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Mathematical models of tumor growth are essential for complementing experimental findings
and furthering the understanding of cancer development and spread, as well as creating treatment
plans. This dissertation focuses on an age-structured partial differential equation (PDE) model. The
underlying process for tumor growth is similar to classical models, where growth is driven by pressure-
limited cell division, and Darcy’s law, describing cell movement away from regions of high internal
pressure. By introducing an age-structure, the model accounts for the life-cycle of tumor cells. This
allows for more accurate medical predictions and optimal therapy design.

There are three main results in this dissertation. The first is the existence of weak solutions. The
second is a proof of the convergence of solutions to an incompressible limit satisfying a Hele-Shaw
free boundary problem, describing the geometric growth of the tumor. The third is a proof of the

existence of traveling wave solutions of the model, providing insight into the tumor spreading speed.
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Chapter 1: Introduction

1.1 Introduction to Mechanical Tumor Growth Models

There is a rich history of research on mathematical models of tumor growth, e.g., [1,74]. Math-
ematical models serve to complement experimental findings, improve our understanding of cancer
development and spread, and assist with the design of effective therapies. Tumor models can repre-
sent various levels of complexity and can take into account various mechanisms, e.g., competition for
space with other tumor cells and healthy cells [9, 11], cellular movement towards higher concentra-
tions of nutrients [34,61,63], and phenotypic traits that affect cell growth [18,48]. In this dissertation,
I will focus on a partial differential equation (PDE) model that describes tumor growth due to two fac-
tors: pressure-limited cell proliferation, and Darcy’s law [34], which describes movement away from
regions of high internal pressure.

A PDE model of this type was first proposed by Byrne and Drasdo in 2008 [11]. In this work,
the PDE is derived as a continuum of an individual-based model, i.e., a model in which the unit is
a single cell. The individual-based model describes cell interactions and proliferation rates based on
experimental studies [13,20,66]. The number of cells is taken to infinity to derive the mean field limit.
This yields a continuum PDE model that shares the same growth properties as the individual-based

model. The resulting continuum model describes the cell density, p(¢, ), at time ¢ > 0 and position



x € R%, d > 1. The dynamics are described by the following equation:

Owp — divy(pVp) = pF(p), p=——p""", (t,z) € Q= (0,00) x RY, (1.1)

where p can be thought of as the pressure inside the tissue. The growth rate, F'(p), is a decreasing
function of p satisfying F'(py;) = 0 for some py; > 0 known as the homeostatic pressure, i.e., the
pressure at which proliferation ceases. The equation (1.1) is a nonlinear degenerate diffusion equation
called the porous medium equation, an equation with an established in-depth theory, including the
existence and uniqueness of weak solutions [69]. The parameter m is taken to be m > 1 and describes
the “stiffness” of the cells. For large values of m, pressure disappears when p < 1 and goes to infinity
when p > 1. In the limit m — oo, a maximum density of p < 1 is enforced.

An important aspect of (1.1) is that it exhibits pressure limited growth, as dictated by the growth
term, F'(p). Biologically, pressure is caused by cells competing for space, i.e., high cell density in
an area will lead to high pressure. The properties of the growth term, F'(p), ensure that under higher
pressure, cells duplicate at a lower rate, and under high enough pressure (precisely when p = p,,), cell
duplication stops completely. In addition, cells move away from high pressure regions, as governed
by Darcy’s law, resulting in tumor growth (this process is described by the term div, (pVp) in (1.1)). It
is important to note that the movement away from high pressure regions is not driven by cells moving
themselves, but by cells growing and dividing, resulting in congestion and an outward “pushing”
motion.

The model (1.1) has been studied extensively, i.e., [18,19,51,61]. Of particular interest is the
link between the cell density equation, (1.1), and a Hele-Shaw free boundary problem, with is obtained

by taking m — oo. The free boundary problem describes the geometric growth of the solid tumor,



providing a more “macroscopic” view of tumor growth. This link was first investigated by Perthame,
Quirds, and Vazquez in 2014 [61]. Free boundary problems make up a second commonly studied class
of tumor growth models, where instead of tracking cell density, the geometric expansion of the entire
tumor is tracked over time through the movement of its boundary [17,29]. The relationship between

the two classes of models will be discussed in Chapter 2.

1.2 Cancer Overview

Cancer is characterized by uncontrolled proliferation of cells, resulting from defects in the regu-
latory systems that control the cell cycle, proliferation, and apoptosis (programmed cell death). These
defects lead to unregulated growth and malignant tumor formation. In the landmark work of Hanahan
and Weinberg [37], the authors identify six physiological traits that cause these defects: self-sufficiency
in growth signals, insensitivity to antigrowth signals, evasion of apoptosis, unlimited reproductive po-
tential, sustained angiogenesis (the formation of blood vessels), and the ability to metastasize.

Tumor development typically begins with a single cell that develops a mutation affecting its
regulatory system. When the cell duplicates, the mutation is propagated to its offspring. The expan-
sion of mutated cells can be exacerbated by external factors such as hormonal imbalance, chronic
inflammation, viruses, environmental toxins, etc. [60, 64].

Once several mutated cells are collected, the tumor enters its stage of avascular growth, where
its volume increases exponentially. Experimental studies have shown that most proliferating cells are
located near the outer boundary of the tumor, while a necrotic core is formed in the center of the
tumor. This structure is due to access to oxygen, nutrients, and space [28,42,54]. These aspects of

tumor growth motivate the mathematical models introduced in Section 1.3, and discussed throughout



this dissertation. These models typically describe tumor in the avascular stage.

The final stage of tumor growth is the vascular growth stage, where angiogenesis occurs. An-
giogenesis is the formation of blood vessels, providing cells with access to oxygen and nutrients.
Further, angiogenesis allows cancer cells to spread to different locations in the body, leading to metas-

tasis [27,58].

1.3 Age-Structured Models

Significant effort has been made to develop models that take into account the life-cycle of tumor
cells, e.g., [21,36,47,50]. The typical cell cycle is made of two main phases: interphase, where the
cell grows and synthesizes its genetic material, and mitosis, where the cell divides into two daughter
cells. It is essential to develop models that consider the cell cycle for several reasons. The first reason
is for accurate prediction of tumor growth: the breakdown of the typical regulated cell cycle leads to
uncontrolled proliferation, which is one of the key features of cancer [37,57]. The second reason is to
aid in the design of effective cancer therapies. Many therapies target cells at a specific stage of their
cell cycle (e.g., anti-mitotic drugs), so having a model describing the age distribution of cells is critical

for therapy development [49].

1.3.1 Space-Homogeneous Models

Tumor cells are known to have age-dependent proliferation and death rates. With that as motiva-
tion, many age-structured tumor models have been introduced and studied in the space-homogeneous

case, 1.e., where cell populations lack spatial dependence. The following growth-fragmentation equa-



tion is a simple model describing the density n(t, ) of cells of age > 0 at time ¢ > 0 [53,62]:

om + Ogn = —B(0)n — u(0)n, t,0 >0
(1.2)

n(t,0) =2 [;° B(O)n(t,0)do, t >0,

where [3(0) is the proliferation rate and p(6) is the death rate.

This model has been extended to consider cells that can switch between a proliferating and
quiescent (non-proliferating) state. For example, in [21], the following model is introduced, describing
the dynamics of n(t,6) and ¢(t, 0), the densities of proliferating and quiescent cells, respectively, at

time ¢ > 0 and age 6 > 0.

(&gn + 0pn = —(B(0) + o(8))n + 7(8)q, t>00<60<6"
0iq + Ogq = o(0)n — 7(0)q, t>00<60<0t,
n(t,0) = 2f [7° B(O)n(t, 0)d6, t>0,
a(t.0) =21 - 1) [} pOmE.0)0.  t>0.

where 07 is the maximum age, 5(0) is the proliferation rate, () is the rate at which cells change from
proliferating to quiescent, 7(6) is the rate at which cells change from quiescent to proliferating, and
f € [0, 1] is the probability that a newborn cell will be in a proliferating state. The authors show that
the long-time age distribution and the long-time distribution of proliferating and quiescent cells are
independent of the initial distributions. Further, the authors show that for large times, the population
follows asynchronous exponential growth. This system has been studied thoroughly, both analytically

and numerically, e.g., [31,36,47].



The growth-fragmentation model, (1.2), has also been extended to incorporate the response of
immune cells. In [50], tumor cell density, n(¢, #), and effector cells (immune cells can that clear tumor

cells), E/(t), are described by the following age-structured model:

/

O+ Ogn = —S(0)n — pu(@)n — o(0)E(t)n, t,0 >0,
= s —dgBE(t) + TE(t) [ n(t,0)d0 — [;° k(0)E(t)n(t,0)dd,  t >0,
n(t,0) =2 [;° B(O)n(t,0)do, t>0,

where [3(0) is the proliferation rate, 11(0) is the death rate, and o(0) is the rate of clearance of tumor
cells of age 6 by effector cells. The parameter s represents the rate at which effector cells enter the
tumor, dg is the death rate of effector cells, 7 represents the rate of promotion of effector cells when
coming in contact with tumor cells, and () is the inactivation rate of effector cells as a result of
interaction with tumor cells. The authors derive a threshold, depending on the parameters, for which a
tumor-free steady state exists.

A commonality among these age-structured models is that the effect of pressure, as caused by
cell congestion, is not taken into consideration. In [47], this concept is incorporated in part. The

authors introduce a model, considering again populations of proliferating cells, n(t, 0), and quiescent



cells, q(t, ), where the proliferation rate is a decreasing function of the total cell density.

4

o + Ogn = —pu(@)n — B(t, N(t))n + o(0)q, t>0,0<0<06t,
0vq + Opq = —(0)q — o (0)q, t>0,0<60<0",
n(t,0) = 2f [7° B0, N(t))n(t, 0)ds, t>0,
4(,0) =2(1~ f) 7" B8, N())n(t, 6)d6, t>0,

where N(t) = | or n(t,0) + q(t, 0)do is the total cell density at time ¢. Here, the proliferation rate sat-

0
isfies Oy < 0. This model includes pressure-limited growth, however, it is still space-homogeneous,

and does not consider the role of cell movement away from regions of high pressure.

1.3.2 Novel Age-Structured Tumor Model

Motivated by the previous work mentioned above, one of the main contributions of this dis-
sertation is the introduction of a novel age-structured tumor model, which includes a space variable.
It is well-known that tumors are not spatially homogeneous. In fact, an important property of many
tumors is that most cell proliferation occurs near the tumor boundary, while very little occurs in the
center [11,44,59,68]. This highlights the importance of developing a tumor model that is both age-
dependent and space-dependent.

The model discussed here is introduced in a joint work by Doron Levy, Hyunah Lim, Antoine
Mellet, and myself [43]. The model combines aspects of the cell density model, (1.1), and the growth
fragmentation model, (1.2). The goal of this new model is to address the limitations of these two

models by incorporating both age-structure and spatial structure.



We associate an age # > 0 with each cell, and define the cell distribution function, n(t, 6, x),
which can be interpreted as the probability of finding a cell of age 6 at time ¢ > 0 and position z € R,
We define the volume of a cell, V'(#), to be a non-decreasing function of age, and define the volume

density as

p(t,x) = /000 V(0)n(t,0,x)do. (1.3)

The pressure p(t,x) is given by p = = p™ 1, so the pressure depends not only on the number of

cells in an area but also on their volume. The dynamics of n under the effects of pressure and cell

duplication are described by the following boundary value problem:

(

O+ r(p)opn — div,(nV,p) = —r(p)v(0, p)n — w(0)n t>0,0>0, z€RY
n(t,0,2) =2 [ v(0,p)n(t,0,z)dl t>0, v €RY, (1.4)
n(0,0,z) = ny(0, x) 6 >0, v €RL

\

In this equation, the term Jyn represents cell aging, and r(p) represents the pressure-dependent
aging rate. When r is non-constant, age is not linear in time and represents not simply the amount
of time since a cell’s birth, but rather how far the cell has progressed in its cell-cycle. Because aging
is assumed to be pressure-limited (cells will only grow if they have enough space), the function r(p)
satisfies

r(p) >0, r'(p)<Oforallp € [0,pn], 7(p)=0forallp > py, (1.5)

for the homeostatic pressure, py; > 0. The term p(6) > 0 is the the age-dependent death rate. The
term v(6, p) is the pressure- and age-dependent division rate, and can be thought of as the probability

that a cell of age 6 in the presence of local pressure p enters its mitotic phase. Cell division is pressure-



limited, so v satisfies
v(0,p) >0, 0Oyw(0,p) <Oforallp e [0,pn], v(0,p)=0forallp> py. (1.6)

When a cell enters its mitotic phase, the cell is lost (the term —vn on the right-hand side of the first
line), and is replaced by two cells of age # = 0 (the second line). The function nq(6, x) represents the
initial condition.

The age-structured model, (1.4), is related to the classical tumor growth model, (1.1). In the
case where V' and v are constant in 6, r is constant, and ;1 = 0 (essentially removing all of the age-
dependent parameters), multiplying (1.4) by V' and integrating in # exactly recovers equation (1.1),
with F'(p) = rv(p). This shows that the underlying dynamics are the same as in the classical model.

However, when these parameters are non-constant, the behaviour is quite different from that of
(1.1). For example, a biologically-relevant assumption to make is that mitosis is volume preserving,
i.e., the combined volume of the two daughter cells is equal to the volume of the parent cell. This can
be imposed by assuming that

v(0,p)(2V(0) — V(6)) =0, (1.7)

for all @ > 0. In this case, multiplying (1.4) by V'(0) and integrating in ¢ yields the following equation
onp:

Sup — div,(pVp) = r(p) / T (V(8) — )V (O)n(t, 0, 2)db.

In this case, tumor growth is driven primarily by the growth of individual cells prior to mitosis, rather

than by cell division, as is the case in (1.1).



1.4 Outline of the Dissertation

In Chapter 2, I will discuss previous results relevant to the work presented in this dissertation.
In Chapter 3, I will further discuss the age-structured model, (1.4), including the existence of weak
solutions, extensions of the model, and numerical results. In Chapter 4, I will prove that solutions of
(1.4) converge to an incompressible limit. In Chapter 5, I will prove that traveling wave solutions to

(1.4) exist under certain assumptions.

1.5 Future Directions

There are several natural extensions of my work, primarily related to traveling waves. Traveling
waves are of interest when studying reaction-diffusion equations because of their ability to predict
long-time behavior and speed of propagation of the support of solutions. For this reason, there are
several interesting future directions from my work on traveling wave solutions to (1.4).

Long-time behaviour and the role of death rate. One extension is exploring the role of the death
rate, i, on the long-time behavior of (1.4). An important question is whether there is a threshold value
for p that characterizes the long-time behaviour of the tumor as either expanding or regressing. That
is, is it true that for 1 small enough, the tumor will continue to grow for all time (expanding), and
for p large enough, the tumor will eventually disappear (regressing)? This is conjectured to be true in
our paper [43]. Furthermore, it is established numerically in one dimension that in certain cases, for

sufficiently small u, n(t, 0, x) approaches a space-homogeneous profile ¢, (#) as t — oco. From (1.4),

10



if such a profile exists, it must solve:

for every = € R.

This question is related to the existence of traveling wave solutions. It is conjectured that for
small enough /i, the long-time behaviour of the tumor is described by a traveling wave solution (7, p, ¢)
of (1.4) with the following boundary conditions:

lm p(r) = po.  lim_0(0.2) = 6x(6), lim plx) = lim n(0.z) = 0.

T—r—00 T—r00 T—00

In Chapter 5, we prove that traveling waves exist when there is no cell death, i.e., the death rate
1(0) = 0. This has proved to be much more difficult when ;2 > 0. When p > 0, p will no longer
satisfy the simple boundary condition lim,_, ., p(z) = pa, i.e., the inside of the tumor will not have
maximum pressure, because cells will die and be removed, causing pressure to decrease. The first step
in this direction is to show the existence of traveling wave solutions of (1.4) when x> 0 is sufficiently
small.

The role of external factors. Considering the role of the death rate is a natural first step before
taking external factors into account, e.g., immune system response and/or therapeutic treatment. This
next step could be accomplished by coupling the tumor cell equations with equations describing these

responses, and investigating the long-time behaviour. Incorporating these factors is of importance

11



when developing tumor models, and is an extension of the previous discussion on death rate, because
immune cells and therapeutic treatments impact the death rate of tumor cells. Similar work has been

done in this vein, but without spatial dependence, e.g., [45,47,50].

Nutrient availability. Another factor that is commonly considered when modeling cellular behaviour
is the availability of nutrients, e.g., in [33,38,52,63]. Previous work has been done along these lines:
In [63], traveling wave solutions are established for a system coupling an equation for tumor cells with
an equation for nutrient concentration. In [38], traveling wave solutions are established for a standard
reaction-diffusion equation coupled with an equation for nutrient concentration. A future direction
is to explore the long-time behaviour and existence of traveling wave solutions to the age-structured

model, (1.4) coupled with an equation describing nutrient concentration.
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Chapter 2: Background

2.1 Incompressible Limit

There are two commonly studied classes of tumor growth models. The first class consists of cell
density models such as (1.1). These models track the cell density at a specific point in time and space.
The second class describes the geometric growth of a solid tumor via a free boundary problem, rather
than describing cell density [17,30]. In the seminal work of Perthame, Quirds, and Vazquez [61], a link
between the two classes is established. The authors show that the asymptotic limit of (1.1) as m — oo
yields a free boundary problem of Hele-Shaw type. This limit is referred to as an incompressible limit,
referencing the increasing “stiffness” of cells as m increases. In particular, in the limit, the cells are
completely incompressible, so the condition p < 1 is enforced.

The free boundary problem partitions the region into the tumor region, where the density is at
its maximum, p = 1 and the pressure is positive, and the healthy region, where p < 1 and the pressure
is zero. This model focuses on the role of congestion: when p < 1, growth is exponential, but when
p = 1, cells are congested and pressure takes over as the primary cause of growth. The free boundary
problem tracks the expansion of the tumor region by modeling the movement of its boundary.

The equation (1.1) can be rewritten as a porous medium equation:

Op — Ap™ = pF(p).

13



It is well known that for classical porous medium equations without a growth term, i.e., 0;p—Ap™ = 0,
the limit of the solution as m — oo solves a standard Hele-Shaw free boundary problem [2, 22, 69].
The support of a solution to the porous medium equation spreads with a finite speed of propagation,
meaning that if the initial condition is compactly supported, the solution remains compactly supported
for any finite time [69]. Consequently, it is natural that in the limit m — oo, a free boundary problem

arises, where the boundary separates the tumor region from the healthy region.

2.1.1 Classical Convergence Result

In [61], Perthame, Quirds, and Vazquez extend the convergence result for classical porous
medium equations to tumor models, i.e., equations of the form (1.1). In this paper, the authors prove

the following theorem, with Q7 = [0, 7] x R,

Theorem 2.1.1 ( [61], Theorem 2.1). Let p,, be a solution of (1.1), and make the following assump-

tions on the initial data, p,, o(x):

m

Pmo(x) > 0, (Pmo(@)™ " < pars Pmo — pollpi@ay —— 0,

m—1 m—oo

[ pmollor@ay < Cry ([0 pmol| L1 (ray < Co,

forall i € {1,...,d}, for constants Cy and C5 independent of m, and for some py € L% (R%). Then,
up to a subsequence, for all T > 0, the solutions p,, and p,, converge strongly in L'(Qr) to limits

Poo € C([0,T]; LX(RN)NBV (Q7) and ps, € BV (Qr). The limits satisfy 0 < poo < 1,0 < poo < pasy

DiPoc — APoss = pocF(Pss) in D'(Qr), (2.1)

14



and poo € Poo(poo), Where Py is the Hele-Shaw graph, given by

0, 0<p<l1
Pyl(p) = (2.2)

0, 00), p=1.
Further, if the initial data is compactly supported uniformly in m, the limiting functions psc, Poo are

also compactly supported.

Simple calculations can yield the following equation on p,, :
Opm = (M = V)pmApm + [Vp|? + (m — Dpp F (). (2.3)

Dividing by m — 1 and taking the limit m — oo establishes the following complementarity formula.

Theorem 2.1.2 ( [61],Theorem 2.3). Under the assumptions of Theorem 2.1.1, the pressure function
Poo Satisfies

in the sense that

!/ @ (=IVpool? + P F (pso)) — PV - Vp dz = 0,
Rd
for any test function ¢ € C'(Q7).

These results give rise to a free boundary problem, where Q(t) = {x € R? : p(t,z) > 0} can
be thought of as the tumor region. The pressure equation (2.3) shows, formally, that on the boundary,
00 (t), where p,,, = 0, it holds that

Otpoo = |Vpoo|2.

15



Thus, the authors show that the normal velocity at the boundary of €2(t) is given by

Vn = |VPOO|7

yielding a Hele-Shaw problem.

