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ABSTRACT 

Title of Thesis: Submaximal Function Algebras 

Garrett Oliver Van Meter II, Doctor of Philosophy, 19 71 

Thesis directed by: Denny Gulick, Associate Professor. 

Let X be a compact Hausdorff space . A function 

algebra on X is a complex Banach subalgebra of C(X) whi ch 

separates the points of X and contains the constants. More-

over, a function algeb1a on X is m8ximal if it is contdinea 

Properly in no proper subalgebra of C(X). We mention that 

max i mal function algebras are large enough to have a good ly 

amount of structure . In order that we be able to state the 

ideas and results simply let us assume that for each algebra 

A the underlying space X is so adJ usted that A contdiJ,s 

no non-trivial ideals cf C(X). 

Generally if A is a maximal function algebra on X, 

then the topological dimension of X is at most one. The 

idea of this thesi s is to extend the notion of maximal 

function alge:r,_,a so that on t J: _ · ~ l1 rirJ fe-_ - ~- .s oi maxim:. _,_ 

algebras would be retained , while on the other hand the 

topological dimension of the underlying space could be torcect 

to be arbitrarily large. Thus our introduction of the notion 

of submaximal f unction algebra. 

We prove that all maximal algebrciS are submaximdl. A 

subrnaximal, non-maximal algebra is A(Tn), the completion ot 

the polynomials inn-complex variables on the unit n-torus in 



However, if A is submaximal on X, then each p.1. ci-,er 
function algebra betwe~n A and C(X) 

proper maximal function algebra on X. 

is ccntctinco .1. n Q 

Moreo . er, WP r' ~w l:: - ,, ) y 

example that the con v e r·s c to th1.s last s t a1.emen t .1. s 1 - ~-.,•-. 

If A is a submax1.m~1 function al g ebra on X, th e r. 

every point in X ha s a compac t n e i ghborhood in X ~uch Ln t 

th e cilgebra of restrictiuns of fun c tions in A i s aens ~ _ 

tr. t' ..__, nt.1nuous funct i on s un the: ,_1gh brJr1h_, 0d. Th i s l"' h 

function algebras . 

It turns out that maximal function algebras are anti

symmetric, which means that they c ontain no non-con s tant 

real-valued funct1cns. This i s not true in general for 

submaximal function algebras. However, if we render t e 

antisymmetric property in the following way, then it h lds 

true for submaximal algebras: if the real-valued continuo us 

functions f .•• f on X along with A together gener6 .e l ' ' n 
a dens~ subalgebra of CCX), then the contin ous .rea.l- vo. ~ .d 

functions h ·•· h on X and A 
l ' ' n 

Lug ether gener ·ctte u 

dense subalgebra of 

sufficiently close to 

is submaximal on X, 

C(X), 

f .. 
J 

provided only that each h 
J 

is 

In addition, we show that if A 

then there always exist finitely many 

real-valued continuous fun c tions on X whi c h together w.11h 

A generate a dense subalgebra of CCX). 

Finally we discuss tensor Droducts of submaxirnal algebras. 

In particular, we prove that under certain restrictions, the 

■►•----- tensor product of two submaximal algebr•as is submaximal . 
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CHM TEF. I 

INTRODU C1 ION 

Section 1. 

The notion of maximal function algebra gained attention 

with Wermer ' s t h eorem [ 23 J which says that the algebra A(T)-

compl e tion of the polynomials on the unit circle T--is maximal 

in C(T). Other example s of maximal function algebras A in 

C(X) are in papers by Wermer [ 24 ], [25], [ 26 ], [ 27], [28], [ 29 J; 

by Hoffman and Singer [ lLf J; and Dv t~amelin and "R o ssi [ 7 J. Ail 

the se s hare a common prope rty: the topological dimension (see 

(1 .12) in Chapter I) of the underlying space X is nt most o ne . 

The starting off point £0r tt i s thesis was a desire to 

extend the notion of maximal funci;io n algebra in such a way 

that on the one hand features oi max imal function algebra s 

were retained, and on the other hand, the topological 

dimension of the underlyin g space X had to be allowed to 

be arbitrar i ly large. Thus our introduc tion of the concept 

of submaximal function algebra. 

In Chapt81 II \-JP. fir:c;",.: t,J_V~ L .. <2 uei'ini cio11 uf 

submaximality and some eq ui valent :ormulations of the notion 

of subm ximality. Then we show that submaximal algebras 

share a number of prope rties with nax imal algebras . These 

latter properties chiefly involve rat ions of local and global 

approximation to C( X) . Along the way we prove some 

propositions which help us tell when a given algebra is 

submaximal . Especially we s h ow that A(T
0

) --completion of 

the polynomials inn-complex variables on the unit n-torus 
I 



~n--is submaximal and not maximal. 

In Chapter III we show that under certain conditicn_, ~h

tensor product of two submaximal algebras is again cUbmaxim~i. 

Since, in ge neral, taking tensor products increases the 

topological dimension of the underlying space , we obtain a 

number of submaximal algebras whose underlying spac.e has lart:e 

topological dimen sion. Thus this port·on of the requirement to 

our extension of the notion of maximal algebras is fulfilled . 

Sec tion 2 . 

In this section we give prelimin ry notions and convent i0ns 

used relevant to this thesis. 

Cl.l) Let X be a compac t Hausdorff space , and let C'(X) 

denote the collection of a ll co ntinuous comp l e x- valued functions 

f on X, under th e norm ll f JJ = sup jf(x) I and under pointwise 
xfX 

addition and multiplication. A closed subalgebra A of C(X ) ~ 

called a function algebra on X provided that A contains the 

constant f unc tions and separates the po ints of X. CIR(X) is the 

close d s ubset of C( X) consisting of all r e al- valu e d functior.$ ... -¥1 
,, . 

C(X ). CIR(X) is e ndowed with the rcL..1ti Jc.. topology inherit e_d from 

' C(X). Iff isin C(X ) , thenRe(f) istherealpartof f , and· 

Tm ( f ) is the imaginary p:3.rt of f ' i.e ., f can be written uniq,uti_ly as 

a sum u + iv where u and V are Jn c
1Rcx) and thus Re(f) - u and 

Im ( f) = v . 

U( X) = {f E C( X): l f Cx) I = 1 for eac h X in X}. 

If A is a function algebra o n X ' then 

Ca ) A = { f : fEA }, 

( b ) Re CA) = { Re ( f) : f E A} , 



( ( ) 
l i • 

U,(A) l l I'- C ( X.): :.ha f'• ..J.I t 

\ J __ t l: L \,_, 

i tl 
J.r, A c.ili 4 ' - l J J 

( J . '2 ) B 

LinPa.c tunr'Lional., un 13 

, , '- t 2_ ,_ l , A 1- .. , ct f· ..J.Ii. - t _,! 

