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4.2 Comparison of the ground state energies of a water molecule at its equilibrium

4.3

5.1

geometry using the STO-3G basis set, calculated by various methods as a func-
tion of NV, the number of D, terms included in the HF+ /N ansatz. The orange
dashed line is the FCI energy calculated using the PSI4 package [6], which serves
as the benchmark. The black diamonds connected by the dotted lines are the
UCCSD energies Eyccsp, calculated using different numbers of ansatz terms or-
dered by the contribution of corresponding determinants to the FCI energy. The
red squares and blue circles connected by the dotted lines are the ground-state en-
ergies computed according to the proposed framework with the HMP2 ordering,
with the circles containing the additional HMP2 energy correction at each VQE
cycle. The inset shows in semi-log the differences between the energies obtained
by the aforementioned methods and the FCI energy as a function of N. The pur-
ple dashed line shows the chemical accuracy given by 1072 hartree. As stated
in the caption of Table 4.1 as well, for the classical optimization step in VQE,
we used L-BFGS-B optimizer [3], and we assumed perfect measurement with an
infinite number of circuit repetitions to suppress the effect of finite measurement.
Demonstration of the reduction of the number of measurements as a secondary
cost for the water molecule calculation using various optimization schemes. The
calculation is carried out using the HMP2 framework with the UCCSD ansatz.
The total number of expectation values to be evaluated on a quantum computer
as a function of the number N of D, terms in the UCCSD ansatz operator for a
VQE cycle is shown in (a) for three different optimization schemes. The black
solid line represents the reduction using only QSR. The blue dotted line shows
the reduction using the QWC partition and QSR at the same time. The red dashed
line illustrates the most reduction, using the GC partition along with QSR. Note
the plateau-like behaviors that make the lines to appear like staircases are due to
our QSR technique (orange, dot-dashed line with the y axis on the right), i.e.,
the jumps in the number of expectation values to be measured per VQE iteration
occur when the QSR technique makes a transition from one space requirement to
another. The average number of additional two-qubit gates incurred by using the
GC partition along with QSR, ngc1qsr, 1s shown in (b) as the the blue dotted line.
This may be compared with the black solid line, representing the total number of
two-qubit gates njw required to induce UCCSD ansatz states, implemented with
the JW transformation. The distribution of ngc4qsr 18 given in the Appendix B.
The red dashed line with an alternative y-axis label on the right shows the ratio

R = nGc+QSR/(an + nGC—i—QSR)- .........................
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Chapter 1: Introduction

1.1 Overview

Simulating microscopic phenomena is anticipated to be the epitome of quantum-computing
applications. Chemistry, condensed matter, high energy physics and other fields stand to bene-
fit from accurate quantum simulations of fermions, particles ubiquitous in nature. To make this
endeavor practical, quantum programs simulating fermionic matter must be optimized, or else
quantum noise and decoherence may overwhelm quantum calculations. Due to scarce computa-
tional resources of a near-term quantum computer [8], variational quantum eigensolver (VQE) [9]
is widely used to estimate the ground state energy of a molecule, critical for determining its chem-
ical properties, using relatively short programs.

This thesis aims to present the advancements achieved in facilitating VQE implementation
with minimal quantum computational resources. The structure of the thesis unfolds as follows.

In Chapter 2, we delve into the fundamentals of electronic structure theory in quantum
chemistry. Here, we elucidate several key concepts prevalent in quantum computing literature,
including the STO-3G basis set, the Hartree-Fock method, spin orbitals, and more.

Subsequently, Chapter 3 provides a comprehensive overview of quantum computing, por-
traying it as an efficient and controllable unitary evolution apparatus. We elucidate the process

of mapping a quantum chemistry problem onto a quantum computing framework. Moreover, we



introduce the VQE as the foremost hybrid method for tackling quantum chemistry problems on
noisy quantum computers.
After all basics have been explained, we detail the optimization opportunities as the fol-

lowing:

1. Select the most relevant ansatz terms. We introduce a perturbation-based approach in Chap-
ter 4, which inherently guides the selection of variational parameters to be incorporated into
the ansatz for a given VQE circuit. This method allows for systematic construction of an
expanding VQE circuit in an iterative manner, progressively advancing towards a more

accurate estimation of the ground-state energy of the simulated system.

2. Recover extra energy beyond VQE energy. Recognizing that the VQE energy can be ex-
pressed as the sum of zeroth and first-order perturbation energies, we naturally extend

beyond this to recover second-order perturbation energy, as elaborated upon in Chapter 4.

3. Optimize ansatz circuit to equivalently shorter forms. In Chapter 5, focusing on UCC-type
VQE ansatz, we explore various opportunities for circuit optimization, including gener-
alized fermion-to-qubit transformations and Pauli string orderings. These techniques are
further refined and integrated more extensively to achieve enhanced optimizations, as dis-

cussed in Chapter 6.

4. Start with a better initialization closer to global minimum. Finally, in Chapter 7, we elu-
cidate how a superior initialization using CAFQA can accelerate VQE convergence. Ad-
ditionally, we showcase the advantages of CAFQA on a trapped-ion quantum computer in

Section 7.3.



The material presented in Chapter 4, Chapter 5 are largely unmodified work from my pub-

lication:

Resource-optimized fermionic local-hamiltonian simulation on a quantum computer
for quantum chemistry
Qingfeng Wang, Ming Li, Christopher Monroe, and Yunseong Nam

Quantum, 5:509, 2021

while content for Chapter 6 is from

Ever more optimized simulations of fermionic systems on a quantum computer
Qingfeng Wang, Ze-Pei Cian, Ming Li, Igor L. Markov, and Yunseong Nam

2023 60th ACM/IEEE Design Automation Conference (DAC), 1-6, 2023.

Modifications have been made as necessary to seamlessly integrate it into the thesis. The content

in Chapter 7 involves experimental work currently undergoing preparation for publication.



Chapter 2: Quantum chemistry preliminaries

2.1 Overview

In quantum chemistry computation, the primary objective often revolves around employing
numerical methods to investigate both static and dynamic properties. In this thesis, our emphasis
is specifically directed towards electronic theory, which seeks to compute the ground state of
molecular systems.

The material discussed herein is commonly addressed in standard quantum chemistry text-
books that delve into electronic structure theory [10-12]. It is not our intention to offer an exhaus-
tive overview of quantum chemistry; rather, our aim is to provide a more cohesive framework for

understanding the myriad concepts encountered throughout the remainder of the thesis.

2.2 The goal and challenge

While this characterization may not be entirely precise, it is widely acknowledged within
the scientific community that many intriguing properties of molecules, as well as advanced ap-

plications of quantum chemistry, hinge on the capacity to derive the ground state energy of the



molecule as described by the time-independent Schrodinger equation

H[p) = Elp)

2.1)

where E is the eigenstate energy, |t) is the eigenstate wavefunction. H is the molecular Hamil-

tonian expressed as the

H=T+V

= (ZTN+ZT€> + (Z VNANB +Z‘/5N+Z‘/eiej)

A>B Ne >]

where e stands for electron and /N stands for nuclei. Also,

1v2

Tz‘:_ i
2mi

is kinetic energy for particle ¢ with mass m;, and

(2.2)

(2.3)

(2.4)

is Coulomb potential energy between two charged particles with charge Z;/; and distance 7;.

The Hamiltonian of a molecular system comprises the sum of its kinetic energy and po-

tential energy components. The kinetic energy encompasses both the nuclei and electrons of the

molecule, while the potential energy encompasses interactions such as nuclei-nuclei repulsion,

electron-electron repulsion, and electron-nuclear attraction.



However, the intricate interplay of these particle interactions renders analytical solutions
nearly unattainable. Consequently, the problem necessitates numerical solutions, introducing
challenges associated with achieving precise results within finite computational resources. This
constitutes a fundamental challenge in modern electronic structure theory.

The challenge stems from the curse of dimensionality, particularly evident when employ-
ing the position basis and approximating each spatial degree of freedom of |¥) with &k points.
Considering a system with NV particles, each contributing three dimensions, the state |¥) neces-
sitates approximately &3 points. This exponential scaling with the number of particles renders
computations infeasible for molecules containing numerous particles.

Consequently, the practical solution involves employing approximations to address this

computational complexity.

2.3 Born-Oppenheimer approximation

The Born-Oppenheimer Approximation (BOA) stands as one of the most effective, robust,
and widely employed approximations in quantum chemistry, often assumed if not explicitly stated
otherwise.

BOA capitalizes on the substantial mass disparity between nuclei and electrons, with nuclei
being approximately 2000 times heavier than electrons. This significant difference enables the
treatment of nuclei and electrons as separate entities, facilitating numerical tractability.

Intuitively, one can conceive of electrons as lightweight entities moving considerably faster
than nuclei. Consequently, electrons can swiftly adapt and equilibrate around new configurations

of nuclei. Meanwhile, on the timescale relevant to nuclei motion, they navigate within the av-



eraged electronic potential field. This conceptualization underscores the rationale behind BOA’s
effectiveness in decoupling the dynamics of electrons and nuclei in molecular systems.

In BOA, the initial step involves treating the locations of nuclei, denoted by R, as fixed,
while allowing the electrons to move freely. Consequently, the Hamiltonian H (r, R) that we seek

to solve is effectively reduced to the

H(r,R) = Hq(r; R) + Huu(R) (2.5)
Hy(rR) =T, + Vee + Ven (2.6)
He(r; R)[Y(r; R)) = Eql|y(r; R)) (2.7)

where (r; R) implies electron locations r at fixed nuclei locations R. Once we have solved
for E,; for many R locations, we effectively can construct a potential energy field (PES) and
dynamics can be computed based on PES. For example, the work [13] computed a large number
of electronic energies at different physically reasonable configurations (geometries) and fit them
for a PES and used it to compute spectrum.

Throughout the thesis, our main focus is to compute the ground state energy of electronic
Hamiltonian given a certain bond length. On a high level, the general practice is then to parame-
terize the wavefunction with a basis set, and then minimize the energy with variational theorem.
In Section 2.4 we explain how to represent the molecular wavefunction with a basis set and later

in Section 2.5 we explain the popular algorithm to minimize energy — the Hartree-Fock method.



2.4 The choice of electronic wavefunction

2.4.1 Single-electron atomic orbital and basis

These are so-called hydrogen-like atomic species and can be solved analytically. The so-
lution form is often captured as Slater-type orbital (STO). [14] However, such a form is difficult
to calculate integrals. A computationally cheaper but less accurate form is called Gaussian-type
orbital (GTO). [15]

To combine the benefit of both, we now use n parametrized GTOs to mimic the STO, which

is called STO-nG basis. For example, the fit for s orbital take the form

n

Ysro-na(r) = cii(r) (2.8)

i=1

where 7 usually takes 2-6, and

7

\ 3/4
¢i<i>:<2al) e (2.9)

are the GTOs, where r is the location for the electron.
Notice each STO-nG has n «; and n ¢; unknowns which are determined by fitting into

different STO such as 1s, 2s, 2p, etc. Those coefficients are tabulated for easy use. [16, 17]



2.4.2 Single-electron molecular orbital and LCAO

Molecular species such as H,™ have two nuclei sharing the same electron. At ground state,
the electron is not centered around any of the H atoms but roaming around the entire H-H
molecule structure. Apparently, the single atomic orbitals, which are centered around single
atoms, can not capture the roaming feature of the electron. To make the wavefunction to spread
the spatial probability to the entire molecule we can use a linear combination of atomic orbital
(LCAO). For example, suppose the wavefunction centered around two H atoms are ¢,.p, and

®r rp» then the new combined orbital is

Y(r; Ra, Rp) = ca¢a(r; Ra) + cpdp(r; Rp). (2.10)

Since (r; R4, Rp) describes the electron roaming the entire molecule, we call it the
molecular orbital (MO). The coefficients c4 and cp can be determined by minimizing the elec-

tronic energy. Linear combination of /V atomic orbitals will result in N new molecular orbitals.

2.4.3 Basis set for multi-electron atoms

From hydrogen-like analytical solutions, we know the shape of the electrons in excited
states, such as 2s, 2p, 3s, etc. Populating more than one electron introduces the interaction be-
tween electrons and makes the problem unsolvable analytically, as a result wavefunctions such
as 2s, 2p, 3s are no longer accurate descriptions of actual electrons.

However, due to their clear and intuitive physical picture, we can still approximately de-

scribe the wavefunction using STO or other basis set as the starting point by ignoring the dynamic



interactions between electrons. Most popular in quantum computing literature, people use STO-
3G basis set to approximate the atomic orbitals.

We introduce the STO-nG basis set as the minimal basis set that describes each of the
atomic orbitals. STO-nG is a minimal basis set meaning it uses only a single function Eq. (2.8)
to represent one atomic orbital such as 1s,2s or 2p, ,, .. There are other basis sets that use more
than one function to represent a single atomic orbital to make it more expressive but also more
computationally expensive.

In addition, STO-nG basis set usually provides orbitals for the entire valence shell if that
shell hosts any electron. For example, H and Li require a single STO-3G orbital for 1s, while
Li-Ne requires five STO-3G orbitals containing 1s, 2s and 2p,,, ..

STO-3G basis set is one of the most widely used in the quantum community for its sim-

plicity. However, in order to get high quality computation, a larger basis set is often required.

2.4.4 Wavefunction for many-electron molecules

We now consider a molecular system containing many identical electrons. Following the
logic of the previous sections, we can use MO to approximate the probability distribution of each
electron.

However, for real molecule, there are two important rules we also need to consider:

1. Each electron has spin degree of freedom (o), with either spin up (¢ = «) or spin down

(o0 = B);

2. As electrons are indistinguishable fermions, the wavefunction must exhibit global anti-

symmetry when particles are exchanged.
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The first rule can be satisfied by multiplying the spin to each of MO to result in a spin orbital

(SO) denoted as

X(xi) = ¥(ri; R)o. 2.11)

The second rule can be naturally realized by Slater determinant (SD) [18]

xi(x1) xe(x1) -0 xw(xa)
1 xi(x2) xa(x2) - xw(x2) 512
W>—W | | } | (2.12)
xi(xn) xe(xn) -o0 xn(xw)

for wavefunction of V electrons.

Notice this wavefunction is antisymmetric and each term contains the product of /V single-
electron spin orbitals. This SD form has an intuitive physical picture and can be used to describe
wavefunction of ground state as well as excited states, depending on the placement of the elec-
trons. Starting from a ground state reference SD |1)), an excited state with occupied orbital

1,7, k,--- excited to empty orbitals a, b, ¢, - - - can be represented with excitation operator 1" as

Wik} = TG [vo). 13)

However, there is still one problem left. Remember that spin orbitals y; are like MO in

Eq. (2.10), which is the linear combination of the atomic orbitals (with spin), we don’t know in

11



advance what these coefficients are. Solving for these coefficients {x;} is the task of Hartree-
Fock method in Section 2.5.

Wavefunctions in SD form naturally ignore interaction between electrons, therefore devi-
ating from the actual system. To account for the real system, we can use SD as basis and linearly
combine them which leads to the multi-reference method including the most complete one called

full configuration interaction (FCI) introduced in Section 2.6.

2.5 Hartree-Fock method

2.5.1 Overview

The Hartree-Fock (HF) is the starting point of many modern electronic structure theories.
It translates the problem of many-electron Hamiltonian Eq. (2.6) into a problem single-electron
Hamiltonian (Fock operator F') in which interactions from other electrons are expressed as an
effective averaged potential, as known as mean field. As a result, HF lacks specific electron-
electron correlation interactions.

Suppose the many-electron Hamiltonian is H,;, then the total energy with the SD wave-

function Eq. (2.12) is also defined as the Hartree-Fock energy,

Eoq = (Y|Hy|t) = Egp. (2.14)

Limited by the SD form, ¢ in general is not the eigenstate of H,;, therefore E.;(Eyr) computed
this way is not the true ground state energy.

Also remember that 1) is parameterized due to the undecided coefficients during LCAO

12



when forming molecular orbitals. If we determine the coefficients in y by minimizing F,; via

variational theorem, in the end we obtain the minimized Hartree-Fock energy

_ o e DIHalg({e})

where ¢;; is the component of j-th atomic orbital for the ¢-th electron. Next we briefly describe

the general procedure for the HF method.

2.5.2 Express HF energy as one- and two-electron integrals

Since electrons are indistinguishable, the energy in Eq. (2.14) expressed as the Hamiltonian
of all electrons integrated over the SD, with math tricks not shown here, can break down to one-

and two-electrons integrated over spin orbitals as

Fa = S {ilhli) + 5 3 (i) ~ [iglid) (2.16)

% iJ

where 7, j runs over all possible spin orbitals with a given basis set. The electronic energy now is

the sum of one-electron integrals

<mm=/wﬁ<< ZM_MO ) @17)

and two-electron integrals

1

X1 — X2

[1j|kl] = /dxldxz Xf(xl)Xj(Xl)l ‘Xk(Xz)Xz(Xz) (2.18)

13



2.5.3 HF equation obtained from Lagrange multipliers

The minimized HF energy Eq. (2.16) should be stationary for infinitesimal spin orbital
changes x; — x; + Ox;, and also the spin orbitals should be orthogonal to each other. The cost

function can be expressed in Lagrange multiplier method with multiplier ¢;

L({xi}) = <Z<z’\hu> (= wm)) — 3" allili) — ). (2.19)

% i 7

Then, applying x; — x; + dx; and solving for
0L =0 (2.20)
leads to the Hartree-Fock equation for a single electron located at x
F(x)xi(x) = €xi(x). (2.21)
The Fock operator of the single electron located at x; is
F(x1) = h(x1) + Z (TJj(x1) — Kj(x1)) (2.22)
J

where the sum is over all participating spin orbitals. Here

1

X1 — Xa|

Jj(x1) = /d>‘i2|><j(xz)|2 (2.23)

is the Coulomb term where X is the location of the second electron. Another term KC; will turn

14



Xi into x;, therefore called exchange term:

/@-(xl)xi(xl):[/ ) P | ) (2.24)

|X1 — X2

Since the Fock operator Eq. (2.22) is the sum of all spin orbitals, the HF equation in Eq. (2.21)
becomes non-linear. In practice, the HF equation in Eq. (2.21) has to be solved by providing an
initial guess of spin orbitals, and then updating the spin orbitals iteratively. As a result, the HF

method is also called the self-consistent field (SCF) method.

