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Chapter 1: Introduction

Given polynomials f, g € Q[x], Chapman and Ponomarenko [1] showed that f(Z) = ¢(Z)

if and only if one of the following holds:
1. f(z) =g(x +b) for some b € Z
2. f(x) =g(—x+b) for some b € Z

3. There is an odd integer k such that f(z — %) is even, and g(z) = f(2z + b) or g(z) =

f(—2x +b) for some b € Z.

Let O be the ring of integers in a number field K and let f(x) and g(z) be in K[x]. We extend
this result to all such O. If we have f, g, we can produce new examples by replacing g(x) with
g(ux + b) where u is a unit and b € O, or by using f(z) + ¢ and g(z) + ¢ for any ¢ € K.

Therefore, for ease of exposition, we may assume f(0) = ¢g(0) = 0.

Theorem 1.0.1. Let f,g € K|x] such that f(O) = g(O). Normalize f and g so that f(0) =

g(0) = 0. Then:

1. deg f =degyg

2. Ifdeg f > 1 and there is no unit u such that f(x) = g(ux) then there are two possibilities:



(a) There exists a prime power p" > 2 dividing deg f with G € O and there exist

B,c € K such that f(x) is a polynomial in (x + 1*2ph " and g(z) = f(Bz)

(b) or in a special case where p = 2 and f(x) is a polynomial in (x + 1_2 h)2h and
2

g(z) = f(B*x).
Here (, denotes a primitive pth root of unity.

3. In case (a), there are primes Py, Py dividing p such that the prime ideal factorization of
(B) is PPy % where 6; € {0,1}, vp,(c) = 0, vp,(c) = —06,, and the norms of Py and Py

are p.

In case (b), there are primes Py, Py dividing 2 such that the prime ideal factorization of
(B) is PPy % where 6; € {0,1,2}, vp,(c) = 0, vp,(c) = —6,, and the norms of Py and

Py are p.

It will be clear from the proof that, up to specifying the possible values of ¢, this gives a

complete classification of possible pairs of polynomials f, g such that f(O) = g(O).

1

) and g(z) is a polynomial

Remark: If we reverse the roles of f, g we get that f(x) = ¢(
in (z + M)ph. Note that vp,(c¢/f) = 0 and vp,(¢/B) = —d1. So the theorem in a sense is
symmetric in f, g.

This problem is similar to but distinct from the problem of characterizing polynomials that
map O to O. These are explored in depth in [2].

We start our proof using a modification of Hilbert’s irreducibility for linear factors instead

of just general factorization. We use the fact that we can always get a linear factor to state

flx) =% dj(z+ 1—C<,,h, )77" where d; € ©. Then the remainder of the proof is an analysis of the

possible numerators and denominators of the coefficients of linear factors.

2



Chapter 2: A Variant on Hilbert Irreducibility

The classical Hilbert Irreducibility Theorem [3] states that if sufficiently many specializa-
tions of a polynomial are reducible than the polynomial itself is reducible. We need a variant of
this that yields linear factors. This can be deduced inductively from various forms of the the-
orem [4]. We choose to give a proof based on Ramsey theory, following the proof of Hilbert

Irreducibility given in [5].

Theorem 2.0.1. Let O be the ring of integers of a finite extension K of Q. Let F(z,y) € O[z,y|
and suppose for all sufficiently large b € 7 there exists a € O such that F(a,b) = 0. Then

F(z,vy) has a factor of the form x — h(y) for some h(y) € K|y.

Proof. First we normalize. We say F(z,y) = Y. gi(y)2’. Then we can define F(z,y) =
F(z,v)/9n(y). We may now assume F'(z,y) is a monic polynomial in x with rational function
coefficients in y.

Let L be the Galois closure of K/Q and let G = Gal(L/Q). For each o € G let F' be the

result of applying o to each of the coefficients of F'. By Puiseux’s theorem [6, section 14],

FU('Tay) = H(LU - fU,i(y))

)

where f,; is a Puiseux series of the form Zivoo bjyj/ k for some k. We can replace k by the Icm



of the values of k for all the possible o’s and 7’s and use that k for all of the possible f, ;. These
all converge for |y| sufficiently large.

