ABSTRACT

Title of dissertation: Hydrodynamic Limits
of the Boltzmann Equation

Chunting Lu, Doctor of Philosophy, 2018

Dissertation directed by: Professor Charles David Levermore
Department of Mathematics

This dissertation studies two problems that are related to the question of how
solutions of the Boltzmann equation behave in various fluid dynamic regimes. The
Boltzmann equation models so-called rarefied gases of identical particles, for which
all but binary collisions between particles can be neglected. When the mean free
path of gas particles is small comparing to the macroscopic length scale, one can
derive fluid equations from the Boltzmann equations.

The first problem is to establish the acoustic limit for a family of appropriately
scaled DiPerna-Lions solutions with finite zeroth to second moments over RP. Ev-
ery initial data with finite zeroth to second moments has a unique nonhomogeneous
global Maxwellian associated with it by matching values of conserved quantities.
The fluid fluctuations converge to a unique limit governed by the solution of an
acoustic system with variable coefficients. This differs from the acoustic system with
constant coefficient obtained by scaling the Boltzmann equation around a homoge-
neous Maxwellian ( [6], [24]). Moreover, unlike the regimes around the homogeneous

Maxwellian, there is no higher order Navier-Stokes correction in the regime around



the nonhomogeneous Maxwellian.

The second problem is the approximation of solutions to the linearized Boltz-
mann equation by solutions of the linearized compressible Navier-Stokes system and
by solutions of the weakly dissipative linearized compressible Navier-Stokes system
over a periodic domain. We show that if the initial data of the linearized Boltzmann
equation is smooth enough and lies within the fluid regime, then fluid moments of
its solutions are close to the associated linearized compressible Navier-Stokes sys-
tem in L2(TP) uniformly for ¢ > 0. We also show that solutions of the weakly
dissipative linearized compressible Navier-Stokes systems approximate solutions of
the linearized compressible Navier-Stokes system uniformly for ¢ > 0 in L?(TP).
Therefore, we justified weakly dissipative linearized compressible Navier-Stokes ap-
proximation to the linearized Boltzmann equation. Our work differs from that of
Ellis and Pinsky [17] in that (1) we consider a periodic domain instead of RP, and (2)
the collision kernels we consider include those arising from inverse power potentials,

as well as the hard sphere case considered in [17].
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Chapter 1: Introduction

1.1 Overview

This dissertation studies how solutions of the Boltzmann equation behave in
various fluid dynamic regimes. The Boltzmann equation was introduced by Maxwell
[44] and Boltzmann [8] to model so-called rarefied gases of identical particles, for
which all but binary collisions between particles can be neglected. It describes the
gas by a single-particle phase-space density F'(t, z,v) rather than the density p(t, z),
bulk velocity u(t,z), and temperature 6(¢,x) used in fluid dynamics. As such, it
provides a bridge between the fluid dynamic description and an atomic description.

Fluid dynamic regimes are characterized by the smallness of a nondimensional
parameter € called the Knudsen number, which is the ratio of the mean free path to

a macroscopic length scale:

mean free path
e=Kn= P

macroscopic length scale

The mean free path is a length scale typical of how far particles travel between
collisions. Regimes in which the Knudsen number is small are regimes in which the
binary collisions play a dominant role in the dynamics. It was first observed by

Maxwell [44] that in these regimes the binary collisions will drive F(¢, x,v) towards



the local Maxwellian whose form M, ¢ is given by

p(t,x) lv —u(t,z)]?
Mown = Gt () )

where p(t,x), u(t,x), and (¢, z) are governed by a system of fluid dynamic equa-
tions. To leading order he derived the system of gas dynamics that is now often
called the compressible Euler system
Op+ V- (pu) =0,
A (pu) + V- (pu @ u) + V(ph) = 0, (1.2)
Ou(p(zlul® +30)) + Vi - (pulz|ul® + 2320)) = 0.
This is an extension of the original system of gas dynamics that Euler studied, which

had no temperature equation. Maxwell [44] also first derived the correction to this

system that is now often called the compressible Navier-Stokes system

atpe + vm : (peue) = 07

8t(p6ue) + vm (peue X ue + peeej) = E,uvx U(UE) )

(1.3)
at(ﬂs(%’“éP + %96)) + V- (peue(%’u6’2 + %‘96)) =
eVyr (V041N (o(ue) - ue)) .
Here o(u) is the deformation rate tensor
o(u) == Vou+ (V)" — 21V, u. (1.4)

The viscosity p and thermal conductivity x depend upon the temperature 6.
To identify additional fluid regimes, we introduce a global Maxwellian. A

global Maxwellian is a local Maxwellian that solves the Boltzmann equation. One



standard choice of global Maxwellian is the homogeneous Maxwellian, i.e. p,u,60
are all constants. By a choice of reference frame and units, we may take (p,u, ) =

(1,0,1). We call M1y the unit Maxwellian

M(v) = mexp (—%|U|2> . (1.5)

One can scale the solution F' around the global Maxwellian
F = M(1+69.), (1.6)

and find the fluid equations satisfied by fluid moments of the fluctuations g. when
0. — 0. Various fluid regimes can be identified by the different rate in which 6. — 0
as e — 0.

When € — 0 and 6. — 0, and assuming that g. — g formally, we will see that
g has the form

g = p(t,l’) + u(t,a:) S (%|U|2 - %)9(t,$),

and if M = M 1), the fluid fluctuations (p, u,6) satisfies the acoustic equation

dp+Vou=0,  p(,0)= (),
ou+Vi(p+6)=0, u(z,0) = u™(z), (1.7)
D80 + YV, -u =0, 0(x,0) = 6™ (x),

which is the linearization of compressible Euler system (1.2) around (p,u,6) =

(1,0,1). We denote the fluid moments by U

Ui=1ul (1.8)



and the acoustic operator by A

Vo - u
AU = | v,(p +6) (1.9)
Ve - u
A shorthand notation for (1.7) is
QU + AU = 0. (1.10)

We define the inner product (Up,Us) between U; = (p1,uy,0,)" and Uy =
(pa2, ug, 02)T as:

(Ul, Ug) = / PpP1 + uuy + %991 dz . (111)
TD

The acoustic operator A is skew-adjoint in the Hilbert space
H = {17 e L*(dz; RP+?) . / Vdz = o} (1.12)
TD

equipped with the inner product (1.11). It was shown in [35] that (1.11) is a natural
inner product implied by the entropy structure.

Because A is skew-adjoint in the Hilbert space H, it follows that Range(.A) =
Null(A)*, where Null(A)* is the orthogonal complement of Null(.A) with respect to
the natural inner product given by (1.11). The null space of the acoustic operator

Null(.A) contains the incompressiblity and Boussinesq relations
Vieu =0, p+6=0. (1.13)

We call it the incompressible mode, and its orthogonal complement space Null(A)+

the acoustic mode.



Note that the acoustic equation has a large class of stationary solutions, so we
need a longer time scale to see the evolution. Consider the evolution over the time
0, Ti] Over this time scale, if € < ., = 7., the Boltzmann equation converges to the
incompressible Euler equation. If §. = 7. = €, the Boltzmann equation converges to
the incompressible Navier-Stokes equations. If . < € = 7, the Boltzmann equation
converges to the incompressible Stokes equation. Note that the initial data of the
Boltzmann equation has to be “well-prepared” to get the incompressible limits,
i.e., the corresponding fluid fluctuations have to satisfy the incompressibility and
Boussinesq relations. The projection to the acoustic mode is zero for solutions of
incompressible equations.

Weakly nonlinear-dissipative approximation to the compressible Navier-Stokes
system (1.3) emerges when we don’t wish to suppress the acoustic modes. Weakly
nonlinear-dissipative approximation govern regimes which are close to a global equi-
librium and the dissipation coeficients are small. Assuming that ¢ > 0 and x > 0,
the only global equilibria of the compressible Navier-Stokes system (1.3) over a pe-
riodic domain are the constant states [35]. For simplicity, we write the constant
equilibria as (1,0, 1). To see long-term behavior of perturbations, we introduce two
times: a slow time of order 1 and a fast time of order Tie Averaging over the fast time
scale, we see that weakly nonlinear-dissipative approximation governs perturbations

W of the constant equilibrium by the system

oW, + AW, + e N(W,W,) = eDW,, (1.14)



where

T—o0

_ 1 [T
DW := lim —/ eADe AW dt,
0

(1.15)
_ 1 (T
NW, W) = Tlim — / AN (7AW, e W) dt
—00 0
in which the linear dissipative term DW is
p 0
0 R%ng V.0
and the quadratic term N (W, W) is
0
NWW) = | %, (w@u) — LV|u?T | - (1.17)

DE2, - (uf)
Formal derivation of (1.14) can be found in [36]. For details of the formal derivation,
we refer the readers to Chapter 3.

We call (1.14) the weakly compressible Navier-Stokes system as a shorthand
notation for the weakly nonlinear-dissipative approximation to the compressible
Navier-Stokes system (1.3). It is shown in [35] that the weakly compressible Navier-
Stokes system has global weak solutions for all initial data in a natural Hilbert
space.

On the other hand, linearizing the Boltzmann equation around the unit Max-
wellian (1.5) yields the linearized Boltzmann equation. We may establish linearized
compressible Navier-Stokes approximation, incompressible Stokes and linearized
weakly compressible Navier-Stokes approximation in the same fashion as in the non-
linear setting. In this thesis, we established a linearized compressible Navier-Stokes
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approximation, and showed that the difference between solution of linearized com-
pressible Navier-Stokes equation and linearized weakly compressible Navier-Stokes
equation is “small” uniformly in time.

The following diagram describes some of the fluid equations that arise as limits
or approximations of the Boltzmann equation. All the limits and approximations

hold formally; we will defer the question of rigorous justification to later discussion.

Linearized
Boltzmann —
Boltzmann
v 4 { N\
Linearized
Compressible Compressible
— — | Compressible | — | Acoustic
Euler Navier-Stokes
Navier-Stokes
{ 4 { S
Weakly Weakly Weakly
Compressible Compressible Compressible
Euler Navier-Stokes Stokes
{ { {
Incompressible Incompressible Incompressible
Euler Navier-Stokes Stokes

Diagram 1: Various Fluid Limits and Approximations of the Boltzmann Equation



Setting the dissipation coefficients in the second column (the Navier-Stokes sys-
tems) to be zero yields the corresponding Euler systems in the first column. Also
note that the right half of the diagram is a linearized counterpart of the left half
of the diagram. For example, the linearized compressible Navier-Stokes system is
the linearization ofthe compressible Naiver-Stokes system around (1,0,1), and the
weakly compressible Stokes system and the incompressible Stokes system are derived
by linearizing the weakly compressible Navier-Stokes system and the incompressible
Navier-Stokes system around (0,0, 0).

For rigorous justification, we restricted the spatial domain in the periodic box
TP. DiPerna and Lions [16] proved the global existence of a type of weak solution
to the Boltzmann equation over the whole space RP for any initial data satisfying
natural physical bounds. After the construction of the DiPerna-Lions renormalized
solutions, there was a program initiated by Bardos, Golse and Levermore [4] to derive
incompressible models from the Boltzmann equation. The program was completed in
a series of papers ( [3], [4], [5], [6], [23], [24], [40], [47]) that appeared over two decades
by Bardos, Golse, Levermore, Masmoudi and Saint-Raymond. Various scalings have
been considered by these authors, leading to equations of acoustic waves [6], the in-
compressible Stokes [24], incompressible Navier-Stokes [23], [40] and incompressible
Euler [47]. Compressible limits and approximations of the Boltzmann equation
in the DiPerna-Lions framework is largely an open question, partially because the
mathematical understanding of compressible Euler and compressible Navier-Stokes
systems is not satisfactory. For example, in the compressible Navier-Stokes system

derived from the Boltzmann equation, dissipation terms are small and of the same



order as e. Therefore these dissipation terms vanish in the hydrodynamic limit.
Since almost nothing is known about the uniformity of the solutions of the com-
pressible Navier-Stokes system in the vanishing viscosity regime, the compressible
Navier-Stokes is not a realistic target for rigorous hydrodynamic limit. Moreover,
solutions of all the fluid limits and approximations sit in a natural L? space except
for those of compressible Euler and compressible Navier-Stokes.

The structure of the weakly compressible Navier-Stokes system ensures that it
has global weak solutions [35], [36]. Because we work on a periodic domain TP, we
get strict dissipation, although the dissipation coefficients are small. Note that pro-
jection of the weakly compressible Navier-Stokes system on the null space of acoustic
operator yields incompressible Navier-Stokes, which means the slow incompressible
modes are completely decoupled from the fast acoustic mode. The projection on
Null(A)+, however, is a nonlocal quadratic system which is coupled with the projec-
tion on incompressible mode and describes how the fast acoustic waves propagate.
This is the reason we call the weakly nonlinear-dissipative approximation of the
compressible Navier-Stokes system the weakly compressible Navier-Stokes system.

On the other hand, several results have been obtained in the framework of the
classical solutions of Boltzmann equation. Kaniel-Shinbrot [38] and Hamdache [29]
constructed constructed mild solutions to the Boltzmann equation over the whole
space; Guo [27] constructed global-in-time classical solutions near Maxwellian in
a periodic box. Recently, Bardos, Gamba, Golse and Levermore [2] modified the
arguments in [29] and constructed positive mild solutions near global Maxwellians.

Since the mathematics of linearized Boltzmann and linearizd fluid equations



are well-established, in the second part of this thesis, we work on the linear coun-
terpart of the weakly compressible and compressible Navier-Stokes limit of Boltz-
mann equation. Several works have been published in this direction, notably Ellis
and Pinsky [17], who worked on whole space RP and showed the difference be-
tween the solution of linearized Boltzmann equation and the weakly compressible
Navier-Stokes approximation is O(e) for sufficiently smooth initial data. On the
fluid regime, Hoff and Zumbrun [31], [32] showed the Cauchy problem for compress-
ible Navier-Stokes on whole space is asymptotically given by the solution of weakly
compressible Navier-Stokes. The domain we are working on is TP, so the gas is
confined and we expect to see dissipation instead of dispersion over the whole space
(in which case the acoustic waves will run away to infinity). In Chapter 4, we get
a uniform-in-time estimate for the difference of solutions of linearized compressible
Navier-Stokes on TP and establish a linearized compressible Navier-Stokes approxi-
mation of the linearized Boltzmann equation. For a statement of the main result of
the second part of the thesis, please refer to Section 1.6.

In this chapter, we give an introduction to the two problems studied in this

dissertation. The proof of main results will be presented in later chapters.

1.2 Boltzmann Equation Preliminaries

In this section, we review some preliminary results of the Boltzmann equation.
All of the materials of this section are well-known and standard. We follow mostly

the presentation in [11,21,22].
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In kinetic theory, the state of a (rarefied) gas is described by the distribution
of molecules in phase space, F' = F(t,z,v), which is the density of particles located
at the position z € Q with the velocity v € R at time ¢ > 0.

The Boltzmann equation governs the evolution of the distribution of molecules

in rarefied gases. The following assumptions are made:
e particles interact via binary collisions
e collision are elastic
e collisions involve only uncorrelated particles

The Boltzmann equation reads therefore
OF+v-NV,F=B(FF), (1.18)

where B(F, F') is the Boltzmann collision integral

The quadratic collision kernel in the Boltzmann equation (1.18) is

B(F,F) - / /S o FODF) = Fe) P = vw) dodun, (119

where the post-collision velocities v and v} are defined in terms of the pre-collision
velocities v, v; and the unit vector w by the formulas

vV =v"(v,0,w) =v— (v —11) - Ww,

(1.20)
vy = vy (v, v, w) = vy + (v —1v1) - Ww.

One designates F(t,z,v,), F(t,z,v") and F(t,z,v]) respectively by Fy, F’ and FJ.

11



1.2.1 The Boltzmann Collision Kernel

In the Boltzmann collision kernel b(v; —v, w), the unit vector w is perpendicular
to the reflection plane with dw being the rotationally invariant unit measure for SP~1.
In fact, (v,v1) and (v/,v]) conserve both momentum and energy because we only

consider elastic collisions:

v+ = v+ v,
(1.21)
[0+ [V4 2 = [o] + Jor
From the mechanical viewpoint, the origin 1 (v+uv;) is the velocity of the center
of mass for any pair of molecules with velocities v and vq; in (1.20), the first equality
is the conservation of momentum for any pair of colliding molecules with velocities
v, v after collision, and v', v} before collision.

We now give the explicit forms of some classical collision kernel b. The collision

kernel for hard spheres of mass m and radius 7y has the form

(27’0)]3_1 ‘

b(w,v; —v) = |w - (vy — V)| o

(1.22)

The classical collision kernels that derive from a repulsive intermolecular po-

tential of the form ¢/r* with k > 22=1 have the form

D+1
~ V] — v . D-1
b(w,v1 —v)=blw- v —v|® withf=1-—2——, 1.23
=0 =b (s 20 ol with . (1.23)
where l;(w . \Zi:zl) is positive everywhere, and has even symmetry in w. Note that b

has a singularity at w- ﬁ This corresponds to the grazing collisions; the colliding

molecules are deflected only slightly. Because of the singularity, b is not integrable

12



with respect to dw. This means the Boltzmann collision integral will not make sense.

To mitigate this issue, we impose a weak small deflection cutoff assumption

/ b(w u)dcu < 00. (1.24)
§D-1

. vr — v
The cases § > 0, 8 = 0, f < 0 correspond respectively to the so-called hard,

Maxwell and soft potential cases.

1.2.2 Conservation Laws

Momentum and kinetic energy, together with the number of gas molecules, are
the only natural conserved quantities at the microscopic level. The most important
properties of the Boltzmann equation, described in the following two sections, are
straight foreword consequences of the structure of the collision integral, and more
specifically of the conservation laws at the microscopic level.

2

Maxwell first showed that quantities 1,v and |v|* are conserved by B. This

means for every ' = F(v) satisfying certain growth conditions,

/ B(F, F)dv =0, / vB(F, F)dv = 0, / lv[*B(F, F)dv =0.

RD RD RD

Moreover, every quantity conserved by B is a linear combination of these. More
specifically, given any & = £(v), the following are equivalent:

(i) - () B(F, F)dv =0,

(H) £ € Span{17vlv"'7vD7|v|2}'

Any solution F' of the Boltzmann equation formally satisfies the local conservation

law

8t/ EFdv+ V- vEFdv =0,
RD RD

13



when f € Span{LUl;UQa 5 Up, ‘U|2} and
3t§+v vm§ =0.

It has been known essentially since Boltzmann [8] [10], who worked out the case
D = 3, that the only such quantities & are linear combinations of the 442D + w

quantities

1, v, z—vt, P, vAz wv-(z—vt), az—ovt]?, (1.25)

where v A x = val — zoT is the skew tensor product. By integrating the corre-
sponding local conservation laws over space and time, we formally obtain the global

conservation laws

1 1
v v
T — vt T
// Liy|2 F(v,z,t) dvdx:// Liy[? F(v, ) dvdz |
RDxRDP 2 RDxRD | 2
VAT VAT
v (z — vt) -
3z — vt Lol

(1.26)
where the right-hand sides above exist for every initial data F™ that satisfies the
bound

// (14 o2 + o) F™ dvdz < oo. (1.27)
RDPxRDP

These conserved quantities are associated respectively with the conservation laws

14



of mass, momentum, initial center of mass, energy, angular momentum, scalar mo-

mentum moment, and scalar inertial moment.

1.2.3 Boltzmann’s H—Theorem and Entropy Dissipation Laws

In this subsection, we discuss Boltzmann’s H-Theorem and its implication for
control of entropy and entropy dissipation. Using results from the H-Theorem and
conservation laws, one can also write down the form of a general class of global
Maxwellians — the nonhomogeneous global Maxwellian. Boltzmann’s H-Theorem

states

1 F'F!
/ log(F) B(F, F) dv = — ///(F’Fl’ — FFy)log (FFl) bdwdvdo < 0. (1.28)
RD

1

Moreover, the following conditions are equivalent:

(i) /RDlog(F)B(F,F)dU:O,

(ii) B(F,F)=0, (1.29)

2
(iii) F is a Maxwellian density, i.e., F' = LD exp(— [v —u| ) ’
(270)2 26

for some (p,u,0) € R, x RPx R,.

The inequality (1.28) implies the estimate

8t/Flog(F) dv+V, - /vFlog(F)

1.30
——1/t///110 EE B B )b, vy — 0) MM dwdisdo < 0 Y
= s 4 g FIF 1 1 , U1 v 1 V10 = .
Integrating over the space, we get the global entropy equality
1 [ .
H(F(t)) + —/ R(F(s))ds = H(F™), (1.31)
€Jo

15



where H(F) is the entropy functional

H(F) = / / Flog(F)dvdz (1.32)

and R(F) is the entropy dissipation rate functional

1 FF’
R(F) = //// Zlog( FllF)(Fl’F' — FiF)b(w, v, —v)MiM dwdvidodz . (1.33)

We can now derive the explicit form of nonhomogeneous global Maxwellian.

Recall that a local Maxwellian has the form

_ oty (= U P
M_(2m9(t)) p( 20(t) ) (134)

and a local Maxwellian that satisfies the Boltzmann equation is a global Maxwellian.

N~}

To derive the explicit form of the global nonhomogeneous Maxwellian with
finite mass, zero net momentum, and center of mass at the origin, we first note that
B(M,M) = 0, so (0; + v - V,)log(M) = 0. By the equivalence of (iz) and (éi7) in

(1.29), log(M) must satisfy

log(M) € Span{1,vy, ...vp, [v|*}.

Therefore by section 1.2.2, we see that log(M) must be a linear combination of the

quantities in (1.25). The form

T
) cl bl + B )

m 1

= det ——

M )P et(Q)) exp 5
T — vt bl — B al z — vt

(1.35)

then comes from the requirements that M have finite mass, zero net momentum,
and center of mass at the origin. By completing the square in its exponent we can

16



write M in the local Maxwellian form

_ o) v —Ut,2)l’
Meio = it o (e ) )

where the temperature (), bulk velocity U(x,t), and mass density o(x,t) are given

by
1
I(t) =
(t) at? — 2bt + ¢’
U(z,t) = 9(t)(axt — bz — Bx) , (1.37)

Nlv]

o(z,t) =m (@)
2m
with m > 0, Q = (ac — b*)I + B2,

V(t
det(Q) exp (—% :UTQJJ> )
(a,b,¢,B) € Q= {(a,b,¢c, B) e Ry x R x Ry x RP"P : @ > 0}. Because Q > 0, we
see that o(z,t) is integrable over RP.

Levermore [41] showed that every Cauchy problem
OF +v-N,F =B(F,F), Fli—g = F™ (1.38)

with initial data F™(v,z) that satisfies the bounds (1.27) can be associated with
a unique global Maxwellian determined by matching the values of the conserved
quantities computed from F'™, i.e. quantities on the right-hand side of (1.26) in sec-
tion 1.2.2. This is the global Maxwellian that we will scale the Boltzmann equation
around in the first result.

We can get results similar to the local entropy dissipation law (1.30) and
the global entropy equality (1.31) for Boltzmann equation scaled around the global

Maxwellian that satisfies

/ Mdv = / F™dv, / vMdv = / vFMdo, / o> Mdv = / [0 F™dv.

(1.39)
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Consider a family of formal solutions F, to the scaled Boltzmann initial-value prob-

lem

1 .
B(F. F.), F,_,=F", (1.40)

€

@Fe +uv- vxFe =
Scaling the densities around global Maxwellian that satisfies (1.39) , we get relative
densities G, defined by F. = MG.. Recasting the initial-value problem (1.40) yields
1 :
0,Ge+v-V,G. = -Q(G,G,), G€|t_0 =G", (1.41)
. -
where
Q(G,G) = //(G’lG' — G1G)b(v; — v,w)dwM;dv; . (1.42)

If G solves the Boltzmann equation (1.41), then G satisfies local conservation laws
of mass, momentum, and energy as well. If G solves the Boltzmann equation (1.41),

then G satisfies the local entropy dissipation law

Oy /(Glog(G) -G+ 1)Mdv+ V- /v(Glog(G) -G+ 1)Mdv

(1.43)
1 1 GG, .,
= — g Z_l 10g<m>(G1G — GlG)b(w, V1 — U)MlM de'UldU < 0.
Integrating this over space and time gives the global entropy equality
1 /[t .
H(G() + > / R(G(s))ds = H(G™), (1.44)
€Jo
where H(G) is the relative entropy functional
H(G) = / / (Glog(G) — G + 1) M dvde, (1.45)
RD JRD

and R(G) is the entropy dissipation rate functional

R(G) = ////ilog(gig)(GllG' — G1G)b(w,v; — v)MiM dwdvidvdz . (1.46)
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1.2.4 Linearized Collision Operator

Linearized collision operator is the linearization of the Boltzmann collision

operator at a local Maxwellian M, , g

LrMgyn® = //(qb + o1 — ¢ — ¢)b(v1 — v, w) My e dvidw, (1.47)

Using the translation and scaling invariance of the collision kernel, we can actually
restrict our discussion to the case where M = M 7). The corresponding linearized
collision operator is denoted by L.

