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It is of great interest for the metal casting industry to understand the physics associated
with the pouring of highly oxidative liquid metals, such as steel or aluminum alloys, to re-
duce dross formation for improved production quality. The most common approach for the
prediction and control of dross formation currently practiced in the industry is trial and er-
ror, which usually results in excessive waste of material and energy, as well as degradation
in product quality. Therefore, it is important to develop more reliable and systematic design
tools to predict and control the formation and transport of dross. The ultimate objective is
to develop high-fidelity direct numerical simulation tools, which can model the complete
behavior of the pouring process, including the formation of dross and its interactions with
the surrounding fluid.

As a first step towards that end, a multidimensional direct numerical simulation method-
ology is developed to model the dynamics of deformable elastic solids immersed in an in-

compressible viscous fluid. In this approach, the solid domain is represented by a signed



distance function that is defined on a fixed and uniform Cartesian grid. The strain field asso-
ciated with the solid domain is tracked using a set of three reference level set functions that
form a dynamic grid which allows the solid deformation to be determined with reference
to the fixed underlying Cartesian grid. The initial state of the dynamic grid coincides with
the Cartesian grid, representing the unstressed equilibrium state of the solid. The defor-
mation gradient tensor is formed by comparing the reference level sets with the underlying
Cartesian grid. A finite-strain constitutive model for hyper-elastic, Neo-Hookean materi-
als is used to relate the deformation gradient tensor to the solid stress tensor. Due to the
modular nature of the formulation, other material models can be incorporated in a straight-
forward manner. The divergence of the stress tensor is added to the momentum equation
to represent the solid stress as a source term only in the solid region. The jump in nor-
mal stress across the solid-fluid boundary is captured implicitly by creating a finite width
solid-fluid boundary across which the respective material stresses are smoothly blended
together using a continuous Heaviside function. In order to ensure a smooth continuation
of the stress fields in the blended boundary region, an improved extrapolation methodol-
ogy is developed to propagate the dynamic grid from the solid to the fluid domain using
Hamilton-Jacobi and topology projection strategies for reinitializing the solid level set in-
dicator field to a signed distance function. In contrast to Lagrangian-Eulerian methods for
immersed elastic solids, our methodology results in a unified formulation, where a single
Poisson equation needs to be solved to obtain pressures and velocities within both the solid
and the fluid domains. The implementation has been embedded within the FLASH 4 solver
framework to enable scalable parallel computations using HYPRE with an algebraic multi-
grid solver. We demonstrate the accuracy of the numerical implementation in comparison
with Lagrangian-Eulerian methods using canonical test cases. We also demonstrate that

the methodology is robust and easy to extend to the axisymmetric and 3-D domains.
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Chapter 1: Introduction

1.1 Overview

Metals and alloys are usually found in the liquid state during their production processes.
These liquid metals are usually highly oxidative and will react with oxygen in the air almost
instantly to form a thin oxide film at the interface. During the filling process, the liquid
metal is generally poured into the mold using the conventional top filling method, which is
widely used in the industry due to its high flow rate owing to the gravity driven nature of the
process. However, the impingement of the liquid jet on the free surface at high velocities
may lead to the formation of cavities. When such cavities collapse, pieces of the oxide film
and dross are entrained into the liquid metal along with air and become lodged as impurities
in the solidified metal in the form of bubble trails and cracklike defects. Such inclusions
can severely degrade the mechanical properties of the castings, creating a high risk of
catastrophic failure. [1]. Fig.[I.I] shows secondary electron images of the two opposing
surfaces of a tensile fracture, showing a young spinel doubled over bifilm opened along its
non-bonded dry central interface [2].

Although different filling techniques such as bottom filling and low pressure casting
have been developed to make the filling process as smooth as possible, it is still difficult to
completely avoid perturbing the free surface of the liquid metal and prevent air and oxide
film entrainment into the liquid metal [3]][4]. Furthermore, there are a number of physical

mechanisms related to the entrainment and impurity distribution that require a closer look.



Figure 1.1: Secondary electron images of the two opposing surfaces of a tensile fracture. [2]]

For example, the oxide film formed on the liquid metal jet can break up and tear due to
fluid shear and jet instabilities and plunge into the liquid pool. Accurate prediction of
such event can provide the necessary information regarding the prevention and mitigation
of this source of entrainment. Moreover, vortices generated by jet impingement can also
interact with the free surface and the entrained oxide film, potentially causing them to
deform, fracture and redistribute. In the metal casting industry, a significant effort is spent
on mitigating the entrainment using heuristic methods due to the lack of availability of
accurate and efficient tool. Motivated by this need, we seek to develop a suite of numerical
methods that can contribute toward the improvement of system level modeling of physical
mechanisms governing the casting processes described above.

In order to accurately model the various aspects of the casting process involving the
simultaneous flow of air, liquid metal, oxide films and dross, it is crucial to first carefully
model the underlying fundamental mechanisms associated with the interactions between
immersed deformable solids and the surrounding viscous incompressible flow. Accurate
numerical simulation of such interactions depends crucially upon capturing the correct

balance of viscous, elastic, inertial and gravitational forces created by the motion of the



immersed elastic solid within the surrounding fluid. While a number of numerical meth-
ods exist for modeling fluid-structure interactions for rigid solids, there is much less work
available for modeling the interactions between fluid and deformable solids. For example,
within commercial solvers, dross is represented by a passive scalar field that is advected
with the flow. The force exerted by the deformation of the solid on the fluid is not accounted
for. Currently, this technique is the most widely used entrainment defect prediction tool in
the metal casting industry. Yang et al. [5] used this method to represent oxide films and
to investigate the distribution of oxide film defects in the filling process of aluminium al-
loy castings. Based on the passive scalar method, Cao et al. [[6] proposed a formation rate
model taking into account the volume fraction of liquid metal, as well as the temperature
and oxide inclusion density. Reilly et al. [/] used a particle tracking method to investigate
oxide inclusion near the free surface with the Boolean logic criteria. Reilly et al. [[/] and
other researchers have pointed out a number of drawbacks of the cumulative scalar tech-
nique, which lacks models of film strength, buoyancy of the oxide film and adhesion to the
mould walls. Our approach is to develop direct numerical simulation methods to model
the two-way coupling in order to account for the influence of the motion of the deformable
oxide film on the surrounding fluid and vice versa. Towards that end, our ultimate goal is
to use direct numerical simulations to model in detail all the relevant physical mechanisms
for an accurate prediction of related to the dynamics of the oxide film including its motion,
rupture and entrainment.

Among the different conventional FSI methods, the non-body-fitted methods have gained
popularity over the past a few decades compared to body-fitted methods. By using a fixed
Cartesian mesh for Eulerian variables, a computationally expensive regeneration of the
mesh that conforms to solid boundary is avoided. The effect of solid body is introduced
into the fluid region in the vicinity of the solid boundary. These methods have high com-

putational efficiency and are compatible with high fidelity Direct Numerical Simulation



(DNS) solvers. Non-body-fitted methods can be further categorized as fully Lagrangian
method, Eulerian-Lagrangian method and fully Eulerian method. Traditionally, FSI prob-
lems are studied by Eulerian-Lagrangian methods, where the fluid is represented on a fixed
Eulerian mesh while the solid is tracked separately as a Lagrangian element. The coupling
between the two is achieved by periodically interpolating the fluid-solid interactions from
the Lagrangian markers to the fixed Eulerian grid and vice versa. The immersed boundary
methods on the other hand can be implemented in a fully Eulerian fashion and are also
widely used to model solid-fluid interactions interactions. The classical Immersed Bound-
ary (IB) method was first proposed by C.S. Peskin [8] to study flows around the flexible
leaflet of human heart valve. In this method, solid boundary is represented by a set of points
connected with springs which are moved by the fluid. As these solid points change their
locations, a force can be calculated by the constitutive law of the springs. The resultant
force field is used to represent the effect of the solid boundary. Other IB methods can be
classified as continuous forcing approach and discrete forcing approach [9]. In continuous
forcing approach, the forcing function is included into the RHS of the continuous govern-
ing equation for the fluid which applies to the entire domain. This method is not well suited
for flows with rigid boundaries because the constitutive laws used for elastic boundaries are
not well posed in the rigid limit. A large elastic constant can result in stability problems.
Peskin’s Immersed Boundary Method [[10] and the method of Bhalla et al. [[11] fall in this
category. In the discrete forcing approach, the governing equations are first discretized on
the Cartesian grid without regard of the IB. Then, the discretization in the cells near IB is
adjusted to account for the presence of the solid. Discrete forcing approach enables a sharp
representation of the immersed space that does not introduce any extra stability constraints
and does not need any arbitrary parameters in the forcing term. The methods proposed by
Taccarino and Verzicco [12] and Yang and Balaras [[13]] fall in this category. Among all the

different methods, we are interested in an approach that can avoid the difficulty of solving



different set of governing equations on two separate meshes, leads to a robust and effi-
cient implementation of solid-fluid interactions and accounts for solid deformation. Thus,
a method to solve a unified form of equations on Eulerian mesh is favorable. Previous
work has been done specifically on the interactions between fluid and deformable solid on
an Eulerian mesh. Zhao et al. [[14] has formulated a single set of equations of motion on a
fixed Eulerian mesh. Although this method only needs to solve one set of equations which
simplifies the problem, it requires an overlapping Lagrangian mesh to track solid deforma-
tion and compute elastic stresses. Exchange of information between Lagrangian mesh and
Eulerian mesh is needed to both advect the Lagrangian mesh and apply the calculated solid
stresses on the Eulerian mesh. He and Qiao [15] proposed a novel fully Eulerian method
that uses level sets to track solid deformation. The method avoids using the Lagrangian
mesh to further simplify the implementation even more. However, the advection of the
level set functions used to calculate the solid stress leads to stability issues caused by the
unphysical advection of the level sets outside the solid body. Valkov et al. [16] and Jain et
al. [17] use a reference-map technique (RMT) to track solid deformation.

In addition to appropriate numerical models, suitable material models are also impor-
tant for accurately describing the physics of the oxide film. Material properties of oxide-
coated gallium and eutectic gallium Indium were measured using rheometers equipped with
parallel plate geometries of different sizes [18]]. The authors noted the measured values of
the elastic modulus to be dependent on the radius of the plate geometry, which led them to
conclude that the observed elastic response originates within the oxide skin. When the sur-
face stress is less than the yield stress, surface stress is stored elastically in the oxide skin.
When the surface stress is greater than the yield stress, the oxide skin will yield, or flow.
These findings provide justification for the use of elastic materials to model the dynamical
behavior of oxide films. Thus stress-strain (strain rate) relationship of the oxide film can

be established by using elastic models for the solid oxide film. The Maxwell model (spring



and dash-pot in series) and the Kelvin (Voigt) Model (spring and dash-pot in parallel) are
the simplest models for viscoelastic materials. Other models are usually combinations of
Maxwell and Kelvin(Voigt) Model. For example, the Zener type of model [[19] was used to
study the interaction between a deformable elastic solid and a collapsing bubble.

In the present work, the focus is on modeling materials that are highly deformable
but not too soft. Therefore, a Neo-Hookean model for finite-strain elasticity is used for the
computation of elastic stresses. The Neo-Hookean model represents a complex hyperelastic
material with a non-linear stress strain relationship. It can be used to describe the elastic
response of materials when subjected to very large elastic strains. The structure of the
hyperelastic material is based on the statistical thermodynamic representation of cross-
linked polymer chains. It is deemed appropriate for modeling elastic materials with rubber-
like behavior and is also capable of capturing plastic deformations. Other constitutive laws,
such as those more specifically tuned for the rheology of dross and oxide films, can be
easily incorporated into our numerical formulation to interpret experiments in which such
materials are used.

In the context of casting processes, vortices generated by the plunging jet can produce
large deformations and high stresses in dross and oxide films, which may even lead to their
rupture and breakup. In order to accurately model the full chain of events, from the en-
trainment of dross and oxide films to their eventual breakup, fragmentation, and dispersal,
the numerical method needs to be robust and modular, in addition to possessing the at-
tributes of accuracy and computational efficiency. In this context, the level set formulation
emerges as a suitable foundation on which to build the appropriate algorithms for tracking
the solid-fluid domains and their respective boundaries, for applying the relevant interfacial
conditions and for quantifying and tracking strain histories in elastic materials, all within
an Eulerian framework.

The basic approach of using level sets to track strain fields involves the use of Eu-



lerian kinematic variables that retain the memory of a reference configuration, enabling
the application of finite-strain elasticity models without Lagrangian meshes. Specifically,
we employ Eulerian reference coordinates to represent the displacement field, which is
embedded within a set of multiple level set functions called a dynamic grid [15]. In our
formulation, the dynamic grid is advected using the local velocity field and the deforma-
tion with respect to an equilibrium state is used to calculate the strain field in the solid. A
constant bulk shear modulus is used in our formulation to connect the stress field, using the
Neo-Hookean model for finite-strain elasticity, with the strain field represented by the de-
formation gradient tensor, which is formed by calculating the derivative of the dynamic grid
with respect to the fixed Cartesian grid. A unified Eulerian formulation results when the
elastic and viscous stresses, expressed using domain specific constitutive laws, are added to
the momentum equation to solve for a single set of pressure and velocity variables for the
solid and fluid domains. Based on this simulation methodology the physics of the interac-
tion between deformable immersed solids and the the surrounding fluid can be reasonably

accounted for, as demonstrated later in this dissertation using a wide variety of test cases.

1.2 Review of existing numerical methods

1.2.1 Numerical methods for Multiphase Flow

In multiphase flow, the Navier—Stokes equation needs to be solved in the presence of a
deforming immersed solid body to resolve the complex physical dynamics associated with
its interaction with the surrounding fluid. Liquid-air, liquid-liquid, and liquid—solid inter-
faces can occur, where addressing the physical behaviors such as large interfacial defor-
mation, break—up, and coalescence is numerically challenging. Over the years, numerical
methods have been developed to address the advection of the interface and apply appropri-

ate boundary conditions across the interface. As shown in Fig. [[.2} the numerical methods
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Figure 1.2: Categorization of numerical methods in multiphase flow

for flow with different phases can be categorized into fully Lagrangian methods, fully Eu-
lerian methods, Front—tracking methods and Eulerian—Lagrangian methods.

Fig. [[.2)a) is the schematic of a Fully Lagrangian method, which uses a Lagrangian
mesh for both phases and boundary fitted grids are used to track the individual phases. The
advantage is that interface remains sharp and boundary dynamics can be applied directly to
the interface which results in high accuracy. Ryskin and Leal [20, 21]] used an orthogonal
curvilinear grid to fit the shape of the boundary. Rising bubble and a bubble in extensional
flow were simulated using the boundary-fitted grid. Feng et al. [22, 23] used a similar
method to simulate the sedimentation of particles in a vertical channel and the motion of a
circular particle in a Couette and a Poiseuille flow. Although Lagrangian methods tend to be
an accurate approach, they are less used in recent developments due to their complexity to

implement in three dimensions, difficulty in resolving rupture and coalescence, and limited



capability for handling complex geometries.

Fig. [I.2Jb) shows the schematic of Lagrangian—Eulerian method, which connects be-
tween fully moving and fully fixed meshes by capitalizing on the strengths of both frame-
works. This is achieved by discretizing one phase using a moving, body-fitted Lagrangian
mesh that conforms exactly to the interface. The surrounding phase, meanwhile, is gov-
erned by a fixed Eulerian Cartesian grid. The primary advantage of this approach is its
ability to sharply resolve the interfacial boundary and accurately capture near-wall hydro-
dynamics or boundary layers without requiring the entire computational domain to deform.
However, the coupling between the two distinct grid topologies introduces significant com-
putational complexity. Information must be accurately interpolated and transferred across
the non-conforming mesh boundaries. Furthermore, while it mitigates the global remeshing
required by fully Lagrangian methods, severe interfacial deformations can still distort the
Lagrangian portion of the mesh, eventually necessitating localized remeshing to maintain
numerical stability.

Fig. [[.2c) shows the schematic of the front-tracking method which has the simplicity
of solving the bulk fluid conservation equations (Navier-Stokes) across the entire domain.
However, unlike fully Eulerian methods that capture the interface implicitly, front-tracking
explicitly tracks the phase boundary using a separate, lower-dimensional Lagrangian grid
composed of interconnected massless marker points. These marker points are advected by
the local fluid velocity interpolated from the underlying fixed Eulerian grid. This hybrid
approach provides a distinct advantage: it explicitly maintains the exact sub-grid location of
the interface, completely eliminating the numerical diffusion and interfacial smearing that
often corrupt fully Eulerian volume-capturing methods (such as Volume-of-Fluid or Level
Set methods). Because the interface is explicitly defined, calculating interfacial forces, such
as surface tension, is highly accurate. However, the major drawback of the front-tracking

method lies in handling complex topological changes. When phases coalescence or break



apart occurs, the Lagrangian marker mesh must be algorithmically cut and reconnected—-a
process that is computationally expensive and exceptionally difficult to implement robustly
in three dimensions.

