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The growing integration of converter-interfaced renewable energy sources has 

fundamentally transformed modern power systems, leading to a significant decrease in 

system inertia and presenting urgent challenges for frequency control. Distributed 

energy resources, which represent a substantial portion of the emerging power 

generation landscape, are anticipated to play a vital role in facilitating frequency 

regulation in future low-inertia systems. Nevertheless, their effectiveness is still limited 

due to constraints in active and reactive power generation from droop control, varying 

response capabilities, and communication difficulties. This dissertation explores the 

application of reinforcement learning control as a pivotal technology to overcome these 

challenges by providing real-time active and reactive power generation from distributed 

energy resources and predictive capabilities for distributed energy generation. This 

approach enables the development of new frequency service dispatch and control 

schemes for future power systems.  

 

 



 

Three control strategies for power systems and microgrids are proposed, namely 

modified finite control set model predictive control, Heaviside Pontryagin’s optimal 

control, and reinforcement learning, each offering unique benefits for the dynamic 

control of distributed energy resource behavior. 

 

The suggested methodologies consider the fidelity and efficiency of control for 

distributed energy resources applications, and the control strategies developed are the 

first of their kind to facilitate real-time management of frequency and active power 

responses in distributed energy resources. Furthermore, a new strategy for managing 

rapid frequency control is introduced, which is based on the optimization of the 

controller or goal function, leading to a significant enhancement in the robustness of 

frequency and voltage control within microgrids and power systems. Simulation 

experiments were performed using MATLAB and Simulink. The results of the tests 

validate that the proposed control strategies can effectively manage distributed energy 

resources in both microgrids and power systems. 

 

The microgrid control methods based on neural networks within leader-follower 

configurations allow the system to evaluate the leader-follower responses of distributed 

energy resources, while also pinpointing the discrepancies between anticipated and 

actual time differences error in real-time. Simulation outcomes indicate that the 

suggested reinforcement learning control framework minimizes control errors and 

improves system resilience during frequency disturbances. 

 

 



 

A coordinated control scheme based on an energy internet is proposed to further 

improve the frequency and voltage control capabilities of distributed energy resources. 

Both centralized (cloud-hosted) and distributed (edge-hosted) architectures are 

examined to overcome local area voltage and frequency control. The energy internet-

based coordinated control scheme facilitates traditional coordinated control of 

distributed energy resources by eliminating communication delays in the optimal 

power flow transmission of distributed energy resources. Simulation results confirm 

the effectiveness of this approach, demonstrating enhancements over conventional 

control regarding speed, overshoot, and accuracy of active power responses. The power 

system and microgrid frequency are supported more effectively by coordinated 

distributed energy resources, leading to increased frequency stability during potential 

events. 
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Chapter 1. Introduction 

 
1.1 Research Context 

The global energy landscape is experiencing unprecedented changes, primarily 

driven by decarbonization targets aimed at reducing greenhouse gas emissions [1]. In 

April 2020, the US Clean Energy States Alliance (CESA) introduced the 100% clean 

energy collaborative program, designed to assist U.S. states and other entities in achieving 

their ambitious objectives of transitioning to 100% clean electricity. This is accomplished 

by facilitating information exchange, sharing best practices, and addressing technical 

challenges through webinars, publications, and resource libraries [2]. The program acts 

as a platform for states such as California, New York, and Washington to collaborate on 

policy development, program design, and implementation, thereby accelerating progress 

toward decarbonizing their power sectors. The primary focus of the program is to reduce 

emissions from electricity generation, followed by the displacement of fossil fuels in 

other sectors. This transition is reshaping the energy mix, resulting in a significant 

increase in the integration of renewable energy sources (RES), such as wind and solar, 

into electrical power systems. The growing share of converter-based renewables not only 

transforms the energy mix but also impacts the fundamental dynamics of the grid, with 

considerable implications for the control and stabilization of system frequency. 

The Conventional frequency control primarily relies on large synchronous 

generators (SGs), which are mainly thermal power plants. These generators are usually 

fitted with turbine governors that adjust mechanical power input in response to frequency 

fluctuations, adhering to the droop characteristics [3]. 
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The rotating machines also possess substantial kinetic energy within their rotors, which 

is essential in limiting the rate of change in frequency (ROCOF) immediately following 

a disturbance. In contrast to traditional thermal power plants, RES tend to be less 

controllable and are frequently intermittent and variable due to their reliance on weather 

conditions and seasonal changes. Furthermore, certain types of RES, such as solar and 

wind, are integrated into the power grid through power electronics converters, which do 

not naturally provide rotational inertia. Consequently, while the ongoing energy transition 

promotes the decarbonization agenda, it has also brought about significant operational 

challenges due to a dramatic decrease in system inertia throughout the power grid. 

Low inertia can lead to a more rapid deviation in system frequency during 

power imbalance events, such as generation loss or demand fluctuations. This situation 

heightens the risk of exceeding the statutory frequency limits, which range from 59.5 to 

60.5 Hz in the US power system, consequently increasing operational risks and costs [4]. 

Furthermore, numerous Distributed Energy Resources (DERs) integrated into the 

distribution systems are equipped with protection mechanisms that monitor the ROCOF. 

These systems are designed to automatically disconnect from the grid when the measured 

ROCOF surpasses established thresholds [5]. A reduction in system inertia will lead to a 

higher ROCOF during the same power imbalance event, potentially causing unexpected 

disconnections of DERs. This disconnection can result in cascading failures, further 

exacerbating the conditions of the system [6]. 

In conjunction with the extensive transformation of the transmission network, 

future power systems will be characterized by a swift rise in DERs. These encompass 

both small-scale synchronous generators, such as hydroelectric plants and gas turbines, 
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as well as converter-interfaced sources like solar energy, energy storage (ES), and wind 

generation. In the United States, approximately 33% of the total distribution-connected 

capacity is derived from renewable generation, largely attributable to the rapid installation 

of photovoltaic (PV) panels and wind turbines [7]. The capacity of DERs in the United 

States has increased by over 28% annually from 2009 to 2020 [8]. Furthermore, the DER 

market in the US is projected to nearly double in capacity between 2022 and 2027 [9]. 

This trend is anticipated to persist in the foreseeable future. The significant 

transformations in power systems, as outlined above, lead to the following key 

observations regarding frequency control: 1) traditional frequency control mechanisms, 

which depend on large thermal plants designed for centralized, inertia-rich networks, may 

no longer be effective or sufficient for future low-inertia systems. 2) DERs, owing to their 

rapidly growing numbers, have the potential to play an increasingly vital role in 

supporting the overall system, including frequency control. 3) A new framework and 

control solutions are necessary to enable DERs to participate more effectively in the 

frequency control of future grids. 

 

However, there are several key challenges resulting from the increasing use of 

DERs in current and future power systems: 

Ø Limited Controllability 

DERs are generally spread throughout the distribution networks and are owned 

by various entities. Due to financial limitations, most systems do not possess 

adequate measurement devices or communication infrastructures to accurately 
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capture their real-time dynamic behavior [10]. Consequently, system operators 

frequently experience restricted real-time visibility regarding the status, location, 

and overall capability of DERs in delivering frequency control services. In 

contrast to large synchronous generators (SGs), the frequency control ancillary 

services provided by DERs are often facilitated through service aggregators. As 

a result, it becomes challenging for system operators to gain direct insight and 

control over the behaviors of these DERs. When implemented on a large scale, 

the aggregated behavior may deviate from the expectations of the system 

operators, leading to ineffective responses. This deficiency in observability 

further undermines the system operator's capacity to efficiently dispatch the 

DERs to fulfill the associated technical requirements. 

 

Ø Dynamic Responses of DERs 

DERs can vary significantly in their types and capabilities when it comes to 

responding to frequency events. For instance, both hydroelectric plants and gas 

turbines are classified as synchronous machines; however, they exhibit 

markedly different speeds of response and dynamic characteristics when it 

comes to increasing active power. Converter-interfaced resources also 

demonstrate a wide range of frequency response behaviors, both in comparison 

to SGs and among themselves, which is influenced by their source of supply and 

the internal control algorithms they employ. These control algorithms can differ 

greatly among manufacturers and may even vary within the same category of 

devices. Certain DERs might be set up to provide synthetic inertia [11], while 
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others could adhere to predefined control strategies that involve step changes, 

such as firm frequency response pre-agreed provider ability to adjust generation 

or load in response to frequency deviation [12], or ramp-based responses like 

dynamic containment [13]. Furthermore, a significant number of DERs 

currently do not respond to frequency fluctuations due to their limited control 

capabilities. Even among those that do offer support, allowing each to operate 

independently can result in fragmented and ineffective responses across the 

system. Coordinating a large array of DERs to achieve a cohesive and 

dependable frequency response continues to pose a significant challenge, 

primarily due to the complexities involved and the need for infrastructure 

upgrades. 

 

Ø Communication Requirements  

Coordinating DERs to ensure a rapid response for effective frequency  

regulation necessitates timely and precise   measurements of the active power of 

the DERs, in addition to low-latency communication between the DERs and the 

control center. This presents significant challenges in practice, as numerous 

distribution-level assets are presently lacking high-resolution measurement 

devices or dependable communication links. 

 

The emerging challenges require the necessity for innovative solutions that can 

enhance the controllability and visibility of DERs, as well as coordinate their varied 
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responses in real time. Such strategies are crucial for facilitating effective frequency 

response in future low inertia systems. 

 

1.2 Research Contributions 

While reinforcement learning and advance control technology have shown 

considerable promise in facilitating DERs to deliver efficient frequency control and has 

been successfully implemented across various industrial sectors, its use in power systems 

is still in a relatively nascent phase with only a few limited applications [14].  

 

As will be elaborated in Chapter 2, the provision of frequency control services 

is increasingly reliant on energy storage (ES); however, current control methodologies do 

not adequately account for the dynamic behavior of hybrid ES concerning voltage and 

power constraints during rapid frequency response [15]. Chapter 2 proposes the 

Heaviside-Pontryagin Minimum Principle as a solution to address the voltage and power 

constraint limitations of hybrid energy storage systems within the context of fast 

frequency response control in microgrids. Chapter 2 discusses an optimal frequency 

control strategy for managing a hybrid energy storage system (HESS). The hybrid energy 

storage system comprises both batteries and supercapacitors. In this chapter, a novel 

approach is introduced that utilizes a Heaviside step function in conjunction with 

Pontryagin’s minimum principle (HVS-PMP) to improve the microgrid’s fast frequency 

response (FFR). This is achieved by transforming the supercapacitor voltage constrained 

region of the HESS into an unconstrained region control using HVS-PMP.  
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Chapter 3 indicates that the documented use of reinforcement learning in 

Diesel-engine generators is predominantly restricted due to the unpredictable nature of 

disturbances, fluctuations in load, and variations in mechanical parameters [16]. 

Furthermore, Chapter 3 suggests a model-free reinforcement Q-learning feedback control 

approach to overcome the existing challenges associated with the rapid frequency control 

of Diesel-engine generators in microgrids. Chapter 3 discusses the control of 

reinforcement frequency for the Diesel-engine generator within the microgrid. In the 

context of the smart grid, the Diesel-engine generator serves as a backup for frequency 

support and is commonly employed for rapid frequency response in the microgrid. 

Difficulties related with this important task are as follows. 1) Actual uncertainties of the 

mechanical parameters, 2) Occasion of uncertain disturbances which are coming from 

other control loops and electrical variables and uncertainty of electrical loads. The author 

introduces a novel approach to frequency control in the Diesel-engine generator by 

utilizing reinforcement learning control via continuous Q-learning.  

 

Chapter 4 introduces microgrid inverter voltage fault ride-through problem. It 

is hard to control microgrid voltage fault ride-through due to significant rapid disturbance 

and PID controller performance limitations [17]. Chapter 4 suggests a model free 

exploration with coefficient update concurrent controller via using reinforcement learning 

with neural network approach to solve the voltage fault ride-through problem via actor-

critic approach in the microgrid. Chapter 4 addresses the concept of policy iteration in 

relation to microgrids aimed at alleviating grid frequency issues. Within the microgrid, 



8  

the frequent fluctuations in disturbances complicate the management of voltage fault ride-

through. The author suggests the implementation of advanced integral reinforcement 

learning utilizing Q-learning, which enables the microgrid inverter to effectively manage 

the voltage fault ride-through challenges present in the microgrid. Chapter 5 discusses the 

unpredictability associated with DERs and the challenges it poses for regulating system 

frequency in generator and load areas.  

 

Chapter 5 recommends real-time management of both the governor and ES 

systems to aid in frequency recovery amidst the uncertainties of a microgrid. An integral 

reinforcement zero-sum game approach is proposed for controlling the governor and ES. 

A leader-follower distributed dynamic event-triggered control mechanism is proposed to 

address power systems with high penetration of DERs and hence reduced inertia achieve 

rapid convergence and synchronization of ES systems. Chapter 5 discusses the frequency 

control of microgrids through an event-triggered control mechanism that involves 

distributed loads and energy storage systems. This chapter introduces a method for 

controlling synchronous generators using governors alongside the control of energy 

storage systems within the microgrid. It employs an integral zero-sum game 

reinforcement learning approach to manage both the governor and the control of energy 

storage systems. Furthermore, this chapter proposes a dynamic event-triggered 

mechanism for the distributed control of energy storage systems via leader-follower 

approach, aimed at reducing the frequency of control command updates for these systems.  
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Chapter 6 suggests converting the model predictive control cost function into a 

linear quadratic cost function to computation overhead Additionally, chapter 6 

implements a geographical switch factor scheme that eliminates the need for a cost 

function, thus enabling swift frequency control via optimal switching methods during low 

inertia frequency disturbances in power systems. Chapter 6 discusses the agile frequency 

control of power systems utilizing voltage source inverters within a low inertia 

environment. Chapter 6 introduces an innovative method in which the model predictive 

control does not modify the parameters of the cost functions at each sampling interval. 

This approach reformulates the model predictive cost function into a linearized form to 

enhance computational efficiency. Furthermore, in the context of inverter control within 

the power system, the author utilizes a finite control set model predictive control strategy, 

specifically the SW (switch) factor scheme, to manage the voltage source inverter 

according to a geographical framework that obviates the necessity for a cost function. 

This advancement facilitates rapid frequency control through optimal switching 

techniques during low inertia frequency disturbances in power systems. 

 

Chapter 7 discusses the limitation of the alternating direction method of 

multipliers (ADMM), specifically its lack of guaranteed convergence when addressing 

optimal power flow in power systems.  Chapter 7 also introduces a steady state voltage 

security area to account for the interactions of optimal power flow that arise from the 

voltage off limit voltage between energy storage systems and photovoltaic inverters. To 

ensure guaranteed convergence and optimized power flow within a decentralized 

distributed energy management framework in local power systems, an energy internet 
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utilizing consensus control through all-to-all communication is established between 

central energy managers and inverters. Chapter 7 addresses the control of energy storage-

photovoltaic (ES-PV) through energy internet based distributed optimal power flow 

within the local power system. The current optimal power flow method utilizing the 

ADMM presents a limitation due to its relatively low convergence rate. In this chapter, 

an energy internet based distributed optimal power flow is introduced, employing a 

central energy manager alongside distributed ES-PV residential inverter. Furthermore, 

Chapter 7 proposes a steady state voltage security area (SSVSA) for the calculation of 

voltage limits prior to the decentralized optimal power flow phase among the distributed 

ES-PV residential inverters. The proposed method demonstrates its ability to address the 

convergence rate issues associated with the ADMM. 

 

In light of the challenges mentioned previously, this dissertation offers an 

extensive examination of the application of reinforcement learning and sophisticated 

control methods as the foundational approaches to address these problems. By developing 

reinforcement learning and advanced control strategies that can deliver real-time 

frequency and voltage regulation along with predictive functionalities for DERs, this 

research seeks to create innovative frequency service dispatch and control frameworks 

that empower DERs to deliver efficient frequency control services for low inertia systems. 
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1.3 Principal Contributions 

The primary contributions of this research are as follows: 

Ø The development and verification of two modeling strategies for 

reinforcement learning and advanced control of DERs, including physics-

based and system identification methods, aimed at real-time frequency 

control objectives. These strategies enhance comprehension of the balance 

between modeling accuracy and the overall performance of reinforcement 

learning and advanced control systems in frequency control scenarios. 

Ø The creation of a synchronized control strategy for DERs by leveraging 

the features of reinforcement learning alongside advanced control 

techniques This proposed control strategy harmonizes DERs with varying 

attributes to deliver efficient frequency and voltage regulation. 

Ø A supplementary approach has also been created to alleviate 

communication delays in reinforcement learning in conjunction with 

advanced control techniques. Implementing an event-triggered control 

strategy improves the adaptability of reinforcement learning while utilizing 

advanced control, all under minimal communication requirements. 
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1.4 Dissertation Overviews 

The layout of this dissertation is illustrated in Fig. 1.1. 

 

1.5 Publications 

The publications listed below have emerged from the research presented in this 

dissertation:  

List of Journal Papers 

Ø Byungchul Kim, “Microgrid Frequency Control via Event Triggered 

Leader-follow Game of Distributed Energy Storage Systems and 
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Chapter 5) 
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Chapter 2. Optimal Frequency Control with Management of a Hybrid 
Energy Storage System in an Islanded Microgrid 

 

Abstract – The extensive employment of renewable energy source in microgrids presents 

challenges due to the lack of rotational inertia that serves to stabilize system frequency in 

traditional power systems. This results in added fluctuations in frequency and voltage. In a 

hybrid energy storage system, the super capacitor control in voltage and power output 

constrained mode involves significant computation requirements. To mitigate fluctuations 

and enhance stability, in this chapter a novel approach is proposed the Heaviside step 

function in conjunction with Pontryagin’s minimum principle (HVS-PMP) to optimize the 

frequency management system for HESSs comprising batteries and supercapacitors. This 

innovative method reformulates the problem thereby establishing a state-constrained 

optimal control reformulated as and unconstrained problem. By applying HVS-PMP to a 

penalty function, the state constraints are re-expressed, leading to an unconstrained problem 

that significantly accelerates computation compared to traditional dynamic programming.  

 
2.1. Background 

                           Frequency fluctuations are more likely to happen with high penetration of solar 

and wind energy sources in microgrids  Fig. 2.1.  Increased presence of renewable sources 

like solar and wind along with the associated power converters implies significantly reduced 

system inertia. This results in a tendency toward increased fluctuations in power and 

frequency. Many control approaches are available for the microgrids. An overall summary of 

existing control approaches is provided in [18] where diverse power-sharing methods are 

compared and categorized. Due to its efficiency in power-sharing between multi-parallel 
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connected power converters, droop control has been used in an extensive variety of areas [19]. 

An organized architecture of islanded AC microgrids with soft switching droop control has 

been suggested to offer a flexible power control [20]. 

                           To remedy for the lack of inertia in droop control, the use of so-called virtual 

synchronous generator has been suggested  (e.g., [21], [22]). Extensive research has been 

conducted on the use of virtual synchronous generators that produce active and reactive 

power to sustain system power and frequency stability by imitating the dynamics of a 

synchronous generator [23]-[25].  

 

Fig. 2.1. Islanded microgrid. 

                           By using an energy storage (ES) system along with renewable energy sources, 

microgrid power system droop control contributes to reducing frequency oscillations. 

For ES system to be of practical use, it is important to increase the battery lifetime. 

Battery degradation is a major problem in ES systems because the battery contributes a 

large share of system price. Thus, extending the battery lifetime and mitigating frequency 

fluctuations are an important topic bringing efforts from both industrial and academic 

sectors in the hybrid energy storage systems [26]-[28]. 

             While anticipating the commercialized next generation of durable battery, 

954 IEEE TRANSACTIONS ON SMART GRID, VOL. 12, NO. 2, MARCH 2021

Fig. 1. Islanded microgrid system.

stability. Moreover, it can be installed at the final point of
common coupling (PCC) of MGs, making it more flexible
and independent. As a result, this energy storage system has
been widely used due to its mature status, and many control
methods for it have been proposed [20], [21].

The latest studies on MPC control in ESS have mainly
focused on coordinating the charge and discharge control of
multiple ESSs through the MPC method [22], [23]. In addition,
the MPC controller can also decide the current power reference
based on the prediction of the required output power at the
next sampling period, thereby providing better power tracking
performance [24]. In [25], an MPC-based plug-in hybrid elec-
tric vehicles’ power control is used to alleviate the frequency
fluctuation of MGs.

In islanded MGs with renewable sources, load changes,
wind fluctuation, and many other types of changes can signif-
icantly influence the system frequency [26]. In [27], H8 and
µ-synthesis approaches are used to suppress frequency fluctu-
ations. In [28], a combination of the general Type-2 Fuzzy-
Logic sets and the modified harmony search algorithm is
proposed to provide better load frequency regulation capabil-
ity. Sliding mode control (SMC) is also used in load frequency
control [29]. Electric springs based on power electronics have
also been proposed to provide active and reactive power
for load changes [30]. In [31], VSG is used to improve the
transient power- sharing between SG and DG in MGs.

The conventional VSG-ESS method could not achieve good
dynamic frequency and voltage stabilities due to the inter-
mittent renewable energy; if the system frequency fluctuates
substantially, the regulation capability of the VSG-ESS is lim-
ited when changing only the inertia and damping coefficients.
The rate-of-change-of-frequency (ROCOF) may be too large
to be kept within the requirements. Therefore, in this article,
an MPC-VSG is proposed for ESS control, which can simulta-
neously enhance the dynamic characteristics of frequency and
voltage at PCC. To begin, the mathematical model that com-
bines MPC and VSG is derived. Then the rated power changes
in the VSG are predicted by MPC, and the rated power of
VSG is modified, which can improve the dynamic frequency
characteristics. Meanwhile, considering that the active power
changes may lead to variations in the grid voltage, the reac-
tive power of VSG is regulated by MPC, which can reduce the
grid voltage variation. In summary, the proposed MPC-VSG
method has the following advantages.

1) In the conventional active-power frequency VSG con-
trol method, the reference power typically remains

Fig. 2. Simplified synchronous generator model connected with an ideal
grid.

unchanged once initialized. It is mainly used for inertia
and primary frequency regulation, which does not con-
tribute substantially to the secondary frequency regu-
lation. The proposed MPC-VSG method can calculate
the increment power needs by solving the optimized
cost function with the allowable maximal and mini-
mal frequency variation ranges constraints according to
the current status, which can reduce the frequency drift
during transient states as an auxiliary aid to the diesel
generator.

2) Once a disturbance occurs in MGs, the proposed MPC-
VSG method can change the output power reference of
VSG in consideration of the minimization of ROCOF,
voltage, and frequency error, which is superior to the
conventional VSG method.

This article is organized as follows. Section II demonstrates
the frequency fluctuation mechanism of parallel-connected
power converter MGs with solar and wind power energy, etc.
Some basic concepts of VSG are also discussed. Section III
presents the derivation of the proposed MPC-VSG ESS
method, and the cost function design with output constraints
and system stability are also analyzed. In Sections IV and V,
the effectiveness of the proposed control method is veri-
fied through simulation and hardware-in-the-loop experimental
results. Finally, Section VI concludes this article and outlines
future research directions.

II. PROBLEM DESCRIPTION AND VSG

A. Frequency and Voltage Fluctuations in MGs

MGs can operate in two modes: island mode and grid-
connected mode [32]. When MGs are connected with an ideal
grid, the PCC frequency and voltage are fully supported by
the grid, so voltage-frequency fluctuations will not occur.
Howerver, when MGs operate in island mode composed of
a wind turbine, photovoltaic (PV) system, loads, energy stor-
age system, etc., as shown in Fig. 1, grid frequency-voltage
fluctuations may occur since there is no ideal power support
from the grid, and the MGs may face stability challenges due
to the lack of inertia.

When MGs operate in islanded mode, all the power con-
verters are connected in parallel to supply power to the
loads, as shown in Fig. 1. A diesel generator can suppress
frequency deviations with inertial forces and automatic volt-
age regulators (AVRs), so the frequency is mainly supported
by a diesel generator. However, when the voltage-frequency
of MGs is purely supported by RE, the power-electronics-
based RE cannot provide sufficient inertia support. With the
increased penetration of RE, the dynamic response of PCC
frequency and voltage will be further degraded.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on October 14,2022 at 15:59:44 UTC from IEEE Xplore.  Restrictions apply. 
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hybridization is a promising midterm solution. Battery, as a high certain energy source, 

can be mixed together with a high specific power source such as supercapacitors (SCs) 

resulting in a HESS [29]. The combination could be in active, semi-active, or passive 

topologies, where the first two normally provide more degrees of freedom which can 

bring about better global performances than the third configuration [30]. The semiactive 

and active HESSs must be organized by management strategies which distribute power 

flows between storage devices. 

                           Real-time frequency management strategies can be improved using 

optimization approaches, for instance approaches based on optimal control, model 

predictive control (MPC), and other methods. Optimal solutions can be determined off-

line and then executed using lookup tables in real-time implementation. Linear MPC has 

been employed for the energy management system (EMS) of a SC/fuel-cell HESS in [31]. 

It is improved with a model in which only SCs state of charge (SOC) are taken as state 

variables. The local control level is separated from the energy management supervisory 

level. Multi-objective approach is examined with two cases of weighting factor for the 

SCs SOC, known as “low SOC penalty” and “high SOC penalty.” Metaheuristic real-

time EMSs or frequency control for SC/battery HESS have been researched using a 

multilevel hierarchical structure [32]. 

                           There is a need for benchmarks for performance evaluation. Another approach 

is using dynamic programming (DP). However, DP suffers from several drawbacks. First, 

the solution accuracy relies on the resolutions of the quantization and discretization of 

the problem. There is always a tradeoff between accuracy and required computational 

resources. In addition, DP offers its solutions in the form of data lookup tables. Thus, the 
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insights it may give for the development of real-time EMSs or frequency regulation are 

often limited and strongly heuristic. 

                           However, PMP can yield analytical solutions that are much less time-

consuming and optimal for constrained problems [43]. By using PMP, the numerical 

computation is only required at the boundaries and constraints of the optimal control 

problems instead of the whole evolutions as in DP [33]. The optimal control problem 

with two independent control laws is solved simultaneously. Pareto fronts in the cases 

without and with battery are generated. Moreover, thanks to use of an analytical approach, 

PMP solutions can be adapted to develop real-time strategies. Different from DP, the 

main challenge in PMP is the difficulty in dealing with complex nonlinear systems such 

as battery/SC HESS, especially with SCs’ voltage energy limitations that present an 

obstacle to state-constrained optimal control. In previous research, HESSs are often 

modeled in terms of voltage and current which led to nonlinear models [34], [35]. In this 

chapter, we control frequency via the electrical power active power generation. Table 

2.1. summarizes characteristics of the PMP approach in comparison with other methods. 

                           This chapter suggests a Heaviside function method of PMP (HVS-PMP) for 

developing optimal frequency management system (FMS) for SC/battery HESS. To get 

the apparent analytical form of the solution, the optimal frequency management problem 

is first formed in terms of power and energy to assume a germane state-constrained 

optimal frequency control problem. The SCs energy limitations are thus fully 

incorporated. Then, the penalty function method is used to present an additional state 

variable and as a result an extra costate variable. Whereby, the state-constrained problem 

is converted into a new unconstrained one, which is then solved by using PMP. The 
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obtained solution has a form of piecewise constant. The evolution of the optimal solution 

is then determined through iterative numerical simulations. 

                           DP is a local optimization, but it consumes a lot of optimization time. PMP 

performs a local optimization, but an optimal trajectory obtained from PMP is a unique 

trajectory that satisfies the necessary and boundary conditions. The method proposed 

here applies the penalty function to the convex Hamiltonian function using a Heaviside 

step function and considers how to replace a constrained optimization with an 

unconstrained problem. We propose to break away from local optimization of system 

control by using the HVS-PMP method and a Hamiltonian function including dummy 

variables. The PMP algorithm can be used for real-time optimal control because it is 

based on the instantaneous minimization of the Hamiltonian. We show that costate of the 

PMP can be considered as a constant parameter, simplifying the optimal control problem. 

Optimal control based on PMP with a constant costate guarantees optimality and, in 

particular, local optimality. 

                           The paper [45] uses the Hamiltonian which is a convex function and the 

constraint on the state is presented by a linear summation of SOC. In this case, the 

mathematically optimized problem possibly possesses an appropriate cost that satisfies 

the boundary condition, which implies that we can find the appropriate cost to satisfy 

(2.1). This is a situation of strong duality in optimization. In [45] the control concept is 

based on instantaneous minimization, but the optimal control can be determined only 

when an appropriate, or optimal, cost is given. 

                           The proposed approach formalizes the amount of frequency change in relation 

to the amount of energy produced for the Hamiltonian convex function. The constraint 
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of optimization considers the voltage variation range of a realistic supercapacitor as a 

constraint due to SC state-constrained Heaviside PMP. The solution is controlled to avoid 

the realistic maximum and minimum value areas of the supercapacitor in constrained 

conditions by controlling the on and off of the HVS step function in the boundary 

condition of energy, resulting in a better optimization than PMP local optimization. The 

convex Hamiltonian function uses Heaviside step functions, so if the energy of the 

supercapacitor is greater than the MAX value or the energy of the supercapacitor is less 

than the MIN value, the entire convex Hamiltonian function uses a penalty function. 

Therefore, the maximum and minimum value of the supercapacitor were controlled so 

as not to violate the boundary condition to obtain the optimal frequency change. 

 

Table 2.1. Comparison of approaches for development of FMS. 
 

Methods Pros Cons Reference 

Real-Time Applicable for real-world → For 
practical implementation 

Sub-optimal strategies → need to be 
evaluated by optimal benchmarks 

N/A 

Rule-based Often easy to implement Not systematic, depend on expertise [21] 
Optimization-

based 
Systematic, less dependent on 

human expertise 
Often complicated, often high 

computational cost 
[41] 

Offline optimal Local optimal solution →	used for 
bench-marking purpose 

Not implementable in real-time 
platforms → validated by simulation 

N/A 

Dynamic 
programming 

(DP) 

Universally applicable to a wide 
range of nonlinear systems 

Time consuming, accuracy depends on 
fitness of discretization and quantization, 

give little understanding on how the 
system should work 

 
[20] 

Pontryagin’s 
minimum 
principle 
(PMP) 

Analytical solution →	More 
insightful understanding (than in 

look-up table form like DP), faster 
computation (then DP) 

Complicated when apply to complex 
nonlinear systems, each system 

configuration needs specific strategy 
development →	Aim of This chapter to 

improve 

 
[45] 
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The contributions of this chapter are as follows. 

                 1) The proposed approach solves the state-constrained optimal control problem, 

which is necessary for HESS applications owing to the energy limit of auxiliary 

storages such as SCs. The literature on the optimal control problem has not clearly 

dealt with these constraints. 

2) Moreover, owing to the analytical approach, the new optimal FMS is better 

than DP in terms of both computational efficiency and accuracy since the iterative 

numerical computations are required only for boundary conditions and for the 

constraints. The approach can offer an effective tool for FMS developers to use as an 

optimal benchmark to judge their real-time suboptimal strategies. 

3) Finally, the suggested method is germane to both active and semiactive 

format of HESSs due to its general problem frame in terms of power and frequency. 

The approach facilitates simultaneous solution for the battery control variable and the 

SC energy and state variable trajectories. Subsequently, the particular current and 

voltage evaluations can be inferred for each topology. 

 

2.2. Frequency control based on inertia 

In this chapter, frequency control is divided into three different stages: the 

inertia control, primary control, and secondary control stages. When a frequency 

fluctuation occurs, the inertia response seeks equilibrium by balancing power through the 

kinetic energy from a generating unit. Then, the primary response settles frequency to a 
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new steady-state condition for a time duration between 10 s to 25 s after the appearance 

of a fluctuation. Finally, the secondary response, also called load frequency control, 

returns the frequency to its nominal equilibrium value within from 30s to 30 min after the 

appearance of a fluctuation [37]. 

                           1) Primary Control Strategy: The primary control strategy focuses on 

maintaining voltage and current control via control of the converters, in which link with 

the distributed resources and energy storage devices. The primary control also contains 

maximum power extraction, sharing of power among other devices and architectures. The 

goals of the primary control level are controlling the value and frequency of the voltage, 

passing on the inputs for inner voltage and current loops, and circulating current limitation. 

                           Droop control is a popular primary control scheme that is based on the 

decoupling of real and reactive power on the transmission circuit due to line reactance. 

Droop control enhances the distributed energy resource based microgrid’s reliability by 

  guaranteeing that each source delivers an output power according to the amount decided 

by the linked power electronic converter. 

                           In the case of unbalanced load, the control scheme guarantees system 

operation in stable condition. In voltage droop control, for reference output power: 

      𝑃789 = 𝐺(𝑠) <𝑉789 − ?
:!"
;<:!"

@ 𝑉+,A ∙ 𝑉+, 	, 𝐼789 =
)#$%
*&
																											(2.1) 

       where 𝑉+, is the converter voltage output, 𝜔=) is the low-pass filter cut off-frequency, 𝑉789 

is the reference voltage, 𝐼789	is the converter’s reference current, and 𝑉>	is the DC source 

voltage. 
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      ∆𝜔 = $
?><@

∆𝑃																																																									(2.2) 

                           Equation (2.2) describes the dynamic nature of system frequency according to 

the equivalent inertia model for various system configurations, such as diesel engine 

generator and renewable energy systems such as photovoltaic, wind turbine, and energy 

storage system. ∆𝑃	 is the deviation between total power supply among all of diesel-

generator, renewable systems and load. J is the equivalent moment of inertia, D denotes the 

frequency damping coefficient. ∆𝜔   is the frequency deviation caused by the power 

imbalance. 

                           The frequency characteristics of diesel-engine generator and energy storage 

system differ from one another.  Low-pass and high-pass filters are needed to disperse the 

original oscillation into different time cycles. Diesel-engine generator operates in the lowest 

frequency region, however energy storage system mostly operates in the middle and high 

frequency regions. Fig. 2.2  illustrates the microgrid frequency control model. 

 

Fig. 2.2. Microgrid frequency control models. 

                           Distributed energy resource-based droop control works according to the droop 

characteristics of synchronous generators in a power system when the frequency and 

voltage of the grid drops, the reactive power within the system also drops. The system 

fluctuation due to its small moment of inertia. Therefore, there 
is a possibility that the delta control is replaced with the above 
mentioned proposed method [12], [13]. Thus, in this paper, 
specific control method based on the microgrid model with WT 
and PV was provided and its effectiveness was evaluated 
compared with the delta control. 

II. MICROGRID MODEL 

A. Frequency Control Model of Microgrid 
1) Outline: Microgrid model used in this paper consists of two 
synchronous generators (diesel engine generator: DE, and the 
gas engine generator: GE), a storage battery (BT), WT, PV and 
load as shown in Fig.1. The capacities of DE, GE, WT, PV and 
Load were set to 0.7 p.u., 0.5 p.u., 0.35 p.u., 0.35 p.u. and 1.00 
p.u., respectively. Here, the base capacity in per unit was set to 
10 MW. 

Equation (1) represents dynamic behavior of system 
frequency based on the equivalent inertia model of multiple 
synchronous generators. Here, ΔP is imbalance between total 
power supply and load, M is the equivalent moment of inertia 
constant, D is frequency characteristic of the load, and Δω is 
linearized frequency change caused by the imbalance. 

                                   (1)  
Here, M and D are set to 2 sec and 1 p.u., respectively. Because 
the frequency characteristics of DE, GE, and BT are different 
each other, low-pass and high-pass filters are used to 
decompose original oscillation into different time cycles. 
Supposing generation cost of DE is the cheapest, DE covers the 
lowest frequency region while GE and BT mainly compensates 
the middle and high frequency regions. In addition, in this 
paper, BT was not in operation to test how the frequency 
fluctuation is mitigated by the contributions of WT and PV even 
without using BT control. 
2) Diesel Engine Generator: A block diagram of DE is 
described in Fig. 2. Control response is represented as a second-
order lag element and the generator has both LFC and governor 
free control function. LFC capacity of DE is set to 0.2 p.u.. 
Droop characteristic is applied to governor free control and its 
slope is set to 10 p.u./Hz. Here, the capacity of governor free 
control was set to 0.05 p.u.. 
3) Gas Engine Generator: Fig.3 and 4 show the block diagram 
of GE and its inverter model with the parameter tin of 0.01 sec. 
Supposing the control speed of GE is higher than DE, the high-
pass filter is applied to control input. Also, it is assumed that 
LFC capacity is smaller than DE.  
4) Load and PV: Load and PV output are treated as time 
domain data which were actually measured in the NEDO 
project(5) at Ota city, Japan. The data base includes 553 data 
series corresponding to the same number of households with 
load and PV. In this paper, only one-hour data of the day on 
which the weather condition fluctuated greatly was used. The 
data used in the simulation are the summation of total loads and 
PV output of all the households measured from 12:00 am to 
13:00 pm on 1th, August, 2007. Regarding load data, two  

 
Figure 1.  Frequency Control Model in Microgrid. 

 
Figure 2.  Diesel engine generator model. 

 
Figure 3.  Gas engine generator model. 

 
Figure 4.  Inverter model. 

sudden stepwise changes are shown at the beginning, and it will 
be large disturbance to change the frequency. 

5)  Wind Turbine: It is important to consider rotational speed 
characteristic of wind power output in order to properly 
evaluate the effectiveness of the proposed method because the 
rotational speed might be fluctuated largely from the optimal 
value by inertial response control. Therefore, detailed block 
diagram including the rotational speed characteristics was used 
in this paper as the following equations [14].  

          (2) 

                                       (3) 

                                                               (4) 

                                                    (5) 

Here, Cp is power factor, λ is peripheral speed ratio, β is 
pitch angle [deg], ωr is angular velocity [rad/s], R is windmill 
radius [m], v is wind speed [m/s], ωr_op is optimal angular 
velocity [p.u.] to maximize power factor. Pr is power [W] from 
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output frequency and voltage are determined as follows: 

        𝑓 = 𝑓A −𝑚B(𝑃 − 𝑃A), 𝑉 = 𝑉A − 𝑛C(𝑄 − 𝑄A)																											(2.3) 

        where 𝑓A is the generation’s frequency output and 𝑉A is the generator’s voltage output at 

zero loading. 𝑃	and Q are the active and reactive power generation. 𝑃A	is the reference 

active power and 𝑄A  is the reference reactive power. Due to the primary control, the 

frequency and voltage shift from the rated values bringing about the need for secondary 

control actions. 

                           Secondary Control Strategy: The secondary control has the purpose of 

monitoring the microgrid and stabilizing frequency and local voltage [178]. The secondary 

control with communication scheme builds upon the primary control approach [179].  

Accurate frequency management, reactive power-sharing, active and reactive power 

compensation are some of the goals of secondary control [180]. Fig. 2.3 illustrates 

microgrid primary and secondary control through a schematic diagram. 

                           The secondary control compares rated voltage and frequency to the particular 

measured values and transmit the calculated error as an input to the PI controller. The PI 

droop controller for distributed energy resources results in: 

        𝛿D: = 𝐾B(𝜔∗ − 𝜔EF>) + 𝐾D ∫(𝜔∗ − 𝜔EF>)𝑑𝑡 , 𝛿DG = 𝛼B(𝑉∗ − 𝑉EF>) + 𝛼D ∫(𝑉∗ −

𝑉EF>)𝑑𝑡																																																																																																																							(2.4) 

        where 𝐾B	and 𝐾D are PI control parameters for angular frequency and 𝛼B, 𝛼D are PI control 

gains for voltage control. 
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Fig. 2.3. Microgrid primary and secondary control schematic. 

        By considering the dynamic effects of generation and loads including inertia, droop, and 

converter control of PVs, wind, diesel generator, the system frequency deviation 

explained in [42], [43] is given as, 

       ∆𝐹(𝑠) = ? $
/?@
@∑ ∆𝑃H,D − ∑ ∆𝑃=,I = ? $

/?@
@('

DJ$ (∑∆𝑃K + ∑∆𝑃)* +∑∆𝑃LM(@ +
((
DJ$

∑𝑃N;; −∑ ∆𝑃=,I).																																																																																	(2.5)
('
IJ$  

        where {∆𝑃K , ∆𝑃)* , ∆𝑃LM(@ , ∆𝑃N;;} ∈ ∆𝑃H,D, J is inertia, D is damping coefficient, 

𝑃H  is mechanical power, 𝑃=  is load power, respectively. ∆𝑃K  is diesel generator, 

∆𝑃)* is photovoltaic power, ∆𝑃LM(@	is wind turbine power, ∆𝑃N;; is power output 

of the energy storage system, respectively. 

 
2.3 Battery and supercapacitor-based HESS 

2.3.1 System topology 

                           The HESS is commonly taken as a combination of a battery and a super 

capacitor to prolong use of HESS. The energy storage system (ESS) performs as a 

voltage source, offering DC power to the inverter and inverter subsystem. As this 

section concentrates on frequency management of the VSG side, the inverter and 

inverter subsystem are regarded as an equivalent current source that interacts with 
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droop characteristics of synchronous generators (SGs) in a large
power system. The concept of the control characteristics is that
when the voltage and frequency of the grid decreases, the active
and reactive power within the system also reduce. Distributed
generator’s (DG) output frequency and voltage are determined
as [21] follows:

f = f ′ −mp(P − P ′) (3)

V = V ′ − nq(Q−Q′) (4)

where f′ is DG’s output frequency and V′ is the DG’s output
voltage magnitude at zero loading. P and Q are the measured
active and reactive powers of the DG, P′ is the active power
reference and Q′ is the reactive power reference. Due to the pri-
mary control, the voltage, frequency, and magnitude shift from
the rated values and brings about the importance of secondary
controlling actions.

2) Secondary Control Strategy: The secondary control
scheme is implemented for the sake of monitoring the microgrid.
The global frequency and local voltage are stable due to control
strategies implemented in the secondary control. The secondary
control with communication structure is laid over the primary
control strategy. Reactive power-sharing, accurate frequency
regulation, and PQ compensation are some of the additional
goals of secondary control strategy [22].

The secondary control performs a comparison between rated
voltage and frequency to the respective measured values and
sends the calculated error as an input to the PI controller. The
PI controller compensation signals added to the droop settings
of DERs are as follows [23]:

δωi = Kpc(ω
∗ − ωbus) +Kic

∫
(ω∗ − ωbus)dt (5)

δvi = αpc(V
∗ − Vbus) + αic

∫
(V ∗ − Vbus)dt (6)

where Kpc and Kic are PI control parameters for angular fre-
quency andαpc,αic are PI control parameters for voltage control.
Also, if the topology of the microgrid is known, it is possible
to achieve the desired voltage profile by assigning a different
reference to each DG. Thus, the secondary term in each DG can
be calculated as follows:

δvi = αpc(V
∗ − Vi) + αic

∫
(V ∗ − Vi)dt (7)

where Vi is the voltage reference for the converter i.
3) Tertiary Control Strategy: The tertiary control adjusts the

voltage set points and consequent power entering or leaving
the microgrid, while it is operating in conjunction with other
entities [14]. The bus voltages are regulated to adjust the indi-
vidual DER contribution to power-sharing among microgrids.
Power-sharing is controlled optimally and economically as a
result of the tertiary control.

The highest level of control, the tertiary control, compares the
grid’s active and reactive power to the reference points. This level
of fast-responding control assists in precise power sharing while
mitigating maintenance cost of the system [24]. The tertiary
control absorbs real power during the occurrence of a fault, such

Fig. 1. Schematic of microgrid hierarchical control strategies [14].

that the microgrid frequency falls to a certain limit, resulting
in fault clearance by disconnection. The tertiary control also
performs the real and reactive power sharing between entities
by feeding the error value to the secondary PI controllers. The
error value is estimated using differences between measured
active powers, reactive powers, and respective desired values
demonstrated in Fig. 1.

B. Frequency Response of DER Based Microgrid

The preceding sections provided an overview of the hier-
archical control strategies within a microgrid. In this section,
we will provide a review focusing on the frequency response
of DER based microgrid. With the implementation of inter-
mittent renewable energy sources, alongside power electronic
converters in DERs, a microgrid is susceptible to relatively
large frequency deviations. It is important that control systems
regulate the frequency and prevent interruptions, especially with
DER sources. A review on the prominent control strategies for
microgrid frequency regulation is presented as follows:

1) Frequency Response Improvement Using Hierarchical
Control Strategies: Primary frequency control is responsible
for halting the initial decrease and restoring the frequency
under disturbances. Primary frequency control occurs at the
level of individual controllers that are often droop-based as
described in Section II-A1. As opposed to the droop-based pri-
mary control methods previously described, Nasirian et al. [25]
presents a sparse communication network-based frequency reg-
ulation where an individual controller processes its local and
neighbors information to update its voltage magnitude and fre-
quency. Wang et al. [26] presents an upgrade to the previous
method with a distributed cooperative primary control based
on a second-order quasi-Newton algorithm for better dynamic
performance. Primary frequency regulation using the demand
response (DR) strategy has been a topic for recent research
with applications ranging from control of smart meters [27],
wind farm auxiliary control [28], bioenergy cogeneration [29],
and thermostatically controlled loads (TCLs) [30]. Mendieta
and Cañizares [31] expanded the concept of TCLs into DR
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the HESS via dc-link voltage 𝑢+, 	and the traction current 𝑖>FE . All the system 

dynamics are considered via the inverter/inverter subsystem current profile placed on 

the HESS. 

         
(a) 

 

         
(b) 

Fig. 2.4. Battery/SC HESS design (a) active topology (b) semiactive topology. 

                       In the HESS, this section models hybridization of Li-ion battery and SCs 

connected in active and semi-active topologies, as shown in Fig. 2.4. In the active 

configuration, bidirectional DC/DC converters are in use for both energy storage 

devices, although in the semiactive one, only SCs are connected to the DC bus through 

the power electronics converter. The converter is consistent with an inductor connected 

to the low-voltage side of a power electronic chopper, although the high-voltage side is 

linked to the DC bus. In a semi-active topology, the DC bus voltage is directly 

maintained by the battery. In the meantime, the DC bus of the active topology is isolated 
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Fig. 1. EV traction system.

conditions and for the constraints. The method can
therefore provide an effective tool for EMS developers to
use as an optimal benchmark to evaluate their real-time
suboptimal strategies.

4) Finally, the proposed method is applicable to both active
and semiactive configurations of HESSs because of its
general problem formulation in terms of power and
energy. By that, the common optimal battery power (the
control variable) and SCs energy (the state variable)
trajectories can be obtained for both configurations.
Thereafter, the particular current and voltage evolutions
can be deduced for each topology. The proposed method
is therefore more general than the previous works in the
literature.

This article is presented as follows. Section II introduces
the studied systems that are battery/SC HESSs in active and
semiactive topologies with their models and control schemes.
The proposed method of developing optimal EMS using PMP
is given in Section III. The problem formulation is presented
first, and then, the unconstrained solution is obtained. Based
on that, the state-constrained problem is solved by using the
penalty function method. Section IV presents the numerical
results of an off-road EV with the model reference available in
our laboratory. The results are compared to DP to demonstrate
the advantages of the proposed method. The conclusion of this
article is then conducted.

II. STUDIED HESSS

A. System Configurations

In this study, the EV traction subsystem is commonly con-
sidered as the combination of an electrical drive, a drivetrain,
the vehicle wheel, and its chassis, as shown in Fig. 1. The ESS
acts as a voltage source providing dc power to the traction
subsystem. Since this article focuses on energy management
of the ESS side, the traction subsystem is considered as
an equivalent current source that interacts with the ESS via
dc-link voltage udc and the traction current itrac. All the vehicle
dynamics are reflected via the traction current profile imposed
on the ESS.

Fig. 2. Studied battery/SC HESS configurations. (a) Active topology.
(b) Semiactive topology.

In the ESS, this article considers the hybridization of Li-ion
battery and SCs connected in active and semiactive topologies,
as shown in Fig. 2. In the former configuration, bidirectional
dc/dc converters are in use for both energy storage devices,
whereas in the latter one, only SCs are connected to the dc bus
via the power electronics converter. The converter is composed
of an inductor connected to the low-voltage side of a power
electronics chopper, whereas the high-voltage side is linked
to the dc bus. In a semiactive topology, the dc bus voltage
is directly maintained by the battery. Meanwhile, the dc bus
of the active topology is isolated from the sources, and thus,
the voltage udc needs to be controlled on a capacitor. For
both topologies, the HESS can be addressed as the interaction
between three subsystems that are the battery part (with or
without the dc/dc converter), the SCs part (always associated
with a converter), and the traction part (with or without the
dc-link capacitor). These subsystems are highlighted by the
shaded areas, as shown in Fig. 2.

B. System Modeling and Control

The battery is considered by an equivalent circuit model as
shown in Fig. 3, which is inherited from [30]. To focus on
the energy property of the battery, the transient impedances
are neglected, i.e., only the equivalent series resistance rbat

is considered. The terminal voltage ubat is composed of the
open-circuit voltage ubat_OC and the dropped voltage on the
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Fig. 1. EV traction system.

conditions and for the constraints. The method can
therefore provide an effective tool for EMS developers to
use as an optimal benchmark to evaluate their real-time
suboptimal strategies.

4) Finally, the proposed method is applicable to both active
and semiactive configurations of HESSs because of its
general problem formulation in terms of power and
energy. By that, the common optimal battery power (the
control variable) and SCs energy (the state variable)
trajectories can be obtained for both configurations.
Thereafter, the particular current and voltage evolutions
can be deduced for each topology. The proposed method
is therefore more general than the previous works in the
literature.

This article is presented as follows. Section II introduces
the studied systems that are battery/SC HESSs in active and
semiactive topologies with their models and control schemes.
The proposed method of developing optimal EMS using PMP
is given in Section III. The problem formulation is presented
first, and then, the unconstrained solution is obtained. Based
on that, the state-constrained problem is solved by using the
penalty function method. Section IV presents the numerical
results of an off-road EV with the model reference available in
our laboratory. The results are compared to DP to demonstrate
the advantages of the proposed method. The conclusion of this
article is then conducted.

II. STUDIED HESSS

A. System Configurations

In this study, the EV traction subsystem is commonly con-
sidered as the combination of an electrical drive, a drivetrain,
the vehicle wheel, and its chassis, as shown in Fig. 1. The ESS
acts as a voltage source providing dc power to the traction
subsystem. Since this article focuses on energy management
of the ESS side, the traction subsystem is considered as
an equivalent current source that interacts with the ESS via
dc-link voltage udc and the traction current itrac. All the vehicle
dynamics are reflected via the traction current profile imposed
on the ESS.

Fig. 2. Studied battery/SC HESS configurations. (a) Active topology.
(b) Semiactive topology.

In the ESS, this article considers the hybridization of Li-ion
battery and SCs connected in active and semiactive topologies,
as shown in Fig. 2. In the former configuration, bidirectional
dc/dc converters are in use for both energy storage devices,
whereas in the latter one, only SCs are connected to the dc bus
via the power electronics converter. The converter is composed
of an inductor connected to the low-voltage side of a power
electronics chopper, whereas the high-voltage side is linked
to the dc bus. In a semiactive topology, the dc bus voltage
is directly maintained by the battery. Meanwhile, the dc bus
of the active topology is isolated from the sources, and thus,
the voltage udc needs to be controlled on a capacitor. For
both topologies, the HESS can be addressed as the interaction
between three subsystems that are the battery part (with or
without the dc/dc converter), the SCs part (always associated
with a converter), and the traction part (with or without the
dc-link capacitor). These subsystems are highlighted by the
shaded areas, as shown in Fig. 2.

B. System Modeling and Control

The battery is considered by an equivalent circuit model as
shown in Fig. 3, which is inherited from [30]. To focus on
the energy property of the battery, the transient impedances
are neglected, i.e., only the equivalent series resistance rbat

is considered. The terminal voltage ubat is composed of the
open-circuit voltage ubat_OC and the dropped voltage on the
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from the sources, and therefore, the voltage 𝑢+, 	requires to be controlled by a capacitor. 

 
2.3.2 HESS modeling and control scheme 

                       The battery is reflected on an equivalent circuit model as shown in Fig. 2.5, 

which is borrowed from [39].  To concentrate on the energy of the battery, the transient 

impedances are neglected, i.e., only the equivalent series resistance 𝑟EOP is contemplated. 

The terminal voltage 𝑢EOP	is comprised  of the open circuit voltage 𝑢EOP)* 	and the 

dropped voltage on the resistance, in which 𝑢EOP = 𝑢EOP)*(𝑢;QR) − 𝑟EOP𝑖EOP   is a 

nonlinear function of the SOC indication voltage 𝑢;QR . 

 

Fig. 2.5. Battery equivalent circuit. 

 

Fig. 2.6. Super capacitor equivalent circuit. 

𝑢EOP = 𝑢EOP,QR(𝑢;QR) − 𝑟EOP𝑖EOP																																											(2.6) 

         where SOC is an integral of the battery current 𝑖+,- ,viz. 

𝑢;QR = 𝑢;QR,DSDP −
1
𝐶8C

_ 𝑖EOP𝑑𝑡																																											(2.7)
P

&
 

          Here the equivalent capacitance 𝐶./is 3600 times the battery capacity in Ah. 
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Fig. 3. Battery equivalent circuit model.

Fig. 4. SCs equivalent circuit model.

resistance, in which ubat_OC is a nonlinear function of the SoC
indication voltage uSoC

ubat = ubat_OC(uSoC) − rbatibat (1)

where SoC is an integral of the battery current ibat as follows:

uSoC = uSoC_init − 1
Ceq

∫ t

0
ibatdt (2)

in which the equivalent capacitance Ceq is 3600 times of the
battery capacity in Ah.

The SCs model is simpler due to the fact that the SCs
voltage is proportional to their SoC. As a consequence, the SCs
equivalent circuit model can be considered as a huge capacitor
CSC connected in series with the internal resistor rSC, as shown
in Fig. 4. The SCs mathematical model is therefore given by

uSC = uSC_init − 1
CSC

∫ t

0
iSCdt − rSCiSC. (3)

The inductor linear model is used with a constant inductance
L ind_x and a parasitic resistance rind_x as follows:

ux = L ind_x
d
dt

ix + rind_xix + uch_x ; x ∈ {bat, SC} (4)

where x indicates “bat” or “SC” regarding the associated
sources of the dc/dc converters. In this study, the power
electronics choppers are considered by using the average
model
{

uch_x = mch_x udc

ich_x = mch_xixη
kch_x
ch_x

with kch_x =
{

1 if ix ! 0
−1 if ix < 0

(5)

in which x ∈ {bat, SC}, mch_x is the modulation function of
the chopper associated with the x source, and η indicates
efficiency. In the semiactive topology, the dc-bus voltage is
the battery one

udc = ubat. (6)

In the active topology, udc is linked to the dc-bus capacitor
model that is given by

udc = 1
Cdc

∫ t

0
(itot − itrac)dt (7)

where itrac is the traction current imposed by the traction
subsystem and itot is the total current composed by the battery
and SCs subsystems as

itot = ich_bat + ich_SC (8)

whereas in the semiactive topology, the dc bus is only given
by

itrac = ibat + ich_SC. (9)

The control schemes of the studied are shown in Fig. 5.
Since the dc-bus capacitor model is an integrator, a propor-
tional (P) controller with the compensation of the measured
traction current itrac_mea is sufficient for the voltage control
loop. The chopper current calculation block is the inversion
of the current relationship of the chopper model as follows:

ix_ref = ich_x_ref

mch_xη
kch_x
ch_x

; x ∈ {bat, SC}. (10)

Similarly, the modulation is the inversion of the voltage
relationship of the chopper model

mch_x = uch_x_ref

udc_mea
; x ∈ {bat, SC}. (11)

For the semiactive topology, there is no need of a voltage
controller and the measured battery voltage ubat_mea plays the
role of the dc-bus one. The current distribution strategy block
is the EMS to be developed in Section III.

III. PROPOSED OPTIMAL STRATEGY USING PMP

A. Problem Formulation

1) Original Problem Formulation: In the literature, the opti-
mal control problems of energy management of the HESSs
were often formulated in terms of voltage and current, which
form complex nonlinear problems. The previous work [31] is
an attempt to simplify the optimal control-based EMS with the
following problem statement. It is to find the optimal control
law ibat_opt for the semiactive HESS with the model

d
dt

uSC = ubat
η

kch_SC
ch_SC

CSC

ibat − itrac

uSC
(12)

to minimize the cost function

J =
∫ tf

0
i 2
batdt . (13)

Even though the model is simplified, the Hamiltonian of
this system still contains the state variable uSC; it is, therefore,
difficult to get a transparent analytical optimal solution. In that
paper, only the Hamiltonian minimization condition of PMP
is employed to obtain a near-optimal real-time strategy; yet,
it is not the offline optimal EMS to serve as a benchmark.

2) Problem Reformulation: In order to attain a transparent
analytical solution, the problem should be reformulated in
terms of power and energy. Furthermore, due to this gen-
eralization, the unified EMS would be applicable for both
active and semiactive configurations. Fig. 6 shows the general
power flow of the battery/SC HESSs for both topologies. Each
subsystem is corresponding to the shaded area shown in Fig. 2.
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Fig. 3. Battery equivalent circuit model.

Fig. 4. SCs equivalent circuit model.

resistance, in which ubat_OC is a nonlinear function of the SoC
indication voltage uSoC

ubat = ubat_OC(uSoC) − rbatibat (1)

where SoC is an integral of the battery current ibat as follows:

uSoC = uSoC_init − 1
Ceq

∫ t

0
ibatdt (2)

in which the equivalent capacitance Ceq is 3600 times of the
battery capacity in Ah.

The SCs model is simpler due to the fact that the SCs
voltage is proportional to their SoC. As a consequence, the SCs
equivalent circuit model can be considered as a huge capacitor
CSC connected in series with the internal resistor rSC, as shown
in Fig. 4. The SCs mathematical model is therefore given by

uSC = uSC_init − 1
CSC

∫ t

0
iSCdt − rSCiSC. (3)

The inductor linear model is used with a constant inductance
L ind_x and a parasitic resistance rind_x as follows:

ux = L ind_x
d
dt

ix + rind_xix + uch_x ; x ∈ {bat, SC} (4)

where x indicates “bat” or “SC” regarding the associated
sources of the dc/dc converters. In this study, the power
electronics choppers are considered by using the average
model
{

uch_x = mch_x udc

ich_x = mch_xixη
kch_x
ch_x

with kch_x =
{

1 if ix ! 0
−1 if ix < 0

(5)

in which x ∈ {bat, SC}, mch_x is the modulation function of
the chopper associated with the x source, and η indicates
efficiency. In the semiactive topology, the dc-bus voltage is
the battery one

udc = ubat. (6)

In the active topology, udc is linked to the dc-bus capacitor
model that is given by

udc = 1
Cdc

∫ t

0
(itot − itrac)dt (7)

where itrac is the traction current imposed by the traction
subsystem and itot is the total current composed by the battery
and SCs subsystems as

itot = ich_bat + ich_SC (8)

whereas in the semiactive topology, the dc bus is only given
by

itrac = ibat + ich_SC. (9)

The control schemes of the studied are shown in Fig. 5.
Since the dc-bus capacitor model is an integrator, a propor-
tional (P) controller with the compensation of the measured
traction current itrac_mea is sufficient for the voltage control
loop. The chopper current calculation block is the inversion
of the current relationship of the chopper model as follows:

ix_ref = ich_x_ref

mch_xη
kch_x
ch_x

; x ∈ {bat, SC}. (10)

Similarly, the modulation is the inversion of the voltage
relationship of the chopper model

mch_x = uch_x_ref

udc_mea
; x ∈ {bat, SC}. (11)

For the semiactive topology, there is no need of a voltage
controller and the measured battery voltage ubat_mea plays the
role of the dc-bus one. The current distribution strategy block
is the EMS to be developed in Section III.

III. PROPOSED OPTIMAL STRATEGY USING PMP

A. Problem Formulation

1) Original Problem Formulation: In the literature, the opti-
mal control problems of energy management of the HESSs
were often formulated in terms of voltage and current, which
form complex nonlinear problems. The previous work [31] is
an attempt to simplify the optimal control-based EMS with the
following problem statement. It is to find the optimal control
law ibat_opt for the semiactive HESS with the model

d
dt

uSC = ubat
η

kch_SC
ch_SC

CSC

ibat − itrac

uSC
(12)

to minimize the cost function

J =
∫ tf

0
i 2
batdt . (13)

Even though the model is simplified, the Hamiltonian of
this system still contains the state variable uSC; it is, therefore,
difficult to get a transparent analytical optimal solution. In that
paper, only the Hamiltonian minimization condition of PMP
is employed to obtain a near-optimal real-time strategy; yet,
it is not the offline optimal EMS to serve as a benchmark.

2) Problem Reformulation: In order to attain a transparent
analytical solution, the problem should be reformulated in
terms of power and energy. Furthermore, due to this gen-
eralization, the unified EMS would be applicable for both
active and semiactive configurations. Fig. 6 shows the general
power flow of the battery/SC HESSs for both topologies. Each
subsystem is corresponding to the shaded area shown in Fig. 2.
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                       The SC’s model is simpler due to the fact that the SC’s voltage is proportional 

to their SOC. As a result, the SC’s equivalent circuit model can be regarded as a big 

capacitor 𝐶;R 	connected in series with the internal resistor 𝑟;R , as shown in Fig. 2.6.  The 

SC’s mathematical model is thus given by 

         𝑢;R = 𝑢;R,DSDP −
$
R0*

∫ 𝑖;R𝑑𝑡
P
& − 𝑟;R𝑖;R                                  (2.8) 

                       The inductor linear model includes a constant inductance 𝐿DS+,T and a constant 

parasitic resistance  𝑟DS+,T: 

          𝑢T = 𝐿DS+,T
+
+P
𝑖T + 𝑟DS+,T𝑖T + 𝑢,U,T; 𝑥 ∈ {𝑏𝑎𝑡, 𝑆𝐶}																	(2.9) 

          where x indicates “bat” or “SC” regarding the associated source of DC/DC.  converters. 

In this research, the power electronic choppers are approximated using the averaged 

model 

         g
𝑢,U,T = 𝑚,U,T𝑢+,

𝑖,U,T = 𝑚,U,T𝑖T𝜂,U,T
V12,4 with  𝑘,U,T = j 1	𝑖𝑓	𝑖T ≥ 0

−1	𝑖𝑓	𝑖T < 0																		(2.10) 

         in which 𝑥 ∈ {𝑏𝑎𝑡, 𝑆𝐶},𝑚,U,T is the modulation function of the chopper associated. 

with the x source, and η measures efficiency. 

        In the semi-active topology, the DC-bus voltage is the battery voltage 

        𝑢	+, = 𝑢EOP                                                    (2.11) 

                       In the active topology, 𝑢+, is linked to the DC-bus capacitor model that is 

given by 

       𝑢+, =
$
R51

∫ (𝑖PWP − 𝑖>FE)𝑑𝑡																																												(2.12)
P
&  
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       where 𝑖>FE	is the inverter/subsystem current assessed by the inverter/subsystem and 	𝑖PWP 

is the total current consisted with the battery and SCs subsystems as 

𝑖PWP = 𝑖,U,EOP + 𝑖,U,;R 																																																(2.13) 

       However, in the semi-active topology, the DC bus is given by 

       𝑖>FE = 𝑖EOP + 𝑖,U,;R 																																																			(2.14) 

       The proposed HESS control strategy is shown in Fig. 2.5.  As the DC-bus capacitor 

model is an integrator, a proportional (P) controller with the reward of the measured 

subsystem current 𝑖>FE,H8O	is enough for the voltage control loop. The chopper current 

calculation block is the inversion of the current relationship of the chopper model as 

follows: 

       𝑖T,789 =
D12,4,#$%

H12,4X12,4
612,4		

; 𝑥 ∈ {𝑏𝑎𝑡, 𝑆𝐶}																												(2.15) 

                       In the same way, the modulation is the reversal of the voltage relationship of 

the chopper model 

𝑚,U,T =
F12,4,#$%
F51,8$9

; 𝑥 ∈ {𝑏𝑎𝑡, 𝑆𝐶}																																	(2.16) 

                       For the semi-active topology, there is no requirement of a voltage controller 

and the regular battery voltage 𝑢EOP,H8O	plays the function of the DC-bus one. The 

current distribution strategy block is to calculate and form the optimal electrical power 

for the frequency management strategy (FMS) to be developed in Fig. 2.7. 
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(a) 
 

 

(b) 

Fig. 2.7. Control plan of the proposed HESS. (a) active topology (b) semi-active topology. 

 

Fig. 2.8. Overall electrical power flow of the battery/SC HESS. 

                          This section talks about system topology such as battery and supercapacitor 

HESS (= 𝑃EOP) design with active and semi-active topology. Next, HESS modeling of 

battery and supercapacitor are performed using equivalent circuits. Each equivalent circuit 

can be represented with voltage and current relationship. Fig. 2.7 shows the active and 

semi-active topologies of the control plan of HESS. In the active topology control both 

battery and supercapacitor voltages and current are controlled. In  Fig. 2.7, at the initial 

stage, P voltage controller controls the voltage for the active topology. And then, it 
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Fig. 5. Control schemes of the studied HESS. (a) Active topology. (b) Semiactive topology.

Fig. 6. General power flow of the battery/SC HESSs for both active and
semiactive topologies.

The traction power Ptrac is demanded by the traction sub-
system, while the battery and the SCs subsystems provide Pbat

and PSC, respectively. The SCs are charged and discharged by
their power with an average efficiency η as follows:

d
dt

ESC = −PSCη−kSC ; kSC =
{

1 if PSC ! 0
−1 if PSC < 0

(14)

in which kSC depends on the power direction. Thus, the global
model of the battery/SC HESSs is given by

d
dt

ESC = (Pbat − Ptrac)η
−kSC . (15)

The energy of the SCs ESC is the state variable to be
controlled; the battery power Pbat is the control variable and
the traction power Ptrac is the disturbance. It should be noted
that by reformulating the problem in terms of power and
energy, the nonlinearity of current and voltage relationships of
the system has been eliminated. The optimal control problem
is therefore independent of the HESS topologies; as a conse-
quence, the proposed method is applicable for both active and
semiactive configurations.

In this study, the average efficiency η is considered as a
constant. The coefficient kSC introduces a switching behav-
ior to the system model, which may cause difficulty to

solve the optimal control problem by an analytical method.
By considering the practically high efficiency of the modern
power electronics converters, this switching behavior can be
neglected in analytical calculations. Instead, this behavior is
then fully considered in the iterative numerical simulation to
obtain the optimal evolutions of the state and control variables.

From the original cost function (13), by considering that the
battery voltage only varies in a narrow range, the cost function
can be reformulated by

J =
∫ tf

0
P2

batdt . (16)

This reformulated problem is convenient for applying opti-
mal control theory since it is a linear model with a quadratic
cost function of the control variable. Moreover, it is note-
worthy that the integral of the battery power squared follows
the image of battery energy consumption since the energy is
the integral of the power over time. By minimizing this cost
function, the battery SoC depletion can also be minimized
in comparison to the other strategies applied to the same
HESS topology. On the other hand, it should be noted that the
minimization of P2

bat does not lead to any limit of the vehicle
dynamic performance. It is because the traction power demand
Ptrac is always guaranteed by the allocation of the battery and
the SCs subsystems, as shown in Fig. 6. The reduction of Pbat

is due to the support of PSC, but not a compromise of Ptrac.
Remark 1: In the studied system, the single-state variable

is the SCs energy ESC. One may claim that the battery
SoC should also be considered as a state variable, yet it is
not the case. This remark can be proved by considering the
controllability of the system. Let us suppose that the battery
energy Ebat could be controlled as a state variable, and thereby,
we may have the two-state system as follows:

d
dt

[
Ebat

ESC

]
=

[−η−kbat

η−kSC

]
Pbat +

[
0

−η−kSC

]
Ptrac (17)
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Fig. 6. General power flow of the battery/SC HESSs for both active and
semiactive topologies.

The traction power Ptrac is demanded by the traction sub-
system, while the battery and the SCs subsystems provide Pbat

and PSC, respectively. The SCs are charged and discharged by
their power with an average efficiency η as follows:

d
dt

ESC = −PSCη−kSC ; kSC =
{

1 if PSC ! 0
−1 if PSC < 0

(14)

in which kSC depends on the power direction. Thus, the global
model of the battery/SC HESSs is given by

d
dt

ESC = (Pbat − Ptrac)η
−kSC . (15)

The energy of the SCs ESC is the state variable to be
controlled; the battery power Pbat is the control variable and
the traction power Ptrac is the disturbance. It should be noted
that by reformulating the problem in terms of power and
energy, the nonlinearity of current and voltage relationships of
the system has been eliminated. The optimal control problem
is therefore independent of the HESS topologies; as a conse-
quence, the proposed method is applicable for both active and
semiactive configurations.

In this study, the average efficiency η is considered as a
constant. The coefficient kSC introduces a switching behav-
ior to the system model, which may cause difficulty to

solve the optimal control problem by an analytical method.
By considering the practically high efficiency of the modern
power electronics converters, this switching behavior can be
neglected in analytical calculations. Instead, this behavior is
then fully considered in the iterative numerical simulation to
obtain the optimal evolutions of the state and control variables.

From the original cost function (13), by considering that the
battery voltage only varies in a narrow range, the cost function
can be reformulated by

J =
∫ tf

0
P2

batdt . (16)

This reformulated problem is convenient for applying opti-
mal control theory since it is a linear model with a quadratic
cost function of the control variable. Moreover, it is note-
worthy that the integral of the battery power squared follows
the image of battery energy consumption since the energy is
the integral of the power over time. By minimizing this cost
function, the battery SoC depletion can also be minimized
in comparison to the other strategies applied to the same
HESS topology. On the other hand, it should be noted that the
minimization of P2

bat does not lead to any limit of the vehicle
dynamic performance. It is because the traction power demand
Ptrac is always guaranteed by the allocation of the battery and
the SCs subsystems, as shown in Fig. 6. The reduction of Pbat

is due to the support of PSC, but not a compromise of Ptrac.
Remark 1: In the studied system, the single-state variable

is the SCs energy ESC. One may claim that the battery
SoC should also be considered as a state variable, yet it is
not the case. This remark can be proved by considering the
controllability of the system. Let us suppose that the battery
energy Ebat could be controlled as a state variable, and thereby,
we may have the two-state system as follows:

d
dt

[
Ebat

ESC

]
=

[−η−kbat

η−kSC

]
Pbat +

[
0

−η−kSC

]
Ptrac (17)
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Fig. 6. General power flow of the battery/SC HESSs for both active and
semiactive topologies.

The traction power Ptrac is demanded by the traction sub-
system, while the battery and the SCs subsystems provide Pbat

and PSC, respectively. The SCs are charged and discharged by
their power with an average efficiency η as follows:

d
dt

ESC = −PSCη−kSC ; kSC =
{

1 if PSC ! 0
−1 if PSC < 0

(14)

in which kSC depends on the power direction. Thus, the global
model of the battery/SC HESSs is given by

d
dt

ESC = (Pbat − Ptrac)η
−kSC . (15)

The energy of the SCs ESC is the state variable to be
controlled; the battery power Pbat is the control variable and
the traction power Ptrac is the disturbance. It should be noted
that by reformulating the problem in terms of power and
energy, the nonlinearity of current and voltage relationships of
the system has been eliminated. The optimal control problem
is therefore independent of the HESS topologies; as a conse-
quence, the proposed method is applicable for both active and
semiactive configurations.

In this study, the average efficiency η is considered as a
constant. The coefficient kSC introduces a switching behav-
ior to the system model, which may cause difficulty to

solve the optimal control problem by an analytical method.
By considering the practically high efficiency of the modern
power electronics converters, this switching behavior can be
neglected in analytical calculations. Instead, this behavior is
then fully considered in the iterative numerical simulation to
obtain the optimal evolutions of the state and control variables.

From the original cost function (13), by considering that the
battery voltage only varies in a narrow range, the cost function
can be reformulated by

J =
∫ tf

0
P2

batdt . (16)

This reformulated problem is convenient for applying opti-
mal control theory since it is a linear model with a quadratic
cost function of the control variable. Moreover, it is note-
worthy that the integral of the battery power squared follows
the image of battery energy consumption since the energy is
the integral of the power over time. By minimizing this cost
function, the battery SoC depletion can also be minimized
in comparison to the other strategies applied to the same
HESS topology. On the other hand, it should be noted that the
minimization of P2

bat does not lead to any limit of the vehicle
dynamic performance. It is because the traction power demand
Ptrac is always guaranteed by the allocation of the battery and
the SCs subsystems, as shown in Fig. 6. The reduction of Pbat

is due to the support of PSC, but not a compromise of Ptrac.
Remark 1: In the studied system, the single-state variable

is the SCs energy ESC. One may claim that the battery
SoC should also be considered as a state variable, yet it is
not the case. This remark can be proved by considering the
controllability of the system. Let us suppose that the battery
energy Ebat could be controlled as a state variable, and thereby,
we may have the two-state system as follows:

d
dt

[
Ebat

ESC

]
=

[−η−kbat

η−kSC

]
Pbat +

[
0

−η−kSC

]
Ptrac (17)
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controls the current distribution with battery and super capacitor. In the active topology, 

controlling voltage and current distribution, it is possible to control both battery and SC. 

In the semi-active topology only the supercapacitor’s voltage and current are controlled. 

SC power is only controlled in the semi-active topology. With active and semiactive 

topology control one can generate the HESS power. By using generated power from all 

the HESS, diesel generator, photovoltaic, and wind turbine generators subtract the home 

load power and subtract delta of frequency times damping factor and divide all power 

generations minus load powers with inertia we obtain the frequency deviation and rate of 

change of frequency. Thus, this chapter discusses how HESS’s components such as 

battery and supercapacitor can be controlled via the cost function of  (2.18) by using a 

HESS (= 𝑃EOP) in section 2.4 with the current and voltage modulation from section 2.3 in 

Fig. 2.7. 

 
2.4 Optimal approach using PMP 

2.4.1 Formulation of the PMP problem 

                           In order to get a clear analytical solution for the FMS, the problem should be 

stated in terms of power and energy. The desired FMS will be relevant to both active and 

semi-active configurations. Fig. 2.4 presents the overall power flow of the battery/SC 

HESSs for both topologies. Every subsystem is as depicted in the corresponding shaded 

area in Fig. 2.4.  

                          The inverter/subsystem power 𝑃>FE  is requested by the inverter/subsystem, 

although the battery and the SCs provide 𝑃EOP	and 𝑃;R , respectively. The SCs are charged 

and discharged by their power with an average efficiency η as follows: 
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       +
+P
𝐸;R = −𝑃;R𝜂YV0*; 𝐾;R = j 1	𝑖𝑓	𝑃;R ≥ 0

−1	𝑖𝑓	𝑃;R < 0																								(2.17) 

         in which 𝑘;R  depends on the direction of power flow, the global model of the battery/SC 

HESSs is given by 

        +
+P
𝐸;R = (𝑃EOP − 𝑃>FE)𝜂YZ0* 																																				(2.18)         

                          The energy of the SCs 𝐸;R 	is the state variable to be controlled, the battery 

power 𝑃EOP	is the control variable and the inverter/subsystem power 𝑃>FE	is the output. 

It should be noted that, by reformulating the problem in terms of power and energy, the 

nonlinearity of current and voltage relationships of the system has been discarded. The 

optimal control problem is thus independent of the HESS topologies. As a result, the 

proposed method is applicable for both active and semi-active formats. In this research, 

the average efficiency η is regarded as a constant. The coefficient 𝑘;R 	presents a 

switching behavior to the system model. Alternatively, this behavior is then fully 

regarded in the iterative numerical simulation to get the optimal evolutions of the 

control and state variables. The dynamic model of the island microgrid, DG, RES 

station and massive DRs are presented. The dynamic frequency response of an islanded 

microgrid can be formulated as follows. The microgrid rate of frequency change is 

taken as the cost function. This cost function is given in equation (2.19) and depends 

on frequency deviation, battery power, synchronous generator power, rest of renewable 

system generations and loads variance. 

        ∆𝑓̇ = $
? ∫ (−𝐷∆𝑓 + ∆𝑃EOP/ + ∑ ∆((

DJ$
P%
& 𝑃K/ + ∑ ∆𝑃)*/ + ∑ ∆𝑃LM(@

/ −(:;<=
DJ$

(">
DJ$

∆𝑃=Q[@/ )𝑑𝑡.																																																																																																								(2.19) 
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                          This formulated problem is suitable for applying optimal control theory 

since it is a model with a quadratic cost function of the control variable. Also, it includes 

the frequency fluctuation terms with the diesel generator, all of the renewable energy 

sources, energy storage systems power generations, and the loads. By minimizing this 

cost function, the frequency fluctuation and battery SOC reduction can also be 

minimized in contrast to other strategies applied to the same HESS topology. However, 

minimization of 𝑃/does not lead to any limit of the VSG dynamic performance. It is 

due to the inverter/subsystem power demand 𝑃>FE	is always assured by the allocation 

of the battery and the SCs subsystems, as shown in Fig. 2.8. The reduction of 𝑃EOP	is 

due to the support of 𝑃;R , but not an influence on 𝑃>FE. 

