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Graphs are powerful tools to describe social, technological and biological net-
works, with nodes representing agents (people, websites, gene, etc.) and edges (or
links) representing relations (or interactions) between agents. Examples of real-
world networks include social networks, the World Wide Web, collaboration net-
works, protein networks, etc. Researchers often model these networks as random
graphs.

In this dissertation, we study a recently introduced social network model,
named the Multiplicative Attribute Graph model (MAG), which takes into account
the randomness of nodal attributes in the process of link formation (i.e., the prob-
ability of a link existing between two nodes depends on their attributes). Kim and
Lesckovec, who defined the model, have claimed that this model exhibit some of
the properties a real world social network is expected to have. Focusing on a ho-
mogeneous version of this model, we investigate the existence of zero-one laws for

graph properties, e.g., the absence of isolated nodes, graph connectivity and the



emergence of triangles. We obtain conditions on the parameters of the model, so
that these properties occur with high or vanishingly probability as the number of
nodes becomes unboundedly large. In that regime, we also investigate the property

of triadic closure and the nodal degree distribution.
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Chapter 1

Introduction

An undirected and loopless graph is a collection of nodes and edges linking
pairs of distinct end points from the node set. Such a graph is usually denoted
by G = (V, E) where V is a (non-empty) set of nodes and E' is a set of edges. A
graph is a powerful way to describe a set of agents (represented by nodes) and their
interactions (represented by edges). These agents can be people forming social or
collaborating networks; websites forming the World Wide Web (WWW); genes form-
ing protein networks, etc. A link between two agents describes an interaction, such
as a social relationship, a path for information diffusion or a physical connection.

Given the role graphs play in multiple disciplines and their complex structures,
researchers have devoted intense efforts to their studies. Researchers have mainly
focused on network modeling, network analysis and network inference. This thesis
studies properties of a recently proposed social network model and contribute to the

area of social network modeling.



1.1 Social network structures

To create a good model of social networks, we need to first understand some
basic structures, at the root of modeling. Social networks have been studied for al-
most a century. As early as 1940, Brown [1] had already mentioned social structures

embedded in human societies:

The social phenomena which we observe in any human society are not
the immediate result of the nature of individual human beings, but are

the result of the social structure by which they are united.

There is a strong belief among researches that social phenomena are all con-
nected tightly with social structures, either being implied in or resulting from them.
These structures are of interest to researchers who study how humans self-organize,
and to those who wish to study the implications of those structures in various (eco-
nomic, political) interactions. They led to the study of mechanisms that generate
different kinds of structures so that we can model these structures and make simple
simulations of real world networks.

For the purpose of this dissertation, all graphs under considerations are simple
(i.e., each pair of nodes can only be connected by one edge and no self-loop is allowed)
and undirected. An extended introduction to on graph theory can be found in the

reference [2].



1.2 Social network models

Generally speaking, there are two main modeling approaches. One relies on
random graph theory while the other one is based on statistics models inferred from
social network data. Here, we mainly focus on the random graph approach.

Given a probability triple (2, F,P), a (undirected) random graph G on the

vertex set V,, = {1,...,n} is a graph-valued random variable (rv) defined by
G(n): Q— G(V,),

where G(V,,) is the set of all undirected simple graphs on V,,. Different graph-
generating algorithms have been proposed in the literature and the properties emerg-
ing from the resulting graphs have been extensively studied. We are going to
review some of the most classic models, starting with the standard Erdés-Rényi

graphs [5}6},8].

Erdos-Rényi graphs  Given a set of n nodes, the @ distinct edges emerge inde-
pendently with probability p > 0 which usually scales with n.

Several remarkable results were presented in [5], showing that sharp phases
transitions arise under certain scalings p : Ng — (0, 1). For example, with p,, = cth",
if ¢ > 1, the graph is connected (and therefore has no isolated nodes) with high
probability. On the other hand, if ¢ < 1, the graph contains isolated nodes (and
therefore it is not connected) with high probability.

However this model fails to be a good social network model because its degree

distribution converges to a Poisson distribution with parameter A if lim np, = A >
n—0o0



0, which is not usually observed in the real data set. Moreover, Erdos-Rényi graphs
does not have high clustering coefficients. However, Erdos-Rényi graphs frequently
serve as benchmarks for other random graph models; its sharp phases transition
thresholds shed light on similar properties in other models.

Next, we introduce an elegant model which has a power law degree distribution.

Barabasi-Albert graphs A degree distribution is of power law if the frequency of
degree d is asymptotically proportional to d~ for some v > 0. Data collected from
real world networks reveal that a lot of social networks have power law degree distri-
butions [10H14]. In order to construct a model with a power-law degree distribution,
Barabési and Albert proposed a model [9] based on the idea of preferential attach-
ment. This model reflects the notion that the rich get richer, as a “newborn” node
will choose its neighbor from the existing nodes with a probability proportional to
their current degrees. Barabasi and Albert showed how this simple model can gen-
erate a power law degree distribution with v = 3. However, its tree-like structure
precludes it from being a good model for social networks.

To address this clustering issue, we bring the next model to readers’ attention.

Watts-Strogatz graphs In order to address the combination of relative small diam-
eters and high level of clustering, Watts and Strogatz [15] proposed a model which
became known as the small world model. Having n nodes in a circle, each node
initially connects to other nodes within k steps away on the circle. For each link,

it is rewired with probability p in (0,1), i.e., with one end point fixed, the other



one is chosen uniformly at random. For p = 1, the model reduce essentially to an
Erdés-Rényi graph model, while for p = 0, the graph remains a lattice.

The small world model is so named since even for a small rewiring probability,
the diameter of the graph will be significantly smaller than in the original lattice
while the graph still maintains a high level of clustering.

However, it is not a growth model, as the number of nodes is fixed before links
being rewired. Moreover, its degree distribution is somewhere between a Poisson

distribution and a uniform distribution, a feature rarely observed in the real world.

We finish this brief introduction to random graph models by introducing
the notion of zero-one laws, which are frequently explored in this dissertation. Fix
n =2,3,..., and assume that G(n) has vertex set V,, = {1,...,n}. Often, the pmf
of G(n) depends on a parameter (vector), say v, in some subset ) € R¢ for some d
in Ny. This parameter is sometimes (partially) scaled with n so that the collection
{G(n;v,), n =2,3,...} now defines a family of random graphs. One of the main
goals of this dissertation is to obtain conditions on the scaling v : Ny — ) such that
either

lim P [G(n;v,) has property A] = 0 (Zero-law)

n—o0
or

lim P [G(n;v,) has property A] = 1 (One-law).

n—o0

for a given graph property A.



1.3 Modeling social networks with nodal attributes

In most networks, nodes (agents) themselves are associated with a rich set
of properties. For example, a person has a profile in terms of gender, living loca-
tions, education background, working experiences, hobbies, etc.; web pages contain
content, themes, domains; cities have population, geometric locations, economic per-
formance indicators and so on. These features and properties should influence links
formation and should affect network structures, both global and local. Discussions
about the dependency between nodal attributes and a network can be found in [20]
by Fosdick and Hoff. However, most of the existing random graph models, especially
the three mentioned above, do not take nodal attributes into consideration.

A recent study by Kim and Leskovec [17], which used nodal attributes to
govern the link establishment probabilities, attracts our attention. This model is
claimed to exhibit complex behaviors while still being analytically tractable; it is
referred as Multiplicative Attribute Graph (MAG). Each node u is associated with
an F-valued random vector known as its attributes. These attributes are mutually
independent. The probability of adjacency (or establishment of a link) is governed
by the attributes of two end points through a symmetric mapping @ : ExE — (0, 1).
Some closely related models can also be found in [18,/19].

Kim and Leskovec [17] studied various properties under a homogeneity as-
sumption. More precisely, we have E = {0,1}%, an L-length binary (random) vec-
tor, of which the component Bernoulli random variables are i.i.d.s. Q = ¢%, where

q:{0,1} x {0,1} — (0,1) is a symmetric mapping. The emergence of a link is gov-



erned by the attribute vectors of the two end points of this link, and link variables
are mutually independent once attribute vectors of all the nodes are given. Formal
definition will be given in a later chapter. Under a scaling of the form L, = p,Inn
(where n is the number of the nodes) for some sequences {p,,n = 1,2,...} where
T}glolo pn = p > 0, the zero-one law for connectivity and approximations to the nodal

degree distribution were given as the total number of nodes n grows unboundly

large.

1.4 Contribution

While giving Kim and Leskovec full credits for introducing the MAG model,
we find that the proof of the zero-one law for connectivity is incorrect and the
approximation to the degree distribution is inaccurate. Improving their modeling
efforts, we re-investigate and give a correct proof to the zero-one law for connectivity.
We also give a convergence result for the nodal degree distribution without any
approximation. Our result relaxes the assumption of @ > 8 > 7 used by Kim and
Leskovec and it is not limited to the tail of the degree distribution as suggested by
these authors.

Moreover, we also study some properties that are not addressed by Kim and
Leskovec. The zero-one law for the absence of isolated nodes is one of them. It is
interesting to see whether the zero-one law for the absence of isolated nodes coincide
with the zero-one law for connectivity, which is true for Erdés Rényi graphs [6],

random geometric graphs [3] and random key graphs [27]. We establish a zero-one



law for the absence of isolated nodes with an accurate proof. According to our
results, the assumption o > [ > 7 can be relaxed. Yet the new conditions are too
weak for the zero-one law for connectivity to hold. A counterexample is given.
Another property that has not been studied by Kim and Leskovec is the prop-
erty of triadic closure. We show that MAG has the property of triadic closure,
establish a zero-one law for the emergence of triangles and present a limiting result

regarding the total clustering coefficient.

1.5 The road map

In Chapter 2] we first formally define the MAG model, and then discuss some of
its basic properties which have been introduced in [17]. Some preliminary asymptotic
laws and mathematical techniques are also included in this chapter. We establish the
zero-one law for the absence of isolated nodes in Chapter [3 and give an alternative
proof to the zero-one law for connectivity which bypass the technical mistake made
by Kim and Leskovec in Chapter [

Both the property of triadic closure and the zero-one laws for the existence of
triangles will be established in Chapter [5| Last but not least, we discuss the nodal
degree distribution and its approximation in Chapter [6] and Chapter [7] respectively.

Some additional proofs are given in Appendix.

1.6 Notation and conventions

Some frequently used notation in this dissertation:



All limiting statements, including asymptotic equivalence and convergence,
are understood with the number of nodes n growing unboundedly large. All ran-
dom variables (rvs) under considerations are defined on the same probability triple
(Q, F,P); the corresponding expectation operator and variance operator are denoted
by E and Var, respectively.

For a sequence of events {E,, n =1,2,...}, we say that E,, happens asymp-
totically almost surely (a.a.s.) if 7}1_1)120 P[E,] = 1. For a sequence of R—valued rvs
{A A, n=1,2,...}, we write A4, in A to denote that A,, converges in probability
to A. Similarly, A, =, A denotes that A, converges in distribution to A.

For sequences a, b : Ny — R, we write a,, ~ b, if lim 7= = 1, and a, =approx bn

n—soo bn
if T}i_r)glo(an —b,) = 0. Additionally, we write a,, = o(b,,) if 7}1_{210 32 =0, and we use the
notation a, = Q(b,) if there exist a constant ¢ > 0 and a positive integer N such
that a, > ¢- b, whenever n > N.

We also denote by |S| the cardinality of the discrete set S. The indicator

function of an event F is denoted by 1[F].



Chapter 2

Introduction to Multiplicative At-

tribute Graph Model

2.1 General model

The multiplicative attribute graph (MAG) model is parameterized by a num-
ber of quantities, chief amongst them the number n of nodes and the number L of
attributes associated with each node - Both n and L are positive integers. Nodes
are labeled u = 1,2, --- ., n, while attributes are labeled ¢/ = 1,2, -, L.

As in the work of Kim and Leskovec [17], we assume that each of the L
attributes associated with a node is binary in nature with 1 (resp. 0) signifying that
the attribute is present (resp. absent). We conveniently organize these L attributes

into a vector

a=(ay,...,ar), ae{0,1}F (2.1)
with ap in {0,1} for £ =1,... L.

10



The propensity of nodes to attach to each other is governed by their attributes
in a way to be clarified shortly. To formalize this notion, we follow the approach
adopted by Kim and Leskovec [17], the construction used here being equivalent to

the one found there.

2.1.1 The underlying random variables

On the probability triple (2, F,P), we are given two set of rvs, namely the
collection

{A, Ap, Ag(u), £=1,...,L; u=1,...,n}

and the triangular array

{U(u,v), 1<u<v<n}.

The following assumptions are enforced throughout the dissertation:

(i) The collection {A, A, Ag(u), ¢ =1,...,L; u=1,...,n}and the triangular ar-

ray

{U(u,v), 1<u<wv<n}are mutually independent,

(ii)) The rvs {U(u,v), 1 <u <v < n} are i.i.d. rvs, each of which is uniformly

distributed on the interval (0, 1); and

(iii) The rvs {A, Ay, Ap(u), ¢ =1,...,L;u=1,...,n} form a collection of i.i.d.

{0, 1}-valued rvs with pmf g = (1(0), (1)) where

P[A=0] =p(0) and P[A=1]=pu(1).

11



To avoid trivial situations of limited interest, we assume that both (0) and

w(1) are elements of the open interval (0, 1) such that p(0) + (1) = 1.

For each L =1,2,..., we set
Ap = (Ay,...,AL)

and

Ar(u) = (Ar(u), ..., Ap(u)), u=1,2,....

Under the enforced assumptions, the {0, 1}*-valued rvs {Az(u), u = 1,...,n} are
mutually independent, each with i.i.d. components distributed like the generic ran-

dom variable A. We also define

Sr(u) = ZAg(u), u=12...n, (2.2)

and
L
Sy = Z A, (2.3)
=1
Thus, Sp(u) counts the number of attributes node u has. From the enforced
assumptions, it is plain that the rvs {Sp(u), v = 1,2,...n} form a sequence of
ii.d. rvs, each being distributed according to the rv Sp which is itself a Binomial
rv Bin(L, u(1)).
For notational reason we find it convenient augment the triangular array of
uniform rvs into the larger collection {U(u,v), u,v = 1,2,...n} through the defini-
tions

U(u,u) =1 and U(v,u) =U(u,v), 1<u<v<n.

12



2.1.2 Adjacency

On the way to defining MAGs, we introduce notions of adjacency between
nodes based on their attributes. To do so, we start with 2 x 2 attribute score

matrices Q, given by

Qg<1, 1) (H(l, O)

QZ = qﬁ(av b) =
QZ(Oa 1) %(07 O)
for  =1,2,..., L. Throughout we assume the symmetry conditions
qg(170> ZQE<071)7 l= 172)-"7-[/ (24)
together with
a,be{0,1}
QZ(G’J b) € [07 ]-]7 (25)
(=1,2,..., L.
With these symmetric 2 x 2 matrices {Q,, ¢ = 1,2,..., L}, we associate a

mapping Qr, : {0, 1}X x {0,1}* — [0, 1] given by

Qrlar,br) = qe(ae, by), ar,by € {0, 1}L- (2.6)

1=

/=1

Interpretations for these quantities will be given shortly. The enforced assumptions

(2.4)-(2.5) on the score matrices Qy, ..., Q readily imply
Qr(br,ar) = Qrlar,by), ar,by e {0,1}" (2.7)
with

0 < QL((IL, bL) < 1, ag, bL € {0, 1}L (28)

13



Pick two distinct nodes u,v in {1,2,...,n}. We say that node u is L-adjacent

to node v, written u ~, v, if the condition
Ulu,v) < Qr(Ar(u), AL(v)) (2.9)

holds, in which case an (undirected) edge from node u to node v is said to exist.
Obviously, L-adjacency is a binary relation on the set of all nodes. Since U(u,v) =
U(v,u), it is plain from that v is L-adjacent to node v if and only if v is L-
adjacent to node u — This will allow us to say that nodes v and v are L-adjacent
without any risk of confusion.

We can readily encode L-adjacency through the {0, 1}-valued rvs

u,v=12,...,n
Xz (u, 1)),
U # v
given by
u,v=12,....n
xe(u,v) = 1[U(u,v) < Qr(AL(u), AL(v))], (2.10)

with xr(u,v) =1 (resp. xr(u,v) = 0) corresponding to the existence (absence) of

an edge between v and v. In view of earlier remarks, we observe that the conditions

XL(ua U) = XL(U7U)a (211)
and
xo(u,u) =0, u=1,2,... n. (2.12)

are all satisfied.

14



2.1.3 Defining MAGs

Fixn =1,2,...,and L = 1,2,.... A MAG over a set of n nodes, labeled
1,2,...,n, with each node having L attributes, labeled 1,2,..., L, is the random
graph M(n; L), whose edge set is determined through the rvs in (2.10)). From (2.11)-
(2.12) it follows that edges in M(n; L) are undirected and that there are no self-loops.

For the sake of simplicity, for each n = 1,2,..., we denote the node set of
M(n; L) by V,, = {1,...,n}. This will allow us to say w in V, is equivalent to
u=1,...,n, and we will use the notion w in V,, in the rest of this dissertation.

This definition is equivalent to the one given by Kim and Leskovec [17]. Indeed,

with the help of Assumptions (i) and (ii), the rvs forming the triangular array

u,v eV,
xe(u,v) = 1[U(u,v) < Qr(Ar(u), AL(v))],

u<v

are conditionally mutually independent given the i.i.d. attribute rvs {Ap(u), u €

V,}. Indeed, we have

Plxr(u,v) =1, 1 <u<v<n|Ar(w) = ag(w),w e V,]

=[] Pha(uwv) =1AL(w) =ay(w),weV,]

— H Plxr(u,v) = 1|AL(u) = ag(u), AL(v) = ag(v)]
= [1 Quacw,ar)), (2.13)

15



with

Plxw(u,v) = 1AL(u), AL(v)]

= Qr(Ar(u), AL(v))

u,v eV,
qe(Ae(u), Ae(v)), (2.14)

u<<wv.

l
o~
I t~
_

2.1.4 A homogeneous version

For the MAGs defined in the previous section, there are 3L + 3 parameters,
namely n, L, p(1) and {q(1,1), ¢(1,0), ¢(0,0), ¢ = 1,2,...,L}. But it is
hard to obtain close form results when the parameter set is large. Following Kim
and Leskovec [17], we shall consider a homogeneous version of MAGs whose score

matrices are identical, namely

In the rest of this dissertation, unless explicitly stated otherwise, this homogeneity

assumption will be enforced throughout. To further simplify the notation, we write

qﬁ(la 1) = Q(L 1) = Q,
Qg<1,0) = Qg(o, 1) = q(l,()) = q(O, 1) = ﬁ

and
QZ(Oa O) = Q(Oa 0) =7

for £ =1,2,..., L. We also define

[(1) = E[q(1, A)] = p(L)er + p(0)5 (2.15)

16



and
I'(0) = E[q(0, A)] = p(1)B + p(0)7. (2.16)

These building blocks are assumed given and held fized during the discussions —

They will not be explicitly displayed in the notation.

2.2  Properties of MAG

Before discussing various structural properties of MAGs, we present some fun-
damental properties which build the ground of MAGs. We first review link estab-
lishment probabilities given by Kim and Leskovec |17]. This is then followed by a

discussion of the independence of the edge assignment rvs.

2.2.1 Link establishment

Fixn=2,3,... and L =1,2,.... For distinct nodes u, v in V,,, easy calcula-

tions [17] yield
Plu ~; v|Sp(u) = ¢] = T(1)T0)* ¢=0,1,...,L. (2.17)
Taking expectation we get

Plxe(u,0) =1] = Plu~p ]
= E[Plu~p v|SL(u)]]

= (W)T(1) + p(O)D(0))" (2.18)

as we used the fact that Sp(u) is a Binomial rv with parameters (L, (1)).
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2.2.2 Independence

Many probabilistic bounds and properties rely on the mutual independence of

the rvs involved. We discuss two such instances.

Lemma 2.1. The link rvs in the triangular array {xr(u,v), u,v € V,,, u < v} are

not mutually independent.

To establish Lemma 2.1, we only need to show that, for three distinct nodes

u,v and w in V,,
P[XL(UJ)) = laxL(uaw) = 1] a P[XL(ua'U) = 1]IP) [XL(U, w) = 1]'

Proof. Fixn =2,3,... and L = 1,2,.... For three distinct nodes u,v and w in

V.., by iterated expectations, we have

P[XL(U“7 U) = 17XL(u7w) = 1] = E[I[XL(U,U) = 17XL<u’w> = 1]]

= E[E[1[xc(u,v) =1, xc(u, w) = 1]|AL(u]}-19)
From the definition (2.10)) of link variables, we can rewrite (2.19) as

E[l[XL(U,U) = 1aXL(uaw) = 1]|AL(U)]
= E[1[U(u,v) < Qrar(u), AL(v)]HU(u, w) < Qrlar(u), Ap(w)]la, w-a, @

(2.20)

The two pair of rvs (U(u,v), Ar(v)) and (U(u,w),Ar(w)) are independent. As a
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result, for each ar(u) in {0, 1}%, it holds that

E[1[U(u, v) < Qr(aL(w), AL)1[U(u, w) < Qr(aL(u), Ar(w))]]
= E[1[U(u,v) < Qr(as(uw), AL())][E[1[U(u, w) < Qr(ar(u), AL(w))]]

= E[1[U(u,v) < Qr(ar(u), Ar(v)]]* (2.21)

where the last step is based on the fact that the collections {A (), t € V,,} and

{U(t,s), t,s€V,, t<s}are both collections of i.i.d. rvs. It is also plain that

E[1[U(u,v) < Qr(ar(u), AL(v))]]
= E[E[1[U(u,v) < Qr(ar(u), AL(v))]|AL(v)]]

= E[Qr(ar(u), AL(v))]. (2.22)

Upon setting

QZ(G’L) =K [QL (a’La AL)] , ap € {Oa 1}La (2'23)

we see that

Qrlar) = H q(ar, Ae)

{=1

E [g(ae, As)]

&=
:hl—|

~
Il
_

E[q(1, A" - E [g(0, 4] ™

I
=

~
Il
_

(1)25:1 ag F(O)Z£L=1(1_af) (224)

[
—

with the help of the notation (2.15)-(2.16]). In particular it follows that

Q3 (AL(u)) = T(1)5r@D(0)L=5: 4 e V. (2.25)
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Therefore, by virtue of (2.20))-(2.24), (2.19) now becomes

Plxr(u,v) = 1, xp(u,w) =1] = E [E[QL(aL(u)7AL(u))]?ﬁL(u):AL(u)]
= E[Q1(ar(w),w-a.w]
= E[Q1L(AL(u))?]