2.6 FCI: Exact solution within basis set

Due to the intrinsic limitation of the SD wavefunction form used for HF, the energy ob-
tained in Eq. (2.16) does not include all interaction between electrons. At the end of HF, it
obtained a set of optimized and orthonormal spin orbitals {x;}. This naturally leads to a set of
SD basis {7} |[HF) } in which electrons can live in any of the spin orbital in {;}, corresponding
to different configurations.

For a N, number of electrons and a basis set resulting /N, spin orbitals, the total number

of possible SD, i.e., configurations, are

= NA(Ney — N (2.25)
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Linearly combine all possible SDs results in the FCI wavefunction expression

[W)pcr = [HE) + > STPHF) + ) T |HF) + (2.26)

1] 1)
i<a i<a,j<b

This can be solved exactly by computing the numerical value of matrix elements of H,,
integrated on basis set {7} b |HF) } and directly diagonalize the H,;. FCI gives the exact solution

within a basis, however the cost is too expensive because of the fast growing number of SD basis.
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Chapter 3: Quantum computing for quantum chemistry

3.1 Overview

In this chapter, we first explain in Section 3.2 the quantum computer model used throughout
the thesis. Then we explain in general how the quantum chemistry problem is mapped to a
quantum computer in Section 3.3. With fundamentals being explained, in Section 3.4 we discuss
some of the latest methods for fermionic simulation using a quantum computer. In Section 3.5,
we explain VQE and the ansatz used, which is the main algorithm used in the rest of the thesis.
Lastly, we introduced the standard procedure to implement ansatz circuit through Trotterization

in Section 3.6.

3.2 Quantum computing in a nutshell

3.2.1 Quantum computing model

The notion of employing a quantum computer to simulate inherently quantum processes
was initially introduced by Richard Feynman in 1982 [19]. Since then, quantum computing and
quantum information have emerged as rapidly growing research fields.

In this thesis, we focus on utilizing the circuit model of quantum computing. For practical

experimental setups, DiVincenzo’s criteria [20] serve as widely accepted guidelines:
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1. A scalable physical system with well-characterized qubit;

2. The ability to initialize the state of the qubits to a simple fiducial state;

3. Long relevant decoherence times;

4. A “universal” set of quantum gates;

5. A qubit-specific measurement capability.

In the context of this thesis, a quantum computer can be conceptualized as an advanced black box
capable of executing arbitrary and controllable unitary evolution, denoted as U, on a prepared
initial state vector, represented as |¢). Following the application of the evolution operator U to
|1}, users can ascertain the probability distribution of the basis states by conducting repeated
measurements of the experiment’s outcome.

State vectors within this framework are depicted as tensor products of qubits, which con-

stitute the fundamental units spanned by two orthonormal bases within a linear vector space

0) = ) = : (3.1

Numerous qubit implementations have been achieved using various technologies, includ-
ing trapped-ion qubits [21-25], superconducting qubits [26-30], neutral atom qubits [31-33],
photonic qubits [34,35], and others. However, these quantum hardware platforms are suscepti-
ble to various types of noise, limiting the number of operations feasible on a quantum computer.
This period, termed the pre-fault-tolerant regime, persists until a fault-tolerant quantum computer

is realized. Tremendous efforts have been dedicated to mitigating errors and noise in hardware
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through error-correction codes and fault-tolerant implementations [36, 37], with several demon-
strations across different platforms [38—41]. Nonetheless, achieving fully fault-tolerant quantum
computing is widely regarded as still years, if not decades, away.

Beyond quantum simulation of fermionic systems, quantum computers hold promise in
various other fields, including quantum cryptography facilitated by Shor’s algorithm [42] and

search problems addressed by Grover’s algorithm [43].

3.2.2 Commonly used quantum gates

The arbitrary unitary evolution U can be expressed as a sequence of standard unitary oper-
ations known as quantum logical gates. In this paper, we primarily utilize single-qubit and two-
qubit gates, each applying unitary transformations to specified single qubits or pairs of qubits.

Commonly used single-qubit gates are:

Rx<9) = (3.2)

Ry () = (33)
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9
ez 0
R.(0) = (3.4)
0 ez
01
o, =X = 3.5
10
0 —1
o, =Y = (3.6)
1 0
1 0
o, =7 = 3.7
0 —1
1 0
T= (3.8)
0 eiﬂ'/4
1 0
g — 3.9
0 =
111 1
H= 3 (3.10)
1 -1

Commonly used two-qubit gates are:
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1 000
0100
CNOT = (.11)
0 001
0010
cos(%) 0 0 —isin(%)
0 cos(?)  —isin(%) 0
XX(0/2) = Ruu(6) = ? ? . (3.12)
0 —isin(4)  cos(¥) 0
—isin(9) 0 0 cos(9)

A set of quantum gates is called universal if any U can be decomposed as the finite sequence
of the gate set. For example, the one of the most commonly used universal gate sets for trapped-
ion quantum computers is { Rx x, R, R.}.

When transpiling quantum circuits for specific quantum hardware, it is crucial to adapt
the circuit from a given gate set to the native gates supported by the hardware. A common
adaptation is the translation of CNOT gates into the native XX gate sequence, which is typical
in systems using the Mg@lmer-Sgrensen protocol in trapped-ion quantum computers, see more
about the physics behind in Appendix C.2. A CNOT to XX translation can be done via the

following [44]
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— o= R, (x/2)H H Ry (—7/2) HR, (—7/2) |- 3.13
% (/>XX(7T/4) (=7/2) { Ry(=7/2) (3.13)

3.3 Connecting quantum chemistry and quantum computing with second quan-

tization

3.3.1 Wavefunction in second quantized form

The wavefunction of the SD form in Eq. (2.12) explicitly tracks the location of each elec-
tron. After HF, the coefficients within the spin orbital basis set {x;} are finalized, and we can
then express the wavefunction more conveniently as Fock state as we only need to keep track
whether a spin orbital y; is populated by an electron. If the electron is present in y; then it is
a |1;) otherwise it is a |0;) state. This binary Fock state is then naturally connected with the
qubit representation in Eq. (3.1). Examples of two electron configurations of a H, molecule with

STO-3G basis are shown in Fig. 3.1.

3.3.2 State transition in second quantized form

1

Wavefunction represented in the Fock state can change between states through creation a;

(annihilation a;) operators. The creation operators change the state as

a}|n1,--- L0, my) = (—1)2k<i " ny e 10 i) (3.14)

allny,- 1, ny) =0 (3.15)
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MO First quantization Second quantization Quantum circuit
diagram SD wavefunction wavefunction wavefunction
(Fock state)
P11 ) s o
e S I PRSP 10 1
\/E Xo(X2)  xi(X3) |0)
| o) 10)
t |0)
T = X
0 12 \/5 x1(X) 1(Xy) :Oi
|l//0>

Figure 3.1: The figure provides an example of how the same wavefunction is expressed in differ-
ent representations. In MO diagram, 1 ({) represents the « () spin.

while the annihilation operator change the state via

ajlnn, - 1, ) = (F1)2S ™ 0y, 05,0 ) (3.16)

ajlni, .05, ,nyn)y =0 (3.17)

where the phase (—1)2<i™ is the consequence of the anti-commutation relation that fermions

(electrons) need to obey. The anti-commutation relation states

{aj,at} =0, {a},al} =0, {aj,aL} =01, (3.18)

where {A, B} denotes the anti-commutator AB + BA, §; is the Kronecker delta, and 1 is the

identity operator.
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On the other hand, qubit states can be updated via the following operators

ot =|1)(0] = =" (3.19)
10

ot|0) = |1) (3.20)

ot|1) =0 3.21)

and

o- =10)(1] = 5 (3.22)
0 0

o~ |1) =10) (3.23)
o~ |0) =0, (3.24)

while the phase can also be extracted by applying Z operators
Z10) = |0) (3.25)
Z|1) = —|1). (3.26)

Then, with the following transformation

a} =191 g0, ® 0%

(3.27)

a; =19""7""1"®0c @7
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we are able to perform the same operation on qubits to change the qubit states as what we did to
fermions on Fock space.
For a concrete example, suppose we have a second-quantized operator aiag, then after the

transformation, it becomes

alag = (Zy® oy )(0g ® 1)
= (Zy 0y) @ (07 1)

o @ot (3.28)

_X+W®X—W
2 2

1
= (XX —iXY +iYX +YY).

If the operator shows up in a Hamiltonian, which is real, then it usually was taken by the real

part, which can be obtained by

1
alag + c.c. = §(XX +YY) (3.29)

while if the operator serves as the unitary evolution showing up in the exponent, then we need

the imaginary part, which is

1
alag — c.c. = §(iYX +iXY). (3.30)

The straightforward transformation in Eq. (3.27) is nothing but the well-known, popular
choice Jordan-Wigner (JW) transformation [45]. Other transformations [45—47] are also available

and finding a transformation that can help minimize the number of two-qubit gates is one of the
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major tasks in Chapter 5 and Chapter 6.

3.3.3 Molecular Hamiltonian in second quantized form

The second quantized molecular Hamiltonian can be expressed as

1
H= Z hpqa:)aq + 3 Z hpqrsa;a;aras, (3.31)
p.q p

5T, S

where h,, and and h,,,s are the single-electron integral and two-electron integrals defined in
Eq. (2.17) and Eq. (2.18). Those coefficients are outcomes of the classical HF calculation. The
Hamiltonian in Eq. (3.31) after proper transformation will result in linear summation of Pauli
strings. For example, H, at bond length 1.5 A with STO-3G basis set and parity transformation

and two-qubit reduction based on symmetry will result in the two-qubit Hamiltonian

H = — 1.0096446943601909 11
+0.1291013128871107 I Z
—0.1291013128871106 Z1 (3.32)
— 0.0041889582600267 Z Z

+ 0.2295359360597018 X X.

The correctness of the Hamiltonian can be verified by expanding the Pauli string into the
matrix form and then directly diagonalizing it. The lowest eigenvalue is the true ground state
energy and should match the FCI energy computed by other quantum chemistry software cal-

culations with the same basis set. Since the dimension of the matrix resulting from expanding
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0) - -

O > Measurement basis for X
O > = [ ; STH =
O > Measurement basis for Y

Circuit evolution part Measurement part

Figure 3.2: This figure shows how to measure (X /Y Z) after circuit execution U. Measurement
bases are appended at the end of the circuit so that the measurement is always on computational
(Z) basis .

the Pauli string is 2" x 2" for n spin orbitals, this numerical diagonalization becomes intractable

rapidly. As a result, this verification is only used as a sanity check for small systems.

3.3.4 Measurement of Hamiltonian

The last piece of the puzzle of a complete mapping of a chemistry problem into a quantum
computing problem is the measurement. Since by default the quantum computer measures only
on computational Z basis, a proper basis transformation needs to be applied to the circuit before
the final measurement. For X (Y) basis, H(STH) basis transformations are required while Z, I

basis do not need additional basis transformations. An example is shown in Fig. 3.2.

3.4 Simulating fermionic system with quantum computer overview

Simulating fermionic matter on a quantum computer has recently been receiving much at-
tention. Already available in the literature are various chemistry and nuclear physics simulation

results [4,48-52], performed across multiple quantum computing platforms, including supercon-
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ducting [48,50,51] and trapped-ion [4,49,52] based approaches. The spotlight on the simulation
of fermionic systems on a quantum computer is not accidental. Simulations of these systems
are useful for furthering fundamental science and practical engineering [53, 54], and quantum
computers are expected to enable the quantum simulations of fermions undergoing local interac-
tions [19,55], a task believed to be classically difficult to scale.

Broadly speaking, simulations of fermionic systems on a quantum computer may be clas-
sified into two categories: a variational, quantum-classical hybrid simulation [9], suitable for
imperfect, pre-fault tolerant (pre-FT) quantum computers, and a Hamiltonian dynamics simula-
tion based on pure quantum simulation algorithms [56], typically considered in fault-tolerant (FT)
quantum computers. In the context of estimating the ground-state energy of a fermionic system,
the former leverages efficient preparation of ansatz states and evaluation of operator expectation
values, both enabled by quantum computers. The latter leverages the ability of a quantum com-
puter to efficiently simulate evolution of quantum systems with a local Hamiltonian, which, when
combined with quantum phase estimation [57], allows us to evaluate the ground-state energy of

the system.

3.4.1 Fermonic simulation in Fault-Tolerant regime

Although our main focus in this thesis was to optimize the circuit for pre-FT regime, for
completeness, we also explain briefly how to obtain the ground state energy once we have a FT

quantum computer. In the case where we consider a quantum dynamics simulation approach
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more suitable for the FT regime, we aim to implement the evolution operator

Ueyo = €1 (3.33)

on a quantum computer, where H is the system Hamiltonian and ¢ is the duration by which we
desire to evolve the system forward in time. Roughly, once the initial state |t)y,;), sufficiently

close to the ground state |{ground). is evolved to

(1)) A e et |ahyye) (3.34)

up to the closeness, quantum Fourier transform may be used to estimate the phase angle Eyyounat,
thus extracting the ground-state energy Fgouna. Detailed discussion on the circuit layout that
implements the quantum phase estimation algorithm is available in [58]. Note, an efficient imple-
mentation of the quantum Fourier transform on a FT quantum computer is known [59]. Therefore,
the problem of an efficient energy-spectra calculation on a quantum computer in the FT regime

boils down to the problem of efficiently implementing real-time quantum dynamics simulations.

3.4.2 Fermionic Simulation of pre-FT regime

In the case where we consider a quantum-classical hybrid approach more suitable for the
pre-FT regime, we consider the widely-adopted technique of the variational quantum eigensolver
(VQE) [9]. Specifically, we aim to implement a unitary ansatz evolution operator U,pg,t, On a
quantum computer, an example of which is the well-established unitary coupled cluster (UCC)

ansatz [60,61]. By tuning the variational parameters in U,ygat,, in a typical VQE approach,
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Quantum Circuit

1
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new

min{y, | U O)HU®) | )
0 Classical Optimizer

|w) VQE> EVQE

Figure 3.3: The most basic VQE cycle. |v) is the initial state, usually the Hartree-Fock state.
We start by a controllable unitary evolution U(f) performed by a quantum computer to obtain

—

U(0)|1p). By measurement procedure detailed in Section 3.3.4, eventually we obtain the ex-
pectation energy. The classical optimizer then suggests the next parameters to try or decide to
terminate.

<w0’U£InsatzH Usnsatz|®0) 1s minimized, where |1)y) is an initial state that is assumed to be close
to the target ground state of H and can readily be prepared on a quantum computer. The goal of
this hybrid approach is then to estimate the ground state energy of the fermionic system with the

Hamiltonian of the form Eq. (3.31).

3.5 Variational Quantum Eigensolver

3.5.1 Basic VQE

In the pre-FT regime, we aim to calculate the ground state energy of the system whose
Hamiltonian is given in the form Eq. (3.31). This is typically achieved by the VQE approach.
[9,62,63] In this approach, by iteratively calling the quantum computer to compute the energy of
parametrized ansatz states, one aims to minimize the energy and variationally obtain the ground

state of the target system. A diagram in Fig. 3.3 shows the most basic VQE framework. We
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consider in this thesis a type of ansatz states |V ,,.¢,) that are transformed from an initial state
| W) using a parametrizable unitary ansatz evolution operator Uypsatzs a8 |Wansatz) = Uansatz | Vo)-
To be complete, | W) can be a ground-state Hartree-Fock wavefunction, multiconfigura-
tional self-consistent field [64], or density-matrix renormalization group calculations [65]. Many
choose to work with the former for its simplicity, including [1,4].
For brevity, we drop the subscript in Ujygay,, in the following text. Since U is a unitary op-

Z=Z" and Z is in turn parametrized. By

erator, it can always be written in the exponential form e
varying the parameters in Z, the ansatz state energy (Vancats| H |Wansatz) = (Yol UTHU |Wy) is
variationally minimized. With a proper fermion to qubit basis transformation the energy expecta-
tion value can be evaluated efficiently on a quantum computer, where the quantum resource cost

of this hybrid approach is the implementation cost of the operator U. We note that the procedures

proposed in this section can be implemented with any ansatz with a unitary evolution operator U'.

3.5.2 UCCSD ansatz

As a concrete example for discussion, we use the widely-adopted UCC ansatz with single
and double excitations (UCCSD), a systematic method that is universally applicable to any quan-
tum hardware backend. Other ansatzes, for instance the £-UpCCGSD ansatz of Lee et al. [66] or
the UCCGSD ansatz of Grimsley et al. [67], can also be readily applied.

The UCCSD method starts with a ground state Hartree-Fock wavefunction |¥,) that can

be easily calculated on a classical computer and implemented on a quantum computer. It then
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evolves |Wg) with a unitary operator

U = €ZUCCSD*Z1TJCCSD (3.35)

where

2

Zucesp = Z Z (3.36)

=1

is the so-called cluster operator. Z; » are the single and double excitation operators and are written

in second quantization as

Zy = Z tpra;aT,

peEvirt
reocc

Ly = Z tpqmaj)aj]&ras,

p,gEVirt
r,8€0CC

(3.37)

where t,,. and ¢, are variational parameters and “virt” and “occ” denote virtual and occupied
levels respectively. Notice that for the UCCSD ansatz, to minimize the size of the circuit that
implements U, not all terms in the cluster operator are needed to achieve a certain precision. In
other words, only a subset of all the parameters ¢,, and t,,-s need to be included in the VQE
approach, while the rest can be set to zero. In fact, it is very much the name of the game in the
pre-FT regime to find a minimal set of variational parameters so that the final ground state energy

satisfies certain error criteria.
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3.6 Ansatz circuit implementation with Trotterization

There is no straightforward way to implement a generic unitary in the form Eq. (3.35). The
standard procedure is to break down the unitary through Trotterization into standard unitary units
which can be implemented with known standard procedure.