The next theorem establishes the main property of the linearized collision
operator L4, i.e., that it satisfies the Fredholm alternative in some weighted L2

space. We define the attenuation coefficient a(v) by

a(v) = / /S o b= o) M () (1.48)

Theorem 1.2.1 (Hilbert [30]) The linear operator L is a nonnegative unbounded
self-adjoint Fredholm operator on L*(Mdv). Its null space is the space of collision
moariants:

Null(£) = Span{l,vy,...vp, |[v|*}. (1.49)

Moreover the following coercivity estimate on Null(£L)* holds: there exists C > 0

such that, for each ¢ € L*(aMdv), one has

/ ¢LP(v)M (v)dv > C / (¢ —Tlg)2aMdv, (1.50)

RD
where 11 is the L?(aMdwv)-orthogonal projection on Null(L).
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An important consequence of Theorem 1.2.1 is that the integral equation
Lo =1, p e L*(M(dv)) (1.51)
has a Fredholm alternative:
e Either ¢ L Null(£), in which case (1.51) has a unique solution
b0 € L*(aMdv) N Null(£)*; (1.52)
then any solution to (1.51) is of the form

® = ¢o+ ¢1, where;is an arbitrary element of Null(L); (1.53)

e Or ¢ ¢ Null(£), in which case (1.51) has no solution.

1.3 DiPerna-Lions Solutions

In this section discuss the analytic settings of the problem. DiPerna and
Lions [16] proved the global existence of a type of weak solution to the Boltzmann
equation over the whole space RP for any initial data satisfying natural physical
bounds. The DiPerna-Lions theory does not yield solutions that are known to solve
the Boltzmann equation in the usual weak sense. Rather, it gives the existence of
a global weak solution to a class of formally equivalent initial-value problems that

are obtained by dividing the Boltzmann equation in (2.27) by normalizing functions

N = N(G) > 0:
(O +v-V)I(G) = N G(v,2,0) = G™(v,z) >0, (1.54)
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where I(Z) = +(Z). Here each normalizing function N is a positive-valued, con-

tinuous function over [0, 00) that for some constant Cy < oo satisfies the bound

Cy
<
NZ)~1+Z2

for every Z > 0. (1.55)

G > 0 is a weak solution of (1.54) provided that it is initially equal to G™,
and that it satisfies (1.54) in the following sense that for every x € C}(RP) and

[t1,t2] C [0, 00) it satisfies

/ /XF to Mdvdx—/ / xI'(t1) M dvdz
RD JRD RD JRD
t
’ Q(G,G)
= I'Gv-V, Mdvdxdt—i—— / / —— vy dvdxdt.
/t1 /]RD/]RD ( ) X € t1 JRD JRD N(G) X

(1.56)

They show that if G is a weak solution of (1.54) for one such N, and if G
satisfies certain bounds, then it is a weak solution of (1.54) for every such N. They
call such solutions renormalized solutions of the Boltzmann equation. Specifically,

cast in our setting, their theory yields the following:

Proposition 1.3.1 Let b satisfy

1

be L, (R°xSP™), and lim > // b(w,v; —v)dwdv, =0 (1.57)
[v] =00 1 4+ ”U| SD-1x K

for every compact set K C RP. Given any initial data G™ which satisfies

H(G™) < o0, G™ >0, (1.58)

there exists at least one G > 0 that is a weak solution of (1.54) in the sense of
(1.56) for every nmormalizing function N. Moreover, G satisfies the global entropy
mequality

/ R(G(s))ds < H(G™., (1.59)
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a weak form of the local conservation law of mass
3,5/G./\/ldv—|—vm-/vGMdv:O, (1.60)

the global conservation law of momentum

/ / vG ()M dvdr = / / vG™ Mdudz (1.61)

and, finally, the global energy inequality

//%\UFG(I?)M dvde < //%|v\2GinM dvdz . (1.62)

Note that the assumption on collision kernel b implies that the measure b(w,v; —
v)dwM;dv Mdo is finite. DiPerna-Lions renormalized solutions are not known to
satisfy many properties that one would formally expect to be satisfied by solutions
of the Boltzmann equation. In particular, the theory does not assert the local
conservation of momentum without defect, the global conservation of energy without
defect, and the local entropy equality; nor does it assert the uniqueness of the
solution. Nevertheless, it provides enough control to establish the acoustic limit

here.

1.4 Statement of the First Result

In this section, we state the first result — establishing acoustic limit around a
global nonhomogeneous Maxwellian.
We consider a family of formal solutions F; to the scaled Boltzmann initial-

value problem

i,

t=0 — e

1
B(F, F),  F

€

8tF6+'U-VxF6 =
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We scale the densities F, around the unique Maxwellian associated with F*, dis-
cussed in Section 1.2.3 (cf. the paragraph after (1.37)). We introduce relative

densities G, defined by F, = MG, and consider the fluctuations g., defined by
Ge=1+6cg..
Assuming that fluctuations g™ and g, are bounded. §, > 0 satisfies
0 — 0 as e — 0.

Assume that g. converges formally to g, our goal is to find the limiting function g.
The first step is to determine the form of the limiting function g. Observe that

by the fluctuations g, satisfy

1 Oc
atge +v- Vl‘ge + E‘CMge - ?QM (gea ge)a (163)

where L and O are formally defined by

[,Mge = //D D(ge + Gey — gé - gél)led'LUd’Ul.
T (1.64)

QM(geage) = // (gégél - gegel)b/\/lldwdvl.
SP—IxRD

Assuming 6. — 0 and multiplying both sides by ¢, one finds that Ly,g = 0. It is
known that the null space of Ly is given by Null(£x)=Span {1,v1,...,vp, [v]?}.

We conclude that g has the form of a so-called infinitesimal Maxwellian, namely,
g=p(t,x) +ult,z) - (v—U)+0(t z)(|v— U] — DY), (1.65)

where U(x,t),¥(z,t) are given by (1.37). Acoustic system can be formally derived
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upon plugging in the form of g in the local conservation laws:
O [op] + V- [Uo + uodp] =0,
O [odu] + V- [09(u® U) + (0Vp + 09?0)1d] =0, (1.66)
0 [200°0] + V- [00*u+ 2UW?00] = 0.
For rigorous justification, we work in the setting of DiPerna-Lions renormalized

solutions. Besides the assumption of entropy bound H(G™™) < C™§? for some C™ <

oo, we need to assume furthermore that

0c 8/2

de > 0 and —|log(d.)|”"* — 0 ase — 0,

€2

where [ arises from the assumption on the collision kernel:
1 2\ 8
b(w,v; —v)dw < Cy(1 + §|vl —v[*)"” almost everywhere,
sD-1

for some Cj, < oo and § € [0, 1). This assumption is used to control the conservation
defect.

We now state our main result for the acoustic limit.

Theorem 1.4.1 Letb be a collision kernel that satisfies the assumption of DiPerna-
Lions (4.110). In addition, assume that there exists constants C, € (0,00) and

B € [0,1] such that b satisfies
/ b(w,v)dw < Cy(1 + 2[v|*)?  almost everywhere. (1.67)
SD—1

Let G > 0 be a family such that [[ G dvdz < co and satisfies the entropy bound
H(G™) < C™M§?% for some C™ < oo and d. > 0 that satisfies

Oe

€2

de = 0 and |log(6)]7? = 0 ase — 0 (1.68)
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for the B that arises in condition (1.67).

Assume, moreover, that for some

. . . 1 1
(p™ o, u™ 0V, 0™ V?) € (Loo(dt; L*(=dvdx)), L*(dt; L2(—ﬁdvd$)),
0 0
1
00 T2
L(dt; L (ded:c)))

the family of fluctuations g™ satisfies

D
in in _in in in _in qin inp in in in in\ in _gin in in qin2
(p o", P U Q™ + ugMi™ BEE g g 4 LU p"M g™ + (Y U)o o™ + 6™ o™ )
=1

:lir% </gin/\/li“dv,/vgin/\/li“dv,/%\U|Qgin/\/li“dv)>
e—
(1.69)

in the sense of distributions. Let G, be any family of DiPerna-Lions renormalized
solutions of the Boltzmann equation (1.41) that have G' as initial values. Then, as

€ — 0, the family of fluctuations g™ satisfies

oMge = oM(p+u- (v—U)+10(lv—U|*—DV))inw-(L,.dt; w-(L' (dzdv))), (1.70)
where

(po, uod, Bov?) € o([o, 00); L*(Advdr)), L (dt; L*( L dvdz)), L™ (dt; L%#dvdw)))

is the unique solution of the acoustic system (1.66) with initial data (p™ o, u™ oV, 6™ 019?).

In addition, one has that

/gEM dv — po, /(v —U)gMdv — (pU + ud)o,

D
/%|’U‘2g6Md’U—D7ﬁ/gEMdU—%ZUi/UigeM dv

i=1
D
— L2p0 + LU po + (Z Usu;) 09 + 2600°
i=1
in C([0, 00); w-L(dz)).
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We now recall some of the previous results. All the previous results we men-
tioned here scaled the Boltzmann equation around a homogeneous global Maxwellian
and work on a bounded spatial domain. The acoustic limit around homogeneous
global Maxwellian was first established in the setting of DiPerna-Lions solutions

in [6] over a periodic domain for bounded collision kernels. It is assumed that

S
€

log(d¢)| — 0 as € — 0. In [24], the assumption on collision kernels is relaxed:
1 2\ 8
b(w,v; —v)dw < Cy(1 + §|v1 —v[*)"” almost everywhere,
§D-1

for some Cj, < 0o and § € [0,1). This includes all classical kernels that are derived

from Maxwell or hard potentials and that satisfy a weak small deflection cutoff. In

addition, it is assumed that Esz

log(6.)[%/? — 0 as € — 0. This is the assumption

we used for the collision kernels in the first result.

1.5 Linearized Boltzmann Equation: Formal Navier-Stokes Approx-

imations

In the second part of the thesis, we work on compressible and weakly compress-
ible Navier-Stokes approximations of the linearized Boltamann equation satisfied by

the density fluctuation g,
1
Oge+v-Vpge+ -Lg. = 0. (1.71)
€
L is the linearized collision operator with M being the unit Maxwellian
Lo = // (G + ger — . — g, )bMydwd; . (1.72)
SP—1xRP
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The collision kernel b is normalized so that

/// bdwM dv;Mdv = 1.
SP-1xRD xRD

We use the following notation:

(1) = [ o,

The projection of the linearized Boltzmann equation (1.71) onto
Null(£) yields the system of conservation laws

at<ge> + Vx : <Ug€> = Ov

O (vge) +Vo-(v®@vgy) =0,

0(510* = §)ge) + Ve - (W(5[v[* — F)ge) =0.

Define the fluid variables

Pe = <ge> ) Ue = <Ug€> ) 0 = %((%|U|2 - %) gs> .

Recast the conservation laws (1.73) as

atpe + Ve ue = 0,
atue + Vx(ﬂe + 66) + VIE <A(U)g€> - 07
%atee + V:E Ue + Vx <B(U)g€> = 07
where

Aw)=vev =5l B(v) = Jo(lvf - B52).

Clearly

Ajk 1 NUH(,C), Bl 1 Null(ﬁ), Ajk 1 Bl, j, k),l = 1, 27 D
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Denote the projection of g. onto Null(£) by II, we have

IIg. = pe +v - ue + (5|v]* — 2)0e.

Then g. can be decomposed into its infinitesimal Maxwellian Ilg. and its deviation
I+ g, as

ge = ng + HLge .

We use g, := II*g, as a shorthand notation. We see that the system of conservation

laws becomes

atpe+v:v’ue - 07
Ayie + Vio(pe + 0 + V- (A(v)ge) = 0, (1.77)

DO + Vi uc + Vi (B(v)g) = 0.

To close the system we must express (A(v)g.) and (B(v)g.) in terms of the fluid
variables pe, uc, 0. . Note that if we simply set (A(v)g.) = 0 and (B(v)g.) = 0, (1.75)
becomes the acoustic system. This is the acoustic approximation to the linearized
Boltzmann equation. Solutions of acoustic system do not decay like solutions of the
linearized Boltzmann equation, which is problematic. To get higher order approxi-

mations for ., we project the linearized Boltzmann equation (1.71) onto Null(£)*
g + v - V,g. + %ﬁge = —II*v - V,Ig. . (1.78)

By orthogonality relations (1.76),
Mo - VIlg. = A: Vou,+ B - V,0.. (1.79)

The Fredholm alternative implies that there exist pseudo-inverse of £, denoted
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by £71. Multiplying the deviation equation (1.78) by e£~! and using (1.79) yields

L0 +v V)G + G = —eLTHA: Voue + B-V,0,) .
Therefore, to the leading order
g}m = —eL7HA:Vu+ B-V,0,).

Acting the pseudo-inverse on A(v) and B(v), we have

(1.80)

(1.81)

where 74(v) and 75 (v) are both functions of |v| only. Plugging g. = .Y in (1.77),

we obtain the linearized compressible Navier-Stokes approximation:

8,5U€ + AUE = EIZ)Uv6 s

where U, are the fluid moments

V., -u p 0
AU = v (p+80) |, PU=D|y| = | pV-o) |-
V. -u 0 R%Vx-%@
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o(u) being Vu + (Vu)? — %Vx- ul, and the dissipation coefficients u, x are

1 o~ 2 ~

ISR L A R AR

Note that there are two time scales present: the fast acoustic mode and the slow
incompressible mode. Averaging over the fast time in the linearized compressible
Navier-Stokes system, we get the linearized weakly compressible Navier-Stokes sys-

tem

oU. + AU, = ¢DU. , (1.83)

where

_ 1 [T
DU := lim — / e ADe AU dt .

For the computation of D, see Chapter 3.
We note furthermore that we can expand the deviation equation (1.80) sys-

tematically:
!je = —eﬁfl Z (—E(at +v- VI)Eil)j (A : que +B- V:Jcee> . (1'84>
§=0

This is the Chapman-Enskog expansion. It gives a formal expansion of the
deviation g, in terms of derivatives of the fluid variables p., u. and 6.. We define the

n*-order Chapman-Enskog approximation to g, by
n—1 )
g = —eL™> " (=@ +v- V) L) (A Voue + B - Vibl) . (1.85)
§=0

In particular, we will use the second-order Chapman-Enskog approximation in the

second result.
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1.6 Statement of the Second Result

For the second part of the thesis, we show that solutions of the linearized
weakly compressible Navier-Stokes systems approximate solutions of the linearized
compressible Navier-Stokes system uniformly for ¢ > 0 in L*(TP). Furthermore,
establish a linearized compressible Navier-Stokes approximation of the linearized
Boltzmann equation.

In Chapter 4, we show that the difference between the solution of linearized
compressible Navier-Stokes (1.82) and the solution of linearized weakly compressible

Navier-Stokes (1.83) is O(+/(€)) uniform in time.

Theorem 1.6.1 Let U, V be solutions of linearized compressible Navier-Stokes equa-
tion and weakly compressible Stokes equation with the same initial data U™ €
H(TP). Then

U (t) = V(£)]| L (a2 myy < CVe.

The constant C' depends on dimension D and transportation coefficients only.

Moreover, we establish the linearized compressible Navier-Stokes approxima-

tion of the linearized Boltzmann equation.

Theorem 1.6.2 Let g. be the solution of the linearized Boltzmann equation. Let
g2 =pc+v-uc+ G =20 — LA Vu + B - V0,

+ L0, +v - V)L A NV + B -V,0,),
where U, := (pe, ue, 0.)7 are solutions of the associated Cauchy problem of the lin-

earized compressible Navier-Stokes approzimation. Denote the fluid moments of g.
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by U = (ol 08)". Assume (g™ — gi), ((jolg?™ — g)), (lo2(g™

are bounded by 1 in L*(T) and U™ € H?(TP). Then
|Up = Ue|| 2oy < CmaX{\/EHUinHHWD),U}

uniformly for t > 0.

1.7 Organization of the Dissertation

- gi“)>

We now lay out the organization of this dissertation. Chapter 2 establishes an

acoustic limit of Boltzmann equation around a global Maxwellian on the whole space

RP that matches with the initial data of the Boltzmann equation on all conserved

quantities. Chapter 3 is the formal derivation of weakly compressible fluid limits of

the Boltzmann equation for the general initial data, i.e. those that not satisfy the

incompressible and Boussinesq relations and use two-time scale to derive the corre-

sponding averaged systems. Chapter 4 gives provides a uniform in time estimate for

the L?(TP) norm of the difference between the solution of linearized compressible

Navier-Stokes and linearized weakly compressible Navier-Stokes system. We also

showed the linearized compressible Navier-Stokes approximation to the linearized

Boltzmann equation is uniform in time.
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Chapter 2:  Acoustic Limit for the Boltzmann Equation around a

Global Maxwellian

In this chapter, we establish the acoustic limit for the classical Boltzmann
equation considered over the spatial domain R®. We do so in the physical setting
of DiPerna-Lions renormalized solutions (cf. Chapter 1, Section 1.3). We scale the
Boltzmann equation around a nonhomogeneous global Maxwellian (cf. Chapter 1,

1.37). Recall the the global Maxwellian has the form

_ ot v - Ut 2)f?
Muw) = WGXP (—W) ; (2.1)

where the temperature 9(t), bulk velocity U(z,t), and mass density o(x,t) are given

by
1
o) = at? — 2bt + ¢’
U(z,t) = 9(t)(azt — bz — Bx), (2.2)

©|o

oot =m (52

with m > 0, Q = (ac — b*)I + B2,

det(Q) exp (—@ mTQx> )
(a,b,¢c,B) € Q= {(a,b,c,B) e Ry x Rx Ry x RP"P : @ > 0}.

Every Cauchy problem

1 .
B(F,F), F|_,=F" (2.3)

€

8tF€+v-VxF€ =
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with initial data F™(v, z) that satisfies the bounds (1.27):

// (1+ o]+ |z*) F™dvdz < oo (2.4)
RPxRP

can be associated with a unique global Maxwellian determined by matching the
values of the conserved quantities computed from F™, i.e. quantities on the right-
hand side of (1.26) in Section 1.2.2 ( [41]). This is the global Maxwellian that we
will scale the Boltzmann equation around.

Let F, = MG.. The fluid density fluctuations g. are defined by
G.=1+dcg..
We will show in Section 2.2 that g, is weakly relatively compact in L! topology. We
will then show that every limit point g is governed by the acoustic system
O [po] + V- [pUg + ugd] =0,
0y [ugd) + V- [(u@ U)ov + (pod) +009*)Id] =0, (2.5)
Oy [%0@192} +V,- [Qﬁzu + %UW@Q} =0,
with initial conditions

in in in _in qin in in qin2
po(z,0) = p"o™,  ued(z,0) =u"o™I",  DOo*(x,0) = 26Mpm9™" .

Here o, U, ¥ are functions of (x,t) associated with the global Maxwellian. This is a
linear hyperbolic system, and is therefore well-posed over RP x [0, T].
We impose an initial condition that F™ is close to the global Maxwellian M.

Specifically, recall the entropy equality (1.44) in Chapter 1, Section 1.2.3:

H(GD) + + / R(G.(s))ds = H(G™)., (2.6)
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where H(G) is the relative entropy functional

H(G) = /RD /RD(G’log(G) — G+ 1)Mdvdz, (2.7)

and R(G) is the entropy dissipation rate functional

R(G) = ////ilog(%)(G’lG' — G1G)b(w,v; — v) MM dwdvdvde . (2.8)

We assume the initial data FI" is close to the global Maxwellian M in the sense
that H(G™) < C6.2. (2.6) suggests the possibility of controlling G, in terms of GI".
We prove (14 |v[*+|x|?)g.M is relatively compact in w-(L},.dt; w-(L*(dzdv))). This
is a critical element in the proof of the weak acoustic limit theorem, stated in 2.3.
We show that the the fluctuations converge weakly to a unique limit governed by
a solution of the acoustic system in a weighted L? space. Note that recently it is
shown in [2] that M will not be attracting for all close initial data with the same
values for the conserved quantities, so the weak limit theorem is nontrivial.

In contrast, in earlier works of Bardos, Golse and Levermore [6] [24], acoustic
limit was established for the Boltzmann equation considered over a spatial domain
TP. They chose a scaling in which the density F is close to a spatially homogeneous
Maxwellian M = M (v) that has the same total mass, momentum, and energy as
the initial data F™™. By an appropriate choice of a Galilean frame and of mass and

velocity units, it can be assumed that this so-called unit Maxwellian M has the form

M(v) = Wexp (—%m?) | (2.9)

This corresponds to the spatially homogeneous fluid state with density and temper-
ature equal to 1 and bulk velocity equal to 0.
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It was shown in [6] [24] that the fluctuations around the absolute Maxwellian
globally in time converge weakly to a unique limit governed by a solution of the

acoustic systems

Op+ YV u=0, p(x,0) = p™(x),
du+V(p+0) =0, u(z,0) = u™(x), (2.10)
D06+ V,-u=0, 0(z,0) = 0™(x).

provided that the fluid moments of their initial fluctuations converge to appropriate
L? initial data of the acoustic equations. They also worked in the physical setting of
the DiPerna-Lions renormalized solutions. However, the fluid regime that we work
on is different from theirs; in particular, it’s worth noting that there’s no higher
order correction to the Eulerian regime in our setting, whereas in the regime chosen

by [6] and [24], higher-order Navier-Stokes limit can be established.

2.1 Formal Scalings and Derivations

The acoustic system (2.25) can be formally derived from the Boltzmann equa-
tion through a scaling in which the fluctuations of the kinetic density F about the
global Maxwellian M are scaled to be on the order of §.. Specifically, we consider a

family of formal solutions F, to the scaled Boltzmann initial-value problem

1 .
OF, +v-V,F. = -B(F, F,), F,_,=F", (2.11)

E €
and the fluctuations g., defined by

F. = M(1+d..). (2.12)

36



The fluctuations g™ and g. are bounded while §, > 0 satisfies
de > 0 as e — 0. (2.13)

In this formal derivation we assume that g. converges formally to g, our goal is to
find the limiting function g.
The first step is to determine the form of the limiting function g. Observe that

by (1.41) the fluctuations g, satisfy

1 Oc
O1ge + v+ Vpge + E[f/\/lge = ?QM (e, ge)s (2.14)

where L and O are defined by

EMge = // (ge + ge, — gé - gél)b./\/lldwdvl.
SRR (2.15)

QM(gevge) = // (gégél — gﬁgel)b./\/lldwdvl.
SP—1xRD

Assuming 6. — 0 and multiplying both sides by €, one finds that L9 = 0. It is
known that the null space of L is given by Null(£y) = Span{1,v1,...,vp, [v]|*}.

We conclude that g has the form of a so-called infinitesimal Maxwellian, namely,
1
g=pt,z)+ult,z) (v-U)+ iﬁ(t,x)(]v —U* — DY). (2.16)

The second step shows that the evolution of (p,u,0) is governed by the system

(2.25). Observe that the fluctuations g. formally satisfy the local conservation laws

(i) 8t/ geMdv + V- vgMdv =0,
RD

RD

(i) at/ vge Mdv +V, - v®vg. Mdv =0, (2.17)
RD

RD

1 1
(iii) 6}/ —|v|2g€Mdv+Vx~/ v=|v>g. Mdv =0.
RDZ RD 2

37



By letting € — 0 in these equations and using the infinitesimal Maxwellian form of
g given by (3.16), one finds that (p, u, #) solves the system (2.25). Indeed, the terms

in the local conservation laws can be calculated as follows:

/ gMdv = po. (2.18)
RD

/RDngdv =pUo + ugl. (2.19)
As for [pnv®@vgMdu, when i # j,
/RD vivj g Mdv = pUilUje + (Uiu; + Usui)ov - (2.20)
when i = j,
/RD vigMdv = pod + Ulpo + 2u;Uid + 000*. (2.21)
Therefore,

/ v@uvgMdo =U®Upo + (URu+u®U)d + (pod +009°)Id. (2.22)
RD

D

1 D9 1 D
/RD §]v|29./\/ldv = 5ot §\U|2pg + (Z Usui) o9 + §9U192. (2.23)
i=1

1 1
/ 05]0]29/\/1 dv = inU (D +2)9 + |UJ?
RD

D

1 D+2

+ 5@?9 (D + 2)ud) + |U|*u + 2U ( E Uiu;)] + T+U19296.
i=1

(2.24)
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Plugging all the terms above in the local conservation laws (2.17), we get

(i) Olpo) + Vi [pUo + ugd] =0,
(i) OpUe + wov] +

V- [U@Upo + (URu+uxU)d + (pod + 009*)Id) =0,

D (2.25)
(iii) & [2lpo + L{UPpo + (Z Usu;) o9 + 26(t, z)09?] +

i=1

V.- {3p0U[(D +2)9 + [UP] + 309[(D + 2)ud)

D
HUPu+2U (> Uny)] + 2R2U9%00} = 0.

