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1 Introduction

Let k be a ground field and K/k an extension field. Given a finite-dimensional étale
K-algebra A, (following [Rei25]) we say that A/K descends to A’/K' if K'/k is a
subfield of K and A’ is a K’-algebra such that the canonical map A’ @ K — A is

an isomorphism. We define the essential dimension of A/K to be
edp(A/K) = Arp/i;%/ tr.deg, K.

More generally in the language of schemes, given a generically étale morphism
f X — Y of schemes of finite type over k with Y integral, we say f can be
compressed to another morphism f’: X’ — Y” of the same kind if

(1) there exists a dominant rational morphism ¢ : Y --» Y”;

(2) X Y and Y xy» X’ = Y are isomorphic over the generic point of Y.

In other words, we have a diagram

X -4 x
e
Yy —-Z5 Y

and an open dense subscheme V' C Y on which g is defined and f|y is the pullback of
f" via g. We define the essential dimension edy (X EN Y) as the minimum dimension
of Y’ for which such a compression exists. (Here we are basically using the definition
given in [BF24]. )

If p is a prime, define the essential p-dimension edy (X EA Y';p) to be the minimum



of edp(Y" xy X — Y") for all generically finite morphisms Y — Y of degree prime
to p with Y integral. (By convention, the essential dimension for p = 0 is the
usual one without base change.) We also say that X — Y is incompressible (resp.
p-incompressible) if ed;(X — Y) (resp. edx(X — Y;p)) equals dimY.

Suppose the above X 1, ¥ is a G-torsor with G a finite (constant) group scheme
over k. Then f is finite étale. The essential dimension ed;(G) (resp. essential p-
dimension ed;(G;p)) of G is defined as the maximum of ed;y(X — Y) (resp. the
maximum of ed(X — Y;p) for all G-torsors X — Y') where we require all X’ — Y’
to be G-torsors and ¢’ : X --+ X’ to be G-equivariant.

The notion of essential dimension dates back to the time of Klein and Kronecker
and is closely related to Hilbert’s 13th problem (which involves another important
invariant called the resolvent degree). It is first formally defined for finite groups
by Buhler and Reichstein in [BR97] and then extended to an algebraic group G in
[Rei00] and functors F : Fields, — Sets in [BF03]. Roughly speaking, the essential
dimension of an algebraic group measures the complexity of its torsors. For a de-
tailed survey, see [Merl13]. For more historical remarks, see for example [BR97] and
[FKW21]. We will present a collection of results needed on essential dimension in
Section 2.

Shimura varieties are objects of both algebro-geometric and arithmetic interest.
Recall that a Shimura datum is a pair (G, X). Here G is a connected reductive Q-
group and X is a G(R)-conjugacy class of morphisms S — Gr with § = Resc/r(Gn)
the Deligne torus. They are required to satisfy a few axioms which guarantee that X’

is a union of Hermitian symmetric domains parametrizing pure Hodge structures on



LieG.
Let G(Q) act diagonally on X x G(Ay) from the left and let an open compact
subgroup Ky C G(Ay) act on G(Ay) via right multiplication (with Ay the ring of

finite adeles), the double quotient

M" (G, X)(C) = GQ\X x G(As) /K

has a natural structure of a quasi-projective complex algebraic variety. If X° is a
connected component of X and py € G(Ay), then I := Stabg(q) (X°) ﬁprfpjil is an
arithmetic subgroup of G(Q) that acts on X°. The inclusion map X x {ps} — X x
G(Ay) induces an embedding I'\X°? — M%7 (G, X)(C), realizing I'\ X" as a connected
component. Such a T\X? is called a locally symmetric variety. If K P C Ky CG(Ay)
are two open compact subgroups, we get a covering I"\X? — I'\X°. When K } is a
normal subgroup of K, the action of the finite group I'/T” is transitive on the fiber.

Now it makes sense to study edc(I"\X? — I'\X?) or ede(I"\X° — I'\A%; p). Such
results are first available in Farb, Kisin, and Wolfson’s paper [FKW21], where they
computed the essential dimension for congruence covers of many Shimura varieties
using arithmetic methods. For example, let A, x be the moduli space of principally
polarized abelian varieties with level-N structure. They proved that edc(Agny —
Ay nip) = dim A, = (g;rl), i.e. it is p-incompressible, where g > 2, ged(n, N) =
1, p|n. The paper also includes incompressibility results on the “principal p-level
coverings” T\X — TV\X. Their results are strengthened in many aspects in [FKW24]

through non-vanishing characteristic classes in prismatic cohomology and toroidal



compactifications. Fakhruddin and Saini also proved incompressibility of congruence
covers for certain pure Shimura varieties of PEL type. Compare [FS22, 5,6].

On the other hand, in [BF24], Brosnan and Fakhruddin obtained lower bounds
on the essential dimension of congruence covers of locally symmetric varieties by “the
fixed point method”. This leads to new incompressibility theorems while retrieving
many of those in [FKW21] including the above one on Ay . Roughly speaking, the
p-rank of a finite abelian group H contained in I'/T” bounds the essential p-dimension
from below, provided that this H has a smooth fixed point in some H-equivariant
(partial) compactification of I\ X°. They proved the existence of smooth fixed points
for some H-equivariant toroidal compactifications of the cover I"\X? — I'\X? and
applied the fixed point method to get their results.

The approaches of [FKW21] and [BF24] complement each other. Each applies to
a class of objects not accessible to the other. For a more refined comparison, we refer
the reader to the introduction of [BF24] as well as some remarks in Section 5 thereof.

In this paper, we generalize Theorems 33 and 34 in [BF24] to a broader class of
covers. Namely, we prove general lower bounds of essential dimension for congruence
covers of mixed Shimura varieties with the fixed point method.

A mized Shimura datum (P,X) consists of a connected algebraic group P over
Q and a finite covering X of a conjugacy class of morphisms h, : S¢ — Pc, sub-
ject to some axioms formulated by Pink in his thesis [Pin90]. The group P may
be non-reductive with unipotent radical W. For a pure Shimura datum (G, X), X
parametrizes rational pure Hodge structures on Lie G. Whereas, for a mixed Shimura

datum (P, X), each h, induces a rational mixed Hodge structure of weight {0, —1, —2}



on Lie Pc with Lie W corresponding to the subspace of weight < —1. Further, there
is a Q-subgroup U central in W and normal in P whose Lie algebra corresponds to
the subspace of weight —2. The group P(R)-U(C) C P(C) acts transitively on X.
As in the pure case, the double quotient P(Q)\X x P(Af)/Ky has the structure of a
quasi-projective algebraic variety.

Mixed Shimura data arise naturally. The rational boundary components of a
pure/mixed Shimura datum are mixed Shimura data. (The definition of a rational
boundary component will be given in 4.4.) Thus in this sense they are more natu-
ral objects to consider. Despite some notational sophistication, the general theory of
mixed Shimura varieties resembles that of pure Shimura varieties. (Toroidal compact-
ifications are also closely related to the Baily-Borel compactification. See for example
Proposition 4.6.7.) The systematic treatment of the subject is [Pin90]. See also the
introduction therein for more insightful remarks.

We illustrate our main theorem with the following example. Let ), 4 be the uni-
versal family of principally polarized abelian varieties with full level-d structure. We
have a canonical projection map YV, 4 — Ag 4 onto the moduli space A, 4 mentioned
above. In fact, Vg4 — Agq is an abelian scheme for d > 3. (),,q is an example
of Kuga varieties and can be constructed explicitly using the vector space V' of di-
mension 2¢g on which Spo, acts. A Kuga datum (P,)) is a mixed Shimura datum
with the group U trivial.) For a prime p not dividing d, we get a canonical cover
@ Vgpd — Vy.4 which is the composition Yy pa = Vg pd — Vg.a- Here the first map

is multiplication by p on each fiber and the second map the pullback of Ay pg — Ag.q



via Vg.a — Ag,4, as in the diagram.

p
yn,pd — yn,pd — yn,d

\ | pumace |

An,pd — An,d

It follows from our main theorem that edc(Vypa — Vga;p) = g + (g'QH) for
p1d > 3. Thus the cover YV, ,qa — Vy,q is p-incompressible. This may be viewed as a
generalization of Brosnan’s conjecture, which states that the multiplication-by-p map
A B Ais p-incompressible for an abelian variety A over a field of characteristic 0. For
many interesting cases of this conjecture, the reader may consult [FS22], [FKW24,
2.3.5], and [KZ25]. See also Subsection 6.5 for more details on this example.

Finally, we can state our main theorem. For a mixed Shimura datum (P, X), let
Z(P) be the center of P and denote by Idz(p)q) (&) the set {z € Z(P)(Q) | 2[x = id}.
Le. this is the set of all elements of Z(P)(Q) that act trivially on X'.

Any rational boundary component (Py, X;) of (P, X) has a corresponding Uy < P;.
In particular, as a unipotent group, it stabilizes any component X° of X. With open

compact subgroups K} C Ky C P(Ay), we define the following groups:
= Stabp(Q)(XO) N (prpr?I) .
I is the stabilizer in P(Q) of X% x {p;K;} C X x P(Ay)/K;.

Iz = (ldz(pyg)(¥)) N (Pfop,Tl) :



I'; is the kernel of the action of T' on XC. In fact, as we shall see in Lemma 4.3.5, it
is also equal to the stabilizer in T' of any point x € X°. Therefore, I'/Tz acts freely

on XY.

I'zy, = (Idz(p)(Q)(X) X U1(@>) N (prprjl) .

I'zy, is introduced mainly to define the group 'y, below. It acts on U;(C) by
translation through its image I'yy, under the projection Z(P)xU; — U;. In Subsection
5.3, we will also define a similar group Qz,, C I'zy, that is closely related to the
structure of a unipotent fiber (cf. [Pin90, 3.13] or Proposition 4.3.9).
I'zu r
Iy, = =—*+cCc —.
o Iz . Iz
I'y, is the image of I'zy, under the projection Idz(p)q)(X) x U1(Q) — U1(Q). The

groups I, I, Iy and Ty, are defined similarly.

Theorem 1.1. Let (P, X) be a mized Shimura datum and X° C X any connected
component. Suppose (Py,X1) is any rational boundary component of (P,X) such
that X0 C X(J’I_Dly-)(l) (as in Proposition /.4.8). Given neat open compact subgroups
K, 9Ky C P(Ay) and py € P(Ay), define I', T'z, 'y, as above. Let ¥ be a
K y-admissible complete cone decomposition for (P, X) that defines a smooth pro-
jective toroidal compactification M%7+ (P, X,X)(C) (as in Theorem 4.6.8) and denote

by (T\X°)y, € M%7 (P,X,%)(C) the connected component containing T\X°. Then

I/Ty

(1) The cover T'\&° — T\&" is a T,

-torsor.




/Ty )

T -equivariant partial compactification Y containing T\ X° with a
z

proper morphism Y — (F\XO)E extending I'\X° — IT\X° has a Ty, /T, -fized

(2) Any

point.

(8) For any prime p > 0,

ry, 7 .
—®R— (< dimUy).

/ 0 0. >
edc(T"\X" = T\ X";p) > MmkFU1 o7

(4) The lower bound can be attained: For any neat open compact Ky and any prime

p > 0, there exists a neat open compact subgroup K} C Ky in P(Ay) such that

'y, Z .
— =dimU;.
F’U1®pZ m Uy

rank

In particular, ede(T"\X° — T\&x%;p) > dim U;.

Remark 1.1. The condition X° C X&gl ) is not really a restriction. Indeed, given
any X° and any Q-admissible parabolic subgroup @ C P (to be defined in Subsection

4.4), there exists a (Pj, X;) associated with @ such that X% C X%

(P1,X1)" As dimU1

only depends on Q, we get equally good lower bounds for every X°.

The terminology will be made clear in the subsequent sections. We will review the
definition of a rational boundary component in 4.4 and the construction of toroidal
compactifications in 4.6.

We conclude the introduction with an outline of the paper. In Section 2 we recall
some elementary properties of and several important results on essential dimension.
Section 3 contains the precise statement of the fixed point method and the theorem

in [BF24] on the existence of fixed points, needed in the proof of Theorem 1.1. The



delicate machinery of mixed Shimura varieties is introduced in Section 4, leading to
the construction of their toroidal compactifications, as developed in [Pin90]. Finally,
Section 5 completes the proof of Theorem 1.1 after the establishment of some technical

lemmas. In Section 6, we present a few examples to illustrate our main theorem.



2 Essential dimension

In the introduction, we have defined ed;(G) for G a finite group. In fact, essential
dimension can be defined for any algebraic group G. We include the definition and
some basic results below. Our main references for this section are [Mer13] and [BF24].
Let G be an algebraic group over a field k. A G-scheme is a scheme of finite type
over k with a left G-action. A morphism of G-schemes f : X — Y is a G-torsor if

(1) Y is integral and G acts trivially on Y;
(2) f is faithfully flat;

(3) The morphism G x; X = X xy X : (g,2) — (g - x, ) is an isomorphism.

A G-scheme is generically free if there exists an open dense G-invariant subscheme
U such that U is part of a G-torsor U — Y. (In some literature, our generically free G-
scheme is called primitive as G acts transitively on the set of irreducible components
of X.) Following [Mer13], we use k(X)% to denote k(Y). k(X)® does not depend on
the choice of U.

Given a generically free G-scheme X, a G-compression is a G-equivariant domi-
nant rational map X --» X’ to another generically free G-scheme X’. The essential

dimension of X (resp. of G) is defined to be

edy (X, Q) = Juin {dim X’ — dim G}

ed;(G) = rn):?x{ed;~C (X,G)}

10



Similarly, the essential p-dimension of X is defined to be

edi (X, G;p) = Y;/[}i}}y {edp(Y" xy X,G)}

edi(G;p) = rn):?x{ed;C (X,G;p)}

where the minimum is taken over all generically finite dominant rational maps Y --»
Y of degree prime to p.

A generically free G-scheme X is incompressible (resp. p-incompressible) if edg (X, G)
=dim X — dim G (resp. edg(X,G;p) = dim X — dim G). In other words, X cannot

be compressed to a generically free G-scheme of lower dimension.

Proposition 2.1 ([BF03]).

edp(X,G) = edy,(Tx — Spec k(X))

edi(G) = pmax {edi(T — Spec K)}

Here edy(T — SpecK) is the minimum of the transcendence degree of a field of

definition of the G-torsor T — Spec K.

Among all G-schemes, some have the “highest” essential dimension. This is taken
into account by the notion of versality. A G-scheme X is versal if every open dense
G-invariant subscheme U C X satisfies the condition that every generically free G-
scheme X’ with k(X")¢ infinite admits a G-equivariant rational map X’ --» U.
Intuitively, this means whenever X can be compressed to some extent, X’ can be

compressed at least to the same extent “through X”. Therefore, the versal generically

11



free G-schemes should have the highest essential dimension. It is clear by definition
that any open dense G-invariant subscheme is also versal. Further, if X --» X' is a
G-compression of generically free G-schemes with X versal, then X’ is versal.

By analogy, there is a notion of p-versality. A G-scheme X is p-versal if, for
every G-invariant dense open U C X and every generically free G-scheme X’ with
k(X'")¢ infinite, there exists a G-equivariant dominant rational map X" --+ X’ with
k(X")¢ « k(X")¢ finite of degree prime to p such that X” admits a G-equivariant
rational map to U. All the above observations carry over to p-versality.

In summary, we have

Proposition 2.2 ([Merl3, Proposition 3.11] and [BF24, Lemma 6]).

(1) If X is a versal generically free G-scheme, then

edr(G) = edi(X,G) = min_ {dim X’ — dim G}

versal X/

(2) If X is a p-versal generically free G-scheme, then

edi(G;p) = edp (X, G;p) = p_vglsiﬁx,{dim X' —dim G}

Versal G-schemes are not hard to find. For every k-vector space V', we say a linear
representation G — GLy is generically free if V' as a G-scheme is so. In particular,
if G is a finite group, a linear representation is generically free if and only if it is
faithful. Then it can be shown, for example, that every linear G-representation V is

G-versal (cf. [Merl3, Proposition 3.10]).

12



Consider an algebraic subgroup H C G. Since every generically free G-scheme is
a generically free H-scheme and every G-compression is also an H-compression, we

have edg (X, G;p) + dim G > edy (X, H;p) + dim H for all p > 0.

Proposition 2.3 ([BRV10, Lemma 2.2]). For every p >0,
edi(G;p) + dim G > edy(H; p) + dim H.

In particular, if H C G are finite groups, then edy(H;p) < edi(G;p) for all p > 0.
We conclude this section by listing a few results on the essential dimension of
finite p-groups, which are the ones needed in this article.
Theorem 2.4.

(1) ([KMO0S, 4.1, 5.1, 5.2]) Let G be a finite p-group and k a field of characteristic
not equal to p containing a primitive p-th root of unity. Then edy(G;p) =
ed(G) is equal to the least dimension of a faithful representation of G over k.

Moreover

edk(Gl X GQ) = edk(Gl) + edk(GQ),

edp(Z/p"Z) = [k(&pn) : K],

where {pn s a primitive p"-th root of unity.
(2) If k is as above, in particular, edy, ((Z/pZ)d> =d.

Remark 2.5. As indicated in the assumptions of the theorem, edy(G) or edy(G;p)

depends on the ground field k.

13



Remark 2.6. The equality ed;(G1 x G2) = edi(G1) + edi(G2) is only for p-groups.
In general, edi(G1 X Go2;p) < edp(G1;p) +edr(Ga;p) for all p > 0 as a Gy x Ga-torsor

is naturally the product of a G1-torsor with a Ga-torsor.

14



3 The fixed point method

In this section, we briefly explain the fixed point method. Our starting point is
the following theorem, which relates the existence of a G-fixed smooth k-point to

p-versality.

Theorem 3.1 ([DR15, Corollary 8.6]). Let G be a smooth affine algebraic group over
a field k and X be a generically free G-variety that is geometrically integral. If G fizes

a smooth point x € X (k), then X is p-versal.

Remark 3.2. In practice, G will be a finite group and k will be the field of complex

numbers.

Combining Theorem 2.4 and Theorem 3.1, while noting that the essential p-

dimension is a birational invariant, we are led to

Theorem 3.3 ([BF24, Proposition 10] ). Let G be a finite group and X an irreducible
generically free G-variety over a base field k of characteristic not equal to p containing
a primitive p-th root of unity. Suppose G has a subgroup H such that H is a p-group
and H has a smooth fixed point in X. Then

(1) edp(Xo,G;p) > edi(Xo, H;p) = edi(H; p) for any open dense G-invariant sub-

variety Xg C X.

(2) ]fH = (Z/pZ)T7 then edk(XOaG;p) > edk(XOaH;p) =T

To state the next theorem, we need a few definitions, which are also from [BF24].

We here assume k is an algebraically closed field.

15



Definition 3.4. A toroidal singularity is a pair (S, ¢), involving the following data.

(1) T is a torus over k and T, is the torus embedding with respect to a strongly
convex rational polyhedral cone o C Y, (T)g with dimo = dim 7. (Y. (T) is the

cocharacter group of 7T'.)

(2) S is a scheme over k and ¢ : S = Spec @me is an isomorphism of S with the

completion of the local ring of T, at its o-stratum (which is a torus fixed point).

Remark 3.5. The definitions of a toroidal action and a toroidal map of toroidal
singularities depend on the choice of ¢ above, as remarked in [BF24]. For more

preliminaries on torus embeddings, see Section 4.5.

Given a (S, ) as above, we define S° C S to be the inverse image of T' C T,
under the morphism S = Spec 6Tg,z — T,. (Thus we have a pullback diagram as
below, where Spec (3me NT is the preimage of T.) Each ray ¢ < o defines a stratum

of codimension 1, whose closure is a boundary divisor.

S —— Specame N —— T

| I |

S +> Spec OTU,I —_— T,
Example 3.6. Let T' = G,,, XG,,. Then Y, (T) = Z&Z. We take 0 = R>g-e1+R>p-€2
for e; : G, — Gy, x {1} and €3 : Gy, — {1} x G,,. Then T, = SpecClz,y] = A2
with z,y the dual generators of eq, e5 in X*(T), the character group of T'. Then the
o-stratum is given by the ideal I = (z,y). The pair (S, ¢) = (SpecC|[z,y]],id) is a
toroidal singularity.

Moreover, since T' = Spec Clz, y|4y, we have S° = C[[z, y]|sy, the Laurent series

16



ring in two variables.

Theorem 3.7 ([BF24, Proposition 16]). Let Y be an irreducible variety over k and
let f: X =Y an irreducible finite étale Galois cover with Galois group G. Let S be
a simplicial toroidal singularity and S° be the complement of the boundary divisor.
Suppose there exists a morphism g : S° — Y such that the image of the composite
7$H(8°,s) B 7Y, 9(s)) — G is a finite (abelian) group A of order not divisible
by chark (for s € S° any geometric point). Assume that g extends to a morphism
G:S =Y, whereY is a partial compactification of Y. Then

(1) Any G-equivariant partial compactification X O X admitting a proper mor-

phism f: X — Y extending f has an A-fized point.

(2) Any smooth proper variety X' with a G-action which is equivariantly birational

to X has an A-fized point.

Remark 3.8. As pointed out in [BF24, 17], when k = C, it suffices to find holo-
morphic maps g, g on a sufficiently small open neighborhood of the torus fixed point
x € T,. Then we have the desired maps S — Y and S° — Y since we can complete

the induced homomorphism between the analytic local rings.

