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Self-assembled InAs quantum dots (QDs), which have long hole-spin coherence

times and are amenable to optical control schemes, have long been explored as build-

ing blocks for qubit architectures. One such design consists of vertically stacking

two QDs to create a quantum dot molecule (QDM). The two dots can be reso-

nantly tuned to form “molecule-like” coupled hole states with the hybridization of

hole states otherwise localized in each respective dot. Furthermore, spin-mixing of

the hybridized states in dots offset along their stacking direction enables qubit ro-

tation to be driven optically, allowing for an all-optical qubit control scheme. In-

creasing the magnitude of this spin-mixing is important for optical quantum control

protocols. We introduce the incorporation of dilute GaBixAs1–x alloys in the bar-

rier region between the two dots, as GaBiAs is expected to provide an increase in

spin-mixing of the molecular states over GaAs.



Using an atomistic tight-binding model, we compute the properties of GaBixAs1–x

and the modification of hole states that arise when the alloy is used in the barrier

of an InAs QDM. We show that an atomistic treatment is necessary to correctly

capture non-traditional alloy effects of GaBiAs. Additionally, an atomistic model

allows for the study of configurational variances and clustering effects of the alloy.

We find that in InAs QDMs with a GaBiAs inter-dot barrier, hole states are well

confined to the dots up to an alloy concentration of 7%. By independently studying

the alloy-induced strain and electronic scattering off Bi and As orbitals, we conclude

that an initial increase in QDM hole state energy at low Bi concentration is caused

by the alloy-induced strain. Additionally, a comparison between the fully alloyed

barrier and a partially alloyed barrier shows that fully alloying the barrier applies

an asymmetric strain between the top and bottom dot.

By lowering the energetic barrier between the two dots, GaBiAs is able to promote

the tunnel coupling of hole states in QDMs. We obtain a three fold increase of hole

tunnel coupling strength in the presence of a 7% alloy. Additionally, we show how an

asymmetric strain between the two dots caused by the alloy results in a shift in the

field strength needed to bring the dots to resonance. We explore different geometries

of QDMs to optimize the tunnel coupling enhancement the alloy can provide, as well

as present evidence that the change in tunnel coupling may affect the heavy-hole and

light-hole components of the ground state in a QDM.

The strong spin-orbit coupling strength of GaBiAs allows for the enhancement

of spin-mixing in QDMs. A strong magnetic field can be applied directly in the TB

Hamiltonian. In order to fit the TB results to a simple phenomenological Hamiltonian,

we found it necessary to include second order magnetic field terms in the phenomeno-

logical Hamiltonian as a diamagnetic correction to the hole state energies. Fitting to

the corrected phenomenological model, we obtain a three-fold enhancement for the



spin-mixing strength of offset dots at 7% Bi. Additionally, at higher alloy concen-

trations, a combination of enhanced spin-mixing and increase resonance change in g-

factor results in intra-dot spin-mixing between Zeeman split states of the lower energy

dot. A perturbative analysis of the magnetic field shows that both the spin-mixing

and resonance g-factor change are effects of the Peierls contribution, or the component

of the magnetic field applied to the effective spatial angular momentum of the wave-

function. When spin-orbit coupling is removed from the system, there is no longer a

preferred alignment between the spin of the system and the Peierls effective angular

momentum, thus removing any magnetic field effects of the Peierls contribution.

The analysis of spin-orbit effects can be extended to single dots with in-plane

magnetic and electric fields. This thesis concludes with some preliminary results

utilizing electric fields, in conjunction with spin-locking effects provided by spin-

orbit coupling, to manipulate the spin polarization in single dots. TB calculations

with a magnetic field are performed to show the preferred alignment of the effective

angular momentum, given by the geometry of the dot, also spatially locks the spin-

polarization of hole states. An electric field can then be applied to bias the charge

density to either side of the dot, using the spatial texture of the spin to obtain a

spin polarized in z while both the magnetic and electric field is in the xy-plane. The

same perturbative analysis with the QDMs can be applied to show sufficient spin-

orbit coupling is needed to generate such an effect. We propose the utilization of spin

texture and electric fields as a novel method for rotating the spin in QDs.
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Preface

Much of the work presented in this thesis shares similarity with material that has

been or is currently in the process of being published. Chapters 3 and 4 reuses content

published in Physical Review B 99, 075308 (2019). Chapter 5 includes material

from a paper that is currently under review with Physical Review B, a preprint of

which can be found at arXiv:2309.10115.

From February 2018 to April 2019, I mentored an undergraduate student, Jack

Carlton, through the Department of Physics at the University of Maryland, College

Park. We investigated the effects of Bi distribution in GaBiAs alloys. The work he

performed under my supervision is compiled in Appendix A.
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Chapter 1: Introduction

Direct bandgap quantum dots (QDs) have long been studied for their potential use

in quantum computing architectures [4, 34, 41]. The deeper confining potential of self-

assembled QDs allows for operations at higher temperatures compared to competing

architectures such as gate defined dots or silicon dopants [34]. The combination of

deep confining potentials and the opportunity to tune optical emission energies with

QD size make III-V self-assembled QDs a particularly strong candidate for photonic

quantum technologies [9]. Indeed, epitaxially-grown self-assembled InAs QDs in GaAs

have the best photonic performance of all currently available quantum emitters, with

near-perfect radiative quantum efficiency, extremely high emission fraction into the

zero-phonon line, and excellent coherence [3, 13, 48, 50]. Moreover, numerous exper-

iments have already used InAs QDs to demonstrate quantum functionality such as

entanglement generation or teleportation [14, 23, 51].