( l . '.J ) 
' a · :" '' l l l l L f 

rnc:1ximctl ideal ~,pc.:.''•! cf A, M A' l S L }1._. (,.'Ji .J t.l ( t .l. '11 

0t all non->'ro c:cntinc1c...,L1',, ~0mDl,c:.-:-va1u0d, :>1J..cir1 ... ccJ.t''/· 

A. .l 

l 1~, .:. ·1 A. 

r,umornorp11.L sm L I ..JrII A r, LO 

lfl A dlld ct 1 l <P ~n ThP. h . ..1HlU/I1u!l,h ,,JI' 

i.~I L.t~li11 J.v 

i A is a tun,tJ.on c1l3ebra, .L ,, i r l 

i.:;0mc l r-ic isoi.1or•:.~hi..,n 

{ A 

if sup I r c ;J;) I .:: '.3Up I fl¢) I for· ,·c1ch t in A. Th•;r•' L..5 
qi ( y ¢ r-- ~1 A 

d unique srr.allr-"st boundc11y tor A, dr'i1ot»d r)y clA' :a.lJ_cd 

the Shi] ov boundary of A. 

\/Jr-:, can embed X .1nto by thP. map 
A 

where f( ¢ ) 
X 

f ( x) for· each f in A. 

homeomorph 1 srn oi X 0nto ~ts image 

qi:·: 

<l\: l X) 

.:. 

lS d 

in MA. Of 



course t*(X) i s a boundary tor A. For this reason, we 

identify X with t*( X) whenever convenient and usual~y we 
A 

do not distinguish between t and f. Thus if A is a 

funct i on algebra on X we usually assume that X is a 

compact s ub se t of MA and as such X contains aA. With 

this identification e a ch function ± in A has a unique 

continuous extension to MA gi en by f. 

(1. 4) If F i s a compac t s ~c. ~f Lhe maximal idedl 

space MA of A, then the A-convex hull of F, denot ed 

by HullA(F), is the set 

I cj) c f) I < sup I f < 1J;) I 
ij;E F 

for all f in A}. 

F is a l ways containe d in HullA(F) and F is call e d 

A-convex if F = Hul lA~F). We mention that HullA(F) i s 

always A-convex . See Gamelin [ 6 ], p . 39. 

(1 . 5) Let F be 

denotes the algebra of 

F . In addition AF d 

The maximal ideal space 

[ 20 ], pp . 362-363 . If 

restriction of f to 

a compact s ub s et of MA . Then A\F 

re s trictions of 

note s ·t h r 

F 

MA of 
F 

f i s ln 

and 

'
1 O S ' 

A, 

functions in A t o 

re of P. .. 1-~ .. in C ( f ) . 

lS HullA( f ), Rickart 

then f\F is the 

sup \ f ( x) I 
X(- F 

( 1 . 6 ) A compact subs e t F of X is called a peak s et 

for A if there is a function f in A suc h that F ~ 

{. x EX : f ( x ) = \I f \l} . F i s called a weak peak set or a 

p-set if F is an intersection of peak sets . See Gamelin 

[ 6 ], p . 56 . If F is a weak peak set then AIF ~ AF, i . e ., 



A \ F is already closed in C(F). See Gamelin [ 6 ] , Lemmd ~2.~ 

on page 57 and Theor·em 12.7 on pd~e 58. 

is a function algebrct on X and AC B, 

We remur·K lhat ir 

then any W~cik ~~~K 

set for A is also d weak peak set for B . 

b 

(1 . 7) We call A essenti~l if A contdins no ncn-zecc 

ideal of C CX) . If A is pr aper in C(X) , there is d unique 

smallest non-empty compact subset E ot X , cal.1ed the 

essential set of A, such that Cl,'.. ta ins "' ry L.OnlinuOJS 

function on X that vanishe~ on E (Bear [ 1 ] , Corollary 1). 

If E is the essential set ot a proper function subalgeb~a 

A of C ( X) then A \ E is closed in C ( E) and A \ E 1.s an 

essential algebra ([lJ, Theorem 2) . If A~ C( X), ~hen we 

define the essential set to be the empty set . Thus the 

essential set of A is not empty if and only if A is a 

proper ( function ) subalgebra of CCX) . If B is a function 

algebra on X with AC B, then the es sen ti al set of B 

is conta i ned in the essential set of A ([l], Corollctry 2) . 

( 1. 8 ) A is c a lle d antisymrn~tric if A •,or tains ri:.... 

non-constant real-valued functions ; while a set E X is 

ca l led a set of antisymmetry for A if every function in A 

that i s real -val ued on E is constant on E . If A 1.s 

antisymmetr i c then X is a set of antisymmetry . We mention 

that if B is a function algebra on X with AC B, then 

each set of ant i symmetry for B 1s also a set of antisymmetry 

for A . For more on sets of an t1.syrnme try see Glicksberg [ 11 J. . 



(1.9) Theorem (Bishop Antisymmetric Decomposition 

Theorem). 

Let A be a function algebra on X. Let {E} 
be the family of all maximal sets of antisymmetry a 
of A. The Ea are closed disjoint subsets of X 
whose union is X. Each Ea is a weak peak set. 
If f is in CCX) and f!Ea is in A!E for all 
E , then f is in A" a a 

6 

This Theorem is quoted from Game lin [6], p. 60. In particular 

we see that A= C(X) 

point . 

if and only if each E 
a 

is a single 

(1.10) A function algebra A on X is maximal (or 

maximal on X) if whenever B is a function algebra on X 

with A C B C C ( X) then B = A or B = C ( X) . 

( 1.11) We always use T to denote the unit c ircle in 

the complex plane and Tn to denote the n-fold carte s ian 

product of T. Thus Tn ::: {(z •·· z ) 
l ' ' n 

E (Cn: I z j I = 1 for 

J = l, •·· ,n}. A (Tn) is the closure in C(Tn) of the 

restrictions to Tn of the polynomials in the n-complex 

variables z • • • z 
l ' ' n 

When n = 1, then A(T) = A(T 1 ) i s 

called the disc algebra . 

( 1.12 ) By the topological dimension of X we mean the 

analytical dimension of CR(X), [ 18; p. 117]. We gi ve he r e 

the definition of analytical dimension of CR( X) . 

Definition (M. Katekov). Let X be a compact Hausdorff 

space . A closed subalgebra R of C~ ( X) is called 

analytically closed if wheneyer f is in CR( X) and f 



7 

satisfies n n-1 f + a f + ••• + a = 0 where a 
1 n j are in R 

for J = 1,2,•·· ,n, then f is in R. 

A subset D of C~(X) is called an analytical base of 

if every analytically closed subalgebra containing D 

coincide s with CR(X). 

We call the least cardinal ri umbe r of an analytical base 



CHAPTER II 

SUBMAXIMAL FUNCTION ALGEBRAS 

Section 1. 

