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Chapter 1: Introduction

In an attempt to explain for the existence of high energy particles in cos-
mic rays, Fermi [17] in 1949 proposed a model in which charged particles undergo
repeated reflections in moving magnetic fields. Later in 1961 Ulam [42] contended
that a similar mechanism should appear in finite degree of freedom systems. He con-
ceived a toy model where a particle travels freely and bounces elastically between
two infinitely heavy walls, one fixed and the other moving periodically (c.f. Figure
1.1). Ulam [42] performed numerical experiments on a piecewise linear model and
conjectured that there exist escaping orbits, i.e. those orbits whose energy tends to
infinity with time. In addition, bounded orbits (i.e. those whose energy always stay
bounded) and oscillatory orbits (i.e. those whose energy have a finite liminf but
infinite limsup) might also appear in this type of models and extensive efforts have
been made to examine the existence and prevalence of each of these three types of
orbits in the Fermi-Ulam models and its variations (the author refers to [12,19,29]

for surveys on this subject).

Figure 1.1: The Original Fermi-Ulam Model



Notably the KAM theory has eliminated the possibility of the existence of
such escaping orbits in the Fermi-Ulam models, provided that the wall motions
are sufficiently smooth [25] [38] [39], as the prevalence of invariant curves prevents
energy diffusion at arbitrarily high energy levels and thus forces all orbits to be
bounded.

However, unbounded solution can still be obtained in nonsmooth cases. For
example, Zharnitsky [45] has found a particular type of unbounded orbits in the
piecewise linear case that Ulam had considered (c.f. Figure 1.2), whose energy
grows linearly in time. In the same paper, he extended this result to the “squash
player’s” problem [28], which is equivalent to the piecewise smooth Fermi-Ulam
problem with a large velocity jump in a period. In a piecewise smooth model with
one singularity (c.f. Figure 1.3), de Simoi and Dolgopyat [8] showed that there exists
a parameter dichotomizing the behavior of the system: depending on whether the
linear part of the limiting system at infinity is elliptic or hyperbolic (i.e. whether
the absolute value of trace is less or greater than 2), bounded orbits co-exist with
escaping ones in elliptic regimes while escaping orbits have zero measure but full

Hausdorff dimension in hyperbolic regimes.

wall motion wall motion

Figure 1.3: Piecewise Smooth Model with

Figure 1.2: Piecewise Linear Model One Singularity

There are many interesting questions pertinent to the Fermi-Ulam models



with non-periodic wall motions. For instance, Zharnitsky [46] extended the KAM
stability result from the periodic Fermi-Ulam models to quasi-periodic ones with
Diophantine frequencies, by proving a quasi-periodic version of the Moser’s twist
theorem. When the Diophantine condition on the frequencies is relaxed to rational
independence, Kunze and Ortega [24] showed that typically the set of initial data
which lead to escaping orbits has zero Lebesgue measure.

Rich dynamical phenomena have also been observed when the motion between
collisions is not free but subject to a potential. When the fixed wall is removed and
a potential of the form U = x“ is present, Pustylnikov [37] showed that for o = 1
(i.e. the background force is constant) there exists an open set of wall motions in
the space of analytic periodic functions admitting analytic extension to a fixed strip
|S3t| < & which produce infinite measure of escaping orbits. In a model of piecewise
linear oscillators (i.e. a = 2), Ortega [33,34] provided conditions for the existence
of escaping orbits. When the wall motion is of sin-type, Dolgopyat [11] proved that
for a > 1, v # 2 the escaping orbits do not exist, while for @ < 1/3 the escaping set
has zero measure. For a < 1 and sinuous wall motions, de Simoi [7] showed that the
escaping orbits possess full Hausdorff dimension. In a Duffing equation with a time-
dependent polynomial potential with one discontinuity, Levi and You [27] proved
the existence of oscillatory orbits. Arnold and Zharnitsky [2] also found unbounded
orbits in a pinball system with switching potentials.

Two-dimensional billiard models are natural generalizations of the one-dimensional
Fermi acceleration model and can often provide chaotic orbits even in the smooth

case. For example, escaping orbits were proven to exist in billiard models with



the smoothly breathing boundary [22,23,26]. In a Lorentz gas model [31], the
average velocity of particles grows linearly in time for stochastic perturbation of
scatterer boundaries and quadratically for periodic perturbation. FExponentially
growing orbits for non-autonomous billiards were constructed in [21]. Shah, Turaev
and Rom-Kedar [40] numerically investigated a rectangular billiard model with a
moving slit. They proposed a random process approximation, i.e. the probability
of jumping above or below the slit is proportional to the length of openings. They
numerically verified the expected exponential growth rate for a large ensemble of
initial conditions in the non-resonant case and they also numerically observed that
the growth rate in the resonant case was significantly higher [40]. Later they gener-
alized the idea to higher-dimensional time-dependent billiards and obtained a new
class of numerically robust exponential accelerators [18]. Exponential acceleration
is also conjectured to be generic for oscillating mushrooms [20]. However, it remains
challenging to detect a positive measure set of exponentially growing orbits, and so
is to study the typical behavior of the entire system.

In this thesis we describe the dynamics of two variations of the Fermi accelera-
tion models. The first model consists of a rectangular billiard with two periodically
oscillating slits. We assume that the horizontal motion of the particle is in resonance
with those of the slits. This model was inspired by the previously mentioned work of
Shah, Turaev and Rom-Kedar [40]. The second model depicts a ball bouncing ver-
tically against a periodically oscillating platform in a gravity field. We assume that
the platform motion is piecewise smooth with one singularity. This model is a non-
smoonth modification of the one-dimensional model considered by Pustylnikov [37].

4



In both models, we assume that the particle is massless so that the collisions have
no effect on the motions of the moving objects (i.e. the slits or the platform) and
that the collisions are elastic. We record the time and the velocity immediately after
each collision the ball makes against the moving objects and we study the collision
map which sends the information of one collision (i.e.the time and the velocity) to
the next one.

For the rectangular billiard model, we show that almost all initial conditions
with sufficiently high initial velocity produce exponential energy growth in the fu-
ture, provided that the relative positions of the two slits are different at the times of
the two jumps such that a “trapping region” is created (c.f. Section 2.1 and Fig.3.6).
Moreover, under an additional hyperbolicity assumption we estimate the waiting
time after which most high-energy orbits start the exponential acceleration. We
note that the rectangular billiard is pseudo-integrable as long as the ball only inter-
acts with one slit, in the sense that the motion can be approximated by an integrable
one with vanishing error as velocity tends to infinity (c.f. Section 3.2.1 for details).
However the passages between left and right slit break the pseudo-integrability and
create chaos, in the sense that the normal forms obtained in Section 3.2.2 can be
hyperbolic. Similar mechanisms of chaos have been observed in separatrix passages
and kicked oscillations [3,32,36,43,44]. We also refer to [13] for discussion of similar
phenomena in the piecewise smooth setting.

For the bouncing ball in gravity model, we show that if the second derivative
of the wall motion behaves, i.e. the second derivative is either always positive or

always less than the negative of the gravitational constant, then the escaping orbits



have zero measure and the collision map is recurrent in the sense that almost every
high energy orbit returns arbitrarily close to its initial energy level. Nevertheless,
we also show that under these assumptions, escaping and bounded orbits still exist
at arbitrarily high energy levels.

The thesis is organised as follows. We describe the setup and the main results
for the two models in Chapter 2. The proofs of these main results are presented in
Chapter 3 and Chapter 4 respectively.

The Fermi acceleration models are, by its nature, an inter-discipline subject
that attracts both mathematicians and physicists. We have found a mechanism
for exponential acceleration, i.e. the trapping regions, which, to the author’s best
knowledge, is the first result on Fermi acceleration models where robust exponential
acceleration is rigorously established. From a technical viewpoint, these two models
serve as excellent examples of infinite measure dynamical systems, a field that has
long been proven extremely challenging and the existing literature on the subject
is rare and scarce. In both models, we overcome the difficulty arising from the
infinite measure phase spaces by taking a detour through the limiting dynamics,
which can be either confined or projected onto compact fundamental domains (c.f.
Section 3.2 and Section 4.1). The techniques from hyperbolic dynamics are explored
and employed in both cases, especially the Growth Lemmas (c.f. Lemma 3.4.2 and
Lemma 4.4.5) which aim at controlling the size of short unstable manifolds resulting
from the nonsmooth nature of the systems.

The thesis is based on two of the author’s papers: one already published [48]

and the other submitted for publication [47].



Chapter 2: Main Results

2.1 A Rectangular Billiard with Moving Slits

In this section we present the first model: a rectangular billiard with two
moving slits.

In our setting, the billiard table is a unit square. Two slits are moving vertically
in the table with the length of left slit A and the length of the right slit 1 — A, where
A € (0,1) is a constant. The motion of the two slits are described by two C? 2-
periodic functions hy(t) and hg(t) respectively. A massless ball bounces elastically

against the moving slits as well as the boundary of the rectangular table (c.f. Figure

2.1).

hr(t) I

I hr(t)

0 A 1
Figure 2.1: Rectangular Billiard with Moving Slits

We study the strongest resonant case. Namely, we assume that the horizontal



speed the ball is 1, so the horizontal coordinate of the ball is periodic with period 2.
Hence we have 1:1 resonance between the period of moving slits and the period of
the horizontal motion of the ball. The ball experiences two jumps between the left
and the right parts of the table during each period. We denote by xy the starting
horizontal position of the ball. We may assume without loss of generality that the
ball starts from the left part of the table, i.e. 0 < xy < A. The ball jumps from
the left slit to right one at time ¢ = A — xy and then from right to the left at time
t5 = 2—X\—x5. We note that due to the resonance, the times ¢, t5 of jumps do not
change once the parameters xg, A are fixed.

We record the time and the vertical velocity of the ball immediately after each
collision with the slits. We exclude from our discussion the trajectories having a
collision at x = A, which constitute a null set among all the initial conditions.

For a wide range of choices in A and xg, the relative positions of the left and
right slits are different when the ball jumps from one slit to the other at time ¢} and
t5 (c.f. Figure 2.2 and 3.6). A trapping region is created in this case and the ball

starts to gain energy exponentially fast once it gets trapped.

Theorem 1. Assume X\ and xo are such that hp(t7) < hr(t}), hp(ts) > hr(th)
or hp(t¥) > hg(ty), hp(td) < hg(ts). Then there exists Vi, » 1, which depends
only on hy, and hg, such that almost every orbit whose initial speed is greater than
Vi eventually gains energy exponentially in time. In particular, the set of initial

conditions (ty,vo) which do not enjoy exponential energy growth has finite measure.

In the presence of a trapping region, with additional hyperbolicity assumptions



we estimate the waiting time after which most high-energy orbits start to accelerate
exponentially.

We define a new function h as follows

hp(t) O<t<tiorts<t<?2
h(t) =
hr(t) tf <t<t].

We introduce a new quantity Tr. If hp(t]) < hg(t]), hp(ts) > hg(ty), then

the lower chamber is trapping and we define in the upper chamber

1—hy 1—hy 1—hi 1—hy
07 (18 0) (o) (2 ) (o)

— arasaf

where A = h(ti+), a; = hi (L — hf) — h (1 —hy),

in“ f ds a8 Jté“ ds
o= + ———— an = —_
o Ji) (1 =h(s))? (1= h(s))?
On the other hand, if hy(t) > hg(t7), hr(t5) < hg(ty), then the upper cham-
ber is trapping and we define in the lower chamber
hy hy hi hy
Tr =Tr" = (ﬁ — a'l/B’) (é — a’QO/) + (% — a'lo/) (é — ay '> — ayayd

t; ds

. . %
where a; = h;'h; — h;hi, o/ = <Sél + S%) % and ' = St’f oL

Theorem 2. Assume \ and xy are such that the assumption in Theorem 1 holds

9



and that |Tr| > 2. Then there are K, > 0 such that for any € > 0, there exists

Vo = Vo(e) and T = T(€) such that for each V = Vj the complement of set

: : [w(T)|
{(to,vo) ool e [V, V + 11Vt =T |o(t)] = e e’ }

has measure less than €, i.e. most orbits with initial energy |vo| > Vg start to

accelerate exponentially after time T'.

The proof of this result is constructive. In particular, 7" depends logarithmi-
cally on € (see Equations (3.11) and (3.12)). The quantity 7'r is in fact the linear
part of the normal forms in Section 3.2.2 and the “hyperbolicity assumption” here

means |Trace| > 2.

0.8
0.6

0.4

0.2

P
’/ A ’
00 A

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.2: Trapping Regions

The plot of trapping regions for hp(t) = 0.3 cos(nt) + 0.5, hr(t) = 0.3sin(nt) + 0.5. The blue part
indicates the values of A, zg for which a trapping region exists: the upper rectangle is where the
upper chamber is trapping and the lower triangle is where the lower chamber is trapping. The
shaded part displays where the hyperbolicity assumption |Tr| > 2 holds.
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Example 2.1.1. To illustrate our results, we consider the case where
hi(t) = 0.3cos(mt) + 0.5, hg(t) = 0.3sin(wt) + 0.5. (2.1)

Then

A(t) := hi(t) — hg(t) = 0.3v/2cos (7Tt + %) :

A trapping region exists for A, xg such that either
AN—z9) >0, AR2—-A—129) <0 or AAN—1z0) <0, A2—-X—2z0)>0.

The former case is equivalent to A — z¢y < 0.25, 0.75 < A + xo < 1.75; the upper
chamber is trapping and the hyperbolicity assumption holds if |Trf| > 2.

