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Neutrinos are the most mysterious particles in the standard model. Many of their
fundamental properties such as their masses, lifetimes, and nature (Dirac or Majorana) are
yet to be pinned down by experiments. Currently, the strongest bound on neutrino masses
comes from cosmology. This bound is obtained by scrutinizing the gravitational effect of
the cosmic neutrinos on the evolution of structure in our universe. However, this bound
assumes that the neutrinos from the Big Bang have survived until the present day. In this
dissertation, the unstable neutrino scenario is studied in light of current and near-future
cosmological experiments. We show that the current cosmological bound on the neutrino
masses can be relaxed significantly in an unstable neutrino scenario. We further show that
near-future experiments offer the possibility of independently measuring both the masses
of the neutrinos and their lifetimes.

We consider an elusive scenario in which the cosmic neutrinos decay into invisible
radiation after becoming non-relativistic. The Boltzmann equations that govern the cosmological

evolution of density perturbations in the case of unstable neutrinos are derived and solved



numerically to determine the effects on the matter power spectrum and lensing of the
cosmic microwave background (CMB). A Markov-Chain Monte-Carlo (MCMC) analysis
is done on the current cosmological data and mock future data to obtain its sensitivity to
the neutrino masses and lifetimes. We show that the effect of the neutrino masses on
large scale structure is dampened by the decay of neutrinos, which leads to a parameter
degeneracy between the neutrino masses and lifetimes inferred from the cosmological
data. This degeneracy allows for a significant relaxation of the current cosmological
upper bound on the sum of neutrino masses from about 0.2 eV in the stable neutrino
case to 0.9 eV in the unstable neutrino scenario. This window is important for terrestrial
experiments such as KATRIN which are seeking to independently measure the neutrino
masses in the laboratory. We further show that near-future large scale structure measurements
from the Euclid satellite, when combined with cosmic microwave background data from
Planck, may allow an independent determination of both the lifetimes of the neutrinos and
the sum of their masses. These parameters can be independently determined because the
Euclid data will cover a range of redshifts, allowing the growth of structure over time to
be tracked. If neutrinos are stable on the timescale of the age of the universe, we show that
these observations can improve the lower limit on the lifetimes of the neutrinos by seven
orders of magnitude, from O(10) years to 2 x 10® years(95%C.L.), without significantly
affecting the measurement of the neutrino masses. On the other hand, if neutrinos decay
after becoming non-relativistic but on timescales less than O(100) million years, these
observations may allow for, not just the first measurement of the sum of neutrino masses,

but also the determination of the neutrino lifetime from cosmology.
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Chapter 1: Introduction

Neutrinos are the most elusive particles in the SM. Their interactions with the rest
of the SM are only mediated through the weak interactions and gravity, which makes it
challenging to probe them in experiments. Their existence was first proposed by Wolfang
Pauli in 1930 to explain the observed continuous energy spectrum of the emitted beta
particle (electron or positron) in the nuclear beta decay process. It was then believed
that in the beta decay process, a neutron (proton) in a radioactive nucleus is converted
into a proton (neutron) along with the emission of an electron (positron). In this picture,
the laws of conservation of energy and momentum require that the emitted electron be
monochromatic. However, it was observed that the electron from the beta decay has
a continuous energy spectrum. To explain this, Pauli proposed that a new electrically
neutral particle that is either massless or very light is also emitted in the final state. Since
this new particle had escaped detection, it must also be very feebly interacting with the
matter. This three-body nature of the beta decay now admits enough additional degrees
of freedom in the form of neutrino kinematic parameters to allow the electron to have a
continuous range of energy while satisfying both energy and momentum conservation.

And thus, the neutrino was born.
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Figure 1.1: Normal and inverted ordering of neutrino masses

Since the 1930s, the number of observed elementary particles has greatly increased
leading to the current Sm of particle physics. SM of particle physics is a gauge theory
based on the symmetry Gspy = SU(3)cxSU(2), xU(1)y. Here, SU(3)¢ corresponds to
the strong interactions while SU(2), x U (1)y together give rise to weak and electromagnetic
interactions. At low energies, SU(2); x U(1)y is spontaneously broken via “ Higgs
Mechanism” to its residual subgroup U (1) which constitutes our familiar electromagnetic
and color gauge symmetries. This spontaneous symmetry breaking (SSB) is achieved
with a complex spin-0 Higgs field that transforms as a doublet of SU(2) . After the SSB,
three out of four components of the complex doublet become part of the gauge bosons,
thus leaving behind a single neutral spin-0 particle called the Higgs boson. The spin-
1 gauge bosons, both massive and massless, constitute the force carriers in this model.
The massless gauge bosons corresponding to the exact electromagnetism U(1)g and
color symmetry SU (3)¢ are the photon and the gluons that mediate the electromagnetic

force and the strong nuclear forces respectively. The gauge bosons corresponding to the



spontaneously broken symmetry acquire a mass by “eating the Goldstone bosons” which
become the longitudinal polarization of these gauge bosons. These are the heavy gauge
bosons (W=, Z) that mediate the weak nuclear force.

In addition to these bosonic fields, the SM contains many spin-1/2 fermionic fields
which constitute the matter sector of the theory. These fermions transform under the SM
gauge group. These fermions (V) are chiral in the sense that their left-handed and right-
handed components (¥, and Vg) transform differently under the SM gauge symmetry
Gsnr. These chiral fermions come in three generations with each generation having both
a quark branch consisting of an up-type quark and a down-type quark and a leptonic
branch consisting of a charged lepton and a neutrino. In particular, the charged lepton
(e, p, 7) along with their respective neutrino (v, v,, v,) form the leptonic branches of
the first, second, and third generations (families) respectively. Each of the quarks also
come in three colors which leads to strong interaction among the quarks. The left-handed
up- and down-type quarks together transform as a fundamental doublet of the SU(2),
and the right-handed quarks are SU(2), singlets. Similarly, the charged lepton with its
corresponding neutrino also transform as an SU(2), doublet. The right-handed charged
lepton transforms as an SU(2),, singlet as in the case of right-handed quarks. However,
unlike the quarks and the charged leptons, the SM does not contain a field corresponding
to the right-handed neutrino. As we shall see, this implies that in the SM, the neutrinos
are necessarily massless.

The feeble interaction of neutrinos posed challenges in the experimental detection
of neutrinos. The neutrino was directly detected for the first time in 1956 by Clyde

Cowan, Frederick Reines, Francis B. Harrison, Herald W. Kruse, and Austin D. McGuire



in the process 7, + p™ — n® + eT. In 1962, Leon M. Lederman, Melvin Schwartz and
Jack Steinberger detected the muon neutrino that was already hypothesised as the neutral
partner of muon. The direct detection of tau neutrinos had to wait until the 2000s when it
was observed by DONUT collaboration at Fermilab.

Neutrino oscillation experiments have established that the neutrinos have masses.
The explanation for neutrino masses requires physics Beyond the Standard Model (BSM).
In a relativistic quantum field theory (QFT), there are two possible Lorentz-invariant
bilinears for fermions that can be constructed. This is because the left- and right-handed
components of the Dirac spinor transform as independent, irreducible representations of
the Poincare group. This allows for two kinds of mass terms for fermions, namely Dirac

and Majorana mass :

L O —mUpV, + hc.=—mPV, where V = U, ¥y (Dirac) and (1.1)

1 1 —
L D —mE\IJEC_l\PL + h.c. = —§m\I/\If, where U = V. (V) (Majorana).

Here, C refers to the charge conjugation matrix. Physically, this means that the
fermion and anti-fermion are distinct particles if the fermions have a Dirac mass term,
while the fermions are their own anti-particles if they have a Majorana mass term. The
form of Majorana mass term in Eq. (1.1) can also be seen to violate any U(1) global
charge that these fermions might have. Since all the SM fermions except neutrinos are
electrically charged, this forbids them from having a Majorana mass term.

If the SM neutrinos are Dirac fermions, this would necessitate the addition of right-

handed neutrinos to the theory. However, their direct detection could pose a challenge.



In the electroweak theory, parity is violated and only the left-handed fermions experience
the weak interactions. Since neutrinos only experience weak interactions, the interactions
of right-handed neutrinos with experimentalists are non-existent for massless neutrinos
and doubly suppressed by both the weak interaction coupling and the small neutrino mass
in the case of massive neutrinos.

To understand this better, let us look at the origin of fermion masses in the standard
model (SM). In the SM, the fermion masses are generated via the Higgs mechanism. The
left-handed fermions come in an SU(2), doublet whereas the right-handed neutrinos are
SU(2)y, singlets. Because of this chiral nature, it is not possible to write a vector-like
mass term for these SM fermions. The presence of the additional scalar Higgs doublet /1

allows us to write a SU(2) -invariant Yukawa interaction term for the leptons as
_‘CYukawa,lep = Y;ZJELZHZR] + h.c. or Y;ZJELZFIZRJ + h.c. (12)

where Ly; is the left-handed lepton doublet of the i generation and lg; is the right-
handed SU(2);, singlet of the j* generation and H = ioyH*. After the electroweak
symmetry breaking, the Higgs field takes a vacuum expectation value (VEV) which leads

to the mass term for charged lepton mass matrix

I _ 1 Y
Mij = Yijﬁ; (1.3)

where (H) = v is the VEV of the SM Higgs. In the SM, the right handed neutrinos

are taken to be absent which also explained the vanishing neutrino masses. However,



neutrinos are not considered to be massless anymore. This is due to the discovery of
flavor oscillations in the neutrino sector.

The standard picture of massless neutrinos faced its first major challenge in the
1960s with the Homestake experiment conducted by Raymond Davis Jr. and John N.
Bachall, which was designed to detect and count the number of electron neutrinos emitted
from the nuclear fusion process in the sun. In this experiment, a 100, 000 gallon tank of
dry cleaning fluid was placed underground deep enough to shield it from cosmic rays.
The electron neutrinos from the sun can penetrate the earth. Some neutrinos are captured
by the chlorine atoms in the fluid, which in this process gets converted to argon atoms.
These argon atoms can then be extracted and counted. This experiment consistently gave a
number that was one-third of the theoretical expectations from the standard solar model.
This deficit can be explained by the phenomenon of neutrino flavor oscillations which
can happen if a) neutrinos have masses, b) neutrino mass eigenstates are mixed in weak
interactions, and c) lepton flavor number is not conserved. This is a purely quantum
effect where the neutrinos are emitted and detected as flavor eigenstates but during the
journey from the source to the detector, they are in a quantum superposition of various
mass eigenstates. The phenomenon of particle oscillations had already been observed in
the case of neutral kaons in particle.

The theory of mass-induced oscillations among neutrinos can be understood as
follows. The flavor of a neutrino is determined by the charged lepton that it interacts

with via weak interactions. Below the electroweak scale, the mass term for neutrinos (



whether Dirac or Majorana ) can couple neutrinos of different flavors as

L D \/_ Z Toy" PrvaW, + Z Vo Mpapvs + h.c. (Dirac) or (1.4)

a=e,u,T a,f=e,u,T
- 1
> % agTzav“PLuaW; t ﬁ_ZeNTVaMMaBVB + h.c. (Majorana),

where the Dirac mass matrix Mp is , in general, a complex 3 X 3 matrix while the
Majorana mass matrix M), is a complex symmetric 3 X 3 matrix. This means that a
neutrino of definite flavor does not have a definite mass but is, instead, a superposition of
various mass eigenstates. We can go to the mass basis v; (i = 1,2, 3) which is related to

the flavor basis v, (« = e, i, 7) via a unitary rotation,
Vo= Uyviwherea=e y,randi=123. (1.5)

In the mass basis, the Lagrangian becomes

L D 9 Z Z Loy PLUwviW, + Z myiV;v; + h.c. (Dirac) or ~ (1.6)
\/_ a=e,n,71=1,2,3 i= 1,2,3
g Z Z Lo PLUviW, + - Z my;V;v; + h.c. (Majorana).
\/_Oc e,u,71=1,2,3 1=1,2,3

Now, we can understand the oscillation phenomena in a simple quantum mechanical
framework. Consider a neutrino eigenstate v; of definite mass m;. After travelling a

distance L in time ¢ (¢t ~ L/c for relativistic neutrinos), the wave function evolves via



the Hamiltonian as

() = e

v;(0)) with E; = 1/p? + m?. (1.7)

If we instead consider a neutrino of definite flavor « that is produced at source ( for
example, neutrinos are produced in the sun with a pure electron flavor ), it is a superposition
of various mass eigenstates each of which evolves independently via Eq. (1.7). After
evolving for some time ¢, the wave packet is not a pure flavor eigenstate anymore but is
instead a combination of different flavor eigenstates. Now, the probability for a neutrino
of energy F produced of some flavor « to get converted to flavor § after travelling L

distance is given as

Pog = [(vg | valt) UniUsj (v | vi(1)) (1.8)

i=1 j=1

= Oup — 4 Re [UniU5,Us;Usy] sin® Xy + 2 Z Im [U,;U5,U%;Us;] sin 2X,

1<J 1<J
where
(m2 — mz) L Am? L/E
Xy= b 9T o7 U . 1.9
! 4FE eVZ m/MeV (1.9)

We have used the fact that the neutrinos are relativistic (p >> m;) to make this
simplification. Now, note that all the neutrino oscillation effects are encoded in the two
mass-squared splittings (Am3, = (m3 —m}) and Am3, = (m3 — m?)) and the 3 x 3

J

unitary matrix U. This matrix is parameterized in terms of three mixing angles 615, 613,



023 and a CP-violating Dirac phase ¢ p as

C12C13 $12€13 S1ge”"ocr
- i i
U —512C23 — C12513523€"°°F €203 — $12513523€"°CF C13S23 (1.10)
5 i
512823 — €12513C23€" Y —C12823 — $12513C23€" Y C13Ca3

where ¢;; = cost;; and s;; = sin;;. The value of these parameters as fit by the

current neutrino oscillation data is tabulated in Table1.1[1].

