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Next, fixing o € (0, 1], we generalized the axiomatizations in [1] to the class of
hereditarily linearly sparse K ,-free graphs in Chapter 3, and made efforts towards con-
necting this with almost sure theories of Shelah-Spencer graphs, a type of random graphs,
which may be of interest in theory of computer science.

In Chapter 4 we study the constraint satisfaction problems of selected infinite rela-
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tional structures. For a € (0, §

|, Ko := the class of hereditarily a-sparse graphs, 0, :=
the generic structure of Ko ; Ko i, —free, Ma, K, —free 1= the K,,-free subclass and its generic
structure respectively, we prove multiple structural properties of graphs presenting the
Hrushovski-Fraissé class K, rr, strongly indicating that this class should have a finite
homomorphic presentation when « is close to % from below, which would imply NP-
completeness. More general results are explored along. We also study the complexity-

theoretic implications of our findings on a relevant decision problem, namely the con-

straint satisfaction problem of the corresponding generic structure.
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Chapter 1: Introduction

1.1 Constraint Satisfaction Problems

In 1990, Hell and Nesettil [S] showed that, fixing a finite undirected graph /, the
decision problem “given finite input GG, does there exist a map f : V(G) — V(H),
st Va, y((x, y) € B(G) = (f(x),f(y)) € E(H))?” is in P if H is bipartite,
NP-complete otherwise. Such edge-preserving maps are graph homomorphisms, and the
problem is called H-coloring. The definition of homomorphisms naturally generalize to
arbitrary relational structures by asserting each relation is unilaterally preserved by the

map between domains. This gives rise to:

Problem 1.1 (CSP(H)).

Parameter (Fixed): H := (D;RP, ..., RP) arelational structure, with the sym-
bol tuple (R4, ..., Ry) its signature.

Input: a finite (R, ..., R;)-structure G.

Output: does G homomorphically map to H?

Such problems are called the constraint satisfaction problems (CSPs); we also use
CSP(H) to denote the set of inputs that answers “Yes”. Correspondingly, the SEARCH-

CSPs admit the same description, except on the “Yes” instances they output a witnessing



h € Hom(G, H).

Seeing Hell-Nesetiil’s [ -coloring dichotomy theorem, one naturally wonders if
similar dichotomy exists for all finite relational structures. A dividing line was conjec-
tured by Feder and Vardi [6]. Classification of many subclasses of finite domain CSPs
(e.g. [7, 8, 9] ) were studied over the years, but the conjecture remained open until in-
dependently proved by Bulatov and Zhuk ([10, 11, 12] ) in 2017. A good reference for
equivalent characterizations of the finite CSP dividing line can be found in [13].

For infinite domain CSPs, dichotomy has been established for many classes of
“nice” structures; for example, fixing an infinite structure (A, 7), the class {2 := (A4, 7') :
R¥ is first order definable in 2 for each R € 7/ } is called first order reducts of 2; that is,
all relational structures with the same domain A and whose finitely many relations are
respectively definable in terms of 2. Dichotomy has been established for the first order
reducts of the Rado graph [14], of unary structures [15], and of (Q, <) [16]. These struc-
tures are “nice” in that their first order theory has (up to isomorphism) a unique countable
model, a property called w-categoricity. Another line of work focuses on dichotomiz-
ing the “numeric domains”, such as first order reducts of (Z, succ) [17], more generally
of (Z,<) [18], and of (Z,+, 1) containing 1 [19]. A long standing open problem is to
characterize first order reducts of (Z, <,~+). For thorough introduction to these topics,
see [13, 20].

Instead of studying first order reducts, my Chapter 2 studies unary expansions (i.e.
asserting“pre-coloring of vertices”) of the infinite directed graphs (Z,succ) as well as
unary expansions of general directed graphs (Z, E'). We give equivalent characterizations
of such CSPs, and discuss reductions upper bounding the hardness of certain classes of
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such unary expansions.

1.2  Hrushovski-Fraissé Classes

Originally constructed by Hrushovski [21] in languages of ternary hypergraphs,
Hrushovski-Fraissé classes have inspired rich bodies of literature connecting various fields
of mathematics. To name a few: Baldwin-Shi [22] proved that Th(9t,), the first order
theory of the generic structure of K, a class of finite (undirected simple) graphs, coincide
with the almost sure theory of G(n,n™®), the random graph with edge probability n
(o € (0,1]\Q), which had been proved complete by Shelah-Spencer [23]. Laskowski [1]
gave a I, axiomatization of Th(9)1,,), inspiring subsequent work on model-theoretic ap-
proximation of G(n,n~®) [24, 25] and atomic models and regular types of Baldwin-Shi
hypergraphs [26, 27, 28*]. Recently, Ghadernezhad, Khalilian, and Pourmahdianwas
proved that the automorphism group of 901,,, at least for a € Q, is not amenable. [29].

In Chapter 3 we focus on a specific type of Hrushovski-Fraissé class of relational
structurals, which one may think of as hypergraphs with multiple types of hyperedges.
Such classes are defined by hereditary sparsity and forbidden cliques. Developping upon [1],
we prove a simple axiomatization of the first order theory of the generic structures of such
classes, which are infinite structures which “encodes” the original class of finite structures
in a nice way. Focusing on the language of graphs, we also record some efforts towards

connections with the almost-sure theory of Shelah-Spencer graphs, which is a specific

type of random graphs of wide interest in computer science.



1.3 Constraint Satisfaction Problems Arising from Hrushovski-Fraissé

Classes

In Chapter 4 we “combine the two areas”, in a manner of speaking. Namely, we
focus on the language of (simple, undirected) graphs, and study the CSP of generic struc-
tures 9N, . of some Hrushovski-Fraissé classes of hereditarily linearly sparse graphs for-
bidding substructures. It should be mentioned that behavior of graphs forbidding cer-
tain configurations is a heavily interested topic (e.g. [30, 31]). We have some conclu-
sions for complexity of CSP(91,.) when the parameter a € (0, 1] is large, and we
have some graph-theoretically interesting findings towards characterizing such CSPs for
slightly smaller as.

Work in Chapter 2 was done in Spring 2021 through Fall 2021, then collected in
2022 for publication in [32]; work in Chapter 3 was done in Fall 2020 and Spring 2021;
work in Chapter 4 spanned across late 2021 to late 2022 and was tidied up in early 2023.
Project-specific introductions and preliminaries are collected at the beginning of each

chapter.



Chapter 2:  (Z,succ,U), (Z, E,U), and the hardness of their CSP’s

2.1 Introduction

For general introduction to CSPs, see Chapter 1. In this chapter we temporarily shift
our focus onto constraint satisfaction problems of infinite template, and, as mentioned in
Chapter 1, aim at characterizing CSP of unary expansion of (Z, succ) and their compu-
tational complexity. The main contents of this section have been published in [32], of
which the author of this dissertation was the correspondence author.

So why do we care about characterizing CSP(Z, succ := {(z,y) :y =z + 1},U)?
On one hand, an efficient greedy algorithm solves CSP(Z, succ) (Section 2.2); on the
other hand, with an infinite U C Z, CSP(Z, succ, U, 0) can be hard: take U to be the
halting set, for example, then the reduction n +— the direct (n + 1)-path 0. ..n witnesses
the undecidability of CSP(Z, succ, U, 0), and likewise for U a computationally harder set,
say in I3\ 25. One naturally wonders how wild CSP(Z, succ, U)s could be, (Z, succ, U)
being virtually “sandwiched” between (Z, succ) and (Z, succ, U, 0) for each U C Z.

Moreover, (Z, succ) and (Z, succ, U, 0) are both non-w-categorical: the former has
2-types {(x,x + k) }r<., while the latter being connected, “well-distanced”, and pointed
is rigid, i.e. has trivial automorphism group. This indicates that non-w-categoricity, a

model-theoretic “wildness” bears no overall impact on the tractability of the structure’s



CSP. Hence {(Z, succ, U) }ycz affords another entry point for classification of the CSPs
of non-w-categorical structures. !

As mentioned above, recent work ([17, 18]; see also[20]) established that for a
structure 2l over domain Z with finite relational signature, if each relation is first-order
definable in (Z, <) without parameters, then CSP(2l) is either in P or NP-complete. A
dichotomy has also been established when the relations are definable from unary struc-
tures [15]. (Z, succ,U) however is in neither case: succ is not first order definable from
unary structures” and the only 0-definable unaries in (Z, <) are () and Z.* Therefore we
prove a class of “nicely gapped” unary expansions of (Z, succ) has efficient CSP (Sec-
tion 2.3,Theorem 2.17), and proceed to characterize all CSP(Z, succ, U) by gaps in U
(Section 2.4, Theorem 2.24). In particular, some CSP(Z, succ, U) might be candidates
for relatively natural NP-intermediate problems (Section 2.4, Corollary 2.26 and discus-
sion).

The characterizations in Sections (2.3)(2.4), understandably, highly relies on the
arithmetic nature of (Z, succ), so it is natural to ask if they could be generalized to unary
expansions of undirected graphs over Z, i.e. the (Z, F,U)s with E just an irreflexive,

symmetric binary relation. We record some progress in this direction in Section 2.5,

'Aut(Z, succ) D Aut(Z, succ, U), so any Aut(Z, succ, U)-orbit on Z2, which is of the form {g(a) : g €
Aut(Z, succ, U)} for some a € Z2, is a subset of an Aut(Z, succ)-orbit. Therefore if Aut(Z, succ) fails to
partition Z? with finitely many orbits, so does Aut(Z, succ, U). Essentially we just argued that if G; C Go
acts on S with the G»-action non-oligomorphic, so is the GG1-action.

Note again that (Z, succ) is non-w-categorical while purely unary structures on Z are w-categorical,
failing to record the distances; furthermore succ on Z is not O-definable from any unary structures on Z.
See also Remark 2.34. We prove the latter. Assume for the sake of contradiction that succ is 0-definable
from a unary structure (Z, Uy, ...,Uy) and let ¢(z,y) € Snyy,;, be the defining formula. Then (by
taking the x-slice) every unary appearing in ¢(z, y) with free variable x has to be ) or Z, so is every unary
appearing in 1 (x,y) with free variable y. Thus v (z,y) is {U,..., Uy }-equivalent to a sentence, while
succ(zx, y) is not.

*Indeed, for unaries to be 0-definable in (Z, <) they have to be preserved by Aut(Z, <) actions, which
contains all translations.



and give some lower bound of CSP complexity (up to direct limits) assuming reasonable
structural properties in the underlying digraph. In Section 2.6 we discuss some possible

future directions.

2.2  Preliminaries

Definition of constraint satisfaction problems and homomorphisms are introduced
in Chapter 1. More generally, homomorphisms between relational structures with the
same signatures (A; R, .-+ R{) — (B;RP,-.- RB)isamaph: A — Bs.t Vj €
[Lk], (a1,--- ,a,,) € R} = (h(a1), -+, h(a,,)) € RP, with r; the arity of R;. In

e.g. Section 2.5, we adopt the alternative formulation:

Problem 2.1 (CSP(D, S), alternative formulation).
Parameters (Fixed): A structure 2 = (A, 7®) with 7 a finite relational signature.
Input: a first order sentence ¢ := 3z ...z, R(xy, ..., 2, ), where R(zy,...,x,)is
a finite conjunction of equations (“=") and atomics in 7.

Output: does A F ¢?

A walk through the definitions should convince one that these two formulations are
equivalent up to the transformation ¢ := Jz4,..., 2, R (Z) A ... R;(Z) > the structure
G on vertices {71, ...,z,} with each RS (e € [1,]) as positively prescribed in ,* and

vice versa. > First order sentences (resp. formulae) in the form of inputs to Problem 2.1

“That is, for the j-ary relation R, each (y1, - ,y;) € {z1, -+ , 2}’ isin RJG <= R;(y1, - ,y5)
is a conjunct appearing in 1.

SBackground on the alternative formulation: In 1978, Schaefer [33] proved the following theorem: let
S be a finite collection of relations over D := {0, 1}, which we call atomics. Then for any input formula
R(x1,...,xz,) over D formed by a conjunction of atomics and equalities, the decision problem: “does there
exist z1,...,25 € Ds.t. (D,S) F R(z7,...,z5)?” is always NP-complete except for six special cases.
Thus begins theorists’ quest for a characterization of hardness of the CSP problems.

7



are pp-sentence (resp. pp-formulae). For A = (A, %), arelation R C A" is pp-definable
(resp. fo-definable) without parameters in 2l if there exists a pp(resp. first order) 7-
formula ¢ (xy,...,2,) s.t. (a1,...,a,) € R <= AFEY(ay,...,aqa,).

For L1,Ly C U, {0,1}" Zset Z, write L, <P, Ly, read as “L; Karp reduces
to £,”, if there exists a polynomial-time computable function f : (J,_,{0,1}" —
Unco0, 1} st 2 € £ <= f(z) € L,. In that case, call f a “polynomial-time
many-one/ Karp” reduction from L to L,. In comparison, write £; <% L, read as
“Ly Cook reduces to L5”, if given a L, solver M,,, £, can be solved by calling M,
polynomially — again with respect to input length — many times with polynomial time
overhead. Note that £, <P, Lo, = L; <% L, via overhead (time cost) of f and a
single call to the £, solver; the converse is not in general true, for example NP is closed
under <P but not <8.° Write £, =P, £, (resp. L1 =5 Lo) if L1 <P, Lo A Ly <P L

(resp. L1 <. Lo A Lo <% L1). The following is well known:

Fact 2.2. (e.g. [13]) Let relational structures A := (A, 7%),2" := (A, (%) be such that

for each R € T, R* is pp-definable in 2. Then CSP(2l) <P, CSP(2(").

When describing structures (A, 7%), we drop the superscript if 2/ is clear from con-
text. E.g., 2l = (Z, succ) is technically (Z, succ® := {(z,y) : y = x + 1}). Likewise for
U C Z, A := (Z,succ,U) means the unary relation on in 2l is interpreted as U™ := U.

Both CSP(Z, succ) and SEARCH-CSP(Z, succ) can be solved by the same effi-

cient greedy algorithm that, for each connected component . of the input ©, starts by

®Any £ € NP poly-time Turing reduces to its complement in | J,, {0, 1}" using one oracle call and
constant overhead. Since each £ € coNP arises this way, if NP were closed under SZ} we would have
coNP C NP, which is not true.
This also serves as an example to show that not all Turing reductions with 1 oracle call and polynomial
(in fact constant) time and space cost are many-one reductions!



assigning an arbitrary vertex a € D, to 0 and then assigns each of a’s neighbor to —1 (if
(%,a) € succ®) or 1 (if (a, *) € succ®), then recurses on those neighbors. We refer to this
algorithm as the CSP(Z, succ) decider / searcher.

Let A be a T-structure; Aut(2l) (resp. End(2l)) denotes its group of T-automorphisms
(resp. monoid of endomorphisms). 2l is w-categorical if its first order theory Th(2()
(namely all sentences satisfied by 2l) is w-categorical, i.e. there is exactly one countably

infinite model of Th(%l) up to isomorphism. Another well known fact used in Section 2.5:

Fact 2.3 (e.g. [34], equivalent characterization of w-categoricity). Let 7 be a countable
signature, 1" a complete T-theory which has infinite models. Then the following are equiv-

alent:
1. All countable models of 'T" are isomorphic;

2. Let A F T, then Aut(d) has finitely many orbits in its action (ay,...,a,)

(gaq,...,ga,) on A™, for any n > 1.

3. Some countable model of 'T' realizes only finitely many complete n-types for each

n <w.

2.3 A Sufficient Condition for Tractability of CSP(Z, succ, U)

We collect the main results in this section in Figure 2.1, where the two (more-or-
less) “horizontal” reductions are simple. U <$*P CSP(Z, succ, U, 0) by constructing the

directed path ® := 0 — 1 — -+ — n with U® := {n},0®° = 0;7 it is exponential time

"If we view the constant symbol O as a unary O = {0} in order to meet the narrow definition of
relational structures, we end up with a Karp-equivalent CSP(Z, succ, U, O), so for our purposes it does



CSP (Z, succ, U, 0)
1~ k,

ELG ~~ELMS, ~e | When
U~ lim_;U; VI |BLG-SR

CSP(Z, succ, U)
Figure 2.1: Some reductions: U, CSP(Z, succ, U), CSP(Z, succ, U, 0).

since the length|(n)| = log(n). CSP(Z,succ,U) <P, CSP(Z, succ, U, 0) using the same
input pp-sentence. The “verticle” reduction is the main goal of this section.

We do not believe there is a many-one or Turing reduction from U to CSP(Z, succ, U );
intuitively, without a O (or any constant for that matter) to “anchor the origin”, End(Z, succ)
= Aut(Z, succ) = Z and only the gap patterns in U decide whether a particular transla-
tion of {succ}-homomorphism makes a {succ, U }-homomorphism. In Section 4 we shall
formalize this intuition; here, we give some nice conditions on the gaps to guarantee the

tractability of CSP(Z, succ, U). First, things are nice if U is periodical:

Observation 2.4. Let U = aZ + b for some a, b € Z. Then CSP(Z, succ, U) € P.

Proof. Modify the greedy algorithm that determines if an input G € CSP(Z, succ). for
each component ®, C ® = (D, succ®, U®), if D, N U® = (), run the CSP(Z, succ) de-
cider on D.; otherwise pick an arbitrary d, € U® N D,, then run the greedy CSP(Z, succ)
algorithm on . initiated by mapping d. to b. When the algorithm accepts, it yields a

{succ}-homorphism h, : (D, succ®) — (Z,succ); accepts on this component only if

not matter. Indeed, to see CSP(Z, succ, U, 0) <P, CSP(Z, succ, U, O = {0}), for each LHS input ® with

0® = d construct ® with O° = {d}; Conversely, collapse every member of O® to one arbitrary member
thereof, or create an isolated new vertex if O = ().
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he(d.) € U for each d, € U® N D,. Accept D only if all components accept.

If the algorithm above accepts, obviously each h, is a {succ, U }-homomorphism;
conversely if © € CSP(Z, succ, U), so is each component D.. Hence there exists some
homomorphism A, sending d. to some = € b+ aZ. Now Aut(Z, succ, U) = 7 composes
of translations by ak (k € Z), so there exists h, € Homgc v (De, (Z, succ, U)) sending
d. to b, which is the one affording acceptance of ©..

]

CSP(Z, succ, U) also behaves tamely, with its hardness upper-bounded by U, if the

gaps in U are eventually large. Let us generalize this observation.

Definition 2.5. Let U = {u(i)};<, C Z. U is eventually largely gapped (ELG) if 3¢ > 0,

s.t. Vi > e, Vn' € w~ {n}, [u(n) —u(n)| > n.

As the name suggests, ELG asserts that after certain point the gaps between ele-

ments are at least “linearly large” with respect to its index.

Example 2.6. Let f(z) € Z[x] with deg(f(x)) > 2, e.g. 62° + 4x + 7. One may verify

that Uy := {f(z) : * <w} is ELG.

Example 2.7. Likewise for any differentiable g(x) : R — R, if g(w) C Z with superpoly-
nomial growth rate and some more mild assumptions, we have U, := {g(x) : x < w} is

ELG. E.g g(z) = —x - 2%.°

8As x — oo, f is eventually monotonic, and the formal derivative | f'(x)| ~ Q(z), and when | f/(x)| ~
O(z) the absolute value of coefficient of z-term is at least 2. For ¢ >> 0 we have |f(z) — f(z*)] >
max{|f(z) — f(z — 1)|,|f(z) — f(z + 1)|} > « whenever ¢ < z € w,z* € w ~\ {z}. So indeed Uy is
ELG.

The two more mild assumptions are (1) g is eventually monotonic and (2) |¢'(x)| ~ w(|z|). Indeed,
for z >> 0 we have w > |¢'(x = 1)] ~ w(z — 1) so LHS > x eventually, and similarly,
lg(z + 1) — g(z)| > = eventually.
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Definition 2.8. Let U = {u(i)}i<, C Z. U has small representation (SR) if there exists a
p(z) € Nlx] s.t. |(u(z))] ~ O(p(i)) for each i < w. 1°

We say U is ELG-SR if U is ELG and has SR.

Example 2.9. In Examples 2.6 and 2.7, both U; and U, have SR, and are hence ELG-SR.
Note |(—2")| ~ O(n). Also if U = {f(z)}sen for some f(x) € Zlx], then U has small

representation. !

Proposition 2.10. Let U = {u(i)};~, be ELG-SR. Then CSP(Z, succ, U) <% U.

Proof. For each connected component D, of the input ® = (D, succ®, U®), reject if
the CSP(Z, succ)-solver rejects on ©.; otherwise the solver finds a succ-homomorphism
h: (D, succ® N D?) — (Z,succ). Thanks to ELG, one needs to shift i at most | D.|
times to decide if any translation makes h a (succ, U)-homomorphism. SR ensures the
absence of exponential blowup in this algorithm.

We describe the procedure in more details: upon input ® = (D, succ®, U®), for

each component ©.:

1. If D,NU® = (), run CSP(Z, succ) decider on (D,, succ® N D?);if |[D,NU®| = 1,
run the CSP(Z, succ) algorithm beginning with assigning the unique d. € D, NU®

to an arbitrary b € U.

Correctness follows from the observation that, in these cases we are still free to

translate a succ-homomorphism as long as one exists.

19Conventionally, (e) is the binary representation of an integer and | e | is the length.

Use, e.g. p(x) € Nz| such that each coefficient is the absolute value of the corresponding term of
f(x). The values of p(x) and f(x) are asymptotically of the same order, so the binary code of f(z*) is
short compared to p(z*) for each z*.
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2. Now |D.NU®| > 2. Since U is ELG, by definition there exists ¢ € w witnessing it,

i.e. gaps in U are large after index c. Pick arbitrary d, € D,NU®. Run Algorithm 1:

while / < max{c, |D,|} do
run CSP(Z, succ) solver on D, initiated by sending d, to u(7)
if CSP(Z, succ) rejects then
reject
else
/ICSP(Z,succ) found h € Hom(®.,(Z,succ)) with h(d.) = u(i)
for d. € D, NU® do
Testif h(d) € U, reject if not
end

accept for ®,

end

end
Algorithm 1: The reduction CSP(Z, succ, U) <% U.

And ® is accepted if and only if each ©. is accepted. To see efficiency: since U
has SR, [(u(i))| is polynomial in 7, '%and i is linear in |D.| < |D|. If a {succ}-
homomorphism £ is found, we have polynomially many calls to the U-oracle; note
that each h(d)) € [u(i) — n,u(i) + n], so it remains polynomial size. The whole

algorithm is therefore poly-calls to U with poly-overhead.

To see correctness, first observe the following fact: in a connected component of

12Note we need SR here, not just U € P.
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size n, for any vertices x # y the longest “signed path” (vertices xg := x, X1, ..., T ‘=
y s.t. for each i, either (z;,x;41) € F or (x;41,x;) € F) has at most n — 1 edges,
and the signed length (computed by adding 1 if (z;,2;41) € E and subtracting 1
if (x;41,2;) € E)."* is at most n — 1. Whenever the component homomorphi-

cally maps to (Z, succ) via some h, the signed length of any signed path must be
h(y) — h(z).

Now for any ¢ > max{c, |D.|}, |u(i) — | > i > |D,| forany * € U ~ {u(i)}, and
with | D.NU?®| > 2, this gap is too big for there to exist a homomorphism sending d,
to u (7). In other words, ®, € CSP(Z, succ,U) <= Fh € Homgy (D, (Z,succ, U))

s.t. h(de) € {u() }i<max{|D.|,c}» Which is what the algorithm checks.

Corollary 2.11. If U is ELG-SR, CSP(Z, succ, U) is in P. '

Proof. The above reduced CSP(Z, succ, U) to O(|D|)-many tests of whether each h(d.) €
U. But this can be done by asking “is h(d.) = u(j)?” foreach j € [0, max{c, |D.|} +1]”.
Both h(d,) and each u(j) are of size polynomial in | D|, thanks to SR and the connected-

ness of ©.. ]

Remark 2.12. If the gaps are “eventually small” instead, we are requiring U to be finite,

which puts CSP(Z, succ, U) in P by running the CSP(Z, succ) decider |U | times.

Proposition 2.10 generalizes to expansion of (Z, succ) by finitely many unaries,

3Note: if for some i both (2, 2;+1) and (41, 2;) are in E then the graph cannot homomorphically
map to (Z, succ); if between x, y there exist two different signed paths with different signed lengths, the
graph is also not in CSP(Z, succ).

14Examples include all the unaries in Example 2.6.
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modulo the following caveat: one needs to handle the “cross-set” gaps and work with the

“least upper bound” of the finite collection of unaries in terms of hardness.

Definition 2.13. Let & > 1. A collectionU := {U; = {u(i, 1) }icw, ..., Ur = {u(i, k) }icw C

Z} is eventually largely mutually separated (ELMS) if
1. Each U; (j € [k]) is ELG, and
2. Foreach (j,1) € (5), 3¢;; > 0, s.t.

* Vn; > ¢y, Vi < w,

u(n;,j) —u(ng,l)| > n;, and

o V> ¢y, Vg < w, Ju(ng, ) —u(ng, j)| > n.
Say U is ELMS-SR if it is ELMS and each U; (j € [k]) has SR.

Example 2.14. For differentiable functions fi, f» € R¥ each as described in Example 2.7,

if they have opposite signs when restricted to w, {Uy,, Uy, } is ELMS; in particular e.g.

for fi(x) = a°, fo(x) = =2%, {Uy,, Uy, } is ELMS-SR.

Notation 2.15. Let Uy, ..., U, C Z. We denote by ligije[k] U; the following set:

lim Uj :={n=mk+ (r modk):r€[lk],meU} (2.1)

Jelk]
Remark 2.16. We note that ligje[k] Uj is the least upper bound of {U; }; in the <? -order of
Karp-equivalent classes.'” To see this, observe that each U, <P, ligj U; viam — mk+(r

mod k), and if Q C Z is s.t. U, <P @ via f, for each r € [k], then ligj U; <P () via

Sfor similar constructions in a different setting, see e.g. [35].
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L x mod k ifkfzx
z s f,(2lz medk) = )y where r = 16

k 0.W.

Now we generalize Proposition 2.10 and Corollary 2.11 below. Both proofs resem-

ble and generalize the single-unary case.
Theorem 2.17. Let {U;} jci) be ELMS-SR. Then CSP(Z, succ, (U;);) <%, @j U;.
Proof. Upon input ® = (D, succ®, U, ..., U?), for each component D.:

@ . . .o, . . .
L If[D.N(U; U;)| < 1, like in Proposition 2.10 the gaps within and across U;s make
no impact on existence of homomorphisms. One just needs to run the CSP(Z, succ)
decider / searcher starting with assinging d, to an arbitrary b € U;, where U ]@ is the

unique unary intersecting D, with d, the unique intersection.

2. Otherwise, let ¢ := max of the < k + (’2“) constants witnessing ELMS. Then for

N ifl#]
any (7,1) € k%, any n > max{c, |D.|}, any n’ € we have

N~ {n} ow
|u(n, j)—u(n',1)] > n > |D.|. It follows that one needs at most O(| D, |) ~ O(|D])

iterations, for n € [0, max(c, | D.|)].

Fix arbitrary d. € D. N (Y J U;J ) before iterating. Within each iteration, run
CSP(Z, succ) assigning d. to some u(n,y) where d. € D, N Uy, n is the itera-
tion number (n < max(c, |D.|)). Since U, has SR, u(n,y) has size polynonial
in n, and n is linear in |D|. If a succ-homomophism A is found, verify whether
h(d.,) € Uy for each d, € D, NUy. Via U, <P, (hence <) ling U, the deci-

sion of U, -membership of h(d.) reduces to calls to the hﬂj Uj-oracle. Note each

Note when k > 2, z w does not describe a many-one reduction from limy  U; to any Uj
as there are different congruent classes.
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h(d.) € [u(n,y) —|De|, u(n,y)+|D.|], so the reduction is of time polynomial with

respect to | D|.

Corollary 2.18. If {U;}, is ELMS-SR, Then CSP(Z, succ, Uy, - -- ,Uy,) € P.