The latter case is equivalent to A — xg > 0.25, X\ + x¢ < 0.75; the lower chamber is
trapping and the hyperbolicity assumption holds if |TrY| > 2.

Figure 2.2 demonstrates that for hy, hr defined above by (2.1) the assumptions of

Theorems 1 and 2 hold for a sizable set of parameters.

2.2 Bouncing Ball in a Gravity Field

In this section we present the second model: bouncing ball in a gravity field.
The model describes a point mass bouncing elastically against an infinitely heavy
moving wall in the gravity field. The motion (height) of the wall is a piecewise
smooth periodic function f(t) and the gravitational constant is given by g.

We are interested in the case when the motion f(¢) of the wall is 1-periodic and

11



Figure 2.3: Bouncing Pingpong in Gravity Field

piecewise C3, i.e f(t+ 1) = f(t), f € C3(0,1) and f(0+) # f(1—). We record the
time ¢ of each collision and the velocity v immediately after each collision. Similarly
to the first model, we exclude from our discussion the singular collisions at integer
times, which form a null set in the (¢, v)-phase cylinder. We investigate the dynamics
of the system by looking at the collision map F', which sends one collision (¢, v) to
the next one (¢, 7).

We denote the second derivative of the wall motion as k(t) = f(t). The
collision map F' preserves an absolutely continuous measure 1 = wdtdv where w =
v — f is the relative velocity after collision (c.f. Section 4.1.1).

For large velocities, the dynamics can be approximated by

F(t,v) = Fy(t,v) + O <1)

v

where

Fo(t,v) = (t+2—v,v+2f <t+2—v>).
g g

It is easy to verify that the limit map F,, is area-preserving and it covers a

12



map F,, on the torus R/Z x R/gZ

where t = t (mod 1), o = v (mod g).
If the second derivative f of the wall motion is either always positive or always

less than —g, then the limit map F, is ergodic:
Theorem 3. Suppose that f(t) > 0 for any t > 0. Then the map E., is ergodic.

Theorem 4. Suppose that for any t > 0, f(t) < —g where g is the gravitational

constant. Then the map E., is ergodic.

We shall call a wall motion f(t) admissible if either for all ¢, f > 0 or for all

t,f‘<*g.

Remark 2.2.1. The map F., might not be ergodic if the assumptions in Theorem 3
and Theorem 4 fail. For example, when the wall motion is analytic Pustylnikov [37]
found an KAM island for the limit map for an open set of analytic periodic wall
motions which admit analytic extension to a strip |St| < . Note that for analytic

motions Scl) f(t)dt = 0 so analytic motions are not admissible.

Besides the above ergodic properties, we also obtain strong statistical proper-
ties of F, under the same assumptions.

For every z,y € T, we define their forward separation time si(x,y) to be
the smallest nonnegative integer n such that z,y belongs to distinct continuity

13



components of F7. We can define similarly their backward separation time s_(x,v)
for the inverse iterates.

A function ¢ : T — R is said to be dynamically Holder continuous if there
exist ¥ = ¥(Fy) < 1 such that

|()0|:9r ‘= sup { |90(:L‘) B 90<y)|

J5r (@) : ¢ # y on the same unstable manifold} < o0,

and that

||y := sup {W : & # y on the same stable manifold} < 0.
Theorem 5 (Exponential Decay of Correlations). Suppose that the wall motion is
admissible. Then the map Fy, enjoys exponential decay of correlations for dynami-
cally Héolder continuous observables: 3 b > 0 such that for any pair of dynamically

Holder continuous observables ¢, ¢, 3 Cy, 4 such that

< Cuge ™ mneN.

[ (o Bz~ | ot | oa

We observe that for any dynamically Holder observable ¢, the following quan-

tity is finite due to Theorem 5

0
Ui = Z L@-(¢0F£)dﬂ<oo.

n=—0o0
Theorem 6 (CLT). Suppose that the wall motion is admissible. Then the map F,

14



satisfies central limit theorem for dynamaically Holder observables, i.e.
Lﬂz_ll o Fi d’it/\f(o o2)
=

where ¢ is dynamically Holder with zero average ST wdin = 0.

As for the original system, under the assumptions in Theorem 3 or Theorem

4 the escaping orbit of the collision map F' constitute a null set:

Theorem 7 (Null Escaping Set). Suppose that the wall motion is admissible. Then

the set E of escaping orbits of F' has zero measure.

It turns out that the escaping set is exactly the dissipative part of the system

and consequently under the assumptions in Theorem 3 or 4 the system is recurrent:

Corollary 8 (Recurrence). Suppose that the wall motion is admissible. Then F' is

recurrent, i.e. almost every orbit comes arbitrarily close to its initial point.

However, under the assumptions in Theorem 3 or Theorem 4, escaping and

bounded orbits still exist:

Theorem 9. Suppose that f(t) is admissible. Then F possesses escaping and

bounded orbits with arbitrarily high energy.

Moreover, F' satisfies the following global global mixing property for global
functions. We say a function ® is global (or extended) if it is bounded, uniformly

continuous and has a finite average ® in the following sense: for any e there exists

15



N so large that for any rectangle V' = [0, 1) x [a,b] with b —a > N we have

‘H
< ?
&
U
=
|
_e
N
Q)

We denote by Gy the space of all such global functions.

Theorem 10 (Global Global Mixing). Suppose that the wall motion is admissible.
Then F' is global global mizing with respect to Gy, i.e. for any ®1, Py € Gy, the

following holds

lim lim sup

Dy (Pyo F™")du =
n=90 | (V)—w M(V) JV ' ( ? )

1 o
lim liminf —— | & (Py0 F")du = &, P-.
o ), e 0 -
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Chapter 3: A Rectangular Billiard with Moving Slits

In this Chapter, we present the proofs of the Theorems stated in Section 2.1.

3.1 Preliminaries

Since the horizontal speed of the ball stays constant, only the vertical speed
contributes to the energy change of the ball. Consequently, we only need to record
the time ¢ and the vertical velocity v immediately after each collision. Let us denote
by H the collision map.

For ¢ = 1,2, we denote as R; the strip in the (¢,v)-plane bounded by the
singularity line S; = {t = tf} and its image HS;. Also let R, = H'R;. We
subdivide the singular strips R into upper and lower chamber parts R™ and R™.

There are four possible scenarios when the ball makes a jump: the ball always
hits the slits from above or below, the ball first hits from above then from below
and vice versa.

We start with the easiest case when the ball always stays in the same chamber.
Then the system is effectively equivalent to a Fermi-Ulam model with the motion
(height) of the wall being the piecewise smooth 2-periodic function h(t) with two

jump discontinuities at ¢] and ¢3.

17



Suppose that the ball is initially in the upper chamber. We omit the subscript
1 as the formulas for passing through the two singularities are the same. If for
(t,v) € R we have h(t*+) — h(t) < v(t* —t) < 2 — h(t) — h(t*), then the ball ends
in the upper chamber after jumping and the model is equivalent to the one with a
fixed ceiling and a moving floor (c.f. Figure 3.1 on the left).

Two consecutive collisions (t,,v,) and (t,11, Vny1) = H(t,, v,) satisfy

Untl = Up + 2h(t7’b+1) ( )
3.1

2~ hty) — h(tns1) = Va(tnset — to).
— O

Figure 3.1: Equivalent Fermi-Ulam Models for the Upper/Lower Chambers
Similarly, suppose that the ball is initially in the lower chamber. If for (t,v) € R
we have h(t) — h(t*+) < —v(t* —t) < h(t) + h(t*), then the ball ends in the lower

chamber after jumping and the model is equivalent to the one with a moving ceiling

and a fixed floor (c.f. Figure 3.1 on the right). Two consecutive collisions satisfy

Uni1 = Up + 2h(tns1) (32)
3.2

h(tn) + h(tns1) = —vn(tner — to).

Now let us examine the switching cases.

18



Suppose that the ball is initially in the upper chamber and two consecutive
collisions still follow Equation (3.1) before the ball jumps from one slit to the other.
However, when the ball jumps, if the next slit is above the previous one when the
ball passes through the singularities, then there is a possibility that the ball enters
the lower chamber. More precisely, for (t,v) € R, if v(t,—t) > 2—h(t) —h(t.+), then
the ball collides with the ceiling and then enters the lower chamber (c.f. Figure 3.2
on the left); while if v(t, —t) < h(t.+)—h(t), then the ball enters the lower chamber

immediately after it leaves the previous slit (c.f. Figure 3.2 on the right).

o

Figure 3.2: From Upper to Lower Cases

Two consecutive collisions satisfy the following Equation (3.3) in the first case

Un<tn+1 - tn) = h<tn+1) - h(tn) +2

(3.3)
Upt1 = —Up + Qh(thrl)
and the following Equation (3.4) in the second case
Un<tn+1 - t) = h’(thrl) - h(tn)
(3.4)

Un4+1 = —Un + 2h(tn+1)
On the other hand, suppose the ball is initially in the lower chamber and two

consecutive collisions still follow Equation (3.2) before the ball jumps from one slit
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to the other. When the ball jumps, if the next slit is below the previous one when the
ball passes through the singularities, then there is a possibility that the ball enters
the upper chamber. More precisely, for (t,v) € R, if —v(t,—t) > h(t)+ h(t.—), then
the ball collides with the floor and enters the upper chamber (c.f. Figure 3.3 on the
left); while if —v(t, —t) < h(t) — h(t,—), then the ball enters the lower chamber

immediately after it leaves the previous slit (c.f. Figure 3.3 on the right).

s

Figure 3.3: From Lower to Upper Cases

Two consecutive collisions satisfy the following Equation (3.5) in the first case

Unltnst — tn) = h(tns1) — hity) — 2

(3.5)
Upt1 = —Up + 2h(tn+1)
and the following Equation (3.6) in the second case
Un(tn+1 - t) = h(thrl) - h(tn)
(3.6)
Unt1 = —Up + 2h<tn+1)
By differentiating the collision equations, we obtain that det H = U}:il where

w is the relative velocity right after collision. Consequently, the collision map H

preserves the absolutely continuous measure p = wdtdv.
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3.2 The Normal Form

In this section we study how the (vertical) velocity of the ball changes after
one period At = 2 given sufficiently large initial energy. We will first approximate
the collision map H with adiabatic coordinates away from singularities. Then we
examine the collision dynamics when the ball passes through singularities. The
change of coordinates we make is not area preserving, however, in our argument it
is only important that it preserves Lebesgue measure class. Moreover, the Jacobian

of our coordinate change tends to 1 as velocity tends to infinity.

3.2.1 The Adiabatic Coordinates

First we suppose that the ball collides with the slit from above and it does not
make a jump at nearby collisions.

Let us denote I(t) =1 — h(t) and L, = Si [7%(s)ds.

Lemma 3.2.1. For (t,v) ¢ Ry U R; (i = 1,2) and v » 1, there exists an adiabatic

coordinate (0,1) = Wy (t,v) € R/2Z x R, such that

2 1 1

n

2 t
In fact, 0 = 0(t) = £—f
x Jo

ds L, 2]
2 =1 - = R
I(s)? mod 2, (t,v) 5 (Zv + U+ 31})

Proof. We can check the formula by a direct computation (c.f. Lemma 2.2 in [8]),

or we can derive it in an inductive way (c.f. Section 2.2 in [10]). The basic idea is
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to find higher-order adiabatic invariants. For example, observe that

2(t,)

Un+1 — Up =~ _21(tn>7 tn+1 - tn ~
Up

This leads to the Euler scheme of the following ODE

dv ol
dt [

which in turn gives us the zeroth order adiabatic invariant I = [v. Then we update

the scheme by replacing v with I and look for the first order adiabatic invariant, etc.
.

This scheme terminates at the second order adiabatic invariant I = lv + 1l + 3y
v

Next, the formula for € can be obtained reversely by solving the ODE

t
which leads to 6(t) = J 17%(s)ds.
0

We observe that only the order v term in I is used to derive the formula for #

and it seems to produce an estimate only up to first order
Oni1 — O = 2/1, + O(I,?).

But in fact by noting the Taylor expansion of [=2 and that

2(t At 2?2 + 20(t,)21 (¢,
bt = (n)Jr ()2()Jr ()()J; ()()+O(U;4)
Up, vz vy
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we obtain that

bnt1 ) tn+1 - tn ln 2 l?L l’fl 3 —4
[ (S)dS = Z—Q — l_3(tn+1 — tn> + (l_4 - 3?)(1571+1 — tn) + O(’Un >
tn n n n n
2 20, 222, »
L, tnv2 * L3 +0,)
2 2, 2, 20, 20221,
_ = n nvn . n n O —4
I, * vp * 3v2l, 1,02 * 3 +O(,)
2 22 2l 2022,
_ = n n'n n n'n O —4
L e, T e O
2
=T+ O(v; )

n

where I, = I(t,) and I, = I(t,), which produces the desired third order estimate.

