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RECOVERY OF EDGES FROM SPECTRAL DATA
WITH NOISE—A NEW PERSPECTIVE*

SHLOMO ENGELBERG! AND EITAN TADMORF

Abstract. We consider the problem of detecting edges—jump discontinuities in piecewise
smooth functions from their N-degree spectral content, which is assumed to be corrupted by noise.
There are three scales involved: the “smoothness” scale of order 1/N, the noise scale of order /7,
and the O(1) scale of the jump discontinuities. We use concentration factors which are adjusted to
the standard deviation of the noise /7 > 1/N in order to detect the underlying O(1)-edges, which
are separated from the noise scale /7 < 1.
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1. Introduction and statement of main results. We consider the detection
of jump discontinuities in piecewise smooth data from its Fourier projection
- ~ 1 [ iy
Snflx)= Y flk)e™,  flk):=— [ f(&e "

Y
|k|<N -

Our approach for edge detection—we use the terminology of edges or jump disconti-
nuities interchangeably—is based on the technique of concentration kernels advocated
in [3, 4] and the closely related techniques described in [2]. The technique presented
makes use of the fact that, if f is discontinuous, its Fourier coefficients contain a
slowly decaying part associated with the jumps of f. This part decays much more
slowly than the rapidly decaying smooth part of f. For example, if f is smooth except
for a single jump discontinuity at = z of size [f](z) := f(z+) — f(2—), the jump
discontinuity is associated with slowly decaying Fourier coefficients (here and below
we use X < Y to denote the estimate X < CY, where C is a constant which is
independent of the variables k, N, ...)

efikz 1

s I FEI S ) = fa) - fao),

o~

f(k) =1£1(2)

where 5(k) are the Fourier coefficients of s, the smooth part of f; the smoother s is,
the faster is the decay of s(k). Concentration kernels succeed in separating the two
sets of coefficients. To this end one computes

K:}TV * (SNf>($> =T Z Sgn(k‘)a’N (']]ij) f(k)eikx7 sgn(k) .= { §/|k| Zi%

k|<N
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DETECTON OF EDGES IN SPECTRAL DATA WITH NOISE 2621

Here, on(€) can be drawn from a large family of properly normalized concentration
factors that is at our disposal. The resulting function tends to zero in regions in which
f is smooth and tends to the amplitude of the jumps at points where the function
has jump discontinuities, e.g., [8, section 4],

% (Sv (@) = [f](x) + 0 (bva) '

Thus, jump discontinuities, or edges, are detected by separation of scales: the quantity
on the right is of a vanishing order < (log N)/N, in regions of smoothness of f, and
it is > (log N)/N, in the neighborhood of jump discontinuities of f.

In this paper we utilize concentration kernels to detect edges from spectral infor-
mation which is corrupted by white noise. In this context we observe that there are
three scales involved—edges of order O(1), noise with variance O(7), and the smooth
part of f which is resolved within order O(1/N) or smaller. Here, we can separate
the noisy part n(x) from the smooth part

s(x) = s(@) +n(@),  E(ak)?) =n;

if \/n < 1/N, then the noisy part could be identified with (or below) the O(1/N)-
variation of the smooth part of f. In this case, there are essentially two scales, and
edges can be detected using the usual framework of concentration kernels advocated
in [3, 4]. Thus, our main focus in this paper is when the smoothness scale is dominated
by the scale of the noise which is still well separated from the O(1)-scale of the jumps,!

1
—< 1.
NNV%<

The spectral information is now corrupted by white noise, affecting both low and high
frequencies:

R e~ tkz

Fk) = 1712) 5

In order to separate edges from the noisy scale, the edge detector K¢ f(z) must
be properly adapted to the presence of white noise. We show how to design edge
detectors that optimally compensate for noise and for the effects of the smooth part
of the signal.

