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In this thesis, we study the critical regularity phenomena in Eulerian dynamics,
u+u-Vu = F(u, Du,---), here F represents a general force acting on the flow and
by regularity we seek to obtain a large set of sub-critical initial data.

We analyze three prototype models, ranging from the one-dimensional Euler-
Poisson equations to two-dimensional system of Burgers equations to three-dimensional,
four-dimensional and even higher-dimensional restricted Euler systems.

We begin with the one-dimensional Euler-Poisson equations, where F' is the
Poisson forcing term together with the usual y-law pressure. We prove that global
regularity of the Euler-Poisson equations with v > 1 depends on whether or not the
initial configuration crosses an intrinsic critical threshold.

Next, we discuss multi-dimensional examples.

The first multi-dimensional example that we focus our attention on is the two

dimensional pressureless flow, where F' = eAwu. Our analysis shows that there is a



uniform BV bound of the solutions u. Moreover, if the initial velocity gradient Vug
does not have negative eigenvalues, then its vanishing viscosity limit is the smooth
solution of the corresponding equations of the inviscid fluid flow.

The second multi-dimensional example we discuss here is the restricted Euler
dynamics, where VF = %tr(Vu)anxn. Our analysis shows that for the three-
dimensional case, the finite-time breakdown of the restricted Euler system is generic,
and for the four-dimensional case, there is a surprising global existence for sub-
critical initial data. Further analysis extends the above result to the general n-

dimensional (n > 4) restricted Euler system.
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Chapter 1
Introduction

1.1 Euler dynamics — three prototype models

In a general class of Eulerian flows, the velocity field, u, is governed by the

Newtonian law,

ug+u-Vu=F(u, Du,--), u:R" — R", (1.1)

where F' represents a general force acting on the flow. Different physical models are
dictated by different forcing.

We mainly focus our attention on the question of time regularity of equation
(1.1), which is of fundamental importance from both mathematical and physical
points of view. There is a considerable effort that has been and is being devoted
to this issue for Euler equations of both compressible and incompressible fluids.
See [BKM84], [Si85],[CFM96],[Li96],[Gr98] and [T01] for a partial reference list. In
particular, the possible phenomena of finite-time breakdown for three-dimensional
incompressible flows signifies the onset of turbulence in higher Reynolds number
flows.

In this thesis, we study three prototype models. The first is the one-dimensional
Euler-Poisson equations. The second is the two-dimensional viscous dusty medium

model. And the third is the restricted model of Euler equations.



1.1.1 Euler-Poisson systems

We consider the one-dimensional Euler-Poisson equations driven by both pres-

sure and Poisson forcing,

pr+ (pu)z =0,
(1.2)
(pu)e + (pu?)e = =p(p)e — kppa, k>0,
where the pressure p = p(p) is given by the usual y-law, p(p) = Ap” with v > 1,
and ¢ = @(p) is the potential, which is dictated by the (one-dimensional) Poisson
equation, Q,, = —p.

These equations govern different phenomena, ranging from the largest scale
of, e.g., the evolution gravitational collapse in stars, to applications in the smallest
scale of e.g., semi-conductors. There is a considerable amount of literature avail-
able on the local and global behavior of the Euler-Poisson and related problems.
Consult [Ma86] for local existence in the small H*-neighborhood of a steady state
of self-gravitating stars, [CW96] for global existence of weak solutions with geomet-
rical symmetry, [Gu98] for global existence for three-dimensional irrotational flow,
[MN95] for isentropic case, and [JR00] [PRV95] for isothermal case. Consult [Pe90]
[MP90] [Si85] [En96] [WC98], [BWIg] and in particular, [En96], for non-existence
results and singularity formation. The question of global smoothness vs. finite-time
breakdown was studied in a recent series of works of Engelberg, Liu and Tadmor, in

terms of a critical threshold phenomena for one-dimensional “pressure-less” Euler-

Poisson equations, [ELT01] and two-dimensional restricted Euler-Poisson equations,

[LT02, LT03].



There are two systems closely related to the Euler-Poisson system (1.2). The
first is the 2 x 2 system of isentropic gas dynamics, which corresponds to £ = 0 in
(1.2). Following [La64], one can show that finite-time breakdown for this system is
generic. The other is the one-dimensional “pressure-less” Euler-Poisson equations,
which corresponding to A = 0. It was shown in [ELTO01] that for this pure Euler-
Poisson system, there is a “large set” of initial configurations which yield global
smooth solutions. Thus, it turns out that the pressure is a destabilizing term and
the Poisson forcing is a stabilizing term.

The natural question that arises in the present context of full Euler-Poisson
equations (1.2) is whether the pressure enforces a generic finite-time breakdown or,
whether the presence of Poisson forcing preserves global regularity for a “large set”
of initial configurations. We gave our answer in [TW06]. More precisely, we answer
this question of “competition” between pressure and Poisson forcing, proving that
the Euler-Poisson equations (1.2) with v > 1 admit global smooth solutions for a

“large set” of sub-critical initial data such that

wos(x) > — Ko P0($)+\/A_V%, N (1.3)

Here, K is a constant depending on k,~ and the initial data. In the particular
(and important) case of isothermal equations, v = 1, we have Ky = v/2k and (1.3)

amounts to a sharp critical threshold,

upe () > —+/2kpo(x) + \/le

0
Po

“g))', v=1. (1.4)

The inequalities (1.3), (1.4) quantify the competition between the destabilizing pres-

sure effects, as the range of sub-critical initial configurations shrinks with the growth



of the amplitude of the pressure, A, while the stabilizing effect of the Poisson forcing
increases the sub-critical range with a growing k. In particular, (1.4) with A =0
recovers the pressure-free critical threshold, with £ = A = 0 recovers the inviscid
Burgers.

Formation of singularities and global regularity of (1.2) were addressed ear-
lier by Engelberg in [En96]. His results show finite-time breakdown if wg,(x) —
VAV pos ()] ,oo(x)%3 is “..sufficiently negative at some point”. Our contribution
here is to quantify the critical threshold behind this asymptotic statement. To fully
appreciate this quantified threshold, we turn to the converse statement in [En96,
Theorem 2]: it asserts the global regularity of (1.2) for a class of initial data such
that wo,(x) — \/A_”y]pogj(x)\po(m)%s > 0. It is a “non-generic” class in the sense of
requiring both Riemann invariants (for details of Riemann invariants, see section
2.2) at t = 0 to be globally increasing. In fact, by (1.3) one has a negative threshold,
—Koy/po, implying the existence of a “large” class of sub-critical initial data with

global regularity.

1.1.2 Viscous fluids

Next, we consider the viscosity forces, F' := eAu, which lead to the so-called

viscous dusty medium model,
Ou+u-Vu=eAu, u:R" —R", (1.5)

where € > 0 is a viscosity amplitude. Other suggested names for this system are

Burgers system [ES00], Hopf system, Riemann equation (for n = 1).



We also consider the equation of the corresponding inviscid fluid

u+u-Vu=0,
(1.6)
u(z,0) = up(x).

These systems were proposed by Zeldovitch [ZE70] as a model describing the
evolution of the rarefied gas of non-interacting particles.

It seems rather natural to expect that solutions of (1.6) can be obtained as lim-
its of solutions of (1.5). This question has been positively answered when the initial
data are irrotational (i.e., ug = V¢), in the sense of viscosity solutions for Hamilton-
Jacobi equations. In [LT02], still considering the irrotational two-dimensional model,
Liu and Tadmor provided a novel approach at the level of the velocity field. The
essential tool they used is spectral dynamics.

There are other approaches to the solutions of the pressureless gas dynamics

system. For example, people consider the Euler equations of compressible fluids in

the whole space RY

Op + div(pu) =0,
(1.7)

O(pu) + div(pu @ u) + eVp(p) =0,

where the pressure p has the following form

2
p(ﬂ):p’ya 1<’7§1+aa

and the pressureless gas dynamics system in R?, which corresponding to € = 0,

O + div(pu) =0,
(1.8)

Or(pu) + div(pu @ u) = 0.



Consult [Gr98], [Se97] for global smooth solutions to the multidimensional Euler
equations of compressible fluids. Consult [GS00], [Go04] and [Co06] for convergence
of smooth solutions of (1.7) towards smooth solutions of (1.8). Also consult [CL04]
for the phenomena of concentration and cavitation of the vanishing pressure limit
of solutions of the full Euler equations for nonisentropic compressible fluids with a
scaled pressure.

In this thesis, we consider equations of the two-dimensional pressureless gas
dynamics systems — (1.5) and (1.6), subject to general initial data. Based on an-
alyzing the spectra of Vu, we obtain an uniform BV bound of solutions u¢, see
[TWO07]. In the particular case in which Vug does not have negative eigenvalues,
the limiting flow is shown to be the smooth solution of the equations (1.6) — the

corresponding inviscid fluid flow, see [TWO07] .

1.1.3 Restricted Euler/Navier-Stokes equations

For the forcing involving viscosity and pressure, we meet the well known
Navier-Stokes equations of incompressible fluid flow in n space dimensions, which

can be expressed as the system of n + 1 equations,

ou+u-Vu=vAu—Vp, u:R"—R", t>0, (1.9a)
V-u=0, (1.9b)
u(z,0) = ug(x). (1.9¢)

Here v > 0 is the kinematic viscosity. When the coefficient v vanishes in (1.9a), we
have the Euler equations for incompressible fluid flow. We will only discuss fluid
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flows occupying the whole space so that the important effects of boundary layers are
ignored. In most applications, v is an extremely small quantity, typically ranging
from 107% to 1073 in turbulent flows. Thus one can anticipate that the behavior of
solutions of the Euler equations with v = 0 (which corresponds to the inviscid fluid
flows) is rather important in describing solutions of the Navier-Stokes equations
when v is small.

Differentiating of the Euler equation of incompressible fluid flow with respect

to x, we obtain the equation satisfied by the local velocity gradient tensor M := Vu
OM + (u- V)M +M?=—(VeV)p. (1.10)

Taking the trace of M and noting trM =V - u = 0, we find
trM? = —Ap. (1.11)

This gives p = —A~'(trM?). The right-hand side in (1.10) therefore amounts to

the n x n time-dependent matrix
(Ve V)A (trM?) = R[trM?].

Here R[w] denotes the n x n matrix whose entries are given by (R[w]);; := R;R;(w)

where R; denote the Riesz transforms, R; = —(—A)~Y29; | i.e.,
[Ri(w))(§) = —iphw(§)  for  1<j<n.
This yields the equivalent formulation of the Euler equations which reads

M + (u- V)M + M?* = R[trM?], (1.12)



subject to the trace-free initial data
M(',O)ZM(), tI‘M():O.

Note that the invariance of incompressibility is already taken account in (1.12) since
OitrM = 0 and hence trM = trMy = 0. It is the global term in the above equations,
R[trM?], which makes the problem rather intricate to solve, both analytically and
numerically. Various simplifications to this pressure Hessian were sought, see, e.g.
[CA92],[C86],[CPB99] and [V82].

We now turn to discuss the restricted Euler dynamics proposed in [V82] as
a localized alternative of the full Euler equation (1.12). By the definition of the

operator R, one has

RltrM?| = V@ VA [trtM] =V eV | K(z—ytrM(y)dy,

R
where the kernel K (-) is given by

1

a0 n:27
K(z)=1{ 7

1

(2 = n)wnla|=2"

n>2,
with w, denoting the surface area of the unit sphere in n-dimensions. A direct

computation yields

M? — ul?8.. — oy — s
0K+ te? = T2 / G VR TS VETY
n n

Y wy|x — y|"t?

trM?
This shows that the local part of the global term R[trM?] is -

I, . We thus use

2
r
this local term, ——1I,,«,, , to approximate the pressure Hessian. The corresponding
n

local gradient field then evolves according to the following restricted Euler model

trM?

