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This thesis deals with tensor completion for the solution of multidimensional
inverse problems. We study the problem of reconstructing an approximately low
rank tensor from a small number of noisy linear measurements. New recovery guar-
antees, numerical algorithms, non-uniform sampling strategies, and parameter se-
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We derive a fixed point continuation algorithm for tensor completion and prove
its convergence. A restricted isometry property (RIP) based tensor recovery guar-
antee is proved. Probabilistic recovery guarantees are obtained for sub-Gaussian
measurement, operators and for measurements obtained by non-uniform sampling
from a Parseval tight frame.

We show how tensor completion can be used to solve multidimensional inverse
problems arising in NMR relaxometry. Algorithms are developed for regularization

parameter selection, including accelerated k-fold cross-validation and generalized



cross-validation. These methods are validated on experimental and simulated data.
We also derive condition number estimates for nonnegative least squares problems.

Tensor recovery promises to significantly accelerate N-dimensional NMR re-
laxometry and related experiments, enabling previously impractical experiments.
Our methods could also be applied to other inverse problems arising in machine

learning, image processing, signal processing, computer vision, and other fields.
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Chapter 1: Introduction

This thesis deals with tensor completion and applications to multidimensional
inverse problems. Tensor completion, the problem of reconstructing a multidimen-
sional data array from incomplete measurements, is a problem of fundamental im-
portance for high-dimensional data recovery. Applications of tensor completion
include machine learning, image processing, signal processing, computer vision, and
the efficient solution of multidimensional inverse problems.

Compressed sensing theory, pioneered in 2004-2006 by Candes, Tao, Donoho,
and Romberg, enables the recovery of sparse or compressible signals from a small
number of incoherent measurements. A fundamental result in compressed sensing
is that sparse signals can be approximately recovering by /! norm minization, which
is computationally tractable.

Recht, Fazel, and Parrilo [59], Candes [32], and Candes and Plan [31] showed
that fundamental results in compressed sensing hold also for matrix recovery. For
compressed sensing of matrices, sparsity or approximate sparsity is replaced with a
low-rank or approximate low-rank assumption. While the recovery of a compressible
signal implicitly involves the identification of a basis (or frame) in which it is sparse

and the recovery of its coefficients, the recovery of a compressible matrix requires



learning both its principle singular vectors and its principle singular values.

A number of tensor completion approaches have been studied. J. Liu, Mu-
sialski, Wonka, and Ye [98] first proposed an algorithm for tensor completion via
the minimization of a sum of nuclear norms. The algorithm works by unfolding,
or flattening, the tensor into a matrix along each axis. The unfolding approach
has been further studied by Tomioka [141, 140, 139], Gandy, Recht and Yamada
[64], Krishnamurthy and Singh [89], Yang [148], and Zhang, Yang and Huang [150].
Tensor factorization techniques have also been studied by Y. Liu, Shang, Fan, J.
Cheng, and H. Cheng [99, 100, 101]. Other approaches include Bayesian methods
by Zhao, Zhang, and Cichocki [151] and Bazerque, Mateos, and Giannakis [8].

Other tensor completion approaches aim to capture more high-dimensional
structure than unfolding methods. Rauhut, Schneider, and Stojanac have devel-
oped an iterative hard thresholding (IHT) algorithm for tensor completion that uses
the full higher-order singular value decomposition (HOSVD) structure [119, 122].
Rauhut and Stojanac have also developed algorithms using #-norms [121], which
are relaxations of the true tensor nuclear norm, not a sum of nuclear norms of un-
foldings. Mu, Huang, Wright, and Goldfarb proposed unfolding a high dimensional
tensor into a matrix that is as square as possible [111].

Our work was initially motivated by the results of Cloninger and Czaja [42, 41].
Cloninger and Czaja developed an algorithm to solve discrete, separable Fredholm
integral equations using matrix completion. They observed that for highly ill-
conditioned inverse problems, the solution depends only on the projection of the

observed data onto a significantly lower dimensional space. They applied matrix



completion to reconstruct the compressed data. By extending a probabilistic re-
stricted isometry property (RIP) result of Y. Liu [102] to the case of Parseval tight
frames, Cloninger and Czaja established a probabilistic recovery guarantee. They
showed that the resulting algorithm is highly effective for 2-dimensional nuclear mag-
netic resonance relaxometry. The algorithm was validated on experimental data in
3].

Here, we extend the results of Cloninger and Czaja to the setting of tensor
completion applied to the solution of multidimensional ill-posed inverse problems.
We establish a deterministic restricted isometry property (RIP) based recovery guar-
antee for tensor recovery. We also establish probabilistic recovery guarantees for a
more general class of random measurement operators, sub-Gaussian maps.

In nuclear magnetic resonance (NMR) relaxometry and related applications,
N-dimensional experiments (N > 2) promise two primary advantages over 1 or 2-
dimensional experiments. First, N-dimensional experiments provide significantly
richer information than 1-dimensional experiments [29]. Second, in [38], Celik,
Bouhrara, Reiter, Fishbein, and Spencer observed empirically that 2-dimensional
relaxometry problems exhibit better stability than similar 1-dimensional problems.
By extension, these results suggest that N-dimensional experiments (N > 3) could
provide even better stability than 2-dimensional experiments.

This dissertation is organized as follows. In Chapter 3, we develop tensor re-
covery guarantees and algorithms for tensor recovery via sum of nuclear norms min-
imization. In Section 3.2 a restricted isometry property (RIP) recovery guarantee is

proved. Section 3.3 develops probabilistic tensor recovery guarantees for a general



class of random measurement operators, sub-Gaussian maps. Section 3.4 obtains
recovery guarantees for non-uniform sampling from Parseval tight frames. Section
3.5 shows how the non-uniform sampling distribution can be tailored to minimize
the coherence of the random measurement operator, resulting in improved recovery
guarantees. Section 3.6 develops a fast fixed point continuation algorithm for tensor
completion, improving upon a previous algorithm by Yang, Huang, and Shi [148].
In section 3.7, we develop an algorithm, accelerated k-fold cross-validation, that
rapidly estimates the regularization parameter for tensor recovery that minimizers
a measure of generalization error.

Chapters 4, 5, and 6, described below, are joint with Dr. Richard G. Spencer
and Dr. Hasan Celik.

Chapter 4 introduces nuclear magnetic resonance (NMR) relaxometry and the
ill-conditioned inverse problems that arise in NMR.

In Chapter 5, we apply our results to solve ill-conditioned multidimensional
inverse problems arising in NMR relaxometry. For 3-dimensional experimental and
simulated NMR data, we demonstrate that our algorithm consistently reconstructs
distributions of relaxation parameters. The methods described can be applied to
T1-T,, Ty-store-Ty, Ti-D-T;, and other experiments. In Section 5.6, we propose
a heuristic technique, generalized cross-validation, for the choice of regularization
parameter for multidimensional inverse problems.

Chapter 6 develops condition number estimates for Tikhonov regularized non-
negative least squares problems. These results can be applied to quantify the sta-
bility of multidimensional inverse problems.
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Chapter 2: Mathematical Preliminaries

2.1 Basic Notation

Let R denote the real numbers. Given sets A and B, let A x B = {(a,b) : a €
A,b € B} denote the Cartesian product of sets. We denote by RY = R x --- x R
a d-dimensional Euclidean vector space over R with the standard basis ey, ..., eq4.
R41>d2 denotes the space of matrices of size d; X ds. In our convention, vectors are
denoted by lowercase letters, such z,y € R?, and matrices are denoted by uppercase
letters, such as X, Y € R4*%_ The transpose of a matrix X is denoted X*. For any
integer n > 1, let [n] be the set {1,...,n}. Given two real vector spaces V and W,
let L(V,W) denote the space linear maps 7' : V — W.

For N > landdy,...,dy > 1, let R1**N denote the space of N-dimensional
tensors, or real N-dimensional arrays, of size d; X - -- X dy. Although RU* X4~ can
be viewed as an N-dimensional array, it is a (dyds - - - dy)-dimensional real vector
space. Tensors are denoted by boldface capital letters, such as X,Y. Tensors are a
natural generalization of vectors and matrices. Individual entries of a vector, matrix,
or tensor will be denoted by z[i1], X[i1, o], or X[i1, ..., in].

We define the following [” norms and inner products for vectors x € R%. ||z||, =
(0L, aP) /P for 1 < p < 0o. For p = 00, let ||z]|oo = max; |z;|. For any set A, let
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| A| denote its cardinality. The sparsity of a vector z is defined by ||z||o = |[{i|z; # 0}
and is equal to the number of nonzero entries in x. Despite the similar notation to
the ||z||, norms for p > 1, sparsity ||z||o is not a norm. The inner product of two

vectors z,y € R is (z,y) = .. 2:9;.

2.2 Linear Algebra

We state several standard facts from linear algebra. Given a matrix A € R4z
we define ker(A) = {z|Az = 0} and im(A) = {Az|zr € R®}. The n x n identity

matrix is denoted by Id, «,. The rank of a matrix A is denoted rank(A).

Definition 2.1 (Orthonormal matrix). A matriz U € R"*% js said to have or-
thonormal columns if U'U = Idg,xa,. U is said to have orthonormal rows if UU" =
Idg, xa,- A square matriz U s orthonormal if it has orthonormal columns and or-

thonormal rows.

Definition 2.2 (Singular value decomposition (SVD)). Let A € R4*% qjth r =
rank(A) > 1. The SVD of A consists of matrices U € R4*" and V' € RE*" with
orthonormal columns and a diagonal matriz S = diag(oy,...,0,) € R, 01 > 09 >

... >0, >0, satisfying

A=USV".

Definition 2.3 (Full singular value decomposition (full SVD)). Let A € R *%. The
full SVD of A consists of orthonormal matrices U € R1*4 gnd V € R“*%  qnd a

rectangular matriz S € R1*% with diagonal entries o1 > 09 > ... > Omin(ds,dz) = 0



and all off-diagonal entries equal to 0, satisfying
A=USV"
The following is a standard theorem [67].

Theorem 2.4 (Existence and uniqueness of SVD). Let A € R"*% pe nonzero.
Then, the SVD of A, of the form A = USV?, exists and is unique, up to possibly
replacing U and V with UA and VA, where A is a block diagonal matrix with blocks
corresponding to the distinct singular values of A, and where each block occurring

along the diagonal of A is orthonormal.

In the simple case in which all singular values are distinct, the SVD is unique
up to possible sign changes of the columns of U and V. In the more general case,
Theorem 2.4 states that if several singular vectors have the same singular value,
they can be transformed by an orthonormal transformation.

We define the following inner products and norms for matrices. Let X,Y €
Rd1xd2 We define vec(X) to be the column vector in R%% obtained by concatenating
the columns of X. We define the inner product (X,Y) = (vec(X),vec(X)) =
2?11:1 ?;ZlX [i1,12]Y [i1,12]. The Frobenius norm for matrices is defined to be
IX]lr = V{X, X).

For p > 1, the Schatten-p norms for matrices are defined as follows. Let

X = Udiag(oy,...,0,)V" be the SVD of X, and define || X||s, = (3_; o?)? . The

i=1"1

nuclear norm for matrices is defined to be ||X|[. = >_7_, 0;(X). The operator norm

for matrices is defined by || X |2 = omax(X).



We have the following equality of norms. The nuclear norm || X||. is equal to
the Schatten-1 norm ||X||s,. The operator norm || X]||5 is equal to the Schatten-oo
norm ||X||s,.. The Frobenius norm ||.X||r is equal to the Schatten-2 norm ||.X||s,.

Given a nonzero matrix X € R%*% of rank r > 1 with singular value decom-
position Udiag(oy,...,0,)V*!, we define 0y, (X) = 01(X) to be the largest singular
value of X. We define 0,(X) to be the smallest nonzero singular value of X. We
define 0,1, (X) to be the smallest singular value in the full SVD of X. Hence, if X
is not full-rank, oyin(X) = 0 while 0,(X) # 0. We define the condition number of
X to be

K(X) =

the ratio between the largest and smallest nonzero singular values of X.
Lemma 2.5. Let X be a matriz with rank(X) < r. Then || X|]. < /7||X]||F.

Proof. Let X = Udiag(oy, . ..,0,)V!bethe SVD of X. Then by the Cauchy-Schwarz
inequality,

XN =D on <V | Dot = VPl X]e. (2.1)
k=1 k=1

2.3 Tikhonov Regularization

Given a kernel K € R™*™ and a data vector y € R™, consider the least squares
problem

. 2
min [|[Kz —yll; (2.2)



If the kernel K is ill-conditioned, small changes in the data y could result
in large changes in the solution x. Tikhonov regularization is a standard method
to improve the conditioning of (2.2). Tikhonov regularization solves the following

problem instead of (2.2):
min || Kz = yll; + o[|«]]; (2:3)

The following standard result shows that the Tikhonov regularized least squares

problem (2.3) is equivalent to a least squares problem [78, Equation 4.9].

Lemma 2.6. Let K € R™" and y € R™. Define the augmented kernel

K
Kong = (2.4)
ald,«n
and the augmented data
Y
Yaug ‘= . (2.5)
0n><1
Then (2.3) is equivalent to:
i || Ko — Youg (2.6)

zeR

in the sense that x € R™ is a solution of (2.3) if and only if x is a solution of (2.6).

The following result characterizes the SVD of K,q.

Lemma 2.7. Let K be a matriz of size m X n and of rankr > 1. Let K = USV?
be any full SVD of K, where U ism xm, V isn xn, U and V have orthonormal

columns, and S is an m x n diagonal matriz with diagonal entries o; > -+ >

10



Omin(mn) = 0. Then an SVD of the augmented matriz K., for o > 0 is given by

Kong = 087,
where
3 US —1/2
U= (StS + onIdnxn)
aV
- 1/2
S — (StS + 052Idn><n> 9
and

V=V

Proof. We need to show that U and V have orthonormal columns, that S is diagonal

with positive, non-increasing diagonal entries, and that K, = USV*®. Observe that

Us
( StUt avt ) = StUtUS—i— 012Vtv = (StS‘l‘ Oé?ldrxr)a
aV

so the columns of the right factor on the left side above are orthogonal with norms
norms \/m for ¢ = 1,...,n, where for notational brevity we let o; = 0 if
i > min(m,n). It follows that UtU = 1d,y,. Since V = V, orthonormality of the
columns of V follows from the same property for V.

Finally, we have

o US —1/2 1/2
USVt = <StS + OCQIann) (52 + a2Idn><n) %
aV
Usvt
aV Vvt

11



ald,, «n

= Koug-

]

The following lemma shows that if a matrix K is replaced by a submatrix
consisting of a subset of its columns, its largest singular value cannot increase.
Furthermore, if ker(K) = {0}, the smallest singular value cannot decrease. This
lemma can be used to bound the expressions appearing in the condition number

estimates in Chapter 6.

Lemma 2.8. Let K be a nonzero matriz of size m X n and of rank r. Let A C
{1,...,n} be nonempty and let K, be the submatriz of K consisting of columns
from K with indices in A. Let o1(K) and o,(K) denote the largest and smallest

nonzero singular values of K. Then

01(Ky) < 01(K). (2.7)

If, in addition, we have ker K = {0}, then

0. (Kn) > 0,(K) (2.8)

Proof. Let 0yax(K) and oy (K) denote the largest and smallest singular values of
K occurring in the full SVD of K. Then 01(K) = omax(K) and ominx) < 0 (K).
In general, o, (K) is always nonzero, since K is nonzero, but oy, (K) could be zero.

We use the following standard characterization of the maximum and minimum

12



singular values of the full SVD of a matrix [136, Equation 6.4.7]:

Umax<K) = Ssup ||‘KV'TH2

[J]|=1
and

Omin(K) = inf ||Kz]s.

||| |=1

Hence, by (2.9) we have

o1(Ky) = sup ||Kpz|ls < sup ||Kz||y = 01(K).

|lz||=1 ll|l=1

(2.10)

If ker(K) = {0}, we have 0,(K) = omn(K). Since ker(K) = {0}, it follows

that ker(K,) = 0 also. Hence we also have 0,(Ky) = omin(Ka). Hence, by (2.10),

we have

or(Ka) = wmin(Ha)
= infj, = || Kaz||2
> infjg =1 || Kz||2
= Omin (K)

= o (K).

Corollary 2.9. If K is an mxn matriz, A C {1,...,n} is nonempty, and ker(K) =

{0}, then all the singular values of Ka are contained in the interval [omi(K),

Omax(K)] and the condition number of K, satisfies

K(Ky) < K(K).

13

(2.11)



2.4 Tensor Notation

We introduce standard tensor notation as in [87, 72]. Tensors are denoted by
boldface capital letters, such as X,Y. Recall that matrices are denoted by plain
capital letters such as X, Y, and vectors are denoted by plain lowercase letters, such

as x,y. Individual entries are denoted by X][iy, ..., ixy].

Definition 2.10 (Tensor). A tensor is any element X € RW*dN yhere N > 1

anddl,...,szl.

We denote by R%**4n the space of tensors of size d; x --- x dy. In contrast,

R&d2+dn denotes the space of column vectors of length dids - - - dy.

Definition 2.11 (Lexicographical ordering). The lexicographical ordering on [d;] x
- X [dy] is defined by (iy,...,in) < (J1,---,Jn) <= i1 < ji or for some 1 < k <

N,iy = J1,00 = Joy eyl = Jk and Tgy1 < Jrt1-
Recall that for any integer n > 1, [n] denotes the set {1,...,n}.

Definition 2.12 (Vectorization). Given a tensor X € R4 Xdx " jts vectorization,

vec(X),

is the column-vector of length dids - --dy in R4 obtained by arranging all the
entries of X into a column vector according to the lexicographical ordering on the

indices of X. Here dy ---dy denotes the product of numbers.

Definition 2.13 (Reshape). Given vector x € R1%2 4N reshape(ds, ..., dy) is the

14



result of arranging the entries of x into a tensor X € RW<XIN gccording to the

lexicographical order on [dy] X -+ X [dy].
Definition 2.14 (Kronecker product). The Kronecker product of matrices X €
R™>m2 gnd Y € R™M*™ s the matriz in X @ Y € Rimnx(man2) qefined by

X[L1Y - X[L,m]Y

XQY = : : (2.12)
X[ml,l]Y X[ml,nl]Y
The following standard result, found in [93] and other textbooks, characterizes

the SVD of a Kronecker product.

Theorem 2.15. Let Ky,..., Ky be matrices with SVD’s

The reduced SVD for the Kronecker product, up to a possible permutation of the

order of the singular values and singular vectors, is given by

K1®"'®KN:(Ul®"'®UN)(51®"'®SN)(V1®"'®VN)t‘

The following definition generalizes the definition of rows and columns to ten-

SOr's.

Definition 2.16. (k-columns) Given a tensor X € RN "jts k-columns are the
vectors in R% of the form X[iy, ..., k1, k41, --,in| obtained by fizing all indices

except the k-th, with the k-th index ranging from 1, ..., dy.

For a matrix, 1-columns are columns while 2-columns are rows.

15



Definition 2.17. (Unfolding) Given a tensor X € R&*~>dn_ts k-th unfolding
is the tensor X®) ¢ RI&>(dr-diadirrdN) obtained by arranging all the k-columns

of X into a matriz, according to the lexicographical ordering on [di] X - - [dg_1] X

[diia] -+ X [dn].
Recall that for an integer n, [n] = {1,...,n}.

Definition 2.18 (Refolding). Given a vector x € R™ I define refoldy, 4y ()
to be the tensor in RU*XIN obtained by arranging the entries of x into a tensor

according the the lezicographical ordering on [di] X - -+ X [dy].

It is straightforward to show that unfolding and refolding are adjoint to each
other. This property will be useful later when analyzing first order conditions for
tensor optimization.

Given two vectors, v; € R™ and vy, € R%, their outer product vy o vy =
v1vh € R4*42 i5 the matrix whose (i1, i) entry is given by v;[i;]ve[is]. The following

definition generalizes the outer product to more than two vectors.

Definition 2.19 (Outer product). Letv; € R% fori =1,...,N. The outer product

of v1,...,vn, denoted by vy o ---ovy € RWXXIN s the tensor with entries

(vio---ovun)|it,... in] = vi[i1|valia] - - - N [in].

The following definition provides a concise way to extract a subset of the

entries of a tensor.

Definition 2.20. (Tensor sampling) Let X € R4~ For any subset Q C [dy] X
-~ x[dy] of the indices of X, let X[Q)] denote the vector in RI®! obtained by arranging
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the entries {X[i1,...,in] : (i1,...,in) € Q} into a column vector, according to the

ordering lexicographical ordering inherited by Q from [di] X -+ X [dy].

The following definition generalizes the action of a matrix on a vector to the

action of a matrix on a tensor.

Definition 2.21. (k-mode product) The k-mode product of a tensor X € R&>xdn
with a matrizr U € R™*% s the tensor X ® U € RU*de—1xmuxdip1xdn ohtqined

by multiplying all the k-columns of X by U.

If X is a matrix, X @, U =UX and X ®, U = XU'.
As shown in [92], the k-mode product can be described in terms of unfolding

and matrix multiplication by
(X @ U)® =UX®, (2.13)

Definition 2.22. (Tucker decomposition) A Tucker decomposition of a tensor X €
R&Xdn consists of a core-tensor C € R "™ and collection of matrices U; €

R&xri 4 =1,... N, satisfying
X:C®1U1®2U2"'®NUN. (214)
C is called the core-tensor and U; are called the Tucker factors.

The Tucker decomposition induces structure on vectorizations and unfoldings.

The following is a standard result [92].

Lemma 2.23. Suppose X = C®,U; @ Us -+ @n Uy 1s a Tucker decomposition of
X. Then the following properties hold.
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o (Vectorization) We have

vee(X) = (Uy ® -+ - ® Up)vec(C). (2.15)

e (Unfolding) For allk =1,...N,

X(k) = Ukvec(C)(UN K- ® Uk+1 ® Uk,1 K& Ul) (2.16)
Definition 2.24 (Tucker rank). A tensor X € R X4~ has Tucker rank (r1,...,7x)
if rank(X®W) = r; fori=1,...,N.

