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In the rapidly evolving landscape of artificial intelligence (AI), the 21st century has witnessed

unprecedented advancements, marked by the emergence of sophisticated algorithms and generative

models capable of surpassing human creativity. This technological progress heralds the dawn of

the next generation of AI, poised to redefine digital innovation and automate complex cognitive

tasks. At the forefront of this transformative era lies generative AI, a branch of artificial intelligence

that leverages advanced neural network architectures to create diverse content, spanning from

textual narratives to intricate visual artworks. As we navigate through this era of rapid technological

advancement, it becomes increasingly imperative to address the multifaceted challenges and

opportunities inherent in the development and deployment of generative models.

The doctoral research presented herein makes significant contributions to the field across

various dimensions:

1. Advancement in Certified Watermarking:

With the exponential growth in the value of AI models and their pivotal role in driving

innovation across industries, ensuring the security and integrity of these models has become

paramount. The initial segment of the research focuses on advancing deep network watermarking

techniques as a proactive measure against theft and unauthorized use. This research introduces

certified watermarking, a novel approach that embeds indelible signatures within AI models,

providing robust and tamper-evident security measures. By establishing a certification

mechanism, this approach ensures the integrity of the watermark, effectively thwarting

attempts to bypass or alter it. Rigorous experimentation and validation on benchmark

datasets such as CIFAR-10 validate the effectiveness and reliability of certified watermarking

techniques in safeguarding AI models and intellectual property.
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2. Exploration of Algorithm Learning Capabilities:

Going beyond mere pattern recognition, the research delves into whether neural networks

can learn algorithms and extrapolate from simple to complex tasks. Drawing inspiration

from cognitive science and prior research in deep thinking, this segment investigates the

evolution of recurrent networks in solving increasingly intricate problems over time. Systematic

training on elementary datasets and exposure to progressively challenging scenarios unveil

the remarkable potential of AI systems in advanced reasoning and problem-solving. By

showcasing the adaptability of recurrent networks in solving diverse tasks ranging from

mazes to chess, this research sheds light on the cognitive depth and versatility of AI

systems.

3. Enhancement of Image Generation with Diffusion Models:

In the realm of image generation, the research explores innovative approaches to enhance

the capabilities of diffusion models. Building upon foundational research in generative

modeling, this effort seeks to challenge traditional assumptions and push the boundaries of

what is achievable in image generation. Through a comprehensive examination of diffusion

model mechanisms and theory, the research uncovers novel insights into the generation of

realistic images. Introducing the concept of ”cold diffusion,” the study demonstrates the

feasibility of deterministic transformations as viable alternatives to noise-based techniques.

Furthermore, the research proposes an algorithm for image generation based on intricate

guidance, leveraging segmentation maps, facial identities, object locations, and image

styles. This algorithm, requiring minimal training and leveraging pretrained models, streamlines

the image generation process, enhancing its versatility and applicability across diverse
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domains.

4. Unified Image Reasoning and Generation:

Multimodal Large Language Models (MLLMs) are transforming AI with their ability to

generate text and images, performing tasks like image reasoning and high-precision editing.

While decoder-only architectures aligned with large language models (LLMs) have proven

effective, they require vision embeddings that balance semantic understanding and detailed

visual fidelity. Existing models like CLIP prioritize semantic alignment but are lossy,

while VQGAN excels in visual reconstruction but lacks linguistic coherence, limiting

their versatility. To address this, we introduce DualCode, a lightweight framework that

augments pre-trained VQGAN embeddings with semantic tokens from models like CLIP

and DINOv2, creating unified embeddings that are both non-lossy and semantically rich.

DualCode eliminates the need for costly retraining, supports next-token prediction in decoder-

only architectures, and achieves scalable, high-fidelity reasoning and editing. Demonstrating

superior performance against models like SEED-X and Chameleon, DualCode bridges the

gap between visual fidelity and semantic alignment, advancing watermarking, algorithm

synthesis, and diverse generative strategies for next-generation AI systems.
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Chapter 1: Certified Neural Network Watermarks

1.1 Watermarking Neural Networks

With the rise of deep learning, there has been an extraordinary growth in the use of neural

networks in various computer vision and natural language understanding tasks. In parallel with

this growth in applications, there has been exponential growth in terms of the cost required to

develop and train state-of-the-art models [2]. For example, the GPT-3 generative language model

[3] is estimated to cost around 4.6 million dollars [4] in TPU cost alone. This does not include

the cost of acquiring and labeling data or paying engineers, which may be even greater. With up-

front investment costs growing, if access to models is offered as a service, the incentive is strong

for an adversary to try to steal the model, sidestepping the costly training process. Incentives are

equally strong for companies to protect such a significant investment.

Watermarking techniques have long been used to protect the copyright of digital multimedia

[5]. The copyright holder hides some imperceptible information in images, videos, or sound.

When they suspect a copyright violation, the source and destination of the multimedia can be

identified, enabling appropriate follow-up actions.

Watermarking in Neural Networks

Recently, watermarking has been extended to deter the theft of machine learning models
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[1, 6]. The model owner either imprints a predetermined signature into the parameters of the

model [6] or trains the model to give predetermined predictions [1] for a certain trigger set (e.g.,

images superimposed with a predetermined pattern).

A strong watermark must also resist removal by a motivated adversary. Even though the

watermarks in [1, 6, 7] initially claimed some resistance to various watermark removal attacks, it

was later shown in [8, 9] that these watermarks can, in fact, be removed with more sophisticated

methods, using a combination of distillation, parameter regularization, and finetuning.

Certified Watermarking

To address concerns regarding the effectiveness of existing watermarking techniques, we

propose a certifiable watermark: unless the attacker changes the model parameters by more than a

certain ℓ2 distance, the watermark is guaranteed to remain. Our proposed watermarking technique

is the first to provide a certificate against an ℓ2 adversary. We also analyzed whether ℓ2 adversary

is a reasonable threat model as well as the magnitude of appropriate defense radius. Surprisingly,

we find our certified radius to be quite substantial relative to the range of meaningful radius

that one could certify. Additionally, we empirically find that our certified watermark is more

resistant to previously proposed watermark removal attacks compared to its counterparts – it is

thus valuable even when a certificate is not required.

Related Work

[6] proposed the first method of watermarking neural networks: they embed the watermark

into the parameters of the network during training through regularization. However, the proposed

approach requires explicit inspection of the parameters for ownership verification. Later, [1, 10]

improved upon this approach, such that the watermark can be verified through API-only access
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to the model. Specifically, they embed the watermark by forcing the network to deliberately

misclassify certain “backdoor” images. The ownership can then be verified through the adversary’s

API by testing its predictions on these images.

In light of later and stronger watermark removal techniques, several papers have proposed

methods to improve neural network watermarking. However, one concern for all these watermark

methods is that a sufficiently motivated adversary may attempt to remove the watermark. Even

though existing methods claim resistance to watermark removal attacks, such as finetuning, other

authors later show that by adding regularization, finetuning and pruning, their watermarks can be

removed without compromising the prediction accuracy of the stolen model. To avoid this cycle,

we propose a certifiably unremovable watermark: given that parameters are not modified more

than a given threshold ℓ2 distance, the watermark will be preserved.

Our work is inspired by recent work on certified adversarial robustness. Certified adversarial

robustness involves not only training the model to be robust to adversarial attacks under particular

threat models, but also proving that no possible attacks under a particular constraint could possibly

succeed. Specifically, in this paper, we used the randomized smoothing technique first developed

for classifiers, and later extended to deal with regression models. However, as opposed to

defending against an ℓ2-bounded threat models in the image space, we are now defending against

an ℓ2-bounded adversary in the parameter space. Surprisingly, even though the certificate holds

only when randomized smoothing is applied, empirically, when our watermark is evaluated in a

black-box setting on the non-smoothed model, it also exhibits stronger persistence compared to

previous methods.
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1.2 Methods

Below, we introduce the formal model for neural network watermarking, and the watermark

removal adversaries that we are concerned with. Then, we describe some background related to

randomized smoothing, and show that by using randomized smoothing we can create a watermark

that provably cannot be removed by an ℓ2 adversary.

1.2.1 Watermarking

White box vs black box We first introduce the distinction between black box and white box

settings from the perspective of the owner of the model. In a white box setting, parameters are

known. In a black box setting, the model parameters are hidden behind an API. We consider

cases where the owner may have either black box or white box access to verify their watermarks.

Black-box watermarking In backdoor-based watermarking, the owner employs a “trigger set”

of specially chosen images that has disjoint distribution compared to the original dataset. If

another model makes correct predictions on this trigger set, then this is evidence that the model

has been stolen. A backdoor-based watermark can be verified in a black-box setting.

The trigger set may be chosen in various ways. [1] considered three different methods of

generating the trigger set: embedded content, pre-specified noise, and abstract images. Embedded

content methods embed text over existing datasets and assigns all examples with the text overlay

the same fixed label. Pre-specified noise overlays Gaussian noise on top of existing dataset and

again assigns the examples with the same fixed label. For abstract images, a set of images from

a different domain is additionally used to train the network. For example, MNIST images could
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form the trigger set for a CIFAR-10 network, so if an adversary’s model performs exceedingly

well on MNIST images, then the adversary must have used the stolen model. Examples of trigger

set images are presented can be found in 1.5.

Figure 1.1: Original Figure 1.2:
Embedded Content

Figure 1.3: Gaussian
Noise

Figure 1.4: Unrelated

Figure 1.5: Samples of the backdoor images used for watermarking.

Our proposed method builds upon such backdoor-based watermarks, so our marked model

can also naturally be verified in the black-box manner even though our certificate is only valid in

the white-box setting described in the next section.

White-box watermarking White-box watermarks in general embed information directly into the

parameters. Our proposed watermark does not directly embed information into parameters, but

parameter access is required for verification, so it is still a white-box watermark. The rationale

for using such a white-box watermark is detailed below.

In the black-box setting, to verify model ownership, we generally check that the trigger set

accuracy function from parameters to accuracy f(θ) is larger than a threshold [8]. The trigger set

accuracy function takes in model parameter as input and outputs the accuracy on the trigger set.

Since directly certifying the function is hard, we first convert the trigger set accuracy function

f(θ) to its smoothed counterpart h(θ), and then check that h(θ) is greater than the threshold t

for ownership verification. Practically, one converts the base function to the smoothed function
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by injecting random noise into the parameters during multiple trigger set evaluations, and then

taking the median trigger set accuracy as ĥ. Note that this verification process requires access to

parameters, so ownership verification using ĥ is considered a white-box watermark.

Watermark Removal Threat Model

In our experiments, we consider three different threat models to the watermark verification:

1) distillation, 2) finetuning, and 3) an ℓ2 adversary.

In the distillation threat model (1), we assume that the adversary initializes their model

with our original model, and then trains their model with distillation using unlabeled data that

comes from the same distribution. In other words, the adversary uses our original model to label

the unlabeled data for finetuning. [8] propose first adding some regularization during the initial

part of the attack to remove the watermark, and then later turning off the regularization to fully

recover the test accuracy of the model. We experiment with this distillation attack both with and

without regularization.

In the finetuning threat model (2), the adversary has its own labeled dataset from the

original data-generating distribution. This adversary is strictly stronger compared to the distillation

threat model. In our experiments, we make the conservative assumption that the adversary has

exactly the same amount of data as the model owner.

The ℓ2 adversary (3) obtains the original model parameters, and then is allowed to move the

parameters at most a certain ℓ2 distance to maximally decrease trigger set accuracy. Even though

the ℓ2 adversary is not a completely realistic threat model, we argue similarly to the adversarial

robustness literature [11] that being able to defend against a small ℓ2 adversary is a requirement

for defending against more sophisticated attacks. In our experiments, we empirically find that a
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large shift of parameters in ℓ2 distance is indicative of the strength of the adversary. For example,

training the models for more time, with a larger learning rate, or using ground truth labels as

opposed to distillation are all stronger attacks, and as expected, they both remove the watermark

faster and move the parameters by a greater ℓ2 distance (Table 1.4). Additionally, given a local

Lipschitz constant of L and a learning rate of r, the number of steps required to move outside of

the ϵ-ℓ2 ball can be upper bounded by ϵ/(rL), and we think the number of steps is a good proxy

for the computational budget of the adversary.

1.2.2 Watermark Certification

For our certificates, we focus on the ℓ2 adversary described above: the goal of certification

is to bound the worst-case decrease in trigger set accuracy, given that the model parameters do

not move too far in ℓ2 distance. Doing this directly is in general quite difficult [12], but using

techniques from [13, 14], we show that by adding random noise to the parameters it is possible

to define a smoothed version of the model and bound the change in its trigger set accuracy.

Deriving the certificate

Before we start describing the watermark certificate, we will first introduce the percentile

smoothed function from [13].

Definition 1.2.1. Given f : Rd −→ R and G ∼ N(0, σ2I), we define the percentile smoothing of

f as

p(x) = sup{y ∈ R | P[f(x+G) ≤ y] ≤ p} (1.2.2.1)

p(x) = inf({)y ∈ R | P[f(x+G) ≤ y] ≥ p} (1.2.2.2)
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As mentioned in [13], the two forms p and p are needed to handle edge cases with discrete

distributions. While p may not admit a closed form, we can approximate it by Monte Carlo

sampling [14].

There are some differences from existing adversarial robustness work in how we apply

these bounds. First, while the robustness literature applies the smoothing results to bound outputs

of the classifier itself, we apply smoothing over the trigger set accuracy function to bound changes

in trigger set accuracy. Second, we are applying smoothing over parameters as opposed to input.

Our trigger set accuracy function f(X, θ) in general takes in two arguments: X , a set of images,

and θ, the model parameters. In the case of adversarial robustness, the model parameters θ are

constant after training while the attacker perturbs the image x. But in our case, the trigger set X

remains constant and the adversary can only change θ. Therefore, to defend against our specific

adversary, we apply smoothing over θ as opposed to X . Since the trigger set X is constant for

our case, we simply write the trigger set accuracy function as f(θ) for the remaining part of the

paper.

In our proposed watermark, we use the median smoothed version (h50%) of the trigger set

accuracy function for ownership verification. Empirically evaluating h50% essentially involves

adding noise to several copies of the model parameters, calculating trigger set accuracy for all of

them, and taking the median trigger set accuracy.

Even though the evaluation process of h50% is more involved compared to the base trigger

set accuracy function, the smoothed version allows us to use Lemma 1 from [13] to bound the

worst case change in the trigger set accuracy given bounded change in parameters, as shown in

Corollary 1.
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Corollary 1.2.2. Given a measureable trigger set accuracy function f(θ), the median smoothed

trigger set accuracy function 50%(θ) can be lower bounded as follows

Φ(−ϵ/σ)(θ) ≤50% (θ + δ) ∀ ∥δ∥2 < ϵ, (1.2.2.3)

when the adversary does not modify the model parameters θ by more than ϵ in terms of ℓ2 norm.

Φ is the standard Gaussian CDF.

Using the above corollary, we can then bound the worst case trigger set accuracy given the

ϵ adversary by evaluating Φ(−ϵ/σ)(x). Even though Φ(−ϵ/σ)(x) does not have a closed form, we

can calculate an empirical estimator that would lower bound it with sufficient confidence c.

Trigger set accuracy and model ownership In this paper, we assume a sufficiently high trigger

set accuracy implies ownership with high probability. However, there are some scenarios where

the assumption does not hold, which we will clarify below. Whether high trigger set accuracy

implies ownership depends heavily on the trigger set selected. For example, if the trigger set (X,

Y) selected has labels corresponding to what most people would consider to be correct classes,

then a model developed independently by someone else would likely classify such trigger sets

correctly, leading to incorrect ownership assignment. However, if the trigger set consists of

wrong or meaningless labels (such as dog images paired withi cat labels), then an independently

developed model is very unlikely to classify such trigger sets correctly. In our paper, we assume

that the trigger set examples selected have a probability less than random chance of being classified

correctly by a random model, and that a sufficiently high trigger set accuracy implies ownership.

Our certificate is only focused on proving the preservation of trigger set accuracy when the

adversary is allowed to move parameters within a certain ℓ2 norm ball.
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Algorithm 1 Embed Certifiable Watermark
Required: training samples X , trigger set samples Xtrigger, learning rate τ , maximum noise
level ϵ, replay count k, noise sample count t
for epoch = 1, ... , N do

for B ⊂ X do
gθ ← E(x,y)∈B[∇θl(x, y, θ)]
θ ← θ − τgθ

for B ⊂ Xtrigger do
gθ = 0
for i = 1 to k do

σ ← i
k
ϵ

for j = 1 to t do
G ∼ N(0, σ2I)
gθ ← gθ + E(x,y)∈B[∇θl(x, y, θ +G)]

gθ ← gθ/(kt)
θ ← θ − τgθ

Embedding the Certifiable Watermark

To embed the watermark during training, we add Gaussian noise and train on the trigger set

images with the desired labels. For a given trigger set image, we average gradients across several

(in our experiments, 100) draws of noise to better approximate the gradient of the smoothed

classifier. Directly adding a large amount of noise into all parameters makes training unstable,

so we incrementally increase the levels of noise within each epoch. In our experiments, we

inject Gaussian noise with a range of standard deviations σ ranging from 0 to 1. Empirically,

we notice that the test accuracy drops when using this technique to embed the watermark, so to

recover some of the lost test accuracy, we warm up the model with regular training and only begin

embedding the watermark after the fifth epoch. We note that using warm-up epochs to recover

clean accuracy is a common practice in the robustness literature [15, 16]. The detailed training

method is described in Algorithm 1.
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1.3 Experiments

In our first set of experiments, we investigate the strength of our certificate under two

datasets and three watermark schemes. In our second set of experiments, we evaluate the watermark’s

empirical robustness to removal compared to previous methods that claimed resistance to removal

attacks. The code for all these experiments is publically available 1.

1.3.1 Experimental Settings

To produce the trigger sets themselves, we consider the three schemes from [1]: images

with embedded content (superimposed text), images with random noise, or images from an

unrelated dataset (CIFAR-10 for MNIST and vice versa) (Figure 1.5). While we generated

certificates for all three schemes, we focus on embedded content watermark for empirical persistency

evaluation.

To train the watermarked model, we used ResNet-18, SGD with learning rate of .05,

momentum of .9, and weight decay of 1e-4. The model is trained for 100 epochs, and the learning

rate is divided by 10 every 30 epochs. Only 50% of the data is used for training, since we reserve

the other half for the adversary. For our watermark models, we select σ of 1, replay count of

20, and noise sample count of 100. Given these training parameters, embedding the watermark

increase the compute time by two times compared to regular training. For certification, we use

10000 instances of Monte Carlo sampling to perform smoothing.

To attack the model, we used Adam with learning rates of .1, .001 or .0001 for 50 epochs.

1A PyTorch implementation of Certified Watermarks is available at https://github.com/
arpitbansal297/Certified_Watermarks
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Attack Radius 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
Worst Case Accuracy 85.8% 82.5% 80.5% 76.2% 67.1% 56.1% 32.0% 18.4% 8.4%

Table 1.1: Attack Radius vs Worst Case Accuracy of the Model. It becomes meaningless
to defend against a threat model with a radius larger than 1.8 because these models are
indistinguishable from any randomly initialized model.

We test three different types of attacks: finetuning, hard-label distillation, and soft-label distillation.

Soft-label distillation takes the probability distribution of the original model as labels, whereas

hard-label distillation takes only the label with maximum probability. We always give the adversary

the same amount of data as the owner (labeled for finetuning, unlabeled for distillation) to err on

the conservative side for our evaluation.

Figure 1.6: Graphical illustration of perfect, sufficient, and necessary threat models.

