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Cosmological observables such as the Cosmic Microwave Background (CMB) allow us to

probe the early universe at extremely high energies far beyond the reach of any particle collider

on Earth. In the inflationary paradigm, small perturbations in the energy distribution across space

can be directly linked to the quantum fluctuations of an “inflaton” field that drives inflation.

Using these perturbations, it is, therefore, possible to learn about physics at energies as high as

1013 GeV. In this thesis, we exploit this powerful connection and explore novel mechanisms to

hunt for previously unexplored inflationary dynamics.

During inflation, particles with masses larger than the inflationary Hubble scale Hinf are

produced due to an accelerating spacetime. If coupled to the inflaton, these particles could imprint

distinct oscillatory features in higher moments of the density perturbations. Since Hinf can be as

high as 5×1013 GeV, these oscillatory features present a unique opportunity to directly detect very

heavy particles with masses ∼ Hinf . In Chapter 2, we explore a mechanism that can boost spin-0

particle production by mining the kinetic energy of the inflaton. This leads to an enhancement



of the oscillatory features, which can bring heavier particles with masses up to 60Hinf within the

reach of observations.

In the final part of the thesis, spanning chapters 3 and 4, we explore the viability of grav-

itational wave backgrounds (GWB) as novel data sources for unexplored inflationary physics.

It was recently shown that a GWB from a first-order phase transition must exhibit fluctuations,

much like the CMB. Despite the close analogy, it is possible for fluctuations of the GWB to differ

significantly in their detailed pattern from those of the CMB, which would imply the existence

of a second light field during inflation in addition to the inflaton. Such a GWB could thus un-

lock a wealth of new information about multi-field inflation. In Chapter 3, we elaborate on this

point with an example. We show that there may exist signals that cannot be extracted using stan-

dard cosmological probes such as the CMB and galaxy surveys, but can in principle be detected

within GWB with upcoming and proposed gravitational wave experiments. Lastly, in Chapter

4, we focus on the detectability of GWB itself. We discuss a cosmological mechanism that can

enhance the strength of the gravitational wave signal from phase transitions, thereby increasing

their detection prospects significantly.
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Chapter 1: Introduction

1.1 Background

The energy reach of the largest particle collider on Earth is ∼ 104 GeV, which is modest

compared to the highest energy scale in particle physics, the Planck scale (∼ 1019 GeV). The

early universe, however, is host to a rich tapestry of highly energetic processes, whose imprints

can be found even today in observables such as the Cosmic Microwave Background (CMB) and

galaxy surveys. For instance, during inflation, which is the earliest era of our universe, the typical

energy scale could have been as high as 1013 GeV. If we could decode the imprints of inflationary

physics in the cosmological observables of today, it would allow us to surpass our terrestrial

limitations and access particle physics at these ultrahigh energies. Motivated by these exciting

prospects, this thesis explores novel ways to probe the physics of inflation.

1.1.1 Cosmic Inflation

Our universe is very homogeneous and isotropic on large scales. This is evident in the

temperature distribution of the CMB, which is uniform across the sky to approximately one part

in 105. But a closer look reveals a problem with this uniformity. Due to the finite speed of

light, faraway regions have been causally disconnected from each other from the Big Bang to

1



the time of the release of CMB photons that we are seeing today. These initially isolated regions

should have started with very different initial conditions and thus evolved to look very different.

The fact that the temperatures of CMB photons coming from these isolated regions are not O(1)

different, but similar at the level of 10−5, therefore suggests the existence of a causal mechanism

that enforces this uniformity. This puzzle can be solved by postulating the existence of an era

that modifies Big Bang cosmology, and in which space expanded so rapidly that initially causally

connected regions became disconnected by the end. In other words, the cosmic horizon shrank

during this era instead of increasing. Therefore, despite these regions evolving independently

afterwards, this initial causal contact explains their similarity at the time when the CMB photons

that we’re now seeing were emitted. Due to the rapid expansion of space, this era is aptly named

“cosmic inflation”.

Below, we briefly review the simplest realization of inflation. A more comprehensive re-

view can be found in Ref. [6]. In 3 + 1 dimensions, homogeneous and isotropic space-times can

be uniquely described by the Friedmann–Lemaı̂tre–Robertson–Walker metric

ds2 = −dt2 + a(t)2dx⃗2 = a(t(η))2(−dη2 + dx⃗2). (1.1)

We have adopted the metric signature (−,+,+,+). The scale factor a(t) tracks the relative

size of space-like hypersurfaces at different times. The Hubble parameter captures the rate of

expansion and also gives the typical time scale during that era. It is defined as

H ≡ ȧ

a
, (1.2)
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where the overdot denotes derivative with respect to proper time t. As the proper distance in

expanding space keeps changing, it is more natural to use comoving coordinates x⃗ in which the

comoving distance between two points moving only under Hubble expansion remains constant.

Translation invariance is manifest in these coordinates and the conjugate (comoving) momenta k

are conserved. In the last expression in Eq. (1.1), we have switched to the conformal coordinates,

which will be useful in many of the calculations in this thesis. The differential of the conformal

time dη is defined as a simple rescaling of dt,

dη =
dt

a(t)
, (1.3)

such that the null geodesics of light are at 450 in η− |x| plane. Therefore, the comoving distance

travelled by any particle |dx| < dη, meaning η captures the comoving horizon.

Inflation can be well approximated by a de Sitter (dS) spacetime. It is a homogeneous and

isotropic solution to Einstein’s equation dominated by a positive cosmological constant Λc. The

Hubble parameter H ∼ Λc is constant during dS phase and the scale factor increases exponen-

tially as

a(t) = eHt. (1.4)

The conformal time can be expressed via integration of Eq. (1.3) as

η = − 1

aH
, (1.5)

where we have fixed the boundary condition η → 0 as t → ∞ in the dS phase. Notice that the

3
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gHoriz
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Figure 1.1: A schematic showing the evolution of comoving horizon, which decreases during
inflation and increases after the end of inflation taken to be at η ≈ 0. We can see that the comoving
length scales that were causally connected in the beginning become disconnected during inflation.
They come into causal contact again only when the horizon has increased sufficiently.

cosmic horizon at any time in dS phase is given by η(t → ∞) − η(t) = |η(t)|. From Eq. (1.5),

we can see that the cosmic horizon decreases as time ( or a(t) ) increases. The shrinking cosmic

horizon is precisely the condition we needed for inflation. The evolution of the horizon through-

out its cosmic history is shown in figure 1.1. We can see that the regions that are disconnected

post-inflation were in fact causally connected at the beginning of inflation.

Now we need a model that starts with an inflationary phase and later transitions to the

known cosmology of the post-Big-Bang universe. The most elegant formulation utilizes the

classical dynamics of a scalar field called the inflaton ϕ. During inflation, we assume the energy

density of the homogeneous inflaton background ϕ0(t) to dominate the total energy density of

the universe. The coupled equations for ϕ0 dynamics and the inflationary Hubble parameter Hinf

4



ϕo(t)

δϕ(t, ⃗x) ∝ ζ

Reheating

Slow roll of inflaton

Quantum fluctuations
V(ϕ)

ϕ

Figure 1.2: A schematic showing the slow roll potential of the inflaton, its fluctuations, and the
reheating at the end of inflation.

are then given by

ϕ̈0 + 3Hinf ϕ̇0 +
∂V (ϕ0)

∂ϕ0

= 0

H2
inf =

(ϕ̇2 + V (ϕ0))

3M2
Pl

. (1.6)

Here, MPl is the reduced Planck scale. As shown in figure 1.2, if the inflaton potential is suffi-

ciently flat, ϕ0 rolls very slowly down the slope. The above equations can then be solved self-

consistently by neglecting the acceleration term ϕ̈0 and taking ϕ̇2
0 ≪ V (ϕ0), giving approximately

constant ϕ̇0 and Hinf ,

ϕ̇0 ≈
1

3Hinf

∂V (ϕ0)

∂ϕ0

H2
inf ≈

V (ϕ0)

3M2
Pl

. (1.7)

The approximately constant V (ϕ0) while the inflaton is rolling on the plateau is equivalent to a
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positive cosmological constant, which gives rise to the approximately dS phase. Long periods

of inflation can be realized by making the potential sufficiently flat and terminated by violating

slow roll conditions. In figure 1.2, this occurs when the inflaton drops into the valley at the end.

The inflaton can later decay through its coupling to lighter species such as Standard Model (SM)

particles and/or dark matter (DM), which creates a primordial plasma of lighter particles. This

process of transferring the inflaton’s energy to the primordial plasma is called “reheating”.

In summary, we see that a simple observation of large scale homogeneity leads us to intri-

cate classical dynamics of a new (inflaton) field, which could be playing out at energies as high

as Hinf ≲ 1013 GeV [7]. Naturally, it would be very exciting if we could learn more about other

physics at those energies. These phenomena would necessarily manifest as subdominant effects

on top of the dominant inflaton dynamics. To detect these, we need a more sensitive probe, which

turns out to be the quantum fluctuation of the inflaton.

1.1.2 Primordial fluctuations

While the universe is predominantly homogeneous, there are small perturbations in the

distribution of energy density across space. These are reflected in the temperature fluctuations

of the CMB in different directions on the sky. The density perturbations can be naturally ex-

plained within the inflationary paradigm. While the homogeneous background of the inflaton

drives inflation, its quantum fluctuations, stretched to macroscopic scales due to inflation, can

seed density perturbations. The statistical correlations in the density perturbations, which can be

studied through various cosmological datasets, are therefore linked to quantum correlations of

the inflaton field. In this way, any new physics that alters the correlations of the inflaton can in
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principle be probed through density perturbations.

To appreciate the robustness of this connection, let us study the nature of quantum fluctua-

tions during inflation. The inflaton field can be separated into a large classical background, which

is homogeneous, and small quantum fluctuations on top of it as shown in figure 1.2,

ϕ(t, x⃗) = ϕ0(t) + δϕ(t, x⃗). (1.8)

The isotropy of the dominant part makes momentum space the natural basis. As mentioned be-

fore, the physical momentum kphy of a fluctuation keeps red-shifting due to spacetime expansion.

We therefore use the comoving momentum k = a kphy instead, which factors out the red-shift

and hence remains constant. In second quantized form, the fluctuations can be written as

δϕ(η, x⃗) =

∫
d3k

(2π)3

[
uk(η)c−k⃗ + uk(η)c

†
k⃗

]
eik⃗·x⃗ , (1.9)

where uk(η) is the Fourier mode of δϕ and the ladder operators follow the commutation relation

[ck⃗, c
†
k⃗′
] = (2π)3δ3(k⃗ − k⃗′). uk is simply the complex conjugate of uk. During slow roll on the

flat region of the inflaton potential, δϕ is massless. The field equation of a massless scalar during

dS phase is then

uk(η)
′′ − 2

η
uk(η)

′ + k2uk(η) = 0 , (1.10)

where the prime denotes ∂/∂η. The normalization is fixed using (uk(η)u
′
k(η) − u′k(η)uk(η)) =

iη2. The notion of energy, and therefore vacuum, is ill-defined in dS spacetime, a consequence

of the non-trivial time-dependence in Eq. (1.10). At early times η → −∞, however, the equation
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reduces to uk(η)′′ + k2uk(η) = 0, which is simply the field equation in Minkowski space. We

therefore choose a positive frequency solution at early times lim
η→−∞

uk(η) ∝ eikη such that the

initial state |Ω ⟩ matches the Minkowski vacuum, i.e. ck⃗ |Ω ⟩ = 0. This choice of initial state

is called the Bunch-Davies (BD) state.1 The above procedure fixes the time-dependence of the

fluctuations as

uk(η) =
(1− ikη) eikη√

2 k3
. (1.11)

Notice that when |η| < 1/k, the mode k becomes “super-horizon”, that is, the comoving horizon

|η| becomes smaller than the comoving wavelength k−1 of the fluctuation. The mode therefore

ceases to evolve, with the late-time amplitude uk(η)
η→0−→ 1/

√
2k3. The mode remains frozen

at this amplitude until the horizon starts expanding again after inflation and becomes compara-

ble to the wavelength of the mode at a much later time. Since no local physics can alter the

super-horizon frozen modes, inflationary perturbations are preserved robustly through unknown

processes that may have taken place after inflation. In this way, mode-freezing “fossilizes” high

energy processes that may be occurring during inflation. These inflationary fossils buried within

the density perturbations can therefore create a faithful picture of the inflationary era.

We have been imprecise in using δϕ for inflationary perturbations, since it is not invariant

under diffeomorphisms. However, a closely related quantity that is invariant is the curvature per-

turbation ζ , which we will use instead. In a spatially flat gauge [8, 9], ζ = −(Hinf/ϕ̇0) δϕ. The

correlations of the curvature perturbation at the end of inflation, ⟨ ζ(k⃗1) · · · ζ(k⃗n) ⟩|η→0, can be

matched to the moments of the observed density perturbations. These correlations can be calcu-

1Any initial occupation of the excited state would be quickly diluted away by inflation. It is therefore robust to
choose the empty BD state as the initial state at early time.
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lated using the ‘in-in’ formalism [10–12]. This is very similar in spirit to the ‘in-out’ formalism

used for the calculation of transition amplitudes in particle scattering. The difference is that here,

we are interested in the expectation values instead. The expansion of spacetime imparts a time-

dependence to the Hamiltonian H(t). Therefore, in the Schrödinger picture, the state |Ω ⟩ at early

times ti → −∞ evolves unitarily to U(tf , ti)|Ω ⟩ at some later time tf , where

U(tf , ti) = Te−i
∫ tf
ti

dtH(t). (1.12)

The expectation of any operator Ô at time tf is then given by ⟨Ω|U(tf , ti)†ÔU(tf , ti) ⟩. We

can use the standard methods of field theory to go to the interaction picture where the late-time

expectation can be written as

⟨ Ô ⟩|tf = ⟨ 0|Te
+i

tf∫
−∞(1+iϵ)

dt2HI
int(t2)

ÔI(tf ) Te
−i

tf∫
−∞(1−iϵ)

dt1HI
int(t1)

|0 ⟩. (1.13)

Here, a small deformation of the integration contour into complex time projects the free BD state

|0 ⟩ onto the interacting BD state |Ω ⟩. The superscript I denotes the interaction-picture operators,

and Hint is the interaction part of the full Hamiltonian. By expanding the exponential and making

Ô out of curvature perturbations at tf → ∞, we can evaluate curvature correlations perturbatively

in Hint. The calculation follows as usual by expanding in products of Wick contractions and using

in-in propagators. These can be depicted as Feynman diagrams by drawing a vertex for each Hint.

An example is shown in figure 1.3, where the interaction is mediated by a heavy particle, leading

to a 3-point correlation function at late time.
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tim
e

η ≈ 0

ϕ0
Heavy particle

ζk1 ζk2 ζk3

Figure 1.3: An example of a Feynman diagram in the in-in formalism, where the interaction is
mediated by the exchange of a heavy particle.

1.2 Primordial non-Gaussianity and signatures of heavy fields

Eq. (1.13) shows us that interactions of the inflaton give rise to connected n-point correla-

tions ⟨ζ(k⃗1)ζ(k⃗2) · · · ζ(k⃗n)⟩. These higher-point functions appear as non-trivial higher moments

in the density perturbations, a property we refer to as non-Gaussianity (NG).2 Unfortunately, the

density perturbations we have observed so far have been Gaussian and no (primordial) NG has

been detected. However, the experimental precision is expected to improve in near future. Espe-

cially with upcoming large-scale structure (LSS) surveys [13,14] and possible intensity mapping

of 21-cm hydrogen line [15,16], we might be able to detect very small deviations from Gaussian-

ity. This motivates us to explore what new physics may be revealed within these future datasets.

Heavy particles with masses M ≳ Hinf are particularly interesting, in that they can be

produced on-shell during inflation. Remember that in an expanding spacetime, a state which is

initially empty (the Minkowski vacuum) does not remain so at late time. In dS space, a comov-

2NG can also develop after inflation when the modes resume causal evolution. These are induced by the non-
linear gravitational interactions. In this thesis, however, we assume that these late-time NG can be subtracted, and
only focus on the primordial NG induced during inflation.
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ing observer perceives the BD state to contain a thermal distribution of particles at the Hawking

temperature THawking = Hinf/2π (see e.g. [17]). If these produced particles interact with the infla-

ton, they can later decay into inflaton fluctuations, mediating a non-zero higher-point correlation

function of the inflaton [18].

The on-shell propagation of heavy particles leaves a unique non-local feature in the 3-point

function of ζ , also known as the bispectrum. When expressed in co-moving momentum space,

this spacetime non-locality appears as momentum non-analyticity in the so-called squeezed limit,

where one of the momenta is soft, k1 ∼ k2 ≫ k3. A Feynman diagram contributing to the

bispectrum in this way is shown in figure 1.3. Typically [19, 20],

⟨ ζk⃗1ζk⃗2ζk⃗3 ⟩
⟨ ζζ ⟩k1⟨ ζζ ⟩k3

∝ e−πµ

(
k3
k1

)3/2±iµ

Ps(cos θ) + · · · where µ =

√
M2

H2
− 9

4
. (1.14)

Here s is the spin of the heavy particle and θ is the angle between k⃗1 and k⃗3. We see that

the non-analytic dependence on the momentum ratio k1/k3, which is either oscillatory (M >

3H/2) or a non-standard power law (M ≲ 3H/2), and the angular dependence can be used to

do spectroscopy of the mass and the spin of the heavy particle. This presents a rare opportunity

to directly probe particles at extremely high energies Hinf ≲ 1013 GeV, orders of magnitude

beyond the scope of any terrestrial collider. This program of research have therefore been dubbed

“cosmological collider physics” [19, 20].

While this is a very exciting program, a significant hurdle to fully exploit the reach of the

“cosmological collider” is that the non-analytic signal gets exponentially smaller (∼ e−πM/Hinf )

for M ≫ Hinf as seen in Eq. (1.14). Intuitively, this is a “Boltzmann suppression” factor due

to the thermal-like nature of particle production at the Hawking temperature THawking = Hinf/2π.
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The bispectrum gives the amplitude for particle production, ∝ e−M/2THawking , corresponding to the

standard Boltzmann probability e−M/THawking . On the other hand, for small masses M ≪ Hinf , the

non-analytic factor in k1/k3 becomes approximately analytic and difficult to disentangle from

other NG sources such as inflaton self-interactions.

Based on the previous argument, it would seem that observable masses are restricted to a

small range around Hinf . In Chapter 2, we investigate whether this is really the case. Given the

“thermal” nature of particle production, we ask if a term akin to the chemical potential can be

incorporated such that particles at energies beyond the temperature ∼ Hinf can be produced. It is

indeed possible to do so, and such mechanisms have been previously explored in the context of

particles with non-zero spins [21–30]. We extend the chemical potential mechanism to the case

of heavy spin-0 particles. Unlike spinful particles, the NG can appear at tree level for spinless

particles, making the calculation analytically more tractable. Our mechanism can extend the

range of observable masses by approximately two orders of magnitude beyond Hinf .

Until now, we have discussed quantum production of heavy particles. Interestingly, heavy

fields can also be excited classically during inflation if there is a sudden change in their potential

along the field trajectory. This leads to coherent oscillations of the heavy field background,

which can be imprinted as an oscillatory feature in the two-point correlation function if the heavy

field decays to inflaton fluctuations. Such signals have been searched for in the CMB data from

the Planck experiment, but no statistically significant detection has been made [7, 11, 31]. As

the sensitivity of CMB data is reaching the fundamental error limit from cosmic variance3 in

certain regions, we ask if the signatures of excited heavy fields can instead be detected with new

3As said before, the quantum averages of inflationary fluctuations can be linked to the statistical averages of
density perturbations. However, in a single realization that is our universe, we can only make a finite number of
measurements for these statistical averages. This introduces a fundamental uncertainty in matching our observations
to the theory, which is called the cosmic variance.
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cosmological datasets. The reader may wonder what these new datasets are. This is precisely the

topic of discussion in the next section.

1.3 In pursuit of new maps: Gravitational Wave Backgrounds

1.3.1 Motivation for new maps

Current observations tell us that the perturbations in all the SM species and DM are com-

pletely correlated [7]. These correlated “adiabatic” perturbations suggest a single, common

source of underlying fluctuations (for example, the inflaton). Essentially, despite having multiple

datasets, we are probing the same inflationary fluctuation. Particles that are weakly interacting

with the inflaton are therefore hard to probe as they may not give strong enough signals in any of

the known observables. This motivates us to explore alternative data sources that break into these

isolated sectors of inflationary fields.

For example, consider an axion-like particle (ALP), which is a well-motivated light field

that could have existed during inflation in addition to the inflaton. Such an ALP could be easily

misaligned from its minimum. If the mass of the ALP is much smaller than Hinf , it would also

undergo a slow roll similar to that of the inflaton and would not move significantly away from

its initial misalignment during inflation. The energy density in the ALP could be subdominant to

that of the inflaton such that it does not take part in driving inflation. Its quantum fluctuations,

however, would also stretch and freeze-out, similar to those of the inflaton. After the end of

inflation, if the ALP decays to some “hidden sector” that does not interact with the SM and DM

plasma reheated by the inflaton, its fluctuations can be transferred and retained as the density

perturbations of the hidden sector. The fluctuations of the ALP, and hence the hidden sector, are
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uncorrelated from those of the inflaton, a property known as isocurvature. Any observable that

can track these isocurvature perturbations would then give us a new map of ALP fluctuations.

What might be a good tracker of isocurvature perturbations, just as the CMB photons track

adiabatic perturbations? To preserve isocurvature, the tracker species must be weakly interacting

with the SM and DM such that it does not thermalize with them after production. It should also

be relativistic (or must decay to some form of radiation at a later point) and free-streaming such

that it can travel in straight lines over cosmological distances. And lastly, we should be able to

detect it. These are strong requirements, but there is at least one candidate that satisfies all of

them: gravitational waves.

1.3.2 Cosmological gravitational wave backgrounds

Any cosmological process that produces gravitational waves creates a (stochastic) gravi-

tational wave background (GWB). Gravitational waves (GW) free-stream from the time of their

production, and are therefore able to preserve isocurvature perturbations within their fluctuations.

They can be produced copiously even by hidden sectors, unlike the SM radiation. On the exper-

imental front, there has been a lot of excitement in gravitational wave detection with various

active projects, such as LIGO [32], Virgo [33], and pulsar timing arrays [34], as well as several

proposed projects including Cosmic Explorer [35], Einstein telescope [36], LISA [37], Tian-

Qin [38], Taiji [39], BBO [40], and DECIGO [41]. Most of these have the potential to go beyond

point-like astrophysical sources and detect diffuse stochastic GWBs from the early universe4.

The theoretical advantage of GW together with the imminent advances on the experimental front

4The NANOGrav collaboration, which targets nano-Hz gravitational waves using pulsar timing arrays, recently
announced a detection of a stochastic gravitational wave background [42].
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makes GW an important prospective cosmological dataset.

While there are various possible sources of GWB in the early universe, it is well-known

that first-order phase transitions (PT) tend to produce some of the strongest signals. Therefore,

we focus on GWBs produced such phase transitions. If the hidden sector reheated by the ALP

undergoes a first-order phase transition, the GWB created by it naturally inherits the isocurvature

perturbations of the ALP. A complete model, starting from the ALP field during inflation to the

isocurvature GWB fluctuations today, was first described in Ref. [1]. In Chapter 3, we will review

their model and use it for the creation of an isocurvature GWB. We will then explore what new

physics from the inflationary era might be revealed in the GWB fluctuations. As suggested at

the end of section 1.2, we will show that the GWB may contain distinct signatures of classical

excitations of heavy fields during inflation, which are otherwise absent in the current maps of

adiabatic perturbations. While GW are theoretically ideal, there are significant challenges to

their detection, such as astrophysical foreground, detector sensitivity, and angular resolution.

Therefore, it is important to explore mechanisms that can enhance the overall strength of GWB. In

the model of Ref. [1], it was observed that the strength of a high-isocurvature GWB is suppressed

due to the constraints from CMB. In Chapter 4, we propose a modification that can alleviate part

of the suppression seen in that model and therefore significantly improve the detection prospects

of a high-isocurvature GWB.
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Chapter 2: The Scalar Chemical Potential in Cosmological Collider Physics

2.1 Introduction

In Chapter 1, we saw that the paradigm of cosmic inflation gives a robust mechanism for the

high degree of homogeneity and isotropy of the universe on very large scales. This is a result of

the exponential spacetime expansion driven by the classical background of the inflaton. Further-

more, quantum fluctuations in this paradigm lead to a structure of tiny inhomogeneities, beau-

tifully consistent with the observed Cosmic Microwave Background (CMB). Minimally, these

fluctuations can identified with those of the inflaton itself. As reviewed in section 1.1.2, interac-

tions can give rise to small, non-trivial n-point correlations of the inflaton field, which translates

into non-Gaussianity (NG) of the density perturbations (for reviews see [43, 44]). Current data

suggests that primordial fluctuations are Gaussian to a good precision, indicating that the in-

teractions of the inflaton are weak. However, with the expected improvement in experimental

precision in the near future, especially with large-scale structure (LSS) data [13,14], we can hope

to detect small NG, which would reveal subdominant interactions of the inflaton with itself or

other fields. In this way, the properties of these other fields during inflation could be revealed

through primordial NG observables.1

1This is true provided the NG induced by gravitational interactions in the late-time Universe can be modeled
accurately and separated out. Keeping that in mind, in what follows we will focus exclusively on primordial NG
sourced during the inflationary era.
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In this chapter, we will be interested in the interactions of the inflaton with fields that are

heavier than the inflationary Hubble scale Hinf . The inflating background acts as a source of

energy of the order of Hinf , which can produce particles with masses M ∼ Hinf on-shell. The

propagation of heavy particles followed by their decay to inflaton fluctuations imprint a unique

non-analytic signature in the 3-point correlation of curvature perturbations ζ , also called the

bispectrum. The distinctive form of this signature allows us to infer the mass and spin of the

heavy particle, granting this area of research its name, “cosmological collider physics”. The

intuition behind this phenomenon is laid out in section 1.2. Here, we summarise a few key points

that will be useful for the rest of the discussion. The non-analytic signature becomes apparent in

the so-called squeezed limit, where one of the momenta is soft, k1 ∼ k2 ≫ k3. In this limit, the

(normalised) bispectrum typically has the form

⟨ ζk⃗1ζk⃗2ζk⃗3 ⟩
⟨ ζk⃗1ζ−k⃗1

⟩⟨ ζk⃗3ζk⃗3 ⟩
∝ e−πµ

(
k3
k1

)3/2±iµ

Ps(cos θ) + · · · , (2.1)

where µ = (M2/H2
inf − 9/4)1/2 and s is the spin of the heavy particle. The spin-dependent angu-

lar dependence is captured by the Legendre polynomial Ps(cos θ) where θ is the angle between

the hard and the soft momenta. The dependence of the bispectrum on the momentum ratio k1/k3,

which is oscillatory eiµ log(k1/k3) when µ is real and non-standard power law when µ is imagi-

nary, reveals the mass of the heavy particle. For M > 3Hinf/2, the bispectrum is exponentially

suppressed e−πµ as can be seen in Eq. (2.1). This is referred to as the “Boltzmann” suppression

since it is a consequence of the thermal-like nature of particle production at Hawking temperature

THawking = Hinf/2π. The Boltzmann suppression hinders our ability to probe particles far above

Hinf , restricting the reach of cosmological collider.
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Of course, in addition to the production amplitude for new heavy particles, the strength

of NG depends on the couplings to the inflaton, which we now consider. Radiative stability of

the inflaton potential strongly suggests that it should have derivative couplings predominantly,

schematically of the form

1

Λ2n+dim(Oheavy)−4
(∂ϕ)nOheavy, (2.2)

where Oheavy is made from the heavy fields and Λ is the scale at which the non-renormalizable

effective field theory (EFT) description breaks down. While the exact cutoff depends on the

assumptions about the nature of the UV-physics, plausibly it should be at least as big as the scale

of inflaton kinetic energy in slow-roll inflation [45],

Λ >

√
ϕ̇0 ≳ 60H, (2.3)

where ϕ0(t) denotes the classical inflaton field trajectory, and where we have used the fact that

the CMB temperature power spectrum amplitude implies H4/ϕ̇2
0 ≈ 10−7 [7]. It therefore seems

that the typical (dimensionless) couplings cannot offset Boltzmann suppression, since they are at

best ≲ O(1) when some of the inflaton fields are evaluated at the classical expectations ϕ̇0, or are

significantly suppressed.