For completeness, we start by introducing the 2kth order PF algorithm. Assuming the JW
transformation has been performed on the Hamiltonian A in Eq. (3.31), the unitary evolution

operator we aim to implement may be written as

L
exp (—z’Zé)j&(j)) ~ [Sa( V)], (3.38)
j=1

where A = 1/r, 6 = @,5%) + h.c., where 5@ € {0,,0_,0.} and h.c. denotes the

Hermitian conjugate operator, and

L
S1(A) == [ [ exp(—i6;69N),
j=1

S>(A) == [ [ exp(—i0;692/2) [ exp(—ib;61/2),
Sor(A) := [Sor—2(PrA)]* Sor—2((1 — 4pg) ) [Sax—a(PE)]?, (3.39)

with p == 1/(4 — 4Y/=D) for k > 1 [68]. Inspecting (3.38) and (3.39), we observe that the

individual exponential terms, hereafter referred to as a Trotter term, are of the form

exp | =it () 5% + hc) |, (3.40)
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where ¢’ is a suitably scaled ;. A standard circuit that implements a Trotter term is readily avail-
able in [57], also see template in Fig. 6.4 (b). Employing the circuit tricks in [4], in Fig. 3.4, we
show an optimized quantum circuit that implements an example Trotter term e ~¢/2(7+7+o-—+h.c.)

. . f ot . o
resulting from a four-qubit UCC ansatz e??0%192%3~"-¢ with a double excitation term agaiagag.

s}

N D Hg

s> sf S|

S> sf Ssk

Figure 3.4: Standard two-body interaction circuit that implements exp[—i(f/2)0, R 0, R o_ &
o_ +h.c.]. Following the steps detailed in [4] closely, expanding o0 ,0_o_ 4 h.c. (we suppress
® hereafter whenever contextually clear) into the particular ordering of 0,0,0,0,, 0,0,0,0,,
O20y0yOs, Og0y050y, OyOy0u0s, Oy0y050y, 000,04, and o,0,0,0,, and implementing them
one after another with the last qubit as the target qubit, we obtain the circuit shown in this figure
after applying the circuit optimization routines detailed in [4, 5].
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Chapter 4: Perturbation assisted quantum simulation

4.1 Overview

In this chapter, we describe a general framework that leverages the power of perturba-
tion theory to optimize VQE-based quantum simulations by predicting the subset of variational
parameters to include in the ansatz and correcting the VQE result via post processing. The frame-
work optimizes both the total number of VQE executions as well as the size of the ansatz state
preparation circuits used to reach convergence in the ground-state energy estimate.

In Section 4.2 we outline the framework. The derivation of a simple perturbation scheme
that can be straightforwardly implemented in the framework is shown in Section 4.3, which
we hereafter refer to as a hybrid second order Mgller-Plesset perturbation (HMP2) method. In
Section 4.5 we present a classically simulated comparison between the HMP2 scheme and a more
conventional VQE approach [4], by computing the ground state energy of a water molecule using

the UCCSD ansatz.

4.2 Perturbative predictor and corrector

We detail, in this section, a general, systematic framework of using perturbation methods

to improve quantum resources required for the VQE approach. Specifically, we aim to rapidly
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converge to the ground state energy with small quantum circuits.

Any general (not specific to any system) unitary ansatz operator can be written as

U=e?? 2= fal{ts})Da. (4.1)
{o}

where the summation is over a set of orbital sequences {«}, f, are real functions of the set of
variational parameters {¢s}, and D,, is a generic orbital substitution operator that substitutes the
orbitals in a wavefunction according to the orbital sequence «. For instance, a single orbital
substitution operator D, = a;)aq substitutes orbital ¢ with p. We can then define the orbital

substituted wavefunction

|Up,.) = Dy W) . 4.2)

For a specific general ansatz approach there is a full set of variational parameters Tf,; =
{ts} that can be used to parametrize the ansatz evolution operator. In the case of UCCSD, by

comparing Eq. (3.37) with Eq. (4.1), we note that

Tran = {tpr, tpgrs | P, q € Virt; r, s € occ}, (4.3)

{a} = {pfr, plqirs | p,q € virt; r, s € occ}, 4.4)

and f, = t,.
Note further that we can generate a set of ansatz evolution operators {Ur, }, each element

of which is the unitary operator that induces an ansatz state with a subset 7; of the full variational
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parameters Tt (1; C Tran)- The rest of the parameters in the complement set T,y \ 7; are fixed
to an ordered set of default values 1}(110& Without loss of generality, we assume the default values
are absorbed into f, in Eq. (4.1) and the elements in the complement set T3, \ 7; are simply set
to zero. For every Ur, in {Ur, }, the ansatz state energy can be variationally minimized as

Er,= min (V| UL HUy, [Ty), (4.5)

elements(T;)€ER

where elements(7;) denotes the elements of the set 7;. For an application of a particular general
ansatz through the VQE approach in the pre-FT regime, one aims to find a Uy, that has the least
circuit complexity while satisfying

|Er,

i

—En,l <e (4.6)

with ¢ a pre-determined error criterion.

A concrete strategy to reach convergence with minimal circuit complexity is to start with
an operator with a small set of variational parameters that is known to be necessary (but not
necessarily sufficient) to achieve the error threshold and iteratively grow it. Going from the
mith iteration to the (m + 1)th one, the set of variational parameters in the operators grows and
satisfies 1, C T,,.1. A critical part in ensuring a rapid convergence is the selection of the
additional variational parameter(s) to include between iterations. In the case of UCCSD, they
directly correspond to additional individual excitation terms in Eq. (3.37) used to prepare the
ansatz state. Previous works have, e.g., used the full configuration interaction (FCI) results [4]

in the case the system is sufficiently small to be simulatable on a classical computer, and have
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Classical perturbation :
Predict the starting set of ansatz terms
and initial guesses for their amplitudes.
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Figure 4.1: Flow diagram for the proposed framework incorporating perturbation methods to
VQE simulations. See main text for detailed description.

demonstrated the significance of the excitation term selection for the resource requirement. Here,
we propose to iteratively select the next variational parameters to include in the ansatz state
preparation based on the size of the perturbatively predicted wavefunction correction amplitude
for a given ansatz state whose variational parameters are already optimized via the conventional
means of VQE. Our strategy also evaluates a perturbative energy correction in addition to the
conventional VQE approach, directly contributing to the fast convergence, while incurring no
overhead in the pre-FT regime resource requirement.

Fig. 4.1 shows the flow diagram of the proposed framework. As in the conventional VQE

approach for fermionic simulations, we start with the ground state Hartree-Fock wavefunction of
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the single particle Hamiltonian as |W). The first step is to determine the initial evolution operator
Ur, to use for the first iteration of VQE. As an example, using the two-particle Hamiltonian as
perturbation, energy and wavefunction corrections can be calculated using classical algorithms
with relative ease. From the perturbed wavefunction, we can extract the amplitudes of individ-
ual excited states in the single-particle Hamiltonian basis. These amplitudes will serve as the
initial guesses of the variational parameters for the first round of VQE simulation, which could
significantly reduce the number of evaluations of the quantum circuit comparing to all-zeros or
random initial guesses [69]. If we demand the energy convergence criteria of dg, then the entire
simulation is considered to be converged when the magnitude of energy change associated with
an addition of any extra ansatz term is smaller than §x. We include in the initial ansatz set the
ansatz terms whose contribution to the correlation energy is greater than f(Jg), where a standard
choice of function f(dz) may simply be 0z.

With the initial set of ansatz terms and their initial variational parameter values, we run the

first round of VQE simulation to minimize the energy

By, = (Uo| UL, HUy, | W) . (4.7)

Once the energy is minimized and the ansatz state converges, we proceed to compute the expec-
tation values of a set of operators that were chosen in advance to inform us about the perturbation
around the converged ansatz state. We refer to this method as a hybrid perturbation since unlike
the conventional perturbation where we know the unperturbed wavefunction in advance, we start
the perturbation from the converged VQE ansatz state.

Based on the additional measurements performed on a quantum computer, we may now
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use the hybrid perturbation method to calculate corrections to the correlation energy and the
wavefunction. The resulting total energy of this cycle is the summation of the energy correction
and the VQE energy. Before starting the next cycle, we first identify a pool of operators that can
be the immediate successor of the current operator. Then we evaluate how much each operator
in the pool can account for towards the perturbative wavefunction correction. The operator that
can recover the wavefunction correction the most gets the nod for the next cycle and the way it
recovers the correction informs the initial guesses of the newly added variational parameters in
the next cycle. A more detailed illustration of such a procedure is given in the next section. The
initial variational parameter values of the ansatz terms that continue to be a part of the next VQE
simulation may simply be imported from the cycle before.

The cycle iterates the outlined procedure of running the VQE simulation and the hybrid
perturbation calculation, until convergence of the total energy is achieved. We next detail the
steps of a simple implementation of our hybrid perturbation framework that is inspired by the

classical MP2 method.

4.3 HMP2 method

We derive in this section our hybrid perturbation method, inspired by the Mgller-Plesset
[70] perturbation theory, applied to the VQE simulation. Our hybrid MP2-based perturbation
method, HMP2, aims to help each VQE cycle in terms of both improving the resulting energy
via a perturbative energy correction and optimizing the ansatz operator to use in the next cycle
through a perturbative wavefunction correction.

In the mth VQE cycle, we can write the energy of the ansatz state £, in the context of
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first-order perturbation theory, i.e.,

Er,, = (Vo| UL HUr,, [Vo)
= (Wo| F + (U’jIL‘mHUTm — F) W)
= (Vo| F |Wo) + (Vo| UL, HUy, — F | W) (4.8)

= Ey+ (Er,, — Eo)

= EO + EY

m’

where F' is the Fock operator, E is the sum of orbital energies, F ) = E, is the zeroth-order
energy, and E%Z = Eg, — Ly is the first-order correction energy. Based on perturbation theory,

a second-order correction to the energy can now be written as

2

(| Va, |%o)

(2) _
Ep) =Y AEL , (4.9)
{a'} of

where Vi, = U}mH Ur,, — F. The set of orbital sequences {a'} does not necessarily need to be
the same as the set {«} used in Eq. (4.1) and should be chosen according to accuracy requirement
and resource constraints. See Section 5.6 for more detailed discussion. In our case study using
the UCCSD ansatz, we choose {o'} = {a}. The energy AEp , is defined as the orbital energy
difference of the orbital substitutions. For instance, AE D, = Lq— Ep, where 5, and E, are the

orbital energies of the pth and the gth orbitals, respectively. Inserting V, = U}mH Ur, — Fin
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Eq. (4.9), the numerator becomes

2 2
‘(@Da, VTm‘\Ifo> = |(wp,, U}mHUTm—F’\IJO>
= (wp_ U} HUTm‘\IJ0> (Wp | F ‘\IJO>‘ (4.10)
= (wp,, | UL, HUY, \Ifo>) ,

where we used (¥p_, | F ‘\Ifo> = 0.

In order to apply the VQE results, especially the ansatz wavefunction ‘\Il directly to

ansatz>

the perturbation calculation, we proceed as follows. For brevity, we introduce ZTm =Zr, — Z}m

with Uz, = eZm and Do = Do — D!, Inserting these into Eq. (4.10), we obtain

| {(¥p,,|Uf, HUr, [Wo) |* = [ (¥| DL,UL, HUr, [Wo) |

4.11)

- ‘ <\Ij } []Tml)T UT H }\Ijansatz> ’

ansatz

Next we Taylor expand the etZtm in eZ1m f)L,e*ZT m H up to first order in ZTm. This is consistent

with our choice of the first-order PF algorithm for the implementation of the ansatz. We obtain

| <\D§g;atz ZTm DT _ZTm H |q]ansatz> |2
= (Wira| (L4 Z, - )DL (1= Zp, - ) H W ) P (4.12)
~[ (Vi | DU H — D! Zp H + Zy, DL H |05 ) 2.

With Eq. (4.9) and Eq. (4.12) we can obtain the energy correction to the VQE result.
We note that ﬁL,H — D:;/ZTmH + ZT," [)L,H is a sum of products of Pauli operators

> i€ &) in the qubit basis, after applying a suitable fermion to qubit basis transformation. Since
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&) have eigenvalues +1 or —1, denoting ‘lllg-p )> and ‘lllg-m)> as the eigenvectors with the respec-

tive eigenvalues, we may then write
2
Tm
<\Ijansatz Z ( )

m
\Ijansatz >
J

e pemror-2hor)
- 5 (S (0 9] - 52 (08 )

2

(4.13)

T,
\I]arrly;atz >

2

Note that Eq. (4.13) requires only a simple projection of | ¥, q.t,) onto “11 > or ‘\If( > Thus
the second order correction energy may be obtained without any quantum resource overhead in
the circuit size.

To optimize the choice of the ansatz evolution operator to use in the next cycle, we turn to
the wavefunction correction. The ansatz state wavefunction can be considered as the zeroth-order

wavefunction |\If(0) > and a first order correction is given by

(\IJ(T”> - {z; A, 1) (4.14)

We then use the following procedure to determine which ansatz evolution operator to use next in
the (m + 1)th round. In the mth round we have variationally determined a set of values for the
parameters in the set 7,,, denoted as S,,,. We then look for a set R,,, = {Ur } of all the evolution

operators Ur, that satisfies 7;,, C 7; and
n(T;\T,,) = Hyléln[n(T] \ T.n)], (4.15)
JjFEmM

43



where n(A) denotes the number of elements in set A. R,, is then the pool of operators from
which we are going to choose the next ansatz evolution operator. For each Uz, in R,,, we can

then compute the overlap

Fi=1/ui, Y ‘<qf:;]xp§}i>) (4.16)

tg €T \Tm

where

) W) . (4.17)

Here we use w! to capture the additional cost associated with implementing Uz, instead of
Ur, . For example, it can be the number of additional two-qubit gates needed to compute
(Uo| UTHU | W) for U = Uy, instead of U = Uy, . For our concrete example, we simply take
w!, to be the number of additional fermionic operators in T; comparing to T},,. Using the identity
(Up,|¥p, ) = baa, it is straightforward to evaluate all of the F!, using Eq. (4.9), Eq. (4.12), and
Eq. (4.17). Then we simply pick the Uz, out of R, with the largest F’, to be the ansatz evolution
operator to use in the next cycle. We can also use the wavefunction correction to guess the initial
values for an additional variational parameter t5 € 1,11 \ T}, as + <\If?;’m+1 |\I/£F1n1>

In the case of UCCSD, each Uz, in R, only has one more D, term in Zz, than Zz, of

Ur,, , which corresponds to an incremental change in the terms included in the ansatz operator Z.

Using
7~ 1+ o, (4.18)

F' is approximately the perturbative amplitude | (U p_| V7, |Wo) /AEp, | of the corresponding
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additional D,,.

All the procedures introduced above for the mth round of a VQE cycle can also be used
before the first cycle by simply taking m = 0. In this case, all the calculations are classical and
the energy correction is simply the classical MP2 energy correction. The wavefunction correction
however can inform the first operator to be tried and suggest the initial values for its variational

parameters.

4.4 HMP?2 cost analysis

In principle, the number of individual Pauli-string operators in Eq. (4.13) whose expec-
tation values are to be evaluated using a quantum computer scales as O(n*) per UCCSD ansatz
where 7 is the number of qubits. This is so since H consists of O(n4) terms, while, for a particular
ansatz, Z is fixed and provides a constant prefactor. Thus the predictive feature using Eq. (4.14)
requires O(n®) Pauli-string measurements because there are O(n*) elements in {a}. The pertur-
bative correction using Eq. (4.9) can reuse all the measurement results from the predictive feature
because we choose {o'} = {a}.

While this may appear challenging, in practice, a series of techniques can be applied to
significantly reduce the number of evaluations. First, we can take advantage of the fact that
only the qubits that are coupled via a chosen ansatz are entangled. By carefully choosing the
qubits to use to create the ansatz state, we can treat the qubits that have not been operated on
classically. A straightforward extension to small, disjoint sets of qubits with set sizes that admit
inexpensive classical postprocessing may be considered as well, although we do not consider

such an aggressive optimization in this chapter. In addition, if we have two qubits that represent
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the same spatial orbital with two opposite spins, in the case where they are not distinguishable
in their energy due to a particular choice of the ansatz (see Section 5.2 and [4] for more details),
the two qubits would encode a redundant piece of information, and this allows us to encode
the information using just one qubit. We call this optimization technique qubit space reduction
(QSR) (see Appendix A for the implementation details).

Secondly, it is possible to measure multiple Pauli strings simultaneously to reduce the total
number of measurements provided that these Pauli strings commute with each other. For instance,
two methods, the general commuting (GC) partition and the qubit-wise commuting (QWC) par-
tition, have been proposed to enable such simultaneous measurements [71]. Generally speaking,
GC can reduce the number of measurements significantly but could incur additional cost in terms
of additional two-qubit gates while QWC can reduce the number of measurements, though to
a lesser degree than GC, without increasing the number of two-qubit gates. If using GC, it is
beneficial to use QSR beforehand to reduce the size of the qubit space needed to be partitioned,

which in turn reduces the number of extra two-qubit gates incurred from using the GC partition.

4.5 Comparison to prior state-of-the-art

To demonstrate our framework of perturbation assisted quantum simulation using HMP2
method, we performed classically emulated VQE calculations with the UCCSD ansatz of the
ground state energy of a water molecule at its equilibrium geometry. Using the STO-3G basis,
the calculation contains 14 qubits in total.