=1

One finds that

</gin/\/lindv,/vgi“/\/lin dv,/%|v|29in/\/lin dv)
N <pingin7 pinUQin + uinginﬁin’ (226)

D
%pingin + %’U|2pingin + (Z Uﬂbin)ginﬁm + %eingin(ﬂin)2>
=1

as € — 0 provided we assume that the limits exist in the sense of distributions.

The above formal derivation can be stated more precisely as follows:

Theorem 2.1.1 (Formal Limit Theorem) Let G, be a family of distribution solu-
tions of the scaled Boltzmann initial-value problem (1.41). Let G™ and G. have
fluctuations g™ and g. given by (3.12) that are bounded families for some §. > 0

that vanishes with € as in (3.13). Also:

(i) Assume that the local conservation laws (2.17) are also satisfied in the sense of

distributions for every g..

(ii) Assume that the family g. converges in the sense of distributions as € — 0 to g.
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Assume furthermore that Lyg. — L9, that the moments

/ge./\/l dv,/vge./\/l dv,/v@ngM dv,/v|v|2g€./\/l dv,

converge to the corresponding moments

/g/\/l dv,/ngdv,/v@ng dv,/v|v|29/\/l dv,

and that every formally small terms vanishes, all in the sense of distributions as
e — 0.

(1ii) Assume that for some (p™, u™, 0™) the family g™ satisfies (2.26) in the sense
of distributions.

Then g is the unique local infinitesimal Mazwellian (3.16) determined by the solution

(p,u,0) of the system (2.25) with the initial data (p™,u™,0™) obtained from (2.26).

2.2 Analytic Setting

In order to mathematically justify the acoustic limit, we must make precise:
(1) the notion of solution for the Boltzmann equation, and (2) the notion of solution
for the acoustic system (2.25). We therefore work in the setting of DiPernalLions
renormalized solutions for the Boltzmann equation, as discussed in Chapter 1, Sec-
tion 1.3. We will show that the acoustic system (2.25) is hyperbolic. We then prove
(1 + |v]* + |z|*)geM is relatively compact in w-(L}, dt; w-(L*(dzdv))). The scaled

Boltzmann initial-value problems for the acoutstic limits can be put into the general

form

LoG.c). G0 = Gy, (2.27)

€

G +v-V,Ge =
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2.2.1 The Acoustic System

In this section, we show that the acoustic system (2.25) is hyperbolic. Consider
the Cauchy problem
O [po] + Vi- [pUg + ugd] =0,
O [ugd] + V- [(u@ U)od + (pod + 009*)1d] =0, (2.28)
O [2009%] + V- [00%u+ 2UW?00] = 0
with initial data V™ = (p'"o, u 01, 0™ 09?). In order to show the hyperbolicity, it
suffices to find a pair of entropy ®(V') and entropy flux W(V') associated with the

system. Here V = (po, ug?d, 009?). Indeed, we may take
1
o = /gQMdv = p*o+ |ul0¥ + 592@92.

A direct calculation shows that its Hessian is positive definite. The existence of
entropy flux W can be proved by looking at dyy®(V)0y F(V') - n, which turns out to
be symmetric for all possible choice of V' and 7. Therefore, there exists an entropy
flux ¥ which associates with the entropy ®. Hence the system is indeed hyperbolic.

In particular, we have

Proposition 2.2.1 For any
Vit = (p™o, u™ 0¥, 0™ 00?) E(Loo(dt; Lz(édvdac)), Lo (dt; LZ(Q%dvda:)),

L(dt; LQ(#dvd:ﬁ))) ,

there is a unique solution
V = (po, uo?, 009?) EC([O, 00); L2(%dvdx)), L (dt; Lz(giﬁdvdx)),
L(dt; LQ(ngdvd:c)))
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to the Cauchy problem (2.28).

2.2.2  Fluctuations

We now show the fluctuations are relatively compact in a weak-L! space. Later
in this chapter we will show the limit point ¢ is governed by the acoustic system

(I —10). We start from the entropy inequality

HGA) + L [ RGuo)is < HGE) < 7% (229)

€

where

= / (GlogG — G+ 1)M dvdz.

and

N //// : log (GlG )(GllG/ — G1G)b(w, v1 — V)M M dwdv,dvdz.
4 G.G

If we rewrite this in terms of g. and g., where ¢. = 1 (G’ G' — G1G), we get

// h(0ege) M dvdz
RPxRP

Ge 1
20, )G, Gcbd dvydvdad
/ ////SD oaon 47’(G61G66 ) wMiMdv,dvdzds

< H(G!) < CM;,

(2.30)

i.e.

// ! h(dege) M dvdz
RPxRP 5

6(52

qe 1 .
20.) G, G b dwdvidvdzds < C™.
SP—1xRPXRPxRP 4T(G€1Ge€ ) MiM dwdvidvdzds
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Here

h(z) = (1+2)log(l+2) — 2z, z=0c4.. (2.31)
G. G

Z) = Zlog(l + 2 7=
r(z) = Zlog(l+2), Z G.G.

1. (2.32)
Entropy Controls

Proposition 2.2.2 Assume that there exists C™, such that

1 .
// ﬁh(éege)./\/l dvde < C™  forall t.
RPxRD Ve

Then
(i) // (14 o + |2[2)g-M dvdz € L=(dt) and (1+ [v]?2 + [2]2)g. M
RPxRP
is relatively compact in w-(Li, dt; w-(L' (dzdv))).
(i5) If (1 + |v]* + |z|*)gM is a w-(Lj, dt; w-(L' (dzdv)))
limit point of (1 + |v|* + |z]*)geM, then g M € L>*(dt; L' (dvdz)).
1 ,
Moreover, — // gQM dodz < C™.
2 RDxRD

Proof. (i) Notice that h is a convex function, hence by Young’s inequality
yz < h(y) + h*(2), for y>—1. (2.33)

Here h*(2) is the Legendre dual of h, and can be given explicitly by e* —1—z. h*(2)

also satisfies the superquadratic property and the reflection property:
h*(az) < a*h*(2), for 0<a<1,z>0, (2.34)
h*(|z]) < h(z2). (2.35)
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Applying the properties above,

a(l + ol + |

; )M, (2.36)

3.0 1,
At fol* +laPlgdM < Tlszh(0ege) + Zh™(

for all % < 1, where o is to be chosen later.

We may now choose o > 0 such that

// e (G100 g oz € £2(ar) .
RPxRD

3

The possibility of such choice is guaranteed by the following observation: The global

Maxwellian can be written as

T
m 1 v cl bl + B v
= det ——
M (27T)D e (Q) exp 9
x — vt bl — B al x — vt
(2.37)
cl bl + B
Note that is positive definite. Therefore, there exists A\g > 0,
bl — B al
Ao depending on (a, b, ¢, B), such that
T
1 v cl bl + B v
2
x — vt bl — B  al x — vt
T
1 v A O v
S .
x — vt 0 Xo x — vt
T
1 v 1+t2 —t v
=3 Mo
x —1 1 T
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L+ —t] 942 - 1T 1 4P

The smaller eigenvalue of , 5
—1 1
cally. Hence M is bounded by

, decreases monotoni-

m Xo 2+ T?%— /T4 +4T2
— det(Q)eXp(—?O( i

50 J(lof? + Jo12))

for t € [0, T]. Observing that h*(z) asymptotically behaves like e*, we may simply

choose «, such that

&(2+T2—\/m)<0
2 2 '

C(L+[o]* + [zf)
3

«
3

Therefore [[on oo P ( JMdvdz € L*(dt) upon such choice. We

then apply the Dunford-Pettis criterion to prove (i).

For any n > 0, choose 0 = S;gin’ then pick & > 0, such that |Q| < & implies
1 2 2 1
/// h*(g( + |Ui‘)) + || ))M dodxdt < §00477-
Q

Hence for any €, such that |Q] < &,

///(1 o + |22 g M dvdadt < 1.
Q

(ii) Let (1 + |v]* + |z[*)gM be the weak limit of any convergent subsequence
of (1 + |v*+ |z[*)g.M. The convexity of h yields the inequality

%h'(&g)(ge —g) < %h(&gs). (2.38)

€

1

Fix A > 0 and multiply this inequality by the global Maxwellian M and the char-

acteristic function 1y4<x}; the non-negativity of h then implies

| 1 1

€ €
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Average this over [ty, t2] x RP x RP for an arbitrary time interval [t;, t2] and then con-

o N 1
sider its limit as e — 0. Use the strong L> limits —h(dcg)1{g<xyM — 5921{|g|<,\}/\/l,

)
1
—h/((seg)l{‘gk)\}./\/l — glyg<xyM and the weak-L! limit M(ge —g) — 0, we

de
~g*1 dvdzdt
ty — 11 / //]RDX]RD 29 (lgl<xM dvdz

then have
.. 1 )
< lim inf / // —h(6.9.) M dvdzdt < C™.
e—0 1y — 1 t RDxRD 562

Taking A — 400 and use the arbitrariness of the interval [tq, 5], we proved

€

(2.40)

// g* M dvdx € L*®(dt), for almost any t € [0, 00).
RPxRP

Before we state the next proposition, several notations need to be introduced.
2
We define N, := 1+ %5696, hence g. can be composed as ]‘(i[—l + %56]9\7—: Also, we define
1
Ve 1= 5—Et(56g6), where #(z) = 3log(1 + 12).
Corollary 2.2.1

(i) M(ge = 70) = o(6.) in L(dt; L (dvdx));

2

(n) is bounded in L°°(dt; L' (dvdx)).

Proof. We will prove (i) first. Set z = d.g. into the elementary inequality

S <t(x) <
z z,
1—1—%2_ -
thus
e 1. g2
Ogge_’)/egge_ g = 596

1+ 169, 3 °N
If (i7) holds, then (i) also holds. In order to prove (iz), we introduce the function

s(2) = 3

22

1—1—%2

. Notice that s(z) < h(z) for z > —1; indeed s”(z) = (1 +32)7% <
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2

1
(1+2)7t = 1"(2) and h(z) — s(z) = o(z?) as 2 — 0. Therefore %if—i = ﬁs(éege) <
1
ﬁh(éege), whence (i7) follows from the entropy bound.

2
Proposition 2.2.3 Ase — 0, M(|v|*+ ]91:|2)]g\[—E = o(log(d.)) in L>(dt; L' (dvdz)).

Proof. The proof is almost identical to that of proposition 3.4 of [5], except for
replacing [v|? by a(|v]* + |z]?), and observing that [ exp (4(|v|* + |z]*) M) dvdx
is uniformly bounded for fixed T

Dissipation Controls

Proposition 2.2.4 Let g., q. be sequences of functions satisfying the entropy in-
equality and bound (2.30), then

MM

N (14 [v|? + |2|*)q. is relatively compact in w-L},(dt; w-L* (bdwdvdv,dx)).

(1)

(i3) If My Mq isw-Ly, (dt; w-L' (bdwdvdv,dz)) limit of any converging subsequence

Mque
N,

1 1/t .
// —QQ(t)Mdde + —/ //// P My Mbdwdvdvdzds < C™.
RDxRDP 2 4 0 SP-1x RPxRDxRD

Proof. (i) Choose « such that

of MiMgq € L*(dt; L*(bdwdv,dvdz)) and for a.e.t € [0,00), it satisfies

Q A0(2+T2 — \/T4+4T2)

3 2 9

< 0.

an
32C™

Take n > 0 arbitrarily small. Choose 0 =

Applying Young’s inequality and using superquadratic property of r*(y), we get

(L4 of? + [af?) 1=
3 6 ez 1 1 ) (241)
g qe 565 % (6% 2 2 €
<2G.G.[— “r(=(1 Y < 1.
“a [5SET(G€1GE) + o (3< ol + ] >)N€2] N.o
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€
. 2 €
Since N, > z, N

€

< 1 holds for d.c < %0‘.
We know that 7*(y) = O(exp{y}) as y — +00. Therefore,

«

r*(g(l +v* + |a:|2)) ~ exp (3

(L + [vf* + [=[%)

w

€

NE

9 : .
for large |z, |v|. Note that < 3 and converges to 0 in measure and MG, is

1
loc

relatively compact in w-L; (dt; w-L'(dvidz)). This yields the relative compactness

of r*(%(l + [v|* + |2]?))Ge, MM in w-L}, . (dt; w-L' (bdwdv, dvdx)).

loc
GG,

Then by Product Limit Theorem, r*( e

(1 + [0 + |z*))

).

w|Q

MM is relatively

compact in w-Li, .(dt; w-L' (bdwdv,dvdx

loc

~—

Observe that

t ]. 1 q 1 .
—_—— *_€26,)G. G.b dwdvidvdxds < C™.
/0 ////SDlxRDXRDxRD 66§4T(G61G662 ) G OM M dwdvidvdads <

Applying the same argument as was in Proposition 2.2.2 gives assertion (7). To show

(1), we use (ii) of Proposition 2.2.2:

1
// ~g*(t) Mdvdz+
RPxRD 2

! 11, g .
lim inf —_—— *_€24,.)G., G.bd d dvdxds < C™.
im in /0 ////SD1X1RDX]RDX1RD€5624(G51G562 )G G bdwMydvyMdudxds < C

(2.42)
For the second term on the left-hand side, notice that convexity of r yields
1 1 1 1 ge 1 EééeQe
20, S "e2 Oc — < — . 2.43
g2 (€200 + or(@0a)(GTe —a) < mr(G ) (2:43)

Fix A > 0 and multiply this inequality by 1j4<) times G, G, over the normalization

Ngbs := 1+ $0|ge|, the non-negativity of r then implies

1 1 GelGe 1 L qe Gel Ge 1 6256Qe
652r<6256q) Ng‘bs 1\Q|<)\+6%56T <€256q)(G51G6 _q) Neabs 1|q|<)\ = @T(GQGG)GQGG
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Note that

—Mljj\v/laque — MuM in L}, (dt; L' (bdwdv,dvdz)) (2.45)
and
N,
P - =M M_ — MyMgq in w-Lj,.(dt; w-L' (bdwdvydvdz)) — (2.46)

" Afabs b
Neas Nas

by Product Limit Theorem.

The w-L' limit of the left side of inequality (2.44) can be evaluated using the strong

L limits
MM 1 GG
€0? rlexdaq) N}bs Ler = MquzllqK/\v
1 Qe G.,G.
M, ME% (ezasq)(GﬂGE —q) N Lgier = 2MuMaljgian,
and the w-L! limit
Ge Ge G Ge G
MlM(GqGE - q) N}bg ql<x = M M<Nabs Nlabs )1|q|<>\ — 0.

Taking A — 400 then provides the estimate needed in (2.42) to complete the proof

of assertion (ii).

1 Q(G.,G)

5ol N 15 relatively compact in
€2 €

Proposition 2.2.5 M(1+ |v]* + |z|?)

1
w- Lloc

(dt; w-L(dvydx)), where
Q(G,G) = // (GG — G1G)b(w, vy — v)dwM;dvy .
SP—1xRD

Proof. Observe that for any y € Ly, (dt; L (dvdz)),

loc

/// (14 o + )M 211Q(GE’G)d dadt
SD—1xRD e €2

/ //// x(1+ [v]* + |z )qe My Mbdwdv, dvdads.
SP—1x RPxRPxRDP
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We get the desired property by applying Proposition 2.2.4 to the right side.

The Infinitesimal Maxwellian

Proposition 2.2.6 Let Mg be the limit of a convergent sequence of Mg, in
w-(L, dt; w-(L*(dzdt))). Assume that g. satisfies the entropy inequality and bound

(2.30). Then, for almost every (t,x), g is of the form
g=p(t,x)+ult,z) - (v—U)+i0(t,z)(jv — U|* — DY).
Moreover,
(po,ugd, 0o¥?) € (Loo(dt;Lz(%dvdx)), L™ (dt; Lz(g%}dvdq:)), L (dt; Lz(ngdvdx))).

Proof. We start with an observation on the linearized collision kernel £ g..

MLyge = M // (9e + 9o — 90 — 92,)b(v1 — V)M dwdv,
SPTIXRD (2.48)

= MéeQ(gm ge) - M%Q(Gea GE)

Recall that
Qg0 9.) = / / (g0l Gagble, vy — 0) dwMdu,
—1IxR

Q(G., G,) = // (G, G.— G G)b(w, vy —v) dwMdvy.
SD—-1yRD
The idea is to show weak L! convergence of the left side to ML g, as well as weak

L' convergence of the right side to 0. To prove weak convergence, we use a modified

form of (2.48):

Nabs //D - Nabs ge + Gey — gé - gél)b<w7 U1 — U)Ml devl
S xR

= Nebs / /S o Nabs (94,9¢ = gerge)blw, v1 — V)M dwdy (2.49)
xR

Nabs(s // Nabs G/ G/ G61Ge>b(w71)1 _’U)Ml dwdvl.
SD—-1xRD
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Lemma 2.2.1 Let Mg be the limit of a convergent sequence of Mg,
in w-(L}, dt; w-(L'(dzdt))), then the left side of (2.49) converges weakly to ML g

loc

1
n Ly,

(dt; L' (dvdx)).

Proof. The bound on the Boltzmann collision kernel implies

/ bdw < C(1+ )’ (1 + o1 *)? < C(1+ ) (1 + |on]?). (2.50)
sD-1

M 1
Weak convergence of the first part Nars = Wgéb(vl — v)M; dwdv; then

follows from product limit theorem, since

1 1
— L L™
Nabs T 4 [v]2 //SDlxRD N“b —— M bdwdv € Ly (dt; (dvdx))

converges almost everywhere, and (14|v]?) Mg, converges in w-(L;, . dt; w-(L' (dzdv))).

loc

We can take care of the other terms, using the invariance of bdwdv;dv under the
changes (v,v1) <> (v, v]), (v,0") <> (v1,v]).

For the right side of (2.49), we observe that the first term

My
Nabs //SD LD g€1ge gElgE) Nabsbdwdvl
X

converges weakly to 0 in L}, (dt; L*(dvdx)) by another application of the Product

56961 Ml

bdwdv
Ngbs (1 + [v]?)

Limit Theorem. In fact, (1+|v|?)g

converges weakly in L' and [[sp 1 po

M
€ N abs

€

converges to 0 in measure.

It remains to verify the weak converges of the second term

Nabsé’ // Nabs G/ G/ Gqu)b(W,Ul —U) devl .
SD—1xRD

A modification of Proposition 2.2.5 gives

M / /
/ /S I Nabs (GL.G. — G, G)b(w, vy — v) dwdvy = O(€) in Ly, (dt; L (dvdz)) .

o1



Therefore, the second term converges to 0 in L}, .(dt; L' (dvdz)) since w5 is bounded.

Assertion (i) of Proposition 2.2.2 states that | g°M dvdx € L*(dt), so that

1 1 1
(po,uod, 0o0?) € (L™ (dt; Lz(gdvdx)),Loo(dt; LQ(Q—ﬁdvdx)),L“(dt;LQ(dedx))).

We then proved Proposition 2.2.6.

2.3 The Weak Acoustic Limit Theorem

We now state our main result for the acoustic limit.

Theorem 2.3.1 Letb be a collision kernel that satisfies the assumption of DiPerna-
Lions (4.110). In addition, assume that there exists constants Cy, € (0,00) and

B € (0,1] such that b satisfies
/ b(w,v)dw < Cy(1 + 2[v|*)?  almost everywhere. (2.51)
§b-1

Let G >0 be a family such that [[ G dvdz < co and satisfies the entropy bound

H(G™) < C™§% for some C™ < oo and 6. > 0 that satisfies

%

€2

de = 0 and |log(0.)]*? - 0 ase — 0 (2.52)

for the B that arises in condition (2.51).

Assume, moreover, that for some
(ping, u™ o0, 9“‘@192) € <L°°(dt; LQ(édvda:)),Loo(dt; L2(Q%dvdx)),

L(dt; LQ(#dvdx))) ,
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the family of fluctuations g™ satisfies

D
in in _in in in in gin nin in in in in\  in _gin in in qin2
(p@ MU Q™ + u oMo, PI g g - LU P ™+ (Y Un™) o™ +%9919)

i=1

= lim (/gin./\/lindv,/vgin./\/lindv,/%|v|2gin./\/lindv)>
e—0

in the sense of distributions. Let G, be any family of DiPerna-Lions renormalized

(2.53)

solutions of the Boltzmann equation (1.41) that have G™™ as initial values. Then, as

e — 0, the family of fluctuations g™ satisfies
oMge = oM(p+u- (v—U)+10(lv—U|*—DV))inw-(L,.dt; w-(L' (dzdv))), (2.54)

where (po,ugd, 000*) € C([0, 00); L*(;dvdz)), L*(dt; L*(zdvdz)),
L*>(dt; L%#dvdas))) is the unique solution of the acoustic system (2.25) with initial
data (p™o,u 9, 0™ 9?). In addition, one has that

(/gEMdU7/UgeM dU—U/ge./\/l d’U,

D
/2!v| geMdv — B2 /gﬁM‘“ dv — ;ZUi/vigeMi“ dv) (2.55)
=1

D
—>(p9,pU@+um9 Blpo+ 3UPpo+ () U)ol + D9@192>

=1

in C([0, 00); w-L(dz)).

2.4 Proof of the Weak Acoustic Limit Theorem

2.4.1 Approximate Local Conservation Laws

All that remains to be done to establish (2.54) is to show that (pg, ugV, 809?)
is the aforementioned weak solution of the acoustic system by passing to the limit in
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approximate local conservation laws built from the renormalized Boltzmann equa-

tion (1.54). We choose to use the normalization of that equation given by

2 1 2 1
I'Z)=3log(=+=2), NZ)==-+=Z. 2.
(2) =3log(; +52), N(Z)=>+3 (256)
Dividing equation by o, we get
1 :
OYe +v-Vove = — // ]({[—Mlb(w,vl —v) dwdvy (2.57)
€2 €
where
3 1 1
’)/e — 5— 10g<1 + §5€g6)7 Ne = 1 + géege. (258)

When the moment of the renormalized Boltzmann equation (2.57) is formally taken

with respect to any ¢ € Span{1,vy,...vp,|v|*}, one obtains

&e/C%M dv+V, - /UC%M dv=— ///C 9 MyMbdwdvidv.  (2.59)

l
It can be shown from (1.56) that every DiPerna-Lions solution of (2.57) satisfies

(2.59) in the sense that for all y € C3(RP) and [t1,ts] C [0, 00) it satisfies

/ /C% to) M dvdx —/ /C% t1) M dvdx
:/ /me-/vC%M dvdxdt (2.60)
t1

to 1
n / N / ¢ MM b dwdvy dudzdt.
t1 6§ Ne

We observe that (2.60) still holds if we replace ¢ € Span{1, vy, ...vp, [v|*} by

(e Span{1,x,...xp, |z|*}.

2.4.2 Removal of the Conservation Defect

The fact that the conservation defect term on the right-hand side of (2.60)
vanishes as € — 0 follows from the scaling assumption (2.52), the fact y is bounded,
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the fact ¢ is a collision invariant, and the estimate

B/2
%///g%Mledwdvldv - O(M)+o<5€|1og(5€)|> (2.61)
€2 €

€

[SIE

. 1
in Lj,,

(dt; L'(dx)) as ¢ — 0. Given this estimate, the argument is as follows: The
scaling assumption (2.52) directly implies that the first term on the right-hand side
of (2.61) vanishes as ¢ — 0. The second term also vanishes as ¢ — 0. All that
remains is to establish the estimate (2.61), but this follows from Theorem 2.5.1. The

whole argument still holds if ¢ is replaced by (.

2.4.3 Control of the Flux

The flux term on the right-hand side of (2.60) contains the sequence [ v(v.M dv.
To control this term, first observe that when one sets z = %5696 in the elementary

inequality

22

(log(1 +2))* < T

,  z>—1,

2
one obtains ? < ]g\[—ﬁ The nonlinear bound in Proposition (2.2.3) then shows that

€

2
// ’yf/\/l dvdzr < / i/_eM dvdz < 2C™,  for all t > 0.