OM + (u-V)M + M? = Lsn - (1.13)



This is a matrix Ricatti equation which is responsible for the formation of singu-
larities at finite time, while the local source on the right provides certain balancing

effect. We observe that as in the global model, the incompressibility is still main-

trM?

tained in this localized model, since trM? = tr[ Inxn} implies OitrM = 0. As
a local approximation of the pressure Hessian, the above model, the so-called re-
stricted Euler dynamics, has caught great attention since it was first introduced in
[V82], because it can be used to understand the local topology of the Euler dynamics
and to capture certain statistical features of the physical flow.

In this thesis, we identify and compare the critical thresholds in three-dimensional
and four-dimensional cases, respectively, see [LTWO07|. To do so, we consider a

bounded, divergence-free, smooth vector field u : R" x [0,7] — R"™. Let 2 = x(«, t)

denote an orbit associated to the flow by

d
d—f:u(:c,t), 0<t<T, z(o,0) =a € R". (1.14)

Then along this orbit, the velocity gradient tensor of the restricted Euler equations

(1.13) satisfies

trM> : d
L ln, D=t =8 4uV,. (1.15)

M+ M? = —
+ at

By the spectral dynamics lemma 3.1 in [LT02], (we will go through the details of

this lemma in sec 1.2), the corresponding eigenvalues satisfy
X+A2—lix2 =1 (1.16)
7 i n 'R t=1,...,N. .
j=1

This is a closed system, which serves as a simple approximation for the evolution of

the velocity gradient field.



For arbitrary n > 3, one can use the spectral dynamics of M to show a finite-
time breakdown of (1.16), which generalizes the previous result of [V82]. More
precisely, in [LT02], the finite-time breakdown was established after a set of [g} +1
global invariants in terms of the eigenvalues of M were identified, and moreover, the
precise topology of the flow at the breakdown time was also studied.

The question we are interested in is: how generic is the finite-time breakdown
of the restricted Euler equations (1.16)7 Is there a critical threshold such that
finite-time breakdown occurs only when the initial configuration crosses such critical
threshold, while sub-critical initial data yield global smooth solutions?

It turns out that the finite-time breakdown for the three-dimensional restricted
Euler dynamics is generic, while for the four-dimensional restricted Euler dynamics,
there is a surprising global existence for sub-critical initial data. More precisely, we

describe critical thresholds for both 3-dimensional and 4-dimensional Euler dynamics

in the following two theorems.

Theorem 1.1.1 Solutions to (1.16) with n = 3 remain bounded for all time if and

only if the initial data Ny := (A1, A2, A3) lie in the following set
r{(~1,-1,2),(~1,2,-1),(2,~1,-1)},  ¥r > 0.
Theorem 1.1.2 Solutions to (1.16) with n = 4 remain bounded for all time if and
only if the initial data Ao := (A1, A2, Az, A\g) lie in the following set
Ao € QN {A1 + Ao+ A3+ Ay =0},
where
Q:=0,UQUQs,
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Ql = {()\17 )\27 )\37 )‘4) ‘ )\1,2,3,4 € R Cbnd )\’il = Aig S )\i3 S )\’i47

here (i1, 19,13,14) 1S a permutation of (1,2,3,4)} ,

Q= { (M 2o da ) | A=A €R and Ay, € C/ R,

here (i1,12,13,14) 1s a permutation of (1, 2,3,4)} ,

and

Q3 1= {(/\17/\27/\37/\4) ’ Masa € C/ R}'

For arbitrary n > 4, we extend the above results, obtaining sub-critical initial

configurations which yield global smooth solutions, see [WO07].

1.2 Spectral dynamics of the velocity gradient field

In this section, we introduce the basic lemma of the spectral dynamics of the
velocity gradient field, [LT02]. This lemma is the main tool when dealing with
multi-dimensional Euler dynamics.

Let us recall the Euler dynamics
u +u-Vu=F(u,Du,---). (1.17)
Differentiation of the above equation with respect to x yields
OM + (u-V)M +M*=VF, (1.18)

where M := Vu. To quantify all the entries of the velocity gradient tensor M
is usually difficult. Instead, people analyze suitable linear combinations such as
divergence and vorticity. Here we focus on the special role played by the eigenvalues
of M, which depend on the entries of M in a strong nonlinear way.

11



Lemma 1.2.1 (Spectral dynamics,[LT02]). Consider the general dynamical system
(1.18) associated with the arbitrary velocity field w and forcing F. Let A(M) be a
(possibly complex) eigenvalue of M associated with the corresponding left and right
eigenvectors | and r, where [ and r be normalized so that lr = 1. Then the dynamics

of N(M) is governed by the corresponding Ricatti-like equation
ON+u-VA+ A = (,VFr).

Proof. Let the left and right eigenvectors of M associated with A be [ and r,

normalized so that {r = 1. Then
Mr = Ar, IM = M.
Differentiation of the first relation with respect to ¢ gives
O Mr + MOyr = O Ar + AO;r .
Multiply [ on the left of this equation to obtain
1O, Mr + NOyr = O\ + NOyr,

whence

1O, Mr = O\ .
Similarly differentiation of the relation Mr = Ar with respect to z; leads to
O;Mr + MO;r = 0;Ar + \O;r.
Multiply this equation on the left by (u; with Ir =1 to get

lujaer = ujl('?j)\r = Ujaj/\ .

12



Therefore

lu-VMr=u-VA

A combination of the above facts together with [M?r = \? gives

OGN +u-VA+ A2 = (I,VFr).

This completes the proof. O

1.3  Outline of the thesis

In Chapter 2, we present the results of the one-dimensional Euler-Poisson
equations. First, we review the 2 x 2 system of isentropic gas dynamics, its Riemann
invariants and its generic finite-time breakdown. Next, we review the pure Euler-
Poisson equations, and its critical threshold. Then, we discuss the full Euler-Poisson
equations driven by both pressure and Poisson forcing term. We give the critical
threshold for the isothermal case and sub-critical initial data for v > 1. At last, we
show examples of finite-time breakdown of the full Euler-Poisson equations.

In Chapter 3, we present results of the two-dimensional system of Burgers
equations. We begin with the irrotational initial data, showing that the vanishing
viscosity limit is the solution of the equation of the corresponding inviscid fluid.
Then we move to general initial data, and we obtain an uniform BV-bound of the
viscous solutions. Finally, we prove that if Vug does not have negative eigenvalues,
then the equation of the inviscid fluid admits a smooth solution, and this smooth

solution is the the vanishing viscosity limit of the viscous fluids.

13



In the last Chapter, we deal with the restricted Euler dynamics. We com-
pare the critical thresholds for three-dimensional and four-dimensional cases, show-
ing that the finite-time breakdown is generic for three-dimensional restricted Euler
dynamics and there is a surprising global existence for sub-critical initial data of
four-dimensional restricted Euler dynamics. And finally, we extend our results to

the general n-dimensional case.
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Chapter 2
Critical thresholds of the one-dimensional Euler-Poisson system

2.1 Euler-Poisson system and related models

It is well known that the systems of Euler equations for compressible flows can
and will breakdown at a finite time even if the initial data are smooth. A prototype

example for such systems is provided by the 2 x 2 system of isentropic gas dynamics

pr+ (pu)e =0 2.1)

(pu)t + (pu2)x = Pz,

where the pressure p = p(p) is given by the usual y-law, p(p) = Ap?. By using
the method introduced in [La64] to deal with pairs of conservation laws, it can
be shown that (2.1) will lose the C'-smoothness due to the appearance of shock
discontinuities unless its two Riemann invariants are nondecreasing — we will go
through the details in section 2.2. Thus, the finite-time breakdown of (2.1) is generic
in the sense that it holds for all but a “small set” of initial data.

On the other hand, if we replace the pressure by Poisson forcing, then we

arrive at the system of Euler-Poisson equations

P+ (pu)x =0,
(2.2)
(pu)e + (pu?)e = —kppa k>0,
subject to initial data (ug, po). Here ¢ = ¢(p) is the potential, which is dictated

by the (one-dimensional) Poisson equation, ¢,, = —p. In this case, there is a “large

15



set” of initial configurations which yield global smooth solutions. More precisely,

[ELTO01] have shown that (2.2) admits a global smooth solution if and only if

Uoe () > =/ 2kpo(z) (2.3)

Thus, following the terminology of [LT02], the curve ug, + v/2kpy = 0 is a “criti-
cal threshold” in configuration space which separates between initial configurations
leading to finite-time breakdown and a “large set” of sub-critical initial configu-
rations which yield global smooth solutions. In particular, (2.3) allows negative
velocity gradients (depending on the local amplitude of the density), which other-
wise are excluded in the case of Burgers equations of inviscid fluids, corresponding
to k=0.

In this Chapter we turn our attention to the full Euler-Poisson equations driven

by both pressure and Poisson forcing,

;

Pt + (pu)x = 07
(pu)t + (lou2>x = _p(p)x - kp(pxa k > 07 (24)
—Prx = P -

\

The natural question that arises in the present context of full Euler-Poisson
equations (2.4) is whether the pressure enforces a generic finite-time breakdown
or, whether the presence of Poisson forcing preserves global regularity for a “large
set” of initial configurations. We answer this question of “competition” between
pressure and Poisson forcing, proving that the Euler-Poisson equations (2.4) with

~v > 1 admit global smooth solutions for a “large set” of sub-critical initial data such

16



that

() > — Ko PO(ZE)WL\/A_V%, 1> (2.5)

Here, K is a constant depending on k,~ and the initial data. In the particular
(and important) case of isothermal equations, v = 1, we have Ky = v2k and (2.5)

amounts to a sharp critical threshold,

upe () > —+/2kpo(x) + \/lepo;((z;ﬂ, v=1 (2.6)

The inequalities (2.5),(2.6) quantify the competition between the destabilizing pres-
sure effects, as the range of sub-critical initial configurations shrinks with the growth
of the amplitude of the pressure, A, while the stabilizing effect of the Poisson forcing
increases the sub-critical range with a growing k. In particular, (2.6) with A =0
recovers the pressure-free critical threshold (2.3).

This chapter is organized as follows. In section 2.2, we review the 2 x 2
system of isentropic gas dynamics, its Riemann invariants and its generic finite-time
breakdown. In section 2.3, we review the pure Euler-Poisson system and its critical
threshold. In section 2.4, we derive the critical threshold of the full Euler-Poisson
system. We begin by reformulating the system (2.4) with its Riemann invariants
as a preparation for the analysis carried out in subsections 2.4.2 and 2.4.3. In
subsection 2.4.2, we prove our main results, providing sufficient conditions for “large
sets” of sub-critical initial configurations which yield global smooth solution. In
section 2.4.3, we give examples of finite-time breakdown for super-critical initial
data. Combining our results in sections 2.4.2 and 2.4.3, we confirm the existence of
a critical threshold phenomena for the full Euler-Poisson equations (2.4).

17



2.2 Isentropic gas dynamics

In this section, we use Lax’s method ([La64]), to show that the finite-time

breakdown of isentropic gas dynamics

pre+ (pu)y =0 2

(pu)e + (pu?)y = —po,  plp) = Ap7,

is generic.

Note that system (2.7) consists of two conservation laws. And the most sig-
nificant difference between systems of two conservation laws and systems consisting
of more than two is the existence of Riemann invariants for the first class.

To find the Riemann invariants of (2.7), we rewrite the system as

P P 0
+J = , (2.8)
u u —kp,
t T
u p
where the Jacobian J := has two different eigenvalues
Avp=2 u

Ai=u— \/Avp%l < pi=u+ \/Avp%l.

The corresponding left eigenvectors are

h= (=A™ 1),
and
by = (\/A_w%g, 1) :
Thus
(= VA pot ) + A (= VA ) =0, (2.92)
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and

v=3 =3
(\/Ayprt—i—ut) +,u<\/A7p 2 pm—|—ux> =0. (2.9Db)
Let R and S be functions of p and u which take the following forms
2/ A —1 2/ A —1
R::u——VpWT, S:=u+ 7pWT, for v>1,
v—1 v—1
and
R:=u—VAlnp, S:=u+VAlnp, fory =1.
Then
=3 T
grad R = (— VAvp Z 1) ,
and

L T
grad S = (x/AvaB, 1) :
It follows (2.9a) and (2.9b) that

R+ AR, =0, (2.10a)

and

Sy 4 S, = 0. (2.10b)

In this chapter, here and below, {}' := 0; + X0, and {}' := 0; + p0, denote differ-

entiation along the A\ and p particle paths,
Dy = {2, 1) [ @(t) = Mp(x, 1), u(z. 1)) },

L, o= {(z,t)]&(t) = plp(z, 1), u(z, 1)) }.