= E[(F(l)sL(u)F(O)L—SL(u))2:|
= ()T (1)* + p(0)r(0)*)" (2.26)

upon using the fact that the rv Sz (u) is a binomial rv with parameters (L, u(1)).

However, using (2.18) we have

Plxz(u,v) = 1P[xz(u, w) = 1] = (u()T(1) + u(0)T(0))*". (2.27)
This implies
Plxc(u,v) =1, x2(u,w) = 1] # P[xp(u,v) = 1P[xs(u, w) = 1]
and the link variables x(u,v) and xp(u,w) are not mutually independent. |
On the other hand, the following fact holds.

Lemma 2.2. Forn =2,3,..., and any node u in V,,, the rvs {xr(u,v), v € V,, v #

u} are conditionally mutually independent given Sy (u).

Proof. Fixn =2,3,... and anode vwin V,,. For £ =1,2,..., L, we have

P [ ﬂ [xr(u,v) =b,]{SL(u) = E]
VEVy, vF#U
= E| [] Guxalwo)+(1=b)(1—xe(w,v))|Se(u) =
| VeV, v#uU
= E|E [ [T Goxe(uo) + (1 =b)(1 = xp(u,0)))|Ar(u) | |Sp(u) = f]
| VeV, v#U ]
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where b, in {0, 1} for v in V,, and v # u. From ([2.21))-(2.25)), we get

E[ 11 (vaL(uav)+(1—bv)(l—XL(u,v)))‘AL(U)]

VeV, vF#U

. 1_[ b, 1[U(u,v) < Q(ar(u),Ar(v))]
vEVy, vEu _|_(1 — bv)l[U<U,U) > Q(aL(u), AL('U))]

aL(u)=AL(u)

- ( I (va;(aL(u))+(1—bv>(1—Q2<aL(u>>>)>

vEVn, VAU ar(u)=Ar(w)
b 1-b

_ (F(l)SL(u)F(O)L—SL(u))Zvevn, vty v (1 . F(l)SL(u)F(O)L—SL(u))Zvevn, vty + v

since the rvs {(U(u,v),AL(v)), v € V,, v # u} form a collection of i.i.d. rvs.

Consequently, it is plain that

P ﬂ [XL(uv U) = bv]

VeV, v#U

SL(U) = é]

(F(l)sL(u)F(O)L—SL(’U,))ZUEVn, vEU by

E SL(U) =/

X (1 _ F(l)SL(U)F(O)L—SL(U))ZveVn, .

(F(l)ZP(O>L—Z)ZveVn, vEU by (1 o F(l)ZF(O)L—Z)ZUGVn, vEU 1=by

= H Plxz(u,v) = 1[Sr(u) = /] H (1 =Pxr(u,v) = 1|SL(u) = £])

viby=1 by =0
by € {0,1},
- [ Al w0 -0. ey, (2.23)
v=1; vu
vVFU
as we made use of and the desired mutual independence follows. [
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2.3 The asymptotic theory

Recall from [5,/6] that an Erdds-Rényi graph G(n,p) is an undirected graph
with n nodes, labeled 1,...,n, where adjacency is defined through the i.i.d. {0,1}-

valued rvs {7(u,v), 1 <u <wv < n} with

Plr(u,v) =1]=Plu~v]=p, 1<u<v<n. (2:29)

The asymptotic properties of G(n,p) when n grows unboundedly large have
been extensively studied. Under scalings p : Ny — (0,1) such that Jgrolo pn = 0,
critical conditions for various zero-one laws [§] have been found for several proper-
ties, including the emergence of giant components, the absence of isolated nodes,
connectivity and the emergence of triangles.

For the MAG model, we are interested in establishing such zero-one laws. For
any two distinct nodes u, v in V,,, in order to have a scaling such that T}Erolo Plxr(u,v) =
1] = 0, we consider a scaling L : Ny — Ny : n — L, with lim L, = co. With

n—o0

a, 3,7, (1) in (0,1) fixed, it holds that

lim Plu ~7, v] = lim (u(1)0(1) + w(0)L(0))E = 0. (2.30)
n—00 n—ao0
With p > 0, the scaling L : Ny — Nj is said to be p-admissible if
L,~plon (2.31)

in which case we can write

L,=p,lnn, n=12...

22



for some sequence p : Ny — R, such that 7}1_{130 pn = p > 0. For reasons behind
selecting , please refer to [17]. In this dissertation, unless explicitly specified,
all scalings are assumed to be p-admissible. An asymptotic MAG with parameters
(n, u(1), pn, @, B,7y) is denoted by M(n; L,,), where (u(1), e, 8,7) are assumed fixed

and will not be explicitly displayed in the notation.

2.4 Four useful techniques

While establishing various properties for MAGs, some mathematical tech-
niques will be repeatedly used. In this section we present four of these techniques

for future reference.

2.4.1 Behaviors of (1 + z,)"

Consider a scaling: Ny — (—1,1) : n — z,,. We are interested in bounds and
limits of the sequence n — (1 + x,)" where n becomes unboundedly large. The

following fact is crucial:

Proposition 2.3. Forz in (—1,1) and p > 0 fized, we have

(1+ )P < eP”. (2.32)

Proof. Fix z in (—1, 1) and note that

(1 + z)? = erm0+o), (2.33)
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The result is now a simple consequence of the fact that
+00 A ill'i
In(l+z) = Y (-1)"'= <z (2.34)

i=1 v

by Taylor series expansion. [

For any sequence Ny — R : n — x,,, if lim z,, = 0, it is then plain from (2.34
n—0oo

that

In(1+ z,) = z,(1+ o(1)),
and we readily obtain [25, Prop. 3.1.1, p. 116], the following useful fact:

Lemma 2.4. For any sequence x : Ng — (—1,1), there exists ¢ in [—o0, +0] such

that if
lim nx, = c,
n—oo
then
nh_r)%)(l + )" = e (2.35)

2.4.2  The limit of nCL»

Lemma 2.5. Consider a p-admissible scaling L : Ny — Ny for some p > 0. For any

sequence C : Ny — (0,0) such that lim C,, = C for some C' > 0, it holds that

n—o0

-

o ifl+pnC >0

lim nCi = < (2.36)

n—o0

0 ifl+plnC <O0.

\
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Proof. The p-admissibility of the scaling L : Ny — Ny yields

nCln = pelnlosCn — pepnnCulin _ plipnnCn =y 9 3 (2.37)

Y

for some sequence p : Ny — Ny such that lim p, = p. Letting n go to infinity
n—aoo

readily yields the desired conclusion ([2.36]). [

2.4.3 Stirling’s approximation for binomial coefficient

In the later chapters, we will have the opportunity to use Stirling’s approxi-

mation for factorials given by

P p
Pl ~ \/21p (2) (p — ). (2.38)
The following lemma is a direct consequence of (2.38)).

Lemma 2.6. Consider a scalingt : Ng — Ng : n — t,, with lim t,, = o0 and another
n—00

scaling T : Ng — Ng : n — 7, such that lim 7,, = 0 and 7, <t, forn=1,2,.... It
n—aoo

()i () =)
Tn 27TTn(tn - Tn) Tn tn — Tn .

holds that

Proof. Lemma [2.6] is established once we notice that

t\
Tn B Tn'(tn - Tn)'

forn=1,2,.... [ |
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2.4.4 The method of first and second moments

A conventional way to obtain zero-one laws is through the method of first
and second moments. In this subsection we provide the main ingredients of this
approach as we will need it in its various applications.

Let {Z,, n =1,2,...} denote a collection of N-valued rvs such that E [Z%] < o0
for each n = 1,2,.... The method of first moment |26, Eqn. (3.10), p. 55] relies on

the well-known bound
1-E[Z,|<P[Z,=0], n=1,2,... (2.39)

while the method of second moment [26, Remark 3.1, p. 55| has its starting point

in the inequality
n=12.... (2.40)

Letting n go to infinity in the resulting inequalities, we conclude from ([2.39))

that
limP[Z,=0]=1 (2.41)
n—00
if
lim E[Z,] = 0, (2.42)
n—o0
while the bound (2.40]) implies
lim P[Z,=0]=0 (2.43)
n—00
whenever
E[Z2
lim sup 2] 5 < 1. (2.44)
n—00 E Zn])



This strategy is often used when the rvs {Z,,, n = 1,2,...} are count variables

with the following structure (as will be the cases we are going to handle): For

n =1,2,..., assume the rv Z, has the form
Zn = Z Cn,u
u=1
where the rvs (1, ..., Gun are {0, 1}-valued rvs. If in addition, the rvs (,1,...,Cun

are exchangeable (i.e. they are identically distributed), then we easily arrive at the

expressions

E[Z,] =E [i Cnu] = nE [(na] (2.45)

and

E[Z] =E (Z gn,u) =nE [(u1] +n(n — DE[Cor - Cual (2.46)

by virtue of the binary nature of the rvs involved. Therefore, using (2.45)) we find

E [Zﬁ] _ 1 + n—1 . E [Cn,l ’ gn,2] (247)

E[Z) ElZ]  n (EGa])”

It is now plain that (2.44) can be achieved if we show the two convergence
statements

lim E[Z,] = oo, (2.48)

n—0o0

and

E .

mEP g [Cn,l])2 (2.49)
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Chapter 3

Absence of Isolated Nodes

In the previous chapter, we introduced the MAG model and gave the homo-
geneous version that will be considered in this dissertation. In this present chapter,
we are interested in establishing a zero-one law for the absence of isolated nodes
in MAGs when the number n of nodes and the number L of nodal attributes grow
unboundedly large, the latter quantity scaling with the former.

We remind readers that we have the quantities I'(0) and I'(1) were defined by

['(1) = E[g(1, A)] = p(1)a + p(0)3

and
['(0) = E[q(0, A)] = u(1)B8 + p(0)y

and that the results are all given under the condition I'(0) < I'(1). When I'(1) <
['(0), the results can be obtained mutatis mutandis by exchanging the roles of the
attributes 0 and 1, i.e., the roles of 1(0) (resp. I'(0)) and p(1) (resp. I'(1)) need to

be interchanged in various statements. Details are left to the interested reader.
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3.1 The zero-one laws

The zero-one law for the absence of isolated nodes is given in two parts deter-
mined by the sign of 1 + pln p(0).
Theorem 3.1. Assume I'(0) < I'(1). With p > 0, we further assume that
1+ plnp(0) > 0. (3.1)
Then, for any p-admissible scaling L : Ny — Ny, we have

lim P[ M(n; L,) contains no isolated nodes |
n—ao

-

0 if1+plnT(0) <0

1 if1+pInl(0) > 0.

\

Theorem takes a very different form when (3.1)) does not hold. To state

the results, we introduce the quantity

G, 1) = (H>”<1_“>H, 0<wvpu<l. (3.3)

v 1—v

For each p in (0,1), the mapping (0,1) - R, : v — G(v,u) is well defined and
continuous. By continuity we can extend it into a continuous mapping defined on

the closed interval [0, 1] with
GO,p) =lm G, p) =1—p

and
G(Lp) =lm Gv, p) = p.
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These limits are using the convention 0° = 1 in the expression (3.3). In a similar
way, for each p in (0, 1) the mapping (0,1) - R: v — InG(v, p) is well defined and

continuous with

InG(v, 1) = —vIn (5) ~—(1-v)hn G_—”) 0<v<l (3.4)

M —H
We can also extend this second mapping into a continuous mapping defined on the

closed interval [0, 1] with
InG(0, ) = liﬁ)lln G(v,p) = In(1 — p)

and

InG(1,p) = li%rlllnG(l/, p) = In p.

This is consistent with applying the usual convention 0In(0 = 0 in the expression
(3.4). Elementary calculus shows that the mapping [0,1] > R : v — InG(v, u) is
concave, and that its maximum is achieved at v = p with In G(p, 1) = 0. Thus, the
mapping [0,1] - R : v — InG(v, ) increases on (0, 1), reaches its maximum at
v = i and then decreases on (u, 1).

With these preliminaries in place, for each p in (0,1) and p > 0, consider the
non-linear equation

1+ pInG(v,u) =0, vel0,1]. (3.5)
If the condition
1+pln(l—p)<0

holds, then the equation (3.5) has a non-empty set of solutions. More precisely,
there always exists a root, denoted v,(p), in the interval (0, 1) since 1+ pIn G(0, p) =
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1+ pIn(1 — p) < 0 while 1 + pln G(u, p) = 1. Additionally, only when
1+plnG(1,p) =1+ plnp <0,
does there exist a second root located in the interval (pu, 1].
Theorem 3.2. Assume I'(0) < I'(1). With p > 0, we further assume that
1+ plnp(0) <O0.
Then, for any p-admissble scaling L : Ny — Ny, we have

lim P[ M(n; L,) contains no isolated nodes |
n—o0

-

0 ifl+pln (F(l)m(ﬂ)r(o)lfu*(p)) <0

1 if1+ pln (1"(1)m(ﬂ)1"(0)1—m(p)) >0

\

where v, (p) is the unique solution in the interval (0, (1)) to the equation

1+ pInG(r,pu(1)) =0, vel0,1].

(3.7)

(3.8)

For future reference, in order to avoid repetitions, we close with a discussion

of the constraint on the sign of 1 + pln (F(l)"*(p)F(O)l_”*(p)) which appears in the

statement of Theorem 3.2 As we will discover shortly in subsequent sections, forth-

coming arguments will require asserting either the existence of a value v in the

interval (0, v4(p)) such that

1+ pln (T'(1)"T(0)) <0,
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or the existence of a value v in the interval (v,(p), (1)) such that
1+ pln (I'(1)"T(0)"") > 0. (3.10)

We now argue that the existence of a value v in the requisite intervals is indeed

guaranteed by the conditions
1+ pln (D(1)~@T(0) ") <0 (3.11)

and

1+ pln (T'(1)»@1(0)' @) > 0, (3.12)

respectively. In fact a little bit more holds:

Indeed, using the fact that
1+ pln (D(1)"T(0)") =1+ p(vInD(1) + (1 — v)InT(0)), ve[0,1],

we note that the mapping v — 1+ pIn (I'(1)*T'(0)'") is affine (thus continuous) on
[0, 1] and strictly increasing (since I'(0) < I'(1)) with intercepts at v = 0 and v = 1
given by 1 + pInT'(0) and 1 + pInT(1), respectively. This elementary observation
has the following implications: If holds, then by continuity and monotonicity
there exists a non-trivial interval I_(p) = (a—(p), 5-(p)) contained in (0, (1)) with
the following properties: The interval I_(p) contains v,(p) and holds on it.
When I'(0) = I'(1), it is easy to check that we can take I_(p) = (0, u(1)).

On the other hand, if holds, then by continuity and monotonicity there
now exists a non-trivial interval I, (p) = (a4 (p), 5+(p)) contained in (0, (1)) with
the following properties: The interval I, (p) contains v,(p) and holds on it.
When I'(0) = I'(1), it is easy to check that we can take I, (p) = (0, u(1)).
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3.2 Counting isolated nodes

Fixn=2,3,...and L =1,2,.... For each u = 1,...,n, node u is isolated in

M(n; L) if no other node (in V,,\{u}) is L-adjacent to node u. The {0, 1}-valued rv

&n.n(u) given by

n

Gon(w) = || (1=xu(w,v) (3.13)

VeV, v#uU

encodes the fact that node u is isolated in M(n; L). To count the number of isolated

nodes in M(n; L) we introduce the random variable I,,(L) given by

L(L) = ) &urlu). (3.14)

Interest in these count variables stems from the observation that M(n; L) contains

no isolated nodes if and only if (L) = 0, leading to the key relation
P[ M(n; L) contains no isolated nodes | = P[I,,(L) = 0] . (3.15)

This fact will be used to establish Theorems and by leveraging easy bounds
on the probability P [I,(L) = 0] in terms of the first and second moments of the
random variable I,,(L) (as discussed in Section [2.4.4).

However, some of the forthcoming arguments will require a finer accounting
which we now introduce. Recall that for each node u in V,,, the number of attributes
exhibited by node u amongst its L attributes is captured by the rv Sy (u) introduced
at . For each ¢ = 0,1,..., L, the {0, 1}-valued random variable §T(f)L(u) indicates
whether node wu is isolated in M(n; L) while exhibiting ¢ attributes amongst its L
attributes, thus

§ur(u) = & ()L [Sp(u) = 1]. (3.16)
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The total number of nodes which are isolated and have ¢ attributes amongst the

first L attributes is then given by

10@) = 3 €% ) = Y 60 ()L [S1u) = 1]. (3.17)

Enru) = D€ () (3.18)
=0
and
(L) = i LY(L), (3.19)
=0

1Y) < I(L), ¢=0,1,...,L. (3.20)

3.3  Useful lemmas for Theorem (3.1

We begin with an easy calculation of the first moments.

Lemma 3.3. Consider arbitrary n = 2,3,... and L = 1,2,.... For each u in V,,

with Sp(u) given by (2.2), it holds that

-1

E €)= (1T )"

and

E (€1 (w)] = B[ (1= D)0 (0)5109)" ] (3.22)
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Recall that the rvs {A, Ay, ¢ = 1,2,...} are i.i.d. {0, 1}-valued rvs with pmf
p, and corresponding sequence of partial sums {Sp, L = 1,2,...} given by .
Under the enforced Assumptions (i)-(iii) it is plain that for each L = 1,2, ..., the rvs
Sp(1),50(2),...,SL(n) are i.i.d., each distributed according to the random variable

Sr. The two relations

n—1

E[IP(L)] =n(1-DD)TO)" -P[S,=¢, ¢=0.1,...,L (3.23)

and

E[I,(L)] = nE [(1 - P(1)SLF(0)L—5L)”‘1] (3.24)

are now immediate consequences of the relations (3.17) and (3.19)), respectively.

Also recall (2.23), namely
Qilar) =E[Qr(ar, AL)], ape{0,1},

so that

QL(AL(w) = T()*IT0) 5, ue .

Proof. It suffices to show that (3.21) holds since (3.22) follows as an easy conse-
quence of the expression (3.18). Pick positive n = 2,3,... and L = 1,2,..., and
consider node u V,,. For each ¢ = 0,1,..., L, with the relation (3.16) holding, a

standard preconditioning argument yields

E [gff}(m] _E [1 [Sp(u) = €] -E [gn,L(u)\AL(u)H (3.25)

as we note that the rv Sz (u) is determined by the attribute vector Ay (u).
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With (3.13)) as a point of departure, we have

Gow) =[] (1=xu(w,v) (3.26)

VeV, vF#U

Because of the conditional independence established in Lemma [2.2], we have

E |2 (u)| ALw)| E[ [T <1—xL<u,v>>\AL<u>]

VeV, v#EU
- I1 El0-xuwv)|aw)]
VeV, v#EU
= (1-E[Qc(AL(w), AL(v)|AL(w)])"
= (1-Qu(AL(w)"” (3.27)
where the last two steps made use of the fact that the rvs {x(u,v), v € V,, v # u}

are i.i.d. rvs conditioning on Ay (u). Using (3.25)) yields

E [f,(f)L(u)] = E [1 [Sp(u) =¢](1— QZ(AL(U)))H_I]

_ E[1[5L(u):e]-(1—r(1)SL<u>r(0)L*SL<u>)’“] (3.28)

by virtue of (2.25)), and the desired conclusion (3.21)) follows in a straightforward

manner. [ |

The expressions for the second order quantities are much more involved as the

next intermediary result already shows.

Lemma 3.4. Consider arbitrary n = 2,3,... and L = 1,2,.... For distinct u,v in

V,., it holds that

E | 6.6 (v) | AL (), AL(v)] (3.29)

= (1= Qu(AL(u), AL(v))) - (1 — QL(AL(w) — QL(AL()) + QF (AL (u), AL (v)))"
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where

F(CLL, bL) =K [QL(CLL, AL)QL(bL; AL)] s ar,, bL € {0, 1}L (330)

The proof of this result can be found in Appendix [A] In principle, it is now

possible to evaluate the expressions

Indeed, for k,¢ =0,1,..., L, not necessarily distinct, the relation (3.16) yields

&%) (w)el, (v) = 1[Sp(u) = k] 1[S1(v) = €] &1 (W)€n 1 (v) (3.31)

" [1 [Sp(u) = k] 1[Ss(v) = €] - E [gn,L(u)gn,L(v) Az (u), AL(U)]] (3.32)

because the rvs Sp(u) and S (v) are determined by the attribute vectors Ay (u) and

Ap(v), respectively. Using (3.18)) we readily obtain

E (600 (0)60(0)] = 2, 2B |4 (el ()]

It is plain from (3.29)) that these expressions are becoming quite unwieldy. To
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see why this is so, with arbitrary ar and by, in {0, 1}, we note that

7 (aL,br)
= E[Qr(ar, AL)Qr(br, AL)]

= E [H q(ae, Ag)q(by, Aé)]

/=1

K [Q(ae, Ae)Q(% Ae)]

-1

E [g(ae, A)q(be, A)]

~
Il
—

E [Q(l, A)Q]aebz E [q(L A)q(O, A)]G[(l*bé)“rbe(l*ag) E [Q((), A)2] (1—ag)(1—by)

[
=

I

~
&
—_— =

L L
q(l, A)2]Zz:1 agby E [Q(la A)q(O, A)]Z£:1 ag(1—bg)+be(1—ay) E [q((),A)2]22=1(1*a2)(1*b2)

by arguments similar to the ones used for reaching the expression . Here lies
the rub: The quantities Q% (Ar(u)) and Q}(ArL(v)) depend on Ap(u) and Af(v)
only through the sums Sy (u) and SL(v), respectively. On the other hand, the rv

T (Ar(u), Ar(v)) does not depend on the sums Sz (u) and Sz(v), but instead on

the three sums

and

Fortunately, the ezact expression (3.29) (and its consequences) will not be

needed as only the following crude bounds will suffice: For k,¢ = 0,1,..., L, not
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necessarily distinct, the expression (3.32)) yields the bound

E[65 ) &0)| < PISu() =k Su(v) = 4

= P[Sp(u) = Kk]P[SL(v) ={]

since

E [5H,L(u)gn,L(v)‘AL(u),AL(U)] <1 as

3.4 A zero-infinity law when 1+ pln u(0) > 0

(3.33)

The proof of Theorem proceeds in two steps which are presented in this

and the next sections. Throughout condition (3.1)) is assumed to hold.