Fig.[1.2d) is the schematic of a Fully Eulerian method. It uses the stationary Cartesian
grid for both phases while using a scalar function, such as the level set or the volume of
fluid function to represent the interface. In the present study, Fully Eulerian method is
used, and we present a more detailed discussion of the two most widely used methods, in
this context, namely, the Volume of Fluid method (VOF) and the Level Set method (LSM).

VOF originated from the Marker—and—Cell method (MAC) and was first developed by
Nichols, Hirt and Hotchkiss [24] to handle transient incompressible flow problems with
multiple free surfaces. It introduces a volume fraction function C. When any given cell is
fully occupied by the tracked phase, C = 1, and when the cell does not contain the tracked
phase, C = 0. Interface cells are thus determined by the condition, 0 < C < 1. The volume
fraction function C is advected using a conservative advection equation and the interface
is reconstructed using Simple Line Interface Calculation (SLIC). To address the orienta-
tion errors and improve geometric accuracy, Youngs [25] proposed the Piecewise Linear
Interface Calculation (PLIC). This method has been widely used as the default method
of interface reconstruction in the most of the classical VOF implementation. Gueyffier
et al. [26] applied this method and extended it to 3-D. This basic approach has been ex-
tended in a various ways over the years to improve accuracy and robustness. Weymouth
et al. [27, 28] developed a second-order construction method that conserves volume during
advection. Pilliod and Puckett [29] proposed two second order volume-of-fluid interface
reconstruction methods and a design criteria for reconstruction to be second-order accurate.
S. Popinet [30] introduced an adaptive quad/octree spatial discretisation, geometrical VOF
interface representation, continuum surface force formulation and height-function curva-

ture estimation to improve accuracy in surface tension and pressure gradient for multiple

10



classical test cases. Overall, VOF is popular due to its strengths in mass conservation, ro-
bustness and the advantages related to implicit interface tracking. However, it also suffers
from limitations associated with interface smearing, complex interface reconstruction and
lower accuracy in the calculation of the quantities defined at the interface.

The level set method was first introduced by Osher and Sethian [31]] to capture motion
of interfaces and evolving shapes. The interface is tracked implicitly by a scalar function
called the level set function, ¢. The level set is initialized as a signed distance function
from the interface and the interface is defined as, ¢ = 0. The geometric properties such as
surface normals and curvatures are calculated from the level set scalar function. The ad-
vection of the level set function is governed by a partial differential equation which can be
solved numerically on a Cartesian grid. Details can be found in [32]. High order accuracy
methods such as the weighted essentially non-oscillatory(WENO) scheme can be used to
solve the advection equation [33] 134]]. To maintain the signed distance function after ad-
vection, reinitialization of the level set function is needed. Sussman et al. [33]] introduced
the classical reinitializing method. Due to its basic characteristic, the level set does not en-
force volume conservation explicitly when it is advected by an incompressible flow field.
As a result, numerical errors associated with both the advection and the re-initialization
process can cause numerical errors in the location of the interface to build up over time,
which may potentially lead to large errors in mass conservation. In order to provide a rem-
edy, Russo et al. [36] developed a second order accurate reinitialization method with better
mass conservation. Du Chene et al. [37] independently developed a method to achieve sec-
ond order accuracy in curvature calculations. Qin et al. [38]] improved volume conservation
and topology representation by decoupling the advection and reinitialization in the geomet-
ric projection method. Along with VOF, LSM is one of the most widely used methods for
interface capturing due to its accurate representation of the interface geometry, accuracy of

surface normals and curvatures calculation on Eulerian grids and robustness with respect
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to topology changes and interface motions. The main drawback however is that the reini-
tialization process is inherently non-conservative and leads to errors, particularly on coarse
grids, despite the remedies offered by the improved methods of reinitialization. One ap-
proach for overcoming this limitation is to combine the beneficial characteristics of VOF
and LSM. Sussman et al. [39] developed a coupled level set/volume-of-fluid method that
improves the accuracy with respect to, mass conservation, surface tension and topology

changes compared with the use of either method on its own.

1.2.2 Numerical methods for Fluid-Structure Interaction

Among the various methods that address the interactions between fluid and solid, the
ones that have been found to be most effective for large deformations of soft solids are the
Eulerian-Lagrangian methods and fully Eulerian methods. In the present work, we focus
the discussion on these methods. A simple categorization of these methods can be found in
Fig.[I.3]

Interactions between a viscous fluid and a deformable solid occur in a wide variety
of applications, including cardiovascular dynamics in heart valves [8, [10} 40-43]], flow in
blood vessels [44-46], flow past deformable structures [47-51], and locomotion of fish and
swimming bodies [52-56l]. Numerical simulation of such applications involve tracking the
transport and deformation of elastic solids, computation of solid and viscous stresses within
respective domains and accounting for the momentum exchange at solid-fluid interfaces. A
wide range of computational approaches, methods and techniques have been developed to
deal these these challenges. Among those, Cartesian grid methods have gained prominence
as they offer some simplicity by avoiding the generation and re-meshing of complex body-
fitted or generalized grids that need to follow the contours of moving and deformable solid

bodies. Optimized, iterative linear solvers and multigrid methods can also be more easily
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Figure 1.3: Classification of the numerical methods used to solve interactions between fluid and
elastic solid in the literature. The orange boxes represent most frequently used methods that can be
categorized as the mixed Eulerian Lagrangian methods. The green boxes represent fully Eulerian
methods.

adapted for Cartesian grids.

Eulerian-Lagrangian methods have been widely used for modeling elastic FSI prob-
lems. The classical Immersed Boundary (IB) method of Peskin [8] was first proposed for
studying flows around the flexible leaflet of a human heart valve. In this approach the
fluid is represented on a Cartesian mesh while the elastic solid boundary is tracked us-
ing a set of spring-connected Lagrangian markers that are advected by the local velocity.
The spring force resulting from the relative motion of the markers is added as a volumet-
ric source term in the momentum equation. The coupling between the elastic boundary
and the fluid is achieved by interpolating the fluid-solid kinematics and dynamics from the
Lagrangian markers to the fixed Eulerian grid and vice versa [9} [57]. This approach was
originally developed to more easily handle relatively large deformations compared with the
arbitrary Lagrangian-Eulerian (ALE) method. The classical IB method has been widely
implemented for problems involving biological systems and elastic fibres (11}, 58-60]].

A separate class of Lagrangian-Eulerian IB methods was developed in response to the
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difficulty of applying the classical IB method to rigid bodies [9, 12, 13} 61]]. This class of
methods utilizes the discretized velocity field on the Eulerian points near the solid boundary
to compute a local forcing function that enforces appropriate boundary conditions.

The immersed region (IR) method represents another class of Lagrangian-Eulerian
methods. In this context, Zhang et al. [62] proposed the immersed finite element method
(IFEM), where both the fluid and solid domains are modeled with the finite element method
but the solid domain is represented by a Lagrangian mesh that overlaps the Eulerian fluid
domain. The continuity between the fluid and solid domains is enforced via the interpo-
lation of the velocities and forces using the discrete delta function approach based on the
reproducing kernel particle method (RKPM). The authors used their method to study partic-
ulate flows with flexible solids. Wang & Zhang [63]] later developed the modified immersed
finite element method (mIFEM). Compared with the IFEM, mIFEM solves the solid gov-
erning equation with appropriate boundary conditions generated from the surrounding fluid
instead of imposing it based on the fluid velocity field. This method is useful when the solid
behavior dominates the fluid flow. Liu et al. [64] proposed an immersed solid system and
described the motion of the immersed solid by defining the Eulerian-Lagrangian mapping.
They developed an implicit time integration algorithm with the finite element method and
the streamline upwind/Petrov—Galerkin method that avoids inaccuracies from the smoothed
approximation of the Dirac Delta function. Zhao et al. [14] have formulated a single set
of equations of motion on a fixed Eulerian mesh. This method only needs to solve one
set of equations which simplifies the problem. It requires an overlapping Lagrangian mesh
to track solid deformation and compute elastic stresses. Exchange of information between
the Lagrangian mesh and the Eulerian mesh is needed to advect the Lagrangian mesh and
apply the calculated solid stresses on the Eulerian mesh.

The Distributed Lagrangian Multiplier (DLM) method is another instance of the Lagrangian-

Eulerian method that was first used by Glowinski et al. [65] to simulate viscous incompress-
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ible flow with suspended solid particles. The conservation of mass and momentum for the
fluid is enforced both inside and outside the particle boundaries. The flow within the solid
domain is constrained to be a rigid-body motion using the distributed Lagrange multipli-
ers. The fluid-particle motion is treated implicitly by using a combined weak formulation
in which the mutual forces cancel. Patankar et al. [66] later proposed a new formulation
where the deformation rate tensor within the particle domain is constrained to be zero.
The formulation leads to Lagrange multipliers for rigid motion analogous to the way that
pressure arises as a Lagrange multiplier for incompressibility. Yu [67] extended the orig-
inal DLM method for rigid solids to handle incompressible non-linear elastic solids. The
solid stress field was solved using a finite element method in which the incompressibility
constraint was implemented using the penalty function.

In general, the Lagrangian-Eulerian approach requires explicit coupling between the
Lagrangian solid domain and the Eulerian fluid domain. This involves the frequent transfer
of information between the two domains using some form of interpolation. As a result,
errors can potentially appear in the conservation of mass and momentum between the solid
and the fluid. The fully Eulerian approach [68-70] has been used as an alternative. It
was first implemented by Dunne [68] to study the interactions between an incompressible
fluid and a hyperelastic solid. Karmin et al. [[71] first proposed the reference-map technique
(RMT) that employed a unified equation of motion for the solid and the fluid. A continuous
stress field for solids and fluids, with a smooth distribution of stresses at the interface. Other
authors such as Valkov et al. [16], Jain et al. [[17], Rycroft et al. [72] and Lin et al. [73]]
further developed this method.

Sugiyama et al. [[74] have developed a method in which the conservation laws for both
the fluid the solid are discretized on a fixed Cartesian grid. The multi-component geometry
is described using the volume of fluid method and the solid deformation is quantified by

updating the left cauchy-Green deformation tensor. Rosti et al. [75] used this method to per-
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form simulations of a turbulent channel flow over a hyper-elastic wall. Mao & Jaiman [76]]
and Rath et al. [77]] used an interface and geometry preserving (IGP) method to model fully
Eulerian fluid-structure interactions with phase-field formulations.

He & Qiao [[15] proposed a novel fully Eulerian method that uses level sets to track
solid deformation, which we designate as the dynamic grid (DG) method. This method
uses level sets to track the solid structure and avoids using the Lagrangian mesh, which
simplifies the implementation. However, this approach suffers from stability issues caused

by the excessive distortion of the dynamic grid outside the solid domain.

1.2.3 The Added-Mass Effect and Coupling Instabilities

A fundamental challenge in simulating fluid-structure interaction (FSI) is the accurate
and stable resolution of the added-mass effect. This refers to the additional inertia a struc-
ture experiences as it accelerates, inherently displacing the surrounding fluid. While negli-
gible at higher density ratios (ps/ps > 1), Causin et al. [78] shows it can cause a numerical
scheme to become unconditionally unstable when fluid and structural densities are compa-
rable (ps/pr ~ 1).

To mathematically illustrate this instability, consider a conventional partitioned FSI

approach where the structural dynamics are governed by:

Md +Cyd + Kd = F (1.1)

where My, Cs, and K; are the structural mass, damping, and stiffness matrices, and F s is
the total fluid traction. The fluid force can be analytically decomposed into an added-mass
force (proportional to instantaneous acceleration) and the remaining hydrodynamic forces,

F £ (such as viscous drag and convective pressure) [[/9]:
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Fy=-M,d+Fy (1.2)

where M, is the added-mass matrix. Substituting this decomposition yields:

(Ms+M,)d+Cid+Kd=F; (1.3)

In explicit partitioned solvers, calculating fluid forces using previous structural kine-

matics (step n) causes a temporal mismatch [78]]:

-sn+1

Md" ~—Md" + ... (1.4)

If pr 2 ps, the spectral radius of the iteration matrix M M, exceeds unity [78, 80].
The calculated acceleration artificially amplifies and rapidly diverges, triggering a catas-
trophic numerical breakdown known as the added-mass instability. While techniques like
rigorous sub-iterations, convergence accelerators, or fictitious mass additions can stabilize
these partitioned schemes, they significantly inflate computational cost and algorithmic
complexity.

Fully Eulerian FSI formulations fundamentally circumvent this instability by treating
both phases within a unified continuum, governed by a single momentum equation. For

example, Sugiyama et al. [74] used the equation below:

p(9) (?9_1;+u'vu) =—-Vp+V- (1 —¢S)Gf+¢sas] + /5 (1.5)
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Here, u is the monolithic velocity field for the entire domain, ¢ = (1 — ¢;)c/ + ¢,0° is the
global deviatoric stress tensor, and f, represents body forces. The effective density p(¢)

is continuously interpolated across the interface using a solid volume fraction function, ¢:

p(9) =0ps+(1—9)py

Because this unified equation is solved implicitly over the entire domain, the local ac-
celeration term du/dt simultaneously accounts for the inertia of both phases. The added-
mass effect is intrinsically captured within the bulk matrix inversion without isolating the
destabilizing M, operator. This structural paradigm ensures robust algorithmic stability
regardless of the density ratio, entirely bypassing the added-mass instability observed for

Lagrangian-Eulerian methods.

1.3 Research Objectives

We focus on developing a solver for the DNS of immersed deformable solids with
the ability to track and advect the solid-fluid interface, calculate the solid stress based on
the appropriate material model and account for the two-way interaction of fluid and solid
stresses.

The deformable solid is considered to be elastic and a unified framework with respect
to equations of motion is used to solve for both fluid and solid dynamics, with viscous and
solid stresses specified in their respective domains. Across the interface between the fluid
and solid domains, the shear modulus transitions smoothly from the bulk shear modulus in
the solid region to zero in the fluid domain over a few computational cells using a smoothed
Heaviside function. A reconstruction method for the dynamic grid is carried out using a lin-
ear projection method [81]] to resolve the stability issues caused by mesh distortion reported

by [15]. The dynamic grid within the solid region is preserved and the dynamic grid out-
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side the solid region is reconstructed at every time step based on local interfacial topology.
With this method, the strain field outside the solid region is regularized without modifying
the local velocity field. Validation cases are presented to demonstrate the accuracy of this
method in comparison with other numerical results reported in the literature.

In the present work, we first introduce the numerical formulations implemented inspired
by previous studies and then discuss about the improvements we made in terms of accuracy,
ease of implementation, stability and robustness. The improvements in our method are (1):
Improved robustness by reconstruction of the dynamic grid. (2): Improved stability by
implementing continuous solid stress resulting from smoothed transition of the solid shear
modulus. (3): Application to 3-D problems and problems with different density ratios. The
detailed introduction of our method is discussed below.

We employ a fully Eulerian, unified formation for the elastic solid and the incompress-
ible fluid, both of which are represented on a uniform Cartesian grid. The solid level set [82]
is used to track the solid domain and the solid-fluid interface. The deformation of the solid
is represented by a dynamic grid system composed of three individual level set functions
in 3-D (two level set functions in 2-D). The dynamic grid is advected with the local fluid
velocity. The scalar function formation of the dynamic grid allows the divergence of the
solid stress tensor to be added directly to the momentum equation as a source term for solid
stress. This leads to a unified formulation for incompressible flow, where a single set of
momentum and pressure equations is needed to characterize the velocities and pressures in
both the solid and the fluid domains. Following the approach of He & Qiao [15], the strain
field is determined from the set of n scalar functions that constitutes the dynamic grid,
where 7 is the number of dimensions. The dynamic grid is initially aligned with the fixed
uniform Cartesian grid for fluid variables. The misalignment between the two grids is used
to measure the strain experienced by the solid material over time in the form of the Cauchy-

Green deformation gradient tensor. The solid stress is then computed using the stress-strain
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relationship for a given material. A Neo-Hookean model is used in this study for solid elas-
tic stress calculations where we have used a constant bulk shear modulus. Other material
models, such as those incorporating finite-time strain history, non-linear bulk modulus and
other hyper-elastic models can be incorporated into our numerical method in a modular
fashion.

