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Fatigue models for predicting the cycles to failure of solder joints under temperature cycling 

situations have been discussed and developed for decades. However, most models were developed 

according to specific solder materials, components, and printed circuit boards in each research. 

There is no study to cluster and compare the fatigue models of solder joints through these different 

conditions. Therefore, the availability of the durability prediction of solder interconnections by 

using any of the available fatigue models can be unknown. On the other hand, current energy-

based fatigue models for predicting the cycles to failure of the solder joint under thermo-



  

mechanical loadings can only provide point estimates of the characteristic life or mean life. 

Nevertheless, the prediction of the fatigue life should be distributions with the uncertainties. 

Unfortunately, no study has been found that propagates the uncertainty of the cycles to failure, 

especially for the solder joints under temperature cycling. Therefore, the uncertainty propagation 

analysis of the cycles to failure is necessary to better estimate the distribution of the fatigue life of 

solder joint. 

The first part of this dissertation clusters and compares nine existing low-cycle energy-based 

fatigue models for different solder materials and components, and then analyzes major divergences 

between these studies. Moreover, the constants of the fatigue models are compared according to 

the divergences. Finite element simulation tool is applied to demonstrate the contributions of the 

factors on strain energy density and the variation on the predictions by applying these fatigue 

models. The results lead to conclusions with the advantages and limitations of using these available 

fatigue models for durability prediction of solder interconnections. These results provide insights 

that can help product designers understand and exploit the predictions of fatigue life while 

designing a printed circuit board and estimating its durability. In the end, precautions that can 

affect the prediction consistency of fatigue mode are provided for the engineers who will use these 

selected models or will develop their own models. 

The second part of this dissertation identifies 11 uncertain input variables, which can 

propagate the uncertainties, via basic mechanics theory. The eigenvector dimension reduction 

method and FEA simulation tool are employed to determine the distribution of the system 

response, which is the strain energy density. Then, the distribution of strain energy density is 

converted to the distribution of characteristic life (in cycles) by choosing the appropriate fatigue 

model from the first part of this dissertation. Finally, the distribution of cumulative distribution 



  

function of the fatigue life of solder joint is determined by taking the interval of characteristic life 

and specific shape parameters. In the end, this new uncertainty propagation approach can 

propagate the uncertainties from the material properties, geometries, and constitutive laws of the 

solder joint, as well as the uncertainties from strain energy density determination, low-cycle 

energy-based fatigue model selection, and the shape parameter from the field data in the selected 

fatigue life models. 
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Chapter 1: Introduction 

This chapter is organized as follows. In Section 1.1, the motivation and objectives of this 

dissertation are described. Section 1.2 points out the organization of the dissertation. 

1.1 Motivation and Objectives 

To comply with European RoHS legislation, lead-free solder materials have been widely used 

in the electronic products since 2006 [1]. Due to the concerns with cost reduction and field 

applications, newly-developed lead-free solders have been being introduced. Moreover, the rapid 

growth of electronics industry also pushes the introduction speed of new solder materials and 

electronic components [2]. Therefore, evaluating the durability of the solder joints for the new 

products can be challenging for engineers who are designing electronic systems. 

The number of electronic components keeps increasing in a single product or system because 

of the technology development, including autonomous driving and data center. Therefore, the 

reliability of a single electronic component is critical for the system reliability. Among the major 

failure mechanisms of the electronic components, the fatigue of solder joints induced by recurring 

temperature changes is considered as major contributor [3]. Predicting the fatigue life of solder 

joints under the thermo-mechanical loadings becomes necessary while designing the new products. 

The cost of both time and resources for new product qualification is expensive, so the 

engineers would like to be confident on the pass rate before proceeding the qualification step. 

Finite element analysis (FEA) simulation is an efficient tool to estimate the performance of the 

product under specific loadings during the product design phase, so it can provide insights for the 
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engineers to improve the products and prevent unnecessary loss for the product qualification. 

Notwithstanding the advantages of FEA simulation, the curse of dimensionality and the 

uncertainty propagation need to be handled before running the simulation. While the number of 

input variables increases, the computational costs surge exponentially. Moreover, each input 

variable has uncertainty, and the uncertainty can be propagated to the final outcomes. Therefore, 

the inputs and outputs of the FEA simulation should be carefully reviewed and handled. The inputs 

include the material properties and geometries of the product, and the loading conditions. The 

outputs can be any type of the damage metric. Without processing the inputs and outputs 

appropriately, the FEA simulation will not provide its true values. 

A fatigue life model for solder joints is useful for optimizing the product design and the 

assembly process, including material and component selection, and predicting the durability in the 

field according to the loading conditions.  Moreover, the development time and costs can be 

reduced because the modeling and simulation procedures can provide approximate results with 

much lower time and resources than testing. 

Many studies working on the reliability of solder joints under temperature cycling have been 

published for decades. However, all the studies conducted their own experiments and FEA 

simulations to obtain the information of cycles to failure (CTF) and damage metrics and then used 

curve fitting techniques to get the coefficients and exponents of specific equation. This equation 

was then employed to plot the relationship between the CTF and damage metric, and compared to 

the data points from the experiments and simulations. The R-squared (R2) was always great 

between the proposed equation and the data points. After that, the authors recommended their 

equation for the CTF prediction of the solder joints. Nevertheless, there were several of this kind 
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of single research to report their equations for predictions [4]−[11]. The equations can be different 

due to the type of fatigue model, and the CTF predictions of the equations can be divergent for 

many reasons. The engineers need to have a better idea which equation is appropriate for their 

product and what the limitations are while using the equation. 

As defined by Matt et al. [12], meta-analysis fosters empirical knowledge about causal 

associations by combining findings from many different but related studies.  The generated 

knowledge provides more trustworthy points than any single study does. Therefore, meta-analysis 

is an appropriate technique to analyze the published CTF prediction studies and is necessary to 

translate their research results to practical usage [13]. Unfortunately, meta-analysis has not been 

applied for electronics reliability research. This dissertation will employ a type of meta-analysis 

in fatigue model and material constitutive equation screening.  

The uncertainties of the prediction from a fatigue model come from different places, including 

the material constitutive equations, manufacturing-related variables (material properties and 

dimensions), and the constants of the fatigue models. Uncertainty propagation analysis can 

incorporate these uncertainties to determine the statistical distributions of the system responses, 

such as time to failure, through computational models. However, the electronic components 

involve sophisticated geometries and non-isotropic or nonlinear material properties. These facts 

induce a large number of input variables. Thus, traditional uncertainty propagation techniques are 

not appropriate for application due to the concerns with computational costs [14]. 

There are two objectives in this dissertation. The first objective is to demonstrate the 

prediction differences among the available low-cycle energy-based thermo-mechanical fatigue 

models for solder joint. The second objective is to develop an uncertainty propagation approach to 
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propagate the uncertainties while determining the distribution of cumulative distribution function 

for a solder joint. 

1.2 Organization of the Dissertation 

Chapter 1 describes the motivations and two objectives of this dissertation. Chapter 2 reviews 

the literatures about the evolution of lead-free solders, life cycle trend of electronic materials and 

parts, CTF prediction of solder joints under temperature cycling, Garofalo-Arrhenius (GA) creep 

constants, Anand parameters, eigenvector dimension reduction (EDR) method, and meta-analysis. 

Chapter 3 describes research questions and approaches, including the meta-analysis flow, 

simulation methods, and application of EDR method. 

Chapter 4 presents durability distribution analysis of lead-free solder interconnections for 

printed circuit board applications by comparing low-cycle energy-based thermo-mechanical 

fatigue models. First, we clustered and reviewed nine existing energy-based fatigue models and 

then pointed out the key differences between these models. We then conducted FEA simulations 

in ANSYS Workbench environment with same temperature cycling profile. The results of 

accumulated strain energy density are compared with different conditions, including volume-

weighted averaging amounts, energy types, and cycles for determining strain energy density. 

Moreover, we developed adjustment methods for the predictions of fatigue models and verified 

these with finite element analysis (FEA) simulations. The distribution of the predictions on cycles 

to failure among the fatigue models is significantly reduced after applying the adjustments, and 

exhibited excellent consistency around 1 mJ/mm3 strain energy density. This chapter was 

submitted to The 24th European Microelectronics & Packaging Conference. 
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Chapter 5 discusses durability distribution prediction of thermo-mechanical solder fatigue 

failure with both simulation and manufacturing input variables by eigenvector dimension reduction 

(EDR) method. The uncertainties of the uncertain input variables are first classified. The EDR 

method is then introduced and implemented to the uncertain input variables to get the probability 

density function (PDF) of each input variables. Construction of the PDF of system response is 

performed after calculating its first four statistical moments. The cumulative distribution function 

(CDF) of the characteristic life (N63.2%) was then obtained via the selected low-cycle energy-

based fatigue models and eventually the distribution of the CDF of the solder joint was provided. 

This chapter was submitted to IEEE Access. 

Chapter 6 first provides short summary and conclusions of this dissertation. Major 

contributions are then addressed. In the end, external validity of this dissertation is discussed and 

outlined as the future work to fit in larger scheme. 
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Chapter 2: Literature Reviews 

This chapter is organized as follows. In Section 2.1, fatigue models are reviewed and the key 

parameters of the fatigue models are summarized. Section 2.2 compares the temperature cycling 

profiles from the fatigue models mentioned in Section 2.1 and compares them to the JEDEC 

standard. Section 2.3 addresses the state of art of the constitutive laws for the solder joint. Section 

2.4 reviews the volume-weighted averaging technique while dealing with the FEA simulation 

results.  The popular uncertainty propagation methods are reviewed in Section 2.5. In Section 2.6, 

we describe the research gaps. 

2.1 Fatigue Models 

During temperature cycling, solder fatigue is the major failure mechanism [15]. The solder 

fatigue comes from the coefficient of thermal expansion (CTE) mismatch between the component 

and the PCB, and the fatigue has been a known issue in the electronics industry since late 1950s 

[16]. Creep behaviors dominate the failure mechanism for solder joints experiencing elevated 

temperatures, and a combined creep and fatigue mechanism can also happen while the elevated 

temperature and temperature cycling loading happen simultaneously, and this can be called as 

creep-fatigue failure mechanism [17].  This is considered as one of the major failure mechanisms 

of the solder joint in electronic products [3]. 

Consequently, numerous models that describe the impact of thermal cycling on solder 

interconnections have been developed and studied. These solder fatigue models can be formulated 

with cyclic strain, cyclic strain energy density, or cyclic stress. Lee et al. [18] and Su et al. [19] 

reviewed the models that predict the fatigue failures of solder interconnections and categorized 
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them into plastic strain-based fatigue models, creep damage-based fatigue models, energy-based 

fatigue models, and damage accumulation-based fatigue models. In general, temperature cycling 

induced fatigue failure for the solder interconnections belongs to low-cycle fatigue (< 10,000 

cycles). Most studies working on the fatigue models of solder interconnection under temperature 

cycling applications were related to inelastic strain-based fatigue models and energy-based fatigue 

models. 

Among the four types of fatigue models, energy-based fatigue models have been frequently 

used in recent years. For the fatigue models with cyclic strain energy density formulation, both 

viscoplastic [20] and creep-only [21] energy models have been proposed.  (Viscoplastic models 

include both creep energy and plastic energy.)  In general, the energy-based fatigue model is based 

on the hysteresis loop of the material, which is a volume-weighted stress-strain relationship. The 

energy density accumulation can be calculated by correlating the energy under the stress-strain 

hysteresis loop. Dasgupta et al. [21] noted that strain energy density incorporated both the 

information of stress and strain, so it was a good indicator for solder fatigue failure. 

Morrow’s solder fatigue model [20] has been used to predict the cycles to failure of the solder 

joint.  Solomon and Tolksdorf [22], and Shi et al. [23] modified Morrow’s model to improve its 

accuracy. Akay et al. [17] combined Engelmaier model and energy-partitioning approach to 

propose a solder fatigue life model involving creep-fatigue behaviors. Syed [24] considered the 

cyclic loading as a special case of creep, and proposed a prediction model based on Monkman–

Grant equation [25] and Miner’s rule [26]. Syed [5] then suggested two fatigue life prediction 

models for Sn-Pb and Sn-Ag-Cu solders based on creep strain and creep strain energy density. The 

assumption Syed made was considering the damage of the solder joint during the temperature 
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cycling was contributed by the steady-state creep strain accumulation. Due to popularity of the 

fatigue studies by Syed [5] and the simplicity of the fatigue model, many studies have referred to 

this type of fatigue model, and several sets of constants for the fatigue model have been published 

[4]−[11]. 

In general, a damage model with an inverse power law form connects the relationship between 

the damage metric and cycles to failure. Damage metrics include accumulated inelastic strain range 

and strain energy density, and the cycles to failure can be mean life (50% failures) or characteristic 

life (63.2% failures in Weibull distribution). Let 𝑁𝑁𝑓𝑓 be the cycles to failure.  Let D be the damage 

metric, and let A and n be the material constants, which can be affected by many factors, including 

solder materials, temperature cycling profile, and assembly structure.  Then, Equation (2.1) is a 

generalized fatigue life model for solder joint under temperature cycling [4]. 

 

 𝑁𝑁𝑓𝑓 = (𝐴𝐴 × 𝐷𝐷)𝑛𝑛 (2.1) 

 

The cycles to failure of a solder joint can be estimated by applying the power law to fatigue 

coefficient, fatigue exponent, and damage metric, as addressed in Equation (2.1). Many solder 

fatigue life constants have been proposed for Sn-Ag-Cu (SAC) solder joint under various 

temperature cycling conditions.  Table 1 lists the fatigue coefficients and exponents for solder joint 

fatigue life models from prior studies that determined these values by fitting the power law fatigue 

model to experimental data and simulation results. For the fatigue life prediction, N50% means 

the cycles that 50% of the solder joints fail, and N63.2% means the cycles that 63.2% of the solder 

joints fail. As shown in Table 1, the damage metric in the fatigue model was categorized into two 
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groups, which were viscoplastic strain energy density and creep strain energy density. This 

dissertation will discuss the prediction difference between these two groups in Chapter 4.  On the 

other hand, the employed solder materials and the dimensions of the solder joints, component, and 

PCB were summarized in Table 2 for subsequent comparison purpose. 