The Tucker rank is equivalent to the size of the core tensor in any higher-order

singular value decomposition (HOSVD) of X [92].

2.5  Optimization

Definition 2.25 (convex function). A function f : RY — R is convex if for all

z,y € R, and for all o € [0,1] we have

flaz+ (1 —a)y) < af(z) + (1 —a)f(y).

Definition 2.26 (Subdifferential of convex function). Let f : R® — R be a convex

function. Let x € RY. The subdifferential of f at x, denoted Of(x), is the set

0f(x) ={v e R : f(y) > f(x) + (y —x,v) Vy € R}
The following result is standard.

Lemma 2.27. Let f : R — R be a convex function and let x € RY. Then f attains
a global minimum value at z if and only if 0 € Of (x).
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Proof. Suppose that 0 € df(x). Set v = 0 in the definition df(x). It follows that

0 € f(z) if and only if for all y € R?,

fy) = f(@) +{y —2,0) = f(z).

Hence the claim follows. O

2.6 Finite Frames

Definition 2.28 ([17]). A frame for a d-dimensional real Hilbert space H is a set

of vectors {uy,...,u,} CH such that there exist constants A, B > 0 for which
Al <Y [ui, @) < Bl[a|l5, Vo e H.
i=1
A frame is tight if A= B and and a frame is a Parseval tight if A= B = 1.

Frames have significantly increased the scope and applicability of results in
harmonic analysis and compressed sensing [12, 11, 13, 14, 15, 16, 48, 47, 10, 49].
The redundancy and non-uniqueness in frame representations makes it easier to find
stable sparse representations [4, 117]. A topic of recent interest has been scalable

frames [40, 90].

Definition 2.29 (Analysis operator). The analysis operator T : H — R™ for a
frame {w;} | is given by

T(x)li] = (z,u;),
forx €eRYandi=1,...,n.
Lemma 2.30. Let {u;}", be a Parseval tight frame. Then the analysis operator
T :H — R" is an isometry.
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Proof. The result follows from the definition of a Parseval tight frame, since

1T (2)ll; = Z\(uwﬂz-

The following result is well-known.

Lemma 2.31. Let {u;}", be a Parseval tight frame for a d-dimensional Hilbert

space H. Then

n
> il = d.
i=1

Proof. Without loss of generality, assume that H = R?. Let My be the matrix
for T with respect to the standard basis for R%. Then Mz has rows given by uf,
1 =1,...,n. Since My is an isometry, it must have exactly d nonzero singular values
all equal to 1. Since Y"1, ||u;]|3 is equal to the Frobenius norm of My and since the
Frobenius norm is equal to the sum of the squares of the singular values of My, we

obtain

1=d.

1

n d
S w3 = [1Mr][F =) oi(Mr)® =
=1 i=1

d

7

In [137], geometric optimization over finite frames is studied.

2.7 Introduction to Compressed Sensing

Compressed sensing (CS) was pioneered by Candes, Tao, Romberg and Donoho.
In a series of papers [34, 36, 35, 55, 33, 33], they proved that under certain assump-
tions on a signal and on a linear measurement operator, signals can be recovered
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from a very small number of measurements. In Fourier analysis, the Shannon sam-
pling theorem sets a fundamental lower limit on the number of measurements needed
to reconstruct a band-limited function. Compressed sensing enables the recovery of
signals from fewer measurements than would be required for traditional methods.
Major additional contributions from DeVore, Baraniuk, Davenport, Rauhut, Wakin,
Cohen, and Dahmen quickly followed [5, 43, 52, 44, 116].

We briefly list several pioneering papers before describing central results in
more detail. In [34], Candes, Romberg, and Tao proved that it is possible to recon-
struct a discrete signal x € C? from random observations of its Fourier coefficients.
In [36], Candes and Tao proved recovery results for random Gaussian measurements
under the assumption that the observed signals € R? obey a power-law decay.
In [35], Candes and Tao show that sparse signals can be exactly recovered by [
minimization.

In [55], Donoho proved recovery results for signals that are sparse with respect
to an orthonormal basis or a tight frame. Donoho derived conditions on the sampling
operator under which these results hold and showed that good CS measurement
operators give what look like almost random linear combinations of the the signal
entries.

In [33], Candes and Romberg introduced a fundamental concept, incoherence,
and showed that incoherent measurements can be used to recover sparse signals from
a small number of measurements. Candes and Romberg observed that incoherence
can be used to ensure recovery from sampling operators constructed by randomly

choosing a subset of the rows of an orthonormal matrix.
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In compressed sensing, the goal is to recover a signal xy € R? from linear

measurements of the form

y = A(zo) (2.17)

in the noise-free case, or

y=A(zxo) + 2 (2.18)

in the noisy case, where A : R* — R™ is a linear operator, y € R™ are the observed
measurements, m is the number of measurements observed, and z € R™ is a noise
vector. In the noise free setting, z =0 .

If A is described by a matrix A, we define

A(z) = Az,

so that each observation y; is given by y; =< A[i, :], x >, where A[i, :] is the i-th row
of A.

Compressed sensing is concerned with the case in which the dimension of the
signal to be recovered is much higher than the number of observations, i.e., m << d,
in which case the linear system (2.17) is undetermined. Hence, recovery cannot be
guaranteed for all signals . A main theme in CS is that recovery can be guaranteed
provided two general assumptions hold: (1) the signal is sparse in some respect,
meaning that it contains a small amount of ‘information’, and (2) the operator A
approximately preserves the information in such sparse signals. There are several
ways to quantify these conditions and each leads to different recovery theorems.

The following is perhaps the simplest notion of sparsity [51, 6].
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Definition 2.32 (r-sparsity). A vector x € R? is r-sparse if ||z||o < 7, i.e., at most

r entries x[i] are nonzero.

Definition 2.33 (compressibility). A vector x € R? is said to be compressible if it

18 approximately equal to an r-sparse vector.

While there are many ways to quantify compressibility, one is a power-law

decay.

Definition 2.34. (Power-law decay) [36] A vector x € R? obeys a power-law
decay with constants C' > 0 and p > 0 if Tdescending[i] < Ci~ VP where Tdescending

denotes the result of arranging the entries of x in order of descending absolute value.

In [43], Cohen, Dahmen, and DeVore derived necessary and sufficient condi-
tions on the operator A to approximately recover best r-term approximations of a
given (possiblly non-sparse) vector x in terms of null space properties.

In [113], applications of compressed sensing to image representation and com-
pression are studied. The degree of sparsity, in biological and other datasets, plays
an important role in determining the applicability of compressed sensing methods

[69).

2.8 Restricted Isometry Property

The following property, introduced by Candes and Tao in [35], quantifies the

notion that the operator A should preserve information in sparse vectors.

Definition 2.35 (Restricted isometry property (RIP)). A linear operator A : R —
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R™ satisfies the RIP of order r and constant 6, > 0 if

(L= a)llzll5 < [JA@)II5 < (1 +6,)||[]3

holds for all r-sparse vectors x € RY.

If A satisfies the RIP with 6, < 1, A acts as an approximate isometry on all
r-sparse vectors, thus preserving ‘most’ of the information in sparse vectors.

An alternate definition of RIP is sometimes used, without the squares.

Definition 2.36 (Restricted isometry property (RIP), square-free version). A linear
operator A : R® — R™ satisfies the square-free RIP of order v and constant 6, > 0
of

(1= on)lzll2 < [|A@)]2 < (1 +6,)[]]2

holds for all r-sparse vectors x € RY.

We will consistently use 4, to denote the square-free RIP constant and 6, to

denote the standard RIP constant.

Lemma 2.37. If A satisfies the square-free RIP with constant 8, then A satisfies the
standard RIP with constant § = 26+6%. If A satisfies the standard RIP with constant
§, then A satisfies the square-free RIP with constant § for all 6 > 0 satisfying

5 <25 — 62,

Proof. Assume that A satisfies the square-free RIP with constant 6. We could deduce
that A satisfies the standard RIP with constant 6 if 1 —& < (1 — )% and (1+0)? <

1 + 8. These inequalities are equivalent to 6 > 28 + 62.
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Next assume that A satisfies the standard RIP with constant . We could
deduce the square-free RIP with constant ¢ if (1 —§)2 <1—0 and (1+6)2 < 1+0.

These inequalities are equivalent to § < 26 — 6. O

Alternative versions of the RIP, such as the statistical RIP, have been pro-
posed. In [146], the stability of recovery algorithms under the statistical restricted
isometry properties is studied. There are connections between compressed sensing

and randomized dimensionality reduction [75].

2.9 Recovery Algorithms in Compressed Sensing

A naive approach to solve (2.17) would be to search for the lowest rank solution,

i.e., to solve

min Z|lo, 2.19
i [fall (219)
in the noise-free case, or

min | |lo, (2.20)

z€R? : [|A—yl|2<e

in the noisy case.

Unfortunately, (2.19) and (2.20) are NP-hard [112]. The non-convexity of the
rank function creates significant difficulties. The set of vectors of sparsity r in R? is
the union of #ir)! subspaces, so (2.19) could be solved by searching for solutions

to a large number of distinct systems of linear equations, but doing so is impractical

for all but very low dimensional problems.
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The problems (2.19) and (2.20) can be replaced by their convex relaxations

i 2.21
eyl (2.21)

in the noise-free case, or
min z||1, (2.22)

z€R? : ||A—y||2<e

in the noisy case. Since the || -||; norm is convex, standard convex optimization and
linear programming techniques can be applied.

A fundamental result in CS is that under certain conditions, problems (2.21)
and (2.22) exactly or approximately recover the solutions of (2.19) and (2.20). The

following theorem was proven by Cohen, Dahmen, and DeVore [43, Theorem 4.3].

Theorem 2.38. Let vy € R, assume that measurements y = A(xq) are obtained ac-
cording to (2.17), and assume that the measurement operator A satisfies the square-
free RIP of order 2r with 0o, < § < 1/3. Then the solution x* of the minimization

problem (2.21) satisfies the error estimate

|z — 2|1 < Clxo — Tpest |1, (2.23)
where Tyesy 1S the best r-sparse approximation of xo in the ||-||1 norm and C = %.
Hence, the RIP of order 2r is sufficient to guarantee that || - [|; norm mini-

mization produces the best r-sparse approximation, up to a constant factor. If xg
is r-sparse, the right hand side in (2.23) vanishes, so recovery is exact.

Given a measurement operator A : R —s R™ with associated matrix A €
R™*4 it is possible to directly check whether the RIP of rank 7 holds by computing

the largest and smallest singular values of every r-column submatrix, i.e., every
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submatrix of the form A[:, A}, where A C {1,...,d} and |A] = r. However, the
number of such submatrices is i d! i, S0 this computation is impractical.

d;r)

2.10 Incoherence

Since the RIP is difficult to verify deterministically, a large body of research
in CS has focused on proving that the RIP holds with high probability for various
random measurement operators A.

Probabilistic recovery guarantees have been proved for random measurement
operators A given by random Fourier submatrices, random Gaussian ensembles (ma-
trices in which each entry is independent, identically distributed (i.i.d.) Gaussian),
and Bernoulli ensembles, as described by Candeés and Tao in [30]. Rudelson and
Vershynin provided recovery proofs for random Fourier and Gaussian measurements
[131].

More generally, Baraniuk, Davenport, DeVore, and Wakin proved that the RIP
holds with high probability for random Gaussian and Bernoulli measurements [5].
Their arguments elucidate a fundamental connection between the restricted isometry
property and covering numbers for finite dimensional unit balls in Euclidean space.

In [110], Mendelson, Pajor, and Tomczak-Jaegermann proved RIP-like results
for isotropic sub-Gaussian random measurements. Their argument involved bound-
ing the supremum of a Gaussian process and revealed fundamental connections to
the 7, functional and the majorizing measures theorem of Guédon, Mendelson, Pa-

jor, and Tomczak-Jaegermann in [70].
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Intuitively, recovery of a sparse signal from a small number of measurements is
only possible if each measurement provides information about ‘most’ of the entries in
the signal. The necessity of such a condition is apparent by considering an operator
A defined by randomly selecting a subset 2 C {1,...,d} and setting A(x) = z[€],
i.e., only observing the entries z[i] for i € Q. If x is r-sparse with r << d, with
very high probability most of the observed entries will be 0, so A(z) captures almost
none of the information in the signal. In contrast, for a random Gaussian ensemble,
each measurement is a dense random linear combination of the entries of z, so each
measurement can be expected to capture a nontrivial amount of information about
the signal.

In [33], Candés and Romberg defined coherence, which quantifies the idea that
each measurement provide information about ‘most’ of the signal.

Consider a random measurement operator defined as follows. Let A € R?*¢

be an orthonormal matrix. Choose a subset 2 C {1,...,d}, and define

A(x) = A[Q, ]z, (2.24)

where A[Q, :] is the submatrix of A consisting of the rows of A indexed by €. Hence,
if at,..., aY are the rows of A, the measurements take the form of inner products
< a;,x > for i € €.

The following definition is from [33].

Definition 2.39 (Mutual coherence).

e The mutual coherence of an orthonormal matriz A € R¥™ with respect to the

28



standard basis is

v(A) = max|A[i, j]|

1’7]

o If A, B € R¥™4 gre two orthonormal matrices, the mutual coherence of A and
B s

v(A, B) = max [{a;, b;)|, (2.25)

1,J

where a; and b; are the rows of A and B, viewed as column-vectors.

Observe that if B = Id x4, the second definition reduces to the first. Mutual
coherence measures the degree of similarity between the two bases. Since A and
B are orthonormal, mutual coherence always satisfies v > 1/v/d. Values of v near
1//d indicate that measurements of the form < a;, 2 > capture robust information
about the representation of x with respect to the basis bq,...,bs. The discrete
Fourier transform matrix F € C%¢ has coherence 1/v/d while the identity matrix
Id; x4 has coherence 1.

In [117], Rauhut, Schnass, and Vendergheynst extended compressed sensing
results to the case in which signals are sparse with respect to redundant dictionaries,

not just orthonormal bases.

2.11  Probability Theory

The following are standard definitions from probability theory [88].

Definition 2.40. Let €2 be a set. A collection F of subsets of ) is a o-algebra if

the following holds:
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e Qc F.

o [fF € F, then Q\F € F, where A\B denotes the points in A that are not in

B.
o If{F;}2, CF, then U2, F;, € F, where U denotes the set union.

Definition 2.41 (Probability measure space). A probability measure space is a triple
(Q, F, P) where Q is a set, F is a o-algebra on Q, and P : F — [0, 1] is a function

satisfying:
e P(2) =1.
o IfF\, I, ... € F are disjoint, then P(UX F;) =, P(F;).

Definition 2.42 (Random variable). Let D be a subset of RY, for some d > 1.
A random variable (RV) on a probability space (Q, F, P) with values in D is any
function f : Q0 — D that is measurable with respect to F. In other words, for all

open sets U C D, the set [~ (U) € F, where f71(U) ={weQ : f(w) € U}

When there is no ambiguity, we will describe a random variable as taking

values in a given set, without explicitly identifying the measure space (2, F, P).

Definition 2.43 (Expectation). Let (Q, F, P) be a probability measure space and

let x : QQ — R be a real-valued random variable. The expectation of x is defined to

Efz] = /Q «P,

where the integral s a Lebesque integral with respect to the measure P.

be
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The expectation of a random variable is in general not guaranteed to exist.

Definition 2.44 (Rademacher random variable). A Rademacher random variable
is a random variable € with values in {—1,1} that satisfies P(e = 1) = 1/2 and

Ple=—1)=1/2.

2.12  Structured Random Measurement Operators

In the book [60], Foucart and Rauhut show that the RIP holds with high
probability for measurement operators with independent, isotropic, sub-Gaussian
rows, a significant generalization of the setting of orthonormal measurements or
Gaussian or Bernoulli ensembles. In this setting, each row of the measurement
matrix A is an iid drawing from a random vector with values in RY; however, the
entries in any given row need not be independent.

The following definitions appear in [57].

Definition 2.45 (sub-Gaussian random variable). A real-valued random variable x

15 sub-Gaussian with constant c if for all p > 1,

(Elz|")? < ey/p.

Definition 2.46. If x is a sub-Gaussian random variable, its sub-Gaussian norm,
denoted ||x||y,, is defined to be the smallest constant ¢ satisfying (E|z|P)/? < c¢\/p

forallp > 1.

The following appears in [57, Example 5.8].
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Lemma 2.47. If x is a bounded real-valued random variable satisfying E[x] = 0 and

|z| < ¢, then x is sub-Gaussian with ||z||y, < c.
The following definition appears in [57].

Definition 2.48 (sub-Gaussian and isotropic random vectors). Let x be a random

vector taking values in RY.

o 1 is sub-Gaussian with constant ¢ if for all z € R with ||z||2 = 1, the random

variable (x,z) is sub-Gaussian with ||(x, z)||y, < c. The sub-Gaussian norm

of x is defined to be

||ZEH¢2 = sup ||<:L‘,Z>H¢2
2€R : ||z]|2=1

e 1 is isotropic if for all z € R,
E [[(z, 2)[*] = [I2[[5-
The following is [60, Theorem 9.6]

Theorem 2.49. Let A be a random m X d matriz with independent, isotropic,
and sub-Gaussian rows with sub-Gaussian parameter c. There exists a constant
C > 0 depending only on the sub-Gaussian constant ¢ such that if the number of

measurements satisfies

m > Co> (r log (e_d) + log (g)>
r €

then the measurement operator given by

A(z) = \/—%Ax

satisfies the RIP of rank r with constant 9, < 6 with probability at least 1 — €.

32



The following example is well known; see for example [60].

Example 2.50 (Bounded orthonormal system). Let U be an n x d matriz with
orthonormal columns. Let A be an m x d random matriz with iid rows of the form
Vneu;, where uy, . .., uy, are m rows of U, chosen uniformly at random with replace-
ment and €y, ..., €y are iid Rademacher random variables with values in {—1,1}.
Then A is a random matriz with independent, isotropic, sub-Gaussian rows. More-

over, the sub-Gaussian constant is given by
¢ = max v |Ufi, I,
i=1,...,n

Proof. By construction, the columns of A are iid.

Let x be the random vector obtained by drawing a row uniformly at random
from the rows U. To prove that z = y/nex is sub-Gaussian, observe that because
of the Rademacher variable €, we have E[z] = 0. Also, we have ||z||a < ¢ by the
definition of ¢. Hence by Lemma 2.47, z is sub-Gaussian.

To prove that z is isotropic, observe that for any w € R?,

Ell <zw> = 237" [VreUli, Jw|?
= Uwl]3
= [|wlf3 (2.26)

where (2.26) follows because U has orthonormal columns.

]

The assumption that each vector is multiplied by a Rachemacher random
variable does not create any loss of generality. Indeed, given observations without
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the Rademacher random variables, one could reduce to the above case by multiplying
the rows of A and the observations y by the Rademacher random variables.

Since the constant appearing in Theorem 2.49 depends on the sub-Gaussian
constant ¢, the sub-Gaussian constant affects the number of measurements required
to guarantee RIP with high probability. In the above example, the columns of U
form a Parseval tight frame for R?. The sub-Gaussian constant ¢ can be interpreted

as a measure of coherence, as will be discussed in Chapter 3.

2.13 Matrix Completion

Initial results in CS sensing sought to recover discrete signals € R?. Although
such an z is a d-dimensional vector, it can also be thought of as 1-dimensional, in
the sense that its entries x[i] are indexed by a single integer . Similarly, while the
set of matrices R%*92 is a (d,d,)-dimensional vector space, matrices X € Ré1*dz
can be thought of as a 2-dimensional, since its entries X[iy, 5] are indexed by two
integers 7, and 1s.

The results of CS can be directly applied to recover sparse matrices X € R% >4,
Indeed, given a linear measurement operator A : R®*9 — R™ one could re-
formulate the problem in terms of standard CS recovery by vectorizing the ma-
trices and the corresponding operator. Indeed, after defining z = vec(X) and
A(z) = A(refold (4, 4,)(2)), one could directly apply CS with the operator A to re-
cover x. After recovering the vectorization x, one recovers X by X = refoldq, 4,)().

Unfortunately, this procedure ignores the substantial additional structure in matri-

34



ces, or 2-dimensional arrays.

Often, matrices have additional structure that can only be described by using
the full matrix structure, such as low rank or approximate low rank properties. Such
matrices arise in numerous applications; one example is recommender systems. A
famous problem in this area is the Netflix problem [9], in which a matrix is used
to store user preferences for movies, with rows corresponding to users and columns
to movies. Since it can be expected that only a relatively small number of factors
determine a user’s preferences for movies, the resulting matrix can be expected to
be approximately low-rank.

Consider the general matrix completion problem in which X, € R%*4 is a low-
rank matrix to be recovered, A : R9*92 —3 R™ is a linear measurement operator,

the observed data y € R™ is given by
y = A(Xo) + z, (2.27)

and z € R™ is a noise vector satisfying ||z||o < e. In the noise-free case, we assume
z = 0. The goal is to recover X, from the observations .

In the simplest case, the measurement operator A is defined by directly ob-
serving a subset of the entries of X. In this case, let 2 C [di] X [d2] be a subset of

the indices of X chosen uniformly at random and satisfying |Q2| = m. Define

where X[Q2] denotes the entries X[iy,is] for which (iy,i5) € €, arranged into a
column-vector in R™ according to the lexicographical ordering on €2 inherited from
[d] > [da].
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Candes and Recht showed in [32] that (2.27) can be solved, in the noise-free
case with direct observations A = Agq, via a convex relaxation similar to the [y

relaxation in CS. A naive approach would be to solve

N :Igl(l[g}:y rank(X) (2.28)

Unfortunately, as for [, minimization in the vector case, rank-minimization is NP-
hard. In the case of observations of matrix entries, Candes and Recht suggested the

following convex relaxation:

min || X]|., (2.29)
X : X[Q]=y

where the nuclear norm is defined by || X|], = S ) o,(X).