Finally, we need to rescale 6 (and hence I) to make 6 2 periodic. O]

Next we assume that the ball collides at the slits from below and it does not
make a jump at nearby collisions.
We introduce a new function g(t) = h(t) + 1. Then Equation (3.2) becomes

the same as Equation (3.1) with ¢ in place of h

Upt1l = Up + 29(tn+1)

2—g(tn) — 9(tns1) = va(tnir — tn)

Therefore all the computation above in Lemma 3.2.1 applies with g in the place of
h.
We define m(t) = 1— g(t) = —h(t) and M, = ng(s)_st. We have another adia-

batic coordinate if the collision occurs in the lower chamber away from singularities
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Lemma 3.2.2. For (t,v) ¢ R; U R; (i = 1,2) and v < —1, there exists an adiabatic

coordinate (¢, J) = Ui (t,v) € R/2Z x R, such that

2 1 1
<n+1:Cn+_+O(_)7 Jn+1:Jn+O<ﬁ)-

J, JA 3
2 o . ‘ 9 -
]nfact,('zg(t)zv OWZ:V mod2,J=J(t,v)=MT(mv+mm+ W;;n)

3.2.2 The Normal Forms

In this section we present the Poincaré map P from one singular strip to
the other in four possible scenarios. We assume the initial energy of the ball is

sufficiently large |vg| > Vi, for some large V, in all the cases.

3.2.2.1 The Upper-Upper Chamber Case

We begin with the upper-upper chamber case, i.e. the ball stays in the upper
chamber both before and after it makes a jump. Lemma 3.2.1 already depicts
the dynamics away from singularities. Now let us scrutinize what occurs near the
singularities ¢} (i = 1,2) when the ball makes a jump.

Y1 RIR{  R{RJ

(52 2
. Hnl ) -
(t , V1 ) *\2, UQ)
V* t
ty t3

Figure 3.4: The Poincaré Map P}, on the Singular Strips
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For (t,,v1) € R with v; > Vi, we denote (fy,7,) = H™ (t;,v,) € RS, where
L
2

or (tg,v9) € with vy » 1, we denote t1,01) = H" 9,U) € 2 , where ny =
for (t R3 with 1 denote (¢ H™(t R, wh

711:[

2 (% d i .
(05 — 61)] and 05 = ﬁ—f @, and (fy,v9) = H(ta,U9) € Ry. Similarly,
x Jo

]2 % " 2 tik ds - ~ +
[2(2+ 67— 6)] and 6 = E—J o o (. 10) = H(.9) € Ry
* JO

We introduce a new pair of variables (7,Z) defined on the upper singular strips

I(6 —60%) on R I .
T = , IT=—-—onR{, Ry

L,
1(0—6%) on R}

Now we present the Poincaré maps P2, : Rf — Ry and P}, : Rf — Rf
which captures the collision dynamics when the ball travels from one singular strips

to the other. We need the following constants (i = 1, 2):

A= gt (1 it +) = ter i)
8 = gy ()i ) - )i )

AY = (e i) (16 )ie) — 1 )i ).

Proposition 3.2.3 (Upper-Upper). Suppose that (11,Z;) € R and I, > V,, and

that
hty+) = h(ty =) s L A{LI(05 = 07) — Ta}e S 2 — h(t3+) — h(t3—),
where < means the inequality holds up to an error of order O(3), and {o}s = o
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mod 2. Then the Poincaré map PY%, : Rf — Ry is given by (T2, Ly) = Gi2 (11, Th) +

HY (1, Th) + O(Z;%) where

15 I; I+
G, 1) = <—l%{£*11(0§ 0 — o+ 14 2 2T+ Ao(R — 1))
2

Iy 1

and

Hiy (1, ) = (0, A% (7 — 1)%/Ty + AY/T4)

Similarly, suppose that (19,23) € Ry, Iy > Vi, and that
h(ti+) = h(ti—) < T{L L2+ 607 — 05) — To}o < 2 — h(t7+) — h(t]—).
Then the Poincaré map P, : Ry — Ry is given by
(71, 1) = Giy(m2, o) + Hijy (2, To) + O(Z, %)

where

I I
G D) = (LT + 08— 09) - mha+ 1+ (LT A= ).

1 lf’ ll
21 _ I(= _ 1)2 "
HUU(TQ,IQ) = (0, Al(Tl 1) /Ig + Al/:z:2>
and I = 1(tiL).

Proof. We only derive the formula for P}?,. The formula for P2}, can be obtained

in a similar fashion.
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For the ease of notation we drop the sub/superscripts whenever they are clear

from the context. Note that near the jump discontinuity at t*

and that

_ @ +l(£).

0=10 -2, t—1
v =10 2I(t), -

Hence by solving iteratively the implicit equation we attain

I By S U 5 v

0y 0y 2
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By a straightforward but tedious computation we arrive at

Il —1_1,

Ly

2L (l—_l - f> — (Ll —1_1,) —

Le

(f—t*)0
. el
Hl =L+ FB =L E-#)

. . I 1
-+ <§(z+z+ — 1)+ 5(13 - zi)) =

Ll —11,
S S — o RO
2,
I l
L E—t)o(1+ =) - L
Iy v

A Y I (7 — 1.1
R e I S GRS | BPOTRY
2l+'U 3(l,l+ — lJrlf)

It can be checked directly by Taylor expanding I and 6 that
F_T— ) — % (=)0 + L F— 1) + O 2)
Thus eventually we have
IT=N)I+AF-1)+AGF-D)YT+A/T+ 0T

Now we compute 7. Observe that

o+l () + 0@, I(6-63) = "7 E (t—1") +O@™).

Ly

7_':
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Therefore

Lr= (-0 +@— N0+ — (- +1)+ 0@

— (=t O+ )+ =D+ 1) = =t + 1)+ O@?)

- +1
n +

0+ 1)+ (- + 1) (E—t%)

JLletly) (=t + 1)+ O®@?)

=110 -0 +1_+1, + 0@,
which gives
F=0_ )0 -0 +1+1_Jl, +O(I?).

But Lemma 3.2.1 implies that

hence we have

10 —63) =7+ 20 + 1(6F —03) + O(I7?)
where ny = [£(65 — 61)].

We hitherto complete the proof of the formula for P}?;. O

3.2.2.2 The Lower-Lower Chamber Case

We present here the mirror case to Section 3.2.2.1, i.e. when the ball stays in

the lower chamber both before and after it makes a jump.

29



We need the following constants (i = 1,2)

¥

2 J
= m(s)~2ds
¢ =30 | me
1m; . .
T; = §Zl(m;m@+ —m; ;)
1
i = g (i —miing)
n o 1 — + e 4+ e 4
T; = ﬂmi m; (m; ;. —mim;)

We introduce a new pair of variables (p, J) on the lower singular strips, which

is the counterpart of (7,Z) as follows

J(C—¢f) on Ry
P = 7j:

J(C—=¢) on Ry

M. on R R,

Proposition 3.2.4 (Lower-Lower). Suppose that (p1,J1) € Ry, and Jy > Vi, and

that

h(t; =) = h(t5+) s —my {M.J1(GG = (7) — pr}a < A(t5—) + h(t5+).

Then the Poincaré map P2 : Ry — Ry is given by

(2, J2) = G (p1, Ji) + Hip(pr, Jh) + +O(T7)
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where

my * * my my _
Gi(p, Jh) = (—m_g{M*jl(Cz — () —pifet+ 1+ m_? m_zjl + To(p2 — 1)>

and

Hp (p1, Jh) = ((), To(p2 — 1)°/ T + Tg/\ﬂ) -

Similarly, suppose that (pa, J2) € Ry and Jo > Vi, and that
h(tT=) = h(tT+) € —m {M.Jo(2 + ¢ — &) — p2}2 < h(t]—) + h(t]+).
Then the Poincaré map P?L : Ry — Ry is given by
(P1, J1) = GL1(p2. To) + Hip(pa, o) + +O(J5 )

where

- +
Gl 2) = (~ M2+ = ) = pala + 14 2, P 4 Va1 - ).
1

1 My

Hip(p2, Jo) = (0,71 (1 —1)%/To + Y1/ o)

and mi = m(tft).
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3.2.2.3 The Upper-Lower Chamber Case

Now we suppose that (,7) € R and that the ball is in the upper chamber.
Also we assume that the next wall is above the previous one when the ball passes

through the singularity at t = t,: h(ts—) < h(ts+). Also we denote (¢,0) = H(t,0).
If 9(t, —t) > 2—h(t) — h(ts+), then the ball collides with the ceiling and then
enters the lower chamber (c.f. Figure 3.2 on the left).
Rather than resorting to the detailed computation as we have done in the
constant chamber cases, we insert an imaginary stationary slit, whose length is
negligible, at the height h, = 1—3(t, —1)+1(f), so that the two consecutive collisions

at the moving slits are concatenated by two fictional collisions at the imaginary wall,

to which the Upper-Upper and Lower-Lower formulas readily apply.

Figure 3.5: The Imaginary Stationary Wall

More precisely, as the ball leaves the previous slit at time ¢ with velocity o, it
collides against the imaginary tiny slit at time ¢, and the outgoing velocity is still
vs = U as the slit is stationary. Meanwhile we also imagine that the ball leaves from
below the fictional slit at time ¢, with velocity v, = —0 (with an abuse of notation),

then it collides at the next moving slit at time ¢ with outgoing velocity .
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Let us denote I, = I(t,v,), etc. We will need the following constants

1 . .
Kri = §m+(m+ —myl_ /1)
Ky = §m+i,/l,
1 - 1
1 1
= Zmi(l_ + él_m+)
mo_ 1 3 l
Ii 8 +7—
m L2

where ¢ indicates that [(¢) and m(t) are evaluated at ¢t = tF (i = 1, 2).
Then the dynamics between the singular strips is captured by the following

formula:

Proposition 3.2.5 (Upper-Lower I). Assume that (11,Z,) € R with Z; >V, and
that

I {L:T1 (05 — 07) — T} 2 2 = h(t3+) — h(t3—).

Then the Poincaré map P}, : Rf — Ry is given by

(P2, J2) = Gip(m. Th) + Hi(m, Th) + O(Z77)
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where

G2 (n.T) = (2 (2.7, (0 — o7 my —l — 1
vr(m, D) = m—;{ «L1(0; — 1)—71}2+T,
m+

— Z__QII + ﬁjg(ﬁg — 1) — /1,12)
2

and

PTG/ S V P SS
H12 : T.) = 0, Kro + m P2 + m o m '
vrr(m, Th) < 7, Kr2 I, Kr2 7, Kra 7,

Similarly, assume that (72,Zy) € Ry with y > V, and that
IT{LI(24 07 — 03) — 1o}a 2 2 — h(t]+) — h(t]—).
Then the Poincaré map P2, : Ry — Ry is given by
(p1, J1) = G2, Io) + Hipy (72, To) + O(Z57)

where

21 I . mi— 1y — 1
G2, o) = | —{L 2+ 607 —05) — oo+ —————,
ml m1

m+

- l—_lfz +rn(pr—1) - /fh)
1
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and

ot prL—1 (pr—1)° (p—1)°
BT = (0.5 ¢ kPt P 220,

Proof. We present the proof of P}%. The formula for PZ;; can be obtained similarly.
We suppress the sub/superscripts whenever they are clear from the context.
We imagine that the ball collides at the fictional stationary wall at time ¢,

with outgoing velocity v, = @. Then I, = 1 — hy = 0(t, —t) — [(t) and we have
Ly,
I, = 7l*v, 7 = 0.

From the Upper-Upper formula,

-~ I
Te = 1—1(9—9;)+1+l—+(9(v_2)

l, ~ LJ%. L2l L2121
I.=—1+ oo EE L EED
I_ 2_ 81 241

+O(v?).

Now we imagine that the ball leaves from below the fictional stationary wall at
time ¢, with outgoing velocity v, = —0 (with an abuse of notation). Then m, =

—m(t) — v(t — t,) and we have
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From the Lower-Lower formula,

p=1+4 210w
my
- m M, _ M? . M? . _
J = :J* 5 mym,(p—1)+ 37 m2ming (p—1)* — 24J*mim*m+ +O(v?).
We observe that
L = v(t, — 1) — ()

— vty =) =1 —I_(f—t;) + O(v7?)

— =0+ 1)t =) =1+ O™

——1_I0—-63)—1_+0@w?
and that

my = —m(t) — v(t — 1)
— —my =1 (T — ) + (0 + 2, (T — t.) + O(v™2)
= —my + (T +m)([f—ts) + O(v?)

= —m4 + m.;,_ﬁ + O(U_Q)

Since my = l, — 1,
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Finally the relation between I, and J,, together with Lemma 3.2.1, produces

the formula for .J. O

If v(t,—t) < h(ts+)— f(#), then the ball enters the lower chamber immediately
after it leaves the previous slit (c.f. Figure 3.2 on the right).

The imaginary wall trick no longer applies, so we have to return to the direct
computation.

We need the following constants

1 ..
n o 2

1 N
Kit = gmi(l—ﬁ%r —myl)

K = ﬂmﬂ_(li I_ —_myrn, —30_)

where ¢ indicates that [(¢) and m(t) are evaluated at ¢t = tF (i = 1, 2).

Proposition 3.2.6 (Upper-Lower I1). Assume that (11,Z;) € R with Z; > V, and

that

h(t5+) — h(ts—) 2 15 {LL1(05 — 607) — 11 }a.

Then the Poincaré map P}y : RT — Ry is given by

(P2, J2) = Gin(m, o) + Hn(m, o) + O(Z7?)
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where

l_ m+ o l_ + 1
GIIJQLII(TbIl) = <#{£*I1(‘9; - 9?) - 7'1}2 + %’
2 2
m
- Z—_ZII + kra(p2 — 1) + %2)
2
and
P2 — 1 (ﬁZ _ 1)2 K
Hin(r, 1) = (0, —/ifIQTl — K 7 -~ II? .

Similarly, assume that (12,Zy) € Ry with Zy > V, and that

h(ti+) = h(ti =) 2 T {LTa(2 + 07 — 03) — To}a.