Table 1.1: Neutrino oscillation from a 2020 global analysis of neutrino oscillation data.
The 10, 20, 30 ranges for both IO and NO are given.[1]

Parameter Best fit £10 20 range 30 range
Am2,[107%eV?] 7501035 7.12-7.93 | 6.94-8.14
|Am2,|[1073eV?] (NO) | 2.557002 2.49-2.60 | 2.47-2.63
|Am2,|[107%eV?] 10) | 2457092 2.39-2.50 | 2.37-2.53
sin® 615/107* 3.1840.16 | 2.86-3.52 | 2.71-3.69
012/ 343+1.0 | 323364 | 31.4-374
sin® 03 /107 (NO) | 5.744+0.14 | 541-599 | 4.34-6.10
053/ (NO) 49.26 4+ 0.79 | 47.37-50.71 | 41.20-51.33
sin® f53/107! (10) 5781019 5.41-5.98 | 4.33-6.08
033/ (10) 49.461059 | 47.35-50.67 | 41.16-51.25
sin® f13/1072 (NO) 2.20070:099 | 2.069-2.337 | 2.000-2.405
013/ (NO) 8.5370 15 8.27-8.79 | 8.13-8.92
sin” 613/1072 (10) 2.2257005 | 2.086-2.356 | 2.018-2.424
013/ (10) 8.581013 8.30-8.83 | 8.17-8.96
§/m (NO) 1.081913 0.84-1.42 | 0.71-1.99
5/ (NO) 19412 152-255 128-359
§/m (10) 1.58T0 1% 1.26-1.85 | 1.11-1.96
§/ (10) 2847120 226-332 200-353

The neutrino oscillation parameters have a specific pattern that is worth elaborating

on. The two mass-squared differences have a large hierarchy between them with their




ratio |[Am3,/Am?%,| ~ 1072 Depending on the absolute scale of neutrino masses, this can
lead to a hierarchical or a quasi-degenerate mass pattern for the SM neutrinos. The mixing
angles in the neutrino sector are in sharp contrast with the analogous mixing angles in the
quark sector. While the quark mixing angles are very small, two of the neutrino mixing
angles 0,5, and 6,3 are large whereas the remaining angle 6,3 is small. This peculiar
pattern has inspired many models based on non-Abelian discrete symmetries such as Ay
which can approximately produce this pattern.

While the neutrino oscillation data has conclusively proven that the neutrinos are
indeed massive, there are questions about the neutrino masses that these neutrino oscillation

experiments cannot answer. Some of these important questions are

» Absolute scale of neutrino masses : As can be seen from Eq. (1.8), the neutrino
oscillation probabilities only depend on the mass-squared splittings and not on the
masses themselves. Since we have measured two non-vanishing mass splittings,
we know that at least two of the SM neutrinos must be massive. However, the
neutrino oscillation experiments cannot measure the mass of the lightest neutrino.
Therefore, the absolute scale of the neutrino masses is unknown. It is convenient to

parameterize this ignorance in terms of the sum of neutrino masses (> _ m,,).

* Neutrino mass ordering : The neutrino oscillation effects in the vacuum only depend
on the absolute value of the mass squared splittings |Am?j |. We know that the sign
of the splitting Am2, > 0 because the matter effects in the Sun that affect the solar
neutrino data depend on this sign. However, the sign of the larger mass splitting

|Am?2,| is unknown. This leads to two possibilities for neutrino mass ordering:

10



normal ordering (no) and inverted ordering (io). In normal ordering, the small
mass splitting |Am?2, | is between the two heavier neutrinos whereas in the inverted

ordering, the small mass splitting | Am?2, | is between the two lighter neutrinos.

* Dirac/Majorana nature of SM neutrinos : As we discussed before, the fermion
masses in relativistic quantum field theory can be of the Dirac type or the Majorana
type. Both these choices are viable for the SM neutrinos and therefore, neutrinos
could be their anti-particles (Majorana) or not (Dirac). The current experimental
data are not sensitive to this difference. Since a Majorana mass for neutrinos will
violate lepton number by two units, the ongoing searches for the rare neutrinoless
double beta decay process (A, Z) — (A, Z + 2) + 2e~ is the best opportunity to

answer this question.

Another fundamental question that is raised by the non-zero mass of neutrinos is
their lifetime. The case for neutrino decay is theoretically extremely well-motivated.
Neutrino decay is a characteristic feature of models in which neutrinos have masses. In
quantum mechanics, any process that is not explicitly forbidden by symmetry or phase
space considerations is expected to happen. For example, in the case of electrons, their
stability is guaranteed by the conservation of electric charge, while for protons, their
stability is owed to the conservation of the baryon number. In the SM, the baryon number
and lepton number are accidental symmetries that are expected to be violated by BSM
physics. This means that protons could be unstable in BSM models. In fact, one of the
striking predictions of the well-motivated grand unified theories (GUT) is the existence

of proton decay. Photons are stable, because being massless, their decay is forbidden by

11



phase space considerations. This argument also ensures stability for massless neutrinos
in the SM. However, a massive neutrino has no such protection from decay. The flavor
lepton numbers can in principle guarantee the stability for neutrinos but we know that
the flavor lepton numbers are already broken in nature from the observation of flavor
oscillations. With this perspective, it is most likely that neutrinos are unstable and have a
finite lifetime. This makes the scenario of the decaying SM neutrino very well-motivated
in light of its non-vanishing mass. In fact, neutrino decay is a characteristic feature of any
model that is proposed to explain the light mass for neutrinos. The value of the neutrino
lifetime in these models depends on the new physics that is responsible for the small
neutrino mass.

Let us consider some explicit examples. Even in the minimal extensions of the SM
that incorporate Dirac neutrino masses by adding right-handed neutrinos, or Majorana
masses by including the non-renormalizable Weinberg operator, the heavier neutrinos
undergo two-body decays at one loop into a lighter neutrino and a photon [2, 3, 4, 5, 6],
(useful discussions may also be found in [7, 8]). In these scenarios, the lifetime of the
massive neutrino is given by 7, ~ 10%s (0.05eV /m,,)°, assuming the daughter neutrino
mass is negligible. This is much longer than the age of the universe, and therefore these
minimal frameworks do not give rise to observable cosmological signals from neutrino
decay. However, in more general extensions of the SM that incorporate neutrino masses,
the neutrino lifetime can be much shorter. In particular, this includes theories in which
the generation of neutrino masses is associated with the spontaneous breaking of global
symmetries in the neutrino sector [9, 10, 11, 12, 13], (see also [14, 15]). The SSB of
these symmetries will result in (light) massless (pseudo-) Goldstone bosons that have off-

12



diagonal couplings to neutrinos, such that it connects fermions of non-identical masses.
In this framework, the heavier neutrinos can decay into a lighter neutrino and one of
the Goldstone bosons associated with the spontaneous breaking of the global symmetry.
In this case, the strength of this 7;n,¢ coupling is given by m,/f from dimensional
considerations where f is the scale at which SSB occurs. This factor could be small
enough to evade the current constraints from astrophysical sources but still be large
enough to have effects in cosmology. The neutrino lifetime in these models can be
shorter than or comparable to the age of the universe for a wide range of values of
scales f. In this framework, the heavier neutrinos can decay into a lighter neutrino and
one of the Goldstone bosons associated with the spontaneous breaking of the global
symmetry. The timescale for this process can be shorter than or comparable to the age of
the universe, giving rise to cosmological signals. In general, neutrinos that are unstable
on cosmological timescales remain an intriguing possibility due to the strong motivations
for new physics that explains the smallness of neutrino masses.

In the past, the decaying neutrino scenario has been explored as a solution to
the solar and atmospheric neutrino problems [16, 17, 18, 19]. However, the resulting
predictions for the energy spectrum of the solar neutrinos and the decay lengths required
for this proposal are now disfavored by the data [20, 21, 22]. There has also been earlier
work studying the impact of the decay of massive neutrinos on structure formation [23,
24]. However the range of parameter space that was considered is much above the current
limits on the masses of the neutrinos. More recently, radiative neutrino decays have been
proposed as an explanation of the 21 cm signal observed by the EDGES experiment [25].

The current limits on the neutrino lifetime are rather weak, except in the case of

13



decays to final states involving photons. In this specific case, the absence of spectral
distortions in the cosmic microwave background (CMB) places strong bounds on radiative
decays from a heavier neutrino mass eigenstate to a lighter one, 7, > 10's for the
larger mass splitting and 7,, > 4 x 10%!s for the smaller one [26]. There are also very
strong, albeit indirect, limits on radiative neutrino decays based on the tight laboratory and
astrophysical bounds on the neutrino dipole moment operators that induce this process [27,
28, 29, 30, 31].

In contrast, the decay of neutrinos into dark radiation that does not possess electromagnetic
interactions is only weakly constrained by current cosmological, astrophysical, and terrestrial
data. The most stringent bound on this scenario arises from CMB measurements. If
neutrino decay and inverse decay processes are effective during the CMB epoch, they
prevent the neutrinos from free streaming, leading to observable effects on the CMB [32,
33, 34]. Current measurements of the CMB power spectra require neutrinos to free stream
from redshifts z ~ 8000 until recombination, z ~ 1100 [35, 36, 37, 38]." This can be
used to set a lower bound on the neutrino lifetime 7, > 4 x 10®s (m,,/0.05 eV)3 for SM
neutrinos decaying into massless dark radiation [38]. Several astrophysical observations
have also been used to set limits on the neutrino lifetime. However, the resulting bounds
are much weaker. The observation that the neutrinos emitted by Supernova 1987A did
not decay prior to reaching the earth can be used to set a bound on the lifetime of the
electron-neutrino, 7,,/m,, > 5.7 X 10° s/eV [40]. Similarly, the detection of solar
neutrinos at the earth can be used to place a bound on the lifetime of the mass eigenstate

va, T,/my, 2 1074 s /eV [22, 41, 42]. Limits on the neutrino lifetime can also be obtained

~Y

I Also see the more recent discussion in [39] for the effects of interacting neutrinos on the CMB.

14



from atmospheric neutrinos and long-baseline experiments, but the resulting constraints
are even weaker (see e.g. [43, 44, 45, 46]). Therefore, at present there is no evidence that
neutrinos are stable on cosmological timescales, and that the cosmic neutrino background
(CvB) has not decayed away into dark radiation.

At present, the strongest limit on the sum of neutrino masses, » . m, < 0.12 eV, is
from cosmological observations [47]. These measurements are sensitive to the neutrino
masses through the gravitational effects of the relic neutrinos left over from the Big Bang.
In determining the size of this effect [48, 49], (reviews with additional references may
be found in [50, 51, 52, 53]), it is assumed that the neutrinos are stable on timescales of
order the age of the universe.