The case n = 1 in Eq. (2.2) is exceptional however, with the inflaton coupling to a current

made of heavy fields, ∂µϕJ
µ
heavy/Λ. This has been studied in the context of heavy fermionic

matter [23, 25–28, 46] and heavy spin-1 bosons [21–24]. Here we will study the simple but

interesting case of heavy scalar matter, and show that there are dramatic new features enhancing
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the mass reach of cosmological collider physics in a controlled and robust manner. The case of a

single real heavy scalar, σ, is however trivial since the unique coupling is given by

Lint ⊃
gµν(∂µϕ)(∂νσ)σ

Λ
. (2.4)

Integrating by parts and replacing the resulting 2ϕ by −V ′(ϕ) using the inflaton equation of

motion, this only makes a mass contribution to σ modulo small slow-roll corrections. For the

case of two real scalars, σ1, σ2, on the other hand, Eq. (2.4) generalizes to

Lint ⊃
(

1

Λ1

gµν(∂µϕ)(∂νσ1)σ2 −
1

Λ2

gµν(∂µϕ)(∂νσ2)σ1

)
. (2.5)

For generic values of Λ1 and Λ2, these operators cannot be eliminated by integration by parts.

Inserting the time-dependent inflaton background generates a quadratic mixing between the two

scalars,

λ1σ̇1σ2 − λ2σ̇2σ1, (2.6)

where λ1 = ϕ̇0/Λ1 and λ2 = ϕ̇0/Λ2 are constant in time up to slow-roll corrections. This form is

reminiscent of the chemical potential for a complex scalar σ = σ1 + iσ2.

Indeed, for the special case λ2 = λ1 = λ and equal masses M1 = M2, Eq. (2.6) is

the chemical potential ∼ λJ0, where J is the Noether current associated to σ phase rotations,

J0 = σ̇1σ2 − σ̇2σ1. We know that the presence of a chemical potential in standard thermal

equilibrium can lead to occupation of excited states with energy greater than the temperature,

thereby overcoming Boltzmann suppression. Applying this intuition to the thermal-like nature
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of particle production in dS spacetime, we expect particles with masses M ≲ λ to be produced

efficiently.2 Let us estimate the value of chemical potential in our case. From Eq. (2.3), we

see that λ ≃ ϕ̇0/Λ ≲ ϕ̇
1/2
0 ≈ 60H , which is ≫ THawking. That is, we can expect that particles

much heavier than H can be produced without the dS analog of Boltzmann suppression, greatly

widening the window of observable masses in the cosmological collider physics program.

In this chapter, we demonstrate that the above expectations of non-Boltzmann-suppressed

NG mediated by heavy scalars H ≪ M ≲ λ can indeed be realized. The simplest way to see

how this works is to first note that the “chemical potential” coupling can be thought of as σ being

charged under a “gauge” field which is pure gauge in form, Aµ ≡ ∂µϕ/Λ. It can therefore be

removed by doing a gauge transformation on σ. However, this will induce gauge transform phase

factors in any other gauge-non-invariant masses or couplings in the theory:

L ⊃ O(σ, σ†) + c.c. → O(σ, σ†) eiqϕ/Λ + c.c., (2.7)

where O is an interaction/mass in σ violating the fake “gauge invariance” by q units (that is, there

are q more powers of σ than σ†). Given the slow-roll approximation, ϕ0 ≈ ϕ̇0t, we see that we

get effective high-frequency couplings of the heavy fields.

L ⊃ O(σ, σ†) eiqλt + c.c., (2.8)

For example, if we depart from our assumption of equal heavy masses, or from λ2 = λ1, there are

effectively σσ-type symmetry-breaking mass corrections accompanying the chemical potential,

2More precisely, the inflationary couplings may contribute to the mass during inflation, in which case the condi-
tion for efficient production is effective mass, Meff ≲ λ.
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which will be multiplied by e2iλt after the field redefinition. In general, in this way we get time-

dependent σ couplings and mass terms with frequencies of order λ. These couplings can then

naturally result in efficient particle production for masses up to λ ≫ H .3 We will study the

case of O(σ, σ†) with q = 1 and show that it can lead to striking NG signatures of the heavy

scalars, the largest and the most theoretically tractable occurring via tree-level exchanges with

the inflaton. These can be readily observable in upcoming LSS experiments [13, 47–49] and

future 21-cm cosmology [15, 50]. We will also briefly study the case q = 2, which is mostly

closely analogous to the fermionic case. In general, both q = 1 and q = 2 can co-exist, but for

simplicity, we pursue them separately.

There are some qualitative differences between the heavy scalar case here and the earlier

studies of heavy fields with non-zero spin s. In these previous studies [21–23, 23–28], the chem-

ical potential modifies the dispersion relation with a term linear in momentum using a coupling

∝ k⃗ · s⃗. The modified frequency ω(t) violates the adiabaticity condition, i.e. ω̇/ω2 ≫ 1, at a

certain time during the evolution of mode functions, leading to particle production. Of course a

similar effect is impossible for spin-0 fields. While these spin dependent effects are absent for

scalar fields, a chemical potential can still manifest as an explicit time-dependence in mass cor-

rections and couplings as seen in Eq. (2.8), which is the source of particle production. Ref. [23]

surveyed different chemical potential possibilities, but concluded that there was no effect for

complex scalars as given by Eq. (2.5). In this chapter, we will show that there is indeed a strong

effect within theoretical control.

Our main focus will be on q = 1 case with O = σ, which has the advantage that the

3It may be surprising to the reader that the chemical potential only overcomes dS Boltzmann suppression when
the related charge is not conserved. However, in ordinary thermal equilibrium there is an analogous feature, in that it
is crucial that the subsystem under study can gain/lose charge to the external thermal bath. If the subsystem charge
is exactly conserved, then here too the chemical potential would have no effect.
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contribution of the inflaton-scalar coupling to the bispectrum occurs at tree-level. This removes

the loop-suppression seen in gauge boson and fermion cases, gives a robustly large mass reach

up to ϕ̇1/2
0 ≈ 60H , while allowing an analytically tractable calculation. Note this is significantly

higher than the chemical potential reach for fermions ≃ ϕ̇
1/4
0 H1/2 ≈ 10H . While the spin-1

chemical potential reach is as high as the scalar case M ≃ ϕ̇
1/2
0 ≈ 60H , getting a viable signal

requires a period of exponential growth in particle production [21], in turn needing a very close

coincidence of the mass and chemical potential scales in order to stop in time. By contrast in

the scalar case, no exponential growth or coincidences are necessary. The meaning of mass is

obscured in the presence of large chemical potential due to its breaking of Lorentz invariance. But

we will carefully identify the physical mass after the field rotation which removes the chemical

potential, as in Eq. (2.7), and show that strong signals can be obtained for physical masses ≫ H

without any fine-tuning of parameters.

The field redefinition leading to the form of Lagrangian, Eq. (2.7), demonstrates that

the scalar chemical potential is equivalent to a special form of particle production due to non-

derivative couplings to the inflaton, similar in spirit to [51]. However there are some significant

differences. Generally, non-derivative couplings will induce radiative corrections to the inflation-

ary effective potential upon integrating out the heavy matter, of concern given the fragility of

slow-roll inflation. Furthermore, non-derivative couplings of (nearly) massless scalars ordinarily

yield divergent late-time correlators. However, in our case the non-derivative couplings to the

inflaton do not break the shift symmetry under which ϕ → ϕ + c when it is accompanied by the

phase rotation σ → e−ic/Λσ. This means that at the level of the inflationary effective potential, ra-

diative corrections from integrating out matter must respect ϕ shift symmetry, and hence vanish.

This matches the obvious conclusion from the original form of interaction, Eq. (2.5), where the
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derivative couplings of ϕ cannot generate an effective ϕ potential. Similarly, the manifest deriva-

tive couplings in Eq. (2.5) ensure that all late-time divergences cancel when the correlators are

computed using Eq. (2.7) (which however is more useful in computing the effects of the chemical

potential). Finally, it may appear worrying that the non-derivative couplings in Eq. (2.7) can be

Taylor expanded in powers of ϕ/Λ even though the ϕ field transit is much greater than Λ. In

general, non-derivative couplings containing (ϕ/Λ)n would not have a controlled expansion. But

here the symmetry requirement that the inflaton factor non-linearly carries “charge” q uniquely

gives the re-summed form eiqϕ/Λ, thus matching the manifest EFT control in Eq. (2.2).

As seen in Eq. (2.8), the particle production resulting from the chemical potential is con-

tinuous and approximately constant during inflation, given by a steady frequency of the effective

couplings/masses, as opposed to a more time-dependent or punctuated particle production. Re-

latedly, the shift symmetry gives us an approximate time translation invariance, which combined

with dS isometries implies that approximate scale invariance of our correlators is maintained.

This structure of correlators is useful in doing the spectroscopy of the heavy particles from the

bispectrum in a simple way.

The rest of the chapter is organized as follows: we describe the relevant observables and

fix the notation in section 2.2. Then in section 2.3, we present our model that illustrates the

mechanism of chemical potential in the context of heavy complex scalars. Section 2.4 contains

the main results of this chapter where we calculate the bispectrum in the squeezed limit and

analyze the strength of NG in various regions of the parameter space. There we also give a

simple and intuitive estimate of the bispectrum using the method of stationary phase while a full

calculation is carried out in section A.2 using the results from section A.1. After discussing in

section 2.5 a novel procedure to infer the effective mass of the heavy particle during inflation
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from the momentum dependence of the bispectrum, we conclude in section 2.6.

Note that in this chapter, we have set Hinf = 1 for the ease of calculation, unless it is

explicitly written. Factors of Hinf can be restored by dimensional analysis.

2.2 Preliminaries

Let us start with the definitions and the notation that we will used throughout the chapter.

The (approximate) dS metric during inflation is given by

ds2dS = −dt2 + e2Hinf t dx⃗2 (2.9)

=
−dη2 + dx⃗2

(ηHinf)2
, (2.10)

where ηHinf = −e−Hinf t. The inflaton is separated into the dominant homogeneous background

ϕ0(t) and the subdominant fluctuations δϕ(t, x⃗). In the spatially flat gauge [8], the fluctuations

are related to the gauge-invariant comoving curvature perturbation ζ (for a review and original

references see e.g. [9]) as

ζ = −δϕ
ϕ̇0

. (2.11)

The observations require the primordial power spectrum Pζ(k) to be (almost) scale invariant,

Pζ(k) ≡ ⟨ ζk⃗ζ−k⃗ ⟩
′ =

1

ϕ̇2
0

⟨ δϕk⃗δϕ−k⃗ ⟩
′ =

1

ϕ̇2
0

(k/k∗)
ns−1

2k3
, (2.12)
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where ns ≈ 0.96, k∗ = 0.05 Mpc−1 is the pivot scale, and ϕ̇1/2
0 ≈ 60Hinf [7]. Here and below,

the ⟨ · · · ⟩′ denotes the convention that momentum conserving factors have been taken out,

⟨ ζk⃗1 · · · ζk⃗n ⟩ ≡ (2π)3δ3(k⃗1 + · · ·+ k⃗n) ⟨ ζk⃗1 · · · ζk⃗n ⟩
′ . (2.13)

The primordial non-gaussianity (NG) corresponds to having connected non-zero n−point

correlation functions of ζ . More specifically, the bispectrum is the 3-point function in momentum

space denoted by B(k1, k2, k3),

B(k1, k2, k3) = ⟨ ζk⃗1ζk⃗2ζk⃗3 ⟩
′ . (2.14)

It is a convention to denote the bispectrum by F (k1, k2, k3), which can be thought of as the

bispectrum appropriately normalized by the power spectrum

F (k1, k2, k3) =
5

6

B(k1, k2, k3)

(Pζ(k1)Pζ(k3) + Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3))
. (2.15)

In our analysis, we will be mostly interested in the squeezed limit, i.e., when k1 ≈ k2 ≫ k3.

Using Eq. (2.11) and Eq. (2.12), the expression for F can be simplified in this limit as

Fsqueezed ≈
5

12
ϕ̇0

⟨ δϕk⃗2
δϕk⃗3

δϕk⃗1
⟩′

⟨ δϕk⃗1
δϕ−k⃗1

⟩′⟨ δϕk⃗3
δϕ−k⃗3

⟩′
. (2.16)

It is customary to typify the strength of NG by a single number, fNL, at the “equilateral” config-
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uration where all the momenta have the same magnitude,

fNL ≡ F (k, k, k) =
5

18

B(k, k, k)

Pζ(k)2
. (2.17)

This definition is consistent with the convention for local NG (f local
NL ) at the equilateral point. Using

Eq. (2.11) and Eq. (2.12), this can be written in terms of inflaton correlation functions,

fNL =
5

18
ϕ̇0

⟨ δϕk⃗1
δϕk⃗2

δϕk⃗3
⟩

⟨ δϕk⃗δϕ−k⃗ ⟩2
, (2.18)

where |⃗k1,2,3| = |⃗k|.

The constraints on fNL vary depending on the shape of the bispectrum. The latest Planck

analysis sets the bounds as |fNL| ∼ O(5 − 50) depending on the shape of NG [52]. In the

near future, LSS observations (see e.g. [13]) are expected to probe δfNL ∼ O(1) — bringing

several of our benchmark scenarios under the LSS reach, as we will see later. More futuristic

cosmic variance limited 21-cm cosmology experiments can reach even better sensitivities with

δfNL ∼ O(10−2) or even smaller [15, 16].

We use the in-in formalism to evaluate the bispectrum. A quick overview of this formalism

is presented in section 1.1.2. The reader may refer to [53] for a more comprehensive review.

Using this formalism, the expectation value of an operator Ô at any single time t can be pertur-

batively computed using,

⟨Ô⟩|t = ⟨0|
(
T̄ ei

∫ t
−∞(1+iϵ) HI

int dt
)
ÔI(t)

(
Te−i

∫ t
−∞(1−iϵ) HI

int dt
)
|0⟩ , (2.19)

where we can expand in powers of the interaction Hamiltonian HI
int to any desired order. Here
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we see the appearance of both time- and anti-time ordered exponentials, respectively denoted

by T and T̄ operators. The state |0⟩ is the free Bunch-Davies vacuum but the iϵ prescription

projects it onto the interacting vacuum |Ω⟩. The superscript I denotes fields in the interaction

picture. The bispectrum is the 3-point correlation function evaluated at the end of inflation, i.e.,

Ô(t) → (δϕk⃗1
δϕk⃗2

δϕk⃗3
)|η≈0 in Eq. (2.19).

2.3 A minimal model

2.3.1 Chemical potential for a complex scalar with U(1) symmetry breaking

Before getting into our actual models, let us consider a simple case of a complex scalar

field σ charged under a global U(1), where we introduce an explicit chemical potential by hand.

The conserved current Jµ = −i(σ∂µσ† − σ†∂µσ) can be used to introduce a non-zero chemical

potential, λ, by shifting the Hamiltonian density as H → H − λJ0. Integrating out the canon-

ical momentum in the partition function, Z ∼
∫
DσDΠ exp[−

∫
d4x (H − λJ0)] , gives the

corresponding Lagrangian, Z ∼
∫
Dσ exp[−

∫
d4xLσ] [54],

Lσ ⊃ −|∂σ|2 −M2|σ|2 + iλ(σ̇†σ − σ̇σ†) + λ2|σ|2

= [(∂t + iλ)σ] [(∂t − iλ)σ†]− |∂iσ|2 −M2|σ|2 . (2.20)

Note that adding a chemical potential in the Hamiltonian is equivalent to introducing coupling of

the complex field to an external gauge potential Aµ with a non-zero time component A0. Then

A0(≡ λ) is the chemical potential. It is important to clearly identify the physical mass in terms

of the various mass parameters in the Lagrangian, since it is obscured by the Lorentz-violating
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nature of the chemical potential. We will address this question shortly.

In the standard thermodynamic setting, the subsystem under consideration can gain or lose

charges to the heat bath, which is key to chemical potential having physical effect. In the infla-

tionary setting on the other hand, the subsystem is the entirety of space and hence, the charge

conservation is exact. This can be easily seen by noting that any non-trivial effect of the chem-

ical potential can be eliminated by a suitable field rotation, σ → e−iλtσ̃.4 Nevertheless, non-

conservation due to the heat bath can be replaced here by small explicit breaking of the U(1)

symmetry. Consider the simplest case of adding a linear symmetry-breaking term as follows,

Lσ ⊃ [(∂t + iλ)σ] [(∂t − iλ)σ†]− |∂iσ|2 −M2|σ|2 − α (σ + σ†) . (2.21)

After the field rotation as before σ → e−iλtσ̃, we see that the symmetry-breaking term retains the

effect of chemical potential in the form of a time-dependent phase,

Lσ̃ ⊃ −|∂σ̃|2 −M2|σ̃|2 − α (σ̃e−iλt + σ̃†e+iλt) . (2.22)

For two independent real scalar fields (σ1, σ2) as in Eq. (2.5), such symmetry-breaking terms are

naturally present when written in terms of σ = σ1 + iσ2.

In our full model, we will realize such a residual time-dependence with frequency λ, cou-

pled to inflaton fluctuations, capable of producing heavy particles in association with inflatons at

energies of order λ. But we can already identify the physical mass, having eliminated the chem-

ical potential in favor of the time-dependent α coupling. Treating the linear term in Eq. (2.22)

4When the subsystem is coupled to a thermal bath, the non-zero time-component of the gauge field can not be
rotated away due to periodic boundary conditions on the fields in the subsystem.
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as a perturbation for small α, we see that the physical mass is nothing but M (e.g., M2 term

is the standard dS-invariant if we are expanding around dS-spacetime). We will generalize this

approach to identifying the physical mass after field re-definition and computing the NG signals

as a function of it in what follows.

2.3.2 Realizing a chemical potential via inflaton couplings

Coming to the case of inflation, the chemical potential can be implemented with derivative

coupling of inflaton with the complex scalar current Jµ. Consider the Lagrangian,

L =
√
−g
{

−1

2
(∂ϕ)2 − V (ϕ)− |∂σ|2 −M2|σ|2

−i∂µϕ
Λ

(
σ∂µσ† − σ†∂µσ

)
− c (∂ϕ)2

Λ2
|σ|2 + α

(
σ + σ†)} . (2.23)

Here V (ϕ) is some suitable inflationary potential whose details we do not need to specify. The

second line describes the interactions, out of which the first term is the coupling of the inflaton

to the current. In the slow-roll approximation, the inflaton gets a homogeneous background such

that ϕ̇0 ≃ (60Hinf)
2 is a constant to a good approximation. This generates a chemical potential,

− 1

Λ
∂µϕJ

µ ⊃ ϕ̇0

Λ
J0 = λJ0, (2.24)

where λ ≡ ϕ̇0/Λ. It is evident from the discussion above that we must also include a small

explicit symmetry-breaking term, which is the last term on the second line in Eq. (2.23). The

second term, with the coefficient c, should be naturally present as it is consistent with the shift

symmetry of inflaton as well as the U(1) symmetry of the complex scalar. The coefficient of this
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term gets modified as it is also generated from the kinetic term for σ after the field redefinition

that removes the dimension-5 inflaton-current coupling,

σ = e−iϕ/Λ σ̃ . (2.25)

Then Eq. (2.23) can be written as

L =
√
−g
{

−1

2
(∂ϕ)2 − V (ϕ)− |∂σ̃|2 −M2|σ̃|2

+(1− c)
(∂ϕ)2

Λ2
|σ̃|2 + α

(
σ̃e−iϕ/Λ + σ̃†e+iϕ/Λ

)}
. (2.26)

In the new field variable σ̃, the chemical potential gets translated into a non-trivial phase in the

symmetry-breaking term. Another advantage of this step is that the Lagrangian in Eq. (2.26) no

longer has interactions with time-derivatives ∂0σ̃. It is then straightforward to get the interaction

Hamiltonian starting from the Lagrangian density using Hint = −Lint.5 For simplicity and per-

turbative control, we restrict the coefficient |c| ≤ 1. Note that c = 1 is a case that corresponds

to the addition of chemical potential without affecting the mass, as seen in Eq. (2.20). Here, we

keep this coefficient arbitrary.

2.3.3 Analysis of the spatially homogeneous background of the complex scalar

In the following, we will restrict our attention to the parameter space where interactions

in Eq. (2.26) are perturbative such that the inflaton dynamics is not altered at leading order in

perturbation theory. Therefore we can treat the homogeneous part of the inflaton as ϕ0 where

5It can be shown that the additional terms with (∂ϕ)2 give rise to extra interaction terms only at fourth-order in
perturbation or higher [55]. Since we are only looking at diagrams at tree level, this will not affect our analysis.
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ϕ̇0 ≈ (60Hinf)
2. This perturbativity is ensured by taking Λ(α) sufficiently large(small), as dis-

cussed in more detail in section 2.4.2. The term linear in σ̃ in Eq. (2.26) breaks the U(1) symme-

try explicitly and gives a time-dependent background σ̃0 which we estimate now.

From Eq. (2.26), the Lagrangian terms involving σ̃ are

Lσ̃ ⊃
√
−g
{
−|∂σ̃|2 −

(
M2

eff +O(δϕ)
)
|σ̃|2 + α

(
σ̃ e−i(ϕ0+δϕ)/Λ + h.c.

)︸ ︷︷ ︸
}

α
(
σ̃ e−iλt (1 +O(δϕ)) + h.c.

)
,

(2.27)

where we have expanded the inflaton field around its background with δϕ denoting the inflaton

fluctuations. In the second line, we have used the fact that ϕ̇0 ≈ constant during inflation in the

slow-roll approximation, and hence, we can write

ϕ0

Λ
≈ ϕ̇0

Λ
(t− ti) = λ (t− ti) . (2.28)

Here, ti depends on the initial value of ϕ0. Its exact value will not affect our final results as it only

appears as an unimportant overall phase (hence, not shown in Eq. (2.27)). The effective mass of

the heavy field can be written as

M2
eff =M2 + (1− c)λ2. (2.29)

Following the discussion in section 2.3.1, the physical (approximately) dS-invariant mass is most

readily identified in σ̃ variable, where the chemical potential term is redefined away. In the limit

where α perturbation is switched off,Meff is clearly the physical mass during inflation. For α = 0,

the heavy particle production is Boltzmann suppressed by e−πMeff/Hinf forMeff ≫ Hinf in standard
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fashion, whereas it is produced (in association with inflatons) without any such suppression in

the presence of non-zero α for λ ≳ Meff > Hinf , due to the high λ-frequency time-dependence

of the α coupling. In particular, no fine-tuned cancellation between various parameters in Meff is

needed to obtain an unsuppressed signal.

The parameter c controls the contribution of chemical potential to the effective mass, as

well as symmetry-preserving couplings of the heavy particle to the inflaton. As mentioned before,

c = 1 is a case where the coupling of inflaton to the current only generates a chemical potential

and does not affect the physical mass, i.e., Meff = M . For any value of c, we expect the range

of values −(1 − c)λ2 < M2 < cλ2, corresponding to Hinf < Meff < λ, to give unsuppressed

signal (we will see this explicitly later). Note that this range includes tachyonic M2 < 0 for

c < 1. However, it does not lead to instability as long the physical mass M2
eff > 0. The meaning

of tachyonic M is only seen after inflation ends, and ϕ decays and lies at the minimum of its

potential today, ϕ̇ ∝ λ = 0, so M represents the post-inflation physical mass. Being tachyonic,

M2 < 0, indicates only that σ will be unstable to acquiring a post-inflation background value.

But this does not affect our inflationary analysis of NG produced.

Due to the time-dependent phase in the term linear in σ̃, the standard procedure of shifting

the field by a constant value will not get rid of this linear term completely. We instead solve

the equation of motion (EOM) of σ̃0 following from Eq. (2.27). Let us write the high-frequency

phase in α-coupling using conformal time as

e±iλ(t−ti) = e±iλ log(η/ηi) , (2.30)

From Eq. (2.27), the EOM for the complex scalar field (in the dS limit of inflationary spacetime)
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is

[
∂2η − 2

η
∂η +

(
−∇2 +

M2
eff

η2

)]
σ̃(x⃗, η) = +α

(η/ηi)
−i λ

η2
. (2.31)

This is a standard EOM for a massive scalar field in the inflationary background with an extra

time-dependent piece on the right hand side coming from the linear term. This extra piece sources

spatially homogeneous part, i.e., k⃗ = 0 mode. We write σ̃ → σ̃0(η) + δσ̃(x⃗, η), where σ̃0 is the

time-dependent homogeneous background, and δσ̃(x⃗, η) is the fluctuation. Putting ∇2σ̃0 = 0 in

Eq. (2.31), we get the equation for the homogeneous part,

[
∂2η − 2

η
∂η +

M2
eff

η2

]
σ̃0(η) = +α

(η/ηi)
−i λ

η2
. (2.32)

The general solution can be written as,

σ̃0(η) = C± (−η)3/2± i µ + α
(η/ηi)

−i λ

(M2
eff − λ2 + 3iλ)

, (2.33)

where µ =
√
M2

eff − 9/4. The first term corresponds to oscillations of the massive field given

by its mass ∼ µ, and the usual 1/
√
volume dilution of mode functions. Due to the dilution, this

term quickly becomes negligible. On the other hand, the second term exhibits a forced-oscillator

type behaviour coming from the linear σ̃-term in Eq. (2.27), which gives time-dependence to the

background σ̃0. This term does not dilute (nor diverge) in late time and vanishes at the end of
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inflation as ϕ̇0 → 0. Thus, the homogeneous part of the complex field can be written as

σ̃0(η) ≈ α (−η)−i λ eiθ√
(M2

eff − λ2)2 + 9λ2
≡ κ†(−η)−i λ , (2.34)

where θ = tan−1(−3λ/(M2
eff −λ2)+λ ln(−ηi)) is a constant phase. Notice that the amplitude of

the oscillating background in Eq. (2.34) depends on the detuning between the natural frequency

Meff and the external frequency λ, just like the case of a forced oscillator. The damping comes

from the Hubble friction ∼ 1
η
∂ησ̃ in Eq. (2.31).