For 0 = 1 we have

F(z,y) = [[(= = fi(w)),

Let y = n* where n € Z is sufficiently large. By hypothesis, we know there exists a € O such
that F'(a, n*) = 0. This implies that for each such n we may choose i,, such that F'( f; (n*),n*) =
0 and f; (n*) € O.

Let o0 € GG. Then

F7 (o (fiu(n) ) =0,

SO

o(fin(n*)) = foi,,. (")

for some i, ,. We can choose i, , = i,, when o = 1.
We assign to n the color (in,...,%n,.--)eg). There are only finitely many possible
colors, so we have colored all sufficiently large natural numbers with a finite coloring. The cube

lemma states the following:

Lemma 2.0.2. Given a finite coloring of the integers and a number m, there exists i1, . . ., [im
such that for infinitely many integers ~y all numbers of the form ~ + Y " | €;j; where €; = 0 or 1

are the same color.
Proof. For a proof see [5]. [

Using the cube lemma, we have that there exist sufficiently large n such that {n—+>_ €;u;|¢; €



{0,1}} are colored the same. This means there are i; and i,, independent of n such that
o(ful(n+ Y ap))) = fois((n+)_ em)")

for a sequence of sufficiently large n and f;, ((n + >, €;1;)%) isin O.

‘We can write

fa,i[, (nk) = Go,i, (77,) = Dojis (TL) + go,ig (TL),

where p,;, (z) € C[z] and {,,, (z) € C[[1/z]] with no constant term. Because there are only
finitely many choices for p,;, we may assume that m is larger than the degree of all such choices.
Because the Puiseux series has a positive radius of convergence, there exists /V such that for all
|¢(n)| < eforalln > N.

For a function h(z) define A;h(z) = h(z + p;) — h(x). Consider
ANy AN Goi,(N) =010 - Appoin (M) +FA10g - Ayly s (0).
Because m > degp,.;,, the general theory of finite differences implies that
ANy - Appei, (2) = 0.
It is easy to show that

1AL As - Amgos, (0)] = [A1Ag -+ Al (n)] < 27



when n > N. Because of our coloring choice,

0 (A1Ay - Apgi(n)) = A1Ag - Aygoi, (1)

and these are algebraic integers. Therefore, when e is sufficiently small, A; Ay - -+ A, 9,4, (n) is
an algebraic integer whose conjugates all have absolute value less than 1 and thus their product
is 0. We conclude that

AlAQ tee Amg“ (TL) =0

for a sequence of n — oo.

Since ¢ is an analytic function in 1/n, this means that

AlAQ s Amgll (Z) =0

for all sufficiently large 2.

We now work backwards by induction. Suppose we have that

AaAa—&—l Tt Amgzl (Z)

a polynomial P,(z) of degree < a — 2. We can write

Pa(n) = Pa-‘rl(n + :U’a) - Pa—i—l(n)



for some polynomial P, (n) of degree < a — 1. Then

A (Auyr- - Angi(n) — Pay1) (n) =0

for a sequence of n — co. By the above the reasoning,

Aui1 - Angi (2) = Poga(2).

By induction, g;, () is a polynomial.

We have now shown that F'(z,y) has a factor x — f; (y) where f; (y) is a polynomial of
degree d in y/* with f;(m"*) € O for infinitely many m. Take d + 1 distinct integers m; with
f(mF) € O. We have

fio(mb) = Cqmd + ...+ Cim; + Cy

is an element of O. This yields

1 mo ... mg CQ fi,o’ (mo)
1 my ... mil Cl fi’g (ml)
1 mqg ... mg Cd fw(md)

The first matrix is a Vandermonde matrix with determinant

II (e —my).