Remark 3.9. Suppose our X is known to be smooth and we have such a G-
equivariant proper f : X — Y. In order to apply Theorem 3.7, we need a smooth X".
This can be achieved by applying equivariant resolution of singularities to X. See for

example [EV9S].
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4 Basics on mixed Shimura varieties

This section is mainly an exposition of the theory of mixed Shimura varieties. Our
primary reference is [Pin90]. (Some lemmas are also deduced in Subsection 4.3.) The
proof of our main theorem will make use of many elements in this section, especially
those on rational boundary components and the construction of toroidal compactifi-
cations, as developed in Subsections 4.4 and 4.6. Hopefully, this section can provide
the reader with more background on mixed Shimura varieties and help him navi-
gate through [Pin90] on his own if necessary. Readers familiar with mixed Shimura

varieties and eager to know the proof may move on to Section 5 directly.

4.1 Mixed Hodge strctures

We introduce the notion of mixed Hodge structures in this subsection.

Let V be a finite-dimensional Q-vector space.

Definition 4.1.1. (1) A pure rational Hodge structure on V of weight n € Z
is a decomposition Ve = D q)ezezV?? such that VP4 = 0 if p+q # n
and VP4 = V%P, The Hodge filtration of this pure Hodge structure is the
decreasing nested sequence of subspaces {F?V = @,<, V' 9},cz. Note that
FPVNFaV = VP4, Thus the decomposition and the Hodge filtration determine

each other.

(2) A mixed rational Hodge structure on V' consists of an increasing, separated and
exhaustive filtration of Q-subspaces {W,V},cz and a decreasing, separated

and exhaustive filtration {FPV},cz such that on each Gr,V =W, V/W,,_,V,
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{FPV}pez induces a pure Hodge structure of weight n.

Given a mixed rational Hodge structure on V', we define the Hodge numbers hP?
as = dimc(Gr, V)P4, By definition, h?? = h9P. If A C Z @ Z is a subset, a Hodge
structure on V has type A if h?? =0, (p,q) ¢ A.

For example, a pure Hodge structure of type {(—1,0), (0,—1)} is just a complex
structure on V.

Morphisms of Hodge structures are Q-linear maps V' — V'’ preserving the weight
and Hodge filtrations. With morphisms as arrows and Hodge-structured vector spaces
as objects, mixed rational Hodge structures form an abelian category. Given rational
mixed Hodge structures on V, V; and V5, we have induced structures on V; & Vs,

V1 ®g Vo and VY as follows

(Vl [ ‘/'Q)P;q — ‘/117#1 D ‘/'2:07!1

(V4 @g Vo) = @ VPRI g VP2

(p1,q1)+(p2,92)
=(p,q)

(Vv)p,q =y Pa

Thus there are also induced Hodge structures on Hom(Vy, V) = V¥ ®q Va.

We say a mixed Hodge structure on V splits over R if there exists a decomposition
Ve =@, , VP such that W,V = @, <n VP9, FPV = @,<,y VP and VPd = VP,
Thus a pure Hodge structure splits over R by definition. Although not every mixed

Hodge structure splits over R, we have the following

Proposition 4.1.2 ([Pin90, 1.2]). Let V be a finite-dimensional vector space equipped
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with a rational mixed Hodge structure.
(1) There exists a decomposition Ve = @, , VP such that W,V = D, ,, V!
and FPV =@, VP9,
(2) There exists a unique decomposition as in (a) that satisfies the condition VP4 =
V&P mod (P yrhdy,

p'<p,q'<q
The above definitions are in the classical setting. Now we reformulate them in
terms of representations of algebraic groups.
Let S = Resc/r(Gpm) be the Deligne torus. Then Sc¢ 5 Gme X Gy and we
can choose the isomorphism so that C* = S(R) — S(C) & C* x C* : z = (z,2).
Complex conjugation acts on S(C) as (z1, 22) — (22, z1). There are also the following

frequently used morphisms of S:

W:Gmr —S, zm (27427,
LSt S, 2z (2,271
to : Gmc — S, 2= (2,1);

N:S— Gm7]R7 (21,2:2) — 2129.

(Note that a morphism over R is given in terms of its expression over C. And one can
easily check they are defined over R.) By definition, we have a short exact sequence
w N
1-Gpr—=S—=>Gnrr— 1
Since S(C) = C* x C*, a linear representation h : S¢ — GLy ¢ is equivalent
to a decomposition Vo = @, VP9, where VP9 is the eigenspace for the character

(z1,22) — 2724 (and GLy, is the base change of GLy to C).
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From now on, we will adopt the convention, to denote by V¢ the eigenspace for
the character (21, z2) — z; 25 ?. Therefore through how : G,, ¢ — GLv ¢, the action
on VP4 is through ¢ + tP+9. As before, W'V = @, 4<, V?? and FF'V = Gy V1,
The superscript or subscript h indicates the representation. We will often drop it if
no confusion arises.

Suppose the morphism h : S¢ = GLy ¢ defines a rational mixed Hodge structure
on V. Since VP4 = VP if and only if h is defined over R, the Hodge structure splits
over R if and only if h is defined over R. Andif h:S — GLygr and b’ : S — GLy' »
induce pure Hodge structures on V and V' respectively, a morphism of pure Hodge
structures is a Q-linear map V' — V' that is S-equivariant.

Now that we have the above viewpoint, let’s make two more definitions. The Tate
Hodge structure Q(n) is defined to be the Q-subspace (274)" - Q C C with the pure
Hodge structure of type (—n, —n) on Q¢ = C. Suppose h : S — GLy r defines a pure
Hodge structure of weight n on V. A polarization of the pure Hodge structure on V'
is a morphism 9 : V ®g V — Q(—n) of Hodge structures (of weight 2n!) such that

the pairing

n 2mi)"™
(2mi)™ (Pr)ny < Vi X Ve R(—n) Z4' R

(u,v) —(2m8)" P (u, h(i)v)

is symmetric and positive definite. If ¢ : V®gV — Q(—n) is known to be a morphism
of Hodge structures, then (27)" (¢r) ;) is symmetric if and only if (1) n is even and

1 is symmetric or (2) n is odd and 1) is alternating.
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The next proposition provides some motivation for the definition of a mixed

Shimura datum.

Proposition 4.1.3 ([Pin90, 1.4]). Let P be a connected affine algebraic group over
Q with unipotent radical W and 7 : P — P/W = G. Suppose h : S¢ — Pc is a
morphism satisfying

(1) moh:Sc — Gg is defined over R;

(2) mohow: Gy r — Gr is a cocharacter defined over Q into the center of G;

(8) In the decomposition induced on Lie P wvia the adjoint representation of P,
WwAdreh(Lie P) = Lie W.
Then we have
(1) For every Q-representation p: P — GLy, poh:Sc — Pc — GLyc induces a

rational mirzed Hodge structure on V';
(2) The weight filtration {W£°"V'},,cz is P-invariant;

(8) For any p € P(R) - W(C), same conclusions as in (a) and (b) hold for the
conjugate int(p) o h. Further, int(p) o h induces the same weight filtration and

Hodge numbers.

Corollary 4.1.4. Let P, W and # : P — P/W = G be as above. Suppose \ :
Gm,c — Pc is a cocharacter such that m o A maps into Z(G)c and is defined over
Q. Then for any Q-representation p : P — GLy, the weight filtration {W£°*V },cz

(defined by G, ¢ A P GLy ) is defined over Q and stable under P.

Proof. This follows from the proof of Proposition 1.4 in [Pin90], as we can just argue

the same way with respect to the weight filtration. O
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Remark 4.1.5. Actually, in the second condition of Proposition 4.1.3, we can replace
Q with any subfield K between Q and R and the conclusion will become that every
representation of Px — G Ly, induces a mixed Hodge structure on Vi with weight
filtration consisting of K-subspaces.

A similar remark holds for Corollary 4.1.4 as well.

4.2 Mixed Shimura data

In this subsection, we introduce the notion of a mixed Shimura datum. The number
of axioms may seem a bit overwhelming at first. However, they become lighter once
the reader recognizes that they can be roughly divided into two parts: the ones

concerning the mixed Hodge structure and the ones concerning the algebraic group.

Definition 4.2.1 (mixed Shimura datum, [Pin90, 2.1]). Let P be a connected affine
algebraic group over Q with unipotent radical W and a subgroup U C W that is
normal in P. Denote by 7 : P - G = P/W and 7’ : P — P/U the canonical
projections. A mized Shimura datum is a pair (P, X’) equipped with a map h: X —

Hom(S¢, Pr) satistying the following axioms.

(A1) X is a (left) P(R) - U(C)-homogeneous space and the map h is P(R) - U(C)-
equivariant with finite fibers.

For some (and thus for all) z € X,

(A2) ' ohy:Sc — Pc — (P/U)c is defined over R.
(A3) mohgow: Gy r — G is a cocharacter into the center Z(G) of G.

(A4) Adp o hy : S¢ = GLyie pc defines a rational mixed Hodge structure on Lie P
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of type

{(_1’ 1)) (070)’ (L _1)} U {(_170)’ (07 _1)} U {(_1’ _1)}

(A5) The weight filtration on Lie P is as follows: W_y(Lie P) = LieU, W_;(Lie P) =
Lie W and Wo(Lie P) = Lie P.

(A6) int(r o h, (7)) induces a Cartan involution on G3.

(A7) G has no simple Q-factors of compact type.

(A8) The connected center Z(G)? of G acts on U and on V = W/U through a torus
which is an almost direct product of a split Q-torus with a Q-torus of compact
type.

Remark 4.2.2. A few clarifications on the definition:

(i) For a variety X over Q (not assumed to be irreducible), we say X is of compact

type if and only if X (R) is compact in the euclidean topology.

(ii) We will often denote the image of h by H. Thus H is a P(R) - U(C)-conjugacy

class of morphisms S¢ — Pc.

(i) There is a canonical P(R) - U(C)-invariant complex structure on H and X.

([Pin90, 2.1(c)].).

(iv) The fourth axiom above implies Griffiths transversality. It guarantees that
there is a variation of mixed Hodge structures on the image of A in a suitable

Grassmannian. See [Pin90, 1.10].
(v) For the reasons to have axiom (8), we refer the reader to [Pin90, 1.13].
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(vi) As we will see, U is central in W. Thus the statement of (8) makes sense.

(vil) W =1, (P, X) is called a pure Shimura datum. The definition given in [Del79]
is the special case that W =1 and X = h(X). The definition here is slightly

more general in that we allow finite coverings.

(viii) ([Pin90, 1.19]) For the quotient Shimura datum (P, X')/Z(P) (defined in Propo-

sition 4.2.7), stronger axioms hold:

e In Axiom (A3), mo hy ow : Geg — G is a cocharacter into Z(G) that is

defined over Q.

e In Axiom (A8), the identity component Z(G)" is an almost direct product

of a split Q-torus with a Q-torus of compact type.

Let (P, X) and (P’, X’) be two mixed Shimura data. A morphism between them
is a pair (@, &), where ¢ : P — P’ is a morphism of algebraic groups over Q and £ :
X — X' isa P(R)-U(C)-equivariant map. They are required to fit into the following
commutative diagram. (The bottom map comes from Hom(S¢, Pc) — Hom(Sc, Pf)

induced by ¢.)

Here are a few basic examples.

Example 4.2.3. Let T be a torus over Q. Then a mixed Shimura datum (T, X)
consists of a finite set X on which T(R) acts transitively as well as a morphism

h:S — Tg. X — {h} is the constant map.
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Example 4.2.4. For a more specific example on torus, consider the group G, g
together with the norm morphism N : S — Gy, r, z — 2z. Define Hg to be the set of
isomorphisms Z = 2miZ. So Ho contains two points n + +21in. We let G,,(R) = R*
act on Hg via R* — mo(R*) = {£1}, where —1 acts on H; by interchanging the two

points. With the constant projection map Ho — {N}, (G g, Ho) is a pure Shimura

datum.

Example 4.2.5. Another classical example comes from the Siegel modular variety.
Fix ¥ : V x V — Q, a non-degenerate alternating bilinear form on a Q-vector space
V' of dimension 2n > 0. Define CSpy to be the Q-subgroup of GLy consisting
of linear automorphisms that preserve ¢ up to a scalar, i.e. CSpy(R) = {g €
GLy(R)|Y(g-v,g-v") = u(g)y(v,v") for some u(g) € R*} for all small Q-algebras
R. We get a scalar character u : CSpy — G,, ¢ and a short exact sequence 1 —
Spy — CSpy L Gm,g — 1, where Spy =2 Spa,.
Let Hy be the set of morphisms h : S — G Ly r with the properties that

(1) h induces a Hodge structure of type {(—1,0), (0,—1)} on V.
(2) Yr(h(i)u, h(i)v) = Yr(u,v) for all u,v € Vi.

(This is equivalent to ¥ (h(z)u, h(z)v) = 2Z ¢Yr(u,v). Therefore, poh = N for

all such h.)

(3) The (symmetric) bilinear form (u,v) — ¥r(u, h(i)v) is either positive or nega-
tive definite.

By definition, every h € Hy factors through CSpy. It is well-known that C'Spy is a

connected reductive algebraic group and C'Spy (R) acts transitively on Hy . (Spy (R)
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is connected and acts transitively on either of the two connected components of Hy .)

Then (CSpy,Hy) is a pure Shimura datum. If V = Q?" with ¢ given by the matrix
0o I,
, we will write (C'Span, Han).
I, O
Example 4.2.6. There is a morphism (CSpyv,Hy) = (Gmq, Ho). For any h € Hy,
there is a unique A € Hy such that (u,v) — X o ¢Yr(u,h(i)v) is a polarization of

the Hodge structure on V' defined by h. (If ¢r(—, h(7) - —) is positive definite, take

A 1 2mi; if it is negative definite, take A : 1 — —2m4.) This way we get a diagram

,HV4>/H0

P

Hy —— {N}
compatible with the action of CSpy (R) — G, r(R).

Some consequences of the axioms are summarized below.

Proposition 4.2.7.
(1) Ewvery connected component X° C X is mapped isomorphically onto a connected

component H° = h(X°) C H.

(2) For any morphism (¢,€) of mized Shimura data as above, £ is a holomorphic
map. If both ¢ and & are injective (whence we call (v, &) an embedding), then

& is a closed embedding.

(3) We can define the product (P,X) x (P',X") = (P x P/, X x X') with h x I/ :

X x X' — H x H' having the desired universal property and projection maps.
(4) Let N < P be a normal Q-subgroup. There exists a quotient mized Shimura
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datum (P, X)/N = (P/N, X /N) with a projection morphism (m,() : (P,X) —
(P,X)/N. It is defined up to isomorphism with the universal property that, if
in a given morphism (p,€) : (P,X) — (P, X"), ¢ factors through P/N, then

(p,&) factors uniquely through (P, X)/N. in other words, we have a diagram

(P, &)

(ﬂy (¢:8)

(P,X)JN ——— (P, X")

Let P, = P/U and Uy be the image of U under m : P — P;. Fix one x €
Pi(R) - U, (C)
(Stabpr).vc) (7))

X. Then X /N is defined as with H/N the P(R) - U1(C)-
7r

conjugacy class of wo hy.

A mixed Shimura datum (P, X) is called irreducible if P itself is the smallest Q-
normal subgroup in P containing the image of all h,. (Again, it suffices to check this
for some h,.) Given an arbitrary (P, X’), Let P; be the smallest Q-normal subgroup
of P through which some h, factors (P; must be connected!). Since hy (G, c) acts
trivially on P/P;, we must have W C P; by (A5). Then it can be shown (cf. [Pin90,
2.13]) that the P;(R)-U(C)-orbit of 2z € X is a union of connected components of X'.
(We just have to show that Py (R)-U(C) - Stabpg).v(c)() is a finite-index subgroup
of P(R)-U(C).) Denote by AX; this orbit. Then (P, X;) — (P, X)) is an embedding.
Dividing X into a disjoint union of P;(R) - U(C)-orbits, we see that every mixed
Shimura datum (P, X) is canonically a disjoint union of irreducible ones.

Irreducible mixed Shimura data have the following nice property.

Proposition 4.2.8. Let (P,X) be an irreducible mized Shimura datum. Then the
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representation P — G Ly factors through the scalar cocharacter G, o — GLy. That

1s, P acts on U through scalars.

We can also extract some useful information about the structure of the unipotent
radical W. AsLie U and Lie W are of weight —2 and < 0, respectively, [Lie U, Lie W] =
0. Similarly, the derived group Wder c U. It follows that U is central in W and V is

abelian. Moreover, we have a well-defined commutator pairing

UV:.VxV —U

(v,0") — [v,0']

where (in terms of Q-points) [v,v'] = [w, w’] for any w, w’ € W(Q) lifting v, v’ € V(Q).
This pairing determines the group structure on W as follows: Since we are over
characteristic 0, W is isomorphic to U x V as a scheme, and (u,v) - (uv/,v") =
(u+u' 41U (v, "), v+1') defines the group structure on U x V. Conversely, any such
U defines a unipotent extension 1 - U — W — V — 1 with ¥ as its commutator

pairing.

The last construction to be introduced is the unipotent extension. Let (P, X) be
a mixed Shimura datum. Suppose we have a short exact sequence 1 — Wy — P; —
P — 1 with Wy a unipotent group. We wish to extend (P, X) to (P;, X1) such that
(P, X1)/Wy — (P, X) is an isomorphism.

Let V be a subquotient of Wy such that Lie Vj is irreducible as a P;-representation.

Then Vj must be abelian as Lie (Vbder) is a Py-invariant subspace (not equal to Lie V;
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as Vj is unipotent, hence solvable). Therefore, the action of P; factors through P and
then further through G as W C P must act trivially on V. With this observation we

state

Proposition 4.2.9. Let (P,X), Pi, Wy be as above. Suppose that for every irre-

ducible subquotient Lie Vy of Lie Wy,
(1) The Hodge structure on Lie Vyy as a representation of G induced by wo hy is of
type {(=1,=1)} or {(=1,0),(0,-1)}.
(2) The connected center of G acts on Vi through a torus that is an almost direct

product of a split Q-torus with a Q-torus of compact type.

Then

(1) the projection map Py — P extends to a morphism of mized Shimura data
(P, X1) — (P, X) such that (P1,X1)/Wo — (P, X) is an isomorphism. The

(Py, Xy) is defined up to canonical isomorphism.

(2) Given a morphism of mized Shimura data (p,€&) : (P, X') = (P, X), if ¢ :
P’ — P factors through Py, then (¢,€) factors uniquely through (Py, X1).

Furthermore, for any unipotent extension (P;.Xy) — (P, X), the diagram

X1*>X

N

7‘[1 — H
is a pullback.

Now let (¢,&) : (P1.X1) — (P, X) be a unipotent extension for 1 — Wy — P, —

P — 1. By (Ab), it is not hard to deduce that the fiber £ ~!(z) over a point x € X is an
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orbit under Wy(R) - Uy(C) where Uy := WyNU; C P;. Choose any z; € £~ 1(x), then

(Lie Wo)(c .
A ST A FP (Lie W,
FY (LieWp)c or {F},, (LieWo)cly

the Hodge filtration on Lie Wy induced by h;,. When the short exact sequence splits,

Lie (Wy(R) - Up(C)) = (Lie Wy)g + (Lie Up)c =

it can be shown that X; — X is isomorphic to a holomorphic complex vector bundle
over X.

Since 1 - W — P — G — 1 splits, we obtain a structural result on X.

Proposition 4.2.10. For a mized Shimura datum (P, X), any connected component

X0 of X is a holomorphic vector bundle over a Hermitian symmetric domain H® C H.
Finally, we list a few examples of unipotent extension which will be useful.

Example 4.2.11. Let G,, g act on Uy = Q through multiplication. Then under the
norm morphism N : S — G,, g, the induced Hodge structure on Lie Uy is of type
{(-1,-1)}. Let (Po, X)) = (G, Ho) be the unipotent extension corresponding to
1=Uy—=UyxGno=F—+Gno—1.

The Hodge structure on Lie Py is of type {(0,0), (—=1,—1)}. (P, Xp) may be the
simplest “authentic” mixed Shimura datum.
Example 4.2.12. Let V = Q%" and ¢ : Vo, x Vo, — Us, = Q the standard
symplectic form on Va,. Let (CSpay, Han) be defined as in Example 4.2.5 and 1 —
Usp, — Wa, — Vo, — 1 the central extension with 1 as the commutator pairing.
Let C'Spay, act on Uy through the multiplier map C'Spa, = Gyy,,0. Then 7 becomes
C'Span-equivariant. Through unipotent extensions we obtain the following morphisms

of mixed Shimura data.

(W x CSpan, X2n) — (V X CSp?rqun) — (OSPQnaHQn)

31



We will denote the first mixed Shimura datum as (Pyy,, Xop ).

4.3 Mixed Shimura varieties

We now turn to our main objects of study. Mixed Shimura varieties have a definition
akin to their pure counterparts and possess morphisms and functoriality formulated
in a similar way. For the purpose of constructing their toroidal compactifications, it
is necessary, however, to examine more closely the fibers of a unipotent extension.
Due to their nature as more (mixed) general objects, the notations will get a bit more
complicated as we move on. But most of them are adopted to avoid further confusion.

This subsection runs parallel to Chapter 3 of [Pin90].

Definition 4.3.1 (mixed Shimura varieties). Let (P, X) be a mixed Shimura datum
and Ky C P(Ay) an open compact subgroup. For the product space X x P(Ay), we
let P(Q) act from the left on both factors and K act from the right on P(Ay). The

associated mized Shimura variety is defined to be the double coset space

MK1(P,2)(C) = PQ\X x P(Af)/K.