The disc algebra ACT) might be considered the ocigincti 

maximal function algebra. Using the methods of complex 

analysis, one can prove the following facts about the d..LSL 

algebra ACT) : 1) ACT) is analytic on T ( i . e ., it t is 

in ACT) and f vanishes on~ 

then f is identically zero) , 2) ACT) is an integral d..1Jllc.1..Lr,, 

3) A(T) is antisymmetric, and 4) A(T) is essential . 

Helson and Quig l ey [1 3 ] have shown that th e first three 

statements hold for any essential maximal algebra. On thta 

other hand, Hoffman and Singer [14; p. 221] have observed thctt 

if A is a maximal algebra on X then these four statements 

are ( pairwise ) equivalent, i.e. A is analytic on 

and only if A is an integral domain if and only if 

antisymmetric if and only if A is essential. This 

X i1 

A is 

is why 

essential maxima l algebras are so much "nicer 1
' than rnei'e.Ly 

maximal algebras . 

As we have mentioned, the disc algebra was the i:ir•st 

maximal algebra and is a very nice maximal algebra at that. 

Therefore we decided to examine the algebra A(Tn), for 

n ~ 2, looking for a reasonable behavior similar to tha~ 01 

maximality . Here, two comments are in order. First oi all, 

note that the topological dimension of Tn is n . Second, 

for n > 2, A(Tn) is not a maximal subalgebra of C(Tn) 

8 



In fact, we shal l .!:-'roduce p1'esently an L.ncodn t a.ble i.L1Ci'.L, 

ordered chain ( B) of distinct iu.nctiun algebr•0::; uri Tn Ci. 

such that A ( Tn) C_B r-B CC(Tn ) wheneve:r.' o.<S . '=I= o.=t=- B=;t= 

Moreover , L I B CC ( Tn ) . This means A ( Tn ) is qu.1 te la.~ Ci. Ci.=/=-

from bein g maxi mal . Fixing n > 2 and writing A t~r 

we obtain the B as follows: for• each real number Ci. W.1- th Ci. 

Q 2 TT let X { ( e i 8 
) E T n: e L TI}. \ < Ci. < = , z2 ... '7 Ci. < , 

' ' ✓, _, Ci. n 

course X is 
Ci. 

a cumpact s ub:_;ct of T n and ge ome t .c i c ctJ ly I. 

is t he cartes.ian product 01 un arc.. ( in the unit. circlr.;) wi rh 

t he ( n-1) -toru s n-1 
T . For edch a with O' a< 2n let 

f I Xo. E AX } . Now then , because Xo. =:) x6 Ci. 

X. 

whenever 0 < o. < f3 < 2TI, it follows that Bo.(__ BB whenever 

0 <a< B < 2TT . 

a= B. We wi l l show this by producing , for each pRir (a,~) 

with o < o. < B < 2 n, a function F with o. , B 
but F not i n B . o. , B o. 

For· 8ach pair ( o. , B) oi rec:11 nurnl)t..., 

with O < o. < B < 2 TT, let f be a continuous real-v2l11r0 ct o. , B 
f unct i o n on T such that f r 1. 0.) -- l whil o.. r f(e 1. 8 ) 

by 

u 

for each e , B < e < 2 n . Define 

F ( z • • • z ) o. , B 1' ' n 
= f 

6cz ) f 
6cz ) . 

Ci. , l O'. , 2 

i s i n BB since F 
o. , B restricted 

zero . To show F 
o., B 

is not in B 
Ci. 

work . Let y {( e i O'. 
, z , l ,•••,l ) : = 

2 

F o. , B on 

It follows that F a , B 
to XB is iden tically 

we must do a l::.trle 

I z 2 I - l} and note thc.H 

'f_ is a pe a k set for A because the po l ynomial P ( z , · ·• ,.:.) ' n 

peaks on Y . Thus A/Y - Ay 



(see i L:em 1. 6 in Chai:, 1 .. c r .i ) ' wh.1. .. h !flc,:i .. ,s Lhdl F Ir' a.' p, 

Ay if and only if ther"- -~ u. ~ ur,c LlOn G - Jl A ,J ~ 

F l3 I Y . a. , 
But AjY rte [ .r .L <11 lJ .LSOJflul ph_._ (._ t.0 LL 

algebra . The disc. dlgtl)r .,_, and LI.cI.ClOil:c Ai:{' CL..Dtc.l. 

non-constant real-vc1lued • ..11.• tiun~ ThP tunct.1un I- r3 a, 
real-valued on Y und 1,..::,n- 0n,r 1nL 0n Y ( i l- L C XctITlIJ L 

U). It.1 

r I Y a. , 13 
is not in AjY. ~lJ. #ilt_~ \.) 1_,.1,. 1 t ll(llld' l [ 

in 

in 

is 

B ' a. 

A such that 

conl:aincd in 

IE -1: I -,o ct, 
k ci , B xa 

--+00 Be, .. u.u ,, 

X , I a -.F '1 -➔ o a. t.., k ex , f3 y 
k. --roo. 

would be in Ay ~ AjY. This c.onlrctdlCllOn ohow' f 
a.' 13 

not in B Therefore for e-:1.c.h pair (a.,13) wit.h 0 (.,t a. 

13 < 2TI we have AC B 
=F-

( - B r 
a.=1= B-

C(Tn) To see t.licit l J B 

C (Tn) see Example 2 19 und D,~.tinition ~' . l . 

After some investi~cttion 01 

fo .. Llowing fact : if l' 

algebras on Tn with A ( T n ) C Bk C Bk+ 1 C .. C (Tn) iGY L 
' 

then Uk~l Bk is den,, r. ln C(Tn) ii and only i! Bl<. 

L 

GI J 

(J. 

C (Tn) for some k ' ..L. This f JC t , v7hich lS proved let l 1 • [ 

(Example 2.19) fonns the b1JlS of 01a• clefin1.Lion ot 

1 ' 

submaximali ty . In ordr~r -+0 cor1•,.1d,~r compact spclr~e..., ~Jru .h _,, 

not necessarily metri.~ctbl<e! uur' dei1nition or submcJ.XlmcJl1.•.1 

involves the use of nets of function algebras in~tedd o1 

sequ e nce s of function algebras. After giv1.ng the delirtlt..Lun 



l ·• 

of submaximali ty, we will compare t:he Lise of nets t.o t't--,-:: use 

of sequences in the submaximality delinitio~. 

Definition 2 .1. Le L A be a r urn ... tion a.lgebr·a or, X. ThE:r. 