Proof. As in Corollary 2.11, for each h(d)), ask if h(d,) = wu(s,t) for each t € [1, k]
involved, s € [0,max{c,|D.|} + 1]. By SR and connectedness, both h(d.) and each

u(s, t) have size polynomial in | D). O
We exhibit an interesting application of the result in this section:

Corollary 2.19. Let f(z), g(x) € Z[x] with different degrees, both non-0, and different

signs in the term of highest degree. Then CSP(Z, succ, { f(x) }zew, {9(%) }zew) € P.

Remark 2.20. With 3 or more polynomials, application of the Theorem may get issues in

number theory.!’

2.4 Bounds and Characterization of CSP(Z, succ, U)

We now proceed to more general cases, bearing in mind that less restrictions on
the unitaries usually means less control over the behavior of expansion of (Z, succ) with

those unaries.

Consider e.g. Uz = {23},¢,. Then {Uy,Us,Us} is not ELMS; in fact even {Uy,Us} are not. In
particular, 72 — y® = 0 has infinitely many solutions (x,y) € N?: take any prime p, then for each k > 0,

(*?) = (*7)",
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2.4.1 “Lower Bounds” of CSP(Z,succ,U)

Let U C Z be arbitrary. Recall CSP(Z,succ,U) <P CSP(Z,succ, U, 0) as the
upper bound. It would be nice if the converse held, but we believe it is unlikely due to

similar “anchoring” issues (See e.g. Section 2.3 and infra). However,
Proposition 2.21. CSP(Z, succ, U, 0) <. lim {U, CSP(Z, succ,U)}.

Proof. Test the linearly many non-0 components of the input by CSP(Z, succ, U)-oracle
calls. For the 0-component, find if a {succ,0 }-homomorphism £ exists, and make O(|D|)-
calls to the U-oracle to find if A is a {succ, U, 0}-homomorphism. In more details: upon
each input ® = (D, succ®, U®,0°), let D := the unique component containing 0°. Call
CSP(Z, succ, U)-oracle on © \ D, and echo if rejects.

Call the CSP(Z, succ)-solver on (D, succ® N D3) initiated by sending 0® to 0,
and echo if rejects; otherwise, the unique succ-homomorphism 4 : (Dy, succ® N DZ) —
(Z, succ) that satisfies h(0®) = 0 has been found, and one just needs to verify if for each
d we have h(d) € U by calling the U-oracle. Note each h(d) € [0 — |Dyl|,0 + |Dy|] so
input size remains polynomial in | Do| < |D|.

The only oracles we called above are the U-oracles and CSP(Z, succ, U )-oracles,

both of which Karp (hence Cook) reduces to the lig—oracle on RHS. ]

Hence, up to taking direct limit with U, CSP(Z, succ, U) is “lower bounded” by

CSP(Z, succ, U, 0) in the <’.-order. A notable corollary:
Corollary 2.22. IfU € P, or U <% CSP(Z, succ, U), then CSP(Z, succ, U) =" CSP(Z, succ, U, 0).

Proof. If U € P, calls to the U-oracle counts as polynomial time overhead; if U SI}
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xu(%54) ifn=2k+1
CSP(Z, succ, U), note the direct limit can be computed as ,

XCSP(Z,succ,U) (%) 0.W.

where xs(®) is the membership function of set S, and x;; can be computed by computing

XCSP(Z,suce,) NOW at polynomial cost. ]

2.4.2 Karp-Equivalent Characterizations of CSP(Z, succ, U)

Recall (e.g. Section 2.3) that intuitively, for any U C Z its gap patterns determine
the members of CSP(Z, succ, U), and conversely one may recover the gap patters of U

from CSP(Z, succ, U). Our characterization below formalizes this intuition.

Definition 2.23. Let U C Z with |U| > 2. Define Gap(U) :=
{<n, S, 85) € (wn{0,13) x2G) x[—n, n)% | 3t € U™, (V(i < j) € $1)(t(j)—t(i) = Sg(i,j))}

Informally Gap(U) is the collection of gap patterns “partially realized in U” by
some U-tuple. In particular, Sy : S; — [—n,n] is a function assigning each pair of in-
dices (i, j) € S5 to a distance u; — u; € [—n,n] with u;, u; € U, i.e. u;, u; witnesses the
fact that such a distance is realized in U.'® Note, though, that having S; C (’2‘) is crucial:
we need to include the cases where only some distances between the n vertices are spec-
ified. This corresponds to the fact that homomorphisms only remember adjacencies but
tolerates non-adjacencies in the target. The machinery affords the following equivalent

characterization:

18In the definition it should really read that n € w ~ {0,1},5; C (g) ,S9 € ([—n, n|~ O) Sl, and 3¢t....
We write in the current way for a bit more succinctness of representation.
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Theorem 2.24. Let U C Z with |U| > 2. Then Gap(U) =P, CSP(Z, succ, U).

Proof. The idea is as follows: on a Gap(U )-instance (n, 51, S2), construct © as follows:
start with D = U® = {1,--- ,n}, then add paths of length S (4, j) between vertices i, j
for each (i < j) € S;. Conversely, on a CSP(Z, succ, U)-instance ® = (D, succ®, U®),
first let the subgraph @’ collect each D-component that intersects with U® at more than
1 vertices; let n := |9’ N U®|, and let (S, S7) keep track of the positive finite distances
of each U®-pair that lies on the same component of D’.

Before going into the full details, we illustrate the reductions with the following

example (Figure 2.2):

(.0, 131) — L /

(3.(5). (1.3,2) — 1 —-Q@Q—0—4—0
6— 7 (@ € U?)

Figure 2.2: Example of Theorem 2.24 Reduction

1. <P :upon (n, S, Sy), construct D := {1,...,n},succ® = (), U® := D. Then for
each (i < j) € Sy:

D

(a) If S5(i,j) > 0, add intermediate vertices and edges i = ((4,7),0) =

((1,5),1) ™5 S ((3,5), S (i, 5)) = j.

2

(b) If S5(i,j) < 0, add intermediate vertices and edges i = ((4,5),0) ¥—
. . SHCC® SUCC9 . . . . .
((4,7),1) < ... %= ((4,9), |S2(i,5)]) = 5.

(c) if Sa(7,j) = 0, collapse vertices i ~ j (so now the “vertex classes” [i| = [j]).
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Now D = {[1],...,[n]}u{((z’,j),m)} nd U° = {[1],...,[n]}.

Note [D| < n+ n x (), and as S; is part of the tuple, |D| is polynomial in

S2(4,5)#0,meE[L,]S2(4,5)|—1]

[((n, S1,92))], so (n,S1,52) — D = (D,succ®,U®) is a polynomial-time con-

struction. Further,

(a) If (n,S1,S2) € Gap(U) witnessed by t € U", let h : D — Z, [j] — t(j)
(j € [1,n]) and extend naturally to the intermediates, i.e. ((4, j),m) — t(i)+

sign(S3(7, 7)) x m. The map puts ©® € CSP(Z, succ, U).

(b) If ® € CSP(Z, succ, U) by h, then (t(i) = h([i])) witnesses (n, S1,.52) €

1€[1,n]

Gap(U).

>: Observe that s; := (3, ( ¢ Gap(U) due to triangle-

-
(2,

inequality, and taking arbitrary u; # uy € U (not U®), s, := (2, {(1,2)}, (us —

u1)> € Gap(U). sy, s9 are input-independent.

Now let ® = (D, succ®, U®). We want to produce a short tuple sp = (n,S;,5)

in time polynomial in | D|. We present an algorithm for that.

(a) Run CSP(Z, succ) decider/searcher on ®, and halt setting sp := s; if re ject
was returned; else, we obtain an i € Homygy,, ((D, succ®), (Z, succ)) from the
run.
(b) Throw away the components D, with | D,NU®| < 1, keeping ®’ := e ponvo 2 De-
If ©" = (), halt setting sp := ss.
(c) Letn := |[U® N D'[; now n € [2,|D’|]. Enumerate elements in U® N D’ as
V1, ..., U let Sy oi= {(i < j) : v;,v; are from the same component }. Let
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Sa(2,7) == h(v;) — h(v;) with h from Step 2a. Let sp := ((n, 51, .52)).
so has size polynomial in | D| and the algorithm is efficient. Correctness:

(a) Assume® € CSP(Z, succ, U) witnessed by i/, then sp # s, for b’ € Homsucc((D, succ®),

(Z, succ)) and the CSP(Z, succ)-decider should’ve caught a homomorphism.

o If © # (: for each v; # v; from the same component in ®’, i'(v;) —
h'(v;) = h(vj) — h(v;). Therefore setting ¢; = h/(v;) for each i € [1,n],
we get a witness for (n, S, S2) € Gap(U).

o If ©' = (), we exited with an s, € Gap(U).

(b) Assume sg € Gap(U), then again sp # 1.

* If sy = s, then the h from Step 2a translates componentwise and then
patches to a {succ, U }-homomorphism.

o otherwise there exists t € U™ with t(j) —t(i) = S2(i,7) (V(i < j) € S1).
Each component in ®’ contains a v;, € U® N D'; shift h |9, s.t. h(v;,) =
t(i.). Now for each v;, # v;, € D.NU®, h(v;,) = h(vi,) + Sa(ie, je) =
t(je) € U. Do so for each component of ©’.

Lastly for each component in ® . ®©’, shift & if need be.

]

Remark 2.25. It may be worthy of mentioning that, letting P := the set of prime num-
bers, then the twin-prime conjecture is equivalent to a I1J statement about Gap(P). In

particular, the twin-prime conjecture holds if and only if the following statement holds:
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(1,2) —» 1,
Vk >4, 3K >k, s.t. (k;/, ((1,2),(2,3),(3,4)), (2,3) — K, ) € Gap(P).

(3,4)— 2

\
Each witnessing k&’ is necessarily even. Indeed, if twin prime conjecture holds, for

arbitrarily large & > 4 one may find ¥’ > k,p € P,p—3 = K andp+ 2 € P.
Then (2,3, p,p + 2) realizes the prescribed distance in P. Conversely if the statement
above holds, then for any k£ > 4, k" > k, we must have the witnessing (uy, u2) = (2, 3).
Furthermore (ug,u4) is a twin prime with ug — us = ug — 3 = k’. Arbitrariness of k

would ensure that there are infinitely many twin primes.

We close the section with an interesting question:

Question 2.26. Let IV C w be infinite. Is there a Uy C Z s.t. V <7 Gap(Uy ), and if not,

what’s an equivalent characterization?

That is, we would like for any infinite set V' of naturals, there exists a set Uy, whose
“gap patterns” decide V' -membership. Assuming that, an immediate corollary would be
the unboundedness of computational complexity of Gap(U) and CSP(Z, succ, U)s in gen-
eral. If, in addition, <7 in Question 2.26 could be refined to =P , then Ladner’s theo-
rem [36] and a recent construction [13, 37] would imply the existence of NP-intermediate
CSPs and CoNP-intermediate CSPs respectively of the form CSP(Z, succ, U).

Combined with results from last section, we summarize our results in Figure 2.3.
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Gap(U)

Figure 2.3: Bounds and Equivalences of CSP(Z, succ, U)

2.5 From (Z,succ,U) to (Z,E,U)

Now we generalize our results in Sections (2.3)(2.4) into arbitrary partially-1-
colored digraphs on Z, i.e. structures of the form (Z, E,U) with E C Z*,U C Z.
In particular, some primitive conditions for a Proposition 2.21-type reduction is presented
(Theorem 2.31,Proposition 2.37), with the hope that some future research could yield

further refined characterizations of (Z, E, U)-structures. Note that:

1. The converses of Proposition 2.21-type reductions, i.e. (Z, E,U) <P (Z, E,U,0),

always hold by the identity reduction (e.g. as pp-sentence).'”

2. All arguments in Theorem 2.31 to Proposition 2.37 below generalize to (Z, E , U )s
i.e. with finitely many binaries and finitely many unaries; 0 may be changed to c

for any ¢ € Z. In these general cases we need a careful definition of connected

YSimilarly by (Z, E) <P, (Z, E,U), we know there are (Z, E, U)s whose CSP is not in NP: just let the
underlying (Z, E') be such that its CSP is CoNP-complete, which exists by Theorem 13.3.1 [13].Although
that digraph is not originally defined on Z, it is a Fraissé limit hence countable and by a bijection to Z on

the vertices, it can be made into the form (Z, E).
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components , 2° and the arguments would be longer, but still completely analogous.

For the ease of presentation, we assume our current format in the main text.

As a motivating example, fix any d > 1 and consider the relation Diff,(z,y) <~
y = x + d. Note that Diff, is pp-definable in (Z, succ). The digraph (Z, Diff;) consists
of d pairwise isomorphic components, each on a coset of dZ. Each component is also
isomorphic to (Z, succ), therefore (Z, succ) — (Z, Diff;) by isomorphism with one com-
ponent, while (Z, Diff;) — (Z, succ) by first collapsing all components to one and then
applying the isomorphism with RHS. It follows that CSP(Z, succ) = CSP(Z, Diff,), and
SEARCH-CSP(Z, Diff;) € P by running the SEARCH-CSP(Z, succ) solver and then ap-
plying the isomorphism with a (Z, Diff,;)-component. Moreover, just as fixing one vertex
fixes a homomorphism — if any exists — to (Z, succ), for finite connected {Diff;, 0}-

structure © we have

D € CSP(Z, Diff;,0) <= [Homp, o(D, (Z, Diffy, 0))| = 1 2.2)

Indeed, LHS <= RHS because |Homp;, o(®D, (Z, Diff;,0))| > 0, and = follows

290One may even have freedoms on the arities of the non unaries {E;},. In these cases, call z,y € Z *
connected” if

(a) (Base) there exists some j € [1,k] s.t. (..., 2,...,y,...)0or (..., y,...,2,...) € E]@ OR
(b) dzs.t. x, z are connected and z, y are connected.

Call ®' Cing © a connected component of D if for any x # y € ®’, x and y are connected; and Vzr € D',
Vz ¢ @', x,z are not connected. (This happens if and only if the Gaifman graph of D’ is a connected
component of the Gaifman graph of ©.) Vacuously, an isolated vertex (an z € D that does not appear in
any E? with arity > 2) is a connected component.

A {FE\,..., Ey, c}-structure ® is connected if © itself is a connected component; equivalently, ®
is not the disjoint union of two or more connected components. A notable property relevant to later
discussion: when a finite, connected {Ej, ..., E} }-structure © has E]@ = ( for all j € [1,k] then
Homp, . g.c(®,(Z,EY,...,E¥,c*))| = 1 for free, because D = {c®} in this case: c® is its own
connected component and ® is connected.
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from the fact that 0° must map to 0 and then the homomorphism must extend linearly as
ifin (Z, succ, 0).

Further expanding the structure by U C Z, we no longer have CSP(Z, succ,U) =
CSP(Z, Diff;, U): the gaps are not preserved by the homomorphic equivalence between
base structures. However by an argument similar to Section 2.3 Proposition 2.21, one

may obtain:

Observation 2.27. Let U C Z. Then CSP(Z, Diffy, U, 0) <. lim {U, CSP(Z, Diffy, U) }.
Proof. Similar to that of Proposition 2.21.

1. For each component D, s.t. 0° ¢ D, call the CSP(Z, succ, U)-oracle, which

reduces to the %ﬂ {U, CSP(Z, Diff,, U) }—oracle.

2. For the unique component Dy > 0%, run the greedy, efficient SEARCH-CSP(Z, Diff,)
algorithm to decide if there is a (unique) {Diff,;, 0}-homomorphism h. Re ject if

none found.

Having found h, for each u € U® N Dy, call U-oracle on h(u). Note that h(u) €

[—|D|, | D|] and the oracle call once again reduces to calling lim {U,CSP(Z,Diff,, U)}.
O]
Remark 2.28. Other interesting properties of CSP(Z, Diff,;, U) may be said. For example:

1. One may define eventually d-largely gapped (ELGd) (respectively eventually d-

largely mutually separated (ELMSd)> analogously to Definitions 2.5, 2.13, chang-

ing “ u(n, *) —u(n’,*)| > dn”. Keeping the defini-

w(n,*) —u(n',*)| > n” into “
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tion of SR (2.8) unchanged, we have CSP(Z, Diff,, U) <! U when ELG,-SR, and

CSP(Z, Diffy, U) < lim U/ when ELMS,-SR.

2. Note that Aut(Z, Diff;) & Sy x (dZ)? =2 S; x Z* as groups: indeed, an automor-
phism permutes the connected components and then shifts on each component by a

distance in dZ.

Remark 2.29. The above does not necessarily work for (Z, Disty, U)s where Disty(x,y) <=
ly — x| = d, a relation defined in e.g. [17]; to begin with, (Z, Disty) + (Z, succ), LHS

failing to be directed acyclic.

Now consider any partially-1-colored digraph 2l := (Z, F/, U). We are interested in

generalizing Section 2.3 results to complexity lower bounds of CSP(2l).

Definition 2.30. Let U C Z, E C Z?, and & := (Z, E* := E,U® := U). Consider its

reduct*' A* := (7, F). Let 0 be a constant.”> We say 2+ is

1. pointed homomorphically rigid (PHR) if if for any finite, connected { E, 0}-structure
D,

D € CSP(A*,0) <= [Homp ey (D, (A%, 0))]| =1 (2.3)

That is, for any { £/, 0}-structure © there exists at most one { £, 0 }-homomorphism

to (2A,0).

2. freely translational (FT) if Autg(2%) contains all translations f, : z +— x + z

(z € 7).

2e., forgetting U.
22 Any interpretation of 0 works; without loss of generality we pick 0(%:0) =0 e Z.
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Note that the definition above does not “touch and concern” U. Therefore,

Theorem 2.31. Let 2+ be PHR and FT. Then, for any U C Z,

CSP(2,0) <. lim {U, CSP(2), SEARCH-CSP(2)} (2.4)

Remark 2.32. When E = succ, we have SEARCH-CSP(Z, E') <% CSP(Z, E) € P which
gives back Proposition 2.21. In general we do not know if the Search to Decision reduc-

tion works for infinite structures.

Proof. [Proof of Theorem 2.31] Similar to Proposition 2.21. Decompose input ® =
(Z, E®,U®,0°) into connected components.>® For components D, avoiding 0°, call the
CSP(2() oracle.

For Dy > 0°, find an { F'}-homomorphism h : Do — (A}) if it exists, by calling
SEARCH-CSP(2(*). By FT, s : « — x — h(0®) is an E-endomorphism, hence s o h is
an “pointed” E-homomorphism where 0° +— 0 = 0%, i.e. an {F,0}-homomorphism.
By PHR, s o h is the unique {F,0}-homomorphism Dy — (2+,0). Now to check if
s o h is further an { £, 0, U }-homomorphism, simply test if s o h(u) € U = U* for each

U€U©0D0.24 OJ

Theorem 2.31 says that when the underlying digraph 24+ = (Z, E) has nice alge-

braic properties (PHR-FT), one obtains a generalized quasi-lowerbound of CSP(2() “up

Z3When further generalizing to multiple non-unary relations, worst case this involves looking at each
(w,y) pair and for each pair looking at each E?, which is O(|D|? x |D|*), polynomially bounded. Note
that k is a constant.

24Note that the runtime of this SEARCH-CSP accounts for the time to write down the h(z)s for each
r € ®. Later when we compute the shift a — h(0®), the overhead is dominated by the runtime of the
SEARCH-CSP. The total overhead of computing s o h is therefore at most that of running O(] D|) times of
the SEARCH-CSP cost.
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to direct limit” , 2 being the unary expansion of 2+, and the bound is given by CSP of the

pointed structure (2, 0). In fact, this observation also has some structural implications:

Proposition 2.33. For (A',0) = (Z, E, 0), let A, denote its central component, i.e. the

pointed component of the underlying digraph containing .

1. If 2% is PHR, then Endg o(2A%o) = {1}. The converse is false.
2. If At is FT, then Aty has infinite domain.
3. If A+ is PHR-FT, then (214, 0) is not w-categorical, unless E = ().

Remark 2.34. If E = () then (2, 0) is indeed w-categorical. For any n > 1, a complete
n-type (z1,...,x,) only needs to make a decision for each x; as to whether z; € U,
and whether x; = 0. Thus there are finitely many complete n-types for any n. Likewise

(21+,0) is w-categorical for having even fewer n-types.
Proof. [Proof of Proposition 2.33]

1. Assume for contradiction that Endg o (2*0) # {1}, so there exists o € Endg o(2At)
and a # b € A4y s.t. o(a) = b. Note that a # 0 for o preserves 0. By connect-
edness, there exists a finite signed path 0...a C Y, i.e. for each (i, + 1) pair
on [0, a], either (i,i + 1) € E® or (i + 1,i) € E*°. Take ® := 2,[{0, ..., a}]
, which is again connected thanks to that signed path. Let h; : © < 2+, the em-
bedding. Now, hy := 0 o hy € Hompgo(D,AY) with b = hy(a) # hi(a) = a,
contradicting PHR. We show that conversely, even (Endg (%) = {1})+ FT

=~ PHR.® In fact, Figure 2.4 below has (Endgo(A%) = {1})+ FT but no

2If the implication were true, for Theorem 2.31 we would have algebraic conditions without reference
of “all finite connected 7-structures”, which would be considerably cleaner.
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PHR: D embeds in (2+, 0) in 2 ways. Verification is routine . 2

YAV ANV AVAVAWE

(A,0) := (Z, E, 0) asabove, D: ©=0° — =1

Figure 2.4: Counter Example 20+

2. Assume E # () and assume for the sake of contradiction that | Atg| < N,.

(a) If |A%| = 1, take (a;,a3) € E. Note that aj,a; # 0 since A+ is iso-
lated. The translation o : © — = — a fails to be an { £'}-endomorphism,

as (0(ay),o(az)) ¢ EX. This contradicts FT.

(b) Otherwise Ry > |A%| > 2. Letb € Ay~ {0} be of maximal absolute
value in A%,. As 2 has FT and endomorphisms preserve connectedness, by
repeatedly applying the translation x — x + b we obtain that {kb}., C 2%,

contradicting Rg > |Atg|.

26Without naming the constant, each vertex has in-degree 2 and out-degree 2, so any translation is an
{E}-endomorphism — in fact even an automorphism, yielding FT. Furthermore, after naming 0% := 0, its
predecessors and successors are fixed: let o € Endg o(A%,0). 0(2),0(1) € {2,1} yetif o(2) = 1, neither
o(1) = 1 nor o(1) = 2 would give E*(o(1),o(2)). It follows that o(2) = 2. Likewise, o(4+1) = 41 and
0(—2) = —2. For |n| > 3, o(n) = n follows from induction. The fact that vertices further away are fixed
follow from induction, so Endg o(2+) = Endg o(2A+,0) = {1}. On the other hand, ® := 0° =0 — 1
embeds into both0 — 1 C A and 0 — 2 C 2.

Remark 2.35. One might also want to note that a claim stronger than Prop. 2.33(1), that PHR —
Endg o((2A,0)) = {1}, is also false. Consider A+ := (Z; E, 0 := 0) with edges defined as

=8 = —-7—=—6—= -5 -4+ -3 -2+ -1 —+1=2=3—=4—=...

Any connected finite {F, 0}-structure must homomorphically map to the non-negative, so a {F,0}-
homomorphism exists iff © is loopless, directed acyclic, and each vertex has a non-negative signed dis-
tance from 0® (i.e. never “a — 0°”). Each {E, 0}-homomorphism from such ©s should it exist, must
be unique, mapping each vertex to its distance from 0°. However Endg o} ((2*, 0)) contains swapping
—4 — -3 with —2 + —1.
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3. We have Endg o(24%)) = {1} and | A%g| = Ry. Now Autg o(20+,0) C Autgo(Atg) C
Endg o(2%y) = {1}, so (2+,0) = (Z, F,0) is rigid, and Autg (2*,0) on Z has
infinitely many orbits. (2(,0) being an expansion of (A*, 0) is also rigid.

]

Proposition 2.33 (2) implies that, when \Aio\ < Ny, we need a different condition
to guarantee a generalized lowerbound simialr to Section 2.3, which we address next.
Definition 2.36. Let 2 = (Z, E,U) so (2+,0) = (Z, £, 0) with 2% its the central com-
ponent. Say At= (Z, E) has Transitive Endomorphism-action on Hom sets (TEH) if for
any finite, connected E-structure ®, End g (A+[A'g]) acts transitively on Homp (D, A+ Atg])

by post-composition.
Note that 2(+[At] is the substructure of 2+ induced on 2¥y’s central component.

Proposition 2.37. If |A*o| < Ng and A+ has TEH, then:

CSP(2, 0) <}, lim {U, CSP(20), CSP(2A*[A%]) } (2.5)

Changing CSP(2(+[A%y]) to SEARCH-CSP(2[+[At]) would give us a stronger state-
ment that remains correct, but we use the following fact to get the current more succinct

form:

Proposition 2.38 (e.g. Exercise in [38]without proof). Let 2 be a finite relational

structure. Then SEARCH-CSP(2() <. CSP(2).

Proof of Proposition 2.38. A fun exercise. Conceptually mimics the Search to Decision
reduction for SAT. As in graphs, a core B Cipq 2 is a minimal image of endomorphisms,
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i.e. there exists no o € End(2() s.t. () C B. For finite As, cores always exist and are
unique up to isomorphism [13]. are isomorphic,?’ so hereinafter we talk about “the” core
of 2.

Let ®B be the core of 2, then inclusion B8 < 2 and the definitional endomorphism
2 — B shows homomorphic equivalence of 2 and ‘B, so suffices to show SEARCH-
CSP(2) <! CSP(B).%®

To make the description less cumbersome let’s define POINTED-CSP: fix arbitrary
b € B. POINTED-CSP(%8, b) takes a pair (©, d) with © a finite 7-structure, d € D, and
returns 1 iff there exists & € Hom, (D, B) s.t. h(d) = b.

Claim: POINTED-CSP(®8,b) <P (hence <%.) CSP(‘B).

DUDB
b~d’

polynomial time construction since | B| ~ O(1). Iclaim (®, d) € POINTED-CSP(‘B,b) <

Proof of Claim. Upon a POINTED-CSP(B, b) input (D, d), let ® := 2 Thisisa

D € CSP(B).

. = :leth: (©,d) — (2B,b) be a basepoint-preserving homomorphism. Then

o h(z), ifzeD
h:9 — B h(z):= is a homomorphism.

x, 0.W.
2. «—:leth:® — Bbea homomorphism. Then Ay : B — B is an endomor-

phism of the finite core B. Since an endomorphism of a core is an automorphism,

27(6:.g. [39] for proof of isomorphism of cores in the special case of graphs) Let 81, By Cing U be cores,
witnessed by e; : 1 — By, ez : A — B, two surjective homomorphisms (otherwise B is not a core).
Then e |as, is also surjective, for otherwise (e1]ss,) © e2 gives an induced substructure of 2, which is an
endomorphic image. Dually es|m, is surjective. Therefore |Bi| = |Ba|, e1]s, and ey, are bijective
homomorphisms, and we have the isomorphism.

28Note: 2l is input-independent, hence core(2) = B.

2That is, take a copy of © and a copy of 9B, glue b and d.

e : B — B must be surjective, so bijective. As Ime Cinq B, the bijectivity says Ime = 9. In particular
this says e preserves the number of solutions for each R;, i.e. there cannot be (ay,...,a,,) ¢ RE s.t
(e(ar),...,e(ar,)) € RE. It follows that e preserves the relations bidirectionally, hence an automorphism.
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there exists o € Aut(*8) = End(®B) s.t. 0 o (h|g) = 1s. Now o o (h|p) is a ho-
momorphism © — B sending d to o(h([d])) = o(h([b])) = b, which is the desired

witness.
O

Analogously if we define a m-POINTED-CSP(®B, by, . . ., b,,,) it also Karp-reduces

to CSP(B), the reduction being (D, dy, . .., dy) ~ D = DUDB E
{di ~ bz‘}ieu,m}

An algorithm that calls the CSP(:B)-oracle to solve SEARCH-CSP(2() therefore

£0€S as:

if © ¢ CSP(B) then
Reject
fori € [1,|D|] do
for j € [1,|B]|] do
if (D,d,,...,d;) € POINTED-CSP(B, h(d,),...,h(d;_1),b;) then

Set h(dl) = b]'

break //fbreak inner iteration, go to next 1

end

reject

end
Algorithm 2: Querying CSP(B)-oracle to solve SEARCH-CSP(2)

Algorithm 2 finds a full homomorphism ® — B <= © € CSP(8) = CSP(X) so

it solves SEARCH-CSP(2l); furthermore it calls the CSP(8)-oracle O(nk) times. =

3!Note e.g. when m = 2 in the <= direction has o o h|g sending [d;] to [b;] for both i as each b; € B.
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is by definition, and to see < , note that the existence of an & : ® — ‘B means for each
i € [1,|D]] there exists some j € [1,|B|] s.t. h(d;) = bj, i.e. the existence of an accepting

path.* O

Proof of Proposition 2.37. As before, decompose ® = (D, E®,U®,0°) into connected
components and let the CSP(2() handle the non central components.