€

Note that [©2¢?2M dv < C uniformly in ¢, [v2(2M dv € L, (dt). Then, [v¢y.Mduv

loc

is relatively compact in w-L} (dt; w-L*(dz)). In fact, for any X € L*(dz),

loc

/X(/UC%M dv)dz

<([ a0 [( [ oorman oy}
<( / X2dz)2( / / 02 M do)( / VM dv) dz)?
< / X2d) / / M dude < (20m)0( / X2d)b.
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Here C' is the bound for ( [[ v*¢*M dv)z, which is independent of t. Hence we the
proof is complete by applying Dunford-Pettis Criterion.
Moreover, [v(y.Mduv is also relatively compact in w-L} (dt; w-L?*(dz)). To this

end, we observe that for any X € L*(dz),

/X(/vé%Mdv)dxg(//X252Mdvdx%// VM dvdz)? .

But f 5 M dv € L2 (dt), hence we get relative compactness by the same argument

loc

[un

as above.

2.4.4 Control of the Density Terms

The density terms on the left-hand side of (2.60) contain the sequence [ (.M dv.
We use the Arzela-Ascoli theorem to establish that this sequence is relatively com-
pact in C([0,00);w-L*(dx)). First, for any Y € CH(RP),[Y [ (v (t)Mdvdz is
bounded in C(]0, 00) by the same argument in the previous subsection. For equicon-

tinuity, the left-hand side of (2.60) is controlled by

¢ A My b dwdv, dodadt| .
N

€2

to
t1

The first term can be controlled by C||V,Y||L~|ta — t1], when the second term can
be controlled by C|ty —t;| following from the arguments in “removal of conservation

defects”. Hence we get equicontinuity. By a density argument, we see that
/C%M dv is relatively compact in C([0, 00); w-L?(dz)). (2.62)
Following the same argument, we also have
/C%M dv is relatively compact in C([0, 00); w-L*(dz)). (2.63)
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2.4.5 Passing to the Limit

Proposition 2.2.2 (i) allows us to pass to a subsequence of the sequence Mg,

still abusively denoted Mg,, such that as e — 0
oMg. — o Mginw-L}, (dt; w-L' (dvdz)) ase — 0. (2.64)

Now observe that when one sets z = %5695 in the elementary inequalities

2

0<z—log(l+2) < or all z > —1,
z
one obtains
1 9
0<g. e < =025

2
Since J./\/l]gv—ezO(| log(d.)|) in L>(dt; L' (dvdx)) as € — 0, we have 6g. M — oy M —

€

0 in L°°(dt; L'(dvdz)) as € — 0. From Proposition 2.2.2 (ii), we have

// )M dvdx < llm 1nf 5—H(G5(t)).

Therefore,
/ / (Ve — 9)> M dvdx € L>=(dt).

By the same argument as in ‘Control of the flux’, we have

/// Y (ve — g)M|dvdxdt — 0, for all Y such that Y2M € L2 (dt; L' (dvdz)) .

(2.65)

Moreover, if the Y in (2.65) is independent of ¢, then

/ Y (ye — g) M| dvdx — 0in L™®(dt) for all Y such that Y M € L;2.(dt; L' (dvdz)).
(2.66)
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Now we will be able to show that

loc

/ Xv¢(ye — g)M dvdx — 0, for all X € L;2 (dt; L*(dx)). (2.67)

Choose Y = Xwv(¢ in (2.65) for any X € C3(RP) and by a density argument, we
obtain

/UC%M dv — /U{g./\/l dvinw-L;,,(dt; w-L*(dz)). (2.68)

On the other hand, we can show that

sup | / / X(¢(ye — g9)M dvdz| — 0, for all X € L*(dx) (2.69)

t>0

by choosing Y = X( in (2.65) for some X € C}(RP) and a standard density argu-

ment. Hence

/C%M dv — /Cg/\/l dvin C([0, 00); w-L*(dx)). (2.70)

Both (2.68, 2.70) still hold if ¢ is replaced by ¢. Moreover, because the initial

fluctuations g satisfy
(mem meQm + umglnﬁm D1291“ mem 4+ 1 : |U|2mem + Z Uiu;n)ginﬁin + %einginﬁinz)

= lim( / g M dv, / vg" M™ dv, / S g M dv)),
€—>

one sees from
0geM — oy M — 0in L' (dvdz) ase — 0, for any ¢
and

/a(gin — ™) M dvis bounded in L*(dz) for anyt,
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that
(/,}énMin dv’/v/yinMin dv’/%‘vllﬁnMin dv) - (pingin7

D
in in in in qin injn in in in in\ in qin in in qin2
pU 0™ + u™ oo™, B2 g o™ 4 11U 12 p M +(E Uu™) o™ 9™ + 26™ o™ >
i=1

(2.71)

in w-L?(dz) as € — 0, where we define 4™ = ~.(0). Furthermore,
</7§n/\/lin dv,/v”yin/\/lin dv — U/fyin/\/li“ dv,
D
/%|v|27in/\/lm dv — % AEM™ dy — %Z Ui/vmin/\/lm dv> (2.72)
i=1

in in , in inqin D pin inqin2
—><pg,ug19,§9gq9 )

Taking limits in (2.60) as € — 0 leads to

/X/Cg(tQ)./\/l dvdx—/x/(g(tl)./\/l dvdz

(2.73)
to
_ / / V.- / vCgM dodadt,
t1
which is the weak form of the local conservation law
at/CgMdv+Vx~/ngMdv:0.
Setting ¢ = 1,v1,...vp and %|v|* into this equation and using the infinitesimal

Maxwellian form of g gives the resulting system. We then set ( = 1,vq,...vp and

|v|* into

/C%M dv — /Cg/\/l dvin C(]0, 00); w-L* (dz))

and combine this with the fact that

/C’Ye./\/l dv — /fg/\/l dvin C([0, 00); w-L(dz)), for( € Span{l,zy,...xp, x|},
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and

oYM — ocg.M — 0in L' (dvdz) ase — 0.

Therefore,
(/gej\/l dv,/vgeM dv—U/gg/\/l dw,
D
/ YoPgMdv =22 [ g MPdo—13" 0, / vigeM™ dv) (2.74)
=1

D
— (p@, pUo +ugd, Bpo + LU Ppo + (O Usui) ot + %99192>
=1

in C([0,00); w-L'(dz)). This concludes the proof of the Weak Acoustic Limit The-

orern.

2.5 Control of the Conservation Defects

In this section we derive the conservation defect bounds (2.61). We prove the

following

Theorem 2.5.1 Let the collision kernel b satisfy the bound (2.51) for some [ €
0,1]. Let MG be a family of functions in C([0,00); w-L'(dvdz)) that satisfies the
entropy bound (2.29). Let ¢ € Span{l,vy,...,vp,|v|? 21, ...,Zp, |x|*}. Let 6. > 0

vanish as € — 0. Then
// C%Mledwdvldv = O(0.|log(8.)|%?) + O(e%5g|log(5g)|) (2.75)

71
in L,

(dt; L'(dz)) as € — 0.
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2.5.1 Proof of the Conservation Defect Theorem

We exploit the symmetries of M; Mbdwdv;dv and the fact that ( is a collision
invariant to decompose the defect into three parts, each of which is then shown to

vanish as € — 0. We use the following decomposition

/// g—bM Mdwduv,dv
///C 1 — Nel FbM MdeUldU + /// CNEIN bM MdeUldU

(2.76)
Then
/// CNQN bMi M dwdvdv
=3 /[~
(2.77)
// Cl + C N N N, N,)QeMledevldU
= Ne N = N Ne geMiMbdwdvd
—Z///(C1+C) N, NN N? wdovido .
Observe that
! ! 2 / / 1 ! !
Ne1Ne - N61N€ = 566(951 + Ge — Geg — ge) + _(Geng - GelGe)
5 . (2.78)
- _Z5 20 1 1 15
50 (96,9 — 9er9e) + 3€20cde,
therefore (2.77) decomposes as
/// CNQN MiMbdwdvdv
2 ge ge gelge
= - — =t - - 2.79
5 // (14 N! NI, N geMiMb dwdvdv ( )

—625 // (¢1+ <) N NN’ N’M 1Mbdwdvidv .
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By the symmetries and the fact that ¢ is a collision invariant, the right hand side

of (2.79) becomes

gelge Ge1 Ge
/// G +¢) N NN, N geMiMb dwdvdu

gelge
_2// (¢ +¢) N/ N/N.N, g MiMbdwdv;dv
€1 €

gelge
_4/// N7 N’NHN geMiMbdwdv,dv, (2.80)
// (G +¢) NE’IN’NQN —— —— M ;Mbdwdvidv

Cq?
_2/// NT NN, —— MiMbdwdv,dv.

Now we arrive at the decomposition

/// C—b/\/l Mdwdvidv
5961
/// CNQN My Mbdwdvdo

gﬁlgﬁ
2 / / / 5 N’NQN ol ) MyMbdwdodo

/// CN’ N’N N MiMbdwdv;dv.
€1 €1

The above argument still holds if we replace ¢ € Span{1, vy, ..., vp, |v|*} by ¢ € Span

(2.81)

{1,21,...,xp, |z|?}. Because for every ¢ or ( there exists a constant C' < oo such
that |¢| < Co, |{| < Co, where o(v) := 1+ |v|?> + |z|?, the result will follow upon

establishing the bounds

0cfes B/2
7 N MIM = OG5 log(5)]), (2.82)
'%q MM = O(6.1og(6)|7/?) (2.83)
N/ N/N N € € € )
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1
€20.q.>

ONL NN, M = Oleadloglea)) (2:84)

1
in L,

(dt; L' (bdwdv,dvdz)) as € — 0 and then observing that

€2, log(e2d,)| < e26.|log(e2)| + €26, |log(6.)]
= 0(6.10g(6)|°"?) + O(e25| log(5.)]).
The bounds (2.82)-(2.84) follow directly from Lemmas 2.5.1, 2.5.2 and 2.5.3 respec-

tively.

2.5.2 Dissipation Rate Control Lemmas

The proofs of the following lemmas rely on the following control for dissipation

rate R, implied from the entropy inequality (1.59)

1 o0

= R(G)dt < C™.
€ €

the bound can be recast in terms of R and ¢. as

qe in
652 / ////SD R 47’(G€1 5E)G€1Geb./\/11./\/l dwdv;dvdxds < C™.

(2.85)

The proof of the next two lemmas are based on the classical Young inequality

pz < r*(p) +r(z) for everyp € Randz > —1.

Upon choosing
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and noticing that r(]z]) < r(z) for every z > —1, for every positive v and y one

obtains

T ox 6%563/ Y €%5€Q€
ylal = —5r ( . )GQGE + 57 <G61G6> G.,G.. (2.86)

This inequality will be the starting point for the proofs of Lemmas 2.5.1 and 2.5.2.

Lemma 2.5.1 Let ﬂ,c?me%,ge and N, be as in Theorem 2.5.1. Then

0eGe,

NN gMiM = O(5.|log(6.)[P/?) in L}, .(dt; L} (bdwdv dvdz)) as € — 0.

o
1
Proof. We first set

1
N,

_ o
Y 3NN,

B 56N€

and apply the superquadratic property
*(Ap) < A*r*(p) for everyp > Oand X € [0,1]. (2.88)

with

A:;andp: —_—, (2.89)

where A\ < 1 whenever €3 < %’y. This leads to

g

1—

|q€|

N

N,

€

(1 2 ., ao v [ €2d.q.
yN2N2' (5 GaGe) + T( GaGe

(33 2 o 4y 1 [e2d.q
— =L _Ge Ge T - Gs Ge
N, (GGGt mirl G, ) Ca

IN

(2.90)

IN
2= Q|

By the assumption on the collision kernel, we have

/ blw,v; —v)dw < Cy(1 + o [HP(1 4+ [v]?)?. (2.91)
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Then

INIIE

3
<i3—cb/ //// ey (2208 08 My Mbdwdv, dvdzdt + 7cm
ao 2 NEl

Interpolating between the entropy estimates in Corollary 2.2.1(i7) and Proposition

— ‘ |ge| M1 Mb dwdv, dvdadt
(2.92)

2.2.3, we get
/ / "f/]\\flgﬂ dvidz = O(]log(8.)|°) (2.93)
in L°°(dt), while
/(1 + |v|2)5r*(%)./\/l dv s uniformly bounded inx . (2.94)

Hence we got the lemma by optimizing over o and multiplying the result by ..

Lemma 2.5.2 Let B,dg,e%,ge and N, be as in Theorem 2.5.1. Then

56 € .
JNg]\lf gMiM = O(6.|log(6)|P?) in L1 .(dt; L' (bdwdvidvdz)) as € — 0.
Proof. Set
1 6c0'|ge, llge]
= _ - JalJe 2.95
9 N/ NN, N, ( )
in Young’s inequality (2.86). Then apply the superquadratic property with
1 e262|g,, [|g/] o'a
= - edalldel gpqp =22, 2.96
37N/ N'N, N, P73 (2.96)
Note that A < 1 whenever €2 < %0
Therefore
1 6.0'|ge, llge] 2l
9N/ N'N,, N,
111 6292 g2 oo’ o eéég
< — f7e —)G., G+ — = Nees 2.97
~a |32y (N! N!N¢ N)? ™ 3 )G +6552r G, G, ! (2.97)
92 g1 oo 4v 1 €0cGe
=Lp*(— - G, G..
S SN 3 T sz \GLa, ) O
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Multiplying the inequality by M;M and integrating both sides with respect to

bdwdvdvdzdt, we get

60—/|q6 ||q5
/ //// N/, N/ﬁ/ N, |ge| MqMb dwdvydvdadt

(1 (14| o
CO/ /// +|U1| +|'U| ) 961 *( )M Mbdu}dvldvdxdt—i_ /yCln

(2.98)

- 27a0
The first term of the right hand side is bounded because
NG x OO . . .
(1+|v|*)"r (?)./\/l dv is uniformly bounded inx,

and

/// Hm' Uy dnat = O 1og(a) ).

We then get Lemma 2.5.2 by optimizing over o and multiplying the result by ..

Lemma 2.5.3 Let ﬂ,c?e,e%,ge and N be as in Theorem 2.5.1. Then

2

4 _ 1 1
NélNelNelNeMlM - O(|10g(e 66)') ZnLloc(dtvL (dedvldUd$)) ase — 0.

(o +01)

Proof. The argument is similar to Proposition 2.2.3. Notice that h and r satisfy

the elementary inequality
h(z) <r(z) foreveryz > —1, (2.99)

the dissipation control (2.85) implies that

]. t qe 1 in
6(562 A ////SDlxRDxRDxRD h(Gel Ge€25e) G€1 GfleM devldvdde S AT

(2.100)
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Applying the argument in the proof of Proposition 3.3 of [5], we get the Young-type

inequality

TRNe! 1 6%56 . 1 6555 . Q
A(eiée)g(a—i—al)@s ( q ) < Eh < q ) + Cexp <§(0—|—01)> , (2.101)

G..G. GG

where C'is a positive constant, s(z) is defined by

s(:) = 1% v (2.102)

and 0 < A(y) < 1 is defined implicitly for every y € (0,1) by
1 —Alog(A) — (1 —A)log(l —A)+ Alog(y) = 0. (2.103)

After some asymptotic analysis, it follows from this definition that

57 = Oz asy—0. (2:10)

Let T € [0, 00) and integrate both sides of the inequality (2.101) over the set SP~! x
RP x RP x RP x [0, 7] with respect to the measure

G M GM
N. N

bdwdv;dvdxdt .

By using the bound (2.91), the fact

I 0410 o0+ 1Y e C7 MM s < oo,

and (2.104), one obtains

T 2
/ //// (0+o1) 57 in/ G,j]\v/llj'/:;lbdwdvldvdxdt = O(|log(e25,)|) (2.105)
0 €1 Te €1 e e1tVe

as € — 0. Using the symmetric property of the collision integrand and the elementary

inequality
Gfl G€ + Gél G; S 32<N51NE + Ne/l Né) )
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we see that the left-hand side of (2.105) satisfies

T 2
q MM
2 €
/o //// o+ Ul)Gqu + G Ge Ne, N bdwdindvdudt
' ¢ 1 1
:/0 //// (0+0—1)G61G6+GI€1G/ (N N, + N! Né) MiMbdwdvdvdadt
_/T////( o) e NN NNy v e doddt
- T G, G —|-G' G' N€1N6N€/1N/ wdvidvdx

= 32/ //// o+o01) N NN’ N’M 1Mbdwdvdvdzdt .

The estimates then follows from (2.105).
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Chapter 3:  Acoustic Limit and Compressible Navier-Stokes Approx-
imation of the Boltzmann Equation: Formal Scalings and

Derivations

This chapter lays the groundwork for the next by presenting formal derivation
of the acoustic limit and the compressible Navier-Stokes Approximation of the Boltz-
mann equation scaling around a unit Maxwellian M o1y on spatial domain TP. It
follows Jiang’s presentation in [34]. We first use moment-based methods [4-6] to
formally derive the acoustic approximation to the Boltzmann equation (cf. Chapter
1, (1.40) ) scaled around the unit global Maxwellian. Next, we refine the approxima-
tion for the Boltzmann equation, and formally derive the weakly compressible Navier
Stokes system (cf. Chapter 1, (1.14)) by asymptotic expansion and averaging [49].

In Section 3.1, we present moment-based formal derivations of the acoustic
system from the Boltzmann equation.

In Section 3.2, we state the formal derivations of the weakly nonlinear hydro-
dynamic limits for the general initial data, i.e., the initial data not necessarily satisfy
the incompressibility and Boussenesq relations. It is observed that there exists a fast
time scale (the fast acoustic waves), and a slow time scale (the incompressible mode).

Averaging method is used to formally derive that asymptotically, the fluid behavior
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of the Boltzmann equation is governed by linear or weakly nonlinear models, such
as weakly compressible Stokes and weakly compressible Navier-Stokes system. The
projections of these weakly nonlinear fluid systems on the slow modes are consistent
with the formal limits results with well-prepared initial data. When the initial data
are not well-prepared, averaging method is used to describe the propagagtions of
the fast waves. Section 3.2 mostly follows Jiang’s presentation in [34].

The weakly compressible Stokes (linearized weakly compressible Navier-Stokes)
system and weakly nonlinear Navier-Stokes system can be formally derived from the
Boltzmann equation through a scaling in which the density F' is close to the unit
global Maxwellian M. Specifically, we consider families of solutions parametrized by
the Knudsen number ¢ (Knudsen number characterized the ratio of mean free path
and macroscopic length scales, so a small Knudsen number indicates fluid dynamics

regime) that have the form (1.40)

1 .
B(F.,F). F|_,=F", (3.1)

€

OF.+v-V,F, =

around the unit Maxwellian, homogeneous in space and time:

M(v) = — 5 exp(—5of?). (32

(2m)7
We introduce relative densities G., defined by F, = MG.. Recasting the

initial-value problem (3.1) yields (1.41):
0G. +v-V,G. = %Q(Ge, G.), G€|t:o =G, (3.3)
where the collision operator is given by Chapter 1, (1.42):
Q(G,G) = // (G1G" — G1G)b(w, vy — v)M; dwdv;. (3.4)
SD—1xRD

70



Here G, G',G; and M; = M(v;) follow the same notation in (1.20). We assume

formally that the fluctuations ¢g'* and g, are bounded while 6, > 0 satisfies
de =0 as e€—0. (3.5)
We also assume the normalizations of the collision kernel b

/// b(w,v; —v)dwMdv; Mdv =1, (3.6)
SD—1xRD xR

the measures on SP~! RP, TP

/ dw =1, Mdv =1, / dr =1, (3.7)
sb-1 RD TD

and of the initial data

// GignMdvdx = 1,// vGiE“Mdvdx =0, // %|v]2GinMdde _ %‘
RP xTP RD x TP RD % TD

(3.8)
In these derivations we assume that g. converges formally to g, where the limiting

function g is in L>(dt; L*(Mdvdz)), and that all formally small terms vanish.

3.1 Acoustic Limit

Before we formally derive the weakly compressible Stokes system and weakly
nonlinear Navier-Stokes system, we derive the acoustic system. All the results in
this section belong to Bardos-Golse-Levermore [6,24]. The acoustic system is the

linearization about the homogeneous state of the compressible Euler system. After
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a suitable choice of units, the fluid fluctuations (p, u, 8) satisfy
Op+Veru=0, p(0,2)=p"(z),
ou+V(p+0)=0, u0,2)=u"(z), (3.9)
D00 +V-u=0, 6000,2)=06"(x).
In 3.1.1, we give the formal derivation of acoustic system. We study some further

properties of the acoustic operator in 3.1.2, as it will be useful in the derivation of

weakly compressible approximations.

3.1.1 Formal derivation of the Acoustic Limit

We consider a family of formal solutions G, to the scaled Boltzmann initial-

value problem
1 :
0,G. +v-V,Ge = -Q(G,Gy), G(0,z,v) =GP (z,v). (3.10)
€
G satisfies local conservation laws of mass, momentum, and energy:
ék/G’ﬁMdv—l—Vx- /vGeMdv =0,
8t/UG€Mdv+Vx- /U®UG€MdU =0, (3.11)
Lo Lo
O §|v| GeMdv + V, - v§|v| GeM dv = 0.
We now consider the fluctuations g., defined by
Ge =144, (3.12)

where the fluctuations g™ and g. are bounded while §. > 0 satisfies

de > 0 as e — 0. (3.13)
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In this formal derivation we assume that g. converges formally to g. The goal is to
find the limiting function g.
The first step is to determine the form of the limiting function g. Observe that by

(3.3) the fluctuations g, satisfy

1 0
atge +v- nge + E'Cge = Q(gea g€>, (314>

€
where the linearized collision operator £ is formally defined by

Lo.= [[ (0t 90— g0 - gL )b(or — 0) Mo, (3.15)
SD*lXRD

Assuming d. — 0 and multiplying both sides by €, one finds that £Lg = 0. The
null space of £ is given by Null(£) = Span{1, v, ...,vp, |v|*} according to Theorem

(1.2.1). We conclude that g has the form of an infinitesimal Maxwellian, namely,
g=pt,x) +ult,z) v+ (jv]> = D)o, z). (3.16)

The second step shows that the evolution of (p,u,0) is governed by the acoustic

system. Observe that the fluctuations g, satisfy the local conservation laws
() 9(ge) + V- (vge) =0,
(ii) Ovg) + V- (v®@vgy) =0, (3.17)
(i) O ((Glvf* = §)ge) + V- (v(5]0)* = F)ge) =0,
and g. — ¢ formally, we have
(i) 0fg) + Ve (vg) =0,
(i) Ovg) +Vp-(v®vg) =0, (3.18)
(i) (3o = 5)9) + Vi - (v = F)g) =0,
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here we use the angle-bracket notation

(h) = /T h(v)Mdv.

Recall that
Aw) =vev—FfI, Bv) = ijvfv — 220,
the local conservation laws are recast as
op+V-u =0,
ou+ Vi (p+6)+V,- (A(v)g) = 0,
200+ V- u+ V- (B(v)g) = 0.

Since A(v) L Null(£), B(v) L Null(£) and g € Null(£), we have

then we obtain the acoustic system

8tp+vxu:07

We denote the fluid moments by U:

p
U:= |y
7
and (3.23) becomes
U+ AU = 0,
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



where

Vi - u
AU == [ v, (p+ ) (3.26)

V;-u

is called the acoustic operator. Note that solutions of the acoustic system (3.23)
satisfy

(30" + 3lul® + R6%) + V- ((p + 0)u) = 0. (3.27)

For periodic domain TP = RP/ZP | we have

d
" (30° + ul* + £26%)dz = 0, (3.28)

which shows solutions of the acoustic system do not decay like solutions of the
linearized Boltzmann equation. Equally problematic is the fact that the acoustic
system has a large class of nontrivial stationary solutions while the linear Boltzmann
equation does not. Specifically, (p,u,0) is a stationary solution of the acoustic
system if and only if

Vou=0, Viip+6) =0. (3.29)

On the other hand, ¢ is a stationary solution of the linearized Boltzmann equation

over RP x RP if and only if
g=p+tv-ut G -2)0+v- Qz, (3.30)

where (p,u,0,Q) € R x RP x R x RP*P with QT = —Q.
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3.1.2 Properties of the Acoustic Operator

Because the operator A is the linearization of the compressible Euler system
about a constant state, the only dynamics associated with it is that of sound waves.
It is thereby called the acoustic operator. Solutions of the weakly compressible
Navier-Stokes system can be decomposed into a so-called incompressible component
that lies in Null(A), and an acoustic component that lies in Range(.A). We char-
acterize the spectral decomposition of A in this subsection. For convenience, part
of the calculation will be carried out in the Fourier space. First, note the Fourier

transform of the acoustic operator is i.4, where

0 ¢ 0
A=]e 0o ¢ (3.31)
0 270

A has a symmetrizer; in fact, H Ais a symmetric matrix, with

)

ID+1><D+1
H = . (3.32)

0

v |g

Hence, we may define the inner product (Uy,Us) between U; = (p1,uy,6;)7 and

Uy = (pa, ug, 02)7 as:
(Uy,Us) := /TD pp1 + uug + %901 dx . (3.33)
So the operator A is skew-adjoint in the Hilbert space
H = {?e L?(dz; RP+?) /TDf/dxzo} (3.34)
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equipped with the inner product (3.33). It was shown in [35] that (3.33) is a natural
inner product implied by the entropy structure.