A is called a submaximal lune.Lion c.:1.Lgebr·a on X p.C'ovidect tL-t 

whenever (B) r is~ net of functiun algebras on X such Y YE 
that the three propert_es 

i) ACB - y for ec1ch y in I 

ii) B CB whenever y 

Y - n ,, 

iii) u B is dense in C(X) 
yEf y 

imply B - C( X) for some y in [' . y 

Remark 2 . 2 . 1 ) Maximal ctlgebras are submaximal function 

a l gebras on t h eir respec tive Shilov boundaries . 

2) It is quite possible that A ls a submaximctl tunctJon 

algebra on some boundary X, while A is not a submaximaJ 

function algebra on some other boundary Y . Evidently A( T J, 

being maximal in C(T), 

T . On the other hand A(T) is also a function algebra on th0 

closed unit disc D in the complex plane. We can show t.hat 

A ( T ) is not a submaximal funct ion algebra on D. In lac..t, 

write A for ACT) and let D be the closed disc with n 

center at the origin and with radius 1 
n 

Let B 
n 

{f E C( D): £ ID E AD }. 
n n 

Each B is a proper function n 

algebra on 

Moreover, 

D and for ec1ch n l, Ac_ Bn C Bn + l Si C(D) 

U B is dense in C ( D) . n ~ l n 



3 ) If A is a submaximal ±unction a~gebra on X, then 

we may just say A is submaximal on X· 
' 

or, ii che space X 

in question is clearly underst~cd, then we will sometimes 

merely say A is submaximal 

4) We mention that ~ne cari. gerH:.!'alize the dE::lirition v1 

submaximality . On the one hand, we can say that A is 

submaximal i n B if A dnd B are function algebras on X 

with ACB and if an i:-,propriatE: .,t.dte.,e:1tho lds ±oL ne.ts 

of fun c t ion algebras between A and B. Having done this 

we can t hen remove the requirement t hat A aid B be 

function algebras. For exctmple B might be a topological 

algebra and A a closed bubalgebra oi B. Then A is 

submaxirnal in B if an appropriate statement holds tor netb 

of closed subalgebras between A and B. 

Before re l ating the use of nets and the use of seq~en~es 

in the defi n ition of subrnaximality, we need ~o prove the 

followi n g proposition . 

Propositio n 2 . 3 . Let A be a function algebra on X. The:n 

A is submaxirnal on X if and only if whenever c!:J is a 

subse t of C ( X) such that the algebra generated by A and 

b is dense in C (X) then there is a finite subset D oi .f) 

such that the algebra generated by A and D is dens e in 

C(X) . 

Proof . Let r be. the set of all finite subsets of :/:J. 



Under set inclusion i~ a directed set. for each .L , 

r ' let A y be the functiun ct .J.. 1:;ebr a generated 0ft X t y A 

and y. Then ( A ) I l ~, a y '{(c-
ne1 of function algeb1ct::, 8!1 X 

such that 

i ) ACA Or' - y each y in r. 

ii) A CA Y -- n whenc v' e1• y n in I'. 

iii) UyEf A y contains the algebra. generated by A ,1n.J 

B and is here fors:: den c., t . 1 n C(X). 

Because A is s ubmaxima.1 uri A, L'.'lc!t:: is cl y in I' Su f 

that Ay = CCX) ; i.e., 1.he algeLri generated by A and the 

finite subset y of I) .LS dense in C ( X) . The pr·oo f u; 

finished . 

( <; ) Let (By) yef be a net of ± unction al8eb .r-as on X 

such that 

i ) 

ii ) 

iii ) 

Let b= 

ACB - y 

B CB 
Y - n 

U yer B 

UyEf B 

y 

y 

for each y in r. 

whenever y < n in r. 

is dense in C(X). 

Then the al :..., ria ~2 ne rated by A and J, 
contains U yer B y and is therefore dense in CCX). Hence 

there are finitely ffidny functions f • • • f 
l ' ' n 

in ,'6 SU<..,h 

that the algebra generated by A and f • • • f 
l ' ' n 

is dense 

in C( X). Because of ii) there is an index y in r such 

that the functions 

function algebra B y 

f · • · f are all in B 
l ' ' n Y 

Th s 1.he 

contains a dense subalgebra of 

It follows that B .::. C(X), 
y as desired. 



What types of cf}' s c...L.~ U· L. (jE:,t" ·Tn.i..• 1.t A l~ 

c; ubmd.Xlmal? Corolla.r:y 2.4 

1 1L:i.l1.!.e the de£in1t.Lc11s 11v'1l (l.l) .di ~c> t.LO!t 2 ci Cll,e .1 

C C'O 11 a ry 2 . Lf • Let A b\.... ,ubmc1ximal on X. 

uri~ of the foll0win£ :::, _ tb: C(l'), 

IA1, UCA). Then the.ce i; u. rin, l _ • ub...., t D 

D J s de r. , 1. n C ( ._ ,1 • 

Merely obsr~r,v~ thct ir )j- .LS c1!1y of these 

aforementioned se-cs, theri the _Jgeb;·•a generc.1ted by A ctrid 

,~ contains a conJugate clc.:3ed, poJ.rit St:;par'atinl'.:> subc.1lg 0 b1ci 

r1!ld is therefore dense in C(X) by the Stone-WeiAr':otras.:_: 

T!i.c:orem . · Apply P1··oposition 2 . .:J Lo obtc1in the de~ir·ed r,:;~f:,ult. 

Proposition 2.3 and Corollary 2 4 give rise to u que~c1~r. 

who::.,e statement ls facilitated by the following definitior.: 

Definition 2 . 5 . Let A be a function algebra on X. 

be a subset of C(X) such that th0 ~lgebra generc.1t~d by A 

and J::} is dense in CCX). Then o A (J::J) inffoard(DJ: 

Dr- b and the algebra generated by A and D is den,:5c in 

C(X ) }. 

Remark 2 . 6 . When the algebr•a under cons ide rc.1 tion is c led r l 

understood , we may sometimes write 6th) ror o A Cb>. 

Our question is : 

Question 2. 7. Let A be submaximctl on X. What (necessari,y) 



r ini te number is o A ch) when I} .1:: oric ..:,r the .tol.Loh ~r 
6 

sets: 

Remar'l<: 2. 8 . If A 1s ct proper· ffid.Xlmal lgebr·a un X u 1c1 

is such Lha1. tht• c.:1.:..EPbr a ~enerc1 t<..0d by A ar,d ~ 

is dense in C(X), th"'n by de .t 111_ t .i.c n o t mCix1mc..1l 1 cy 6 ~1::)-) 

Conjecture 2 . 9. I .t A 1.s a prop-' t 1tbm..1,'{.:.mal algeLl'.'a vr. X, 
th<;.:J, oA(C(X)).:. 1, 

C(X) 

1.n CCX). 