Then the Poincaré map Py : Ry — Ry is given by

(P1, J1) = Gion(m2, o) + Hi (12, o) + O(Z57)

where
21 Iy i * mf -l +1
Guin(me, Iz) = W{ﬁ*IQ(Q + 07 —03) — To}o + o
! 1
my B /
- ZTI2 +kn(pr — 1) + Ky
1
and

p1— 1 (ﬁl _ 1)2 K
H (2, To) = (0, —/ifuT — K 3 _ II;l .

Proof. Again we only prove the formula for P}? ;.
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We have from Equation (3.4) that

o — 1) = h(E) — h(f)
— G —t) — (F—t) = —m(®) + 1) — 1

— my — (0 )(E—t) = B+ 1) —t) +1-— 1+ 0™

— my—mep=1_I0—63)+1_—1+0@™?)

- 41
. p:_m_z(e—eg)+%+0(v—2)
+ +

The computation is similar to that in the proof of Proposition 3.2.3. So we just list

the key steps.

We observe that

_ : S . mim
= M40V +mimy +m+m+p+m+m+(t—t*) +T
+ D5 - )P+ O
and that
s oo P
2[’* I=0+1+ —
30 )
2l

= Lo+l 1L T(0—03) + 11 (T —t.) + e
+ %(f— te)?0 + O(v?).
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We also note from Equation (3.4) that

and that

t—t=

Therefore

hence

20—

J +
M,

U= —0—2m, —2m,(t—t,) + O ?)

h(E) —h(@)  —m(D) +1(F) -1

v
4l —1 CFo4 . i-d
me t (g + i) L oy
v v v
Sl =1 ity i ma— 41
M —i: + (—m+ + l_) * + l_% + O(’l}_?’).
v v v

20 = 15— 2 1y +mal_+myl_p+I_

+ (mol_ — 20 vy + 1) —t,) — %(t— t)%0

2m
L

- . . 1 .
I = m+l_ + m+(l_m+ - m_;,_l_)(ﬁ - 1) - §£*l_mi_l_

(p—1)?
1

1 .
- Zﬁ*l,mi(ljmr —myl_)

1 . L .
— Eﬁ*z_m(z‘iz_ —l_mym, —31.) + O(w™?)

which produces the desired formula together with Lemma 3.2.1.

40

p—1
I



3.2.2.4 The Lower-Upper Chamber Case

Finally we suppose that (f,7) € R and that the ball is in the lower chamber.
Also we assume that the next wall is below the previous one when the ball passes

through the singularity at t = t,: h(ts—) > h(t.+). Also we denote (¢,0) = H(t,0).
If —0(ty —t) > h(f) + h(ts—), then the ball collides with the floor and enters
the upper chamber (c.f. Figure 3.3 on the left).

The imaginary stationary wall trick also applies in this case, which produces

a desired formula with the following constants

1. . .
Xri = §l+(l+ —lym_/m_)
/ 1 .
X1i = §l+m_/m_

1 1
//‘:_l --_ 1__ 2
Xri 3 v ( 3m_)
A R .
X7; = Z—lli(ém—h — )

1
Xr; = glirin-
1. -
XT = glihm,

where ¢ indicates that [(¢) and m(t) are evaluated at ¢t = tf (i = 1, 2).

Proposition 3.2.7 (Lower-Upper I). Assume that (p1,J1) € Ry with J, > Vi
and that —my {M T (G — () — p1}e = h(t5—) + h(ti+). Then the Poincaré map

Pl2.: R — RS is given by

(72, L) = Giin(p1, Ji) + Hipn(pr, Jh) + O(J; %)
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where

my * * Iy —my +1
Grion(pr, i) = (l_f{M*jl(C2 — ) —piket %,
2 2

l+
— 2N+ xR —1)+ X}z)
Mo

and

HE (o1, 1) = (oX7 o I A T L ) |

Similarly, assume that (ps, Jo) € Ry with Jo > V. and that
—my {M T2+ G — ) = pr}e R h(t]—) + h(t+).
Then the Poincaré map P?ly: Ry — R is given by
(71, 71) = GLun(p2, o) + Hign(p2. o) + O(F5 %)
where

my * * l+ —my +1
Grin(pa, Jo) = (l—j{M*jz(Q FG =) = L
1 1

l+
T+ xn(n—1)+ X/n)
my
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and

i 7 — 1 (71 — 1)? (71 —1)°
H21 7\7 - (07 & + m T + m o .
Lui(p2, J2) 7 X1 7 Xn—j2 X1 —j2

Next, if —0(t, —t) < h(t) — h(t,—), then the ball enters the lower chamber
immediately after it leaves the previous slit (c.f. Figure 3.3 on the right).

The computation as we have performed for Proposition 3.2.6 can be reproduced
here to present the formula in this case, the proof of which we ergo omit. We will
need the following constants

1
Xin = Zlim—
" 1l2 l 117
X1 = ) Lmoly — L)

1 .
XIn = ﬂhm_(m%m_ —m_lly —3m_)

where ¢ indicates that [(¢) and m(t) are evaluated at t = tF (i = 1, 2).

Proposition 3.2.8 (Lower-Upper II). Assume that (p1,J1) € Ry with J, > Vi
and that h(t5—) — h(ti+) 2 —mg {MJ1 (G — ) — p1}e. Then the Poincaré map

P} Ry — Ry is given by

(72, L) = Gigu(pr, i) + Hipu(pr, 1) + O(T; %)
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where

my . Iy —my —1
Gln(on,70) = (MG = ) = pale + 2,
2 2
l;_ j _"_ (— 1) /
—_— — T R J—
m; 1+ X12(T2 Xr12
and
- 1 (7—_2 _ 1)2 X////
H12 ,j _ (07 n T2 o m _ AII2 )
LUH(Pl 1) X112—j1 X112 7 7
Similarly, assume that (pe, J2) € Ry with Jo > V. and that
h(ti—) = h(ti+) 2 —m {M.Ta(2 + ¢§ = (5) — 2}
Then the Poincaré map Piyy: Ry — Ry is given by
(71, Th) = Giyn(p2, Fo) + Hipu(p2, o) + O(T5 %)
where
21 my * * lf —my; —1
Grun(p2, Jo) = ZT{M*j2(2 + (= G) = patet I
1 1
I _ ,
— m_fj2 +xn(fi—1) = xu
and
= 1 (7—_1 _ 1)2 X////
2! Jo) = (07 n 71 o m oAl
romn(p2, J2) X111 —jz X111 7 7
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3.3 Trapping Regions

In this section, we present the proof of Theorem 1. The assumptions in the
theorem lead to the creation of a trapping region where the ball gains energy expo-

nentially fast.

Proof. We choose V,, » 1 so that the normal forms in Section 3.2.2 hold for |v| > V.
There are two cases.

(i) Suppose that hp(t]) < hgr(t]) and hr(t5) > hg(ts). The relative positions
of the two slits at two critical jumps trap the ball forever in the lower region once it
enters. Henceforth Proposition 3.2.4 predicts the change of energy after one period

in the lower chamber to be

+ oot
™™ 7 100)

my My

T =

Furthermore, the relative positions of the slits at two critical times guarantee that
m(ti+) < m(ti—) < 0, m(t5+) < m(t5—) < 0, so the energy of the ball grows

m+ m+ .
exponentially fast at rate —~—2 > 1 in the lower chamber.
my My

t t3
Figure 3.6: The Trapping Lower Chamber
If the ball starts from the lower chamber with vy < —V,, it enjoys exponential

energy growth with time immediately.
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If the ball starts from the upper chamber with vy > Vi, by Proposition 3.2.3

and the relative positions of the slits, its energy decreases at an exponential rate

+ o+
Ll
ll l2

< 1 until it either enters the lower chamber or it enter the low energy region
|v| < Vi where the normal form no longer applies. The possible future when the
latter situation occurs is that either the ball remains forever in the low energy region
lv] < V, or it gets trapped to the lower chamber with some high energy |v| > V,
and then starts exponential acceleration. Now we show that the initial conditions

in the upper chamber which leads to bounded orbits contributes a null set.

For any V' > V., we denote

Uy = {(to,v0) : V <vg <V + 1, limsup |v,| < Vi }

We claim that u(Uy) = 0. Otherwise we note that Uy < By = {|v,| < V +
1, Vn > 0} by the foregoing discussion and By is bounded and invariant. Hence,
by applying the Poincaré recurrence theorem to (H,u) on By, almost every point
in Uy would return infinitely often to energy level |v,| > V', which contradicts
the definition of Uy,. Our claim implies that almost all points in the energy shell
Wy = {V < v < V + 1} eventually return to some high energy level |v,| > Vi,
which is only made possible if the ball enters the lower chamber and Proposition
3.2.4 ensures exponential energy growth afterwards.

(ii) Suppose that hp(tf) > hg(t}) and hp(t5) < hg(ty). Now the relative
positions of the two slits at two critical jumps indicate that the upper region is

trapping and then Proposition 3.2.3 guarantees an exponential energy gain at rate
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> 1 in the upper chamber once the ball gets trapped. The rest of the analysis

is similar to Case (i). O

Example 3.3.1. In general it is not possible to improve the result that non-escaping
orbits have finite measure to one with zero measure. For example, we start with
hi(t) = hp(t) = acosdnt + 0.5 for some small a > 0. We take 2o = 0, A\ = 0.5, s0
t7 = 0.5,t5 = 1.5. We consider a 4-periodic orbit P starting at o = 0.25, vy = 2+4a.

Then

(tl, Ul) = (075, 2+ 4(1), (tg, Ug) = (125, 2+ 4@), (tg, Ug) = (175, 2+ 4&),

We slightly modify hyi,hg near t7,t5 in such a way that

hL(05) > hR(O5), hL(15) < hR(15)

so that the upper chamber is trapping and that the periodic orbit P does not see
this modification. Observe that P is elliptic for all small a as the trace of the

collision map H along P is tr(dHp) = 2 — 39T ¢ (0,2) for 0 < a < ——. Now

14+2a Am2—9
the matrix dHp is conjugate to a rotation by 2ra with cos2ra =1 — fgz We can

easily choose a such that the rotation angle o is Diophantine, then Herman’s Last
Geometric Theorem guarantees the stability of the elliptic orbit P, i.e. there exists

an elliptic island of bounded trajectories around P (c.f. [16, Theorem 4]).

Although the assumptions of Theorem 1 are compatible with existence of a
positive measure set of bounded orbits, we can eliminate the possibility of oscillatory
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orbits. Recall that a (forward) oscillatory orbit is an orbit such that

limsup|v(t)| =0 and liminf|v(t)| < co.
t—+0 t—>+0

Corollary 11. In presence of a trapping region oscillatory orbits do not exist.

Proof. We may assume without loss of generality that the lower chamber is trap-
ping. All the high energy orbits in the lower chamber gain energy exponentially
immediately.

Now suppose that the ball is in the upper chamber and arrives at high energy
level at some v > V,, then it decelerates exponentially as observed in the proof of
Theorem 1 until it enters the lower chambers or the normal form no longer applies.
In either case, the ball either starts to accelerate exponentially or remains in the

low energy region |v| < V, afterwards. O

3.4 Waiting Time for Exponential Acceleration

In this section we show that in the presence of the trapping region, the majority
of orbits with sufficiently high energy get trapped quickly under the hyperbolicity
assumption. Throughout this section we assume without loss of generality that the
lower chamber is trapping and |Tr| > 2. The quantity 7r is in fact the trace of
the derivative of the linear map Gy = G#%; 0o G{#; and the hyperbolicity assumption

|Tr| > 2 indicates that Gy is hyperbolic.
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3.4.1 Almost Sure Escape for the Limiting Map

We first restrict ourselves to the linear parts Gyy’s of the dynamics in Propo-

sition 3.2.3, which approximates Pyy’s with an error of order O(/~!) when the

velocity is large v > V.

We note that

(72, I) = Gy (T, 1)

ly 15

-
= (—l%{,c*zl(eg —07) =t + 1+ 5, =1 + As (T2 — 1)>
2

157105

if 12 < {£,7,(65 — 07) —m}s < 1+ . The boundary lines
2

2

Iy Iy
(LT (0F —07) =1} =1 — ll_ (L. T(0F —0F) — 1} =1+ li_
2 2
cut out from R] a sequence of boxes
s . _ o ly
An:{l—l—_+2n<£*l'1(92 —07) — 7 <1—|—l—_+2n}
2 2

(3.8)

whose points will remain in the upper chamber under G}3;, while the other points

will enter the lower chamber, when jumping from right to left at ¢;.
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We also observe that

(71, ) = Gy (72, L)
Tl i
—IQ + Al(Tl — 1)

e

-
= (L2 +0f —05) —mlo+ 1+ -, -
Iy b

if 1 < {£,7,(2+ 607 — 05) — 7)o < 1 + ' and that the boundary lines

I v _ b I
{£*12(2+91 —92)—7'2}2 = 1+F (39)
1

{L.To(2+607 —05) —Ta}a=1— =
1

cut out from RJ another sequence of boxes

+

l+
By={1-L 42 < LT,2+60F 0% -1 <1+-=+2n}
1

1

whose points will remain in the upper chamber under G#};;, while the points outside

will enter the lower chamber, when jumping from left to right at 7.

We define Gy = Gy, o Gi3; on R . Both G{%; and G%;; are piecewise affine

maps, and the derivative of Gy is a constant matrix DGy = DG, - DG, where

Y

DG%?U - Iy Iy l
Ao —DoELa(05 —67) + 7
Dot j; —%&(2 +0F — 03)
uu =
—Al%ﬁ*@ +OF —03) + ﬁt

-
Al
1

Since det(DGy) = 1 and |Tr(DGy)| > 2, it has unstable eigenvalue A, with
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unstable eigenvector e,, and stable eigenvalue A, with stable eigenvector e,.