Qubits can be created when an InAs QD is charged with a single electron or hole

whose up and down spin projections define the logical basis states of the qubit [21, 28].

Such spin qubits can be controlled through the optical formation of trions, which are

three-particle complexes consisting of an optically-generated exciton coupled to the

additional resident charge. Optical selection rules for the trion transitions provide

the means by which photons (“flying" qubits) initialize, manipulate, and readout the

projection of the resident spin in order to implement quantum information functions

[21]. In this approach, the qubit lifetime is limited by the spin lifetime. Nuclear

1



spins limit the electron spin coherence times [30, 31, 40]. In contrast, holes, which

have weaker hyperfine interaction with the nuclei, can achieve spin coherence times

that are an order of magnitude longer than that of electrons [20, 52] and may ap-

proach one second under certain conditions [24]. An additional benefit of hole states

is the presence of spin-orbit (SO) interactions that allow for control schemes not

available with electrons [2, 12, 32, 58].

Quantum Dot Molecules (QDMs) can be created when two QDs dots are stacked

along the crystal growth axis and separated by a barrier thin enough to allow tun-

neling to create delocalized states with molecular orbital symmetry [17, 28]. In such

QDMs, an electrical bias can be used to tune the states of the two QDs in and out of

resonance with one another, controlling the formation of the molecular states [8, 16–

18, 33, 38, 42, 49]. For QDMs in which holes tunnel between the two QDs, important

new effects can emerge in the presence of both a) spin-orbit coupling and b) symmetry

breaking that arises from a lateral offset between the QDs that comprise the QDM.

The interaction of spin-orbit coupling and symmetry breaking leads to delocalized

molecular hole states composed of intra-dot states with opposite hole spin character

in each dot [16]. This “hole spin mixing" provides a tool for addressing a significant

challenge for optically-controlled quantum information processing with InAs QDs.

One potential shortcoming of self-assembled dots is the inevitable structural inho-

mogeneity of the array of QDs used in a qubit architecture. Tuning many QDs to

a fixed laser frequency or photonic cavity mode is a practical challenge. This issue

can be overcome by the use of vertically stacked QDMs, in which pairs of InAs QDs

separated by a GaAs tunnel barrier are stacked along the growth axis, nearly aligned.

When the QDs are closely spaced, electric fields from a diode structure can be used

to tune the hole states from the pair of QDs in and out of resonance, controlling

the coupling strength between the dots and forming states with molecular orbital
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symmetry [8, 16–18, 33, 38, 42, 49]. In this approach, the hole spin in the larger

dot (typically the top dot), provides the spin-up and spin-down hole spin states that

serve as the binary qubit basis. The QDM is tuned well away from resonance so that

these two states have well-defined spin and are strongly localized to the top dot. In-

direct optical transitions, ones that drive the hole states (h+) to specially engineered

charged trion states (X+), are used to provide all-optical initialization, manipulation,

and readout of the hole spin qubit. The particular X+ states are driven by indirect

transitions because the electron is in the top dot but the second hole is in a molec-

ular state spread between the two dots. The electric field provided by the first hole

serves to put the optically excited hole into a molecular state in resonance between

the two dots. Indirect optical transitions have much larger Stark shifts than direct

transitions and thus have a much larger tuning range.

In single InAs QDs, it is not possible to optically drive a coherent rotation be-

tween the up and down spin projections (qubit basis states) without applying an

in-plane magnetic field (e.g. a magnetic field in the x-direction if the spin basis are in

z). However, the application of an in-plane magnetic field also introduces precession

between the two qubit basis states, which prevents non-destructive readout. The

existence of hole spin mixing in QDMs provides a solution to this problem. Specif-

ically, with the spin projection of a hole in one of the QDs serving as the qubit

basis, coherent rotations between these two basis states can be achieved via a Λ-

transition that couples both spin basis states to a single delocalized molecular-like

trion state. Importantly, such a trion state has allowed optical transitions to both

qubit basis states because of hole spin mixing. Thus the presence of hole spin mix-

ing makes it possible to initialize, manipulate, and readout hole-spin qubit states in

QDMs without a in-plane magnetic field [21].
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Figure 1.1: Proposed strategy for (a) spin initialization, (b) manipulation, and (c) read-
out using optical transitions of QDMs. Top/bottom rows indicate the spin projections of
electrons/holes in the top (right column) and bottom (left column) QDs. (Excerpt from
Economou et al., Ref. [21])

The proposed strategies for the initialization, manipulation, and readout are shown

in Fig. 1.1. Readout involves indirect resonant transitions between the hole spin

and a trion state that preserve spin. The readout is nondestructive because no in-

plane magnetic field, which would lead to spin-precession, is used in any of the qubit

operations. Spin initialization and manipulation both depend on the molecular hole

state being spin mixed by the tunnel coupling. The existence and origin of this

hole state spin-mixing for molecular hole states has been established and explored

[16, 44, 46]. Spin initialization occurs via optical shelving, with a resonant, indirect,

optical transition taking one hole spin to a X+ state which, because of the spin-

mixing of the hole state, can then decay back to both spin states of the hole. The

spin becomes initialized to the lower energy state after multiple transitions. Coherent

spin manipulation is driven by two nonresonant, indirect optical Raman transitions

which couple the two spin states of the qubit to the spin-mixed trion states. Increased

spin mixing leads to faster spin initialization and more effective coherent control.