Then (2.10a) and (2.10b) can be rewritten as

R'=0, (2.11a)
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and

S'=0. (2.11Db)

Thus, as functions of x and ¢, R is constant along the A particle path, and S is
constant along the p particle path. This is the reason why R and S are called
Riemann invariants.

If we set r := R, , s := S, then upon differentiation of (2.32) we get

e 4+ Ay + Agrs + Agr? =0, (2.12a)
S¢ + 1Sy + p1gS> + pprs = 0. (2.12b)
Le.,
4+ Agrs + Apr® =0, (2.13a)
s+ pgs® + prrs = 0. (2.13b)

Next, we observe that A = &85 — 21(S — R) and p = &5 4+ 221(S — R). Hence,
. v—1
expressed in terms of § := —g e have for v > 1,

146 1—-46 -1
)\R:[LS:T and )\Sz,uR:T, Q:ZWTZO,

and the pair of equations (2.13) is recast into the form

o146, 1-0

r+ 5T + 5T = 0, (2.14a)
146 1-0
s+ ;_ s* + TS = 0. (2.14Db)

It follows from (2.10b) that

s s
— S, = . . 2.1
Rl P TE ) (2.15)
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Substituting (2.15) into (2.14a) we obtain

1460 , 1-6 S°

' — =0. 2.1
r+27‘ TQQS—RO (2.16)
1-6 .
Let h := — T In(S — R). Then h satisfies
1-60 1
hg = —————.
5 20 S—R
We know that along the A particle path, R' = 0; thus
1—-60 1
h'=hgrR'+ hgS'= ————-S5".
riv s 20 S—R
Substituting this into (2.16) we obtain
146
r+ %7’2 +h'r=0. (2.17)
Multiplying (2.17) by e, and using the abbreviations
146
q = ehr, w = ;— e (2.18)
we rewrite the resulting equation as
¢ +wg*=0. (2.19)
An explicit formula for ¢ can be found:
q(t) = — 2 (2.20)

where ¢o = ¢(0) and
t
K(t) = / wdt
0
with the integration along the A\ particle path.
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Suppose the initial values of R and S are bounded. Then R and S stay between
the same bounds for all time, since R and S are constant along characteristics. The

0
e~ " has then a positive lower bound wy. Thus W (t) satisfies

1
quantity
W (t) > wot forall ¢>0. (2.21)

Substituting (2.21) into (2.20), we conclude that if gg > 0, then ¢(¢) stays bounded,
and if gy < 0, then ¢(t) becomes unbounded after a finite time. A similar result

holds for the other variable S'. To summarize, we have the following result.

Theorem 2.2.1 Let (p,u) be a solution of (2.7) whose initial values are bounded.

Then the solution remains in C* if and only if Roy > 0 and S, > 0.

2.3 Pure Euler-Poisson systems

In this section, we reiterate the results in [ELTO01], illustrating that there is a
“large set” of initial configurations which yield global smooth, C'-solutions for the

pure Euler-Poisson system

oo+ () = 0, (2.222)
(pu); + (pu?), = —kpp, k>0, (2.22b)
Prz = —pP - (222C)

Set d := u,(z,t), then differentiation of (2.22a) and (2.22b) yields
p+pd=0, (2.23a)

d+d=kp, {}:=0,+ud,. (2.23b)
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1
Multiply (2.23b) by —, (2.23a) by %, and take the difference.
p p

(5) ="

and upon integration one gets

d d
= =0(t) =kt + 2.
P Po

Substituting (2.25) into (2.23) we obtain
p+ Bt =0,
: k
d+d* = ——d.

p(t)

We then find explicit formulas for p and d:

£ — Po 7
pll) 14 po fot B(r)dr

doefot k/B(r)dr
 1+dy f(f eJo k/B(s)ds g °

d(t)

Direct calculation shows that

This gives

(2.24)

(2.25)

(2.26a)

(2.26b)

(2.27a)

(2.27b)

t t
T k
T+ pO/ ﬁ(T)dT =1+ dO/ efo k/ﬁ(s)deT =1+ dot + —p0t2 .
0 0

2

k
Thus, the boundedness or not of p and d depends on whether 1 + dgt + §p0t2 ever

takes on the value 0. It follows that if dy > —+/2kpy then global regularity for p and

d is ensured. To summarize, we obtain the following result, (Theorem 2.2, [ELT01]):

Theorem 2.3.1 The system of Euler-Poisson equations (2.22a)-(2.22¢) admits a

global smooth solution if and only if

Uz (@) > —+/2kpo(a), VaeR.
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In this case the solution of (2.22a)-(2.22¢) is given by

Po Ugz + kpot
t),t) = T Jt 7t = T/
o)) = 2 ol = e T
kpot?
Lo, t) := 14 ugt + p20 )

so that p ~ t=2 and u, ~ t=' as long as py # 0. If condition (2.28) fails, then the

solution breaks down at the finite time, t., where I'(a,t.) = 0.

Thus, following the terminology of [LT02], the curve ug, ++/2kpy = 0 is a “crit-
ical threshold” in configuration space which separates between initial configurations
leading to finite-time breakdown and a “large set” of sub-critical initial configu-
rations which yield global smooth solutions. In particular, (2.28) allows negative
velocity gradients (depending on the local amplitude of the density), which other-
wise are excluded in the case of Burgers equations of inviscid fluids, corresponding

to k=0.

2.4 Euler-Poisson equations with y-law pressure

In this section, we use a variant of Lax’s method to find subcritical initial data

of the full Euler-Poisson equation

(

Pt + (pu)x =0,
(pu); + (pu®)e = —p(p)a — kppa, k >0, (2.29)
_(105550 = p7

\

where the pressure p = p(p) is given by the usual ~-law, p(p) = Ap” with v > 1.
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2.4.1 Riemann invariants

In this subsection, we reformulate system (2.29) with its Riemann invariants

as a preparation for the analysis carried out in following subsections.

2.4.1.1 The Euler-Poisson equations with v-law pressure: v > 1

We begin by rewriting the Euler-Poisson equations (2.4) as a first order quasi-

linear system

p p 0
u u —ky,
t T
u
As showed in section 2.2, the Jacobian J := has two different
Avp™%

eigenvalues
Ai=u— \/A”ypw%1 < pi=u+ \/A’yva_l .

And let R and S denote the Riemann invariants of the corresponding Euler system

(2.1)
R:=u-— 2\/A_7p77_1 and S :=u-+ 2\/14_7;)%1 . (2.31)
7-1 v-1
They satisfy the coupled system of equations,
Ry + AR, = —kyp,, (2.32a)
St + 1Sy = =k, (2.32b)

coupled through the Poisson equation —¢,, = p. Here we redo the process we did

in section 2.2. Let us set r := R, , s := S, then upon differentiation of (2.32) we
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get

T+ Ay + Asrs + Agr? = kp, (2.33a)

Sy + [1Sy + f1gS> 4+ pprs = kp. (2.33b)

Next, we observe that A = &85 — 21(S — R) and p = &5 4+ 221(S — R). Hence,

—1
expressed in terms of 6 := %, we have for v > 1,

146 1-6 -1
AR:uS:T and )\S:,uR:T, 9::7720,

and the pair of equations (2.33) is recast into the form

o146, 1-—0

r+ 57 + 578 = kp, (2.34a)
146 1—-4
s+ —g s*+ s = kp. (2.34b)

Here {}' := 0, + A0, and {} := 0; + 0, denote differentiation along the A and p

particle paths,

Ly = {(z,0) | &(t) = Mp(z, 1), u(z, 1)}, Tu:={(z,t)]i(t) = p(plx,t), u(z,t))}.

To continue, we rewrite the equation for p as

—A s+r

!
)\m 5 Mz
(pe 4 Ap2) + == pu + p—;

=0. (2.35)

_ A _
Since s —r =S5, — R, = 2\/A7p773px, we can express a 5 Pr = \/AvaTl,oac =

S—T

p , so that the p equation (2.35) can be written along the A\ particle path as
p'+ ps = 0. Similarly, it can be written along the u particle path as p' + pr = 0.

Assembling the above equations, we arrive at the following system governing r, s
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and p,

146, 1-06
T+ e+ rs =kp,
4 2 2 (2.36a)
p+ps =0,
\
and )
1+6 1—4
s+ i s+ rs =kp,
2 2 (2.36h)
p+pr =0.

\

Finally, we use the integration factors 1/,/p and r/2p,/p in the first and second

equations of each pair in (2.36), to conclude that

(é%)+-295%—g€%=k¢ﬁ (2.37a)
(i%>+1;05§—g€%:k¢ﬁ (2.37h)

2.4.1.2 The isothermal case v =1

In this case, the two eigenvalues are A = u — VA < u = u+ VA with the
corresponding Riemann invariants R = u — vVAlnp and S = u + v/Alnp. Their

derivatives, r and s, satisfy the pair of equations, corresponding to (2.37a), (2.37b)

with 6 = (y —1)/2 =0,

= ky/p, (2.38a)

= k/p. (2.38b)
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2.4.2 Global smooth solutions for sub-critical initial data

For the pressureless Euler-Poisson equations (2.2), the evolution of w, and
p could be traced backwards along the same particle path to their initial data at
t = 0. The scenario becomes more complicated with the additional pressure term,
due to the coupling of r and s along different particle paths which are traced back
to different neighborhoods of the initial line ¢ = 0. This is the main obstacle in
finding the sharp critical threshold of the full Euler-Poisson system (2.4). To this
end, we will seek invariant regions for the coupled system, governing the Riemann

invariants. We begin this section with the following lemma.

Lemma 2.4.1 Let the total charge Ey = [ po(x)dz < co. Then p(x,t) and

u(x,t) remain uniformly bounded for all t > 0.

Proof. Under the given condition, we can set (e.g., [ELTO01, p. 116])

eatot) =5 ([ ot~ [T otende),

which satisfies —Fy < ¢, (z,t) < Ey, for all t > 0 and x € R. Recall the transport
equations (2.32a), (2.32b) which govern the Riemann invariants along different char-
acteristics R'+ kg, = S’ + kp, = 0. Since ¢, is bounded, these transport equations
tell us that R and S remain uniformly bounded with at most a linear growth in

time. Indeed, for all M > 1 we have

sup {|R(z,1),|S(z, )|} < Co+kEot, Co:= sup {[Ro(z)].|So(z)[}. (2.39)

|z[<M |z| <MA4usot
Take the sum and difference of S and R to find that u(z,t) and p(z,t) in (2.31)

remain bounded,
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Uso 1= sup |u(z,t)| < Co+ kEot, (2.40a)
e <M

(Co+ kEgt)71, 7> 1,
sup p(x,t) < Const. (2.40Db)
At exp (kEot), v =1
O

We note in passing that the time growth asserted in (2.40) is probably not sharp; the
estimate can be improved after taking into account the uniform bounds of R,/\/p

and S, /,/p discussed in theorems 2.4.1 and 2.4.2 below.

2.4.2.1 Critical Threshold for isothermal case: v =1

We begin with the isothermal case, v = 1, which plays an important role in
various applications. Compared with the general case (2.37), the isothermal case
becomes simpler due to the fact that # = 0 decouples the dependence on r and s
through the mixed term 6rs, which disappears from left-hand side of (2.38). Here

we prove the following sharp characterization of the critical threshold phenomena.