0<j<k<d



Since the m;’s are distinct, the determinant is non-zero, which means the Vandermonde matrix is
invertible. Since all the f; ,(m;) are in O, the C';’s must be in K.

We have shown that if F'(z, y) is such that for each sufficiently large y € Z, there exists an
x such that F'(x,y) = 0 then there exists a polynomial g(z) € K|[x] such that x — g(y*/*) is a
factor of F'(x,y). We want to show that there are no fractional powers. To do so we will apply
what we’ve shown to modifications of F'(x,y).

Let p be a prime in Z and consider G(x,y) = F(x, py). Since G(z, y) satisfies the condi-
tions we put on F'(x, y), there must be an h,, € K[z] such that z — h,(y'/%) is a factor of G(z, y).
Thus = — h,((y/p)'/*) is one of the Puiseux factors of F'(z,y) (not necessarily x — g(y*/*)). If
F(z,y) is of degree b in z, there are at most b possible such factors. So we choose b + 1 unrami-
fied primes and by the pigeonhole principle, there are p; and p, such that i, and h,, correspond

to the same Puiseux factor. Thererfore,

hon ((y/P1)"") = by ((5/02) ).

Let hy, () = 3, a;z’ and hy,,(v) = 3 bj2?. From the above, we know the coefficients of
h,, and h,, are in /. Suppose a; is non-zero for some ¢ such that i/¢; ¢ Z. Then there exists b,

such that

ai(y/p)"" = b(y/p2)".

Therefore i /¢; = j /{5 and

i/l
(&)/lzﬁefc
b1 a;

Since each p; is unramified, we have a factorization p;O = P, P, ... P, into distinct prime ideals.



But a fractional power of P cannot appear in the prime factorization of b;/a;. So the non-
integral power coefficients must be 0. Therefore h,, ((y/p1)'/*1) = hi(y/p1) for some by € K|[z].
Therefore, © — hy(y/p1) is a Puiseux factor of F'(x,y). This completes the proof of Theorem

2.0.1. O



Chapter 3: A Tale of Two Polynomials

Let f(x) and g(x) be polynomials in K [x] such that

In other words, for every = € O there exists a y € O such that f(z) = ¢g(y) and vice-versa.

Lemma 3.0.1. deg f = deg g and they differ by a linear change of variables.

Proof. By Theorem 2.0.1, f(x) — g(y) has a factor (z — k(y)). This means f(k(y)) = g(y). So
deg f < deg g. The opposite direction yields deg f > deg g and thus the degrees are equal and

deg k = 1. [

From now on we’ll let n = deg f = deg g.

A linear factor of f(z) — g(y) must be of the form ax — by + ¢ where a, b # 0. Otherwise,
f(x) would contain y or g(y) would contain x. Therefore we can put all linear factors into the
form z — by + c. Write f(z) — g(y) = h(z,y) [[;(x — biy + ¢;) where h(x,y) has no linear
factors in K[z, y]. Suppose ¢; ¢ O for all i. Choose ¢t € O so that tb; € O for all i. Then
[L,(z = bity + ¢;) # 0 when x,y € O. Therefore there exists an « such that h(z, ty) = 0. This
happens for all y so by Theorem 2.0.1, h(z, ty) has a linear factor, so h(x,y) has a linear factor.

This is a contradiction, so ¢; € O for some i. Therefore we can translate = by ¢;, which is in O,

10



and assume some ¢; = 0.

Henceforth we will assume = — By is a factor of f(z) — g(y).

Lemma 3.0.2. There exists an m|n (recall n is the degree of f) and ¢ € O such that every linear
factor (up to a multiplicative constant) of f(x) — g(y) has the form l(x,y) = v — .y + c%
where (,, is a primitive mth root of unity, and each such linear factor with 0 < v < m appears

in the factorization of f(x) — g(y). If m = 1 we let ¢ = 0 and omit the c term. We can write

flx)=>"di(x + ﬁ)ﬁm and g(y) =Y d;(By + 1_C<m)jmf0r some coefficients d,.