We employ a finite width, smooth transition across the interface between the fluid and
the solid. The shear modulus transitions smoothly from the bulk shear modulus in the solid
to zero in the fluid using a smoothed Heaviside function, similar to the approach of Lee et
al. [83]. We have addressed the stability issues caused by the unphysical distortion of the
dynamic grid in the fluid region, reported by He & Qiao [15] using the linear projection
method proposed by Aslam [81]]. This approach allows the preservation of the dynamic
grid within the solid region. The dynamic grid outside the solid is reconstructed at every
time step based on local interfacial topology of the solid-fluid interface. With this method,
the strain field outside the solid region is regularized without modifying the local velocity
field in the neighborhood of the solid-fluid interface. We have implemented the method
in our in-house solver, which is a scalable parallel computational code base using HYPRE
with algebraic multigrid and adaptive grid refinement on uniform Cartesian grids [84, 85].
We show that our numerical implementation is as accurate as Lagrangian methods but is

also robust and easy to implement in 3-D and antisymmetric code.

1.4 Thesis Outline

The thesis is structured as follows:
Chapter [T} Motivation and background of the study, literature review on different FSI
methods, and objective of this study.

Chapter 2 Development and mathematical models used for the method in this study
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from the unified form of governing equation to interface boundary conditions and discus-
sion of material models.

Chapter 3} Specific numerical formulations used and details of algorithm implemen-
tation are discussed in 2-D and extend to Axisymmetric and 3-D.

Chapter @ Results for validation and verification simulations for 2-D.

Chapter [5; Results for validation and verification simulations for 2-D-Axisymmetric.

Chapter[6} Results for validation and verification simulations for 3-D.

Chapter [7; Applications in the industry. Validation and development during the in-
ternship at Dassault Systemes.

Chapter 8} Contributions of this work and discussion of the proposed future work.
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Chapter 2: Mathematical model

2.1 Unified framework for momentum transport

We use a unified formulation to simultaneously solve for the pressure and velocity fields
in the fluid and solid regions in a coupled manner. Both the fluid and the solid are taken
to be incompressible. The fluid is assumed to be Newtonian while the solid is based on
the neo-Hookean elastic material model. In the fluid region, the transport of momentum
is governed by the standard Navier-Stokes equations, while in the solid region the viscous
stress is replaced by a solid stress. For incompressible flow, the unified continuity and

momentum equations can be expressed as:

Viu = 0 2.1)

du 1 1 1
—+u-Vu = ——Vp4+-V.74+-V.o+g (2.2)
ot p p p

where 7 and o are the viscous and solid stress tensors, respectively, that are defined as,

T = w[(Vu)+(Vu)T] (2.3)

G = U <FFT—I> 2.4)

where Uy and p, are the fluid and solid stress coefficients, respectively. The tensor

(Vu) + (Vu)7 is the strain-rate tensor of the fluid, F is the deformation gradient tensor in
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the solid, and I is the second-order identity tensor. We implement the non-dimensional

form of Eq. (2.2), which can be written as,

du* 1 1
8t*+u u 3 p+ﬁRe [(Vu™*) + (Vu*)']

(2.5)

S 1
oy. <FFT—I) —
+3 + 5

where non-dimensional variables are denoted with *. The non-dimensional numbers Re, S,

Fr and density ratio p are defined as,

prL

Re = . (2.6)
s = p}f‘;ﬂ 2.7)
Fr = \/%L 2.8)
p = p% 2.9

p is the continuous density field defined in Eq. (2.17). p is the fluid density. Fig. @
shows the schematic of the solid, x € €, and the fluid, x € Qr, domains that are separated

by the solid-fluid interface, x € I

2.2 Interfacial jump conditions

In the absence of melting or solidification, mass conservation requires the solid and

fluid velocities to be continuous at the interface,
u] =0 (2.10)

where [-] indicates the jump across the interface. The viscous stress, 7, and the solid stress,

o, act within their respective domains and undergo a step change to zero across the solid-
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Figure 2.1: Domains of fluid and solid across which respective pressure and velocity fields are
coupled in the unified formulation. The solid black line represents the solid-fluid interface. Fluid
and solid material properties vary smoothing in the finite region between the two green dashed lines
around the interface.

fluid interface, when the interface is sharp. The discontinuity in the stress field across the

interface gives rise to a singular jump in pressure, which can be expressed as,
[p]=[t-fi-fi]+ [0 -0 (2.11)

where fi is the interfacial normal unit vector. The first term on the right hand side in
Eq. relates to the interfacial jump in viscosity, from iy = u;é, xe€Qrtour=0,x¢€
Q,, where /.L]’? is the dimensionless fluid viscosity. The second term on the right hand
side in Eq. (2.11) is due to the jump in the elastic modulus across the interface, from
Us = 1, X € Q to iy, =0, x € Qf, where p is the elastic modulus. Eq. indicates
that the pressure jump occurs to compensate for the interfacial force density that arises due
to the discontinuity of normal viscous and solid stresses across the interface. The pressure
jump condition in Eq. (Z.11)) can be added to the discrete form of the momentum equation

(Eq. (2.2))), using various Cartesian grid methods for sharp jumps, such as the ghost fluid
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method or the immersed interface method.
The jump in the tangential viscous stress across the solid-fluid interface is continuous

for elastic solid deformation:
[t-0-t+[c-h-t =0, (2.12)

where t is the unit tangent vector at the interface. We should also note that the solid-fluid
domain coupling, as formulated in the current unified approach, is not applicable to a rigid
body. In the limit, t; — oo, the pressure jump, [p] — o. Hence, the pressure in the fluid
domain must be decoupled from the solid. The velocity in the two domains must then be
computed separately, which is the approach used in immersed boundary methods when

dealing with rigid bodies.

2.3 Distributed material properties

The sharp treatment of interfacial stresses can potentially lead to nonphysical pressure
oscillations resulting in numerical instability. Distributing the stresses over a finite width
around the interface, as shown in Fig.[2.1] can provide a remedy. This can be accomplished

by imagining the fluid and solid stress coefficients to be continuous around the interface,

ur(x) = upH(O(x))+uf[1—H(¢(x))] (2.13)

s (x) = ugH(¢(x)) (2.14)

where ,u;'Z is the fluid viscosity and ,LLJ’C is a fictitious fluid viscosity in the solid region,
which is generally set to 0. However, a small non zero value can be useful for numerical
stability, particularly during the initial transient phase [14]]. p, is the solid elastic modulus.

The heaviside function, H, which is a function of the signed distance function, ¢, allows
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the solid and fluid stress coefficients to take on their respective values within the solid and
the fluid domains, and across the interface. The signed distance function is a scalar field
that represents the normal distance to the solid-fluid interface. It is described in more detail

in section [3.1] We take the heaviside function to be,

H(p(x)) = % {1 +erf (@)} (2.15)

where erf is the error function and € is the spreading coefficient that controls the width of
the smooth region around the interface. The signed distance function is positive in the solid

solid domain, negative in the fluid domain and zero at the interface:

o(x) >0 , x€ Q
¢(x)=0 , xe T (2.16)
p(x) <0 , xe€Qf

The heaviside function thus varies smoothly between 1 and zero, H(x) € [1,0], across the
interface, I', from the solid to the fluid, respectively.
It is used to allow density to smoothly transition between its respective values in the

solid and the fluid domains,

p(x) = psH(¢(x)) +pr[1 - H(9(x))], (2.17)

where p; and py are the solid and fluid densities, respectively.

The smoothing of stress coefficients given by Eq. (2.14) results in a unified stress tensor,
77+ 0, which is continuous around the interface. The singular jump in pressure (Eq. (2.TT))
is relieved as a result, [p] = 0, and the pressure varies continuously over the finite width

around the interface. Momentum is still conserved across the interface because the pressure
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variation is recovered implicitly in the discretization of the continuous unified stress field
in the momentum equation. This simplifies the discretization of the momentum equation,
particularly in 3-D, and leads to robust numerical solutions. In section ] — [f] we show
that the numerical accuracy of the distributed stress approach is similar to that for the sharp

interface case.

2.4 Neo-Hookean material model

The state of stress in the solid can be described using a Cauchy stress tensor, which
is expressed as a function of the strain. In this work, we use an isotropic, Neo-Hookean
hyperelastic material model as the constitutive law for the solid. For a hyperelastic material,
the first Piola-Kirchhoff stress tensor P can be expressed as the derivative of the strain
energy density function W(F) with respect to the deformation gradient tensor F [86] shown

as:
JW¥(F)

P=—7F

(2.18)

Thus the Cauchy stress tensor for the solid can be expressed in terms of the deformation

gradient tensor F by [86]]:

J¥(F)
OF

os=J 'PFT =J! FT (2.19)

where J = det(F). For a compressible Neo-Hookean solid, the strain energy density func-

tion can be written as [[87]:

W(F)=C (I, =3 —2InJ)+D;(J —1)2, (2.20)
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where D1 = Ay /2, C; = Us/2. Ay is the first Lamé parameter. (i is the shear modulus
of the solid or the second Lamé parameter. [ is the first invariant (trace) of the right

Cauchy—Green deformation tensor C. The right Cauchy—Green deformation tensor can be

expressed as C = FTF. Substituting Eq. (2.20) into Eq. (2.19)), we can get:

c=J"! <2ch —2CFT 2D, (J - 1)JF—T) FT
—J 20, <FFT—I> 12Dy (J - 1)1 (2.21)
=7y (FFT - I) (- DI
Using the incompressibility constraint for the Neo-Hookean solid, J = 1, results in Eq. (2.4)),

which relates the solid stress to the deformation gradient tensor for an incompressible elas-

tic solid.
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Chapter 3: Discretization and numerical implementation

We use the Eulerian approach for both the fluid and the solid domains. The solid domain
is tracked using a signed distance function, ¢(x,7), as defined in Eq. . The surface of
the solid body is tracked by, ¢ (x,7) = 0, inside the solid, ¢ (x,7) > 0 and ¢(x,7) < O in the
fluid domain. The signed distance function represents the minimum distance between any

point in space and the corresponding point on the interface, xr, which can be expressed as,
¢ (x,1) = min (|x —xr(¢)]) (3.1)

where xr(¢) represents the set of all points that are located on the interface at any time 7.
The signed distance function implies that |[V¢@|= 1.

The deformation of the solid is tracked using a set of 3 scalar functions, X (x,7), Y (x,?)
and Z(x,t), that we broadly label as the dynamic grid. Each of the elements of the dynamic

grid is initially assigned to one Cartesian coordinate. The deformation gradient tensor can

~1
¥ ox (8X) 32)

be defined as,

X \ox
The gradients of X, Y and Z elements of the dynamic grid with respect to the spatial
coordinates, x, y and z can be computed on the Cartesian grid to form F~!, which is then
inverted to determine F for computing the solid stress in Eq. (2.4). We start the simulation
with a stress free condition using X (x,0) = x, Y (x,0) =y and Z(x,0) = z. In Fig. (a)

and (b) illustrate the initial state of the dynamic grid and the surface of a spherical solid
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Figure 3.1: The solid-fluid interface (colored in grey) is initialized as a sphere at the center of the
domain. (a) and (b) are slices in x-y and y-z plane at initial state. They overlap with the background
Cartesian grid. (c) and (d) are x-y and y-z plane at a deformed state. The black solid lines illustrate
dynamic grid and the contours are colored by velocity component in the y direction
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Figure 3.2: Extrapolation of the test level set field from inside the circular and elliptical interface
to the outside of the interface. The interface is marked with dashed line. Contours are colored by
level set values. We use the linear extrapolation scheme [81] in this study.

body, indicated by the iso-surface of ¢ = 0; (c) and (d) illustrate the deformed dynamic

grid and the surface of a spherical solid body.

3.1 Advection and re-initialization of the interface and the dynamic grid

The the signed distance function ¢;(x,¢) that tracks the solid—fluid interface is advected

by the local velocity field u(x,) according to,

ao B
5, tuve =0 (3.3)

In Cartesian coordinate, the dynamic grid scalar functions X (x,7) , Y (x,t) and Z(x,t) are

advected by the same velocity field according to,

X

Sy Tuw VX =0 (3.4)
Y
SruwVY = 0 (3.5)
97
S tuvZ = 0 (3.6)
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Since we have also implemented the algorithm in 2D—-Axisymmetric, the advection in the

Cylindrical-polar coordinate can be written as,

2z

E+u~VZ = 0 (37)
JdR

- -V = .
BP +u-VR 0 (3.8)

The advection terms in the above equations are discretized using Sth order weighted
essentially non-oscillatory space(WENOS) scheme [34]. A reinitialization is needed for
¢ (x,t) after advection to maintain the signed distance property, |V@|= 1. The first order

Hamilton-Jacobi equation is used for reininitialization,

20+ sen(9) (V9l-1) =0 39)

where ¢ at any given time, 7, is marched in fictitious time, #/, to a steady state where

|Vos — 1] is equal to zero. Sgn (¢;) is a sign function:

Sgn () = (3.10)

0]+

where € is a small value added to avoid singularity when ¢ = 0.

The dynamic grid also needs re-initialization. Since the dynamic grid is used solely to
track solid deformation, velocity in the fluid region can cause unphysical deformation of
the grid and undermines the stability of the simulation. It is reported by He and Qiao [15]
that using fluid velocity to advect the grid can lead to significant distortion of the grid out-
side solid. This error can propagate into the solid region over time during the simulation
and leads to unphysical distortions in the solid body. To address this issue, we have imple-

mented a linear extrapolation method [81] to re-initialize X (x,y,z) , Y (x,y,z) and Z(x,y,z)
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outside the solid boundary. Similar to the initialization method used for solid-fluid in-
terface, this method also solves an advection equation to steady state. The equations are
listed below, taking X (x,y,z) as an example. The extrapolation procedures are the same for

Y (x,y,z) and Z(x,y,z).

X, =h-VX (3.11)
a;i“ +H(¢) A-VX, =0 (3.12)
X .
= HH(9) (B VX —Xp) =0 (3.13)
. Vo
— 3.14
fi Vo (3.14)
0 ifg>0
H(¢) = (3.15)
1 ifg<=0

Unit normal vector of the interface can be calculated using Eq. (3.14). The normal
derivative of the scalar X is defined by Eq. (3.T1). A step function defined by Eq. (3.13))
restricts the advection only on the interface and outside the solid region where ¢; is less or
equal to 0. Using the steady state solution of the normal derivative X, from Eq. (3.12)), one
can then solve Eq. (3.13) to steady state and obtain the extrapolated field for X. Fig.[3.2]
shows the extrapolation of a level set field from inside the circular and elliptical interface
to the outside of the interface.

In this way, the solid strain history within the solid region is preserved and the dynamic
grid outside the solid region is re-initialized based on the dynamic grid inside the solid and

the local topology of the interface. Comparison of the grids before and after re-initialization
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is provided in section .2}

3.2 Calculation and discretization of the dynamic grid scalar functions

3.2.1 Discretization in 2-D

The deformation gradient tensor is calculated using the derivatives of the dynamic grid
given by Eq. (3.2). The calculation of the derivatives of x with respect to X is not straight-

forward. However, the derivatives of X with respect to x can be readily computed.

X 0dX
1 dX ox  ov
1_ Y X Yy

F = o a_Y 8_Y (3.16)
dx dy

The components of the inverse deformation gradient tensor are calculated using second
order central differencing scheme. Take dX/dx as an example, it is approximated using

central differencing scheme as:

X Xivrjk—Xic1jk

dx 2Ax G-17)

We then inverse the F~! tensor to get deformation gradient tensor F and transpose of de-
formation gradient tensor FT which are needed in the solid strain tensor in Eq. (2.4).
In 2D, the left Cauchy—Green deformation tensor FFT can be simply expressed in terms

of the dynamic grid level set as a function of the background Eulerian grid as follows:

IY\*, (9X\* oray oxdX
1 dy dy

FF' = 2| aYay o9xox [aY\? [ox\2
o | e (7

(3.18)

dx dy dx dy
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3.2.2 Discretization in 2—D—Axisymmetric

In 2-D-Axisymmetric, deformation gradient tensor is calculated in cylindrical polar
coordinates. We have mapped z in the cylindrical coordinates to x and r in the cylindrical
coordinates to y: X(x,y) — X(z,r). As a result, the inverse of the deformation gradient

tensor becomes:

207 9z
X | -
-1 _ _|d d
Fo=-"=13k R (3.19)
9z ar

The left Cauchy—Green deformation tensor FFT can then be expressed as follows:

<az)z+ (8R)2 OROR 9ZdZ

1 ar ar dr dz  dr dz
FF/ = —— 3.20
Ge(F i | 020z _oror (or\' (ozy:| O
dr dz  dr dz dz 2z
The solid stress tensor can then be calculated using Eq. (2.4).
3.2.3 Discretization in 3—-D
In 3-D, the derivatives of X with respect to x can be readily computed.
0X X 0X]
|5 %%
X Y JdY JY
Fl=""o |22 2= = 3.21
ox dx dy 9z (3:21)
dZ dZ JZ
| dx dy dz.