Theorem 2.4.1 Consider the isothermal Euler-Poisson system (2.4) with pressure
forcing p(p) = Ap, and subject to initial data (ug, po > 0) with finite total charge,
Ey = ffooo po(z)dr < oo. The system admits a global smooth, C-solution if and

only if

uoe(2) > —+/2kpo(x) + \/Z|pp0$((;))| , VreR. (2.41)

Remark 2.4.1 Ezxpressed in terms of the Riemann invariants specified in §2.4.1.2,
um:I:\/pr/p, theorem 2.4.1 states that the isothermal Euler-Poisson equations admit
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global smooth solutions for sub-critical initial conditions,
so > —+/2kpy and 1y > —+/2kpy. (2.42)

r s
Proof. We define X := — and Y := —. Equations (2.38a), (2.38b) then read
VP VP

X' = g(zk - X?), (2.43a)
Y' = \/7?(215 -Y?). (2.43b)

It follows that

>0, X e (—v2kV2k),
X'4 =0, |X|=V2k,

<0, |X|>V2k,

and similarly,

>0, Ye(—V2kV2k),

Y'§ =0, |Y|= V2%,

<0, [Y|>V2k.
Thus, starting with (2.42), Xo, Yy > —v/2k, we find that X and Y remain bounded
within the invariant region [—v/2k, v/2k], and they are decreasing outside this inter-

val. We conclude that
X(,1), Y (1) < max { VR, Xo(-), Yo() }

Lemma 2.4.1 tells us that p is bounded. The boundedness of X | Y and p imply that
r = X,/pand s =Y ,/p remain bounded for all # < oo, and hence the Euler-Poisson

system (2.4) admits a global smooth C'-solution.
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Conversely, suppose that there exists X, = X (zo) < —v2k. We will show
that this value will evolve along I'y(x,0) such that X(-,¢) will tend to —oo at a
finite time. To this end, assume that Y is well behaved, i.e., Yy(-) > —v/2k so that
Y(-,t) <Y;:=max {Y[)('), \/ﬂ} for all t’s (otherwise, the finite-time blow up of Y’
can be argued along the same lines). It follows that s = Y\/p < Y1,/p and inserting

3/2

this into p' = —ps, we find p' > —Y;p°/<. This yields the lower-bound

9 2
p= (—) ;
Yit +2//po
which together with (2.43a), implies that X (-, ¢) satisfies the following Ricatti equa-

tion along the I'y-path,

\ Xl 2

< X2 X = (X2 —2k)/X2 > 0. 2.44
S TN V1= (X3 — 26) /X3 (2.44)

Integration of (2.44) yields

Y

Xiln (14 /poYit/2) + Y1 X,

(2.45)

Thus, starting with X, < —v/2k < 0 we find that there exists a finite critical time
t. > 0 such that X (¢ 1 t.) tends to —oo. O

The critical threshold condition (2.41) reflects the competition between the
Poisson forcing and the pressure. It yields global smooth solutions for a “large set”
of initial configurations allowing negative velocity gradients. In the particular case
that there is no pressure, A = 0, (2.41) is reduced to the critical threshold condition

of the “pressureless” Euler-Poisson equations ug, > —y/2kpo(x) of [ELT01].
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2.4.2.2 Critical threshold for v > 1

The equations for the Riemann invariants (2.37a), (2.37b) are coupled through
the mixed term, Ors/2. We note in passing that it is possible to get rid of this
mixed term when integrating (2.36a), (2.36b) with the integration factors p0=3)/4

and 7p~7/4(3 — 4) /4 in the first and second equations in each pair, yielding

Nevertheless, it will prove useful to use the same integration factors, 1/,/p and
r/2p\/p which led to (2.37). The main task is to identify the invariant region as-
sociated with (2.37), corresponding to the isothermal invariant region [—v/2k, v/2k]

discussed in theorem 2.4.1.

Theorem 2.4.2 Consider the Euler-Poisson system (2.4) with y-law pressure p(p) =
ApY, v > 1, subject to initial data (ug,po > 0) with finite total charge, Ey =
ffooo po(x)dx < oo. Then, there exists a constant Ky > 0 depending on k,~y and the
initial conditions (specified in (2.47b) below), such that the Euler-Poisson equations

(2.4) admit a global smooth, C'-solution if,

po(r) 2

uae() > — Ko/ po() + mw (2.46)

Before we turn to the proof of this theorem, several remarks are in order.

Remark 2.4.2 FEzpressed in terms of the Riemann invariants, r = u,—+/A7ypos/ ,083_7)/ 2

32



and s = u, + \/A'ypgx/p(()s_w/z, the critical threshold (2.46) reads

ro(z) So()

; > —
Vro(x) /polz)

K. (2.47a)

The constant Ky is given by

_ —OMy + \/02ME + 8k(1+0) R ro(x)  So(x)
Fo = 2(1+9) 7 Mo = x {@’ \//)0(35)’ \/ﬂo(l’)}.
(2.47b)

We mention two simplifications which are summarized in the following two
corollaries. We first observe that if the initial configurations satisfy the upper-bound
vV 2k

ro(z), so(z) < +/2kpo(x), then (2.47b) yields My = V2k, hence Ky = 110 and

theorem 2.4.2 implies the following.

Corollary 2.4.1 Consider the Euler-Poisson system (2.4) with y-law pressure p(p) =
ApY, v > 1, subject to initial data (ug,po > 0) with finite total charge, Ey =
[72 po(z)da < co. Then, the Euler-Poisson equations (2.4) admit a global smooth,

C'-solution if for all x € R,

= (2
e ()] < v/ Zpol) — \/Av%. (2.4
Polx) 2
The next result follows from the trivial inequality

< OMo— (0Mo + /3E(1 +0)) /2
0= 2(1+0) '

Corollary 2.4.2 Consider the Euler-Poisson system (2.4) with a v-law pressure
p(p) = Ap?, v > 1, subject to initial data (ug,po > 0) with finite total charge,
Ey = |7 po(x)dx < oo. Then, the Euler-Poisson equations (2.4) admit a global
smooth, C*-solution, if for all v € R,
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(1 - i);;max {\/m, uoe () + \/A_fylpo”“"—@}. (2.49)

V2/2(y+1) e po(x)2
Remark 2.4.3 We observe that as in the isothermal case, the critical threshold in
its various versions (2.46), (2.47), (2.48) and (2.49), allow a “large set” of initial
configurations with negative velocity gradient, due to the competition between the
stabilizing Poisson forcing kpp(p), and the destabilizing pressure A(p"),. In the
extreme case that Poisson forcing is missing, (where k = 0), the breakdown of
the system is generic unless ug, is positive enough (so that ro,so > 0). In the
other extreme of a “pressureless” Fuler-Poisson system, A=0,v=1, the critical
thresholds (2.46), (2.48) are reduced to uo,(x) > —+/2kpo(x) , which coincides with

the “pressureless” critical threshold (2.3) found in [ELT01].

Proof. Expressed in terms of X := L oandY = i, equations (2.37) read

VP VP

146 0

X' = \/ﬁ(k - %XZ + 5XY), (2.50a)
146 0

Y' = \/ﬁ<k’ — %YQ + 5XY). (2.50b)

We seek an invariant region of the form [—Kj, My|, with Ky, My > 0 yet to be

determined. We begin by noticing that if X,Y < M then! XY < M?, and

'We let Z, = max{X,0} and Z_ = min{Z, 0} denote the positive and negative part of Z.
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recalling that # > 0, (2.50) then yield

1460, 0
X‘g\/ﬁ(k—%X2+§M2>, X >0
140, 0
Y’Sﬁ(/{?—%y2+§M2), Y >0

This in turn implies that

2k + 0 M?
X and Y are decreasing if X,Y > Cy, Cp=Cy(M):=4/ ;—T (2.51)

The solution of C (M) = M yields M = v2k. Thus, X and Y are decreasing

whenever X,Y > M = v2k, and we end up with the upper-bound
X(+,t),Y (- t) < My, My = max {\/Qk,Xo(x),Yo(:z:)}. (2.52)

In a similar manner, we study the lower bound of the invariant region. By (2.52)

and (2.50) yield

X' > \/ﬁ<k — %HXQ + gMOX), X <0, (2.53a)
Y’ > \/ﬁ(k — #W + gM0Y>, Y <0, (2.53b)

which in turn, imply that
X and Y are increasing if 0> X,Y > — K, (2.54a)

where K is the smallest root of the quadratics on the right of (2.53),

Ko —0Mo+ VO2MZ + 8k(1+0)
o 2(1+0) '

(2.54b)

The critical threshold condition (2.46) tells us that at t = 0, X, Yy > —K, and
(2.54a) implies that X (-,¢) and Y'(-,t) remain above the same lower-bound, (2.46).
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As before, the bounds of X,Y and p imply that r = X,/p and s = Y',/p remain
bounded, and hence the Euler-Poisson system (2.4) a global smooth, C'-solution.

O

2.4.3 Finite-time breakdown for super-critical initial date

Consider the Euler-Poisson system (2.4) with a ~-law pressure, v > 1, and
subject to initial data such that ro(z), so(x) < v/2k. Then, according to corollary
2.4.1, the following critical threshold is sufficient for the existence of global smooth

solutions,

(T
s (&) > —y/Zhipo(@) + /A7 "’03

po(z) ER

In this section we show that this critical threshold is also necessary for global regu-

larity.

Theorem 2.4.3 Consider the Euler-Poisson system (2.4) with a y-law pressure
plp) = ApY, v > 1, subject to initial data (ug,po > 0). The system loses the

C'-smoothness if there exists an x € R such that

Uoe () < —\/2kpo(7) + /Ay |p°””f. (2.55)

PO x) T
Remark 2.4.4 FEzxpressed in terms of the Riemann invariants, r = ux—\/A7p0$/pé3_7)/

and s = u, + \/A'yp[)x/p(()gﬂm, the condition (2.55) reads
dreR st 19(x) < —v/2kpp(x), or sp(x) < —+/2kpo(x). (2.56)

The lack of smoothness in this case was shown in theorem 2.4.1 for v = 1 and is

extended for v > 1 below.
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r s
Proof. Recall equations (2.50) for X := — and Y := —
20 VP VP
146 0
xﬂ:vﬁ(k——g—xﬂ+§XY>, (2.57a)
1460 0
YH—Vﬁ(k—-{g—YW+§XY>. (2.57b)

In the proof of theorem 2.4.2, we have shown that X and Y have an upper bound
X(+,1),Y (- t) < My, My = max {VQI{:,XO(x), Yo(x)}. (2.58)

Suppose that there exists X = X (20) < —v/2k. We will show that this value will
evolve along I'y(zo,0) such that X(-,¢) will tend to —oo at a finite time. To this
end, assume that Y is well behaved, i.e., Y5(-) > —v/2k so that Y (-,t) < M, for all
t’s (otherwise, the finite time blow up of Y can be argued along the same lines). It

follows that along I"y(zg, 0)

146 0 1
(e e ) sk L) e

Following exactly what we have done in the proof of theorem 2.4.1, we obtain the

inequality
) < y
- Xl ln (1 + w/,OoMUt/Q) + M()XO ’

where X := (X2 — 2k)/X2 > 0. Thus, starting with Xy < —v2k < 0 it follows

X(t (2.60)
that there exists a finite critical time ¢. > 0 such that X (¢ 1 t.) tends to —oo. O
We conclude with an example for a finite-time breakdown.

Example: Suppose at t =0, ug(x) =0 and

4
1, <0,
pr)=4 1-Z o<z<e,
2e
1
= T >
\2’ €
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Thus
—\/Ay(l — ;)/26, 0<z<e,
€

so(x) =
0, elsewhere.

If we choose € small enough, then so(x) < —+/2kpo(z) for 0 < z < €. According
to theorem 2.4.3, the system (2.4) will break down at a finite time. This example
shows that even if the fluid is near rest at ¢ = 0, the pressure itself could still lead

to a finite-time breakdown.
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Chapter 3

Vanishing viscosity limit of the system of Burgers equations
In this chapter, we move to the multi-dimensional cases. We consider the

viscous dusty medium flow, u := u®, governed by:
u+u-Vu = eAu, u:R" — R", (3.1)

where € > 0 is a viscosity amplitude.

We also consider the corresponding equation of the inviscid fluid
u+u-Vu=0,
(3.2)
u(z,0) = up(x).

Our ultimate goal is to establish the convergence of solutions of (3.1) towards
solutions of (3.2).
In order to simplify the analysis, we shall consider the same initial data for

(3.1) and (3.2), which is compactly supported.