We observe that each box A is foliated by unstable lines.

We say that an unstable line v in a box A is good if it breaks after one period
and at least two components remain in the upper chamber, otherwise we say it is
bad.

A good line is good as a solid part of it enters the trapping region after one

period under the linear map Gy:

Lemma 3.4.1. Let v be a good unstable line in some box A. Then the proportion

of points on v which remain in the upper chamber after one period is at most

l+
1+2%
D = - <L
2+
b

Proof. We first note that G{#;(y) remains a complete piece in Ry as v lies in A and

that G{#, maps the boundaries of A into two vertical lines

+

)
Gy ({5*11(95 —0f) —Tija =1~ %) c {r =2},
2

+

[
Gy ({L*Il(é’;‘ —07) — Tl =1+ l%) < {m = 0}.
2

G{%;(7) has to stretch across at least two B-boxes if v has at least two pieces
remaining in the upper chamber after one period.

Suppose that G}3;(7) stretches across N B-boxes for some N > 1. It is easy
to see that for a fixed N, the highest proportion of points staying in the upper
chamber is achieved when G{%;(7) ends on the boundaries of the top and bottom
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Figure 3.7: A good curve partly enters the trapping region

boxes as shown in Figure 3.7. However the height of a B-box is equal to 2% (c.f.
1

(3.9)) while the height of the fundamental domain is equal to 2 (c.f. Figure 3.7).
+
21— y(v-1)

This implies that in the optimal situation ll—ﬁ of the points on G{#;(7) land
2N+2-L
=

1
in the lower chamber after jumping from left to right at ¢. This proportion is larger

(-5

than —1——— as it is an increasing function in N and N > 2. Then the largest
2+%
1+
1+2l%
portion which remains in the upper chamber is given by D = —-. Recall that the
2+%
+
relative positions of two slits at ¢} implies that b~ 1,s0 D < 1. O

I
Next we need to control the number of the short bad pieces as an unstable
line breaks under the iterations of the linear map Gy .
Suppose v is an unstable line in some box A. For z € v, we denote as r,(x)
the distance from x,, to the nearest boundary of the component =, containing x,,.

Employing the argument in Section 5 of [10] we obtain the following Growth Lemma.

Lemma 3.4.2 (Growth Lemma). There exists a constant C* s.t. for any small
€>0 and anyn e N

mes, {z € v :1,(z) < e} < C%e

Proof. Let k,(d) denote the max number of the pieces that an unstable line of length
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less than ¢ can be cut into after n iterates. We define k,, = lims_,o k,(5). We claim
that %, < 8n. Indeed since the singularities of G7; are lines and there are at most

8n possibilities for slopes. Consequently, there exists dy so small that k,(5) < 16n

32ng
Ay0

for any 6 < 9. We choose ng such that < 1 and by replacing Gy with G we
can always assume ng = 1.

For inductive purposes we cut a long unstable line into pieces shorter than ¢
and let 7,(z) denote the distance from z,, to the nearest real or artificial boundary
of the component containing z,,. We note that by doing so we improve the estimate

as Tn(x) < rp(x) and it suffices to prove the statement for 7,.

First we observe that

mes, {To(z) < €} < %S—Le. (3.10)
0

where L is the unstable height of ~.
Tne1(2) is less than € if x,,,; either passes a real or artificial singularity. The former

is controlled by 2k;(do)mes,{r, < 3=} while the latter by g—g. Therefore

€ 2¢

A_u}+60'

mes., {Tp+1 < €} < 32mes, {r, <

Thus by induction we conclude that

_ " ~ € 2¢ 32 32\"
mes., {7, < €} < 32 mesw{ro<A—Z}+6—0<1+A_u+...+ (A_u> >
32\" 2 1

<[2= - =€
(Au) mes, {Tole) < €} + 95
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as i—i < 1,. Thus we obtain from (3.10) the desired growth control with

2L 2

AR R —
5o Go(1—32/Ay)

]

Finally we show that under the linear approximation map Gy almost every

point will eventually escape to the trapping region:

Proposition 3.4.3. In each box A, for any € > 0, there exists N = N(e) such that
all but an e-measure set of points in A enter the lower chamber within N periods.

In particular, almost every point will leave the upper chamber in the future.

Proof. Fix € > 0. Choose k,[ such that

C* 4+ L?

< 0.5¢,

and take N = Kkl + 1.

We suppose that under the linear map Gy a point x on a unstable line v stays
in the upper chamber up to N periods.

If the trajectory of z lands on good lines more than £ times in N periods,
then Lemma 3.4.1 shows that for good lines the portion which remains in the upper

chamber in the next period is at most D. Hence by induction we see that
mes, {z € v : {Px}N_, visits good lines more than k times} < D*L
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If instead the trajectory of x visits good lines less than £k times in N periods,
then it has to visit consecutively [ bad lines at least once in N periods.

Now suppose that the trajectory segment z,,, - - - , x,,; land on bad lines v,,, - - - , Vs
for some n < N and we denote as B,, the set of all such z € v that lands badly
during n to n + [ periods. We subdivide B,, into B,, 1, and B,, g, where B,, j, collects
points with |v,| = Ax"? and B, s collects points with |v,| < A

By Lemma 3.4.2, |B,, 5| < C*Ay"?. On the other hand, it follows from uniform

hyperbolicity that

n L
P, {z, returns badly for next [ periods} = J\ZI;:J\ < ATU/Q
Hence
L n L L?
<3 2 SR

|'Yn|>Au

Combining the estimates on B,, 1, and B, g, we have

c* L? C* + L?
AL/Q + AZQ - AL/Q

1B,| <

Consequently the set B of points on 7 which make [ consecutive bad landings is

controlled in size by

C* + L?

|B] < (kl+1)

Since a box A is foliated by unstable lines, we conclude by a disintegration of

measure argument and our choice of k,[ that under the linear map Gy the set of
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points in A which stay in the upper chamber for at least N periods has measure less

than e. O

3.4.2  Quick Escape for the Actual Map.

By Proposition 3.2.3, the fundamental domains of Py are O(Z71)-deformation
of the boxes A, B and Pyy = Gyy + O(Z71).

Now we prove Theorem 2.

Proof of Theorem 2. Fix € > 0 and a box A with large energy 7 (to be specified
later). By Proposition 3.4.3 we choose N such that in each A-box the points that
remain in the upper chamber up to N periods under the linear approximation Gy
take up a set of measure less than 0.5¢, i.e. we take N = kl+1 where k, [ are integers
such that

- log(0.25¢/L) kl+1 0.25¢

and

k .
log D IVERRN Y

(3.11)

We shall show that the statement of Theorem 2 holds with some large Ty = fo(e)

and

T = 2N. (3.12)

Let A% and B? denote the points in A, and B, which are closer than § to the

boundary,

A =4, A=A —\A),

n

B =B, B=](B.-\B).

n
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Choose 6 < 0.5¢ so that the set of points in the box A which visit either A° or 1°
during the first IV iterations is less than 0.5e.

By Proposition 3.2.3, there is a constant C; such that if P2 (z) € BT and
P2L (P2 x) € AT then the orbit of z stays in the upper chamber for the next

period and

C
|Py(z) — Gy(z)] < ?1 where Py = P30 Pl
Accordingly there is a constant Cy such that if for some n < N

~CoAl

Pl (z) e A7 (3.13)

~Co Al
£z

Py Pj(x) e B

and Z, > Z* for k < n then the real orbit of x stays in upper chamber for the first

n iterations and
CQALV

P() - G(a)] < =2

(3.14)

P
by ly

Next, set C3 =

< 1. Then during N iterations the value of I cannot drop
by more than CY times. Hence if z satisfies (3.13) and Zy > CNT* then (3.14)
holds.

Now choose Z* so that

CoAY
I*

<9 (3.15)
Now we consider the orbits where Z < Zy < Z + 1 for some Z > CYZ*. There
are three possibilities:
(i) The real orbit of = leaves the upper chamber at some period n < N’

(i) The real orbit of z stays in A% for the first N iterations;
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(iii) The real orbit of z stays in A° until it hits A® U (P22)~1B% at some period
n < N.

Proposition 3.4.3 and our choice of 4 and Z* imply that the set of orbits where
either (ii) or (iii) happens has measure smaller than e.

This completes the proof of Theorem 2. O
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Chapter 4: Bouncing Ball in a Gravity Field

In this Chapter, we present the proofs of the Theorems stated in Section 2.2.

4.1 Preliminaries

In this section, we discuss the collision map. The study of the collision map
relies substantially on the behavior of its limiting map, i.e. the approximated col-
lision map for large velocities. We also discuss the singularity lines/curves of the

limit map as they will play a very important role in the proofs later.

4.1.1 The Collision Map

We denote s,, = t,,;1 — t,, the flight time between two consecutive collisions.

Two consecutive collisions satisfy the following equations

- (Un — gSn — f(tn-i-l)) = Un+1 — .}E(tn-i-l)

L

igsn = f(tn+1)'

(4.1)
f(tn) + vpsy —

We compute the derivative of the collision map F' by differentiating these
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equations

1+ Jé(tn)w_f(tn+1) ws"
dF: n+1 n+1
2f(tar1) + (2f (tnsa) + ) FHE - (2f (tnia) + g) g =1

We observe that det dF' = wﬁl and hence F' preserves the measure pu = wdtdv

on the phase cylinder.

4.1.2 The Limit Map

If we only consider collisions with large velocities, the dynamics can be ap-

proximated by

v

F(t,v) = Fy(t,v) + O (1)

where

Fy(t,v) = (t+2—v,v+2f <t+2—v>).
g g

Denote as (t1,v1) = Fy(to, vo), then

2v .
11 =t0+70, V1 =Uo+2f(t1).

As mentioned in Section 2.2, the limit map F., covers a map F, on the torus

T = R/Z x R/¢Z

~ ~ v _ ~ .o
tl = to + 70, V1 = Vg +2f(t1)

where £ =t (mod 1), ¥ = v (mod g).
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Denote as k(t) = f(t) The dynamics of F, can be decomposed as

- - 2
tl = t() + ﬂ (mod 1)7 1~}0 = o,

and

B =1y, oy = 0o + 2f (F)).

Hence the derivative of Fi, at (fo, 7)) is

We observe that det dF,, = 1, so F., preserves the Lebesgue measure [t = ditdv

on the torus.

4.1.3 The Singularity Lines of the Limit Map

A singularity occurs when the ball collides with wall at the singularities of the
wall motion, i.e. ¢ € N, hence the singularity line S* of F., consists of the points

whose next collisions happen at integer times, i.e.

~ ~ 20
S+={t1=0}={t0+%510}.
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Similarly, the singularity line S~ of F2! consists of the points whose the preimages

land on integer times, i.e.

We observe that ST consists of finitely many line/curve segments.

4.2  Ergodicity of the Limit Map

In this section we establish the ergodicity of the limit map F., under the
assumptions in Theorem 3 and Theorem 4. We use the result by Liverani and
Wojtkowski in [30] where they proved ergodicity for a large class of Hamiltonian
systems with invariant cones. We first describe the class of symplectic maps (X, 7))
considered in [30] and then show that F, satisfies the conditions of [30].

Those conditions involve strictly invariant cones and the least coefficient of
expansion, which are defined as follows. Suppose (X,w) is a compact symplectic
manifold and 7" : X O is a symplectic map preserving w. For a point p € X,
let V and V3 be two transverse Lagrangian subspaces of T, X, then each vector
v € T,X has unique decomposition v = vy + vy with v; € V', For any p € X, we
define the following quadratic form Q,(v) = w(vy,v2) where v = v; + vy € T, X
is the decomposition mentioned before. For any p € X, we consider these two

complementary cones

Clp) ={veT,X:9,w)=0} C'(p)={vel,X:Q,(v) <0}
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We say p possesses strictly monotone cones if d,T preserves strictly C(p) and d, 7!
preserves strictly C'(p).
For p € X with strictly monotone cones C(p),C'(p), the coefficient 5 of expansion at

v e T,X is defined as

Q,(d,T)

5(”7 de) = Qp(v)

and the least coefficient o of expansion is defined as

o(d,T) = inf )B(U,de).

veintC(p

Now we list here the six conditions of [30] in two dimensional case.

1. The phase space X is a finite disjoint union of compact subsets of a linear
symplectic space R? with dense and connected interior and regular boundaries,
i.e. they are finite unions of curves which intersect each other at at most finitely

many points.

2. For every n > 1 the singularity sets S and S, of 7™ and T~ " respectively

are regular.

3. Almost every point p € X possesses strictly monotone cones C(p) and its

complementary C'(p).

4. The singularity sets ST and S~ are properly aligned, i.e. the tangent line of
S~ at any p € S~ is contained strictly in the cone C(p) and the tangent line

of St at any p € §* is contained strictly in the complementary cone C’(p). In
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fact, it is sufficient to assume that there exists N such that 7S~ and T-N S+

are properly aligned.

5. Noncontraction: There is a constant a € (0, 1] such that for every n > 1 and
for every p e X\S;

1dyT™0[| = allvl]
for every vector v € C(p).

6. Sinai-Chernov Ansatz: For almost every p € S~ with respect to the measure

1s, its least coefficient of expansion satisfies

lim o(d,T") = .

n—o0

We note from [30] that o is supermultiplicative, i.e. o(dr,Td,T) = o(dr,T)o(d,T),
and that if the coordinates are such that the cone C(p) is the positive cone (i.e.