In particular, if the neutrino lifetime is less than the age of the universe [54, 55], or if
the neutrinos have annihilated away into lighter states [56, 57], this bound on the neutrino
masses is no longer valid and must be reconsidered. In this dissertation, we explore the
cosmological signals that arise from a general framework in which the neutrinos decay
into dark radiation on timescales shorter than the age of the universe. We determine the
bound on the sum of neutrino masses and explore the prospects of measuring the neutrino
lifetime using cosmological datasets. Our focus is on the case in which neutrinos decay
after becoming non-relativistic. This dissertation is based on the papers [58, 59].

The impact of non-vanishing neutrino masses on cosmological structure formation

1s well understood, (see [50, 51] for useful reviews).

* Sub-eV neutrinos constitute radiation at the time of matter-radiation equality. Therefore,

fluctuations about the background neutrino number density do not contribute significantly
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to the growth of structure until after neutrinos have become non-relativistic. Consequently,
perturbations on scales that enter the horizon prior to neutrinos becoming non-
relativistic evolve differently than scales that enter afterwards, thereby affecting

the matter power spectrum.

» After neutrinos become non-relativistic, their overall contribution to the energy
density redshifts away less slowly than that of a relativistic species of the same
abundance. This results in a larger Hubble expansion, reducing the time available

for structure formation. This leads to an overall suppression of Large Scale Structure

(LSS).

Then the leading effect of non-vanishing neutrino masses is to suppress the growth
of structure on scales that entered the horizon prior to the neutrinos becoming non-
relativistic. The extent of this suppression depends on the values of the neutrino masses.
Since heavier neutrinos become non-relativistic earlier and also contribute a greater fraction
of the total energy density after becoming non-relativistic, a larger neutrino mass leads to
a larger suppression of LSS. In the case of neutrinos that decay, this suppression now also
depends on the neutrino lifetime. After neutrinos have decayed, their contribution to the
energy density redshifts like that of massless neutrinos, resulting in a milder suppression
of structure as compared to stable neutrinos of the same mass. It follows that there
is a strong degeneracy between the neutrino mass and the lifetime inferred from the
matter power spectrum. The cosmological upper bound on the neutrino mass is therefore
lifetime-dependent, as was first discussed in [54, 55].

Neutrino masses also lead to observable effects on the CMB. Sub-eV neutrinos
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become non-relativistic after CMB decoupling. The main “primary” effect on the CMB
is through the early and late integrated-Sachs-Wolfe effects, as well as a modification
of the angular diameter distance to the last scattering surface. Because of their impact
on the growth of structure detailed above, neutrinos also affect the CMB through the
“secondary” effect of lensing. At the precision of Planck, the effects of lensing drive the
CMB constraints on the sum of neutrino masses. Since neutrino decay results in a milder
suppression of structure as compared to stable neutrinos of the same mass, the bounds on
>~ m, from CMB lensing are also lifetime dependent.

From the discussion above, we find the the cosmological sensitivity to neutrino
mass arises from the physics that happen after neutrinos have become non-relativistic.
The effect of massive neutrinos is to suppress all the modes that enter the horizon after
the neutrinos turn non-relativistic. In order for the neutrino decay to make an effect
on these signals, the decay should happen after the neutrinos turn non-relativstic. This
corresponds to the width ', < 1 x 10°(m,,/0.1eV)3/2 km/s/Mpc for each neutrino. In
this regime, we can also neglect the inverse-decay processes as this process is not efficient.
If neutrinos decayed, this suppression will be decreased leading to a degeneracy between
the neutrino lifetime and the neutrino mass. In order for the decay scenario to make
the maximum deviation from the massive and massless neutrino scenarios, we need the
daughter particles to be as light as possible. Our focus in this dissertation is on the decay
of neutrinos to dark radiation, since this framework has a greater impact on the bound
on Y m, than the decay of heavier neutrinos to lighter ones. In particular, at present the
cosmological limits on ) m, only constrain quasi-degenerate neutrino spectra, so that

decays of heavier neutrinos to lighter ones are not expected to alter the current bound
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significantly.

We have, therefore, two reasons to consider the unstable neutrino scenario in cosmology
especially the regime in which neutrinos decay into radiation after becoming non-relativistic.
Firstly, the cosmological neutrino mass bound is lifetime dependent. This bound can be
significantly relaxed, as we find if neutrinos are unstable thus opening up a range of
neutrino masses that is important for terrestrial experiments. Secondly, the lifetimes of
SM neutrinos are fundamental parameters of particle physics. Cosmology may be the
only avenue to detect this decay if neutrinos decay into dark radiation with a lifetime
comparable to the age of the universe.

We begin our analysis by deriving the Boltzmann equations that govern the cosmological
evolution of density perturbations in the case of unstable neutrinos. We then appropriately
modify the Boltzmann code CLASS? [60] to calculate the CMB and matter power spectra
to accommodate this framework. We find that the results admit a simple analytic understanding.
We then perform a Monte Carlo analysis based on CMB and LSS data (Planck+BAO+Pantheon+LSS)
to determine the bounds on this scenario. We use the likelihood function from the Planck
2015 analysis [61]. We find that when the stable neutrino assumption is relaxed, the
limits on the neutrino masses from this data set become much weaker, with the bound on
>~ m,, increasing from 0.25 eV to 0.9 eV. Importantly, this shows that the cosmological
bounds do not exclude the region of parameter space in which future experiments such
as KATRIN [62], KamLAND-ZEN (KLZ) [63] and the Enriched Xenon Observatory
(EXO) [64, 65] are sensitive to the neutrino masses.

In the coming decade, major improvements are expected in the precision of cosmological

Zhttp://www.class-code.net
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observations, which would lead to great advances in neutrino physics. The Euclid satellite,
scheduled to be launched in 2022, is expected to measure both the galaxy and the cosmic
shear power spectra with unprecedented precision, achieving up to sub-percent accuracy
over the redshift range from z ~ 0.5 — 2 [66]. In the more distant future, the CMB-
S4 experiment [67] will lead to major advances over current CMB observations. This
includes improvements in the measurement of CMB lensing, which is very sensitive to the
neutrino masses. Under the assumption that neutrinos are stable, these new measurements
will allow us to probe values of the neutrino masses smaller than the observed neutrino
mass splittings and thereby determine > m, [68, 69]. However, if the neutrinos are
unstable on cosmological timescales, the question of whether » _ m,, can in fact be determined
remains unanswered. We show that in this case of non-relativistic decay of neutrinos
into dark radiation, near-future large scale structure (LSS) measurements from Euclid,
in combination with Planck data, may allow an independent determination of both the
lifetime of the neutrinos and the sum of their masses. The reason these parameters can
be independently determined is because Euclid takes measurements at multiple redshifts,
which allows us to track the growth of structure over time. In the case of stable neutrinos,
we find that these observations will be able to extend the lower bound on the lifetime by
at least seven orders of magnitude, from O(10) years to O(0.1 — 10) Gyrs depending on
the neutrino mass, without significantly affecting the measurement of the sum of neutrino
masses. Furthermore, we show that if the neutrinos decay after becoming non-relativistic
but with a lifetime of less than (O(10%) years, these observations may allow the first
determination of not just the neutrino masses, but also the neutrino lifetime.

The outline of this dissertation is as follows. In the next chapter, we will discuss
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how to implement the non-relativistic neutrino decay in the framework of kinetic theory in
the expanding universe and understand its implications in light of the current cosmological
data. In section 2.1, we discuss the parameter space of the neutrino mass and lifetime,
outlining the current bounds. In section 2.2, we derive the Boltzmann equations that
dictate the cosmological evolution of perturbations in the phase-space distribution of
unstable neutrinos and their daughter radiation. While our focus is on the case in which
the decaying particles are neutrinos, the formalism is more general and can be applied to
the much larger class of models in which warm dark matter decays into dark radiation. In
section 2.3.1, we numerically compute the growth of perturbations in the case of unstable
neutrinos and determine the effects on the matter power spectrum and CMB lensing. To
obtain a physical understanding, in section 2.3.2 we derive analytical expressions for these
effects. In section 2.4, we perform a Monte Carlo scan of the parameter space and derive
constraints on the mass and lifetime of the neutrino from current data.

In chapter 3, we study the prospects of an independent detection of neutrino mass
and lifetime from future experiments such as Euclid and CMB S4. In section 3.1, we
discuss how the red-shift evolution of perturbations can be used to distinguish between
two (> _m,,I',) scenarios that are degenerate in the context of current data. In section
3.2, we do an MCMC analysis using mock Euclid and CMB S4 likelihoods to obtain
the region of parameter space where these experiments can independently measure the
neutrino mass and lifetime. Using this, we also obtain the prospective future bound on
the neutrino lifetime from these experiments if neutrinos are stable on timescales of order
of the age of the universe. For some (> m,,[',) benchmark points, we also show the

prospective 95% and 68% C.L. intervals for (> m,,T',) as expected to be measured by
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these experiments.

In appendix A we present an example of a simple model in which the neutrinos
decay into dark radiation on timescales of order the age of the universe. This model
is consistent with all current cosmological, astrophysical, and laboratory bounds, and
represents a concrete realization of the scenario we are considering. However, we stress
that the results presented in the body of the dissertation are not restricted to this specific
model, but apply to any theory in which the neutrinos decay to dark radiation after

becoming nonrelativistic.
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Chapter 2: Current Limits on Neutrino Mass and Lifetime from Cosmology

2.1 Parameter Space of the Unstable Neutrino

In this section we outline the constraints on the decay of neutrinos to dark radiation.
As explained in the introduction, these bounds only place limits on a combination of the
neutrino mass and the lifetime. Therefore, in this study we will map out the constraints
and the signals in the two-dimensional parameter space spanned by the sum of neutrino
masses (D> m,) and the neutrino decay width (I',), as displayed in Fig. 2.1. In our
analysis we make the simplifying assumption that all three neutrinos are degenerate in
mass. As we shall see, the bounds on ) m,, are always much larger than the observed
mass splittings, and so this is an excellent approximation in the relevant parameter space.
We further assume that all three neutrinos have the same decay width I',,. Since the mixing
angles in the neutrino sector are large, this is a good approximation in many simple models
of decaying neutrinos if the spectrum of neutrinos is quasi-degenerate. In particular, the
model presented in appendix A exhibits this feature.

There is a hard lower limit on the sum of neutrino masses from the atmospheric
and solar mass splittings which constrain > m, > /Am3, + \/m = 0.06 eV in
the case of normal ordering and »  m, > 2 X \/ng = 0.1 eV in the case of inverted
ordering [70]. Therefore, we present the parameter space starting from »  m, = 0.06
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Figure 2.1: The plot shows the current constraints in the > | m, —I", parameter
space. The colored regions are excluded by current data while the white
region is allowed. The orange dashed line separates the region of parameter
space in which neutrinos decay while still relativistic from that in which they
decay after becoming non-relativistic. Our study focuses on the region below
this line, corresponding to the latter scenario. The light grey regions show
current constraints on neutrino mass and lifetime coming from CMB free
streaming and the bound on stable neutrinos (labelled “CMB+LSS (stable
neutrino)”). Our analysis excludes the blue region labelled “CMB+LSS (this
work)” based on CMB and LSS data (Planck+BAO+Pantheon+LSS). The
dash-dotted line represents the approximate constraint obtained by simply
requiring that the matter power spectrum be consistent with observations in
the neighborhood of £ = 0.1 h/Mpc with fixed H,. This is seen to provide a
reasonable estimate to the constraints from all data. The vertical brown band
shows the projected KATRIN sensitivity and also the current KLZ sensitivity.
The vertical red line shows the projected KLLZ-800 sensitivity in the case of a
normal hierarchy.
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eV. CMB observations can be used to obtain an upper bound on the sum of neutrino
masses. The current CMB data constrains the effective number of neutrinos, N.g, during
the epoch of acoustic oscillations to be 2.99 + 0.17 [47], which is perfectly compatible
with the SM value of 3.046. Then, if neutrinos are stable on CMB timescales, we can
obtain an approximate upper bound on their masses by requiring that all three species
of neutrinos are relativistic at recombination. This translates into an approximate limit,
> my, < 3Thee = 0.9 eV. A more precise bound can be obtained from a fit to the CMB
data.