Because A is skew-adjoint in its domain—the Hilbert space H, it follows that Range(.A) =
Null(A)*, where Null(A)* is the orthogonal complement of Null(.A) with respect to
the natural inner product given by (3.33).

It is clear from (3.26) that the range and null space of A are given by

g
Range(A) = Vol BE Li(dz;R), ¢ € H'(dx;R) p |
B
o ’ . (3.35)
v
Null(A) = w | 7€ Lidr;R),w € Li(dz;RP), V- w =0 ,
—7
\ Vs

where L2(dx) denotes L? functions with mean zero.
The spectral decomposition of A can be characterized in terms of eigenvectors of A.
We observe that A has D + 2 independent eigenvectors; moreover, they are orthog-

onal under the inner product (3.33). More specifically, for & # 0, the eigenvalues

7



and their corresponding eigenvectors are

1
A = 1 el oW = —— | i1z
9D+2 D |l
D
2
D
1
1
A® = — 1+ 2], @ = _ 2. &
Bl o7 =——— | - iT B
D
2
D

A =0 for a = {3,...,D+ 2}, and ¢® are D-dimensional basis of solutions to

& y=0,x+2=0.
(3.36)

Here (z,y7, z) denotes an eigenvector, where x,2z € R,y € RP. In particular, we

may choose

1 0
1
P = 0 L@ = y | fora={4,..D+2} where -y =0, |[y[|zo = 1.
1+2
—1 0

(3.37)
Note that for the D — 1 independent solutions to & -y, we could always make them
orthogonal under the regular inner product on RP. It’s straightforward to check
that ¢®,a € {1,..D + 2} are orthonormal under the new inner product defined
in (3.33). Note also that ¢, ¢®) span Range(.,zl\), and ¢ k =3,...,D + 2 span

Null(A).

Every U € H has the unique decomposition

U=7PU+PU, (3.38)
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where P and P+ are projections onto Null(A) and Null(A)+ with

P:H— Null(4), P+ :H — Range(A) = Null(A4)", (3.39)
defined by
p o3l — Bt p es(p+90)
Plul|= [u Prlul| = (I —Tu | > (3.40)
9 — 5250 + 550 0 55 (0 +0)

where II is the usual Leray projection onto the space of divergence-free vector fields

defined by
MN=1-VA'Y,-. (3.41)
We define that
0= —55p+ 55l w=1lu, (3.42)
and
T=g5p+0), v=>I-Iu. (3.43)

Then we have the following orthogonal decomposition: for every U € H,

—1 T
U=PU+PU=| o |+]| o |- (3.44)
0 %7‘1’

7/3(7({) can be represented by ¢®), k=3, ... D + 2:
PUE) = Y. (UeMe® = S u®gh, (3.45)
and PLU can be represented by ¢, ¢(2):

PLUE) = D (U.4W)e® -

k=1,2 k=1,2

|
G

=
<

=

(3.46)
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We denote the coefficient of ¢*) in the above representation as

U® = (U, M) (3.47)

3.2 Formal Derivation of the Weakly Compressible Navier-Stokes

System

A natural question to ask is whether one can refine the acoustic approxima-
tions. It is clear that the time scale at which the acoustic system is derived is
not long enough to see the evolution of these solutions. By considering the Boltz-
mann equation over a longer time scale, one can give formal derivations of these
incompressible fluid dynamics, depending on the limiting behavior of the ratio % as
e — 0.

In this section, we state the formal derivations of the weakly nonlinear hy-
drodynamic limits for the general initial data (Jiang [34]), i.e., the initial data are
not necessary to satisfy the incompressibility (V, -« = 0) and Boussenesq relations
(Vi(p +6) = 0). We refer readers to [4,5,24] for the derivations of the incom-
pressible fluid models with well-prepared initial data. In the case of general initial
data, the fast acoustic waves occur. Averaging method is used to formally derive
that asymptotically, the fluid behavior of the Boltzmann equation is governed by
linear or weakly nonlinear models, such as weakly compressible Stokes and weakly
compressible Navier-Stokes system. The projections of these weakly nonlinear fluids
systems on the incompressible modes are incompressible Stokes and Navier-Stokes

systems, which are consistent with the formal limits results before. The approach
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in this section is slightly different than that of [34]. We introduce a fast time scale ¢
and a slow time scale 7 = et. We then use Hilbert expansion [30] to get systematic
expansion of

1
atge +v- nge + E'Cge - Q(geu ge)7 (348>

with two time scales.

After taking fluid moments at the leading order, it turns out that the projection
of fluid fluctuations on the incompressible mode (Null(.A)) can be decoupled from
the acoustic mode (Range(.A) = Null(A)+). We then average over the fast time to
get propagation of the fast acoustic waves.

Throughout the section, we set . = ¢ unless otherwise noted. Under this
assumption we get the weakly compressible Navier-Stokes approximation. It will be
clear in the derivation that if

— =0, (3.49)
€

then all the nonlinear terms will vanish, and thus weakly compressible Stokes ap-
proximation is derived. For this reason, we will not give a separate description of

the weakly compressible Stokes derivation.

3.2.1 Asymptotic Expansion

Hilbert’s expansion is historically the older and goes back to Hilbert’s funda-
mental paper [30] on the kinetic theory of gases. Writing the fluctuations of the

scaled Boltzmann equation as formal power series in €

ge(t,z,v) = Ze"gn(t,x,v), (3.50)

n>0
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the leading order approximation g is expected to be the limiting hydrodynamic dis-
tribution function, while the successive corrections g, account for the finite Knudsen
effects. Note that there are two time scales in (3.48), so we introduce a slow time

T = et additionally, i.e. recast g,(t,z,v) as g,(t, 7, z,v). Therefore

815 — 3t + 687— (351)

in the scaled Boltzmann equation (3.48). These coefficients g,, are found by plugging
ansatz (3.50) in the scaled equation (3.48), and balancing the resulting coefficients

of the successive powers of € on each side of (3.48):

Order ¢ 1:
L(go) = 0, (3.52)
Order €:
go +v - Vego + Lg1 = (o, 9o) ; (3.53)
Order e:
Ohg1 + 0rgo+ v g1+ Lgo = g0, 91),, (3.54)
Order €™:
Ougn +v - Vi + L(gnsr) = Y, Qgir95)- (3.55)
i+j=n
1<i,j<n

1

Solving for equation at order e, we get the leading order term is of the form of a

infinitesimal Maxwellian:

go = po+v-uy+ (%|U|2 — %)90 (3.56)
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To determine the coefficients pg, ug and 6y, we go to the next order

Orgo +v - Vego + Lg1 = (g0, 90) - (3.57)

Note that £ satisfies the Fredholm alternative (Chapter 2), the compatibility con-

dition at order 0 is therefore
digo + v - Vego — (g0, 9o) L Null(£), (3.58)
For each f € Null(£), we have
Q(f, f) = 3L(f?). (3.59)
To prove the above identity, we take the second derivative of the relation
B(M pu0) Mpue) = 0 (3.60)

with respect to the parameters p,u,0 and evaluate it at (1,0,1). See [4] for a

complete argument. Taking fluid moments at order 0 and let

Po
Uo:= | | - (3.61)
0o
we then have
oUy+ AUy =0, (3.62)

where i.e. pg,ug, 0y satisfies the acoustic system (3.23). We write the solution of the
acoustic system as

Uy = e "V, (7). (3.63)



To find V; we go to higher orders. The compatibility condition at order 1 is:

0rg1 + 0-90 + v - Vo —29(g0, 91) L Null(L), (3.64)
1.e.
9i(g1) + 0-(g0) + V% - (vg1) = 0,
O(vgr) + 0-(vgo) + Vi - (v ®wvgy) = 0, (3.65)
1.2 D 1.2 D (L Py
OG0l — D)) + (ol = Do) + % (Gl — D) = 0.
Let
P1 <91>
U= |y | = (vgy) , (3.66)
0, 2{GIv* = B)g)

then (3.65) are recast as
Op1 +0:p0+ V- ug = 0,
Our + Do + Via(pr + 01) + Vi - (A(v)gr) = 0, (3.67)
20,01 + 20,60 + V- ur + V- (B(v)gi) = 0.

By (3.53) and (3.105), we have

g = Pg + /5_1(5(93) — (O +v-Vi)g0)

(3.68)
= Pgi+P(g5) — L7 (v - Vago)
where Pyg; is the orthogonal projection of g; onto Null(£):
Pg = {9) +v-(vg) + (5[ =SNG - F)g) - (3.69)
We showed in Chapter 2 there exists A(v), B(v) € Null(£)* such that
LA = A, LB = B. (3.70)
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and two scalar functions a and b such that
A(v) = a(jv])A(v), B(v) = b(v)B(v). (3.711)

Applying the self-adjoint property of the linearized collision operator £, the terms

(A(v)g1), (B(v)g1) in (3.67) are

(A(0)g1) = (AW)PL(g2)) — (A(v) (v - Vigo)),
(3.72)

(B(v)g1) = (B(v)P(g3)) — (B(v)(v - Vugo))

culated explicitly, as shown in the following lemmas:

Lemma 3.2.1
(Av)v - Vago) = p(Votto + Vo) — 3V, o),
(3.73)
(B(v)v - Vago) = £Vt
where
M:m@‘lﬂ‘l), IiZﬁ(B-B). (3.74)
Proof: After simple calculations, we obtain
v-V,(Pgo) =A(w) : Voug + B(v) - Vb
(3.75)

+v-Vo(po + 60) + 5[0V, g .

o~

Let £(v) denote A(v) or B(v), then £(v) € Null(£)*. Thus the inner product of
3 (v) with the last two terms in (3.75) vanish because they are in the null space of
L. Then

-~

(E()v - ViPgo) = (EA) : Voug + (EB) - Vil . (3.76)
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Notice that A(v) is even in v and B(v) is odd in v, we obtain

(AB) =0, (BA)=0. (3.77)
Thus
(A(W)v - VuPgo) = (A® A) : Vug, (3.78)
and
(B(v)v- V,Pgo) = (B® B) - Vi (3.79)

To finish the proof of Lemma (3.2.1), we state the following lemma which was proved

in [5] (Lemma 4.4).

Lemma 3.2.2
<A\ij7 Ap) = (i1 + 06 — %5ij5kl)7
(3.80)

~

<Bi7 Bj> = K,éij 3
Applying Lemma (3.2.2) to (3.78) and (3.79), we finish the proof of Lemma (3.2.1).

The derivation of the convection terms which are stated in the following lemma are

more difficult.

Lemma 3.2.3
(A(0)PH(g3)) = o @ uo — Fluol1,
(3.81)
(B()P(g3)) = P32uol
go is given by
g5 = P%+ 2potio - v + 2p060(310*2) + 5 (B lv)* + 2F) 552
3.82

+ (uo - v)* + 05 (3]v[*) + bouo - v(|v|* = D).

86



The first four terms above are in the null space of £, so their inner products with

either A or B vanish. Furthermore, the last term is odd in v, and A(v) is even in v,

so their inner product is zero. Thus

(A5;(0)(90)*) = (A (v)(uo - v)?) + $(|v]*Ai; ()05 .

For a fixed pair (i, j), if i # j,

(Aij(v)(u - v)?) = 2(1)-2U2.>uiuj = 2(u®u);j -

)

If i = j,
(W (u-0)?) = (WHwl* + > J # (i)

=3[+ ) #ilu* = Jul® + 2wl

Thus
(Aij(0)(u-v)%) = (W} (u-0)?) = §(|v]*(u-v)?)

D
=[ul” + 2Ju;]* = 5> (v} (u-v)?)

J=1

= [uf* + 2|u;* — 5(Dlul® + 2Juf*) = 21 - 5

Then we proved
%<Aij(U)(U0 . U)2> = (UQ & uO)ij — %|u0|25ij .

Observe that
(Glo* Ay (0)) = ${vvslol®) — 15(10]%)é;

If i # j, then (v;v;|v[*) =0, so 3|v|*4;;(v)) = 0.

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

If i = j, then {(vZ[v]*) = ;5(|v[%), we also obtain (f|v|*4;;(v)) = 0. Combine with
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(3.83), we proved the first identity in (3.81). Notice that B(v) is in Null*(£) and is

odd in v, after taking inner product with (3.82), what is left is
(Bi(v)(90)*) = (Bi(v)v;([v[* — D))ug;to- (3.89)
The coefficient (B;(v)v;(|v]* — D)) is
(Bi(v)v;(Juf = D)) = Fwsuslol") = (D + 1) {vgw;|of*) + 2524, (3.90)

After some simple calculations, we get

s(wvilolf) =315+ (D = 1)(D +7)]d5,
(3.91)

(D + 1){vsvs]o]*) = (D + 1)(D + 2)d;; .

Then

L(B(v)us(juf? ~ D)) = D22 (3.92)

2
Thus we proved the second identity in (3.81).

Combining the above lemmas, the compatability condition (3.65) has the form of
oUy + 0.Uy + AU, + N (Uy, Uy) = DUy, (3.93)

in which the linear term D(U) is (1.16):

p 0
0 /{%V:B- V.0

where o(u) = Vu+ (Vyu)” — 2V, - wl and the quadratic term N'(U,U) is (1.17):

0
NWOU) = [V (u@u) — SVl | - (3.95)
A2, (uh)
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The linear operator A is skew-symmetric under the inner product
(U, V) = /Q (pp+u- 0+ L00)dx (3.96)
for U = (p,u,0) and V = (,5,12,5), ie.,
(AU, V) = —(U, AV). (3.97)
Then the semi-group e** preserves the norm defined by this inner product, i.e.,
le4U]] =11U]l, (3.98)
where ||U|| = (U, U).
Applying the semi-group ¢*U to the identity (3.93), we obtain
O, (e UY) + 0,V; + N (e MV, e VL) = eDe AV (3.99)

here we use the identity (3.63): Uy = e~*AV.

We now introduce some basic properties of almost-periodic functions, which
were introduced by Bohr [7] in the case of complex functions and then extended to
Banach spaces by Bochner and others. We also refer to [1] for the case of almost

periodic functions in Banach spaces. A classic definition is given as follows:

Definition 3.2.1 Lef F € C(R,B), where B is a Banach space. F' is said to be
almost-periodic if and only if, given an € > 0, there exists a length L such that each

interval of R of length L contains an almost-period p associated to €, namely,

sup|[|f(7 +p) — f(T)llB < €. (3.100)

TER

We then denote by AP(R,B) the set of all such functions F'.
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We will use the following proposition in the sequel, which could have been

given as an equivalent definition:

Proposition 3.2.1 Let F' € C(R,B), F is almost-periodic if and only if it can be

approximated uniformly by trigonometric polynomaials

Va > 0,dN,a, € Byw, € R,0 <n < N, suchthat
(3.101)

N

F— a eiwnT
E n

n=0

< a.

L°°(R,B)

The lemma stated below has a seen wide application in multiple time scales prob-

lems.

Lemma 3.2.4 Let ' € AP(R,B) with B = L>([0,T], H®). Let T = €t. Then

T _

F(—,7) = F(71) in weak-star sense in B, (3.102)
€
where
_ 1/t
F(r) = lim - [ F(s,7)ds. (3.103)
t—oo t 0

The existence of F is a classical consequence of the definition and is called the mean

value of F (see [1]).

Applying the characterization of the almost-periodic function, see Proposition
(3.2.1), it is easy to see e4De ™V, and e Q(e V., e~*V;) are almost-periodic
in .

Therefore, if we assume V, — U as € — 0, we obtain

limecADe™ <AV, = DV,
0 (3.104)

lim eEAN(e*EAVT, effAVT) =NV, V).

e—0
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After time averaging of (3.105), we have

1 T
lim — / {0,("AU) + 0,V + N (e MV, e V) ) dt
0

oo T
- . (3.105)
1
= lim —/ eADe AV dt .
T—o0 0
Assuming U; is bounded, and note that e** is norm-preserving, we have
1 /7
lim ~ / (AU} dt = 0, (3.106)
T—oo T 0
so (3.105) becomes
o,V +N(V,V) =DV, (3.107)
where
_ 1 (T
DV := lim — / eADe MY dt
s Jo (3.108)

1 T

T—00 0

We now proceed to calculate D and N

3.2.2  Averaged Dissipation Operator

We decompose DV = PV + PLV and calculate the projection of D onto

Null(A) and Null(A)*. Recall that 73‘\/(5) can be represented by:

PVE) = > (Vg™ = 3 vie®, (3.109)

where ¢, k= 3,..., D + 2 are eigenvectors of A with eigenvalue 0.
Let n be any eigenvector of A associated with the eigenvalue 0. The exponential

operator e does not affect Null(A), i.e. e**n = n. The inner product of PD with
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n1is :

_ 1 /T
(DV,n) = lim —/ (De™ MV, e~y dt
0

T—o0 '

1 T
= lim — / (De™ ™V, ) dt
T—o0 0

(3.110)

T—oo 1

1 (" 1 (7
= lim —/ (De’tAPV, n)dt + lim —/ (De’tAPV, n)dt
0 T—o00 T 0

17 1t —tApL
_Th—rgof/o <PDPV’77)dt+7h_{Eof/o (De™™"P~V,n)dt.
The first term is the resonant term which is independent of ¢, so it is not affected
by time averaging. The second term is non-resonant, which is filtered by time

averaging. The following Riemann-Lebesgue lemma, the proof of which can be

found in [?], guarantees that this second term vanishes. Thus we have
(DV,n) = (PDPV,n). (3.111)

Lemma 3.2.5 In the time averaging, the oscillatory integral

I
lim — / AR p(s) da (3.112)

T—o0 T 0

for any integrable function ¢(t) vanishes when A(k) # 0. The only nonzero contri-
butions that survive the averaging process are the resonance A(k) = 0. Here A(k) is

any polynomial of k so that (3.112) is integrable.

Applying the above lemma, we deduce that the projection of the averaged

dissipation operator D on Null(A) is

——2 LAY

D+2

PDV =PDPV = | ,IIATlu | - (3.113)

DLH/@Aﬁ
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where

0= —p+ 250, M=1-VAY. . (3.114)

-~

The projection on Null(A)* is :
PIDV(E) = 3 (DV,o™)o®, (3.115)
k=12

where

_ 1 (T~ 2 2
(DV,¢™)) = lim — / (De ™V, e gk
0

T—o00

1 (T . . .
— lim _/ (Dze—zklsvlqs(l)’e—z)\ks¢(k)) (3.116)
0 !

T—oo 1’

1 /7 4 .
D T / Vie 5030 (Bg® 30 dy

T—o00 0
The Riemann-Lebesgue lemma imply that the integral above is nonzero only when

A = A, for £ = 1,2, this means k£ = [. Simple calculations show that

(D™, p®)) = —fale]?, (3.117)
where
=5t + fppr) (3.118)
SO
(DV, M) = —pl¢[* Vi, (3.119)
and
PIDV(E) = 3 (DV,6M)o) = — 3" plefvio® . (3.120)
k=1,2 k=1,2
ie.
PLDV = gAPV . (3.121)

93



Simple calculations shows that the averaged diffusion term is strictly dissipated, in

other words,
—(DV,V) = —(PDV,PV) — (P*DV,P+V)
> || = £/ 52560, VIV, [ 525k VROl I + El[PUYE (3:122)

for some Jy > 0. Furthermore, (DV,V) = 0 if and only if V = 0.

Remark 3.2.1 The original dissipation operator D s only partially dissipative.
That is one of the difficulties for the equations of compressible model because the
equation of continuity is just a transport equation and does not have dissipation.
According to the derivation, after taking time averaging, the diffusion term in the
averaged system is strictly dissipative. This averaged dissipation operator appeared
in the work of Hoff and Zumbrun [31,32]. They called it an “artificial viscosity”
term [31,32], applied to the isentropic gas without energy equation. So the averaged
system discussed in this chapter is a natural generalization of the Hoff-Zumbrun’s
so-called “effective artificial viscosity system”. Actually, one of the main motivation
of Hoff-Zumbrun’s consideration is to modify the dissipative operator so that it has

strict parabolicity.

3.2.3 Averaged Quadratic Operator

By a similar approach, we can compute N(V, V). We outline the calculation

and refer interested readers to [36].
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For any n € Null(A),

T—oo T

(N(V,V),n) = lim l/o (N (e *AV, e AV, n) ds

| T (3.123)
:Ilggof/o (I + I, + I3,n) ds,
where
I, = N(PV,PV),
I, = N(PV,e 4P V) + N(e **P+V,PV), (3.124)
Is = N(e APV, e APLy).
We claim that
1 /7 1 (T
Tlgrolof/o (I3,m)ds =0, Th_rgof/o (I3,m)ds =0. (3.125)

Both can be proved using Riemann-Lebesgue lemma. Thus PA(V, V) = PN (PV,PV).

A direct calculation yields

AN R ACET RS
PNPV,PV)=| w-Vw | = w - Vw . (3.126)
w: V0 w- V(= 55)0 + 550

Now we take a look at the projection on the acoustic mode P+Q(V, V). Let 7, be

unit eigenvectors of A that span Null*(A), then

’PJ_'/\_/(V; V) = Z(/\_/(Vv V)>7k)7k

k

1 T
= lim ?/ (Il + IQ + ]3, B_SAVk)’Yk ds (3'127)
0

T—o0
= Nop(PV, PHV) + N3 (PV, PHV) .
The term (I;, e **y;) contains only nonresonant terms and will vanish under time

averaging. N, and N3, denote the averaged quadratic operator over the two-wave
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and three-wave resonant sets respectively. Note that N5, depends on both the in-
compressible and acoustic modes, while A3, depends only on the acoustic modes.

For complete forms of Ny, and Nj,., see [36].

Now we state a theorem on the formal derivation of the weakly nonlinear

approximation of the Boltzmann equation with the general initial data.

Theorem 3.2.1 (The Formal Weakly Compressible Approximation Theorem) Let
G be a family of distribution solutions to the scaled Boltzmann initial-value problem
(3.3) with initial data G™ that satisfy the normalizations (3.6), (3.7), (3.8). Let
G =1+ 6.49™ and G. = 1+ 6.g. where 6. — 0 as € — 0, and the fluctuations g™
and g. are bounded in L>=(dt; L*(Mdvdz)). Moreover:

1. Assume that in the sense of distributions the family g™ satisfies

lim((g"), (vge"), {(51vl* — 1)ge)) (3.128)
for some (p™™, u™ ™) € L?(dx; TP+2);
2. Assume that the local conservation laws (3.17) are also satisfied in the sense of

distributions for every g.;

3. For the family of the fluctuations g., assume that
Plge= (I —P)ge—=0, ase—0 (3.129)

and the following moments with Ez AorB

o~ ~

(€(v)v - ViPhge), (€(v) QP ge, Pyge + Pge)) (3.130)
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go to zero as € — 0; and

e(é@tgg — 0, ase—0; (3.131)
Then the family of the moments
Ue = ({ge), (vge), (5lv[*ge)) (3.132)
satisfy the asymptotics
U .~ PV — e A(PV) =0, ase—0, (3.133)

where PV and PV satisfy the equations: 1. when % — 0, PV satisfies the incom-

pressible Stokes system

Veru =0,
Vi(p+0) =0,
(3.134)
8tu + v:cp = MAIua
%@9 = IQAxe,
with initial data PU™; and PV satisfies the averaged equation
PV =pA PV,
(3.135)
PLV(0,2) =PrU™(x);
with
i = iP5t + K - (3.136)
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2. when % — 1, PV satisfies the incompressible Navier-Stokes system

Vaj ~u =0 3
Vi(p+0) =0,
(3.137)
ou+ u - Vyu+ Vpp = pul,u,
%(&9 +u-V0) =rA,0,
with initial data PU™; and PLU satisfies the averaged equation
APV + Nop(PV, PV + N3, (PHV, PHV) = aA PV,
(3.138)

PLV(0,2) =PrU™(2).
Remark 3.2.2 When the initial data are well-prepared, i.e., PTU™ = 0, the above
theorem exactly matches with Bardos-Golse-Levermore’s theorem on the formal in-
compressible limits. For the Stokes dynamics, the averaged equation is completely
decoupled from the projection on the incompressible regime. For the Navier-Stokes

dynamics, the averaged equations are coupled with the corresponding incompressible

regime.
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Chapter 4: Linearized Compressible and Weakly Compressible Navier-

Stokes System

In this chapter, we showed the solutions of the linearized compressible com-

pressible Navier-Stokes system over TP
atpe+vx'ue 207
atue + vz(pe + 96) = €Vx' H [que + (vxue)T - %Vx uel} 5 (41)

00 + %Vx Ue = E%Vx (kV20e)

and the weakly compressible linearized Navier-Stokes system
up+ Vi = € (52 P + Bgt) o+ el (i~ pg) .
Optie + Vi (pe + 0) = enAue + e(p — )V V- ue (4.2)

@t95+ %%Ue = EDL_"_2 (—DLH/{‘I'/]) pe‘l'EDL_,'_Q (DL_;'_Q"{_I_/*TL) 067

approximates the fluid moments of the linearized Boltzmann equation
1
Oge +v - Voge + Eﬁge =0 (4.3)

in L?(TP) uniformly for ¢ > 0. Recall that z in (4.2) is (cf. Chapter 3, (3.118))

i=[ut5t + “D(D2+2)] :
We denote the linearized compressible Navier-Stokes system (4.1) by

&U. + AU, = DU, (4.4)
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and the linearized weakly compressible Navier-Stokes system (4.2) by

8tUe + AUe = E@UE . (45)

The linearized Navier-Stokes system is not strictly dissipative. By arguments
in Kawashima [39], no nonconstant eigenfunction of A is in the null space of D,
so the averaged dissipation operator D is strictly dissipative. We first consider a
special case of (4.1), in which the ratio of 1 and & is equal to a specific constant.
In this case, we can write the solution of (4.1) explicitly. We then compute the
decay rate of the solution of (4.1) and show the difference between the solution of
the linearized compressible Navier-Stokes system (4.4) and the linearized weakly
compressible Navier-Stokes system (4.5) is “small” and the estimate is uniform in
time. This argument can be generalized for all 4 > 0 and x > 0. Finally, we use
Chapman-Enskog expansion (cf. Chapter 1, Section 1.5) to show that if the initial
fluctuations g. of the linearized Boltzmann equation (4.3) is in the fluid regime,
then the moments of fluid fluctuations g. can be approximated by solutions of the
linearized compressible Navier-Stokes system, and the estimate is also uniform in
time.