An important consequence of the time-dependent background for the heavy complex scalar

is that the leading NG will now be at tree-level, which means we no longer pay the ∼ 1/(16π2)

loop suppression, and the calculation is a lot more tractable as compared to the loop-level calcu-

lations in scenarios involving chemical potential for fermions and gauge bosons.

2.3.4 Quantization and mode functions of the complex scalar

After doing the analysis for the homogeneous solution, let us move on to discuss the fluc-

tuations. Taking a Fourier transform in Eq. (2.31), we get the equation for the k⃗-th mode (⃗k ̸= 0)

as

[
∂2η − 2

η
∂η +

(
k2 +

M2
eff

η2

)]
δσ̃(k⃗, η) = 0 . (2.35)

Here, we have ignored a quadratic mixing between δσ̃ and δϕ. We will later take this into account

perturbatively in the insertion approximation. The right hand side in Eq. (2.31) is purely spatially

homogeneous and does not affect k⃗ ̸= 0. The equation for δσ̃(k⃗, η) is the standard EOM for
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a massive scalar field in the dS limit of inflationary spacetime. In terms of the redefined field

σ̃, the effect of the chemical potential is solely on the time-dependent background σ̃0, while the

fluctuations follow the same dynamics as a free massive scalar field. The general solution is

δσ̃(k⃗, η) = c1 (−η)3/2H(1)
iµ (−kη) + c2 (−η)3/2H(2)

iµ (−kη) . (2.36)

Here, H(1 or 2)
iµ are the Hankel functions. The quantized field can be taken to have the following

form,

δσ̃(k⃗, η) = ḡk(η) a−k⃗ + fk(η) b
†
k⃗
, (2.37)

where ak⃗ (a
†
k⃗
) and bk⃗ (b

†
k⃗
) are the destruction (creation) operators for particle and anti-particle

excitations, respectively, i.e. ak⃗|0 ⟩ = bk⃗|0 ⟩ = 0, where |0 ⟩ is the Bunch-Davies (BD) vacuum.

Imposing canonical quantization, using the conjugate momentum π(x⃗, η), [δσ̃(x⃗, η), π(x⃗, η)] =

+i δ3(x⃗ − y⃗) translates into standard commutation relations [ak⃗, a
†
k⃗′
] = (2π)3δ3(k⃗ − k⃗′) and

[bk⃗, b
†
k⃗′
] = (2π)3δ3(k⃗ − k⃗′), given that the mode functions satisfy the Wronskian condition

ḡkg
′
k − fkf̄

′
k = iη2 , (2.38)

where ′s denote derivatives with respect to conformal time η.

Treating all the interactions perturbatively, the quadratic part of the Lagrangian for fluc-

tuations corresponds to a free complex scalar in dS space-time. Thus, minimization of Hamil-

tonian requires choosing appropriate positive frequency mode at early time, i.e., fk, gk ∝ eikη

at η → −∞. These initial condition and the Wronskian condition fix the form of the mode
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functions gk, fk to be

ḡk = N∗
g (−η)3/2H

(1)
iµ (−kη)

fk = Nf (−η)3/2H(2)
iµ (−kη) ,

(2.39)

where Nf =
√
π
2
eπµ/2e−iπ/4 and N∗

g =
√
π
2
e−πµ/2e+iπ/4. It can be checked that gk = fk. Further-

more,

ḡk(η → −∞) =
1√
2k

(−η)e−ikη

fk(η → −∞) =
1√
2k

(−η)eikη,
(2.40)

as required by imposing BD initial conditions.

Assuming the validity of perturbative analysis (discussed in section 2.4.2), we can then take

the standard M → 0 limit for inflaton. Quantizing inflaton fluctuation as

δϕ(k⃗, η) = ūkc−k⃗ + ukc
†
k⃗
, (2.41)

we get the mode functions by setting µ = 3i/2 in Eq. (2.39),

uk(η) =
(1− ikη) eikη√

2 k3

ūk(η) =
(1 + ikη) e−ikη

√
2 k3

.

(2.42)

2.3.4.1 Boltzmann-like suppression for fields with no chemical potential

Having studied the mode functions, let us take a detour to understand the origin of the

Boltzmann suppression in the absence of chemical potential. For this exercise, it is sufficient to

consider only one real scalar σ1 out of σ. Let us take this field to have the dS mass M . The
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free field EOM is the same as in Eq. (2.35). The scalar field is then quantized using BD initial

condition as,

σ1 = f̄ka−k⃗ + fka
†
k⃗

where f̄k = N∗
f (−η)3/2H

(1)
iµ (−kη) ; µ =

√
M2 − 9/4 . (2.43)

The BD initial condition means that at early time, the modes were deep into the horizon and

hence look like Minkowski modes in the appropriate time variable. This is reflected in the early

time limit of the mode functions,

f̄k
η→−∞−−−−→ f̄k(in) =

1√
2k

(−η)e−ikη, (2.44)

where the positive frequency solution is chosen as it minimizes the Hamiltonian at early times.

In a time-dependent space-time, the same mode may not be the local positive frequency mode

at late times. This point becomes apparent in the late time limit where (up to some unimportant

phases)

f̄k
η→0−−→ f̄k(out) ≃

(−η)3/2

2
√
π

(
Γ(−iµ)(−kη/2)iµeπµ/2 + Γ(iµ)(−kη/2)−iµe−πµ/2

)
M≫H−−−→ (−η)3/2√

2µ

(
(−kη/2)iµ + e−πµ(−kη/2)−iµ

)
, (2.45)

where in the second line, we have used

|Γ(iµ)| ∼
√
2π|µ|−1/2e−π|µ|/2. (2.46)
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Notice that a small negative frequency part, (−η)−iµ ∼ eiµt, has developed, with a relative am-

plitude e−πµ, which corresponds to ‘cosmological particle production’. Then the probability

of particle production is ∼ e−2πµ, which is approximately e−M/THawking , where the cosmologi-

cal Hawking Temperature is given by THawking = Hinf/(2π). The non-analytic signature in the

bispectrum comes from the ‘on-shell’ production and propagation of heavy particles, which is

always accompanied by this exponential suppression unless there is another energy source of

particle production. In our model, we create just such a source by harnessing the kinetic energy

of the inflaton through its coupling to the complex current. This introduces an additional explicit

time-dependence with frequency λ≫ Hinf , and hence produces heavy fields more efficiently.

2.3.5 Interactions of the complex scalar with the inflaton

We focus on the interactions contributing to the bispectrum at tree-level, which is the dom-

inant contribution in our model. These include terms that mix the complex scalar field with

inflaton fluctuations, Hmix, and 3-point interactions, H3. The relevant terms in the Lagrangian

can be obtained from Eq. (2.26) after expanding the phase of σ̃,

ei ϕ/Λ = ei (ϕ0+δϕ)/Λ ≈ e−iλ log (η/ηi)
(
1 + i

δϕ

Λ
+ ...

)
, (2.47)

and using the background of σ̃ from Eq. (2.34). The quadratic mixing terms are

Hmix = −Lmix = β1 (−η)iλ ˙(δϕ) δσ̃ + β2 (−η)iλ δϕ δσ̃ + h.c. , (2.48)
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where

β1 = +
2(1− c)ϕ̇0κ

Λ2
, β2 = i

α

Λ
. (2.49)

The relevant 3-point interaction terms are given by,

H3 = −L3 = ρ1 (−η)iλ (∂δϕ)2 δσ̃ + ρ2 (−η)iλ (δϕ)2 δσ̃ + h.c. , (2.50)

where

ρ1 = −(1− c)κ

Λ2
, ρ2 =

α

2Λ2
. (2.51)

Here we have read off the interaction terms directly from the Lagrangian using Hint = −Lint,

which holds at third order in fluctuations (as explained after Eq. (2.26)). The extra time depen-

dence (−η)±iλ in the vertices is the most important consequence of the chemical potential. It

effectively injects (removes) energy of order λ at each vertex, making the production of fields in

the entire range Hinf < Meff ≲ λ possible without the dS Boltzmann suppression.

2.4 Approximate calculation of the bispectrum in the squeezed limit

Having worked out the interaction terms, we now evaluate the bispectrum following Eq. (2.19),

⟨ δϕk⃗1
δϕk⃗2

δϕk⃗3
⟩′|η→0 = ⟨0|

(
T̄ ei

∫ 0
−∞(1+iϵ) HI

int dη1
)
δϕ0,k⃗1

δϕ0,k⃗2
δϕ0,k⃗3

(
Te−i

∫ 0
−∞(1−iϵ) HI

int dη2
)
|0⟩ ,

(2.52)
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where δϕ0,⃗k is the inflaton fluctuation with comoving momentum k⃗ at η → 0. By expanding

the exponential operator, it is easy to see that the bispectrum vanishes at zeroth order and the

leading contribution comes from tree diagrams. While in general, the bispectrum contains both

analytic and the non-analytic pieces, it is the latter that encode distinctive on-shell effects of the

massive particle. Hence, for the purposes of this work, we will compute only the non-analytic

parts, keeping in mind that for a complete analysis one would also need to take into account the

analytic contributions. However, the analytic contributions can be estimated to be comparable to

our non-analytic estimates below in the regime of mild squeezing, i.e., analytic and non-analytic

contributions to fNL are comparable. The general form can be written as,

⟨ δϕk⃗1
δϕk⃗2

δϕk⃗3
⟩′|η→0 = I++ + I+− + I−+ + I−−,

I±± ∝ (∓i)(∓i)
∫
dη1
η41

∫
dη2
η42

h(η1, η2) d̃±(k1, k2; η1) d±(k3; η2)×

{G±±(k3; η1, η2) + F±±(k3; η1, η2)} . (2.53)

The ‘+’ indicates that the vertex that comes from e−i
∫

Hintdη with time ordering, while ‘−’ comes

from e+i
∫

Hintdη with anti-time ordering. Note that the first sign on I±± corresponds to the cu-

bic interaction vertex, and the second sign corresponds to the inflaton-scalar mixing vertex. The

function h(η1, η2) captures the explicit time-dependence of the form (−η)±iλ in the vertex coeffi-

cients in eqs. (2.48) and (2.50). The functions d±, d̃± are the inflaton bulk-boundary propagators,
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and they can be evaluated using Eq. (2.42) as

d+(k3; η2) ≡ ⟨δϕ(η0)δϕ(k3, η2)⟩|η0→0 =
1

2k33
(1− ik3η2)e

ik3η2

d̃+(k1, k2; η1) ≡ ⟨δϕ(η0)δϕ(η0)δϕ(η1, k1)δϕ(η1, k2)⟩|η0→0 =
1

4k31k
3
2

(1− ik1η1)(1− ik2η1)e
ik12η1 ,

(2.54)

where d−(d̃−) is the conjugate of d+(d̃+), and k12 = k1 + k2. G±± and F±± are bulk-bulk

propagators for the complex scalar field. These can be evaluated using Eq. (2.37) as

G++(k; η1, η2) = ⟨ δσ̃(η1)δσ̃†(η2) ⟩++ = f̄k(η2)fk(η1)θ(η2 − η1) + ḡk(η1)gk(η2)θ(η1 − η2),

G+−(k; η1, η2) = ⟨ δσ̃(η2)δσ̃†(η1) ⟩+− = ḡk(η2)gk(η1),

F++(k; η1, η2) = ⟨ δσ̃†(η1)δσ̃(η2) ⟩++ = f̄k(η1)fk(η2)θ(η1 − η2) + ḡk(η2)gk(η1)θ(η2 − η1),

F+−(k; η1, η2) = ⟨ δσ̃†(η2)δσ̃(η1) ⟩+− = f̄k(η2)fk(η1) .

(2.55)

The remaining propagators can be related to these using relations,

G−− = (G++)
∗ , G−+ = (G+−)

∗ , F−− = (F++)
∗ , F−+ = (F+−)

∗. (2.56)

We will fix the proportionality factors in the above by using the relevant coupling parameters in

a moment. I−+ and I−− are complex conjugates of I+− and I++, respectively. Thus, we only

evaluate I+− and I++ explicitly.

We compute the full analytic form of these contributions in Eq. (A.2), however next we

show the same calculation using the stationary phase method, which is more transparent in terms

of demonstrating particle production through chemical potential. It also proves to be a good

approximation in the parameter regime of our interest, λ ≫ Meff > Hinf , as we will see in
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figure 2.2.

2.4.1 Dominant contribution: I+− diagrams

Let us start with the evaluation of I+− diagram. For the purpose of illustrating the mecha-

nism, we focus on the sub-diagram consisting of vertices with larger coefficients, i.e., β2 and ρ2.

We will see later that the NG estimate thus obtained matches the full analytic calculation very

well.

Using the form of vertices in eqs. (2.48) and (2.50), and Eq. (2.53) the sub-diagram has the

form

I+− ⊃ (−i)(+i)
∫
dη1
η41

∫
dη2
η42

d̃+(k1, k2; η1)d−(k3; η2)×{
β2ρ

∗
2

(
η2
η1

)iλ

G+−(k3; η1, η2) + β∗
2ρ2

(
η2
η1

)−iλ

F+−(k3; η1, η2)

}
.

(2.57)

Looking at Eq. (2.55), we see that the first term on the second line corresponds to the contraction

⟨ δσ̃δσ̃† ⟩, describing particle propagation, while the second corresponds to ⟨ δσ̃†δσ̃ ⟩, describing

anti-particle propagation. Without loss of generality, let us take λ > 0 in the following analysis.

We will see that with this choice, the contribution from the term with F+− propagator dominates.

It will become clear that if λ < 0, the analysis for F+− and G+− is simply switched, but our

conclusions remain unchanged.

Let us start with the second term with F+− propagator, which is represented diagramatically

in figure 2.1 (a). There are two integrals, the one with soft inflaton leg (k3) coming from anti-time
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σ̃

σ̃

δϕ
δϕ δϕ δϕ δϕ δϕ

Figure 2.1: Representation of the dominant tree-level contributions from I+− and I++ diagrams
to the bispectrum. For the convenience of notation, the time ordered part of the diagram is shown
below the η ≈ 0 line with time running upwards, while the anti-time ordered part is shown
above with time running downwards. An incoming (outgoing) arrow at a vertex denotes injection
(extraction) of energy. This makes it plausible that the I+− contribution is enhanced compared
to the I++ contribution, since for the former the “resonant” particle production through energy
injection is efficient at both the vertices. Further explanations can be found in the text.

ordering, while the other with hard momenta (k1/2) coming from time ordering.

I+− ⊃ β∗
2ρ2

∫
dη1
η41

∫
dη2
η42

(
η2
η1

)−iλ

d̃+(k1, k2; η1)d−(k3; η2)F+−(k3; η1, η2) = β∗
2 ρ2 I

(−)
k3
I
(+)
k12

,

(2.58)

where I(−)
k3

is the η2-integral at the mixing vertex from the anti-time ordered part, while I(+)
12 is

the η1-integral from the time-ordered part with cubic interaction. Using mode functions for the

inflaton and complex scalar from eqs. (2.39) and (2.42), we get

I
(−)
k3

=

∫ 0

−∞

dη2
η42

(
(1 + ik3η2)e

−ik3η2

2k33

)
(−η2)−iλ ×

(
N∗

f (−η2)3/2H
(1)
iµ (−k3η2)

)
︸ ︷︷ ︸

f̄k3 (η2)

. (2.59)

For fields with mass greater than the Hubble scale, the rate of expansion of space-time is much
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smaller as compared to their natural frequency, i.e., ω̇/ω2 ≪ 1. Thus, the dynamics of the mode

functions can be effectively captured by the adiabatic modes. For the ease of calculation, let

us make the substitution x = −k3η2. Then the full mode function can be approximated by the

adiabatic mode as,

N∗
f x

1/2H
(1)
iµ (x) ∼

µ≫H

e−i
∫
ω(η)dη√

2ω(η)

∣∣∣∣∣
x=−kη

=
ei

∫ √
1+µ2

x2
dx

√
2
(
1 + µ2

x2

)1/4 . (2.60)

The integrand then separates into a slowly-varying polynomial function and a highly oscillatory

phase g(x),

I
(−)
k3

∼ 1

2
√
2k

3/2−iλ
3

∫ ∞

0

dx
x−5/2(1− ix)

(x2 + µ2)1/4
eig(x) , (2.61)

where g(x) = −λ log(x) + x+

∫ x

x0

√
1 +

µ2

x2
dx . (2.62)

Here, x0 corresponds to the time at the start of inflation. The dominant contribution comes from

the stationary points where g′(x∗) = 0, i.e., − λ
x∗

+ 1 +
√

1 + µ2

x2
∗
= 0. In this case, there is only

one stationary point at x∗ = (λ2 − µ2)/(2λ). Using this, we get g′′(x∗) = 4λ3/(λ4 − µ4) for

λ > µ. The integration can then be evaluated as

I
(−)
k3

∼ 1

2
√
2k

3/2−iλ
3

x
−5/2
∗ (1− ix∗)

(x2∗ + µ2)1/4
eig(x∗)

√
2π

g′′(x∗)

∼
√
π

k
3/2−iλ
3

eiδ(λ,µ)λ1/2(λ2 − µ2)−1. (2.63)

Here we have used the fact that x∗ ≫ 1, true for most of the parameter space we are interested

in. The phase factor δ(λ, µ) = g(x∗) − π/2 is independent of k3. The additional phase coming
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from the choice of initial point x0 is arbitrary, but it cancels with the phase from I
(+)
k12

integral.

The role of the chemical potential is now apparent. The existence of stationary phase

indicates on-shell production of particles. The phase (−η)−iλ coming from the chemical potential

can be thought of as providing energy ∼ λ into the vertex, which is converted to produce inflaton

and complex scalar fluctuations at time x∗. If λ < µ, there is no stationary point and we will get

an exponential suppression6

I+− ∝ e−π(µ−λ), (2.64)

which as λ→ 0, becomes the usual Boltzmann-like suppression e−πµ for heavy fields.

Doing a similar calculation for I(+)
k12

yields,

I
(+)
k12

=
1

4k31k
3
2

∫ 0

−∞

dη1
η41

(
(1− ik1η1)(1− ik2η1)e

ik12η1
)
(−η1)+iλ ×

(
Nf (−η1)3/2H(2)

iµ (−k3η1)
)

︸ ︷︷ ︸
fk3 (η1)

x=−k3η1−−−−−→ 1

4
√
2k31k

3
2k

−3/2+iλ
3

∫ ∞

0

dx
x−5/2(1 + ipx/2)2

(x2 + µ2)1/4
eih(x) , (2.65)

where

h(x) = λ log(x)− px−
∫ x

x0

√
1 +

µ2

x2
dx . (2.66)

Stationary phase occurs when λ
x∗

− p −
√

1 + µ2

x2
∗
= 0. Then in the large p limit, for λ > µ,

6In the absence of a stationary point for λ < µ, we can perform a Wick rotation x → ix, and carry out the
integration in Eq. (2.61) explicitly to see the e−π(µ−λ) factor. For more details, refer to a similar calculation within
the I++ contributions in section 2.4.4, where such suppression is always present.
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x∗ ≈ λ−µ
p

, and h′′(x∗) ≈ − p2

λ−µ
. This gives,

I
(+)
k12

∼ 1

4
√
2k31k

3
2k

−3/2+iλ
3

x
−5/2
∗ (1 + ipx∗/2)

2

(x2∗ + µ2)1/4
eih(x∗)

√
2π

h′′(x∗)
. (2.67)

Since x∗ depends on p, we get a p-dependent phase from eih(x∗),

h(x∗) =

[
λ log(x)− px−

{√
x2 + µ2 + µ log(x)− µ log

(
µ2 + µ

√
x2 + µ2

)}∣∣∣x
x0

]
x∗≈λ−µ

p

.

(2.68)

In the above, we have taken a squeezed limit p ≫ λ/µ ∼ 1, where this expression can be

simplified to separate out the momentum-dependent phase. The underlined terms in the above

expression result in a non-analytic momentum dependence of the form pi(µ−λ),

eih(x∗) →
p≫1

eiδ
′(λ,µ)pi(µ−λ), (2.69)

where δ′(λ, µ) is a p-independent phase. The integral can be written as

I
(+)
k12

∼ −
√
π

16k31k
3
2k

−3/2+iλ
3

eiδ
′(λ,µ) µ−1/2 p3/2+i(µ−λ) . (2.70)

Putting together eqs. (2.63) and (2.70), we get

I+− ⊃ β∗
2ρ2I

(+)
k3
I
(−)
k12

∼ πβ∗
2ρ2

16k31k
3
2

µ−1/2λ1/2(λ2 − µ2)−1 p3/2+i(µ−λ) , (2.71)

up to a constant phase.
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Going back to the first term in Eq. (2.57) with G+−, we observe that the calculation can

be repeated with the replacement λ → −λ. However, it can be checked that in this case, the

stationary point does not exist for either of the two integrals, and the integrand is highly oscil-

latory in the entire domain of integration η ∈ (−∞, 0). This gives an exponentially suppressed

contribution, and hence can be ignored in our estimate.7

From this analysis, it becomes clear that the correct way to think of I+− diagrams is fig-

ure 2.1 (a). In the figure, we represent anti-time ordered part above the line denoting the end of

inflation (η ≈ 0) with time running downwards. This is simply a convenient notation to differ-

entiate between I+−/−+ and I++/−− diagrams. The interaction Hamiltonian evolves the initial

Bunch-Davies vacuum into a superposition of excited states |pi...pnδϕ
; qj...qnσ̃

⟩ where nδϕ is the

number of inflaton excitations while nσ̃ is the number of excitations of the heavy field. The

correlation functions essentially picks the amplitude of the state |k3; k3 ⟩ from the ‘bra’ and the

amplitude of |k1, k2; k3 ⟩ from the ‘ket’.

The direction of the arrow for chemical potential λ in figure 2.1 depends on the phase. For

the vertices from time ordered part, (−η)iλ corresponds to ‘injection’ of energy into the vertex,

while (−η)−iλ corresponds to ‘removal’ of energy. This is exactly opposite for the anti-time

ordered part. This will also help us understand why I++/I−− contribution is sub-dominant.

The I++ diagram is different than I+− in the sense that the produced heavy particle decays

into inflaton at a later time as seen in figure 2.1 (b). This means that while the energy of order

λ is injected at one vertex to boost particle production, similar amount of energy is removed

at the other vertex. If λ > µ, the production of massive particle at k3 vertex is efficient, i.e.

stationary point exists for the oscillating integrand. But the decay of the produced particle into

7For λ < 0, G+− gives the dominant contribution while F+− contribution is exponentially suppressed.
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inflatons at k12 vertex is suppressed as the particle has to decay not only into inflatons but also

give away energy of order λ which is greater than its own energy ∼ µ. This can be seen by the

absence of a stationary point for the integral at this vertex, resulting in the suppression of the form

e−π(λ−µ). On the other hand, if µ > λ, the reverse is true, that is, decay at k12 will be efficient,

but production at k3 will be suppressed as e−π(µ−λ). All in all, we expect I++ to at least have the

suppression of the form e−π|λ−µ|.

We postpone the calculation of the sub-dominant I++ diagram to section 2.4.4 (the full

analytic treatment can be found in section A.2.2), and instead discuss some of our main results in

the following sections.

2.4.2 Constraints

Before looking at the strength of the non-analytic signal, we determine the constraints on

various parameters of our model in Eq. (2.26). To ensure a controlled derivative expansion in

(∂ϕ)2/Λ4, we require Λ > ϕ̇
1/2
0 . From the Planck data [7], H4

inf/ϕ̇
2
0 = 8.25 × 10−8 at k∗ = 0.05

Mpc−1 for slow-roll inflation. This gives ϕ̇0 ≈ (60Hinf)
2 implying the chemical potential λ ≲

60Hinf . Thus λ can be much larger than the typical energy of the expanding space-time during

inflation ∼ Hinf while ensuring EFT control.

We must also ensure that the standard inflaton dynamics is not affected to first order and

we have perturbative control over the interactions. The background of the complex scalar in

Eq. (2.34) modifies the kinetic energy of the inflaton as (∂ϕ)2 → [1− 2(1− c)|σ̃0|2/Λ2] (∂ϕ)2.
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This gives a constraint on the amplitude of the background as

|κ|2

Λ2
≪ 1 . (2.72)

We also require the correction to the power spectrum from the interaction Hamiltonian

to be sub-leading. The dominant corrections come from the symmetry-breaking term Hint ⊃

ασ̃e−iϕ/Λ ∼ −ακ†(δϕ/Λ)2−iαe−iϕ0/Λδσ̃(δϕ/Λ)+c.c.. These two contributions are comparable,

and can be estimated to be ∆Pζ/Pζ ∼ α|κ|/Λ2, which should be ≪ 1. For λ > Meff, κ ∼ α/λ2.

Then it is then easy to see than this constraint is stronger than Eq. (2.72), and the overall constraint

is simply α/Λ ≪ λ. In order to have only a percent level correction to the power spectrum [7],

we take a more conservative value for the coefficient of the symmetry-breaking term,

α

Λ
= 0.1λ (2.73)

We will use this value of α while evaluating the strength of NG in the next section.

2.4.3 Central results

With the technical calculation out of the way, we are now in a position to explore the

strength of the non-gaussian signal in different parameter regimes. In this subsection, we present

the central results of this chapter.

Let us estimate the size and the shape of the bispectrum in the squeezed limit using Eq. (2.16),

Fsqueezed ≈
5

12
ϕ̇0

⟨ δϕk⃗1
δϕk⃗2

δϕk⃗3
⟩′

⟨ δϕk⃗1
δϕ−k⃗1

⟩′⟨ δϕk⃗3
δϕ−k⃗3

⟩′
, (2.74)
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where we take

⟨ δϕk⃗2
δϕk⃗3

δϕk⃗1
⟩′ ≃ I+− + I−+, (2.75)

since the dominant contribution comes from I+− and I−+, as seen previously in section 2.4.1.

From Eq. (2.71) and Eq. (2.12), we get 8

Fsqueezed ≈
5

12
ϕ̇0(4k

3
1k

3
3)
2πβ∗

2ρ2
16k31k

3
2

µ−1/2λ1/2(λ2 − µ2)−1 p3/2+i(µ−λ) + c.c.. (2.76)

Here, we have included the symmetry factor of 2 from k12 vertex. Inserting values for β2, ρ2

from eqs. (2.49) and (2.51), we get the parametric form of NG in squeezed limit k1 ≈ k2 ≫ k3,

Fsqueezed ≃
5π

12
√
2

ϕ̇0

Λ

(α
Λ

)2 (λ
µ

)1/2

(λ2 − µ2)−1
(p
2

)−3/2+i(µ−λ)

+ c.c.. (2.77)

We saturate the constraint on α given in Eq. (2.73) and use λ ≡ ϕ̇0/Λ to get the approximate

form of NG in the squeezed limit as

Fsqueezed ≃
5π

12
√
2
× 10−2 × λ7/2

µ1/2 (λ2 − µ2)

(p
2

)−3/2+i(µ−λ)

+ c.c.. (2.78)

Let us denote the amplitude of the non-analytic signal in the bispectrum by foscil such that,

Fsqueezed ≈ |foscil(µ, λ)|
( (p

2

)−3/2+i(µ−λ)

+ c.c.
)
, (2.79)

8We will drop some p−independent phases, since here we will be interested in the magnitude of NG, foscil defined
below.
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Figure 2.2: Comparison of |foscil| as a function ofMeff using stationary phase (dashed) and the full
analytic form (solid) for two different values of the chemical potential λ = 20Hinf (yellow) and
λ = 40Hinf (green), at c = 0.5 for α/Λ = 0.1λ. The parametric dependence matches for µ < λ
as expected with a difference of an O(1) factor. This mismatch can be attributed to contributions
from other vertices which we did not consider in the stationary phase approximation above just
for simplicity. Note the full calculation also smooths out the naive divergence in the stationary
phase estimate as µ ≈ λ since for such µ the approximation made in our stationary phase estimate
breaks down.