The CMB can also be used to constrain the masses of neutrinos that decay prior
to recombination. As mentioned in the introduction, CMB data requires the species that
constitute Neg to be free streaming at redshifts below z ~ 8000 until recombination,
z ~ 1100. This can be used to place limits on processes such as neutrino decays and
inverse decays that prevent neutrinos from free streaming at late times. The resulting
bound depends on the neutrino mass, and is given by 7, > 4 x 108 (m,,/0.05 eV)3 [38].
This bound excludes the grey region at the top of Fig. 2.1. Naively, one might expect the
CMB bounds from free streaming to rule out all theories in which the neutrino decays
before recombination, independent of the neutrino mass. However, in the case of an
ultrarelativistic mother particle, the decay process results in approximately collinear daughter
particles moving in the same direction as the mother. Similarly the inverse decay process
generally only involves collinear initial state particles, so that there is no significant
disruption in the flow of energy even if the decay and inverse decay processes are efficient [35].
The net constraint from CMB free streaming is therefore much weaker on the decays of
light neutrinos.
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As discussed in the introduction, massive neutrinos suppress the growth of matter
perturbations by reducing the time available for structure formation. In the case of stable
neutrinos, this has been used to set a constraint on the sum of neutrino masses, » ,m, <
0.12 eV [47]. Unstable neutrinos that decay after becoming non-relativistic also lead
to a suppression in the growth of structure that now depends on the neutrino lifetime.
In this dissertation, we determine the resulting bound in the two dimensional parameter
space spanned by > m, and the neutrino lifetime. Based on the Monte Carlo study
presented in Sec. 2.4, CMB and LSS data (Planck+BAO+Pantheon+LSS) exclude the
blue region labelled as “CMB+LSS (this work)” in Fig. 2.1. We have scanned the region
between 0 < logwm < 5.5. In Fig. 2.1, we simply extrapolate the bound at
IOglom = 0to ', = 0, because the constraint on ) m, is independent of ',
when I'), < Hj. The existing constraint on the masses of stable neutrinos from this data
set forms the lower boundary of this region (labelled as “CMB+LSS (stable neutrino)”).

The dash-dotted line that approximately envelopes the blue shaded region represents
the constraint obtained by simply requiring that the matter power spectrum be consistent
with observations in the neighborhood of £ = 0.1 h/Mpc with fixed H, where the current
LSS measurements have the best sensitivity. We see that it provides a good approximation
to the true bound, except in the region of > m, = 0.9 eV, where the CMB limits on
Neg at recombination become important. The impact of neutrinos on the matter power
spectrum depends slightly on the mass ordering as the individual mass eigenstates become
non-relativistic at different times. However, since the current limits are only sensitive to
quasi-degenerate spectra, we are justified in neglecting this effect.

The orange dashed line (I' = H(z,,)) separates the region where neutrinos decay
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when non-relativistic from the region where they decay while still relativistic. Here z,,,
the approximate redshift at which neutrinos become non-relativistic, is defined implicitly
from the relation 37, (z,,,) = m,. This definition is based on the fact that for relativistic
neutrinos at temperature 7,,, the average energy per neutrino is approximately 37,,. The

Hubble scale at z,,, is given by,

H(zy) = Ho@(%gufﬂ

Ho U\ 12 /S my\3/2 /1.5 x 10746V
~ 7oantansive (o) (65) - () (
7:5 > 107 /s /Mpe 68km/s/Mpc/ \ 0.3 leV 79

Since our study assumes neutrinos decay after they become non-relativistic, we only

present the constraints below this orange dashed line.

The currently allowed parameter space is represented by the white regions in Fig. 2.1.

In the white region above the orange dashed line, even though neutrinos decay when
still relativistic, their small mass allows them to evade the current CMB free streaming
constraints. In this scenario their contribution to the energy density evolves in a manner
similar to that of massless neutrinos, and so the effects on LSS are similar in the two cases.
In the white region below the orange dashed line the neutrinos decay after becoming
non-relativistic, but because their masses are too small or their lifetimes too short, the
suppression of the matter power spectrum is too small to be detected with current data.
We see from this discussion that the unstable neutrino paradigm greatly expands
the range of neutrino masses allowed by current data. This has important implications
for current and future laboratory experiments designed to detect neutrino masses. Next

generation tritium decay experiments such as KATRIN [62] are expected to be sensitive
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to values of m,,_ as low as 0.2 eV, corresponding to > m,, of order 0.6 eV. A signal in
these experiments would conflict with the current cosmological bound, > m, < 0.12
eV, for stable neutrinos. However, in the decaying neutrino paradigm, we have seen that
the current cosmological upper bound on the sum of neutrino masses is relaxed, with the
result that > m,, as high as 0.9 eV is still allowed. Therefore, a signal at KATRIN can
be accommodated if neutrinos are unstable on cosmological timescales. In Fig. 2.1, we
display a brown vertical line > m, ~ 0.6 eV that corresponds to the expected KATRIN
sensitivity.

In the case of Majorana neutrinos, current data from neutrinoless double-beta decay

> 0.6 eV (brown

Y

experiments such as KLZ and EXO have already ruled out ) m,,
vertical line) [63, 65]. An updated version of KLZ, the KLZ-800, is currently probing
> " m,, as low as 0.17 eV [71] (red vertical line) in the case of the normal hierarchy and
the entire parameter space for the inverted hierarchy. If this experiment were to see a
signal, we cannot immediately conclude that hierarchy is inverted based on the current
cosmological bound of Y m, < 0.12 eV, since the decaying neutrino paradigm would

still admit a normal hierarchy.

2.2 Evolution of Perturbations in the Decay of Non-Relativistic Particles

into Radiation

In this section we derive the set of Boltzmann equations describing the evolution
of the phase-space density of massive particles decaying into massless daughter particles,

working to first order in the perturbations. In contrast to the case of cold dark matter
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(CDM) decay (see, e.g., [72, 73]), we cannot assume that the mother particles are at rest,
but must take into account their non-trivial momentum distribution, as in the studies [74,
75, 76]. This allows us to study the cosmological effects of a warm particle species,
such as neutrinos or warm dark matter, decaying into radiation. We implement these
new Boltzmann equations into the numerical code CLASS to generate the results in
sections 2.3.1 and 2.4.

The phase-space distribution of a particle species in the expanding universe is a
function of the position 7, the comoving momentum ¢ = ¢n, and the comoving time 7.

The evolution of this distribution is determined by the Boltzmann equation,

daf _of dz' Of dqdf dn Of

dr — Or  dr 0x'  drdq  dr On

=Clf1, (2.2)

where C|[f] is the collision term that accounts for all processes involving the species.

We consider the case of a massive mother (with the subscript M for mother) of
mass M decaying into N daughters (D;-; 2. n). For the sake of simplicity, we restrict
ourselves to the case where the mother particles decay after becoming non-relativistic,
but nevertheless keep track of their non-trivial momentum distribution. In this regime,
inverse-decay processes can be safely neglected. We also ignore any effects arising from
Pauli blocking and spontaneous emission since fj; p; << 1. The collision terms for the
mother and daughter particles are then given by,

£ )
Ou= — / [T g, @RS G — i) ), 23)
€M
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where €5 = (¢ + m%a?)'/?

represents the comoving energy of the species S(= M, D;)
andd’§ = d*q/(27)°. From the definition of the decay width, the collision term for the

mother particle can be simplified to

I
Ot = —%fM, 2.5)

where I' denotes the decay width in the rest frame of the decaying particle, and the
relativistic boost factor v = +/q%, + M?a?/(Ma) accounts for time-dilation in the cosmic
frame. To determine the evolution of inhomogeneities in our universe, we consider
perturbations about the homogeneous and isotropic background phase space distribution

functions,

fS(qs;ﬁafvT) = fg'<QS7T)+AfS(QS7ﬁ7faT)7 S:M7Dz (26)

2.2.1 Background: Zeroth Order

Treating A f); and fluctuations about the gravitational background as higher order
perturbations, the zeroth order Boltzmann equations for f2, arising from Eq. (2.2) take
the form,

ofyr T

—a
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The formal solution to f{,(g, 7) from the differential equations in Eq. (2.7) is given by,

Fo(q,7) = filg)e " In s (2.8)

where 7; denotes the initial conformal time and f;(q) represents the initial momentum
distribution. We will focus on the case where the mother decays after becoming non-

relativistic. Using integration by parts, the exponent in Eq. (2.8) can be rewritten as,

Tadr Tt | t d (1
r/ k- _r/ dt' t' (—) 2.9)
» ) a)], ti dt’ \ v(a)

where we have used adr = dt. It is computationally demanding to solve the integral

for general a(7). However, the behavior of the exponential factor is rather simple: the
exponential is close to 1 when 7 is smaller than the mother lifetime ~ ~v/T'a, and fj; no
longer contributes when 7 is much larger than the mother lifetime. The only time that
the exponential factor exhibits a non-trivial a-dependence is when 7 ~ ~/I'a. Since our
focus is on decays in the non-relativistic regime, 7(a) is slowly varying at the time of
decay. Then the second term on the right-hand side of Eq. (2.9), which depends on the
time derivative of y(a), can be neglected in favor of the first term. This allows us to

approximate the exponent as

Tadr Tt
I -~ 2.10
/T. @)~ ) (210
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We have verified numerically that Eq. (2.10) is a good approximation to the full solution.

Therefore, the mother distribution we use in this dissertation is

fu(g, )~ fi(q)e”{'”t. 2.11)

It is worth pointing out that the mother distribution described by Eq. (2.11) is a general
formula that can also be applied to the case of decaying CDM. This limiting case corresponds
to the distribution f;(qas) = 0(qar) Nass/(47q3,), where Ny, represents the initial comoving
number density of mother particles. Since this distribution is localized entirely at g); = 0,
the boost factor v(a) = 1. Then Eq. (2.11) reduces to the known result for decaying cold
dark matter [77, 78, 79]. Our analysis is, however, more general, because it accounts for
the fact that the contribution of warm dark matter to the background energy density scales
with the redshift in a more complicated manner than ¢ 3. In addition, it takes into account
the fact that, in general, particles with larger momenta live longer as a consequence of
time dilation.

We now apply the above general formula to the decay of massive neutrinos. The SM
neutrinos decoupled from the photon bath when they were ultra-relativistic. Therefore,
their distribution prior to decay is of the Fermi-Dirac form. Therefore, f; = 1/(e%/%0 1),
leading to

0 1

r
= et exp(—;t). (2.12)

The collision terms for the daughter particles are more challenging. However, we can

simplify this set of equations by using the total integrated Boltzmann equations for the
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daughters. This is done by integrating the Boltzmann equations for the individual daughter
species with respect to d°p;ep; and adding them up. The resulting total integrated

collision term for the daughter species is given by,

. a’q, d3*i . .
S [EtmenCh, = @ [ GG eon PR 6 Gar ~ S fr(an).
j i g
= a’TM / Eaufy. (2.13)

The simplification in the last line follows from the covariant conservation of the energy-
momentum tensor, where we have used Eq. (2.3), Eq. (2.5), and €,,/y = Ma to obtain
this expression. In this work we focus on the case in which the mother neutrino decays
into massless daughter particles. The relation in Eq. (2.13) can be used to express the
Boltzmann equation for the daughters in terms of the total comoving energy density of

the daughters F/p and the comoving number density of the mother N,

Ep EZ/dQDiQ?)i fD“ Ny = /quq]ZMfM (2.14)

Since the daughter particles constitute massless radiation, we can rewrite the expression
for the evolution of the daughter distribution in Eq. (2.2) in terms of the background
daughter energy density pp = 4ma~*E? and the background mother number density
na = 4ma 3Ny, where E? and N, are defined as in Eq. (2.14) after expanding out [,

and fp, as in Eq. (2.6),

8pD

or +4aHpp = al'Mny,. (2.15)
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The right-hand side of the Eq. (2.15) is exactly the same as in the case of cold dark matter
decay. While mother particles that have higher momentum have more energy, they also
decay more slowly due to time-dilation in the cosmic frame. This perfect cancellation
between relativistic energy and time-dilation is neatly encapsulated in the simplification

ey /v = Ma that was used in obtaining Eq. (2.13).