For the central component, call SEARCH-CSP(2(¥ [Aio]) oracle, which thanks to
| A%g| < Rg and Fact 2.38 Cook reduces to CSP(2(+[At]). If we found an h € Homp((D, E®), A+[AYy)),
by the assumption, all /’ € Hompg((D, E®),1+[A%y]) is of the form oh for different o's
in Endg (1+[A%)).

Note that | A*o| < Ry = [Endg(2AAY])| < |A%|A0l < Ry and [End (AL [AY]))|
is input-independent. Each o; € |Endg(20+[A%])| is a finite domain function, whose en-
coding is also input-independent.For each of the O(1)-many o; € |[Endg(20+[Atg])|, com-
pute o;h (Since o; is input-independent and A% is constant-sized, time and space cost is
dominated by computing h, which is again dominated by the oracle call to CSP(A+[A¥(]));
then check if o;h preserves 0° in O(1) time and if o;h preserves the unary by calling the

U-oracle. ]
Corollary 2.39. Let U € P.
1. IfA% = (Z, F) is PHR-FT and if SEARCH-CSP(2(*) <. CSP(2Y), OR

2. If |AYo| < Ro, A has TEH, and if CSP(A[AYy]) <b CSP(2AY),

3The algorithm also has the benefit that whenever a homomorphism is found, the solution tuple
(h(d1),...,h(dp|)) = (bs1,...,bs|p|) is the minimal element in the dictionary order by indices
in the target. That is, for any other solution (b y,...,b} ) € BIPl = (by < -+ < bp)!Pl,
(bs,15---5 b5 D)) = (b;,l,...,b;‘D‘).
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then CSP(2, 0) =5, CSP(2).

Proof. With assumption set 1, by U € P and CSP(2(+) <P CSP(2), all other terms in the

direct limit are reduced to CSP(2(). Likewise for assumption set 2. O

We summarize our main results of this section in Figure 2.5.

A:=(Z, E,U)
CSP (2, 0) g CSP (21,0)
N3
2
(**)
CSP ()
(**): up to lim_, {U,SEARCH-CSP(2(4), o} o (**): up tolim_, {U, CSP(A*[A}]), o}
. .. R
with conditions (e.g. (PHR + FT)) with conditions (e.g. TEH)

Figure 2.5: Results for 2l := (Z, B, U) 2% .= (Z, E).

2.6 Future Directions

In Sections 2.3 and 2.4, we studied how properties of U impacts the complex-
ity of CSP(Z, succ,U). In particular, Section 2.3 identified some properties for U to
guarantee a relatively tame behavior of CSP(Z, succ, U ), while Section 2.4 characterized
CSP(Z, succ,U) by gaps in U. Some questions that initially motivated our research in

that direction remains open:

Problem 2.40. What are the equivalent conditions for CSP(Z, succ, U) to be tractable?
Are there Us such that CSP(Z, succ, U) is NP-intermediate or coNP-intermediate, assum-
ing P#NP? In particular, is the answer to Question 2.26 yes and can <7 there be refined
to =P 7
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In Section 2.5 we generalized our quasi-lowerbound results to arbitrary (Z, E,U)

where the underlying digraph has nice properties. Some next steps may include:

1. Study if with reasonable properties on FE, the hg() in the quasi-lowerbound could

be removed.

2. Refine the characterization of complexity of CSP(Z, E, U) by properties on F and

U.

As mentioned in Section 4.1, we believe these are solid first steps towards charac-
terizing the CSP of non-w-categorical binary structures. In fact, one meaningful subclass
of non-w-categorical structures where (Z, succ, U) lives is those that are mutually alge-
braic (e.g. [40],[41]) ones, which also include all 2 = (Z, E/, U)s where the underlying

20+ has (universally) bounded degree. Hence one may ask:
Problem 2.41. Let 21+ = (Z, F) be of degree d > 2, i.e. degy, (v) < d for any v € Z.

1. Is CSP(2(¥) either in P or in NPC? If not, are there meaningful dividing lines for

tractability at least?

2. Can we fully characterize the complexity of CSP(Z, E,U) (U C Z) now that we

further restricted the underlying £ by degree?

Some facts to bear in mind: that in general it is not true that the CSP of infinite
digraphs have a P-NPC dichotomy [13, 37].>* On the other hand, for any d > 2 the

disjoint union of all (isomorphic types of) finite undirected graph of degree < 2 has the

3See also, statuses of some other open questions in [13] or here. Also [37] showed that there are
coNP-intermediate w-categorical structures.
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same CSP as K1, by e.g. Brook’s theorem. It also has the same CSP with )1, where
d—1=k, € (2,2 + 1], per Proposition 4.8 from last Chapter.

Some final comments on CSP of (Z, succ, U) : in fact the research here was origi-
nally motivated by dichotomizing mutually algebraic structures, which can be character-
ized as models of weakly minimal and trivial theories [40], and as noted above can be
viewed as a generalization of a hereditary graph property of bounded degree graphs [42].
It was recently proved that mutual algebraicity affords a dividing line for speed of growth
of hereditary properties [42]. Although per a construction in [13], the computational
complexity of mutually algebraic structures can be all over the places, it may still be
interesting to study the dividing line between intractible and tractible CSPs of mutually

algebraic structures.
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Chapter 3: 901, tr and Shelah-Spencer Triangle-Free Random Graphs

3.1 Introduction

For general introduction on Hrushovski-Fraissé classes, see Chapter 1. Here we
focus on the following classes of Hrushovski-Fraissé classes of relational structures, and,
as advertised, aim at axiomatizing the first order theory of their generic structures.

Let L := {Ry,---, R,} be a finite collection of finitary, irreflexive and symmetric
relational symbols: that is, respectively, we assert for each R, to not contain tuples with
identical coordinates and we identify two tuples of solutions up to permutation of entries.
For example, when s = 1 and Rj; is binary, L is just the language of simple undirected

graphs. Denote the arities ar(R;) =: 7; > 2 for each t € [1, s]. For (), € (0, 1]*, define

the (@)-predimension on each L-structure A = (A, R}, --- | RY):
0a(2) = v(A) = Y o ey(A) (3.1)
te(l,s]
3 3 b 2 R?l
where, just as for graphs, v(2) = |A| the “number of vertices”, e;() = |—

with ~ identifying all permutation of entries of a hyper-edge,' so e.g. (z,y) ~ (y,z) are

considered the same binary edge. Now define the class of hereditarily &-linearly sparse

IThat is, more cumbersomely, (v, ,v,,) ~ (o(v1),--+ ,0(v,,)) for each ¢ € S,, the symmetric
group. Also by irreflexivity, no ¢ # j € [1, 7] exists s.t. v; = v;.
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L-structures?

K& := {finite L-structures 2 : VB C;,q A, 65(B) > 0}. (3.2)

Next we fix some notations for “clique” in the r-ary setting. Recall the smallest
binary clique is K3 = K, 1; likewise, let (m;); € (N>°)* . For each t, denote Kz, =

the complete R;-hypergraph on vertices {1,2, - -+ ,7+m;}. Note that K7 has ("1™)

Tt

hyperedges — recall symmetricityof the relation. Lastly, consider the subclass of 5 that

avoids the cliques (K% . )+

Ry,my

KL, = Ka 1 ﬂ (K7, -free) (3.3)

te[l,s]

When the forbidden configurations (K-, ), are clear from context, we shorthand

Ry,my

]C/

a,(me)t

/
as KC)..

Example 3.1. Let s := 2, Ry, R, be binary and ternary respectively, a; = o = % For
{my :=2,my := 1}, K5, = Kg;, is the (labelled) 4-clique }I<5, while K | is the
“ternary 4-hyperclique”, that is, the { Ry }-structure on {1,2, 3, 4} with hyperedges (g)
Then K is the collection of L-structures whose number of vertices is at least half
the total number of edges and hyperedges, while KCJ; is the subclass of K5 avoiding both

'3 and the ternary 4-hyperclique. It’s a proper subclass because e.g. the 5% (H) > 0 for

each H C} X2,

*Note that when &, 7 are both diagonal (i.e. ays are identical, and so are the 7;s), it can be verified

using computation similar to what’s done in Chapter 4 that the class /Cz has a “mad” characterization, i.e.
2 vep degsn (v) > i}
2 o

{finite L — structures 2 : maxycy (%)
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Since the argument for the key lemmas in Section 3.2 are a bit different when the
relation is binary (as opposed to tertiaries and above), we keep the discussion there for
general relational structures over finite signatures. For practicality concerns it is recom-
mended that one imagines (finite simple undirected) graphs as running examples.

We define strong structures (<) and generic structures as follows, similar to Chap-
ter 4 Preliminaries (Section 4.2) below: G < H <= (G C HN\6a(G) <64(G") forall G :
G Cu G G H ) where C,,; denote the substructure relation. For IC := K5 or
IC., (K, <) has a generic structure M., ., which is a union of {G,},<, C K (therefore
countably infinite) with G; < G4, s.t. V(G < HeKyand f : G — M, as in-
duced subgraphs where the image f(G) < i)JIa), there exists an extension embedding
fiH < Mo . S.t. f(H ) < 9, .. Itis routine to verify that for any L, any & and any
(my)s, the classes (Kg, <) and (K ), <) both satisfies A; ~ A5+ amalgamation prop-
erty in [43], therefore they each have an up-to-isomorphism unique generic structure. We
denote these generic structures as 915, im’&’(mt)t respectively for Kz, K%,(mt)t' As above,
we denote the latter generic structure as 91, when the forbidden configurations are clear.

Laskowski showed in [1] that for @ € (0,1)° s.t. the components are Q-linearly
independent with 1, Th(95), the first order theory of Mz, admits a I, set of axiomati-
zations. Such axiomatizations were later generalized to arbitrary & € (0,1)* (e.g. [44]3).

In Section 3.2 we show that Th(9,, (mt)t) admits a similar set of axiomatizations; the

3In [44] they also have some simple axiomatization for subclasses of K5 forbidding reduced substruc-
tures, which requires there to be no non-trivial substructure with smaller J,. As for example a triangle is
not reduced for o < % witnessed by a singleton substructure, our approach in this section is still interesting
at least for covering different ranges of as.

An alternative approach of our job here would be to verify that Dﬁﬁi (my), 38 subclass of 91, satisfies
the “Approximate Extension Property” in [44]. Since the Approximate Extension Property is essentially a
generalization of Proposition 4.2 of [1] to arbitrary v € (0, 1), we believe the tricks used to forbid triangle
in the AEP approach for arbitrary o will be similar.
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approach is highly reminiscent of [1]’s, but involves some new technicality, especially in
the binary case.

It is verified that, in L = { '} the language of graphs and when & € ((0,1) \ Q)?,
the aforementioned set of Il, axiomatizations are contained in the almost sure theory
of Shelah-spencer graphs. Using the completeness of Th(9)1,), one may see that (e.g.
[1, 22, 23]) the same set actually axiomatizes the almost sure theory of Shelah-spencer
graphs. In Section 3.3 we show some efforts in making similar connections between the
I1, axioms of Th(M},) (with L = {£} and the only banned configuration K3) and the

almost sure theory of “Shelah-Spencer triangle-free graphs”.

3.2 Simple Axiomatization of Th(9, , . )

Let the finite signature L = (R;);c)1,4, density parameters & € (0, 1]°, arities (r;); €
(N=2)%, and forbidden clique sizes (m;); € (N=1)® be arbitrary, but fixed throughout this
section. With the configurations chosen, description of the forbidden cliques (K7 ,,,, )¢

are clear, so hereinafter we abbreviate (K[, ., 5 (), ) as (K, MG).

Consider the following set of V3 sentences in L, which we denote by S.:

1. “Any finite substructure is a member of K.”.

Remark 3.2. This is a collection of sentences parameterized by n < w, size of
vertex set of the substructures. For example if L = {E}, @ = £, m = 1 (so

banning triangles),

S, = nyz((ﬁE(x,y) ANE(y,z) N E(z, z)) \/ (E(z,y) A—E(y,z) A E(z, 2))
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v .

description of other finitely many proper substructures of K3 on {z,y,z}

2. “For all 24 < ‘B from K., every copy of 2 as induced substructure extends to a

copy of *B as induced substructure.

Remark 3.3. This is of course parameterized by (2 < B) € K.”. For example in

the language of graphs banning triangles,

St/m > ¢P17P2 = Vﬁﬂy(E(I,y))

Therefore any model M = S/, contains no globally isolated vertices. Note: this

does not contradict the fact that P, — M.

The main result of this section is that S, axiomatizes Th(1).
Theorem 3.4. Th(M,) = Cn(S%) (Cn= set of logical consequences).

Our two core technical lemmas towards Theorem 3.4 are modifications of Lemma
4.1, Proposition 4.2 of [1]. Admittedly my arguments benefited largely from Proofs in [1],
but I carefully and substantially adapted the approach to avoid generation of the forbidden
configurations. Before diving into that, let us state without proof the following classical

results [1, 45] which we directly use in the proof:
Fact 3.5 ([1,45]). Fixa € (0,1) \ Q.

1. There are infinitely many pairs (a,b) € (N=!)?s.1. |$—a| < ¢, and G, = {b—a« :

a,b € N2} is dense in R.
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. For each n € NZ!, let q, := the unique integer satisfying 0 < ng,o < o. Denote
=g, + L.

Since o < 1, q,, < @y, whenever n < m < w.

. Let p € N=1. Call p locally optimal with respect to « if

lp—qfal <|n—g;al

forall1 < n < p. Since G, is dense in R, infinitely many positive integers p are

locally optimal with respect to .

Now fix p > 1 locally optimal. For each 1 < n < p, define

d, :=n — qua,

then define

dp::p—q;“a

Note that:

(a) Foreachn € [1,p), d, € (0,a);
(b) d, < 0;

(c) d, —d,, < a whenever 1 < n < m < p. Note the verification of this when

m = p uses the local optimality of p.

Then define (s, : 1 <n <p)bys; :=q1;8 = qn—qu_1— Lfor1l <n <p;
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and s, := G} — qp—1 — 1. Then
(d) forn € [1,p), > ey, Si telescopes and equals ¢, — (n — 1); thus
(e) Zie[l,p] si=q, —(p—1)

By ¢, < 2 < g, +1(Yn € N2!) one obtains that

(f) O§5n<éforallne[1,p)and0§sp<1+é.

Our first core lemma: any sufficiently large B8 € K. has a “minimal” extension
® € K. that’s “infinitesimally” denser than B. Colors in the statements and proofs
below highlight some differences between my approach and [1]; note that as mentioned,
we have new technicality especially in the forbidden of configurations (in particular for

arity 2).

Lemma 3.6. Denote o := mingepy g{ow}, and 7 := max,cp {7 }-
Let ) # B € K, X := {ey1,ea,- -, e} disjoint from B with k > 7(1/a+T7) a
set of new, isolated vertices* . Define B* := B @y X, and fix ¢ > 0. Then there exists

D € K, extending *B* s.t.
1. —e < 05(D/B*) <0, and
2. for any proper ®' C 9, 65(D' /(D' NB*)) > 0.
Moreover ® could be chosen so that R® = R®" = R® for all but one R € L.

Remark 3.7. The ® obtained here achieves “maximal density” (of hyperedges) among all

its induced substructures.

4ie., let R* = () for any R € L in the L-structure X on X.
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Proof. Foreacht € [1,s] denote ag; by ;. Fix t* € [1, s] an index at which a;- = o is
realized. Since B € K/ and B # 0, 6(B*) > §(B) > 0 and by construction B* € K.
One may assume ¢ < min{§(B),a}.® Since G, is dense in R, one may find infinitely
many locally optimal integers p with —e < p — q; a < 0; we fix one such p > 2
so large that p(1/a — 1) > |B*|. Define the sequences (d,,,s, : 1 < n < p) as in
Facts 3.5, with respect to a. Our bound on £ = |X| and f) in Facts 3.5 ensures that
| X| >7(F+1/a) >7(1+1/a) > 7-max{s; : 1 <i < p}; it also follows from e) that

Posi=qi— (-1 >q—(p-1)>pla—p>[B]>|X|=k~

Let C' := {c1, -+ , ¢, } be disjoint from B*; let I(B) := the set of isolated vertices

(w.r.t. R;+) in B. We build a finite structure © built from the following conditions:
1. The universe of ® is B* U ()
2. B*CD;
3. For each relation R # Ry, R® = R%".

4. Foreach 1 < < p, there are exactly s; subsets (); 1, - - - , ()i 5, drawn from B* each

of size 7;x — 1 s.t.

(@) Q;;U{c} e R_ﬁg foreachi € [1,p],7 € [1,s;] and

(b) in each (); ; there is at least 1 element from X U /(B).

This is possible since for each i:

5Any ¢ C B*, €N B is a substructure of B lying in K/, and so is €N X. Since BN X = 0,
c=(CENB)p(€NX)ec K.

®Otherwise, take 0 < ¢ < min{§(B), a} and prove the two inequalities for ¢’; note that in this case
0 < € < e so the inequalities, in particular (1), still hold for €.

7(*): we have that ¢, > p/a — 1 by the definition of q,. Therefore g, — (p — 1) > p/a — p, as desired.
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(a) if 7 > 3:
i. If I(B) = Bthen B* = X UB = X UI(B). Note that | X U I(B)| >
|X| > 7= > 3 so number of choices for (); ;s are (lX#ff”) > X > s
meaning we have sufficiently many choices.

ii. Otherwise |B \ I(B)| > 2 (note that B \. I(B) is the set of non-isolated

vertices). So at least one has (>IN . (IXIB) > x| > 5, choices

Tk —2

for the @); ;s.

(b) if 7= = 2, all @, ;s are singletons and they all come from X U I(B). So

number of choices simply amounts to (¥“1®)) > | X| > ;.

In fact we shall soon give a canonical way of choosing these (); ;s later for each
scenario, which we adopt as our algorithm creating (); js. Also, though seemingly

obvious, we shall argue later that no K, . is created here.

5. Each b € X U I(B) is in at least one of the (); ;s: this is possible since:

(a) If e > 3:
i. If I(B) = B, recall that X U I(B) = B*. A canonical way to do Step
4 is simply to give a listing {71, 72, -+ , 7 -} of B*, and walk through
the list setting {1y, -+ , D1} = Q1 1, {Nrmy -+ s Morr—2} =1 Q12, etc,
only coming back to the beginning and keeping walking when necessary.
Since total size of the Q; ;s are Y © | s; - (Tiw — 1) > >0 | s; > |B*|, it
is guaranteed that the list will eventually be exhausted.

For each i** € [1, ¢, this process does not generate repeated ()« ;S, as
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Sy (T — 1) < maxy(s;) -7 < k < |B*|.8

ii. If I(B) C B then similarly, in Step 4 one may list {n:,--- , 7 xur(B)}>
and let {n1, -, Prr—2} C Q1. {Nr=—1, -+ s Momr—a} C Q12 etc, with
the remaining elements drawn from B ~\ I(B) arbitrarily. We still have
S s (Fr—2) > S s > |BY > | X UI(B)| and sp (7 — 2) <
max;(s;)-T < k < |XUI(B)|, so exhaustion is guaranteed and repetition

within the same 7** is avoided.

(b) If 7= = 2: in Step 4 list {11, - - -, nxur(p) } and choose Q; ;s as above. Now

we have total size of all Q); ;s: > .. s; > |B*| > |X U I(B)| and fixing any

1<p
i** € [1, p|, total size of Q;« js: s; - 1 < max;(s;) -7 < k < |X UI(B)],

yielding again the exhaustion and non-repetition.

. . J— — D
6. there is exactly one subset Z; C B* of size r* — 2 such that Z; U {¢;, ¢;11} € Ry

for each 1 < i < p,’ which does not create KRT*,mt* either (See later argument) and
—D )
7. Ry contains no other subsets of D.

We argue that no forbidden structure is created in ©. Since the only modified

relation is Ry, it suffices to show that no K+— is created; by construction a K»—

Ryx myx % 5T

must involve either 1 or 2 vertices from (), so it suffices to show that neither Step 4 nor

Step 6 creates any K5—

Rt* N *

1. If some K5, . were created in clause (4), there must exist i € 1,pl, 21, , Trrpmpe—1 €

*,mt*

Ujepns;) Qij where:

8S0 the exhaustion will happen at some i** > 1.
Note that in arity 7~ = 2 this simply means {c;, c; 11} € Ry~ foreachi € 1,p—1].
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N —2
(a) for each size 7~ subset S C {x1, Trzim.—1}, S € Ry~ ; and

(b) for each size 7= — 1 subset S" C {21, Trzym,.—1}.{c:} U S € EQ

However, let | ., S; be a subset cover of {1, - , Trrjm,.—1} With each |S;| =

Jj<n

7, then Sq,---, S, € ﬁg/\U] Si € Ujepsy @iy € B* implies each S; €

D BNI(B)

— ——B* ——BI
Rt* B+ = Rt* = Rt* (

, which gives (J; S; = {z1," -+, Trzim,. 1} C
B~ I(B) . On the other hand by Clauses 4b,6,7 , in ® no ¢; is R;--related with any

size-(T3= — 1) subset purely drawn from B \ I(B), contradicting Clause 1b.

. For Clause (6) to create an K7, . one would need some i € [1,p—1], 21, , Trzimp—2 €
U, Z; € B*st.
— 0 . . —_
(a) S € Ry foreach S C {z1,- -+, Trzim,. —2} With size 7=;

= oy
®) {ctUS {cip1}US € R~ foreach S' C {x1,- -+, Trzym,.—2} With size
Ter — 1
© {c,ci1}us"e R_t*g for each 5" C {x1, - , Trmim,. —2} With size T — 2;

(+*%)

Note that since 7~ + my= > 3, Clause (2¢) (Clause (¥**)) is not a trivial condition.

We split the cases due to 7«

(a) If 7 > 3: Observe 7w +mys —2 > T — 1 > 7 — 2 > 1so (7H7%) > 1,

Tix—2

meaning Clause (2c) above would describe more than 1 elements in R_t*@, yet

we have exactly one relation {¢;, ¢;11, -+, } € Ry, contradiction.
=Z,CB*

(b) If 7+ = 2, Clause (2c) above says {¢;, ¢;+1} € Ry« . Since a clique containing
*
Ci, Ciy1 must in particular contain a triangle ., A, this says there exists
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b —0 .
some b € X UI(B) st ., A, Ry ; by construction, we have b €

Cit1
Qi jNQiy1 - forsome j € [1,s;], 7 € [1, s;41]. This is impossible, because the
total size of Q; ., Qit1.4 18 8; + ;41 < 2-max; s; < k < | X UI(B)|; pursuant
to our algorithm creating (); ;s, this means we cannot exhaust X U /(B) just

by making Q; «, Qi+1.+8, so they don’t touch each other, i.e. Q;; N Qit14 =0

forany j € [1,s,],k € [1, Si41).

We have established that K7, . <+ ®; since no other relations are changed, this
means once we have ©® € K, we would have ® € K. Moreover, observe that once we
establish the inequalities in Lemma 3.6, by (D) = 0(D/B*)+6(B") S —ete=
Inequality (1)
Oand §(D') = §(D'/(D'NB*))+0(D'NB™) \2/ 0+4(D' N B*) > 0 we would have
Inequality (2) CBreK],

® € K,. Thus the only remaining job is to verify the two inequalities in the statement of
Lemma 3.6.

First, D — B* has p elements; Clause (4) contributes to Zle s; more subsets in
R;-" while Clause (6) adds p — 1 more. Then D/ B*) = <p —a(dr  si+(p— 1))> =
<p —agy > € (—¢,0) by our choice of locally optimal integer p at the beginning. The

first inequality is proved.

To show the second inequality, let us begin with the proper substructures fully con-

taining B*. For each 1 < n < p, denote ©,, C © with universe B* U {¢, -+ ,¢,} and
for1 <n <m < pdenote ©,,,,, C D with universe B* U {¢;41, - , ¢ }. We have
0(9,/B)=n-ad si+(n-1)=n—qga=d,>0 (3.4)

=1

%note that in arity 2 we only drew elements from X U I(B) in Step 4 and drew no element from B* in
Step 6; that is Z;s are empty.
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and

(Dnm/B") = m—n—a((m—n—1)+ Z 5)

Clause 6 i=m+1

Clause 4
m n

= m—_(Zsi+m—1)—(n—g(25i+n—1))+g

m—gma—(n—qa)+a, ifm#p

p—gia—(n—qa)+a ,ifm=p
= d,—d,+a>0

since for any () £ A C C letting © 4 := the substructure of © with the universe B* U A,
© 4 is a free join over B* of substructures of the form ©,, and @n,msl !, by closure of K !
under free join one has 6(® 4/B*) > 0. Since 6(*B*/B*) = 0, we conclude that for any
proper 8* C ©' C O, the second inequality holds.

For general ®" C ©, denote by B, ©* resp. the substructure of © with universe
D'n B*, D" U B*. Then ©* is a join of ®’ and B* over B, and it suffices to show

5(D'/B5) > 0.

1. If ©* # D, then from the predimension lemma (Lemma 2.3) in [1], §(D*/B*) <
J(D’/B(). Note that ©* is a proper substructure of D containing B*, so by the
above §(D*/B*) > 0. We obtain §(D’/B}) = 6(D'/(D'NB*)) > 6(D*/B*) >0

as desired.

2. If ©* = O then B # B* since D’ is proper. The universe D’ must contain all of

He.g. forp=31,A={c; € C:i=29for some g}, then D4 = Pyy.{D2,D34,D7.5,D15,16}. Also
there is no partition of ® into the free join of any ©,,, D,/ /s over B* : if n’ > n, we miss the relation
(cn,Cnt1,- -+ ), whileif n’ < n, D, N Dy # B*.
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C (for B* N C' = () and avoid some b € B* \ B,

(a) if b € I(B) U X then by Clause (5), (b,¢;,---) € R;-" for some 4; but then
R =R £ R P UR-", as both B, © avoids b;

B

(b) Otherwise b € B ~ I(B), then some (b,---) € Ry C R_t*g but B, D’

) | S —
avoids b so again Ryx~ = Ry« # Ry "U Ry .

Bylemma2.3[1],6(®'/B) > 0(D*/B*)+a=0(D/B")+a >  —eta>
first inequality
0, as desired.

]

Another core result: For any strong pair (20 < B) € ICf; and a finite collection
of forbidden structures ® Cg, K, there exists an extension K, > © D ‘B that strongly

extends %I, is “infinitesimally sparser” than %I, and avoids all forbidden structures in .

Lemma 3.8. Let A < B € K, > 0, and a finite set & C K’ where B C € yet B £ €

for each € € ®. Then there exists K, 5 ©* D ‘B, satisfying:
1. 0(D* /) <
2. A < D* and

3. no € € ® isomorphically embeds into D* over *B (note: not “over B*”, which

would be weaker).

Proof. Note that if B = () then 2 < 9B implies 20 = () and ® has to be empty as we
require B £ € for any € € ®. The conclusion then follows by taking any ©* with
d(®*) < u, such as B itself. Also when 2 = ‘B, taking ©* := B does the job. So we
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assume B # (), A # B (so by the assumption that ags are irrational, 6(28/2() > 0). Let
X = {ey, -, e} disjoint from B with k > 7(1/a + 7), R* = () forall R € L and
B* =B P X. Note that A < B — A < B* by construction. It is also without loss of
generality to assume 0(€/B) < 0 for all € € ®, as for the cases where 6(*8/¢) > 0 one
may replace € with a minimal ¢’ s.t. 8 C € C € and 6(¢’) < §(%B).1?

Now fix Z 5 s’ > maxeece{|€|} and then choose € > 0 so small that

1. € < min{p,0(*B/A), a}: note that this guarantees ¢ < 6(B*/A) as well; and

2. s'e < —5(€/B) < —6(€/B* N €) (recall 5(¢ N B*) > 5(€ N B) = §(B) by

construction of B* so indeed 0(€/(€ N B*)) < §H(C/B) < 0.