Then,

|foscil(µ, λ)| =
5π

12
√
2
× 10−2 λ7/2

µ1/2 (λ2 − µ2)
. (2.80)

From here onward, we will use |foscil| to characterize the size of NG.

In figure 2.2, we compare above expression from the approximate calculation with the exact

calculation from Appendix A.2 for a generic value of c = 0.5 and λ = 20, 40. We see that in the

region where the approximations are valid, i.e., λ > µ, the parametric form of the non-analytic

contribution from the stationary phase analysis is in good agreement with the full analytic form.

The small discrepancy can be traced to the contributions from other vertices that we did not take

into account, especially the mixing vertex with coefficient β1.
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Having confirmed the validity of our approach, we now study the size of NG for various

values of λ as shown in figure 2.3. The NG is plotted for a generic value of c = 0.5, as the plots

for other values look similar due to the subdominant dependence of NG on parameter c. Some

notable features in this plot are:

• The most important result is that we obtain an observable NG for a large range of physical

masses with a high reach, Hinf < Meff ≲ λ (≲ 60Hinf).9 Note that this corresponds to an

equally large range in “bare” mass parameter M2 (which dominates after inflation), where

for any value of c, an usuppressed signal can be obtained for −(1− c)λ2 < M2 < cλ2.

• The non-analytic component of NG has a weak dependence onMeff, which gives a plateau-

like behavior in |foscil| for Meff < λ. The signal peaks at Meff ≃ λ due to the resonance

behaviour. After that, the exponential suppression kicks in, Eq. (2.64), and the signal drops

as |foscil| ∼ e−π(µ−λ).

It is useful to understand how our results for the scalar chemical potential compare to a

chemical potential for a heavy fermionic field (see e.g. [26]). The analogy is closest when we

restrict to c = 0 and M2 > 0, in which case, Meff =
√
M2 + λ2 > λ so that the signal is always

exponentially suppressed. We can approximate the suppression factor of Eq. (2.64) for small M

as e−π(µ−λ) ≈ e−πM2/2λ, as appears in the case of fermionic chemical potential. We then see that

in this regime, the mass range is limited to 0 < M ≃
√
λ.

We also demonstrate the oscillatory behavior of the NG signal for benchmark points:

λ = 40Hinf and Meff = 5Hinf , 28.7Hinf in figure 2.4. The parameter c affects the frequency

of oscillation by modifying Meff as expected. Also, notice that the amplitude of the oscillations

9By observable, we mean fNL ≳ O(0.01), as explained in section 2.2.
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Figure 2.3: Amplitude of the non-analytic contribution |foscil| from the full calculation in Ap-
pendix A.2, plotted against the physical mass Meff of the complex scalar in Hubble units for
c = 0.5 and various values of the chemical potential λ = 10Hinf (blue), 20Hinf (yellow), 40Hinf

(green), and 60Hinf (red). We take α/Λ = 0.1λ. The expression for NG has a subdominant
dependence on the parameter c, and hence we only show a representative plot for a generic value
c = 0.5. Note that the range 0 < Meff ≲ λ corresponds to −λ2/2 < M2 ≲ λ2/2 for the
“bare” mass. The tachyonic regime for M (as opposed to Meff), M2 < 0, corresponds to a post-
inflationary instability to generating a significant σ background. During inflation, this instability
is absent in the regime of non-tachyonic de Sitter massMeff plotted. No fine-tuning of parameters
is needed to obtain the large signals shown.

has a small dependence on the ratio k1/k3, which can be used to infer Meff, as we will see in

section 2.5.

In conclusion, we have demonstrated an enhanced NG signal for heavy complex scalar

fields with chemical potential for a wide range of parameter space as seen in figure 2.3. The NG

is at tree level and hence, the calculation is robust and much simpler than the loop-level processes

previously considered in the context of chemical potentials. In figure 2.4, we see that the signal

has a distinct oscillatory signature with many observable oscillations before the p−3/2 dilution

takes over (this dilution is however factored out on the vertical axis in figure 2.4).
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Figure 2.4: The oscillatory signal as a function of the momentum ratio k1/k3 for M = 5Hinf and
λ = 40Hinf . The two different curves correspond to c = 0.5 or Meff ≃ 28.7Hinf (purple) and
c = 1 or Meff = 5Hinf (blue).

2.4.4 Sub-dominant contribution: I++ diagrams

In this section, we go through the calculation of I++ diagram to convince the reader that

it is indeed exponentially suppressed. Taking the same vertices as for the I+− diagram in sec-

tion 2.4.1, we write the I++ contribution

I++ ⊃ (−i)(−i)
∫
dη1
η41

∫
dη2
η42

d̃+(k1, k2; η1)d+(k3; η2)×{
β2ρ

∗
2

(
η2
η1

)iλ

F++(k3; η1, η2) + β∗
2ρ2

(
η2
η1

)−iλ

G++(k3; η1, η2)

}
.

(2.81)

There is a time-ordering issue in I++/I−− diagrams. But the time scales of the dominant con-

tribution are well separated and thus the integrals can be extended to the entire domain of inte-

gration. From the previous calculation of I+− diagrams (we will check for consistency later in

the calculation), the integral at k3 is dominated by earlier time as compared to the integral at k12.

This simplifies the time ordering. We focus on the part with F++ propagator which corresponds
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to figure 2.1 (b).

I++ ⊃ −β2 ρ∗2 ⟨ δϕ3
0 ·
{∫ ∞

η1=0

(δϕ)2 δσ̃†(−η1)−iλ

∫ ∞

η2=0

δϕδσ̃(−η2)iλ)
}
⟩

∼ −β2 ρ∗2 Ĩ
(+)
k12
Ĩ
(+)
k3
, (2.82)

where tilde denotes integrals in I++/I−− diagrams. Ĩ(+)
k3

is dominated by the contribution from

stationary point at −k3η2 ≡ x∗ ∼ (λ2 − µ2)/(2λ), and it can be evaluated using a similar

procedure used to get Eq. (2.63),

Ĩ
(+)
k3

∼
√
π

k
3/2+iλ
3

e−iδ(λ,µ)λ1/2(λ2 − µ2)−1. (2.83)

The integral at k12 vertex on the other hand does not have a stationary point in the domain of

integration for λ > µ.

Ĩ
(+)
k12

∼ 1

4
√
2k31k

3
2k

−3/2−iλ
3

∫ ∞

0

dx
x−5/2(1 + ipx/2)2

(x2 + µ2)1/4
eih̃(x) (2.84)

where h̃(x) = −λ log(x)− px+

∫ x
√

1 +
µ2

x2
dx. (2.85)

Then h̃′(x) = −λ
x
−p+

√
1 + µ2

x2 is never zero for x > 0 and λ > µ. To evaluate this integral, we

instead perform a Wick rotation x → −ix. Then the phase factor e−ipx becomes an exponential

e−px which gives contribution in the region x < 1/p. This justifies the time-ordering. Since
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p > 1, we can take the late time limit of the adiabatic mode function which goes as xiµ,

Ĩ
(+)
k12

∼ (−i)−3/2

4
√
2k31k

3
2k

−3/2+iλ
3

µ−1/2(−i)−i(λ−µ)

∫ ∞

0

dxx−5/2
(
1− px

2

)2
x−i(λ−µ)e−px

∼ (−i)−3/2

4
√
2k31k

3
2k

−3/2+iλ
3

(p
2

)2
µ−1/2e−π(λ−µ)/2 Γ

(
1

2
− i(λ− µ)

)
p−1/2+i(λ−µ). (2.86)

Here we have only kept the largest contribution. Taking asymptotic expression for gamma func-

tion, Γ(x+ iy)
y→∞−−−→

√
2π|y|x−1/2e−π|y|/2, we simplify above expression

Ĩ
(+)
k12

∼
√
π

16k31k
3
2k

−3/2+iλ
3

µ−1/2e−π(λ−µ)p3/2+i(λ−µ). (2.87)

Combining eqs. (2.83) and (2.87),

I++ ⊃ −β2 ρ∗2 Ĩ
(+)
k12
Ĩ
(+)
k3

∼ − πβ2ρ
∗
2

16k31k
3
2

µ−1/2λ1/2(λ2 − µ2)−1 e−π(λ−µ) p3/2+i(µ−λ). (2.88)

In the regime where λ < µ, we still get the suppression e−π|µ−λ| but from the k3 vertex instead.

We see that I++ is generally sub-dominant to I+− by a factor of e−π|µ−λ|, and only contributes

significantly in a small region when Meff is close to λ.

2.4.5 Symmetry breaking mass term

Until now, we have considered a linear symmetry-breaking term for the complex scalar.

However, we can consider a more general derivative coupling of the inflaton to the scalar fields

as discussed in Eq. (2.5), which can be mapped to a quadratic σσ-type mass correction. Starting
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with the form in Eq. (2.6),

Lint ⊃ −(λ1σ̇1σ2 − λ2σ̇2σ1), (2.89)

let us write this in terms of a complex scalar σ = σ1 + iσ2,

Lint ⊃
{
i(λ2 + λ1)

4

(
σ̇†σ − σ̇σ†)+ i(λ2 − λ1)

4

(
σ̇†σ† − σ̇σ

)}
. (2.90)

Notice that the first term is a chemical potential ∼ λJ0. The second term represents the extent of

symmetry-breaking and is ∝ (λ2 − λ1) as expected. It can be simplified to a symmetry-breaking

mass correction using integration by parts, and then rotating the complex field σ → e−iπ/4σ to

get rid of the extra phase factors,

Lint ⊃
{
i(λ2 + λ1)

4

(
σ̇†σ − σ̇σ†)+ 3(λ2 − λ1)

8

(
σ†σ† + σσ

)}
. (2.91)

In the presence of a Z2-symmetry σ → −σ, this constitutes the leading U(1)-breaking. It is also

roughly analogous to the studies of chemical potential in fermions, which is another motivation

to study its effects in greater detail.

The above considerations give rise to a Lagrangian similar to Eq. (2.23) but with a quadratic

symmetry-breaking m2σ2 instead,

Lσ =
√
−g { −|∂σ|2 −M2|σ|2

−i∂µϕ
Λ

(
σ∂µσ† − σ†∂µσ

)
− c (∂ϕ)2

Λ2
|σ|2 − m2

2

(
σσ + σ†σ†)} . (2.92)
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Then after the usual field redefinition σ = e−iϕ/Λσ̃, we get

Lσ =
√
−g
{

−|∂σ̃|2 −M2|σ̃|2

+(1− c)
(∂ϕ)2

Λ2
|σ̃|2 − m2

2

(
σ̃σ̃ e−2iϕ/Λ + σ̃†σ̃† e2iϕ/Λ

)}
. (2.93)

We work in the regime Hinf < m ≪ Meff (Meff =
√
M2 + (1− c)λ2 ) such that the symmetry-

breaking does not lead to explosive particle production. The EOM can be written as,

∂2η σ̃ − 2

η
∂ησ̃ +

(
k2 +

M2
eff

η2

)
σ̃ +

m2

η2
σ̃†(−η)−2iλ = 0. (2.94)

Notice that the EOM for σ and σ† are coupled due to the symmetry-breaking mass correction.

The diagonalization of non-derivative terms will involve a time-dependent unitary matrix with

factors ∝ (−η)±iλ from the symmetry-breaking mass correction. This will induce off-diagonal

elements from the derivative terms in EOM. Invariably, factors of (η)±iλ can not be removed,

which is the source for particle production.

Eq. (2.94) is similar to narrow parametric resonance with a high frequency mass correction.

To get some intuition about the effect of m, consider a simplified EOM for some real scalar field

σ motivated by Eq. (2.94),

∂2η σ − 2

η
∂ησ +

(
k2 +

M2
eff

η2

)
σ +

m2

η2
cos(2λt)σ = 0. (2.95)

Given that we will focus on a regime λ > Meff ≫ m > Hinf , we will treat the expansion of

spacetime adiabatically compared to particle production. We expect a resonance-like behavior

58



when the frequency of the source ∼ 2λ is twice the natural frequency of the complex scalar, i.e.,

when ω(η∗) ∼ λ/η∗ in conformal time. Then the condition for resonance is,

√
k2

a2res
+M2

eff = λ, (2.96)

and it lasts for the duration when the frequency is inside a resonance band. We only consider the

first resonance band, where the amplification is the largest [56]:

λ

(
1− m2

2λ2

)
≤
√
k2/a2 +M2

eff ≤ λ

(
1 +

m2

2λ2

)
. (2.97)

This gives time interval of resonance to be,

δt ∼ m2

(λ2 −M2
eff)
. (2.98)

Then the amplification factor can be evaluated to be

e
m4

λ(λ2−M2
eff) ∼ 1 +O(m4/λ3). (2.99)

We see that the resonance occurs for a very short duration and hence the amplification is small

∼ O(m4/λ3). This is expected since the physical momentum dilutes exponentially fast. Above

analysis indicates that if we work in the regime where the amplification is small, i.e., m4/λ3 ≪

1, the symmetry-breaking term can be considered as a perturbation. We can then treat it as a

Feynman vertex in the “insertion” approximation, while the propagators of the free fields are

unchanged. In the following, we estimate its contribution to the bispectrum.
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Figure 2.5: Loop-level contribution to the bispectrum from m2σ̃2-type symmetry breaking. The
solid lines correspond to inflaton propagators, while dashed lines to complex scalar propagators.

The contributions to the bispectrum come from diagrams in figure 2.5. The full loop calcu-

lation is generally quite challenging, but it can be simplified in certain regimes. In the squeezed

limit, the non-analytic signature is prominent when both σ̃-modes at the k3 vertex are soft ∼ k3.

Then the loop integral can be approximated as

∫
d3p ≈ k33. (2.100)

With this simplification, the contribution to the bispectrum can be estimated using similar meth-

ods as in section 2.4.1 (except now we have two σ̃ modes at each vertex and an explicit time-

dependence of the form (−η)±2iλ),

Fsqueezed ∼ 1

16π2

ϕ̇0

Λ

(
m2

Λ

)2

λµ−1p−3+2i(µ−λ), (2.101)

where we have included the loop factor 1/16π2. For Λ, µ ∼ O(λ), this expression can be simpli-

fied as

Fsqueezed ∼ 1

16π2

(
m4

λ3

)
λ2 p−3+2i(µ−λ). (2.102)
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Notice that here the non-analytic signal dilutes faster ∼ p−3 as compared to the case of symmetry-

breaking linear term, while the non-analytic exponent is twice as large. This is the feature of the

contribution being at loop level. The interaction will also modify the power spectrum, which can

be expected to be ∼ O(m4/λ3). Then to ensure only a percent level correction to the power

spectrum, we require (m4/λ3) ≲ 10−2. Using this constraint, |foscil| can be estimated as,

|foscil| ∼ 10−2 λ2

16π2

λ∼(10−60)H−−−−−−−→ O(10−2 − 10−1). (2.103)

We see that the non-analytic contribution from m2σ2-type symmetry breaking term is generi-

cally somewhat smaller compared to the case of linear symmetry-breaking model as discussed

in section 2.4.3. While the contribution is small, it could still be within the sensitivity of future

experiments. Also, this could be the sole contribution if an additional Z2-symmetry is imposed

on the complex scalar field. One may also consider the parameter regime where the amplification

is large and must be included at leading order. We leave a more detailed study of this model to

future work.

2.5 Inferring effective mass from the bispectrum

In the cosmological collider physics program, the non-analytic exponent of p (= k12/k3)

in the squeezed limit allows spectroscopy of heavy fields as seen in Eq. (2.1). In our case, the

dominant contribution to NG has a non-analytic behavior of the form ∼ p−3/2±i(µ−λ) as seen in

Eq. (2.78), which means an independent measurement of λ is needed to infer the effective mass

of the heavy field. In this section, we outline one such procedure which can be used to effectively

extract the effective mass and the chemical potential in a certain parameter regime by observing
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the change in the non-analytic exponent as a function of the squeezing parameter p.

Till now, we have been taking the squeezed limit where p ≫ 1, but there is another inter-

esting region when λ ≫ p, µ. To get the parametric form of the bispectrum in this regime, we

will have to use the following asymptotic form of the hypergeometric function [57],

2F1 (a+ γ, b+ γ, c+ γ; z)
γ→∞−−−→ Γ(c+ γ)

Γ(b+ γ)

(
∞∑
s=0

fs(z)
(b)s
γc−b+s

)
(1− z)(c−a−b−γ). (2.104)

Using this asymptotic form in the analytic expression for the bispectrum (see Appendix A.2 for

details), we can get the non-analytic dependence on p in the large λ limit,

2F1

r ± iµ︸ ︷︷ ︸
a

±iλ, r ∓ iµ︸ ︷︷ ︸
b

±iλ, r + 1/2︸ ︷︷ ︸
c

±iλ; (1− p)/2

 λ→∞∝
(
1 + p

2

)1/2−r∓iλ

, (2.105)

where r is some rational number that depends on the specific interaction. The takeaway is that the

asymptotic form in the limit λ≫ p, µ is different than the squeezed limit, and the non-analyticity

has the form (1 + p)±iλ.

This can also be seen from our approximate stationary phase analysis from earlier. For

λ > µp, the production at k12 vertex occurs much earlier when the frequency of the complex

scalar is dominated by the physical momentum rather than its mass. Hence, the non-analytic part

can not capture the information about Meff, and hence, it is expected to only depend on λ.

In summary, when λ > µp, we expect the non-analytic dependence ∼ (1 + p)±iλ, and in

large p limit, i.e., λ < µp, we expect the non-analyticity of the form ∼ p±i(µ−λ). In figure 2.6

(a), we see that the full analytic form (blue) agrees with the large λ approximation (yellow) for

small values of p. In the squeezed limit on the other hand, the analytic form matches the large p
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Figure 2.6: Comparison of the full analytic form evaluated in Appendix A.2 (blue) to the large
λ approximation (yellow) and large p approximation (green) for Meff = 5Hinf and λ = 40Hinf ,
using (a) the oscillatory form of the dimensionless NG function F and (b) the non-analytic ex-
ponent E. We clearly see that as the degree of squeezing is changed the full bispectrum switches
between the above two approximations.

approximation (green). This corroborates our expectation from the previous discussion.

To extract the effective mass, we can look at the non-analytic exponent as a function of the

degree of squeezing. For this purpose, we define a function E such that

E = envelope of (p)∂p
(
p3/2F (k1, k2, k3)

)
/envelope of

(
p3/2F (k1, k2, k3)

)
(2.106)

=


λ

p

(1 + p)
if λ > µp

|µ− λ| if λ < µp.

(2.107)

Then E is effectively the non-analytic exponent. From figure 2.6 (b), we see that it also agrees

well with our expectation. Using this feature, we can extract µ =
√
M2

eff − 9/4 (and hence Meff)

as well as the chemical potential λ. This procedure is more efficient for c close to 1, i.e, the

case of pure chemical potential. It becomes harder to extract the effective mass if c ≪ 1, when

µ ∼ O(λ), and we are effectively always in the large p limit.
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2.6 Conclusions

In this chapter, we have shown that a derivative coupling of the inflaton to heavy scalar

fields of “chemical potential” type can lead to unsuppressed production of heavy particles and

leave observable imprints in primordial non-Gaussianities. In particular, the chemical potential

can overturn the Boltzmann suppression for masses far above the inflationary Hubble scale Hinf ,

ordinarily present in cosmological particle production. This effect is quite general, requiring

only two (or more) real scalar fields where the symmetry rotating one into the other is broken.

In essence, the unsuppressed particle production above Hinf draws on the large kinetic energy of

the inflaton background, ϕ̇0 ∼ (60Hinf)
2. A heavy mass reach up to ∼ 60Hinf can thereby be

accomplished while still remaining within a controlled derivative expansion for the inflationary

effective field theory. Signatures of such heavy masses could be observed in the bispectrum

with strength fNL ∼ O(0.01 − 10), within the sensitivity of upcoming LSS and future 21-cm

experiments.

The main results of our analysis are summarized in figure 2.3 and figure 2.4. In our model,

the contribution to the bispectrum is at tree-level, which removes the loop-suppression seen in

earlier spin-1/2 and spin-1 chemical potential examples. Importantly, it also makes the calcu-

lations analytically tractable and physically transparent. We outlined a procedure to infer the

effective mass of the heavy field, which relies on the variation in the non-analytic exponent of the

co-moving momentum ratio (degree of “squeezing”) as in figure 2.6.

It is straightforward to generalize our mechanism to more than one heavy complex scalar,

each with its own distinct chemical potential λ, thereby allowing us to explore multiple “chan-

nels”. More non-trivially, our mechanism can be extended to massive complex fields with arbi-
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trary non-zero spins. The mechanism can also be extended to the curvaton paradigm [58–60] for

inflation, which can exhibit new features. We will take up these generalizations in future work.
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Chapter 3: Primordial Clocks within Gravitational Wave Anisotropies

3.1 Introduction

In section 1.3 of Chapter 1, we emphasized the importance of new cosmological observ-

ables that can potentially probe previously unexplored physics from the inflationary era. Gravita-

tional waves produced in the early universe could provide such novel data sources. It was shown

in Ref. [1] that a cosmological GWB1 would necessarily exhibit fluctuations, or ‘anisotropies’,

across the sky, analogously to the CMB. It was also pointed out that GWB fluctuations, however,

could look very different in their detailed pattern than CMB fluctuations if they originate from

an independent inflationary source of density perturbations. GWB anisotropies could therefore

provide complementary information about inflation compared to the known maps of adiabatic

perturbations.

In addition to being a new cosmological dataset, anisotropies in GWB could also in prin-

ciple provide a more pristine and precise map of the primordial fluctuations. This is because

in CMB, subhorizon modes, k > kCMB ∼ 30ktoday
2, are strongly modified by causal physics

such as baryon acoustic oscillations and Silk damping [61, 62], while the superhorizon modes,

k < kCMB, suffer from cosmic variance ∝ (ktoday/k)
1/2. In GWB however, the corresponding

1Note that a cosmological GWB would necessarily be stochastic in nature. Individual events of gravitational wave
production in cosmological sources cannot be resolved. We would therefore receive an incoherent superposition of
gravitational waves from many events, giving rise to a stochastic signal.

2ktoday is the comoving mode that is re-entering the horizon today, and is therefore the smallest observable mode.
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dividing line could be at a much larger multipole, kGW ∼ (Tc/TCMB) kCMB ∼ 1014ktoday for a

GW source at a Tc ∼ TeV, providing a large k-range that can simultaneously have small cosmic

variance and be relatively unmodified by subhorizon physics.

Given these striking properties of GWB anisotropies, we can ask what new physics might

be revealed within GWB maps. In this chapter as well as the next one, we specifically consider

GWB sourced by a first order phase transition (PT). This is because many extensions of the

Standard Model (SM) motivated by the Electroweak Hierarchy Problem have PTs with critical

temperatures Tc ∼ (1−1000) TeV. The GW spectrum from such a PT would then be redshifted to

frequencies ∼ 10−3 − 100 Hz today, which fortuitously is the target frequency range of proposed

GW experiments such as LISA [37], MAGIS [63], TianQin [38], Taiji [39], BBO [40], DECIGO

[41]. We therefore consider a PT in one such SM extension as the source of our GWB.

Some previous works exploring the potential of GWB maps include [1, 64–67]. We take

inspiration from the work in Chapter 2 and consider a possibility of detection of very heavy

fields in GWB through their “cosmological collider” signature. While the cosmological collider

signature is typically expected within non-Gaussianity (NG), it could also occur in the power

spectrum if the heavy field is excited classically, instead of quantum mechanically. This can

be understood intuitively by considering the symmetries of the inflationary spacetime. If the

classical inflationary background has (approximate) de Sitter geometry,

ds2 = −dt2 + a2(t) dx⃗2 ; a(t) = eHinf t , (3.1)

its isometries include “scale invariance”, x⃗ → λx⃗,Hinft → Hinft − lnλ, where Hinf is the

inflationary Hubble scale. This relates heavy particle propagation during inflation to spatial cor-
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relations at the end of inflation, e−iM(t−t′) → (k′/k)−i(M/Hinf), where k⃗ and k⃗′ are co-moving

wave-vectors. Such a striking non-analytic signature sensitive to a heavy mass M can only be

seen within NG (greater than two-point) correlators, so that there are at least two independent

wave-vectors given the spatial translation invariance.

However, the requirement of NG can be evaded if the classical background contains a small

breaking of scale invariance, which can occur if the heavy field is excited classically, instead of

quantum mechanically as above. Sudden excitation of the heavy field at time t0 breaks scale

invariance, and the subsequent decay of this field into light quanta allows these scale-invariance-

breaking features to be imprinted in two-point correlators, with a single co-moving wave-vector

[68]. The heavy oscillations then give ∼ e−iM(t−t0) → (k0/k)
−i(M/Hinf), where k0 is related to

the co-moving mode that is exiting the horizon at t0. Furthermore, while quantum production

of heavy particles in NG is typically “Boltzmann”-suppressed ∼ e−π(M/Hinf) (with some special

mechanisms that can mitigate this to a limited extent [24, 26, 69–74], one of which is discussed

in Chapter 2), this is not the case for heavy classical excitations. Such an oscillating heavy

field has been dubbed a “primordial clock” (PC) in the context of testing inflation and alternate

scenarios [75]. Here, we will restrict to the inflationary paradigm (with ≈ de Sitter geometry).

Such PCs have not been detected in the precision measurements of CMB by Planck [7,

11, 31], constraining the couplings of heavy fields to adiabatic perturbations, almost saturating

the theoretical lower limit from cosmic variance in the low-multipole regime. Future probes of

CMB polarization, Large Scale Structure (LSS), and 21-cm tomography are expected to improve

sensitivity only at high multipoles [31, 76, 77]. PC features in the isocurvature component of

GWB anisotropies, however, could be much larger if the coupling of heavy field to isocurvature

fields is significant. We will show that a GWB map would then provide a striking alternate
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channel for detecting heavy field dynamics during inflation.

We note that measuring a high-precision GWB map faces significant practical challenges

in terms of detector sensitivity, angular resolution, and subtraction of astrophysical foregrounds.

Various strategies have been proposed to make progress on these fronts [78–87]. If the monopole

moment of any GWB is discovered in relatively near-term detectors like LISA, there will be

strong motivation to build next-generation detectors capable of extracting the guaranteed anisot-

ropies. In this way, we thus foresee a multi-stage discovery of GWB anisotropies, analogous to

the history of CMB exploration.