The paper is organized as follows. In section 2 we discuss the general framework
of edge detection based on concentration kernels. We revisit the results of [4, 8],
providing a simpler proof for the concentration property for a large family of con-
centration factors. In particular, we trace the precise dependence of the error on the
regularity of the associated concentration factor. This will prove useful when we deal
with noisy data in section 3. Here, we introduce our new perspective, where concen-
tration factors are derived by a constrained minimization while taking into account
the two main ingredients of our data—jump discontinuities and the noisy parts of the
data. Numerical results are demonstrated in section 4. In section 5 we extend our
construction of concentration factors to include the three ingredients of the data—
taking into account the smooth part of the data in addition to the edges and noisy
parts; numerical results are presented in section 6.

+3(k) + Ak).

Here and below, X < Y indicates that X is an “order of magnitude smaller” than Y, so that
limy 00 X/Y — 0, X ~ Y, indicates that X and Y are “of the same order of magnitude,” namely,
X <Y < X, and X =Y indicates that limy_,o | X — Y| =0.
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2622 SHLOMO ENGELBERG AND EITAN TADMOR

2. Detection of edges—concentration kernels. Consider an f which is piece-
wise smooth in the sense that it is sufficiently smooth except for finitely many jump
discontinuities, say, at z; < 23,... < 2z, where

[f1(z5) == f(z;+) — f(z—) #0, j=12,...m.

Given the Fourier coefficients {f(k)}:;i ¢ We are interested in detecting the edges
of the underlying piecewise smooth f, namely, to detect their location z1, ..., z,, and
their amplitudes [f](z1), ..., [f](zm)-

We utilize edge detection based on concentration kernels

. k on ()
o L B N 1
(2.1a) KX (y) = — g:lUN (N) sin ky, ¢ e C[0,1].
We shall need the kernel —K¢; to have (approximately) unit mass

/ K (y)dy = —1.
0

To this end, we require that o(§) = on(§) be a properly normalized concentration
factor so that o(§) satisfies

1
(2.1b) /O Uf)dg =1.

Indeed, the rectangular quadrature rule yields

[ o= () =

=1

X o(&) 2 Lo(g) k
= - - =- —=d§+0 ==
. (%(;21 gk N /0 é— g + on, gk N’

with an error estimate, e.g., [6, 1],

" 1 |lon(§)
a < —
(2.2) /o KX (w)dy + 1| < on,s On : N| "¢ .
We set?
k —~ .
K§ f(z) .= K% = f(z) = i Z sgn(k)oy <|N|> f(k)et*=.
|[kI<N

Our purpose is to choose the concentration factors on(|k|/N) such that K f(x) =~
[f](x). Thus, K% f(x) will detect the edges [f](z;), j = 1,...,m, by concentrating
near these O(1)-edges, which are to be separated from a much smaller scale of order
K¢ f(x) =~ 0 in regions of smoothness. In the following theorem we present a rather

2We observe that K¢, f is the operator associated with, but otherwise different from, the concen-
tration kernel K, ().
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DETECTON OF EDGES IN SPECTRAL DATA WITH NOISE 2623

general framework for edge detectors based on concentration factors. In particular,
we track the precise dependence of the scale separation on the behavior of o.

THEOREM 2.1 (concentration kernels). Assume that f(-) is piecewise smooth
such that the first variation of f is of locally bounded variation (BV)

(23)  woly) =wplyx) = LETV f(i —9 =) ¢ py|am
Let K, (x) be an admissible concentration kernel (2.1) such that
(2.4a) Sy = % "Nf(g) . <1,
(2.4b) er(N) = %|JN(1)| <1,
1 /
(2.4¢) £a(N) ;:% » |aN§(£)I g <1,
(2.4d) es(N):= |on (;) < 1
Set
(25) EN = El(N)+52(N)+€3<N).
Then, the conjugate sum
(2.6) K{ f(z) =mi Z sgn(k)on (ﬁ)) f(k)eikrz
k[N

satisfies the concentration property

(2.7) [EX f(2) = [f1(@)] S N +enllwz ()l v

Proof. We simplify the proof in [4, 8]. The key to the proof is to observe that K%

is an appropriately normalized derivative of the delta function; in particular, since
K () is odd

e @) == [ RR)(fe )~ S - )dy
:—/OW/Czav(y)(f(x-l-y)_f(x—y)—[f](m))dy—[f](a:) X/Oﬁle'V(y)dy.