1.3.2 Properties of a Good Threat Model

Before we present our experimental results for watermark certification, we first briefly

discuss properties of a good threat model and what an appropriate radius to certify would be.

In [17], the author defines a perfect threat model as being able to capture all items that are

similar to the current example. In the case of adversarial attacks, we would like to capture all

modified images that are similar to the original image. In the case of watermark removal, we

17



would like to cover all attacked models that have similar test accuracy as the original model.

However, specifying a perfect threat model is often impossible for an obvious reason: we do

not have an oracle measure of human perceptual similarities nor can we easily specify constraints

that capture all models with similar test accuracy. As a result, researchers often have to trade off

between two different imperfect threat models: a sufficient threat model and a necessary threat

model. The sufficient threat model is a subset of the perfect threat model whereas the necessary

threat model is a superset of the perfect threat model as illustrated in the Figure 1.6.

Most prior works prioritize the sufficiency criteria over the necessary criteria since being

able to defend against a sufficient threat model is a requirement for being able to defend against

the perfect threat model. In the watermark setting, being able to retain the trigger set accuracy

(watermark) within the ℓ2 norm ball of the parameter space is thus a prerequisite for defending

against the perfect threat model which would include models outside of the ℓ2 norm ball.

Appropriate Radius to Certify Here, we analyze the appropriate ℓ2 norm constraint based on

the sufficiency condition and find that a certified radius between 0 and 1.8 is appropriate and that

our certified radius is indeed at a similar magnitude. In Table 1.1 on the right, we use a standard

PGD attack in the parameter space to gauge how much the accuracy of the model could decrease

within the specified radius on the CIFAR-10 dataset. We ran 40 steps of PGD with a learning

rate of 0.001, and the parameter gradient is calculated over 2560 examples. If we consider all

models with higher than 80% test accuracy to be similar, then an ℓ2 radius of 0.6 would satisfy

the sufficiency condition. This is similar in magnitude to our certified radius presented in the

next section, which is between 0.2 to 1.2. The determination of the appropriate radius is still

dependent on some subjective judgement on what one would consider to be a well performing
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test accuracy. However, what we do know is that the appropriate radius should lie somewhere

between 0 and 1.8 – defending against a radius larger than 1.8 is meaningless, as a model with

only 8% accuracy on CIFAR-10 is indistinguishable from any randomly initialized model.

1.3.3 Watermark Certificate Evaluation

In this section, we investigate the certified trigger set accuracy that our watermarking is able

to guarantee against ℓ2 adversaries of various strengths. To further contextualize the meaning of

a certified ℓ2 radius, we consider the size of the empirical changes in parameters observed after

performing various watermark removal attacks. Finally, we also study how one can increase the

certificate by modifying the noise level.

As shown in Table 1.2, we are able to certify trigger set accuracy for radii up to 0.4 for all

datasets and watermark schemes considered. This is quite a substantial radius when considering

the sufficiency condition, which suggests a meaningful certificate does not exceed a radius of

1.8. Our certificate seems to be similarly effective across all trigger set types. In the best scenario

for CIFAR-10, we can certify that the trigger set accuracy does not drop below 51% as long as

parameters do not move more than an ℓ2 distance of 1.

ℓ2 Radius (ϵ)
Dataset Watermark 0.2 0.4 0.6 0.8 1 1.2

MNIST Embedded content 100% 95% 47% 3% 0% 0%
MNIST Noise 100% 91% 7% 0% 0% 0%
MNIST Unrelated 100% 94% 45% 4% 0% 0%
CIFAR-10 Embedded content 100% 100% 100% 93% 51% 5%
CIFAR-10 Noise 100% 100% 100% 100% 47% 0%
CIFAR-10 Unrelated 100% 100% 100% 97% 35% 0%

Table 1.2: Certified trigger set accuracy at different radius

To see how long our certificates can persist in the face of attack, we measure the approximate
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Certified Watermark Accuracy
ℓ2 radius (ϵ)

Noise Level (σ) Test Accuracy 0.2 0.4 0.6 0.8 1 1.2 1.4

1 86.00% 100.00% 100.00% 100.00% 93.00% 51.00% 5.00% 0.00%
1.1 84.56% 100.00% 100.00% 100.00% 97.00% 63.00% 13.00% 0.00%
1.2 84.18% 100.00% 100.00% 100.00% 100.00% 98.00% 74.00% 24.00%

Table 1.3: Trade-off between certified trigger set accuracy and noise level (σ) for CIFAR-10

amount of ℓ2 parameter change in the first epoch under different attack settings. In Table 1.4, with

learning rate 0.0001, parameters change by ℓ2 distance of approximately 2-3. In other words, it

would require approximately 1/3 to 1/2 of an epoch to move outside of a certified radius of 1.

Interestingly, attacks considered to be stronger correspond to changes of a greater distance.

This relationship helps support the use of ℓ2 radius as a proxy for the strength of the adversary. For

example, fine-tuning has been found to be a stronger attack compared to hard label distillation,

and correspondingly [8], fine-tuning moves the network by a larger distance in the first epoch

compared to hard label distillation. Similarly, an attack that is stronger due to a higher learning

rate moves the parameters much faster compared to an attack with a lower learning rate.

In Table 1.3, we show that one can obtain larger certificates by increasing the noise level.

However, as one makes the model more robust against watermark removal, the model’s test

accuracy also decreases. This trade-off is similar to the trade-off observed in the adversarial

robustness literature [18]. As the level of noise increases, training also becomes more unstable.

For example, using the same hyperparameters as our other experiments, we were unable to train

models with σ = 1.5. However, this is not to say that it is impossible to train a model with

σ = 1.5. We did find an alternative setting where σ = 1.5 is trainable and offers higher robustness

compared to σ = 1.0− 1.2. However, since the hyperparameters are not the same, we do not list

the results here as we don’t think they are directly comparable.
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Attack Type Finetuning
Distillation
Hard Label

Distillation
Soft Label Finetuning

Distillation
Hard Label

Distillation
Soft Label

Learning Rate 0.0001 0.0001 0.0001 0.001 0.001 0.001

MNIST 2.67 2.39 1.56 19.39 17.58 20.35
CIFAR-10 2.85 2.41 2.06 19.93 19.40 19.29

Table 1.4: ℓ2 distance change in the first epoch

Dataset Attack lr
Baseline
Watermark

Black-box
Watermark

White-box
Watermark

MNIST Finetuning 0.0001 45.31% 59.38% 100.00%
MNIST Finetuning 0.001 50.00% 54.70% 100.00%
MNIST Hard-Label Distillation 0.001 42.19% 50.00% 100.00%
MNIST Soft-Label Distillation 0.001 96.88% 100.00% 100.00%
CIFAR-10 Finetuning 0.0001 17.20% 9.40% 100.00%
CIFAR-10 Finetuning 0.001 14.06% 10.94% 100.00%
CIFAR-10 Hard-Label Distillation 0.001 29.69% 81.25% 100.00%
CIFAR-10 Soft-Label Distillation 0.001 81.25% 100.00% 100.00%
CIFAR-100 Finetuning 0.0001 18.75% 23.44% 100.00%
CIFAR-100 Finetuning 0.001 0.00% 0.00% 0.00%
CIFAR-100 Hard-Label Distillation 0.001 7.81% 12.5% 5.00%
CIFAR-100 Soft-Label Distillation 0.001 96.88% 96.88% 98.44%

MNIST Hard-Label Distillation + Reg 0.1 40.63% 32.81% 0.00%
CIFAR-10 Hard-Label Distillation + Reg 0.1 8.00% 27.00% 0.00%
CIFAR-100 Hard-Label Distillation + Reg 0.1 0.00% 0.00% 0.00%

Table 1.5: Trigger set accuracy after 50 epochs of removal attacks. We note that this is only
a snapshot of the trigger set accuracy. During training, trigger set accuracies could sometimes
fluctuate significantly. We use watermarks from [1] as the baseline watermark.

Overall, it would take approximately 0.03 to 0.3 epochs for the attacker to escape the

certified radius, depending on the type of attack, watermark schemes, and dataset. Our certified

bounds are substantial when considering the sufficiency criteria, but they are still quite small

when compared to a non-ℓ2 bounded attack. In the next section, we show that even though

our certificates are not large when considering the optimization trajectory, the watermarks are

empirically stronger than the certificate is able to guarantee: in most cases, our watermarks are

more resistant to removal attacks compared to previous methods in both the white-box and black-

21



box settings.

1.3.4 Empirical Watermark Persistence Evaluation

In this section, we evaluate the persistence of our proposed watermarking methods and

the model’s performance on the original dataset. For all experiments in this section, we use the

embedded content method to produce the trigger set. We compare our watermark method with

the baseline method from [1], which is the same as our watermark method but without noise

injection during training.

For persistence evaluation, we focus on two main attacks: the distillation attack and the

finetuning attack, as both of these have been shown to be very effective in [8, 9]. In addition,

we tested the effect of different learning rates and label smoothing levels, which have also been

shown to influence the effectiveness of watermark removal techniques [8]. To make our attacks

more similar to [8], we also experimented with adding parameter regularization during attack.

We first evaluate our proposed watermark against finetuning attacks. In Table 1.5, we see

that our proposed watermark is much more robust with respect to finetuning attacks than the

baseline method on CIFAR-10, and is comparably resistant on MNIST. In the case of CIFAR-10,

the baseline watermark is completely removed within less than 10 epochs, but our white-box

watermark is still visible after finetuning for up to 50 epochs. In the case of MNIST, both the

proposed method and the baseline are quite resistant. However, our proposed method achieves

slightly higher trigger set accuracy for both white-box watermarks and black-box watermarks

throughout the 50 epochs of the finetuning attack. In the case of CIFAR-100, neither watermark

is very resistant to removal. However, our blackbox watermark slightly outperforms the baseline
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method.

In the face of the distillation attack, we find our white-box watermark to be extremely

resistant. The trigger set accuracy remains 100% even after 50 epochs of attack. However, our

black-box watermark works more effectively on CIFAR-10 than MNIST. In the case of CIFAR-

10, the black-box watermark remains at 81.25% after 50 epochs of distillation attack, whereas

only 50.00% of trigger set accuracy remains for MNIST. In the case of CIFAR-100, our proposed

watermark slightly outperforms the baseline method. However, they are both quite susceptible to

removal attack.

When regularization is added in addition to distillation, we find that our white-box watermark

is completely removed. This could be due to regularization moving the parameters further in

terms of ℓ2 norm. However, we note that our black-box watermark still persists similarly to the

baseline.

In some cases, the baseline watermark persists quite strongly. For example, in the case

of soft-label distillation, the baseline watermark still achieves higher than 75% accuracy after

attack. We tried a variety of settings, but we had difficulty completely removing the watermark

as described in [8]. Differences in performance could be due to architecture, regularization, or

other factors – experimental code was not released by [8], so it is hard to know exactly what

might be the cause. However, we note that our main goal is to show that our proposed watermark

is more resistant to removal, and our trigger set accuracy is consistently higher compared to the

baseline throughout the attack.

Even though our watermark is generally more resistant in both the white-box and black-box

settings, our proposed method does slightly decrease the accuracy of the model on the original

dataset. Test accuracies are decreased by 0.1% (from 99.5% to 99.4%), 3.3% (from 89.3% to
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86.0%), 1.1% (from 68.28% to 67.23%) for MNIST, CIFAR-10, and CIFAR-100 respectively.

The decrease in clean accuracy has been historically observed for other forms of robust training

[18], and recovery of the test accuracy in robust training is still an active area of research [15].

However, it is worth noting that the decrease in accuracy does not scale with the difficulty of the

dataset. For example, even though CIFAR-100 is a much more challenging dataset compared to

CIFAR-10, we actually observe smaller accuracy decrease for CIFAR-100.
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Part III

AI Reasoning
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Chapter 2: End-to-end Algorithm Synthesis with Recurrent Networks: Logical

Extrapolation Without Overthinking

2.1 Introduction

Humans solve complex logical reasoning problems through logical extrapolation – they

assemble simple logical primitives into complex strategies. For example, a person taught to prove

simple lemmas can in turn prove more complex theorems simply by expending more cognitive

effort.

Neural networks have achieved great success at pattern matching tasks, often exceeding

human performance, but they struggle to solve complex reasoning tasks in a scalable, algorithmic

way. Recently, Deep Thinking systems have been proposed as a way to represent and learn

scalable reasoning processes using recurrent neural networks [19]. The word ‘thinking’ in this

context refers to sequential processing to solve discrete/logical problems. These systems train

recurrent models (networks that recycle parameters between layers) to solve reasoning problems.

Unlike traditional feed-forward models, which are limited in the complexity of problems they can

solve by their finite depth, the effective depth of recurrent models can be expanded after training

simply by iterating the recurrent unit for longer.

When trained properly, thinking systems learn scalable algorithms for solving classes of
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problems. After training to solve small/easy problem instances with few recurrent iterations,

the algorithm is then extended to run for more iterations at test time. In doing so, the system can

achieve algorithmic extrapolation, solving problems of greater difficulty than those in the training

set.

To date, the level of algorithmic extrapolation observed in thinking systems has been

quite modest. For example it has been demonstrated that a system trained on 9×9 mazes can

extrapolate to solve a 13×13 maze. These systems fail to achieve greater extrapolation because

of a problem we call overthinking; recurrent systems, when extended too far outside their training

regime, often deteriorate and fail to produce interpretable outputs.

In this work, we design purpose-built neural architectures and specialized training loops

to make it possible to train systems that do not suffer from overthinking and instead converge

to a fixed point when iterated for thousands of iterations. By doing so, we are able to build

thinking systems that exhibit extreme algorithmic extrapolation behaviors, and leap from solving

small/simple training problems with tens of iterations to solving large and complex problem

instances at test time using thousands of iterations.

We experiment on benchmark problems for measuring extrapolation behavior. These tasks

include computing prefix sums, finding optimal solutions for two-dimensional mazes, and solving

chess puzzles [20]. Our architectures and training routines significantly outperform existing

methods on all tasks in the benchmark suite. Additionally, we demonstrate that iterative methods

for these reasoning problems are susceptible to overthinking, a problem that is overcome by our

new architectures and training loops.

The main contributions can be summarized as follows:
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• We provide a recurrent architecture for algorithmic extrapolation, in which the problem

input is concatenated directly to the feature stack of certain layers in the recurrent thinking

module. This prevents the problem instance from being forgotten if deep features become

noisy, corrupted, or lossy.

• We develop a new training routine that incentivizes recurrent networks to make incremental

improvements towards a solution, improving the feature representation after each iteration.

This training process removes information about how many times the recurrent module

has been applied, preventing the network from learning iteration-specific behaviors and

instead allowing models to learn scalable behaviors that can be iterated indefinitely for

extrapolation.

• We analyze the overthinking problem and show that our models overcome this phenomenon.

In some cases, the algorithms learned by the proposed networks appear to be capable of

solving problems of arbitrary size, despite training only on very small problem instances.

Our improvements in performance on the easy-to-hard benchmark datasets can be categorized

in several ways. First, our models yield uniformly higher accuracy across the most difficult tasks

used for testing in previous work. Second, we show that our models can extrapolate to much

harder/larger examples than are considered in previous work, where the prior methods generalize

poorly, if at all. Lastly, we show that our models do not forget solutions in settings where previous

models overthink.

28



2.2 Related work

Preliminary work [19] shows that simple recurrent architectures, when trained to solve

various reasoning problems, can exhibit algorithmic extrapolation while their feed-forward counterparts

cannot. In this section, we contextualize this approach amongst prior work on algorithm learning,

adaptive neural models, and logical extrapolation.

Algorithm learning describes models that learn scalable processes from data. Early works

on this topic study the ability of recurrent neural networks (RNNs) to process input strings of

arbitrary lengths [21, 22]. More recent work by [23] introduces neural Turing machines designed

to mimic programmable computers, and [24] propose a parallel version inspired by massively

parallel graphical processing units. These methods, and various improvements to them, show

promising results on bit string to bit string tasks, including copying inputs and adding integers,

and even demonstrate the ability to generalize from shorter training strings to longer ones at

testing [23, 24, 25]. Since they are based on classical RNNs, however, the amount of computation

they perform is directly linked to the length of the input string, which prevents them from

executing more or less computation independently of the input size (or corresponding to the

difficulty of the problem). Moreover, classical RNNs are often trained incrementally to produce

one bit at a time, rather than synthesizing an algorithm for solving an entire problem end-to-end.

This makes it difficult to apply them to problems where the solution cannot be decomposed into

incremental parts (e.g., chess).

Constraint satisfiability problem (CSP) solving networks disentangle the amount of work

from the input size [26]. Specifically, message passing neural networks can execute more passes

to solve harder CSPs [26]. These systems are specific to the problem of constraint satisfaction
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for boolean expressions, but they are an early demonstration of scalable algorithmic behavior.

Adaptive neural networks are designed to expend varying amounts of computation on

different inputs, thus overcoming the limitation of classical RNNs. Self delimiting neural networks

use one neuron to determine when to stop updating the hidden state in RNNs, and in doing

so, they perform more or less computation for each token in an input sequence [27]. Adaptive

compute time (ACT) is an algorithm that provides RNNs with a halting unit, which estimates

the probability that computation should continue. This algorithm penalizes ‘ponder time’ during

training to encourage the network to solve problems quickly [28]. [29] exhibit strong performance

on visual question answering by introducing a differentiable version of ACT. Adaptive transformer-

based language models also exist, notably Universal Transformers and Depth-Adaptive Transformers,

which utilize ACT to determine the work required for each input [30, 31]. Similarly, iterative

residual networks like NAIS-Nets repeat blocks in stages and perform well on image classification

[32]. All of these works test their methods in-distribution, i.e. where the training and testing data

are sampled from the same distribution; logical extrapolation outside the training domain is not

considered.

Logical extrapolation describes the task of generalizing to test sets which comprise more

computationally complex samples than the training data. [33] claims that “neural network models

with end-to-end training pipelines ... cannot, on their own, successfully perform algorithmic

reasoning,” and instead proposes a hybrid hand-crafted and learned approach. Similarly, [34]

propose recurrent relational networks, which operate on graphs by iteratively passing messages.

They also claim that classical architectures lack the inductive bias to reason about relationships

between objects. Several recent works call these claims into question. [19] employ recurrent

networks based on weight-sharing architectures, which can be made deeper at test time independent

30



of the input size. These systems exhibit logical extrapolation behavior in several domains.

More details on these methods are discussed in Section 2.3 as our algorithms build on these

directly. [35] reformulate the halting unit in ACT leading to probabilistic RNN models with

improved performance called PonderNet, and importantly their method outperforms ACT on

logical extrapolation tasks for prefix sums.

The ‘thinking’ systems proposed by [19] depart from classical recurrent networks for text,

which learn from step-by-step supervision to produce output tokens one at a time. In contrast,

‘thinking’ systems autonomously synthesize a scalable algorithm end-to-end with no supervision

over what each algorithmic step should do. Even more importantly, they can be applied to

solve complex problems that are difficult or impossible to decompose by hand. In other words,

sequence-to-sequence models, even adaptive RNNs, have a severe limitation in that the problem

needs to be represented as a sequential input and that each token in the output is generated by the

same function. ‘Thinking’ systems, on the other hand, provide a mechanism for domains where

this type of decomposition is unnatural, difficult, or even impossible.

2.3 Methods

Figure 2.1: Architecture schematics. Left to right: A feed-forward network, a network containing
three recurrent blocks (in green) that share weights, and a recurrent network with recall.