Proof. Since f(x) and g(y) have the same degree f(z) — g(y) has the form a(z™ — yy™ + .. .).
The fact that x — [y is a factor implies that v = 3". Suppose we have a linear factor uz + vy + w.

Then

f (ﬂ) —g(y) = £ (B).

Comparing highest terms yields (—v/u)" = (5)". So every linear factor must be of the form
x — BCny + ¢ . We need to evaluate c.

Note that we have also proved that if there is more than one linear factor then the factors
must be distinct and if we have r linear factors in K[z, y|, there are at least r distinct roots of
unity in O.

Suppose we have two factors, x — By and x — 5(,,y + ¢. Then

f(By) =gy) = f(BCny —c).

From this we have that f(x) = f((,z — ¢). So f(z) is invariant under an affine transformation

and we want to find the fixed point. So we solve * = (,,,x — ¢ for x and obtain x = z —. We

11



now have that f( =) = f( ). If we take h(z) = f( —¢) then we have
h(z) = h({mx). Therefore, h(x) has the form Y d;27™ and thus
c m
x):Zdj(x+1_C ¥ and g(y Zd By+1_Cm) :

Therefore f(x) — g(y) has the factor (z + =)™ — (8

1—C< )™, which factors into the linear

factors x — B3¢y + c% for0 <i < m. O

So we now have not only the structure of f and g but also the structure of their factors. We
also have if there is more than one factor then (,,, € O for some m > 1 and m|n. We want to

show that there is a maximal such m.

Lemma 3.0.3. Suppose f can be written in the form of Lemma 3.0.2 with m = my and with
m = my. Then f(x) must be a polynomial of the form f(x) = > dj(r + #)jm where
m3

ms = lem(my, my).

Proof. The case my = 1 is trivial so without loss of generality assume 1 < my < m,. We have

Zd x+1_<m1 ]m1_Zd/ 1_<m2)km2'

If we shift by we get

1—

Jgm1 __ / 1 mo
f(x_l_cnu de Zd 1_Cm2 _Cm1)k .

If ;

C — 1_‘21 #£ 0, the coefficient of the 2*™2~! on the right will be non-zero while the
ma 1

coefficient of 7™ ~! will be zero. If the above difference does equal 0, we have a polynomial in

12



2™ that is also a polynomial in ™2 so it must be a polynomial in 2. [

As in the previous lemma this gives us ms linear factors for f(x) — g(y). Write

1-¢,
1= G

f@)=g(y) = h(z,y) [[(z - BGy +c ) (3.1)

where h(z,y) has no linear factors and (,,, is an element of K. The integer m is uniquely deter-

mined from the above lemma.

Lemma 3.0.4. Let notation be as in Equation (3.1). For every y € O there exists an v € O and

1-¢,
1_Cm :

an i such that v = B3¢’y — c

Proof. Fix y and suppose there isn’t such an x. Choose 0 # D € O such that D3 € O. Let
11 =y + Dt where t € O.

Letz; = B¢y — c% If z; € O for some i then z = x; — DBt is in O and therefore

L= G 4 1-Gn

BGny — 7= = Ponlyr = Di) —e

This is a contradiction. So for each such y; no linear factor can provide the required z; € O.
Therefore for each such y; there must be x € O such that h(z,y,) = 0. Let H(z,t) =

h(z,y + Dt). For each ¢ there exists x such that H(z,¢) = 0. By Theorem 2.0.1 there must a

linear factor, but this is a contradiction since h(z,y) has no linear factors. So for each y there

must exist an x as in the statement of the lemma. O]

Proposition 3.0.5. There exists a prime p dividing n such that

(1—-¢,)BisinO.

13



If B & O, then ¢, € O.

Proof. Let m be the maximum number of linear factors of f(z) — g(y). These factors are of the

form x — ¢y + c%

The previous lemma implies that for every y = ¢/ there must be an x
coming from one of these linear factors. Suppose x comes from = — By, then z = 3¢,. Since
x € O, we have § € O and trivially (1 — ()5 is in O for every choice of p.