The left Cauchy—Green deformation tensor FFT can be calculated using the dynamic
grid scalar functions X (x,7) , Y (x,¢) and Z(x,¢). In 3D, the left Cauchy—Green deformation
tensor is calculated as follow:

The matrix of minors M for F~! can be defined as:
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ooz ovaz
dy dz  dz dy
0X0Z 0XJZ

M= |2292 o204
dy dz  dz dy
Kov oxov

L dy dz  dz dy

&_Y&_Z B Y 0Z
dx dz 0z dx
Koz oxor
dx dz dz dx
Kov oxov
dx dz dz dx

avoz_ov oz
dx dy dy dx
XL 3Xar
dx dy dy dx
XY X3
dx dy dy dx.

(3.22)

The left Cauchy—Green deformation tensor B = FFT can be expressed in terms of the

dynamic grid level set as a function of the background Eulerian grid as:

B =FF! =

Bz =
By = (Mf, + M3, +M3,)
By =
B3 =
B3, =

B33 = (M5 + M35+ M3;)

[det (F~1))]

(
(
(
By = (—MixMy1 — MMy — M3 Ms,)
(
(
(
(

Bi1 Biz Bis3

7 | B21

By, B3

B3y B3y Bjs3

M1 M3+ My Moz + M31M33)

—M12M 13 — MaxMy3 — M3 M33)
M3Myy + MysMay + M3zMsy)

—M3M 13 — My3Myy — M33Mz))

The solid stress tensor can then be calculated using Eq. (2.4).

3.3 Numerical algorithm of implementing the solid stress term

(3.23)

We use the fractional step method to solve the unified momentum equation, Eq. (2.2).

An additional intermediate step is needed for the solid stress compared to the fractional
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step method for the fluid only problems. The algorithm can be summarized in the following
steps:

1. Advection of the interface level set function and dynamic grid scalar functions using
the local velocity field using Eq. (3.3})3.6).

2. Reconstruction of the dynamic grid level set function outside the solid to ensure
smoothness in the dynamic grid across the solid-fluid interface using Eq. (3.TTH3.13).

3. Calculation of the Cauchy—Green deformation tensor with the information from the
dynamic grid scalar functions using Eq. (3.20) and then calculate solid stress using using
Eq. 2:4).

4. Explicit solution of the advection and diffusion terms for the fluid to obtain the
intermediate velocity u* using an Adams-Bashforth method. The intermediate velocity u*
is calculated by the equation below. The advection terms are discretized using a WENO3

scheme and the diffusion terms are discretized using the central differencing scheme:

3 n 1
e .V n V. n
Ar 2{“ u+p ’c}

] | (3.24)
n—1 n—1 n—1

—=|— -V -V.T

2{ u u +p }+g

5. Solution of the solid stress term for the solid region to get the second intermediate
velocity u**.
U =ut + AV o =u" + AtV - g (FFT —1) (3.25)

6. Solving the Poisson equation to obtain the unified pressure field.

Vp\ V.u*
V. (?) = (3.26)

7. Solution of the velocity field at time step n+1 using #** and the pressure gradient.
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Figure 3.3: A thin layer distribution of the shear modulus us. The black dashed line represents
solid. The blue dashed lines represent solid interface, which are boundaries for distribution of shear
modulus and solid stress. In this implementation, solid shear modulus goes from 1 to 0 within 4
cells away from the solid.

n+1 _ k% \V/
wo-w __vp (3.27)
At p

8. Use Eq. (3.27)) to solve for the updated velocity field u"+!.

3.4 Extension of the solid region to a thin layer geometry

We have extended our formulation to a thin layer geometry to better model metal oxide
films. We have implemented a modified Heaviside function to make the shear modulus of
the solid equal to 1 at the solid-fluid interface and going to O within a few grid cells on both
sides of the interface. For example, the shear modulus of the solid can be distributed by the
following functions:

As(X) = —| s (x)|+4Ax (3.28)
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As describes a supporting region of a length of 8dx. It is used to calculate solid stress.

(3.29)

H(A(x)) = % {1 +erf(M)]

2Ax

Us = 1 at the interface, us (H) = pusH (As(x)) results in the distribution in Figure 2.4.
We have modified the oscillating disk problem to an oscillating ring problem to show-

case our implementation. We have also used this formulation to set up simulations of an

impinging liquid jet that enters a pool of liquid with solid layer at the free surface. To

investigate the effects of oscillation in inlet flow on solid layer, we have set up simulations

with solid film deforming under periodic velocity inlet. preliminary results are shown in

the next section.
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Chapter 4:  Fluid-Elastic Solid Interaction in 2-D

In this section, a comprehensive suite of two-dimensional simulations is presented to
validate and demonstrate the capabilities of the proposed fully Eulerian fluid—structure in-
teraction (FSI) framework. The chapter begins by examining the fundamental numerical
behavior of the methodology, featuring a parametric study of a relaxing sine-wave-shaped
layer, an evaluation of the dynamic grid extrapolation technique utilized for stability, and
a rigorous error analysis. Following this numerical validation, the solver is applied to a
variety of canonical benchmark problems, including immersed oscillating bodies and de-
formable elastic structures interacting with lid-driven cavity and vertical channel flows.
Finally, to highlight the method’s applicability to the thin, flexible structures characteristic
of oxide films in liquid metal casting, the latter sections investigate highly dynamic sce-
narios. These include the transient response of pre-deformed solid films, films subjected to
localized point forces, and the complex secondary flows generated by solid filaments under
periodic oscillatory inflow. Through these diverse test cases, the robustness, accuracy, and

versatility of the numerical implementation are established.

4.1 Parametric study for relaxation of a sine wave shaped layer

In this set of simulations, a 3 layer fluid system is set up in the shape of a sine wave as
shown in Fig. The thickness of the intermediate layer between two interfaces is set to

be uniform in the entire domain. The interfaces change their shapes due to surface tension
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Figure 4.2: Amplitude of the wave over time
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Figure 4.3: Critical time for viscosity ratio from 1 to 1000

and relax to a flat interface at steady state. The tip position on the bottom interface wave
is tracked over time as the amplitude of the wave. It is then plotted as a function of time
to find the critical time for relaxation 7.. For all the cases, we used the same fluid in the
top and bottom layer and keep the density same for all 3 layers. A parametric study was
performed for cases with different viscosity ratios /i and intermediate layer thicknesses
to see their relaxation behaviors. As shown in Fig. points on the blue curve are the tip
positions on the capillary wave at different time. The red lines and black lines are marked at
40% and 10% of the initial amplitude. Critical time length 7.49 and 7.10¢ are defined as the
time it takes for the wave to first reaches 40% and 10% of the initial amplitude. .49, and
t.104 are defined as the time it takes for amplitude of the wave to ultimately fall below 40%
and 10% of the initial amplitude. These critical time lengths are used to describe relaxation

behaviors for different cases.
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Fig. 3] shows the results for cases with different viscosity ratios. Results have shown
that there is no substantial difference between 40% and 10% criteria except that it takes
longer time to reach 10% criteria. However, f.40, and .1, decrease as [/l increase
while 70407 and 7,10 increase as L /U increase. This observation can be explained by the
fact that the higher viscosity ratio leads to fewer oscillations, thus a shorter time to fall
below 740, and 7,10, criteria. When it comes to Zc407 and f.1oy criteria, higher viscosity
fluid is more resistance to the motion which brings the interfaces flat. A critical viscosity
ratio o /p between 100 and 200 is observed where ., is equivalent to #.r because the
amplitude of the wave falls below the percentage criteria in one oscillation. Simulations
for different initial wave amplitude and intermediate layer thicknesses were also performed
and the results agree with these observations.

This study has shown that the oscillating behaviours of the intermediate stress can be
changed by adjusting viscosity ratios. However, this could only be used as relatively low
accuracy approach to model the solid metal oxide layer because of the absence of an ap-
propriate strain model for the solid. To address the problem of modeling the oxide layer
accurately, a numerical approach of directly computing the solid stress and accounting for

it in the solid region is required.

4.2 Dynamic grid extrapolation

The dynamic grid is well defined only within the solid domain. On the other hand, the
calculation of the deformation gradient tensor in the finite-width interface region requires
information about the strain field from outside the solid, where the solid strain field is not
defined. The strain field in the fluid does not match smoothly with that in the solid at
the solid-fluid interface, and hence cannot be used. Therefore, in order to avoid numeri-

cal stability issues near the solid-fluid interface, we use a multidimensional extrapolation
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outside solid is smoothed after extrapolation but constant extrapolation introduces unsmoothness
of the derivative of the dynamic grid at the interface. Linear extrapolation is used as the default

approach in this study.
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method [81] to project the dynamic grid from inside the solid out into the fluid domain.
We demonstrate this procedure for a solid disk in a lid-driven cavity problem. Fig. #.4]
shows the dynamic grid before and after the extrapolation. We test three different types of
extrapolation schemes; constant, linear and quadratic [81], using the procedure described
in Section [3.1} It can be observed that the dynamic grid inside the solid region is retained
while the dynamic grid outside the solid is reconstructed based on the extrapolation of the
dynamic grid inside the solid. It can also be observed that the method of constant extrapo-
lation does not provide a smooth transition of the dynamic grid from the solid to the fluid
domain while the quadratic extrapolation amplifies any local non-uniformity, leading to
excessive distortions in the extrapolated field. We therefore use the linear extrapolation
method as our default approach. Stability issues caused by the mesh distortion in the fluid

domain reported by [15] are resolved with this approach.

4.3 Error Analysis

An error analysis is carried out by comparing the results obtained for different grid
sizes with the reference results obtained on a finer mesh. In this study, the reference re-
sults for velocity, pressure, and stress were obtained on a mesh of size 1024 x 1024. To
gain a qualitative assessment of the rate of convergence, we define the following rms error

estimate,

1 Y -
Eé:NZ(O@'—O{,‘)Z 4.1)
i=1

where, o represents different flow variables such as velocity, pressure, and stress com-

ponents obtained for mesh sizes smaller than the reference mesh size, and & denotes the
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corresponding variable for the reference mesh. The subscript, i, denotes the index for each
grid cell for a total of N cells. The error estimate, Eé, is calculated for meshes for which
the number of grid cells in the reference mesh is greater by a multiple of 4, in 2-D, than
the number of grid cells in the coarser mesh. Consequently, the index, i, refers to identical
spatial locations for both the coarse and the reference mesh.

In addition to the rms errors based on local values of velocity, pressure and stress, we
further consider integrated errors associated with the overall kinetic energy of the fluid,

ExE, and the strain energy of the solid, Esg, which are defined as,

Exp = ‘KE/N—I?E/N‘ 4.2)
Esp = ’SE/N—S’E/N’ 4.3)

where, ~ indicates the quantities associated with the reference mesh. The kinetic energy of

the fluid, KE, and the strain energy of the solid, SE, are defined according to

1
KE = / lu]?dA (4.4)

SE = / us[tr(FFT) —2]dA (4.5)
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Figure 4.5: Deformation of an immersed oscillating disk and the flow streamlines at different times
ina 1l x 1 domain with a 128 x 128 grid resolution. Re = 1000, S = 1.0. The fluid stretches the disk
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Figure 4.6: Change in y location of the tracked point on the boundary of the solid disk at y =0
over time for different grid resolutions. The results show reasonable convergence with an increase

in mesh size.
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Figure 4.7: Convergence rate evaluated by the rms errors for u,v, p and o7, (left), and integral
errors for ke and se(right) using the equations described in section[d.3]at ¢ = 0.2. The converges rate
approaches O (Ax?) with grid refinement from 64 to 512 in each direction.
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4.4 Immersed oscillating disk

This test case is designed to assess the capability of the formulation to accurately cap-
ture the coupled dynamics between a deformable solid and the surrounding fluid. The
imposed vortical velocity field generates significant deformation of the elastic disk, pro-
viding a stringent test of the method’s ability to resolve solid stresses, interface motion,
and fluid—structure coupling. The relatively high Reynolds number (Re = 1000) introduces
stronger inertial effects in the fluid, which further challenges the stability and accuracy of
the numerical scheme. In addition, performing a grid convergence study verifies the spatial
accuracy of the formulation and demonstrates that the method achieves the expected close
to second-order convergence rate. In this example, the disk is initially stress-free and has a
circular shape with a radius of 0.2 placed in the center of a 1 X 1 domain with a 128 x 128
grid resolution. At ¢t = 0, the system is subject to a velocity field that is defined by the

stream function

v = ypsin (kex) sin (kyy) (4.6)

where Wy =5 x 1072 and k, = ky = 2m. The Reynolds number of fluid is Re = 1000 and
the stiffness parameter of the solid is § = 1.0. The system evolves like a damped oscillator.
The shape-evolution and the streamlines at different times are presented in Fig. [4.5] corre-
sponding to previously reported results [14]. The colored contours o7; are solid normal
stresses in the x direction.

A convergence study is performed for the case by determining the convergence rate
using the error calculations from Eq.(@.TH4.53)).

Fig. .6 shows the convergence of evolution of the tip position on the solid disk as the

grid resolution increases. Fig. shows that the convergence rate approaches O (sz) as
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Figure 4.8: An oscillating ring with outer radius of 0.2 and a thickness of 0.05 surrounded by fluid
with different solid shear modulus on a 128 x 128 grid. Similar to the disk in the previous simula-
tions, in (a)-(c), the ring can restore its original shape and oscillates with solid stiffness parameter
S =1.0. As we increase the solid stiffness parameter to S = 0.01 in (d)-(f), the ring gets continu-
ously stretched and cannot restore its original shape. Contours are colored by solid normal strain in
X.

the grid resolution increases from 64 to 512 in each direction. This agrees with the results

reported by Jain et al.[17] previously.
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4.5 Immersed oscillating ring

This case extends the previous oscillating disk problem to a thin elastic ring in order to
examine the robustness of the formulation when simulating slender deformable structures.
Compared with a solid disk, the thin ring undergoes larger deformations and stronger local
stretching, which challenges the numerical treatment of solid stresses and interface track-
ing. By varying the solid stiffness parameter S, this test evaluates the sensitivity of the
method to changes in material elasticity and its ability to capture different deformation
regimes ranging from elastic shape recovery to continuous stretching. In addition, this case
demonstrates that the level set formulation can robustly handle severe deformation and even
topological changes, such as rupture of the thin solid structure when the local thickness ap-
proaches the grid spacing. In this test problem, the disk in section .4]is replaced by an
initially stress-free circular ring with outer radius of 0.2 and a thickness of 0.05. A grid
resolution of 128 x 128 is used. The shape evolution of the solid ring with different solid
stiffness parameter S at different time are shown in Fig.[4.8] The fluid has a Reynolds num-
ber, Re = 1000. For (a)-(c) in Fig. {i.8] the solid stiffness parameter, S = 1.0. For (d)-(f)
in Fig. 8] the solid stiffness parameter, S = 0.01. The system is subject to a prescribed
velocity field described by the same stream function in Eq. (@.6) with the velocity magni-
tude 20% of the velocity field in section f.4] The solid ring can hold its shape when the
shear modulus is large enough and can also continuously stretch and can even break when
either the shear modulus is decreased or the velocity is increased. With the use of the level
set method, the current algorithm is numerically able to capture the rupture of the solid in
a stable manner when the thickness of the solid dips below the grid spacing. A physical
model for sub-grid scale rupture can be added at this point to determine the actual point of

rupture.
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Figure 4.9: An elastic wall in a lid driven cavity at steady state with a 128 x 128 domain. Re = 5
and S = 0.2. Color contours represent normal solid stress in x direction. The yellow colored region
shows the solid stress resulted from stretching of the solid wall in x direction while the purple
colored region shows compression stress of the solid wall.