We begin with some terms and definitions. We study networks that share weights across

blocks of layers during training. For example, instead of three distinct residual blocks, a single
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residual block is repeated three times (see Figure 2.1 for a graphical depiction). At test time,

networks trained this way can be made “deeper” to extend their compute budget simply by

repeating the block more times. We refer to the number of layers applied in a recurrent network as

its “depth,” and this quantity grows as the number of recurrent iterations increases. The number of

feature maps produced by each layer (or the number of filters in a convolutional layer) is referred

to as its “width.”

More formally, let r be a function representing a recurrent block, e.g. a ResNet block [36],

and let rn denote n recurrences of that function, e.g. r2(x) = r(r(x)). Let ϕ denote a feature

map, or an output of r, and let ϕn = rn(x). We also consider an initial “embedding function”

denoted by p, which projects an input instance into feature space, and also a final “output head”

denoted by h, which maps features to outputs. A Deep Thinking (DT) network with m iterations

of the recurrent block can then be expressed as follows.

f(x;m) := h(rm(p(x))) (2.3.0.1)

In our systems p comprises a convolutional layer followed by a ReLU, r is a single four-layer

residual block, and h is a set of three convolutional layers with ReLUs after the first and second.

We fix m during training and compute gradients for optimization by backpropagating through the

unrolled network. Then, m can be increased for testing, allowing these networks to increase their

processing power and solve larger and harder problems. Below, we consider two new approaches

for achieving improved extrapolation: recall architectures and a modified optimization process.
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2.3.1 Recall architectures

When humans think for a long time to solve a problem, we often stop to reread the question

or review the task at hand. We improve DT architectures to periodically recall the input exactly.

We incorporate this capability into architectures by concatenating the input problem to the features

output from each instance of the recurrent block.

Popular architectures in computer vision typically incorporate skip connections that similarly

pass information from earlier layers forward. In fact, empirical evidence suggests that skip

connections, for example in highway networks, ResNets, and DenseNets, stabilize training [36,

37, 38]. Our architectural modification is driven by the intuition that a noisy training process

creates thinking networks that are imperfect and may leak or distort information over time as

features are iteratively fed back through the recurrent unit thousands of times. Recall allows the

system to reproduce any missing or damaged features, and makes it impossible to “forget” the

problem being solved.

To delineate the modification to the architecture by incorporating recall functionality into

the network, we employ the previously defined notation in a concise manner. The function

frecall(x;m) is essentially defined as h(rmrecall(p(x), x)). Here, the term “where” introduces two

fundamental definitions: firstly, rrecall(ϕ, x) is formulated as r([ϕ, x]), which combines ϕ and x

within a list structure for processing. Secondly, rmrecall(ϕ, x) evolves recursively as rrecall acts upon

the outcome of its previous iteration, rm−1
recall (ϕ, x), combined again with x, ensuring a continuity

in the recall mechanism across iterations.

In practical terms, during the k-th iteration, the standard input to the function r would

be ϕk−1, signifying the output from the preceding iteration. However, with the introduction of
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recall, this input transforms into [ϕk−1, x], a composite input that merges the original input x

with the feature map ϕk−1 generated in the prior cycle. This amalgamation is then processed

through an additional convolutional layer tailored to convert the combined input [ϕk−1, x] back

into a feature map that retains the same dimensional characteristics as ϕk−1 itself. Networks that

adopt this approach of integrating concatenating skip connections are referred to as DT-Recall

models, highlighting their enhanced capacity for “remembering” past inputs alongside current

information through the network’s iterations.

2.3.2 Promoting forward progress through optimization

We propose a training objective to encourage the system to incrementally make progress

from any starting point. We do this by inputting a problem instance and running the recurrent

module for some random number of iterations. We then take the output of this process, restart the

recurrence in the network with these features as if iterations had just begun (discarding gradients

from the initial iterations), and train the model to produce the solution after a random number of

additional iterations.

This incremental training process has two benefits. First, it trains the network to continue

improving the quality of partial solutions, even when they contain errors or distortions that creep

in from running many iterations. Second, by choosing features from a random iteration to serve as

the initial state for the training step, we discourage the network from internally counting iterations

and learning iteration-specific behaviors, such as behaviors that get executed only on iteration

five, for example. Rather, the network is encouraged to learn iteration-agnostic behaviors that are

effective at any stage of the problem solving process.
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Algorithm 2 Incremental Progress Training Algorithm
Input: parameter vector θ, integer m, weight α
for batch = 1, ... , N do

Sample inputs x and targets y.
Choose n ∼ U{0,m− 1} and k ∼ U{1,m− n}
Compute ϕn with n iterations w/o tracking gradients
Compute ŷprog with additional k iterations
Compute ŷm with new forward pass of m iterations
Compute Lmax iters with ŷm and Lprogressive with ŷprog.
Compute L = (1− α) · Lmax iters + α · Lprogressive

Compute∇θL and update θ

In our implementation, we randomly sample the number of iterations used to generate a

partial solution, n, and the number of training iterations, k, budgeted for the network to improve

this partial solution. We then update the network’s parameters to minimize loss after n + k total

iterations when it starts with the partial solution. This is done by detaching the recurrent module’s

output after n iterations from the computation graph before computing the gradient of the loss at

iteration n+ k. The process above is an analog of truncated backpropagation through time [39],

with a random starting and end point. During training, we ensure that the sum of n and k is less

than a fixed maximum number of iteration m, which we call the training regime. The incremental

loss described above is added to the standard loss computed with a full forward and backward

pass through the unrolled m-iteration network.

2.3.3 Datasets

We evaluate our methods on the benchmark problems available in the Python package

easy-to-hard-data, which generates reasoning problems of various difficulties. The three

problems considered are computing prefix sums, finding the optimal path in a two-dimensional

maze, and solving chess puzzles. We briefly review the input and output structures for each
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problem and refer the reader to [20] for more detail, including the data generation process.

Note that the architectures we consider are fully convolutional, and produce outputs of the same

dimension as their inputs. Furthermore, the training and testing datasets we consider have labels

of the same dimension as their inputs. Therefore, a network trained on inputs of one size can then

trivially be applied to inputs of a different size.

We begin with the toy problem of computing prefix sums modulo two. The inputs and

targets for this problem consist of bit strings. The ith bit of the target is the mod two sum of

all bits prior to and including the ith bit of the input. We control the “difficulty” of the problem

by changing the length of the bit string. Note that computing prefix sums of greater length is

known to require a greater number of sequential operations [40]. All of our training is done on

32-bit strings and we explore the behavior of our models on longer strings, even showing strong

performance on 512-bits.

The mazes we consider are two-dimensional square images where the walls are black,

the permissible paths are white, and the start and end positions are denoted with red and green

squares. The targets for this problem are maps of the same dimension as the input maze, but with

ones on the optimal path and zeros elsewhere. We make more challenging datasets by increasing

the size of the mazes. All training in our work is done on 9×9 mazes. Despite this small training

size, we benchmark extrapolation performance on mazes of size 59 × 59, and observe models

solving mazes as large as 201× 201 with high success rates.

The chess puzzles we consider are mid-game boards represented by twelve 8 × 8 planes

indicating the positions of all 12 types of pieces (there are six distinct piece classes and two colors

on a chess board). The goal of this task is to find the best next move, and each target encodes

this information in an 8× 8 array with zeros everywhere except the origin and destination of the
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piece to be moved, which are populated with ones. The chess dataset is sorted by difficulty rating,

as determined by Elo scores computed via human trials on Lichess.org. Problems are sorted by

difficulty and we train on the first 600K easiest puzzles and test our models on indices ranging

from 700K to 1.1M.

Our experiments have two categories: (I) Testing extrapolation at extreme leaps in problem

difficulty/size and (II) Testing scenarios that emphasize the overthinking trap and how we avoid

it. The following two sections describe each of these experiments, respectively.

2.4 Extreme extrapolation

In each problem domain, we show that our models with recall and trained with progressive

loss perform best.1 We compare our models to a baseline of DT models trained with m = 30

and problem-specific widths (detailed below), which are both wider and deeper than the models

previously studied. However, to provide a fair comparison, we use consistent values for these

parameters across our experiments since we find that all architectures benefit from additional

width and depth. We also compare to feed-forward models without weight sharing of the same

effective depth as a 30-iteration DT network, which are ResNets [36]. We include ablation

studies lending credence to our claim that both the architecture and the loss modifications are

instrumental in boosting extrapolation power. The code to reproduce all of our experiments is

publicly available.2

Prefix Sums Though prior DT systems show extrapolation behavior on strings with up to

1Note that the DT models presented in this section use a maximum confidence exit rule for fair comparison. This
exit rule marginally mitigates overthinking in the regime initially tested by [19]. Models with our new architecture
and/or loss do not require this rule and are presented with default outputs.

2A PyTorch implementation of the code is available at github.com/aks2203/deep-thinking.

37

http://www.github.com/aks2203/deep-thinking


48 bits, we use a 512-bit testing set to illustrate the extent of our performance improvements over

prior work. We train our models on 32-bit strings with a maximum of only m = 30 recurrent

iterations (indicated in the figures as the shaded train regime section), 400 convolutional filters

per layer, and incremental loss weight α = 1 when progressive loss is used.
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Figure 2.2: Prefix sum models trained on 32-
bit inputs extrapolate to 512-bit data. The
value of our recall and progressive loss is clear
by how quickly and accurately our models
solve this very large problem.
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Figure 2.3: Maze solving models trained
on 9× 9 inputs extrapolate to 59× 59
problems. Mazes this large cannot be solved
without recall, and furthermore progressive
loss leads to more accurate models.

In Figure 2.2, we show that without our techniques, DT networks are unable to solve

very long binary strings, achieving 0% accuracy on 512-bit data, while DT-Recall models with

progressive loss can solve more than 97% after approximately 200 iterations.

To better understand the individual effects of our proposed approach, we perform an ablation

study. Figure 2.2 also makes clear that DT-Recall networks trained without progressive loss

achieve the same final accuracy as models trained with it; but they require approximately twice

the number of iterations to get there. Because our proposed objective succeeds in making models

iteration agnostic, solutions are often found sooner than DT models that are trained to solve 32-

bit problems in 30 iterations specifically. DT models trained with progressive loss outperform

vanilla DT networks, however neither of these models (without recall) can solve more than a
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handful of 512-bit testing examples.

One other study in this domain reveals the importance of randomly setting n in Algorithm 2.

To show this, we modify the algorithm slightly, to always use n = 0, rather than randomly

choosing that value. While this change seems minor, and indeed makes a small impact on the

results, it does lower the accuracy. Specifically, DT networks with recall on average solve 90.27%

of 512-bit test samples when trained with the n = 0 loss, and with randomly sampled values of

n, as described in Algorithm 2, they achieve 97.12% accuracy. From this ablation experiment,

we conclude that randomly sampling these values is, in fact, beneficial.

Mazes As with the prefix sum problem, we can improve performance on hard mazes by

combining incremental training and recall architectures. In particular, while Figure 2.2 may not

convince the reader that our proposed loss is critical since DT-Recall models without it perform

very well, with more complex data a drastic difference emerges.

We show in Figure 2.3 that on the significantly harder test set of 59 × 59 mazes, our

models exhibit strong algorithmic extrapolation, while previous methods, both feed-forward and

DT systems, completely fail. Not only do our models achieve a higher peak accuracy, but they

do not overthink, as can be seen by the flat spans in the curves in Figure 2.3. In fact, we can

push these systems to their limits (and the limits of our hardware) and find that our models can

solve 74% of the 201 × 201 mazes.3 See Appendices ?? and ?? for examples of 201 × 201 and

801 × 801 mazes, which our models solve using 2,000 and 20,000 iterations, respectively (the

equivalent of 10,004 and 100,004 convolutional layers in depth).

The best models in Figure 2.3 are DT-Recall models trained with 30 maximum iterations

3The seemingly modest performance of 74% accuracy should be understood in context. Of the 100 mazes in this
test set, 20 have one pixel (out of 166,464) wrong and no single maze has more than seven mistakes.
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Figure 2.4: Chess models trained on the first 600K easiest puzzles extrapolate to 600K-700K.
Recall and progressive loss are required to retain accuracy with many iterations.

and a weighting in the loss of α = 0.01. In order to see how critical recall is in overcoming

the overthinking problem, we show in the same figure that without recall all models fail to

extrapolate. The benefit of progressive loss is also highlighted by the fact that DT-Recall models

with progressive loss achieve on average 97% accuracy while DT-Recall models without progressive

loss only reach an average of 83%. Interestingly, in this domain, we find that the best model has

α = 0.01 in the loss, a much smaller weight than we use for prefix sums.

Chess Puzzles We further find that using recall and progressive loss yields notable improvement

on chess puzzles. In Figure 2.4, we see that our techniques lead to a 4% accuracy improvement

compared to networks without them. We show that either removing recall or training without the

incremental progress loss will hurt performance. Our best models are DT-Recall networks with

512 convolutional filters in each layer trained with a maximum of 30 iterations and a weight of

α = 0.5. Moreover, their accuracy is preserved as the number of iterations increases, while that

of the other DT networks decays seriously after about 70 iterations – the sign of overthinking and

the subject of the following section.
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2.5 The overthinking problem

Deep Thinking networks boast impressive capabilities to solve harder problems by thinking

deeper, but they are prone to overthinking. In particular, by testing models on data closer in

complexity to the training data we can better compare our methods to prior work. Figure 2.5

shows that some recurrent networks that can perform algorithmic extrapolation may collapse

entirely when performing too many iterations.
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Figure 2.5: Left: Prefix sum models trained on 32-bits tested on 48-bit inputs. Right: Maze
models trained on 9 × 9 mazes tested on 13 × 13 mazes. In these regimes, we can see that the
weaker models can extrapolate to slightly harder problems, but importantly only models with
recall avoid the overthinking trap.

Our models do not suffer from the sharp decline in accuracy as the number of iterations

increases. In Figure 2.5, the decay in each dashed curve and the stability with high iteration

counts of the solid curves shows that recall is critical to avoid overthinking. See Figure 2.4 for an

example where progressive loss is needed too. The monotonic increase in accuracy with added

iterations in our models is practically useful, as it allows for pre-defining a large iteration number

at which to terminate the recurrence rather than having to carefully choose a stopping iteration to

maximize performance while avoiding degradation.

One observation that can be made from these results is that the overthinking problem often

seems to disappear when skip connections are added to provide networks with an uninterrupted
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view of the input. Another way to describe this is that our models seem to converge to a fixed-

point solution as they iterate rather than becoming unstable. This property is desirable and

using representative models trained to solve mazes, we explore how robust models are when

we manipulate the features during the thinking process.

2.5.1 Manipulating feature maps

First, we investigate sensitivity to adding noise in the feature maps before concatenating the

inputs. We examine model behavior when we add Gaussian noise (with mean zero and standard

deviation one) to the features after one iteration of maze solving. Models with recall can still

solve 13 × 13 mazes even when we perturb the features, but models without recall cannot.

Next, we ask whether the initial feature maps (after the projection layer p) carry any

important information. We test this by replacing the feature maps with zeros after 50 iterations

– at this point the model has solved the maze and by annihilating the features we remove all

information from p. In this case, our DT-recall models naturally regenerate their features and

recover to solve the problem again, indicating that the learned algorithm is able to find a solution

using the input without the initial projection.

2.5.2 Manipulating inputs

With the notion that our models may embody a convergent process, we turn our attention to

investigating how the networks determine when to stop manipulating the representation. Perhaps

there is something in the feature maps output by late iterations that tells the network to stop

working. We can test this in two ways. We perturb the input (which we concatenate onto the

42



features) after some number of iterations – first subtly, then by swapping it with an entirely

different example.

To start, we flip single bits in the input string for prefix sums. We explore the response of

the model to flipping bits at different indices after 50 iterations (when the models have already

solved the initial 48-bit problem). The left panel of Figure 2.7 shows recovery time as a function

of index of the flipped bit. We observe that our models can indeed recover from single bit flips,

and recovery time decays linearly with index. Higher indices are closer to the end and affect

fewer bits in the output than lower ones.

Similarly, with mazes, we change the input by moving the end of the maze two steps closer

to the start. We use this new input concatenated with features generated after 50 iterations of

solving the original maze. In this case, we see in Figure 2.6 that models with recall self-correct

and solve the new problem in very few iterations.
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Figure 2.6: Maze solving model performance when the start and end of the maze are changed to
be closer together after 50 iterations. DT models with recall can self-correct.

The last way we test the hypothesis that networks are continually comparing their solution

to the problem instance is by partly solving Maze “A,” and then swapping the features with

those obtained from 50 iterations of trying to solve Maze “B.” In other words: if we concatenate

the input problem (A) with the features from iteration 50 corresponding to a different maze (B),
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which maze will the network solve? Clearly, a system without recall will solve maze B. However,

with recall, networks will recover and pull the features back to representing a solution for maze

A. The center panel of Figure 2.7 shows the effect of swapping feature maps.
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Figure 2.7: Left: How long it takes prefix sum models to recover from perturbation – recall keeps
this quantity small. Center: Test accuracy on 13× 13 mazes when features are swapped after 50
iterations. Right: The change in the features when solving 13× 13 mazes.

2.5.3 Converging to a fixed point

We can also study the convergence by measuring the change in the output at each iteration.

A decreasing change in the feature maps with each additional iteration suggests that the network

manipulates the representation, moving it closer to one that solves the problem, and that it

will hold onto this representation (or stay nearby) once it is reached. Moreover, we seek to

qualitatively categorize each model type (architecture/loss pair) as convergent or non-convergent.

To do we measure the change in the solution at each iteration with ℓ2-norm of the difference. The

right-hand panel of Figure 2.7 shows ∆ϕ(n) := ∥ϕn−ϕn−1∥ℓ2 . We see that our models appear to

converge, while DT networks without recall explode, providing another view into overthinking.
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Chapter 3: Transformers Can Do Arithmetic with the Right Embeddings

3.1 Introduction

Much of the recent work on Large Language Models (LLMs) focuses on their ability to

solve problems in natural language and code generation. Despite progress in these domains,

transformers still struggle to perform complex multi-step and algorithmic reasoning tasks in

a zero shot setting without resorting to tool use. To study algorithmic reasoning in a sterile

laboratory setting, the academic community focuses on simple arithmetic test problems like

addition. Addition is simple enough that modest-sized LLMs can (in principle) be trained from

scratch to do it without running into capacity and training budget limitations, yet complex enough

that even large industrial models fail on large numbers without a code interpreter [41].

Training transformers for arithmetic enables us to study several important questions. First,

we ask what architectural design choices, dataset characteristics, and training pipeline variants

are required to learn a many-step reasoning process like multi-digit addition? Going deeper,

we then investigate whether these models are capable of logical extrapolation—can they solve

problems of greater size and difficulty than those that appear in their training set?

Prior studies indicate that addition is hard for transformers [42, 43, 44, 45]. Our experiments

indicate that this difficulty stems from their inability to clearly represent the exact position of a

digit within a long sequence of digits. To address this problem, we propose a simple modification
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to the data representation that directly addresses this shortcoming. Our Abacus Embeddings

are simple learned positional embeddings that are used to encode positions within each span

of numerical tokens. Combining Abacus Embeddings and standard positional embeddings, we

observe dramatic improvements in accuracy such that models trained with at most 20 digit

operands can generalize to problems with 120 digit operands. This represents a state-of-the-

art generalization factor of 6×, with the previous state of the art being only 2.5×. To the best

of our knowledge, these are the longest sequences on which learned addition has ever been

demonstrated.

We also study several other methods of improving arithmetic and generalization in transformers.

We find that incorporating input injection—skip connections inserted between the input layer

and each decoder layer—can reduce generalization errors by 50% over the Abacus Embedding

baseline. We also find that together with our embeddings looped transformer architectures, which

contain recurrent layers in which the same parameters are re-used multiple times, can achieve

near-perfect generalization on addition problems we consider.