The rest of the chapter is organised as follows: section 3.2 gives a brief review of the effects

of a PC field on adiabatic fluctuations in single-field inflation. The discussion is then extended to

multi-field inflation in section 3.3, where we describe a non-minimal reheating scenario that may

result in a sizeable PC feature in isocurvature GWB. In section 3.4, we discuss observability in

the context of two interesting benchmarks, and perform a broader analysis of the parameter space.

Finally, we give an example of a smoother polynomial potential in section 3.5 that could excite

the PC field, which is more realistic compared to the simplified sudden excitation approximation

employed in previous sections. We conclude in section 3.6.

3.2 Primordial clocks in single-field inflation

We first review the effects of a PC field σ on adiabatic density perturbations seeded by

the quantum fluctuations δϕ of the inflaton field, as proposed in [68]. The initial condition for

the classical motion is that it is restricted to slow-roll in the ϕ direction of field space, while the

massive σ field is stuck at its origin. It is assumed that there is a feature in the scalar potential
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that leads to a sudden transfer of energy to excite σ at time t0, after which ϕ, however, continues

to slow-roll. The classical dynamics of σ after t0 is governed by the homogeneous equation of

motion,

∂2t σ + 3Hinf ∂tσ +M2σ = 0 , (3.2)

where M is the mass of the σ field. In the limit M ≫ Hinf , the solution has an oscillatory form,

σosc(t) ≃ θ(t− t0)σ0

(
a(t)

a(t0)

)−3/2

cos[M(t− t0)] . (3.3)

The oscillating field energy in an inflationary background imparts a small oscillatory correction

to the Hubble constant,

∆Hosc ≈ θ(t− t0)
σ2
0M

8M2
Pl

(
a(t)

a(t0)

)−3

cos[2M(t− t0)] , (3.4)

where MPl is the reduced Planck scale. This in turn imparts an oscillatory component to the

slow-roll parameters, ∆ϵosc = −∂t(∆Hosc)/H
2
inf and ∆ηosc ≈ ∂t(∆ϵosc)/(Hinfϵ). Here Hinf and

ϵ are the unperturbed parameters in the absence of σ oscillations.

These oscillatory components then introduce scale-invariance-breaking features in the power

spectrum of adiabatic perturbations, Pζϕ , defined as

⟨ ζϕ(k⃗)ζϕ(k⃗′) ⟩ ≡ (2π)3δ(k⃗ + k⃗′)Pζϕ(k) , (3.5)

where ζϕ are the gauge-invariant perturbations capturing δϕ, as measured in the primordial fluctu-
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ations of the CMB and LSS. If the features are small, the power spectrum can be broken down as

Pζϕ = P(0)
ζϕ

+∆Pζϕ , where P(0) ∝ 1/k3 denotes the dominant unperturbed scale-invariant spec-

trum while ∆P(0) denotes the contribution from PC. This irreducible contribution from ∆Hosc is

predominantly given by

(
∆Pζϕ

)
∆Hosc

P(0)
ζϕ

≃ θ(k − kg)

√
π

2

(M2σ2
0)

ϕ̇2
0

(
M

Hinf

)1/2(
k

kg

)−3

cos

[
2M

Hinf

log
k

kg

]
. (3.6)

We can understand the key features of this calculation intuitively, by noting that ordinarily

Pζϕ ∝ 1/ϵ, so that we expect roughly ∆Pζϕ/P
(0)
ζϕ

∝ ∆ϵosc/ϵ. Now, ∆ϵosc(t) represents a high-

frequency (2M by Eq. (3.4)) gravitational source for production of inflaton pairs, so their physical

momentum on production, ke−Hinf t ≈M , by the local Minkowski energy conservation. The soft-

est co-moving momentum kg produced from this gravitational source is given by kge−Hinf t0 ≈M .

Solving for t, t0 in terms of k, kg results in the dependence on the latter seen in Eq. (3.6).

Similarly, ∆ηosc gives the dominant irreducible PC contribution to the 3-point correlators,

which are typically written in the following normalized form:

F ≡ 5

6

⟨ ζϕ(k⃗1)ζϕ(k⃗2)ζϕ(k⃗3) ⟩
Pζϕ(k1)Pζϕ(k2) + (k1 → k3) + (k2 → k3)

. (3.7)

In the equilateral triangle configuration k1 ∼ k2 ∼ k3,

F∆Hosc ≃ θ(K − 2kg) f
PC
NL

(
K

2kg

)−3

cos

[
2
M

Hinf

log
K

2kg

]
, (3.8)

where K =
∑3

i=1 |⃗ki|, and the amplitude of NG is fPC
NL ∼ 10

9

√
π
4

(M2σ2
0)

ϕ̇2
0

(
M
Hinf

)5/2
.

Apart from these irreducible contributions, the coherent σ field may also directly decay
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to inflaton fluctuations. Consider the lowest dimensional interaction consistent with an (approx-

imate) inflaton shift-symmetry, Lint ∼ (σ ∂µϕ∂
µϕ)/Λϕ. The PC contribution to Pζϕ from the

decay of σosc through this interaction can be evaluated using the in-in formalism [10–12], which

is reviewed in 1.1.2. This gives

(
∆Pζϕ

)
dec

P(0)
ζϕ

≃ θ(k − kd)
√
2π

σ0
Λϕ

(
M

Hinf

)1/2(
k

kd

)−3/2

cos

[
M

Hinf

log
k

kd

]
. (3.9)

Here, σosc directly acts as a high-frequency (M from Eq. (3.3)) source for inflaton production

instead of the irreducible gravitational source ∆Hosc. Therefore, the k-dependence can be ob-

tained using a similar argument given for Eq. (3.6). With this source, a co-moving mode k is

produced when ke−Hinf t ≈ M/2. The softest such mode produced through direct decay is then

kde
−Hinf t0 =M/2. Since the interaction is linear in σ, the contribution in Eq. (3.9) matter-dilutes

∝ k−3/2, as compared to the ∝ k−3 dependence in Eq. (3.6).

Such PCs have been searched for in the Planck CMB data (see e.g. analysis in [11, 31]).

While there are potential candidates, none are statistically significant. In the low to medium k-

range, the constraints on the amplitudes of PC features in adiabatic perturbations are close to the

ultimate cosmic variance limit, while the future probes are expected to improve sensitivity only

at high k (small scales) [31, 76, 77]. The PCs could be undetectable if σ0 is small, or, for the

direct decay contribution, if Λϕ is large. Considering the valuable information encoded in the PC

features, we ask if they can be probed by other cosmological observables.3

3Refs. [88, 89] have also studied PC-like scale-invariance-breaking features in scalar-induced GWB. There are
however important qualitative differences: 1) They consider features that appear at very small scales, which can
not be probed by CMB as they are highly Silk-damped. In our work, PC occurs on scales at which the CMB is
undamped, but are too small there for detection. 2) Their features appear in the frequency spectrum of GWB, unlike
in the anisotropies in our case.
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3.3 Primordial clocks in gravitational waves with isocurvature

In the following, we study one such possibility where the excited σ field decays dominantly

to another light “spectator” field, χ, present during inflation. If m2
χ ≪ H2

inf , it will develop an

(approximately) scale-invariant spectrum, P(0)
Sχ

∝ 1/k3, similar to that of the inflaton. Here,

Sχ ≡ ζχ− ζϕ is the isocurvature perturbation of χ, independent of the fluctuations of ζϕ when the

energy density in isocurvature is subdominant. To naturally maintain the lightness of χ, we again

consider a shift-symmetric effective interaction of the form Lint ∼ (σ ∂µχ∂
µχ)/Λχ, Λχ ≪ Λϕ.

This gives a PC feature ∆PSχ , completely analogous to Eq. (3.9),4

∆PSχ

P(0)
Sχ

≃ θ(k − kd)α

(
k

kd

)−3/2

cos

[
M

Hinf

log
k

kd

]

where α =

√
2πM

Hinf

σ0
Λχ

. (3.10)

There are some constraints on Λχ to ensure effective field theory (EFT) control. We require

(σ0/Λχ) < 1 to keep the correction to the kinetic energy of χ small, and (χ̇0/Λ
2
χ), M/Λχ < 1

to ensure that no energy scales exceed the scale of non-renormalizability at which the EFT must

break down. Here, χ0 is the initial misaligned value of χ. The perturbative control of the in-in

diagrams requires the PC feature to be small compared to the scale-invariant spectrum, giving a

constraint α < 1. We see qualitatively that it is possible to have small σ0 and large Λϕ so that PC

feature is small in Pζϕ , while σ0/Λχ gives a sizeable PC contribution in PSχ .

4The contribution to PSχ
from ∆Hosc is small, (∆PSχ

/P(0)
Sχ

) ∝ (M2σ2
0)/(H

2
infM

2
Pl), and hence we only focus

on the direct decay of σ to δχ.
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Figure 3.1: A schematic of the model with modified post-inflationary history showing energy
densities in various sectors as a function of the scale factor (time).

3.3.1 A simple model of isocurvature GWB

We now illustrate how the primordial fluctuations of χ, including sizeable PC, may be

probed by a potentially observable GWB. In this section, we review the model proposed in ref [1]

that produces isocurvature GWB. Consider an additional light scalar field χ during inflation. It

is taken to be initially misaligned from its minimum (taken to be at χ = 0) to χ0 ≫ Hinf ,

where Hinf denotes the inflationary Hubble constant. Such a misalignment is robust as the field

remains stuck due to the inflationary Hubble friction if its mass mχ < Hinf . A well-motivated

example of such a light field is an axion-like particle (ALP), which is a generic prediction of

many BSM theories (see [90, 91]). During inflation, the energy density in χ, V (χ0) ∼ m2
χχ

2
0

is subdominant to that of the inflaton ϕ, which primarily drives inflation. After inflation, when

the dropping Hubble constant matches mχ, the χ field starts oscillating around its minimum and

reheats some extension of the standard model (SM), including dark matter (DM), at tχreh. We
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will assume that this extension of the SM undergoes a first-order phase transition (PT) in the

multi-TeV range, capable of producing an observable GWB, as is known to take place in many

explicit SM extensions (see [92, 93]). If the reheat temperature from χ decay is higher than the

PT temperature, the decay products of χ will undergo this phase transition. We will therefore

refer to this sector emerging from χ decay as the “PT sector”.

The inflaton on the other hand is taken to reheat another sector that interacts very weakly

with the PT sector and does not participate in the phase transition, henceforth referred to as the

“non-PT sector”. The non-PT sector is taken to decay to the SM + DM at tdec sometime after

the phase transition but before DM decoupling. In this way, after the decay there is a single

SM+DM sector which dominantly originates from inflaton ϕ reheating, assuming that the PT

sector is subdominant to the non-PT sector as depicted in figure 3.1. On the other hand, the GWB

dominantly originates from χ reheating. Therefore it is possible for the fluctuations in GWB to

be distinct from those in the SM+DM. The constraints from isocurvature and Neff can be cast

in terms of the ratio of energy density to critical density today as δΩGWh
2 ≲ 2 × 10−11 and

ΩGWh
2 ≲ 2 × 10−6, respectively. We will later show that our benchmarks easily satisfy these

constraints.

The GW are sourced by sub-horizon physics at the time of PT, and hence the energy density

fluctuations δρGW on super-horizon scales are directly related to the initial fluctuations in the PT

sector after it is reheated by χ (but before the non-PT sector decays into it),

δGW ∼ δPT ∼ δχ

χ0

, (3.11)
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where δ ≡ δρ/ρ. More precisely, the GW anisotropy can be written as [9, 67]

δGW = −4

3
ζϕ + 4Sχ

(
1− 4

3
fPT

)
≈ 4Sχ , (3.12)

where we consider fPT ≡ ρPT/ρtotal ≪ 1 and Sχ ≳ ζϕ.

The CMB anisotropies receive two independent contributions since the final fluctuations in

the SM+DM are a combination of the decay products of the non-PT sector and the PT sector,

δγ ∼ δnpT + fPTδPT , (3.13)

where δnPT is the fractional density perturbation in the non-PT sector. In terms of the independent

gauge-invariant fluctuations,

δγ ≈ −4

5
ζϕ −

4

5
fPTSχ. (3.14)

We then see that GW map will be (mostly) uncorrelated with the CMB if fPT ≪ 1. However,

in addition to eqs. (3.6) and (3.8), Sχ in Eq. (3.14) induces a small PC feature into adiabatic

perturbations,

(∆Pγ)ind

P(0)
γ

≈ f 2
PT

(
Aχ

Aϕ

)(
∆PSχ

P(0)
Sχ

)
, (3.15)

where P(0)
j (k) = 2π2Ajk

−3 and Aϕ ≈ 2 × 10−9 is fixed by the CMB. Note that in the above

expression, the cross term proportional to ⟨ ζϕ Sχ ⟩ = ⟨ ζϕ ⟩⟨ Sχ ⟩ = 0 as ζϕ and Sχ are indepen-

dent random variables with zero mean. Hence the contribution is only at second order in fPT. An
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analogous relation holds for PC in LSS.

An important subtlety of the multi-field reheating is that the early Sachs-Wolfe (SW) effect

suppresses CMB anisotropies but not the GW anisotropies, (δGW/δγ) ≈ 5(Sχ/ζϕ), as can be seen

from eqs. (3.12) and (3.14). This is because the SW effect is anti-correlated with the dominant

adiabatic density fluctuations from ϕ, leading to reduced anisotropy in the observed CMB [94].

On the other hand, the SW contribution, which is predominantly sourced by the energy density

in the non-PT sector, ρnPT, is uncorrelated with χ fluctuations, and hence there is no analogous

cancellation in GW anisotropies.

3.4 Observational aspects of primordial clocks in gravitational waves

The anisotropies for a 2D map (CMB or PT-GWB) are expressed in the multipole basis,

⟨δ(n̂)δ(n̂′)⟩ =
∑
ℓ

(2ℓ+ 1)

4π
CℓPℓ(cos θ) , (3.16)

where n̂ · n̂′ = cos θ and Pℓ are the Legendre polynomials. For higher multipoles ℓ ≳ O(100)

(which will be of interest to us later), the expression for Cℓ can be simplified using flat-sky

approximation (see for example [16]):

Cℓ ≈
1

r2

∫
dk∥
2π

Pδ

(
k∥, k⊥ ∼ ℓ

r

)
, (3.17)

where Pδ is the power spectrum of the density perturbations, k∥(⊥) is the component of k⃗ parallel

(perpendicular) to the line-of-sight, and r is the co-moving radius from us to the surface of the

map that we see today. The correlation can be separated into a nearly scale-invariant part and a

77



small PC correction, Cℓ = C
(0)
ℓ + ∆Cℓ, where C(0)

ℓ [ℓ(ℓ + 1)] ≡ A is approximately constant.

From eqs. (3.12) and (3.17), AGW ≃ 32πAχ. The PC feature in GWB can be computed using

eqs. (3.10) and (3.17),

∆CGW
ℓ

C
(0)GW
ℓ

≈ θ(ℓ− ℓd) α̃

(
ℓ

ℓd

)−3/2

cos

[
M

Hinf

log
ℓ

ℓd

]
, (3.18)

where the amplitude of the PC feature in the multipole basis, α̃ =
√

2πHinf/M α, is smaller than

α due to the 2-dimensional nature the map. ℓd ≈ kdrGW corresponds to the multipole where the

PC feature appears in the GW map. We can similarly evaluate the amplitude of PCs in CMB

using eqs. (3.6), (3.9), and (3.15) instead.

With sufficient experimental sensitivity, the detection of the PC feature is ultimately lim-

ited by cosmic variance. If we search in the parameter regime Hinfℓd/M ≫ 1, then our signal

oscillates slowly as a function of ℓ, in which case we can mitigate cosmic variance by averaging

the data over a bin of size 1 < ∆ℓ < πHinfℓd/M around each ℓ. Thus the signal adds coherently

while the binned cosmic variance is

δCbin
ℓ

Cℓ

≈

√
2

(2ℓ+ 1)∆ℓ
. (3.19)

We determine the observability of the PC feature by comparing its largest amplitude (at ℓd) with

the smallest compatible binned cosmic variance,

α̃ >

√
2(M/Hinf)

π(2ℓd + 1)ℓd
. (3.20)

PCs with smaller amplitudes can be observable if they appear at larger ℓd, as the cosmic variance
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drops. It is however experimentally challenging to probe high ℓ anisotropies. Keeping these

issues in mind, we will consider ℓd ∼ O(10− 100) in this work.

We also want to estimate the strength of GW signal in our model. During PT, processes like

bubble collisions, sounds waves, and turbulence give rise to GW [92]. Conservatively, we will just

keep the best understood of these effects, from bubble collisions. (Sound waves and turbulence

can give larger contributions at higher β, but are less well-understood.) After production, GW

decouple and redshift as radiation until today. An estimate for the peak energy density today as a

fraction of critical energy density [95] is

ΩGWh
2 ∼ 1.3× 10−6

(
HPT

β

)2

f 2
PT . (3.21)

Here β is the rate of bubble nucleation, HPT is the Hubble expansion rate during PT, and we are

considering a strong PT where most of the latent heat goes into accelerating the bubble walls.

The factor of fPT appears since the PT is occurring in the PT sector that is subdominant in the

energy density during PT. The energy density fluctuation in the ℓth multipole is given by

δΩGWh
2(ℓ) ∼ ΩGWh

2 ×
√
AGW

ℓ
(3.22)

The factor of 1/ℓ appears because C(0)
ℓ ∝ [ℓ(ℓ + 1)]−1 by scale-invariance. The quantity of

interest to us is the deviation from this scale-invariant spectrum due to the PC feature, ∆CGW
ℓ .

From Eq. (3.18),

δΩPC
GWh

2(ℓd) ∼1.3× 10−6

(
HPT

β

)2

f 2
PT

√
AGW

ℓd

(
α̃

2

)
. (3.23)
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3.4.1 Benchmarks

We now present two benchmarks illustrating our mechanism and competing considerations.

Consider the following set of parameters for the first benchmark,

(1) σ0 ≃ 2Hinf , Λχ ≃ 40Hinf , M = 10Hinf , ℓd = 100 (3.24)

fPT = 0.1,
Aχ

Aϕ

= 3,
β

HPT

= 5 . (3.25)

From eqs. (3.10) and (3.18), the amplitude of the PC feature in GWB is α̃ = 0.31. This easily

satisfies the condition of observability over cosmic variance, α̃ > 0.018, given in Eq. (3.20). A

realization of GWB map containing this PC feature and a random sample of cosmic variance is

shown in figure 3.2 (a) without binning and (b) with binning using ∆ℓ = 6. We see that the

feature is detectable even without any binning, and the observability only improves with binning.

Even a modest bin size of ∆ℓ = 6 gives a signal-to-noise ratio ∼ 7.6. Note that the free-streaming

nature of GW implies that such a feature must be a result of super-horizon physics from inflation.

There are also irreducible PC corrections to the maps of adiabatic perturbations as discussed

before. Currently, the strongest constraints on these corrections come from the CMB [31], con-

straining the strength of our PC signal. The PC corrections in CMB also appear around ℓd and

ℓg, as the co-moving radii to the surface of recombination and PT are approximately the same.

We take Λϕ ≫ H such that the contribution in Eq. (3.9) is negligible. Eq. (3.6) along with

ϕ̇0 ≃ (60Hinf)
2 [7] gives a correction

(
∆Cγ

ℓg

)
∆Hosc

/C
(0)γ
ℓg

≃ 6 × 10−5, and Eq. (3.15) gives(
∆Cγ

ℓd

)
ind
/C

(0)γ
ℓd

≃ 0.01. This is below the cosmic variance as can be checked with Eq. (3.20)
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(b) Benchmark (1): Binned, ∆ℓ = 6
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Figure 3.2: Primordial spectrum CGW
ℓ with the PC feature using two sets of benchmark pa-

rameters from section 3.4.1. Figures (a) and (b) correspond to benchmark (1) with α̃ = 0.31,
M = 10Hinf , ℓd = 100, while figures (c) and (d) correspond to benchmark (2) with α̃ = 0.31,
M = 5Hinf , ℓd = 20. The yellow line shows the expected signal and the green dots incorporate
a realization of cosmic variance. Figures (a) and (c) show unbinned GW power spectra, while
figures (b) and (d) show corresponding binned values with ∆ℓ = 6 and ∆ℓ = 7, respectively.

(even after accounting for a smaller cosmic variance at ℓg ≈ 200). This benchmark is actu-

ally conservative in that the current constraints on the PC features from Planck data are even

weaker [31], only constraining the amplitudes of PC features to be ≲ 0.08. Access to higher

multipoles ℓ ∼ O(1000) in the CMB is not really an advantage as the ℓ−3/2 (or ℓ−3) dependence

in the PC features makes them fairly localised near ℓd (or ℓg). The imparted NG is fPC
NL ∼ 5×10−3,

which is also well below the CMB constraint fNL < O(5− 50) (the exact constraint depends on

the shape) [52].
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We now estimate the experimental sensitivity required to probe this PC in GWB. The

strength of GWB depends on the details of the PT. Here, we consider a relatively strong PT

(see [92] for models that could undergo strong PTs). From Eqs. (3.21) and (3.23), we get

the isotropic component, ΩGWh
2 ≃ 5 × 10−10, and the small PC variation in anisotropies,

δΩPC
GWh

2(ℓd) ≃ 4×10−15. Note that the isocurvature andNeff bounds mentioned earlier are easily

satisfied. While the isotropic GWB could be within LISA sensitivity, ΩLISA
GWh

2 ≳ 10−14 [92], the

anisotropies require more advanced future space-based detectors. For reference, the projected

sensitivity of the proposed BBO mission for large angular scales is ΩBBO
GWh

2 ≳ 10−17 [4, 80] and

that of ultimate-DECIGO is ΩDECI
GWh

2 ≳ 10−19 [81]. Detection of the PC will require a detector

that maintains such a high sensitivity out to ℓ ∼ O(100).

In the future, 3D maps such as LSS and 21-cm are expected to achieve higher sensitivity

as they can access more modes than a 2D map, and hence have lower cosmic variance. It is then

interesting to ask whether there are PCs which can not be detected even in a perfect 3D map of

adiabatic perturbations, but detectable with future GW experiments, making isocurvature GWB

possibly the only channel of discovery. We demonstrate this possibility in the second benchmark:

(2) σ0 ≃ 2Hinf , Λχ ≃ 40Hinf , M = 5Hinf , ℓd = 20,

fPT = 0.06,
Aχ

Aϕ

= 3,
β

HPT

= 5 . (3.26)

From eqs. (3.10) and (3.18), the amplitude of the PC feature in GWB is again α̃ = 0.31, which

satisfies the criterion of observability at ℓd = 20, α̃ > 0.06, given by Eq. (3.20). Figure 3.2 (c)

and (d) show a realization of GWB map containing this benchmark and cosmic variance, without

binning and with binning, respectively. Due to higher cosmic variance at lower multipoles, the
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PC feature is harder to discern in the unbinned map, although small binning, ∆ℓ = 7, makes

the pattern apparent. While this benchmark requires more rigorous data analysis to separate the

PC feature from cosmic variance noise, we will later show that it could be within reach of fu-

ture space-based GW detectors like ultimate-DECIGO, which are expected to maintain moderate

sensitivity out to ℓ ∼ O(10).

The PC corrections in the adiabatic perturbations for this case are
(
∆Pkg

)
∆Hosc

/P(0)
kg

≃

2×10−5 and (∆Pkd)ind /P
(0)
kd

≃ 3×10−3, as given by eqs. (3.6) and (3.15), respectively. Cosmic

variance for an idealised 3D map is
(
δP/P(0)

)
∼
√
(2k3min)/(4πk

2∆k), where kmin in the largest

co-moving mode that can be probes today. Then, using the largest possible bin size, ∆k ∼

πkHinf/M , the cosmic variance at kg ≈ 40kmin is
(
δP/P(0)

)
∼ 2 × 10−3, and at kd ≈ 20kmin

is
(
δP/P(0)

)
∼ 6 × 10−3. We see that the PC corrections to the power spectrum of adiabatic

perturbations are below cosmic variance even for an idealised 3D map5. The imparted NG from

Eq. (3.8) is fPC
NL ∼ 2 × 10−4, which is certainly below the CMB constraint. A conservative

estimate of the cosmic variance in NG for a 3D map gives δfPC
NL ∼ 1/(

√
Nkgζϕ) ∼ 10−2, where

Nkg is the number of 3-point configurations satisfying k1 + k2 + k3 = 2kg and k⃗1 + k⃗2 + k⃗3 = 0,

and the anisotropy ζϕ ∼ 10−5. We see that all PC corrections in this benchmark are undetectably

small even for an ideal 3D map.

The GWB in this benchmark has a monopole, ΩGWh
2 ≃ 2 × 10−10, and the PC feature,

δΩPC
GWh

2(ℓd) ≃ 2 × 10−15. The change in the power spectrum of δΩGW due to the PC feature

is then ∆CGW
ℓ ℓ(ℓ + 1)|ℓ>ℓd ≃ 6.5 × 10−27. Figure (7) of [5] shows the projected noise angular

power spectrum of various future GW experiments, based on the code schNell given in [96].

5The cosmic variance for any realistic 3D map is larger than the idealised case considered here due to the finite
width of the map.
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Comparing to these projections, we see that the change in GW power spectrum due to our PC

feature (∼ 6.5× 10−27) is within the sensitivity of the ultimate-DECIGO configuration (for even

multipoles).

In summary, these benchmarks show us that there could be PC excitations during inflation

whose imprints are undetectable in any adiabatic map as the signal could be below the fundamen-

tal cosmic-variance uncertainty. On the other hand, the imprints of the same PC in GWB could

be much large that the cosmic variance. While the detection GWB (and any features within) is

generally challenging, we envision that the improvements in our understanding of foregrounds,

detector sensitivity, and angular resolution can bring these exciting features within the reach of

future GW experiments.

3.4.2 Broader analysis of the parameter space

Let us now broaden the exploration of the parameter space of PC in GWBs beyond the

specific benchmarks above. We fix ℓd and analyze observability of the PC feature in α − M

space, taking both of these as our independent variables. The requirement of α < 1 and M > H

ensures (σ0/Λχ) < 1, satisfying the EFT perturbativity constraint.

Figure 3.3 shows the parameter space (white) of PCs that could be probed by the isocurva-

ture GWB, through the mechanism discussed above. In figure 3.3 (a), we have set ℓd = 100 as in

benchmark (1), while in figure 3.3 (b), we set ℓd = 20 corresponding to benchmark (2). Requiring

that the (envelope) of the PC feature is larger than the binned cosmic variance excludes the blue

regions. Requiring eqs. (3.6) and (3.8) to lie below current CMB sensitivity, (∆P/P(0))γ < 0.01

and fNL < 10, along with the restriction M < Λχ needed for EFT control, exclude the yellow
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Figure 3.3: Analysis of the α −M parameter space showing excluded regions from following
considerations: binned cosmic variance (blue), CMB constraints from contribution to ∆Pγ (yel-
low) and fNL (green). The dashed lines show contours of PC signal strength δΩPC

GWh
2(ℓd) as given

in Eq. (3.23) such that the parameter regions above these lines can be probed with corresponding
experimental sensitivities. The analysis is carried out for (a) ℓd = 100, as in the benchmark (1),
and (b) ℓd = 20, as in benchamark (2). See the text for more details.

and green regions respectively. The PC feature induced by the PT sector into the adiabatic per-

turbations, given in Eq. (3.15), can be kept below CMB exclusion with a conservative choice of

fPT = 0.055 (for Aχ/Aϕ = 3)6. The contours of different signal strengths, δΩPC
GWh

2, at given ℓd

are also shown in figure 3.3 with dashed lines. We have fixed (β/HPT) = 5 here, similar to the

benchmark cases. The contours should guide the reader in assessing the experimental sensitivity

required to probe PCs that lie above the contour line at a given ℓd.