 

 

Table 1 Energy-based low-cycle fatigue solder fatigue life models 

Prior studies 
Strain energy 

density 

Fatigue 

coefficient 

Fatigue 

exponent 

Fatigue life 

prediction 

Chen et al. [4] 
Viscoplastic 1.05×10-5 -0.59 N50% 

Creep 4.75×10-6 -0.55 N50% 

Syed [5] Creep 1.90×10-3 -1.00 N50% 

Schubert et al. [6] Viscoplastic 3.30×10-3 -1.02 N63.2% 

Hsieh [7] Creep 4.15×10-6 -0.60 N50% 

Hsieh and Tzeng [8] Creep 1.09×10-2 -2.26 N63.2% 

Ghorbani and Spelt [9] Creep 2.70×10-2 -2.27 N50% 

Sun et al. [10] Creep 4.38×10-8 -0.39 N63.2% 

Zhang et al. [11] Viscoplastic 1.69×10-4 -0.77 N63.2% 
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Table 2 Key summary for the selected fatigue models 

Literature Solder materials Dimensions of solder joint, component, and 
PCB 

Chen et 
al. [4] 

Mixed soldering 
Solder ball: SN100C, SAC0307, 
SAC105, SAC107, SAC205, 
SAC305, SAC405 
Solder paste: SN100C, SAC305 

192 I/O BGA 
Component: 14 mm by 14 mm 
Solder ball: 0.48 mm diameter and 0.3 mm 
height 
84 I/O BGAs 
Component: 7 mm by 7 mm 
Solder ball: 0.3 mm diameter and 0.2 mm 
height 

Syed [5] Solder ball: SAC405 and SAC395 
Solder paste: Sn-Ag-Cu 

208 I/O BGAs 
Component: 15 mm by 15 mm 
Solder ball: 0.46 mm diameter and 0.3 mm 
height 
64 I/O BGAs 
Component: 8 mm by 8 mm 
Ball: 0.46 mm diameter and 0.3 mm height 

Schubert 
et al. [6] SAC387 

PBGAs 
256 I/Os and 272 I/Os 
Die: 10 × 10 mm 
Substrate thickness: 0.56 mm 
PCB thickness: 1.57 mm 

Hsieh [7] SAC405 

WLCSPs 
I/Os: 100, 144, 151 
Die size: 4 × 4 mm and 6 × 6 mm 
Ball diameter: 0.18, 0.20, 0.25 mm 
Ball height: 0.108, 0.125, 0.163 mm  

Hsieh 
and 
Tzeng [8] 

SAC105 

WLCSPs 
I/Os: 121 
Die size: 5.3 × 5.3 mm 
Ball diameter: 0.25 mm 
Ball height: 0.19 mm 

Ghorbani 
and Spelt 
[9] 

SAC387 

Leadless chip resistors (LCRs) 
Component: 6.30 x 3.20 mm; 0.65 mm height 
Solder joint: 0.76 x 3.20 mm; 0.12 mm height 
PCB thickness: 1.23 mm 

Sun et al. 
[10] SAC405 

QFNs 
I/Os: 32, 40, 56 
Component: 5 x 5 x 0.9 mm; 8 x 8 x 0.9 mm 
Solder joint: 75 µm stand-off height 
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2.2 Temperature Cycling 

For the temperature cycling profile, we referred to JEDEC JESD22-A104F standard 

Condition G [27], which had the following values: Minimum temperature (−40˚C), maximum 

temperature (125˚C), ramp rate (8˚C/minute for both heating and cooling), dwell time (10 minutes 

for both maximum and minimum temperatures), and the process time was almost one cycle per 

hour (2.78 × 10-4 Hz). A general temperature cycling profile with critical parameters was shown 

in Figure 1. After summarizing the temperature cycling profile from the available solder joint 

fatigue studies with strain energy density model, these studies basically obeyed the criteria in 

JESD22-A104F. This fact also helped the comparison between these models. 

 

PCB thickness: 2.35 mm 

Zhang et 
al. [11] SAC387 

PBGA352: ball (0.76 mm, pitch 1.27 mm); 
component (35 x 35 x 2.29); die (12.3 x 12.3 
x 0.30) 
fleXBGA144: ball (0.46 mm, pitch 0.80 mm); 
component (12 x 12 x 1.09); die (8.95 x 8.95 
x 0.27) 
TABGA96: ball (0.30 mm, pitch 0.50 mm); 
component (8 x 8 x 0.97); die (5.14 x 5.14 x 
0.31) 
BT48A: ball (0.30 mm, pitch 0.75 mm); 
component (8.23 x 5 x 0.76); die (7.49 x 4.45 
x 0.27) 
TV46: ball (0.30 mm, pitch 0.75 mm); 
component (7.87 x 5.76 x 0.83); die (7.47 x 
5.51 x 0.43) 
PCB thickness: 1.6 mm 
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Figure 1 General temperature cycling profile 

 

 

Although the fatigue life is affected by the temperature cycling frequency [23], most of the 

studies listed in Table 3 applied a frequency within 1.39×10-4 Hz and 2.78×10-4 Hz, which is a 

relatively narrow window of the cycling frequency.  Hence, the effect of cycling frequency on the 

fitting of fatigue model constants can be ignored while comparing the fatigue models in this study. 
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Table 3 Temperature cycling profiles from the selected studies 

Literature 
Min. 

Temperature 
(˚C) 

Max. 
Temperature 

(˚C) 

Ramp rate 
(˚C/min.) 

Dwell time 
(min.) 

Cycles per 
hour 

Syed [5] 
−40 125 11 15 1 
−55 125 15 3 2 

0 100 10 5 2 
Chen et al. [4] −40 125 8 10 0.98 

Schubert et al. 
[6] 

−55 20 
14 10 2 0 70 

50 120 
Schubert et al. 
[6] 

−55 125 36 10 2 −55 150 41 
Schubert et al. 
[6] 

−40 125 11 [28] 15 [28] 1 [28] 
−40 150 -- -- 1.36 

Hsieh [7] −40 125 11 10 1.24 16.5 15 
Hsieh and 
Tzeng [8] −40 125 9.9 15 0.95 

Ghorbani and 
Spelt [9] 

0 100 14 5 2.47 
0 100 95 5 4.96 

−40 125 95 5 4.45 
Sun et al. [10] −40 125 11 15 1 

Zhang et al. [11] −55 125 
Ramp up: 6 
Ramp down: 

10 

15 at 125 
˚C 

10 at −55 
˚C 

0.8 

This dissertation −40 125 8 10 0.98 
 

2.3 Constitutive Relationships 

The plastic and creep deformation of the solder joint make contributions to the strain energy 

density accumulated among temperature cycles. During the FEA simulation, the strain energy 

density can be modeled as lump sum (entire inelastic part) or energy partitioning (elastic + plastic 

+ creep). When the solder joint is subjected to the temperature cycling, the homogeneous 
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temperature, Th, of the solder joint is above 0.4 for the entire process. Th is defined as the ratio of 

the ongoing process temperature, T(t), to the melting temperature of the material, Tm. Thus, Th = 

T(t)/Tm. The unit of both T(t) and Tm are in Kelvin scale. Material degradation behavior, such as 

creep, happens when Th is greater than 0.4 [29]. Therefore, the creep behavior of the solder joint 

should be a critical concern under the temperature cycling conditions. Figure 2 shows an idealized 

creep-rupture curve of metals or alloys [30]. As shown in Figure 2, the total strain to rupture 

consists of elastic, plastic, and creep strain, and the creep strain is dominant in the strains. 

 

 

Figure 2 Idealized creep-rupture curve of metals or alloys (adapted from Garofalo’s book in 1965) 
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Many studies have worked on the fatigue life prediction of solder joints with strain energy 

density. Some models focused on viscoplastic strain energy density, whereas other models focused 

creep only strain energy density. While fitting the constants of fatigue model, utilizing different 

type of strain energy density would generate different numbers of the constants. Moreover, 

employing an established fatigue model without understanding its underlying assumptions can 

make significant deviation on the prediction of fatigue life. For example, applying the creep only 

strain energy density into a lump sum fatigue model can produce an under-estimated fatigue life. 

For viscoplastic strain energy density research, the Anand viscoplastic constitutive model 

[31] has been widely used in the analysis of mechanical behavior of lead-free solder materials and 

electronic packaging field. The Anand model incorporates the creep strain and plastic strain as a 

unified inelastic strain. The Anand parameters model contains three equations, including one flow 

equation and two evolution equations [31], as shown in Equation (2.2) to (2.4). 

Equation (2.2) is the constitutive equation for the plastic strain rate, as known as the flow 

equation, where 𝜀𝜀𝑝̇𝑝 is the plastic strain rate, T is the absolute temperature, Q is the activation 

energy, A is the pre-exponential factor, 𝜉𝜉 is the multiplier of stress, and m is the temperature-

dependent strain rate sensitivity. 

 

 
𝜀𝜀𝑝̇𝑝 = 𝐴𝐴𝑒𝑒−�

𝑄𝑄
𝑅𝑅𝑅𝑅� �sinh �𝜉𝜉

𝜎𝜎
𝑠𝑠
��

1
𝑚𝑚 (2.2) 

 

Equation (2.3) and Equation (2.4) are the equations of the evolution of the internal variable 𝑠𝑠 

and its saturation value 𝑠𝑠∗, respectively. ℎ(𝜎𝜎, 𝑠𝑠,𝑇𝑇) is the strain hardening rate, ℎ0 is the hardening 
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constant, a is the strain rate sensitivity of the hardening process, and 𝑠𝑠∗ is the saturation value of 

the deformation resistance.  𝑛𝑛 is the strain rate sensitivity of the saturation value of the internal 

variable 𝑠𝑠. 

 

 𝑠̇𝑠 = ℎ(𝜎𝜎, 𝑠𝑠,𝑇𝑇)𝜀𝜀𝑝̇𝑝 

𝑠̇𝑠 = ℎ0 �1 − 𝑠𝑠
𝑠𝑠∗
�
𝑎𝑎
𝜀𝜀𝑝̇𝑝 ;  a > 1 

(2.3) 

 
𝑠𝑠∗ = 𝑠̂𝑠 �

𝜀𝜀𝑝̇𝑝
𝐴𝐴
𝑒𝑒�

𝑄𝑄
𝑅𝑅𝑅𝑅��

𝑛𝑛

 (2.4) 

 

After integrating Equation (2.3), the equation of 𝑠𝑠 can be expressed in Equation (2.5), where 

𝑠𝑠0 is the initial value of the internal variable 𝑠𝑠. 

 

 
𝑠𝑠 =  𝑠𝑠∗ − �(𝑠𝑠∗ − 𝑠𝑠0)(1−𝑎𝑎) + (𝑎𝑎 − 1){ℎ0(𝑠𝑠∗)−𝑎𝑎}𝜀𝜀𝑝𝑝�

1
1−𝑎𝑎 (2.5) 

 

The nine material parameters of Anand parameters model can be determined from the stress-

strain curve of the material and curve fitting technique. Moreover, the nine-parameter format of 

Anand viscoplastic constitutive model has been built in the popular commercial FEA software, 

including ANSYS, for users to fill in their specific numbers for simulation. Nevertheless, the strain 

energy density from FEA simulation is related to the values of Anand parameters, and the reported 

values from the literatures exhibits a wide range for lead-free solders. For instance, the Anand 
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parameters for SAC305 solder have been reported in recent years [32]−[41], and are summarized 

in Table 4. 

 

 

 

Table 4 Summary of Anand parameters for SAC305 solder material 

Code 
Name 

Anand Parameters 
𝑠𝑠0 

(MPa) 
𝑄𝑄 𝑅𝑅⁄  
(K) 𝐴𝐴 (s-1) 𝜉𝜉 𝑚𝑚 ℎ0 

(MPa) 
𝑠̂𝑠 

(MPa) 𝑛𝑛 𝑎𝑎 

Tensile1 
[32] 21.0 9,320 3,501 4 0.250 180,000 30.2 0.01 1.78 

Tensile1 
[33] 5.50 11,900 4,000 4.00 0.47 30,000 5.00 0.059 1.60 

Tensile 
[34] 1.0665 10,413.

3 
142,830,00
0 

1.47
2 

0.141
446 5,023.9 20.297

6 
0.032
472 

1.120
371 

Tensile 
[35] 2.45 6,067.6 717.260 2 0.130 14,560 29.0 0.043

6 2.22 

Creep1 
[36] 5.1 3,468 0.000931 3.2 0.065 49,000 16.4 0.078 4 

Creep1 
[37] 16.33 9,096 3,518 4 0.188 160,000 24.64 0.015 1.79 

Creep [38] 6.0001 7,435.3 3,564.7 3.14
79 

0.243
87 20,051 29.652 0.015

665 
2.131
4 

Shear [34] 1.0665 10,413.
3 82,465,000 2.55

0 
0.141
446 5,023.9 20.297

6 
0.032
472 

1.120
371 

Shear [39] 2.15 9,970 17.994 0.35 0.153 1,525.98 2.536 0.028 1.69 
Unknown2 
[40],[41] 45.9 7,460 5,870,000 2.00 0.094

2 9,350 58.3 0.015 1.50 

• Superscript 1 means the four studies were from the same research group. 

• Superscript 2 means the original literature (MS thesis) couldn’t be found. The journal paper, which 

cited the original literature, was also referred in this paper. 
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Viscoplastic strain energy density is composed of plastic and creep strain energy densities. In 

this dissertation, the multilinear isotropic hardening model was utilized to handle the plastic strain 

energy density and the Garofalo-Arrhenius creep model [30] was applied to estimate the creep 

strain energy density. The Garofalo-Arrhenius creep model is composed of a hyperbolic sine 

equation with stress-dependent term and an Arrhenius equation with temperature-dependent term, 

as shown in Equation (2.6), where 𝐶𝐶1 and 𝐶𝐶2 are coefficients related to the material, σ is applied 

stress, 𝐶𝐶3 is stress exponent, 𝐶𝐶4 is activation energy divided by Boltzmann’s constant, and T is 

temperature in Kelvin scale. Many studies have been published to establish data sets of Garofalo-

Arrhenius parameters for lead-free solder materials [42]−[48]. Table 5 summarized the Garofalo-

Arrhenius parameters employed in this dissertation. For the convenience of discussion in this 

dissertation, a code name was used instead of the original name for each study. 

 

 𝑑𝑑𝜀𝜀𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑

= 𝐶𝐶1 × [sinh(𝐶𝐶2 × 𝜎𝜎)]𝐶𝐶3 × 𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝐶𝐶4
𝑇𝑇
� (2.6) 
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Table 5 Summary of Garofalo-Arrhenius creep constants for solder material 

Solder alloy 
Code 

name 

Garofalo-Arrhenius Parameters 

𝐶𝐶1 (s-1) 𝐶𝐶2 (MPa-1) 𝐶𝐶3 𝐶𝐶4 (K) 

SAC305 [4] GA01 6.07 0.18 2.3 6,710 

SAC387 [6] GA02 277,984 0.02447 6.41 6,500 

SAC405 [7] GA03 1.15×106 0.0335 7.5 8,703.4 

SAC105 [8] GA04 2.31×106 0.026 6.5 6,962.7 

SAC387 [9] GA05 441,000 0.005 4.2 5,412 

SAC387 [11] GA06 1.5×103 0.19 4 8,575.9 

 

The multilinear isotropic hardening property was utilized to model the time-independent 

plastic strain (𝜀𝜀𝑝𝑝𝑝𝑝 ). The relationship between the applied stress and strain was addressed in 

Equation (2.7) to (2.9) [4], where σ is the instantaneous stress, K and 𝑛𝑛𝑝𝑝𝑝𝑝  are temperature-

dependent instantaneous plasticity material constants, and T is temperature in Celsius scale. 