Table 4.1 shows the incremental changes of the UCCSD correlation energy as well as the

HMP?2 correction as more ansatz terms are included according to our framework. Note that our
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Ansatz Evcesp  Ep) Euccsp+ump2
HF+1 -74.9749 -0.0249 -74.9998
HF+2 -74.9781 -0.0220 -75.0001
Ansaty HFH4  -74.9854 00170  -75.0024
erme . HF+S 749881 -0.0155  -75.0036
HMp2 HF+6 749909 -0.0139  -75.0048
order  HF+8 749966 -0.0091  -75.0057
HF+9 -74.9996 -0.0068 -75.0063
HF+11 -75.0038 -0.0039 -75.0077
HF+12 -75.0047 -0.0034 -75.0081
HF+14 -75.0074 -0.0023 -75.0098
HF+16 -75.0091 -0.0015 -75.0106
HF+17 -75.0100 -0.0009 -75.0109
HF+19 -75.0102 -0.0007 -75.0109
HF+21 -75.0107 -0.0004 -75.0111
HF+23 -75.0111 -0.0002 -75.0113
HF+24 -75.0113 -0.0001 -75.0114
HF+26 -75.0113 -0.0001 -75.0114
HF+28 -75.0113 -0.0001 -75.0114
Eyr -74.9624
Envpa -74.9977
FEcesp -75.0114
Ercr -75.0116

Table 4.1: Ground state energy calculations for a water molecule using STO-3G basis. HF+/N
represents a VQE cycle with the UCCSD ansatz with N D,, terms, as described in Section 4.2.
Eggr is the HMP?2 correction based on Eq. (4.12). Eyccspruvmr2 = Fuccsp + E;OD“ is the total
energy obtained in one VQE cycle. For the classical optimization step in VQE, we used L-
BFGS-B optimizer [3], and we assumed perfect measurement with an infinite number of circuit
repetitions to suppress the effect of finite measurement. The classically computed energies Fyp,
Enpa, Eccsp, and Egcy for the water molecule with the same geometry and basis set are also listed

for comparison. All energies are in units of Hartree.
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choice of {a/} in Eq. (4.9) for this example guarantees that the final energy reaches the UCCSD
energy when all the ansatz terms are included in Eq. (3.37). To compare, we also listed the clas-
sically calculated HE, MP2, CCSD, and FCI energies since it is difficult to obtain the UCCSD
energy via classical algorithms. With the HMP2 correction, the total energy Eyccspsampz de-
scends quickly towards FCI energy.

Fig. 4.2 shows the convergence of the ground state energies using different approaches as
the number NV of D, terms included in the UCCSD ansatz operator increases. For the conven-
tional approach [4], the insertion order of the ansatz terms is obtained from the prior knowledge
of the order of contribution of determinants in a classical FCI calculation, which closely mim-
ics the ideal case but is rarely realistic to obtain. For the UCCSD energies obtained using the
proposed HMP2, we bootstrapped the ordering of the ansatz terms as detailed in Section 4.3.
Comparing the convergence of the UCCSD energies, we find that the HMP2-bootstrapped or-
dering effectively captures the major ansatz terms. This is confirmed by the good agreement
between the FCI ordering and the HMP2 ordering shown in Fig. 4.2. We also observe that the
HMP?2 correction to the ground-state energy helps accelerate the energy convergence towards the
FCI energy significantly. Provided that implementation of each additional ansatz term leads to a
substantial accumulation of noise in the pre-FT hardware, we find the rapid energy convergence
enabled by the HMP2 method to be particularly useful for the near-term quantum computers.

In addition to focusing on reducing the circuit complexity, which is the most important cost
for pre-FT era applications, we examine the total number of measurements as a secondary cost
using the water molecule calculation as an example. Fig. 4.3 (a) shows the number of measure-
ments using various optimization schemes discussed in Section 4.3. Comparing to the number of

measurements optimized using only QSR, the number optimized using the GC partition method
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Figure 4.2: Comparison of the ground state energies of a water molecule at its equilibrium geom-
etry using the STO-3G basis set, calculated by various methods as a function of /V, the number of
D,, terms included in the HF+ N ansatz. The orange dashed line is the FCI energy calculated us-
ing the PSI4 package [6], which serves as the benchmark. The black diamonds connected by the
dotted lines are the UCCSD energies Fyccsp, calculated using different numbers of ansatz terms
ordered by the contribution of corresponding determinants to the FCI energy. The red squares
and blue circles connected by the dotted lines are the ground-state energies computed according
to the proposed framework with the HMP2 ordering, with the circles containing the additional
HMP?2 energy correction at each VQE cycle. The inset shows in semi-log the differences between
the energies obtained by the aforementioned methods and the FCI energy as a function of N. The
purple dashed line shows the chemical accuracy given by 1072 hartree. As stated in the caption of
Table 4.1 as well, for the classical optimization step in VQE, we used L-BFGS-B optimizer [3],
and we assumed perfect measurement with an infinite number of circuit repetitions to suppress
the effect of finite measurement.
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Figure 4.3: Demonstration of the reduction of the number of measurements as a secondary cost
for the water molecule calculation using various optimization schemes. The calculation is carried
out using the HMP2 framework with the UCCSD ansatz. The total number of expectation values
to be evaluated on a quantum computer as a function of the number NV of D, terms in the UCCSD
ansatz operator for a VQE cycle is shown in (a) for three different optimization schemes. The
black solid line represents the reduction using only QSR. The blue dotted line shows the reduction
using the QWC partition and QSR at the same time. The red dashed line illustrates the most
reduction, using the GC partition along with QSR. Note the plateau-like behaviors that make
the lines to appear like staircases are due to our QSR technique (orange, dot-dashed line with
the y axis on the right), i.e., the jumps in the number of expectation values to be measured per
VQE iteration occur when the QSR technique makes a transition from one space requirement to
another. The average number of additional two-qubit gates incurred by using the GC partition
along with QSR, ngcyqsr, 1s shown in (b) as the the blue dotted line. This may be compared
with the black solid line, representing the total number of two-qubit gates nyw required to induce
UCCSD ansatz states, implemented with the JW transformation. The distribution of ngctqsr 18
given in the Appendix B. The red dashed line with an alternative y-axis label on the right shows

the ratio R = nG0+QSR/(nJW + ngc+QSR).
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and QSR is more than two orders of magnitude smaller while the number is about one order
of magnitude smaller using the QWC partition method along with QSR. Fig. 4.3 (b) shows the
additional cost in terms of the number of two-qubit gates associated with using the GC partition
method along with QSR comparing to the total number of two-qubit gates using the JW trans-
formation. The ratio between the two quickly reduces as the number of ansatz terms increases.
Thus one should decide whether to use GC or QWC along with QSR after weighing their benefits

against their cost on a case-by-case basis.

4.6 Discussion

For the pre-FT regime VQE simulations, we have proposed a general framework that lever-
ages the predictive and corrective power of perturbation theory. The predictive feature of our
framework resembles that of the ADAPT-VQE method [67], which aims to iteratively add terms
to a generalized Trotterized exponential ansatz by following the steepest descent based on the cal-
culations of numerical gradients. Despite trying to solve the same problem, our framework adopts
a different philosophy and computes an approximate (perturbative) correction to the wavefunc-
tion and chooses the following operator based on how much of a correction an operator could
potentially provide. Due to the two completely different approaches to the problem, the two
methods could have vastly different use cases for which they are suitable respectively. To iden-
tify the difference in use cases, further thorough investigation into different areas of applications
are needed which is beyond the scope of this thesis.

Additionally, our framework is exceedingly flexible and provides means to balance between

resource constraints and accuracy requirement. First of all, our framework not only works with
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the UCCSD ansatz, but any unitary ansatz, including the generalized Trotterized exponential
ansatz used in the ADAPT-VQE method. Second, the predictive feature and the corrective feature
can be used independently from each other. For instance, the perturbative corrections can be used
along with the ADAPT-VQE method, which provides the ansatz term prediction. Note that doing
so, according to our framework, does not incur additional cost in terms of circuit complexity; it
incurs overhead only in terms of the number of measurements. Our specific examples described
in this chapter results in smaller number of measurements required, since both the prediction
and the correction are obtained by the same set of measurements, as opposed to two different
set of measurements that would otherwise be required, had we combined ADAPT-VQE with our
perturbative correction. Third, the choice of the set of orbital sequence {a/} in Eq. (4.9) can
be leveraged to balance between accuracy requirement and resource constraints. On one hand,
the size of the set can be decreased to reduce the number of measurements needed. On the
other hand, it is also possible to include orbital sequences outside of the set {«} for the ansatz
operator in order to achieve better accuracy without sacrificing circuit complexity. For instance,
one could include triple excitation sequences in {a’} along with the UCCSD ansatz to provide a
perturbative “T” correction to the final ground state energy. In this case the increased accuracy
does not correspond to increased circuit complexity but only incurs overhead in terms of the

number of measurements.
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Chapter 5: Ansatz optimization basic techniques

5.1 Overview

Depending on the target gate to be optimized, the optimization strategy for ansatz could
be vastly different. In the pre-FT regime, quantum computational cost is dominated by the use
of multi-qubit gates. In the FT regime, where quantum circuits are typically composed of gates
in the Clifford+T gateset, quantum computational cost is dominated by the use of T gates, many
of which are used in the FT implementation of R,(f) gates (see, e.g., [72]). In this thesis, we
present approaches that optimize quantum simulations of fermionic systems in the pre-FT regime,
reducing the number of multi-qubit gates in the simulation circuit.

Specifically, the number of two-qubit CNOT gates used is reduced. Among the de-facto
quantum gateset of CNOT+single-qubit gates, effectuating high-quality CNOT gates is the most
challenging for physical implementation, both time- and fidelity-wise. Indeed, not only is the
computational efficiency improved, but the fidelity of quantum computation also boosted, as the
CNOT count is reduced.

In this chapter, we propose a series of techniques to reduce circuit complexity of the UCC-
based VQE ansatz, represented by the total number of two-qubit gates. To be concrete with
our example, we use the first-order PF algorithm to implement the UCCSD ansatz, although

extensions to other ansatz or higher order PF algorithms are straightforward.
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In Section 5.2, we extend the well-known transformations to generalized transformation.
Next in Section 5.3, we provide a heuristic that can take advantage of the generalized transforma-
tion. We then compare the heuristic with the prior art, with results shown in Section 5.4. Many
technical details mentioned in this section are further explained in Section 5.5. We last conclude

in Section 5.6 with discussion and conclusion.

5.2 Generalized transformations for fermion to qubit operator

It is important to note that all of the transformations are equivalent and thus the result-
ing quantum circuits for each transformation implements exactly the same fermion simulation.
Therefore, the resource savings we obtain in this section are independent of the accuracy of the
simulations, in general.

Well-known fermion to qubit transformations, such as Jordan-Wigner (JW) [45] or Bravyi-
Kitaev (BK) [46] transformations, map fermionic creation (annihilation) operators to Pauli strings.
However, there exist numerous other transformations available for use. Below, we introduce a
generalized transformation (GT) method (see also [47]), of which the JW and BK transforma-
tions are a part. We show that, when used with the PF algorithm as a concrete example for the
implementation of the UCCSD ansatz, significant quantum resource savings may be achieved
by a suitable choice of the mapping for a given cluster operator input, together with a carefully
chosen sequence of heuristic optimization methods.

All transformations in the GT method must respect relations specified in Eq. (3.18). This

may be achieved by considering the following invertible, upper-triangular basis-transformation
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matrix 3, which transforms the occupation number basis to a GT basis according to

5n71,n71 ﬁnfl,an ﬁnfl,o
0 Bn—2,n—2 Bn—Q,O
b= ; (.1)
0 0 . Boo

where 3, ; € {0,1} fori > j, ;; = 1, and n is the number of qubits involved in the trans-
formation. Following closely the notations used in [73], we define the following sets of indices
for convenience, which we detail below. We note that all matrix operations are performed in

modulo-2 space and the main diagonal elements are excluded when generating these sets.

 Update set U(j): elements of this set are the row indices with non-zero entries in column j

of the basis-transformation matrix /3.

* Parity set P(j): elements of this set are the column indices with non-zero entries in row j

of the matrix (73~! — 871), where 7; ; = 1if i < j, otherwise 0.

* Remainder set R(j): elements of this set are the column indices with non-zero entries in

row j of the matrix 73 .

The GT-based creation and annihilation operators are then

[U;J(j) ® O'in ® 05(1) _ Z'Ug(j) ® O-ZJ/' ® O'f(j)} /2’

099 @ o3 & 070 + i) @ o @ 0] /2, 62

S
.
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which can straightforwardly be shown to satisfy Eq. (3.18). We note that, e.g., the JW transfor-

mation is a special case of § = 1.

5.3 Optimization heuristic based on generalized transformation

In this section, we investigate how a variety of fermion to qubit transformations may be
used to reduce the quantum resource requirements for the pre-FT fermion simulations. The state
of the art implementation of the UCCSD ansatz [4] relies on the JW transformation and it con-
siders a series of heuristics that were chosen carefully to optimize the resulting quantum circuits.
To enable a proper comparison of those with our results then, it is necessary for us to consider
a similar series of heuristics as well. Details of the heuristics we consider are provided in the
Section 5.5.1-Section 5.5.6. Below, we briefly outline the steps in the order of applications. The
cost function we consider for our concrete example is the number of two-qubit gates.

The outer-most loop of our approach considers different transformation matrices 3. For a
given mapping matrix 3, we execute the following routines to construct and optimize our circuit
that implements the UCCSD ansatz. The routines are designed to repeatedly call a suite of
dedicated, automated circuit optimization tools, whose technical details may be found in [4, 5].
The efficiency of these tools allows us to quickly evaluate the cost function for different cases we

consider in each of the subroutines.

Routine 1 Fermionic level labeling: Unlike in the JW transformation where U (j) is an empty
set and P(j) = R(j), in the GT approach, myriads of combinations of sets U(j),
P(j),and R(j) are possible. To best take advantage of this, it is critical to carefully

select which fermion level is mapped onto which qubit index. Exploring all possi-
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ble mappings is however computationally prohibitively expensive. We thus resort
to a simple greedy approach, whereby we explore one permutation at a time from
a given fermion-level to qubit-index mapping. Specifically, from the given map-
ping, we apply the permutation that results in the most reduction in the quantum
resource requirements. We iterate this process until no single permutation results
in the reduction of quantum resource requirements. See Section 5.5.1 for detail.

See Subroutine 1 below for the cost function evaluation for each permutation.

Routine 2 Inter-Trotter term ordering: Demonstrated in [4, 74-78] was that ordering the
Trotter terms appropriately can lead to large savings in the two-qubit gate counts
due to gate cancellations between the neighboring Trotter term circuits. While a
similar approach is indeed possible — and we base our method on the work reported
in [4] — in our GT approach, a non-trivial modification to a method reported in
[4] needs to be made. Specifically, we need to preprocess each Trotter term to
determine its eligibility for being classified under the same equivalence class, the
elements of which have the opportunities for resource savings when placed next to
one another on a quantum circuit via the aforementioned gate cancellations. The
eligibility criteria are straightforward for the JW transformation, considered in [4].
See Section 5.5.3 for details for the GT method. Once the equivalence classes
according to the eligibility of each Trotter term is determined, we use a simple
greedy approach to order the Trotter-term elements of each equivalence class to

reduce the two-qubit gate counts.

Subroutine 1 Intra-Trotter term ordering: For a given fermion-label to qubit-index mapping,
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an efficient method to implement a single- or a double-fermion excitation Trot-
ter term is known [57] in the case where the JW transformation is used, and
an aggressively optimized circuit construction that leverages full qubit-to-qubit
connectivity is available in [4]. The method in [4] relies on a careful ordering
of the intra-Trotter operator implementation, where, for instance, an example

) t 1
double-fermion Trotter term elrars(@paqaras—h.c)

is expanded to o, , .-based intra-
Trotter terms. To enable an efficient implementation in other transformations
used in our GT approach, we compute the cost function for every possible per-

mutation of the intra-Trotter terms (see Section 5.5.2 for detail). We choose an

ordering with the least cost.

The resulting optimized circuit implements the UCCSD ansatz in the chosen transformation basis
defined by 5. However, with the exception of the JW transformation where 5 = 1, the GT 3
matrix requires us to implement the initial mapping of the basis at the beginning of the circuit.
This incurs an overhead O(n?/log(n)) in the two-qubit gate counts [79]. To obtain the final
quantum resource requirement, we call an automated optimizer with the input quantum circuit
that consists of the prefix subcircuit that implements 3 and the postfix subcircuit that implements
the B-basis UCCSD ansatz.

We note that in [4] the concept of “bosonic” excitations is discussed. Effectively, in the
JW transformation, whenever a pair of neighboring qubits, whichever appropriate fermion levels
they correspond to, are excited to yet another pair of neighboring qubits that denote another set of
fermion levels, the circuit that implements such an excitation term can be dramatically simplified

to require only two two-qubit gates, while requiring only half the number of qubits that would
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otherwise be required (see Section 5.5.4 for the cases where the pairs do not neighbor). To
take advantage of this, we use a juxtaposition of the bosonic circuit written according to the JW
transformation and non-bosonic circuit written according to our GT approach. We note in passing
that, to return from the half-qubit space of the bosonic circuit to the full-qubit space of the non-
bosonic circuit, at most n/2 CNOT gates are expended. All our circuit metrics appropriately

reflect this.

5.4 Compare to prior art

Table 5.1 shows circuit metrics, measured according to the number of two-qubit gates used
to implement the UCCSD ansatz circuit, for different molecules of our choice. We show the
results for the JW, BK, and the best GT transformations that our heuristic toolchain specified
above found for comparison. To find the best GT transformations, we used a particle swarm
optimization, as detailed in Section 5.5.5 and Section 5.5.6. The advantages offered by the GT
transformations vary in the suite of molecules we consider, ranging from 1.44% to 21.43%. This
demonstrates the capability of our heuristics that it is indeed possible to further optimize the quan-
tum circuits over the previous state of the art obtained via the JW transformation by considering
GT transformations, custom selected for different input cases.