3.1 Irrotational viscous fluids

In this section, we mimic the method used in [LT02] to study the n-dimensional
irrotational dusty medium model, and identify its vanishing viscosity limit.
Differentiating of equation (3.1) with respect to x, we obtain that the velocity

gradient tensor M := Vu satisfies

OM +u-VM+ M? =eAM . (3.3)
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It follows that if the initial velocity is irrotational, V x ug = 0, i.e. if My := Vuyg
is symmetric, then the flow remains irrotational, V x v = 0, i.e. M := Vu is
symmetric.

Apply the spectral dynamics Lemma, one can obtain the following result

(Lemma 5.1, [LT02], p444-445).

Lemma 3.1.1 Assume that the flow is irrotational V X ug = 0. Then the real

eigenvalues A = \(Vu) satisfy
ON+u-VA+ A2 = AN+ Q,.
Here Q) satisfies the constraint
a(Amin — A) < Qx < a(Amax — A) Amax = max A(Vu) , Amin := min A(Vu)

where a s given by

a .= ZEZaerﬁkr >0
k

and r 1s the right eigenvector of Vu associated with X .

Proof. Let [ and r be the normalized left and right eigenvectors of M associated

with the eigenvalue \. Then
ON+u-VN+ A =€elAMr.

Observe that M is symmetric because V x u = 0, and consequently A\ are all real

quantities. Differentiation of (M = Al with respect to x twice gives

AIM + 2VIVM + IAM = AN + 2VAVI + \AL,

40



which upon multiplication against r on the right leads to
IAMr = AN+ 2[(VAVD)r — (VIVM)r].

Here the differentiation operators apply component wise, e.g., VIVM = > 7| Oxl0 M .

On the other hand it follows from Mr = Ar that
VMr=VAr+ A\Vr — MVr.

This gives

(VIVM)r = VIV Ar + AVIVr — VIMVr |

A combination of the above facts yields

Q)\ = 2€|:— )\Zﬁklakr -+ Z@klMﬁkr} .
k=1 k=1

Since the flow is irrotational we have M = M and | = r', with superscript "

denoting the transpose. The second term in @), is then bounded by

)\min Z 8kTT8]€T‘ S Z 8kTTMakT S )\max Z 8}€7"Ta]€7” s
k=1 k=1 k=1

which completes the proof. O

It follows that the largest eigenvalue A, satisfies

8t)\max +u- V)\max + )\znax S EA)\max 9
and by the comparison principle we obtain
)\max < ; < 1
T Anax(0)7 T

This bound enable us to establish the following.
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Lemma 3.1.2 Let \y > Xy > -+ >\, be real eigenvalues of the velocity gradient
field Vu© in (3.1). If d(0) := > \(0) € LY(R?), then
i=1
||d(t)|| L1 (r2y < Const.

Proof. The one-sided upper bound for A,.. implies that the positive part of the
divergence, (D°1 | wiz,)+ = (D1 Ai)+ is bounded. We observe that \; are essen-
tially supported on a finite domain in the sense of their exponential decay outside
a finite region of propagation, and hence [, (3 1 ; wiz,)+ < Const. This, combined
with [po >0 Uig, = 0, yields that Y 7" | u,, = >0y A € L'(R?). This completes

the proof. O

Lemma 3.1.3 Let Ay > Xy > --- > \,, be real eigenvalues of the velocity gradient

field Vuc in (3.1). If n(0) :== (A — X\,)(0) € LY(R?), then
[In(®)]|r @2y < Const.
Proof. Tt follows from Lemma 3.1.1 that 7 satisfies
n'+ (M4 M)y < vAn.
We rewrite this equation as
n +nd <vAn+ A+ X))y
Since 7 > 0 and A\; < C', spatial integration gives

d
— t 1 < t 1.
(o)l < Il

Applying the Gronwall inequality, we find that ||n(¢)||z: is bounded. O
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Equipped with these two lemmas, and following the exactly same strategy of
[LT02], we can identify the vanishing viscosity limit of (3.1).

We reiterate the procedure here briefly.

Lemma 3.1.4 (BV bound). Consider the dusty medium equation (3.1) with com-

pactly supported irrotational initial data uf = u(x,0) such that ||uf|| v (r2) is bounded.

. :
, satisfies

Then the corresponding velocity, u
[|[u(-,t) || Bv®2y < Const.
Moreover, forti,to > 0, we also have
||u(z,t2) — u (@, t1) || 12y < Const.|ty — t M3 (3.4)
Proof. Since (A\; — \,)(t) € L'(R?), and

one has

(N — N\ () € L'(R?), for all 1<i<ji<n.
This combined with d(t) € L'(R?) yields
N\ € LY(R?), i=1,-,n. (3.5)
Since Vu is symmetric, (3.5) gives
/ ]|Vu€||dx:/ [diagOh, -+ An)||da < o0,
R2 R?

with the usual matrix norm, || - ||, defined as [|M|| =: sup¢; |M¢&]. Thus the BV
bound follows.
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To estimate the modulus of continuity in time, we multiply (3.1) by a smooth

test function v € C§° and use the spatial BV bound to obtain
(@), t3) — ule, 1))da| < Const.(tz — 1) (1] + | AV

This inequality and the BV estimate combined with Kruzkov’s interpolation theorem
([K70], p.233) yield (3.4). O
For irrotational flow, V x u = 0, one has u-Vu = V(|u[*/2) , and the reduced

equation of the inviscid fluid (3.2) can be recast into the conservative form

Oyu + v(%) —0. (3.6)

The irrotational property of both viscous and inviscid fluids suggests that there

exists a potential ¢ such that u = V¢, where ¢ solves the Hamilton-Jacobi equation

1
¢ + §|V¢|2 =0, ¢(x,0) = ¢o . (3.7)

There is an unique continuous solution to (3.7), which is expressed via the Hopf-Lax

formulation, ([Ev98], p.560). Then [LT02] make

Definition 3.1.1 ([LT02], p.447) A measurable function u is called a weak solution
of the equation (3.2) if u = V¢ with the potential ¢ being the unique weak solution

of the Eikonal equation (3.7).

With this definition of a weak solution, we summarize our results by stating

the following theorem (see [LT02], p.447 for detailed proof.)

Theorem 3.1.1 (Vanishing viscosity limit). Consider the dusty medium equation
(3.1) with compactly supported irrotational initial data u(-,0) € L°(R?), then the
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local velocity u¢ converges to the unique weak solution of (3.2), i.e., we have
(o) = ulw,t) i L¥(0,T); L'(RY), (3.8)

where u = V¢ is the viscosity solution of the Eikonal equation (3.7).

3.2 Two-dimensional general viscous flow

In this section, we discuss the two-dimensional system of Burgers equations

(3.1) and (3.2) subject to general initial data.

3.2.1 Spectral dynamics and BV bound

For general initial data, we decompose M as M = S + A, where S is the

symmetric part of M, and A is the skew-symmetric part of M | i.e.,

Ula:g - u2&71

A= 2 ,
u2x1 - ulxz 0
2
ule + u2m1
ul:pl 2
S =
U1zy + U2z, u
- 5 2x
2 2

Then A and S satisfy the coupled system of equations

OA+u-VA+ AS + SA=cAA, (3.9a)
OS +u-VS + 8%+ A% = eAS. (3.9b)
Let us denote a = W . Noting that
0 a(Uiz, + Uy, ) 0 ad
AS 4+ SA = =: :
—a(U1g, + U2g,) 0 —ad 0
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we find

Oa+u-Va+ad =eAa. (3.10)

Since S is symmetric, it has two real eigenvalues, A < u. Regarding the evolution

of A and p, we state the following lemma:
Lemma 3.2.1 The two real eigenvalues A < p of S satisfy
ON+1u-VA+ A = AN+ €Q)y + a?, (3.11a)

Op+u-Vu+ p? = eAu+eQ, + a*. (3.11b)

Here Qy and @), satisfy the constraint

Q)\:_QMZO-

Proof. First, we apply the spectral dynamics lemma ([LT02], p.442) to (3.9b). And

note that r” A%r = ¢T A%2q = —a?, we obtain
ON+u-VA+ A —a®=rTASr, (3.12a)
op+u-Vu+p?—a®=q"ASq, (3.12b)

here r and ¢ are the right eigenvectors of S associated with A and u respectively,
normalized so that r’r = 1 and ¢7¢ = 1.

Next, we differentiate r7'S = A\r” with respect to x twice, and it yields
ArTS +2VrTV S +rTAS = AT + 2VAVrT + AArT
which upon multiplication against r on the right leads to

rTAST = AN+ 2[(VAVrD)r — (Vi VS9)r].

46



Here the differentiation operators apply component wise, e.g., VrIV S = Ei:l OxrTOLS .

On the other hand, it follows from Sr = Ar that
VSr =VAr+ AVr —SVr.

This gives

(VrI'VS)r = VriVar + AVrT'Vr — Vr'SVr.

A combination of the above facts yields

2 2
Q=2 [ - A Z OrT Opr + Z 5k7”T58k7"} .

k=1 k=1

Similarly, we obtain

2 2
Qu=2 { — M Z Okq" Opq + Z (9qu531¢9} :
k=1 k=1

L. Decompose Oyr as Opr := aur + Bxq, then

Since S is symmetric, then ¢ = r
Orq = axq — Br. Thus
2
Q=2(p—NY B >0,

k=

—_

and
2
Qu=2A—n)) Bi=-C.
k=1

This completes the proof. O

Setting n := p — A, following Lemma 3.2.1, one has
omn+u-Vn+nd<eAn. (3.13)

Equations (3.10) and (3.13) yield
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Lemma 3.2.2 Ifa(0),n(0) € L'(R?), then

la@l]zr@2) < lla(0)]o1 @2 ,

and

HTI(t)HLl(RQ) < HU(O)HLl(R?) .
Proof. Noting that V -« = X + j, thus
dia+V - (au) = eAa,

Om +V - (nu) < elAn.

Spatial integration gives the L' estimate for a and 7 as asserted. O

Taking the sum of (3.11a) and (3.11b), we obtain

Od +u-Vd+ = eAd + 2a*. (3.14)

2
This yields

Lemma 3.2.3 If supa(x,0) < oo and supd(z,0) < oo, then supd(z,t) < oo for

allt>0.

Proof. For d > 0, 2a * (3.10) 4+ d * (3.14) yields

d2 d2 d2 2
8t(a2+5)+u.V(a2+5) = €(2aAa+ dAd) —d ;77
d2 d2 2
= AW+ 5) — eVl + |VaP) — T
(3.15)
: o oy 2, do
By the maximum principle, we obtain a” + — < max(ag + —) . O
2 do>0 2

Equipped with all of the above Lemmas, we can establish the BV bound of u°.
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Theorem 3.2.1 Consider the dusty medium equation (3.1) with compactly sup-

ported initial data u§ = u(x,0) such that ||uf||py®e) is bounded. Then the cor-

€

responding velocity, u¢, satisfies

[|[u(-,t) [| By @2y < Const.

Proof. Since d = uy,, + us,, is essentially supported on a finite domain in the sense
of its exponential decay outside a finite region of propagation, and d has an upper

bound, we find that
/ (U1, + U2gy )+ < Const.
RZ

This, combined with fR2 (U1, + Use,) = 0, yields that
U1z, + Uzq € Ll (R2) . (316)

Direct calculation shows that

o ul:cl + U'QQ?Q - \/(ulxl - UQCL’Q)Q + (ulxz + U’2.Z‘1)2
= 5 ,

A

and

ulzl + u2x2 + \/(ulx1 - u2x2>2 + (ul.’Ez + u2m1)2

2
Since n = p — XA € L'(R?), we obtain
Uty — Ugy > Ule, + Use, € LH(R?). (3.17)
Combine (3.16), (3.17) with
o= L2 W o p1p2y (3.18)
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we conclude

Vu € L'(R?). (3.19)

Then the BV bound of u¢ follows. O

3.2.2  Vanishing viscosity limit of smooth solutions

First, we show in the following lemma that if the initial velocity gradient tensor
does not have negative eigenvalues, then equation (3.2) admits a global smooth

solution.