We first work with 8* instead of 9B to find ©* s.t. §(D*/2) < w and A < D*.
Use Lemma (3.6) to find © € K, for (8%, ¢): note that © is also an extension of B. Let
7= —0(D/B")s00 <y < e < §B*/2A) by Inequality (1) in Lemma (3.6). Choose
an integer h s.t. hy < §(B*/2A) < (h + 1)7, which exists since 1 - v < §(B*/2) and
hry 29 0. Let {®; : i < h} be h copies of © with D; N D; = B* for all i # j and
D" =D, - D be the free join of {D; : i < h} over B*.

The predimension equation for free join gives §(D*/B*) = h - §(D/B*) = —hv,
hence 0(D*/A) = §(D*/B*) + J(B*/A) = §(B*/A) — hy < v < € < u, as desired.

To see A < D, choose any € s.t. A C € C D*. Write B := € N ‘B* and

¢, .= €N D, foreach i < h. As substructure of ‘5%,

1. if B = B*, then B* = B*NCimplies B* C Cand ¢, = CND; O B*ND, = ‘B~

and € is the free join of €; over B*. By Lemma 3.6 we have §(D'/B*) > —vy

2Having found a ©* w.r.t. such ¢, if € were to isomorphically embed into ®* over B so would ¢’ by
restricting the embedding, contradiction. Also such €’ must exist, for B £ €.
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(in fact it’s either —r or non-negative depending whether ©®" = ©) for all ®’ s.t.
B* C D C D, =D. Then in particular, §(¢;/B*) > —~ for each i < h. This

gives 6(€) = §(B*) + 3, 0(€;/B*) > (B*) — h -~ > §(A).

2. if B # B*, then we still have A < B < B* — J(B;/A) > 0by A C B C
B*, and €; C D; = D foreach i < h' s0 6(¢;/(€; N B*)) = §(¢;/B;) > 0 by
D, NB* = B*!* and Lemma 3.6. This gives 6(€/A) = §(€/B7) + 6(B;/A) > 0

since € is a free join of {&; : i < h} over B.

The second clause in the statement of the proposition is therefore proved, as §(€/2() >
0 in either case above. For the last clause, Let € be s.t. €] < s, B C € C D%, i.e. there
exists an isomorphic embedding of € into ©* over ‘B. It suffices to show §(€/B) > —s'e,
which by condition (2) above for s’, ¢ means for any ¢’ € ¢, ¢’ 2 €.

Write ¢; := €(9D;(2 €N B*). Since |€| < s and D;, D; (j # 1) are disjoint
over B*, there are fewer than s’ indices is for which €; 2 B* N €.!> For these is,
5(@1/(&*9_@)) is either > 0 (when €; C ©;) or in (—¢,0) (when €; = ©;) by Lemma
(3.6) fojmigqi% 9;,B"*, ¢). For the other indices j € {0,--- ,h—1}, wehave €; = B*NC
50 0(¢;/(B* N )) = 0. This says Y ., 0(&;/(CNB*)) > 0+ s" - (—€). Also note that
0<§ENB*) —iENB) <k=|X],ie. 6(CENB*) >5HCNB)=45i(B).

Finally note that C' the free join of €; over ‘B* N €, so

5(€) = 5(ENB*)+ Y 6(€;/(€NB7)) = §(B)+5"-(—¢) = §(¢/B) > —s'e, (3.5)

i<h

BOtherwise B* C D; C ¢ for some i, which gives B = B*.

“Hence € N B* = €N (D; NB*) = ¢; NB*.

Indeed, €;, ¢; are disjoint over B* N €. So if there at at least s’ indices where €; 2 B* N ¢, one would
have |C| > |C ~ (B* N €)| > s by picking one element from each €; \ (B* N &) # (.
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as desired. O]

Remark 3.9. If we take ©* = i<h ® instead (that is, one more copy of ®), then one
may prove that (2(,0%) is a mimimal pair, that is, 6(D*/2) < 0 yet for any D’ s.t.
ACD' CD,6D/2A) > 0.

Indeed, by the analysis in the proof one may take / to be s.t. hy < §(B*/2A) < (h+
1)~ instead; now we have §(D*/2() = §(D*/B*)+5(B*/A) = —(h+1)v+5(B*/A) <
0. On the other hand, to see 2 < ®' for any A C ©" C D%, write ‘B := ©' N B* and

¢, ="' ND, foreach 0 < ¢ < h. As substructure of B*,

1. if B = B*, then B* = B* N D implies B* C © and €; = D' ND; O BN
D, = B* and ®' is the free join of €;s over ‘B = B*. By Lemma 3.6 we
have §(D’/B*) > —~ (in fact it’s either —r or non-negative depending whether
D = D) forall ® s.t. B* C D' C D; = D; furthermore there are at most h
out of the h + 1 indices within {0, 1,--- , h} s.t. € = D, for otherwise we would
have ® = ©*. Then in particular, §(&;/B*) > —~ for each i < h, and there are
at most h out of & + 1 indices for which §(€;/B*) is possibly negative. This gives

5(€) = B(B") + X,y O(E,/B) > 6(B) — h- > 6(2).

2. if B # B*, then we still have A < B < B* = J(B;/A) > 0by A C B C
B*, and €; C D; = D for each i < 1'% s0 §(€;/(€; N B*)) = §(¢;/B;) > 0 by
D, NB* = B*!" and Lemma 3.6. This gives 6(€/A) = §(€/B) + 6(B;/A) > 0

since € is a free join of {€; : ¢ < h} over B.

160therwise B* C ©,; C ©’ which gives B = B*.
"Hence @' NB* = D' N (D; NB*) = ¢; NB*.
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This finishes our proof of the remark that (2(, ©*) is minimal. This also serves as
a detailed verification of the result on (K, 9t.) analogous to Lemma 6.7 in [1], a step

towards more important conclusions such as Theorem 3.10 below.

Let M F S.. For each (A < B, ¥) triple as described in Lemma 3.8, using a
disjoint union of arbitrarily many copies of © one can obtain infinitely many embeddings
of B to 9 avoiding ®. This in particular says that for a sufficiently saturated (“realiz-
ing sufficiently many types”) model 9" E S, every B € K, strongly embeds in I*
(paramount to Propositions 4.4 ~ 4.6, [1]). These further allows us to characterize the
existence of an embedding extension to 99" by a “maximally embeddable” member of
KC’, formed from a finite chain of strong pairs (cf. Theorem 5.4, [1]). This is then used
to reduce each L-formula, up to S’-equivalence, to a boolean combination of (1-layer,
or “near-quantifier-free”) existential formulae (cf. Theorem 5.6 [1]), which leads to the
completeness of Cn(S%) (cf. Corollary 5.7 [1]). Now one may verify that M, £ S., (cf.
Corollary 5.10 [1]), so by completeness, Th(t,) = Cn(S%) as desired. All the results
named in this paragraph are proved using the same lines of argument as in [1], changing
(Ko, My, Sa) to (KL, M. S%) wherever applicable. As such, Theorem 3.4 is established.
Note, though, that Corollary 5.8 [1] establishing connection with Shelah-Spencer graphs
does not go through for our new configuration-forbidden classes, as the “easy lower bound
of Theorem 3 in [23]” is nowhere close to being easy, at least for the author, in our new
configuration-forbidden setting. We will exhibit our work in that direction in the next
subsection, but let us highlight some model-theoretical implications of the results from

this subsection:
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Theorem 3.10. Let & have each entry in (0, 1). Then S’ axiomatizes Th(IN-), so Th(IN,)
admits a 11y, in fact near-model-complete, axiomatization.
Moreover, Th(ON,) is stable but unsuperstable if & is Q-linearly independent from

1 (for example if all o;s are irrational), and w-stable otherwise.

Proof. The first paragraph follows from the main result of this subsection. The first
subcase of the second paragraph follows from modifying Section 7 of [1], changing
(Ko, My, Sa) to (KL, ML, S-) wherever applicable. The w-stability result comes from
([43]); note that as S axiomatizes Th(9N), S is also w-stable for @ linearly dependent

with 1 (e.g. when @ is length 1 and rational). See also, e.g. [24]. U

3.3 Connections with (0, 1)-law of the Shelah-Spencer Triangle-Free Ran-

dom Graphs

From now on we fix L = {E}, where F is again irreflexive and symmetric binary.
So L-structures are just (simple, undirected) graphs. Fix a € (0,1) ~ Q.'® As usual let
(v(@), e(@)) denote resp. the number of vertices and edges. First we make rigorous the

definitions of the almost sure theory of Shelah-Spencer graphs.

Definition 3.11. Define for each n € w:

Lin] := {finite graphs with vertex set [1,n] := {1,--- ;n}}

—Q

p(n) = n

181t is known that for o = 1, there is no 0-1 law in G(n, n~%) — see e.g. [46] where it was argued that

the sentence “the graph is triangle-free” has asymptotic probability e . We do not know if there is a 0-1
law in G(n,n~%, TF) with our probability measure (infra) for general o € (0, 1).
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Define the measure y,, : P(L[n]) — [0, 1] by
1a({G}) = p()“@(1 = p(n)) ()= (3.6)

then extending by finite additivity. This is a probability measure:

(L) = Y p(n)" D (1 - p(n)B) @ = $° <(?))p(n)j(1_p(n))(3)j

Conceptually the probability measure describes a graph on [1, ] where each edge

appears with probability p(n). The space (L[n], P(L[n]), it,) is the probability space of

—Q

the Shelah-Spencer graph (on n vertices) when we set the edge-probability p(n) :=n
We shorthand the space by G(n,p(n)). Lastly, letting Sn;, := the collection of all first

order L-sentences, then the almost sure theory of G(n, p(n)) is
a.s.(G(n,p(n))) := {g& € Sny, : Jgrgoun({G €Ln:GEp}) = 1} (3.7)

That is, the set of first order sentences that are asymptotically satisfied by “almost

every graph”.

Definition 3.12. Define:

Kq[n] = {finite graphs G on [1,n] s.t. VH Cina G, 04(H) > 0} (3.8)
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Ko = |JKaln] (3.9)

Note that K, also satisfies Al~ A5 + AP in [43] so has a generic structure M,;
furthermore K, differs with K, from last section (Eqn 3.2) (with generic structure 901,,)
only at the “labelledness” of vertices. Unrolling the definition of generic structures and
using their respective uniqueness, M, =, 9,; in particular they share the same first

order theory.

We have, impressively, that for & € (0, 1] \ Q, the model theory of the generic

structure 91, matches perfectly with the almost-sure theory of Shelah-Spencer:

Fact 3.13 (e.g. [1, 22, 23]).

Th(M,) = a.s.(G(n,p(n)) (3.10)

And as a result, G(n,p(n)) = G(n,n"*) has a 0-1 law when a € (0,1) \ Q and
p(n) = n~“: indeed, let a first order sentence o ¢ a.s.G(n,p(n)). Then o ¢ Th(IM,,),
so ~o € Th(IM,) = a.s.G(n,p(n)), using completeness of the left hand side. It follows
from definition that lim,, ., ., ({G € Lin| : G = ¢}) = 0, as desired.

It would be great if the connection stands with the triangle-free constraint placed

on both sides. More precisely, letting TF:= “triangle-free”,

Definition 3.14. Let

L'[n]:==Ln|NTF (3.11)

Then K/, = K, N (U, ., L'[n]) = K,N TF once again has a generic structure

new
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isomorphic to 2/, (Section 3.1), the generic of K/,. Note also that in L = {E} and

with the forbidden configuration K3, I

«

= M, 1r in Chapter 4. We can denote the
axiomatization S in Theorem 3.10 as S, 7r.
On the other side, define v, : P(L'[n]) — [0,1] : v,({G}) = 25 :(é,c[;}])) 1 Denote

the new probability space (L'[n]|, P(L'[n]), v,) by G(n, p(n); TF), then define its almost

sure theory analogously:
a.5.(G(n, p(n); TF)) := {(p € Snp: lim v, ({G € L'n] : G F p}) = 1} (3.12)

Again as the name suggests, a.s.G(n,p(n); TF) is the set of sentences that are
almost surely satisfied by sampling from G(n,p(n); TF) with as n — oco. Note the
almost-sure theory exists no matter whether a 0-1 law exists; it is its completeness or

non-completeness that is hard:
Problem 3.15. Does Th(M) = a.s.G(n,n=*TF)?

The proposition below justifies our approach of studying S, 1r for establishing the
equation. Indeed, now instead of verifying Th(?N, 1r) C a.5s.G(n,n~%; TF), we “only”
need to verify S, tr C a.5.G(n, n~%; TF) (Theorem 3.10), which is a priori simpler as we

know precisely and concretely what sentences are in S, rr.

Proposition 3.16. If S, 77 = a.s. G(n,n~; TF), then Th(M, 1r) = a.s. G(n,n"*; TF);

in particular, the RHS is complete and therefore G(n,n~“; TF) would have a 0-1 law.

PIn the languages of probability: for each ¢ € Sny, v,({G € L'ln] : G E ¢}) =

n({GEL[n]:GETFAGE Pr[G(n,p(n))EeATF
L UCELEGPTragre) - BlelpbeerPl — PriG(n,p(n)) F ¢ | G(n,p(n)) F TF]. Intu-

itively, think of the random graph as still obtained by flipping a coin at each of the (g) edges with head
probability n~%, but throwing a way the sample once a triangle appears.
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Proof. Indeed, since Th(9N,, 1) = Cn(S,, 1r),* the assumption that S,, = a.s. G(n,n~; TF)
implies Th(9, 1r) C a.s. G(n,n~*; TF). But then if the inclusion is proper, let o € RHS
. LHS; by completeness of LHS, -0 € LHS C RHS, so 0, ~¢ € RHS, contradicting the

definition of RHS. O]

Some concluding remarks:

Remark 3.17. 1. For G(n,p(n)) when p(n) := ¢ € [0, 1], the famous Fagin-GKLT

theorem (e.g. [23, 47, 48, 49*] says that G(n, p(n)) does admit a 0-1 law.

2. Another interesting open problem?!: by e.g. [23, 47*], G(n,n~®) does not admit a
0-1 law when « is rational, and it is (relatively) well-known exactly what sentences
witness the failure of 0-1 law for rational as. [24] studied the model-theoretic prop-
erties of limits of G(n, n~*") = Th(IM,,,) where {a,}, is a sequence of irrationals
approaching a rational a. One may look into similar directions for G(n,n~*; TF)

when o € QN (0, 1).

3. Literature (e.g. [30]) says when the measure on L'[n] is uniform (i.e. v,({G}) =
|L,—1[n]|), there exists a an almost sure theory w.r.t. v/, but it does not agree with
Th(9T,) (nor does it agree with theory of the generic structure of the class of all
triangle-free finite graphs w.r.t. the partial order C;,,4). In particular, the sentence
oc, :="“there exists a Cs in the graph” is not in the almost sure theory w.r.t. ;. On
the other hand, o, € S,1r for all @ € (0,1], by C5 € Ko1r = Age(Mu1r). A

reasonable first step towards answering Question 3.15 would therefore be deciding

20Cn(T) for a first order theory T is the logcial consequences of T'. In particular if 7y = Cn(Ty) with
TQ g T1 then T1 = TQ.
21 As was kindly pointed out by an audience member when I was giving a practice talk.
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if oc, € a.s.G(n,p(n); TF).

A potentially relevant fact is that there are at most (%)5 pentagons in an n-vertex
TF graph [50], which seems to weigh in favor of answering the Question 3.15
negatively. One may imagine proving something like “for any G = G(n,p(n))
(n >> 0), in any triangle-removal process of (G, immediately after removing all

triangles one almost surely have removed all pentagons as well”.

. Another way to approach this is to modify [23]’s original proof of the 0-1 law of
G(n,n~%) into our G(n,n~%; TF) setting. We believe this approach would work if
we can prove a similar key lemma as [23]’s Lemma 1, roughly stating that for suf-
ficiently large n, the probability for a fixed pair (f : Hy — G(n,n~*;TF), B Cg,
G(n,n"%; TF)) to be “bad” (there existing no suitable f extending f to a particular

Hy O Hy) is less than a half.

To show that lemma, one needs a probabilistic argument that does not depend on
the assertion that “probability that an arbitrary injective map preserves e chosen
edges is (n~*)¢”, which holds for G(n, n~*) but not necessarily for G(n,n~“; TF).

We are missing some counting mechanisms in the triangle-free probability space.

Lastly, in Chapter 4 e.g. Proposition 4.11, one may see that forbidding cligues
other than K3 in some sense makes the constraint satisfaction problems “easier”
to characterize. Therefore one may also wonder if a similar “complete first order
theory of the generic” — “almost sure theory” correspondence holds or fails for

subclasses of /C,, forbidding other cliques, of which we are unsure.
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Chapter 4: Homomorphic Presentation of Hrushovski-Fraissé classes and

CSP of their generic structures

4.1 Introduction

For general discussion of Hrushovski-Fraissé classes, see Chapter 1. In this chapter
we inspect into selected Hrushovski-Fraissé classes of graphs' parameterized by an o > 0
through different lenses, namely homomorphisms. We aim at finding a small subclass that
homomorphically “presents” the original class. For av > % such “presents” can be made a

singleton by application of known results; my paper proves that:

1. For a = g, there exists a subclass homomorphically presenting the original class,

such that each element in the subclass has, among other structural properties:
(a) exactly 1 copy of a special substructure £/ and F respectively (Theorem 4.29),
which are vertex-disjoint and “far” apart (Lemma 4.19),
(b) forests as subgraphs near the copies of £, E5 (Theorem 4.42),

(c) no “very dense” subgraphs outside of the copies of F, 5 (Theorem 4.42),

and

(d) no long paths of consecutive vertices with small degrees (Theorem 4.42).

li.e. (symmetric, simple) structures in the language { E'} of binary relation.
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The class has a finite homomorphic presentation if and only if the aforementioned
subclass is finite (Theorem 4.29), which we conjecture to be the case (e.g. Subsec-

tion 4.5).

2. These structural properties generalize to different ranges of smaller o provided

reasonable conditions (Theorems 4.29, 4.42; Porism 4.40, Porism 4.26 etc).

Precise statements and proofs of these results are exhibited in §3. Most of these
structural properties are obtained by showing certain induced quotient homomorphisms
exist, some of which ensured in part by the large distances between special substructures
(Lemma 4.19), which is in turn partly guaranteed by the local density and absence of
certain configurations. Some attempts in theoretically developing similar “density — ex-
istence of quotient homomorphism” interplay are recorded as one of the future directions
(Subsection 4.6.1).

Our study was originally motivated by study of the constraint satisfaction problems
(CSP) of infinite graphs, a vividly active field of research (e.g. [13, 14, 51, 52, 53*]).
Our infinite graphs of interest record the information of Hrushovski-Fraissé classes in a
nice way and its CSP is naturally related to homomorphic presentations. I address such
connections in Section (4.3). In §5 we collect interesting combinatorial findings relevant
to our study, and point to potential alternative directions to finitizing the homomorphic

presentation for relatively large as.
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4.2 Preliminaries

Simple graphs are those where (Vo € V(G))((z,z) ¢ E(G)), and undirected
graphs have ¥(z,y) € E(G)((z,y) = (y,2)). In this chapter we shall omit the adjective
“undirected, simple” for graphs, and assume graphs are finite unless otherwise noted. by
(v(G), e(@)) we denote (|V(G)|, |E(G)]). For n > 2, P, denotes the path 1— - - —n. For
n > 3, C,, denotes the cycle 1-2— - - —n—1, K, the clique on {1, -- ,n}.

Let H,G be graphs; H C G denotes the subgraph relation, i.e. V(H) C V(G)
and F(H) C E(G). We use C;,, to denote the induced subgraph relation, i.e. G C
H < (V(G) CV(H)NE(G) ={(z,y) € E(H) : z,y € V(G)}), or equivalently,
G is the substructure of H induced on V(G). For U C V(G), the substructure of G
induced by U is denoted by G[U]. For example, K4[{1, 2, 3}] is the triangle C5. Let A, B
be graphs; A[] B denotes the disjoint union of A, B. If A is a (finite) set of graphs,
[TA=T1lecu G-

For a € V(G), let Ng(a) denote the set of neighbors of a in G. We omit G when
it’s clear from context. For H C G and k > 1, Ng <(H) := {z € G : distg({z}, H) <
k} That is, all vertices in GG of distance at most k£ from H. By slight abuse of no-
tation, N¢ <x(H) also denotes G[Ng <x(H)]|, the subgraph induced thereby. Note that
Ng<i(H) = G[H U Ng(H)] and Ng <x(H) O Ng<w(H) whenever k > k' Lastly,
for H a graph and £ C FE(H), H ~. E denotes the subgraph on V(H) with edges in £
deleted.

When a function f : A — B is surjective, we write f : A — B; when injective,

we write f : A — B. For a set S, we use the same notation for “the decision problem
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of S-membership” . For example, K, also refers to the decision problem “is an input
graph G € K,?". We denote by = €! Y < Y = {x}. For H;, H, C G, denote by
E(H,, H,) the set of edges of the form (z,y) € E(G) : x € V(H,),y € V(H,). Denote

by E(Hl) = E(Hl, Hl)

Definition 4.1 (subgraph distance). Let Hy, Hy Ciq G. Define dist(H,, Hy) :=

0 if Hy N Hy 2 0
mln{k —1:21— =2 Cina G,.Tl S Hl,l’k < HQ} if Hy N Hy = (Z)/\Hl,HQ C the same

component of G

00 otherwise
For any graph G, possibly countably infinite, denote:

1. the complement graph G on the same vertex set V(G) with edges exactly those

missing from G.

2. forany k > 1, kG := the disjoint union of k copies of G.

Recall that given graphs G, H, the set of graph homomorphisms Homgy (G, H) :=
{f :V(G) = V(H) : ES(x,y) = FE"(f(x),f(y))}. We omit the signature {E'}
when no confusion may arise. Let §,7 be classes of finite graphs. We write S — T
if for each s € S there exists t € 7T s.t. s homomorphically maps to t. We say T

homomorphically presents S if S — T and T C S.
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4.2.1 The Hrushovski-Fraissé Classes (in the language { E'})

We introduce the Hrushovski-Fraissé Classes that this paper focuses on. Fix any
a > 0, denote by ,(G):=v(G) — ae(G) the “a-predimension” of G, measuring the
sparsity of G. The hereditarily a-sparse class of graphs IC,, := {(ﬁnite simple undirected)
graphs G : 6,(G) > 0, and (VG' Cing G)(6,(G’) > 0) }. Intuitively, it is the collection of
finite graphs which are both “globally” and “locally” linearly sparse with respect to a.

A natural partial orderon K, is: G < H <= (G C HAu(G) <64(G) forall G :
G Cia G' Cina H ), which we call the strong substructure relation. The strong substruc-
ture relation naturally extends to “finite, infinite” pairs (G, H) where G € K, and H is
s.t. all its finite substructures are in /C,.

(Ko, =) has a generic structure M., which is a union of {G; };«, C K, (therefore
countably infinite) with G; < Gj,1, s.t. V(G =< HeK,and f : G — 9M, as induced
subgraphs, where the image f(G) < i)ﬁa> , there exists an extension embedding fv: H —
M., s.t. f(H ) < 9,,.> For existence of a unique-up-to-isomorphism generic structure in
Ko, see e.g. [1, 43].

Let K, 77 and 9, 77 be the triangle-free subclass of K, and its generic structure,
resp. Denote by TF the collection of (finite undirected simple) triangle-free graphs.
Ko,k —free> Ma, ki, —free are defined analogously to the triangle-free case. The existence
of such generic structures can be obtained from e.g. [1, 43] as well. For the purpose of
the paper, by “(«, <)-Hrushovski-Fraissé classes” we refer to Ko, Ko 1r OF KCp K, —firee-

For possibly infinite graph M, Age(M ) := {(isomorphic types of finite) G embeds

2By extension we mean f = f. Also when the right hand side is an infinite structure, f(G) < M,
simply means f(G) < B for all B Cgp, ing Mo

66



into M as induced subgraph }. Any Hrushovski-Fraissé class K, . has the following

properties:
1. (hereditary property, “HP”) If A € K. and B C A, B € K,..;

2. (joint embedding property, “JEP”) If A, B € K, . then there exists C' € K, s.t.

A, B both embed to C'. Indeed, just take C' := A ] B.

3. (amagamation with respect to <, “<X-AP”")If A, B,C € K, .and hy : A = B hy :
A — C both embeddings, and A = hy(A) < C,then 3D € K., g1 : B —
D,gy, : C'" — D both embeddings s.t. g1hy = g2hs. Indeed, one may check

that D := {hl(a)ja]f[a()j}aevm)’ i.e. the glue of a copy of B and a copy of C' along

the isomorphic images of A;s, are in K, .. Furthermore if A = h;A < C then

¢1B < D, and vice versa.?

For a finite graph G, Define mad(G) := maxycg % the max average degree of
subgraphs; dropping the hereditarity, ad(G) := 2;((5:)) is its average degree. Observe that

for a > 0,

GeK, < mind,(H)>0

HCG
e(H) 1
<— max < —
HCGv(H) — «

<— mad(G) <

SHEN

3Indeed, for any H* where B = g; B C H* C D, observe that §,(H*) —6,(91B) = do(H*Nga(C))—
da(g2haA) > 0as g2(C) 2 H* N g2(C) D gohaAand g2(C) = C = ha(A) = goha(A).
“Note, however, this does not extend to a full “order reversing” relation, i.e. it is not true that 6, (H) >

6a(G) <= mad(H) < mad(G). For example, let v = 2; then 0, (C7) > 04 (P2), yet mad(Cr) = 2 >
mad(P,) = 1.
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Observe that the membership decision for ', when o > 1 is uninteresting: since

e(Cn)

o = 1 and for

do(P) =2 —a,ifa > 2,then G € Ky1r <= G is edgeless; since
any tree 7" we have 0, (7)) = v(7T)(1 — o) — o which drops as v(7T') increases, if & € (1, 2]
then G € Ky <= (G is a forest, and each component 7" has v(1 — a) — a > O).
These membership decisions are all in P. Also note that IC, = ICp 15 = Ko i, —free (> 4)

whenever a > 1.

4.2.2 Constraint Satisfaction Problems (in the langauge {F'})

Definition of constraint satisfaction problems are introduced in Chapter 1, which
we briefly recall here with languages pertaining the context of graphs. Given a graph
G, possibly infinite, the constraint satisfaction problem is the membership decision of
the set: CSP(M) := {H : Homygy(H, M) # (0}. We are interested in cases where M
arises as the generic structure of a Hrushovski-Fraissé class. For finite or infinite graphs
M, M,, we say they are pp-equivalent if CSP(M;) = CSP(M,); this is justified by the
well-known fact that up to Karp-equivalence, CSP(M) = {0 : o is a pp-{ E'}-sentence
and M |= o} where a pp-{ E'}-sentence is a first order sentence in the language of graphs
built from atomics, conjunction and existential quantification.

When a > 1, the CSP for M, (= Ko1r = Ko k,—free) 1S uninteresting as well.
Indeed, when o > 2, K,, is homomorphically presented by the singleton {({e},0)}, so
CSP(9M,)=CSP(({e},0)) = K, € P. For « € (1,2], K, is homomorphically presented
by {2} C K, so CSP(M,,) = CSP(P) € P.

In fact, we can even address the homomorphic presentation for o € (%, 1] here. Per
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Propositions 4.8 and 4.11 below, in such cases K, = Ky, k,, —free (7 7 4) are presented by
{K3}; corollary to [54], for o € (3, 1] we have Ko rr — {C5}, the RHS presenting the
LHS. Therefore in the discussions to follow, we assume « € (0, 1], and mostly focus on
ae (0,2

We close this section with a definition, which serves as the starting point of our

study of homomorphic presentation for Xy, rr.

Definition 4.2 (£, F; (e.g. [55])). Define F4, Fs as in Figure 4.1.