We make an open-ended note here on the savings ratio obtained. The savings ratio for the
GT method is obtained by comparison to the JW transformation, which often admits better circuit
optimization over the BK transformation in the instances we considered, especially around the
interesting regimes where the ansatz circuit is large enough to recover, e.g., chemical accuracy,

but is sufficiently small to merit VQE implementations on a near-term, noisy device. In the
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Molecule n  NE JW BK GT Improve(%)
HF 6 3 30 29 25 16.67
LiH 6 3 30 29 25 16.67
BeH, 8 9 70 71 60 14.29
NH; 14 52 485 607 478 1.44
H,0(4) 8 4 42 50 33 21.43
H,0(5) 8 5 44 52 35 20.45
H,0(6) 8 6 46 47 37 19.56
H,0(8) 10 8 68 88 63 7.35
H,0(9) 10 9 71 89 66 7.04
H,O(11) 10 11 93 110 87 6.45
H,0(12) 10 12 95 112 89 6.32
H,0(14) 10 14 114 140 111 2.63
H,O0(16) 10 16 135 166 131 2.96
H,0(17) 10 17 137 168 133 291

Table 5.1: Number of two-qubit gates required for the VQE simulation of different molecules
with different fermion to qubit transformations. n is the dimension of the 5 matrix. NE is the
number of excitation terms considered in the UCCSD ansatz. JW/BK are the number of two-
qubit gates with JW or BK transformations. GT is the number of two-qubit gates given by the
best (5 other than JW or BK. All molecules use the STO-3G basis, and ansatz terms are determined
according to the HMP2 ordering. (Top): Here, we report the results for the cases where the HMP2
method was used to reach chemical accuracy. (Bottom): Here, we report the results for the HMP2
progression for a water molecule. The number in the parentheses next to H,O indicates the total
number of excitation terms (D,,) considered for the UCCSD ansatz. The cutoff of H,O(17) is
chosen based on the recovery of chemical accuracy (see Fig. 4.2).
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asymptotic limit, the BK transformation, one of the GTs, is known to incur O(log(n)) overhead,
an exponential advantage over the JW transformation that incurs O(n) overhead [3]. Provided
that, in the small instances, the savings ratio can be larger than 20%, a question arises as to how
the ratio will behave in the intermediate-sized, aforementioned interesting regime. We mention
here a couple possibilities. It may be that the improved circuit efficiency by the GT method for a
particular excitation term could be offset by the increased cost of implementing other excitation
terms. In this case, the ratio is expected to drop. It could also be that the JW transformation,
due to its lack of nimbleness in the definition of transformation to help reduce potentially large
cost of adding the excitation terms to the ansatz circuit, incurs a large overhead, thus resulting
in the more significant savings ratio. Further research is required to provide better predictions.
The low reduction rate observed for larger sized circuits in Table 5.1 may in part be due to
the ineffectiveness of the classical optimization strategy and the limited classical computational

resources used, which is further discussed in Section 5.5.6.

5.5 Technical details

5.5.1 Fermionic level labeling

In this section, we detail the heuristic described in Routine 1 in Section 5.2 which aims
to reduce the number of two-qubit gates by exploiting different mappings from labels of fermion
levels to qubit indices. Note that the Pauli strings for an excitation operator, after applying
the fermion — qubit transformation of choice, depends on the qubit index values according to
Eq. (5.2). A better optimized mapping from labels of fermion levels to qubit indices results in

fewer Pauli matrices in a given Pauli string which leads to a smaller number of two-qubit gates.
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Notice that such a mapping is equivalent to maintaining a simple mapping from any fermion level
k to qubit index k& while rearranging the labeling of the fermion levels which is entirely arbitrary
up until this point. Thus we may use the freedom of fermion level labeling to reduce the number
of two-qubit gates required to implement the one- and two-body Trotter terms. For an n-qubit
system representing n fermion levels, exploring all possible permutations of fermion level label-
ing is not computationally scalable as the total number of permutations is n!. We thus resort to a

simple greedy approach as follows.

1. We first generate a set of unique permutation matrices {P;} for all possible k-swap op-
erations. Here we define a k-swap operation as swapping k& unique ordered pairs of in-
dices (2[;,2l; + 1) with k other unique ordered pairs of indices (2m;,2m; + 1) with
the same subscript index j € {0,---,k — 1} where [; € {0,---,n/2 — 2} and m; €

{l; +1,--- ,n/2 —1}. We use k = 2 for all of the examples in the main text.

2. Denoting the initial fermion labels as a column vector Ly, we can then go through all
the permutation matrices in the first round and compute the number of two-qubit gates that
corresponds to each instance of relabeled fermion levels P; Ly by simply adding the number
of two-qubit gates required for each excitation term obtained from the intra-Trotter term
reordering subroutine. When going through the permutation matrices, if any matrix results
in a lower two-qubit gate count than all the previous matrices, we record that two-qubit

gate count as NV and the corresponding relabeled level vector as L.

3. We proceed with the greedy approach iteratively following the first round. Denoting the
resulting relabeled fermion level vector from the mth round as L,, and the corresponding
two-qubit gate count as /V,,,, we again go through all the permutation matrices and compute
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the corresponding two-qubit gate counts for each instance of relabeled levels P, L,,. Taking
Ny,i1 = N, initially, every time a matrix results in a two-qubit count lower than N, 1,
we record that gate count as N, ,; and the matrix as L,,,;. If there is not any matrix that
results in a lower two-qubit count than N,,, we terminate the iteration and return L,, as the

optimal labeling. Otherwise we proceed to the next round.

We note that once the labels are determined, they are applied to all relevant fermionic operators,

including the molecular Hamiltonian, to be consistent throughout our simulation.

5.5.2 Intra-Trotter term ordering

In this section, we provide the details of Subroutine 1 described in Section 5.2 which
aims to reduce the number of two-qubit gates by optimizing the ordering of the Pauli strings
transformed from a two-body operator.

We start by briefly noting that each one-body term leads to only one ordering, up to inver-
sion. This is so, because it contains only two Pauli strings. Therefore, the one-body term does
not require a specific ordering.

We next consider two-body operators. A single two-body operator, after applying proper

transformation and PF algorithm, contains eight subterms. Specifically, we have

7
B 0@ )
[rtwo—body _ H e~ 0®vat /2’ (5.3)

=0

where j denotes the intra-Trotter term index, v denotes the qubit index, and o € {1, 0,,0,,0.}.

Each of the intra-Trotter terms ¢~ #®vo""/2

can be readily translated into a standard circuit as
described in Eq. (8) in Sec. Methods H of [4]. In a naive implementation of U that uses an
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arbitrary fermion to qubit transformation, each intra-Trotter term results in 2(/N; — 1) number of
CNOT gates, where [V; is the number of non-identity o) in the jth Pauli string.

Compared to the JW transformation, in the GT method, it is useful to have a more concrete
set of rules to determine which qubit may be used as a target qubit ¢, in relation to the realization
of U as a quantum circuit (see, e.g., Eq. 8 (b) in Sec. Methods H of [4], for the JW transfor-
mation). In the JW transformation, any choice of ¢ such that ot are either o, or oy, i.e., the
qubits that correspond to the fermion labels in the two-body term, are good choices. However,
if cUY = 1 in any one of the eight Pauli strings in U above, which frequently occur in the
GT method, the intended target qubit index ¢ is unusable. Therefore, in the GT method, qubit
choices ¢ that lead to ¢U"Y) = 1 are removed from the set of eligible targets that start with all
qubits that correspond to the fermion labels that appear in the two-body term of interest and will
subsequently not be used in the inter-Trotter term reordering subroutine detailed in Section 5.5.3.

Now, for a chosen target qubit of choice ¢, we consider the ordering of intra-Trotter terms
to maximize the CNOT reduction. In particular, we only consider the CNOT reduction between

—i8@, ol

adjacent Pauli string circuits. For each of the adjacent intra-Trotter terms, i.e., e and

/ .
,i%®vg(7+1,v)

e , where j € [0, 6], we enumerate v through all non-target qubits. We then compare

o) and ¢U*1¥). For a particular control qubit v, if neither of the two aforementioned Pauli
matrices %) and oU*1?) is 1, then the circuit can be expressed as Fig. 5.1. In this particular
circuit, if we have My = Mo, there is a two CNOT reduction, while, if we have My # Mo,

there is a one CNOT reduction, according to the circuit identity discussed in [4] Sec. Method H.

(®)

Suppose now there are m;* two-CNOT reductions and nét) one-CNOT reductions for the chosen

(®)

target qubit ¢. Then, the total number of CNOT reductions is 2" + ngt) for the target qubit of

choice ¢. The total optimized number of CNOT for a chosen target ¢ of a certain ordering is thus
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Figure 5.1: Example circuit for adjacent Pauli string circuits e—¢376891® =13 05800 gyp.
scripts [ to Pauli operators are introduced to conveniently label the associated operators M,
shown in the figure. ¢ denotes the target qubit, v denotes the control qubit, o; € {o,, 0y, 0.},
and M, € {H,8™H,1}. If 0, = 0,, My = H. If 0, = 0, M; = STH. If 0, = 0, M; = 1.

At this point, we are equipped to compute and compare N*) among all possible order-
ings and all possible targets to determine which one of the target qubit sets and the intra-Trotter
orderings result in the minimum number of CNOTs. We note that for a certain ordering, there
likely is a degeneracy in the choice of target qubit ¢ that results in the same CNOT counts. All of

these degenerate cases with the optimal resources are returned to the Inter-Trotter term ordering

routine, detailed in Section 5.5.3, for use.

5.5.3 Inter-Trotter term ordering

In this subsection, we detail a heuristic to reduce the number of two-qubit gates by taking
advantage of the freedom to arbitrarily order the Trotter terms. This is justified since any order-
ings respect the error bound provided by the PF algorithm. Denoted as Routine 2 in Section 5.2,
this subroutine requires us to first run a preprocessing step based on the information passed from

the intra-Trotter term optimization step described in Section 5.5.2. Specifically, for operators

1

7

7ot

a;a; and a;a;aga;, we check if any one of the indices ¢ and j for the former, and i, j, k, and [ for
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the latter, may or may not be used as a target qubit in the circuit implementation of the operators
in the standard compilation (see, e.g., Fig. 2d of [4] for a two-body term using the JW transfor-
mation). See Section 5.5.2 for details. We flag the qubit indices that cannot be used as a target as
ineligible.

After all of the ineligibilities have been determined, we proceed according to a simple
greedy approach. We first identify the most frequently eligible index, say p, across all terms.
Then, we group all terms with the index p as an eligible target qubit and classify them under the
equivalence class [p]. We next remove all the group elements from the list of one- and two-body
operators. We repeat the procedure from the identification of the most frequent eligible index
until no more operators are left in the list.

Note that the quantum resource cost reduction will likely now result in between the circuit
representation of the elements of the same equivalence class, since the target qubit of two-qubit
gates from each element of the same class is the same. Therefore, once all of the equivalence
classes are specified, we consider permuting the orderings by which the elements are imple-
mented on a quantum circuit. Considering all permutations can be prohibitively expensive. We
thus use a simple greedy approach once more, first starting out with two of the elements that result
in the most resource cost reduction. Then, we concatenate a next element, identified from the set
of elements that have not been implemented in the circuit, based on the resource cost reduction.
We repeat the concatenation process until no more element is left in the set. We note that each
trial of testing out which element may be the best for the given iteration consists in general of
four cases. This is so, since the circuit concatenation may be performed as a prefix or suffix, and

the element to be concatenated can be considered in its original intra-term order or the reverse.
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5.5.4 Generalized bosonic terms

The correspondence between Generalized bosonic terms and fermionic terms can be estab-
lished as follows. A fermionic double excitation term 9pqrs(a;a2aras — h.c.), when transformed
by the JW transformation, turns into 6,,,s(c% 040" 0 ®; 0% —h.c.). If p and ¢ belong to the same
spatial orbital and r and s belong to yet another same spatial orbital, assuming no other terms that
break the symmetry between p and q or r and s have been considered in the circuit, p and q levels
may be encoded by a single qubit and likewise for the 7 and s levels. In this case, using p and r as
representatives, the qubit-space operator can be simplified to O,,,.s(0" 0" ®j afl — h.c.), where
k' runs over the set of qubits o, operator needs to be applied for the given excitation term in the
appropriately reduced space. The appropriately reduced space may include the single qubits that
each denotes the reduced, symmetric levels and those that are not reduced. To illustrate, if two
of the levels k; and k- in the original space require o, and if £, and k-, are encoded into a single
index £/, we simply call Jg twice, one each for &y and k,. This for instance amounts to identity,

which results in resource savings.

5.5.5 Binary particle swarm optimization

In this section we detail the procedure for using binary particle swarm optimization (PSO) [80]
to optimize the binary matrix 3 for GT. To encode the problem, we map the upper triangular en-
tries in an n x n binary matrix 3 to a one dimensional binary vector X € {0, 1}? where size
d =n(n —1)/2. Vector X then serves as the location vector for PSO. The cost function for PSO
at a location X mapped from a § matrix is then defined as the number of two-qubit gates needed

to implement a UCCSD evolution operator using GT with the 5 matrix and subsequently a series
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of heuristics described in Section 5.2.

We start by creating a swarm of particles, each with an initial location X*(¢t = 0) mapped
from a [ matrix sampled from the set of upper triangular matrices whose diagonal elements
are ones and off-diagonal elements are zeros except for k of them. The non-negative integer ¢
represents the time step and ¢ = 0 is the beginning of the optimization. The total number of
particles in the swarm is 2521 (f) where (| ) denotes a binomial coefficient. Specifically for our
examples, we vary k from 1 to k., and we have k., = 6 for n < 8 and k.« = 3 for the rest
of the cases. Each particle also has a velocity vector V(t) of the same dimension as X*(¢). The
initial matrix elements of the velocity vectors are taken to be zero.

At every time step ¢, we also keep track of a local optimal location vector L(t) and the
corresponding local optimal cost s(¢) for each particle i and a global optimal location vector
G(t). The local optimal location vector L'(t) is defined as the location vector with the lowest
cost function value s'(t) across all the locations particle i has traveled to up to the time step t.
The global location vector is the L?(t) with the lowest s(¢) among all the particles. The velocity
vectors are updated from the tth step to the (¢ + 1)th step according to

Vit +1) = wVi(t) + e (Li(t) — X1(1) + e2(Gy(t) — Xi(1)) (5.4)

J

where w is the inertia parameter, c; is the cognitive parameter, and ¢, is the social parameter. For
the examples here, we use various parameters with w € [—4,4], ¢; € [0, 2], and ¢5 € [0, 2]. The
subscript j denotes the jth element of the corresponding vector. The elements of the location
vectors X (t 4 1) are then updated to 0 if rand() < 1/[1 + ¢~/ 1] or 1 otherwise. Here rand ()

is a real quasirandom number generating function that samples from the uniform distribution on
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(0.0, 1.0].

In practice, binary PSO is usually terminated when ¢ reaches a predetermined maximal time
tmax- A particular particle is also stopped when its location vector oscillates between two vectors
for more than dt.s. times. To further save computation time spent on binary PSO, we impose a
third rule that we stop a particle if its location vector maintains a Hamming distance larger than
s from its initial location without reaching a lower two-qubit gate counts for more than §t, steps.
Such a termination condition allows similar search space sizes for [ matrices of different sizes
and optimization runs with different initial conditions. For our examples, we use 0t,sc = 10,
s =6, 0ty = 10, tax = 10000 for n < 8, and t,,.x = 100 for the rest of the cases. In most runs
in our examples, our choice of ¢, 1s large enough that the optimization starts to oscillate before

t reaches t.x.

5.5.6  General transformation results using binary particle swarm optimization

In this section we present and discuss examples of GT results using binary PSO with var-
ious amounts of classical computing resources. Specifically, we are interested in the fractional

improvement in two-qubit gate count, p, defined according to

Jor(R)

~ for(R) — fw )

p

where fgr and fjw are the numbers of two-qubit gates needed to implement a UCCSD evolution
operator using GT with binary PSO or JW, respectively. fgr depends on the classical computing
resources used by binary PSO which are determined mostly by the number of particles used since

s and 0t are the same for all optimization runs and ¢,,,, is always set to be sufficiently large for
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our examples as discussed in Section 5.5.5. To contrast the amount of classical computing re-
sources used with what is maximally possibly needed, we define a fractional classical computing
resource metric as the ratio between the number of particles used, NV, and the total number of
possible variations of the S matrices, which can be written as

N

R= on(n—1)/2’

(5.6)

where n is the number of diagonal elements of the § matrices. Since the number of particles
increase with £ as discussed in Section 5.5.5, we change k in our examples to effectively change
the amount of classical computing resources used for binary PSO.

Fig. 5.2 shows examples of the fractional improvement, p, as a function of the fractional
classical computing resources used, 12, for a few different molecules as well as for different num-
bers of ansatz terms used in the simulation of the water molecule. All the cases are simulated with
the STO-3G basis set. We observe that p increases monotonically with 2 in all cases simulated.
In some cases, i.e. hydrogen fluoride (HF), beryllium hydride (BeHs), and water molecules with
four to six ansatz terms included where n is small enough that we are able to explore a relatively
large portion of possible variations of 3 matrices (R > 107?), we are able to obtain significant
fractional improvement ranging from ~ 14% to over 20%. In other cases where n is large and
we are only able to sample exponentially small portions of the location vector space in PSO,
the fractional improvement obtained is much smaller and on the single digit percentage level.
Thus we expect, based on the set of numerical results, that more cleverly exploring a large search
space is likely a key to increasing the value of p; Note the cost function fgr(+) landscape is likely

complex, making it tricky for binary PSO to avoid being trapped in local minima — We indeed
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observed many PSO jobs undergoing oscillatory behaviors.

(a) HF 0.14 (b) BeH;
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Figure 5.2: Fractional improvement p as a function of R, the fractional classical computing
resources used for binary PSO. (a) HF, (b) BeH,, (c) H,O, and (d) NH;. All molecules are
simulated with the STO-3G basis set using the HMP2 method with UCCSD ansatz. For HF,
BeH,, and NHj;, the number of excitation terms included in the final UCCSD ansatz operators are
3, 9, and 52, respectively, which result in their respective ground state energy estimates within
chemical accuracy from their known ground state energies. The size of the 8 matrices given by
their respective number of diagonal terms n are shown in Table 5.1.