2.2.2  Perturbations: First Order

In the synchronous gauge, the metric perturbations can be parametrized as,
ds* = a()? [—dr® + (0; + Hyj) da'da’] (2.16)

where d7 = dt/a(7) and the indices ¢ and j run over the three spatial coordinates, (i, j =

1,2, 3). It is convenient to work in Fourier space,

- ~ A . A 1 -
Hz](k’,T) = k’l h(k‘,’r) + <k’7,k)] — 56”) 677(]{5,7') s (217)

<

where £ is conjugate to ¥ and k is the unit vector. In Fourier space the first order terms in

Eq. (2.2) for the mother particle can be collected as,

R afe P o M
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33



(2.18)

where 1 = k - i and Py(y) are the Legendre polynomials.
As usual, we can expand the angular dependence of the perturbations as a series in

Legendre polynomials,
a) = (=)' 2+ D)X,(.... k) Pk - ). (2.19)
1=0

Here X represents any of the perturbations A fy, D;» AFEp or ANy, which are defined as
in Egs. (2.6) and (2.14). Exploiting the orthonormality of the Legendre polynomials, we
arrive at a Boltzmann hierarchy of moments in which any moment is related only to its
neighboring moments. The diminishing importance of the higher moments allows us to
cutoff the calculation at some [ = [,,,,, where the choice of [,,,,,, depends on our desired
level of accuracy. We use the improved truncation scheme from Ref. [80], which has been
generalized to spatial curvature in Ref. [81].

The Boltzmann hierarchy for the perturbations of the mother particle becomes,

qk WOof @M
Afz/w(o) = AfM(l) + gqa—g[ Y A fur(o)
qk; a’T' M
Afvay = 3enr —(Afm) — 2Afme) — Afumq)
gk ofY,  a’T'M
Afve = Ber —(2A faay — 3Afus)) — ( 5h’ + 37) Ng—— 90 e A fu)
gk a*’TM
Afj,v[(z) = —(21 e A frra-1y — (0+ DA faasen] — o Afu, 1> 3.

(2.20)
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In the limit that the decay term is set to zero, these equations reduce to the standard
equations for massive neutrinos in the synchronous gauge [80], as expected.

For the Boltzmann hierarchy of daughter particles, we integrate with respect to
f i dp,qp, Pi(1p,) on both sides of Eq. (2.2) for each daughter particle and add them up.

The collision term becomes

&g, dS(Tz
Z< 2l o /265 ; 26; (;%)( (v — qu (2.21)

l/
AfM(l’)Pl(MDj)Pz’ (1ar)-

Again, our focus is on the case in which the mother particle decays after becoming
non-relativistic. Then, up to corrections of order ¢);/(Ma) arising from the motion of
the mother particle, the decay into daughters is isotropic, so that there is no correlation
between the directions of the mother and daughter momenta (7)/,p). Given that the
perturbations of the daughter particles give only a small contribution to structure formation,
we can ignore this subleading correction in gy /(Ma) and assume that 15, and pp; are
uncorrelated. In this case, the angular integrals over the Legendre polynomials can be

performed independently, so that

1

. 1
S @ ) [ dun,Pian) [ dinPrlua) =0 (1ot >0). @22)

v 1 —1

This implies that in the daughter equations, only the zeroth moment of the source

term from the mother particle decay (A fy;(o)) survives in the limit of non-relativistic
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decay. The source term shows up in the equation for A f/D(O)' We can therefore take

= [' = 0 and simplify the collision term to get a source term similar to that in Eq. (2.13),
but with [}, replaced by the perturbation A fy(g). Therefore, the Boltzmann hierarchy
for the daughter energy perturbations, AEp(;, in terms of the ANy, and the metric

perturbations h and 7 is given by,

AFEpg = —kAEpq) — gh’E% + a’? MT ANy ),

AEb(l) = gAED(O) — %AED(QN

AEpe = %AED(U - %AED(S) + %E%(h, +61)),

AEp, = W—L[ZAED(Z_I) — (I+1)AEpgi], 1>3. (2.23)

Similar equations can also be found in [72, 73, 75, 78]. Again, we neglect the source
terms with ANy/(>0y due to the additional g5, /(M a) suppressions in these terms. Other
quantities such as the overdensity, perturbed pressure, energy flux/velocity-divergence,
and shear stress can be calculated from these moments in the usual manner, to be fed into

the perturbed Einstein field equations as detailed in [80].

2.3 Cosmological Signals of Neutrino Decay

In this section we determine the impact of decaying neutrinos on the matter power
spectrum and on CMB lensing. In Sec. 2.3.1, we solve the Boltzmann equations of the
previous section numerically using CLASS, and determine the matter power spectrum

and the CMB lensing potential CZ) % as a function of the neutrino mass and lifetime. This
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allows us to establish numerically that there is indeed a degeneracy in the matter power
spectrum between neutrino mass and lifetime. In Sec. 2.3.2, we determine the matter
power spectrum analytically, after making certain well-motivated approximations. We
show that the results closely reproduce those based on the numerical study, and admit a

physical interpretation of the effects of decaying neutrinos.

2.3.1 Numerical Results

To simplify the analysis, we assume that the three neutrinos have degenerate masses
and lifetimes. This extends the parameter space of the ACDM model to include two
additional parameters; the sum of neutrino masses, » _ m,,, and the logarithm of the decay
width, log,, I',. In our analysis, we fix the following cosmological parameters to their
central values from the Planck 2015 TT, TE, EE+low-P data:{w, = 0.022032, wegm =
0.12038, In(100A,) = 3.052, ny = 0.96229, T.e = 0.0648}. The impact of neutrino
masses on the matter power spectrum looks different depending on whether 6, or Hj is
kept fixed [68]. This is because, to keep 0, fixed, Hy must be adjusted within CLASS,
leading to an overall shift of the matter power spectrum. While fixing H is more conventional,
fixing 0, gives a better reflection of the constraining effects of a combined analysis of
CMB+LSS data, since CMB data pins 6, down very precisely. In the following, we will
show results with either Hy = 67.56 km/s/Mpc or 100 x 6, = 1.043, explicitly stating in
each case what convention is chosen.

Since the galaxy power spectrum is known to trace the CDM and baryon overdensities,
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we focus on the power spectrum

Py(k) = <5_p b 9 Cb> , (2.24)
Pecb Pcb
where p., (0pep) 1 the average (perturbation) of the sum of CDM and baryon energy
densities.! In Fig. 2.2, we display the residuals of P, (left) and the CMB lensing potential
(right) with respect to the case of massless neutrinos for > m,, fixed at 0.25 eV, keeping
the value of H, fixed. We compare three different values of I', and the limiting case
of stable neutrinos. The curves run from top to bottom in order of decreasing I',. The
analytic results are shown as dashed lines in the plot, and are seen to agree reasonably well
at large k or ¢ with the numerical results, shown as solid lines. These plots demonstrate
that the main effect of a non-zero decay rate of neutrinos is to reduce the power suppression
at large k arising from their mass. Moreover, they establish that the gravitational effects
of unstable relic neutrinos can indeed give rise to observable signals in LSS, provided that
the decays occur sufficiently long after the neutrinos have become non-relativistic.
Because of the effects of non-linearities at large k (small scales) and cosmic variance
at small k£ (large scales), current experiments are sensitive only to a narrow range of
k in the neighborhood of 0.1h/Mpc. We see from Fig. 2.2 that in this region there
are no qualitative features in P|,—¢ or C’f % that would allow unstable neutrinos to be
distinguished from stable ones. Although P,|.—o and CZ’ ¢ are more suppressed in the
stable case, as expected, this effect can be mimicked if the the neutrino masses in the

unstable scenario are suitably heavier. This results in a strong parameter degeneracy

'Note that this is different from the matter power spectrum conventionally defined as P,, =
((8peb + 0py) [ (Pes + pu)]2), which differs from Py, by an extra factor [ges/ (pes + pv)]? -
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Figure 2.2: Plots of the fractional difference in the CDM+Baryon power
spectrum P, (top) and CMB-lensing potential C’f ¢ (bottom) for various
decaying (and stable) massive neutrino scenarios with respect to the case
of massless neutrinos. The solid lines show the results from numerical
simulations of the decaying neutrino scenario for three values of the decay
width, T',= 10*% 3% 30 (km/s/Mpc) (top to bottom), and also the stable
neutrino scenario, holding > m, = 0.25 eV and H, fixed. The dashed lines
represent the corresponding analytic estimates from Sec. 2.3.2.
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Figure 2.3: The fractional differences in the CMB-lensing potential C’f ¢
(top), CDM+Baryon power spectrum F,, (bottom) for an unstable (purple)
and a stable (blue) neutrino scenario with respect to the case of massless
neutrinos (black) at fixed Hy. The grey regions show the 1o uncertainties
from Planck and SDSS DR7 respectively.
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Figure 2.4: The fractional differences in the CMB-lensing potential C’Z’ ¢
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and C’ZEE (bottom right) for an unstable (purple) and a stable (blue) neutrino
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respectively.
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between the neutrino lifetime and the sum of neutrino masses as determined from P|.—o
and C’f ¢

In Fig. 2.3 we show an explicit example of the degeneracy between mass and
lifetime in the values of P, and Cf ¢ at fixed Hy. We consider a model with stable
neutrinos of mass » m, = 0.2 eV, and a different model with unstable neutrinos of
mass Y m, = 0.36 eV and width T, = 10* km/s/Mpc. In the P,(z = 0) case, we
see from the figure that the blue (stable neutrino) and purple (unstable neutrino) curves
cannot be distinguished by measurements such as SDSS DR7 (used later in sec. 2.4),
whose sensitivity is shown in grey. However, we note that the lensing power spectrum can
potentially help in breaking the degeneracy, because it receives its dominant contribution
at higher 2 ~ 3 [82]. We will explore the possibility of breaking the degeneracy by using
next generation measurements at different redshifts in future work.

Finally, we show in Figs. 2.4 the effects of neutrino masses and decay at fixed 5 on
Py, CZ’ ¢ and C’ZT’E E This fixes the peak locations in the CMB power spectra and only
generates negligible deviations away from the massless neutrino case in C’KTT’EE [68].
The same choices of parameters, however, do generate sizeable deviations in Cf ? and
P,, away from the massless neutrino case that are close to the current sensitivities. This
demonstrates that as expected, for sub-eV > " m,,, it is the CMB-lensing and matter power
spectrum measurements that provide the constraining power. Additionally, note that the
change in H, required to keep 6, fixed leads to an overall shift of F,,. This makes the
BAO in the three models out of phase and leads to small oscillations at large k on top of

the power suppression.
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2.3.2 Analytic Understanding

In this section we provide an analytic derivation of the effects of neutrino decay
on CMB and LSS observables. We begin by showing how the results in the literature
for the effects of massive neutrinos on the matter power spectrum (P (k)) and CMB
lensing (C’f ®) can be reproduced analytically. We improve on the existing analytical
treatment of the cosmological effects of massive neutrinos by taking into account their
momentum distribution. We then build on this to derive an expression for the evolution
of overdensities in scenarios with unstable neutrinos.

Once neutrinos become non-relativistic, their contribution to the background energy
density leads to an increase the Hubble rate, leaving less time for structure formation as
compared to a universe with massless neutrinos. The net result is an overall suppression
of power at small scales in the matter power spectrum. The size of this effect can be
determined by studying the evolution of density perturbations. Consider §; = dp;/p;
for particle species ¢, for a mode that is already deep inside the horizon when neutrinos
become non-relativistic at z = z,,,;. In the matter dominated era, the Einstein equation for

the density perturbation with wavenumber & can be approximated as

k¢ ~ —41 Ga* (6 pey + O P)- (2.25)

Here ¢ is the metric perturbation in the conformal Newtonian gauge [80].> We assume

baryons have already decoupled from photons. This allows us to combine the baryon

2We use the metric ds?> = a?(7)[—(1 + 2¢)d7? + (1 — 2¢)J;;dz'dx’] and approximate ¢ = —d,
ignoring the small correction arising from the presence of free streaming radiation.
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contribution to the matter density with that of CDM to simplify the discussion. Since

0, <K 0 for perturbation modes that enter the horizon before z,,,, we can write,

ﬁ¢z--(1—‘”“))5w, (2.26)

where 7 is the comoving time and pi.t = pep + p,- Inserting this expression into the

Boltzmann equation for CDM perturbations yields,

.. 2. Oy
)1 TR N 1 5 P 112 e S O

where the dots represent derivatives with respect to 7. Deep in the matter dominated
era, neutrinos only contribute up to a few percent of the total energy density. Therefore,
throughout this derivation, we work to leading order in f, (< 1). We look for a solution

of the form,
2 .
T 6 [Tdr . .
deb = Ocpih(T) (;) exp {—g/ﬂ ?fV(T):| (2.28)

where now the function i (7) is to be determined. Inserting this expression into Eq. (2.27)
and dropping the term proportional to f2, we obtain the following differential equation
for h(7).