The magnitude of hole spin mixing is critically important for quantum device oper-

ation [21, 55]. The strength of the spin-mixing is determined by the alignment of the

two dots. When the two dots are perfectly aligned, there is no spin mixing. However,

the dots are typically offset in structures grown by molecular beam epitaxy. When
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this is the case, rotational symmetry is broken (i.e., a lateral lever arm exists), the

states acquire angular momentum, and the induced spin-orbit coupling leads to spin

mixing [11, 16, 19, 39, 44, 46]. While hole spin mixing increases with the lateral offset

between the two QDs, this offset is extremely difficult to control during growth. A

lateral electric field, with a gradient that is asymmetric between the two dots in the

QDM, can mimic the effects of a lateral offset to enhance hole spin mixing [39], but

the electrodes that would create such a field are extremely difficult to incorporate into

photonic devices. We are evaluating the opportunity to enhance hole spin mixing in

QDMs by replacing the GaAs inter-dot barrier with a GaBixAs1–x alloy, without the

need for a complicated electric field structure. The incorporation of Bi is expected to

both lower the valence band edge (VBE) and increase spin-orbit interactions because

Bi is heavier than As and has a strong spin-orbit coupling.

Recently, random alloy GaBiAs has generated substantial interest [1, 5–7, 15, 27,

53, 54, 59, 60]. The addition of dilute amounts of Bi to GaAs allows the valence

band to be tuned, through band anticrossing (BAC) effects, to raise the valence-band

edge (VBE) while minimally affecting the conduction band [54, 60]. Incorporating

GaBixAs1–x into the region separating the two dots of a QDM lowers the interdot

barrier for holes and enhances hole tunneling, while preserving the electron band

structure. Additionally, literature suggests that GaBiAs has much stronger intrinsic

spin-orbital (SO) interactions compared to GaAs because Bi is a heavier atom [7, 54,

60], which could also enhance the hole spin-mixing in QDMs.

In order to study the effects of a GaBixAs1–x alloy barrier in a QDM system, we

first analyze the band structure and random alloy model for bulk GaBiAs using a

the tight-binding (TB) model. Chapter 3 shows that, due to the unique BAC nature

of GaBixAs1–x , a virtual crystal approximation (VCA) is insufficient in describing

the valence band of GaBixAs1–x . A fully atomistic approach not only captures the
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BAC effect, but also allows us to study variations created by different random real-

ization of the alloy distribution. Unless otherwise noted, Bi placement in the GaBiAs

alloy is determined with a pseudo-random number generator, resulting in what we

deem as a random alloy distribution. Later chapters will note the use of weighted

distributions of Bi resulting in a clustered distribution, and periodic placement of

Bi resulting in a ordered distribution. An undergraduate student I mentored has

performed additional studies on the distribution of Bi in bulk GaBiAs; these re-

sults will be included in Appendix A.

The main priority of the thesis is to discuss the effects of GaBiAs barriers in InAs

QDs. Chapter 4 discusses the change in energy levels of the dot with the introduction

of a GaBiAs barrier. We find that, for a fully alloyed inter-dot barrier, the hole

states stay well confined to the dot up to a Bi concentration of 7%. We also show

that the combined strain and orbital effects of the alloy are much greater than the

individual effects applied in isolation. Additionally, a comparison between the fully

alloyed barrier and a partially alloyed barrier shows that fully alloying the barrier

applies an asymmetric strain between the top and bottom dot. Chapter 5 incorporates

the application of a transverse electric field to show the alloy enhancement to the

spin-preserving tunnel resonance between the two dots of the QDM. A three-fold

enhancement is obtained at an alloy concentration of 7%. In the case of a fully alloyed

barrier, the asymmetric alloy strain applied the top and bottom dots results in a shift

in the field strength needed to bring the dots to resonance. Finally, in Chapter 6, we

show the alloy enhancement to spin-mixing in QDMs. In order to fit the TB results to

a simple phenomenological Hamiltonian, we found it necessary to include second order

magnetic field terms in the phenomenological Hamiltonian as a diamagnetic correction

to the hole state energies. Fitting to the corrected phenomenological model, we obtain

a three-fold enhancement for the spin-mixing strength of offset dots at 7% Bi. Small
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amounts of spin-mixing can also be introduced to aligned dots with the incorporation

of the alloyed barrier. Furthermore, at higher alloy concentrations, a combination of

enhanced spin-mixing and increase resonance change in g-factor results in intra-dot

spin-mixing between Zeeman split states of the lower energy dot. A perturbative

analysis of the magnetic field shows that both the spin-mixing and resonance g-factor

change are effects of the Peierls contribution, or the component of the magnetic field

applied to the effective spatial angular momentum of the wavefunction. When spin-

orbit coupling is removed from the system, there is no longer a preferred alignment

between the spin of the system and the Peierls effective angular momentum, thus

removing any magnetic field effects of the Peierls contribution.