Since o is assumed normalized, the error estimate (2.2) tells us® that

T 1
/ ’C(JTV(y)dy =-1+ O(éN)7 oN =~ UN(g) )
0 A |
and we end up with the error estimate
2 K50(0) = 1) 5| [ KR s )] + Oem),

3In our case, the errors for the trapezoidal and rectangular rules provided, respectively, in [1]
and [6] coincide modulo the O(e1(N) + €3(N)) terms.
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2624 SHLOMO ENGELBERG AND EITAN TADMOR

To upper bound the expression on the right, we use the following identity, which is
derived by a straightforward summation by parts:

I (y)
2sin(y/2)K% (y) = on (1) cos (N + 2)
e I(y)
N-1 -
+> (azv(fk) - 0N(€k+1)) cos (k; + 2) y —on(&)cos (%) :
p

The usual cancellation estimate | [ cos((k + 3)y)w(y)dy| < ||lw|sv/|k + 3| implies
that

|10 2wy S low O] llesOlav < a0l av.

1 lw=(C)llBv,

sin(y/2) k+35

/0”12k<y> U2 )| < Jo(Ensn) — olEn)]

[ 1) G e by £ () - o (-

We conclude that

/ " K )y )y | = | / ' (n@) 3 +13<y>> smy(/jz)wx@)dy
(2’9) ( Z ‘U £k+§lk+:a gk)| ]1/' +e (N)> siny(§/2/2)wx(y) By

S (1) + 22 (W) + e3(V)) a2

The result (2.7) follows from (2.8) and (2.9). ad
As an example, we consider the noise-free case with a concentration factor for

which

an(§)
§

Clearly 65 S 1/N, and, since o is bounded, &1(N) < 1/N. Moreover, since o’y (€) is
bounded,

(2.10) eCh.

1 1

1 log(N)
SN g :

€SN

Finally, since |on(§)| < &, then e3(N) < 1/N. Thus, Theorem 2.1 applies with

6y =1/N and ey = log(N)/N, which we summarize in the following corollary.
COROLLARY 2.2 (see [8, Theorem 4.1]). Assume that f(-) is a piecewise smooth

function whose first variation is BV bounded, so that (2.3) holds. Let K% (x) be a
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DETECTON OF EDGES IN SPECTRAL DATA WITH NOISE 2625

normalized concentration kernel (2.1) with % € C'. Then K§f(z) satisfies the
concentration property

log N

(2.11) K f(x) = [f](@)] S 6 + lwe(MBv, — wel) =wr(2).

Corollary 2.2 tells us that if x is sufficiently close to z;, then K¢ f(x) is close to
[f](z;); but how close should = be? This is determined by the behavior of wy(:, z),
which in turn depends on the behavior of f(-) in the neighborhood of . Our next
theorem converts (2.11) into a precise error statement which depends solely on the
position of x relative to the jump discontinuities but otherwise is independent of the
behavior of f near x.

THEOREM 2.3 (concentration kernels revisited). Assume that f(-) € BV [—x, 7]
is a piecewise C%-smooth function so that

M, = Hfllc2( ) < o0

U; (25:25+1)
Let K%;(x) be a normalized concentration kernel (2.1) with o(£)/¢ € Ct. Then, there
exist constants depending on My but otherwise independent of N such that K f(z)
satisfies the concentration property

(2.12)
A +0 (M) g n < G,
KR f(z) = o log(N) N )
( Nd, ) if dy :=dis {x,{zl,...,zm}} > ¥

Remark 2.4. Theorem 2.3 tells us that admissible kernels K¢, (x) tend to concen-
trate in the immediate O(1/N)-neighborhood of the jump discontinuities z;’s, where
they approach the amplitude of these jumps [f](z;), while they decay to zero away
from these jumps, where log(N)/Nd, ~ 0 as d; > 1/N. We note in passing that
for the concentration property K¢ f(z) — [f](z) to hold, it suffices to require the
integrability w¢(-,z) € L' Vz, e.g., [3, 7, 5], and the references therein. The BV
regularity of ws(-,x) enables us to derive the first-order concentration rate stated in
(2.11), and, when f satisfies the stronger assumption of piecewise C? smoothness, we
have the improved first-order rate (2.12). In practice, the decay rate may be even
faster than first order, depending on the fine properties of o; consult [4, p. 1396].