Moreover, the multilinear isotropic hardening curves were taken from ANSYS Workbench and 

shown in Figure 3. 

 

 𝜀𝜀𝑝𝑝𝑝𝑝 = �
𝜎𝜎
𝐾𝐾
�
� 1
𝑛𝑛𝑝𝑝𝑝𝑝

�
 (2.7) 

 𝐾𝐾 = 121.6 − 0.4𝑇𝑇 (2.8) 

 𝑛𝑛𝑝𝑝𝑝𝑝 = 0.29 − 0.00046𝑇𝑇 (2.9) 
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Because the contribution of creep strain energy density is much higher than plastic one 

(around 10 times higher), this dissertation only employed one prior study for the multilinear 

isotropic hardening property, as addressed in Equation (2.7) to (2.9), to simplify the comparison 

process. 

 

 

Figure 3 Multilinear isotropic hardening curves 

 

2.4 FEA: Volume-Weighted Averaging Technique 

In early research on fatigue life, the strain accumulation was employed as the damage metric 

to calculate the fatigue life of leadless components with a good prediction. However, singularity 
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issues happened while increasing the mesh density of the FEA model [49]. The maximum stress 

and strain existed in the discontinuities of materials and geometries. In order to catch these 

maximum values, using finer meshes was necessary for the modeling. However, increasing the 

mesh density was computationally expensive and no clear guidance was defined for the mesh 

density. These concerns put difficulties on predicting the fatigue of solder joints. Therefore, a 

methodology, as known as volume-weighted averaging technique, was developed by Bilgic [50] 

to predict the fatigue life without relying on the increasing of mesh density. The concept of 

volume-weighted averaging technique assumes that the failure of the solder joint was caused by 

the entire solder joint instead of a single element. Each element of the solder joint meshes made 

proportional contribution to the failure of solder joint according to the corresponding volume [17]. 

Therefore, the volume-weighted averaging stress and strain can be written as the following 

Equation (2.10) and (2.11), where 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒  and 𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒  were the stress and strain components in each 

element 𝑒𝑒, respectively. 𝑉𝑉𝑒𝑒  was the volume of the element 𝑒𝑒.  By applying this technique, the 

effect of the increased stress and strain value due to the increasing mesh density was compensated 

by the decreased element size itself. Furthermore, Akay et al. [17] and Bilgic [50] reported the 

stress and strain value determined from the volume-weighted averaging technique were not 

sensitive to the effects of mesh density. In this dissertation, the strain energy density accumulation 

was also calculated by the volume-weighted averaging technique, and we used Equation (2.12) to 

do so. 
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 𝜎𝜎𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎 =
∑𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 ∙ 𝑉𝑉𝑒𝑒

∑𝑉𝑉𝑒𝑒
 (2.10) 

 𝜀𝜀𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎 =
∑𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒 ∙ 𝑉𝑉𝑒𝑒

∑𝑉𝑉𝑒𝑒
 (2.11) 

 
𝑊𝑊𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎

=
∑ 𝑉𝑉𝑖𝑖 × 𝑊𝑊𝑖𝑖
𝑛𝑛
𝑖𝑖=1
∑ 𝑉𝑉𝑖𝑖𝑛𝑛
𝑖𝑖=1

 (2.12) 

 

 

2.5 Uncertainty Propagation 

The prediction of the fatigue model only provides a point estimate, such as mean life (N50%) 

or characteristic life (N63.2%). The uncertainty of the fatigue life needs to be addressed to 

understand the uncertainty of the predictions. In short, the PDF of the prediction of fatigue life 

needs to be provided, so the uncertainty propagation analysis is necessary. 

The uncertainty propagation analysis is able to characterize the output distribution of a system 

with incorporating the input uncertainties. The most popular uncertainty propagation methods are 

response surface method (RSM) and random sampling method. For response surface method, there 

is a limitation on the number of uncertain input variables, so it is not practical to use this method 

to deal with complicated system with a lot of input variables. On the other hand, the computational 

efforts of the random sampling method, such as Monte Carlo simulation (MCS), is independent of 

the number of uncertain input variables. However, statistical variations exist for the system output, 

including failure probability, by utilizing the random sampling method. To ensure the accuracy of 



 

 

23 

 

the system output, large number of simulations is required. Figure 4 addresses the required number 

of modeling runs with various uncertainty propagation methods according to the number of input 

variables. 

 

Figure 4 The number of modeling runs with various uncertainty propagation methods 

 

Eigenvector dimension reduction (EDR) method [72] was developed to deal with the 

extremely large computational efforts, especially in the reliability field, which exists many 

nonlinear computational models, such as viscoplastic strain energy density calculation. For 

instance, EDR method has been applied for determination of the warpage of fan-out wafer level 

package (FO-WLP) [51] and the material properties of solder joint in leadless chip resistors 

(LCRs) [52]. 
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2.6 Research Gaps 

After reviewing the literatures, we found that there is no systematic study on the low-cycle 

energy-based fatigue model studies by incorporating the common solder materials and 

components.  Moreover, the published uncertainty propagation studies only qualified the 

uncertainty of specific physical quantities or material properties. We haven’t found any study 

working on the uncertainty qualification of the fatigue life of the solder joint. 
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Chapter 3: Research Questions and Approaches 

This chapter is organized as follows. In Section 3.1, the problem statements are described. 

Section 3.2 lists the research questions, and Section 3.3 introduces the research approaches. 

3.1 Problem Statements 

Although previous research has proposed the low-cycle energy-based fatigue model for 

specific components under temperature cycling, engineers do not have an idea on which model 

they can utilize for their own components if the components are different from the ones in the 

previous research.  Moreover, the published low-cycle energy-based fatigue models can only 

predict point estimate of the mean life or characteristic life of the solder joint. The engineers still 

do not know the distribution of that point estimate as well as the cumulative distribution function 

of the cycles to failure. 

3.2 Research Questions 

In order to address these problems and add to our knowledge of predicting the solder joint 

reliability under temperature cycling conditions, this dissertation will address the following 

research questions: 

1. What are the major differences between the published low-cycle energy-based fatigue 

models for the solder joints under temperature cycling? 

2. Can these fatigue models be used to predict the cycles to failure for different solder 

materials and components? 
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3. What are the uncertainties for determining the strain energy density of the solder joint 

under thermo-mechanical loadings and what are their contributions? 

4. What is the most efficient way to perform the uncertainty propagation for the solder 

joints under temperature cycling? 

3.3 Research Approaches 

In this dissertation, we used a BGA component on the PCB as an example to demonstrate the 

fatigue life prediction on the solder joints under temperature cycling condition. Figure 5 is a basic 

flow of predicting the CTF of the solder joint by using the FEA simulation tool, where ∆𝑊𝑊 is the 

strain energy density accumulation, and 𝑁𝑁𝑓𝑓 is the number of cycles to failure.  To support the 

reproducibility of this work, the design files are obtained from open sources. The detail 

information is addressed in Chapter 4. For the main stream of this flow, which does not consider 

the uncertainty propagation, the FEA model is generated according to the information from the 

design files via ANSYS tools. 
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Figure 5 CTF prediction flow via FEA simulation 

 

 

The first two research questions are answered in Chapter 4. The strain energy density 

accumulation is the outcome of the simulation in this dissertation, and it is also the input of the 

fatigue model to predict the CTF. The selection and comparison of the fatigue models in this 

dissertation follows the procedure of the meta-analysis, as shown in Figure 6. Therefore, the major 

differences between these low-cycle energy-based fatigue models can be compared to answer the 

first research question. After the differences of the fatigue models are identified, the prediction of 

the CTF can be normalized among the models. The normalized predictions support the answers of 

the second research question. 
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Figure 6 Meta-analysis procedure 

 

 

The third and fourth research questions are answered in Chapter 5. The input variables with 

the uncertainties from the FEA simulation are first identified and then the uncertainty propagation 

during the simulation is handled with the EDR method and Pearson system. The results answer the 

third research question. In the end, the distributions of the fatigue life are determined by applying 

the interval values of scale parameter and shape parameter for the cumulative distribution function 

of the Weibull distribution, and answer the fourth research question. 
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Chapter 4: Energy-Based Fatigue Models Comparison 

This chapter is organized as follows. In Section 4.1, the need of comparing the available low-

cycle energy-based fatigue models are described.  Section 4.2 presents the analysis approach with 

ANSYS simulation tools.  Section 4.3 and 4.4 present and discuss the simulation results and the 

adjustment of predictions on cycles to failure.  Section 4.5 concludes this chapter. 

4.1 Introduction 

The increasing functionality and complexity of electronic products has led to smaller chips 

and higher interconnection density [53],[54]. The reliability of the solder interconnection is critical 

in modern electronic products because the solder joints provide mechanical and electrical 

connections between chips, components, and printed circuit boards (PCBs). The solder 

interconnection can fail due to various loading conditions, including temperature cycling, 

vibration, or drop/shock impact [55],[56]. Among these loading conditions, temperature cycling 

induced low-cycle fatigue is considered as a one of the major failure mechanisms for the 

electronics. 

The reliability depends, in part, upon the choice of solder.  As manufacturers have sought 

ways to reduce the environmental impact of their product and to comply with regulations about 

hazardous materials and the disposal of electronic products, lead-free solders have become the 

major solder materials used in the electronic products, especially in consumer products. Many 

lead-free solders have been developed during the past 20 years because of various considerations, 

including cost and reliability, and the component-level and board-level reliability performance of 

different lead-free solders has been reported in the literature [57]−[64].  These results, which 
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provide some insights about the performance of different solders, are based on experiments and 

finite element analysis (FEA) simulations with specific lead-free solders and assemblies. 

An engineer who is developing a new product and wishes to use a specific solder material 

should conduct reliability tests with prototypes of the new system. Performing the entire series of 

reliability tests can be time-consuming and costly, however.  Therefore, FEA simulation tools, 

such as ANSYS, have become a popular technique to analyze the reliability of solder 

interconnections in the electronics industry [65]−[68] in order to have a preliminary idea of the 

reliability of developing product without running costly reliability tests.  The results from such 

simulations depend upon multiple parameter values and modeling choices, however, and we are 

not aware of any systematic study of how these factors affect reliability estimates.  This chapter 

describes studies that we conducted to provide such information. 

We considered how the solder material, the fatigue life model parameters, the solder joint 

geometry, the use of volume-weighted averaging, and the parameters in the stress-strain model 

affect the expected number of cycles to failure (CTF) when using commercially available FEA 

software such as ANSYS. Our results show the inelastic strain energy density can be affected by 

the preferences of simulation methodology. Moreover, the limitations of some fatigue models are 

pointed out and the recommendations are provided for the engineers.  These results will help 

engineers make better decisions when using modeling to support durability evaluation. 

4.2 Approach 

To support the reproducibility of our work, we used a PCB design from IPC-DPMX (IPC-

2581), the online digital product model exchange that is a generic standard for the printed circuit 
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board and assembly manufacturing description data. The test case for our study was IPC-2581 B 

Test Case 3 board design [69] with BGA168 component from ANSYS Sherlock part library. 

ANSYS Sherlock is a physics-based reliability tool that provides life predictions for the electronics 

at the component, board, and system levels. The detailed information of the dimensions and 

material properties are listed in Table 6 and Table 7. 

 

Table 6 Parameters of the BGA168 component 

Balls Ball matrix Pitch Component size Ball diameter Ball height Ref 

168 13×13 Full 1 mm 13.5 × 13.5 mm 0.645 mm 0.3 mm BGA168 

 

Table 7 Mechanical properties of materials in BGA168 assembly 

Component 

Young’s modulus 

(GPa) 
CTE (ppm/˚C) 

Poisson’s 

ratio 

Shear modulus 

(GPa) 

Ex Ey Ez αx αy αz νxy νxz νyz Gxy Gxz Gyz 

SAC305 39.99 22.28 0.36 14.70 

Component 

[69] 
25.08 9.70 0.20 10.43 

PCB [69] 25.95 25.95 7.05 18.32 18.32 57.53 0.15 11.28 

 

We also considered different changes to a FEA model of the BGA168 component, its solder 

joints, and the PCB.  We used different geometries for modeling the solder balls, different values 

for the volume-weighted averaging, and different constants for the stress-strain model.   We first 
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created a FEA model with ANSYS Mechanical APDL because it provides the flexibility to adjust 

the mesh. In the FEA model, the geometry of solder joint was built in ball-, cube-, and frustum-

shape, so three models with different solder joint geometries were employed in this chapter. The 

comparison flow was shown in Figure 7. 

 

 

Figure 7 A schematic of the simulation flow between various models and geometries 

 

In our approaches, step 1 was to make the simulation plan according to the constitutive models 

of solder material. Step 2 was to create a FEA model with ANSYS Mechanical APDL because it 

provided the flexibility to adjust the mesh of solder joints. In the FEA model, the geometry of 

solder joint was built in ball-shape. We then imported the FEA models into ANSYS Workbench 

for the FEA simulations. In order to consider the impact of the volume-weighted averaging 

technique, the number of temperature cycles, and the constitutive equations, we conducted 
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multiple simulation runs using different combinations of values for these factors, as shown in step 

3 and step 4.  Each simulation run yielded a value for the strain energy density ∆𝑊𝑊  with 

corresponding solder joint volume fraction, number of temperature cycles, and constitutive 

constants, as addressed in step 5. In the end, step 6 analyzed the variation of the cycles to failure 

prediction among the fatigue models. A schematic flowchart of the sequence of approaches is 

shown in Figure 8. The results are given in the next section. 

 

 

Figure 8 A schematic of the sequence of approaches 

 

This process provided insights into how these factors affected the simulated strain energy 

density in both qualitative and quantitative way. The fatigue models mentioned in Table 1 
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determined the strain energy density according to their own preferences from the simulation 

results, so the predictions of the fatigue models should be normalized before comparing them 

together. 

Many factors can affect the values of strain energy density, which are chosen as the inputs 

into the fatigue model, including the scope of volumes for volume-weighted averaging, the 

selection of the cycles for strain energy density accumulation, the selection of the parameters for 

inelastic constitute relationships, and the choice of material properties for FEA simulation. While 

manipulating the abovementioned factors, the available fatigue models from the literatures can be 

fairly reviewed and compared. On the other hand, all the materials used in the FEA simulation 

were considered as linear elastic and isotropic substances under the temperature cycling 

conditions. However, solder materials and PCB were excepted because solder materials performed 

as inelastic substances and PCB was orthotropic material. 