Now assume 3 ¢ O. There are m roots of unity and the i = 0 in Lemma 3.0.4 can never

supply the x, so there are at most m — 1 linear factors remaining. We now have i, j, k such that

y = ¢J and y = C* use the ith factor to produce their values of z and therefore

are both in O. Therefore x; — x; = B¢, (¢, — %), which means 3(1 — (/%) isin O. If I * is
not a prime power root of unity then (1 — ¢/-%) is a unit [7, Proposition 2.8] so 3 € O, which is
assumed not to be true for the present case. Therefore (/% = (pr for some p". Since (1 — Coh)

divides (1 — ¢,) this means 3(1 — (,) is integral. O

14



Chapter 4: 'The Denominators’ Names

In this section we use the assumption that for every y € O there exists an z € O such that
f(x) = g(y) in order to analyze the denominators of 3 and c in the factors = — 8¢’y + c%
By Lemma 3.0.4 one of these factors must give the desired x.

If 5 € O then the i = 0 factor suffices, so we now assume that 5 ¢ O. By Lemma 3.0.5
the only prime factors of the denominator are primes dividing p.

Let P be a prime ideal of O in the denominator of 3. Let Op be the localization and let ™

be a uniformizer. Let 7% be the exact power of 7 in the denominator of 3 and let 7* be the exact

power of 7 in the denominator of c:

vp(f) = —k <0, vp(c) = —L.

Consider the factors

o= Gye (1o ) oGyt

By Lemma 3.0.4 for every y there exists an ¢ such that
¢By —c; € O C Op.

15



Multiply by 7*¢ ¢ to obtain

B Gl —1

By = 7" e, =7 CT mod 7" Op.
Let
= WECCT:L -1
1- Cm

and note that 7‘c is a unit. We need

By = 77t mod 7 Op.

Note that 7% is a unit in Op. Therefore 7%By runs through all N(P)* integral congruence

classes mod 7Tk0'p as y takes all the values in O mod 78©. Therefore as i varies, Wk_ec; has to

run through at least N (P)* congruence classes mod 7*.

We now consider three cases: ¢ < k, ¢ > k, 0 = k.

4.1 (¢ <k

If ¢ < k then 78~¢, = 0 mod 7, which means 7%~*¢} does not yield the non-zero congru-

ence classes. Therefore ¢ > k.

42 >k
We need the following lemma.
Lemma 4.2.1. Let v be the valuation of Z[(,n] for the prime ideal (1 — (,n) normalized by

16



v(1 = (,n) = 1 and let v, be the usual p-adic valuation on Z. If p" { i then

’U(l — C;h) = p””(i).

Proof. This follows easily from the equality of ideals (1 — (,»)?" = (1 — (,n-<) when s < h. [

We need the integral values of 7 ~*c} to run through the N(P)* congruence classes mod
7%, The case i = 0 takes care of the zero congruence class, so we assume i Z 0 mod m. Since
¢ > k we must have vp((," — 1) > ¢ — k > 0 so we must have (', is a p-power root of unity.
Write m = pm, with p { m;. We must have m;|i so we write i = myi; and !, = C;}L. Set
vp(1 — (,n) = M. We need

Mpr® = Mpv) = pp (¢ —1) > 0 — k4 vp(1 — Cn). (4.1)

)
ph

k=£cl. Suppose

We want to see how many congruence classes mod 7" are represented by 7
J =Jjimp and

Mp» =9 > vp(1 — Gn) + L. (4.2)

This is equivalent to *-7 — 1 =0 mod (1 — ()¢, which implies

e =" mod 7"

We need to count how many indices 7 satisfy (4.1) and such that no pair of distinct indices
i, j satisfy (4.2). The condition (4.1) yields integrality and condition (4.2) guarantees the 7¢~‘c}’s

)

are distinct mod 7.