As in 1-dimensional CS, not all low-rank matrices are recoverable from random
observations. Indeed, consider the low rank matrix e;e} € R4, with all entries 0
except for a 1 in position (1,1). Unless the number of observations m is on the
order of d?, with high probability all the observations will miss the nonzero entry,
resulting in y = 0. In [32], Candeés and Recht proved that the solutions of (2.28)
and (2.29) are equal with high probability over the choice of €2, provided that the
singular vectors of Xy satisfy certain incoherence properties.

In [68], Gross significantly generalized previous results in matrix completion,
showing that a d x d matrix with rank  can be recovered from O(dr picross 10g?(d))
measurements drawn randomly from any basis of R¥*?, where fiqyoss is defined below
in Definition 2.51.

Gross considered the following random measurement operator. Let Ay, ..., Agp
be an orthonormal basis for R¥? with respect to the inner product (X,Y) =
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(vec(X),vec(Y)). For a subset 2 C [d?] satisfying |Q| = m and chosen uniformly at

random, define the operator Ag : R¥*¢ — R™ by letting
Ao (X)[i] = (X, A,), (2.30)

where wy, ..., w,, are the entries of (2 ordered lexicographically.
The following definitions are from [68]. Let X be the matrix to be recovered

and assume Xy = UpSV{ is the SVD of X,. Define
T = {X|(Idaxq — UU{) X (Idgxq — VoV) = 0}

and define
Pr(X) = UpUsX + XVoVy — UgUs X VoV,

so that Pr defines an orthogonal projection onto 7". The space T and the projection
Pr depend on the true matrix Xy; however, the dependence is suppressed from the
notation.

For z € R define sgn(z) = z/|z| for x # 0 and sgn(0) = 0. Similarly, if X is
a matrix, define sgn(X) = Usgn(S)V?, where X = USV" is the SVD of X and the
sgn function is applied to the singular values of X.

The following definition is from [68].

Definition 2.51 (Gross coherence). A dxd matriz Xy of rank r has Gross-coherence

Gross With Tespect to a basis Ay, ... Ag of R if either
d A 2 < TroSss
Jnax, [Adll2 < pa
or both of the following hold:

Erlla}((p d’ |7DT(X> ’ ’2 < 27',UGross
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and

max_ d*(X,sgn(X0))? < 27 lGross,
i=1,..d

where r = rank(Xj).

The following recovery theorem applies to self-adjoint matrices. However, by a
simple argument any matrix completion problem can be reduced to the self-adjoint

case [68].

Theorem 2.52. (/68, Theorem 3]) Let Xy € R4 be a self-adjoint matriz of rank
r with Gross-coherence jigross With Tespect to a basis Ai, ..., Ap of R4, Let Aq be

defined as in (2.50) and assume that noise-free observations of the form
y = Aq(Xo)

are obtained. There exists a constant C' such that if the number of measurements

m > COdrpigross(1 + B) log?(d), then the solution X* of the problem

in_||X
x in X s:

is unique and equal to X, with probability at least 1 — d=P.

This recovery guarantee applies in very general settings, since there is no

requirement that the basis Ay, ..., Az be orthonormal.

2.13.1 Matrix Restricted Isometry Property

Definition 2.53 (square-free RIP for matrix operators). Let A : Rixd — R™

be a measurement operator. Let U C R™*% be q fized set. Then A satisfies the
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square-free RIP with constant § over the set U if for all matrices X € U, we have
(L= olIX[le < [AX)]]2 < (1+ )| X][e.

Yi-Kai Liu proved that the square-free RIP holds for random matrix measure-
ments of the same form as (2.30) with respect to an orthonormal basis Ay, ..., Az

for C4*4. The following theorem is from [102, Theorem 2.1].

Theorem 2.54. Let 0 < § < 1 and let Ay, ..., Az be an orthonormal basis of R¥*¢

satisfying the first part of the definition of Gross-coherence (2.51), i.e.

2
masc d|| Al < g

Let A be defined as in (2.30). There exists a constant C such that if the number

of measurements satisfies

m > Curdlog®(d)/6?

then the operator Aq satisfies the RIP with constant 0 over the set of matrices

{X X« S V|| X||p} with probability at least 1 — exp(—C).

Observe that the set {X : [|X]||. < /r||X]|r} contains all matrices X €
R%xd2 of rank at most r, so Liu’s result implies that with high probability the

square-free RIP holds over the set of matrices of rank at most r.

2.13.2 Singular Value Thresholding (SVT)

In [26], Cai, Candes, and Shen developed a simple algorithm to solve the
problem

min || X]|. (2.31)
X AX)=y
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Definition 2.55 (Shrinkage). Let 7 > 0. For X € R“*% with SVD given by
X = USV?, define

shrink, (X) = U max(0,S — 7)V*,
where the subtraction and mazximum operations are applied pointwise to the singular

values of X.

For a fixed 7 > 0, consider the modified problem

1
i Xl + =IX] 2.32
o min 7L+ S (2.32)

It is shown in [26] that the solution of (2.32) converges to the solution of (2.31)

as T —» 00. For a fixed value of 7 > 0, the SVT algorithm solves (2.32).

Algorithm 2.56 ([26]). 1: procedure SVT (Xo, A, y,{6:}i>1,7)

2: while not converged do
3: Xy = shrink, (A*(zx-1))
4: 2k = Zk—1 + 5k(y — A(Xk>>

In [26], convergence of the above algorithm is proved under assumptions on
the step sizes 5. The following lemma is important in proving the correctness of
singular value thresholding algorithms.

The following is [26, Theorem 2.1].
Lemma 2.57. Let Xy € R1*% gnd let 7 > 0. The solution of

, 1
min 7| X || + S[1X = Xollp

XeRdlde
is given by shrink, (Xj).
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2.13.3 Fixed Point Continuation

An alternative, but related, algorithm is fixed point continuation, as developed
by Ma, Goldfarb, and Chen in [106]. The algorithm works by solving a fixed point

equation that holds at the optimal solution of
XL+ 51 LACY) — 3
T o Ylla-

Fix a decreasing sequence of parameters punyy = 1 > fo > fg -+ > [ =

Manal > 0 and initialize X = Xj.

Algorithm 2.58 ([106]). 1: procedure FPC(Xq, A, y, {1i}i=1. 1)

2: while not converged do

3: Select .

4 Y =X -7A(AX) —y)
5: X, = shrink,,(Y")

2.14 Introduction to Tensor Completion

Consider the following general tensor completion problem. Let A : R >*>dv
R™ be a linear measurement operator and let X, € R4 XX~ he an unknown tensor.

We aim to recovery X, from observations of the form

y = A(Xo) + z,

where z € R™ is a noise vector. In the literature, various operators A have been
considered. One special case is when 2 C [dy] X - - - x [dy] is a random subset of the
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indices of X of fixed cardinality m, and the operator A is given by

Recall that X[€2] denotes the vector in R™ obtained by listing the entries X[iy, ..., ix]
for which (iq,...,iy) € Q in lexicographical order.
In [98], Ji Liu, Musialski, Wonka, and Ye proposed solving the following convex

optimization problem in the case of direct observations X[€2]:

N
minSYXO

XeRMX XN ¢ X[Q]=y 1 —
where y is the vector of observations of X[Q2] and X is the i-th unfolding of X.
Liu et al. introduced variables Z; to represent the unfoldings X to reduce the
interdependence between the summands in the objective function. The resulting
problem, after replacing the constraints Z; = X with penalty terms in the objective

function, is:

N N
1 .
min Z; *_|__§ X® — 7112
XeRU X XdN 7, 7y (; H H 20 — H HF

Sum of nuclear norms minimization is a standard approach for tensor comple-
tion and has been studied by Tomioka et al. [139, 140, 141], Signoretto, Lauthauwer,
and Suykens [134], Signoretto, Plas, Moor, and Suykens [135], Gandy, Recht, and
Yamada [64], Romera-Paredes and Pontil [130], Yang, Huang, and Shi [148], Al-
Qizwini and Radha [1], and Cao et al. [37].

One potential drawback of minimizing the sum of nuclear norms of unfoldings
is the loss of additional higher-order structure [111]. Mu, Huang, Wright, and
Goldfarb proposed an alternative strategy to preserve additional structure in the
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case of tensors of dimension N > 4, unfolding a tensor by grouping its axes into
two approximately equally sized sets, and unfolding the tensor into a maximally
square-shaped matrix [111].

In the case of a matrices X € R%*% the operator norm ||X||, is dual to the

nuclear norm || X||,, in the sense that

X[ = sup (X,Y).

YeRM >z« ||Y]|2<1
where recall that (X,Y’) denotes the Euclidean inner product of vec(X) and vec(Y').
Based on this duality, a natural generalization of the nuclear norm to tensors
X € R%*xdn can be defined as follows. First, for X € R@*xd~  define the

operator norm by

||X||0p: max <X7ulou20"'OUN>,
ui€R% : [[u;2<1

where o denotes outer product. Then, the duality-based tensor nuclear norm can

be defined by

||X||duality,* - sup <X7 Y>

YERU X XAN ¢+ ||Y||op<1

In the case of 3-dimensional tensors, Yuan and Zhang [149] proved a recovery
guarantee for the recovery of incoherent tensors via the minimization of ||X||quality,«-
Unfortunately, it is computationally intractable to minimize ||X||quality,« i practice,
since doing so is NP-hard, as shown by Friedland and Lim [63].

As a consequence of the intractability of minimizing the norm ||X||quality,«» &
number of researchers have attempted to replace the norm ||X||quality,« With convex

relaxations that enable tractable minimization. In [120], Rauhut and Stojanac de-
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veloped a family of convex relaxations of ||X||quaiity,« in the case of 3-dimensional
tensors, called #-bodies, using results from algebraic geometry.
In [122, 119], Rauhut, Schneider, and Stojanac developed an algorithm called

iterative hard threshold (IHT). The algorithm is the following:

Algorithm 2.59 ([119]). 1: procedure THT (Xo, A, y, {i:}i0, (11, ...,7N))

2: while not converged do
3: V=X —p A (AX) —y)
4: Xk - %(7‘1,...,7"1\7)<Y)

In the above, the operator H, . ,y) : Rdixxdy __y RAXXdN aets by com-
puting the HOSVD of Y, Y = C®; U;--- ®y Uy and then replacing C with
C|[r] x -+ x [ry]| and replacing each U; with U;[:;,1 : 7] for i = 1,..., N. Under
restricted isometry and other assumptions, Rauhut et al. proved convergence of
IHT.

Krishnamurthy and Singh have studied adaptive sampling for low Tucker rank
tensor completion [89] in the case in which the Tucker factors have low coherence.
Krishnamurthy et al. show that their algorithm recovers a low Tucker rank tensor
X with high probability under incoherence assumptions. Their algorithm, however,
differs significantly from the non-uniform sampling we introduce in Chapter 3, since
they are not solving a nuclear norm minimization problem and are considering only
noise-free direct observations of tensor entries, as in the operator A(X) = X[Q]
discussed earlier.

Other tensor completion and tensor decomposition approaches include Bayesian
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methods, as in the work of Zhao, Zhang, and Cichocki [151], Zhao, Zhou, Zhang,
Cichoki, and Amari [152], and Bazerque, Mateos, and Giannakis [8]. These methods
impose probabilistic prior assumptions on the Tucker or CP factorization of a tensor
to predict its true value.

Extensions of compressed sensing to multiple dimensions have also been devel-
oped, as in the work of Duarte and Baraniuk [56], Qun Li, Schonfeld, and Friedland
95, 62], and Caiafa and Cichoki [28]. An overview of multidimensional compressed

sensing with applications is found in [27].
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Chapter 3: Tensor Completion and Recovery Guarantees

3.1 Overview

Given the success of nuclear norm minimization for low-rank matrix comple-
tion, a natural extension to the tensor case is obtained by defining the nuclear norm
of a tensor to be the the sum of the nuclear norms of its unfoldings. This approach,
first suggested in [98] and subsequently studied in [141, 111, 133] has proven highly
successful in applications. Since the unfolding operation loses some of the tensor
structure, this approach has suboptimal recovery guarantees in the case of Gaus-
sian measurement ensembles, in comparison to using a true tensor nuclear norm
[111, 149] incorporating the full structure; unfortunately, it is NP-hard to minimize
the true tensor nuclear norm when N > 3 [79].

Recall that the nuclear norm || X[, of a matrix is defined to be the sum of its
singular values. We consider the following standard extension of the nuclear norm

to tensors via unfolding:

Definition 3.1 (Nuclear norm of tensor). Given a tensor X € RN jts nyclear

norm,

N
X[l = = 3 XO), (3.1)
N
k=1
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1s defined to the average of the nuclear norms of all its mode-k unfoldings, k =

1,....N.

We consider the following general setting for approximately low-rank tensor
completion. Let X, € R4**N he the tensor we wish to recover, where X, need
not be low-rank. Assume that A : R%*~>d~ 3 R™ ig a given linear measurement

operator. We are given observations of the form
y = A(Xp) + 2, (3.2)
where z is a noise vector satisfying
l|1z]]2 < € (3.3)

for some € > 0.

We aim to recover Xy by solving the constrained convex optimization problem:

min [ X|] - (3.4)
XecRA X xdy . [JAX)—y||2<e

This problem can be reformulated to its unconstrained Lagrangian form:

XERd1><<~><dN

, 1
min HXH*+@HA(X) —ylf3- (3.5)

The regularization parameter p determines how much to weight the nuclear
norm. Larger values of i tend to produce lower-rank solutions, as measured by

||X]|«, with larger residuals.

47



3.2 Recovery Guarantees via Restricted Isometry Property (RIP)

In compressed sensing and in low rank matrix completion, an important in-
gredient of many recovery guarantees is the restricted isometry property, which
essentially guarantees that A acts as an approximate isometry on sparse vectors
or low-rank matrices. Several authors have extended the definition of RIP to the
tensor case. In [133] and [122], the RIP is defined using Tucker rank, while in [118]
a version of RIP is defined for hierarchical tensor decompositions.

We adopt the definition in [133], based on Tucker rank.

Definition 3.2 ([133]). The measurement operator A satisfies the square-free re-
stricted isometry property (RIP) of Tucker rank (r1,...,rn) with constant 8., )
if for all tensors X € RI>Xdn yith rank(X) < (ry,...,7rN), the following bound
holds:

(1= 0w 1X 7 < A2 < (1 + 0 [ X2

Definition 3.3. A satisfies the square-free strong RIP of rank (rq, ..., ry) with con-
stant 5(7“1,..-,7”1\1) if, for each k =1,..., N, A satisfies the RIP of rank (dy, . .., dg_1, Tk,

dg+1,- .-, dy) with constant 5(,«17“,,%).

The RIP and strong RIP can also be defined with squared norms; in that case,
the RIP constant is denoted 0y, .. ry)-

In [133], an RIP-based recovery guarantee is developed for (3.4) under the
assumption of noise-free measurements, i.e. with z = 0. However, as far as we

are aware, there is currently no known RIP-based measurement guarantee for (3.4)
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under inexact or noisy measurements. A guarantee has been shown for 3.5 in [141]
under a different assumption, called restricted strong converity (RSC); however, the
RSC assumption is data dependent. In other words, whether or not the guarantee
is applicable is determined by the true tensor X, which is unknown. In contrast,
our RIP-based guarantee will hold for arbitrary tensors Xj.

We now state our recovery guarantee for (3.4), which is an extension of The-

orem 4 in [59] from the matrix case to the tensor case.

Theorem 3.4 (Tensor RIP recovery guarantee from noisy measurements). Assume
that the linear operator A satisfies the square-free strong RIP of rank (5ry,...,5ry)
with RIP constants 5(5741,“.757&“ < 05 and 5(3,417.“7374“ < 03, where 05 > 0, 63 >0, and
55+ (1 —1—53)\/2 < 1. Let € > 0. Then, for all Xy € R&>X*4N gnd y € R™ satisfying

| A(Xo) — yll2 < €, the solution X* of (3.4) satisfies the error estimate

1
|1X* = Xo|[p < Coe+ Ch (N—
¥ 2=t VT

) ||X0 - XbestH*a

where Xypest @5 the best approzimation to Xg in the || - ||« norm among all tensors X

satisfying rank(X) < (ry,...,7rn). The constants are given by

2<1+ %)
Cy = - .
1= b5 = (1+5),/2
and
2 2 — 05 + 03

01:— _ _
V3\1= 65— (1482

Remark 3.5. This condition of Theorem 3.4 can be simplified slightly. Indeed, the

INeqUality O(d, ..., 3ridpsr,edy) = O(dirdy—1.5rkdps1,dn) JOUOWS form the definition
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of RIP, so it is always possible to choose 03 < 05 (by decreasing 03 if necessary).

Hence, the condition 05 + (1 + 53)\/§ < 1 is implied by

1—,/2
\/; ~ 0.101. (3.6)

2
1+4/2

The proof of Theorem 3.4 uses a similar argument to the one in [59] for the

(55 < 5critical =

matrix case. We use the construction from [59] separately along each axis of the
tensor and then compute a weighted average of the results, with weights given by
VRN,

Before starting the proof, we briefly outline the strategy used in [59] for matri-
ces. First, the difference between the solution to problem (3.4) and the true matrix,
E = X*— X, is decomposed into the sum of two matrices, £ = FEy+ E,. with certain
orthogonality properties, where Ej is rank at most 2r. The second matrix, F., is
split up into a finite sum of rank 3r matrices, E. = E; + Es + - - -, of descending
norm. Finally, the norm of Ey + EF; and the norm of Fy + E3 + --- are each ap-
proximated. The RIP properties are required because Fy+ Ej is of rank at most 5r
while each E; is of rank at most 3r. Our proof essentially repeats this construction
individually along each axis k = 1,... N, and combines the results.

We now state two useful lemmas. The following is [123, Lemma 2.3].

Lemma 3.6. If X,Y are matrices of size dy X dy satisfying XY =0 and XY =0,
then

X+ Y = [ X[+ Y]

The following is [123, Lemma 3.4].
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Lemma 3.7. Let X, Y be matrices of size dy X dy. Assume that the SVD decompo-
sition of X is X = USV'. Define

Yy = (Idgyxa, — UUY)Y (Idg,xq, — VV?)

and
Vi=Y-Y,
Then the following holds:

2. YiX =0 and Yo X' = 0;
3. rank(Y7) < 2rank(X);

4. (,Ya) =0,

A similar construction as in Lemma 3.7 is used [114] for the analysis of matrix
completion and in [141] for the analysis of tensor completion.

The following Lemma is from [123, Theorem 3.3].

Lemma 3.8. Let k > 1. Let X € R4*% be g nonzero matriz with singular value
decomposition X = Udiag(oy,...,0,)Vt, where U € R"*" and V € R®*". For

i=1,...,[r/k], define I; = {(i — 1)k + 1,... ,min(ik,r)} and
X; =Uo, V' (3.7)

Then X = Xy + Xo+ ... + Xpyi, rank(X;) < k for all i, (X;, X;) = (5 all

1,7, and the following estimate holds:

1
Xillr < —=||X]. 3.8
;H i3 \/EH I (3.8)
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Proof. The first three statements follow from the definition of Xy, Xy, ... X /i1
For the last statement, observe that for all [ € I; and m € I,_1, oy < 07,,, since
the singular values are in non-increasing order. It follows that for all [ € I;,

1
01 < £ D mer,, Om- Hence

Z || Xi[r = 2122 \/ Zle[i ot

1>2
< i \/kk% (Xmer, Um)2

= \/L; Zz’zl Zmeli Om
_ L(IX]l.

Proof of theorem 3.4.
(Part 1: Setup.) We following the argument in [59], but extend from the matrix

to the tensor case. Let

R=> /.

k=1
Define
E=X"-X,
and
A= XO - Xbest‘

E is the prediction error we aim to bound and A is the amount by which the tensor
X differs from its best rank (rq,...,ry) approximation.

For each k = 1,..., N, consider the unfolding E®). By Lemma 3.7 we can
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decompose E®) into a sum of matrices
EY = By + B
satisfying
rank(Ej ) < 2 rank(X,@St) < 2ry,

Ek,C(Xl(zfz)st)t =0, Eli,cxéke)st =0, and (Ejp, Ey.) = 0.

Using the construction in Lemma 3.8, with 3r, instead of k, we decompose

rank(Ek,c) -‘

each Ej . into a sum of matrices Ey . = Ey o+ Ex1+- - -+ Ey 1, where L = | 3e

and each Ej; is of rank at most 3ry. It follows immediately that
E® = Eyo+ By + Ero + - By,

where rank(Ej ) < 2rj, and rank(Ey;) < 3ry for I > 1.

Our goal is to bound the prediction error ||E||r. Since ||E||r = [|[E®||r for all
k, we have
|IEllr = IE®][p
= [|[Ero + Erellr

= |[Bro+ Era+ D50 Erillr

< [1Bro + Eralle + 250 [ Bkl (3.9)

Multiplying (3.9) by /7y and computing the average over kK = 1,..., N, we

obtain

N N
1 1
R|[El[r < N;\/TkHEk,O + Epallr + NZvaHEmHF, (3.10)

k=1 1>2
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N
where R =), \/Tk.
Hence, in order to bound ||E||f, it suffices to bound the two terms on the right

hand side of (3.10) separately.

(Part 2: bounding + SV > 152 VT Erilr.) By Lemma 3.8,

| Erillp < —a=||Ek.cl|«
Sl <

1>2

forall k =1,..., N.