We have assumed that the decay rate Γ(σ → δχ δχ) < 3Hinf such that the dilution of

the classical σ field is primarily due to the Hubble expansion, producing ∝ k−3/2 dependence

in the PC signal. For the interaction considered, Γ(σ → δχδχ) ≈ M3

32πΛ2
χ

[56]. For the largest

mass M ≃ Λχ, we see that Γ < 3Hinf for M ≲ 300Hinf . Also, the PC oscillation would be

unobservable if it is faster than the integer discretization of ℓ. Since the oscillation frequency is

fastest near ℓd, we require (M/Hinf) < πℓd. For ℓd = 100, we again get a similar upper limit

6fPT here can in principle be larger for smaller values of α.
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M ≲ 300Hinf , and for ℓd = 20, we get M ≲ 60Hinf . The CMB constraints become dominant

well before reaching this limit as can be seen in figure 3.3.

Figure 3.3 also illustrates that at least in principle, PC features with smaller amplitudes

can be observable if they appear at larger ℓd, as the cosmic variance becomes smaller at higher

multipoles. This highlights the gains that can be achieved with higher angular resolution and

sensitivity in GW experiments.

3.5 Primordial clocks from a polynomial potential

The above analysis considered an unspecified “sharp feature” in the potential [31, 68] to

excite the heavy field, leading to the simplest form for the PC features. Here we construct a

smoother, more familiar polynomial potential for σ, ϕ, inspired by Hybrid Inflation [97, 98]. In

this model, the rolling of the inflaton field triggers a “waterfall” for the σ field. The waterfall

however does not end inflation, but leads to a second phase of inflation.

V (ϕ, σ) = Vinf(ϕ)− κσ +
1

2
(gϕ2 − µ2)σ2 +

λ

4
σ4 . (3.27)

We will take Vinf(ϕ) to dominate the energy density and hence drive inflation. σ has a time-

dependent mass as ϕ rolls towards 0,

M2
σ(t) = gϕ2(t)− µ2 + 3λ⟨σ ⟩2 . (3.28)
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Initially, gϕ2 ≫ µ2 and ⟨σ ⟩ ≈ 0, V ≈ Vinf . As ϕ rolls, σ becomes tachyonic as gϕ2 < µ2. The

transition occurs at t0 where ϕ(t0) = ϕc and

gϕ2
c = µ2 . (3.29)

From here, σ starts rolling rapidly towards the new minimum in about ∆t ∼ H−1
inf when the

kinetic energy is large enough to overcome Hubble friction. When σ becomes large enough,

the last term of Eq. (3.28) ensures σ is non-tachyonic again and oscillates around the adiabatic

minimum Mσ(t)/
√
2λ, which approaches a maximum value µ/

√
λ at late time. Here we are

taking κ to be small such that its role in the σ dynamics after t0 is subdominant. Earlier, it breaks

the degeneracy of the two σ minima when σ becomes tachyonic. This ensures selection of a

unique vacuum (⟨σ ⟩ > 0 for κ > 0) in the entire observable universe, avoiding the domain wall

problem [97]7.

Consider the following model parameters: µ = 50Hinf , g = 1.9×10−8, ϕc = 3.6×105Hinf ,

λ = 0.1, and κ = 0.1H3
inf (with Hinf/Mpl = 10−5 and ϕ̇0 ≃ 3.6 × 103H2

inf [7]). Let us first

check that the back-reaction of σ dynamics on ϕ is small. The maximum energy density in σ

is subdominant to the inflationary potential energy, µ4/λ ∼ 107H4
inf ≪ Vinf ≃ 3H2

infM
2
pl ∼

1010H4
inf . The kinetic energy of ϕ is given by 3Hinf ϕ̇0 ≈ −∂ϕV (ϕ, σ) = −∂ϕVinf − g⟨σ ⟩2ϕ. The

correction g⟨σ ⟩2ϕ ≲ O(10)H3
inf ≪ ∂ϕVinf ∼ 104H3

inf . This ensures slow roll of the inflaton even

after the tachyonic transition in σ.

In figure 3.4, the full ⟨σ(t) ⟩ dynamics is shown in blue along with the expected minimum at

Mσ(t)/
√
2λ shown in yellow. We can see that the dynamics is given by an oscillatory component

7In [98], this is done by considering σ to be the radial direction in the quasi-single field model of inflation. Then
the centrifugal force due to the turning trajectory acts as the source of explicit symmetry breaking.
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Figure 3.4: The classical dynamics of σ field after the tachyonic transition at t0 (blue) and the
minimum Mσ(t)/

√
2λ (yellow). The full dynamics shows oscillations about the minimum.

superimposed on a slowly shifting minimum. We consider the same direct coupling to χ as

before, Lint ∼ (σ ∂µχ∂
µχ)/Λχ. The slowly shifting minimum induces a tilt in the otherwise

scale-invariant spectrum, while the oscillatory component adds a PC feature. We take Λχ ∼

300Hinf so as to ensure (⟨σ ⟩/Λχ) < 0.5.

Figure 3.5 shows the fractional correction to PSχ evaluated numerically (blue) and a match-

ing signal (yellow) of the type considered in the previous sections arising from a more sharply

featured potential with α ≈ 0.125 and M ≈ 14.8Hinf . The overall shift in PSχ is the result of

⟨σ(t) ⟩ ̸= 0. The largest amplitude of PC feature is around kd ∼ 100kmin, corresponding to

ℓd ∼ 100 as expected. The PC is within the observable parameter space, as can be seen from fig-

ure 3.3. In this model, the irreducible PC contributions to the CMB from eqs. (3.6) and (3.8) are

(∆P/P(0))γ ≃ 0.001 and fNL ≃ 0.1 respectively, which are below CMB sensitivity. Comparing

to the yellow signal due to sudden excitation of the σ field, we see that our waterfall model gives

a PC that dilutes slightly slower and oscillates with higher frequency as Mσ increases with time.
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Figure 3.5: The PC feature in PSχ in the model with polynomial potential. The blue dots cor-
respond to the numerical evaluation of ∆PSχ , where the overall shift is the result of ⟨σ ⟩ ̸= 0.
For reference, the yellow dashed line shows a matching signal from a simplified scenario where
σ is instead excited suddenly, resulting in a PC with constant amplitude α ≈ 0.125 and mass
M ≈ 14.8Hinf .

3.6 Conclusion

We have shown that the power spectrum of GWB superhorizon anisotropies could reveal

striking oscillations (see figure (3.2)), which could only arise from extremely heavy fields during

inflation. However, any such new physics introduces irreducible (gravitational) corrections to

the spectrum of adiabatic perturbations. Remarkably, it is possible for the GWB oscillations

to be clearly visible while the CMB and LSS remain insensitive to the irreducible corrections,

despite their high precision and statistics. While we have considered specific PC features, the

mechanism can be extended to other localised features and to non-Gaussian correlators. We

have illustrated a model in which the oscillations in anisotropy appeared at ℓ ∼ O(10 − 100) in

order to maintain better theoretical control and minimize cosmic variance. At ℓ ∼ O(100), any

features are more discernible against cosmic variance, but experimentally challenging in terms

of angular resolution and signal strength. On the other hand, at ℓ ∼ O(10), the experimental
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measurements are less challenging, but any features are harder to separate from cosmic variance

and would require a more rigorous data analysis. We have also constructed a model of PC field

with a smoother potential, which is polynomial in the fields. We find this potential to be more

plausible within effective field theory considerations. In this case of the polynomial potential, the

primordial clock “beats” irregularly, but its non-trivial frequency M(k) seen in figure 3.5 sheds

light on the smooth potential and mechanism exciting σ.
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Chapter 4: Large Primordial Fluctuations in Gravitational Waves from Phase

Transitions

4.1 Introduction

In the previous chapter, we explored the potential of gravitational wave backgrounds from

first order phase transitions as novel maps of density perturbations. We saw that the fluctuations of

the GWB could be predominantly isocurvature in nature, that is they could be uncorrelated with

the adiabatic perturbations seen within CMB. Such an isocurvature in GWB would imply the

existence of another light quantum field during inflation. Isocurvature GWB are therefore portals

into the dynamics of new fields and their interactions which are beyond our reach of adiabatic

maps. However, to be readily distinguished and interpreted the isocurvature should be larger than

the CMB anisotropy. This is because any GWB would receive an irreducible contribution from

the adiabatic perturbations through the gravitational Sachs-Wolfe effect ∼ 10−5. Therefore, large

fractional anisotropies> 10−5 in the GWB would be ideal for revealing new inflationary physics.

For example, take the ALP field χ that was considered in Chapter 3 as the origin of isocur-

vature perturbations. The fractional perturbations in the energy density of the ALP field com-

pared to its average are then given by the ratio of the inflationary Hubble scale to the initial field

misalignment, δχ ∼ (Hinf/χ0). In high-scale inflation where the Hubble constant is taken to
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be ∼ 10−5 times the Planck scale [7], the ALP fluctuations are likely to be ≫ 10−5 if the ALP

misalignment is constrained to being sub-Planckian. Also, if the Hubble constant during inflation

can be inferred independently, through the detection of primordial tensor modes for example [6],

then the measurement of GWB isocurvature would give us the initial misalignment of the ALP

field. Therefore, large isocurvature GWB sourced by this ALP field will be an ideal target for

gravitational wave experiments.

Unfortunately, there is a significant challenge for large GWB anisotropies to even be de-

tectable. A distinct isocurvature GWB requires that there be two mostly decoupled sectors at the

time of the phase transition: one sector with adiabatic perturbation reheated by the inflaton, and

another undergoing the phase transition reheated by a separate light field, in our case an ALP. The

phase-transitioning sector in such a case must be significantly subdominant at recombination to

avoid its impact on the CMB, which is highly constrained from observations. In the case of stan-

dard radiation dominance in the early universe, this subdominance implies a strong suppression

in the overall strength of the GWB signal [1], making detection of large anisotropies extremely

difficult at upcoming or proposed detectors.

In this work, we will show that the trade-off between large fractional anisotropy and de-

tectability of GW signals can be evaded if there is a period of early matter dominance (eMD)1 in

the cosmological history. In this scenario, the phase-transitioning sector can be dominant at the

time of the phase transition, avoiding suppression in GW signal at its production time. A later

stage of eMD in the adiabatic sector will dilute the phase-transitioning sector such that its con-

tribution to CMB anisotropies is subdominant. It would necessarily also dilute the overall GWB,

but we will show that this dilution is less severe. Importantly, the anisotropic component is left

1Early in this context means before Big Bang Nucleosynthesis.
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unsuppressed in absolute size, which brings a larger range of anisotropies within the sensitivity

of upcoming detectors.

The rest of the chapter is organized as follows. In section 4.2, we recap the original model

of isocurvature GWB from a phase transition from [1], also reviewed in section 3.3.1 of Chap-

ter 3. We re-examine why, with radiation dominance, consistency with CMB constraints predicts

that large fractional anisotropies in the GWB must come at the expense of suppressed signal

strength, both in the isotropic and anisotropic components. In section 4.3, we introduce our new

eMD model and show how a large fractional anisotropy in the GWB is consistent with CMB

constraints, along the lines sketched above. We also show that the eMD dilution of the GWB

results in only a modest redshift of the GW frequency spectrum relative to the original model. In

section 4.4, we consider the gravitational interactions between the phase transition and adiabatic

sectors prior to their merging to see that they do no affect our conclusions in section 4.3 on large

scales, but also to consider new constraints on small scales from primordial black hole produc-

tion, small-scale structure formation, and scalar-induced gravitational wave production at second

order. In section 4.5, we present plausible benchmarks in our model with different fractional

GWB anisotropies and the associated isotropic and anisotropic signal strengths. We compare

with the analogous benchmarks in the original radiation-dominated model to illustrate the signif-

icant gains in signal strength, in both the isotropic and anisotropic components. We conclude in

section 4.6 with a short discussion of the significance of our results.
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Figure 3.1 showing the simple model of isocurvature GWB from Ref. [1] has been repeated here
for the ease of understanding.

4.2 Recap: isocurvature GWB in the radiation-dominated model

Let us recap the model of isocuravtrue GWB proposed in Ref. [1], in which the phase

transition and adiabatic sectors of the very early universe are always radiation-dominated, prior

to merging into a single sector via (late) particle decays. This model is reviewed in greater

detail in section 3.3.1 of Chapter 3. We have also repeated figure 3.1 above for the ease of

comparison with the modification that we will propose shortly in section 4.3. The ALP field χ

that is subdominant during inflation reheats some extension of the SM at tχreh when mχ ∼ H

after the end of inflation. This extension of SM then undergoes a first-order phase transition (PT),

and is therefore referred to as the “PT sector”. The inflaton on the other hand is taken to reheat

another sector that is weakly interacting with the PT sector, and therefore, does not participate in

the phase transition. This sector is referred to as the “non-PT” sector. The non-PT sector decays

to the SM + DM at tdec after the phase transition, but before the decoupling of DM. After tdec, a
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single SM+DM plasma remains such that there is no additional isocurvature introduced from the

non-PT sector.

Following Eq. (3.12), the anisotropies of the GWB can be written as

δGW = 4ζχ

(
1− 4

3
fPT

)
− 16

3
ζϕ , (4.1)

where

fPT ≡ ρPT
ρtotal

, (4.2)

and the gauge-invariant fluctuations are

ζϕ(k) =
Hinfδϕ(k)

ϕ̇0

, ζχ(k) =
2δχ(k)

3χ0

. (4.3)

The field fluctuations δϕ ∼ δχ ∼ Hinf .

In Eq. (4.1), ζϕ ∼ 10−5 sets the minimum δGW. This comes from the Sachs-Wolfe (SW)

effect, which is dominated by the fluctuations of the non-PT sector. A small ζχ < 10−5 would be

swamped by the SW contribution, leaving the GWB to be predominantly adiabatic. On the other

hand, large isocurvature in GWB coming from ζχ > 10−5, would clearly imply the existence of

a new light quantum field during inflation. Hence, we will focus on the range ζχ > 10−5.

Following Eq. (3.14), the fluctuations in the SM plasma (and hence in the CMB and matter
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distribution) after tdec are given by

δγ ≈ −4

5
ζϕ −

4

5
fPTζχ. (4.4)

As expected, the contribution of ζχ to CMB can be kept small by choosing sufficiently small fPT.

From the CMB observations [99], δγ ≃ 3.6× 10−5, giving a constraint

fPT ζχ ≤ 4.5× 10−5 . (4.5)

Therefore, since we are interested in ζχ ≫ 10−5, the PT sector must be sufficiently subdominant,

fPT ≪ 1. This leads to the simplification of Eq. (4.1),

δGW ≈ 4ζχ. (4.6)

Additionally, if ζχ contains qualitative features which are not observed in CMB, such as those

discussed in Chapter 3, the constraint on fPT ζχ will be even stronger, requiring yet smaller fPT.

4.2.1 Strength of GWB and its anisotropies

During a first-order phase transition, gravitational waves are dominantly produced through

bubble dynamics. It has been noted that the GW production is suppressed when the PT sector

constitutes a smaller fraction of the total energy density at the time of the phase transition, i.e.

fPT < 1 [100, 101]. This can also be seen through Eq. (3.21). In terms of the fraction of energy

density in gravitational waves compared to the critical energy density at the time of production
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(tPT), the suppression goes as

ΩGW(tPT) ≡
ρGW(tPT)

ρtotal(tPT)
≈ f 2

PTΩGW(tPT), (4.7)

where ΩGW represents GWB for a single sector system with fPT = 1. Intuitively, the amplitude

of the gravitational wave must be O(fPT), so that it vanishes in the absence of the PT plasma.

Since GW energy density goes as the square of this amplitude, we expect f 2
PT scaling of the right

hand side of Eq. (4.7). We elaborate on this scaling in Appendix B.1.

To estimate the strength of the GWB, we specialize to the plausible and relatively tractable

scenario in which the gravitational waves are produced dominantly from bubble wall collisions

in the envelope approximation2. Using Eq. (4.7) and taking the expression for ΩGW from [92],

the GWB spectrum today can be given as3

Ω
(0)
GWh

2 ≈ 1.67× 10−5β̃−2f 2
PT

(
καPT

1 + αPT

)2(
100

g∗(tPT)

)1/3(
0.11v3w

0.42 + v2w

)
Sbub(ω), (4.8)

where the frequency dependence is

Sbub(ω) =
3.8(ω/ωpeak)

2.8

1 + 2.8(ω/ωpeak)3.8
. (4.9)

2In the case of significant coupling between the PT plasma and bubble walls, the majority of latent heat can be
transferred to the plasma making sound waves the dominant source of gravitational waves. However, it turns out that
for the parameters that we choose as the benchmark, i.e. αPT ∼ 1 and β̃ ∼ 10, the sound wave contribution will be
similar in strength to the estimate in Eq. (4.10) even if all the latent heat is transferred to the kinetic energy of the
plasma [102].

3Ref. [103] has pointed out that the peak energy density of the gravitational wave background from a phase
transition can be enhanced if the small scale inhomogeneities (H(tPT) < k < β) in the PT plasma are large, i.e.
(δT/T ) ≳ β̃−1. Since we consider relatively low β̃ = 10 in all of our benchmarks, this effect is subdominant even
for the biggest ζχ ∼ 10−2 on small scales that we will consider later. It will be important while considering more
generic values of β̃ ∼ O(100). Also, note that this effect modifies the frequency spectrum, but does not affect the
angular power spectrum which is the main focus of our work.
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Here, αPT is the ratio of the latent heat released compared to the energy density of the PT plasma

before the phase transition, and κ is the efficiency of the latent heat transfer to bubble walls.

We will take αPT ≈ 1, such that the efficiency κ ≈ 1, and the bubble wall velocity vw ≈ 1.

The peak frequency today ωpeak can be estimated by redshifting the typical frequency at the

time of phase transition ω∗, given by ω∗ ≈ 0.23H(tPT) β̃. We choose β̃ = 10 for all our

benchmarks. g∗ corresponds to the effective number of relativistic degrees of freedom, and we

take g∗(tPT) ∼ 100 4. Note that the envelope approximation is relatively crude and specific phase

transitions may exhibit significant deviations5. However, it suffices for our purpose here since

our main focus will be the angular power spectrum.

With the choice of parameters described above, the expression in Eq. (4.8) at the peak

frequency is simplified to

Ω
(0)
GWh

2 ≈ 3.2× 10−9f 2
PT . (4.10)

Following Eq. (4.6), the size of the fluctuations in the GWB, which is relevant for detection, is

δΩ
(0)
GWh

2 ≈ Ω
(0)
GWh

2 × 4ζχ ≈ 1.3× 10−8f 2
PTζχ . (4.11)

The constraint of Eq. (4.5) gives us an upper bound on the inhomogeneities of the GWB,

δΩ
(0)
GWh

2 ≤ 5.8× 10−13fPT . (4.12)

Note that despite relative anisotropy δρGW/ρGW ∼ ζχ being large > 10−5, the absolute signal

4In reality, g∗(tPT) > 100 depending on the exact extension of the SM undergoing the phase transition. However,
this is a small effect considering the g

−1/3
∗ dependence in Eq. (4.8).

5See for example [104] for an updated numerical study of the phase transition in an abelian gauge theory with a
comparison to the envelope approximation.
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strength of the fluctuations is suppressed by one power of fPT, making it more difficult to detect.

4.3 Isocurvature GWB with an era of early matter dominance (eMD)

log(ρ)
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Figure 4.1: A schematic of the modified eMD model discussed in section 4.3 showing energy
densities in various sectors as a function of the scale factor (time). While the decay products of
the ALP χ are always radiation dominated, one of the massive particles (reheaton) in the decay
products of the inflaton leads to a period of early matter domination.

Smaller fPT at tdec allows for larger ζχ while evading constraints from CMB summarized

in Eq. (4.5). If both PT and non-PT sectors are radiation-dominated throughout, then this also

constrains the PT sector to be subdominant by the same factor fPT at the time of the phase tran-

sition, heavily suppressing the strength of GW produced, as seen in eqs. (4.10) and (4.12). This,

however, will not be the case if there is a deviation from standard radiation dominance, for ex-

ample, a period of early matter domination (eMD). In such modified cosmological histories, fPT

is effectively a function of time, and can be such that the PT sector is dominant during the phase

transition and only becomes subdominant by tdec. We will show that this significantly enhances

the strength of GWB compared to the purely-radiation-dominance scenario of [1], while still be-
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ing consistent with constraints from CMB. For clarity, we define this time-dependent fraction as

f̂(t), and its late time value at tdec will continue to be denoted by fPT.

Here we describe such a modified cosmological history with eMD, shown schematically in

figure 4.1. As in the minimal model, the inflaton reheats the non-PT sector at the end of inflation,

which dilutes like radiation, ρnPT ∝ a−4. On the other hand, ρχ acts like matter while oscillating

around its minimum, which dilutes slower than radiation. If the oscillations persist for a suffi-

ciently long time, ρχ can dominate the energy density (as well as the curvature perturbations) of

the universe before decaying to the PT sector, which subsequently undergoes the phase transition.

Notice that unlike the radiation-dominated model described previously, the PT sector dominates

the energy density during the phase transition, and therefore ρGW is not suppressed at production

by fPT. We will call this period of ρPT domination the era of early radiation dominance (eRD).

Now we take the non-PT sector to be dominated by massive particles which become non-

relativistic around tm, sometime after the phase transition, redshifting slower than the radiation

in the PT sector. The eRD of the PT sector is thereby replaced by eMD in the non-PT sector

at tmd. The period of eMD ends at tdec when the non-PT massive particles decay, reheating the

SM+DM. We will therefore refer to these massive non-PT particles as “reheatons”. The reheaton

decays are taken to occur before DM decoupling, which allows thermalization with the SM and

the remnants of the phase transition in the PT sector, matching onto the standard cosmological

history from then on. In this way, we arrive at the following time-dependence of f̂PT from the
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1/a3 redshifting of non-relativistic matter and the 1/a4 redshifting of relativistic radiation:

f̂PT(t) =


(1 + ϵ)−1 tχreh ≤ t ≤ tm(
1 + ϵ a

am

)−1

=
(
1 + a

amd

)−1

tm < t ≤ tdec ,

(4.13)

where ϵ ≡
(

ρnPT

ρPT

)∣∣∣
tχreh

and we have used ϵ(amd/am) = 1. Therefore, fPT ≡ f̂PT(tdec) =

(1 + adec/amd)
−1 ≈ (amd/adec).

4.3.1 Strength of GW and anisotropies

In this model with eMD, the PT sector dominates the energy density at the phase transition,

ρtotal(tPT) ≈ ρPT(tPT) and f̂PT(tPT) ≈ 1. Hence, in Eq. (4.8) for GW production at the time of

the transition, f 2
PT is not a suppression.

However, the period of eMD dilutes GW radiation because of the differential redshifting of

matter and GW radiation, such that

ρGW(tdec)

ρtotal(tdec)
= f̂PT(tdec)

ρGW(tPT)

ρtotal(tPT)
. (4.14)

This, along with the same microphysical parameters as in section 4.2.1 for the phase transition,

gives the fractional energy density in GWB today as

Ω
(0)
GWh

2 ≈ 3.2× 10−9fPT . (4.15)

Note that the GW signal in this model, despite the dilution from eMD, has only one power of fPT
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suppression, compared to the quadratic suppression in Eq. (4.7).

The anisotropy of the GWB can again be related to the fluctuations of χ,

δGW ≈ −4

3
ζχ . (4.16)

The factor in front of ζχ is smaller compared to Eq. (4.6) because the SW contribution, in this

case, comes from the PT sector itself, and is therefore anti-correlated with the inherent inhomo-

geneities of the GWB. The expression for the anisotropies of the CMB for all relevant scales (i.e.,

the scales that re-enter much after tdec) remains the same as Eq. (4.4),

δγ ≈ −4

5
ζϕ −

4

5
fPTζχ . (4.17)

This is shown explicitly in section 4.4.1. The inhomogeneity in the GWB is then

δΩ
(0)
GWh

2 ≈ Ω
(0)
GWh

2 × 4

3
ζχ ≈ 4.3× 10−9fPTζχ . (4.18)

We must still satisfy the constraint in Eq. (4.5). Saturating it gives

δΩ
(0)
GWh

2 ≤ 1.9× 10−13 , (4.19)

which is now independent of fPT, as opposed to Eq. (4.12). The possibility that the relative

anisotropies in the GWB are large while the absolute size of the anisotropic signal is unsuppressed

by fPT, is the main result of this chapter.
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4.3.2 Peak frequency of GWB

The frequency spectrum of the GWB will be slightly shifted compared to the single-sector

scenario (fPT = 1) due to the modified cosmological history. At production, the typical frequency

of GWB for the choice of parameters given in section 4.2.1 is [92]

ω∗ ≈ 0.23β̃H(tPT). (4.20)

Red-shifting this frequency gives the peak frequency of the spectrum today

ωpeak = ω∗

(
aPT
a0

)
≈ 0.23β̃

(
aPT
a0

)(
H(tPT)

H(tmd)

)(
H(tmd)

H(tdec)

)(
H(tdec)

H(teq)

)(
H(teq)

H(t0)

)
H(t0). (4.21)

Using H ∝ a−3/2 during matter dominance, while H ∝ a−2 during radiation dominance,

ωpeak ≈ 0.23β̃

(
aPT
a0

)(
amd

aPT

)2(
adec
amd

)3/2(
aeq
adec

)2(
a0
aeq

)3/2

H(t0)

≈ 2.8× 10−17β̃

(
aeq
aPT

)
f
1/2
PT Hz, (4.22)

where we have used the fact that the redshift at matter-radiation equality in the standard cosmo-

logical history zeq ≈ a−1
eq ≈ 3100, H(t0) ≈ 2.2×10−18 Hz, and amd/adec ≈ fPT from Eq. (4.13).

Now,

aeq
aPT

=
TPT(tPT)

TSM(teq))
f
−1/4
PT

(
g∗(tmd)

g∗(tdec)

)1/4

. (4.23)
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Then with TSM(teq) ∼ 1 eV, g∗(tmd) ∼ g∗(tdec) ∼ 100, and setting β̃ = 10, we get

ωpeak ≈ 2.8× 10−4f
1/4
PT

(
TPT(tPT)

TeV

)
Hz. (4.24)

The dependence on fPT is very mild, less than an order of magnitude in the range of fPT that we

will be led to consider. For a single sector (fPT = 1), a phase transition occurring at TPT(tPT) ∼

100 TeV gives ωpeak ∼ 28 mHZ, falling within the sensitivity of LISA [37], BBO [40], and

DECIGO [41]. As we lower the fraction of the PT sector to the smallest fPT ∼ 4.5 × 10−4 of

interest to us (see the last benchmark in Table 4.1), the peak frequency shifts to ωpeak ∼ 4 mHZ,

remaining within the sensitivity of the above-mentioned detectors. In this case, an eMD starting

shortly after the phase transition when TPT(tmd) ∼ 32 TeV ensures TSM(tdec) ∼ 100 GeV and

fPT ∼ 4.5× 10−4.