Lemma 3.2.4 Consider equation (3.2) with compactly supported initial data ug =
u(z,0) subject to the constraint that Vugy has no negative eigenvalues. Then¥'T > 0,
there exists C > 0, such that ||[Vu(z,t < T)|| < C, with the usual matriz norm,

|- ||, defined as |[M|| =: supye=1|ME] .

Proof. In this chapter, here and below, we denote { }' :== 0, + u- V. Let y and w

be the two eigenvalues of Vu. Then x and w satisfy

X +x*=0, (3.20a)
W +w =0. (3.20b)
Solving (3.20a), we obtain
()= — (321)
= o) '
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If x(0) is a positive number, then () decreases to 0. If x(0) := ¢+ pi is a complex

number, (¢, p € R, and without loss of generality, we can assume p > 0), then

1

O = e

? + p?
(+p?)t+c—pi

(¢ +p*)[( +p*)t + ¢] (+p°)p .
(E+pt+d?+p*  [(E+p)t+d?+p*

Set h(t) = (c® + p*)t + ¢, then the real and imagine parts of x(t) are

(c* +p*)h (c*+p*)p
Ry (h) = T and I, (h) = Tl
Differentiation of R, (h) with respect to h yields
dR, A +p° B (* + p?)2h?
dh h2+4p? (h? + p?)?
(+p")(@* = 1?)
h? + p? '

It follows that R, (h) is decreasing on (—oo, —p), increasing on (—p, p), and decreas-
ing to 0 on (p, 00) .
We show that y and w will remain bounded. For every fixed T > 0, we

decompose R? as

where

= {I|X(I70) > O}’
Qs := {z|R(x,0) > I,(,0) > 0},

Qs = {z|[,(2,0) > R, (z,0) > 0},

1
Q= {:L‘|RX($,0) < _3_T}’
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1
Q5 :={z| — 3T < R\ (z,0) < 0,and I, (x,0) > —R,},

1
Qg :={z| — 3T < R, (2,0) <0,and I, (z,0) < —R, }.

Tracing x(z,t) along the characteristic line, we obtain the following bounds subject
to different sets:
(I) x € Q1: 0 < x(t) < x(0).

(II) x € Qo 0 < R, (t) < R,(0) and 0 < I, (t) < 1,(0).

R (0)? + I, (0)?
21, (0

(IV) 2 € Q4 : Since x(+,0) ¢ R, then there must exists § > 0 such that I, (x,0) > ¢

(II) z € Q3: 0 < Ry (t) < I,(0) < L,(0) and 0 < I,(t) < L,(0).

for all x € €y, otherwise y will be negative somewhere. Then

R,(0)? + 1,(0)? S max, Ix(z,0)]

) 2 = 21,(0) = 26 ’
and

o<1 < OO o 0]
(V) 2 €Q5: R, (t) > R, (0), and 0 < I, (t) < RX(O)[Z —(B)IX(O)Q < 2I,(0).

oy O LOPR) |
(VI) z € Qg: R, (t) = 7+ 1,(0)2 , here h(t) = (R, (0)*+1,(0)*)t+R,(0).
Combine this with the facts that R, (0) > _SLT and I, (0) < —R,(0), we obtain
(R (0)* + 1,(0)*) Ry (0)

h(t) < 1R, (0) forall 0 <t <T. Thus R,(t) >

L > 18R, (0) .

g (0)2 + 1,(0)?
Similarly, we can obtain that I, (t) < 181,(0).
Combine all of the above results, we obtain an uniform bound of x which depends
on the initial data and 7". Same result hold for w. Therefore d = x +w = Uy, + Uy,
is uniformly bounded.

The boundedness of d and the structure of equation (1.6) enable us to control

every single term of M . We state the details below.
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Differentiating equation (3.2), we obtain the equations of ug,, (k,i = 1,2):

)

Uy, + Uly, + Urey e, =0, (3.22a)
Wy + Uty Uty + Uiy Uy = Uy, + Uty d =0, (3.22b)
Uy + Uiy Ungy + Ung, Ung, = Uy, + Unyd =0, (3.22¢)
Uy F Usyy + Uiy ing, = 0. (3.22d)

It follows from equation (3.22b) that along the characteristic line,
Uty () = 14y (0)e o 4. (3.23)

Thus uy,, is bounded. Similarly, (3.22¢) implies that ug,, is bounded. Take the

difference of (3.22a) and (3.22d) , we obtain
(ulm _u2$2)/+ (ulm _u2$2)(u1$1 +u2x2) = (ulm _u2$2)/+ (ulm _u2$2)d =0, (324)

which implies the boundedness of ., — us,, . Combine this with the boundedness
of d = w4, + ugy,, we have the control of uy,, and us,, . This complete the proof. O

We now turn to the main theorem of this section.

Theorem 3.2.2 We consider the dusty medium equation (3.1) with compactly sup-
ported initial data ug € C*(R?) subject to the constraint that Vuy has no negative
eigenvalues. Then, the local velocity u¢ converges to the smooth solution u of (3.2),
1.e., we have

u(x,t) — u(w,t) in L>([0,T]; L' (R?)). (3.25)
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Proof. For every fixed T' > 0, we have shown that Vu(z,t) is uniformly bounded

forall z and 0 <t <T'. Set
L:= x,oigtng {the smaller eigenvalue of S(Vu(z,t)) =: A(S(Vu(m, t)))} -1,
here S(Vu) is the symmetric part of Vu. According to (3.11a)

ON+u-VA+ X2 =eAN+ Q) + a® > eAN, (3.26)

and by the comparison principle we obtain

N, t) > .
(x’)—tth—1

1
Let T7 := A then

A>2L, VYe>0,t<Ti,x.

Thus d =X+ pu > 4L, for all x and 0 <t < Tj. Recall the equations of a, n and pu

a' +ad = eAa, (3.27a)
n' +nd < eAn, (3.27b)
Wt =eAu+eQ, +a® < eAu+a®. (3.27¢)

By the comparison principle, we obtain
la(z,t)| < max |a(z,0)|e "t =: U,, Ve ,V0<t<T,

n(z,t) < maxn(z,0)e "t = U, , Ve, Vo<t <T,

and
p(z,t) < max p(x,0) + UT, =: U, Ve, V0O<t<Ti.
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The upper bound of p yields d < 2U,,, for all x and 0 < ¢ <T;. The boundedness

ul:z:g + U'Q:L‘l

of A and p implies every element of S is bounded, i.e., w1, , ug,, and 5

are uniformly bounded for all x and 0 < ¢t < T;. The above facts combined with

ulxg - u?a:l

the boundedness of a = yield that ui,, and ug,, are uniformly bounded

forall z and 0 <¢t <Tj.
Since all the first order derivatives of u are uniformly bounded, we have the
control of all the second order derivatives of u. The detailed explanation is given

below. We differentiate
OM +u-VM+ M =eAM,

with respect to x, obtaining the equations of all the second order derivatives of u .

For example, the equation of uy,,., is
/
ulxlml = EAulmxl - (3u1$1u1$1$1 + 2u21’1u1$1x2 + u1x2u29€1l‘1) . (328)

Set z(t) := sup{|urea; (z, )|, k,4,5 = 1,2} . Then

dz
% < GCle, (329)
which yields
2(t) < 2(0)e8T0m (3.30)

Thus, u, Du and D?u are all uniformly bounded. We observe that they are
essentially supported on a finite domain in the sense of their exponential decay
outside a finite region of propagation, and hence u € W??(R?), here 1 < p < o00.

By Rellich’s compactness theorem, u¢ is precompact in WH4(R?), 1 < ¢ < co. We
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multiply (1.5) by a smooth test function i) € C§° to obtain

g Y(x)(u(z, ty) —u(x,ty))de| < Const.(ty — t1)(|Y]eo + |AY]) . (3.31)

This inequality and Du¢ € L' combined with Kruzkov’s interpolation theorem

(p.233,[K70]) yield
||u(z,t2) — u (2, t1)|| 12y < Const. |ty — t V3. (3.32)

Then, by the Cantor diagonalization process of passing to further subsequence if

necessary, we obtain
u(z,t) — a(x,t)  in L>([0,Ty]; L*(R?)). (3.33)

This combined with D?u¢ are uniformly bounded yield 4 € C'. Multiply (1.5) by
o(x,t) € CF°, integrate by parts, and pass to the limit, we find @ is the smooth
solution of (1.6). Furthermore, due to the boundedness of u¢, @, D?*u¢ and D?u,

there exists 6; > 0, such that when e < 6, then
HU6<£L‘, Tl) — ?_L(l’, Tl)HCl(RQ) < 92 s
here 65 > 0 is small enough to ensure that

A(S(Vue(x,t < :m)) > L+ %

Thus, for u¢ with € < #;, we can repeat the above proof to obtain a further subse-

T

T
quence which converges to @ on [0,27;]. By doing this [ i ] times, we obtain

1
a subsequence u¢ — w on [0,7]. By a general contradiction proof, we know that

u® — u is true for every subsequence u°. O
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3.2.3 Open questions

For general initial data, we have obtained an uniform BV bound of u¢. Due
to this BV bound, there exists a subsequence of u¢ converges to a function u. The
open problems are: What is the dynamic satisfied by this limit u? Is u a weak

solution of the inviscid equation (3.2)? And how do we define the weak solution of

(3.2)7
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Chapter 4
Critical thresholds for restricted Euler dynamics
4.1 Restricted Euler equations and spectral dynamics

In this chapter, we discuss the restricted Eulerian dynamics

trM?
M +u-VM+ M =2

Inxn 5 M = VU, (41)
By the spectral dynamics lemma, the corresponding eigenvalues of M satisfy
dt

. 1 <& ) d
)\i+>\2:EZ)\?, i=1,---.n, {}=—=08+u-V,. (4.2)
Jj=1

We say that Ag € R" is sub-critical if there exists a global smooth solution in
time of (4.2), A(t) = (Ai(t), Aa(t), -+ , An(t)) subject to initial conditions, A(0) =
(A1(0), A2(0), -+ ;A (0)). A first observation rests on the obvious symmetries of

(4.2).

Lemma 4.1.1 If A is sub-critical then so is rA, ¥Yr > 0. Moreover, every permu-

tation of A is sub-critical.

It follows that the set of sub-critical initial data consist of rays, and therefore,

it is enough to consider the projection of this set on the unit sphere.
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4.2 Trace dynamics

This section is devoted to an alternative formulation of the spectral dynamics
in terms of real quantities my, := Z?Zl )\;‘?, k=1,--- ,n. This is motivated by the
trace dynamics originally studied in [V82] for n = 3.

Here we seek an extension for the general n-dimensional setting, which is

summarized in the following.

Lemma 4.2.1 [LT02] Consider the n-dimensional restricted Euler system (4.2)
subject to the incompressibility condition my = Z?Zl Aj = 0. Then the traces my,
for k=2 --- . n satisfy a closed dynamical system, which governs the local topology

of the restricted flow.

Proof. Based on the spectral dynamics, the evolution equation for each eigenvalue

A; can be written as

d 1
a)\l+)\?:ﬁm2, Z:1,,TL

By multiplying A\~ and summation over ¢ we obtain

—mk+kmk+1zﬁm2mk_1, 1=2,---.n.

dt

Note that m; = 0, we obtain

d
amg + 2m3 = 0, (438‘)
d 3
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— My + NMp g1 = MMy -

dt

To close the system, it remains to express m, 1 in terms of (mq,--- ,my,)

end we utilize the characteristic polynomial
)\?+q1)\§b_l++Qn71)\]+QH :07

expressed in terms of the characteristic coefficients

1 1
= — = 0 = —— = —— = —— — 2
‘il my v P 5M2, 43 3Ms, REREUCE
Note that ¢’s can be expressed in terms of (mq,---,m,). Using (4.4)

reduce my,11 in (4.3c) to lower-order products. In facts, > 7 (A; x (4.3¢);

Mpt1 + @Mp—1+ -+ gp1ma =0.