Since our proposed methods solve large addition problems successfully, we evaluate whether

the same approaches can be used to improve other kinds of algorithmic learning. We explore

multiplication problems of up to 15 digit numbers and sorting over arrays of up to 10 numbers,

making this the first study of extreme length generalization techniques for addition that transfer

to other algorithmic tasks. Our contributions can be summarized as follows.

• We propose a new positional embedding called Abacus Embeddings to better capture the

significance of each digit, which leads to near-perfect in-distribution generalization.

• We show that when we combine Abacus Embeddings with input injection and looped
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transformers performance further improves, increasing from 92.9% to 99.1% in out of

distribution accuracy, an 87% reduction in error compared to using the embeddings with

standard architectures alone.

• We push length generalization beyond existing work and show that our models can solve

problems with six times as many digits as the largest samples in the training set, whereas

the previous state of the art is only two and a half times.

• We extend our findings to more complex problems including multiplication and sorting

where we show length generalization in these domains.

3.2 Related Work

Arithmetic and Algorithmic Reasoning. Solving arithmetic with next token prediction is a

difficult problem that attracts a lot of attention [e.g. 46]. However, in zero-shot settings, even

incredibly strong commercial API models struggle with very large addition problems (e.g. up

to 100 digits) without access to tools. Among attempts to improve arithmetic performance

of transformer-based models, reversing the digits so the arguments are written with the least

significant digit first is popular [42, 43, 44, 45]. Furthermore, changing the data format by

adding explicit index characters improves model capability for addition [44, 45, 47]. Other work

approaches arithmetic by embedding real numbers by scaling a single fixed token-embedding

for numbers [48]. Moreover, Dziri et al. [49] show multiplication is a hard problem for GPT-3

[50] even when finetuned on this task. Dziri et al. [49] further show that GPT-4 [51] struggles

to obtain high in-distribution accuracy on multiplication, even with a scratchpad. However, Lee

et al. [42] find that with a detailed scratchpad, small transformers can perform multiplication
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in-distribution.

Arithmetic is a subset of the larger class of algorithmic reasoning problems that focus on

the ability to learn and execute algorithms and generalize to longer problems [52, 53, 54, 55, 56].

The more general algorithmic reasoning field includes work on various architectures and data

modalities aimed at learning algorithms from data. Veličković et al. [55] and Rodionov and

Prokhorenkova [56], for example, train neural networks to execute specific algorithmic tasks

by training on input-output pairs as well as intermediate steps and hints. In a similar vein and

although initially appreciated for efficiency, weight sharing and recurrence can be used to make

models adaptive and help generalize to harder problems [30, 57, 58, 59]. Schwarzschild et al.

[60] and Bansal et al. [61] explore an end-to-end learning approach using recurrent convolutional

neural networks to learn algorithms from input-output pairs, tackling algorithmic tasks like prefix

sums, mazes, and chess. Weight sharing for algorithmic reasoning is also helpful with transformers

and we use the looped transformer in some of our experiments below. A looped transformer

has a transformer block called recurrently on its own output lending itself to executing iterative

algorithms [62, 63, 64]. Additionally, recent work aims to improve reasoning in LLMs [44], but

McLeish et al. [65] demonstrate that LLMs, even with code interpreters, are less than perfect at

algorithmic reasoning tasks, indicating a crucial need for advancements in our methodologies.

This paper takes a step towards improving LLM arithmetic and algorithmic capabilities without

tool use.

Positional Embeddings. Indicating the position of tokens in a sequence to transformer models is

critical for language modeling [66]. Absolute positional embeddings (APE) are learned embeddings

that are added to token embeddings before the first layer of the transformer [66]. However, these
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Figure 3.1: Visualization of data formats and positional embeddings. Abacus Embeddings give
the same positional embeddings to all digits of the same significance.

absolute embeddings inhibit length generalization [67]. To address this issue, Shaw et al. [68]

propose relative embeddings (RPE) which are embedded during the attention computation, a

mechanism further simplified by Raffel et al. [69]. Others build on these works to improve length

generalization including Sandwich [70], Kerple [71], and Alibi [67] positional embeddings.

Additionally, Kazemnejad et al. [72] show that decoder layers can still learn positional information

with no explicit positional embeddings. No positional embeddings (NoPE) can achieve good

length generalization performance for small algorithmic tasks and even outperform some specialized

embeddings. Rotary Positional Embeddings (RoPE) [73] are commonly used in state-of-the-

art open source transformers [e.g. 74]. However, RoPE does limit the length generalization as

models are trained only using rotations based on training data length [67, 72]. For improved

length generalization, one can add post-training extensions [75]. The latest and most useful

for arithmetic is Functional Interpolation for Relative Position Embeddings (FIRE) [76]. FIRE

shows the strongest length generalization to date, which leads to length generalization by 2.5×

on addition [45] when combined with randomized embeddings [77].. In this work, we focus on

NoPE and FIRE embeddings since these are the best performers for addition in reversed format

among existing embeddings [45].
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3.3 Achieving Length Generalization for Addition

We study a range of methods for improving the arithmetic capabilities of language models

trained from scratch centering on two main hypotheses: (1) the positional information for individual

digits within numbers is being lost and (2) recurrence can improve the reasoning abilities of

transformer architectures on multi-step arithmetic reasoning problems. We briefly discuss the

training and evaluation setup before describing each of our improvements in detail.

Experimental Setup. We train decoder-only causal language models to solve addition problems.

Following prior work [42, 43, 44, 45, 72], inputs are formatted least significant digit first, e.g.

98282+3859172 = 2787472. Unlike prior work, we do not add any padding between digits [43]

and do not pad any numbers with zeros, neither in the case of carry digits [45], nor to make all

operands the same length [43]. We train on all combinations of operand lengths less than or equal

to i and j where i and j are the maximum lengths of the first and second operands, respectively.

For this study all training sets have 20 million samples and i = j, hence we can use one number

to define the dataset i, where i is the maximum length of either operand. We sample data with

replacement and we stratify the data, so that all length pairs (i, j) are equally sampled during

training. To facilitate training of many models from scratch, we use a language model cramming

setup [78] and limit each training run to 8 exaFLOP of compute (a single Nvidia RTXA4000

GPU for 24 hours); for multiplication results we allow 64 exaFLOP (eight Nvidia RTXA4000

GPUs for 24 hours). During training, we mask the input question and only compute loss on the

answer digits. For further details on data construction and training we refer to Appendix ??.

We report model accuracy for each (i, j) length pair and unlike most existing work, we also

include accuracy for pairs where i ̸= j to highlight all instances of extrapolation. This extensive
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tabulation is costly and makes inference the main computational burden of this study. Since our

training pipeline produces fairly consistent results, we report the mean over three runs (rather

than using a best-of-ten reporting scheme [45]). We measure accuracy in the strict sense where

only exact matches of all output digits are counted as correct, i.e. if a single digit is incorrect

then the example is marked as wrong and we refer to this as exact match accuracy. We have

the following three evaluation categories: (i) in distribution (ID) where the models are tested

on problems up to the maximum size seen during training; (ii) out of distribution (OOD) where

the models are tested on problems greater than the maximum size seen during training but both

operands are at most 100 digits; (iii) and extreme out of distribution (100+ digit OOD) where

the models are tested on problems where both operands are of the same length and are both more

than 100 digits and less than 160 digits. In the 100+ OOD setting, we only analyze problems

where the operands are the same length (i = j) due to inference costs at this scale.

We consider two standard transformer architectures. First, we use a standard autoregressive

transformer model where multiple decoder layers are stacked in a feedforward manner. Second,

we enhance this standard transformer model by incorporating input injection, where the embedded

inputs are added to the input of each decoder layer [61, 79, 80]. We visually describe the

architectures in the Appendix Figure ??.

3.3.1 Abacus Embeddings Help Align Digits

From prior work and our own initial experiments, we observe that even when input numbers

are presented least-significant digit first and training data is stratified and abundant (several

million examples), standard transformers struggle to learn multi-digit addition. We also observe
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that humans do long addition by first aligning the digits of the same significance into columns.

Thus, our first hypothesis is that the significance of each digit (i.e. each digit’s position relative to

the beginning of the number) is not easy for transformers to represent, and that this sub-problem

presents more of a hurdle than the actual addition itself.

Prior work addresses this by proposing explicit index hints in the inputs and outputs of

the addition, for example a6b7c5 + a1b6c3 = a7b3c9, finding that transformers perform much

better on addition with the information provided by such hints [44, 45]. However, index hints of

this form increase the input context length required and double the output length and inference

cost of solving a given addition problem. Furthermore, Zhou et al. [45] find that the ability of

models trained with index hints to generalize is sensitive to the particular random initialization.

Zhou et al. [45] highlight this by training models with different random seeds, varying weight

initialization and data input order seeds, showing the variance in the performance of these models

can vary from near perfect on 100 digit addition to 0% accuracy at 90 digit addition.

To address the limitations of transformers at representing positional information, we design

a specially built positional embedding that encodes the location of each digit relative to the start of

the current number. We call this Abacus Embeddings. We apply the same positional embedding

to all digits of the same significance, providing an explicit signal that the model can use to align

digits. We visually describe these embeddings in Figure 3.1.

We take inspiration from Randomized Embeddings [77] but instead of using random ascending

indices to represent positions in a sample, we use consecutive ascending indices with a random

starting position to allow for length generalization. Specifically, during training we give consecutive

positional embeddings to each digit in a number, starting from a randomly chosen offset value

from U [1, k], where k is a hyperparameter. Unless otherwise stated the default value for k in this
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study is 100. For example, if the input is 123, the positional encodings are β, β + 1, β + 2 where

β ∼ U [1, 100], which are then passed through a learned embedding matrix. The value sampled

from U [1, k] is the same for all numbers in a batch, meaning all digits of the same significance

obtain the same positional embedding. This training scheme allows the model to see a wide range

of positional embeddings, even when training sequences are short. At test time, each positional

embedding begins from one, i.e. β = 1.

Abacus Embeddings Solve Addition. Abacus Embeddings improve generalization performance

up to 100 digits and beyond for standard transformer architectures. In Figure 3.2 (left), we

highlight the comparative boost Abacus Embeddings have over standard transformer architectures

and embeddings for performing addition, taking the mean accuracy of three models in all cases.

The accuracy results for the standard transformer models trained with FIRE and Abacus, tested

both in-domain (ID) and out-of-domain (OOD), are also shown in Figure ??. Additionally, in

Appendix ??, we present similar 2D grid plots for several other experiments that are depicted as

bar charts in the main text. Zhou et al. [45] find that operand lengths of up to forty digits are

required during training for good generalization to 100 digit addition during testing (albeit not

robustly). We find that with our Abacus Embeddings, we can achieve similar accuracy and larger

extrapolation using a standard model with input injection trained on maximum operand sizes of

20 digits.

As Abacus Embeddings are a variant of absolute positional embeddings, technically they

cannot generalize beyond the relative positions seen during training. However the hyperparameter

k that randomizes the starting offset used for each individual addition example can be increased to

enable generalization by training a larger range of embeddings for a given computational budget.
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Figure 3.2: Left: Mean exact match accuracy of three models of depth sixteen on size 20 data,
varying the architecture and embeddings. Abacus Embeddings improve accuracy for addition
over FIRE and NoPE Embeddings. Right: Mean exact match accuracy of three models of
effective depth sixteen on size 40 data, varying over NoPE or FIRE embeddings and architectures.
Recurrent looped transformer models improve accuracy for addition for both the FIRE and NoPE
embeddings.
Looped transformer (LT): Weight tied decoder layers, with input injection and progressive loss.
Standard Transformer (ST): Stacked decoder only layers. Standard Transformer with Input
Injection (ST w/ II): Standard Transformer with input features added to the hidden representation
between each decoder layer.

Relatedly, Appendix Figure ?? shows that training on larger datasets improves performance, even

for operands with fewer than 100 digits.

3.3.2 Recurrence In Transformers Boosts Performance

With positional embeddings addressed, next we explore whether recurrent architectures

can further improve the ability of transformers to perform multi-digit addition. We use the term

recurrent block to refer to a set of decoder layers with distinct weights and recurrences to refer to

the number of times the recurrent block is repeated. We use the term effective depth to mean the

number of layers used in a transformer, whether their weights are unique or not. Unless otherwise

stated, we use a maximally recurrent architecture, i.e. only one unique layer recurred to achieve

the effective depth. We also employ input injection, skip-connections that propagate a copy of

the input to each layer in the network.
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The Benefits of Recurrence. In Figure 3.2 (right), we compare all architecture variants using

both FIRE and NoPE embeddings trained on addition over operands with up to 40 digits. Despite

having approximately 10× fewer parameters than the other models, we see that the looped

transformer (recurrent, with input injection and progressive loss), achieves the best out of distribution

performance using either position embedding. In Figure ?? in the Appendix, we show this result

is robust across multiple training data sizes.

With recurrent models, we can choose to vary the number of recurrences for each forward

pass while training. This tends to improve generalization to harder tasks at test time and is also

refered to as progressive loss computation [61]. This loss function is a convex combination of

the loss values from two forward passes, one with the nominal number of recurrences (so 16 for

a 1× 16 model) and one with a random smaller number of recurrences.

Next, we explore the effect of varying the size of the recurrent block while keeping the

effective depth fixed. We perform this ablation by halving the number of layers in the recurrent

block and doubling the number of recurrences, sweeping from a model with sixteen layers in the

block and a single recurrence (16 × 1, i.e. a standard transformer), through to one layer in the

block but with sixteen recurrences (1×16). Analyzing these results in Figure 3.3, we show further

performance improvements are possible in some cases with the combination of both recurrence

and Abacus Embeddings. In particular, a model with two recurrences (8×2) incurs half the error

of the purely non-recurrent model (16× 1) for OOD problems and enjoys increased accuracy on

100+ OOD problems.

Although the experiments presented in Figure 3.3 are a fair comparison across depth, the

purely standard transformer models have many more parameters than their recurrent counterparts.

In Table ?? in the appendix, we record the parameter counts to the nearest million.
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Figure 3.3: Varying the size of the recurrent block, while maintaining an effective depth of 16 and
training on size 20 data. We see that a recurrent model with eight layers in the recurrent block
and two recurrences is the most accurate of all effective depth 16 models, halving the error rate
of a standard model with input injection in the OOD evaluation. (See Figure ?? for results with
FIRE and NoPE.)

3.4 Pushing the Limits of Algorithmic Reasoning for Transformers

While there is an emphasis on addition as a difficult problem in existing work, our methods

perform so well that we look beyond addition and apply our tools to even more difficult problems,

including multiplication and sorting.

3.4.1 Integer Multiplication

We now study a harder task, multiplication of natural numbers, where the length of the

output may be the sum of the lengths of the operands. Compared to addition, where the output is

at most one digit more than the longest operand, multiplication has longer-distance dependency

and the output length scales much faster as problem size increases.
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To adapt from addition to multiplication, we make some small changes to our set-up.

First, we remove the input injection from inside the recurrent block and second, we divide the

gradients in the recurrent block by the number of recurrences, down-weighing the gradient update

from batches with many recurrences [61]. (We analyze the impact of these design decisions for

addition models in Appendix Figure ??.) We only examine looped transformers as the compute

required for training and hyperparameter search for multiplication is far greater than for addition,

limiting us to a much smaller scale analysis.

Abacus Embeddings help looped transformers reach near-perfect accuracy in-distribution

for multiplication. In Figure 3.4, we show how the training distribution, surrounded by the red

square fully saturates with Abacus Embeddings. In fact, models with our Abacus Embeddings

achieve higher in distribution accuracy on 15 digit multiplication than prior work [43] and do not

require padding each operand to the same length with zeros. In particular, we highlight that the

specific problems that models trained with FIRE embeddings struggle to solve are the hardest

problems in the training set and Abacus Embeddings outperform them in this key area (see the

lower right corner of the red boxes in Figure 3.4).

3.4.2 Array Sorting

Table 3.1: Exact match accuracy for sorting with various positional embeddings. All results are
percentages of the test set.

FIRE Abacus Abacus + FIRE

OOD (number length - 30) 55.32 68.63 67.28
OOD (array length - 30) 21.35 9.67 21.11
All OOD (30× 30) 3.73 2.65 4.48
All OOD (20× 20) 14.65 9.78 16.91
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Table 3.2: Accuracy for sorting with various architectures. ST denotes standard transformer,
ST w/ II denotes standard transformer with input injection, and LT denotes looped transformer
models. All results are percentages of the test set.

ST ST w/ II LT

All OOD (exact string match) 4.48 3.84 2.60
All OOD (min. elem. only) 49.73 60.09 68.51

While both addition and multiplication accept only two operands, we now analyze the task

of sorting arrays of multiple variable length numbers, a more challenging testbed for evaluating

the generalization abilities of our Abacus Embeddings. We present each sorting problem using

alphabetical indices for each (reversed) number in an input array where the expected output is

the alphabetical indices in ascending order. For example, a : 64957, b : 99963, c : 10218, d :

7141, e : 05781 = d, e, b, a, c. We train with arrays of up to 10 numbers each having up to 10

digits and then evaluate with arrays of up to 30 numbers each having up to 30 digits. We give

more detail on the sorting data construction process in Appendix ??.

In this setting, we explore two axes of generalization. First, we increase the maximum
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Figure 3.4: Exact match accuracy of looped transformer models trained on multiplication, with
four layers in the recurrent block and four recurrences. The red square denotes in distribution
testing on up to 15 digit operands. We see the models with Abacus Embeddings achieve near
perfect in distribution accuracy. Combining Abacus Embeddings with FIRE also improves in
distribution accuracy on the hardest in distribution problems (bottom right), comparing to the
FIRE-only baseline.
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possible length of the input numbers to 30 digits while maintaining the maximum array length to

10 and refer to this scenario as “OOD (number length - 30).” Second, we increase the number of

inputs in the array to be sorted to 30 while keeping the maximum digit length of each number at

10 and term this scenario “OOD (array length - 30).” Finally, we consider a scenario where both

axes are increased simultaneously, referred to as “all OOD.”

In Table 3.1, we illustrate the performance of a standard transformer (eight layers) trained

with different embeddings—FIRE, Abacus, and their combination. Again, our results demonstrate

that the combined embedding approach enhances the model’s ability to generalize, surpassing

the performance of either embedding alone in the “all OOD” setting. However, in Table 3.2, we

observe mixed results when pairing the Abacus+FIRE Embeddings combination with different

model architectures with effective depth eight. For sorting, different architectures appear to be

better suited to different types of extrapolation, for example the looped transformer is best at

extrapolating for finding the minimum element but not for sorting the whole array.

Overall, the superior sorting performance of the Abacus Embeddings underscores their

potential utility across a broader spectrum of algorithmic tasks beyond basic arithmetic. Abacus

Embeddings may be instrumental in use cases requiring transformer models to perform a variety

of complex positional, numerical, and/or relational reasoning tasks.

3.4.3 Abacus and Relative Embeddings

As Abacus Embeddings are only applied to numbers, to incorporate Abacus Embeddings

into a general purpose model, they must be compatible with other relative embeddings to maintain

good downstream performance on non-arithmetic tasks. We examine these types of combinations
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here and conclude that Abacus Embeddings complement techniques that are good for natural

language well, suggesting that these combinations could be powerful for large-scale general

models.

Although Abacus Embeddings are implicitly combined with NoPE (no positional embeddings)

embeddings for all experiments seen so far, most state-of-the-art open source models use Rotary

Embeddings. Rotary Embeddings are weak for length generalization. We show that combining

Abacus Embeddings with RoPE does, in fact, yield improvement in operand length generalization.