Figure 4.1: F; and E5

4.3 Motivation: Constraint Satisfaction Problems of Hrushovski-Fraissé

Classes
By well-known classical results (e.g. [34]), if K is a class with HP and JEP then
there exists a countable generic structure 9t with Age(Mx) = K. Recall that CSP(9y)

G : Homgp (G, My ()}. Since the (setwise) homomorphic image induces a finite
{E}

substructure, this gives

CSP(Mx) = {G : Homyg, (G, B) # ) for some B € K} 4.1)

For any classes of finite graphs K and countable graphs 9, if (/C, 901) satisfies (4.1),
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we also say 91 homomorphically presents K. Note that 971 homomorphically presents /C
if and only if Age(901) <+ K.> Let K have HP and JEP; if in addition K has AP for all, not
just strong, embeddings, then with our 7 = {E}° one may obtain an ultrahomogenous
generic My (see e.g. [34]), which certainly homomorphically presents . Countable
ultrahomogenous (simple, undirected) graphs have been fully characterized in [31, 56*],

whose CSPs are all well-understood. Indeed,

Remark 4.3. For finite ultrahomogenous graphs one resorts to the dichotomy in [5]; for

countably infinite ultrahomogenous graphs,

1. ifitis a m I, or its complement, then it admits the same CSP with its largest clique;
in that case the CSP is either a finite colorability problem which is NP-complete or

the collection of all finite graphs, which is decidable in O(1)-time.

2. CSP of Rado graph, which is isomorphic to its complement, is O(1)-time decidable.

3. CSP of the K;-free Hensen graph is the same as K;-freeness decision, which is of
time class O(N") with ¢ a constant; the complement of a K;-free Hensen graph has

a copy of K, for any x > 3 so its CSP is once again O(1)-time decidable.

In fact, [51] has characterized the complexity of CSP of any countable relational struc-
ture S (with finite signature) where each relation is first order definable from the same

countable ultrahomogenous graph.’

3In particular if Age(9)t) presents K, so does 901. This is the case when e.g. 901 is the generic structure
of a class K.

®Or e.g. any countable relational signature.

;

Remark 4.4. However it is not to be inferred that the complexity of CSP of any ultrahomogenous relational
structure behaves similarly. In fact there are ultrahomogenous directed graphs with co-NPComplete CSP
(Proposition 13.3.1 [13]), and in general the CSP of (first order reducts of) ultrahomogenous, finitely-
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Now let a € (0,1], K, . be a Hrushovski-Fraissé class (ICo, Ko 1r OF Ko K, —free)s
and 9, . be its generic structure and therefore a homomorphic presentation. Unfor-
tunately 91, . is not even w-categorical (see e.g. [1]; for example, M, 2 M, cc, an
existentially closed structure adopting the same first order axiomatization), let alone ul-
trahomogenous. It would be great if one could obtain some countable ultrahomogenous
or finite M, , with the same CSP, or equivalently the same pp-theory, so we could get
clearer understanding of the original CSP(9)1, .). Note that the attempt is not a priori
void because pp-equivalence is even weaker than elementary equivalence. However, the
observation below indicates that ultrahomogeneity and pp-equivalence do not go well in

our context.

Proposition 4.5.

1. Foranya € (0, g] no countable ultrahomogenous graph G satisfies CSP(IM, rp) =

CSP(G).

2. Forn >4, a € (0, nz(f;l 228], no countable ultrahomogenous G satisfies CSP(O,, Kn_fm) =

CSP(G).

Proof. For a € (0,2], By € CSP(Ka1r) # CSP(C5); forn > 4, € (0, nifﬁg], E, €

CSP(M,, i, —free) 7 CSP(C5). Solet G 22 (5 be a countable ultrahomogenous graph. We

first address M, 1r for a € (0, 2]:

1. If G is infinite: since K3 ¢ CSP(K, 1), it cannot be the case that CSP(KC,1r) =

CSP(G) if G is an infinite Turan graph, or a disjoint union of cliques, or the Rado

bounded structures is a famous open problem.
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graph, or the complement of a Hensen graph, or the K,-free Hensen graph for n >
4. If G is the TF-Hensen graph, CSP((G) contains all the Andrasfai graphs, which
are infinitely many per Proposition 4.59(1), while for any fixed a, CSP(KC,, 1) only

contains finitely many Andrasfai graphs.

2. If G 2 Cj5 is finite, per [56], G is pp-equivalent to a clique, which is not in

CSP (K 1r).

Now let n > 4, € (0, %] Consider the graph C5 ® K,,_3 obtained by

taking a disjoint copy of C5 and K,_3, then connecting every pair (v,v’) : v € C5,0" €

K, _3. 8 For example when n = 4 this is just a 5-wheel. We have ad(C; ® K,,_3) =

5("_1”751;3)("“) = ”2:?’:;_8 < %, and it is routine to verify C5 ® K,,_3 is its own densest

subgraph.’. Lastly C5 ® K,,_3 is K,,-free, and has y = n.! It follows that C5 ® K,,_3 €

CSP(M,. i, —free) CSP(K,,_1). On the other hand, K,, € CSP(K,,)~ CSP(IM,, k,, —free)-

So M, Kk, —ree 1S DOt pp-equivalent to any finite or infinite cliques, nor the Rado graph nor

8Such coonstructions were mentioned elsewhere for other purposes, e.g. here.
%It suffices to verify the following:

1. Forany 0 < m, ad(C5® K,,,) < ad(Cs5 ® K,,+1). This can be seen from the following proposition:

Proposition 4.6. Let G be a graph with v(G) > 2. Then ad(G — z) < ad(G) iff dg(x) > ad(d)

2
and ad(G — z) > ad(G) iff dg(v) < @'

2(e(@)—da ()

Proof of Proposition 4.6. Observe that ad(G — z) = 2@3((5:;)) = =G - Assuming v(G) —
(e(G)—dg(z)) e(G) e(G) (e(G)—da(x)) e(G)

1 > ]., Wegave ,U(Gig j(Gm <~ dG(x) < o(Q) and 'U(Gi)i;l < o(G) <

dg(z) > 5%0; Lastly, Ty = %5 ) O

2. For any m > 0, m' € [0,4], let H,,,, be the induced subgraph of C5 ® K,, containing the
copy of K, and an size-m’ part of Cs, with v(Hy, /) = m + m’ and largest edge density. Then
ad(Hpy ) < ad(Hypm41) (Where Hy, 5 18 C5 © Kp,). When m/ = (0,1,2), ad(Hp, ) =
ad(K (1, m41,m+2)) = (m — 1,m,m + 1); when m’ = 3, it can be computed that ad(H,, ') €
(m + 2,m + 3). Finally for m’ = 4,5 one can obtain the increase by Proposition 4.6.

107t needs 3 vertices from the copy of C5 to form an n-clique, which is impossible; on the other hand, we
need 3 colors for C5 and n — 3 other colors for K,,_3.
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a complement of Hensen.

By Erdés e.g. [46], there exists K ,-free graphs of arbitrary chromatic number.

Therefore for any o € (0, nif;?s] there exists H € K,,-free . CSP(9,) = CSP(K}, ).
Since CSP(IM,) contains CSP(M, k, —free)s H € K, -free ~~ CSP(M,, K, —free); also
Cs © K,—3 € CSP(MN,, K, —free) K —1-free. Therefore M, x, —fee 1S NOt pp-equivalent

to a Hensen graph. [

So how about reducing 9, . to a finite, pp-equivalent graph? We have results in

this direction, most of which connect with our study of finite presentation.

4.3.1 M,

We know the full picture here. Recall that G € K, <= mad(G) < = . Moreover,

Q o

Golderg [57] e.g.introduced a polynomial time algorithm to compute mad(G): the idea

was to construct a digraph mad(é ) parameterized by a guess of %(G) (maximum den-

sity), find its min-cut, and adjust the guess accordingly. It takes log(v(G)) iterations. !
This puts K, € P, and therefore CSP(90t,,) € NP, where each G € CSP(9)1,,) is equipped

with a short witness (B € K4, h € Hom(G, B)), v(B) < v(G). In fact more can be said,

thanks to the following fact on chromatic number:

Fact 4.7 (folklore, stated without proof in e.g. [59]). For any finite G, x(G) < |mad(G) |+

1.

"'The algorithm has been improved by multiple subsequent works. For more discussions on this, see,
e.g., [58].

Also, to refrain from using log(n) iterations, note that there are < (3) + (";1) 4. @) ~ O(n?)
possible mad(G) values for G with v(G) =: n; therefore it takes O(n?) time to find the two possible
mad(G) values closest to 2, i.e. poly-time to find a & s.t. mad(G) > 2 <= mad(G) > 2 and

mad(G) < 2 <= mad(G) < 2. Then we run 1 iteration of Goldberg’s algorithm with the guess g := %

=
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Proof. We prove by induction on |G|, much like the Brook’s theorem. When |G| < 2 the
result is immediate.

Assume the inequality holds for n. When |G| = n + 1, take v € G with maximal
degree, and consider G — v := G[V(G) \ {v}]. By inductive hypothesis, x(G — v) <

|mad(G —v)] + 1.

1. If v is connected to every vertex in G — v, then x(G) = x(G — v) + 1; on the

other hand, if H is any induced subgraph of G — v, with density 7, then H U {v}

has density ZTJF? This means the density of densest subgraph jumps by at least
gTHl) — ¢, and using e < @ we get ETHI’ — ¢ > 1/2. It follows that the mad of G,

being twice the density of densest subgraph jumps by at least 2 - % = 1. Therefore

lmad(G)| > |mad(G —v)| +1> x(G —v) = x(G) — 1, as desired .

2. otherwise, v is not connected to every vertex in GG — v, so there is at least one vertex
v € G — v which could share a color with v. It follows that x(G) = x(G — v) <
lmad(G — v)] + 1 < [mad(G)] + 1, since any induced subgraph of G' — v is also

an induced subgraph of G.
O

Proposition 4.8. For o € (0,1, let ko be the unique integer in (2,2 + 1]. Then
CSP(M,,) = CSP(Ky,, ). In particular, CSP(9M,,) is NP-complete, noting that x(Ky,) =
ko > 3.

ka(ka—1)
2

Proof. O: When i > ka;l =—FZ— = ZE?{ZQ; = mad(f’“‘*), Ky, € K, C CSP(9m,,).

C: Let G € CSP(M,) witnessed by (B € Ko, b : G = B). Then maxycp S5 <

é, so mad(B) <

Qv

< kq. It follows from Fact 4.7 that x(B) < |mad(B)| +1 <
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2] +1=kas0G " B % K, € Hom(G, K}, ) where cis any Kj, -coloring of B, as

desired. O]

Note this also says K, is finitely homomorphically presented by { K}, }, for each

a € (0,1].

432 Mar1r

We have that K, rr = K, NTF € P since K, € P by discussions above and TF € P
by an algorithm no worse than enumerating all triples of vertices. Similarly witnessed
by (B € Ku1r, h € Hom(G, B)), v(B) < v(G) whenever G € CSP(K, 1r) we have
CSP(Ks.1r) € NP.

Per prior art [54], for a € (%, 1], Ko1r is presented by {C5}. It follows that for

such o, CSP(K,, tr) = CSP(C5) is NP-complete. Note that:

5

Proposition 4.9. Let o € (0, ¢], B C K17 be a homomorphic presentation such that

<(B is ﬁnite) — (ICmTF has a finite presentation)).
1. If|B| < Yo, then CSP(9M,, 7r) is NP-complete.
2. If |B| = X, then CSP(IM,, 1r) #CSP(H ) for any finite H.
Indeed, with the assumptions of Proposition 4.9:

1. If B is finite: if maxpep x(B) < 2 then all graphs in CSP(9)t, 1¢) are bipatrtite,

absurd; therefore x ([ [ B) > 3, yielding the NP-completeness by [5].

2. Otherwise, per the assumptions K, tr cannot be finitely presented. Assume for the
sake of contradiction that CSP(9,, 1r) = CSP(H) for some finite H, and take (h €
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HOI’H(H, ma;[]:), B = ma’Tp[Im<h)] € ’Ca,TF' We have CSP(QDTQTF):CSP(H) -
CSP(B) C CSP(M, 1), so Ko — {B}, contradicting non-existence of finite

Ko, tr-presentation.

The main contribution of Section 4.4 is to find such an “indicator” B as in the
assumption of Proposition 4.9, and give some interesting structural properties of members
in B.

We close the subsection with another notable fact. By [60] every planar triangle-
free graph homomorphically maps to H5, the Greenwood-Gleason graph, which is regular

of degree 5 and triangle-free. So

Corollary 4.10. For any o € (0, %], any triangle-free planer graph G is in CSP(K,, 7r)."?

Proof. Hj is regular of degree 5 so ad(H) < 5 for every H C Hs, meaning Hs €

Ka,tE- O]

4.3.3 ma’Kn_free

For as sufficiently close to 1 with respect to n, the K,-free constraint makes no

difference. Note that as n — oo, the lower bound of o below approaches 0.

Proposition 4.11. Let n > 4. Then for o € (%, 1], CSP(M,, i, —free) = CSP(IM,).

n(n—1)

Proof. LHS C RHS by definition; conversely, observe that mad(K,,) = —2— = %=1, so

n 2

when £ < 221 K, C K, -free, i.e. Ko = Ko N K-free = Ko, -free- O

12S0 the planar pieces of such CSP(K, tr) and CSP(Hs) coincide, and are both the collection of all
planar triangle-frees.
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Therefore for the correct (n, a,,), My K, —free admits the same homomorphic pre-

sentation as K,,,. We collect the consequences on 91, k, _free in Table 4.1.

n\CSP(My 1, ree)/0r] @ > 1 ac(@l [Gal [ Gil |-GGl | 0,5
n=3 CSP(P,/P,) | CSP(C5) | NP NP CSP(P,) NP
4 CSP(P,/P,) | CSP(K3) | CSP(K;)| NP CSP(K;) NP
5 CSP(P,/P,) | CSP(K3) | CSP(K3) | CSP(K,) | CSP(K,) NP
T > 5o CSP(P,/P,) | CSP(K3) | CSP(K3)| CSP(K,)| ... CSP(K,_1) | NP

Table 4.1: Results on CSP(M,, i, —free). the CSP(FP,/P;) column has CSP(P) for
a € (1,2] and CSP(P;) for a > 2, as discussed in Section 4.2. All “NP”s above are
conjectured NPC.

4.4 Homomorphic Presentation of K, tr

As forecast in Section 4.3, the main task of this section is, for suitable o € (0, %],
to find a B C K, 1r presenting K, rr Where B is finite if and only if ., 1 has any finite
presentation, and then characterize B using structural information of its members. First

we show that, for « reasonably close to g, any graph in KC,, t¢ Which does not homomor-

phically map to C5 must contain an isomorphic copy of E; or Fs.

Proposition 4.12. Let o € (%, 1]. (B € Kagr \B # 05) — F, or E, embeds into

B as induced subgraph.

Proof. When « € (2,1] the statement is vacuously true, so fix & € (22, 2] and let B €

Kaor, B # Cs. First, note that by finiteness of B, B contains a minimal subgraph G’ s.t.
(*) G' /& Cs, yet each proper subgraph of G’ admits a homomorphism to Cs.
Indeed, we start from G := B, and one may obtain GG;;1 C G; if there exists such

a proper subgraph of G; that does not homomorphically map to C5.!* Such G’ |= (*) are

3This descending chain must terminate before reaching null graph as when n < 6 every triangle-free
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called the C's-critical graphs (e.g. [55]). It is routine to verify that F;, Fs are Cs-criticals.
Assume for contradiction that G’ ¢ {Ey, E»}. By [551,if (G’ ¢ {Ks, By, Ex}) N\ (G’ =

(%)), then 50(G”) — 4e(G’) < 1. Moreover G’ C B € K, 1r, s0 v(G') — ae(G') > 0. We

obtain v(G’) < z L < 8. On the other hand, [61] says the smallest C-critical graph has
v(G") = 8, contradiction.

To see that G’ must be an induced subgraph, assume G* := B[V (G')] 2 G'. Then
e(G*) > e(G')+1 = 13,50 0, (G*) = v(G*) —ae(G*) < 10—13x 32 < 0, contradicting

G* C B € Ky 1F. O

We show that Ej, F; enjoys some “rigidity” and distance properties allowing us to

further simplify the presentation of IC% TF-

Definition 4.13 ((«, TF)-homomorphic rigidity). Fix a € (0, 1]. A graph H € I, 1F is
(cv, TF)-homomorphically rigid if for any B € K, 1r, any homomorphism i : H — B is
injective.

Corollary 4.14. E:, E, are («, TF)-homomorphically rigid for any a € (32, 2]. In fact,
we also have for any B € K, 1r, any injective homomorphism h : E; — B must be an

embedding. In addition, Iy, 5 are the only Cs-criticals inside K, 1 for o € (%, g]

Proof. For («, TF)-homomorphic rigidity: assume otherwise, then there exists a € (%, %],i €
2], B € Ko 1, and h € Hom(E;, B) \ Homyy(E;, B). Consider B* := B[Im(h(E;))] €
Kor; we must have B* /4 (5, for otherwise h o — would give a homomorphism
E; — Cs. By Proposition 4.12, E; C B* or B3 C B*, so v(B*) > 10. But v(B*) < 9 by

non-injectivity of h, contradiction.

graph admits a homomorphism to C5, and for any n, connected graphs on n vertices with (n — 1) edges
homs to C5. Recall subgraphs are obtained by either deleting vertices or deleting edges.
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That any K, rp-homomorphism & : E; — B must also be an embedding was shown
while proving Proposition 4.12. That E, E, are the only Cj-criticals inside K 82 5] Tx

follows from my proof of Proposition 4.12. [

Remark 4.15. Note that £y 4 FE, and Fy, /4 Ei: indeed, otherwise since e.g. a homo-
morphism A : E; — FE, must be injective, we would have a copy of F; as subgraph of

Ey; since v(E)) = v(Fs), e(Ey) = e(E,) and E; % E,'* this is impossible.

We have a more general observation along the lines of Corollary 4.14.

Definition 4.16. Fix o € (0,1]. We say A € K, 1r is maximally IC, zr if adding any

missing edge e to A excludes the new graph from K, 1r.

Example 4.17. Vo € (0, 1], C5 is maximally K, rr because it is maximally triangle-free;

Va € (}—g, 1], E1, Ey are both maximally IC,, rr because §,(E; + e) = 10 — 13 < 0 for

any missing edge e.

Proposition 4.18. Let o € (0, 1] and let A € K, 1r. Then the following are equivalent:
1. Forany B € K, 1, any homomorphism h : A — B is an embedding.
2. Ais (a, TF)-homomorphically rigid and maximally IKC,, 1.

In particular, if A is (o, TF)-homomorphically rigid and 6,(A) = 0, then A = (1).

Proof. l. = :LetB € Ky1p,h: A — B ahomomorphism. Since an embedding
is injective, by arbitrariness of (B, h), A is (o, TF)-homomorphically rigid. For the

other clause of RHS, assume A is not maximally X, rr and let e be a missing edge

It is routine to verify that Aut(E;) = S3 and Aut(Ey) = Z/2 x Z/2.
SNote that E; is not maximally triangle-free: e.g. Fy + (6,2) € TF.
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that witnesses it. Then ¢, : A — A + e induced by the identity on vertices is an

injective homomorphism and not an embedding, contradicting LHS.

2. <= :assume — LHS; then it suffices to show that (A is («, TF)-homomorphically
rigid) = —(A is maximally K, 1r). Now (- LHS)A((«, TF)-homomorphic
rigidity) implies there is an injective, non-embedding homomorphism. . Let (B €

Kotr, t : A — B) be one such homomorphism.

By injectivity of ¢, V (A) ésa Im(¢) and ((E(A)) C E(B[Im(¢)]); by ¢ being a non-
embedding, B[Im(:)] 2 A, so «(E(A))ZE(B[Im(¢)]). Pick e € E(B[Im(¢)]) ~
L(E(A)) and let V(B*) = Im(:), E(B*) = «(E(A)) U {e}. Then Ky1r >
Bl[Im(:)] 2 B* =2 A + ¢ for some ¢’ missing from F(A), as desired.

The “In particular” part follows from the fact that §,(A) = 0 = for any missing

edge e, 6o (A +¢€) < 0.1 O

The property below stipulates that two induced copies of F, 5 in the same graph

cannot be too close.

Lemma 4.19. Let o« € (35,2], let B € Kogr, Hi,H, C B s.t. H; = E;. Then
diStB(Hl, HQ) Z 6.
Likewise if Hy, Hy are both isomorphic to E; (resp. Es) and V (Hy) # V(H3) then

diS[B(Hl, HQ) > 6.

Proof. Note that 22 < 28 < 2, 50 per Corollary 4.14, each K, tr-homomorphism from H;

is an embedding. We first prove that HiNH, = (), whenever (H,, Hy) = (Ey, Ey), (E1, Es),

'®Note that in general =((0o(A) = 0) = (A is (o, TF)-homomorphically rigid). Indeed, consider
A € (E1)a=5b(F2)p—5-4(E1) € Ko 1r (see comments above Corollary 4.20 for notations) with §, (A) =
0, but A — (E4),—5-5(E32). Note, also, that for d,(A) to be 0 it is necessary that o € Q.
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or (Es, E5). Assume for the sake of contradiction that V' (H;) NV (H,) # 0.

1. If |V(H,) N V(Hy)| = 10: then V(Hy) = V(H;) so H; = E;. V(H,) = V(Hy)

induces both a copy of Es and a copy of Ey. As By % Fs and 6,(FE;) — a =

da(F2) — o =10 — 13a < 0, this is impossible.

2. If |V (H)NV (Hy)| € [6,9], then |V (Ho)~V (H)| = 10— |V (H)NV (Hy)| € [1,4]

respectively.

(a)

(b)

(©)

(d)

If |V(Hy) N\ V(Hy)| = 1: letu € V(Hy) \ V(H,). Since degy, (u) > 2, we
have e(B[H, U Hy]) > e(H;y) + 2 = 14. It follows that d,(B[H; U Hy]) <

11 — 14a < 0.

If |[V(Hy)\NV(Hy)| = 2: letuy # up € V(Hy)\V(H,). Since degy, (u1), degyy, (uz) >
2 and there is at most one edge (uy,us) € E(H,), we have that e(B[H; U

Hs)) > e(Hy)+2x2—1=15and so 0, (B[H;UH,]) < (104+2) —15a < 0.

If |V(Hy) ~ V(Hy)| = 3: let uy, us, uz enumerate V(Hs) ~ V(H;). By
triangle-freeness, e(5B[{u;};]) < 2. Once again degy, (u;) > 2, so e(B[H, U
H,)) > e(Hy) +2 x 3—2 = 16, and 5, (B[H; U H,)) < (10+3) — 16a < 0.
If |V(Hy) N\ V(Hy)| = 4: let uy, ug, ug, uy enumerate V' (Hs) \ V(Hy). By
triangle-freeness, e(B[{u; };]) < 4. Butif e(B[{u;};]) = 4, then (after renam-
ing if need be) ujususuuy must form a copy of Cy. On the other hand, each
E; is Cy-free, contradiction.

It follows that e(B[{u;};]) < 3,and e(B[H,UH;|) > e(H;)+2x4—-3 = 17,

and 6, (B[H; U Hs]) < 10 + 4 — 17a < 0.
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3. If [V(H,) NV (Hsy)| = 5: by triangle-freeness, e( B[V (H;) NV (H3)]) < 6. But if
e(B[V(H,)NV(H,)]) = 6, B[V (H,)NV(H;y)] = K, 3, while each E; is K 3-free.
It follows that e(B[H; N Hy]) < 5. Therefore e(B[H, U Hy]) = e(H;) + e(Hs) —

e(B[HiNHy)) >24—5=19,and 6,(B[H, U H,]) <15— 190 < 14 — 17 < 0.
4. If |V(Hy,) NV (H,y)| € [1,4]: these are dual to Cases in (2a)~(2d).
(a) If |V(Hy) N V(Hs)| = 4, then by analysis in (2d) e(B[H; N Hs]) < 3, so
€(B[H1 U HQ]) > 24 — 3 and (5Q(B[H1 U HQ]) <16 —21a < 0.

(b) If |V(Hy) NV (Hy)| = 3, then 6,(B[H; U Hy|) < 17 — (24 — 2)ae < 0.

(c) If |V(Hy) NV (Hs)| = 2, then §,(B[Hy U Hy]) <18 — (24 — 1) < 0.

(d) If |V(Hy) NV (Hy)| =1, then 6,(B[H; U Hy]) <19 — (24 — 0)a < 0.
We have proved that H; N H, = () as desired. Now assume for the sake of con-
tradiction that distz(H;, Hy) < 5; then there exists 1 < k = distg(H, H2) +1 < 6,
xr1 € Hl,xk S HQ, Lo, ,Tp—1 € V(B) AN (V(H1> U V(H2>>,17 s.t. x1—--—x C B.

But then 6, ( B[H\UHyU{xs, - -+ ,zp_1}]) < (2x10—2x12a)+(4—5a) = 24—29 < 0,

contradiction. O

El H Pk+2 H E2
ag, ~ 1Pk+27 bg, ~ (k + 2>Pk+2

Let us denote by (E1),~k—y(Es) := , that is a copy
of E; and a copy of FE; joined by a path with k vertices (of degree 2) in the middle and
“anchor points” a € V(E;),b € V(E,). Define (E1)—k—(E») := {(E1),~k—y(E>) : a €
V(Ey),b € V(E»)}. For any finite Hy,-- -, Hy,, define (H1)(ay)~k1—@) (Ha) ()~ —

Em—1=(bm_)(Hm) analogously.

7Otherwise there exists shorter paths linking Hy, H contradicting our choice of k.
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Corollary 4.20. For a € (3, 2], every graph in (E )~5—(Es) is (ov, TF)-homomorphically

rigid.
Proof. To see that (E;)-5—(E3) C Korr, let G € (Ey)-5—(E) and H Ciyg G be con-
nected. If H N Ey = 0, 6,(H) =t — ta + 0,(H N Ey) > 0 for some ¢t € [0,5];
dually if H N Ey = (0,6,(H) > 0. Finally if H intersects both E; and Es, 6,(H) =
da(HN Ey) + 0o(H N Ey) +5 — 6a > 0.

Let G € (E1)-5—(E2), B € Ko and h € Hom(G, B). Per Lemma 4.19,
B[h(FE1)] N B[h(E,)] = 0 with distance at least 6, so v(B[Im(h)]) > v(Ey) + v(Es) +

6 — 1 = 25 = v((), yielding injectivity. O
Remark 4.21.

1. The range of « guaranteeing H; N Hy, = () can be slightly wider: observe that that

part of the proof only requires o > }—‘;.
2. Proof of the second part generalizes below.

Proposition 4.22 (More general density-distance trade off). Fix« € (0, 1], and let 1,15 >

0. If there exists Fy, Fy C G € K, 17 s.1.
1. 5a<F1) :Tl,éa(FQ) = To, and
2. F1 N F2 - @

Then diste(Fy, Fy) > =ritra),

-«

Proof. Without loss of generality one may assume F}, F5 belong to the same connected

17(7‘14»7‘2)

il . Further one
—

component of GG, for otherwise by definition distg(Fy, Fp) = 0o >
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may assume 7+, 5 is so small that * (””2) > 1for F1 N Fy = = distg(F1, F) > 1
and if M < 1 there is nothing left to be shown.

By way of contradiction, assume distg(F7, Fp) < %Z”) then because 1 <
distg(Fy, F5) < oo there exists a shortest path zg € Fy, xq,- - 251 & F1U Fy, xp € Fy
inGwithl <k < %ﬁ;m Consider the subgraph G’ := G[Fy U{zy,- -+ ,z5_1} U Fy).

Observe that 0, (G") < v(Fy)+k—1+v(Fy) —ale(F1)+k+e(Fy)) = 60 (F1) +0a(Fy) +

k(1 — a) — 1 < 0, contradicting G € K, F. O

44.1 K g Reduces to (1,1)-Types

Definition 4.23 ((m, n)-type). Let G be a finite graph, m,n € N. G is of (m, n)-type if

there are exactly m copies of E; and n copies of F, in G as induced subgraphs.

Our main result for this subsection is that we can simplifya G € K 5 TF by reducing

them to (1, 1)-types. Before showing that, a very helpful lemma:

Lemma 4.24. Let G be any finite graph, o € (0,1]. Let V(G) := Vi [[ Va (So E(G) =
EWV)ITE(V2) 1 E(V4,Va)). Let h : G — G’ be s.t. h |v,= id and h is h is a quotient
induced by h |y, : thatis, (z,y) € E(hV}, hVy = V,) <— (Elxo € h™!(x) s.t. (xg,y) €

E(W, v2)>. Let H' Ciny G'. Then:

1. (upstairs) 6o(G[h™ (H")UV1])=0a(G[VA]) < 0a(G[ATH(H")]) = 00 (GIATH(H") N VA]).
2. (downstairs) likewise, 0, (G'[V (H\Uh(V1)])—6a(G'[h(V1)]) < 0o (H') — 6,(G'[V(H') N h(V1)]).