The first step deals with the first moment conditions (2.42)) and ({2.48]), and is

contained in the following “zero-infinity” law for the first moment. Note the analogy

with Theorem [B.11

Proposition 3.5. Assume I'(0) < I'(1). With p > 0, assume that holds. For

any p-admissble scaling L : Ny — Ny, we have

o ifl1+pInl'(0) <0

lim E[1,(L,)] = <

n—o0

0 ifl1+4plnl(0) > 0.

\

(3.34)

Proof. Fixn =2,3,.... Under the assumed inequality I'(0) < I'(1), the expression
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(13.24]) implies

N
3
®

_ neeDrOF g (3.35)

E[l,(L,)] < e (=nrok (3.36)

with

n— 1n1+pn InT'(0) (337)

Inn — (n— DO =lnn — (n — HT0) " = Inn — "

for some sequence o : Ny — Ny satisfying lim p, = p. Under the condition 1 +
n—aoo

pInT'(0) > 0, we have

lim (Inn — (n — 1)L(0)"") = —0

n—0o0

and the conclusion lim E [I,,(L,)] = 0 follows upon letting n go to infinity in (3.36])-

n—o0

B337).
We now turn to the case 1 + plnI'(0) < 0: Fix n = 2,3,.... For each L =
1,2,..., the bound (3.20) (with ¢ = 0) yields

E[1O(L)] = n (1 -T(0)")""

n

P[S, = 0] <E[L,(L)] (3.38)

as we make use of (with £ = 0). Recall that P[S = 0] = p(0)" since Sy, is
a binomial rv Bin(L, x(1)). Now, for any p-admissible scaling L : Ny — Ny we can
write

E[LP(La)] = nu(0)* (1= T(0)*)" " < E[Lu(Ly)] (3.39)
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for some sequence o : Ny — Ny such that lim p, = p. Let n go to infinity in (3.39)):
n—0o0

Lemma [2.4| (with z,, = (0)" ) gives lim (1 — F(O)L”)n_l = 1 under the condition

n—0o0

1+ pInI'(0) < 0, while Lemma 2.5 (with C,, = p(0) for all n = 1,2,...) yields

lim nu(0)* = o (3.40)

n—0o0

under 1} The desired conclusion lim E[I,(L,)] = o follows from the bound

n—0o0

(3-20).

Upon inspecting the proof of Proposition we see (with the help of (3.39))

that we have also shown the following result to be used shortly.

Proposition 3.6. Assume I'(0) < I'(1). With p > 0, assume also that holds.

For any p-admissble scaling L : Ny — Ny, we have
(

o if1+pInT(0) <0

lim E[10(L,)] = 1 (3.41)

n—a0

0 ifl+plnl'(0)>0.

\

The reason for this additional “infinity-zero” law will soon become apparent.

3.5 A proof of Theorem (3.1

Let L : Ny — Ny denote a p-admissible scaling. Under the condition 1 +
pInT(0) > 0, Propositionyields lim E[I,(L,)] = 0, whence lim P[I,(L,) =0] =

n—0o0 n—0o0

1 by the method of first moment, and this establishes the one-law part of Theorem

B.1
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The proof of the zero-law part of Theorem is more involved. Indeed, in
view of the second moment results of Section [2.4.4] a straightforward application of

the method of second moment to the count rvs

Zy = I,(L,) n=23,... (3.42)

Z,=I19(L,), n=23,.... (3.43)

Under the condition 1+ pInT'(0) < 0, Proposition already gives the con-

vergence lim E [Iéo)(Ln)] = o0. If we were able to establish the appropriate version

n—0o0

of (2.49), namely
E[&2,.(1)- &L |

lim sup s <1, (3.44)
n— 0
= (B[, m))
we would then be in a position to conclude
lim P[I1(L,) =0] =0 (3.45)

n—0o0

by the method of second moment applied to the rvs (3.43)). Using the bound (3.20))
(with ¢ = 0) we would then obtain lim,,_,., P[[,(L,) = 0] = 0, and this completes
the proof of the zero-law part of Theorem [3.1]

To establish (3.44])) we proceed as follows: Fix n = 2,3,... and L = 1,....

Applying (3.21)) (with ¢ = 0) gives

E[60 (0] = (1= " P[sp(1) = 0] = (1-T©O))" " u(0)",
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whence

E[£%0)-62.0)]

)

(Efm]) (@O w0

—_

(1=T(0)1)*"
As we substitute according to the p-admissible scaling L : Ny — Ny in this last

inequality we obtain

E |6, ()61, 2)] _ 1 n=23
(E [57(10)%(1)])2 h (1— I‘(())Ln)2(n71)’ 3,

Let n go infinity in this resulting inequality: We readily get lim (1 — F(O)L")n =1
n—o0
by virtue of Lemma (with x, = ['(0)" ) under the condition 1 + pInT(0) < 0

and (3.44)) follows. This concludes the proof of Theorem |3.1 [

3.6 A zero-infinity laws when 1 + plnu(0) <0

Although the arguments for proving Theorem are similar to the ones used
in the proof of Theorem they differ in some major ways as will become clear
from the proof the analog of Proposition [3.6]

Here as well, we begin with the appropriate first moment conditions and
(2.48). This is contained in the following “zero-infinity” law for the first moment;

note the analogy with Theorem

Proposition 3.7. Assume I'(0) < I'(1). With p > 0, assume also that (3.6) holds.
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For any p-admissble scaling L : Ny — Ny, we have
(

oo if 1+ pln (F(l)”*(P)F(())l—V*(p)) <0

lim E[I,(L,)] = (3.46)

n—a0

0 ifl+pln (F(l)”*(f’)f‘(o)l*w(p)) ~0

\

where v, (p) is the unique solution in the interval (0, 4(1)) to the equation (3.8).

As in the proof Theorem we need to complement the “zero-infinity” law of
Proposition [3.7. This time, however, the needed result assumes a more complicated
form than the one taken in Proposition |3.6]

We prove the zero-law first. It follows from (3.24) that

E[,(L)] = nE [(1 - P(1)SLF(O)L—SL)H—1]
= (i)’“‘(l)eﬁ‘m)H (1-TO)TO)""  (347)

for n = 2,3,.... We will split this sum into two parts and show that each part

converges to 0 when n grows unboundedly large under the condition (3.12)).

Proof. Based on the arguments at the end of Section , when the condition (|3.12)
holds, there exists € > 0 such that 1+ pIn (I(1)*@ =L (0)!~»)+) > 0.

Fixn =2,3,.... For any p—admissible scaling L : Ny — Ny with p > 0, (3.47))
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takes the from

E L (Ln)]
“o 3 ()t (- ray T
[(V;(P)—E)LnJ I -
- n( g")m)fu(())%f (1 —D(1)T(0)") (3.48a)
£=0
sy n<[Z> p(1)(0)2~ (1 = T()T(O)24)" (3.48b)
(= ()—€) L1

For ¢ =0,1,...,L,, it holds that

< n (L£"> (1) p(0)Em ¢, (3.49)

Since v, (p) — € lies in (0, z2(1)), (%) p(1)*p(0)2n~* increases with respect to ¢ when

0 << (vi(p) — €)Ly, and an upper bound for (3.48al) is given by

[(v(p)—

nl
n(?)“(wﬂ(o)“f (1 - T(1)T ()"

~

)L
0
L
< L,- n( " )M(Dl(w(p)e)LnJu(o)Lnl(V*(p)s)LnJ_ (3.50)
[(v4(p) = €)La]
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By virtue of Lemma [2.6| (with ¢,, = L, and 7, = |(v«(p) — €)L,]), it holds that

L,

(l(v (p) — <)L J)““>“”*(”)‘”L"Jmofn—uw<p>—a>LnJ
* n

VL,
V2l (s (p) — ) La] (Lo — [(vi(p) — €) Lu))

(1) Ly, [(vs(p)—€) Ln] 1(0) L, Ln—|(vs(p)—€)Ln|
" (l(v*(p) —a)LnJ) (Ln— [(v+(p) —a)LnJ)

w(1) Ly, @ (p)=&)Ln] 1(0) Ly, L= (v (p)=€)Ln]
([(V*(/o> - 5)LHJ) <Ln — [(va(p) — g)LnJ)

A

where second to the last step was based on the fact that

VI

hm = 07

n=0 21| (Vi (p) — €) L | (L — [(Va(p) — ) Ln])

and the last step used the definition of G(-,) in (3.3]). As a result, the upper bound

in (3.50) becomes

[(vx(p) =€) Ln]
2 (IZ> p(1)u(0)2¢ (1 = T(1)T(0)F—0)""

< L, nG (l(v*(p)L— 5)L"J,u(1)> v (3.52)

for sufficiently large n.

The definition of v,(p) gives 1 + pln G (v4(p) — e, (1)) < 0. Let n go to

n—0

G (l(”*(p}#ﬂ, ,u(l))) yields

lim L, - nG <K”*(p) - g)L”J,u(l))Ln =0,

n—oo L,

infinity in (3.52): Because lim W = v4(p) — ¢, Lemma <With Cn =

whence

[(vs(p)—€)Ln] I
lim Z n{ "
n—aoo €

)u(nm(())%f (1-T)T0)"4"" =0 (3.53)
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Now we derive an upper bound for (3.48b)). It is plain that

Y o )uwmor o Ty
J+1

t=|(vx(p)—€)Ln

< n (1 _ P(l)[(V*(p)_a)Ln]F(O>L7z_[(y*(P)_a)L7z])n_l

< n (1 _ 1“(1)(V*(P)—E)LnF(o)Ln—(V*(P)—S)Ln)n_l (354)

since (1 — F(l)fF(O)L"_K)n_l is monotonically decreasing in ¢ under the assumption

I'(1) > I'(0), and the bound

Ly

> (L;)u(l)gu(())an <1

O=|(vs (p)—2) L] +1

holds. With arguments similar to (3.35))-(3.37)), we conclude that

lim n (1 - I‘(l)(”*(P)*E)LnF(O)Lnf(V*(ﬂ)*s)Ln)"—l _ 0,

n—o0

whence
Ly I )
lim > n( ")u(1)‘u(o)%—f (1-T)TO)= """ =0  (3.55)
00 ¢
(=(vx(p)—€) Ln) +1

under the condition 1 + pln (T'(1)*)=¢T(0)!~*)*<) > 0.
Combining the two partial sums (3.53) and (3.55)), the desired zero-law is

readily established.

3.7 An alternative approach to the infinity-law in Proposition |3.7]

For the infinity-law part, we need to rely on the proposition given next. As in
the proof of Theorem we need to complement the “zero-infinity” law of Propo-
sition [3.7] This time, however, the needed result assumes a more complicated form
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than the one taken in Proposition [3.6] First we need to set the stage: Pick v in

(0,1), and consider any sequence ¢ : Ny — N such that
b, <L, n=12... (3.56)
under the additional property
lim — = . (3.57)

Any sequence ¢ : Ny — N satisfying (3.56] is said to be a sequence associated with
the scaling L : Ny — Ny. An associated sequence satisfying (3.57) can be easily

generated through the formula
b, =|vL,|, n=12....

Any associated sequence ¢ : Ny — N induces the [0, 1]-valued sequence v : Ny — N

defined by

n=12....

In this notation the constraints (3.56)) and (3.57)) can now be expressed as

lby=vp,L,, n=12... (3.58)
and
7}1_{130 Vp = . (3.59)

Proposition 3.8. Assume I'(0) < I'(1). With p > 0, assume also that (3.6) holds.
Consider a p-admissible scaling L : Ny — Ny, and an associated sequence { : Ny — N
which satisfies both (3.50) and for some v in (0,1). Under the condition

, v can be selected in the interval (v,(p), u(1)) such that

lim E [1{")(L,)] = . (3.60)

n—o0
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Proof. Fixn=2,3,... and L = 1,2,.... Our point of departure is the expression

(3.23), namely

E[IO(L)] = n(1-T)TO")"" B[S:(1) = 1]

= (-rr ) (uuuo o

with £ =0,1,..., L.
Pick v in (0,1). Substituting L and ¢ according to the scaling L : Ny — Ny
and any associated sequence ¢ : Ny — N satisfying (3.56)) (or equivalently, (3.58))

and (3.57)) for the selected v, we get

E[Z{(L.)] = n(1-TQ)"TO)" )" (Z)u(l)éw((l)“f"

=n (ny) (n(1)" p(0)' =) (1 R (P(1)Vnr(o)1—Vn)Ln>“

where we note that v, L, and L, — v,L, = (1 — v,)L, are integers by construction.

Lemma [2.6] gives

( Ly ) oL, (L))"

VnLn

» B (1—vn)Ln
2oLy (2ek) " f2m (1 = 1) L, ()

€ €

1 1
\2mvn (1= vy) Ly (v2n (1 — T I

so that
Ly, o\ En n p(1)" p(0) )L"
1)¥n 0 1—vy, ~ .
n<VnLn> (M( )" 11(0) ) \/27”/”(1 — ) Ln <l/g"(1 — Uy) L
n

- NIRRT - G (U, p(1)) 5. (3.62)
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Collecting we obtain

- \/27r1/ (?— Un)L G, (1)) <1 a (F(l)ynr(o)l_yn)Ln>n_1

L0 Gp)
2v(1 —v) VL,

as we make use of (3.59) in the last step.

n—1

~

(1= (C(y )"

Recall now that both conditions (3.6) and (3.11) are enforced. Therefore, as
discussed at the end of Section [3.1] condition (3.9) holds on the interval I_(p) =
(a—(p),B-(p)) < (0,u(1)), said interval containing v,(p). As we restrict v to be an

element of (v,(p), 5-(p)), we conclude by Lemma [2.4] that

lim (1 - (r(1)”nr(o)1—”n)L”)"1 ~1, (3.63)

n—ao0
and the desired conclusion lim E [l}(f")(Ln)] = o follows provided we show

n—0o0
. Ly

n—00 v Ly,

It is always possible to find € > 0 so that the interval (v —e, v +¢) is contained

> 0. (3.64)

in the interval (v.(p), 5_(p)). By virtue of (3.57)) there exists a finite integer n(e)
such that

v—e<v,<v+e, n=nle)
and on that range, the monotonicity of the mapping v — 1 + pInG(v, u(1)) on
(0, (1)) yields
0<1l+plnGv—e,u(l) <1+ plnG(vy,,u(l))
because 1 + pIn G (v, (1)) > 0 on the interval (v, (p), 5_(p)). It is plain that
- Glum, p(1))En = pltennGmu)
> pltenlnG—en®) = p > p(e) (3.65)
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and the conclusion

. 1))Ln 1+pn In G(r—e,u(1))
liming G O™ e ™ — (3.66)

n—00 Ly, n—00 VpnInn

follows immediately as we use the aforementioned fact that 1+ pIn G(v—e, u(1)) > 0.
This establishes (3.64]), and the proof of Proposition is now completed. The

infinity-law in Proposition is now established as we use ([3.20)). [ |

An alternative proof of Proposition [3.7] is given in Section [3.10] and Section

3.11] and relies on a change of measure argument introduced in Section [3.9]

3.8 A proof of Theorem (3.2

Let L : Ny — Ny denote a p-admissible scaling for some p > 0. Under the

condition 1+ pln I'(1)*@1(0) =) > 0, Propositionyields lim E [I,(L,)] = 0,
n—ao0
whence lim P[7,(L,) = 0] = 1 by the method of first moments, and this establishes
n—o0

the one-law part of Theorem

Assume now that 1 + pInT'(1)»@T(0)1=() < 0. Here as well, we will not
attempt to apply the method of second moment directly to the count variables
(3.42) in order to establish the zero-law part of Theorem [3.2l Under the enforced

assumptions, we shall show instead that v can be selected in (v,(p), £(1))) in such

a manner that the method of second moment applies to the count variables
Zp =I")(L,), n=12... (3.67)

where the sequence ¢ : Ny — N associated with the scaling L : Ny — Ny satisfies
(13.59) with the selected value.
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This will require showing the validity of both

lim E [1{")(L,)] = o (3.68)

n—0o0

and

B[ 0@
lim sup 5 <
e (Blg )

Once this is done, it will follow from the method of second moment applied to the

rvs (3.67) that

(3.69)

lim P {1 (L,) = 0] = 1. (3.70)

n—aoo0

Using the bound (with L = L,, and ¢ = ¢, for each n = 2,3,...) we immedi-
ately obtain lim,, . P [I,,(L,) = 0] = 1, and the zero-law part of Theorem will
then be established.

To establish the convergence statements and , we proceed as fol-
lows: By Proposition |3.8] we already know that there exists some v in the interval
(ve(p), (1)) such that (3.60), namely (3.68), holds — In fact the proof shows that
it happens for every v in the interval (v.(p), 3_(p)). It remains only to establish
for any v selected in the interval (v,(p), 5-(p)). To that end, fix n = 2,3, ...

and L = 1,2,.... Using the expression (3.21]) we can write

E[&00)] = (-1 )" Psi(1) =

= (T ()aort e

with £ = 0,1,..., L, On the other hand, specializing (3.33]) to k = ¢ yields

2[00 -] < pisin = apise = = ((Duayao) 6m)
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((5) (1) u(0) 1)

(E|e%m)]) (0 - ryr@=9" - (o))’
1
(1= T ()T (o)

N

Now, substitute in this last inequality according to the given p-admissible
scaling L : Ny — Ny and the sequence ¢ : Ny — N associated with it where v

appearing in (3.59)) is the one selected earlier in the interval (v.(p),8-(p)). This

yields
E[¢f )€ (2)]
2
(E|e.m)])
1
S 2(n—1)
(1 =T (1)L () n=tn)
1
— — ) n=23,... (3.73)
(1= C@per)e-m)t)
n—1
Letting n go infinity in (3.73) we get lim (1 — (F(l)”"F(O)(lfl’"))L”> = 1 by
n—aoo

virtue of Lemma [2.4]since the condition 1+ pInT'(1)T(0)'~" < 0 holds for the value
v selected in the interval (v.(p),5_(p)). This establishes (3.69) and the proof of

Theorem [3.2]is now complete. [

3.9 A change of measure

Int the last three section of this chapter, we present an alternative approach
to establish the zero-infinity law stated in Proposition based on the idea of a

change of measure.
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As stated earlier, all rvs are defined on the measurable space (€2, F) and their
statistics computed under the given probability measure P as stipulated by Assump-
tions (i)-(iii). To proceed we will find it convenient to embed PP into a collection
of probability measures {P,, v € (0,1)} defined on the o-field F with the following
properties: For each v in (0, 1), under the probability measure P,, Assumptions
(i) and (ii) remain unchanged but Assumption (iii) is replaced by the following

assumption:

(iii-v) The rvs {A, Ay, Ap(u), ¢ =1,2,...L; ueV,} form a collection of i.i.d. {0, 1}-

valued rvs with pmf v = (v, 1 — v) where

P,JA=0]=1-v and P,JJA=1]=r.

Let E, denote the expectation operator associated with P,,.

Obviously, we have P = P, when selecting v = pu(1). It is always possible to
construct a measurable space (2, F), the appropriate collections of rvs on it and a
collection {P,, v € (0,1)} of probability measures defined on the o-field F with the
requisite properties; details are well known and omitted here for the sake of brevity.

In fact, given v in (0, 1), for each L = 1,..., the probability measures P and
P, are mutually absolutely continuous when restricted to the o-field o{Ay,..., AL}

with Radon-Nikodym derivative given by

(), 1) (o2 - )" ()™

It is worth noting that the probability measures P and P, are not mutually absolutely

continuous on the entire o-field F.
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To take advantage of this change of measure we proceed as follows: Fix v in

(0,1),n=2,3,...and L = 1,2,.... The expression (3.24)) can be written

E[l,(L)] = nE [(1 — F(I)SLF(O)L—SL)"*l]
= n-E, [(1 _ F(l)SLF(O)L_SL)nfl ‘ <@>SL (1 . ILL(:[))LSL]

v 1—v
() () )

= nG(v,n(1)* - E,(v, L) (3.74)

where we have set

E.(v,L) =&, | (1 = T(1)%T(0)*5F)" " . <M(Vl) ' 11_;6)) - ] (3.75)

with the definition (3.3) used in the last step. For future reference we note the

decomposition

E.(v,L)=E!f(v,L)+ E, (v,L) (3.76)

with Ef (v, L) and E;, (v, L) given by

Sp—Lv
E;_(l/, L) -E, [(1 - F(l)SLF(())L—SL)n*l . (,u(yl) . : 1_;6)) 1 [SL —vL > 0]]

and

p(l) 1-v
v 1—u(l

E;(v,L) =E, [(1 — T(1)SeT(0)F5)" " ( >>SL i [Sp—vL < 0]] :

It is plain that

u(l)' 1—v
v 1—p(1)

> 1 if and only if v < u(1). (3.77)
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We shall also use the simple fact that

Sr—Lv
L(1)50(0)% 5 = (T(1)"T(0)' )" (%) : (3.78)

These observations form the basis for the arguments given next.