In addition to QDM systems, the analysis of SO effects can be extended to single

dots with in-plane (perpendicular to the short axis of the dot) magnetic and electric

fields. This thesis concludes with some preliminary results utilizing electric fields,

in conjunction with spin-locking effects provided by SO coupling, to manipulate the

spin polarization in single dots. TB calculations with a magnetic field are performed

to show the preferred alignment of the effective angular momentum, given by the

geometry of the dot, also locks the spin-polarization of hole states. The result is

a spin that is not able to freely align with the magnetic field, creating a spatially

textured spin distribution, with opposite out-of-plane spin-polarizations on either

corner of the dot when the magnetic field is in-plane. An electric field can then be

applied to bias the charge density to either side of the dot, resulting in a spin polarized

in z, while both the magnetic and electric field is in the xy-plane. This also has the

effect of generating points where zero Zeeman splitting is obtained with finite spin

polarization and finite Zeeman splitting is obtained with zero total spin-polarization.

The same perturbative analysis with the QDMs can be applied to show sufficient
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spin-orbit coupling is needed to generate textured spin. We propose the utilization

of spin texture and electric fields as a novel method for rotating the spin in QDs.

In summary, this thesis explores the utilization of an alloyed GaBixAs1–x inter-

dot barrier for InAs QDMs in order to enhance hole state spin-mixing. We present a

detailed analysis of the hole state in QDMs will alloyed barriers using an atomistic TB

model. We propose additional corrections to a phenomenological Hamiltonian and fit

to the TB energies to obtain empirically relevant parameters. Finally, perturbative

analysis of the magnetic field allows us to gather insight of the underlying physics

governing resonance behaviors of QDMs. Our conclusions support the use of GaBiAs

as a viable material providing significant enhancement to hole state spin-mixing and

the general utility of QDMs as a qubit architecture.
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Chapter 2: Computational methods

2.1 The tight-binding Hamiltonian

2.1.1 A semi-empirical sps∗ model

A tight-binding (TB) model assumes a Bloch solution to a lattice structure, with

hydrogen-like orbitals as a basis. For bulk materials, empirical values are given for

the energies of the orbitals, the on-site TB energy, and the coupling between orbitals

on different sites, the TB hopping terms. The exact form of the orbitals themselves

need not be specified. The empirical values of the TB model are determined by

matching known quantities of the band structure.

A semi-empirical model for various multi-material semiconductor structures can be

built from the TB parameters given by bulk materials. Here, we atomisticly model

III-V heterostructures of quantum dots and quantum dot molecules. An sp3s∗ TB

model is used for III-V semiconductors; the s-orbitals correspond to the electron

states, the p-orbitals correspond to the valence states, and the s∗-orbitals are an

empirical construction to account for interactions with any other orbitals. Often

times, sp3d5s∗ TB models are considered, particularly for Group IV materials with

indirect bandgaps and valley states. However, d-orbitals have minimal impact at

the zone center, and thus not necessary for the direct bandgap materials used in

structures studied for the thesis, where the sp3s∗ model will suffice.
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We chose to implement an atomistic TB model, as it is much faster than ab initio

methods like density functional theory (DFT), but still includes atomistic effects as

every atom in the lattice is described. Spatial detail at the atomic level is not described

in effective mass theories. Atom-level spatial information is particularly useful, in our

case, for studying the complex spin interactions of these highly strained structures.

Formally, our zero field TB Hamiltonian, with orbital α on site n, is written as

〈
α′, n′|H0|α, n

〉
= δαα′δnn′ϵ0

αn + t0αα′(R⃗n, R⃗n′), (2.1)

where R⃗n is the real space position of site n, ϵ0
αn are the onsite energies, and t0αα′

are the offsite hopping energies. Assuming a nearest neighbor tight binding model

enforces that t0αα′(R⃗n, R⃗n′) = 0 unless n and n′ are nearest neighbors. A spin-orbit

term can be added as an onsite inter-orbital coupling, H = H0 + HSO, where

〈
α′, n′|HSO|α, n

〉
= δnn′USO,n

〈
α′|S⃗ · L⃗|α

〉
≡ δnn′∆αα′ . (2.2)

Different atom types will have their own spin-orbit coupling strength represented

by USO,n, which can be absorbed into the overall intra-site inter-orbital spin-orbit

strength ∆αα′

2.1.2 Electric and magnetic fields

In order to study the effects of alloying on spin-mixing, we need to include electric

and magnetic fields in our TB Hamiltonian. The formalism for the application of

electric and magnetic fields is given in ref. [25]. In addition to the Peierls term and

the spin term (S⃗ · B⃗) outlined in ref. [25], we have also included a L⃗ · B⃗ term for

the local atomic orbital angular momentum L⃗.
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The application of an electric field adds a potential at each atomic site corre-

sponding to the electric potential Φ(R⃗n):

ϵα,R⃗n
≡ ϵ0

α,R⃗n
− eΦ(R⃗n). (2.3)

The magnetic field also introduces onsite terms. Writing out the indices for the spin

and atomic orbital contributions explicitly gives us

〈
α′, n′|µB

(
2S⃗ + L⃗

)
· B⃗|α, n

〉
= δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n), (2.4)

where µB is the Bohr magneton.