4.6 Elastic wall in a lid driven cavity

This case examines the ability of the formulation to accurately capture fluid—structure
interaction driven by shear forces at a solid—fluid interface. The lid-driven cavity gener-
ates a well-known recirculating flow that produces sustained shear stress along the elastic
substrate, leading to deformation of the solid wall. This configuration tests the capability
of the numerical method to resolve the coupling between viscous fluid stresses and elastic
solid response, particularly in a confined geometry with moving boundaries. In addition,
the convergence study evaluates the spatial accuracy of the formulation for both fluid and
solid variables, demonstrating that the method approaches the expected second-order accu-
racy as the grid is refined. In this example, an elastic Neo-Hookean solid substrate is placed
in the bottom quarter of the domain. The top three quarters of the domain is filled with an

incompressible fluid. The size of the domain is {0,2} in both the x and y directions. The
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Figure 4.10: Convergence rate evaluated at steady state by the rms errors for u,v and oy; (left),
and the errors for ke and se (right) using the equations described in section [f3]at steady state. The
reduction in error approaches O (sz) on the finer mesh.
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Reynolds number, Re = 5, and the solid stiffness parameter of the elastic wall, S = 0.2.
Initially, the fluid is stationary and the solid is stress-free. At time ¢ > 0, the top wall moves

with horizontal velocity, u,

sin?(7mx/0.6), x € [0.0,0.3]
u=05¢ 1, x €[0.3,1.7] 4.7)
sin?(m(x —2.0)/0.6) x € [1.7,2.0]

The solid substrate deforms as a result of the shear stress created by the flow along
the substrate at the solid-fluid interface. Eventually, the system achieves a steady state
of maximum deformation, indicating a balance between the elastic and shearing stresses
at the solid-fluid interface. In this example, the domain is discretized into a 128 x 128
uniform Cartesian grid. In Fig. [#.9] the shape of the substrate and the streamlines of the
flow field in steady state are plotted to provide a visual comparison with other simulation
results [14]. The colored contours oy indicate the normal stress in the solid along the
x-direction. Similar to results in the convergence study in section .4} Fig. f.10] shows
the convergence rate calculated from Eq. start to be around O (Ax) but approaches
o0 (sz) as the grid resolution increases. Convergence study for the same simulation was
previously reported [[14]]. Although in that study, a Lagrangian mesh density of 64 x 64
was used for convergence study of the Cartesian mesh while in the present study, a uniform
resolution was used for both solid and fluid, the convergence rate for the present study
agrees with the previous result reasonable especially when solid resolution becomes closer

to the one in the previous study [14]].

54



(a)

normal
I \ stress in x
0.8 0.8 0.4
i i 0.2
0.6} 0.6 | 0
VA y o 02
O.4f 0.47 _04
0.2 0.2
%02 04 06 08 1 %02 04 06 08 1
normal
i stress in X
0.8} 0.4
: 0.2
0.6F | 0
Yy | 0.2
0.4 0.4
0.2}
0002 04 06 0.8 1 0002 04 06 08 1
normal
S stress in X
S 0.4
el 0.2
7| ’
0
-0.2
-04
1 normal
i stress in X
0.8} 0.4
I 0.2
0.6 0
Y b 0.2
04 0.4
0.2}

% 02040608 1 % 020408608 1
X X
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4.7 Deformable disk in a lid-driven cavity

This case investigates the ability of the formulation to simulate fully coupled fluid—structure
interaction involving both translation and deformation of an immersed elastic body. In
contrast to the previous elastic-wall problem, the solid disk is free to move within the flow,
making this a more challenging test of the method’s ability to capture momentum exchange
between the fluid and the deformable structure. The lid-driven cavity generates complex
recirculating flow that produces both normal and shear stresses on the disk, leading to cou-
pled deformation and rigid-body motion. Comparison of the disk centroid trajectory and
deformation with previously reported results validates the accuracy of the formulation in
predicting the motion of deformable bodies in confined flows, while the grid refinement
study confirms that the method approaches second-order spatial accuracy. In this exam-
ple, an elastic disk is translated and deformed by fluid motion inside a lid-driven cavity,
as shown in Fig. The size of the computational domain is {0, 1}, both in the x and y
directions. The domain is discretized using 128 x 128 grid cells. At time ¢ = 0, the circular
disk of radius r = 0.2 is centered at (x,y) = (0.6,0.5) with an initial radius of » = 0.2. At
t > 0, the top wall moves with constant velocity, u = 1. The fluid motion exerts both shear-
ing and normal stresses on the elastic disk, causing it to translate and deform. The Reynolds
number for fluid, Re = 100, and the stiffness parameter for solid, S = 10. The shape evolu-
tion of the solid disk and the streamlines of the flow field are plotted in Fig. at different
times corresponding to the previous simulation results [[14]. The colored contours ¢ are
solid normal stresses along the x direction.

Fig. .12 shows the centroid of the disk at different resolution in comparison with the
results in the previous study. As the resolution for the present method increases, the cen-
troid approaches the results of Sugiyama et al[74]. Fig. [#.13]shows the evolution of the x

and y coordinates for the centroid of the disk for the lid-driven cavity problem for different
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grid sizes. The centroid coordinates can be observed to converge. Fig. [d.14]shows the con-
vergence rate for the error estimates defined using the equations described in section f.3]
The convergence rate is around O(Ax) for the coarse mesh but improves with an increase
in the number of grid cells, approaching second-order accuracy. These results compare

reasonably well with those previously reported in the literature.

4.8 Deformable solid ring in a lid-driven cavity

This case further examines the capability of the formulation to simulate deformable
bodies with more complex geometries and varying material stiffness. Compared with the
solid disk in the previous example, the hollow ring introduces additional structural flex-
ibility and localized deformation, which provides a more stringent test of the numerical
treatment of solid stresses and interface coupling. By varying the stiffness parameter S, this
case evaluates the sensitivity of the method to different elastic responses and demonstrates
that the solver can accurately capture deformation across a range of material stiffnesses.
The results highlight the robustness of the formulation in handling deformable structures
with internal cavities undergoing large deformation in confined flows. Similar to the previ-
ous example of the deformable disk in a lid-driven cavity, the domain in this case extends
from O to 1 in both x and y directions and is discretized using 128 x 128 grid cells. The
ring is initially centered at (0.6,0.5) in a stress-free state. It has a thickness of 0.1 and an
outer radius of 0.2. The fluid Reynolds number, Re = 100, and we consider three different
values for the solid stiffness parameter, S = 0.1,1.0 and 10. For ¢ > 0, the top wall moves
with a velocity, u = 1. The evolution of the ring is shown in Fig. [#.15] These results show
that as the solid stiffness parameter S decreases, the solid ring becomes more resistant to
deformation. These results demonstrate the ability of the solver to be applicable to stiffer

solids.
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Figure 4.16: A light solid disk with density ratio g—; = 0.1 and different shear modulus rising in a
channel at different time with a grid resolution of 128 x 256 grid. Figure (a)-(c) are with S = 0.5.

Figure (d)—(f) are with § = 1.0. Figure (g)—(i) are with § = 10.
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4.9 Rising solid disk in a vertical channel

This case evaluates the ability of the formulation to simulate buoyancy-driven motion
of a deformable solid in a vertical channel. The density ratio p;/p; = 0.1 introduces
strong coupling between fluid inertia and solid motion, making this configuration particu-
larly challenging due to pronounced added-mass effects. Compared with previous studies,
which typically considered more moderate density ratios, the present formulation remains
stable and accurate for significantly lighter solids. By varying the stiffness parameter S, the
test also demonstrates the capability of the method to capture the interaction between buoy-
ancy forces, elastic deformation, and fluid-induced oscillations. These results highlight the
robustness of the solver for problems involving large density contrasts and strongly cou-
pled fluid—structure dynamics. The domain in this case extends from O to 1 in x and O to
2 in y direction and is discretized using 128 x 256 grid cells. The disk is initially centered
at (0.5,0.3) in a stress-free state with a radius of 0.2. The Reynolds number, Re = 100,
Froude number Fr = 1 and we consider three different values of the solid stiffness param-
eter, S = 0.5,1.0 and 10. The density ratio is kept as g—; = 0.1 with the solid disk lighter
than the surrounding fluid. At ¢ = 0, the disk will start to rise. Fig. @ shows the results
for solid stress and velocity vectors at five different time for the disks with different shear
modulus. It can be observed that the rising speed increases with decrease of stiffness pa-
rameter S as a result of less kinetic energy converted to the potential and kinetic energy of

the solid oscillations.
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4.10 Deformation of a Finite-Thickness Solid Layer Subjected to Inlet

Shearing

This case evaluates the capability of the formulation to simulate the deformation of a
finite-thickness solid layer subjected to controlled hydrodynamic shearing. By prescrib-
ing a fully developed velocity profile on both sides of the solid film, the test isolates the
structural response of the solid to fluid-induced shear stresses while minimizing inertial
mismatch effects. Varying the stiffness parameter S allows the method to capture different
deformation regimes ranging from stable elastic bending to extreme stretching and rupture
for highly compliant materials. In addition, this configuration provides a useful frame-
work to examine the influence of numerical grid resolution on the effective thickness of the
Eulerian representation of the solid layer and motivates the proposed scaling of the shear
modulus to maintain consistent macroscopic stiffness across different grid resolutions.

As illustrated in Fig. [f.17] a fully developed parabolic velocity profile is prescribed on
both sides of a centrally located solid layer to evaluate controlled hydrodynamic shearing
in the y-direction. The maximum fluid inlet velocity is set to 1. To isolate the structural
response from inertial mismatch effects, the fluid-to-solid density ratio is held at 1, and the
dynamic viscosities are matched. The computational domain spans 3 x 4 spatial units and
is uniformly discretized into a 300 x 400 Eulerian grid. The fluid operates at a moderate
Reynolds number of Re = 50, ensuring a steady, laminar shear regime. To determine the
influence of the shear modulus on the structural behavior, solid stiffness parameters of
S =20 (rigid) and § = 0.2 (highly compliant) are evaluated.

The resulting elastodynamic deformations are depicted in Fig. 4.18] When the solid
shear modulus is exceptionally low (S = 0.2), the layer lacks the requisite internal elastic

restoring forces to counterbalance the external fluid traction. Consequently, it cannot sus-
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Figure 4.18: Structural response of the solid layer subjected to steady flow, comparing a highly

rigid solid with a stiffness parameter of S = 20 (a) against a highly compliant solid with § = 0.2 (b)
on a 300 x 400 grid.
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tain the imposed shear stress, leading to extreme elongation and ultimate structural rupture.
Conversely, with a substantially higher shear modulus (S = 20), the solid successfully with-
stands the hydrodynamic loading, bending gracefully until the fluid traction equilibrates
with the internal elastic stress, allowing the layer to maintain a steady, finite deformation.

Building upon the steady-state observations, the structural response of the solid layer is
subsequently investigated under an oscillatory fluid driving force. As shown in Fig. [4.19]
a fully developed, time-varying velocity profile is prescribed in the channel between the
solid films, with the maximum inlet velocity fluctuating periodically to induce alternating
shear cycles. For this dynamic simulation, the fluid viscosity is set to a Reynolds number
of Re = 100 and the solid shear modulus is fixed at S = 10.
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Figure 4.19: Boundary conditions for the dynamic simulation of a solid film deforming under a
fully developed, periodically oscillating velocity profile prescribed between the solid boundaries.

Beyond analyzing the periodic deformation dynamics, we critically evaluate the effects
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of grid resolution on the finite-thickness representation of the solid layer. Because the nu-
merical formulation relies on a fixed number of grid cells to span the solid film region,
altering the global grid resolution inherently changes the physical thickness of the simu-
lated structure, as visualized in Fig. @

Because this geometric thickness artificially alters the bending stiffness and apparent
structural rigidity of the layer, we propose mathematically scaling the shear modulus as
a function of the local layer thickness. This calibration ensures that the modeled solid
layer exhibits a consistent macroscopic stiffness, rendering the fluid-structure interaction
behavior practically independent of the underlying grid resolution. A preliminary investi-
gation into this thickness-induced scaling is conducted by dynamically tracking a material

midpoint at the bottom boundary of the solid layer (indicated in Fig. [d.20).

4.11 Deformation of a pre-deformed solid film

This case examines the capability of the formulation to simulate the relaxation dynam-
ics of a pre-deformed elastic structure interacting with multiple surrounding fluids. The
deformation is achieved by first using a uniform velocity inflow u = 1 to deform the film
for a time t = (.56 to a deformed state, where the tracked tip position deviate for a dis-
tance of 0.1 from the stress-free state. This deformed shape was used as an initial condition
to start the simulation with O velocity everywhere inside the domain. The boundaries on
the top and bottom are open, allowing the flow to get in and out of the domain. By ini-
tializing the solid film with stored elastic energy and allowing it to evolve freely without
external forcing, the test isolates the interplay between elastic restoring forces and vis-
cous fluid stresses. Varying the density ratio (DR) and viscosity ratio (VR) between the
two fluid layers provides a systematic way to evaluate how inertial and dissipative effects

influence the oscillatory relaxation of the structure. The results demonstrate that the nu-
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merical method can accurately capture the coupled dynamics of multiphase fluid—structure
interaction, including inertia-controlled oscillation timescales and viscosity-driven damp-
ing behavior. The computational domain is a two-dimensional rectangular region defined
over 0 <x<1land 0 <y <1 with a 128 x 128 grid. The solid film is initially located
near the center of the domain and separates the upper and lower fluids, denoted as Fluid
I (initially x < 0.45) and Fluid 2 (initially x > 0.55), respectively. The film is pinned at
both the left and right boundaries, enforcing fixed end conditions that prevent rigid body
motion. Consequently, all observed deformation arises from internal elastic forces and
hydrodynamic interactions.

At t = 0, the solid is prescribed with a pre-deformed configuration, introducing stored
elastic energy into the system. Upon release, the film evolves freely under the combined
effects of elastic restoring forces and viscous stresses exerted by the surrounding fluids. No
external forcing is applied, and the system undergoes a natural relaxation process.

The density of the solid is set equal to that of Fluid 2 to eliminate buoyancy effects
and isolate the role of viscous and inertial interactions. The flow is characterized by a
Reynolds number Re = 100 and a non-dimensional stiffness parameter S = 0.1, indicating
a moderately compliant structure. To investigate the effect of fluid properties, simulations
are performed for different density ratios (DR) and viscosity ratios (VR), defined as the
ratios of Fluid 2 to Fluid 1.

Fig. [f.21] and Fig. .22 present the spatial distribution of the solid deformation, along
with a contour plot of a representative stress component within the film. The deformation
remains smooth and continuous, with the largest deflection occurring near the center of
the domain, consistent with the fixed boundary conditions at both ends. The stress dis-
tribution indicates higher magnitudes near regions of maximum curvature, reflecting the
concentration of elastic stresses associated with bending. The temporal evolution of the

film deformation is quantified by tracking the vertical displacement of the midpoint of the
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Figure 4.23: Amplitude of the midpoint over time for film with different DR and VR

film. The resulting amplitude histories for different combinations of density and viscosity
ratios are shown in Figures (a)—(d). In all cases, the system exhibits an oscillatory relax-
ation behavior, where the initial deformation leads to a series of damped oscillations as the
film approaches its equilibrium configuration.

To systematically investigate the influence of fluid properties on the deformation dy-
namics of the pre-deformed solid film, a series of simulations are performed with varying
DR and VR. The evolution of the film is quantified by tracking the vertical displacement of
its midpoint, providing a measure of oscillation amplitude and damping behavior.

The tip position on the film was tracked and the results in Fig. [f.23| reveal that the de-
formation dynamics are strongly governed by the interplay between inertial and viscous
effects in the surrounding fluids. For the baseline case with DR =1 and VR = 1, the sys-
tem exhibits a symmetric and moderately damped oscillatory response. The initial elastic
energy stored in the pre-deformed configuration is gradually dissipated through viscous

effects, resulting in a smooth decay of oscillation amplitude over time.
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When the density ratio is increased while keeping the viscosity ratio fixed, a clear re-
duction in oscillation frequency is observed. This behavior is attributed to the increased
effective inertia of the fluid—structure system, which slows down the dynamic response of
the film. For example, cases with DR = 10 exhibit longer oscillation periods compared to
the baseline case. The amplitude of oscillation may also be slightly enhanced during the
initial cycles due to the greater resistance of the heavier fluid to rapid acceleration.

In contrast, variations in the viscosity ratio primarily affect the rate of energy dissi-
pation. Increasing the viscosity ratio leads to stronger damping, as viscous stresses more
effectively dissipate the kinetic energy generated during oscillation. As a result, cases with
VR = 10 show a rapid decay in amplitude and a faster transition toward equilibrium. Con-
versely, lower viscosity ratios allow oscillations to persist for a longer duration, with slower
attenuation of amplitude.

The combined effects of density and viscosity ratios further illustrate the competing
roles of inertia and dissipation. For cases with both high density and high viscosity ra-
tios DR = 10,VR = 10, the system exhibits low-frequency, heavily damped oscillations.
The increased inertia prolongs the oscillation period, while the elevated viscosity acceler-
ates energy dissipation, resulting in fewer observable oscillation cycles before the system
reaches equilibrium.