In order to have a consistent comparison between the three geometries of solder ball, the 

volume was assigned to be close (within 0.3% deviation) between the geometries while keeping 

the same ball height. The volume calculation of the ball-shape and frustum-shape solder joint were 

determined by the following Equation (4.1) and (4.2). Figure 9 provides the schematic of the 

parameters of the geometry. For the cube-shape solder joint, the width and the height of the cube 

was 0.55 mm and 0.3 mm, respectively. For the ball-shape solder joint, the parameter R and h were 

0.645 mm and 0.1725 mm, respectively. For the frustum-shape solder joint, the parameter A1, A2, 

and h were 0.25 mm2, 0.36 mm2, and 0.15 mm, respectively. 
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 𝑉𝑉𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 =
4
3
𝜋𝜋𝑅𝑅3 −

2
3
𝜋𝜋ℎ2(3𝑅𝑅 − ℎ) (4.1) 

 
𝑉𝑉𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 =

ℎ
3
�𝐴𝐴1 + 𝐴𝐴2 + √𝐴𝐴1𝐴𝐴2� 

(4.2) 

 

 

Figure 9 A schematic of the parameters of solder geometry: (a) Ball-shape (b) Frustum-shape 

 

After the values of the geometry parameters were decided, the geometry of the FEA model 

was generated in ANSYS Mechanical APDL. Moreover, due to the nature of symmetry on the in-

plane dimensions of the component, solder joints, and PCB, a quarter model of the FEA geometry 

was built to save the computational costs; the corresponding meshes are shown in Figure 10. We 

specified the solder material as SAC305. 
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Figure 10 Finite element meshes of BGA168 component and the PCB: (a) isometric view of the 

quarter model; (b) cube geometry; (c) frustum geometry; (d) ball geometry  

 

The strain energy density was determined with the volume-weighted averaging technique 

[17], which can use only a fraction of the elements in the calculation.  We conducted simulations 

with different values for this fraction: 0.23% (critical element), 9%, 18%, 50%, and 100% for ball 

and frustum geometry. For cube geometry, the volume ratios were 10%, 20%, 50%, and 100%. 
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The corresponding volumes are shown in Figure 11. The information of the volumes was obtained 

from ANSYS Workbench by inserting a Volume result object in the Solution. 

 

 

Figure 11 A schematic of the number of elements selected for volume-weighted averaging 

technique 

 

The cycles chosen for the accumulation of strain energy density can also affect the fitting of 

the constants of fatigue model. Figure 12 showed the temperature cycling profile used in this study. 

In our study, the increment of strain energy density was obtained by taking the accumulation at 

Cycle 4. The value of this strain energy density accumulation (∆𝑊𝑊) can vary from cycle to cycle.  

Therefore, we also examined the impact of using Cycle 1, Cycle 2, and Cycle 3 accumulation to 

determine ∆𝑊𝑊. 
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Figure 12 Temperature cycling profile used in this study 

 

For the purpose of comparison on the effect of solder joint geometry, one set of constants 

from both Anand model and Garofalo-Arrhenius model were chosen to analyze the distribution of 

strain energy density accumulation. The remaining sets of the Anand and Garofalo-Arrhenius 

model were only applied for the ball-shaped solder joint to compare the variation among the 

models.  These values are listed in Table 4 and Table 5. 

Combing the abovementioned factors, the conditions of running simulations for ball-shape 

solder joint were summarized in Table 8. Our experiments employed a full factorial design, so 

there were 6×5×4 = 120 combinations for the subsequent analysis. 
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Table 8 Conditions for the factors of experiment design 

Factor name Level 1 Level 2 Level 3 Level 4 Level 5 Level 6 

Constitutive 

model 
GA01 GA02 GA03 GA04 GA05 GA06 

Volume-

weighted % 
0.23% 9% 18% 50% 100% --- 

Cycle 

accumulation 
Cycle 1 Cycle 2 Cycle 3 Cycle 4 --- --- 

 

4.3 Results 

The simulation results were summarized according to the solder volume and the simulated 

cycle, as addressed in Section 4.2, in order to pull out the necessary information for the comparison 

among the constitutive models and fatigue models. Figure 13 presented the strain energy density 

accumulation with elapsed time from Cycle 1 to Cycle 4 as well as the increment trend of the five 

solder volumes. As expected, the 0.23% solder volume (single element with maximum strain 

energy density) showed much higher value of the strain energy density than the other four volumes 

did. 
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Figure 13 Elemental strain energy density accumulation with various volume-weighted averaging 

ratios 

 

Figure 14 demonstrated the contribution of the solder joint geometry on the strain energy 

density accumulation. For both viscoplastic and creep only strain energy density, all three 

geometries exhibited close relationships among different cycles or volume-weighted amount. 
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Figure 14 Solder joint geometry comparison 

 

We used SAS JMP software to create variability charts (Figure 15 and Figure 16) to 

summarize the strain energy density data from all considered situations and to compare the data 

by constitutive models, strain energy density types, cycles, and solder volumes. 

Figure 15 can be interpreted from various perspectives. First, there were significant 

differences on the group means between 0.23%, 9% and 18%, as well as 50% and 100% solder 

volumes. Second, the strain energy density accumulation exhibited different behaviors for 

viscoplastic and creep energies. For the creep energy type, the energy accumulation of Cycle 1 

performed much lower means then Cycle 2 to 4 did. On the contrary, the viscoplastic energy type 

displayed similar strain energy density values from Cycle 1 to 4. Third, the strain energy densities 

of viscoplastic energy type was higher than the ones of creep energy type for all constitutive 

models. However, the difference between the viscoplastic and creep energy type was not consistent 
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among the models. Fourth, Student’s t tests were conducted to compare the group means of each 

pair of the constitutive models for both viscoplastic and creep energy type. As shown in Figure 17 

and Figure 18 , there were no significant differences discovered among the constitutive models 

and the group means of the viscoplastic strain energy densities exhibited close results. 

 

 

Figure 15 Variability chart of strain energy density with the selected Garofalo-Arrhenius models 

 

Figure 16 provided similar information as Figure 15 did. First, the group means between 

0.23%, 9% and 18%, as well as 50% and 100% solder volumes exhibited significant differences. 

Second, the strain energy density accumulation showed different relationships between the 

selected Anand models. The value of Cycle 1 accumulation can be either higher, lower, or equal 

to the accumulation of Cycle 2 to 4.  Third, Student’s t tests were also conducted to compare the 

group means of each pair of the Anand models, as shown in Figure 19. There were no significant 

differences discovered among the Anand models. 
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Figure 16 Variability chart of strain energy density with the selected with selected Anand models 

 

 

Figure 17 Group means comparison of energies among the Garofalo-Arrhenius models 

(Viscoplastic) 
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Figure 18 Group means comparison of energies among the Garofalo-Arrhenius models (Creep 

only) 

 

 

Figure 19 Group means comparison of energies among the Garofalo-Arrhenius models 
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4.4 Discussion 

From Figure 15, the effect of cycle accumulation on the strain energy density variation could 

be ignored for 9% to 100% volume-weighted conditions. For the 0.23% volume (maximum 

element value) application, the strain energy density variation was around 3.7%. Fortunately, the 

fatigue models, which employed maximum element value, took cycle accumulation after Cycle 4 

except Schubert et al. [6] didn’t address the cycle accumulation, as shown in Table 9. Therefore, 

while comparing the fatigue models in this chapter, Cycle 4 accumulation was employed for the 

greater than three cycles and not specified situations. 

 

Table 9 Strain energy density (∆W) method from the selected fatigue life model studies 

Authors 
Constitute 

model 

Volume-

weighted 

amount 

Cycle 

accumulation 

∆W range 

from 

literatures 

(mJ/mm3) 

∆W from our 

simulations 

(mJ/mm3) 

Chen et al. 

[4] 
GA01 8% Cycle 4 0.10 to 0.15 

0.47 

(viscoplastic) 

0.42 (creep) 

Syed [5] GA02 5.6% Cycle 1 or 2 0.08 to 5.00 0.33 

Schubert et 

al. [6] 
GA02 100% Not specified 0.05 to 2.00 0.22 
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In Table 9, five of the fatigue models directly described the amount of volume-weighted for 

the critical solder or the maximum value of the critical element (no volume-weighted) in their 

studies [6]−[9],[11]. The remaining fatigue models [4],[5],[10] only described the thickness or the 

layer(s) of elements used for the volume-weighted technique. In this situation, the values in Table 

9 were determined by dividing the thickness of the layer(s) over the critical solder volume, which 

Hsieh [7] GA03 

Maximum 

value 

(element) 

Cycle 5 2.54 to 6.12 0.93 

Hsieh and 

Tzeng [8] 
GA04 

Maximum 

value 

(element) 

Cycle 5 5.90 to 7.20 0.90 

Ghorbani and 

Spelt [9] 
GA05 

Maximum 

value 

(element) 

Cycle 10 0.04 to 1.79 0.76 

Sun et al. 

[10] 
GA02 9.3% 

Not specified 

(performed 3 

cycles in 

simulation) 

0.02 to 0.28 0.33 

Zhang et al. 

[11] 
GA06 5% Cycle 3 0.05 to 0.40 0.44 
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was calculated from the figure in each literature. The volume of the critical element in each study 

was not possible to be approximated due to many reasons. Therefore, the 0.23% solder volume 

data was employed for the maximum element value. When the volume-weighted amount was less 

than 10%, the 9% solder volume data was applied for the subsequent comparisons because there 

should not exist a significant difference. Moreover, there were significant differences between the 

group means of 0.23%, 9%, and 100% solder volumes. For instance, the strain energy density of 

0.23% volume was about 2.5 times higher than the one of 9% volume. Hence, the data from 

selected solder volume was critical while substituting into the fatigue models. 

There was a significant difference on the group means between the viscoplastic energy group 

and creep energy group from the six studied Garofalo-Arrhenius models. Moreover, the difference 

between the viscoplastic energy and creep energy groups was not consistent among the six models. 

Therefore, the authors recommended to be consistent with the energy type while fitting the 

constants of Garofalo-Arrhenius model and to be careful of referring the available Garofalo-

Arrhenius models from the literatures.  Combining the considerations from the above three 

paragraphs, the strain energy density value needed to be adjusted before substituting it into the 

fatigue model. The strain energy density data from our simulations for each fatigue model situation 

was listed in Table 9. 

Each fatigue model had specific combination of factors (as shown in Table 8) that could affect 

strain energy density calculation. For a given combination set, we found the ∆W by taking the 

accumulation of strain energy density from the cyclic strain energy density curve. Figure 20 

presented the process flow to calculate the adjustment ratio of strain energy density for each fatigue 

model. We first chose one of the fatigue life models, which was Chen et al. [4] with viscoplastic 
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strain energy density, as the reference fatigue model A, ∆WA.  Then, for any of the other fatigue 

life models in Table 9, as the target fatigue model B. We repeated the simulation with the same 

temperature cycling profile, component, and PCB to get the target strain energy density, ∆WB.  For 

the creep constants of solder material, however, we used the values that were used in that study. 

Moreover, for each target fatigue life model, different settings of volume-weighted averaging 

amount and cycle accumulation was applied to determine the ∆WB. Therefore, each fatigue life 

model had its own ∆WB value. We then calculated the ratio 𝑅𝑅𝐵𝐵 between each ∆WB and the ∆WA, 

as shown in Equation (4.3). For the comparison purpose, these ratios would be employed for the 

subsequent discussions of the predictions of cycles to failure. 

 𝑅𝑅𝐵𝐵 =
∆𝑊𝑊𝐵𝐵

∆𝑊𝑊𝐴𝐴
 (4.3) 

 

 

Figure 20 Strain energy density adjustment flow for the target studies 
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Figure 21 plotted the published values of strain energy density (∆𝑊𝑊) and cycles to failure 

(𝑁𝑁𝑓𝑓) on a log-log scale. The range of ∆W and the fatigue coefficients and exponents were directly 

taken from the literature (listed in Table 1 and Table 9), and then the cycles to failures were 

determined by using them with the inverse power law in Equation (2.1) for each model from the 

literature. Most of the reported ∆𝑊𝑊 only covered a small range, and the value was less than 1 

mJ/mm3. However, this phenomenon could also reflect this small range might be a practical 

situation for modern electronic devices.  For ∆𝑊𝑊  was greater than 2 MPa, fewer studies are 

available.  Note that the strain energy density values are the results of simulations that used 

different sets of parameter values, and the cycles to failure values are different points (percentiles) 

from the empirical distributions collected by the different studies. 

 

Figure 21 Distributions of strain energy density from the selected fatigue life models and their 

predictions on the cycles to failure 
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In order to have a consistent comparison for all the selected fatigue models, five strain energy 

density values were chosen based on all of the combinations of our simulation results, which were 

∆𝑊𝑊𝑖𝑖 = {0.09, 0.575, 1.06, 1.545, 2.03} mJ/mm3 for i = 1, 2, 3, 4, 5. These five values were used 

as the inputs of the fatigue models. Therefore, the predicted cycles to failure can be compared 

within the same strain energy density scope, as shown in Figure 22 and Figure 24. 

The strain energy density value, ∆𝑊𝑊𝑖𝑖 , was multiplied by the adjustment ratio, 𝑅𝑅𝐵𝐵 , before 

putting into the inverse power law, as shown in Equation (4.4), to get the adjusted strain energy 

density, ∆𝑊𝑊𝑖𝑖
′, for each target fatigue life model, where 𝑖𝑖 was from 1 to 8 due to total eight target 

models. After that, the cycles to failure (𝑁𝑁𝑓𝑓) can be predicted with the adjusted strain energy 

density and the inverse power law with the corresponding coefficient and exponent from each 

target model, as presented in Equation (4.5). 

 

 ∆𝑊𝑊𝑖𝑖
′ = ∆𝑊𝑊𝑖𝑖 × 𝑅𝑅𝐵𝐵 (4.4) 

 𝑁𝑁𝑓𝑓 = (𝐴𝐴𝐵𝐵 × ∆𝑊𝑊𝑖𝑖′)𝑛𝑛𝐵𝐵 (4.5) 

 

In Figure 22, the predicted cycles to failure followed the original assumptions in each fatigue 

life model. Thus, some of the cycles to failure produced mean life (N50%) predictions and the 

others pointed out the characteristic life (N63.2%). 
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Figure 22 Distributions of strain energy density with selected ∆W range: Without ∆W and 

characteristic life (N63.2%) to mean life (N50%) adjustment 

 

To have a more straightforward understanding on the predictions of all the selected fatigue 

models, the adjustment of life percentile was applied, as shown in Equation (4.6). 𝑁𝑁𝑓𝑓𝑓𝑓′  was referred 

to values that were derived from different ∆𝑊𝑊𝑖𝑖. If the target model predicted mean life (N50%), 

𝑁𝑁𝑓𝑓𝑓𝑓′  was the same as the 𝑁𝑁𝑓𝑓, which was the outcome of the inverse power law. On the other hand, 

if the target model predicted characteristic life (N63.2%), 𝑁𝑁𝑓𝑓 was multiplied by 0.6931�
1
𝛽𝛽𝐵𝐵

� to get 

the adjusted 𝑁𝑁𝑓𝑓𝑓𝑓′ .  𝛽𝛽𝐵𝐵 was the shape parameter of the two-parameter Weibull distribution from the 
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field failure data in each target fatigue life model. We averaged that study’s published values of 

the shape parameter β to determine an aggregate 𝛽𝛽𝐵𝐵 for that study. 