However, in Figure 3.5, we demonstrate the true potential for integrating Abacus Embeddings

into a more general system, showing that the combination of Abacus Embeddings with FIRE

unlocks generalization well beyond the problems that FIRE embeddings can solve on their own.
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Figure 3.5: Exact match accuracy of standard transformer of depth 16 with input injection,
trained on up to size 20 data. The red square denotes in distribution testing. Combining Abacus
Embeddings with FIRE or RoPE embeddings improves out of distribution accuracy for addition,
over the baseline models without Abacus Embeddings.

3.5 Discussion & Limitations

While the capabilities of LLMs have advanced far enough to encompass complex tasks

including code generation and mathematical reasoning, stress testing the limits of these models

remains a challenge. In this paper, we study mathematical reasoning tasks including addition,
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multiplication, and sorting to evaluate these capabilities in a controlled setting. We analyze the

ability of specialized language models to learn algorithmic tasks in a zero shot setting, without

access to outside tools like code interpreters, etc., exploring the benefits of various architectural

improvements like improved embeddings and recurrent layers.

Across our experiments, we find that our novel Abacus Embeddings improve performance

dramatically both when applied to standard transformers as well as recurrent variants. We repeatedly

achieve length generalizations of at least 6× (capped by the context length) more than doubling

the extrapolation demonstrations in prior work, achieving near perfect results on addition of

up to 100 digits, with repeatable results across multiple training runs. We demonstrate the the

complementary properties of our Abacus Embeddings with other relative embeddings like FIRE,

achieving dramatic improvements in in-distribution multiplication performance, and making headway

on the challenging problem of variable length array sorting.

Contrasting with prior work, our experiments explore types of extrapolation well beyond

just length generalization for addition, presenting an architecture modification that improves

performance on multiple algorithmic reasoning tasks simultaneously. We hope that our work

deepens the community’s understanding of these problems and paves the way for further advancements

in the algorithmic reasoning capabilities of large language models.

Limitations There are some intrinsic limitations that accompany any study involving language

model training from scratch under compute constraints. However, the primary point of relevance

for this study is that although we show the compatibility of Abacus Embeddings with FIRE

and RoPE embeddings, we do not actually explore any natural language tasks. In the future,

a larger scale study including natural language would be needed to understand further how
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Abacus Embeddings would perform on heterogeneous tasks comprising both numerical and

natural language inputs.
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Part IV

AI Generation
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Chapter 4: Cold Diffusion: Inverting Arbitrary Image Transforms Without Noise

Figure 4.1: Demonstration of the forward and backward processes for both hot and cold
diffusions. While standard diffusions are built on Gaussian noise (top row), we show that
generative models can be built on arbitrary and even noiseless/cold image transforms, including
the ImageNet-C snowification operator, and an animorphosis operator that adds a random animal
image from AFHQ.

4.1 Introduction

Diffusion models have recently emerged as powerful tools for generative modeling [81].

Diffusion models come in many flavors, but all are built around the concept of random noise

removal; one trains an image restoration/denoising network that accepts an image contaminated
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with Gaussian noise, and outputs a denoised image. At test time, the denoising network is used

to convert pure Gaussian noise into a photo-realistic image using an update rule that alternates

between applying the denoiser and adding Gaussian noise. When the right sequence of updates

is applied, complex generative behavior is observed.

The origins of diffusion models, and also our theoretical understanding of these models, are

strongly based on the role played by Gaussian noise during training and generation. Diffusion has

been understood as a random walk around the image density function using Langevin dynamics

[82, 83], which requires Gaussian noise in each step. The walk begins in a high temperature

(heavy noise) state, and slowly anneals into a “cold” state with little if any noise. Another line of

work derives the loss for the denoising network using variational inference with a Gaussian prior

[84, 85, 86].

In this work, we examine the need for Gaussian noise, or any randomness at all, for

diffusion models to work in practice. We consider generalized diffusion models that live outside

the confines of the theoretical frameworks from which diffusion models arose. Rather than limit

ourselves to models built around Gaussian noise, we consider models built around arbitrary image

transformations like blurring, downsampling, etc. We train a restoration network to invert these

deformations using a simple ℓp loss. When we apply a sequence of updates at test time that

alternate between the image restoration model and the image degradation operation, generative

behavior emerges, and we obtain photo-realistic images.

The existence of cold diffusions that require no Gaussian noise (or any randomness) during

training or testing raises questions about the limits of our theoretical understanding of diffusion

models. It also unlocks the door for potentially new types of generative models with very different

properties than conventional diffusion seen so far.
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4.2 Background

Both the Langevin dynamics and variational inference interpretations of diffusion models

rely on properties of the Gaussian noise used in the training and sampling pipelines. From

the score-matching generative networks perspective [83, 87], noise in the training process is

critically thought to expand the support of the low-dimensional training distribution to a set of

full measure in ambient space. The noise is also thought to act as data augmentation to improve

score predictions in low density regions, allowing for mode mixing in the stochastic gradient

Langevin dynamics (SGLD) sampling. The gradient signal in low-density regions can be further

improved during sampling by injecting large magnitudes of noise in the early steps of SGLD and

gradually reducing this noise in later stages.

[88] propose a method to learn a noise schedule that leads to faster optimization. Using

a classic statistical result, [89] show the connection between removing additive Gaussian noise

and the gradient of the log of the noisy signal density in deterministic linear inverse problems.

Here, we shed light on the role of noise in diffusion models through theoretical and empirical

results in applications to inverse problems and image generation.

Iterative neural models have been used for various inverse problems [90, 91]. Recently,

diffusion models have been applied to them [87] for the problems of deblurring, denoising, super-

resolution, and compressive sensing [89, 92, 93, 94].

Although not their focus, previous works on diffusion models have included experiments

with deterministic image generation [85, 95, 96] and in selected inverse problems [97]. Recently,

[98] use a combination of Gaussian noise and blurring as a forward process for diffusion. Though

they show the feasibility of a different degradation, here we show definitively that noise is not
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a necessity in diffusion models, and we observe the effects of removing noise for a number of

inverse problems.

Despite prolific work on generative models in recent years, methods to probe the properties

of learned distributions and measure how closely they approximate the real training data are by

no means closed fields of investigation.

Indirect feature space similarity metrics such as Inception Score [99], Mode Score [100],

Frechet inception distance (FID) [101], and Kernel inception distance (KID) [102] have been

proposed and adopted to some extent, but they have notable limitations [103]. To adopt a popular

frame of reference, we will use FID as the feature similarity metric for our experiments.

4.3 Generalized Diffusion

Standard diffusion models are built around two components. First, there is an image

degradation operator that contaminates images with Gaussian noise. Second, a trained restoration

operator is created to perform denoising. The image generation process alternates between the

application of these two operators. In this work, we consider the construction of generalized

diffusions built around arbitrary degradation operations. These degradations can be randomized

(as in the case of standard diffusion) or deterministic.

4.3.1 Model components and training

Given an image x0 ∈ RN , consider the degradation of x0 by operator D with severity

t, denoted xt = D(x0, t). The output distribution D(x0, t) of the degradation should vary

continuously in t, and the operator should satisfy D(x0, 0) = x0.
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In the standard diffusion framework, D adds Gaussian noise with variance proportional to

t. In our generalized formulation, we choose D to perform various other transformations such

as blurring, masking out pixels, downsampling, and more, with severity that depends on t. We

explore a range of choices for D in Section 4.4.

We also require a restoration operator R that (approximately) inverts D. This operator has

the property that R(xt, t) ≈ x0. In practice, this operator is implemented via a neural network

parameterized by θ. The restoration network is trained via the minimization problem

min
θ

Ex∼X∥Rθ(D(x, t), t)− x∥,

where x denotes a random image sampled from distribution X and ∥ · ∥ denotes a norm, which

we take to be ℓ1 in our experiments. We have so far used the subscript Rθ to emphasize the

dependence of R on θ during training, but we will omit this symbol for simplicity in the discussion

below.

4.3.2 Sampling from the model

Algorithm 3 Naive Sampling (Eg. DDIM)
Input: A degraded sample xt s = t, t −

1, . . . , 1 x̂0 ← R(xs, s) xs−1 = D(x̂0, s − 1)
Return: x0

Algorithm 4 Transformation Agnostic Cold
Sampling (TACoS)

Input: A degraded sample xt s = t, t −
1, . . . , 1 x̂0 ← R(xs, s) xs−1 = xs − D(x̂0, s) +
D(x̂0, s− 1)

After choosing a degradation D

and training a model R to perform the

restoration, these operators can be used

in tandem to invert severe degradations

by using standard methods borrowed

from the diffusion literature. For small

degradations (t ≈ 0), a single application of R can be used to obtain a restored image in one
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shot. However, because R is typically trained using a simple convex loss, it yields blurry results

when used with large t. Rather, diffusion models [84, 85] perform generation by iteratively

applying the denoising operator and then adding noise back to the image, with the level of added

noise decreasing over time. This is the standard update sequence in Algorithm 3.

When the restoration operator is perfect, i.e. when R(D(x0, t), t) = x0 for all t, one can

easily see that Algorithm 3 produces exact iterates of the form xs = D(x0, s). But what happens

for imperfect restoration operators? In this case, errors can cause the iterates xs to wander away

from D(x0, s), and inaccurate reconstruction may occur.

We find that the standard sampling approach in Algorithm 3 works well for noise-based

diffusion, possibly because the restoration operator R has been trained to correct (random Gaussian)

errors in its inputs. However, we find that it yields poor results in the case of cold diffusions with

smooth/differentiable degradations as demonstrated for a deblurring model in Figure 4.2. We

propose Transformation Agnostic Cold Sampling (TACoS) in Algorithm 4, which we find to be

superior for inverting smooth, cold degradations.

This sampler has important mathematical properties that enable it to recover high quality

results. Specifically, for a class of linear degradation operations, it can be shown to produce exact

reconstruction (i.e. xs = D(x0, s)) even when the restoration operator R fails to perfectly invert

D. We discuss this in the following section.

4.3.3 Properties of TACoS

It is clear from inspection that both Algorithms 3 and 4 perfectly reconstruct the iterate

xs = D(x0, s) for all s < t if the restoration operator is a perfect inverse for the degradation

operator. Hence in this section, we will discuss the reconstruction operator that fails to reconstruct
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the image perfectly i.e. incurs error. We first analyze the stability of these algorithms to errors in

the restoration operator and then theoretically show that for a simple blur degradation, the error

incurred using algorithm 3 is always greater than algorithm 4.

Figure 4.2: Comparison of sampling methods for
unconditional generation using cold diffusion on the
CelebA dataset. Iterations 2, 4, 8, 16, 32, 64, 128,
192, and 256 are presented. Top: Algorithm 3
produces compounding artifacts and fails to generate
a new image. Bottom: TACoS succeeds in sampling
a high quality image without noise.

For small values of x and s, TACoS

as described in 4 is tolerant of error in

the restoration operator R. To see why,

consider a problem with linear degradation

function of the form D(x, s) ≈ x + s · e

for a constant vector e. We choose this

ansatz because the Taylor expansion of

any smooth degradation D(x, s) around x = x0, s = 0 has the form D(x, s) ≈ x+s ·e(x)+HOT

where HOT denotes higher order terms. Note, however, the analysis below requires e to be a

constant that does not depend on x. The constant/zeroth-order term in this Taylor expansion is

zero because we assumed above that the degradation operator satisfies D(x, 0) = x.

For a degradation D(x, s) and any restoration operator R, the term xs−1 in TACoS becomes

xs −D(R(xs, s), s) +D(R(xs, s), s− 1) = D(x0, s)−D(R(xs, s), s) +D(R(xs, s), s− 1)

= x0 + s · e−R(xs, s)− s · e+R(xs, s) + (s− 1) · e = x0 + (s− 1) · e = D(x0, s− 1)

By induction, we see that the algorithm outputs the value xs = D(x0, s) for all s < t,

regardless of the choice of R. In other words, for any choice of R, the iteration behaves the same

as it would when R is a perfect inverse for the degradation D.

By contrast, Algorithm 3 does not enjoy this behavior even for small values of s. In fact,
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when R is not a perfect inverse for D, x0 is not a fixed point of the update rule in Algorithm

3 because x0 ̸= D(R(x, 0), 0) = R(x, 0) and hence errors compound. If R does not perfectly

invert D, we should expect Algorithm 3 to incur errors, even for small values of s. Meanwhile, for

small values of s, the behavior of D approaches its first-order Taylor expansion, and Algorithm

4 becomes immune to errors in R. Figure 4.2 demonstrates the stability of TACoS described in

Algorithm 4 vs. Algorithm 3 for a deblurring model.

The above analysis is not a complete convergence theory but rather highlights a desirable

theoretical property of our method that a naive sampler lacks. However, we can prove that for

a toy problem in which the blur operator removes one frequency at a time, the error incurred by

sampling using Algorithm 3 is greater than the error incurred from using Algorithm 4.

4.4 Generalized Diffusions with Various Transformations

In this section, we take the first step towards cold diffusion by reversing different degradations

and hence performing conditional generation. We will extend our methods to perform unconditional

(i.e. from scratch) generation in Section 4.5. We emprically evaluate generalized diffusion

models trained on different degradations with TACoS proposed in Algorithm 4. We perform

experiments on the vision tasks of deblurring, inpainting, and super-resolution. We perform our

experiments on MNIST [104], CIFAR-10 [105], and CelebA [106]. In each of these tasks, we

gradually remove the information from the clean image, creating a sequence of images such that

D(x0, t) retains less information than D(x0, t − 1). For these different tasks, we present both

qualitative and quantitative results on a held-out testing dataset and demonstrate the importance

of the sampling technique described in Algorithm 4. For all quantitative results in this section,
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the Frechet inception distance (FID) scores [101] for degraded and reconstructed images are

measured with respect to the testing data.

4.4.1 Deblurring

We consider a generalized diffusion based on a Gaussian blur operation (as opposed to

Gaussian noise) in which an image at step t has more blur than at t− 1. The forward process

given the Gaussian kernels {Gs} and the image xt−1 at step t− 1 can thus be written as

xt = Mt ◦ xt−1 = Mt ◦ . . . ◦M1 ◦ x0 = M̄t ◦ x0 = D(x0, t)

where ∗ denotes the convolution operator, which blurs an image using a kernel.

We train a deblurring model by minimizing the loss (4.3.1.1), and then use TACoS to

invert this blurred diffusion process for which we trained a DNN to predict the clean image x̂0.

Qualitative results are shown in Figure 4.3 and quantitative results in Table 4.1. Qualitatively, we

can see that images created using the sampling process are sharper and in some cases completely

different as compared to the direct reconstruction of the clean image. Quantitatively we can see

that the reconstruction metrics such as RMSE and PSNR get worse when we use the sampling

process, but on the other hand FID with respect to held-out test data improves. The qualitative

improvements and decrease in FID show the benefits of the generalized sampling routine, which

brings the learned distribution closer to the true data manifold. Note: we compare the images

reconstructed via Algorithm 4, with direct generation as compared to Algorithm 3. This is

because the image reconstruction via Algorithm 3 is much worse than both direct generation

and Algorithm 4.
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In the case of blur operator, the sampling routine can be thought of adding frequencies at

each step. This is because the sampling routine involves the term D(x̂0, t)−D(x̂0, t− 1) which

in the case of blur becomes Ḡt ∗ x0 − Ḡt−1 ∗ x0. This results in a difference of Gaussians, which

is a band pass filter and contains frequencies that were removed at step t. Thus, in the sampling

process, we sequentially add the frequencies that were removed during the degradation process.

Degraded Direct TACoS Original

Figure 4.3: Deblurring models trained on the MNIST, CIFAR-10, and CelebA datasets. Left
to right: degraded inputs D(x0, T ) , direct reconstruction R(D(x0, T )), sampled reconstruction
with TACoS described in Algorithm 4, and original image.

Table 4.1: Quantitative metrics for quality of image reconstruction using deblurring models.

Degraded Sampled Direct
Dataset FID SSIM RMSE FID SSIM RMSE FID SSIM RMSE

MNIST 438.59 0.287 0.287 4.69 0.718 0.154 5.10 0.757 0.142
CIFAR-10 298.60 0.315 0.136 80.08 0.773 0.075 83.69 0.775 0.071

CelebA 382.81 0.254 0.193 26.14 0.568 0.093 36.37 0.607 0.083

4.4.2 Inpainting

We define a schedule of transforms that progressively grays-out pixels from the input

image. We remove pixels using a Gaussian mask as follows: For input images of size n × n

we start with a 2D Gaussian curve of variance β, discretized into an n × n array. We normalize

so the peak of the curve has value 1, and subtract the result from 1 so the center of the mask as

value 0. We randomize the location of the Gaussian mask for MNIST and CIFAR-10, but keep it
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centered for CelebA. We denote the final mask by zβ .

Input images x0 are iteratively masked for T steps via multiplication with a sequence of

masks {zβi
} with increasing βi. We can control the amount of information removed at each step

by tuning the βi parameter. In the language of Section 4.3, D(x0, t) = x0 ·
∏t

i=1 zβi
, where the

operator · denotes entry-wise multiplication.

Figure 4.4 presents results on test images and compares the output of the inpainting model

to the original image. The reconstructed images display reconstructed features qualitatively

consistent with the context provided by the unperturbed regions of the image. We quantitatively

assess the effectiveness of the inpainting models on each of the datasets by comparing distributional

similarity metrics before and after the reconstruction. Our results are summarized in Table 4.2.

Note, the FID scores here are computed with respect to the held-out validation set.

Degraded Direct TACoS Original

Figure 4.4: Inpainting models trained on the MNIST, CIFAR-10, and CelebA datasets. Left to
right: Degraded inputs D(x0, T ) , direct reconstruction R(D(x0, T )), sampled reconstruction
with TACoS described in Algorithm 4, and original image.

Table 4.2: Quantitative metrics for quality of image reconstruction using inpainting models.

Degraded Sampled Direct
Dataset FID SSIM RMSE FID SSIM RMSE FID SSIM RMSE

MNIST 108.48 0.490 0.262 1.61 0.941 0.068 2.24 0.948 0.060
CIFAR-10 40.83 0.615 0.143 8.92 0.859 0.068 9.97 0.869 0.063

CelebA 127.85 0.663 0.155 5.73 0.917 0.043 7.74 0.922 0.039
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4.4.3 Super-Resolution

For this task, the degradation operator downsamples the image by a factor of two in each

direction. The final resolution of xT is 4×4 for MNIST and CIFAR-10 and 2×2 in the case of

Celeb-A. After each down-sampling, the lower-resolution image is resized to the original image

size, using nearest-neighbor interpolation.

Figure 4.5 presents example testing data inputs for all datasets and compares the output

of the super-resolution model to the original image. Though the reconstructed images are not

perfect for the more challenging datasets, the reconstructed features are qualitatively consistent

with the context provided by the low resolution image. Table 4.3 compares the distributional

similarity metrics between degraded/reconstructed images and test samples.

Degraded Direct TACoS Original

Figure 4.5: Superresolution models trained on the MNIST, CIFAR-10, and CelebA datasets. Left
to right: degraded inputs D(x0, T ) , direct reconstruction R(D(x0, T )), sampled reconstruction
with TACoS described in Algorithm 4, and original image.

Table 4.3: Quantitative metrics for quality of image reconstruction using super-resolution models.