17



Lemma 4.2.2. Let 0 < A < B be real numbers. Let S be a set of integers such that v,(i) > A
foralli e Sandifi,j € Swithi# jthenv,(i — j) < B. Then the number of elements in S is

at most plP1-141,

Proof. The elements of S must be distinct mod p/Z! and they must be multiples of p/4]. There

are pl B1=141 such residue classes mod p/?1. O

First assume ( is not a p-power root of unity. Then vp(1 — (,,) = 0 since it is a unit. From

(4.1) and (4.2), and Lemma 4.2.2, the number of ;s that satisfy the inequalities is

pﬂogp(%ﬂ—ﬂogp(%ﬂ )

Because we have to represent all classes mod 7" (that is, mod P*) we must have

pﬂogp(%ﬂ—ﬂogp(%ﬂ > N(P)k = p* (4.3)

where

N(P) =p".

So we have vk < [log,(+;)]— log,(5#)] which implies vk < 1+log,(75) hence p*~! < ;4.
Solving, we get ¢ < [ﬁiu,—i__ll. Since ¢ > k we then have k£ + 1 < p’iﬂii—i—_ll which reduces to
p’*1 < k+1. Whenp > 5only k = 1 and v = 1 works. When p = 3, we obtain v = 1 and
k < 2. When p = 2, we get only the following possibilities: (v, k) = (1,1),(1,2), (1, 3), (2, 1).
If p = 3 and k = 2 then equations (4.1) and (4.2) say M3"@) > ¢ — 2 and ¢ > M3v(=9),

Since 1 < 55 < 3, we see that v,(i) and v,(i — j) take on the same unique value (or o), so we

18



can have only 3 values of i. But we need at least N ()" values of s and N (7)* > 9. Thus p = 3
and k£ = 2 does not work.

If p = 2 and k = 3 then our conditions become ¢ > M2v2(1—71) and Af2v201) > ¢ — 3,
When ¢ > 4 this determines at most four residue classes, but we need at least 2¥ = 8. So p=2
and k£ = 3 does not work.

If p = 2 and k = 2 then our conditions become ¢ > M2v2(1—=71) and Af2v201) > ¢ — 2,
When ¢ > 4 this determines only two residue classes, but we need at least 2k = 4. The case
(v, k,0) = (1,2, 3) remains and we will eliminate this case later.

If p = 2 and (v, k) = (2,1) then our conditions become ¢ > M2v2(1=71) and M2v2(1) >
¢ — 1. When ¢ > 2 this determines at most two residue classes, but we need at least 2v% = 4.

To summarize, we have proved if / > k and ( is a non-p-power root of unity then v = 1.
When p > 3, we have £ = 1. When p = 2, the possibilities are k£ = 1, 2.

Now assume ( is a p-power root of unity. Then the number of indices 7’s is

p[logp(H%)]—ﬂogp(H%ﬂ .

The number of i’s must be > N (7)* = p*, so we have

vk < [log,(1 + %)1 — [log, (1 + g;ﬂ

This implies vk < log,(5455;) + 1 which means p**~1 < M+ Solving, we get M + ¢ <

p?h L Since M > 1and /¢ > k + 1 we have k + 2 < Vk . 1hencep“’c L<k s+ LIFE>3

pukll

then this is impossible for all p. If £ > 2 it’s impossible for all p > 3. When 1 < k£ < 2 we must

19



have v = 1 for all p.

To summarize, we have proved if | > k and ( is a p-power root of unity then v = 1. When
p > 3, we have k = 1. When p = 2, the possibilities are k = 1, 2.

Now we determine all the possible values of /.

When k = 1 we have vp(1 — (,,) + £ > MpU=3) and Mp*® > vp(1—(,,) + £ — 1 with
M = vp(1 — (,n). These bounds differ by 1 so we must have equality at the lower bound. If m
is not a power of p then we must have ¢/ = 1 + Mp® for some v > 0. If m is a power of p then
¢ =1+ M(p"—1) for some v > 0.