 

 

𝑁𝑁𝑓𝑓𝑓𝑓′ = 𝑁𝑁𝑓𝑓 (if predicting mean life, N50%) 

𝑁𝑁𝑓𝑓𝑓𝑓′ = 0.6931�
1
𝛽𝛽𝐵𝐵

�𝑁𝑁𝑓𝑓 (if predicting characteristic life, N63.2%) 

(4.6) 

 

The ratio, 0.6931
� 1
𝛽𝛽𝐵𝐵𝐵𝐵

�
, was simply a scaling factor from N63.2% to N50% in the Weibull 

distribution. Equation (4.7) to (4.10) showed the derivation of the ratio between mean life and 

characteristic life. The entire adjustment process flow for the cycles to failure prediction is shown 

in Error! Reference source not found.. 

 

 𝐹𝐹(𝑡𝑡) = 1 − 𝑒𝑒−�
𝑡𝑡
𝜂𝜂�

𝛽𝛽

 (4.7) 

 𝑡𝑡1 = 𝜂𝜂;  𝐹𝐹(𝑡𝑡) = 0.632 = 63.2% (𝑐𝑐ℎ𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙) (4.8) 

 𝐹𝐹(𝑡𝑡) = 50% (𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙) = 0.5 = 1 − 𝑒𝑒−�
𝑡𝑡2
𝜂𝜂 �

𝛽𝛽

; 𝑡𝑡2 = 0.6931�
1
𝛽𝛽�× 𝜂𝜂 (4.9) 

 𝑡𝑡1 >  𝑡𝑡2  𝑎𝑎𝑎𝑎𝑎𝑎  𝑡𝑡2 = 0.6931�
1
𝛽𝛽�× 𝑡𝑡1 (4.10) 
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Figure 23 Process flow of the adjusted prediction of fatigue model 

 

Therefore, the adjusted cycles to failure predictions was shown in Figure 24. The distribution 

of the predictions on cycles to failure among the fatigue models was significantly reduced after 

applying the adjustments, and exhibited excellent consistency around 1 mJ/mm3 strain energy 

density. 

Two of the fatigue life models, Hsieh and Tzeng [8] and Ghorbani and Spelt [9], exhibited 

divergences from the other seven models (see Figure 24). Three factors were found that were 

responsible for the significant divergence. First, both models did not apply volume-weighted 

averaging technique for determining the strain energy density. They employed the maximum 

element value as the strain energy density (see Table 9). This could induce large variation on the 

strain energy density while changing the mesh size of the FEA model. Therefore, the adjustment 

method for the strain energy density (see Figure 20) may not be appropriate for these two models 

because their mesh sizes were obviously smaller than our mesh size. Second, these two models 

only used three data points while curve fitting the coefficient and exponent of the inverse power 

law. This was the minimum number of data points for curve fitting an inverse power law, so 

predictions that were based on values of ∆𝑊𝑊 outside the range of their data can deviate in a certain 
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amount. Third, the ∆𝑊𝑊 range selected by these two models was around 1 mJ/mm3, which was too 

small comparing to the reported ∆𝑊𝑊 range (from 0.01 to 8 mJ/mm3). Combining with the second 

point, the prediction of the cycles to failure with smaller ∆𝑊𝑊 values can produce a huge deviation 

from the other seven models. Hence, these two models performed like outliers among the total 

nine fatigue models and the reason was the contributions from combining the abovementioned 

factors. 

 

 

Figure 24 Distributions of strain energy density with selected ∆W range: With ∆W and 

characteristic life (N63.2%) to mean life (N50%) adjustment. 
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4.5 Summary 

This chapter presented the results of a study of the solder joint reliability predictions from 

numerous low-cycle energy-based fatigue models in a prescribed strain energy density range. The 

nine selected fatigue models were built with their own solder materials, assemblies, simulation 

methodologies, and experiment conditions to predict mean life or characteristic life of the solder 

joint. 

From the simulation perspective, the differences between the selected Garofalo-Arrhenius 

constitutive relationships from different solder materials were not significant on the accumulation 

of strain energy density. Other factors, including the amount of the critical solder for volume-

weighted averaging technique, the selection of temperature cycle for strain energy density 

calculation, and the type of strain energy density (viscoplastic or creep), did make significant 

differences on the strain energy density accumulation. From the experiment perspective, the 

predicted cycles to failure (characteristic life or mean life) of the fatigue models were not 

consistent among the selected literature. Therefore, adjustment on the cycles to failure predictions 

was necessary after using the strain energy density as the input to the inverse power law equation. 

In our studies, 0.23% volume (the critical element) exhibited significant differences of the 

strain energy density from different temperature cycles and other four solder volumes. For 

example, the strain energy density of 0.23% volume was about 2.5 times higher than the one of 

9% volume. On the other hand, the difference of the group means between viscoplastic and creep 
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strain energy density was around 28%. In the end, the average mean life was about 94% of the 

average characteristic life with the shape parameter 6.04. 

Combining the abovementioned adjustments with our own simulation results, the strain 

energy density range (0.09 to 2.03 mJ/mm3) with five data points was chosen as the inputs of the 

selected fatigue models. The distribution of the predictions on cycles to failure among the fatigue 

models was significantly reduced after applying the adjustments, and exhibited excellent 

consistency around 1 mJ/mm3 strain energy density. Two of the fatigue models showed large 

deviations from the other models especially for small strain energy density (less than 1 mJ/mm3).  

Three factors that could cause these large deviations were concluded. First, both of the two 

outlier models only employed three data points for curve fitting procedure. This can induce more 

deviation on the prediction of cycles to failure comparing to the model curve fitted with more data 

points. Second, the range of strain energy density for both two models was around 1 mJ/mm3, 

which was smaller than the range of the values in the other studies. Moreover, all the strain energy 

densities of these two deviated fatigue models were larger than 1 mJ/mm3 and some of them were 

larger than 5 mJ/mm3. Therefore, the fittings of these two models were actually extrapolation for 

small strain energy densities, such as less than 0.1 mJ/mm3. Third, both outlier models did not 

apply the volume-weighted averaging technique while determining the strain energy density. They 

used the maximum value of the strain energy density from a single element. This behavior could 

cause a large variation on the strain energy density value because of the mesh size of the FEA 

model. In general, the mesh size between this dissertation and their studies were different, so this 

could affect the outcome of our adjustment method. In the end, these three factors can be treated 
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as the precautions for the engineers no matter they are going to use these selected fatigue life 

models or to develop their own fatigue models. 

Using a diverse set of fatigue models (such as those considered in this dissertation) will yield 

a range of results that may provide some insights that reduce (but do not eliminate) the uncertainty 

about how the new solder will impact reliability.  In some cases, despite the uncertainty, the results 

may provide enough evidence to show that the reliability remains adequate; in other cases, the 

results will show that the reliability will be inadequate. 
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Chapter 5: Uncertainty Propagation for Reliability Prediction 

This chapter is organized as follows. In Section 5.1, the need of developing an uncertainty 

propagation method for solder joint durability prediction is addressed. Section 5.2 presents the 

approach that we used. Section 5.3 presents the results of the EDR method, and Section 5.4 

discusses those results.  Section 5.5 concludes the paper. 

5.1 Introduction 

Among the many failure mechanisms of printed circuit boards (PCBs), the fatigue failure of 

the solder joints between the electronic components that are attached to the PCB and the PCB itself 

is a significant concern, especially for ball grid array (BGA) components [70]. 

Board-level temperature cycling tests have been used as one of the qualification criteria 

during the development of electronic components [71]. The cycles to failure under specific 

temperature cycling condition can be employed to calculate practical cycles to failure in the field 

by the inverse power law, as shown in Equation (2.1). However, the process time of qualification 

step can take more than six months. In order to save time and resources, the engineers would like 

to know an approximate distribution of the cycles to failure of the solder joints before conducting 

the temperature cycling qualification. 

Finite element analysis (FEA) simulation is a convenient tool to estimate damage metrics, 

including inelastic strain and strain energy density of the critical solder, in a short time. Combining 

with the corresponding fatigue model of solder joints, the prediction of cycles to failure on the 

solder joints between the electronic component and PCB can be estimated without any temperature 

cycling testing [4]. 
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To get the distribution of the predicted cycles to failure of solder joints, the distribution of the 

input of fatigue model needs to be addressed first. In the study that this chapter describes, the strain 

energy density accumulation was used as the damage metric to input the fatigue model. Many 

uncertainties can affect the FEA simulation results on the strain energy density accumulation, 

including the material properties and geometries [51]. Fortunately, most uncertainties can be 

treated as continuous distribution, such as normal distribution. 

The eigenvector dimension reduction (EDR) method was proposed by Youn et al. [72] to 

handle the extensive computational costs induced by a large number of input variables.  We applied 

the EDR method to determine the statistical moments of the probability density function (PDF) of 

the system response (strain energy density accumulation). The EDR method employs additive 

decomposition to calculate the statistical moments of the PDF, so it uses fewer simulation runs 

than other methods [72], such as response surface method (RSM) and Monte Carlo simulation 

(MCS). For instance, only 45 simulation runs are required when there are eleven uncertain input 

variables. While EDR method handles the distribution of the strain energy density accumulation, 

the distribution of cycles to failure is estimated by putting in the strain energy density accumulation 

into the fatigue models. 

5.2 Approach 

The section describes our approach to determine the uncertainty of the prediction of the 

fatigue life (𝑁𝑁𝑓𝑓) of the solder joint between a BGA component and PCB. Let 𝑁𝑁𝑓𝑓 be the output of 

the fatigue model listed in Equation (2.1). In this paper, the input of the fatigue model is the strain 

energy density, which is also the system response in the EDR method. The strain energy density 
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is obtained from the FEA simulation, so the uncertainty propagation through the FEA simulation 

needs to be addressed. The following list points out the steps to determine the uncertainty of the 

strain energy density accumulation of the solder joint. 

 

1. Build the FEA model for the simulations. 

2. Determine the uncertainty (mean and standard deviation) of each input variable (X1 to X11). 

3. Construct the covariance matrix for the variables. 

4. Determine the eigenvalues and eigenvectors of the covariance matrix. 

5. Determine the sample points based on the means of the input variables and the eigenvalues. 

6. Run simulations for the sample points and collect the strain energy density at each one. 

7. Estimate the statistical moments using Equations (5.13) to (5.17). 

8. Determine the characteristics of the PDF of system response using Equations (5.18) to 

(5.21). 

9. Construct the PDF of the strain energy density by the Pearson system, using Equations 

(5.22) and (5.23). 

 

Step 1 

The FEA model was built with public-accessible resources, including IPC-2581 online PCB 

design files and ANSYS Sherlock part library. ANSYS Sherlock is a commercial reliability 

prediction software for electronics. We selected the BGA168 component from Sherlock part 
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library and put it on the IPC-2581 B Test Case 3 board design [69]. The diameter and height of the 

solder ball were 0.645 mm and 0.3 mm, respectively. The material properties of the solder joint, 

component, and PCB are summarized in Table 10. 

 

Table 10 Material properties summary 

Material 

Young’s modulus 

(GPa) 
CTE (ppm/˚C) 

Poisson’s 

ratio 

Shear modulus 

(GPa) 

Ex Ey Ez αx αy αz νxy νxz νyz Gxy Gxz Gyz 

SAC305 −0.022×T(˚C) + 43.7  22.28 0.36 −0.008×T+ 16.1 

Component 

[69] 
25.08 9.70 0.20 10.43 

PCB [69] 25.95 25.95 7.05 18.32 18.32 57.53 0.15 11.28 

 

For the Young’s modulus (Table 10), the multilinear isotropic hardening properties in 

Equation (5.1), and the Garofalo-Arrhenius creep constants in Equation (5.2), we referred values 

from Chen et al. [4].  The C1 to C4 constants of Garofalo-Arrhenius creep model were 6.07 s-1, 

0.18 MPa-1, 2.3, and 6,710 K, respectively. The multilinear isotropic hardening properties were 

listed in Equation (5.1), where 𝜎𝜎  was the instantaneous stress, 𝐾𝐾  and 𝑛𝑛𝑝𝑝𝑝𝑝  were temperature-

dependent instantaneous plasticity material constants, and T was temperature (degrees Celsius). 
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𝜀𝜀𝑝𝑝𝑝𝑝 = �

𝜎𝜎
𝐾𝐾
�
� 1
𝑛𝑛𝑝𝑝𝑝𝑝

�
 

𝐾𝐾 = 121.6 − 0.4𝑇𝑇  

 𝑛𝑛𝑝𝑝𝑝𝑝 = 0.29 − 0.00046𝑇𝑇 

(5.1) 

   

 𝑑𝑑𝜀𝜀𝑐𝑐𝑐𝑐
𝑑𝑑𝑑𝑑

= 𝐶𝐶1[sinh(𝐶𝐶2𝜎𝜎)]𝐶𝐶3𝑒𝑒−𝐶𝐶4/𝑇𝑇 (5.2) 

 

Due to the geometric symmetry of the FEA model on the x-axis and y-axis, we employed a 

quarter model to run the simulations in order to save computational resources. Figure 25 exhibits 

the FEA model that we used in ANSYS Workbench with finite element meshes. 

 

 

Figure 25 The quarter FEA model: (a) isometric view; (b) solder ball; (c) side view for 

component, ball, and PCB 
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Step 2 

For a simple BGA and PCB assembly, the uncertain input variables that can affect the strain 

energy density (system response) can be determined from the fundamentals of mechanics theory. 