Degraded Sampled Direct
Dataset FID SSIM RMSE FID SSIM RMSE FID SSIM RMSE

MNIST 368.56 0.178 0.231 4.33 0.820 0.115 4.05 0.823 0.114
CIFAR-10 358.99 0.279 0.146 152.76 0.411 0.155 169.94 0.420 0.152

CelebA 349.85 0.335 0.225 96.92 0.381 0.201 112.84 0.400 0.196

75



4.5 Cold Generation

Diffusion models can successfully learn the underlying distribution of training data, and

thus generate diverse, high quality images [85, 95, 107, 108]. We will first discuss deterministic

generation using Gaussian noise and then discuss in detail unconditional generation using deblurring.

Finally, we provide a proof of concept that the TACoS described in Algorithm 4 can be extended

to other degradations.

4.5.1 Generation using deterministic noise degradation

Here we discuss image generation using a noise-based degradation presented in our notation

from Section 4.3, which we will later prove is equivalent to DDIM [85]. We use the following

degradation operator: D(x, t) =
√
αtx+

√
1− αtz.

D is an interpolation between the data point x and a sampled noise pattern z ∈ N (0, 1).

During training, D is applied once and thus z is sampled once for every image in every batch.

However, sampling involves iterative applications of the degradation operator D, which poses the

question of how to pick z for the sequence of degradations D applied in a single image generation.

There are three possible choices for z. The first would be to resample z for each application

of D, but this would make the sampling process nondeterministic for a fixed starting point.

Another option is to sample a noise pattern z once for each separate image generation and reuse

it in each application of D. In Table 4.4 we refer to this approach as Fixed Noise. Finally, one

can calculate the noise vector z to be used in step t of reconstruction by using the formula

ẑ(xt, t) =
xt −

√
αtR(xt, t)√
1− αt

.
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This method denoted Estimated Noise in Table 4.4 turns out to be equivalent to the deterministic

sampling proposed in [85].

4.5.2 Image generation using blur

The forward diffusion process in noise-based diffusion models has the advantage that the

degraded image distribution at the final step T is simply an isotropic Gaussian. One can therefore

perform (unconditional) generation by first drawing a sample from the isotropic Gaussian, and

sequentially denoising it with backward diffusion.

When using blur as a degradation, the fully degraded images do not form a nice closed-

form distribution that we can sample from. They do, however, form a simple enough distribution

that can be modeled with simple methods. Note that every image x0 degenerates to an xT that

is constant (i.e., every pixel is the same color) for large T . Furthermore, the constant value is

exactly the channel-wise mean of the RGB image x0, and can be represented with a 3-vector.

This 3-dimensional distribution is easily represented using a Gaussian mixture model (GMM).

This GMM can be sampled to produce the random pixel values of a severely blurred image, which

can be deblurred using cold diffusion to create a new image.

Our generative model uses a blurring schedule where we progressively blur each image

with a Gaussian kernel of size 27 × 27 over 300 steps. The standard deviation of the kernel

starts at 1 and increases exponentially at the rate of 0.01. We then fit a simple GMM with one

component to the distribution of channel-wise means. To generate an image from scratch, we

sample the channel-wise mean from the GMM, expand the 3D vector into a 128 × 128 image

with three channels, and then apply TACoS.
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Empirically, the presented pipeline generates images with high fidelity but low diversity,

as reflected quantitatively by comparing the perfect symmetry column with results from hot

diffusion in Table 4.4. We attribute this to the perfect correlation between pixels of xT sampled

from the channel-wise mean Gaussian mixture model. To break the symmetry between pixels,

we add a small amount of Gaussian noise (of standard deviation 0.002) to each sampled xT . As

shown in Table 4.4, the simple trick drastically improves the quality of generated images. We

also present the qualitative results for cold diffusion using blur transformation in Figure

Table 4.4: FID scores for CelebA and AFHQ datasets using hot (noise) and cold diffusion (blur
transformation). Breaking the symmetry within pixels of the same channel further improves FID.

Hot Diffusion Cold Diffusion
Dataset Fixed Noise Estimated Noise Perfect symmetry Broken symmetry

CelebA 59.91 23.11 97.00 49.45
AFHQ 25.62 20.59 93.05 54.68

Figure 4.6: Examples of generated samples from 128 × 128 CelebA and AFHQ datasets using
cold diffusion with blur transformation

4.5.3 Generation using other transformations

In this section, we provide a proof of concept that generation can be extended to other

transformations. Specifically, we show preliminary results on inpainting, super-resolution, and

animorphosis. Inspired by the simplicity of the degraded image distribution for the blurring
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routine presented in the previous section, we use degradation routines with predictable final

distributions here as well.

To use the Gaussian mask transformation for generation, we modify the masking routine so

the final degraded image is completely devoid of information. One might think a natural option

is to send all of the images to a completely black image xT , but this would not allow for any

diversity in generation. To get around this maximally non-injective property, we instead make

the mask turn all pixels to a random, solid color. This still removes all of the information from the

image, but it allows us to recover different samples from the learned distribution via Algorithm

4 by starting off with different color images. More formally, a Gaussian mask Gt =
∏t

i=1 zβi
is

created in a similar way as discussed in the Section 4.4.2, but instead of multiplying it directly to

the image x0, we create xt as Gt · x0 + (1−Gt) · c, where c is an image of a randomly sampled

color.

For super-resolution, the routine down-samples to a resolution of 2 × 2, or 4 values in

each channel. These degraded images can be represented as one-dimensional vectors, and their

distribution is modeled using one Gaussian distribution. Using the same methods described for

generation using blurring described above, we sample from this Gaussian-fitted distribution of

the lower-dimensional degraded image space and pass this sampled point through the generation

process trained on super-resolution data to create one output.

Additionally to show one can invert nearly any transformation, we include a new transformation

deemed animorphosis, where we iteratively transform a human face from CelebA to an animal

face from AFHQ. Though we chose CelebA and AFHQ for our experimentation, in principle

such interpolation can be done for any two initial data distributions.

More formally, given an image x and a random image z sampled from the AFHQ manifold,

79



xt can be written as xt =
√
αtx +

√
1− αtz. Note this is essentially the same as the noising

procedure, but instead of adding noise we are adding a progressively higher weighted AFHQ

image. In order to sample from the learned distribution, we sample a random image of an animal

and use TACoS.

We present results for the CelebA dataset, and hence the quantitative results in terms of FID

scores for inpainting, super-resolution and animorphosis are 90.14, 92.91 and 48.51 respectively.

We further show some qualitative samples in Figure 4.7, and in Figure 4.1.

Figure 4.7: Preliminary demonstration of the generative abilities of other cold diffusins on the
128 × 128 CelebA dataset. The top row is with animorphosis models, the middle row is with
inpainting models, and the bottom row exhibits super-resolution models.
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Chapter 5: Universal Guidance for Diffusion Models
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Target Identity 

 

A headshot of a 

woman with a 

dog in winter.  

Target Object Location  

 

A Portrait 

of a 

woman 

Target Style Image 

Figure 5.1: Diffusion guided by off-the-shelf networks. Top left: segmentation guidance, top-
right: face recognition guidance, bottom-left: object detection guidance, bottom-right: style-
transfer.

5.1 Introduction

Diffusion models are powerful tools for creating digital art and graphics. Much of their

success stems from our ability to carefully control their outputs, customizing results for each
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user’s individual needs. Most models today are controlled through conditioning. With conditioning,

the diffusion model is built from the ground up to accept a particular modality of input from the

user, be it descriptive text, segmentation maps, class labels, etc. While conditioning is a powerful

tool, it results in models that are handcuffed to a single conditioning modality. If another modality

is needed, a new model has to be trained, often from scratch. Unfortunately, the high cost of

training makes this prohibitive for most users.

A more flexible approach to controlling model outputs is to use guidance. In this approach,

the diffusion model acts as a generic image generator, and is not required to understand a user’s

instructions. The user pairs this model with a guidance function that measures whether some

criterion has been met. For example, one could guide the model to minimize the CLIP score

between the generated image and a text description of the user’s choice. During each iteration of

image creation, the iterates are nudged down the gradient of the guidance function, causing the

final generated image to satisfy the user’s criterion.

In this paper, we study guidance methods that enable any off-the-shelf model or loss

function to be used as guidance for diffusion. Because guidance functions can be used without

re-training or modification, this form of guidance is universal in that it enables a diffusion model

to be adapted for nearly any purpose.

From a user perspective, guidance is superior to conditioning, as a single diffusion network

is treated like a foundational model that provides universal coverage across many use cases, both

commonplace and bespoke. Unfortunately, it is widely believed that this approach is infeasible.

While early diffusion models relied on classifier guidance [95], the community quickly turned to

classifier-free schemes [109] that require a model to be trained from scratch on class labels with

a particular frozen ontology that cannot be changed [110, 111, 112].
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The difficulty of using guidance stems from the domain shift between the noisy images

used by the diffusion sampling process and the clean images on which the guidance models are

trained. When this gap is closed, guidance can be performed successfully. For example, [110]

successfully use a CLIP model as guidance, but only after re-training CLIP from scratch using

noisy inputs. Noisy retraining closes the domain gap, but at a very high financial and engineering

cost. To avoid the additional cost, we study methods for closing this gap by changing the sampling

scheme, rather than the model.

To this end, our contributions are summarized as follows:

• We propose an algorithm that enables universal guidance for diffusion models. Our proposed

sampler evaluates the guidance models only on denoised images, rather than noisy latent

States. By doing so, we close the domain gap that has plagued standard guidance methods.

This strategy provides the end-user with the flexibility to work with a wide range of guidance

modalities and even multiple modalities simultaneously. The underlying diffusion model

remains fixed and no fine-tuning of any kind is necessary.

• We demonstrate the effectiveness of our approach for a variety of different constraints

such as classifier labels, human identities, segmentation maps, annotations from object

detectors, and constraints arising from inverse linear problems.

5.2 Background

We first briefly review the recent literature on the core framework behind diffusion models.

Then, we define the problem setting of controlled image generation and discuss previous related

works.
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5.2.1 Diffusion Models

Diffusion models are strong generative models that proved powerful even when first introduced

for image generation [83, 84]. The approach has been successfully extended to a number of

domains, such as audio and text generation [113, 114, 115, 116].

We introduce (unconditional) diffusion formally, as it is helpful in describing the nuances

of different types of models. A diffusion model is defined as a combination of a T -step forward

process and a T -step reverse process. Conceptually, the forward process gradually adds Gaussian

noise of different magnitudes to a clean data point z0, while the reverse process attempts to

gradually denoise a noisy input in hopes of recovering a clean data point. More concretely, given

an array of scalars representing noise scales {αt}Tt=1 and an initial, clean data point z0, applying

t steps of the forward process to z0 yields a noisy data point

zt =
√
αtz0 + (

√
1− αt)ϵ, ϵ ∼ N (0, I). (5.2.1.1)

A diffusion model is a learned denoising network ϵθ. It is trained so that for any pair (z0, t) and

any sample of ϵ,

ϵθ(zt, t) ≈ ϵ =
zt −
√
αtz0√

1− αt

. (5.2.1.2)

The reverse process takes the form q(zt−1|zt, z0) with various detail definitions, where q(·|·)

is generally parameterized as a Gaussian distribution. Different works also studied different

approximations of the unknown q(zt−1|zt, z0) used to perform sampling. For example, denoising
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diffusion implicit model (DDIM) [85] first computed a predicted clean data point

ẑ0 =
zt − (

√
1− αt)ϵθ(zt, t)√

αt

, (5.2.1.3)

and sample zt−1 from q(zt−1|zt, ẑ0) by replacing unknown z0 with ẑ0. On the other hand, while

the details of individual sampling methods vary, all sampling methods produce zt−1 based on

current sample zt, current time step t and a predicted noise ϵ̂. To ease the notation burden, we

define a function S(·, ·, ·) as an abstraction of the sampling method, where zt−1 = S(zt, ϵ̂, t).

5.2.2 Controlled Image Generation

In this paper, we focus on controlled image generation with various constraints. Consider

a differentiable guidance function f , for example a CLIP feature extractor or a segmentation

network. When applied to an image, we obtain a vector c = f(x). We also consider a function

ℓ(·, ·) that measures the closeness of two vectors c and c′. Given a particular choice of c, which we

call a prompt, the corresponding constraint (based on c, ℓ, and f ) is formalized as ℓ(c, f(z)) ≈ 0,

and we aim to generate a sample z from the image distribution satisfying the constraint. In plain

words, we want to generate an in-distribution image that matches the prompt.

Prior work on controlled generative diffusion falls into two main categories. We refer

to the first category as conditional image generation, and the second category as guided image

generation. Next, we discuss the characteristics of each category and better situate our work

among existing methods.

Conditional Image Generation.

Methods from this category require training new diffusion models that accept the prompt as
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an additional input [109, 110, 112, 117, 118, 119, 120]. For example, [109] proposed classifier-

free guidance using class labels as prompts, and trained a diffusion model by linear interpolation

between unconditional and conditional outputs of the denoising networks. [112] studied the case

where the guidance function is a known linear degradation operator, and trained a conditional

model to solve linear inverse problems. [110] further extended classifier-free guidance to text-

conditional image generation with descriptive phrases as prompts, and trained a diffusion model

to enforce the similarity between the CLIP [121] representations of the generated images and the

text prompts. These methods are successful across different types of constraints, however the

requirement to retrain the diffusion model makes them computationally intensive.

Guided Image Generation. Works in this category employed a frozen pre-trained diffusion

model as a foundation model, but modify the sampling method to guide the image generation with

feedback from the guidance function. Our method falls into this category. Prior work that studied

guided image generation did so with a variety of restrictions and external guidance functions [95,

97, 122, 123, 124, 125, 126]. For example, [95] proposed classifier guidance, where they trained

a classifier on images of different noise scales as the guidance function f , and included gradients

of the classifier during the sampling process. However, a classifier for noisy images is domain-

specific and generally not readily available – an issue our method circumvents. [122] assumed

the external guidance functions to be linear operators, and generated the component of images

residing in the null space of linear operators with the foundation model. Unfortunately, extending

that method to handle non-linear guidance functions is non-trivial. [123] studied general guidance

functions, and modified the sampling process with the gradient of guidance function calculated

on the expected denoised images. Nevertheless, the authors only presented results with simpler
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non-linear guidance functions such as non-linear blurring.

In this work, we study universal guidance algorithms for guided image generation with

diffusion models using any off-the-shelf guidance functions f , such as object detection or segmentation

networks.

5.3 Universal Guidance

We propose a guidance algorithm that augments the image sampling method of a diffusion

model to include guidance from an off-the-shelf auxiliary network. Our algorithm is motivated

by an empirical observation that the reconstructed clean image ẑ0 obtained by Equation (5.2.1.3),

while naturally imperfect, is still appropriate for a generic guidance function to provide informative

feedback to guide the image generation. In Section 5.3.1, we motivate our forward universal

guidance by extending classifier guidance [95] to leverage this observation and handle generic

guidance functions. In Section 5.3.2, we propose a supplementary backward universal guidance

to help enforce the generated image to satisfy the constraint based on the guidance function f . In

Section 5.3.3, we discuss a simple yet helpful stepwise refinement trick to empirically improve

the fidelity of generated images.

5.3.1 Forward Universal Guidance

To guide the generation with information from the external guidance function f and the

loss function ℓ, an immediate thought is to extend classifier guidance [95] to accept any general

guidance function. Concretely, given a class prompt c, classifier guidance performs classification-
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guided sampling by replacing ϵθ(zt, t) in each sampling step S(zt, t) with

ϵ̂θ(zt, t) = ϵθ(zt, t)−
√
1− αt∇zt log p(c|zt). (5.3.1.1)

Defining ℓce(·, ·) to be the cross-entropy loss and fcl to be the guidance function that outputs

classification probability, Equation (5.3.1.1) can be re-written as

ϵ̂θ(zt, t) = ϵθ(zt, t) +
√
1− αt∇ztℓce(c, fcl(zt)). (5.3.1.2)

However, directly replacing fcl and ℓce with any off-the-shelf guidance and loss functions does

not work in practice, as f is most likely trained on clean images and fails to provide meaningful

guidance when the input is noisy.

To address the issue, we observe that

p(c|zt) =
∫

p(c|z0, zt)p(z0|zt)dz0 = Ez0∼p(z0|zt)[p(c|z0)]. (5.3.1.3)

where c is conditionally-independent with zt given z0. Leveraging the fact that we can obtain a

predicted clean image ẑ0 by Equation (5.2.1.3) with ϵθ(zt, t), we approximate the expectation in

Equation (5.3.1.3) as Ez0∼p(z0|zt)[p(c|z0)] ≈ p(c|ẑ0). This leads to our proposed guided sampling

procedure

ϵ̂θ(zt, t) = ϵθ(zt, t) + s(t) ·∇ztℓ(c, f(ẑ0)) (5.3.1.4)
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where s(t) controls the guidance strength for each sampling step and

∇ztℓ(c, f(ẑ0)) = ∇ztℓ

(
c, f

(
zt −
√
1− αtϵθ(zt, t)√

αt

))

as in Equation (5.2.1.3). We term Equation (5.3.1.4) forward universal guidance, or forward

guidance in short. In practice, applying forward guidance effectively brings the generated image

closer to the prompt while keeping the generation trajectory in the data manifold. We note that a

related approach is also studied in [123], where the guidance step is computed based on E[z0|zt].

The approach drew inspiration from the score-based generative framework [87], but resulted in a

different update method.

5.3.2 Backward Universal Guidance

As will be shown in Section 5.4.2, we observe that forward guidance sometimes over-

prioritizes maintaining the “realness” of the image, resulting in an unsatisfactory match with the

given prompt. Simply increasing the guidance strength s(t) is suboptimal, as this often results in

instability as the image moves off the manifold faster than the denoiser can correct it.
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Algorithm 5 Universal Guidance

Parameter: Refinement steps k, backward guidance steps m, and guidance strength s(t),
Required: zt the noisy vector at a given time-step t, diffusion model ϵθ, noise scale αt,
guidance function f , loss function ℓ, and prompt c
for n = 1, 2, . . . , k do

Calculate ẑ0 as in Equation (5.2.1.3).
Calculate ϵ̂θ using forward universal guidance as in Equation (5.3.1.4).
if m > 0 then

Calculate ∆z0 by minimizing Equation (5.3.2.1) with m steps of gradient descent.
Perform backward universal guidance by ϵ̂θ ← ϵ̂θ −

√
αt/(1− αt)∆z0

zt−1 ← S(zt, ϵ̂θ, t).
ϵ′ ∼ N (0, I).
zt ←

√
αt/αt−1zt−1 +

√
1− αt/αt−1ϵ

′.

Return zt−1

To address the issue, we propose backward universal guidance, or backward guidance

in short, to supplement forward guidance and help enforce the generated image to satisfy the

constraint. The key idea of backward guidance is to optimize for a clean image that best matches

the prompt based on ẑ0, and linearly translate the guided change back to the noisy image space

at step t. Concretely, instead of directly calculating∇ztℓ(c, f(ẑ0)), we compute a guided change

∆z0 in clean data space as

∆z0 = argmin
∆

ℓ(c, f(ẑ0 +∆)). (5.3.2.1)

Empirically, we solve Equation (5.3.2.1) with m-step gradient descent, where we use ∆ = 0 as

a starting point. Since ẑ0 + ∆z0 minimizes ℓ(c, f(z)) directly, ∆z0 is the change in clean data

space that best enforces the constraint. Then, we translate ∆z0 back to the noisy data space of zt

by calculating the guided denoising prediction ϵ̃ that satisfies

zt =
√
αt(ẑ0 +∆z0) +

√
1− αtϵ̃. (5.3.2.2)
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Figure 5.2: Illustration of the Universal Stepwise Refinement (USR) in face-guided generation.
The left-most image is the guidance face, while the adjacent images are generated with USR
using k = 1 and k = 2, respectively. A modest increment in USR steps from 1 (the trivial value)
to 2 significantly enhances both guidance adherence and image fidelity.

