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ABSTRACT

In this short note, we present a simple characterization of the increasing convex ordering <,,.,. on the set
of probability distributions on II2. We show its usefulness by providing a very short proof of a comparison result

for ]VI|GI|1 queues due to Daley and Rolski and obtained by completely different means.

1 Electrical Engineering Department and Institute for Systems Research, University of Maryland, College
Park, MD 20742. The work of this author was supported partially through NSF Grants NSFD CDR-88-03012 and
ASC-88-02764






1. INTRODUCTION

In this short note we discuss two simple yet useful characterizations of the increasing
convex ordering <;., on the set of probability distributions on IR, and show 1ts usefuluess by
providing a very short proof of a comparison result for M|GI|1 queues recently obtained
by Daley and Rolski [5]. Before presenting the results in Theorem 1 below, we briefly
recall some of the notions discussed here, with the notation being essentially that of [1]:
Throughout, we find it convenient to define all the random variables (rvs) of interest on
some common probability triple (©2, F,P). For IR—valued rvs X (with distribution /') and
Y (with distribution G), we say that X (resp. F) is smaller than Y (resp. G') in the strong

stochatic ordering (resp. convex ordering, increasing convex ordering) if
E[o(X)] < E[p(Y)] (1.1)

for all mappings ¢ : IR — IR which are monotone increasing (resp. convex, increasing and
convex) provided the expectations in (1.1) exist. In that case we write X <y Y (resp.
X <o Vo X < V), or equivalently, F' < G (resp. F <., G, F <, (). Additional

material on these orderings can be found in the monographs by Ross [10] and Stoyan [12].

We now present two characterizations of the increasing convex ordering <;., in terms
of the stronger orderings <;; and <.,. The proof is given in Section 3, and follows
an elementary fashion from a well-known sample path characterization of <;., due to
Strassen [13].

Theorem 1. Let F' and G be two integrable probability distributions on IR. The com-

parison F' <;., G holds

1. if and only if there exists a probability distribution function H on IR such that
F <., Hand H <, G;

2. if and only if there exists a probability distribution function I on IR such that
F <, K and K <., G.

To the best of the author’s knowledge, this elementary result seems not to have ap-
peared before in the literature. In addition to showing that in some sense the ordering
<iee 18 determined by the stronger orderings <,; and <.,, Theorem 1 provides a natural
means for establishing the following type of comparability results: For k = 1,2, let Z(¥)
denote a performance measure associated with a system characterized by the probability
distribution F*) in the sense that Z*) =, T(F(k)) for some transformation 7°. In some
instances, it is expected that the comparison F) <., F® implies Z(1) < Z3) | with <

denoting here some appropriate notion of ordering on probability distributions. In view
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of Theorem 1, the inequality Z(1) < Z(® needs only be shown under each one of the
stronger assumptions F(1) <. F3) and FU <, FO) & fact that sometimes can be put
to advantage. In Section 2, we use this two—step approach to provide a very short proof of
a comparison result for M|GI|1 queues that Daley and Rolski [5] obtained by completely

different means.

A clue as to the validity of Theorem 1 can be found in a correspondence hetween
the stochastic ordering <., (resp. <i.) and the majorization ordering < (resp. sub-
majorization ordering <) which was first developed by Karamata [6] [8, p. 17]. As
we briefly discuss it in Section 4, this allows for the possibility of mapping properties of
(sub)majorization into properties of the stochastic orderings <., and <;.,. In fact, The-
orem 1 can be interpreted as a translation to these stochastic orderings of well- known
properties of (sub)majorization [8, A.9, p. 123] which are now presented for easy com-
parison. Here and throughout, for elements x and y in IR*, we write x < y with the

understanding that z; <y;, 1 =1,... k.

Theorem 2. For elements x and y of IR*, we have x <, y
1. if and only if there exists u in IR* such that x < u and u < y;

2. if and only if there exists v in IRF such that x <v and v < y.

In [3] Chang has recently taken a similar approach in developing a new characterization of

the ordering <., through a novel cut criterion for majorization.

2. AN APPLICATION

The queueing systems considered here are GI|GI|c queues with first—come first—served
queueing discipline; their generic interarrival time rv T and service time rv S are square
integrable. The system is said to be stable whenever E[S] < ¢E[T], in which case an

b
integrable stationary waiting time rv W exists [12, p. 101].