2.1.1.1 Heuristics for Theorem 2.1.1

In order to prove Theorem 2.1.1, the authors of [61] prove strong L' convergence, up to a subse-
quence. In order to do so, they establish bounds on p,, and p,,. The necessary bounds are as follows:

L*°(Q7) bounds on p,,, p,,. Using the comparison principle, the bounds

0 < pm < (———pm)™" —— 1, 0<pn < pu,
hold for all m > 1.
L'(Qr) bounds on p,,,, p,,. Integrating (1.1) in z,
d
dt R4 Rd R4

and by Gronwall’s inequality,

[ omttorde <O [ oe)de,

Rd

which gives

||pm||L1(QT) < O(T)7
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for a constant C'(T") independent of m. The bounds on p,, is achieved by writing

and using the L' bound on p,,, and the L* bound on p,,,.
L*(Qr) bounds on 8;p,,, 8;py,. These bounds come from the L' bounds of p,,, p,,, and lower
bounds on 0, p,,, O;pm-
L*(Qr) bounds on Vp,,, V p,,,. These bounds are established by taking the z; derivative of (1.1),
foralli =1, ..., d, and proceeding in the same way as the bounds on p,,,, py.

With these bounds, by the compact embedding of BV (K) in L'(K), for any K C RY, there
is a subsequence of (p,,, p,,) that converges strongly in Lj, .(Q7) to some (puo, Pso). To get strong
convergence in L'(Qr), the authors show that the mass is uniformly small in ¢ € [0, %] and |z| > R,

for R large enough.

Finally, to see that the limits (p, Poo) satisfy the Hele-Shaw graph, (2.2), notice that

PmPm = p7(71+m)/m7

and passing to the limit yields

(1 - pOO)poo = 0.

The authors also prove that the solution of the free boundary equation is unique. The following theorem

is proved.

Theorem 2.1.3 ([61], Theorem 2.4). There exist a unique pair (p, p) in L>=((0, 00); L*(RY)NL>*(RY))
solving (2.1), with p € Py (p), such that for all T > 0, p(t,-) is uniformly compactly supported for
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t €[0,7],and Vp € L*(Qr).

In particular, this theorem shows that if the initial data p,, ¢ are compactly supported, uniformly
in m, the limit (s, Poo) is unique. The proof of Theorem 2.1.3 uses Hilbert’s duality method [3,16,61].

The authors extend the convergence results to the following model with nutrients.

dip — div(pVp) = p®(p, c),
(2.4)

atc —Ac = _p\p(pv C)a

where and ¢(t, x) represents the density of nutrients at time ¢ and position z. The following theorem

is proved:

Theorem 2.1.4 ([61], Theorem 4.1). Under appropriate assumptions on initial conditions, ¥V, and P,
up to a subsequence, the solutions (pp,, Dm, Ccm) of (2.4) approach a limit (poo, Poo, Coo) @S M — 00,

which is the unique distributional solution of

8tpoo - Apoo + pooq)(poov Coo)v
(2.5)

01Coo = Aloo — PV (Poos Coo),

With pac € Pc(pi).

The proof of existence and uniqueness of this system presented in [61] is similar to the case

without nutrients.
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2.1.2 Extensions

Since the classical convergence result was established in 2014, many extensions of Theorem
2.1.1 have been proved. I will list several examples.
In [35], a porous medium equation with a right hand side that can be either a source or a sink is

considered. Precisely, the authors consider the boundary value problem:

(

Op — Ap™ = A(t, x)p, t>0,z €,

p(t,x) = f(t,z)mT, t>0.1c 0K, (2.6)

\p(()?x) = pO('r)a VIS Qa

where A(t,z) is bounded and can take both positive and negative values, and = R?\ K, where

K C R%is bounded, and f > 0. The authors prove a convergence result for this system.

Theorem 2.1.5 ( [35], Theorem 2.4). Under appropriate conditions on the initial data, up to a subse-
quence, for all T > 0, the solutions p,, and p,, of (2.6) converge strongly in L'([0,T] x Q) to limits

Poos Poo € BV ([0, T] x Q), which are bounded and satisfy the Hele-Shaw graph, (2.2).

In [40], the incompressible limit of (1.1) with a more general growth rate /' is studied. In this
work, F' can be bistable or monostable, meaning it need not be monotone or nonnegative. It is shown
that for a more general F, the solutions still converge to a limit, but the convergence is weaker and the

limit cannot be entirely characterized. The following theorem is proved.

Theorem 2.1.6 ( [40], Proposition 1.1-1.2). Suppose that F(p) is Lipschitz and satisfies F'(p) < 0 for
p > pum- Under appropriate conditions on the initial data, up to a subsequence, for all T' > 0, the
solutions p,, and p,, of (1.1) converge weakly-* in L>(Q71) to ps and ps., which satisfy (2.2) and
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solve

0pss — APoss = pooy, in D'(Qr),

for some function g € L>(Qr).

Because of the lack of strong convergence of p,,, it is not possible to pass to the limit in the
nonlinearity F'(p,,).

Convergence to an incompressible limit has been extended to cross-diffusion equations, i.e.,
systems that consider multiple cell populations. In [10], two interacting populations, n' and n?, are

considered, as described by the following one-dimensional system:

ot = 0,(n*0,p) + n'Fi(p) +n*Gi(p),
2.7)

Oin? = 9,(n?0,p) + n' Fa(p) + n*Ga(p),

fort > 0,x € R, where the pressure p is given by p = (n! + n?)™. The authors prove that under
appropriate assumptions on Fj, Gy, i = 1,2, and the initial data, solutions n!  n?2 , and p,, of (2.7)
converge, up to a subsequence, to limits satisfying a Hele-Shaw free boundary problem. A similar
problem is considered in [46]. In these cross-diffusion systems, uniqueness of the limit is a much

more difficult and largely open problem.

2.1.3 Convergence for a Structured Model

Building off of the cross-diffusion systems with a finite number of populations, in [18], David
introduces a tumor growth model structured by phenotypic traits. This is a cross-diffusion model

describing an infinite number of interacting cell populations, where each population has a phenotypic
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trait y € [0, 1]. It is assumed that the phenotype of a given cell does not change. The density of cells

with phenotype y at time ¢ > 0 and 2 € R? is denoted by n(t, y, z), the total cell density is

1
plt, ) = / n(t,y, 7) dy.
0

and the pressure is given by

p(t, ) = (p(t,x))™.

The dynamics are described by the following model:

dn — div,(nV.p) = nR(y, p), t>0,y€0,1],r € RY

(2.8)
n(0,y,x) = no(y, ), yel0,1],z € RY,
with initial data ng € L°°([0, 1] x R?) N L([0,1] x R?), and R satisfying
8pR < 07 R('7PJV[) < 07 (29)

with py; > 0, describing pressure-limited growth. David proves that solutions (72, P, Pm) t0 (2.8)
exist. Further, by assuming that the initial data, n,, o, is compactly supported uniformly in m, the
solutions are also compactly supported uniformly in m, because of finite speed of propagation. Hence,
the domain of the problem can be reduced to a bounded domain K C R?. The following theorems are

proved, denoting K = [0,7] x K.

Theorem 2.1.7 ( [18], Theorem 2.2). Let (np,, pm, Pm) be a solution of (2.8). Under appropriate

assumptions on the initial data, assuming R satisfies (2.9), up to a subsequence, for all T > 0,
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N — N weakly-*in L®((0,1) X K1), pm — poo weakly-*in L (Kr), and p,, — poo strongly in

L?(Kr). The limits satisfy
Poo(l = poo) = 0 almost everywhere in Ky,

and

1
Oipoc = Apsc + / Moo 1 (Y, Poo) dy in D' (Kr).
0
The following complementarity formula is also established.

Theorem 2.1.8 ( [18], Theorem 2.3). The limit solution satisfies

1
Poo(Apos + / N R(Y, po) dy) = 0 in D'(Kr).
0

The theorems are proved by establishing apriori bounds, independent of m, on n,,, p.,, and p,,.
In order to pass to the limit in (2.8), strong convergence of Vp,, is required to pass to the limit in the
divergence term, and strong convergence of p,, is needed to pass to the limit in the nonlinearity R.
Obtaining strong convergence of Vp,, is the biggest challenge in the proof, and the main difference
between this proof and the proof of the incompressible limit for the classical tumor growth model,

(1.1). The proof relies vitally on a compensated compactness theorem [23, 55, 67].
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2.2 Traveling Waves

Traveling wave (TW) solutions are particular solutions of PDEs involving two variables, ¢ > 0
and = € R?, of the form

u(t,z) = u(z-e—ct) = u(z),

where e € S?! is the direction of propagation, ¢ € R is the wave speed, and 1 is the profile, which is
fixed in space. Traveling waves are solutions that are one-dimensional in space, making convenient to
work with, while still capturing crucial information about a solution’s shape and spreading speed.

TW solutions to reaction-diffusion equations, i.e., equations of the form

Up — Upe = f(u), (2.10)

have been of interest for nearly 100 years, and are still commonly studied today, due to their ability to
predict long-time behaviour of solutions and provide insight into the speed of propagation of solutions.
Typical formulations of this problem have f € C! satisfying f(0) = f(1) = 0. This area of study is
motivated by population dynamics, an archetype being the standard Fisher-KPP nonlinearity, f(u) =
u(1l — u) [26,41]. In this formulation, traveling wave solutions connect the states 4 = 1 and u = 0,

and solve the following Fisher-KPP equation:

—ct' —u" =u(l—u), zé€eR,

(2.11)

lim, , u(z) =1, lim, . u(z)=0.
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2.2.1 Traveling Wave Solutions to Reaction-Diffusion Equations

It was shown in the classical 1937 papers by Fisher and Kolmogorov, Petrovsky, and Piskunov
that solutions to (2.11) exist for all wave speeds ¢ > 2 [26,41]. The comparison between traveling

waves with minimal speed at higher speeds can be seen in Figure 2.1. The existence of traveling wave

1.2 . . T . T 1.2
— — Equilibria | | 1 — — Equilibria | |

08¢+

06

u(z)

0.4+

02r

0.2 ' ' : ' - 0.2 ' ' : ' '
3 -20 -0 0 10 20 30 -3 -2 -0 0 10 20 30
Zz Z

(a) Traveling wave with ¢ = 2. (b) Traveling wave with ¢ = 4.

Figure 2.1: Traveling wave solutions to the Fisher-KPP equation with minimal speed (left)
and higher speed (right).

solutions to (2.10) has been shown for more general families of f. For example, for

feCh f(0)=f(1)=0,£(0)>0,f(1) <0, f(s) < f(0), and f(s) > 0forall s € (0,1),
(2.12)

the following result was shown in the original paper by Kolmogorov, Petrovsky and Piskunov.

Theorem 2.2.1 ( [41]). Under the assumptions (2.12), traveling wave solutions to (2.10) exist for all
wave speeds ¢ > c* = 24/ f'(0).
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The book by Gilding and Kersner, [32], provides an exhaustive list of conditions on f for the
existence of traveling waves, as well as the ranges of possible wave speeds. The minimal speed, c¢*
is of primary interest: solutions of reaction-diffusion equations with compactly supported initial data

approach the TW with minimal speed as ¢ — oo, making this TW the “physically relevant” one.

2.2.1.1 Heuristics for Theorem 2.2.1

There are various methods that have been used to prove the existence of TW solutions to
reaction-diffusion equations. The first method is to transform the PDE into a system of ODEs, and
solve using phase plane analysis, connecting the two states « = 0 to u = 1, e.g., [41,56]

The second commonly used method, e.g., [4, 5], is similar to the method used in Chapter 5 of

this dissertation. It involves truncated the domain, and solving the following PDE:

Then, sub- and supersolutions are found, bounds independent of a are established on %, and c¢,, and

the limit ¢ — oo is taken.

2.2.1.2 Convergence of Solutions to Traveling Waves

Traveling wave solutions are of significant interest due to their ability to approximate long-time
behaviour of solutions to reaction-diffusion equations. In fact, under some assumptions on the initial

data and the reaction term, f, solutions of (2.10) approach traveling wave solutions as t — co. In the
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classical 1937 paper by Kolmogorov, Petrovsky, and Piskunov, [41], the following convergence result

is proved.

Theorem 2.2.2 ( [41]). Assume that f satisfies (2.12), and the initial data, ug, is chosen to be a
Heaviside function, i.e. ug(x) = 0 for z < 0, ug(x) = 1 for x > 0. Then there exists a traveling wave

profile u, a function 1 such that

lim sup |u(t, z) — u(z — 't — P(t))| =0,

t—o00 zER

where u is the TW with minimal speed c*.

This result has been extended by many authors to generalize the requirements on f and wy,

e.g., [8,25,39]. The following result was proved by Bramson in 1983.

Theorem 2.2.3 ( [8]). Assume that f satisfies (2.12), and u satisfies

0<wug <1, ug Z0, up(z) =0forx > A,

for some A € R. Then,

lim sup |u(t, x) — u(z — 't — Y(t))|,

t—o0 z€R

for some function 1), where u is the TW with minimal speed c*.
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2.2.2 Traveling Wave Solutions to Porous Medium Equations

Traveling wave solutions to porous medium equations, i.e., equations of the form

Op — (p™)" = pF(p), (2.13)

have also been shown to exist for all wave speeds ¢ > c¢*, for some minimal speed ¢* > 0, under
appropriate assumptions on F' [32]. TW solutions, defined by p(t,z) = p(z — ct) = p(z), solve the

following equation:
(

—cpl = (") = OF (),

=8 (2.14)

P

\limzﬁ,oo p(z) = pu, lim, oo p(2) = 0.
An important property of these traveling waves, in contrast with the traveling waves for standard
reaction-diffusion equations, is that the wave profile for the minimal speed, c*, is qualitatively different
from the profile for speeds ¢ > ¢*. For the wave with minimal speed c*, there exists some z; € R such
that for all z > 2, the wave satisfies p(z) = 0, meaning solutions are supported on the half-line. This
is called a sharp traveling wave. For speeds ¢ > c*, the wave solutions are positive for all z € R, and
are called smooth traveling waves. This matter is notable because it means that traveling waves with
minimal speed capture the finite speed of propagation of support, a defining feature of porous medium
equations [69]. This suggests that the traveling waves with minimal speeds are the most physically

relevant solutions. A visual comparison of the two traveling waves can be seen in Figure 2.2.

The precise result from Gilding and Kersner is as follows.

Theorem 2.2.4 ([32], Theorem 33, Theorem 38). Assume that F' is positive and decreasing on [0, py;]
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and F(p) = 0 for all p > pyy. Then there exists some c¢* > 0 such that for all ¢ > c*, a traveling wave

solution to (2.14) exists. Further, any solution with wave speed c* satisfies
p(z) =0 forall z > zy, for some zy € R,

and any solution with wave speed ¢ > c* satisfies

p(z) > 0forall z € R.

031
021
011
0 L
-30 -20 -10 0 10 -30 -20 -10 0 10
z z
(a) Sharp traveling wave with minimal speed c*. (b) Smooth traveling wave with speed ¢ > c*.

Figure 2.2: Sharp (left) and smooth (right) traveling wave solutions to the porous medium
equation.

Similarly to standard reaction diffusion equations, solutions to porous medium equations con-

verge to traveling waves as ¢ — oo, under some assumptions on the initial data and F'. The following
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result holds for convergence to sharp traveling waves.

Theorem 2.2.5 ( [7], Theorem 4, [72], Theorem 1.1). Let p(t,x) be a solution to (2.13) where F

satisfies the conditions in Theorem 2.2.4, and the initial data p, satisfies

po € L=(R), po > 0, po is piecewise continuous,

Supp ug C (—00, xo| for some o € R, lim po(x) > 0.
T—r—00

Then, there exists to € R such that

lim sup |o(t, ) — plz — ¢t — a0)| =0,

t—o00 z€R

where p is the sharp traveling wave with minimal speed c*, given in Theorem 2.2.5, with zy = 0.

This theorem demonstrates that solutions to the porous medium equation with initial data that
is supported on the half line will converge to a sharp traveling wave. In other words, the support

propagates with finite speed.
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Chapter 3: Age-Structured Mechanical Model

The contents of this chapter are from a joint work by Doron Levy, Hyunah Lim, Antoine Mellet,

and myself [43]. The mathematics in this chapter are a joint effort by all authors of this paper.

3.1 Definitions and Notations

In this chapter, I will discuss the age-structured model, (1.4). First, a simplified version of the
model is presented. In this version, there is no death rate and aging is linear, so the age of a cell, 0,

simply represents the amount of time that has passed since the cell’s birth. The simplified equation is

given by:
r
On + Opn — div ,(nV,p) = —v(6,p) n t>0,0>0, zeR?
n(t,0,z) = 2/00 v(0,p)n(t,0,x)db t>0, z € R (3.1
0
\n(O,G,x) = no(6, ) 0 >0, reRY
where p(t,z) = —=p(t, )™, with volume density p(t,z) = [;° V(0)n(t,0,z) df. The equation

(1.4) is an extension of (3.1) to include an age-dependent death rate and a pressure-dependent aging
rate. Realistically, cells do not age linearly, as they might stay in interphase for an extended period of
time. In (1.4), where the aging rate depends on pressure, the age of a cell, #, can be thought of as the

“physiological age”, i.e., how far it has progressed in its cell cycle.
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This model can be extended to include interacting populations of proliferating cells, n, and
quiescent cells, g, as has been done in the space-homogeneous case, e.g., [36,47]. This leads to the

following system of equations:

p

on + r1(p)Oen — div . (nVep) = —p(0)n — r1(p)v(0, p)n + 019 — o9n,

0iq + 12(p)Opq — div 1 (¢Vap) = —p(0)q — 019 + 021,
(3.2)

n(t,0,x) =2(1—X) /00 v(0,p)n(t,0,x)do,

q(t,0,2) = 2)\/ v(0,p)n(t,0,x)db.
0

\

In the above, r; and 7y are the pressure-dependent aging rates of proliferating and quiescent cells,
respectively, A is the fraction of newborn cells that are quiescent, oy, 05 are the rates at which cells

switch between proliferating and quiescent states, and
m —

p(t,z) = Llp(t,x)mfl, plt,z) = /0 TV (0t 0,2) + g1, 0, 7)) db.

In this chapter, the existence of weak solutions to the simplified equation, (3.1) is proved. Adding
the death rate ¢ and aging rate r do not result in any major difficulties in the proof, and are only omitted

for simplicity.
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3.1.1 Equation for the Density

To get an equation on p(t,z) = [ V(0)n(t,0,x)ds, (3.1) is multiplied by by V() and inte-

grated in 6 to get:

Op — div (pVp) = /000 V'(0)n(x,0,t)dd + /000 v(0,p)(2V(0) — V(0))n(x,0,t)do. (3.3)

The first term on the right hand side describes the expansion of the tumor due to the volume change of
individual cells prior to mitosis, while the second term accounts for the growth of the tumor due to cell
division. As mentioned in the introduction, mitosis events are often assumed to be volume preserving
(i.e. the total volume of the two daughter cells is equal to the volume of the dividing cell), which
can be enforced by assuming that v(0, p)(2V(0) — V(6)) = 0 for all # > 0. A simple form for the

coefficients v and V' describing this situation is as follows:

Vo+ab if0 € [0,Vy/a],
V() = (3.4)

2V ifto > Vo/a,
v(@,p) =0 forf < Vy/a, (3.5)

in which case (3.3) reduces to

Vo/a
Op — div (pVp) = a/ n(z,0,t)db.
0
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3.1.2  Outline of the Chapter

In Section 3.2, the existence of weak solutions to (3.1) is proved. In Section 3.3, some images of
numerical solutions to the equation are shown. These numerics were not done by me, but by the other
authors of [43], and are included to demonstrate the behaviour of the solutions and the importance of

age-structured models.

3.2 Existence of Weak Solutions

In this section, we consider solutions to the equation (3.1). We assume that the coefficients
satisfy the following general assumptions: Assume v satisfies (1.6). Assume further that there exist

positive constants V{, C' such that
Vo<V(@)<C, 0<V(9)<C, V§>0, and 0<v(dp <C, VO, p>0, (3.6)

and

V" (0)],0sv(0,p)] < C. (3.7)

Assumption (3.6) implies in particular that the volume density p(t,z) is bounded above and

below by the usual number density fooo n(t, 0, x) df. Our main result is the following:

Theorem 3.2.1. For all m > 2 and for any initial condition ny(0, x) such that

ng € L'NL1og L((0,00)xRY),  (|z|*+0)ng € L'((0,00)xR?Y), pg := / V(0)nedf € L>(R?),
0

(3.8)
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there exists a weak solution n(t, 0, x) of (3.1). The function n(t, 0, x) is such that
n € L(0,T; L* N Llog L((0,00) x RY), (|z|* 4+ 8)n € L>=(0,T; L*((0, 00) x R%)),

while the density p(t, x) and pressure p(t, ) = =2~ p(t, x)™ are such that

m—1
p e L=0,T; L' nL>(RY),  Vpe L*0,T;L*(RY))

and the equation (3.1) is satisfied in the following distributional sense:

/O /Rd/OOO n(t,0,x)[ — 0(t, 0, x) — Opt(t, 0, x)
+ V.p(t,x) - Vab(t,0,x) + v(0, p(t,x))(t, 0, x)] d0 da dt

00 T 00
- / / no(68, 2)(0, 8, ) do dax + / Bt 0,7)2 / v(0, p(t, 2))n(t, 0, 7) O d dt
R4J0O 0 JR4 0

(3.9)

forallvp € D([0,T) x [0,00) x R%). Furthermore, the density p(t,x) solves (3.3).

We will prove Theorem 3.2.1 in two steps: first we will show that the following regularized

system
r
O + Ogn — div ,(nVyp) — eAgn = —v(0,p)n t>0,0>0,x¢€R
n(t,0,x) = 2/000 v(0,p)n(t,0,x)do t>0,rcR% (3.10)
\n(O,G,x) = no(6, ) 6 >0,r R
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has a solution for all £ > 0 where we recall that

Then we will pass to the limit ¢ — 0 to construct a solution of (3.1) and prove our main result.

