ε
,
max

{
6.25, 4 (‖µx‖∞+ maxk,j { |sWk

dj| })2}
8qσ2

m

, log 2

}
.

(B.21)

Under these conditions,

g (B) ≤ 4
(

1 + exp(σm
√

8q logW )
)2

(i)

≤ 16 exp
(

2σm
√

8q logW
)

≤ 16W ε, (B.22)

where in (i) we have used the fact that ex ≥ 1 for x ≥ 0. Thus, under the conditions in Eq.

(B.21), we have:

∣∣∣biasAW

(
d̃j

)∣∣∣≤ 32

σs
√
W 1−2ε

(
σw
√

1 + α2 +
1

2

)
. (B.23)

Finally, from Eq. (B.8) and Eq. (B.23), we conclude that:

∣∣∣biasAW

(
d̂j

)∣∣∣≤ 1√
W 1−2ε

C1

(
2σw
√

1 + α2 + 1
)

+O
(
σ2
w

)
+O

(
1

W

)
,

where C1 := 16
σs

.
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Bounding the variance of d̂j

Next, we prove the upper bound on the variance of the maximum likelihood estimator, d̂j .

To that end, we upper-bound the variance of d̃j . First, using the Cauchy-Schwarz inequality, we

have:

Var
(
d̃j

)
:= E

[∣∣∣d̃j − E
[
d̃j

]∣∣∣2] ≤ {√E
[∣∣∣d̃j − (dOracle)j

∣∣∣2]+

√
Var

(
(dOracle)j

)}2

.

(B.24)

Then, we upper-bound the conditional second moment of
∣∣∣d̃j − (dOracle)j

∣∣∣ using the same tech-

niques as we used in bounding the first moment. Accordingly, we get:

EAW

[∣∣∣d̃j − (dOracle)j

∣∣∣2] =
1(

L
∑K

k=1 s
2
Wk

)2EAW

∣∣∣∣∣
K,L∑
k,l=1

sWk

(
φ−1
B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

)∣∣∣∣∣
2


(k)

≤ 1(
L
∑K
k=1 s

2
Wk

)2
{∑K,L

k,l=1 |sWk
|

√
EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣2]}2

(l)

≤

{√
2g (B)

σs
√
W

(
σw
√

1 + α2 +
1

2

)}2

(B.25)

where in (k) we have used the Cauchy-Schwarz inequality and (l) follows from

EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣2] ≤ 2(g(B))2

W

(
σw
√

1 + α2 + 1
2

)2
, which can be proven by the same

techniques as before.
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Next, we note that the variance of the Oracle estimator (dOracle)j:

Var ((dOracle)j) =
1(

L
∑K

k=1 s
2
Wk

)2

K,L∑
k,l=1

s2
Wk

Var
((
x

(j)
Wk,l
− µ(j)

x

))

=
(Σx)j,j

L
∑K

k=1 s
2
Wk

=
(Σx)j,j
LKσ2

s

(B.26)

Combining Eq. (B.24), Eq. (B.25) and Eq. (B.26), we can upper-bound the conditional variance

of d̃j as follows, based on Eq. (B.24):

√
VarAW

(
d̃j

)
≤

√
(Σx)j,j

KLσ2
s (1− η)

+

√
2g (B)

σs
√
W

(
σw
√

1 + α2 +
1

2

)

Then, following Eq. (B.8), under the conditions for W in Eq. (B.21), we conclude the proof of

the conditional variance of d̂j:

√
VarAW

(
d̂j

)
≤

√
(Σx)j,j

KLσ2
s (1− η)

+
1√

W 1−2ε
C2

(
2σw
√

1 + α2 + 1
)

+O(σ2
w) +O

(
1

W

)
,

where C2 := 8
√

2
σs

.
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Bounding the bias of (Σ̂x)i,j

Next, following the foregoing techniques, we upper-bound the bias and variance of the

noise covariance estimator (Σ̂x)i,j . To that end, we first note:

∣∣∣bias
(

(Σ̃x)i,j

)∣∣∣ :=
∣∣∣E [(Σ̃x)i,j

]
− (Σx)i,j

∣∣∣
(m)

≤
∣∣∣E [(Σ̃x)i,j − (ΣOracle)i,j

]∣∣∣+
∣∣∣bias

(
(ΣOracle)i,j

)∣∣∣
(B.27)

where (m) follows from the triangle inequality, with the Oracle noise covariance estimator (i.e.,

observing xt,l directly), being defined as: (ΣOracle)i,j = 1
KL

∑K,L
k,l=1

(
x

(i)
Wk,l
−µ(i)

x − sWk
(dOracle)i

)
×
(
x

(j)
Wk,l
− µ(j)

x − sWk
(dOracle)j

)
. Then, to simplify the first term in Eq. (B.27), we use similar

techniques as before. Accordingly,

∣∣∣E [(Σ̃x)i,j − (ΣOracle)i,j

]∣∣∣
=

∣∣∣∣∣E
[

1

KL

KL∑
k,l=1

(
φ−1
B′

(
ñ

(i)
Wk,l

)
− µ(i)

x − sWk
d̃i

)(
φ−1
B′

(
ñ

(j)
Wk,l

)
− µ(j)

x − sWk
d̃j

)
− 1

KL

KL∑
k,l=1

(
x

(i)
Wk,l
− µ(i)

x − sWk
(dOracle)i

)(
x

(j)
Wk,l
− µ(j)

x − sWk
(dOracle)j

)]∣∣∣∣∣
(n)