Additionally, subtle asymmetries in the deformation profiles can arise when density
and viscosity contrasts are large, reflecting differences in momentum transfer across the
fluid—solid interfaces. These effects highlight the sensitivity of the coupled system to prop-
erty mismatches between the two fluid layers.

Overall, the parametric study demonstrates that density ratio primarily controls the
timescale of oscillation (inertial effect), while viscosity ratio governs the rate of energy
dissipation (damping effect). The numerical results consistently capture these trends, con-

firming the capability of the method to resolve the complex interplay between fluid inertia,
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Figure 4.24: Oscillation of a solid film with a thickness of 0.05 under a point force with a 256 x 128
grid with S=10, pfrt=0.05, pfrd=0.2 and pfma=150 (part 1). The white line shows the instantaneous
shape of the dynamic grid. Stress contour and velocity vectors are also plotted.

viscous stresses, and structural elasticity in multiphase fluid—structure interaction problems.
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76



4.12 Deformation of a solid film under a point force

This case evaluates the ability of the formulation to capture the dynamic response of a
deformable structure subjected to localized forcing. A point force was implemented by the
following procedure: We define a few constants: point force ramp up time (pfrt), a point
force ramp down time (pfrd), and a point force maximum amplituce (pfma). The force

amplitude f(¢) is applied using a smoothed error function:

2t
pfma.erf<?) , t < pfrd,
pfr

2(t — pfrd)
fma. |1 —erf( ———= t > pfrd.
pfma { er( Ofit )}, > pfr

fo) = (4.8)

The application of a point force at the midpoint of the solid film generates a highly lo-
calized deformation and initiates elastic waves that propagate along the structure, providing
a stringent test of the numerical treatment of stress transmission and structural dynamics.
By varying the stiffness parameter S, the simulations examine how material rigidity influ-
ences the amplitude, frequency, and damping characteristics of the oscillatory response.
This test therefore demonstrates the capability of the method to resolve localized loads,
elastic wave propagation, and the coupled effects of fluid inertia and viscous dissipation
in deformable structures. In this section, we examine the dynamic response of an elastic
solid film subjected to a localized point force. This case is designed to investigate the tran-
sient deformation, wave propagation, and damping behavior of the film under concentrated
loading in a fluid—structure interaction setting.

The computational domain consists of a two-dimensional rectangular region, within
which a thin elastic solid film with a thickness of 0.05 is immersed between two fluid
layers. The point force is defined in a circular region at center of the film with radius of

0.05 by a point force level set function pfls(x,y,z). The forcing magnitude F(x,y,z) is
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defined by:

F(x,y,z) = %t) (1 —i—erf(—%)) 4.9)

In this test, pfrt=0.05, pfrd=0.2 and pfma=150 were used. The 2 x 1 domain is dis-
cretized into a 256 x 128 grid. The film is initially flat and horizontally aligned, separating
the upper and lower fluids. Both ends of the film are fixed at the left and right boundaries,
enforcing clamped boundary conditions that prevent rigid body motion and ensure that all
deformation is induced by the applied force and subsequent fluid—structure interaction.

A localized point force is applied at the midpoint of the film in the vertical direction.
This forcing introduces a concentrated deformation that perturbs the equilibrium configu-
ration and generates elastic waves that propagate along the film. The surrounding fluids
interact with the deforming structure, providing additional inertial and viscous effects that
influence the overall dynamics.

The flow is characterized by a fixed Reynolds number in the simulations (Re = 100),
and the solid behavior is governed by the non-dimensional stiffness parameter S. To in-
vestigate the role of structural rigidity, simulations are performed for a range of stiffness
values, specifically § = 2,5, 10,20, 50, corresponding to increasingly resistant films.

Fig. B.24] and Fig. [.25] illustrates the instantaneous deformation of the film and the
corresponding distribution of normal stress in the streamwise direction at selected time
instances. Immediately after the application of the point force, a pronounced localized de-
flection is observed at the midpoint of the film. This deformation generates strong stress
concentrations in the vicinity of the forcing location, as indicated by the contour plots.
As time progresses, the initial disturbance propagates outward along the film in the form
of elastic waves, leading to a redistribution of stress and a gradual smoothing of the de-
formation profile. The stress distribution becomes more uniform, and the film gradually

approaches its equilibrium configuration.
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Figure 4.26: Amplitude of the midpoint over time for film with different stiffness S

The temporal evolution of the deformation is quantified in Fig.[#.26] which presents the
amplitude of the midpoint displacement as a function of time for different stiffness param-
eters. All cases exhibit an oscillatory response, characteristic of an underdamped system
where elastic restoring forces and inertia dominate the initial dynamics. However, the stiff-
ness parameter significantly influences both the amplitude and frequency of oscillation.

For lower stiffness values (e.g. S = 2), the film is more compliant and exhibits larger
initial deflections and lower oscillation frequencies. The reduced stiffness leads to a slower
restoring force, allowing the deformation to persist over a longer time scale. In contrast,
higher stiffness values (e.g. S = 50) result in smaller deformation amplitudes and higher
oscillation frequencies, as the stronger elastic forces rapidly counteract the applied distur-
bance.

Additionally, the rate of amplitude decay is affected by the stiffness of the film. More
compliant films tend to exhibit stronger damping, as larger deformations enhance viscous
dissipation in the surrounding fluid. Conversely, stiffer films experience weaker damping

and maintain oscillatory motion for a longer duration, although with smaller amplitudes.
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Overall, the results demonstrate that the deformation dynamics of the solid film under
a point force are governed by a balance between elastic restoring forces, fluid inertia, and
viscous dissipation. The stiffness parameter plays a critical role in controlling the ampli-
tude, frequency, and decay rate of the oscillations. These findings highlight the capability
of the numerical method to accurately capture localized forcing, wave propagation, and

coupled fluid—structure interaction effects in deformable systems.

4.13 Deformation solid filaments with periodic inflow

This case examines the capability of the formulation to simulate the collective dynam-
ics of multiple deformable structures subjected to unsteady flow forcing. The oscillatory
inlet velocity generates periodic hydrodynamic loading on the anchored filaments, produc-
ing cyclic bending, vortex formation, and complex fluid—structure coupling. Compared
with previous single-structure cases, the presence of multiple filaments introduces wake in-
teractions and shielding effects, providing a more demanding test of the solver’s ability to
capture multi-body FSI and flow-mediated structural coupling. The results demonstrate that
the method can accurately resolve the phase lag between the oscillatory flow and structural
response, as well as the formation of secondary vortical structures and vertical momentum

transport induced by the deforming filaments. The oscillatory inlet velocity u defined by:

u = sin (27t) (4.10)

where # = 1 in this case. The computational domain consists of a two-dimensional rect-
angular region of non-dimensional length L = 2 and height H = 1 with a grid resolution of
256 x 128. Three identical elastic solid filaments, each with a height of 0.8 and thickness

of 0.1, are immersed within the fluid and vertically aligned along the bottom boundary. The
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Figure 4.27: Movement of 3 solid filaments at the bottom of a channel with Re = 100 and S =1
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filaments are initially straight and anchored at y = 0 using clamped boundary conditions,
while their remaining surfaces are free to deform in response to the surrounding flow.The
flow is driven by an oscillatory velocity inlet at x = 0, prescribed to simulate a reversing
pressure gradient that periodically perturbs the structures. This forcing introduces a cyclic
bending motion that generates complex secondary flows within the channel. The surround-
ing fluid interacts with the deforming filaments, providing inertial and viscous effects that
govern the phase relationship between the flow and the structural response. The simula-
tions are characterized by Re = 100 and S = 1, which dictates the resistance of the filaments
to the hydrodynamic loads.Fig. and Fig. 428 illustrate the instantaneous deformation
of the filaments and the corresponding distribution of the vertical velocity component (v)
at selected time instances. Immediately following the acceleration of the inlet flow, a pro-
nounced localized deflection is observed as the filaments bend in the streamwise direction.
This deformation generates strong vertical velocity concentrations, as indicated by the yel-
low (positive v) and purple (negative v) contour plots. As the cycle progresses, the initial
bending evolves into higher-order modes, leading to a redistribution of the velocity field
and the formation of recirculating zones between the structures.The vertical velocity dis-
tribution becomes particularly intense during the mid-cycle phases, where the ”S-shaped”
profiles of the filaments indicate a transition in the bending regime. The temporal evolution
of the flow field reveals that the filaments act as dynamic obstacles that "pump” fluid verti-
cally. For the observed stiffness and flow parameters, the system exhibits a clear phase lag;
the maximum structural deflection does not coincide instantaneously with the peak inlet
velocity, a characteristic of underdamped fluid—structure coupling where structural inertia
and fluid damping play a competitive role.Furthermore, the proximity of the filaments influ-
ences the collective dynamics. The leading filament at the upstream position encounters the
undisturbed oscillatory flow, while the subsequent filaments are subjected to the wake and

shed vortices of their predecessors. This interaction leads to a modulation of the stress dis-
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tribution along the filament surfaces and a variation in the amplitude of the vertical velocity
pockets.Overall, these results demonstrate that the deformation dynamics of solid filaments
in an oscillatory flow are governed by a complex balance between elastic restoring forces,
fluid-induced drag, and the formation of secondary vortical structures. The filaments ef-
fectively convert horizontal fluid motion into vertical transport, highlighting the capability
of the numerical method to capture the intricate coupling between multi-body structural

deformations and unsteady fluid mechanics.
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Chapter 5:  Fluid—Elastic Solid Interaction in 2—D —Axisymmetric

Building upon the two-dimensional Cartesian validations presented in the previous
chapter, this chapter extends the fully Eulerian fluid—structure interaction (FSI) framework
to two-dimensional axisymmetric coordinate systems. This extension demonstrates the
modularity of the numerical method and its capability to efficiently model problems using
appropriate boundary conditions and cylindrical geometries, which are highly relevant to
the tubular runner and gating systems frequently encountered in industrial metal casting.
Specifically, the chapter investigates the dynamic response of deformable elastic bound-
aries subjected to periodic fluid forcing in two primary configurations: flow through an
axisymmetric vessel and flow through an axisymmetric nozzle. By analyzing the resulting
strain fields, structural deformations, and complex velocity profiles within these confined
geometries, this chapter serves as a critical bridge between the foundational 2-D simula-

tions and the fully three-dimensional implementations explored later in the dissertation.

5.1 Periodic flow through an axisymmetric vessel

This case evaluates the capability of the formulation to simulate unsteady fluid—structure
interaction in an axisymmetric geometry. The imposed sinusoidal inflow generates a pul-
satile flow field that produces time-dependent fluid stresses on the compliant vessel wall,
leading to periodic structural deformation. This configuration provides a stringent test of

the solver’s ability to capture the coupled dynamics between pulsatile fluid motion and
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Figure 5.1: Axisymmetric flow through a vessel. Re = 100 and S = 1. Figure (a) to (d) are at different time
instances within one oscillation cycle of the inflow
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the finer mesh.
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elastic structural response while preserving the symmetry constraints of the axisymmetric
formulation. The results demonstrate that the method can accurately resolve the propaga-
tion of oscillatory flow, the corresponding vessel wall deformation, and the convergence
behavior of the numerical scheme in an axisymmetric fluid—structure interaction problem.
Fig. [5.1] presents the simulation of axisymmetric flow through a deformable vessel, high-
lighting the coupled dynamics between a time-dependent inflow and the structural response
of the vessel wall. The computational domain extends from x=0 to x=3 and from y=0 to
y=1.5, where the bottom boundary (y=0) represents the axis of symmetry. The grid resolu-
tion is 256 x 128. The left boundary serves as the inlet, where a time-varying sinusoidal

velocity profile is prescribed by

u=1.0+0.9sin (27¢) (5.1)

with an average velocity of 1.0, while the top and right boundaries are treated as pressure
outlets.

The inflow condition introduces an unsteady forcing characterized by a sinusoidal vari-
ation in time with a frequency of 7 /4. The flow operates at a Reynolds number Re = 100,
corresponding to a laminar regime in which viscous effects remain significant. The solid
structure is characterized by a stiffness parameter § = 1, indicating a relatively stiff vessel
wall that undergoes moderate deformation under fluid loading.

The contour plots in Fig. [5.1] show the streamwise velocity component, with superim-
posed velocity vectors illustrating the flow direction and local magnitude. The vessel wall
is represented by solid boundaries, which deform in response to the fluid stresses. Near
the inlet, the oscillatory inflow generates a periodically accelerating jet that induces strong
velocity gradients and shear near the lower wall. As the flow propagates downstream, vis-

cous diffusion causes the jet to spread, resulting in a smoother velocity distribution across
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the cross-section.

The deformation of the vessel wall is closely correlated with the temporal variation of
the inflow. During phases of increased inflow velocity, the wall experiences higher fluid
stresses, leading to enhanced outward deformation. Conversely, as the inflow weakens,
elastic restoring forces dominate, and the wall relaxes toward its original configuration.
This interaction produces a time-dependent deformation pattern that follows the imposed
oscillatory forcing.

Panels (a)—(d) represent selected time instances within one oscillation cycle of the in-
flow. The results show that the deformation remains smooth and continuous, with no
evidence of spurious numerical oscillations. The symmetry condition along the bottom
boundary ensures consistency with the axisymmetric formulation, while the pressure outlet
boundaries allow for natural outflow without artificial reflections.

Overall, the simulation demonstrates the capability of the numerical method to accu-
rately capture unsteady fluid—structure interaction in a confined, axisymmetric geometry.
The results highlight the combined effects of pulsatile inflow, viscous transport, and struc-
tural elasticity, which are key features in applications such as flow in compliant vessels and
biological transport systems.

Fig. [5.2] shows the convergence rate calculated from Eq.(@.I}ff.5)start to be around
O (Ax) but approaches O (sz) as the grid resolution increases. This is inline with the

previous 2D results.

5.2 Periodic flow through an axisymmetric nozzle

This case further evaluates the capability of the formulation to simulate unsteady fluid—structure
interaction in an axisymmetric configuration involving a flexible nozzle. The oscillatory

inflow generates a pulsatile jet that interacts with the compliant nozzle wall, producing
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time-dependent deformation that is particularly pronounced near the nozzle tip. By exam-
ining the influence of forcing frequency, Reynolds number, structural stiffness, and nozzle
thickness, this case systematically investigates how fluid inertia, viscous effects, and elastic
restoring forces govern the coupled dynamics. The results demonstrate that the numerical
method can accurately capture the phase relationship between pulsatile flow and structural
response, as well as the sensitivity of deformation amplitude to both flow and structural
parameters. In addition, the convergence study confirms that the solver maintains near
second-order spatial accuracy for this complex unsteady axisymmetric fluid—structure in-
teraction problem. The parameters in this case and comutaional domain along with the grid
resolution are the same as section [5.1] except that the nozzle has a length of 1.5. In this
simulation, the baseline case is of Re = 100 and S = 0.5. The inflow boundary condition
is prescribed as a sinusoidal velocity profile, introducing unsteady forcing into the system
by:

u=1.040.9sin(1/4mr) (5.2)

The deformation of the nozzle is quantified by tracking the displacement amplitude of the
tip at the downstream end of the structure.

Fig.[5.3| presents instantaneous snapshots of the flow field using contours of the stream-
wise velocity component, along with velocity vectors and the deformed configuration of the
nozzle. The results show that the oscillatory inflow generates a pulsatile jet that interacts
strongly with the flexible wall. During phases of high inflow velocity, the jet penetrates
further downstream and induces pronounced deformation of the nozzle, particularly near
the tip region. As the inflow weakens, the jet decelerates and spreads, and the structure
partially relaxes due to elastic restoring forces. The deformation remains smooth and con-
tinuous throughout the cycle, indicating stable coupling between the fluid and solid solvers.

The temporal evolution of the nozzle deformation is further quantified in Fig.[5.4] where
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the tip displacement amplitude is plotted as a function of time under different forcing fre-
quencies and structural stiffnesses. In Fig.[5.4[(a), increasing the inflow frequency leads to
a reduction in deformation amplitude and a noticeable phase lag between the forcing and
structural response. At lower frequencies, the nozzle has sufficient time to respond to the
fluid forcing, resulting in larger and more regular oscillations. In contrast, higher-frequency
forcing limits the structural response, producing attenuated oscillations with reduced am-
plitude.