3.10 A proof of Proposition [3.7|— The zero-law

Consider a p-admissible scaling L : Ny — Ny such that holds, or equiva-
lently,

1+ pn(1—pu(1)) <0. (3.79)

By the discussion preceding the statement of Theorem [3.2] the non-linear equation

(3.8) admits a single solution v,(p) in the interval (0, (1)) and
1+plnG(V7:U’(]-)) <07 Ve (0,1/*<p))
It follows that

lim nG(v, u(1))» =0, ve (0,v.(p)).

n—00

Therefore, by virtue of (3.74) the desired result lim E[/,(L,)] = 0 will be

n—0o0

established if we show that

limsup E,, (v, L,) < o (3.80)

n—ao0
for some v in (0, v.(p)). This issue is explored with the help of the decomposition

(3.76): Fix n =2,3,... and pick v in the interval (0, v, (p)). Thus, (3.77) holds, and

(2 )™ e (2™

we have




since Sp,, < L,. Using I'(0) < I'(1) in (3.78)) we then conclude that
(C(1)*T(0)*)"" < T(1)%=T(0) 5t on [Sy, — Loy > 0],
whence
n—1

(1= D(1)%=nT(0) 55 )" " < (1 - (r(1)vr(0)1—V)L"> on [Sy, — Lov > 0],

Using these bounds in the definition of E (v, L,), we obtain

Ef (v, L,)
< (1 o (F(l)VF(O)l—Z/)Ln)n_I . (Mil) . 11_;(V1))(1_V)Ln ]P),/ [SLn — I/Ln > O]
n—1 AN G
< (1 - (r(1)”r(0)1—“)L”) : (’“‘(Vl) : 11—u(1)) . (3.81)

Next we turn to bounding E (v, L,). Because I'(0) < I'(1) < 1, we always

have
(1= T(1)SeT(0)Fn=5m)" ! < 1
and exploiting the bound (3.77) gives

(,u(l) 1—v

v 1—p(l

S, —Lnv
)) <1on [SLn_Lnl/éO]
As we apply these two bounds to the expression of E, (v, L,) we find
E (v,L,) <P,[S, —L,v <0] <1 (3.82)
Thus, in order to establish (3.80|) we need only show that
limsup £ (v, L,) < (3.83)
n—0o0
for some v in (0,v.(p)), possibly under additional conditions which ensure that
the constraint (3.10) also holds. As per the discussion following Theorem [3.2] the
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condition (3.12) guarantees (3.10) when v is selected in the interval (a (p), vu(p)),
as we do from now on.

First, for each n = 2,3, ... consider each of the factors in the bound at (3.81)).

We find that
1—\Ln n—1 o .
< e_(n_l)(r(l)l’r(o)l—y)Pnlnn
n—1 1 n In (1)1/ ( )171/
_ o) (3.84)
and

() - ()

_ e (42 25t (3.85)

By the p-admissibility of the scaling L : Ny — Ny, for every € > 0 there exists

a positive integer n,(e) such that

p—e<py,<pt+e, n=n.e).

On that range the bounds (3.84) and (3.85]) imply

n—1 n—1) 14(p+e)In(D@)¥T0)1—¥
(1= (ryrE))) < s ) (3.86)
and
. (1-v)Ln L »
:u(l) ) l—v < n(lfu)(ers) ln(ui)-iliu(l)) (387)
v 1—p(1)

as we recall that I'(0) and I'(1) both live in (0, 1) and the inequality (3.77]) holds.
Given that (3.10)) holds for the choice of v, then it is also the case that
1+ (p+e)ln(D(1)"T(0)"") >0 (3.88)
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provided € > 0 is selected small enough (as we do from now on).

Let n go to infinity in (3.81)). It is plain from (3.84]) that

lim 6_("1—1)(1"(1)VF(0)1_,,)pn Inn 0
n—0o0

by virtue of condition (3.88]), while (3.85] implies

1— (1-v)pnlnn
lim <H . V) =0
n—o \v 1—p

under (3.77). Nevertheless, appealing to the bounds (3.86) and (3.87)), lim E} (v, L,) =

n—a0

0 in view of the fact that

e 1+(p+e) In(T(1)YT(0)1 ¥ 1 —v
lim (6—(n”'” rron( ) -n(l‘”)(f’“)ln(“(u)'lium)) - 0.

n—o0

This is because the first factor goes to zero like e’ (with § > 0) while the second
factor explodes to infinity like n” (with 8 > 0). Obviously, limsup,, .., E, (v, L,) < 1
and the conclusion limsup,,, F,(v, L,) < 1 follows. This concludes the proof of

the zero-law in Theorem [3.2] [ ]

3.11 A proof of Proposition [3.7| — The infinity-law

Consider a p-admissible scaling L : Ny — Ny such that (3.6 holds, or equiva-

lently, (3.79)). We already know that
L+ pInG(v, p(1)) >0, ve (nlp),n(l)), (3.89)
and the convergence

lim nG(v, u(1))" =0, ve (n(p)pl)

n—o0
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follows by Lemma[2.4] (with C,, = G(v, (1)) for all n = 1,2,...). By virtue of (3.74)

the desired result lim E[I,(L,)] = oo will be established if we show that

n—o0

liminf EY (v, L,) > 0 (3.90)

n—o0
for some v in (v4(p), (1)) possibly constrained by some additional condition.

Pick v still in (v4(p), (1)) for the time being, and fix n = 2,3,.... Because

(3.77) holds here, we have

p) 1oy N [Sp., — Lov > 0] (3.91)
y 1—/,L(1) = 1 0n Ln nV .

so that

1

Ef(v,L,) > E, [(1 — (1) T (0) 5 )" T L[Sy, — VI, > 0]] L (3.92)

Next, we write

(1= D(1)5 T (0) =5 )" ! = (1 - (r<1>?fr<o>1-%)L”) e

and note that

‘(1 - P(l)SLnF(O)Ln—SLn)"’l‘ <1. (3.94)

Now further restrict the value of v to the interval (v.(p), 5_(p)) discussed at

the end of Section Condition ((3.11)) ensures that (3.9)) holds, and by Lemma

(with v, = S}f—: for allm = 1,2,. .., with the help of (3.93))), we have the convergence
lim (1 —T(1)5T(0)50)"" =1 P, —as.. (3.95)
n—aoo

Indeed, the Strong Law of Large Numbers (under P,) yields the convergence

ST
lim — =v P, —as.
n—0o0

n
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and this leads to the needed conclusion

Siy, St
lim (1 + pnIn (F(I)LnF(O)I_Ln)> =1+4pn(D(0)""T(1)") <0 P, —as.

n—00

under ((3.9)).

Pick ¢ in (0, 1). It follows from the bound that
Ef(v,L,) = (1 —¢)P,[An(e) 0 [SL, —vL, >0]], n=2,3,... (3.96)
where for notational simplicity we have introduced the event
An(e) = [(1 = D)5 (0)Er 5 )" > 1 — 5] .

Since a.s. convergence implies convergence in probability (under P,), it is plain from

3.95)) that lim P, [A,(¢)] = 1. On the other hand we also have

n—0o0

1
lim P,[S,, — L,v > 0] = 3

n—0o0

by the Central Limit Theorem (under P,), whence

1
lim P, [An(e) 0 [Sp, =Ly > 0]] = 5

7
n—o0

by standard arguments. Therefore, liminf,, o E (v, L,) = (1—¢)/2 and the desired
conclusion liminf, ,, Bt (v, L,) = 1 follows since ¢ is arbitrary in (0,1). This

concludes the proof of the infinity-law in Theorem [3.2] ]
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Chapter 4

The Zero-one Law for Connectivity

In the precious chapter, we have established the zero-one law for the absence
of isolated nodes. A very related property to the absence of isolated nodes is con-
nectivity since the one law for the absence of isolated nodes serves as a necessary
condition for connectivity while the zero law serves as a sufficient condition for a
graph not being connected. For instance, for Erdos-Rényi graphs [6], random geo-
metric graphs [3] and random key graphs [27], the zero-one law for the absence of
isolated nodes coincide with the zero-one law for connectivity.

In this chapter, we are interested in establishing the zero-one law for connec-
tivity in MAGs. Recall that an undirected graph G is said to be connected if there
is at least one path between every (unordered) pair of distinct nodes in G. It is of
interest to know whether the two zero-one laws coincide in MAGs. If not, then it is
natural to consider what is the zero-one law for connectivity in MAGs.

Unfortunately, the two zero-one laws are not identical in MAGs. In other

words, I'(1) > T'(0) is too weak for the zero-one law for connectivity to hold. To
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convince the reader, we give a counter example to show that the graph, with high
probability, is not connected while there is no isolated nodes for n large:

Consider the setting where a = v = 1, § = 0 and p(1) > w(0), in which
case I'(1) = wp(1) > T'(0) = w(0). With the conditions 1 + plnpu(0) > 0 and
14+ pInT(0) > 0 enforced, with high probability, no isolated nodes are guaranteed by
the one law in Theorem 3.1 However, in this case, nodes only connect to other nodes
which have exactly the same attribute vectors as themselves. As the probability of
all nodes having identical attribute vectors converges to 0 when n and L, grow
unboundedly large, the graph is not connected with high probability.

As a result, in this chapter, we will establish the zero-one law for connectivity

in MAGs under some additional assumptions.

4.1 The theorem

Instead of assuming 0 < I'(0) < I'(1) < 1, we will need the stronger condition
a> >~ (4.1)

to be enforced. The condition (4.1 implies I'(1) > T°(0), but rules out the case

a=~v=1and g =0.

Theorem 4.1. Assume o > 8 > . For any p-admissible scaling L : Ny — Ng with

p >0, we further assume 1 + pln u(0) > 0. We have

-

0 if1+pInl'(0) <0

lim P[ M(n;L,) is connected | = <% (4.2)

n—0o0

1 if 1+ plnT(0) > 0.
\
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As the zero law for the absence of isolated nodes in Theorem [3.1| automatically
implies the zero law for connectivity in Theorem [4.1] we only need to show that the

one law for connectivity holds in order to complete the proof of Theorem [4.1]

4.2 A general idea

A graph G is connected iff no cut of any sizes exists in GG. A well-known proof
[8], which makes use of this equivalence, establishes the zero-one law for connectivity

for Erdos-Rényi graphs. However, unlike in Erdos-Rényi graphs, the link variables

{xr(u,v), 1 <u<v<n}

in M(n; L) are not mutually independent, so that it may not be easy to make use of
this equivalence directly. Alternatively, we will first look at some properties of nodal
attributes since the link variables are conditionally mutually independent given all
nodal attributes.

Fix n = 2,3,... and L = 1,2,.... We say that a node u in V,, has the
attribute property Pr, < {0,1}F in M(n; L) iff Ap(u) is an element of Pr. The
(random) collection of nodes which have the property Py, is denoted by T,,(Pr). We
are interested in finding a property P such that the random subset T,,(Pr) can
serve as a core component in M(n; L) in a sense to be specified shortly. When n
and L grow unboundedly large, where the latter quantity scales with the former, we

seek to balance the following two criteria:

1. The subgraph induced by T,,(Pr) in M(n; L) is a.a.s. connected.
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2. All nodes outside T, (Pr) (i.e. in V,\T,,(Pr)) connect a.a.s. to T,,(Py) in one

hop.

Obviously, the random subset T,,(Pr) cannot be too large for otherwise Criterion 1
would be hard to prove. As a matter of fact, if the one law for connectivity holds,
then V,, itself is a set (i.e. Pr = {0,1}F) that trivially satisfies Criterion 1. But
the random subset 7T,,(Pr) cannot be too small either for otherwise it may not be
connected in one hop to the nodes in V,\T,,(Pr).

Moreover, it is worth pointing out that for any attribute property Py, with

{AL(u), ueV,} given, the random subset T, (Pr) can be thought as deterministic.

4.3 The second criterion

Before additional conditions are imposed, we explore the requirements on the
random subset T,,(Pr,) to ensure that all the nodes outside the random subset T,,(Pr)
connect a.a.s. in one hop to T,,(Pr). The following lemma gives a useful bound to

the probability of the desired event.

Lemma 4.2. Forn = 2,3,..., L =1,2,... and a fixed attribute property Py, it

holds that

Node u connects in one hop
P ﬂ Ap(w), weV,
weV\Tu(Pr) | to T (Py)

> 1= > ueV\LMP)| [] (1-QuAL(w),ALw))|.  (43)

ueVy veTy, (PL)
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Proof. Fix n = 2,3,... and L = 1,2,.... For each node u in V,,, let Np(u)
denote the set of nodes who are L—adjacent to u. For any node u in V,\T,,(Pr), u
connects in one hop to T,,(Py) iff the intersection of T,,(Py) and N (u) is not empty.
Moreover, recall that the random subset 7,,(Pr) is determined once {A(w), w € V,,}

is given, and so is V,\T,,(Pr). As a result,

Node u connects in one hop

Pl

Ap(w), weV,

=P ﬂ [Ni(u) N T, (Pr) # ®]|AL(w), wevV,

_ueVn\Tn('PL)
= 1-P U [No(w) " T, (Pr) = F]|AL(w), weV,
ueVp\Tn (PL)
>1- Y P [NL(u) AT, (PL) = @‘AL(w), we vn] (4.4)
ueVy\Tn (Pr)

where a standard union bound was applied in the second to last step. Further
simplifications are possible for (4.4)) by using the fact that 1[u € V,\T,,(PL)] = 0 if

wis in T,,(Pr). Indeed, we get

> PN A Ta(Pr) = B[AL(w), we V]

ueVa\Tn(PL)

= Y 1fue V\T. (PP [/\/L(u) AT, (P) = @‘AL(w), w e Vn] . (4.5)

ueVp,

Because Ny (u) n T,,(Pr) = & iff u does not connect to any nodes in T,(Pp),

66



we get

P [:/\/'L(u) M Tn(PL> = @‘AL<M)7 we Vn]

= P (| [u~cv]*|AL(w), weV,

veTy (PL), v#u

= P ( [U@.v) > QuAL(u), AL(v)]|AL(w), weV,

veTy (PL), v#u

— H P [U(u,v) > QL(AL(U),AL(U))‘AL(w)a we Vn]

veTy, (PL), v#u

= ] - QuAw), Auw)). ueV, (4.6)

veTH (PL), v#u

upon using the fact that the rvs {U(u,v), u €V, ve T,(Pr), v # u} are mutually
independent.
Lemma is now straightforward once we substitute the expression (4.6) for

]P’[ () A T(Pr) = @‘AL(w), w e Vn] into (4.5). m
Upon taking expectations on both sides of (4.3)), we get the following corollary.

Corollary 4.3. Fiz L = 1,2,.... For a given attribute property Pr,, we have

Node u connects in one hop
lim P N ~1 (4.7)

n—o0 ueVn\Tn(PL) to Tn (PL>

Gim M E[1fue VTPl [ (1-QuAr(u) Aw) | =0, (48)
ueVy,
v € Tn(PL),

v F U
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4.4 A core component of MAG

With conditions for Criterion 2 settled, we now seek to identify the candidate
property P, so that the (random) subset 7),(Py) can serve as a core component in

the sense of Criterion 1.

4.4.1 A connectivity criterion

We first explore the connectivity conditions when the random subset 7,,(Pr)

is fixed. This is the content of the following lemma.

Lemma 4.4. Forn = 2,3,..., L = 1,2,..., and a deterministic subset " of V,,

we have

El

gl

P[ T.(Py) is connected |T,(Pr)=T]=>1-—

\%

T T
<%6_B(PL)€) (4.9)

I
—

T

provided there exits a scalar B(Pyp) in (0,1), such that

Qr(AL(u),Ar(v)) = B(Pyp) (4.10)

whenever both Ap(u) and Ap(v) are in Pr.

Proof. Fix n = 2,3,... and L = 1,2,.... With T,,(P.) = T < V,, given, the

probability that 7,,(Pr) = T is connected is equal to the probability that no cut of
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any sizes exists in the subgraph of M(n; L) induced by T', namely

n(Pr) = ]

= 1-P [ U [ R does not connect to T\R]|T;

ReT, 1<|R|<Z

P[ T,.(Py) is connected |T,,(Pr) = T]

= P [ ﬂ [R connects to T,,(Pp)\R]|T,

RcTn(Pr)

L(PL) = ] (4.11)

A standard union bound leads to

P [ U [ R does not connect to T\R]|T,,(Pyr) = T]
ReT, 1<|R|</Z
Tl
< > D> Pl () [u~pvl|Tu(P) =T (4.12)
r=1 RcT, |R|=r ueR, veT\R

Pre-conditioning on {Ap(w),w € V,}, the events {[u ~1 v], u,v € V,,, u < v}

are now mutually independent. The probability that R does not connect to T\R

Tn('PL) = T]

P[(Muer, werale ~1 1) OITu(PL) = 77|
P [T, (Pr) = T]

becomes

P ﬂ [w~p v]°

ueR, veT\R

B2 [ (Mucr, e [0000) > Qul(Asw), As(0)]) (T (Pe) = T AL (w), we i |

) P[T.(Pr) =T
E _IP’ [ﬂueR, veVi\R [U(u,v) > Qr (AL(u), AL(v)) ’AL W E Vn] 1T, (Pr) = T]]
o PP =T
E (H ueR weT\R (1-Qr(AL(w),AL(v))) ) 1[T(PL) = T]]

]P’[Tn(PL) T]
where the second to last step used the fact that T, (Pr) is o{AL(w), w € V,}

measurable.
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The condition T,,(Pr) = T amounts to Ay (w) is an element of Py, for all w in

T. As a result, condition (4.10]) implies

1_[ (1 —=Qr(Ar(w),AL(v))) |- HTn(PL) =T

ueR weT\R
< [ =B | TP, =1T]
ueR weT\R
(1 B(P,))ROTHIRD [T, (Py) — T, (4.14)

Using this bound in (4.13]), we find

Pl (] [u~pol|Tu(P) =T
ueR, veT\R
E [(1 = B(Py)"T-1M01[T, (Py) = T1]
P [Tn<PL) = T]
(1 = B(Py) TR0 [1[T, (Py) = 7]
P|T,.(PL) = T]

— (1= B(Py))RTI-IAD, (4.15)

N

Collecting (4.12)), (4.13)) and (4.15]), we obtain

~

U [R does not connect to T\R]|T,,(P) = T

ReT, 1<|R|< /2

=

Z (1 — B(Py))BIITI=IED

RcT, |R|=r

N
el

IS

)
[+

r

<IT|)(1 _ BP) (4.16)

r=1

This bound depends on the deterministic set 7" only through its cardinality |T'|. By

Lemma [2.4] and the trivial bound

<(T),r=01,...,—,
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further simplifications are possible, namely,

S

r

%
L[
i

<|T|> (1= BP)T < N (7)) et E

|T

17| r
P <|T|e—B<7’L>@) . (4.17)

Combining (4.16)) and (4.17)), we readily obtain (4.9)) with the help of (4.11])).

Lemma tells us that if the sum in (4.17) is small, then there is a high
probability that T, (Pr) = T is connected when n becomes large. As the sum
depends on only the two quantities B(Pr) and |T'|, we seek to balance these two

quantities so that the sum in (4.17) can be made sufficiently small.

4.4.2  Constructing T,(Pr)

For n = 2,3,... and L = 1,2,..., we define two (random) subsets of V,, as
follow:

Wo(Lil) = {ueV,: Sp(u) =0}, £=0,1,2,...,L

and

Zn(Lil) ={ueV,:S(u) =4}, £=0,1,2,...,L

where the rvs {S;(u), u € V,} were defined in (2.2). From the inclusion W,,(L;¢) <

Zn(L; 0), we get the elementary bound
Wa(L; )| < |Zn(L; 0)], £=0,1,...,L. (4.18)

For any p-admissible scaling L : Ny — Ny, we want to argue that the cardinality

of the random set Z,(L,;[\L,]|) with A selected as % is large with high
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probability and the probabilities of link establishments between nodes in this set
are not too small as n grows large, so that it can be an ideal (random) subset to
serve as the core component in the sense of Criterion 1. In the first step, we will

show that the cardinality of Z,(L,;[\L,]) is sufficiently (unboundedly) large a.a.s..

Lemma 4.5. Assume o > > ~. For any p-admissible scaling L : Ng — Ny with
p >0, assume that

1+ plnT(0) > 0. (4.19)

For any constant ¢ in (0, 1), it holds that

T e pn
e YAV T Rl (4:20)

with X\ selected as

yo  H(A)B
w(1)B + p(0)y

(4.21)

Before establishing Lemma[4.5] we state another useful fact that will facilitate

the forthcoming analysis.

Lemma 4.6. For any p-admissible scaling L : Ng — Ng with p > 0, there exists a

positive integer N such that

(1.1

WV

N (4.22)

with

1—A
A€ (0,1) and k(\) = min (1, T) .
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Details of Lemma [4.6] can be found in Appendix [B]
Fix ¢ in (0,1). We know from (4.18) that

’Zn<Ln§ P‘Ln])| ‘Wn(LnQ [)‘Ln])
g [E [WaLn: DL ] =¥ [E [Wo(Lo: [\Lu]

|)H >c], n=23,....