≤ 1
KL

∑K,L
k,l=1 E

[∣∣∣(φ−1
B′

(
ñ

(i)
Wk,l

)
− µ(i)

x

)(
φ−1
B′

(
ñ

(j)
Wk,l

)
− µ(j)

x

)
−
(
x

(i)
Wk,l
− µ(i)

x

)(
x

(j)
Wk,l
− µ(j)

x

)∣∣∣]
+

1

KL2
∑K

k=1 s
2
Wk

E

[∣∣∣∣∣
K,L∑
k,l=1

sWk

(
φ−1
B′

(
ñ

(i)
Wk,l

)
− µ(i)

x

) K,L∑
k′,l′=1

sWk′

(
φ−1
B′

(
ñ

(j)
Wk′ ,l

′

)
− µ(j)

x

)

−
K,L∑
k,l=1

sWk

(
x

(i)
Wk,l
− µ(i)

x

) K,L∑
k′,l′=1

sWk′

(
x

(j)
Wk′ ,l

′ − µ(j)
x

)∣∣∣∣∣
]
, (B.28)
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where (n) follows through the application of Jensen’s inequality and triangle inequality. Next,

we have:

EAW

[∣∣∣(φ−1
B′

(
ñ

(i)
Wk,l

)
− µ(i)

x

)(
φ−1
B′

(
ñ

(j)
Wk,l

)
− µ(j)

x

)
−
(
x

(i)
Wk,l
− µ(i)

x

)(
x

(j)
Wk,l
− µ(j)

x

)∣∣∣]
≤ EAW

[∣∣∣φ−1
B′

(
ñ

(i)
Wk,l

)
φ−1
B′

(
ñ

(j)
Wk,l

)
− x(i)

Wk,l
x

(j)
Wk,l

∣∣∣]+ µ(j)
x EAW

[∣∣∣φ−1
B′

(
ñ

(i)
Wk,l

)
− x(i)

Wk,l

∣∣∣]
+ µ(i)

x EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣]
≤ EAW

[∣∣∣φ−1
B′

(
ñ

(i)
Wk,l

)
φ−1
B′

(
ñ

(j)
Wk,l

)
− φ−1

B′

(
n

(i)
Wk,l

)
φ−1
B′

(
n

(j)
Wk,l

)∣∣∣]
+ EAW

[∣∣∣φ−1
B′

(
n

(i)
Wk,l

)
φ−1
B′

(
n

(j)
Wk,l

)
− x(i)

Wk,l
x

(j)
Wk,l

∣∣∣]
+ 2µmEAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk,l

)
− x(j)

Wk,l

∣∣∣]
≤ 2g (B)

σw
√

1 + α2

√
W

(
g (B)

σw
√

1 + α2

√
W

+ 4 log (2 exp (B) + 1)

)

+
2g (B)√
W

{
g (B)

4
√
W

+B

}
+

4µmg (B)√
W

(
σw
√

1 + α2 +
1

2

)
, (B.29)
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where µm = ‖µx‖∞ and we have used B′ = 2 log (2 exp (B) + 1). Similarly, the second term in

Eq. (B.28) can be bounded as:

EAW

[∣∣∣∣∣
K,L∑
k,l=1

sWk

(
φ−1
B′

(
ñ

(i)
Wk,l

)
− µ(i)

x

) K,L∑
k′,l′=1

sWk′

(
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(
ñ

(j)
Wk′ ,l

′

)
− µ(j)

x

)

−
K,L∑
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sWk

(
x

(i)
Wk,l
− µ(i)

x

) K,L∑
k′,l′=1

sWk′

(
x

(j)
Wk′ ,l

′ − µ(j)
x

)∣∣∣∣∣
]

≤
K,K,L,L∑
k,k′,l,l′=1

∣∣sWk
sWk′

∣∣EAW

[∣∣∣φ−1
B′

(
ñ

(i)
Wk,l

)
φ−1
B′

(
ñ

(j)
Wk′ ,l

′

)
− x(i)

Wk,l
x

(j)
Wk′ ,l

′

∣∣∣]

+ µ(i)
x

K,K,L,L∑
k,k′,l,l′=1

∣∣sWk
sWk′

∣∣EAW

[∣∣∣φ−1
B′

(
ñ

(j)
Wk′ ,l

′

)
− x(j)

Wk′ ,l
′

∣∣∣]

+ µ(j)
x

K,K,L,L∑
k,k′,l,l′=1

∣∣sWk
sWk′

∣∣EAW

[∣∣∣φ−1
B′

(
ñ

(i)
Wk,l

)
− x(i)

Wk,l

∣∣∣] (B.30)