                         By using generated power from all the HESS, diesel generator, photovoltaic, 

and wind turbine generator subtract the home load power and subtract deviation of 

frequency times damping factor and divide all power generations minus load powers 

with inertia can get the value of derivative of frequency deviation. This can be a part of 

the cost function for deviation of derivative for the frequency. 

 
2.4.2. Unconstrained solution 

                           In this section, the above problem is solved without any constraint on the 

SCs energy. This is certainly an unrealistic solution; but the unconstrained solution is 

the base to solve the state-constrained problem of section 2.3.3. The Hamiltonian of the 

problem under study is associated with the SC state (2.18) and is given by 

        𝐻 = 𝑃EOP/ + 𝜆(𝑃EOP − 𝑃>FE)𝜂YV0* 																											(2.20) 

        where λ is the costate variable, 𝑃EOP	the battery output power, is the control variable, 
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and 𝑃>FE	 is an output variable representing the power input to the inverter which 

converts the HESS output voltage from DC to AC as depicted in Fig. 2.4 (a).   

          Equation (2.20) is the Hamiltonian function for PMP and consists of two terms. The 

first term is battery power, and the second is supercapacitor power. Equation (2.20) 

uses square of the battery power because when battery discharges the power then 

𝑃EOP	will have a positive value. However, when the battery is charging, mode 𝑃EOP	will 

have a negative value. Thus, by taking the square of 𝑃EOP, we remove the effect of its 

sign. The second term is supercapacitor power, which is the same as 𝑃EOP – 𝑃>FE. 𝑃>FE 

is the output variable representing the power input to the inverter, which converts the 

HESS output voltage from DC to AC, as in  Fig. 2.4 (a).  With costate variable λ, it is 

possible to weight the both first term 𝑃EOP	and second term supercapacitor. η is the 

efficiency of the supercapacitor and 𝑘;R 	is using for power direction. It is possible to 

change the current direction if 𝑘;R 	is 1 then 𝑃;R ≥ 0, and if 𝑘;R  is -1 then 𝑃;R < 0. By 

making the Hamiltonian function with major term 𝑃EOP, it is possible to control the 

HESS easily. 

                             It is seen that the Hamiltonian does not contain the state variable 𝐸;R , 

which is adaptable to get the constant costate variable λ as presented in the following. 

The three necessary conditions of the optimal control are given as follows: 

          +
+P
𝐸;R =

\]
\^

, +
+P
𝜆 = − \]

\N0*
, \]
\)?9@

= 0																						(2.21) 

          As λ is the arbitrarily introduced costate variable, it is independent of the control 

variable 𝑃EOP	and the output 𝑃>FE. Thus, the partial derivative of the Hamiltonian with 

respect to λ can be calculated as 
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         \]
\^
= \_)?9@

A <^()?9@Y)&B?)XC60*b
\^

= (𝑃EOP − 𝑃>FE)𝜂YV0* = +
+P
𝐸;R 															(2.22) 

                        Thus, the first condition of (2.21) is satisfied. For the second condition of 

(2.21), battery power 𝑃EOPand the inverter/subsystem power 𝑃>FE	are independent of 

the SCs energy 𝐸;R . Therefore, the Hamiltonian does not depend on the state variable, 

i.e., 

          +
+P
𝜆 = − \]

\N0*
= 0																																														(2.23) 

                             As a result, the costate variable λ of the unconstrained problem is a 

constant 𝜆 = 𝜆&. 

          Considering that the inverter/subsystem power is independent of the battery power, 

the last condition of (2.21) which is the Hamiltonian minimization can be expanded  

as follows: 

          \]
\)?9@

= \_)?9@
A <^()?9@Y)&B?)XC60*b

\)?9@
= 2𝑃EOP + 𝜆𝜂YV0* = 0         (2.24) 

                            This guide to the form of optimal control law of the unconstrained problem 

          𝑃EOP = − ^XC60*

/
= − ^DXC60*

/
																																(2.25) 

                             Some remarks on the solution (2.25) are in order. If the efficiency of the 

SCs subsystem is negligible, the optimal battery power is a constant. It is the average 

of the inverter/subsystem power plus the power to linearly move the SCs energy from 

the initial state 𝐸;R,DSDP  to the final state 𝐸;R,9DSOI. In general, the SCs should be charge 

sustaining, i.e., 𝐸;R,9DSOI =	𝐸;R,DSDP. 
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                            In the more practical case with high efficiency, the optimal battery power 

is a piecewise constant outline. There are two constant values that switch to each other 

regarding the changes of the SCs power direction. This chapter regards this practical 

case. 

2.4.3.     State-constrained Solution 

                           In practice, the SCs energy is limited, which results in the following 

limitations on the state variable: 

           𝐸;R − 𝐸;RHDS ≥ 0, 𝐸;RHOT − 𝐸;R ≥ 0																				(2.26) 

          Here, the upper limit is usually at the nominal voltage of the SCs, although the lower 

one is at the half of 𝑢;RYSWH as follows: 

          𝐸;RHOT =
$
/
𝐶;R𝑢;RSWH/, 𝐸;RHDS =

$
/
𝐶;R(0.5𝑢;RSWH)/														(2.27)	 

          In order to deal with the state-constrained problem, the penalty function method [57] 

is useful. This entails introducing an additional dummy state variable 𝐸+FH	based on 

(2.26) as 

           +
+P
𝐸+FH = (𝐸;RHOT − 𝐸;R)/ℍ(𝑔$) + (𝐸;R − 𝐸;RHDS)/ℍ(𝑔/)								(2.28) 

          where ℍ(𝑔$) and ℍ(𝑔/) are Heaviside step functions: 

           ℍ(𝑔$) = j0	𝑖𝑓	𝐸;R ≤ 𝐸;RHOT
1	𝑖𝑓	𝐸;R ≥ 𝐸;RHOT

, 	ℍ(𝑔/) = j0	𝑖𝑓	𝐸;R ≥ 𝐸;RHDS
1	𝑖𝑓	𝐸;R < 𝐸;RHDS

												(2.29) 

which means that the Heaviside functions are activated when the constraints are 

violated. 

A new dynamical system is formed from (2.18) and (2.28) with 𝐸;R 	and 
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𝐸+FH	the two state variables. The new Hamiltonian of this system is constructed as 

           𝐻 = 𝑃EOP/ + 𝜆$(𝑃EOP − 𝑃>FE)𝜂YV0* + 𝜆/(w𝐸;RHOT − 𝐸;R)/ℍ(𝑔$) +

(𝐸;R −

													𝐸;RHDS)/ℍ(𝑔/)x																																																																																													(2.30) 

in which  𝜆$and  𝜆/	are the two costate variables are related with 𝐸;R 	and 𝐸+FH , 

respectively. 

Regarding the arbitrary independence of the costate variables, the partial 

derivatives of the Hamiltonian to 𝜆$ and 𝜆/  are given by (2.30) and (2.31). Therefore, 

the first necessary condition of optimal control is satisfied. 

\]
\^E

=
\()?9@

A <^E()?9@Y)&B?)XC60*<^A(cN0*894YN0*)Aℍ(eE)<(N0*YN0*8FG)Aℍ(eA)f

\^E
  

= (𝑃EOP − 𝑃>FE)𝜂YV0* =
+
+P
𝐸;R 																																																																	(2.31) 

\]
\^A

=
\()?9@

A <^E()?9@Y)&B?)XC60*<^A(cN0*894YN0*)Aℍ(eE)<(N0*YN0*8FG)Aℍ(eA)f

\^E
  

= w𝐸;RHOT − 𝐸;R)/ℍ(𝑔$) + (𝐸;R − 𝐸;RHDS)/ℍ(𝑔/)x =
+
+P
𝐸+FH						(2.32) 

                               Regarding the second necessary condition, the partial derivatives of the 

Hamiltonian to the two state variables are managed as (2.33) and (2.34).  It is due to 

the dummy variable 𝐸+FH is independent of all the other variables of the system. 

 +
+P
𝜆$ = − \]

\N0*
=

\()?9@
A <^E()?9@Y)&B?)XC60*<^A(cN0*894YN0*)Aℍ(eE)<(N0*YN0*8FG)Aℍ(eA)f

\N0*
=
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𝜆/(w𝐸;RHOT − 𝐸;R)/ℍ(𝑔$) + (𝐸;R − 𝐸;RHDS)/ℍ(𝑔/)x																																					(2.33) 

 +
+P
𝜆/ = − \]

\N5B8
=

\()?9@
A <^E()?9@Y)&B?)XC60*<^A(cN0*894YN0*)Aℍ(eE)<(N0*YN0*8FG)Aℍ(eA)f

\N0*
= 0.						(2.34) 

Apply the third condition, similar to the above unconstrained problem, and the 

optimal control law has the form of 

𝑃EOP = −
𝜆$𝜂YV0*

2 																																																(2.35) 

With 𝜆$ calculated by (2.33) where 𝜆/	 is a constant regarding (2.34). Thus, the 

solution of the state-constrained problem can be executed in three cases with regard 

to the constraints as follows. 

Case 1: The SCs energy is within the two boundaries, i.e.,  

( 𝐸;RHOT − 𝐸;R ≥ 0)𝑎𝑛𝑑	(𝐸;R − 𝐸;RHDS ≥ 0) → (ℍ(𝑔$) = 0)	𝑎𝑛𝑑	(ℍ(𝑔/) = 0)		

(2.36) 

⎩
⎪
⎨

⎪
⎧

𝑑
𝑑𝑡
𝜆$ = 0

𝑑
𝑑𝑡 𝜆/ = 0

𝑃EOP = −
𝜆$𝜂YV0*

2

																																																		(2.37) 

Case 2: The SCs energy violates the upper boundaries, i.e., 

( 𝐸;RHOT − 𝐸;R < 0)𝑎𝑛𝑑	(𝐸;R − 𝐸;RHDS ≥ 0) → (ℍ(𝑔$) = 1)	𝑎𝑛𝑑	(ℍ(𝑔/) = 0)		

(2.38) 
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⎩
⎪
⎨

⎪
⎧
𝑑
𝑑𝑡
𝜆$ = 2𝜆/(𝐸;RYHOT − 𝐸>,)

𝑑
𝑑𝑡 𝜆/ = 0

𝑃EOP = −
𝜆$𝜂YV0*

2

																														(2.39) 

Case 3: The SCs energy disrupts the lower boundaries, i.e., 

( 𝐸;RHOT − 𝐸;R ≥ 0)𝑎𝑛𝑑	(𝐸;R − 𝐸;RHDS < 0) → (ℍ(𝑔$) = 1)	𝑎𝑛𝑑	(ℍ(𝑔/) = 1)		

(2.40) 

⎩
⎪
⎨

⎪
⎧
𝑑
𝑑𝑡
𝜆$ = −2𝜆/(𝐸;RYHOT − 𝐸>,)

𝑑
𝑑𝑡 𝜆/ = 0

𝑃EOP = −
𝜆$𝜂YV0*

2

		 																									(2.41) 

This indicates that between the two boundaries, the solution of the 

constrained problem has the same form as the unconstrained one with a certain 

constant 𝜆$ . When the SCs energy reaches either lower or upper boundary, 

𝜆$exchanges to the other constant value. These exchanging processes are executed by 

constant values of 𝜆/, which should be chosen very high, the derivative of 𝜆$	should 

be very high. Idealistically, when 𝐸;R  outrages the boundaries, 𝜆/ should be infinite, 

which means the step changes of 𝜆$. The optimal 𝑃EOP	of the constrained problem has 

a piecewise constant profile, which is composed of the solutions of the unconstrained 

sub-problems. The sub-problems are solved each time the SCs energy 𝐸;R 	gets to its 

limitations. This is the technique of separate computation of unconstrained arcs [57]. 

Below is the control step to find out when the state variable 𝐸;R 	should reach the 
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constraints. Fig. 2.9, demonstrates the control chart of state constraints process. 

 

Fig. 2.9. Control chart of proposed algorithm. 
 

2.4.4.   Control constraints  

                Unlike the SCs, the battery can offer a large amount of energy, but its power, 

SOC, and degradation are bounded as follows: 

𝑃EOP,HDS ≤ 𝑃EOP ≤ 𝑃EOP,HOT , 𝑆𝑂𝐶HDS ≤ 𝑆𝑂𝐶 ≤ 𝑆𝑂𝐶HOT, 𝐷𝑒𝑔𝑟𝑎𝑑.= 𝐶𝑜𝑛.			(2.42) 

In the optimal control theory, the control variable constraints are a crucial problem as 

they can be dealt with by using a saturation function  [41] given by 
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Fig. 7. Illustration of the solutions of the unconstrained and constrained
problems.

then





Pbat = −λ1η−kSC

2
d
dt

λ1 = −2λ2
(
ESC_max − ESC

)

d
dt

λ2 = 0.

(42)

It means that between the two boundaries, the solution of the
constrained problem has the same form as the unconstrained
one with a certain constant λ1. When the SCs energy reaches
either upper or lower boundary, λ1 switches to the other
constant value. These switching processes are carried out by
constant values of λ2, which should be chosen very high so
that the derivative of λ1 should be very high. Ideally, when ESC

violates the boundaries, λ2 should be infinite, which means the
step changes of λ1.

Fig. 7 shows the solutions of the unconstrained and the con-
strained problems. The optimal Pbat of the constrained problem
has a piecewise constant profile, which is composed of the
solutions of the unconstrained subproblems. The subproblems
are solved between each time the SCs energy ESC reaches its
limitations. This is the technique of separate computation of
unconstrained arcs [32].

The remaining step is to find out when the state variable
ESC should reach the constraints. In this study, the method pro-
posed in [27] is adapted, which is expressed by the flowchart
given in Fig. 8. It is to determine the constraint-reached points
by considering the unconstrained solution. First, the program
searches for the most constraint-violated point of the uncon-
strained curve, “pushes” it to the constraint, and then solves
the unconstrained subproblem from that point to the final
state. Next, if the subsolution of this subproblem satisfies the
constraints, the constraint-reached is set as the final state of the
previous subproblem. It is repeated until all the subproblems
are solved within the upper and lower boundaries. The global

Fig. 8. Flowchart of state constrains processing.

solution of the global constrained problem is the set of these
subsolutions.

D. Control Variable Constraints

In contrast to SCs, battery can provide a large amount of
energy, but its power should be bounded as follows:

Pbat_min ! Pbat ! Pbat_max. (43)

In the optimal control theory, the control variable constraints
are not a critical problem as it can be dealt with by using a
saturation function given by

Pbat =






P∗
bat if Pbat_min ! P∗

bat ! Pbat_max

Pbat_max if P∗
bat > Pbat_max

Pbat_min if P∗
bat < Pbat_min

(44)

Authorized licensed use limited to: University of Maryland College Park. Downloaded on January 08,2023 at 17:17:52 UTC from IEEE Xplore.  Restrictions apply. 
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𝑃EOP = �
𝑃EOP∗ 	𝑖𝑓	𝑃EOPYHDS ≤ 𝑃EOP∗ ≤ 𝑃EOPYHOT

𝑃EOPYHOT	𝑖𝑓	𝑃EOP∗ > 𝑃EOPYHOT
𝑃EOPYHDS	𝑖𝑓	𝑃EOP∗ < 𝑃EOPYHDS

																				(2.43) 

where 𝑃EOP∗ 	is the optimal solution of the state-constrained problem addressed above. 

In this research, the control constraints conditions are used to prove the soundness of 

the solution satisfying the battery physical limitations. It is due to the optimal solution 

𝑃EOP∗ 	is the minimum trajectory of the battery power. If the trajectory remains within 

the constraints, then the problem is feasible. If 𝑃EOP∗ 	contravene the limitations, the 

optimal control problem is regarded as infeasible, which means, the HESS dimensions 

are inappropriate for under test. The focus of this section is to suggest an alternative 

approach of using optimal control theory to develop an offline FMS benchmark. Thus, 

the HESS is assumed to be properly sized. 

 
2.5  Discussion and numerical results 

2.5.1 Simulation results 
 

Table 2.2. VSG parameter specification.  
 

PARAMETER SYMBOL VALUE 
NOMINAL POWER 𝑃*;K  0 KVA 

NOMINAL VOLTAGE (LINE TO LINE) 𝑢[g , 𝑢gR,𝑢R[ 380 𝑉7H> 
DC-LINK VOLTAGE 𝑈+, 800 V 

NOMINAL FREQUENCY OF VSG 𝑓*;K  60 HZ 
VIRTUAL INERTIA 𝐽*;K  1.5 KG∙ 𝑚/ 

VIRTUAL DAMPING 𝐷*;K  3.2 
VIRTUAL IMPEDANCE 𝑍*;K  0.5+𝑗0.004Ω 
P DROOP COEFFICIENT M 1.5× 10Yh 
Q DROOP COEFFICIENT N 2.2 × 10Yh 

SWITCHING FREQUENCY 𝑓>i 5 KHZ 
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Table 2.3. Diesel synchronous generator parameter specification. 
  

PARAMETER SYMBOL VALUE 
NOMINAL POWER 𝑃HI 20 KVA 

NOMINAL VOLTAGE (LINE TO LINE) 𝑉J 380 𝑉KLM 
NOMINAL FREQUENCY 𝑓HI 60 HZ 
INERTIA COEFFICIENT 𝐽HI 0.7 KG∙ 𝑚N 

DAMPING COEFFICIENT 𝐷HI 0 
NUMBER OF POLE PAIRS N 1 

 
 

 
Fig. 2. 10. Diverse virtual inertia J(D=2) effects on main frequency.  

 

To confirm the efficiency of the suggested approach, a MATLAB/Simulink model is 

developed and tested. To show the power compensate of the proposed method more 

obviously, the output power waveform is processed by a low-pass filter with a cut-off 

frequency of 120 Hz. 

The topology of the microgrid is shown in Fig. 2.1, It is an AC microgrid. 

Table 2.2 shows the distributed energy resources characteristics. The load includes 

the residential homes connected to the distribution networks. It spent 5KW/hr. The 

BESS is also classified as a load during the charging operation. The power converters 

are used as interconnection interface for RES and BESS with the grid. Also, no 

assumption is made for the frequency and voltage of the microgrid, as these are 

controlled by the system. 
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Fig. 5. Implementation of the proposed MPC-VSG controller.

C. Control Method Analysis

The control method needs to be discussed in two cases: one
in which the solution of (26) is located inside the constraint
boundary, and another in which the solution is located on the
constraint boundary.

1) Solution to (26) Is Inside the Constraint Boundary:
In this case, the model is degenerated into an unconstrained
model. Assuming the optimal solution at this time is !P∗

m(k).

!P∗
m(k) = Kmpc(R(k + 1) − SA!ω(k) − Iy(k) − Se!Pe(k))

= KmpcR(k + 1) − Kmpc(SA + I)!ω(k)

− KmpcIω(k − 1) − KmpcSe!Pe(k) (32)

where

Kmpc =
(
Sm

T"y
T"ySm + "Pm

T"Pm

)−1
Sm

T"y
T"y (33)

Substituting !Pm(k) in (32) into (6), the closed-loop control
system can be derived as.

!ω(k + 1) =
(
A − BmKmpc(SA + I)

)
!ω(k)

+ BuKmpcR(k + 1)

+
(
Be − BmKmpcSe

)
!Pe(k)

− BmKmpcIω(k − 1) (34)

Obviously, if all the eigenvalues of A − BmKmpc(SA + I)
are within the unit circle, the closed-loop system in (33) is
nominally asymptotically stable.

∣∣A − BmKmpc(SA + I)
∣∣ < 1 (35)

When inequation constraint (35) is satisfied, the system is sta-
ble. Therefore, after designing the system control parameters,
they need to be verified based on the inequality in (35).

Fig. 6. Effects of the inertia and damping coefficients on mains frequency.
(a) Different virtual inertia J (D = 2); (b) Different virtual damping
D (J = 1.5).

TABLE I
DIESEL SYNCHRONOUS GENERATOR PARAMETERS

2) Solution to (26) Is on the Boundary of the Feasible
Domain: In this case, the MPC will output the power accord-
ing to its maximum value. The frequency adjustment will
mainly be performed by other devices, and the frequency
stability will mainly be determined by other devices.

In summary, the MPC-VSG control method can keep the
system frequency stable within the limits. When it exceeds
the range in which VSG can adjust, the MPC-VSG can also
output its maximum value, keeping the system as stable as
possible.

IV. SIMULATION RESULTS

A. Simulation Setup

To verify the effectiveness of the proposed method,
a MATLAB/Simulink model is set up and tested. Tables I
shows the parameters of the diesel synchronous generator. In
order to show the power compensation effect of the proposed
method more clearly, the output power waveform is processed
by a low-pass filter (LPF) with a cut-off frequency of 100 Hz.
Before verifying the performance of the proposed method
under different conditions, the appropriate inertia and damping

Authorized licensed use limited to: University of Maryland College Park. Downloaded on October 14,2022 at 15:59:44 UTC from IEEE Xplore.  Restrictions apply. 

6

6

5

5

5



43  

Table 2.4. AC microgrid renewable energy sources data. 
 

Photovoltaic 
Module-model Solynda – SL001-157 

Model-unit 157𝑊B at STC 
Power-rating 1.88k𝑊B 

Wind Turbine 
Model TN-1.5 Nozzi Nord (1.5kW) 

Cut-in / Cut-out speed 4 m/s & 20 m/s 
Generator type and ratings 1.5kW PMSG @ 60 Hz 

Diesel Generator 
Model YANIMARL 100N 

Rated freq. & Voltage 60 Hz / 400 V 
Max Power 3.5 kW 

Super Capacitor 
Capacitance 99.5 F 

Rated Voltage 48 V 
Energy Storage 

Battery (lead acid) 4.6kWh at 96 V 
. 

Before proving the performance of the suggested approach under different 

conditions, the suitable inertia and damping coefficients need to be found. The effects 

of distinct inertia coefficients on a frequency transient are shown in Fig. 2.10. After 

studying the effects of multiple coefficient values on frequency fluctuation 

suppression, the selected coefficients are shown in tables 2.2 and 2.3. 

In Fig. 2.11., to contrast the voltage and frequency fluctuations with loading 

transitions, a 5.5 kW load is connected at t = 8 s and detached at t = 16 s. Nonidentical 

working states are tested for comparing purposes. The “No-HESS” line shows, the 

load is powered by the diesel synchronous generator. The “VSG-HESS DP” line 

indicates the case in which a HESS controlled by DP with VSG approach is parallel-

connected with SG to power the load. The “Heaviside PMP” line indicates the case 

in which a HESS controlled by the Heaviside step function of PMP approach is 
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parallel connected with SG to power the load. 

Fig. 2.11. exhibits the frequency and ROCOF under loading shift. From Fig. 

2.11. (a), the frequency variations of point of common coupling are about 0.69, 0.2 

and 0.24 Hz with NO-HESS, VSG-HESS DP and Heaviside PMP approach, 

respectively. The frequency variation is about 23%, which clearly enhances the power 

quality and better the system stability. In contrast with the capacity of MGs, the 

loading modification is low. Thus, the frequency variation is also very low, which 

should not transcend ISO 8528 standard for generator limit (±1.5 Hz). Along with the 

frequency changes, the ROCOF is disserving respect. As shown in Fig. 2.11. (b), 

before adding the HESS, the maximum ROCOF is about 2.26 Hz/s. The maximum 

ROCOF of the traditional VSG method is about 0.74 Hz/s, which does not meet the 

standard, ROCOF ≤ 0.6 Hz/s. It should also be renowned, maximum ROCOF with 

the proposed method is about 0.57 Hz/s, which shows a decrease of about 21% and 

meets the requirements of the ISO standard. 

 

(a) 
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TABLE II
PARAMETER SPECIFICATIONS IN VSG

coefficients need to be selected. The effects of different inertia
and damping coefficients on a frequency transient are shown in
Fig. 6. A set of appropriate inertia and damping coefficients
are selected for the proposed method. After comparing dif-
ferent coefficients on frequency fluctuation suppression, the
selected coefficients are presented in Table II.

B. Case 1: Comparisons of Different Control Method

To compare the voltage and frequency fluctuations with
loading transitions, a 5 kW load is connected at t = 8 s and
disconnected at t = 16 s. Different working states are exam-
ined for comparison purposes. The “No-ESS” line indicates
that the load is powered by the diesel synchronous genera-
tor. The “VSG-ESS” line represents the case in which an ESS
controlled by the traditional VSG method is parallel-connected
with SG to power the load. The “MPCVSG-ESS” line repre-
sents the case in which an ESS controlled by the MPC-VSG
method is parallel-connected with SG to power the load.

Fig. 7 shows the power outputs of SG and ESS under
No-ESS, with VSG-ESS, and with MPCVSG-ESS, respec-
tively. In the case of ESS, as shown in Fig. 7(a), when the
load changes, the output of SG changes immediately. ESS
can provide extra power for the step-up load, as shown in
Fig. 7 (b), so that the output power of SG can change slowly.
With the proposed method, ESS outputs more power when the
load changes, which allows for smooth power output changes
of SG.

Fig. 8 shows the frequency and ROCOF under loading tran-
sitions. From Fig. 8(a), the frequency variations of PCC are
about 0.68, 0.19 and 0.25 Hz with the NO-ESS, MPC-VSG
and MPCVSG-ESS method, respectively. The frequency vari-
ation has decreased by about 24%, which clearly improves the
power quality and enhance the system stability. Compared with
the capacity of MGs, the loading variation is low. Therefore,
the frequency variation is also very low, which should not
exceed ISO 8528-5 standard for the generator limit (±1.5 Hz).

Along with frequency changes, the ROCOF is also worthy
of attention. As shown in Fig. 8(b). Before adding the ESS, the
maximum ROCOF is about 2.27 Hz/s. The maximum ROCOF
of the traditional VSG method is about 0.74 Hz/s, which does
not meet the standard, i.e., ROCOF ≤ 0.6 Hz/s. It should also
be noted that the maximum ROCOF with the proposed method
is about 0.58 Hz/s, which represents a decrease of about 22%
and satisfies the requirements of the ISO standard.

Fig. 7. Power output of SG and ESS during loading transitions. (a) Output
of SG; (b) Output of ESS.

Fig. 8. Frequency and ROCOF under loading transitions. (a) Frequency
changes; (b) ROCOF.

Fig. 9 shows the output power of the MPC. When the
frequency changes, the MPC controller calculates the power
changes caused by the frequency changes. For example, when
a step-up load is given at t = 8 s, the frequency decreases.
By detecting the frequency changes, the MPC calculates the
required power change within a limited range. Then, MPC
outputs the optimized active power variations !P∗

m(k). By sub-
tracting !P∗

m(k), the rated power of VSG can be regulated
adaptively.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on October 14,2022 at 15:59:44 UTC from IEEE Xplore.  Restrictions apply. 
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(b) 

 
Fig. 2.11. Frequency and ROCOF under loading transitions. 

            

                       Fig. 2.12, gives the output power of the Heaviside step function of PMP. When.  

the frequency deviates, the Heaviside PMP controller calculates the power changes 

caused by the frequency changes. For instance, when a step-up load is given at t=8 s, 

the frequency decreases, by discovering the frequency changes, the Heaviside PMP 

calculates the required power change within a limited range. Then, Heaviside PMP 

outputs the optimized active power variations ∆𝑃8∗(𝑘). By turning off ∆𝑃8∗(𝑘), the 

rated power of VSG can be regulated adaptively. 

 

Fig. 2.12. Output of Heaviside step function PMP controller. 
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TABLE II
PARAMETER SPECIFICATIONS IN VSG

coefficients need to be selected. The effects of different inertia
and damping coefficients on a frequency transient are shown in
Fig. 6. A set of appropriate inertia and damping coefficients
are selected for the proposed method. After comparing dif-
ferent coefficients on frequency fluctuation suppression, the
selected coefficients are presented in Table II.

B. Case 1: Comparisons of Different Control Method

To compare the voltage and frequency fluctuations with
loading transitions, a 5 kW load is connected at t = 8 s and
disconnected at t = 16 s. Different working states are exam-
ined for comparison purposes. The “No-ESS” line indicates
that the load is powered by the diesel synchronous genera-
tor. The “VSG-ESS” line represents the case in which an ESS
controlled by the traditional VSG method is parallel-connected
with SG to power the load. The “MPCVSG-ESS” line repre-
sents the case in which an ESS controlled by the MPC-VSG
method is parallel-connected with SG to power the load.

Fig. 7 shows the power outputs of SG and ESS under
No-ESS, with VSG-ESS, and with MPCVSG-ESS, respec-
tively. In the case of ESS, as shown in Fig. 7(a), when the
load changes, the output of SG changes immediately. ESS
can provide extra power for the step-up load, as shown in
Fig. 7 (b), so that the output power of SG can change slowly.
With the proposed method, ESS outputs more power when the
load changes, which allows for smooth power output changes
of SG.

Fig. 8 shows the frequency and ROCOF under loading tran-
sitions. From Fig. 8(a), the frequency variations of PCC are
about 0.68, 0.19 and 0.25 Hz with the NO-ESS, MPC-VSG
and MPCVSG-ESS method, respectively. The frequency vari-
ation has decreased by about 24%, which clearly improves the
power quality and enhance the system stability. Compared with
the capacity of MGs, the loading variation is low. Therefore,
the frequency variation is also very low, which should not
exceed ISO 8528-5 standard for the generator limit (±1.5 Hz).

Along with frequency changes, the ROCOF is also worthy
of attention. As shown in Fig. 8(b). Before adding the ESS, the
maximum ROCOF is about 2.27 Hz/s. The maximum ROCOF
of the traditional VSG method is about 0.74 Hz/s, which does
not meet the standard, i.e., ROCOF ≤ 0.6 Hz/s. It should also
be noted that the maximum ROCOF with the proposed method
is about 0.58 Hz/s, which represents a decrease of about 22%
and satisfies the requirements of the ISO standard.

Fig. 7. Power output of SG and ESS during loading transitions. (a) Output
of SG; (b) Output of ESS.

Fig. 8. Frequency and ROCOF under loading transitions. (a) Frequency
changes; (b) ROCOF.

Fig. 9 shows the output power of the MPC. When the
frequency changes, the MPC controller calculates the power
changes caused by the frequency changes. For example, when
a step-up load is given at t = 8 s, the frequency decreases.
By detecting the frequency changes, the MPC calculates the
required power change within a limited range. Then, MPC
outputs the optimized active power variations !P∗

m(k). By sub-
tracting !P∗

m(k), the rated power of VSG can be regulated
adaptively.
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Fig. 9. Output power of MPC controller.

TABLE III
PARAMETER SPECIFICATIONS OF THE TWO PARALLEL CONNECTED VSGS

After obtaining the optimized change in active power, the
change in reactive power can be obtained by (31). By control-
ling the reactive power reference with the MPC-VSG method,
the voltage fluctuation can be suppressed. The PCC voltage in
Fig. 10 shows that, before the addition of the ESS, the voltage
fluctuation is about −4.3 V when the load is connected, while
it is 4.2 V when the loading is disconnected. When the tradi-
tional VSG-ESS is applied, the voltage fluctuation increases
about −5.6 V when loading is connected and increases 5.6 V
when loading is disconnected. With the proposed MPCVSG-
ESS method, the voltage fluctuation decreases to −4.5 V when
the load is connected and increases to 4.6 V when the load is
disconnected. In both cases, the proposed method can reduce
the voltage variations by 19.6% and 17.9%, respectively.

The above simulation results prove that the MPC-VSG con-
trol method can improve the power quality and reduce the
voltage and frequency fluctuations under loading transitions,
which verifies the effectiveness of the proposed method.

C. Case 2: Power Sharing Performances to Load Change

To verify the adaptability of the proposed method to the
island MGs, two VSGs are connected in parallel to power the
loads. The main parameters of the two VSGs are the same as
those in Table II, and the different parts are shown in Table III.
Before 2 s, VSG1 and VSG2 are connected in parallel to power
the 15 kW load. At 2 s, another 15 kW load is connected, and
which is disconnected at 12 s.

As shown in Fig. 11, before t = 2 s, VSG1 and VSG2 are
connected in parallel to power the load, and the ratio of out-
put power is the same as rated power, which is 2:1. When the
additional load with 15 kW is connected, VSG1 and VSG2 can
increase their power output at the same time. Similarly, when
the load is removed at 12 s, they can also scale down their

Fig. 10. PCC Voltage under loading transitions. (a) Loading connected;
(b) Loading disconnected.

Fig. 11. Real power of ESS under loading transitions.

output at the same proportion. At steady state, the output
continues to be maintained at the same ratio.

Fig. 12 shows the parallel operation of two VSGs with the
same parameters as VSG2, denoted as VSG2-A and VSG2-B,
respectively. Before 2 s, VSG2-A and VSG2-B are connected
in parallel to power a 10 kW load. At 2 s, another 10 kW load
is connected to the system, they each share the load power by
5 kW. With the removal of the extra load at 6 s, the output
power is each recovered to 5 kW. From Fig. 12 (a), it can
be seen that VSG2-A and VSG2-B have the same power out-
puts under loading transitions. The steady-state output currents
of VSG2-A and VSG2-B are shown in Fig. 12 (b). The out-
put currents of the two VSGs are basically the same, and the
circulating current is less than 0.1 A.

From all the above simulation results, the proposed method
has the capabilities of not only voltage and frequency fluctua-
tions mitigation, but also the power sharing and circulating cur-
rent suppression. The proposed MPC-VSG ESS can accurately
and proportionally output its power in parallel connection,
which further proves the its applicability in MGs.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on October 14,2022 at 15:59:44 UTC from IEEE Xplore.  Restrictions apply. 
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                       Fig. 2.13 shows the total power, battery power and SC power. As is clear from 

the figure, total power is the summation of battery and SC. As you may check that 

when SC power is low then battery power is high, and battery power is high then SC 

power is low. It is operated with complementarity due to the Heaviside PMP controller 

within a state-constraint solution. 

 

Fig. 2.13. Output of total power, battery power, and supercapacitor power. 

 

          Fig. 2.14. illustrates the super capacitor voltage operating range. It shows that it. is 

operated within the maximum and minimum values owing to the SCs energy limitation 

due to SC state-constraint HVS-PMP approach. It avoids boundary areas which will 

increase computational requirement for the system. 

 

Fig. 2.14. Supercapacitor voltage operation range within the SCs energy. 
(Limited amount due to SC state-constraint Heaviside PMP solution) 
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Fig. 16. Experimental waveforms illustrating the operation of the HESS: Supercapacitor responds to sudden power changes.

Fig. 17. Experimental waveforms illustrating the operation of the HESS in a PV power smoothing application.
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                       Also, owing to its analytical approach, the proposed Heaviside step function 

PMP strategy is superior to DP regarding computational effort. It is tested on the same 

computer environment such as 2 GHZ four-core i5 CPU and 16 GB RAM. It is 

apprehended; the novel approach is faster than DP 1.2 times regarding the analysis 

testing cycles. 

                       According to equation (2.4) in  [42], [43] the change in frequency is calculated 

by subtracting the change in load power from the change in mechanical power 

production of synchronous generators, solar power, wind power, and ESS and dividing 

the inertia and damping coefficients. The formula applied in my paper reference [42], 

[43] is cited. The indirect method of measuring computation speed is the ROCOF [181] 

or frequency control performance and the greater the change in frequency in a limited 

time, the higher the computation speed is. When proposed controlling the system with 

the same amount of power production and consumption compared to control using DP, 

control is possible more than 1.2 times frequency control performance faster than DP, 

and it can be confirmed that overshoot is small, and convergence occurs with a fast-

settling time. Indirect method of measuring the computation speed was measured by 

the ROCOF or frequency control performance. It is possible to say that proportional 

derivative control has the least overshoot, then HVS PMP control method, and then 

DP control approach. 

                        Reference [46] by Ma, Zhang and Wang aims at ensuring stable and secure 

microgrid operation. Therein, a set of transient stabilization under control constraints 

are researched. This chapter convexified the problem and used training of explicit 

neural network-based controllers. The method we suggest does not require offline 
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training time and state observer for stability. The paper [46] needs to control transitory 

states and a nonlinear state observer is necessary to estimate the microgrid states such 

as voltages. The main problem caused by the violation of separation characteristics. 

The paper [46] requires coupling between the microgrid dynamics and nonlinear state 

observer. The approach we suggest can turn on and off the convex Hamiltonian 

penalty function within the range of the energy maximum and minimum values of the 

supercapacitor. It is possible to controls a cost function that is sensitive to changes in 

the frequency of the microgrid. 

                       By using MATLAB and Simulink, it is possible to determine the frequency 

deviation for each of the renewable resources and diesel generator. Fig. 2.15 

simulation graph shows, in which frequency control using diesel-engine generator, and 

other renewable resources such as photovoltaic, and wind frequency deviation. It also 

shows the frequency control via diesel generator and all the three renewable resources. 

 

Fig. 2. 15. Frequency control using various of renewable energy resources and diesel-engine generator. 

 

When the general evolutions of optimal power and energy profiles are 
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frequency regulation is shown in Fig. 5. The actual 
dV

dP slope 

is compared with the reference slope and a PI controller is 

used to match the actual slope with the reference by varying 

the DC reference voltage.  

The PV inverter is controlled by Vector control as shown in 

Fig. 6. 
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Fig. 6. PV control. 

 

5.  RESULTS AND ANALYSIS 

5.1  Under constant wind speed and solar irradiation 

The system, initially operating at nominal 50 Hz, is subjected 

to a load change of 0.25 p.u. (at a base power of 2MW) at 0.5 

s. The DG participates in the secondary frequency regulation. 

The frequency response is compared for various control 

schemes in Fig 7. The results are compared for four different 

operating schemes i.e. when frequency is controlled only by 

DG; when wind generator also participates in primary 

frequency control along with the DG; when PV and DG 

participate and when all the 3 sources participate in primary 

frequency control. 

 

 

 

 

 

 

 

Fig. 7. Frequency response following a load change. 

The peak deviation in frequency and settling time for the four 

cases are tabulated in Table 1. It can be seen from the results 

that best system dynamic response are obtained by using all 

the sources in frequency control using the proposed control 

scheme. 

 

 

 

 

 

 

 

Fig. 8. DG power. 

 

 

 

 

 

 

 

 

Fig. 9. Wind generator power. 

 

 

 

 

 

 

 

 

Fig. 10. PV power. 

It is also seen from Fig. 8 that the ramp rate of DG is reduced 

when renewables are used in controlling the system 

frequency. The DG, initially operating at 0.34 p.u. increases 

its power to 0.59 p.u. following the load change. When only 

the DG is controlling the frequency; it ramps at a very high 

rate and goes as high as 0.73 p.u. while the DG power is 

properly controlled when other sources are used and there is 

negligible power overshoot. The power delivered by the wind 

and the PV source for these four cases are shown in Fig. 9 

and Fig. 10 respectively. From Figs. 9 and 10; it can be 

observed that the power from the two renewable energy 

sources varies only if they participate in frequency regulation. 

As discussed in the introduction, the combined effect of solar 

and wind gives better response when penetration of 
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obtained, they can be used to deduce the detailed results for each hybridization setting, 

in which the battery SOC and current performance indexes are the most important 

criteria because they reflect the energy consumption and the battery aging stress 

elements of each topology and FMS. Fig. 2.16 indicates the battery SOC evolutions 

regarding the test cases of active and semi-active configurations with DP and the 

suggested Heaviside PMP approach over the tested cycle. 

 

Fig. 2.16. HESS SOC variations of active and semiactive topologies with DP and proposed 

Heaviside PMP approach over tested cycle. 

The results indicate DP and Heaviside PMP approaches are mostly the same 

in terms of energy consumption because their curves’ volume line up well with each 

other. This confirms the good agreement between DP and the suggested method. It 

can also be seen, the active topology put away more energy than the semiactive 

counterpart. It is due to the additional DC/DC converter required to isolate the battery 

for the DC bus, which presents more losses to the system. 

 
2.6 Summary 

This chapter presents a Heaviside step function PMP control method for a 
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Fig. 12. Battery SoC evolutions of active and semiactive topologies with DP
and the proposed alt-PMP method over adapted ECE driving cycle.

Fig. 13. Battery SoC evolutions of active and semiactive topologies with DP
and the proposed alt-PMP method over a real-world driving cycle.

The aging stress of the battery is investigated by analyzing
the two factors: rms current and current standard deviation,
as shown in Fig. 14, in which the former reflects the long-term
effect and the latter indicates the short-term effect due to
the variation of the battery current. In order to have a fair
comparison between the active and semiactive topologies,
the current is examined for each single battery module (see
Table II for the battery pack configuration of each HESS
topology).
By comparing to the case of pure battery EV, it is revealed

that the optimal strategies obtained by both DP and the
proposed method offer a great reduction of the battery aging
stress factors. The rms values and the standard deviation of the
battery current are decreased up to 32% and 54%, respectively,
over the real-world driving cycle with the semiactive HESS.
The numbers tested with the modified ECE are correspond-
ingly 24% and 45%. For the active topology, the factors are
slightly higher than the ones of the semiactive counterpart.
This is in consistence with battery SoC evolutions due to the
additional losses caused by the dc/dc converter associated with
the battery as discussed above. Moreover, the results confirm
that the novel alt-PMP strategy deduces equal or better results
than DP, which is often used as a benchmark.
Besides, it should be emphasized here that the aforemen-

tioned performances are achieved via offline simulation with
a priori known driving cycle. The purpose is to know how

Fig. 14. Comparison of single module battery current performance criteria.

a “true optimal” EMS performs when there is no uncer-
tainty of the system model and the disturbance. Furthermore,
the essence of PMP is an open-loop optimal control method
since the control law does not contain the feedback of the
state variable. As a consequence, directly applying the deduced
optimal control law to a real-world vehicle with the presence
of model and disturbance uncertainty may make the system
badly behaving or even unstable. Hence, to use the PMP
method in order to implement the optimal EMS as a real-time
strategy, the control law must be adapted with a closed-loop
state feedback scheme. The original unconstrained control law
is a function of the costate variable λ0 as given in (26).
Based on that, a real-time control law can be deduced by
introducing an adaptive term "λ, which is the output of
an additional state-feedback loop of the SCs energy. Since
this article focuses only on the proposal of a novel offline
optimal EMS for benchmarking purposes, we have validated
and compared to optimal EMS developed by DP—the most
used optimization technique in the field.

V. CONCLUSION

This article has proposed a novel approach of using PMP
(alt-PMP) to develop optimal EMS for battery/SC EVs. The
method can be generally applied for both active and semiactive
topologies by reformulating the problem in terms of power and
energy. The proposed method deals with the state-constrained
optimal control problem considering the effect of the SCs
subsystem efficiency. The deduced optimal control law has the
piecewise constant profile, which is smoother than DP. A gain
of up to 10.4% reduction of the battery peak power in com-
parison to DP is recorded over a practical real-world driving
cycle. Moreover, the new strategy computes faster than DP up
to more than 500 times with the same benchmarking computer
and a well-known tested ECE cycle. The dominant advantages
of the proposed method can be therefore concluded.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on January 08,2023 at 17:17:52 UTC from IEEE Xplore.  Restrictions apply. 
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HESS in islanded MGs. Based on the real-time detection of the system frequency, the 

PMP is established to predict the optimal output power of ESS and VSG, thereby 

further enhancing the frequency dynamics of the system. Also, considering that 

changes in active power may lead to frequency variation, we proposed a HVS-PMP 

power control method which can reduce the power fluctuation by changing the rate’s 

active power of VSG via Heaviside step function of PMP. The method can be 

generally applied for both active and semi-active topologies by reformulating the 

problem in terms of power and energy. The suggested method manages the state-

constrained optimal control problem, considering the effect of the SCs subsystem 

efficiency. The derived optimal control law has a piecewise constant profile, which is 

smoother than what is obtained by DP, HVS-PMP converts state-constrained optimal 

control problem to state-unconstrained control problem. Also, frequency control with 

various renewable energy resources with diesel-engine generator has the minimum 

overshoot and settling time. 
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Chapter 3. Adaptive Frequency Control in Islanded Smart Microgrids 
with Diesel-engine Generator through Linear Parameter Varying Q-
learning 

 
Abstract –Diesel-engine generators play a crucial role in power systems by providing electrical 

energy and frequency support. Within an islanded microgrid, the primary ancillary function of 

these engine generators is to maintain frequency stability. To ensure a reliable and stable smart 

micro-grid (SMG), it is essential to implement an adaptive primary frequency controller 

specifically designed for islanded operations. This task presents significant challenges due to 

the unpredictable nature of disturbances, variations in load, and changes in mechanical torque 

parameters. This chapter proposes an innovative approach to frequency control for diesel-

engine generators. The proposed method leverages reinforcement learning control through 

continuous Q-learning, aiming to overcome the linear parameter varying (LPV) nature of the 

system without prior knowledge of the system dynamics. 

 
 

3.1 Background 

One of the crucial elements in SMGs is having more high-technologies, 

modern controls, along with advanced communications. Among many technologies, 

inner control loops, as well as the primary controls, aim to regulate the frequency and 

voltage to their reference values. Diesel-engine generators are an innate part of SMGs 

which offer primary frequency responses to restore system frequency in response to 

variations in generation and load. 

One of the important SMG operation modes is the islanded mode, which 

requires the SMG to control the frequency within the microgrid [47]. On this matter, 
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diverse frequency control methods of different hierarchical levels are being 

considered and deployed elaborated in the expansion, implementation, and intelligent 

of current operating microgrids. Therefore, it is necessary to make the primary 

frequency control of SMG more robust and reliable. This influences the whole 

dynamic system as it is the most inner loop from the viewpoint of the total closed-

loop dynamic system, and it tries to reach overall stability. Among different 

distributed energy resources having the duty of primary frequency control, Diesel-

engine-based distributed energy resources are frequently used in many microgrid 

projects, such as hospitals, and university campuses for controlling the frequency of 

their islanded microgrids [48].  

Their dynamics need dedicated attention from the viewpoint of both robust and 

optimal controls due to the following points. 

First, the transient frequency response of the islanded power system needs to 

be optimized in regard to performance while considering the error. Second, many 

mechanical parameters are not exactly measurable since the parameters of their 

associated dynamic systems are uncertain. Thus they can be taken to lie within a 

predefined range. Third, voltage control loops have uncertain disturbances which 

come from the fast dynamics of electrical variables. Fourth, direct uncertain 

disturbance of the load significantly affects output performance. Fifth, owing to load 

variations, the frequency of SMG will fluctuate in a wide range due to the limited 

value of rotational inertia of the generators. 

Therefore, the issues mentioned above can abruptly affect the frequency 

regulation of SMGs during islanding, and hence protections and other control are 
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needed. In [71], authors propose a control method based on PID controllers for a 

wind-diesel system. However, they did not include system parameter uncertainties in 

their control design. Thus, their control performance may not be robust against all 

parameter variations in the system. So, one of the main motivations of this research 

is to propose a systematic method to account for parameter uncertainties in designing 

SMG controllers. To solve these issues, considering practical aspects of both power 

and control disciplines, this chapter suggests a Q-learning frequency control for  a 

Diesel-engine generator with ensured disturbance rejection and tracking capability 

via online LPV continuous Q-learning without having any knowledge of the system 

dynamics. Deep Q-learning based torque control has been shown to be effective for 

permanent magnet synchronous machine with known system dynamics [72]. 

Mechanical and electrical torque are used for calculating frequency of Diesel-engine 

generator as shown below equation (3.1). 

In control engineering, disturbance rejection with asymptotic tracking such 

as output regulation problem has been researched (e.g., [49]). However, such 

publications tend not to seek optimal solutions. 
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Fig. 3.1. Diagram of dynamics of the primary frequency control of an engine generator within an islanded SMG. 

            

                        Model-based linear optimal output regulation has been researched for 

enhancing the transient response of systems [50]. However, the optimal control 

policies proposed in these papers usually presume the precise knowledge of the control 

system. Discrete time Q-learning is a practically sound, data-driven approach which 

offers a way to solve the optimal control problem in a discrete iterative manner. 

Basically, it is an approximate optimal control method that can estimate the optimal 

controller via online/real time data [51], [52]. For continuous systems, Chun [53] 

developed a Q-learning algorithm by discretizing the state as a semi-continuous form 

of the discrete Q-function. However, the precision of this algorithm depends on the 

number of discretized samples and discretizing the state space for high dimensional 

systems requires a large memory space and computationally expensive learning 
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Fig. 2. Detailed dynamics of the primary frequency control of an engine-generator within an islanded MMG paradigm in the d/q-frame—the proposed
frequexcy regulator has been detailed in Fig. 3(b).

load has been demonstrated. It is noteworthy that in order to
extract the model of the frequency dynamics and formulate
the problem, the authors have benefited from previous works
in this field (see [22]–[24] and references therein). Based
on them, as shown in Fig. 2, (1) describes the details of
the dynamic model used in the primary frequency controls.
Also, it should be stated that if other new technologies
(e.g., renewables and batteries) are used, based on the require-
ment of implementing virtual inertia (see [7], [8]), a dynamic
model similar to (1) will be derived for the frequency dynamics
in islanded MMGs

ω̇r = 1
J

(Tm − Te − Dωr )

Te = 3
2
ωr

ωs
("d Id −"q Iq). (1)

Fig. 2 briefly shows the dynamics of different related
variables of (1) in the d/q-frame. Different parameters of the
engine generator dynamics shown in Fig. 2 have been detailed
in the Nomenclature.

For making Fig. 2 concise, we did not include all quantities
associated with the k damper windings of the d-axis and
related to the m damper windings of the q-axis, such as their
associated flux linkages and the voltages, i.e., "kd , "mq , Vkd ,
and Vmq . However, they have been considered (see [22]–[24],
and references therein).

In this article, the time delay is approximated by a
nonminimum phase system whose transfer function H (s)
is

H (s) = 1− 0.5TDs
1 + 0.5TDs

. (2)

From (1) and Fig. 2, one can formulate the frequency
control problem in a state-space representation as follows (see
the Appendix for detail):

ẋ(t) = Acx(t) + Bcu(t) + EcTe(t)

e(t) = Cx(t) + wr-ref−droop (3)

where the state x ∈ R5, the input u is shown in Fig. 2, the out-
put y(t) = Cx(t) := −wr (t), and the disturbance input Te is
a piecewise constant function—which means that it remains
constant over the sampling period. It is noteworthy that it
considers all intermittent renewables as their rate of change
is much slower than our sampling interval. Consequently, this
presumption is reasonable for the scope of our modeling. This
assumption does not change the generality of the proposed
method. It is checkable that the pair (Ac, Bc) is controllable
and (C, Ac) is observable.

III. CONTROLLER DESIGN

In this section, we develop an adaptive optimal control
approach for the power system via output feedback. First,
a state reconstruction method is presented in terms of sampled
input and output. Then, a data-driven adaptive optimal control
strategy is proposed in terms of ADP and VI.

A. System Discretization

Choosing a nonpathological sampling period Ts [25],
the continuous-time system (3) can be discretized as follows:

xk+1 = Axk + Buk + Evk

zk+1 = zk + ek

ek = Cxk + Fvk (4)

where vk = [(Te)k, (wr−ref−droop)k]T , and system matrices are
A = eAc Ts , B = (

∫ Ts

0 eAcτdτ )Bc, E = (
∫ Ts

0 eAcτdτ )Ec
[
1 0

]
,

and F =
[
0 1

]
. The state zk stands for the summation

of the error. Noticing that the sampling frequency is much
higher than the rate of the load variation (or equivalently
disturbance Te), it is reasonable to treat v as a constant during
each sampling interval. In this way, (4) satisfies internal model
principle [9]. The following mild assumption is made for
developing the controller.

Assumption 1: The transmission zeros condition holds, that
is

rank
[

A−I B
C 0

]
= n + 1. (5)

Authorized licensed use limited to: University of Maryland College Park. Downloaded on May 08,2023 at 17:30:36 UTC from IEEE Xplore.  Restrictions apply. 
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process. Mehta and Meyn [54] approximated the optimal control policy by using Q-

learning. However, they did not present an explicit and naturally basis set for 

approximating the Q-function. 

                        In this chapter, a continuous Q-learning algorithm is developed for solving 

the discounted cost LPV system problem. The major contributions of this chapter are 

summarized as follows:  

1) Proposes algorithm is an adaptive learning algorithm that converges online to the 

optimal control solution for completely unknown continuous-time linear systems. This 

algorithm does not require an initial policy for controlling the system. Frequency 

regulation problem is formulated in LPV state-space representation applicable to the 

continuous Q-learning design problem considering all dynamics and disturbance. It is 

analytical design of robust controllers for a SMG Diesel-engine generator system in 

the continuous Q-learning framework.  

2) In order to implement the proposed Q-learning algorithm, the Q-function is 

parameterized as a quadratic form in terms of the state, the input, and the input 

derivatives. It is shown that such a parameterization is fundamental for Q-functions 

and can be precisely justified mathematically. This chapter apprehends the control 

problem regarding completely unknown LPV system which is good matched with the 

existing problems under study for SMGs. Also, closed-loop systems with 

reinforcement control strategies are used. 

3) Moreover, it states that the new approximate parameterization yields approximation 

errors that go to zero as more terms are added. This renders the SMG controller resilient 
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to changes in all the system parameters of the Diesel-engine generator, as well as 

variations of the load powers. The proposed continuous Q-learning approach is based 

on a value iteration (VI) which differs from the policy iteration approach, the proposed 

learning strategy does not depend on knowledge of an initial possible control policy. 

4) The proposed value iteration Q-learning algorithm does not require an initial 

stabilizing policy. The convergence of this algorithm can be explained by using the  

Banach contraction principle. Input and output electrical torque control performance 

are found to be better than with the PID approach via online continuous Q-learning 

without having knowledge of the system dynamics. 

 
3.2  Frequency dynamics of islanded SMG modeling 

We model an islanded SMG in the context of benefiting from two parallel 

engine generators. An islanded SMG’s engine generator supplying an electric load 

has been shown above. This work benefits from previous works in this area [55]-[57]. 

Equation (3.1) below specifies  the dynamic model used in primary frequency controls, 

as shown in Fig. 3.1.  Fig. 3.1 is based on the synchronous machine model used in 

this work and is adopted from the IEEE 1110-2019 standard [58]. 

Moreover, it should be noted that if other new technologies such as energy storage 

systems and renewable energy systems are used, based on the necessity of 

implementing virtual inertia ([59], [60]) a dynamic model similar to (3.1) will be 

derived for the frequency dynamics in islanded SMGs. 

𝑑
𝑑𝑡 𝜔7 =

1
𝐽
(𝑇H − 𝑇8 − 𝐷𝜔7), 𝑇8 =

3
2
𝜔7
𝜔>
w𝜓+𝐼+ − 𝜓C𝐼Cx																(3.1) 
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where 𝜔7 	is mechanical frequency (rotor speed), J is inertia, 𝑇H	mechanical torque, 

𝑇8 	electrical torque which is disturbance signal generated by the external loads and 

impacting on the frequency control, D is friction coefficient, 𝜔> is the system base 

frequency for electrical variables. In Fig. 3.1, 𝜔8  is the electrical frequency for 

electrical variables, 𝜓5
O
	is d/q-axis of the flux linkage matrix, 𝐼5

O
	d/q-axis of the current 

matrix, 𝐼9	is the field current in the rotor winding, J is the inertia of machine, 𝐿j+ 	is 

the leakage inductance of d-winding, 𝐿jC  is the leakage inductance of q-winding, 

𝐿5
O
	is the d/q-axis of the inductance matrix, 𝐿I+ 	is 𝐿+ − 𝐿j+, 𝐿IC 	is 𝐿C − 𝐿jC, 𝑟>	is the 

both d-axis and q-axis of the resistance matrix, 𝑉5
O
	d/q-axis of the voltage matrix. 

In this chapter, the time delay is approximated by a nonminimum phase 

system whose transfer function H(s) is 

           𝐻(𝑠) = $Y&.lm=;
$<&.lm=;

																																																			(3.2) 

From (3.1) and Fig. 3.1, we can represent the Deisel-engine generator 

frequency control for LPV diesel-engine generator  in a LPV state-space 

representation as below: 

           +
+P
𝑥(𝑡) = 𝐴,w𝜌(𝑡)x𝑥(𝑡) + 𝐵,w𝜌(𝑡)x𝑢(𝑡), 𝑦 = 𝐶w𝜌(𝑡)x𝑥(𝑡)								(3.3) 

            where the state 𝑥 ∈ 𝑅l , 𝜌 ∈ 𝑅l  the input 𝑢 ∈ 𝑅l  regarding V+ , VC,	I+ , IC,	𝜔7  is 

shown in Fig. 3.1. Eq. (3.3) is the state representation of linear parameter varying 

of V+ , VC,	I+ , IC,	𝜔7. Eq. (3.1) governs the rotational angular frequency and electrical 

torque. The dynamics of renewable energy systems are much slower than proposed 
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modeling sampling interval. Thus, this premise is reasonable for the scope of our 

modeling. The pair (𝐴, , 𝐵,) is controllable, and (𝐶, 𝐴,) is observable. 

 
3.3  Solving LPV problems with Q-function based iterative algorithm  

                            The horizontal reduction cost LPV problem’s Q-function is present here. To 

find the solution of the algebraic riccati equation (ARE), an iterative algorithm-based 

Q-function is presented here. This algorithm is offline approach. By using Banach 

contraction principle, the convergence of this algorithm can be proven [182]. This 

algorithm is a basis to present an online Q-learning algorithm for continuous systems 

which is presented in the next section. 

We consider the problem of designing an LPV state-feedback control law 𝜇(𝑡) =

	𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡) where ρ(t) is a vector scheduling A(ρ(t)), B(ρ(t)), and C(ρ(t))      

parameter defined in the following and 𝑝(𝑡) ∈ Π ⊂ 𝑅S is used to achieve the shifting  

linear quadratic control’s (SLQC) 𝑆w𝑝(𝑡)x  and 𝑅w𝑝(𝑡)x. It is described as admissible 

concerning performance LPV value function, if 𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡)  is continuous, 

𝜇(0) = 0	, 𝜇(𝑡) = 𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡)  stabilizes the system dynamics (3.3), and 

discounted performance index LPV value function index is finite. Given the continuous 

LPV system (3.3), the SLQC problem aims at designing the controller 𝐾>w𝜌(𝑡), 𝑝(𝑡)x 

in 𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡)   such that for 𝑝(𝑡) = p,𝜌(𝑡) = 𝜌  it minimizes for a given 

admissible control policy 𝜇(𝑡) = 𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡), the continuously differentiable 

value function is 

𝑉n(𝑥, 𝑝) = ∫ 𝑒Yo(pYP) ?𝑥m(𝜏)𝑆(𝑝)𝑥(𝜏) + 𝜇mw𝑥(𝜏)x𝑅(𝑝)𝜇w𝑥(𝜏)x@ 𝑑𝜏q
P 							(3.4)    
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Notice that since S(p) and R(p) are scheduled with respect to p, and the controller as 

well, the characteristics of optimality in the sense of the considered criterion can be 

varied online. Thus, the performance of the closed-loop system can be changed online, 

this being the main feature of the SLQC. Then, by guaranteeing that 𝑉n(𝑥, 𝑝) < 𝛾, and 

using the Lyapunov function 𝑉(𝑥, 𝑝) = 𝑥mw𝐾& +∑ 𝐾D
SP
DJ$ 𝑃Dx𝑥 = 𝑥m𝑃𝑥 by considering 

𝑆(𝑝) = 𝐻(𝑝)m𝐻(𝑝), ∀𝑝 ∈ Π , and 𝑉(𝑥&, 𝑝&) = 𝑥&m𝐾&𝑥& < 𝛾 , and 𝑀 +𝑀m  will be 

indicated as 𝐻𝑒{𝑀}. 𝑉n(𝑥, 𝑝) < 𝑉(𝑥&, 𝑝&) < 𝛾 , minimization of 𝛾	would minimize 

𝑉n(𝑥, 𝑝)  as well. Combining the inequality 𝑉̇(𝑥, 𝑝) + 𝑥m(𝑡)𝑆(𝑝)𝑥(𝑡) +

𝜇m(𝑡)𝑅(𝑝)𝜇(𝑡) < 0 and 𝜇(𝑡) = 𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡), 

(𝐴(𝜌) + 𝐵(𝜌)𝐾(𝜌, 𝑝))m𝑃𝑥(𝑡) + 𝑥(𝑡)m𝑃(𝐴(𝜌) + 𝐵(𝜌)𝐾(𝜌, 𝑝)) + 𝑥(𝑡)m𝑃̇𝑥(𝑡)	

+𝑥(𝑡)m𝑆(𝑝)𝑥(𝑡) + 𝑢(𝑡)m𝑅(𝑝)𝑢(𝑡) < 0.																																		(3.5) 

This leads to the parameter dependent LMI: 

(𝐴(𝜌) + 𝐵(𝜌)𝐾(𝜌))m𝑃 + 𝑃(𝐴(𝜌) + 𝐵(𝜌)𝐾(𝜌)) + 𝑃̇ + 𝑆(𝑝) + 𝐾(𝜌)m𝑅(𝜌)𝐾(𝜌)

≺ 0, ∀𝜌 ∈ Θ.																																																																																																	(3.6)	

 Then, considering the results about dual matrix inequalities obtained by [86] it can be 

shown that (3.6) is equivalent to: 

𝑃(𝐴(𝜌) + 𝐵(𝜌)𝐾(𝜌))m + w𝐴(𝜌) + 𝐵(𝜌)𝐾(𝜌)x𝑃 + 𝑃𝑃̇𝑃 + 𝑃𝑆(𝑝)𝑃

+ 𝑃𝐾(𝜌)m𝑅(𝜌)𝐾(𝜌)𝑃 ≺ 0, ∀𝜌 ∈ Θ.																																																							(3.7) 

Equation (3.7), after a change of variable Γ(𝜌) ≜ 𝐾(𝜌)𝑃 becomes: 
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𝑃𝐴(𝜌)m + Γ(𝜌)m𝐵(𝜌)m + 𝐴(𝜌)𝑃 + 𝐵(𝜌)Γ(𝜌) + (𝑃𝐻m 		Γ(𝜌)m) ? 𝐼 𝑂
𝑂 𝑅@ �

𝐻𝑃
Γ(𝜌)�

≺ 𝑂, ∀𝜌 ∈ Θ.																																																																																																	(3.8) 

By applying Schur complements matrix [69], (3.5) and (3.8) can be reshaped as: 

� 𝛾 𝑥&m
𝑥& 𝑃 � ≻ 0																																																			(3.9) 

 

            ¡
𝐻𝑒{𝐴(𝜌)𝑃 + 𝐵(𝜌)Γ(𝜌, 𝑝)} 𝑃𝐻(𝑝)m Γ(𝜌, 𝑝)m

𝐻(𝑝)𝑃 −𝐼 𝑂
Γ(𝜌, 𝑝) 𝑂 −𝑅(𝑝)Y$

¢ ≺ 𝑂, ∀𝜌 ∈ Θ, ∀𝑝 ∈ π(3.10) 

 

 Since (3.10) represents infinite constraints, the assumptions that B is constant, and that: 

�
𝐻(𝑝)
𝑅(𝑝)Y$� =

∑ 𝜋r(𝑝) ¥
𝐻r
𝑅s¦
§ , ∀𝑝)

rJ$ ∈ Π                   (3.11) 

with ∑ 𝜋r(𝑝) = 1, 𝜋r(𝑝) ≥ 0)
rJ$  is done. Then by choosing 𝐾>w𝜌(𝑡), 𝑝(𝑡)x as: 

𝐾>w𝜌(𝑡), 𝑝(𝑡)x =¨𝛼Dw𝜌(𝑡)x¨𝜋r(𝑝)𝐾Dr

B

rJ$

																						(3.12)
(

DJ$

 

           (3.10) can be reduced to: 

¡
𝐻𝑒©𝐴D𝑃 + 𝐵ΓDrª 𝑃𝐻rm ΓDrm

𝐻r𝑃 −𝐼 𝑂
ΓDr 𝑂 −𝑅s¦

¢ ≺ 𝑂, ∀𝑖 = 1,… ,𝑁, ∀𝑗 = 1,… , 𝑃									(3.13) 

           the vertex controller gains can be calculated as 𝐾Dr = ΓDr𝑃Y$. Then min
),tF,DJ$,…,(

𝛾 can be 



61  

minimized subject to (3.9) and (3.13). 

                 Equation (3.4) can be represented with the integral reinforcement control 

(IRC) from: 

𝑉n(𝑥, 𝑝) = ∫ 𝑒Yo(pYP)(𝑥m𝑆(𝑝)𝑥 + 𝜇m𝑅(𝑝)𝜇)𝑑𝜏P<m
P + 𝑒YoQ𝑉n(𝑥(𝑡 + 𝑇), 𝑝)  (3.14) 

for any T > 0. This is referred to as the IRC Bellman equation. Using this IRC Bellman 

equation, we can develop a partially model-free algorithm for solving the LPV problem 

as [78]. 

 

 

 

 

Fig. 3.2. Integral reinforcement control (IRC) value iteration algorithm. 
 

The initial admissible control policy is not necessary for IRC value iteration 

Algorithm A. The updated value kernel 𝑃r<$  in (15) is calculated to minimize the 

temporal difference (TD) error. 

𝑒(𝑡) = 𝑒YoQ𝑥(𝑡 + 𝑇)m𝑃r𝑥(𝑡 + 𝑇) − 𝑥(𝑡)m𝑃r<$𝑥(𝑡) + ∫ 𝑒Yo(pYP)(𝑥m𝑆(𝑝)𝑥 +P<m
P

𝜇rm 𝑅(𝑝)𝜇r)𝑑𝜏                                                                                                         (3.15) 

To apply Algorithm A, the data is estimated at each iteration. The estimated data at each 

time increment is (𝑥(𝑡), 𝑥(𝑡 + 𝑇), 𝜑[𝑡: 𝑡 + 𝑇) , where the integral reinforcement 

measured on each time interval is: 
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for some kernel matrix P which is positive definite. Using (6)
in (5) and by the Leibniz’s rule, the CT discounted differential
Riccati equation is obtained by

ẋTPx + xTPẋ + xTSx + uTRu − γ xTPx = 0. (7)

Using the system dynamics (1) in (7) yields

xTATPx + uTBTPx + xTPAx

+xTPBu + xTSx + uTRu − γ xTPx = 0. (8)

The optimal control solution is determined by differentiating
(8) with respect to u. The result is

u∗(t) = −K x(t) = −R−1BTP x(t). (9)

Substituting the control gain K from (9) into (8) yields the
ARE

(
A − γ

2
I
)T

P + P
(

A − γ

2
I
)

− PBR−1BTP + S = 0. (10)

The solution of the optimal control problem is defined by the
state feedback (9) with P the unique positive definite solu-
tion to the discounted ARE (10). Under the stabilizability
of (A, B) and observability of (S1/2, A), there is a unique
positive definite solution P for (10).

III. Q-FUNCTION BASED ITERATIVE ALGORITHM FOR

SOLVING THE LQR PROBLEM

In this section, a Q-function for the infinite-horizon dis-
counted cost LQR problem is introduced. An iterative algo-
rithm based on this Q-function is presented for finding the
solution to the ARE (10). This algorithm is presented offline.
The convergence of this algorithm is proven by using the
Banach contraction principle. This algorithm is a basis to intro-
duce an online Q-learning algorithm for CT systems which
will be introduced in the next section.

Definition 1: A control policy µ (x(t)) is said to be admis-
sible with respect to the performance function (2), if µ (x(t))
is continuous, µ (0) = 0, u(t) = µ (x(t)) stabilizes the system
dynamics (1), and discounted performance index (2) is finite.

For a given admissible control policy u(t) = µ (x(t)), the
continuously differentiable value function is

Vµ (x(t)) =
∫ ∞

t
e−γ (τ−t) (

xT(τ ) S x(τ )

+µT (x(τ )) R µ (x(τ ))
)

dτ. (11)

Equation (11) can be written as the integral reinforcement
learning (IRL) form

Vµ (x(t)) =
∫ t+T

t
e−γ (τ−t) (

xTS x + µTR µ
)

dτ

+ e−γ T Vµ (x(t + T)) (12)

for any T > 0. This is called the IRL Bellman equation.
Using this IRL Bellman equation, one can develop a par-
tially model-free algorithm for solving the LQR problem as
follows [32]. Before presenting the IRL algorithm, note that
the value function for admissible policy µ is quadratic as
Vµ (x(t)) = xT(t) P x(t) [22].

Algorithm 1 Integral Reinforcement Learning (IRL) Value
Iteration (VI) Algorithm

Choose an initial policy µ0. Do for j = 0 until conver-
gence.

1. Value update. Solve for Pj+1 using

x(t)TPj+1x(t) =
∫ t+T

t
e−γ (τ−t) (

xTSx + µjTR µj) dτ

+ e−γ T x(t + T)TPjx(t + T) (13)

2. Policy improvement. Update the policy using

µj+1 (x(t)) = −R−1BTPj+1 x(t). (14)

The IRL VI Algorithm 1 does not require an initial admis-
sible control policy. The updated value kernel Pj+1 in (13) is
computed to minimize the temporal difference (TD) error

e(t) = e−γ Tx(t + T)TPjx(t + T) − x(t)TPj+1x(t)
+

∫ t+T
t e−γ (τ−t) (

xTSx + µjTR µj) dτ
(15)

Based on this, to implement Algorithm 1, the data is mea-
sured at each iteration. The measured data at each time
increment is given by (x(t), x(t + T), ρ[t : t + T)), where
the integral reinforcement measured on each time interval is
defined as

ρ[t : t + T) =
∫ t+T

t
e−γ (τ−t)r (x(τ ), µ(τ )) dτ (16)

where r (x(τ ), µ(τ )) = xT(τ ) S x(τ )+µT(τ ) R µ(τ ). After tak-
ing enough data, the least squares method can be used to solve
the value update (13) [33].

Note that several IRL-based PI algorithms have been pre-
sented in [7], [12], [18], and [32] to solve the LQR prob-
lem for partially or completely unknown system dynamics.
These algorithms must start with an admissible control policy.
Convergence of IRL-based PI algorithms was proven in [32].
Jiang and Jiang [7], showed how to implement IRL-based PI
with no knowledge of the system dynamics.

Remark 1: The methods of [7], [12], and [32] find the opti-
mal control solution online without knowing complete system
dynamics. However, these methods are based on the value
function. Our objective is to extend the idea of Q-learning
to CT systems by providing a natural basis set for QFA.

The IRL VI Algorithm 1 requires the knowledge of the
input dynamics B. The aim here is to seek an algorithm for
RL that requires no system dynamics information. To this end,
a Q-learning algorithm will be developed for solving the LQR
problem. Based on the IRL definition (12), the Q-function for
an admissible policy u(x) = µ(x) is defined as

Qµ (x(t), ū[t : t + T)) =
∫ t+T

t
e−γ (τ−t) (

xTS x + µTR µ
)

dτ

+ e−γ TVµ (x(t + T)) (17)

where ū[t : t + T) : = {u(τ ) : t ≤ τ < t + T}. This definition
was also used by Pareigis [25]. Motivated by this Q-function,
the following iterative algorithm is presented to solve the
infinite-horizon discounted LQR problem.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on August 29,2023 at 18:26:54 UTC from IEEE Xplore.  Restrictions apply. 
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x(t) T P j+ 1x(t) =
e- c (x- t) (xT S(p)x+n T R (p)n)dx

+e- cT x(t+ T) T P j x(t+ T) .
t

t+ T

#
(15)

n j + 1 (x(t),t) =-R-1B(t) TP j+ 1 x(t) .
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𝜑[𝑡: 𝑡 + 𝑇) = _ 𝑒Yo(pYP)𝑟(𝑥(𝜏), 𝜇(𝜏), 𝑝)𝑑𝜏																								(3.16)
P<m

P
 

           where 𝑟(𝑥(𝜏), 𝜇(𝜏), 𝑝) = 𝑥m(𝜏)𝑆(𝑝)𝑥(𝜏) + 𝜇m(𝜏)𝑅(𝑝)𝜇(𝜏) . After processing much 

data, the least squares approach can be used to solve the value update [62]. 

Integral reinforcement control (IRC)-based policy iteration (PI) algorithms 

applied to LPV problem for completely or partially unknown system dynamics [63]. 

This algorithm must start with an admissible control policy. Convergence of IRC-based 

PI algorithms was proven in [61]. Jiang showed how to carry out IRC-based PI with no 

knowledge of the system dynamics [64]. The approach of [60], [63], and [64] determines 

the optimal control solution online without knowing complete system dynamics. 

However, these methods are based on the value function. Our approach is to apply the 

idea into continuous systems based on continuous Q-learning. 

Integral reinforcement learning VI Algorithm A needs the knowledge of the 

input matrix dynamics B(ρ). The goal is to look for an algorithm for reinforcement 

learning (RL) which necessary no system dynamics information. To reach this goal, a 

Q-learning algorithm will be improved for solving the LPV problem. Based on the IRC 

definition (3.14), the Q-function for an admissible policy 𝑢(𝑥) =μ(x) is defined as 

           𝑄n(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) ≔ ∫ 𝑒Yo(pYP)(𝑥m𝑆(𝑝)𝑥 + 𝜇m𝑅(𝑝)𝜇)𝑑𝜏P<m
P +

𝑒YoQ𝑉n(𝑥(𝑡 + 𝑇), 𝑃)																																																																							(3.17)			 

where 𝑢̄[𝑡: 𝑡 + 𝑇]) ≔ {𝑢(𝜏): 𝑡 ≤ 𝜏 < 𝑡 + 𝑇}. This definition was also used by Chun 

[53]. Drive by this Q-function, the following iterative algorithm is presented to solve 
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the infinite horizon discounted LPV problem. 

 

 

 

 

 

Fig. 3.3. Q-function based iterative algorithm. 
 

By incorporating the value update step 1 and policy enhancement step 2, we can obtain 

the equivalent value function iteration as 

𝑉nRSE(𝑥(𝑡), 𝑝) = min
Fv[P:P<m)

{_ 𝑒Yo(pYP)(𝑥m𝑆(𝑝)𝑥 + 𝜇m𝑅(𝑝)𝜇)𝑑𝜏
P<m

P

+ 𝑒Yom𝑉nR(𝑥(𝑡 + 𝑇), 𝑝)}.																																																																							(3.18) 

If Algorithm B converges, it converges to the optimal solution given by the Bellman 

equation. Algorithm B converges to the solution of the Bellman equation which is 

equivalent to ARE. 

Let (𝑋, 𝑑) be a metric space. Then a map 𝑇: 𝑋 → 𝑋is called a contraction 

mapping on X if there exists Γ ∈	 [0,1) such that 𝑑w𝑇(𝑥), 𝑇(𝑦)x ≤ Γ𝑑(𝑥, 𝑦)  [64]. 

Consider the set of bounded functions 𝐵(𝐺,ℝ) ≡ {𝑉n: 𝐺 → ℝ} .  For every 𝑥 ∈

𝐺, 𝑉F(𝑥) is a finite real valued function. Define the operator Γ: 𝐵(𝐺,ℝ) → 𝐵(𝐺,ℝ) 

such that: 
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Algorithm 2 Q-Function Based Iterative Algorithm

Choose an initial policy µ0. Do for j = 0 until conver-
gence.

1. Q-function update. Solve for Q-function using

Qµj+1
(x(t), ū[t : t + T)) =

∫ t+T

t
e−γ (τ−t)

(
xT S x + µT R µ

)
dτ

+ e−γ T Vµj
(x(t + T)) . (18)

2. Policy improvement. Update the policy using

µj+1 (x(t)) = arg min
ū[t : t+T)

Qµj+1
(x(t), ū[t : t + T)) (19)

Vµj+1
(x(t)) = min

ū[t : t+T)
Qµj+1

(x(t), ū[t : t + T)) . (20)

By combining the value update Step 2 and policy improvement
Step 3, one can obtain the equivalent value function iteration as

Vµj+1
(x(t)) = min

ū[t : t+T)

{∫ t+T

t
e−γ (τ−t) (

xTS x + µTR µ
)

dτ

+ e−γ T Vµj
(x(t + T))

}
. (21)

If Algorithm 2 converges, it converges to the optimal
solution given by (4). Lemma 1 gives a proof for unique con-
vergence of Algorithm 2 by using (21) [25]. It shows that
Algorithm 2 converges to the solution of (4) which is equiva-
lent to (10). The following definition and theorem are required
for the proof of Lemma 1.

Definition 2 [29]: Let (X, d) be a metric space. Then a map
T : X → X is called a contraction mapping on X if there exists
# ∈ [0, 1) such that d(T(x), T(y)) ≤ #d(x, y).

Theorem 1 [29]: Let (X, d) be a nonempty complete metric
space with a contraction mapping T : X → X. Then T admits
a unique fixed-point x∗ in X. Furthermore, x∗ can be found as
follows: start with an arbitrary element x0 in X and define a
sequence {xn} by xn = T(xn−1), then xn → x∗.