In [5], Daley and Rolski strengthened an earlier result of Rolski and Stoyan [11]
concerning the comparison of M|GI|1 queues, and with the help of Theorem 1, we shall
now revisit these results. We first summarize what was known up to the writing of [5]
concerning the comparison of the stationary waiting time rv in stable M|GI|1 queues with

respect to variations in service time distributions.

Theorem 3. Consider two stable M|GI|1 queues with generic service time rvs S,
i = 1.2, and arrival rates A9, i = 1,2, such that \(V < \®)_ If either

S(l) <ot 5(2) (

SV
p—t
~—



or

s <., 5@, (2.2)

then the corresponding stationary waiting time rvs W i = 1,2, satisfy

w <, w®, (2.3)

The conclusion (2.3) under (2.1) follows readily from a well-known fact concerning the

monotonicity of GI|GI|1 queues [12, Thm. 5.2.1, p. 90]. A proof that (2.3) holds also

under (2.2) appeared first in [11]. The contribution of Daley and Rolski in [5] was to show
(

that (2.3) still holds under a condition which is strictly weaker than either (2.1) or (2.2).

Theorem 4. The conclusion ( 2.3) of Theorem 2 still holds whenever

S <, 5P, (2.4)

Daley and Rolski provided two different proofs for this result; the first one 1s based
on a probabilistic representation of the stationary waiting time rv in the M|GI{1 queue
[7, p. 201] while the second one is analytic in flavor. Below we show how the result of
Theorem 4 can be extracted very simply from Theorem 3 by invoking the characterizations
of Theorem 1. To put it differently, the conclusion (2.3) under (2.4) is already contained in
the older results of Theorem 3, and can be extracted from them through a bhasic property

of the stochastic ordering <;...

A proof of Theorem 4. From Theorem 5.2.3a of {12, p. 82] there is no loss of generality
in assuming AV = A\?) as we do for the remainder of the proof. By Claim 2 of Theorem
1, we see that condition (2.4) is equivalent to the existence of an IR-valued rv S () such
that

S < 8% and §® <, §P. (

AV

D)

Since SV is a non-negative rv, we see from the first inequality in (2.5) that S () can be
chosen non—-negative, and is thus an appropriate candidate for a generic service time rv
for a M|GI|1 system; this system is stable in view of the second inequality in (2.5). With
an obvious notation, we apply Theorem 3 with (2.5) to conclude that W <, W) and
w3 <, W and the result (2.3) follows. [ |

Theorem 1 also sheds some light on a conjecture made in [5] concerning stable GI|M|c.

We begin by recalling a result obtained by Daley and Rolski [5, Prop. 4, p. 888]

4



Theorem 5. For stable GI|M|c queues with generic interarrival time rvs TV, { = 1,2,

and service rates /L(i), v = 1,2, satisfying ;1,(1) > ,U,(Q), we have W) <., W) jf

_[\)
(e

Daley and Rolski conjectured [5, p. 893] that the stronger result (2.3) also holds under
(2.6). From well-known results on multiserver queues [12, Thm 6.2.1, p. 104] we already
have (2.3) under the condition T <, —=T@ Therefore, in view of Claim 1 of Theorem
1, it suffices to investigate the conjecture when T <., —T@) (or equivalently, T <,

T), a stronger condition which could be used to advantage during the discussion.

3. A PROOF OF THEOREM 1

We begin by a sample path characterization of the ordering <;., which derives from

a celebrated result of Strassen [13].

Lemma 6. Let F' and G be two integrable probability distributions on IR. The comparison
F <., G holds if and only if there exist a probability triple, say (0, F,P), and a pair of IR—
valued rvs, say X and Y, defined on it and distributed according to F' and G, respectively,

such that

X <E[Y|X] P-a.s. (3.1)

A proof of Theorem 1. The sufficiency part in both Claims of Theorem 1 1s clear since
the stochastic orders <., and <g; are each stronger than <;.,. Therefore, it remains only
to show the necessity part of the results. To do so. we invoke the representation of Lemma

6, and with the notation introduced there, we define the rvs U and V by

U:=X—-(E[Y|X]-Y) and V:=E[}|X]. (3.2)
(Claim 1) From (3.1)~(3.2) we readily see that
U<Y and E[U|X]=X P —as. (3.3)