≤

(
L

K∑
k=1

|sWk
|

)2{
2g (B)

σw
√

1 + α2

√
W

(
g (B)

σw
√

1 + α2

√
W

+ 4 log (2 exp (B) + 1)

)

+
2g (B)√
W

{
g (B)

4
√
W

+B

}
+

4µmg (B)√
W

(
σw
√

1 + α2 +
1

2

)}
. (B.31)

Then, by combining the bounds in Eq. (B.29) and Eq. (B.31) and using an instance of Cauchy-

Schwarz inequality
(∑K

k=1 |sWk
|
)2

≤ K
∑K

k=1 s
2
Wk

, we see that the bound in Eq. (B.28) can be

expressed as:

∣∣∣EAW

[
(Σ̃x)i,j − (ΣOracle)i,j

]∣∣∣
≤ 4g (B)

σw
√

1 + α2

√
W

(
g (B)

σw
√

1 + α2

√
W

+ 4 log (2 exp (B) + 1) + 2µm

)

+
4g (B)√
W

{
g (B)

4
√
W

+B + µm

}
. (B.32)

Next, we see that the oracle estimator follows an Inverse Wishart distribution, that is
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KLΣOracle ∼ InvWishN(Σx, KL− 1). Therefore, we get:

E [ΣOracle] =
(KL− 1)

KL
Σx.

Thus, the bias of the oracle estimator is given by:

∣∣∣bias
(

(ΣOracle)i,j

)∣∣∣ =
1

KL

∣∣∣(Σx)i,j

∣∣∣ . (B.33)

Combining the results in Eq. (B.32) and Eq. (B.33), the bias of (Σ̃x)i,j can be bounded as:

∣∣∣biasAW

(
(Σ̃x)i,j

)∣∣∣ ≤ | (Σx)i,j |
KL(1− η)

+ 4g (B)
σw
√

1 + α2

√
W

(4 log (2 exp (B) + 1) + 2µm)

+
4g (B)√
W

(B + µm) +O

(
g (B)2

W

)
. (B.34)

Finally, under the conditions for W in Eq. (B.21), the latter inequality simplifies to:

∣∣∣biasAW

(
(Σ̃x)i,j

)∣∣∣ (p)

≤
| (Σx)i,j |
KL(1− η)

+
Bg (B)√

W

(
28σw

√
1 + α2 + 6

)
+O

(
g (B)2

W

)
(q)

≤ |(Σx)i,j|
KL(1−η)

+ 64σm

√
2q logW
W 1−2ε

(
14σw

√
1 + α2 + 3

)
+O

(
1

W 1−2ε

)
(B.35)

where in (p) we have used 2 log(2 exp (B) + 1) ≤ 3B and B > 2µm and in (q) we have used

Bg(B) ≤ 16Lεσm
√

8q logL, which follows from Eq. (B.22). Thus, following Eq. (B.9) we
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derive the bound on the bias of the maximum likelihood estimator:

∣∣∣biasAW

(
(Σ̂x)i,j

)∣∣∣≤ | (Σx)i,j |
KL(1− η)

+

√
logW

W 1−2ε
C3

(
14σw

√
1 + α2 + 3

)
+O

(
σ2
w

)
+O

(
1

W 1−2ε

)
,

where C3 := 64σm
√

2q.

Bounding the variance of (Σ̂x)i,j

Next, we establish an upper bound on the variance of the maximum likelihood estimator

of the noise covariance. To that end, we upper-bound the variance of (Σ̃x)i,j . First, using the

Cauchy-Schwarz inequality, we get:

Var
(

(Σ̃x)i,j

)
:= E

[∣∣∣(Σ̃x)i,j − E
[
(Σ̃x)i,j

]∣∣∣2] ≤ {√E
[∣∣∣(Σ̃x)i,j − (ΣOracle)i,j

∣∣∣2]+

√
Var

(
(ΣOracle)i,j

)}2

.

(B.36)
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Then, we upper-bound the conditional second moment of
∣∣∣(Σ̃x)i,j − (ΣOracle)i,j

∣∣∣ using the same

techniques used in bounding its first moment. Accordingly, we derive:
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(B.37)
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where the last bound follows from the Cauchy-Schwarz inequality. Then, we derive:
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Using the final bound of Eq. (B.38) in Eq. (B.37), we get:
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where the last inequality follows from an instance of the Cauchy-Schwarz inequality, i.e.,(∑K
k=1 |sWk

|
)2

≤ K
∑K

k=1 s
2
Wk

.

Then, following the observation KL ΣOracle ∼ InvWishN(Σx, KL − 1), we derive the

variance of (ΣOracle)i,j:

Var
(

(ΣOracle)i,j

)
= δ2

i,j =
(KL− 1)

(
(Σx)

2
i,j + (Σx)i,i(Σx)j,j

)
K2L2

. (B.40)

Combining Eq. (B.36), Eq. (B.39) and Eq. (B.40), we express the upper bound on the conditional

variance of (Σ̃x)i,j as:

√
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Then, following Eq. (B.9) and the conditions in Eq. (B.21), we conclude the proof of the upper
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bound on the conditional variance of (Σ̂x)i,j:

√
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,

where C4 := 384σm
√
q.