Multiplying by ,/r; and computing the average over k = 1,... N, we obtain

L9 DV LN S5 SH )

k=1 1>2
We also have

[Xoll. > X7l (3.12)
- X0+ El.
= || Xpest + A + E||.
- Nzk L 1X est+A(k)+E(k)H*
= & Do [ Xk + AW 4 Eio o+ By
> AT (10 + Bl = 1A9L = || Boll.)
= S (Xl 1Bl — IADIL — 1Boll.)  (313)

N k
— 22 (IXE = A©Y, + 1| Biell, — 1AW, — || Eoll.)

v

N k
2 2 (XN + 11 Bell, = 211 AW — || Eioll.)
N N
=1%ol = 201A0L + 5 S Bl — & il [1Broll. (3.14)

Inequality (3.12) follows because X* is an optimal solution of problem (3.4).
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Equation (3.13) follows from ||X|(O]Z)st + EW||, = ||X}(32t||* + ||[E®]|,, which is a
t
consequence of Lemma 3.6, Ej . (Xg?st) =0 and (Ej.) Xpest = 0.

Rearranging (3.14), we obtain

N N
1 1
NZHEMH* §2||A||*+NZ||Ek,o||* (3.15)
k=1

k=1

Combining inequalities (3.11) and (3.15) we obtain

N

1 N

N E \/Tk||Ek,l||F < \/Lg% Zk:1 ||Ek,0||*
k=1

>2

< (Al E L IEw.)
< & (2Nl + 4 S VIR Bullr)  (3.16)

= ZAlL 2 S VAl Bl (317)

where (3.16) follows from rank(Ej) < 2r, and Lemma 2.5.
(Part 3: bounding + 31, \/7||Eo + Epillr.)

For brevity, let refold(Z) denote refold, .. 4y)(Z) for any Z. For each k, we

-----

have
E = refold(Exo + Ey1) + Z refold(Ej)
1>2
The first summand has rank less than or equal to (dy, . . ., dg_157%, dks1, - - -, dN)
while all the remaining summands have rank less than or equal to (dy, ..., d,_137,

dg+1,---,dy). The square-free strong RIP property of A implies that the RIP of
rank (dy,...,dk_157%,dy1,...,dy) holds for each & = 1,..., N. Hence, by these

RIP properties,
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||Ek70 + Ek,lHF = ||refold (Ek’o + Ek,l) ||F

< ﬁHA (refold (Exp + Ex1)) |2

- 1—155 ACE) = > 155 A (refold(Ey,)) [l

< ZElA®E)2 + 5 X, 1A (refold(Ex)) ||

S 5 [IAE)]]2 + % > o 1 Bkllr (3.18)

Since X* and X, are both feasible solutions of problem (3.4),
IAE)[l2 = [JAX" = Xo)][2

= JAXY) =y +y— AXo)ll2

< JJAXT) = yll2 + [[A(Xo) = yll2

IN

2¢ (3.19)

Multiplying inequality (3.18) by /7%, averaging over k = 1,..., N, and com-

bining with (3.19), and (3.17), we obtain

N

1 _

= D VAllEro + Eralle < R+ (H8) (ZlAlL + /24 S vl Beolle)
k=1

(Recall that R = + SV VTk-) Since (Eyp, Ey1) = 0, we have

| Ekolle = \/HEk,O + Erallg = [Exallf < |1Bro + Brallp.

Hence, by collecting the term % Zszl VTk||Eko + Ek1||r onto one side, we obtain

1+53\/§ 1 & 2 1405 2
1-— —/ =] = E FE < —R ——||All,
( e 3)N;\/T’“H ko + k,1||F_1_55 €+1_55\/§|| |
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It follows that

N
1
NZ\/EHEk,O‘i‘Ek,lHF < aRe + Bl|A]]. (3.20)
k=1
where
2
a - — —
1= b5 — (14+05),/2
and
2(1 + d3)

\/§<1 — 05 — (14’53)\/%)
(Part 3: Collecting results.) Finally, by (3.10), (3.20), and (3.17) we have

N
RIE[lr < & X imy VPl Ero + Eralle + 5 Y0 V7l Bralle

N
< aRe+ AL + 1Al + /34 S vl Buolle

Again, using ||Eyollr < ||Eko + Ek1|lr and (3.20) we have

R|Ellr < aRe+ Bl|A[l + ZlIA]lL + \/g(OéREJrBIIAII*)

— q <1+ \@) Re + (ﬁ(1+%) + \/é) Al

Dividing by R = + Zgzl /Tk, we arrive at the claim

Cil|Al
IEe < Coe + SR
where
2<1+ §>
Co= —— .
15— (145,)/2
and
2(1+6) (1+ % 9
¢y = (1+ %) +4/=.

Va(1-5—(+8),/2) V3
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Remark 3.9. The requirement to split each Ej . into a sum of rank 3 matrices may
seem artificial. However, if we instead we split of E . into a sum of rank 2 matrices,
the expression /3 appearing in the proof would change to v/2. Hence, the condition
on the RIP constants would reduce to &5 + 1+ 63 < 1, which is always false, since

RIP constants are nonnegative.

3.3 Probabilistic Recovery Guarantees

We have shown in Theorem 3.4 that recovery of a tensor X, with error con-
trolled by the difference between X and its best Tucker rank (rq,...,ry) approx-
imation, is guaranteed by solving the minimization problem (3.4), provided that
the random measurement operator A satisfies the strong square-free RIP of rank
(5r1,...,5ry) with &5 + (1 + 53)\/§ < 1. As remarked previously, this condition is
implied by 65 < Seritical. Hence, in order to prove recovery with high probability, it
suffices to prove that the strong square-free RIP of rank (5rq,...,5ry) holds with
constant 05 < Oaitical With high probability.

We consider random measurement operators, as described in the following

definition.

Definition 3.10 (Random measurement operator). Let (Q, F, P) be a probability

measure space. A random measurement operator A is a measurable function
A Q — L(RIxdv Ry

where L(RT>X*dn R™) js the space of linear maps from RU*>dn to R™,
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In [102], Yi-Kai Liu first proved that the RIP holds with high probability, in
the case of matrices, for a measurement operator drawn from random entries in an
orthonormal basis. In [42], Cloninger and Czaja extended Liu’s result to the case
of measurements drawn from a Parseval tight frame. Cloninger and Czaja com-
bined the resulting RIP guarantee with a recovery result of Fazel, Candes, Recht,
and Parillo [59] to obtain a general probabilistic recovery guarantee for measure-
ment operators obtained from a Parseval tight frame. Here, we extend the results
of Cloninger and Czaja in two respects. First we extend from the matrix to the
tensor case. Second, we obtain a recovery result for a more general class of random
measurement, operators, isotropic, sub-Gaussian measurement maps.

For tensors, Rauhut, Schneider, and Stojanac proved in [122, 119], that Tucker

rank (r1,...,ry) RIP holds holds for random sub-Gaussian ensembles.

Definition 3.11 (Random sub-Gaussian ensemble). Let w be a random tensor with
values in RN gych that the entries wliy, ... iy] for (iy,...,iy) € [di] x---x [dy]
are idd sub-Gaussian with the same sub-Gaussian norm. Then the measurement

operator A : R "™ — R™ defined by
A(X) = (X, wy),
where wy, ..., wy, are idd drawings of w is a random sub-Gaussian ensemble.

A limitation of sub-Gaussian ensembles is that all the entries of the resulting
matrix must be i.i.d., which excludes important examples such as when each row is
drawn from a Parseval tight frame. We are thus interested in a more general class
of random measurement operators. The following definition is from [54].
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Definition 3.12 (sub-Gaussian map). Let (2, F, P) be a probability measure space.
Let H be a d-dimensional real Hilbert space and let S = {x € H : ||z||l% = 1}. Let
m > 1. Let A:Q — L(H,R™) be a random measurement operator. Then A is a

sub-Gaussian map with parameter v if the following conditions hold:

o (Linearity) A is linear.

o (Independence) For all x € S, the entries A(x)[1],..., A(z)[m] are indepen-
dent.

e (Isotropy) For all x € S, E||A(2)||3 = ||z||3.

(sub-Gaussianity) For all z,y € S and for alli =1,...,m,

A = )l < /2l = sl

An important ingredient in the proof of the RIP is a covering number com-

putation. The following result was proved by Rauhut, Schneider, and Stojanac

122, 119].

,,,,,

(r1,...,rNn)}. Then for any 0 < XA < 1, the following condition holds:

)

3(N—|—1) T1T2-'-TN+ZiV:1dk7‘k
)

rn) With balls of

..........

radius X\ with respect to the Fuclidean metric dgycigean(X) = 1/ (X, X).

Using the above covering number result, Rauhut, Schneider, and Stojanac
proved that the RIP holds with high probability for sub-Gaussian ensembles.
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In [54, Example 5.8], Dirksen proved the following theorem, which establishes
that the RIP holds with high probability for a sub-Guassian maps. Dirksen’s proof
uses the covering number result Theorem 3.13. In the following theorem, Dirksen

uses the standard RIP (not the square-free RIP).

Theorem 3.14 ([54]). Consider a sub-Gaussian measurement operator A : Q —
L(RI>xdn Rm) ayith parameter u. There exists an absolute constant C' > 0, such

that for any 0 < § <1 and 0 < p < 1, we have P(d(,, . ry) < 6) > 1 —p, provided

.....

that the number of measurements m satisfies
p 1 =
m > Cﬁ max {log(l—?), (7“11"2 Y ;dkrk> log(N)} :
Dirksen’s proof of the above result uses generic chaining, a theory developed
by Talagrand [138] to bound the suprema of stochastic processes.
We now combine Theorem 3.14 with our previous recovery guarantee, Theorem

3.4, to obtain a general probabilistic recovery guarantee for sub-Gaussian maps.

Theorem 3.15. There exists a numerical constant C > 0 such that the following
holds. Define

5critical = 25critical - _gritical ~ 019187 (321)

where Ocritical s defined by (5.6). Assume that 6 > 0 satisfies 6 < Oeritical If A :
Q — L(R&xdn R™) s q sub-Gaussian map with parameter v and if the number
of measurements satisfies

2

v N 9
m > C; max {log(g% ki?f?‘?iv{” 171 d; + redy, + ; 42} log(N)} . (3.22)
J J

61



then with probability greater than 1 — p over the choice of A, the following holds:
For all € > 0 and for all Xy € RMW%IN gnd y € R™ satisfying || A(Xo) — y||2 < €,

the solution X* of the minimization problem

min X ]|« (3.23)
XERA X XN [|AX)—yll2<e
satisfies
1
[|1X* — Xo||lp < Coe + Cy (N—) [1X* — Xpest ||+ (3.24)
N ket VT
where Xpest 15 the best rank (ry,...,rN) approzimation of Xo in the || - ||« norm.

The constants Cy and Cy are the same as in Theorem 5.J.

Proof. Foreachk =1,..., N, wereplace (r1,...,rn) with (dy, ..., dk_1,7k,dgs1, ..., dN)
and p with £ in the statement of Theorem 3.14. The assumption on m implies that

forall k=1,...,N

v? N al
m > Cﬁ max {log(;), (rk de + Zd? + dkrk> log(N)} :

i#k i#k
Hence, by Theorem 3.14 the random measurement operator A satisfies the RIP

of rank (dy,...dg_1,7%, dky1,- - .,dy) with constant § with probability greater than

1 — p/N provided that the number of measurements m satisfies

2 N N
m > C% max {log(?), (7“17“2 R Z dkrk> log(N)} .

k=1

By the union bound, the RIP of rank (di,...dx_1,7k,dks1,...,dy) holds for all
k =1,...,N with probability greater than 1 — p. Hence, with probability greater
than 1 — p, the strong RIP of rank (571, ..., 5ry) holds with constant . By Lemma

2.37, the square-free strong RIP holds with constant  satisfying § = 26 — §2. Since

25 — 52 =0< 6critica1 - 2gcritica1 - 62

critical
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and since & + 2z —1? is strictly increasing on [0, 1], it follows that 6 < deitica. Hence,

by Theorem 3.4, the estimate (3.24) holds with probability at least 1 — p. ]

3.4 Non-Uniform Sampling from Parseval Tight Frames

Here we show that sub-Gaussian measurement maps arise from non-uniform
sampling from Parseval tight frames, after appropriate rescaling of the frame ele-
ments. These results establish a theoretical basis for tensor completion via non-
uniform sampling from Parseval tight frames.

The example of sub-Gaussian maps obtained from uniform sampling from
frame elements is given by Eldar in [57]. We consider a more general setting in which
the entries of a frame {u;} are sampled with a non-uniform probability distribution

Pi-

Definition 3.16 (Non-uniform sampling from a Parseval tight frame). Let H be
a d-dimensional Hilbert space. Let {u;}7_, be a Parseval tight frame for H. Let
{pi}j= satisfy Z?:M’j =1andp; >0 forj=1,...,n. Let w be a random vector
such that P(w = ;—;7) = pj, where E?lej =1landp; >0 forj=1,...,n. Let
Wi, ..., Wy, be ii.d. realizations of the random variable w and let €y, . .., €, be idd
Rademacher random variables with values in {—1,1}, independent of the w; random
variables. The random measurement operator A with values in L(H,R™) generated
by {u;}5_y and {p;}j_, is defined for all v € H by

(r, ——
i

The following result establishes that A, as defined above, is a sub-Gaussian
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map. The result also provides a theoretical basis for adjusting sampling strategies

to reduce coherence.

Theorem 3.17 (sub-Gaussian measurements via non-uniform sampling from a tight
frame). Let H be a d-dimensional real Hilbert space. Let {u;}}_, be a Parseval tight
frame for H and let {p;}7_, satisfy Z?Zl pj=1andp; >0 forj=1,....,n. Then

the operator A defined by (3.25) is a sub-Gaussian map with parameter

Proof. Observe that A is clearly linear and for all x € S, A(z)[1],..., A(z)[m] are
independent by construction. (Recall that S = {z € H : ||z||x = 1}.)

To show isotropy, let x € S and observe that

EllA@)I[ = XL [, G2
= Yia Z;L:1 pj|<\j,7,_?—jnz|2
= it 2 ()
= m i |3
= {EdE
where the second to last equality follows from the fact that {u;}} , is a Parseval

tight frame.

Next, we show the sub-Gaussian property. Let z,y € S. Observe that

€;W;

vm

Az —y)lil = (r =y, —=).

Because of the Rademacher random variable ¢;, we have E [A(z — y)[i]] = 0. Also,
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we have

A — )l < max 120l

j=1,...,n \/p]_m

Since A(z — y)[i] is bounded and has mean 0, by Lemma 2.47 it is sub-Gaussian,

with sub-Gaussian norm satisfying

| 2 = yllaelless e
1A = 9)lillly < max illee

7j=1,...,n /pjm

2

U4 .

Let v = max]_; s T ;)” . Then the above equation becomes:
J

1AG = 9)llles < Yz — gl

vm

which is the condition required in Definition 3.12. Hence A is a sub-Gaussian random

operator with parameter v. O

Remark 3.18. If in the previous result we sample the entries of {u;}, uniformly,

then p; = % Hence, the formula for v reduces to
v = e
p

This formula for v agrees up to a constant with the definition of incoherence used
by Cloninger and Czaja in [42]. Hence, the parameter v of a sub-Gaussian map
1s a natural generalization of the incoherence of a Parseval tight frame. These

observations motivate the following definition.

Definition 3.19 (Incoherence of sub-Gaussian map). The incoherence v of a sub-
Gaussian map A with values in L(H,R™) is defined to be the smallest parameter v

satisfying the last condition of Definition 3.12.
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We now combine Theorem 3.17 on non-uniform sampling with the recovery
guarantee Theorem 3.15 to obtain a general tensor recovery result for non-uniform

sampling from Parseval tight frames.

Theorem 3.20 (Tensor recovery guarantee for non-uniform sampling from a Par-
seval tight frame). There exists C' > 0 such that the following holds. Let {u;}}_,
be a Parseval tight frame for RN qnd let {p; "y satisfy 22;1 p; = 1 and
p; >0 for j=1,...,n. Let A be the random measurement operator with values in
L(RI>xdn RM) be defined by (3.25). Letp € (0,1) and let § > 0 satisfy § < Seritical,

where deitical 15 defined by (3.21). If the number of measurements m satisfies

v N 9
m > Cﬁ max {log(?), killlaXN{Tk gdj + rrdy + ;dj}log(N)} :
J J

then with probability at least 1 —p over A, for all e > 0, X, € R XdN gnd y € R™

satisfying || A(Xo) — yl|2 < €, the solution X* of the minimization problem

min 1 X« (3.26)
X : [JA(X)—ylla<e

satisfies the error estimate

1
|1X* = Xol[r < Coe+ C4 (N—> |1X* = Xpest| |
¥ ko1 VTE
where Xpesy 05 the best rank (ry,...,ryN) approzimation of Xg in the || - ||« norm.

The constants Cy and C are the same as in Theorem 3.J.

Proof. By Theorem 3.17, the measurement operator A is a sub-Gaussian map with
112
parameter v = max;—i,_n %. Hence, by Theorem 3.15, we obtain the required

probabilistic recovery guarantee.
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3.5 Choice of Non-Uniform Sampling Distribution

We describe three possible choices for the sampling probabilities. One choice
is uniform sampling, in which p; = % for j = 1,...,n. Two other possible choices
are minimally coherent non-uniform sampling and nearly minimally coherent non-
uniform sampling, which are described below.

In minimally coherent non-uniform sampling, the sampling probabilities are

chosen to minimize the coherence v.

Theorem 3.21 (Minimally coherent non-uniform sampling). Assume that {u;}7_,
1s a Parseval tight frame for a d-dimensional real Hilbert space H and assume that

uj # 0 for all j = 1,...,n. Consider the non-uniform sampling operator (3.25).

n

The choice of probabilities {p, %1 that minimizes the coherence

112
ik
7j=1,..n p]

18 given by

gl
pj - d .

Furthermore, the optimal coherence is given by v = d.

Proof. We aim to solve the following problem for (py,...,p,):

12
min ( max M)
PlsePn b 2 ig Pi=Llpi>0 \J=L..n Py

The objective function converges to +00 as any p; converges to 0, since each frame

element u; is assumed to be nonzero. Hence we can consider only (py, ..., p,) outside
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of a neighborhood B of 0. Without loss of generality, we may assume that B is an
open ball of radius r in the /' norm. On the region [0,1] x --- x [0,1] — B, the
objective function is continuous and defined on a compact domain, so an optimal
solution exists. Let (pi,...,p,) denote an optimal solution and let v denote the
optimal objective value.

We claim that v = %%L for all 7 = 1,...,n. Indeed, suppose that equality
does not hold for some k. Then, by replacing p, with p, — € and replacing p;
with p; + ~5 for all j # k, the objective value would decrease. Furthermore,
since the I! norm of (p1,...,p,) remains unchanged, the new point cannot enter B.
Hence (p1,...,p,) would remain feasible but would have a smaller objective value,
a contradiction.

Since v = % for all j = 1,...,n, it follows that p; = C||u;||3, for some C.
The constraint that ) 7 | p; = 1 implies that C' = m

Finally, since {u;}}_, is a Parseval tight frame, by Lemma 2.31 we have

112
S uil|3, = d. Hence C' = 1 and we conclude that each p; = %.

d
Finally, to compute the optimal objective value, we have for any j =1,...,n,
ClllBe el
D; (le@)
d
m

The above theorem shows that the coherence can be minimized by sampling
Parseval tight frame entries with probabilities proportional to ||u;|[5,. The resulting
sampling strategy minimizes the v? factor occurring in the measurement bound
given by Theorem 3.20.
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One potential disadvantage of minimally coherent sampling is that if the ratio
between the largest ||u;||3, and the smallest ||u;||3, is very large, some probabilities
p; could be very small, resulting in very large scaling factors J%_ One way to avoid

J

this problem is to add a small quantity to all the sampling probabilities, to prevent

any p; from being too small.

Definition 3.22 (Nearly minimally coherent non-uniform sampling). Assume that
{uj}?zl 18 a Parseval tight frame for a d-dimensional Hilbert space H and assume
that u; # 0 for all j = 1,...,n. Consider the non-uniform sampling operator (3.25).
Let py > 0. Nearly minimally coherent non-uniform sampling is defined by setting

[lusl13, 4+ &
d n

B

As was observed by Cloninger and Czaja in [42], in relaxometry applications it
is often the case that only a very small fraction of the Parseval frame elements have
large norm. In such examples, nearly minimally coherent non-uniform sampling can

significantly reduce the coherence v while avoiding excessively sparse sampling of

the low-norm frame elements.

3.6 Tensor Recovery Algorithm

We now describe a fixed point continuation technique for solving the regular-

ized tensor completion problem

N
1 , 1
in — (4) _— — 2
g 57 D2 IOl + 5 1A ol (3:27)

In [148], Yang, Huang, and Shi first developed a fixed point continuation
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algorithm for (3.27). Their algorithm uses operator splitting, a technique in which
a quantity is added and subtracted to the first order equation, resulting in a new,
equivalent, optimization problem. We develop a similar algorithm, using similar
techniques; however, we generalize it to apply to settings with arbitrary noise levels

in the data.

3.6.1 Derivation

The derivation of our algorithm is essentially the same as in [148]. The primary
difference is that in [148], it is assumed that a single regularization constant p
converges to 0. In [148], it is proved that as u tends to 0, the resulting solution,

under mild assumptions, converges to a solution of

min || X][..
X: AX)=y

Hence, as u — 0, the algorithm in [148] converges to a solution satisfying the
constraint A(X) = y exactly. We show that our algorithm converges, under mild
assumptions, to the solution of (3.27). This will enable the tuning of the parameter
t1. The choice of py will be discussed later.

We start with a derivation of the algorithm, which follows [148] closely. Assume
that Xy is a solution of (3.27). Since the objective function in (3.27) is convex, by
Lemma 2.27, X is a solution if and only if 0 is in the subdifferential of the objective

function at X, where O denotes the zero tensor in R4 **4~  Hence,
1 & 1
013 (Xl + - (A0 - ) (3.28)
k=1
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Recall that 0 denotes the subdifferential, as defined in Definition 2.26. For
brevity, define g(X) = A* (A(Xo)—y)> for all X. Let 7 > 0 and let Yy = X — 79(Xo).