Lemma 1: Consider the set of bounded functions
B(G, R) ≡ {Vµ : G → R}. That is, for every x ∈ G, Vµ(x)
is a finite real valued function. Define the operator
# : B (G, R) → B (G, R) such that

(
#Vµ

)
(x(t)) = min

ū[t : t+T)

{∫ t+T

t
e−γ (τ−t)r (x(τ ), u(τ )) dτ

+ e−γ TVµ (x(t + T))

}
. (22)

Then:
1) there exists a unique Vµ∗

(x(t)) ∈ B(G, R) which
satisfies

Vµ∗
(x(t)) =

(
#Vµ∗)

(x(t)) ;

2) for j = 0, 1, . . . ,Vµj+1
(x(t)) =

(
#Vµj

)
(x(t)) con-

verges to Vµ∗
(x(t)) for every Vµ0

(x(t)).
Proof: Part 1) is proven by using the Banach contraction

principle. First, it is shown that # is a contraction map with

norm ∥Vµ∥ = sup
x∈G

|Vµ (x)| for every x ∈ G. Clearly the space

B(G, R) is a Banach space. For all x ∈ G there exists a control
u ∈ U such that Vµ, Wµ ∈ B (G, R). Then, by using (16)
and (22) one has

(#Vµ) (x(t)) − (#Wµ)(x(t))

≤ ρ[t : t + T) + e−γ T Vµ (x (t + T)) − ρ[t : t + T)

− e−γ T Wµ (x (t + T))

≤ sup
x∈G

e−γ T (
Vµ (x) − Wµ (x)

)
.

Therefore
∥∥#Vµ − #Wµ

∥∥ ≤ e−γ T ||Vµ − Wµ||.

It is now seen that # is a contraction map whenever the value
of discount factor γ > 0. Now, by applying the Banach con-
traction principle, # has a unique fixed point. Therefore, there
exists a unique Vµ∗ (x(t)) ∈ B(G, R) which holds

Vµ∗ (x(t)) =
(
#Vµ∗) (x(t)) .

Part 2) can be proven by the direct application from the
proof of the Banach fixed point theorem.

Remark 2: Lemma 1 reveals that the initial policy in
Algorithm 2 does not need to be admissible. In fact, our
algorithm converges for any reinforcement interval T and any
initial policy, as long as γ > 0.

IV. CONTINUOUS-TIME Q-LEARNING

For discrete-time Q-learning, a natural basis set for QFA
is given by quadratic terms of the state and action. Such
a natural basis set has not yet been discussed for CT
Q-functions. In this section, it is shown that for CT QFA
one should use quadratic terms of the states, the input
and the input derivatives. It is shown that such a param-
eterization is natural for CT Q-functions and can be rig-
orously justified mathematically. Based on this result, this
section presents a Q-learning algorithm to solve the infinite-
horizon LQR problem. This potentially gives an adaptive
control algorithm that converges online to the optimal con-
trol solution for completely unknown systems. The online
implementation of this algorithm is presented in the next
section.

A. Q-Learning Algorithm for Continuous-Time Systems

A Q-function Bellman equation is first obtained using
the Q-function (17). Then, based on this Bellman equation
and Algorithm 2, a Q-learning algorithm is developed. To
find the solution to the Q-function based Bellman equa-
tion, the Q-function is suitably parameterized in Section IV-B
by using the Taylor series expansion as a quadratic
form in terms of the state, the control input and its
derivatives.

For any fixed control policy µ (x), one has

Vµ (x(t + T)) = Qµ (x(t + T) , ū[t + T : ∞)) . (23)
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j+1

(x(t),ur[t: t + T),p) =
e- c(x- t) (xTS(p)x +nTR(p)n)dx

+e- cTVn
j

(x(t + T),p) .
t

t+ T

#
(19)

Vn
j+1

(x(t),p) = min
ur [t:t + T)
Qn

j+1

(x(t),ur[t: t + T),p)

n j + 1 (x(t),p) = arg
ur [t:t + T)
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j+1
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           (Γ𝑉n)(𝑥(𝑡), 𝑝) = min
Fv[P:P<m]

{∫ 𝑒Yo(pYP)𝑟(𝑥(𝜏), 𝜇(𝜏), 𝑝)𝑑𝜏 + 𝑒Yom𝑉n(𝑥(𝑡 +P<m
P

𝑇), 𝑝)}																																																																																																																														(3.19)                                                                                             

Then, 1) there exists a unique 𝑉n(𝑥(𝑡), 𝑝) = (Γ𝑉n)(𝑥(𝑡), 𝑝) , 2) for j=0, 1, …, 

𝑉nRSE(𝑥(𝑡), 𝑝) = ?Γ𝑉nR@ (𝑥(𝑡), 𝑝) converges to 𝑉n(𝑥(𝑡), 𝑝) for every 𝑉nD(𝑠(𝑡), 𝑝). 

Proof: Part 1) is proven by using the Banach contraction principle. It is shown that Γ is 

a contraction map with norm ´|𝑉n|´ = |𝑉n(𝑥, 𝑝)| for every 𝑥 ∈ 𝐺. The space 𝐵(𝐺,ℝ) 

is a Banach space. For all 𝑥 ∈ 𝐺	 there exists a control 𝑢 ∈ 𝑈  such that 𝑉n ,𝑊n ∈

𝐵(𝐺,ℝ). By using (3.16) and (3.19) one has  

(Γ𝑉n)(𝑥(𝑡), 𝑝) − (Γ𝑊n)(𝑥(𝑡), 𝑝) ≤ 𝜑[𝑡: 𝑡 + 𝑇) + 𝑒Yom𝑉n(𝑥(𝑡 + 𝑇), 𝑝) − 𝜑[𝑡: 𝑡 +

𝑇) − 𝑒Yom𝑊n(𝑥(𝑡 + 𝑇), 𝑝) ≤ 𝑠𝑢𝑝𝑒Yomw𝑉n(𝑥, 𝑝) −𝑊n(𝑥, 𝑝)x																													(3.20)  

´|Γ𝑉n − Γ𝑊n|´ ≤ 𝑒Yom´|𝑉n −𝑊n|´. It is seen that Γ is a contraction map whenever the 

value of discount factor γ>0. Now, by applying the Banach contraction principle, Γ has 

a unique fixed point. Thus, there exists a unique 𝑉n(𝑥(𝑡), 𝑝) ∈ 𝐵(𝐺,ℝ)which holds 

𝑉n(𝑥(𝑡), 𝑝) = (Γ𝑉n)(𝑥(𝑡), 𝑝). Part 2) can be proven by the direct application from the 

proof of Banach fixed point theorem. 

 
3.4 Continuous system Q-learning algorithm 

                         For discrete time Q-learning, a natural basis set for Q-function 

approximation is given by quadratic terms of the action and state. Natural basis set has 

not yet been talked about continuous Q-functions. In this section, it is addressed that 

for continuous Q-function approximation one should apply quadratic terms of the 

states, the input derivatives, and the input. It is shown which a parameterization is 
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natural for continuous Q-functions and can be precisely give grounds for 

mathematically. Based on this result, this section delivers a Q-learning algorithm to 

solve the horizonal LPV problem. This possibly gives an adaptive control algorithm 

which converges online to the optimal control solution for completely unknown 

systems. The online version of this algorithm is given next. 

3.4.1 Continuous systems Q-learning algorithm  

First, a Q-function Bellman equation is obtained using the Q-function 

(3.17). Then, based on this Bellman equation and Algorithm B, a Q-learning algorithm 

is expanded. To find the solution to the Q-function based Bellman equation, the Q-

function is properly parameterized in section IV-B by using the Taylor series expansion 

as a quadratic form in terms of control input, state, and its derivatives. For any fixed 

control policy μ(x), one has 𝑉n(𝑥(𝑡 + 𝑇), 𝑝) = 𝑄n(𝑥(𝑡 + 𝑇), 𝑢̄[𝑡 + 𝑇:∞), 𝑝). Thus, 

using 𝑉n(𝑥(𝑡 + 𝑇), 𝑝) = 𝑄n(𝑥(𝑡 + 𝑇), 𝑢̄[𝑡 + 𝑇:∞), 𝑝) in the IRC Bellman equation 

(3.14), Define the Q-function based Bellman equation as: 

           𝑄n(x(t),𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) = ∫ 𝑒Yo(pYP)(𝑥m𝑆(𝑝)𝑥 + 𝜇m𝑅(𝑝)𝜇)𝑑𝜏 +P<m
P

												𝑒Yom𝑄n(𝑥(𝑡 + 𝑇), 𝑢̄[𝑡 + 𝑇:∞), 𝑝)																																																(3.21) 

Using the Bellman equation (3.21) in Algorithm B, the following Q-

learning algorithm is given. To find the solution to the Bellman equation, a 

parameterization of the Q-function is presented in the next subsection. 
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Therefore, using (23) in the IRL Bellman equation (12), define
the Q-function based Bellman equation as

Qµ (x(t) , ū[t : t + T)) =
∫ t+T

t
e−γ (τ−t) (

xTS x + µTR µ
)

dτ

+e−γ TQµ (x(t + T), ū[t + T : ∞)) .

(24)

Using the Bellman equation (24) in Algorithm 2, the
following Q-learning algorithm is given.

To find the solution to the Bellman equation (25), a
parameterization of the Q-function is presented in the next
subsection.

B. Parameterization of Continuous-Time Q-Function

Here, a parameterization for the Q-function is given that
allows practical implementation of Q-learning Algorithm 3.
The parameterization is in terms of the x(t), u(t), and the
derivatives of u(t).

The Definition 3 gives the matrix notations which are used
in the parameterization of the CT Q-function. Define the
symbol ⊗ as Kronecker product.

Definition 3 (Matrix Notations): The notations are shown
at the bottom of the page.

The next lemma shows how to parameterize the solu-
tion x(t) of CT system (1) evaluated over the time interval
[t, t + T] in terms of x(t), u(t) and the derivatives of u(t)
as in Zk−1(t). This approach is based on Taylor series expan-
sion of x(t + τ ) around x(t) for every τ, 0 ≤ τ ≤ T and
t ≤ t + τ < t + T.

Algorithm 3 Q-Learning Algorithm for Continuous-Time
Systems

Choose an initial policy µ0. Do for j = 0 until conver-
gence.

1. Q-function update. Solve for Q-function using

Qµj+1
(x(t), ū[t : t + T)) =

∫ t+T

t
e−γ (τ−t)

(
xT S x + uT R u

)
dτ

+ e−γ T Qµj
(x(t + T), ū[t + T : ∞)) .

(25)

2. Policy improvement. Update the policy using

µj+1 (x(t)) = arg min
ū[t : t+T)

Qµj+1
(x(t), ū[t : t + T)) (26)

Vµj+1
(x(t)) = min

ū[t : t+T)
Qµj+1

(x(t), ū[t : t + T)) . (27)

Lemma 2: Given the system dynamics (1) and its state
vector x(t). Then for every τ, t ≤ t + τ < t + T

x(t + τ ) = w̄T
k (τ )Mk Zk−1 + Ex

k(t + τ )

where Ex
k(t+τ ) is the Taylor series approximation error which

converges to zero as k → ∞.
Proof: Integrating the system dynamics (1) over the finite

time horizon [t, t + T], the solution becomes

x(t + T) = eATx(t) +
∫ t+T

t
eATBu(τ )dτ.

Zk(t) =
[

x(t)
ūk(t)

]
, ūk(t) ≡

[
u(t)T u̇(t)T . . . u(k)(t)T

]T

w̄k(τ ) =
[

1
wk(τ )

]
, ūk(t) ≡

[
τ
1!

τ 2

2! . . . τ k

k!

]T

Wk ≡

⎡

⎢⎢⎢⎢⎢⎣

wT
k (T)#1

k−1 wT
k (T)#2

k−1 · · · wT
k (T)#

(k−1)
k−1 wT

k (T)#k
k−1

wT
k (T)#2

k−1 2wT
k (T)#3

k−1 · · · (k − 1)wT
k (T)#k

k−1 0
· · · · · · · · · · · · · · ·

wT
k (T)#

(k−1)
k−1 (k − 1)wT

k (T)#k
k−1 · · · 0 0

wT
k (T)#k

k−1 0 · · · 0 0

⎤

⎥⎥⎥⎥⎥⎦

Mk ≡

⎡

⎢⎢⎢⎢⎣

1 0 0 · · · 0 0
A B 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·

Ak−1 Ak−2B Ak−3B · · · B 0
Ak Ak−1B Ak−2B · · · AB B

⎤

⎥⎥⎥⎥⎦

#k−1 ≡

⎡

⎢⎢⎢⎢⎣

1 0 · · · 0 0
−γ 1 · · · 0 0
· · · · · · · · · · · · · · ·

(−1)k−2γ k−2 −(−1)k−2(k − 2)γ k−3 · · · 1 0
(−1)k−1γ k−1 −(−1)k−1(k − 1)γ k−2 · · · −(k − 1)γ 1

⎤

⎥⎥⎥⎥⎦

M̄k ≡
[

Mk 0
]
, Sk ≡ Wk ⊗ S, R̄k ≡ W̄k ⊗ R, W̄k ≡

[
0 0
0 Wk

]

#
q
k−1is the q-th column of #k−1 and q = 1, 2, . . . k.
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Fig. 3.4. Q-learning algorithm for continuous systems. 

 
 

3.4.2 Continuous Q-function parametrization  

Parameterization for the Q-function is given which admits practical 

implementation of Q-learning Algorithm C. The parameterization is in terms of the x(t), 

u(t), and the derivatives of u(t). Given the system dynamics of a continuous-time 

system over the time interval [t, t+T] in terms of x(t), u(t), and the derivatives of u(t) 

as in 𝑍VY$(𝑡). This approach is based on Taylor series expansion of x(t+τ) around x(t) 

for every τ, 0 ≤ 𝜏 ≤ 𝑇 and 𝑡 ≤ 𝑡 + 𝜏 < 𝑡 + 𝑇.  Given the system dynamics and its 

state vector x(t). Then for every τ, 𝑡 ≤ 𝑡 + 𝜏 < 𝑡 + 𝑇, 

𝑥(𝑡 + 𝜏) = 𝑤6Vm(𝜏)𝑀V𝑍VY$ + 𝐸VT(𝑡 + 𝜏),																																		(3.22)	

where      	𝑥(𝑡 + 𝑇) ≅ 𝑥(𝑡) + p
$!
𝑥̇(𝑡) + pA

/!
𝑥̇(𝑡)																																																		 

= [

1
𝜏
1!
⋮
𝜏T

𝑘!

]U 4
1 0 0 ⋯ 0
𝐴 𝐵 0 ⋯ 0
⋯
𝐴T

⋯
𝐴TVW𝐵

⋯ ⋯ ⋯
𝐴TVN𝐵 ⋯ 𝐵

9 [

𝑥
𝑢
⋮

𝑢(TVW)
]				 

           𝐸VT(𝑡 + 𝜏) is the Taylor series approximation error which converges to zero as 𝑘 →

∞. 

For any admissible policy 𝜇(𝑡) = 𝐾>w𝜌(𝑡), 𝑝(𝑡)x𝑥(𝑡)   the value of 

the LPV quadratic performance index (cost function) value function equation (3.4) 

is quadratic so 𝑉nw𝑥(𝑡 + 𝑇)x = 𝑥m(𝑡 + 𝑇)𝑃𝑥(𝑡 + 𝑇).Then, the parameterized Q-

function is  

 𝑄n(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) = 𝑍VY$m (𝑡) �?𝑀6VY$m 𝑆V(𝑝)𝑀6VY$ + 𝑅̄V(𝑝)@ +
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𝑒Yom𝑀V
m𝑊6V(𝑇)𝑃𝑤6Vm(𝑇)𝑀V� 𝑍VY$(𝑡) + 𝐸V

{(𝑡 + 𝑇)																							(3.23) 

           where the error 𝐸V
{(𝑡 + 𝑇) → 0 as 𝑘 → ∞. 

 

3.5  Online Q-learning 
                     Parameterization of the continuous Q-function comes from equation (3.23) 

is used to implement the Q-learning Algorithm C. This permits the online solution of  

the LPV problem in real time for completely unknown system dynamics. 

3.5.1 Online continuous Q-learning 

Write the parameterized Q-function in equation (3.23) as 

           𝑄n(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) ≡ 𝑍VY$m (𝑡)𝐻𝑍VY$(𝑡) + 𝐸V
{(𝑡 + 𝑇)																			(3.24) 

where 𝐻 = �?𝑀6VY$m 𝑆V(𝑝)𝑀6VY$ + 𝑅̄V(𝑝)@ + 𝑒Yom𝑀V
m𝑊6V(𝑇)𝑃𝑊6Vm(𝑇)𝑀V� 

Define H in (3.24) as 𝐻 ≡ ¹𝐻$$ 𝐻$/
𝐻/$ 𝐻//

º  where 𝐻$$ ∈ ℝS×S, 𝐻// ∈ ℝH×H, 𝐻$/ ∈

											ℝS×H, 𝐻/$ ∈ ℝH×S.  

Then according to (3.24), the approximated Q-function can be written as 

 𝑄»n(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) = [𝑋m(𝑡) 𝑢̄VY$m (𝑡) ¹𝐻$$ 𝐻$/
𝐻/$ 𝐻//

º ¹ 𝑋(𝑡)
𝑢̄VY$(𝑡)

º						(3.25) 

For a fixed control policy, using this parameterized form of the Q-function, 

the Bellman equation (3.21) can be approximated 

             𝑄»nRSE(𝑋(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) = ∫ 𝑒Yo(pYP)(𝑋m𝑆(𝑝)P<m
P 𝑋 + 𝑢m𝑅(𝑝)𝑢)𝑑𝜏	

+𝑒Yom𝑄»nR(𝑋(𝑡 + 𝑇), 𝑢̄[𝑡 + 𝑇:∞), 𝑝)																																																																					(3.26) 
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          where 𝑄»nRSE(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) = 𝑍VY$m (𝑡)𝐻r𝑍VY$(𝑡) 

Given the system dynamics of LPV system, and its control input vector 

𝑢(𝑡). Then for every 𝜏, 𝑡 ≤ 𝑡 + 𝜏 < 𝑡 + 𝑇,  

           𝑢(𝑡 + 𝜏) = 𝑊6VY$m (𝜏)𝑢̄VY$(𝑡) + 𝐸VF(𝑡 + 𝜏), ∀𝜏 0 ≤ 𝜏 < 𝑇.													(3.27) 

where 𝐸VF(𝑡 + 𝜏) is the Taylor series approximation error which converges to zero 

as 𝑘 → ∞. 

Proof: By using the Taylor’s series expansion of 𝑢(𝑡 + 𝜏) about 𝑢(𝑡), it 

yields 

           𝑢(𝑡 + 𝜏) = 𝑢(𝑡) + p
$!
𝑢(𝑡) + pA

/!
𝑢(𝑡) + ⋯+ p6CE

(VY$)!
𝑢(VY$)(𝑡) + 𝐸VF(𝑡 + 𝜏)					(3.28) 

          or equivalently 

          𝑢(𝑡 + 𝜏) = <1	 p
$!
	p
A

/!
… p6CE

(VY$)!
A × ½𝑢(𝑡)m 	𝑢̇(𝑡)m …𝑢(V)(𝑡)m¾

m
+ 𝐸VF(𝑡 + 𝜏)      (3.29) 

             ≅ 𝑊6VY$m (𝜏)𝑢̄VY$(𝑡)			∀𝜏, 0 ≤ 𝜏 ≤ 𝑇.																																																																					(3.30) 

                     Lagrange Error Bound: The error value in (3.28) can be got by using 

Lagrange method [64]. Let 𝐸VF(𝑡 + 𝜏), 0 ≤ 𝜏 ≤ 𝑇 is error of the k-th order Taylor 

polynomial of 𝑢(𝑡 + 𝜏). Then the absolute value is 

         |𝐸VY$F (𝑡 + 𝜏)| = |𝑢(𝑡 + 𝜏) −𝑊6VY$m (𝜏)𝑢̄VY$(𝑡)|																										(3.31) 

        Let x be a function such that all of its derivatives are continuous, then the error is 

bounded by 
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        |𝐸VY$F (𝑡 + 𝜏)| ≤ }
V!
|𝑇|V 																																										(3.32) 

        where M is some value satisfying ¿´𝑢(V)(𝑡 + 𝜏)|pJ&´¿ ≤ 𝑀. On the interval between  

        t and t+T. 

                     To apply the policy improvement step of Algorithm C, it is required to.  Find 

the minimum of 𝑄»(𝑥(𝑡), 𝑢̄[𝑡 + 𝑇), 𝑝) over 𝑢̄[𝑡: 𝑡 + 𝑇]. Thus, according to equation 

(3.27), differentiate 𝑄»(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) with respect to 𝑢̄VY$(𝑡) to yield 

         \{
~(T,Fv[P:P<m),B)
\Fv6CE(P)

= 2𝐻/$𝑋(𝑡) + 2𝐻//𝑢̄VY$(𝑡) = 0																(3.33) 

         This yields 

 𝑢̄VY$(𝑡) = −𝐻//Y$𝐻/$𝑥(𝑡)																																					(3.34) 

         Substituting (3.34) in (3.30) 

         𝑢̄[𝑡: 𝑡 + 𝑇) ≅ −𝑊6VY$m (𝜏)𝐻//Y$𝐻/$𝑋(𝑡), ∀𝜏, 0 ≤ 𝜏 ≤ 𝑇														(3.35) 

          Algorithm D below employs Eqs. (3.26), (3.27) and (3.35), to apply the policy.   

Evaluation and policy improvement steps of Algorithm D is shown below. 
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Algorithm 4 Online CT Q-Learning

Pick an initial policy µ0. Do for j = 0 until convergence
1. Q-function update. Solve for Hj+1 using

[
xT (t)

ūT
k−1(t)

]T

Hj+1
[

x(t)
ūk−1(t)

]

=
∫ t+T

t
e−γ (τ−t)

(
xT (τ )Sx(τ ) +

(
µj (x(τ ))

)T
Rµj (x(τ ))

)
dτ

+ e−γ T
[

xT (t + T)

ūT
k−1(t + T)

]T

Hj
[

x(t + T)
ūk−1(t + T)

]
. (51)

2. Policy improvement. Update the policy using

ūk−1(t) = −H−1
22 H21x(t)

µj+1 (x(τ )) = −w̄T
k (τ )H−1

22 H21x(t). (52)

0 ≤ τ ≤ T is error of the k-th order Taylor polynomial of
u(t + τ ). Then the absolute value is

∣∣Ex
k−1(t + τ )

∣∣ =
∣∣u(t + τ ) − w̄T

k−1(τ )ūk−1(t)
∣∣ .

Let x be a function such that all of its derivatives are
continuous. Then the error is bounded by

∣∣Eu
k−1(t + τ )

∣∣ ≤ M
k!

|T|k

where M is some value satisfying
∥∥u(k)(t + τ )

∣∣
τ=0

∥∥ ≤ M on
the interval between t and t + T.

To implement the policy improvement step of Algorithm 3, it
is necessary to find the minimum of Q̂ (x(t), ū[t : t + T)) over
ū[t : t + T). Therefore, according to Lemma 3, differentiate
Q̂ (x(t), ū[t : t + T)) with respect to ūk−1(t) to yield

∂Q̂ (x, ū[t : t + T))

∂ ūk−1(t)
= 2H21x(t) + 2H22ūk−1(t) = 0.

This yields

ūk−1(t) = −H−1
22 H21x(t). (49)

Substituting (49) in (48)

ū[t : t + T) ∼= −w̄T
k−1(τ ) H−1

22 H21 x(t),

∀τ, 0 ≤ τ ≤ T. (50)

According to (45), Lemma 3 and (50), Algorithm 4 imple-
ments the policy evaluation and policy improvement steps of
Algorithm 3.

This is a practical implementation of Algorithm 2, which is
equivalent to Algorithm 3. The updated value kernel Hj+1 in
(51) is computed to minimize the TD error

e(t) = e−γ T
[

xT (t + T)

ūT
k−1(t + T)

]T

Hj+1
[

x(t + T)
ūk−1(t + T)

]

−
[

xT (t)
ūT

k−1(t)

]T

Hj+1
[

x(t)
ūk−1(t)

]

+
∫ t+T

t
e−γ (τ−t)

(
xT Sx + µjT R µj

)
dτ (53)

The convergence of Algorithm 2 is proven in Lemma 1.

Remark 3: To solve (50) for Hj+1, the quadratic basis set
[x(t)T , ūk−1(t)T ]T ⊗ [x(t)T , ūk−1(t)T ]T must be persistently
exciting (PE). This ensures sufficient exploration of the state
space and is crucial for a proper convergence to the optimal
value function. As no verifiable method exists to ensure PE,
a small exploratory signal consisting of sinusoids of varying
frequencies is usually added to the control input to ensure
PE qualitatively. The idea of the experience replay presented
in [21] can be used to obtain an easy-to-check PE condition.

Remark 4: It is worth distinguishing between two types of
RL algorithms based on Q-function: on-policy and off-policy.
In off-policy algorithms the update of Q-function depends on
actions other than those actually are taken and in on-policy
learning, Q-function depend on the actual learning policy fol-
lowed. In this sense, Q-learning is actually an off-policy
algorithm and SARSA is an on-policy algorithm. In control
system society, however, once the Q-function is used instead
of the value function for updating the policy, the algorithm
is called Q-learning, even if it is on-policy. Note that under
a greedy learning policy (i.e., always select the action that is
best according to the current estimate), the update rules for
Q-learning and SARSA are identical.

B. Computing the Input Derivatives

The Q-function update (51) in Algorithm 4 requires the
derivatives of the control input u(t) and u(t+T). In the follow-
ing, it is shown that these input derivatives can be obtained
from x(t). Using (47) and taking the derivatives of control
input, the following matrix form is obtained:

⎡

⎢⎢⎢⎣

u(t + τ )

u̇(t + τ )
...

u(k−1)(t + τ )

⎤

⎥⎥⎥⎦
∼=

⎡

⎢⎢⎢⎢⎢⎣

1 τ τ 2

2! · · · τ k−1

(k−1)!

0 1 τ · · · (k−1)τ k−2

(k−1)!
· · · · · · · · · · · · · · ·
0 0 0 · · · τ

0 0 0 · · · 1

⎤

⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎣

u(t)
u̇(t)
...

u(k−1)(t)

⎤

⎥⎥⎥⎦

(54)

Denoting

Ūk(τ ) =

⎡

⎢⎢⎢⎢⎢⎣

1 τ τ 2

2! · · · τ k−1

(k−1)!
τ k

k!

0 1 τ · · · (k−1)τ k−2

(k−1)!
kτ k−1

k!
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · τ k(k−1)···3τ 2

k!
0 0 0 · · · 1 τ

⎤

⎥⎥⎥⎥⎥⎦

and using (49) in (54) becomes

ūk−1(t + τ ) ∼= −Ūk−1(τ )H−1
22 H21 x(t). (55)

This is used to compute the input derivative vector required
by the Q-function update in (51).

VI. SIMULATION RESULTS

In this section, the simulation results of the proposed CT
Q-learning scheme on a damped harmonic oscillator system
and a linearized model of the power system are presented. It
is shown that Q-learning Algorithm 4 does learn the optimal
control solution online without knowing system dynamics.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on August 29,2023 at 18:26:54 UTC from IEEE Xplore.  Restrictions apply. 

D

(46)

(37)

Continual Q-Learning

[
xT (t)
urk - 1Tk (t)

] TH j+ 1 [
x(t)
urk - 1 (t)

] =

e- c(x- t) (xT (x)S(p)x(x) + (n(x(x
t

t + T

# )) TR(p)n(x(x)))dx

+ e- cT [
xT (t + T)
urk - 1Tk (t + T)

] TH j [
x(t + T)
urk - 1 (t + T)

] . (45)
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        Fig. 3.5. Online continuous Q-learning. 

                     The updated value kernel 𝐻r<$  in (3.29) is computed to minimize the 

temporal difference (TD) error. 

         𝑒(𝑡) = 𝑒Yom[ 𝑋
m(𝑡 + 𝑇)

𝑢̄VY$m (𝑡 + 𝑇)
]m𝐻r ¹ 𝑋(𝑡 + 𝑇)

𝑢̄VY$(𝑡 + 𝑇)
º − [ 𝑋

m(𝑡)
𝑢̄VY$m (𝑡)

]m𝐻r<$ ¹ 𝑋(𝑡)
𝑢̄VY$(𝑡)

º +	

_ 𝑒Yo(pYP)w𝑋m𝑆(𝑝)𝑋 + 𝜇rm𝑅(𝑝)𝜇rx𝑑𝜏
P<m

P
															(3.36) 

          To solve (3.35) for 𝐻r<$ the quadratic basis set[𝑥(𝑡)m , 𝑢̄VY$(𝑡)m]m⨂[𝑥(𝑡)m , 𝑢̄VY$(𝑡)m]m   

must be persistently exciting (PE).  

 
3.5.2 Input derivatives computation 

                       The Q-function update (3.29) in Algorithm D requires knowledge of the 

derivatives of the control input u(t) and u(t+T). Next, it is shown that these input 

derivatives can be got from x(t). Using 𝑉nRSE(𝑥(𝑡), 𝑝) =

min
Fv[P:P<m]

𝑄nRSE(𝑥(𝑡), 𝑢̄[𝑡: 𝑡 + 𝑇), 𝑝) and taking the derivatives of control input, the 

following matrix from is got: 

         Á

𝑢(𝑡 + 𝜏)
𝑢̇(𝑡 + 𝜏)

⋮
𝑢(VY$)(𝑡 + 𝜏)

Ã ≅

⎣
⎢
⎢
⎢
⎡ 1 𝜏 pA

/!
0 1 𝜏

	
∙∙∙
0
0

∙∙∙
0
0

∙∙∙
0
0

	

∙∙∙ p6CE

(VY$)!

∙∙∙ (VY$)p6CA

(VY$)!
⋯
⋯

𝜏
1 ⎦

⎥
⎥
⎥
⎤

Á

𝑢(𝑡)
𝑢̇(𝑡)
⋮

𝑢(VY$)(𝑡)

Ã										(3.37)  

         Indicating 
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         𝑈6V(𝜏) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1 𝜏 pA

/!
0 1 𝜏

	
∙∙∙
0
0

∙∙∙
0
0

∙∙∙
0
0

	

∙∙∙ p6CE

(VY$)!
⋯
⋯

(VY$)p6CA

(VY$)!

⋯
⋯

⋯
𝜏
1

p6

V!
Vp6CE

V!
⋯

V(VY$)⋯�pA

V!
𝜏 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

																																																					(3.38) 

         and using (3.34) in (3.37) becomes 

         𝑢̄VY$(𝑡 + 𝜏) ≅ −𝑈VY$(𝜏)𝐻//Y$𝐻/$𝑥(𝑡) 

         This is used to compute the input derivative vector necessary by the Q-function. 

update in  

[ 𝑋
m(𝑡)

𝑢̄VY$m (𝑡)
]m𝐻r<$ ¹ 𝑋(𝑡)

𝑢̄VY$(𝑡)
º

= _ 𝑒Yo(pYP) ?𝑋m(𝜏)𝑆(𝑝)𝑋(𝜏) + 𝜇w𝑥(𝜏)xm𝑅(𝑝)𝜇w𝑥(𝜏)x @ 𝑑𝜏
P<m

P

+𝑒Yom[ 𝑋
m(𝑡 + 𝑇)

𝑢̄VY$m (𝑡 + 𝑇)
]m𝐻r ¹ 𝑋(𝑡 + 𝑇)

𝑢̄VY$(𝑡 + 𝑇)
º.																																			(3.39) 

 
3.6 Simulation results 

                     To test the suggested primary controller, we consider an SMG as in Fig. 3.1 

with a diesel engine generator with parameters from Table 3.1, and simulate the 

system with the primary controller including the suggested controller.  

To this end, the aforementioned smart grid utilizing the proposed primary frequency 

controller has been examined for analysis under the islanded mode of operation. The 

implemented frequency regulator for Fig. 3.1 is shown in Fig. 3.6. 
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  Fig. 3.6. Diagram of implemented frequency regulator with coefficients. 

 

Table 3.1. Parameters of each set of diesel engine generators in for Fig. 3.1 
 

Parameter Value Parameter Value 

Nominal power 1.0 MVA 𝑅! 9.4 × 10"# Ω 

Line-to-line nominal 

voltage 

480 V 𝐿$! 1.3 ×	10"%𝐻	

Nominal electrical 

frequency 

60 Hz 𝐿&' 6.5 ×	10"#	𝐻 

Machine number of pole 

pairs 

2 𝐽& 92.88 𝑘𝑔 ∙ 𝑚) 

Actuator gain (K) 10 D 1.0 N&!
*+'

 

Actuator time constant 1 

(𝑻𝒂𝟏) 

2.5 ×	10")	𝑠 𝐿&. 4.7 ×	10"#	𝐻 

Actuator time constant 2 

(𝑻𝒂𝟐) 

9.0 ×	10"#	𝑠 𝑅0 2.1 ×	10"#	Ω 

Actuator time constant 3 5.7 ×	10"1	𝑠 𝐿$0' 1.4 ×	10"#	𝐻 
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ūk = −K j∗
x x̄k − K̄ j∗

z z̄k , and the system (4) in closed loop
with the approximated controller satisfies

[
x̄k+1

z̄k+1

]
=

[
A − B K j∗

x −B K j∗
z

C 1

][
x̄k

z̄k

]
:= Āc

[
x̄k

z̄k

]

ek = Cx̄k . (26)

From Theorem 1, there always exists a small enough
threshold ν > 0 in Algorithm 2 such that Āc is a Schur matrix,
which implies that lim

k→∞
x̄k = 0 and lim

k→∞
z̄k = 0. Then, we have

lim
k→∞

ek = lim
k→∞

Cx̄k = 0. The proof is thus completed. !
Besides stability, one can analyze the suboptimality of

the developed control policy (25), which has been shown as
follows.

Theorem 3: Let J † be the cost for the system (4) in closed
loop with the approximate optimal control policy (25). Let
J ∗ be the cost for the system (4) with the optimal control
policy (12). There exists a positive number µ such that
µJ † ≤ J ∗.

Proof: The system (4) in closed loop with (25)
satisfies (26), which is equivalent to

wk+1 = Ācwk :=
(

Ā − B̄K ∗j
)
wk (27)

where K ∗j =
[

K j∗
x K̄ j∗

z

]
.

Since Āc is a Schur matrix, there exists a positive-definite
matrix P† solving the following Lyapunov equation:

ĀT
c P† Āc − Āc +

[
Q1 0
0 Q2

]
+ (

K ∗j
)T RK ∗j = 0. (28)

Therefore, it can be obtained that the cost of system (4)
in closed loop with (25) is J † = wT

0 P†w0, and the cost
of (4) with (12) is J ∗ = wT

0 P∗w0. The proof is completed
by selecting µ = 1/λM , where λM is the largest eigenvalue of
matrix P†(P∗)−1. !

IV. EXPERIMENTS BASED ON HARDWARE-
IN-THE-LOOP TESTING

As an experimental method and testing procedure, due to the
value that it offers in research, education, and manufacturing,
HIL systems have found a wide range of applications in smart
grids, power systems, power electronic systems, aircraft and
missile industries, automotive industry, motion control, mecha-
tronics, and robotics because of providing ultrahigh-fidelity
simulations. The aforementioned experimental methods are
currently revolutionizing test engineering in many disciplines,
including, but not limited to, smart grids, vehicle and commu-
nication systems, civil structures, robotics, aerospace, process
control, and naval warships (see [28]–[32] and references
therein).

To examine the effectiveness of the proposed primary con-
troller, we have implemented a two-machine MMG on an
HIL402 device from Typhoon HIL Inc. [33] and tested the
primary controller under the umbrella of smart grids.

It is noteworthy that the system under test here is based on
the HIL402’s capability of modeling our system, including
the proposed controller—thus limiting us to Fig. 1 as the
MMG under test. To this end, the abovementioned smart

Fig. 3. HIL setup. (a) Employed HIL setup for validations. (b) Structure of
the implemented frequency regulator, including controller values.

grid employing the suggested primary frequency controller
has been examined for investigating its performance under the
islanded mode of operation of the formed MMG.

A. Hardware-in-the-Loop Setup

The complete configuration of the setup is shown
in Fig. 3(a). The implemented “frequency regulator,” shown
in Fig. 2, has been demonstrated in Fig. 3(b).

Typhoon HIL402, with 4 processing cores, 16 analog out-
puts, 16 digital inputs, and 16-bit resolution, is tailored for
the most demanding microgrid and controller test, verification,
and precertification tasks. It can test the data-driven algorithm
proposed in this article with high fidelity, i.e., 20-ns sampling
HIL, and infinitesimal latency, i.e., 1 µs. Indeed, for smart grid
testing, HIL402’s emulation error and latency are so small
that it is difficult to tell the difference between real smart
grid and HIL emulator measured waveforms. Moreover, with
making use of HIL402, it is possible to simulate our signals
with multiple execution rates in a real-time way and improve
the overall performance of our HIL testing by maximizing
the use of available resources. The built-in multirate interval
overrun monitor closely supervises real-time execution and
informs the user in case of potential performance issues. This
feature is highly required to test the performance of any
control algorithm, e.g., the control methodology proposed in
this article.

In addition, HIL402 leverages a small simulation time
step and advanced numerical algorithms for extremely wide-
dynamic-range models. It emulates fast switching dynamics
with a simulation time step, as low as 0.5 µs, and has full
peace of mind that the part of our model with extremely long
time constants will run with high fidelity as well. Indeed,

Authorized licensed use limited to: University of Maryland College Park. Downloaded on May 08,2023 at 17:30:36 UTC from IEEE Xplore.  Restrictions apply. 
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(𝑻𝒂𝟑) 

Engine delay (𝑻𝑫) 2.4 ×	10")	𝑠 𝑅4' 4.4 ×	10")Ω 

Exciter PI proportional 

gain 

2.5 ×	10") 𝑅4. 4.0 ×	10"1Ω 

Exciter PI integral gain 7.0 ×	10"1 𝐿$4' 1.5 × 10"1𝐻 

Exciter time constant (𝑻𝒆) 1.0 ×	10"6	s 𝐿$4. 9.9 × 10"1𝐻 

Exciter gain (𝑲𝒆) 1.0 𝑁!
𝑁0'

 2.5 × 10") 

𝑵𝒔

𝑵𝒌𝒅
 1.0 𝑁!

𝑁4.
 1.0 

 

We apply the suggested continuous Q-learning control algorithm with the 

structure shown in Fig. 3.6. including controller settings for regulating the frequency 

of the SMG. Its parameters have been given in Table 3.1. The optimal control is 

computed as follows based on precise knowledge of Diesel engine generator system 

model of Woodward DEGOV [85], [86]  and processed: 

𝒦∗ = [0.136 − 0.398	0.481 − 0.299	0.079	

													4.43 × 10Y!	6.37 × 10Yl	1.37 × 10Yh	

												−1.65 × 10Yh − 4.68 × 10Yl	1.85 × 10Y!]. 

The VI algorithm is tested without the precise knowledge of the system 

model. To be specific, we pick the data along the system trajectory to promote 

learning of the optimal control gain. The stopping guideline is satisfied after 180 
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iterations with the matching Q-learning control gain: 

𝒦$%& = [0.129 − 0.376	0.455 − 0.283	0.075	

													4.11 × 10Y!	6.02 × 10Yl	1.29 × 10Yh	

												−1.57 × 10Yh − 4.49 × 10Yl	1.67 × 10Y!]. 

The error between 𝒦r  at the jth iteration and its optimal value is shown in 

Fig. 3.7. It is apparent that the deviation between the learned control gain 𝒦r      and 

the optimal control gain 𝒦∗ is decreasing as the iteration j rises. The convergence 

speed of �𝒦RY𝒦∗�
|𝒦∗|   rises in the first 40 iterations and decreases afterward. When the 

convergence standard is satisfied, the error is 5.56%. 

 

Fig. 3.7. Comparing control gain 𝒦r  with optimal gain 𝒦∗. 

In addition, the response of the traditional PID approach of the frequency 

controls in islanded microgrids has been studied. A tuned PID controller has been 

used to conduct the same test scheme under which proposed controller has been 

tested.  

Fig. 3.8. (a) and (b) illustrates the simulation test results of the SMG islanding 

grid mode simulation. They emulate the case that microgrids needs to be self-
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TABLE I

PARAMETERS OF EACH SET OF ENGINE GENERATORS IN FIG. 1 USED IN HIL VALIDATIONS

advanced numerical algorithms in HIL402 handle the full
dynamic range models masterfully and run them in real time.
HIL402 can also automate testing with Python, which is a
powerful way of conducting the tests and the ultimate ease
of use; it automates controller testing processes with Python
scripting and HIL402 platform.

B. Hardware-in-the-Loop Testing

In this section, we apply the proposed adaptive optimal
control Algorithm 2 via the structure shown in Fig. 3(b)
(including controller settings) for regulating the frequency of
the power system shown in Fig. 1. Its parameters have been
reported in Table I. For HIL-based experiments in this article,
the weight matrices are selected as Q1 = 100, Q2 = 10, and
R = 1.

The optimal control is computed as follows based on the
accurate knowledge of system model:
K∗ = [0.1364 −0.3981 0.4812 −0.2993 0.0799

4.439× 10−6 6.377× 10−5 1.36× 10−4

−1.656× 10−4 −4.687× 10−5 1.855× 10−6].
The VI algorithm 2 is tested without the accurate knowledge

of the system model. To be more specific, we collect the data
along the system trajectory to facilitate the learning of the
optimal control gain. The stopping criterion is satisfied after
180 iterations with the corresponding control gain

K180 = [0.1291 −0.3768 0.4556 −0.2835 0.0757

4.115× 10−6 6.024× 10−5 1.29× 10−4

−1.571×10−4 −4.448×10−5 1.671×10−6].
The error between K j at the j th iteration and its optimal

value is shown in Fig. 4. It is checkable that the difference
between the learned control gain K j and the optimal con-
trol gain K∗ is monotonically decreasing as the iteration j
increases. The convergence speed of |K j −K∗|/|K∗| increases
in the first 100 iterations and decreases afterward. When the
convergence criterion is satisfied, this difference is only 5.67%.

Fig. 4. Comparison of the control gain K j with its optimal value K∗ .

The HIL test results grained from the MMG system shown
in Fig. 1—which is controlled by Fig. 3(b)—have been pro-
vided here. Also, for comparison purposes, the responses of
the traditional method of the frequency controls in islanded
microgrids (i.e., PID controller) have been provided. A tuned
PID controller has been employed to conduct the same test
cases under which the proposed controller has been examined.

Fig. 5(a) and (b) shows the HIL test results of the so-called
“unplanned” islanding testing; in this test, the microgrid has
been made islanded without any prior information sent to
the system. They mimic the case that microgrid needs to be
self-running without being connected to the main utility grid.
Fig. 5(a) shows the output of the closed-loop dynamic system
[i.e., frequency in per unit (pu)], and Fig. 5(b) shows the input
to the plant dynamics [i.e., torque in newton meter (N.m)]—
with the horizontal axis of time in second (s).

Also, it is required to check the microgrid’s response when
it is in the steady-state condition after getting islanded and see
how the demand supply looks like in the steady state. In this
regard, the steady-state test case has been conducted, and its
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operating without being linked to the main utility grid. Fig. 3.8. (a) demonstrates the 

output of the closed-loop system, and Fig. 3.8. first graph shows the input to the plant 

dynamics with the x-axis of time in second. Also, Fig. 3.8. second graph shows an 

inadequate overshoot and undershoot torque produced by the PID controller. This 

overshoot and undershoot torque are not being made by the proposed controller 

under grid connected and islanded modes. 

 

(a) 

 

(b) 

Fig. 3.8 Simulation test results of the islanding test of the SMG under control a PID and 𝒦W[\  

(a) frequency output in pu. (b) Torque input in N.m. 

In addition, it is necessary to check the microgrid’s reaction when it is in the 

steady-state condition after being islanded. In this respect, the steady-state test case 

has been implemented, and its results have been shown in Fig. 3.9, (a) and (b). Fig. 

3.9 (a), graph shows the output of the closed-loop dynamic system frequency in pu., 

DAVARI et al.: OPTIMAL PRIMARY FREQUENCY CONTROL BASED ON ADP FOR ISLANDED MMGs 1117

Fig. 5. HIL test results of the so-called “unplanned” islanding testing of the
MMG under study controlled by a PID and K180. (a) Output (i.e., frequency)
in pu. (b) Input (i.e., torque) in N.m.

results have been shown in Fig. 6(a) and (b). Fig. 6(a) shows
the frequency in pu (i.e., the output of the closed-loop dynamic
system), and Fig. 5(b) shows the torque in N.m (i.e., the input
to the plant dynamics)—with the horizontal axis of time in s.

It is noteworthy that the droop mechanism’s impact on the
“unplanned” islanding test response has been diminished since
we have been interested in rather purely gauging the effect of
the primary frequency control loop on frequency dynamics.
Thus, equal power share is not evident in Fig. 5. However,
the droop mechanism makes the contribution of each engine
generator’s active power precisely balanced, as it is visible
in Fig. 6.

When the microgrid is islanded, its response to load changes
should be investigated. In this regard, different loads are
connected/disconnected to/from the grid formed. Therefore,
both cases of load increase and load decrease need to be
studied as they excite the systems differently. As a result, tests
shown in Figs. 7 and 8 have been added. Fig. 7 shows the HIL
test results associated with the increasing load in the islanded
mode. Also, Fig. 8 shows the HIL test related to the decreasing
load in the islanded MMG under test—all governed by either
the tuned PID controller or K180. Figs. 7(a) and 8(a) show the
frequency in pu (i.e., the output), and Figs. 7(b) and 8(b) show
the torque in N.m (i.e., the input to the plant dynamics)—with
the horizontal axis of time in s.

One can check that, for all these situations, the performance
of the proposed optimal controller is better than that of
the tuned PID controller. Especially, from the standpoints
of the input signal (which is the torque) applied to the

Fig. 6. Steady-state response of the HIL test results of Fig. 5. (a) Output
(i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

Fig. 7. HIL test results of consecutive step changes in increasing loading
of the MMG under test in the islanded mode controlled by PID controller
and K180. (a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

system, it is evident that the PID (although tuned) creates
overshoot/undershoot torque applied to the system. Note that
drastic torques variations and oscillations are not favorable
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the primary frequency control loop on frequency dynamics.
Thus, equal power share is not evident in Fig. 5. However,
the droop mechanism makes the contribution of each engine
generator’s active power precisely balanced, as it is visible
in Fig. 6.

When the microgrid is islanded, its response to load changes
should be investigated. In this regard, different loads are
connected/disconnected to/from the grid formed. Therefore,
both cases of load increase and load decrease need to be
studied as they excite the systems differently. As a result, tests
shown in Figs. 7 and 8 have been added. Fig. 7 shows the HIL
test results associated with the increasing load in the islanded
mode. Also, Fig. 8 shows the HIL test related to the decreasing
load in the islanded MMG under test—all governed by either
the tuned PID controller or K180. Figs. 7(a) and 8(a) show the
frequency in pu (i.e., the output), and Figs. 7(b) and 8(b) show
the torque in N.m (i.e., the input to the plant dynamics)—with
the horizontal axis of time in s.

One can check that, for all these situations, the performance
of the proposed optimal controller is better than that of
the tuned PID controller. Especially, from the standpoints
of the input signal (which is the torque) applied to the

Fig. 6. Steady-state response of the HIL test results of Fig. 5. (a) Output
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Fig. 7. HIL test results of consecutive step changes in increasing loading
of the MMG under test in the islanded mode controlled by PID controller
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system, it is evident that the PID (although tuned) creates
overshoot/undershoot torque applied to the system. Note that
drastic torques variations and oscillations are not favorable

Authorized licensed use limited to: University of Maryland College Park. Downloaded on May 08,2023 at 17:30:36 UTC from IEEE Xplore.  Restrictions apply. 



76  

and  (b) graph shows the input to the plant dynamics of the torque in N.m. with the 

x-axis of time in s. It is remarkable that the droop mechanism’s impact on the 

islanding test response has been reduced since we have been interested in rather 

purely measuring the effect of the primary frequency control loop on frequency 

dynamics. The droop algorithm makes each engine generator’s active power 

accurately balanced as shown in Fig. 3.9. 

 

(a) 

 

(b) 

Fig. 3.9 Simulation test results of the steady state response (a) frequency output in pu.,  

(b) torque input in N.m. 

Output frequency and input torque should be studied in response to load 

changes, in detail when the microgrids are islanded. In this respect, different loads 

are connected to the grid. Load 6.5kW increase needs to be researched as they 

stimulate the system. Thus, simulation shown in Fig. 3.10. has been added. Fig. 3.10. 

shows the simulation test results related with the increasing load in the islanded SMG 
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results have been shown in Fig. 6(a) and (b). Fig. 6(a) shows
the frequency in pu (i.e., the output of the closed-loop dynamic
system), and Fig. 5(b) shows the torque in N.m (i.e., the input
to the plant dynamics)—with the horizontal axis of time in s.

It is noteworthy that the droop mechanism’s impact on the
“unplanned” islanding test response has been diminished since
we have been interested in rather purely gauging the effect of
the primary frequency control loop on frequency dynamics.
Thus, equal power share is not evident in Fig. 5. However,
the droop mechanism makes the contribution of each engine
generator’s active power precisely balanced, as it is visible
in Fig. 6.

When the microgrid is islanded, its response to load changes
should be investigated. In this regard, different loads are
connected/disconnected to/from the grid formed. Therefore,
both cases of load increase and load decrease need to be
studied as they excite the systems differently. As a result, tests
shown in Figs. 7 and 8 have been added. Fig. 7 shows the HIL
test results associated with the increasing load in the islanded
mode. Also, Fig. 8 shows the HIL test related to the decreasing
load in the islanded MMG under test—all governed by either
the tuned PID controller or K180. Figs. 7(a) and 8(a) show the
frequency in pu (i.e., the output), and Figs. 7(b) and 8(b) show
the torque in N.m (i.e., the input to the plant dynamics)—with
the horizontal axis of time in s.

One can check that, for all these situations, the performance
of the proposed optimal controller is better than that of
the tuned PID controller. Especially, from the standpoints
of the input signal (which is the torque) applied to the

Fig. 6. Steady-state response of the HIL test results of Fig. 5. (a) Output
(i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

Fig. 7. HIL test results of consecutive step changes in increasing loading
of the MMG under test in the islanded mode controlled by PID controller
and K180. (a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

system, it is evident that the PID (although tuned) creates
overshoot/undershoot torque applied to the system. Note that
drastic torques variations and oscillations are not favorable
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the primary frequency control loop on frequency dynamics.
Thus, equal power share is not evident in Fig. 5. However,
the droop mechanism makes the contribution of each engine
generator’s active power precisely balanced, as it is visible
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When the microgrid is islanded, its response to load changes
should be investigated. In this regard, different loads are
connected/disconnected to/from the grid formed. Therefore,
both cases of load increase and load decrease need to be
studied as they excite the systems differently. As a result, tests
shown in Figs. 7 and 8 have been added. Fig. 7 shows the HIL
test results associated with the increasing load in the islanded
mode. Also, Fig. 8 shows the HIL test related to the decreasing
load in the islanded MMG under test—all governed by either
the tuned PID controller or K180. Figs. 7(a) and 8(a) show the
frequency in pu (i.e., the output), and Figs. 7(b) and 8(b) show
the torque in N.m (i.e., the input to the plant dynamics)—with
the horizontal axis of time in s.

One can check that, for all these situations, the performance
of the proposed optimal controller is better than that of
the tuned PID controller. Especially, from the standpoints
of the input signal (which is the torque) applied to the

Fig. 6. Steady-state response of the HIL test results of Fig. 5. (a) Output
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of the MMG under test in the islanded mode controlled by PID controller
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system, it is evident that the PID (although tuned) creates
overshoot/undershoot torque applied to the system. Note that
drastic torques variations and oscillations are not favorable
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mode, which are controlled by either the tuned PID or 𝒦$%&. Fig. 3.10. (a) graph 

shows the output frequency in pu., and (b) graph shows the input to the plant 

dynamics torque in N.m. with the x-axis of time is s. We can review that the 

performance of the proposed Q-learning controller is better than that of the tuned 

PID controller. Particularly, from the viewpoints of the input torque signal applied 

to the system, it is apparent that the tuned PID makes overshoot/undershoot torque 

adjust to the system. Be aware that drastic torques variations are not beneficial in 

mechanical systems. Another important attention from Fig. 3.10. is that the PID 

controller cannot perform sturdy against load variations. Namely, no matter the 

system needs to provide increasing load, the suggested controller has maintained the 

time response of the closed-loop system. 

 

(a) 

 

(b) 

Fig. 3.10 Simulation test results of sequent step changes in increasing load of the SMG under 
islanded mode controlled by PID controller and 𝒦W[\.  
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Fig. 5. HIL test results of the so-called “unplanned” islanding testing of the
MMG under study controlled by a PID and K180. (a) Output (i.e., frequency)
in pu. (b) Input (i.e., torque) in N.m.

results have been shown in Fig. 6(a) and (b). Fig. 6(a) shows
the frequency in pu (i.e., the output of the closed-loop dynamic
system), and Fig. 5(b) shows the torque in N.m (i.e., the input
to the plant dynamics)—with the horizontal axis of time in s.

It is noteworthy that the droop mechanism’s impact on the
“unplanned” islanding test response has been diminished since
we have been interested in rather purely gauging the effect of
the primary frequency control loop on frequency dynamics.
Thus, equal power share is not evident in Fig. 5. However,
the droop mechanism makes the contribution of each engine
generator’s active power precisely balanced, as it is visible
in Fig. 6.

When the microgrid is islanded, its response to load changes
should be investigated. In this regard, different loads are
connected/disconnected to/from the grid formed. Therefore,
both cases of load increase and load decrease need to be
studied as they excite the systems differently. As a result, tests
shown in Figs. 7 and 8 have been added. Fig. 7 shows the HIL
test results associated with the increasing load in the islanded
mode. Also, Fig. 8 shows the HIL test related to the decreasing
load in the islanded MMG under test—all governed by either
the tuned PID controller or K180. Figs. 7(a) and 8(a) show the
frequency in pu (i.e., the output), and Figs. 7(b) and 8(b) show
the torque in N.m (i.e., the input to the plant dynamics)—with
the horizontal axis of time in s.

One can check that, for all these situations, the performance
of the proposed optimal controller is better than that of
the tuned PID controller. Especially, from the standpoints
of the input signal (which is the torque) applied to the

Fig. 6. Steady-state response of the HIL test results of Fig. 5. (a) Output
(i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

Fig. 7. HIL test results of consecutive step changes in increasing loading
of the MMG under test in the islanded mode controlled by PID controller
and K180. (a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

system, it is evident that the PID (although tuned) creates
overshoot/undershoot torque applied to the system. Note that
drastic torques variations and oscillations are not favorable
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Thus, equal power share is not evident in Fig. 5. However,
the droop mechanism makes the contribution of each engine
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When the microgrid is islanded, its response to load changes
should be investigated. In this regard, different loads are
connected/disconnected to/from the grid formed. Therefore,
both cases of load increase and load decrease need to be
studied as they excite the systems differently. As a result, tests
shown in Figs. 7 and 8 have been added. Fig. 7 shows the HIL
test results associated with the increasing load in the islanded
mode. Also, Fig. 8 shows the HIL test related to the decreasing
load in the islanded MMG under test—all governed by either
the tuned PID controller or K180. Figs. 7(a) and 8(a) show the
frequency in pu (i.e., the output), and Figs. 7(b) and 8(b) show
the torque in N.m (i.e., the input to the plant dynamics)—with
the horizontal axis of time in s.

One can check that, for all these situations, the performance
of the proposed optimal controller is better than that of
the tuned PID controller. Especially, from the standpoints
of the input signal (which is the torque) applied to the

Fig. 6. Steady-state response of the HIL test results of Fig. 5. (a) Output
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(a) frequency output in pu. (b) torque input in N.m. 

In addition, another important test case in the islanded microgrid is when an 

outage occurs. This test is very often as SMGs may undergo generation unit outrage 

during fault cases. Fig. 3.11. demonstrates the response of our proposed control 

algorithm under the blackout of the synchronous generator #2, in addition to its 

restore. Fig. 3.11. shows that the suggested controller can stabilize the frequency and 

power after the failure of one of the generations and resume the load optimally and 

appropriately. Also, the moment of inertia of machines has been reduced by 55%. 

Though the system needs to refurbish the gains for finding the best possible adjusted 

gains for the newly updated controller, the system time reaction is acceptable. 

Updating the gains can aid the time response approach to the previous one. 

 

(a) 

 

(b) 
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Fig. 8. HIL test results of consecutive step changes in decreasing loading
of the MMG under test in the islanded mode controlled by PID controller
and K180. (a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

(and sometimes not acceptable) in mechanical systems.
For example, Fig. 5 shows an unacceptable overshoot/
undershoot torque created by the PID controller. This over-
shoot/undershoot torque is not being made by the proposed
controller under both modes of grid-connected and islanded
operations. Another significant observation—by comparing
Figs. 7 and 8—is that the PID controller cannot behave
robustly against load variations. In other words, no matter the
system needs to supply either increasing load or decreasing
load, the proposed controller has preserved the time response
of the closed-loop system.

Besides, another critical test case in the islanded microgrid
is when an outage happens. This test is very usual as MMGs
may experience generation unit outage—e.g., during fault
cases. Regarding this experiment, Fig. 9 shows the response
of our proposed control algorithm under the blackout of the
synchronous generator #2 shown in Fig. 1, as well as its
reconnection. Fig. 9 shows that the proposed controller can
stabilize the frequency and power after the outage of one
of the generation sources and pick up the load optimally
and adequately. Besides, the moment of inertia of machines
has been reduced by 50%. Although the system needs to
update the gains for finding the best possible optimal gains
for the “newly” updated controller, the system time response
is acceptable; it looks “semi-”optimal. Undoubtedly, updating
the gains can help the time response get closer to the previous
one. Finally, after disconnecting synchronous generator #2,
the reconnection test case has been applied to the MMG
while being controlled by the PID controller for comparison.

Fig. 9. HIL test results of the MMG under study—controlled by Kfinal for
the generators with the same J and with the less J (50% less). (a) Output
(i.e., frequency) in pu during the “outage” of synchronous generator #2.
(b) Input (i.e., torque) in N.m. during the outage. (c) Output in pu during
the “reconnection” of synchronous generator #2. (d) Input in N.m. during the
reconnection.

As expected, the PID controller makes an input that has drastic
changes, which are unacceptable for mechanical systems.
Fig. 10 has shown this test case, which shows the inefficiency
of the PID controller compared with the proposed one.
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(c) 

 

(d) 

Fig. 3.11 Simulation test results of the SMG controlled by 𝒦W[\  for generators with the same J and 
with  55% less J. (a) frequency output in pu. during the failure of generator #2 (b) torque input in 

N.m. during the failure (c) output in pu. during restoration of generator #2 (d) torque input in N.m. 
during the restoration. 

In the end, after disconnecting generator #2, a restoration test case was run 

while being controlled by a PID controller for comparison. As anticipated, the PID 

controller produces an input with violent fluctuations that are unacceptable for 

mechanical systems. Fig. 3.12, illustrates this test scenario, which shows the 

unacceptability of the PID controller. 

 

(a) 
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operations. Another significant observation—by comparing
Figs. 7 and 8—is that the PID controller cannot behave
robustly against load variations. In other words, no matter the
system needs to supply either increasing load or decreasing
load, the proposed controller has preserved the time response
of the closed-loop system.

Besides, another critical test case in the islanded microgrid
is when an outage happens. This test is very usual as MMGs
may experience generation unit outage—e.g., during fault
cases. Regarding this experiment, Fig. 9 shows the response
of our proposed control algorithm under the blackout of the
synchronous generator #2 shown in Fig. 1, as well as its
reconnection. Fig. 9 shows that the proposed controller can
stabilize the frequency and power after the outage of one
of the generation sources and pick up the load optimally
and adequately. Besides, the moment of inertia of machines
has been reduced by 50%. Although the system needs to
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is acceptable; it looks “semi-”optimal. Undoubtedly, updating
the gains can help the time response get closer to the previous
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the reconnection test case has been applied to the MMG
while being controlled by the PID controller for comparison.
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As expected, the PID controller makes an input that has drastic
changes, which are unacceptable for mechanical systems.
Fig. 10 has shown this test case, which shows the inefficiency
of the PID controller compared with the proposed one.
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of the MMG under test in the islanded mode controlled by PID controller
and K180. (a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

(and sometimes not acceptable) in mechanical systems.
For example, Fig. 5 shows an unacceptable overshoot/
undershoot torque created by the PID controller. This over-
shoot/undershoot torque is not being made by the proposed
controller under both modes of grid-connected and islanded
operations. Another significant observation—by comparing
Figs. 7 and 8—is that the PID controller cannot behave
robustly against load variations. In other words, no matter the
system needs to supply either increasing load or decreasing
load, the proposed controller has preserved the time response
of the closed-loop system.

Besides, another critical test case in the islanded microgrid
is when an outage happens. This test is very usual as MMGs
may experience generation unit outage—e.g., during fault
cases. Regarding this experiment, Fig. 9 shows the response
of our proposed control algorithm under the blackout of the
synchronous generator #2 shown in Fig. 1, as well as its
reconnection. Fig. 9 shows that the proposed controller can
stabilize the frequency and power after the outage of one
of the generation sources and pick up the load optimally
and adequately. Besides, the moment of inertia of machines
has been reduced by 50%. Although the system needs to
update the gains for finding the best possible optimal gains
for the “newly” updated controller, the system time response
is acceptable; it looks “semi-”optimal. Undoubtedly, updating
the gains can help the time response get closer to the previous
one. Finally, after disconnecting synchronous generator #2,
the reconnection test case has been applied to the MMG
while being controlled by the PID controller for comparison.

Fig. 9. HIL test results of the MMG under study—controlled by Kfinal for
the generators with the same J and with the less J (50% less). (a) Output
(i.e., frequency) in pu during the “outage” of synchronous generator #2.
(b) Input (i.e., torque) in N.m. during the outage. (c) Output in pu during
the “reconnection” of synchronous generator #2. (d) Input in N.m. during the
reconnection.

As expected, the PID controller makes an input that has drastic
changes, which are unacceptable for mechanical systems.
Fig. 10 has shown this test case, which shows the inefficiency
of the PID controller compared with the proposed one.
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Fig. 10. HIL test results of the “reconnection” of synchronous generator #2
of the MMG under study (after disconnecting it), which is controlled by PID.
(a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

Indeed, Figs. 5–10 show the comparison of the PID con-
troller results with the proposed controller outcomes. Those
figures have revealed that the performance of the data-driven
control is very acceptable from the perspective of the time
response compared with a tuned PID controller.

V. CONCLUSION AND FUTURE WORK

The primary frequency control of future MMGs is a vital
task in the smart grid paradigm, primarily when the MMG is
being operated in the islanded mode. Among all entities taking
care of primary frequency control, the engine generators are
still being employed in many pilot microgrid projects in
industrial R&D sections, as well as naval power systems.
Challenges associated with this crucial task are as follows:
1) existing uncertainties of the mechanical parameters; 2) the
occurrence of uncertain disturbances that are coming from
other control loops of electrical variables and uncertainty
of loads; 3) operating point variations due to load changes;
and 4) last but not least, the appearance of nonminimum
phase dynamics associated with the engine delay. This article
presents a novel primary frequency control of engine gener-
ators of MMGs of the future using measurement feedback
control solution to the optimal output regulation of time-delay
linear systems with unknown system dynamics and unmea-
surable disturbance. An online VI approach is proposed for
the design of data-driven adaptive optimal trackers with com-
plete disturbance rejection. HIL-based experiments have been
conducted on an MMG using two sets of engine generators in

order to validate and examine the effectiveness of the proposed
approaches.

In future research, in case more capable real-time simulation
platforms (e.g., Typhoon HIL602 and RTDS) are available to
us, we will be able to address the optimal control of the MMGs
with multiple sources of electric power. Then, we can also
consider the power system of more complicated MMGs. Those
real-time devices should allow us to implement and examine
them in a real-time fashion. Besides, we will target the optimal
control for the MMGs’ secondary controls. We plan to propose
data-driven methods for solving multiobjective optimization
problems [34], [35]. We also plan to generalize the pre-
sented methodology to nonlinear power systems through the
learning-based optimal control framework of [36].

APPENDIX

DERIVATION OF STATE-SPACE REPRESENTATION

The derivation of the state-space representation of the
systems shown in Fig. 2 has been detailed here. Based on
Fig. 2, one can find the relation between the output ωr (s),
the input u(s), and the disturbance Te(s) in the Laplace domain
as follows:
ωr (s) = (Td1s + 1)(−0.5TDs + 1)u(s)

s(Td2s + 1)(Td3s + 1)(0.5TDs + 1)(Jms + D)

− Te(s)
Jms + D

= β12s2 + β11s + β10

s5 + α4s4 + α3s3 + α2s2 + α1s
u(s)

+ β24s4 + β23s3 + β22s2 + β21s
s5 + α4s4 + α3s3 + α2s2 + α1s

Te(s) (29)

where

α4 = 2Jm T2a T3a + Jm T2a TD + Jm T3a TD + DT2a T3a TD

Jm T2a T3a TD

α3 = 2Jm(T2a + T3a + TD/2)

Jm T2a T3a TD

+ D(2T2a T3a + (T2a + T3a)TD)

Jm T2a T3a TD

α2 = 2(Jm + DT2a + DT3a) + DTD

Jm T2a T3a TD

α1 = 2D
Jm T2a T3a TD

β12 = −T1a

Jm T2a T3a

β11 = 2T1a − TD

Jm T2a T3a TD

β10 = 2
Jm T2a T3a TD

β24 = − 1
Jm

β23 = −2T2a T3a + (T2a + T3a)TD

Jm T2a T3a TD

β22 = −2T2a + 2T3a + TD

Jm T2a T3aTD

β21 = − 2
Jm T2a T3a TD

.
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(b) 

Fig. 3.12 Simulation test results after failure and restoration of the generator # 2 in the SMG which is 
controlled by PID. (a) frequency output in pu. (b) torque input in N.m. 

Fig. 3.8. - Fig. 3.11. give a comparison of results with a PID controller versus 

those achieved with the suggested controller. The performance of the Q-learning 

control is seen to be superior from the viewpoint of the time response relative to a 

tuned PID controller. 

 
3.7 Summary 

                     Primary frequency control of future SMG is an important objective in the 

smart grid, when the SMG is in the islanded mode. Many smart grid research efforts 

are addressing primary frequency control, the engine generators are being used in 

many pioneer microgrid projects in industrial research and development sectors. 

Difficulties related with this important task are as follows: 1) actual uncertainties of 

the mechanical parameters, 2) uncertain disturbances which are coming from other 

control loops of electrical variables and uncertainty of electrical loads, 3) 

manipulating point variations due to load changes. This chapter offers a novel 

primary frequency control of Diesel-engine generators of SMGs of the future via Q-

learning feedback control. Simulation tests have been executed on a SMG using two 

sets of engine generators to demonstrate effectiveness of the suggested methods. 
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Fig. 10. HIL test results of the “reconnection” of synchronous generator #2
of the MMG under study (after disconnecting it), which is controlled by PID.
(a) Output (i.e., frequency) in pu. (b) Input (i.e., torque) in N.m.

Indeed, Figs. 5–10 show the comparison of the PID con-
troller results with the proposed controller outcomes. Those
figures have revealed that the performance of the data-driven
control is very acceptable from the perspective of the time
response compared with a tuned PID controller.

V. CONCLUSION AND FUTURE WORK

The primary frequency control of future MMGs is a vital
task in the smart grid paradigm, primarily when the MMG is
being operated in the islanded mode. Among all entities taking
care of primary frequency control, the engine generators are
still being employed in many pilot microgrid projects in
industrial R&D sections, as well as naval power systems.
Challenges associated with this crucial task are as follows:
1) existing uncertainties of the mechanical parameters; 2) the
occurrence of uncertain disturbances that are coming from
other control loops of electrical variables and uncertainty
of loads; 3) operating point variations due to load changes;
and 4) last but not least, the appearance of nonminimum
phase dynamics associated with the engine delay. This article
presents a novel primary frequency control of engine gener-
ators of MMGs of the future using measurement feedback
control solution to the optimal output regulation of time-delay
linear systems with unknown system dynamics and unmea-
surable disturbance. An online VI approach is proposed for
the design of data-driven adaptive optimal trackers with com-
plete disturbance rejection. HIL-based experiments have been
conducted on an MMG using two sets of engine generators in

order to validate and examine the effectiveness of the proposed
approaches.

In future research, in case more capable real-time simulation
platforms (e.g., Typhoon HIL602 and RTDS) are available to
us, we will be able to address the optimal control of the MMGs
with multiple sources of electric power. Then, we can also
consider the power system of more complicated MMGs. Those
real-time devices should allow us to implement and examine
them in a real-time fashion. Besides, we will target the optimal
control for the MMGs’ secondary controls. We plan to propose
data-driven methods for solving multiobjective optimization
problems [34], [35]. We also plan to generalize the pre-
sented methodology to nonlinear power systems through the
learning-based optimal control framework of [36].

APPENDIX

DERIVATION OF STATE-SPACE REPRESENTATION

The derivation of the state-space representation of the
systems shown in Fig. 2 has been detailed here. Based on
Fig. 2, one can find the relation between the output ωr (s),
the input u(s), and the disturbance Te(s) in the Laplace domain
as follows:
ωr (s) = (Td1s + 1)(−0.5TDs + 1)u(s)

s(Td2s + 1)(Td3s + 1)(0.5TDs + 1)(Jms + D)

− Te(s)
Jms + D

= β12s2 + β11s + β10

s5 + α4s4 + α3s3 + α2s2 + α1s
u(s)

+ β24s4 + β23s3 + β22s2 + β21s
s5 + α4s4 + α3s3 + α2s2 + α1s

Te(s) (29)

where

α4 = 2Jm T2a T3a + Jm T2a TD + Jm T3a TD + DT2a T3a TD

Jm T2a T3a TD

α3 = 2Jm(T2a + T3a + TD/2)

Jm T2a T3a TD

+ D(2T2a T3a + (T2a + T3a)TD)

Jm T2a T3a TD

α2 = 2(Jm + DT2a + DT3a) + DTD

Jm T2a T3a TD

α1 = 2D
Jm T2a T3a TD

β12 = −T1a

Jm T2a T3a

β11 = 2T1a − TD

Jm T2a T3a TD

β10 = 2
Jm T2a T3a TD

β24 = − 1
Jm

β23 = −2T2a T3a + (T2a + T3a)TD

Jm T2a T3a TD

β22 = −2T2a + 2T3a + TD

Jm T2a T3aTD

β21 = − 2
Jm T2a T3a TD

.
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Chapter 4. Policy Iteration Based Microgrid Control for Mitigating 
Grid Frequency Fluctuations 

 
Abstract – Due to unknown disturbance, it is hard to control optimally with grid connected 

inverter under-voltage ride through. This chapter introduces a model-free integral 

reinforcement learning (IRL) method called exploration policy iteration, along with two 

entirely model-free integral reinforcement learning techniques referred to as integral Q-

learning A and B. The primary goal is to identify the online solution for the specified 

continuous time nonlinear optimal control problem involving input-affine systems. All 

proposed methods are designed to explore the state space concurrently and stably. It has 

demonstrated that the proposed integral reinforcement learning techniques are equivalent 

to integral policy iteration, as dictated by excitation condition on exploration, which 

highlights the significance of the integral temporal difference solutions. Additionally, the 

neural network-based application methods of the proposed strategies were presented, and 

their effectiveness was validated through voltage source inverter fault ride-through 

simulations, compared against other methods. 

 
4.1 Background 

                     RL is motivated by biological animal learning process and is devised to learn 

the best policy by having relations with a given unknown environment to magnify 

their long-term performance [73]. From the very first moment of the research, RL 

approaches have been widely researched in the fields of computational intelligence 

especially concentrated on the finite Markov decision process (MDP) [73]. Thus, a 

diversity of RL algorithms in MDP surroundings have been suggested, including Q-

learning, and actor critic approaches with effective applications [74]. These RL 
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approaches were expanded to be rooted in two main ideas: 1) temporal difference 

(TD) and 2) exploration/exploitation, all of which now evolve into the basic 

components in RL  [73].  

                     TD error is one-step prediction error, implying how far the approximate value 

function is from the true one within the current policy [73]. The value function and 

its action dependent form, called Q-function, practically reveal the long-term 

performance index for the current policy and act a part in modifying agent’s current 

policy in RL. All RL approaches furnish at least one update rule, the objective of 

which is to approximate the value function by decreasing the related TD error [74]. 

Corresponded with the exploration/exploitation in RL, there is an exploration versus 

exploitation predicament [73]: to accomplish an enhance response, the RL agents 

should exploit the information they get, but simultaneously explore the entire 

environments to enhance future actions. In RL methods for MDPs, a plenty number 

of explorations of each state-action pair is necessary for the learning of best reply, 

and therefore exploration and exploitation should be appropriately matched during 

the learning period [73]. In This chapter, we concentrate on the 

exploration/exploitation issues and TD learning methods in RL useable to continuous 

time dynamical systems for adaptive integral Q-learning control. 

 
4.1.1 Policy iteration in optimal control 

                       The optimal control policy and value function can be attained by solving 

the HJB equation. However, this is a challenging duty even in any case of totally 

known dynamics due to the inflexibility of the HJB partial differential equation and 

a problem recognized as the curse of dimensionality. To reduce these problems, 
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scientist in the research area of both machine learning and controls have researched 

the computational approaches recognized as policy iteration (PI) [75] and value 

iteration (VI) [76]. Both approaches comprise of two processes — policy evaluation 

and policy improvement. The differently between VI and PI rest in policy evaluation 

[73]. In contrast to VI, PI reduces the related TD error at each step of policy 

evaluation to calculate the exact value function. 

                        Blending the forward-in-time computational approaches with neural 

networks in discrete time domain, Werbos [77] suggested adaptive dynamic 

programming methods for optimal neuro control. In these approaches, one neural 

network (NN) called actor discover the enhanced policy as a role of policy 

enhancement, and the other NN called critic acts a part of policy evaluation for 

estimating the value function. Separately of these works, the inverse optimal neuro 

control approaches [78] have been developed, in which the cost function is a 

posteriori fixed for regulating feedback. In the inverse optimal method, it is not 

necessary to solve the HJB equation but cannot freely select the needed cost function. 

The suggested RL approaches in this chapter are a kind of online PI merged with 

neural networks in which effectively find, by forward-in-time computation, the 

continuous time adaptive optimal control solution fulfilling the basic HJB equation, 

where the cost function is given as priori. 

 
4.1.2 Adaptive nonlinear optimal control 

                       Integral reinforcement learning approaches are subject to value iteration and 

policy iteration in the time domain, which reduce or lessen the related integral TD 

error at every step. For the integral reinforcement learning approaches advanced from 
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policy iteration [75] especially, which we call integral policy iteration in our paper, 

the stability and convergence to the optimal solution are attested under the beginning 

admissible policy. The execution approaches due to least squares (LS) and the 

Galerkin neural network estimation. However, all the basic integral reinforcement 

learning approaches need exact knowledge of the input-coupling dynamics [79], 

which restrain the pragmatic use of the algorithms. Second, different from 

reinforcement learning approaches for discrete time dynamical systems [80], there is 

by no means to concurrently explore the state space for the satisfaction of the 

permanent excitation conditions during online learning — re-establishing the state 

variables to some non-zero points is the sole method in these integral reinforcement 

learning approaches [79] to give extra excitations to the state variables. Finally, the 

specific initial admissible region in integral policy iteration is not unchanged for the 

intermediate closed loop systems, so the state trajectory may take off the well-defined 

stable region during the learning stage, particularly at the time instant the policy is 

updated. 

                       For the same continuous time optimal control problems, these ideas of 

integral reinforcement learning are blended with adaptive control approaches, and the 

resulting online actor-critic reinforcement learning approaches, called synchronous 

policy iteration, were suggested in [80]. These approaches concurrently update the 

actor and critic neural networks in an online fashion, and the stability of the 

reinforcement learning control system is attested under the presumption of persistent 

excitation. Though presenting new ideas, they need partial/complete knowledge of 

the system dynamics [81] and an additional neural network to recognize the system 
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dynamics [82]. In previous literature [83], it blends integral policy iteration with both 

continuous time Q-function and exploration to improve two online high-level integral 

reinforcement learning algorithms: integral Q-learning and explorized policy 

iteration with model free algorithm. Both algorithms can explore the entire state space, 

and the former can be adjusted to completely unknown dynamics. 