We equip M%7 (P,X)(C) with the quotient topology of X x P(A;)/K; (with
P(Ay)/K; a discrete space). The set of connected components of M%7 (P, X)(C) is
finite, as it is mapped onto by the finite set mo(P(Q)\P(R) - U(C) x P(Af)/Ky) <
mo(P@Q\P(R) x P(Ag)/Ky) = mo(P@Q\P(A)/Kf) (cf.[Pn90, 3.2]). Similarly,
mo(P(Q\P(Af)/Kf) = P(Q\P(Ay)/ Ky is also mapped onto by mo (P(Q)\P(A)/Kf),

hence finite.
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Since X has only finitely many connected components, for any component X°, the
subgroup Stabp g (X°) € P(Q) is of finite index. Therefore Stabp(q) (X°)\P(Af)/K;
is a finite set. Choose a set of representatives {ps} C P(Ay) for it. It follows
that the connected components of M7 (P, X)(C) are precisely I',,\X° where I, =

Stabpg)(X?) ﬂprprTl. So we have a decomposition
| |1, \ &0 =5 M55 (P x)(C)
Py

The following proposition tells us that M%7 (P,X)(C) is reasonably good as a

topological space.
Proposition 4.3.2 ([Pin90, 3.3]). Fiz X° C X, py € P(Ay), and let T, be defined
as above.

(1) Ty, acts properly discontinuously on X0,

(2) MXs(P,X)(C) inherits the structure of a normal complex space from the P(R)-

U(C)-invariant complex structure on X. Its singularities are at most quotient

singularities by finite groups.
(3) If Ky C P(Ay) is a neat open compact subgroup, then M7 (P,X)(C) is a
complex manifold.
Remark 4.3.3.

(i) T'p, is generally an infinite group. To say it acts properly discontinuously on
some space Y means some finite quotient I',, /I’y acts on Y properly discontin-

uously in the usual sense.
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(i) For the generalized notion of a neat open compact subgroup Ky C P(Ay), see
(the last part of) Chapter 0 of [Pin90]. Generalized neatness retains the most
commonly used properties. For example, it is inherited by subgroups, images,
and preserved under automorphisms of P as well as inner automorphisms of

P(Ay).

We define some morphisms of mixed Shimura varieties.
Let (P, X) be a mixed Shimura datum and Ky, K C P(Ay) be open compact
subgroups. Suppose py € P(Ay) satisfies pJ?lepf C K}, then multiplying on the

left by py induces a well-defined morphism

[ps] = [pslicsac, + MO (P, X)(C) — M™7(P,x)(C)

[z, p}] — [2,0} - py]

of mixed Shimura varieties. [-py] is holomorphic, surjective with finite fibers (thus
open and closed). If pJYlepf = K} it is an isomorphism. This is the case, for
example, if K, = Ky and py normalizes K.

For another type of morphism, let ¢ : (P, X) — (P’, X’) be a morphism of mixed
Shimura data (where we abuse the notation by writing (¢, §) as ¢). If Ky C P(Ay),
K} C P'(Ay) are open compact subgroups such that ¢(Ky) C K}. then ¢ induces a

well-defined morphism of mixed Shimura varieties

] = [elicr i, : M55 (P, X)(C) — M¥7 (P, X')(C)

[2,ps] — [p(2), p(py)]
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This again is holomorphic. If ¢ : P — P’ is an isomorphism of groups and ¢(Ky) =

K }, [¢] is an isomorphism.
Remark 4.3.4.

(i) For any ky € Ky, [ky] is the identity morphism [id] : M%7 (P, X)(C) —

MX1(P,X)(C).

(ii) If K} is a normal open compact subgroup of K, then Ky /K’ is finite and acts
on M%7 (P, X)(C). From this perspective, M7 (P, X)(C) becomes the quotient
space under this finite group action. (However, as we shall see, this is in general

not a faithful action.)

For more properties of mixed Shimura varieties, we refer the reader to 3.7-3.12 in
Chapter 3 of [Pin90]. It ought to be mentioned that fiber products do not exist in
general in the category of mixed Shimura varieties. They do exist for the pullback of
a unipotent extension (P, X;) — (P, X') under an arbitrary morphism ¢ : (Pz, X2) —
(P, X). Even this case only holds under a mild assumption on .

We next prove a technical “centralizer” lemma that will be crucial later on. Ba-
sically, it means that if an element of a neat arithmetic subgroup of P(Q) commutes
with the image of h, for some x € X, then it lies in the center of P and thus commutes

with every one of them.

Lemma 4.3.5. Let (P, X) be a mized Shimura datum and x € X. Then for any neat

arithmetic subgroup K C P(Q), we have K N Centp(q)(h.) € Z(P)(Q).

Proof. Let Ky = K N Centp(Q)(hI). It suffices to show that the image of Ky in

(P/Z(P))(Q) is trivial. Thus we may assume that the connected center Z(G)° of G
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is an almost direct product of a split Q-torus with a Q-torus of compact type. Since
P/Pder 5 @ /GY and Z(G)° projects onto this, P/PI" is also an almost direct
product of a split Q-torus with a Q-torus of compact type. Any neat arithmetic

subgroup in such a group is trivial. Therefore,

Ko - Centpder((@)(hx)
- Centpder(R),U(C)(hw)
i Cent gaer (g) (7 0 hy) (cf. [Pin90, Lemma 1.17])

- Centgder(R)(ﬂ' o hy (Z))

€ {9 € G*(C) | int(m o ha(i))(g) = 7}

But the last set is compact as int(m o h,(i)) induces a Cartan involution on G9¢*. As

K is discrete and torsion-free, it must be trivial. O

Corollary 4.3.6. Let (P, X) be a mized Shimura datum and x € X. Let Ky C P(Ay)
be a neat open compact subgroup. Then Stabpg)(z) N Ky C Idzpyq)(X), where

Idz(py@)(X) is the subgroup of Z(P)(Q) that acts trivially on X.

Proof. We have Stabpqg)(z) C Centp(q)(hz). And if an element z € Z(P)(Q) fixes a

point z € X, it fixes the whole of X as P(R)-U(C) acts transitively on this space. [
The next proposition is also used in the study of unipotent fibers.

Proposition 4.3.7. Let (P,X) be a mized Shimura datum with G = P/W. De-
note by m : (P,X) — (G,Xg) = (P,X)/W the morphism constructed from the

canonical projection. Suppose Ky C G(Ay) is a neat open compact subgroup. Then
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Idz(e)(Xg) N Ky € n(ldgz(pyq)(X)). In particular,

(7T|Z(p))_1 (Idz(e)(Xe) N Ky) = Idg ) (Xa) N K.

Proof. Choose a splitting P = W x G. As A = Idz ) (Xg) N K} is a neat arithmetic
subgroup of Z(G)(Q) acting on U and V' through an almost direct product of a split
Q-torus with a Q-torus of compact type, A must act trivially on U and V' and hence
also on W. This means under the inclusion G — W x G, A is mapped into the center
of W x G. But A fixes points in X and hence must fix X as well. (By Proposition
4.2.7, the splitting of groups G — W xG — G extends to a splitting of mixed Shimura

data (G, Xg) — (P,X) — (G, Xg).) Therefore A maps into Idzpyq)(&X). O

Corollary 4.3.8. Let ¢ : (P, X)) — (P, X) be any unipotent extension and Ky C
P(Ay) any neat open compact subgroup. Then under the map ¢|z(p,): Idz(p,) @) (X1) —

Idz(py@)(X), we have

-1 ~
(elzry)” Mz (X) N Kf) 5 Idgpyq)(X) N Ky

Proof. Let m: (P,X) = (G, Xg) = (P,X)/W be as above and K§ = m(K). Then

we have the diagram as follows (with 71 = 70 ¢).
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(07" (Idzpy)(X) N Kp) —————— Idzp)(X) N Ky

! !

(m1) ™ (Idz ) @) (Xe) NKF) —2= (1)~ (Idz )@ (Xe) N KF)

= K

ldz(c)@)(Xe) N KF
Since m induces an isomorphism with ¢ and 7 injective, both ¢ and 7 are isomor-

phisms. The corollary follows immediately as ()" (Idz(py @) (X) N Ky) is contained

in (1)~ (Idz(ey@)(Xa) N K§). O

With the above results, we can analyze the structure of unipotent fibers in more
detail. Let (¢,¢&) : (P, X’) = (P, X)) be a unipotent extension with kernel Wy C P’.
K} C P'(Ay) is an open compact subgroup and define Ky = ¢(K}) C P(Ay) to be its
image. Fix 2’ € X”,p}; € P'(Ay); let x, py be their images in X, P(Ay), respectively.

As Wy is unipotent, we have a short exact sequence 1 — Wy(Q) — P/(Q) —
P(Q) — 1. Thus the preimage of the orbit P(Q) - (z,ps) - Ky C X x P(Ay) is
P'(Q) - (5_1(96) x (- Wo(Af)K})). Then the fiber over the point [z,pf] of the

morphism [¢] : ME7 (P, X')(C) — M%7 (P, X)(C) is

(el (lps]) = PI@)\ (P/(@) ~ ((51@)) x W))

f
) - Py Wo(Af) K
ad StabP'(Q)(X)\(f 1(1})) X %

f

N _ Wo(Q)p} - K
& Stabp:(g) (x)\(§ 7 (2)) x #
~ . B p/ . K/
— Stabp/(Q)(X) mp/fK}p} 1 (5 1(53) X f}(}f>

— Stabp/g) (%) NP} K P\ (@)
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(The arrows indicate the direction of natural inclusions.)

As £71(x) is isomorphic to Wy(R) - Up(C) (with Uy = Wy N U7), we see first that
the fiber is connected.

From now on assume that K is neat. Then Stabp:(g)(x) ﬂp}K}p'Jfl projects into
Stabp(g)(x) N prfpjjl, which is contained in Idzpyq)(X) N Ky by Lemma 4.3.5.

Therefore, by the above Corollary 4.3.8,

Stabpr(g) (%) NP K3p ' CIdzpryg) (X)) x Wo(Q)

— Stabp/(Q)(x) ﬂp}K}(p/}:l = (IdZ(p/)(Q)(X/) X Wo((@)) ﬂp}K}p}il

Define
(Idz(pr ) (X") x Wo(Q)) Np K p

I = ~—

This is the projection of (Idz(prq)(X’) x Wo(Q)) N p’fK}p'f_l onto Wy(Q) under
Z(P') x Wy — Wy. Hence the fiber is isomorphic to I"\Wy(R) - Up(C). The situation

can be illustrated with the diagram below.

Wo(R) - Un(C) = § ()

| l

T'\W,(R) - Uy(C i
W) B0l =2 g ) < Wl @) My

The bottom isomorphism is defined as [w] — [w - 2’,p}]. It is in general non-

canonical. But it is so when the unipotent extension splits.

Proposition 4.3.9. Let (P',X') — (P, X) be a unipotent extension by Wy. Given

[2',p}] € MXi (P, X')(C) and its image [z,ps] € ME1(P,X)(C), the fiber over [z, py]
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is isomorphic to I"\Wy(R) - Up(C) via the map [w] = [w - ', p] as above.

Finally, there are certain conditions under which I has a simpler description. We

summarize them below.

Proposition 4.3.10. In the following two situations, I = Wy(Q) ﬂp}K}p’f_l,
(1) Z(P)° is an almost direct product of a split Q-torus with a Q-torus of compact

type.

(2) The unipotent extension 1 — Wy — P' — P — 1 splits. Wy is abelian and

K} = K})V“ x Ky with K}/V“ C Wo(Ay) any (neat) open compact subgroup.

Remark 4.3.11. We will mostly apply the above result to the unipotent extension

1—-U— P — P/U— 1. ThenI' C U(Q) is an arithmetic lattice and I'\U(C)

is an algebraic torus. Thus M%7 (P, X)(C) — M~ (Ks)(P/U, X /U)(C) is locally an
m U

analytic G%,(C -torsor. This will be revisited in the construction of toroidal compact-

ifications.

4.4 Rational boundary components

The rational boundary components of a given mixed Shimura datum (P, X) are mixed
Shimura data obtained from certain Q-parabolic subgroups of P. When (P, X) is ir-
reducible, it is itself an (improper) rational boundary component. Rational boundary
components play a key role in the construction of toroidal compactifications. In this
subsection, we present the process of defining a rational boundary component and
summarize some of their properties which will be useful later on. Of special impor-

tance is the associated open convex cone C'(X°, P;) C Uy (R)(-1).
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The first step to define a rational boundary component is to obtain a new “more”
mixed Hodge structure on Lie P from the old one defined by some h,. In order to
achieve that, we make a few definitions.

Let Hy :== S Xg,, , GL2r be the pullback along the two morphisms N : S — G,, g

and det : GLor — Gy, r. Hp is called the reference group. It fits into the following

diagram.

11— S'— Hy=Sxg, , GLog —= GLyn — 1

J | e

1 Sl S N Gm,R 1

Let ho : S — Hp be the morphism with two components id : S —+ S and S —

a —b 2142*/52 721;22
GLyg,z=a+bi— . (Over C, this is (21, 22) — !

b a 21;_22 21;z2
3
define hoo : S¢ = Hop,c to be the morphism with two components idc : S¢ — Sc

). Also,

2122 i(leg — 1)
and S¢ — GLac, (z1,22) — . It is readily checked that they are

0 1

well-defined morphisms to Hy and Hy c. Note that hg is a morphism over R whereas

hso 18 a morphism over C.

We observe that prgp, o hg : S — GLar induces on My = R? a Hodge structure
of type {(—1,0),(0,—1)} and prg, © heo : S¢c — GLac induces a Hodge structure
of type {(—1,-1),(0,0)}. The two Hodge structures have the same Hodge filtration.

—i
For My, the only non-trivial step in the Hodge filtration is FOV = C - . The
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weight spaces are as follows.

—1
0,—1 _
( 0)prGL20h0 =C )
1
1
(MO);rlc’i oho =C- (the complex conjugate of (Mo)g’rgi oho)s
2 2
1
1
(Mo);rlc’zloh =C- (follows from the definition),
2 oo
0
—1
0,0 _
( O)prGLQOhoo =C
1

We can view the Hodge structure induced by prgy, 0 hoo as a modification of that
induced by prgy, o ho. If we require the (—1, —1)-weight space of prgz, © hoo to be
spanned by (1,0) and that the two Hodge structures have the same Hodge filtration,
then prgy, © hoo is uniquely determined by hg.

Let B C GLy be the Borel subgroup of invertible upper-triangular matrices

and By C Hp be the preimage of B under prgy, . Define the cocharacter Ag :

27t izt -2
Gm,cﬁngrﬂBoaszH . Thus hes ow = (hgow) - Ag :
0 z
272 (272 -1) 2710 27U izl -2
= . (Note our convention on w
0 1 0 =27t 0 z

inverts z).
In the next proposition, Ny = R? is the representation of Hy via Hy s GLaw

where the second arrow induces the standard complex structure on R? = C (i.e.
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Pror, © ho). We view My as a representation of Hy via prgy, .

Proposition 4.4.1 ([Pin90, 4.4]). Let (P, X) be a mized Shimura datum, x € X and
o : Hoc — Pc a morphism such that mo a : Hyc — Gc 1is defined over R. Suppose
a o hg = hg, then as a representation of Hy via 7 o a,

(1) (LieU)g is a direct sum of copies of A>My. In particular, under moa o hs, the

induced Hodge structure on LieU is of type {(—1,—1)}.

(2) (LieV)g is a direct sum of copies of My and Ny. In particular, under moaohs,,

the induced Hodge structure on Lie V' is of type {(0,0), (—1,0),(0,—1),(—1,-1)}.

(3) (LieG)r is a direct sum of copies of (Ny)¥ @ Ny, (No)¥ @ My, (Mp)Y @ M.
In particular, under o a o hy, the induced Hodge structure on Lie G is of type

{(1’ 1)7 (07 1)7 (170)7 (_17 1)7 (070)7 (17 _1)7 (_170)7 (07 _1)7 (_L _1)}'

This shows that under w o h,, the new Hodge structure becomes more mixed.

The second step in the construction of a rational boundary component involves a
certain kind of parabolic subgroups of P. To streamline the statement of the result,
we now briefly divert to introduce some general facts on algebraic groups.

Let P be an algebraic group over a field k. Then k-parabolic subgroups of P
correspond bijectively with k-parabolic subgroups of G2, By the structure theorem
of semisimple algebraic groups, G® = IL <i<r G; with each G; a k-simple adjoint
group. A k-parabolic subgroup @ C P is called k-admissible if it corresponds to
ngigr Q;, where @Q; is either maximal proper parabolic or equal to G; itself.

Consider a reductive algebraic group G over a field k. Let @ be a k-parabolic

subgroup of G and Wy, its unipotent radical. Choose a maximal k-split torus T C
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Q. Then Lie@ is a direct sum of root spaces of T. Let f1,...,53, € X*(T) (the
character group of T') be the roots that appear in Lie Wg and 57,..., 8} € Yi(T)g
(the cocharacter group of T tensored with Q) the dual of the 5;(1 < i < r). Define A
to be the unique generator of (Q - (87 + -+ ) NY,(T) that is a Q<o-multiple of
By + -+ -+ Br. The cocharacter A only depends on @ and T

It is well-known that Lie @ is the direct sum of root spaces (Lie@)g such that
B oA <0. Moreover, if mg : Q@ — Q/Wq is the canonical projection, then mg o A
maps into the center of Q/Wg. We say that X defines Q) relative to T. As maximal
k-split tori of @ are conjugate under Q(k), it can be checked that if ¢ € Q(k), then
q- A =int(q) o X\ defines @ relative to ¢- T = qTq~*. Also, if E D k is an extension
field, then Ag defines Qg relative to any maximal FE-split torus S containing Tg.
Therefore, the field of definition of the Q(F)-conjugacy class of any such A defined
via a maximal F-split torus S is just k. In particular, if Q C G is defined over Q,
then the Q(C)-conjugacy class of any such A defined via a maximal C-torus of Q¢
has an element defined over Q. And mg o A is defined over Q.

We can now state the result relating Q-admissible parabolics to Hy.

Proposition 4.4.2 ([Pin90, 4.6]). Let (P, X) be a mized Shimura datum and Q@ C P
a Q-parabolic subgroup of P. Let wy : P — P/U be the projection. The following are
equivalent.

(1) Q is Q-admissible.

(2) There exists an © € X and a homomorphism o, : Hyc — Fc satisfying the

following conditions.
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(i) Ty oay : Hoc — (P/U)c is defined over R.
(ii) hy = g 0 ho.
(#ii) moozohsow = p-A, where p = mohyow maps into Z(G)c and A = moo;0Xg
is a cocharacter defining the parabolic subgroup (Q/W )¢ relative to some
mazimal C-torus T C (Q/W)c. Moreover, mgo A : Gpc — (Q/W)c —

(Q/Wqo)c is defined over Q (and maps into the center of Q/Wq).

(3) For every x € X, there exists a unique o : Hoc — Pc as above.

Remark 4.4.3.
(i) Note that moa,0haow = moa,o((hgow) - Ag) = (Toagohgow) (Toaz o) =

(mohgyow)- (moay o).

(ii) Combined with Proposition 4.4.1, this implies that v, 0he and o ohgow = hyow
both factors through Qc¢. Further, (Lie Q)¢ is the direct sum of all non-positive

weight spaces under ay, © heo 0 w.

Example 4.4.4. Take (GL2 g, H2) be the Siegel modular Shimura datum defined in
Example 4.2.5. And let x € Hy be the point corresponding to prgy, o ho defined at
the beginning of this subsection. Then with respect to the Q-admissible parabolic
subgroup B C G L3 g of upper-triangular matrices, o is just prgy, : Hor — GLaR,

which is already defined over R and consistent with the fact that GLs g is reductive.

21292 i(2122 — 1)
It is left to the reader to verify that under o, o hoo : (21, 22) — ,

0 1
the Lie algebra of B C GL2 g is the direct sum of subspaces of non-positive weights.

(Actually, (LieGL2 ). is of type {(1,1),(0,0),(—1,—1)}.) Note that a, o A : t
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maps into B¢ and is defined over Q modulo its unipotent radical

. It defines B¢ relative to the maximal C-torus

-1

= z,y € C*

Further, the smallest Q-normal subgroup P; C B containing the image of a0 ho

x %
consists of matrices . Indeed, this is isomorphic to the group Uy x Gy, @

0 1
as defined in Example 4.2.11, where G,, g acts by multiplication on the first factor.

Let (P,X) be a mixed Shimura datum and @ C P a Q-admissible parabolic
subgroup. Each h, now corresponds to an «,. If ¢ € Q(R) - U(C), then int(g) o a;, =
0tq.¢ by the uniqueness characterization above. Define P; <@ to be smallest Q-normal
subgroup through which «, o h, factors. By conjugacy, it follows that all a; o he
factor through P;. We have seen that the assignment X — Hom(Sc, Pic),z +—

0z 0 heo is Q(R) - U(C)-equivariant.

Lemma 4.4.5 ([Pin90, 4.7-4.11]). Let Wy be the unipotent radical of P;.

(1) Fach ay o hoo induces a rational mized Hodge structure on Lie Q with W, =
exp(W_1(Lie Q)).

(2) Define Uy = exp(W_o(LieQ)). (Uy is normal in Q.) The groups Py, Wy, Uy,

and the homomorphisms {a; 0 heo }rcx satisfy axioms A(2)-A(8) in Definition
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4.2.1. This set of data only depends on (P,X) and Q.

(3) The assignment X — Hom(Sc, Pi.c), T +— qz0hs is Q(R)-U(C)-equivariant. In

addition, it maps every connected component X° C X to a Pi(R)°-U;(C)-orbit.