Finally, it only remains to prove that the event AW occurs with a high probability for

sufficiently large W :

Lemma B.3. The probability of occurrence of the event AW =
{ ∣∣∣x(j)

Wk,l

∣∣∣ ≤ B and 1
2(1+exp (B))

≤

n
(j)
Wk,l
≤ 1− 1

2(1+exp (B))
for j = 1, · · · , N, k = 1, · · · , K and l = 1, · · · , L

}
is upper-bounded as

follows:

P (AW ) ≥ 1− η,

for some constant 0 < η ≤ 1/2 satisfying the conditions of Eq. (B.21).

Proof of Lemma B.3. First, using the union bound, we have:

P (AW ) ≥ 1−
K,L,N∑
k,l,j=1
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P
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. (B.41)

Next, we bound the probabilities on the right hand side using Chernoff’s inequality [175]. First,
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note that:

P
(
x

(j)
Wk,l

> B
)

= P
(
x

(j)
Wk,l
− µ(j)

x − sWk
dj > B − µ(j)

x − sWk
dj

)
(r)

≤ P
(
x

(j)
Wk,l
− µ(j)

x − sWk
dj >

B

2

)
(s)

≤ exp

(
− B2

8σ2
m

)
,

where (r) follows if B > 2 (‖µx‖∞+ maxk,j { |sWk
dj| }) (which will hold under the conditions

in Eq. (B.21)) and (s) has been derived by applying the Chernoff’s bound on the Gaussian

random variable x(j)
Wk,l

. From the same reasoning we see that P
(
x
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)
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(
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)
.

Combining these two results, we get the upper bound:

P
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Next, note that:

P
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where (u) follows from the observation 1
1+exp (B)

< φ
(
x

(j)
Wk,l

)
(which is a consequence of

|x(j)
Wk,l
|< B). Then, we note that the zero-mean random variable n(j)

Wk,l
− φ

(
x

(j)
Wk,l

)
is sub-

Gaussian with variance factor 2
W

. Thus, using the Chernoff’s inequality on sub-Gaussian random

variables [175], we derive the upper-bound (v) in Eq. (B.43). In a similar fashion, based on the
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observation φ
(
x

(j)
Wk,l

)
< 1− 1

1+exp (B)
, we conclude the bound:
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By combining the bounds in Eq. (B.42), Eq. (B.43) and Eq. (B.44), the upper bound on

P (AW ) in Eq. (B.41) takes the form:

P (AW ) ≥ 1− 2KLN exp

(
− W

16(1 + exp(B))2

)
− 2KLN exp

(
− B2

8σ2
m

)
.

Finally, under the assumptions in Eq. (B.21), we further simplify this bound as:

P (AW ) ≥ 1− 2KLN exp

(
−W

1−ε

64

)
− 2KLN

W q
≥ 1− 4KLN

W q
,

where we have used W ≥ 2 (which gives logW ≥ 2 log logW ) and logW ≥ 2 log(64q)
1−2ε

to

show that W 1−ε

64
≥ q logW . Thus, logW ≥ log(8KLN/η)

q
ensures that P (AW ) ≥ 1 − η, for

0 < η ≤ 1
2
.

This concludes the proof of Theorem 5.1.

B.3 Adapting the proposed signal and noise correlation estimates to spiking

observations

While Algorithm 5.1 takes two-photon fluorescence observations as input and produces

estimates of signal and noise correlation as output, it is possible to adapt it to spiking observations
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obtained by electrophysiology recordings. The resulting algorithm is obtained by simplifying

the variational inference procedure in Algorithm 5.1 and is given below (Algorithm B.1) for

completeness.

Algorithm B.1 Estimation of Σx and D from spiking observations

Inputs: Ensemble of spiking observations {nt,l}T,Lt,l=1, constant µx, hyper-parameters ψx and
ρx, tolerance at convergence δ and the external stimulus st
Outputs: Σ̂x and D̂

Initialization: Initial choice of Px, Ω̃t, Σ̂x and D̂, residual = 10 δ, γx = ρx + LT

1: while residual ≥ δ do
2: Update variational parameters, for t = 1, · · · , T and l = 1, · · · , L:

Qxt,l = (Ω̃t,l + γxP
−1
x )−1

mxt,l = Qxt,l

(
nt,l −

1

2
1− Ω̃t,l D̂

>st + γxP
−1
x µx

)
c

(j)
t,l =

√(
Qxt,l

)
j,j

+
(
m

(j)
xt,l + d̂>j st

)2
(for j = 1, · · · , N)

(Ω̃t,l)j,j : =
1

2c
(j)
t,l

tanh
(
c
(j)
t,l

2

)
(for j = 1, · · · , N)