3.2.1 Existence of a Solution for the Regularized System (3.10)

The existence of a solution for (3.10) will be proved by using a discrete time scheme which splits
the transport in ¢ and the diffusion in x. We initialize the scheme with ny(¢, z) and for all £ > 0, we

proceed as follows:

Step 1: Given ny (0, z), define My (0, z) solution of

Myt — M + 70y 1 = —70(0, i) nyp L 0>0,r R

1
2

G.11)
M1 (0,2) = 2/0 v(0,pr) ng(6,x) do r € RY

where py,(z) = —2=pp(x)™ " and py(x) = [ V(0)ng(0, ) d6. Note that the space variable  is a

m—1

parameter in this equation.

Step 2: Then define ny1 (0, x) solution of
M1 = Mgy L — 7div o (g1 Vepra1) — eTAng; =0 6 >0,z cRL (3.12)

Note that the age variable 6 is a parameter in this equation.

This iterative scheme defines n (6, x) for all £ € N. We then define n.(t, 6, x) piecewise con-
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stant function in ¢ by

n.(t,0,x) = ng(0,x), t € lkr, (k+1)7) (3.13)

and

polt ) = /0 TV O (.0, ) db.

We also define the piecewise linear function 7, (¢, 6, x) which satisfies n,.(k7, 0, z) = ng(0, z):

T

n.(t,0,z) = <M> ni(0, ) + (t j”) ne1(0,2),  telkr,(k+1)7)  (3.14)

and the corresponding volume density

ﬁT(t,x):/ n.(t,0,z)do.
0

The well-posedness of the scheme (i.e. the existence and uniqueness of a solution to (3.11) and

(3.12)) will be proved below. We then note that by combining (3.11) and (3.12), we find

TR 89nk,+% — div o (M1 Vaepry1) — Qg = —v(0, pr) Ny 0>0,0¢ R?
(3.15)

nk+%(0,x) = 2/0 v(0, pr) ng(0, x) do z € RY

Our goal is then to derive appropriate bounds on ny, p, and on the interpolations n.., p, and p, in order

to pass to the limit 7 — 0 in (3.15)
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3.2.2 TIterative Scheme: Existence and Estimates from n, pi

The proof of our main result will require several a priori estimates. Throughout these proofs, we
use the letter C' to denote a constant that might change from line to line, but does not depend on %k and

T.

Proposition 3.2.2 (Well-posedness of Step 1). Given n(0,x) non-negative function in L'(R? x

(0,00)), there exists Moy 1 (0, z) solution of (3.11). Furthermore, the volume density satisfies

1+Cr
Prry(@) < T—F-pule) Vo eRY (3.16)

|01 (2) = pi(@)] < Crpp(x) Vo R, (3.17)

for some constant C' independent of k and T and for all T > 0 small enough. Finally, we also have
[ o0y 6.0) =m0 8] < ClE Ollwmlelr  VoeRL Ga8)
0

for any ¢ € C2

Proof. We rewrite (3.11) as

(1+ TV(Q,pk)>nk+% + TOpny 1 = T 6 >0,

nk+%(0,x) = 2/0 v(0, pr) ni(0, x) d.

This equation can be solved explicitly: with A(6) = foe 1+ 7v(0,pi) dd’ > 0, the unique solution of

37



(3.11) is given by:

1 oo ]_ 0 1 /
N1 (0, @) :26TA(9)/0 v(0, pr) ni (0, ) d9/+;/0 e~ AO=AON, (0 1) db.

Multiplying the equation (3.11) by V'(#) and integrating with respect to , we get the following relation

(using (3.6)):

pess () = pue) = 7 [ 6.2V 00,210~ [ 01600V O 6.0)

+ /OO V' (0)ny,1 (6, 2) d@] (3.19)
0

< Olow + pe ). (320)

which yields first (3.16) and then (3.17). Multiplying the equation (3.11) by ¢(6) and integrating with
O]

respect to 6 also gives (3.18).

Proposition 3.2.3 (Well posedness of Step 2). Given ny,, 1 non-negative function in L*((0,00) x RN

L>(R% L'((0,00)), there exists a non-negative function ny,; € L*((0,00)x R*)NL>(R?; L'((0, 00))

solution of (3.12). Furthermore the density satisfies:

4q(¢ — 1) mtg=1 2 4(q—1) g 2
/Rd pZJrl dx + m’f o ‘V(pk+% ) dx +eT q2 o Vpl§+1 dr < o pi-i—% dx
(3.21)

forall g € [1,00) and
lopr1ll ooy < Ml opr 2 llzoe ). (3.22)

Proof. In order to prove that a solution exists, we first notice that by multiplying (3.12) by V'(#) and
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integrating with respect to 6, we get

Pk+1 — TdiVm<pk+1vmpk+1) — T8Apk+1 = pk+% X € Rd, (3.23)

which is a classical nonlinear elliptic equation. Given p,, 11 € LN L>(R%), this equation has a unique
solution with p,; € L' N L>(R?). We then define n1(6, z) the solution of (3.12) with py; given
by the solution of (3.23). This solution exists: indeed, 6 is a parameter in this equation, so we only
need to solve this equation for a fixed & > 0, and when £ > 0, the solution pj 1 of (3.23) is smooth,

so the advection term V. py1 is smooth and the existence of a solution is straightforward.

Since we first found py1(x) and then ny (6, ), we need to make sure that

/ V(O)nsa (6, ) d6 = prsa.
0

to show that ny(x) solves (3.12).

To do so, we note that the function w(z) = pri1(x) — [V (0)ny11(0, x) d6 solves

w — 7div (WVpgs1) — TeAw = 0.

In order to prove that w = 0, we take [s(s) = v/s? + 02 — ¢ and multiply this equation by /35(w) to
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find:

[y de = —re [ givalae = [ ws)Vp - Vods
R4 Rd Rd
<7 / Vpiar - V(wbi(w) - fiw)) do
R

<7 / A (wBw) — folw)) de.

Since |sf35(s) — Bs(s)| < & and sB5(s) — |s| with s85(s) < |s], we deduce [p, |w|dz < 0, that is,
w = 0 and so

/ V(0)nk41(0,x) d = priq1(x) ae € R
0

thus proving that n(z) is the solution of (3.12).

Next, we derive (3.21). We multiply (3.23) by pz:fl (for ¢ > 1) and integrate in x to get:

—1 3 -1 -1
/ IOZ_H dx — 7-/ IOZ_Hle (Pk41VDry1) d — 7-5/ pz+1Apk+l dr = / pk+%pz+1 dz.
Rd Rd Rd R4

Rearranging, using the fact that py1 = "5 PZLJ:? and using the convexity of the function s — s? for

any ¢ > 1 and s > 0, we deduce:

7q(q — 1) /d Pt IV o do + Te(g - 1) /d PV pra [P do = /d P (Prsr — prr) do
R R R

which implies (3.21). To get (3.22), we can apply the maximum principle to (3.23) or pass to the limit

q — oo in the inequality ||pri1 || araey < ||kl Lo(ra)- O
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3.2.3 Estimates for n, and p,

We recall that once ny and pj, have been iteratively constructed, we can define the piecewise con-

stant functions n, (¢, 0, x) and p,(t, z) and the piecewise linear interpolations 7. (¢, 0, z), p,(t, z) (see

(3.13) and (3.14)). In what follows, we fix T' = K7 > (. We start with the following straightforward

consequence of Propositions 3.2.2 and 3.2.3:

Proposition 3.2.4. There exists C such that if T < &, then p. > 0 is bounded in L>(0,T; L(R?)) for

all q € [1, 00| uniformly with respect to .

Furthermore, for all q € (1,00), there exists Cy such that if T < iq, then
I 312
V- ||L2(0,T;L2(Rd)) +¢l|Vp? ||L2(0,T;L2(Rd)) < .

Proof. Combining (3.21) with (3.16) yields

4q(qg — 1) meg=l
[ e+ ot [ v R

4(g—1) 32 1+C7\*
+€Tq—2/Rd |Vp,§+1| deS 1_07_ /deZdl'

Similarly, combining (3.22) with (3.16) yields:

1+Cr
oo < oo .
Pkl (RY) = 77 CTHpkHL (Rd)

Using the fact that }f—i < 1+ 4x when x € [0,1/2], and iterating (3.26), we get

K -
ok || oo ray < (1+4CT)™ || poll ey < €* 7| poll Lo (ray,
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as long as 7 < ;5. Similarly, (3.25) gives

x|l paray < (14+4CT)" |lpollzagey < €*“7| pol| pacmay.

These inequalities imply the first statement.

Next, we can rewrite (3.25) as

4q(q 4g—1) g
/Pk+1d$+m / Voot i deer= 2 7 Rd|VP;3+1|2dl’

14+Cr
< ’d -1 ’d
_/dek x+K1—CT) }/dek )
§/ pde—i—C’qT/ pi de,
Rd Rd

as long as C;7 < 1 for some constant C,, depending on ¢. Summing up for £k = 0, ... K, we deduce:

4qq—1 / )2
E V( R d
m+q ’ pk+1 ‘ x

4(q
+e (q Z /|Vpk+1|2dx<(1—|—CKTe4qCKT) 1901l ey

which implies (3.24). U

Next, we prove the following result, which will be used to control the values of n. at infinity (in

x and 0):

Proposition 3.2.5. There exists a constant C' such that if T < £, then

sup / / (|z|* + 0)n.(t,0,2) do dx < C, (3.27)
R4

te[0,T]
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with C dependent on T but not on .

Proof. Multiplying (3.11) by (|z|? + #) > 0 and integrating in = and 6 gives

/ /(]x\2+9)nk+1da:d9
0o JRrd :
g—T/ / agnk+1(|a:|2+0)da:d9+/ /(!x\2+9)nkda:d9
0 R4 2 0 Rd
ST/ / nk+1dxd9+7/ nk+1(0,$)|x|2d$—l—/ /(|x|2+9)nkd1’d9
o Jra 2 R 0o Jrd
§T/ Prs L da:+7’/ 2/ V(H,pk)nk(Q,:L‘)|m|2d9dx+/ / (|z|* + 0)ny dz do
Rd rRe Jo 0o Jre

< 7'/ Prgrdr + (1 + OT)/ / (|z]* + O)ny, dw db. (3.28)
:CH 0o Jrd

Similarly, (3.12) yields:

/ /(|x!2+9)nk+1dxd8:/ /(|x|2+9)nk+;dxd9+2d7/ o+ eppsn da.
0 R4 0 R4 R4

Combining these inequalities give:

/ /(|x|2+0)nk+1dxd9§(1+07')/ /(|x|2+0)nkdxd9+07'/ Pyt + Pp1 T EPk41 d,
0o Jrd 0o Jrd R4 2

and the bounds from Proposition 3.2.4 (together with (3.16) to control p, . 1 ) implies

/ / (|z]* + O)npiq dz df < (1 + C7) / / (|x* + O)ny, dz db + C(T)T,
Rd
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for all £ < K (with K7 = T'), which implies

//|x]2+9nkdxd9<(1+07 / / (|2 + 8)no dz + C(T)(1 + Cr)F < C(1 + C7)F,
Rd

(3.29)
and the result follows.

]

Finally, we note that while p, is bounded in L>(0, T; LP(R?)) for p € [1, oc], we only have n,
bounded in L>°(0, T'; L'((0, 00) x R?). In order to show that we do not get a measure (in 6) in the limit

7 — 0, we will make use of the following result:

Proposition 3.2.6. The piecewise constant function n, > 0 is bounded in L>°(0,T’; L'((0, 00) x R%))

and satisfies:

sup / / n.(t,0,z)log, n.(t,0,z)d0ds < C, (3.30)
R Jo

te(0,7)

for some constant depending only on T and the initial condition.
This proposition follows from the following Lemma which we prove below:

Lemma 3.2.7. There exists a constant C such that

/ / nr (6, 7) log (s (0, 2))V(0) dO da
R4 JO
+4_T/ IV (pr1)™ () da (3.31)
m R4

<(1+Cr) /d /OO ni(0, ) log(n (0, )V (0) df dz 4+ C(1 4 C1)F.

Note that inequality (3.31) also yields a bound on VpT/ ®. We did not include this estimate in
Proposition 3.2.6 since we will not be using it.
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Proof of Proposition 3.2.6. Iterating (3.31), we get:

/Rd /OOO ni (0, 2)log(ng (0, 2))V(0) df de < (1 + Cr)* /Rd /OOO no(0, ) log(ne (0, z))V () df dz

+ Ckr(1 + CT)k.

Recalling that k7 = T', we deduce

S
k=1

w [ [ . tosm0.2) V) e < T [ [y (0,2) 10806, ) (0) b

-----

+ CTe"T.

Next, we recall the classical inequality |slog s|xo<s<1 < sw + Ce /2 (for all w) with w =

6 + |x|>. We deduce:

/ / n,log, (n;)V(0) df dx
Rd JO
g/ / nTlog(nT)V(H)dequ/ / ((0—}—|x|2)n7—|—06_(9+|x‘2)/2> V(6) do d,
R4 JO R4 JO

and so (3.27) implies
/ / n,log, (n;)V(0)df dx < / / n,log(n,)V(0)do dx + C(T) (3.32)
R< JO R4 JO

for all ¢ € [0, 7] and the result follows.

]

Proof of Lemma 3.2.7. Multiplying (3.12) by V (6)(log(nx+1) + 1) and integrating with respect to ¢
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and x yields:

/ / (ngs1 — nk+%)(log(nk+1) + 1)V (0)didr+ 7 | Vpeir- Vpgprde =0,
rd Jo

R4

and so the convexity of s — slog s and the definition of p(p) gives

/ / N1 log(ng1)V(0) dO de+— / IV (prsr)™? ) dx < / / Ny log(ny,, 1) V(0)df du.
Re JO m Jrd Rd JO

(3.33)

Similarly, multiplying (3.11) by V(@)(log(nk+%) + 1), we get

/]R{d/ (g1 — i) (log(nyy 1) + 1)V (0) df da
= —7'/ / Op(nyy1 log(ny,,1))V(0) df de — 7'/ / v(0, pr) nyy 1 (log(ng, 1) + 1)V (0) d dx
& Jo 2 2 R 2 2
< 7'/ 1y,41(0, %) log(ry ;.1 (0, ) da:—l—T/ / (st log(ny, 1 1))V'(0) db dx
Rd

—7'/ / v(0, py) Mpyd log(nk+1)V(9) df dx.
R Jo

Using the convexity of s — slog s again, we deduce

/ / nk+110g(nk+1)V(0)d0dx—/ / ny log(ng )V (0) dO dx
Rd Jo ? ? Rd Jo

<: / B3 (0,2) 108 (g 4 (0,2))V(0) da

" T/]Rd/ nk+1 log( Mgyl )V'(0) — v(0,p)V(0)] df da.

The first term can be bounded using the monotonicity of s — slog, s and the fact that n;, 1 (0, z)

Cpi(x) which is bounded in L' N L>°(R?) (by a constant depending only on T'). For the second term,
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we use the fact that |V'(0) — v(0,px)V (0)| < CV(0) and get:

/Rd/() Moyl log(nk+%)V(9) dex—/Rd/o ny log(ng)V (0) dO dx

<Cr+ CT/ / ‘nkJr; IOg(nkJr;))‘ V(0)df dz,
R 0 2 2

and we can proceed as in (3.32) (we combine (3.28) and (3.29) to get the required bound on the

moments of n; 1 ) to get:

/ / ng 2 log(ng, 1 )V(0) d6 d — / / ng log(ng )V (6) d6 dx
R Jo ? 2 R Jo

<CriCr / / (g2 log(ny,, 1 )V (8) df d + Cr(1 + CT)F, (3.34)
Rd 0 2 2

which implies (assuming 7 is small enough so that C'7 < 1/2 and ﬁ < (1+C71)):

/ / My log(n, )V (0) dda < (1+ Cr) / / ng log(n)V (6) df dz + C7(1 + C7)F.
R4 Jo R4 JO

(3.35)

We combine this inequality with (3.33) to get (3.31). L]
3.2.4 Weak Convergence of n, and Strong Convergence of p, as 7 — 0

Since n, is bounded in L>=(0,T; L' ((0,00) x R?), Propositions 3.2.5 implies that it converges

up to a subsequence for the narrow topology to n € L>(0,T; M((0,00) x R?). From now on, we
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thus fix a subsequence (still denoted n., for simplicity) such that

T 00 T 0o
/ / / n.(t,0,x)(t,0,x)d0 de dt — / / / n(t,0,z)(t, 0, x)do dz dt (3.36)
0 R2 JO 0 Re Jo

for all ¢ € CP([0,T] x (0,00) x R%). Furthermore 3.2.6 and Dunford Pettis theorem imply that n €
L>(0,T; L*((0,00) x RY) and that the limit (3.36) holds for function 1) € L>([0,T] x (0, 00) x R?).

If we take ¥ (t,6,x) = V(0)(t, z) in (3.36), we deduce (along the same subsequence)

pr(t,x) — p(t,x) = /000 n(t,0,z)V(0) do.

In order to pass to the limit 7 — 0 and derive (3.10), we need to establish the strong convergence

of p; and Vp™ !, A key ingredient for that is the following equation for pj, which we obtain by

T

combining (3.19) and (3.23):

Prt1 — Pr — TAIV o (prg1 VaDrs1) — T€Apry1 = TF; (3.37)
where
Fy(x) = /000 v(0,px)2V (0)ng (0, z) do — /000 V(é’,pk)V(H)nH%(é’, x)do + /000 V’(G)nk%(e, x) db.

We have

|Fi(2)| < Cpr(@) + Cppy 1 (2),

and so F; is bounded in L>°(0, T'; L' N L>=(R?)). We will deduce the following proposition:
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Proposition 3.2.8. Up to another subsequence, p,(t,z) converges strongly to p(t,z) in L*(0,T;

L*(RY)) and almost everywhere in [0, T] x R%,

Proof. First, we will prove the convergence of the piecewise linear function p (¢, z): The bound (3.24)
with ¢ = 2 gives

eVl 20,1 2mayy < C.

(This bound is the main reason we added the regularization eAn). Since p, is the linear interpolation

with the same value as p,, it is easy to check that we also have

eV pll 20, 2maey < C.

Furthermore, we have

0,y = @ = div o (prs1 Vaprsr) + Dppsr +7F,  fort € (kr, (k + 1)7)

and so

10ep7 || 20,7, 1-1 (R < C.

Together with the bound on fﬂg |z|?p, dx (see Proposition 3.2.5), we have all we need to apply Aubin-
Lions and show that {p, },~ is pre-compact in L2(0,T’; L*(R%)): There exists p € L*(0,T; H*(R?))

such that 5, converges (up to a subsequence) to p strongly in L?(0, T'; L*(R)).
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Finally, note that for ¢t € [k, (k + 1)7), we have

t— k1

:OT(ta x) - ﬁT(tv I) = (pk+1 - Pk)

= (t — k7)[div 2 (Prt1VaDrt1) + eApri1 + Fr,

and so

HPT - ﬁTHL?(O,T;H*l(Rd)) <CrT.

It follows that p, converges to p in L*(0,T; H*(R?)) and since p, is bounded in L?(0, T; H'(R?)),
it also converges strongly in L2(0, T'; L*(R?)).

]

Finally, since p, is bounded in L>(0, T, L°(R?)), we deduce the convergence of the pressure

_—_ _m_ . m—1.
Pr = m=iPr

Corollary 3.2.8.1. Along the same subsequence as above, p, converges to p strongly in L ((0, T) x R%)
and so p,(t,x) = =p (t,x)""" converges to p(t,x) = 5p(t, )" " strongly in LP and almost

m
m—1

everywhere in (0,T) x R%

3.2.5 Strong Convergence of Vp, as 7 — 0

The strong convergence of p, allows us to pass to the limit in most terms in the weak formulation
of (3.10) except for the term n,.Vp,. Since n, only converges weakly, we have to show that Vp,

converges strongly. This is proved by using the p, equation (3.37) and its limit:
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First we define the piecewise constant function
F.(t,x) = Fj(x) t € [kr, (k+1)7).
We note that (3.18) implies

Fulz) = /0 (0, )2V (0 (6, ) d6 — /0 0, p)V (O (0. ) db

+/ V'(0)ni (0, z) dO + O(Cpr(x)T)
0
with C' depending on ||V ||oo, ||V'||c0s [|O97 |00 and ||V"|| - We can then write:

F.(t,z) = /OOO v(0,p:)2V(0)n.(t,0,z)d0 — /OOO v(0,p)V(0)n.(t,0,x)d0

+ /OO V'(0)n.(t,0,z)d0 + O(T).