TB+6h—ghf:0. (2.29)

Thus far we have not made any assumption about the redshift dependence of f,. For
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massless or ultrarelativistic neutrinos in the matter dominated era, we have

T

f(T) = fu (—)2 : (2.30)

7
-
In this case we can solve for the function A(7) as,

() = oxp [k [t f20)| = o |2 (12 m - £0) | @3

Ti

This leads to the following approximate solution for perturbations in the case of massless

or ultrarelativistic neutrinos,

g \? 6 [Td7 ]
6cb (T)_(sdhi - €Xp | —¢ fl/ (T) h (7—) (232)

T
T

In the limit that neutrinos are non-relativistic, f,(7) goes to a constant value. Then
Eq. (2.29) admits a solution where h(7) is constant. This implies that in the case of

massive neutrinos, the h-function can be approximated as

™ (T) = exp {% L1 (i) — 2 (min(T, 7ur))] } : (2.33)

The result is almost identical to Eq. (2.31) since in both cases the exponent is dominated

by f%v(7;) (and f%v after T > T, is much smaller than the expansion parameter )

h™ (1) = "™ (T). (2.34)
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This means that the solution in the case of massive neutrinos can be approximated as,
7\? 6 [7d7
522” (T) = (50},’@' (-) exp |:—g/ Tf;n'/(%)] hmu (T) (235)
Ti T

Then the ratio of the perturbations in the two cases is given by,

5ZZV(T) — ex |:_§ T@ my 7A_ . Ty 7A_ :|
52/;”(7) - xXp 5/71- + (fu (7) = fI"( )) . (2.36)

This ratio can be expressed in terms of the scale factor as,

omy v (a; “da p,
1672 (a) ~ ;Z (a:) exp {_%/ aa _p (a) ] ’ (2.37)
5cby(a) 5cbu(ai) 5 a; @ ptOt(a)

where p,(a) = pum,(a) — pup, (@) represents the difference in the neutrino energy

between the two scenarios. If all the neutrinos are stable and become non-relativistic
instantly at a;, p,(a)/prot(@) = Pu.m, /Prot 1S a constant, and Eq. (2.37) recovers the well-

known result for the ratio of perturbations in the massive and massless neutrino scenarios,

_3 ﬁl/,m,j

507;"(60 ~ (g) 5 Ptot ‘ (2.38)
6cbu(a) @i

We can improve on this estimate by incorporating a more precise expression for the

neutrino energy in Eq. (2.37),

pv(a) = 4ma™ / Oodq ¢ <\/ q*> +mia® — q) f(q) . (2.39)
0
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Here ¢ = ap, denotes the neutrino’s conformal momentum, and f(q) = [eq/ Tvo 4 1} -
represents the momentum distribution of neutrinos. p,(a) exhibits non-trivial redshift
dependence since the neutrino energy goes from being radiation-like to being matter-like.
In fig. 2.5, we show the evolution of the ratio in Eq. (2.37) as a function of redshift (black
dashed curves) for two different values of the neutrino mass. We start our approximation
from a; = 2 x 1072 to make sure we are deep inside the matter dominated era so that the
assumptions leading to Eq. (2.37) are justified. We stress, however, that the result is quite
insensitive to O(1) changes in a;. As we can see, Eq. (2.37) is a good approximation to
the full numerical results (black solid curves), and describes the evolution of the d,, ratio
from the relativistic to the non-relativistic regime much better than the approximation
based on Eq. (2.38) (black dotted curves). Using this, we can estimate the ratio of the

power spectrum between the two scenarios,

Fomy < s (4 )> 2 (2.40)
Pevgn, — \ 65" (ag) ) '
The density perturbation grows much slower in the cosmological constant dominant era,
and we take the final scale factor to be at ay = 0.7 for a good approximation to the power
spectrum ratio today>.
We now turn our attention to the effects of massive neutrinos on CMB lensing. The
difference in the density perturbation dp., between the massive and massless neutrino

scenarios results in a change in the gravity perturbation ¢. The photons are therefore

deflected differently in the CMB lensing process. The correlation function of the lensing

3We can also use ay = a g(a) with the growth function g(a) for a reasonable approximation [51].
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Figure 2.5: Evolution of the ratio of the CDM+baryon density perturbation
with respect to the case of a massless neutrino, J7,"/ 5;/;”. The results are
shown for the case of a single massive neutrino with m, = 60 meV. All
the solid curves are obtained from numerical calculations using the modified
CLASS code discussed in Sec. 2.2. The black curve is for the stable neutrino
scenario, and the blue (orange) curve is for the neutrino with decay rate I',, =
10* (10%) km/s/Mpc. The dashed curves represent the first approximations
to the solid curves, based on the derivation in Eq. (2.37). The dotted curves
are based on the approximation method in Eq. (2.38), where we assume a; to
be the value when 80% of neutrinos have their momenta lower than m, and
ay = agec. As we see, Eq. (2.37) provides a much better approximation to
the full numerical result. 48



potential, C’f N (p¢), parameterizes the size of angular deflection of CMB photons. The
ratio of C’f ® in the massive neutrino case to that in the massless case can be approximated

using Limber’s formula [83, 84]

1
(
R e L
L 0 - Ce=2T 1 =1 241
L, mv\/ d 2 ( ) 1 — 2 Tr— T«
Xk x ¢ T
0 P l‘m”X* ( )

Here 7. ~ 2.8 x 10% Mpc is the conformal time at last scattering, while 77 &~ 1.4 x 10*
Mpc is the conformal time today. The value of 7 differs a bit between the massive
and massless neutrino scenarios, since the contribution of neutrinos to the total energy
density is different in the two cases. However, since the neutrino mass only results
in a significant difference in the contributions to the background energy in the short
period of time between the neutrinos becoming non-relativistic and the universe becoming
dominated by the cosmological constant, the difference in . between the two scenarios
can be neglected. Then, the difference between Cf‘b in the two cases primarily arises from
differences in the evolution of ¢.

According to the Einstein Eq. (2.25), the ratio of ¢ between the two scenarios for

large ¢ modes at a given value of the scale factor is,

Om, (@) 0g"(a)

~ . 2.42
O (@) 67 (a) (242)

Since Cf ? receives its dominant contribution close to 2z ~ 3 [82], we can estimate the
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ratio of the C{* as,

(2.43)

Cltn ( i )
iy 05" ) 1iss

Based on a very similar analysis, we can predict the suppression of P (k) and CZ’ ¢
for large k£ and / in the unstable neutrino case. We consider a scenario with a single
massive neutrino species that becomes non-relativistic after last scattering and decays
into dark radiation. After the decay, the energy density of the daughter particles redshifts
more quickly than that of a stable neutrino of the same mass as the mother. We work in

the instantaneous decay approximation and assume that all neutrinos decay at the same

time, corresponding to a scale factor age., which is implicitly determined by the equation,
[, = H(agec)- (2.44)

The difference in energy density p, between an unstable neutrino and a massless neutrino
evolves in a more complicated way than in the case of a stable neutrino. The instantaneous
decay approximation allows us to separate the evolution into two parts. On timescales
shorter than the proper lifetime of the neutrino, the difference in energy density follows

the equation,

pu(a) = 47ra_4/ dq ¢* (\/q2 + m2a? — q> flg), a< agec- (2.45)
0

In the instantaneous decay approximation, the energy density in non-relativistic neutrinos

is immediately transferred into radiation energy at aqe.. It subsequently redshifts with an
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extra (aqec/a) factor as compared to a non-relativistic neutrino, so that

pula) = dma™ / daq* |V@+ e (M) =g f@), aZaue.  (246)
0

The ratio of CDM density perturbations in the case of unstable neutrinos can be obtained
by inserting the energy density ratios in Eqgs. (2.45) and (2.46) into Eq. (2.37). Then the
ratios of P(k) and C¢? in the limit of large k and ¢ can be obtained from Egs. (2.40) and
(2.43)

In Fig. 2.5, we show the ratio of ., from the numerical calculation described in
Sec. 2.2 for both the decaying (blue and orange) and stable (black) neutrinos. The plots
are for a single massive neutrino with m, = 60 meV (upper) and 80 meV (lower), and
a decay rate I',, = 10%(10%) km/s/Mpc for the blue (orange) curves. In this scenario,
more than 80% of the neutrinos have momenta p,, < m,, after a > 0.012 (a > 0.0096)
for m, = 60(80) meV neutrino. It is at this point, when most of the neutrinos have
become non-relativistic, that the major suppression of ., begins. During this period the
0 ratio drops with the power described in Eq. (2.38) (grey line). The blue (orange) dotted
lines give the value of the d.,-suppression if the later contributions of daughter particles
to the energy density shown in Eq. (2.46) are ignored. As we see, this underestimates
the suppression of d.,, showing that the contributions of daughter particles to the energy
density cannot be neglected. It is clear from the figures that Eqgs. (2.45) and (2.46) provide
a good description of the ¢, evolution in unstable neutrino scenarios (dashed blue and
orange), both before and after neutrino decay. This shows that the effects of neutrino

decay on the evolution of ., on these length scales primarily arise from the contributions
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of the unstable neutrinos and their daughter particles to the background energy density,

and not from their perturbations.

2.4  Current Limits on the Neutrino Mass and Lifetime from Monte Carlo

Analysis

In this section we perform a Monte Carlo analysis to determine the current bounds

on the neutrino mass and lifetime.

2.4.1 The Data and Analysis Pipeline

Our analysis makes use of various combinations of the following datasets.

* CMB: We include Planck 2015 CMB high-¢ TT, TE, and EE and low-¢/ TEB power

spectra [85], as well as the lensing reconstruction power spectrum [86].

* BAO: We use measurements of the volume distance from 6dFGS at z = 0.106 [87]
and the MGS galaxy sample of SDSS at 2 = 0.15 [88]. We include the anisotropic
measurements from the CMASS and LOWZ galaxy samples from the BOSS DR12

at z = 0.38, 0.51, and 0.61 [89].

¢ Growth Function: The BOSS DR12 measurements also include measurements of

the growth function f, defined by

2
o(2)]
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where aé”d) measures the smoothed density-velocity correlation, analogous to g =

aédd) that measures the smoothed density-density correlation.

* Pantheon: we use the Pantheon supernovae dataset [90], which includes measurements

of the luminosity distance of 1048 SNe Ia in the redshift range 0.01 < z < 2.3.

* LSS: We use the measurement of the halo power spectrum from the Luminous Red
Galaxies SDSS-DR7 [91]* and the tomographic weak lensing power spectrum by

KiDS [92].

Our baseline analysis makes use of Planck+BAO+Growth Function+Pantheon data (i.e.
data that relies on background cosmology or perturbations in the linear regime mostly).
We then add LSS information to gauge the constraining power of such surveys.

Using the public code MONTEPYTHON-V3° [93, 94], we run Monte Carlo Markov
chain analyses using the Metropolis-Hastings algorithm assuming flat priors on all parameters.
Our ACDM parameters are, {Wedm, W, Os, IN(10'°Ay), 1y, Treio }, to which we add the
sum of neutrino masses Y m, and the logarithm of the neutrino lifetime Log,,I",. In
our analysis we assume 3 degenerate, unstable neutrino species that decay into dark
radiation. Although not detailed for brevity, there are many nuisance parameters that we
analyze together with these cosmological parameters. To that end, we employ a Cholesky
decomposition to handle the large number of nuisance parameters [95], and use the default

priors that are provided by MONTEPYTHON-V3.

“More recent measurements are not yet available in MONTEPYTHON-V3. These could naturally make
the bounds presented here slightly stronger.
>https://github.com/brinckmann/montepython_public
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2.4.2 Current Limits on the Neutrino Mass and Lifetime

In order to perform meaningful comparisons and to check the accuracy of our
modified version of CLASS, we begin by running the case of stable neutrinos. Our
baseline constraint on the neutrino mass, obtained with Planck+BAO+Growth Function+Pantheon,
is > m, < 0.28eV (95% C.L.). This is in good agreement with the result reported in [61].
The inclusion of SDSS DR7 and KiDS improves the constraint by ~ 10%, bringing the
limit down to Y m,, < 0.25eV (95% C.L.). This constraint when LSS data is included is
also in good agreement with what is reported in Ref. [96].