Px : = ψx +
T,L∑
t,l=1

{Qxt,l + mxt,lm
>
xt,l
− µxm>xt,l −mxt,lµ

>
x + µxµ

>
x }

3: Update outputs and the convergence criterion:

d̂j =

(
T,L∑
t,l=1

(
(Ω̃t,l)j,jstst

>
))−1(

T,L∑
t,l=1

{(
n

(j)
t,l −

1

2

)
st − (Ω̃t,l)j,jm

(j)
xt,lst

})
(D̂)prev = D̂, D̂ =

[
d̂1, d̂2, · · · , d̂N

]
(Σ̂x)prev = Σ̂x, Σ̂x =

Px

γx +N + 1

residual = ‖(Σ̂x)prev − Σ̂x‖2/‖(Σ̂x)prev‖2+‖(D̂)prev − D̂‖2/‖(D̂)prev‖2

4: end while
5: Return Σ̂x and D̂
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B.4 Supplementary material of the Simulation study 1 in Section 5.1.3 (Sup-

plementary figures to Figure 5.2)

B.4.1 Sensitivity of two-stage estimates to the choice of the underlying spike

deconvolution technique

In this section, we present a comparison between the two-stage estimates of the signal and

noise correlations in the simulation study of Section 5.1.3, using two different spike deconvolu-

tion techniques: FCSS [20] and f-oopsi [22].

Figure B.1-A show the noise and signal correlation corresponding to the ground truth,

estimated by the two-stage Pearson method using the FCSS [20] (second column) and constrained

f-oopsi [22] (third column) spike deconvolution techniques, for the simulation study in Figure

5.2. The NMSE and leakage ratios of the estimates are indicated below each panel. While the

correlation estimates based on these two methods are comparable, there exist notable differences

between them, as a result of the slight discrepancies in the deconvolved spikes. This demonstrates

that the two-stage estimates are notably sensitive to minor differences in the estimated spikes

obtained by different deconvolution techniques. In addition, both two-stage Pearson estimates

fail to capture the ground truth correlations (as is also evident from the high NMSE and leakage

values).

Figure B.1-B shows the simulated fluorescence trace (black) for the first trial of neuron

1, along with the ground truth spikes (blue). The second and third rows, show the deconvolved

spikes using the FCSS and constrained f-oopsie methods, respectively. The estimated spikes

closely match each other, and the ground truth.
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Figure B.1: Sensitivity of two-stage estimates to the choice of the underlying spike deconvolution
technique: (A) Noise (first row) and signal (second row) correlations corresponding to the ground
truth (first column), estimated by the two-stage Pearson method using the FCSS [20] (second
column) and constrained f-oopsi [22] (third column) spike deconvolution techniques, for the
simulation study in 5.2. The NMSE and leakage ratios of the estimates are indicated below each
panel. (B) Simulated observations (black, re-scaled for ease of visual comparison) and ground
truth spikes (blue), as well as the estimated calcium concentrations (purple) and putative spikes
(green) for the 1st trial of neuron 1 in the simulation study of Figure 5.2, using the FCSS [20]
(second row) and constrained f-oopsi [22] (third row) spike deconvolution methods.

B.4.2 Performance of two-stage estimates based on ground truth spikes

In this section, we apply the two-stage Pearson method on the ground truth spikes used

in simulation study 1 (Section 5.1.3), as opposed to extracting the spikes via a deconvolution

technique. Thus, these results isolate the effect of the non-linearities involved in spike generation

on the estimation performance.

The first column of Figure B.2 shows the noise (first row) and signal (second row) corre-

lations corresponding to the ground truth, which are repeated from Figure 5.2. The second and

third columns show the results of two-stage GPFA and two-stage Pearson methods using L = 20

trials, respectively. The fourth column shows the results of the two-stage Pearson method using
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Figure B.2: Performance of two stage estimates based on ground truth spikes. Noise (first row)
and signal (second row) correlations corresponding to the ground truth (first column) are repeated
from Figure 5.2. The second and third columns show the results of two-stage GPFA and two-
stage Pearson methods using L = 20 trials, respectively. The fourth column shows the results
of the two-stage Pearson method using L = 1000 trials. All estimates were obtained using the
ground truth spikes. The NMSE and leakage ratios of the estimates are indicated below each
panel.

L = 1000 trials. All estimates were obtained using the ground truth spikes. The NMSE and

leakage ratios of the estimates are indicated below each panel.

Even though the ground truth spikes are used, the NMSE and leakage ratios indicated in the

second and third columns are remarkably high. This further shows that the usage of conventional

definitions and GPFA estimates is not optimal for the recovery of signal and noise correlations.

In accordance with our theoretical analysis in Appendix B.1, the performance of the two-stage

Pearson method significantly improves as the number of trials is increased to L = 1000, a num-

ber that is unrealistic in the context of typical two-photon imaging experiments. However, our

proposed method shown in Figure 5.2 achieves comparable performance with a number of trials

as low as L = 20. In summary, these results suggest that the two-stage methods produce highly

biased estimates under a limited number of trials, even if the ground truth spikes were ideally
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deconvolved from the two-photon data.