Fig. [5.4(b) illustrates the effect of the stiffness parameter on the nozzle dynamics. As
the stiffness increases, the amplitude of the tip displacement decreases, reflecting the in-
creased resistance of the structure to fluid-induced deformation. Softer configurations ex-
hibit larger oscillations and more pronounced temporal variation, while stiffer cases re-
spond more weakly and exhibit nearly harmonic behavior. This trend is consistent with the
balance between fluid forcing and elastic restoring forces.

The influence of Reynolds number and structural thickness is examined in Fig.[5.3] In
Fig. 5.5a), increasing the Reynolds number results in larger deformation amplitudes and
more complex oscillatory behavior. At higher Reynolds numbers, inertial effects dominate,
leading to stronger fluid forcing and enhanced structural response. The waveform of the tip
displacement also becomes less smooth, indicating increased nonlinear interaction between
the flow and the structure.

Fig. 5.5[b) shows the effect of the structural thickness ¢ on the nozzle deformation.
Thinner structures exhibit larger displacement amplitudes due to reduced bending stiff-
ness, while thicker structures display more damped responses. The results also indicate
that thinner nozzles are more sensitive to the imposed oscillatory forcing, exhibiting larger
variations in both amplitude and phase over time.

Finally, Fig. [0.6] presents a convergence study calculated from Eq.(@.I}f.5)for the cou-

pled system, showing the root-mean-square errors for velocity, pressure, and stress compo-
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nents, as well as global quantities such as kinetic and strain energy. The results demonstrate
that the numerical method achieves close to second-order accuracy on refined meshes, con-
firming the consistency and reliability of the approach for resolving unsteady fluid—structure
interaction problems.

Overall, the simulations demonstrate that the response of the flexible nozzle is strongly
dependent on the inflow frequency, Reynolds number, structural stiffness, and thickness.
The numerical framework successfully captures these coupled effects and provides phys-
ically consistent predictions of the deformation and flow dynamics in an axisymmetric

configuration.
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Figure 5.3: Axisymmetric flow through a nozzle. Re = 100 and S = 0.5. Figure (a) to (d) are at different
time instances within one oscillation cycle of the inflow
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Figure 5.4: Parametric study for different inlet frequency (a) and solid stiffness parameter (b)
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(a)
flexible nozzle with freq=1/4 pi, S=4 and thickness of 0.2

0.8 \ —Re=25
| |—Re=50
—Re=100
\ | |—Re=200
2 Re=400
J Re=800
—Re=1000
0.62 : ' '
10 20 30 40
time
(b)
0.1 flexible nozzle with freq=1/4 pi, Re=100 and S=4
: ‘ ‘ ‘ — t=0.1
— t=0.2
0.08 - — t=04
[0)
°
é’ 0.06 -
[o%
S
S 0,04t
©
=
¢ 0.02+
ke)
2
a 0
IS
©
-0.02 -
-0.04 : : :
0 10 20 30 40
time

Figure 5.5: Parametric study for different fluid Reynolds number (a) and solid thickness (b)
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Figure 5.6: Convergence rate evaluated by the rms errors for u,v, p and o1 (left), and the errors for ke and
se (right) using the equations described in section att = 2. The reduction in error approaches O (sz) on
the finer mesh.
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Chapter 6: Fluid-Elastic Solid Interaction in 3-D

Having established and validated the Eulerian fluid—structure interaction (FSI) frame-
work in two-dimensional and axisymmetric domains, this chapter presents the culmination
of the numerical implementation: the extension to fully three-dimensional space. Transi-
tioning to 3-D is essential for capturing the complex, out-of-plane deformations and multi-
directional strain fields inherent to real-world industrial applications, such as the spatial
dynamics of oxide films in liquid metal casting. This chapter demonstrates the robustness,
accuracy, and scalability of the unified numerical approach by first simulating canonical
3-D benchmark problems, specifically an immersed oscillating sphere and an immersed
oscillating cylinder. Building on these foundational validations, the chapter concludes with
the highly complex simulation of a fully three-dimensional deformable solid film inter-
acting with the surrounding fluid flow. Together, these cases illustrate the framework’s
capability to efficiently resolve fully coupled, multi-dimensional hydrodynamics, paving

the way for the realistic industrial scenarios discussed in the subsequent chapter.

6.1 Immersed oscillating sphere

The present Eulerian—Lagrangian framework can be straightforwardly extend to fully
three-dimensional fluid—structure interaction problems without additional algorithmic com-
plexity. This case demonstrates the capability to solve fully three-dimensional fluid—structure

interaction problems. The Taylor—Green vortex provides a smooth vortical flow field with
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Figure 6.1: Figure (a)-(c) show the deformation of the solid sphere with prescribed Taylor-Green vortex
field. Re = 1000 and S = 1.0. The normal solid stress in x direction is plotted on the surface of the solid.
Figure (d)—(f) show stress contours and velocity vectors at the x-y plane in the center of the domain(z=0) for
the corresponding sphere with Re = 1000 and S = 1.0.



spatially varying strain and rotation, offering a well-defined environment to test the struc-
tural response of an immersed elastic body under complex three-dimensional loading. The
relatively high Reynolds number (Re = 1000) introduces significant inertial effects, cre-
ating strong velocity gradients that induce shear and extensional stresses within the solid.
This configuration therefore provides a stringent test of the solver’s ability to capture three-
dimensional deformation, stress distribution, and two-way coupling between the fluid and
the elastic structure while maintaining numerical stability and interface regularity.

The flow is initialized using the Taylor—Green vortex, which provides a smooth, spa-
tially periodic velocity field characterized by well-defined vortical structures and alternat-

ing regions of strain and rotation described by:

u = 0.17sin(27x) cos(27y)
v=—0.17sin(27y) cos(27x) (6.1)

w=20

The Reynolds number is fixed at Re = 1000, corresponding to a moderately inertial
regime where both advection and viscous effects are important. The solid stiffness parame-
ter is set to S = 1, representing a deformable solid that maintains structural coherence while
allowing noticeable deformation.

The sphere is initially located at the center of the computational domain, where the
symmetry of the flow field ensures balanced but spatially varying loading conditions. As
the flow evolves, the imposed velocity gradients generate internal stresses within the solid,
driven primarily by shear and extensional components of the surrounding fluid motion.
These stresses lead to periodic deformation and oscillatory motion of the sphere.

The deformation of the sphere exhibits smooth and continuous variations over time,

indicating that the numerical method preserves interface regularity and avoids spurious
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numerical artifacts. The distribution of normal solid stress in the x-direction reveals clear
correlations with the underlying flow structures. Regions aligned with extensional flow
exhibit elevated tensile stresses, while compressive stresses arise in regions associated with
flow convergence. This behavior reflects the direct coupling between the kinematics of the
fluid and the elastic response of the solid.

Cross-sectional analysis at the mid-plane of the domain (z = 0) further highlights the
coupled dynamics. The velocity field shows localized perturbations near the fluid—solid
interface, demonstrating two-way interaction between the phases. Inside the solid, the
stress field reflects a balance between viscous forcing imposed by the fluid and elastic
restoring forces within the material. This interplay results in sustained oscillatory behavior
without numerical instability, confirming the robustness of the method in three-dimensional
settings.

u,v and w are corresponding x,y and z component of the velocity vectors. Solid sphere
is located at the center of the domain. Deformation of the sphere and the stress contours
are shown in Fig.[6.1] (a)—(c). Contours for normal solid stress in x direction are plotted at
the cross sections normal to z direction in the middle of the solid. Results for stress and

velocity are shown in Fig. [6.1](d)—(f).

6.2 Immersed oscillating cylinder

This case further evaluates the robustness of the formulation by considering a differ-
ent three-dimensional geometry subjected to the same Taylor—Green vortex field. Because
the imposed velocity field is uniform in the spanwise (z) direction, the forcing conditions
remain identical across all cross-sections of the cylinder, providing a useful test of the
method’s ability to preserve physical symmetry in three-dimensional simulations. Unlike

the sphere, which undergoes fully three-dimensional deformation, the cylindrical geometry
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results in a predominantly in-plane deformation response that is nearly invariant along the
axial direction. This configuration therefore verifies that the numerical framework can ac-
curately capture geometry-dependent deformation while maintaining consistent structural
response along the spanwise direction. The results confirm the capability of the method to
simulate three-dimensional fluid—structure interaction for bodies with different geometrical
characteristics while preserving the underlying symmetry of the flow field.

The Taylor-Green vortex field for this case is the same as the one in Eq. [6.1} De-
spite the spanwise uniformity of the forcing, the geometric characteristics of the cylinder
lead to deformation behavior that differs from that of the sphere. The cylinder experiences
spatially varying loading within each cross-sectional (x—y) plane due to the non-uniform
distribution of velocity gradients in the Taylor—Green vortex field. Consequently, the de-
formation is primarily governed by in-plane stretching and compression, while remaining
nearly invariant along the axial direction.

Compared to the sphere, which undergoes fully three-dimensional and symmetric de-
formation, the cylinder exhibits a quasi-two-dimensional response with consistent defor-
mation patterns along its length. This behavior reflects the underlying symmetry of the
flow and confirms that the numerical method preserves physical invariance in the spanwise
direction.

Overall, the results demonstrate that the proposed method accurately captures fluid—structure
interaction under spatially uniform forcing while maintaining consistency across multiple
cross-sections. The uniformity of the deformation along the axial direction further validates
the robustness and reliability of the method for three-dimensional problems with inherent
symmetry.

Deformation of the cylinder with the velocity vectors are shown in Fig.
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6.3 3D solid film

This case further demonstrates the capability of the numerical framework to simulate
fully three-dimensional fluid—structure interaction involving localized jet forcing. The im-
pinging jet generates strong spatially varying fluid stresses that induce complex deforma-
tion of the solid film, providing a demanding test of the solver’s ability to capture coupled
flow and structural dynamics in three dimensions. Comparison with the corresponding
two-dimensional configuration reveals that the 3D film exhibits a comparatively stiffer re-
sponse, reflecting the influence of additional geometric constraints and out-of-plane stress
contributions present in three dimensions. By varying the stiffness parameter S, the simu-
lations also highlight the sensitivity of the deformation to material rigidity and demonstrate
the robustness of the method for modeling highly deformable thin structures subjected to
localized fluid loading. As shown in Fig.[6.3] The objective of this study is to investigate
the dynamic response of the solid film under fluid forcing and to compare its behavior with
corresponding two-dimensional configurations.

The results reveal notable differences between the 2D and 3D cases. In particular,
the 3D solid film exhibits a comparatively stiffer response, even when characterized by
a smaller stiffness. This increased apparent stiffness can be attributed to the additional
geometric constraints and out-of-plane stress contributions present in three dimensions,
which enhance the overall structural resistance to deformation.

Fig. [6.3] illustrates the deformation of the solid film under different stiffness parame-
ters. Fig.[6.3(a), with a higher stiffness parameter (S = 100), shows a more localized and
restrained deformation, indicating a stronger resistance to fluid-induced stresses. In con-
trast, in Fig. [6.3b), corresponding to a relatively soft material (S = 1.0), the film undergoes
significant deformation due to the impinging jet, with pronounced elongation and shear

near the impact region. The differences between these cases highlight the sensitivity of the
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Figure 6.3: Shearing of the solid film of different solid stiffness. Figure (a) is the solid with S = 100. Figure
(b) is the solid with S = 1.0.

film dynamics to material properties.

These simulations are part of the study aimed at characterizing the behavior of 3D solid
films under varying flow and material conditions. In particular, we are systematically ex-
ploring the effects of inlet velocity amplitude, oscillation frequency, solid shear modulus,
and film thickness on the deformation and stability of the structure. This parametric analy-
sis will provide deeper insight into the coupled fluid—structure dynamics and help establish

scaling relationships governing the response of deformable films in three-dimensional flow
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Chapter 7: Industrial Application and Solver Capability Evaluation: In-

ternship Work at Dassault Systemes

Building upon the fundamental numerical developments presented in previous chapters,
this chapter transitions the focus toward the evaluation and application of fluid-structure in-
teraction and multiphase flow solvers within a large-scale industrial setting. The research
detailed herein was conducted during an industrial internship at Dassault Systemes, specif-
ically focusing on validating their state-of-the-art PowerFLOW and XFlow solvers against
key industrial and academic benchmarks. The overarching motivation was to assess the ca-
pability of existing commercial methods to handle complex multiphase phenomena (forced
oscillation, rotational movement, lubrication and wetting) and to explore complementary
FSI numerical schemes. This work serves as a validation of the expertise developed during
this doctoral research and provides an experience to integrate and validate newly devel-
oped numerical schemes, like the novel fully Eulerian method presented earlier, placing
it within the context of established industry standards. This chapter is structured to cover
three primary areas of evaluation: multiphase validation of commercial solvers, wetting
and contact angle studies, and the development and verification of an Immersed Boundary

Scheme using the Lattice Boltzmann Method (LBM).
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Figure 7.1: Setup for the single FZG gear lubrication simulation. Different oil viscosities and gear
tip speeds are used.

7.1 Multiphase Solver Validation for Industrial Lubrication Systems

Understanding oil distribution and torque prediction in gearboxes is critical for optimiz-
ing cooling and lubrication of the gear and reducing energy loss. A key objective was to
evaluate the lubrication capability of established commercial solvers against an industrial
benchmark, the FZG (Forschungsstelle fiir Zahnrader und Getriebebau) gear test rig. Two
primary multiphase simulation methods were validated: a Phase-field method implemented
within the PowerFLOW solver and a particle-based method implemented within the XFlow

solver.

7.1.1 FZG Gear Lubrication Simulation Setup

As shown in Fig. the FZG gear lubrication case provides a challenging bench-
mark involving high-speed rotation, complex free-surface dynamics, and strong fluid-solid
interactions (the rotating gears acts as moving boundaries). Simulations were performed

to predict key operational parameters, specifically focusing on oil distribution within the
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(b)

Figure 7.2: Qil distribution in the for the gear tip speed of Sm/s with FVA3 oil. The results in (a)
are from PowerFLOW and the results in (b) are from XFlow.

gear case and the resulting torque on the input shaft. Precise modeling of the gas-liquid
interface and oil-wall interaction are required to capture these parameters accurately. This
work directly addresses the fundamental challenges of modeling a real world problem by

providing a multiphase validation study.

7.1.2 Torque Prediction and Oil Distribution Results

The validation effort focused on comparing the numerical predictions of the two solvers

against experimental data from the FZG rig. Key findings are summarized as follows:

* Phase-Field Method (PowerFLLOW): The phase-field formulation demonstrated ro-
bust handling of the complex, topological free-surface changes inherent in the churn-
ing oil. However, visual analyses in Fig. [7.2] (a) confirmed that the predicted oil
distribution and lubrication patterns on the gear teeth does not match the expected
experimental dynamics. A consistant over—splashing has been observed in all the
simulations especially in this high rotating speed condition. In addition, the predic-

tions for torque is not accurate due to the physics not being captured appropriately.
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Figure 7.3: Experimental and simulation results (from XFlow solver version 122.00) for torque at
different tip speed for FVA3 and FVA4 oil.

* Particle-Based Method (XFlow): As a complementary approach, the particle-based
method provided another avenue for validating the FZG case. The method, known
for its ability to handle extremely complex geometries and topological changes with
ease, was evaluated for fluid visualization and torque prediction. Results in Fig.
(b) shows good capability for capturing the dynamic free-surface features, resulting
in good agreement in oil distribution to the experiments. As for the torque predic-

tions, the XFlow solver has consistently under—predict the torque which can be found

in Fig.[T.3]

In summary, this extensive validation of two diverse commercial multiphase methods
shows that both solvers have potential of handling hign speed rotating problems but cur-
rently find it challenging to predict oil distribution and accurate torque correctly. These

tests provided some insights for future developments.
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7.2 Validation of Sloshing Dynamics: Tuned Liquid Damper

The accurate prediction of violent free-surface sloshing is highly relevant to many ap-
plications including gear lubrication and the metal casting. For example, during the pouring
process in metal casting, liquid metal often undergoes severe sloshing and wave breaking
within the crucible or runner system, which is a primary driver of oxide film entrainment
and dross formation. The PowerFLOW solver’s capability to capture these highly dynamic

multiphase phenomena has been tested using a Tuned Liquid Damper (TLD) benchmark.

7.2.1 Computational Setup and Methodological Variations

The TLD case involves a partially filled rectangular tank subjected to horizontal har-
monic excitations. To establish a baseline for the sloshing dynamics, the fundamental
natural frequency of the water sloshing motion, f,,, was first predicted using linear water

wave theory:

1 ng Tho\
fw_27r\/L tanh( 7 )—0.458

where g is the acceleration due to gravity, L is the tank length, and hg is the initial fluid
depth.