C(p) = {dzdy = 0}) and d,T takes the form

then o can be computed as o(d,T’) = /1 + t, + \/t, where t, = B,C,,
Liverani and Wojtkowski have proved local ergodicity for symplectic maps

satisfying the above six conditions:

Theorem 12 ( [30]). Suppose (X,T) satisfies the above conditions. For any n > 1
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and for any p € X\S,I such that o(d,T™) > 3 there is a neighborhood of p which is

contained in one ergodic component of T'.
Now we prove Theorem 3:

Proof of Theorem 1. Suppose that f > 0.

First we prove local ergodicity by verifying the above six conditions for F..

The singularity lines S* are finite unions of short lines/curves and they cut
our phase space X, which is a torus, into finitely many pieces.

The strict monotonicity follows easily from the fact that dE, is positive when
f > 0, hence d,F,, preserves strictly the positive cone C*(p) = {6i60 > 0} and
d,F;* preserves strictly the complementary negative cone C~(p) = {6t60 < 0}.

It is straightforward from the previous discussion that S* are properly aligned
since the slope of tangent line to {#; = 0} at (%o, ) is —g < 0, and the slope of the

4k

tangent line to {t_; = 0} is g (1 + —0> > 0.
g

Next we verify the noncontraction property.

For any nonsingular point p = (£,9), any vector v = (6t,60) € C*(p) with

5160 = 0,

N 4 4 2 4 4 -
||d, Epv||* = (1 + 4k7)68* + (? - (% + 1) ) 507 + (5 + 4k, (% - 1)> 510D

> 68 + 602 = ||v||?

thus the noncontraction property follows for a = 1.
Now we verify the Sinai-Chernov Ansatz.
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We denote as Sy = {t; = 0}. For any point p € S\ U0 S,,, which excludes a

fis--null set since S~ intersect each §,, at at most finitely many points,

~ 4k 4k 4k min 4kmin
a(dpFoo)z\/1+71+\/7l>\/1+ p +\/ L

where ki, = H(liIl) f (t) > 0 by our assumption, then the supermultiplicativity of o
te(0,1

implies that nll_{rolo o(d,F) = 0.

Finally, it remains to check that the singularity sets S, and S of F and F;"
respectively are regular. We claim that for every n > 0, S, (S,F) is a finite union of
increasing (decreasing) curves, i.e. curves with bounded positive (negative) slope.
This can be proved by an inductive argument. Firstly the claim holds for n = 1
as already shown before. Now suppose S, is a finite union of increasing curves.
Since S, = S, U F,S; and dF,, is a positive matrix and the second derivative
f is bounded, S,,1 is a finite union of increasing curves. The claim for S, can be
proved similarly.

Observe that k(t) = f(t) > 0 is uniformly bounded, hence there exists N > 0
such that a(dpﬁg ) > 3 for any p ¢ Sy;. Therefore we have obtained local ergodicity
for Fl, by Theorem 12.

Now we argue for global ergodicity by contradiction.

Suppose that there exists some nontrivial ergodic component M of F.., then

its boundary 0M lies on S§;. But
N-1
Sy=J Forst
n=0

66



hence there exists a smallest integer Ny = 1 such that 0M e Sj{,o.

Observe that Fi.(0M) = @M by the invariance of M. However, F, (S¥,) =
Sy,—1 Y So, which contradicts the minimality of Ny. Note that although Fy is
multivalued at S*, we have F,,ST = S, anyway.

Therefore we conclude that there cannot be any nontrivial ergodic component

and hence F, is ergodic. O

The proof of Theorem 4 follows a similar strategy. The main difficulty arises
from finding invariant cones as the derivative matrix is no longer positive. How-
ever we still manage to construct invariant cones out of the “eigenvectors” of the

derivative matrix.

Proof of Theorem 4. Suppose f< —g.

First of all, we recall that the derivative of Fl, at (fy, ) is

We verify that they are invariant under d(fo,@o)poo and d(goﬁo)ﬁogl respectively.
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For any (6t,6v) € C%(y, 0p),

2 2

ov 2k 1) \ v 2k (6t + %(51}) + ov

thus

5 v
o ok + 2

ot 14 2%
g ot

k
< 2ky + (4.3)
L+

<2k +g<k

where the first inequality follows from ‘;—;’ < ko and the last two inequalities from

f < —g. Thus (6t,6v) € C*(i1, 7).

For any (dt, 6v) € C*(to, Tp)

4k 2 2
ov —2ky 1 o —2koot + dv
thus
ov g g 1
2 2122k
ot + 5( 0 §>
9.9 1 4.4
S (44)
>—g>k

where the first inequality follows from % > ko and the last two inequalities from
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f < —g. Thus (6t,6v) € C*(i_y1,0_y).

If we can verify that ST are properly aligned, then the regularity of the sin-
gularity curves S+ follows automatically from the strict invariance of the cones C*/*
since ST consist of finitely many transverse short curves.

We claim that ST are properly aligned. Indeed, the slope of tangent line to
{t; = 0} at (to,7p) is —g > ko, which is properly contained in C*. Also, the slope of
the tangent line to {f_; = 0} is 2ko + g < kg, which is properly contained in C*.

The noncontraction property still holds with a = 1.

The unstable cone C* is not canonical, i.e. it is not the positive cone, hence

we need to switch to the new basis ((0,1), (1,k)) and d,F,, takes the form

b1 ko Ry o+ ek

2%
2/g 14 =

Then the Sinai-Chernov Ansatz holds since

. 2kok 2 (2kok
a(dpFoo)Z\/lJr ( ;1+k0+k1>+\/§< ;1+k0+k1)
2k2. 2 (2k2.
(ﬂ + kam) + 4= (ﬂ + 2kmin) > 1.
g g g

By Theorem 12 the local ergodicity of F, holds for the case when f < —q.

Finally, the global ergodicity can be obtained by a similar argument as in the proof

of Theorem 3. O
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4.3 Recurrence of the Collision Map

In this section, we prove Theorem 7 and Theorem 8 as they are direct conse-
quences of the ergodicity of the limit map F., on the torus.

The proof of Theorem 7 uses a result from [8], which shows that for an asymp-
totically periodic map with an ergodic limiting map, if the energy change in the
limiting map has zero average, then the escaping orbits of the original dynamics
have zero measure.

We state this result for our case specifically. First we decompose the velocity

v into integer part and fractional part, i.e. there exists some m € Z such that

v =0+ mg where 0 € [0, g).

Then we decompose the limit map F, on the cylinder into its projection F,, on the

torus and a map y on integers Z, i.e.

(517{]17 ml) = F®(£07{}07m0) = (F’%(t0760)7m0 + ’Y(EOa 730))

Lemma 4.3.1 ( [8]). Suppose that E.. is ergodic with respect to the measure [t = ditdv
on the torus. If the energy change of F, has zero average, i.e. XT v(to, To)dfi = 0,

then the escaping set of F' has zero measure.

Now we prove Theorem 7.

Proof of Theorem 7. If f(t) is admissible, then, by Theorems 3 and 4, F,; is ergodic.
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Thus by Lemma 4.3.1, it suffices to check that the energy change ~ of F., has zero
average.

With an abuse of notation, let us denote (t1,v;) = Fis(to, vo) and (¢1,71) = Fw(fg, o)

J@Odﬂ = fﬁldﬂ

since Fl, preserves the measure fi. Thus

respectively. Observe that

But v, — vo = 2f(#1), hence

[0 = e = [25Edz = [ 2f@an =0

where the last two equalities follow from the fact that F, preserves i and that f is 1-

periodic. Therefore by Lemma 4.3.1 the escaping orbits of F' have zero measure. [

The set E of escaping orbits is in fact the transient part of F', hence Theorem

7 implies that F' is recurrent, in the spirit of [10]:

Proof of Corollary 8. We claim that the set E of escaping orbits is the transient
component of the system. Hence Theorem 7 implies Corollary 8.

Indeed, the complement of F is UFEy where
En = {(to,v0) : liminf v, < N}.
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For any N € N, Ey is invariant and all points in Fy will visit the set Vy = {v <
N +1}.

Suppose A is a subset of Ey with finite measure. For any x € A, we denote
the first hitting time in Vy as r(z) = min{k > 0: F¥z € Viy}. Now for any K € N,
we consider

a= | PO

zeAir(z)<K
To show recurrence in A, it suffices to prove that almost every point in A visits
itself infinitely often since if for x € A F"x € Ak for some n > K, then there exists
some 2’ € A such that F* g = 2/ € A.
However Ax € En n Vi by definition of Ax and the invariance of Fy. All
points in Ey visit Vy, thus the first return map P on Ag is well-defined. Now our

goal is achieved by applying Poincaré recurrence theorem to (Ag, P). O

4.4 Statistical Properties of the Limit Map

In this section we prove Theorem 5, Theorem 6 and Theorem 10. Throughout

this section we assume the wall motion is admissible.

4.4.1 Background.

The proof of Theorem 5 uses a result of Chernov and Zhang in [6] and the
proof of Theorem 6 uses a result of Chernov in [5]. We first describe the class of
hyperbolic symplectic maps considered in [5,6] and then show that our map F

belongs to this class.
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Let T : M — M be a C? diffeomorphism of a two dimensional Riemannian

manifold M with singularities §. Suppose T satisfies the following conditions:

1. Uniform hyperbolicity of T. There exist two continuous families of unstable
cones C» and stable cones C; in the tangent spaces 7,M for all z € M, and 3

a constant A > 1 such that

(a) DT(CY) < C¥,, and DT(C:) o C§,, whenever DT exists;
(b) ||D.Tv|| = Al|v]| Vv eC¥, and ||D, T v|| = A||v]| Vv € CE;

(¢) The angle between C¥ and C? is uniformly bounded away from zero.

2. Singularities S* of T and T—'. The singularities S* have the following prop-

erties:

(a) T: M\ST — M\S™ is a C? diffeomorphism;
(b) Sp u St is a finite or countable union of smooth compact curves in M;

(c) Curves in S, are transverse to the stable and unstable cones. Every
smooth curve in S* (§7) is a stable (unstable) curve. Every curve in §*

terminates either inside another curve of S or on Sy;

(d) 3B € (0,1) and ¢ > 0 such that for any z € M\S™, || D, T|| < cd(z,S*)~.

3. Regularity of smooth unstable curves. We assume there exists a T-invariant

class of unstable curves W such that

(a) Bounded curvature. The curvature of W is uniformly bounded from
above;
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(b) Distortion control. 3 v € (0,1) and C' > 1 such that for any regular

unstable curve W and any x,y e W

| log Jw (x) — log Tw (y)| < Cd(z,y)",

where Jw (z) = |D,T|w| denotes the Jacobian of T at x € W;

(c) Absolute continuity of the holonomy map. Let Wi, W5 be two regular

unstable curves that are close to each other. We denote

Wi/ = {Z' € I/I/vZ . Ws(l') N WS*i #* @}, 1= 1,2

The holonomy map h : W] — W3 is defined by sliding along the stable
manifold. We assume that h.uw; < pw; and that for some constant ¢

and ¥ < 1

| log Th(z) —log Th(y)| < COo+¥), z,ye W]

where Jh is the Jacobian of h;

4. SRB measure. ji is an SRB measure, i.e. the induced measure jiy« on any
unstable manifold W* is absolutely continuous with respect to Leby.. We

also assume that i and is mixing.

5. One-step expansion. Let " denote the partition of M into connected compo-

nents of M\S,F. Denote as V,, the connected component of TW with index
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ae M/E and W, = T7'V,. 3 ¢ € (0,1] such that

q
liminf sup Z <|W’) Wl <1,
0—0 W:‘WkéaeM/gl |Va| |W|

where the supremum is taken over all unstable curves W.

Theorem 13 ( [5,6]). Under the assumptions 1-5 above, the system (T, M) above
enjoys exponential decay of correlations and central limit theorem for dynamically

Holder continuous observables.

The verifications of Assumptions 1-5 are rather long. Moreover, their validity
is of independent importance themselves. So we first state intermediary lemmata
in Section 4.4.2, then we prove, based on these lemmata, Theorems 5, 6 and 10 in

Section 4.4.3. Finally we prove all the lemmata in Section 4.4.4.

4.4.2 Intermediary Lemmas

In this section we list the intermediate lemmata. Their proofs are presented
in Section 4.4.4.

Suppose W is an unstable curve, i.e. the tangent line of W lies in the unstable
cone C%, with bounded curvature. We assume without loss of generality that W n
St = . Let Jw(z) = |D,T|w| denote the Jacobian of F, at = € W. We have the

following enhanced distortion control:

Lemma 4.4.1 (Distortion Control). Suppose W is an unstable curve with bounded

curvature. Then for any x,y € W, there exists a constant C' which depends only on
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F w such that

| log Jw (z) — log Jw (y)| < Cd(z,y).

Furthermore, if W nSy = &, then for any 1 < n < N there exists a constant C"

which depends only on Fy, such that

| log T Fi;" (x) — log Tw F."(y)| < C'|W|.

In order to establish the Ny-step expansion, we need the following estimate on

the speed of fragmentation of unstable curves:

Lemma 4.4.2 (Complexity Bound). Suppose z is a multiple point of S;". Pick
a small neighborhood of z and denote as k,(z) the number of sectors in the small

neighborhood cut out by S;F. Then k,(z) < 6n.

The linear complexity bound guarantees that a sufficiently short unstable curve
W can break into at most 6n connected components under F. Thus there exists
dp so small that any unstable curve shorter than ¢y satisfies the following expansion

estimate:

Lemma 4.4.3 (Ny-Step Expansion). Suppose that W is an unstable curve with
length |W| < &y and that {W'}; are the connected components of the image FIW .