B.4.3 Performance comparison under stimulus integration model mismatch

In this section we analyze the robustness of our estimates to stimulus integration model

mismatch, in a setting similar to simulation study 1 (Section 5.1.3). Specifically, spikes were

generated by replacing the linear receptive field model d>j st with a non-linear one given by d>j st+

(d̃>j,1st)
2 + (d̃>j,2st)

2, but a linear stimulus model was used for estimation (i.e., d̃j,1 = d̃j,2 =

0). Rows from left to right in Figure B.3 show the noise (first row) and signal (second row)

correlations corresponding to the ground truth, proposed method, Pearson correlations from two-

photon recordings, two-stage Pearson estimates and two-stage GPFA estimates. The NMSE and
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Figure B.3: Estimated noise and signal correlation matrices from different methods based on
data generated with non-linear stimulus integration. Spikes were generated by replacing the
linear receptive field model d>j st with a non-linear one given by d>j st + (d̃>j,1st)

2 + (d̃>j,2st)
2,

but a linear stimulus model was used for estimation (i.e., d̃j,1 = d̃j,2 = 0). Rows from left to
right: ground truth, proposed method, Pearson correlations from two-photon recordings, two-
stage Pearson estimates and two-stage GPFA estimates. The normalized mean squared error
(NMSE) of each estimate relative to the ground truth and the leakage effect quantified by the
ratio between out-of-network and in-network power (leakage) are indicated below each panel.
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leakage ratios of the estimates are indicated below each panel.

While the NMSE in our proposed signal correlation estimates under this setting is greater

than that in Figure 5.2 with no model mismatch, our proposed estimates still outperform existing

methods. In addition, model mismatch in the stimulus integration component does not affect the

accuracy of noise correlations estimated by our method.

B.4.4 Proposed estimates based on simulated data with model mismatch and

at lower SNR

Here we illustrate the robustness of our proposed estimation procedure by applying our

method to data generated by a mismatched model and at a lower SNR than the setting in Figure

5.2. Figure B.4-A shows the proposed noise and signal correlation estimates for data simulated at

lower SNR than the setting of Figure 5.2 and model mismatch introduced by using a second-order

auto-regressive model for the calcium decay. The ground truth correlations are the same as those

in Figure 5.2. The NMSE and leakage ratio are given at the bottom.

Figure B.4-B shows the putative spikes (green) and estimated calcium concentrations (pur-
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Figure B.4: (A) Proposed noise and signal correlation estimates for data simulated at lower SNR
than the setting of Figure 5.2 and model mismatch introduced by using a second-order Auto-
Regressive model for the calcium decay. The ground truth correlations are the same as those in
Figure 5.2. The NMSE and leakage ratio are given at the bottom. (B) putative spikes (green) and
estimated calcium concentrations (purple).
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ple). Although the model mismatch and lower SNR result in slight performance degradation

compared to Figure 5.2 (in terms of NMSE and leakage), and our method is capable of recover-

ing the underlying correlations faithfully even under these settings.

B.4.5 Performance comparison under varying SNR levels and firing rates

Next, we evaluate the performance of our proposed estimates, Pearson correlations from

two-photon data and the two-stage Pearson method under varying SNR levels and average firing

rate settings, for the same signal and noise correlations shown in Figure 5.2. Figure B.5-A shows

the NMSE (top) and the leakage ratios (bottom) for the noise (left) and signal (right) correlation

estimates vs. SNR (in dB), for the proposed method, Pearson correlations from two-photon data

and two-stage Pearson method. The SNR setting corresponding to Figure 5.2 is indicated by

a dashed vertical line. The mean and standard deviation (std) of the normalized performance

gain of the proposed method in comparison to the two existing methods are indicated as insets

in each panel. Figure B.5-B illustrates the corresponding variations relative to different firing

rate settings. While the performance of all methods degrades at low SNR levels or firing rates

(SNR < 10 dB, firing rate < 0.5 Hz), our proposed method outperforms the existing methods

for almost all SNR and firing rate settings considered. The sample time-domain signals shown

in Figure B.5-C show that the latent underlying spiking activities are accurately recovered by our

proposed method, which in turn facilitates robust and accurate recovering of the latent underlying

signal and noise correlations.
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Figure B.5: Performance comparison at different SNR levels and average firing rate settings, in
the first simulation study. (A) NMSE (top) and leakage ratios (bottom) for the noise (left) and
signal (right) correlation estimates vs. SNR (in dB), for the proposed method, Pearson correla-
tions from two-photon data and Two-stage Pearson method. The SNR setting corresponding to
Figure 5.2 is indicated by a dashed vertical line. The mean and standard deviation (std) of the
normalized performance gain of the proposed method in comparison to the two existing meth-
ods are indicated as insets in each panel. (B) Same organization as panel A, but with respect
to varying firing rates (in Hz). (C) Sample simulated white observation noise (red), two-photon
observations (black, re-scaled for ease of visual comparison), and ground truth spikes (cyan), as
well as the estimated calcium concentrations (purple) and putative spikes (green) for the 1st trial
of neuron 1.