5.6 Discussion and conclusion

We note that, extending and generalizing the framework used for considering the bosonic
terms in the JW transformation and the non-bosonic terms in the GT transformation, the use of
multiple fermion to qubit transformations [ for a given set of excitation terms could be of value
in reducing the overall resource requirement. Drawing from the fact that different /5 transforma-
tions result in different resource requirements in implementing the excitation terms of a target
UCCSD ansatz circuit, it is reasonable to expect that a certain subset of the excitation terms may
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be more efficiently implemented by one (3 transformation and some other excitation terms may
be implemented more efficiently by yet another j transformation. Thus, dividing the set of ex-
citation terms required for preparing a UCCSD ansatz state into subsets of excitation terms that
may be more efficiently implemented by respective, appropriate choices of /3 transformations for
each of the subsets may prove to be more advantageous in the quantum resource requirement.
Optimizing over the tug of war expected between the overhead cost incurred due to the switching
of the transformations and the savings obtained via the tailor-made choices of the transformations
remains as future work.

Quantum simulations performed by quantum computers have long been thought to be one
of the most promising quantum applications that will prove advantageous over classical comput-
ers. Despite the recent technological advancements made by the community, there still remains
a gap between what a quantum device can realistically achieve and what is required to demon-
strate a practical advantage in running a quantum simulation on a quantum device. In an attempt
to bridge this gap, in this thesis, we focused on optimizing the quantum resource requirements
for pre-FT regime quantum simulations of fermionic systems. We considered GT methods to
obtain significant quantum resource savings, upwards of 20% in some instances, over the con-
ventional JW or BK transformations in practice. While these results were applied to a specific
set of fermionic systems in this thesis as a concrete example, we expect similarly-spirited works
could leverage our methodologies. We believe the savings in the quantum resource requirement
demonstrated by our approaches help bring the day of solving practical problems using a quantum

computer closer.
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Chapter 6: Integrated ansatz optimization

6.1 Overview

In the preceding chapter, we explored methods for optimizing the ansatz. However, many
of the techniques mentioned are disjointed, resulting in unnecessary complexity. The objective
of this chapter is to consolidate these techniques in a manner that facilitates their integration.

Relevant to this chapter, references [5, 81] focus on the quantum circuit optimization with
qubit-to-qubit connectivity and hardware constraints in mind. Reference [78] leverages execution
sequences of quantum subroutines to minimize algorithmic errors incurred. References [82, 83]
exploit various symmetries of chemistry problems to better optimize quantum circuits. Most
closely related to our work are [1,4], where a complete-graph connectivity between qubits, avail-
able in trapped-ion [84] or neutral-atom [85] quantum computers, is considered. Explored and
exploited include quantum subroutine execution sequence degrees of freedom and quantum data
compression, among others, to significantly optimize chemistry simulations on a near-term quan-
tum machine.

Now with the integration, we make the following contributions:

* For several state-of-the-art simulation methods where circuits are designed hierarchically,

we streamline and reduce the hierarchy with high-level optimization methods, to reduce

73



Box 1

Obtain from a quantum
computer, ground state energy
estimate using M-most
important excitation terms

Output ground | Yes
state energy

Figure 6.1: Typical VQE cycle. M is a parameter that denotes the size of the ansatz, such as the
number of excitation terms. The expressivity of the ansatz is increased as the size becomes larger.
Quantum computers here provide the ground-state energy estimate, given the ansatz specification.
The ansatz size is gradually increased until it is sufficiently large to allow for the energy estimate
to be within a pre-specified threshold from the ground state energy, such as chemical accuracy.
Other termination criteria, including requiring a minimum energy-estimate improvement, can be

considered as well.

gate counts.

* We perform high-level circuit optimizations using advanced computational tasks (such as

the Travelling Salesman Problem and Graph Coloring) that we solve with high performance

solvers.

Chemical
accuracy?

M=M+1
Box 2

Determine M + 1% most
important excitation term

* For simulations of near-term interest, we reduce published gate counts by 3.5-24%.

* We demonstrate optimizations applicable to wider classes of near-term simulations and

real-time dynamics simulations.

6.2 Baseline optimization

Fig. 6.1 illustrates the computational loop of the updated Variational Quantum Eigensolver

(VQE) algorithm, where the number of ansatz terms is now increased iteratively.
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Focusing on Box 1 of Fig. 6.1, [1,4] investigated the compilation and optimization of the
UCCSD ansatz, where, by use of the first-order Trotter formula [68], the circuit implemented
was of the form [, ePk, where each Oy, denotes individual summands of Z—ZT. At a high level,
(overly-)complicated optimization techniques used in [1,4] can be summarized as:

“Bosonic” encoding — Exploiting quantum data compression, when the state of an electron
pair is symmetric, e.g., a superposition of |00) and |11), one can use only a single qubit, not two,
to encode the state of the pair on a quantum computer. This also compresses the quantum opera-
tions that involve the pair. Previously, the compression was used only when two such symmetric
pairs were provided simultaneously'.

Fermion-to-qubit transformation matrix — Operators that create and annihilate fermions
obey certain rules. On the other hand, operators that excites (|0) — |1)) and de-excites (|1) — |0))
a qubit obey different rules. Therefore, fermionic operators need to be properly transformed
to qubit operators (e.g., Pauli matrices X, Y, 7Z), prior to their implementation on a quantum
computer. Here, the choice of transformation drastically changes the computational resource
requirement. Previously, the space of an nxn upper-triangular reversible binary matrix, which
can represent a subset of valid transformations, was searched using particle swarm optimization.

Fermionic level labeling — The embedding of electronic sites onto qubits is another choice
that can drastically change the resource requirement. Due to factorially large embedding space,
a simple greedy approach that tries a transposition at a time was used.

Intra-excitation term ordering — Each term implemented in a quantum circuit was e“*

(see above). Oy, once transformed to qubit operators, becomes a sum of Pauli strings, a tensor

'The compressed operations follow the so-called hard-core bosonic algebra, hence the name “Bosonic” encod-
ing.

75



R.(0)

Jah)
N

Jah)
N

D
AN

R.(0)

JaA)
N

Figure 6.2: Different choices of target qubit implmeneting the same ¢04%/2,

product of Pauli matrices. ¢“* was implemented by applying the circuit that implements the
matrix exponentiation of each Pauli-string summand, one after another. An exhaustive search
was performed to find the best ordering of the summands for each e%*.

Target qubit choice — Notice both circuits implement ¢*%%/2 in Fig. 6.2. The target qubit
choice (¢ of CNOT) in the circuit-level implementation can in fact result in different gate can-
cellations. Previously, all Pauli strings from the same Oy, term shared the same target.

Inter-excitation term ordering — The relative ordering between Oy can also be used to
optimize quantum circuits, aiming to expose as much similarity between neighboring Oy’s. Pre-
viously, a doubly-greedy approach was used, one to group as many O;’s implementable with the
same target and the other to find the best O-ordering within each group, to find locally-optimized
circuits.

For Box 2 of Fig. 6.1, recall in a typical VQE approach, one simply measures the expecta-
tion values of a set of operators that correspond to the Hamiltonian. Shown in [1] was that this
is nothing but first-order perturbation theory. Therefore, by additionally measuring expectation
values of yet another set of operators that correspond to second-order corrections, the energy
estimate is improved, and perhaps more importantly, which excitation term would need to be
additionally considered to improve ground-state energy estimate is determined. Indeed, the rapid
convergence of the energy estimate afforded by it in turn resulted in needing a fewer number of

excitation terms to reach a pre-specified convergence goal, such as the oft-discussed chemical
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accuracy in the literature [86].
The baseline approach for Box 1 of Fig. 6.1 detailed in this section will be contrasted with
our proposed methods in the next section. For Box 2 of Fig. 6.1, our work also employs the

second-order perturbation theory based approach (i.e. HMP2 in [1]).

6.3 Proposed methodologies

We drastically improve the quality of optimization while massively streamlining the proce-

dure. In contrast to the baseline, we use:

1. Hybrid encoding: a generalization of bosonic encoding to encompass partial quantum in-

formation compressibility for arbitrarily many orbitals,

2. Advanced sorting: a proper superset of the union of Intra-excitation term ordering, Target

qubit choice, and Inter-excitation term ordering, and

3. Advanced fermion-to-qubit transformation: a proper superset of the union of fermion-to-

qubit transformation matrix and fermionic level labeling.

Further, our methodologies are based on well-studied graph properties and optimization prob-
lems, obviating the need for custom heuristics, amenable to the use of powerful commercial
solvers.

Fig. 6.3 shows a complete flow diagram for our advanced compilation and optimization
methodology for VQE simulations of fermionic systems. Briefly, for a given set of excitation
terms, we first classify the excitation terms into bosonic, hybrid, and fermionic classes (see Sec-

tion 6.3.1), depending on the parity symmetry of each excitation terms. The bosonic terms can be
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Figure 6.3: Our procedure to compile and optimize a VQE circuit.

simply compiled to quantum circuits using the known procedure described in [4]. For the hybrid
and fermionic terms, we use the procedures described in Section 6.3.1 and Section 6.3.2. Recall,
in order to compile the unitary operators into a quantum circuit, a choice of fermion-to-qubit
transformation must be made. We search for the transformation that admits the best optimization

using the procedure described in Section 6.3.3.

6.3.1 Hybrid encoding

Consider a state that is a linear superposition of |00) and |11), or [01) and |10). There is
exactly one quantum bit of information encoded, so a single qubit is sufficient. Now consider a
system of n qubits where, by the circuit elements to be applied and with the knowledge of the
input state, a two-qubit subsystem state can be predicted to be a superposition of |00) and |11), or

|01) and |10). Instead of two qubits, using only one qubit suffices. The wave function satisfying
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this property have number parity symmetry. Specifically,

Pyjld) = £1), (6.1)

where

Tetctes
P” = (—1>Cicl+ 37 (6.2)

is the number parity operator for spin orbitals ¢ and ;.
Any symmetry-preserving operator over two qubits that commutes with 7;; can be com-
pressed to a single-qubit operator. The compressed encoding can be recovered to a two-qubit

state through a CNOT gate (up to single qubit gates), i.e.,

CNOT(a|0) +b[1))]0) — a|00) + b|11) (6.3)

for an even-parity compression and

X1CNOT(a |0) 4+ b[1))[0) — a|10) + b|01) (6.4)

for an odd-parity compression.
Applied to two pairs of subsystems that each contain the symmetry, explored in [4] was the
so-called bosonic encoding. Consider a double-excitation unitary exp(fcicle,cs — h.c.) on 1),

an eigenstate of the number parity operators F,, and P, with eigenvalues +1. Leveraging the
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parity symmetry and defining the so-called hard-core bosonic operators

di, = clel (6.5)
drs ‘= CyCs, (66)

d;q and d,, map to the Pauli raising/lowering operators c=. The reduced, “bosonic” unitary
operator is then exp(fo, o, — h.c.).

Consider a different |¢), an eigenstate of the number parity operator P,, with eigenvalue
+1, but not an eigenstate of the operator P,,. Following the procedure above, we can reduce the
excitation operator to cr;; c-Cs, a one-qubit and two-fermion operator. The operator is hereafter
referred to as a hybrid double excitation term.

Note a hybrid double excitation term, in order for it to be reduced, requires the input state
to contain the symmetry. This raises an important challenge: Ordering of the excitation terms
in the ansatz circuit. For example, consider two double excitation terms h; = cgcgcg,cﬁ and
hy = clcleres and consider an input state |¢) with the pair symmetry on (5,6), i.e., Psg|t)) = [1).

Applying eth1=h-< first, the (5,6) symmetry is preserved, hence compressible. Apply e?2/2="-c

f1hi=h-c.. the action of the former breaks the input-state symmetry for the

first, then try to apply e
latter, preventing the its compression.

Benefits — The minimum CNOT counts for a double-excitation term was 13 in [4]. For
bosonic, the count is reduced to two [4]. If a hybrid-enabled reduction is applicable, the count
becomes seven (See Fig. 6.4(a)). Thus, finding an optimal ordering of the excitation terms to

be applied in our ansatz circuit that enables maximal compression via symmetry preservation

becomes an important task.
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Figure 6.4: (a) Optimized circuit for the term U = elasachelesco—hie.  The R, gate used in the
circuit refers to R, (62356/2). The qubit indices are labeled on the left of the circuit. (b) Template

circuit for the unitary U = e139% ®01@ where t denotes the target qubit location and v denotes

control qubit locations. ¢; € {X,Y,Z}, and M; € {H,STH,1}. If o/ = X, M) = H. If
ol =Y, M = StH.Ifo? = Z, M = 1.

Solution — In general, bosonic and hybrid encoding can be considered for any pair of spin
orbits. Here, we limit the consideration to the spin degree of freedom, i.e. C};C}; 4, for odd p,
since most significant physical excitation terms tend to preserve such symmetry. The symmetry-
preserving ordering problem is now ready to be mapped to the well-known graph vertex coloring
problem (GVCP). We do this in three steps: Graph construction, reduction, and coloring.

Graph construction — Consider a set of hybrid terms that are the rotation associated with
hi = ¢l CL_ 1+1Cq,Cr, (oralso h; = ¢ ¢l ¢, ¢, 11 if the index ordering matters as in the UCC ansatz),
where 1 < ¢ < N, and N}, is the number of hybrid excitation terms. The goal is to maximize
the number of hybrid terms that admit compressed implementation. To achieve this, we first map
the set of the hybrid terms to a directed graph G. In particular, the graph G contains NV}, vertices,
where each vertex corresponds to one hybrid excitation term h;. We assign a directed edge from

hj to hy, if h; rotation breaks the parity symmetry required for /;, rotation. Specifically, we use a

sufficient condition for h; breaking the parity symmetry required for /, i.e.,

B(h“ h]) = (qi = pj) V (T‘Z‘ = pj) V (qi = pj + 1) V (T‘Z‘ = pj -+ 1), (67)

where V denotes logical or operation and the directed edge from h; to h; exists if the logical
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B(h;, h;j) evaluates to true. Concretely,

G =(V.E), (6.8)
V= {hf1 <i <Ny}, 69)

where (z,y) denotes a directed edge from x to y.

Graph reduction — In this step, we consider the source and sink vertices of GG. Sink vertices
Ssimk are the vertices that do not have any outgoing edge. Source vertices Ss,;-c. are the vertices
that do not have any incoming edge. By design, the sink vertices of the graph GG do not break
any parity symmetry used for hybrid-excitation compression. Therefore, all the sink vertices
are implemented first. For the source vertices, the parity symmetry needed is always preserved
regardless of which hybrid excitation terms were implemented beforehand. Therefore, all the
source vertices are implemented last. Remove the sink and source vertices from GG. Repeat the
removal until there is no more sink or source vertices left.

Graph coloring — We start with a reduced G without any source or sink. Note, not all
the hybrid excitation terms in the reduced graph may be implemented with compression, since
implementing one with compression may break the parity symmetry required for another. In
order to thus maximize the number of hybrid excitation terms that can be implemented with
compression, we use GVCP.

Start by constructing an undirected graph via removing the direction information in the
reduced graph G. Label each vertex with a different color such that no two vertices sharing the

same edge have the same color, while minimizing the number of colors used. In other words, for
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a given undirected graph G = (V| E), we aim to find its chromatic number & and the coloring
of each vertex when only k& colors are used. Note every vertex with the same color can be
implemented with compression. By minimizing the number of colors used, then finding the
largest set of vertices with the same color, we obtain a heuristic solution to the problem of finding
the maximal number of vertices that can be implemented with compression.

Summing up, referring the maximal set of vertices that can have the same color as S,
we convert sets Ssinks Scolors aNd Souree to circuits Cyink, Ceolors aNd Cispyree, rEspectively, us-
ing the procedure described in the next section. The resulting circuit is of the form C' =
CsourceCeolorCsink- The hybrid terms or vertices that lie outside the three sets are folded into

the fermionic terms.

6.3.2 Advanced sorting

Instead of Trotterizing at the excitation-operator level, implementing e“* one at a time, a
Pauli-string level Trotterization can be applied: Expand Oy, according to 6>, QN 0., 0, €
{I, X,Y, Z}, then reorder the Pauli strings across different O), terms. Finding the best ordering
of Pauli strings can be viewed as a traveling salesman problem (TSP), with the distance as the
gate-count savings between the consecutive Pauli strings, whose matrix exponentiations are to be
implemented one after the other. Now, allow for each Pauli string to have its own “target qubit,”
in contrast to the baseline. Mapping each string to a cluster, and each subvertex of the cluster
being a possible target, the problem becomes determining which subvertex to visit per cluster
while visiting each cluster once to make a loop. Hence generalized TSP (GTSP).

Note the exact form of the string is determined by the excitation terms considered and the
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choice of fermion-to-qubit transformation. Assuming a set of Pauli strings are provided, our task
is to determine the implementation order of the strings based on the gate cancellation that occurs
in between them. We adapt a well-known meta-heuristic algorithm to find a locally optimal
solution for the GTSP.

The input for the problem is a set of excitation terms (£, either the fermionic excitation
terms, or a segment of the hybrid excitation terms, i.e., source, color, or sink, and a fermion-
to-qubit transformation. Using the transformation, the input excitation terms are converted to
a set of Pauli string operators £ — {FP;|1 < k < M}, where M is the number of the Pauli
strings, P, = ®fvzlak;i and op; € {I,X,Y,Z}. Individually exponentiated, a conventional
circuit synthesis method uses 2(w — 1) CNOT gates for each string, where w is the weight of
the string defined as the number of non-/ matrices in a given string. In particular, one chooses a
target qubit to be any one of the qubits a non-/ Pauli matrix acts on, then uses the circuit template
shown in Fig. 6.4 (b).