Remark 4.4.6.

(1) It follows from (1) that W = W7 - W and the weight decomposition on Lie W
induced by «a; o hs is of type {(0,0), (—1,0),(0,—-1),(—1,—1)}.

(2) By the proof of [Pin90, 4.7], Q(R) - U(C) acts transitively on X'. Thus (3) says
the map sends every Q(R)? - U(C)-orbit to a P;(R)? - U; (C)-orbit.

(3) We could have replaced our hy with any other morphism having the same prgohg
and such that prgp, o ho induces a Hodge structure of type {(—1,0), (0, 1)}
on My. (Recall that h is uniquely determined by hg.) The resulting Py, W7,

U, remains the same.

The map X — Hom(Sc, Pi,c), = — ay 0 heo can map multiple X’s to the same
P;(R)°-U; (C)-orbit. We wish to separate their targets apart so that distinct connected
components have distinct images. More precisely, we consider the following map (in
which we denote the connected component containing z as [z] and let P;(R) - U (C)

acts on mo(X) via P (R)).

¢: X — m(X) x Hom(Sc, P c)

x — ([z], g © hoo)

The image of ¢ is contained in finitely many P; (R)-U; (R)-orbits and ¢ by definition
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is injective on connected components. (After all, there are finitely many connected
components in X.) Let X; be such an orbit (containing, say, {(z) for some x € X)

and X*I; X = ¢(1(X)) C X be its preimage. Then X%

(P1,X1) (Pr,ay) — 1 is bijective on

connected components and Stabgg)(&1) - U(C)-equivariant. The projection onto the
second factor induces a P; (R) - U (C)-equivariant map X; — P1(R)-U1(C) - (a0 hoo)

with finite fibers.

Definition 4.4.7 (rational boundary components). Given mixed Shimura datum
(P, X) and Q-admissible parabolic subgroup @, a (P;, X1) thus constructed is called

a rational boundary component of (P, X).

With fixed (P, X), @ and P;, choosing an X amounts to choosing a P; (R)-orbit
in mo(X): the P (R)-U;(C)-orbit generated by its image form such a X;. Note that
by construction, a rational boundary component is always irreducible.

Let’s collect some of the properties of (Py, X7).

Proposition 4.4.8 ([Pin90, 4.12, 4.13, 4.19]).

(1) (P, X1) is an irreducible mized Shimura datum equipped with a map X(JISI) P
Xy that is Stabg)(X1) - U(C)-equivariant and bijective on connected compo-

nents.
In particular, X(;l,?ﬁ) — Xy is PI(R) - Q(R)? - U(C)-equivariant.

(2) The map X

(Pray) Xy is injective and holomorphic.

(3) Given x € X%

(P12 let x1 € Xy be its image. Suppose p : P — GLy is a

Q-representation of P. Then the Hodge structures on V induced by p o h, and

pohy, = poayohs have the same Hodge filtration.
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(4) Suppose (P, Xs) is a rational boundary component of (Py,X) associated with
a Q-admissible parabolic subgroup Q12 C Py. Then there exists a Q-admissible
parabolic subgroup Q2 C P such that Q12 = Q2N Py and (P, X) is the rational
boundary component of (P.X) associated with Q2. Further, X(JIZZ,XQ) is contained
n X&;th) and mapped under X&thl) — X into (Xl)TPsz)' The composite
map (;‘;12 o C;\;l : X(QZ’X2)—>(X1)(+P27X2)—>X2 is the map C;})Q defined for (Py, Xs)

as a rational boundary component of (P, X).

Thus we have the following diagram.

X1

+ Y
X(py a0 4
S

+ + x
X(P27X2) (Xl)(P’z,Xz) = &
n C§2
X(P27X2) A2

Loosely speaking, a rational boundary component of a rational boundary com-
ponent is a rational boundary component. From now on, we will write (P, X) --»
(P, X)) --» (P2, Xs) (or (P,X) > (P, X)) > (P2, X2)) to mean that (P, X)) is a
rational boundary component of (P, X) and (Py, X3) is a rational boundary compo-
nent of (Py, X;). We call this a chain of rational boundary components. (Note that
(P, X) itself may not be a real one if it is not irreducible.) By definition, we see that

UCU CUs,.

Example 4.4.9. Continuing Example 4.4.4, we’ve seen that for the rational boundary
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component (P;, X;) corresponding to the parabolic subgroup B, the group P; consists

* % a —=b
of matrices of the form . For Ho D hy : z=a+bi — , its image
0 1 b a
under
H2—>7T()(H2) X HOHI(S(C, Pl,(C) = {:t].} X HOI’H(SC, Pl,(C)
is equal to

2122 i(leg — 1)
X1z =(+1,hy, =z 0he i 2122 —

0 1

Consider the adjoint representation of GLs. The two Hodge structures induced by

the two morphisms h, and h;, both have Hodge filtration

—i 1
F' (LieGLy) = < > )
1 i

—i 1| (1 i |0 1
F°(LieGLy) = , , ,

F 1 (LieGL,) = (Li_e GLQ)_(C .

We leave the details to the reader.

We now turn to the last significant ingredient. Again let (P,X’) be a mixed
Shimura datum. Some xg € X will have h,, already defined over R. Since U is an

abelian unipotent group over Q, we may identify it with a Q-vector space. Define
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U(R)(—1) C U(C) to be the subspace (27i) " 1U(R). Thus U(C) = U(R) x U(R)(—1).
It follows that P(R) - U(C) = P(R) - U(R)(—1). Any other point z € X is of the
form up - 7 for some up € U(R)(—1) - P(R). Therefore u=! -z = p- g is also defined
over R. Since U(C) acts freely on X, we have proved that for any point z € X, there

exists a unique u, € U(R)(—1) such that h 1 = u;" - h, is defined over R. The

xT xT

map

imy : X — UR)(-1)

T — Uy

is called the map of imaginary part. Let P(R) - U(C) = U(R)(—1) x P(R) act on
UR)(-1) = w via left multiplication. Thus P(R) acts by conjugation
and U(R)(—1) acts by translation on itself. Then imy is P(R) - U(C)-equivariant. It
is also compatible with a morphism of mixed Shimura data (P, X) — (P’, X").

For a rational boundary component (P;, X;) of (P, X’) for the parabolic subgroup

Q, we see that imy, is Q(R)? - P;(R) - U (C)-equivariant.

The following proposition will be useful in the proof of our main theorem.

Proposition 4.4.10 ([Pin90, 4.15]). Let (P1,X1) be a rational boundary component
of (P, X)) with the map X(‘;l ) Xy defined above. Let X° be a connected component

of X and X! the corresponding connected component of Xj.
(1) X(—;lpk‘l) — X is an open embedding.
(2) There exists an open convex cone C(XY Py) C Ui(R)(—1) such that the image

of X% in XY is the preimage of C(X°, Py) under imy, [xo. Thus we have a
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pullback diagram.

X0 X0

imx‘ 0
le

C(X° P) —— Uy (R)(—1)

(3) C(X°, Py) is an orbit under conjugation by Q(R)® and translation by U(R)(—1).
It is also invariant under translation by (U N W)(R)(—1).
(4) Under U;(R)(=1) — (U1 /(Uy N W)) (R)(=1), C(X°, Py) projects onto a non-

degenerate homogeneous self-adjoint open cone (in the sense of [AMRT10],

Chapter II.)

Proposition 4.4.11 ([Pin90, 4.21]). Suppose we have a chain of rational boundary
components (P, X) --» (P, X)) --+ (P2, X2) as above. Under the map X(;z )

(Xl)?_Pz,Xz) — (P, Xy), let XY — XD — XY be a chain of corresponding connected

components. We have U C Uy C Us.
(1) C(XP, Py) = C(X°, Py) + Up(R)(—1).
(2) C(XO Py) is contained in the closure of C(X°, P,).

(3) If (P, X) --» (P{,X]) --» (P2, X2) is another chain of rational boundary com-
ponents, then viewing C(X°, P1) and C(X°, P{) as subsets of Uz(R)(—1), we

have

C(X°,P)NC(X°, P)) # 0 < (P{,X]) = (P, X1).
Remark 4.4.12. From (3) above, in particular, if (P, X}) --» (P, X») are distinct
rational boundary components of (P, X), then C(X% P)NC(X° P) = @.

The disjoint C'(X°, P;) can be combined to define another cone. Let (P, X>) be
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a rational boundary component of (P, X). Fix X0 C XJDZ )" Then for any chain
(P,X) -+ (P, X1) - (P, &), &° C X(—;l,Xl) and thus C(XY, P;) makes sense.
Define

C*(X°.Py) = | | C(x°P)CUyR)(-1)
(Py,X1)

)

where (P, X7) runs through all rational boundary components between (P, X) and

(PQ,XQ).

Proposition 4.4.13 ([Pin90, 4.22]). Fixz a chain of rational boundary components

P,X) --» (P, X)) —» (P, X5) and X° C X% . Let X0 — X0 — XY be a chain
(P2,X2) 1 2

of corresponding connected components.
(1) C*(X°, P) is a convex cone. (In general neither open nor closed.)
(2) C* (XD, Py) = C*(X°, Py) + Uy (R)(—1).
(3) C*(X0, P1) = C*(X?%, Py) N (U1(R)(=1)) = C*(X?, Po) N (U2 N W1) (R)(~1)).

Example 4.4.14. Resuming Example 4.4.9, H, has two connected components ’Hzi

by definition, containing morphisms hy : S — GLg g inducing positive definite (resp.

0 1
negative definite) forms with respect to the alternating form . Let’s compute
-1 0
1 r-(2mi)~t
the cone C(Hi, P1) C U1 (R)(—1) = reR
0 1
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0 -1
We know that for the h, such that h,(i) = , its image in A} is

1 0

Z122 i(2122 — 1)
1,03 0 heo : (21, 22) —

0 1
But
—1
2122 (2120 — 1) 1 —i| [z122 O] |1 —i
0 1 0 1 0 1110 1
im L=
Thus h, — ag 0 heo —
0 1
a b
For the parabolic subgroup B, B(R)? = a,d >0 . By the B(R)°-
0 d

equivariance of the maps Cﬁ; : (Hg)?_Pl xy) A1 and imy, : & - U (R)(—1), we see

a b

that if ¢ = , then the image of ¢ - h, under imy, o (;2 is just
0 d
1 —i 1 (ad=1)(—1) 1 (ad=1)2m(2mi) 1
-1 o
q q = =
0 1 0 1 0 1

Hence C(H3, Py) is just the “positive” half axis while C*(H4, P;), being the closure

of C(Hg, P1), is set of non-negative numbers.

0 1
Similarly, for the h,s such that h, (i) = , since hy, = int(b) o h, where

-1 0
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0 -1

(21,2’2) — b b71

1 4
Hence imy, (g 0 hoo) = and the cone
0 1
1 (ad=1)(i) 1 —(ad™Y)2m(27i)~t
C(Hy, P1) = = a,d>0%,
0 1 0 1

This is the “negative” half axis and C*(H, , Py) is the set of non-positive numbers.
From above we see that the cone C(X°, P;) does depend on the connected com-

ponent X0,

Definition 4.4.15. The conical complex of a mixed Shimura datum (P, X) is defined

C(P,X) = X|E|X<( |_+| C*(XO,P1)>/~>,

0
x g)((1"1«\’0

as
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where X C X runs over all connected components and the equivalence relation is
generated by all (closed) embeddings C*(X°, P;) — C*(X°, P,) coming from chains

(P, X) -= (Pl,Xl) = (PQ,XQ).

Set-theoretically, C(P, X) is the disjoint union of all C'(X°, P;). With the quotient
topology, the image of each C'(X°, P;) is a locally closed subset with closure the image
of C*(X° P;). The canonical map C*(X°, P;) — C(P, X) is a closed homeomorphism
onto its image.

Just like the mixed Shimura variety M%7 (P, X)(C) is defined as the double quo-
tient P(Q)\X x P(Ay)/Ky, the definition of toroidal compactifications will also use
the product C(P, X) x P(Ay) in some way. But before their construction, we still

need some background on torus embeddings. This is the topic of the next section.

4.5 Torus embeddings

In this subsection, we briefly introduce the notion of torus embeddings and gather
some propositions for later use. For a comprehensive reference, the reader can con-
sult, e.g., [CLS11]. In [Pin90], the author also studies morphisms of torus embeddings
as line bundles and an ampleness criterion for the construction of toroidal compacti-
fications. We will mostly focus on the definitions and preliminary results.

Let V be a finite-dimensional Q-vector space and V'V its dual space. A subset
o of Vg is called a rational convex polyhedral cone if there exists a finite subset
{Ii}ier C VY such that o = {v € Vg|(l;,v) > 0,Vi € I}. In other words, o is the
intersection of finitely many closed half-spaces defined over Q. Equivalently, there

exists a finite subset {v;};cr C V such that o = {v € Vrlv = >, ; z;v;,2; > 0}.

icl
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Given such a o defined by {l;};c;r € V'V, a face 7 of o is a subset of the form
oNieg V(1;), where J C T and V(1;) = {v € Vg|{l;,v) = 0}. So a face of o is the zero
locus of finitely many [; on o. A face of ¢ is also a rational convex polyhedral cone
(by adding {—1;};cs to the defining set). A proper face is a face not equal to . We
write 7 < ¢ to mean T is a face of 0. The interior ¢° of ¢ is the complement of the
union of all faces of o. It is open in R - o, but not open in Vg in general. A cone o is
of top dimension if R-o = Vj.

The dual cone of o is the cone 5 = {l € V§'|l|, > 0}. The dual cone of a
rational convex polyhedral cone is also a rational convex polyhedral cone and & = o.

Moreover, T C 0o < 7207

Proposition 4.5.1. {l;};c; defines o if and only if 5 = >, ; R>o - ;.

il
Proof. Let o/ =Y,c; R0+ l;. Then {l;}ie; € 0’ C & and ({li}icsr)¥ = 0’ 2 0. Thus
{l;}Yier defines 0 <= ({li}ier)V =0 <= o' =0 <= o' =5. O
Proposition 4.5.2. The following statements are equivalent for a rational convex
polyhedral cone o.

(1) {0} is a face of o (in which case o is said to be strongly convex).

(2) o doesn’t contain a non-trivial linear subspace of Vi.

(3) & contains a basis of VV.
Definition 4.5.3. Let X C VR be a collection of rational convex polyhedral cones. X

is called a partial convex polyhedral decomposition if the following three conditions

hold.
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(1) Every o € X is strongly convex, i.e. {0} <o.
(2) A face of every o € ¥ is still a cone in X.

(3) The intersection of two cones in ¥ is a face of both cones.

(A collection of cones satisfying only the second and third conditions as above is
also called a fan.) We say X is finite if it contains finitely many cones. Denote by
|| the union of all cones in X. If C' C Vg contains |3|, ¥ is called a partial rational
polyhedral decomposition of C. If C' = |X|, then X is a complete rational polyhedral
decomposition of C'.

Next, let T" be a split torus over a field of characteristic zero. We use X*(T") and
Y.(T) to denote its character and cocharacter group, respectively. Then the affine
ring of T is k[X*(T)]. Let o C Y,(T)r be a rational polyhedral convex cone. The
torus embedding T, of T with respect to o is defined to be Spec k[ X*(T) N g]. (In
the rest of this article, we often use X*(T")y>0 to mean X*(7T) N5.) The action of T’
on itself extends to T,. As X*(T)N& — X*(T), we have a canonical T-equivariant
map T' — T,. It is an open embedding if and only if o is strongly convex. In this

case, T, is a normal variety.

Example 4.5.4. Let T = an,c' Identify Y, (T) with Z? and let o = Z?:l R>oe;

where e; is the i-th standard basis vector. Then T' — Ty, is just Gﬁ%c — AL

A T-variety over k containing 7' as an open dense subvariety and for which the

inclusion is T-equivariant is called a toric variety.

Theorem 4.5.5. T, is a normal affine toric variety. And any normal affine toric

variety is of the form T, for some strongly convex rational polyhedral cone o C Y, (T)r
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of top dimension.

Proof. Let T"” C T be the subtorus such that Y, (T")g is the maximal Q-linear sub-
space contained in o and let T — T’ = T/T" be the quotient map. Then o is the
preimage under Y, (T)gr — Ti(T')r of a strongly convex (rational!) polyhedral cone &
and T, = T%. The canonical map T — T, is just the composite map T' — T" — T}.

The rest follows from [CLS11, 1.3.5]. O

A rational polyhedral convex cone o C Y,(T)r is smooth with respect to the
lattice Y, (T) if the monoid Y. (T) No is generated by a subset of a Z-basis of Y, (T).
The variety T, is smooth over k if and only if ¢ is smooth. A strongly convex cone
is simplicial if its one-dimensional faces are linearly independent. If f: 77 — T is a
morphism of tori with convex cones o1 C Y, (T )R, o2 C Y.(T2)R, then f extends to

a (necessarily Tj-equivariant) diagram below if and only if f.(o1) C os.

T1 %TQ

| |

To, — Top,
The action of T" on T, has a unique closed orbit T defined by the ideal I, =
k[ X*(T)y00]- The affine ring of T is also isomorphic to k[X*(T),—¢]. If o is of top
dimension, then 77 is just a point. We have a canonical surjective projection map

T, — T which fits into a diagram

Ty — T,

Ty
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The restriction 7, |r : T — T, makes T, a quotient torus of 7.

If 7 < o is a face, then T, — T, is an open dense subvariety. The T-orbits in
T, are just {T7’|7 < o}. Each T is a locally closed subvariety. The minimal face
corresponds to T itself. The closure of 77 is the union of Ty forall 7 <p<o.

Now consider a partial rational polyhedral decomposition 3 of Yy (T)g. As 7 <
o0 = T, — T,. It is not hard to see that the various T, for ¢ € ¥ can be glued
to form a variety Ty, equipped with open dense embeddings T, — Tx compatible
with T, — T,. T, is the colimit of the diagram of morphisms 7. — T,. T, is of
finite type over k if and only if ¥ is finite. It is smooth with T,\T a union of smooth
divisors with normal crossings if and only if ¥ consists of smooth cones and we say
¥ is smooth in this case. T, is proper over k if and only if ¥ is a finite and complete

decomposition of Y (T)g.

Example 4.5.6. Let T = G}, . Identify Y,(T) with Z x Z and let 3 consist of
all the cones spanned by —+e;,tes where e; is the i-th standard basis vector. In
other words, the two-dimensional cones are the four quadrants. Then T" — T¥; is just

Gm.c X G c — PE x PL. (We view PE as Gy, c U{0} U {oo} = AL U {oo}.)

The action of T extends to Tx. Again the T-orbits are in 1—1 correspondence
with the cones in X. Thus a T-invariant subset S C 7% amounts to a subset X g C X.
S is open in T if and only if every face of a cone in Xg is still in it.

If f: Ty — T5 is a morphism of tori and 3, Yo are partial rational polyhedral
decompositions of Y, (T1)r, Yi(T2)r, respectively, then f extends to a (necessarily
Ti-equivariant) morphism T} 5, — Tb 5, if and only if for all o1 € ¥4, fi(01) C 02

for some o9 € Y5. Therefore we have a similar diagram as below. A special case of
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this is that if I is a discrete group with a left action on 7', then the I'-action extends

to Ty if and only if ¥ is T-invariant, i.e. Vy € T',Vo € X, v,(0) € X.

T1 ;}TQ

l l

Ty, — Toyx,

In the construction of toroidal compactifications, we will make use of the above
result in the following situation: Let f : T — T’ be an isogeny of split tori over
k. Then under the isomorphism Y,(T)r — Ti(T")r, ¥ C Yi(T)r is mapped to
Y C Yi(T')g. The kernel T" of f acts on T and T” is just the quotient of 7' under
this action. Further, the I'-action extends to Tx. Under Tx — Ty, 1%, becomes the
scheme-theoretic quotient of the I'-action.

Torus embeddings have relative versions. Let X — Y be a T-torsor over k and
¥ C Y.(T)r a partial rational polyhedral decomposition. As the torsor is Zariski-
locally trivial, it is isomorphic to T' x V' — V for various open subsets V C Y. This
gives a torus embedding 7' x V — Tx x V over V. Any two sections of X over V
differ by a morphism V' — T'. From this, it follows that the various torus embeddings
can be glued to a global relative torus embedding X — Xy over Y, which is uniquely
defined up to canonical isomorphism.

Relative torus embeddings have analogous functorial properties: Suppose X; — Y;
is a Tj-torsor and X; C Y, (T;)r is a rational partial polyhedral decomposition, for

1 =1,2. Given a diagram as on the left below and a morphism f : T3 — T5 such that
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f(X1) C X, the left diagram extends to a diagram as on the right T}-equivariantly.

X1—>X2

X; —— X, | |
l l = Xiy, — Xos,
]

Y — Y,

Finally, we introduce the “ord”-map. Let T" be a C-torus. Then the map ordyp is

defined as follows:

ordy : T(C)¢-Y,(T) ®, C*— Y, (T)®zR,
d d d
H )t Z)“@tj |—>Z/\j®(ln|tj|).
j=1 =1 j=1

This map can be viewed as the quotient map of T'(C) by its maximal compact sub-
group. More generally, suppose X — S is an analytic T'(C)-torus over a complex
space S. Let K C T(C) be its maximal compact subgroup. Then X/K — S is a
T/K 5 Y, (T)r-torsor. Since we can patch up local sections via a partition of unity,

it can be smoothly trivialized. Any trivialization yields a map

OI‘dX X = X/K :> Y*(T)R xS — Y*(T)R

Any two trivializations differ by a smooth map S — Y, (7)r which can be lifted to
T(C) (e.g. viaR — C*,t + e'). Thus ordy is defined up to translation by a smooth

map X — S — T(C).
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4.6 Toroidal compactifications

We are in a position to construct the toroidal compactifications of mixed Shimura
varieties. The process bears some resemblance to the construction of the Baily-Borel
compactification of pure Shimura varieties but is more involved.