Denote as A, ,, the minimum rate of expansion on each preimage F "W . Then

ZA.l <1,

7 i,No
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6.V,
where Ny 1s the smallest integer such that A_NS < 1 and A is the expansion rate of

Fw-
Next, we suppose that W and W are two unstable curves with bounded cur-

vatures. We define the following holonomy map h on
W ={zeW: : Wx)nW # &}

by sliding along the stable manifold from . € W to z € W. Then h : W' — W' is

absolutely continuous with well-behaving density:

Lemma 4.4.4 (Absolute Continuity). Suppose W and W are two unstable curves

with bounded curvatures. Then h.pw < py and that for some constant C' and © < 1
|log Jh(z) —log Th(y)| < CoEY  gpoye W’

where Jh is the Jacobian of h.

Finally we provide an estimate on the number of small unstable curves, which
follows from Lemma 7 in [6].

Suppose W is an unstable curve with length |W| < &,. For any =z € W,
we denote as r,(z) the distance from = to the nearest boundary of the connected

component of FZWW containing Fz.

Lemma 4.4.5 (Growth Lemma). Suppose W is an unstable curve with length |W| <

7



do- Then for any € > 0,

mesw {Tan, (1) < €} < (9 AN) mesy, {ro(x) < ﬁ} + Ce|lW|

where 191 — 80’50 ,—'1 5 C, 18 the constant from Lemma 4.4.1, No 1s the constant
v Ay N
1,Ng

from Lemma 4.4.3 and A is the expansion rate of F.,.

Remark 4.4.6. We note that ¥; can be made less than 1 by choosing §y sufficiently

small.

4.4.3 Exponential Decay of Correlations, CLT and Global Global
Mixing
In this section we present the proof of Theorem 5, 6 and 10, based on the

lemmas from Section 4.4.2.

We start with the proof for exponentially decay of correlations and CLT.

Proof of Theorem 5 and Theorem 6. Firstly we establish the exponential decay and
CLT for FOZOVO by checking the conditions in Theorem 13 for Fg‘) where N is the
number from Lemma 4.4.3. Note that we gain from Theorem 13 the exponential
decay and CLT for Fgo rather than for F., because we can only obtain Ny-step
expansion on F.,. Nevertheless, it suffices to prove CLT for FOJXO since the CLT for
F, follows easily from that of FNo.

The proof for the case f > ( is very similar to that for f < —g, and thence

we omit the latter. Although the positive/negative cones in the proof of Theorem
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3 are strictly invariant, we cannot use them here since we require a positive angle

between the unstable and stable cones. Instead, we consider their images, i.e.

- v
CU'('[,'O’”U()) = {Qko < E § 2k0 + g}

ov Qko
< — < — .
at SR

It is easy to see that the angles between C* and C® are uniformly bounded away

C*(ty, o) = {—

N @

from zero since ky > 0 is bounded, and that these cones are strictly invariant.
We now compute the expansion rate A. With the same notations as above,

for (0t,dv) € C*(ty, Tp) it follows from (4.2) that

5t2 + 0v° = A2 (012 + 6v?)

4 4kmzn ?
where A%zmin{l—l—élkmm,—Q—l— (1+ > } > 1.
g

Similarly for (§t, dv) € C*(to, Uo)

AP Ak \° 4 2 4
5t +0v” = <4k$+ <1+%) >5t2+ (?+1) 51}22<2k1+§(1+%))5t50

> A2(5t2 + 6v?)

g g

Take A = min{A;, A}, and this gives our expansion rate.

4kmln ? 4
where A3 = min {4kfm-n—|— (1—|— ) ,—2—1—1} > 1.

Next we examine the singularity curves S=*.

Observe that F., is a C2-diffeomorphism away from singularities if f is piece-
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wise C3. And Sy U 8T is a finite union of smooth compact curves on the torus T.
Sp is transverse to C*/C®. Moreover the singularity curves are regular and properly
aligned as shown in the proof of Theorem 3.

Assumption 2(d) is trivially satisfied since the norm of the derivative dF,, is
bounded and our phase space is compact.

As for Assumption 3, we have already obtained distortion control in Lemma
4.4.1 and absolute continuity of holonomy map in Lemma 4.4.4. We note that by
(4.6) the curvature of an unstable curve remains bounded after iterations.

Next, the invariant measure i = dtdd is apparently an SRB measure.

Note that Fgg is ergodic with respect to i for any n > 0, since Fgg also satisfies
the conditions of Theorem 12. Now the results of [35] imply that f is mixing (even
Bernoulli).

Finally, since we already establish Ny-step expansion from Lemma 4.4.3, we
conclude from Theorem 13 that ﬁ(fg’o enjoys exponential decay of correlations and
CLT for dynamically Holder continuous observables.

The CLT for F, follows easily from that of F; Mo, Now we show that exponential
mixing for Fgo implies exponential mixing for Fi,.

Suppose ¢, ¢ are two dynamically Holder continuous observables. For any
integer n € N, n = pNy + ¢ for some integers p > 0 and 0 < ¢ < N.

We denote as ¢, = p o F4. For any ,y on a same unstable manifold W,

|54(2) — @a(y)| = |p(Flz) — p(Fly)| < Cotys+low)
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where ¢, = min{g, s, (z,y)}.

On the other hand, for any x,y on a same stable manifold W?*,

|q(2) = 24(y)] = |e(Fha) — o(Fly)| < Cotge=).,

Therefore ¢, is also dynamically Holder.
By applying the previous exponential decay result on F Mo with the observables

g, @, we know that 3 Cj_ 4 and b such that

(oo FR)odii— | div | ¢dji (g0 FEY)odii — | @odii | odfi
T T T T T T

< Cppae™" = Cp o™ (e7N0)",

If we take C, 4 = max{Cy, »e"/"*} and replace b with b/Ny, then we have proved
q

exponential decay of correlation in the case f > 0. O]

Next we prove the global global mixing property for the original collision map

F.

Proof of Theorem 10. Under Assumptions 1-5, the limit map F,, satisfies the con-
ditions of [4], thus it admits a Young tower with exponential tail. We recall from
Section 4.1.2 that F,, well approximates the original collision map F' at infinity.

Therefore by Theorem 2.4 and 2.9 in [15], F' is global global mixing. ]
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4.4.4 Proof of Intermediary Lemmas

In this section we prove the lemmas stated in Section 4.4.2.

We start with the distortion control.

Proof of Lemma 4.4.1. We parametrize the unstable W as v = 9 (¢) for some smooth

function 1 such that ¢'(t) € [2k, 2k + ¢/2] and ¢" is bounded.

lz —yl.

d
7 log Jw (2)

For ,y € W, |log Jw («) — log Jw (y)| < max
ze

For z € W, we take v = (1,¢/(t)) € T,W.

1/2
N 2 e [ 4 4k1\? , <2 ( 4]{:1))
FSTIOE <1+4k1+w(t) <92+<1+g ) >+2¢(t) g+2k:1 HT;

where ki = f(F..z). Hence

log Jw(z) =

2
%log (1 +AkT 4+ (t)? (;2 + (1 + 4§1> ) +20'(1) <?; 2 <1 " 451)))
. %log(l —|—¢/(t)2). (4.5)

We note that each term inside the logarithms in (4.5) is greater than one and has
bounded derivatives. Thus |- log jW(z)‘ < C for some constant C' depending only
on F.

Besides the above distortion bound, we have the following enhanced estimate.
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Now we assume further that W n S, = .

We denote x,, = Fog”x, Yn = Fog”y and W, = ﬁ’og"W.

logjwﬁoZ”( ) — longF ‘ Z ‘logjwm o (Tm) = IOngm ®© (ym)‘
n—1 d
mZO|W m| g flogjwm o (zm)]|
But

d ~ dZm 1 d 1

— log J; mFil Zm) = * 1

Az, 8w Foo(2m) dzm dzmit JWm+1 o (Zm1)

1 d

= log Jw.,, ., Foo(2m
ij+1 (Zm-i-l) dZm+1 B ! ( +1)

Observe that Jiy, ., Foo(2my1) is bounded. Next

dvy,  2kpdty, 1+ (4km/g + 1)dvg,

dtm dt 1+ 2dvp
i + (4ki /g + 1) 221 g/2
= 1+ QdU'm 1 = 2km+g/2_ 2dv’m71.
g dtm 1 g dtm—1
Therefore
es //
’QD;/,L = 2f(tm) - m-1

2,0,/ 3
<1 + 5 m—l)
which implies that

0] < 2 fana + 0100
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where 6 := m < 1. ITterating we obtain
AR (4.6)
Hence — 108 Jw o1 Foo(2m41)| is bounded. Thus
log T " () — log T F"(4)]| < C”:;) Z: |A— <C'wl. O

Next we prove the complexity bound following an approach of [9].

Proof of Lemma 4.4.2. Suppose z is a multiple point of ;7. We take a small neigh-
borhood of z and cut it into four quadrants )’s by vertical and horizontal lines
through z. Denote as k,(z)|g the number of sectors cut out by S, intersecting
nontrivially with Q.

We are only interested in the active quadrants, i.e. the quadrants in the
northwest and southeast, because the tangent lines to the singularities curves S;"
have negative slopes and the inactive quadrants (in the northeast and southwest)

remain untouched by them and thus do not contribute to the complexity growth.

)@

N

Figure 4.1: A multiple point and its sectors

+
871,

Denote as {V;} the sectors cut out by S*. Note that ST = {#; = 0}, hence
there are at most two sectors cut out by ST in a quadrant. By further cutting
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horizontally and vertically, we might assume each V; < Q).

We denote as V! = F(Vi), 2 = Fy(2) (this is defined by continuity), and
kn(2)lQ = 25 kna (2)|V7-

If z¢ S*, then i = 1 and k,,(2)|g = kn_1(2")|V'. If z € S, then i = 2 and we

claim that at most one image V; of the sectors V; remains active, so that in both

cases we have

kn(2)lq = Z Fen 1 (2)[V/

< 1+ k,1(2)|V/ (V! is the only active image)

< 3+ kn_1(2)|Q’ (by further cutting V/ horizontally and vertically).

Thus k,(2)|g < 3n implies k,(z) < 6n, which is our desired complexity bound.

Now we prove our claim. Suppose that z € {f; = 0}.

QNW
1
L
-
t1=0

Figure 4.2: Northwest quadrant for z € {f; = 0}

&

Recall that #; = o + % (mod 1), 5, = G + 2f(f) (mod g).

Since z € {f; = 0}, the t-coordinate of its images 2’ is zero, i,e. #(z}) = 0

We pick w e V; sufficiently close to z, then the ¢-coordinate of its image w’ is

positive since w is at the right side of the singularity line {t; = 0}. Also, since we
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assume f > 0, f is increasing and hence the v-coordinate of its image w’ is larger
than that of 2’. This means that the image V{ = F..(V}) is inactive.

Similarly, we can show that the lower one to the left of the singularity line S*

in the southeast quadrant becomes inactive after being mapped by Fl. O
Finally we estimate the Jacobian of the holonomy map.

Proof of Lemma /4.4.4. 1t follows from classical results in [1,41] that the holonomy

map is absolutely continuous and its Jacobian is given by

i) = [ [ 2

where W;/W; = FLW /FLW and x;/7; = Fhx/Fz.

As a result,

log Th(z) = > log Jw, (z;) — log Tiy, (7).

7=0
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Since ' € [2k, 2k + 2], we obtain by (4.5)

<

<

<

2| log Jw; () — log T, (Z)]

4 4k 2 2 Ak
log (1 +4kj2‘+1 "H/’;‘z (? + (1 + ;+1> ) +2¢; (E + 2kj 41 (1 + —;1)))

. o [ 4 ki)’ /2 n
— log (1 +4k32‘+1 +¢;~2 (? + <1 + %) ) + 29 (E + 2k 41 (1 + —;H))) ’

+ [log(1 + wf) + log(1 + 1%2)|

COL(|kj1 — ffj+1‘ + |¢; - %D + CQQW} — %\

COL([tjs1 —tj4a] + W; - 7%’) + 092\% - 1%|

where

- 4 4kmin 2 2 4kmin
0, 12 _ 144Kk, +4k2 . <—2 + (1 + ) >+4kmin (— + 2kmin (1 + >) > 1,
g g g g

0,77 =1+ 4k, > 1.

min
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It also follows from (4.3) that

[0 — 95| < Clt; — 5] + COs|0;_, — 5|

< Oty — 4 + COsltj_y — E1| + COHY,_y — D)y

SClt; =t +COslt; 1 — ;1| + -+ COTty — L] + CO by — )|

< C’tD/;nt | ’t() | C«ej 1 ’to |

At A

+ CO3 + COIy — )|

where 03_1/2 =1+ 4kuin/g > 1, 04 = max{f3, A~'} < 1 and A is the expansion rate
of unstable curves.