Several works have been published in this direction, notably Ellis and Pin-
sky [17], who worked on whole space RP and showed the difference between the so-
lution of linearized Boltzmann equation and the weakly compressible Navier-Stokes
approximation is O(e) for sufficiently smooth initial data. On the fluid regime,
Hoff and Zumbrun [31], [32] showed the Cauchy problem for compressible Navier-

Stokes on whole space is asymptotically given by the solution of weakly compressible
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Navier-Stokes. The domain we are working on is TP, so the gas is confined and we
expect to see dissipation instead of dispersion over the whole space (in which case
the acoustic waves will run away to infinity). Additionally, we treat a larger class of
collision kernel b (hard sphere and all the inverse power kernels) than [17], in which

only hard sphere case is considered.

4.1 Decay Estimate for the Linearized Compressible Navier-Stokes

System

In this section, we give the estimate of decay rate of U (&,t) for all wave num-
bers: larger ¢ (all roots are real for the corresponding characteristic polynomial of
Q) and smaller £ (for which the characteristic polynomial has a conjugate pair of
roots). To start with, we discuss the structure of the linearized Navier-Stokes sys-
tem (4.1) in more details. As a first attempt, we resolve the velocity field u into the

sum of a solenoidal vector field w. and V,¢., where ¢, is a scalar. In other words,

Ue = Ve + we,
Vx'ue = A¢67 (46)
V,-we = 0.

We now show that the the linearized Navier-Stokes system (4.1) can be decou-
pled under the above decomposition of velocity field.
In fact, the first and third equation of the linearized Navier-Stokes system
(4.1) immediately become
Ope + Ape. = 0 (4.7)
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and

0. + %A(be = E%HAQE. (4.8)

Moreover, after projecting the second equation of the linearized Navier-Stokes

system (4.1) into the divergence free vector field, we get
Owe = €pAwe, (4.9)

and

0i(Viote) + Vi(pe +0c) = ep[Vi V- Voo + AVg] — ep Vi Vi Vip

(4.10)
= E//L%Vl‘vit Vz¢e + EIUAVCEQSE )
which, after integration on T, becomes
Orpe + (pe + 0c) = epPp2 A + A = ep* 52 A¢. (4.11)

Therefore, the linearized Navier-Stokes system (4.1) are decomposed into

Owe = €pAwe, (4.12)
and
atps + A¢E = 07
Db + (pe +00) = en52Ag, (4.13)

00, + %Aqbe = E%KAQG.

We see the divergence-free vector field w, decays like a heat kernel, whereas the
behavior of p., ¢. and 6. is less clear. Thus, as an alternative approach, we proceed

to analyze the linearized Navier-Stokes system (4.1) in the Fourier space.
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The Fourier transform of the linearized Navier-Stokes system (4.1) is

p 0 i€" 0 p
Ocfa|+ i epIg)?+B52¢¢™) g a|=0 (4.14)
0 0 i2er ex2le2 ] \ 6
and will be denoted by
g qp, (4.15)
dt
with
0 —iT 0 P
Q= | —ie —euleP+ 52" —ie | U= |a (4.16)
0 —i2¢T —er2|e|? 0

in the further narrative.

The eigenspace of —Q can be further decomposed into two subspaces. To see
this, we decompose R into the D — 1 dimensional subspace Vi := {y € CP|¢T .y =
0} and the 3D subspace V; := {(a, bé—|, c)T)a,b,c € CP}. Clearly every vector in V;
is an eigenvector of —Q with corresponding eigenvalue eu|€|?. Moreover, note that

solving for

a ib|¢] a
-Q bé—l = |i€(a+c)+ep®B2|EE | = A b% (4.17)
c i2b|E] + erdclE]? c

is equivalent to solving for

0 il¢] 0 a a
il enB2e? il bl =20 (4.18)
0 =14 enlEf? c c
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so the characteristic polynomial of —Q is

P_qp) = (z+ eulg])”

2+D
2° — (ep 5

D

2(2D — 2)

S+

) — en=1el*|.
(4.19)

2
€)% + 655]§\2)z2 + (uk

Remark 4.1.1 The decomposition of RP reflects exactly the decoupling of system

by resolving velocity field into V¢ + w. In fact,

u,
S ‘i (4.20)
Vo —icd= L
€l
and .,
Vi= {7 - S5l e ),
. (4.21)
Vo= (7. a0 p.d e Ce )
By the above decomposition, we see the solutions of %17 = Qﬁ has decay

rate e~é°t in at least D — 1 directions; whether the solutions at the other direc-
tions decay is less clear at this point. There is also the possibility that not all the
roots of characteristic polynomial are simple, so the matrix Q is not necessarily
diagonalizable everywhere. We will discuss these issues later in this chapter.

At this point one may ask whether any “qualitative’” estimates are available

for U. We've stated earlier that the first order symbol

0 i 0
AQ=lic o it (4.22)
0 ig¢" 0
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and the second order symbol

0 0 0
B&) =10 eu(l|e] + Ds2e€™) 0 (4.23)
0 0 enp|El?

don’t commute, so we cannot get dissipative properties directly. However, according
to Kawashima [39], if none of the null vectors of B lie in eigenspace of A (a condition
that is satisfied by the linearized Navier-Stokes system), then the interaction between
convective and diffusive effects actually result in a weak smoothing of the density.

In fact,

Lemma 4.1.1 [39] The solution of the Fourier transform of the linearized Navier-

Stokes system (4.1) satisfies

~ ) _ece L€ 4 A )

U(t, )" < Me 212 |U(0,8)[7, (4.24)
where constant ¢ depends on dimension D and p, k only.

Note, though, the decay rate is less than ideal for large ¢ in the above expres-
sion. We compute QU explicitly in the rest of the chapter.

We now use natural fundamental set of solutions to derive an explicit expres-
sion of the matrix exponential e®¢. Our method to compute the matrix exponential
eQ has three step
1. Find a polynomial p(z) that annihilates Q. Let m denote its degree.

2. Compute Ny(t), Ni(t),...,Npm—1(t), the natural fundamental set of solutions asso-

ciated with the mth-order differential operator p(D) and the initial time 0.
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3. Compute the matrix exponential e®¢ by the formula
Q= No() I+ N, (H)Q + ... + Nyt () Q™. (4.25)

By the Cayley-Hamilton Theorem, we can always find a polynomial of degree D + 2
that annihilates Q namely, the characteristic polynomial of Q. So, we will have to
compute QP*! in step 3. We would like to find a polynomial of smaller degree that
also annihilates Q.

In fact, the characteristic polynomial of Q is

Po(z) = (zeul¢*)"™

2 4 (nZBDIEP + en€P)2? + (Bl + B[Pz + enlel'].
(4.26)

Clearly —eul€|? is a root of multiplicity D—1; moreover, {y|¢7 -y = 0,y € RP}
forms a D — 1-dimensional eigenspace corresponding to the eigenvalue —eplé|?.

Thus if

pa(z) = (zeplé?) (24 (en G2 €PHen |€]) 2+ (€ un G €]+ 232 (€% zen B €] )

has four distinct roots, Q is diagonalizable, and ps(Q) = 0.

To see what values of £ would yield double roots of ps(z), we now write the
exact forms of the cubic roots of ps(z). First, let z = —ex|£|*y in the cubic polyno-
mial ps(2) = 2° + (e GRIEP + enBI€?)2” + (€ pun TR €] + P2 1€z + en €],

and p3(z) becomes

el <y3 — (42050 1 By (A + o By - %e%%ls\?) ‘
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To find the roots of

p2D—1) 2, p4D-1) 1 D+2 2 1

3 (pa\D—1) 2 H e 1
y (Ii D +D)y +(/£ D2 +621€2|§|2 D )y D e2k2|€|2”

it suffices to find points of intersection of y(y? — (%@ + )y + ”4(]]3)2 DY (with

z-intercepts 0, 2 ST Q(DD_I))and the line [ = _WDH?/ +5 e%gmg (with z-intercept

We now consider a special case in which explicit estimate can be done for e®t.

Notice that when

D
b= moih (4.27)

2(D-1 . . .
20D 2 2 g ope point of intersection, therefore —

S = B33 %0 B1s paz€rl€]? is one root

D

of the cubic polynomial p3(z).

Under the relation (4.27),

621{2 4
ps(2) = 2 + el P52 + | T + 2021EP| 2 + Benlél,

and the two other roots of p3(z) are solutions of

2ene]”

2
z+D

+ D212 = 0, (4.28)
for which

4 22 4D+2
p = ) 4D+

We thus split € into three groups accordingly:

Case I: |¢* < D(D+2) , therefore A < 0, and (4.28) has a complex conjugate pair of

roots: —Sex|é|? £ 5/—€2k2[E]1 + D(D + 2)[¢[?; ps(z) has three distinct roots.
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Case 2: |€]> = P22 therefore A = 0; ps(2) has double roots —Lex|¢]?.

Case 3: |£]* > D(D:f , therefore A > 0, and Eq (4.28) has distinct real roots:

—perlé® £ 5/eRE]* — D(D + 2)[¢]*
To see if py(z) has any double roots, it remains to check whether any of the following

terms are equal to one another:

o enDleP
(D-1)(D+2)’
b — _26/<o|§|2
~ D+2’° (4.29)

1 1
¢ = —gerléf + 5v/@RIEF — DD + J[EP

__i 2_i 2,.2|cl4 _ 2
d = —gerlé]® = 5/ @RI DD + 2)[EP.

These are not always distinct roots. In fact,

a="bift D= 2;

a=ciff

__ewDg®? 1 2 1 /2.21¢14 —D(D =+ 2)€]2
oo = ekl + v/ er2lE] (D +2)[¢]

iff ex g 617 = 5VER K — DD + 2)[P

. D—2)2
iff D(D +2)[§* == e*k*¢[*[1 - %]
iff
D(D +2)
€* = s (4.30)
2,:2[1 — (D—-2)
7| (D—1)2(D+2)2]
D(D+2) D(D+2)
For D > 2, s (D27 > =57
R l-ponzmra)2)
b=diff

— 2l — —Lef¢f? — 5/2R2[E[ = D(D + 2) €]

. ex(D—2 2
ff & /@RET— DD + 2)16F = “st
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iff [1 — (Braf)en?l¢]! = D(D +2)|¢

(D+2)?
iff

€7 = (4.31)

Notice that (gﬂ > DS;:;Q) for D > 2. Further calculation shows that a = d, b = ciff

D =2and [¢]* = Dgﬂf In fact, a = diff £1/2x?[¢]* — D(D + 2)[¢]? = %

1 —er(D 2
b=ciff §\/@R2E[ — D(D + 2)[EP = ~HD-BE”.

The two equalities hold iff D = 2 and |¢[2 = 2D42).

€2K2

We already know that ¢ = d when [¢]2 = 2042

e2K2

In the following discussion, we only consider D > 2. In this case, p4(z) has double

roots when |¢]? = DSQD,:EQ), (D(Jlr)2)2)2 ,Dég;ff)- Thus we split [{[> > 6123,:52)
(1= B)2(D12)2

furthermore into three subintervals:

() 22 < jg? < P

<Rl monrT2e]

(1 PO < el < BEE,
- Bonzm e
(HI)I&“|2 Sl

So Q is diagonalizable over (I), (IT), (III) as well as |¢]? < %. Further calcu-

lation shows that ps(Q) # 0 when |¢[? = D42 D(D(J]SQ_)2)2 : Dég:f ) Except
N RO

when ¢ taking those values, the annihilating polynomial of Q is of degree 4, therefore

by (4.25), we only need to compute Q? and Q? for such &.

Here we give each entry of Q? and Q® under the relation (4.27) as follows:

0 i 0
Q= |it egommrlE] + 252" i€

0 P27 em%]§|2



—l¢P? ierinis 617" —¢P?

D+2 e2k2D?

*

Q= | ienpialel’e [|5|41+2;§5T|4(|12)+Z)g?;5|21 Hek i
lel” LT Bl e (5)° el
o o o
Q=8 o of |- (432
o o o
where
Q§1 = 6“@’5‘4
QY = L2 — i (525) €l
Q13 _46"f|€|4 DD++12
21 = D+2|f|§ i€’k (D+2) |§|§
QF = en Qi|eee” — B (1€ + 13252 + 3(252)" + (552)lél €€ |

Q) = iLE21g ¢ — ite? [k + oy + 1] lEl'e

3 (D+1)
Qi(%l) = “D2(D++2 €[

D 2 .
Q32 - + ol - 262’{2% [(D+2)2 + (D+2 } €*e”
D
Q) = entZ2 et — Ex3(2)% el

(4.33)
In the next two sections, we compute the corresponding natural fundamental
set of solutions Ny(t), Ny(t),...,N,_1(t) for each group of £, hence getting explicit

expression of the matrix exponential e®.
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4.1.1 Decay Estimate for Large Wave Number

We see from the previous discussion that for [£]* > DEE:;Q), all roots of the

cubic polynomial p3(z) = 2% + m\5|24]g]f2r)1[)) 2 4 [“(ﬁﬂﬁf + BE2EP ] z + 2ek¢]* are

real, and are asymptotically of order —ex|¢]? or —é, suggesting a decay rate faster
that of Kawashima-type(~ e~) might be obtained.

Note, however, that the characteristic polynomial of Q has double roots when

|§|2 _ D(D+2) D(D+2) D(D+2)
62#@2 ] (D72)2 bl 862ﬁ2 )
62“2[1*ﬁ
(D—1)2(D+2)

so it is unclear whether entries of e®!

. _ = _ 2 . D(D+2
would decay like e~ e or e~¢I° when [£|? take values which are close to EQI:; )
D(D+2 D(D+2 : : . .
( (T) )2) , 8(62:2 ). In this section, we ‘zoom in’ around these special values

<r2 - Bon2Dr2)e!
and examine the corresponding entries of eQ/. We also derive general estimates of

entries of eQ! for other ¢ in the domain [£]? > %. We conclude that for ¢t > 1,

c(D)t

all entries of eQ are controlled by C(D)e™  es

To start with, we give the explicit form of the matrix exponential Q! for

€% > D+2) Recall that the annihilating polynomial is

exD|E[?
p(z) = (2 D - 1D +2)

4(D+1) 4224
) (2P en]¢ | AT 2224 | 15D 4 D21 | apenZig)t).
(4.34)
To compute the natural fundamental set of solutions associated with p(D), we write

a general solution associated with p(D):
X(t) = cre™ + coe® + c3e™ + che®, (4.35)
with a, b, ¢,d defined by (4.29), therefore we write

Ni(t) = cie™ 4 chel + che + che™. (4.36)
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To find Ny(t), Ni(t),...,N3(t), it suffices to find 2, ...;c%,..., ¢3, ..., ¢} in (4.35), such
that
ND(0) = &, fori=0,1,...,3. (4.37)
Note that
X(0) 1 11 1) (a
X'(0) a b ¢ d o
- (4.38)
X"(0) a? v A d c3
X///(O) (13 b3 03 d3 4
Therefore,
1 1 1 1 A e & &
a b ¢ d A kA
~ 1. (4.39)
a? b A d A3 A& A
ad oS B \G Aol
-1
A el 2 1 1 1 1
A k& a b ¢ d
A A A a? b A d
A ¢ A o ad b d
bed cd+be+bd btc+d 1

(—atb)(—a+c)(—atd)  (—atb)(—atc)(—a+d)

cd+actad
(a—b)(b—c)(b—d)

acd
(a—b)(b—c)(b—d)

abd bd+ab+ad

a+c+d
(a—b)(b—c)(b—d)

a+b+d

(—a+b)(—a+c)(—a+d)

(a=a)(—b+0)(c—d) (a—o)(—b+o)(c—d)

abc bct+ab+ac

a+b+c

(a—c)(—b+c)(c—d)

" (—a+b)(—a+c)(—a+d)

1

1

(a—b)(b—c)(b—d)

(a—c)(—b+c)(c—d)

(a—d)(=b+d)(—c+d) " (a—d)(=b+d)(—c+d)
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1
" (a—d)(=b+d)(—c+d)

(4.40)



We now illustrate the procedure for computing the (1,1)th entry of 9, and gen-
eralize it to all entries. Since the first entries of Q, Q* and Q? are 0, —|¢]? and

enp5l€]*, we may write the (1,1)th entry as

cre™ + coeb + cget + che?, (4.41)

where a, b, ¢, d are defined by (4.29), and

bed — [€P(b+ ¢ + d) — 25 |¢[*

AT T ity (—atol—atd)

acd = [§*(a+ c+d) - FE5IE

T T a0 —b—-a 42)
abd — |€]*(a + b+ d) — 25 ]t

= (a—c)(=b+c)(c—d) ’

) abe— [ (a+b+c) — FE5IEN

L=

(a —d)(=b+d)(—c+d)

. From this point, we denote any positive value depending on dimension D only by

C(D). For [£]* ~ (whlch includes all £ in Group(I), (II), and those in Group(III)

D(D +2)

822 €rE]? ~ %. Therefore, a,b,d ~ _géD); as

whose values are close to

for ¢, we notice that

1 1
¢ = —genlel + 5 Verlelt — DD +2)i¢P

_ S — & (@Re - DD +2)¢P) (4.43)
—perl€l? = 5v/er2lg[t = D(D + 2)[¢]?
kP —cd)

d €x

Moreover, by (4.42), we see that as long as a—b,a—c,a—d,b—c,b—d,c—d are
“not too close”, say, for example, that they are all equivalent to i, then ¢q, ¢, c3, ¢4
have constant(depending on dimension D only) bounds.

On the other hand, ¢y, ¢9, 3, ¢4 will become unbounded when a — b, a — —d,b—

D(D+2 |£|2 _

¢,b—d,c— d are close to zero, i.e. around those £ for which [£]* = =552,
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D(D+2 (D+2 :
( (}LD_)Q)z JE12 = 8;“ % . 'To elaborate, we now zoom in around one of these

<Rl monroee
3

values, [¢| = ]23:/12) . The goal is to show that (4.41) remain bounded even for |¢]
3

close to (];\J;;E): (for which the value of b — d is close to zero). To this end, we make

the following change of variables:

Step 1: Switching to polar coordinates: (x1,...,xp) — (r,01,...,0p_1).
3

(D+2)2

Step 2: Rescaling around r around r = NG ie. let 7= Lze"gr

(D+2)2
Step 3: Recentering 7 around 0: let v =7 — 1. Since b = d when v = 0, it would be

of interest to represent b, d and cs, ¢4 in terms of ~.

_2enlg?

b—d=-F 5+ erl¢l® + = \/6%2!5\4 D(D +2)¢[?
_eklgf —(D—2) ~ D(D+2)
D D+2 2K2|€[2 (4.44)
enlelP 1~ Bt — e
Do 1-30
Since [¢]* = ];;,23(1 +79)% 1 - ]32(,?2?@22) - &32 = (DiDZ)Q[]- — (1+17)2]. In particular,

we have § :=d — b~ —C(D)ex|€|?[1 — ] We then proceed to express ¢, ¢4 in

(1+

terms of § as well:

ach — |€)*(a+c+b) — 2enle]t SIE)? + achd

Cy = D42
—(a—="b)(b—rc)d ’
_|£]2 _ 2erf¢|*
oy = Bemlatbre) = 55 (4.45)
(a—b—=0)(b—c—0)d
_ labe—[gPat bt o) = ZHEN0+ 2% + 5% + 0% +5%)°)
- (a—b)(b—c)o !
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and

A =Cy+Cy
60— acs + (1+ 225 + 55 + O + 2)P)[abe — |€2(a + b+ ¢) — 2oL
B (a—"b)(b—c)d
62 —ac (1435 + 5% + 0% + 52 labe — [gP(a+ b+ o) — ]
“(a—b)(b—c) (a—0)(b—1c)d '
(4.46)

Note that we have to pick 7 such that |1 — ﬁ| < n}, where 1] ~ o(1), so that

0 2~ o(1). For such~, | (%)2 (27 + %) < 1 always hold. Since ex|¢|* ~ =,

and

abe — €2 (a+b+c) — %
- P

abc — |€2(a+b+c) — %
(a—0b)(b—c)? ~ C(D),

combining this with (4.46), we conclude that |A| < C'(D). Therefore,

o€ 4 che® = cpett + (—cy + A)ePH!
= ol 4 (—cy + A)e + (cy — A)e? — (e — A)ee? (4.47)

= Ae — ¢yl (1 — ).

cD)
Clearly the first term in the last equality is bounded by C(D)e™ ex . The second

term:

|C4(1 _ €6t)ebt| < O(D) ; [1 - eC(D)en|£\2(17m)t] e_C(D)E“\ﬂQt

1

e (4.48)
< C(D)ex|g|Pte=CPIenlélt  CDN = C(eg)t
(C(D) may be different from each other) by expansion of e, for |1 — W| < &y
(D)t
Hence |coe? + cqedt| < @6_ v for y such that
1 : €x
}1 — | < min {771, C(D)t} )
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We may assume that i )2 < 2, in which case the inequality above holds for all ~

satisfying [y% 4 2| < 1 (t), where n;(t) = 1 min {n’l, C(Eg)t}, ie.

—m(t) +1< (1 +7)? <m()+1, m(t)=3min {771a el } (4.49)

c(D)t
Recall that both ¢;e* and cze are bounded by C(D)e” e« by the previous argu-

(D)t
ments. Therefore the (1,1)th entry is bounded by @6_ e for all v satisfying

(4.49), which may be translated back in terms of || as

3 3
O (1 —m(®) < el < S +m(®). (4.50)
Next, we zoom in around [£|* = D(D(ﬁ)z > and show that c;e™ + cge
<Rl B!
is bounded in a neighborhood of |¢| = D(D(JIBQEQ)Q . The argument is iden-
<Rl oo

tical; nevertheless we include the details for the record.
First, we change variables as follows:

Stepl: Switching to polar coordinates: (z1,...,xp) — (r,01,...,0p_1).

(D—2)
er2[l- =3 53]
Step 2: Rescaling around r = - 2[1D(D(J]S2_)2)2 e let 7 = \/ ]()I?D}r);)(DH)? "

©-120+27
Step 3: Recentering 7 around 0: let v =7 — 1.

For simplicity we denote % by C, thereby €12 = 7?2220.
D-1)2(D+2)?
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exD|¢]?