The proof of Theorem 2.3 is based on the following sharp upper-bound:

(2.13)

1
wa()llBv S dollfllo2cry) + Il fllBv,

here and below, I, denotes the largest punctured interval of smoothness enclosing x,
and d, denotes the distance to the nearest jump, that is,?

I, = (x—dz,x)u(x,ac—&—dw),
(2.14) O<jniiTr71L+1|:c—zj| >0 fzdéd{zn,...,zm},

Irin{|zj—zji1|} >0 ife=2z2;, j=12,...m.

4By periodicity, zo := zm — 27 and Zm41 1= 21 + 27.
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2626 SHLOMO ENGELBERG AND EITAN TADMOR

We postpone the proof of (2.13) to the end of this section (consult Lemma 2.5
below), and we turn to the proof of Theorem 2.3, where we distinguish between three
cases.

e Case (i). If x is a discontinuity point, say, x = z;, then (2.13) with dj, := d.,
states that

lws, sy S Cur = max{dknﬂcmzk) +1 |f||Bv}7 J=1.2...m,

and Corollary 2.2 implies that
- 1ogN ,
(2.15a) | KR f(z5) — [fl(z)] < C1a N j 2, ...

o Case (ii). Assume that z is near a discontinuity |z — z;| < log(N)/N. We note
that K%, is uniformly bounded:

BN - N
IKZlle= S D 0 (|N|) FRISD 7(&) *Hf||BV SCrz, Cra=(146n)|fllBv,

k| <N =
which in turn implies the Lipchitz continuity of K¢ f(z):
(2.15b)
|KR f(w2) = KR f(21)] < [IKR [ Lo /|f z2—y) = flxr—y)ldy < Crzlwe —z1|- || fllBv.
Combining (2.15a) and (2.15b) yields the first half of (2.12)

(KR f () = [f1(z)] < [BRf(2) = KR f(z)] + KR f(25) = [£1(25)]
log N < log N | log(N)
N ~ N’ N
e (Case (iii). Finally, we assume that x is bounded away from the discontinuities
d; > 1/N. Then (2.13) and (2.11) yield the second half of (2.12)

< Cuilz =zl [[flsv +Cn —zi| S

o log(N) 1 log(N) log(N)
KA S 5 (@l leny + 1w ) S B0 dy B

We close this section with the following BV bound, which is the heart of the matter.

LEMMA 2.5 (BV bound). Assume that f(-) is piecewise C?-smooth, and let
I, = (x —dy) U (z,x + dy) in (2.14) be the largest punctured interval of smoothness
enclosing x. Then

1
loe (Vv S dallflleza.) + - IfllBv-

Proof. We decompose w;(y) into two symmetric parts:

faty) —flat) flao)—fla—y) _

we(y) = ” ; wi(y) —w-(y)
To upper bound the variation of w.(-) we compute
o, () = Sty - f(a:g) —yf'(x+y)
-=(/ Ty P - f @+ )
_ ;2/:1"1(5 O fE)dE,  r<y<atda
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The variation of w; to the right of x is therefore upper bounded by

d z+y _
s Ollzvesm < / 0 /E +(£y2m)f”(€)d§‘dy
y= T

+/
]' /

— d
2/ 1€y

T flz+y)— f@+w
+dz/ydT|f(w+y|+‘ . dy

(z+y) ’ ’f z+y)

2f@+w@
Y Y

dy
<= ) = .
<5 I flle2 (@ a+d.) + dx”fHBv

Similarly, the variation of wy to the left of 2 does not exceed |lwy(-)||By(—mz—) <
L flle?(e—dorw) + 11l BY- We then have

|wt+ OV < [fI(@) + dell flloz () + *||f\|Bv dell fllo2 (1, d%||f||BV-

A similar bound holds for ||w_(-)||pv, and the lemma follows. 0

3. Noisy data—a new perspective based on constrained minimization.
Assume that f experiences a single jump discontinuity at location z of height [f](z).
This dictates a first-order decay of the Fourier coefficients

efzkz

(3.1) F) = 112 5

+3(k) + (k).