Reusing Equation (5.2.1.3), we can rewrite ϵ̃ as an augmentation to the original denoising prediction

ϵθ(zt, t) by

ϵ̃ = ϵθ(zt, t)−
√

αt/(1− αt)∆z0. (5.3.2.3)

Comparing to forward guidance, backward guidance (as Equation (5.3.2.3)) produces an

optimized direction for the generated image to match the given prompt, and hence prioritizes

enforcing the constraint. Furthermore, calculation of a gradient step for Equation (5.3.2.1) is

computationally cheaper than forward guidance (Equation (5.3.1.4)), and we can therefore afford

to solve Equation (5.3.2.1) with multiple gradient steps, further improving the match with the

given prompt.

We note that the names “forward” and “backward” are used analogously to the forward and

backward Euler methods.

5.3.3 Universal Stepwise Refinement

Upon applying our universal guidance to standard generation pipelines, we observe that

in some instances, the images generated exhibit artifacts or unusual behaviors that differentiate
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them from natural images. Similar findings have been reported in [122, 124], where linear

guidance functions were explored. Although we attempted to enhance the realism by adjusting

the guidance strength s(t), finding an optimal balance that both guarantees image realism and

adherence to guidance constraints proved challenging, particularly with complex guidance functions.

We hypothesize that the direction of guidance offered by our universal method might not always

correlate with image realism, diverting the image from a natural image sampling trajectory.

Drawing motivation from [122, 124], we propose a more nuanced approach, termed Universal

Stepwise Refinement (USR), to navigate these challenges. Specifically, after sampling zt−1 =

S(zt, ϵ̂t, t), we reintroduce Gaussian noise ϵ′ ∼ N (0, I) to zt−1, deriving z′t as per the equation:

z′t =
√

αt/αt−1 · zt−1 +
√
1− αt/αt−1 · ϵ′. (5.3.3.1)

Equation 5.3.3.1 ensures z′t retains the appropriate noise scale for input at time step t. Given a

refinement step k, we repeat the Universal Stepwise Refinement k times before advancing with

the sampling for step t− 1. This refined process enables the exploration of various regions of the

data manifold at a consistent noise scale to reach a solution that aligns with both the guidance and

image quality requisites. Our empirical assessments indicate that using USR mechanism on top

of proper guidance strength s(t) significantly enhanced the image realism while still maintaining

the adherence to the prompt, as shown in Figure 6.1.

We summarize our universal guidance algorithm composed of forward universal guidance,

backward universal guidance and universal stepwise refinement for a single sampling step in

Algorithm 5. For simplicity, the algorithm assumes only one guidance function, but can be

easily adapted to handle multiple pairs of (f, l). Additionally, the objectives of the forward and
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backward guidance do not have to be identical, allowing different ways to simultaneously utilize

multiple guidance functions.

5.4 Experiments

In this section, we present results testing our proposed universal guidance algorithm against

a wide variety of guidance functions. Specifically, we experiment with Stable Diffusion [111], a

diffusion model that is able to perform text-conditional generation by accepting text prompt as

additional input, and experiment with a purely unconditional diffusion model trained on ImageNet [127],

where we use pre-trained model provided by OpenAI [95]. We note that Stable Diffusion, while

being a text-conditional generative model, can also perform unconditional image generation by

simply using an empty string as the text prompt. We first present the experiment on Stable

Diffusion for different guidance functions in Section 5.4.1, and present the results on ImageNet

diffusion model in Section 5.4.2.

5.4.1 Results for Stable Diffusion

In this section, we present the results of guided image generation using Stable Diffusion

as the foundation model. The guidance functions we experiment with include a segmentation

network, a face recognition network, an object detection network and style guidance with CLIP

feature extractor [121]. For experiments on Stable Diffusion, we discover that applying forward

guidance already produce high-quality images that match the given prompt, and hence set m =

0. To perform forward guidance on Stable Diffusion, we forward the predicted clean latent

variable computed by Equation (5.2.1.3) through the image decoder of Stable Diffusion to obtain
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Guide
Prompt Walker hound,

Walker foxhound
under water.

Walker hound,
Walker foxhound
on snow.

Walker hound,
Walker foxhound
as an oil painting.

(N/A)

Figure 5.3: In addition to matching the text prompts (above each column), these images are
guided by an image segmentation pipeline. Each column contains examples of images generated
to match the prompt and the segmentation map in the left-most column. The top-most row
contains examples generated without guidance.
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Guide
Prompt

Headshot of a
person with
blonde hair
with space
background.

Headshot of a
woman made
of marble.

A headshot of
a woman looking
like Lara Croft.

(N/A)

Figure 5.4: Each column contains examples of images generated to match the prompt and the
identity of the images in the left-most column. The top-most row contains examples generated
without guidance.
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predicted clean images. We discuss the qualitative results and implementation details for each

guidance function in its corresponding subsection. We summarize our quantitative evaluation

in Table 5.1, where we evaluate how well the generated images match the external guidance

with task-specific metrics, and include the similarity of CLIP embedding between text prompts

and images generated with and without guidance. For all tasks, the minimum difference between

CLIP similarities indicates that our algorithm performs guidance without sacrificing the effectiveness

of the underlying diffusion model.

Task Metric Value

Segmentation
mIoU 0.898

CLIP similarity (0.247) 0.249

Face
Face similarity 0.642

CLIP similarity (0.287) 0.234

Object detection
mAP@50 0.634

CLIP similarity (0.263) 0.246

Table 5.1: Quantitative analysis of different
guidance applied on Stable Diffusion. The
reference value in parenthesis is obtained with
no external guidance.

Segmentation Map Guidance. To guide

image generation using a segmentation map as

prompt, we use a MobileNetV3-Large [128]

with a segmentation head, and a publicly

available pre-trained model in PyTorch [129].

We use standard per-pixel cross-entropy loss

between a given prompt and the predicted

segmentation of generated images as our loss

function ℓ.

In our experiment, we combine segmentation

maps that depict objects of different shapes with new text prompts. We use the text prompt as

a fixed additional input to Stable Diffusion to perform text-conditional sampling, and guide the

text-conditional generated images to match the given segmentation maps. Qualitative results

are presented in Figure 5.3. From Figure 5.3, we see that the generated images show a clear

separation between object and background that matches the given segmentation map nearly
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perfectly. The generated object and background also each match their descriptive text (i.e.

dog breed and environment description). Furthermore, the generated images are overall highly

realistic. In Table 5.1, we evaluate mIoU between the ground truth segmentation map and the

predicted segmentation of generated images to assess the match with constraint.

Face Recognition Guidance. For guiding generation to include a specific person’s likeness, we

propose combining face detection and facial recognition modules into one guidance function.

This setup produces a facial attribute embedding from an image of a face. We use multi-task

cascaded convolutional networks (MTCNN) [130] for face detection, and we use facenet [131]

for facial recognition. The guidance function f then crops out the detected face and outputs a

facial attribute embedding as a prompt and we use an l1-loss between embeddings as the loss

function ℓ.

We explore different combinations of face guidance and text prompts. Similarly to the

segmentation case, we use the text prompt as a fixed additional conditioning to Stable Diffusion

and guide this text-conditional trajectory with our algorithm so that the face in the generated

image looks similar to the face prompt. In Figure 5.4, we clearly see that the facial characteristics

of a given face prompt are reproduced almost perfectly on the generated images. The descriptive

text of either background, material, or style is also realized correctly and blends nicely with the

generated faces. We again summarize our quantitative evaluation in Table 5.1. We evaluate the

similarity between facial attributes of ground-truth identity and the generated faces. In general,

two faces are considered to be from the same person if the similarity is over 0.5, and our algorithm

can effectively guide the generated face to meet the criteria.

Object Location Guidance For Stable Diffusion, we also present the results of guided image
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Guide
Prompt Headshot of a

woman with
a dog.

Headshot of a
woman with a
dog on beach.

An oil painting of
a headshot of a
women with a dog.

(N/A)

Figure 5.5: In addition to text prompts (above each column), these images are guided by an
object detector. Each column contains examples of images generated to match the prompt and
the bounding boxes used for guidance.
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Style
Prompt A colorful

photo of an
Eiffel Tower

A fantasy photo
of volcanoes

A portrait of
a woman

(N/A)

Figure 5.6: In addition to text prompts, these images are guided by a style image. Each column
contains examples of images generated to match the text prompt and the style used for guidance.
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generation with an object detection network. For this experiment, we use Faster-RCNN [132]

with Resnet-50-FPN backbone [133], a publicly available pre-trained model in Pytorch, as our

object detector. We use bounding boxes with class labels as our object location prompt. We

construct a loss function ℓ by the sum of three individual losses, namely (1) anchor classification

loss, (2) bounding box regression loss and (3) region label classification loss.

We again experiment with different combinations of text prompt and object location prompt,

and similarly use the text prompt as a fixed conditioning to Stable Diffusion. Using our proposed

guidance algorithm, we perform guided image generation that generates and matches the objects

presented in the text prompt to the given object locations. The results are presented in Figure 5.5.

We observe from Figure 5.5 that objects in the descriptive text all appear in the designated

location with the appropriate size indicated by the given bounding boxes. Each location is filled

with appropriate, high-quality generations that align with varied image content prompts, ranging

from “beach” to “oil painting”. In Table 5.1, we use mAP@50 to measure how well the generated

images satisfy the constraint.

Style Guidance Finally, we conclude our experiments on Stable Diffusion by guiding the image

generation based on a reference style given by a style image. To achieve so, we capture the

reference style from the style image by the image feature extractor from CLIP, and use the

resulting image embedding as prompts. The loss function calculates the negative cosine similarity

between the embedding of generated images and the embedding of the style image. Similar to

previous experiments, we control the content using text input as additional conditioning to the

Stable Diffusion model. We experiment with combinations of different style images and different

text prompts, and present the results in Figure 5.6. From Figure 5.6, we can see that the generated
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Object Location Forward Only Forward + Backward

Figure 5.7: Generation guided by object detection with the unconditional ImageNet model.
While both forward and backward guidance produces realistic images with the desired objects
in the designated locations, forward guidance alone produces the wrong objects or the wrong
locations/sizes.

images contain contents that match the given text prompts, while exhibiting style that matches

the given style images.

5.4.2 Results for ImageNet Diffusion

In this section, we present results for guided image generation using an unconditional

diffusion model trained on ImageNet. We experiment with object location guidance and a hybrid

guided image generation task which we term segmentation-guided inpainting. We will discuss

results of each guidance separately.
Object Location Guidance.
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Masked Image Clf. Guided Clf. + Seg. Guided

Figure 5.8: Our guidance algorithm can incorporate feedback from multiple guidance functions.
Left to right: The inpainting prompt; The classifier-guided inpainting output; Images generated
with both classifier and segmentation guidance, where realistic dogs are generated exactly on the
mask.

Object Location Fwd. Only Fwd. + Bkd.

Bounding box 1 0.39 0.90

Bounding box 2 0.18 0.36

Table 5.2: Quantitative analysis of forward
guidance only versus combination of forward
and backward guidance for object detection
guidance on ImageNet with bounding boxes in
Figure 5.7. The metric is mAP@50.

Similar to object location guidance for

Stable Diffusion, we also use the same

network architecture and the same pre-trained

model as our object detection network, and

construct an identical loss function ℓ for our

guidance algorithm. However, unlike Stable

Diffusion, object locations are the only prompts available for guided image generation. We

experiment with different object location prompts using either (1) only forward universal

guidance and (2) both forward and backward universal guidance. We observe from Figure 5.7
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that applying both forward and backward guidance generates images that are realistic and the

objects match the prompt nicely. On the other hand, while images generated using only forward

guidance remain realistic, they feature objects with mismatching categories and locations. The

observation is further backed by quantitative evaluation presented in Table 5.2. The evaluation is

based on mAP@50 between the ground truth object locations and the predicted bounding boxes

of generated images, and clearly shows that the combination of forward and backward guidance

leads to a much better match with the constraint. The results demonstrate the effectiveness of our

universal guidance algorithm, and also validate the necessity of our backward guidance.

Segmentation-Guided Inpainting. In this experiment, we aim to explore the ability of our

algorithm to handle multiple guidance functions. We perform guided image generation with

combined guidance from an inpainting mask, a classifier and a segmentation network. We first

generate images with masked regions as the prompt for inpainting. We then pick an object class

c as the prompt for classification and generate a segmentation mask where the masked regions

are considered foreground objects of the same class c. We use ℓ2 loss on the non-masked region

as the loss function for inpainting, and set the corresponding s(t) = 0, or equivalently only

use backward guidance for inpainting. We use the same segmentation network as described in

Section 5.4.1. For classification guidance, we use the classifier that accepts noisy input [95], and

perform the original classifier guidance as Equation (5.3.1.1) instead of our forward guidance.

The results in Figure 5.8 show that when using both inpainting and classifier as guidance, our

algorithm generates realistic images that both match the inpainting prompt and are classified

correctly to the given object class. Adding in segmentation guidance, our algorithm further

improves by making a near-perfect match to both the segmentation map and the inpainting prompt
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while maintaining realism, demonstrating that our algorithm effectively combines feedback from

multiple guidance functions.
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Chapter 6: DualCode: Discrete Embeddings for Unified Image Generation and

Reasoning

Given the img:0 <image> take the 
bookshelf out of it and replace the 
painting in img:1 <image>

Given the img:0 
<image> remove the 
apple from the image.

Instead of apple remove the 
black purse from the img:0

img:2 <image> 

img:1 <image> 

img:2 <image> 

Figure 6.1: Demonstrating the capability of DualCode embeddings for image editing. On the left,
it transfers a bookshelf from one image to another, replacing the painting. In multi-turn editing
(right), when asked to remove the apple, it performs the task correctly. Furthermore, when asked
to remove the black purse instead, the autoregressive nature of the model allows it to retain the
history of inputs, remembering the removed apple and thus only removing the black purse.
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6.1 Introduction

Multimodal Large Language Models (MLLMs) [134, 135, 136, 137, 138, 139, 140, 141,

142, 143] are capable of generating both text and images and hence need to support complex

tasks such as image reasoning and high-precision image editing. These models can thus describe

images through text generation and perform detailed modifications based on editing instructions.

While there are multiple ways to design such models, adopting a decoder-only transformer

architecture, similar to large language models (LLMs), has proven highly effective. To align with

this architecture, vision embeddings must be represented as sequences of embeddings, ensuring

compatibility with next-token prediction tasks and enabling a unified approach for text and image

generation.

Current vision-language models (VLMs) [136, 137, 142] often use CLIP[144, 145, 146]

embeddings, which are optimized for semantic understanding and language alignment. These

continuous embeddings can afford to be lossy because they prioritize semantic comprehension

over preserving detailed visual information, making them suitable for reasoning tasks. However,

high-precision image editing demands embeddings that retain detailed visual information for

accurate reconstruction and enable token-based processing. Models like Chameleon [143] use

VQGAN [147] embeddings to meet this requirement, as they provide discrete, lossless representations

that maintain intricate visual details essential for editing. While VQGAN embeddings excel in

visual fidelity, they lack the semantic alignment needed for understanding complex instructions.

Conversely, CLIP embeddings align well with language but sacrifice detailed visual information.

SEED-X [140] addresses the need for lossless embeddings by training an autoregressive

model to produce continuous embeddings, which condition diffusion models alongside the input
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image for high-precision image editing. However, SEED-X [140] is not a decoder-only model

and, thus, lacks the scalability of LLM-based architectures. Furthermore, its reliance on manual

source image selection at decoding leads to challenges in multi-image and iterative editing,

as it risks forgetting previous inputs. To achieve a truly scalable, decoder-only architecture

that preserves every detail of past image inputs, a unified embedding is required—one that

combines the high-fidelity reconstruction of VQGAN with the semantic alignment strengths of

CLIP, making it both adaptable and efficient for complex tasks.

Training a vision encoder from scratch that blends these properties with language alignment

would require significant computational resources and massive datasets. To address this challenge,

we introduce DualCode, a simple, lightweight framework that extends existing VQGAN embeddings

by incorporating semantic tokens derived from models such as CLIP [145] and DINOv2 [148].

This approach bridges the gap between detailed visual reconstruction and semantic understanding

without the need for costly retraining.

To this end, our contributions are as follows:

• We introduce DualCode, a simple and lightweight framework that constructs unified embeddings

by augmenting pre-trained VQGAN [149] embeddings with semantic tokens from CLIP

[145] and DINOv2 [148], effectively combining high visual fidelity with deep semantic

understanding.

• We demonstrate the superior performance of DualCode compared to standalone VQGAN

[149] embeddings in controlled settings, keeping variables such as pretrained LLMs, model

sizes, data, and compute constant.

• We propose an approach to augment instruction-tuning datasets for image reasoning and
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editing using GroundingDino for generating weakly labeled data from image-caption pairs.

• Finally, we show DualCode’s effectiveness against popular autoregressive models like SEED-

X [140] and Chameleon [143], proving its robustness and versatility across diverse tasks.

6.2 Background

MLLMs [134, 135, 136, 137, 138, 139, 140, 141, 142, 143] typically use an autoregressive

backbone where transformers are trained to generate both text and image outputs. While text

is commonly processed with well-established discrete representations, the optimal approach for

handling image data remains an active area of research. Continuous and discrete embedding

strategies each offer distinct advantages and unique challenges.

In Continuous embedding input setups [136, 149, 150], images are encoded into continuous

embeddings via a visual encoder, allowing these embeddings to be interwoven with text tokens for

joint autoregressive modeling. The leverage pre-trained models like CLIP [145] to capture high-

level semantic information, facilitating complex image reasoning tasks. Works like [136, 137,

151] explore strategies to better align image and text embeddings in a shared space to improve

multimodal coherence. LLaVA [136, 137] adopts a straightforward approach, by training a

projection matrix to align CLIP embeddings with text while Brave [151] combines multiple vision

embeddings using MEQ-former. Thus given the vision embeddings Xv and its corresponding

caption Xc, θ, is optimized by minimizing the cross-entropy loss:

Lalign = −
L∑
i=1

log pθ (ci|Xv,Xc<i) (6.2.0.1)

where ci represents the i-th token in the caption Xc.
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When it comes to generating the image, models are typically trained to regress on target continuous

embeddings [149, 150]. However, these embeddings are inherently lossy thus compromising finer

image features and limiting their effectiveness for high-precision image editing. This limitation is

addressed by SEED-X [140], which introduces a ‘source image’ during the decoding stage. The

source image, typically the last generated one in automated workflows or provided by the user,

enables SEED-X [140] to preserve details that may be lost in CLIP encoding. This approach

balances high-level semantic coherence with essential image details, enhancing continuity in

image editing tasks. Nevertheless, in multi-turn image editing, this design choice continues to

lose information from previous images, as it relies on a single, most recent image to preserve

details.

In a discretized representation setup, there is a unified training objective, allowing for

smoother integration of image and text within an autoregressive framework and making them

easier to train and scale, using decoder-only architectures. These discrete embeddings [152,

153, 154, 155, 156] can be lossy as well, which are then passed through a diffusion model as

well, to generate the final image. While models like Chameleon [143] and Emu3 [141] employ

discrete, lossless embeddings derived from VQGANs to retain detailed visual information for

image reasoning and high-precision image editing.