3. (upstairs - downstairs) 5o, (G[h ™ (H")]) — 6o (G (H') N V4]) < 6o (H') — 0,(G'[V(H') N h(V1))).
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Proof. (upstairs) and (downstairs) essentially follow from the <-AP property of K, 1r,
but we list them for ease of application (especially in combination with (upstairs-downstairs))

in later proofs.

1. For (upstairs),

LHS = 6,(Gh Y (H)~Vi]) —ae(Vinh ' (H"),h ' (H') ~ )
—ae(Vi~ R Y H'), L, (H') V)
< S (G HHY NV —ae(Vinh Y (H'), L (H') Vi)

= RHS.

2. Likewise for (downstairs),

LHS = 0u(G'V(H') \ h(V)]) — ae(h(Vi) N V(H'), V(H') ~ h(V1))
—ae(h(Vi) N V(H'),V(H') ~ h(V1))
< 0u(GVH) N h(V)]) = ae(h(Vi) NV(H'), V(H') \ h(V1))

= RHS.

3. For (upstairs - downstairs), first consider the function: 7, : Eg(Vinh™'(H'), k"' (H')~
Vi) = Eq (h(Vi))NV(H'), V(H') N\ h(V1)), mn(2,y) = (h(z),y). By the assump-

tion that A is an induced quotient, 7, is surjective. It follows that

ec(Vinh™'(H'),h ' (H') N\ V1) > eqr (h(Vi) NV (H'),V(H') ~ h(V1)) (4.2)
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Therefore

LHS = 6, (GIh Y (H') ~Vi]) — aec(h™ (H') ~ Vi, "\ (H') N V)

hlv, =id

205G VH!) ~ h(W)] — aeq(h™ (H') ~ Vi, " (H') N ;)

Inequality (4.2)

< GG V(H) N h(W)] — aee (h(Vi) NV (H'), V(H') ~ h(W1))

= RHS,

as desired.

We present a conceptual illustration of Lemma 4.24 in Figure 4.2.

__________________________
------------

s

______________________________

Figure 4.2: With H',h='(H’) as circled by the dashed ovals, the edges ((b,z), (c,y))
contribute to —2a in LHS(upstairs), —«a in RHS(upstairs), and 0 in RHS(upstairs-
downstairs).

Lemma 4.25. For G € K 5 71 let m > 2 be the number of copies of Ey in GG, enumerated
as oy, -+ ,0m. Let m be the quotient map identifying o0;,(x) ~ o;(x) whereever i # j €

[1,m] and x € V(E)), 7 being identity on G \ [ [, Im(o;). "*Then the quotient graph

Jj<m

G/me Kk s 1> and the same claim holds for E.

"Note that ([a], 1)) € E(G/m)[ror]) <= Vigizm ((771(@) Nor, 7 () N0r) € B(G)).
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Proof. We focus on E; as the same lines of arguments go through for Esy. Fix m > 2.

Let G be a minimal counter example to the claim with respect to m; that means:

1. G* € IC%TF, G* has m copies of Ey, yet G* /7 ¢ K, 1r (G* is a counter example),

and

2. VH C G*, ((H has m copies of El) - (H/(ﬂ' ) € ICQ;[‘F)) (G* is minimal,

in that no proper subgraph is a counter example with respect to m)."”

Such a minimal G* always exists as long as there exists any counter example (G*)o:
if a subgraph H C (G*), containing all m orbits also satisfies H/(7 [g) ¢ Ka1r, just
take (G*); := H and reiterate. Since (G*)’ is finite, this iteration terminates.

As G*/m ¢ K, 1r, one of the following 3 cases happens:
1. G*/m ¢ TF,;

2. G*/m € TF, yet for some H C G*/7 s.t. H 2 moy, 0,(H) < 0 (note that 7o, is

the unique copy of E; in G*/7);

3. G*/m € TF, and for every H C G*/mw s.t. H D moy, 0,(H) > 0; however there

exists an H C G*/n, H 2 moy, with 0,(H) < 0.

To derive the contradiction it suffices to show that none of the three cases can hap-

pen. Indeed,

1. G*/7 must be triangle-free. Suppose not, and let a, b, ¢ € G* /7 induce a triangle.

Either one or two out of the three vertices are in [ro;] = Ej.

9This asserts weaker inductive hypothesis than the one with out assuming #Oi(E1, H) = m, so
provides an a priori stronger conclusion.
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(a) If (wlog) only a isin 7oy, then we must have an z € V(E;) with {0 (), 02(x), - - -

v H(a) s.t. 0;(z)-b—c—o0j(x) C G* for some i # j € [1,m] (if i = j then
the subgraph G*[o; U {b, c}] would not have been triangle-free). This gives

distg+ (0, oj) < 3, contradicting Lemma 4.19.

(b) Otherwise, (wlog) only a,b € 7o,. For ease of notation, denote by a,” L= the
unique vertex in 7~ 1(a) N o;, Likewise for b;l (7,7 € [1,k]). Then upstairs
in G* € TF, c must connect to at least one a; 1 and at least one b;l, by the
definition of 7; furthermore we must have (a; ', b; '), (aj_l, bj_l) € E(G*) be-

cause all the G|o;]s are isomorphic to F, meaning i # j by triangle-freeness.

But then distg+(0;, 0;) < 2, contradiction.

2. Next we argue that for any H C G*/7 s.t. H D 7oy, d,(H) > 0, falsifying

case (2). Since 64(F1) —a < 0and Vi # j € [1,m] distg«(0;,05) > 6 > 1,

HjG[l,m] Oj gind G AISO, TOq1 gind G/ﬂ- and TOo1 = (Hje[l,m} O])/ﬂ-

(a) If mo, C H C G*/m: consider H := G*[x—(H)]. As 7o, C H, [li<moi C
H C G*. By minimality of G* and the fact that there are m copies of F; in

H, H=H/(r [7) € Ka,1r, s0 in particular 6, (H) > 0.

(b) Otherwise, H = G*/w. But then by my Lemma 4.24(3) applied to H' :=

G*/n, Vi = ]_[j<m 0;, we have

0a(G*) < 0a(G* /) = ba(mor) + 0a([ ] 0)) (4.3)

j<m

When a = 2, 6,(01) = 0a([1. <., 05) = 050 00(G*/7) > 6,(G*) > 0 as
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desired.” It should be noted that when o < 2, we only get d,(G*/m) >
60 (G*) = X ocjom 9al0;) < 0a(G¥) as da(0j) > 0, so no similar conclusion

about d,(G* /) can be drawn.?!

3. We are left with the third case, which we will essentially reduce to the second case

by (mainly, in the non-trivial subcase) looking downstairs. Let H C G* /7 be s.t.

H 2 To1.

(a) If H C moy or H C G*/m~ 7oy, then G*[n~"(H)] C []; 05 or G*[n~(H)] C

G* 1 ; 0, respectively. with do(H) = Sa(GT[n—1(H)]) > () in the first case

and 6, (H) = 6,(G*[x~1(H)]) > 0 in the second case.

(b) Otherwise, H must intersect both 7o, and G* /7 — mo;. We want to show that
do(H) > 0 as well. Since d,((G*/m)[V(H)]) < d.(H), it is without loss of
generality to assume H = (G*/7)[V(H)]. Then by Lemma 4.24(2) applied
to H := HV; =]

j<m Oj» we get

0o ((G*/m)[V(H)]) = da(mor N H) = 6a((G"/m)[V(H) Umoi]) = da(mor),

(N

which implies 6, ((G*/7)[V (H)]) > 0.((G*/7)[V (H) U m01]) =040 (m01) +00(m01 N H) >
M = Toa
Doy ,reduces to Case (2) 0 Cmoy

20In fact Inequality 4.3 can be made into equality using distg- (0;, 0j) > 2 = there exists no common
neighbor of 0;,0; == The > in Inequality (4.2) is in fact =. We keep the current presentation for ease of
generalizing to Porism 4.26(2).

21Such obstruction is not vacuous: per (a slightly modification of arguments in) [1], for any o € (0, 1]
Q, as long as 6, (H) > 0 for sufficiently large H € K, r, for any € € (0, o) there exists H' € K, 1r s.t.
do(H) — € < 6o (H') < 6o (H).

Note: Case (2) can also be argued without using the language of “minimal counter example” by directly
using Lemma 4.24 to both subcases (2a)(2b).
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In conclusion, none of the three cases happen, so G* does not exist. By arbitrariness

of m, we are done.*? O

The lines of argument generalize when appropriate assumptions are imposed:
Porism 4.26. Let o € (0, 1].
1. IfH & ICa,TF is s.t.

(a) 6,(H) = 0% and
(b) VB € K, 1r, any two different copies of H as subgraphs have distance at least

4in B,**

Then for any B € K, rr, whenever there are at least 2 copies of H in B as sub-
graphs, the quotient induced by gluing all copies of H remains in IC,, 7. In partic-

ular, there exists B' € K, rr of (1,1)-type s.t. B — B'.
2. If H € IC, is s.t.

(a) 0o(H) =0 and

(b) VB € K, any two different copies of H as subgraphs have distance at least

2in B,

22Remark: one may be tempted to rephrase the proof of Lemma 4.25 using the language of “join of
graphs” over the common isomorphic subgraph o;s (e.g. [1, 24*]), but there are obstacles: first, a priori
there is no canonical way to decide what the “host graphs” G1jna 201, , Ginind 20m, are; moreover there
is no immediately easy way of arguing that the non-free join of G,,s over the o,,s remain in K, tr, noting
there are edges across different G;, G ;s which may be impacted by performing the join. One therefore
believes that resorting to Lemma 4.24 remains the most convenient, and probably necessary, way.

2This implies all injective K, tr-homomorphisms out of H are embeddings, and kills the “inconclusive
inequality issue” noted in the proof of Lemma 4.25.

24This can be enforced by e.g. conditions in Proposition 4.22, but we keep the weaker assumptions.
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Then for any B € K, whenever there are at least 2 copies of H in B as subgraphs,

the quotient induced by gluing all copies of H remains in K. In particular, there

exists B' € K, of (1,1)-type s.t. B — B'.

Remark 4.27. Note that for any o € (0,1] and any B € K, if 0,(B) = 0 and §,(B’) >
0 (VB’ € B), then any two distinct copies of B in a host graph G € K, must be vertex-

disjoint. % In fact,

Proposition 4.28. Let k > 3 and o := % Then there is an infinite collection {H;}ic,, C

Kea1r s.t. for each i, 5,(H;) = 0 and (6,(H]) > 0 whenever H, C H;).

Proof. We first prove the case for k£ = 3. Consider the subcollection P of generalized
Petersen graphs (See discussions above Definition 4.47) with girth 5. Each H € P is

regular of degree 3 s0 0, (H) = v(H) — 3e(H) = v(H) — 3 - 3”(2H) = 0, and for any

H' C H, we have some vertex of degree less than 3, which means ad(H') < 3, i.e.
v(H') > 2e(H') = ae(H').

The crux of the observation above is that K, tr contains infinitely many graphs
regular of degree 2. Fixing k > 4, = £ this is always true. For each k let n > 2k
be arbitrary, then there is a k-regular, triangle-free subgraph of kK, ,, with vertex-size 2n,
namely by connecting 1, with 1g,2g, - , kg, 2 with 25, 3g, -+ , (k + 1)g, and so on,
with the vertices labelled modulo 7.%° Since n can be arbitrarily large, there are infinitely

many k-regular, triangle-free graphs in /C,, tr, as desired. [l

We now reveal how Lemma 4.25 and Porism 4.26 can be used to simplify the pre-

ZIndeed, otherwise assume in G € K, two copies 01,09 of B intersect at C’; then (54&002)) =
0a(01) + 04(02) — 04(C) = —d,(C) < 0.

%See e.g. the comments in here.
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sentation of K, tr. Let S, T be sets of finite graphs. Recall that S — 7 <= for each
s € & there exists t € T s.t. s homomorphically maps to ¢t. Note that this relation is
transitive. Also recall that 7 is a homomorphic presentation of S if (S — T AT C S).
Just like in Definition 4.23, given H := {H,-- JHy} (9 <w)and (¢, ,¢) € N9,
we say a finite graph G is of (c1, -+, ¢g) g-type if there are exactly ¢; copies of H; as

subgraphs in G, - - - , exactly ¢, copies of H, as subgraphs in G.
Theorem 4.29.

1. Let a := %, and let
5)
Sy = {G € Kaogr : G is connected, of (1, 1) -type, and (6’ TF)-homomorphically rigid }

Then Ka,TF — S().

2. Fix a € (0,1). If H is a tuple of (c, TF)-homomorphically rigid graphs each

satisfying the assumptions(1a)(1b) in Porism 4.26(1), then K, 17 — 807 ij» Where

So.i = {G € Ko : Gis connected, of (1,--- , 1) g-type, and (c, TF)-homomorphically rigid }

3. In either case above, |S, .| < Xy <= (there exists a finite homomorphic presen-

tation Of ICQ,TF> .

Proof. 1. Denote S, := {G € Kugr : G is connected}, S; := {G € S, : G is of

(1, 1)—type}. We prove that K, 1 — So — S1 — So.

(@) Kotr — S2 i take G € K, 1r and let Cy, - - -, C; be its connected compo-
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nents. Then any G* € (C}),—5—,(Cy)— - -.—5—(C;)(Notations above Corol-
lary 4.20) is triangle-free, connected and in fact lies in &C,.>” Embedding each

component to G* gives a homomorphism » : G — G* € K, 15

(b) Sy — S;: take G € S,. If G is of (0, *)-type, consider ¢ : G — G* € (Fy).—
5-.(G) C K,1r; likewise when G is of (x,0)-type. Therefore, it is without
loss of generality to consider G of (m,n)-types with m,n > 1. But per
Lemma 4.25, such G's homomorphically map to a (1, 1)-type by composing

two quotient maps. Note that homomorphisms preserve connectedness.

(c) 81 — Sp: take G € Sy, andlet Gy := G. If G is not («, TF)-homomorphically
rigid, there exists G; € Ku1r, ho : Gy — G non-injective homomor-
phism. Since v(G;) < v(Gy) < oo, such a chain must terminate with
an (a, TF)-homomorphically rigid, connected graph G,. Since E;, Fy are
(cv, TF)-homomorphically rigid, letting o, be the unique copy of E; in Gy
and o, for E,, then we must have h;_; o --- hy [,, injecting E; as a subgraph
of Gi¢. On the other hand, if there are more than one copy of F; in G; then per
Lemma 4.25, G; would not be («, TF)-homomorphically rigid. It follows that
G; € Sy as desired.

Note that similar ideas can be generalized to the following claim, whose for-

mal proof just uses the finiteness of elements in /C,, gs:

Claim 4.30. Let o € (0,1] and let S, := {G € Ko : G is (a, TF)-

homomorphically rigid}. Then S, is homomorphically universal in that for

27Similar to proof of Corollary 4.20, let H be a connected induced subgraph of G*. If H intersects with
exactly one of the Cjs, there exists t < 10 s.t. §o(H) = do(C; N H) +t — tae > 0; if e.g. H intersects
with Cj, Cj11, then §o(H) = 64 (C; N H) + 64 (Cjp1 NH) +5—6a +t' —t'a > 0 for some ¢’ < 10.
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any G € K, rr there exists G' € S, s.t. G = G
2. Very similar to Part (1). Define S, 5, S, ;7 analogously.

(@) Korr — S, j5: foreach a € (0, 1] there exists k >> 0s.t. k — (k + 1)a > 0.

We follow the same lines of argument, changing 5 to k.

(b) S, 5 — S, j7: we reduce to types (c1,--+,¢q) g With each ¢; > 1 by the same
“gluing” trick, changing 5 to k; such types reduce to (1,---,1); types per

Porism 4.26(1).

(©) Sl, g 807 7: we obtain hg, - - - , hy_; analogously, resulting in G, connected,
(o, TF)-homomorphically rigid. For the type (c1,-- -, ¢,) 5 of Gy, eachc; > 1
by the homomorphic rigidity of H;, and each ¢; < 1 by (a, TF)-homomorphic

rigidity of GG; and Porism 4.26(1).

3. In either case Sy is a homomorphic presentation of X, 1r, SO we prove the con-
verse. Assume |Sp .| = No; then for any n € w there exists G € Sy, s.t. v(G) > n
and each X, rp-homomorphism from G is injective. Assume for the sake of con-
tradiction that {My,--- , M} C K,1r presents K, 1r; take G € Sp., v(G) >
max;cr{v(M;)}, we have a contradiction, as some A/; has to host G as a sub-

graph.
[

Therefore to find a finite homomorphic presentation of /Cg,TF, it suffices to study

subclass So; for av € (0, 2), a potential approach is to find H playing the roles of { E, E»}.
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4.4.2 More Structural Properties of Homomorphic Presentation of IC,, r

We continue to refine the homomorphic presentation Sy C K 5 TF (and resp. 5 5 C
Ko, rr in general), seeking structural descriptions of the members in Sy .. First, except for

trivial cases, («, TF)-homomorphically rigid graphs cannot have pendant vertices.

Proposition 4.31. Let o € (0,1],G € Ko gr with e(G),v(G) > 2. If there exists © €

V(G) with deg(x) < 1, then G is not («, TF)-homomorphically rigid.

Proof. Ifdeg.(z) =0thenG — G/(x ~ y)forany y # xz,and G/(z ~ y) = G~{z} C
G € Kotr. Assume degi(x) = 1. Lety €! Ng(x). If deg(y) = 1 as well, then z—y
is an isolated edge in G, so G — G/(z ~ z,y ~ ') = G \ {z—y} € K, for any
(2", y') € E(G) ~ {2y}

Next assume degq(y) > 2 then there exists ' # = € Ng(y). I claim that the

canonical quotient h : G — G/(z ~ 2’) remains in K, rr. Indeed, for any H' Ci,g G/h:
o if [¢/] = [z] ¢ H' then H = G[h"'(H)] € Ko1r;
o if [¢/] = [z] € H then H' = G[h ' (H') \ z] € K4 1F-
O]

Proposition 4.32. Let G € K 5 1F be of (1, 1)-type, with o; the unique copy of E; in G as
(induced) subgraph. If x(G ~ (01 [[02)) = 1, then G is not (2, TF)-homomorphically

rigid.

Proof. Indeed, the only monochromatic graphs are edgeless. If there exists z € V(G

o1]]02) s.t. x € Ng(01) N Ng(02) then 6,(Goy Uos U{z}]) < 1—2a < 0. Therefore it
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must be the case that each z € V(G \ o; [ 02) is in at most one of N¢(0;) and Ng(09).

Pick any z € V(G \ o1 [[ 02).

* If z € Ng(o01), then because e(z, (G \ o1 [J02) \ {z}) = 0, e(z,02) = 0 and
da(01) +1—2a = —2 < 0, we have degq(z) = 1. Per Proposition 4.31, G is not

(cv, TF)-homomorphically rigid.

* Dually if x € Ng(02), we get deg(x) = 1 and G is not (o, TF)-homomorphically

rigid.

* Otherwise deg.(z) = 0; again G is non-(c«, TF)-homomorphically rigid by Propo-

sition 4.31.

]

In fact, for any a € (0, 2], any («, TF]-homomorphically rigid graph does not con-

tain six consecutive vertices globally of degree 2:

Lemma 4.33. Let a € (0, 2], G € Ko qp with e(G),v(G) > 2. If

(%) There exists x1 — xo — - -+ — xg C G, with each deg,(z;) = 2,7 € [1, 6]

Then

(x%) G is not (o, TF) — homomorphically rigid

Proof. Let G be as described and assume (x). Let y €! (N(z6) \ {2s5}).

1. Ify € {xl, cee ,1’4} . lfy = T2,X3 OI X4 then Ng(y) D) {$i71,$i+1<6,$6} —

degs(y) > 3, contradicting the assumption; hence y = x4, and x1-z5-- - - -Tg-71 1S
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a copy of Cy disconnected from G ~ {z1,--- , x4}, by the degree assumptions. It
follows that G — G ~\ {z1, -+ ,z6} € Korr, for Cg — Py — G~ {xy1,- - , w6}

Therefore G is not («, TF)-homomorphically rigid, as desired.
. If deg(y) = 1, per Proposition 4.31, G is not («, TF)-homomorphically rigid.

CIf dege(y) > 2,y & {x1,--- , 25,26} and Ng(y) ~ {z6} C {1, -+, x5}, the
only possible case is Ng(y) = {x1,x6}. Indeed, if x; := x9, x3, 14, Or rESp. T5 €
Ne(y) ~ {x¢} then that z; has degree > 3, its neighbors containing z; 1, x;,1 and
y.

Now when Ng(y) = {1, 26}, G[{z1, - ,z6,y}] = C7. Furthermore each vertex

of this copy of C7 has degree 2 in G, so G[{x1,--- ,xg,y}] is isolated. It follows

that G — ((G AN {1’1, s, Tg, y}) H C5) € ]Ca,TF via 07 —» 05.

. We are left with the case where deg(y) > 2,y ¢ {1, -+ ,x¢}, and Iz € Ng(y)~
{z1,--+ ,x¢}. The idea is two do a “one-step” collapse that reduces the vertex and

edge count both by 1. Consider the quotient map h : G — G/ (g ~ ).

(a) G/h is triangle-free: assume not. Then xg—+—«—x C G. Since Ng(xg) =
{y, x5}, that copy of P, is either xg—r5—*—x or xg—y—*—z. The latter is im-
possible, since ((y,xz) € E(G)) A G € TF; the former forces * = x4 and

xr = x3. But then Ng(z3) 2 {x4, 22, y}, contradicting deg(x3) = 2.
(b) Forany H C;q G/h:

o if V(H) N {xy, -+ ,x5} # 0: then 0,(H) = do(H N {xq, - ,x5}) +

Oa(H ~Azy, -+ ya5})—ae(H N {xy, -+ a5 h, H N {xy, -+ ,x5}) > 0,(HN

ca
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{z1, -+ x5}) —ae(HN{xy, - x5}, H~{xq,- -+ ,x5}).

— If 2y, 25 € V(H): then H N {zy,- - , x5} induces a subgraph of P;
containing both ends. Such subgraphs have 6, > d,(Ps) = 5 — 4a.
It follows that 0,(H N {z1, -+ ,x5}) — ae(H N {1, - ,25}, H <
{z1, -+ ,25}) > 5 —4da—2a > 0.

— If exactly one of z1, 25 € V(H) : then H N {xy,--- ,x5} induces a
subgraph of P, containing at least one end, whose d,, is at least 1; on
the other hand, e(H N {zy,--- , 25}, H ~ {x1,--- ,25}) < 1. Thus
do(HN{xy, - ,z5}) —ae(HN{xq, -+ x5}, H~A{x1, -+ ,x5}) >
1 —1a>0.

— Ifxy, x5 ¢ V(H) thene(H N{xy, - a5}, H~{z1, - ,25}) =05
since HN{xy, -+, x5} C Ps,its §q > 0,50 6o (HN{xq, -+ ,25}) —
ae(HN{xy, - o5}, H~ {xy,- -+ ,x5}) > 0.

« Y V(H) N {x1, - a5} = 0 then H = GIh~ (V(H)) ~ {z6}] € Kurr.

Having examined every possible case we conclude that G = (*x), as desired. O

Note also that the number “6” in Lemma 4.33 is tight at least for a € (3, 2],
witnessed by the («, TF)-homomorphic rigidity of (£} )-5—(F>) (Corollary 4.20). Noting

that (54 1)([£] — 1) <t when ¢ > 6, the following is also immediate:

Corollary 4.34. Let o« € (0,2], G € Kozr be (o, TF)-homomorphically rigid and o

281t is worthy of noting that any finite graph G' = (¥*) == Cs,C7,Cg or Pg embeds into G but not
necessarily the converse. Assume LHS and let zg := Ng(z1) ~ {22}, 27 := Ng(z6) ~ {x5}; the first two
subcases were discussed: (a) xg = ¢ <= 7 = w1, in which case G[{zg, -+ ,z7}] = Cs; (b) ¢ # w6
but ©g = x7, whence G[zg, - - ,x7] = C7; otherwise depending on whether (z¢, z7) € E(G), we have
G{zo,x1, -+ ,27}] = Cs V G[{zo, 21, -+ ,x7}] = Ps. For counter example of the converse, take two
copies of induced Cs then add edges {(; inners "Ei’outer)}ie[g]. This graph is regular of degree 3.
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a copy of cycle Cy as subgraph in G with t > 6. Then there are at least |%| vertices

t
6

Y, YL € Im(0) such that each degg(y;) > 3 (5 € [1,[£]]).%°
In addition,

Corollary 4.35. Let Sy be defined as in Theorem 4.29. Define
T = {G €Sy :VreV(G—o H02),degG(x) = 2}.

Then |T N (3, TF) — homomorphically rigid| < 2'° — 1, and G ~ oy [ 03 = [y B5 for

some k < 100 whenever G € T, o; the unique copy of E; in G.

Proof. If G ~ (01 ]J02) = 0 then G is disconnected and so G ¢ T. Take G € T N
(%, TF)-homomorphically-rigid; let z € V(G — 01 [[ 02) and C, Cing G\ 01 [ ] 02 be the

component of G \ oy [ | 02 containing z.
Claim 4.36. |V (C,) N Ng(o1)| = |[V(C.) N Ng(o2)| = 1.

Proof of claim. |V (C,) N Ng(01)],|V(Cy) N Ng(o2)| > 1 because G is connected.
Assume for the sake of contradiction that |V (C,) N Ng(o01)| > 2 thenleta # b €
V(C.) N Ng(o1), ¢ € V(C,) N Ng(02). Note ¢ ¢ {a,b} for Ng(01) N Ng(02) = (). Then
there exists simple paths bp;c, apsc C C, € G~ o1 [] 02. If py, po share some vertex other
than c, then there must be v" € (p1 N p2) N\ {c} with 3 < degg,, 11,,(V") < degg(v');
therefore p; N py = ¢ but then deg(c) > 3 because ¢ € Ng(0y) while py, pe Moy = 0.

Likewise we can disprove | Ng(02) NV (C,)| > 2. O

2let the number of deg; > 3 vertices in o be '; these vertices may dissect o into less than ¢’ “(degg = 2)-
arcs” if two of them are next to each other, but there are no more than ¢’ such arcs. So the total number of
vertices in o is, by Lemma 4.33, at most 5 x ¢ + ¢'.
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On the other hand, let xy €! V(C,) N Ng(01) then deg,(xg) = 2, for otherwise
da(Glor U {zo}]) < 0+ 1 —2a < 0. So C, has degree sequence 1,2,---,2,1 in
G~ 01 [] 02 and is a path: indeed, send the two deg-1 vertices to 1,n € P, forn := v(C,)
and observe that this extends uniquely to an isomorphism. Since Glo [[C.[]0s] €
Katr, n— (n+ 1)a+ 04(01 [[02) > 0 = n > 5; but (o, TF)-homorigidity requires
n < 6, by Lemma 4.33. It follows that C, = P.

Lastly, if for some (z,y9) € V(01) x V(02) there are components C; # Cy C
G 01 ][ 0 both connected to (g, yo), G will not be (2, TF)-homomorphically rigid, for
G/(Cy ~ Cy) = G\ C, € K,1r. Hence components of G \ oy [ ] 02 can be identified

by (z,y) € V(01) x V(02) the unique pair of connection points in (01, 05); there are at

(V(01 xV (02)

p ) = 219 — 1 such graphs up to isomorphism. O

MOSE D21 )1 (01)x V (o02)|

Recall that N < (H) := {z € G : diste({z}, H) < k} the collection of vertices in

G of distance at most £ from H and it also denotes the induced subgraph G[N¢g <i(H)].

We formulate the intuition that (for large «) the neighborhood of a marginally dense

subgraph must be very sparse. The observation below in particular applies to any B € S
5

with o; the unique copy of E; in B, as d,(0;) = 0 for a := <.

Lemma 4.37. Leta € (3,2], H C G € Ko1r, 0u(H) = 0. Then Ng,<o(H) \ E(H) is a

forest consisting of v(H ) trees.