The weak convergence of n, and the strong convergence of p, imply that £ converges weakly in

L?(0,T; L*(RY)) to
Flz) = /0 (0, )2V (O0)n (0, ) db — /0 (0, )V (0)n(0, ) dB + /0 TV 00, 2) do.
Furthermore, we can rewrite equation (3.37) as
Oipr — Ap —eAp, = F,

and passing to the limit 7 — 0 (since p]" — p™) in the sense of distribution, we see that the limit
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p(x,t) solves

op—Ap" —eAp=F (3.38)
in D’((0,T) x R?). This will be the key to proving the following proposition:
Proposition 3.2.9. Up to another subsequence, V p™ =1 converges strongly to V p"~!
Proof. Multiplying (3.37) by p}*~?, and using the convexity of s — s™ — 1, we get

m—1 m—1

pk+1 _ /’flk_1dx_‘_7-/pk+1vzpk+1VpZ’b+_12dl'

m—1

< / (Pr1 — p) P da + 7 / Prs1Vapr Vo da

<r / Fypj 2 de,

which yields
pm 1 pm_ K
K+1 0 )
m—1 m—1 dx+ Z /|prk+1\ dr < kz /kak:-i-l dx,
that is

Tym—1 m—1 — 92 T T
/Pr( ) . Po dI+m—/ /|pr7.|2dl’§/ /FTp:_n_Qd$+O(T)7
m— 1 m—1 m 0 0

so that

—9 T Tmfl m—1 T
im inf /|pr7\2dx§—/udx+ po—dx+/ /Fpm_2dx.
T—0 m Jo m—1 m—1 0

lim inf

We now use the limiting equation for p, (3.38). Multiplying that equation by p™~2 and integrating in
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x and t gives

Tmfl m—1 ) T T
/p( LA d:r:+m—/ /Iprle’:/ /Fpm?dx-
m—1 m—1 m J 0

Together, these two relations imply

—9 (T -2 (T
lim inf 2> /]Vsz|2d:c < / /\pr|2d:c,
0 0

7—0 m m
which in turn means that V,p, converges strongly to V,p in L*(0, T; L*(R?)). O

3.2.6 The Limit 7 — 0: Solutions of (3.10)

Given a smooth test function (¢, §, x), compactly supported in [0, co) x [0, 00) x R?, we multiply

(3.15) by p = (kT,0, x), integrate with respect to = and # and sum over k:

o o0 1
Z T/ / ;(nkﬂ% — M Pk) = Ny 109k + Mies 1 VaDir1r - Voo — EMp1 Do db d
k=0 JRTJO

:_ZT/ 2/ V(Q,pk:)nk(@,x)des%(o)daz—ZT/ / v(0, pi) nyy 101 dO de,
—o YR JO " Jra Jo 1

and writing > 7~ np19k — ek = 9 pey Mk(Pr—1 — Yx) — Nogo, we deduce:

/ / / —Nn,0p — NOptp + N Vepr - Ve df — enApp dr dt
o JrdJo
= — / 2/ v(0,p:)n.(t,0,x)d0p(t,0,x)drdt
0o Jrd

0

- / / v(0,p;) nrpdfdedt + O(T),
0o JriJo
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where 7. is the piecewise constant function equal to 7,1 on the interval kT, (k+ 1)7).

We note (see (3.28) and (3.35)) that My 1 satisfies the same bounds on ny so that n,(¢,0, x)
converges weakly in L*(0, T'; L*((0, 00) x R?) as well (up to another subsequence) and (3.18) implies
that this limit must be n(t, §, x) (and therefore that the original subsequence converges).

We can thus pass to the limit in all the terms. For the diffusion term, we have to write

/ // nTprT-ngodexdt:/ // NV dd - Vop, da dt,
0 R4 JO 0 Re JO

and note that [;° n.V,¢ df converges weakly in L2(0, T; L*(R%)) to [ nV,¢ df in order to pass to
the limit in that term (using the fact that V. p, converges strongly).

We deduce that n(t, 8, z) is a weak solution of (3.10) in the sense that

/ / / —ndyp —ndpp +nV,p - Ve dd —enA,pdx dt
o JraJo

:—/ /2/ U(Q,p)n(t,Q,x)d@gp(t,(),x)da:dt—/ // v(0,p) npd dx dt.
o Jre Jo o JriJo

3.2.7 The Limit ¢ — 0: Proof of Theorem 3.2.1

(3.39)

From now on, we denote by n.(¢, 0, x) the solution of (3.10) constructed in the previous section
and by p.(t, x) the corresponding volume density. We saw that n., p. satisfies (3.39) and we now need

to pass to the limit e — 0.

Much of the arguments are similar to the limit 7 — 0. Indeed, Proposition 3.2.4 implies that p.

is bounded in L>(0, T'; L4(R%)) for all ¢ € [1, o0] and by passing to the limit 7 — 0 in (3.24), (3.27)
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and (3.30), we easily get the following bounds (uniform in ¢):

m+qg—1

IVpe * H%Q(O,T;LQ(Rd)) <y Vg >1, (3.40)
sup / / (|z]* + O)n.(t,0,2)do dx < C, (3.41)
tefo,7] Jre Jo
/ / |n.logn.| dedf < C. (3.42)
R Jo

In particular, we can proceed as Section 3.2.4 to prove the existence of a subsequence ¢ — 0 along

which

T o0 T %)
/ / / ne(t, 0, ) (t,0,z)d0 dx dt — / / / n(t,0,z)Y(t, 0, x)d0 dx dt
o JraJo o JraJo

for all v € L>°([0,T] x (0,00) x R?) and

po(tx) — plt, z) = /0 (0. 2)V (6) do.

The main difference is in the way we prove the strong convergence of p., since in the proof of
Proposition 3.2.8, we used the bound on Vp, which was not uniform in <. Instead, we will use (3.40)
to prove the strong convergence of p? for s large enough (the argument below does not appear to work
with the time approximation, which is the reason we had to introduce the regularization £ > 0 in the

system):

Proposition 3.2.10. The sequence p™*2 is precompact in L*(0,T; L?*(R?)).

£

We immediately note that this implies the existence of a subsequence along which p”*2 con-
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verges strongly in L? and almost everywhere. This implies the convergence almost everywhere of p.
and the uniform bounds in L>(0,T; L9(R%)) implies that p. converges strongly in L?(0, T’; LY(R%))
forall ¢ € [1,00).

We can then prove the strong convergence of Vp. = %Vp;”_l as in Proposition 3.2.9 and

pass to the limit in (3.39) to get (3.9) and complete the proof of Theorem 3.2.1.

Proof of Proposition 3.2.10. Taking ¢ = m + 5 in (3.40) implies that p™2 is bounded in L*(0,T’;

H'(R?)). Furthermore, we recall that p. solves (see (3.38))
Oipe — Apt —elAp. = F,

with F. bounded in L?(0,T; L?(R%)) and so

1 m

To show that the right-hand-side is bounded, we rewrite
pr AP = div (pI V) = VIt vl

and

1 2(m+1 2

+1A _ m+-1 m—+1 — A m+2 ‘ Pe
pe = div (p Vpe) = VP Vpe = ——— T (m Vpe?

Since (3.40) implies that Vp? is bounded in L?(0,T; L*(R?)) for all s > Z, we see that these two

terms are bounded in L2(0,T; H~*(R?)) + L*(0, T'; L' (R?)).
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We have thus shown that p™*2 is bounded in L%(0,T; H*(R%)) and that 9;p™*? is bounded in
L2(0,T; HY(R?)) + LY(0,T; L}(R%)). Together with (3.41), this is enough to apply Aubin-Lions

lemma to prove that p”2 is precompact in L?(0,T; L?(R%)). O

3.3 Numerical Results

In this section, several numerical results for the equation (3.1) are presented. These are not my
work, but are the work of my collaborators in [43], and are included to give the reader a visual of the
age-distribution throughout tumor growth.

In Figure 3.1, the total density p(t,z) = [~ V(0)n(t,0,x)d0 is pictured at time steps ¢ =
0,10, 20,40, and 50. This figure demonstrates that solutions with asymmetric initial data will con-
verge to a disk shape as ¢ increases, as is expected for porous medium equations [69]. In addition, it
demonstrates that the cell density is highest near the center of the tumor, and decreases to the edge.

In Figure 3.2, the density of cells of age § = 0 (“new borns”) throughout the tumor is shown
att = 15, 30,40, and 50. It can be seen that most of the cell division occurs in an annulus near, but
not at, the tumor boundary. This is consistent with experimental observations, e.g., [65,71]. This
demonstrates that very little cell division occurs in the center of the tumor. Further, the presence of
“surfing cells” can be seen at the tumor boundary. These are cells that are not proliferating but are
pushed outward by the proliferation of internal cells, another process that has been experimentally

observed [24].

In Figure 3.3, the average age of the cells,

Jo" 0n(t,0,x)do
fo n(t,0,x)do’

O(t,x) :== (3.43)
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p (t=0) L0 p(t=10) 10 o (t=20) 10
0.8 0.8 0.8
| 0.6 | 0.6 I 0.6
| ; 0.4 | 0.4 1 0.4
| 0.2 | 0.2 I 0.2
| | | 0.0 | | | 0.0 | | | 0.0

p (t=40) o p (t=50) Lo

0.8 0.8

| 0.6 | 0.6

| 0.4 | 0.4

| 0.2 | 0.2

| | | 0.0 | | | 0.0

Figure 3.1: The density x — p(t, z) for a 2-dimensional tumor at various times. The initial
data (top left plot) is not radially symmetric, but the shape of the tumor converges to a disk
as t increases.
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New borns (t= 40.00)
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New borns (t= 30.00)

New borns (t= 50.00)

0.035
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0.005

0.000

0.035
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0.015

0.010

0.005

0.000

Figure 3.2: Number of mitosis events inside the tumor at various stages. The highest
concentration of mitosis events can be found in an annulus which has constant width and

stays at some positive distance from the edge of the tumor.
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is shown at times ¢t = 0, 20, 40, and 50. One can observe that the average age in the center of the tumor
is highest, and the lowest average age is in an annulus near the boundary, consistent with Figure 3.2.
In Figure 3.4, the density of cells of maximum age is shown throughout the tumor at times
t = 20, 30,40, and 50. It can be seen that the cells of maximum age accumulate in the center of the
tumor. As time goes on, this “necrotic core” becomes larger. This formation of a necrotic core is

consistent with experimental findings, e.g., [12,73].
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Average age (t= 0.00) Average age (t= 20.00) 16

5.6 | 14
5.4 12
i 10
5.2
: 8
5.0 | 6
T T T T T T T T 4
4.8
Average age (t= 40.00) Average age (t= 50.00)
18 E 18
16 T 16
14 1 14
12 1 12
10 10
8 | 8
6 i 6
T T T T 4 T T T T 4

Figure 3.3: Average age ©(t, z) of the cells across the tumor at various stages. The lowest
average age (light yellow) is found in a ring that has constant width and stays at some
positive distance from the edge of the tumor.
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t= 20.00

0.8

0.6

0.4
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0.0
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0.8
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0.4

0.2

0.0

t= 30.00

t= 50.00

0.8

0.6

0.4

0.2

0.0

0.0

Figure 3.4: The spatial distribution of the cells of the maximum numerical age 0,,,, = 20
shows an accumulation of old cells in the core of the tumor (necrotic core).
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Chapter 4: Incompressible Limit

In this chapter, the convergence of solutions of (1.4) to a limit as m — oo is proved. It is shown
that the limit solves a Hele-Shaw free boundary problem and satisfies a complementarity formula. The
content in this chapter can be found in [70].

Recall the definition of pressure, p(t, z) = —=p(t, x)™ ', where p(t, z) = [ V(0)n(t,0,z) df.
Heuristically, it can be observed that as m — oo, p blows up when p > 1, and approaches zero when
p < 1. Therefore, the limit m — oo enforces the condition that p < 1. This means that volume density
cannot be greater than 1, meaning that cells cannot be compressed, hence the name, “incompressible
limit”.

The convergence of (1.4) to an incompressible limit was motivated by the convergence of the
structured model (2.8) to an incompressible limit, proved by David in [18]. In this chapter, we follow
the outline of David’s proof. The main point where our proof diverges from David’s is in establishing
the strong convergence of Vp,,. In the age-structured case, the addition of the transport term in 6
means that § cannot be treated as a parameter, as y could. Another difference is that 6 € [0, 00),
an unbounded domain, rather than y € [0, 1]. These differences cause a challenge in proving strong
convergence. The key to overcoming this obstacle is to show that n,, is compactly supported in z

and 6, uniformly in m. Additionally, this work extends David’s by incorporating an age-dependent

volume, meaning p depends not only on the number of cells (p(t,z) = fol n(t,y, ) dy in (2.8)), but
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instead on the volume they take up (p(x) = [° V(0)n(t, 6, z) df in (1.4)).

4.1 Definitions and Notations

In this chapter, we consider (1.4) with the same assumptions that were made in Chapter 1,
precisely, assume (1.5) and (1.6). We begin by presenting the equation that describes the evolution

of the density, p. Multiplying (1.4) by V() and integrating in 6 yields the following equation for p:

Oup — div(p¥p) = [ n(r(p)[V'(6) + (2V(0) = V(6)w(6,p)] — u(0)V (6) ) b,

p(0,) = polir) = J;= V(0)no(0, ) d6

For simplicity of notation, we define

F(0,p) == r(p)[V'(0) + (2V(0) = V(60))v (0, p)] — n()V (), (4.1)
so the equation for p becomes

O — div(pVp) = [ n(t,0,2)F(0,p) db tel0,7T], r € R?
4.2)

p(0,2) = po(z) = [°V(0)no(0, ) db r € R

0

From assumptions (1.5) and (1.6) on r and v, the function F'(-,p) < 0 for p > py;. We highlight
two particular cases of F'(#,p) that have different biological meanings and result in very different

dynamics.
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Case 1: Consider cells that have constant volume, that is, V() = V}, for all # > 0. Then,

F(0,p) = Vor(p)v(0,p) — n(0)Va,

and it is apparent that tumor growth is driven primarily by cell division. If we assume further that
v(0,p) = v(p), and u(f) = po, the equation on p exactly recovers the original porous media tumor
growth model, (1.1), with F'(p) = r(p)v(p)Vo — o Vo.

Case 2: Consider cells with age-dependent volume, and assume that mitosis is volume preserv-
ing, that is, the total size of two daughter cells is equal to the size of the parent cell. This can be done

by imposing that

for all & > 0. In this case,
F(0,p) = r(p)V'(0) — u(0)V(0).
It can be seen that tumor growth is now driven by the increase in volume of individual cells prior to

cell division, as opposed to being driven by cell division, as it was in Case 1.

4.1.1 Outline of the Chapter

In Section 4.2, we will discuss assumptions and state the main results of the chapter. In Section
4.3, we prove the convergence to an incompressible limit and the complementarity formula for the

limit.
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4.2 Assumptions and Main Results

Given m > 2, we consider n,,, a weak solution of the following boundary value problem (a

precise definition of a weak solution is given by (3.9)).

p

atnm + T(pm)aGHm - le(nmva) — _T(pm)y(eapm)nm - :u(0>nm te (07T]7 S (07 OO), S Rdv
N (8,0, ) = 2 [ (0, ) (8,0, ) d6 te (0,7], x € RY,

Pt ) = P p(t, )™, te[0,T],z € RY,

nm (0,0, 1) = ng (0, ) 0 € (0,00), x € R%
\

4.3)

We make the following assumptions on the various parameters of the problem:

0 < (8) < fimass  10(0)] < C, (4.4)

0<r(p) <Tmas, 7'(p) <0, 7r(pm)=0, (4.5)

v € C([0,00) x [0,pa]), 0 < w(0,p) < C, O (0,p) <0, [9pv(0,p)] < C, v(0,par) =0, (4.6)

and

Vel [0,00)), 0<V(@)<C, |V'|<C, and Vy:=V(0)<V(0) <C, (4.7
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for constants finaz, Tmaz, P, Vo > 0, and various constants all called C' > 0. Multiplying (4.3) by

V() and integrating in 6 yields that p,, (¢, ) = [*

SV (O)ny(t, 0, x) db solves

pm — div(p Vom) =[5 nmF (6, pm) db te0,T], » € R?
4.8)

pm(0,2) = pom(z) = fooo V(0)ngm(6,x)do z € R,

where F' is defined by (4.1). We make the following assumptions on the initial data. Assume that

nom € L'NLlog L((0,00)xRY),  (|z|*+0)ngm € L'((0,00)xRY), 0 < pgm < (

where the bounds are independent of m. Assume there exists ng € L([0,00) x R?) such that

[170,m — 10| L1 ([0,00) xrE) —— 0. (4.10)

m— 00

In this chapter, we show that, up to a subsequence, for all 7" > 0, as m — 00, Ny, Pm, and p,,

converge to limits 7., poo, and po, solving the following equation:

(

OMoo 4 7(Poo)FgNoo — div(noo VDo) = =7 (Poo)V (0, Poo ) oo — 11(0) N,

Noo(t,0,2) = 2 [[° v(0, pso)noo(t, 6, x) d6),
4.11)

Poo € Poo(pc),

Neo(0,60,2) = no(0, ),

\
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in D'([0,T] x (0,00) x R?), where
Pty ) = / V(O (b, 0, 2)d6), 4.12)
0

and P, (p) denotes the Hele-Shaw graph,

0, 0<p<1,
Py(p) = (4.13)
[0, 00), p=1
Further, p., solves
ipos — AP = ;" NocF (0, poc)) dO in D'([0,T] x RY),

(4.14)
Poo(0,) = po(x) = fooo V(0)no(0, ) df.

We now state the two main convergence results.

Theorem 4.2.1 (Weak Free-Boundary Limit). Let (n,,, Pm, pm) be a weak solution of (4.3), under the
assumptions (4.4), (4.5), (4.6), and (4.7). Assume that the initial data satisfies (4.9)-(4.10). Further,
assume that n,y, is compactly supported in x and 0, uniformly in m. Then, up to a subsequence,
as m — oo, for all T > 0, p,, converges strongly in L*([0,T] x R?), p,, converges weakly in
L>=(0,T; L1(R%)) and n,, converges weakly-* in L>=(0,T; L1(R%; L1(]0,00)))), for all ¢ € [1,00),

10 limits Poo, Poo, Moo Satisfying (4.11).

Remark 4.2.2. In Theorem 4.2.1, n,, converges weakly-* in L>(0,T; L4(R?); L*([0,00))). This
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means that for any ¢ € L'(0,T; LY (R% L>([0,0))), up to a subsequence,

T [e%S) T %)
/ / / N (8,0, 2)p(t, 0, )d0dzdt — / / / Neo(t, 0, 2)p(t, 0, x)dOdxdt,
0 R2 JO 0 Re Jo

for some ny, € L>(0,T; L4(R%; L1([0, 0))).

Theorem 4.2.3 (Complementarity Formula). The limits p.o, N satisfy the relation
Poo (Apoo + / Noo (F(0,ps0) — p(0)V (6)) d@) =0inD'([0,T] x RY). (4.15)
0

These results will be proved in Section 4.3 using several lemmas that establish the convergence

of Dy P, and Ny,

4.3 Incompressible Limit Proof

In order to prove Theorems 4.2.1 and 4.2.3, we will prove several lemmas which establish a
priori bounds on p,,, p,, and n,,.

We begin by remarking that p,,, solves

m—l m—2

Pm) ™ / N (6, ppn) db), (4.16)
0

Oipm = (M — 1)prnApy, + [Vpp|> + m( -

and by recalling the definition of F, (4.1), and the assumptions on V" and v, it holds that F'(6,p) <

Cr(p), for a constant C' independent of m. Then,

Opm < (M = 1)ppApm + [Vom|” + C(m — 1)pmr(pm)- (4.17)
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Lemma 4.3.1. Assume that po, > 0 and —2=pi'- ' < par. Then p,, and p,, are bounded in L= ([0, T

X Rd) uniformly in m, that is, for every m > 3,

—1
0<pm<pyand0 < p,, < (mm pM)l/(m_l) = pm.m < max{py, 1}.

Proof. From the assumptions made on V, 7, 11, and v, we have that |F' (0, p,,)| < C for a constant C'
only depending on the bounds of V, r, 11, and v. From (4.16) and (4.17), the assumptions on py ,,, and
the fact that r(py;) = 0, 0 is a subsolution and p,, is a supersolution of (4.16). By the comparison
principle, the desired bound on p,, holds, i.e., 0 < p,, < pys. The desired bound on p,,, then follows

from the definition of p,,. [

Lemma 4.3.2. Assuming py,, € L'(RY), bounded uniformly in m, then py,, p., are bounded in
L>(0,T; L*(RY)) uniformly in m, and n,, is bounded in L°°(0,T; L*([0,00) x R%)) uniformly in

m.

Proof. Integrating (4.8) with respect to z,

K pm(t,x)dx:/ / N F (0, D) dOdz
dt Rd Rd JO

< 0/ pm(t, T) dz,
Rd

for a C' depending only on the bounds of V, V' v, and r, from the definition of . By Gronwall’s
inequality,

[ mtyde < e [ o) de,
R

R4

and so
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sup / pm(t, ) dedt < C(T).
Rd

te[0,7

For the bound on p,,,,

pm) m-1,

SO

—1 m—2 m=2 ~
[ pmie < PPN [ ) dn < 0ot [
Rd m R4

for C depending only on p,;, and so,

For the bound on n,,,,

o 1 o
sup / / N (t, 0, ) dedd < sup —/ / V(0)n,,(t,0,x)dxdd
1J0 R4 0Jo R4

telo, T tel0,7 1%
1

= Sup — pm(t7$) dx
tefo,r] Vo Jra

< (7).