. ' 

,: 
l. 1..., der. c 

We can provP that 

d" need the follow in~: 

o n CRe ( A ('In) ) ) :.. 1 . 
A(T ) How~ Vt-'-('' I l ' L 

Lemma 2 .10 . Let A be any function algebrd on X. 

b~ a non-empty index set. Let {iA}AEAC Re(A) and ... et 

.,'/ A and 

C(X) generated by A and 

Proof . 

since 

t!:A 

But f /\ 

It is sufriLient to show 

Re(gA) + 

Let .:\ be 1.n A. 

and ~ EAL B . /\ - '-

l Im(8A) ::: f ,\ -

( g;\-f\) 2fA 
- E Bl 

- = - 8 /\ 

I. J\ • 

-'-used s 1 l ., ~ : et , 

Then B - B 
l 2 

Lhc1t {eA}AEA L Bl c:.tnd that 

Th~n 1 -
f>.:.. 2 CtA+gA) ( Bi 

l Im ( gA) _; f c1 t \ ) • A \ 

sini...:e 2f A e:: B cind 
l 

g.:\ AC Bl . The proo.t lS tinished. 



Corollary 2 .ll. 

c, A ( Re ( A ) ) :: 8 A (A) . 

1::xdmp l e 2 . 12. l. 

Proof . Let f ( z • • • z ) - z z 
t ' ' n n 

Then 

A and 

f E= A. I'he 

function algebra on T
0 

gen0ratcd by 

the func t ions z ,_ , • • • , z n By tl1e Stone-Weier·strass fhE-L.' _,n 

the dlgebra generated by A J~d 1s ue11'--'e in CCX). 

Thus By Co r oLlary 2 .1 1 

by Lemma 2 . 10, the algebra generated by A(Tn) ana 

RP ( Z • • • Z ) 
- l n 

is dense in C(Tn). Notice thi s proves 

Conjecture 2.9 for A - A(T n) since the ctbove tuncti0n , t, 

shows 

Professor Gulick has brought to our atten tion th8 

'--J.U-"stion of the possibility of a converse to Corolle11j 2.J . 

Ir ute t hdt the na tur·al con ve r•se - -if the algebra iene rated by 

sarr~ function f in C CX) and the algebra A is dendc 1n 

con then A is submaxLmal--is '"11 s 0 • 1,1 3 h , \ - ,, etc 11 th~ 1 

!. ( T) is not submax i mal on the unit diac ( see the second 

item in Remark 2 . 2) . However' the algetra generctted by 1(2) -

z and ACT) is dense Ln C(D) by the Stone-Weierstr~as 

Theorem . Perhaps the following is the "r'ight" converse-lil,L 

1·1uGstion to ask: 

Question 2 . 13 . Let A be a functio n algebra on X . Let f.:.) 

bs a ( fixe d) subset of C(X) such tha t the a l gebra gentrctLed 



l_)J A and fj iti oencoe ir1 C(X) 

::J gebrct of ty:r:,E-):) 1.L whenevc.c 6, 

Then A i.:, ca.L.Lt::u e11. 

is ci subscL c..,1 /j ~ ,en 

thaT the algeLr a bEncr, .. .tsd by A and (;, i S de fl:., .. l.. ~ ( X , 

t h c n L he re i s d 1 J. n .1 t e , ub.::, ec t D v f 

generatLd by A and D 1.:, dense in CCX). for whicn f_t 

is 1t true that A is 3. SJbm.1x~rr,dl. e1lgeb.ra wh0n.c ✓ e1. 

of 1.ype ,[)-'? 

t .L 

A l.:. 

not<.:'! tnat Lemma 2 .10 ~dy~ thctt A is of type-A if and vrily 

l.i. A is type-RclA). lr !act, it video Que."tior1 L . l.3 thaL 

led us to Lemma 2 10. We hcpe to return to this question in 

the fu tur-e . We believe t.hai.. it A is an algebra 01 type-h-

1JJith & one of the sets Re(A), A, CIR(X), etc., then A 

must at least have a good number of the properties which 

suLmaximal algebras cnJoy. 

w~ are finally re dy LC relctte the notions ot sequence:., 

c-F 1unction algebras and nets of funl.;tion algebras with 

respe~t to submaximality , and w0 nbtair Aq a r_)r_llary t..he 

equivalence of the two notions in the event that X lJ 

metr .i_7.,able. 

Thecorem 2 .14. Let A be a function algebra on X. Then the 

following are equivctlent: 

a) A is submctx.1mctl on X. 

b) There is a countc:1.ble (finite or infinite) subset :C)-

of CCX) such 1.hat he algebra generated by A a.nd h- is 



I 
1 .. 

J,, r lfl L:( ' ) ctI!'J whenc er, (8 ) 
n-"' l 

lS 
n 

cl seq uen-.E. ol· 

I --1!1( ion i 1 g~b1dS ,,n '< w-ith 

L) A< B ( R lur n 
1 ' n '--- n+l 

L) 
Un ·l 

; .. .LS I ri~e l n CCX), n 

Lhr.n B - co-) f c,r Sume _i_n t t-tSer n l n 

l r '"'t r)a r L ,i b) t _,l] OWS 

L 1''11" t, 1 ,) Jc,l]or,1s Frum c.1) 

,1 I~· l 1y trum Det_i_nidon L _L 1) 11,n SDP(J '11 Ca" - IN 

-the Sf.t nf pcJSlT Lve ~nte 0 v-s '71 th t11e usuctl nrdex'ing. 

(b ? a) Lr'ot [ f be an enumeration the 

JUn r ,J.b le. set ,b' l f £:r 1~ f1nJ e w1th k cl1t;t1.nct 

l ,.::men-:::·., SdY Jj f ! then le L t Or-

n !low lPt be a ne; 01 lune. ion c1lgebra::, , r 

,;uch thdt 

i ) A~ B'Y 

i 1.- ) By l._ B
17 

) Uy~ I B 
'Y 

for each in [ ' 
whenever y '- 17 1n 

e 
y 

: ( . ) 

C ( X) _ 

,[ 1 he pr ,c., 1 .1 s tr ext1'ac r 'rom 

,- h 7 T yn Yn+l ~ !.L' n 1 and 1,uch -
r1enc,e in C (., J Observe that, because 

I , 

y .l l I I • 

that Un :' l 

LJ yE:I B 
y 

n (; ( ' ) and because B'Y C B17 whenever y ' n Jn 

q, l 'Jen dDY E 

t1 1er e lf:> a y 

CJ and 

in r 

II g - h II 
J 

-

dTIY i.1n.1.te set {h • • • h 
1 ' ' n 

J 

such that 

E for J - 1 , 2 , · · · ,n . 

Tb - I dt. 