Substituting this into (4.3c) yields the closed system we sought for.

(4.3¢c)

. To this

one may

) gives

(4.5)

|

In order to demonstrate the above procedure we now turn to consider two

examples, whose critical thresholds will be studied in subsequent sections.
Example 1. (3-dimensional case n = 3, see [V82],[CA92|)

In the three-dimensional case one has

¢ =0, 92——57712, ngl_[l)\gz—gm?n
]:
hence
1 1
)\g’—§m2)\i—§m320, 221,2,3

Multiplying by A; and taking the summation over ¢ we find

1 2
my = zMy.

2
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Thus a closed system is obtained,

d
—m2—|—2m3:0,

4.6
p (4.6a)
d 1

Example 2. (4-dimensional case n = 4)

In the four-dimensional case one has

Hence

1 1 1
)\;4 — 57712)\12 — gmg)\z — =My + —m% = O,

 =1,2,3,4.
4 8 7 ? =y

Multiplying by A; and taking the summation over ¢ we obtain
1 1

§m2m3 + —=msmeo = —MaoMmsg .

3 6

mgs =

Therefore the resulting closed system becomes

amg + 2m3 = 0, (473)

3
M+ 3ma = “m3,
d 7

— My = ——=M3Mmy .
dt

3 (4.7¢)

(4.7b)

4.3 Three-dimensional critical thresholds

This section is devoted to the study of three-dimensional restricted models in

terms of the critical thresholds.
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It follows from (4.6) that

d
—(6m3 — m3) = 12maniz — 3maniy = —6msm3 + 6mams = 0,

dt

which yields a global invariant
6m3 — m3 = Const. (4.8)

We consider the phase plane (ms,ms3), except for the separatrix 6m2 = m3, all
other solutions would not approach the origin. The phase plane is divided into two
parts by this separatrix. The nonlinearity ensures that trajectories which do not
pass the origin must lead to infinity at a finite time. In fact for initial data from
the region {(mg,m3), mg > %mg/ °1, the corresponding trajectories will remain

in this region since system (4.6) is autonomous. Therefore (4.6b) leads to
. I 4/3

Since mg3 = —%mg, ms(t) is always decreasing in time. Even for positive m3(0),

there exists a finite time 7™ such that ms(7*) < 0. The integration of (4.9) gives
1 3 * *\—1/3 -

This shows that mg(t) — —oo when ¢ approaches a time before

T* + \3/6<_m3<T*))71/3 )

Finite-time breakdown can be similarly justified for initial data lying in the region

{(ma,m3), ms < \:”/émg/ 3} . These facts enable us to conclude the following:
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Theorem 4.3.1 Consider the system (4.6) with initial data (m2(0),ms(0)) . The

global bounded solution exists if and only if the initial data lie on the curve

{(mzyms) | oms = %mgﬂ}-

We now turn to interpret this condition in terms of the eigenvalues. Set

A = (M1, A2, A\3), the above critical stable set can be written as

Q= {A] ;x% = %(;A@w}

The homogeneity of the above constraint in terms of eigenvalues implies that if
ANeQ,theneA e, Ve>0.

Without loss of generality, we consider the restriction of €2 onto a ball 22:1 A=
r?, denoted by Q(r). There are two cases to be considered:

The initial eigenvalues contain complex component, say Ag = (a — bi, a + bi, c)

for real a,b,c € R. The restricted set Q(1/6) is determined by
c+2a=0 2> -2+ =6, 2a(a®*-3)+c=—=6.
Eliminating ¢ we have
6a®> —2b0* =6, —6a(a®+b*) =6 = 4a® - 3a+1=0,

which has real roots a € {—1,0.5,0.5} , from which no real b # 0 can be found.
The only possible scenario is the real eigenvalues A = (a, b, ¢) € R®. Restricted
again on Q(v/6) we have

3
a+b+c=0, a®+b*+*=6, a3+b3+c3:r—:6.

V6

63



Eliminating a,b we have ¢® — 3¢ — 2 = 0 with real roots ¢ € {2,—1,—1}. The
symmetric property implies that a,b also lie in the set {2,—1,—1}. In short, one

has

Q(V6) = {A]| (-1,-1,2), (-1,2,-1), (2,~-1,-1)}.

This leads to:

Theorem 4.3.2 Solutions to (4.2) with n = 3 remain bounded for all time if and

only if the initial data Ao := (A1, A2, A3) lie in the following set
r{(-1,-1,2), (-1,2,-1), (2,-1,-1)}, Vr>0.

Thus, restricted to one orthant of the unit sphere we find that the three-dimensional
restricted Euler equations admit only one sub-critical point. In this sense, the finite-
time breakdown of three-dimensional restricted Euler equations is generic. This
result was already obtained in [LT02] by spectral dynamics analysis. What we have
presented is an alternative, equivalent argument which paves the way for the analysis

carried out in next section.

4.4  Four-dimensional critical thresholds

In four-dimensional setting, the trace dynamics is governed by m; = 0 and

d
d 3
d 7
Em4 = —gmng . (411C)
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Combine (4.11a) and (4.11c) we obtain

d 7
E(m4 — ﬁmg) = 0,
which gives a global invariant
[ T
My = 75M; + (4, C1 = my(0) — ﬁmQ(O) . (4.12)
Substituting this into (4.11b) we find
d
%mg = —m% — 301 .
We then have a closed system for (mgy, ms)
4y = (4.13a)
dtmg = ms, .loa
d 2
%mg = —My — 301 . (413b)

In order to ensure global bounded solution it is necessary to assume C; < 0, i.e.,

ma(0) < 1—72m§(0). (4.14)

Set —3C) = [? with [ > 0, thus system (4.15) is written as

d
Emg = —2m3, (415&)
d

with moving parameter [ determined by the initial data through

my4(0) = %mg(o) - % (4.16)

This system has two critical points (—,0) and (I,0); it is easy to verify that as
equilibrium points, (—(,0) is a spiral point and (,0) is a saddle point for the corre-
sponding linearized system.
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This structure suggests that part of separatrixes of this system may serve as

the critical threshold. Note that

d d
£<3m§ —mi + 3l2m2) = 6m3%m3 — 3m§£m2 + 312%7712 =0.
Thus the second global invariant is
3m3 —mi + 31°mg = Cs . (4.17)

The two separatrixes passing (/,0) are obtained by taking Cy = 213, i.e.,

3m3 = mi — 31%my + 21 = (my + 20)(my — 1) (4.18)

In the phase plane (msq, m3), this consists of a closed curve for —2 < my < [ and
two open branches for mys > [. The phase plane analysis suggests that the global

bounded solution exists if and only if the initial data satisfy

my(0) < %m%(o), (4.19)

and

(mg, mg)(()) € r y (420)

where

[ —
I':= {(m2,m3)’ Ims| < \/?2\/77124-2[7 —21§m2§l}

—1
U {(m27M3)’ mssz/§ Vmy + 21, m2>l}

To interpret this condition in terms of the eigenvalues, we state the following theo-

rem.
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Theorem 4.4.1 The solutions to (4.2) with n = 4 remain bounded for all time if

and only if the initial data N := (A1, A2, A3, \g) lie in the following set

A0€Qﬂ{>\1—|—>\2+)\3+/\4:0},

where
Q:=0,UQUQ;,
QMZHMA%&AQ‘AMMGR and N, = A, < Ay < iy,
here (i1,1i2,13,14) 1S a permutation of (1,2,3,4)} ,
Oy = {(/\1,/\2,/\3,/\4) ’ Mi=X, €R and My, €C/R,
here (i1,12,13,14) 1S a permutation of (1, 2,3,4)},
and

Qg = {()\17 )\27 )\37 )\4) ‘ )\1’2’3’4 < (C/ R} '

Proof. In terms of traces my , we have showed that solutions to (4.2) with n = 4
remain bounded for all time if and only if the initial data (mq,ms, my4) lie in the

following set

SNr, (4.21)

where

S::{A| C’1::m4—£m§<0},

and

| —
= {<m27m3>’ ‘TTI@’S \/;RQ V m2+217 _2l§m2§l}

—1
U {(mz,ms)‘ mszmi/g Vmg + 20, m2>l}
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We decompose I' as

PI:FIUFQUF?,,

where
I = {(mg,mg) | ms] < l_\/_;w\/m, —2l§m2<l},
[y = {(m2,m3) | Ims| = l_\/gLQ\/m, —2[§m2<l},
I3 := {(m2,m3) | m3=mf/§l\/m, mQZl},
and

> =-30;, with 1 >0.

The meaning of this decomposition will be clear later.

We now turn to interpret condition (4.21) in terms of the eigenvalues (A1, Ao, Az, Ag) .
we consider three cases.
Case I: all the eigenvalues are real.

Suppose the four eigenvalues are
/\1:CL, /\sz, /\3207 and /\4:—<(l+b+C), (422)
where a, b, c € R. Suppose C; < 0, then

3 1
m3 — 1 =mj + 30, = 3my — ng = 3(m4 - Zm%)

By applying the general inequality (A2 + A3 + A2 + A\2)2 < 4(A\] + A3 + Al + )2), we
1
obtain that m4 — ng >0, for all t > 0. Thus m3 —[* > 0 is always true. This

implies that under the constraint that all the eigenvalues are real, SNT'=SNT}5.
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Because of the homogeneity, we can assume the four real eigenvalues are —1 +

s,—1+w,—1and 3 — s —w. We then perform the following computation. Since

—1
ms = mf/§ Vmo + 20, ie., 3m§ = (mg — 1)2(7”2 + 21)

then

3m3 = mi — 3mpl® + 21%. (4.23)

Rewrite this equation as
3m3 — mi + 3my(—3C,) = 20°,

ie.,

7
3m3 — ms — 9my(my — ﬁm2) =217, (4.24)

Square both sides of (4.24), we obtain

7 2
<3m§ —m3 — Imy(my — Em%)) = 41°.

7
Replace 1% by (—3C})3 = 27(my4 — Em%)?’, we obtain

7 2 7 3
0= <3m§ —mi — 9my(my — Em%)) + 108 <m4 — Em%) =p.

Direct calculation shows that
p=—275*w(s — w)*(2s + w — 4)*(s + 2w — 4)*(s + w — 4)*.

Thus p = 0 if and only if either s =0, orw =0,0or s —w=0,0r 2s+w—4=0,
or s+2w—4=0,o0r s+w—4=0. They are all the same subject to homogeneity
and permutation. Actually, it turns out that the four eigenvalues must be in the
form r(—1+s,—1,—1,3 —s), Vr > 0, with arbitrary permutation. We claim that
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the range for s is [0,4]. When 0 < s < 4, it’s easy to check that A € SNT'3. When
s>4ors<0,werewrite (-1 +s,—1,—-1,3—s) as (1+8§,—1,—1,1 — 3), where

S:=s—2,with s < —2or § >2. Then we find

=35 —4, my = 4 + 252, ms = 65°.

Let
ms — | P18 — 22 +8)
= \/mo + 20 = V452 — 4 = ——— 2+/52 — 1.
b1 \/§ 2 \/§ \/§
Thus
o 3,9 3
pl—mg—z(s —4)° >0,

which means

r(—1+s,—-1,-1,3—s) ¢ SNl3, for s¢][0,4].

So here we conclude: if all the eigenvalues are real, then Ag € SNT', if and only if A
takes the form r(—1+s,—1,—1,3 —s) with arbitrary permutation, where 0 < s < 4
and r > 0. And more precisely, in this case, Ag € SNT3.

Case II: a pair of complex eigenvalues and two real eigenvalues.

Let us suppose the four eigenvalues are

A =a+bi, Xo=a—bi, A3=—a-+c, and A =—a—c, (4.25)

where a,b,c € R and b # 0. Direct calculation yields

my = 4a® — 2% + 262,

ms = —6a(b® + ),

70



my = 4a* + 2b* 4+ 2¢* — 12a*(0* — &2),
= (4a2 +b? — 02)2 — 12632,

and

1 2
ms —I? = 3<m4 - Zm%) = 3(1)2 + 62> — 24a*(b* — 7).