Here, 5(k) are associated with the regular part of f after extracting the jumps [f](z;);
their decay is of order ~ |k|=2 or faster, depending on the smoothness of the regu-
lar part s(-). The new aspect of the problem enters through the n(k)’s, which are
the Fourier coefficients of the noisy part corrupting the smooth part of the data.
We assume n(-) to be white noise whose mean-square power at each frequency is
E(|n(k)|?) = n. With (3.1), the conjugate sum (2.6) becomes

o _ . a UN(%) al ~, .
K§ f(z) = [fl(2) x 27rzz cosk(z — z) — 271'20 <) S(k) sinkx

Y [k
—2m ’; o <N> n(k)sin kzx.

We quantify the “energy” of each of the three sums on the right. E; and Eg are
associated with the discontinuous and regular parts of f:

(3.2a) ;i(a (%) ) N/ ( ) d§ =: E;(0),

N 1 2
(3.20) >0t () SR ~ 5 | Telas = Eato),

k=1
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2628 SHLOMO ENGELBERG AND EITAN TADMOR

and E,(c) is associated with the noisy part of f, which was assumed to have variance
n:

N 1
(3.20) >0t () BURWP) =0 [ o€ = B, o).

k=1

Our perspective for construction of edge detectors for such noisy data is to treat
the problem as a constrained minimization. We seek a function o(£) which minimizes
the total energy, thus making the conjugate sum K%, f as localized as possible, subject
to prescribed normalization constraint (2.1b),

1
T } |
o ¢
1

EY CJN3§3
o(§) = Co— : L~ L N2¢2 Nigh :
GJTEQ +an77N+CLRN37§4 ag f +a7777 5 +ar

(3.3) min {aJEJ(U) + anE,(0) + arEr(0)

This yields

We ignore the relatively negligible contribution of the regular part which becomes
even smaller as s(-) becomes smoother. Setting ar = 0 we end up with concentration
factors of the form
C N¢ a

34 =2, > — |2
(34) o) =0 v Py

The corresponding concentration kernel depends only on the relative size of the
amplitudes 32 = a,/ay. Indeed, the normalization of o(€)/¢ (2.1b) causes the con-
stant C, to satisfy

! 0(5) - Cy _1 N
/0 ¢ df—aJ\/ﬁﬂtan (\ﬁﬂN)—l,

and we end up with the normalized concentration factor

1 BNE
@5 Q)=o) = =Ny 1+\/77ﬁﬂ2N2§2’ ’ :\/Z'

The corresponding edge detector then takes the form

o 1k ~ .
(3.6) K f(m):tanf\(/\ﬁ/gﬂm 3 1+:7ﬂ2k2 Fk)etke.
k<N

The concentration factor o = o, now involves three factors: the ratio 3, the noise
variance 7, and the number of modes N. The concentration kernel (3.6) tends to
de-emphasize both the low frequencies which are “corrupted” by the jump discon-
tinuity(ies) and the high frequencies which are corrupted by the noise. Different
procedures yield different policies for the choice of 8 = ((n); one will be discussed
in the next subsection. It is worth noting the essential dependence of ¢,(§) on the
variance of the noise 1. There are three scales involved—the small “smoothness” of
order ~ 1/N, the noise scale of order ~ /7, and the O(1)-scale of jump discontinu-
ities. We distinguish between two cases. If \/f < 1/N so that /3N < 1, then the
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DETECTON OF EDGES IN SPECTRAL DATA WITH NOISE 2629

noise can be considered part of the smooth variation of f and o, (§) ~ £ recovers the
usual concentration factor for noise-free data. Indeed, o, (§) = £ at the limit of | 0.
Otherwise, when the O(1/N)-smoothness scale is dominated by the O(,/n)-noise scale
in the sense that \/73 2 1/N in which we assume the noise to be still well below the
O(1)-scale of the jumps,

N S VB < O(1).