B lS 
Yn 

lS den,,E.. 

r 
' 

lfl C < X; 



Let y
1 

be any index in r such that 

y be any index in n 

inf JJg-f II 
l geB 

Y1 
r such that 

< 1. 

y > 
n -

J. 9 

By induction , 1 t 

and such that in f 11 g-f j 11 < 1 
- n for j = 1,2,••· ,n. 

gEBYn 

We claim LJ B n>l v is dense 1.n C (X) . First of all note 
- In 

for each n > 1 and there fore 

is a (not necess a~i ly closed ) subalgebra o f C(X ) . 

be the closure of l j B in C (X) . n.?_l y Second, note tha t 
n 

fo:r:· e. c h 1i th 

in and wit..h 

B is closed , B 

A c~ L.Ji>i By Q, (~~ B 

by A and !J. 

'I ,i.k., Q,-fk 11--+-0 as t --+-!..O_ Thus be e · use 

C:(.m t :::t ins h'= {f
1
,f

2
,• ••}. Finally > note 

so that B contains the algebra gene rated 

ThiG latter algebra is dense i n C (X ). Thus 

B ~ C(X ) . By the second par t of b) there is an integer n > l 

lor which The proof is fin ished. 

Remar>k. 2 . 15. We do not know whether or not the preceding 

theorem r emains true if we de lete from b) the requirement 

tn2..t' t here be a co11ntab le subset b of C(X) such that the 

a lgebra gen 2. rat2d by A and £r is den st::. ir. (; ( X). 

Corollary 2.16. Let A be a function algebra o n X and 

s uppose X 1s metri zab le . Then the follow ing are equivalent : 

1) A 1.s subrnaxirna l on X, 

2) whenever (Bn) nLl is a sequen ce of function 

algebras on X with AC BnC Bn+l for n > 1 

and lj B dense 1.n C(X), then B = C(X) n,21 n n 

for some n > 1. 

I ·, 
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J 
j 

r l. .., '· ,/r ie1,,t! ;1 .., _: Ill t.. •.!.~eLrJ 2n•!!u:•2J 

in 1 . £ lS ,jeris, in C 0:). Tn u, by The~i: em , n 

L r.i 1 x Llllcl 1 .,_ L-., ~ 1 

X 1. i th 

[ .. l l <.1.n J vn i. h uen., 1 0 1.n C(XJ 11 ~c1 e 

l J < n, with l 
J 

l " th8n the1~ 1.s an 1nteger m such that each .t 
J 

~ I 

.,•:. 

' r ~r• 

L 

]. 

✓ J J.c; i1 ✓e1·tibl8 1n B As noted above , the Stu 1P m 
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Weierstrass Theorem then says that B = C(X). Hence if m 

Bk I- C(X) for all k > 1 ' there is an integer j ' 

1 < J < n' such that fj is not invertibl e in Bk for each 

k > 1. This means that for each k > 1 ·ther·e i s a non-zero 

homomorphism ¢k on Bk such that ¢k ( f j ) = 0 . Denote by 

¢k a no rm preserving extension of ¢k to C(X). Thus ( 4>k) k2 1 
•'• is a sequence of linear functions in the unit ball of C" ( X). 

Th e r e f o re the r e 1 S "l subne t (T ' ( i . ~ 1 n. functional l ... ~ ! ,.c '-.,. 
weak}': ¢ in C"(X) 6 l.L ._ j-, t ' ...:( t. <P - ---,. 'V u- A -- - -,x L l1 tne k ;\ 

topo l ogy. Now let and g be in LJ k?._l r k • Then for 

some Q, > 1 ' f and g are in BQ., . Becaus e ( <Ilk ) is a 
;\ 

subnet of (<Ilk) there is a ;\ 0 such that k;\ > Q., for all 

;\ > ;\ • 
0 

we have 

¢k 
;\ 

Th us 

( fg) = ¢k (fg) 
;\ 

¢(fg) :.: 

= 

::: 

= 

= 

then f and g are in Bk 
;\ 

= ¢k ( f) ¢k ( g) = ¢k ( f) ¢k 
;\ ;\ ;\ ;\ 

lim ¢k ( fg) 
;\ -+oo ;\ 

lim <P k (fg) 
;\+oo ;\ 

A?;\ 0 

lim ¢k ( f)<I> k (g) 
;\-+-oo ;\ ;\ 
;\ > ;\ 

- 0 

[l im ¢k ( f )]·[lim ¢k (g)] 
;\+oo ;\ ;\+oo ;\ 

¢(f)¢(g). 

and 

( g) . 

We see that 4> is multiplicative on Uk~ l Bk . But ¢ is 

already continuous on C( X). Thus ¢ is continuous and 

' .. 
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multiplicative on the closure in C(X) of LJk~l Bk, which 

closure is C(X). We have consequently shown that ~ is a 

continuous homomorphism of C(X). Also 

~ (1) = lim ~k (1) 
A -t-OO >,. 

:: lim cpk (1) 
A-t-oo >,. 

= 1. 

Thus ill is a non- zero homomorphis m o f C(X). Therefore there 

is a point x in X such t~at ~(f) = f(x) for all f in 

C (X). In particular On the other 

hand ~(fj) = ~!: ~kA ( f j) = ~!: cpk>,. (fj) = 0. This contradiction 

shows that for some m > 1 B = C(X). The proof is finished. m 

Example 2 .19. The function algebra A(T 0
) is submaximal on 

T0
• We note that the coordinate functions z

1 
,·••,z

0 
are in 

separate the points of and are each of c onstan t 

modulus 1 on T0 
so that Proposition 2.18 applies. 

Let us discuss two inheritance properties of submaximal 

algebras. 

Proposition 2.20 . Let A be submaximal on X. Let F be 

a nonempty compact subset of X. Then AF is submaximal on F . 

Proof. Let ( By)yEf be a net of function algebras on F and 

suppose ( By)yef satisfies conditions i ), ii) and iii ) of 

the definition of submaximality with respect to AF. For each 



I .. 

Then (D ) I 
Y YE 

satisfies conditions i), ii) and iii) of the definition of 

submaximality with respect to A. Thus because A is 

submaximal on X, Dy ~ C ( X) for some y in r and 

therefore By= C(X). The proof is finished. 

Proposition 2.21. Suppose that A is a function algebra 

2 '.:! 

on X. Suppose that X = X
1

LJ LJXn where the Xj are 

pairwise disjo int non-empty c ~ Then 

is submaximal on X. for 
J 

j = 1,2, ··• ,n if and only 

A is submaximal on X. 