Finally, the Peierls term produces an overall phase for the hopping terms in the

Hamiltonian, as

〈
α′, n′|H

(
r⃗, p⃗+ eA⃗(r⃗)

)
|α, n

〉

= exp
−ie

ℏ

∫ R⃗n′α′

A⃗(s⃗) · ds⃗


×

〈
α′, n′|H (r⃗, p⃗) |α, n

〉
exp

ie
ℏ

∫ R⃗nα

A⃗(s⃗) · ds⃗


= exp

−ie

ℏ

∫ R⃗n′α′

R⃗nα

A⃗(s⃗) · ds⃗

 〈
α′, n′|H (r⃗, p⃗) |α, n

〉
. (2.5)

There are no on-site hopping terms, thus the integral is zero for R⃗n = R⃗n′ . The

remaining hopping terms we can define as

tαα′(R⃗n, R⃗n′) ≡ exp
−ie

ℏ

∫ R⃗n′α′

R⃗nα

A⃗(s⃗) · ds⃗

 t0αα′(R⃗n, R⃗n′). (2.6)
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Therefore, our final Hamiltonian is

〈
α′, n′|H|α, n

〉
=δαα′δnn′ϵαn

+ δnn′∆αα′

+ δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

+ tαα′(R⃗n, R⃗n′), (2.7)

with

ϵα,R⃗n
≡ ϵ0

α,R⃗n
− eΦ(R⃗n)

tαα′(R⃗n, R⃗n′) ≡ exp
−ie

ℏ

∫ R⃗n′

R⃗n

A⃗(s⃗) · ds⃗

 t0αα′(R⃗n, R⃗n′). (2.8)

2.1.3 Computational implementation and gauge choice

2.1.3.1 Lattice relaxation

First, a large perfect lattice of 144a × 144a × 45a is created (a being the lattice

constant). A file stores the position, material, and species of all the atoms in the

lattice. Since the lattice is unrelaxed, atomic positions are stored in units of lattice

constants and assumed to be on a perfect lattice.

The strain from mismatch in the lattice constants of the different materials needs

to be accounted for in the TB parameters. A valence force field (VFF) model is used

to calculate strain relaxed atomic positions. The VFF model treats the atoms as

masses on springs. Each material type is given a relaxed spring length (the natural

bond length of the material d0), a longitudinal spring constant (short range force

parameter α), and a dihedral spring constant (short range force parameter β). The
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program for calculating the relaxed atomic positions was provided by Professor Michał

Zielński of the Institute of Physics, Nicolaus Copernicus University.

Starting with the unrelaxed lattice, the VFF model is used to calculate the overall

potential energy caused by the strain of mismatched lattice constants. The material

of every atom of the lattice is taken into consideration when calculating the strain

energy. The relaxed atomic positions are obtained by minimizing the potential energy

via gradient descent. A boundary condition to simulate a lattice substrate is applied,

where the atomic positions at the bottom face of the computational box matches

that of a perfect lattice of the substrate material. The large lattice size is necessary

in order to satisfy this boundary condition. A smaller lattice, now with the relaxed

atomic positions, is cut out to create the TB Hamiltonian.

2.1.3.2 Gauge choices and solving for eigenstates

A 50a× 50a× 34a cutout of the relaxed lattice is used to create the atomistic TB

Hamiltonian. Each atom is represented by the sps∗ on-site, spin-orbit, and hopping

parameters for the corresponding material. The on-site energy parameters are chosen

to set the VBE to zero. A valence band offset (VBO) is then required to shift all of the

on-site energies, ensuring the correct relative VBE offset between materials. Typically

the VBO is taken from experiment. Atoms at the boundary of two materials will

have its on-site parameters averaged between its nearest neighbors. For a periodic

boundary condition, the atoms at the edge of the computational box has hopping

terms connecting with the atoms on the opposing side of the box, which a phase

determined by the k-vector being studied. For a non-periodic, hard-walled, boundary

condition, any dangling bonds at the edge of the computational box are removed from

the calculation by increasing the dangling bond energy by an amount large enough

to push any dangling bond states far above any bands in the model. The hopping
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parameters at each atomic site are scaled by the strain relaxed bond calculated by

the new atomic positions. Once the lattice TB Hamiltonian is constructed, electric

and magnetic fields can be added by modifying the Hamiltonian.

Since only constant uniform electric fields are studied, the scalar potential is the

field strength times the distance from the origin. In the case of electric fields ap-

plied in the stacking direction of the dot,

Φ(R⃗n) = −Ezn. (2.9)

The origin for zn is arbitrarily chosen. While the choice of origin does not affect the

underlying physics, it does change the final eigenenergies. Having the origin be the

bottom of the lower dot is useful when comparing how the energies of the two dots

scale with electric field. The calculated potential is then added to the corresponding

on-site terms in the TB Hamiltonian before diagonalization.