During temperature cycling, the strain energy density accumulated in the solder joint (∆𝑊𝑊) was 

related to the area under the shear stress−shear strain curve.  Let ∆(𝛼𝛼∆𝑇𝑇) be the thermal expansion 

differential. Let 𝐿𝐿𝐷𝐷 be the length of the diagonal from solder joint to component center.  Let ℎ𝑠𝑠, 

𝐴𝐴𝑠𝑠, and 𝐺𝐺𝑠𝑠 be the height, cross-section area, and shear modulus of solder joint, respectively.  Let 

𝐸𝐸1 and 𝐸𝐸2 be the elastic modulus of the component and the PCB, respectively.  Let 𝐴𝐴1 and 𝐴𝐴2 be 

the cross-section area of the component and PCB, respectively, perpendicular to the shear force 

(F). The value 𝐺𝐺𝑠𝑠  can be determined from 𝐸𝐸𝑠𝑠  and 𝜈𝜈𝑠𝑠  due to the shear modulus formula 𝐺𝐺𝑠𝑠 =

𝐸𝐸𝑠𝑠 [2(1 + 𝜈𝜈𝑠𝑠)]⁄ . The effects of 𝐴𝐴1 and 𝐴𝐴2 were simplified to their thickness only because of the 

simulation concern. Then, � 𝐿𝐿𝐷𝐷
𝐸𝐸1𝐴𝐴1

+ 𝐿𝐿𝐷𝐷
𝐸𝐸2𝐴𝐴2

+ ℎ𝑠𝑠
𝐴𝐴𝑠𝑠𝐺𝐺𝑠𝑠

�
−1

 is the equivalent stiffness of the component, 

solder joint, and PCB.  According to the shear strain formula and Hooke’s law, the shear strain ∆𝛾𝛾 

and shear force F for a solder joint between the component and PCB can be determined using 

Equations (5.3) and (5.4), respectively. 

 

 ∆𝛾𝛾 =  
𝐿𝐿𝐷𝐷
ℎ𝑠𝑠
∆(𝛼𝛼∆𝑇𝑇) (5.3) 

 
𝐹𝐹 = �

𝐿𝐿𝐷𝐷
𝐸𝐸1𝐴𝐴1

+
𝐿𝐿𝐷𝐷
𝐸𝐸2𝐴𝐴2

+
ℎ𝑠𝑠
𝐴𝐴𝑠𝑠𝐺𝐺𝑠𝑠

�
−1

∆(𝛼𝛼∆𝑇𝑇)𝐿𝐿𝐷𝐷 (5.4) 
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The uncertain input variables that can affect the strain energy density accumulation of the 

solder joint between the component and PCB are summarized in Table 11.  Eleven uncertain input 

variables were studied in this paper.  Let 𝜇𝜇𝑖𝑖 be the mean value of the i-th random input variable.  

The mean value of X1 to X4 and X6 to X9 were referred to IPC-2581 B Test Case 3 board design 

[69] and the BGA168 component from ANSYS Sherlock part library. The mean value of X5 was 

determined from Chen et al. [4]. The tolerances for X1 and X2 were determined from a supplier’s 

website [73], and the tolerances for X6 to X9 were determined from Wei et al. [51]. We could not 

find appropriate tolerance value for X3 to X5, so we assumed 10% for these three variables. The 

standard deviation (𝜎𝜎) was determined by dividing the tolerance by three for all uncertain input 

variables. 
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Table 11 Uncertain input variables for a BGA component under temperature cycling (see text for 

sources of these values) 

Variable Physical meaning Mean (µi) Tolerance 
Standard 

deviation (𝜎𝜎) 

X1 Solder ball height (mm) 0.3 7% 0.007 

X2 
Solder ball diameter 

(mm) 
0.645 7% 0.015 

X3 Solder ball CTE (ppm/˚C) 22.28 10% 0.743 

X4 Solder ball ν 0.36 10% 0.012 

X5 Solder ball E (GPa) 
−0.022×T(˚C) + 

43.7 
10% 1.438 (T=25 ˚C) 

X6 Component E (GPa) 25.08 5% 0.418 

X7 
Component CTE 

(ppm/˚C) 
9.70 20% 0.647 

X8 
Component thickness 

(mm) 
4.15 17% 0.235 

X9 PCB Exy (GPa) 25.95 5% 0.433 

X10 PCB CTE (ppm/˚C) 18.32 15% 0.916 

X11 PCB thickness (mm) 1.168 23% 0.090 
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Step 3 

After the uncertainty of the uncertain input variables were defined, the covariance matrix was 

built according to the relationship between each pair of variables. The first thing was to examine 

the correlation between the variables. 

The distribution of X1 and X2 was assumed as a bivariate normal distribution due to the 

correlation between X1 and X2. If the volume is fixed, the relationship between X1 and X2 is 

negatively correlated. The volume calculation of the solder joint was shown in Equation (5.5) and 

the schematic of the parameters of the geometry was provided in Figure 26. The data points of ball 

diameter and ball height with fixed ball volume were presented in Figure 27. Therefore, the 

correlation coefficient (ρ) was calculated by utilizing Equation (5.6) and the data points in Figure 

27, and the value was around −0.9838. 

 𝑉𝑉𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 =
4
3
𝜋𝜋𝑅𝑅3 −

2
3
𝜋𝜋ℎ2(3𝑅𝑅 − ℎ) (5.5) 

 
𝜌𝜌 =

∑(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥) (𝑦𝑦𝑖𝑖 − 𝑦𝑦�)

�∑(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥)2 ∑(𝑦𝑦𝑖𝑖 − 𝑦𝑦�)2
 (5.6) 
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Figure 26 A schematic of the parameters of solder ball 

 

 

 

Figure 27 Correlation between ball diameter and ball height with fixed ball volume 

 

 

On the other hand, the distribution of X3 to X9 was assumed as a normal distribution and was 

not correlated to each other. Hence, the correlation coefficient was zero between theses uncertain 

input variables.  The next step was to build the covariance matrix for all nine uncertain input 
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variables. The equation of calculating the covariance between any two variables was shown in 

Equation (5.7). 

 

 𝐶𝐶𝐶𝐶𝐶𝐶(𝐴𝐴,𝐵𝐵) = 𝜎𝜎(𝐴𝐴)𝜎𝜎(𝐵𝐵)𝜌𝜌(𝐴𝐴,𝐵𝐵) (5.7) 

 

The covariance of each pair of the eleven uncertain input variables was calculated and then 

put in the covariance matrix, as shown in Equation (5.8). The element on the diagonal of the matrix 

was the variance of the input variable itself, which was 𝜎𝜎𝑖𝑖2 . Moreover, 𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖  and 𝐶𝐶𝐶𝐶𝐶𝐶𝑗𝑗𝑗𝑗  were 

equivalent in the matrix. 

 

𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖 = �
𝜎𝜎12 ⋯ 𝐶𝐶𝐶𝐶𝐶𝐶1𝑁𝑁
⋮ ⋱ ⋮

𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁1 ⋯ 𝜎𝜎𝑁𝑁2
� 

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0.0072 −1.04 × 10−4      0
−1.04 × 10−4 0.0152      0

 0 0    0.7432

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0.0122       0            0
0 1.4382            0
0      0 0.4182

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0
0
0

0
0
0

0
0
0

0 0 0
0 0 0
0
0
0

0
0
0

0
0
0

0.6472       0            0
  0 0.2352            0
  0
  0
  0

      0
      0
      0

0.4332
           0
           0

    

0
0
0

0
0
0

0
0
0

0
0
0

0
0
0

0.9162
0

0
0
0
0

0.0902⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

(5.8) 
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Step 4 

By solving the eigenvectors and eigenvalues of the covariance matrix with Equation (5.9), 

the multi-dimensional integration of the joint PDF (eleven dimensions for N = 11 uncertain input 

variables) can be decomposed into eleven one-dimensional integrations according to the 

eigenvector of each random input variable. Equations (5.10) and (5.11) list the eigenvalues (𝜆𝜆𝑖𝑖) 

and eigenvectors (𝑉𝑉𝑗𝑗𝑗𝑗). 

 

 𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑉𝑉𝑗𝑗𝑗𝑗 = 𝜆𝜆𝑖𝑖𝑉𝑉𝑗𝑗𝑗𝑗 (5.9) 

   

 

𝜆𝜆𝑖𝑖 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡1.302 × 10−6
2.757 × 10−4

0.552
1.440 × 10−4

2.122
0.175
0.418
0.055
0.187
0.839
0.008 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (5.10) 
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𝑉𝑉𝑗𝑗𝑗𝑗 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−0.909 −0.417 0 
−0.417 0.909 0 

0 0    1  

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

1 0 0
0 1 0
0 0 1

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0
0
0

0
0
0

0
0
0

0 0 0
0 0 0
0
0
0

0
0
0

0
0
0

1 0 0
0 1 0
0
0
0

0
0
0

1
0
0

    

0
0
0

0
0
0

0
0
0

0
0
0

0
0
0
1
0

0
0
0
0
1⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (5.11) 

 

Step 5 

The eigenvector with the largest eigenvalue indicated the direction of the largest variation of 

the covariance matrix, and so on. On the other hand, the square root of the eigenvalue was the 

standard deviation of the variation along its corresponding direction. The sample points along each 

eigenvector were then chosen using multiples of the square root of the eigenvalue and the sampling 

scheme.  We used five values for each random input variable along the direction of its eigenvector 

[72], which yielded five sample points (including the one with all of the mean values), as shown 

in Equation (5.12). 

 

 

[𝑉𝑉𝑖𝑖]1 = �𝜇𝜇1,⋯ , 𝜇𝜇𝑖𝑖 − 3�𝜆𝜆𝑖𝑖,⋯ , 𝜇𝜇𝑁𝑁� 

[𝑉𝑉𝑖𝑖]2 = �𝜇𝜇1,⋯ , 𝜇𝜇𝑖𝑖 − 1.5�𝜆𝜆𝑖𝑖,⋯ , 𝜇𝜇𝑁𝑁� 

[𝑉𝑉𝑖𝑖]3 = [𝜇𝜇1,⋯ , 𝜇𝜇𝑁𝑁] 

[𝑉𝑉𝑖𝑖]4 = �𝜇𝜇1,⋯ , 𝜇𝜇𝑖𝑖 + 1.5�𝜆𝜆𝑖𝑖,⋯ , 𝜇𝜇𝑁𝑁� 

[𝑉𝑉𝑖𝑖]5 = �𝜇𝜇1,⋯ , 𝜇𝜇𝑖𝑖 + 3�𝜆𝜆𝑖𝑖,⋯ , 𝜇𝜇𝑁𝑁� 

(5.12) 
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Thus, one sample point [𝑉𝑉𝑖𝑖]3 was the same for all of the input variables, while four of the 

sample points were specific for that input variable.  Thus, we used the 4N+1 sampling scheme 

with 45 sample points.  The values for each random input variable are provided in Table 12.  Let 

𝑌𝑌𝑖𝑖𝑖𝑖 be the system response at sample point [𝑉𝑉𝑖𝑖]𝑗𝑗. 

 

Table 12 The values for each random input variable used for the sample points 

Variable i 𝜇𝜇𝑖𝑖−3�𝜆𝜆𝑖𝑖 𝜇𝜇𝑖𝑖−1. 5�𝜆𝜆𝑖𝑖 𝜇𝜇𝑖𝑖 𝜇𝜇𝑖𝑖+1.5�𝜆𝜆𝑖𝑖 𝜇𝜇𝑖𝑖+3�𝜆𝜆𝑖𝑖 

X1 0.297 0.298 0.300 0.302 0.303 

X2 0.595 0.620 0.645 0.670 0.695 

X3 20.05 21.17 22.28 23.39 24.51 

X4 0.324 0.342 0.360 0.378 0.396 

X5 −0.022T+39.33 −0.022T+41.52 −0.022T+43.70 −0.022T+45.89 −0.022T+48.07 

X6 23.83 24.45 25.08 25.71 26.33 

X7 7.760 8.730 9.700 10.67 11.64 

X8 3.44 3.80 4.15 4.50 4.86 

X9 24.65 25.30 25.95 26.60 27.25 

X10 15.57 16.95 18.32 19.69 21.07 

X11 0.4548 0.4647 0.4734 0.4817 0.4898 
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Step 6 

After the sample points were determined, we used the values of the material properties and 

geometries (X1 to X11) as inputs to the FEA model, and we simulated the temperature cycling 

profile shown in Figure 28.  The simulation was performed at the 45 sample points to get the 

corresponding strain energy densities.  After the simulation runs, we calculated the strain energy 

density via the accumulation of Cycle 4 and the volume-weighted averaging technique [17], which 

used 9% of the solder joint volume to get the average strain energy density, as shown in Figure 29. 

These strain energy densities were the system responses for the EDR method addressed in the next 

step. 

 

 

Figure 28 Temperature cycling profile 
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Figure 29 Fraction of the solder joint volume 

 

Step 7 

After obtaining the system responses from the simulations of the sample points, we employed 

the EDR method to calculate the statistical moments of the distribution of system response and 

then built the PDF of the system response by probability estimation methods, including the method 

of moments and Pearson system. 

 

Let 𝐸𝐸{ } symbol be the expectation operator, and let, 𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁 be the N input variables.  

Let 𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁) be the system response.  Let 𝑓𝑓𝑋𝑋1,⋯,𝑋𝑋𝑁𝑁(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁) be the joint PDF of the input 

variables.  In general, the m-th order statistical moment of a distribution can be written as Equation 

(5.13), but this can be calculated using Equation (5.14) and the recursion shown in Equation (5.15) 

[51],[72]. 
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 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)]𝑚𝑚} ≡ � ⋯ � {𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)}𝑚𝑚𝑓𝑓𝑋𝑋1,⋯,𝑋𝑋𝑁𝑁(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)𝑑𝑑𝑋𝑋1⋯𝑑𝑑𝑋𝑋𝑁𝑁

+∞

−∞

+∞

−∞

 (5.13) 

   

 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)]𝑚𝑚} = �
𝑚𝑚!

𝑖𝑖! (𝑚𝑚− 𝑖𝑖)!

𝑚𝑚

𝑖𝑖=0

𝑆𝑆𝑁𝑁𝑖𝑖 [−(𝑁𝑁 − 1) × 𝑌𝑌(𝜇𝜇1,⋯𝜇𝜇𝑁𝑁)]𝑚𝑚−𝑖𝑖 (5.14) 

 
 

 
 

 𝑆𝑆1𝑖𝑖 = � {𝑌𝑌(𝑋𝑋1, 𝜇𝜇2,⋯ , 𝜇𝜇𝑁𝑁)}𝑖𝑖 × 𝑓𝑓𝑋𝑋1,⋯,𝑋𝑋𝑁𝑁(𝑋𝑋1|𝑋𝑋2 = 𝜇𝜇2,⋯ ,𝑋𝑋𝑁𝑁 = 𝜇𝜇𝑁𝑁)𝑑𝑑𝑋𝑋1

+∞

−∞

 

𝑆𝑆𝑗𝑗𝑖𝑖 = �
𝑖𝑖!