Lemma 4.3.3. For any q¢ > 1, p,, is bounded in L°°(0,T; L4(R?)).
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Proof. By multiplying (4.8) by p?~! and integrating in z yields,

d
— | Pl de+ma(q - 1)/ P TN | i < Cq/ Pl da. (4.18)
dt R4 R4 R4

By Gronwall’s inequality and the non-negativity of p,,,

/ pl dx < ecqt/ P6,m AT
Rd Rd

]

Remark 4.3.4. It is clear from the proofs of the previous two lemmas that p,,, pn,, and pl., q > 1, are

also bounded in L* ([0, T] x RY).

We now state two lemmas that demonstrate the compact support of solutions in both space = and
age 0. Although we are working on unbounded domains R? in space and [0, co) in age, after showing
that solutions have compact support, we can restrict our argument to bounded domains. The compact
support in space is due to the assumptions that py ,, is compactly supported uniformly in m, and the
finite speed of propagation of porous medium equations [69]. The compact support in age is due to

the assumption that ng ,, is compactly supported in ¢ uniformly in m.

Lemma 4.3.5 ( [61], Lemma 2.6). Assume that py ,, is compactly supported uniformly in m, that is,
the supports of po m, for all m are contained in a ball Bg. Then for all T' > 0, there exists a constant
Cr, depending only on T and R, such that for any |x| > Cp, p,(t,x) = 0 for all m > 2 and for all

t e [0,77.
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Proof. From (4.8), we have that

Otpm — div (P Vpm) < Cpp,

where C'is a constant depending only on the bounds on v, , V and V. It holds that p,), is a subsolution
of the equation considered in [61], so by Lemma 2.6 in that work, the solutions p,, are compactly

supported in space, uniformly in m. [

Lemma 4.3.6. Assume that ng,, is compactly supported in 0 uniformly in m, that is, there exists
Oin, > 0 such that for all m > 2, ng,,,(0,x) = 0 for all @ > 0,,. Then, for all T > 0, n,,(t,0,x) =0

forany 0 > 0i, + 1T, for allm > 2 and for all t € [0,T), x € R4

Proof. We have that for all m,

/ / no,m(0, x)dfdx = 0. (4.19)
Rd ein

Consider

Ppm(t, ) = / Ny (t, 0, x)do,
0

intTmazt

where 7,4, s the maximum value of 7(p) (see (4.5)). Then fRd Pm (0, z) dx = 0 from (4.19). Integrat-
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ing in = and taking the derivative in ¢,

8t/ Pmdr = 8t/ / m(t, 0, x)d0dz
R4 Rd 1n+'ﬁna¢t

:/ / 8tnm(t,6,x)d6dx—/ N (E, Oin + Trnaaty ) Tmazdx
R4 9in+"'mamt Rd

< / / =7 (P ) Ognim + Aiv (1, VD1 )dO — 1 (t, i, + Traat, T)Tmaed
R4 int+Tmaxzt

= /d(r(pm) 7nma:z:)nm(t em + Tmazt, ) + div (pmme)d
R

<0

Y

meaning that [, pn, (¢, 2)dz = 0 for all t > 0. It follows directly that

/ / N (t, 2, 0) df dx = 0,
Re S 0,47 mae T

for all ¢ > 0 and for all m. OJ

Next, we will prove some bounds of p,,, and p,,, that will provide weak convergence.

Lemma 4.3.7. Assume py,, € L'(R?). For m > 3, p,, is bounded in L*(0,T; H'(R?)) and 0,p,, is
bounded in L*(0,T; H-Y(R?)), uniformly in m. Further, by defining v,, = p, Vv, is bounded in

L%([0,T) x RY) uniformly in m.

Proof. Taking ¢ = m — 1in (4.18), yields

d

g7 pmdw+ —2) / IVpn?dx < C(m —1)/ Pm dx.

Rd
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Then, integrating from 0 to 7',

T T
/ pm(T, ) dx — / Pm(0,2) dz + (m — 2)/ |Vp|* dedt < C(m — 1)/ / Pm dxdt,
R Rd 0 Jrd 0o Jre

and by the non-negativity of p,,,

r m—1 [T 1
/ \Vp|? dedt < C—/ / pm dzdt + —— | pn(0, ) dz,
0 Rd m — 2 0 Rd m — 2 R4

so from the L! bounds on p,, and py.,, it holds that p,, € L*(0,T; H*(R?)). It follows that d;p,, €
L*(0,T; H~'(R%)). Finally,

VU = pmVpm € L*([0,T] x RY).

Remark 4.3.8. Recall that

o0 1
/ 1 (£,0,2)[d0 < 2 po(t, ),
0 Vo

so from the bounds on p,, , it holds that [ 1y, (-, 0, -)d0 is bounded uniformly in m in L>(0, T; LY(R%))
for all ¢ € [1,00]. It follows that n,, converges weakly-* in L*°(0,T; LY(R% M([0,0)))), for all
q € [1, 0], where M is the space of radon measures, in the following sense:

For any o € L1(0,T; LY (R%; C°([0, 00)))),

T 00 T o0
/ / / N (8,0, 2)p(t, 0, x)d0dedt — / / / Neo(t, 0, 2)p(t, 0, x)dOdxdt,
0o JriJo o JraJo

for ne € L®(0,T; LY(R% M([0,00)))).
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We will show in Lemma 4.3.14 that a stronger result holds, and in fact, n,,, converges weakly-* in
L>=(0,T; LY(R% L'([0,00)))), meaning that n, is a function which is L' in 6, not merely a measure.
From the above lemmas, it follows that there exist limit functions p., Poo, Voo, 1o SUch that, up

to a subsequence:

Pm — Poo Weakly-* in L>=(0,T; L4(R%)) for all ¢ € [1, o0,

Pm — Doo Weakly-* in L>(0, T'; LY(R%)) for all ¢ € [1, oo,

N — Moo Weakly-* in L°°(0, T'; LY(R%; M([0, 00)))), forall ¢ € [1, 00,
VPm — Vs weakly in L2([0,T] x R?),

Vv, — Vs, weakly in L2([0, T x R9),

U — Voo weakly in (0, T'; L2(RY)).

\

Lemma 4.3.9. The limit functions poo, Moo Satisfy

Poo(t, ) = /000 V(0)no(t,0,x)do

almost everywhere.

Proof. This follows from the fact that p, (¢, z) = [;°

o V(0)nn,(t,0,2)do, the weak-* convergences of

pm and n,,, and Lemma 4.3.6. ]

Remark that (4.8), the equation on p,,, can be re-written as

Otpm — Avy,, = / N F' (0, pp ) dO. (4.20)
0
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Using the convergences listed above, we are able to show that the left-hand side of equation (4.8) can
be passed to the limit. However, to pass to the limit on the right-hand side, strong convergence in p,,
is required (because of the non-linearity F'). As such, we are only able to show so far that the right

hand side converges to some L*° function, H .. This is outlined in the following lemma.

Lemma 4.3.10 ( [18], Corollary 4.5). The limit functions satisfy 0 < po < 1, 0 < Do < pur,
Voo = Do, aNd poo(1 — pos) = 0 almost everywhere in [0, T] x RY. The limit functions, peo, peo SAtiSfy

P € L0, T; HY(RY)), Oipoe € L*(0,T; H-*(R?)), and solve
0P — ADoo = Hoo (4.21)

in D'([0,T] x RY), for some Hoo(t, ) € L=([0,T] x R?), where H, is the weak-* limit in L™ of

I8 M (F (0, pm) — (6)V (6))dlf.

Proof. The bounds on p., and p,, follow from the L>° bounds on p,,, and p,,. To show that p., = Poo oo
almost everywhere, consider v,, = p\ = mT_lpmpm. From Lemma 4.3.3, we have that p,,,, p,, €
L>(0,T; L?(R%)) with weak L? limits ps., poo. Further, from Lemma 4.3.7, 0;p,, € L*(0,T; H*(R?)),
and p,, € L*(0,T; H*(R%)). By the compensated compactness theorem ( [18], Appendix A), up to a

subsequence,

T T m—1 T
lim / / Ump dxdt = lim / / ——— PmPmp drdt = / / PooPootp dzdt,
m—o0 [ R m—o0 J Rd M 0 R4

for all ¢ € C(0,T; CY(R?)). But since v,, — v in L*°(0,T; L?(R?)), by uniqueness of the weak

limit, v, = pPooPoso almost everywhere.
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Further, since z — x =T is convex, by weak lower-semicontinuity, we can show that

To see this, define U,,(z) = 2=Lzm1, and define ¢5(z) = max{x — §,0}. Notice that 15 is convex

and vs(x) < W, (x) for large m. Then, by lower-semicontinuity of s,

U5(Poo) < liminf ¥s(py,) < liminf ¥, (p,,) = liminf v, = v4.
m—0o0 m—r0o0

m—r 00

Taking 0 — 0, we have p,, < v.,. At the same time, because p,, < 1, it holds that

Voo = PooPoo < Poos

meaning that p,, = v. From here, we conclude that p., = poopoo a.e. In particular, this proves that
Doo Satisfies (4.13).

To show (4.21), using the weak-* L>([0, T] x R?) convergence of p,, and the weak L?([0, T'| x
R?) convergence of Vuv,,, the left hand side of (4.20) can be passed to the weak-* limit. On the right

hand side, recall that

/ non (60, pr) 40 < Cipr.
0

so this term is bounded in L>([0, T'] x R¢), and converges weakly-* to some limit H, in L>°([0, T] x

RY). 0

What remains is to identify the function H ., and pass to the limit in the equation on n,,, (4.3).

In order to do so, strong convergence is required in both p,, (to pass to the limit in the reaction term
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to identify H,,) and Vp,, (to pass to the limit in div(n,,Vp,,)). It is easier to first show that Vu,,
converges strongly to Vv, and because v, = P, the strong convergence of p,,, and Vp,, will follow
easily.

The proof of the following lemma follows the structure of Lemma 4.6 in [18]. Some parts of the
proof are identical, but are included for completion. The main difference in our case appears due to the
transport in 6, which means that it cannot be treated as a parameter. Because of this, the compensated

compactness theorem cannot be directly applied, as it could in [18].
Lemma 4.3.11. Up to a subsequence, as m — oo, Vv, — Vuy, strongly in L*((0,T) x RY).

Proof. To show the strong convergence of Vv,,,

T T
lim sup/ [V (U — Voo)|? dzdt = lim sup/ VU - V(U — Uso)
0o Jre 0o Jre

m—ro0 m—ro0

— Voo + V(U — Uso) dazdt

T
< lim sup/ Vg - V(U — V) dadt,
0o Jrd

m—r0o0

because V (v, — Vo) — 0 weakly in L2([0, 7] x R?). Testing (4.20) against v,,, — V0,

/ Ot (U, — Vo) d + Vg - V(v — ) dx = /
Rd

Rd

(U —voo)/ N (6, pr) dOdx.
0

R4

Rearranging,

m—0o0 m—o0

T T 00
lim sup/ Vg - V(U — Vo) dzdt = lim sup/ / (U — Voo) / F (0, ppm)n, dddx
0 R4 0 Rd 0
T

+ lim sup(— / 01 pm (Vm — Vo) dzdt).
0 Jrd

m—r0o0
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Notice that

1
o . m:_a m—+1
tPmU m-+1 (pm )7

SO

T
lim sup(— Oy Py U dzdt) = lim sup(—— L dadt
m—)oop( /() Rd tw ) m—>oop / /Rd m + 1 )

/ om0, 2) — PN (T, 2) de

= lim su

=0,
since p™*1(T) and p*1(0) are bounded in L!(R?) uniformly in m. Then,

T T 00
lim sup/ Vg - V(U — Vo) dzdt = lim sup/ / (U — Uso) / F (0, pm)n,, dddx
0 Rd Rd 0

m—r0o0 m—0o0

T
+ lim sup / 3t PmVso dxdt

m—00

= lim sup/ / — Voo / (F(0,pm) — F(0, pso) ), dOdxdt (4.22)
R4

m—00

+hmsup/ / / F(0, poo) N dfdxdt (4.23)
m—00 R4 0

+ / OrPocVoo dxdt, (4.24)
0 JRd

using the fact that d;p,, is bounded in L*(0, T; H 1(R%)) to get (4.24).
To conclude the lemma, it remains to show that all three terms (4.22), (4.23), (4.24) are zero.
The proofs of (4.22) and (4.24) follow closely the proof in [18]. The proof of (4.23) is the main dif-

ference between this proof and the one in [18], and requires a generalized version of the compensated

80



compactness theorem.

Proof that (4.22) equals zero. We have:

T/Rd /OOO(F( D) — F(0,1o0) )i (v — vo0) dOddt

c\
e
i)
3

T 0o m — 1
= / / (F(Q,pm) - F(‘gupoo))nm(pm(—pm — 1) + Dm — poo) dOdzdt
0 R4 JO m

= /0 /Rd /W<F(9=pm) - F(eapoo))nm(pm(mT_lpm — 1)) dbdzd. (4.25)

In the above calculation, the first line comes from the definition of v,,, and the fact that p., = v,.. The

second line comes from the fact that F'(, p) is nonincreasing in p so (F(0,p,,) — F(0,px))(Pm —

Poo) < 0. Then, for a fixed & > 0,

/OT /R /Ooo(vapm) - F<9,poo))nm(pm(m7_1pm — 1)) dodwdt
N //pmgl_s /OOO<F(9’pm) — F(0,po0))10m O (pi ™" (P — %)) dzdt
" //pm>1_a /OOO(F (0,1m) — F(0,900) 1 A0 " pr — 1)) divclt.

m

For the first term,

// /OW<F<97pm> — F(8,p0)) 1t A0 (o — ———)) ddt

m—1

< Cpu(l—g)™t // Pm + T et
m<1l—¢

m—1

< C(T)(1—¢e)mb),
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using the bound on F in the first inequality, and the L'((0,7) x R¢) bound on p,,, and the compact

support of p,, in the second inequality. Also,

//,Wl ) /OOO(F (0 pm) = F(0, poc))rim de(pm<m7_1pm — 1)) dadt

—1
,Um>1—<5 m

1
< C(T) sup |Tpm -1,

pm>1l—e

using the L'([0, 7] x R?) bound on py,. To bound sup, -, .|"==p,,

em-1 (pM)<1—|——ln(pM)+0( ) and so 2=1p, — 1 < o(-15).
Also, when p,,, — 1 > —¢, mT’lpm —1>—e— %pM. Combining these bounds, for p,, > 1 —¢,

it holds that

lim sup / / / FO, py) —F(G,poo))nm(pm(mT_lpm—1))d9d:cdt
R4

m—ro0

1 1 1
m—1 - ey
) +C(T)max(mpM+ m—l’o(m—l)) 0.

< limsup C(T)(1 — !

m—00 m—1

Proof that (4.23) equals zero. This will be done using an extended version of the proof of the Com-

pensated Compactness Theorem found in Appendix A of [18], and is the main difference between this

82



Lemma and Lemma 4.6 in [18].

For simplicity of notation, define w,,(t, 0, x) = (v, — Vs ) F(6, po ) Recall that w,,, € L*([0, T
x RE WL([0,00))) N L>®(0, 00; L*(0,T; H*(RY))) and w,, — 0 weakly in that space. In what
follows, we will use mollification to obtain a strong convergence, and show that the product w,,n,,

converges. We have

/// m — Voo ) F'(0, Poo )i dOdzdt = /// W N dOdzdt.
R R

Take ¢ (x) = 9 (%), and (, () = £¢(L), where ¢ and  are standard mollifiers.

Then,

T
/// Wy Ny dOdxdt = /// N (Wi, — Wiy, Ve )dOdzdt +
0 R2 JO Rd '
/// — N *t G ) (Wi xwg)dedxdt
Rd
T oo
- / / / (i #t Go) (Wi # 1be)dOddt .
Jo_JRIJO )

m

‘We will show that

T oo
lim sup \/ / / wynmdfdedt| < Cle,0),
m—oo Jo JrdJo

where lim. ,_,o C(e,0) = 0, proving that (4.23) is zero.
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First, consider the term C,,, :

ICon| = |/0T /Rd /000<nm %t Co ) (Wi *4 V2 )dOdzdL|

T 00
= | / / / N Wiy, * Ve x¢ (,dOdzdt|
0o JrdJo

< |wim *2 Ve *¢ Col| oo (j0,17x [0,00) xR | [im || £oo (0,77 xR L1 ([0,00))) -

Thanks to the mollification, for any €, 0 > 0, w,, *, 1 *; (, has bounded derivatives in x and ¢,

S0,

Wy *5 Ve *¢ G € WH(]0,T] x [0,00) x RY).

By Arzela-Ascoli, and using the fact that w,, is compactly supported in all three variables (from
Lemmas 4.3.5, 4.3.6), w,, *, V. *; (, converges uniformly up to a subsequence. Using the fact that
w,, — 0 weakly, it must be that w,, *, ¥. *; (, — 0 uniformly.

Using the fact that n,, is bounded in L>([0, 7] x R%; L*(]0, 0o0)) uniformly in m, it follows that

limsup |C,,,| = 0.

m— 00
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Next, consider the term A,,, :

T 00
[Am| = | / / / T (Wi — Wiy *;. 2 )dOddt]
0 R2 JO

T 00
- !/ / / (/ (W (t,0,x) — wp(t,0,z — ey))w(y)dy)nm(t,H,x)d&dxdﬂ
0 R4 JO Rd
T 00 o
- |/ / / / Vo (t, 0, 2)dz(y)nm(t, 0, 2)dydddzdt]
0 R2 JO R Jz—ey
T 0o 1
0 R2 JO R4
< /]R;d "vxwm"LOO(O’OO;LQ([O’T]XRd))<€’y‘)%w(y)"nm"L‘X’(O,T;Ll([o,oo)xﬂgd))dy
<c [ Ve
R
< OV,

using the fact that w,, € L*®(0,00; L?(0,T; H'(R%))), and n,,, € L>(0,T; L([0,00) x R?), both
uniformly in m. So,

lim sup [ A,,| < OV,

m—00

for a constant C' not depending on m.
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Lastly, consider the term B,

Bal =1 [ [ [ o v s
1 [T ) = e = orc(r1ar) G v s
[ L amatsiascorir) v vodoaaas
[ [ o i) i 0 )

1

T @)V (0, P )12 (5) = (1(0) 11 (5))dsC(T)dT (Wi +y ) dOdzdlt].

For 7, taking the # integral and integrating by parts,

|/OT /Rd /000 /OOO /ttm —1(pm (8, x))Ognm (s, 0, ) (T) (W, x4 Ye)(t, 0, x)dsdTdOdxdt|
1 [T e vt 0.2 atsn) [0,

+ T(pm(S, LE)) / nm<57 97 'r)ae(wm *z ¢E>(t, 6, x)d@]C(T)dsdexdﬂ
0
< (HC(wm *g Ve )T |L°°([0,T]><Rd;L1([0,oo)))
T o)
+ [|C1, O (Wi, 5 wa)\\Lw([o,T]de;Ll([o,oo)))> / / or((T)drdl
0 0
< C’(T)/ or((T)dT
0

< (o,

using that oyw,,, w,, € X o) X ,and n,, € X ; o0))), bounde
ing that Jgwp,, L=([0,T] x [0,00) x R?), and L>([0, T] x R%; L}([0, 00))), bounded
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uniformly in m, and the compact support of solutions. For 77, taking the integral in z,

\/é@/m/m/t&MWNM@M%MMW%M%MMMH
_4—/%L[:/ / (5)V () (1, 50 1) (E)C(7)dsdrdfddt

< /0 /t_w 11 (8)]] oo @ty [V 2 ()| 22 () ||V (Wi % 102) ()| oo (0,001 ety C (7)) drd st

= ¢) /OOO 1ol o0 (t0,71x |V Pl | L2 (10,71x0) [V (W %0 o) || e 0,00522(10,71 xR C (T) VO 7T
gCAmqumh

< CVo,

using that Vp,,, € L2([0,T] x RY), V(wy, *, ¥.) € L*°(0, 00; L*([0,T] x R%)) and n,,, € L>=([0, T] x

R?; L(]0,00))), bounded uniformly in m. For iii,

[ L ronm.m) - @) v veyisardvazas

<o [ oo

< (o,

using that (w,, *, ¥.) € L>®([0,T] x [0,00) x RY) and (r(pm)v (0, pm) — 1(0))nm € L2([0,T] x

R% L'([0,0))), bounded uniformly in m, and the compact support of solutions. So,

limsup |B,,| < Co,

m—0oQ
for a constant C' independent of m.
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Combining A,,, B,,, and C,,, we have

T oo
lim sup ]/ / / W Nmdfdzdt| < limsup [Ay,| + |Bn| + |Cn| < CVe + Co,
o JraJo

m—o0 m—ro0

for constants C' not depending on m. Taking €, — 0, we have that (4.23) is equal to zero.

Proof that (4.24) equals zero. Formally, this should hold because v,, > 0 only when p,, = 1, i.e.,
Oipse = 0. However, because 0;po, is only in L?(0, T'; H~1(IR?)), this needs to be justified. This proof

follows closely from [18], where further details can be found. First, notice that

1 T
-/ /(poo(t—i—a,x)—poo(t,a:))voodmdt
€ 0 Rd

1 T
= —/ / (Poo(t +&,7) — D + (1 — poo(t, @)oo dardt
€ Jo R4
<0
because (1 — poo )V = 0 and po, < 1. Similarly, and

%/ET /Rd(poo(t,ac) — poo(t — €, ) )0 dxdt

1 T
= _/ / (poo(t,x) - 1)“00 + (1 - poo(lf - 5,1‘))'000 dxdt
€ Je R4
>0
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Recall from Lemma 4.3.10 that v, € L*(0,T; H'(RY)) and 0;po, € L*(0,T; H~'(R%)). Then,

T
0= lim/ / (Poo(t + €, ) — poo(t, x))voodxdt
0 Jre

e—0
1
= lim (g(poo(t +6,2) = Poo(t, T), Voo) -1 (), 11 (R AL

e—0 0

T
= / <atpoo(t;x)avoo>H—1(]Rd),H1(Rd)dt
0

T
= / Ot PooVoodxdt.
0o Jrd

Because (4.22), (4.23) and (4.24) are all 0, the proof of the lemma is complete.