Recall that a = —m, C = —%65‘5’2 + %\/62%2‘€|4 - D(D + 2)‘5’2’

a—c = —p=Piy + bexlél - §+/@RIEl — DD + D[P
—D*+(D D
= enlé [DpOrR0eR] — £/ 22l — D(D + 2) P
(D—2 ~ ~
= evléP 5T — a5V (0 + D'C? — (v + 1)°CD(D + 2)
451
_ s+ 1’60 =2) /G [ L Gl oy
e2k2D(D — 1)(D + 2) kD C—D(D+2)
_c ( w2 [ D(Dj2)) | CproG?)
exD \ (D—1)(D+2) C €K ?
_ CMD)y+0(x*)
since
. _DD+2) _ (D —2)?
c (D= 12D+2)2

' ooy S
Therefore the (1, 1)th entry is bounded by =—=e™ ex

for all -y such that 1—ny(t) <

(1+7)? < L+m(t), (12 ~ o(1),m2(t) = min{n, zF5;}) which may be translated

back in terms of |¢| as

62_6,;2(1 —na(t)) < [€]* < 62—6,;2(1 + n2(t)). (4.52)

For the neighborhood of [¢]? = DD+2) despite the fact that 6 :=c—d ~ ¥ 1nstead

22

of = as in the previous two cases, the argument is more or less the same: let

then

c—d = 3/~ DD + DT

= 2./(1++)D(D +2) - D(D +2) (4.54)

= 228 A1 +7),
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and

abd — €2 (a + b+ d) — 25 [¢]*

T T a—d—0)(—brdtoy

_ab(d+0) = [§P(a+b+d+6) — F5IEN!
“= “a—d)(—b+d)s ’
C3+cq4 =

—abd — |€]%6 + (abd — |¢*(a + b+ d) — Z5[ENY (1 + 25 + =2 + OG5 + =29)%)
(a—d)(=b+d)d

for v such that [\/7(1 4+ ~)| < ns’, s’ ~ o(1).

Therefore |A := c3 + ¢4] < C(D) still holds; hence the first term of cze + cye® =

¢(D)
Ae® — cze?(1 — %) is bounded by C(D)e” es ‘. The second term in that ex-

co) [1 _ A,

¢®)
pression is bounded by ) er (D)t} e er ', thus further bounded by

c(D)t

OOt == if VL] < C(D 7§ assuming that |1 4+ | < 2, we see this inequality

is satisfied when

VA <ms(t), ms() = Smin s, o5 | (4.56)

C(D)t - C(E)t

Moreover, the (1,1)th entry is bounded by for all ~ satisfying (4.56)

which may be translated back in terms of || as

DD42) g2 < DO+2) (1 4 2y, (4.57)

€2K2 €2K2

So far we've shown that the (1,1)th entry cie® + cpe® + cze + cie® remain
bounded around those [£| which yield double roots of the annihilating polyno-

mial, even if ¢y, co, c3, ¢4 may become unbounded. We then check the same bound

C(D)t

D)t == holds for le1e® + coe® + cze + cqed|, when € take values away from

ER

those singular points.

In fact, for € such that 202 (1 4 72(1)) < | < 25 (1 — (1)) or =L (1+1(t)) <
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€2 < SRR (1 = m (1)), we let

"8e2K2

il %1

by (4.51), we see that |a — ¢| > C(D)er|€|?n2(t), therefore

¢(D)

c) ——t
S (4.59)

lcre™ 4 coe® 4 cse + cye

For [£]* > (D+2)° (14+m(t)), c1,c3 are bounded by C(D). As for ¢y, ¢4, recall that(c.f.

8e2K2

case “b=d”)
8D 1
b g~ P _mrpll —mepl (4.60)
D D(D+2)

D+2 + L= €2r2|¢|?

Since [¢£]? = (?;,333(1—1—7)2, |b—d| > C(D)ex|&*ni(t). So ¢z, cq are bounded by 0(8))
D42,
On the other hand, a,b,d ~ —ek|{|?, whereas ¢ = -2 4 ~—.
Therefore,
‘Cleat| < C(D)e_C(D)EHm%,
bt c(D) ) C’(D)en|§\2
le2e™] < e
(4.61)
jese”| < C(D)e =,
dt C(D) ,—C(D)exl¢|?t
|cae™| < T (D)erlel*t,
So
|cre®™ + coe + eze + cqe| < Sf%%’cm)ma% + C(D)e . (4.62)

To conclude this section, we collect all the bounds obtained for (1,1)th entry so far
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as follows:

C(D)t
e DDL2)  j¢|2 < DO (1 4 pp2)
C(D)t -
C _
e e DIOL2) (1 4 2) < [¢]2 < L (1 — o)
C(D)t _ _
N Sl -m) < 6P < S+ m)
el < S o) ;
o i
D)=, S +m) < g < (1 -m)
C(D)t
BN =", D22 (1 — ) < €2 < LE22(1 4 )
C(D)e—C(D)en|§|2t_i_C(D)eiC(D)t ‘fP > (D+2)3 (1+ )
71 o “8e2r2 m

\

where 7;(t) = min {77’1, #g)t} ,1m2(t) = min {772/’ ﬁ} ,ns(t) = %min {773/, #B)t}’
7]1/7 772/7 773/ ~ 0(1)7 and 5 - %
=D 12122
We now generalize the argument to all entries. It suffices to investigate how

c1, Ca, C3, C4 change across the entries.

bed + Q) (b +c+d) — Q(

O T et (—ato(—a+d)
2 3
. acd + Qf; jy(a+c+d) — Q)
(a—=b)(b—1c)(b—d) ’ (4.63)
abd + Q7 ) (a+b+d) — Qf; '
R (e s [ ot B
2 3
Y abc + Q(m)(a +b+c)— (i)
(a—d)(=b+d)(—c+d)
where QF, /. Q?i,j) are the (i, j)th entries of Q?, Q3.
In (4.42), we used the expression above for Q?Ll) = —|¢]? and Q?Ll) = 2= ¢

Observe further more that [Qf; ;)| < C(D)er*[¢]*, Q[ ;| < C(D)Ew’(E[°. For

PR < e < B (1+m ),

2 K2 “8e2r2

2€/<L

—[€* ~ ek, — [t ~ R
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so all the bounds obtained previously remain the same. For |¢[* > (?:{2% (T+m(t)),

_ [ bedt QG ) (btetd) Q) G
|Cl| o (7a+b)](fa+c)(fa+d)] < C(D) (erl€]?)3 C<D)7
_ | aed+Qf ) (atetd)-QF; (rlg®? o)
jea| = whoor—a | < CO) Geprnarr = no:
bd+Q?2, . (a+btd)—Q? (464)
_ | QG (e TQ ) (e _
es] = | erraea 2| < C(D) gy = C(D),
| abet QP (atbto)—QF; ) (xl€®)?  _ C(D)
leal = | g tmacead | S CO) Geprnarr = no:

which are the same bounds that we obtained for the (1, 1)th entry. We thus conclude

that for entries of e® |

;

o= D < e < a1 + )
o)~ L1+ m) <P < La(l-m)
|e?t»)| < Cg:))te_cg’z)ty E267{2(1 —m) < [§° < %(1 +12)

2,7 - 7
o) - Ca(l+m) < |¢* < D20 - m)
oy~ (1 —m) < e < (1 +m)
CO)e-COIRE | C(D)e ™, |€]> > L4 (1 + 1)

\

where Ul(t) = mln{nh C D)t} 772( ) = %min{m’, #g)t}vllk(t) = %min{ni’),’ #g)t}a

m',n2',ns’ ~ o(1), and C = %

I=D-12D12)7

4.1.2 Decay Estimate for Small Wave Number

In this section, we compute the explicit form of e®! for smaller ¢, i.e. those

D(D+2)
€2 k2

satisfying |€]? < . For ¢ in this range, the characteristic polynomial of Q has

one conjugate pair of roots. Moreover, the real parts of all roots are of order ex|¢|?.
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By expansion, we give a detailed description of coefficients associated with each of
these real roots. For ¢ such that e2x%|€|* ~ o(1), we will match their coefficients with
those of the approximate system in Chapter 6, and show their difference is “small”
in L? norm in Chapter 7. For those £ for which €2k2|¢|? ~ o(1) is closer to order
1, by exactly the same expansion, we show that entries of e can be controlled by
C(D)(1 + O(er2[gf))e-CPIene,

We now estimate e entry by entry for [£]? < ngf). The annihilating

polynomial
exD[¢[? 24D+1) 012 2, [4ER2E0 | Dia) )2 2 ¢4
) = (g gy enl€ AR+ [l + Bg2iel] senel)
(4.65)
has two real roots a, b and a complex conjugate pair p & i1q, where
_ exD|€|?
@& = —mDO-nDr2)’
2ek|€)?
b= — Df2| J
(4.66)
p = —perlé]’
¢ = 5v-e?[¢]' + DD +2)[¢”
We then write the general solution associated with p(D):
X(t) = c1e™ + coe™ + czeP’ cos(qt) + cqe?’ sin(gt), (4.67)
thus
Ni(t) = cie™ 4 chel + cheP cos(qt) + ciePtsin(qt). (4.68)
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Notice that

Therefore,

where

X/l(O)

X///(O)

& ol
e
A
o
C11 C12
Co1 C22
C31 C32
Cq1 Cq2

P — ¢

C13

C23

C33

C43

a® b p*—3pg® 3p*q—q* )\ o &

C14

C24

C34

Cq4

1 1 0 c1
b p q C2
v PP —q 2pq c3
v p*=3pg* 3pPq—q¢*) \c

o 1 2 3
0 ¢, ¢ ¢ o
o .1 2 3

q G & &G &
o .1 2 3

2pq c3 C3 C3 Cj

11 1 0
a b p q
a* v p*—q° 2pq
a@ U p*=3pg* 3pPq—q’
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_ —(p*+4*)b ab(3p® —q*—2pb—2ap+ab)

‘11 = [a=p)Z+g?)(ab) ° G = a2+ ((-p)*+0)
Cro — — P2Ha*+2pb oy — 207PF(a+b)(¢*—3p>+2pb)
127 ((a—p)*+¢?)(a—b) ’ 327 ((a—p) 2+ ((b—p)%+¢?) °
Cra = —(2p+b) Can — — a?—3p2+q¢*+ab+b?
137 ((a—p)2+¢®)(a—b) ’ 33 7 T (a—p)2+¢)((b—p)2+q?) °
_ 1 _ a+b—2p
€14 = @ p)+¢?)(a—b) ° €34 = @)+ (-2t °
Con — —ap’+a®) e = —9bl(®=p?)(a+b)+p®~3pq®+abp]
2L ™ ((b—p)2+¢?)(a—b) 41 q((a—p)*>+)((b—p)>+¢>)
Cop — — —2aptp°+q? Caop — (a+b) (p®—3pg® —p?b+q*b)+a>(¢®> —p*+b?)
227 T (b-p)?+¢?)(a—D) * 42 — q((a—p)2+4¢2)((b—p)2+4?) ’
_ a+2p __ a(a+b)(p—b)+p(—p>+3¢>+b?)
€23 = p)P+ad)(ab) €43 = “qa-p+a®) (0—pZ+e?)

Cop = — 1 s — — @*+(a—p)(p—b)
24 ((b=p)*+¢*)(a—b) ’ 44 q((a—p)*+¢*)((b—p)*+¢*)

As usual, we illustrate the procedure for the (1,1)th entry, and we generalize

it to all the entries later.
Since the first entries of Q, Q? and Q3 are 0, —|¢|?> and ex=%5[¢|*, we may

D42

write the (1, 1)th entry as
c1e” + ey’ + 3¢t cos(qt) 4 cue? sin(qt), (4.72)

where a, b, p, q are defined by (4.90), and

2
—(P?+a*)o+E]? (2p+b) +ern 5 €

a= (=P +a)(a=b) >
alp )~ € (at2p)+en g [l
= (G=pP+)(a=b) ’
_ ab(3p?—q*—2pb—2ap+ab)+[¢|* (a®—3p® +¢° +ab+b?)ter DiQ |€]* (a+b—2p)
“= @+ (67407 )
_ —ab[(q2—p2)(a+b)+p3—3pq2+abp}—IE\2(a(a+b)(p—b)+p(—p2+3q2+b2))—EF»DiQ €% (¢%+(a—p)(p—b))
€4 = A((@—p) 2+ (b—p)*+¢%) :
(4.73)
. Further calculation shows that
a = O0(EREP), =551+ O0(ER%EP)],
(4.74)

3= pral+O(ER*EP)],  c=O0(Ex%E).
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We may estimate all the other entries in the same fashion. In fact,
for the (1,2),...(1,D + 1)th entry:
a=0EREP), e =O0(EREP),
3= O0(EREP), = —iy/ 2551+ O(2[¢));
for the (1,D + 2)th entry:
a=0EREP), = —prll+0EREP),

3= pll TOERIEP)], e =O0ERIEP);

for the (2,1)...(D + 1)th entry:

a=0(ERIEP), e =O0(ER[¢P),

3= O0(ERIEP),  ca=—iy/ 2551+ O(2[¢));
for the (2,D 4+ 2),...(D + 1,D + 2)th entry:

a=0(EREP), o =0(eRE?),

e = O0(EREP), o= —in/ 2551+ O(E[¢]));
for the (D + 2, 1)th entry:

a =0(EREP), =—g5[1+0(ERE)],

D12
c3 = Diﬂ[l + O(€2H2|§|2)]7 = 0(62m2\§|2)

for the (D +2,2)...(D + 2,D + 1)th entry:

C1 = O(€2K2|€’2), Co = 0(62’%2’&2)7

s =O0(ERER),  er=—2i\/ b S L+ O(ER2EP));

for the (D + 2,D + 2)th entry:
a=O0(EREP), =gl +O0(ER%E),
cs = psl +O(EREF)], e = O(ER[E).
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. We now describe the estimate D x D matrix in the middle in more details:

B G - 1L o 723 oo | (2 ;z?_(;j%;sw
;ZT;&T + 0@ [1+ 0wl
O—%@h+0@ﬁmﬂ,
@I[af&+aT#%7mjfbMD£2&T+%¥EQ?_®@D32&>
—-%;;T“%53HX8MM%HL+QEMKW}=O&%ﬂa%
(1+5)s¢" i

= b [1+O0WRIER)] = 1 [1+ O],

5§
cs = O(r%[E[).

We have got estimate of the exact solution for all €.

4.2 Linearized Weakly Compressible Navier-Stokes Approximation

to the Linearized Compressible Navier-Stokes system

In this section, we show that the difference between the solution of linearized

compressible Navier-Stokes (i.e., compressible Stokes) and the solution of linearized

weakly compressible Navier-Stokes (A.37) is O(1/(¢)) uniform in time:

Theorem 4.2.1 Let U be the solution of compressible Stokes equation (4.91) and V

be solution of weakly compressible Stokes equation (A.37) with the same initial data

U™ € HY(TP). Then
U (t) = V()|| oo (atsz2(moy) < CVe.

Here C depends on dimension D and transportation coefficients only.

126



4.2.1 Estimate for Small Wave Number

In this section, we give L>®(dt; L?(d€)) estimate for [£|* < % . For sim-
plicity, we denote e ' by a;;, and the (i,)th entry of the approximation matrix
by b; ;. We estimate the difference Z‘£|2<D£2Di:22> (a11 — b1’1)2|[//\'(§)|2 first, and then
generalize the argument to all entries.

Since the (1,1)th entry in the approximation matrix (A.36) is

bl,l = DiQ —+ D—Hept COS( %|§|t), (475)

and we’ve shown in the discussion of exact solution that

al,l :O(€2I€2|§| )eat + D_H[l + O( 2|£’2)]6bt
(4.76)

+ prgll + O(?K%[&]%)]e” cos(qt) + O(e*k7[¢[*) e sin(qt)

Hence for €2k2|¢]? < D(D + 2), we may split the ¢ into three groups:

Group @: [¢]> < 2242,

Group @: 222 < [¢]? < (1 — ny) 2DL2

€2k

Group @: (1 — ) 2082 < |¢]2 < EEEZ We take 1y = (ek)®. For £ in group (D,

€2k2
D 2, D042 (a11 — b11)2|U(€)|? can be split into two types of series:
€2K/2

(1) Y OEREMETEP

€2 <na M

Yo O EHETE)

€2 <na 2EH2

(II) C¢(D) Y (O(E*|eF)e sin(qt))* |U ()],

D(D+2
€]2 <na (D+2)

2
co) Y (D%Qu+0<e%2\512>1epfcos<qt>—D%eﬂcos( %aw) ().

o, D(D+2)
|£‘ <74 2.2
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For type (I) integral, notice that 3° [€|2|U(¢)|? is bounded, therefore

Y. OERENTE < 0w YD

€12 <na D(D”)

JmlEPIT(E)] < (er)*

For type (II) integral, notice that

¢ =gV —er2lg[' + D(D +2)[¢]?
by /DO 2)e (1- 555

= /5216l (1 = srsy + O lel)
cosat) = cos(y/ 22 1¢lt) + L sin(€t)/ el (i + O(slel))

sin(gt) = sin(y/ B2 [¢]¢) — L eos(&t)y/ B2 Il (555 + O(eklg])

where & € (g, y/2t2[¢]). Therefore

< Y oo T e

lE[2 <na DPE2

+ Y CO)EPLERE T )P

2 D(D+2)
|£‘ <n4 2.2

The first term is another type (I) series; for the second term, notice that

CD)efie — C(D)[gfizec@wsert < D)

= Rl

SO

Y CO)EPRER N T E)) < C(D) D €

[€]2<n4 D(D”)

RIEPITE) < O(D)(er)”

By the same argument, we have

€17 <na D42
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for all (i,7). We now estimate S |(a;; — b;;)2||U(«i)[? for £ in group @, @. To

do so, we give separate estimates for ) |a7;||U(£)[* and Y b7 ;|U(€)[* . In the next

subsection we estimate ) DIDL2) j¢j2 DD2) a3 ||U(€)?; estimate for

> W10 @)

D(D+2) 5 _D(D+2)
=2 <[¢]?< 2.2

will be given in the last section as part of of the estimate for ZIEI2>774 po+2) |b7] U (€)2.
2.2 ’

4.2.2 Estimate for Large Wave Number

Case 1: Z D(D+2)<‘£|2 D(D+2) |a ||U( )l

In order to estimate ¢y, co,c3,cq or € in group (@), we use the following change of

variable:

|f| 'y) D+2

and express C(D)er|€|*(since a,b,p ~ —C(D)ex|£[?) and q as follows:

C(D)erle|* = L=

€K ’

0= DO+ 2)e (1 )

(4.77)
= VDD +2)[¢[y/1 — (1 —7)?
_ DM+2)(1-7)y/1-(1-7)?
Since 774D( 2 <2< (1- 4)%, we then have
m < (1=7)*<1-m
(4.78)

Ml —m) < (T—=7)y/1-(1-9)2<

N | =
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Hence for all entries,

cO)EP _ cd) cO)EP _ Cd)
el < GeryamE = 10 el < syt = .3 (4.79)
cO)g* _ c(D) < C(D)|£|5 cd)
|03| = [ |C | 774?\§|" 774% '
Therefore for £ in group @),
|c1e™ + cae” + cae? cos(qt) + cae? sin(gt)] < CRLemCDIenlélt (4.80)
42
and
> |16 + cae® + cse? cos(qt) + cae” sin(qt)|?|U (€)]?
208D jejz < (1) DADE2) (4.81)

<CD)(er)2* Y [ePI0(E)

For £ in group @), we see that ¢y, ¢, c3 are all bounded by C'(D) by observing that

a,b,p ~ —C(D)ex|&|* and ¢ is “close to zero”. As for ¢y, we have |cy] < %ﬂﬁm?.
Therefore,
C(D %t
|cse? sin(qt)| < Lfmepﬂ sin(qt)]|
q
< |C(D)er|¢*t €] < C(D)er|e|?te CPIerlelt
and
Z lcre™ 4 coe® 4 cseP’ cos(qt) + cyet sin(qt)\2|[7(§)|2
(1) 2PH2) g2 DD42)
<C(D)(er)?

(4.82)

Case 2: Estimate for Z|£|2>D(D+2) (ai7j)2|l/]\(f)|2
€2I€2
According to the previous discussion, we may split £ furthermore into six groups:

Group @: 2052 < |¢2 < RDED (1 1 52(1)),

=z
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L2 (1= (1)),
Group @: 255 (1 = ma(t)) < [¢2 < 225(1 +m(2)),
Group @: (1 +ma(1)) < [€2 < La2-(1 = m(¥)),
Group ®: L2 (1 —m(1) < |2 < L2 (1+ m(1)),

Group ©: [€]> > CE2-(1+ ma (1))

Group @: 2L (1 4+ 72(1)) < [¢]? <

2 K2

Also, we assume 77" ~ 1y’ ~ n3" without loss of generality. We then split the time

variable t into several groups:

€ER

Case (a) n;(t) = %77/, Le. t < 585y = so(pyy Where ) = min{n;}, 1 = 1,2,3.

Therefore (D
Hence
~ ooyt 2 ~
> CXPITER < (SR ) (en)? D €T
P <ler< G G gm) (4.83)
<C(D)(5)
T2

As for € in Group ),

S PTOP < (DR ") (e Y IPIT (O

612> C322 (14+-4m) (4.84)
ER
<C(D)(—)*.
m
So
ER ER
Yo ¥R < COD)(—)?+ (). (4.85)
2 Uit

D(D+2
e

Case (b) n;(t) = %cfg)w ie. t > 585y, i =1,2,3. In particular, ne(t) = 3

Hence

> CVPITE)P < (CRe ) (e 3 €10 (E)

DOED <Jef2< LD (14m (1)) (4.86)

<C(D)(er)*,
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and

~ _coyt\ 2 ~
S L PTEP < (SRS (eI T (O
(D+2)3

‘§|2>W(1+W1(t)) (487)
<C(D)(ex)?.
So

> €QR|T(€)]? < C(D)(er)?. (4.88)
lg|2> B34

Case (¢) All the other values of t:

ER
» C(D)t

In this case ~ n;, thus reduce Case(c) to Case(a) or (b). (They are equivalent

under the assumption of Case(c)). Therefore,

€Ky L ER

o E) ]. (4.89)

S (a)) U < cD)(

D(D+2
e o

Case 3: Estimate for 3- .. bwi2) |b?j||(A](§)|2(approximation solution)
2.2 ’

We now estimate P 1= e MM ™oL HU™ in L2(d€) for |¢[2 > ny 2L,

e2K2

i - 1
Yoo IPpPlU@P< Y e C(D)e/{|§|2w
2o PR oD (490)

< C(D)(er)* e M < C(D)(er)* ™™

Thus we’ve collected estimates for all & and proved Theorem 4.2.1.
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4.3 Linearized Compressible Navier-Stokes Approximation to the Lin-

earized Boltzmann Equation

In this section, we establish a linearized compressible Navier-Stokes approxi-

mation

Ope + divu, = 0,
Qe + Vie(pe + 6.) = ediv(uD,ue) , (4.91)

0,0, + %div U = e% div(kV,0,),

to the linearized Boltzmann equation
1
OF.+v-V,F.+-LF,. = 0. (4.92)
€

We show that the solutions of 4.91 approximates the fluid moments of the linearized
Boltzmann equation uniformly in time if the initial data of the linearized Boltzmann
equation is in the fluid regime.

First, we construct an approximate solution g?] from the solution of compress-
ible Stokes equation. g?} is the Chapman-Enskog expansion described in Chapter
1, Section 1.5 up to second order. gE] has the same fluid moment with the solution

to the linearized Boltzmann equation g., and formally approximates the solution of

the linearized Boltzmann equation up to O(€?).

Lemma 4.3.1 Let
o = pet 0w+ (3ol — )b — eL7H(A: Ve + B-V,0,)

+ L0, +v- V)L A NV + B -V,0,),
(4.93)
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where pe, ue and 0. are solutions of the compressible Stokes system (4.91). Then gg]

satisfies
B2 +v- Vg + 19 = @ (0, +v- V)L ) (A: Vyuc+ B-Vi0,) . (4.94)

Proof: Note that
0 +v- V) g

=0 +v-Vo)(pe+v-uc+ (%|v|2 — 2)06) —€(0p +v- Vx)ﬁ_l(A : Vyue + B - V,0,)

2

+ (0 +v-V)L O +v- V)L A Ve + B -V,0,),
(4.95)

and

%EQ?} = —(A: Vyu.+ B-V,0,)
(4.96)

+ P (O +v - VB)LTH A Voue + B - Vb))
SO
(0 +v- V)9 + 1 LgP
=0 +v- V) (pe+v-uc+ G = 2)0.) — eP[(0: +v- VL)L A Vyue + B -V, 0,)]

2

+ (O +v-V)L ™ (A Vu + B-Vib,) — (A: Vyuc+ B-Vi0,) .