                      This research suggests three completely/partially model free integral 

reinforcement learning algorithms which is continuous time optimal control and use 

neural networks to estimate the control policy and value function. Integral policy 

iteration and fixed admissible policy iteration (FA-PI) provide the fundamental ideas 

of integral-TD and fixed admissibility respectively. All the suggested approaches can 

concurrently and stably explore the state space during online learning and can 

refurbish the given admissible region and the exploration signal to ensure input to 

state stability and fixed admissibility. Also, the two approaches out of the three, 

named integral Q-learning A and B, respectively. In the suggested approaches, the 

cost function is a priori in which can be freely selected without such restrictions as in 

inverse optimal methods [83]. 

                     To improve the integral reinforcement control methods, this research 

stretches out the concepts of exploration, and to the nonlinear system that is 

commanded by a control policy and probing signal called an exploration. Then we 

show the excitation condition on the exploration to uniquely solve the high-level 

integral-TD equation. This remarkable solution is equal to the solution to the integral-

TD equation used in integral policy iteration and the related Lyapunov equation used 

in policy iteration and FA-PI. We suggest one partially model free integral 
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reinforcement learning approach named explorized integral policy iteration, and two 

model-free integral policy iteration approaches named integral Q-learning A and B, 

respectively. Convergence properties of the suggested integral reinforcement 

learning approaches, related with the design of explorations, are also given under 

condition. Finally, neural network-based actor-critic least squares execute methods 

are shown, and we simulate the proposed integral reinforcement learning approaches 

within the microgrid inverter fault ride-through on transient stability of autonomous 

environment to verify their performance and to compare them with other approaches. 

 
4.2 Element of reinforcement learning 

4.2.1   Nonlinear systems exploration 

                       We reflect on the nonlinear system explored by an unknown time-different 

probing signal 𝑒p: 

      𝑋̇p = 𝑓(𝑋p) + 𝑔(𝑋p)[𝑢(𝑋p) + 𝑒p], 𝑋(𝑡) = 𝑧 ∈ Ω																											(4.1)        

       where 𝑒: [𝑡,∞] → ℝH is called an exploration, and presume piecewise continuous and 

uniformly bounded, 𝑋p(𝑧; 𝜇, 𝑒)  indicates the state trajectory 𝑋(𝜏) at time 𝜏 ≥

𝑡	 created by the nonlinear system (4.1) under the given policy 𝑢 = 𝜇(𝑥)	 and 

exploration 𝑒p. Different from a finite MDP [73] or linear systems [73], we require 

the following concept of fixed admissibility of an exploration e. 

                      For a given policy 𝜇 ∈ 𝐴M(Ω), an exploration e is fixed admissible on Ω, 

indicated by 𝑒 ∈ 𝐴M(Ω; 𝜇)or (𝜇, 𝑒) ∈ 𝐴M(Ω), 

      𝑧 ∈ Ω ⟹ 𝑋p(𝑧; 𝜇, 𝑒) ∈ Ω, ∀𝜏 ≥ 𝑡.																																				(4.2) 

                      If Ω is compact and (𝜇, 𝑒) ∈ 𝐴M(Ω), then the existence of 𝑋p(𝑧; 𝜇, 𝑒)∀𝑧 ∈ Ω 
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and ∀𝜏 ≥ 𝑡  is warranted by (4.2), and (4.2) also hint 𝑋p(∙, 𝜇, 𝑒)  is possible on Ω. 

Also, input-to-state stable (ISS) for the explorization system (4.1), the stability is 

accurately defined in this research as follows. For a given policy μ and an exploration 

e, the nonlinear system (4.1) is input-to-state stable on Ω if 𝑋p ≡ 𝑋p(𝑧; 𝜇, 𝑒)  exists 

∀𝑧 ∈ Ω  and ∀𝜏 ≥ 𝑡,	 𝑋pis feasible on Ω, and there exist 𝛼(∙) ∈ 𝒦  and 𝛽(∙,∙) ∈ 𝒦ℒ  

such that for any 𝑧 ∈ Ω  and all 𝜏 ≥ 𝑡, 

       ´|𝑋p|´ ≤ 𝛽w´|𝑧|´, 𝜏 − 𝑡x + 𝛼wsup´|𝑒(𝑠)|´	x																											(4.3)				 

        It is mentioned in the following theorem in which ISS and fixed admissibility of 𝑒  

are maintained under the small exploration if the policy is created by either FA-PI or 

integral policy iteration. 

        Regard { 𝜇D}   and {𝑉nD } created by FA-PI or integral policy iteration under 

assumptions that it is locally Lipschitz on D and there is a policy 𝜇  which stabilizes 

the system. If the exploration 𝑒 meets 

       sup´|𝑒(𝜏)|´ < Ñ�&∘�v]F
CE(+F)

ov(�)
                                         (4.4)  

        Then (𝜇D<$, 𝑒) ∈ 𝐴M(ΩD<$)  and the nonlinear system (4.1) under 𝑢 = 𝜇D<$(𝑥)  is 

input-to-state stable on ΩD<$ . In addition, if 𝒟 = ΩD = ℝSand 𝛼nD , 𝛼> ∈ 𝒦q , then 

ISS holds globally for any 𝑧 ∈ ℝS and any bounded exploration 𝑒p. 

 
4.2.2   Proceeded integral temporal difference and exploration principles 

                        If  𝑋p is created by (4.1) with non-zero exploration, then policy evaluation 

of integral policy iteration does function correctly. Meantime, if 𝑔(𝑋)is not known a 

priori, the next policy 𝜇D<$can be updated by policy enhancement. To figure out these 
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two problems, the next e-dependent integral temporal difference is contrived as: 

       𝑉(𝑋P) = ∫ [𝑟(𝑋, 𝜇(𝑋))P<m
P + 2𝜈m(𝑋)𝑅𝑒(𝜏)]𝑑𝜏 + 𝑉(𝑋P<m)											(4.5) 

       where (𝜇, 𝑒) ∈ 𝐴M(Ω) is a given policy-exploration pair in which is fixed admissible 

on a set Ω ⊑ 𝒟 ; X indicates the trajectory 𝑋p(𝑧; 𝜇, 𝑒) for z=𝑋P ∈ Ω; 𝑉(𝑥) ∈ ℝ is 

positive definite and 𝐶$  on Ω ; 𝜈(𝑥) ∈ ℝH  is a policy to be determined. All the 

integral reinforcement learning approaches suggested in this dissertation will be 

created based on this integral temporal difference (4.5). The exploration term 

𝜈m(𝑋)𝑅𝑒(𝜏) is included to the effects of e on integral temporal difference, and to 

obtain the new policy 𝜈(𝑋) = 𝜇<(𝑋) without knowing g(X) a priori. 𝜇<(𝑋) is the 

aspired next policy defined in terms of 𝑔(𝑋) and ∇𝑉(𝑋) as 

       𝜇<(𝑋) = − $
/
𝑅Y$𝑔m(𝑋)∇𝑉(𝑋)																																(4.6) 

       We presume that e is T-periodic such as 𝑒p = 𝑒p<m for all 𝜏 ≥ 𝑡. Finding 𝑉 ∈ 𝐶$(Ω) 

and a policy 𝜈 comforting (4.5) for all 𝑧 = 𝑋P ∈ Ω is identical to solving: 

       𝐻w𝑋, 𝜇(𝑋), ∇𝑉(𝑋)x = 2𝜑m(𝑋)𝑅𝑒p																										(4.7) 

       for all 𝑋 ∈ Ω and 𝜏 ∈ [𝑡, 𝑡 + 𝑇), 𝜑(𝑋) ≔ 𝜇<(𝑋) − 𝜈(𝑋) is the policy error. 

                           Using (4.7), we can efficiently prove in which 𝑉n ∈ 𝐶$(Ω),	 

       𝑉(𝑋) = 𝑉n(𝑋), 𝜈(𝑋) = 𝜇<(𝑋)|*J*] 																							(4.8) 

       Are a solution to the integral temporal difference equation (4.5) and meet 

𝐻w𝑋, 𝜇(𝑋), ∇𝑉(𝑋)x = 0, 𝜙(𝑋) = 0, ∀𝑋 ∈ Ω.  For instance, if 𝑚 = 1  and 𝑒p  is 

constant, the is 𝑒p ≡ 𝑐	∀𝜏 ∈ [𝑡, 𝑡 + 𝑇], then equation (4.7) means 𝜈 can be obtained 
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from 𝑉(𝑋) and 𝑐 as 𝜈(𝑋) = 𝜇<(𝑋) + ]_�,n(�),∇*(�)b
�,

. This implies that for a given 

𝑉(𝑋), there are unique solutions depending on the constant 𝑐. For the case when 𝑔(𝑥) 

is known, 𝜈 = 𝜇< can be replaced with (4.5) to get the following straightforward 

integral temporal difference: 

       𝑉(𝑋P) − 𝑉(𝑋P<m) = ∫ ½𝑟w𝑋, 𝜇(𝑋)x − ∇m𝜈(𝑋) ∙ 𝑔(𝑋)𝑒p¾𝑑𝜏																	(4.9)
P<m
P  

       Here, the solution 𝑉 = 𝑉n to (4.9). 

                        Assumption 1a. There exist 𝑘$, 𝑘/ > 0  such that 𝑘$𝐼 ≤ ∑ w𝑐r −=Y$
rJ$

𝑐r<$x w𝑐r − 𝑐r<$x
m ≤ 𝑘/𝐼 . Assume 𝑒p  is given by 𝑒p = 𝑐r , ∀𝜏 ∈ ½𝑡r , 𝑡r<$¾  and 𝑉n ∈

𝐶$(Ω), then the solution to the integral temporal difference (4.5) is determined by 

(4.8) under there exist 𝑘$, 𝑘/ > 0 such that 𝑘$𝐼 ≤ ∑ w𝑐r − 𝑐r<$x=Y$
rJ$ w𝑐r − 𝑐r<$x

m ≤

𝑘/𝐼. Under the replacement 𝑉 = 𝑉n, (4.5) can be revised as 

       𝑉n(𝑋P) = ∫ ½𝑟w𝑋, 𝜇(𝑋)x + 2𝜈m𝑅𝑒p¾𝑑𝜏
P<m
P + 𝑉n(𝑋P<m)																(4.10) 

       	∀𝑋 ∈ Ω, ∀𝑗 ∈ {1,2,∙∙∙, 𝐿}																									(4.11) 

        In this context, the equation of (4.8) is true under the following simple excitation 

condition. 

                        Assumption 1b. There exist 𝑘�, 𝑘h > 0 such that 𝑘�𝐼 ≤ ∑ 𝑐r𝑐rm ≤ 𝑘h𝐼=
rJ$ . 

       Assumption 1b is identical to the following excitation condition for some constants 

𝜋�, 𝜋h > 0. 

       𝜋�𝐼 ≤ ∫ 𝑒p𝑒pm𝑑𝜏 ≤
P<m
P 𝜋h𝐼																																						(4.12) 
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       Identically, if 𝑡r<$ − 𝑡r =
m
=

 for all 𝑗 ∈ {0,1,2,∙∙∙, 𝐿 − 1}  then Assumption 1a is 

identical to the existence of 𝜋$, 𝜋$ > 0 such that 

         

      𝜋$𝐼 ≤ ∫ �𝑒p − 𝑒p<Q!
�P<!CE! m

P �𝑒p − 𝑒p<Q!
�
m
𝑑𝜏 ≤ 𝜋/𝐼												(4.13) 

                        For assumption 1a, there should exists a subsequence ©𝑐rVªVJ$
H<$  whose 

difference ©𝑐rV − 𝑐rV<$ªVJ$
H  is linearly independent. For this, 𝐿 ≥ 𝑚 + 1 is necessary. 

However, the existence of linearly independent subsequence ©𝑐rVªVJ$
H  be adequate for 

𝑒p to meet presumption 1b. In this context, we need 𝐿 ≥ 𝑚. Thus, when 𝑉 is given 

by 𝑉n a priori, the composition of the exploration 𝑒p	turns into relatively easy and 

simple. For example, if 𝑚 = 1, then two constants 𝑐$ ≠ 𝑐/ are required to construct 

𝑒p  with obeying Assumption 1a. However, for the case of 𝑉 = 𝑉n  and 𝑚 = 1, 𝑒p 

satisfying Assumption 1b can be created using only one constant 𝑐$ ≠ 0. Assumption 

1a or Assumption 1b with 𝑉 = 𝑉n  is necessary to ensure the uniqueness of the 

solution (4.8). 

 
4.3 Integral policy iteration and fixed admissible policy iteration  
without explorations 

                      The goal of the integral reinforcement learning algorithms showed in this 

dissertation is to search the best admissible policy 𝜇∗ minimizing the performance 

index 𝐽w𝑋P , 𝑢(∙)x = ∫ 𝑟(𝑋p, 𝑢p)𝑑𝜏
q
P  and matching optimal value function 𝑉∗(𝑋) ≔

𝑉n∗(𝑋). Minimizing the Hamiltonian 𝐻(𝑋, 𝜇, ∇𝑉∗) among all applicable policies, we 

can obtain the optimal policy 𝜇∗(𝑋) as follows: 
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       𝜇∗(𝑥) = − $
/
𝑅Y$𝑔m(𝑥)∇𝑉∗(𝑥)																																(4.14) 

       Moreover, exchange (4.14) into 𝐻w𝑥, 𝜇(𝑥), ∇𝑉n(𝑥)x = 0, ∀𝑥 ∈ Ω and rearranging the 

equation produce well known HJB equation: 

       0 = 𝑆(𝑥) + ∇𝑉∗m𝑓(𝑥) − $
h
∇𝑉∗m𝑔(𝑥)𝑅Y$𝑔m(𝑥)∇𝑉∗, 𝑉∗(0) = 0.								(4.15) 

       The existence of 𝑉∗ ∈ 𝐶$pleasing (4.14) is the required and adequate condition for 

optimality. 

                      The goal of policy iteration [75] and integral reinforcement learning 

approaches is to find the solution 𝑉∗ to the HJB equation (4.15) and the matching 

optimal policy (4.14) by iterations. All the integral reinforcement learning approaches 

suggested in the dissertation have the same purpose, finding the optimal solution 𝑉∗ 

and 𝜇∗. We briefly discuss existing policy iteration integral reinforcement methods 

[84] without considering explorations.  

                      Fig. 4.1, represents the entire process of a policy iteration method called 

fixed admissible policy iteration (FA-PI). Usually, policy iteration methods involve 

of policy evaluation for solving the nonlinear Lyapunov equation and policy 

improvement for updating the policy by the rule [84]. 

       𝜇D<$(𝑥) = − $
/
𝑅Y$𝑔m(𝑥) ∙ ∇𝑉nF(𝑥)																									(4.16) 

        Also, the FA-PI in Fig. 4.1, upgrades the next region ΩD<$ in the inverse admissible 

region upgrade step for the fixed admissibility of 𝜇D and 𝜇D<$ on ΩD<$. This step can 

be excluded if one can find a universal admissible set Ω on which 𝜇D ∈ 𝐴(Ω), ∀𝑖 ∈
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ℤ<  and let ΩD be equivalent to Ω, ∀𝑖 ∈ ℤ<. In this context, FA-PI turn into the policy 

iteration [84]. 

                     𝑉n(𝑥) is a Lyapunov function for the system then we derive: 

       𝑉̇n(𝑥p) ≡ w∇𝑉n(𝑥p)x
mw𝑓(𝑥p) + 𝑔(𝑥p)𝜇(𝑥p)x = −𝑟w𝑥p, 𝜇(𝑥p)x < 0			(4.17) 

       Afterward, integrate (4.17) from t to t+T to explain integral policy iteration. Then, we 

obtain the subsequent integral temporal difference equation for a given 𝜇 ∈ 𝐴(Ω): 

       𝑉n(𝑥P) = ∫ 𝑟w𝑥p, 𝜇(𝑥p)x𝑑𝜏 + 𝑉n(𝑥P<p)																				(4.18)
P<m
P  

        This integral temporal difference equation is well-defined for all 𝑥P ∈ Ω  and for any 

𝑇 > 0 if 𝜇 is fixed admissible on Ω  since 𝑥P ∈ Ω and 𝜇 ∈ 𝐴M(Ω) insures 𝑥p(𝑥P , 𝜇, 0) 

persist in the admissible set Ω  for all 𝜏 ∈ [𝑡, 𝑡 + 𝑇]. Similarly, FA-PI can be changed 

by integrating 𝑉̇n(𝑥p) = −𝑟w𝑥p, 𝜇(𝑥p)x   over the time interval [𝑡, 𝑡 + 𝑇] . This 

modification results in integral policy iteration represent in Algorithm 1, where only 

the policy evaluation step is shown; the other process is precisely the same to FA-PI 

represent in Fig. 4.1. 
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Fig. 4.1 Representation of FA-PI algorithm. 

 

        

 

 

Fig. 4.2 Representation of Algorithm 4.1. 

        When a general admissible set Ω   is given a priori and ΩD = Ω, ∀i ∈ ℤ< , then 

Algorithm 1 turn into the integral policy iteration given in [85]. If both integral policy 

iteration and FA-PI use the same initial policy 𝜇& which is admissible on the same 

region Ω& , and generate the same {ΩD<$}D∈�S  , then they create the same process 

{𝑉nF}  and {𝜇D}. Thus, integral policy iteration takes over the properties of FA-PI 

regarding convergence and fixed admissibility considered above [85]. 

 
4.4  Integral reinforcement learning with explorations 

                     Inspired by the high-level integral temporal difference (4.5), (4.9), (4.10). we 
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H(x, µ,∇V ∗) among all admissible policies, we can obtain
the optimal policy µ∗(x) as follows:

µ∗(x) = −
1

2
R−1gT (x)∇V ∗(x). (10)

Furthermore, substituting (10) into (8) and rearranging the
equation yield the well-known HJB equation:

0 = S(x) +∇V ∗T f(x)−
1

4
∇V ∗T g(x)R−1gT (x)∇V ∗,

V ∗(0) = 0. (11)

The existence of V ∗ ∈ C1 satisfying (11) is the necessary and
sufficient condition for optimality.

III. PI AND I-RL WITHOUT EXPLORATIONS
The objective of PI [7]–[10] and I-RL (I-PI [12]) methods

is to find the solution V ∗ to the HJB equation (11) and the
corresponding optimal policy (10) by iterations. All the I-RL
methods proposed in this paper have the same purpose, i.e.,
finding the optimal solution V ∗ and µ∗. In this preliminary
section, we present and briefly discuss the existing PI and I-
RL methods [9], [10], [12] without considering explorations.
Fig. 1 shows the whole process of a PI method, called IA-

PI in our recent work [10]. Normally, PI methods consist of
policy evaluation for solving the nonlinear Lyapunov equation
(8) and policy improvement for updating the policy by the rule

µi+1(x) = −
1

2
R−1 gT (x) ·∇V µi(x) (12)

(see [1], [9]). In addition to this, the IA-PI in Fig. 1 updates
the next region Ωi+1 in the inv. admissible region update step
for the invariant admissibility of µi and µi+1 on Ωi+1. This
step can be omitted if one can find a universal admissible set
Ω on which µi ∈ A(Ω) ∀i ∈ Z+ and let Ωi be equal to Ω
∀i ∈ Z+. In this case, IA-PI becomes the PI given in [8], [9].
For each µi ∈ A(Ωi), let Ψi be a compact subset such that
1) Ωi ⊆ Ψi ⊂ RA(µi) ∩D;
2) xτ (·, µi, 0) is feasible on Ψi.
An example of such Ψi is Ωi in IA-PI (see Fig. 1), but we
consider the general case where Ψi satisfies the above two
conditions. By [10, Lemma 2], such Ψi for µi ∈ A(Ωi)
guarantees µi ∈ A(Ψi), and thereby V µi(x) < ∞ ∀x ∈ Ψi.

Assumption 2. For each µi ∈ A(Ωi), V µi is C1 on Ψi, and
the next region Ωi+1 is given by Ωi+1 = Ωµi

di
for some di

chosen in the interval (0, minx∈∂Ψi V
µi(x)).

Theorem 1. Under µi ∈ A(Ωi) and Assumption 2,
1) Ωi+1 is in the interior of Ψi, and V µi ∈ C1(Ωi+1);
2) µi and µi+1 are invariantly admissible on Ωi+1.

Proof: µi ∈ A(Ωi) and [10, Lemma 2] imply that V µi

is finite on Ψi, and we have V µi ∈ C1(Ψi) by Assumption
2. So, Lemma 2 with Ω = Ψi implies Ωi+1 is in the interior
of Ψi, which again implies V µi ∈ C1(Ωi+1) since Ωi+1 is
compact. Moreover, by [10, Theorem 2] with Υi = Ωi+1, we
have µi, µi+1 ∈ AI(Ωi+1).
Theorem 1 provides a concrete way to construct the next

invariantly admissible region Ωi+1 at each i-th step, based on

[Initialize]
Set i = 0 and (µ0,Ω0) such that
µ0 ∈ A(Ω0) and Ω0 ⊆ D is compact.
Set ε > 0 be a small constant.

Start

[Policy Evaluation]
Find V µi ∈ C1(Ωi) such that

H(x,µi(x),∇V
µi(x)) = 0, V µi(0) = 0.

[Policy Improvement]
Update the next policy µi+1 ∈ C0(Ωi) by
µi+1(x) = − 1

2
R−1 gT (x) ·∇V µi(x)

[Inv. Admissible Region Update]
Find the next compact region Ωi+1 ⊆ D

such that µi, µi+1 ∈ AI(Ωi+1).

supx∈Ωi+1
∥µi+1 − µi∥ < ε? Endno

i← i+ 1

yes

Fig. 1. Description of the IA-PI algorithm [10].

V µi and a given admissible regionΨi which is a subset of both
RA(µi) and D. However, estimating RA(µi) or its subset Ψi

may cause high computational burden, and needs the complete
knowledge about the dynamics (f, g). On the other hand, Ψi

can be chosen as Ψi = Ωi. In this case, Ωi+1 becomes rather
conservative, but can be determined without such obstacles as
shown in the following corollary:

Corollary 1. Suppose µi ∈ A(Ωi) and Assumption 2 holds.
If Ψi is given by Ψi = Ωi, then
1) Ωi+1 is in the interior of Ωi, and V µi ∈ C1(Ωi+1);
2) µi and µi+1 are invariantly admissible on Ωi+1.

Note that since µi+1 ∈ AI(Ωi+1) implies µi+1 ∈ A(Ωi+1),
Theorem 1 and Corollary 1 hold for all i ∈ Z+ by induction,
under µ0 ∈ A(Ω0). In the case “Ψi = Ωi for all ∀i ∈ Z+,”
it has been shown in [10] that V µi uniformly converges to
V ∗ under certain conditions; this also implies the convergence
µi → µ∗. The convergence in the general case can be also
proven in a similar manner under Assumption 2.
Next, integrate (9) from t to t + T to describe I-PI. Then,

we obtain the following I-TD equation for a given µ ∈ A(Ω):

V µ(xt) =

∫ t+T

t

r(xτ , µ(xτ )) dτ + V µ(xt+T ). (13)

This I-TD equation is well-defined for all xt ∈ Ω and for any
T > 0 if µ is invariantly admissible on Ω since xt ∈ Ω and µ ∈
AI(Ω) guarantees xτ (xt, µ, 0) remains in the admissible set Ω
for all τ ∈ [t, t+T ]. In the same way, IA-PI can be modified by
integrating V̇ µi(xτ ) = −r(xτ , µi(xτ )) over the time interval
[t, t+T ]. This modification results in I-PI shown in Algorithm
1, where only the policy evaluation step is described; the other
procedures are exactly same to IA-PI shown in Fig. 1. When
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Algorithm 1. Policy Evaluation of I-PI without Explorations
—————————————————————————
[Policy Evaluation]

Given µi ∈ A(Ωi), find V µi ∈ C1(Ωi) by solving

V µi(xt) =

∫ t+T

t

r(xτ , µi(xτ )) dτ + V µi(xt+T ) (14)

on the domain Ωi, where xτ ≡ xτ (xt;µi, 0).

—————————————————————————

a universal admissible set Ω is given a priori and Ωi = Ω
∀i ∈ Z+, then Algorithm 1 becomes the I-PI given in [12].
If both IA-PI and I-PI use the same initial policy µ0 which

is admissible on the same region Ω0, and generate the same
{Ωi+1}i∈Z+

, then they produce the same sequences
{

V µi
}

and
{

µi

}

. Therefore, I-PI inherits the properties of IA-PI
regarding convergence and invariant admissibility discussed
above (see also [10], [12]).

Remark 1. The I-TD (14) in Algorithm 1 does not contain
any explicit terms about (f, g), and the input coupling term
g(x) is only used in policy improvement (12). This makes the
algorithm partially model-free, i.e., the system drift dynamics
f(x) is not required to be known in I-PI.

IV. RL COMPONENTS

To develop the main I-RL methods, we extend the concept
of exploration in RL for a finite MDP to nonlinear dynamical
systems, and then with detailed mathematical analysis, present
advanced I-TD, the refined version of the I-TD (13) with
respect to exploration.

A. Exploration in Nonlinear Dynamical Systems
Now, we consider the nonlinear system explored by a known

time-varying probing signal eτ :

ẋτ = f(xτ ) + g(xτ )[u(xτ ) + eτ ], x(t) = z ∈ Ω, (15)

where e : [t,∞) → Rm is called an exploration, and assumed
piecewise continuous and uniformly bounded; xτ (z;µ, e) de-
notes the state trajectory x(τ) at time τ ≥ t generated by the
nonlinear system (15) under the given policy u = µ(x) and
exploration eτ . Unlike in a finite MDP [3] or linear dynamical
systems [1], [13], [16], [18], we need the following concept
of invariant admissibility of an exploration e.

Definition 6. For a given policy µ ∈ AI(Ω), an exploration
e is said to be invariantly admissible on Ω, denoted by e ∈
AI(Ω;µ) or (µ, e) ∈ AI(Ω), with slight abuse of notation, if

z ∈ Ω =⇒ xτ (z;µ, e) ∈ Ω, ∀τ ≥ t. (16)

Notice that the invariance (16) in Definition 6 is an exten-
sion of (6) with respect to an exploration e; if Ω is compact and
(µ, e) ∈ AI(Ω), then the existence of xτ (z;µ, e) ∀z ∈ Ω and
∀τ ≥ t is guaranteed by (16) and [34, Theorem 3.3], and (16)
also implies xτ (·, µ, e) is feasible on Ω. Here, the feasibility
of xτ (·, µ, e) can be also defined in a similar manner to
Definition 6 by extending Definition 2. Moreover, ISS for the

explorized system (15), the stability counterpart of Definition
3, is precisely defined in this paper as follows.

Definition 7. For a given policy µ and an exploration e, we
say that the nonlinear system (15) is input-to-state stable on
Ω if xτ ≡ xτ (z;µ, e) exists ∀z ∈ Ω and ∀τ ≥ t, xτ is feasible
on Ω, and there exist α(·) ∈ K and β(·, ·) ∈ KL such that for
any z ∈ Ω and all τ ≥ t,

∥xτ∥ ≤ β
(

∥z∥, τ − t
)

+ α

(

sup
t≤s≤τ

∥e(s)∥
)

. (17)

Now, it is stated in the following theorem that ISS and
invariant admissibility of e are preserved under the small
exploration if the policy is generated by either IA-PI or I-PI.

Theorem 2. Consider {µi} and {V µi} generated by IA-PI or
I-PI under Assumptions 1 and 2. If the exploration e satisfies

sup
t≤τ<∞

∥e(τ)∥ <

√

αs ◦ ᾱ−1
µi

(

di
)

σ̄(R)
, (18)

then (µi+1, e) ∈ AI(Ωi+1) and the nonlinear system (15)
under u = µi+1(x) is input-to-state stable on Ωi+1. Moreover,
if D = Ωi = Rn and αµi , αs ∈ K∞, then ISS holds globally
for any z ∈ Rn and any bounded exploration eτ .

Proof: See Appendix B.

B. Advanced I-TD and Design Principles of Exploration
If xτ is generated by (15) with non-zero exploration, then I-

TDs (13) and (14) in policy evaluation of I-PI do not function
properly. Meanwhile, if g(x) is not known a priori, the
next policy µi+1 cannot be updated by policy improvement,
either. To solve these two problems, the following e-dependent
advanced I-TD is devised from I-TD (13):

V (xt) =

∫ t+T

t

[

r(x, µ(x)) + 2νT (x)Re(τ)

]

dτ + V (xt+T ),

(19)
where (µ, e) ∈ AI(Ω) is a given policy-exploration pair that is
invariantly admissible on a set Ω ⊆ D; x denotes the trajectory
xτ (z;µ, e) for z = xt ∈ Ω; V (x) ∈ R is positive definite and
C1 on Ω; ν(x) ∈ Rm is a policy to be determined. All the I-RL
methods proposed in this paper will be designed based on this
advanced I-TD (19). Compared to I-TD (13), the exploration
term νT (x)Re(τ) is added to cancel out the effects of e on
I-TD, and to acquire the new policy ν(x) = µ+(x) without
knowing g(x) a priori. Here, µ+(x) is the desired next policy
defined in terms of g(x) and ∇V (x) as

µ+(x) := −
1

2
R−1gT (x)∇V (x).

For the discussions, we assume without loss of generality that
e is T -periodic, i.e., eτ = eτ+T for all τ ≥ t.

Theorem 3. Finding V ∈ C1(Ω) and a policy ν satisfying
(19) for all z = xt ∈ Ω is equivalent to solving

H(x, µ(x),∇V (x)) = 2ϕT (x)Reτ (20)

for all x ∈ Ω and τ ∈ [t, t+T ), where ϕ(x) := µ+(x)−ν(x)
is the policy error.

(19)

Alg. 4.1. 
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suggest three completely/partially model free integral reinforcement learning 

algorithms in which exploit the exploration 𝑒p to concurrently excite the states and 

learn the next policy without knowing nonlinear systems. Meanwhile, integral policy 

iteration is an online approach, all the proposed integral reinforcement learning 

algorithms can operate in online fashion even when the nonlinear system (𝑓, 𝑔)is 

partially/completely unknown and experience exploration 𝑒p. Fig. 4.2, presents the 

entire process of the suggested approaches in a combined way, which are similar to 

but different from integral policy iteration and FA-PI represented in Fig. 4.1 and 

Algorithm 1, as explained below.  

 

Fig. 4.3 Suggested online integral reinforcement learning approach. 

        As long as FA-PI and integral policy iteration cannot explore the state space in 

exploitation fashion, the suggested approaches use admissible explorations to 

concurrently excite the state variables. To conserve fixed admissibility of the 

exploration, the suggested approaches create 𝑒p both at the beginning step and after 

each policy enhancement, as represented in Fig. 4.3. The three integral reinforcement 
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[Initialize]
Set ε > 0 be a small constant and i = 0.
Set (ν0, e,Ω0) be such that Ω0 ⊆ D is
compact and (ν0, e) ∈ AI(Ω0).

Start

[Policy Evaluation]
Find Vi+1 ∈ C1(Ωi) such that for all x ∈ Ωi,
H(x, νi(x),∇Vi+1(x)) ≈ 0, Vi+1(0) = 0.

[Policy Improvement]
Find the next policy νi+1 ∈ C0(Ωi) satisfying

νi+1 ≈ − 1
2
R−1 gT ·∇Vi+1, ∀x ∈ Ωi.

[Inv. Admissible Region and Exploration Update]
Find the next compact region Ωi+1 ⊆ D and
an exploration eτ such that
νi ∈ AI(Ωi+1) and (νi+1, e) ∈ AI(Ωi+1).

supx∈Ωi+1
∥µi+1 − µi∥ < ε? Endno

i← i+ 1

yes

Fig. 2. General description of the proposed online I-RL methods.

case, we need L ≥ m. Therefore, when V is given by
V µ a priori, the construction of the exploration eτ becomes
relatively simple and easy. For instance, if m = 1, then two
constants c1 ̸= c2 (e.g., c1 = 1 and c2 = 0) are necessary to
construct eτ without violating Assumption 3a. On the contrary,
for the case of V = V µ and m = 1, eτ satisfying Assumption
3b can be designed using only one constant c1 ̸= 0. Remember
that ‘Assumption 3a’ or ‘Assumption 3b with V = V µ’ is
required to guarantee the uniqueness of the solution (21), as
stated in Theorems 4 and 5.

V. MAIN I-RL ALGORITHMS WITH EXPLORATIONS
Motivated by the advanced I-TDs (19), (22), and (26), we

propose three partially/completely model-free I-RL algorithms
that exploit the exploration eτ to simultaneously excite the
states and learn the next policy without knowing the nonlinear
dynamics (f, g). While IA-PI is an off-line method, all the
proposed I-RL algorithms can run in online fashion even when
the nonlinear system (f, g) is partially/completely unknown
and undergoes exploration eτ . Fig. 2 describes the whole
process of the proposed methods in a unified manner, which
are similar to but different from IA-PI and I-PI described in
Fig. 1 and Algorithm 1, as described below.
1) At each i-th policy evaluation and improvement steps of
the proposed methods, the I-RL agent utilizes advanced
I-TDs to find Vi+1 and νi+1 satisfying Vi+1 ≈ V νi and
νi+1 ≈ ν+i+1 on Ωi, where ν+i+1 is given by

ν+i+1 = −
1

2
R−1gT (x)∇V νi(x).

Algorithm 2. Explorized I-PI
—————————————————————————
Policy Evaluation: Given (νi, e) ∈ AI(Ωi) and z ∈ Ωi, find
Vi+1 ∈ C1(Ωi) such that

Vi+1(xt)− Vi+1(xt+T )

=

∫ t+T

t

[

r(x, νi(x))−∇TVi+1(x) · g(x)eτ
]

dτ (30)

where x ≡ xτ (z; νi, e).

Policy Improvement: Update the next policy νi+1 by

νi+1(x) = −
1

2
R−1 gT (x) ·∇Vi(x).

—————————————————————————

Note that all the proposed methods are equal to I-PI and
IA-PI in the iteration domain, as long as the generated
value functions and policies have no errors. That is, if
Vi+1 = V νi and νi+1 = ν+i+1, ∀i ∈ Z+ and ν0 = µ0,
then, we have Vi+1 = V µi and νi+1 = µi+1, ∀i ∈ Z+,
where V µi and µi+1 are generated by IA-PI or I-PI.

2) While IA-PI and I-PI cannot explore the state-space
in online fashion, the proposed methods use invariantly
admissible explorations to simultaneously excite the state
variables. So, to maintain invariant admissibility of the
exploration, the proposed methods (re-)generate eτ both
at the initialization step and after each policy improve-
ment, as shown in Fig. 2.

Note that the three I-RL methods are designed based on the
respective advanced I-TDs (19), (22), and (26), which makes
differences in policy evaluation and improvement steps. The
other parts are exactly same to those presented in Fig. 2, so
are omitted in the descriptions of the proposed I-RL methods
(Algorithms 2–4).

A. Explorized I-PI
The first one is named as explorized I-PI whose policy

evaluation and improvement are described in Algorithm 2. As
can be seen from Algorithm 2, explorized I-PI comes from
the advanced I-TD (22) and is able to simultaneously excite
the states during policy evaluation by using the exploration
eτ . Unlike Algorithm 1, the advanced I-TD (30) contains
the explorized term ‘∇TVi+1(x) · g(x)eτ ’ to cancel out the
effects of the exploration e. When e ≡ 0, explorized I-PI
(Algorithm 2) becomes the I-PI described in Algorithm 1 and
in Section III, provided that (30) holds for all z = xt ∈ Ωi.
In explorized I-PI, eτ does not need to satisfy the excitation
conditions such as those in Assumptions 3a and 3b as neither
does the advanced I-TD (22). By Corollary 2, explorized I-
PI guarantees uniqueness of the solution Vi = V νi for any
given exploration eτ , and one just need to efficiently explore
the state-space using eτ without considering any excitation
conditions on eτ .

B. Integral Q-Learning I, II: Model-free I-RLs
The other two I-RL algorithms proposed in this paper are

named integral Q-learning I and II, which are derived from
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learning approaches are fabricated based on the specific high-level integral temporal 

differences (4.5), (4.9), and (4.18) which produces differences in policy evaluation 

and improvement steps. The other segments are precisely the same to those shown in 

Fig. 4.3. Thus, they are excluded in the representation of the suggested integral 

reinforcement learning approaches (Algorithms 4.2-4.4). 

 
 
 

4.4.1 Exploration policy iteration 

                     The first one is called as exploration integral policy iteration, whose policy 

evaluation and enhancement are presented in Algorithm 4.2. Exploration integral 

policy iteration stems from the integral temporal difference (4.9) and it can 

concurrently stimulate the states during policy evaluation by using the exploration 𝑒p. 

Different from Algorithm 4.1, the high-level integral temporal difference (4.20) holds 

the explorized term ‘∇m𝑉D<$(𝑥) ∙ 𝑔(𝑥)𝑒p’ to offset the outcomes of the exploration 𝑒. 

When 𝑒 ≡ 0, exploration policy iteration (Algorithm 4.2) change into the integral 

policy iteration presented in Algorithm 4.1. It supplied that (4.20) keeps for all 𝑧 =

𝑥P ∈ ΩD . In explorized integral policy iteration, 𝑒p  needless to meet the excitation 

conditions such as in Assumptions 1a and 1b, neither does the integral temporal 

difference (4.9). 
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Fig. 4.4 Representation of Algorithm 4.2. 

4.4.2 Model free integral Q-learning A, B  

                       The other two integral reinforcement learning algorithms suggested in this 

dissertation are named integral Q-learning A and B. It is stem from the integral 

temporal difference (4.5), (4.10). It can be realized without knowing the system 

dynamics (𝑓, 𝑔) . All algorithms, the exploration 𝑒p   act a part in relaxing the 

prerequisite of the knowledge of 𝑔(𝑥). 

       Algorithm 3 represents policy evaluation and improvement of the suggested integral 

Q-learning A, the other steps of the algorithms are precisely same to those in Fig. 4.3. 

In this approach, the integral reinforcement learning agent look for the solution 

𝑉D<$ ∈ 𝐶$(ΩD)and 𝜈D<$ ∈ 𝐶&(ΩD) of the high-level integral temporal difference (4.21) 

simultaneously. However, integral Q-learning B represented in Algorithm 4 

accomplishes policy evaluation and improvement separately. Here, policy evaluation 

employs the exploration 𝑒, policy enhancement of Algorithm 4.4 is improved from 

the integral temporal difference (4.10) to concurrently explore the state space at once 

to look for the next policy 𝜈D<$  fulfilling (4.21) without using the knowledge of 

system dynamics (𝑓, 𝑔). 
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[Initialize]
Set ε > 0 be a small constant and i = 0.
Set (ν0, e,Ω0) be such that Ω0 ⊆ D is
compact and (ν0, e) ∈ AI(Ω0).

Start

[Policy Evaluation]
Find Vi+1 ∈ C1(Ωi) such that for all x ∈ Ωi,
H(x, νi(x),∇Vi+1(x)) ≈ 0, Vi+1(0) = 0.

[Policy Improvement]
Find the next policy νi+1 ∈ C0(Ωi) satisfying

νi+1 ≈ − 1
2
R−1 gT ·∇Vi+1, ∀x ∈ Ωi.

[Inv. Admissible Region and Exploration Update]
Find the next compact region Ωi+1 ⊆ D and
an exploration eτ such that
νi ∈ AI(Ωi+1) and (νi+1, e) ∈ AI(Ωi+1).

supx∈Ωi+1
∥µi+1 − µi∥ < ε? Endno

i← i+ 1

yes

Fig. 2. General description of the proposed online I-RL methods.

case, we need L ≥ m. Therefore, when V is given by
V µ a priori, the construction of the exploration eτ becomes
relatively simple and easy. For instance, if m = 1, then two
constants c1 ̸= c2 (e.g., c1 = 1 and c2 = 0) are necessary to
construct eτ without violating Assumption 3a. On the contrary,
for the case of V = V µ and m = 1, eτ satisfying Assumption
3b can be designed using only one constant c1 ̸= 0. Remember
that ‘Assumption 3a’ or ‘Assumption 3b with V = V µ’ is
required to guarantee the uniqueness of the solution (21), as
stated in Theorems 4 and 5.

V. MAIN I-RL ALGORITHMS WITH EXPLORATIONS
Motivated by the advanced I-TDs (19), (22), and (26), we

propose three partially/completely model-free I-RL algorithms
that exploit the exploration eτ to simultaneously excite the
states and learn the next policy without knowing the nonlinear
dynamics (f, g). While IA-PI is an off-line method, all the
proposed I-RL algorithms can run in online fashion even when
the nonlinear system (f, g) is partially/completely unknown
and undergoes exploration eτ . Fig. 2 describes the whole
process of the proposed methods in a unified manner, which
are similar to but different from IA-PI and I-PI described in
Fig. 1 and Algorithm 1, as described below.
1) At each i-th policy evaluation and improvement steps of
the proposed methods, the I-RL agent utilizes advanced
I-TDs to find Vi+1 and νi+1 satisfying Vi+1 ≈ V νi and
νi+1 ≈ ν+i+1 on Ωi, where ν+i+1 is given by

ν+i+1 = −
1

2
R−1gT (x)∇V νi(x).

Algorithm 2. Explorized I-PI
—————————————————————————
Policy Evaluation: Given (νi, e) ∈ AI(Ωi) and z ∈ Ωi, find
Vi+1 ∈ C1(Ωi) such that

Vi+1(xt)− Vi+1(xt+T )

=

∫ t+T

t

[

r(x, νi(x))−∇TVi+1(x) · g(x)eτ
]

dτ (30)

where x ≡ xτ (z; νi, e).

Policy Improvement: Update the next policy νi+1 by

νi+1(x) = −
1

2
R−1 gT (x) ·∇Vi(x).

—————————————————————————

Note that all the proposed methods are equal to I-PI and
IA-PI in the iteration domain, as long as the generated
value functions and policies have no errors. That is, if
Vi+1 = V νi and νi+1 = ν+i+1, ∀i ∈ Z+ and ν0 = µ0,
then, we have Vi+1 = V µi and νi+1 = µi+1, ∀i ∈ Z+,
where V µi and µi+1 are generated by IA-PI or I-PI.

2) While IA-PI and I-PI cannot explore the state-space
in online fashion, the proposed methods use invariantly
admissible explorations to simultaneously excite the state
variables. So, to maintain invariant admissibility of the
exploration, the proposed methods (re-)generate eτ both
at the initialization step and after each policy improve-
ment, as shown in Fig. 2.

Note that the three I-RL methods are designed based on the
respective advanced I-TDs (19), (22), and (26), which makes
differences in policy evaluation and improvement steps. The
other parts are exactly same to those presented in Fig. 2, so
are omitted in the descriptions of the proposed I-RL methods
(Algorithms 2–4).

A. Explorized I-PI
The first one is named as explorized I-PI whose policy

evaluation and improvement are described in Algorithm 2. As
can be seen from Algorithm 2, explorized I-PI comes from
the advanced I-TD (22) and is able to simultaneously excite
the states during policy evaluation by using the exploration
eτ . Unlike Algorithm 1, the advanced I-TD (30) contains
the explorized term ‘∇TVi+1(x) · g(x)eτ ’ to cancel out the
effects of the exploration e. When e ≡ 0, explorized I-PI
(Algorithm 2) becomes the I-PI described in Algorithm 1 and
in Section III, provided that (30) holds for all z = xt ∈ Ωi.
In explorized I-PI, eτ does not need to satisfy the excitation
conditions such as those in Assumptions 3a and 3b as neither
does the advanced I-TD (22). By Corollary 2, explorized I-
PI guarantees uniqueness of the solution Vi = V νi for any
given exploration eτ , and one just need to efficiently explore
the state-space using eτ without considering any excitation
conditions on eτ .

B. Integral Q-Learning I, II: Model-free I-RLs
The other two I-RL algorithms proposed in this paper are

named integral Q-learning I and II, which are derived from

(20)

Integral Policy IterationAlg. 4.2. 
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Fig. 4.5 Representation of Algorithm 4.3. 

 

 

 

 

Fig. 4.6 Representation of Algorithm 4.4. 

 
4.4.3 Characteristics of exploration, input-to-state stability, and  
fixed admissibility 

                      Concerning the explorations relate to the suggested approaches, we have 

concentrated on excitation circumstance to remarkably get 𝑉D<$ ≈ 𝑉*F  and 𝜈D<$ ≈

𝜈D<$<  at each iteration. The essential excitation environment for each suggested 

approach can be succinct as follows: 1) explorized policy iteration: none, 2) integral 

Q-learning A and 3) integral Q-learning B. In this paragraph, we assumed that at i-th 

iteration, 𝑉D<$  and 𝜈D<$ has no error, 𝑉D<$ = 𝑉*F  and 𝜈D<$ ≈ 𝜈D<$< on ΩD , and deem 

the next policy 𝜈D<$ and next fixed admissible region ΩD<$. Let 𝛼D<$ and 𝛼D<$ be of 

class 𝒦 fulfilling 𝛼D<$w´|𝑥|´x ≤ 𝑉D<$(𝑥) ≤ 𝛼̄D<$w´|𝑥|´x. 

                      In this ideal case, the suggested integral reinforcement learning approaches 
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Algorithm 3. Integral Q-learning I
—————————————————————————
Policy Evaluation & Improvement: Given (νi, e) ∈ AI(Ωi)
and z ∈ Ωi, find Vi+1 ∈ C1(Ωi) and νi+1 ∈ C0(Ωi) such that

Vi+1(xt)− Vi+1(xt+T )

=

∫ t+T

t

[

r(x, νi(x)) + 2νTi+1(x)Reτ

]

dτ (31)

where x ≡ xτ (z; νi, e).
—————————————————————————

Algorithm 4. Integral Q-learning II
—————————————————————————
Policy Evaluation: Given νi ∈ AI(Ωi) and z ∈ Ωi, find
Vi+1 ∈ C1(Ωi) such that

Vi+1(xt) =

∫ t+T

t

r(xτ , νi(xτ )) dτ + Vi+1(xt+T )

where xτ ≡ xτ (z; νi, 0).

Policy Improvement: Given (νi, e) ∈ AI(Ωi), z ∈ Ωi, and
Vi+1 ∈ C1(Ωi), find the next policy νi+1 ∈ C0(Ωi) such that
(31) holds, where x ≡ xτ (z; νi, e).
—————————————————————————

the advanced I-TDs (19) and (26), respectively, and can be
implemented without knowing the system dynamics (f, g).
In both algorithms, the exploration eτ plays a central role in
relaxing the requirement of the knowledge of g(x).

Algorithm 3 describes policy evaluation and improvement
of the proposed integral Q-learning I; as mentioned before, the
other steps of the algorithms are exactly same to those in Fig.
2. In this method, the I-RL agent finds the solution Vi+1 ∈
C1(Ωi) and νi+1 ∈ C0(Ωi) of the advanced I-TD (31) at the
same time. On the contrary, integral Q-learning II illustrated
in Algorithm 4 performs policy evaluation and improvement
separately. In this second method, policy evaluation uses the
zero exploration e ≡ 0, and is the same as that of Algorithm 2
under e ≡ 0; policy improvement of Algorithm 4 is developed
from the advanced I-TD (26) to simultaneously explore the
state space, and at the same time, to find the next policy νi+1

satisfying (31) without using the knowledge of (f, g).

For simplicity, we assume in this paper that the exploration
e applied to Algorithms 3 and 4 is given by (23) for some
constant vectors {cj}Lj=1. In this case, for the uniqueness of
the solution Vi+1 = V νi and νi+1 = ν+i+1, the vectors {cj}Lj=1

should be carefully chosen so that they satisfy Assumption
3a for the first method and Assumption 3b for the second
method. In general cases, (28) and (29) can be alternatives
to Assumptions 3b and 3a, respectively. Although integral
Q-learning II cannot simultaneously explore the state space
in policy evaluation, the exploration in policy improvement
can be designed in a simpler manner than the exploration
in integral Q-learning I. This is because the construction of
{cj}Lj=1 satisfying Assumption 3b is relatively easier and
simpler than that of {cj}Lj=1 satisfying Assumption 3a, as
mentioned in Section IV.

Fig. 3. Switching and exploration scheme when Ωi+1 ⊆ Ωi in R2.

C. Exploration, ISS, and Invariant Admissibility
Regarding the explorations applied to the proposed methods,

we have focused on the excitation conditions to uniquely
obtain Vi+1 ≈ V νi and νi+1 ≈ ν+i+1 at each iteration. The
required excitation condition for each proposed method can be
summarized as follows: 1) Explorized PI: None, 2) Integral
Q-learning I: Assumption 3a, and 3) Integral Q-learning
II: Assumption 3b. In this subsection, we suppose that at i-th
iteration, Vi+1 and νi+1 has no error, i.e., Vi+1 = V νi and
νi+1 = ν+i+1 on Ωi, and consider the next policy νi+1 and
next invariantly admissible region Ωi+1. Let αi+1 and ᾱi+1

be of class K satisfying

αi+1(∥x∥) ≤ Vi+1(x) ≤ ᾱi+1(∥x∥).

In this ideal case, the proposed I-RL methods are equal to IA-
PI and I-PI in the iteration domain, so under Assumption 2
with µi replaced by νi, the policies νi and νi+1 are invariantly
admissible on Ωi+1 by Theorem 1 and Ωi+1 = Ωνi

di
. Moreover,

Theorem 2 implies that (νi+1, e) is invariantly admissible on
Ωi+1, and that the system ẋ = f+g(νi+1+e) is input-to-state
stable on Ωi+1 if the exploration e is bounded by

sup
t≤τ<∞

∥e(τ)∥ <
√

αs ◦ ᾱ−1
i+1

(

di
)

/σ̄(R). (32)

If D = Rn and αi+1, αs ∈ K∞, then this ISS holds globally
for any bounded exploration eτ by Theorem 2. In case of
that e is constructed from some constant vectors {cj}Nj=1 and
satisfies (23), the boundedness condition (32) is replaced by

∥cj∥ <
√

αs ◦ ᾱ−1
i+1

(

di
)

/σ̄(R), ∀j ∈ {1, 2, · · · , N}. (33)

Now, the remaining question is what to do when the state x
is outside the invariantly admissible region Ωi+1 during online
learning at (i+ 1)-th step. Note that using Corollary 1, Ωi+1

can be determined as Ωi+1 = Ωνi
di
under Vi+1 = V νi and νi ∈

A(Ωi) by choosing di in the interval (0,minx∈∂Ωi Vi+1(x)).
In this case, we have Ωi+1 ⊆ Ωi; by Theorem 2, (νi+1, e) ∈
AI(Ωi+1) for e satisfying (32). However, it is not guaranteed
that (νi+1, e) is invariantly admissible on Ωi, so e cannot be
safely applied to the system ẋ = f+g(νi+1+e) when the state

A

(21)

Alg. 4.3. 
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Algorithm 3. Integral Q-learning I
—————————————————————————
Policy Evaluation & Improvement: Given (νi, e) ∈ AI(Ωi)
and z ∈ Ωi, find Vi+1 ∈ C1(Ωi) and νi+1 ∈ C0(Ωi) such that

Vi+1(xt)− Vi+1(xt+T )

=

∫ t+T

t

[

r(x, νi(x)) + 2νTi+1(x)Reτ

]

dτ (31)

where x ≡ xτ (z; νi, e).
—————————————————————————

Algorithm 4. Integral Q-learning II
—————————————————————————
Policy Evaluation: Given νi ∈ AI(Ωi) and z ∈ Ωi, find
Vi+1 ∈ C1(Ωi) such that

Vi+1(xt) =

∫ t+T

t

r(xτ , νi(xτ )) dτ + Vi+1(xt+T )

where xτ ≡ xτ (z; νi, 0).

Policy Improvement: Given (νi, e) ∈ AI(Ωi), z ∈ Ωi, and
Vi+1 ∈ C1(Ωi), find the next policy νi+1 ∈ C0(Ωi) such that
(31) holds, where x ≡ xτ (z; νi, e).
—————————————————————————

the advanced I-TDs (19) and (26), respectively, and can be
implemented without knowing the system dynamics (f, g).
In both algorithms, the exploration eτ plays a central role in
relaxing the requirement of the knowledge of g(x).

Algorithm 3 describes policy evaluation and improvement
of the proposed integral Q-learning I; as mentioned before, the
other steps of the algorithms are exactly same to those in Fig.
2. In this method, the I-RL agent finds the solution Vi+1 ∈
C1(Ωi) and νi+1 ∈ C0(Ωi) of the advanced I-TD (31) at the
same time. On the contrary, integral Q-learning II illustrated
in Algorithm 4 performs policy evaluation and improvement
separately. In this second method, policy evaluation uses the
zero exploration e ≡ 0, and is the same as that of Algorithm 2
under e ≡ 0; policy improvement of Algorithm 4 is developed
from the advanced I-TD (26) to simultaneously explore the
state space, and at the same time, to find the next policy νi+1

satisfying (31) without using the knowledge of (f, g).

For simplicity, we assume in this paper that the exploration
e applied to Algorithms 3 and 4 is given by (23) for some
constant vectors {cj}Lj=1. In this case, for the uniqueness of
the solution Vi+1 = V νi and νi+1 = ν+i+1, the vectors {cj}Lj=1

should be carefully chosen so that they satisfy Assumption
3a for the first method and Assumption 3b for the second
method. In general cases, (28) and (29) can be alternatives
to Assumptions 3b and 3a, respectively. Although integral
Q-learning II cannot simultaneously explore the state space
in policy evaluation, the exploration in policy improvement
can be designed in a simpler manner than the exploration
in integral Q-learning I. This is because the construction of
{cj}Lj=1 satisfying Assumption 3b is relatively easier and
simpler than that of {cj}Lj=1 satisfying Assumption 3a, as
mentioned in Section IV.

Fig. 3. Switching and exploration scheme when Ωi+1 ⊆ Ωi in R2.

C. Exploration, ISS, and Invariant Admissibility
Regarding the explorations applied to the proposed methods,

we have focused on the excitation conditions to uniquely
obtain Vi+1 ≈ V νi and νi+1 ≈ ν+i+1 at each iteration. The
required excitation condition for each proposed method can be
summarized as follows: 1) Explorized PI: None, 2) Integral
Q-learning I: Assumption 3a, and 3) Integral Q-learning
II: Assumption 3b. In this subsection, we suppose that at i-th
iteration, Vi+1 and νi+1 has no error, i.e., Vi+1 = V νi and
νi+1 = ν+i+1 on Ωi, and consider the next policy νi+1 and
next invariantly admissible region Ωi+1. Let αi+1 and ᾱi+1

be of class K satisfying

αi+1(∥x∥) ≤ Vi+1(x) ≤ ᾱi+1(∥x∥).

In this ideal case, the proposed I-RL methods are equal to IA-
PI and I-PI in the iteration domain, so under Assumption 2
with µi replaced by νi, the policies νi and νi+1 are invariantly
admissible on Ωi+1 by Theorem 1 and Ωi+1 = Ωνi

di
. Moreover,

Theorem 2 implies that (νi+1, e) is invariantly admissible on
Ωi+1, and that the system ẋ = f+g(νi+1+e) is input-to-state
stable on Ωi+1 if the exploration e is bounded by

sup
t≤τ<∞

∥e(τ)∥ <
√

αs ◦ ᾱ−1
i+1

(

di
)

/σ̄(R). (32)

If D = Rn and αi+1, αs ∈ K∞, then this ISS holds globally
for any bounded exploration eτ by Theorem 2. In case of
that e is constructed from some constant vectors {cj}Nj=1 and
satisfies (23), the boundedness condition (32) is replaced by

∥cj∥ <
√

αs ◦ ᾱ−1
i+1

(

di
)

/σ̄(R), ∀j ∈ {1, 2, · · · , N}. (33)

Now, the remaining question is what to do when the state x
is outside the invariantly admissible region Ωi+1 during online
learning at (i+ 1)-th step. Note that using Corollary 1, Ωi+1

can be determined as Ωi+1 = Ωνi
di
under Vi+1 = V νi and νi ∈

A(Ωi) by choosing di in the interval (0,minx∈∂Ωi Vi+1(x)).
In this case, we have Ωi+1 ⊆ Ωi; by Theorem 2, (νi+1, e) ∈
AI(Ωi+1) for e satisfying (32). However, it is not guaranteed
that (νi+1, e) is invariantly admissible on Ωi, so e cannot be
safely applied to the system ẋ = f+g(νi+1+e) when the state

B

(21)

Alg. 4.4. 
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are equivalent to FA-PI, so 𝜇D  switched to 𝜈D  , the policies 𝜈D   and 𝜈D<$  are fixed 

admissible on ΩD<$. Also, equation (4.4) indicates that (𝜈D<$, 𝑒) is fixed admissible 

on ΩD<$ , and in which the system 𝑋̇ = 𝑓 + 𝑔(𝜈D<$ + 𝑒)  is ISS on ΩD<$  if the 

exploration 𝑒  is limited by 

       sup´|𝑒(𝜏)|´ < Ñ𝛼> ∘
�FSE
CE (+F)
o(�)

																																					(4.22) 

        If 𝒟 = 𝑅S  and 𝛼D<$, 𝛼> ∈ 𝒦q , then this ISS keeps globally for any bounded 

exploration 𝑒p by (4.4). In preparation for 𝑒 is created from some constant vectors   

{𝑐r}rJ$( and fulfills 𝑒p = 𝑐r , ∀𝜏 ∈ ½𝑡r , 𝑡r<$¾ , the boundedness condition (4.22) is 

changed by 

       ¿´𝑐r´¿ < Ñ𝛼> ∘
�FSE
CE (+F)
o(�)

,∀𝑗 ∈ {1,2,∙∙∙, 𝑁}																									(4.23) 

        The question is what to do when the state x is outside the fixed admissible region 

ΩD<$  during online learning at (𝑖 + 1)𝑡ℎ step. ΩD<$  can be decided as ΩD<$ = Ω+F
�F  

under 𝑉D<$ = 𝑉*F  and 𝜈D ∈ 𝐴(ΩD)	by selecting 𝑑D  in the interval w0,𝑚𝑖𝑛𝑉D<$(𝑥)x 

Here, we have ΩD<$ ⊆ ΩD; (𝑉D<$, 𝑒) ∈ 𝐴M(ΩD<$) for 𝑒 fulfilling (4.22). Particularly, 

the best way to maintain fixed admissibility and ISS is to put in the current policy 

𝑢 = 𝜈D and zero exploration 𝑒 ≡ 0 until which 𝑥p goes into ΩD<$ like 𝑥p ∈ ΩD<$. The 

next policy 𝑢 = 𝜈D<$ and non-zero exploration 𝑒 fulfilling (4.22) or (4.23) can be put 

in subsequently without violating fixed admissibility and ISS on ΩD<$. However, if 

we can find ΩD<$ in which holds ΩD  and fulfills 𝜈D ∈ 𝐴M(ΩD<$) ,then the next policy 

𝜈D<$ and non-zero exploration 𝑒 fulfilling (4.22) can be put in any time since 𝑥p is 
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already in ΩD<$. 

 
 

4.4.4 Application of neural network based least square 

                      The suggested integral reinforcement learning approaches (Algorithms 4.2-

4.4) can be fulfilled in the least square by using neural networks to estimate 𝑉D<$ and 

𝜈D<$. Let {𝜙rO ∈ 𝐶&(𝒟)}rJ$q  and {𝜙r, ∈ 𝐶$(𝒟)}rJ$q  be the series of real valued neural 

network activation functions in which are linearly independent and accomplish on 

their respective function spaces 𝐶&(𝒟)  and 𝐶$(𝒟)   . Here, the superscripts ‘a’ and 

‘c’ indicate actor and critic, respectively. Utilization of these activation functions, 

𝜈D<$ ∈ 𝐶& and 𝑉D<$ ∈ 𝐶$ can be shown as 

       g
𝜈D<$(𝑥) = ∑ 𝑣Dr𝜙rO(𝑥)q

rJ$

𝑉D<$(𝑥) = ∑ 𝑤Dr𝜙r,(𝑥)q
rJ$

																																							(4.24) 

       where 𝑉D ≔ ½𝑣D$, 𝑣D/,∙∙∙, 𝑣D(9¾
m ∈ ℝ(9×H, 𝑤D ≔ ½𝑤D$, 𝑤D/,∙∙∙, 𝑤D(9¾

m ∈ ℝ(1 , 𝜙O(𝑥) ≔

½𝜙$O(𝑥), 𝜙/O(𝑥),∙∙∙, 𝜙(9
O (𝑥)¾m ∈ ℝ(9 , 𝜙,(𝑥) ≔ ½𝜙$,(𝑥), 𝜙/,(𝑥),∙∙∙, 𝜙(9

, (𝑥)¾m ∈ ℝ(1 .  

       Using these equations, (4.24) can be rewritten as  

       g
𝜈D<$(𝑥) = 𝜈Dm𝜙O(𝑥) + 𝜀DO(𝑥)
𝑉D<$(𝑥) = 𝑤Dm𝜙,(𝑥) + 𝜀D,(𝑥)

																													(4.25) 

       where 𝜀DO(𝑥) and 𝜀D,(𝑥) are neural network resetting errors. 𝒟 is compact. There exist 

𝑁O , 𝑁, ∈ ℕ such that the neural network errors 𝜀DO and 𝜀D, in (4.25), and ∇𝜀D, are all 

bounded on the compact set 𝒟  if 𝜈D<$ ∈ 𝐶&  and 𝑉D<$ ∈ 𝐶$  are finite on 𝒟 . This 

boundedness characteristic maintains if the domain is restricted to a compact subset 

of 𝒟 such as Ω+F
GF  in the suggested integral reinforcement learning algorithms. Since 
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𝜈D<$(0) = 0 and 𝑉D<$(0) = 0,	we have 𝜙O(0) = 0 and 𝜙,(0) = 0 in generally. 

                      Reflect on integral Q-learning A (Algorithm 4.3) as an application instance. 

Here replacing (4.25) into the integral temporal difference (4.21), we get 

       𝛿D(𝑥P , 𝑒) = [𝜙,(𝑥P<m) − 𝜙,(𝑥P)]m𝑤D + ∫ ½𝑟w𝑥, 𝜈D(𝑥)x + 2𝜙Om(𝑥)𝑉D𝑅𝑒p¾𝑑𝜏		(4.26)
P<m
P  

       where 𝛿D(𝑥P , 𝑒) ∈ 𝑅 is the integral temporal difference error given by  

       𝛿D(𝑥P , 𝑒) = 𝜀D,(𝑥P) − 𝜀D,(𝑥P<m) − 2∫ w𝜀DO(𝑥)x
m𝑅𝑒p𝑑𝜏															(4.27)

P<m
P  

       Define 𝜈D ∈ 𝑅(9H  as 𝑣D ≔ 𝑐𝑜𝑙{𝑣D$, 𝑣D/, ⋯ , 𝑣DH} . Then, applying 𝜙Om(𝑥)𝑣D𝑅𝑒 =

w𝑅𝑒⨂𝜙O(𝑥)x
m𝑣D  to (4.26) and then rearranging the equation, one can get the 

following equation regarding (4.21): 

       𝛿D(𝑥P; 𝑒) = 𝜓m(𝑥P; 𝑒) ⋅ θD + 𝑍(𝑥P; 𝑣D)																						(4.28) 

       where 𝜃D = 𝑐𝑜𝑙{𝑤D , 𝑣D} is the vector of unkown weights; 𝜓(𝑥P; 𝑒) and 𝑍(𝑥P; 𝑣D) are 

given in Table 4.1. The other high-level integral temporal difference in Algorithms 

4.2 and 4 can be also represented with (4.28) with 𝜃D , 𝜓(𝑥P;/), and 𝑍(𝑥P; 𝑣D) given in 

Table 4.1, for each integral temporal difference. In Table 4.1, the integral temporal 

difference errors 𝛿D(𝑥P; 𝑒) for Algorithms 4.2 and 4.4 were left out, however it can 

be easily got by the similar process. For policy evaluation of Algorithm 4, check 

[101]; in policy enhancement of Algorithm 2, the next neuro policy 𝑣äD<$  can be 

renewed by 

        𝑣äD<$(𝑥) = − $
/
𝑅Y$𝑔m(𝑥)∇𝜙,(𝑥)𝑤D 																							(4.29) 

        Using 𝑣äD<$, instead of 𝑣D<$, as was done in [101]. 
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                      𝑁� be the number of elements of 𝜃D such as 𝑁� = 𝑁O + 𝑁, for (4.21). One 

may have 𝑁� unknowns in the 1-dimensional equation (4.28). In the executions, 𝜃D 

will be remarkably decided in least square sense. Define 𝜓[𝑘], 𝛿D[𝑘], and 𝑍[𝑘] as 

        �
𝜓[𝑘] ≔ 𝜓(𝑥P<Vm , 𝑒),
𝛿D[𝑘] ≔ 𝛿D(𝑥P<Vm , 𝑒)
𝑍[𝑘] ≔ 𝑍(𝑥P<Vm , 𝜈D)

,																																								(4.30)		 

        Then, relate to 𝑥P<(VY$)m as an initial point of the integral temporal differences, the 

following generalized integral temporal difference error equation can be coming from 

(4.28): 

        𝛿D[𝑘] = 𝜓m[𝑘] ∙ 𝜃D + 𝑍[𝑘]																															(4.31) 

        which holds for any 𝑘 ∈ ℕ since 𝑥p stays in the admissible region ΩD for all 𝜏 ≥ 𝑡 by 

(𝜈D , 𝑒) ∈ 𝐴M(ΩD). Assume the data (𝜓[𝑘], 𝑍[𝑘]) for 𝑘 = 1,2,⋯ ,𝑁 are all usable and 

describe the least square error E to be lessened as 𝐸/ ≔ $
/
∑ 𝛿D/[𝑘](
VJ$ . Here, 

differentiating 𝐸/ with regard to 𝜃D with the replacement of (4.31) produces 

        \N
A

\�F
= ∑ \�F[V]

\�F
𝛿D[𝑘] = ∑ ½𝜓[𝑘]𝜓m[𝑘] ⋅ 𝜃D + 𝜓[𝑘]𝑍[𝑘]¾								(4.32)(

VJ$
(
VJ$  

        Making this equation to zero and rearranging the equation, one can obtain the least 

square solution of the form 

        𝜃D,=; = −(∑ 𝜓[𝑘]𝜓m[𝑘])(
VJ$

Y$ (∑ 𝜓[𝑘]𝑍[𝑘])(
VJ$ 													(4.33) 

        For the existence of the remarkable LS solution 𝜃D,=;,  we need the following 

excitation condition: 
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        Assumption 2. There exist 𝑘l, 𝑘! > 0 such that 𝑘l𝐼 ≤ ∑ 𝜓[𝑘]𝜓m[𝑘] ≤ 𝑘!𝐼(
VJ$ . The 

existence of the inverse in (4.33) is ensured by Assumption 2. Similar to Assumption 

1a and 1b, 𝑁 ≥ 𝐿�is required to satisfy Assumption 2. At least 𝐿� number of data 

should be gathered to accomplish the least square (4.33) at each iteration. 

                      The entire control plan with integral Q-learning A and its least square 

accomplishment is shown in Fig. 4.7. At each iteration, the least square solver gathers 

the data required to calculate 𝜓[𝑘], 𝛿D[𝑘] and Z[k] for 𝑘 = 1,2,⋯ ,𝑁  and then finds 

the weight vectors 𝑤D   and 𝑣D  fulfilling (4.33), both of which are shifted to the 

corresponding critic and actor neural networks to update their weights. The actor 

neural network creates the control input, the output of the critic neural network 

𝑉»D<$(𝑥)  is utilized in the exploration generator part to calculate the bound  (4.22) on 

the exploration 𝑒p . In exploration generator, the exploration 𝑒p is assembled, and 

changed if required, that act an important part in exciting the signal 𝜓(𝑥P; 𝑒)  in (4.33), 

and contents 1) Assumption 1a or (4.13) and 2) the boundedness condition (4.22). 

The entire control plan with exploration integral policy iteration or integral Q-

learning B can be described in a comparable manner by adjusting least square solver 

and actor neural network blocks. 

 

        Fig. 4.7 Integral Q-learning A (Algorithm 3) and its least square control scheme and entire control 

scheme. 
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Fig. 4. The whole control scheme scheme with integral Q-learning I (Algorithm 3) and its LS implementation.

TABLE I
FUNCTIONS AND VECTORS OF EACH ADVANCED I-TD ERROR EQUATION (37) FOR NN IMPLEMENTATIONS OF ALGORITHMS 2–4

Algorithm
No.

Process
Type θi ψ(xt; e) Z(xt; νi)

3 Policy
Evaluation wi φc(xt+T )−φc(xt)−

∫ t+T

t
∇Tφc(x) ·g(x)eτ dτ

∫ t+T

t
r(x, νi(x)) dτ

4

Policy
Evaluation

&
Improvement

col{wi,vi} col

{

φc(xt+T )−φc(xt),

∫ t+T

t
2φa(x)⊗ (Reτ ) dτ

}
∫ t+T

t

r(x, νi(x)) dτ

5 Policy
Improvement vi

∫ t+T

t
2φa(x)⊗ (Reτ ) dτ V̂i(xt+T )− V̂i(xt) +

∫ t+T

t
r(x, νi(x)) dτ

Equating this to zero and rearranging the equation, we obtain
the LS solution of the form

θi,LS = −
( N
∑

k=1

ψ[k]ψT [k]

)−1( N
∑

k=1

ψ[k]Z[k]

)

. (40)

For the existence of the unique LS solution θi,LS , we need
the following excitation condition:

Assumption 4. There exist κ5, κ6 > 0 such that

κ5I ≤
N
∑

k=1

ψ[k]ψT [k] ≤ κ6I.

Note that the existence of the inverse in (40) is guaranteed by
Assumption 4. Similar to Assumptions 3a and 3b, N ≥ Lθ

is necessary to satisfy Assumption 4, so at least Lθ-number
of data should be collected to perform the LS (40) at each
iteration.
The whole control scheme with integral Q-learning I and

its LS implementation is demonstrated in Fig. 4. At each
iteration, the LS solver collects the data needed to calculate
ψ[k], δi[k], and Z[k] for k = 1, 2, · · · , N , and then finds
the weight vectors wi and vi satisfying (40), both of which
are transferred to the corresponding actor and critic NNs to
update their weights. Here, the actor NN generates the control
input; the output of the critic NN V̂i+1(x) is used in the
exploration generator module to calculate the bound (32) on
the exploration eτ . In exploration generator, the exploration
eτ is constructed, and modified if necessary, that plays a key
role in exciting the signal ψ(xt; e) in (40), and satisfies i)

Assumption 3a (or (29)) and ii) the boundedness condition
(32) for ISS and invariant admissibility. The whole control
scheme with explorized I-PI or integral Q-learning II can be
described in a similar manner by modifying LS solver and
actor NN blocks.

E. An LQR Example: The Global Case
In the CT LQR case, the domain D becomes Rn, f(x) =

Ax, g(x) = B, and S(x) = xTSx for some matrices A, B,
and S > 0 with compatible dimensions; the HJB equation (11)
becomes the well-known algebraic Riccati equation

ATP ∗ + P ∗A− P ∗BR−1BTP ∗ + S = 0,

for a positive definite matrix P ∗ ∈ Rn×n. The optimal value
function and policy are given by

V ∗(x) = xTP ∗x, µ∗(x) = −K∗x,

where K∗ := R−1BTP ∗. By standard LQR theory, it is well-
known that for any stabilizing linear policy µ(x) = −Kx,
V µ(x) exists ∀x ∈ Rn, and can be represented as V µ(x) =
xTPµx, where Pµ ∈ Rn×n is positive definite. From this
observation and the proposed nonlinear integral Q-learning I
(Algorithm 3), we obtain the simplified integral Q-learning
I for CT LQR, which is shown in Fig. 5 and is a modified
version of the original integral Q-learning for CT LQR [13].
In this framework, Vi+1 and the next policy νi+1 are exactly
parameterized as

Vi+1(x) = xTPi+1x, νi+1(x) = −Ki+1x,
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        Table 4.1 Each high-level integral temporal difference error equation (4.28) for neural network of algorithm 2-4. 
 

Algorithm 
No. 

Process Type 𝜽𝒊 𝝍(𝒙𝒕; 𝒆) 𝒁(𝒙𝒕; 𝒗𝒊) 

2 Policy 
Evaluation 

𝑤` 𝜙a(𝑥-bU) − 𝜙a(𝑥-) −
∫ ∇U𝜙a(𝑥) ⋅ 𝑔(𝑥)𝑒c𝑑𝜏
-bU
-   

∫ 𝑟P𝑥, 𝑣`(𝑥)S𝑑𝜏
-bU
-   

3 Policy 
Evaluation & 
Improvement 

 
𝑐𝑜𝑙{𝑤` , 𝑣`} 

𝑐𝑜𝑙{𝜙a(𝑥-bU) −
𝜙a(𝑥-), ∫ 2𝜙,(𝑥)⨂(𝑅𝑒c)𝑑𝜏}

-bU
-   \ 𝑟P𝑥, 𝑣`(𝑥)S𝑑𝜏

-bU

-
 

4 Policy 
Improvement 

𝑣` ∫ 2𝜙,(𝑥)⨂(𝑅𝑒c)𝑑𝜏
-bU
-   𝑉]̀ (𝑥-bU) −

𝑉]̀ (𝑥-) +
∫ 𝑟P𝑥, 𝑣`(𝑥)S𝑑𝜏
-bU
-   

 
 
 

4.5  Microgrid inverter frequency fault ride through simulations 

                     Nonlinear controlled inverter based microgrids contemplates the power-

sharing and voltage controlling loops. This matter is crucial in autonomous 

microgrids since the grid forming voltage source inverters are governed through 𝑓 −

𝑃controllers for power-sharing goals which dynamically control the phase angles at 

the voltage source inverters output voltages. 