4.4 Gravitational crosstalk

The PT and non-PT sectors can influence each other gravitationally even though they are

otherwise only weakly coupled. We want to ensure that the CMB scales are unaffected despite

large perturbations in the PT sector during eRD era. We also want to identify other constraints on

our eMD model which may arise from the evolution of perturbations after horizon re-entry. We

address these two concerns here.

4.4.1 Modes that are superhorizon prior to tdec

Our modified early cosmology reverts to standard cosmology at tdec, where we will take

TSM(tdec) ≳ 100 GeV. We want to ensure that the observed fluctuation modes of the CMB and
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Figure 4.2: Φ(k) as a function of the conformal time η for a co-moving mode k that re-enters
sufficiently after the end of eMD. We have taken a benchmark, ζχ ≈ 10−3, ζϕ ≈ 3.5×10−5, fPT ≈
10−2, and ϵ = 1/2. Conformal times denoting boundaries of different eras are (ηm/ηχreh) ∼
(ηmd/ηχreh) ∼ 100 and (ηdec/ηχreh) ∼ 2000.

LSS would be unaffected by the modified cosmology before tdec, and this is relatively straight-

forward to analyze because they are all superhorizon prior to tdec, given the high TSM(tdec).

We use the convention where the perturbed FLRW metric is given by [105],

g00 = −1− 2Ψ, gij = a2(t)δij[1 + 2Φ], g0i = 0 . (4.25)

In the absence of anisotropic stress, Φ = −Ψ, and the relevant Einstein equation is

ηΦ′ + Φ+
k2η2

3
Φ =

1

2

∑
i

fiδi , (4.26)

where ′ denotes partial derivative with respect to the conformal time η and k is the co-moving mo-

mentum. fi ≡ ρi/ρtotal is the fraction of the energy density in the ith sector and δi ≡ δρi/ρi is the

fractional density perturbation. When a certain mode is superhorizon, the k2-term in Eq. (4.26)
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can be neglected, giving

ηΦ′ + Φ =
1

2

∑
i

fiδi . (4.27)

The gauge invariant fluctuation of a non-interacting fluid is conserved on superhorizon scales.

For fluid i, it is given by

ζi = Φ+
δi

3(1 + wi)
, (4.28)

where wi is its equation of state. Then ζnPT = ζϕ and ζPT = ζχ remain constant until horizon re-

entry. This also dictates the superhorizon evolution of radiation and matter density perturbations,

δ′rad = −4Φ′, δ′mat = −3Φ′ . (4.29)

Using eqs. (4.27) and (4.29), we numerically evaluated the evolution of Φ for ζχ ≈ 10−3,

ζϕ ≈ 3.5× 10−5, fPT ≈ 10−2, and ϵ = 1/2, as shown in figure 4.2. While Φ is larger during eRD

when the total curvature perturbation is dominated by ζχ, it becomes small again after eMD6.

Let us do a few consistency checks. Eqs. 4.27 and 4.28 can be simplified to give Φ ≈ 2
3
ζtotal

during radiation dominance. Then we expect Φ ≈ 2
3

(
2
3
ζχ +

1
3
ζϕ
)
≈ 4.6× 10−4 (using ϵ = 1/2)

during eRD, while Φ ≈ 2
3
(fPTζχ + ζϕ) ≈ 3× 10−5 during radiation dominance after eMD. This

is exactly what we find in figure 4.2. Therefore, the anisotropy in CMB (and in other late-time

maps of adiabatic perturbations) remains small at 10−5 even in our modified scenario with PT

6A similar conclusion was found in [106]. They consider a model with two curvatons where one of the curvatons
with larger perturbations dominates the energy density during an earlier era of radiation domination.
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sector domination during eRD.

4.4.2 Modes that have re-entered the horizon prior to tdec

In this section, we focus on the evolution of density perturbations in the non-PT sector and

Φ for the modes that re-enter the horizon during eRD and eMD. This will be relevant for the

constraints on ζχ on small scales, which can indirectly affect CMB or LSS.

The gradient terms that we neglected for superhorizon evolution become important as the

mode becomes subhorizon. The coupled evolution of perturbations is given by

ηΦ′ + Φ+
k2η2

3
Φ =

1

2

∑
i

fiδi

δ′′rad +
k3

3
δrad = −4Φ′′ +

4k2

3
Φ

δ′′mat +
1

η
δ′mat = −3Φ′′ + k2Φ− 3

η
Φ′ .

(4.30)

Let us start by analyzing the evolution of a co-moving mode that re-enters the horizon during

eRD, generically labeled keRD. Just before its re-entry, Φ(keRDη ≲ 1) ≈ (2/3)ζχ as the PT

sector is dominant. Since ζϕ = Φ + δnPT/4 ∼ 10−5 is conserved on superhorizon scales, we get

δnPT(keRDη ≲ 1) ≈ −4(Φ− ζnPT) ≈ −(8/3)ζχ for ζχ ≫ ζϕ.

After the horizon re-entry at ηeRD ∼ 1/keRD, perturbations follow eqs. 4.30. Below, we

describe their qualitative behavior. Fluctuations in the radiation of the PT sector, δPT, oscillate in

time with a constant amplitude throughout eRD and eMD. The behaviour of Φ and δnPT, however,

changes significantly. During eRD, |Φ| ∝ η−2 drops rapidly, while the amplitude of δnPT remains

constant when the non-PT sector is radiation-dominated and increases logarithmically ∼ log(a)

when it becomes matter-dominated. This logarithmic growth is insignificant if ϵ is close to 1,
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which we take to be the case. The linear growth during eMD, however, is significant when

δnPT ∝ a, and consequently Φ becomes constant. In summary,

|δnPT(keRD)| ≈



8

3
ζχ ηeRD ≤ η < ηmd

2
η2

η2md

ζχ ηmd ≤ η < ηdec

8

3

η2dec
η2md

ζχ ηdec ≤ η ,

(4.31)

where we have used the adiabatic relation δrad/4 = δmat/3 at the transitions between radiation

and matter dominance, and a ∝ η2 during MD. Similarly, the behaviour of Φ can be given as

|Φ(keRD)| ≈



2

3

η2eRD

η2
ζχ ηeRD ≤ η < ηmd

3

5

η2eRD

η2md

ζχ ηmd ≤ η < ηdec

2

3

η2eRDη
2
dec

η2mdη
2
ζχ ηdec ≤ η ,

(4.32)

where we have used the fact that Φ decreases by a factor of (9/10) during a transition from RD

to MD, and increases by (10/9) during a transition from MD to RD.

Now let us similarly analyze the evolution of perturbations for a co-moving mode keMD

that re-enters during eMD. As f̂PT drops during eMD, the total density perturbation decreases,

leading to a decreasing Φ(keMD) even on superhorizon scales. This can also be seen in figure 4.2.

Using superhorizon conservation of ζnPT = ζϕ, we see that the density perturbation δnPT ∼ −Φ

also decreases. After horizon re-entry, however, δnPT ∝ a increases while Φ remains constant till
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the end of the eMD era. Then

|δnPT(keMD)| ≈


2
(ηmdη)

2

η4eMD

ζχ ηeMD ≤ η < ηdec

8

3

(ηmdηdec)
2

η4eMD

ζχ ηdec ≤ η ,

(4.33)

and the evolution of Φ is

|Φ(keMD)| ≈


4f̂PT

5 + f̂PT
ζχ +

3(1− f̂PT)

5 + f̂PT
ζϕ ≈ 4η2md

5η2eMD

ζχ +
3

5
ζϕ ηeMD ≤ η < ηdec

η2dec
η2

[
4fPT
5

ζχ +
4

5
ζϕ

]
≈ η2dec

η2

(
4

5

η2md

η2eMD

ζχ +
4

5
ζϕ

)
ηdec ≤ η .

(4.34)

Here, we have used fPT ≪ 1. The results of this section will be useful while analyzing constraints

on our eMD model, which we discuss next.

4.4.2.1 Structure on small scales

The density perturbations in the non-PT sector grow during eMD as seen in eqs. (4.31)

and (4.33). These overdensities will be retained and transferred to the SM+DM plasma after the

reheaton decay. This poses the danger of overabundance of small-scale structures like compact

mini-halos in the late universe. In reality, however, various processes at play during the decay

of reheaton and DM decoupling suppress these small-scale fluctuations, effectively erasing any

accumulated growth from the eMD era. We list the relevant processes below:

1. Refs. [107,108] showed that the perturbative decay of the reheaton into radiation suppresses

the amplitude of radiation perturbations by as much as ∼ 10−3 for subhorizon modes k ≳

20kdec.
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2. Frictional damping and acoustic oscillations during kinetic decoupling and free-streaming

of DM afterwards erase DM fluctuations on all length scales smaller than the maximum of

the horizon size at decoupling and the free-streaming length-scale [109,110]. These effects

erase enhancement in DM perturbations for all modes k ≳ kdec that re-entered during eRD

and eMD.

3. Finally, large perturbations in the baryon and photon plasma are erased by Silk damping

[61, 62], and thus do not contribute to additional small-scale structure.

These mechanisms that erase DM perturbations on small scales require DM to be in thermal

equilibrium with the SM at the time of reheaton decay. Our choice of TSM(tdec) ≳ 100 GeV

ensures that a standard WIMP-like DM candidate would satisfy this criterion. In summary, en-

hanced structure formation on small scales can be easily avoided in our eMD model by taking

appropriately high reheat temperature for the SM at tdec.

4.4.2.2 Primordial Black Holes

Horizon patches with sufficient overdensity can collapse to form primordial black holes

(PBH) in the early universe, which cannot be erased by the mechanisms discussed above. PBH

production from adiabatic perturbations ∼ 10−5 is negligible. However, in our modified model,

larger density perturbations during eRD and eMD era will enhance PBH production, giving a

constraint on the power spectrum of χ on small scales.

During radiation dominance, the Hubble patches exceeding a certain critical overdensity

(δc) collapse to form PBH. At a given time, the fraction of such collapsing patches can then be
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given as [111]

βrad =

∫ ∞

δc

P (δ)dδ ≈ σ

δc
exp

(
− δ2c
2σ2(MH)

)
. (4.35)

Here MH is the horizon mass and σ2(MH) is the variance of the mass overdensities of Hubble

patches, which is related to the power spectrum of the curvature perturbations PR
7,

σ2(MH) ≡ ⟨(δM/MH)
2⟩ = 16

81

∫ ∞

0

(q/k)2j21(q/(
√
3k))W̃ 2(q/k)PR

dq

q
. (4.36)

Here, j1 is the spherical Bessel function, and W̃ (q/k) is the Fourier transform of a window

function used to smooth density contrast over the length scale k−1 ∼ (aH)−1. During eRD,

PR ≈ Pχ. A real-space top hat window function in Eq. (4.36) gives σ2(MH) ∼ 1.1Pχ [112].

The value of δc can vary between 0.4 − 0.7 depending on the density distribution within the

collapsing patch [113], but we take δc ≈ 0.4 for a conservative estimate. PBH formation during

the radiation era is thought to follow the phenomenon of critical collapse, which produces a

distribution of PBH up to arbitrary low masses [111, 114–116],

MPBH =MH(δ − δc)
γ . (4.37)

The most stringent constraint in the low mass region comes from CMB distortions caused by the

evaporation of light PBH. This puts a constraint on their formation probability βeRD ≲ 10−25

7The power spectrum for any gauge-invariant perturbation ‘i’ is defined as

⟨ ζi(k⃗)ζi(k⃗′) ⟩ ≡ δ(k⃗ + k⃗′)
(2π)3

k3
Pi(k) ,

For a scale-invariant spectrum, P(k) is constant.
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[2, 3]. From eqs. (4.35) and (4.36), this translates to a bound ζχ ≲ 0.04 on small scales (high

k). A more significant enhancement of PBH formation occurs during the eMD era. This gives a

stronger bound on small-scale ζχ, which we discuss below.

Density perturbations in the non-PT sector would grow linearly during MD, δnPT ∝ a(t),

as discussed in section 4.4.2. Thus, even small perturbations can lead to significant PBH for-

mation. When the perturbation becomes non-linear δnPT ≳ O(1), the corresponding Hubble

patch separates from the background expansion and eventually collapses. A conservative bound

on small-scale ζχ can then be obtained by simply requiring that the perturbations never become

nonlinear during eMD, i.e.,

δPT

(
adec
amd

)
≈ 4ζχf

−1
PT < 1. (4.38)

Taking ζχfPT ≲ 4× 10−5 from Eq. (4.5), we get an upper bound on small-scale ζχ < 3× 10−3.

Note that this upper bound becomes tighter if the eMD lasts longer. However, this simple bound

is too restrictive and a more careful analysis gives a fairly fPT-independent bound ζχ < 10−2 on

small scales. We elaborate on this below.

It was shown in [117, 118] that despite over-densities becoming nonlinear, only patches

with sufficient spherical symmetry and homogeneity can collapse to form PBH8. The probability

of PBH formation on the co-moving scale k−1 is then

βmat(k) ≈ 0.2

(
rsch
rk

)13/2

, (4.39)

8The patches that do not satisfy these criteria form pancake/cigar-shaped structures instead. These are later
dispersed due to the radiation pressure when the non-PT sector decays to SM.
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where rk ∼ a/k is the physical wavelength of the mode and rsch is the Schwarzschild ra-

dius corresponding to the typical overdense region on length scale rk. The ratio (rsch/rk) ≈

δnPT(k, t)(aH/k)
2 remains constant during eMD due to the linear growth of δnPT. Hence, the

ratio can be evaluated at horizon re-entry for the modes re-entering during eMD, while for

the modes that have re-entered before eMD, the ratio is evaluated at the start of eMD. From

eqs. (4.31) and (4.33), we get

rsch
rk

≈


δnPT(k, amd)

(
ak
amd

)2

≈ 2ζχ

(
ak
amd

)2

k ≥ kmd

δnPT(k, ak) ≈ 2ζχ

(
amd

ak

)
kmd > k > kdec,

(4.40)

where ak corresponds to the scale factor (time) at the horizon re-entry of the co-moving mode

k, and we have used H ∝ a−2 during RD while H ∝ a−3/2 during MD. Clearly, the largest β

corresponds to the mode re-entering at the start of eMD, kmd, with βmat(kmd) ≈ 18ζ
13/2
χ .

The mass of PBH formed from a certain comoving mode k during the matter domination

era is roughly the horizon mass at reentry. Unlike radiation, pressureless matter does not seem to

follow critical collapse [119–121]. For the modes that re-enter during eRD but form PBH during

eMD, the PBH mass is instead the mass within a patch of radius ∼ amd k
−1 at the start of eMD.

Thus

MPBH|eMD ≈


MH(ak)

(
ak
amd

)
k ≥ kmd

MH(ak) kmd > k > kdec.

(4.41)

Modes re-entering after eMD have curvature perturbation ∼ 10−5 as shown in section 4.4.1,
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and produce negligible amount of PBH following Eq. (4.35). However, the modes that re-entered

earlier during eRD and eMD retain larger perturbations even in the standard radiation-dominated

era (sRD) after eMD, until they are erased by mechanisms discussed in section 4.4.2.1. We

will show that despite large perturbations, there is no additional enhancement in PBH formation

from these modes in the sRD. The collapse probability of a subhorizon mode in sRD can be

estimated by performing Jeans mass analysis [122]. Balancing kinetic and gravitational potential

energy gives the Jeans mass MJ = 2r/G for a spherical region of radius r. (Here, G is the

gravitational constant.) The condition for instability M > MJ then gives the critical overdensity

for subhorizon modes,

δc =
1

2Gρr2
=

1

2π2Gρ

k2

a2
, (4.42)

where we have taken r = πa/k. Using 8πGρ = 3H2, the critical overdensity at some time t

during sRD is

δc =
4

3π

(
k2

(aH)2

)
=

4

3π

(
(akHk)

2

(aH)2

)
= 0.43

(
adec
ak

)(
a

adec

)2

, (4.43)

Note that the critical overdensity is bigger for subhorizon modes than the constant ≈ 0.4 we had

taken before. Now, δnPT(k, t) = δnPT(k, tk)(adec/ak) due to the linear growth during eMD. Thus

the ratio

δc(t)

δnPT(k, t)
≈ 0.43

δnPT(k, tk)

(
a

adec

)2

≥ 0.43

δnPT(kmd, tmd)
(4.44)

is smallest at t ≈ tdec and for the co-moving mode kmd. Using eqs. (4.35) and (4.36), the
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probability of collapse of the subhorizon modes during sRD is then

βsRD ≲ exp

(
− 0.432

2(1.1Pχ)

)
. (4.45)

Following the analysis at the beginning of this section, we see that this production probability is

much smaller than that from the eMD era.

Having analyzed PBH production, let us connect it to the experimental bounds on the frac-

tion of PBH today,

fPBH ≡ Ω
(0)
PBH

Ω
(0)
DM

=

∫
dMψ(M). (4.46)

Here Ω
(0)
DM ≈ 0.26 and the mass function ψ(M) is defined as

ψ(M) =
1

Ω
(0)
DM

dn

d lnM
=

1

Ω
(0)
DMM

β(M)

(
aeq
adec

)
. (4.47)

The factor of (aeq/adec) in the above equation accounts for the relative enhancement of PBH

abundance during the radiation dominated era since PBH dilute slower like pressure-less matter.

The mass of PBH can be evaluated using Eq. (4.41) along with the relation ρtotal ≈ 3H2M2
Pl,

giving

MPBH(k) ∼


10−6M⊙

(
ak
amd

)3

f
3/2
PT

(
100GeV

TSM(tdec)

)2

k ≥ kmd

10−6M⊙

(
ak
adec

)3/2(
100GeV

TSM(tdec)

)2

kmd > k > kdec .

(4.48)

Here, M⊙ corresponds to the solar mass and we have used MPl ∼ 10−39M⊙.
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Figure 4.3: (a) Fraction of DM energy density in PBH per logarithmic interval as a function of
PBH mass in units of solar mass M⊙. (b) Relevant constraints on monochromatic PBH mass
functions from CMB distortions and microlensing (taken from [2, 3]). In (a), we show PBH
mass distributions for two benchmarks in our eMD model: ζχ ≈ 5 × 10−3, fPT ≈ 9 × 10−3,
TSM(tdec) = 100 GeV in purple, and ζχ ≈ 10−2, fPT ≈ 4.5 × 10−3, TSM(tdec) = 300 GeV
in orange. Noting the roughly monochromatic shape of these distributions, we have also shown
their monochromatic best fits in (b) for an intuitive comparison with the constraints.

Constraints on PBH are typically given for a monochromatic mass function, [2, 3]

ψmono = fPBH δ(M −Mc). (4.49)

Figure (4.3) (b) shows these constraints as blue regions. The same constraints can also be used to

check the viability of an extended mass function following the method of [123], which translates

to the following condition

∫
dM

ψ(M)

fmono(M)
≤ 1. (4.50)

Here, fmono is the maximum allowed fraction for a monochromatic mass function.

To evaluate the largest allowed ζχ on small scales, we have chosen two benchmarks satu-

rating the limit in Eq. (4.5) and assuming a scale-invariant spectrum:
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1. ζχ ≈ 5× 10−3, fPT ≈ 9× 10−3, and TSM(tdec) = 100 GeV (purple).

2. ζχ ≈ 10−2, fPT ≈ 4.5× 10−3, and TSM(tdec) = 300 GeV (orange).

The mass function for these benchmarks is shown in figure 4.3 (a). For a quick and more in-

tuitive comparison with the constraints, we can take advantage of the roughly monochromatic

appearance of our mass functions. In figure 4.3 (b), we therefore indicate where their monochro-

matic best fits would lie. The figure makes it clear that the most relevant constraints are from

microlensing. However, since our benchmarks lie close to the microlensing constraints, we have

also used the more refined criterion of Eq. (4.50) to check that they are not excluded. It is then

clear that PBH production constraints ζχ ≲ 10−2 on small scales.

Interestingly, our eMD model produces a sharply peaked PBH mass function without any

sharp peaks in either Pζχ or Pζϕ . The peak corresponds to PBH produced from kmd (i.e. the co-

moving mode that re-enters right at the start of eMD). Such a spectrum is typically achieved by

introducing a scale-invariance-breaking feature in the inflationary potential that can significantly

enhance power at a specific k. In our model, the same can be achieved simply by the interplay

of energy densities of two sectors, where both have scale-invariant fluctuations albeit of different

amplitudes. Also note that for the second benchmark, PBH can make up the entirety of DM. A

larger PBH fraction can be obtained at lower TSM(tdec) by taking smaller fPT (and not saturating

Eq. (4.5)). Generally, ζχ ≲ 10−2 is required to avoid overproduction of PBH. The exact bound

depends on the values of TSM(tdec) and fPT as they can shift the location of the peak, exposing

it to stricter constraints. However, eqs. (4.39) and (4.40) suggest that even moderately smaller ζχ

will be sufficient to evade these constraints.

In conclusion, we require ζχ ≲ 10−2 on small scales to avoid overproduction of PBH. If
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the power spectrum of χ is nearly scale-invariant, as we have considered in this work for sim-

plicity, this also constrains ζχ and δGW on the large scales relevant for GW detectors. However,

ζχ ≳ 10−2 on large scales can be made consistent with PBH constraints if the power spectrum is

significantly red-tilted. This would require special model-building for the χ potential, which we

do not consider in this work.

4.4.2.3 Scalar-induced gravitational waves

A weaker gravitational wave background can be induced by curvature perturbations at sec-

ond order in perturbation theory (see [124] for a recent review). Larger curvature perturbations

and the presence of eMD can enhance its production9. Here, we estimate the strength of such

induced-GWB and compare it to the gravitational waves from the phase transition.

The fraction of energy density in the induced-GWB per logarithmic k is

Ωind
GW(η, k) =

1

24

(
k

a(η)H(η)

)2

Ph(η, k) (4.51)

where Ph(η, k) is the time-averaged tensor power spectrum. It is related to the power spectrum

of curvature perturbations as

Ph(η, k) = 4

∫ ∞

0

dv

∫ |1+v|

|1−v|
du

[
4v2 − (1 + v2 − u2)2

4vu

]2
[I(v, u, x)]2PR(kv)PR(ku) (4.52)

where u = |⃗k− k⃗′|/k, v = k′/k, and x ≡ kη. I(v, u, x) contains information about the dynamics

of scalar and tensor perturbations and is given in Ref. [126]. The curvature perturbations can be

9Enhancement of primordial GWB in the presence of eMD generated by f(R) gravity has been studied in [125].
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Figure 4.4: Strength of the GWB from phase transition (orange) occurring at TPT(tPT) ∼ 100
TeV and that induced from curvature perturbations at second order (brown), compared with the
power-law integrated sensitivities of LISA, BBO, and DECIGO (taken from [4]). The GWBs
are computed for the benchmark that saturates PBH constraint (see discussion in section 4.4.2.2)
with ζχ = 10−2, fPT = 4.5× 10−3, and TSM(tdec) = 300 GeV.

related to (first-order) Φ as

PR =

(
5 + 3w

3 + 3w

)2

PΦ (4.53)

Thus, the magnitude of Ph ∝ P2
Φ.

During radiation dominance, Φ(η, k) ∝ 1/η2 decays quickly inside the horizon. Thus,

induced gravitational waves are dominantly produced at horizon re-entry for modes that re-enter

deep in the eRD era. This is not the case for modes re-entering during eMD, since Φ remains

constant even after horizon re-entry during eMD. The result is a relative enhancement of induced-

GWB during eMD compared to the case of pure radiation dominance.

Refs. [126–128] have analysed production of induced-GWB in matter dominance era for a

scale-invariant PΦ that remains constant on super-horizon scales10. We borrow results of [126]

10It was pointed out in [129] and [130] that the strength of the induced GW from eMD sensitively depends on the
exact model for the decay of the matter at the end of eMD. It was observed that a slow decay process suppresses
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with appropriate rescaling as explained below. While Φ(k) ∼ ζχ remains constant for a super-

horizon mode during eRD, it decreases during eMD till horizon re-entry as the PT sector becomes

subdominant (see figure 4.2). After horizon re-entry, Φ(k) becomes constant again till the end

of eMD, and this value depends on the time of re-entry for each mode. The dominant effect of

this evolution of Φ on the strength of induced-GWB is the k-dependent rescaling of the results

in [126] by a factor λ(k). This rescaling factor λ(k) can be obtained by noting that Ph ∝ P2
Φ,

and using Eq. (4.34),

λ(k) ≈

[
3

2

(
4f̂PT(tk)

5 + f̂PT(tk)

)]4
(4.54)

Then the strength of the induced-GWB is given as

Ω
sec(0)
GW (k)

P2
χΩ

(0)
rad

≈



0.8fPT k > 2kmd

0.8fPT +

(
λ(k)

14000

(
k

kdec

)2

(1− 2k̃−1)4

×
[
105k̃2 + 72k̃ + 16− 32k̃−1 − 16k̃−2

])
2kmd ≥ k > kmd

λ(k)

14000

(
k

kdec

)2 [
1792k̃−1 − 2520 + 768k̃ − 105k̃2

]
kmd ≥ k > kdec

(4.55)

where k̃ ≡ k/kmd. The frequency of the GW today can be related to the co-moving mode k as

ω =
k

2π
∼ 1.5× 10−15

(
k

1Mpc−1

)
Hz (4.56)

the induced GW signal compared to Eq. (4.55), while a quick decay enhances the signal. We suspect that a typical
perturbative decay of the reheaton will fall under ‘slow decay’, suppressing induced GW signal. However, we have
taken a conservative estimate following [126].
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Figure 4.4 shows ΩGW from phase transition (orange) and that induced from curvature

perturbations (brown) as a function of frequency. We have taken the largest ζχ ≈ 10−2 allowed

on small scales from PBH consideration (see benchmark 2 from section 4.4.2.2). We see that the

GWB signal from phase transition is much larger than induced-GWB. Decreasing ζχ will quickly

make induced-GWB signal undetectably small given its sensitive dependence on the curvature

perturbations seen in Eq. (4.55). Interestingly, while a small fPT suppresses GWB signal from

the phase transition, it enhances induced-GWB. We will explore this aspect of induced-GWB in

future work.

4.5 Benchmarks and Observability

The energy density in any GWB is bounded by two considerations. Firstly, it contributes

to Neff as a species of dark radiation, but the Neff constraint is relatively mild:

ρGW < 0.1ργ. (4.57)

Since we are interested in the possibility of δGW ≫ 10−5, it necessitates an isocurvature origin

for the GWB. The stronger bounds on isocurvature from CMB give

δρGW < 0.1δργ. (4.58)

This can be translated to

δΩ
(0)
GWh

2 < 10−5Ω(0)
γ h2 ∼ 2.5× 10−10, (4.59)
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where Ω
(0)
γ h2 ≈ 2.5 × 10−5. We choose benchmarks that satisfy this constraint and also show

that our modified eMD scenario brings δΩ(0)
GW of the signal closer to this upper bound over a large

range of anisotropies.