(4.23)
Lemma B.5] will be established if we can show that
. (W (L [ALa)| ]
lim P >c| =1.
n—a lE [[Wa(Ln; [ALn])]]
Now we proceed to prove Lemma |4.5|
Proof. Forn =2,3,... and L =1,2,..., the expression
Wa(L; 0) = > 1[Sp(u) = 4], £=0,1,...,L (4.24)
u=1

shows that the quantity |W,(L;¢)| is the sum of i.i.d. 0,1—valued indicator rvs
{1[SL(u) = é], ue Vn}. The expected cardinality of the random set W, (L;¢) is

therefore given by

E(W(L:0)] = E[il[sm =e]]
= nP[Sp(1) =]
= n<L)u(1)Zu(0)L—f, (=0,1,...,L (4.25)
upon using the fact that the rvs {Sr(u), u € V,} are a collection of i.i.d. binomial
rvs with parameters (u(1), L).
For any p-admissible scaling L : Ny — Ny with p > 0, by Lemma [£.6] with
sufficiently large n and
d(n; Ly) = [AL,| — ALy,
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we conclude that

E [|Wa(Ln; [AL,])]

= g P

e () () ()
poy (0 ()

\%

1—A

where we have set

Indeed, the last step was based on the facts that

p(1)) " ey
(m) > 1, if —==>1

and

p(WN O ) (1)
> , if < 1.
1(0) 1(0) 1(0)
Consider the quantity

AEnn (=N _ a1 (4.27)

where 7 is given by

T=7(\B,7) =Anf+ (1 =Ny <0.
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Multiplying (4.26) by (4.27)), we get

E[| W (Lu; [ALy])[] 8y 0V En

O (1) (D)8 p(0)y) Y
27TA(l—A)Ln< A ) (ﬁ)
k(A (1))

= n L(0)5n
27\ (1 — \) Ly,

o) KA p(1) (4.28)
o2mA (1 — N L,

as elementary calculations yield

w(1)B  p(0)y
T T '(0). (4.29)

Under the condition 1 + pInI'(0) > 0, we obtain

lim E[[W, (Ly: AL, ][50V = oo

n—o0

and the result

lim E[|W,(Ly: [\L,])[] = o0 (4.30)

n—00

follows by virtue of (4.27). Moreover, when n is large, it is plain that

k(A p(1))

E[|Wo(Ln; [AL])[] = n'ten T =en7 :
[[Wo (L [ALn])]] SNERS

As a result, for any constant ¢ in (0,1), a lower bound to the probability of
the event |W,(Ly; [AL,|)| > cE[|W,(Ln; [ALy,])|] can be obtained by the Chernoff-

Hoeffding inequality |23, Prop. 2.4]. This takes the form

P [[Wo(Ln; [ALn])| > €E [|[Wa(Ln; [ALa])|]]

= 1= P[|WalLui [ALaD)| < B [[Wa(Las [ALa])|]]

_ (1=0)2E[|[Wn (Lns[ALnDI]
2

> 1—¢ (4.31)
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By virtue of (4.23)) and (4.30)), we get

. | Zu(Lu [ALW])|
llﬂﬁfp[mw( Loi A La))] C]
1)

)
(Wi (L; [ALy])| N
E [[Wo(Lo: ML D]~ €

n—0o0

> liminfP [

=1

which completes the proof of the lemma.

Fixn=23,... and L =1,2,...,if

P, = {aL e {0,1}*: Zaé = ML]}>
=1

then

Tw(Pr) = Zn(L; [AL]).

The bound B(Pr) can be constructed as follows. Under the assumption oo > 5 > =,

we now show that

u,v € Zy(L; [AL]),
Plu~p v|AL(w), AL(v)] = By VE (4.32)
U # .

Indeed, we know

Plu~p v|Ap(u), AL(v)]

- aZnglAz(ﬂ)Ae(v)QZle(1—Ae(U))Ae(v)+Ae(u)(1—Ae(v)) S (1= Ag(u) (1-Ag (v)) (4.33)

v

for distinct w,v in V,,. For distinct u and v in Z,(L; [AL]), we can split (4.33]) into
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two parts, namely
a1 Az(U)Ae(v)ﬂZLl(17Ae(U))Ae(v) > 525:1 Ag(vu)
BAL+(ZZL:1 Ag(v)-AL)
> ﬁ/\L,y(ZleAg(v)—AL) (4.34)
and
BA(A=Ae(0) 4 XL (1= Ac()(1=A(0) 5 N (1=Ae())

_ 7(14)&(25:1 Ag(v)=AL) (4.35)

The bound in follows from the fact that 37y Ay(u)—AL > Osince Y1), Ag(w) =
[AL] = AL for all w in Z,(L;[\L]). Now, multiplying to (4.35), we get the
bound in . The quantity f*41=YE ig therefore a qualified candidate for
B(Py).

Eventually, for any p—admissible scaling L : Ny — Ny with p > 0, we are ready
to show that Z,(L,;[AL,|) is a.a.s. connected, and therefore can serve as a core

component in the sense of Criterion 1.

Lemma 4.7. Assume o« > 3 > . For any p—admissible scaling L : Ny — Ny with
p > 0, we further assume that 1 + pInI'(0) > 0. With

N IO
w(1)B + p(0)y’

the subgraph induced by nodes in Z,(Ly;|\L,|) of M(n; L,) is connected a.a.s.,

namely

lim P[ Z,(Ly; [ALy]) is connected | = 1. (4.36)

n—o0
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Proof. Fix n =2,3,.... For any p—admissible scaling L : Ny — Ny with p > 0, let

Ln
P = {aLn e {0, 1}% ZCL[ > [/\Ln]}, n=23,....
=1
Therefore we have
Tn<PLn) = Zn(Ln§ [)‘Ln])'

With Z,,(L,; [AL,|) = T < V, given, Lemma [4.4] yields

P[ Z.(Lyn;[ALy,]) is connected |Z,(Ly; [AL,]|) = T]

2 T
> 1) (yTye—B@Ln)@) , (4.37)

Now, assume |T'| = cE [|W,,(Ly; [ALy,])|] for some ¢ in (0,1). As a result, for

n sufficiently large and with
B(Py,) = 5410,

the inequality (4.28]) yields

T c .
TBp) > SEIWALG LD #r 0

2
(14pnimr() K (A p(1))

24/27A(1 — \)L,,

For any ¢ in (0,1 + pInI'(0)), there exists a positive integer N = N(J) such that

= n

(4.38)

T T| Az, (1-wL
_B - 1 n n
5 (Pr.) 50

Fix § in (0,1 + pInT'(0)). For sufficiently large n, noting that

- 7 _nd
|T’6 B(Pr,)5 < 6lnn n’ _ 1,
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we get

[+
—
e
®|
o8]

3
5
NE
N—

g
)
[+

(eln n—n5> "
r=1 r

elnn—n5 <1 _ eg(lnn—n‘s))

1 — eln n—nf
5

I
—_

eln n—n

(4.39)

1 — elnn—n‘s ’

It is now plain from (4.37) and (4.39) that there exists NV in Ny such that

P | Z.(Ln;[AL,)) is connected | Z,(Ly; [ALy]) = T

Inn—n?
> 1 T| = E[|Wn(Lp; [Moa])l], 7= N.

1— elnn—n
But we have
IP[[ Zn(Ly; [ALy)) is connected | N [ [ Z,(Ly; [ALn|)| = cE [|[Wy(Ly; [AL])|] ]]
— P[|Zu(Ln; [NLo])| = B [[Wo(Ln: [ALL])]] ]
XIP[ Zn(Ly; [ALy)) is connected !Zn(Ln; [AL,|) = cE[|W,(Ly; [)‘Ln])u]

> (1 - 1—) P [|Zu (Lot [NLu)| = B [[Wi (Lo (AL D] (4.40)

— ¢eln n—nd

lim P[] Z,(Ln; [ALn])| = B [[Wo(Ln; [ALn][]] = 1

n—o0
_ 0
) elnn n
lim 1-— PEEEEET——— = 1.
n—00 1 — elnn—n

[ Z0(Lpn; [ALy]) is connected ]

from Lemma .5 and

Therefore

lim inf P
n—0o0

O Za(Ln; NLaD)| = B [[Wa(Lni [ALa])I] ]

\%
—_
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The desire result readily follows by leveraging the trivial bound that

P[[ Zu(Ln; [ALy]) is connected | N [|Z,(Ly; [AL,])| = cE[|[W(Ln; [ALa])]] ]

< P Z.(Ly;[ALy]) is connected |

< L

4.5 A proof of Theorem 4.1

From Lemma [£.7] we know that the subgraph induced by the random node

set

Zn(Ly; [ALy)|) €V, is a.a.s. connected. This random subset serves as a core com-

ponent in M(n; L,) in the sense of Criterion 1. To complete the proof for the one

law of connectivity, we only need to show that the random node set Z,,(Ly;[ALy,])

satisfies the condition in Corollary [4.3] namely

i Y e

1[u € V,\Zn(Ln; [ALy)]

[

(1= Qu, (AL, (u), AL, (v)) | =0.

ueVp,
v € Zn(Ln; [ALn]),
vV FEU
) (4.41)
Fix n = 2,3,.... For any node u in V,,, under the assumption a > g > ~, it

follows that
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N

N

<

[T (- QuAL @), AL®)

VEZn (Ln;[ALyn]), v#u
I1 (1 S A A(w) g (= Ae(w) Ae(v)
VEZy (Ln;[ALy]), v#u

x BU-Ar®)Ar(w) fglu—Az(u))(l—Ae(v)))

g

Ln "
H <1 — <0426L:nl Aé(u)ﬂfol(l—Ag(u))>Ze_1Ae( )
/UEZn(Ln;I—AL"-I)7 'U?E’U/

In (1—A,(v
y (525”1Am)vzfnl(l—Ag(u)))ZH( ‘ ”)

I1 (1 _ g Ae<v>72£gl(1—Ae<v>>>

VEZy (Ln;[ALy]), v#u

3 St Ae(v)=ALn
H 1— ﬁALn,y(l—)\)Ln (_)
VEZn (Ln;[ALn]), v#u v

I (1 — grenyI=NEn) (4.42)

VEZn (Ln;[ALyn]), v#u

since v in Z,(Ly; [AL,]) implies 37, Ay(v) — AL, > 0. Substituting (4.42) into the

condition (4.41)) gives

N

N

SE | 1[u € Vi\Zu(Lu; [AL,])] I1 (1 - Qr,(AL,(u),Ap,(v))

VEZp (Ln;[ALn]), v#u

i E | 1[u € V,\Zn(Ly; [ALn))] H (1 — BrEny(1=N)n)

=1

YVE
u=1

S

VE€EZn (Ln;[ALn)), v#u

[T (=i 1[v € Zy(L; [AL])])

| VeV v#u

@E[(

1 — By N[y € Z, (L [ALa])]) ]

n (1= By NP 1 e Z,(Lo; [AL)])" (4.43)
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By virtue of Lemma [2.4] it is plain that

n (1 — By NP1 e Z, (Lo ML)

< pe— (DB =N ERPlEZ, (L[ ALa])]
~

=L ALy (=N EnE[| 2, (L [ALn])]] (4.44)

since nlP[1 € Z,,(Lyn; [ALyn])] = E[|Zn(Ln; [ALy])|]- Recall from (4.18) and (4.28)

that

AN R (| Z,(Los L)) = By VB [[Wa (Lo [AL])]

(14p» InT(0)) E*(A; (1))
27 (1 = N L,

= n

for sufficiently large n. Under the condition 1 + pInT'(0) > 0, fix some § in (0,1 +

pInT'(0)). There exists a positive integer N = N(J) such that

14pn InT(0)) k*(A; p(1)) -l
27A(1 — N L,

n!

, n=N.

It is plain that

. _n=1.6
lim e™"~ %™ =0, >0,
n—0o0

and therefore

Ly o Bt By =N I E]| Zy (L AL )]
n—0o0

—-1_6
< lim elnn—”Tn

n—a0

= 0.

As a result, the left hand side of (4.44)) converges to 0 when n grows unboundedly
large, and the condition in Corollary is therefore satisfied. This completes the

proof of Theorem [£.1] . ]
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Chapter 5

Triadic Closure

In the previous two chapters, the zero-one law for the absence of isolated nodes
and the zero-one law for connectivity for MAG were established. Now we turn our
attention to two other important properties of MAGs, the number of triangles and
triadic closure.

Triangles, or cliques formed by three nodes are one of the most important
building blocks of social networks. They form the basic structure that reflects tran-
sitivity, where the number of triangles is closely related to the clustering properties
of the graph. In this chapter, we discuss triadic closure, the emergence of triangles

and the limiting behavior of the total clustering coefficient in MAGs.

5.1 The property of triadic closure

Our discussion starts with a widely studied phenomenon, known as triadic
closure, which depicts the tendency of closing a triad to form a triangle. In the

context of social networks, if A is familiar with both B and C, then B and C are

83



more likely to know each other. This can be formalized by requiring
Plw ~ v|lu ~ w,u ~ v] > Plw ~ v], distinet u, v, w € V,,,

i.e. by sharing a common neighbor (acquaintance), two nodes are more likely to be
themselves adjacent.
We claim that M(n; L) has the property of triadic closure. This is the content

of Theorem [B.11

Theorem 5.1. Assume o > 3 > ~y. The following two strict inequalities

Plu ~p v|lu ~p w,v ~p w|] > Plu ~p v], distinct u,v,w €V, (5.1)

and

Plu ~p v,0 ~p w,u ~p w,] > Plu ~p v]*, distinct u,v,w € V,. (5.2)
hold form =3,4,... and L=1,2,....
As stated in (2.10)), the link variables have the form

u,v eV,
xr(u,v) = 1[U(u,v) < Qr(AL(u), AL(v))], (5.3)
U F .

For each pair of distinct nodes v and v in V,,, u being L-adjacent to v (u ~p v) is

equivalent to the event xr(u,v) = 1, whence we have

Plu ~p v] = E[x(u,v)],

P[U ~L VU, U~[ w] =E [XL(U7 U)XL<U> w)]
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and

]P[u ~L UV, U~ W, U~ w] =E [XL(U’ U)XL(U,U))XL(U,ZU)]

for distinct u, v and w in V,.

Therefore, establishing (5.1)) and ([5.2)) is equivalent to showing

E [XL (uv U)v XL(UJ w)] >E [XL (u’ U)] E [XL (U7 w)]

and
E [xr(u, v)xr (v, w)xr(u, w)] > E[x1(u, v)] E[x1(v, w)x1(uw, w)],

respectively. As these two inequalities are reminiscent of the notion of association
of rvs [21], it is not surprising that we rely on the following technical facts to prove
Theorem (.11

According to the definition of association, the R—valued rvs Xy,..., X, for

some positive integer m are associated iff

for all nondecreasing mappings f,g : R”™ — R for which E[f(X)g(X)], E[f(X)]

and E [¢g(X)] exist where we use the notation X = (X,..., X,,).

Lemma 5.2. For positive integers n and L, if the rvs in the triangular array
{XL(U7U)> u,v € Vna u < U}
are associated, then the two inequalities
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and

Exc(1,2)x2(2,3)] 2 E{x.(1,2)] E [x.(2,3)] (5.5)

hold.

Proof. Here we use the definition of association with x = {z,,, u,v € V,,, u < v} so

that m = @ for some integer n. We define two mappings hq, hs, hs : R™5 LR

by

hl(X) = T1,2,
ha(x) = xf:ax;,:a

and

h3<X) = 513'273.

respectively, where % = max(0, z) for z in R.

If we set xr = {xr(u,v), u,v€V,, u<wv}, then it is plain that

hl(XL) = XL(1> 2)7

ha(xr) = xz(1,3)"xL(2,3)" = xc(1,3)xL(2,3)

and

hS(XL) = XL(2> 3)7

respectively, since all rvs in x are {0, 1}-valued. By the association of the rvs in

X, we get the two inequalities

E [XL(L Q)XL(Zv 3)XL(1’ 3)] = E [XL(L 2)] E [XL(1> 3)XL(27 3)]
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and

E [XL(lv 2)XL<2’ 3)] =E [XL(lv 2)] E [XL(27 3)] .

5.2  Association of rvs

Thus, in order to make use of Lemma [5.2] we need to prove that the rvs in

the triangular array {xr(u,v), u,v € V,, u < v} form a collection of associated rvs.
Lemma 5.3. For eachn =2,3,... and L =1,2,..., the rus
{xr(u,v), u,veV,, u<uv}
are associated if « > 5>y ora < <.
This lemma will be established with the help of the following two lemmas.

Lemma 5.4. For some positive integer m, let Uy, ..., U, and Py,..., P, be two

independent collections of rvs. It is further assumed that

1. The rvs Uy, ..., U, areii.d. rvs, each of which is uniformly distributed on the

interval (0,1).
2. The rvs Py, ..., Py, are [0, 1]—valued rvs.

We set

Xy =1Ur < P], k=1,....m. (5.6)

If the rvs Py, ..., P, form a collection of associated rvs, then the rvs Xi,..., X,
also form a collection of associated rvs.
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Proof. Set

X = (X1,...,Xp) and P = (P1,..., Py).

When we need to explicitly address the relationship between X and P, we write
X = X(P) = (XI(P1>7 s 7Xm(Pm))7

where

Xi(pr) = ]—[Uk <pk], prel0,1], k=1,...,m.
With non-decreasing mappings f, g : R — R, we need to show that

Elf(X)g(X)] = E[f(X)]E[g(X)]. (5.7)

Under the enforced assumptions, we have

Elf(X)g(X)] = E[E[f(X(P))g(X(P))[P]]

-~ E[E[fXE)IXP)p| PeOU™  (58)

With p in [0, 1]™ fixed, the rvs Xi(p1), ..., Xm(pm) are mutually independent

and independent of P, hence associated |21, Thm 2.1]. Therefore

E[fX(p)g(X(p)] = E[f(X(P)]E[9(X(p))]- (5.9)

fp)=E[fX(p)], pelo,1]" (5.10)

and

9(p) =E[g(X(p))], pel0,1]™ (5.11)



With this notation, the inequality (5.9) becomes

~

E[f(X(p))g(X(p))] = f(p)3(p)- (5.12)

It now follows from (/5.8]) that

> E [ f(P)g(P)] . (5.13)

~

The mappings p — f(p) and p — g(p) are non-decreasing in p, a property
inherited from the fact that the mappings f,¢g : R™ — R are themselves non-

decreasing. The fact that the rvs Pi,..., P, are associated immediately implies

E[f®)ge)| = E[FP)|E[5P)] (5.14)

with

and
E[§(P)] = E[E[9(X(P))]pp| = ElsX)].

The desired result (5.7]) now follows. [ |
It is easy to see that 1’ is of the form ([5.6)) with m = @ and
P={Qr(AL(u),AL(v)), u,v e V,, u<uv}.

By virtue of Lemma, , the rvs {xr(u,v), u,v € V,, u < v} are therefore associated
if we show that the rvs {Qp(AL(u), AL(v)), u,v €V, u < v} are associated.
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Lemma 5.5. Formn=3,4,... and L=1,2,..., if eithera > 3>~ ora < <7,

then the rvs

{Qr(AL(u), AL(v)), u,v e V,, u<uv}

are associated.

Proof. Fixn = 3,4,... and L = 1,2,.... Recall that, for u,v € V,,, u < v, we
have
L
QL(AL(u), AL(v)) = | [a(Ac(u), Ac(v)). (5.15)
=1

For each pair of (u,v) in V,, where u < v, the rv Qp(Ap(u), Ar(v)) is non-decreasing
in the non-negative rvs {q(As(u), A¢(v)), £ = 1,..., L}. Ifthervs {q(As(u), Ae(v)), £ =
L,...,L, u,v e V,, u < v} are associated, then the target rvs {Q(AL(u), AL(v)), u,v €
Vn, u < v} are associated since association is preserved under this non-decreasing
transformation 21|, Property 4].

Furthermore, because the rvs {Ay(u), ¢ = 1,...,L, u € V,} are mutually
independent, the collections of rvs {q(As(u), A¢(v)), u,v €V, u <v}l=1,2,... L
form L mutually independent sets of rvs.

Now, it suffices to show that, for each ¢ =1, ..., L, the non-negative rvs

{q(Ap(u), Ag(v)), u,v eV, u<uv}

are associated since the union of independent sets of associated rvs is a set of asso-
ciated rvs |21, Property 2].
For each ¢ = 1,..., L, the rvs {A,(u), u € V,,} being mutually independent,

hence associated [21, Thm 2.1}, whence the rvs {q(As(u), Ae(v)), u,v € V,, u < v}
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are associated since
q(a,b) = aba + (a(l —b) + b(1 —a))B + (1 — a)(1 — b)y, (a,b) € [0,1]?

1S monotone.

Indeed, partial differentiation with respect to a and b give

@gw — ba+((1-b) —b)B— (1 -b)y
= bla—B)+1—-b)(B-7)
and
dq(a,b)
S = aat((l-a)—a)f—(1-a)y

— ala =)+ (1-a)(B-7)

respectively. Both partial derivatives obviously being non-negative (resp. non-
positive) when o > 5 >~ (resp a < 8 < 7). It follows that g(a,b) is monotonically
increasing (resp. decreasing) on [0, 1]*> Lemma [5.5]is now readily established, so is

Lemma (.3 [ ]

5.3 Probability of forming a triangle

Forn=23,... and L = 1,2,..., the rvs {xz(u,v), u,v € V,,, u < v} being

associated, it follows that both the inequalities
Ex2(1,2)xc(2,3)x2(1,3)] = E[x2(1,2)] E [x£(2,3)x(1,3)]

and
E[xe(1,2)xr(2,3)] = E[xr(1,2)] E [x(2,3)]
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hold, or equivalently,
P[1~12,2~.31~3]=P[1l ~p2]P[1 ~1 3,2~ 3]

and

P[l~;2,2~,3]=P[1~p2]P[2~, 3]

by virtue of Lemma [5.2

To establish the two strict inequalities of ([5.1)) and (5.2]), we need to show that

P[1~p2,1~.3,2~,3]#P[1~p2]P[l~13,2~;3] (5.16)

and

P[1~p2,1~,3,2~.3#P[1~2]. (5.17)

Since both inequalities involve the probability of forming a triangle, we proceed by

computing this quantity.
Lemma 5.6. Forn =3,4,..., L =1,2,... and distinct u,v and w in V,, we have

Plu ~p v,u ~p w,v ~1 w]

= (u(1)%a® + 3u(1)2u(0)aB? + 3u(1)p(0)26% + ()" . (5.18)

Proof. Fixn =3,4,..., L =1,2,..., L and pick distinct v, v, w from V,,. From
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the definition of the link variables in (/5.3]), we have

Plu~p U, U LW, L w]
U(u,v) < Qr(Ap(u), AL(v)),
= P| Uu,w) < Qr(AL(u), AL(w)), |- (5-19)

U(w,v) < Qr(Ar(w), Ar(v))

Since the rvs {U(u,v), u,v € V,,, u < v} are mutually independent and independent

of the rvs {AL(u), ue V,}, the right hand side of ((5.19)) becomes

P[u ~L U, U~ W, U~ w]
= E[Qr(AL(u), AL(v))QL(AL(w), AL(w))QrL(AL(w), AL(v))]
= E Hq(Ae( Hqu w) | [ a(As

(=1
= TTE[a(Ad(w), Ae(0))g(Ar(w), Ac(w))a(Ad(w), Ar(v))]
= [0+ 3001 u0)a” + 3107 5y + (07
= (u(1)*a® + 3u(1)*1(0)a B + 3u(1)(0)2 B2y + p(0)*4*) " (5.20)

as we make use of (5.15) and of the mutual independence of the rvs {Ay(u), ¢ =

L....,L, ueV,}.