In this case, we can ignore the bounded factor 1/ tan™!(,/78N), and we compute the
small scale dictated by Theorem 2.1. Setting ((§) := \/nBNE we find

_ 1 a,(§) VBN
VN fH <5 s v
el<N>1|an<1>|5f;N2,
1-¢2
e NM“H2)5mmm&
S = o ()| < v

Hence (2.4) holds with

en =&y = /nBlog (v/nB).

It is remarkable to see how the small scale of smoothness in the noiseless case
O(log(N)/N) is now replaced by the small scale of noise &, = O(y/nBlog(y/nf3)).
We now appeal to (2.7): since /1 < 1, Theorem 2.1 implies that K;," f separates the
O(1)-scale of the edges from the noise scale of order ¢, < 1.

THEOREM 3.1 (edge detection in noisy data). Assume that f(-) is piecewise
smooth in the sense that (2.3) holds. Assume that its spectral data contain white
noise with variance n < 1. Let K3 f(x) be a normalized concentration kernel (3.6)

on _ ’/T\/’T]/B ik 7 ikx
Ky'fw) = tan~!(/7BN) lc|2<:N 1+ nﬁ%?f(k)e

associated with the concentration factor

1 JupNe
an~'(/7BN) 1+ nBF2N2E2

We distinguish between two cases:
(i) if /nBN < 1, we set the small scale € = ey :=log(N)/N;
(i) if 1/N S /mB < 1, we set the small scale € = &, := \/nflog (\/ﬁﬁ) Then,

K} f(z) satisfies the following concentration property:

Un(g) = t

[f1(2) + O(e), =z Se, j=1,....m,
(37 KYf@) =
N (9<di>, dy = dz’st{x, {z1,.. .,zm}} > €.
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2630 SHLOMO ENGELBERG AND EITAN TADMOR

Remark 3.2. We conclude that the concentration factor advocated in Theorem
3.1 is a rescaling of

Thus, 0,,(§) = Cy0(\/nBNE), where C, is the proper normalization factor.
4. Numerical results. I.

4.1. Noiseless data. To illustrate the results of the previous section, we present
two sets of numerical results. We begin with the case of noiseless data depicted in
Figure 4.1—a standard periodic sawtooth function with a single jump continuity at
x = 1. We still use the concentration factors advocated in Theorem 3.1, Cyo(\/nBNE).
We set 8 = 1, corresponding to equal weights for the errors due to the noise and the
discontinuous parts of the signal. The edge detector concentrates near the unit jump
discontinuity at x = 1, and it decays to zero away from it. Since the data are noiseless,
7 is treated as an extra parameter. As 7 gets smaller, KX{’ f(z) tends to zero faster
for x away from 1. The results of Figure 4.1 show that, by decreasing the value of 7
by a factor of 10, the decay of K K{’ f(z) away from x = 1 is accelerated by a factor of
0.00365/0.00137 = 2.66 ~ V/10; thus, the decay ratio in the smooth regime is of order
/1, as it should be.

4.2. Noisy data—balancing the different types of errors. We now turn
to the case of noisy data. In order to choose the free parameter (3, it is important
to know how [ influences the error at the output of our edge detector (3.6). Let us

The Function f(t)
0.5
0
-0.5
0 0.5 1 15 2
The Concentrated Output for n = 0.0001 x 107 The continuous region
0.5 3.3651
0 3.3651
-0.5 3.3651
-1 3.3651
0 0.5 1 15 2 0.3 0.4 0.5 0.6 0.7
The Concentrated Output for n = 0.00001 x107° The continuous region
0.5 1.1368
0 1.1368 \/
-0.5 1.1368
-1 1.1368
0 0.5 1 15 2 0.3 0.4 0.5 0.6 0.7

F1G. 4.1. The output for various values of n when there is actually no notse at the input.
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consider F,. We have seen that

1
E, =nN 26)d
=1 /0 o2(€) de
niN /1 nBAN2g? de
(tan~'(\/BN))? Jo (14 nG2N2£2)?
_ \/77 /\/ﬁﬁN de \/ﬁﬁNJ/\IZl @
Btan'(\/nBN))? Jo (1+¢2)? 6

E, is approximately the variance of the contribution due to noise to the edge detector.
If we want to consider the size of the noise, we should consider the standard deviation
of this contribution. It is customary to bound the noise by some constant multiple of
the standard deviation—we will use the factor 2. We define the effective size of the
noise’s contribution to be

ni/4
E =2E, ~ —.
meff n VB
By (3.2a), the effective contribution from the jump is of order

Ejers = Es(oy) ~n'/?B.