 

4.5.1 Fault ride through voltage source inverter 

                       The frequency renewal loop is inserted to the 𝑓 − 𝑃 droop loop in the grid-

forming voltage source inverters to recover frequency variance originated owing to 

operation of the droop rules [85] as given as follows: 

        𝜔 = 𝜔& − 𝑘B ?
:1
;<:1

@ 𝑝 − V%
;
(𝜔 − 𝜔&)																										(4.34) 

        Thus, the differential equations expressing the 𝑓 − 𝑃 loop dynamics are improved for 

inductive output impedance as: 
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        <�̇E�̇AA = < TA
Y:1TAYVP:1Z>DS(TE)

A − 𝑘9 ¹
0 0
𝜔, 1º <

TE
TA
A																							(4.35) 

         

        where 𝑥$ = ∆𝛿, 𝑥/ = ∆𝛿̇ = ∆𝜔, 𝑘9 is the feedback gain, 𝜔, is the cutoff frequency 

of the low pass filter, 𝑘B is the droop gain of P, 𝐾 = 𝑘,𝜔,
*F*R
�FR
. To protect the stability 

of the system during/after current limiting, the system routes might be slide to the 

stable 𝛾 = 𝛼𝑥$ + 𝑥/ = 0 for a given period of T. Choosing 𝛼 > 0 makes 𝑥(𝑡) → 0 

as 𝑡 → ∞ and the rate of convergence is managed by selection of 𝛼. In this fashion, 

𝑥/ = −𝛼𝑥$  and thus 𝑥̇$ = −𝛼𝑥$  manage the motion of the system. This can be 

recognized by adaptively tuning the feedback gain 𝑘9 as addressed next. The sliding 

surface 𝛾 meets the following: 

        𝛾̇ = 𝛼𝑥̇$ + 𝑥̇/ = 0																																												(4.36) 

        Plugging (4.35) into (4.36) results in: 

        𝛼𝑥/ − w𝜔, + 𝑘9x𝑥/ − 𝜔,𝑘9𝑥$ − 𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$) = 0																	(4.37) 

        Using sliding surface 𝛾, 𝑥/ = −𝛼𝑥$, (4.37) is updated as: 

−𝛼/𝑥$ + 𝛼w𝜔, + 𝑘9x𝑥$ − 𝜔,𝑘9𝑥$ − 𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$) = 0 

        → −𝛼(𝛼 − 𝜔,)𝑥$ + 𝑘9(𝛼 − 𝜔,)𝑥$ − 𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$) = 0										(4.38) 

        and 𝑘9 is accomplished from (4.38): 

        𝑘9 =
VP:1Z>DS(TE)<�(�Y:1)TE

�Y:1TE
																																	(4.39) 
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        To examine the stability of (4.35) with the control law given in (4.39), one may take 

the following Lyapunov function: 

        𝑉(𝑥) = $
/
𝛾m(𝑥)𝛾(𝑥) = $

/
||𝛾(𝑥)||//																																							(4.40)    

        Then 𝑉̇(𝑥) = 𝛾m𝛾̇ which is expanded as follows: 

        𝑉̇(𝑥) = (𝛼𝑥$𝑥̇$ + 𝑥/𝑥̇/) → 𝑉̇(𝑥) = 𝛼𝑥$𝑥/ + 𝑥/ ?−w𝜔, + 𝑘9x𝑥/ − 𝜔,𝑘9𝑥$ −

𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$)@																																																																																																		(4.41) 

        From the sliding manifold 𝑥/ = −𝛼𝑥$: 

        → 𝑉̇(𝑥) = −𝛼/𝑥$/ − 𝛼/w𝜔, + 𝑘9x𝑥$/ + 𝛼𝜔,𝑘9𝑥$/ + 𝛼𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$)𝑥$ 

        →	 𝑉̇(𝑥) = −𝛼/𝑥$/ − 𝛼/𝜔,𝑥$/ − 𝛼(𝛼 − 𝜔,)𝑘9𝑥$/ + 𝛼𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$)𝑥$												(4.42) 

        Plugging 𝑘9 from (4.39) into (4.42) results in: 

        → 𝑉̇(𝑥) = −𝛼/𝑥$/ − 𝛼/𝜔,𝑥$/ − 𝛼/(𝛼 − 𝜔,)𝑥$/ − 𝛼𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$)𝑥$ +

																					𝛼𝑘B𝜔,𝐾𝑠𝑖𝑛(𝑥$)𝑥$ 

        → 𝑉̇(𝑥) = −𝛼/𝑥$/ − 𝛼/𝜔,𝑥$/ − 𝛼�𝑥$/ + 𝛼/𝜔,𝑥$/ → 𝑉̇(𝑥) = −𝛼/𝑥$/ − 𝛼�𝑥$/ 

        → 𝑉̇(𝑥) = −𝛼/𝑥$/ − 𝛼𝑥// < 0	𝑓𝑜𝑟	𝛼 > 0																																																																	(4.43) 

        which proofs the asymptotic stability of the system. ∎ 

                       A nonlinear 𝐶$  function ℎ(𝑥$),	and the cost 𝑟(𝑥, 𝑢) with 𝑆(𝑥) = 𝑥$/ + 𝑥// 

and 𝑅 = 1. By the converse HJB approach [103], the optimal solution is given by 

𝑉∗(𝑥) = $
/
||𝛼𝑥$ + 𝑥/||// and 𝜇∗(𝑥) = −𝑥/ℎ(𝑥$). In this context, 𝑆(𝑥) is quadratic, 
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and nonlinear system (4.35) can be estimated near the origin by linear system. Thus, 

by the linear quadratic regulator theory, 𝑉nF can be estimated by a quadratic function 

near the origin [101]; we select 𝑤D and 𝜙,(𝑥) in the critic neural network 𝑉»D<$(𝑥) =

𝑤Dm𝜙,(𝑥) as 

        𝑤D = [𝑤D$, 𝑤D/, 𝑤D�]m , 𝜙,(𝑥) = [𝑥$/, 𝑥$𝑥/, 𝑥//]m 																								(4.44) 

        To decide the proper actor neural network structure, we replace (4.44) 𝑅 = 1, and 

g(x) = [0, ℎ(𝑥$)]m to (4.29), which achieve: 

        𝜈̂D<$(𝑥) = − $
/
𝑤D/ ⋅ 𝑥$ℎ(𝑥$) − 𝑤D� ⋅ 𝑥/ℎ(𝑥$)															(4.45) 

        Here, presume that ℎ(𝑥$) can be stand for 

        ℎ(𝑥$) = 𝜃m𝜓(𝑥$) + 𝜀U(𝑥$)																																		(4.46) 

        with the weight vector 𝜃 ∈ ℝ} , the nonlinear regression function 𝜓(𝑥$) ∈ ℝ} , and 

the bounded estimation error 𝜀U(𝑥$);  M is the number of weights. Then, (4.45) 

change into 𝜈̂D<$(𝑥) = (𝑣D<)m𝜌(𝑥) + 𝜀U(𝑥), where (𝑣D<), 𝜌(𝑥) ∈ ℝ/} are described 

        𝑉D< ≔ −<iFA
/
, 𝑤D�A

m
⊗𝜃 and 𝜌(𝑥) ≔ 𝑥 ⊗𝜓(𝑥$)																(4.47) 

        𝜀U(𝑥) is given by 𝜀U(𝑥) = −?iFATE
/

+𝑤D�𝑥/@ 𝜀U(𝑥$), which is clearly bounded in a 

compact set. Consequently, we select 𝑉D  and 𝜙O(𝑥)  in the actor neural network 

𝜈̂D<$ = 𝑣Dm𝜙O(𝑥) as 𝑉D = ½𝑉D$,𝑉D/, ⋯ , 𝑉D/}¾
m and 𝜙O(𝑥) = 𝜌(𝑥). 

        The actor neural network is employed in integral Q-learning A and B to find the next 

policy 𝜈̂D<$ with 𝑉D ≈ 𝑉D<when ℎ(𝑥$) is not known. It ℎ(𝑥$) is correctly known, then 
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(4.29) can be employed to straightly compute the next policy 𝜈̂D<$ as was done in 

policy enhancement of explorized integral policy iteration. At each ith step, 𝑤D and 

𝑣D  will be retrofitted by the least square solution (4.33) after N data samples 

(𝜓[𝑘], 𝑍[𝑘])(𝑘 = 1,2,⋯ ,𝑁)  are gathered. In the MATLAB, the goal of the 

suggested integral reinforcement learning approaches is to find the optimal weight 

vectors 𝑤∗ and 𝑉∗ given by 𝑤∗ = < $
/,&,$

A
m
 and 𝑣∗ = 𝜈D<|iFJi∗ = −[0m , 𝜃m]m . 

 
4.5.2 Instance for inverter fault ride through integral  
reinforcement learning approach simulation 

                       For the contrast with integral policy iteration (Algorithm 1) in [102], we 

reflect on the nonlinear system (4.35) with ℎ(𝑥$) = sin(𝑥$)  which can be 

demonstrated by (4.46) with 𝜃 = 1, 𝜓(𝑥$) = sin(𝑥$) and 𝜀U(𝑥$) ≡ 0. In this context, 

𝑉D and 𝜙O(𝑥) and given by 𝑉D = [𝑉D$,𝑉D/]m and 𝜙O(𝑥) = [𝑥$𝑠𝑖𝑛𝑥$, 𝑥/𝑠𝑖𝑛𝑥$]m. 

        The beginning admissible policy is given by 𝜇& = − �
/
sin(𝑥$) (𝑥$ + 𝑥/);  the 

beginning state 𝑥& at t = 0 and the sampling period T are set to 𝑥& = [0.5, −0.5]m and 

T = 1 [s], respectively. The number of data, N gathered per iteration is decided by ‘N 

= 10 ×	𝑁O’ for each process, as shown in Table. 4.2, where N = 30 was used under 

𝑁& = 3 as well. For the Algorithms 2 and 3, we employed 𝑒p given by 

        𝑒p = �
𝑐	𝑓𝑜𝑟	𝑎𝑙𝑙	𝜏 ∈ <𝑡, 𝑡 + (m

/
A

−𝑐	𝑓𝑜𝑟	𝑎𝑙𝑙	𝜏 ∈ <𝑡 + (m
/
, 𝑡 + (m

/
A
																																(4.48) 

        with c = 2.5. In policy enhancement of Algorithm 4, we employed: 

        𝑒p = 3.5	𝑓𝑜𝑟	𝑎𝑙𝑙	𝜏 ∈ [𝑡, 𝑡 + 𝑁𝑇)																														(4.49) 
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        Here, these explorations (4.48) and (4.49) content Assumption 1a and 1b, 

respectively. The update step of FA-PI (ΩD , 𝑒)  is excluded in these testing for 

simplicity. Thus, the same 𝑒 will be adjusted for all iteration steps. 

                     Fig. 4.8 shows the simulation results in the iteration domain, first graph 

shows the variations of 𝑤D created by the suggested integral reinforcement learning 

approaches (Algorithm 2-4), and second graph shows the evolution of 𝑉D created by 

model-free integral Q-learning A and B (Algorithms 3 and 4). As shown in Fig. 4.8 

first graph, all the critic weights 𝑤D at each iteration are very close, displaying the 

equivalent of all the suggested integral reinforcement learning methods and integral 

policy iteration in the iteration domain under the remarkable condition. The actor 

neural network weights 𝑣D in Fig. 4.8 second graph shows the coefficients. Also, as 

displayed in Fig. 4.8, both weights 𝑣D and 𝑤D merge to their optimal values within a 

few iterations, which is owing to second order convergence of integral policy 

iteration and policy iteration in the iteration domain [95]. 

 
Table 4.2. The number of gathered data per iteration. 

 

Process Type &Algorithm No. N 𝑵𝜽 

Policy Evaluation of Algorithm 2 30 3 

Policy Evaluation & Improvement of Algorithm 3 50 5 

Policy Evaluation of Algorithm 4 30 3 

Policy Improvement of Algorithm 4 20 2 
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(a) Critic neural network weights 𝑤! 

 

(b) Actor neural network weights 𝑣! 

Fig. 4.8. Algorithm 2-4 actor/critic weights evolution. 

 
4.5.3 Instance for inverter fault ride through exploration integral  
Q-learning A approach simulation 

                       In this simulation, integral Q-learning A is adjusted to the nonlinear inverter 

system (4.35) with ℎ(𝑥$) = cos(2𝑥$) + 2. This system was also employed in [80] to 

test their synchronous actor critic learning approaches. The weight vector 𝑤D of the 

critic neural network is activated to 𝑤& = [1,1,1]m ; the identical beginning actor 

neural network weight vector is given by 𝑣& = 𝑣&< = −< $
/,$
A⨂𝜃 . The states are 

established to zero, 𝑥& = [0,0]m; we established 𝑁 = 40 and 𝑇 = 25	[𝑚𝑠], thus the 

least square solution (4.33) is computing every 1 [s]. The exploration plan (4.48) with 
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Fig. 6. (Example 1) Evolution of critic/actor weights for Algorithms 3–5.

As in [12, Section 6.1], the initial admissible policy is given
by µ0(x) = − 3

2 sin(x1)(x1 + x2); the initial state x0 at t = 0
and the sampling period T are set to x0 = [ 0.5, −0.5 ]T and
T = 0.1 [s], respectively; the number of data, N , collected per
iteration is determined by ‘N = 10 × Nθ’ for each process,
as demonstrated in Table II. Note that all of these settings
correspond to the simulation in [12, Section 6.1], where N =
30 was used under Nθ = 3 as well. In the simulations of
Algorithms 2 and 3, we used eτ given by

eτ =

{

c for all τ ∈ [t, t+NT/2),

−c for all τ ∈ [t+NT/2, t+NT ),
(47)

with c = 2.5. In policy improvement of Algorithm 4, we used

eτ = 3.5 for all τ ∈ [t, t+NT ). (48)

Notice that these explorations (47) and (48) satisfy Assump-
tions 3a and 3b, respectively, if one considers the extended
time interval [t, t+NT ), instead of [t, t+T ). The update step
of (Ωi, e) is omitted in these simulations for simplicity (see
[10] for an example of updating Ωi in IA-PI), so the same e
will be applied for all iteration steps.
Fig. 6 demonstrates the simulation results in the iteration

domain—(a) the variations of wi generated by the proposed I-
RL methods (Algorithms 3–5), and (b) the evolution of vi gen-
erated by model-free integralQ-learning I and II (Algorithms 4
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Fig. 7. (Example 1) Trajectories of the state variables (a) x1(τ) and (b)
x2(τ) for Algorithms 2–4. The marked points indicate the time instants the
critic and/or actor NN weights are updated.

and 5). As shown in Fig. 6(a), all the critic weights wi at each
iteration are very close to those in [12, Section 6.1], showing
the equivalences of all the proposed I-RL methods and I-
PI in the iteration domain under the uniqueness condition.
The actor NN weights vi in Fig. 6(b) are also close to each
other at each iteration. Moreover, as shown in Fig. 6, both
weights wi and vi converge to their optimal values within a
few iterations, which is due to the second-order convergence
nature of I-PI and PI in the iteration domain [13], [17], [21],
[36]. Fig. 7 shows the state trajectories, which are all bounded
but oscillatory due to the exploration e applied for both the
excitation of ψ[k] and online learning in partially/completely
unknown dynamics (f, g). In I-PI [12, Section 6.1], g(x)
should be known and there is no way to re-excite the signal
because of the absence of the exploration e.

B. Simulation Example 2

In this example, integral Q-learning I is applied to the
nonlinear system (42) with h(x1) = cos(2x1)+2. This system
was also used in [22], [24] to simulate their synchronous
actor-critic learning methods. As was done in [22], the weight
vector wi of the critic NN is initialized to w0 = [1, 1, 1]T ;
the corresponding initial actor NN weight vector is given by
v0 = v

+
0 = −[1/2, 1] ⊗ ϑ. The states are initialized to zero,

i.e, x0 = [0, 0]T ; we set N = 40 and T = 25 [ms], so the LS
solution (40) is calculated every 1 [s]. The exploration scheme
(47) with c = 1 is used to hold Assumption 3a.
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As in [12, Section 6.1], the initial admissible policy is given
by µ0(x) = − 3

2 sin(x1)(x1 + x2); the initial state x0 at t = 0
and the sampling period T are set to x0 = [ 0.5, −0.5 ]T and
T = 0.1 [s], respectively; the number of data, N , collected per
iteration is determined by ‘N = 10 × Nθ’ for each process,
as demonstrated in Table II. Note that all of these settings
correspond to the simulation in [12, Section 6.1], where N =
30 was used under Nθ = 3 as well. In the simulations of
Algorithms 2 and 3, we used eτ given by

eτ =

{

c for all τ ∈ [t, t+NT/2),

−c for all τ ∈ [t+NT/2, t+NT ),
(47)

with c = 2.5. In policy improvement of Algorithm 4, we used

eτ = 3.5 for all τ ∈ [t, t+NT ). (48)

Notice that these explorations (47) and (48) satisfy Assump-
tions 3a and 3b, respectively, if one considers the extended
time interval [t, t+NT ), instead of [t, t+T ). The update step
of (Ωi, e) is omitted in these simulations for simplicity (see
[10] for an example of updating Ωi in IA-PI), so the same e
will be applied for all iteration steps.
Fig. 6 demonstrates the simulation results in the iteration

domain—(a) the variations of wi generated by the proposed I-
RL methods (Algorithms 3–5), and (b) the evolution of vi gen-
erated by model-free integralQ-learning I and II (Algorithms 4
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x2(τ) for Algorithms 2–4. The marked points indicate the time instants the
critic and/or actor NN weights are updated.

and 5). As shown in Fig. 6(a), all the critic weights wi at each
iteration are very close to those in [12, Section 6.1], showing
the equivalences of all the proposed I-RL methods and I-
PI in the iteration domain under the uniqueness condition.
The actor NN weights vi in Fig. 6(b) are also close to each
other at each iteration. Moreover, as shown in Fig. 6, both
weights wi and vi converge to their optimal values within a
few iterations, which is due to the second-order convergence
nature of I-PI and PI in the iteration domain [13], [17], [21],
[36]. Fig. 7 shows the state trajectories, which are all bounded
but oscillatory due to the exploration e applied for both the
excitation of ψ[k] and online learning in partially/completely
unknown dynamics (f, g). In I-PI [12, Section 6.1], g(x)
should be known and there is no way to re-excite the signal
because of the absence of the exploration e.

B. Simulation Example 2

In this example, integral Q-learning I is applied to the
nonlinear system (42) with h(x1) = cos(2x1)+2. This system
was also used in [22], [24] to simulate their synchronous
actor-critic learning methods. As was done in [22], the weight
vector wi of the critic NN is initialized to w0 = [1, 1, 1]T ;
the corresponding initial actor NN weight vector is given by
v0 = v

+
0 = −[1/2, 1] ⊗ ϑ. The states are initialized to zero,

i.e, x0 = [0, 0]T ; we set N = 40 and T = 25 [ms], so the LS
solution (40) is calculated every 1 [s]. The exploration scheme
(47) with c = 1 is used to hold Assumption 3a.
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𝑐 = 1 is employed to hold Assumption 1a. 

                      Case 1: We presume ℎ(𝑥$) is linearly setup as ℎ(𝑥$) = 𝜃m𝜓(𝑥$) with zero 

estimation error 𝜀U(𝑥) ≡ 0 , where 𝜃  and 𝜓(𝑥P)  are given by 𝜃 = [1,2]m and 

𝜓(𝑥$) = [cos(2𝑥P) , 1]m . From this, 𝑣D  and 𝜙O  in the actor neural network are 

selected as 𝑣D ∈ ℝh  and 𝜙O(𝑥) = [𝑥$ cos(2𝑥$) , 𝑥$, 𝑥/ cos(2𝑥$) , 𝑥/]m , and the 

optimal actor neural network weights 𝑉∗ are given by 𝑣∗ = −[0m , 𝜃m]m = [0,0,1,2]m . 

                     The simulation results are displayed in Fig. 4.9 and Fig. 4.10. As shown in 

Fig. 4.9 and Fig. 4.10 first graph, the weights in the actor and critic neural networks 

merge to their optimal ones within 4 iterations; ig. 4.10 second graph shows the 

optimal policy estimation error at 𝑖 = 6. It is very small less than 10Y$& which shows 

the productiveness of the suggested integral Q-learning A. 

 

Fig. 4.9. Integral Q-learning A critic weights 𝑤` 	evolution via case 1 and 2. 

                      Case 2: Let’s presume ℎ(𝑥$)  in 𝑔(𝑥)  is fully unknown and suppose its 

expression (4.46) with 𝑀 = 7 and 𝜓(𝑥) given by 𝜓(𝑥$) = [1	𝑥$𝑥$/	𝑥$�	𝑥$h	𝑥$l	𝑥$!]m . 

From this and (4.47), the activation function 𝜙O(𝑥) ∈ ℝ$h of the actor neural network 

can be decided as 𝜙rO(𝑥) = 𝑥$
r  for 1≤ 𝑗 ≤ 7 and 𝜙rO(𝑥) = 𝑥$

rY%𝑥/  for 8 ≤ 𝑗 ≤ 14. 

The unknown vector 𝜃 in (4.46) and in the optimal actor neural network weight 𝑣∗ 
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Fig. 8. (Example 2) Cases 1 and 2: Evolution of critic weights wi generated
by integral Q-learning I.

Case 1: first, we assume h(x1) is linearly parameterized as
h(x1) = ϑTψ(x1) with zero approximation error εh(x) ≡ 0,
where ϑ and ψ(x1) are given by

ϑ = [ 1, 2 ]T and ψ(x1) = [ cos(2x1), 1 ]T .

From this, vi and φa in the actor NN are determined as vi ∈
R4 and φa(x) = [x1 cos(2x1), x1, x2 cos(2x1), x2 ]T , and
the optimal actor NN weights v∗ are given by

v∗ = −[ 0T , ϑT ]T = [0, 0, 1, 2]T .

The simulation results are shown in Figs. 8 and 9. As shown
in Figs. 8 and 9(a), the weights in the critic and actor NNs
converge to their respective optimal ones within 3 iterations;
Fig. 9(b) illustrates the optimal policy approximation error
at i = 6, which is very small (≤ 10−10), showing the
effectiveness of the proposed integral Q-learning I.
Case 2: next, assume h(x1) in g(x) is completely unknown

and consider its expression (45) with M = 7 and ψ(x) given
by ψ(x1) = [1 x1 x2

1 x3
1 x4

1 x5
1 x6

1]
T . From this and (46), the

activation function φa(x) ∈ R14 of the actor NN can be
determined as φaj (x) = xj

1 for 1 ≤ j ≤ 7 and φaj (x) = xj−8
1 x2

for 8 ≤ j ≤ 14. The unknown vector ϑ in (45) and in
the optimal actor NN weight v∗ can be also obtained as
ϑ = [3, 0, −2, 0, 2/3, 0, −4/45]T from the Taylor expansion
of h(x1) at x1 = 0:

h(x1) = cos(2x1) + 2 = 3− 2x2
1 +

2x4
1

3
−

4x6
1

45
+O(x8

1).

The simulation results in Case 2 are demonstrated in Figs.
8 and 10. As can be seen from Fig. 8, the critic NN weights
at each iteration are almost equal to those in Case 1, which
converge to the optimal ones. The final critic NN weights
wi at i = 6 in Case 2 is w6 = [0.5000, 0.0000, 1.0000]T

and Fig. 10(a) shows the corresponding approximation error
of the optimal value function. Here, the maximum error is
smaller than 10−8, showing the good performance of integral
Q-learning I. The optimal and final weights v∗ and vi at i = 6
of the actor NN are shown in Table III. Though the error
∥v6j − v∗

6∥ for each j is very small, as shown in Table III,

the approximation errors of the optimal policy shown in Fig.
10(b) is relatively high compared with those in Fig. 9(b). These
errors are due to the approximation of the unknown h(x1), but
can be decreased by incorporating higher-order terms like x9

1

and x2x8
1 into the actor NN.

Discussions: As opposed to the synchronous actor-critic
methods [22], [24], where the actor NN with the same structure
to the critic NN was introduced for the closed-loop stability,
the proposed integral Q-learning methods introduce the actor
NN for model-free learning, and as shown in this example,
its structure is determined by appropriate procedures when
g(x) contains some structural/parametric uncertainties. This
makes it possible to learn the online optimal control solution
without knowing the nonlinear dynamics (f, g) and without
introducing the complex identifier NN structure (see [24] for
actor-critic-identifier architecture).
As shown in Figs. 8 and 9(a), the NN weights almost

converge at 2 [s], showing that the convergence time is similar
to the actor-critic-identifier method in [24], and faster than
the model-based actor-critic method in [22]. On the other
hand, when h(x1) is linearly parameterized (Case 1), the
approximation error of the optimal control policy is far smaller
than the actor-critic methods [22], [24] as shown in Fig. 9(b).
These fast, accurate convergence results are mainly due to the
second-order convergence nature of PI and I-PI methods in the
iteration domain [13], [17], [21], [36]. As shown in Fig. 10(a),
the approximation error of the optimal value function is also
very small even when h(x1) is completely unknown (Case 2).
In this case, however, the approximation error of the optimal
control policy is relatively large compared to the actor-critic
methods [22], [24]. This is due to the approximation error
ε̄h(x), which can be made sufficiently small by increasing
the number of neurons. Though the proposed I-RL methods
show the good convergence properties, they require an initial
admissible policy, while the synchronous methods do not [22],
[24]. This restriction can be relaxed if the I-RL methods are
developed based on VI [21] or generalized PI [17], [21], rather
than PI, which is the future work of this paper.

VII. CONCLUSIONS
In this paper, we proposed one partially model-free I-RL

method named explorized PI and two completely model-free
I-RL methods named integralQ-learning I and II, the objective
of all of which is to find the online solution to the given CT
nonlinear optimal control problem with input-affine dynamics.
All the proposed methods are able to simultaneously and stably
explore the state-space during the learning phase. To develop
the methods, the concepts of exploration, I-TD, and invariant

TABLE III
(EXAMPLE 2) CASE 2: THE ACTOR NN WEIGHTS v6 AND v

∗

j v6j v∗j j v6j v∗j j v6j v∗j

1 0.0000 0 6 0.0000 0 11 0.0000 0
2 0.0000 0 7 0.0001 0 12 -0.6667 -2/3
3 0.0000 0 8 -3.0000 -3 13 0.0000 0
4 0.0000 0 9 0.0000 0 14 0.0889 4/45
5 0.0000 0 10 2.0000 2
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can be also get as 𝜃 = <3,0, − /,&,/
�,&

, − h
hl
A
m

 from the Taylor expansion of ℎ(𝑥$) at 

𝑥$ = 0. ℎ(𝑥$) = cos(2𝑥$) + 2 = 3 − 2𝑥$/ +
/TEd

�
− hTEe

hl
+ Ο(𝑥$%). 

                      The test results in Case 2 are shown in Fig. 4.9 and Fig. 4.11. From Fig. 4.9, 

critic neural network weights at each iteration are almost the same as those in Case 1. 

Final critic neural network weights 𝑤D at 𝑖 = 6 in Case 2 is 𝑤! = [0.5,0.0,1.0]m and 

Fig. 4.11 first graph demonstrates the corresponding estimation error of the optimal 

value function. Here, the maximum error is smaller than 10Y% which presents the 

good performance of integral Q-learning A. The optimal and final weights 𝑣∗ and 𝑣D 

at 𝑖 = 6 of the actor neural network are displayed in Table 4.3. Error ì𝑣!r − 𝑣!∗ì for 

each 𝑗 is very small. The estimation errors of the optimal policy are shown in Fig. 

4.11 second graph is fairly high contrast with those in Fig. 4.10 second graph. These 

errors are owing to the estimation of the unknown ℎ(𝑥$), however, can be reduced 

by integrating higher order terms like 𝑥$� into the actor neural network. 

Table 4.3. The actor neural network weights 𝑣f and 𝑣∗ case 2. 

j 𝒗𝟔𝒋 𝒗𝒋∗ j 𝒗𝟔𝒋 𝒗𝒋∗ j 𝒗𝟔𝒋 𝒗𝒋∗ 

1 0.0000 0 6 0.0000 0 11 0.0000 0 

2 0.0000 0 7 0.0001 0 12 -

0.6667 

-2/3 

3 0.0000 0 8 -3.0000 -3 13 0.0000 0 

4 0.0000 0 9 0.0000 0 14 0.0889 4/45 

5 0.0000 0 10 2.0000 2 
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        (a) Actor weights evolution 

 

(b) Estimation error of optimal policy 

Fig. 4.10. Case 1: Accurately parameterized policy simulation results (a) actor weights evolution  

(b) estimation error of optimal policy.  

 

(a) Estimation error of optimal value function 

 

(b) Estimation error of optimal policy 

Fig. 4.11. Case 2: Online optimal solution estimation errors when approximation of 𝑥Wis not identically zero  

(a) estimation error of optimal value function (b) estimation error of optimal policy.  
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Fig. 9. (Example 2) Case 1: Simulation results when the policy is exactly
parameterized—(a) evolution of the actor NN weights vi and (b) optimal
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also shown that the proposed I-RL methods are all equal
to I-PI and IA-PI in the iteration domain, under the given
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and convergence properties of the proposed I-RL methods
were all given as well, and discussed in details, under the
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                      The performance of the suggested explorized Q-learning A approach can be 

stabilizing the distributed inverter’s fault ride through microgrid in transients is 

represented in Fig. 4.12. The system is stable during and after the fault ride through 

for a fault scenario at t = 1.2 [s]. Fault period is 120 [ms]. Fault current is limited to 

2 [pu]. After fault event and during the explorized Q-learning A mode, the system 

trajectory is controlled and managed. Even though the voltage source inverter shows 

transient impedance due to current limiting, instability condition |∆𝛿| > |∆𝜔| is not 

founded. The frequency restoration sequence [86], [87] reconstitutes the frequency 

back to the nominal value as shown in Fig. 4.12 first graph microgrid’s distributed 

three different inverter frequency recover to nominal frequency within 2 [s]. Also, 

from the Fig. 4.12 second graph, three-phase current is increased about 0.15 [s] 

during the transient state when the fault occurs at 1.2 [s]. However, after the transient 

state, all three-phase current amplitude and phase are turn into normal mode of 

operation. We may assume in which voltage source inverter’s fault ride through is 

working well. 

 

(a) Voltage source inverter’s grid forming frequencies 

1008 IEEE TRANSACTIONS ON SMART GRID, VOL. 12, NO. 2, MARCH 2021

Fig. 12. Simulation results, a three-phase to ground fault occurs in MG at t = 1.2 − 1.3 (seconds) and the proposed sliding mode controller stabilizes the
system while preserves power-sharing: (a) output active power of grid forming VSIs; (b) frequency at grid forming VSIs; (c) phase angle of grid forming
VSIs; (d) system trajectory indicating pre/post sliding and the sliding surface; (e) the output current of VSI# 2; (f) a zoom-on plot of current during fault
period, the fault current is limited to 2 pu.

Fig. 13. Simulation results, a three-phase to ground fault occurs in MG at t = 1.2 (sec) and is cleared at t = 1.35 (sec) by disconnecting the faulted line,
the proposed sliding mode controller stabilizes the system: (a) output active power of grid forming VSIs; (b) the output current of VSI# 2; (f) a zoom-on plot
of current during fault period, the fault current is limited to 2 pu.

Fig. 13 which proves the effectiveness and robustness of the
controller.

Comparison Study: In order to evaluate the superiority of the
proposed method, a comparison analysis is conducted with the
developed technique in [31] which has proposed a solution to
the transient stability problem of autonomous MGs. However,
there are some critical problems related to the method in [31]
as given below:

i. As it is mentioned earlier, the proposed solution in [31]
is not effective in the context of low-voltage MGs as the
feeder impedance is considered to be purely inductive

in this method. Using the virtual inductance loop to
increase the X/R ratio in the lossy grids is against the
proposed solution since, in this method, the quadratic
component of the VSI’s output voltage in the syn-
chronous reference frame (vq) is adopted as a feedback
signal to enhance the performance of the f − P droop
loop. However, vq would not be zero after using the
virtual inductance loop, even in steady states, which
is against the accurate power-sharing and frequency
restoration [10]. Also, vq is affected by the VSI’s out-
put fault current, when the virtual inductance is adopted,
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(b) Three phase current during/after the fault 

Fig. 4.12. Frequency and current performance of the suggested explorized Q-learning A approach voltage source 

inverter’s fault ride through.  

 
 

4.6 Summary 

                     This chapter proposed a model free integral reinforcement learning approach 

names explorized policy iteration and two entirely model-free integral reinforcement 

learning approaches named integral Q-learning A and B. The goal of all of this 

chapter is to find the online solution to the given continuous time nonlinear optimal 

control problem with input-affine systems. All the suggested approaches are capable 

to explore the state space concurrently and stably during the learning phase. We have 

represented that the suggested integral reinforcement learning approaches are all 

identical to integral policy iteration and fixed admissible policy iteration in the 

iteration domain, covered by the given excitation condition on the exploration for the 

remarkableness of the integral temporal difference solutions. The neural network-

based application approaches of the suggested plans were also showed, and their 

performance was confirmed by voltage source inverter fault ride through simulations 

and contrast with the other approaches. Finally, a proper solution to the transient 

stability problem of the voltage source inverter microgrids was suggested using 

explorized Q-learning A approach and confirmed through simulation results. 
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Fig. 12. Simulation results, a three-phase to ground fault occurs in MG at t = 1.2 − 1.3 (seconds) and the proposed sliding mode controller stabilizes the
system while preserves power-sharing: (a) output active power of grid forming VSIs; (b) frequency at grid forming VSIs; (c) phase angle of grid forming
VSIs; (d) system trajectory indicating pre/post sliding and the sliding surface; (e) the output current of VSI# 2; (f) a zoom-on plot of current during fault
period, the fault current is limited to 2 pu.

Fig. 13. Simulation results, a three-phase to ground fault occurs in MG at t = 1.2 (sec) and is cleared at t = 1.35 (sec) by disconnecting the faulted line,
the proposed sliding mode controller stabilizes the system: (a) output active power of grid forming VSIs; (b) the output current of VSI# 2; (f) a zoom-on plot
of current during fault period, the fault current is limited to 2 pu.

Fig. 13 which proves the effectiveness and robustness of the
controller.

Comparison Study: In order to evaluate the superiority of the
proposed method, a comparison analysis is conducted with the
developed technique in [31] which has proposed a solution to
the transient stability problem of autonomous MGs. However,
there are some critical problems related to the method in [31]
as given below:

i. As it is mentioned earlier, the proposed solution in [31]
is not effective in the context of low-voltage MGs as the
feeder impedance is considered to be purely inductive

in this method. Using the virtual inductance loop to
increase the X/R ratio in the lossy grids is against the
proposed solution since, in this method, the quadratic
component of the VSI’s output voltage in the syn-
chronous reference frame (vq) is adopted as a feedback
signal to enhance the performance of the f − P droop
loop. However, vq would not be zero after using the
virtual inductance loop, even in steady states, which
is against the accurate power-sharing and frequency
restoration [10]. Also, vq is affected by the VSI’s out-
put fault current, when the virtual inductance is adopted,

Authorized licensed use limited to: University of Maryland College Park. Downloaded on November 24,2023 at 19:30:03 UTC from IEEE Xplore.  Restrictions apply. 
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Chapter 5. Microgrid Frequency Control via Event Triggered Control 
of Distributed Energy Storages and Generation 

 
Abstract –The unpredictability of generator-load areas presents challenges for regulating 

system frequency. To address this issue, we propose a real-time flexible frequency control 

strategy that manages both the governor and energy storage (ES) systems to facilitate 

frequency recovery in uncertainty of microgrid. Author proposes an advanced integral 

reinforcement learning method, wherein the reinforcement signal employs a Lipschitz 

function to navigate the constraints associated with ES control. Additionally, we enhance 

a novel dynamic event-triggered mechanism to reduce the frequency of control updates 

for the ES. Furthermore, paper introduce power partition control approach that promote 

the efficient use of distributed ES. A leader-follower distributed dynamic event-triggered 

control mechanism is established to ensure rapid convergence and precise synchronization, 

enabling power dispatch according to demand to reduce limited network resources. The 

stability of the distributed ES is confirmed through the Lyapunov theory. 

 
5.1   Background 

                     The increasing integration of renewable energy systems, such as photovoltaic 

(PV) technology, has led to a greater uncertainty in power supply [88]. This 

heightened uncertainty results in a mismatch between energy demand and supply, 

which adversely affects frequency stability [89].  The rapid development of demand 

response strategies, which optimize the use of flexible resources on the demand side 

through advanced information technologies, has emerged as an effective approach to 

provide frequency support [90]. 

                     The load as an energy consumer may encompass more flexible and 
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convenient smart devices within smart homes. However, the disparity between 

variable load demand and unpredictable energy supply leads to frequency instability 

in microgrids. A significant amount of research has focused on frequency recovery. 

Variations in frequency can adversely affect the stable operation of the microgrid and 

may lead to system failures in severe situations. Typically, frequency deviations are 

addressed by managing microturbines to compensate for power mismatches. 

However, this approach is not ideal, as the long-term extensive frequency control 

responsibilities can lead to wear and tear on microturbines, resulting in irregular 

fluctuations of internal variables during measurement and transmission. Furthermore, 

the system inertia of the microgrid is reduced due to the substantial fluctuations in 

renewable energy sources, indicating a need for enhanced robustness in frequency 

control measures [91]. 

                     From the perspective of control equipment, ES demonstrates remarkable 

capabilities in subsidiary frequency control due to its adaptable management, rapid 

response times, and high precision [92]. The microturbine benefits from ES, which 

not only reduces the support energy required by the frequency modulation unit, 

thereby lowering operational costs, but also functions as either a power producer or 

consumer. ES contributes to improved power quality while simultaneously reducing 

electricity bills. With the rapid advancement of demand response on the load side, 

electric vehicles and temperature-regulated loads are now able to participate in load 

frequency control [93]. Additionally, the integrated management of smart home 

devices, the evolution of energy routers, and appropriately interfaced converters have 

further bolstered the effectiveness of subsidiary frequency control systems [94]. 
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                     From a control methodology standpoint, adaptive dynamic programming 

(ADP) facilitates model-free control and has garnered significant attention in 

industrial applications [95], [96]. Research has been conducted on a data-driven ADP 

approach aimed at detecting small leaks in pipelines [97], while another study 

proposed a goal depiction ADP method to derive subsidiary control signals. 

Nonetheless, these methodologies necessitate the accumulation of extensive 

historical data and demand substantial storage capacity. Additionally, [98] the 

identification of unknown systems has been explored through the use of recurrent 

neural networks, with considerations given to system state limitations, and the 

approach has been extended to stochastic nonlinear systems [99]. However, 

inaccuracies in system state observation and identification can adversely affect 

control precision. To address this issue, a control strategy based on integral 

reinforcement learning has been validated, which alleviates the stringent 

requirements of the system model and enables error-free control despite the presence 

of undiscovered system drift dynamics. Furthermore,  [100] the challenges associated 

with tracking control in partially unknown nonlinear systems subject to disturbances 

within a finite time frame have been investigated, leading to solutions for the time-

varying Hamilton-Jacobi-Isaacs (HJI) equation. However, the controllers developed 

in this research are regularly enhanced based on the state, which may introduce 

transmission weight discrepancies between the control device and the control center 

in practical applications. 

                     In the context of integrating load-side resources into energy storage 

frequency control, a centralized control system reliant on a unified transmission 
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center necessitates a robust two-way communication network, which significantly 

increases both communication demands and computational requirements [101]. As 

the system's complexity and data communication capabilities grow, it becomes 

essential to enhance the speed and computational power of the central controller to 

effectively manage information. In scenarios where communication networks have 

limited bandwidth, transmitting data at a high sampling rate can lead to network 

congestion, negatively impacting real-time control operations [102]. To improve 

transmission efficiency, various studies have implemented event-triggered control 

strategies aimed at alleviating communication burdens [103], [104] study proposes 

an event-triggered distributed control framework designed to collaboratively manage 

energy storage systems in response to power fluctuations while ensuring equitable 

power distribution among different energy storage units. Nonetheless, these event-

triggered methods often involve extensive calculations and monitoring, resulting in a 

significant operational burden. Consequently, it is imperative to establish an efficient 

event-triggered process for distributed resources to optimize computational 

efficiency. 

                     This chapter introduces the challenge of robust optimal control in microgrids 

as a zero-sum game that comprehensively addresses the uncertainties associated with 

renewable energy sources, system variables, and load demands. It proposes a 

dynamic event-triggered integral reinforcement learning method aimed at resolving 

the online adaptive optimal frequency control issue while adhering to input 

constraints. The primary objective is to enhance load-side frequency regulation, 

emphasizing the distributed cooperative control of energy storage systems (ESs) 
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within a load aggregator framework, enabling ESs to respond effectively to higher-

level directives while minimizing communication overhead. The key contributions 

of this study include the reformation of the microgrid's robust frequency control 

challenge, which incorporates stochastic uncertainties, into a reinforcement integral-

zero sum game format. This is achieved through the application of adaptive primary 

frequency control by solving the Hamilton-Jacobi-Isaacs equation under uncertain 

conditions. Furthermore, an advanced integral reinforcement learning strategy is 

developed to address the challenges posed by ES control limitations and the 

uncertainties of system variables, utilizing a non-quadratic reinforcement signal that 

alleviates the precision requirements of the microgrid while considering input 

constraints in advance, with proven convergence. Additionally, a hierarchical 

frequency control framework is established, promoting cooperative interactions 

between load aggregators and ESs for load-side management, alongside the 

introduction of uniform allocation principles to ensure efficient resource utilization 

in response to directives. Lastly, a leader-follower control strategy is proposed, 

leveraging a dynamic event-triggered mechanism where a virtual leader disseminates 

instructions to all agents via a designated communication network, thereby reducing 

communication demands while ensuring rapid convergence and synchronization 

accuracy, ultimately enhancing the stability of the distributed control system. 

 
 

5.2  Representation of microgrid system 
5.2.1 Uncertainty model of microgrid system  

                       The microgrid model is shown in Fig. 5.1. Microgrid consists of ES, 

photovoltaic, governor, microturbine, and load. The transfer function of each unit can 
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be explained as: 

        𝑆N = 1/(𝑇8𝑠+1), 𝑆K =
$

mg><$
, 𝑆m =

$
_m@<�(P)b><$

, 𝑆B =
$

mP><$
.  Among them 𝑇8 , 𝑇e, 𝑇m 

and 𝑇B  stands for the time constants of ES, governor, turbine, and power system 

respectively [92]. R stand for speed regulation coefficient, 𝐾B stand for the power 

system gain coefficient. It is notable in which the variable of turbine and speed 

regulation coefficient may change in operation. Therefore, 𝜀(𝑡) and 𝛿(𝑡) stand for 

uncertainty of the variable. The frequency dynamic change of microgrid is explained 

by a set of differential equations, as follows: 

        ∆𝑓̇(𝑡) = − $
mP
∆𝑓(𝑡) + ZP

mP
∆𝑃8(𝑡) +

ZP
mP
∆𝑃P(𝑡) +

ZP
mP
∆𝑃BG(𝑡) −

ZP
mP
∆𝑃IW(𝑡) , ∆𝑃̇8(𝑡) =

− $
m$
∆𝑃8 −

$
(�(P)<�)m$

∆𝑓(𝑡) + $
m$
𝑢8(𝑡), ∆𝑃̇P(𝑡) = − $

�(P)<m@
∆𝑃P +

$
�(P)<m@

∆𝑋(𝑡), ∆𝑋(𝑡) = − $
mg
∆𝑋(𝑡) −̇ 	 $

(�(P)<�)mg
∆𝑓(𝑡) + $

mP
𝑢B(𝑡)																									(5.1)	 

 

Fig. 5.1. Microgrid smart frequency control diagram. 

                       To describe system status 𝑥(𝑡) = [∆𝑓(𝑡), ∆𝑃8(𝑡), ∆𝑃P(𝑡), ∆𝑋(𝑡)],    they 

stand for frequency deviation, ES power deviation, microturbine output, and 

governor position value, respectively. System control input 𝑢(𝑡) = [𝑢e(𝑡), 𝑢8(𝑡)]  
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Fig. 1. Schematic diagram of intelligent frequency control for microgrid
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Define system status x(t) =
[�f(t),�Pe(t),�Pt(t),�X(t)], they represent frequency
deviation, energy storage power deviation, turbine output
and governor position valve respectively; System control
u(t) = [up(t), ue(t)] represent the control of governor and the
control of energy storage respectively. �Ppv(t) and �Plo(t)
represent the power fluctuation of renewable energy and load,
respectively. The uncertainty of renewable energy and load
�Ppv(t) � �Plo(t) is defined as external disturbance v(t),
and then the frequency model of MG can be abbreviated as:

ẋ(t) = Ax(t) +G1up(t) +G2ue(t) + Fv(t) (2)

with
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B. Problem statement
For MG system with energy storage, the frequency con-

troller is designed to control the energy storage and the
governor to restore the frequency to the rated frequency. What
we consider is the real-time frequency control problem of MG
with random uncertainty, which includes system parameter
uncertainty and disturbance uncertainty. Considering that the
control input ue is constrained, a non-quadratic function is
introduced into the performance indicator function, which is
described as:

J(x(0)) =

Z 1

0
(x>Mx+ u>

p N1up + Se � �2v>v)d⌧ (5)

Se = 2uemax

Z ue

t
tanh�>(

w

uemax
)N2dw (6)

where M 2 R
4⇥4 is symmetric and positive definite matrix.

N1 � 0, N2 � 0, � is the attenuation level and uemax is the
maximum control amplitude of energy storage.

Definition 1: (L2-Gain [15,28]): There are some up(t) and
ue(t) to ensure the closed-loop system (2) satisfy L2-gain �,
� > 0 if

Z 1

t
(x>Mx+ u>

p N1up + Se)d⌧  �2

Z 1

t
(v>v)d⌧ (7)

for all 0 < t < 1 and all v 2 L2[0,1].
The optimal control needs to be obtained to stabilize the

system, aiming at the minimum performance index (5). The
robust optimal frequency control of MG is described as a zero-
sum game model, where the control up and ue are positive
players, which minimizes the performance index. And the
disturbance v is the adversarial player, which maximizes the
performance index. The Nash equilibrium solution of multi-
player zero-sum game needs to meet the following conditions:

J⇤(x) = min
up,ue

max
v

J(x, up, ue, v) = max
v

min
up,ue

J(x, up, ue, v).

(8)

Remark 1: System equation (2) contains not only external
disturbances, but also system parameter disturbances, which
mean (3) cannot be obtained. Furthermore, with the devel-
opment of intelligent power system, ETC plays an important
role in reducing computation costs. Consequently, in addition
to setting constraint, an event-triggered design need to be
added to the energy storage device to reduce the number of
controller updates. The purpose of this paper is to design an
optimal control strategy to realize the online frequency control
considering the above factors comprehensively.

III. DESIGN OF DYNAMIC EVENT-TRIGGERED-BASED
INTEGRAL REINFORCEMENT LEARNING

A. Integral reinforcement learning algorithm

The traditional ADP method can solve the optimal control
problem, for any given admissible control up and ue, the value
function can be described as:

V (x(t)) =

Z 1

t
(x>Mx+ u>

p N1up + Se � �2v>v)d⌧. (9)

Differential equation of (9) with respect to t can be obtained
as the following Bellman equation:

0 =(rV )>(Ax(t) +G1up(t) +G2ue(t) + Fv(t))

+ x>Mx+ u>
p N1up + Se � �2v>v (10)

where rV = @V
@x , and the Hamiltonian function can be

expressed as:

H(x, up, ue, v,rV ) =(rV )>(Ax(t) +G1up(t) +G2ue(t)

+ Fv(t)) + x>Mx+ u>
p N1up

+ Se � �2v>v. (11)
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stand for control input of governor and ES, respectively. ∆𝑃BG(𝑡) and ∆𝑃IW(𝑡)     stand 

for the power fluctuation of photovoltaic and load, respectively. The uncertainty of 

photovoltaic and load ∆𝑃BG(𝑡) − ∆𝑃IW(𝑡) is described as external disturbance 𝜐(𝑡), 

and the frequency model of microgrid can be represented as: 

        𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵$𝑢e(𝑡) + 𝐵/𝑢8(𝑡) + 𝐹	𝜐(𝑡)																								(5.2) 

        where 𝐴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

Y	$
mP

ZP
mP

ZP
mP

0
Y	$

(�(P)<�)m$

Y	$
m$

0 0

0 0
Y	$

�(P)<m@

	$
�(P)<m@

Y	$
(�(P)<�)mg

0 0 Y$
mg ⎦

⎥
⎥
⎥
⎥
⎥
⎤

																																																														(5.3) 
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⎥
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																																																																								(5.4) 

5.2.2 Affirmation of integral zero-sum game  

                       For microgrid with ES, the frequency controller is planned to manage the 

ES and the governor to reconstitute the frequency to the rated frequency. We reflect 

on is the real time frequency management problem of microgrid with uncertainty, in 

which contains system variable and disturbance uncertainty. Reflecting on the control 

input 𝑢8   is constrained, a non-quadratic function which is suggested into the 

performance index function represented with: 

        𝐽w𝑥(0)x = ∫ w𝑥m𝑀𝑥 + 𝑢em𝑁$𝑢e + 𝑆8 − 𝛾/𝜐m𝜐x𝑑𝜏.																	(5.5)
q
&  

        𝑆8 = 2𝑢8HOT ∫ 𝑡𝑎𝑛ℎYm ? i
F$894

@𝑁/𝑑𝑤																		(5.6)
F$
P  
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        where 𝑀 ∈ ℝh×h is positive definite and symmetric matrix. 𝑁$ ≥ 0,𝑁/ ≥ 0, and 𝛾 is 

the attenuation coefficient and 𝑢8HOT is the maximum control magnitude of ES. 𝐿/ −

𝐺𝑎𝑖𝑛 definition [105] can be applied here, there are some 𝑢e(𝑡) and 𝑢8(𝑡) to insure 

the closed loop system (5.2) content 𝐿/ − 𝐺𝑎𝑖𝑛 ≤ 𝛾, 𝛾 > 0 if  

        ∫ (𝑥m𝑀𝑥 +q
P 𝑢em𝑁$𝑢e + 𝑆8)𝑑𝜏 ≤ 𝛾/ ∫ (qP 𝜐m𝜐)𝑑𝜏																			(5.7) 

        for all 0 < 𝑡 < ∞ and all 𝜐 ∈ 𝐿/[0,∞]. 

                       The optimal control requires to be acquired to stabilize the system, goal to 

the minimum performance indicator (5.5). The robust optimal frequency control of 

microgrid is represented as an integral zero-sum game, where the control input 𝑢e 

and 𝑢8 are positive players, which reduces the performance indicator. Disturbance 𝜐 

is the adversarial player, which reduces the performance indicator. The Nash 

equilibrium solution of multiplayer integral zero-sum game requires satisfying the 

following: 

        𝐽∗(𝑥) = min
Fg,F$

max
�
𝐽w𝑥, 𝑢e,𝑢8 , 𝜐x = max

�
min
Fg,F$

𝐽w𝑥, 𝑢e,𝑢8 , 𝜐x																	(5.8) 

 
5.3  Integral reinforcement learning with dynamic event  
triggered approach 

5.3.1 Integral reinforcement learning approach 

                       The adaptive dynamic programming approach can work out the optimal 

control dilemma, for any given control input 𝑢e and 𝑢8, the value function can be 

represented with: 

        𝑉w𝑥(𝑡)x = ∫ (𝑥m𝑀𝑥 +q
P 𝑢em𝑁$𝑢e + 𝑆8−𝛾/𝜐m𝜐)𝑑𝜏																			(5.9) 
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        Differential equation of (5.9) in reference to t can be acquired as the following 

Bellman equation: 

        0 = (∇𝑉)m ?𝐴𝑥(𝑡) + 𝐵$𝑢e(𝑡) + 𝐵/𝑢8(𝑡) + 𝐹	𝜐(𝑡)@ + ∫ (𝑥m𝑀𝑥 +q
P 𝑢em𝑁$𝑢e +

𝑆8−𝛾/𝜐m𝜐																																																																																																													(5.10) 

        where ∇𝑉 = \*
\T

, and the Hamiltonian function can be represented as: 

        𝐻w𝑥, 𝑢e, 𝑢8 , 𝜐, ∇𝑉x = (∇𝑉)m ?𝐴𝑥(𝑡) + 𝐵$𝑢e(𝑡) + 𝐵/𝑢8(𝑡) + 𝐹	𝜐(𝑡)@ + 𝑥m𝑀𝑥+ 

𝑢em𝑁$𝑢e	+ 𝑆8	−	𝛾/𝜐m𝜐																																																																																																		(5.11)		 

        The optimal value function cab be represented with: 

        𝑉∗w𝑥(𝑡)x = min
Fg,F$

max
�
{ ∫ w𝑥m𝑀𝑥 +	𝑢em𝑁$𝑢e 	+ 	𝑆8	−	𝛾/𝜐m𝜐x𝑑𝜏}															(5.12)

q
P  

        Optimal control input/disturbance can be represented with: 

        𝑢e∗(𝑡) = − $
/
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𝐹m∇𝑉																																																																																																										(5.13) 

                       The optimal control (5.13) is accepted into the Hamilton function to acquire 

the Hamilton-Jacobi-Isaacs equation: 

        0 = 𝑥m𝑀𝑥 + (∇𝑉∗)m𝐴𝑥(𝑡) − $
h
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(∇𝑉∗)m𝐹𝐹m( ∇𝑉∗).																																																																																																				(5.14) 

                       The Hamilton-Jacobi-Isaacs equation (5.14) is a partial differential equation, 
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and it is hard to acquire an analytical solution. Adaptive dynamic programming-based 

policy iteration approach [101] can accomplish policy evaluation by (5.10) and policy 

enhancement by (5.13), which depend on accurate system model variables 

(𝐴, 𝐵$, 𝐵/, 𝐹).  Nevertheless, the system equation in the previous part has uncertain 

dynamic transition matrix, which influences on the exactness of the control. Thus, 

motivated by the integral reinforcement learning algorithm, we modify the Bellman 

equation into an integral form. In time period T, the value function contents the 

following integral Bellman function: 

        𝑉(𝑡 − 𝑇) = 𝑉(𝑡) + ∫ (𝑥m𝑀𝑥 + 𝑢em𝑁$𝑢e + 𝑆8 − 𝛾/
P
PYm 𝜐	m𝜐	)𝑑𝜏												(5.15) 

                       It is clear that equation (5.15) does not need exact variables of the microgrid. 

The policy iterative algorithm depended on integral reinforcement learning 

represented in Algorithm 1. Algorithm 1 is a supplement of integral reinforcement 

learning underneath policy iterative approach to the integral zero-sum game. The 

reinforcement signal in policy evaluation stage involves a non-quadratic function a 

priori to mention the control restrictions of the ES. The accurate control of the 

governor and ES can be acquired without using information of the system internal 

dynamics. Also, the following theorem ensures that the algorithm can converge to the 

optimal solution of the Hamilton-Jacobi-Isaacs equation. 

                       Define a new value function ΛD<$ , which begin with Λ& ≡ 0  under the 

control input 𝜇e and 𝜇8. 

        ΛD<$(𝑡 − 𝑇) = ΛD(𝑡) + ∫ (𝑥m𝑀𝑥 + 𝜇em𝑁$𝜇e + 𝑆8 − 𝛾/
P
PYm 𝜐	m𝜐	)														(5.16) 
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        𝑆8 = 2𝜇8HOT ∫ 𝑡𝑎𝑛ℎYm ? i
n$894

@𝑁/𝑑𝑤																													(5.17)
F$
P  

        for ∀𝑖, 𝑉D(𝑇) ≤ ΛD(𝑇), 𝑖 indicates the number of iterations. 

                       Theorem 1: Conforming to the value function described by (5.9), the control 

described by (5.13) and the new value function described by (5.16). Then, 𝑉D(𝑡)  will 

merge to 𝑉∗(𝑡). . 

                       In this research, the difficulty of internal variable disturbance and confined 

ES control is resolved by an integral reinforcement learning algorithm with input 

restrictions. (5.15) slacken the prerequisite for model variables by building the reward 

with non-quadratic function and integral Bellman equation. Also, the input restriction 

difficulty is solved via the continuous bounded characteristic of the hyperbolic 

tangent function. It does not impact on the conclusions of this research if it is 

substituted by other functions. 

 

Fig. 5.2. Policy iteration algorithm based on integral reinforcement learning.  

5.3.2 Static event trigger control mechanism 

                       The time trigger control approach ends in a squander of supplies. Thus, this 

part mentions event trigger control mechanism for 𝑢8  to lessen the control refurbish 

times of ES, to decreasing the communication load and calculation. 
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Algorithm 1: Policy iteration algorithm based on IRL
1: Data initialization: Let the iteration index i = 0, select a
appropriate time period T , and give an admissible control strategy
up, ue.
2: Policy evaluation: V (i)(t � T ) = V (i)(t) +

R t

t�T
(x>Mx +

u>
p N1up + Se � �2v>v)d⌧ , V (0)(0) = 0.

3: Policy update: The update of the two control strategies is based
on the following two formulas: u(i+1)

p (t) = � 1
2N

�1
1 G>

1 rV (i).
u(i+1)
e (t) = �uemax tanh( 1

2uemax
N�1

2 G>
2 rV (i)). vi+1(t) =

1
2�2F

>rV i.
4: End condition: If kV (i+1) � V (i)k  % or i � imax, stop the
iteration. Otherwise, i = i+1, and repeat 2 and 3 until 4 is satisfied.

property of hyperbolic tangent function tanh(·), which does
not affect the conclusions of this paper if it is replaced by
other functions.

B. Static event trigger rule
The traditional TTC method results in a waste of resources.

Therefore, this section designs an ETC strategy for ue to
reduce the control update times of energy storage system,
thereby reducing the calculation and communication burden.
Here, {tr}1r=0 represents the triggering instants, and t0 =
0, r 2 N+. The system takes T as the period for sampling,
but the system state is updated only at the trigger time. The
trigger state can be described as:

x̂r(t) = x(tr), tr  t < tr+1. (22)

After using the zero-order holder, the piecewise continuous
optimal control strategy can be described as:

u⇤
e(t) =u⇤

e(x̂r), tr  t < tr+1 (23)

u⇤
e(t) =� uemaxtanh(

1

2uemax
N�1

2 G>
2 rV ⇤(x̂r+1)), t = tr+1.

When determining whether an event trigger occurs, the error
condition is very important and can be defined as:

⇧ec(t) = x(t)� x̂r(t). (24)

Based on the above analysis, it is necessary to give the
following assumptions.

Assumption 1: ([30]) The optimal control strategy is locally
Lipschitz continuous, which satisfies ku⇤

e� û⇤
ek2 = kue(x)⇤�

û⇤
e(x̂r)k2  kukx� x̂rk2 = kuk⇧eck2.
Theorem 2: For system (2), the static event triggering rule

can be described as follows:

t0 =0 (25)
te+1 ={t 2 R+|t > te \ �2uemaxLartanhk

2
uk⇧eck2

+ x>Mx+ u⇤
pN1u

⇤
p + S⇤

e (xr)� �2kv⇤k2  0}

where Lartanh is the Lipschitz constant of function artanh(·),
ku is a positive constant and the closed-loop system (2) is
asymptotically stable.

Proof: The system is asymptotically stable by selecting
Y (t) =

R t
t�T V ⇤(x(t))d⌧ as the Lyapunov function.

Ẏ (t) =

Z t

t�T
(rV ⇤(x))>(Ax+G1up +G2ue(x̂r) + Fv)d⌧

=

Z t

t�T
(rV ⇤(x))>(Ax+G1up +G2ue(x) + Fv

+G2(ue(x̂r)� ue(x)))d⌧. (26)

According to (10), we have

Ẏ (t) =

Z t

t�T
(�x>Mx� u⇤

pN1u
⇤
p � S⇤

e + �2kv⇤k2

+ (rV ⇤(x))>G2(ue(x̂r)� ue(x)))d⌧. (27)

According to (13),

(rV ⇤(x))>G2 = �2uemaxtanh
�1(

u⇤
2(x)

uemax
)>. (28)

Bring (28) into (27),

Ẏ (t) =

Z t

t�T
(�x>Mx� u⇤

pN1u
⇤
p � S⇤

e + �2kv⇤k2

� 2uemaxtanh
�1(

u⇤
2(x)

uemax
)>(u⇤

e(x̂r)� u⇤
e(x)))d⌧

=

Z t

t�T
(�x>Mx� u⇤

pN1u
⇤
p � S⇤

e + �2kv⇤k2

+ 2uemax

Z u⇤
e(x)

u⇤
e(x̂r)

(artanh(
u⇤
e

uemax
)>

� artanh(
µ

uemax
)>)dµ)d⌧. (29)

According to Assumption 1, we can get

Ẏ (t) 
Z t

t�T
((2uemaxku⇤

e(x)� u⇤
e(x̂r)k> · kartanh( u⇤

e(x)

2uemax
)

� artanh(
u⇤
e(x̂r)

2uemax
)k) + �2kv⇤k2 � x>Mx� u⇤

pN1u
⇤
p

� S⇤
e )d⌧  �

Z t

t�T
(�2uemaxLartanhkuk⇧eck2

� �2kv⇤k2 + x>Mx+ u⇤
pN1u

⇤
p + S⇤

e )d⌧. (30)

C. Dynamic event trigger rule
In order to further increase the trigger interval, this section

designs a dynamic event trigger mechanism by introducing
a dynamic variable. Dynamic variable need to satisfy the
following formula:

⌘̇ =� �⌘ � 2uemaxLartanhk
2
uk⇧eck2 + x>Mx

+ u⇤
pN1u

⇤
p + S⇤

e (xr)� �2kv⇤k2, ⌘(0) = ⌘0 � 0. (31)

The dynamic variable includes not only the system state and
error at the current time, but also the past trigger information.
The dynamic event trigger rule can be described as:

t0 =0 (32)
te+1 ={t 2 R+|t > te \ ⌘(t) + ✓(�2uemaxLartanhk

2
uk⇧eck2

+ x>Mx+ u⇤
pN1u

⇤
p + S⇤

e (xr)� �2kv⇤k2  0)}

where ✓ � 0, and � > 0, when ✓ ! 1, dynamic event trigger-
ing (32) becomes static event triggering (25). For the energy
storage control with constraints, considering the continuous
external disturbance, a DETC is designed, which can not only
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        Here, {𝑡7}7J&q  stands for the triggering instants, and 𝑡& = 0, 𝑟 ∈ ℕ<.  The system 

accepts T as the sampling period; however, the system state is modernized only at the 

trigger moment. The trigger state can be represented with: 

        𝑥ä7(𝑡) = 𝑥(𝑡7), 𝑡7 ≤ 𝑡 < 𝑡7<$																																	(5.18) 

        By utilizing the zero-order holder, the piecewise continuous optimal control strategy 

can be represented with: 

        𝑢8∗(𝑡) = 𝑢8∗(𝑥ä7), 𝑡7 ≤ 𝑡 < 𝑡7<$, 𝑢8∗(𝑡) =

−𝑢8HOT tanh ¥
$

/F$894
𝑁/Y$𝐵/m∇𝑉∗(𝑥ä7<$)§ , 𝑡 = 𝑡7<$																																														(5.19) 

        When deciding if an event trigger happens, the error condition is very crucial and can 

be described as: 

        Π8,(𝑡) = 𝑥(𝑡) − 𝑥ä7(𝑡)																																													(5.20) 

                       To be rooted in the above analysis, it is required to allow the following 

assumptions. 

        Assumption 1: The optimal control method is locally Lipschitz continuous, which 

contents: ||𝑢8∗ − 𝑢ä8∗|/ = ´|𝑢∗8(𝑥) − 𝑢ä8∗(𝑥ä7)||/ ≤ 𝑘F|´𝑥 − 𝑥ä7||/ = 𝑘F||Π8,(𝑡)||/. 

                      For system (5.2), the static event trigger mechanism can be represented as 

follows: 

        𝑡& = 0, 𝑡8<$ = {𝑡 ∈ ℝ<|𝑡 > 𝑡8 ∩ −2𝑢8HOT𝐿O7POSU𝑘F/||Π8,(𝑡)||/ + 𝑥m𝑀𝑥 +

𝑢e∗𝑁$𝑢e∗ + 𝑆8∗(𝑥7) − 𝛾/||𝜐∗||/																																																																																						(5.21) 
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        where 𝐿O7POSU  is the Lipschitz constant of function 𝑎𝑟𝑡𝑎𝑛ℎ(∙), 𝑘F  is a positive 

constant and the closed-loop system (5.2) is asymptotically stable. 

        Proof: The system is asymptotically stable by choosing 𝑌(𝑡) = ∫ 𝑉∗w𝑥(𝑡)x𝑑𝜏P
PYm  as 

the Lyapunov function.  

       𝑌̇(𝑡) = ∫ w∇𝑉∗(𝑥)xm(𝐴𝑥 + 𝐵$𝑢e + 𝐵/𝑢8(𝑥ä7) + 𝐹
P
PYm 𝜐)𝑑𝜏								(5.22) 

       Based on (5.10), we have 

       𝑌̇(𝑡) = ∫ �−𝑥m𝑀𝑥 − 𝑢e∗𝑁$𝑢e∗ − 𝑆8∗ + 𝛾/´|𝜐∗|´
/ + w∇𝑉∗(𝑥)xm𝐵/w𝑢8(𝑥ä7) −

P
PYm

𝑢8(𝑥)x� 𝑑𝜏																																																																																																																									(5.23) 

       Based on (5.13) 

       (∇𝑉∗(𝑥))m𝐵/ = −2𝑢8HOT𝑡𝑎𝑛ℎY$ ?
FA∗ (T)
F$894

@
m
																														(5.24)  

       Put (5.24) into (5.23),  

       𝑌̇(𝑡) = ∫ (−𝑥m𝑀𝑥 − 𝑢e∗𝑁$𝑢e∗ − 𝑆8∗ + 𝛾/||
P
PYm 𝜐∗||/ −

2𝑢8HOT𝑡𝑎𝑛ℎY$ ?
FA∗(T)
F$894

@
m
(𝑢8∗(𝑥ä7) − 𝑢8∗(𝑥)))𝑑𝜏 = ∫ (−𝑥m𝑀𝑥 − 𝑢e∗𝑁$𝑢e∗ − 𝑆8∗ +

P
PYm

𝛾/|| 𝜐∗||/ + 2𝑢8HOT ∫ (𝑎𝑟𝑡𝑎𝑛ℎF$∗(T)
F$∗(T�#)

? FA∗

F$894
@
m
− 𝑎𝑟𝑡𝑎𝑛ℎ ? F

F$894
@
m
)𝑑𝑀)𝑑𝜏	(5.25) 

       Based on Assumption 1, we may get 

       𝑌̇(𝑡) ≤ ∫ ((2𝑢8HOT||𝑢8∗(𝑥) − 𝑢8∗(𝑥ä7)||m ∙ ||𝑎𝑟𝑡𝑎𝑛ℎ ?
F$∗(T)
/F$894

@ −P
PYm

							𝑎𝑟𝑡𝑎𝑛ℎ( F$∗(T�#)
/F$894

)|| + 𝛾/||𝜐/	||/ − 𝑥m𝑀𝑥 − 𝑢e∗𝑁$𝑢e∗ − 𝑆8∗)𝑑𝜏 ≤
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				− ∫ (−2𝑢8HOT𝐿O7POSU𝑘F||
P
PYm 𝛱8,(𝑡)||/ − 𝛾/||𝜐∗||/ + 𝑥m𝑀𝑥 + 𝑢e∗𝑁$𝑢e∗ + 𝑆8∗)𝑑𝜏(5.26) 

 
5.3.3 Dynamic event trigger control mechanism 

                       To more expand the trigger interval, this part plans a dynamic event trigger 

control via presenting a dynamic parameter. Dynamic parameters require to content 

the following equation: 

       𝜂̇ = −𝜆𝜂 − 2𝑢8HOT𝐿O7POSU𝑘F/´|Π8,|´
/ + 𝑥m𝑀𝑥 + 𝑢e∗𝑁$𝑢e∗ + 𝑆8∗(𝑥7) −

							𝛾/´|𝜐∗|´/, 𝜂(0) = 𝜂& ≥ 0.																																																																																																(5.27) 

                       The dynamic parameter involves the past trigger data as well as system state 

and error at the current time. The dynamic event trigger rule can be represented with: 

      𝑡& = 0, 𝑡8<$ = {𝑡 ∈ ℝ<|𝑡 > 𝑡8 ∩ 𝜂(𝑡) + 𝜃 ?−2𝑢8HOT𝐿O7POSU𝑘F/´|Π8,|´
/ + 𝑥m𝑀𝑥 +

							𝑢e∗𝑁$𝑢e∗ + 𝑆8∗(𝑥7) − 𝛾/´|𝜐∗|´
/ö																																																																																			(5.28) 

      where 𝜃 ≥ 0, and 𝜆 > 0, when 𝜃 → ∞, dynamic event triggering (5.28) changes into 

static event triggering (5.21). For ES manage with restrictions, regarding the 

continuous outside agitation, a dynamic event triggering control is created, which 

guarantee the 𝐿/ − 𝑔𝑎𝑖𝑛  accomplishment under agitation as well as enhance the 

triggering threshold. If the dynamic parameter 𝜂  described in (5.27) is adjusted to the 

outline of dynamic event trigger environment (5.28), 𝜂 ≥ 0  can be acquired. 

                       According to (5.21), after adding dynamic parameter, the state and dynamic 

parameter of the system are asymptotically stable. 

      Proof: Lyapunov equation is chosen as bellows: 
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      𝑌X(𝑡) = 𝑌(𝑡) + ∫ 𝜂(𝜏)𝑑𝜏																																			(5.29)P
PYm  

      More derivation of the above equation can be acquired: 

      𝑌̇X(𝑡) ≤ −∫ �−2𝑢8HOT𝐿O7POSU𝑘F´|Π8,|´
/ − 𝛾/´|𝜐∗|´/ + 𝑥m𝑀𝑥 + 𝑢e∗𝑁$𝑢e∗ +

P
PYm

							𝑆8∗(𝑥7)� 𝑑𝜏 + ∫ ?−𝜆𝜂 − 2𝑢8HOT𝐿O7POSU𝑘F/´|Π8,|´
/ + 𝑥m𝑀𝑥 + 𝑢e∗𝑁$𝑢e∗ +

P
PYm

						𝑆8∗(𝑥7) − 𝛾/´|𝜐∗|´
/@𝑑𝜏 ≤ −∫ 𝜆𝜂(𝜏)𝑑𝜏																																																																			(5.30)P

PYm  

     According to Theorem 1 and 𝜆 > 0, we can obtain 𝑌̇X(𝑡) < 0, thus, it is supposed in 

which the dynamic parameter and states of the outline can converge to 0.                   ∎  

                     Via the design of trigger mechanism in (5.21) and (5.28), we can obtain the 

trigger threshold of static event trigger control and dynamic event trigger control 

respectively. 

     𝑇8> =
TQ}T<Fg∗(EFg∗<;$∗(T#)YoA||�∗||A

/F$894=9#@9G2VBA
																																(5.31) 

     𝑇8+ =
TQ}T<Fg∗(EFg∗<;$∗(T#)YoA||�∗||A

/F$894=9#@9G2VBA
+ X(P)

/F$894=9#@9G2VBA
																					(5.32) 

     where 𝑇8>  stands for the threshold triggered by static events, and 𝑇8+  stands for 

threshold triggered by dynamic events.  

                       An innovative dynamic event triggered based integral reinforcement 

learning is created to lessen the control renew times of ES control. Different from event 

triggered control schemes in [106], which requires continuously monitoring, the 

proposed dynamic trigger control have a dynamic parameter associated with the 

outside disturbance and past trigger data, not just the current control and state, which 
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furthermore broaden the triggering threshold. Different form current dynamic event 

triggered control in [107], dynamic event triggering changes the integral reinforcement 

learning algorithm from cycle-based sampling to N-cycle sampling, which can evade 

external actions. 

 
5.4  Application of event-based neural network  

                     Fig. 5.3. demonstrates the scheme of the event triggered integral 

reinforcement learning frequency controller; performance indicator function is 

estimated by actor critic neural network frame [108]. The ES control 𝑢8 is renewed 

according to aperiodically event trigger control. 

 

       Fig. 5.3. Event triggered integral reinforcement learning control scheme.  

 
5.4.1 Critic neural network 

                       The critic neural network includes three layers: input, hidden, and output 

layers. The input layer data is the state of the system. Output layer data is a value 

function. For easy analysis, the weight from the input to the hidden layer is set to 

identity matrix. The configuration of the critic network can be represented as follows: 

      𝑉(𝑥) = 𝑊,m𝜑,(𝑥) + 𝜉(𝑥)																																	(5.33) 
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increase the triggering threshold, but also ensure the L2-gain
performance under disturbance.

Lemma 2: If the dynamic variable ⌘ defined in (31) is
applied to the design of dynamic event trigger condition (32),
⌘ � 0 can be obtained.

Proof: According to the dynamic event trigger condition
(32), we can get the following formula:

⌘(t) + ✓(�2uemaxLartanhk
2
uk⇧eck2 + x>Mx

+ u⇤
pN1u

⇤
p + S⇤

e (xr)� �2kv⇤k2 � 0), t 2 [0,1) (33)

Obviously, if ✓ 6= 0,

⌘̇ =� �⌘ � 2uemaxLartanhk
2
uk⇧eck2 + x>Mx+ u⇤

pN1u
⇤
p

+ S⇤
e (xr)� �2kv⇤k2 � ��⌘ � 1

✓
⌘ (34)

Then, according to comparative lemma. We can get:

⌘(t) � ⌘0e�( 1
✓��)t, t 2 [0,1) (35)

therefore, ⌘(t) � 0 is true.
Theorem 3: Based on Theorem 2, after adding dynamic

variable, the state and dynamic variable of the system are
asymptotically stable.

Proof: Lyapunov equation is selected as follows:

Y⌘(t) = Y (t) +

Z t

t�T
⌘(⌧)d⌧. (36)

Further derivation of the above formula can be obtained:

Ẏ⌘(t)  �
Z t

t�T
(�2uemaxLartanhkuk⇧eck2 � �2kv⇤k2

+ x>Mx+ u⇤
pN1u

⇤
p + S⇤

e (xr))d⌧ +

Z t

t�T
(��⌘

� 2uemaxLartanhk
2
uk⇧eck2 + x>Mx+ u⇤

pN1u
⇤
p

+ S⇤
e (xr)� �2kv⇤k2)d⌧  �

Z t

t�T
�⌘(⌧)d⌧. (37)

Based on Theorem 1 and � > 0, we can get Ẏ⌘(t) < 0,
therefore, it is assumed that the dynamic variable and states
of the design can finally converge to 0.

Through the design of trigger rules in (25) and (32), we can
get the trigger thresholds of SETC and DETC respectively, as
follows:

T s
e =

x>Mx+ u⇤
pN1u⇤

p + S⇤
e (xr)� �2kv⇤k2

2uemaxLartanhk2u
(38)

T d
e =

x>Mx+ u⇤
pN1u⇤

p + S⇤
e (xr)� �2kv⇤k2

2uemaxLartanhk2u

+
⌘(t)

2uemaxLartanhk2u
(39)

where T s
e represents the threshold triggered by static events,

and T d
e represents the threshold triggered by dynamic events.

Remark 3: A novel dynamic event-triggered-based IRL
is designed to reduce the control update times of energy
storage control. Different from ETC strategies in [29-31],
which needs continuously monitoring, the designed dynamic
trigger mechanism contains a dynamic variable related to the

��� ���

���

���
�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

u�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

���

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

( )V t T

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

( )V t

���

T nT

���

���

��� ���

���

f

f

fD gXD tPD pPD

pu

eu�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

Action network

t-T t t+T t+nT

���

( )V t T-
+

( )r i

-
( )V t

IRL

t-T t t+T t+nT
���ET

T

2eT T=

t+(n+1)T

t+(n+1)T

T T

eT nT=

j-th event
���

���

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

Action network

Critic network

Critic network

�
�
�

�
�
��
�
�

�
�
�

�
�
�

�
�
��
�
�

�
�
�

Fig. 2. Control block diagram

external disturbance and past trigger information, not just the
current state and control, which further expands the triggering
threshold. Different from existing DETC in [32,33], dynamic
event triggering transforms the IRL algorithm from cycle-
based(T ) sampling to N-cycle(nT ) sampling, which can avoid
Zeno behavior(T > 0).

Remark 4: So far, robust adaptive frequency control prob-
lems for MG systems with stochastic uncertainty have been
investigated based on dynamic event-triggered-based IRL al-
gorithm, and the asymptotic stability of the system has been
demonstrated. Some adaptive control algorithm-based studies
have been explored and applied to the control of hypersonic
vehicles [37-38], power system [39]. [37] proposed a new
adaptive critic design method that can be applied to non-
affine systems. [38] further combined the fuzzy approximation
method to design the optimal tracking controller. [39] used
ADP to solve the problem of current sharing and voltage
recovery, but ignored the randomness of renewable energy and
load, and the robustness of the algorithm was not discussed.
Compared with [37-39], this paper considers the random
uncertainty of the MG system. The improved IRL algorithm
realizes precise control under the condition of unknown system
parameters to avoid identification error and achieves the L2-
gain performance while satisfying the system stability. More-
over, considering the constraints and computing resources of
energy storage devices, the controller design of the energy
storage is an inspiration for further consumer technologies-
based implementation of dynamic demand response.

IV. IMPLEMENTATION OF EVENT-BASED NEURAL
NETWORK APPROXIMATION ALGORITHM

Figure 2 shows the internal structure of the frequency
controller, the optimal control and performance index function
are approximated by action-critic neural network structure[36].
The energy storage control ue is updated based on event-
trigger mechanism, which is updated aperiodically.

A. Critic neural network
The critic network consists of three layers: input layer,

hidden layer and output layer. The input layer information
is the state of the system, and the output layer information
is a value function. For ease of analysis, the weight from the
input layer to the hidden layer is set to identity matrix. The
structure of the critic network can be described as follows:

V (x) = W>
C 'C(x) + ⇠(x) (40)
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      ∇𝑉 = ∇𝜑,m(𝑥)𝑊, + ∇𝜉																																				(5.34) 

     where 𝑊, stands for the weight from the hidden layer to output layer, 𝜑,(𝑥) stands 

for the critic function, 𝜉(𝑥) stands for neural network error, and ∇𝜑 = \�
\T
, ∇𝜉 = \�

\T
 . 

.    Take the value function (5.33) into the integral Bellman equation (5.15), its error can 

be. acquired as follows: 

     𝑊,m𝜑,w𝑥(𝑡)x −𝑊,m𝜑,w𝑥(𝑡 − 𝑇)x + ∫ w𝑥m𝑀𝑥 + 𝑢e𝑁$𝑢e + 𝑆8 − 𝛾/𝜐m𝜐x𝑑𝜏 =
P
PYm

						𝜉, 																																																																																																																																								(5.35) 

      Among them, ∫ w𝑥m𝑀𝑥 + 𝑢e𝑁$𝑢e + 𝑆8 − 𝛾/𝜐m𝜐x𝑑𝜏
P
PYm  is described as an increment 

signal 𝑟(𝑡), 𝜑,w𝑥(𝑡)x − 𝜑,w𝑥(𝑡 − 𝑇)x = ∆𝜑,w𝑥(𝑡)x and (5.35) can be redescribed as: 

     𝑟(𝑡) +𝑊,m∆𝜑,w𝑥(𝑡)x = 	𝜉, 																																	(5.36) 

      Because the optimal weight is unknown, the current neural network output weight 𝑊ø, 

is employed to approximate 𝑊,, and the actual output of the critic network is as follows: 

𝑉»(𝑥) = 𝑊ø,m𝜑,(𝑥)																																												(5.37) 

     ∇𝑉» = ∇𝜑,m(𝑥)𝑊ø, 																																													(5.38) 

 

                       Take (5.37) into (5.15) to get the Bellman error at the current time: 

     𝑊ø,m∆𝜑,(𝑥(𝑡)) + 𝑟(𝑡) ≜ 𝑒, 																																			(5.39) 

                       The goal of the critic network is to reduce 𝐸, = 1/2𝑒,m𝑒,. Via 
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gradient descent approach and chain rule, the setting rate of weight can be acquired as 

follows: 

     𝑊ø̇, = −𝑙,
\N1
\81

\81
\L�1

= −𝑙,
∆�

(∆�Q∆�<$)A
× (𝑟(𝑡) + ∆𝜑,m(𝑥)𝑊,)												(5.40) 

     where 𝑙, stands for the learning rate, (∆𝜑m∆𝜑 + 1)/ is employed for normalization. 