Proof. Let G' := Ng <o(H) ~\ E(H). Note that v(H) > 5and e(H) > 6 by 0,(H) = 0.

44201 (1)Forx #y e V(H), No» <2({z}) and Ner <2({y}) are disconnected As-

sume otherwise, then N¢v <o({z}) N Nev <2({y}) # 0 for some x # y € V(H), or
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(((Ner <2({z}) 0 Nor<a({y}) = 0) A Ear((Neva({}), Nor<a({y}) # ) for some

r#yeV(H).

1. Case (a): let z € Ngv <a({x}) N Ngr <2({y}). There is a path p; : z— --—z and
pe : y—--—z C G' C G, each consisting of at most 2 edges. Therefore §,(G[H U

p1Ups]) < u(H) + 3 —4a < 0.

2. Case (b): similar to the above. Let z € Ng <o({z}),2’ € Ng <2({y}) be s.t.
(2,2') € E(G") C E(G). There is a path p; : z—--—z and py : y—--—2" C
G’ C @, each consisting of at most 2 edges. Therefore 0,(G[H U p; U po]) <

do(H)+4—(2x24+1)a <0.

Either case derives contradiction, as desired.

44202 (2)Forz € V(H), Nev <o({x})isconnected This is by definition of N¢v <o({x}):

indeed, for any y # z € N <2({x}), there is a path from y to z by joining the path x—

---—yand x— - - —2z.
Therefore G' = [, .y () Nev<2({2}), each summand being its own connected
component.

442.0.3 (3) Each Ng <o({z}) for x € V(H) is acyclic Assume otherwise, then
N¢r<o({x}) contains a cycle. Since Ng <2({z}) C G’ C G € TF, the cycle has size
> 4. By definition of N/ <o({z}), this means that, regardless of whether z is in the
cycle, there exists a path in G’ of length at least 3 starting from z: that is, x—a—b—c C G’,

|{z,a,b,c}| = 4. Note that c € Ng <2({z}), so:
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1. ifdistgr(c,z) = 1, 0,(G[H U {a,b,c}]) <3 —4a <0.
2. if distgr (¢, ) = 2 witnessed by a path p, 0,(G[H U {a,b,p}]) <4 — 5a < 0.

Each case induces a contradiction, as desired.
O

Next we show that for some «, («, TF)-homomorphically rigid graphs have tighter
bounds on local density of substructures. Per Fact 4.7 and the fact that H € £, <=

mad(H) < 2, we have whenever a € (2, 1], any G € K, 1 has x(G) < 3. Now,

Lemma 4.38. Fix o := g. Let G € ICo 17 be of type (1,1) and let 01, 05 denote the unique
copy of E, Es, respectively.
If:

(*) there exists H C (G \ (o HOQ)) with 6,(H) <

Y

DN | —

then

(xx) G is not (o, TF) — homomorphically rigid.
Proof. Let G be as described and assume (*). Since 4 —4a > 3—3a > % and H € K, 1,
one may manually check that either v(H) > 6 or H = K3 5. Furthermore,
Claim 4.39. there does notexistx #y € V(H), z,t € V(G)\V(H), s.t. (x—2—t-y C G

or x—z—y C G).

Proof of Claim 4.39. Otherwise consider the induced subgraph H' := G[V (H) U{z,t}].
Ithas 6, (H') = 00 (H) +2 — o — ae({z,t}, H) < 6o(H) + 2 — 3o < 6,(H) — 5 <0,

contradiction.

102



Similarly if some © # y € V(H) with common neighbor z ¢ V(H), then

5o (GIV(H)U{2}]) < 0a(H) + 1 — 20 < 64(H) + 2 — 3a < 0. O

Now we show that H = K3, = there exists a K 5 rr-homomorphism A from H
that induces a quotient 4’ on G, s.t. G/h' € Ks 1p» and v(H) > 6 = asimilar (h,h')

as described above exists. Together this will imply G |= ().

44204 Casel: H = K35 Anyhomomorphism h : H — P; is non-injective, and in
fact surjective for chromatic number concerns. Take one such 4 and let A’ be the quotient
map on G induced by h,*°

Assume not. Then one of three subcases would happen:
1. G/h' ¢ TF,;

2. G/ € TF, but there exists H' C G/h' s.t. H' O Im(h/ ) (i.e. H’' contains that

particular copy of P, as the image of H), and d,,(H') < 0;

3. G/h' € TF, and for every H” C G/h' s.t. H” 2 Im(h' [y) we have 6,(H") > 0,

yet there exists an H' C G/h, H' 2 Im(K' [g), with 6,(H") < 0.

However none of the subcases could happen:

4.42.0.4.1 Subcase 1(1) Assume this, and let a, b, ¢ induce a triangle in G/h/.
Then either one or two out of the three vertices are in Im(h' [5).

1. If (without loss of generality) only a is in Im(h" [g), then there must be x # y €

(h")~(a), s.t. 2=b—c—y C G € TF. This violates Claim 4.39.

OThat is, z + h(zx) if z € V(H), id elsewhere. Note that for z € V(G),y € V(G) \ V(H),
Egn(h(z),y) <= (3xo € h™'(2), Ec(x0,y)).
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2. Otherwise, without loss of generality {a,b} = V(Im(h' [)). But then there exists

a* € (W) (a),b* € (W')71(b) s.t. a*~c=b* C G. This also violates Claim 4.39.

4.4.2.04.2 Subcase 1(2) Assume this. Then H' O Im(h' [g) = P, € Ku1r.

Per Lemma 4.24,

0a(GI(R)H(H")]) = da((K) " (P2)) < da(H') — Sa((G/I)IV(H) N Py))

Hence 6, (0 (G[(W)"H(H')])) < 6u(H') — (2= ) + 6o(H) < 6u(H') =1+ 5 < —3

2

while G € K, 1, contradiction.

4.42.0.4.3 Subcase 1(3) Assume this. It is without loss of generality to further
assume H’ is induced. Also, H' ¢ Im(h' ) and H' € G[V(G) ~ Im(I' | )], for both
RHSs are in K5 1. Combined with the assumption that Im(h' [g) € H and v(Im(K [
)) =2, we have |V (Im(h' [g)) N H'| = 1. We denote this vertex by a. An application of

Lemma 4.24(1) and (3) gives

0a(G[(R) " (H') U H]) — 6a(H) < 0a(H') — da({a})

Therefore 6, (G[(h') "' (H')UH]) < 64(H')—1+6,(H) < 0o(H')—4 < 0, contradiction.
We conclude, as desired, that = K3, = there exists a £ 5 p-homomorphism
h from H that induces a quotient &’ on G, s.t. G/ € K 5 Tp-
Now x(H) > 1 because otherwise H contains no edges and 6,(H) > 1 > 1. On

the other hand, H € KC, 1r so by the discussion above the statement of this Proposition,
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X(H) <3.

44205 Case2: v(H)>6,x(H)=2. Onceagain H non-injectively surjects to P,

and it is routine to verify that similar argument to the above carries.

4.4.2.0.6 Case3: v(H) > 6,x(H) = 3. Any homomorphism h : H — Cj is non-
injective. Such homomorphisms must exist, for H € K 5 TF has type (0,0) (Proposi-
tion 4.12). h is once again surjective for chromatic number concerns. Take one such h
and let i’ be the quotient map on G induced by h. which again is non-injective. I claim
that G/h' € Ky 1r.

Assume not; then again we have three subcases whose statements are identical to

Subcases 1(1)~ 1(3).

4.42.0.6.1 Subcase 2(1) The refutation of this subcase is almost identical to
Subcase 1(1), with “without loss of generality {a, b} = V(Im(h’ [5))” changed to “with-

out loss of generality {a,b} C V(Im(h' [g))and ¢ ¢ V(H)”.

4.42.0.6.2 Subcase 2(2) Almost identical to Subcase 1(2) too, with P, changed

to Cs and 2 — a changed to 5 — 5a > 2 > 1 > 6,(H).

4.4.2.0.6.3 Subcase2(3) Substituting H' with (G/h')[V (H')] if necessary, which

has ¢, < 0 once the original H' is so, one may assume /' is induced. By Lemma 4.24(1)(3)
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again,

0a(H') = 0a(H' NIm(K [1)) = 0a((G/H)[H" UIm(R' [5)]) = da(Im(h’ 1))

But then 6,(H') > 3, ((G/W)[H UIm(R' [g)]) + 0o (H NIm(R [5)) — 0o(Im(K [g)).
Observe that whenever a € [2,2],0,(C5) = do(Im(W [g)) =5 —5a < 1 < 6,(S) for
any S C C, 50 0o (H' NIm(K [g)) — do(Im(R' [5)) > 0; the first term d,((G /') [H' U
Im(K [g)]) > 0by G € K, 1r. Therefore 6, (H') > 0, contradiction.

With all cases covered, we conclude that (*) = (**), as desired. ]

Our derivation above shall work for a wider range of o when we impose stricter
conditions: this witnesses a trade-off between a-range and structural freedoms. Let “odd-
K,”, “odd-K. § ”, two types of subdivisions of K, and ('3, be defined as in Figure 4.3 from

[2]; note that E/;, E5 are instances of odd-/K,.

odd-K 5

Figure 4.3: “Odd-K,” and “Odd-K?2”; figure credit: [2]. Wriggled and dotted lines stand
for (pairwise only disjoint) paths. Dotted lines may have length zero. Wriggled lines have
positive length. The word “odd” in a face indicates that the surrounding cycle is odd.

Porism 4.40. Fix o € [£,2]. Let G € Ko zr. If:

2
(%) there exists H C G with <5Q(H) < R /\ H is free of odd-K 4, 0dd-K§>,
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then

(xx) G is not (a, TF) — homomorphically rigid.

Proof. Assume G is as described and satisfies (x). Since 3—3a > % and H € ICp 15, 00 (H) <
2 < 1, once again x(H) € {2,3} and either v(H) > 6 or H = K3,. Claim 4.39 holds,
because 0 (H) + 2 — 3o < 2 + 2 — 3a < 0. My proofs of Cases 1,2 therefore then go
through.

For Case 3 (x(H) = 3,v(H) > 6), then as H is non-bipartite and free of odd-K,
and 0odd-K2, H — Cyy1 — C5 where Cy,1 15 is the shortest odd cycle in H € TF [2].
The rest of my proof of Lemma 4.38 goes through for a € [2, 3] (whence 0,(C5) < 6,(S5)

forany S C Cj). [l

Remark 4.41. Recall [55] proves that if H is Cs-critical, 4v(H) — 5e(H) < 2. Our
Porism 4.40 provides a conditional “converse”: for o € (%, %], if G is (v, TF)-homomorphically
rigid, then VH C G, ((H is 0dd- K4, odd- K3-free) implies (4v(H) — 5e(H) = 5(v(H) —
Le(H)) > 50,(H) > 2).

We collect all description about homomorphic presentation of /C,, ¢ which we just
proved using properties of («, TF)-homomorphic rigid graphs.
Theorem 4.42.

1. Fix a := g. There exists a homomorphic presentation of B C K, 77 such that

(a) B C Sy (my Theorem 4.29), and maintains the property that (B is finite
< K, rr admits a finite presentation) ; furthermore,
(b) VB € B, with 01, 05 respectively the unique copy of F1, F in B:
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i. mingey(p) degg(x) = 2,7

ii. B does not contain 6 consecutive vertices globally of degree 2,

iii. Np<2(0;) ~ E(0;) is a forest of 10 trees (Vi € [2]); moreover for x €

V(o1),y € V(0q), the two trees rooted at x,y are disjoint.>* and
iv. x(B~o1]]02) €{2,3}, and for each H C (B~ 01 ][ 02), 6a(H) > &;
v. (BNoi]]os) — Cs3
(c) Moreover, 3B € B s.t.

i. Emb((E\).~5—.(E»), B)) # 0, and

ii. for every (m,n) € {(1,4),(2,3),(3,2), (4, 1)}, Emb((E1)s—m—.(C5).~

n—.(E»), B) # 0.

2. Leta € (0, %] Then there exists a homomorphic presentation B C K, 1r s.t.

(a) VB € Bwithv(B),e(B) > 2:
i. mingey(p)y degg () > 2 (mingey(p) degg(z) = 2ifa > 2), and x(B) €
[2, ko] with ko €!(2,2 + 1] NN;

«

ii. B does not contain 6 consecutive vertices globally of degree 2,

(b) If o € [2, 2], then in addition, VB € B,
i. if H C B is free of odd-K, and free of odd-K3, then 6,(H) > %
ii. if v # %, then for H C B, §o(H) =0 = Np<(H)\ E(H) isa

forest of v(H ) trees.

3!'Note that minge g degg(z) < ad(B) < mad(B) < 2.

32This follows from distz(01,02) > 6. In fact denote those two trees by T, = Np<a({z}) \
E(01),T, :== Np<2({y}) ~ E(02), we even have Ep(T,,T,) = ( for otherwise there will be a path

of length 5 connecting E', Fs.
**However note that e.g. (E1)-0~(C5)-0~(E2) N K3 15 = 0.
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(c) If 3H as described in Theorem 4.29(2), then in addition one may take B C

So i

Proof. Only Part (1c) requires further arguments. Let A := (E;)-5-(E») U ((Ey)-m~

05_n_(E2)) and let G := ][ .A. Each component of G|, is either a member

m+n=5m,n>0"
of (E1)-5-(E,), which is in K, 1r (Corollary 4.20), or of (E;)-m—Cs;—n—(E,), whose

G .
Homyy; (E1,G),Homyy, (E2,G)°

Ko tr-membership is routine to check.* Thus Gy € K, 1r. Let G :=
per Lemma 4.25, G’ € K, tr. Each component of Gy embeds into G’ naturally; G’ is con-
nected, of (1, 1)-type, and one may take B := any («, TF)-homomorphically rigid graph
s.t. Hom(G’, B) # (), which always exists by finiteness of G’.3°

It remains to show that the homomorphisms from (E;).—5—.(E>) and (E}).—m—
«(C5)—n—(E2) to B via G’ remain embeddings. As 0, ((F1).—5—(F2)) = 0and (E}).—
5-(E,) is (2, TF)-homomorphically rigid (Corollary 4.20), the claim for (E;),—5—,(E)
follows by Proposition 4.18; as for each G' € (E})-m-(C5)-n-(E2), per Proposition 4.18
again and the fact that 4 (G) = 0 it suffices to show such G is (2, TF)-homomorphically

rigid. A more general statement is proved below, from which our theorem follows. [

Claim 4.43. (E))-m—(C5)-n—(FEs) are («, TF)-homomorphically rigid for o € (%, %],
(m,n) € {(1,4),(2,3), (3,2),(4,1)}.

Proof. Let G € (E,)-m—(C5)-n—(E>), 01,0 denote the unique copy of Fi, Fs in G

respectively, and let o3 denote the unique copy of (5 in G that is disjoint from o1, 0.

3*With slight abuse let us use E; and Es to denote respectively the unique copy of E; in G respectively,
and let C5 denote the unique copy of C'5 in G that is disjoint from F;, F». G contains no triangle as it
merely adds paths across (E1,C5) or (Cs, Ey). Let connected H C G; if H N E; = 0 then §,(H) >
0o (H N E1) + 64(-0-Cs) = 6,(HN Ey) +5— (1 +5)a > 0; dually when H N E5 = (). Otherwise,
HNE,HNEy # 0, whence 6o, (H) = 00 (HNEL) + 6o (H N E3) 4 60 (-m~Cs-n-) = 5, (H N Ey) +
do(HNE)+m+n+5—(m+n+2+5)a>0.

35 And by arguments in proof of Theorem 4.29, homomorphisms preserve connectedness and (1, 1)-type.
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Take arbitrary B € Ks 1 and h : G — B homomorphism.

First, by Lemma 4.19, B[ho1| N B[hos] = 0. If hog N hoy # () and hos € hoy, we'd
have da(B[ho1 U hos]) < 07 violating B € Ks 1 if hos € hoy then distp(hoy, hoa) <
4+1 < 6 violating Lemma 4.19. It follows that ho; N hos = (), and dually ho; N hoy = (),
SO 1t [moy [ 1mos [ [ Imos 1S iNjective.

Now let p be the shortest path in B[Imh] connecting o1, 03, and let ¢ be the shortest
path in B[Imh] connecting 0,, 03. If (pMq) \ hos # 0, then once again distg(hoy, hog) <
5 < 6, contradicting Lemma 4.19. Therefore (p N ¢) ~ hos = (). We also have p N hoy =
q N ho; = () by distances concern.

Lastly observe that |p \ (hoy [[ ho3)| < m and |g \ (hoe ] ho3)| < n; by the
fact that distg (ho;, hos) < distg(0;, 03) (per definition of homomorphisms and subgraph
distance). if either of the inequalities are strict then B[ho; U hoy U hoz U p U q] <
542x10+(m+n)—1—a(54+2%x 124+ (m+n—1)+2) =29 — 35a < 0, thanks
to (p N q) ~ hog = 0; so |p ~ (ho; [[ hos)| = m and |g \ (ho1 ][] ho3)| = n. These two
sets are disjoint, so it follows v(Im(h)) > 2 x 10 + 5+ m 4+ n = 30 = v(G) so that h is
injective, as desired.

Note that the argument for their («, TF)-rigidity in fact goes through for all a €

. O

I

—~
oolw
[S1{ =}
ot

Remark 4.44. We discuss the particular B in Theorem 4.42(1c) because, the F/1-5-E5 and
E1-m-C's-n-F, are building blocks for our candidates towards a finite homomorphic pre-

sentation of /C 5 TE- For example, Corollary 4.35 says that the only (%, TF)-homomorphic

3Imho; would have at least one “Boomerang arc”, i.e. a path 2p’y with 2,y € ho; A p’ N hoy = 0, of
length < 5 attached to it, formed by members of hoz . (ho1), and d,(B[Imho; U p']) <044 — 5a < 0.
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rigids G where the deg,(x) = 2 for every z € V(G ~\ 01 ][] 02) comes from gluing
members of (F;)-5—(FE>) along their respective copies of £y, Fs.

It should also be noted that techniques above do not easily generalize to K, k,, —free-
Indeed, each graph homomorphism / can be decomposed into a sequence of pairwise
quotients followed by an injective homomorphism®’; In K, 1r it is necessary that in any
such decomposition, any pairwise quotient is not of the form G;/a ~ b where a—*—*—
b Cina G;. This imotivated some proofs on quotient graphs above, and it is unclear
for n > 4 in terms of finding similar conditions on pairwise-quotient decomposition of

homomorphisms.

4.5 Open Problems and Future Directions

It is unfortunate that we are unable to close the case for any o € (0, %] in terms of
finitizability of homomorphic presentation of X'y, rr, but I believe my results have brought

us closer thereto. In particular:

45.0.0.1 Fora = %: we know more structural information about homomorphic pre-

sentation of K, rr than smaller as. One may even ask:

Problem 4.45. Fix a := 2. Is it true that {B} where B is as addressed in Theo-

rem (4.42)(1c) forms a IC 5 rr-presentation?

3For each non-singleton h-fibre, glue the preimage one by one. The quotient graph
(G/(mp 0o mp_1---om) has a well-defined natural bijection to hG on their vertices, namely ¢ : =

h(m~1(x)); edgewise, one may prove by induction on n using definition of induced quotients that
Eg/r(x1,22) <= ((Elzf € m Y(z1),25 € wfl(.rg))Eg(xT,a:’g‘)), which implies Ep, (hx1, hxs).
This says ¢« € Homyyj(G/, hG).
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Evidence supporting a positive answer to Problem 4.45 is not limited to our knowl-
edge that (E1)-5—(E3), (E1)-m—(Cs)-n—(E,) are (2, TF)-homomorphically rigid. In
fact, Let us define a homomorphic basis B as a reduced homomorphic presentation, i.e. a
homomorphic presentation B s.t. VB # By € B, (B; 4 Bs) A(Bs 4 Bi). Existence
of finite presentation implies existence of finite basis, by removing any homomorphically

dependent element.

Proposition 4.46. Let o € (0, 1]. If K 77 admits a finite homomorphic presentation, then

it admits a singleton homomorphic basis, where the unique element is connected.

Proof. For each « there exists t, >> 0s.t. t, — a(t, +1) > 0. Let B={By, -+, B}
be a finite homomorphic basis. Assume for the sake of contradiction that m > 2, let
B’ := (By)s—ta—«(B2)s— - - —to—s(Bm) € Ka1r (proof of Theorem 4.29). We must have
Hom(B', B;) = () for any i € [m], for otherwise letting B; be the counter example and
J € [m] ~ {i*} we would have h [p,€ Hom(Bj, Bs-). But then B’ witnesses the failure

of B as a homomorphic presentation, contradiction. [

Therefore, if K 5 tr does admit finite presentation and hence singleton basis, then
either B explicitly constructed from Theorem 4.42 or some B’ |= (Theorem 4.42(1c) and
B homomorphically injects to B’)** would be the unique basis element.* I also suspect

that such { B'} is the common K, tr-homomorphic basis for every a € (3, 3].

38There could be other substructures in B’.

39 A next step could be to check whether the following claims are true: (a) For o = % or reasonably below,
there are no («, TF)-homomorphically rigid graphs in (E; )-z—(C7)-y—(Es3). (b) G € Sy (Theorem (4.42))
implies Vo € V(G \ o1 ]]02), degg o, 110, (%) < 3. Another possible intermediary goal: let G* be
a minimal (1,1)-type counter example to the claim that “VG € Ks 1z, Hom(G, B) # () where B is as
described in Theorem (4.42)(1c)”. Then an induced C5 in G \ o1 ][] 02 has at least 3 G-strings attached,
where a string is a path of global degrees (> 3)-2— - - —2—(> 3). The claim mimics Lemma 15 in [55].

40 Another possibly interesting question which might give some insight towards finding the homomor-
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45.0.0.2 For a € (0, %} All triangle-free graphs regular of degree 3 are in such

Ko te, which in particular include all generalized Petersen graphs G(n, k) where k < %,
V(G(n, k) = {Uz'}z‘e[n} H{Ui}ie[n]’ E(G) = {(us, wit1), (wi,v;), (vi, virg)}iI doubt if
there is a finite homomorphic presentation, and if not, its proof may require a machin-
ery more relaxed and general than («, TF)-homomorphic rigidity. Here is a possible ap-

proach:

Definition 4.47. Fix a € (0, Z]. Define the partial function f, : w X w — w,*!

(n,k) — min {v(B) : B € Ko1r, and G(n, k) — B}

Problem 4.48. Fix o € (0, %] Let w X w admit the dictionary order. Does there exist
{(ai, b;) }icw an increasing sequence in w X w, on which f, | and is strictly monotone

increasing?

Note: a positive answer to Problem 4.48 would disprove the existence of finite
presentation for that o.*? Also, in any range of «, it would be helpful to characterize the

sufficient conditions for («v, TF)-homomorphic rigidity, not just necessary conditions.

phic basis of K, 1 for a € (2, %] is whether there are any absolutely TF-homomorphically rigids in
CSP(M . 1r) for some o € (%, %) other than C5 and P,. Note that SCE; is a TF-homomorphically rigid
graph in Ko, 15 for a € (0, %], C5 = Ay, P, are TF-homomorphically rigid graphs in /C,, 1r for € (0, 1].
None of the Andrdsfai graphs, except for Cs and P, lie in CSP(9M, r) for any o € (%, %) Per [3]
and Proposition 4.59(2), one may know the answer to this question by answering if any subgraph of the
Petersen’s graph G(5, 2) is homomorphically rigid, but without further insights this would have to be brute-
forced.

Also note: if B' € K5 1 homomorphically bounds all K (s s rp := Uae(%)%] Ko, 1r then there should
be no absolutely TF-homomorphically rigid graphs in IC(? ) TF N K 5 TF for otherwise B’ has to contain
an overly-dense subgraph.

“'The domain is wherever G(n, k) makes sense.

“1f such {(a;, b;)}; exists, it is also necessary that for each i,2 { a; \VV 2 | b;, because only then will we
have x(G(a;, b;)) = 3.
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4.6 Appendix

Remark 4.49. We point out that “copies of subgraphs” can be stated in an more alge-
braically accurate way and we choose our current presentation in the main text for suc-
cinctness. Let A, B be (labelled) finite graphs; observe that Aut(A) acts on Hom;yi(A, B)
inducing a natural equivalent relation: hy ~ hy <= ((3o € Aut(A4))(h; = hy 0 0)).
Note that B[Im(h1)] = B[Im(h)]. Denote by Homiy;( A, B) := *2222 and the “num-

ber of Aut(A)-orbits in Homiy(A, B)” by #0;si(A, B) := |Homyyj(A, B)|.

Example 4.50. We compute that #0,,;/(Cs, E1) = 3, confirming our intuition that “E;
contains 3 copies of Cs. Indeed, note that the Aut(A)-action on Hom,,j( A, B) is free, so
#O0uwi(A,B) = [Homn (B - Ay Aut(Cs) = D5 so |Aut(Cs)| = 10, while one may count

|Aut(A)]

that |Hom;,;(Cs, E1)| = 30 by elementary methods.*

Remark 4.51. We are aware of a relevant notation in the combinatorics community: let
7 be a finite relational language and let 2, B be finite 7-structures s.t. Emb(8,2l) # 0.
Then (g) = {C C 2 (as substructures): € = B}. We still adopt H(irvni“j(_’ —) and
#Oinj(—, —) mainly because Hgl/linj(A, —) collects the number of injective homomor-

phisms up to Aut(A)-action, while () collects such embeddings. In other words, when

43Since FE, € TF, Hom(C’5, El) = Hommj (057 El) For any h € Hominj(Cg), El) = Hom(C5, El):

1. If h(1¢, ) has degree 2 in E4, then h(2¢, ) uniquely determines the homomorphism. There are 6 x 2
such homomorphisms.

2. If h(lc,) € {1g,,1%,,3E,}, then h(2¢,) can be either of degree 2 (two choices) or of degree
3. When h(2¢,) has degree 2, h is determined; when h(2¢, has degree 3, h(2¢.) must be 2, ,
and h(3¢,) has two choices, and then no further freedom for h(4g, ), h(5g, ). Therefore there are
3 x (2 x 141 x2) =12 such homomorphisms.

3. lastly, if h(1¢,) = 2g, then we have 3 choices for h(2¢,); for each choice of h(2¢,) we have 2
choices for i (3¢, ). We obtain the last 3 x 2 = 6 homomorphisms.

The total amounts to 2 x 12 + 6 = 30.

114



we say “copies of subgraphs A in B” we mean H(irvni“j(A’ B) while “copies of induced
subgraphs A in B” we mean (f).

In cases such as when A is maximally triangle-free and B is triangle-free or situ-
ations as desribed in Proposition 4.18, H(irvninj(A, B) = (ﬁ), but in general thrvninj fits
more closely in our framework. For that, and also due to time constraint, in the appendix
section we refrain from changing notations such as H(Eli“j(A’ B) or #0;,i(A, B) into

words.

In the appendix we also occasionally use the notations below.Once again, due to

time constraints we do not change them into words in the appendix.

Notation 4.52. Let H be any finite graph. Hom(H, —), Hom,(H, —), Emb(H, —)
are resp. the functors Graph — Set that assigns B — Homgy(H, B),B — {h €
Hom(H, B) : h is injective}, and B +— {h € Hom,(H, B) : h is an embedding as
substructure}. In our context, substructures are just induced subgraphs.

Fixa € (0,1]and H € K, 1r. Homy, . (H, —), Homyyj

«,TF a,TF(H7 _)7 Emb/Ca,TF (H7 _)

are resp. the functors K,p — Set that assigns B +— Homg, .(H,B),B — {h €

Homy, ..(H, B) : his injective}, and B +— {h € Homy x,, (H, B) : h is an embedding

a,TF

as substructure}.

Now comes the material contents of the appendix section. Here we collect some
more partial results generated while attempting to finitize the presentation of K, tgs.
These frameworks could potentially develop to something more interesting presuming
the reader’s interest, insight, and technical ingenuity. A few further comments are also

included.