Minimizing E, cys + Ejery with respect to 3 yields 8 ~ n~1/6. Figure 4.2 demon-
strates the edge detected in noisy data using the concentration kernel (3.6) with the

advocated 3 = 7y~ /6.
Signal plus noise, 1 = 0.000005 Concentration Factor,n = 0.000005
1 1
0.5
0 »
0 '
-1
-0.5
-1 -2
0 0.5 1 15 2 0 0.5 1 1.5 2
Signal plus noise, 1 = 0.000020 Concentration Factor,n = 0.000020
1
0.5
0 -
-0.5
-1 -
0 0.5 1 15 2 0 0.5 1 15 2
Signal plus noise, n = 0.000125 Concentration Factor,n = 0.000125
1
0.5
0
-0.5
-4 -1
0 0.5 1 1.5 2 0 0.5 1 15 2

F1a. 4.2. Detection of edges in a noisy sawtooth function corrupted with various values of n
using the concentration kernel (3.6) with 8 = nn~1/6.
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5. Noisy data and smoothness—concentration kernels revisited. As an
alternative approach to the L2-minimization offered in section 3, we now replace the
L2-“averaged” effect of the regular part taken in (3.2b) by the BV-like quantity

N
(5.1a) Er(o) =y

k=1

k ~
“<N> B0,

where the regular part is sufficiently smooth that

(5.1b) |5(k)| ~ —

As in (3.3), we consider the constrained minimization

ﬁd: ,
7]

with J(o) = ajE; (o) + ayEy(0) + agrEr(c), where E;(0) and E,(o) are given by
(3.2a) and (3.2¢c), respectively, but With an alternative expression for the “energy” of

(5.2a) min {J(U)

the regular part motivated by (5.1): fo lo(€)|€72d¢/N. We find that
1 2 1 1
aj [~ o7(&) / 2 o ()l
5.2b J(o) = — dé+amN | o%(&)d + dg.
( ) ( ) N o 52 5 7777 0 ( é‘ N 0 52 5

Proceeding formally, the solution for the first variation of (5.2) leads to

1 >0
2 . Q A 9 )
a]‘\][cggf) + 2na,No (&) + cmsj%fr;(zcr(f)) = sgn(o) = _(1), Z i 8,

We will show that the resulting optimal concentration factor is given by

_ (NE— ko)t __ag
(5-3) 0(5) = CoWa ko = N B = \/> Cs 2aJ

Indeed, to justify the passage to (5.3), one may consider a regularized version of the
variational statement (5.2) min J. (o), where

! Ia(é)Ie
N €2

a; [1o*(E)

Je(0) == N/ &

1
d§+annN/O a2(€) d§+ d¢

involves a mollified absolute value function

o] o], o] = e,
Ole = g €
: 24‘57 |0'| <e

The solution of the corresponding regularized first variation yields the minimizer

1 o>

N¢ — ko -sgn_(o(£)) ’ ’

(&) =0C, , sgn (o) = o/e, o| <e,
(5) nﬁ2N2§2+1 g ( ) _/17 |U|<_€.
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Thus, we end up with the optimal concentration factor o(§) = o.(),

NE¢ — ko
© 0W7 NE— kg > ¢,
0. () =
2l NE— ko <,

005(1 +nB?N?§?) + Coko’

and (5.3) is recovered by letting € | 0. Clearly, the resulting optimal concentration
factor is nonnegative.
It remains to calculate the normalization factor C,, for which