 
5.4.2 Actor neural network 

                       The organization of the actor network is three layers. The real actor network 

approximation output can be represented with: 

     𝑢äe(𝑥) = − $
/
𝑁$Y$𝐵$m∇𝜑Om𝑊ø[$																																			(5.41) 

     𝑢ä8(𝑥7) = −𝑢8HOTtanh	(
$

/F$894
𝑁/Y$𝐵/m∇𝜑Om(𝑥7)𝑊ø[/)																		(5.42) 

     The statement of estimate disturbance can be acquired based on the critic network: 

     𝜐ä(𝑥) = $
/oA

𝐹m∇𝜑,m(𝑥)𝑊ø, 																																							(5.43) 

     The errors of the two actor networks can be represented as: 

     𝑒O$ = − $
/
𝑁$Y$𝐵$m∇𝜑Omw𝑊ø[$ −𝑊ø,x																														(5.44) 

     𝑒O/ = −𝑢8HOT tanh¥
$

/F$894
𝑁/Y$𝐵/m𝛻𝜑Omw𝑊ø[/ −𝑊ø,x§																					(5.45) 

     The goal of two actor networks is to reduce 𝐸O$ = 1/2𝑒O$m 𝑒O$  and 𝐸O/ = 1/2𝑒O/m 𝑒O/. 

Via the gradient descent approach and chain rule, two setting rates are: 

     𝑊ø̇[$ = −𝑙O$
\N9E
\89E

\89E
\L�hE

= −𝑙O$𝑒O$m × ?− $
/
𝑁$Y$𝐵$m∇𝜑Om@																					(5.46) 
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     𝑊ø̇[/ = −𝑙O/w∇𝜑O𝐵/𝑒O/ + ∇𝜑O𝐵/𝑡𝑎𝑛ℎ/w𝐵»x𝑒O/x, 𝑡 = 𝑡7<$															(5.47) 

     where 𝐵» = 1/2𝑢8HOT𝑁/Y$𝐵/m∇𝜑Om𝑊ø[/. 

     The estimate procedure of the neural network is succinctly explained as: evaluating if 

the dynamic event triggering status are fulfilled. Practicing the actor network and critic 

network one by one based on the setting rate until the convergence conditions are 

satisfied. 

 
5.5  Energy storage side power partition principles   

                     Load side accepts the total power reference commands from the upper layer, 

the first job to be managed is how to allot the commands among the agents to create 

the actual entire power of all agents uniform to the accepted reference commands. Thus, 

the power output among the flexible agents needs following convinced principles. Two 

power partition principles are suggested, respectively. 

 
5.5.1 Power sharing golden rule 

                       Define 𝛼r& =
)RD

)R,894
 and 𝛼r =

)R
)R,894

 which stands for the initial power ratio 

and current power ratio value of jth agent, respectively. 𝑃r&, 𝑃r  and 𝑃r,HOT  

demonstrate the initial output power, current output power, and maximum power 

output of jth agent, respectively. 

     Then, all adaptable agents content the equilibrium status [109]: 

     )E
)E,894

= )A
)A,894

= )i
)i,894

∙∙∙= )j
)j,894

= 𝛼∗																														(5.48) 

      where the value 𝛼∗ represents for the reference ratio in which gets to the equilibrium 

status. The equation (5.48) exhibits, in which all the taking part agents cause in equal 
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proportion. 

      A virtual captain is defined as a controller can accept the area control signal and 

supplying a virtual iterative signal to handle all agents toward the aimed goals. 

Different from [109], the virtual captain 𝛼&(𝑡) refurbishes the citation ratio in response 

to diverse initial states in the following way: 

     𝛼̇&(𝑡) = 𝑘((1 − 𝑎D)∆𝑃,D − ∑ w𝛼r(𝑡) − 𝛼r&x𝑃r,HOT)																(5.49)(
rJ$  

     where k is the gain, 1 − 𝑎D 	is the participation ratio of flexible ESs, ∆𝑃,D is governor. 

and ES actor error of power in which secondary frequency controller by integral 

reinforcement learning represented as: ∆𝑃,D = −𝑊ø̇[$𝑒O$ −𝑊ø̇[/𝑒O/. 

     When all the agents are uniform, the 𝛼∗ contented: 

     𝛼∗ = ((1 − 𝑎D)∆𝑃,D − ∑ 𝛼r&𝑃r,HOT)/∑ 𝑃rHOT(
rJ$ 																(5.50)(

rJ$  

     The initial values of diverse agents may differ greatly, end in large power variation in 

fulfilling consensus, which is not favoring to frequency modify. To evade this problem, 

This chapter suggests the second golden rule. 

 

5.5.2 Adaptable capacity sharing golden rule 

                       Define 𝛽r =
∆)R

∆)R,894
= )RDY)R

)R,894Y)RD
= �RDY�R

$Y�RD
, which stands for the current 

ratio value of adaptable capacity for jth agent. The stabilize point satisfies the 

following prerequisites: 

     ∆)E
∆)E,894

= ∆)A
∆)A,89&

= ∆)i
∆)i,894

∙∙∙= ∆)j
∆)j,894

= 𝛽∗																							(5.51) 
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      where 𝛽∗  describes the reference ration of the stabilize point changed based on 

adaptable capacity ratio. 

      Likewise, the virtual captain refurbishes the reference ration, like below: 

     𝛽̇&(𝑡) = 𝑘E((1 − 𝑎D)∆𝑃,D − ∑ w𝛽r(𝑡)w1 − 𝛼r&x𝑃r,HOTx																				(5.52)(
rJ$  

     where  𝑘E is the gain. 

    Then, when all the agents are uniform, the stability point 𝛽∗ contents: 

    𝛽∗ = ∑ _$Y�RDb)R,894

($YOF)∆)$
																																										(5.53)(

rJ$  

   Also, similar power output can be acquired: 

    𝛼r = 𝛼r& − w1 − 𝛼r&x𝛽∗																																										(5.54) 

                       The two-power partition golden rule declared above can fulfill the following 

goals: 1.  The equations (5.48) and (5.51) can be employed to distribute power to each 

agent. 2. Equation (5.49) and (5.52) ensure in which the total output of the ES side 

emulates the received reference commands ∆𝑃,/D. 

                       Contrasted to the golden rule showed in [109], which presumed that the 

initial values are 0, the suggested golden rule related with the diverse initial states of 

agents owing to the divergence in power consumption of ESs in reality. Also, equation 

(5.49) and (5.52) follow the commands allocated by the control error signal, which 

considers the real time execution of tracking commands better than the disturbance 

fluctuation. Thus, this suggested golden rule is an enlargement and augment of [109]. 

                       It can be checked from equation (5.54) in which when the initial states 
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𝛼r&(𝑗 = 1,∙∙∙ 𝑁)   are the same, the power output can be uniform if the system is uniform 

based on the adaptable capacity. Thus, the adaptable capacity agreement golden rule 

involves the power-sharing golden rule. 

                       According to the adaptable capacity consensus golden rule, the following 

control goal are recapitulated as: 

   ú
lim
P→q

(𝛽&(𝑡) − 𝛽∗) = 0

lim
P→q

( 𝛽r(𝑡) − 𝛽&(𝑡)) = 0																																								(5.55) 

    Via the above control goals, the adaptable capacity of all agents can be divided up and    

modified to the reference value. 

 
5.6  Dynamic event triggered distributed control approach 

                     In this part, a data sampled based dynamic event trigger control is created 

using leader-follower consensus principle to accomplish the suggested consensus 

control goals and decrease the communication load. 

 
5.6.1 Communication graph topology 

                       The communication network topology is represented as a directed graph 

𝐷𝐺 = {𝐺,𝑊}   to express the communication topology involving a set of nodes 𝐺 =

{𝑔$, 𝑔/,∙∙∙ 𝑔}}  and a set of edge 𝑊 = 𝐺 × 𝐺 which express a communication link for 

data exchange [110]. The proximity matrix 𝐴 = [𝑎Dr]  express the relationship of the 

edges. In 𝐴,  the 𝑎Dr  express the weight of data exchange between agents 𝑖, 𝑗 . 𝑎Dr    

describes in which agent i accepts the information of agent j. If (𝑔D , 𝑔r) ∈ 𝑊, then 

𝑎DrJ$,  otherwise, 𝑎Dr = 0. The degree matrix of a graph can be described as 𝐷 =

𝑑𝑖𝑎𝑔{𝑑D}, 𝑑D = ∑ 𝑎Dr}
rJ$ ,  Laplacian matrix 𝐿 = [𝑙üDr] ∈ ℝ}×} and 𝐿 = 𝐷 − 𝐴  [111]. 
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5.6.2 Control approach of dynamic event triggered mechanism 

                       According to reference [109], the jth agent state and controller are set as 

below: 

    ú
𝛽̇r(𝑡) = 𝑢r(𝑡)

𝑢r(𝑡) = 𝑘F(∑ 𝑎Dr ?𝛽r(𝑡) − 𝛽D(𝑡)@ − 𝑆r(𝛽r(𝑡) − 𝛽&(𝑡)))												(5.56)(
VJ$

 

    where 𝑆r = 1 implies in which agent accepts the upper control command, or  𝑆r = 0 . 

Assume that at any rate one agent can accept the reference commands. via the 

communication network, only a handful of agents accept the ratio values of virtual 

captain as given in equitation (5.52). Most of the unused distributed agents get 

command about their nearby community through the local communication network. 

                       Also, define	𝑛r(𝑡) = 𝛽r(𝑡) − 𝛽&(𝑡), 𝜍(𝑡) = 𝛽&(𝑡) − 𝛽∗. 

The subsequent equation is given: 

⎩
⎪
⎨

⎪
⎧𝜂̇r(𝑡) = 𝑢r(𝑡) + 𝑘E(¨(𝜂r(𝑡) + 𝜍(𝑡))(1 − 𝛼r&)𝑃r,HOT)

(

rJ$

𝜍̇(𝑡) = −𝑘E(¨(𝜂r(𝑡) +
(

rJ$

𝜍(𝑡))(1 − 𝛼r&)𝑃r,HOT)

											(5.57) 

    Define the sampling period h, and the sample time sequence is kh. Then, the 

transmission sequence ©𝑡V
rℎª is decided by the following event triggered process: 

   𝑡V<$
r ℎ = inf©𝑘ℎ > 𝑡V

rℎ´𝑒r/(𝑡) ≥ 𝛿𝜒rw𝑡V
rℎx + 𝜈𝜑r(𝑡)ª										(5.58) 

    where 𝑒r(𝑡) = 𝛽r(𝑘ℎ) − 𝛽rw𝑡V
rℎx, 𝑡 ∈ [𝑘ℎ, 𝑘ℎ + ℎ), 𝑡V

r = max©𝑡V
r ´𝑡V

rℎ ≤ 𝑡ª , 𝜒rw𝑡V
rℎx =
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∑ 𝑎r$(𝛽$w𝑡V
rℎx − 𝛽rw𝑡V

rℎx)/ − 𝑆r ?𝛽r(𝑘ℎ) − 𝛽&(𝑘ℎ)@
/
.(

rJ$  

    The scalar 𝛿 > 0, 𝜈 > 0, and the positive definite scalar function 𝜑r(𝑡) can be 

represented with: 

   g𝜑̇r(𝑡) = −𝜇𝜑r(𝑡) + ℇ(𝛿𝜒rw𝑡V
rℎx − 𝑒r/(𝑡))

𝜇 > 0, 𝜀 > 0, 𝜑(0) > 0
																				(5.59) 

   The precise proof can be indicated to [112].  

                       To confirm the control goals of agents, the event triggered controller can be 

represented with: 

   𝑢r(𝑡) = 𝑘F{∑ 𝑎rI ?𝛽Iw𝑡V
rℎx − 𝛽rw𝑡V

rℎx@ − 𝑆r(𝛽I(𝑘ℎ) − 𝛽&(𝑘ℎ))}									(5.60)(
rJ$  

    where 𝑘F is the control gain. 

    When {𝑡V
rℎ}  contents the predetermined event triggered condition (5.58), it right away 

triggers the sending of current sampling date to the community over the communication 

topology. In this manner, only the sampled data at the event triggered prompt can 

refurbish the controller and system state. 

 
5.6.3 Distributed event trigger system stability 

                       Combining (5.58) – (5.60), the subsequent equation can be represented with.     

define 𝑥(𝑡) = 𝑐𝑜𝑙[𝜂(𝑡), 𝜍(𝑡)] and we take: 

    𝑥̇(𝑡) = 𝐴̅𝑥(𝑡) + 𝐵̄𝑥w𝑡 − 𝜏(𝑡)x + 𝐹̄𝑒(𝑡)																																(5.61) 
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         where 𝐴̅ = 𝑘E ¹
1}𝐷 𝐷#
−𝐷 −𝐷1}

º , 𝐵. = 𝑘F ¹
−(𝐿 + 𝑆) 0}×$
0$×} 0 º , 𝐹̄ = 𝑘F ¹

𝐿
0$×}

º , 𝐷 =

[(1 − 𝛼$&)𝑃$,HOT ,∙∙∙, (1 − 𝛼}&)𝑃H,HOT ], 𝐷# = 1}𝐷1} , 1} = [1, 1,∙∙∙ 1], 𝜏(𝑡) = 𝑡 −

𝑘ℎ, 𝜏(𝑡) ∈ [0, ℎ). 

                       This section investigates the stability of the suggested control approach for  

the system (5.61), according to Theorem 2, the control objective (5.55) cab be ensured, 

which is verified as below. 

    Theorem 2: The system (5.61) is asymptotically stable, if there subsist symmetric             

positive definite matrices 𝑃, 𝑅$, 𝑅/, 𝑄$, 𝑄/, and proper dimension matrices 𝑈 such that 

the following linear matrix inequality supports: 

   𝜓I < 0, (𝑙 = 1,2), $𝑅
./ 𝑈
∗ 𝑅./

& ≥ 0																																(5.62) 

    Proof of Theorem 2: Select a Lyapunov-Krasovskii function: 

    𝑉(𝑡) = 𝑥m(𝑡)𝑃𝑥(𝑡) + ∫ 𝑥m(𝑠)𝑄$𝑥(𝑠)𝑑𝑠 + ∑ 𝜑r(𝑡) +(
rJ$

P
PYp(P)

∫ 𝑥m(𝑠)𝑄/𝑥(𝑠)𝑑𝑠 + ℎ ∫ ∫ 𝑥̇m(𝑠)𝑅$𝑥̇(𝑠)𝑑𝑠𝑑𝜃 +
P
P<�

P
PYp(P)

PYp(P)
PYU

ℎ ∫ ∫ 𝑥̇m(𝑠)𝑅/𝑥̇(𝑠)𝑑𝑠𝑑𝜃 + ℎ/ ∫ 𝑥̇m(𝑠)P
PYp(P)

P
P<�

Yp(P)
YU 𝑇𝑥(𝑠)𝑑𝑠 − �A

h ∫ [𝑥(𝑠) −P
PYp(P)

𝑥w𝑡 − 𝜏(𝑡)x]m𝑇½𝑥(𝑠) − 𝑥w𝑡 − 𝜏(𝑡)x¾𝑑𝑠																																																																				(5.63) 

    Define the augmented vector: 

   	𝜁(𝑡) = 𝑐𝑜𝑙{𝑥(𝑡), 𝑥w𝑡 − 𝜏(𝑡)x, 𝑥(𝑡 −

ℎ), $
p(P)∫ 𝑥(𝑠)𝑑𝑠, $

UYp(P) ∫ 𝑥(𝑠)𝑑𝑠, 𝑒(𝑡)}																																														(5.64)PY+(P)
PYp(P)

P
PYp(P)  
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    The derivative of 𝑉(𝑡) along the trajectories of the system (5.61) can be calculated as 

below: 

    𝑉̇(𝑡) = 𝜁m(𝑡) (𝑟$m𝑃Φ/ + 𝑟$m𝑄$𝑟$ − 𝑟�m𝑄/𝑟� +Φ/
mw𝜏(𝑡)ℎ𝑅$ + wℎ − 𝜏(𝑡)xℎ𝑅/xΦ/ +

ℎ/Φ/
m𝑇Φ/ − Πm𝑅.Π −

�A

h
𝑟$m𝑇𝑟$ + 2

�A

h
𝑟$m𝑇𝑟/ −

�A

h
𝑟/m𝑇𝑟/ö 𝜁(𝑡) − 𝜇 ∑ 𝜑r(𝑡) +(

rJ$

∑ 𝜀 ?𝛿𝜒rw𝑡V
rℎx − 𝑒r/(𝑡)@																																																																																	(5.65)(
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    where 

    ψI = +
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ℎ𝑅IΦ/ −𝑅I ∗
ℎ𝑇Φ/ 0 −𝑇

, , Π$ = <
𝑟$ − 𝑟/
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    Applying Schur complement and Lemma 3 in [112], it is possible to get: 

   𝑉̇(𝑡) ≤ 𝜁mψI𝜁																																																											(5.66) 

    Therefore, if (5.62) holds, the system (5.61) is asymptotically stable. 
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5.7 Simulation results   
5.7.1 Basic data setting 

                       According to the microgrid system scheme in Fig. 5.1., The microgrid 

system has the rated capacity of 210 kW and the renewable energy system rated capacity 

is 160 kW. The power constraints of ES are set as 𝑢8HOT = 0.15 and the variables of 

microgrid system [92] are set as 𝑇8 = 0.5, 𝑇e = 0.4, 𝑇B = 11, 𝑅 = 0.09.	Suggested in 

which the simulation step 𝑡> = 0.002𝑠 , and the sample period ℎ = 0.02	𝑠, 𝛼$ =

0.6, 𝛼/ = 0.4.  

                     The variables according to the control algorithm are given as: 𝑀 =

2.6𝐼h×h, 𝑁$ = 6.6, 𝑁/ = 5.6. Neural network variables contain learning rate 𝑙, = 𝑙O$ =

𝑙O/ = 1,  activation function are ½𝑥$/, 𝑥$𝑥/, 𝑥$𝑥�, 𝑥$𝑥h, 𝑥//, 𝑥/𝑥�,𝑥/𝑥h, 𝑥�/, 𝑥�𝑥h, 𝑥h/¾. 

After training, the weights of two actor neural networks and one critic neural network 

can converge well under the uncertainty perseverance of excitation environment as 

shown in Fig. 5.4 (a), (b), (c). All three graphs can converge after 260 s. Throughout the 

training process, the state representation graph of the system can ultimately converge to 

0 as represented in Fig. 5.4 (d), fourth graph, which confirmed the stability of the system. 

The frequency variance graph with and without ES contrast is represented in  Fig. 5.4, 

(e). From (e), under the same load condition, the most frequency deviation range with 

ES is 0.16 p.u., meanwhile the most frequency deviation range without ES is 0.26 p.u. 

The maximum frequency deviation magnitude is lessened by 30%. Concurrently, the 

frequency recuperate speed with ES is 10 s rapider than that of without ES, which 

confirms the property of fast reply. According to convergent weights in  Fig. 5.4 (a), 

(b), (c) the optimal control approach of governor and ES can be acquired based on 

equation (5.41) and (5.42). Control graphs are shown in Fig. 5.4 (f). The control 



142  

magnitude of ES is less than 0.1 in which satisfies the control restraints. 

 

Fig. 5.4. Simulation results (a) Critic network weight curve (b) actor 1 network curve (c) actor 2 network curve 
(d) state curve  (e) frequency deviation graph (f) governor and ES control curve. 

 
5.7.2 Event triggered mechanism 
Static event triggered control mechanism is static event triggered 

mechanism of sampling period, trigger threshold, and frequency fluctuation sampling 

according to static event triggering are represented in Fig. 5.5. According to Fig. 5.5. 

(a), integral reinforcement learning approach relative to time triggered control accepts 

0.015s as the sampling interval, meanwhile static event triggered control is even extend 

sampling interval than 0.015s. Thus, the effectiveness of static event triggered control 

mechanism is greater than time triggered control mechanism. According to Fig. 5.5. (b), 

trigger threshold and state deviation qualify the circumstance. While the system 

deviation is larger than the trigger threshold, the system condition is refurbished. 

According to Fig. 5.5. (c) represents that the frequency fluctuation is refurbished at the 

trigger time. 
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Fig. 3. (a)Weight of critic network. (b)Weight of action-1 network. (c)Weight
of action-2 network. (d)System states. (e)Frequency variation comparison
curve. (f)Control curve of governor and energy storage.

on static event triggering are shown in Fig.4. IRL algorithm
based on TTC takes 0.01s as the sampling period, while the
sampling period of SETC is much longer than 0.01s, which can
be found in Fig.4(a), so the efficiency of SETC is higher than
that of TTC. The trigger threshold and system state deviation
also meet the conditions, as shown in Fig.4(b). When the
system state deviation is greater than the trigger threshold,
the system state is updated. Fig.4(c) shows that the frequency
deviation is updated at the trigger time.

Fig. 4. Static event triggering, (a)Sampling. (b)Sampling error and trigger
threshold. (c)Frequency deviation sampling.

2) Dynamic event-triggered control: The sampling time,
trigger threshold, dynamic variable and frequency deviation
sampling points based on dynamic event triggering are shown
in Fig.5. After calculation and statistics, the number of samples
triggered by static events is 1820, and the number of samples
triggered by dynamic events is 1528. Compared with the
static event trigger, the sampling time in Fig.5(a) is larger
than that in Fig.4(a). This reason can be well explained by
the larger trigger threshold in Fig.5(b). Fig.5(c) shows the
dynamic variable gradually converges to zero with the growth
of time, which further verified the correctness of the theory.
The frequency deviation sampling points shown in Fig.5(d)
are also reduced compared with Fig.4(c).

Fig. 5. Dynamic event triggering, (a)Sampling. (b)Sampling error and trigger
threshold. (c)Dynamic variable. (d)Frequency deviation sampling.

For more intuitive display and comparison, the specific
comparison of TTC, SETC, DETC is summarized in Table
1. It can be clearly seen that dynamic event trigger has fewer
trigger times, longer sampling period and lower trigger rate,
which plays a positive role in saving controller resources. After
calculation, dynamic event triggering can reduce about 33%
of sampling points.

TABLE I
TRIGGER STRATEGY COMPARISON

Trigger mechanism TTC SETC DETC
Trigger times 8000 1820 1528

Minimal interval 0.01 0.02 0.03
Average interval 0.01 0.044 0.052
Trigger rate/% 100 22.8 19.1

C. Under power uncertainty of PV and load
In order to verify the effectiveness of the frequency recovery

strategy proposed in this paper, two groups of photovoltaic
and load disturbances are given at 2s and 12s respectively.
The three control schemes are based on PID, traditional
IRL algorithm and zero-sum game-based IRL algorithm. The
parameter selection of PID controller is kp = 2.3, ki = 1.01,
kd = 0.02. Then, the weight obtained by the convergence
of the traditional IRL algorithm and the algorithm with zero-
sum game is retained respectively, and the control input of
governor and energy storage is obtained according to the
system state and reserved weight. Fig.6 shows the frequency
recovery performance test results. It is shown that the three
schemes can achieve frequency recovery around 4s at the
end of disturbance. The PID algorithm has three frequency
fluctuations, of which the first two have a large fluctuation
range. In contrast, the IRL algorithm has a smaller fluctuation
range. The frequency recovery speed of IRL algorithm based
on zero-sum game is faster.

VI. CONCLUSION

This paper explores a novel adaptive frequency control
method to control the governor and energy storage to realize
frequency recovery of MG with stochastic uncertainties. An
improved IRL algorithm with non-quadratic enhancement sig-
nal is proposed to meet the energy storage control constraints

This article has been accepted for publication in IEEE Transactions on Consumer Electronics. This is the author's version which has not been fully edited and 
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  Fig. 5.5. Simulation results (a) Sampling of static event triggering control (b) Trigger threshold and sampling 

error of static event triggering control (c) Frequency deviation of static event triggering control.  

                       Dynamic event triggered control mechanism is according to Fig. 5.6, 

dynamic event triggered mechanism of sampling period, trigger threshold, dynamic 

parameter and frequency fluctuation sampling are represented in figure. Owing to 

statistics and computation, the many samples triggered by static events is 1730, and 

several samples triggered by dynamic events mechanism is 1530. To consider dynamic 

event triggered control with static event trigger control, the sampling period in Fig. 5.6 

(a) is greater than in Fig. 5.5. (a). This understanding can be well elucidated by the 

greater trigger threshold value in Fig. 5.6 (b).  According to Fig. 5.6 (c), dynamic 

parameter little by little converges to zero as time passed, in which confirms properness 

of the theory. The frequency fluctuation samplings are decreased by comparison Fig. 

5.6 (d) with Fig. 5.5. (c). 
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Fig. 3. (a) Weight of critic network. (b) Weight of action-1 network.
(c) Weight of action-2 network. (d) System states. (e) Frequency variation
comparison curve. (f) Control curve of governor and energy storage.
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Fig. 4. Static event triggering, (a) Sampling. (b) Sampling error and trigger
threshold. (c) Frequency deviation sampling.

is 0.17p.u., while the maximum frequency fluctuation range
without energy storage is 0.25p.u. The maximum frequency
fluctuation amplitude is reduced by 32%. At the same time,
the frequency recovery speed with energy storage is about 10s
faster than that without energy storage, which verifies the char-
acteristics of fast response. Based on the convergent weights
in Fig. 3(a), Fig. 3(b), Fig. 3(c), the optimal control strategy
of governor and energy storage can be obtained according to
formulas (48) and (49). And the control curves are shown
in Fig. 3(f). Among them, the control amplitude of energy
storage is less than or equal to 0.1, which meets the control
constraints.

B. Event Triggered Comparison

1) Static Event-Triggered Control: The sampling time, trig-
ger threshold and frequency deviation sampling points based
on static event triggering are shown in Fig. 4. IRL algorithm
based on TTC takes 0.01s as the sampling period, while the
sampling period of SETC is much longer than 0.01s, which

(a) (b)

(c) (d)

Fig. 5. Dynamic event triggering, (a) Sampling. (b) Sampling error and
trigger threshold. (c) Dynamic variable. (d) Frequency deviation sampling.

TABLE I
TRIGGER STRATEGY COMPARISON

can be found in Fig. 4(a), so the efficiency of SETC is higher
than that of TTC. The trigger threshold and system state devi-
ation also meet the conditions, as shown in Fig. 4(b). When
the system state deviation is greater than the trigger threshold,
the system state is updated. Fig. 4(c) shows that the frequency
deviation is updated at the trigger time.

2) Dynamic Event-Triggered Control: The sampling time,
trigger threshold, dynamic variable and frequency deviation
sampling points based on dynamic event triggering are shown
in Fig. 5. After calculation and statistics, the number of sam-
ples triggered by static events is 1820, and the number of
samples triggered by dynamic events is 1528. Compared with
the static event trigger, the sampling time in Fig. 5(a) is larger
than that in Fig. 4(a). This reason can be well explained by
the larger trigger threshold in Fig. 5(b). Fig. 5(c) shows the
dynamic variable gradually converges to zero with the growth
of time, which further verified the correctness of the theory.
The frequency deviation sampling points shown in Fig. 5(d)
are also reduced compared with Fig. 4(c).

For more intuitive display and comparison, the specific com-
parison of TTC, SETC, DETC is summarized in Table I. It can
be clearly seen that dynamic event trigger has fewer trigger
times, longer sampling period and lower trigger rate, which
plays a positive role in saving controller resources. After cal-
culation, dynamic event triggering can reduce about 33% of
sampling points.

C. Under Power Uncertainty of PV and Load

In order to verify the effectiveness of the frequency recov-
ery strategy proposed in this paper, two groups of photovoltaic
and load disturbances are given at 2s and 12s respectively. The
three control schemes are based on PID, traditional IRL algo-
rithm and zero-sum game-based IRL algorithm. The parameter
selection of PID controller is kp = 2.3, ki = 1.01, kd = 0.02.
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Fig. 5.6. Simulation results (a) Sampling of dynamic event triggering control (b) Trigger threshold and sampling 

error of dynamic event triggering control (c) dynamic parameter (d) Frequency deviation of dynamic event 

triggering control. 

                       For contrast, the accurate distinction of time triggered control, static event 

triggered control, dynamic event triggered control is summed up in Table 1. It is 

transparent in which dynamic event trigger control has smaller trigger times, lesser 

trigger rate, and lengthen sampling interval, which devoted in storing resources of the 

controller. After computation, dynamic event triggering can diminish 31% of sampling 

points. 

 

  Table 5.1. Comparison of triggering approaches. 
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control 
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Fig. 4. Static event triggering, (a) Sampling. (b) Sampling error and trigger
threshold. (c) Frequency deviation sampling.

is 0.17p.u., while the maximum frequency fluctuation range
without energy storage is 0.25p.u. The maximum frequency
fluctuation amplitude is reduced by 32%. At the same time,
the frequency recovery speed with energy storage is about 10s
faster than that without energy storage, which verifies the char-
acteristics of fast response. Based on the convergent weights
in Fig. 3(a), Fig. 3(b), Fig. 3(c), the optimal control strategy
of governor and energy storage can be obtained according to
formulas (48) and (49). And the control curves are shown
in Fig. 3(f). Among them, the control amplitude of energy
storage is less than or equal to 0.1, which meets the control
constraints.

B. Event Triggered Comparison

1) Static Event-Triggered Control: The sampling time, trig-
ger threshold and frequency deviation sampling points based
on static event triggering are shown in Fig. 4. IRL algorithm
based on TTC takes 0.01s as the sampling period, while the
sampling period of SETC is much longer than 0.01s, which
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Fig. 5. Dynamic event triggering, (a) Sampling. (b) Sampling error and
trigger threshold. (c) Dynamic variable. (d) Frequency deviation sampling.

TABLE I
TRIGGER STRATEGY COMPARISON

can be found in Fig. 4(a), so the efficiency of SETC is higher
than that of TTC. The trigger threshold and system state devi-
ation also meet the conditions, as shown in Fig. 4(b). When
the system state deviation is greater than the trigger threshold,
the system state is updated. Fig. 4(c) shows that the frequency
deviation is updated at the trigger time.

2) Dynamic Event-Triggered Control: The sampling time,
trigger threshold, dynamic variable and frequency deviation
sampling points based on dynamic event triggering are shown
in Fig. 5. After calculation and statistics, the number of sam-
ples triggered by static events is 1820, and the number of
samples triggered by dynamic events is 1528. Compared with
the static event trigger, the sampling time in Fig. 5(a) is larger
than that in Fig. 4(a). This reason can be well explained by
the larger trigger threshold in Fig. 5(b). Fig. 5(c) shows the
dynamic variable gradually converges to zero with the growth
of time, which further verified the correctness of the theory.
The frequency deviation sampling points shown in Fig. 5(d)
are also reduced compared with Fig. 4(c).

For more intuitive display and comparison, the specific com-
parison of TTC, SETC, DETC is summarized in Table I. It can
be clearly seen that dynamic event trigger has fewer trigger
times, longer sampling period and lower trigger rate, which
plays a positive role in saving controller resources. After cal-
culation, dynamic event triggering can reduce about 33% of
sampling points.

C. Under Power Uncertainty of PV and Load

In order to verify the effectiveness of the frequency recov-
ery strategy proposed in this paper, two groups of photovoltaic
and load disturbances are given at 2s and 12s respectively. The
three control schemes are based on PID, traditional IRL algo-
rithm and zero-sum game-based IRL algorithm. The parameter
selection of PID controller is kp = 2.3, ki = 1.01, kd = 0.02.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on February 15,2024 at 17:56:48 UTC from IEEE Xplore.  Restrictions apply. 



145  

Trigger 

frequency 

7000 1710 1530 

Smallest period 0.01 0.025 0.03 

Normal period 0.01 0.045 0.053 

Trigger rate 100 21 18 

 
5.7.3 Comparison of frequency deviation 

                       To show the productivity of the frequency deviation, two groups of PV and 

    energy storage system load fluctuations are given at 2.2s and 12.2s, respectively. 

The three-control plot are relative to proportional-integral-derivative control, integral 

reinforcement learning approach, and integral zero-sum game based integral 

reinforcement learning algorithm. The variable coefficient choosing of proportional 

integral-derivative controller is 𝑘B = 2.2, 𝑘D = 1.02, 𝑘+ = 0.03.	After then, weight 

acquired by the integral reinforcement learning algorithm and integral zero-sum game 

integral reinforcement learning algorithm are attained respectively via convergence. 

Control input of ES and governor is gained owing to system state and reserved weight. 

Fig. 5.7, represents the frequency deviation performance. Three plots can 

accomplish frequency recovery about 5s at the end of fluctuation. The PID approach 

has big fluctuation scope compared to other algorithms. Integral zero-sum game 

integral reinforcement learning algorithm has a smaller deviation scope. The Integral 

zero-sum game integral reinforcement learning algorithm is faster among three 

approaches. 
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Fig. 5.7. Comparison of frequency deviation. 

 
5.7.4 Power partition golden rules 

                       To test the productiveness of the suggested partition golden rules, author 

contrasts the frequency control results of diverse partition principles in a single 

microgrid power system without of triggerd control. System testing variables are getting 

from [109]. Adapting five load aggregators (LAs) and an ES as an instance, the 

communication formation is represented in Fig. 5.8, (a). The initial value 𝛼 =

[0.76, 0.7, 0.83, 0.61, 0.43, 0],  and the load aggregators maximum power 𝑃HOT(𝑀𝑊)  

is 𝑃HOT= = [17,13,23,11,21], 𝑃HDSN; = 0.92	𝑀𝑊,𝑃HOTN; = 9.2	𝑀𝑊, 𝑘F = 21, 𝑘E$ =

0.15. The real load frequency control system manages with sampling data and 

refurbishing the control signal every 3 s [114]. Thus, to contemplate the discrete 

sampling in the power system area, the ∆𝑃,D  area control error signal is refurbished 

every 3 s. 

                       All agents reply to the power area control error (ACE) signal with adaptable 

capacity employment ratio 𝛽  and power output employment ratio 𝛼  as consensus goal, 

as represented in Fig. 5.9, and Fig. 5.10. According to Fig. 5.9 (b), the load aggregator 

units (graph 𝛼$	to 𝛼l) decrease the power output, meanwhile the energy storage (graph 

𝛼!) take part in frequency control by modifying its output power based on the reference 
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Fig. 6. Frequency recovery comparison curve

and to deal with the parameter uncertainty of microgrid,
which avoids the identification error. In addition, a novel
dynamic event-triggered-based IRL algorithm is designed to
solve the zero-sum game problem, which realize aperiodic
update of control under disturbance and avoid Zeno behavior.
Meanwhile, the system stability is guaranteed. Simulation re-
sults demonstrate the effectiveness of the proposed algorithm.
Moreover, our future work would be to extend the developed
algorithm to more complex systems [40,41] with random
communication and denial-of-service attack.
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value. The power output under diverse principles is represented in Fig. 5.11, meanwhile 

the frequency reaction is represented in Fig. 5.12. The below graphs represent the 

performance of the suggested distributed control scheme in the following approaches – 

First, all the resources 𝛼$  to 𝛼!	and 𝛽$  to 𝛽!  are tracking the predictable reference 

commands 𝛼∗ and 𝛽∗ owing to a reference command is always predictable. Second, the 

tracking of the entire reference commands is ultimately completed. Third, the 

fluctuations in the system frequency inclined to be zero. 

 
    Fig. 5.8. The agent communication formation. 

 

 
(a) Adaptive capacity employment ratio. 

 
(b) Power employment ratio. 

    Fig. 5.9. Progression of agents’ utilization ratios (a) adaptable capacity employment ratio 𝛽  

(b) power employment ratio 𝛼. 
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frequency regulation by adjusting its power output according
to the reference value. The power outputs under different
principles are shown in Fig. 6, while the frequency response
is shown in Fig. 7. The above figures demonstrate the
effectiveness of the proposed distributed control strategy in
the following ways: (1) All the resources �1��6 and ↵1�↵6

are tracked to the expected reference instruction �
⇤ and ↵

⇤;
(2) The tracking of the total reference instructions is finally
achieved at different initial states of the agents; (3) The
system frequency deviations tend to be zero.

Fig. 5. Power utilization ratio ↵ under the principle of power sharing

As shown in Fig. 6(a), the proposed strategy can realize
the tight tracking of the ACE signal, while a large power
fluctuation will occur with the principle of power sharing in
Fig. 6(b). This is because the power of some LA units with
larger initial values will decrease while the output power of
small values will increase in the adjustment process in Fig.5.
Moreover, Fig. 7 shows that the frequency nadir under the
strategy proposed is �0.2541Hz, which is 22.55% higher

Fig. 6. Power output of load side under various allocation principles

than the allocation strategy in [21], which is �0.3281Hz.

Fig. 7. Frequency derivations under various allocation principles.

B. Comparison of Different Trigger Mechanisms

It is vital to consider the effective allocation of communi-
cation resources and superior control performance simulta-
neously. This section verifies the advantages of the proposed
trigger mechanism in these two aspects by comparing it with
the traditional periodic event-triggered mechanism (PEM)
and SEM, respectively. Taking a single area as an example,
the parameters are � = 0.25, ⌫ = 0.03, µ=10, " = 0.25. The
system parameters and disturbances are the same as before.

Fig. 8. Event-triggered time instant and interval
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principles are shown in Fig. 6, while the frequency response
is shown in Fig. 7. The above figures demonstrate the
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system frequency deviations tend to be zero.
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larger initial values will decrease while the output power of
small values will increase in the adjustment process in Fig.5.
Moreover, Fig. 7 shows that the frequency nadir under the
strategy proposed is �0.2541Hz, which is 22.55% higher
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the traditional periodic event-triggered mechanism (PEM)
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frequency regulation by adjusting its power output according
to the reference value. The power outputs under different
principles are shown in Fig. 6, while the frequency response
is shown in Fig. 7. The above figures demonstrate the
effectiveness of the proposed distributed control strategy in
the following ways: (1) All the resources �1��6 and ↵1�↵6
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system frequency deviations tend to be zero.
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the traditional periodic event-triggered mechanism (PEM)
and SEM, respectively. Taking a single area as an example,
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Fig. 5.10. Power-sharing golden rule power employment ratio 𝛼. 

    As illustrated in Fig. 5.11 (a), the suggested scheme can recognize the fast tracking of 

the area control error signal, meanwhile a big power deviation will happen with the 

golden rule of power-sharing according to Fig. 5.11 (b). This is due to the total load 

fluctuation in the microgrid. Also, Fig. 5.12 represent the lowest frequency deviation 

point -0.25 Hz via the suggested approach that is 23 % higher than power sharing golden 

rule approach in [108], which is -0.32 Hz. 

 
   (a) Chasing area control error (ACE) commands. 

 
(b) Chasing area control error (ACE) with total load fluctuation. 

Fig. 5.11. Power output of energy storage load side with continuous and discrete signals. 
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(2) The tracking of the total reference instructions is finally
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As shown in Fig. 6(a), the proposed strategy can realize
the tight tracking of the ACE signal, while a large power
fluctuation will occur with the principle of power sharing in
Fig. 6(b). This is because the power of some LA units with
larger initial values will decrease while the output power of
small values will increase in the adjustment process in Fig.5.
Moreover, Fig. 7 shows that the frequency nadir under the
strategy proposed is �0.2541Hz, which is 22.55% higher

Fig. 6. Power output of load side under various allocation principles

than the allocation strategy in [21], which is �0.3281Hz.

Fig. 7. Frequency derivations under various allocation principles.

B. Comparison of Different Trigger Mechanisms

It is vital to consider the effective allocation of communi-
cation resources and superior control performance simulta-
neously. This section verifies the advantages of the proposed
trigger mechanism in these two aspects by comparing it with
the traditional periodic event-triggered mechanism (PEM)
and SEM, respectively. Taking a single area as an example,
the parameters are � = 0.25, ⌫ = 0.03, µ=10, " = 0.25. The
system parameters and disturbances are the same as before.
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frequency regulation by adjusting its power output according
to the reference value. The power outputs under different
principles are shown in Fig. 6, while the frequency response
is shown in Fig. 7. The above figures demonstrate the
effectiveness of the proposed distributed control strategy in
the following ways: (1) All the resources �1��6 and ↵1�↵6

are tracked to the expected reference instruction �
⇤ and ↵

⇤;
(2) The tracking of the total reference instructions is finally
achieved at different initial states of the agents; (3) The
system frequency deviations tend to be zero.
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As shown in Fig. 6(a), the proposed strategy can realize
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Fig. 6(b). This is because the power of some LA units with
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small values will increase in the adjustment process in Fig.5.
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B. Comparison of Different Trigger Mechanisms

It is vital to consider the effective allocation of communi-
cation resources and superior control performance simulta-
neously. This section verifies the advantages of the proposed
trigger mechanism in these two aspects by comparing it with
the traditional periodic event-triggered mechanism (PEM)
and SEM, respectively. Taking a single area as an example,
the parameters are � = 0.25, ⌫ = 0.03, µ=10, " = 0.25. The
system parameters and disturbances are the same as before.
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frequency regulation by adjusting its power output according
to the reference value. The power outputs under different
principles are shown in Fig. 6, while the frequency response
is shown in Fig. 7. The above figures demonstrate the
effectiveness of the proposed distributed control strategy in
the following ways: (1) All the resources �1��6 and ↵1�↵6

are tracked to the expected reference instruction �
⇤ and ↵

⇤;
(2) The tracking of the total reference instructions is finally
achieved at different initial states of the agents; (3) The
system frequency deviations tend to be zero.
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It is vital to consider the effective allocation of communi-
cation resources and superior control performance simulta-
neously. This section verifies the advantages of the proposed
trigger mechanism in these two aspects by comparing it with
the traditional periodic event-triggered mechanism (PEM)
and SEM, respectively. Taking a single area as an example,
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system parameters and disturbances are the same as before.
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    Fig. 5.12. Power output of load side with different power sharing golden rules. 

 
5.7.5 Plug-And-Play (PnP) ability 

                       This section introduces the strength and flexibility of the suggested 

distributed scheme for Plug-And-Play (PnP) ability. It is presumed in which load 

aggregator 5 is extracted at t = 16s and then load aggregator 7 is sum up at t = 26s, as 

represented in Fig. 5.8 (b), (c). The variables are 𝛿 = 0.25, 𝜈 = 0.02, 𝜇 = 14, 𝜀 =

0.25,	and presume that loads, and energy storages have step fluctuations of -0.04 p.u. 

and -0.03 p.u. at 0s, 5s, 10s, individually. Adaptable capacity employment ratio 𝛽  is 

represented in Fig. 5.13, in which all agents rapidly accomplish the consensus beneath 

alterations in communication topology, as represented in Fig. 5.13 (a). Owing to the 

power decrease of the load side, ES (𝛼!, 𝛽!)	is engaged in frequency management of 

power output. 

 
(a) Adaptable capacity employment ratio 𝛽. 
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is shown in Fig. 7. The above figures demonstrate the
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and SEM, respectively. Taking a single area as an example,
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The proposed DEM is applied to the distributed control
between agents, and the trigger time and trigger inter-
val are depicted in Fig.8, where the agents are triggered
393, 460, 473, 490, 558, 554 times during a 30s peri-
od. The SEM is obtained only by deleting the dynamic
item in (20). According to the sampling rate of 0.02s,
the PEM is triggered 1500 times. The comparison of
three mechanisms is shown in Fig.9. Compared with PEM,
the communication burden of agents under DEM is re-
duced by 73.8%, 69.3%, 68.5%, 67.3%, 62.8%, and 63.1%,
respectively. Furthermore, the efficiency is improved by
50.2%, 43.1%, 42.1%, 40.1%, 32.7% and 31.2% compared
with the SEM. Obviously, the DEM leads to less communi-
cation consumption than the SEM.

Fig. 9. Comparison of communication efficiency under different trigger
mechanisms.
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Additionally, the comparison of frequency performance
under different trigger mechanisms is given in Fig.10, where
the frequency response of the proposed distributed control
scheme under DEM is almost the same as that under SEM,
demonstrating the effectiveness of the proposed scheme.

C. Plug and Play Capability

This section demonstrates the robustness and resilience
of the proposed distributed strategy for the plug-and-play
capability. It is assumed that LA5 is removed at t = 15s,
and then LA7 is added at t = 25s, as shown in Fig3.(b)-
(c). The parameters are � = 0.3, ⌫ = 0.03, µ=15, " = 0.25,
and assume that loads, WTs and PV have step disturbances
of -0.05p.u., 0.03 p.u. and -0.04 p.u. at 0s, 5s and 10s,
respectively.

The evolution of agents utilization ratios is shown in Fig.
11, where all agents quickly achieve the consensus under
changes in communication topology, as shown in Fig. 11(a).
Due to the power reduction of the load side, the ELE (curve
�6 and ↵6) of HESS is involved in frequency regulation,
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Fig. 12. Frequency deviation and power output of load side

regulating its power output. Fig. 12 shows the frequency
and power tracking command diagram, which indicates that
the power tracking (black line) oscillates during load dis-
connection and connection, but quickly tracks the reference
instructions. Thus, the proposed distributed control scheme
has a well plug-and-play ability.

D. Three-area Power System

The effectiveness of the proposed consistent strategy is
demonstrated in a three-area power system where the LAs
are divided into 5, 7, and 10 into the respective areas,
with HESS located in 1st area and 2nd area. The sim-
plified diagram and communication topology diagram of
three-area are shown in Fig.13, while the disturbances are
illustrated in Fig. 14. The system parameters are from [33],
where TPV i = 1.3, TWTi = 1.5(i = 1, 2, 3),KP1 =
0.5,KP2 = 0.4,KP3 = 0.5,KI1 = KI2 = KI3 =
0.6. The parameters are � = 0.3, ⌫ = 0.03, µ=10, " =
0.25, ku = 20, kv1 = 0.2, kv2 = 0.15, kv3 = 0.1. The
initial power ratio and the maximum capacity of 1st area
and all HESS capacity constraints are the same as those of
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(b) Power employment ratio 𝛼. 

Fig. 5.13. Progression of agents’ utilization ratios (a) adaptable capacity employment ratio 𝛽  
(b) power employment ratio 𝛼. 
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regulating its power output. Fig. 12 shows the frequency
and power tracking command diagram, which indicates that
the power tracking (black line) oscillates during load dis-
connection and connection, but quickly tracks the reference
instructions. Thus, the proposed distributed control scheme
has a well plug-and-play ability.

D. Three-area Power System

The effectiveness of the proposed consistent strategy is
demonstrated in a three-area power system where the LAs
are divided into 5, 7, and 10 into the respective areas,
with HESS located in 1st area and 2nd area. The sim-
plified diagram and communication topology diagram of
three-area are shown in Fig.13, while the disturbances are
illustrated in Fig. 14. The system parameters are from [33],
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is maintained. Simulation results validate the effectiveness of the proposed algorithm.  
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Chapter 6. Power System Agile Frequency Control with Voltage Source 
Inverters in Low Inertia Environment  

 
Abstract – Swift advancement of renewable energy systems leads to a notable decrease in 

inertia within power system networks. This chapter proposes control strategy designed to 

address the low inertia challenges, employing a no-coefficients in the cost function for 

model predictive control. Also, by transforming the objective function into a linear 

quadratic cost function, the approach aims to streamline computational demands. For 

inverter control for low inertia, author proposes the SW (switch) factor scheme, to manage 

voltage source inverters based on the no-coefficients in the inverter weighting factor for 

finite control set model predictive control. This method eschews the use of a cost function, 

thereby facilitating rapid frequency control through optimal switching techniques. The 

controller efficiently regulates the power outputs of the inverter to maintain operations 

within frequency constraints and to optimize power distribution during disturbances. The 

implementation of optimized model predictive controls without cost functions is validated. 

 
6.1 Background 

Large area electric energy generation employing inverters and voltage source 

converters brings about new problems in real-time power system operation and 

management. Reduced inertia and damping induce large-scale frequency deviations [115], 

[116]. To enhance the flexibility of low-inertia systems and alleviate possible stability 

problems, a new fast frequency control (FFC) ancillary service is needed [116]. This can 

be achieved through use of DC energy storage systems via voltage source inverters (VSIs) 

by effectively modulating the output power in response to frequency fluctuations [117].  

Grid-forming voltage source inverter (VSI) and voltage source converter (VSC) 
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control methods include virtual synchronous machines (VSM) modeled after the 

dynamics of a synchronous machine [118], and a droop-based control which uses the 

inverters active and reactive power output and the droop control property [119]. However, 

most of the control methods focus only on the converter’s AC side, neglecting the DC 

link dynamics such as energy storage systems. These approaches make the simplifying 

assumption that limited energy, and power is available at the DC side capacitor [120]. 

Also, under a small frequency deviation, a constant droop gain causes unsatisfactory 

VSI/VSC performance [121]. The inverter and converter are impeded from utilizing their 

full power capacity when responding to disturbances and faults.  

Finite control set model predictive control (FCS-MPC) is an online finite set of 

optimization-based control technique which combines all system constraints and the 

objective goal function into a unified framework [122]. Using FCS-MPC, one can 

calculate optimal inputs based on predicted future state evolution using a state space 

representation of the system and incorporating constraints within the objective function. 

Due to these features, FCS-MPC is viewed as an appealing technique for controlling 

frequency with the VSI in the power electronics and power systems [123]. 

Recently, several papers have applied MPC in centralized  [124], distributed [125], 

hierarchical [126] power system control, and it was found to yield better performances in 

the robust control of frequency and frequency uncertainty modulation in comparison with 

PI control. However, few publications have discussed using MPC in fast frequency 

control [127]- [129]. In [127], real-time optimal frequency and inertia response control 

was used with explicit MPC. However, that work did not demonstrate converter-based 

power generation, and used a simplified power system model for fast frequency control. 
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Also, there has been a journal paper [130] which utilizes the voltage source inverter with 

model predictive control in power systems frequency control in low inertia. However, it 

does not use multi-level inverter control for inner loop which is not suitable for large 

scale-based power system [130]. Inverters like the neutral point clamped inverter are 

appropriate for controlling large-scale power generation through a multi-level approach 

with low harmonics. They can be utilized in the proposed method of minimizing the cost 

function of neutral point clamped voltage (NPCV) based on finite control set Model 

Predictive Control (MPC). 

Disadvantages of MPC based frequency control in a High-voltage-DC (HVDC) 

grid were discussed in [128], [129]. Decentralized MPC-based frequency control has also 

been proposed as a measure to be applied in emergency situations to avoid triggering 

under frequency load shedding relays [128]. However, it uses only locally available 

measurements. Each converter is capable of recognizing emergency situations that may 

result in unacceptable frequency values. Then appropriate control actions are taken to 

restrain the frequency decline and prevent it from reaching the thresholds of load shedding 

relays. Based on measurement of ROCOF, frequency predictions are created and the VSC 

output is updated when the frequency violations are anticipated or captured. Although 

decentralized, this method requires grid topology and HVDC converter locations to 

compute sensitivity factors connected to DC voltage drop. Increased computational 

burden in online solution of the MPC problem and tuning parameters are limitations of 

this method. A VSC based HVDC link furnished with a centralized MPC controller is 

promising for stabilization of large power systems [129]. VSC inputs are modulated to 

damp out oscillations in the power system using global measurements. However, 



155  

communication delays and failures may potentially lead to stability problems. Reliable 

and rapid communication links are necessary for the system to benefit from MPC. 

[130] studies frequency control with voltage source inverters in low inertia 

environment in a power system. The author used synchronous generator and grid 

following inverters, the system was controlled using P-f and V-Q of droop control. The 

control method sticks only to the classic droop control method. However, here author 

proposes a method that includes advanced control methodologies such as the use of a 

linearized MPC cost function for fast frequency control in power systems and the 

geometrically designed SW (switching)-based finite control set-MPC proposed for fast 

control of multi-level inverters. Controlling by dividing small and large signals in [130]  

paper has a technique to minimize external disturbances, but it is insufficient to operate 

the entire power system in an agile manner. The second research paper is [131], and the 

author expresses frequency and voltage as equations through modeling of a synchronous 

converter and controls it through frequency and voltage equations. However, the results 

should be studied further for practical and economical consideration. The linearized MPC 

and finite control set MPC methodologies of the inverter in the paper we proposed can 

supplement the economical consideration of the proposed research due to MPC 

characteristics. The third research paper [132] is published June 2024, and the author is 

trying to realize inverter synchronization in a low-inertia microgrid by using data driven, 

scalable digital twins and observer-based system control. For control state transitions, the 

finite state machines (FSM) method is used. Typically, FSM stores each unique state 

through code links for the current state or consecutive condition states as a global variable. 

In order to use FMS, it is necessary to define state transition for state change. If the 
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inverter continuously detects the same frequency and phase or is signifying a 

synchronization state, the FSM may need to continuously change unsynchronization to 

synchronization and may use memory resources during communication between inverters 

or program operation. System computation efficiency may deteriorate due to excessive 

use of global variables and computation memories. The method I proposed uses 

multiparameter regional free MPC to divide the control area problem of the system into 

multiple sub problems and perform like a distributed processing, which can use less 

system memory and communication memory resources and increase system computation 

efficiency.  

The first method we propose is to change the cost function for frequency deviation 

in the virtual synchronous generator. The cost function for frequency deviation and power 

consumption was changed to a secondary cost function based on a no cost function 

parameters estimation, which is called non-weighting factor scheme, significantly 

reducing the amount of MPC calculation. The second method is not to calculate using a 

cost function when performing 3-stage switching using a neutral point clamped inverter, 

but to use redundant switching states and non-redundant switching states using the 

geometric switching factor scheme we suggested. Calculate the switching state for each 

phase and change the resulting value into the optimal switching state divided into 19 for 

optimal switching state conversion through table programming, which is better than 

inverter control using MPC cost function. We proposed a stable and fast MPC operation 

based on no cost function parameters estimation, which is called non-weighting factor 

scheme. As a result, the method we proposed made it possible to quickly control the 

system through optimization of the frequency control part and the inverter control part. 
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In the MPC cost function of the frequency control part, linear optimization of the cost 

function was performed through no cost function parameters estimation, which is called 

non-weighting factor scheme, functionization through linearization. Optimization of the 

inverter part is done by tabulating the switch states for the three phases of the inverter 

using the geometric switching factor scheme author proposed, for the 19 operating point 

states, and using no cost function parameters estimation, which is called non-weighting 

factor scheme, and the no-cost function instead of using the MPC cost function. This 

allows the inverter to operate quickly. Multiparameter explicit model predictive control 

still limits the problem complexity mainly with regard to the prediction horizon length 

and number of decision variables. The centralized model predictive control plan solves a 

plant-wise optimization problem in a centralized computer and has been the primary 

method in the control system sector. In this situation, it is beneficial to decompose a large-

centralized optimization problem into smaller multiple subproblems. Centralized requires 

communication infrastructure for a large power system, however, it is better oversight 

with holistic views, increased efficiency via streamlined processes, easier 

compliance/auditing, and cost savings through unified management, leading to clearer 

direction and smoother communication across an organization. Author proposes a 

centralized MPC based FFC methodology which can be integrated as an additional layer 

for simplified quadratic cost goal function calculation to the outer loop virtual 

synchronous generator frequency control with no cost function parameters estimation, 

which is called non-weighting factor scheme calculation, and inner loop geometric SW 

(switch) factor scheme for the FCS-MPC. With outer loop, we can convert MPC goal 

function into linear quadratic cost function to control the optimized MPC, which makes 
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the problem less burdensome. In the event of large disturbances MPC keeps the frequency 

deviation and ROCOF within limits prescribed by the user. Moreover, with inner loop, 

author proposes neutral point clamped geometric SW (switch) factor scheme for the FCS-

MPC to reduce computational burden and minimize the cost function via no cost function 

parameters estimation, which is called non-weighting factor scheme for cost function and 

optimal switching. Geometric SW (switch) factor scheme is used to select the switching 

state and minimize the cost function, which is close to the predicted reference inverter 

voltage vector. This chapter uses a novel SW (switch) factor scheme in which the optimal 

voltage vector is obtained to controlling the grid current and the neutral point voltage 

without the necessity of no cost function parameters estimation, which is called non-

weighting factor scheme for cost function. This scheme reduces the overall execution 

time. First, it has fewer calculations to perform as compared to other conventional FCS-

MPC available in the literature.  

Second, this scheme completely avoids any tuning parameter to control neutral point 

voltage. Moreover, reduce the computational burden, we propose a systematic centralized 

MPC method. Finally, the proposed control design is verified through time domain 

simulations for a low-inertia system within a large-scale power system. 

 

6.2 Virtual synchronous generator frequency control 
6.2.1 MPC based VSG for outer loop 

For the traditional virtual synchronous generator (VSG), frequency regulation 

is difficult to regain once it deviates from normal [133]. Even if the frequency is steered 

back to normal under small inertia, the frequency may be forced to stabilize quickly which 

can possibly cause oscillations. Frequency regulation capability is difficult to enhance. 
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Moreover, when the frequency deviates from normal, the dynamic response of the 

frequency is expected to decelerate. Conversely, the system responds quickly when the 

post-disturbance frequency returns to normal [134]. A dual MPC scheme is proposed here 

to improve the precision of frequency control, as illustrated in Fig. 6.1. This scheme does 

not incorporate a cost function, representing a linearization of the MPC-based VSG, and 

it also features a no-weighting FCS-MPC SW (switch) factor scheme. 𝑃(  is nominal 

active power, 𝑄(  is nominal reactive power, ω is the angular frequency, 𝑉�N� 	is the 

reference voltage, SW is the switching factor scheme, ν is the voltage source inverter’s 

output voltage, 𝑖&	is the voltage source inverter’s output current. 

 

Fig. 6.1. Diagram of proposed control scheme. 

Simple modeling of a VSG is illustrated in Fig. 6.2. This provides inertia for stability 

support and voltage reference with reactive droop control and active power calculation 

with active droop control. 

 

Fig. 6.2. Illustrating simple model of voltage-controlled VSG. 
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by appropriately managing the active power output. Governor is a component of the 

turbine control system that regulates rotational speed in response to changing load 

conditions. The Q-droop is used in output voltage control, since the reactive power is 

associated with AC bus voltage. The governor and Q-droop formulation result in a droop 

control technique written as 

j
𝑃Q�m = 𝑃( − 𝐾:(𝜔 − 𝜔&)

					𝑉�N� = 𝑉( − 𝐾C(𝑄Q�m − 𝑄()
                                (6.1) 

where P and ω are virtual active power of the governor and generated angular frequency 

of the VSG, respectively. Also 𝑃( and 𝑉( are nominal active power and nominal voltage, 

𝑃( ∶= 𝑃(𝑘); 𝐾: and 𝐾Care frequency deviation gain and Q-droop coefficient; 𝑉�N� and 

𝑄Q�m 	are reference voltage and instantaneous output reactive power; 𝜔&	and 𝑄( are 

nominal angular frequency and nominal reactive power, respectively. 

The swing equation as the main part of the VSG, is included to emulate rotor 

inertia that would be provided by a synchronous generator (SG). The swing equation can 

be represented as 

𝐽𝜔&
+
+P
(𝜔 − 𝜔&) = 𝑃 − 𝑃Q�m − 𝐷(𝜔 − 𝜔&)                       (6.2) 

where 𝐽, 𝑃Q�m and 𝐷  are moments of virtual inertia, output power, and damping 

coefficient. ω is the angular frequency, 	𝜔&	is the initial angular frequency, 𝑃 is the virtual 

active power, respectively. 

The discrete MPC model for the VSG is represented here to achieve efficient 

control during a sampling period. A discrete model can be obtained from (6.2) using 

Tustin approximation: 
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𝐽𝜔&[𝜔(𝑘 + 1) − 𝜔(𝑘)] = 𝑇;[𝑃(𝑘) − 𝑃Q�m(𝑘)] − 𝑇>𝐷[𝜔(𝑘) − 𝜔&]      (6.3) 

where 𝑇>	is the sampling interval. 

To reduce the static error which is the difference between the best measured 

value and the true value of the quantity, an incremental discrete model can be obtained 

through algebraic manipulations of  (6.3), yielding 

∆𝜔(𝑘 + 1) = 𝐴8∆𝜔(𝑘) + 𝐵8∆𝑃Q�m(𝑘) + 𝐵F∆𝑃(𝑘)                   (6.4) 

       where 𝐴8 = 1 − m&@
r:D

, 𝐵8 = − m&
r:D

, 𝐵F =
m&
r:D
. 

      The output follows the dynamics 

𝑦(𝑘 + 1) = 𝑦(𝑘) + ∆𝜔(𝑘 + 1)			                                (6.5) 

Setting the prediction horizon at 𝑛	steps, and assuming it takes 𝑙 steps to reach steady 

state, the output 𝑌S(𝑘 + 1|𝑘) can be represented as 

𝑌S(𝑘 + 1|𝑘) = 𝐼𝑦(𝑘) + 𝑆T∆𝜔(𝑘) + 𝑆F∆𝑃(𝑘) + 𝑆8∆𝑃Q�m(𝑘)         (6.6) 

where 𝐼 = [1	1…1]$×Sm , 𝑃( ∶= 𝑃(𝑘) = [∆𝑃(𝑘)	∆𝑃(𝑘 + 1)…∆𝑃(𝐾 + 𝑙 − 1)]$×Sm , 

𝑆T = [𝐴8 		¨𝐴8D
/

DJ$

		 ∙∙∙ 	¨𝐴8D ]
S

DJ$ $×S

m

, 𝑆8 = [𝐵8 	¨𝐴8DY$𝐵8 		 ∙∙∙ 	¨𝐴8DY$𝐵8]
S

DJ$

/

DJ$ $×S

m

, 

𝑆F =

⎣
⎢
⎢
⎢
⎡

𝐵F ⋯ 0
⋮ ⋱ ⋮

¨𝐴8DY$𝐵F

S

DJ$

⋯ ¨ 𝐴8DY$𝐵F

SYI<$

DJ$ ⎦
⎥
⎥
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⎤

S×I

 

Finally, 𝑌S(𝑘 + 1|𝑘)	can be optimized by modulating ∆P(k). Equation (6.6) is the future 
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output representation. Future output is determined by current output (y(k)) plus state of 

𝑥 matrix times deviation of frequency omega (∆ω(k)) plus state of input matrix times 

deviation of virtual active power (∆P(k)) plus state of error matrix times deviation of 

output power w∆𝑃Q�m(𝑘)x. Summation of all of these values will determine the future 

output value. 

 

6.2.2 Frequency departure from nominal value 

When the frequency departs from its nominal value, the control objective 

response to the frequency change, ω changed little (ω≈0). Set the frequency deviation 

𝜔+8BO7P as 

𝜔+8BO7P(𝑖) = 𝜔(𝑖) − 𝜔(𝑖 − 1), 𝑖 = 𝑘, 𝑘 + 1,… , 𝑘 + 𝑛 − 1                 (6.7) 

     Thus, the discrete model for 𝜔+8BO7Pcan be represented as 

g
∆𝜔+8BO7P(𝑖) = ∆𝜔(𝑖)

𝜔+8BO7P(𝑖 + 1) = ∆𝜔(𝑖 + 1) + 𝜔+8BO7P(𝑖)
                                (6.8) 

Also, output process 𝑌+8BO7P(𝑖 + 1|𝑖) associated with 𝜔+8BO7P	can be represented as 

𝑌+8BO7P(𝑖 + 1|𝑖) = 𝐼𝜔+8BO7P(𝑖) + 𝑆T∆𝜔(𝑖) + 𝑆F∆𝑃(𝑖) + 𝑆8∆𝑃Q�m(𝑖)      (6.9) 

			𝜔+8BO7P(𝑘) = 0 when i = k is clear. Then, optimized cost function with 𝜔+8BO7P	can be 

represented as 

				𝐺+8BO7P = min	{|| ∑ ½𝑌+8B.(𝑘 + 1|𝑘) − 𝑌+8>D78(𝑘 + 1)¾| |/ + ||∑ ∆𝑃(𝑘)| |/}$+8BO7P  

(6.10) 
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        where ∑ = 𝑑𝑖𝑎𝑔(𝜆@ , 𝜆@ , … 𝜆@), ∑ 𝑑𝑖𝑎𝑔(𝜆$, 𝜆$, … 𝜆$)$+8BO7P , 𝜆@  and 𝜆$  are weighting 

factors for frequency and power increment when frequency departs from the nominal. 

                          Desired steady state 𝜔+8>D78 is zero vectors. So, reference output is 

𝑌+8>D78(𝑘 + 			1) = [0	0	, … 0]m .  Also cost function (6.10) results in a quadratic 

programming problem.    

Introduce the intermediate variable 𝜏: 

	𝜏 =

⎩
⎪
⎨

⎪
⎧[ ¨ ?𝑌+8BO7P(𝑘 + 1)@ − 𝑌+8>D78(𝑘 + 1)]

+8BO7P

¨∆𝑃(𝑘)
$

																																																																						

			= <∑ ;B5$P9#@
∑E

A ∆𝑃(𝑘) − <∑ N5$P9#@_𝑘 + 1�𝑘b5$P9#@
& A = 𝐴𝑥 − 𝑏	                                     (6.11) 

		       where 𝐸+8BO7P(𝑘 + 1|𝑘) = 𝑌+8>D78(𝑘 + 1) − 𝑆T∆𝜔(𝑘) − 𝑆8∆𝑃Q�m 

By using a quadratic cost function, the MPC based cost function can be written simply as 

a no-weighting factor cost function 𝐺+8BO7P: 

𝐺+8BO7P = min	(𝜏m𝜏) = min	[(𝐴𝑥 − 𝑏)m(𝐴𝑥 − 𝑏)].																									(6.12) 

The aim is then to minimize departure from nominal frequency over a brief look- ahead 

period. It is straightforward to see that 𝐺+8BO7P	is optimized when 

j2𝐴
m(𝐴𝑥 − 𝑏) = 0
2𝐴m𝐴 > 0

                                              (6.13) 

Substituting (6.11) into (6.13), algebraic simplification yields the optimized 

∆𝑃∗(𝑘)|+8BO7P as 
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∆𝑃∗(𝑘)|+8BO7P = (𝑆Fm ∑ ∑ 𝑆F + ∑ ∑ )Y$𝑆Fm ∑ ∑ 𝐸+8BO7P(𝑘 + 1|𝑘)+
m
+$

m
$+

m
+  (6.14) 

where 𝑆F  is the state of input matrix, ∑ =+8BO7P

𝑑𝑖𝑎𝑔(𝜆@ , 𝜆@ , … 𝜆@), ∑ 𝑑𝑖𝑎𝑔(𝜆$, 𝜆$, … 𝜆$)$ , 𝐸+8BO7P(𝑘 + 1|𝑘) = 𝑌+8>D78(𝑘 + 1) −

𝑆T∆𝜔(𝑘) − 𝑆8∆𝑃Q�m . 

 

6.2.3 Frequency recovery to nominal value 

        For the frequency recovery to the nominal value, the control objective is to 

accelerate the frequency dynamics to return the frequency to normal, which entails. that ω 

changes quickly. Define the recovery difference as 

𝜔78,WG87(𝑖) = 𝜔(𝑖) − 𝜔�N� , 𝑖 = 𝑘, 𝑘 + 1,…𝑛 																					(6.15) 

where 𝜔�N� is calculated via droop control which is the steady state post-disturbance 

value. A discrete model for 𝜔78,WG87 can be obtained as 

j ∆𝜔78,WG87(𝑖) = ∆𝜔(𝑖)
𝜔78,WG87(𝑖 + 1) = ∆𝜔(𝑖 + 1) + 𝜔78,WG87(𝑖)

                      (6.16) 

Also, the output process 𝑌78,WG87(𝑖 + 1|𝑖) is seen to be 

𝑌78,WG87(𝑖 + 1|𝑖) = 𝐼𝜔�(𝑖) + 𝑆T∆𝜔(𝑖) + 𝑆F∆𝑃(𝑖) + 𝑆8∆𝑃Q�m(𝑖) (6.17) 

The optimized cost function for 𝜔78,WG87 	is 

𝐺78,WG. = min	{||¨ [𝑌78,.(𝑘 + 1|𝑘) − 𝑌+8>D78(𝑘 + 1)]| |/
78,.

+ ||¨ ∆𝑃(𝑘)| |/
/

																																																																																(6.18) 

where ∑ = 𝑑𝑖𝑎𝑔(𝜆� , 𝜆� , … 𝜆�), ∑ 𝑑𝑖𝑎𝑔(𝜆/, 𝜆/, … 𝜆/)/78,WG87 , 𝜆�  and 𝜆/  are weighting 
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factors for frequency and power increment when frequency recovers to the nominal. The 

desired steady state 𝜔78,WG87  is 0, and the reference output is 𝑌+8>D78(𝑘 + 1) =

[0	0	, … 0]m. 

                The quantity 𝐺78,WG87  can be optimized by simple optimization, and 

optimization of  ∆𝑃∗(𝑘)|78,WG87 for 𝐺78,WG87 can be represented as 

∆𝑃∗(𝑘)|78,WG. = (𝑆Fm¨ ¨ 𝑆F +¨ ¨ )Y$𝑆Fm¨ ¨ 𝐸78,WG87(𝑘 + 1|𝑘)
7

m

7/

m

/7

m

7
(6.19) 

 

6.3 SW factor scheme without weighting factor FCS-MPC with neutral 

point clamped inverter 

        The dynamic model of a three-level inverter shown in Fig. 6.3 takes a part in 

designing the FCS-MPC, and it is given by the following: 

+�⃗g
+P
= $

=
w−𝑅𝚤e + 𝑉3⃗ DSG − 𝑣⃗ex                                 (6.20) 

where 𝚤e = [𝑖eT , 𝑖e�]m , 𝑣⃗DSG = [𝑣DSGT,𝑣DSG�]m , 𝑣⃗e = [𝑣eT,𝑣e�]m are the grid currents, the 

inverter voltages, and grid voltages. L is the inductor. The voltages and currents having 

subscripts x or y indicate that the quantities have been got from their original values using 

Clark’s transformation. 



166  

 

Fig. 6.3. Three-level neutral point clamped inverter. 
The predicted grid current at the next sampling instant, which is calculated by 

discretizing (6.20) is given by the following [135]: 

𝚤e(𝑛 + 1) =
$

=<�m0
©𝐿𝚤e(𝑛) + 𝑇>½𝑉3⃗ DSG(𝑛 + 1) − 𝑣⃗e(𝑛 + 1)¾ª     (6.21) 

where the sampling time is 𝑇>	and the sampling instant by 𝑛. R is the resistor. Rearranging 

(6.21), we can get the following: 

𝑣⃗DSG(𝑛 + 1) =
𝐿 + 𝑅𝑇>
𝑇>

𝚤e(𝑛 + 1) −
𝐿
𝑇>
𝚤e(𝑛) + 𝑣e(𝑛 + 1).						(6.22) 

             𝚤e(𝑛 + 1) can be substituted by 𝚤e∗ (𝑛 + 1) to get the predicted reference inverter voltage 

vector [136], [137], [141]- [143] as follows: 

              𝑣DSG∗ (𝑛 + 1) = =<�m&
m&

𝚤e∗ (𝑛 + 1) −
=
m&
𝚤e(𝑛) + 𝑣⃗e(𝑛 + 1)	          (6.23) 

              From (6.23), it is sure that the predicted reference inverter voltage vector can be 

come from the predicted reference current 𝚤e∗ (𝑛 + 1), the contemporary value of the 

actual grid current 𝚤e(𝑛), and the predicted grid voltage 𝑣⃗e(𝑛 + 1). The predicted 

grid voltage and the predicted reference current can be derived as follows [138]: 
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Letters

Model Predictive Controller With Reduced Complexity for Grid-Tied
Multilevel Inverters

Soumya Ranjan Mohapatra and Vivek Agarwal , Fellow, IEEE

Abstract—Finite control set model predictive control (FC-
SMPC) has become popular for grid interactive applications
due to its simplicity and ease of implementation. Since the
implementation of FCSMPC requires all possible switching
states of the inverter, the computational burden is an im-
portant issue, which needs to be addressed while applying
FCSMPC to the control of multilevel inverters. This letter
proposes a novel “S” factor scheme for the FCSMPC im-
plementation, which reduces complexity while controlling
grid current and balancing the capacitor voltages in neutral
point clamped three-level inverters. The proposed scheme
is very easy to implement and can be extended to any higher
level inverter without any additional effort. In this method,
at every sampling instant, redundant switching states are
chosen suitably and the predicted reference inverter volt-
age (PRIV) vector is derived from predicted grid voltage,
predicted reference current, and the present value of the
actual current. Subsequently, “S” factor scheme is applied
to select the switching state, which is close to the PRIV vec-
tor. The selected switching state is then applied at the same
sampling instant. The proposed scheme is experimentally
compared with a recent FCSMPC algorithm to validate the
performance.

Index Terms—Calculation burden, finite control set model
predictive control, grid interactive systems, multilevel in-
verter, “S” factor scheme.

I. INTRODUCTION

THE popularity of multilevel inverters in high power grid-
interactive industry applications is growing by the day. A

wide range of control algorithms and topologies has been devel-
oped by researchers to improve the performance of multilevel
inverters [1]. The power circuit of the basic three-level neutral
point clamped (NPC) grid-connected voltage source inverter
(VSI) is depicted in Fig. 1. The conventional linear controllers
with space vector modulation used for such VSIs have several
drawbacks such as stability issues, gain parameter tuning, un-
satisfactory transient performance, etc. [2].
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Fig. 1. The power circuit of a grid-connected three-level NPC VSI.

In recent years, the advancements in digital computing tech-
nology have led many researchers to focus on the finite con-
trol set model predictive control (FCSMPC) of grid interactive
systems [3]–[6]. As the FCSMPC takes advantage of a finite
number of switching states of multilevel inverters, it is simple
to understand and easy to implement [5]. A major shortcoming
of the FCSMPC, however, is its computational burden which
increases with the number of switching states. Therefore, spe-
cial attention needs to be given to reduce computational burden
while applying FCSMPC to multilevel VSIs, since they have a
higher number of switching states.

Various optimization methods which give superior perfor-
mance under long prediction horizons introduce complexity in
FCSMPC [6], [7]. Cortes et al. have proposed FCSMPC for
cascaded H-bridge multilevel inverters by eliminating redun-
dant voltage vectors [8]. They further reduced the calculation
burden by taking a subset of adjacent voltage vectors for eval-
uating the cost function. However, the transient performance is
hampered by considering only a subset of voltage vectors. A
new concept [9], [10] to reduce the calculation burden is pro-
posed by splitting the optimization problem into two parts. First,
the optimal voltage level is identified, and then the redundant
voltage vector that gives the best optimal solution is determined.
However, all the above methods [8]–[10] are based on current
predictions, which require a higher number of predictions.

0278-0046 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

Authorized licensed use limited to: University of Maryland College Park. Downloaded on September 23,2023 at 20:33:28 UTC from IEEE Xplore.  Restrictions apply. 
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𝑣⃗e(𝑛 + 1) = 3𝑣⃗e(𝑛) − 3𝑣⃗e(𝑛 − 1) + 𝑣⃗e(𝑛 − 2)																			(1.24)  

𝚤e
∗(𝑛 + 1) = 3𝚤e∗ (𝑛) − 3𝚤e∗ (𝑛 − 1) + 𝚤e∗ (𝑛 − 1)																					(1.25) 

Similarly, the predicted capacitor voltage can be acquired as follows [139]: 

𝑣,$(𝑛 + 1) = 𝑣,$(𝑛) +
𝑇>
𝐶$
𝑖R$(𝑛)																																					(1.26) 

𝑣,/(𝑛 + 1) = 𝑣,/(𝑛) +
𝑇>
𝐶/
𝑖R/(𝑛)																																					(1.27) 

where 𝑣,$ is the voltage at the 𝐶$ capacitor, 𝑣,/ is the voltage at the 𝐶/ capacitor. 

After predicting all the desired variables using (23)-(27), the following procedure can 

be followed to achieve neutral point voltage control and grid current control of the 

neutral point clamped inverter. 

The space vector representation of the three-level neutral point clamped 

inverter is shown in Fig. 6.4  and the matching switching states are listed in Table 6.1. 