B.4.6 Performance comparison under observation noise model mismatch

In this section, we compare the performance of different estimates at varying SNR lev-

els and average firing rate settings, with additional observation noise model mismatch. Figure

B.6-A shows the NMSE (top) and leakage ratios (bottom) for the noise (left) and signal (right)

correlation estimates vs. SNR (in dB), for the proposed method, Pearson correlations from two-

photon data and two-stage Pearson method, for cases where the observation noise was generated

by a white noise signal with an additive drift component from a low-frequency auto-regressive
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Figure B.6: Performance comparison under observation noise model mismatch. (A) NMSE (top)
and leakage ratios (bottom) for the noise (left) and signal (right) correlation estimates vs. SNR (in
dB), for the proposed method, Pearson correlations from two-photon data and Two-stage Pearson
method. The observation noise is generated by a white noise signal with an additive drift compo-
nent from a low-frequency auto-regressive process. The mean and standard deviation (std) of the
normalized performance gain of the proposed method in comparison to the two existing methods
are indicated as insets in each panel. (B) Same organization as panel A, but with respect to vary-
ing firing rates (in Hz). (C) Sample simulated observation noise (red), two-photon observations
(black, re-scaled for ease of visual comparison), and ground truth spikes (cyan), as well as the
estimated calcium concentrations (purple) and putative spikes (green) for the 1st trial of neuron
1. Panels D, E, and F are respectively in the same organization as panels A, B, and C, but the
observation noise is generated by a pink noise process.
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process. The mean and standard deviation (std) of the normalized performance gain of the pro-

posed method in comparison to the two existing methods are indicates as insets in each panel.

Figure B.6-B has the same organization as panel A, but with respect to varying firing rates (in

Hz). Figure B.6-C shows sample simulated observation noise (red), two-photon observations

(black, re-scaled for ease of visual comparison), and ground truth spikes (cyan), as well as the

estimated calcium concentrations (purple) and putative spikes (green) for the 1st trial of neuron

1. Panels D-F are respectively in the same organization as panels A-C and show the comparisons

corresponding to observation noise being generated by pink noise processes.

From the results in Figure B.6, we see that our proposed method outperforms the existing

ones for a wide range of SNR and firing rate values and under both observation noise model

mismatch conditions. Further, from Figure B.6-C and F, it can be observed that the ground truth

spikes are favorably recovered as a byproduct of our method, even though the estimated calcium

concentrations are contaminated by the temporally correlated fluctuations in observation noise.

This in turn results in accurate signal and noise correlation estimates.

B.5 Supplementary material of the real data study 1 in Section 5.1.5 (Supple-

mentary figures to Figure 5.4)

B.5.1 Probing the effect of stimulus integration window length on the perfor-

mance of the proposed estimates

In this section, we observe the effect of stimulus integration window length (R) on our

proposed noise and signal correlation estimates shown in Figure 5.4, Section 5.1.5. The rows
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from left to right in Figure B.7-A shows the proposed noise (top) and signal (bottom) correlation

estimates under settings R = 1, R = 10, R = 25 and R = 50. Figure B.7-B shows the

corresponding null distributions of dissimilarities between proposed signal and noise correlation

estimates. These results show that small values of R = 1 and R = 10 are not adequate to capture

stimulus effect. However, both signal and noise correlation estimates exhibit consistency for

R = 25 and R = 50.
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Figure B.7: Proposed noise and signal correlation estimates under different settings of the stim-
ulus integration window length (R). (A) Proposed noise correlation (top) and signal correlation
(bottom) estimates under different settings of R, from left to right: R = 1, R = 10, R = 25
and R = 50. (B) Null distributions of dissimilarities between proposed signal and noise correla-
tion estimates corresponding to different choice of R. The observed test statistic in each case is
indicated by a dashed vertical line, and the p-values are indicated above each panel.
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B.5.2 Inspecting the inferred latent processes under high fluorescence activity

due to rapid increase in firing rate

Here we investigate the inferred latent processes by the proposed method under settings of

high fluorescence activity due to a rapid increase in firing rate. Figure B.8 shows a zoomed-in

view of the estimated latent processes ẑ(1)
t,1 (calcium concentration) and n̂(1)

t,1 (putative spikes) for

a sample data segment with high fluorescence activity, from the data presented in Figure 5.4.

The estimated latent processes reveal two mechanisms leveraged by our inference method to

mitigate the aforementioned model mismatch: first, our proposed method predicts spiking events

in adjacent time frames to compensate for the rapid increase in firing rate and thus infers calcium

concentration levels that match the observed fluorescence; secondly, even though our generative

model assumes that there is only one spiking event in a given time frame, this restriction is

mitigated in our inference framework by relaxing the constraint n̂(j)
t,l := ẑ

(j)
t,l − αẑ

(j)
t−1,l ≤ 1, as

explained in Section 5.3.6. While this relaxation was performed for the sake of tractability of the

inverse solution, it in fact leads to improved estimation results under episodes of rapid increase

in firing rate, by allowing the putative spike magnitudes n̂(j)
t,l to be greater than 1. The latter is

evident in the magnitude of the inferred spikes in Figure B.8, following the rise of fluorescence

activity.
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Figure B.8: The fluorescence observations (black), inferred calcium concentrations (purple), and
putative spikes (green) by our proposed method, for a sample data segment with high fluores-
cence activity due to successive closely-spaced spikes. The rise onset of the fluorescence activity
is marked by the vertical dashed line and the spiking magnitude level of 1 is indicated by the
horizontal dashed line.