Consider now implementing two circuit elements that correspond to two different Pauli
strings in a row. Depending on the strings and the specific choice of the target qubit, different
numbers of CNOT gates may be canceled. Example: Suppose we have P, = XX XY and
P, = XXYX. In the first scenario, we consider both strings with the common target of the
fourth qubit, i.e., t; = ty = 4. At the interface of two circuits that correspond to [Py, t;] and
[Py, t5], CNOT cancellations occur, resulting in a single CNOT (see Fig. 6.5 (a)). Let us consider
the second scenario where t; = ¢, = 1. Then at the interface, a CNOT cancellation occurs,
resulting in two CNOTs (see Fig. 6.5 (b)). Point made: The choice of target matters. Note t; = %
is required for CNOT cancellations. Indeed, when given [P, ¢1] and [P», ty = t;], the number of
CNOT cancellations obtained at the interface may be computed as 2(wy —1)+2(wo —1) = . w;,

84



T
@

=g

E
%

G SHH 1S ——
| Z P49 H S|
(%0)*y | H ZH | (T9)*4 DD

N

(%0)*y

BICIE

T
@

=[] &=

EIEIE

BEE

BEIEE

mImm

T
@

mtm_v:_m

=
a

(%9)7y

FahY
<

(%0)7y

B (9)°y

BICIE

—~~
o

(T9)*y

D mImm_w

T
%

_b:‘wIm

-1

(i)

—~

EIEIE

3

XXYX with two different target qubit

.0
XXXY p—i2

0
2

Figure 6.5: Circuits for the unitary U = e™*

choices. (a) the fourth qubit. (b) the first qubit.

85



where wy, is the weight of the strings Py, ¢ traverses every non-target qubit, and w; € {0, 1,2} is
zero if any of 0y, ; of Py, k € {1, 2}, is identity, two if we have, on the target, any one of (X,Y),
(Y, X), (X, X), (YY), or (Z, Z) collisions and, on the control, any one of (X, X), (YY), or
(Z, Z) collisions, and one otherwise. See [1,4, 5] for the CNOT cancellation rules.

In order to maximize the cancellation, we map the sorting problem to GTSP. In GTSP,
we are given a partition of vertices into clusters and we aim to find a minimum-length path that
includes exactly one vertex from each cluster. Note the two degrees of freedom: the ordering
of the strings and the target qubit choice for each string. We assign each vertex of a weighted
undirected graph G with each [P, ¢;]. We insert an edge if and only if P, # P;, and the weight

of the edge is the number of CNOT reduction expected from placing the circuit blocks for ¢//i%

and e'F7% next to each other using target qubits ¢; and ¢;, respectively. To sum up, the weighted

undirected graph G is of the form

G=(V,E) (6.11)
E = {(Ukl7vk27dkl’@)’(vkl7vk2> € V2 > Pkl 7é sz}a (6-13)

where (v,, vy, d) denotes an edge connecting v, and v, with weight d. We now partition all the
vertices V' in the graph GG into M clustersi.e. V =V, UV, U - - - U V). The jth cluster contains
all the vertices with the same P; and all possible target qubit indices. In order to maximize the
CNOT reduction, the objective is to find a maximum weight cycle containing exactly one vertex
from each cluster. This problem is equivalent to solving the GTSP.

The method we use to solve GTSP is as follows. We first multiply the weight of each
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edge by —1 so that the minimum path length in the graph G corresponds to the maximum CNOT
reduction. If we find the optimal path X*, we can convert it to the optimal permutation (the order
in which each cluster is visited) and the optimal target qubit choices (the specific vertex visited
in each cluster). With the ordering and the target qubits used determined, the ansatz circuit C' is

determined.

6.3.3 Advanced fermion-to-qubit transformation

Consider 'e GL(N, 2), the group of binary N x N invertible matrices, in contrast to being
restricted to an upper-triangular one as in the baseline. For z € F', where [, is the binary field,
I'z is also in F éV . Indeed, I" denotes a linear reversible circuit, a subset of Clifford [87]. Since
Clifford maps a Pauli string to another, Ur, a unitary implied by I', maps a Pauli string P} to
another Pauli string Ur Py, U;.

One of the commonly used fermion-to-qubit transformation is the Jordan-Wigner (JW)

transformation: ¢; = (Q),.; Z;)o; , where Z; here is the Pauli-Z matrix on qubit j. Applying
the transformation to fermionic excitation operators, one obtains Pauli strings. Make no further
changes with I' = 1: This is the JW transformation. In the advanced fermion-to-qubit transfor-
mation, I' # 1 is used to enable the best optimization in the steps considered previously.
Problem — The choice of I' depends heavily on the relatively small number of excitation
terms considered, since asymptotically Bravyi-Kitaev (BK) transformation and ternary tree trans-
formation [88] are already optimal. Further, the search space for I is prohibitively large (~ 2V°),

even for a modest number of qubits /V.

Solution — We exploit the topology formed by the excitation terms, i.e., we keep track
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of index pairs of neighboring fermion operators in the creation or annihilation part of every
fermionic double excitation term. This way, we can construct a graph with its vertices being
the indices and its edges being the index pairs. The graph constructed, if disjoint, is divided into
disjoint pieces, where each piece contains a vertex set. We use these sets as blocks in a block
diagonal I'.

To illustrate, let us consider an N x N I that is block diagonal in blocks of size N/2x N /2.
Given a Pauli string P, obtained from using the JW transformation, the block diagonal I" trans-
forms the first half of P, separately from the latter half of P,, since P, > UprUIt. While it
may not guarantee a globally optimal solution, the block diagonal I' provides a way to locally
optimize within each block. Indeed, each block can be searched separately, thereby reducing the
search problem size dramatically.

For each block, we use simulated annealing (SA), instead of particle swarm optimization
that tends to get stuck in local minima, to find an optimal I'. Briefly, inspired by the heating
and cooling processes of a thermodynamic system, SA is a procedure to approximate the global
optimum of a function, f(z), over a discrete search space = € X. In particular, in analogy to the
thermodynamic free energy, we use the Metropolis-Hasting sampling algorithm in the X" space
such that 7(z) o< exp(—f(z)/T), where 7(x) is the unnormalized probability distribution and
T is a parameter in analogy to the temperature in the thermodynamics. We can then gradually
reduce the temperature 7" to T = 0 such that the probability of sampling the global minimum be-
comes overwhelmingly large compared to other configurations. Therefore, the global minimum

can be approximated.
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6.4 Examples

6.4.1 Example - hybrid encoding

In this section we demonstrate our procedures to categorize hybrid terms. Suppose we
have nine hybrid double excitation fermionic terms { hg, hy, - - - , hg} such that the directed graph,

constructed according to Section 6.3.1 is that shown in Fig. 6.6 (a). One example is

. —al ol P .
ho=ayai,a3a4, hiy=a1,a15a306, ha=a4,05,as0a,
N . . N

., . . . .

Notice the part in bold font can potentially be implemented with compression. Taking ‘Sink” and
‘Source’ terms out iteratively, then dropping the directedness of the edges of the graph, we obtain
an undirected graph, shown in Fig. 6.6 (b).

Next, to detail the coloring procedure, we show two random orders in Fig. 6.6 (c). The two
random orders are: Order 1 h;—hs—ho—hg—h7 and Order 2 h;—hy;—hg—hs—hg. For Order 1,
we color the first term h; with blue. Since the next term hs is connected to hy, we add a new
color red. The third term hq is connected to h; but not hs. Since we minimize the number of
colors used, we reuse the red color for hg. hg is connected with hs, but not h; nor hg, SO we reuse
the blue color. Lastly, 7 neighbors hg only, we can reuse the color red. A similar procedure can
be employed for Order 2. Here, for /s, it is connected to both h; and hg, whose respective colors

are blue and red. Thus, a third color cyan is added.
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According to Fig. 6.6 (c), Order 1 contains the largest color set which is red. As a result, we
have Sginr = {h2, hs}, Ssource = {ha, hs}, Scotor = {ho, hs, h7} implemented with compression

while {h;, he} are considered as regular fermionic terms.

a)

—~
—~

S
~

()

Order 1  Order 2

Source

() = Lh

Sink Source

aG

Figure 6.6: Example procedure to categorize hybrid terms using the graph vertex coloring prob-
lem. See Section 6.4.1 for detailed description. (a) Graph construction — Directional graph for
nine hybrid double excitation terms where the direction h; — h; implies the term h; breaks the
parity symmetry of h;. (b) Graph reduction — After removing the sink and source vertices itera-
tively, the directedness of the edges of the remaining graph is dropped. (c) Graph coloring — The
coloring order is from up to down. The lines denote the edges and the pair of vertices adjoined
by an edge must be be colored differently.

6.4.2 Example - advanced sorting

Recall in our advanced sorting, we first construct a weighted, undirected graph, given a
set of Pauli strings. Consider an example, where Py=//XXY XI1I, P=IIXXXY I, and

P,=XXIIIIXY. The valid target qubits are then {3,4,5,6},{3,4,5,6}, and {1,2,7,8}, re-
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Py = 1IXXYXII

P, = IIXXXYII @ @ P, = XXIIIIXY

Figure 6.7: GTSP graph constructed for our example advanced sorting problem. Each of the
circled numbers inside the same color block (cluster) represents a valid target qubit index of
Pauli string P;. A valid path traverses each cluster once, visiting one circled number per cluster,
such as in X; : ([P, 3], [P, 3], [P», 2]). The path weight of X is the sum of the weights of the
edges in the path, i.e., ([P, 3], [P, 3], —4) and ([P, 3], [, 2], 0). The path weight is thus —4.

spectively. The graph constructed can then be visualized as in Fig. 6.7 (edges not shown for
visual clarity). A valid path is a series of connected edges, where each cluster (Pauli string) is

visited exactly once. The weight d of an edge ([P}, t], [P, '], d) is computed as the negative
—i0P; /2

#'Fr/2 one after the

of the number of CNOT gates cancelled when implementing e and e~
other with target qubits ¢ and ¢/, respectively, according to the method detailed in Section 6.3.2. In
this example, among all 4% possible paths, we aim to find a path that minimizes the path weight,

defined as the sum of the weights of the edges in the path. Our sorting problem is thus fully

mapped to the GTSP problem.
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6.4.3 Example - optimization for advanced fermion-to-qubit transformation

We show in this section an example where (i) we reduce the search space of I' based on
the excitation term topology and (ii) the effect of the choice of a different I' on the Pauli strings
whose matrix exponentiations are to be implemented. To illustrate (i), consider two excitation
terms agagagal and aéagagal. The creation part has connected clusters {8,9} and {5,6}, while
the annihilation part has a connected cluster {1,2,3}. Therefore our I' matrix candidate may
consist of a 3 x 3 block for indices {1, 2,3} and two 2 x 2 blocks for indices {8,9} and {5,6}
respectively. To illustrate (ii), consider an example Pauli string P = XXIIXY, say, obtained

as a part of the JW transformation of some fermionic excitation term. For a block diagonal I

candidate, consider

r= : (6.14)

where we explore non-identity upper left and lower right 2x2 blocks in the hopes to change the
input Pauli string to a form more amenable to better circuit optimization by the rest of our circuit

optimization procedures. The particular I' shown above corresponds to applying CNOTSs on the
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Figure 6.8: Ground-state energy estimate of the water molecule as a function of the number of
ansatz terms in STO-3G basis. Blue: Energies reported in [1]. Orange: Energies obtained via
the methodology reported in this chapter. Observed is that the energies obtained between the two

methods are comparable. The number of ansatz term sufficient to reach the chemical accuracy is
17 (not shown) for both methods.

first two and the last two qubits, which transforms P as

(CNOT ® Il ® CNOT) x (XXIIXY) x (CNOT ® Il ® CNOT) = XIIIYZ (6.15)

, which is a different and shorter Pauli string. The search space for the candidate I" here is indeed
a much smaller one to explore than that for the full 66 matrix in our current example. Our
block-diagonal-based strategy can be employed to an arbitrary-sized generalized transformation

we consider, i.e., a linear reversible circuit, which can be implemented using [89].
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6.5 Circuit optimization results

In this section, we present the result for the optimized CNOT gate counts for a number of
common molecules. We first generate the excitation terms using HMP2 algorithm proposed in
[1]. We then use our advanced compilation and optimization methodology to synthesize optimal
circuits.

Before we present the optimized results, we first provide the implementation details of the
optimization solvers we used in our subroutines. In the hybrid encoding subroutine, one of our
tasks is to search for an optimal solution for the graph coloring problem. We use a randomized,
greedy coloring algorithm to minimize the number of distinct colors. Specifically, we color the
vertices in multiple different orders, where the different orders are generated at random. Each
time we assign a color to a vertex, we bias our selection, choosing the same color(s) as much as
possible. A new color is added, only if needed. Our randomized greedy coloring algorithm thus
explores beyond a local minimum, since we randomly generate several coloring orders and return
the best found solution. In the advanced sorting subroutine, a GTSP solver is required. We use
the genetic algorithm (GA) to solve the GTSP problem? as described in [93].

In Table 6.1, we show the CNOT gate counts of the optimized VQE circuits, simulating
a variety of molecules. Compared therein are the CNOT gate counts obtained with different
fermion-to-qubit transformations considered previously, including the JW, BK, and the general-

ized transformation (GT) [1], along with our methodology.

2Well-known heuristics such as Lin-Kernighan (LK) [90], used to obtain a good solution to the famous TSP, can
indeed be adapted to handle the GTSP [91,92]. However, the modifications needed to obtain good solutions to the
GTSP are often non-trivial; For example, a 2-opt, LK solution of a GTSP, obtained by assuming a pre-determined
set of vertices (one per cluster) to visit, can be one of the worst paths to visit each cluster, the moment we change
the vertices to visit. We therefore leave the modified Lin-Kernighan approach as a future work and use here instead
a simpler-to-implement GA.
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The savings obtained by our advanced compilation and optimization vary in the suite of
molecules we consider, ranging from 3.56%°> (NH3) to 24.00% (HF, LiH). Our methodology is
capable of further optimizing the quantum circuits over the previous state of the art obtained
by the GT approach [1]. These savings come with no hidden costs or accuracy loss in energy
estimates. Indeed, we show in Fig. 6.8 the convergence of the ground-state energy estimates for
the water molecule, comparing the results obtained by our advanced approach to those reported
in [1]. We confirm the energy convergence hardly changes, evidenced by the fact that both

approaches still use 17 excitation terms to reach chemical accuracy.

6.6 Discussion and outlook

While we focus on the compilation and optimization of the UCCSD ansatz, we note that
our framework extends to other types of fermionic unitary operations. For example, the advanced
sorting routine is immediately applicable to the qubit coupled-cluster (QCC) method. Moreover,
one can also extend our optimization framework to the quantum simulation of time evolution of
a fermionic system.

It is intriguing to further explore the fermion-to-qubit transformation by studying the Clif-
ford conjugation of the Jordan-Wigner transformation, or encoding one fermionic degree of free-
dom with multiple qubits [94], instead of GL(/N) we explored in this work. This may be of
tremendous practical importance to future modular hardware running Hamiltonian simulations,

since we may be able to use the Clifford transformation, pay upfront as a one-time cost, to “lo-

3The relatively small improvement ratio may be due to the inefficiency of the heuristic solvers used or the absence
of a significantly better solution than known. Preliminary results (not shown) suggest the former to blame in part,
with frequent local minima trapping. Another possibility may be the problem formulation itself, where the molecular
orbital basis may be better chosen to reflect the inherent symmetry of the molecule.
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calize” the interactions between “nearby,” connected modules only. This way, inter-modular con-

nection resources, expected to be very expensive [95-97], can be saved by a significant amount.
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Table 6.1: Number of CNOT gates used for the VQE simulation of different molecules with
different fermion to qubit transformations

Molecule | N, | JW | BK | GT | Adv | Improve(%)

HF 313029 |25 19 24.00
LiH 3130|2925 19 24.00

BeH, 9 | 70 | 71 | 60 | 53 11.67
NH; 52 | 485 | 607 | 478 | 461 3.56
H,O4) | 4 | 42 | 50 | 33 | 27 18.18
H,O5) | 5 | 44 | 52 | 35 | 29 17.14
H,O6) | 6 | 46 | 47 | 37 | 31 16.21
H,O®) | 8 | 68 | 88 | 63 | 50 20.63
H,O009) | 9 | 71 | 89 | 66 | 53 19.69

H,O(11) | 11 | 93 | 110 | 87 | 67 22.98
H,O(12) [ 12 | 95 | 112 | 89 | 70 21.34
H,O(14) | 14 | 114 | 140 | 111 | 88 20.72
H,O(16) | 16 | 135 | 166 | 131 | 105 19.85
H,O(17) | 17 | 137 | 168 | 133 | 107 19.55

Note: N, is the number of excitation terms considered in
the UCCSD ansatz. JW/BK are the number of two-qubit
gates with Jorden-Wigner and Bravyi-Kitaev transforma-
tions. GT is the number of two-qubit gates reported in [1].
The ansatz terms are determined according to the HMP2
ordering with STO-3G basis set and ground state geom-
etry, detailed in [1]. In the first four rows, we report the
results for the cases where the HMP2 method was used
to reach chemical accuracy. In the rest of the rows, we
report the results for the HMP2 progression for a water
molecule. The number in the parentheses next to H,O in-
dicates the total number of excitation terms /V, considered
for the UCCSD ansatz. The last result, H,O(17) achieves
the chemical accuracy.
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Chapter 7: Experimental demonstration of better initialization

7.1 Overview

In many optimization scenarios, having a well-informed initial guess closer to the true
ground state often leads to faster convergence. The CAFQA is one such method capable of
providing an alternative, typically superior initialization compared to the default Hartree-Fock
(HF) initial state. The theoretical underpinnings of CAFQA are comprehensively detailed in [98],
with a concise introduction provided in Section 7.2.

However, prior to this chapter, no experimental demonstrations had been conducted. In
this chapter, we present the first experimental demonstration showcasing the benefits of improved
initialization on a trapped-ion quantum computer.