The set of switching states of the neutral point clamped can be divided into two 

categories, such as redundant switching states ( 𝑣&  to 𝑣$h ) and nonredundant 

switching states (𝑣$l to 𝑣/!). The redundant switching states can be further separated 

into two groups, such as zero redundant switching states (𝑣&  to 𝑣/) and nonzero 

redundant switching states (𝑣� to 𝑣$h). Zero switching states do not influence on the 

neutral point voltage and produce zero line to line voltage [140]. Thus, any one of the 

zero switching states can be chosen. 
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Fig. 6.4. Three-level neutral point clamped inverter space vector representation. 
 
 

Table 6.1. Representation of switching state. 
Representation 𝐓𝟏 𝐓𝟐 𝐓𝟑 𝐓𝟒 

+ ON ON OFF OFF 
0 OFF ON ON OFF 
- OFF OFF ON ON 

 

Similarly, each pair of nonzero redundant switching states makes an equal line to line 

voltage. However, the current direction flowing into the neutral point is the contrary. 

Out of all the nonzero redundant switching states, the positive nonzero redundant 

switching states (𝑣�,	𝑣!,	𝑣 ,	𝑣$&,	𝑣$$, and 𝑣$h) increase the neutral point voltage (𝑣R/) 

and the negative nonzero redundant switching states (𝑣h ,	𝑣l ,	𝑣% ,	𝑣� ,	𝑣$/	and 𝑣$�) 

lessen the neutral point voltage. Thus, the neutral point voltage balance can be 

accomplished with a suitable selection of nonzero redundant switch states depending 

upon the predicted capacitor voltages [140]. As the nonredundant switching states are 

not used in accomplishing neutral point voltage balance, the total harmonic distortion 

of the grid current remains nonaffected. 

After choosing suitable 19 switching states out of 27 switching states for 

achieving the voltage balancing task, the next step is to decide on the optimal 

switching state which gives the minimum cost function for managing the grid current. 
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Simpler and computationally efficient reference inverter volt-
age vector prediction-based FCSMPCs have been proposed for
NPC multilevel VSIs in [11]–[14]. In these papers, the neutral
point voltage of the inverter is controlled by adding another
term with less priority in the cost function which is supposed to
control only grid current. The priority level of controlling the
neutral point voltage is decided by a weighing factor. However,
there is yet no well-established rule for tuning the weighing fac-
tor, and the addition of this extra term in the cost function also
hampers the THD of the grid current [5]. Sector identification
is incorporated in [14] to reduce the number of cost function
evaluations for controlling the grid current and the neutral point
voltage.

This letter reports a novel “S” factor scheme in which the
optimal voltage vector is obtained to control the grid current
and the neutral point voltage without the need of evaluating any
cost function. The proposed “S” factor scheme has the following
advantages over the existing schemes.

1) This scheme reduces the overall execution time since it
has fewer calculations to perform as compared to other
conventional FCSMPC available in the literature.

2) This scheme completely avoids any tuning parameter to
control neutral point voltage.

3) The THD of grid current remains unaffected.
4) This scheme can also be easily generalized for any higher

level inverter.

II. CONTROLLER DESIGN

The dynamic model of a three-level inverter shown in Fig. 1
plays an essential role in designing the FCSMPC, and it is given
by the following:

d!ig
dt

=
1
L

(−R!ig + !vinv − !vg ) (1)

where !ig = [igx igy ]T , !vinv = [vinvxvinvy ]T , and !vg =
[vgxvgy ]T are the grid currents, the inverter voltages, and grid
voltages, respectively. The voltages and currents, having sub-
scripts “x” or “y” indicate that the quantities have been obtained
from their original values using Clarke’s transformation. The
predicted grid current at the next sampling instant, which is
calculated by discretizing (1), is given by the following [15]:

!ig (n + 1) =
1

RTs +L
{L!ig (n)+Ts [!vinv (n+1) − !vg (n+1)]}

(2)

where the sampling time is denoted by “Ts” and the sampling
instant by “n”. Rearranging (2), one can obtain the following:

!vinv (n + 1) =
RTs + L

Ts

!ig (n + 1) − L

Ts

!ig (n) + !vg (n + 1).

(3)

!ig (n + 1) can be replaced by !i∗g (n + 1) to get the predicted
reference inverter voltage (PRIV) vector [11]–[15] as follows:

!v∗
inv (n + 1) =

RTs + L

Ts

!i∗g (n + 1) − L

Ts

!ig (n) + !vg (n + 1).

(4)

Fig. 2. Space vector representation of three-level inverter.

TABLE I
SWITCHING STATE REPRESENTATION

From (4), it is clear that the PRIV vector can be derived
from the predicted reference current !i∗g (n + 1), the predicted
grid voltage !vg (n + 1), and the present value of the actual grid
current!ig (n). The predicted grid voltage and the predicted ref-
erence current can be derived as follows [3]:

!vg (n + 1) = 3!vg (n) − 3!vg (n − 1) + !vg (n − 2) (5)

!i∗g (n + 1) = 3!i∗g (n) − 3!i∗g (n − 1) +!i∗g (n − 2). (6)

Likewise, the predicted capacitor voltages can be obtained as
follows [5]:

vc1(n + 1) = vc1(n) +
Ts

C1
ic1(n) (7)

vc2(n + 1) = vc2(n) +
Ts

C2
ic2(n). (8)

After predicting all the desired variables using (4)–(8), the
following procedure can be followed to accomplish neutral point
voltage control and grid current control of the NPC inverter.

The space vector representation of the three-level NPC is
depicted in Fig. 2 and the corresponding switching states are
enumerated in Table I. The set of switching states of the NPC
can be divided into two categories, viz., redundant switching
states (v0 to v14) and nonredundant switching states (v15 to
v26). The redundant switching states can be further divided
into two categories, viz., zero redundant switching states (v0 to
v2) and nonzero redundant (NZR) switching states (v3 to v14).
Zero switching states do not affect the neutral point voltage and
produce zero line to line voltage [17]. Therefore, any one of the
zero switching states can be selected.

Likewise, each pair of NZR switching states produces
an equal line to line voltage. However, the current direc-
tion flowing into the neutral point is the opposite. Out of
all the NZR switching states, the positive NZR switching

Authorized licensed use limited to: University of Maryland College Park. Downloaded on September 23,2023 at 20:33:28 UTC from IEEE Xplore.  Restrictions apply. 
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The cost function for managing the grid current is given as below [136], [137], [141]- 

[143]: 

            𝐺(𝑛 + 1) = ||𝑣⃗DSG∗ (𝑛 + 1) − 𝑣⃗DSG(𝑛 + 1)||/																		 (6.28) 

                       The above cost function is the square of the distance between two vectors. 

Minimization of the given cost function can be alternatively finished by finding the 

optimal voltage vector which is close to the predictive reference inverter voltage 

vector (𝑣⃗DSG∗ (𝑛 + 1) ). In This chapter, this objective is accomplished by using a novel 

scheme, which makes use of the geometry and the space vector diagram of multilevel 

inverters to get the optimal voltage vector. 

                       In this approach, three imaginary lines 𝑆𝑊$ (switch factor scheme),	𝑆𝑊/, and 

𝑆𝑊� slide along the direction as shown in Fig. 1.5 and only take the marked integral 

position [144]. For instance, if the values of sliding lines are taken as 𝑆𝑊$= 0.3, 𝑆𝑊/= 

0.4, and 𝑆𝑊� =-1.3, they will slide to take the position of 𝑆𝑊$= 0, 𝑆𝑊/= 0, and 𝑆𝑊�= 

-2, which are the nearest integers less than their real values. The direction of sliding 

motion of 𝑆𝑊$, 𝑆𝑊/, 𝑆𝑊�is inclined at 180°, -60°, and 60° with the respect to the x-

axis, respectively. These three imaginary sliding lines have two interesting 

characteristic which are mentioned next, and by advantage of these, the calculation 

load in FCS-MPC is reduced. 
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Fig. 6.5. Concept of SW factor scheme. 
 

                       The first characteristic is seen regarding all the integral positions of the three 

imaginary sliding lines, it can be from Fig. 6.5 which every possible switching states 

of the three-level inverter marked by black dots are divided from one another by its 

optimal area highlighted by different patterns. It can be check that every optimal area 

has only one switching state. The optimal area of a switching state is so regarded as if 

the predicted reference inverter voltage vector falls in that area, it will be closest to 

that switching state. Thus, that switching state can be regards as the optimal switching 

state. Consequently, the optimal switching state can be easily found out as below. 

		𝑆𝑊$ = �
1
𝑉@R

� w4𝑉DSG∗ (𝑛 + 1)x																																																																											

𝑆𝑊/ = �
1
𝑉@R

� ?−2𝑉DSGT∗ (𝑛 + 1) − 2√3𝑣DSG�∗ (𝑛 + 1)@																		(6.29)	

																	𝑆𝑊� = ? $
*=*

@ ?−2𝑉DSGT∗ (𝑛 + 1) + 2√3𝑣DSG�∗ (𝑛 + 1)@   

                       The second fascinating characteristic is that if the values of the three imaginary 

lines for the inverter are obtained by using (6.29), they will always confine the peak 

of the predicted reference inverter voltage vector within a triangle, which is a part of 
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Fig. 3. Concept of “S” factor scheme.

states (v3 , v6 , v7 , v10 , v11 , and v14) increase the neutral
point voltage (vc2) and the negative NZR switching states
(v4 , v5 , v8 , v9 , v12 , and v13) decrease the neutral point voltage.
Therefore, the neutral point voltage balance can be performed
with a suitable selection of NZR switching states [17] depending
upon the predicted capacitor voltages. Since the nonredundant
switching states are not used in achieving neutral point voltage
balance, the THD of the grid current remains unaffected.

After selecting suitable 19 switching states out of 27 switch-
ing states for accomplishing the voltage balancing task, the next
step is to determine the optimal switching state which gives the
minimum cost function for controlling the grid current. The cost
function for controlling the grid current is given by the following
[11]–[15]:

g(n + 1) = ∥v⃗∗
inv (n + 1) − v⃗inv (n + 1)∥2 . (9)

The above cost function signifies the square of the distance
between two vectors. Minimization of the given cost function
can be alternatively done by finding the optimal voltage vector
which is close to the PRIV vector (v⃗∗

inv (n + 1)). In this letter,
this objective is achieved by using a novel scheme, which takes
the advantages of the geometry and the space vector diagram of
multilevel inverters to obtain the optimal voltage vector.

In this scheme, three imaginary lines S1 , S2 , and S3 slide
along the direction as shown in Fig. 3 and take only the marked
integral positions [16]. For example, if the values of sliding lines
are taken as S1 = 0.3, S2 = 0.4, and S3 = −1.3, they will slide
to take the position of S1 = 0, S2 = 0, and S3 = –2, which are
the nearest integers less than their real values. The direction
of sliding motion of S1 , S2 , and S3 is inclined at 180°, –60°,
and 60°, respectively, with respect to the x-axis. These three
imaginary sliding lines have two interesting features, which are
discussed next, and by virtue of these, the calculation burden in
FCSMPC is reduced.

The first feature is that considering all the integral positions
of the three imaginary sliding lines, it can be noticed from
Fig. 3 that every possible switching states of the three-level
inverter (marked by black dots) are separated from one another

Fig. 4. Algorithm for the “S” factor scheme-based FCSMPC.

by its optimal area (highlighted by different patterns). It can
be seen that every optimal area has only one switching state.
The optimal area of a switching state is so called because if the
PRIV vector falls in that area, it will be closest to that switching
state. Therefore, that switching state can be taken as the optimal
switching state. Hence, if the optimal area where the PRIV
vector lies is located, the optimal switching state can be easily
found out

S1 = (1/VDC) (4v∗
invx(n + 1)) ;

S2 = (1/VDC)
(
−2v∗

invx(n + 1) − 6v∗
invy (n + 1)/

√
3
)
;

S3 = (1/VDC)
(
−2v∗

invx(n + 1) + 6v∗
invy (n + 1)/

√
3
)

⎫
⎪⎬

⎪⎭
.

(10)

The second interesting feature is that if the values of the three
imaginary lines for the inverter are obtained by using (10), they
will always enclose the tip of the PRIV vector within a triangle,
which is a part of an optimal area. The positions of sliding lines
can be obtained from the values of sliding lines by using a floor
function. For example, if the PRIV vector is the vector shown
by an arrow in Fig. 3, the position of S1 , S2 , and S3 can be
calculated as 0, 0, and –2, respectively, from (10). This implies
that the PRIV vector is enclosed in a triangle, which is a part
of the optimal area of v13/ v14 . Therefore, once the positions of
S1 , S2 , and S3 are obtained, one can easily find out the optimal
switching state. Since three imaginary lines slide along three
different directions to locate the optimal switching state, this
scheme has been called the “S” factor scheme. The step-by-step
procedure to implement the proposed scheme is given in the
form of a flowchart as shown in Fig. 4.

Neural point voltage and grid current may also be controlled
in any “m” level inverter following the same procedure with
slight modification in the calculation procedure of S1 , S2 , and
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an optimal area. The positions of sliding lines can be obtained from the values of 

sliding lines by using a floor function. For instance, if the predicted reference inverter 

voltage vector is the vector shown by an arrow in Fig. 6.5 , the position of  𝑆𝑊$, 𝑆𝑊/, 

and 𝑆𝑊�  can be calculated as 0, 0, and -2 from (6.29). This suggests which the 

predicted reference inverter voltage vector is enclosed in a triangle, which is a part of 

the optimal area of 𝑣$�/𝑣$h. Thus, once the position of 𝑆𝑊$, 𝑆𝑊/, and 𝑆𝑊�  are got, 

we can easily find out the optimal switching state. Because three imaginary lines slide 

along three different directions to locate the optimal switching state, this scheme has 

been called the “SW” factor scheme. Via optimal switching, one can obtain reduced 

cost function with no-weighting factor correction which reduces harmonics, and fast 

optimal control the inverter. Quick inverter control makes the fast response to the 

frequency changes, which can adapt to fast frequency control with minimum costs. 

The whole algorithm to implement the proposed scheme is shown in Fig. 6.6  as a 

flowchart. 
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Fig. 6.6. SW factor scheme-based FCS-MPC algorithm. 

 

6.4 Centralized control of frequency  

We consider the rapid dynamics of inverters in distributed generation as the 

cost associated with changes in the voltage vector set point of the Voltage Source 

Inverter (VSI). Additionally, we view the dynamics of the stored energy level in 

Battery Energy Storage Systems (BESSs) as the cost related to the state of charge 

(SOC) of the energy storage. Furthermore, we assess the cost of voltage deviation 

from its reference set point and the cost of deviation in net tie-line bus power within 

the framework of the proposed centralized MPC. This chapter mainly accomplishes 

the primary and secondary frequency control and minimization of the operational cost 

of the proposed power systems during the power flow optimization is reflected on 

tertiary frequency control. This is the reason why we use MPC for the FFC which can 

take full advantage of different inverter-based devices such as inverters and VSCs. 
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can be alternatively done by finding the optimal voltage vector
which is close to the PRIV vector (v⃗∗

inv (n + 1)). In this letter,
this objective is achieved by using a novel scheme, which takes
the advantages of the geometry and the space vector diagram of
multilevel inverters to obtain the optimal voltage vector.

In this scheme, three imaginary lines S1 , S2 , and S3 slide
along the direction as shown in Fig. 3 and take only the marked
integral positions [16]. For example, if the values of sliding lines
are taken as S1 = 0.3, S2 = 0.4, and S3 = −1.3, they will slide
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the nearest integers less than their real values. The direction
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and 60°, respectively, with respect to the x-axis. These three
imaginary sliding lines have two interesting features, which are
discussed next, and by virtue of these, the calculation burden in
FCSMPC is reduced.

The first feature is that considering all the integral positions
of the three imaginary sliding lines, it can be noticed from
Fig. 3 that every possible switching states of the three-level
inverter (marked by black dots) are separated from one another
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by its optimal area (highlighted by different patterns). It can
be seen that every optimal area has only one switching state.
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PRIV vector falls in that area, it will be closest to that switching
state. Therefore, that switching state can be taken as the optimal
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The second interesting feature is that if the values of the three
imaginary lines for the inverter are obtained by using (10), they
will always enclose the tip of the PRIV vector within a triangle,
which is a part of an optimal area. The positions of sliding lines
can be obtained from the values of sliding lines by using a floor
function. For example, if the PRIV vector is the vector shown
by an arrow in Fig. 3, the position of S1 , S2 , and S3 can be
calculated as 0, 0, and –2, respectively, from (10). This implies
that the PRIV vector is enclosed in a triangle, which is a part
of the optimal area of v13/ v14 . Therefore, once the positions of
S1 , S2 , and S3 are obtained, one can easily find out the optimal
switching state. Since three imaginary lines slide along three
different directions to locate the optimal switching state, this
scheme has been called the “S” factor scheme. The step-by-step
procedure to implement the proposed scheme is given in the
form of a flowchart as shown in Fig. 4.

Neural point voltage and grid current may also be controlled
in any “m” level inverter following the same procedure with
slight modification in the calculation procedure of S1 , S2 , and
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The power flow optimization only considers a steady-state optimization.  

Centralized controller determines the power output of each converter to take part in 

fast frequency control. The goal function’s purpose is to minimize the total control 

effort over the full horizon k∈K and over all device’s units i (6.30). ROCOF is 

computed for all generators in (6.31), equality constraint each individual VSI’s 

charging power in (6.32), frequency limit in (6.38), and SOC in equation (6.33). 

Active and reactive power generated by the bus in the distributed generation deduct, 

and ESS charge/discharge, and load power are represented with the (6.34) and (6.35). 

Active power of net power tie-line is in (6.36). VSI’s charging and discharging active 

power limit, and battery energy storage system SOC limit are in (6.37). Distributed 

generation (DG) active and reactive power limit, and bus 𝑣DV   deviation from its 

reference set points are in (6.39). All these equality and inequality constraints are 

required for the fast frequency control within the IEEE 39-bus. 

𝑚𝑖𝑛¨(¨ 𝐶BDV*;M´|∆𝑃,D∗ (𝑘)|´ + ¨ 𝐶DVN;; +¨𝐶DV* +¨𝐶>VmMN)								(6.30)
>∈;D∈(D∈(o00D∈((V∈Z

 

𝑑
𝑑𝑡 𝑓r

(𝑘) =
𝑓r(𝑘 + 1) − 𝑓r(𝑘)

𝑇>
																																		(6.31) 

𝑃,D(𝑘) = 𝑃,D∗ +¨∆𝑃,D∗ (𝑙) + 𝑅,D) w𝜔,D∗ − 𝜔,D(𝑘)x																					
V

IJ$

(6.32) 

𝑆𝑂𝐶DV = 𝑆𝑂𝐶D(VY$) + (𝜂,D𝑃,DV − 𝜂+DY$𝑃+DV)𝑇																		(6.33) 

															𝑃KDV − 𝑃,DV + 𝑃+DV − 𝑃=DV = 𝑃DR + ¨ w𝐴Dr∆𝑉rV + 𝐵Dr∆𝜃rVx
r∈{D}∪(F

		(6.34) 
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𝑄KDV − 𝑄=DV = 𝑄DR + ¨ w𝐶Dr∆𝑉rV + 𝐷Dr∆𝜃rVx
r∈{D}∪(F

															(6.35) 

𝑃>VmMN = ¨ w𝑃DrR + 𝐸Dr
r ∆𝑉rV + 𝐹Dr

r∆𝜃rV + 𝑌DrD ∆𝑉DV + 𝑧DrD ∆𝜃DVx
(D,r)∈=&

										(6.36) 

0 ≤ 𝑃,DV(𝑘) ≤ 𝑃̄,D , 0 ≤ 𝑃+DV(𝑘) ≤ 𝑃̄+D,𝑆𝑂𝐶D ≤ 𝑆𝑂𝐶DV ≤ 𝑆𝑂𝐶¯̄ ¯̄ ¯̄ D 								(6.37) 

𝑓 ≤ 𝑓D(𝑘) ≤ 𝑓																																														(6.38) 

0 ≤ 𝑃KDV ≤ 𝑃̄KD , 0 ≤ 𝑄KDV ≤ 𝑄̄KD , 𝑉D ≤ 𝑉DV ≤ 𝑉̄D 																												(6.39) 

          where k is the horizon step, ∑ 𝐶p`TqHr ∥ ∆𝑃a`∗ (𝑘) ∥`∈t!  is the number of generations for 

voltage source inverter (VSI) optimal charging cost (For simplicity we only 

considered charging cost), ∑ 𝐶`TuHH`∈t"##   is the number of energy storage system ESS’s 

SOC managing cost, ∑ 𝐶`Tq`∈t   is the number of bus for managing cost for reference V 

bus, ∑ 𝐶MTUruM∈H 	is the number of tie-line managing cost. 𝑃a`(𝑘)	is the charging power for 

the VSI, 𝑃a`∗  is the initial-charged power, ∑ ∆𝑃a`∗vwW (𝑙) is the VSI’s charging power 

deviation, 𝑅a`p P𝜔a`∗ −𝜔a`(𝑘)S is the VSI’s resistor’s part power which is resistor times 

deviation of angular frequency. 𝑆𝑂𝐶`T is the ESS’s SOC, 𝑆𝑂𝐶`(TVW) is the previous 

ESS’s SOC, 𝜂a`𝑃a`T is the charging efficiency times charging power, 𝜂x`𝑃x`T	is the 

discharging efficiency times discharging power. 𝑃I`T	is the generated power,  𝑃a`Tis 

the charging power, 𝑃x`T	is the discharged power, 𝑃y`T  is the load power. 𝑃z  is the 

initial bus power, 𝐴`{∆𝑉{T is the A coefficient times deviation of voltage, 𝐵`{∆𝜃{T  is the 

B coefficient times deviation of phase.  

For (6.36), 𝑃MTUru is the tie line power which is consisted with 𝑃 {
z 	is the bus i to j power 
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plus admittance voltage and phase plus impedance voltage and phase. For (6.38), 

frequency upper and lower limit which is consisted with current frequency plus VSI’s 

resistor times deviation of charging power. 

 

6.5 Model testing and control simulation 

                    The suggested FFC methods have been carried out and tested on the IEEE 

39-bus system illustrated in Fig. 6.7. This is a popular 10-machine representation of 

the New England power system with generator at node 10-machine depiction of the 

New England power system with generator at node 10 meaning the collection of a 

large number of generators. Inverter based generation is placed at nodes 1, 2, and 3. 

The red symbol represents disturbance location. The pertinent load and generation 

parameters can be found in [145], [146]. The author conducted the simulation using 

MATLAB, which encompasses a comprehensive depiction of the dynamics of the 

generator and transmission line as referenced in [147] . The examined system consists 

of seven conventional generators, and three synchronous generators from the initial 

system exactly at nodes 1, 2, and 3, have been displaced by inverter interfaced units 

of 1000 MW installed power and 10 MWh battery energy storage system for the 

purpose of this study. The individual power ratings and output limits of the stay 

behind synchronous generators have been conserved. All VSIs perform in grid 

forming mode and are provided with the fast frequency control layer. 
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Fig. 6.7. IEEE 39-bus test system. 
 

                       The disturbances are produced by step changes in active power at network 

buses of 15, therefore imitating either a loss of load or a loss of generator. First stage 

of automatic load shedding is established in the case of frequency variation beyond 

±0.5 Hz, although the ROCOF protection is activated at ±1Hz/s for the ROCOF 

estimations mean value over a 240 ms cycle. Thus, the frequency related threshold 

values are established as follows (1.38):  𝑓IDH = 60.5	𝐻𝑧, 𝑓IDH = 59.5	𝐻𝑧, 𝑓̇IDH =

$]¤
>
, 𝑓̇IDH = − $]¤

>
. The battery energy storage system SOC and VSI power output are 

defined in per unit, and the maximum and minimum limits are established to 1 and 

0, respectively. 

                       The prediction horizon of the MPC based controller is set to three-time steps 

with a sampling period of 240 ms. On the other hand, the prediction horizon length 

of 720 ms considers a trade-off between computational effort and controller 

performance. The MPC sampling period is decided on it surpasses all delays related 

with the supervisory layer and converter, also the time required to compute the 

optimal control decisions. The real-time ROCOF measures 𝜔̇HOT necessary for the 

STANOJEV et al.: MPC-BASED FAST FREQUENCY CONTROL OF VOLTAGE SOURCE CONVERTERS IN LOW-INERTIA POWER SYSTEMS 3215

k ∈ H and over all converter units i ∈ Nc:

min
u

∑

k∈H

∑

i∈Nc

CPi(k)∥∆p⋆ci(k)∥+ CH (∥ηf∥∞ + ∥ηr∥∞)

(23a)

s.t. ∀k ∈ H, ∀i ∈ Nc, ∀j ∈ N ,

x(k + 1) = Âdx(k) + B̂du(k), (23b)

y(k) = Ĉdx(k) + D̂du(k) +

[
f0
pb0

]
, (23c)

ḟj(k) =
fj(k)− fj(k − 1)

Ts
, (23d)

pci(k) = p⋆ci +
k∑

r=1

∆p⋆ci(r) +Rp
ci(ω

⋆
ci − ωci(k)),

(23e)

χi(k + 1) = χi(k) + Ts
p⋆ci − pci(k)

ebi
, (23f)

p
ci,lim

≤ pci(k) ≤ p̄ci,lim, (23g)

χ
i,lim

≤ χi(k) ≤ χ̄i,lim, (23h)

f
lim

≤ fi(k) +Rp
ci∆p⋆ci(k) ≤ f̄lim, (23i)

p
b,lim

≤ pb ≤ p̄b,lim, (23j)

f
lim

− ηf (k) ≤ fj(k) ≤ f̄lim + ηf (k), (23k)

ḟ
lim

− ηr(k) ≤ ḟj(k) ≤ ¯̇flim + ηr(k), (23l)

ηf (k) ≥ 0, ηr(k) ≥ 0, (23m)

where N = Ng ∪Nc denotes the index set of all generators (in-
cluding both synchronous and converter-interfaced ones) in the
system, and u(k) ∈ Rnc+nn is the vector comprising setpoint
changes ∆p⋆ci(k) of all VSCs and nodal load injections pl(k)
at time step k. The prediction model in (23b)-(23c) represents
the discrete-time counterpart (denoted by subscript d) of the
state space given by (21)-(22), with the vector of load injections
pl in (22b) being populated by PMU measurements of system
disturbances and remaining constant throughout the prediction
horizon. Vectors f0 ∈ Rnc and pb0 ∈ Rnb define the lineariza-
tion point for individual converter frequencies and network
line flows. The RoCoF is calculated for all generators in (23d)
and branch flows are kept within permissible limits in (23j).
Constraints on each individual VSC (23e)-(23i) are imposed to
keep the SoC, power output and frequency spikes within limits,
with the notation adapted from (12). Frequency and RoCoF
constraints are enforced on all generators in (23k)-(23l), whereas
non-negativity constraints are imposed on slack variables in
(23m).

V. MODEL VALIDATION AND CONTROL PERFORMANCE

The two proposed FFC schemes have been implemented and
evaluated on the IEEE 39-bus test system depicted in Fig. 2.
This is a well-known 10-machine representation of the New

Fig. 2. IEEE 39-bus New England test system. Inverter-based generation
is placed at nodes 1, 2 and 3. Disturbance locations under consideration are
indicated by red symbols.

England power system, with generator at node 10 representing
the aggregation of a large number of generators. The relevant
network, load and generation parameters can be found in [23],
[24]. The simulations have been performed in MATLAB using
a DAE model described in [14] that encompasses detailed rep-
resentation of generator and transmission line dynamics. The
investigated system comprises seven conventional generators, as
three SGs from the original system (precisely at nodes 1, 2 and 3)
have been replaced by converter-interfaced units of 1000 MW
installed power and 10 MWh battery energy storage capacity
for the purposes of this analysis. The respective power ratings
and output limits of the remaining SGs have been preserved. All
VSCs operate in grid-forming mode and are equipped with the
FFC layer.

The disturbances are generated through step changes in active
power at network buses of interest, thus emulating either a loss of
generator or a loss of load. In this study we assume that the first
stage of automatic load-shedding is initiated in case of frequency
deviation beyond ±0.5 Hz, whereas the RoCoF protection is
triggered at ±1Hz/s for RoCoF measurements averaged over a
250 ms cycle. Therefore, the frequency-related thresholds in (12)
and (23) are set as follows: f

lim
= 49.5 Hz, f̄lim = 50.5 Hz,

ḟ
lim

= −1Hz/s and ¯̇flim = 1Hz/s. The battery SoC and VSC
power output are defined in per unit, and hence the minimum
and maximum limits are set to 0 and 1, respectively.

The prediction horizon of the MPC-based controller is set to
three time steps with a sampling period of 250 ms. On the one
hand, the prediction horizon length of 750 ms reflects a trade-off
between controller performance and computational effort. On
the other hand, the MPC sampling period is selected such that it
exceeds all delays associated with the converter and supervisory
layer, as well as the time needed to compute the optimal control
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where N = Ng ∪Nc denotes the index set of all generators (in-
cluding both synchronous and converter-interfaced ones) in the
system, and u(k) ∈ Rnc+nn is the vector comprising setpoint
changes ∆p⋆ci(k) of all VSCs and nodal load injections pl(k)
at time step k. The prediction model in (23b)-(23c) represents
the discrete-time counterpart (denoted by subscript d) of the
state space given by (21)-(22), with the vector of load injections
pl in (22b) being populated by PMU measurements of system
disturbances and remaining constant throughout the prediction
horizon. Vectors f0 ∈ Rnc and pb0 ∈ Rnb define the lineariza-
tion point for individual converter frequencies and network
line flows. The RoCoF is calculated for all generators in (23d)
and branch flows are kept within permissible limits in (23j).
Constraints on each individual VSC (23e)-(23i) are imposed to
keep the SoC, power output and frequency spikes within limits,
with the notation adapted from (12). Frequency and RoCoF
constraints are enforced on all generators in (23k)-(23l), whereas
non-negativity constraints are imposed on slack variables in
(23m).

V. MODEL VALIDATION AND CONTROL PERFORMANCE

The two proposed FFC schemes have been implemented and
evaluated on the IEEE 39-bus test system depicted in Fig. 2.
This is a well-known 10-machine representation of the New

Fig. 2. IEEE 39-bus New England test system. Inverter-based generation
is placed at nodes 1, 2 and 3. Disturbance locations under consideration are
indicated by red symbols.

England power system, with generator at node 10 representing
the aggregation of a large number of generators. The relevant
network, load and generation parameters can be found in [23],
[24]. The simulations have been performed in MATLAB using
a DAE model described in [14] that encompasses detailed rep-
resentation of generator and transmission line dynamics. The
investigated system comprises seven conventional generators, as
three SGs from the original system (precisely at nodes 1, 2 and 3)
have been replaced by converter-interfaced units of 1000 MW
installed power and 10 MWh battery energy storage capacity
for the purposes of this analysis. The respective power ratings
and output limits of the remaining SGs have been preserved. All
VSCs operate in grid-forming mode and are equipped with the
FFC layer.

The disturbances are generated through step changes in active
power at network buses of interest, thus emulating either a loss of
generator or a loss of load. In this study we assume that the first
stage of automatic load-shedding is initiated in case of frequency
deviation beyond ±0.5 Hz, whereas the RoCoF protection is
triggered at ±1Hz/s for RoCoF measurements averaged over a
250 ms cycle. Therefore, the frequency-related thresholds in (12)
and (23) are set as follows: f

lim
= 49.5 Hz, f̄lim = 50.5 Hz,

ḟ
lim

= −1Hz/s and ¯̇flim = 1Hz/s. The battery SoC and VSC
power output are defined in per unit, and hence the minimum
and maximum limits are set to 0 and 1, respectively.

The prediction horizon of the MPC-based controller is set to
three time steps with a sampling period of 250 ms. On the one
hand, the prediction horizon length of 750 ms reflects a trade-off
between controller performance and computational effort. On
the other hand, the MPC sampling period is selected such that it
exceeds all delays associated with the converter and supervisory
layer, as well as the time needed to compute the optimal control
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computation of the disturbance magnitude ∆𝑃 is attained from averaging the internal 

ROCOF state signal 𝜔̇ over a time interval of 12 ms in the instant consequence of a 

disturbance. 

 

6.5.1 Simulation of frequency control 

Centralized grid MPC controller acquires an accurate disturbance estimate 

across the independent of disturbance location, wide area measuring, and consequently 

with low error [134]. The values of estimated and practical disturbance magnitudes for 

each reflected on bus and every VSI are showed in Table 6.2. Let us consider a power 

disturbance of 1500 MW with 720 ms at node 15. Fig. 6.8  demonstrate frequencies, 

derivative of the frequencies, active and reactive power outputs of separate generators 

for FFC methods. The first graph is frequencies in the VSI bus one through three, and 

synchronous generator units. As shown in the graph, it did not violate the frequency 

limit, such as 60.5. The second graph shows the derivative of the frequency. It 

demonstrates, in which it does not violate the limit of derivative of frequency 𝑓İDH =

− $]¤
>

. The third graph shows the active and reactive power change when there was a 

fault on the 15 bus. 

                       The VSI at node 3 remain in a state of inactivity because of the large electrical 

distance to the disturbance location and resulting underestimation of the disturbance. 

Nonetheless, the assistance from the other two converters is enough to pay off the 

disturbance and inhibit load shedding. However, the global MPC based grid controller 

transmits all three units equally. Typically, a reduced level of control effort is adopted in 

the centralized approach. ROCOF is within the critical set points, active and reactive 

power is increased after the frequency disturbance based on the VSI’s location points. 
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Due to SW (switch) factor scheme based no-weighting FCS-MPC methods, VSI 

generations are well operated with the connection of VSI bus 1 and VSI bus 2 within the 

disturbances. 

 

               Fig. 6.8. Centralized control individual frequency, frequency change at unit time, active and reactive 

power output for FFC proposed method following a disturbance at bus 15. 

                       Fig. 6.9 gives results of the centralized PID (proportional integral derivative) / 

proposed-MPC control approach for IEEE 39-bus system. The first graph shows that 

through VSI linearized MPC cost function and neutral point clamped (NPC) inverter 

FCS-MPC method, centralized MPC control performance is nearly identical to 

centralized PID control on the left side of the Fig. 6.9.  The second and the third graph 

show the NPC inverter active charged power set point in p.u. and active deviation of 

charged power of optimal ESS set point changes. Compared with the only droop control, 

proposed centralized MPC control and neutral point clamped (NPC) inverter FCS-MPC 

have the better performance than only droop control, and its performance is comparable 

to PID approach due to the less computational burden due to linearized cost function of 

TABLE I
LIST OF DDPG HYPERPARAMETERS.

Hyperparameters Values
Experience replay size |D| 6 ˆ 105

Number of steps T in an episode 10
Minibatch size N 256
Discount factor γ 0.99
Actor learning rate 10´5

Critic learning rate 10´4

Actor network size (neurons per layer) 8, 128, 128, 2
Critic network size (neurons per layer) 10, 128, 128, 128, 2
Optimizer Adam
Target update factor τ 10´3

σ parameter for OU noise 0.02

rating of 850MW. Other system parameters can be found
in [24]. The disturbances considered for control performance
evaluation are a loss of generator and a loss of load, both of
which can be simulated through step-changes in active power
injections at network buses of interest. The triggering of UFLS
is assumed to occur in case of frequency deviation beyond
˘0.5Hz or RoCoF magnitudes above ˘1Hz{s. Consequently,
the limits flim and 9flim, used to define the reward function,
are set to 50 ˘ 0.5Hz and ˘1Hz{s, respectively.

A. Agent Training & Validation
We first analyze the agent training process and its perfor-

mance in the training environment, i.e., the frequency dynam-
ics model from (10). The discretization step for the state space
model is 100 ns and the agent-environment interaction takes
place every 100ms. The hyperparameters used for DDPG
implementation are presented in Table I, together with the
sizes of actor and critic neural networks. The Rectified Linear
Unit (ReLU) activation function is used for all hidden layers
of actor and critic networks and subsequently applied to the
output of the actor network.

In Fig. 3, the average actor and critic loss per episode are
presented. The actor loss is defined as the negative action-
value function, since its minimization leads to maximization
of the action-value function (1), and the critic loss is given
in (3). As the training progresses, the actor and the critic
loss decrease and finally converge to an equilibrium. The
initial training shows asymptotic convergence within 8000
episodes. In addition, Fig. 3 showcases the progress of the
received reward over the trained episodes. To further test the
agent adaptiveness to changes in the environment, the inertia
constants of generators at buses 3 and 4 are reduced by 30%
after 104 episodes. As can be seen from the figure, the agent
manages to adapt to the environment change fairly quickly,
in approx. 1000 episodes. Understandably, more control effort
is required to keep the frequencies within limits for a system
with less inertia and hence the total episode reward is lower.

After the training is completed, the actor network can be
extracted and used to find optimal setpoint changes in real-
time operation. To test and verify the agent performance, we
apply a disturbance of 800MW at bus 14 indicated in Fig. 2.
Generators’ frequency and RoCoF responses as well as the
applied setpoint changes are depicted in Fig. 4. Provided that
the average RoCoF values over 60ms time step are of interest
for the RL controller, as discussed in Sec. IV-A, the RoCoF
presented in Fig. 4 can be considered a 60ms moving average
of the instantaneous RoCoF signal. It can be observed that the
contributions of the FFC providing units accurately and timely
arrest the frequency decay with minimal control effort. Due
to its shorter electrical distance from the fault, the VSC at
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Fig. 3. Average actor and critic loss per episode (top) and total episode reward
progress (bottom).

bus 1 responds at a higher rate compared to other converter-
interfaced generator. The instantaneous frequency spikes are a
result of the grid-forming control strategy.

B. Comparison: RL vs. MPC
In this section, the system depicted in Fig. 2 is implemented

using a high-fidelity dynamic model comprising detailed repre-
sentations of both synchronous and converter-based generation
(see Section III) as well as transmission network dynamics,
previously developed in [18]. The objective is to verify the
performance of the RL agent in an environment that closely
resembles the real power system and to compare it against the
MPC approach from [9].

The prediction horizon of three time steps was chosen in the
MPC formulation (12) to reflect a trade-off between controller
performance and computational effort. MPC operates at a time
step of 250ms to account for the computational time needed to
solve the optimization problem and the communication delays.
On the contrary, since evaluation of the actor network is almost
instantaneous, the RL agent is chosen to operate every 100ms
to account only for the communication delays. A smoother
response and a lower control effort of the RL approach are
the consequence of the shorter operating time step.

Fig. 5 illustrates the MPC and RL agent performances for
a disturbance of 1000MW at bus 14. The dashed frequency
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Fig. 4. Frequency and RoCoF responses at each unit bus together with control
actions taken by VSCs to keep the frequency and RoCoF within limits.
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Fig. 7. Individual frequency, active and reactive power output responses
for the decentralized (top) and centralized (bottom) FFC scheme following a
disturbance at bus 38.

load-shedding. Having accurate global measurements, the cen-
tralized grid controller detects the disturbance and reacts appro-
priately and timely through all available converter-interfaced
units.

C. Analysis of DC-Side Dynamics

The most relevant variables describing the dynamics of the
DC-side circuit, namely the capacitor voltage vdc, the input
current ix and the battery SoCχ are shown in Fig. 8 for individual
VSC units and the disturbance at bus 16. The installed energy
capacity of the batteries is assumed to be 10 MWh, with the
initial SoC for all three inverters set to 0.5 p.u. The disturbance
and the inverter setpoint changes cause power imbalances at the
capacitor node, leading to DC voltage dips which are quickly
restored by the DC-side controls using available energy of the
battery. As a consequence, SoC levels of individual inverters
decrease at different rates depending on the applied setpoint
change by the FFC layer. Note that for a smaller battery size the
SoC levels would decrease faster, justifying inclusion of the SoC
constraints in the MPC problem formulation. Finally, the input
DC current indicates faster dynamics compared to the output
power (see Fig. 5), which could potentially lead to high current
injections. While highly relevant for safe operation of power
electronic devices, such problems and limitations are addressed

Fig. 8. Individual DC voltage, input current and SoC responses for the decen-
tralized FFC scheme following a disturbance at bus 16.

by the overcurrent protection schemes incorporated within the
device-level control, and are therefore out of the scope of this
work.

D. Analysis of Computational Efficiency

The solution of the linear MPC optimization problems (12)
and (23) was performed using the CPLEX solver, an LP solver
based on interior point algorithms, for numerical computation
and YALMIP [25] for high-level modeling. The computational
time required for solving the decentralized MPC problem is
185 ms, whereas the centralized MPC problem is solved in
343 ms on average. The computational efficiency for the de-
centralized controller can further be improved by generating
an explicit solution, as discussed in Section III. The explicit
MPC solution was generated using YALMIP for modeling and
the MPT3 toolbox [26] for low-level numerical solution of the
multi-parametric optimization problem. The solution partitions
the parameter space in 452 regions and takes 95 s to be generated.
In this case, the time required to obtain the optimal control inputs
reduces to 15.86 ms.

VI. CONCLUSION

This paper presents a novel FFC scheme for converter-
interfaced DGs in low-inertia systems, which exploits their fast
response to prevent load-shedding scenarios. An MPC-based
supervisory control layer is added to the traditional converter
control scheme, which in response to a large disturbance ma-
nipulates converter setpoints to contain the frequency within
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MPC and NPC inverter SW (switch) factor scheme FCS-MPC approach. 

 

        Fig. 6.9. Centralized control performance of PID and proposed MPC within individual frequency,  
NPC inverter active charging power set point, and optimal active power set point changes following a 

disturbance at bus 15. 
 
 

Table 6.2. Fault case at bus with denoted applied disturbance size and estimated asymmetry for each VSI.  
 

BUS Disturbance 

[MW] 

Estimated disturbance [MW] 

VSI 1 VSI 2 VSI 3 

15 1550 1505 1900 825 

 

6.5.2 DC side dynamics analysis  

The most pertinent variables for the dynamics of the DC side circuit, especially 

the neutral point voltage (NPV) (𝑈()*), and the battery SOC (𝑈+,) are depicted in Fig. 

6.11  for individual VSI units and disturbance at bus 15. The set-up energy capacity of 

the batteries is presumed to be 10 MWh, with the initial BESS’s SOC set to 0.5 p.u. The 

disturbance and the inverter setting adjust due to power imbalances at the capacitor node, 
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Fig. 5. Individual unit frequency, active power and setpoint change responses
for the RL (left) and MPC (right) FFC approaches following a disturbance at
bus 14. Dashed lines indicate responses of the respective variables for inactive
FFC scheme.

response line indicates the center-of-inertia frequency for the
case when the FFC scheme is disabled, i.e., only droop
control is active. The results suggest that both MPC and RL
approaches lead to successful frequency containment, with
lower frequency oscillations under the RL agent supervision.
Similarly, the dashed lines in the converter power response
reflect the VSC activation with droop control only. Hence,
the difference between the solid and the dashed lines reflects
the contribution of the supervisory layer. A higher control
effort is employed under the MPC regulation, resulting in more
pronounced oscillations in the VSC power output.

Note that if the operating time step of the two control
schemes was chosen to be the same, the controllers would
behave similarly, with RL still being slightly more accurate as
it directly maps frequencies to power outputs, without needing
the disturbance measurement.

C. Computational Aspects
The results are obtained on an Intel Core i7-8700 CPU and

26 GB of RAM, with the DAE model implementation done in
MATLAB and RL agent training performed in Python using
the PyTorch library [25]. The MPC design has been obtained
using YALMIP [26] and CPLEX as the solver. The average
computational time needed for determining the optimal set-
points is 150ms. On the other hand, the RL agent obtains the
optimal inputs in only 200 µs. The difference becomes even
more drastic for longer MPC prediction horizons. However,
the low online computational burden is shifted to large offline
CPU times required for agent training, amounting to 24min
on average for 8000 episodes.

VI. CONCLUSION

The paper introduces a novel RL-based FFC scheme for
frequency support in low-inertia systems. A supervisory RL
agent adjusts power setpoints of grid-forming VSCs in re-
sponse to a disturbance in order to keep the frequency within
permissible limits. A DDPG algorithm is used for agent design
and training is conducted by simulating a number of random
disturbances at arbitrary buses in the system. The training
procedure demonstrates fast convergence and capability to
quickly adapt to parameter changes in the system. A com-
parison between the proposed RL-based supervisory controller
and a recently developed MPC-based FFC scheme reveals that
the RL approach provides smoother frequency control due
to shorter activation times and overall lower control effort.

Nonetheless, the offline training procedure is required and
performance certificates cannot be guaranteed.
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and challenges of low-inertia systems,” in Power Systems Computation
Conference (PSCC), Jun 2018.

[2] L. Meng et al., “Fast Frequency Response From Energy Storage
Systems—A Review of Grid Standards, Projects and Technical Issues,”
IEEE Transactions on Smart Grid, vol. 11, no. 2, pp. 1566–1581, 2020.

[3] Q. C. Zhong and G. Weiss, “Synchronverters: Inverters that mimic
synchronous generators,” IEEE Transactions on Industrial Electronics,
vol. 58, no. 4, pp. 1259–1267, April 2011.

[4] U. Markovic, O. Stanojev, P. Aristidou, and G. Hug, “Partial grid
forming concept for 100% inverter-based transmission systems,” in IEEE
PES General Meeting, Aug 2018, pp. 1–5.

[5] M. A. Torres, L. A. C. Lopes, L. A. Moran, and J. R. Espinoza, “Self-
tuning virtual synchronous machine: A control strategy for energy stor-
age systems to support dynamic frequency control,” IEEE Transactions
on Energy Conversion, vol. 29, no. 4, pp. 833–840, Dec 2014.

[6] U. Markovic, Z. Chu, P. Aristidou, and G. Hug, “LQR-based adaptive
virtual synchronous machine for power systems with high inverter
penetration,” IEEE Transactions on Sustainable Energy, vol. 10, no. 3,
pp. 1501–1512, 2019.

[7] A. S. Mir and N. Senroy, “Self-Tuning Neural Predictive Control
Scheme for Ultrabattery to Emulate a Virtual Synchronous Machine in
Autonomous Power Systems,” IEEE Transactions on Neural Networks
and Learning Systems, vol. 31, no. 1, pp. 136–147, 2020.

[8] A. Ademola-Idowu and B. Zhang, “Frequency stability using inverter
power control in low-inertia power systems,” 2019. [Online]. Available:
https://arxiv.org/abs/1909.12810

[9] O. Stanojev, U. Markovic, P. Aristidou, G. Hug, D. S. Callaway, and
E. Vrettos, “MPC-Based Fast Frequency Control of Voltage Source
Converters in Low-Inertia Power Systems,” IEEE Transactions on Power
Systems, pp. 1–1, 2020.

[10] W. Liu, G. Geng, Q. Jiang, H. Fan, and J. Yu, “Model-Free Fast
Frequency Control Support with Energy Storage System,” IEEE Trans-
actions on Power Systems, vol. PP, no. 99, pp. 1–1, 2020.

[11] J. Rawlings, D. Mayne, and M. Diehl, Model Predictive Control: Theory,
Computation, and Design. Nob Hill, 2017.

[12] R. S. Sutton and A. G. Barto, Reinforcement Learning: An Introduction,
2nd ed. The MIT Press, 2018.

[13] D. Ernst, M. Glavic, F. Capitanescu, and L. Wehenkel, “Reinforcement
learning versus model predictive control: a comparison on a power
system problem.” IEEE transactions on systems, man, and cybernetics.
Part B, Cybernetics : a publication of the IEEE Systems, Man, and
Cybernetics Society, vol. 39, no. 2, pp. 517–29, 2008.

[14] Z. Yan and Y. Xu, “Data-Driven Load Frequency Control for Stochastic
Power Systems: A Deep Reinforcement Learning Method With Con-
tinuous Action Search,” IEEE Transactions on Power Systems, vol. 34,
no. 2, pp. 1653–1656, 2019.

[15] T. Yu, H. Z. Wang, B. Zhou, K. W. Chan, and J. Tang, “Multi-
Agent Correlated Equilibrium Q(λ) Learning for Coordinated Smart
Generation Control of Interconnected Power Grids,” IEEE Transactions
on Power Systems, vol. 30, no. 4, pp. 1669–1679, 2015.

[16] N. Ebell, F. Heinrich, J. Schlund, and M. Pruckner, “Reinforcement
learning control algorithm for a pv-battery-system providing frequency
containment reserve power,” in SmartGridComm, 2018, pp. 1–6.

[17] M. Glavic, “(deep) reinforcement learning for electric power system
control and related problems: A short review and perspectives,” Annual
Reviews in Control, 2019.

[18] U. Markovic, O. Stanojev, E. Vrettos, P. Aristidou, D. Callaway,
and G. Hug, “Understanding Stability of Low-Inertia Systems,” IEEE
Transactions on Power Systems, (under review). [Online]. Available:
engrxiv.org/jwzrq

[19] T. P. Lillicrap, J. J. Hunt, A. Pritzel, N. M. O. Heess, T. Erez, Y. Tassa,
D. Silver, and D. Wierstra, “Continuous control with deep reinforcement
learning,” CoRR, vol. abs/1509.02971, 2015.

[20] Q. Hong et al., “Fast frequency response for effective frequency control
in power systems with low inertia,” The Journal of Engineering, vol.
2019, no. 16, pp. 1696–1702, 2019.

[21] E. Ekomwenrenren et al., “Stabilising control strategy for cyber-physical
power systems,” IET Cyber-Physical Systems: Theory Applications,
vol. 4, no. 3, pp. 265–275, 2019.

[22] D. Großß, S. Bolognani, B. Poolla, and F. Dörfler, “Increasing the
resilience of low-inertia power systems by virtual inertia and damping,”
in IREP Bulk Power System Dynamics & Control Symposium, Aug 2017.

[23] P. Kundur, Power System Stability and Control. McGraw-Hill, 1994.
[24] F. Milano, Power System Modelling and Scripting. Springer, 2010.
[25] A. Paszke et al., “Pytorch: An imperative style, high-performance deep

learning library,” in Advances in Neural Information Processing Systems
32. Curran Associates, Inc., 2019, pp. 8024–8035.
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bring about DC voltage plunge which are rapidly restored by the DC side controls using 

available energy of the battery. In the end, the input DC voltage indicates faster dynamics 

compared to the output power, which could potentially bring about high current injections. 

From Fig. 6.10,  the first graph shows, neutral point voltage with no cost function 

parameters estimation that is formed by the FCS-MPC SW (switch) scheme which is 

faster than nominal FCS-MPC, and it has less overshoot/undershoot and fast settling time 

compared to nominal FCS-MPC when there is a one-time impulse disturbance. The 

second graph shows, BESS’s DC side voltage is set to 0.5 SOC; thus, it is controlled 

within 0.5 SOC even if there is the disturbance. During the control period, neutral point 

voltage of DC side is effectively controlled with the disturbance. The last graph neutral 

point voltage of the inverter’s DC side is controlled within the 0.06 p.u. voltage difference. 

 

 

Fig. 6.10. Centralized control one-time step disturbance of FCS-MPC SW factor scheme 𝑈tpq voltage 

compared with FCS-MPC voltage, overall maintenance of BESS 𝑈xa		,and overall maintenance of BESS 

𝑈tpq	voltage reaction for proposed method following a disturbance at bus 15. 

8

TABLE I
SIMULATION PARAMETERS OF THE PROPOSED VIM CONTROLLER.

Parameter Symbol Value
Nominal rated power Pn 1.5MW

Total moment of inertiaa
J 152.14 kgm

2

Damping constant D 10Nm{s
Rotor resistance Rr 0.0005 p.u.

Rotor inductance Lr 0.05 p.u.

Mutual inductance Lm 0.6 p.u.

Initial frequency setpointb f
‹
0 50Hz

aCorresponding to the normalized inertia constant H “ 5 s.
bCorresponding to !

‹
0 “ 314.16 rad{s.

the current controllers) have been adopted from [7] in order to
test the plug-n-play properties of the VIM. In the rest of this
section, we first focus on real-time VSC operation events such
as start-up and synchronization, response to setpoint variation
(i.e., voltage and power reference tracking), as well as the
impact of the initial rotor speed estimate !‹

0
on the converter’s

synchronization process with the grid. Then, we analyze its
behavior under a short-circuit fault. Subsequently, we compare
grid-forming, PLL, and VIM-based grid-following VSCs un-
der islanding (i.e., disconnection from the grid) and frequency
disturbance events.

B. Real-time Operation of VIM-synchronized VSCs

First, the connection and synchronization of a VIM-based
converter to the grid is studied. The VSC is connected to the
grid at t “ 0 s, with the initial input frequency f‹

0
“ 50Hz set

equal to the grid frequency. The voltage reference is initialized
at V ‹

c “ 1 p.u., whereas the active and reactive power setpoints
are set to p‹

c “ 0.5 p.u. and q‹
c “ 0 p.u., respectively. The

transient response illustrated in Fig. 4 confirms the soft-start
and self-synchronization capabilities of the VIM as well as an
adequate oscillation damping characteristic. The setpoints are
correctly tracked and the voltage and current overshoots during
start-up are acceptable. Furthermore, the start-up overshoots
can be avoided if the VSC is slowly ramped-up from the
zero power setpoint. Note that the initial overcurrents are in
accordance with the characteristic response of an induction
generator, but can also be assigned to numerical initialization
of the model. The initial transients are better understood by
observing the estimated synchronous frequency fs and its
time-variant components f⌫ and �fr. The frequency slip is
very volatile during the first 300ms, unlike the rotor’s fre-
quency dynamics term �fr, which can be associated with two
aspects: (i) the frequency slip is proportional to the quotient
iqg{idg , which can reach very high values when idg « 0; (ii)
K⌫psq behaves as a PD controller, with its derivative actions
(KD

⌫ ) being mostly utilized throughout the first 300ms of the
start-up. After 500ms, both frequency components stabilize
and the synchronous and converter output frequency reach
a steady state value of fs « 50.008Hz. We found that the
operation of the VIM-based unit with a negative active power
setpoint is also feasible, with synchronization properties and

responses resembling the ones presented in this case study.
Thus, both load and generator operation modes are viable for
VIM-synchronized converters.

Another important aspect of control performance is the
reference tracking, i.e., converter’s ability to follow sudden
changes in voltage and power setpoints. Both scenarios are
simulated independently, with setpoint changes occurring at
t “ 0.5 s in each case. The voltage reference exhibits a step
increase of 5%, whereas the active power reference increases
by 20%. Both step changes last for 1.5 s before setpoints
returning to their original values. The results depicted in Fig. 5
indicate that power and voltage reference tracking is achieved
within reasonable time, as both the output voltage (i.e., the
voltage vf after the filter) and active power follow closely
the respective setpoints. This is an expected outcome, as the
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Fig. 4. Transient behavior of the VIM-based unit during start-up: (i) voltages;
(ii) current and its dq-components; (iii) active and reactive power; (iv)
frequencies; and (v) VIM frequency terms.
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reference tracking capability comes from the proper design
of system- and device-level controls, which remain the same
for both PLL and VIM-synchronized VSCs. Nevertheless, an
inefficient synchronization device would have deteriorated the
performance, which is clearly not the case for the VIM. A
somewhat delayed response and excessive overshoot in the
voltage output is solely an artifact of the employed PI tuning
of the inner control loops, since the selected tuning favors the
power tracking over the voltage tracking, and can easily be
addressed with a different set of PI control gains.

Let us recall that one of the control inputs to the VIM is
the so-called “estimated” initial rotor frequency f‹

0
. Previous

examples have shown that under the fs « f‹
0

condition
the system experiences a satisfactory performance with good
synchronization and damping properties. However, having
knowledge of the exact grid frequency prior to the connection
of the VSC might not be achievable in real-world applications.
Thus, the impact of an inaccurate f‹

0
guess on converter

synchronization is investigated by studying the frequency and
voltage response for f‹

0
“ 49.9Hz and f‹

0
“ 50.1Hz, and

comparing it against the results presented in Fig. 4 for the
“ideal” case where f‹

0
“ 50Hz. The analysis is focused on the

first second of the response after start-up, with the frequency
and voltage response presented in Fig. 6. We can conclude that
the synchronization is successfully achieved within 500ms

for all three scenarios, with no distinctive differences between
the three initialization points. Hence, as stated previously in
Section II, the VIM will experience fast synchronization for
any reasonable guess of the initial rotor frequency prior to the
grid connection.

C. Resilience to Short Circuit Events

Short circuit faults are the most common and severe events
in power systems. Therefore, it is instrumental to study the
resilience of VIM-synchronized grid-following units to these
faults. To this end, the VSC is initialized to a steady-state
operating point, with the voltage reference set at V ‹
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6.5.3 Computation efficiency analysis 

                           The solution of the linear MPC optimization problems (6.34) was accomplished 

via LP solver and CPLEX solver, and MPC interior point solver were used.  For numerical 

computation and optimization, YALMIP is used for high-level modeling [148]. The 

centralized MPC problem is solved within 330 ms on average. The MPC solution was 

created via YALMIP for modeling and MPT3 toolbox for low-level numerical solution of 

the multi-parametric optimization [149]. The time necessary for obtaining the optimal 

control inputs decreases to 15 ms. 

                       We proposed to use multiparameter model predictive control for reducing 

computational requirement. Explicit model predictive control was stimulated by the 

encouragement to win the primary disadvantage of implicit model predictive control. 

Implicit model predictive control requires to calculate the optimal control law online at 

every sampling instant by solving the matching operating point. Explicit model 

predictive control uses parametric programming to pre-calculate the optimal control law 

for all permitted values of parameters. Thus, the explicit representation of the optimizer 

is created offline as a function of the model predictive control parameters. The online 

parameterization of the optimal control action constricts function evaluations for 

particular measurements. This significantly lessen computational requirement of the 

implementation. From a mathematical viewpoint, the problems to be solved in the case 

of linear model predictive control is multi parameter program. One possible treatment to 

get over this large memory footprint disadvantage is to use the recently introduced 

approach explicit model predictive control. The solution complexity of this approach no 

longer depends on the number of parameters, but rather on the number of optimization 

variables, for example up to 20.  
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This still limits the problem complexity mainly with regarding to the prediction horizon 

length and number of decision variables. The centralized model predictive control plan 

solves a system-wise optimization problem in a centralized computer and has been the 

primary method in the power system sector. It is important not to make increased 

computational complexity and trustworthiness issues. In this situation, it is benefitable to 

decompose a large-centralized optimization problem into smaller multiple subproblems. 

                       The computational speed for settling time was fastest with a PD (proportional 

derivative) control, followed by the proposed method, whereas the droop control 

approach was the slowest. This inefficiency is why droop control is not an effective 

strategy for addressing the low inertia issues in power systems. The proposed method 

demonstrates superior performance compared to the PID approach in terms of generating 

more active power than PID control, as illustrated in  Fig. 6.9. Regarding settling time, 

PD control provides a swift control response, as it does not incorporate errors within the 

system. From Fig. 6.11,  frequency depart from regular frequency and inertia variation 

in percentage graph shows, 100 % low inertia variation in percentage takes a more 

constant time than the 40% low inertia variation in percentage. In Fig. 6.11 , red point in 

the 100% low inertia variation is the mid-point of x value 1.8 which has τ value 1.3. It is 

a stable operation point for the 100 % low inertia variation. To make the system fast 

frequency control to the low inertia, cost function can be altered to a quadratic 

programming problem method which uses the min	(𝜏m𝜏) function for the cost function 

which can be transfer into no-weighting factor goal function such as 𝐺+8BO7P , 

𝐺78,WG87 	which are depart and recover from regular frequencies in the equation (6.12), 

(6.18). In Fig. 6.12,  x unit is percent change, τ is intermediate variable. In Fig. 6.12, 
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graph is centralized control ROCOF analysis. As shown in the graph, PD control has the 

fastest settling time, and low undershoot and overshoot. Proposed method has the better 

performance in ROCOF compared with droop control method. Proposed method has 

0.23 pick point ROCOF which is much smaller than droop control, which is 0.4, and it 

is also comparable with the PD control. This shows that the proposed method is adaptable 

into large scale power system low inertia problem with in/out loop control with no-

weighting factor.  Proposed method has lower ROCOF and comparable 

overshoot/undershoot settling time with PID as illustrated in  Fig. 6.9. However, 

proposed approach has lower ROCOF and less overshoot / undershoot than droop control. 

 

         Fig. 6.11.  Minimization intermediate variable (𝜏)	which is the component value for goal function 
 min	(𝜏U𝜏) and 𝑥	with the variation of inertia in percentage. 

 

 

Fig. 6.12. Centralized control ROCOF analysis based on different control approaches. 

 
 

delay in the control signal since its reaction has a larger reaction in
a time frame. However, it is clear that an interruption of the signal
or a consistent delay will bring the system to an unstable region.
Even though the operative areas where the RoCoF measurements
have been shared have a similar delay stability region, it is
observed that Finland has a larger critical influence in the
derivative controller (Fig. 12b).

Having found the maximum possible delay in the shared RoCoF
signals in the respective operative areas, the impact of such a delay
is shown in Fig. 13. Both average and maximum functions and CoI
frequency response are clearly affected by the communication
delay compromising not only the performance metrics, but the
individual responses also. Since in the scenario proposed, Norway
has bigger inertia constant, it is less affected, contrary to Finland,
whose response becomes oscillatory or out of range of an adequate
response. Additionally, the optimal response obtained is also
affected.

6.2.3 RoCoF sharing and delay impact on the
inertia: Additionally, the variation of the inertia Mi parameter of
the Norwegian and Finnish areas is shown in Figs. 14 and 15,
respectively. In general, as reducing the inertia, the system tolerates
a smaller delay within the control action stability region, implying
that the control action accepts a lower delay in the information
propagation.

7 Conclusions
The integration of large amounts of non-synchronous generation in
inter-connected power systems is a concern as it leads to a
reduction in the net inertia of the overall system. The degradation
in the inertia alters the frequency response and provokes different
RoCoF slopes in the interconnected systems.

In this paper, an approach to counter-measure the reduction of
inertia in power systems is proposed: a novel WAMS based on
RoCoF sharing (WARS) to enhance the primary frequency
response. Additionally, two functions for the RoCoF sharing
method are proposed and compared. The method improves the
individual frequency area's response and the CoI response.
Moreover, it is analysed the impact of the inertia variation and the
delay on the RoCoF sharing showing the regions of stability where
the method can be operated.

Further studies require the merge of the so-called synthetic
inertia with the share RoCoF and the application to larger power
systems; additionally, a study of robust control techniques in
delayed dynamical systems.

Fig. 12  Stability delay regions of the RoCoF shared areas
(a) Communication delay: RoCoF sharing to Norway, (b) Communication delay:
RoCoF sharing to Finland

 

Fig. 13  Delay impact on the proposed RoCoF sharing functions
(a) Delay impact: average function, (b) Delay impact: max function

 

Fig. 14  Communication delay and inertia variation in percentage: RoCoF
sharing to Norway

 

Fig. 15  Communication delay and inertia variation in percentage: RoCoF
sharing to Finland
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Fig. 6. Configuration of the 4M2A system.

Fig. 7. Results of the 4M2A system: (a) frequency and (b) RoCoF.

RoCoF values are notably reduced to 2.56 and 2.55 Hz/s,
respectively, when the inertia and the PD controls are used;
however, the droop control has a limited suppression effect on
the maximum RoCoF, which slightly decreased to 3.76 Hz/s.

Besides, the maximum RoCoF is smaller when the droop
control is adopted compared to the natural response without
the FR service. This can be ascribed to the real-time RoCoF
calculation process, viz., a short time duration used for discrete
differentiation lowers the calculated maximum RoCoF, whose
theoretical value (assuming t → 0) should be larger.

V. VERIFICATION IN IEEE 4M2A SYSTEM

To better validate the comparative results in a realistic
and complex system, an IEEE 4-machine-2-area (4M2A)
network [24] (see Fig. 6) is investigated through offline sim-
ulations, due to the limited performance of the HIL platform.
Based on the 4M2A model, the studied network replaces the
traditional plant G4 with a 100 MW inverter to emulate the
RES integration. A sudden load increase causes the frequency
to decrease, and the FR performances of the typical schemes
are compared in Fig. 7.

For natural system response without FR service from
the grid-tied inverter, the frequency drastically drops during
Stage I, due to the low inertia and damping of the system
caused by the high penetration of RES. In this case, the
frequency nadir reaches 49.37 Hz [see Fig. 7(a)], and the
maximum RoCoF reaches 0.5 Hz/s [see Fig. 7(b)]. Frequency
protection relays can be easily triggered. After Stage I, the fre-
quency deviation exceeds the threshold for primary frequency
regulation. After Stage II, the system frequency eventually
stabilizes at 49.79 Hz, which is still beyond the acceptable
range of the steady-state frequency quality, i.e., ±0.2 Hz.

When the FR service is provided by the inverter inter-
faced RES, frequency dynamics of the system can be notably
improved. All the three FR strategies can effectively raise the
frequency nadir of the system; among them, the PD control
has the best performance, and increases the frequency nadir
to 49.72 Hz during the transient. At the same time, these FR
schemes also suppress the maximum level of the RoCoF. When
the PD control and the inertia control are used, the maximum
RoCoF levels of the system are substantially suppressed to
0.17 and 0.23 Hz/s, respectively, indicating a much slower
rate of system frequency drop. RoCoF suppression under the
droop control is less obvious.

Besides, when the droop control or the PD control is
adopted, the steady-state frequency is increased. Conversely,
the inertia control fails to improve the steady-state frequency,
which maintains 49.79 Hz as in the natural response case.

VI. CONCLUSION

As the penetration level of RES increases, the equivalent
inertia and damping of power system decrease drastically. This
causes negative impact on grid FR characteristics, and makes
it necessary for the inverters to provide the FR service in order
to ensure the safety and stability of the grid frequency.

In this manuscript, under the consistent constraint of the
inverter available FR capacity, the effects of different FR
strategies on the suppression of !ω and RoCoF are discussed.
Specifically, it is proven that the droop and the PD controls can
effectively reduce the maximum !ω to the same level if their
optimal conditions are satisfied, whereas the inertia control is
incapable of controlling the maximum !ω. The inertia control
and the PD control effectively reduce the maximum RoCoF
to the same level if both operated optimally, yet the droop
control lacks such an ability.

Besides, the practical implementations of controllers vary
for strategies. For the droop and inertia controls, it is virtually
impossible to design for optimal FR performances due to
difficulty in obtaining pertinent parameters, yet the optimal PD
control can be constantly realized by exploiting the full idle
capacity of the inverter regardless of the unknown parameters.
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6.6 Summary 

                    This chapter proposes a novel fast frequency control approach for low inertia 

distributed generation inverters in the power system. It takes advantage of their agile 

response to prevent frequency shedding cases. An outer loop of MPC based linearized 

cost function control layer is added to the management scheme to make no weighting 

factor. For the inner loop, no-weighting geographical switching factor scheme based 

finite control set MPC is proposed to avoid the computational burden for weighting 

factor correction in the traditional neutral point clamped MPC based voltage source 

inverter. In response to a large disturbance, the system controls the inverter setting 

value to keep the frequency within the decided set limits. A multi-parameter MPC 

centralized control method was considered and found to be effective. A novel no-

weighting prediction finite control set model predictive control was developed and 

compared with the other method, such as proportional derivative control, proportional 

integral derivative control, and droop control. It showed an improvement in fast 

frequency prediction accuracy and computational efficiency with SW (switch) factor 

scheme neutral point clamped inverters with the proposed approaches. 
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Chapter 7. Cloud Energy Internet Based Optimal Control of 
Residential ES-PV Inverters in Local Power Systems 
 

Abstract – Alternating direction method of multipliers (ADMM) is effective for addressing 

optimal power flow convex optimization. However, ADMM significant drawback is 

absence of guaranteed convergence. Considering optimal power flow interactions 

resulting from the unstable voltage relationship among energy storage -photovoltaic (ES-

PV) inverters, a steady state voltage security area (SSVSA) is established for these 

inverters. To assess the voltage security margin between the operational state and the 

security boundary, a voltage excursion indicator is proposed for processing optimal power 

flow within the local area. The proposed approach enables a fully guaranteed convergence 

and optimized power flow within a decentralized distributed energy management 

framework, systematically via multi-block ADMM handling of large-scale and distributed 

data via energy internet. This approach guaranteed convergence of optimal power flow via 

local consensus control by distributed ES-PV systems with energy internet via all-to-all 

communication between centralized energy managers and inverters.  

 

7.1 Background 

                     The growth of numerous residential energy storage system integrated with 

photovoltaic (ES-PV) technology has significant challenges in managing and 

controlling low voltage distribution systems. Implementing secondary control 

measures for residential inverters associated with ES-PV can alleviate issues such as 

overvoltage, particularly when the generation from these systems exceeds the 

transient voltage levels of the building and the demand during rapidly changing 

weather conditions [150]. Efforts are currently underway to improve inverter control 
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mechanisms and broaden the market for additional services, aiming to facilitate the 

large-scale integration of renewable energy sources while ensuring reliable operation 

of existing distribution networks [151]. 

                     In 2020, nearly 40 countries had a total photovoltaic (PV) capacity exceeding 

1 gigawatt, with PV energy contributing over 8% to global electricity production [152]. 

The increasing adoption of PV technology has resulted in a significantly lower 

environmental impact compared to diesel engine generators; however, this impact is 

not negligible, and the utilization of PV generation remains relatively low [153]. The 

integration of supercapacitors to accommodate large electrical load peaks substantially 

improves energy self-consumption and self-sufficiency. Nevertheless, achieving 

optimal power flow and energy consumption at a community scale necessitates 

advanced control of residential inverters, as without such measures, harmonious 

management is unattainable [154]. 

                     The amount of reactive power absorbed or delivered by inverters can be 

determined based on droop control laws [155] or optimal power flow methodologies 

[156]. In both scenarios, the implementation of voltage control through this framework 

results in low power factors and elevated grid currents, which in turn leads to significant 

power losses within the grid. Alternative strategies require inverters to operate at a unity 

power factor, which slightly diminishes the available active power [157]. For instance, 

there has been an increase in literature regarding droop control methods aimed at 

quantifying the reduction in active power contributed by individual inverters within a 

community system. Active power curtailment techniques are particularly effective in 

low-voltage distribution feeders, where the high resistance to inductance ratio of low-
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voltage lines makes voltage measurements more sensitive to changes in the active power 

being supplied [158]. Alternating direction method of multipliers (ADMM) is effective 

for addressing optimal power flow convex optimization [168]. However, ADMM 

significant drawback is absence of guaranteed convergence. Considering the optimal 

power flow interactions that arise from the unstable voltage relationship between ES-

PV inverters. 

                     The optimal control of energy internet systems involving energy storage 

systems (ESS) and photovoltaic (PV) residential inverters presents significant 

challenges, primarily due to the necessity of managing these inverters in a decentralized 

fashion. A robust control algorithm is essential, which can either centralize or distribute 

the management of the inverters. The implementation of multi-agent systems for control, 

coupled with effective communication protocols, is crucial. Additionally, it is 

imperative to assess the steady-state voltage security region of the inverters to ensure 

effective management of the distributed systems. By evaluating voltage levels and the 

active/reactive power losses on a point-to-point basis, one can achieve efficient control 

of both centralized and distributed inverters. 

                     This chapter proposes an optimal inverter transmit control (OITC) strategy 

that identifies the subdivision of key ES and PV residential inverters that significantly 

impact grid performance objectives, along with the calculation of their real and reactive 

power settings. The optimal inverter transmit control (OITC) method is utilized to 

manage the optimal power distribution among the ES-PV residential inverters, focusing 

on the calculation of both real and reactive power settings within the local power system. 

The proposed OITC strategy offers improved resilience compared to volt/volt ampere 
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reactive methods [155] and advanced process control techniques [157]. Firstly, it 

enables real-time control of inverters that are required to participate in supplementary 

operations. Secondly, it facilitates the collective maximization of both real and reactive 

power output from the participating inverters. For a visual representation of the inverter 

control regions under the OITC framework, please refer to Fig. 7.3. 

                     In this study, the objective function encompasses the generation costs of 

inverters along with the active and reactive power losses associated with both 

centralized and decentralized control approaches for inverters. The Optimal Inverter 

Transmission Control (OITC) is strategically divided into a subproblem that can be 

addressed in a decentralized fashion by the utility-owned energy supervisor and 

customer-owned ES-PV inverter systems, with fully command exchanges. This 

methodology is referred to as decentralized optimal inverter transmission control 

(DOITC). The paper introduces two innovative decentralized strategies. Firstly, all 

customer-owned ES-PV residential inverters are designed to interface with the utility, 

allowing the utility to enhance network performance, such as voltage regulation and 

power loss minimization, while individual customers focus on optimizing their financial 

objectives, particularly the amount of active power they wish to curtail. To ensure both 

financial viability and robust control for community power systems, a contract-based 

distributed maximization strategy has been proposed to facilitate power allocation, 

which is adaptable to the time-varying nature of communication [159]. In terms of data 

communication security, a distributed robust financial dispatch framework has been 

recommended for the integrated energy system [160]. Given the bidirectional power 

flow management among autonomous ES-PV residential inverters, voltage boundary 
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issues frequently arise within energy internet technology. Therefore, further 

investigation into energy control is essential to ensure the operational security of ES-

PV residential inverters. Traditionally, point-wise approaches have been employed to 

maintain voltage security; however, these methods necessitate offline computations 

involving one or more fault scenarios [155]. Consequently, the application of this 

method in intricate systems is deemed unsuitable for online use [162]. Additionally, 

accurately determining the voltage security limit presents significant challenges [163]. 

In light of its precision and efficiency, the security region approach has been explored 

for practical engineering applications. This method translates voltage constraints into 

linear inequalities and characterizes the voltage security limit through hyperplanes 

within the power embedding volume [164]. A distribution system security region based 

on optimal load capability has been developed for the delivery grid, addressing the issue 

of real-time voltage measurement [165]. Therefore, the security region approach is well-

suited for centralized energy management in power systems. Furthermore, an offline 

strategy is essential for establishing the security region. However, the proposed utility 

of the ES-PV residential inverter-based energy internet operates as a distributed system 

that does not rely on an offline method, instead utilizing an online approach. Thus, it is 

imperative to focus on the development of the steady state voltage security area 

(SSVSA). 

                     In the evolution of metering frame standards, both utility and customer-

owned EMSs exchange relevant information to determine the optimal settings for 

energy storage (ES) and photovoltaic (PV) inverters. Once the distribution strategies 

align, the inverter governor executes the active and reactive setting points. The DOITC 
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methodology segments the distribution network into clusters, each comprising a 

centralized cloud energy manager (CEM) and a collection of customer-owned ES-PV 

residential inverters. A distribution strategy is then formulated to enhance coordination 

within each cluster, allowing for fully voltage-related communication exchanges, which 

enables the interconnected clusters to agree on the system voltage profile. The DOITC 

frameworks are refined through the application of the alternating direction method of 

multipliers [166]. Related studies address nonconvex optimal power flow solutions in a 

decentralized context [167]. In distribution systems, a decentralized algorithm based on 

the multiple alternating direction method of multipliers has been proposed, which 

addresses a reactive power compensation challenge in relation to a projected power flow 

scenario [168]. The proposed approach enables a fully guaranteed convergence and 

optimized power flow within a decentralized distributed energy management 

framework, systematically via multi-block ADMM handling of large-scale and 

distributed data via energy internet. This approach guaranteed convergence of optimal 

power flow via local consensus control by distributed ES-PV systems with energy 

internet via all-to-all communication between centralized energy managers and 

inverters. 

                     This chapter proposes a fully distributed maximum energy management 

strategy that incorporates voltage security constraints for energy internet systems based 

on ES and PV technologies in residential settings. The key findings of this research can 

be summarized as follows. Firstly, in contrast to the distributed reactive power 

compensation method referenced in [168], the proposed approach utilizes a precise AC 

power flow model, enabling a simultaneous calculation of both active and reactive 
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power set points. Secondly, to ensure system integrity, the alternating direction method 

of multipliers is applied for decentralized multi-region state approximation within the 

transmission framework, utilizing two decentralized optimal integrated transmission 

control (DOITC) mechanisms. Thirdly, a voltage security verification and stability 

assessment (SSVSA) for ES-PV inverters is developed to ensure voltage process 

security, while also addressing the uncertainties associated with voltage limits and 

fluctuations. Additionally, a voltage excursion index for ES-PV residential inverters is 

established to evaluate the voltage security thresholds within operational and safety 

parameters. Consequently, the nonlinear power flow equations are reformulated into 

linear equivalent expressions to alleviate computational burdens.  

                     The rest of this section is organized as follows. The centralized OITC is 

proposed in section 7.2. SSVSA for ESS-PV residential inverter with the voltage 

excursion indicator is suggested in section 7.3. DOITC approach with utility and 

customer communication passing is presented in section 7.4. DOITC with network 

cluster allocation is suggested in section 7.4. Effectiveness of the simulation is 

represented in section 7.5. Section 7.6 summarizes this section. 