Noting that
Blu~z v] = (T (1) + u(0)T(0)*
and
Plu~g v,u~g w] = (u(UT(1) + u(O)L(0)%)
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from ([2.18]) and (2.26)), the desired results (5.16)) and (5.17]) now follow.

The proof of Theorem is completed as we note that none of the quan-
tities P [u ~p v], Plu ~p w,v ~; w] or P|u ~p v,u ~; w,v ~; w]| depend on the

particular choice of nodes in V,,.

5.4 The zero-one law for the existence of triangles

Having the expression for the probability of forming a triangle, it is natural to
investigate the zero-one law for the emergence of triangles. To facilitate the analysis,
with

0 = (u(1),a,5,7),

we write

K(0) = E[q(A(1), Ar(2))q(Ae(1), Ar(3))a(Au(2), Ae(3))]

= p(1)’a® +3u(1)*u(0)af® + 3p(1)u(0)* 8%y + u(0)*4*. (5.21)

Obviously, the quantity K (6) is in (0,1). Moreover, the probability of forming a

triangle can now be rewritten as
Plu~gv,u~pw,v~pw]=K(0)*"

forn=3,4,...,, L =1,2,.... and distinct u,v,w in V,,.
The zero-one law for the emergence of triangles is given in the following two

theorems. We start with the zero law.
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Theorem 5.7. Assume a > 8 > . For any p—admissible scaling L : Ny — Ny with

p >0, the zero law

lim P[ M(n, L,,) contains triangles | = 0

n—ao0

holds if

3+ pln K () < 0. (5.22)

The one law takes a very similar form.

Theorem 5.8. Assume a > 8 > . For any p—admissible scaling L : Ng — Ny with

p >0, the one law

lim P[ M(n; L,) contains triangles | = 1

n—0o0

holds if

3+ plnK(0)>0. (5.23)

We start by counting triangles. Pick positive integers n = 3,4,... and L =
1,2,.... For distinct u,v and w in V,,, let &, 1(u, v, w) denote the indicator that a

triangle having end points (u, v, w) exists in M(n; L), it is given by

Snp(u,v,w) = 1u ~p v,u ~p w,v ~p w| = xr(w,v)xp(v,w)x(u,w).  (5.24)

It is obvious that the order of the triple does not matter, (e.g. &,r(u,v,w) =

énn(v,u,w), ete.,) under the enforced symmetric condition for the link variables,
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namely

u,v eV,
XL(uav) = XL(U7U)7
U # .

The number of distinct triangles in M(n; L) is given by the counting rv T,,(L)

defined by

T.L)= > &uuluv,w). (5.25)

I<u<v<w<n

Interest in this count variable stems from the observation that M(n; L) contains at

least one triangle iff 7,,(L) > 0, leading to the key relation
P[ M(n; L) contains triangles | = P[T,,(L) > 0] .

This fact will be used to establish the zero-one law for the emergence of triangles by
leveraging easy bounds on the probability P[T,,(L) > 0] and P[T,,(L) = 0] in terms
of the first and second moments of the rv T,,(L) (as discussed in Section [2.4.4)).

The following proposition is an immediate consequence from Lemma [5.6]

Proposition 5.9. Forn =3,4,... and L =1,2,..., we have
Brw] - () K07 (5.26)

with K(0) defined at .

Proof. Fix n =2,3,... and L = 1,2.... With the notation defined in (5.21)), we

have

E[&nr(u,v,w)] = E[llu~pv,u~pw,v~pw]]

= K" (5.27)



for distinct u, v, w in V,,. As a result, the expected number of triangles in M(n; L)

is given by

E[T.(L)] = E[ > Gunluv,w)

I<u<v<w<n

= Z Plu~pv,u ~p w,v ~p w|
I<u<v<w<n

- > K@

I<u<v<w<n

- () 529

since there are (’;) distinct unordered subsets of V,. [ |

The second moment of the count variable (5.25) can also be evaluated in the

usual manner.
Proposition 5.10. Forn =3,4,... and L =1,2,..., we have

E[T,(L)*] - (Z)]P’[l ~p2,2~p 3,1~ 3]

+3(n — 3) (Q)P[l ~1 2,2~ 3,1 ~p 3,1 ~p 4,2 ~p 4]

3
+ (Z) <" N 3) Pl ~; 2,2~ 3,1 ~; 3]% (5.29)

—3
+3<n) ("2 )]P’[l ~12,2~53,1~13,1~4,5~p 4,1~ 5]

Additional details about Proposition [5.10] are given in Section [C]

5.5 A proof of Theorem [5.7

The first step deals with the first moment of the count variable T,,(L,). A
zero-infinity law is given as a straightforward consequence of Proposition [5.9]
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Proposition 5.11. Assume o > 3 > . For any p—admissible scaling L : Ny — Ny

with p > 0, we have

o if3+plnK(H) >0

lirrolo E[T.(L,)] = < (5.30)
0 if3+plnK(0) <0.
\
Proof. Fix n = 3,4,.... For any p—admissible scaling L : Ny — Ny with p > 0,

recall from Proposition [5.9] that

3
We have
BT (L) - Moy
_ n(n— 2)3(71 —2) %ngwn mK(0) (5.31)

which diverges to oo (resp. converges to 0) if 3+ pln K(0) > 0 (resp. 3+pln K (6) <

0) as we note that

Under the condition (5.22)), Theorem follows immediately upon applying

the bound in (2.39) with Z,, = T,,(L,,) here. |
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5.6 A proof of Theorem [5.8

To prove Theorem [5.8] we use the method of second moment already discussed
in Section through the bound

E [T, (L))"

mg]}»[ﬂ(%p@], n=34,.... (5.32)

Theorem will be established if we show that condition (5.23]) implies

- B [T0(Ln)*] _
hinf;}p m =1 (5.33)

Fix n = 3,4,.... For any p—admissible scaling L : Ny — Ny with p > 0,

Proposition yields

E[T,(Ln)?] (1+ ("3))E[Tu(La)]) E [T
2 E[Tn@ )J2
+3(n —3)(5)E [€n,r, (1,2,3)&n,1,(1,2,4)]
E[T,(Ln)]?
3(5) (") E [6n.r,(1,2,8)60.1,(1,4,5)]
E[T,(L,)]?

+

),
(3) (K@)
Jr3(n — 3)IP>[1 ~p, 2,2~ 3,3~ 1,4~ 1.4~p 2]
(5) K (6)2n
3(")VP[1 ~1, 2,2 ~1, 3,3 ~p, 1,4 ~p, 1,4 ~p, 5,1~ 5]

(g) K(Q)QL”

+

Under condition ([5.23]), we have lim (")K (6)L» = oo by Proposition [5.11, implying

n—0o0 3

1
lim ——— =0.

" R

Since




Theorem [5.8 holds if we show that both ratios

3(n—3)(3)P[L ~1, 2,2 ~1, 3,3 ~1, 1,4~ 1,4~ 2]

5.34
(YP[1 ~p, 2,2 ~1, 3,3 ~1, 1])° (5.34)

and

B (5PM ~0, 220, B3~ LA g LAy B~ )
(OP[L ~p, 2,2 ~1, 3,3 ~, 1]) '

converge to 0 when n grows unboundedly large.

By arguments similar to those given in the proof of Lemma [5.6, we have

P[1 ~p, 2,2 ~1, 3,3 ~1, 1,4 ~p, 1,4~ 2]

= E[Qr.(AL,(1),AL,(2)) Qr,(AL,(1),AL,(3) Q. (AL, (2),AL,(3))
Qr,(Ar,(1),AL,(4) - Qr,(AL,(2), AL, (4))]

= E[q(Ai(1), A1(2)) - q(Ai(1), A1(3)) - ¢(Ar(2), Ai(3))

q(A1(1), A1 (4)) - q(A1(2), A1(4))]

= () (5.36)
where we have set

o(0) = E[Q<Al(1>aA1(2)) ~q(A1(1), A1(3)) - q(A1(2), A1(3))
q(A1(1), Ar(4)) - q(A1(2), A1 (4))]
= p()'a’ + u(1)’w(0)(20°8% + 202 8%) + p(1)*u(0)* (! + Sy + 4a57)

+u(L)u(0)* (269 + 28%9%) + u(0)*4”. (5.37)
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In the same manner, we obtain

Pl ~p, 2,2 ~p,3,3~p, 1,1~ 4, 1~p 54~p 5]

= E[Qr.(Ar,(1),AL,(2) Qr,(AL,(1),AL,(3))  Qr,(AL,(2), AL, (3))

Qr, (AL, (1), AL, (4) - QL,(AL,(1),AL,(5) - Qr,(AL,(4),AL,(5)]

= E[q(Ai(1), 41(2)) - ¢(A1(1), A(3)) - q(A1(2), A1 (3))
q(Ar(1), Ay (4)) - q(Ar (1), Ar(5)) - g( A1 (4), Ay (5))]""

_ \I,((%Ln

where we have defined

‘I’(G) = E[q(Al(l),A1(2)) : Q(A1(1)7A1(3)) ) Q(A1(2)>A1(3))

‘Q(A1(1)7A1(4)) : Q(A1(1)>A1(5)) : C](Al(4)> A1(5)>]

= u(1)°a® + p(1)'u(0) (40" 5% + a?5Y)
+u(1)°1(0)*(20° 8%y + 407 B* + 4aB*y)
+u(1)2(0)* (4afty + 2087y + 4519%)
+(1)p(0) (48°7" + B'7%) + u(0)°°.
As a result, for n = 3,4, ..., the ratio becomes

3(n —3)®(0)""

n—
(5) K (0)2%
3( _3)n74+4(1+%pn1n\11(9))

—6+6(1+3pn In K(0))

Since

-3 Z A1+ 300 0 8(0))=6(1+ 1 o In K (0))

(5.38)

(5.39)

(5.40)



the ratio ([5.34]) converges to 0 if

lim sup <4 (1 + }lpn 1n<I>(«9)> 6 (1 + %pn In K(@))) 0. (5.41)

n—00

Observe that

4 (1 + ipn 1n<1>(9)> -6 (1 + %pn In K(é’))
< 4 (1 + ;lpn In @(0)) —4 (1 + épn In K(@))

_ 4 Gpn In () — %pn 1nK(6’)>

for sufficiently large n, since lim 1+3p, In K () = 14+3pIn K(#) > 0 under condition
n—0o0

(5.23). Tt is plain that the inequality (5.41) holds if

iln@(@) < %mx(@),

or equivalently,

d(0)* < K(0)*.

However, it is plain that

d(0)* - K(0)* <0

by direct (and painstaking) calculations.

Similarly, for n = 3,4, ..., the ratio (5.35) can be rewritten as

2

(5) K (0)2%
3 (n;S) n75+5(1+épn In ¥ (6))
(g)n76+6(1+%pn In K (0))

3(",°) W (O)"

= —=-—n

n—3 —
3("7)n® 5(14 o0 W (0)) ~6(14+ 1pn I K(6)) (5.42)
(3)n=°
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Since

lim —( = )116 =9,
e (3)n
we have ([5.35)) converge to 0 if
. 1 1
lim sup (5 (1 + =P In \11(9)> —6 (1 +5Pn In K(9)>) < 0. (5.43)
n—ao0

Observe that

5 <1 + épn ln\Il(Q)) 6 (1 i épn an(Q))
<5 <1 + %pn ln\I/(ﬁ)) _5 (1 ; %pn an(Q))

-5 <%pn In W (6) — %pn 1nK(9))

for sufficiently large n, since lim 1+3p, In K () = 14+3pIn K(#) > 0 under condition
n—0oo

(5.23). Simple calculations show that ([5.43)) holds if

%ln\IJ(H) - %an(e) <0,

or equivalently,

U(0)? < K(6)°.

Indeed, a direct, though tedious, subtraction yields

T(0)® — K(0)° < 0.

Collecting, we have that both ratios in (5.34) and ([5.35)) converge to 0 when

n grows unboundedly large, implying

lim —E [Tn(Ln)]2 =1
n—w & [Tn(Ln)Q] ’
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which serves as a lower bound to lim P[7},(L,) > 0]. This completes the proof of
n—ao

the one law for the emergence of triangles by virtue of ??eq:ZeroLawZ)«M with

Zy = To(Ly). m

5.7 Convergence of the total clustering coefficient

Many real world social networks are known to exhibit high clustering (or tran-
sitivity) |4]. This phenomenon is informally characterized by the propensity of a
node’s neighbors to also be neighbors of each other. The clustering properties of a
network are closely related to the property of triadic closure discussed in Section
and to the emergence of triangles discussed in Section [5.4. To that end, we
find it interesting to look at clustering coefficients in MAGs and to investigate their
limiting behavior when the number of nodes n grows unboundedly large.

While there are several clustering coefficients, we are specifically interested in

the version defined by

(

Tn(L .
%T;;E(Q if T*(L) > 0

C*(M(n; L)) = 4 (5.44)

0 if T*(L) = 0

where
T;f(L):Z 1u ~p v,u ~p w|

is the number of triads (i.e., spanning trees consisting of three nodes) in M(n; L).
The quantity C*(M(n; L)) is known as the total clustering coefficient and is expected

to give a good approximation to the left hand side of (5.1)). The next theorem
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formalizes this idea.

Theorem 5.12. Assume a > 3 > ~. For each L =1,2,..., we have

C*(M(n; L)) Do P[1 ~1 2|1 ~1, 3,2~ 3]. (5.45)

We will prove Theorem [5.12| with the help of the following two auxiliary lem-

mas. The first one concerns the convergence of the number of triangles.

Lemma 5.13. Assume a > 8 > . For each L = 1,2,..., we have
1
— T(L) 5, P[1~, 2,2~ 3,1~ 3] >0. (5.46)

The second lemma deals with the convergence of the number of triads.

Lemma 5.14. Assume o > 8 > . For each L = 1,2,..., we have

T*(L) 5, P[1 ~ 2,2 ~;, 3] > 0. (5.47)

1
3(3)

Theorem [5.12] can be established once these two lemmas are proved. The basic
argument relies on the following continuity result for convergence in probability |22,
Cor 2, p. 31]. For a sequence of R-valued rvs {X,,, n = 1,2, ...} such that X, in a
for some a in R?, we have

h(X,) —n h(a)

if h : R — R is a mapping that continuous at a.
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From (j5.44)), we know that C*(M(n; L)) can be expressed as the ratio

if T*(L) > 0

C*(M(n; L)) =+ (5.48)

0 if T*(L) = 0.

We define the mapping R x R, — R : (z,y) — h(z,y) by

-

< |8

ify>0

h(z,y) = <

It is obvious that

Having the rvs (ﬁTn(L), 3(1,1>T;(L)> converge in probability to (P[1 ~p 2,2 ~p
3 3

3,1 ~; 3,P[1 ~; 2,2 ~; 3]) and h(z,y) being continuous at (P[1 ~p 2,2 ~p

3,1 ~1 3],P[1 ~ 2,2 ~1, 3]), the convergence in Theorem is now straightfor-

ward.

5.8 A proof of Lemma |[5.13] and Lemma [5.14

The proof of Lemma [5.13]is given first:

Proof. Fix n = 3,4,... and L = 1,2,.... Recall that the count variable T},(L)

takes the form stated in (5.25)). By Proposition , we have

1 1 (n
E[ﬁTn(L)] = W<3)P[1NL2’2NL3’1NL3]

3 3
= P[l~;22~53,1~3] (5.49)
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For arbitrary € > 0, Chebyshev’s inequality gives

] Var (ﬁTAL))
P[?TQQJ—PU~LZQ~L&1~LQ >%]< ; .

n—o0

The lemma is established if we show that lim Var (ﬁTn(L)) = 0.
3

For each n = 2,3,... we have

Var <(—1)Tn(L)) = ! (E[Tn(L)z] - Ez[Tn(L)])

n n\ 2
3 (3)
with
1 1
—E[T.(L)*] = Z5P[1~p2,2~13,1~;3]
(3) (3)
+%P[l ~2,2~0 3,1~ 3,1~ 4,2~ 4]
3
3(71—3)
+—2 2Pl ~; 2,2~ 3,1~ 3,1 ~p 4,5~ 4,1 ~1 5]
(5)
n—3
+( K )IP’[l ~12,2~13,1~p 3] (5.50)
(5)
by Proposition [5.10] As n goes to infinity, we have
n—3

P—— (”) n—w  n(n—1)(n—2)

while all other coefficients in ((5.50) converge to 0.

As a result, it follows that

1
lim (n)2E[Tn(L)2] =P[1 ~;2,2~13,1~p 3%
3

While it is plain from ([5.49)) that

(n)2 (E[Tn(L)])2 = P[l ~72,2~13,1~p 3]2
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it follows that
1
lim Var <TTR(L)> = 0.
e (3)
Thus, for L = 1,2,... and arbitrary € > 0, we have

1
lim P
e [ (3)

and the convergence (5.46|) holds

Tn(L) —]P[l ~r 2,2 ~r 3,1 ~L 3] >

E] =0,

The proof of Lemma proceeds in a similar way. Before we proceed, we

first give an expression for the second moment of the number of triads.

Proposition 5.15. Forn =3,4,... and L =1,2,..., we have

E[T(L)*] = 3<Z) [1~52,2~; 3]

P[1~p 2,2 ~1 3,3 ~; 4]
P[1~p2,2~13,2~14,2~p 5]
P1~L12~L&1~L¢1~Lﬂ

P[1 ~p 2,2 ~1 3,3~ 4,4~ 5]

[\)

+o( " (n 3)?1/~L2 2~ 32 (5.51)

w
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Now we proceed with establishing Lemma [5.14

Proof. Fixeachn =3,4,...,and L =1,2,.... We have

1

3(3)

E

T;’L‘(L)] = 3(171)E[Z Z 1w~ v,u ~p w]

— P[1~;2,1~p3] (5.52)

For arbitrary € > 0, Chebyshev’s inequality gives
Vi LT*(L
P[ o (st >)_

-2
The lemma will be established once we show that lim Var ( ! T;(L)) = 0.

1
— T*(L) = P[1 ~; 2,1 ~, 3]

3(3)

> €

~

A Vo {5

For each n = 2,3, ..., we have

1 1
Var T*(L) | = —— (E[T*(L)*] — B*[T*(L

3 3
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with

1 . 1
9(3)21}3 [Tn (L)Z] = 3(2) ]P)[l ~12,2~p 3]
2
+—P[1 ~1 2,2~ 3,1~ 3]
3(3)
—i—(nIg)P[l ~r2,2~13,2~p 4]
3(5)
2("%)
AP~y 2,2~ 3,1 ~p 4,2 ~p 4]
3(5)
+(T%PU~L22~L31~L43~LQ
3(3)
2(",%)
F AP~ 2,2 ~p 3,3~ 4]
3(5)
+(§3PU~L22~L32~L42~LH
3(3)
4("7)
+— 2Pl ~p 2,2~ 3,1~ 4,1 ~p 5]
3(5)
4(",%)
+— 2P ~; 2,2~ 3,3 ~ 4,4 ~; 5]
3(3)
("5")
+-BLP[1 ~p 2,2 ~p, 3]
(5)

by Proposition [5.15]
While the last coefficient converges to 1, the other ones converge to 0 when n

goes to infinity. As a result, we have

E|[T#(L)*] = P[1 ~; 2,2 ~f, 3]? (5.53)

) 1
lim —
" 9(3)

which implies

as we recall that
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for L =1,2,.... This result leads us to conclude to the validity of [5.47}
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Chapter 6

Degree Distribution

The last property to be discussed in this dissertation is the nodal degree dis-
tribution in the MAG model. In this chapter, we discuss the limiting behavior of
the nodal degree distribution.

Given a graph G(V, E), the degree of a node w in V' is the number of neighbors
to which u is connected in one hop. In M(n; L), the degree of node u in V,, is the
number of nodes that are L-adjacent to u. Let the rv D, (u) denote the degree of

node u in V,, of M(n; L). It is easy to see

D, (u) = Z xo(u,v), ueV,. (6.1)

VEVy , v#£U

6.1 The PMF and the conditional PMF of D,, 1(u)

We first obtain the closed form expression of the pmf of the degree variable

D,, 1,(u) for a node u in V,,.

Proposition 6.1. Forn = 2,3,..., L = 1,2,... and u in V,, the pmf of the rv
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D, 1(u) is given by
P[D,(u) = d]

= (?)u(l)%(O)L‘ﬁP’ [Dyr(u) = d|Sp(u) = €], d=0,1,...,n—1,(6.2)

£=0

where
P[Dy,z(u) = d|SL(u) = {]
_ (” ; 1) (T()T0)~ 9" (1 =T (1) T(0))" (6.3)
for each ¢ =0,1,... L.

Proof. Fixn =2,3,..., L =1,2,... and w in V,,. The rv D,, ;(u) is the sum of
the n — 1 link variables {x.(u,v), v # u, v € V,}. Since the link variables are
not mutually independent, we cannot evaluate the distribution of the rv D,, 1(u)
directly.