The spin and atomic orbital contributions of the magnetic field, S⃗ · B⃗ and L⃗ · B⃗,

while easy to calculate, have orbital dependency. Like the spin-orbit term, the spin

and orbital contributions introduces an inter-orbital coupling for each atomic on-site

term. Therefore, the spin and atomic orbital contributions are not stored on file, and

need to be calculated for each iteration of the diagonalization process.
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Finally, for a constant uniform magnetic field, we can simplify the calculation with

the gauge choice of A⃗ = −1
2B⃗ × r⃗. We have

exp
−ie

ℏ

∫ R⃗m

R⃗n

A⃗(s⃗, t) · ds⃗


≈ exp

−ie

ℏ

A⃗(R⃗n′) + A⃗(r⃗n)
2

 ·
(
R⃗n′ − R⃗n

)
= exp

− ie

2ℏ

−B⃗ × R⃗n′ − B⃗ × R⃗n

2

 ·
(
R⃗n′ − R⃗n

)

= exp

− ie

2ℏ

B⃗ ×

R⃗n + R⃗n′

2


 ·

(
R⃗n − R⃗n′

) . (2.10)

This allows us to write all our expressions in terms of the magnetic field rather than the

vector potential. Like the electric field, the gauge choice for the magnetic field is arbi-

trary.

For smaller systems, the Peierls term can be calculated on demand during the di-

agonalization process. For the QDM systems, in order to lessen the computational

load, the TB hopping terms modified by the Peierls contribution are calculated on

a local machine and stored to file, before the diagonalization of the TB Hamiltonian

in performed on a computational cluster with distributed memory. Diagonalization

is carried out with the ARPACK implementation of the Arnoldi method, typically

using four distributed nodes totaling 60 parallel threads, taking a few hours to a

day to find 12 eigenstates. The addition of a magnetic field significantly increases

the computational time needed. Obtaining TB wavefunctions without a magnetic

field applied, and then using perturbation theory to apply the magnetic field is

substantially cheaper computationally.
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2.2 Perturbative analysis of magnetic fields

2.2.1 Three first order magnetic contributions

Heuristically, the magnetic field response has three contributing factors: the spin

of the state (S⃗), the orbital state at each atomic site (L⃗), and the overall orbital

motion of the wavefunction from the Peierls transformation. Under the tight binding

model, the magnetic field dependent terms are,

δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n) (2.11)

and

exp
−ie

ℏ

∫ R⃗n′

R⃗n

A⃗(s⃗, t) · ds⃗

 t0αα′(R⃗n, R⃗n′). (2.12)

Previously, each term was incorporated into the full TB Hamiltonian, and each

magnetic field strength had a separate Hamiltonian that needed to be diagonalized.

A computationally cheaper method is to apply a first order perturbation to the de-

generate, zero magnetic field, TB wavefunctions with the same three terms.

In reference to Equation 2.7, we find that the zero magnetic field Hamiltonian is

HB=0
αα′,nn′ =δαα′δnn′ϵαn + δnn′∆αα′ + t0αα′(R⃗n, R⃗n′). (2.13)
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From which, we can define a perturbation H = HB=0 + H1(B) by taking the first

order expansion of the Peierls exponential:

H1
α′α,nn′(B)

≈δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

+
−ie

ℏ

∫ R⃗n′

R⃗n

A⃗(s⃗) · ds⃗

 t0αα′(R⃗n, R⃗n′)

=δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

− ie

2ℏ


B⃗ ×

R⃗n + R⃗n′

2


 ·

(
R⃗n − R⃗n′

) t0αα′(R⃗n, R⃗m)

=δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

+ ie

2ℏ(B⃗ · n⃗nn′) t0αα′(R⃗n, R⃗n′), (2.14)

where we have assumed the same gauge as previously, A⃗ = −1
2B⃗ × r⃗, and simpli-

fied the previous expression of Eq. 2.10 to

ie

ℏ

∫ R⃗n′

R⃗n

A⃗(s⃗) · ds⃗ = ie

2ℏ

B⃗ ×

R⃗n + R⃗n′

2


 ·

(
R⃗n − R⃗n′

)

= − ie

2ℏB⃗ ·
(
R⃗n × R⃗n′

)
= − ie

2ℏB⃗ · n⃗nn′ , (2.15)

with n⃗nn′ =
(
R⃗n × R⃗n′

)
.

Perturbation theory is particularly useful when calculations with multiple directions

of magnetic field are needed, such as calculating the g-tensor. It also allows us to

more easily consider the three separate contributing terms of the magnetic field,

namely, the spin contribution S⃗ · B⃗, the atomic orbital contribution L⃗ · B⃗, and the

spatial/wavefunction orbital contribution also known as the Peierls term. Under the
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perturbative Hamiltonian, the contribution from the Peierls term is also linear with

magnetic field strength, allowing us to represent the total spatial angular momentum

of the wavefunction as l⃗eff and its corresponding magnetic contribution as l⃗eff · B⃗.