Before we dive into the technical details, let’s outline the rough idea behind this
project. Let (P, X) be a mixed Shimura datum and K, C P(A;) an open compact
subgroup. We will see that the mixed Shimura variety M%7 (P, X)(C) can be viewed
as the quotient U/ ~ of a covering U obtained out of all rational boundary components
(P, Xy1) of (P, X). This covering embeds as an open dense subset into a larger space:
U - U. The equivalence relation ~ extends to U and the quotient I/ ~ is our
desired toroidal compactification of M*%s (P, X)(C) with respect to a certain cone

decomposition. The following diagram summarizes the situation.

We begin by defining a K j-admissible partial cone decomposition ¥ on C(P, X) x
P(Ay) and the relevant decompositions associated with X. Then we construct the
compactification in the case that X is concentrated on the unipotent fiber. Next we
obtain the covering U of the mixed Shimura variety associated with all its rational
boundary components and define the equivalence relation ~ on this covering. This
covering is then embedded into the larger covering U with the equivalence relation ex-

tended. At the end, we briefly mention the smoothness and completeness properties.
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This subsection contains materials from Chapters 6 and 9 in [Pin90].

Definition 4.6.1. Let (P, X) be a mixed Shimura datum and K; C P(Ay) an open
compact subgroup. Let ¥ be a collection of subsets of C(P,X) x P(Af). For a
rational boundary component (P, X;) and X0 C X(J;,hxl), define (X0, Py, py) =
{o € X]o Cc —C*(X° P1) x {ps}}. Then X is called a K ;-admissible partial cone

decomposition for (P, X) if it satisfies the following conditions.

(1) ¥ = U Z(XO,Pl,pf). In other words, any o is contained in some
(X0, P1,py)
E(Xoaplvpf)'

(2) Every (X% Pi,ps) C Ui(R)(—1) x {ps} is a partial rational polyhedral de-

composition of —C*(X°, P1) x {py}.
(3) ¥ is invariant under right multiplication of Ky on the second factor.
(4) ¥ is invariant under left multiplication of P(Q) on both factors.

(5) For a fixed (P, X;) and X° C X(J;hxl), the subcollection U (&Y, Py, py)
pseP(Ay)

is invariant under left multiplication of P;(Ay) on the second factor.
Furthermore,
(6) X is finite if P(Q)\X/K is finite.
(7) X is complete if it is finite and every (X%, Py,py) C Ur(R)(—1) x {ps} is a
complete rational polyhedral decomposition of —C*(X°, P;) x {py}
(8) X is smooth with respect to K if for every rational boundary component (P, X7)
and X9 C X&;h){l), S(X0, Pi,py) is smooth with respect to the arithmetic

lattice 'y, (=1) € U1(Q)(—1), where I'y, is the image under the projection

Z(P) X U1 — U1 of the group (IdZ(p)(Q)(X) X Ul(@)) ﬂprfpfl.
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One can construct new admissible cone decompositions out of a given one. Let

P, X) be a mixed Shimura datum, K¢ C P(Af) an open compact subgroup and ¥ a
f f

K ;-admissible partial cone decomposition for (P, X).

(1)

For all py € P(Ay), define

[ps]"E = {(U>p/f 'pgl)\(u,p'f) € o for someo € X}

In other words, [-pf]*3(X°, Pl,p}) = %n(&°, Pl,p’fpf) -pJTl. This is a prprII—
admissible partial cone decomposition for (P, X). It inherits the finiteness or

completeness property of 3 if any.

If p: (P,X) — (P.X) is an automorphism, then it induces an automorphism of
C(P,X)x P(Ay). Define ¢*% := {¢ ' (0)|o € £}. Thisisa ¢~ '(K)-admissible
partial cone decomposition and it inherits the finiteness or completeness prop-

erty of ¥ if any.

For a rational boundary component (P;, X) of (P, X'), we can obtain a P;(Af)N

K j-admissible cone decomposition X|(p, x,) as follows: For all rational bound-

ary components (P, Xs) and XY C (Xl)?'Pz_ Xa) there corresponds a unique
0 + +
XY C X(PQ,XQ) - X(Pl,Xl)’ then

Sl(pya) (XL, P2pry) == S(X°, Pa,py )

Note that X|(p, x,) inherits neither finiteness nor completeness property in gen-

eral.
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(4) The restriction of X to the unipotent fiber is defined to be

20 =XN (U(XO,(Pth))(_O(XO?Pl)) X P(Af)> )

where (Py,X1) runs over all improper rational boundary components and x°

runs over all connected components in &3 C X'. Thus

U o@®p)yxpia)=|J URI(-1) x PAy),
(XO»(Pth)) (XO»(Pth))

whence the name. In case ¥ = £9, ¥ is said to be concentrated on the unipotent
fiber.

Let (P, X) be a mixed Shimura datum with neat open compact subgroup Ky C
P(Ay) and ¥ a K g-admissible partial cone decomposition for (P, X') concentrated on
the unipotent fiber. Let (P',X") = (P,X)/U and K} C P'(Ay) be the image of K
under the projection 7y : (P, X) — (P’,X’). Suppose ¥ is a K¢-admissible partial
cone decomposition for (P, X) concentrated on the unipotent fiber. Fix [z,pf] €
M¥1(P,X)(C). Then by the results from Subsection 4.3, the fiber over 7y ([z, py]) is

isomorphic to I'y\U(C), where I'y is the image of

(Idz(py(@)(X) x U(Q)) NpsKpp;*

under Z(P) x U — U, which is an arithmetic lattice. T'y\U(C) is an algebraic torus.
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Regarding C* as C/Z(1) via the exponential map, its cocharacter group is

Hom(Zﬁ), I'v\U(C)) = Hom(Z(1),Ty) =Ty(-1) CTy @ R(-1) = U(R)(-1)

Let X° be the connected component containing x and (P, X;) the unique im-
proper boundary component containing X°. Since (X Py,ps) C U(R)(—1) is a
rational partial polyhedral decomposition of U(R)(—1), it defines a torus embedding
of each fiber 'y \U(C) up to isomorphism. It follows that we have a relative torus
embedding over M7 (P, X")(C). Denote this torus embedding by M%7 (P, x,%)(C).

We thus have a diagram.

MEr(P,x)(C) M*1(P,X,%)(C)

N —

ME5 (P, X)(C)

Neatness of K ; implies smoothness of M%7 (P, X)(C). In this case, M%7 (P, X, %)(C)
is smooth if and only if ¥ is smooth with respect to K¢. If Kf is not neat, we
define M%7 (P, x,3)(C) to be the quotient of MKE; (P, X,%)(C) under the right
action of K;/Ky, where K; < K; is any neat open compact normal subgroup.
This makes sense since we can extend the action of K;/K; on MXEs (P, X)(C) to
MEs (P, X,%)(C) by the K¢-admissibility of 3. The isomorphism class of the result-
ing M%s(P,X,%)(C) — MK: (P’, X")(C) does not depend on the choice of K.

Now we construct the covering & mentioned at the beginning of this section. Again
let (P,X) be a mixed Shimura datum with open compact subgroup Ky C P(Ay)

and ¥ a Ky-admissible partial cone decomposition. Suppose (P, X;) is a rational
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boundary component of (P, X) and py € P(Ay). We know that there is an open
embedding X("I’thl) — X1, bijective on connected components and P;(R) - Q(R)? -
U(C)-equivariant with @ the Q-admissible parabolic subgroup for (P;,X;). Define

K= Pl(Af)mprfp;1 and let U(Py, X1, py) = P (Q)\ X"

(P, X P1(Ag) /K. Since

PUQN\Xp, ay) X Pr(Ap)/ K} — P(Q\X1 x Pi(Af)/K},

U(Py1, X1,pp) — MK5; (Pp,X1)(C) as an open subspace. Further, there is a map to

MX:(P,X)(C) as follows.

B(Py, X1, ps) :U(Py, X1,pp) — M (P,X)(C)

[I,po] — [mvpo 'pf]

We then take U to be the disjoint union of U(Py, X1, ps) for all (P, X1) and py.

U = |_| U(Pl,thf).
(P1,X,py)

The various B(Py, X1, ps) combine to give a surjective map 3 : U — M %+ (P, X)(C).
As explained in [Pin90, 6.10], B is a quotient map and M*¥7(P,X)(C) inherits its
structure of a complex space from that of U. Let ~ be the equivalence relation on U
defined by this map. Since M%7 (P, X)(C) is Hausdorff, ~ is a closed subset of U x U.

Let (Py, X1, p’) be a pair similar to (P, X1, py). One can find several basic mor-
phisms U(P1, X1, pg) — U(Py, X1, pY).

(1) If (P, X{) = (P1,X1) and p}y = py - ky for ky € K, then K} = K} and the
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identity map on M7 (P, X1)(C) induces

[ld] ZU(Pl,Xl,pf) — U(Pl,.)(l,pf ) k‘f)

(2) If (P[, A7) = (P1, &) and py = p;} - py for some py 5 € Pi(Ay), then right

multiplication by p; ¢ induces

[p1g] s U(PL X1, pp) = U(PL X0,y g - D).

(3) If (P, &7) = int(p)(P1, X1) and p’; = p-py for some p € P(Ay), then int(p) also

induces

[int(p)] : U(Pr, X1,pp) = U(p- Pr,p- X1,p - py)-

(Here p - P; means pPyp~t.)
(4) If (P1,X1) is a rational boundary component of (P, X7) and p’ = py, then

+ + . . . . .
X( P C X( PLAD and this inclusion map induces

B(Pllaxllaplvxlvpf) :u(Plelapf) — U(Pll,‘)c'l/apf)a

[xapl,f] = [xvpl,f}~

Remark 4.6.2. Note that only the fourth type can possibly change the rational

boundary component involved.
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These maps are subject to certain commutativity laws (e.g. [id] o [-p1,f] = [-p1,¢] ©
[id]). We will omit them and leave the verification to the reader. If f : U(Py, X1, ps) —
U(P], X1, p’) is one of the above four types of maps, then it is clear that 5(P;, X7, p’;)o
[ = B(P1,X1,py). Thus the equivalence relation on U x U generated by the graphs
of these maps is contained in ~. The lemma below states that the two equivalence

relations indeed coincide.

Lemma 4.6.3. Let u € U(Py, X1,py) and v’ € U(P], X', P}). Then u ~ v’ if and
only if there exists a rational boundary component (Py, Xs) of (P,X), p € P(Q),
pa.fr € Po(Af) and ky € Ky such that

(1) (P, X1) is a rational boundary component of (Pa, Xa);
(2) (P, X)) is a rational boundary component of int(p)( Pz, X2);
(3) Py =p-p2s-pr-ky:

(4) u and v’ map to the same image under the following diagram.

U(Py, X1,p5) D u u € U(PL, XY, pY)
ﬁ(Psz,Pth,pf)J( J{B(P'PLP'XmP{vX{vP}')
U(PQ,XQapf) u(pP%pXQaplf)

[-pz,f]Tl IT[int(p)]
[id]

U(Py, Xa,pay-pf) —<— U(P2, Xo,p25 - py - k)

Given U and ~, we would like to obtain a larger covering I/ such that ~ can be

extended to a reasonably good equivalence relation on /. For this consider a rational
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boundary component (Pi, X;) and py € P(Ay). Define

* 0
E(Ph/\ﬁ,z)f) = (([pf] E) ‘(P1,X1)) .

Thus

S0 p) (X0 Pasprg) = (E(X()’P%PIJ 'Pf)P}I) ((=C* (X7, P1)) x {p1.s}

= (S, Poyprs - pp)py ) YUIR)(-1) x {15},

for all rational boundary components (P, X3) of (P, X;) and X0 »— X C (Xl)zrp2 X
X(p g 18 A K}—admissible cone decomposition for (P, X;) concentrated on the

unipotent fiber. We have
M¥5 (P, 20)(C) — MEI(Py, &, E(py,x00))(C)

as an open dense subset. Let U(P;, X1, py) be the interior of the closure of U( Py, X1, py)
C ME; (P, Xy, Z(ph;(l_’pf))((C), which contains U(P;, X1, py) as an open dense subset
(in the analytic topology).

Let 0 € E(pljxlypf)(X{J,Pl,pl’f) =X P,p1y -pf)pgl. We denote by
1 1
M¥i(Py, X0)(C)y € M5H(PL, X1, S(p, 20 pp))

the o-stratum. (Strictly speaking, distinct connected components of M* ; (P, X1)(C)

correspond to distinct py,r. However, since X (p, x, 5, is concentrated on the unipo-
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tent fiber and (Pp, A1) is irreducible, the cone decomposition ¥p, x, o) C C(Py, Xp)x
Pi(Ay) doesn’t depend on the second factor.) In fact, as claimed in [Pin90, 6.13], the
part U(Py, X1,pf) N MK} (P1,X1)(C), has an explicit description. We will discuss
this again in Subsection 5.2.

We take f = | | U(P1, X1, py) to be the disjoint union of all 2(Py, Xy, py).

(P1,X1,py)

It contains U as an open dense subset. The next step is to extend the equivalence
relation ~ to . For this, we need to first extend the above four types of maps
U(PL, X, py) — UP, X, 7).

Each of the types (1), (2), and (3) maps is induced by an isomorphism M5; (Pr, X1,p¢)
— MK}/(P{,X{,p}) that maps X(p, x, p,) into E(p{’Xl/’p/f). Thus this isomorphism

extends to an isomorphism
1 17
M¥s (P17 A1, E(1317-’(1,Pf)) — MK (Pllv Xlla Z(P{,XLP}”

and hence induces a canonical map U(Py, X1,ps) — U(P], X1, 0%).

To extend the type (4) map, consider X(p By definition,

,X{mf)|(p17x1)'
S0 (py gy (K05 Propy)

(E(X Py,p1s - pr)py )ﬂUl x {p1,r}
(20 ((=0(x°, P) x {prs - pr})) o7 ) ULR)(=1) % {p1,s - ps}) pf
(—=C*(X°, 1)) x {prs - ps}[UI(R) x {p1,s - pf})
(=C*(X°, P))) x {p1,y 'pf}) P;l (Proposition 4.4.13)

= S(X°, Pl,p1s - pp)py

0
- E(P{VX{7pf)(Xl/ 7P1/,P1,f)-
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It follows that B(P{, X, Py, X1,pyf) : U(P1, X1,pf) = U(P], X],ps) extends to a map

B(P{, X{, P, X1,pg) : U(Py, X1, py) mMK}(PhXh Xpyx — U(P], X{,py)

{’Pf)}(Pl,Xl))

The image of this map is a union of connected components of U (P{, X{,ps) (cf. [Pin90,

6.15]). We will denote the intersectionH(Pl,Xl,pf)ﬂMK}(Pl,Xl, E(Pl/_’)(‘{’pf)|(Pl Xl))

by U(P1, X1,Df) 5(PLXLps) |y ey -
Now with these extended maps, we may define an extended equivalence relation

on U x U as follows.

Lemma 4.6.4 ([Pin90, 6.17]). Let u € U(Py, X1, py) and v’ € Z?(P{,X’,P}). Define
u~u' if and only if there exists a rational boundary component (Py, Xs) of (P,X),
p € P(Q), pa,s € Po(Af) and ky € Ky such that

(1) (P1,X1) is a rational boundary component of (Pa, Xa);

(2) (P{,X]) is a rational boundary component of int(p)(Pe, Xa);
(3) Py =p-p2g-pr-ky;

(4) w and v’ map to the same image under the following diagram.

U(Py, X1,py) S(P2,Xa,p5) |(py ) 2 U u' € U(P], Xll’p/f) S(p-Pa,p-Xo,p)

g xp)
B(P27X2,P17X1»pf)J/ JB(pPz,p'Xz,P{»X{»p})
U(Py, Xo,py) U(p- Pa,p- Xa,p)
['Pz,f]} ZT[int(p)]
U(Py, Xy, pa s - py) [if] U(Py, Xy, pa s - py - ky)

This is indeed an equivalence relation on U x U, containing ~ C U x U and
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contained in the closure of ~ inU x U.

Theorem 4.6.5 ([Pin90, 6.22-6.24]). Let (P,X) be a mized Shimura datum, Ky C
P(Ay) an open compact subgroup and ¥ a Ky-admissible partial polyhedral decom-
position for (P, X). Let (Py,X1) be any rational boundary component of (P, X) and
Q C P the Q-admissible parabolic subgroup for (Py, Xy).
(1) The equivalence relation = C U x U is the closure of ~ C U x U. Thus the
quotient space U/~ is Hausdorff.
(2) U/= is locally isomorphic to an open subset A{\W; C A\U(P1, X1,py), where
A1 is an arithmetic subgroup of (Q/P1)(Q) that acts properly discontinuously
and analytically. Therefore U/~ is a normal complex space which contains

MX:(P,X)(C) =U/ ~ as an open dense subset.

(8) If ¥ is concentrated on the unipotent fiber, it is canonically isomorphic to the
MXs(P,X,%)(C) defined before.
Define M%:(P,X,%)(C) = U/~. This is the toroidal compactification of
M¥: (P, x)(C) with respect to X.
(4) M¥s(P,x,%)(C) is compact if ¥ is a complete partial polyhedral decomposition
of Ky.
(5) If Ky is neat and X is smooth with respect to Ky, then M%1(P,X,%)(C) is

smooth.

Remark 4.6.6. Let dg = Stabgq)(X1) NPi(Ay)-py- Ky ~p171. Since P1(Ay)/K}; =
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Pi(Ay) -ps- Kf/Ky, Ag = dg/P1(Q) acts equivariantly on

U(PL, X1 pg) — MEI(PL &) (C) — MET(PL, X, Sy 2 p,)) (C)

via left multiplication on both factors, it is not hard to see that A; acts through a
composition of morphisms of type (1), (2) and (3) and hence this action extends to
one on U(Py, X1,py). Therefore, the quotient map U(Py, X1,ps) — ME7 (P, &, %)(C)

factors through Ag\U(Py, X1, py).

As usual, the toroidal compactification has certain functorial properties. Let
K}7Kf C P(Ay) be open compact subgroups with K} C prpr?I and ¥ (resp.
Y') be a K -admissible (resp. K }—adrnissible) cone decomposition. Suppose that for
all 7 € X', there exists 0 € [-py|*X such that 7 C 0. Then we have a holomorphic

map

[ps] : M55 (P, X, 5)(C)— (MPH 575 (P&, [-ps]*5)(C)3) MK (P, X, 5)(C).

If K = prfpjil and ¥’ = [-py]*%, this is an isomorphism. If K} = prprI1
and X' C [-pf]*3, this is an open embedding with the complement of the image a
closed analytic subset. If ¥’ = % and K < K is a normal subgroup, then the finite
group Ky/K} acts from the right on MXi(P,x,%)(C). The canonical projection
MK: (P, X,%)(C) = MEs (P, x,%)(C) is the quotient map under this action.
Consider a morphism of mixed Shimura data ¢ : (P,X) — (P’,X’) and open
compact subgroups Ky C P(Ay), K} C P'(Ay) with cone decompositions ¥, 3" re-

spectively, such that ¢(Ky) C K. Suppose that for all o € X, there exists a o’ € X’
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such that ¢(0) C o’. Then we have an induced holomorphic map

[p] : M%7 (P, X, %) (C)—MEi (P, x',5')(C).

In case ¢ is an automorphism of (P, X), K} = ¢(Ky) and ¥ = ¢*(¥'), [¢] is an
isomorphism.

The toroidal compactification M%7 (P, X, ¥)(C) is related to the Baily-Borel com-
pactification in the following way. According to [Pin90, 6.2], if (P,X) is a pure
Shimura datum with open compact Ky C P(Ay), then the Baily-Borel compactifica-

tion of M%7 (P, X)(C) can be defined as

M® (P, X)"(C) = P(Q\X* x P(Ay)/K;

where X* = |_| Xy /Wi, X* as a set is the disjoint union of X3 /W5 as (P, X;)
(P1,X1)
runs over all rational boundary components of (P, X'). It carries the Satake topology

generated by

L] wem™(A-D)ny (W)

(P2,X)>(P1,X1)
where 1; : X; — X;/W; is the projection, A € R and D C C(X°, P) is a convex
core. The sum runs through all rational boundary components ((P, X) --+) (P2, X2) --»
(Py, X1) We will not discuss the topology in detail but the notion of a core will be

introduced in Subsection 5.1.

Proposition 4.6.7. Let (P,X), Ky and ¥ be as above, with w: (P,X) — (P, X)/W

the canonical projection. Then the canomnical map [r] : U — MEr (P, Xx)(C) —
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M™ED)(P/W, X /W)(C) extends uniquely to a holomorphic map
[7]* : U — M™ED(P/W, X /W)*(C).

This map factors through U/~. In other words, we have a diagram as below.

u u

| l

MEs(P,X)(C) s MK (P,X,%)(C)

[ﬂ]l i[ﬁ]

M™ED(P/W, X /W)(C) »—— M™ED)(P/W, X /W)*(C)

We have now constructed the toroidal compactification, though we assumed there
exists a K p-admissible partial polyhedral decomposition ¥. Actually, the existence
of a suitable ¥ is a non-trivial question and in Chapters 8 and 9 of [Pin90] it takes
considerable efforts to obtain one. We conclude this subsection by listing the main

theorems therein.