Lemma 4.3.12 ( [18], Corollary 4.7). Up to a subsequence, p,, — pso strongly in L*([0,T] x R%).

Proof. From Lemma 4.3.11, and Lemma 4.3.5, and Poincare’s inequality, v,, — v, strongly in

m—1
L%([0,T] x R%). Then since p,, = “Lv," , P — Voo = Poo 88 M — 00, strongly in L%([0, T] x

m

R%). O
Lemma 4.3.13. Up to a subsequence, NV p,, — Vs strongly in L*([0,T] x R?).

Proof. Assume m > 4. First,

m
Voml? = Vo, - V(———=ph2).
[Vl = V- V()
Because Vv, — Vuy strongly in L?([0, 7] x R?), it suffices to show that V(- p™~2) is bounded in

L*([0,T] x R). Once this is shown, it will hold that || Vp,,||z2 — ||VPeo||z2- To see this, notice that

m—2
o pm=2 — Mgy — poo, because v, converges strongly to v, = poo. Since it already is known

that Vp,, — Vp., weakly in L([0,T] x R?), the weak convergence combined with the convergence
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in norm implies that Vp,,, — Vp, strongly in L2([0, T] x R9).

To show the desired L? bound,

|—2VPm I =m Vo]

Then, using (4.18) with ¢ = m — 3,

d

o |, Pm dx +m(m — 3)(m 4)/

=017 p,, > dw < (m — 3)/ P da.
R4

Rd

Multiplying by —5,

Integrating in time,

/T IV ( o ") |2 dxdt < / / “Bdxdt + m / m=30, ) do
E— ua .
o Jea! S —2fm - (m—3)(m —4) Jau'™

m—3

Then, since p 3 = (m=Lp § max{py, 1}, and the compact support of solutions is uniform in
Pm poony U p p pp

m, the right hand side is bounded independent of m. [

Finally, we present a lemma that demonstrates that n,,, log n,, is bounded in L' ([0, c0)) in 6, and
by Dunford-Pettis theorem, this will imply that n., is not a measure, and the sequence n,, converges

in L'([0, 00)) in 6. This lemma is similar to Lemma 4.5 in [43].
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Lemma 4.3.14. The function n,, satisfies the following:

sup / / nm(t,0,2)log, ny,(t, 0, z)dddz < C(T), (4.26)
re Jo

t€[0,T]

for a constant C(T') independent of m, only depending on T and the uniform in m bound on the initial

condition.

Proof. Begin by multiplying (4.3) by (1 + logn,,)V (0) and integrating in 6 and z to get the following

equation:

/ / Oy (ny logng, )V / / 7(pm) g (M log 1y, )V (0)dOdz:
Rd
/ / (0, oY (108 1+ 1YV (8) — 12(8) s (log 1, + 1)V (0)d0dz
R4
— Vom - Vppdx.
Rd

Then, integrating dp(n,, logn,, )V () in 0, recalling that n,, > 0, and noticing that Vp,, - Vp,, =

2 .
= V| > 0, rearranging, we have,

/Rd /Ooo 01 10g 1)V (0)dOd: < /

7(pm)V (0)nm(t, 0, ) log ny,(t, 0, z)dx
Rd

/R d / 108 1 (V' (6) = 7(p )00, D)V (6) — (0)V (6)) B
/ 7(Pm)V (0)n, (8,0, ) log, np (¢, 0, z)dz

/]R d / o 108 11 (V' (8) — 1(p )16, )V (6) — p(8)V (8)) d6dz

Then, because n,,(t,0,z) < Cp,,, for a constant C' depending only on v and V', from the monotonicity
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of s — slog, s,

/ / Oy (ny log )V (0)dode < C pmlog+pmdx+0/ / |12 log 1, [V (0)
R4 Jo Ra R4 JO

gC(T)—i-C/ / |1 log n,, |V (0)dOd,
rd Jo

using the L' N L>*(R¢) bound on p,,, for varying constants C' depending only on v, V, u, r, and the

uniform in m L' and L*> bounds of p,,. Then, notice that |1, log n,y, | can be written as
|1 log Ny | = iy log my, + 2|04, log nm|XO§nm§1.
Using the property |slog s|y,.,., < sCy + C, for arbitrary constants Cy, Cy > 0, we have

/ O¢(nm logny, )V (0)dOdx < C(T) + C'/ / N log n, V (0)dOdx
R Jo Rd JO
Rrd Jo
<C(T) +C/ / Ny log n,, V(0)dOda
R Jo

+ C"nm’|L°°(0,T;L1([O,oo)><]Rd)) + C\Supp nm|

SC’(T)+C// Ny log n,, V (0)dOdx,
R Jo

using the compact support of n,, in 6 and = and the L°°(0,T; L*([0,00) x R?) bound of n,,.

Gronwall’s inequality,

/ / nm log nmdfde < C(T') + C(T)/
R Jo

R

/ no,m log ng mdfde < C(T),
a.Jo
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using the uniform in m bound of ny ,,,. Finally, using again the property |s log S‘Xogsgl < swHCe/2,

we have

N 108, Ny = Ny 108 Ny + [0 108 N o<,

< ny logngy, + (npw + C’e“"/Z),
and using again the compact support of n,,, and the L>(0,T; L*([0, 00) x R?)) bounds of n,,,

/ / N 10g . Ny dfde < C(T),
R Jo

for a constant C'(T") depending only on the uniform bound of the initial data. 0

Proof of Theorem 4.2.1. The equation (4.3) can be written in the weak format

T [e'e)
/ /d / N [= 00 — 1(Pm )00 + Vpm - Vo + 1 (D )V (8, pim) @ + 11(0) ] dfdxdt
0 R 0

[ T oo
:/ / no’m(x,ﬁ)go(o,e,x)dedx%—/ / / 2v(0, pm)nme(t, 0, z) dodxdt, (4.27)
re Jo o JriJo

for any ¢ € C1([0,T] x [0,00) x R?). Since n,, converges weakly in L>(0, T’; L*((0, 00) x R?), p,,
and Vp,, converge strongly in L?([0, 7] x R?), and solutions are compactly supported, all of the above

terms can be passed to the limit, which solves

T o]
/ /d / Noo[=01p — 1(Poo) 060 + Voo * Vip + 1(poc)V (0, poc) ¢ + 11(0) ] dOdzdt
0 R 0

0o T 0
:/ / no(e,x)go(o,g,x)dﬁdx—i—/ / / 20(0, poc)neop(t, 0, ) dodzdt. (4.28)
R Jo 0 R JO
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Further, the equation on p,,, p,, can be written in the weak format

T T T 0
—/ / pmatcpdmdt—l—/ V@-szdxdt—/ / / N (F (6, pr) — p(6)V (6)) dOp dxdt
0 JRd 0 JRrd 0o JrdJo
:/ po.m(x)e(0, ) dx
Rd

for ¢ € C*([0, T] x R?). Passing to the limit,
T T T o0
—/ / pooatgpdxdt+/ V- Vpss dxdt—/ / / Moo (F(0, poo) —p()V (0)) dOp dxdt
0 JRd 0 Jrd 0 JriJo
— [ mlw)oto.) de
R4

Finally, we prove the complementarity formula, (4.15).

Proof of Theorem 4.2.3. This proof relies on the strong convergence of p,, and Vp,,. Dividing (4.16)

by m — 1, for a test function £ € C1([0,T] x R?), the following identity holds.

m_1 m—2

T m 00
/0 RdfpmApm%m(Tpm)m—l/o N (F (0, pr) — u(0)V())d6 da dt

1 T
B
m — 1 0 Rd

Taking the lim sup of both sides, from the boundedness of p,,, € L([0, T|xR?) and Vp,, € L*([0, T]x
RY),

m_l m—2

T m
lim sup/ / EPmADPm + E———(———Dm) ™1
o Jra m — m

m—0o0 1

/00 N (F (0, pr) — 11(0)V (0))d0 dz dt = 0.
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Integrating by parts and using the strong convergence of p,, and Vp,,, and the weak convergence of

nm7

T
Ozlimsup/ / —VE VP pm — &Vl
o Jrd

m—00

1 m=2 00
P y7pm | nn(F(O, pm) — w(O)V(0))d0 d dt

m_]_ 0

+&(

T 00
= / —VE - VpooPoo — &| VDo) * + gpoo/ Noo (F (6, pos) — 11(0)V (0))d0 d dt.
0 R4 0

Integrating by parts again yields

T (e’
- / EADapoe + Do / ool (0, pso) — p(8)V'(6))d,
0 Rd 0

which completes the proof. [
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Chapter 5: Traveling Waves

In this chapter, we establish the existence of traveling wave solutions to the incompressible limit
equations (4.11)-(4.13) that were derived in Chapter 4. We assume that there is no cell death, i.e.,
w1(0) = 0 for all §. Existence is shown for two particular cases, given by specific assumptions on v, V/,

and 7, which will be made precise later on.

5.1 Definitions and Notations

In Chapter 4, it is shown that the incompressible limit functions, (n, p, p), solve the following

equation:

(

om + r(p)Ogn — div . (nVp) = —r(p)v(6, p)n, t € (0,T],0 € (0,00),z € R?,

n(t,0,2) =2 [ v(0,p)n(t,0,x)do, t € (0,T],z € RY, .1

p € Px(p),
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with initial data (0,0, 2) = no(0, ), where p(t,x) = [V (0)n(t,0,2)d0 and P (p) is the Hele-

Shaw graph,

0, p<l
Py(p) = (5.2)
[0, 00), p=1.

The constraint p € P..(p) is equivalent to the assumptions
p>0,p<1,p(l—p)=0.
Multiplying the top line in (5.1) by V'(€) and integrating in 6 yields the following equation on p :
Oup v (V) = 1(p) [ nlV'6) + (2V(0) = VIO, 5.3

The Hele-Shaw condition, p € Py (p), naturally partitions the domain of this problem into two regions:
the “tumor region”, given by Q(t) = {x € R? : p(¢,z) > 0}, and the “healthy region”, R\ (see
for example [14,61,63]). Then, (5.1) can be simplified by noting that p = 1 on €2(¢), and p = 0 on
R4\ (), and the problem can be solved separately in the two regions.

On Q(t), p = 1 and, from (5.3), p solves

—Dgp = [ nr(p)[V'(0) + (2V(0) = V(9))v(0,p)ldo,  inQ(t),

p=0, on 09(t),
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and on RN\ Q(¢), p = 0 and p solves
O = (0) /0 TV (8) + (2V(0) = V(0))w(0,0)]do, in RAQ(L).

On both sets Q(t) and R4\ Q(t), the evolution of p and p requires the knowledge of n(t, 8, ) for all 6,
so this is still a non-trivial problem.

We will consider two cases of (5.1) that give rise to very different dynamics. In the first case,
V' and r are constant. The assumption on r means that aging is linear in time and cells always age,
regardless of local pressure forces. Additionally, the assumption on V' means that cells have a constant
volume, so mitosis is the main process that creates an increase in volume of the tumor: when a mitosis
event occurs, one cell splits into two, whose total volume is twice that of the parent cell. In this case,

(5.3) becomes:

at/) — div x(pvxp) = TV/ n(t7 07 ,Z‘)V(@,p)de,
0

yielding an equation reminiscent of (1.1). In this equation, one can observe that tumor growth is driven
by cell duplication. If v is independent of 6, this equation exactly recovers the original tumor growth
model, (1.1).

A second case we consider is when V' and r are non-constant, and mitosis is assumed to
be volume preserving, which is a biologically natural assumption. This can be imposed by taking
(2V(0) — V(0))v(0,p) = 0, meaning that when a cell divides, the total volume of two daughter cells

equals the volume of the parent cell. In this case, (5.3) becomes

Aup — div . (pV.p) = r(p) / (.0, 2)V'(6)d6.
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In contrast with the previous case, tumor growth is now driven not by cell proliferation, but by the
increase in volume of individual cells, as seen by V'(6).
In the first case, for simplicity, we take r = 1, V = 1, and v(6,p) = (1 — p)5(6), where 5(0) is

a bounded function representing the age-dependent rate of cell division. The system (5.1) becomes:

¢

O + Ogn — div . (nV,p) = —(1 — p)B(0)n, t>0,0>0,2¢cR%

n(t,0,x) = 2(1—p) [;° BO)n(t,0,x)do, t>0,z€Re

P € Poolp),
where p(t, ) = [ n(t,0,2)do.
In the second case, we take 7(p) = 1 — p, v(6, p) = (6). Then (5.1) becomes:

(

O + (1 —p)dgn — div ,(nV,p) = —(1 — p)B(O)n, t>0,0>0,x¢cR%

n(t,0,x) =2 [~ B(0)n(t, 0, z)do, t>0,reRY

kp € POO(p)a

where p(t, ) = [V (0)n(t, 0, z)do.

In the case of constant volume, we prove that a family of traveling waves with different wave
speeds exists. We also prove that one of the traveling waves semi-compactly supported, and the rest are
strictly positive, similar to the known result for traveling wave solutions of porous medium equations
[32]. In the case of non-constant volume, we prove the existence of a traveling wave that is semi-

compactly supported. In both cases, because n, p, and wave speed c all depend on each other, the

proofs are quite a bit different than those for classical reaction-diffusion equations, and require the

99



Leray-Schauder fixed point theorem.

5.1.1 Limitations

One limitation is that we are only considering the free boundary model, not the porous medium
model, where p is given by p = p™ L. The existence of traveling waves is conjectured to hold in
this case, but is not addressed in this work.

A second limitation of this work is that for the case of non-constant volume, we only show the
existence of a traveling wave that is supported on the half-line. We conjecture that traveling waves exist
for a family of speeds, as in the constant volume case, however, the traveling wave that we construct
is expected to be the minimal speed traveling wave, describing the behaviour of compactly-supported
solutions.

A third limitation is the assumption that v(6, p) = (1 — p)3(#). The product form of the division
rate separates the actions of p and # and allows for the use of a fixed point theorem. This assumption
is necessary for the proof, however, we argue that this is not a major limitation. For the purpose of
the application of tumor growth, most reaction terms would be of this form, so this assumption is not
restricting many interesting cases from an application point of view. On the other hand, we remark

that the assumption can easily be extended to v (6, p) = «a(p)B3(0), where o/ (p) < 0 and a(pys) = 0.

The assumption of «(p) = 1 — p is purely technical, for ease of the argument.

5.1.2  Outline of the Chapter

In Section 5.2, we prove the existence of traveling wave solutions when V' (6) and r(p) are

constant. In Section 5.3, we extend the result to r(p) and V' (#) non-constant.
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5.2 Existence of Traveling Waves: The Case of Constant Volume

In this section, we take » = 1, meaning that the age of a cell simply represents the amount of time
since its birth. We take volume to be V' = 1, and take the division rate to be (0, p) = (1—p)5(0). The
term 1—p is reminiscent of the original Fisher-KPP equation, which is standard in the literature [26,41].

With these assumptions, we consider the following version of (5.1).

(

on + Ogn — div . (nV,p) = —(1 — p)B(O)n, t€ (0,T],0 € (0,00),z € RY,
n(t,0,2) = 2(1—p) [~ B(O)n(t, 0, x)dd, te(0,T],z € RY, (5.4)
P € Pclp),

where p(t,z) = [ n(t,0,2)d. The term j3(6) is the age-dependent rate of cell division, with the

following assumptions: there exist constants 31, f2 > 0 and C' > 0 such that

1B(0) < C, B <B(0) < P,

for all # > 0. We consider traveling wave solutions of (5.4) by taking n(t,0,z) = n(0,z - e — ct),
where e € S?~! is the unit vector in the direction of propagation and ¢ > 0 is the wave speed. We will

drop the overline for convenience of notation. The traveling wave equation, to be solved for n, p and
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¢, is given by:

.

gn — 0x((c + 9zp)n) = —(1 — p)B(O)n, 0>0, z€eR,
n(0,2) = 2(1 —p) [;° B(O)n(9,z) db, z € R, (5.5)
\p 6 POO(p)a

where p(z) = [ n(0, z)df. Integrating (5.5) in 0 yields the following equation for p.

—ef — (o) = (1 - p) / T pOme.0)d xR (5.6)

The condition p € P, (p) implies that p(z) = 1 in the region {z : p(z) > 0}, so (5.6) reduces to

= (1-p) /0 T 8Om0, 2)d9, in {x: p(z) > 0}.

In order to find traveling wave solutions to (5.5), we impose the following boundary values, meaning
that the traveling wave connects the two states p = 1 (tumor region) and p = 0 (tumor free region).

lim p(x)=1, lim p(z)=0.

T—r—00 T—00

Because P, (p) partitions R into two regions, one where p = 1 and one where p < 1, using the
boundary conditions and invariance by spatial translation, we can assume that p = 1 for x < 0 and
p < 1 (and so p = 0) for x > 0. This suggests that a family of traveling waves exist, parametrized by

the value p(0™). We now present the main existence result for traveling wave solutions to this problem.

Theorem 5.2.1. For each { € [0,1), there exists a traveling wave solution (n,p,c) of (5.5) with
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p(0%) = ¢, satisfying

lim p(z) =1, lim p(z) =0,
— T—00

T—r—00

and

p=1forx <0, p=0forxz>0.

The wave speed c is given by c = — '(0_)’

Further, the traveling wave with { = 0 is semi-compactly supported, that is, n(0,x) = 0 for all

x € [0, 00).

Solutions to (5.5) can be found separately in the regions x < 0 (the tumor region) and z > 0
(the healthy region). To see what is happening at the interface = = 0, we set £ = p(0™). From (5.6) we
have —(cp+pp')’ = (1—p) J;° Bnd6. Because the right-hand side is bounded, cp + pp' is continuous,
i.e.,

cp(07) + p(07)p'(07) = ¢p(07) 4 p(07)p'(07).

Because p(0~) = 1 and p'(0") = 0, the above simplifies to

- —p'(07)  —p'(0-)
CTIop00 1-¢ S

giving us the wave speed for all £ € [0, 1). In the region = > 0, by taking p = 0, (5.6) becomes

—cp = /OO B(@)n(0,x)db, x> 0. (5.8)
0

The traveling wave corresponding to ¢ = 0 captures the finite speed of propagation of support
of porous medium equations, making it the “physically relevant” solution, and the one of primary
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interest here. To see this, notice from (5.7) that this traveling wave has speed ¢ = —p/(0~). From

(5.8), p'(z) <0, so because p(0") = 0, it holds that

p(x) =0and n(f,z) =0 forall x > 0.

When ¢ € (0, 1), traveling waves can be found with speeds given by (5.7). In these cases, (5.8) suggests
that the solution has a “tail”, meaning the solution is always positive. Informed by the literature, e.g.,
[32], we conjecture that the traveling wave given by ¢ = 0 is the one with minimal speed. However,
this is difficult to show, and is related to uniqueness of the problem, a largely difficult and open problem

on cross-diffusion models such as this one. We can show the following:

Proposition 5.2.2. For every { € [0, 1), let c¢({) be the corresponding speed. Then for all { € [0, 1),

c(0) > ¢ for some ¢; > 0 and limy_; ¢({) = 0.

This proposition suggests that there is a minimal speed traveling wave with speed c*, and there
exists a traveling wave for all ¢ > ¢*. This is in line with previous results about traveling waves
solutions to reaction-diffusion equations [32].

We will split the proof of Theorem 5.2.1 into two lemmas, one corresponding to ¢ = 0 and one

to > 0.

Lemma 5.2.3. There exists a traveling wave solution (n, p, c) of (5.5) where p(z) = 0 for x > 0, with

lim p(z) =1, lim p(x) = 0.
Tr—00

T——00
The wave speed is given by c = —p'(07).
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Lemma 5.2.4. For each ¢ € (0,1), there exists a traveling wave solution (n,p,c) of (5.5) where
p(0%) = ¢, with

lim p(xz) =1, lim p(x) = 0.
Tr—r00

Tr——00

—p'(0°)
7 0),

The wave speed is given by ¢ =

5.2.1 Proof of Lemma 5.2.3

We will begin with the proof of Lemma 5.2.3. It has already been established that p(z) = 0 for
all z > 0, and because n(6,z) > 0 for all z € R, 6§ > 0, it holds that n(#, z) = 0 for all x > 0.

When x < 0, p = 1 and so the solutions (n, p) of (5.5) will solve

(

—p"=(1-p) fooo BO)n(8, z)db, z <0,

Ogn — 0x((c+ Ozp)n) = —(1 —p)B(O)n, 6 >0,z <0,
(5.9)

n(0,2) = 2(1 —p) [;° B(O)n(0, z)db, x <0,

c=—p'(07).