B.6 Supplementary material of the real data study 2 in Section 5.1.6 (Supple-

mentary figures to Figure 5.6)

B.6.1 Histograms of the similarity/dissimilarity metrics under the shuffling pro-

cedure

In this section, we illustrate the histograms of the similarity/dissimilarity metrics under

the shuffling procedure described in Section 5.3.8.2, applied on the real data study in Section

5.1.6. Figure B.9 shows the similarities between noise correlations Nspon and Nstim (first row:

Ts(N̂spon, N̂stim)) and the dissimilarities between signal and noise correlations Ŝstim and N̂stim

(second row: Td(Ŝstim, N̂stim)), obtained by the shuffling procedure applied to the results of real

data study 2 in Figure 5.6. The observed test statistic in each case is indicated by a dashed vertical

line. These results show that the only statistically significant outcomes (with p ≤ 0.05) are the

similarities and dissimilarities obtained by our proposed method.
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Figure B.9: Null distributions of (A) the similarities between Nspon and Nstim (top:
Ts(N̂spon, N̂stim)) and (B) the dissimilarities between Ŝstim and N̂stim (bottom: Td(Ŝstim, N̂stim)),
obtained by the shuffling procedure applied to the results of real data study 2 in Figure 5.6. The
observed test statistic in each case is indicated by a dashed vertical line. Rows from left to right:
proposed method, Pearson correlations from two-photon data, two-stage Pearson correlations and
two-stage GPFA estimates.

B.7 Supplementary material of the real data study 3 in Section 5.1.7 (Supple-

mentary figures to Figure 5.7)

B.7.1 Comparing the marginal distributions of signal and noise correlations

along the dorsoventral and rostrocaudal axes

In this section, we present the marginal distributions of signal and noise correlations along

the dorsoventral and rostrocaudal axes, corresponding to the spatial distributions of correlations

illustrated in Figure 5.7-E & -F. Figure B.10-A shows the cumulative marginal probability distri-

butions of signal (blue) and noise (red) correlations along the rostrocaudal (top) and dorsoventral

(bottom) directions, as estimated by the proposed method (left) and Pearson correlations from

two-photon data (right), in layer 2/3 neurons. Figure B.10-B shows the same results for the layer
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Figure B.10: Comparison of marginal distributions of signal and noise correlations. (A) Cumu-
lative marginal probability distributions of signal (blue) and noise (red) correlations along the
rostrocaudal (top) and dorsoventral (bottom) directions, as estimated by the proposed method
(left) and Pearson correlations from two-photon data (right), in layer 2/3 neurons. The Kol-
mogorov–Smirnov (KS) test statistic along with the corresponding p-values are indicated as in-
sets in each panel. Panel B shows the results for layer 4 in the same organization as panel A.

4 neurons. The Kolmogorov–Smirnov (KS) test statistic comparing each pair of distributions

along with the corresponding p-values are indicated as insets in each panel.

These results show that along both directions and in both layers, the signal correlation

distributions are significantly different from the corresponding noise correlation distributions,

consistently for both methods. However, the KS statistics (i.e., effect sizes) for the proposed

estimate are remarkably larger than those obtained from the Pearson estimates.

B.7.2 Marginal angular distributions of signal and noise correlations

Here, we present a comparison of the marginal angular distributions of signal and noise

correlations, corresponding to the spatial distributions of correlations illustrated in Figure 5.7-

E & -F. Figure B.11-A shows the polar histograms indicating the distribution of signal (top)

and noise (bottom) correlations as a function of relative angle (in the dorsoventral-rostrocaudal
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Figure B.11: Polar plots of the angular marginal distributions of correlations. (A) Polar his-
tograms indicating the distribution of signal (top) and noise (bottom) correlations as a function of
relative angle (in the dorsoventral-rostrocaudal coordinate system) between pairs of neurons in
layer 2/3, as estimated by the proposed method (left) and Pearson correlations from two-photon
data (right). The KS test statistic comparing each polar distribution with a uniform distribution
(shown in magenta), along with the corresponding p-values are indicated below each polar plot.
The mode of each probability distribution is also indicated in blue fonts. Panel B shows the
results for layer 4 in the same organization as panel A.

coordinate system) between pairs of neurons in layer 2/3, as estimated by the proposed method

(left) and Pearson correlations from two-photon data (right). Figure B.11-B shows the same

results for the layer 4 neurons. The KS test statistic comparing each polar distribution with a

uniform distribution (shown in magenta), along with the corresponding p-values are indicated

below each polar plot. The mode of each probability distribution is also indicated in blue fonts.

All distributions are significantly non-uniform, and particularly indicate a rostrocaudal di-

rectionality in layer 4 (as indicated by the mode angles in panel B). The angular distributions of

both signal and noise correlations in layer 4 exhibit salient modes in the rostrocaudal direction,

whereas they are less directionally selective in layer 2/3.
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