2.2.2 Splitting spin-degenerate TB wavefunctions

From diagonalization of the TB Hamiltonian without a magnetic field, we obtain

TB wavefunctions as degenerate pairs of spin states in the form of Kramer dou-

blets, |ψ1⟩ and |ψ2⟩. Using the first order perturbative Hamiltonian (Eq. 2.14) we

write the four element matrix

H1
ij =

〈
ψi|H1(B)|ψj

〉
. (2.16)

Eigenvalues of H1
ij give us the first order perturbations to the energy; eigenvectors give

us the linear combination of |ψ1⟩ and |ψ2⟩ to construct the perturbed wavefunction.

The first order magnetic splitting can be easily calculated from the perturbed energies.

Both the construction and diagonalization of H1
ij are computationally cheap. This

allows us to calculate the first order effects of a magnetic field, namely the splitting, for

various directions of magnetic field within a reasonable computational time. By selec-

tively including only the S⃗ · B⃗, L⃗ · B⃗, or the Peierls term in H1(B), we can also obtain

the splitting contribution of each term independently. For the full TB calculation with

an magnetic field, each different direction of magnetic field or each separate inclusion

of the three different contributions would take hours to compute on a parallel archi-

tecture with distributed memory across multiple nodes. The implementation of per-

turbation theory allows us to run only one TB calculation, without a magnetic field.

The subsequent perturbative calculations take minutes, for each setup, to complete on
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local workstations. We will use the breakdown of these three contributions to the mag-

netic splitting to understand how the alloy affects the resonance behavior of QDMs

2.3 Modeling QDMs with the tight-binding Hamiltonian

2.3.1 System geometry

We model a QDM consisting of two vertically stacked InAs QDs. Experimentally,

the QDM heterostructure would be formed by molecular-beam epitaxial deposition

of two consecutive layers of self-assembled InAs QDs, separated by a thin layer of

GaAs or GaBiAs acting as a barrier. First, layers of InAs are deposited on the GaAs

substrate. Initially forming just the wetting layer, further deposition of the InAs,

driven by the strain mismatch between the InAs of the wetting layer and the GaAs

of the substrate, then forms the first layer of QDs. The InAs dots are then shaved

down to obtain disk-shaped cylindrical dots of uniform height, before being capped

with the barrier material. When the second layer of InAs is deposited above the

GaAs/GaBiAs barrier, the strain induced by the lattice mismatch between the dot

in the first InAs layer and the GaAs/GaBiAs barrier provides a nucleation point for

a dot in the top layer to form directly above the dot in the bottom layer [57]. The

two InAs dots are thus naturally stacked vertically (along the growth direction). The

substrate under the first dot and the cap above the second dot are GaAs; the barrier

is engineered to be various GaBiAs/GaAs structures. Details on the growth of these

structures can be found in references [47, 57].

All calculations are carried out for cylindrical dots of radius 16.6a, height 3a (not

including the wetting layer), and 1a thick wetting layers, as shown in Figure 2.1.

Dot-to dot separation (wetting layer to wetting layer) is 10a, unless otherwise noted.

The geometry for the QDMs closely resemble those previously studied in [16]. A
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Figure 2.1: Schematic representation of system geometry. GaAs in blue; InAs in yellow;
GaBiAs in red. (a) Aligned dots with alloy spanning the full interdot region. (b) Offset
dots with alloy spanning the full interdot region. (c) Aligned dots with alloy as a partial
layer inside the barrier. (d) Offset dots with alloy as a partial layer inside the barrier.
a represents lattice constants. (x and z axes not to scale.)

lattice of size 144a× 144a× 45a is used for calculating the strain relaxation via VFF.

After the new atomic positions are calculated, a 50a×50a×34a cutout of the relaxed

lattice is made. We ensure that the cutout size is large enough to minimize any

boundary effects on the quantum dots states. The dot states being bound and not

sensitive to the boundary allows us to construct our Hamiltonian from the smaller

cutout, saving significant computation time during diagonalization. Lattice strain is

accounted for in construction of the TB Hamiltonian. Hopping TB parameters are

scaled by the relaxed bond length d as
(

d0
d

)η
, where d0 is the natural, unrelaxed,

bond length of the respective material. η for all materials is taken to be 2.9, typical
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for the class of materials of interest. The particular value of 2.9 was chosen as it

has historically agreed well with experimental results.

2.3.2 Material parameters

The TB model we use for III-V materials include sp3s∗ atomic orbitals and nearest-

neighbor hopping [25, 26, 43, 56]. The VFF parameters and bond lengths for the rel-

evant materials are given in Table 2.1. The parameters for InAs and GaAs are taken

from Zunger et al. [45], and the parameters for GaBi are taken from O’Reilly et al. [54]

(with lattice constant converted to bond length using a zincblende structure). The

relaxed atomic positions are used to construct the TB Hamiltonian with the parame-

ters in Table 2.2. The values for InAs and GaAs are from Vogl et al. [56], with proper

spin-orbit coupling parameters appended. The TB parameters for GaBi are converted

from O’Reilly’s σ and π-bond model [54] to a px, py, and pz model. The states and

wavefunctions of interest are found by iterative diagonalization of the Hamiltonian.