Theorem 4.6.8 ([Pin90, 9.21]). Let (P, X) be a mized Shimura datum and Ky C
P(Ay) a neat open compact subgroup. There exists a Ky-admissible complete cone
decomposition . for (P, X) such that M7 (P, X,%)(C) is smooth, projective, and the
complement M¥1(P, X, %)(C)\MEs (P, X)(C) is a union of smooth divisors with only
normal crossings.

If ¥/ is any Ky-admissible complete cone decomposition for (P, X), then ¥ can be

chosen to be a refinement of X',

Theorem 4.6.9 ([Pin90, 9.24, 9.25]). Let (P,X) be a mized Shimura datum and
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Ky C P(Ay) an open compact subgroup.
(1) The mized Shimura variety M%s (P, X)(C) admits a canonical structure of a

normal quasi-projective algebraic variety over C, such that all the functorial

maps discussed in Subsection 4.3 become algebraic morphisms.

(2) If S is a complete K p-admissible cone decomposition such that M (P, x,%)(C)
is projective, the open embedding M7 (P, X)(C) »— M¥s(P,X,%)(C) is alge-
braic.

We denote by Mé(f(P7 X) the normal complex algebraic variety above underly-
ing MXs (P, X)(C). Similarly, Mé(f (P, X,X) denotes the complex algebraic variety
underlying M55 (P, X,%)(C) if there exists one. When (P, X) is a pure Shimura da-
tum, Mé(‘f(P, X)* denotes the normal projective variety underlying the Baily-Borel
compactification M (P, X)*(C).

(3) Mé(f(P, X), M(é(f (P, X,%) (if exists) and Mé(f (P, X)* are unique up to canon-

ical isomorphism.

Theorem 4.6.10 ([Pin90, 9.21]). Every mized Shimura datum (P,X) admits a

canonical model (in the sense of [Pin90, 11.5]) over its reflex field E(P,X).

This finishes our quick tour into the theory of mixed Shimura varieties and their
toroidal compactifications. We start the proof of our main theorem in the next section,

after establishing several technical lemmas.
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5 Proof of the main theorem

A crucial step in the proof of our main theorem is to demonstrate that some neigh-
borhood of a certain stratum in a torus embedding maps into the toroidal compacti-
fication. For this purpose we need a few lemmas.

Since a toroidal compactification is constructed with respect to some K ¢-admissible
cone decomposition, we first study cones and cores in euclidean spaces. Our essen-
tial goal is to establish Lemma 5.2.2, which characterizes U(P;, X1,ps) (and certain

subspaces thereof) on each o-stratum.

5.1 Cones and cores in euclidean spaces

The result below may be well-known but we produce a proof here for the convenience

of the reader.

Lemma 5.1.1. Let V be a finite-dimensional real vector space and C C V be an
open convexr subset. Suppose w : V. — W is a surjective linear map of R-vector

spaces. Denote by C the closure of C in V.

(1) w(C) is the interior of 7(C) in W.

(2) In case C is an open convex cone, m(C) = w(C).

Proof.

(1) w(C) is an open convex subset of W as the projection is open and the image
under a linear map of a convex subset is also convex. Thus we are reduced to

showing that the interior of the closure of an open convex subset D C R™ is D
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itself. Let y be a point in the interior of D. Take 2 € D to be an arbitrary point.
We may assume y # x. There exists an open ball neighborhood of y contained in
D. Thus by convexity, for € > 0 small enough, z :== 2+ (1+¢€)(y —x) € D. Then
y lies on the the segment connecting = and z. Any small open ball neighborhood
Bs 3 z contains a point w of D. We fix an open ball neighborhood B, of z
contained in D. As § goes to zero, w — z. Since the convex hull of B, U {z}
contains y, so does the convex hull of B, U {w} if w is close enough to z. But

this latter convex hull is contained in D by convexity.

Since in this case 7(C) is an open convex cone, it is equal to the interior of 7(C')

and thus dense in 7(C'). We just have to show 7(C) is closed.

Consider the unit balls B"*™ C R"*™ and B™ C R™ respectively. Any convex
cone is determined by its intersection with the unit ball. C'N B"t™ is a closed
and hence compact subset. Thus 7(C' N B"*™) is compact and hence closed.

7(C) is the cone spanned by 7(C N B"+t™) and is thus closed.

Before the next lemma, we introduce a new notion.

Definition 5.1.2. Let V be a finite-dimensional Q vector space. Fix a lattice V/(Z) C

V. Let C' C Vg be an open convex cone. Define Dy C C' to be the convex closure

of CNV(Z). A subset D C C is called a core if there exists Ag, \j € R-¢ such that

Xo-Do €D CN,-Dy.

It is not hard to see that Dg D Ao - Dg for all Ay > 1. Thus it can be shown that

the above definition doesn’t depend on the choice of the lattice. Further, If D C C
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is a core, then so are the following: the interior of D, the closure D of D, the convex

closure of D, R>1 - D and D + C. Also, C' =Ry - D (cf. [Pin90, 6.1]).

Remark 5.1.3. Observe that if D is convex, then D = R>; - D. If D is open, then
D+C=D+C. For D+ C and anyv € C, D+ C +v C D+ C. In this case,
we say the core D + C' is C-invariant. Hence when D is open and C-invariant, we
have D + C = D + C = D. In fact, any open convex core D is C-invariant. (For all
vp € D and all v € C, there exists a small enough 1 > ¢; > 0 and a large enough
€2 > 1 such that vp +¢1-v € D and vp + €5 -v € D. By convexity, vp +v € D. So

D+CCDCD+C=D+C.)

For the product space R™ x R™, we take the standard lattice Z" x Z™ formed
by integral points. For a subset S C R!, Int(S) denotes its interior. Define 7, :
R” x R™ — R"™, m,,, : R" x R™ — R™ be the projections onto the left and the
right factor, respectively. For a subset S C R™ x R™, a subset ¢ C R and a point
zo € R™, denote the level set SNR" x {2z} by S,, while Sy ., == 5N " x {20} and

S(c%) =S Na x R™.

Lemma 5.1.4. Let C C R™ x R™ be an open convex cone with D C C an open
convex core. Write C for the closure of C in R™ x R™ and o° for the interior of
the intersection C' N (R™ x {0}) in R™ x {0}. Suppose for the open convexr cone
% C R™ x {0}, either of the following two conditions are satisfied.

(A) CNR™ x {0} = @.

(B) o° C C.

Then
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(1) If C, # @, then the open convex subset m,(Cyo ) C o x {0} generates the
open cone 0. That is, if (v, z9) € C, then for any v, € o°, there exists a A > 0

such that (X - v, 20) € C.

In particular, 7,,(C) = 7, (C(°)) for any open convex cone 7° C o°.

In Case (B), mn(C) = R™.

(2) For all (v,29) € C and (v',0) € C NR™ x {0}, (v,20) + A(¢',0) € C for all
A>1.
D generates C as an open convex cone, i.e. for all (v,29) € C there exists
A > 1, such that \(v,z9) € D.

Let f: C — RU{%o0} be the function f(v,z) :=inf{t|(v,t-2) € D}. (f(v,2) =
o0 if v+ R -z doesn’t meet D.) We have
(3) Let (vg,20) € C(c°). For all bounded subset K C R™ x {0}, there exists a > 0

such that, for allv' € p-v, + K and allt > 1, f(t-v',20) < p.

(4) If (vo,2z0) € D, for all v, € 0°, there exists a A > 0, such that (\v,, z9) € D.

Equivalently, D, # @ implies that 7,(D(c°)) generates the open cone o°.

In particular, 70, (D) = 7, (D(1°)) for any open convex cone 7° C 0.
In Case (B), mm(D) = R™.

(5) If (vy,20) € D(0°), then the function f.,(\) = f(Avg,20) with X\ > 1 is a de-
creasing convex continuous function. In Case (A), it is positive and continuous

for A > 1. In Case (B), either f,,(\) = —oo for all A > 1 or f, (\) # —o0

(and thus real-valued) for all A > 1.

In particular, (Avy, z0) € D for all A > 1.
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Proof. We first prove everything in Case (A).

(1)

Denote the subset ¢® x R™ by C(c°). Given (v,29) € C, let v, € 0% be
any point. Consider the line segment ((t) = (1 — t)(v,,0) + t(v,20) = ((1 —
t)vy + tv,120)(0 < t < 1) connecting the two points. As C' is an open convex
cone and (vy,0) lies on the boundary, ((t) € C for all 0 < ¢t < 1. If ¢t > 0
is sufficiently small, as o is open in R™ x {0}, ¢(¢) will lie in C(¢"). Then
t71¢(t) € Cyo 4,- Indeed, we have shown that, any v, can be approached by
the open (convex) cone Cone(m,(Cyo ) = Rsg - (0 x {20} N C). So 0¥ is
contained in the closure of Cone(n,(Cyo ,,)) and must be actually contained
in Cone(m,(Cyo ,,)) as any open convex cone is the interior of its closure. But

Cone(m,(Cyo ,,)) C 0. Thus we have the equality as desired.

As C'is a closed convex cone, A\(v/,0) € C and so %(v, 20) + %/\(v’,O) € C. The
second assertion follows from the fact that A(v,z) € Ao - (Z™ x Z™) C D for

some A > 1 and all (v,z) € C.

Replace K with any closed ball centered at (0,0) containing K. Recall that for
some fixed Ag, A; > 0, we have \g - Dy € D C Xj, - Dy where Dy is the convex
closure of C NZ™ x Z™. A subset of the form v + \g(I™ x I™) (for I, I"™ the

unit cubes in R™, R™ respectively) is called a lattice cube if v € Ag - (Z™ x Z™).

Since C' and ¢ are open convex cones, we may choose u > 0 large enough so
that (1) any lattice cube meeting (1 vy, - 29) + K is contained in C' and (2) any
lattice cube on R™ x {0} meeting p - v, + K is contained in 0°. Now take any
v' € pvy,+K andany t > 1. As (t-v', u-20) = (v, p-20)+((t—1)2’, 0), any lattice

cube meeting (¢-v', - z9) will also be contained in C (and thus in D) by (2) just
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proved. In particular, f(t-v',u-z0) < 1. But f(t-v',pu-20) = p~Lf(t -0, 20),

and so f(t-v',pu-29) < pu as needed.

First note that since D C A - Dy = m is convex and C' doesn’t meet
R™ x {0}, f(v, z) is a positive function on C' and convex on the level set C,.
Let (vg,20) € D( = f(vo,20) < 1 — ¢ for some ¢ > 0 small enough. Let
vy € 0°. By (1), we may assume (after extending v,) that (v,,29) € C. By
(2) and the fact that ¢° is an open convex cone, we may also assume that
vl =, — vy € V.

Let K be a closed ball in R™ x {0} centered at (0,0) containing (vg,0). By
(3), we may take A\ > 1 large enough so that for all v € A- v, + K and t > 1,

f(t-v,2z0) < M for some fixed M > 0. Now that t\v) + vg is on the segment

connecting tAv) and t(Av) + vg), fE V] + v, 20) < M for all ¢ > 1 as well.

Let ugy = (1—t\)vg+tAv,. Then ugy = tAv, +vg and f(ugn, 20) < M. However,

Vg = %ut,\ +(1- %)vo. By convexity, we have, for all ¢t > 1

F (v 20) = F(=uer + (1= =)o, z0)

tA tA
< L Flumz0) + (1 — ) f(v0 20)
=0 UtX, 20 Y Vo, 20
1 1
< —M 1——)(1—¢).
< IM (- 1)1 -e)

Let t — oo, we obtain f(vs,20) < 1 —e€. Thus (vs,020) € D for some 1 — € <

§ < 1. Then (6 1v,,2) € D.

We've seen above that f,,()\) is convex positive. Suppose there exists Ay < Ag

84



such that f,, (A1) < fz,(A2), then for every A > Aa, (A, f5,()\)) must be above
the line passing through (A1, f2,(A1)) and (A2, fz, (A2)), which has positive slope.
This contradicts (3). Therefore f,, is decreasing. A decreasing convex function
must be continuous.
We now turn to the proof in Case (B).
(1) Take (v, z9) € C. For any v, € ¢ C C, we can take A > 0 such that A(v,,0) +

(0,29) € C. Then (\v,, 29) € C.
(2) Note that (2) doesn’t depend on o?.
(3) The proof of (3) remains the same.

(4) First by (1) take (Avy,20) € C. Choose g > 0 large enough so that p(v,,0) €
D and then further u(vys,0) + (Avg,29) € D (as D is open convex). Hence

(1 + Nvg, 20) € D.

(5) Finally, notice that on the plane R - v, + R - zg, the points of C' form an open
convex cone containing the positive z-axis while that of D form an open convex
subset of this cone. The point (1,1) is in D. That f, () is decreasing still
follows from (3). If A is large enough, f.,(\) < co. This implies f,,(\) < oo for
all A > 1. If f, (A1) = —oo for some Ay, then for all A > Ay, f,,(A) = —oco by
that f,, is decreasing. By convexity and openness of D we deduce f,,(\) = —oco
for all A > 1. Thus the inequality f.,(1—t)-A+t-A2) < (1—1) f2 (A1) +Ef2 (N2)
holds for 0 <¢ <1, A\;, A2 > 1 in all cases. We conclude that f,, is convex and
continuous.

This finishes the proof of the lemma. O
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5.2 U(P,,X,ps) on each stratum

Let (P, X) be a mixed Shimura datum with Ky C P(Ay) a neat open compact sub-
group and ¥ a Kjy-admissible partial polyhedral cone decomposition for (P, X)(cf.
Definition 4.6.1). Take any rational boundary component (P;,X;) of (P, X) (asso-

ciated with a Q-admissible parabolic subgroup @Q C P). Let X%

(P X1 be the

Pi(R) - Q(R)? - U(C)-equivariant open embedding as in Proposition 4.4.8 and 4.4.10.
Define K} = Pi(Ay) ﬂprfpfl. This is a neat open compact subgroup of P;(Ay).
Given any connected component XY C Aj, let im : XY — Ui(R)(—1) be the
restriction of the map “imaginary part” as defined in Subsection 4.4. For pi ;s €
Pi(Ay), Ty == Stabp, q)(X?) ﬂplwa}pl_,} is a neat arithmetic subgroup of P;(Q)
acting on XP. Since (P, X) is irreducible, Py acts on U; by scalars and thus T'y
acts trivially on U;. Therefore im factors through a map im : T1\XY — Uy (R)(—1).
(Note that I';\ A} is a connected component of MK; (P, X1)(C), being the image of

Xlo X {po}) Then Fl\XO = El_l(C(XO,Pl)).

Remark 5.2.1. If K; is not neat, I'1 acts on U;(R)(—1) through {£1}. When
(Py, &) is a proper boundary component, C(X°, P;) doesn’t contain the origin and
is stabilized by T';. Thus T’y still acts trivially on U;(R)(—1) and we still have a
map im : I'1\XY — U (R)(—1). When (Py, X;) is an improper boundary component,
C(X° Py) = U;(R)(—1) and any core D C C(X°, Py) is just Uy (R)(—1). In summary,

the subsets im ! (C(X°, P;)) = X° and im~ (D) are always I';-invariant.

Since X(jgl ) X1 is bijective on connected components, the open embedding

U(Py, X1, pp) = Pl(@)\X(}Lpl,Xl) x Pi(Ay)/K} — MK;(Pth)(C) = P (Q)\&; x
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Pi(Ay)/ K} (as defined in Subsection 4.6) is also bijective on connected components.
By equivariance, it follows that T';\X? — T;\A} is the open embedding of the
corresponding connected components, where X&;l a0 2 X0 xp.

We also defined, in Subsection 4.6, the cone decomposition

. 0
e tnn = (Ao a) )

It is K}—admissible and concentrated on the unipotent fiber. As (P, A;) is irre-

ducible, ¥(p, ) only depends on the connected component X 0 Cc X. Moreover,

X1,py
the projection M7 (Py, X,)(C) — M™: (KD ((Py, X,)/U)(C) is bijective on con-

nected components as it has connected fibers (cf. Subsection 4.3). We see that the

relative torus embedding
M5 (P, 20)(C) = M5 Py, X0, S, 0. (€)

can be viewed as constructed componentwise. From now on, we will denote X(p, x, ;)
by ¥9 and write I'}\AY — (Fl\Xlo)Z? for the torus embedding on the connected
component I'1\XP. For o € 29(X?, P1,p1,) (which we just abbreviate as o € X9),
(T1\A7)_ is the embedding relative to o and (F1\&X?) " C (T1\AY) _ is the o-stratum
on (M\&Y) < (I‘l\){lo)z?. Use my ¢ (D1\XP)  — (D1\&P) " for the projection onto
the o-stratum. It restricts to a surjective projection I'1\A — (I‘l\Xlo): and to
an isomorphism on (Fl\Xlo): C (F1\X10)U. Recall that U(Py, X1, ps) is defined to

be the interior of the closure of U(P;, X1, py) in MK; (P1, X1, %P, 2, p;))(C). From

above we deduce that U(P, Xi1,py) is also constructed componentwise. Its part in
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(Fl\XIO)E? is just the interior of the closure of I1\X° in (T \AY) .

Let [z1,p1,7] € ME; (Py, X1)(C). We know from Subsection 4.3 that, the fiber over
v, ([z1,p1,¢]) under M5; (P, X1)(C) —» M™n (K})((Pl, X1)/U1)(C) is isomorphic to
T(C) = Qu, \U1(C) where Qy, is the image under the map Z(P;) x Uy — U; of the
group (Idz(p,)(@)(X1) x U1(Q)) Np1 s Kjp; ;. T(C) is an algebraic torus. For every

fiber we may choose a suitable z; such that the composition Q7 \U; (C) — T\ &Y s

U1 (R)(—1) is just the map

Qu \U1(C)=(20, \U1(R)) & U1(R)(=1) = U1 (R)(-1)

(b,a) — a.

The above map is just the map ordr defined in Subsection 4.5. The induced map im
is also just one ord-map as defined there. From now on, we write im as ord.
The next result will be crucial to the proof of our main theorem. (Again we will

use Int(S) to denote the interior of a subset S.)

Lemma 5.2.2. Given a mized Shimura datum (P, X) with Ky C P(Af) an open com-
pact subgroup and ¥ a K y-admissible partial polyhedral decomposition, let U( Py, X1, py)
— MK}(Pl,Xl)((C) — M%: (P, X1,%9)(C) be the open embeddings associated with
any rational boundary component (P, X1) and ¥ as above. Fix a connected compo-
nent X0 and p1,; € Pi(Ay), let T1\X° — I\ — (Fl\Xlo)Z(l, be the corresponding
open embeddings. Suppose D C C(X°, Py) is any open convex core and o € XY.
(The interior of) the closure of ord™ (D) = I'1\im~Y(D) and ord ' (C(X°, P,)) =

L \im ™ (C(X°, Py)) = T1\X° in (TI\XY) o meets the o-stratum (Fl\X{)): in the
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following way. (We denote the closure in (T1\XP)y, by C(S) and the closure in an
R-vector space by S.)
(1) Tt (CI (ord ™ (C(X0, P1)))) 1 (F\AP) S =, (ord ™ (C(A0, 11))).
That is, Int (C1(T1\X°)) N (T1\AP) = 70 (F1\X0).

(2) Int (Cl(ord™"(D))) N (T1\AY)y = 7, (ord ™' (D)).

(3) C1TN\X0) N (TN\AP)T =7, <ord_1 (m))

In particular, if —o° C C(&X°, Py), (Fl\Xlo) C Int (Cl (I‘l\XO)) C U(Py, X1, py).

(In this case even (T1\AXY)" C Int (Cl (ord™"(D))).
Remark 5.2.3. The analogue of (3) does not hold for D. That is, it is in general

not true that Cl (ord_l(D)) N (I‘l\Xlo); =T, (ord_l(ﬁ)).

Remark 5.2.4. The special case for C(X°, P;) of Lemma 5.2.2 is also claimed in

[Pin90, 6.13]. Note that we don’t assume K is neat.

Before the proof of Lemma 5.2.2, let’s reduce it to a simpler case and introduce

two more notions.

Lemma 5.2.5. Given f : X — S an analytic T(C)-torsor (for a C-torus T') and
V' an open subset of X, let V be the closure of V in X, where o C Y,(T)r is a
convex rational polyhedral cone and X, the relative torus embedding. Suppose {U;}
is an open covering of S (e.g. on which the torsor is trivial). In order to show that
To(VNXy) = (VNX) and 7, (Int (V) N X)) = 7, (V), it suffices to prove the two

properties for every f~1(U;) — Us.

Proof. Let X; == f~1(U;); so (X;), and (X;)y are well-defined. Suppose we are

led
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already done over each U;, then

As for any subset S and open subset U in a total space X, Int™ ($)NU = IntY (SNU),

we obtain

g

7o (Int*" (V)N X7) = U o (Int*" (V) N (Xi)o N (X,)5)

g

- UWU(Int(X“v (VN (Xi)o) N (X0)75)

=Jm (VX)) =m(V). O

Next, suppose we have a diargram

in the category of topological spaces. We say f is fiberwise surjective if for all y € Y,
g y) = (¢")"(f'(y)) is surjective. In this situation, it is easy to verify that for any
U'C X' g(f~HU) = (f)"Hg'(U").

Given a product space R™ x R™, a subset S C R™ x R™ and an open convex cone

0% C R™ x {0}, we say that a point (*, z9) € {*} x R™ can be ¢°-approached within S
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if there is a sequence {(vp, zn)}22; C (o0 x R™) N S such that z, — 2z¢ and |v,| = o
as n — oco. Basically, the sequence converges to zg in the second coordinate and goes

to infinity in the first coordinate along ¢ within S.