 
7.2 Centered optimal inverter transmit control 

7.2.1 ESS-PV inverter framework 

                        Regarding a distributed system consists of 𝑁 + 1 nodes gathered in the set 

𝒩 ≔ {0,1, … , 𝑁} in which node 0 indicates the secondary of step-down transformer, 

and lines presented by the group of edges 𝜀 ≔ {(𝑚, 𝑛)} ⊂𝒩 ×𝒩. For simplicity of 

description, a stabilized system is deliberated, both the centered and decentralized 

schemes suggested. Subdivision 𝒰,ℋ ⊂𝒩 amass nodes accord with utility poles, and 
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those with set up residential ES-PV residential inverters via the Fig. 7.1.  

 

Fig. 7.1. Residential grid network with high penetration of ESS-PV inverters, node 0 represent secondary step-
down transformer for the community power systems, 𝒰 = {2, 5, 8, 11, 14, 17} gathers nodes related to 

distributed poles, houses are linked to nodes in the set of ℋ.ℋ = {1, 3, 4, 6, 7, 9, 10, 12, 13, 15, 16, 18}. 

                       Phasers for the line to ground current and voltage imbued at node 𝑛 ∈𝒩   

are 𝐼S  and 𝑉S , respectively. It can be described 𝑖 ≔ [𝐼$, … , 𝐼(]m ∈ 𝐶(   and 𝑣 ≔

[𝑉$, … , 𝑉(]m ∈ 𝐶( .	By using Kirchhoff’s current law and Ohm’s law, the linear  𝑖 = 𝑌𝑣  

relationship can be formed, where the system admittance matrix 𝑌 ∈ 𝐶(<$×(<$  is 

founded according to the system, and π-equivalent circuit of lines (𝑚, 𝑛) ∈ 𝜀  can be 

formed as shown in Fig. 7.2. In particular, 𝑦HS>U and 𝑦HS  represent shunt and series 

admittance of line (𝑚, 𝑛). Admittance of 𝑌  are represented with: 

   [𝑌]H,S ≔ �
∑ 𝑦Hr>U + 𝑦Hr , 𝑖𝑓	𝑚 = 𝑛r∈𝒩8

−𝑦HS,𝑖𝑓	(𝑚, 𝑛) ∈ 𝜀
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

																																		(6.1) 

    where 𝒩H ≔ {𝑗 ∈𝒩: (𝑚, 𝑗) ∈ 𝜀} represents the set of nodes connected to mth one 

through distributed line. 

 

Fig. 7.2. Low voltage distribution line 𝜋-equivalent circuits. 
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optimization algorithms is referred to as decentralized optimal
inverter dispatch (DOID). Building on the concept of lever-
aging both real and reactive power optimization [11], and de-
centralized solution approaches for OPF problems [12], two
novel decentralized approaches are developed in this paper. In
the first setup, all customer-owned PV inverters can communi-
cate with the utility. The utility optimizes network performance
(quantified in terms of, e.g., power losses and voltage regu-
lation) while individual customers maximize their economic
objectives (quantified in terms of, e.g., the amount of active
power they might have to curtail). This setup provides flexi-
bility to the customers to specify their optimization objectives
since the utility has no control on customer preferences. In the
spirit of the advanced metering infrastructure paradigm, utility-
and customer-owned energy manager units (EMUs) exchange
relevant information [13], [14] to agree on the optimal PV in-
verter setpoints. Once the decentralized algorithms have con-
verged, the active and reactive setpoints are implemented by the
inverter controllers. In the second DOID approach, the distribu-
tion network is partitioned into clusters, each of which contains
a set of customer-owned PV inverters and a single cluster energy
manager (CEM). A decentralized algorithm is then formulated
such that the operation of each cluster is optimized, and with
a limited exchange of voltage-related messages, the intercon-
nected clusters consent on the system-wide voltage profile. The
DOID frameworks are developed by leveraging the alternating
direction method of multipliers (ADMM) [15], [16].

Related works include [17], where augmented Lagrangian
methods (related to ADMM) were employed to decompose
nonconvex OPF problems for transmission systems into per-
area instances, and [18], [19], where standard Lagrangian ap-
proaches were utilized in conjunction with Newton methods.
ADMM was utilized in [20] to solve nonconvex OPF renditions
in a decentralized fashion, and in [21], where successive convex
approximation methods were utilized to deal with nonconvex
costs and constraints. In the distribution systems context, SDRs
of the OPF problem for balanced systems were developed in
[22] and solved via node-to-node message passing by using dual
(sub-)gradient ascent-based schemes. Similar message passing
is involved in the ADMM-based decentralized algorithm pro-
posed in [4], where a reactive power compensation problem
based on approximate power flow models is solved. SDR of the
OPF task in three-phase unbalanced systems was developed in
[12]; the resultant semidefinite program was solved in a dis-
tributed fashion by using ADMM.

The DOID framework considerably broadens the setups
of [12] and [17]–[22] by accommodating different message-
passing strategies that are relevant in a variety of practical sce-
narios (e.g., customer-to-utility, customer-to-CEM, and CEM-
to-CEM communications). The proposed decentralized schemes
offer improved optimality guarantees over [17]–[20], since it is
grounded on an SDR technique; furthermore, ADMM enables
superior convergence compared to [22]. Finally, different from
the distributed reactive compensation strategy of [4], the pro-
posed framework considers the utilization of an exact ac power
flow model, as well as a joint computation of active and reactive
power setpoints.

Fig. 1. Example of low-voltage residential network with high PV penetra-
tion, utilized in the test cases discussed in Section V. Node 0 corresponds to
the secondary of the step-down transformer; set U = {2, 5, 8, 11, 14, 17} col-
lects nodes corresponding to distribution poles; and homes H1 , . . . , H12 are
connected to nodes in the set H = {1, 3, 4, 6, 7, 9, 10, 12, 13, 15, 16, 18}.

For completeness, ADMM was utilized also in [23] and [24]
for decentralized multiarea state estimation in transmission sys-
tems, and in [25] to distribute over geographical areas the dis-
tribution system reconfiguration task.

The remainder of this paper is organized as follows. Section II
briefly outlines the centralized OID problem proposed in [11].
Sections III and IV describe the two DOID problems discussed
above. Case studies to validate the approach are presented in
Section V. Finally, concluding remarks and directions for future
work are presented in Section VI.

Notation: Uppercase (lowercase) boldface letters will be
used for matrices (column vectors); (·)T for transposition; (·)∗
complex-conjugate; and (·)H complex-conjugate transposition;
ℜ{·} and ℑ{·} denote the real and imaginary parts of a complex
number, respectively; j :=

√
−1 the imaginary unit. Tr(·) the

matrix trace; rank(·) the matrix rank; | · | denotes the magni-
tude of a number or the cardinality of a set; ∥v∥2 :=

√
vHv;

∥v∥1 :=
∑

i |[v]i |; and ∥ · ∥F stands for the Frobenius norm.
Given a given matrix X, [X]m,n denotes its (m,n)th entry. Fi-
nally, IN denotes the N × N identity matrix; and0M ×N ,1M ×N

the M × N matrices with all zeroes and ones, respectively.

II. CENTRALIZED OID

A. Network and PV Inverter Models

Consider a distribution system comprising N + 1 nodes col-
lected in the set N := {0, 1, . . . , N} (node 0 denotes the sec-
ondary of the step-down transformer), and lines represented
by the set of edges E := {(m,n)} ⊂ N ×N . For simplicity
of exposition, a balanced system is considered; however, both
the centralized and decentralized frameworks proposed subse-
quently can be extended to unbalanced systems following the
methods in [12]. Subsets U ,H ⊂ N collect nodes correspond-
ing to utility poles (with zero power injected or consumed), and
those with installed residential PV inverters, respectively (see
Fig. 1).

Let Vn ∈ C and In ∈ C denote the phasors for the line-
to-ground voltage and the current injected at node n ∈ N ,
respectively, and define i := [I1 , . . . , IN ]T ∈ CN and v :=
[V1 , . . . , VN ]T ∈ CN . Using Ohm’s and Kirchhoff’s circuit
laws, the linear relationship i = Yv can be established, where
the system admittance matrix Y ∈ CN +1×N +1 is formed based
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Fig. 2. π-equivalent circuits of a low-voltage distribution line (m, n) ∈ E .

Fig. 3. Feasible operating regions for the hth inverter with apparent power
rating Sh under (a) reactive power control, (b) APC, (c) OID with joint control
of real and reactive power, and (d) OID with a lower bound on power factor.

on the system topology and the π-equivalent circuit of lines
(m,n) ∈ E , as illustrated in Fig. 2; see also [10, Ch. 6] for
additional details on line modeling. Specifically, with ymn and
ysh

mn denoting the series and shunt admittances of line (m,n),
the entries of Y are defined as

[Y]m,n :=

⎧
⎪⎪⎨

⎪⎪⎩

∑
j∈Nm

ysh
mj + ymj , if m = n

−ymn , if (m,n) ∈ E

0, otherwise

where Nm := {j ∈ N : (m, j) ∈ E} denotes the set of nodes
connected to the mth one through a distribution line.

A constant PQ model [10] is adopted for the load, with
Pℓ,h and Qℓ,h denoting the active and reactive demands at node
h ∈ H, respectively. For given solar irradiation conditions, let
P av

h denote the maximum available active power from the PV
array at node h ∈ H. The proposed framework calls for the
joint control of both real and reactive power produced by the
PV inverters. In particular, the allowed operating regime on
the complex-power plane for the PV inverters is illustrated in
Fig. 3(d) and described by

FOID
h :=

⎧
⎪⎪⎨

⎪⎪⎩
Pc,h ,Qc,h :

0 ≤ Pc,h ≤ P av
h

Q2
c,h ≤ S2

h − (P av
h − Pc,h)2

|Qc,h | ≤ tan θ(P av
h − Pc,h)

⎫
⎪⎪⎬

⎪⎪⎭
(1)

where Pc,h is the active power curtailed, and Qc,h is the reactive
power injected/absorbed by the inverter at node h. Notice that
if there is no limit to the power factor, then θ = π/2, and the
operating region is given by Fig. 3(c).

B. Centralized Optimization Strategy

The centralized OID framework in [11] invokes joint
optimization of active and reactive powers generated by the
PV inverters, and it offers the flexibility of selecting the sub-

set of critical PV inverters that should be dispatched in order
to fulfill optimization objectives and ensure electrical network
constraints. To this end, let zh be a binary variable indicat-
ing whether PV inverter h provides ancillary services or not
and assume that at most K < |H| PV inverters are allowed to
provide ancillary services. Selecting a (possibly time-varying)
subset of inverters promotes user fairness [3], prolongs inverter
lifetime [3], and captures possible fixed-rate utility-customer
pricing/rewarding strategies [2]. Let pc and qc collect the ac-
tive powers curtailed and the reactive powers injected/absorbed
by the inverters. With these definitions, the OID problem is
formulated as follows:

min
v , i, pc , qc ,{zh }

C(V, pc) (2a)

subject to i = Yv, {zh} ∈ {0, 1}|H|, and

VhI∗h = (P av
h − Pc,h − Pℓ,h) + j(Qc,h − Qℓ,h) (2b)

VnI∗n = 0 ∀n ∈ U (2c)

V min ≤ |Vn | ≤ V max ∀n ∈ N (2d)

(Pc,h ,Qc,h) ∈
{
{(0, 0)}, if zh = 0

FOID
h , if zh = 1

∀h ∈ H (2e)

∑

h∈H
zh ≤ K, (2f)

where constraint (2b) is enforced at each node h ∈ H; C(V, pc)
is a given cost function capturing both network- and customer-
oriented objectives [2], [11]; and (2e) and (2f) jointly indi-
cate which inverters have to operate either under OID (i.e.,
(Pc,h , Qc,h) ∈ FOID

h ), or, in the business-as-usual mode (i.e.,
(Pc,h , Qc,h) = (0, 0)). An alternative problem formulation can
be obtained by removing constraint (2f), and adopting the
cost C(V, pc) + λz

∑
h∈H zh in (2a), with λz ≥ 0 a weight-

ing coefficient utilized to tradeoff achievable cost C(V, pc)
for the number of controlled inverters. When λz represents a
fixed reward for customers providing ancillary services [2] and
C(V,pc) models costs associated with active power losses and
active power setpoints, OID (2a) returns the inverter setpoints
that minimize the economic cost incurred by feeder operation.

As with various OPF-type problem formulations, the power
balance and lower bound on the voltage magnitude constraints
(2b), (2c) and (2d), respectively, render the OID problem non-
convex, and thus challenging to solve optimally and efficiently.
Unique to the OID formulation are the binary optimization vari-
ables {zh}; finding the optimal (sub)set of inverters to dispatch
involves the solution of combinatorially many subproblems.
Nevertheless, a computationally affordable convex reformula-
tion was developed in [11], by leveraging sparsity-promoting
regularization [26] and SDR techniques [12], [23], [27], as
briefly described next.

In order to bypass binary selection variables, key is to no-
tice that that if inverter h is not selected for ancillary ser-
vices, then one clearly has that Pc,h = Qc,h = 0 [cf., (2e)].
Thus, for K < |H|, one has that the 2|H|× 1 real-valued vector
[Pc,1 , Qc,1 , . . . , Pc,|H|, Qc,|H|]T is group sparse [26]; meaning
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                       A constant active and reactive power model [158] is used for the load, 𝑃I,U  

and 𝑄I,U   represent the active and reactive load demands at the node ℎ ∈ℋ  . 𝑃UOG 

represents the optimal available active power from the ES-PV at node ℎ ∈ℋ . The 

suggested scheme requests the mutual control of both real and reactive power produced 

by the ES-PV residential inverters. Especially, the permitted operating scheme on the 

complex power surface for the ES-PV inverters is shown in Fig. 7.3. fourth graph and 

represented with: 

   𝐹UQMmR ≔ �
0 ≤ 𝑃,,U ≤ 𝑃UOG

𝑃,,U , 𝑄,,U: 𝑄,,U/ ≤ 𝑆U/ − (𝑃UOG − 𝑃,,U)/

|𝑄,,U| ≤ 𝑡𝑎𝑛𝜃(𝑃UOG − 𝑃,,U)
                     (7.2) 

    where 𝑃,,U is curtailed active power, and 𝑄,,U  is the imbued/absorbed reactive power 

by the node h inverter. If there is no limit to the power factor, such as 𝜃 = �
/
, then the 

operating region can be as Fig. 7.3. third graph. 

 

Fig. 7.3. Achievable operating area for the ESS-PV residential inverter (a) reactive power management (b) 
active power management (c) optimal inverter transmit with mutual management of real and reactive 

power (d) optimal inverter transmit with a low confined power factor. 
 
 

6.2.2 ESS-PV residential inverter steady state voltage security Area 

                       This part creates the steady state voltage security area for ESS-PV 

residential inverter with the voltage excursion indicator to calculate the operation 

security limit. Presume that energy internet makes up k ESS-PV residential inverters 
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Fig. 2. π-equivalent circuits of a low-voltage distribution line (m, n) ∈ E .

Fig. 3. Feasible operating regions for the hth inverter with apparent power
rating Sh under (a) reactive power control, (b) APC, (c) OID with joint control
of real and reactive power, and (d) OID with a lower bound on power factor.

on the system topology and the π-equivalent circuit of lines
(m,n) ∈ E , as illustrated in Fig. 2; see also [10, Ch. 6] for
additional details on line modeling. Specifically, with ymn and
ysh

mn denoting the series and shunt admittances of line (m,n),
the entries of Y are defined as

[Y]m,n :=

⎧
⎪⎪⎨

⎪⎪⎩

∑
j∈Nm

ysh
mj + ymj , if m = n

−ymn , if (m,n) ∈ E

0, otherwise

where Nm := {j ∈ N : (m, j) ∈ E} denotes the set of nodes
connected to the mth one through a distribution line.

A constant PQ model [10] is adopted for the load, with
Pℓ,h and Qℓ,h denoting the active and reactive demands at node
h ∈ H, respectively. For given solar irradiation conditions, let
P av

h denote the maximum available active power from the PV
array at node h ∈ H. The proposed framework calls for the
joint control of both real and reactive power produced by the
PV inverters. In particular, the allowed operating regime on
the complex-power plane for the PV inverters is illustrated in
Fig. 3(d) and described by

FOID
h :=

⎧
⎪⎪⎨

⎪⎪⎩
Pc,h ,Qc,h :

0 ≤ Pc,h ≤ P av
h

Q2
c,h ≤ S2

h − (P av
h − Pc,h)2

|Qc,h | ≤ tan θ(P av
h − Pc,h)

⎫
⎪⎪⎬

⎪⎪⎭
(1)

where Pc,h is the active power curtailed, and Qc,h is the reactive
power injected/absorbed by the inverter at node h. Notice that
if there is no limit to the power factor, then θ = π/2, and the
operating region is given by Fig. 3(c).

B. Centralized Optimization Strategy

The centralized OID framework in [11] invokes joint
optimization of active and reactive powers generated by the
PV inverters, and it offers the flexibility of selecting the sub-

set of critical PV inverters that should be dispatched in order
to fulfill optimization objectives and ensure electrical network
constraints. To this end, let zh be a binary variable indicat-
ing whether PV inverter h provides ancillary services or not
and assume that at most K < |H| PV inverters are allowed to
provide ancillary services. Selecting a (possibly time-varying)
subset of inverters promotes user fairness [3], prolongs inverter
lifetime [3], and captures possible fixed-rate utility-customer
pricing/rewarding strategies [2]. Let pc and qc collect the ac-
tive powers curtailed and the reactive powers injected/absorbed
by the inverters. With these definitions, the OID problem is
formulated as follows:

min
v , i, pc , qc ,{zh }

C(V, pc) (2a)

subject to i = Yv, {zh} ∈ {0, 1}|H|, and

VhI∗h = (P av
h − Pc,h − Pℓ,h) + j(Qc,h − Qℓ,h) (2b)

VnI∗n = 0 ∀n ∈ U (2c)

V min ≤ |Vn | ≤ V max ∀n ∈ N (2d)

(Pc,h ,Qc,h) ∈
{
{(0, 0)}, if zh = 0

FOID
h , if zh = 1

∀h ∈ H (2e)

∑

h∈H
zh ≤ K, (2f)

where constraint (2b) is enforced at each node h ∈ H; C(V, pc)
is a given cost function capturing both network- and customer-
oriented objectives [2], [11]; and (2e) and (2f) jointly indi-
cate which inverters have to operate either under OID (i.e.,
(Pc,h , Qc,h) ∈ FOID

h ), or, in the business-as-usual mode (i.e.,
(Pc,h , Qc,h) = (0, 0)). An alternative problem formulation can
be obtained by removing constraint (2f), and adopting the
cost C(V, pc) + λz

∑
h∈H zh in (2a), with λz ≥ 0 a weight-

ing coefficient utilized to tradeoff achievable cost C(V, pc)
for the number of controlled inverters. When λz represents a
fixed reward for customers providing ancillary services [2] and
C(V,pc) models costs associated with active power losses and
active power setpoints, OID (2a) returns the inverter setpoints
that minimize the economic cost incurred by feeder operation.

As with various OPF-type problem formulations, the power
balance and lower bound on the voltage magnitude constraints
(2b), (2c) and (2d), respectively, render the OID problem non-
convex, and thus challenging to solve optimally and efficiently.
Unique to the OID formulation are the binary optimization vari-
ables {zh}; finding the optimal (sub)set of inverters to dispatch
involves the solution of combinatorially many subproblems.
Nevertheless, a computationally affordable convex reformula-
tion was developed in [11], by leveraging sparsity-promoting
regularization [26] and SDR techniques [12], [23], [27], as
briefly described next.

In order to bypass binary selection variables, key is to no-
tice that that if inverter h is not selected for ancillary ser-
vices, then one clearly has that Pc,h = Qc,h = 0 [cf., (2e)].
Thus, for K < |H|, one has that the 2|H|× 1 real-valued vector
[Pc,1 , Qc,1 , . . . , Pc,|H|, Qc,|H|]T is group sparse [26]; meaning
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and a secondary step-down transformer. Also, the zth residential inverter has 𝑛¤  nodes. 

Total numbers of the branches and nodes in the energy internet are B and 𝑁 = ∑ 𝑛¤V
¤J$   

where z is the series number of residential inverter. The node series group of energy 

internet is 𝐶B = {1,2, … , 𝑁} and secondary step-down transformer is set as the 0PU node. 

Delimit the positive directions of power imbuements at nodes as the orientation from 

the distributed generators and loads to the nodes. Steady state voltage security area in 

power imbuement boundary is represented with: 

   Ωi = (𝑥i¿𝑉 ∈ 𝑅i , 𝜃 ∈ 𝑅( , 𝑓_*D,�Db(𝑉, 𝜃) = 𝑥iö																						(7.3) 

where 𝑥i = (𝑃, 𝑄)m ∈ 𝑅/(  is the power injection vector. 𝑃 = [𝑃$, … , 𝑃V ] and 𝑄 =

[𝑄$, … , 𝑄V] are the active and reactive power imbuement groups of energy internet.    

𝑃¤ = ½𝑃¤$, … , 𝑃SG|¾  and 𝑄¤ = ½𝑄¤$, … , 𝑄SG|¾  are the active and reactive power                           

imbuement groups of the zth residential inverter. 𝑉 and 𝜃 stand for the node voltage size 

and node voltage angle vectors.𝑓(*D,�D)(𝑉, 𝜃) = 𝑥i represents the power flow function 

with the 𝑉&  and 𝜃&  of secondary step-down transformer. 𝑅i  is the voltage size 

restriction at nodes of restriction at nodes of residential inverters, in which represented 

with: 

   𝑅i = ©𝑉 ∈ 𝑅(´𝑉¤rH ≤ 𝑉¤r ≤ 𝑉¤r} , 𝑧r ∈ 𝐶Bª																									(7.4) 

    where superscripts M and m are the upper and lower limits of parameters. 𝑧r is the series 

number of the jth node in the zth residential inverter, and contents 𝑧r =

(𝑛$ + 𝑛/ +⋯+ 𝑛¤Y$) + 𝑗. For the zth residential inverter, the node series group of the 

energy internet can be separate into the internal node series set ΩIS¤ = {1,… , 𝑛¤}, and 
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the external node series set ΩNT¤ , in which ΩIS¤ ∪ ΩNT¤ = 𝐶B  and ΩIS¤ ∩ ΩNT¤ = ∅. 

Regarding the nodes in residential inverter-based energy internet separate into the 

internal and external nodes. 𝑧D𝑡ℎ node and the 𝑧r node both be held by the same 𝑧th 

residential inverter. 𝑧A  is used to represent the general series of residential inverter, 

which may be equal to 𝑧 or not. For the branch 𝑏¤r¤D ∈ ©𝑏&,$, 𝑏$,/… , 𝑏(Y$,(ª, the 𝑧D th 

node and 𝑧rth node are the first end node and endpoint node. The relationship between 

𝑉¤D and 𝑉¤r can be represented as 

   𝑉¤r = 𝑉¤D} −
�|F}|R)|F}|R<�|F}|R{|F}|R

*|R
																																				(7.5) 

    where 𝑅¤D}¤r + 𝑗𝑋¤D}¤r  is the impedance value of the branch 𝑏¤D}¤r . 𝑅¤D}¤r  and 𝑋¤D}¤r 

stand for the resistance and reactance, 𝑃¤D}¤r and 𝑄¤D}¤r stand for active and reactive 

power flows from the 𝑧D}th node to the 𝑧rth node 

    For creating the steady state voltage security area for residential inverter, it has the 

subsequent presumptions. 

    Presumption 1: In contrast to the effect of the power imbuements of residential inverters, 

the impact of the power losses is very small, which can be negligible. 

    For the 𝑧rth node, where 𝑧r ∈ 𝐶B, the voltage size can be rewritten as: 

    :
𝑉¤r = 𝑉¤D} + (𝑅¤D}¤r𝑃¤r,8C + 𝑋¤D}¤r𝑄¤r,8C)/𝑉&

𝑃¤r,8C = 𝑃¤r + ∑ 𝑃ZZ∈@|R

𝑄¤r,8C = 𝑄¤r +∑ 𝑄ZZ∈@|R

																					(7.6) 

    where 𝑃¤r,8C and 𝑄¤r,8C are the equivalent active and reactive power imbuement of the 

𝑧rth node. 𝑃¤r and 𝑄¤r are the active and reactive power imbuements of the 𝑧rth node. 
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Apply (7.6) to all branches of residential inverter, then it is: 

    𝑉¤r = 𝑉& + ∑
7|F|R)|F<�|F|R{|R

*D
+∑

7|F}|R)|F}<�|F}|R{|R}

*D
									(7.7)¤D}∈¦o4

|¤F∈¦'G
|  

    where 𝑟¤F¤r and 𝑋¤F¤r 	represents the resistance and the reactance between the 𝑧rth node 

𝑧D th node. 𝑟¤D}¤r  and 𝑋¤D}¤r  represents the resistance and reactance between the 𝑧r th 

node and 𝑧D}th node. Impedance of lines can be computed by given methodology of the 

energy internet [169], [170] in which can be represented with: 

    𝑟¤D}¤r + 𝑗𝑋¤D}¤r = �
𝑅&,> + 𝑗𝑋&,>	𝑧𝑖A ∉ 𝐷¤r 	𝑎𝑛𝑑	𝑧𝑗 ∉ 𝐷¤D}
𝑅&,¤r + 𝑗𝑋&,¤r 	𝑧𝑖A ∉ 𝐷¤r 	𝑜𝑟	𝑧𝑖A = 𝑧𝑗	

𝑅&,¤D} + 𝑗𝑋&,¤D} 	𝑧𝑗 ∉ 𝐷¤D}
																(7.8) 

    where 𝑅&,> + 𝑗𝑋&,> = ∑ (E|R
|F∈g&

𝑅¤D}¤r + 𝑗𝑋¤D}¤r)  is equal to the impdedance of the 

branch set 𝐵>, 𝐵> is the branches on the path from the sth node to the 0PU node in the 

energy internet, where the sth node is the first intersection node of the upstream node 

set of the 𝑧D}th node and 𝑧rth node. 	𝑅&,¤r + 𝑗𝑋&,¤r = ∑ (E|R
|F∈g&

𝑅¤D}¤r + 𝑗𝑋¤D}¤r)  is equal 

to the impedance of the branch set 𝐵¤r is the branches on the path from the 𝑧rth node. 

𝐷¤D} and 𝐷¤r represent the downstream node set of the 𝑧D}th node and  𝑧r the node. 

                       Regarding the lower and upper limits of voltage restrictions at the 𝑧r	th node, 

the voltage security limit according to (7.7) can be standardized as below: 

             ∑ (𝛼¤F,¤r
}

¤F∈¦'G
| 𝑃¤D + 𝛽¤D,¤r} 𝑄¤D) + ∑ ?𝛼¤D}¤r

} 𝑃¤D} + 𝛽¤D}¤r
} 𝑄¤D}@ ≤ 1¤D}∈¦o4

|  

            ∑ (𝛼¤F,¤r
H

¤F∈¦'G
| 𝑃¤D + 𝛽¤D,¤rH 𝑄¤D) + ∑ ?𝛼¤D}¤r

H 𝑃¤D} + 𝛽¤D}¤r
H 𝑄¤D}@ ≤ 1¤D}∈¦o4

|           (7.9) 
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    where 𝛼¤D}¤r
} =

7|F}|R
§c*|R

jY*Df*D¨
, 𝛼¤D}¤r

H =
7|F}|R

§c*|R
8Y*Df*D¨

 represent the upper and lower 

susceptibility coefficients of active power imbuements, 𝛽¤D}¤r
} =

T|F}|R
§c*|R

jY*Df*D¨
 and 

𝛽¤D}¤r
H =

T|F}|R
§c*|R

8Y*Df*D¨
 represent the upper and lower susceptibility coefficients of reactive 

power imbuements. The values of 𝛼¤D}¤r
H , 𝛼¤D}¤r

} , and 𝛽¤D}¤r
H , 𝛽¤D}¤r

}  represent the voltage 

effect of the active and reactive power imbuement at the 𝑧D}th node to the 𝑧rth node. 

They are decided by the given topology of the energy internet with online calculation. 

                       To determine the operation security border between the current voltage state 

and security limit at node 𝑧r ∈ ΩMS¤ , a voltage excursion indicator ∆𝑉¤r is created which 

can be represented as (7.10). Especially, ∆𝑉¤r < 0 stands for the ES-PV residential 

inverter-based energy internet is in the operation security state region, and ∆𝑉¤r ≥ 0 

stands for the voltage off limit condition will happen. Also, the suggested steady state 

voltage security area for ES-PV residential inverter can be represented as linear paired 

formulas, in which is dissimilar from the traditional nonlinear power flow equations. 

The dimension of parameters is lessened. 

    Ω¤ri =

⎩
⎪
⎨

⎪
⎧∑ (𝛼¤F,¤r

}
¤F∈¦'G

| 𝑃¤D + 𝛽¤D,¤r} 𝑄¤D) + ∑ ?𝛼¤D}¤r
} 𝑃¤D} + 𝛽¤D}¤r

} 𝑄¤D}@ + ∆𝑉¤r} = 1¤D}∈¦o4
|

∑ (𝛼¤F,¤r
H

¤F∈¦'G
| 𝑃¤D + 𝛽¤D,¤rH 𝑄¤D) + ∑ ?𝛼¤D}¤r

H 𝑃¤D} + 𝛽¤D}¤r
H 𝑄¤D}@ + ∆𝑉¤rH = 1¤D}∈¦o4

|

𝑃¤rH ≤ 𝑃¤r ≤ 𝑃¤r} , 𝑄¤rH ≤ 𝑄¤r ≤ 𝑄¤r} , ∀𝑧r ∈ 𝐶(𝑉, 𝑝,)

(7.10) 

 
7.3 Decentralized optimal inverter transmit control 

                     In view of separating the cost, 𝐶(𝑉, 𝑝,)  is consisted with utility voltage 

fluctuations with network power losses, and generation costs. 𝐶(𝑉, 𝑝,) =



198  

𝐶FPDIDP�(𝑉, 𝑃,) + ∑ 𝑅Uw𝑃,,UxU , where 𝐶FPDIDP�(𝑉, 𝑃,)  represents utility minimization 

goals, in which voltage fluctuation and power losses in the grid [156], and 𝑅Uw𝑃,,Ux is 

a cost incurred by customer h when residential ES-PV inverter is essential to curtail 

power. In general, a quadratic generation function 𝑅Uw𝑃,,Ux ≔ 𝑎U𝑃,,U/ + 𝑏U𝑃,,U  is 

accommodated here, in which the selection of the coefficients is according to utility and 

customer preplanning [151]. 

                     Assume in which customer h dispatches to the utility company net active 

power 𝑃̄U ≔ 𝑃UOG − 𝑃I,U  and the reactive load 𝑄I,U ,  then customer and utility will 

consent to the ES-PV inverter setting point according to the optimization goals related 

by 𝐶FPDIDP� and {𝑅U}. By using the extra optimization parameters 𝑃̄, , 𝑞̄,, the OITC can 

be developed as: 

    min
*,B̅1,Cª1

𝐶 ̅(𝑉, 𝑝̅, , 𝑞̄,) + ∑ 𝑅Uw𝑃,,Ux, 𝑉 ≽ 0																			(7.11)U∈ℋ  

    𝑇7(𝐴U	𝑉) = 𝑃̄U − 𝑝̅,,U , 𝑇7(𝐵U	𝑉) = 𝑄̄,,U − 𝑄I.U , ∀ℎ ∈ℋ								(7.12) 

    𝑇7(𝐴S	𝑉) = 0, 𝑇7(𝐵S	𝑉) = 0, ∀𝑛 ∈ 𝒰																									(7.13) 

    𝑉HDS/ ≤ 𝑇7(𝑀U	𝑉) ≤ 𝑉HOT/ , w𝑃,,U , 𝑄,,Ux ∈ ℱUQMmR , ∀ℎ ∈ℋ													(7.14) 

    𝑃̄,,U = 𝑃,,U , 𝑄̄,,U = 𝑄,,U , ∀ℎ ∈ℋ																																(7.15) 

    where restrictions (7.15) make sure, in which utility and customer agree upon the  

inverters’ setting points, and 𝐶 ̅(𝑉, 𝑝̅, , 𝑞̄,) ≔ 𝐶FPDIDP�(𝑉, 𝑝̅,) + 𝐺(𝑝̅, , 𝑞̄,). 

Modern optimization technique such as alternating direction method of 

multipliers [170] can’t directly solve (7.11) in a decentralized manner. To solve the 

problem disintegrated, it needs to introduce accessory paraments 𝑥U , 𝑦U per inverter h. 
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By using these accessory parameters, (7.11) can be redeveloped as  

    min
*,B̅1,Cª1
{T2,�2}

𝐶̅(𝑉, 𝑝̅, , 𝑞̄,) + ∑ 𝑅Uw𝑃,,Ux, 𝑉 ≽ 0, (7.12) − (7.14)																			(7.16)U∈ℋ  

    (𝑃̄,,U = 𝑥U , 𝑥U = 𝑃,,U), w𝑄̄,,U = 𝑦U , 𝑦U = 𝑄,,Ux, ∀ℎ ∈ℋ																	(7.17) 

                     Optimization problem (7.16) is equivalent to (7.11), it is manageable to an 

alternating direction method of multipliers decentralized solution [170]. Alternating 

direction method of multipliers is better than distributed gradient methods due to its fast 

convergence and flexibility to communication errors [171]. To reflect on the partial 

quadratically augmented Lagrangian of (7.11), it can be described as below: 

    ℒw𝑃̄, {𝑃U}, 𝑃T� , 𝐷x ≔ 𝐶̅(𝑉, 𝑝̅, , 𝑞̄,) + ∑ [𝑅Uw𝑃,,Ux + 𝛾̅Uw𝑃̄,,U − 𝑥Ux + 𝛾Uw𝑥U −U∈ℋ

𝑃,,Ux + 𝜇̅U( 𝑄̄,,U − 𝑦U) + 𝜇U(𝑦U − 𝑄,,U) + (
V

/_)ª1,2YT2b
A) + (

V

/_T2Y)1,2b
A) + (

V
/
)(𝑄̄,,U −

𝑦U)/ + ?
V
/
w𝑦U − 𝑄,,Ux

/)A 																																																																																																		(7.18)         

    where 𝑃̄ ≔ {𝑉, 𝑝̅, , 𝑞̄,} gathers the optimization parameters of the utility,  

𝑃U =	 {𝑃,,U , 𝑄,,U} are the selection parameters for the customer h,  

𝑃T� ≔ {𝑥U , 𝑦U , ∀ℎ ∈ℋ} is the set of supplementary parameters,  

𝒟 ≔ {𝑟̅U , 𝑟U , 𝜇̅U , 𝜇U , ∀ℎ ∈ℋ} gathers the dual parameters, k>0 is a given constant.  

According to (7.18), alternating direction method of multipliers constitute iterating 

performance steps [Step 1]-[Step 3] explained below, in which i represents the iteration 

indicator. [Step 1] Upgrade parameters 𝑃̄ as follows: 

𝑃̄[𝑖 + 1] ≔ 𝑎𝑟𝑔 min
*,{)1,2,{1,2}

ℒ(𝑃̄, ©𝑃U[𝑖], 𝑃T�[𝑖], 𝒟[𝑖]x, 𝑉 ≽ 0, (7.12)-(7.15)  (7.19) 

    Also, inverter h, upgrade 𝑃,,U , 𝑄,,U as below: 
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    𝑃U[𝑖 + 1] ≔ 𝑎𝑟𝑔 min
)1,2,{1,2

ℒ(𝑃̄[𝑖], 𝑃,,U , 𝑄,,U,𝑃T�[𝑖], 	𝒟[𝑖])(𝑃,,U , 𝑄,,U) ∈ ℱUQMmR 							(7.20) 

    [Step 2] Upgrade supplementary parameters 𝑃T�: 

    𝑃T�[𝑖 + 1] ≔ 𝑎𝑟𝑔 min
(T2,�2)

ℒ(𝑃̄[𝑖 + 1], {𝑃U[𝑖 + 1]}, {𝑥U , 𝑦U}, 𝒟[𝑖])														(7.21) 

    [Step 3] Dual update: 

    𝛾̅U[𝑖 + 1] = 𝛾̅U[𝑖] + 𝑘w𝑃̄,,U[𝑖 + 1] − 𝑥U[𝑖 + 1]x																				(7.22) 

    𝛾U[𝑖 + 1] = 𝛾U[𝑖] + 𝑘w𝑥U[𝑖 + 1] − 𝑃,,U[𝑖 + 1]x																				(7.23) 

    𝜇̅U[𝑖 + 1] = 𝜇̅U[𝑖] + 𝑘w𝑄̄,,U[𝑖 + 1] − 𝑦U[𝑖 + 1]x																					(7.24) 

    𝜇U[𝑖 + 1] = 𝜇U[𝑖] + 𝑘w𝑦U[𝑖 + 1] − 𝑄,,U[𝑖 + 1]x																					(7.25) 

    In [Step 1], the prime parameter 𝑃̄, {𝑃U} are acquired by minimizing (7.18), where the  

supplementary parameters 𝑃T� and multipliers 𝒟 are remaining their current iteration 

values. In addition, the supplementary parameters are upgraded in [Step 2] by amend  

𝑃̄, {𝑃U} to their recent values. Finally, the dual parameters are upgraded in [Step 3] via 

dual gradient ascent.  

It can be acknowledged, in which [Step 2] agreeably decouples into 2|ℋ| 

scalar and unconstrained quadratic with 𝑥U[𝑖 + 1], 𝑦U[𝑖 + 1] solvable closed form. 

Using this trait, the following lemma can be proved. 

Lemma 1: Assume, in which multipliers are established as 𝛾̅U[0] = 𝛾U[0] = 𝜇̅U[0] =

𝜇U[0] = 0. Then, all the iterations can hold in which: 

(1)	𝛾̅U[𝑖] = 𝛾U[𝑖], 𝜇̅U[𝑖] = 𝜇U[𝑖], (2)	𝑥U[𝑖] =
1
2 𝑃̄,,U

[𝑖] +
1
2𝑃,,U

[𝑖],	 
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(3)𝑦U[𝑖] =
1
2 𝑄̄,,U

[𝑖] +
1
2𝑄,,U

[𝑖]. 

    Via the lemma 1, the traditional alternating direction method of multipliers [Step 1]- 

[Step 3] can be cleared as below. 

[Step 1] At the utility side, parameters 𝑃̄ are upgraded by solving the following convex 

optimization: 

    𝑃̄[𝑖 + 1] ≔ 𝑎𝑟𝑔 min
*,{)ª1,2{ª1,2}

𝐶 ̅(𝑉, 𝑝̅, , 𝑞̄,) + 𝐹(𝑝̅, , 𝑞̄, , {𝑃U[𝑖]}), 𝑉 ≽ 0, (7.26) 

    where function 𝐹(𝑝̅, , 𝑞̄, , {𝑃U[𝑖]}) can be defined as 

    𝐹(𝑝̅, , 𝑞̄, , {𝑃U[𝑖]}) ≔ ∑ <V
/
w𝑃̄,,U/ + 𝑄̄,,U/ x + 𝑃̄,,U ?𝛾U[𝑖] −

V
/
𝑃̄,,U[𝑖] −

V
/
𝑃,,U[𝑖]@ +U∈ℋ

𝑄̄,,U ?𝜇U[𝑖] −
V
/
𝑄̄,,U[𝑖] −

V
/
𝑄,,U[𝑖]@A																																																																											(7.27) 

    At the customer side, the ES-PV inverter setting points are upgraded by solving the 

below quadratic restriction: 

𝑃U[𝑖 + 1] ≔ 𝑎𝑟𝑔 min
)1,2,{1,2

¹𝑅Uw𝑃,,Ux +
𝑘
2 w𝑃,,U

/ + 𝑄,,U/ x

− 𝑃,,U �𝛾U[𝑖] +
𝑘
2 𝑃̄,,U

[𝑖] +
𝑘
2 𝑃,,U

[𝑖]�

− 𝑄,,U �𝜇U[𝑖] +
𝑘
2 𝑄̄,,U

[𝑖] +
𝑘
2𝑄,,U

[𝑖]�º w𝑃,,U , 𝑄,,Ux ∈ ℱUQMmR 														(7.28) 

    [Step 2] At the utility and customer sides, the dual parameters are upgraded as 

    𝛾U[𝑖 + 1] = 𝛾U[𝑖] +
V
/
w𝑃̄,,U[𝑖 + 1] − 𝑃,,U[𝑖 + 1]x																				(7.29) 

    𝜇U[𝑖 + 1] = 𝜇U[𝑖] +
V
/
w𝑄̄,,U[𝑖 + 1] − 𝑄,,U[𝑖 + 1]x																				(7.30) 

                     The consequent decentralized approach includes a two-way communication 
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between the utility and customers of the ongoing repeats 

𝑝̅,[𝑖], 𝑞̄,[𝑖], 𝑝,[𝑖], 𝑞,[𝑖].	Especially, at each iteration, the utility owned instrument figure 

out the OITC execution (7.26) to upgrade the intended ES-PV inverter setting points 

according to the performance goals related to 𝐶 ̅(𝑉, 𝑝̅, , 𝑞̄,) in which repeated with the 

term F(𝑝̅, , 𝑞̄, , {𝑃U[𝑖]}) compelling agreement with the setting points calculated at the 

customer side. Instantly (7.26) is solved, the utility conveys to each customer a duplicate 

of the iterative values (𝑃̄,,U[𝑖 + 1], 𝑄̄,,U[𝑖 + 1]). For the moment, the ES-PV inverter 

setting points are concurrently upgraded by using (7.28), and afterward sent to the utility. 

Instantaneously, the upgraded local repeats are interchangeable, utility and customers 

upgrade the local dual parameters (7.29), (7.30). The consequent decentralized approach 

is written in Algorithm 1 shown in Fig. 7.4. and topology is shown in Fig. 7.5. 

The problem outlined in (7.26) can be reformulated into a standard 

semidefinite programming framework, which involves the minimization of a linear 

function subject to a set of linear equalities and inequalities. This is achieved by 

introducing additional optimization parameters and employing the Schur complement 

technique [172]. With a specified tolerance for agreement errors, where 0 < 𝜀 ≪ 1, the 

process concludes when the condition ||𝑝̅,[𝑖] − 𝑝,[𝑖]||// + ||𝑞̄,[𝑖] − 𝑞,[𝑖]||// ≤ 𝜀   is 

satisfied. The utility company has established a consensus that outlines a uniform 

strategy for addressing the OITC challenge, which includes the management of supply 

across different voltage levels and power flows while ensuring compliance with the 

constraints of the electrical grid. Once the decentralized method achieves stability, the 

real and reactive set points are effectively applied to the ES-PV inverters. Algorithm 1 

facilitates online execution, allowing for the immediate transmission and availability of 
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the adjusted ES-PV inverter setting points 𝑝̅,[𝑖], 𝑞̄,[𝑖] , rather than waiting for the 

convergence of the approach. 

 

Fig. 7.4. DOITC: Utility-customer communication topology algorithm.  

 

Fig. 6.5. DOITC: Utility-customer communication topology. 

7.4 DOITC: Network cluster allocation 
                     Assuming distributed network is allocated into clusters, 𝐶O ⊂𝒩 indicates 
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the set of nodes within cluster a. Moreover, describe 𝐶üO ≔ 𝐶O ∪ {𝑛|(𝑚, 𝑛) ∈ 𝜀,𝑚 ∈

				𝐶O , 𝑛 ∈ 𝐶r , 𝑎 ≠ 𝑗}. 𝐶üO contains the nodes be owned by not identical clusters, in which       

are linked to the ath one by an allocation line, please check the Fig. 7.6. for 

demonstration. Hence, superscript (∙)O will be employed to indicate amount relate to 

cluster a. ℋO  is the set of homes positioned with cluster 𝐶O . Vector 𝑝̅,O , 𝑞̄,O  gathers 

duplicates of setting points of ES-PV inverters ℎ ∈ℋO accessible with the ath cloud 

energy manager. An anomaly is 𝑉O , in which represents the submatrix of V equivalent 

to nodes in the stretched-out cluster 𝐶üO. 

 

Fig. 6.6. Grid network divided into two clusters to perform algorithm 2. In this allocation, 𝐶W =
{1,… , 9}, 𝐶zW = {1,… , 9, 11}, 𝐶N = {10,… , 18}, and 𝐶zN = {8, 10,… , 18}. 

 
                     According to this network allocation, decoupling the grid network related 

cost 𝐶 ̅(𝑉, 𝑝̅, , 𝑞̄,) in (7.11) is: 

𝐶̅(𝑉, 𝑝̅, , 𝑞̄,) = ¨[𝐶O(𝑉O , 𝑝̅,O) + 𝜆O ¨ |´𝑃̄,,U , 𝑄̄,,U||/¾ ≔
U∈ℋ9

𝐶̅O(𝑉O , 𝑝̅,O , 𝑞̄,O)			(7.31)
(9

OJ$

 

    where 𝑁O is the number of clusters, 𝐶O(𝑉O , 𝑝̅,O) seizures maximization goals of the 
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ath cluster such as power losses within the cluster [173]. Insufficiency encouraging 

regulation function is employed to decide which ES-PV inverters in ℋO  supply 

ancillary services. Also, per cluster 𝑎 = 1,… ,𝑁 describe the region of possible power 

flows as: 

    𝑅O ≔

⎩
⎪
⎨

⎪
⎧ 𝑇𝑟(𝐴UO𝑉O) = 𝑃̄U − 𝑃̄,,U , ∀ℎ ∈ℋO

𝑇𝑟(𝐵UO𝑉O) = 𝑄̄,,U − 𝑄I,U , ∀ℎ ∈ℋO

𝑇𝑟(𝐴SO𝑉O) = 0, ∀𝑛 ∈ 𝒰O

𝑇𝑟(𝐵SO𝑉O) = 0, ∀𝑛 ∈ 𝒰O

𝑉HDS/ ≤ 𝑇𝑟(𝑀S
O𝑉O) ≤ 𝑉HOT/ , ∀𝑛 ∈ 𝐶O

																									(7.32) 

    where 𝐴UO , 𝐵UO , 𝑀U
O are submatrices of 𝐴U , 𝐵U , 𝑀U ,	shaped by taking out rows and 

columns matching to nodes in 𝐶üO.With these descriptions, problem (7.11) can be 

redescribed as: 

   min
*,B1,C1,
B̅1,Cª1

∑ [𝐶̅O(𝑉O ,O 𝑝̅,O , 𝑞̄,O) + ∑ 𝑅U(𝑃,,U)], 𝑉 ≽ 0													(7.33)U∈ℋ9  

    {𝑉O , 𝑝̅,O , 𝑞̄,O} ∈ 𝑅O , ∀𝑎																																										(7.34) 

    w𝑃,,U , 𝑄,,Ux ∈ ℱUQMmR , ∀ℎ ∈ℋO, ∀𝑎																																		(7.35) 

    𝑃̄,,U = 𝑃,,U , 𝑄̄,,U = 𝑄,,U , ∀ℎ ∈ℋO, ∀𝑎																															(7.36) 

    Restrictions (7.36) guarantee that the cloud energy manager and customer owned 

ES-PV inverter setting points. (7.33) - (7.36) productively separates power flow 

restrictions, cost, ES-PV correlated agreement restrictions (7.36) on a per-cluster basis. 

The major difficulty toward solving (7.33) - (7.36) in a distributed manner rests in 

positive semidefinite restraint 𝑉 ≽ 0, in which surely matches the matrices {𝑉O}. To 

figure out this difficulty, outcome on finishing partial Hermitian matrices from [173] 

will support to recognize partitions of the distributed network in clusters, in which the 

positive semidefinite restraint on V would separate to 𝑉O ≽ 0, ∀𝑎.  This separation 
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certainly promotes the decomposability of (7.33) - (7.36) in cluster subproblems.  

                     First describe the set of adjacent clusters for the ath one as ℬ6O ≔ {𝑗|𝐶 ̅O ∩ 

						𝐶 ̅r ≠ 0}. Also, let 𝒢,  be a graph taking the control architecture of the distributed 

network, in which nodes indicate the clusters and edges link adjacent clusters. The 

graph 𝒢, related to the grid network in Fig. 7.6. has two nodes, linked through an edge 

because two area are linked. Largely, it is obvious, in which if clusters a and j are 

adjacent, then cloud energy manager a, and cloud energy manager j must consent to 

the voltages at the two end points of the distributed line linking the two clusters. From 

Fig. 7.6.  line (8,11) links clusters 1 and 2. Thus, cloud energy managers 1 and 2 must 

consent to voltages 𝑉% and 𝑉$$. Let 𝑉rO indicate the submatrix of 𝑉O comparable to the 

two voltages on the line linking clusters a and j. Consent to 𝑉% and 𝑉$$ is equivalent to 

setting 𝑉/$ = 𝑉$/,  in which 𝑉/$  is a 2 × 2  matrix embodying the outer product 

[𝑉%, 𝑉$$]m[𝑉%, 𝑉$$]∗. 

     Suggestion 1: Assume, (1) the cluster graph 𝒢, is a tree, and (2) clusters are not nested 

such as |𝐶üO\(𝐶üO ∩ 𝐶ür)| > 0, ∀𝑎 ≠ 𝑗. Then, (7.33) is the same to the following: 

    min
*9,B19,C1

O,
B̅1,Cª1

∑ [𝐶̅O(𝑉O , 𝑝̅,O , 𝑞̄,O) + ∑ 𝑅U(𝑃,,U)]		(7.34) − (7.36)												(7.37)U∈ℋ9O  

    𝑉O ≽ 0, ∀𝑎																																																		(7.38) 

    𝑉rO = 𝑉O
r , ∀𝑗 ∈ 𝐵.O , ∀𝑎																																										(7.39) 

    Under (7.1) and (7.2), there exists a rank 1 matrix 𝑉WBP  solving (7.33) optimally 

presuming that 𝑟𝑎𝑛𝑘	{𝑉O} = 1, ∀𝑎 = 1,… ,𝑁O. The suggestion 1 insists, in which for 

the positive semidefinite matrix 𝑉 to have rank 1, all matrices 𝑉O must have rank 1. If 

rank {𝑉O} = 1 for all clusters, then {𝑉O} embodies a global optimal solution for given 



207  

ES-PV inverter setting points.  

                     Supplementary parameters are brought in to facilitate decomposability of 

(7.37) in per cluster subproblems. With parameters 𝑥U , 𝑦U affiliated with inverter 

ℎ,	and 𝑊O,r , 𝑄O,r with adjacent clusters a and j, (7.37) is redeveloped to: 

min
{*9,B19,C19}
B̅19,Cª19

{L9,R,{9,R,T2,�2}

¨[𝐶 ̅O(𝑉O , 𝑝̅,O , 𝑞̄,O) + ¨ 𝑅U(𝑃,,U)], (7.34) − (7.35), 𝑉O ≽ 0(7.40)
U∈ℋ9O

 

    𝔑©𝑉rOª = 𝑊O,r ,𝑊O,r = 𝑊r,O , ∀𝑗 ∈ ℬ#O , ∀𝑎																		(7.41) 

    ℑ©𝑉rOª = 𝑄O,r , 𝑄O,r = 𝑄r,O , ∀𝑗 ∈ ℬ#O , ∀𝑎																						(7.42) 

    𝑃̄,,U = 𝑥U , 𝑥U = 𝑃,,U , ∀ℎ ∈ℋO , ∀𝑎																												(7.43) 

     𝑄̄,,U = 𝑦U , 𝑦U = 𝑄,,U , ∀ℎ ∈ℋO , ∀𝑎																												(7.44) 

    This optimization can be solved crosswise clusters by employing alternating direction 

method of multipliers. To achieve this goal, a partial quadratically augmented 

Lagrange acquired by dualizing restraints 𝔑©𝑉rOª = 𝑊O,r , ℑ©𝑉rOª = 𝑄O,r , 𝑃̄,,U = 𝑥U , 

𝑄̄,,U = 𝑦U is defined. Then, the traditional alternating direction method of multipliers 

steps relate to a cyclic minimization of the resulting Lagrange in regard to 

{𝑉O , 𝑝,O , 𝑞,O , 𝑝̅,O , 𝑞̄,O} the supplementary parameters {𝑊O,r ,𝑄O,r , 𝑥U , 𝑦U} at last, a dual 

ascent step. It concludes, in which Lemma 1 still valid in the present case. It can show, 

in which alternating direction method of multipliers steps can be easier and cleared as 

explained next. 

                     [Step 1] Each ES-PV system upgrades the local duplicate 𝑃U[𝑖 + 1] by 

using (7.27), during each cloud energy manager upgrades the voltage profile of its 

cluster, and the local duplicates of the setting points of inverters ℋO by solving the 
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following optimization:   

𝑃̄O[𝑖 + 1] ≔ arg min
*9,B̅19,Cª19	
¬�R­&,®R­&¯

[𝐶 ̅O(𝑉O , 𝑝̅,O , 𝑞̄,O) + 𝐹O(𝑝̅,O , 𝑞̄,O , {𝑃U[𝑖]})

+ 𝐹*O(𝑉O , {𝑉O , ©𝑉r[𝑖]ª)]																																																																						(7.45) 

    {𝑉O , 𝑝̅,O , 𝑞,O} ∈ 𝑅O , 𝑉O ≽ 0																																					(7.46) 

    $
−𝛼r 𝑎rm

𝑎r −𝐼& ≼ 0, ∀𝑗 ∈ ℬ#O																																							(7.47) 

    $
−𝛽r 𝑏rm

𝑏r −𝐼& ≼ 0, ∀𝑗 ∈ ℬ#O																																							(7.48) 

    where vector 𝑎r and 𝑏r gather the real and imaginary parts of the entrances of the 

matrix 𝑉rO =
$
/
w𝑉rO[𝑖] + 𝑉O

r[𝑖]x, 𝑉rE =
$
/
w𝑉rE[𝑖] + 𝑉E

r[𝑖]x. Normalization function 

				𝐹O(𝑝̅,O , 𝑞̄,O , {𝑃U[𝑖]}) executing consensus on the ES-PV inverter setting points 

described in (7.27), and 𝐹*O(𝑉O , {𝑉O , ©𝑉r[𝑖]ª) is as follows: 

    𝐹*Ow𝑉O , ©𝑉r[𝑖]ªx ≔ 	∑ <V
/
w𝛼r + 𝛽rx + 𝑇𝑟w𝛾O,Dm [𝑖]{ℜ𝑉rOª@ +r∈ℬ±9

𝑇𝑟(ΨO,Dm [𝑖]ℑ{𝑉rO})																																																																																																												(7.49) 

    [Step 2] Upgrade dual parameters {𝛾U , 𝜇U} by (7.29), (7.30) at both of the cloud 

energy manager and customer. Parameters {𝛾O,r ,ΨO,r} are upgraded locally per-cluster 

𝑎 = 1,… ,𝑁O as: 

𝛾O,r[𝑖 + 1] = 𝛾O,r[𝑖]+
V
/
wℜ©𝑉rO[𝑖 + 1]ª −ℜ©𝑉O

r[𝑖 + 1]ªx							(7.50) 

    ΨO,r[𝑖 + 1] = ΨO,r[𝑖] +
V
/
(ℑ{𝑉rO[𝑖 + 1]} − ℑ{𝑉O

r[𝑖 + 1]})				(7.51) 

                     The consequent decentralized approach is summarized as Algorithm 2, 

shown in Fig. 7.6. It includes a swap of the local submatrices {𝑉rO[𝑖 + 1]} among 

adjacent cloud energy managers to decide the voltages on lines linking clusters. Local 
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duplicates of the ES-PV inverter setting points between the cloud energy managers 

and customer-owned ES-PV. By premises similar to suggestion 2, convergence of 

the approach can be guaranteed.  

    Suggestion 2: With a 𝑘 > 0 condition, the repeats {𝑃O[𝑖]}, {𝑃U[𝑖]}, 𝒟[𝑖] created by 

[Step 1]-[Step 2] are convergent, and it converges to a solution of the OITC (7.11) and 

(7.33). One time the decentralized approach has converged; the real and reactive 

setting points are executed by the ESS-PV inverter controllers. 

                     Eventually, worst case complexity of a semidefinite programming is on the 

order Ο(max	{𝑁, , 𝑁G}hI𝑁G log ?
$
�
@) for overall purpose solvers. 𝑁, represents the total 

number of restraints,  𝑁G represents the total number of parameters, and 𝜀 > 0 is given 

solution accuracy [172]. It abides by the worst-case complexity of (7.45) - (7.49) is 

greatly lower than the centralized problem. Also, the insufficiency of {𝐴S, 𝐵S, 𝑀S} 

can be employed to get considerable computation savings [175].  

 

Fig. 7.7. DOITC: Multicluster distributed optimization. 

7.5 Simulation case results 
7.5.1 DOITC with utility customer communication algorithm 

                        In this section, the effectiveness of the proposed energy internet-based 
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distributed ESS-PV inverter energy management system is evaluated using the IEEE 33 

bus grid and the data presented in Fig. 7.1. [157]. The evaluated ESS-PV system 

comprises photovoltaic (PV) components and an energy storage system, facilitating 

bidirectional communication of both information and power. The simulation data is 

sourced from the National Renewable Energy Laboratory (NREL) to ensure consistency 

between the outcomes of centralized and decentralized algorithms. Each residence is 

equipped with fixed rooftop PV systems, which have a DC/AC derating coefficient of 

0.77 [175]. The DC ratings for the residences are as follows: 5.52	𝑘𝑊  for homes 

𝐻$, 𝐻�, 𝐻$&, 5.7	𝑘𝑊 for 𝐻/, 𝐻!, 𝐻%, 𝐻$$, and 8𝑘𝑊 for the rest of the homes. As assumed 

in [177], it is presumed, in which the PV inverters are oversized 10% of the consequent 

AC rating. The active powers {𝑃UOG} created by the ESS-PV inverters with DC rating are 

graphed in Fig. 7.8. first graph. Also, the minimum of power factor for the inverter is 

set to 0.9 to calculate the reactive loads {𝑄I,U} . The usable active powers during the day 

are calculated using the System Advisor Model (SAM) of the NREL according to the 

typical weather year data for Washington D.C., USA, during the month of July. The 

residential load data is got from Open Energy Information, during the month of July is 

employed for test case. To create diverse load profiles, the active power profile is 

disturbed using a Gaussian random variable with zero mean. Standard deviation of 200 

W and power factor of 0.9 is assumed. The consequent active loads   are graphed in Fig. 

7.8. second graph. Finally, the voltage at the secondary of the transformer is set at 1.03 

p.u., to guarantee a minimum voltage size of 0.92 p.u. at all homes when the ESS-PV 

inverters don’t generate power. The pole-to-pole distance is set to 52 m, distances of the 

drop lines are set to 22m, and voltage limits 𝑉HOT , 𝑉HDS are set to 1.05 and 0.92 p.u. 
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[136]. In all the managed numerical tests, the rank of matrices 𝑉 and {𝑉O}  was 1, in 

which global optimal solutions were acquired for given ES-PV inverter setting points. 

 

 

Fig. 7.8. Proposed approach optimization inputs (a) usable active powers {𝑃~,�}  from different inverters DC 
ratings (b) Demand of active loads at the home. Reactive demand is calculated by a power factor of 

0.9. 𝐻W through 𝐻WN indicates the home inverter locations shown in Fig. 7.1 
 

                       The goal of the utility company is to minimize the power losses in the grid 

network, in which describing the commensurable matrix 𝐿HS ≔ ℜ{𝑦HS}(𝑒H − 

𝑒S)(𝑒H − 𝑒S)m  per distributed line (𝑚, 𝑛) ∈ 𝜀  ,function 𝐶FPDIDP�(𝑉, 𝑝̅,)	is set to 

𝐶FPDIDP�(𝑉, 𝑝̅,) = 𝑇𝑟(𝐿𝑉) , with 𝐿 ≔ ∑ 𝐿HS(H,S)∈� .  At the customer’s part, function 

𝑅U(𝑃,,U) is set to 𝑅Uw𝑃,,Ux = 0.1𝑃,,U . The influence of diverse the variable 𝜆  is 

examined in and shown in Fig. 7.8, in which the solution of the centralized OITC 

optimization (7.11) is proclaimed for nonidentical values of the variable 𝜆 . Fig. 7.9.  
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Fig. 6. Problem inputs. (a) Available active powers {Ph av} from inverters with dc ratings of 5.52, 5.70, and 8.00 kW. (b) Demanded active loads at the
households (reactive demand is computed by presuming a power factor of 0.9).

Fig. 7. Solution of the centralized OID problem (4a): Curtailed active power per each household for (a) λ = 0.8 and (b) λ = 0 (see also [11]).

set to 50 m, lengths of the drop lines are set to 20 m, and voltage
limits V min , V max are set to 0.917 and 1.042 p.u., respectively
(see, e.g., [8]). The optimization package CVX1 is employed
to solve relevant optimization problems in MATLAB. In all the
conducted numerical tests, the rank of matrices V and {Va}
was always 1, meaning that globally optimal solutions were
obtained for given inverter setpoints.

The available active powers {P av
h }h∈H are computed using

the System Advisor Model2 of the National Renewable Energy
Laboratory; specifically, the typical meteorological year data
for Minneapolis, MN, USA, during the month of July are used.
All 12 houses feature fixed roof-top PV systems, with a dc–
ac derating coefficient of 0.77. The dc ratings of the houses
are as follows: 5.52 kW for houses H1 , H9 , H10 ; 5.70 kW for
H2 , H6 , H8 , H11 ; and 8.00 kW for the remaining five houses.
The active powers {P av

h } generated by the inverters with dc
ratings of 5.52, 5.70, and 8.00 kW are plotted in Fig. 6(a). As
suggested in [3], it is assumed that the PV inverters are oversized
by 10% of the resultant ac rating. The minimum power factor
for the inverters is set to 0.85 [33].

1[Online] Available: http://cvxr.com/cvx/
2[Online] Available at https://sam.nrel.gov/

The residential load profile is obtained from the Open Energy
Info database, and the base load experienced in downtown Saint
Paul, MN, USA, during the month of July is used for this test
case. To generate 12 different load profiles, the base active power
profile is perturbed using a Gaussian random variable with zero
mean and standard deviation 200 W; the resultant active loads
{Pℓ,h} are plotted in Fig. 6(b). To compute the reactive loads
{Qℓ,h}, a power factor of 0.9 is presumed [8].

Assume that the objective of the utility company is to min-
imize the power losses in the network; that is, upon defining
the symmetric matrix Lmn := ℜ{ymn}(em − en )(em − en )T

per distribution line (m,n) ∈ E , function Cutility (V, p̄c) is set
to Cutility (V, p̄c) = Tr(LV), with L :=

∑
(m,n)∈E Lmn (see

[11] for more details). At the customer side, function Rh(Pc,h)
is set to Rh(Pc,h) = 0.1Pc,h . The impact of varying the pa-
rameter λ is investigated in detail in [11] and further illustrated
in Fig. 7, where the solution of the centralized OID problem
(4a) is reported for different values of the parameter λ [cf.,
(3)]. Specifically, Fig. 7(a) illustrates the active power cur-
tailed from each inverter during the course of the day when
λ = 0.8, whereas the result in Fig. 7(b) was obtained by setting
λ = 0. It is clearly seen that in the second case all inverters
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set to 50 m, lengths of the drop lines are set to 20 m, and voltage
limits V min , V max are set to 0.917 and 1.042 p.u., respectively
(see, e.g., [8]). The optimization package CVX1 is employed
to solve relevant optimization problems in MATLAB. In all the
conducted numerical tests, the rank of matrices V and {Va}
was always 1, meaning that globally optimal solutions were
obtained for given inverter setpoints.

The available active powers {P av
h }h∈H are computed using

the System Advisor Model2 of the National Renewable Energy
Laboratory; specifically, the typical meteorological year data
for Minneapolis, MN, USA, during the month of July are used.
All 12 houses feature fixed roof-top PV systems, with a dc–
ac derating coefficient of 0.77. The dc ratings of the houses
are as follows: 5.52 kW for houses H1 , H9 , H10 ; 5.70 kW for
H2 , H6 , H8 , H11 ; and 8.00 kW for the remaining five houses.
The active powers {P av

h } generated by the inverters with dc
ratings of 5.52, 5.70, and 8.00 kW are plotted in Fig. 6(a). As
suggested in [3], it is assumed that the PV inverters are oversized
by 10% of the resultant ac rating. The minimum power factor
for the inverters is set to 0.85 [33].
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The residential load profile is obtained from the Open Energy
Info database, and the base load experienced in downtown Saint
Paul, MN, USA, during the month of July is used for this test
case. To generate 12 different load profiles, the base active power
profile is perturbed using a Gaussian random variable with zero
mean and standard deviation 200 W; the resultant active loads
{Pℓ,h} are plotted in Fig. 6(b). To compute the reactive loads
{Qℓ,h}, a power factor of 0.9 is presumed [8].

Assume that the objective of the utility company is to min-
imize the power losses in the network; that is, upon defining
the symmetric matrix Lmn := ℜ{ymn}(em − en )(em − en )T

per distribution line (m,n) ∈ E , function Cutility (V, p̄c) is set
to Cutility (V, p̄c) = Tr(LV), with L :=

∑
(m,n)∈E Lmn (see

[11] for more details). At the customer side, function Rh(Pc,h)
is set to Rh(Pc,h) = 0.1Pc,h . The impact of varying the pa-
rameter λ is investigated in detail in [11] and further illustrated
in Fig. 7, where the solution of the centralized OID problem
(4a) is reported for different values of the parameter λ [cf.,
(3)]. Specifically, Fig. 7(a) illustrates the active power cur-
tailed from each inverter during the course of the day when
λ = 0.8, whereas the result in Fig. 7(b) was obtained by setting
λ = 0. It is clearly seen that in the second case all inverters
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shows the active power reduced from each inverter during the whole day when 𝜆 = 

0.8, although the consequence in Fig. 7.9. was acquired by set the parameter 𝜆 = 

0. It is obvious, in which in the (b) case, all of the inverters are controlled, they all 

reduced active power from 8 AM to 6 PM. In case of 𝜆 = 0.8, the OITC seeks to 

establish a balance between the achievable objective function and the quantity of 

regulated ES-PV inverters. It is evident that as solar irradiation intensifies, the number 

of active ES-PV inverters also rises, reaching an optimal configuration of seven ES-PV 

inverters operating at 1 PM. 

 

 

 Fig. 7.9. Proposed centralized OITC solution with reduced active power per each home (a) λ=0.8 and 
(b) λ=0. 𝐻W through 𝐻WN indicates the home inverter locations shown in Fig. 7.1. 

 
  7.5.2 Steady State Voltage Security Area (SSVSA) Analysis 

                        In this section, it is essential to demonstrate the effectiveness of the analysis 

on steady state voltage security area (SSVSA) for the energy storage system-

photovoltaic (ESS-PV) inverter, utilizing the voltage excursion indicator. To validate 

the implementation of the SSVSA, two scenarios of the energy management system 
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limits V min , V max are set to 0.917 and 1.042 p.u., respectively
(see, e.g., [8]). The optimization package CVX1 is employed
to solve relevant optimization problems in MATLAB. In all the
conducted numerical tests, the rank of matrices V and {Va}
was always 1, meaning that globally optimal solutions were
obtained for given inverter setpoints.

The available active powers {P av
h }h∈H are computed using

the System Advisor Model2 of the National Renewable Energy
Laboratory; specifically, the typical meteorological year data
for Minneapolis, MN, USA, during the month of July are used.
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The residential load profile is obtained from the Open Energy
Info database, and the base load experienced in downtown Saint
Paul, MN, USA, during the month of July is used for this test
case. To generate 12 different load profiles, the base active power
profile is perturbed using a Gaussian random variable with zero
mean and standard deviation 200 W; the resultant active loads
{Pℓ,h} are plotted in Fig. 6(b). To compute the reactive loads
{Qℓ,h}, a power factor of 0.9 is presumed [8].

Assume that the objective of the utility company is to min-
imize the power losses in the network; that is, upon defining
the symmetric matrix Lmn := ℜ{ymn}(em − en )(em − en )T

per distribution line (m,n) ∈ E , function Cutility (V, p̄c) is set
to Cutility (V, p̄c) = Tr(LV), with L :=
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[11] for more details). At the customer side, function Rh(Pc,h)
is set to Rh(Pc,h) = 0.1Pc,h . The impact of varying the pa-
rameter λ is investigated in detail in [11] and further illustrated
in Fig. 7, where the solution of the centralized OID problem
(4a) is reported for different values of the parameter λ [cf.,
(3)]. Specifically, Fig. 7(a) illustrates the active power cur-
tailed from each inverter during the course of the day when
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λ = 0. It is clearly seen that in the second case all inverters
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[11] for more details). At the customer side, function Rh(Pc,h)
is set to Rh(Pc,h) = 0.1Pc,h . The impact of varying the pa-
rameter λ is investigated in detail in [11] and further illustrated
in Fig. 7, where the solution of the centralized OID problem
(4a) is reported for different values of the parameter λ [cf.,
(3)]. Specifically, Fig. 7(a) illustrates the active power cur-
tailed from each inverter during the course of the day when
λ = 0.8, whereas the result in Fig. 7(b) was obtained by setting
λ = 0. It is clearly seen that in the second case all inverters
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(EMS) are considered. The first scenario involves an EMS that operates without the 

SSVSA for the ESS-PV inverter, while the second scenario incorporates the SSVSA for 

the same inverter. Generally, the total load demands of the energy internet power are set 

at [2.5, 3.0] MW, and the optimal solutions for both scenarios can be derived using 

Algorithm 1. Additionally, the voltage security states across 33 nodes are illustrated in 

Fig. 7.10. 

                       In Fig. 7.10., the security state of under the first and second cases have been 

demonstrated under the commensurate optimal EMS solutions. Based on Fig. 7.10., it 

may propose, in which the voltage digression indicator of the whole nodes 

in the cloud energy manager accomplish varying degrees of voltage off limit with the  

elongation of loads demands. Also, with the contrast of the voltage digression  

indicator between the first and the second cases, it can be found that the voltage off  

limit degree is increased with the increase of load demands without the consideration  

of the SSVSA for ES-PV inverter. Finally, it can be certified, in which the optimal  

EMS, obtained by the centralized strategy suggested in Algorithm 1, executes  

excellent capacity to guarantee computation accuracy and voltage security, in which 

the voltage size of nodes is always in the secure boundary. 

 
Fig. 7.10. Voltage security state analysis of ESS-PV inverters in SSVSA. 
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Fig. 6. Voltage security state of we-energies in IV-B.

TABLE III
VOLTAGE EXCURSION INDICES OF WE-ENERGIES IN IV-B
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                       The convergence of Algorithm 1 is exemplar for 𝜆 = 0.8, 𝐶FPDIDP�(𝑉, 𝑝̅,) = 

				𝑇𝑟(𝐿𝑉), and 𝑅Uw𝑃,,Ux = 0.1𝑃,,U , and by employing the solar irradiation conditions at 

12 PM. Fig. 7.11 (a) describe the trajectories of the repeats {𝑃,,U[𝑖]}U∈ℋ  with dashed 

lines, and {𝑃̄,,U[𝑖]}U∈ℋ   with solid lines for all the homes 𝐻$ − 𝐻$/. The simulation 

results match the ones in Fig. 7.11., for the iterations with 𝑖 ≥ 20,   it meets the 

convergence, simply inverters at home 𝐻  − 𝐻$/ are controlled. The active power 

curtailment setting points are in unanimity. This simulation result is predictable, since 

(7.11) is in a form, in which is appropriate for the application of the alternating 

direction method of multipliers to stem from distributed optimization solution 

approaches [162]. At the last, the lines of the setting point consensus error |𝑃,,U[𝑖] − 

𝑃̄,,U[𝑖]|   is shown in Fig. 7.9. (b) in response to the alternating direction 

method of multipliers iteration indicator. 

 

 
Fig. 7.11. Convergence of Algorithm 1 (a)  {𝑃a,~[𝑖]}~∈ℋwith dashed lines, and  {𝑃|a,~[𝑖]}~∈ℋwith solid 
line, accordant with the alternating direction method of multipliers iterative index (b) consensus error for 
all homes ℎ ∈ ℋ accordant with i. 
 

 7.5.3 DOITC with multi-cluster distributed algorithm 
                         Fig. 7.11. indicates the disparity between local voltage on the line (8, 11). 

The lines of the voltage errors |𝑉%$[𝑖] − 𝑉%/[𝑖]| and |𝑉$$$ [𝑖] − 𝑉$$/ [𝑖]| are proclaimed in 

response to the alternating direction method of multipliers iteration indicator i. The 
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findings indicate that both cloud energy managers concur on the voltage of the 

connection that links the two clusters. The irregular pattern observed is typical of the 

alternating direction method of multipliers. Additionally, relevant graphs were 

obtained for the inverter setting points as well. 

 
   Fig. 7.12. Convergence of Algorithm 2, and consensus error in response to the multi-alternating 

direction method of multipliers iteration indicator i. 
 

7.6 Summary 
                     This chapter proposes a fully decentralized methodology for the management 

of energy within a cloud energy internet framework, utilizing the alternating direction 

method of multipliers alongside the steady state voltage security area (SSVSA) 

specifically for energy storage (ES) and photovoltaic (PV) inverters. A 

voltage excursion indicator has been developed within the SSVSA to mitigate the risk 

of voltage violations and to delineate the voltage security boundary. The model for the 

cloud energy manager, designed for minimal utility operation, has been effectively 

illustrated. Additionally, a decentralized approach has been established for 

determining the optimal real and reactive power set points for residential ES-PV 

inverters. The proposed decentralized optimal inverter transmit control (OITC) 

scheme offers a comprehensive strategy for distributing computational tasks and 

optimization objectives across the entire network. The algorithm emphasizes a future 

oriented energy internet-based management system for ESS-PV, enabling consumer 
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Fig. 8. Convergence of Algorithm 1. (a) Values of {Pc,h [i]}h∈H (dashed lines) and {P̄c ,h [i]}h∈H as a function of the ADMM iteration index i. (b) Consensus
error |Pc,h [i] − P̄c ,h [i]|, for all houses h ∈ H as a function of i.

are controlled; in fact, they all curtail active power from 8:00
to 18:00. When λ = 0.8, the OID seeks a tradeoff between
achievable objective and number of controlled inverters. It is
clearly seen that the number of participating inverters grows
with increasing solar irradiation, with a maximum of seven
inverters operating away from the business-as-usual point at
13:00.

The convergence of Algorithm 1 is showcased for λ = 0.8,
Cutility (V, p̄c) = Tr(LV), and Rh(Pc,h) = 0.1Pc,h , and by
utilizing the solar irradiation conditions at 12:00. Fig. 8(a) de-
picts the trajectories of the iterates {Pc,h [i]}h∈H (dashed lines)
and {P̄c,h [i]}h∈H (solid lines) for all the houses H1–H12 . The
results match the ones in Fig. 7(a); in fact, at convergence (i.e.,
for iterations i ≥ 20), only inverters at houses H7–H12 are con-
trolled, and the APC setpoints are in agreement. This result is
expected, since problems (4) and (5) are equivalent; the only dif-
ference is that (4) affords only in centralized solution, whereas
(5) is in a form that is suitable for the application of the ADMM
to derive distributed solution schemes; see also [16], [29], and
[34]. Finally, the trajectories of the setpoint consensus error
|Pc,h [i] − P̄c,h [i]|, as a function of the ADMM iteration index
i are depicted in Fig. 8(b). It can be clearly seen that the al-
gorithm converges fast to a setpoint that is convenient for both
utility and customers. Similar trajectories were obtained for the
reactive power setpoints.

Fig. 9 represents the discrepancies between local voltages on
the line (8, 11); specifically, the trajectories of the voltage errors
|V 1

8 [i] − V 2
8 [i]| and |V 1

11 [i] − V 2
11 [i]| are reported as a function

of the ADMM iteration index i. The results indicate that the two
CEMs consent on the voltage of the branch that connects the
two clusters. The “bumpy” trend is typical of the ADMM (see,
e.g., [29] and [34]). Similar trajectories were obtained for the
inverter setpoints.

VI. CONCLUDING REMARKS

A suite of decentralized approaches for computing optimal
real and reactive power setpoints for residential PV inverters
were developed. The proposed decentralized OID strategy offers
a comprehensive framework to share computational burden and
optimization objectives across the distribution network, while

Fig. 9. Convergence of Algorithm 2: consensus error |V 1
8 [i] − V 2

8 [i]| and
|V 1

11 [i] − V 2
11 [i]| as a function of the ADMM iteration index i.

highlighting future business models that will enable customers
to actively participate in distribution-system markets.
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accuracy of the optimal solutions obtained through the proposed distributed scheme, 

ensuring the secure operational state of the ES-PV inverters without any instances of 

voltage violations. Overall, the analysis indicates that the developed fully multi 

distributed cloud-based energy management strategy is adaptable to the energy 

internet, guaranteeing both operational security and the reliability of ES-PV inverters. 
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