𝑘𝑘! (𝑖𝑖 − 𝑘𝑘)!
𝑆𝑆𝑗𝑗−1𝑘𝑘

𝑖𝑖

𝑘𝑘=0

� �𝑌𝑌�𝜇𝜇1,⋯ , 𝜇𝜇𝑗𝑗−1,𝑋𝑋𝑗𝑗 , 𝜇𝜇𝑗𝑗+1,⋯𝜇𝜇𝑁𝑁��
𝑖𝑖−𝑘𝑘

+∞

−∞

  

          × 𝑓𝑓𝑋𝑋1,⋯,𝑋𝑋𝑁𝑁�𝑋𝑋𝑗𝑗|𝑋𝑋1 = 𝜇𝜇1,⋯ ,𝑋𝑋𝑗𝑗−1 = 𝜇𝜇𝑗𝑗−1,𝑋𝑋𝑗𝑗+1 = 𝜇𝜇𝑗𝑗+1,⋯ ,𝑋𝑋𝑁𝑁 = 𝜇𝜇𝑁𝑁�𝑑𝑑𝑋𝑋𝑗𝑗 

𝑆𝑆𝑁𝑁𝑖𝑖 = �
𝑖𝑖!

𝑘𝑘! (𝑖𝑖 − 𝑘𝑘)!
𝑆𝑆𝑁𝑁−1𝑘𝑘

𝑖𝑖

𝑘𝑘=0

� {𝑌𝑌(𝜇𝜇1,⋯𝑋𝑋𝑁𝑁)}𝑖𝑖−𝑘𝑘
+∞

−∞

 

           × 𝑓𝑓𝑋𝑋1,⋯,𝑋𝑋𝑁𝑁(𝑋𝑋𝑁𝑁|𝑋𝑋1 = 𝜇𝜇1,⋯ ,𝑋𝑋𝑁𝑁−1 = 𝜇𝜇𝑁𝑁−1)𝑑𝑑𝑋𝑋𝑁𝑁 

(5.15) 

 

From Equation (5.13) to (5.14), many assumptions were made to deal with the multi-

dimensional challenge in Equation (5.13). First, Rahman and Xu [74] decomposed the multi-

dimensional response function 𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁) into several one-dimensional functions, as shown in 
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Equation (5.16). Second, the binomial formula can be applied to Equation (5.16) to approximate 

Equation (5.13) and then obtain Equation (5.14). 

 

 𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁) ≈�𝑌𝑌�𝜇𝜇1,⋯ , 𝜇𝜇𝑗𝑗−1,𝑋𝑋𝑗𝑗, 𝜇𝜇𝑗𝑗+1,⋯ , 𝜇𝜇𝑁𝑁�
𝑁𝑁

𝑗𝑗=1

− (𝑁𝑁 − 1) ∙ 𝑌𝑌(𝜇𝜇1,⋯ , 𝜇𝜇𝑁𝑁) (5.16) 

 

We then used Equation (5.17) to approximate the one-dimensional integrations shown in 

Equation (5.15). As shown in Figure 30, the blue curve was the PDF of X7 input variable. The area 

under the X7 PDF can be approximated with the yellow blocks, which were the weights at each 

integration points. Let 𝑤𝑤𝑗𝑗𝑗𝑗 be the weight used at integration point 𝑥𝑥𝑗𝑗,𝑖𝑖.  Let 𝑥𝑥𝑗𝑗,𝑖𝑖 be the ith integration 

point of the jth input variable, and the 𝑤𝑤𝑗𝑗,𝑖𝑖 was the ith weight to approximate the area under 𝑋𝑋𝑗𝑗 PDF 

from �𝑥𝑥𝑗𝑗,𝑖𝑖 −
�𝑥𝑥𝑗𝑗,𝑖𝑖−𝑥𝑥𝑗𝑗,𝑖𝑖−1�

2
� to �𝑥𝑥𝑗𝑗,𝑖𝑖 +

�𝑥𝑥𝑗𝑗,𝑖𝑖+1−𝑥𝑥𝑗𝑗,𝑖𝑖�
2

�.  In this study, we employed 21 integration points 

according to Youn et al.’s study [72], which discussed several nonlinear system response cases. 

The 21 integration points were assumed to be able to handle the strain energy density in this study. 

 

In Figure 30, the red curve was the system response, which was the strain energy density, at 

X7 direction. 𝑌𝑌(𝜇𝜇1,⋯ , 𝜇𝜇𝑗𝑗−1, 𝑥𝑥𝑗𝑗,𝑖𝑖, 𝜇𝜇𝑗𝑗+1,⋯ , 𝜇𝜇𝑁𝑁) was the system response at the 𝑥𝑥𝑗𝑗,𝑖𝑖 integration point 

with the means of the other input variables, as shown as black cross. The system response at EDR 

4N+1 sample point was indicated as green dot. 
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Let 𝑔𝑔𝑗𝑗(𝑋𝑋𝑗𝑗) be the marginal distribution of 𝑋𝑋𝑗𝑗 when the other input variables were fixed at 

their means, which was the blue curve in Figure 30. Therefore, Equation (5.17) was actually 

approximating the products between the blue curve and red curve with the black cross and yellow 

blocks. 

 

 

𝑔𝑔𝑗𝑗�𝑋𝑋𝑗𝑗� = 𝑓𝑓𝑋𝑋1,⋯,𝑋𝑋𝑁𝑁�𝑋𝑋𝑗𝑗|𝑋𝑋1 = 𝜇𝜇1,⋯ ,𝑋𝑋𝑗𝑗−1 = 𝜇𝜇𝑗𝑗−1,𝑋𝑋𝑗𝑗+1 = 𝜇𝜇𝑗𝑗+1,⋯ ,𝑋𝑋𝑁𝑁 = 𝜇𝜇𝑁𝑁� 

� �𝑌𝑌�𝜇𝜇1,⋯ , 𝜇𝜇𝑗𝑗−1,𝑋𝑋𝑗𝑗, 𝜇𝜇𝑗𝑗+1,⋯𝜇𝜇𝑁𝑁��
𝑟𝑟
𝑔𝑔𝑗𝑗�𝑋𝑋𝑗𝑗�𝑑𝑑𝑋𝑋𝑗𝑗

+∞

−∞

 

≅�𝑤𝑤𝑗𝑗,𝑖𝑖�𝑌𝑌(𝜇𝜇1,⋯ , 𝜇𝜇𝑗𝑗−1, 𝑥𝑥𝑗𝑗,𝑖𝑖, 𝜇𝜇𝑗𝑗+1,⋯ , 𝜇𝜇𝑁𝑁)�
𝑟𝑟

𝑛𝑛

𝑖𝑖=1

 

(5.17) 

 

While conducting the one-dimensional integration approximation, the EDR method can 

maintain the accuracy and reduce the number of FEA simulations under two major assumptions. 

First, the sampling scheme (4N+1 or 2N+1) proposed by the EDR method can handle the statistical 

correlation and variation of the input variables. As shown in Figure 30, the PDF value of X7 input 

variable becomes extreme low when the value of X7 is greater than X7 ± 3�𝜆𝜆7. This situation 

actually significantly lessens their impact while performing the one-dimensional integration 

approximation. Second, five sampling points (4N+1 scheme) are required when the system 

response is tremendously nonlinear within X7 ± 3�𝜆𝜆7 range because more sampling points are 

necessary to catch the nonlinear behavior of the system response. 
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Figure 30 Integration points and weights for 1-D numerical integration for X7 variable 

 

Step 8 

These statistical moments were then used to determine the measures of the PDF of system 

response, including the mean (µ), standard deviation (σ), skewness (β1), and kurtosis (β2), using 

Equations (5.18) to (5.21) [75]. The relationship between these four measures and a distribution 

was sketched in Figure 31. 
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 𝜇𝜇 = 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)]} (5.18) 

 𝜎𝜎 = 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)− 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)]}]2}1/2 (5.19) 

 
𝛽𝛽1 =

𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁) − 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)]}]3}
𝜎𝜎3

 
(5.20) 

 
𝛽𝛽2 =

𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁) − 𝐸𝐸{[𝑌𝑌(𝑋𝑋1,⋯ ,𝑋𝑋𝑁𝑁)]}]4}
𝜎𝜎4

 
(5.21) 

 

 

Figure 31 A sketch of the measures of a distribution 

 

Step 9 

We then calculated the following quantities (Equation 5.22) that are needed to specify the 

PDF of the system response using the Pearson system [76]: 
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 𝑐𝑐0 = (4𝛽𝛽2 − 3𝛽𝛽12)(10𝛽𝛽2 − 12𝛽𝛽12 − 18)−1𝜎𝜎2 

𝑐𝑐1 = 𝛽𝛽1(𝛽𝛽2 + 3)(10𝛽𝛽2 − 12𝛽𝛽12 − 18)−1𝜎𝜎 

𝑐𝑐2 = (2𝛽𝛽2 − 3𝛽𝛽12 − 6)(10𝛽𝛽2 − 12𝛽𝛽12 − 18)−1 

𝑎𝑎 = 𝑐𝑐1 

(5.22) 

 

We then solved the differential equation (Equation 5.23) to determine the PDF of Y, the 

system response. There was no single solution for this differential equation because the solution, 

p(Y), depended on the values of 𝑎𝑎, 𝑐𝑐0, 𝑐𝑐1, 𝑐𝑐2, and the roots of 𝑐𝑐0 + 𝑐𝑐1𝑌𝑌 + 𝑐𝑐2𝑌𝑌2. 

 

 

 
1

𝑝𝑝(𝑌𝑌)
𝑑𝑑𝑑𝑑(𝑌𝑌)
𝑑𝑑𝑑𝑑

= −
𝑎𝑎 + 𝑌𝑌

𝑐𝑐0 + 𝑐𝑐1𝑌𝑌 + 𝑐𝑐2𝑌𝑌2
 (5.23) 

 

For example, when 𝑐𝑐1 = 𝑐𝑐2 = 0, the Pearson distribution was Type 0, which was Normal 

distribution. The solution p(Y) was listed in Equation (5.24), where 𝑐𝑐0 must be positive, and K = 

�2𝜋𝜋𝑐𝑐0 to make ∫ 𝑝𝑝(𝑌𝑌)𝑑𝑑𝑑𝑑 = 1+∞
−∞ . 

 

 𝑝𝑝(𝑌𝑌) = 𝐾𝐾 × 𝑒𝑒𝑒𝑒𝑒𝑒 �−
(𝑌𝑌 + 𝑎𝑎)2

2𝑐𝑐0
� (5.24) 

 



 

 

80 

 

On the other hand, when 𝑐𝑐1 ≠ 0, but 𝑐𝑐2 = 0, the distribution was Pearson Type Ⅲ, which was 

Gamma distribution. The solution p(Y) was listed in Equation (5.25), where 𝑚𝑚 =  𝑐𝑐1−1(𝑐𝑐0𝑐𝑐1−1 −

𝑎𝑎), and K was the constant to make ∫ 𝑝𝑝(𝑌𝑌)𝑑𝑑𝑑𝑑 = 1+∞
−∞ . If 𝑐𝑐1 > 0, the range of Y was Y > − 𝑐𝑐0/𝑐𝑐1. 

If 𝑐𝑐1 < 0, the range of Y was Y < − 𝑐𝑐0/𝑐𝑐1. 

 

 𝑝𝑝(𝑌𝑌) = 𝐾𝐾 × (𝑐𝑐0 + 𝑐𝑐1𝑥𝑥)𝑚𝑚 × 𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝑥𝑥
𝑐𝑐1
� (5.25) 

 

Note that the Pearson system assumes that the mean of the PDF equals 0, so we shifted the 

distribution to the mean µ after determining the solution p(Y). 

In order to tell the contribution of the input variable uncertainties on the final system response. 

Three different uncertainty scenarios were performed. The first scenario included the uncertainties 

of all input variables (X1 to X11). The second scenario considered the uncertainties related to solder 

joint (X1 to X5), and the third scenario incorporated the uncertainties that were not related to solder 

joint (X6 to X11). While performing the uncertainty scenario comparison, Step 2 to Step 9 were 

repeated for each scenario. 

5.3 Results 

The system responses at the 45 sample points are shown in Table 13.  After obtaining these, 

we determined the statistical moments as well as the µ, σ, β1, and β2 using the equations described 

in Section 2. Among the eleven uncertain input variables, X2, X7 and X10 exhibited large 

contributions on the system response along their eigenvector directions. 
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Table 13 The system responses at the sample points.  Note that all of the values for 𝑌𝑌𝑖𝑖3 are from 

the same sample point, where every variable equals its mean. 

Variable i 𝑌𝑌𝑖𝑖1 𝑌𝑌𝑖𝑖2 𝑌𝑌𝑖𝑖3 𝑌𝑌𝑖𝑖4 𝑌𝑌𝑖𝑖5 

X1 0.4766 0.4757 0.4734 0.4717 0.4710 

X2 0.5556 0.5119 0.4734 0.4409 0.4128 

X3 0.4275 0.4503 0.4734 0.4979 0.5226 

X4 0.4724 0.4732 0.4734 0.4742 0.4750 

X5 0.4697 0.4717 0.4734 0.4757 0.4768 

X6 0.4600 0.4667 0.4734 0.4806 0.4869 

X7 0.6875 0.5758 0.4734 0.3830 0.3021 

X8 0.4257 0.4506 0.4734 0.4954 0.5153 

X9 0.4656 0.4696 0.4734 0.4778 0.4813 

X10 0.2982 0.3769 0.4734 0.5910 0.7282 

X11 0.4548 0.4647 0.4734 0.4817 0.4898 

 

As shown in Table 14, the results of each uncertainty scenario yielded different distributions 

for the system response.  The values of (𝛽𝛽1)2, 𝛽𝛽2, 𝑐𝑐0, 𝑐𝑐1, and 𝑐𝑐2 were used to determine the type 

of distribution of the Pearson system. Johnson et al. [76] described the detailed criteria on 

categorizing the types of Pearson system. 
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Table 14 Summary of distribution characteristics with various uncertainty scenarios 

Uncertainties 𝜇𝜇 𝜎𝜎 (𝛽𝛽1)2 𝛽𝛽2 𝑐𝑐0 𝑐𝑐1 𝑐𝑐2 
PDF 

type 

All 0.4832 0.1010 0.0385 3.0606 0.0102 0.0099 0.0005 Type Ⅲ 

Exclude 

solder-

related 

0.4808 0.0978 0.0457 3.0689 0.0096 0.0104 0.0001 Type Ⅲ 

Exclude   

non-solder 
0.4758 0.0254 0.0211 3.0372 0.0006 0.0008 0.0009 Type 0 

 

 

Figure 32 shows the PDF of the system response for the three uncertainty scenarios.  The 

uncertainties of the solder-related uncertain input variables made little contribution to the 

distribution of the overall system response. On the contrary, the uncertainties of the non-solder 

uncertain input variables, especially X7 and X10 (CTE-related), took major contribution to the 

overall distribution of the system response. We were not surprised with the results because the 

CTE mismatch was considered as the major contributor of solder joint failure. 
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Figure 32 PDF comparison of system response with various uncertainty scenarios 

 

In order to have a more consistent comparison of the system response and prepare for the 

CTF conversion, the cumulative distribution functions (CDFs) of the system responses were 

presented in Figure 33 by taking the integral of the PDF in Figure 32. The strain energy densities 

of CDF 10%, 50%, and 90% were calculate from comparison between the three uncertainty 

scenarios. 
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Figure 33 CDF comparison of system response with various uncertainty scenarios 

 

Finally, we converted the strain energy density to the cycles to failure (CTF) by applying 

different low-cycle energy-based fatigue models, as shown in Figure 34. For the CTF conversion, 

only the CDF of all uncertainties was performed because it contained the uncertainties of all the 

uncertain input variables. Three low-cycle energy-based fatigue models were selected for 

comparison, and their assumptions and constants of fatigue model were summarized in Table 15. 