We show that

Aoe SN (FyuTly).

We need to consider the situation that C; < 0, and —21 < my < [. If 4a®>+b*—c® > 0,

then [ < 4a® + 1% — c?. It follows that

l—mg 3(b2—62) 2 2
———vmy+20 < TleaQ = 6la(b” — )| < |mg|.

It becomes an equality if and only if ¢ = 0. If 4a®+b?—c? < 0, then | < ¢ —4a®—b?,
and | —ms = b?> — ¢ — 8a® < 0. It’s a contradiction to my < [.
Thus if the four eigenvalues consist of two real and two non-real eigenvalues,

then (msg, m3) must satisfies

In an equivalent form, it is
7
3mj — mi — Imy (m4 — Em%) =21,

Square both sides of this equation and replace I® by (=3C1)? = 27(my — —

we obtain

7 2 7 3
P = <3m§ —mi — 9may(my — Em%)) + 108 <m4 - Em%) =0.
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Direct calculation shows that
2 2
Py = 4320 <62 + (2a — c)2> <b2 + (2a + c)2> :

Thus p = 0 if and only if ¢ = 0. We can verify that when ¢ = 0, we do have C; <0
and —2] < mg < [. So here we conclude: if the eigenvalues consist of two real and
non-real eigenvalues (4.25), then Ay € S NI if and only if (a,b, c) takes the form
r(q,1,0), Vr € R, and V¢q € R. More precisely, in the above form, Ag € SNT;.
Case III: two pairs of complex eigenvalues.

Let us suppose the four eigenvalues are
A =a+ bi, Ao = a — bi, A3 = —a + ci, M= —a—ci, (4.26)
where a,b,c € R, and be # 0. We can calculate that
my = 4a® — 2% — 2¢2,
ms = 6a(c® — b?),
my = 4a* + 2% 4 2¢* — 12a* (b + ?),
1

2
ms —I* = 3<m4 — ng) = 3(()2 — 02> — 24a® <b2 + 02> ,

and
2
? = (4a2 + b+ 02) + 120%2 .

It follows that —21 < mg <1, > 4a®>+b*>+c*, and

_ 2 2
: mz\/mg + 20 > 3(6—\/—%0)\/ 12a2 = 6|a|(b* + ¢*) > |ms].

Thus V(a, b, ¢) € R? with be # 0, Ag € SNT', and solutions to (4.2) remain bounded
for all time. More precisely, Ag € SNT.
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At last, we give the graph of I" on the phase plane (mg, mg) .

The meaning of each part of I' were explained in Case I,II and III. This com-
pletes the proof. O

Compared with the three-dimensional restricted Euler equations, for four-
dimensional restricted Euler equations, here we found a surprising global existence

for subcritical initial data.

4.5 n-dimensional critical thresholds

In this section, we partially extend our results to the general n-dimensional
(n > 4) restricted Euler equations.

For n > 4, we do not apply the trace dynamics. Instead, we deal with the
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eigenvalue system directly

d S .
%)\Z—F)\ZZEZ)\J’ 221,‘--,71,
=1 (4.27)

First, we prove that if all the initial A’s are real, then the finite-time breakdown

of (4.27) is generic.

Theorem 4.5.1 Reorder the initial data of (4.27) such that

then \’s remain bounded if and only if k > g .

Proof. First we show that if

then \; will become unbounded in a finite time. We prove this by the contradiction
method. Here we list some facts which are useful in our proof. Suppose all \’s
remain bounded, then

Fact 1. A\;(t) < A\;(t), Vt>0 and i<j.

Take the difference of the A; and A; equations, we obtain

d
E(/\z‘ — ) =—(AF = X)),

Divide the above equation by (\; — A;), we find that

%(111()\1‘ - Aj)) =—(Ai+ ),
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which yields

At = Aslt) = (Ai0) - Aj<o>)e‘/o Gt lsds o

Fact 2. If )\z(tO) > 07 then )\Z(t) > 0, vVt > to .
Fact 3. If X;(0) < X;(0) <0, then (A\; — A;)(¢) is decreasing as long as A;(t) < 0.
Fact 4. If \;(to) > Aj(to) > 0, then (A\; — A;)(¢) is decreasing for t > ¢, .

Let us suppose that
M <A< o< A <0< A < A2 < - < Ay, Vit>0.

The equations for \; and A\, are

d n

T A = E A2 (4.28a)
d 2 . 2

R § A2 (4.28b)

Multiply (4.28a) by 1/Xy, (4.28b) by A\; /A2, and take the difference, we obtain

%(:\\_:>H<)\2_)\1>Z/\2 </\ 1A — /\ >>O7 (4'29)

A
which means — is increasing. Applying Fact 3, we know there is an upper bound

A
Cy, <0 for A\i(t). Thus

On the other hand,
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By applying Fact 3, we find that A\, — A\,+1 goes to 0. Combine the above results,
we obtain that when ¢ is large enough,

d 1/1 1 < A2
Wﬁﬁ(ﬁmﬁz (nfp))-

J=p+1

Thus Ay will be increasing, and eventually Ay will be greater than 0, which means
p = 1. Then, we obtain that for a fixed 0 < o < 1, when t is large enough, )\,

satisfies

d 1 I~/ A2 2—n
Ca<al=x42 ( ) 2] =iy
dtl_a(n1+nz n—1 ! Y1

=

which implies A\; goes to —oo at a finite time.

Next, we consider the case
A(0) = X2(0) = -+ - = A(0) < A1 (0) < - < A,(0).

Following the same strategy, we can prove that when ¢ is large enough, A1 (t) will

be positive. So without loss of generality, we can consider
A(0) = A2(0) =+ = X(0) <0 < Agg1(0) < -+ < A, (0).

If £k < g , then since Z?Zl Aj =0, we obtain A1 < —A;. Thus Apyq is increasing.
d

If A\, > —\1, then E)\n < 0. Combine that A\, is increasing and )\, is decreasing,

we know A, will be less than —\; eventually. By applying Fact 3, we obtain that

for a fixed 0 < a < 1, when ¢ large enough, \; satisfies
d k 1 & [ kA2 2k —n
— M <al =M+ = (—) X =a"—F\]
dtl_&(nl+nj§1 n—k ! kU

, then

|3

which implies A\; goes to —oo at a finite time. On the other hand, if k£ >
An > —A1. Thus A, is decreasing all the time, which implies A’s approach 0 as ¢
increases. This complete the proof. O
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According to Theorem 4.5.1, if the initial velocity is irrotational, i.e., if M =
Vu is symmetric, then finite-time breakdown of system (4.1) is generic. More pre-
cisely, it breaks down in such a way: the smallest eigenvalues go to —oo when ¢
approaches the critical time, while all the other eigenvalues go to oo when t ap-
proaches the critical time.

Next, we prove that if all the eigenvalues are non-real, then solutions to (4.2)

remain bounded for all time.

Theorem 4.5.2 Suppose that initial data of (4.2) are non-real, i.e., F(\;(0)) #

0,Vi, then solutions to system (4.2) remain bounded for all time.

Proof. We perform singularity analysis to prove this theorem. For reader’s conve-
nience, we sketch the main steps briefly, and refer to [GH00| and references therein
for more details of this method.

We assume a flow governed by the nonlinear ODE w’ = f(w) diverges at a

finite t* , then one can seek local solutions of the so-called Psi-series form

w = wt? ll + Zaﬂj/q] ,

j=1
where 7 = (t* —t), p € R™ with at least one negative component, ¢ € N, and a;
is a polynomial in log(t* — ¢) of degree N; < j. There are three steps to determine
the above series:

Step 1: find the so-called balance pair, (w,p), such that the dominant behavior,
wt? | is an exact solution of some truncated system w’ = f(w);

Step 2: computation of the resonances, which are given by the eigenvalues of the

matrix —% — diag(p) ;
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Step 3: the last step of the singularity analysis consists of finding the explicit form

for the different coefficients a; by inserting the full series in the original system,

The singularity analysis asserts, if the system breaks down for some initial
data, then there must exist a general solution in the Psi-series form with w € R™.
We use a corollary (Corollary 1, p443, [GH00]) to prove our theorem. More precisely,
we show that there is no real balance pair (w,p) such that wr? solves our system,
thus the system does not have finite-time singularities.

Since all the eigenvalues are complex, the dimension number must be even.
Suppose the dimension number is 2n, and the eigenvalues are aj 4 by, where 1 <

k<mn,agb; € R and by > 0. Plug these into (4.2) we obtain

n

d
Eaﬁ(ai—bi):Z(a?—b?)/n, k=1,---,n (4.30a)
j=1

Let us suppose the dominant behaviors of a, and b, have the form

ay ~ oyT* by, ~ BT .

Substituting this into (4.30), we find

n

1
—prop TP R (TP — BRT) = — Z(&iszk — B2 | k=1,---,n (4.31a)
n
j=1
— BT+ 20 BT =0, k=1,---,n (4.31D)

It follows from (4.31b) that

pr = —1, and ap = —, VEk.
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For g, there are three cases to be considered.

(1) If mgn qr < —1, then it follows from (4.31b) that ¢; = mkin qr, Vj. Thus ap = 612_k
are all negative. This implies system (4.2) may diverge in such a way: all the real
parts of the eigenvalues go to —oo, and all the imagine parts go to oo. This is a
contradiction to the incompressibility condition, 22:1 a; =0.

(2) If ¢ > —1 for all k&, and there exists ¢; = —1. We choose a m such that

R(52,) = max R(52).

gj=-1

Then according to (4.31a),, , the coefficients of the 772 terms satisfy

]‘_ 2 - 2 2 2
_Zam—i_am;&j—i_(Bm_ Z ﬁs/n)>07

qs=—

which is a contradiction.
(3) If g > —1 for all k. Then after dropping the lower order terms, we obtain that

o = % satisfies

n

qk QI% _ q_]2
2 4 “— 4n,
7j=1
According to the incompressibility condition, we have Z?Zl g; = 0. So there exists

q- < 0. Since

it yields that ¢, < —2. It’s a contradiction to ¢, > —1.
Combine (1),(2) and (3), we complete the proof. O
At last, we prove that if (4.2) have both real and complex eigenvalues, the

system will breakdown for initial data in an open set.
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Theorem 4.5.3 Suppose the initial eigenvalues of (4.2) have both real and complex
numbers, then the system will break down at a finite time if the initial data are in

an open set.

Proof. Suppose the eigenvalues are ay + iby, and ¢;, where 1 <k <n,1 <1< m,
ag ,bi,c; € R. Suppose (4.2) breaks down at a critical time ¢*, and the dominant

behaviors of ay , by, and ¢; have the form
aj ~ oy by, ~ BT, ¢~ Yt T=t"—1t1.

Following the proof of Theorem 4.5.2, we obtain that p, = 1 and oy = % for all k.

We then find a balance pair

(

(p17p27"' 7pn) = (_17_17 7_1)
2 2 2
(@t 0) = G S s m =2 Iy m =2
(7’1,7“2,"' 7rm) = (_L_la 7_1)
1 1 1
(0‘170‘2""’a")_(2n+m—2’2n+m—2"“’2n+m—2)
v Ok
( )= ( 1 1 1—-2n—m 1 1 )
LT e =2 2t m -2 20k m -2 20t m—2 20 fm -2

According to (Theorem 1, p428, [GHO0]), we know that for the initial data in an
open set, (4.2) will break down in such a way: the smallest real eigenvalue goes to
—o00, all other real eigenvalues and real part of the complex eigenvalues go to oo,
and all the imagine parts of the complex eigenvalues go to 0. This completes the

proof. O

Remark 4.5.1 Numerical experiments strongly suggest that if there is any real
eigenvalue at the beginning, then (4.2) will break down at a finite time, unless there
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are at least [HTH] real ergenvalues which equals each other, and they are less than
all the other real eigenvalues. If this is true, then the sharp critical threshold for the
n-dimensional restricted Euler is: solutions to (4.2) remain bounded for all time if
and only if either X’s are all non-real, or among the real eigenvalues there are at

n -+ ..
least [T} MINIMUMS.
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