\

Remark 5.2.5. The system (5.9) is introduced because its formulation allows for a fixed-point method
to be used to find solutions. We will show that the system (5.5), along with the requirement that
p(x) =0,n(0,x) =0 for x € [0,00) is equivalent to the system (5.9). It is clear that solutions of the
system (5.5) will be solutions of the system (5.9): the condition p € Py, (p) can be replaced by the top
equation for p in (5.9). To show that the two are equivalent, i.e., that solutions of (5.9) are solutions
of (5.5), we must show that solutions of (5.9) satisfy the requirement p € Py (p). To do this, we will

show that the solution n(0,x) of (5.9) satisfies [ n(0,z)dx = 1 for x € (—o0,0). This is nontrivial
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and will be the final step in the proof of Lemma 5.2.3

The formulation of the problem given in (5.9) suggests that a fixed-point method can be used

to find the solution. We will use Leray-Schauder fixed point theorem: the steps are briefly outlined

below, and will be detailed in several lemmas.

Given ¢ > 0 such that ffoo o(z)dr < oo, we consider the weighted L? space given by

0

X = L2((—00,0)) = {u: (—o0,0) = R,/ u(z)?(z)dr < oo}

—00

Given u € X, we define the truncated function « = max(min(u, 32), 51), and solve the equation

Then using p, the unique solution of (5.10), we define ¢ = —p/(0~) and solve

Ogn — 0x((c+ p)n) = —(1 —p)B(O)n 0>0 <0

n(0,z) =2(1 — p)u x < 0.

Finally, we define the map 7" : L?((—00,0)) — L?((—00,0)) by

Tlu) = /000 B(0)n(6,x) do,

(5.10)

(5.11)

(5.12)

where n is the solution of (5.11). Then, we will show using Leray-Schauder fixed point theorem that

T has a fixed point. We will then prove that this fixed point is in fact a solution of (5.5). To do this (see
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Remark 5.2.5), we recover the Hele-Shaw condition, p € P (p) by showing that [ n(0,z)d0 = 1 in
{z : p(x) > 0} = (—00,0). This will conclude the proof of Lemma 5.2.3.

We now prove several lemmas that will be used to prove Lemma 5.2.3.
Lemma 5.2.6. Given u € L7 ((—00,0)), there exists a unique solution to (5.10) on (—00,0).

Proof. Consider the equation

This equation can be solved explicitly to get

plr)=1-— eV,
Because u < 35,
-p" > (1-p)u,

and because it satisfies the same boundary conditions, p is a supersolution of (5.10).
Similarly, the function
p(r) =1 - eV

satisfies

—p" = (1—p)pe,

and therefore is a subsolution of (5.10).

Because p < p on (—00,0), by Perron’s method [15], there exists some p, defined as the supre-
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mum of all the viscosity subsolutions of (5.10), that is a viscosity solution of (5.10) and satisfies

11—V < p(x) <1—eV®*  forallz € (—o0,0). (5.13)

Furthermore, because p” is bounded, p € W2 and so p is a strong solution to (5.10).
To show that p is the unique solution, we use a sliding method [6]. Suppose that p and p are
solutions to (5.10). Let

to = inf{t: p < p+t}.

Then p(x) < p(x) + to forall x < 0. If ty > 0, there exists some o € (—o0,0) such that p(zy) =
p(xo) + to. This implies that —p" (x¢) < —p” (o) and so (1 — p(xg))u(xo) < (1 — p(xo))u(zo).
Rearranging,

p(x0) +to = p(x0) < P(0),

yielding ¢y = 0. From the definition of ¢y, this means p < p. Switching the roles of p and p concludes

that p = p. [

Remark 5.2.7. By defining c = —p'(0), the inequality (5.13) implies that \/B, < ¢ < \/B3. Further,

because p” < 0, it holds that p'(x) + ¢ > 0 for all x < 0.
Lemma 5.2.8. Given p, the unique solution to (5.10), there exists a unique solution to (5.11).

Proof. The equation (5.11) can be rewritten as

Oon — (¢ +p')0an = —(1 = p)(B(0) + w)n

n(0,z) = 2(1 — p)a,
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and solved as a transport equation. Let
X'(0) = —-(p'(X) +¢)
The above ODE can be solved because p” is bounded, so p’ 4 ¢ is Lipschitz. From (5.11), we have
(0, X(0)) = —(1 = p(X(0))(8(0) +a(X(9)))n(0, X ())
n(0,z9) = 2(1 — p(z0))u(zo).

Recall that 1 — p(X (0)) > eVP2X®) and 5(6) 4+ @(X () > 24, yielding

d%n(e,x () < =21V (0, X(0)). (5.14)

Given some fixed z < 0 and 6 > 0, there exists 7y € (z,0) such that X (#) = = when X (0) = xo.

Because X'(0) < 0, it follows that X (9) > X (0) for all § < 6. Integrating (5.14) and using X () = z,

n(6,X(0)) < 2(1 — p(xo))u(zo)e > J§ V52X aj

< 2(1 — plao))(wo)e 20

< 2526_2’818\/5960.

Because X (0) = z, we get

n(0, ) < 2Bye 201V, (5.15)
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Because x and 6 were chosen arbitrarily, (5.15) holds for all x < 0 and all 6 > 0.

Integrating (5.15) in 6,

~ ._ * - —281eVB27g 14 B
p(x) .—/O n(@,x)d@ﬁ/o 2s€ df = B (5.16)

which is finite for any fixed x < 0. The uniqueness of n follows from the method of characteristics

and the uniqueness of p. [

[e.e]

Lemma 5.2.9. Given u € L?((—00,0)), p(x) = [, n(0,2)d0 < C for some constant C > 0

depending only on 31 and (..

Proof. We want to show that p < C(/31, ). Unfortunately, (5.16) blows up when x — —o0, so the
bound will be shown in two steps.

First, consider x > —1. From (5.16),
plx) < @e_ Par < @e‘/ﬁ? forall z € [—1,0].

e 1

Second, consider x < —1. Integrating (5.11) in 6 gives

21 = pa (e +)p)f =~ =p) [ 56, (5.17)

and rearranging,

—((c+p)p) <2(1 —p)u < 2B5(1 — p).
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For any x < 0, integrating from x to 0 and using the fact that ¢ + p’(0) = 0 yields

(c+P'(2))p() < 26, / (1 - p(y))dy.
and from (5.13),

(e @)ple) <255 [ " VA gy — 21— < 22

At the same time, because —p” = (1 — p)u, integrating from x to 0 gives

)+ = [ =)y

SO

/ " 7 0 VB2 Bl z\/Ba
p(:r)z—6+/ (1—p(y))U(y)dyZ—C+51/ eV 2dy=—0+ﬁ(1—6 ?),

so for z < 0, p’ 4+ ¢ > 0. In particular, forz < —1, p/(z) + ¢ > L1 —eVP) .=
VB2

Because ¢ + p/(x) > 6 for z < —1, dividing by ¢ + p/(x) in (5.18) gives

20
ov/Br

plx) < < C(ph, fo) forall z € (—o0, 1].
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Remark 5.2.10. Notice that

/ B0, 2)d0 < Bap(x) < C(By, Ba2),

and Tu] > 0, so T[u] is bounded in L ((—00,0)), independently of u. Then, using the fact that
ffoo p(x)dr < oo, it follows that Tu] is bounded in L7 ((—00,0)), meaning that T maps functions

from L2 ((—00,0)) to a bounded subset of L?(—oc,0)).

In order to apply the Leray-Schauder fixed point theorem, we need to show that 7" is a compact
and continuous operator such that the set {u € X : u = AT[u],0 < A < 1} is bounded. This is shown

in the following lemmas. We start with showing compactness.
Lemma 5.2.11. The map T : L2 ((—00,0)) — LZ((—00,0)) is compact.

Proof. Let {u;,}72, € L%((—00,0)) be a bounded sequence. Let v, = T'[uy]. From the definition of
T,

Vg = /Ooﬁ<9)nkd9 < Bapr, < C(B1, B2). (5.20)
0

From Remark 5.2.10, we deduce

0 0
/ U}%(pdl’ S C(/Bl, 62)2/ (’Odl' S 0(617 627 90)7

—0o0 —0o0

80 v;, 1s bounded in L2 Next, it needs to be shown that v} (z fo 0)0,n(0, z)dh is bounded in
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Multiplying (5.11) by 3(#) and integrating in 6, we get
~200)1-pua— [ FOmd~(curpi) [ 5O)mds = ~(1-p) [ HO)m(5(6)+u1)ab.
Then since py, pr, Uk, 3, and 5’ are all bounded independent of & in L*°, it follows from the above that
\(c + pi(x))vp(z)] < C;  forallz <0,

for some constant C'; depending only on 3; and 5. Then,

vy, (2)] < _G for all < 0.

~ pi(z) 4+

For any € > 0, from (5.19), p).(z) + ¢, > %(1 — e~*VP2) for < —¢, and so
lvp(x)| < Cy  forallx < —¢,

for a constant C, independent of k. Therefore, there exists a v € L*>°((—o0, 0)) such that v, converges

locally uniformly to v as k — oco. Then for any £ > 0, we can write

0
lim sup||vy, — vH%a = lim sup/ v — v|*pdx

k—o0 k—o0 —00

—& —1/e 0
< lim lop — v[*@dx + lim sup/ lup — v[*@dx + lim sup/ lvp — v|*pda
— k—o0

k—o0 —1/8 k—00 _e

§o+2||v||iw/ godx+2||v||%oo/

—00 —

0
wdzx.

—1/e
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Because this holds for all ¢ > 0, taking ¢ — 0, we find

limsup ||vg — |72 = 0.
k—o0 ®

We have shown that along a subsequence, v, converges to v strongly in L2, and therefore that 7" is

compact. O

Next, we prove that 7" is continuous.
Lemma 5.2.12. The map T’ is continuous.

Proof. Let {u;}32, be a sequence in L7 ((—00,0)) such that u;, — u for some u € L?((—00,0)).
From Lemma 5.2.11, v, = T'[uy] is pre-compact in Li((—oo, 0)), meaning there exists a subsequence
that converges to some v € L2 ((—00,0)).

To establish continuity of 7', it remains to show that v = T'[u]. The uniqueness of T'[u], obtained
in Lemma 5.2.8 will then imply that the whole sequence {v;} converges to v.

Because u;, — u in Lfo, it also converges locally uniformly, up to a subsequence. It follows that
up to a subsequence, u; — u locally uniformly. Let p; and n; be the solutions to (5.10) and (5.11)
with 4.

First, it needs to be shown that p;, — p. It is clear that 0 < p;, < 1. From Remark 5.2.7, ¢, is

bounded independent of k£ and 0 > pj.(z) > —ck, sO

Ip)(z)| < ¢, < /o forall z < 0.

Therefore p;, and pj, are bounded independent of k, and by Arzela-Ascoli, up to a subsequence, py, — p
locally uniformly. Also, since |p}| < [, p) converges weakly-* in L, and p) converges locally
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uniformly, up to a subsequence. Then since py solves

pe(—00) = 1,pr(0) =0,

and taking the weak limit as £ — oo, p solves

in the sense of distributions. The sequence c;, is bounded, so up to another subsequence, we can assume

that ¢, — ¢ for some c. Further,

c= lim ¢ = _;}irilop;“(o) = —p'(0).

k—o00

For a bound on the sequence ny, from (5.15),

n(0,z) <20y forallf >0,z <0,

so n is bounded uniformly in % in L3°Lg°. This implies n;, — n weakly-* in L°Lg°. Recall that ny,

solves the equation

Ogny, — Oy ((cr + i) = —(1 = p) B(O)n, 0> 0,2 <0,

(0, @) = 2(1 — pr) i, z <0.
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The above can be passed the limit as & — oo, because n,, — n weakly-*, ¢, — ¢, and pj, — 7/,

ur — u, and pp — p all locally uniformly, up to a subsequence. The limit solves

Ogn — Ox((c+ p')n) = —(1 — p)B(O)n, 0>0x<0,

n(0,z) =2(1 —p)u x <0,

in the sense of distributions. From Lemma 5.2.8, n is unique, so each of ny, ¢, and p; converges along

the whole sequence. Finally,

v—hmvk—hmTuk—hm/ B0 nde—/ B(0)ndd = Tul,

k—o0 k—o0

concluding that 7" is continuous. ]
Next, we prove the final requirement for the Leray-Schauder fixed point theorem:

Lemma 5.2.13. The set {u € L7, : u = XT'[u],0 < X\ < 1} is bounded.

Proof. This follows directly from Lemma 5.2.9. U

Proof of Lemma 5.2.3. From Lemmas 5.2.11, 5.2.12, 5.2.13, and the Leray-Schauder fixed point the-
orem, T'[u] has a fixed point, that is, there is some u € L?((—00,0)) such that u = T'[u]. To conclude
that (5.5) has a solution, it remains to show p € P (p), which will be done by showing that p = 1,

and it will follow that u = «. To this end, assume that w is a fixed point of 7', i.e.,

= /OOO BO)n(6, z)do
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Then from (5.17),

//

—((c+p)p) =1 =p)(u—u)—p

and rearranging,

—((e+p)p—1) =0 =p)(a—u). (5.21)

Suppose that p(z) > 1 for some = < 0. Then u(z) > SBip(x) > (i, so by the definition of 4,

u(z) < u(z). Using (5.21), we find

—((c+p)(p—1)) <0, ifp(x)—1=>0. (5.22)

Similarly, if p(z) < 1, then u(z) < fop(z) < Bo, so u(x) > u(x), and (5.21) implies:

—((c+p)(p—1)) >0, ifpx)—1<0. (5.23)

Let w(xz) = (¢4 p'(x))(p(x) — 1). Combining (5.22)-(5.23) and the fact that ¢ 4+ p’ > 0 implies

that w(z)w'(x) > 0. We deduce:

and because w(0) = 0, it follows that w(x)? < 0 and w(z) = 0 for all z < 0, meaning p(x) = 1 for

all z < 0. Thus,

u(z) = /000 BO)n(0,2)d0 < By forallz <0,
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and

u(z) = /000 B(On(0,x)d0 > By, forallz <0,

so u = u. Finally, recalling that n(, z) = 0 for z € [0, c0), this implies that (5.5) has a solution on R.

]

5.2.2 Proof of Lemma 5.2.4

In this lemma, it is no longer the case that solutions of (5.5) satisfy n(6,x) = 0, p(x) = 0 for

x € [0,00). Instead, we have that p(0") = ¢, and the solution has a positive tail for 2 € [0, c0).

Proof of Lemma 5.2.4. In this lemma, ¢ € (0,1) and p(0") = ¢. We recall (see (5.7)) that this implies

the relation ¢ =

LOZ_). We will again consider x > 0 and x < 0 separately. Because the right hand

1—

side of the equation (5.5) is bounded, it must be that (¢ + p’)n is continuous across x = 0, i.e.,
(c+p'(07))n(6,07) = (¢ +p/(07))n(6,07).
Using that p’(0") = 0 and —p'(07) = ¢(1 — ¢), we find
n(0,07) =n(h,0M) (5.24)

for all 8 > 0.

First consider = € (0, 00). Because p(z) < 1 and p(z) = 0 for > 0, the solution n of (5.5)
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will solve:

Ogn — cOyn = —(0)n, 0>0,z>0,
n(0,z) =2 [° B(0)n(0,z)do, x> 0.

This transport equation can be solved explicitly to get
n(0,x) = n(0,x + ch)eJo A"
and the boundary condition at # = 0 is then equivalent to
n(0,x) =2 /000 B(0)n(0, z + c@)e’foe AN g9,

Setting H(0) = B(0)e~Jo #0140 and u(z) = e**n(0,z), for some a > 0 to be defined, this

condition can be rewritten as:
u(z) =2 / H(O)u(z + c)e *?dp. (5.25)
0

Now note that fooo H(6)dd = 1, because fooo B(0)df = oo (from the lower-bound on ). Given o > 0,
we consider the integral

Ala) = /0 T oH(O)e b,

Then, A(0) = 2 and lim, o A(ar) = 0, so from the intermediate value theorem, there is some

a* € (0,00) such that A(a*) = 1. By taking a = o* in (5.25), it holds that u(z) = 1 is a solution to
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(5.25), which gives n(0, z) = e~*"*. The explicit solution for n can now be given:

n(0,z) = e~ @rD=JTAENE g~ 0 550, (5.26)

Y

From (5.24),
1 / !
n(0,07) = ;e e L COL RN} (5.27)

The equation (5.26) provides a explicit form for the solution n (6, x) of (5.5) for z € [0, 00).

Now, consider z < (0. We will consider the following system of equations:

—p"=(1=p) [y BON(O, z)do, z <0,
n — 0x((c+ Oup)n) = —(1 = p)B(O)n, 6> 0,2 <0,
(5.28)
n(0,z) =2(1—p) [;°8 ,x)d0, r <0,
-

Similarly to Lemma 5.2.3, this system can be solved using a fixed-point method.

Remark 5.2.14. The system (5.28) is equivalent to the system (5.5), along with the known form of
n(0,z) on x € [0,00) given by (5.26). It is clear that solutions of (5.5) are solutions of (5.28), and to
show the inverse, we will prove that the solution of (5.28) satisfies p € P (p). This will be done by

showing that [ n(0,2)d0 = 1, where n(0, z) is the solution to (5.28).

The exact same proof as in Lemma 5.2.3 will go through, using the same fixed point operator,

except for the following changes, to account for the fact that now ¢ + p’(0) > 0.

1) In Remark 5.2.7, the bound on ¢ is now ‘ﬁ <c< \/FQ
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ii) In Lemma 5.2.8, the equation for n now has boundary conditions at 6 = 0 and at z = 0. The
condition at x = 0 is given by (5.27). This curve is non-characteristic, and so the equation for n

can be solved. (Note that there will be a discontinuity at (0, 0).)

iii) In Lemma 5.2.9, ¢ + p'(0) = ¢/ € [1@1;, @Z], and p(0) = 1, which is enough for the bounds on

p.
iv) In the proof of Lemma 5.2.3, the same process goes through, except using (5.24), meaning that

p(07) = 1, instead of ¢ + p/(0) = 0 to get that w(0) = 0.

5.2.3 Proof of Theorem 5.2.1 and Proposition 5.2.2

Proof of Theorem 5.2.1. This follows from combining Lemmas 5.2.3 and 5.2.4. [

Proof of Proposition 5.2.2. From the proof of Lemmas 5.2.3 and 5.2.4, we have that ¢({) = _1%(60) >

1—@ > +/p1. Further, for any ¢, —p/'(0) > /1, so limy_,; ¢(f) = lim, 7{’/_(5) > limy_, 1—2 =

00. ]

5.2.4 Example with v Independent of

To demonstrate the way that traveling waves encode information about the age distribution of
cells, even when v is independent of age, we consider a simple example where v(6, p) = 1 — p. In this

case, the traveling wave solutions can be explicitly calculated.

121



The equation (5.5) becomes:

(
Ogn — 0.((c + Ozp)n) = —(1 — p)n, 0>0, zeR,
n(0,x) = 2(1—p) [, n(0,z)db, z € R,

\p S POO(p)7

and so when x < 0, equation (5.9) becomes:

Byn — B, ((c + Dup)n) = —(1 — p)n >0,z <0,
n(0,z) = 2(1 — p) [ n(0, )do z <0,
—p"=(1-p) x <0,
p(—o0) =1,p(0) =0,

\

In this simplified setting, p can be solved independently from n, so a fixed point method is not
needed. We once again have that for all £ € [0, 1), there exists a traveling wave with wave speed given
by ¢ = 2 where ¢ = p(01).

1-¢

Because the equation for p is independent of ¢, for all ¢, we get the explicit solution for p:

and so —p'(0~) = 1. From there, we have that the TW with minimal speed has speed ¢* = 1, and the
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solution has semi-compact support. The solution is given explicitly by:

269721
(efz_1+€9)3 )

For the traveling wave with speed ¢ = 1, figure 5.1 shows the age distribution of cells at varying
distances from the wavefront, x = 0. Near the front, at x = —0.8, most cells are newborn, while
further away from the front, at + = —5 and x = —15, older cells can be found. This shows that
most cell duplication occurs near the front, demonstrating the role that pressure plays in limiting cell
duplication.

For the higher speeds, we have

1
1-0

CcC =

forall ¢ € (0, 1), by taking ¢ = p(0"), giving a family of traveling waves with wave speeds ¢ > 1. For

the higher speeds, we have that p is the same as when ¢ = 1, p(z) is given by:
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Plot of n(#, x) for various x

09 r
Xx=-0.8
X =-
x=-15

10 15

Figure 5.1: Age distribution of tumor cells in TW with minimal speed ¢ = 1.
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and n is given by:

2 6—2x
(e—me,—Hee)m x <0,
n(0,zr) =

2020

x> 0.

The traveling waves p(z) for wave speeds ¢ = 1 and ¢ = 2 are given in Figure 5.2.

s p(x)=1(x<0), t'.).5e"“’"l2 (x = 0)
- p(x)=l1(x<0),0()s20) ’
1
1
0.8
0.8
E 0.6
E 06 Q
Q 0.4
041
0.2
021
ot
0 - I L
| | -5 0 5
-5 0 5 10
X

Figure 5.2: Traveling waves with minimal speed ¢ = 1 (left) and speed ¢ = 2 (right).