Proof . ( >) We can use induction, so we may as well 

assume n = 2 . Let (By)yEI' be a net of function algebras 

satisfying conditions i), ii) and iii ) in the definition of 

submaximality . Observe that Xl and X2' the characteris tic 

functions of X and X 
l 2 respectively, are in C (X) . 

condition iii ) t h ere is a y in r such t h at in By 
1 f unctions f l and f2 with llx -f 11 <- and 

l l 2 
It fol l ows that the maximal ideal space MB 

y 

and are disjoint compact subsets of 

and X CM . 2 - 2 
In fact I 1-z I < 

llx 2 -t 2 II 
= M UM 

l 2 

with 

and 

By 

there are 

< 1 
2 . 

where 

X CM 
1 -

f ; 1 c{z : lz l < }}). It follows from the Shilov Idempotent 

Theorem that 

algebra on X 

i.e . , 

x ' 1 
and the characteristic functions o 

respectively, are in By. But 

and this means that x' I and 
l X 

and are in Thus X
1 

is a function 

X ' I are in 2 X 

and X
2 

are 
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peak sets for B 
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·.vhenever ri , y l r. 

--- d SI:: t.., for 

tiU t !"" .. ...,1W th _ ne _..:; 

i), ii), ii) w1.threspect LO 

..,t,,....,,. 1ximal1. ly. lh' 

J jX .:: C(X.) 
ri j J 
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1 1u1 .+ _on t ~ 1 ... ,.1 t e t ll e points o f X . 

2 ) lr,I,···,! 
11

! 

Then A submaximal on X. 

Proof . Consider the mcipping n F: X-IR 

<1£ (x)!,···,lf (x)j). l n Because each 

are local ly cons tant 

defined b y F ( XJ = 

is locally 

constant on X, each I£ I 
J 

takes on only finitely many 

y ' 



values. Thus F(X) is a finite point set of say 

Let for each Q, ' 

1 < Q, < k.. Each function It I is constant on x1 , 
J 

1<9.,--:k. . Un XQ,, the functions separate the points . 

Thus by P~opo s icion 2.18, AX is submaximal on x
1 

for 
Q, 

25 

9,..: 1,2,···,k.. Of course the sets X • • • X 
l ' ' k 

are pairwise 

disjoint non-empty compact subsets of X with X = 

/. l J 
l 

l J xk. 

s ubmaximal 011 ; •• 

Example 2.24. Let X .:: { z : I z I 1 
= 2 or I z I = 1}. Let (?C X) 

be the closure in CCX) of the polynomials in the complex 

variable z. Then p(z ) ~ z separates the points of X is 

locally of constant modulus on X. Thus ~CX) is submaximal 

o n X by Corollary 2 . 23 . Note ~CX) is not maximal on X. 

In fact if we l et B = {f E CCX): £IT E ~CX) /T}, then B 

is a function algebra on X because T is the Shilov 

boundary for CPC X) and th us (PC X) IT is closed in C CT ) . 

Moreover (y( X)C:: B<;;C CX). 

Example 2. 25. 

1 .::_ j .::_ nL Let RCY) be the closure in C(Y) of the 

rational functions in the complex variables z • • • z with 
l ' ' n 

poles off Y. Let X ::. {( z • • • z ) E" Cn: 
l ' ' n 

or 

I z. I 
J 

-- 1 - 2 for 1 < j < n}. Then by the maximum modulus 

principle , 61.C Y) is a function algebra on X. Since on X 

t h e functions z
1 
,··· ,zn are locally of constant modulus 

, I 
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and since they separate the points of X, fl(Y) is submaximal 

on X. Of cours e A_(Y) is not submaximal on Y. 

Section 3 . 

The local boundary behavior of an essential maximal 

algebra is as btctb le as we could desire . By this statement , 

we mean that the followi ng theorem, which may be found in 

Hoffman and Singar [14; p. 220] and i mplicit l y in Helson and 

Quigley [1 3], te!,ctllo.LJc , 

Theor·em 2 _ 2 6 .. 

Then A :.:: C(f) 
F 

Let A be an essential maximal algeb rd on X. 

for each proper compact subset F of X. 

Proof. A pro~er compact subset F of X is a non-e mpty 

compact set diffe rent from X. Let B = {f E C( X): f lF E AF}. 

Then ACBCC( X). However, B # A since B is not 

essential. Thus B:.:: C( X) and AF = C(F) . 

The conclusion of this theorem is not genera l ly true 

for subma xlmal function algebras. See for examp l e the proof 

(at the beginning of this chapter) of the fac t t h at A(T 2
) 

is not maximal on T 2 and observe that a n y of t h e al ge b r a s 

Ba provides a counterexamp l e to the above theore m for the 

essential submaximal algebra A( T 2
) . Rather , t he above 

theorem is locally true for submaximal a l gebras . 

Proposition 2 .27 . Let A be submaximal on X. Let F be a 

non-empty compact subset of X such t hat AF = C( F). 

there is a compac~ neighborh o o d G of F s uc h that 

Then 

A = C ( G ). 
G 
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A be submaximal on X. Let :.C be the collection of non-

empty compact subsets of X. Let (;, .:: { EE% : A f. C(E)}. 
E 

Let )J = {G X AG - C(G)}. Th e n en{r =- </i and tU.,f;J ::. 

x. Wh at we would like to say is that ~ is a compact subs e t 

of X and t h at ,,!;J i s ope n in :J: . 

Our duty is clear: we must fi n d a compact Hausdorff 

topology for :1:. Such a topology i s available, is called 

the tinite topology , and is .111.:: 

De finiti o n 2 . 29 (Victori s [ 30 ; p . 258 ] ). Let X be a 

(non-empty) compact Haus dorff space . Let X be the fami l y 

of all non-empty compact subsets of X. For each finite 

co llection of non-empty open se ts V ••• V in X, 
1 ' ' n 

let 

rt)J(V ••· V) 
V 1 ' ' n 

= 
n 

{FEX : FCU 
- j=l 

V. 
J 

and rnv. -t <P 
J 

for 

j = 1,2,·••,n}. 

Theorem 2.30 ( Vietoris [30; #12 ]). Let X be a compact 

Hausdorff space . Then the set {C9(V
1 
,···,Vn): n ~ 1, and 

V •·· V open in X} is a bas is of open sets f or a compact 
1 ' ' n 

Hausdorff topology on X. 

Proposition 2 . 31 . Let A be submaximal on X. Let ( Ey)yEf 

be a n e t of non-empty compact subsets of X. Let E be a 

non-empty compact subs e t of X s u ch that in the finite 

topo logy EA -E and such that A E = C ( E ). Then there 

is a y in r such that AE = C(E ) for each n > y. 
n n 

Proof. By Proposition 2.27, there is a compact neighborhood 
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G of E such that AG= C(G). Let V be the interior of 

G. Then E CV, and C9-( V) is a neighborhood of E in the 

finite topology. Hence there is a y in r such that 

En E ()-( V) for each T) > y' i.e. , E CV 
T) -

for each T) > y. 