When k = 2 then p = 2 and we have vp(1 — () + £ > M2%2079) and M2 >
vp(l— () +0—2.1f 1l > 4 —vp(1 — () then we have only two possibilities for ¢ that work but
we need four.

The only case that remains is [ = 3 and m is not a power of 2. From before, v = 1, that is
N(P) = 2. If m = 2"m, then the mth roots of unity are distinct mod p, so N(P) = 1 mod m.
It follows that m; = 1 and m is a power of 2 so this case cannot happen.

To summarize when ¢ > k we have shown that £ = 1 and v = 1 for all primes and the
values of ¢ are limited.

We will now show that these cases of ¢ > k are in fact just cases of ¢ = k in disguise. Let’s
consider the case where m = p”. We must have ¢ = 1+ M (p® — 1) where v = v,(i), so we can

write ¢ = p”15. Our ¢; can be written as

C1=C ¢ 1—Cue 1-Gh

- P

Fl — Cph B v 7T£_1(1 — <ph> 1-— Cphfv.
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Note that

C/ 1_§ph71}
Up (ﬂ'ﬂ'g_l(l—(ph)) p ( )

Therefore we have the k = £ = 1 case with the p"~th roots of unity. In effect, we are using only

p"~? factors of f(x) — g(y). The case where m is not a p-power is similar.

43 (=k

We now consider the case £ = k. Write m = pm; with p { m,. Suppose

i=4 mod plosr -1y,

Then /7 is a power of (,». Lemma 4.2.1 implies

— (I .
e, (1 Gm ) > purli=9) _ 1 > pllogy (D] _ 1 > o — ¢,

s0 ¢ = ¢} mod 7*. Therefore the number of distinct ¢; mod * is at most pllogek+ D1 - To fill

all residue classes we need

p]'logp(k+1ﬂm1 > N(r]))k

Since the mth roots of unity are distinct mod 7, we have N(P) > my. Therefore

N(P)t = N(P)F=L. N(P) > p** Vimy,
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where p* = N(P). We obtain p(k + 1)m; > p"*~“my, which implies

k+1>pkvt (4.6)

Suppose p > 5. Then we immediately obtain from (4.6) that £ < 2. If £ < 2 then
[log,(k +1)] = 1 and (4.4) and (4.5) sharpen to p > p"*~* which implies k = 1.

Suppose p = 3. We similarly obtain from (4.6) that £ < 3. When k£ < 3, inequalities (4.4)
and (4.5) sharpen and yield & = 1.

Suppose p = 2. We again similarly obtain from (4.6) that £ < 4. When k£ < 4, inequalities
(4.4) and (4.5) sharpen and yield £ < 2.

For all primes we have shown that if £ = ¢ then k = ¢ = 1, with the exception of p = 2 and
k = ¢ = 2. We now assume we are not in the exceptional case and show that N(P) must be p
and my = 1. Suppose m; > 1. Then 1 —(p, is a unit. If i = j mod my then vy_¢ , (1 — ¢y > 1.
It follows that

!
¢; = ¢;mod .

Therefore we get at most m; classes mod 7 from the ¢;. But the m;th roots of unity are distinct
and non-zero mod 7, so N(m) > m;. Therefore the ¢, cannot cover all the classes mod 7. This
contradiction implies m; = 1. By (4.4) we have p > N(x), so N(7) = p.
Now suppose p = 2 and k = £ = 2. If iy = j; mod 2m,, then v, ¢, (1 — ¢y > 20 If
/

my # 1 we obtain ¢ = ¢; mod 72, so we get at most 2m, classes mod 7°. We must have

2m; > N(P)? > 2my
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which is a contradiction. Therefore m; = 1. Putting k = 2 in (4.4) yields 4 > 2. Therefore
v =1.
To summarize, if £ = ¢ then k = ¢ = 1, with the exception of p = 2 and k = ¢ = 2. For all

cases, m; = land v = 1.