Multiplying (3.29) by 741 and then adding and subtracting X,, we obtain

N

1
0= > (rmdlIXIL. + Xo = (Xo — 79(Xa)) (3.29)
k=1
which is equivalent to
1 N
< 5 2 (2l X+ Xo = Yo)
k

Hence, by Lemma 2.27, Xj is an optimal solution of

in = X® XM — v {2 3.30
mn Z (71 + 51X - YR (3.:30)
if and only if X, is an optimal solution of (3.27).

To reduce the interdependency between the two terms in the objective func-

tion, we introduce matrices Z; to approximate the unfoldings X®, and solve the

problem

in, —Z(ﬂ!ZH +5lz - YPIR)

-----

under the constraint Z; = X® for i = 1,..., N. This problem can be relaxed to

(k 1 ;
rnm —Z(THZH —|——HZ Y )HF MQHZi_X()H%) (3.31)

In [148], Yang et al. proceed under the assumption g1 = pe. In the case
in which gy — 0 and gy — 0, the resulting solution converges to a tensor X
satisfying the constraint A4(X) = y exactly, under mild assumptions, so no gener-
ality is lost by the simplification p; = ps. However, in applications in which the
data is highly noisy, as can arise in magnetic resonance relaxometry applications,
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the regularization parameter p; must be chosen to appropriately balance bias and
variance in the solution. However, it is still appropriate to let po — 0, to enforce
approximate equality X ~ Z,. Hence, we proceed with a similar derivation as in
[148], but without the simplifying assumption that p; and po are equal.

We will analyze problem (3.31) using block-coordinate descent (BCD), in
which we fix all the variables X, Z1, ..., Zy except for one, and then optimize over
the only non-fixed variable. The following useful result, also cited in [148], provides
a condition under which BCD converges.

We first state several definitions from [143].

Definition 3.23. A function f : R® — R is quasiconvez if for all x,y € R™ and

A € [0,1], we have f(z + \y) < max{f(x), f(z+y)}.

Definition 3.24. A function f : R* — R is hemivariate if it is not constant on

any line segment.

Let Xo = (710,...,%Nn0) € R% x---xR be an arbitrary initial starting point.
The block coordinate descent (BCD) algorithm minimizes the function f(zq,...,zy)
by, at each stage, fixing all but one variables and minimizing with respect to the
non-fixed variable. The cyclic BCD proceeds by minimizing with respect to z1, then

Zo, then x3,..., then x5, and then repeats cyclically starting again at z;.

Definition 3.25. A coordinate wise minimum of a function f : R x-..xR¥» — R
is a point (x1,...,xy5) € RO X xR such that for all k, we have f<(x1, R

(0,...,zk,...,0)> > f(x1,...,2N) for all z, € R%*.
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Definition 3.26. A point x is a stationary point of f if for all z, we have

lim inf flotA2) = flz)

A—0+ A

> 0.

The following is [143, Lemma 3.1].

Lemma 3.27. Let f : R x --- x RN — R be a function of the following form.

Suppose that there are functions fo : R x--- xR — R and functions f; : R% —

R such that for all x = (x1,...,2x5) € RH x -+ x R we have
N
flxe,...,zn) = folz1,...,zNn) + Z fi(x)
i=1
and assume that fy is differentiable. If (z1,...,2N) is a coordinate-wise minimum

of f, then it follows that f is a stationary point of f.

The following is [143, Proposition 5.1].

Theorem 3.28. Let f be as in Lemma 3.27. Assume that the functions fy and

f1,-.-, fn satisfy the following properties:

e fo, f1,..., fn are continuous.

o Let k € {1,...,N} and assume that each x; is fized for i # k. Then the

function xy — f(xo,...,zN) i quasiconver and hemivariate.

Starting at any initial point Xo € R" x -+ xRW | let X1, X, ... be the sequence
of iterates gemerated by the cyclic BCD algorithm. Then, if the iterates X; are
defined, either limy_,o, f(Xg) = —00 or every limit point of the sequence { Xy} is a

coordinate-wise minimum of f.
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The following lemma, which gives a formula for the solution of (3.31), with Yj

arbitrary, generalizes [148, Theorem 4.2].

Lemma 3.29. Let 7,1, 12 > 0 and let Yo € R®W>XIN be any tensor. Then

(Xpos Zi gy - - - s ZNypy) 15 a manimizer of (3.31) if and only if the following two equa-
tions hold:
po Y+ X))
Zi i, = shrink /7 , fori=1,..., N, (3.32)
(u1+u2> 1+ 2
and
| N
X, = & > refold(Z; ). (3.33)
i=1
The shrink and refold operators were defined in Definition 2.55 and Defintion
2.18.

Proof. The solution (X,,,, Z1,,,--.,ZNu,) depends on 7, pq, and po; however, the

dependence on 7 and py is suppressed from the notation. This notational choice
will be convenient later, when we fix pu; and 7 and let gy — 0.
We aim to show that equations (3.32) and (3.33) are the update steps for cyclic

BCD.

First, we derive the update step for Z; ,, assuming X = X, and Z; = Z;

S22 JsH2

are fixed for all j # . Hence Z; ,, satisfies the first order condition

..........

Collecting the Z; ,, terms and dividing by g, + 2, we have

pa Yo + X

0e( TR
p1 + e

p1+ e

VO Zi o ||+ + refolda, ...an) (Ziuy) — refolda, ... ay)(
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Hence Z,

;e 18 an optimal solution of

min( THife ) 1 Zil|. +
Zi \ p1 T+ 2

7z pa Y + X
p1 + e

of which the optimal solution is given by (3.32) by Lemma 2.57. Hence (3.32) holds.

Now, we derive the BCD update formula for X,,,. If X,,, is optimal for (3.31)

pe

when holding all the Z; = Z; ,, fixed for ¢« = 1,..., N, then X,,, satisfies the first

H2

order condition

<N§:—ﬂddd Ziy — X))
Since refold(X\))) = X,,, for all i = 1,..., N, we obtain (3.33).
Now, we aim to apply Theorem 3.28 to the objective function of (3.31). Let
120 = (12 + 5112 - YPIR)
N 241

and let

N
1 1 .
X Zy..... 7 :—Ej —||Z; — X®||2
fO( y L1y ) N) Nk:1 (2,“2“ ||F)7

so that (3.31) can be rewritten as

xzr?m Jo(X, Zy, ..., ZN) + ; fi(Z;).
Now, observe that fy,..., fy are continuous. Observe that if all but one of the

variables X, 7y, ..., Zy are fixed, the resulting function gy : X — f(X, Z1,...,Zn)
or g; : Zi — f(X,Zy,...,ZN) is quasiconvex and hemivariate. Since the objective
function is nonnegative, it follows by Theorem 3.28 that any limit point of the cyclic
BCD iterates is a coordinate-wise minimum of (3.31).

Now, suppose that (X,,, Z1 ..., ZNy,) satisfies (3.32) and (3.33). Then

M2

Xy Z1 41y - LN s) 18 a fixed point of the cyclic BCD iteration, so it must be a
2 JH2 2 y
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coordinate-wise minimum. Next, by Lemma 3.27, it follows that (X,,,, Z1 45, - - -, ZN )
is a local minimizer of (3.31).

To prove the opposite implication, suppose that (X,,, Z1,,,..., Znu,) 1S &
local minimum of (3.31). It follows trivially that (X,,, Z1,,,. .., Znu,) is also a

coordinate-wise minimum, so the first order conditions (3.32) and (3.33), as derived

above, hold. O

3.6.2 Fixed Point Iteration

We now state a fixed point algorithm for tensor completion, which is motivated
by the derivation in the previous section. This algorithm essentially equivalent to

the one in [148].

Algorithm 3.30.

1: procedure FIXED POINT ITERATION FOR TC(Xy, A, y, 14, T)

2: while not converged do
3: Vi = X — 79(Xy)
4: fori=1,...,N do
' i (2 HHi2
6: Xit1 = x SN refold(Z;)
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3.6.3 Convergence

In [148], Yang et al. proved that X,, converges to the minimizer of the con-
strained problem

1 )
min ~ X,
XeRd - xdy ¢ A(X)=y IV

as p1 = po —> 0. Here, we conduct a similar analysis, but instead we show that
X, converges to the minimizer X, of (3.27) as o — 0 and y; remains fixed. This
result is important in cases where the data is noisy, since p; controls the tradeoff
between the norm ||X]||, and the residual || A(X) — y||2, as is a standard result of
regularization theory [78].

We start by stating a simplified version of a useful lemma from [7, Theorem

9.2.2], which is also cited in [148].

Lemma 3.31 (Convergence of penalty method for constrained optimization). Let
U cCR?and let f: U — R be continuous. Let gi,...,q, : U — R be continuous

and consider the constrained minimization problem

min f(x) (3.34)

z€U : g;(x2)=0,i=1,...,n

Let ¢; : U — R be continuous functions satisfying ¢;(0) = 0 and ¢;(x) > 0 if x # 0.

For all ;n > 0, consider the unconstrained minimization problem

min f(z) + 4 Z ¢i(gi()) (3.35)

Assume that there exists a compact set Uy C U such for all p > 0, every

solution of x,, of (3.35) satisfies x,, € Uy. Let ji1, pia, pis, - . . be any sequence satisfying
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pi >0 and lim;_, p; = oo, with corresponding solutions x,, of (3.35). Then any
accumulation point T of x,, is an optimal solution of (3.34), im; o f(x,,) = f(Z),

and
Tim > 6(fi(,)) = 0.
=1

In [148], it is shown that the map described by one iteration of the above algo-
rithm is a contraction, and hence the algorithm converges under mild assumptions,
provided that 7 is sufficiently small. We briefly summarize these results.

The following is [148, Lemma 5.3].

Lemma 3.32. Let A(X) = A(vec(X)), where A is the matriz representation of A.
The map T : Xy — Xgy1 defined by the iteration in Algorithm 3.30 is a contraction,
provided that 0 < T < —2—. Furthermore, we have || X —X'||r = ||T(X) —T(X')||r

[|A7Al]2

if and only if X = X' =T(X) — T(X/).
It is straightforward to verify that the proof of [148, Lemma 5.3] holds in the

case (i1 # pio. In the following theorem we generalize [148, Theorem 5.1] to the case

in which py # ps.

Theorem 3.33. Let A(X) = A(vec(X)), where A is the matriz representation of
A, and assume 0 < 7 < m. Assume that the map T defined by one iteration
of Algorithm 3.30 has at least one fized point X* satisfying X* = T'(X*). Then, for
any starting point Xq, the sequence Xg, X1, ... obtained from Algorithm 3.30 has at

least one accumulation point, Xy,. Furthermore, any such accumulation point is a

solution of problem (3.31) with Yo = Xjim — TA(A(Xjim) — ¥)-
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Proof. We follow the argument in [148]. Let X* be any fixed point of 7. It fol-
lows that for all k, || Xz — X*|| = ||T(Xy) — T(XH)||[p < || X* — X*||p, so the
sequence || X1 — X*|| is non-increasing. It follows that {Xy} is bounded, so it has
a convergent subsequence. Hence, we may assume {X;} converges to Xjy.

Let L = limg_ o0 || Xpp1 — X*||. It follows that L = |[|T(Xym) — T(X*)||p =
|| Xyim — X*||r, so by Lemma 3.32 we have T'(Xy,) — T(X*) = Xy, — X*. Since
T(X*) = X*, it follows that T'(Xjim) = Xjim-

Finally, we conclude that Xy, is a solution of (3.31) with Yy = Xy, —

TA*(A(Xjim) — y) by Lemma 3.29. O

Finally, we prove that in the limit as us — 0, we can obtain from Algorithm
3.30 a solution of (3.27). This result differs from [148, Theorem 5.3] in that we let

o — 0 while fixing 1, whereas they let py = ps — 0.

Theorem 3.34. Let 7 < m and let py > 0 be fived. Assume that for all ps > 0,
the map T' has at least one fized point. Let pa; > 0 be a sequence of values of po
satisfying lim;_,o. po; = 0. For any set of starting values X, o, @ =1,2,.. ., let X, jim
be an accumulation point of the iterates generated by Algorithm 3.30, starting at X, o

and with j1o = pa,, which exists by Theorem 3.35. Then, any accumulation point of

{Xi1m} is a solution of (3.27).

Proof. Let Xy, be an accumulation point of {X;u,}. For all i = 1,2,..., by
Theorem 3.33 X, i is a solution of (3.31) with Y, replaced by Yo = X, jim —

79(X;m). For convenience, we restate (3.31):

N

: 1 1 1
min_ (ﬂ@m+;wz—%%@+
s /J/l

240

H&—ww@
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We view the first the first two terms

N
1 1 k
fX, 2y, 2N) = NZ (THZiH* + Q_/MHZi —Yio)H%>
k=1

as an objective function and the last term

N

1 1 .
X. Zyoo o In) = — Z; — X @2
g( 5 L1 ; N) N2M2,z;|| HF

as a penalty function for the constraints X = Z;. Since the objective and penalty
functions satisfy the hypotheses of Lemma 3.31, it follows that any accumulation

point of {X; i} is a solution of

N
_ 1 1 *) 112
i 2o (N2l gl Yl
satisfying the constraints X = Z; for i = 1,..., N. In the argument preceding
(3.30), it was shown that (3.27) and (3.30) are equivalent. Since the above prob-

lem is the same as (3.30), we conclude that it is equivalent to (3.27). Hence, any

accumulation point of {X; i, } is a solution of (3.27), as was claimed. O

3.6.4 Homotopy Path of Regularization Paramaters: Version 1

Our goal is to solve (3.27). By Theorem 3.34, the solution of (3.27) can be
approximated arbitrarily well by the fixed-point iteration in Algorithm 3.30 for a
decreasing sequence of values of o, while holding pu; fixed. However, in practice the
algorithm often converges very slowly if initialized with very small values of p; and
2. This leads us to the following homotopy path in the parameters (g1, o).

Let pini¢ be an initial starting value for both gy and ps. Let 0 < < 1 be

fixed. Let i1 fina1 > 0 and pig fina1 > 0 be fixed, where 112 fina1 < 41 final-
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Algorithm 3.35.

1: procedure FPC ror TC(Xy, A, Y, finit; [1 finals 42, finals T5 1)
2 Let k=0, pi1 < finit, 2 < finit, a0d T 4 Tipie.

3: while 115 > 9 final do

4: 1 <— max (1, f41 final) > Decrease 1 if above py final
5: o < 2 > Decrease fio
6: while not converged do

7 Yi =X — 7A" (A(X) —y)

8: Xit1 = = vazl refold (shrink<m) (%) )

In Algorithm 3.35, we start with p; = e = pini- At each iteration, both py
and o are decreased by the factor n until p; = po < fi1,6na1. Once py reaches its
final value fi1 fina1, We continue decreasing jio until po reaches its final value g final-
Under the assumptions of Theorem 3.34, Algorithm 3.35 is guaranteed to converge
to a solution of problem (3.27), provided that f3 a1 = O.

While 45 inal can be chosen to be very small, ji1 fna; often needs to be signif-
icantly larger if the initial data y is noisy. Larger values of i fina result in more
noise filtering. A small value of figna guarantees that the matrices Z; described

previously agree well with the unfoldings X of the solution X.
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3.6.5 Homotopy Path of Regularization Paramaters: Version 2

We now aim to simplify the expressions in Algorithm 3.35. Observe that if we

define
- T 2
T = ;
p1 = o
then
Y(i) + X(i) () . (3)
Ho Xy T i pa(X 1A (AXe) —y) i Xy (3.36)
[0 +,M2 - p1+p2 ’
= XV FA(AX) — ) (3.37)

Also, the shrink amount in Algorithm 3.35 simplifies to:

THif2 Fu
= Fu.
M1+ o

If 7 is fixed and we decrease 1 = jo, observe that 7 remains fixed. If u; and 7 is
fixed, observe that 7 decreases as p5 decreases. Hence the previous approach, which
involves fixing 7 first and decreasing both p; = ps and then decreasing o only, is
equivalent to the following alternative approach. First fix 7 and let p; decrease to
1 final- Then fix p11 and let 7 decrease to Thnar. This leads to the following algorithm.
For brevity of notation, we have replaced 7 with 7 and u; with p.

Let pini¢ be an initial starting value for p. Let 0 < n < 1 be fixed. Let pgna > 0

and Tgpa > 0 be fixed.
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Algorithm 3.36.

1: procedure FPC rFor TC(Xo, A, Y, linit, Tinit, Thnal, 1)

2:

Let k=0, p < finit, and 7 <— Tipit-

while 7 > 75, do
p = max(un, fnal)- > Decrease p until it reaches figna.
if § = pgna then

T = max(77, Thnal ) > Then decrease T until it reaches Tgya.

while not converged do > Run fixed point iteration.
Y = Xp — A (A(Xy) — y)

X1 = = S refold (shrinkm(Yk)>

Algorithm 3.36 first fixes 7 and lets u decrease. Once p has reached pigpar, o is

fixed and the algorithm decreases 7 until it reaches 7g,,. The above computations

show that, up to possible differences in the values of the parameters, both Algorithm

3.35 and Algorithm 3.36 solve the same problem.

Under the assumptions of Theorem 3.34, Algorithm 3.36 is guaranteed to con-

verge to a solution of problem (3.27), provided that Tna = 0. In our implementation,

we use Algorithm 3.36.

3.7 Choosing the Parameter 7

By Theorem 3.33, we must have 7, < m. If A is a sub-Gaussian map,

then for any X, we have

E[JAX)[E = [IX][&-
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Hence, on average, A behaves like an isometry. Theoretical results on isotropic sub-
Gaussian random matrices, such as [145, Theorem 5.39] suggest that the singular
values of A remain near 1 with high probability.

In our simulations, 7, = 0.01 works well. Larger values of 7, resulted in
faster convergence. However, too larger a value of 7y,;; causes divergence. We chose
Tanal = 0.001. Decreasing Th,a1 significantly does not appear to cause significant

improvement in solution accuracy.

3.8 Choosing the Regularization Parameter pu

Recall that Algorithm 3.36 approximately solves (3.27), rewritten here with u

instead of py:

N
g e DX+ 5 4G ol (3.38)
The parameter p controls the weight of the regularizer ||X||.. The value of
1 controls the trade-off between the norm of the residual and the Tucker rank, as
measured by ||X||.. There are a number of standard techniques for choosing a
regularization parameter, such as L-curve and the discrepancy principle [77, 78, 2].
However, such methods need not yield the optimal parameter 1 and are inherently
qualitative. The discrepancy principle requires a choice of the maximal ratio by
which the residual can exceed its minimal value. The L-curve is based upon the
intuitive assumption that the optimal parameter lies near the corner of the curve

parametrizing the trade-off between log(||X||«) and log(||.A(X)—vyl||2). (The L-curve
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is usually presented with ||X||s instead of ||X||..)

We propose to use k-fold cross-validation to choose p. k-fold cross validation
is a standard statistical technique for choosing an optimal predictive model for a set
of inputs and outputs.

Assume that A is defined via non-uniform sampling from a Parseval tight
frame {u;}j-, for a d-dimensional Hilbert space H with probabilities {p;}}_; by

(3.25), rewritten here:

1
A(.T)[Z] = <ZL’, \/—ﬁeiwﬁ,
where P(w; Py ) =p,forall j=1,...,n and wy,...,w,, are independent.

Consider the modified version of A, denoted Ay observations : R7 XX — R™,

that gives all the possible observations (excluding the Rademacher random vari-

ables):

1 U;
ViV

for X € R¥>xdv and j = 1,...,n. While A only gives m out of n possible

2

Aall observations (l’) [j] = <3§'

observations, A,y observations gives all possible observations.

Now consider the following learning problem. Given only one realization of the
random operator 4, denoted Ay, and observations of the form y, = A(X¢)+ 2z, where
z is a noise vector satisfying ||z||o < €, we aim to predict all possible observations,
i.e., we aim to predict Aap observations (X)-

Let X, denote the solution of

N
1 1
— « + — X) — yol|? 3.39
i 7 S IXC + 11400 = ol (339)

We can now view Aaj observations(X,) as a predictor of Aap observations(Xo). Hence, we
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aim to minimize the following expected squared generalization error:

min E.A U ’Aall observations (X,u) - Aall observations (XO> | |§} (340)

u>0

The expectation is taken over all realizations of the random operator A. In the
above, X, is the solution (3.39) and X, is the true tensor. In contrast to the resid-
ual |ly — A(X,)||2, which is monotonically decreasing as p decreases, the above
expectation estimates the true generalization error of all observations(X,) as a pre-
dictor of Aaj observations(Xo)-

It is not possible to directly solve (3.40), since Xq is unknown. However, we
can estimate it via k-fold cross-validation as follows. Let 7' = {1,...,m} and let
w;o and € be the realizations of the random variables w; and ¢; occurring in the
definition of Ay. For a fixed integer k£ > 1 (we use k = 10), partition 7" uniformly
at random into k sets of almost-equal size, T'=T7 L .Sy LI - - - U T}, where LI denotes
the disjoint set union. For each i = 1,...,k, let S; = T\T;, the set of indices in
{1,...,m} that are not in 7;. Suppose |T;| = t; and |S;| = s;. Now, for each

1= 1, .. .,k, let Sl = {ll, .. .,lsi}, define Al . Rdlx'”XdN — R® by

AK] = (X, et 01,0) (341)

and define
yili] = wollj] (3.42)
foralli =1,...,kand forall j =1,...,s;. The result is to partiton the observations

occurring in Ay into k£ almost-equally sized sets T; randomly. Each operator A;,

1 =1,...,k, includes the observations corresponding to k — 1 of the sets T;.

86



Now, for each i = 1,..., k, solve the problem
1 — 1
Xyui = argming > [1XO]+ - 1A(X) = il (3.43)
k=1

Now we can view Ay(X,;)[T;] as a predictor of y[T;], where recall that z[T] is the
vector with entries z[i] for i € T. For any p, the estimated squared generalization

error appearing inside the expectation in (3.40) can be approximated by

1 n
GEG =+ D 1A(X,0) [T = wol T3 (3.44)
k=1

Hence, p can be chosen to minimize GEZ.
We are thus led to the following k-fold cross-validation (CV) method for se-

lecting p. Let pg > po > ... > py > 0 be decreasing sequence of p values.
Algorithm 3.37.