Consequently,
|log Jw; () —log T, (7;)| < Cj©[tg — to| + CO’ [y — 1y (4.7)

where © = max{6,,0s,03,0,} < 1.
Finally we are ready to estimate the Jacobian. Observe that s, (z,y) =

s (z,y) since each pair (x,Z), (y,y) is connected by its corresponding stable mani-

fold.

|log Jh(x) —log T (y)|

Z log Jw, () — log Ty, (Z;) — log Jw, (y;) + log T, ()]
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< >, ([log Jw,(x;) —log Tw, (y;)| + log T, (%;) — log T, (5;)])

J<s4 (xvy)

+ > (|log Fw, (x;) — log Fiw, ()| + |log T, (y;) — log Tyv,, (7))

<C (lzj =2+ lys — ) +C > 0 (Jxo — Tol + [y — To)

Jj<st(zy) jzs+(2,y)

+O7([¢ (o) = ¥'(Zo)| + [¥' (y0) — ¥ (F0)])
< CA™ O (2, (o) = Tos @] + Vs o) — Fsson)
+0% ) (g — To| + [yo — To| + [¢' (o) — ¢' ()| + [¢'(30) — ¥ (Bo)]) < CO* )

where the sum of small indices j < s, (x,y) is controlled by the distortion estimate

from Lemma 4.4.1 and the sum of large indices j > s (x,y) is controlled by (4.7). [

4.5 Escaping and Bounded Orbits

Theorem 7 shows that the escaping orbits takes up a null set. However in this
section we show that the escaping orbits do exist and so do the bounded orbits.

We introduce the notion of proper standard pair. A standard pair (W, pw)
consists of an unstable curve W and a regular probability measure uy supported on
W, ie. uw is absolutely continuous and has a dynamically Holder density. We say
a standard pair is proper if there exists a large constant C), bounding the following
the quantity
pwdro < ¢

Zy = sup

It is easy to see that in our case puys is the normalised Lebesgue measure on the
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unstable curve and that Zy, = ﬁ, so any unstable curve W longer than d endowed
with Lebesgue measure is a proper standard pair. We also observe that d, can be
made arbitrarily small by choosing C), large. Therefore by Theorem 5 and Lemma

2.2, 2.3 in [14], we have the following central limit theorem for all proper standard

pairs:

Proposition 4.5.1. There exists 0o » 1 such that on any unstable curve W with
|W| > 09 we have the following central limit theorem for dynamically Hélder observ-

ables, i.e.

1 = = dist 2
_ZSOOF;OAN(Ovo-)
vn 5 :
where ¢ is dynamically Holder with zero average ST wdi = 0.

Now we prove Theorem 9.

Proof of Theorem 9. Let us denote (t°,v:°) = F2(to,vo) and (t,, v,) = F"(to, vo).
First we recall from Section 4.3 that the energy change v in the limit map Fi,
on the cylinder has zero average. Moreover, 7 is dynamically Holder as it is piecewise

C' and its discontinuities are located exactly on S*. Therefore by Proposition 4.5.1,

Ing, A such that for every unstable curve W longer than 4,

]P)W (UZ?)NO > Vg + A’\/ TloNg) >

W[ —

where Ny is the constant from Lemma 4.4.3 Ny-Step Expansion.
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By Lemma 4.4.5, if §5 is sufficiently small, then for sufficiently large ng

1
Pw(rnONO < 4(52) < E

We know from Section 4.1.2 that the limit map F,, well approximates the original
collision map F for large velocity with an error of order O(v, ') on each continuity
component of F7Nol}/ thus we can choose v, » 1 so large that if vy > v, everywhere

on W, then we have

] =

Pw (Vngn, > Vo + AN/ Mo No, Tngn, > 402) >

By the estimate above, at least one component W, < F2No ¥ contains a segment 1,
longer than & and v,,x, > vo + Ay/no Ny holds everywhere on W;. By repeating the
argument on Wi, we get another component Wy F£°N0W1 containing a segment
W, longer than 5 and the velocity increases by another Ay/ngNy. Inductively, we
construct an escaping orbit.

Similarly, we can construct an orbit whose velocity first increases by A+/ngNy
and then decreases by Av/ngNy and etc. In that way we obtain an orbit whose
energy remains in [vg — 2A4+/ngNo, vo + 244/ngNoy]. This holds for arbitrarily large

vy > vy, thus we have bounded orbits at arbitrarily high energy level. [

91



[1]

Bibliography

D. V. Anosov and Y. G. Sinai. Some smooth ergodic systems. Russian Math-

ematical Surveys, 22(5):103-167, 1967.

M. Arnold and V. Zharnitsky. Pinball dynamics: unlimited energy growth in

switching Hamiltonian systems. Comm. Math. Phys., 338(2):501-521, 2015.

J.R. Cary, D. F. Escande, and J. L. Tennyson. Change of the adiabatic invariant

due to separatrix crossing. Phys. Rev. Lett., 56(20):2117-2120, 1986.

J. Chen, F. Wang, and H.-K. Zhang. Markov partition and thermodynamic

formalism for hyperbolic systems with singularities, 2019. arXiv:1709.00527.

N. Chernov. Decay of correlations and dispersing billiards. J. Statist. Phys.,

94(3-4):513-556, 1999.

N. Chernov and H.-K. Zhang. On statistical properties of hyperbolic systems

with singularities. Journal of Statistical Physics, 136(4):615-642, 2009.

92


arXiv:1709.00527

[7]

[10]

[11]

[12]

[13]

[14]

J. de Simoi. Stability and instability results in a model of Fermi acceleration.

Discrete Contin. Dyn. Syst., 25(3):719-750, 2009.

J. de Simoi and D. Dolgopyat. Dynamics of some piecewise smooth Fermi-
Ulam models. Chaos: An Interdisciplinary Journal of Nonlinear Science,

22(2):026124, 2012.

J. de Simoi and I. P. Toth. An expansion estimate for dispersing planar billiards

with corner points. Ann. Henri Poincaré, 15(6):1223-1243, 2014.

D. Dolgopyat. Lectures on bouncing balls. http://www-users.math.umd.edu/

~dolgop/BBNotes. pdf.

D. Dolgopyat. Bouncing balls in non-linear potentials. Discrete Contin. Dyn.

Syst., 22(1-2):165-182, 2008.

D. Dolgopyat. Fermi acceleration. In Geometric and probabilistic structures in
dynamics, volume 469 of Contemp. Math., pages 149-166. Amer. Math. Soc.,

Providence, RI, 2008.

D. Dolgopyat. Piecewise smooth perturbations of integrable systems. In X VIIth
International Congress on Mathematical Physics, pages 52—66. World Sci. Publ.,

Hackensack, NJ, 2014.

D. Dolgopyat and P. Nandori. Nonequilibrium density profiles in Lorentz tubes

with thermostated boundaries. Comm. Pure Appl. Math., 69(4):649-692, 2016.

93


http://www-users.math.umd.edu/~dolgop/BBNotes.pdf
http://www-users.math.umd.edu/~dolgop/BBNotes.pdf

[15]

[16]

[18]

[19]

[20]

[21]

[22]

23]

D. Dolgopyat and P. Nandori. Infinite measure mixing for some mechanical

systems, 2018. arXiv:1812.01174.

B. Fayad and R. Krikorian. Herman’s last geometric theorem. Annales scien-

tifiques de I’Ecole Normale Supérieure, 42(2):193-219, 20009.

E. Fermi. On the origin of the cosmic radiation. Phys. Rev., 75:1169-1174, Apr

1949.

V. Gelfreich, V. Rom-Kedar, K. Shah, and D. Turaev. Robust exponential
acceleration in time-dependent billiards. Physical review letters, 106:074101, 02

2011.

V. Gelfreich, V. Rom-Kedar, and D. Turaev. Fermi acceleration and adiabatic

invariants for non-autonomous billiards. Chaos, 22(3):033116, 21, 2012.

V. Gelfreich, V. Rom-Kedar, and D. Turaev. Oscillating mushrooms: adiabatic

theory for a non-ergodic system. J. Phys. A, 47(39):395101, 21, 2014.

V. Gelfreich and D. Turaev. Fermi acceleration in non-autonomous billiards.

Journal of Physics A: Mathematical and Theoretical, 41(21):212003, may 2008.

V. Gelfreich and D. Turaev. Unbounded energy growth in hamiltonian systems

with a slowly varying parameter. Commun. Math. Phys., 2008.

J. Koiller, R. Markarian, S.O. Kamphorst, and S.P. de Carvalho. Time-

dependent billiards. Nonlinearity, 8(6):983-1003, nov 1995.

94


arXiv:1812.01174

[24]

[25]

[26]

[27]

[28]

[29]

[31]

M. Kunze and R. Ortega. Escaping orbits are rare in the quasi-periodic Fermi—

Ulam ping-pong. Ergodic Theory and Dynamical Systems, 2018.

S. Laederich and M. Levi. Invariant curves and time-dependent potentials.

Ergodic Theory and Dynamical Systems, 11(2):365-378, 1991.

E.D. Leonel, J. Kamphorst, L. da Silva, and S.O. Kamphorst. On the dynamical
properties of a fermi accelerator model. Physica A: Statistical Mechanics and

its Applications, 331(3):435 — 447, 2004.

M. Levi and J-G You. Oscillatory escape in a duffing equation with a polynomial

potential. J. Differential Equations, 140(2):415-426, 1997.

M. Levi and E. Zehnder. Boundedness of solutions for quasiperiodic potentials.

SIAM J. Math. Anal., 26(5):1233-1256, 1995.

A. J. Lichtenberg, M. A. Lieberman, and R. H. Cohen. Fermi acceleration

revisited. Phys. D, 1(3):291-305, 1980.

C. Liverani and M. Wojtkowski. Ergodicity in hamilto-nian systems. In Dy-
namics Reported: FEzpositions in Dynamical Systems, pages 130-202. Berlin,

Heidelberg: Springer, 1995.

A. Loskutov, A. B. Ryabov, and L. G. Akinshin. Properties of some chaotic
billiards with time-dependent boundaries. Journal of Physics A: Mathematical

and General, 33(44):7973-7986, oct 2000.

95



[32]

[33]

[35]

[39]

A. 1. Neishtadt. Probability phenomena due to separatrix crossing. Chaos,

1(1):42-48, 1991.

R. Ortega. Boundedness in a piecewise linear oscillator and a variant of the

small twist theorem. Proc. London Math. Soc. (3), 79(2):381-413, 1999.

R. Ortega. Dynamics of a forced oscillator having an obstacle. In Varia-
tional and topological methods in the study of nonlinear phenomena (Pisa,
2000), volume 49 of Progr. Nonlinear Differential Equations Appl., pages 75-87.

Birkhauser Boston, Boston, MA, 2002.

Y. B. Pesin. Dynamical systems with generalized hyperbolic attractors: hy-
perbolic, ergodic and topological properties. FErgodic Theory and Dynamical

Systems, 12(1):123-151, 1992.

G. N. Piftankin and D. V. Treshchév. Separatrix maps in Hamiltonian systems.

Uspekhi Mat. Nauk, 62(2(374)):3-108, 2007.

L. D. Pustylnikov. Stable and oscillating motions in nonautonomous dynamical

systems. 1I. Trudy Moskov. Mat. Obsc., 34:3-103, 1977.

L. D. Pustylnikov. On Ulam’s problem. Theoret. and Math. Phys., 57:1035—

1038, 1983.

L. D. Pustylnikov. Existence of invariant curves for maps close to degenerate

maps, and a solution of the Fermi—Ulam problem. Mat. Sb., 185:113-124, 1994.

96



[40]

[43]

[44]

[46]

[47]

K. Shah, D. Turaev, and V. Rom-Kedar. Exponential energy growth in a Fermi

accelerator. Phys. Rev. F, 81:056205, May 2010.

Y. G. Sinai. Dynamical systems with elastic reflections. Russian Mathematical

Surveys, 25(2):137-189, 1970.

S.M. Ulam. On some statistical properties of dynamical systems. In Proceedings
of the Fourth Berkeley Symposium on Mathematical Statistics and Probability,
Volume 3: Contributions to Astronomy, Meteorology, and Physics, pages 315—

320, Berkeley, Calif., 1961. University of California Press.

Q. Wang and L.-S. Young. Strange attractors in periodically-kicked limit cycles

and Hopf bifurcations. Comm. Math. Phys., 240(3):509-529, 2003.

G. M. Zaslavsky. The simplest case of a strange attractor. Phys. Lett. A,

69(3):145-147, 1978/79.

V. Zharnitsky. Instability in Fermi-Ulam ping-pong problem. Nonlinearity,

11(6):1481-1487, nov 1998.

V. Zharnitsky. Invariant curve theorem for quasiperiodic twist mappings and
stability of motion in the Fermi-Ulam problem. Nonlinearity, 13(4):1123-1136,

2000.

J. Zhou. Piecewise smooth fermi-ulam pingpong with potential, 2019. (submit-

ted) Available at http://arxiv.org/abs/1912.01154.

97


http://arxiv.org/abs/1912.01154

[48] J. Zhou. A rectangular billiard with moving slits. Nonlinearity, 33(4):1542—

1571, Feb 2020.

98



	Dedication
	Acknowledgements
	Table of Contents
	Introduction
	Main Results
	A Rectangular Billiard with Moving Slits
	Bouncing Ball in a Gravity Field

	A Rectangular Billiard with Moving Slits
	Preliminaries
	The Normal Form
	The Adiabatic Coordinates
	The Normal Forms

	Trapping Regions
	Waiting Time for Exponential Acceleration
	Almost Sure Escape for the Limiting Map
	Quick Escape for the Actual Map.


	Bouncing Ball in a Gravity Field
	Preliminaries
	The Collision Map
	The Limit Map
	The Singularity Lines of the Limit Map

	Ergodicity of the Limit Map
	Recurrence of the Collision Map
	Statistical Properties of the Limit Map
	Background.
	Intermediary Lemmas
	Exponential Decay of Correlations, CLT and Global Global Mixing
	Proof of Intermediary Lemmas

	Escaping and Bounded Orbits

	Bibliography