Therefore, we have U <, Y by coupling [12, Prop. 1.2.1, p. 4] and X <., U by Jensen's

inequality, whence the desired distribution H can be taken to be that of U.
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(Claim 2) First we find X <, V by making use of (3.1). Next, the integrable rv V/
being o(.X )-measurable, we can invoke the smoothing property of conditional expectations
to get

EY|V] = E[E]Y

X[V =E[V|V]=V P —a.us. (3.4)

Therefore, as before, we obtain V' <., Y by Jensen’s inequality and the desired distribution
K can be taken to be that of V. H

4. KARAMATA’S DEVICE

Let D denote the class of all distributions on IR with finite support and rational
discontinuities. A probability distribution F' in D is characterized by a finite sct of distinet
points &q,...,&, on the real line IR, and by positive rational numbers fi,..., f, such that

for any rv X with distribution F, we have

Obviously, since 0 < f; < 1,2 =1,...,p, and fi +... 4+ f, = 1, the rational probabilities

fi,..., fp can be represented in the form f; = %, ¢ = 1,...,p, with positive integers
ki,....k,. krelated by k. = ky + ... + k,. Such an integer representation is of course not
bl s VP 7 . I
ck;

unique since it is determined only up to an integer factor, ie., f; = <5, ¢ = 1,...,p, for

any positive integer ¢. Now, with any such integer representation of the distribution F' we
can associate an element X = (x1,...,2x) of IR* by repeating &; as a component exactly

k; times, e =1,...,p, i.e,

XII (51,...751,...,gi,...,fl’,...,fp,...,f],). (42)

k] ki I\,'p

We call this vector x the Karamata representation (of dimension k) of the distribution F

(in D). Several obvious but useful comments are in order concerning this representation:

(R1) With X still denoting any IR-valued rv with distribution F', we can write

k
Elp(X)] = % Z p(xq) (4.3)

for any mapping ¢ : IR — IR;
(R2) Any element x of IR* will define a distribution F in D. To see that, let &,... ¢,

denote the distinct elements among the components xq, ..., 2 of x, and let k; denote the
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number of times that & occurs among these components, ¢+ = 1,...,p. The rational
numbers f; = %, = 1,...,p, constitute a probability mass vector which can be used to
define a probability distribution with support on the finite set of points &;,..., ¢, and with
rational discontinuities at these points.

As should be plain from the proof of the following special case of Theorem 1, Theorem

2 is subsumed by Theorem 1, and is indeed suggestive of it.
Theorem 1bis. Theorem 1 holds whenever F' and G both belong to D.

Proof. In the interest of brevity we only consider Claim 2, as the discussion of Claim
1 follows the same pattern. Let F and G be two distributions in D with Karamata
representations x and y in IR*, respectively. That the Karamata representations associated
with F and G can always be chosen to be of the same dimension follows from the fact
that the integer representation of an element of D is unique only up to a multiplicative

constant.

From (R1), the condition F' <;., G is seen via (1.1) to be equivalent to

k k
Z«P(wi) < Zs@(yi) (4.4)

for all increasing convex mappings ¢ : IR — IR. But this statement is known [S, B.2, p.
109] to be a necessary and sufficient condition for x <, y (on IRF). On the other hand,
by Claim 2 of Theorem 2, there exists a vector v of IRF such that x < v and v < y. As
pointed out earlier in (R2), v is the Karamata representation of a distribution I in D,
which we now show is the requisite distribution. For future use, let X, Y and V' denote
rvs distributed according to F, G and K, respectively.

Since x < v, we have for any increasing mapping ¢ : IR — IR that ¢(r;) < (v;),
t=1,...,k, whence E[p(X)] < E[p(V)] by (R1) and the comparison X <,,; V is obtained.
Next, by a well-known result of Hardy, Littlewood and Pdlya [8, B.1., p. 108], we have

that v < y is equivalent to

k k
N o) <3 ely) (4.5)

1=1 =1
for all convex mappings ¢ : IR — IR. The conclusion V <., Y is now an imiediate
consequence of the remark (R1) and of the definition of <,,. |
Theorem 1bis points in principle to an alternate proof of Theorem 1, whereby the result
first obtained for distributions in D, is extended to the class of all probability distributions

on IR by a multi-step approximation procedure via limiting arguments.
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