Rather than utilizing a moving mesh approach to physically translate the container
walls, the shaking table vibration was efficiently modeled by adding an oscillation force
as a body force directly into the momentum equations. This oscillation acceleration, a,g,

is defined as:

dose = (27 f,)*Asin(27 fo1)

where f, is the excitation frequency and A is the excitation amplitude.
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This benchmark rigorously tests a solver’s ability to track rapid topological changes at
the gas-liquid interface and accurately compute the resulting time-varying sloshing forces
on the container walls.

To assess numerical stability and accuracy, two distinct advection schemes (registries)
for the phase-field variable were compared: a standard momentum—based registry and a
newly implemented Velocity-based registry. The system was simulated across a sweep of
excitation force frequency ratios—specifically f, = 0.9,1.0,1.18, and 1.35—at a constant

baseline amplitude to capture both sub-resonant and super-resonant sloshing behaviors.

7.2.2 Results and Discussion

The numerical predictions were validated against experimental time-history data for
both the non-dimensional water surface elevation at the left wall and the horizontal sloshing

force (Fy).

Velocity Magnitude [m/sec] Velocity Magnitude [m/sec]
—— | — —— | —
0.0000 0.1250 0.2500 0.3750 0.5000 0.0000 0.1250 0.2500 0.3750 0.5000

Figure 7.4: Water elevation and velocity magnitude with momentum-based (left contour) and
velocity-based scheme (right contour).
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Figure 7.5: Comparison of experimental and numerical results for surface elevation and sloshing
force across various frequency ratios (f;) of 0.9 and 1.0.

111



Nendimensional water surface elevation at left wall Nendimensional water surface elevation at left wall

! . ) Expom"cnl — ! ! . ) Expcm"enl —
2 25468-V_based_PF-(06 = 2 25468-V_based_PF-006 =
25468-UDS_PF_beta_Irf-037 = 25468-UDS_PF_beta_I-037 =

Nondimensional water surface elevation
Nondimensional water surface elevation

-1 L L L L L L L -1 L L L L L L s

0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Time [sec] Time [sec]
sloshing force in x direction sloshing force in x direction
10 T T T T T 10 T T T T
Expcnr‘cnl — Ex pcm“ent JE———
5468-V_based PF-006 e 5468-V_based PF-006
25468 UDS_PF_beta_Irf-037 s 25468 UDS_PF_beta_Irf-037 =
5t 1 5t
z z
g 0 4 g o0
o ©
" .
5 R 5k
.10 s L L L L L . 10 L L L L L L L
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Time [sec] Time [sec]
amp-20-freg-1.18 amp-20-freg-1.35

Figure 7.6: Comparison of experimental and numerical results for surface elevation and sloshing
force across various frequency ratios (f;) of 1.18 and 1.35.
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Qualitative Flow Field Improvements:

An initial analysis of the flow field revealed that the choice of the phase-field registry sig-
nificantly impacts local numerical stability. The baseline momentum-based scheme (the
contour on the left) occasionally generated an unphysical velocity hotspot near the free sur-
face during violent wave impacts. The implementation of the velocity-based registry(the
contour on the right) successfully removed this artifact, yielding a smoother and more

physically consistent velocity field without destabilizing the interface.

Quantitative Validation:
Macroscopically, both the momentum—based and velocity-based schemes (registries) pro-
duced similar time-history profiles for surface elevation and sloshing force. The accuracy

of the solver was found to be highly dependent on the excitation frequency ratio:

* Low Frequency Ratios (f, < 1.0): At frequency ratios of 0.9 and 1.0, the numeri-
cal model demonstrated an excellent match with the experimental data. The solver
accurately captured the phase, amplitude, and non-linear wave deformations charac-

teristic of the resonant sloshing regime.

* High Frequency Ratios (f, > 1.0): As the frequency ratio increased to 1.18 and
1.35, the wave dynamics became increasingly chaotic. While the solver successfully
tracked the fundamental frequency of the sloshing force, the simulated surface eleva-
tion and peak forces exhibited numerically damped behavior compared to the sharp

peaks observed in the experiment.

Overall, the TLD validation study confirmed that the Phase-Field method is highly
capable of predicting macro-scale sloshing forces and tracking highly deformable free sur-
faces, particularly near the fundamental resonance frequencies most critical to industrial

container design. The identification of numerical damping at higher frequencies also pro-
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vides valuable insight into the resolution requirements for modeling highly turbulent, high-

frequency surface disruptions in liquid metal pouring.

7.3 Development and Validation of an Immersed Boundary Lattice Boltz-

mann Method (IBM-LBM) Scheme

Complementing the validation of commercial tools, a parallel study focused on funda-
mental numerical scheme development. This involved the implementation of an Immersed
Boundary Method from Balaras [[88] within a Lattice Boltzmann Method (LBM) frame-
work using a custom C++ code. It is a direct forcing approach, distinct from the fully
Eulerian scheme developed earlier in this dissertation. Validating an IBM-LBM scheme
provides a powerful benchmark and contrasting methodology for the fully unified approach

developed for this thesis.

7.3.1 Development of a Custom IBM-LBM Solver

The development of the custom Immersed Boundary Lattice Boltzmann Method (IBM-
LBM) solver relies on an explicit numerical formulation that couples the macroscopic
boundary forces with the mesoscopic lattice interactions. The solver was developed from
first principles, governing the fluid domain via the Lattice Boltzmann equation with a stan-

dard D2Q9 Lattice augmented with an Immersed Boundary (IB) forcing term:

fix+eidt,t+8t) — filx,t) = —% [fl-(x,t) —f,.(“”(x,t)] +F;5t

where f; is the particle distribution function, e; is the discrete lattice velocity, 7T is the
relaxation time, fl.(“I) is the equilibrium distribution, and F; is the discrete forcing term.

The discrete forcing term is evaluated as:
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where w; are the lattice weights, C; is the lattice speed of sound, u is the macroscopic
velocity, and F is the applied IB body force. The macroscopic fluid velocity is thus defined

by:

1 1
u=—Yy efi+—F&t
P; 2p

Following the velocity correction method proposed by Wu and Shu [89], an intermedi-

ate velocity u* and a velocity correction term Su are introduced into the formulation:

L 1

u'=—) eifi
p Lt
1

5”—51761‘

Consequently, the forcing term F' necessary to strictly enforce the no-slip boundary

condition at the immersed solid boundary can be explicitly calculated by:

2p(u—u*)

F= ot

To correctly evaluate this force at the solid interface and apply it to the surrounding
fluid nodes, a sharp-interface reconstruction approach is employed, introduced by the work

of Balaras [88]. The numerical algorithm at the boundary follows a 7-step procedure:

1. Search: Identify the Immersed Boundary (IB) points (x;,y;,) within the local 3 x 3

grid adjacent to the interface.

2. Normal Calculation: At each IB point, utilize the level-set function to calculate the

surface normal components 7, and n,.
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3. Intersection Location: Solve for the intersecting point (xy,ys) of the line y = ax+b
(where constants a and b are derived from the coordinates of the IB point and the

calculated normal) and the solid interface curve, defined by s(x,y) = 0.

4. Virtual Point Identification: Find the location of a virtual point (x,,y,) in the fluid

domain using the coordinates of the solid interface (xy,ys) and the IB point (x5, y;p)-

5. Fluid Velocity Interpolation: Find the surrounding fluid nodes of (x,,y,) and per-

form interpolation to obtain the intermediate velocity u*(x,,y,) at that location.

6. IB Point Velocity Update: Interpolate using the virtual point velocity u*(x,,y,) and
the prescribed solid boundary velocity u(x;s,ys) to get the target velocity u(x;p,yip) at

the IB point.

7. Forcing Term Calculation: Calculate the final IB forcing term using the equation

F= w described above, completing the fluid-solid momentum coupling.

7.3.2 Validation: 2D Uniform Flow Over a Solid Cylinder
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Figure 7.7: Schematic of the problem.

116



(a) Streamplot - Velocity Field

200 -

150 -

¥ axis

-200 -100 0 100 200 300 400 500 600

(b) Contour Plot - Velocity Magnitude

0.05955

0.05293

0.04631

o
o
w
@
~
o

0.03308

Y axis
ty Magnitude

0.02646 °

Veloc

0.01985

0.01323

0.00662

=50 4 : : ! - . - 0.00000
0 50 100 150 200 250 300 350

X axis
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line is the results from the implmentation in this study. The red—dashed line shows the results from
De Rosis et al. [90].
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To rigorously validate the newly developed C++ Immersed Boundary Lattice Boltz-
mann Method (IBM-LBM) solver, the canonical benchmark of a 2D uniform laminar flow
over a stationary solid cylinder was simulated.

As depicted in the problem schematic in Fig. the computational domain features a
uniform continuous inflow velocity (V') from the left boundary, an outflow condition on the
right, and free-slip boundary conditions on the top and bottom walls to minimize boundary
confinement effects. The simulation was conducted at a Reynolds number of Re = 10,
representing a steady, laminar flow regime.

The qualitative performance of the solver is illustrated through the macroscopic veloc-
ity field visualizations in Fig.[7.8] The streamplot of the velocity field confirms that the fluid
smoothly navigates around the immersed solid boundary, demonstrating that the discrete
forcing term successfully mimics the presence of the obstacle. Furthermore, the velocity
magnitude contours correctly capture the expected fluid dynamics, clearly exhibiting dis-
tinct stagnation zones (characterized by near-zero velocity) at the front and rear surfaces of
the cylinder, alongside symmetric flow acceleration around the upper and lower cylinder
edges.

For a strict quantitative verification, the local velocity profiles were extracted and an-
alyzed along the domain centerlines in Fig. [79] Specifically, the normalized horizontal
velocity component (u/ug) was plotted along the horizontal line intersecting the cylinder
(y = 11R) and the vertical line passing through its wake (x = 11R). The results generated
by the custom IBM-LBM implementation (represented by solid green lines) were directly
compared against established benchmark data from De Rosis et al. (represented by red-
dashed lines).

The plotted comparisons demonstrate exceptional agreement, with the custom solver’s
predictions precisely overlaying the literature data across both profiles. This strong align-

ment mathematically verifies the accuracy of the implemented multi-step boundary recon-
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struction and forcing algorithm, confirming its capability to rigorously resolve no-slip fluid-

solid interactions at the mesoscopic scale without requiring complex body-fitted meshing.

7.4 Summary and Relationship to Main Dissertation Work

The research conducted during the industrial internship at Dassault Systemes provides
a critical bridge between the theoretical numerical formulations developed in the earlier
chapters of this dissertation and the stringent demands of large-scale industrial applications.
By systematically evaluating commercial solvers and developing independent mesoscopic
codes, this chapter establishes a robust context for the dissertation’s primary fully Eulerian
fluid-structure interaction (FSI) framework.

First, the extensive validation of multiphase solvers—specifically the Phase-Field method
in PowerFLOW and the particle-based method in XFlow—against complex industrial bench-
marks like the FZG gear lubrication and the Tuned Liquid Damper (TLD) rigorously
demonstrated the capabilities of state-of-the-art computational fluid dynamics to handle
violent free-surface dynamics. The accurate prediction of topological changes and reso-
nant sloshing forces directly parallels the fundamental physical challenges associated with
liquid metal pouring and dross formation, which served as the primary motivation for this
thesis (Chapter 1). Verifying that advanced phase-tracking methods can successfully cap-
ture these macroscopic phenomena validates the fundamental pursuit of high-fidelity mul-
tiphase models for casting applications.

Furthermore, the independent development and validation of the C++ Immersed Bound-
ary Lattice Boltzmann Method (IBM-LBM) solver served as an invaluable contrasting
study to the main methodology of this dissertation. While chapters 2 through 6 focus on a
completely unified, fully Eulerian continuous approach using Level Set and Neo-Hookean

solid representations, the IBM-LBM scheme provides a sharply different, mesoscopic per-
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spective. It relies on explicit boundary tracking and discrete force coupling to represent the
solid domain. Successfully implementing this algorithm and validating it against canonical
aerodynamic benchmarks (such as the 2D flow over a cylinder) broadened the method-
ological scope of this research, proving competency in both implicit (Eulerian) and explicit
(Immersed Boundary) FSI coupling techniques.

Ultimately, this industrial validation and supplementary code development reinforce
the core objectives of the dissertation. They confirm the necessity of robust interface-
tracking and FSI coupling mechanisms for industrial multiphase flows, thereby validating
the relevance and necessity of the novel Eulerian framework developed, analyzed, and

scaled to 3-D in the preceding chapters.
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Chapter 8: Conclusions

8.1 Contributions

In this dissertation, a comprehensive and high-fidelity direct numerical simulation (DNS)
framework was developed to model the dynamic fluid—structure interaction (FSI) of de-
formable elastic solids immersed in incompressible fluids. This research was fundamen-
tally motivated by the critical need in the metal casting industry to systematically predict
and control dross formation during the pouring of highly oxidative liquid metals, such as
steel and aluminum alloys. By transitioning away from costly empirical trial-and-error
methods, this work establishes a rigorous, physics-based computational tool capable of
resolving the complex dynamics of oxide films and their influence on surrounding melt
flows.

The core methodological contribution of this study, detailed in Chapters 2 and 3, is
the development of a two-way, pressure-coupled FSI approach formulated entirely within
a fully Eulerian framework. In the present work, we used fully Eulerian level set formula-
tions to track both the fluid—solid interfaces and the strain history of the deformable solid.
We successfully addressed the stability issues reported in He et al. (2011) [15] by us-
ing the linear extrapolation method [81]] to re-initialize the dynamic grid. By tracking the
strain field via this dynamic grid of reference level set functions, the traditional challenges
of mesh distortion inherent to Lagrangian methods were circumvented. The deformation

gradient tensor was coupled with a hyper-elastic Neo-Hookean constitutive model to re-
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late strain to solid stress. A key achievement of this formulation is its unified nature; by
applying a finite-width treatment of the solid—fluid interface to capture interfacial normal
stress jumps, the entire domain’s pressure and velocity fields can be resolved by solving a
single Poisson equation. Embedded within the FLASH 4 solver framework and utilizing
the HYPRE algebraic multigrid solver, this method is robust, relatively easy to implement,
and computationally inexpensive compared to conventional Lagrangian methods.

The robustness and accuracy of this numerical implementation were extensively vali-
dated by comparing our solver to literature results and exploring it across multiple dimen-

sions:

* 2-D FSI Dynamics (Chapter 4): A wide array of benchmark and novel scenarios
were simulated, including immersed oscillating bodies, deformable structures in lid-
driven cavities, and thin elastic films subjected to point forces and localized shearing.
Notably, the investigation of solid filaments under periodic inflow highlighted the
framework’s capability to accurately capture complex secondary flows, wave propa-

gation, and structural phase lags characteristic of underdamped, coupled systems.

» Axisymmetric and 3-D Extensions (Chapters S and 6): The modularity of the Eu-
lerian formulation allowed for a seamless and robust extension into multi-dimensional
spaces. The simulations of periodic flows through axisymmetric vessels, as well as
fully 3-D immersed oscillating spheres, cylinders, and solid films, demonstrated that
the method retains its accuracy and computational efficiency when scaled to highly

complex spatial domains.
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8.2 Future Work

While the present multidimensional DNS framework provides a powerful tool for
modeling fluid—elastic solid interactions, several avenues for future research exist to
further extend its capabilities toward complete, industrial-scale predictions of dross

formation:

1. Incorporation of Plasticity and Fracture Mechanics: The current structural
model assumes a hyper-elastic, Neo-Hookean material behavior. While ac-
curate for continuous deformation, oxide films in liquid metal casting often
undergo yield, tearing, and mechanical failure when subjected to high turbu-
lent shear. Building upon the framework’s potential to handle highly deformed
solids, future work should incorporate elastoplastic material models and failure
criteria into the Eulerian reference level set framework to simulate the actual

breaking, rupture, and entrainment of dross particles into the melt.

2. Complex Industrial Geometries: With the established scalability of the FLASH
4 implementation, future studies should apply the 3-D solver to realistic casting
runner and gating system geometries. The solid film is thin so development of a
sub-grid scale model is necessary in order to resolve the oxide film and conduct
full-scale simulations for the pouring processes. These simulations will pro-
vide direct insights into optimizing physical gating designs to minimize surface

turbulence and film entrainment.

3. Thermal Coupling and Solidification: Metal casting is fundamentally a non-
isothermal process. Coupling the current momentum transport framework with
the energy equation would enable the study of temperature-dependent material

properties. Furthermore, implementing phase-change models would allow the
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tool to simulate how the formation and deformation of the solid film interact

with the cooling and solidification of the underlying liquid metal.
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