Proof of Lemma 5.2.2. First assume that K is neat. Then we have the map im =
ord : T1\X? — Ui(R)(—1) while T1\im™" (C(X°, P)) = ord”'(C(X°, P;)) and
\im ™! (D) = ord *(D). Let T(C) = Qp,\U;(C) be as defined before Lemma 5.2.2
and K = Qp, \U1(R) be its maximal compact subgroup. Consider the analytic T'(C)-
torsor MXF(Py, X1)(C) — M™v: (KD (Py /U, Xy /UL)(C), which we denote by X — Y.
By definition, the map ord is the composition X — X/K 5 Y x (T(C)/K) —
Y.(T)r = U1 (R)(—1). Since X/K as a T//K-torsor can be globally trivialized, we see
that it is possible to choose a local section N' — I'1\ A C M5; (Py, X1)(C) over open
subset N € M™1 (KD (P, /Uy, X1 /U,)(C) such that ord} ' (C(X0, Py)) x N — I\ X?
maps (isomorphically) onto (ord|ye) ™" (C(X?, P1)) and similarly for the core D.
Hence we just need to prove the parallel statements for ord;'(C(X°, P1)) x N' C
T(C) x N with respect to the torus embedding T'(C), x A for some convex rational
polyhedral cone o C Y, (T)g. (After all, (Fl\Xlo)Eg is also constructed locally.) This
reduces us to the case of a single ord;' (C(X°, P,)) € T(C) C T(C),.

Let T C T be the subtorus such that R - o = Y,(T")g. Note that T, =
Spec k[X*(T)y=0]. Thus we have a split short exact sequence 1 — T/ — T —
Ty — 1. After choosing a splitting, 7/ — T — T, 2% T may be identified with
T T xTy =T, xTy =T.

Let K" C T’ (resp. K C T;) be the maximal compact subgroup. We have a
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diagram as below, where write T' for T'(C) to save space.

T —= T X Ty - T'/K' ) T3 [Ky —= Y(T")r x Y. (T} )&

[ !

T, —== T} x Ty —= T} /K' X T [Ky

g | b

Ty —— 17 T7 /Ky —————— YT )

Here f.s.0 means “fiberwise surjective and open”. Under the splitting, 7, sits in T,

as follows, where {x} is the image of (7")7.

Ty —— (T)5 x Ty —— {x} xT7 /K7

| ! !

| Ty —=— T x Ty ——— T} /K’ x Ty | K |1

Pl b

Iy — 17 T7 /K5

For an open map ¢ : X — Y, ¢~ 1(C1Y(S)) = CI*(¢~(S)) and ¢~ '(Int¥'(S)) =
Int™* (¢ 1(S)). Let A = {*} x T;*/K7". A little diagram chasing shows that we just

have to prove both statements

Int(C1(S)) N A = j,(S)

CI(S)N A = j,(9)
for S = C(X°, Py), and only the first statement for S = D (an open convex core), as a
subset of T'/K' x T, /Ky 2 Y (T )r X Yu (T2 )r. We will write C1(S) for the closure
in T, /K' x Ty’ /KJ and S for the closure in the Euclidean space T/, /K' x Ty | Ky =

Yo (TR x Ya(T3)r. Note S = CI(S) N (T%/K' x T |KZ).
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How can points {(tn,2,)}52; C T/K' x T;'/K} approach a point (x,z) €
{x} x Ty /Ky = A? Certainly, the second coordinate must converge: z, — z. For
the first coordinate, choose {t,}%2,; C 7" lifting ¢,. Note that under the open map
T! — T, /K', the fiber over co is the singleton (T”)7, as every o-stratum is a 7”-orbit
and stable under K’. Since K’ is compact and 7, is Hausdorff, it follows that any
such lifting {¢,,}°2 ; must converge to (7). Suppose x1, ..., X s a set of generators
for X*(T")»>0 as a monoid. As T, = Spec k[X*(T")o>0], (X1,-- -, Xr) defines a closed
embedding T, — AF sending (1") to the origin. Thus ¢, — (T”)7 if and only if
[xi(tn)] = 0 forall 1 <i<r.

Recall that the map ord is defined to be T(C) 2 Y,(T)@C* — Y.(T)QR, A®2 —
A ® (In|z]). Thus in terms of the splitting, it is 77 x Ty — T'/K' x Ty /Ky =
Yi.(T)r X Yi(T7)r. Let A1,..., A be a basis of Y, (T”). Given t € T'(C), suppose its

image in Y, (T) ® C* is Zé.:l Aj ®t;, then ord(t) = Z;Zl Aj @ (Int4]).

1
;(ord(t Z (Xis Aj) In|t;]
j=1

l
=In| JT 60| =n ()]
j=1

Thus ¢, — * if and only if any lifting ¢, — (T7)5

o

if and only if |x;(¢,)| — 0 if and

only if y;(ord(t,)) = —oo (1 < i < 7). Denote ord(t,) by v,(€ Yi(T')r). This means
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{v,} goes to oo along —o¥. In summary,

points in {x} x T /K
that can be approached by S C T'/K' x TY /K[
<= points in {*} x Y.(T;')r

that can be (—o”)-approached by S C Y. (T")g x Yu(T2)r.

Our § in Yi(T")s x Yi(T3)g is C(X°,Py) or D. But o € S9(X0, Py pry) =
S(XO, Pyypy g 'pf)pjil, which is a complete cone decomposition of —C'(X°, P;). And
so —o C C*(X° Py) € C(X0, Py). By Proposition 4.4.11, we see that there is a unique
rational boundary component (P, X>) > (P, X;) such that —0® Cc C(X° P)(C
Uz(R)(—1)) and so —c C Us(R)(—1). If (P2, Xs) # (P1, X1). Note that C*(X°, P) N

Us(R)(—1) = C*(X°, P,). Hence

C(x% P)n(—o)=CX° P)NC*X°, P)N(-0)
c C(X° P)NnCH(X°, P NU(R)(—1)

=0, P)NCHX"P) =02

and we are in Case (A) of Lemma 5.1.4 (—o® contained in the interior of C'(X°, P;) N
Y. (TR). If (P2, X2) = (P1, X)), —0® C C(X°, P) and we are in Case (B) of Lemma
5.1.4.

Let C == C(X°, P;). With the above analysis, we claim that the set E := C1(C)NnA

of points in A = {x} x Y,(T5)r that can be (—o°)-approached within C(X°, P;) C
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Y (T)g % Yi(T3 )R is exactly j,(C). Namely, E C j,(C) by definition of (—o°)-

approaching and F D j,(C) by (2) of Lemma 5.1.4. By Lemma 5.1.1, E = j,(C) =
jo(C) and we have done (3).

In particular, j,(C) C CI(C). Thus we have shown, for all o € £9, that 7, (ord™*(C))
c Cl(ord™(C)).

Points in F' == Int(Cl(C)) N A should lie in the interior

Int*(CLC) N A) = Int* (j, (C)) = Int” (j, (C)) = jw (),

by Lemma 5.1.1 and so F C j,(C).
Let 7 < o be any face of 0. Then —7 € C and so -7+ C = —1°+ C = C.

By [Pin90, 5.9], .. 7m-(ord ' (C)) is an open subset, contained in Cl(ord™*(C)).

7<o0
This implies 7, (ord ™' (C)) € Int(Cl(ord™*(C))) or equivalently, j,(C) C Int(CI(C)).
Thus j,(C) C Int(Cl{(C)) N A = F and F = j,(C) as desired. We have done (1).

In the case of an open convex core D, a similar argument using (4) and (5) of

Lemma 5.1.4 gives C1(D) N A = j,(D) and in particular j, (D) C Cl(D). By [Pin90,

5.9] again j, (D) C Int(Cl(D)). Thus

jo(D) C Int(CI(D))N A
C Int* (CI(D) N A)

= IntA(M) = jo(D)

by Lemma 5.1.1. We have done (2).
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If —0° c C(X° P1), we have j,(C) = j, (D) = Ty’ /K, hence m,(ord ' (C)) =
Te(ord (D)) = T3 C Int(Cl(D)) C Int(CI(C)). This proves the last statement for
a neat Ky.

When K is not assumed neat, take a neat open compact normal subgroup
K¢, 94 Ky. By the Ky-admissibility of ¥, the action of the finite group K}/K}n
on MK}v"(Pl,Xl)((C) (over M™v1 (K}m)(Pl/Ul,Xl/Ul)((C)) extends to the relative
torus embedding M57n (P, X1,39)(C). This action preserves the o-stratum and is
compatible with 7,. Therefore all the assertions follow from taking quotients. This

finishes the proof of Lemma 5.2.2. O

We will also need the following result from [BF24].

Lemma 5.2.6 ([BF24, Lemma 49]). Let U be a real vector space with C C U an open
convex cone and I’ C U a lattice. Let p : Uc — T'\Uc =: T(C) be the quotient map.
M\Uc = T\U) @ (i - U).) Suppose ¢ C C is a smooth rational polyhedral convex
cone of top dimension. Let T — T, be the torus embedding associated with o. Given
ce U, define D, :=U+i-(c+C). Then for sufficiently small polydisc D centered at
T>, D° .= DnNp(D,) is a product of punctured discs. In particular, this applies to

D° = DNp(U +iC).

5.3 Proof of Theorem 1.1

We now turn to the proof of Theorem 1.1.
Let (P, X) be a mixed Shimura datum with ¥ a K ;-admissible complete polyhe-
dral cone decomposition such that M%7 (P, X, 3)(C) is a projective variety (with the

complement MEs (P X ¥)(C)\M¥Xs(P,X)(C) a union of smooth divisors with only
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normal crossings) as in Theorem 4.6.8. Consider the rational boundary component
(Pr, X1) related to the parabolic subgroup @ C P with the Py (R)-Stabgg)(X1)-U(C)-
equivariant open embedding X&;l’ ) Xy. Suppose XY C X is the connected com-
ponent corresponding to X°. C(X°, P;) C U;(R)(—1) is the open convex cone as in
Proposition 4.4.10. An element P;(Q) stabilizes X if and only if it stabilizes X}.

We defined the following groups in the introduction.

r= Stabp(Q)(XO) ﬂprfp;1
Lzu, = (Idzpy@)(X) x U1(Q)) ﬂPfopfl
Iz = (Idzpy@) (X)) Nos Ky’
_ I‘lZUl r

C

i, = —
Ul I—\Z FZ

(FUl :pUl(FZUl) for pu, Z(P) X U1 — Ul)

We need a few more analogous groups.

Iy = Stabp, ) (X") ﬂprfpfl
=T'nP(QcT
Qz, = 1dz(p) @ (X) NprKpy
=I'zNP(Q) CTIy
Qz,v, = (Idzp,) @) (X1) x U1(Q)) mPfopfl

=Tzy, NPI(Q) CTzy,

97



QUl = QZlUl /QZI

= pUl(QZIUl) for pu, - Z(Pl) X U1 — U1

Note that QUI = QZ1U1/QZ1 C FZUl/FZ = FUI, as QZ1U1 ﬂFZ = QZ1 (by
Proposition 4.4.8, IdZ(Pl)(Q)(Xl) =P (Q) n Idz(p)(@) (@)) Also, Qz, C Qz,u, C 1.

Let K= Pi(Ay) NpsKsp;'. Recall that

U(PL X1,pg) = PLUQ\X, ) * Pi(Ag)/K]

* 0
2(1) = (([pf] E) |(P1’X1))
and U(Py, X1, py) = Int(CL{U(P1, X1, py))) is the interior of the closure of U( Py, X1, py)

in M5} (Py, Xy, 59)(C).

Proof of Theorem 1.1. (1) By definition, 'z acts trivially on X°. Thus I'\X? is
actually (T'/T'z)\X°. Further, let v € T fix a point zg € X°. Then by Lemma
4.3.5, v lies in Z(P)(Q) and hence must fix every point x € X, ie. v €
Idz(py(@)(X) NT =Tz. We have shown that I'/Tz acts freely on X°. Since by
Theorem 4.6.9, T'\X° is a (connected) quasi-projective normal variety over C,
and I'' /T, AT'/T'z, we see that %\XQ — %\XO is a Galois cover with Galois

/T
group F’//FZ .

(2) Let 6 = Stabgqg)(X1)N (P (Af)-prfpjil) and Ag = 0o/P1(Q). By Remark
4.6.6, the map U(Py, X1, pr) — MEr (P, X, %)(C) factors through Ag\U(Py, X1, py)

(resp. U(Py1, X1, ps) — MB1 (P, X)(C) factors through Ag\U(P1, X1,py)). The
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above objects fit into a diagram.

U(Py, Xy, pp) — AQ\U(PL, Xy, py) Ley] MEs (P, X)(C)
M P1 Xl U(Pl,)(l,pf) —> AQ\Z/{(Pl,Xl,pf) — MKf(P X Z)(C)

! /

MEH(Py, X, 59)(C)

In terms of connected components, the above diagram translates into a diagram

as below.
TN — To\X° = 32 \(I'\A?) T\ X0
\
rl\l»cf (P1\X0)sg > \ P\ 5y — <r\£0>z
(rlgcf)zg/

where T'g = Stabgg) (X°)Nps Kspy ' = Q(Q)NT and (T \X )50 C U(Py, Xy, py)
is the interior of the closure of I't\X° C (Fl\XIO)E?

Now choose a point zg € X°. The Uy (C)-orbit map Uy (C) — XY, uy + uy - 2o
descends to a map Qp, \U1(C) — I'1\A&P. According to Subsections 4.3 and
4.6, this is the inclusion of a closed fiber into the analytic Q, \U;(C)-torsor
M&H(Py, X1)(C) — M™ KD (P Uy, X, /UL)(C), relative to which the torus
embedding T1\AX7 — (T1\&7)yo is constructed. (Note T := Qp, \U1(C) is an

algebraic torus.)

We claim that under this orbit map, U (R) + C(X°, P;) is mapped into X°.
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Indeed, let u; - ¢ € Uy (R) + C(X°, P;) and im : XY — U;(R)(—1) be the map of
imaginary part. Then im(u;-c-xg) = (u1-c)-im(xg) = c+im(xg) € C(XY, P1)+
C(X° P) C C(X° Py)as C(X° Pp) is an open convex cone. Denote C(X°, P;)
by C. It follows that we have an induced map Q, \(U1(R) + C) — T1\X?,

compatible with Qg, \U; (C) = T\ &Y.

By assumption, (X0, P;,1) = S(&°, Pl,pf)pjil is a complete rational poly-
hedral cone decomposition of C*(X° P;) C U;(R)(—1). In particular, there
exists a 0 € XY of top dimension such that —o® ¢ C(X°, P;). Then T, —
(T\AD) o C (1 \AT) 50

By the last assertion of Lemma 5.2.2, (I’l\)\,’o)zg is an open neighborhood of
the entire o-stratum (I';\X})5 . In particular, it is a neighborhood of the point
T . Therefore, a neighborhood D C T, of this point will map into (I‘l\XO)E?

and then into (I'\X")y, as shown above.

We take o5 C o to be a rational convex polyhedral cone smooth with respect
to the larger lattice I'y, D Qp,. This gives a morphism 75, — T, mapping T}
to T;". Thus a neighborhood of T;;" will also map into (I'\AX?)s.

However, Id;(py(q) (X)xU1(Q) C Stabgq)(X°), soTzy, C Tq and 'zy, /Qz,vu,
Lq/T1. Tt follows that the maps T, — (T'1\&Y)ye and Qu, \(U1(R) + C) —

[';\X? descend to the corresponding quotients, inducing the following diagram.
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D° » Ty, \(U1(R) + C) — =2 \(I';\X) r\x°

Ty, \Ui(C) —— 12 \( rl\xo \T1\X0)50 — (M\X0)s

o T /

D 7= (Co\Ui(©)s, — F2 T\,

As Ty, /Q, is finite, there exists a I'y, /Qu,-invariant neighborhood of T
g

that maps into (I'1\X°)xo. This shows a neighborhood of (T', \U:(C))5, maps

into 11:—? \(Fl\Xlo)ch, viewing I'y, \U1(C) and (I'y,\U1(C)),, as quotients of

T = Qu,\U1(C) and T,, respectively by I'y, /Qp, C T.

Now that o, is smooth of top dimension with respect to I'rs,, by Lemma 5.2.6,
a polydisc neighborhood D of (I'y, \U1(C))5. intersects I'y, \(U1(R) + C) in a
product of punctured discs D°.

Let’s compute the image of 71 (D°) — 71 (I'\XY) — Aut(I"\x° — I'\x°). B
Proposition 4.4.10, C is (W N Uy)(R)(—1)-translation invariant and C/(W N
U1)(R)(—1) is a self-adjoint homogeneous open cone. Thus

Ui(R)
WAU)®) (WU R)(-1)

is a tube domain and in particular, topologically simply connected. Then
Ui(R) 4+ C is a (W N Uy)(C)-vector bundle over a simply connected base and
so simply connected as well. The map U(R) + C — X0 is Iz, -equivariant,

where T'zy, acts via 'zy, — T'y,. By Proposition 4.3.2, T'/T'z acts properly
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discontinuously (and freely) on X°. Thus the image on 7 is just

Tyo, T T/Ty T
=Im| —/ — — — =
I'z I'y /I, Ty 17
Iz,  Tzu/Tz Ty,

B FZ 'F/ZU1 a IVZU1/F/Z B F/U1 .

Apply Theorem 3.7 and we have done the proof of the second part.

(3) The assertion will be a direct consequence of the second part combined with
Theorem 3.3 once we show there exists a I'/T'-equivariant smooth compactifi-
cation Y — (I'\X?)y extending I\ X% — '\ X°.

Since ¥ is a complete K y-admissible cone decomposition, it is automatically a
complete K} (<Ky)-admissible cone decomposition. Thus (by Theorem 4.6.5)
MX; (P, X,%)(C) is a compact normal complex space with a finite morphism to
MX: (P, x,%)(C), the quotient of M 7 (P, X, %)(C) by the finite group Ky/K}.
Now the Generalized Riemann Existence Theorem (cf. [Har77, Appendix B,
Theorem 3.2]) implies that M%7 (P, X, ¥)(C) is a (proper) normal scheme ad-
mitting a finite morphism to a projective variety, hence projective itself. Now
equivariant resolution of singularities produces a K;/K }—equivariant smooth

compactification p : Y/ — M%s (P, x,%)(C).

By Proposition 4.6.7, (I'\X)x, is a smooth projective variety, being a connected
component of M%7 (P, x ¥)(C). Taking the preimage Y = p~}((I'\X%)x) C

Y’, we get a I'/T’-equivariant compactification ¥ — (I'\x?)sx.

4) We just need to find K’ < Ky such that 'y, C p-Ty,. Define the following
f f U1 1
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groups.

K9 = (Z(P)(Ay) x Us(hy) NppK oy
Ui ._ .
Kt =Ui(Af) NprKyp;

Kf = Z(P)(Ag) N psEypy !

Let vy, == U1(Q) N K}Jl. Then vy, C I'y,. We may choose a smaller [N(][c]l C
K}h such that 7y, = U1(Q) N I?}Jl(c ~u, ) is of the form (n1Z) x -+ x (n,2Z)
(regarding U7 (Q) as Q" with » = dim Uy). Then p-7y, = U1(Q) ﬂ[??l for some
I?ng - I?}Jl But KfZ ><IA(]({1 is an open compact subgroup of Z(P)(A)x Ui (Ay).
Since Z(P) x U; is a (closed) subgroup of P, we may find neat open compact
’ _ ~
K} <9 Ky such that K77 = pyKjpy ' 0 (Z(P)(Ag) x Ur(Af)) C KF x K.
Then Iy, € (Idgpy)(X) x U(Q)) N (K7 x K¥*) =Tz x (p-Av,). Thus
Iy, Cp-Ju, Cp-vu, Cp-Ty,. The inclusive relations among the groups are

as follows.

Ty, Tzu, K{% —— ppKyp;!

J I !

o, —— Tz xyy, — KfoK][{1

1 1 1

Ju, «— 'z xqy, — Kfzxf(;]l

1 1 1

p-u, ¢— Tz x(p-3y,) —— KfoKJ(c]1

1 1 1

YA _
Th, Tom, Kf s Ky
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The surjections I'y, — T'y, /Ty, — T'/(p-Ty,) implies that

Ty, Z ~ Ty, 7 Ty
®f—>7®f:>rank 1
Ty, pZ " p-Ty, pL Ty, pZ p-Tu,

This finishes the proof of our main theorem.
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6 Examples of lower bounds

Note that, given the notations in Theorem 1.1, if we take (P, X1) to be the (unique)
improper boundary component with X° C X&;l.)ﬁ)’ then U; = U and edc(I"\X° —

I\XY%p) > rank,(I'y/I'};) where I'y is the image of

(Idz(py@) (X) x U(Q) Npsspy !

under Z(P) x U — U. This gives a lower bound without computing any proper
boundary components.

Let’s look at a few examples.

6.1 The torus case of dimension 1

Recall that in Example 4.2.11, we defined the mixed Shimura datum (P, Xp) as the
unipotent extension of (G, Ho), where Uy = G, g and Py = Uy % Gy, g with Gy g
acting via multiplication. The image h(Ho) = {N} with N : S — G, r,2 — 2Z.
Let ¢ : Gy, 0 — Po be the inclusion, then &} consists of two connected components
X, each of which projects isomorphically onto Up(C) - (1 o N) & Up(C). Take a
neat open compact subgroup Kj C Gm(Z) and take K}J(d) = d - Uy(Z). Then
K]{D(d) = Kf;f(d) x K} C Py(Ay) is a neat open compact subgroup.