4.4 There’s only one prime p

Suppose S and % are not in O. Proposition 3.0.5 gives us a prime p such that (1—-¢,)5 € O.
This was obtained by using the assumption that for every y € O there exists an x such that
f(z) = g(y). If we reverse the roles of = and y we get a prime ¢ such that % € 0. We now
show we may take p = q.

Let P be the prime of O above p as in the previous sections. Since N (P) factors through
the norm from Q[(,] to Q, we must have N(P) = 1 mod g, since this is true for all norms from
QI[¢,] that are relatively prime to ¢ [7, Theorem 2.13]. But we showed in previous sections that
N(P) = psop > q. Reversing the roles of p and ¢ yields ¢ > p. This contradiction shows p = q.

If 5 € Othen (1 —(,)5 € Oforall ¢, € O, so we choose (, € O such that % e 0.

We then take p = gq.

4.5 There is only one prime in the denominator

Suppose P; and Ps are distinct primes above p and both occur in the denominator of 5. We

will show that such a case cannot happen. Let

Up; (5) = —kj < 0, Up; (C) = —fj
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for j = 1,2. We work in the semi-localization Op, p,, where we invert the complement of
Py U Py. If for every y there exists an x such that f(x) = g(y) then the integral values of

/

k1—01, _ko—L2
71-2 )

T c

run through all congruence classes mod ﬁf%rg?. By Section 4.1, we know that ¢/; > k; and

ly > ks.

First assume k1 = ko = 1. This always happens when p > 3.

Suppose ¢; > k; and {5 = k,. In the notation of Section 4.2, for W’fl_elc; to be integral, we
must have i = 0 mod pm,. But this implies ¢, = 0 mod 7, so therefore 7'~ 75272 ¢ = (0 mod
my. Therefore we don’t get all residue classes mod wflw;”. By symmetry we also eliminate the
case {1 = ky and ¥y > ks.

Suppose /1 = ki and ¢, = ko. In the notation of Section 4.3, if ¢ = j mod p (recall we
showed m; = 1) then ¢, = c;- mod 7; and mod 5. Therefore we get at most p congruence classes

mod 7,7y, but there are N (P;P,) = p* such classes.

Suppose ¢ > ki and {5 > ko. From Equation (4.1) in Section 4.2,

Myp¥r® >0, — 1+ vp, (1 = ()

and from Equation (4.2), every pair of distinct indices 7, 7 must satisfy

Mlpvp(i_j) < U7>1(1 - Cm) + 4.

This forces v, (i — j) and all but one value of v, (7) to take only one value, let’s call it v;. Similarly,
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P, gives us a value vs.

We must have v, (i) > v, for integrality of ¢; at P,. If vy > v; then ¢; = 0 mod 7y, so we
don’t get all classes mod 7 7,. Similarly we cannot have v; > v,.

Suppose v; = v9. Then we only get p values of ¢ that satisfy our inequalities. Therefore we
get only p values of ¢, mod 7;7,. But there are p? classes.

We consider the exceptional case p = 2 and ¢; = k; = 2. In this case we have m; = 1 so
m is a power of 2. From Section 4.3 we know that if i = j mod 4 then ¢; = ¢, mod 72, We need
to consider three cases.

Suppose ¢, = ky = 1. Then i = j mod 2 implies ¢; = ¢; mod y. Therefore if i = j mod 4
then ¢; = ¢; = 7im,. But there are 8 classes mod 777s.

Suppose (; = ky = 2. Then ¢ = j mod 4 implies ¢; = ¢; mod 3. Therefore if i = j mod
4 then ¢; = ¢; = mir3. But there are 16 classes mod 7i7,.

J

Suppose ¢y > ko = 1. Since m is a power of 2, vp, (1 — (,,) = M. Equation (4.1) says

M2v20 >, — 14+ M > M,

s0 i = 0 mod 2. Recall that if i = j mod 4 then ¢; = ¢; mod 7. Since 7 must be even we get

only two classes for ¢, but we need 4.
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