VQGANs [144, 149, 157] offer a powerful approach to construct discrete, lossless image

embeddings. Typically, it consists of an image encoder, decoder, and quantization module. The

loss function can be written as:

LVQ = Lrecon + Ladv + Lquant (6.2.0.2)
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where Lrecon(x, x̂) represents the reconstruction loss between the input image x and its

reconstruction, Ladv denotes the adversarial loss, and Lquant = ∥ze(x) − sg(zq)∥2 + β∥zq −

sg(ze(x))∥2 is the quantization loss. Here, ze(x) is the encoder output, zq the quantized latent

vector, and sg(·) is the stop-gradient operator, which restricts updates to backpropogate.
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Figure 6.2: Overview of the Unified Vision Embedding Framework: Top Left: The
DualCode framework integrates features from CLIP, DinoV2, and VQGAN through a Mixer
architecture, generating unified embeddings of size Nv × D. A quantization module processes
these embeddings to produce discrete outputs, which are then concatenated with the original
VQGAN embeddings and projected into the LLM input space via fully connected layers. Top
Right: The Mixer architecture combines input embeddings from different sources (e.g., CLIP:
Nc × Dc, DinoV2: Nd × Dd, VQGAN: Nv × Dv) into a cohesive embedding of size N × D.
Bottom Left: The Mixer architecture uses Separable Linear Blocks, each comprising two MLPs.
The first MLP projects the input from Ni × Di to Ni × Do, followed by a transpose operation.
The second MLP transforms the transposed input from Do×Ni to Do×No before transposing it
back to No ×Do, ensuring adaptable and consistent embedding transformation. Bottom Right:
Each MLP block within the Separable Linear Block includes a linear layer followed by layer
normalization, facilitating stability and efficient processing.
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6.3 DualCode

Decoder-only models can benefit from discrete vision embeddings, enabling more efficient

training through large-scale pretraining with a cross-entropy-based loss, similar to LLMs. Current

models [141, 143] often rely on VQGAN embeddings for their high fidelity in image reconstruction,

which is essential for high-precision image editing. However, while these embeddings retain

detailed visual information, they underperform in vision-language reasoning tasks compared to

models with other pre-trained embeddings, like CLIP [145], due to a lack of semantic alignment.

This gap highlights the need for discrete embeddings that not only preserve visual fidelity but also

achieve language alignment, supporting both precise image editing and comprehensive image

reasoning. This can be achieved by modifying the VQGAN loss function (6.2.0.2) by adding the

alignment loss from (6.2.0.1). Thus, formally the unified loss function LULF as:

LULF = Lrecon + Ladv + Lquant + Lalign (6.3.0.1)

where the image embedding used in Lalign are zq. Developing such embeddings from

scratch would require vast resources, with datasets surpassing 100 million image-caption pairs,

posing a significant computational challenge. To address this issue we propose DualCode,

where instead of training a new model from scratch, we enhance the discrete embeddings by

incorporating semantic features from models such as CLIP [145] and DINOv2 [148] in conjunction

to using VQGAN [149] embeddings. This approach results in a unified vision embedding that

retains VQGAN’s high-fidelity visual details while embedding the semantic richness necessary

for robust image understanding and editing tasks making it a lightweight and computationally
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efficient framework.

We construct DualCode as shown in Figure 6.2, where we extend the existing VQGAN

codebook, which has a length of Cv, by adding a new set of language-aligned discrete embeddings

zaq derived from a new codebook of length Ca constructed from different vision embeddings.

These two embeddings from two different codebooks are concatenated in parallel, resulting in

a combined codebook of effective length Cv × Ca. This structure splits the discrete embedding

zq into two components: zvq, derived from a frozen VQGAN, and zaq, trained for language

alignment. The unified loss function LULF can thus be expressed as:

LULF = Lrecon + Ladv + Lvq
quant + Laq

quant + Lalign (6.3.0.2)

Here, Lrecon and Ladv correspond to the frozen VQGAN discrete embeddings zvq and are

already optimized, ensuring high-quality image reconstruction. The quantization loss Lquant is

split into Lvq
quant for zvq, which preserves visual fidelity, and Laq

quant for zaq, which is minimized

jointly with the alignment loss Lalign to ensure semantic consistency with text. The alignment

loss operates on the concatenated embedding zq = [zvq; zaq], optimizing only zaq while keeping

zvq frozen. This design allows DualCode to achieve discrete, lossless, and semantically enriched

embeddings efficiently, making it suitable for tasks requiring detailed image reconstruction and

language alignment.

To construct zaq, as seen in Figure 6.2, the Mixer architecture is used to combine multiple

vision embeddings of varying lengths and dimensions into a consistent output size of No × Do.

However, directly training a linear layer that projects inputs from Ni × Di to No × Do or a

transformer-like architecture would require a large parameter space, making it computationally
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expensive. To address this, we employ Separable Linear Blocks within the Mixer to break the

transformation into two sequential linear operations, significantly reducing computational costs.

Each Separable Linear Block first projects the input from Ni×Di to Ni×Do, adjusting only the

feature dimension. The intermediate result is then transposed to Do × Ni, allowing the second

linear layer to project it to Do × No, modifying the sequence length while keeping the feature

dimension consistent. Finally, the output is transposed back to No ×Do as desired.

Once the Mixer processes these unified embeddings, za is quantized into discrete representations

zaq using the alignment codebook of length Ca, which is then projected into the input space of

the LLM to minimize Lalign using a projection matrix. This unified embedding, constructed with

approximately 35M additional parameters for D = 16 and Ca = 8192, leverages existing image

features to create a lightweight and easily trainable framework. tures, making the framework

lightweight and easy to train.

6.4 Experiments

In this section, we evaluate DualCode’s performance on image reasoning and image editing

tasks, comparing it to models that rely solely on VQGAN embeddings. To isolate DualCode’s

impact, we perform experiments in a controlled research environment, maintaining other variables

such as the pre-trained LLM backbone, model sizes, training data, compute resources, evaluation

data, and evaluation strategies constant. This controlled setup enables us to assess DualCode’s

unique contributions to semantic alignment and image fidelity, independent of external factors.
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6.4.1 Training Methodology

Our training process consists of two key stages: Stage I focuses on building DualCode,

and as discussed in Section 6.3, our design choice requires training only the language-aligned

embeddings zaq. Similar to Stage I training in [136, 137], this stage optimizes zaq and the

projection matrix W , which is applied to the concatenated embedding zq = [zvq; zaq] to create

continuous embeddings in the LLM input space by minimizing the entropy of generating image

captions. This stage, therefore, establishes discrete representations along with their corresponding

continuous embeddings. For a fair comparison with models that use only VQGAN embeddings,

we also train continuous embeddings derived solely from VQGAN’s discrete tokens, ensuring

both models operate under similar compute and data conditions. This stage provides the foundation

for language-driven image reasoning and editing. The pre-trained VQGAN model used in our

experiments is from LlamaGen [149], which performs 16x downsampling, and the CLIP model

is CLIP-ViT-L-336px as in [136]. All experiments are conducted with an image resolution of

336x336 pixels.

In Stage II, we build on the language-aligned embeddings from Stage I to enable image

reasoning and editing. In Stage I, zq was optimized while the LLM remained frozen; in this stage,

however, we reverse this setup by freezing zq and unfreezing the LLM, allowing it to be fully

trained. This stage aims to train two multi-modal models—one using DualCode embeddings

and the other using only VQGAN embeddings—to enable a fair comparison between the two

embedding approaches.

To handle multi-modal input in Stage II, we use continuous embeddings obtained through

the projection matrix W and add additional trainable embeddings to ensure no loss of visual
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information. For the model using only VQGAN embeddings, we represent the image as a

sequence of discrete tokens zq = [zvq] along with their corresponding one-hot encoding iv. The

continuous embedding is defined as ec = Wz · zq + Wi · iv, where Wi · iv is implemented as a

PyTorch embedding layer. With VQGAN’s codebook size of 16,384 unique tokens [149] and an

embedding dimension of 4096, resulting in 67.2M parameters.

For the model trained with DualCode embeddings, this approach becomes computationally

intensive, as the combined codebook size is Cv×Ca. Setting Ca = 8192 results in approximately

134M unique tokens, which would require an estimated 552B parameters if each token had

unique trainable embeddings. To optimize, we treat zvq and zaq separately in the concatenated

embedding zq = [zvq; zaq], resulting in ec = Wz · [zvq; zaq] +Wiv · iv +Wia · ia. The additional

parameter count comes from the new embedding Wia·ia, bringing the total to 100.74M parameters—an

increase of 33M relative to the VQGAN-only model, which is very small given the 7B parameter

LLM. Thus DualCode model uses three embedding layers: one for text and two for visual

embeddings, while the VQGAN-only model requires only two embedding layers.

Similarly, on the output side, we retain the original language head and add three additional

heads for the DualCode embeddings: one for VQGAN token prediction, one for image-aligned

token prediction, and a signal head that indicates whether the output should be text or image,

directing the LLM to the appropriate output head based on the task. For the model trained with

only VQGAN embeddings, a total of three heads are required.
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6.4.2 Training Data

In Stage I, we train DualCode by optimizing zaq on a dataset of 10 million image-caption

pairs. For a fair comparison with VQGAN embeddings [149], we also train a projection matrix

on VQGAN embeddings to create continuous embeddings in the LLM input space, using the

same data.

In Stage II, we train two models—one using DualCode embeddings and the other using

only VQGAN embeddings—so that each can handle both image reasoning and editing tasks in

a unified manner. Constructing a dataset for both tasks is challenging, as combining existing

instruction-tuning datasets yields fewer than 5 million examples. To address this, we introduce

an intermediate training phase using weak labels generated by GroundingDino [158], a tool that

detects objects in images based on captions. This intermediate data provides information about

object localization, spatial relationships, and basic image editing operations such as object-guided

inpainting, removal, and color adjustments. We provide the full list of tasks used to generate weak

labels in the Appendix. By generating weak labels without manual intervention, this phase allows

us to expand the training set to 30 million examples, improving the model’s performance in both

image reasoning and editing.

After training on weak labels, we further refine the model with high-quality instruction-

tuning datasets that combine image editing and reasoning data. For image reasoning, we use

images and questions from the LLaVa-Next dataset [136] and generate answers using Meta’s

open-source Llama 3.2 (11B) model [159], as internal restrictions prevent us from using answers

generated by OpenAI models. For image editing, we integrate datasets from SEED-X [140],

instructPix2Pix [160], and MagicBrush [161] for single-image editing tasks.
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For multi-image generation, we create synthetic datasets where variations x1 and x2 are

derived from a base image x0. Specifically, we detect and select an object in x0, producing x2 by

inpainting the region after removing the object from x0, and creating x1 by placing the object on

an empty background with outpainting. The multi-image task then requires generating an image

like x0 but with the object from x1 positioned as in x2. For multi-turn editing, we construct a

challenging dataset that requires preserving past image inputs. For example, the model might be

instructed to remove object A from x0 to create x1, followed by an instruction to remove object B

instead of object A, resulting in x2. This setup encourages the model to retain information about

previous edits, as generating x2 requires recalling details about the previously removed object A.
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Figure 6.3: Comparison of DualCode, VQ-GAN, and SEED-X-Edit models across various tasks.
Top Left: DualCode achieves precise color alteration, outperforming VQ-GAN in consistency
and SEED-X in content preservation. Top Right: DualCode excels in object removal with clean
inpainting, while VQ-GAN struggles with precision. Bottom Left: DualCode produces natural
style transfer results and effective object replacements, though SEED-X outshines in the latter
task due to its pretrained SDXL model. Bottom Right: DualCode demonstrates superior multi-
image editing capabilities, surpassing VQ-GAN. SEED-X is excluded from multi-turn editing
due to its single image-to-image training limitations.
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Figure 6.4: Performance of various vision embeddings: LLM aligned Continuous Embeddings,
Discrete VQ-GAN embeddings, and DualCode Embeddings. For image reasoning tasks,
performance is evaluated using four benchmarks: MME, MMBench, POPE, and MMStar. For
image editing tasks, we evaluate the embeddings on three scenarios: Single Image-to-Image,
Multi-Image, and Multi-Turn Image Editing. The editing capabilities are assessed using
Gemini-1.5-Pro and GPT-4o-mini. Continuous embeddings are lossy and hence unsuitable for
high-precision image editing.

Figure 6.5: Demonstrating multi-turn image editing with end-to-end autoregressive models
trained on VQGAN and DualCode embeddings. Unlike traditional models, which modify only
the last image and ‘forget’ previous edits, an end-to-end autoregressive model retains image
history and attends to prior edits. In this example, the model first removes object A (e.g., the
Christmas tree, cup, or dog), then removes object B instead of A, all while referencing the
original image. DualCode outperforms VQGAN, which sometimes misses the target object or
removes unintended elements, showing superior performance in multi-turn image editing.
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6.5 Results

In this section, we evaluate and present results for both image editing and reasoning capabilities.

For image reasoning, we utilize four benchmarks: MMBench [162], MME [163], POPE [164],

and SEED-Bench [165], which assess the embeddings’ capacity to understand and reason about

visual content. The image editing tasks include Single Image-to-Image Editing, Multi-Image

Editing, and Multi-Turn Editing. These tasks are evaluated using Gemini-1.5-Pro [166] and GPT-

4o-mini [167] APIs, which provide scores between 1 and 10, following a methodology similar to

[168, 169]. The sum of both scores is reported. For Single Image-to-Image Editing, we use the

dataset from [168], focusing particularly on images in categories such as Color Alteration, Object

Removal, Style Alteration, and Object Replacement. For the multi-turn and multi-image editing

tasks, testing data is carefully generated locally similar to training data as discussed in 6.4.2 due

to the absence of standard evaluation benchmarks.

We initially demonstrate the impact of training with weakly labeled data, combined with

high-quality image editing and reasoning instruction data, as shown in the first two rows of

Tables 6.1 and 6.2. Quantitative results show that the models trained with DualCode embeddings

improve significantly when weakly labeled data is included, highlighting the effectiveness of

such data. Thus, in subsequent experiments, we present results for models trained using weakly

labeled data.

To assess the influence of vision embeddings on image reasoning and editing performance,

we compare three types of vision embeddings: Continuous Embeddings (based on CLIP [145]

and DINOv2 [148] features), VQ-GAN Embeddings [149], and our proposed DualCode. To

minimize the influence of external factors, we ensure consistency in model size, data, and compute
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Model MMB MME POPE SEED-B
DualCode (No WLT) 63.0 1583.93 65.9 51.85
DualCode 57.0 1880.57 78.3 53.57
SEED-X-I 77.4 1858.0 85.13 66.8
SEED-X-Edit 25.7 605.3 50.00 25.3
Chameleon-7B 27.30 524.26 70.45 27.09

Table 6.1: Comparison of DualCode with other models across four image reasoning tasks.
Results are shown for DualCode with and without weakly labeled training, alongside SEED-
X-I and SEED-X-Edit optimized for reasoning and editing, and Chameleon-7B. Best results are
bold, second best are underlined.

Model Color Replace Style Removal Avg.
DualCode (No WLT) 5.66 3.55 12.70 7.70 7.60
DualCode 10.08 6.93 14.42 8.89 10.06
VQ-GAN 9.24 5.13 13.89 8.80 9.26
SEED-X-Edit 7.36 7.21 12.32 7.07 8.49

Table 6.2: Performance comparison of models across image editing tasks: Color Alteration,
Object Replacement, Style Alteration, and Object Removal. DualCode is evaluated in two
versions: with and without weakly labeled data. Comparisons include VQ-GAN and SEED-
X-Edit. Scores are generated using Gemini-1.5-Pro and GPT-4o-mini. Best results are bold,
second best are underlined.

resources while training separate models for VQ-GAN embeddings and DualCode embeddings.

Each of these models is trained on both image reasoning and editing tasks as discussed in Section

6.4.2. For Continuous Embeddings, we train only on image reasoning data, as they are unsuitable

for high-precision image editing due to their lossy nature.

As shown in Figure 6.4, Continuous Embeddings perform the best in image reasoning

across the benchmarks, consistently outperforming both VQ-GAN and DualCode embeddings.

While DualCode embeddings are slightly behind Continuous Embeddings, they still perform

competitively and show a significant improvement over VQ-GAN embeddings, demonstrating

the benefits of language-aligned discrete vision embeddings. Furthermore, even for image editing

tasks, DualCode embeddings consistently outperform VQ-GAN embeddings.

We also compare the performance of our model trained with DualCode embeddings against
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other autoregressive models designed for both image reasoning and editing. Table 6.1 shows a

comparison with SEED-X [140] and Chameleon-7B [143]. DualCode, a unified model for both

tasks, significantly outperforms Chameleon-7B and achieves performance comparable to SEED-

X-I [140], which is specifically optimized for image reasoning. In Table 6.2, our trained models

achieve higher scores compared to SEED-X-Edit [140] across various categories in single image-

to-image tasks.

The qualitative results are presented in Figure 6.3 and Figure 6.5. In Figure 6.3, we

compare the image editing capabilities of models that were trained with VQGAN and DualCode

embeddings in a controlled research environment. We find that, in most cases, DualCode outperforms

models trained with VQGAN embeddings. This is largely due to the ability of the DualCode

embeddings to accurately identify object boundaries, resulting in high-precision image editing,

whether it involves single image-to-image or multi-image editing. We also compare the performance

of SEED-X [140] for single image-to-image editing and observe that DualCode achieves better

results in all categories except when asked to replace objects, which aligns with our quantitative

results. In Figure 6.5, it is evident that DualCode embeddings also deliver superior performance

in multi-turn image editing compared to the VQGAN embeddings. The open-source model

SEED-X-Edit [140] is not trained for multi-turn editing, so a direct comparison was not possible.

Note: Models with lossy image embeddings require a source image during decoding to

retain information that would otherwise be lost, as outlined in SEED-X [140]. In complex

editing tasks, selecting this source image is challenging and often requires manual intervention.

Automating this process by always using the latest generated image fails in multi-turn edits that

require references to earlier images. For example, in Figure 6.5 , if object A is removed in the

first step, a second instruction to “remove object B instead of A” lacks spatial details about A,
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highlighting the limitations of lossy embeddings in such scenarios. Consequently, even a well-

trained model may struggle with these tasks due to the inherent limitations of this design choice.

6.6 Conclusion

Large Language Models (LLMs) have demonstrated impressive capabilities in text reasoning

and editing, and building on this foundation, multi-modal LLMs hold great promise. However,

while text can easily be converted into discrete sequences without losing details, achieving the

same for images is challenging, especially when finer details must be preserved. VQGAN

offers a straightforward approach for obtaining discrete lossless representations, but they fall

short in reasoning tasks compared to CLIP. In this paper, we do not aim state-of-the-art MLLM,

rather, we investigate whether VQGAN embeddings are truly the best choice for discrete lossless

image representations. We hypothesize a better performance can be achieved if embeddings

are semantically aligned as well. While training such models from scratch with alignment

loss could address this, it is resource-intensive. To tackle this, we propose DualCode, built on

existing VQGAN and semantically aligned embeddings. They are easy to train and significantly

outperform VQGAN in reasoning and editing tasks, paving the way toward building discrete,

lossless, and semantically aligned image embeddings for MLLMs.
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[55] Petar Veličković, Adrià Puigdomènech Badia, David Budden, Razvan Pascanu, Andrea
Banino, Misha Dashevskiy, Raia Hadsell, and Charles Blundell. The clrs algorithmic
reasoning benchmark. In International Conference on Machine Learning, pages 22084–
22102. PMLR, 2022.

[56] Gleb Rodionov and Liudmila Prokhorenkova. Discrete neural algorithmic reasoning. arXiv
preprint arXiv:2402.11628, 2024.

[57] Sainbayar Sukhbaatar, Edouard Grave, Piotr Bojanowski, and Armand Joulin. Adaptive
attention span in transformers. In Anna Korhonen, David Traum, and Lluı́s Màrquez,
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