(4.97)
Plugging
ope = —divu,,
v (Owue) = —v - Vi(pe + 0c) + ev - div(uDyu,) , (4.98)
(310 = $)00e = — (Glv]* = ) divue + ef (5|0 = 3) div(kVi0e)
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into (8 + v - Vi) (pe + v - ue + (3|v|* — 2)0.), we have
(O +v- Vi) (pe+ v ue + (%|U|2 - %)06)
=0 -V (v-u) — )P divue + v - V(5| — B2)6.
+ev - div(uDyu,) + €2 (v — 2) div(xV,0,) (4.99)
=A(v) : Vyue + B(v) - V0,
+ ev - div(uDyue) + €2 (L[v]? = 2) div(kV,6,) .

It remains to show

v-div(pDyue) + 2 (A o]? = D) div(kV0.) = P[0 +v- Vo) LA : Vue+ B-V,0,)] .
(4.100)

Note that
PlO+v-V)L YA Vouc+ B-V,0,)] = Pl(v-Vi)(A : Voue + B-V6,)], (4.101)
the lemma will be proved once we show
Pl(v-V)(A: Vou)] = v-div(uD,u,) (4.102)

and

Plw-Vi)(B- Vb)) = 3(3Ivf* = B) div(kVib.) . (4.103)

here we have used the notations and results in Chapter 3. Applying the orthogonal
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relations (1.76) in Chapter 1, we see that
Pl(v- V)(A: V)] = (v V(A Vo)) + v (u(v- V)(A: Vo))

DUl = 252 + D)(v- V)(A: Vouo))

+ 3G -3
=v - (v(v- %)(A\ Veue))

= v - div[(A(v) ® A(v)) : Vyu = v - div(uD,u,)
(4.104)

Similarly,
Pl V) (B - Vo)) = 2(3 o] = B)(B(v) - V(B - Vi)
= 2310’ = B) div((B(v) ® B(v))Vif.) (4.105)
= %(%\v\z — D) div(kV,0,) .
Here we have used
(A(v) ® ﬁ(v)) : Vue = p(Vue + Vu! — 2 divu,),
(4.106)
(B(v) @ B(v))V,0, = kV,0. .
O

in the last steps of (4.104) and (4.105). We have proved Lemma 4.3.1.
g (cf. Lemma 7.1.1) and g, solution

€

We now estimate the difference between g

of the linearized Boltzmann equation
(4.107)

8tg6+v-%ge+%£g€ =0.
Before we state the main theorem of this chapter, recall that for the collision

kernel b in the linearized collision operator
‘Cge = // (96 + Gey — gé - gél)ledwdvl .
SP—1xRD
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the attenuation coefficient is defined by

a(v) := // b(w,v; — v) dwM;dv;. (4.109)
SP-1xRD

We now give assumptions regarding the collision kernal b and collect some
properties satisfied by linearized collision operators with b satisfying these assump-
tions. These assumptions are satisfied by many classical collision kernels, including
those discussed in Section 1.2.1. Most of the presentation in this subsection is
from [40], we refer the readers to [40] for detailed discussion of the assumptions and
the proof of properties satisfied by the linearized collision operators. The first as-
sumption is that the collision kernel b satisfies the requirement of the DiPerna-Lions

theory (cf. Chapter 1, (4.110)): for every compact set K C RP,

1
be Lt (RP x SP~1, d 1 // b(w,v1 — v)dwdv, = 0.
loc( ) an |v\11>noo 1+ |U|2 Pt (w (%1 U) wdvy
(4.110)

The second assumption is that the attenuation coefficient

a(v) = / /S o U= o) M) dede (4.111)

is bounded below as

Co(1 4+ |v])* < a(v), (4.112)

for some constants C;, > 0 and a € R. The third assumption is there exists

s € (1,00] and Cj, € (0,00) such that
1

(/RD % Sa(vl)Mldvl) <0, (4.113)

where

b(v; — ) := /SD_I b(w,v; —v)dw . (4.114)
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The fourth assumption is that
Kt :L*(aMdv) — L*(aMdv) is compact, (4.115)
where

1
K*(g) := — // (¢ + g1)b(w,v; — v)dwM;dv; . (4.116)
2a SD—1yRD

With these assumptions, we have
1
—L: L’(aMdv) — LP(aMdv) is Fredholm for everyp € (0,0) . (4.117)
a

Moreover,

L :LP(aMdv) — LP(a'"PMdv) is bounded ,
(4.118)

L1 LP(a"PMdv) — LP(aMdv) is bounded.

The next theorem establishes the main property of the linearized collision operator
L, i.e., that it satisfies the Fredholm alternative in some weighted L? space. We

call
a(v) = // b(v — vy, w) M (v1)dwdvy (4.119)
SP—1xRP

the attenuation coefficient.
Theorem 4.3.1 Let g. be the solution of the linearized Boltzmann equation
g +v-Voge + 1Lg. = 0. (4.120)

Assume the collision operator satisfies the assumptions (4.110)-(4.115) above. Let

g3 = potv-u+ (3|0 — 2)0. — eL7H (A : Vyue + B - V,0,)

+ L0, +v- V)L A NV + B -V,0,),
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where U, := (pe, ue, 0.)T are solutions of the associated Cauchy problem of the lin-

earized compressible Navier-Stokes approximation. Denote the fluid moments of g.

by UP = (o8, uP,08)". Assume (g7 — g, {(lolg™ = g) ), (0P (o™ = gi"))

are bounded by n in L*(TP) and U™ € H5(TP). Then
|Us — U| 2oy < C max{v/€||U™|| ys(roy, 1} -
uniformly for t > 0.
Proof: According to Lemma 7.1.1.
A +v- Vgl + 19 = @ (0 +v- V)L (A: Vyuc+ B-V,0,), (4.121)
SO

(g [2]_9 )+v-Vi(g 2]—9 )+ L(g [2]—95) = ¢ ((8t +v- Vx)ﬁ_l)2 (A : Vyuc+B-V,0,).
(4.122)
Taking inner product of the above equation with (gE] — ¢.) and integrating with

respect to Mdvdx yields

) / ) g% dat L / (02 — g0, (g2 — go))da

262/<((8t—|—v-%)£ ) (A: Ve + B-V,0.), (g% — g.)) da
(4.123)

Let

alt) = ( g = gy <t>)% |

F(8) =1 ((3 +v- V)L™ (A: Ve + B - Vb | 12 (arava) »
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We get
a®(t) < ®(t) + a*(0)

<e /0 £(5) /B(5) + 2(0)ds + a2(0)

Since ®(s) < ®(t) for s € [0,t], we have
(1) + a*(0) < O /(1) + a2(0) + a*(0)
where O is the upper bound for €2 fot f(s)ds. Therefore
®(t) + a2(0) < Cmax {O©,a*(0)}

So a(t) is bounded by max{©,a?(0)}. By Minkowski inequality and Cauchy-

Schwartz inequality,

(/TD </RD " ge)MdU) | d@") | =€ (/’]I‘D /RD MddeC) %

S0 |[pe — (ge) || 2rpy < C'max{O,a*(0)} . It suffices to estimate
1(8) = 11 (@40 Vo) £7)* (A Vise + B Vo)l 221 -
We now show the estimate for || ((v- V)£ 1) (A : Vatie) || 2(mdvde)- Note that
(0 V) £7) (A Vo) Fasauan

<0 Y [0 o )i / C(DRtde

%,J,m,mn

<Ce || D3R 30 / 0L (0, £ (Ay))) M,

%,J,m,m

we will show that [(v;£7(v;£7(Amn)))*Mdo is bounded by a constant. In fact,

/ (0L (3£ ()2 M

< ( / (Ui)“Mdv)% ( / (ﬁ11)]-51(,4m))4z\4ow>é (4.125)

<C ( / (E_lvjﬁ_l(Amn))4Mdv) :

N|=
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and

/ (L7 (v, L7 (Apn)) M do

D=

( / (E‘l(vjﬁ_l(Amn))4)2aMdv)

s (4.126)

(frrun)

By the attenuation assumptions, f a 'Mdv < C. Also, for every p € (1,00),

L7V LP(a*PMdv) — LP(aMdv) is bounded (cf. [40]), therefore

Therefore,

H ((U . V:C)E_l)Q (A : VCCUG)HLQ(Md’Ud.Z’) S Ce_ECItHDiUEin’F'

1
2

( / (E‘l(vjﬁ_l(Amn))8)aMdv)

<c ( / (vjz—l(A,m))%—lzwdv>é
<c ( / (El(Amn))maMdv)i (v(a~*)Mdv)*
<c ( / (A,,m)16‘a-15z\4dv>i <c.

Applying the same estimate for other terms in

|| ((Qt +v- Vz)ﬁ_l)z (A . que + B- v.ree>||L2(Mdfudx)7 we then have

(4.127)

(4.128)

(0 +v- V)L™ (A Ve + B - Vi) |2 (atavany < Ce™ | DIUR|>. (4.129)

So €2 [ f(s)ds has upper bound ¢|| D3U™||? and

pe = (ge) 1 r2roy < C max{V/e||U"|| w0y, 0} -

The proof can be generalized to higher fluid moments. This completes the proof of

Theorem 4.3.1.
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Appendix A: Formal Derivation of the Linearized Weakly Compress-
ible Navier-Stokes System from the Linearized Com-

pressible Navier-Stokes Equation in Matrix Form

In this appendix, we derive the first-order approximation of the Fourier trans-

form of the linearized compressible Navier-Stokes equations. The linearized com-

pressible Navier-Stokes equations are:

atpe + Vx ue =10

Oyt + Vi(pe + 00) = €V p[Voue + (Vo) — EVe ucl] (A1)
e + 2V, ue = €2V, (KV,0,),
Applying Fourier transform to the system above:
p 0 ig” 0 p
Oc|a |+ [ enI|g)?+B52e™) g a|=0 (A-2)
6 0 i2¢T en2le)?) \ 8
We denote (4.14) by
U + i AU = eBU, (A.3)
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where
0 T 0 0 0 0
A=lie o | B=lo —uer+552e) 0
0 2™ 0 0 0 —k3[El?
We now describe the approximation scheme.

Formally, we expand U (t,7) as:
U=004 W4 202
Plugging the above expression to (A.3) and truncating at O(1):

8,:[7[0] + Z./Zl\ﬁ[o} - 0,

le.
d,(eA 1) = o,
thus
U, 7) = e’i“&(/}(ﬂ, where U™ = U(0, 7).
At O(e): (recall that 0; — 0y + €0, under the two-time scaling)
0,01 4 5,09 4 (AT = BOW.,
ie.
B,(e AT + 0, (AT 1)) = A BT,

By (A.8), A0 = U, g0 0, (AT = 402

Since et is unitary, we may expect

1 [ P
lim = [ 9,(eM*UM)ds = 0.

t—oo t 0
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Therefore, averaging (A.10) over time would lead to

du™ 1 (" i aan 1 [t aa i
= tlim 7 e BUY ds = tlim i A5 Be AU (s, (A.12)
So
OO, 1) = e AT, (A.13)

with U™ being the solution of (A.20).

It remains to compute um.

A.1 First-order Approximation up to a Unitary Transform

In this section, we compute U™, Since UP(t, 1) = e~ AT T is essentially
the first-order approximation up to a unitary transform. All the calculation are
carried on over the orthonormal basis formed by eigenvectors of A, and an inner
product induced by A. For this purpose, we observe that A has a symmetrizer; in

fact, HA is a symmetric matrix, where

In_ixp-1 O

H = (A.14)
U
Hence, we may define the inner product U; ¢ Uy between U; = (pl,ul,(‘)l)T and
Uy = (pa, ug, 02)7 as:
Uy o Us := p1pa + uyus + 2616, (A.15)
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We observe that A has D + 2 independent eigenvectors; moreover, they are orthog-

onal under the new inner product. More specifically, for & # 0,

1
M=y 1+ 2L o = —— | iz 2e
b 9D+2 D [[e]]
D
)
1
n=—yT+ 3l 0= —— | - i g
D 9D+2 D [ie]l
D
2
D

A, = 0for a € {3,...,D + 2}, and #® are D-dimensional basis of solutions to

§y=02+2=0.
(A.16)

Here (z,y7,2) denotes an eigenvector, where z,z € R,y € RP. In particular, we

may choose

1 0
1
¢ = —co | o |,0® = y | fora € {4,..,D+2} where 'y =0, [|y[[zo = 1.
1+ 32
—1 0

(A.17)
Note that for the D — 1 independent solutions yi,...,yp_1 to £y = 0, we could
always make them orthogonal under the regular inner product on RP. It’s straight-
forward to check that ¢® a € {1,...,D 4 2} are orthonormal under the new inner

product defined in (A.15), i.e.
®®"H =1, where & = (¢(1) @ . ¢(D+2)> . (A.18)
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We now expand U™ in terms of the orthonormal basis dD:

(1)
D+2

U = Z ;¢ = dc(r), where ¢ =
i=1

C(D+2)
Recall that

du™ 1 (' aan L[t o o
= lim - e BUM ds = lim = S Be AU g,
dr t—oo t 0 t—oo t 0

1.e.
dc 1 [t

d— = lim — eiﬁsge*i“z‘q(bc ds.
dr t—oo 0

Notice that

e—i)\ls O

e =

and write

e—iAt —

Therefore,

We then write

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)



ie.,

M1 Mugy ... Mgapio)
Bep=ao| I : - (A.26)
Mpy21) Mmpi22) ... Mpi2pio
In particular,
M=o 'B(&)® = dTHB(E)P. (A.27)
Therefore
eiﬁsg(g)efi.;\\scb — ei.;l\sq)MefiAs — (I)eiAsMefiAs. <A28)
So
1t A 4
lim — ¢ Be 5 de ds.
t—o0 0
1 [t . ‘
= lim — Pt Mes¢ ds. (A.29)
t—o0 0
1 [t . .
=® lim — e Me™s ds c.
t—oo t 0
Since
R N A i
lim — e Me 2 ds
t—oo t 0
Mq 1y 0 0
0 Mps ... ... | (A.30)
— — ]\4dzag7
0 : i 0
0 0 ... Mmpi2pio
(A.21) becomes
d )
o ‘;(TT) = M Basc(r). (A.31)
We then have
U = oM "dTHU™,  where U™ = (7(0), (A.32)
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since

OOTH =1.

A.2 The Approximation Matrix

We now compute PeM T HTH . For this purpose, notice that

My = ¢ Ho. (A.33)
Specifically, we have
Mauy = Mgag = — M?KF + Hﬁkﬁ = u,
M) = —RDLHK\Q =, (A.34)

M(],j) = —/,L’f|2 = w, ] = 4, 7]) + 2

We thus write each entry of ®eM“T®T H:

D _ur 2 vt D _ur _ _D _vr
p2¢ T pf 0 D+2° D+2¢
T ur TN wr
2 _ur 2 _ur D vt
D12€ 0 p52¢ T D€

Note that
00t 7) = e A0

— e—iA\tq)eMdi“gTq)TH[/]\in <A35>

— (I)e—iAteMdmgTq)TH(/]\in
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We thus compute entries of P := ®e MM T HT f.

Py P2 Pig
Pyr Py Pos |- (A4.36)
Py Py Pss
where
Pua = 5o conly| o 2lele) + 5 ome”,
Poy = —i D%z%e sin(1/ 2= 2 ),
Piy = g cos(y| D Zlelt) — 505
Py = —i Di—i—2|%€m ol Tmt)’
Pa = S con(y| 2 Zel) + e - 55,
Pyy = —i DLH%GM sin( b 2|€’t)
Py = Difmcos( D+2|§| )= Di2 e
Foe = f; m sin(1/ 2 2 el
Py = 5 i 26“T cos( %KH) + D]?L 26UT'

Therefore, the Fourier transform of solution of linearized weakly compressible Navier-

Stokes with initial data U in(¢) can be expressed as

V() = PU™. (A.37)

149



1]

2]

Bibliography

L. Amerio and G. Prouse, Almost periodic functions and functional equations,
Van Nostrand Reinhold, New York-Toronto-Melbourne, 1971.

C. Bardos, I. Gamba, F. Golse and C. D. Levermore, Global solutions of the
Boltzmann equation over RP near global Mazwellians with small mass, Comm.
Math. Phys. 346 (2016), no. 2, 435467.

C. Bardos and F. Golse, Differents aspects de la notion d’entropie au niveau de
lequation de Boltzmann et de Navier-Stokes, C. R. Acad. Sci. Paris 299 (1984),
225-228.

C. Bardos, F. Golse and C. D. Levermore, Fluid Dynamic Limits of Kinetic
FEquations I: Formal Derivations, J. Stat. Phys. 63 (1991), 323-344.

C. Bardos, F. Golse and C. D. Levermore, Fluid dynamic limits of kinetic
equations. II. Convergence proofs for the Boltzmann equation, Comm. Pure
Appl. Math. 46 (1993), no. 5, 667-753.

C. Bardos, F. Golse, and C.D. Levermore, The acoustic limit for the Boltzmann
equation Arch. Ration. Mech. Anal. 153(2000), no. 3, 177-204.

H. Bohr, Almost periodic functions, Chelsea, New York, 1947.

L. Boltzmann, Lectures on Gas Dynamics, Dover, Reprint Edition, New York
NY, 1995.

F. Bouchut, F. Golse and M. Pulvirenti, Kinetic Equations and Asymptotic
Theory, B.Perthame and L. Desvillattes eds., Series in Applied Mathematics 4,
Gautheir-Villars, Paris, 2000, 41-126.

150



[10]

[11]

[15]

[16]

[17]

[18]

C. Cercignani, The Boltzmann FEquation and Its Applications, Springer, New
York 1988.

C. Cercignani, R. Illner and M. Pulvirenti, The Mathematical Theory of Dilute
Gases Springer, New York, 1994.

C. Chicone, Ordinary Differential Equations with Applications, Springer, 1999.

C. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, 2nd Edi-
tion, Springer-Verlag, Berlin-Heidelberg 2005.

L. Desvillettes and F. Golse, A remark concerning the Chapman-Enskog asymp-
totics, Advances in kinetic theory and computing, B. Perthame ed., Ser. Adv.
Math. Appl. Sci., 22, World Sci. Publishing, River Edge, NJ 1994, 191-203.

L. Desvillettes and C. Villani, On the Trend to Global Equilibrium for Spatially
Inhomogeneous Kinetic Systems: The Boltzmann Equation, Invent. Math. 159
(2005), 245-316.

R. J. DiPerna and P.-L. Lions, On the Cauchy problem for Boltzmann equations:
global ezistence and weak stability Ann. of Math. (2) 130 (1989), 321-366.

R. Ellis and M. Pinsky, The first and second fluid approximations to the lin-
earized Boltzmann equation J. Math. Pures Appl. (9) 54 (1975), 125156.

R. Ellis and M.Pinsky, The projection of the Navier-Stokes equations upon the
FEuler equations, J. Math. Pures Appl. (9) 54 (1975), 157181.

Dynamics of Viscous Compressible Fluids, Oxford University Press, Oxford,
2004.

F. Golse, C. D. Levermore, and L. Saint-Raymond, La methode de lentropie
relative pour les limites hydrodynamiques de modeles cinetiques Seminaire,

Equations aux Derivees Partielles, 1999-2000, Exp. No. XIX, Ecole Polytech,
Palaiseau

F. Golse, C. D. Levermore, Hydrodynamic limits of kinetic models, Topics in
kinetic theory, 1-75, Fields Inst. Commun., 46, Amer. Math. Soc., Providence,
RI, 2005.

F. Golse and L. Saint-Raymond, Hydrodynamic limits for the Boltzmann equa-
tion, Riv. Mat. Univ. Parma (7) 4 (2005), 1-144.

151



[23]

[24]

[27]

28]

[30]

[31]

[32]

[33]

[34]

F. Golse and L. Saint-Raymond, The incompressible Navier-Stokes limit of the
Boltzmann equation for hard cutoff potentials, J. Math. Pures Appl. (9) 91
(2009), no. 5, 508552.

F. Golse and C. D. Levermore, Stokes-Fourier and Acoustic Limits for the
Boltzmann Equation: Convergence Proofs, Comm. Pure. Appl. Math. (2002)
Vol. LV., 336-393.

H. Grad, Principles of the kinetic theory of gases, Handbuch der Physik, vol.
12, 205-294, Springer, Berlin, 1958.

H. Grad, Asymptotic theory of the Boltzmann equation II. Rarefied Gas Dy-
namics, Proc. of the 3rd Intern. Sympos. Palais de 'UNESCO, Paris, 1962,
Vol. I, 26-59.

Y. Guo, Classical solutions to the Boltzmann equation for molecules with an
angular cutoff, Arch. Ration. Mech. Anal. 169 (2003), no. 4, 305353.

Y. Guo, Boltzmann diffusive limit beyond the Navier-Stokes approximation,
Comm. Pure Appl. Math. 59 (2006), no. 5, 626687.

K. Hamdache, FExistence in the large and asymptotic behaviour for the Boltz-
mann equation, Japan J. Appl. Math. 2 (1985), no. 1, 115.

D. Hilbert, Begrindung der kinetischen Gastheorie, Math. Ann. 72 (1912), 562-
577.

D. Hoff and K. Zumbrun, Multi-Dimensional Diffusion Waves for the Navier-
Stokes Equations of Compressible Flow, Indiana Univ. Math. J. 44 (1995), 603-
676.

D. Hoff and K. Zumbrun, Pointwise decay estimates for multidimensional
Navier-Stokes diffusion waves, Z. Angew. Math. Phys. 48 (1997), no. 4, 597-614.

L. Hormander, On the theory of general partial differential operators, Acta
Math. 94 (1955), 161248.

N. Jiang, Weakly Compressible Navier-Stokes Approzimation of Gas Dynamics,
dissertation, 2006.

N. Jiang and C. D. Levermore, Weakly nonlinear-dissipative approximations of
hyperbolic-parabolic systems with entropy, Arch. Ration. Mech. Anal. 201(2011),
no. 2, 377-412.

152



[36]

[37]

[40]

[41]

[42]

[43]

N. Jiang and C. D. Levermore, Global existence and reqularity of the weakly
compressible Navier-Stokes system, Asymptot. Anal. 76 (2012), no. 2, 61-86.

X. Jiang and S. Kawashima, Global classical solutions for partially dissipative
hyperbolic system of balance laws, Arch. Ration. Mech. Anal. 211 (2014), no. 2,
513553.

S. Kaniel and M. Shinbrot, The Boltzmann equation. I. Uniqueness and local
existence, Comm. Math. Phys. 58 (1978), no. 1, 6584.

S. Kawashima, Systems of a hyperbolic-parabolic composite type, with appli-
cations to the equations of magnetohydrodynamics, thesis, Kyoto University

(1983).

C. D. Levermore, N. Masmoudi, From the Boltzmann equation to an incom-
pressible Navier-Stokes-Fourier system, Arch. Ration. Mech. Anal. 196 (2010),
no. 3, 753809.

C. D. Levermore, Global Mazwellians over All Space and Their Relation to
Conserved Quantites of Classical Kinetic Fquations, preprint, 2011.

J. Leray, Sur le mouvement dun fluide visqueux emplissant lespace, Acta Math.
63 (1934), 193-248

P. L. Lions, Mathematical Topics in Fluid Mechanics, Vol 1: Compressible
Models, Oxford Lectrue Series in Mathematics and its Applications 10 (1998),
Oxford Science Publications, The Clarendon Press, Oxford University Press,
New York.

J. Maxwell, On the dynamical Theory of Gases, Philos. Trans. Roy. Soc. London
Ser. A 157 1886, 49-88. Reprinted in The scientific letters and papers of James
Clerk Maxwell. Vol Il. 1862-1873, 26-78. Dover, New York, 1965.

G. Métivier, L2 well-posed Cauchy problems and symmetrizability of first order
systems, J. Ec. polytech. Math. 1 (2014), 3970. 35145 (35B30)

B. Perthame, Introduction to the collision models in Boltzmann’s theory, Mod-
eling of Collisions, P.-A. Raviart ed., Masson, Paris 1997.

L. Saint-Raymond, Convergence of solutions to the Boltzmann equation in the
incompressible Euler limit, Arch. Ration. Mech. Anal. 166 (2003), no. 1, 4780.

153



[48] L. Saint-Raymond, A mathematical PDE perspective on the Chapman-Enskog
expansion, Bull. Amer. Math. Soc. (N.S.) 51 (2014), no. 2, 247275.

[49] J. A. Sanders, F. Verhulst, J. Murdock, Averaging Methods in Nonlinear Dy-
namical Systems, Second Edition, Springer, 2007.

[50] T. C. Sideris, Formation of singularities in three-dimensional compressible flu-
ids, Comm. Math. Phys. 101 (1985), no. 4, 475-485.

154