However, from Lemma 2.2 we know that the rvs {x1(u,v), v # u, v € V,} are
conditionally mutually independent given Sp(u) and that they are therefore condi-
tional Bernoulli rvs with parameter T'(1)5:'(0)£=5:(). Hence, given Sy (u), the rv
D,,,1,(u) is a conditionally binomial rv with parameters (n — 1, T'(1)52()T(0)£=52().

The conditional pmf of the rv D, 1,(u) is therefore given by , and the law

of total probability yields

P[D, (u) = d]
= NIP[Dyslu) = diSi(u) = (| P[Sy(u) = (]
=0
L u e Vn
- (i)u(nm(m”@ [D(u) = d|S(u) = (], (6.4)
=0 d=0,1,....,n—1



The pmf of the rv D,, 1 (u) does not depend on the choice of node u in V,,. We
shall write D, 1, for D,, (1), and all subsequent discussions are given in terms of the
generic rv D,, ;. Throughout, let Z be a standard Gaussian rv (i.e., with mean 0

and variance 1).

6.2 The convergence theorem

The pmf of the rv D,, ;, does not have a well-known form. We seek a condition
that the scaled degree rv will converge to well-known distribution. The main result

of this chapter is the following convergence, the content of the next theorem.

Theorem 6.2. Assume I'(1) > T'(0). For any p—admissible scaling L : Ny — Ny

with p > 0, it holds that

Ly, (Li (nD;, ) - (pin + (1) InT(1) + u(0) lnF(0)>>

" (6.5)
I'(1
o (VRO 1)) 2
whenever 1 + pInT'(0) > 0, where
DZ,Ln = Dn,Ln + 1[Dn,Ln = O] (66)

The reason for using the rv D instead of the rv D, , is to avoid the
boundary case D,, 1, = 0. Later, it will be clear that the probability of D,, 1, = 0

is asymptotically negligible.
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We establish this convergence result in the next two sections by a proper

decomposition of the left hand side of (6.5)).

6.3 Applying the Central Limit Theorem

We proceed with two lemmas, which will make the convergence a straightfor-

ward consequence of the standard Central Limit Theorem.

Lemma 6.3. For any p—admissible scaling L : Ng — Ny with p > 0, we have

L (L RRACIEN
VI (£ WED 50,01 - (5 + a() ) + 1))

n n

=, (\/,u(l),u(O) In %) Z.

(6.7)

Proof. Earlier in Section[6.1], we showed that for eachn =2,3,... and L =1,2,...,
therv D,, 1, is a conditional binomial rv with parameters (n — 1, T'(1)5=(W(0) =52 (1)

given Si(1). The conditional expectation of the rv D,, 1, is therefore given by
E[Dyr|S.(1)] = (n — DI (1)5Or(0)F50), (6.8)
It follows that

(1)
InE[D, |S.(1)] =In(n—1) + SL(l)lnm + LInT(0).

Fix n = 2,3,.... For any p—admissible scaling L : Ny — Ny with p > 0, a

simple subtraction yields

Lin IME[D, 1. |Ss (1)] - (pin (1) In % + lnF(O))
- (”(72—;1) = i) + (LinsLnu) - M(1)> n%. (6.9)



Because the rv Sp, (1) is a sum of L,, i.i.d. Bernoulli rvs with parameter (1) defined

in (2.2)), the Central Limit Theorem yields

Vs (-8 = 1(1) ) =, VD02

where Z is a standard Gaussian rv, whence

VIn (LinsLnu) - M(1)) 1n% o /(D (0) (m %) z

On the other hand, we have

ﬁ<m(fz_—1) 1) :m<ln(n—£)—lnn)

Pn

1 n—1
= —1 6.10
T (6.10)
so that
In(n—1) 1
lim+/L,| ————— ] =0.
”EIO]O ( Ly, Pn)
Collecting, we readily conclude the desired convergence . [

Motivated by Lemma [6.3] for n = 2,3,..., we can always decompose the left

hand side of (6.5]) as

Ly, (Linln (D) — (pi + (1) InT(1) + u(0) lnF(O))>

n

= /L, (Lln (D;Ln) — Lin InE [Dn,Ln|SLn(1)])

L,
1 1 T'(1
+v/ Ly | —WE[D,,|Sc,(1)] — [ — + p(1)In () +InT°(0) | ) (6.11)
L, Pn I'(0)
Theorem [6.2] will then be established if we can show that
1 4 1 P
v/ Ly, . In (D, ) — . mE[D,r,|S.,(1)] ] —,0 (6.12)

under the assumption I'(1) > I'(0). This issue will be addressed in the next section.
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6.4 A proof of Theorem (6.2

Observe that

D+
L ) (6.13)

D), —IE[Dy,,|S.,(1)] = In
n,Ln [Dn, 2,152, (1)] (E[Dn,Ln"S’Ln(l)]

for n = 2,3,.... Because the function x — Inx is continuous on (0,00), the left

hand side of (6.13) converges in probability to 0 if

Dz, 21 (6.14)
E [DnaLn’SLn(]‘)] " . ‘

We will first show that

—n 1, (6.15)
and then argue that

4
D'I'L,Ln DT‘L,Ln

E[Dyr,15.,(1)]  E[Dnr,[Sc,(1)]

nmpl >o]:0 (6.16)
n—0o0

Lemma 6.4. Assume I'(1) > ['(0). For any p—admissible scaling L : Ng — Ny with

p >0, it holds that

Dn L P
oLn LA 6.17
E [Dny, S5, (1] (6.17)

if 1+ pInT(0) > 0.

Proof. In order to establish the convergence (6.17)), we would like to show that

>5]=0

Dn,Ln
E[Dy.,|SL, (1)

lim P [ —1
n—0o0 ]

for any 6 > 0.
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Forn =23,..., and any 0 > 0 fixed, the Markov inequality gives

2
Dn,Ln _
D L E [(E[D7L,Ln|SLn(1):| 1) ]
P Ton —1 0| < . 6.18
ED, IS, 0] | 5 (019
As a result, Lemma [6.4] will be established if we show

Dn L 2
lim E — -1 =0. 6.19
e [<E e ) ] (0:19)

Fix n = 2,3,.... By iterated expectations, we get

san” |

* [(E Do ml 1)] - [E [(E Do 1)2

It is plain that

D1 2
- _(E[Dn ) SL"(”]
- E Di, _g Dnt, +1/9;, (1)]
_]E[ nLalSe, (D] E[Dnr,[SL,(1)] "
_ B lSn ) (6.20)

E Dz, |5z, (1)]

Recalling that

we get

Since the rvs {xr, (1,v), v = 2,...,n} are conditionally mutually independent
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given Sp, (1), we obtain

E[D2, 19, 1)] = E[Y v+ Y > v Loy, w)

+37 > Elxe,(1,0)[S5, (D] E [xg, (1,w)[SL, (1)]

= (= OIS D)5 + (n = 1)(n — 2)D(1)255 T (0)2 550,
While it is plain from that

E [Dn7Ln|SLn<1>]2 — (n _ 1)2F(1)2SL"F(O)Q(Lnfsfm),

we have

E[D2, [S1.(1)]
B m—1ﬁuﬁmnm%*%wwn—Um—2ﬁuﬁﬁdumwfﬁw_1
B (n —1)2T(1)252n T°(0)2(En—5Ln)
B 1 N n—2 1
 (n—= D)5 (0)En=Stn ~ n —1

1 1

< — : (6.21)

(n—1r0)k n-1
In the last step, we used the fact that I'(1) > I'(0). Taking expectations on both

side of (6.21)) we get

D, 1., - 2 _ 1 R .
£ [(]E [Dy.r,15L, (1)] 1) ] = (n—DI0)r n—1' 2,3,.... (6.22)

Let n go to infinity in (6.22)). Under the condition 1+ pInIT'(0) > 0, we have

lim (n — 1)I(0)*" = oo,

n—a0
and therefore (6.19) holds. This completes the proof of Lemma . [ |
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To establish the convergence in ([6.12]), we still need to establish (6.16]) which

allows us to conclude (6.14)).

|

Under the condition 1+ pInI'(0) > 0, the one-law of Theorem yields

Indeed, for each n = 2,3, ..., it is plain from that
1[D, 1, = 0]

>0 = P
] E [DnyLn|SLn<]‘):|
= P[D,, =0].

D:'_aLn DnvL”
E I:Dn»Ln ‘SLn (1>] E [D’I’L,Ln ’SLn (]‘)]

.

lim P[ M(n; L,) has no isolated nodes | = 1.

n—o0

The easy bound
1 —P[ M(n; L,,) has no isolated nodes | = P[D,, 1, = 0]

therefore implies

lim P[D,., =0] =0,

n—0o0

and (6.16) holds. This completes the proof of Theorem 6.2 [ |

6.5 A log-normal limit

Theorem (6.2 says that the logarithm of the rv D} |~ converges in distribution
to a Gaussian rv after properly centering and scaling. The rv D:; 1, should then
converge in distribution to a log-normal rv through the continuous mapping R —
R : 2 — €®. Because of the vanishingly probability of the event D,, 1, = 0 as n grows
unboundedly large, the rv D,, 1, should also converge in distribution to a log-normal
rv with a proper scaling. The following corollary formalizes this idea.
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Corollary 6.5. Assume I'(1) > I'(0). For any p—admissible scaling L : Ny — Ny

with p > 0, it holds that

(Dn,Ln)\/ifnefm(p%Jrﬂ(l) InT'(1)+4(0) lnF(U)) =, lnN (0’ ﬂ(l)M(O) 1n2 %) (623)

if 1+ plnT(0) > 0.

Proof. By the Continuous Mapping Theorem for weak convergence, we easily get

e =, In N (o, 10(1)12(0) In? %) (6.24)

from Theorem [6.2], where have we used the notation

A =L, <Lin1n (D) — (pin + (1) InT(1) + w(0) 1nr(0)>> ,n=23,....

In other words, the sequence

{<D+L >ﬁefm(,%nw(l)lnF(1)+u(0)lnF(0>)7 n = 2,3,...}

converges in distribution to a log-Normal rv with parameters (O, (1) (0) In w)

Moreover, we have

P H(D+L VT — (D, p. )V |V ER G T ) £ 0) T (0) 0]
— P[Dng, =0 n=23,... (6.25)
with
lim P[D, 1, = 0] =0,
n—0o0
and the desired convergence (6.23)) follows. [ |
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This result is significantly different from the one given by Kim and Leskovec
in |17], which argued that the tail of the pmf of the degree rv is approximately log-
normal distribution. It was not a limiting result and it is unclear in their argument
that how a discreet distribution is approximated by a continuous distribution. Here,
we have a simple and concise approach which leads to an exact convergence result.

In the next chapter, we are going to approximate the CDF of the rv D, 1,
based on the convergence results we have just obtained; the performance of this

approximation will then be evaluated.
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Chapter 7

Approximating the Degree Distri-

bution

From Section [6.1] we know that, for n = 2,3,... and L = 1,2,... fixed, the

rv D, 1, is a compounded binomial rv and its CDF is given by the sum of its pmf

available (/6.2)), namely
L
Fp,.(z) = 2 ( )M(l)ZM(O)L_eP [Dno=dlSL(1) =€), =0,

with

_ <” - 1) (T(D)T0)% )" (1 - T(1)T )"

Calculating this CDF for any x > 0 is no easy task. Therefore, we need to
find a good approximation as an efficient alternative. Below, we present such an

approximation and then evaluate its performance when n is large.
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7.1 The approximation

Theorem 7.1. Assume I'(1) > I'(0). For any p—admissible scaling L : Ny — Ny

with p > 0, under the condition 1 + pInT'(0) > 0, it holds for each t in R that

I (P[Dy.1, < 2, ()] ~ P | 007 < \/%ln(man(t)) —gn,Ln] ~ 0 (71
with
Ta, (1) = VT (tHEnn), (7.2)
where we have set
o0 = VD0 (o)) (7.3
and
Entn =\ Ln <pin + (1) ln% + 1nF(O)> . n=23,.... (7.4)

Proof. Consider any p—admissible scaling L : Ny — Ny with p > 0. Forn = 2,3, ...

and ¢ in R, we substitute ([7.2)) into (7.1]) to get
‘P [DW < em@m,m)] _PloyZ < t]‘_ (7.5)
If Dy, 1, in (7.5) is replaced by D, , then it is plain that

lim ‘IP’ D71, < /P en)] — P02 < t]‘

n—o0

) 1
= 7}1_120 P[\/Lfnln(D:’Ln)—Sn,Lnét]—IP’[UoZét]'
=0
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by Theorem To establish Theorem [7.1, we only need to show that

N

lim ‘IP [y, < e e)] — (D,

n—00

e\/ﬁ(t-ﬁ-:‘}n,Ln)” -0 (7.6)
However, for each n = 2,3, ..., we have

P[D;

n,Ln,

while

P[D,, <z]—-P[D;

r <a| =P[Dyr, =0], zel0,1) (7.8)
from ‘W’ With lim P[D,, 1, = 0] = 0, we readily conclude that 1) holds, and
n—aoo

this completes the proof of Theorem [7.1] |

As a result, we can use P [UOZ < \/lL—ln(xn,Ln(t)) —&L,Ln} to approximate

P[Dy, 1, < zpr,(t)] for each ¢ in R when n is large. We are interested in the perfor-
mance of this approximation as n is growing large. An upper bound to the absolute
difference

1

A, (t) = |P[Dnr, < Tpp,(t)] —P [UQZ < (7.9)

5

In (2,1, (1)) e]

is given in the next section.

7.2 A Berry-Esseen type result

Theorem 7.2. Assume I'(1) > I'(0). For any p—admissible scaling L : Ny — Ny
with p > 0, under the condition 1+ pInT'(0) > 0, there exist a positive constant C
and a positive integer N such that

AL € —
teR

(7.10)

g
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whenever n = N, where A,(t) was defined in (7.9).

To establish Theorem we need the CDF of the rv D:{’ 1, to bridge the gap
between the CDF of the rv D,, 1, and the CDF of the rv 0¢pZ so that Theorem [6.2

can be applied. A natural approach of proving Theorem is to decompose the

left hand side of ((7.10)).

7.3 A decomposition of ([7.10

Consider a p—admissible scaling L : Ng — Ny with p > 0. Forn = 2,3,...,

the triangular inequality gives

1

P|D,r, <@np,(t) —PlogZd < In(z,r,(t) =&

sup [F1D,0,  200,(0] = | 007 < =0 00,(0) ~ €.
< s [P [Dus, < s (0]~ P[DLy, < s, (0] (7.1
teR
1

+sup|P|Df, <, (t —]P’[JZ< In(z,. (1) =&, ] 7.11b

wp P[0y, < 00, (0] - B |00Z € Zo o (0) — £ || (110

Given the relationship between the rvs D:{’ r, and Dy 1, in , an upper bound
to (7.11a]) is easy to obtain; Lemma given later will address this issue. Before

presenting this upper bound, we first proceed to further decompose ([7.11b).

7.4 A decomposition of (7.11b

Fix n = 2,3,.... We know from (7.2)) that (7.11b)) is equivalent to

1
sup |P In (D — &, <t}—PaZ<t‘. 7.12
wp[P| =1 (D) - s, < | - Plouz <1 7.12)
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From (6.11]) and we also know that the rv \/%l In (D;Ln) — &, 1, can be de-

composed as

\/Ln <Lin In (D}, ) — (pi + (1) InT(1) + u(0) lnF(O)))

n

1 1
= L, <L—1n (D) — = InE [Dn,Ln|SLn(1)])

n

L (Lin WE Dy, |55, (1)] - (i (1) n g + 1nr(0)))

P I'(0)

o)

_ L (m(D;L) WE[D, 1, |Sr, (1] +1n

N
—i-\/» < S, (1 u(l)) ln%
= Xn,Ln + YLn

where we have set

1 n—1
XL, = N (ln (D:{’Ln) —mE[D,,|S.,(1)] + In - ) (7.13)
and
Y, L (S, (1) — L,u(1))1 L) (7.14)
= - L, n—-=. .
R ()
Bounding ([7.11b)) is therefore equivalent to bounding
sup |P[ X, 1, + Yr, <t] —PlooZ <t]|. (7.15)

teR

The next lemma gives an upper bound to ([7.15)).

Lemma 7.3. Forn=2,3,..., L =1,2,... and any € > 0, with the notation used
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in and , we have

sup |P[ X, + Y, <t] - PlogZ < 1]

yeR
< sup [PV, <y] —PlooZ < ]| (7.16a)
yeR
+supPy < 0oZ <y + ¢ (7.16Db)
yeR
+ 2P| X, .| > €]. (7.16¢)

The proof of Lemma (7.3 is given at the end of this section. We are going

to develop four lemmas to deal with bounds to each of the terms ([7.11a}), (7.16a)),

(7.16h]) and (|7.16c)), respectively, when L is substituted by a p—admissible L,,.

7.5 Four building blocks for Theorem |7.2

Recall that
D}, =Dyup, +1[Dyr, =0, n=23,....

The following lemma bridges the gap between the CDF's of the two rvs D, ;, and

D+

n,Lp*

Lemma 7.4. Assume I'(1) > I'(0). For any p—admissible scaling L : Ng — Ny with

p >0, there exists 6 > 0 such that

sup [P[D;, <] ~P[Dyr, <z]| =P[Dyr, =0] =o(e™)

$ER+
if 14+ plnI'(0) > 0.
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Proof. Consider a p—admissible scaling L : Ny — Ny with p > 0. Forn = 2,3,...,

it is plain from (7.7)) and ([7.8) that

sup [P[D), <z|-P[Dyr, <z]|=P[Dyr, =0].

2€[0,+0)

Now, recall the easy bound
P[D,r, =0] <P[[,(L,) > 0] <E[l,(Ly,)]

where I,,(L,) is the number of isolated nodes in M(n; L,,) defined in (3.14) with

" stating that
E [In(Ln)] < eln"_(”_l)F(O)L“ _ elnn—"T*lannlnF(o)'

Under the condition 1+ pInT'(0) > 0, it is plain that there exists a constant §* in

(0,1 + pInT'(0)) such that

_n=1_14ppn InT(0) _ 8%
6lnn —n =0 (6 n >’

whence

P[Dus, =01 =0(e™). 5(0.67
This readily concludes Lemma [7.4] ]

The second lemma deals with the upper bound to (7.16a]) and relates to the
convergence rate of the standard Central Limit Theorem. It is a direct application
of the Berry-Esseen Theorem |24, Thm 3, p. 299] applied to the sum of a collection

of i.i.d. Bernoulli rvs.
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Lemma 7.5. For any p—admissible scaling L : Ny — Ny with p > 0, there exists a

universal constant C* > 0 such that

sup [P[Yz, <y] —PlooZ <y]| < 1 C* (p(1)? + p(0)*)

yeR VLI £/u(1)u(0)

formn =23,..., where Yy and oq is defined in and (7.9), respectively.

(7.17)

Proof. Consider a p—admissible scaling L : Ny — Ny with p > 0. Fixn =2,3,....

We note that

(S1() = Ln(D) ) = VLY,
_ ;((Ae(l)—u(l))-ln%)

where the rvs {(Ag(l) —p(1)) Ingg, £=1,..., Ln} are i.i.d. zero-mean rvs since
thervs {A,(1), £ =1,..., L,} form a collection of i.i.d. Bernoulli rvs with parameter

wu(1). It is easy to check that

3

3 < P(l) 3 _ 9 ) F(l)
F%_;E‘Mﬂ%wmymﬁg]—LWQM®W®—HWH-mﬁ6
and

4, = 2| (0w - ) w i) ] - L0 (w BV - 1

Applying the Berry-Esseen Theorem gives

N

o (1)
1 C* (1) + p(0))

VLo A/up0)

for some C* > 0 which does not depend on n. It is now plain that (7.17)) follows by

sup ‘IP’ [\/LnYn < san] —P[Z < w] ‘

—0o<w<+00

7.18)

letting y = oqw. [
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In the next lemma, we are interested in the convergence rate of the rv X,, 1,

defined in ([7.13]).

Lemma 7.6. Assume I'(1) > T'(0). For any p—admissible scaling L : Ny — Ny with
p >0, and any € > 0, there exists a positive integer N such that

2 1
(n — 1)T(0)Ln (1 B e—«@mﬂg)”

B[|X,l > ¢l < ne N

if 1+ pIlnI'(0) > 0.

Details of Lemmacan be found in Appendix @ The upper bound to ([7.16b))
is based on the uniform continuity of the CDF of a Gaussian rv with parameters

(0,0?%) .

Lemma 7.7. Let o be any positive number. For any positive A > 0, we have

1 1
supPlr <oZ <x+ A] < A+ e 2 A%,

zeR V2o 202427

Proof. Let F,z(z) and f,z(z) denote the CDF and the pdf of a Gaussian rv with

parameters (0, 0?), respectively. By definition, we know
foz(x) = F.,(x), xeR.
For any x4 in R, Taylor series expansion yields
Foz(xg + A) = Fyz(x) + Afoz(x0) + Ry (x0;A), n=1,2,...
where Rj(xo; A) is given by the Lagrange Mean Value Theorem, namely

Ri(xg; A) = ff/’ZT(xS)N (7.19)
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for some xj in [zo, z0 + A].

Simple calculations yield

which has bound

_1
|foz(2)] < vl o vE R.