1: procedure SLOW k-FOLD CV FOR p( Ao, yo, {1 }i—1)

2: for p=pqy,...,; do

3: for:=1,...,k do
4: Solve 3.43 for X, ; using Algorithm 3.36.
5: Compute GEZ, (11) via (3.44).

6: 14— argmin“GE2 (1)

est

3.9 Accelerated k-Fold Cross-Validation for Selecting p

Unfortunately, the above algorithm is very slow because it requires solving the
tensor completion problem once for each p and for each fold ¢ = 1,... k. Here, we
show that it is possible to significantly accelerate k-fold cross-validation.
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Recall that algorithm Algorithm 3.36 works by initializing p = pine and de-
creasing p by a factor n repeatedly. By recording the residuals at each intermediate
value of y, it is possible to compute GEZ (i) for g = pingerp’ for j = 0,...,1 — 1,
where [ is the number of i values. However, to accelerate the algorithm, when
doing k-fold cross-validation, we entirely skip the second stage during which 7 is de-
creased. Based on simulations, decreasing 7 does not appear to significantly reduce
the generalization error. Hence, we propose the following accelerated k-fold cross
validation algorithm.

num,, —1

The following algorithm estimates the best 1 among { g7’ };—g
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Algorithm 3.38.

1: procedure p = FAST K-FOLD CV (X, Ag, Yo, finit, UM, 7, T)

2:

10:

11:

12:

13:

14:

15:

16:

17:

Randomly partition observation indices {1,...,m} into k sets Ty, ..., T}, and

define A; and y; as in (3.41) and (3.42).

follows:

fori=1,...,kdo
> Solve TC problem with observations indexed by {1,...,m} — T}, as
Let £k =0, p < finit, and 7 < Tipit-
for j =0,...,num, — 1 do
f$ Hinie?)
while not converged do > Run fixed point iteration.
Y = X — 7A (Ai(Xg) — y)
X1 = & 1L, vefold (shrinke, (Y5 )
> Estimate squared generalization error on Tj, as follows:
GEeylny, 1] = || Ao(X,0) (T3] — y[ T3]3
> Aggregate the estimated squared generalization errors:
for j=0,...,num, — 1 do
GEzst 1] = % Zfﬂ GEzst [ 1].
> Choose i to minimize the estimated generalization error:
p < argming 0 T {GEZ i)}

Algorithm 3.38 requires less than k times the computation of one tensor com-

pletion problem, as solved by Algorithm 3.36. The reason the computation time
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is less than k& multiples, and not exactly k, is that the second stage, in which 7 is
decreased, is omitted. Because each iteration of the first outermost loop in Algo-
rithm 3.38 is independent of other iterations, the algorithm is highly parallelizable.
When parallelized, the total computation time is less than that of solving one ten-
sor completion problem via Algorithm 3.36, ignoring parallelization overhead. Even
taking into account parallelization overhead, the run time of Algorithm 3.38 when
parallelized on k cores is usually less than 1 run of Algorithm 3.36, due to the time

savings from omitting the 7 reduction stage.
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Chapter 4: Nuclear Magnetic Resonance Preliminaries

4.1 Relaxometry

Nuclear magnetic resonance (NMR) relaxometry and related experiments can
provide useful information about the chemical and physical properties of materials.
Relaxometry experiments aim to study the properties of a given sample. Examples
of samples of interest in medicine include cartilage [22, 125, 83, 96, 124, 128, 127, 126,
108, 129, 97, 91, 115], muscle [132, 21], and brain tissue [24, 23, 107]. Relaxometry
has also been applied in other areas, such as in food science [80] for quality control
and in oil logging (the detection of underground oil reserves) [61].

Quantum mechanical spin is associated with many atomic nuclei; these are
the ones that we can study with NMR. The most widely-studied is the nucleus of
the hydrogen atom, that is, the proton [58, 85], which is found in great abundance
in water and hence in water-containing materials. When placed in a magnetic field,
a particularly large magnetic moment is induced in water-containing materials [25],

which is what we study here.
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4.2 1-Dimensional Relaxometry Experiments

One dimensional NMR relaxometry experiments aim to quantify the distribu-
tion of a single parameter in a sample, such as the decay constant of longitudinal
magnetization (7}), the decay constant of transverse magnetization (73), the de-
cay constant of longitudinal magnetization in a rotating frame (77 ,), or apparent
diffusion coefficient (ADC).

In experiments that measure the longitudinal relaxation time, T}, the evolution
of longitudinal magnetization is described by the differential equation

d(m itudinal (T >
longltudlnal( ) o MO - mlongitudinal<7_)
dr T1 ’

where Miongitudinal(7) is the longitudinal magnetization, 7 is time, and M is the
equilibrium value of induced magnetization given by Curie’s law. For the case of an
inversion recovery experiment, Miongitudinal(7 = 0) = —2Mj, so after the inversion
pulse,

mlongitudinal<7—> = My (1 - 2€XP(—7'/T1))- (4-1)
In general, the observed signal consists of the superposition of T} components, each

described by (4.1); hence, it can be modeled as an integral

o0

Mionginal(7) = | J(T)(1 = 2exp(~7/Ty) )T, (42)

Ty=0

where Miongitudinal(7) is the magnetization at time 7 and f : (0,00) — [0, 00)
describes the distribution of 7; constants in the sample. While f need not be
normalized, it can be viewed as a distribution describing the relative sizes of the T}
components in the sample.
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In practice, the longitudinal magnetization Mmiongitudinal(7) is sampled at a dis-
crete set of times 71 < Ty, -+ < 7,,,. The integral in equation (4.2) can be approxi-
mated by a discrete sum. Let 0 <7177 <72 < --- < T, be a discretization of the

Ty values. Then (4.2) can be approximated as

m(r;) =Y f(Ti;) (1 — exp(—7/Ty,)) wlj, (4.3)

Jj=1

where w[j] are appropriately chosen quadrature weights.
Another 1-dimensional relaxometry experiment aims to measure the distri-
bution of T5, the decay constant of transverse magnetization. The evolution of

transverse magnetization is described by the differential equation

d (mtransverse (T> ) Myransverse (T)

dr T2 ’

where Mypansverse(7) 1S the transverse magnetization and 7 is time. In the case
of Carr-Purcell-Meiboom-Gill (CPMG) experiments in which spin-echoes [74] are
formed through the application of radiofrequency pulses at time interval TE > 0,
the magnetization measured at the echo times ¢T'E, for ¢ = 1,...,m, is given by
[25]

Mygransverse (ZTE> - MO eXp(_ZTE/TQ)a (44)

where M, is defined in the same way as above. T experiments have been applied
in the analysis and quantification of cartilage [129].
As in the case of T, a sample in general has a continuous distribution of 75

values, so (4.4) can be replaced by

Meransverse (11T E) = f(I) exp(—iTE/T)dTs, (4.5)

Ty=0
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where f(T%) describes the distribution of T, values in the sample and the acquisition
times TE,2TE,3TE, ... mTFE are discrete multiples of TE. As for T7, the integral
(4.5) can be discretized. Let 0 < Tp; < ... < Ty, be a discrete set of T} relaxation
times. Then (4.5) can be approximated for i = 1,...,m by
M (ITE) = 3 (T exp(—iTE/Ts, ] (4.6
j=1
where w|j] are quadrature weights.

Another parameter of interest is apparent diffusion coefficient (ADC), which
quantifies the diffusion of moving particles, such as water molecules, in a sample
[45]. In a diffusion experiment, the external diffusion sensitizing gradient strength ¢
is varied and the resulting signal is observed. For a sample with only one apparent
diffusion component equal to D, the observed signal can be modeled by the Stejskal-
Tanner formula [81]:

mdiﬂusion(b) = eXp(_bD) (47)

where

o) = PG FA — 50). (4.9

Here 7 is the gyromagnetic ratio, delta is the duration of each gradient pulse, and A
is the delay between pulses. The exact dependence of b on g depends, in general, on
the specific experimental setup. However, (4.7) provides a simple equation relating
the experimentally controlled acquisition variable, b, and the unknown ADC value

D.

As for the T7 and T, parameters, a given sample may contain a distribution
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of ADC values. Hence we obtain the signal equation

Mdiffusion (0) = /000 f(D)exp(=bD)dD (4.9)

where f : (0,00) — [0,00) is the unknown distribution of ADC values in the
sample, and D are the ADC values. As in the previous cases, this equation is

discretized as:

m

Maistusion(b:) = Y _ F(D;) exp(—b:D;)w|j] (4.10)

=1

where w|j] are quadrature weights.
We have described three parameters of interest, 177, T, and D. After appro-
priate substitutions, the distribution of each of these quantities in a sample can in

general be obtained by solving the 1-dimensional Laplace transform-type equation
_ / " F(t) exp(—r/t)dt (4.11)
0
or, in practice, its discretization
m(r) = [ ) exolon )

Definition 4.1 (Laplace Transform). Given an integrable function f : [0,00) — R,

its Laplace transform Lf is defined to be the function

= /000 f(A) exp(—7A)dA

Let A = } and ft) = f(§)#. By changing variables

m(t)= [ f % 7= exp(—7/t)dt (4.12)
= fo A) exp(—7A)dA (4.13)
= L(f)(r) (4.14)
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Hence (4.11) becomes

m = Lf.

It follows that f can be obtained indirectly by an inverse Laplace Transform

(ILT). Indeed, f can be obtained as an ILT of m, and then f can be obtained via

|~

f(t) - Jg(%)t

|

In the context of NMR, we will primarily be concerned with the equation in
the form (4.11), not with the standard definition of the Laplace transform, as in
Definition 4.1.

The Laplace transform is an infinitely ill-conditioned operator, meaning that
arbitrarily small changes in m can result in arbitrarily large changes in the solution
f. As a result, solving for f is non-trivial and in general requires regularization
techniques [78]. These problems carry over to the discretized case, where the dis-
crete Laplace transform has rapidly decaying singular values, resulting in very large

condition numbers [20].

4.3 Multidimensional Relaxometry and Related Experiments

Multidimensional NMR experiments aim to compute the joint density function
f of one or more parameters. For example, in a T1- Ty experiment, f(t1, %) denotes
the joint distribution of 77 and T». In certain such experiments, the data m(7, 7o)

satisfies a multidimensional separable Laplace transform-type equation:

m(m, o) = /TOO_O TO:) f(I,Ts) (1 — 2exp(—711/T3)) exp(—72/To)dT1dT,

Other 2-dimensional experiments quantify the joint distribution of parameters

96



such as D - T, or Ty - T ,. Also, two dimensional T5-store-7T5 experiments quantity
the joint distribution of T, with itself after a delay, which can be used to quantify
the exchange between components in a sample. 2-dimensional experiments have
seen growing applications in the chemical and biological sciences and permit a more
complete description of materials [29] [80]. Applications of Ty-store-T5 include the
the quantification of pore sizes in cement [109].

Celik, Bouhrara, Reiter, Fishbein, and Spencer have shown empirically that 2-
dimensional relaxometry problems exhibit better stability than 1-dimensional prob-
lems [38], which provides an additional motivation to purse higher dimensional ex-
periments. These results suggest that /N-dimensional experiments could provide
even greater stability than 1 or 2-dimensional experiments. Because of the greater
descriptive power and the potentially improved stability, it is of great value to have
available higher dimensional NMR experiments for materials and tissue characteri-

zation.
A 3-dimensional experiment acquires the joint distribution of 3 parameters,
such as Ty, D, and T5,. For one such an experiment, the observed data m(7,b, 72)

is related to the distribution f(77, D,T3) of parameters by the equation
m(11,b,m0) = / / / f(T1,D,T5) (1 — 2exp(—71/T1)) exp(—bD) exp(—7o/T2)dT1dDdT5
T1=0 J D=0 JT,=0

In such an NMR experiment, the data m(r,b,72) is acquired on a grid of
values of 7, b, and 75. In many experiments, the acquisition time is proportional to
the total number of such points. Hence, high dimensional experiments, in which the

dimension N is 3 or greater, can take hours, days, or even weeks to acquire. This
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long acquisition time has substantially limited applications of higher dimensional
NMR relaxometry. By accelerating these experiments, compressive sensing offers to

make possible many biomedical applications that were previously impractical.

4.4 General Mathematical Setup

Let M € R™>* >~ he the observed data tensor and let F € R™**"~ he the
discretized distribution of parameters to be solved for. We consider the following

N-dimensional separable linear equation

where each kernel K; € R™*"_ The tensor Z € R™>* " *™N consists of noise. We

assume that Z satisfies ||Z||r < ¢, for some € > 0. Equation (4.15) is equivalent to

vec(M) = (Ky ® Ky_1 -+ @ Kq)vec(F) + vec(Z),

where Ky ® Kny_1---® K; denotes the Kronecker product of matrices.
Equation (4.15) is an example of an N-dimensional discrete separable Fredholm
integral equation of the first kind.

For notational convenience, we define the operator IC : R™ X *nN — Rmaxxmy

K(X)=X®: K1 @ Ky @n Ky, (4.16)

so that (4.15) can be rewritten as

M = K(F) + Z. (4.17)
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4.5 Description of the Kernels K;

Each kernel K; can be viewed as a discretization of a continuous kernel x; :
[0,00) x (0,00) — R. We parametrize the domain of ; by (7;,¢;), where 7; is the
acquisition time corresponding to the i-th axis of the tensor M and t; is the value
of the parameter corresponding to the i-th axis of the tensor F.

Let 0 < 1[1] < -+ < 7;[my] be a fixed discretization of the acquisition time 7
and let 0 < ¢;[1] < -+ < t;[n;] be a fixed discretization of the parameter ¢;. Then

the kernel K; € R™*™ is defined by

where 1 <1 < my;, 1 <k < n;, and w;[1],...,w;[n;] are quadrature weights. The
quadrature weights can in general be defined by any quadrature rule, such as the
trapezoidal rule, Simpson’s rule, or Gaussian quadrature.

Standard practice in NMR is to discretize the points 7; and t; by either linear

or logarithmic spacing.

Definition 4.2 (Linear spacing). Given a parameter x, its m-point linearly-spaced

discretization on the interval [Tmin, Tmax] consists of the points
Tj = Tmin + (Tmax — Tmin)
j (e — )
forj=1,...,m.

Definition 4.3 (Logarithmic spacing). Let 0 < Zpin < Tmax- Given a parameter x,
its m-point logarithmically-spaced discretization on the interval [Ty, Tmax] consists
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of the points

max | — 1
Lj = Tpin €XP (log(x )‘7—> ,

Tmin - M — 1

forg=1,....m,

Although more sophisticated quadrature rules are available, for simplicity we

use the following two rules. In the case of linear spacing, we let

[ ] Tmax — Lmin
w = - =

J AR m—1 "
for j =1,...,m. In the case of logarithmic spacing, we let

wlj] = jp1 — xj = x; (GXP (108“(%”);) - 1) :

Tmin M — 1

for j =1,...,m. Although the point x,,; is not defined, the right hand side of the
above two equations can still be used to define w,,. The resulting quadrature rules
approximate the integral on the slightly expanded interval [Zyin, Tmax + %]
in the linear spacing case and on a similarly expanded interval in the case of log-
arithmic spacing, although no generality is lost as an approximation on the inter-
val [Zmin, Tmax] Would be obtained by letting j range from 1,...,m — 1, instead of
1,...,m.

Hence, the kernels K; are defined explicitly by (4.18), where the points 0 <
7;[1] < --- < 7;[m;] are linearly or logarithmically spaced on the interval [7; min, 7 max]
and the points 0 < ¢;[1] < -+ < t;[m;] are linearly or logarithmically spaced on the
interval [t; min, timax]- 10 be clear, each 7; corresponds to the times at which exper-
imental measurements are obtained while each ¢; corresponds to a parametrization

of one of the desired parameters (such as Ty, Ty, or D).
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We will let D; = [Timins Timax] X [timins timax)- 1t follows that the operator
K defined in (4.16) is a discretization of the continuous function k; X -+ X Ky
restricted to the subdomain D; X --- x Dy. (In fact, it is an approximation on a
slightly expanded subdomain, due to the choice of the quadrature weights.)

Each kernel x;, and hence its discretization K;, depends on the specific exper-
imental parameter t; being measured at the observation times 7;. In the case of a

T} inversion recovery experiment, we have

Ky, (T,t) =1 — 2exp(—71/t).

For a T, CPMG experiment, we have

K, (T,t) = exp(—7/1).

For an ADC experiment, we have

kp(T,t) = exp(—Tt).

By appropriate transformations, each of these kernels x; can reformulated as
the kernel of a Laplace transform. Hence, after an appropriate transformation, the
operator K is a discretization of a multidimensional Laplace transform.

In cases in which the distribution F exhibits details at very different scales
of (t1,...,ty), logarithmic spacing is useful to provide resolution at different time
scales. Logarithmic spacing has also been observed to provide better conditioning,
corresponding to a slower rate of decay of singular values in some problems [20]. For

these reasons, the use of logarithmic spacing is standard in NMR relaxometry.
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4.6 Nonnegative Least Squares (NNLS) and Tikhonov Regulariza-
tion

A solution of the equation (4.17) can sought by solving the following nonneg-

ative least squares (NNLS) problem:

min M- K(F)|[2, (4.19)

FeRM1XXnN . F>(

where the operator K is defined by (4.16).

The kernels K; are highly ill-conditioned in relaxometry applications. Since
the matrix for I, when viewed as an operator on vectors vec(X), takes the form of a
Kronecker product Ky ® - --® Ky, by Lemma 2.15 the singular values of K take the
form of products [\, o;[li], for each (Iy,...,ly) € [rank(K;)] x -+ x [rank(Ky)],
where ;[1],. .., 0;[rank(K;)] are the singular values of K;. Hence, if the singular
values decay rapidly for each kernel K;, the singular values will also decay rapidly
for IC. Moreover, the condition number x(K) = sz\; k(K;). Hence, if each k(K;)
is bounded below by O(kg), x(K) will be bounded below by O(x2). Thus #(K) is
extremely large and (4.19) is highly ill-conditioned. As a result, even small amounts
of noise in the observed data M can results in very large changes in the solution F,
resulting in a physically meaningless solution.

A standard technique to improve the contioning of ill-posed inverse problems
is regularization [78]. While there are large number of different regularization tech-

niques, a common idea in regularization is to introduce a term that penalizes ex-

cessively large solutions, with the goal of reducing the sensitivity of the solution to
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small changes in the observed data. We consider the follow Tikhonov regularized

nonnegative least squares (Tikhonov-NNLS) problem:

min M — K(F)[[§ + || F[, (4.20)

FERM1 X XnN : F>0
The parameter @ > 0 describes the relative weight of the regularizer ||F||2,
with larger values of o corresponding to larger amounts of regularization. Under
appropriate statistical assumptions, increasing « results in a solution with smaller
variance and larger bias. Hence the choice of a represents a trade-off between bias

and variance.

4.7 Data Compression

In [144], Venkataramanan, Song, and Hiirlimann introduced an accelerated
numerical algorithm, hereafter called the VSH algorithm, to solve (4.20). The VSH
algorithm exploits the rapid decay of the singular values of the kernel IC to project
the observed data onto a lower-dimensional space. The projected data is then used
to solve a smaller NNLS problem, greatly reducing computational time. While the
algorithm was initially presented for 2-dimensional kernels of the form Ky, ® K7,
its derivation remains essentially unchanged for N-dimensional kernels of the form
Ky®- - ® K.

Let K; = U;S;V} be the singular value decomposition of each kernel K;, where
U; € R™>" has orthonormal columns, S; € R™*" is diagonal with diagonal entries

oill]

v

oi[2] > ...oilr;] > 0, V; € R"*" has orthonormal columns, and r; =
rank(K;) > 0.
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Let U : R">"™v — R™>XXmN denote the operator
UX) =X U @U@y Uy.
and let Yt : RM>* My s RM>X"N denote the operator
UX) =X Ul @ Ut - @5 Ul
Then U'U = Idgr x--xry and UU' is a projection onto the range of K.

Definition 4.4 (Compressed kernel and compressed data). Define the compressed

kernel IC : RM* N — RMXXnN o be the operator defined by

K(X) =X @1 (SiV]) ®2 (S2V3) -~ ®@n (Sv V).
Define the compressed data M € RN o be

M = U'(M).

The entry M[iy,...,ixn] = M @ U[;,i1]"- - @n U[:,in]", and hence are the

inner products of M with the singular vectors of K.

Lemma 4.5. The problems (4.20) and

min IM — K(F)| [ + o[ F, (4.21)

FERM X XnN : F>0
are equivalent, in the sense that both problems have the same set of solutions.

Proof. 1t suffices to verify that (4.20) and (4.21) have the same first order conditions.

First, observe that the first order conditions for (4.20) are

(F® (K{K:) - @ (KN'KN)) [i1, ... in] + &7F[iy, ..., in] >0, (4.22)
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for all (i1,...,in) € [n1] X -+ X [ny], with equality whenever F[iy,... iy| > 0.

Similarly, the first order conditions for (4.21) are
(F@ ((SiVH)ISii) - @ (SIVI)'SiVAh) [, - - - i) + &®Flir, ..., in] >0, (4.23)

for all (iy,...,iy) € [n1] X -+ - X [ny], with equality whenever F[iy, ... in] > 0.
Since each U; has orthonormal columns, K!K; = (U;S;V})'U;S; Vit = VIS,UIU,S; V! =
(S; V1S, Vit. Hence the first order conditions (4.22) and (4.23) are equivalent.