In Fig. 2.6 we show the 1D and 2D marginalized posterior distribution of > m,,
and log,,[', for both datasets, cutting the parameter space between small decay rate
log,,I',/(km/s/Mpc) € [0, 3] (left panel) and large decay rate log;,I", /(km/s/Mpc) €
3, 5.5] (right panel) to accelerate convergence. Strikingly, once the neutrino lifetime is let
free to vary, the constraint on ) | m,, is driven by our prior on log,,I",. We recall that this
was chosen in order to ensure that neutrinos decay while non-relativistic. Interestingly, the
constraint stays quite stable for log;,I', /(km/s/Mpc) < 2.5, but relaxes to Y m, < 0.9
eV (with Planck+BAO+Growth Function+Pantheon) for higher values of the decay rate.
We note that the limit only marginally improves with the addition of current LSS data,
especially at high decay rates (right panel), for which the improvement is below numerical
noise.

Our study allows us to obtain a bound on the sum of neutrino masses as a function
of the neutrino lifetime. We see that »_ m, can be as large as 0.90 eV for neutrinos

that decay close to recombination. However, given our restricted prior enforcing non-
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bottom panel.
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relativistic decays, our analysis does not set a true upper bound on the neutrino mass. In
order to derive the true upper bound we would need to correctly incorporate relativistic
decays, taking into account inverse decay processes. A nice discussion of this regime
with inverse decays is given in Ref. [35, 38] for the interested reader. In the light of the

latest Planck results, a reanalysis of this regime will be very interesting.
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Chapter 3: Measuring Neutrino Lifetime from LSS Tomography

3.1 Lifting the Degeneracy Between Neutrino Mass and Lifetime

In the last chapter, we saw that the sensitivity of cosmological observables to the
neutrino masses arises from the fact that, after the neutrinos become non-relativistic,
their contribution to the energy density redshifts like matter, and is therefore greater
than that of a relativistic species of the same abundance. This leads to a faster Hubble
expansion, reducing the time available for structure formation. The net result is an
overall suppression of large scale structure [48, 49], (for reviews see [50, 51, 52, 53]).
A larger neutrino mass gives rise to greater suppression, since heavier neutrinos become
non-relativistic at earlier times, and also contribute more to the total energy density
after becoming non-relativistic. In the case of neutrinos that decay, the extent of the
suppression now also depends on the neutrino lifetime. The key idea, first discussed
in [54, 55], is that if the neutrinos decay into massless species after becoming non-
relativistic, the suppression in power is reduced. Depending on how late the decay kicks
in after the neutrinos have become non-relativistic, the magnitude of the suppression will
vary.

These features are illustrated in Fig. 3.1, where we show the evolution of the overdensity

of cold dark matter and baryons, 6., = dpe/pep, for three cases, based on the analysis
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Table 3.1: Forecast constraints on the sum of neutrino masses (at 68% C.L.) and decay
width of the heaviest neutrino (at 95% C.L.) from Fig. 3.2

Normal ordering
Fiducial > m, /eV | 0.06 0.12 0.18 0.24 0.30
S~ my,/eV < 0.085 | 0.12570 050 | 0.183T5017 | 0.243700:5 1 0.30370012
Logio |miime| | <37 | <32 <21 <17 <15
Inverted ordering
Fiducial 5 m, /eV | 0.10 0.15 0.20 0.25 0.30
S~ my,/eV < 0.13 | 0.15475517 1 0.20570515 | 0.2537001¢ | 0.3047001%
Logio |miime| | <27 | <22 <18 <15 <13

in [59] and briefly described in the next section. The results are expressed in terms of
the ratio of (d,,)? for each case to its value in the scenario with massless neutrinos. The
black line corresponds to stable neutrinos with Y m, = 0.25 eV, while the blue line
corresponds to unstable neutrinos of the same mass. To simplify the discussion, in this
plot we have taken the lifetimes I',, of all the three neutrinos to be the same. We see that,
as compared to the stable neutrino scenario, unstable neutrinos of the same mass lead to
a smaller suppression of d., at z = 0. The red line corresponds to unstable neutrinos
with >~ m,, = 0.30 eV, and their lifetime has been chosen to obtain the same result for
the overdensity at z = 0 as for stable neutrinos with > m, = 0.25 eV. We see from
the black and red curves in Fig. 3.1 that the effects of a stable neutrino on the matter
density perturbations cannot be easily distinguished from those of a heavier neutrino that
is shorter-lived based only on measurements performed at z < 0.3. This is because the
growth of ¢, is almost frozen in the region where the cosmological constant dominates

(z < 0.3). Therefore, there is a degeneracy between » | m,, and 7, that cannot be resolved

based only on measurements of the matter power spectrum at low redshifts. However, it is
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clear from Fig. 3.1 that the evolution of the power suppression at earlier times is different
in the two cases. Consequently, the shapes of the power spectra as a function of z are
distinct. This would allow these two cases to be distinguished if measurements are made
at more than one redshift with sub-percent precision (e.g., black vs. red at = = 0.5 and
z = 21in Fig. 3.1).

The near future Euclid experiment is expected to take measurements at multiple
redshifts between z ~ 0.5 and z ~ 2 at very high level of precision. Hence the combined
Euclid and Planck data has the potential to break the degeneracy between neutrino mass

and lifetime.

3.2 Prospects of Measuring Neutrino Lifetime from Near-future Euclid

and CMB-S4 Experiments

In order to calculate the effects of neutrino decay on cosmological observables,
we implement the Boltzmann equations corresponding to the decay of neutrinos into
dark radiation that were derived in [59] into the code CLASS [60]. We work under
the assumption that, after becoming non-relativistic, each SM neutrino decays with width
I',, into two massless particles. Here the indices ¢ label the neutrino mass eigenstates. For
concreteness, we assume that the decay widths of the three neutrinos satisfy the relation
I, o< m. . This assumption is motivated by models in which the generation of neutrino
masses 1s associated with the breaking of global symmetries. Since Goldstone bosons
are derivatively coupled, in these theories the matrix element for neutrino decay typically

scale as m,,/ f, where f corresponds to the scale at which the global symmetry is broken.
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Figure 3.1: Evolution of the ratio of the CDM+baryon density perturbations with respect
to the case of massless neutrinos. The blue (black) curve corresponds to the case of stable
(unstable) massive neutrinos with > m, = 0.25 eV. Here Zgecay, defined as the redshift
at which the neutrino width I',, becomes equal to the Hubble constant, corresponds to the
redshift at the time of neutrino decay. Similarly z,, denotes the redshift at which 80% of
the neutrinos have become non-relativistic. Unstable heavier neutrinos with > m, = 0.3
eV (red) can give the same density perturbation at low redshift as stable neutrinos of mass
> m, = 0.25 eV. However, at z = 2, the perturbation in the heavier neutrino scenario
deviates at the O(0.1)% level from the stable neutrino scenario (purple arrow).

Then, after accounting for phase space, we typically have I, ~ mf} Given the observed
mass splittings, this leaves only two remaining independent parameters. We choose to
present the results of our analysis in terms of the parameters (> m,,I',), where I', is
the decay width of the heaviest neutrino. With this definition, I', = I',, for the normal
ordering and I', = TI',, for the inverted ordering. For the same values of ) m, and
I',, the results for the normal and inverted ordering are different. This is because the
individual neutrino masses are different in the two cases. Therefore the neutrinos become

non-relativistic at different times and have different lifetimes. These differences become
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increasingly small for values of > m,, above 0.2 eV, since in this regime the neutrinos are

quasi-degenerate.

Table 3.2: Forecast constraints at 68% C.L. on the sum of neutrino masses and decay
width of the heaviest neutrino from Fig 3.3.

Fiducial (Logyq | i | - 20 7w /eV) (3.7,0.16) (3,0.25)
S my eV 0.16750% 0.261755%2

Log,, {km/FWW 3.50+063 2.96+064

S m,/eV (stable) 0.1079.52 0.197052

We wish to determine the extent to which a combination of Planck data and future
Euclid data can help break the degeneracy between the neutrino mass and lifetime. To
that end, we make use of the mock likelihoods available publicly in MONTEPYTHON-
v3.1 and described in Refs. [94, 97]. We include Euclid galaxy and cosmic shear power
spectra in the “realistic” configuration, i.e., we include nonlinear scales and employ a
loose (redshift-independent) non-linear cut at comoving kyr, = 2 h/Mpc in the galaxy
power spectrum and ky;, = 10 A/Mpc in the cosmic shear power spectrum, together with
a nonlinear correction based on HaloFit [98, 99] and a theoretical error on the nonlinear
modeling (as described in Refs. [94, 97]). For a few cases, we employed an alternative
“conservative” prescription where we cut the data at comoving kx;, = 0.2 h/Mpc in the
galaxy power spectrum and ky;, = 0.5 h/Mpc in the cosmic shear power spectrum, and
verified that this leads to very similar results. This gives us confidence in the robustness
of our conclusions. In order to include Planck data in our forecast, we generate a mock
dataset with the fake likelihood FAKE_PLANCK_REALISTIC available in MONTEPYTHON-
v3.1. We analyze chains using the python package GETDIST [100].
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Figure 3.2: Forecast of the 2D posterior of the sum of neutrino masses (at 68% C.L.)
and decay width of the heaviest neutrino (at 95% C.L.) reconstructed from a combination
of Planck+Euclid P(k)+Euclid Lensing. The fiducial model assumes that neutrinos are
stable and that they follow the normal ordering (top panel) or inverted ordering (bottom
panel).
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Figure 3.3: Same as Fig. 3.2, but the fiducial model now assumes decaying neutrinos with
(Logyo[I'y/(km/s/Mpc)], > m,/eV) = (3.7,0.16) (top panel) and (3,0.25) (bottom
panel) in the normal ordering. The stars and dashed lines indicate the fiducial values
of the corresponding parameters.
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We first forecast the lower bound on the neutrino lifetime that can be reached in the
near future. We begin by generating mock data sets for the case of stable neutrinos, i.e.,
', = 0. Specifically, we generate a mock data set for the following values of )~ m, /eV:
[0.06,0.12,0.18,0.24, 0.30] for the case of normal ordering and [0.10, 0.15, 0.20, 0.25, 0.30]
for inverted ordering. This range covers the minimum » _ m,, allowed by the normal and
inverted mass spectra, and also the maximum » | m, consistent with the current bound
derived in [59]. We then run one MCMC scan per mock data set varying the ACDM
parameters {wp, Weam, 10065, Ag, N, Treio ; together with {>_ m,, /eV, Log,y[I', /(km/s/Mpc)]}.
As mentioned earlier, here I', refers to the width of the heaviest neutrino. As our modifications
to CLASS have the effect of making the code much slower, we are forced to run a large
number of chains (~ 100) to acquire enough points to obtain robust results. This penalizes
the use of the Gelman-Rubin criterion [101] as a convergence test. Nevertheless, all runs
satisfy the Gelman-Rubin criterion except for the cases with fiducial > m, /eV = 0.06,
> > m,/eV=0.10 and ) m, /eV =0.12. For these runs, we have at most (R — 1) ~ 0.3,
(R—1) ~0.22 and (R — 1) = 0.25 respectively. Therefore we primarily rely on visual
inspections, and on comparison between various chunks of chains, to assess convergence.
As a check, we have verified that for all scenarios, our constraints vary by less than 10%
when adapting the fraction of points removed with GETDIST from 0.1 to 0.5.

Our results are displayed in Fig. 3.2 for the normal- (top) and inverted- (bottom)
mass ordering cases, where we show the bounds on the decay rate I', of the heaviest
neutrino as a function of > m,. We summarize the bounds on the neutrino masses
and lifetime for both hierarchies in Table 3.1. Of utmost importance, we find that the

combination of Planck and Euclid can break the degeneracy between (> m,,T",) and
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set an upper bound on the neutrino lifetime, Log,,[[', /(km/s/Mpc)] < 3.7 (20), even
for the lowest possible neutrino mass. Moreover, we find that the sensitivity to > m,,
is not significantly degraded by the additional free parameter log;,I',. As can be seen
from Table 3.1, the bounds on I', in the normal and inverted ordering cases become
increasingly close above > m, = 0.2 eV. This is because in this limit the neutrinos are
becoming quasi-degenerate. Nevertheless, even for > m, = 0.3 eV, the values of the
two largest neutrino masses differ at the level of a few percent between the normal and
inverted hierarchies. Since I', o m?y’, this accounts for the ~ 10% difference between
the bounds on I',, in the two cases. Finally, we mention that we do not find any strong
correlation between the decay rate and the other cosmological parameters. Therefore, for
brevity we do not explicitly report the reconstructed ACDM parameters.