In table 4.1, we consider benchmarks that saturate Eq. (4.5), i.e. ζχfPT = 4.5 × 10−5.

Corresponding GWB signals and their inhomogeneities are computed for the radiation-dominated

model of [1] using eqs. (4.10) and (4.12). The same quantities are also computed for our eMD

scenario using eqs. (4.15) and (4.19). We see that both the isotropic GWB signal and the absolute

inhomogeneities are comparable or larger in the eMD model for ζχ ≳ 10−4.

Benchmarks Radiation-dominance eMD

ζχ fPT Ω
(0)
GWh

2 δΩ
(0)
GWh

2 Ω
(0)
GWh

2 δΩ
(0)
GWh

2

1) 10−4 4.5× 10−1 6.5× 10−10 2.6× 10−13 1.5× 10−9 1.9× 10−13

2) 10−3 4.5× 10−2 6.5× 10−12 2.6× 10−14 1.5× 10−10 1.9× 10−13

3) 10−2 4.5× 10−3 6.5× 10−14 2.6× 10−15 1.5× 10−11 1.9× 10−13

4) 10−1 4.5× 10−4 6.5× 10−16 2.6× 10−16 1.5× 10−12 1.9× 10−13

Table 4.1: Benchmarks showing the strength of GWB and its inhomogeneities in the pure
radiation-dominance model of [1] and our eMD model. We take them to saturate the CMB bound
in Eq. (4.5) (that is, ζχfPT = 4.5 × 10−5). For a scale-invariant spectrum, they are consistent
with the constraints from PBH production discussed in section 4.4.2.2, except for benchmark 4,
which would require significantly red-tilted spectrum for χ to evade constraints on small scales
(high-k).

Note that benchmark 4 in table 4.1 above apparently violates PBH bounds discussed in

section 4.4.2.2. However, that analysis assumed approximately scale-invariant ζχ up to high-k

modes that are relevant for PBH production. This is indeed the case for the minimal model of a

light χ with fixed mass during inflation that we have considered. It is however possible that with

non-minimal couplings, ζχ has a suppressed power at high k so that the PBH bounds are evaded

while still having large δGW at observable small k modes.
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If the power spectrum of χ contains features that are not seen in the CMB, ζχfPT < 4.5×

10−5 is required (see for example [131]). This means that for the same ζχ, the fraction fPT must

be even smaller. For example, consider a case where the PT sector only makes up about 1% of

the final SM+DM density perturbations, i.e. ζχfPT ≈ 4.5 × 10−7. Consider ζχ ∼ 10−4 and

fPT ∼ 4.5 × 10−3. Then in the radiation-dominance scenario, we get Ω(0)
GW ∼ 6.5 × 10−14

and δΩ(0)
GW ∼ 2.6 × 10−17. In our eMD scenario, on the other hand, Ω(0)

GW ∼ 1.5 × 10−11 and

δΩ
(0)
GW ∼ 1.9 × 10−15. Comparing this to the first benchmark in table 4.1 makes the advantage

of our eMD model even more apparent. Such scenarios with smaller fPT would require longer

periods of eMD, and possibly lower TSM(tdec) or higher PT temperature. A lower TSM(tdec) can

be made compatible with our analysis by choosing an appropriate DM model that freezes out

below this reheat temperature.

To access the improvement in the detection prospect of anisotropies with the eMD model,

let us compare the angular power spectrum of GWB to the corresponding angular sensitivity of

experiments. The anisotropies of PT-GWB can be conveniently expressed in the multipole basis

analogous to the CMB,

⟨δΩ(0)
GW(n̂)δΩ

(0)
GW(n̂′)⟩ =

∑
ℓ

(2ℓ+ 1)

4π
CGW

ℓ Pℓ(cos θ) , (4.60)

where n̂ · n̂′ = cos θ and Pℓ are the Legendre polynomials. The angular power spectrum CGW
ℓ

can be related to the amplitude of GW fluctuations as,

CGW
ℓ =

2

π

∫ ∞

0

dk

k
PδΩGW

(k)j2ℓ [k(ηPT − ηtoday)], (4.61)
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where jℓ are spherical Bessel functions and PδΩGW
is given by

⟨δΩ(0)
GW(k⃗)δΩ

(0)
GW(k⃗′)⟩ = δ(k⃗ + k⃗′)

(2π)3

k3
PδΩGW

(k). (4.62)

For a scale-invariant spectrum, PδΩGW
(k) is constant. In this case, the integral in Eq. (4.61) can

be simplified [105], giving

ℓ(ℓ+ 1)CGW
ℓ ≈ 14PδΩGW

(4.63)

CGW
ℓ can be directly compared to the noise power spectrum Nℓ of a given experiment, which sets

the lower limit for detectable GWB power spectra as a function of multipole ℓ. Figure 4.5 (b)

shows ℓ(ℓ+1)Nℓ as a function of multipole ℓ for relevant detectors like LISA, BBO, and ultimate-

DECIGO, which were computed in ref. [5], and are based on the code of ref. [96]. The design

of these space-based detectors gives higher sensitivity to even multipoles, resulting in the zigzag

curves in the plot.

Figure 4.5 shows the strength of GWB signals for benchmarks 1 (red), 3 (orange), and 4

(yellow) from table 4.1 in the radiation-dominated (dotted lines) and eMD model (solid lines).

Figure 4.5 (a) compares the strength of the GWB monopoles with the projected power-law in-

tegrated sensitivities for LISA, BBO, and DECIGO [4]. We have incorporated the shift in peak

frequency following discussion in section 4.3.2 and Appendix B.1. Fig. 4.5 (b), on the other hand,

illustrates the strength of the anisotropic GWB power spectrum (computed using Eq. (4.63)) in

the radiation-dominated and eMD models, against projections of the noise power spectrum for

LISA, BBO, and ultimate-DECIGO configurations [5]. As explained before, there is no addi-
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tional fPT suppression in the GWB inhomogeneities in the eMD model, and the power spectrum

for all the benchmarks lies at the same position ≈ 5×10−25 shown as a black line in figure 4.5 (b).

4.6 Discussion

LISA is the most sensitive GW detector already under development, with a baseline sensi-

tivity of ΩLISAh
2 ∼ 10−12 [37,92] and a power-law integrated sensitivity of Ωint

LISAh
2 ∼ 10−14 [4].

Clearly, it would be important to be able to see at least an isotropic GWB signal at LISA in or-

der to motivate development of more futuristic proposed detectors, such as BBO or DECIGO, to

measure the anisotropies. We see from figure 4.5 (a) that for larger fractional GWB anisotropies,

even the isotropic component can be challenging at LISA for the radiation-domination models,

whereas they can be readily detectable in our early-matter-domination (eMD) models.

Once an isotropic GWB is detected, there would be a guaranteed anisotropic component

to be discovered. In fact we see in figure 4.5 (b) that with our eMD model, it is possible that

the first few GWB multipoles might be visible already at LISA, above the instrumental noise

anisotropy, for a much larger range of GWB anisotropies. Detection of a highly anisotropic GWB

at LISA would make an even stronger case for more sensitive detectors to mine the physics of the

isocurvature GWB map with higher multipoles. Figure. 4.5 (b) shows that such high resolution

map-making would be possible within our eMD model. Finally, larger GWB signals in the eMD

model will be significantly easier to distinguish from the various astrophysical foregrounds [132].
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Figure 4.5: Comparison of benchmarks 1 (red), 3 (orange), and 4 (yellow) from table. 4.1 with
the (a) sensitivities of upcoming space-based experiments like LISA, BBO, and DECIGO, and
(b) noise power spectra Nℓ as computed in [5]. Solid lines correspond to our modified eMD
model while the dotted lines correspond the radiation-dominance scenario of [1]. In (a), the
GWB spectra are evaluated for a phase transition occurring at TPT(tPT) ∼ 100 TeV in a single-
sector scenario, and contribution from bubble collisions is taken to be the dominant source of
gravitational waves. In (b), all benchmarks for the eMD model lie on the same line at ≈ 5×10−25

and are together represented by a black line.
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Chapter 5: Conclusion

5.1 Summary and future directions

Cosmological datasets are powerful probes of high energy physics that could be playing

out in the early universe. In particular, perturbations in the energy density across space can con-

tain valuable information about processes occurring at extremely high energies during inflation.

In this thesis, we have explored several ways through which new inflationary physics can be

discovered in cosmological datasets.

In Chapter 2, we describe the program of cosmological collider physics which studies sig-

natures of heavy particles produced during inflation in the non-Gaussainity (NG) of density per-

turbations. In the vanilla scenario, masses of the particles with observable signatures are restricted

to be very close to the inflationary Hubble scale. However, this restriction can be relaxed signifi-

cantly with the mechanism of chemical potential, and we illustrate this for complex scalar fields.

The natural next step is then to generalize this mechanism to particles with higher spins. Similar

to the case of scalars, we expect the dominant NG to be at tree-level for particles with integer

spins, which would make the analysis more tractable compared to the previous implementations

of chemical potential. It is also be important to identify well-motivated candidates whose ob-

servability can be improved through chemical potential. Some important targets could be heavy

vector fields from grand unified theories and Kaluza-Klein excitations of higher-dimensional
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fields.

The second part of the thesis, which included Chapters 3 and 4, explores gravitational

wave backgrounds (GWB) from first-order phase transitions as novel datasets of density pertur-

bations. It is shown that GWB could contain new inflationary features that are absent in the

current datasets such as the CMB and galaxy distribution. We also show that such GWB could be

detectable with upcoming gravitational wave experiments like LISA if the cosmological history

includes an earlier period of matter dominance prior to the Big Bang Nucleosynthesis. Apart

from phase transitions, there may also be other sources of gravitational waves in the early uni-

verse. For example, in our model of early matter dominance in Chapter 4, another (weaker) GWB

is sourced by the curvature perturbations at second order. Since gravitational waves start free-

streaming right after production, each of these GWBs could be an independent dataset, which

creates an exciting possibility of multiple GWB density maps. It would be important to estimate

the GWB signal strength in each of these cases and study the properties of their fluctuations. Fi-

nally, similar to the GWB, we can also look for other possible independent datasets of inflationary

fluctuations.

5.2 Final remarks

Precision cosmology has now become an integral part of the particle physics exploration.

Conventional experiments such as particle colliders offer more controlled and reproducible en-

vironments, however within a limited range of energies and conditions. Our cosmic history, on

the other hand, hosts an enormous span of energies and time scales, but it cannot be reproduced

and manipulated. In this way, cosmology presents a very complementary approach to the study
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of particle physics compared to terrestrial experiments. Each can however influence progress in

the other. Observations of terrestrial experiments more often than not have implications for cos-

mology. In the other direction, cosmological observations can put strong constraints on possible

new physics. This can guide designs of future terrestrial experiments, which can be optimised to

search in specific parameter spaces with better control. In this way, a synergy of cosmological

observations and collider/table-top experiments on Earth would be the best route to discovery.
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Appendix A: Appendices to Chapter 2

A.1 Important integrals involving Hankel functions

In this section, we outline the derivation of some of the Hankel integrals that are useful for

the calculation of NG. We need to evaluate integrals of the form,

∫ ∞

0

dx xne∓ipx e∓πµH
(1/2)
iµ (x) . (A.1)

While the expressions for these Hankel integrals can be found for example in [133], the derivation

is quite instructive (similar treatment can be found in [20]). We show that it is easily generalised

to the imaginary values of n, which is relevant for us. We sketch the derivation for integrals with

H(2), while a similar procedure can be used to get integrals involving H(1).

I2(n, p) =

∫ ∞

0

dx xneipxeπµ/2H
(2)
iµ (x) =

∫ ∞

0

dx xn−3/2eipxf(x) , (A.2)
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where f(x) = eπµ/2 x3/2H
(2)
iµ (x) is a solution to the EOM for mode functions as seen in sec-

tion 2.3.4. Then,

[
∂2x −

2

x
∂x + (1 +

M2

x2
)

]
f(x) = 0

=⇒
∫ ∞

0

x2+n−3/2eipx
[
∂2x −

2

x
∂x + (1 +

M2

x2
)

]
f(x) = 0 . (A.3)

From here, we can systematically move the integration past the differential operator using inte-

gration by parts to get a differential equation for I2 with respect to variable p. To clarify the point,

consider the last term,

∫ ∞

0

x2+n−3/2eipx
(
1 +

M2

x2

)
f(x) =

∫ ∞

0

x2+neipxeπµ/2H
(2)
iµ (x) +M2

∫ ∞

0

xneipxeπµ/2H
(2)
iµ (x)

=(−∂2p +M2)I2(n, p) . (A.4)

Similarly for the derivative terms, we integrate by parts. For example, the second term can be

written as,

∫ ∞

0

x2+n−3/2eipx
(
−2

x
∂x

)
f(x)

=− 2

{∫
∂x
(
x1+n−3/2eipxf(x)

)
− ∂x

(
x1+n−3/2eipx

)
f(x)

}
. (A.5)

The first term is the boundary term which can be dropped. Then we are left with,

∫ ∞

0

x2+n−3/2eipx
(
−2

x
∂x

)
f(x) = [2(n− 1/2) + 2ip(−i∂p)] I2(n, p) . (A.6)
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Following this procedure, we get a differential equation for I2(n, p) as,

(
(p2 − 1)∂2p + 2p

(
n+

3

2

)
∂p +

[
M2 +

(
n− 1

2

)(
n+

5

2

)])
I2(n, p) = 0 . (A.7)

We want the solution to be regular at p = 1. This implies,

I2(n, p) ∝ 2F1

(
n+ 1 + iµ, n+ 1− iµ, n+ 3/2;

(1− p)

2

)
. (A.8)

The normalization is fixed by explicitly carrying out the integration in large p limit using small x

expansion of the Hankel function, and then matching it to the large p expansion of hypergeometric

function. We also note that this derivation holds even if n has an imaginary part.

In summary:

I1(n, p) = e−πµ/2

∫ ∞

0

dx xne+ipxH
(1)
iµ (x)

=
(i/2)n√

π Γ(n+ 3/2)
Γ(n+ 1 + iµ)Γ(n+ 1− iµ) ×

2F1(n+ 1− iµ, n+ 1 + iµ, n+ 3/2, (1− p)/2) , (A.9)

I2(n, p) = eπµ/2
∫ ∞

0

dx xne−ipxH
(2)
iµ (x)

=
(−i/2)n√
π Γ(n+ 3/2)

Γ(n+ 1 + iµ)Γ(n+ 1− iµ) ×

2F1(n+ 1 + iµ, n+ 1− iµ, n+ 3/2, (1− p)/2) . (A.10)

132



A.2 Full calculation of the bispectrum

Our interaction Hamiltonian of the following form,

Hmix =
√
−g (−η)iλ

(
β1 ˙(δϕ) σ̃ + β2 δϕ σ̃

)
+ c.c. and (A.11)

H3 =
√
−g (−η)iλ

(
ρ1 (∂δϕ)

2 σ̃ + ρ2 δϕ δϕ σ̃
)
+ c.c.. (A.12)

A.2.1 Full analytic calculation of I+−/−+ diagrams

I+− ∼ ⟨ 0|
∫

Hmix δϕ3
0

∫
H3 |0 ⟩. (A.13)

There are in all 8 different sub-diagrams contributing to I+−: 2 different vertices in both Hmix and

Hint, and two possible contractions of the complex scalar, ⟨ σ̃σ̃† ⟩ and ⟨ σ̃†σ̃ ⟩. The contribution

from ⟨ σ̃σ̃† ⟩ sub-diagrams are related to those with ⟨ σ̃†σ̃ ⟩ by a replacement λ→ −λ. Thus, it is

enough to evaluate terms with contraction ⟨ σ̃†σ̃ ⟩ explicitly.

I+− ⊃
∫ 0

−∞

dη1
η41

dη2
η42

⟨ (β∗
1

˙(δϕ) + β∗
2δϕ) σ̃

† (−η1)−iλ

× δϕ0δϕ0δϕ0 × (ρ1(∂δϕ)
2 + ρ2(δϕ)

2) σ̃ (−η2)iλ ⟩. (A.14)
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Using

⟨ ˙(δϕ)(η, k⃗)δϕ(η → 0,−k⃗) ⟩ = −η
2k2

2k3
e−ikη

and ⟨ δϕ(η, k⃗)δϕ(η → 0,−k⃗) ⟩ = (1 + ikη)e−ikη

2k3
, (A.15)

we can write the anti-time ordered contribution at k3 vertex (up to pure phase) as,

I
(−)
k3

= (+i)

∫ 0

−∞

dη

η4

(
−β∗

1

η2k23 e
−ik3η

2k33
+ β∗

2

(1 + ik3η)e
−ik3η

2k33

)
(−η)−iλ

×
(
N∗

f (−η)3/2H
(1)
iµ (−k3η)

)
︸ ︷︷ ︸

f̄k3 (η)

=
i
√
π

4

1

k
3/2−iλ
3

[
−β∗

1I1

(
−1

2
− iλ, 1

)
+β∗

2

{
I1

(
−5

2
− iλ, 1

)
− iI1

(
−3

2
− iλ, 1

)}]
. (A.16)

Similarly, we calculate time ordered contribution from k12 vertex as,

I
(+)
k12

=
−i

4k31k
3
2

∫ 0

−∞

dη

η4
(
ρ1η

2D12 + ρ2(1− ik1η)(1− ik2η)
)
eik12η(−η)+iλ

×
(
Nf (−η)3/2H(2)

iµ (−k3η)
)

︸ ︷︷ ︸
fk3 (η)

=
−i

√
π

8k31k
3
2k

1/2+iλ
3

[
ρ1D12I2

(
−1

2
+ iλ, p

)
+ ρ2k

2
3

{
I2

(
−5

2
+ iλ, p

)
+ipI2

(
−3

2
+ iλ, p

)
− p2

4
I2

(
−1

2
+ iλ, p

)}]
. (A.17)
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where the operator D12 is,

D12 = k21k
2
2∂

2
k12

+ (−k⃗1 · k⃗2)(1− k12∂k12 + k1k2∂
2
k12

). (A.18)

It can be simplified in the squeezed limit as,

D12k
α
12 =

1

8
(α− 1)(α− 2) kα+2

12 . (A.19)

We can now put together the full form of I+−/−+ diagrams,

I+− + I−+ = 2×
{
I
(−)
k3

(λ, β∗
i )× I

(+)
k12

(λ, ρi) + ((λ, β∗
i , ρi) → (−λ, βi, ρ∗i ))

}
+ c.c. , (A.20)

where the integrals at k3 and k12 vertices are evaluated in eqs. (A.16) and (A.17), and we have

accounted for the symmetry factor.

A.2.2 Full analytic calculation of I++/−− diagrams

As discussed in section 2.4.4, the integrals at k3 gets contribution from earlier time which

is well separated from the time period that contributes to the integral at k12. This takes care of

the time-ordering and lets us expand the range of integration to the entire domain.

I++ ⊃ ⟨ δϕ0δϕ0δϕ0 ·
∫ 0

−∞

dη2
η42

(ρ∗1(∂δϕ)
2 + ρ∗2(δϕ)

2) σ̃† (−η2)−iλ

×
∫ 0

−∞

dη1
η41

(β1 ˙(δϕ) + β2δϕ) σ̃ (−η1)iλ ⟩. (A.21)
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A closer look reveals that I(+)
k3

can be obtained by replacing I1 → I2 and λ → −λ with an

appropriate change in sign in a few places in Eq. (A.16).

I
(+)
k3

=
−i

√
π

4

1

k
3/2+iλ
3

[
−β1I2

(
−1

2
+ iλ, 1

)
+β2

{
I2

(
−5

2
+ iλ, 1

)
+ iI2

(
−3

2
+ iλ, 1

)}]
. (A.22)

Similarly, I(+)
k12

follows from Eq. (A.17) with the replacements I2 → I1, p → −p, λ → −λ, and

appropriate sign changes.

I
(+)
k12

=
−i

√
π

8k31k
3
2k

1/2−iλ
3

[
ρ∗1D12I1

(
−1

2
− iλ,−p

)
+ ρ∗2k

2
3

{
I1

(
−5

2
− iλ,−p

)
+ipI1

(
−3

2
− iλ,−p

)
− p2

4
I1

(
−1

2
− iλ,−p

)}]
. (A.23)

Then the contribution from I++/−− diagrams is

I++ + I−− = 2×
{
I
(+)
k3

(λ, βi)× I
(+)
k12

(λ, ρ∗i ) + ((λ, βi, ρ
∗
i ) → (−λ, β∗

i , ρi))
}
+ c.c., (A.24)

where now we use expression in eqs. (A.22) and (A.23).
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Appendix B: Appendix to Chapter 4

B.1 f 2PT suppression in ΩGW in the radiation-dominated model

A first-order phase transition proceeds through the formation and expansion of bubbles of

true vacuum. The rate of bubble formation per unit volume Γ can be given by

Γ ∼ T 4
PTe

−S(TPT), (B.1)

where TPT is the temperature of the PT sector and S(TPT) is the Euclidean action of a critical

bubble. The transition begins when the rate of bubble formation is comparable to the Hubble

rate, Γ ∼ H4. Now, in the radiation-dominated model described in section 4.2, the Hubble rate

can be written in terms of TPT as

H2 ∼ ρtotal
M2

Pl
∼ f−1

PTT
4
PT

M2
Pl

. (B.2)

Then the phase transition begins at temperature T∗ ≡ TPT(tPT) such that

T 4
∗ e

−S(T∗) ∼ f−2
PTT

8
∗

M4
Pl

=⇒ −S(T∗) ∼ 4 log

(
T∗
MPl

)
− 2 log (fPT) . (B.3)
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Since gravitational wave production in a single sector (fPT = 1) is well understood, we com-

pare the multi-sector case of fPT < 1 with the single-sector case of fPT = 1. For this, we

henceforth use ‘¯’ to denote quantities corresponding to a single-sector system. Then −S(T ∗) ∼

4 log
(

T ∗
MPl

)
. Now, let us expand T∗ = T ∗ +∆T . Then Eq. (B.3) gives

−

(
β̃
∆T

T ∗
+

(
dβ̃

d log T

∣∣∣∣∣
T ∗

− β̃

)(
∆T

T ∗

)2
)

∼ 4 log

(
1 +

∆T

T ∗

)
− 2 log fPT. (B.4)

where,

β̃ ≡ β

H

∣∣∣∣
tPT

=
dS

d log T

∣∣∣∣
T∗

. (B.5)

β̃ is an important PT parameter as it determines the typical length/time scale of the bubble dy-

namics (and hence the typical frequency of gravitational waves at production) relative to H−1.

From Eq. (B.4), we see that the temperature shift depends on β̃. Therefore, let us consider two

cases:

1) Typical β̃ ∼ O(100): For a TeV scale phase transition, the typical value of β̃ ∼ S(T ∗) ∼

O(100). In this case, the change in the PT temperature is small and Eq. (B.4) simplifies to

∆T

T ∗
≈ 2 log fPT

β̃ + 4
. (B.6)

For the smallest fPT ∼ 10−5 of interest, we get (∆T/T ∗) ∼ −0.1. Now, the going rate for the

change in β̃ is also expected to be set by the action, i.e. (dβ̃/d log T )|T ∗
∼ S(T ∗) ∼ O(100). So

the expected change in β̃ due to the shift in the PT temperature is ∆β̃ ∼ 10 ≪ β̃. Thus, we can
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take

β̃ ≈ β̃. (B.7)

2) “Tuned” β̃ ∼ O(10): From the observational perspective, gravitational waves from phase

transitions with smaller β̃ are more likely to be observed first. Thus we have considered β̃ = 10

in this work. This requires tuning of parameters such that the rate of change of the action is an

order of magnitude smaller than the action itself at T ∗. Despite the tuning in β̃, we still expect

(dβ̃/d log T )|T ∗
∼ O(100). In other words, a shift in the PT temperature due to fPT < 1 is likely

to take the system away from the tuned point to a more typical value of β̃ ∼ O(100). Taking

fPT ∼ 10−5 in Eq. (B.4) gives (∆T/T ∗) ∼ −0.4 and ∆β̃ ∼ 40. Now a larger β̃ will lead to an

additional suppression in the GW signal on top of the expected f 2
PT. This can be seen through the

β̃−2 dependence in Eq. (4.8). However, since the exact shift in β̃ is model dependent, we make

a conservative choice of neglecting change β̃ and follow Eq. (B.7) even in the case of relatively

small β̃. Note that correctly including the suppression due to larger β̃ will only strengthen the

case for our eMD model described in section 4.3.

Let us now look at the gravitational wave emission, which is governed by the transverse

traceless part of the linearized Einstein equations

□hGW ∼ T (x)

M2
Pl
, (B.8)

where □ ≡ (∂2t + 3H∂t − a−2∇2) and T is the transverse traceless part of the stress-energy
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tensor of the PT sector. It is useful to change to dimensionless coordinates x̃ = Hx and the stress

tensor T̃ = ρ−1
PT T 1 where T̃ captures the dimensionless “shape” of the dominant quadrupole

GW sources. Then

□̃hGW ∼ ρPTT̃ (x̃)

H2M2
Pl

∼ fPTT̃ (x̃) . (B.9)

For the familiar case of fPT = 1, all the length/time scales of the dominant GW sources are set

by β [?, 134, 135]. This means that the piece of T̃ that is relevant for GW production is only

parametrized by the dimensionless β̃. Given Eq. (B.7), we then have

T̃ (x̃) ≃ T̃ (x̃) . (B.10)

Thus, Eq. (B.9) can be written as

□̃hGW ∼ fPTT̃ (x̃) , (B.11)

giving

hGW(x̃) ≃ fPThGW(x̃) (B.12)

1since we have taken αPT ≈ 1
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Now,

ΩGW ≡ ρGW

ρtotal
∼ M2

Pl(∂hGW)2

H2M2
Pl

∼ (∂̃ hGW)2 ∼ f 2
PT

(
∂̃ hGW

)2
=⇒ ΩGW ≈ f 2

PTΩGW , (B.13)

where we have used Eq. (B.12) in the second line.

The reader may wonder if the GW production from MHD turbulence shows different de-

pendence on fPT as the turbulence may cascade to smaller scales than β−1. However, analytic

calculations suggest that the dominant MHD contribution is still in frequencies ∼ β [134]. Thus,

we expect the above analysis to hold also for MHD turbulence. The turbulence contribution is

therefore expected to remain subdominant compared to the acoustic and bubble wall collision

contributions even in the case fPT < 1.
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Bispectrum from Massive Spinning Particles. JCAP, 1805(05):013, 2018, 1801.07265.

[49] Kazuhiro Kogai, Kazuyuki Akitsu, Fabian Schmidt, and Yuko Urakawa. Galaxy imag-
ing surveys as spin-sensitive detector for cosmological colliders. JCAP, 03:060, 2021,
2009.05517.

[50] P. Daniel Meerburg, Moritz Munchmeyer, Julian B. Muñoz, and Xingang Chen. Prospects
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