Since Z(Py) = 1, (for p; = (0,95) € Gyn(Z)) one sees that T = Iy = Up(Q) N
Kf(d) =d-Uy(Z) = Ty(d). The dZ/ndZ-torsor I'y(nd)\Up(C) — T'y(d)\Us(C)

is just the Z/nZ-torsor G, ¢ AN Gup,c. By our main theorem, we find that (1 >
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Yede(Grc = Gpc;p) > 1 (hence equal to 1, i.e. p-incompressible) if and only if
pln.

This assertion can also be proved directly. If p t n, then base change by G, ¢ Y
Gon,c itself makes the torsor trivial and thus edc (G, c Y Gm,c;p) = 0. Otherwise,
it cannot become trivial after a prime to p extension, by the following elementary

result (applied to the case that p|a, p tb and thus d < a).
Proposition 6.1. Let k be a field and a,b € Z>y. Write G, for G,, . Denote by
GmX(a,p)Gm the fiber product of the diagram G, % G & Gy, -

(1) [fa =b= 0, Gmx(a,b)Gm =G, X Gyy,.

(2) If a,b are not both 0, let d = ged(a,b). Then G, X (q,5)Gm has at most d

connected components.

Proof. Let a = a’d and b = b'd. Tt suffices to assume k is algebraically closed. It is

not hard to verify that the following two diagrams are pullbacks.

ged(a,b) =1 alb(=Va)

Gm —2— G, pg X G —2 G
J{b J{b J{u-yb/ J{b
G —2— G,y G —— Gy

It follows that G, X (4,5) Gy, is the pullback G, x (@’ ug') (1a X Gy, ) of Gy, i; Gy,
g X Gy, where the leftward arrow is u - yb/ + (u,y). For each connected component
{u;} x Gy, with u; = Cé’;fi (and (g = (p any primitive b-th root of unity), the
composition G,, = {u;} X G, = G,,, with the first arrow defined by y — (u;, ({,f{ -y)

is just y — yb,. By the first diagram, the preimage in GmX(a/’uyb/)('L&d x G,) above
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{u;} x Gy, is isomorphic to G,,. Thus there are d connected components. The case

a =b =0 is straightforward. O

6.2 The torus case of dimension n

Generalize the first example to the unipotent extension (P, X) — (G, Ho) with
U=Q" and P =U x G,,g. We take Kf/(dl, coody) C U(Z) = 7" to be the open
compact subgroup (diZ) x --- x (d,Z). Let K} C Gm(Z) be defined as above and
KP = KY(dy,...,d,) » K. For py = (0,g5) € Gm(Z), pfKfp;' = KF. Thus
[ =Ty =UQnNK} = (dZ)x---(dZ) = Ty(ds,...,d).

Again X has two connected components, each of which is isomorphic to U(C).

The (Z/n1Z) x - - - x (Z/n,Z)-torsor
I'y(nidy,...,npd,)\U(C) = T'y(dy,...,d.)\U(C)

is just Gy X -+ X Gy M Gmc X -+ X Gy c. Denote (nq,...,n,) by (n).
Theorem 1.1 implies that edc (G, ¢ (—>n) G, c;p) =2 rank,((Z/miZ) x - -+ x (Z/n,Z))
Note that by Theorem 2.4 and Remark 2.6, we can deduce the upper bound

edc(Gy, ¢ () Gy, cip) < rank,((Z/miZ) x - -+ x (Z/n,Z)). Hence equality holds, i.e.

(n) Z
edc(G;%(c — G:n,((:’p) = rankp(m X -+ X nTZ)
. . . . . . 7 7
Thus this torsor is p-incompressible if and only if raunkp(n1Z X oo X nrz) =r, or

equivalently p|n; for all 1 <i <r.

Remark 6.2. Certainly, we may as well apply the fixed point method directly to
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(n) . . : I
the torsor Gy, ¢ = Gj, ¢ since as a toric variety Gy, ¢ possesses the compactification

(PL)". The proof is similar to that of [BF24, Theorem 34].

6.3 Siegel modular varieties

Let (CSpay, Hapn) be the pure Shimura datum defined as in Example 4.2.5, for V =
Q%" and 9 : V x V — Q the alternating form. (The standard basis e4;(1<i<n) is a
symplectic basis for . Thus CSpa, is naturally defined over Z.) In order to get a
better lower bound, we need to know more about the rational boundary components
of (CSpan, Han).

Suppose Vp C V is a totally isotropic subspace and let @ = Stabcsp,, (Vo).
Then @ is a Q-admissible parabolic subgroup of C'Sps, and this gives a one-to-one
correspondence between the class of totally isotropic subspaces and Q-admissible
parabolic subgroups (cf. [Pin90, 4.25]). (We may assume without loss of generality
that Vo = {e1,...,e,) for 0 <r < n.)

Fix such a Vj and @. Then the rational boundary component (Py, X;) of (P, X)
associated with ) can be described as follows. Let x € X(J}’l,xl) and z1 € X be its
image. Then h,, : S¢ = Pi,c C Qc C CSpayn,c induces a Hodge structure on V' with

weight filtration as follows.

WSV =V,
Wy = vk,
W v =V,
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(Note that this is consistent with the fact that @ should be the subgroup of CSps,

preserving the above weight filtration.) Then we have

Py ={g€Qlgly)y: =id}

glyyye =1id
Wl =49¢c Q g|V0L/VO =id

glvo =1id

glvv, = id
Uy=<59€Q ’

g|v0L =id

Let G = CSpy,. Define K¢(d) == {g € G(Z)|g = 1modd}(d > 3). By [Pin90,
0.1], Ky(d) < G(Z) is neat. It is immediate that Id,(g)@)(Hen) = Z(G)(Q) =
Gm(Q) C GL2n(Q). For gy € G(Z), we have (G (Q) x U1(Q)) N grKp(d)gy" =
d-Ui(Z) = Ty, (d). Take H° := HJ, to be the connected component that induces
positive definite forms. Then Stabg(g)(H?) N Ky (d) = Sp2n(Q) N Ky (d) = Span(Z) N

Ky(d) = TI'sp(d). Theorem 1.1 implies that

d-Uy(Z) Ui(Z)
edc (Tsp(md)\H" — Ts,(d)\H%;p) > rankpimd. A = rank, (D)
An inspection of the Lie algebra of U; reveals that dimU; = w We find
edc(Tsp(md)\H® — Tg,(d)\H’; p) > @ if p|m. Now take Vj = (e1,...,e,) to
be a maximal totally isotropic subspace. This gives

n(n+1)

ede(Psp(md)\H” = Tp(d)\H;p) > ———,

p|m.
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But it is well-known that dimg H, = 2%

. Therefore, for p|m we obtain the p-
incompressibility of I's,(md)\H® — s, (d)\H°. This example illustrates that larger
U; produces better lower bound of the essential dimension.

Finally, Let M(d) := M5 (G, Hy,)(C), d > 3. Then M(d) is the moduli space
of principally polarized abelian varieties of dimension n with level-d structure. We

have shown the p-incompressibility of M(pd) — M(d) (or that of I's,(md)\H3, —

Isp(d)\H3,,). Thereby we have retrieved [BF24, 41] and [FKW21, 3.2.9].

Remark 6.3.1. Note that when ged(m,d) = 1, I's,(d)/T'sp(md) is canonically iso-
morphic to Spgn(ﬁ). Take m = p to be an odd prime. The p-incompressibility
of Tgp(pd)\H® — Tsp(d)\H° implies that edc(Spen(Fp);p) > % However,
as computed in [BF24, 79], edc(Sp2,(F,);p) = p"~!. We see that there is an ex-
ponential difference. The reason for this is that we essentially used a subgroup

Ty, (p)/Tu, (pd) C T'sp(d)/Tsp(pd) = Span(Fp) to deduce the lower bound. This

subgroup may be relatively small compared to Spa, (F,).

6.4 Universal families over Siegel modular varieties

Given (V,9), G = CSpay, as in the previous example, let U := Q and W :=U x V
with multiplication defined by (u,v) - (u/,v') = (u+ v + 3¥(v,v'),v +0'). G acts
on W via g - (u,v) = (g(u),g(v)) = (u(g) - v,g(v)), where p : G — Gy, 7 is the
multiplier morphism. We have a short exact sequence 1 - U — W — V — 1 leading

to unipotent extensions Ps, = W x G and V' x G. This gives unipotent extensions
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of mixed Shimura data

(P2n7X2n) — (V P G;an) — (Ga HQn)

as in Example 4.2.12.

For d > 4 even, let K;(d) < G(Z) be as in Subsection 6.3. Define K}’V(d) =
KY(d)x K} (d) = (d-U(Z)) x (d-V(Z)) and KF(d) :== K} x K(d). (By assumption
K ]W is really a subgroup normalized by K¢(d).) Consider the following mixed Shimura

varieties.

M(d) = ME(G, Han)
My (d) = Mo ™DV G 1y,
K7¥(d)

MW(d) = M(C (PQna X2n)

Remark 6.4.1. According to [Pin90, 10.9], My (d) — My (d) — M (d) is the univer-
sal family of morphisms X — A — S, where A — S is an abelian scheme over S of
relative dimension n with a symplectic level d-structure and X — A is a normalized

totally symmetric G,,-torsor over A.

We have described the rational boundary components of (G, Hs,) in Subsection
6.3. Indeed, this enables us to obtain the rational boundary components of (P, Xa,,)
conveniently. Let V5 C V and @ be as in Subsection 6.3. Then W x Q C P is a
Q-admissible parabolic subgroup. Recall that by the definition in Subsection 4.4, the

rational boundary component (Pa, 1, X2y 1) associated with W x @ should concern
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the smallest Q-normal subroup P, 1 <W X @) containing the image of ¢ o h,, Here
t:G — Py, =W x G is the inclusion. (Py, X)) is the rational boundary component

of (G, Hay) associated with @Q C G and z; the image of x under X&;l X)) X

Proposition 6.4.2. Let the rational boundary component associated with the admis-
sible Q-parabolic subgroup W x Q C W x G be (Pap 1, Xon,1). Then

(1) Pgmlz(UXVOJ‘)NPl.
(2) Ugn’l = (U X VO) X Ul.

Proof.
(1) Uzna = (U x V) x Uy just by considering the weight, as described in Subsection
(2) In order to compute Py, 1, first observe that by the description of the weight

filtration in Subsection 6.3, the unipotent radical of Py, 1 is Wa,1 = (U x Vi-) x

Wi. (W is the unipotent radical of P;.)

Next, we claim that (U x Vgt) x Py is a Q-normal subgroup of W x Q. In fact
it is clearly normalized by Q. For (u,v) € W(Q). Since P; acts trivially on

V/V5t, we have

(’LL, v, 1)(07 Ovpl)(_ua -, 1) = (u — P (u) - %1:[}(% —P1 (U)), v —=p1 (’U),pl)

€ (U x Vg") x P)(Q).

Thus (U x Vgt) x Wy C Py, € (U x Vgb) x Py. But Pay, 1 must project onto

Py as its image under the projection contains h;, (Sc) (and P; is the smallest
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such Q-normal subgroup in Q). Hence P, 1 = (U x V5-) x P;. O

Let K?" (d) = K}’V(d) x K¢(d) and X, the connected component that maps

onto Hj,,. We have

Stabp,, ) (Yay,) N K" (d) = (dU(Z) x d'V(Z)) x Tsy(d) = Tp,, (d);
(Idz (s (@ (X2n) X Uza,1(Q)) N K[ (d) = (dU(Z) x dVo(Z)) x (dU1(2)),

as Idz(an)(@)(XQn) =1.

If p| m, Theorem 1.1 concludes that

r(r+1)
5

edc(Tp,, (md)\X;;l — Tp,, (A\X;p) > 1+7+

A maximal totally isotropic subspace Vj of dimension r = n gives the lower bound
1+n+ % But since dim¢ X5, =1 +n + w, we obtain
Proposition 6.4.3. Letd > 4 be even. TheT'p,, (d)/T'p,, (md)-torsor T'p,, (md)\ Xy —

L'p,, (d)\X; is p-incompressible for p|m.

6.5 Kuga varieties

A Kuga datum (P, X) is a mixed Shimura datum with U = 1. That is, there is no
subspace of Lie P of weight —2. A Kuga variety is just a mixed Shimura variety
M¥X: (P, X)(C) from a Kuga datum. For more properties of Kuga data, the reader
can refer to [Chel3].

Here we consider the Kuga datum (V' x G, Y%s,) as defined in Subsection 6.4.
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Similar to Proposition 6.4.2, we have the following

Proposition 6.5.1. Let rational boundary component associated with the admissible
Q-parabolic subgroup V- x Q CV x G be (Py, 1,V2n,1). Then

(1) P2/n,1 = ‘/EJJ_ X Pl‘
(2) Uy = Vo x Uy.

Let Y5 be the connected component above H, . Let Ki(d) = K}/(d) x Ky (d).

Stab(y xc)(@) (Vi) N K5(d) = (d-V(2)) = Ts,(d) = T (d);
(12 0@ Van) X Uy 1 (Q)) A KG(d) = (d-Vo(Z)) x (d-UL(Z)),

as ldz(vwa) @ (Van) = 1.

Again, a maximal totally isotropic subspace V| of dimension r = n gives the lower

(n+1)

bound n + =5 Since dimg¢ Von, = n + %

, we get

Proposition 6.5.2. Let d > 3. The I'(d)/T’(md)-torsor I'(md)\YV5, — T"(d)\Y5,,

is p-incompressible for p|m.

Remark 6.5.3. Since V is already a group, we don’t need to assume that d is even

as in Subsection 6.4.

Let’s analyze the structure of the underlying Kuga varieties. First, using the

splitting G — V x G, we have an inclusion Ha, — Yap. Since V(R) x G(R) acts
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transitively on s, with V(R) acting freely, we can deduce that the map

V(R) X HQn — ygn

(v,z) »v-x

is a V(R) x G(R)-equivariant analytic isomorphism. Here V(R) x G(R) acts on
V(R) x Hay, via the formula (v, g) - (w,z) = (v+ g(w), g - ).
Consider the action of the groups I'y/ (1) x T'g, (1) (I = pd, d), we have the following

diagram

Ly (pd)\V(R) x {z} Iy (d\V(R) x {2} —————— Tv(d)\V

ﬁberI ﬁberI fiber

Ly (pd) x Lsp(pd)\V(R) x H3,, — Ty (d) x Tsp(pd)\V (R) x H3, — Tv(d) x Tsp(d)\V(R) x Hs,

e

Lsp(pd)\H3,, Lsp(d

—~

R) x {x}

\H3,

~—

It is not hard to see that the bottom right square is a pullback. Thus the congruence
cover My (pd) — My (d) is just the pullback of M (pd) — M (d) along My (d) — M(d)
composed with the map of multiplication by p on each fiber of My (d). The incom-
pressibility result Proposition 6.5.2 can be viewed as an analogue of Brosnan’s con-
jecture that the map of multiplication by p on an abelian variety is p-incompressible.
The interested readers can refer to, say, [FS22, 6.1], [FKW24, 2.3.5], and [KZ25].

If we use the simpler notations YV, 4 = My (d) and A, 4 = M(d). The above
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diagram becomes the one that appeared in the introduction.
yn,pd L yn,pd — yn,d

Ampd ” An,d

This finishes our discussion on the examples of lower bounds.

116



7 Bibliography

[AMRT10]

[AM69]

[BFO3]

[BF24]

[BRV10]

[BRY7]

[Chel3]

A. Ash, D. Mumford, M. Rapoport, and Y.-S. Tai, Smooth compactifica-
tions of locally symmetric varieties, 2nd edition, Cambridge Mathemat-

ical Library, Cambridge University Press, Cambridge, 2010.

M. F. Atiyah and 1. G. Macdonald, Introduction to commutative alge-
bra, Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills,

Ont., 1969.

G. Berhuy and G. Favi, Essential dimension: a functorial point of view

(after A. Merkurjev), Documenta Mathematica 8 (2003), 279-330.

P. Brosnan and N. Fakhruddin, Fized points, local monodromy, and in-
compressibility of congruence covers, Journal of Algebraic Geometry 33

(2024), 295-346.

P. Brosnan, Z. Reichstein, and A. Vistoli, Essential dimension, spinor
groups, and quadratic forms, Annals of Mathematics (2) 171 (2010),

no. 1, 533-544.

J. Buhler and Z. Reichstein, On the essential dimension of a finite group,

Compositio Mathematica 106 (1997), no. 2, 159-179.

K. Chen, On special subvarieties of Kuga varieties, Mathematische Zeitsch-

rift 274 (2013), 821-839.

117



[CLS11]

[Del79]

[DR15]

[EVOS]

[FS22]

[FKW21]

[FKW24]

[Har77]

[Hat02]

D. A. Cox, J. B. Little, and H. K. Schenck, Toric varieties, vol. 124,
Graduate Studies in Mathematics, American Mathematical Society, Prov-

idence, RI, 2011.

P. Deligne, Variétés de Shimura: interprétation modulaire, et techniques
de construction de modéles canoniques, Proceedings of Symposia in Pure

Mathematics 33 (1979), part 2, 247-290.

A. Duncan and Z. Reichstein, Versality of algebraic group actions and
rational points on twisted varieties, Journal of Algebraic Geometry 24

(2015), no. 3, 499-530.

S. Encinas and Villamayor, Good points and constructive resolution of

singularities, Acta Mathematica 181 (1998), 109-158.

N. Fakhruddin and R. Saini, Finite groups scheme actions and incom-
pressibility of Galois covers: beyond the ordinary case, Documenta Math-

ematica 27 (2022), 151-182.

B. Farb, M. Kisin, and J. Wolfson, The essential dimension of congruence

covers, Compositio Mathematica 157 (2021), no. 11, 2407-2432.

B. Farb, M. Kisin, and J. Wolfson, Essential dimension via prismatic

cohomology, Duke Mathematical Journal 173 (2024), 3059-3106.

R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics 52,

Springer-Verlag, New York-Heidelberg, 1977.

A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge,

2002.

118



[Hum75)

[KMOS]

[KZ25]

[Lan94]

[Lan02]

[Mer13]

[Mil90]

[Mil05]

[Mil80]

J. E. Humphreys, Linear algebraic groups, Graduate Texts in Mathe-

matics 21, Springer-Verlag, New York-Heidelberg, 1975.

N. Karpenko and A. Merkurjev, Essential dimension of finite p-groups,

Inventiones Mathematicae 172 (2008), no. 3, 491-508.

J. Kollar and Z. Zhuang, Essential dimension of isogenies, 2025, arXiv:

2402.15362.

S. Lang, Algebraic number theory, second edition, Graduate Texts in

Mathematics 110, Springer-Verlag, New York, 1994.

S. Lang, Algebra, third edition, Graduate Texts in Mathematics 211,

Springer-Verlag, New York, 2002.

A. Merkurjev, Essential dimension: a survey, Transformation Groups 18

(2013), no. 2, 415-481.

J. S. Milne, “Canonical models of (mixed) Shimura varieties and au-
tomorphic vector bundles”, Automorphic forms, Shimura varieties, and
L-functions, Vol. I (Ann Arbor, MI, 1988), Perspect. Math. Academic

Press, Boston, MA, 1990, 283-414.

J. S. Milne, “Introduction to Shimura varieties”, Harmonic analysis, the
trace formula, and Shimura varieties, Clay Math. Proc. 4, Amer. Math.

Soc., Providence, RI, 2005, 265-378.

J. Milne, Etale cohomology, Princeton Mathematical Series 33, Princeton

University Press, Princeton, NJ, 1980.

119


https://arxiv.org/abs/2402.15362

[Mil17]

[MS74]

[Pin90]

[Rei00]

[Rei25)]

[Ser79]

[Ser94]

[Stacks]

J. Milne, Algebraic groups, Cambridge Studies in Advanced Mathematics

170, Cambridge University Press, Cambridge, 2017.

J. W. Milnor and J. D. Stasheff, Characteristic classes, Annals of Math-

ematics Studies 76, Princeton University Press, Princeton, NJ, 1974.

R. Pink, Arithmetical compactification of mized Shimura varieties, Bon-

ner Mathematische Schriften, vol. 209, Universitat Bonn, 1990.

Z. Reichstein, On the notion of essential dimension for algebraic groups,

Transformation Groups 5 (2000), no. 3, 265-304.

Z. Reichstein, Hilbert’s 13th problem for algebraic groups, L’enseignment

Mathématique 71 (2025), no.1/2, 139-192.

J.-P. Serre, Local fields, Graduate Texts in Mathematics 67, Springer-

Verlag, New York-Berlin, 1979.

J.-P. Serre, Cohomologie galoisienne, fifth edition, Lecture Notes in Math-

ematics 5, Springer-Verlag, Berlin, 1994.

The Stacks Project Authors, Stacks Project, https://stacks .math.

columbia.edu, 2018.

120


https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	Acknowledgments
	Introduction
	Essential dimension
	The fixed point method
	Basics on mixed Shimura varieties
	Mixed Hodge strctures
	Mixed Shimura data
	Mixed Shimura varieties
	Rational boundary components
	Torus embeddings
	Toroidal compactifications

	Proof of the main theorem
	Cones and cores in euclidean spaces
	1.5mu-1.5muU-1.5mu1.5mu(P1, X1, pf) on each stratum
	Proof of Theorem 1.1

	Examples of lower bounds
	The torus case of dimension 1
	The torus case of dimension n
	Siegel modular varieties
	Universal families over Siegel modular varieties
	Kuga varieties

	Bibliography