Given these constraints on Log,,[I", /(km/s/Mpc)], we anticipate that future cosmological
data will be able to determine that neutrinos are decaying if the width exceeds this limit.
To demonstrate this, we turn our attention to a scenario with unstable neutrinos and
generate two sets of mock data corresponding to (Log,, [, /(km/s/Mpc)], > m,/eV) =
(3.7,0.16) and (3,0.25) with a normal ordering. For each mock data set and fiducial
model we run two cases, one in which we leave I, free to vary and another in which we
enforce the constraint I', = 0. The purpose of the latter case is to allow us to estimate
the typical bias that would be introduced if this scenario was actually realized in nature
and neutrino decays were not accounted for. The results of both these runs satisfy the
Gelman-Rubin criterion.

Our results are shown in Fig. 3.3 and summarized in Table 3.2. We find, as expected,

that for both cases the combination of Planck and Euclid sets an upper limit on the
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neutrino lifetime, so that the decaying neutrino scenario can be distinguished from the
stable case at better than 30. Remarkably, in both cases we also obtain a lower limit on
the neutrino lifetime at 30, opening the door to the possibility of determining the neutrino
lifetime from cosmology.

Based on our limits, one might expect that the neutrino lifetime can be determined at
better than 20 provided Log,,[I", /(km/s/Mpc)| > 3.7 for > m, /eV > 0.06. However,
recall that the regime Log,y[I',/(km/s/Mpc)] 2 5 is not treated in our formalism,
since neutrinos would be decaying while still relativistic. We defer a detailed study of
the parameter space for which next-generation experiments can determine the neutrino
lifetime to future work.

Interestingly, we find that in both the cases considered, the precision at which >~ m,,
can be detected is strongly degraded compared to the contours in Fig. 3.2. Indeed, in these
cases the uncertainty on » _ m,, is multiplied by ~ 5 when I" is let free to vary, and ~ 1.5
when I, = 0 is enforced. This is of great importance for next-generation experiments
which claim that a combination of datasets will be able to detect the sum of neutrino
masses “at 507, even in the minimal mass case. Perhaps even more important, we find
that when '), = 0 is enforced, a strong bias in the reconstructed neutrino mass away from
the true value can appear. For the specific cases studied here, we find a bias of roughly

—0.06 eV, i.e, a ~ 3o shift away from the “true” value.
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Chapter 4: Conclusion

The fact that the couplings of neutrinos to the other SM particles are so weak
makes it extremely difficult to study their properties. Even though it has been over six
decades since neutrinos were first directly observed in the laboratory, several of their
fundamental properties, including their masses and lifetimes, remain to be determined.
However, neutrinos are also among the most abundant particles in the universe, and their
gravitational pull has effects on cosmological observables. The universe is therefore an
excellent laboratory for studying the detailed properties of neutrinos.

In this dissertation, we have explored the cosmological signals arising from the
theoretically well-motivated scenario in which massive neutrinos decay into invisible
dark radiation on timescales less than the age of the universe. We have studied the
effects of neutrino decay on the evolution of density perturbations, both analytically
and numerically, and used these results to generalize the bound on the sum of neutrino
mass to the case when the lifetime of the neutrino is less than the age of the universe.
Our analytical results show that the signals of neutrino decay in LSS and CMB-lensing
primarily arise from the contributions of neutrinos and their daughters to the overall
energy density, and are quite insensitive to their contributions to the fluctuations about

the background. We find that the effect of increasing the neutrino-mass on CMB and LSS
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can be compensated by decreasing the lifetime. This leads to a parameter degeneracy
between the neutrino mass and neutrino lifetime inferred from the cosmological data.

Due to this parameter degeneracy, we show that the existing mass bound from
CMB and LSS measurements, which assumes that neutrinos are stable, gets weakened
if neutrinos decay, so that values of > m,, as large as 0.9 eV are still allowed by the data.
This provides strong motivation to continue the current efforts to measure the neutrino
masses directly in the lab, in spite of the limited reach of these experiments.

While the existing LSS data do not set independent constraints on the neutrino
mass and lifetime, we show that the next generation measurements of the matter power
spectrum at different redshifts can break this degeneracy and allow us to determine the
sum of neutrino masses and the neutrino lifetime independently. We find that near-future
measurements by the Euclid satellite can improve the lower limit on the neutrino lifetime
in this scenario from O(10) years to 200 million years. In the case of neutrinos that
decay on shorter timescales these measurements may allow the neutrino lifetime to be
determined from cosmology.

In our analysis we have focused on the decay of neutrinos to dark radiation, which is
easier to distinguish from the case of stable neutrinos than the decay of heavier neutrinos
to lighter ones. However, we expect that our results also give a good approximation to the
latter scenario in the limit that the lightest neutrino is massless. This applies to both the
normal and inverted hierarchies, and shows that future observations will have some level

of sensitivity to this interesting class of theories.
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Appendix A: A Model of Massive Neutrino Decay into Dark Radiation

In this appendix we present a simple, realistic model in which massive neutrinos
decay into invisible dark radiation on timescales of order the age of the universe. To
illustrate the main features of the model, we first consider a simplified version with just
a single flavor of SM neutrino, denoted by v, and two singlet right-handed neutrinos,
labelled as n and n’. The model also contains two complex scalars, labelled as ® and ®’.
We introduce U(1),, x U(1),, global symmetries that act on the right-handed neutrinos.
While n and ® carry equal and opposite charges under U(1),,, n’ and ¢’ are neutral under
this symmetry. Similarly, n" and &’ carry equal and opposite charges under U(1),,/, while
n and ® are neutral. Then the part of the Lagrangian responsible for generating the

neutrino masses takes the form,
Y+ 5 y, T 17171/

Here L represents the SM lepton doublet and H = io,H*, where H denotes the SM
Higgs doublet. A is a UV mass scale while y and 3’ are coupling constants. Although
this Lagrangian is nonrenormalizable, it can be interpreted as the low energy description

of a renormalizable theory after particles with masses of A have been integrated out. For
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example, consider the renormalizable Lagrangian,

—L =GLAN +MyNN€ + AnN°® 4 LHN' + My N'N¢ + Xn/ NY®' + H.e. (A.2)

Terms of the form shown in Eqn. (A.1) are obtained after the heavy fermions N, N¢ N’
and N¢ have been integrated out.
Once the scalars @, ' and the SM Higgs each acquire a vacuum expectation value

(VEV), we obtain Dirac masses for the SM neutrino,

! r!
L5 y;x) on + yQ";\” on' + H.e. = miny, + He.. (A3)

Here %, \};—% and \% denote the VEVs of ®, &’ and H respectively. The SM neutrino

acquires a mass m = \/ (yf)* + (' f')*v/(2A\). Its Dirac partner ny, is one linear combination

of n and n/,
0 cosf sind n
h | _ : cosl = v/ : (A4)
2 2
ny —sinf cos® n' \/(yf) + W' f)

It is clear from Eq. (A.3) that the spectrum contains one massive Dirac neutrino and one
massless singlet neutrino n,.
Below the spontaneous symmetry breaking scales f and f’, the Goldstone bosons

can be parametrized as

/
o= eor g I o (A.5)

V2 V2
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where ¢ and ¢’ denote the Goldstone bosons from U(1),, and U(1), respectively. The
couplings of the Goldstone bosons in the low energy effective theory are dictated by the
non-linearly realized global symmetries. To leading order in 1/f and 1/ f’, they are given
by,

yfvo_ yflue'

—LD zﬁ?yn +1 oA ?Vn + H.c. (A.6)

In the mass basis these interactions take the form,

/ /

—L D imv [(? cos® 0 + - sin? 9) nn + (ﬂ, — ?) sin 6 cos 0 nl} +Hc. (A7)
S S A

We see from this that the massive neutrino can decay into n; and either ¢ or ¢'. Its partial

widths into these decay modes are given by,

3 3

m m
_— F — / =
327Tf2 ) (V nl¢ )

(v —no) = 3272

(A.8)

where f = f/(cos@sinf) and f' = f'/(cosfsin ).

Now we move on to discuss the realistic case in which there are three flavors of SM
neutrinos v, (o« = e, u, 7). We also introduce three flavors of the sterile neutrinos n,,
and n,,, as well as a new scalar field ¥,3. The global symmetry in the neutrino sector is
now extended to SU(3);, x SU(3)g x U(1),, x U(1),,. The charge assignments under
U(1), x U(1), are the same as before, but with all 3 flavors of n, and n/, now being

charged under U(1),, and U(1),, respectively. Under SU(3); x SU(3)g, the various
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fields transform as

L—U,L n—Ugn n —=Usn ¥ —=UXUL, (A.9)

where Uy, and Uy are the rotation matrices of SU(3), and SU(3)g respectively. The

neutrino masses now arise from terms in the Lagrangian of the form,

Yy - = Y
—LD —LaHZaﬁng@ + F

2 LoHY 5@ + He. (A.10)

Once the ¥ field acquires a VEV, we can diagonalize its VEV (3) to obtain,

/
=D (%Limz)mi@ + %Limzm;@') +He. (A.11)
where the index i runs over ¢ = 1,2,3 and (X); denotes the ith eigenvalue of (3).

The Lagrangian in Eq. (A.11) can be viewed as three copies of Eq. (A.1). After the
scalars @, ®" and H acquire VEVs, all three generations of (n; , n}) can be simultaneously

transformed to the mass basis (ny,;, nj,) using the same orthogonal matrix,

Mh; cosf sind n;
= , (A.12)

ny, —sinf cos6 n,

where cos 6 is exactly the same as in Eq. (A.4). Now the neutrino masses are given by,

=) + (y’f’)z%- (A.13)
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Assuming that the Goldstone bosons from > are heavier than the massive neutrinos due
to some external source of explicit breaking, the dominant decay modes of the massive
neutrinos are to a massless sterile neutrino and either ¢ or ¢’. Following the discussion

above, the total neutrino decay width is given by

ms m3
Ly, = F<Vi - nlz¢) + F<Vi - n1i¢/) - 327:]?2 + 327.(;?/27 (A.14)

where f and f’ are as defined after Eq. (A.8). One characteristic feature of this model is
that the widths of the neutrinos scale as the cube of their masses, I',,/ ij = mf’ / m?. In
the case of quasi-degenerate neutrinos, m, / msy /& mg, it is clear that all neutrinos have
almost the same total width. Assuming f = f’, we find that the total width is of order H,

for f ~ 10° and neutrino masses of order 0.1 eV,

T, mi \3 [(10° \°
i~ 1.3 — ) . A.15

The parameter space of this model is constrained by astrophysical, cosmological
and laboratory data. These limits are very similar to those on conventional Majoron
models, and can be expressed in terms of bounds on the decay constants f and f’. In
the case of massless Goldstone bosons, the bounds from cosmology and astrophysics are
the most severe. A strong cosmological constraint arises from requiring consistency with
the observation that the cosmic neutrinos are free streaming at temperatures below an
eV [35, 36, 37, 38]. Neutrino-neutrino scattering mediated by Goldstone boson exchange

can prevent the neutrinos from free streaming, impacting the heights and locations of
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the CMB peaks. This translates into constraints on f and f’ of order 100 keV [102].
A stronger although somewhat model-dependent constraint, f, f' = 100 MeV, may be
obtained by requiring that the Goldstone bosons and right-handed neutrinos not contribute
significantly to the energy density in radiation at the time of Big Bang nucleosynthesis
(BBN), or during the CMB epoch.

The strongest astrophysical bounds arise from the effects of Goldstone bosons on
supernovae. The large chemical potential for electron neutrinos inside the supernova
means that these particles can now decay into final states containing a Goldstone boson
and a right-handed neutrino. This has the effect of deleptonizing the core, preventing
the explosion from taking place. In addition, the free streaming of Goldstone bosons out
of the supernovae core can lead to overly rapid energy loss. The resulting constraints
are at the level of f, f/ = 100 keV [103, 104, 105, 106, 107]. There are also bounds
on the couplings of neutrinos to Goldstone bosons from laboratory experiments, such
as neutrinoless double beta decay [108, 109], meson decays [103, 110], charged lepton
decays [111] and tritium decay [112]. These constraints arise from corrections to the
energy spectrum of the visible final states due to Goldstone boson emission. However,
in all these cases, the limits are weaker than astrophysical and cosmological bounds on
massless Goldstone bosons. Clearly, our benchmark values of f, f’ ~ 10° GeV are easily

consistent with all current bounds.
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