115



4.6.1 Towards Homomorphism-Gluability Study of Hrushovski-Fraissé
Classes

Straight from the definition of (<-AP)or by simple vertex-edge counting we know
for an (o, <)-Hrushovski-Fraissé Class K (Ko, Ko 1F, Ko K, —free), 11 € Embi(A, B), 15 €

Emby (A, C) such that ¢; is strong, i.e. 0,(A) = do(114) < 0,(B’) forany 1;A C B’ C

. BIIC
B, 11, 15 glue to make a new embedding ¢; ~ 5 € Emby (A4, @@y on ). We would

like to study how this generalizes to K-homomorphisms. First, a naive generalization

where we assert a <-condition on the source and the target:

Proposition 4.53. Fix arbitrary o € (0, 1], and let KC be an («, =)-Hrushovski-Fraissé
class. Let hy € Homy(G1, Hy), hy € Homi(Ge, Hs), 1; € Embi(Go, G;) (i € [2]) be

s.t..
1. hlbl(G()) = h2L2(GO);
2. hlbl(Go) j Hl or h2L2<GO) j H2; and

3. Ll(Go) '_< G1 or L2(G0) '_< GQ.

then 3112 o pom, (Gl LG M ILH > Note the choices of i € [1,2] in (2) and (3)

hiti~hata i~y ) hiti~hats

are independent.

Proof. Let Q, := M, Q; = AL I1H> 76t send each v € Qs to

L1~ hiti~hata

hl(v), ifve G1 N LlGo,
hg(’U), ifv e Gy LQG(),

[hibﬂ)o], ifv= [[/iUO]
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This is well-defined because for any v = [t1v9] = [12v0], hv = [hit1ve] = [hatovg]
remains the same vertex in ;. A’ is also a graph homomorphism, which follows from the
facts that F(Qs) = F(G1)UE(Gs) and E(Q,) = E(H,)U E(H,), and each h; is a graph
homomorphism.

It therefore suffices to show that (), Q); are respectively in /. For @), it follows
from the <-AP property; for ();, apply the <-AP property on the target to obtain ); € C,;

# and lastly, if K is Ko.1r O Ko K, —free, ¢ forbids the corresponding clique as well. This

is really just the definition of {hlbl(a)}ilhgliz)}aeGo’ because F(Q;) = E(H,) U E(H,),
while if a K, were to emerge from the gluing there mustbe e € Eq, (Hy ~\ hit1(Gy), Ha

hQLQ(GO)), avoiding E(Hl) U E(Hg) OJ

Note that when hy = idg,, the conditions (2) and (3) can be combined into ¢5(Gp) =
(5. One might want to explore the connection of this simple observation with, for exam-
ple, the upstairs-downstairs inequality in Lemma 4.24. However, the observation below
shows that the < conditions are usually too strong when it comes to gluing homomor-

phisms in K, 1, even when restricted to cases where we are interested.

Proposition 4.54. Let o € (0,1], G; € Kogr, H C Gy be s.t. 9o,(H) = 0 and H is
(o, TF)-homomorphically rigid.* Let . € Emb(() # Gy, Gy) be s.t. 1(Go) N H = () and

Ec,(H,(Gy)) # 0. Then (=(u(Go) = G1)), and Vh € Homy, ,,(G1,—), ((hGo N

“Without loss of generality assume h111Go < Gy. Let B Cipq Q;. Then

da(B) 0a(Q¢[B N Ha]) 4 64(Q¢[B N Hy]) — 6a(Q¢[B N [h1t1Go]])
00 (Q+[B N Hy]) — 6a(Q:[B N [h1t1Go)])
(Sa(Qt[B NHyU h1L1G0]) - 6Q(Qt[[h1L1G0]D

0,

VIV oIVl

where [H]| := {[v] : [v] € V(H)}.
“For example, o = 2,G1 € Sy, H €! Homypj(E1, G).
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hH =0) = —(h«(Goy) < hGy)). See Figure 4.4 for illustration.

.

Figure 4.4: Example where the Gy embeddings and disjoint homomorphisms can’t be
strong.

Proof. Indeed, consider G* := G1[V(H) U V(.Gy)]; note that (Gy) € G* C Gy, and
ec, (H,1Gy) > 0 per assumption. However 0, (G*) = 0,(H)+0,(tGo) —aeq, (H, 1Gy) =
3o (LGo) — aeq, (H,1Gg) < 64(tGh).

Applying Proposition 4.18 to [, we have h(H) = H for any h € Homy, .(G1, —).
Moreover by definition of homomorphisms and the assumption that htGoy N hH = (),
we have ey, (hH, ht(Go)) # 0. Then again set G* = (hG1)[V (RH) U V(hGy)]; we
have htGy C G* C hG yet 0,(G*) = do(hH) + do(htGy) — aeng, (hH, hGy) <

(Sa(hbGo). D

I exhibit another set of conditions sufficient for gluability of homomorphisms, which
does not seek <-relations. What might be interesting is that instead of requiring “relative
density” like in the <-criterion, we require the “relative sparsity” of the common image

compared to the number of “out-going” edges. *°

4The goal was: by showing if graphs Gy € K, r are either “relatively very dense” (Proposition 4.53)
or “relatively very sparse” (Proposition 4.55 then homomorphisms may glue over it, somehow deduce that
there are finitely many “mildly dense” graphs in K, t¢ Which either 1-1 correspond to elements in S
(Theorem 4.29) which would close the case, or correspond to “maximal ep-types” triggering Bodirsky’s
characterization for pp-equivalence to a finite or w-categorical structure [13, 62*] to achieve nicer presen-
tation. As the location of this subsection indicates, I have not been able to achieve this.
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Proposition 4.55. Fix arbitrary o € (0, 1], and let K be an («, X)-Hrushovski-Fraissé

class. Let hy € Homic(Gy1, Hy), he € Homy(Ga, Hs), 1; € Embic(Gy, G;) (i € [2]) be s.t.

GllG: ¢ o

i o,TF and.

1. hlLl(GO) = h2L2(GO);

2. Foreach connected H C;,y h111Go, 6o(H) > a(ehlgl(H, h1G1~h1t1Go) + enya, (H, haGa

h2[/2GO>).

Then 3-a1lhz_ o HomKa’TF<G1HG2 A1 1] Ha )

hiti~hata ti~te ) hiti~hats

Proof. Once again we let ), := %, Q; = % The construction and proof of
all but Q); € K, is identical to that of Proposition 4.53, and they use merely Condition (1).
Also note that Condition (2) is equivalent to the same assertion without the adjective

“connected”, by summing over all connected components of H C;,q hyt1G on the LHS

and RHS. To see that (); € K,,, let H C;,q ();. We have

O (H) = Oa(Qi[H N (M Gy ~ hiaGo)])

(. >

ChiCh
+5a(9t[H N (hQGQ AN h2L2G0)l) + 5a<H N [hlLlGO])
ChyGo

—Oéth<H N (h1G1 AN hlblGo), HnN [hlblGo])

—QeQ, (H N (h2G2 N thQGo), HnN [hgbgGo])

v

504(H N [h1LG0]>
—aeq,(H N (MG~ hGo), H N [hit1Go))
—aeq,(H N (hyGy N hataGo), H N [hataGo))
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H’::Hﬂ[hlLl_Go]g[hlblGo]

do(H")
—Oé€Qt(H N (h1G1 AN hlblGo), H,)

—Oéth<H N (h2G2 AN hQLQGo), H/)

Z §Q(Hl> — Oéth(hlGl AN hlblGo, H/) — ath(hQGQ AN thgGo, H/)
= (SQ(H/> — O€p Gy (hlGl AN hlblGo, H/) — aehQGQ(thg AN thQGQ, Hl)
> 0

as desired. ¥/ O

We close this subsection with an example applying Proposition 4.55 to find a gluing.

Example 4.56. Let G|, G5 be as defined in Figure 4.5. Let Gy := P5. 1; : Gy — Gj

G1]1Ga

forming the pink paths, i.e. ip, — ~y; or 7. It is routine to verify that Q)5 := R e —
1 1O 5

isin K 5 75

Let Hy := %NLIPPG)G where distg(x,a) = 2, then 3hy : Gy — H,. Indeed, Observe
that accy B3B281ba = C; and each edge in Fy lies in either an induced copy of C; or
an induced copy of Cs. In the former case, isomorphically map acacy335201ba to the
induced C4, fixing (a,b); in the latter case, choose a canonical homomorphisim C7; — Cs
preserving dist,({a},{c}): for example py ~ [3,Ps ~ b. Let Hy := G and hy := id.
We want to show that hy and hy glues via hity ~ hsto to form a homomorphism in IC 5 71>
which boils down to checking Condition 2, as obviously hit1Goy == hstoGgo. The setup is

illustrated in Figure 4.5.

To see this, note that §,(P5) — 2 = 5 — 6a = 0 and for any connected proper

4TNote that Condition 2 is weaker than the condition obtained by changing H on the RHS to h1,Gy.
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G, : Gy

Y1 e Yy

<{ 71 Y
A e SRiise SRt
a i | i |
! : f G Cq I : X 1
1=6G ] !
i Ey . 1 h E, : : Eq :
b ' : !
_____________ g P g i g L_____________:

H HyITH,

2 e B -5-ECK
o ~hpy 2T

(b) Example 4.56: the target and the gluing.

Figure 4.5: Example 4.56 illustrated

subgraph H C ~y— - -—s5, it must miss either vy or vy, or miss both. In either case,
ChiGq (H, hlGl\hlblGo) + ChaGo (H, thQ\thgGo) S 1, SO 5Q(H)—Oé <€h1G1 (H, hlGl\

h1t1Go) + enyay(H, haGa hQLQGO)) >m—(m—1)a—1xa=m(l—a)>0for
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some m € [1,4].%

4.6.2 On (Absolute) TF-homomorphic rigidity

One may wonder if the concepts of («, TF)-homomorphic rigidity could general-
ize to other (Hrushovski-)Fraissé classes. For example, one may define c-homomorphic
rigidity in a similar way: H € K, is a-homomorphically rigid if Homy, (H,—) =
Homip; i, (H, —). We have yet to find a clean combinatorial description or application
scenario of a-homomorphic rigidity, given that we already know the finite presentation
of K,. On the other hand, the (absolute) TF-homomorphic rigidity, which we naturu-
ally define by (H € TF and Homyp(H, —) = Homyy1r(H, —)) captures some fairly

interesting combinatorial phenomena.
Proposition 4.58. For a finite graph () # H € TF, the following are equivalent:
1. H is TF-homomorphically rigid.

2. Ya e (0 %] H is (a, TF)-homomorphically rigid.

’ mad

48
Remark 4.57. We say G € K5 g with 0; €! Homiyj(E;, G) is (a, b; ¢)-shaped if G\ (01 [ [ 02) has exactly

* _ E1[[Payo[{ Poyo [T Peyo [T Eo
1 vertex z* of global degree 3, and G = ) I ) o V=S 720 R PSRRI PN s 7 for some ¢, r €

01,t € 0g; one may define (a;b, ¢)-shaped analogously. For example Gllu fZ in Example 4.56 is (5; 1, 3)

L1~L

a,b, c > 0
or (5;3, 1)-shaped. It can be derived that we need ¢ a +b,b+c¢,c+a > 4 inorderfor G € Ks 1r.
a+b+c > 9

We conjecture that all (a; b, ¢) and (a, b; ¢)-shaped G € K 5 g are not (%7 TF)-homomorphically rigid and
map to (E1)-5—(E>),* and it is our hope that tricks similar to Example 4.56 using Proposition 4.55 might
help prove it.

Note: at least for (0, 5;4)-shaped we already need some gluing technique slightly different from Ex-
ample 4.56, yet still explainable by Proposition 4.55, namely by leaving =* outside the image ho;. We
believe this small class of examples could help obtain better usage or improvement of the gluing tech-
niques, although we are aware that whether (a; b, ¢)-shaped and (a, b; ¢)-shaped homomorphically map to
(E1)-m~(C5)-n—(E2) do not directly impact the existence of finite Ks rg-presentation.
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3. H has enough Ps; that is, for any (a,b) € (V<2H)) \ E(H), a—*—*=b C;,y H.

Proof. Unpacking definitions.

1. (2) = (1): Note for each o € (0 we have H € K,1r. Let h €

L]
> mad(H)

Homrp(H, B) and take 0 < a < min(ﬁ(m, #(B)); then H, B € K, r and
h € Homg, ..(H, B) is injective per (2). By arbitrariness of B,h, H is TF-

homomorphically rigid.

2. (1) = (2): each h € Homg, ,.(H, B) € Homrg(H, B) and is therefore injec-

tive.

3. =(1) = —(3): Let (B, h) witness —(1). Since h is non-injective, there exists
(a,b) € (”(f)) \ E(H) s.t. h(a) = h(b). But then it cannot be the case that

a—*—x—b Qind H.

4. =(3) = (1) let (a,0) € (VU)) < B(H) be s.t. a—*—+-b Zing H. Since

(a,b) ¢ E(H), the map H — - is a homomorphism; also, . € TE.® So

h € Homre(H, —) ~ Homyyj rr(H, —).
]
Examples of graphs that has enough P;s include C’5, Petersen’s graph, and the fol-
lowing graph that I call SCE; (“skew” and “contracted” F;). We finish our discussion on

TF-homomorphic rigidity or equivalently P;-enoughness with the following results.

Proposition 4.59. 1. There are infinitely many TF-homomorphically rigid graphs, so

TF does not admit a finite presentation.

59 Assume not; then one of the three vertices in any triangle in H/a ~ b must be [a,b]. So there exists
¢ € Ng(a),d € Ng(b) sit. (¢,d) € E(H). Note that (a,d), (¢,b) ¢ E(H) for o.w. Hla,d,c] or resp.
H{b, d, c] would be a triangle. But then a—c—d—b Cjpq H.
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3
1
SCE,

Figure 4.6: To my knowledge SCE; was first mentioned without naming in [3] as an

example with mad = % which does not admit a homomorphism to the Petersen’s

graph. This also says CSP(E)JI% verr) & CSP(M. 1p). To see that SCE; has enough

Pys, note that the only non-adjacent pair (a,b) not contained in an induced copy of Cj
(123451,1'234'5'1",1'21541’,1'434'5'1") are (1,5'), (1,4), (5,5"), (5,4’). They are re-
spectively connected by the following induced copies of P;: 1215, 1234, 541’5, 5434’.

2. When o € (2,1], there are finitely many TF-homomorphically rigid graphs in
5

CSP(IM, 7r)-
3. for any d € w \ 0, there are finitely many graphs with max vertex degree d that

have enough Pjs.

Proof. 1. Consider the Andrasfai graphs { A, }, where A, has [1,3n — 1] as vertices
and each k is connected with k+j for j = 1 mod 3. It can be proved that (k, k+1)
and (k,k — 1) € E(A,) foreachnby (k—1)+v(4,) =k—1+Bn—-1) =
k+3(n—1)+1, and each A,, € TF. For each (k, p) pair, if p = k+ 3m for some m
then [k] — [k +3(m — 1)+ 1]-[k + 3m — 1]~[p] Cina An; if p = k+3m+ 2 then [k]—-
[k +3(m + 1) 4+ 1]-[k + 3m + 3]—[p] Cina An- It follows that each A,, has enough
Pys. A finite presentation would contain each A,, as subgraph by homomorphic

rigidity, which is impossible.

2. Per [3], every G € CSP(SJT%+€7TF) maps to the Petersen’s graph G(5,2). It must
follow that G = G* for some G* C G(5,2) € TF, GG being TF-homomorphically
rigid.
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3. Let Ny := d + 2 + d®. We argue that for any finite G’ with v(G) > Ny, G cannot
have enough P,s. Indeed, pick any vy € V(G). It has at most d neighbors, so
[V(G) \ (0 U Ng(z0))| > n—(d+1) > d® On one hand we need n — (d + 1) >
d? different copies of induced Pys of the form vo—x—*—x*, as the rightmost * runs
through V(G) \ (2o U N(xg)); on the other hand there are at most d® copies of

induced Pjs of the form vy—+—+—%, making a choice of neighbors at each x.

4.6.3 Each IC, tr has Unbounded Treewidth and Treedepth; Independent
Proof for a € (§,1]

There were efforts in exploring results in e.g. [S9] for bounded tree-width or bounded
tree-depth classes of sparse-graphs. We show in this subsection that one should not ex-
pect to apply those results in naive ways; in particular, the classes Ky k,, —frec 1N SOME
sense have little control over how much their members “look like trees”. We then record
a proof that for o € (3,1], CSP(9M,1r) = CSP(C5) which we independently did before

finding out existing literatures on (2, 1].

Definition 4.60. For a graph G, a tree decomposition is a pair ({V; };<,, T'), where {V; },<,,

is a collection of subsets of V(G) and T'is a tree with V(T') = {V4,--- ,V, }, satisfying

3. For each v € V(G), the induced subgraph T'[{V; : v € V;}] is connected.
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The tree width tw(G) is min(v;}, 1) wee-decomposes ¢ Max;(|V;| — 1). For example,
for any m, tw(K,,) = m — 1, with only the trivial tree decomposition; for any tree 7,
td(7)=1 with the tree decomposition ({V;}ic1,e(ry,7”) Where each V; contains exactly
the two ends of the j-th edge and (V;, V) € E(T") < V,NV; # 0.

A rooted forest is a disjoint union of rooted trees. For a rooted forest (', | [, F;) with
7 the roots, the height of vertex v € F; is 1 plus the length of the path r; F;v. Height of
(7, L1, Fi) is max; e, height(v). Closure of F', denoted as clos(F'), is the graph defined
on vertex set V(F') and edge set {(z,y) : © # y and z is an ancestor of y in the tree
order}.’! Finally, for any graph G, its tree-depth td(G) is the minimum height of rooted

forest I s.t. G C clos(F).

If Co K, —tree has bounded treewidth or bounded treedepth, then there is some hope
in characterizing its sparsity and possibly tying such characterizations to CSP(9, k., —free),
per e.g. [59, 63]°2. Unfortunately K.k, —free has unbounded tree-width and unbounded

tree-depth.

Proposition 4.61. For n > 3, a € (0,1), K4 k,—fee has unbounded tree-width and

unbounded tree-depth.

Proof. For unboundedness of tree width in K, f, _free, first observe that for finite graphs
G, H, if G is a minor of H, then tw(G) < td(H). Indeed, for each minor operation there
is a corresponding operation on the tree-decomposition maintaining the upper bound of

tw (see e.g. [64]).

SIFor a rooted tree (r,T), the natural Tree order is as follows: x < y <= there exists a path Ty
passing through z.
2See e.g. p20 of [63], “’the Full Picture”.
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Now observe that for any m,n > 3,a € (0,1), there exists G,, € Ko K, —free S-t.
K, is a minor of G,,,. Indeed, sufficiently subdividing each edge of K,, will yield one
such G,,. Therefore tw(G,,) > tw(K,,) = m — 1, as desired.

For unboundedness of tree-depth in X, k,, _free, noOte that the following recursive

formula computes td(G) for any finite G' [59]:

)
1, if |G| = 1;

td(G) =9 1+ min,ey () td(G —v), if G is connected and |G| > 1;

max._, td(G;) 0.W., i.e. G has p components.

Then we have by e.g. induction on the length that for a path P, of length m,

td(P,,) > [log(m)|. As any K, k, —free contains all P, s, unboundedness follows. O

We exhibit the following proof despite that the result is superseded by [54], as my

approach was independently discovered and is mildly technically interesting. 3
Proposition 4.62. Let o € (5, 1]; then CSP(M, 1) C CSP(Cs).

Proof. Let G € CSP(M,, 1r) via h, and denote B := M, [~ (V(G))]. Then B € K, 1F,
so in particular ad(B) < mad(B) < ¥. Also min,cy(p) degp(z) < 2 as mad(B) < 3.
We prove B € CSP(C5) by induction on v(B). When v(B) < 4 and triangle-free, B is
bipartite, so homomorphic to Cj via Ps.

Assume that <B € K, 1r implies Hom(B, Cs) # @) holds whenever v(B) < n.

Now consider B € K, rr with v(B) = n + 1.

>3 Note, though, that one has a hard time generalizing to smaller as using similar techniques, as even for
o= % there are graphs without 2-2-2 paths. For o € (%, %] it is guaranteed that 2-2-< 3 paths appear [65],
but approaches similar to the below fails for one subcase.
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1. If min, degg(x) < 1: let z € V(B) attain min, degy (), and consider B — x :=
B[V(B) \ {z}]. Now v(B — z) < nand B — = € K, 1r by hereditariness, so by
inductive hypothesis there exists h € Hom(B — z,C5). If deg(x) = 0, extend h
arbitrarily to x; if deg(z) = 1, extend h by  — h(a) + 1 mod 5 where a is xs

unique neighbor.

2. Otherwise min, degg(z) = 2. By [65], we have a 2-2-2 path avb C B; since B €
TF, avb Cinq B. In particular, Ng(v) = {a,b}, Ng(a) = {v,c}, Ng(b) = {v,d}
for some ¢ ¢ {b,v}, d ¢ {a,v}. Now consider the induced subgraph B — v :=
B[V (B) ~ {v}]. Hereditarity gives B —v € K, 1, so the inductive hypothesis says
there is a ¢ € Hom(B — v, C5), where the min distance between g(a), g(b) is at
most 2. Note that the inductive hypothesis itself does not rely on the existence of a

2-2-2 path.

If g(a) = g(b), map v to g(a)+1 mod 5;if g(a), g(b) has distance 2, map v to their
unique common neighbor on C5. We are left with the case where |(g(a) — ¢(b))

mod 5| = 1; without loss of generality, assume g(a) = 1, g(b) = 2.

.

g(x), ifz e B—{va},
(a) If g(c) # g(b), then g(c) = 5. Construct §(z) := 4, fr=a

3, ifr=wv
\
we have g € Hom(B, C5). Dually if g(d) # g(a), then g(d) = 3 and one can

remap b to 4, v to 5.
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(

g(:L‘), ifxEB—{v,a,b},
3, ifx=a
(b) Otherwise g(c) = g(b), g(d) = g(a). Construct g(x) :=
5, ifx=">
4, ifx=wv

\

In all cases we have established GG B E) Cs, as desired. A pictorial illustration is

attached in Figure 4.7.
Note: a/ \b or a” \bCind B
N
& g9(a) = g(b) i) i g(a)
/
() el ob) <
AN
g(b)
subcases see below:
wi(1)  g(a) W2 ) wi(3)  g(a) = g(d)
2 VU |
g(b) g(c) g9(b)
N |
g(d)
o T

A o) |
9(b) \ g(c) | \0({,) | ;
] / )/ \ g(a) m()

./<{'>\ '(}((l) g( )‘ (b g

S

Figure 4.7: Modifyingg: B—v — Cstog: B — Cs
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4.6.4 Closing Remarks: Potential Approaches to w-categorical Homo-
morphic Presentation of /C,, tr

w-categorical structures are those whose first order theory has exactly 1 countably
infinite model up to isomorphism. Conceptually they are the “second best thing” one
could hope for as a homomorphic presentation of non finitely-presentable or ultraho-
mogenously presentable classes. We exhibit two such potential approaches for C,, r.

A class K has Homomorphic Amalgamation Property (HAP) ([4]) if VA € IC, hy €
Homy (A, B), g1 € Embg (A, C), (EI(D € K and hy € Embg (B, D), go € Homy(A, D))

s.t. hohy = gggl). See Figure 4.8.

) C SS=enRaEs
Figure 4.8: Homomorphic Amalgamation Property (HAP), [4]

Applying Theorem 3.5, Lemma 4.4 and Theorem 6.12 of [4], we have the following:

Proposition 4.63. Let o € (0, g] If there exists an S C K, gr has HP, JEP and HAP,
then there exists a countable, w-categorical I, 1 s.t. CSP(M, 1-) = CSP(M, 7r); in

fact M, 7 will be a generic structure of S, i.e. Age(IM, p) = S.

It appears tempting to seek such an S to simplify our homomorphic presentation;
however, below I proved that the first potential approach fails for many as and my proof
uses my results on («, TF)-homomorphic rigidity. So this may serve as another interesting

application of my findings in Section 4.4.
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Proposition 4.64.

1. Leta € (%, g] Any S C K, rr with Cs, Ey, Ey — {6} € S does not admit HAP.

2. Let a € (0, %] Any § C K, rr with Cs, SCE (Figure 4.6), SCE; — {1} € S does

not admit HAP.

3. In either case above, any S C K, 77 as homomorphic presentation with HP must

contain E (Case(1)) or SCE; (Case(2)).
Proof.

l. let A := FE; — {6}, B := (5, C := F;. Let g € Embg(A,C) be the natural
embedding. Per Proposition 4.12, there exists h; € Homg(A, B). Now for any
D € S and any hy € Embg(B, D) C Emby, .(B, D), [Im(hyhy)| < |C5] = 5; on
the other hand Per («, TF)-homomorphic rigidity of F;, any ¢g» € Homg(C, D) C

Homy_ ,.(C, D) must be injective, so [Imgsg;| = 9.

a,TF(

2. The same idea as above. Let A := SCE;-{1}, B := (5, C := SCE,, ¢; be the

A

natural embedding. h; == ;7

€ Hom(A, B). By TF-homomorphic rigidity of

C, |[Imgeg:1| = 7 while [Imhyh,| < 5 for any hy € Embs(B, —), g2 € Homg(C, —).

3. By («, TF)-homomorphic rigidity, any S C K, rr must contain a B hosting £
(Case (1)) or SCE; (Case (2)) as subgraph, then S must contain F; or SCE; respec-

tively per hereditary property.
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The second potential approach is based on [66], and to the best of the author’s
knowledge remains viable. A generalized second order 7-formua generalizes the guarded

first order formula, which are defined recursively as follows:

1. atomic 7-formulas are generalized first order formulas;

2. if p and v are generalized (first order) formulas, so are ¢ A 1, p \/ ¥ and —¢.

3. (“guarded”) if ¢)(7, ) is a guarded formula and «(Z, ) is an atomic formula whose
free variables contain all free variables of ¢ (7, ), then Iy(a(Z,7) A ¥(Z,7)) is a

generalized formula. Note that by closure under negation, so is Vy(a(Z,7) —

A guarded second order T-formula is defined using the same recursive rules as
guarded first order formula, but in addition allows second order quantification, i.e. 357,
VS1p are guarded second order formulas wherever ¢ is guarded second order formula
and S; ¢ 7 is a new relational symbol. As usual a guarded second order sentence is a
guarded second order formula with no free variables. If a class C of finite 7-structures is
axiomatized by a guaraded second order sentence (GSO), 1.e. if there exists & € GSO

s.t. A € C < A P¢, then by abuse we say C € GSO. It is known that

Fact 4.65 (Reducing to w-categorical, [660]). Let 90 be any 7-structure. If CSP(IN) €

GSO, then there exists a countable, w-categorical 7-structure 5 s.t. CSP(91) = CSP(‘B).

Example 4.66 (Based on Example 11 in [66], with more clarification). Consider the GSO
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sentence in T = { E'} the language of digraphs

D= VXVt<(X(t)> — (Hs,y(X(S)/\X(y)AVZ(X(Z) = (ﬁE(S,Z)VﬁE(y,Z)))D)
(4.4)

Observe that:

1. =D asserts the existence of a subset ) # X C V(QG), s.t. Vs,y € X, there exists

z € X connecting to both s and y. ((s,z) € E(G) and (y, z) € E(G) ).

2. = ® is “closed under T-homomorphisms” for finite T-structures: for any finite di-
graph 2, B, if <Ql E —® and A — %) then by preservation of E we have

B | 0.

3. Consider [®] := {finite T-structures A : A |= ®}. Then [P] is closed under
disjoint unions: indeed for subsets X spanning two components, just take s,y from
different components. Hence [®] has Joint Embedding property. It is also closed
under taking substructures, for A C;,, B =— A — B. It follows that there exists
some countable T-structure I with Age(IN) = [P]. Furthermore Age(IN) =

CSP(IN), also by the fact that =¥ is closed under homomorphisms.

4. it is not obvious whether N is w-categorical. However, as ® € GSO, we con-

clude using Fact 4.65 that there exists some w-categorical, countable T-structure

M satisfying CSP(MM') = CSP(IM)(= Age(MN) = [P]).

Recall that for any o € (0, 1], 9, 1r is IIr-axiomatized, i.e. axiomatized by a set of

first order V3-sentences: see Chapter 3 of this dissertation. If one further finds a guarded
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second order singleton axiomatization of /C,, ¢, then per Fact 4.65 there would be an w-
categorcial 2, 1 homomorphically presenting Ko, 1r, via CSP(I, 1x) = CSP(M,, ).
The hardness of this approach lies, among other things, in capturing the interplay between

triangle-freeness and sparsity within one single GSO sentence.
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