5.3 Existence of Traveling Waves: The Case of Non-constant Volume

In Section 5.2, it was assumed that the volume was constant with age, that is, V' (6) = 1. In this

section, we consider volume that depends on . Additionally, we assume that the aging rate, r(p) is

non-constant, so age is no longer linear in time, but instead is pressure-dependent. Cells in the presence

of high pressure will stop their aging process, so § now represents the “physiological age” of a cell,
i.e., how far along in the cell-cycle it has progressed, as opposed to simply representing the amount
of time since birth, which was the case in the previous section. Consider the following formulation,

125



which is (5.1) with v(0,p) = $(0) and r(p) =1 — p.

(

om+ (1 —p)oen — div (nVp) = —(1 — p)B(O)n, t € (0,7],0 € (0,00),r € R?
n(t,0,2) =2 5~ B(0)n do, te(0,T],z € R, (5.29)
\p € Po(p).

Here, P..(p) is defined in (5.2), and the volume density p is defined as

pla) = [ V(On(t.0. ).
0
where V satisfies:
V(0)=Vy < V() <2V :=Vy, 0<V(0) <V forb >0, (5.30)

and [ satisfies:

0 < B(8) < By for 6 > 0. (5.31)

Then, traveling wave solutions n(6,x — ct), p(z — ct) of (5.29) solve

(

(1 = p)Osn — 0x((c + Oup)n) = —(1 — p)B(O)n, 0>0,reR
n(0,z) =2 [;° B(0)n(0, z) db, reR, (5.32)
P € Pwol(p),
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with boundary conditions

lim p(z) =1, lim p(z) = 0. (5.33)
Tr—00

T—r—00

Multiplying (5.32) by V() and integrating in 6, we obtain the following equation for the volume

density p(z).
o () = (1 =p) [ V(6.0 o+ (1) [ VO - VEDsOR . 534
It is standard to assume in this case that mitosis is volume preserving, meaning that
(2V(0) = V(0)p(0) =0, foralld > 0. (5.35)
In this case (5.34) becomes
—cp' = (pp')' = (1 - p) /OOO V(0)n(0, z)de.
Remark 5.3.1. A simple form for V, 3 satisfying this assumption is

V()+79, QSQ())

V(0) = (5.36)
2%7 0 2 907
07 9 S 007
B(6) = (5.37)
17 0 Z 90a
for 6y > 0and~ = g—g.
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We will now state the existence result for traveling wave solutions of (5.32). We will prove the
existence of a traveling wave with semi-compact support. Similarly to Section 5.2, the traveling wave

with semi-compact support corresponds to the traveling wave with wavespeed ¢ = —p/(07).

Theorem 5.3.2. Assume 3 and V' satisfy (5.30), (5.31), and (5.35). There exists a traveling wave
solution (n,p,c) of (5.32) satisfying the boundary conditions (5.33), such that n(0,z) = 0 for all

x € [0,00),60 € [0,00). Further, the wave speed is given by c = —p'(07).

5.3.1 Existence of traveling waves in the non-degenerate case

Proving the existence of traveling waves under condition (5.35) is difficult because of the de-
generacy of the equation. The proof uses a fixed-point theorem, and compactness of the fixed-point
operator (to be defined) relies on V/(#) > 0 for all § € [0,00). However, we do not want to make
this assumption, because it is natural that volume will be constant for some ages. Instead, we will first

consider the non-degenerate case, where we assume that there exists a small o« > 0 such that
(2V(0) = V(0))5(0) = o for all & > 0. (5.38)
Then (5.34) becomes
—o = () = (1=p) [ (V) + cn(o.a)as. (5.39)

Because p € P(p), p = 1 when p > 0, and so (5.39) becomes:

= (1—p) /0 T(V0) + a)n(0,2)d6,  in { : plx) > O}, (5.40)
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We will first prove the existence of traveling waves in the non-degenerate case with the assumption
(5.38). (In Subsection 5.3.2, we will extend to the degenerate case and prove Theorem 5.3.2. This is
done by taking the limit as & — (.) In the existence proof, we will use a fixed-point method, which

requires the following additional assumptions on 3,V :

V") <c, |80)<C. (5.41)

Because p € P, (p), we can partition R into two regions, similar to Section 5.2. We assume
that p = 1 for x < 0 and p = 0 for x > 0, and solve separately in the two regions. First, consider
{z : p(x) > 0} = (—00,0). In this region, under the assumption (5.38), by substituting the condition

p € Py(p) in (5.32) with the equation (5.40) for p, it is clear that solutions of (5.32) are solutions of:

—p" =1 —p) [[7(V'(0) + a)n(b, z)db, r <0,
(1 =p)0pn — Ou((c + Ozp)n) = —=(1 = p)B(O)n,  6>0,2 <0,

(5.42)
n(0,2) =2 [° B(0)n(8, z)do, x <0,

c=—p'(07).

\

We will use Leray-Schauder fixed point theorem to find a solution to (5.42) with ¢ = —p/(0~). Then,
by proving that [V (9)n(6,2)df0 = 1 on (—o0,0), we recover the condition p € Py (p). We will
eventually show that this solution corresponds with n(6,z) = 0 for x > 0, and from there, we can

conclude that this is a solution to (5.32).

Proposition 5.3.3. There exists a solution (n,p) of (5.42), for x € (—00,0),0 € [0,00), with
p(—o0) =1,p(0) =0, and c = —p'(07).
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This proposition will be proved via a fixed point argument. Given a fixed function ¢(x) such

that ¢ > 0 and ffoo @(x)dx < oo, consider the cone

X ={u: / u(z)?o(z) dr < oo,u > 0},

—00

and let u,w € X. Take u = min(max(u, i7-), A), for A > 0 to be defined later on, & = max(u, 7-)

B2

and w = min(w, %]

). Then we will show that there exist functions p, n that are the solutions to:

(
—p" = (1 —-p)u, z <0,
—0x((c+p")n) + (1 = p)dyn = —(1 — p)B(0)n, z<0,0>0, (5.43)
n(O,x)zZu_J—i-ﬁ(ﬂ—u), z <0,

where ¢ = —p/(07). We then define the map 7" : X x X — X x X by

Tlu, w] = (/Ooo(v'(é)) +a)n(9,)do, /OOO B(O)n(o, -)dé’).

However, we cannot directly apply Leray-Schauder fixed point theorem to the map 7', because it is a

map on the cone X which is not a Banach space. Instead, we need to define the map

Tlu, w] = Tlug, wy],

where u, , w, are the positive parts of u and w, i.e., u; (z) = max{u(z),0}. T is a map on the Banach
space, L2 ((—00,0)) x LZ((—00,0)), where L?((—00,0)) = {u : ffoo u(z)?p(z)dr < oo}

We will show using the Leray-Schauder fixed point theorem that T has a fixed point. This
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implies that there exist (u,w) = T[us,w], so u,w > 0, meaning that u = uy,w = w,, and so
(u,w) is also a fixed point of 7. We will then show that these provide a solution to (5.42). Finally, we

will show that p(z) = 1 for all x < 1, which implies that p € P, (p).

Lemma 5.3.4. Given (u,w) € X, there exist p(z), n(0, x), and c solving (5.43) such that p(—o0) =

1,p(0) = 0.

Proof. We have that

(8%
—p" > (1 = p)—
Pz (=)
and
—p" < (1-p)A,

so solving, we have that p(z) = 1 — ¥4 is a supersolution and plr) =1—eV va” is a subsolution,

and by Perron’s Method, there exists a solution p such that
1—eVin® < p(z) <1— VA (5.44)

and by taking ¢ = p/(07),

8]
— < c<VA.
Vv =5

Uniqueness for p follows from the proof in Lemma 5.2.6. The equation for n can be solved uniquely

by method of characteristics, because 1 — p and ¢ + p’ are Lipschitz continuous. [

Lemma 5.3.5. The solution (n,p) of (5.43) satisfies fooo n(0,z)d0 < C forall x € [—1,0], for some

C depending only on «, By, Vi, V.

131



We will consider (5.43) on the interval = € [—1, 0]. The equation for n can be written as:

(1 =p)Ign — (c+p')0un = —(1 — p)(B(0) + u)n, 0 >0,z €[-1,0]
n(O,x):21D+Vio(ﬂ—u), x € [—1,0].

Because p < 1 — e V4 on [—1, 0], the equation can be divided by 1 — p to get

O;n = —(B(8) +u)n < ——n. (5.45)
Solving along characteristics,

e v’ forallz € [—1,0],0 € [0, 00),

<0 < o2

so integrating in # gives

o Ba a Vi
6 df < (2== — A 11 —1
/On<,x> <@+ ) foralla € [-1,0]

and in particular [ n(6,0)d# is finite.

Lemma 5.3.6. The solution for (5.43) satisfies 0 < p(x) := [7°V(0)n(0,z)dd < C, for all x €

(—00, 0], for some constant C, depending only on «, 35, Vi, Vas.

Proof. Take h(x) = [;" n(60,x)df. It is clear that h(x) > 0 because n(f,z) > 0. Integrating the
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equation for n in (5.43) with respect to 6, we find

“0u((c+ ) = (1= P20+ 2= 0) — (1=p) [ 5O)n(0.2)db

Integrating in  from x to 0 and using the fact that A is finite at 0 and ¢ + p’(0) = 0, gives

(c+p'(x)h(z) < (2% + %O;M)/x (1—p(y))dy forall z € (—o0,0).

On the other hand, integrating the equation for p in (5.43) with respect to x yields:

0 0
c+p(x) = / (1 —p)ady > Vi/ (1 —p)dy, forallz € (—o0,0).
z M Jg

Putting these two inequalities together, we obtain:

1
B2V +—) forallz € (—00,0).

h(z) < (2
@ <R+

It follows from this bound and Lemma 5.3.5 that [° V(0)n(0,z)dd < Vyh(z) < C forall z €

(_OO’O]' OJ

Remark 5.3.7. Notice that because V' and [ are bounded, T'[u.,w.] is bounded in L*°((—00,0)) x
L>((—00,0)). Because ffoo p(x)dr < 00, Tluy,w] will also be bounded in L7 ((—o0,0))x L2 ((—00,0)),
independently of u and w. At the same time, T'[u,,wy] > 0, meaning T is a map from X x X to itself,

and so T is a nonnegative map from L2 x L2 1o itself.

We now wish to apply the Leray-Schauder fixed point theorem to the map 7". To do so, we need
to show that 7" is a compact and continuous operator such that the set {(u, w) € L2 x L2 (u,w) =
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AT [u, w],0 < X < 1} is bounded. We start by proving compactness.
Lemma 5.3.8. The map T is compact.

Proof. Let {(uy,w;)} be a bounded set in L? x LZ. Then {(us,, vk, )} is bounded as well. Let

(vk, 2z1) = T'lug, wi] = T[ug, , wy, |. From the previous remark, v;, and z;, are bounded in X indepen-

dent of k. Multiplying the equation for n by V'(0) + « gives

—®w+mWL=—G—WMWWr%1—mJAwB@XV@%+Mnm9

+ /0 T @) ngdd + (1 — p) (V(0) + ) (2105 + %(u-k ).

Then, because wy, Uy, Uy — Uk, Pr, Uk, V, V', and V" are bounded independent of %, we have that
(cr+ Phla))oh(2)| < €, forall z € (—0,0),
for a constant independent of k. Then, recall that

’ « 0 B o 0 \/Zy . (0 . VAz
Ck+pk($)ZV— (1 P)dyZW e dy—w(l eV ),

M

so forasmall & > 0, ¢y + pj(z) > 7-(1 — e~VA) for & < —e. Also, ¢ + () < ¢, < /A for all
x < 0, so

|v.(z)] < C  forall z € (—o0, —¢),

for a different constant, also independent from k. A similar argument when multiplying the n equation
by (6) gives that |z, (x)| < C for all x € (—oo, —¢), for another constant C' independent of .
These bounds, along with Arzela-Ascoli theorem imply that there exists subsequences of vy
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and z, and functions v, z € L*°((—00,0)), such that v; converges to v and z; converges to z locally
uniformly. Then, it can be concluded that along a subsequence, v converges to v and z; converges to z
strongly in L7, using the same argument as in Lemma 5.2.11. Therefore, {T[us, , w, |} = {T [ur, w]}

. . . 2 2 .

is relatively compact in L, X L, so T'is compact. [
Next, we prove that T is continuous.

Lemma 5.3.9. The map T is continuous.

Proof. If v, — v and wy, — w, then u,, — uy and wy, — w,. The proof that 7" is continuous is
essentially identical to the proof of Lemma 5.2.12, so it is omitted. Then, it follows directly that T is

continuous. O]

The final requirement for applying the fixed point theorem is the following:
Lemma 5.3.10. The set {(u,w) € L, x L? : (u,w) = AT [u, w],0 < X < 1} is bounded.

Proof. Consider (u,w) = XT'[u,w] = XT'[uy,w,]. Then, u,w > 0, so the result follows from this

lower bound and the upper bound in Lemma 5.3.6. [

Now that we have shown the requirements for Leray-Schauder fixed point theorem, we will

apply the theorem and conclude the proof of Proposition 5.3.3.

Proof of Proposition 5.3.3. This proof consists of showing that the system (5.42) has a solution. From
the previous three lemmas and Leray-Schauder fixed point theorem, there exists a fixed point of T,
i.e., there is (u,w) = T[u,w] = T[us,wy], so u,w > 0 meaning that (u, w) is a fixed point of 7" as

well. This implies that there exists u, v € X such that



To conclude, it remains to show that u = @, w = w, and p(z) := [~ V(0)n(0, x)df = 1 forall z < 0.

First, we have

1
w—i——) forall x < 0,

u(z) < (Vi + a)h(z) < 2(Viy + a)( Vo Ve

from the bound on A from Lemma 5.3.6. By taking A > 2(V}, + oz)(%—‘éﬂM + VLO), we have u = 4.

Then, using (5.43),

O+ H)p - 0) = —(1=p)i+ (1= ) [ VO + (1= o2 + - (a =)
~ (=) [ V©)s(0)mas
(=) (L=p) [ VOndb + (1= p)Vidlw = w) + (1= p)Vaw
F=pa—u) = (1 =p) [ VOO

= 2%(1 —p)(ﬂ) - "LU),

recalling that (2 — V(0))5(0) = « From the definition of w, w < w, so by integrating the above

from z to 0, and using ¢ + p’(0) = 0,

(c+p'(x))(p(x) —1) <0,
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and because ¢ + p’ > 0, it holds that
p(x) < 1forall z < 0.

Then

B2

v, S 0@,

/ (8 9:L‘d9<%p()

sow = w and (¢ + p')(p — 1) is constant, i.e.,
(c+p'(x)(p(x) = 1) = (c+p'(0))(p(0) — 1) = 0.
Because ¢ = —p/(0) and ¢ > —p/(z) for all z < 0, it holds that
p(x) = 1forall z < 0. (5.46)

Also,

u(z) = /OOO(V’(G) + a)n(0,z)df > Viﬁ(x) -

)
M Vi

so u > u, and

IS
I
NIl
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5.3.2 Extension to the degenerate case

So far, we have shown that there exists a solution of the system (5.42) on the half line (—o0, 0).
In order to extend this result to prove our main theorem, Theorem 5.3.2, we need to show that a solution
of (5.32) with assumption (5.35) exists, and the solution is zero on [0, c0). To do so, we will first take
a — 0 in the solution we found for (5.42). This consists of showing that n,, p,, and ¢, are bounded
independently of «, and that ¢, has a strictly positive lower bound, to ensure that the limit does not
converge to ¢ = 0. Then, we use (5.46) to recover p € Py (p) and finally show that n(6, =) = 0 for all

x > 0, concluding the proof of the theorem.

Proof of Theorem 5.3.2. To prove the existence of a solution of (5.32) with assumption (5.35), we need
to show that the limit « — 0 can be taken. Let (n,, pa, ¢o) be the solution that we found of (5.42)
on (—o0, 0) with assumption (5.38), where V' = V,, and 8 = (3, for some functions V,, and /3. This

means (2V,(0) — V,(0))B.(0) = « for all § > 0, and the following assumptions hold:

0 S 50[(0) S 527 Vb,a = Va(O) S Va(e) S VM,(X'

1

We will make the following additional assumptions: Suppose o < ; and that there exist constants

C1, Cs, Cs, Cy, Cs, Cg, C7 > 0 independent of «, such that for all «,

%,Oc 2 Cl7 02 S VM,O{ S C37 0 S VOC(Q) S C47

and

6&(9) Z 05 for 6 2 92, VCC(Q) Z Cﬁ for 0 S 91, 0 S 92 - 91 S 07.
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This “discreteness” of J and V' will be necessary to prove a uniform lower bound on ¢,. Finally, we
suppose that lim, o 5,(0) = B(0) and lim,_,o V,(0) = V() exist and satisfy (2V'(0) — V' (0))3(0) =

0.

Then, for all o, using (5.45) to see that n, (0, z) < n,(0, x) for all 6, we have that

B2 23
0<n.0,z) <2 < —, 547
nal6,2) <2975 < ©47
and from (5.44), we have that
0<p.(z) <1

Also, because p, < 1,

—ph = (1—pa) /OOO(VOC(Q) + a)ndf

and
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The bounds

o C4+1
(1 _poc)W S _p,c/y S (1 _pa) .

also imply, by the sub- and super-solution method of Lemma 5.3.4, that

C4+—
VMa

and because p/, is decreasing,

Cy+ L
0> pl(z) > pl(0) > — ) —

4
Ch

These bounds are enough to pass 1., Pa, Co to the limit as « — 0 by the Arzela-Ascoli theorem

It remains to verify that c,, is bounded below independent of «, so that we ensure as o« — 0, ¢, doesn’t
converge to 0

To do so, assume that ¢, < ¢ <

for ¢ > 0 independent of «, to be defined later on. Using this
and the fact that p/, is decreasing, we have that p/, (z) > —3 forall z € [—1,0], and because p, (0) = 0
o

pa(z) < 3 forall z € [—1,0]. Using the non-positivity of p,,, integrating the equation for p, in = on
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[—1, 0], we have

£> o+ ph(—1)

0
::J/ —padr
-1

_ /j(1 — ) /Ooo(v;(e) + a)nadfds

1 0 01
Z—// V2 (0)nydbdx
2J 4o
0 o1
2%// nedfdz,
2 J 1o

and so

01
/ / nadedx<56

Integrating the equation for n,, in z on [—1, 0], we have

d 0

(1 = paYads = —(ca + pa(~1))na(8, 1) - / BalB)(1 — pa)nade

a0 J_,

> 2—5—/ Ba(0)(1 — po)nade,

(5.48)

using the fact that ¢, + p/,(—1) < ¢, < ¢ and the bound (5.47) on n,,. Integrating from 0 to 6 < 65,

/ (1= ponal0, ) — / "1 p2 / " BulO)nadids

-1 -1

0 0
> —2—¢f — / / Ba(0)(1 — po)nydidx
Cy -1Jo
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Then using that p,(z) < 5 forx € [-1,0] and 1 — p,(z) < 1forall x € (—o0, 0],

1
2

-1

0 52 0 0o B 5 5
/ nalf )l > 22220 + / 1 /9 Bo (0 (0, 2)didz
0 00
> —2&592+ / Ba(B)na(0, z)dOdx

1.J6
B2
> 220y + Cs N 9 a:)d@d:z:
Cy -1

Then integrating from 0 to 65,

02 00 0
/ / ne(0, z)dzd > 252 92+c592/ / na(0, z)dzdo.
02

-1

Also, using the fact that p, = 1,

02
/ /nQdexdG—i—/ /nQde0>/ / e (0, x)d0dx = ! >
0> Ma VM,a

Combining this with (5.49),

02
—2 //naexda:cw—l—//na&xd@
Cs 0,

02
(05 +65) / / N (0 x)dxd0+222 63,

meaning that

02 0 0 2& 92 B )
/ / na(0, z)dzd > < - +C;€ 2 _ 05%05 12050352925
o o 02 ,Cs(1+ Cs0s)
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But from (5.48) and (5.47),

0> 0 01 0 0o 0 25 2/82
/ / ne (0, x)dzdd = / / ne (6, x)dzdd + / / na (0, z)dzdd < — + —==(0, — 6,),
0o J 0 J-1 0 J-1 Cs i

so that

050201 — 20503ﬁ29%€ 2e 252 2e 2ﬁ207
< — 4+ —(0,—0;) < — +
CiC5(14+C56,) — Cs G4 (62=6.) < Cs Cy
and rearranging,
Cs502 _ 28207
> C3(14C502) Cq

- l + 2055293 ’
Ce C1(14C562)

which is a contradiction by taking C'7 small enough and

Cs02 _ 28207
_ C3(1+C562) Ch
i + 4C5BQ@§
Ce 01(1+C592)

Then we have that for all «,

Cq 2 E.

Finally, we can take @ — 0 to get a limit (n,p, c), with ¢ = —p/(07). Using (5.46) to recover p €
P..(p), we conclude that this limit is a solution to (5.32) in the region = € (—o0, 0). To take care of the
region x € [0, 00), we use the same logic as in Theorem 5.2.1. We have that (cp + pp’) is continuous,
meaning that ¢ = %, so for the solution with ¢ = —p/(0), it holds that p(0*) = 0. Also, on

(0,00), p = 050 (5.34) becomes
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meaning that

p(x) =0, forx >0, and n(d,z) =0 forz > 0,0 > 0.

]

Remark 5.3.11. An example of a pair V,, 5, that satisfy the requirements for this theorem when V, 3

are given by (5.36)-(5.37) is:

(

\

V(0) + (v — )b,

smooth,
2V (0) — a,
V(0)—(v=a)’

smooth,

L,

\
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