 



 

 

85 

 

 

Figure 34 CDF of the cycles to failure (characteristic life) with the conversion of various fatigue 

models 

 

The difference between the CDFs of these three fatigue models were quantified by taking the 

CDF ratio at 0.1, 0.5, and 0.9. As shown in Figure 34, the cycle difference between Zhang et al. 

[11] and Schubert et al. [6] increased from 610 to 800 when the CDF ratio rose from 0.1 to 0.9. 

The differences between the fatigue models came from the model constants, which were decided 

by curve fitting with the field failure data and simulation strain energy density. The major factors 

that caused the simulated strain energy density variation between the three fatigue models were 

the type of strain energy density, the volume-weighted amount, and the cycle accumulation. The 

major difference from the field failure data was the life of prediction, including mean life (N50%) 

and characteristic life (N63.2%). The assumptions employed in Zhang et al.’s study [11] fitted the 

assumptions in this study most. Therefore, the characteristic life CDF of Zhang et al. [11] was 

used for the subsequent discussions. 
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Table 15 Assumptions and constants of three selected fatigue models 

Prior 

studies 

Strain 

energy 

density 

Volume-

weighted 

amount 

Cycle 

accumulation 

Fatigue 

coefficient 

Fatigue 

exponent 

Fatigue 

life 

prediction 

Schubert et 

al. [6] 
Viscoplastic 100% Not specified 3.30×10-3 −1.02 N63.2% 

Sun et al. 

[10] 
Creep 9.3% Not specified  4.38×10-8 −0.39 N63.2% 

Zhang et 

al. [11] 
Viscoplastic 5% Cycle 3 1.69×10-4 −0.77 N63.2% 

 

5.4 Discussion 

The distribution of cycles to failure can be modeled with a two-parameter Weibull CDF, as 

shown in Equation (5.26), where η is the scale parameter or characteristic life, and β is the shape 

parameter. Once the η and β are given, the CDF of the cycles to failure is determined.  The CDF 

of characteristic life (presented in Section 4) is actually the distribution of η itself.  By taking the 

CDF ratio of 0.1, 0.5, and 0.9, the variation of η can be defined, which are 1169, 1412, and 1776 

cycles, respectively. Moreover, the failure mechanism of the BGA type component has been 

recognized as wear-out mechanism, which implies that β > 1.  As shown in previous work, the 

variation of β is between 1 and 15 [6],[10],[11].  Therefore, β is chosen to be 1.5, 5, and 10 in this 
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study. The combinations of η and β values exhibit the distribution of the cycles to failure CDF of 

the solder joint between the BGA component and the PCB. Figure 35 to Figure 37 demonstrate 

the distributions. 

 

 𝐹𝐹(𝑡𝑡) = 1 − 𝑒𝑒−�
𝑡𝑡
𝜂𝜂�
𝛽𝛽

 (5.26) 

 

For CDF ratio 0.1, the cycles increase when β rises from 1.5 to 10 no matter the η value is. 

This phenomenon indicates that higher failure rate situation (larger β) needs more cycles to 

cumulate 10% of failures, which is interesting because higher failure rate usually takes less cycles 

to achieve the same CDF ratio. 

For CDF ratio 0.5, the cycles increment makes small effect (< 5%) after β is greater than 5, 

which means β doesn’t play a key role while estimating the 50% failures of the solder joints. On 

the contrary, the η value makes larger differences on the cycles to failure when CDF ratio is 0.5, 

and the difference becomes larger when the β increases to 10. 

For CDF ratio 0.9, the cycles to failure decreases when the β increases to 10 for all three η 

values. This fact meets with general agreement of the failure rate understanding. However, the 

decrement slowly decreases with the increasing β value, and the difference between β = 5 and β = 

10 is less than 8%. 

In the end, the tendency of cycles to failure changes depending on the CDF ratio. To have a 

reliable estimation on the cycles to failure, people need to know their goal, such as 10%, 50%, or 

90% failures. According to the goal, the η and β values can play a different role. The evaluation 



 

 

88 

 

on the β value is also critical because the β value can make significant impact on the cycles to 

failure. For instance, the change of the cycles is the highest from β = 1.5 to β = 5 for all CDF ratios. 

 

 

Figure 35 Cycles to failure CDF distributions (β = 1.5) 

 

 

 

Figure 36 Cycles to failure CDF distributions (β = 5) 

 



 

 

89 

 

 

Figure 37 Cycles to failure CDF distributions (β = 10) 

 

 

To visualize the impact of the uncertainty on the distribution of the cycles to failure, four 

different uncertainty scenarios were selected, and the results are shown in Figure 38. 

 

In Case A, the CDF 0.5 value of ∆𝑊𝑊  was used and converted to η with Chen et al.’s 

viscoplastic model [4]. The β value was chosen to be 1.5. In Case B, the CDF 0.1 and 0.9 values 

of ∆𝑊𝑊 were converted into η values. The fatigue model and β value remained the same as the 

values in Case A. In Case C, the β values were selected to be 1.5, 5, and 10. The others remained 

the same as the ones in Case B. The CDF curve with the same β value exhibited the same color. 

In Case D, the fatigue models were chosen to be the seven of nine published models. The other 

remained the same as the ones in Case C. The CDF curves from the same fatigue model showed 

the same color. 
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For each uncertainty scenario (Case A to Case D), the estimation on the mean life (N50%) or 

characteristic life (N63.2%) distribution is straightforward. The CDF ratio 0.5 and 0.632 indicate 

the mean life and characteristic life, respectively. For Case A, the estimation is a single value. For 

Case B, the estimation is the interval between the two lines. For Case C, the estimations include 

three separate intervals from the three pairs of lines. For Case D, the estimations will combine 21 

separate intervals from all the 21 pairs of lines (three different β values multiplied by seven low-

cycle energy-based fatigue models). 

 

Case A: One ∆𝑊𝑊 value, one fatigue model, and one value of β 

Case B: Distribution of ∆𝑊𝑊, one fatigue model, and one value of β 

Case C: Distribution of ∆𝑊𝑊, one fatigue model, and range of β 

Case D: Distribution of ∆𝑊𝑊, multiple fatigue models, and range of β 
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Figure 38 Case studies for various uncertainty scenarios. Case A: One ∆W value, one fatigue 

model, and one value of β. Case B: Distribution of ∆W, one fatigue model, and one value of β. 

Case C: Distribution of ∆W, one fatigue model, and range of β. The colors mean different β values. 

Case D: Distribution of ∆W, multiple fatigue model, and range of β. The colors mean different 

fatigue models. 

 

5.5 Summary 

This chapter demonstrated the interval estimation of the cycles to failure distribution of solder 

joints between the ball grid array (BGA) component and printed circuit board (PCB) by using the 

eigenvector dimension reduction (EDR) method and FEA simulation tool. The eleven uncertain 

input variables were first determined via basic mechanics theory, and then the distribution of the 
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strain energy density accumulation was determined as the system response by employing the EDR 

method. Due to the consideration of fatigue life prediction, we selected specific fatigue models, 

which predicted characteristic life (N63.2%) of the cycles to failure, to convert the strain energy 

density to cycles to failure and obtained the distribution of the characteristic life. The cumulative 

distribution function (CDF) ratio of 0.1, 0.5, and 0.9 were used to get the interval of characteristic 

life, which was the scale parameter η for a two-parameter Weibull distribution. Combining with 

different scenarios of β values, the distributions of the cycles to failure CDFs were presented in 

the end. 

From the uncertainty propagation perspective, the uncertainties related to solder joint (X1 to 

X5) made little contribution to the uncertainty of system response. On the contrary, the 

uncertainties that not related to solder joint (X6 to X11) had significant effect on the overall 

uncertainty. This suggests that the coefficient of thermal expansion (CTE) mismatch was a critical 

factor for BGA assembly failures. While converting to cycles, different fatigue models exhibited 

different CDFs for the cycles to failure. Therefore, understanding the underlying assumptions of 

the fatigue model was supreme before using them. We suggested choosing the fatigue model with 

closet assumptions to your own study. 

For predicting the distribution of the fatigue life of the solder joint, we obtained the interval 

of characteristic life from the distribution of the system response, which was converted to cycles 

to failure as well. Combining the selected shape parameter values, the CDF distributions of the 

fatigue life of solder joint were determined. For different CDF ratios, the cumulated failures were 

affected by the shape parameter in different ways. For example, for CDF ratio 0.1, the cycles to 

failure showed the same trend with the shape parameter, whereas for CDF ratio 0.9, the trend was 
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opposite. Hence, knowing the information of the shape parameter can help to narrow down the 

estimation interval of the fatigue life. 

Knowing which variables contribute the most to the uncertainty about the characteristic life 

can guide efforts to reduce this uncertainty.  In particular, the firm should emphasize reducing the 

variability of the input variables that have the most impact.  Characterizing the uncertainty about 

the characteristic life can also guide solder material selection decisions. 
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Chapter 6:  Contributions and Future Work 

This chapter is organized as follows. In Section 6.1, we provide the conclusions of this 

dissertation. The contributions of this dissertation are demonstrated in Section 6.2. Future work is 

pointed out in Section 6.3. 

6.1 Overview 

To answer the first research question, we compared and summarized nine published low-

cycle energy-based fatigue models for the durability of solder joint. We found that the divergence 

of these low-cycle fatigue models came from the last step of FEA simulation, which was the step 

of determining strain energy density. This step can be affected by strain energy density type, 

volume-weighted amount, and cycle accumulation, which are different among the low-cycle 

fatigue model studies. 

To answer the second research question, adjustment is necessary before comparing the low-

cycle fatigue models. After adjusting the inconsistency of the strain energy density methods, seven 

of the nine low-cycle fatigue models exhibited excellent consistency around 1 mJ/mm3 strain 

energy density, and it’s suitable for various solder materials and components. The remaining two 

low-cycle fatigue models still showed large divergence after the adjustment because of three major 

factors. Frist, these two models only had three data points, which were lager than1 mJ/mm3 and 

some of them were larger than 5 mJ/mm3. Second, their strain energy density range was smaller 

than the range of the values in the other studies. Third, these two deviated fatigue models did not 

apply volume-weighted averaging technique for calculating the strain energy density, but used the 
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maximum value from a single element. These three factors caused large deviation while curve 

fitting, and it cannot be improved by our adjustment methods. 

To answer the third research question, we applied eigenvector dimension reduction (EDR) 

method for uncertainty propagation analysis for the ball grid array (BGA) component and printed 

circuit board (PCB) application. The EDR method significantly reduced the amount of FEA 

simulation while considering 11 uncertain input variables, and exhibited the uncertainty of the 

system response, which was the strain energy density accumulation. The contribution of the 

uncertain input variables on the system response was also studied, and we found the input variables 

that not related to solder joint made significant impact.  These input variables were related to the 

component and the printed circuit board, especially for the coefficient of thermal expansion. 

To answer the fourth research question, we compared the FEA simulation runs among the 

EDR method and response surface method (RSM), and Monte Carlo simulation. The EDR method 

showed excellent efficiency on performing the uncertainty propagation for the solder joint under 

temperature cycling. We obtained the distribution of the characteristic life (N63.2%) by putting 

the strain energy density value in the selected fatigue model. In the end, the distribution of 

cumulative distribution function (CDF) of the cycles to failure of the studied solder joint can be 

determined by incorporating various uncertainty sources. 
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6.2 Contributions 

We developed an innovative approach for clustering and comparing the consistency of the 

published low-cycle energy-based fatigue models with meta-analysis techniques and FEA 

simulation. First, the results pointed out these low-cycle energy-based fatigue models were suitable 

for predicting the fatigue life of a solder joint with various lead-free solder materials, components, 

and PCBs. Second, we believe the acceptable divergence among the seven of nine models was 

caused during the curve fitting procedure between the field data and simulation results in each 

study. The adjusted results from the other two models were not consistent with the results from 

the other models, however, due to their studied strain energy density range, the number of data 

points for curve fitting, and not using the volume-weighted averaging technique for strain energy 

density calculation. These results and findings can be treated as the precaution while employing 

the selected fatigue models or building a new low-cycle energy-based fatigue model for the 

engineers. Third, this approach created a new technique for the engineers to evaluate other type of 

fatigue model from many of the published studies. The evaluation process should be quite similar. 

We created a new uncertainty propagation approach that included meta-analysis techniques, 

prior information collection, strain energy density adjustment, mean life/characteristic life 

conversion, and EDR method. First, this new uncertainty propagation approach can distinguish a 

variety of uncertain factors, such as geometry, material property, constitutive law, simulation 

method, and fatigue model. The uncertain factors can be quantified as separate distributions and 

are affected by prior information and simulation results. Second, the uncertainties came from the 

component and PCB dominated the final system uncertainty while evaluating the solder joint 

durability under temperature cycling. This finding actually lessens the importance of the prior 
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information of solder materials. Third, our new approach saves sufficient computational costs by 

only running 4N+1 or 2N+1 (if the response is most linear) FEA simulations, where N is the 

number of uncertain input variables. The engineers can then estimate the uncertainty of the solder 

joint durability efficiently. 

6.3 Future Work 

One possible future direction is to explore the external validity of our method for various 

components with temperature cycling situations. Some of the published studies actually provide 

the information of cycles to failure (data points in Weibull plot) for specific components (strain 

energy density value).  By utilizing the methods in this dissertation, the distribution of the CDF of 

solder joint failure can be estimated and then compared to the field data points. The experiments 

can be conducted with various values of the shape parameter to observe the relationships between 

our predicted CDF distribution and the field data points. 

Another possible future work is to apply the methodology in this dissertation for other type 

of fatigue model (i.e. crack growth) or other failure mechanisms, such as high-cycle fatigue. By 

doing the first one, we can conduct the cross comparison between different types of fatigue models. 

There are many published studies (separate yet related) on different failure mechanisms of the 

solder joint. While conducting the second one, we expect to generate new and interesting findings 

for these specific failure mechanisms as well. 
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