Thus E CG, and since AG - C(G) it follows that AE n-
n C (En) for each T) > y 

Corollary 2 . 3 2. f;; = {E EX : AE -/. CC E)} is compact in X" 

Proof . Let be a net in G and suppose that E -E y 
in X. Then by the previous proposition E is in e. Thus 

~ is a closed subset of the compact Hausdorff space X and 

is therefore compact. Since /41 = 'X\l;, 1J is open in X. 
If the open set (!}(v •·· V ) 

l ' ' n 
is contained in X ,kf then 

(9--( V 
1 

, • • • , V n ) C ~ . Let x j E V j for j = 1,2, ••• ,n. Then 

{x •·· x} E r!J<..v •·· v )C~. 1' 'n 1' 'n- Therefore A f { X • • • X } 
l ' , n 

C( {x ••· x }) which is absurd. 
l ' ' n ' 

Section 4. 

As we have noted before, every essential maximal algebra 

is antisymmetric, i.e., contains no non-constant real functions. 

The corresponding statement for essential submaximal algebras 

is not true. For an example, see Example 3 .1 3 in the ne xt 

chapter. Nevertheless, there is an analogue to this 

antisymmetry property for all submaximal algebras . 

that for an essential maximal algebra A on X the 

Observe 

antisymmetry property can be stated as follows : the set 



G~ = {f E CR(X): the algebra generated by A 

dense in C(X)} is open i n CR(X). After all, 

an d f 
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lS 

C IR.(X) '\ {f E CIR.(X): f is constant} . This is the general form 

our theorem takes. But before we state and prove it we need 

some preliminary groundwork . 

Proposition 2.33. Let A be submaximal on X. Th en fox e a c h 

proper function algebra R on X with R ~A, the re is a 

proper maximal algebra S on X Wj ~n S ~ R. 

Proo f . If A= CCX), there is nothing to prove. Thus we 

may assume Ai C(X). Le t R be any proper function al ge b r a 

on X with R~A. Let 

{ S : S is a proper function algebra on X and S ~ RJ. 

Let ( Sy)yET be a linearly ordered chain in (v . Let s b e 

the closure of UyET s in C(X). Then s is a function y 

algebra on X and S~R. Moreover , since A lS submaximal 

on X and since ACS for - y each y i n r and s c s 
-Y - n 

whenever y < T) in r ' it follow s s lS a pr'oper' functicn 

algebra on X' i.e. , (Sy)yEf has properti e s i ) and ii) 

of the definition of submaximality, so if each S I C(X) y 

then ( Sy)yer must not satisfy property iii ) . Thus S ~ 

UyEf Sy i C(X) . Thus S is in f5 and the proposition 

fol lows by Zorn ' s lemma. 

The converse to Proposition 2.33 is not true as the 

following example shows. 
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/. v l:.: {(0,0)} Jo11l l rr.c 11 1 
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I, C ( F -l ( w ) ) 
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If we l et S = {f E C( X): f/E E A/E = B/E} then S is a 

proper maximal algebra on X and S ~ B. 

Lemma 2.35. Let A be a proper submaximal algebra on X. 
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Let f ••• f be functions in C(X) 
l ' ' n such that the algebra 

generated by A and f • • • f 
l ' ' n 

is dense in C(X ) . Let -!:a 

be the family of all prope r maximal subalgebras B of C(X) 

with B ~A . Le t EB be the essential set of B for each 

B in ~ - Th er: in f max 
BE~ l s j__sn x, y E: EB 

.·)-f.( \ 
J 

> 0 . 

Proof. Since A -/. C ( X), :3 is not e mpty, by the previous 

proposition. Observe that if for some B in ~, 

sup /f/x)-f/y) I - 0 for J ::: 1,2, ·••,n, then each 
x,yEE B 

f. lS constant on EB. Thus AE = C( EB) since on EB J B 
algebra generated by A, and the algebra generated by A 

the functions f ··• f are the same because of the fact l ' ' n 

the 

and 

that each f j is constant on EB. By hypo thesis the algebra 

ge nerated by A a nd f • • • f is dens e in C(X) 
l ' ' n so the 

algebra generated by A and f • • • f 
1 ' ' n 

is dense i n 

C (EB). But AEB C BE B = B /EB~ C ( EB ). This contradiction 

s hows that for e ach B in !E , 

sup / f j (x)-fj(y)/ 
x,yEEB 

> 0 for some J
0 

B , 

Hence for B in ~ we have 

max sup / f j( x ) -f j( y )/ 
l ~ j S: n x,yEEB 

> 0. 

Now s uppose that for some net 



lim max sup 
y ➔oo l_S j s_n x, yEEB 

jf.(x)-f.(y)j 
J J 0. 

Recall by Theorem 2. 30, the space X of all non-empty ccmpa~1. 

suLsets of X is compact in the finite topology. Therefc1~ 

there is a subnet 01 (1:B ) ET which converges to some: nci:y y 
~mpty compact subset E oi X . For notational c:)n11eni;.;:,1ce 

·,,e de note this subnet by 

1£ cx)-r .cy)I 
J J x,yEE 

-= 0 

is constant on For 

(EB ) EI. Now we claim thc.1t y y 

fo_ J = 1, 2 , • • • .,n, i . e. , e ch f 

j ' 1 < J < n ' 

X 
0 

and Yo in 

sup lf.Cx)-f.Cy)i 
x , yEE J J 

E' I fj (x
0 
)-fj Cy

0
) I 

= 

= 

E > 0 . Then for some 

E . By continuity of 
the f . ' there are open sets u and J V in X with X 

0 
u and Yo in V such that 

1 £.cx)-r.cy)I 
J J 

> E 

2 for each ( x , y) in U x V. 

~ f tu= {FE X : F n U I- ¢ and F n V f. ¢}, then w is an 

o~,en neighborhood of E in 'X' with the finite topology 

( uJ = 

all 

X y 

y > 

c9(u,V,X)). 

y 

Le 

y . 
0 

> y 
- 0 

in 

in E 
By 

n 
We see 

sup 
x ,yE.EB 

y 

Thus there 

r ' EB nu 
y 

u and Yy 

that 

lS a Yo in r such that for 

-/. ¢ and T' n V -I ¢. Let -~ B r 

y 
be in EB n v for each 

y 

> > E 

2 

3o ~up 
x,y EEB 

lfjc x)-t jc y)j does not con verge to zero as 

y-oo . Thts 

lim max sup 
y➔oo 1 S. j ~ n x , yEEB 

y 

I f. cx)-r. Cy ) I 
J J 

0 

J 

lr 
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for each y in r In adaiciQn rrom chs inequal i ties 

111 ii, -r g J t l1i g-ig/ 1 y y y y 
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func t i on algeb!~ on X becctus~ n 

Pro posit i on 3.8 Let A be a function algebra on X . Then 

the following are equivalent : 

a) A 1 s con tinuous submax1rna1 on X. 

b) Th e re L:, a countable subset £)- ~ C ( X) such that th eo 

algebra generated by A and /.} is dense in C(X) 

and whene ver l B ) is a seque n ce of functio n n n .=:_ l 
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