The remainder term (|7.19)) is therefore uniformly bounded with respect to x, namely

1 1

_—€_§
202421

1 1

A’ < Ry(r;A) < ———e2
(7 8) 20’2\/277'6

A%, zeR.
As a result, it is plain that, for any zy in R,

Pleg <oZ <xo+ Al = Foz(xg+ A) — Fyz(xg)

1 a3 1 1
< A ez + ————e 2A%
v 2mo? 202427

22

The lemma is established upon noting that supe™z = 1. [ |

zeR

7.6 A proof of Theorem (7.2

By Lemma [7.4] we know that there exist a constant C; > 0 and a positive

integer N; such that ([7.11a]) is bounded above by le— whenever n > N;. Next we

proceed to give an upper bound to (7.11b|). We need to find a constant Cy > 0 and

a positive integer Ny such that ((7.11b|) is bounded above by % whenever n > N,

in which case we are able to conclude Theorem by letting C' = C} + C5 and

N = max(Ny, Ny).
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According to Lemma [7.5] there exists a constant C > 0 such that (7.16a)

can be bounded above by

C(2 1

sup |P[Yz, <y]—P[aoZ<y]‘ < VL.

yeR

where

_ O3 (n(1)” + p(0)")
p(1)p(0)

In a similar manner, an upper bound to ([7.16b) is given by

CZ 1

2

1 1
supPlr <opZ <z +e] < “32 £>0

€+ e
zeR \/ 27 2024/2m

by virtue of Lemma . Let ¢ = \/lLf, then there exists a positive integer N,y such

that
1 1 1 1
e 2 <

1
20221 Ly 2o /Ly’

3

which implies

(&

C’22
<

1
L, VL,

(S

n = Ny

1 1 1
_|_
\/ 2103 L, 20227

with

[\

022 =

1

2mog

With e = -1 an upper bound to 1) is given by Lemma and takes

vV Lyp’
the form
1 2 1
P||Xos,|> < > N.
sl > "=

(n — 1)I'(0)Ln (1 B 6_1+1nn31>2’
for some positive integer Noz. Under the condition 1+ pInT'(0) > 0, there exists a

positive integer Ny such that




Collecting these bounds, we see that ([7.11b)) is bounded above by ff— whenever

n = Ny with Cy = Cy + Cy + 1 and Ny = max (Nag, Noz, Noy). The proof of

Theorem [7.2]is now completed. [

7.7 A proof of Lemma, |7.3

Fixn=2,3,...,and L =1,2,.... For any ¢ > 0 and ¢ in R, we have
P[XmL + Y < t] = ]P)[Xn’[, + Y, < t, |Xn,L| < 6] + ]P)[Xn’L + Y < t, |Xn,L| > 6].
For each t in R, we can write

IP[Xn,L+YL<t]—IP’[aoZ<t])

= ]P)[Xn,L + YL < i, |Xn,L| < 5] + ]P[Xn,L + YL < i, |Xn,L| > 6] — ]P)[O'()Z < t]

N

P[Xnr+ Y, <t,|X,1] <e] —PlogZ < t] ‘ +P[ XL + YL <t X0 > €]

by the triangular inequality.

Further simplifications are possible, namely

‘IP[XM +Y, <t]-PlonZ < ‘

< ‘]P’ [Xor + Vi <t Xz <] —PlooZ < 1] ‘ L P[|Xos| > 2] (7.20)

since

IP)[XmL + YL < t, |Xn,L| > 5] < P[|Xn,L| > 5] .

The following lemma will simplify our analysis.

Lemma 7.8. Let a1, as, a3, as, by and by be scalars in R .
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1. If ag < a; < ay, then

la1 + b1 < max(|as + b1], |as + by).

2. If by > 0, then

max(|a1 + bl|7 |CL2 + b1 + b2|) < max(\al + b1|, |a2 + b1|) + bg.

3. It holds that

max(ay + by, as + by) < max(aq, as) + max(by, by).

We can easily obtain an upper bound to P[X,, ; + Y < t,|X,, 1| < €], namely

P[Xn’[, +Y, <t, ’Xn,L| < 8] < ]P)[YL <t+€,‘Xn7L| < é‘]

< P[YL<t+E]

while a lower bound is given by

P [Xn,L + YL < t, |Xn,L| < E] = ]P[YL <t — g, |Xn,L| < 6]

= P[Vi<t—e]-P[Yo<t—e|X,z|>¢]

\%

PlY, <t—¢]-P[|Xn1| > €].

By virtue of Part 1 and Part 2 of Lemma[7.8] the bound to (7.15]) can be refined as
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follows: Starting with (7.20)), we get

and

N

N

N

‘P[XH,L +YL <t]-PlooZ < 1] ‘
P[Xop+ Yy <t Xn 1l <] - PlooZ <f]| + P[1 X0 ] > €]

IP[YL <t+¢e] —PlogZ < t]

Y

max

(P[YL <t—e]—P[| X, >€]—IP’[OOZ<t]‘
+P [’an,’ > E]

IP[Y, <t+¢e]—PlogZ <t]|,
max

‘P[YL<t—g]—P[aoz<t](+P[|Xn,L| > €]
+P [’Xn,L| > &?]

max (‘]P’[YL <t+el—PlogZ <t

IP’[YL<t—5]—IP’[00Z<t]D

Y

+2P[| X | > €. (7.21)

Further considering of the two items in the maximum in ([7.21]) yields

N

N

IP[YLétJrg]—]P’[aOZét]‘

]P)[YL<t+€]—P[UOZ<t+€]+P[UOZ<t+8]—P[O’OZ<t]’

IP[YL<t+5]—]P’[aOZ<t+e]‘+]P[t<aOZ<t+s]

P[YLgt—g]—]P’[aoZét]‘

PlY,<t—¢]-PlogZ <t—c|+PlogZ <t—¢e]-PlogZ < t]

]P’[YLSt—e]—]P’[UOZSt—e]‘—|—]P’[t—5<aoZ<t].
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By Part 3 of Lemma , the upper bound to ([7.15)) becomes

‘P[XH,L +YL <t]-PlooZ < 1] ‘

< max(‘IP’[YL <t+e|—PlogZ <t+ €]

, IP’[YL<t—5]—IP’[o—0Z<t—5]'>
+maX<IP’[t<JOZ<t—|—5],IP’[t—5<aoZ<t]) + 2P| X,z > €]
< sup P[YLéy]—P[aoZgy])
yeR
+supPly < 00Z <y+e|+2P[| X, 1] > ¢]. (7.22)
yeR

The proof of Lemma is completed by noting that the bound in ((7.22)) does not

depend on t. [ |

7.8 Simulations

To visualize the approximation to the CDF of the rv D,, 1., we plot the empir-
ical CDF of the rv D,, 1, where the data is collected from simulations, and compare

it with the CDF of the rv eVIn(90Z+&n1n)  The comparison is based on the approxi-

mation in ([7.1]), namely

1

P [Dan < x] = Approx PlogZ < 1H($) — Sn,Ln] =P [@m(aoZ+&L,Ln) < x]

S

forx=1,2,....
Fix n = 2,3,... and a p—admissible scaling L : Ny — Ny with p > 0. By

Theorem [7.2] the quantity

A, = max [P[D,., <z|—P [em(‘mz*g"’%) < x]

z=0,1,....n—1

is bounded above by L% for some C' > 0 when n is sufficiently large.
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Let K =1,2,... be the sample size which does not depend on the number of
nodes n. Fix o, 8, v and p(1) in (0,1). For each n = 2,3,... and the corresponding
L,,, we generate K independent MAGs. The degree of node 1 is collected from each of
these K MAGs to form the collection of i.i.d. degree samples {D,, 1, ;, i = 1,..., K}.

We use

~ 1 &
App,x = _max Z 1Dpr,; <z]—P [emwozwm“) < x]

to evaluate the performance of the approximation instead of A,, 1, since the empiri-
cal CDF + S 1[D,1i < 7] is astrongly consistent point estimator of P[D,, 1, < z]
foreachn=2,3,...,L=1,2,... andz =0,1,...,n— 1.

Selected results are plotted in Figure [7.1] This figure is generated as follows:
We have set a = 0.9, f = 0.7, v = 0.6, u(1) = 0.35 and the p—admissible scaling to
be

L, =|plnn|.

We varied n and p while keeping 1 + pInI'(0) > 0. Four cases are considered (i.e.,
(n = 4000,p = 1), (n =4000,p = 1.5), (n = 8500,p = 1) and (n = 8500, p = 1.5)).
For each case, we generated 1000 graphs (i.e., K = 1000), and collected the degree
value of node 1 from each graph so that all samples are mutually independent. The
black dots form the empirical CDF of D, r, while the red line reflects the function
F(z) =P [e‘/H(”OZJanaLn) < ;1:] We find that Amaxs are very small in all cases,
especially comparing with \% Due to computational limitations, we cannot make
L, (or p,Inn) very large in order to see an obvious trend of convergence. But
nevertheless, the maximum difference between the two CDF's being less than 0.05
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suggested that our approximation is very accurate.
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Figure 7.1: CDF Comparison
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Appendix A:

A proof of Lemma (3.4

The arguments are very similar to the ones given in the proof of Lemma [3.3|
Pick positive n = 2,3,... and L = 1,2,..., and consider distinct nodes u,v € V,,.
For k,¢ = 0,1,..., L, not necessarily distinct, we start from the relation (3.32)).

Note that the factor &, 1(u)&, (v) can be expressed as

Gurér) = || QO—xeww) [] @—xelo,w)

with factors that can be represented as
1= x1(u,v) = 1[Usp > Qr(AL(u), AL(v))]

and

n

[T G —xelw,w) (@ —xelo,w)

w=1, w#u,v

n

= ] 1w > QuAL(w), AL(w))] - 1[Uw > Qu(AL(v), Ar(w))].

w=1, w#u,v

141



Under the enforced independence assumptions, it is now straightforward to conclude

that

E [SnvL(u)gmL(v)‘AL(l), o ,AL(n)]

= (1-Qu(Ar(w), Ar(®)) - ] (1-QuAL(w), Ar(w))) (1 - Qu(AL(v), Ar(w))).

w=1, w#u,v

The smoothing property of conditional expectations is again invoked, this time to

obtain
E |62 ()6 ()] Ar(w), AL(v)|
- ]E[]E [én,L(u)me(v)‘AL(l) ..... AL(n)] AL(u),AL(v)]
(1 Qu(As(w), AL(w) E [H . AL<u>,AL<v>] (A1)
where

E| ] ...‘AL(U),AL(U)]
= E| [] (-QuAL(w),A(w))(1-QL(AL(), AL(w)))

| w=1, w#u,v

AL(’U), AL(U)]

n

= E| [] (-QuarA(w)(1-Qrlbr, AL(w)))

| w=1, w#u,v

AL(U), AL(?))]
ar, = Ar(u)

bL = AL(U)

_ E[ [ <1—@L<aL,AL<w>>><1—@L<b,AL<w>>>]

w=1, w#u,v

a,=A;w)b,=AL@)

= I El1-Quar, A(w))) (1 = Qulbr, AL(w))]a,_ A, wb,-A,w®

w=1, w#u,v
n—2

— (B[00 - Qular, A1) (1 - Qu(br, An)a, _ A, by - A, ) (A.2)
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under the enforced i.i.d. assumptions on the rvs Ap(1),...,Ar(n). Using the

notation introduced earlier at (2.23)) and (3.30) we can write

E[(1-Qclar,Ar)) (1 —Qr(br, Ar))]

= 1-Qi(ar) — Qp(by) + Q7 (ar,by), ar,bye{0,1}" (A.3)

This allows us to conclude that

n

E| ] (-QuAL(w),A(w))(1—-QL(AL(v), AL(w))) |AL(U)» AL(U)]

w=1, w#u,v

= (1-Q1(AL(w) = QL(ALW)) + Q7 (AL(u), AL ()" 7, (A.4)
and substituting into (A.1]) we obtain the desired conclusion ((3.29)). [ |
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Appendix B:

A proof of Lemma 4.6

For any p-admissible scaling L : Ny — Ny, Lemma gives

(1.

. VarL, (L)"
2m[ ALy ] (M) M e (T~ LD (_Lan)L"—“Ln]
) () (B.1a)
AL _ (1=X\)Ln, .
V2TAL, (A2) ™"\ f2r (1= M) L, <_<1 2>Ln>
y ALn(1 = \) Ly,
\/(MLn])(Ln —[AL,]) (B.1b)
AL, [ALn] (1= AL, Ln—[ALn]
(MM) (Ln — [)\Ln]> (B.1c)
_ 3(n;Ln)
" <(1 A A)) (B.1d)
with
§(n; Ly) = [ALn| — AL, (B.2)

taking values in (0,1) forn =1,2,....

144



The lemma will be established if we show that (B.1b) and (B.1d) converge
to 1 when n goes to infinity and (B.1d) is bounded below by a carefully selected
constant.

It is plain that (B.1b]) converges to 1 since

1 =1and lim ——— =
e V7 Iy S PV
Indeed, for each n = 2,3, ..., we have

Lw _ [Mal =0(niLa) _ | 6(niLy)
AL,] AL, ] AL

(B.3)

with d(n; L,) bounded between 0 and 1 and [AL,]| goes to infinity when n grows

unboundedly large. Similar arguments yield

. (1-NL, 6(niLn) '\ _
T e\ Ty T

For (B.1d)), it involves the technique of Taylor series expansion for In(1 + z)

when z is close to 0, namely

22
In(1+z)=2— 5 T o(z?)

From (B.3), we know

(&%)“m B (1_5%1;;?))[&”1

_ Pin(-) (B4

Since 58“;’]’) converges to 0 when n goes to infinity, Taylor series expansion of

In (1 — 5};&’?) gives

I (1 B 6(n;Ln)> _ (L) Sl <5(n; Ln)2> |

[AL,] [AL.]  2[AL,]? [AL,]?
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As a result, (B.4]) becomes

(i il ot S o S’ (5.5)
[ALy | ' '
In a similar manner, we have
1— ML, Ln—[ALn] 5(n: L, Ln—[ALn]
(=N _ (1 O0Ln)
L, — [\L,] L, — [\L,]
_ e(Lnf[ALn]) 1n(1+ Li@}iffﬂ ) (B.6)

Taylor series expansion of In (1 + %) gives

d(n; Ly) d(n; Ly) 6(n; Ly)? §(n; Ly)?
I (1 T [w) T Lo ALl 2L, AL? (m) |

since Li(f;[izzl] converges to 0 when n goes to co. Then (B.6|) becomes
Ln, )\Ln n;Ln nibn
(L= ML NPT st il oo 2, ) B
Lo = AL =e : (B.7)

Multiplying (B.5)) by (B.7), we get

)\Ln [ALn] (1 _ )\)Ln Lp—[ALn]
5 2 nibn 2 nibn 2 niln 2
-S4t o (ST ) -t o (i)

(B.8)

= €

It is now plain that (B.1d)) converges to 1 since the exponent in (B.8]) converges to
0 when n grows unboundedly large.

For (B.1d)), it is plain that

_ 3(n;Ln) -\
<¥) =1 if 1 > 1

and

11—\ 5(’“L">>1—A L1oA
A D) A '
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It follows that (B.1d)) is bounded below by the quantity k(A) given by

0 - in (1152).

Consequently, as (B.1b)) and (B.1c|) both converge to 1, we conclude that

< L, ) VorL, (L)t (1 _A)é(n;Ln)
ALl V2IAL,, (A=) 2x (T = N L, (—(“ﬂn)(l_m" A

B 1 <1>)\Ln ( 1 >(1—)\)Ln (1 . )\)5(”%Ln)
C 2mA1 = AL, \A 1— X A

Moreover, from the lower bound on (B.1d|), we conclude that

1 ( 1 ) ALy ( 1 ) (1-X\)Ln (1 N )\> d(n;Ly)
2 A1 — N L, \A ) A
k’(}\) 1 AL, 1 (1—)\)Ln
27A(1 — AL, (X) (1 - )\>
k()\) 1 ALy, 1 (1=X\)Ln
— —— =1,2,.... B.9
24/27A(1 — \) Ly, <A> (1 —A) TS (B:9)

Because of the strict inequality in , there exists a positive integer N such that

( Ly )> k(X\) (1)”( 1 )“—”Ln .
= — — , n= N,
AL.1) ™ 24/20A(1 = AL, \ A 1— X

This completes the proof of Lemma [4.06] [ |
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Appendix C:

A proof of Proposition

5.10

The calculation is pretty straight forward. Recall that 7T,,(L) is the sum of

indicator rvs {&, 1(u,v,w),u,v,w € V,,, u < v < w}. Expanding the square of this

sum, we obtain four parts, namely

1. &rn(u,v,w)&, 1 (u, v,w), product of components where all three end points are

the same. There are (g) of them;

2. &p(u,v,w)é, 1(u, v, s), product of components which share two end points.

There are (g) (g) ("13) different combinations;

3. &n(u,v,w)é, 1 (u, s,r), product of components which share only one end point.

There are (g) (i’) (";3) different combinations;

4. & p(u,v,w)&, (s, r,t), product of distinct components which share no end

n—3

3 ) different combinations.

points. There are (g)(
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Therefore, we can write

E[T,(L)?] = E ( > gn,L(u,v,w))

I<u<v<w<n

- E Z gn’L(u,v,w)]

| ISu<v<w<n

+E Z Z fn,L(U, v, w)&n,L(U*v U*’ 8)

u¥ 0¥ e {u,v,w}, u¥ #o¥F,

s € Vip\{u, v, w}

+E Z Z fn,L(U, v, w)gn,L (U*v T, S)

u¥ e {u,v, w},

r,s € Vp\{u,v,w}, r<s

+E Z Z gn,L(uu v, w)gn,L(T7 S, t) y

I<u<v<w<n s <t
| r,s,t € Vp\{u, v, w} |
and this leads to
n
E[T, (L <3)]P’1~L2 2~ 3,1~ 3]
+3(n — )() [1~02,2~0 3,1~ 3,1~ 4,2~ 4]

-3
+3(n> (n2 )P[l ~ 272~L 371 ~I 3,1 ~I 4,5~L 471 ~L 5]

~3
e ("3 )P[1~L2,2~L3,1~L3]2.
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Appendix D:

A proof of Lemma (7.6

Consider a p—admissible scaling L : Ny — Ny with p > 0. Fixn = 2,3,...

and € > 0. The triangular inequality yields

—1
(m D, —WE([D, |55, (1)] +1n > - ) ‘

lnn

1
VL, n-—1

1
VL
1
Vi

< ‘ (InD}, —InE [Dn,Ln\SLn(l)])‘ +

whence,

1
VL

1
P[| X1, |>¢] < IP’[ (nD}, — lnE[Dn,Ln|SLn(1)])‘ + In—" > 5] :

For notational simplicity, we write

5/n7L7L:m5—1n nl, n=23....
n_

Because lim,, . In "5 = 0, it is easy to see that, for any ¢ > 0, there exists a

positive integer N(g) such that

€nr, >0, n=N(.
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Then, when n = N(¢g), (D.1)) can be rewritten as

Pl Xural> 2] < B|jno Do '
nlnl > €| < n > E€n,Ln
- i ]E[ nLn|SLn(]‘)] t
[ D+L D+
= P|In on >, +P|ln mLn < -,
i E[ nyLn|SLn<1):| 7Ln] [ E [DnyLn’SLn(]‘)] b
+
= P Doz, — 1> e — 1
_E I:Dn,Ln|SLn<1):|
DY,
+P Mo —l<enin—1
+
<P D” L e (D.2)
E[ nyLn|SLn<1):|

where the last step was based on the fact that

1 —€'nLn € nLn 1 / 0
— € e <e ™ — 1y e, > U

Upon applying Markov inequality to the last step, we get

DF 2
n,Ln _
E (E[Dn LnlS, (V)] 1)

p Dr, ? ) 2
L 1) > (1—e€wn) <
E[Dy 1,51, (1)] (1— e/min)?

(D.3)

With (6.6)), the numerator of the left hand side of (D.3) takes the form

2
Dy,
E o —1
E[Dn,,|Sc,(1)]

nLn

- 1[D,z, =0] \?
E Dot Sz, (1) ”E[Dn,Ln\sLna)])]

(e
- F (E Do >]‘1)] (D4
|

=E

[D
+E 2(E D )]—1) ”D”’L":O]] (D.4b)

E[Dyr,|51.(1)]
1 n,L, — 0] 2
<E[ nLn|SLn< )]) ] ' (D.4C)
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By (6.22)), an upper bound to (D.4al) is given by

E

D, ., - 2 _ ] ) . ) X
(E [Dn,Ln|SLn(1)] 1) ] X (n — 1)P(0)L" n—1 (n — 1)F(0)Ln (D5)

Because of the indicator function 1[D,, 1, = 0], (D.4b|) can be rewritten as
D 1[D -
E lQ ( n,Ln o 1) [ n,Ln O]

- [l |

< 0. (D.6)

For (D.4c), by preconditioning on Si, (1), E[D, 1,|S.,(1)] is determined,

namely

1[D,r, =0] \*| _ E[1[D, ., = 0]|S.,(1)]
E[(E[Dn,Ln|SLn(1)]>] - E[ E[Dy, 1|55, (1)) ]

_w[ PIDus, = 0[S, ()]
a (n — 1)2(1)252. (DD (0)2Ln—252, (1)

upon using the fact that 1[D,, 1, = 0] = 1[D,, 1, = 0]*.
Under the assumption I'(1) > I'(0), it is plain that
(n — D)L(1)5eaOT(0)Er =520 W) > (n — 1T(0)"n
and
P[Dur, =018z, ()] = (1= T(1)% 00 (0)F 5 0)"
< (1-r(0)%)"
Using these facts, we get the bounds
— 2 —D(0)En)"
* [(EE[?DHS:?})]) ] = [Eiz —1;5312(03% ]

e—(n—l)F(O)L"

(n — 1)°T(0)20 (D7)
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Collecting (D.5|), and (D.7)) we obtained, an upper bound to (D.4)) is in the

form

o ’ 1 e~ (11T (0)n
E :Ln —1] | < + . (D)
E[Dpr.|S1,(1)] (n =1T)F — (n —1)21(0)~
Under the condition 1 + pInT'(0) > 0, we have

lim (n — 1)T'(0)" = oo,

n—0o0

so that there exists N; > 0 such that for n > N;, we have

¢~ (n=1)r(0)Ln 1

(n — 1)20(0)2 ~ (n— 1)T(0)En’

7’L>N1

Together with (D.2)) and (D.3)), we readily conclude that

2 1
Pl X, > | < ) n>N
[[Xna] > el (n—Uth(l—aV%Hm£02

with N = max(NVy, N(¢)). [
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