V1 Née—ko
cg/ 1 Ne—Ro ey
oo EnpENZE 1 1%

The integral on the left is found to be

! —ko k0n52N2§+N)
— 0 ST ) g
/ko/N< e ToEnee g )%

k k 2N?2 +1 1
= kg log (K;) + ?0 log (737662168 j—_l ) + NGTE (tanfl(\/ﬁﬂN) - tanfl(\/?]ﬂko))

We focus our attention on the “noisy” case when 1/N < /nB < 1 so that the
fourth term on the right is negligible while the second term on the right is approxi-
mated by

k IN? +1
Ko 1o (77/5 +

5 DR 1 ) ~ ko log(y/nBN).

We end up with an approximated integral

1 X )
/ko/N (...)dﬁ% kolog(y/nBN) + 77 tan~1(y/7AN).

The balance between these two terms depends on the specific policy for 5 and the
detailed balance between /73 and N. Our normalized concentration factor takes the
form

- 1 VIBNE — ko)+
VBkolog(\/nBN) + tan~'(\/nBN)  14nB2N2E2

(5.4a) oy (§)

We can simplify this concentration factor in several ways; we mention two here.
(i) When N is large enough, we have tan™!(,/78N) =~ 7/2 yielding

_ 1 - (NE—ko)+
kolog(\/nBN) +m/(2\/mB) 1+nB2N2E2

(5.4b) 7y (£)

(ii) Observe that o, () is rapidly decreasing at £ ~ 1, with

1

Un(g)wnﬁQNlogN’ 5%17
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so 0,(&) can be set to zero for £ ~ 1 when N is large enough. In order to properly
normalize the resulting concentration factor, N must be replaced by Ny. This leads
us to the following:

0, k < ko,

LA 1 (k — ko)+
649 on(x) =\ B TE 1 TR o<k < Mo
0, Ng < k < N.

6. Numerical results. II. We consider two examples depicted in Figure 6.1.
In the first case, we have a noise of variance n = 2x 1075 to be detected out of the first
N > 1000 modes. The use of the edge detector (5.4) depends on three parameters,
namely, (,ky, and Ny. For  we use, as before, § = 7n~'/6 ~ 15. The value of
ko was chosen as kg = 8m: observe that, according to (5.3), koC, equals the ratio
ar/2az, and we found optimal results when the ratio of these amplitudes is set to be
of order 10, yielding ko = 10/0.3984 ~ 8x. Finally, Ny was taken as Ny = 1000 since
on(k/N) <0.1 for N > Ny. With these parameters we find

" 0, k=1,...,24,1001,1002,. ..,
"”() R8Ty k<t
N 08985 - T ey 25 <k < 1000,

In the second case, the noise variance is 7 = 4.5 x 107°. This led us to the choice
of B = w16 ~ 13. Setting ko = 67 (as before, kg ~ 10/C, = 10/0.5070) and
Ny = 1000, we have

& 0, k=1,...,19,1001,1002,...,
o, | —= | = k — 67
" <N) 0.507().(7)*2, 20 < k < 1000.
1+ n(13k)
Signal plus noise, n = 0.000020 Concentration Factor,n = 0.000020
1
0.5
0
-0.5
-1
-15
0 0.5 1 1.5 2 0 0.5 1 15 2
Signal plus noise, n = 0.000045 Concentration Factor,n = 0.000045
3 1

) 0.5 1 15

n
o

0.5 1 1.5 2

Fic. 6.1. The output for various values of n when the input consists of a piecewise smooth
function and noise (of the specified power spectral density).
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Note that in calculating the constants we made use of the exact normalization factor
C, in (5.4b). Ny = 1000 is not large enough to make the approximate normalization
factor C,, given in (5.4c) useful.

Note that, even with a large amount of white noise and a smooth signal, the
location of the jump discontinuity is still clear. When considering jumps “corrupted”
by low frequency data, we avoid low frequency signals by not using low frequency
data. This helps keep the smooth signal from corrupting our results. On the other
hand, because the jump discontinuity has most of its energy at low frequencies as
well, our technique will increase the noise’s effect. Comparing Figures 4.2 and 6.1, we
find that the latter is not as clean as the former in the subfigure where the strength
of the noise is the same.
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