This demonstration was made possible through a collaborative effort between theorists and
experimentalists, who collectively selected the appropriate instance for demonstration and fa-
cilitated robust VQE runs on the trapped-ion quantum computer. While these efforts may not
directly contribute to circuit ansatz optimization, they represent crucial and labor-intensive com-
ponents of the overall research endeavor. Further details regarding these efforts are provided in

Appendix C. The experimental results are presented in 7.3.
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7.2 Better initialization with CAFQA

CAFQA stands for a Clifford Ansatze for Quantum Accuracy. The concept behind CAFQA
is relatively straightforward: it aims to improve the initialization for VQE using classical com-

puting resources. This is achieved for the following reasons:

1. CAFQA employs Clifford ansatz, which consists of Clifford gates. Clifford gatesets are
sets of special gates that can be efficiently simulated classically [99]. In this chapter, the

ansatz takes the form depicted in Fig. 7.1.

2. The discrete Clifford search space can be search efficiently via Bayesian optimization tech-

nique.

While Clifford ansatz is not universal, further optimization of VQE from the CAFQA result may
be necessary to fine-tune the parameters () in the ansatz if higher precision is required. In
essence, the CAFQA result can be viewed as a generalized method for initialization, where the

Hartree-Fock initialization is merely a special case.

7.3 Experimental demonstration

We selected LiH and BeH, as our test cases for this study. To accommodate the limitations
of the quantum hardware, we employed a frozen-core approximation with the STO-3G basis,
which effectively constrained the number of qubits to four. Additionally, we utilized qubit-wise
commuting techniques to further reduce the number of Hamiltonian measurements required.

The VQE ansatz chosen for this study is depicted in Fig. 7.1. Initialization for the CAFQA
method was prepared using a budget of 1000 for LiH and 3000 for BeH,, based on guidelines
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Figure 7.1: The Clifford ansatz used for experimental demonstration. To make it Clifford, 0[:] =
{0,7/2,7,3m/2}. For further VQE optimization on a trapped-ion quzntum computer, the circuit
was later transpired into trapped-ion native gate set { X X, R, R, } using Qiskit with optimization
level 3. [7]

outlined in [98].

For classical optimization, we opted for the Simultaneous Perturbation Stochastic Approx-
imation (SPSA) algorithm as the optimizer. The learning rates were calculated with a budget of
25.

The rationale behind these choices was to tailor our approach to the specific characteristics
of the quantum hardware while ensuring efficient utilization of classical resources for optimiza-
tion. Through careful selection of test cases, initialization methods, and optimization strategies,
we aimed to demonstrate the effectiveness of CAFQA in enhancing the performance of VQE on
real quantum hardware.

The results obtained for LiH and BeH, are depicted in Fig. 7.2 and Fig. 7.3 respectively.
Each circuit was executed with a shot number of 300. Notably, both experiments demonstrate

the accelerated convergence of the VQE with CAFQA optimization compared to traditional HF
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initialization.

However, it is important to emphasize that these results serve as illustrative examples rather
than rigorous proofs. To establish statistically meaningful conclusions, it would be necessary to
conduct a more extensive analysis. This would involve generating multiple (potentially degen-
erate) CAFQA initialization outcomes, denoted as N, and subsequently performing VQE opti-
mizations for each initialization a total of Ny times. In parallel, a similar procedure would be
carried out using HF initialization.

By analyzing the outcomes, one would anticipate observing that the majority of the time,
CAFQA initialization leads to faster optimization compared to HF initialization. Unfortunately,
due to constraints on machine time, we were only able to showcase a scenario where No = 1 and
Ny = 1 for both LiH and BeH,. Despite this limitation, the results depicted in Figures 7.2 and
7.3 still provide valid evidence for the advantage of CAFQA initialization.

While a comprehensive demonstration involving larger values of N¢ and Ny remains a
project for future exploration, the presented findings serve as a promising indication of the effi-

cacy of CAFQA in enhancing VQE performance.
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Figure 7.2: Post-CAFQA VQA tuning for LiH with bond length 3.8 A demonstrated with a
trapped-ion quantum computer. CAFQA initialization leads to 2.5x faster convergence compared
to HF initialization.
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Figure 7.3: Post-CAFQA VQA tuning for BeH, with bond length 2.8 A demonstrated with a
trapped-ion quantum computer. CAFQA initialization leads to 2x faster convergence compared
to HF initialization.
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Chapter A:  Qubit space reduction

In this section, we detail the procedures for the qubit space reduction (QSR) technique that
optimizes the number of Pauli strings to be measured used in the main text. There are roughly
two categories we consider: One is to treat the qubits that are in classically accessible states
classically and the other is to take advantage of bosonic states, i.e., we expend only a single qubit
for the two spin orbitals in the same spatial orbital with degenerate energy due to a particular
choice of the ansatz.

As to the former, consider a Pauli string S = AygA; --- A, to be measured, where A; €

{04, 04,0., 1}, where I is a two-by-two identity operator. Conjugating this with a quantum state

|¥) = |v)|¢), where, without loss of generality, |1)) denotes a quantum state of the qubits that are
entangled due to the ansatz and |¢) denotes a quantum state of the qubits that are in a classically

accessible state, such as a computational basis state, we may write

(WS 10) = (W] Q) Ai Q) 4, [¢) |9)

iEP JEQ

= (WX A [¢) (8] Q) A [9)

ieP JjEQ

(A.1)

where we used sets P and () to denote the set of qubits that are entangled and the set of qubits

that are in a classically accessible state, respectively. Clearly, the second tensor product in the
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last line of Eq. (A.1) can be classically efficiently computed. Thus, we may evaluate just the first
tensor product on a quantum computer and this amounts to a reduction in the number of Pauli
strings to measure since there often are multiple second tensor products with the same first tensor
product in the full set of Pauli strings to measure.

As to the latter, we start by a simple example to aid the description. Consider a quantum

state |V) defined according to

T) =3 [thm) (mo [00) + e [11)). (A2)

Since the separated-out, two-qubit states |00) and |11) do not encode any more than a single qubit

of information, this may be compressed to

Peomp) = D _ ) (€m0 [0) + €t [1)- (A.3)

Consider now a Pauli string, living in the full space spanned by | V) in Eq. (A.2), S = AgA;--- A, 1
to measure. Without loss of generality we designate AyA; as the Pauli product that lives in the

separated-out two-qubit state space in Eq. (A.2). Conjugating S with |¥), we obtain

(UIS10) = (@m] Q) Ai [¥n) (¢.06n0 (00] Ao Ay [00) + ¢, o1 (00] Ag Ay [11)
m,n i>1 (A.4)

+ C:n,lcn,o <11‘ AOAl ‘00> + C;’lan <1].| A()Al ’11>)

Consider further a compressed Pauli string Scomp = Acomp A2 - - - Aj,—1, living in the compressed
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space spanned by |Veomp). Conjugating Seomp With [Weom,), We obtain

(U Seomp [W) =D (] Q) As [hn) (6,060 (O] Acomp [0) + ¢ 0¢n,1 (0] Acomp |1)
m,n i>1 (A.S)

+ C:n,lcn,o (1] Acomp |0) + Cjn,lcn,l (1] Acomp [1))-

Inspecting Eq. (A.4) and Eq. (A.5), we observe that all that we need to satisfy for the two expres-

sions to agree are

(00] ApA; |00) = (0| Acomp |0) , (A.6)
(00] ApA; 11) = (0] Acomp |1) , (A7)
(11| ApA1 [00) = (1] Acomp |0) , (A.8)
(11] Ag Ay |11) = (1] Acomp |1) - (A.9)

For all possible A, and A;, we report in Table A.1 the conversion table for A.qp,. Numerous
null matrices that appear in Table A.1, together with the reduced set of operators to measure
that consists of three single-qubit Pauli matrices and an identity matrix, significantly reduces the

measurement overhead.
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I 1 I
I o, 0
I o, 0
I o, o,
o 1 0
Or Oz Oy
Or Oy oy
Or O, 0
oy 1 0
oy Oy oy
oy Oy -0y
oy O 0
o, 1 o,
o, O 0
o, Oy 0
o, O, I

Table A.1: Conversion table from AyA; to Acomp useful for reducing the number of measure-
ments required for VQE simulations. 0 denotes a null matrix.
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Chapter B: Number of two-qubit gate distribution using general commuting

In this section we briefly discuss the distribution of extra CNOTs required when using GC
with QSR (see Sec. 4.3). Note in GC one creates groups of multiple Pauli strings, drawn from
the original set of strings required by a VQE simulation, that can simultaneously be measured.
Each group can require a different number of extra CNOTs. It also requires a different number of
measurements, typically smaller than the number of Pauli strings inside the group. To illustrate
these requirements, in Fig. B.1 we show the distribution of the number of extra CNOTSs in the
number of required measurements for the GC method for the water molecule example we use
in the main text. We observe that, as expected, the number of extra CNOTs and the number of
measurements to perform generally increases as a function of a larger ansatz size.

In the main text Fig. 4.3, we opt to use the average number of extra CNOTs as opposed to
the maximal number of extra CNOTs for a given ansatz. This is so, since we expect the quantum
computational error expected from each application of a two-qubit gate to even out between the
circuits that require a smaller than average number of extra CNOTs and the circuits that require a
larger than average number of extra CNOTs. Thus we select the average number as a representa-

tive number that may best reflect a practical setting.
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Figure B.1: Histogram of the extra number of CNOTs required for the GC method per measure-
ment value. The Pauli strings to be measured come from the Hamiltonian in HMP2 in (4.12).

Shown are the cases for HF+1, HF+9, HF+19 and HF+28 for the water molecule example used
in the main text.
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Chapter C: Appendix for CAFQA implementation

C.1 VQE assisted by the circuit interface

To better run the VQE, we developed a circuit interface customized for the EURIQA-Blue
system trapped-ion machine.

The entire workflow consists of the two parts, the trapped-ion machine and the interface.

Related to this project, the trapped-ion machine by can be considered as an independent
system with its own legacy software environment (such as Qiksit Terra version 0.16.1) which can
take the OpenQASM?2.0 [100] strings as the circuit input and the bright/dark state of the trapped
ions as the output.

Despite executing pulse sequences in sequence, there may still be overhead caused by the
preparation stage executed on classical computers. Additionally, occasional hardware failures
may lead to the generation of garbage outputs.

Based on the above property, we customized a robust API which servers the following

features.

1. It can submit OpenQASM?2.0 string from the user environment running VQE program
(client) to a completely different Nix environment running a trapped-ion machine (host),

and retrieve the outcome from the host. Usually the client will send all the circuits that in
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principle executed in parallel. This is the most basic and important feature. It can also pass

metadata to the host to specify the ions used and the number of shots.

. It can submit jobs in parallel. This is essential to make the host more efficient without
making significant upgrades to it. We found more than 60% of the overall run time can be

reduced by submission in parallel.

. It has a job queuing system that can be paused or restarted manually without disrupting the
client. VQE runs can last for days and occasionally we need to pause the job submission
to do hardware maintenance or manual calibrations. Circuit jobs are cached locally so the

API can be paused or resumed without the communication to the client.

. It has a job return criteria. Unexpected hardware failures can happen occasionally and
result in invalid data. Due to the complexity of the trapped-ion machine, such an error
might not be captured actively and remain unnoticed before it is recovered on its own after
a short period of time. Although the chance of such events is rare, it can still be encountered
since the VQE run can last for days. If the failure is not recognized and dealt with properly
before returning the trapped-ion outcome to the client, it can ruin the rest of the VQE
iterations. We observed the pattern of several failures from test VQE runs, and concluded
such a rare but significant failure can be characterized by the absurdly large deviation of
the observed probability histogram from the target probability histogram. As a result, the
API will examine the deviation and rerun the jobs through the queuing system mentioned

above before returning them to the client.
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C.2 Trapped-ion quantum computer

For the CAFQA demonstration, we utilized the EURIQA-Blue trapped-ion quantum com-
puter, which is hosted by the Duke Quantum Center at the Monroe group. It’s important to
highlight that much of the circuit optimization discussed is generally applicable across different
hardware platforms. However, it was assumed that an all-to-all connectivity for two-qubit gates
was available. If not, additional two-qubit gates would be necessary when adapting circuits for
systems with only local connectivity. The all-to-all connectivity of trapped-ion quantum comput-
ers makes them particularly suitable for testing VQE circuits that require a minimal number of
two-qubit gates.

The trapped-ion quantum computer we are currently using can accommodate up to 32 ad-
dressable ions on a single chip, with this capacity being limited solely by the number of Acousto-
Optic Modulator (AOM) channels. In principle, the scalability of trapped-ion QCs can be signif-
icantly expanded using Quantum Charge-Coupled Device (QCCD) architecture to connect mul-
tiple chips, potentially supporting the number of qubits on the order of 10? to 10% . [101] Further
scaling to host the number of qubits on the order of 10 to 10° is feasible if photonic links are
used to connect these QCCD units. [21]

In a trapped-ion chip, working with a longer ion chain introduces greater engineering chal-
lenges. These include difficulties in trapping the ions and reduced motional mode spacing, which
can lead to increased difficulty in addressing a particular frequency. Given the constraints of
human resources and machine time, it’s crucial to strike a balance between the number of qubits
utilized and the project’s specific requirements.

For the CAFQA project, the primary objective was to demonstrate the effectiveness of the
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CAFQA initialization rather than maximizing the number of qubits used. Consequently, circuits
with just four qubits were deemed sufficient. This approach differs significantly from previous
setups, such as the one used in [39], which involved a 15-ion chain necessary for implementing
a Bacon-Shor subsystem code. In our current work, we opted for a shorter seven-ion chain. This
configuration offers advantages like stable voltage and greater mode spacing, which collectively
lead to fewer calibration procedures and extended run times.

To provide more detail, we use a configuration of seven "' Yb" ions arranged in a linear
chain, which offers all-to-all connectivity, individually addressed by perpendicular laser through
AOM and operates at room temperature. In this setup, the two ions at either end of the chain serve
as cap ions. This arrangement is crucial to ensure that the five central ions are evenly spaced. The
middle five ions are later functioned as five physical qubits.

The qubits in our trapped-ion setup are defined using the hyperfine levels of the ground
state 25 o of each ion, which are separated by a frequency of 12.6 GHz. This configuration is

specified as follows: [102]

|0y = |F =0,mp = 0), (C.1)

1) = |F =1,mp =0). (C.2)

Qubit state measurement is achieved via state-dependent fluorescence, utilizing the dipole-
allowed 25, 2 = P /2 cycling transition. [103] This method allows for the reliable state readouts
by measuring the emitted fluorescence when the ion is excited. Our state preparation and mea-
surement (SPAM) error is 0.27(4)%.

For single-qubit operations, a composite SK1 pulse sequence is employed. [104] This pulse
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sequence achieves a gate fidelity of 99.7(2)% (not corrected for state preparation and measure-
ment errors, SPAM) when applied to the five qubits within the chain.

The two-qubit gates are implemented using the Mglmer-Sgrensen (MS) protocol. [105]
This approach involves the coupling of ions via the Coulomb force while they are aligned linearly,
akin to springs oscillating through collective phonon modes that spread across the entire ion
chain. A key advantage of the MS gate is that it does not require the cooling of the phonon mode
to ground state.

By directing a bichromatic laser at the ions, a state-dependent optical dipole force is cre-
ated. This force causes a physical displacement of the ions depending on their spin states: a
spin-up state results in an upward shift, and a spin-down state in a downward shift, both perpen-
dicular to the ion chain. Consequently, a superimposed qubit state induces a dipole.

When two bichromatic lasers are simultaneously directed at ions at indices ¢ and j, the
states | 1;1;) and | /,;J;) maintain the same relative distance, while the states | 1;/,) and | ], 1;)
experience a relative shift in ion positions. This interaction leads to an effective native gate de-
scribed by X X (0) = exp[—i6.X,;X/2] (also see Eq. (3.12)) for ion pair ¢ and j. It is important to
highlight that the XX gate, unlike the CNOT gate, features a variable angle, making it particularly
useful in certain VQE ansatz. This capability allows for the precise tailoring of interactions, such
as the small-angle XX gate application demonstrated for a water molecule, as shown in [4].

Importantly, this method allows full connectivity between any qubit pair because the oper-
ation is mediated by the shared phonon mode. However, because this common motional bus also
drives ions other than ¢ and 7, it is essential to disentangle the motional mode at the end of each
operation. Additionally, variations in mode spacing or fluctuations in driving frequency require
the design of waveforms that are robust to such changes. We achieve this through an amplitude
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modulation (AM) laser pulse shaping scheme, where the waveform is discretized into multiple
segments and we do linear interpolation between these segments. [39, 106] Overall, the fidelity

of our two-qubit gates varies between 99.3(1)% and 98.9(2)% (not SPAM corrected).

C.3 Noisy simulation

Before running the experiment on hardware, we did preliminary trial runs on noisy simu-
lation for sanity check. The results are similar to what we would have expected shown in [98].
We performed noise simulations based on hardware performance, where the main source of error
is the control noise. Since we use composite SK1 pulses that are first-order insensitive to control
noise, we assume that the single-qubit gate is perfect and focus on the main errors caused by the
two-qubit XX gate. In our experiments, the two dominating errors accomplished with the XX
gate are the single-qubit X-flip and Z-flip errors. To simulate the corresponding noise models, we
evaluate the X-flip and Z-flip error rates as follows.

An ideal XX gate is parity-preserving such that in-parity Fy; + P = 0 after applying
XX gate on zero state, and non-zero in-parity implies that there is a single-qubit X-flip error. By
preparing N x XX-gates circuit and measuring it, we evaluate the X-flip error rate per qubit per
XX-gate as px = (FPy; + P1o)/2N. Our experimental data shows that px is very low. To measure
the Z-axis error, we need to first rotate the |00) state into x-y plane by applying Ry (7/2)®? on
both qubits, then apply XX (7 /4)-XX(—n/4) for N times, vary the phase around the Z-axis by
applying Rz($)®?, and finally rotate it back from the x-y plane by appending Ry (7/2)®?. We
can extract the Z-flip error rate per qubit per XX gate using pz = (1 — C')/4N, where C'is the

contrast by fitting population P; over different phases ¢.
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