]

The VSH algorithm solves the compressed problem (4.21) instead of the full
problem (4.20). The primary advantage of solving the compressed problem instead of
the full problem is a significant reduction in computational time, if r; = rank(K;) <<
min(m;, n;), where recall that K; € R"*",

In relaxometry applications, the kernels K; are in fact full-rank; however, the
singular values o;[1], ..., 0;[r;] decay rapidly. One way to greatly reduce computa-
tional time is to fix a threshold 0 < p < 1, and replace each K; with its low rank
approximation Kj;, obtained by retaining only the singular values o;[j] satisfying
oi[j] > po;i[1]. All of the analysis in this chapter holds in the case in which K; is
replaced by such an approximation; however, the rank of K;, is greatly reduced,
resulting in a significantly smaller compressed data tensor M and compressed ker-
nel K, and consequently faster computations. Replacing each K; with K; , and r;
with the rank of K; ,, the analysis in this chapter is not changed. Another effect of
thresholding, as we will see in Chapter 5, is that the tensor completion algorithm is
significantly less computationally expensive, since the tensor being completed will
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be the compressed tensor M.

We now describe the VSH algorithm from [144]. We aim to solve the com-
pressed problem (4.21). Let f = vec(F) and let m = vec(M). Let K; = S;V;* and
let K = Kn® - @ Ky. Let r = ryro---ry and let n = ny---ny. In [144], it is

shown using the first order conditions of (4.21) that if we define

then the optimal solution satisfies f = max(0, K*c). Using this, it is derived in [144]
that ¢ solves:
1

miRn §ct(G(c) + ?Id,xn)e — c'm, (4.24)
ceR”

where

G = Kdiag(H (K[, 1]'c), ..., H(K[:,n]'c))K*

and H(z) =1ifx >0and H(z) =0if 2 < 0.

The derivatives of the objective function in (4.24) are easily computed, so
(4.24) can be solved rapidly using the inverse Newton method, as suggested in [144]
and used by Cloninger and Czaja in [42]. We use a line-search method in our

implementation.

Remark 4.6 (N-dimensional singular value thresholding). When constructing the
kernel K, it is not necessary to compute the full Kronecker product K; = S;VE.
Indeed, suppose p > 0 is a threshold (e.g., p = 107%). Since the SVD of K is of the

form (Sy @ --- @ S))(Vy @ --- @ V1), the columns of K are of the form

<0N[zN] . -01[2'1]>UN[:,2'N] ® - & Vw[: i1,
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for (in,...,41) € [rn] X -+ X [r1]. Let
Z=A(in,...,01) € [rn] x - X [r1] : onlin]---o1[ir] > pon[1]---o1[1]}.

Let T = {u1,...,1:} be an enumeration of the elements of Z. Now, let f{p be the

matriz whose j-th column is

(H Uk[bj(k)]) onls G (N)] @ - @ un[:, (1))

Let m, = M[I], where M[I] is the result of listing the entries of M indeved by T

into a column-vector lexicographically. Then, we obtain the truncated SVD problem:

. 2 2 2
i 16, = m, | + 11113

In practice, the region of [r1] X -+ x [rn] corresponding to I corresponds to an
approximate triangle in 2 dimensions (or simplex) in higher dimensions. Thresh-
olding the singular values in this manner further reduces computational time, even
beyond thresholding the individual kernels K;. Indeed, it is possible that two sin-
gular values o1i] of K1 and os[j] of Ky are above the threshold, but their product
18 below the threshold. Hence, applying N -dimensional thresholding further reduces
the size of the kernel and accelerates the VSH algorithm. An additional advantage
1s noise-thresholding, although that is less significant since the Tikhonov reqularizer

also reduces the effect of noise.
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Chapter 5:  Compressed Sensing for Nuclear Magnetic Resonance Re-

laxometry

5.1 Overview

While there have been extensive applications of CS to magnetic resonance
imaging (MRI) [104, 103, 105, 82] using various types of sparsity, we are not aware
of any previous applications of CS to NMR relaxometry or related experiments other
than the algorithm developed by Cloninger and Czaja in [42, 41], which was further
validated in [3]. Unlike MRI, which requires Fourier methods, relaxometry problems
require the solution of discrete Laplace transform-type equations. The work [19]
applies sparsity-inducing regularizers to NMR relaxometry, but does not exploit
multidimensional tensor structure or address the problem of data reconstruction
from incomplete measurements.

In this chapter, we show how our tensor recovery results described in Chap-
ter 3 can be applied to greatly accelerate N-dimensional NMR relaxometry data
acquisition. While Cloninger and Czaja’s results apply only when N = 2, our re-
sults apply for all dimensions N > 2. Furthermore, our results support non-uniform

sampling, while previous results required uniform sampling.
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In N-dimensional relaxometry experiments, acquisition time, which can be
hours, days, or weeks, has significantly limited previous biomedical applications.
By accelerating NMR data acquisition, our new results promise to enable many new

biomedical applications.

5.2 Compressed Sensing for 2-Dimensional NMR Relaxometry

In the 2-dimensional case, Cloninger and Czaja first developed an algorithm

for solving equations of the form
M:F®1K1®2KQ+Z

from incomplete noisy measurements of M using compressed sensing [42, 41]. Cloninger

and Czaja observed that the solution of
: , | o 2
min [|M — F @ K @ Kollp + - [1F]]2

depends only on the compressed data M= M@, Ut @, UL. Hence, the goal of a
compressed sensing recovery algorithm should be to recover M. Since M is much
smaller than M, it is reasonable to expect to recover it from a relatively small
number of measurements. Moreover, in the noise-free setting, the compressed data
M has rapidly decaying singular values. As a result, Cloninger and Czaja suggested
the application of matrix completion to recover M from observations of the entries
M iy, io] for (iy,i2) € Q, where  C [my] X [mg] is a randomly chosen set of entries

of fixed cardinality |©].
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For any measurement set Q C [my] x [my], define Ag : R"*"2 — R by
Aq(X) = (X ®1 U; @4 Us) [€].

Recall that for a matrix M, M[Q)] denotes the column-vector obtained by arranging
the entries M|iy, 5] for which (iy,i5) € € into a vector, according the the lexico-

graphically ordering. Hence, the entries of Aq(X) can be written as
X ®1 Ul[il, I] ®2 Ug[ig, Z]

for (iy,19) € Q.
Observe that in the noise free case, Ag[M] = M[Q)], so the operator A applied
to M is equivalent to the observation of M on a random subset  of its entries.

Cloninger and Czaja proposed solving the following problem to recover M.

] -
min HMH*+ZHAQ(M)—3/H%, (5.1)

NTERM X2
where y = M[Q] and pu is a regularization constant. Cloninger and Czaja showed
that this problem can be rapidly solved by a fixed point continuation iterative algo-
rithm developed by Ma, Goldfarb, and Chen [106].

By extending a result by Yi-Kai Liu [102], which established that the RIP holds
with high probability for random observations from an orthonormal measurement
set, to the case of a Parseval tight Frame, Cloninger and Czaja proved that the
solution of (5.1) approximately recovers M with high probability, provided that the

number of measurements || is sufficiently large [42, 41].
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5.3 Tensor Completion Applied to NMR

We now extend Cloninger and Czaja’s algorithm for the solution of discrete
2-dimensional Fredholm integral equations to the tensor case. We will present two
algorithms: reconstruction by slices and reconstruction by N-dimensional tensor
completion. The slice algorithm, which only applies when the data is randomly
sampled in 2 out of N dimensions and fully sampled in the remaining N — 2 dimen-
sions, uses standard matrix completion techniques to recover 2-dimensional slices.
The N-dimensional tensor completion algorithm applies for any non-uniform sam-
pling strategy and uses the tensor recovery methods discussed in Chapter 3

In N-dimensional NMR relaxometry and related experiments, measurements

of the form

Mliy, ... ix] = K(F) + Z[iy, ..., i,

are acquired, where Z is a noise tensor. In N-dimensional experiments, acquisition
time, which can be days or weeks, presents a substantial challenge. We aim to
accelerate data acquisition by first acquiring only a subset of the entries of M and
second recovering M using tensor completion. Since problems (4.20) and (4.21) are
equivalent, M contains all the information needed to recover F. Furthermore, in
NMR applications, M is usually approximately equal to a tensor with low Tucker
rank.

In the noise free case, the entry

M[Zl,,ZN] :M®1U[21,]®NUN[Z,”,]
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= (M, Uliy,:]" o+ 0 Ulin,:]") (5.2)

where (X,Y) = (vec(X),vec(Y)) denotes the Euclidean inner product of ten-
sors and Uliy,:]" o -+ o Ulin,:]* € R™*X"~ ig the outer product of the vectors
Uliy, <]t ..., Ulin, (]

Since the columns of each Uy,...,Uy are orthonormal, it follows that the
columns of Uy ® --- ® U; are also orthonormal. Hence, the rows of Uy ® - -+ ® Uy
form a Parseval tight frame of R™"~. Translating this result to tensors, it follows
that the set of tensors {Ul[i1,:]" 0 -+ 0 Ulin, '} iy, in)efma] x--x[mn] forms a Parseval
tight frame for R™ "~

Hence, observations of individual entries of the raw relaxometry data, of the
form M]iy,...,ix], are equivalent (in the noise-free case) to inner products of the
compressed tensor M with the entries of a Parseval tight frame, as given by (5.2).

This was a key observation of Cloninger and Czaja in [42] in the 2-dimensional case.

5.4 A Naive Approach: N-Dimensional NMR Data Recovery by Ma-

trix Completion on 2-Dimensional Slices

We now present a first algorithm for reconstruction of N-dimensional NMR
data via matrix completion on 2-dimensional slices. The algorithm only applies for
sliced sampling strategies, i.e., random sampling in two axes and full sampling in
the remaining axes. While sliced sampling is in general suboptimal, some experi-
ments necessitate such sampling becasuse subsampling in one of the axes does not

save time. For example, in a 77 - D - T; CPMG experiment, for each T'I and b
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point acquired, all the points in the T E axis are acquired. Hence, if we randomly
subsample the T'I - D - TE grid, with high probability we will choose almost all of
the T'I and b values, leading to very little if any acceleration. For these experiments,
we must randomly subsample only the 71 and b directions in order to substantially
reduce acquisition time.

While the slice algorithm uses less N-dimensional structure than our main
algorithm presented in the next section, we present it as an example of how 2-
dimensional methods, such as those introduced previously by Cloninger and Czaja,
can be applied to higher dimensional problems.

The 2-dimensional slice sampling operator, which subsamples in axes 1 and
2 and fully samples in axes 3,..., N, is defined as follows. Let p € R"™*™2 be a
probability distribution on [m4] x [ms] satisfying p[i1, i2] > 0 for all (i1, i2) € [my] X
[ms]. Let ¢ be a random variable with values in [m4] x [ms] satisfying P(v = (i1, 13)) =
pli1,iz). For t1,... ¢y, ii.d. drawings of ¢ and for €,... ¢, ii.d. Rademacher

random variables, define Ay, : R™*"™ — R™ by

€

\/p[Li(l)a Li(2)Im

Aslice(X) [1] = <X7 U[LZ(1>7 :]t o U[LZ(2)7 :]t>'

Assume that one realization of Agj;e. is fixed, once and for all. Assume that for

each t1, ...,y € [my]x[ms] occurring in the the realization of Agjce, the observations
M[e;(1),¢4(2),:,...,:] are acquired, for i = 1, ..., m. Since M is randomly sampled in
axes 1 and 2 and fully sampled in axes 3, ..., N, the observations can be compressed

along axes 3,..., N. Define M3 N g Rmixmaxrsx-xry by

M>N =M ®; UL @5 Uk
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For each fixed (js,...,jn) € [r3] X -+ X [ry], the given observations can be used to
construct observations of M3, The following algorithm works by apply matrix

completion to each slice M?’""’N[:, 03y g for (Js, ..o, dn) € rs] X - X [N
Algorithm 5.1.

1: procedure M = TENSOR COMPLETION FOR ND NMR BY 2D SLICES(p, m, )
2: Choose ¢; € {0,1} and ¢; € [my] X [mg], where P(1; = (i1, 1) = pli1, ia].
3: Collect experimental observations M[;(1),t2(N),:,...,:], fort =1,...,m.

4: for (js,...,Jn) € [r3] X -+ x [ry] do

5: Define
y[i,jﬁ),u-,j]\[] - Aslice(M[:7:7j37'”7jN]>[7:]
= —l M?),...,N i 1 i 2 3, . ... ]
plei(1),0i(2)]m [[’ ( )7 2 ( )7]37 7]N]
6: Reconstruct the slice M[:, :, js, . . ., jn] by solving

min ([1X]1)
XeR™X72 || Agtice (X)=Y[:,d3,--in]|[2<e€

We first presented a slightly modified version of the slice algorithm in [73].
Since the observations are initially compressed along axes 3,..., N, the slice algo-
rithm only requires the solution of a relatively small number of matrix completion
subproblems. A drawback of the slice algorithm is that some multidimensional
structure is lost, since the problem is split into independent 2-dimensional prob-
lems. Furthermore, the sliced sampling strategy often exhibits suboptimal recovery

compared to full N-dimensional random sampling. In the following section, we de-
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scribe a full N-dimensional tensor completion algorithm for NMR, which uses the

results introduced in Chapter 3.

5.5 Non-Uniform Sampling of N-Dimensional Relaxometry Data

With the same notation as in the previous section, assume that p € R™1 < *mn

defines a probability distribution on [m;] X -+ X [my], i.e., on the indices of the
possible observations of the relaxometry data M. Assume that p[iy,...,iy| > 0 for
all (i1,...,ix) € [m1] X -+ x [my]. We consider the following non-uniform sampling
strategy. Let m > 1 be a fixed number of measurements. Let ¢ be a random variable

with values in [m] x - -+ x [my] satisfying

P(L: (il,...,iN) :p[Zl,,ZN])

Let €1,..., €, be i.i.d. Rademacher random variables and let ¢4, ..., ¢, be m ii.d.
drawings of ¢. that are independent of the ¢;’s. Now define the random sampling

operator A : R™ >N — R™ by

AX)[] = (X,

). (5.3)

eUi(1),:]

<o U(N), ]t
\/p[(Ll(l .

)y ooy ti(IN)]m

We have thus arrived at the following algorithm for non-uniform sampling for

N-dimensional relaxometry problems.
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Algorithm 5.2.

1: procedure M = TENSOR COMPLETION FOR ND NMR(p, m)
2: Let ey, ..., €y beiid. Rademacher random variablesin {—1,1} and ¢, ..., ¢t

be i.i.d. realizations of ¢, as described above.

3: fort=1,...,mdo
4: Acquire experimental observation M[i;(1), ..., ¢;(N)].
ol e AN = JRERER
6: Solve
N = anguingegnon (X4 5 A0 = ol). (5)

In the last step of the above algorithm, the parameter p can be chosen using
accelerated k-fold cross-validation (Algorithm 3.38). The problem can then by solved

using fixed point continuation (Algorithm 3.36).

Theorem 5.3 (Non-uniform sampling tensor recovery guarantee for N-dimensional

NMR relaxometry). There exists a constant C' such that the following holds. Let

N =112
L - [L Ui B

(’il ..... iN)E[m1]><---><[mN] pz

Let1 <s; <wrj, forj=1,...,N. Define A as above and let e > 0 and p € (0,1).
Let 0 < Ocitical, Where Ouitical 1S the constant appearing in Theorem 3.20. If the
number of measurements satisfies
s N 2
m > Oﬁ max {1og(;), knllf)i(N{Sk]];}CTj + s+ ;Tj} 1og(N)} )
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then with probability at least 1 — p over A, for every My € R~ qnd y € R™

satisfying || A(Mg) — yl|2 < €, the solution M* of (5.4) satisfies

||M* — 1\N/IOHF < Coe + O} ( > ||1\~/I0 - Mbest”*’

1
N
¥ 2ok=1/5k

where My is the best rank (s1,...,8Nn) approximation of M, in the [| - ||« norm.

Proof. Since Uliy,:|' o -+ o Ulip,:|" forms a Parseval tight frame, the result follows
from Theorem 3.20. The formula for v follows because for a rank one tensor v; o

<o vy, we have ||v; o -+ o uy||lp = ch\; ||vk||p. Applying this result, we have
|Uir, ]t o -0 Uiy, :*|2 = [Toey 11U [ix, ]||3. The formula above for v then follows

from the formula given in Theorem 3.17. O

Theorem 5.4 (Minimally coherent non-uniform sampling for NMR relaxometry).

The minimally coherent choice of sampling probabilities for relaxometry are given

by
_ I, IIU[ik7:]I|%_

”"17”2---”"N

p[il, P ,iN]

Proof. The result follows directly from Theorem 3.21. Observe that d in that theo-

rem is rirs - - - ry here. O

For pg > 0, an alternative sampling distribution is given by nearly minimally

coherent random sampling, as in Defintion 3.22:

N .
Hk:l I‘U[Zkv]H% + Pbo
T TN mimeo--mpy

1+ po

p[il,...,i]\[] =
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5.6 Choosing the Regularization Parameter o in NNLS

Recall that for relaxometry and related applications, we solve the Tikhonov

regularized nonnegative least squares (NNLS) problem (4.20), rewritten here as

min IM = K(F)[[§ + o[ F|[¢,

FERM X XN ; F>0
using the VSH algorithm, as described in Chapter 4.

Of central importance in obtaining meaningful solutions is the appropriate
selection of the regularization parameter «. Intuitively, the parameter o determines
the degree to which noise is filtered out of the solution. Too small a value of « results
in a solution with extremely high variance while too small a value of « results in
extremely high bias, under appropriate statistical assumptions. Standard methods
for the selection of « include the L-curve and the discrepancy principle [78].

Here, we use a different method, called generalized cross-validation. Gener-
alized cross-validation (GCV) was first introduced by Craven and Wahba [46] and
further developed by Golub, Heath, and Wahba [66]. The method aims to estimate
the leave-one-out cross-validation error in the residual. We will apply GCV not to

the full problem, but rather to the compressed problem
m}n\lm—Kf||§+a|!f|!§, (5.5)

where f = vec(F), m = vec(M), K; = S;V!, and K = Ky ® --- ® K;. Let
r=1riry---ryand n=mnq---ny.

GCV aims to estimate the leave-one-out CV error, which is obtained by solving
the problem with one m[i] omitted and then measuring the squared error on that
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point. By repeating r times, where m € R”", and then averaging the r errors, we
obtain an estimate of the leave-one-out error.

It might seem that estimating the GCV error would be computationally cum-
bersome, but for linear problems it can in fact be done by only solving one inversion
problem for each a (rather than r problems for each «). It is shown in [2] that the
GCV error for the compressed problem is approximated by

r||K fo = mll3

cherror ~ =~ )
trace(Id, x, — K K#)

where
R = (RUE + a?1d,,) LK
We implement VSH inversion for a fixed set of values of o, and choose the value

that minimizes the above approximation of GCV .,,. By exploiting the simple SVD

structure &, the above approximation of GCV o can be computed rapidly.

5.7 3-Dimensional Tensor Recovery on Simulated Data

We consider simulated 3-dimensional data. The kernels are of T)-type, i.e.,
ki(T,t) = exp(—7,t). In each dimension, we set the times 7 to be 64 points log-
arithmically spaced on [0.1,1] and we set ¢ to be 64 logarithmically spaced points
on [0.1,1]. Hence, M and F are tensors of size 64 x 64 x 64. We threshold the
kernels at p = 17® according to Remark 4.6. times the largest singular value.
The resulting compressed tensor is of size 8 x 8 x 8. The true distribution F
consists of 3 Gaussian peaks with standard deviation 0.01. The peak positions
are (0.2,0.3,0.2), (0.7,0.2,0.4), and (0.5,0.5,0.6). The sampling ratios used are:
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0.00015625, 0.0003125, 0.000625, 0.00125, 0.0025, 0.005, 0.01, 0.025, 0.05, 0.1, 0.25, and

0.5. For k-fold CV we set k = 10.

Figure 5.1: True simulated distribution F' with peaks at (0.2,0.3,0.2), (0.7,0.2,0.4),

and (0.5,0.5,0.6)
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SNR values used are 256,4096, and 16384. Data of given SNR is constructed
as follows. Given the true uncompressed data Mg, we define M = M + E, where
E contains i.i.d. mean 0 Gaussian random variables with standard deviation o =
M| /SNE.

The true value of F' is plotted in Figure 5.1.
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5.7.1 Results at Sampling Ratio 0.0025 and SN R = 16384

The k-fold cross-validation estimated generalization error, at sampling ratio
0.0025 and SN R = 16384, is plotted in Figure 5.2. The GCV curve for a selection
is shown in Figure 5.3. The inversion results for various values of o are plotted in

Figure 5.4.

Figure 5.2: k-fold cross-validation curve at sampling ratio 0.0025 and SN R = 16384.
Results from 5 out of the 10 folds are displayed to illustrate the variation in the
solution. Each row shows inversion results for a different fold. Optimal p = 3.10 x

107°. Optimal error = 9.7 x 1074
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Figure 5.3: Generalized CV curve for selection of « at

SNR = 16384. Optimal o = 4.64 x 1076,

5

sampling ratio 0.0025 and

10°

107
107 108 109
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Figure 5.4: Inversion results for various a at ratio 0.0025 and SN R = 16384. Each

row corresponds to a different fold in k-fold CV. The optimal « selected by GCV

corresponds to the 4th column.
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5.7.2 Results at Sampling Ratio 0.01 and SNR = 16384
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We again plot the k-fold CV error, GCV curve, and inversion results for the

simulated data, this time at sampling ratio 0.01. A comparison of Figures 5.4 and

5.7 shows that for fixed «, inversion results are more stable at higher sampling ratios.
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Figure 5.5: k-fold cross-validation curve at sampling ratio 0.01 and SN R = 16384.

Results from 5 out of the 10 folds are displayed to illustrate the variation in the

solution. Each row shows inversion results for a different fold. Optimal p = 5.06 x

10~°. Optimal error = 2.53 x 1074
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Figure 5.6: Generalized CV curve for selection of a at sampling ratio 0.01 and

SNR = 16384. Optimal o = 3.59 x 107"
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Figure 5.7: Inversion results for various « at ratio 0.01 and SNR = 16384. Each

column corresponds to a different choice of . Each row corresponds to a different

fold in k-fold CV. The optimal « selected by GCV corresponds to the 2nd column.
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5.7.3 Relative Errors vs. Sampling Ratio
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We now plot the relative errors versus sampling ratio for tensor recovery at

SNR = 256,4096, and 16384. The relative errors are calculated as |[M—My||2/||Mo||2,

where M| is the true compressed tensor and M is the recovered compressed tensor.

A comparison of figures 5.8, 5.9, and 5.10 shows that relative error tends to

decrease as SNR increases.
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Figure 5.8: Relative tensor completion error versus sampling ratio at SINR = 16384.
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Figure 5.9: Relative tensor completion error versus sampling ratio at SN R = 4096.
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Figure 5.10: Relative tensor completion error versus sampling ratio at SN R = 256.
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5.8 Application to T7 - D - T, Experimental Data

acquired on an olive oil sample. The experiment was performed by Hasan Celik.

We apply compressed sensing at sampling ratio 0.025 to Ty — D — 15 data

The data M is 64 x 64 x 64, the solution F is 32 x 32 x 32, and the compressed

data M is 6 x 4 x 8.
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Figure 5.11: T} - D - T, experimental inversion result without CS and with CS at

sampling ratio 0.025

T, - D-T, Olive Oil Data at 100% Sampling

T, -D-T, Olive Oil Data at 2.5% Sampling




Figure 5.12: T} - D - T, experimental inversion result at sampling ratio 0.025.
Results from 5 out of the 10 folds are displayed to illustrate the variation in the

solution. Each row shows inversion results for a different fold.
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Figure 5.13: k-fold cross-validation curve at sampling ratio 0.025 and SN R = 16384
for T1 - D - T, experimental data. Results from 5 out of the 10 folds are displayed
to illustrate the variation in the solution. Each row shows inversion results for a
different fold. The plateau on the left side suggests that the recovery accuracy is
limited by noise in the data. This suggests that the number of samples acquired

could likely be reduced without reducing recovery accuracy.
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Figure 5.14: Generalized CV curve for T} - D - T, experimental data for selection

of o at sampling ratio 0.025 and SNR = 16384
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Chapter 6: Stability Results for Nonnegative Least Squares

6.1 Introduction

Recall that NMR relaxometry and related experiments require the solution of

the Tikhonov regularized nonnegative least squares problem (4.20), rewritten here:

2
. «
min M = K(F)[[z + - [FlE,

FeRM1X XN . F>0

In NMR relaxometry and related experiments, the kernels K; are, after a
suitable transformation, of Laplace transform type. In [38], Celik, Bouhrara, Reiter,
Fishbein, and Spencer observed empirically that the solution of (4.20), in cases in
which the solution has two distinct peaks, exhibits improved stability and resolution
properties in 2 dimensions than in 1 dimension.

Let y = vec(M) € R™, z = vec(F) € R", and K = Ky ® --- ® Ky € R™".
Then (4.20) becomes

2

. _ 2 . QT2
penin |y = Kaflg + |zl (6.1)

The form of problem (6.1) is independent of the dimension N of the problem
(4.20). Hence, we will analyze the stability of (6.1). The resulting analysis will then
apply to (4.20) for any value of N > 1.

We will analyze the stability of (6.1) with respect to perturbations in the data
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y and in the regularization a.. First, we show how standard estimates can be applied
in the abscence of the non-negativity constraint x > 0. Second, we show how those

results can be extended to problem (6.1) with non-negativity constraints.

6.2 Stability of Least Squares

We quote a theorem, [142][Theorem 18.1], that describes the stability of the
solution to least squares problems with respect to changes in the solution and the
kernel. Recall that for a non-zero matrix K, its condition number is defined to be
k(K) =01(K)/o.(K), where r = rank(K).

We now state a more general definition of condition number.

Definition 6.1 (Relative condition number). Let X and Y be real finite-dimensional
Hilbert spaces with norms || - ||x and || - ||y. The condition number of a function

f: X —Y atx € X is given by

Kf(@)a = hm+ sup
00" 3 : ||i—al|x <5

<||f(5f) — f@)lly Hfi"—fﬂ!lx)
1F(@)lly 1EZIPY

The relative condition number provides an upper bound on the amount by

which small relative changes in z are scaled by the transformation f, as measured

by the || - ||x and || - ||y norms.

Theorem 6.2. Let K be an m x n matriz of full rank and let y € R™. Consider
the least squares problem

: o 2
min ||[Kz —ylf; (6.2)
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with solution x* € R™. We define the following useful quantities:

Tmasx ()] |27]]2

Nk = 1K z*[] (6.3)
and
cosfi = m (6.4)
1yl l2
Assume that the space of solutions © € R™ is equipped with the || - ||z norm, the space
containing the initial data y € R™ is equipped with the || - ||a norm, and the space of

kernels K € R™™ is equipped with the matriz norm || -||o. Then the following hold:

1. The relative condition number of the solution x* € R™ as a function the initial
data y € R™ satisfies

(6.5)

2. The relative condition number of the solution x* € R™ as a function of the

kernel K € R™ ™ satisfies

k(K)? tan O

Kook < K(K) + .
K

(6.6)

Recall that for a non-zero matrix K € R™ " 0., (K) denotes the smallest
nonzero singular value of K and op,.«(K) denotes the largest singular value of K.
The matrix norm || K| is equivalent to the largest singular value of K, i.e., || K]||s =
Omax (K).

Theorem 6.2 can be applied to quantify the stability of unconstrained least
squares problems with Tikhonov regularization, as shown in the following corollary.

Recall that the augmented kernel K,,, and the augmented data y,u,, as defined in
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Lemma 2.6, are given by

K
Kang = (6.7)
o Id,«n
and
Yy
Yaug := ) (6.8)
0n><1

Corollary 6.3. Let K be an m X n matriz of full rank. Let y € R™ and a > 0.

Consider the Tikhonov-reqularized least squares problem
min ||Kz = yll5 + o*[lz]l3. (6.9)

Assume that the space of solutions x € R™ is equipped with the || - ||2 norm, the space
containing the initial data y € R™ is equipped with the || - ||2 norm, and the space of
reqularization constants o € R is equipped with the absolute value | - | norm. Then

the following hold:
1. The relative condition number of the solution x* € R™ of (6.9) as a function
the initial data y € R™ satisfies

[lyll2
Trmin (Kang)[[2*]2

I{x*:y <

(6.10)

2. The relative condition number of the solution x* € R™ of (6.9) as a function

of the regularization constant o > 0 satisfies

o O‘Hyaug - Kaugx*‘b
Omin(Kang) O (Kaug) |77 |2

Fopen < (6.11)
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Figure 6.1: 0 as defined in Theorem 6.2 is the angle between Kz* and y.

im(K)

See [142, Figure 18.1].

Proof. By Lemma 2.6, (6.9) is equivalent to:

: _ 2
mm | K ang = Yaug][3- (6.12)

For both parts of the proof, we apply Theorem 6.2 to the problem (6.12).

We first prove (6.10). The transformation y — ya., is an isometry. Hence, if

[1g—yll2 — [|Faug —Yaug||2

. It thus follows from Definition
[yl l|yaug||2

y is perturbed to gy, we have
6.1, of relative condition number, that r,-., < Kgry,,,, Where kg« is the relative
condition number of z* with respect to changes in y and Kgs.y,,, is the relative

condition number of x* with respect to changes in y,,s. By Theorem 6.2,

Ry < Ra*:yaug
< K(Kaug)
— (K aug) cos 0(Kaug)
Omax (Kaug) [[Kaug?"|| [yl

Tmin (Kaug) || Kang]|[[2*[| || Kaugz*||

_ |[y]|2
Umin(Kaug)Hm*H?’

where K(Kaug); NKag, and O,,, are defined in the same way as was defined for K
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in Theorem 6.2. This proves (6.10).

Next, we prove (6.11). If « is perturbed to &, the augmented kernel

K
Kaug =
a Id,xn
is perturbed to
N K
Kang =
a Id,x,

Hence, we can view a perturbation of « as a perturbation of the kernel K,,,. Since

~ OmXTL
Kaug - Kaug = 5 (613)
(@ — ) Id,xn
we have [Kang—Kaugll _ la=al _ |6=0| _a It thus follows from Definition 6.1, of
[ Kaugl2 [ Kaugl2 a  |[|Kaugll2” "

relative condition number, that k., < (/@x*: Kau g) where K+, 1s the relative

__c
||Kaug‘|2’

condition number of z* with respect to changes in a and ky«,,, is the relative

condition number of x* with respect to changes in K,,,. By Theorem 6.2,

Hm o= /{(E ~Kaug <|Kaug||2

H I‘Q([(aug)2 tan(gKaug) a
aug NKaug [ Kaugll2

Umax( ) O'mmx( ) ||yaug Kaugz*|‘2 ||Kaugx*||2 o

o <Umm( Kaug) T Omin (Kaug)? [ Kaugz*[|2 Umax(Kaug)Hz*b) (|Kaug||2>

IA

_ «o + o [Yaug — KaugZ™ |2
Omin(Kaug) Toin (Kaug)|[2*[]2

|Yaug —Kaugz™||

1 Kaugz* ] , since

To obtain the second to last line, we used that tan(fg,,) =

[[Kaugz™]|
[[Yaugll

cos(0k,.,) = and the residual Yy — Kangz™ is orthogonal to Kpuez* by the
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first order conditions on z*, as illustrated in Figure 6.1 (with K, instead of K and

Yaug instead of y). We also used ng,,, = W [
aug

Corollary 6.3 shows the solution z* of the Tikhonov regularized least squares
problem (6.9) is stable with respect to small perturbations in the data y or the
regularization constant o. Furthermore, the theorem provides explicit upper bounds
on the relative condition numbers of z* as a function of y or a. The corollary
shows that Tikhonov regularization can provide a physically meaningful solution
that is stable under small perturbations of y or o and provides a starting point for

a quantitative stability analysis of NMR relaxometry problems.

6.3 Extension to Nonnegative Least Squares

In NMR relaxometry and related applications, the solution x = vec(F) repre-
sents a non-negative distribution. Hence, in order to prevent the solution of (4.20)
from having negative entries, the non-negativity constraint > 0 must be imposed.
Hence, for a fixed kernel K € R™*" and data y € R™, we solve the following

Tikhonov regularized non-negative least squares problem:
min || Kz — g3 + o |]3 (6.14)

In this section, we will extend the condition number results of Corollary 6.3,
which applied to the unconstrained Tikhonov regularized least squares problem
(6.9), to the Tikhonov regularized non-negative least squares problem (6.14). Our

main lemma, Lemma 6.6, shows that the problem with non-negativity constraints
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can be reduced, within a neighborhood of the initial data y and regularization param-
eter a, to an equivalent unconstrained least squares problem. Consequently, similar
bounds to those previously derived will hold for the problem with non-negativity
constraints.

We will use the idea of active-sets, which is used in the Lawson-Hanson algo-
rithm for nonnegative least squares [94]. Active sets describe the set of variables
x; that must be actively constrained to 0 and would otherwise result in a smaller
objective function value if allowed to be negative. We will prove that for (g, &)
in a neighborhood of (y,a), the active set remains unchanged. Hence, locally the
non-negative least squares problem is equivalent to a least squares problem.

There is substantial existing theory on the sensitivity analysis of constrained
quadratic programs [65, 18, 86, 50, 84, 53, 71]. The stability of Tikhonov regularized
least squares problems has been considered in [39, 76, 147].

We start by stating a result by Daniel [50, Lemma 2.1] on the stability of

quadratic semidefinite minimization problems with constraints.

Lemma 6.4. Let A be a symmetric positive definite (SPD) matriz of size n X n
with smallest eigenvalue \. Let a € R™. Let B € R®™"™ and C € R®*™ be matrices.
Consider the problem

min <lztAz + zta) (6.15)

2z€R™ : Bz>0, Cz=0 \ 2
with solution z* € R™. If the matriz A is perturbed to A € R™™ and the vector a is

perturbed to a € R, and if

e := max{||A — Al|, ||@ — a2} <\, (6.16)
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then the solution z* to the perturbed problem

1, -
min (—ztAz + ztd) (6.17)
2€R™ : Bz>0, C2=0 \ 2
satisfies
~x * €
127 = 2%l2 < (1 +[]2[]2)- (6.18)

—€
Corollary 6.5. The solution of (6.14) depends jointly continuously y and o, for

a > 0.

Proof. The objective function in (6.14) can be rewritten as
1Kz —yllz + o||=]]; = (Kz —y) (Kz —y) + o’a'x
= 2'K'Kz — o' Kly — 'Kz + y'y + o®a'x
= sx' Az + 2'a + constant
where A = 2(K'K + o? Id,,x,,) and a = —2K'y.
By Lemma 2.7, A is SPD with smallest eigenvalue \ := 2(0yin(K)? + a?).
Observe that if o is perturbed to &, then A is perturbed to A = 2(K'K + & Idyxy),

SO

JA = A|| = [|2(& — ) Idyxal] = 2|&@ — q (6.19)

If y is perturbed to ¢, a is perturbed to a = —2K*y, so

la—all =1[-2K"(@ -yl (6.20)

< 20max(K)“g_y|| (621>

Assume that |& —a| < § and || —y|| < ooy 1t follows that |A— Al <e
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and |a — a| < e. Since € < A, by Lemma 6.4 we have

€ €
~ % _ * < 1 * — 1 * .
I5° =o'l < 3+ 11D = 5—remeramr =+ ol
Hence, the solution z* is a continuous function of (y, «). ]

Our next lemma shows that for & and g in an open neighborhood of («a,y),

problem 6.14 is equivalent to a problem without non-negativity constraints.

Lemma 6.6. Consider the problem 6.14 with o« > 0. There exists a nonempty set
A cC{l,...,n} and a neighborhood N* C R™ x R, containing (y, &), such that for all

(g,&) € N, the two minimizations problems

Iggglllf(fc—gl\§+5é2||$l\§ (6.22)
and
min [z~ g1+ )] (6.23)

have the same (unique) solution.

Recall that if A C {1,...,n} and x € R, z) € RIA is the vector with entries

x; for i € A. Similarly, zp. € R* 1 is the vector with entries z; for i & A.

Proof. The proof involves an analysis of the first order conditions for (6.22) and
(6.23).

Let x* denote the solution to (6.14), let &* denote the solution to (6.22), and
let #** denote the solution to (6.23).

Step 1: Construction of V'
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Define
T = {i|K! (Kf—a;y> £ 0} (6.24)

and
Ki*—yg

.= {¢|Kf( — >7A0} (6.25)

By Corollary 6.5, the solution z* depends continuously on y and on &, so
K! (K%ﬁ) also depends continuously on (y,«). Hence, there exists neighborhood

N C R™ x R containing (y, @) such that for all (§,&) € N, we have I' C T,

Step 2: Construction of index set A

Define
A= {i| K (Kx—;y> > 0} (6.26)
—a
and
A = {i|K! <K”i—0;y) > 0}. (6.27)
Step 3: Proof that A C A.
Suppose for contradiction that i € /NX\A. Then, by the definitions of A and A,
we have
K (Kf—a;y) <0 (6.28)
and
K! <Kf—a;y) >0 (6.29)

By (6.28), we have i € I'. By the construction of A/, we have I" C [,soiel.

By the definition of I', we then have

K! (M) £ 0. (6.30)

—a2
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Combining (6.29) and (6.30) we have

K! (M) > 0. (6.31)

—a2

As argued above, K! (Kf;;g) is a jointly continuous function of (7, &). Hence,
by (6.28) and (6.31) and the intermediate value theorem, there exists a point 7 on

the line from y to § such that, if 7 is the solution of the intermediate problem
. 02 200,012
min || Kz — [ + a7||2(f2,
x>0
we have

— a2

K! (M) = 0. (6.32)

Hence i & 1:“, where [ = {i| K} (K%;y) # 0} is defined in the same way as I' was
defined in (6.25), but with ¢ instead of .

By refining the neighborhood N if needed, may assume N is convex. Hence
@, a) € N. By the construction of N, we have I' C f‘, so ¢ ¢ I'. This contradicts
the initial assumption that ¢ € I". Hence, we conclude that the assumption was false

and it must be true that A C A.

The first order conditions for (6.22) are
K{ Kz — )+ a*z; >0 (6.33)

with equality whenever x; # 0 and x; > 0 for all . The first order conditions for
(6.23) are

KKz —9) +a*r; =0 (6.34)
for all 7 € A and z; = 0 for all i € A°.
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We aim to show that the two systems of inequalities (6.33) and (6.34) are
equivalent.

Step 4: Proof that (6.33) implies (6.34)

Suppose that 7* satisfies equations (6.33), with Z* instead of z. Since A C A,
we consider separately three cases: i € A, i € A, and i€ A\/NX

Case 1: Suppose i € A. By Step 3 above, A C A, hence i ¢ A. Hence by

the definition of A, we have

K (M) <0. (6.35)

2 _Oé2

If 7 # 0, then by (6.33) we have 7 > 0 and

K& —§
Kt (u) =7 >0, (6.36)

a2 i
which contradicts (6.35). Hence Zf = 0. This proves (6.34) in the case ¢ € A.
Case 2: Suppose that i € A. Then K! (K%j) > 0. Thus, K}(K7*—7g) <0.
If Z; = 0, we conclude from (6.33) that K/(Kz* — g) > 0, so K}(Kz* —g) = 0.
Hence 6.34 holds. If #; # 0, then (6.33) holds with equality, so we again conclude
that (6.34) holds.

Case 3: Now suppose that ¢ € A\/NX. Then by the definitions of A and A we

have

K! <Ki—0;y) >0 (6.37)
and

K (Kf—a;y> <0, (6.38)

Suppose for contradiction that K (Kf—a;y) # 0. By (6.37), we have K} (Kf—a;y) >
0. By continuity and the intermediate value theorem, as in a previous argument,
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there exists an intermediate point (i, &) between (y, o) and (i, &) such that K! (@

0. Hencet € I' and @ & f , which contradicts that I' C f‘ by the construction of N.

Hence our assumption was false, so

K (M> ~0. (6.39)

a2

Using (6.39), equation (6.33) simplifies to o?z; > 0 with equality whenever
x; > 0. If &; > 0, this would give a contradiction, hence xz; = 0. Hence (6.33) holds
with equality, so (6.34) holds.

This completes the proof that (6.33) implies (6.34).

Step 5: Proving the equivalence of (6.22) and (6.23)

Recall that (6.33) is the first order condition for problem (6.22) and (6.34) is
the first order condition for problem (6.23). We already showed that (6.33) implies
(6.34), hence an optimal solution of (6.22) is an optimal solution of (6.23). To prove
the reverse implication, it suffices to show that problem (6.23) has a unique solution.

Let 2** be a solution of (6.23). Then z** satisfies the first order conditions

(6.34), with ** instead of x. Hence, Z3: = 0 and Z}* satisfies
(KRKA + a? Id|A|><\A\) fj\* = K[t\g (640)

Since the matrix K Ky +a? Id|z|xa| is symmetric positive definite, it is invert-
ible, and hence #}* is uniquely determined. We conclude that (6.23) has a unique

solution, and hence (6.22) and (6.23) are equivalent. O

Lemma 6.6 shows that the Tikhonov regularized non-negative least squares
problem is equivalent to a Tikhonov regularized unconstrained least squares prob-
lem. We can thus extend the previous stability results.
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Theorem 6.7. Consider the non-negative least squares problem with Tikhonov reg-
ularization (6.14), with o > 0. Assume that the space of feasible solutions {z €
R™ : x > 0} is equipped with the || - ||2 norm, the space containing the initial data
y € R™ is equipped with the || - ||2 norm, and the space of regularization constants
a € (0,00) is equipped with the absolute value | - | norm. Let x* be the optimal

solution of (6.14) and let A := {i|K} (K%ﬁ) > 0}. Then the following holds:
1. The relative condition number of the solution T* € R™ of (6.14) as a function
the initial data y € R™ satisfies

[

"{ac*:y S

(6.41)

2. The relative condition number of the solution z* € R™ of (6.14) as a function

of the regularization constant o > 0 satisfies

o i Oé||yaug - (I(A)augx*H2
Umin((KA)aug) ngin((KA)aug)Hx*’b

Fpn < (6.42)

Recall that K, is the submatrix of K obtained by extracting the columns

K1, 4] for which ¢ € A.. The matrix (K4 )au is defined by

Ky
(KA)ang =
a Id,xn
Yy
Yaug ‘=
Onxl

Proof. By Lemma 6.6, there exists a neighborhood N containing (y, «) such that for
all (7, &) € NV, the unconstrained problem (6.22) and the constrained problem (6.23)
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are equivalent. The conclusion follows by applying Lemma 6.6 to the unconstrained

problem (6.23). O

Theorem 6.7 shows that standard stability results for least squares problems
can be extended to nonnegative least squares. The theorem provides a starting point

for the quantification of stability of N-dimensional NMR relaxometry problems.
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Conclusion

We have developed tensor recovery algorithms and recovery guarantees. These
methods enable the solution of N-dimensional inverse problems from a small number
of non-uniformly sampled noisy measurements. While the previous methods of
Cloninger and Czaja [41, 42] applied only to 2-dimensional inverse problems, our
methods apply to N-dimensional problems for all N > 2.

In NMR relaxometry applications, N-dimensional experiments (N > 3) pro-
vide significantly richer information than 1 or 2-dimesnional experiments [29]. How-
ever, previous biomedical applications of these high-dimensional experiments have
been limited by prohibitively long acquisition times. Our new methods enable sig-
nificant acceleration of these sophisticated experiments and may thus lead the way
to many new biomedical applications.

Our new contributions include theoretical recovery guarantees for sub-Gaussian
maps and non-uniform random sampling, heuristic techniques for regularization
parameter selection (including accelerated k-fold cross-validation and generalized
cross-validation), and the derivation of minimally coherent non-uniform random
sampling. These methods promise to significantly accelerate high-dimensional NMR,

relaxometry data acquisition and improve the NMR data processing pipeline. These
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methods could also be applied to other data recovery and inverse problems.
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