Partial diagonalization of the Hamiltonian around a energy value in the band gap

allows us to compute the few electron and hole states closest to the band edge.

Table 2.1: Unrelaxed bond length (d0) and short range force parameters (α and β) for the
VFF model.

InAsa GaAsa GaBib

α (N m−1) 35.18 41.49 34.0
β (N m−1) 5.49 8.94 5.0
d0 (Å) 2.622 2.448 2.740

a Values from Zunger et al. [45]
b Values converted from O’Reilly et al. [54]

Because an atom may be surrounded by different nearest-neighbors, the orbital

energies at the atomic site are taken to be the average of the orbital energies it has

for each nearest-neighbor, weighted by the number of each neighbor. SO and VBO
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parameters are also on-site parameters and therefore incorporated into the Hamil-

tonian as an average between the materials formed with the nearest-neighbors. At

an interface between InAs and GaBiAs, there may be occurrences of InBi. These

will be few, so we use the parameters of InAs to describe InBi, as there is no known

TB parameter set for InBi. We do not expect the difference between InAs and InBi

to alter our results in any significant manor.

Table 2.2: Tight-binding parameters (orbital energies, inter-atomic interaction, spin-orbit
coupling and valence band offset) for an sps∗ Hamiltonian. A subscript x indicates a
p-orbital parallel to an crystal axis. A subscript xx indicates two parallel p-orbitals; a
subscript xy indicates two perpendicular p-orbitals. The subscript a and c indicate anion
and cation, respectively. All units in eV.

InAsa GaAsa GaBib

Es,a −9.5381 −8.3431 −8.3774
Es,c −2.7219 −2.6569 −5.6126
Ex,a 0.9099 1.0414 0.1256
Ex,c 3.7201 3.6686 1.694
Es∗,a 7.4099 8.5914 6.1262
Es∗,a 6.7401 6.7386 5.8164
Vss,ac −5.6052 −6.4513 −5.3700
Vsx,ac 3.0354 4.4800 5.4426
Vsx,ca 5.4389 5.7839 2.7771
Vxx,ac 1.8398 1.9546 0.9727
Vxy,ac 4.4693 5.0779 3.5143
Vs∗x,ac 3.3744 4.8422 4.1687
Vs∗x,ca 3.9097 4.8077 1.1778
Uso,a 0.140 0.140 0.672
Uso,c 0.000 0.000 0.038 43
VBO 0.0 −0.2 0.9

a Values from Vogl et al. [56]
b Values converted from O’Reilly et al. [54]
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2.3.3 Generating an alloy

For the study of the material itself, smaller GaBiAs lattices of 8 to 1000 atoms are

created. These lattices are not strain relaxed and serve as “unit cells,” where deliber-

ate placement of the Bi atoms at the center of the cell gives a definitive pre-determined

alloy concentration. The TB Hamiltonian is built from these unit cells, with periodic

boundary conditions, to represent a larger periodic lattice of the bulk material.

The larger 144a×144a×45a lattice is used in the random alloy model, for both bulk

GaBiAs calculations and the QDM systems. We start with a rectangular box of pure

GaAs. A pseudo-random number generator is used to select and replace As atoms with

Bi in the interdot barrier. A random number between 0 and 1 is generated for each As

site in the region meant for alloying, and sites where the number generated is less then

or equal to the desired concentration is turned into a Bi atom. For bulk GaBiAs, the

entire lattice is transformed into GaBiAs and then strain relaxed. A smaller lattice

of 50a × 50a × 34a is cutout from the relaxed lattice to create a TB Hamiltonian

with parameters from Table 2.2. The Hamiltonian no longer has periodic boundary

conditions, but a hard-wall with energies of dangling bonds removed. For the QDMs,

the Bi atoms are only seeded in the region between where the wetting layers of the

two dots would be located. After which, the two quantum dots and their wetting

layers are created by replacing the appropriate Ga atoms with In. This lattice is then

relaxed, and the smaller cutout is used to generate a tight-binding Hamiltonian.

In addition to the pseudo-random placement of Bi in the alloy, we also compute

clustered and ordered alloy distributions. For a clustered alloy, the placement of Bi

is performed in two steps. An initial placement of half the desired concentration is

placed randomly with a pseudo-random number generator. A second sweep of the

lattice is then performed, where each As atom that is a next nearest neighbor to a Bi
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placed in the fist sweep has a 10% increase in chance to be replaced with a Bi atom

for each neighboring Bi introduced in the first sweep. The overall probability of the

second round is normalized such that half the desired concentration of Bi is placed,

resulting in the overall concentration after the two rounds to equal the initially desired

concentration. In an ordered lattice, if a Bi atom is placed every 2 lattice constants,

then with one Bi atom per 8 unit cells, we obtain a periodic lattice of GaBi0.03As0.97.

If another set of Bi atoms is placed offset by 1a in all three lattice directions, resulting

in two Bi atoms per 8 unit cells, we have a pseudo-periodic lattice of 6% alloy.

The various eigenenergies and eigenstates obtained from partial diagonalization of

the TB Hamiltonians are used to analyze QDMs. Initially, in Chapters 3 and Chap-

ter 4, we will explore the energy levels of bulk GaBiAs and QDMs with a GaBiAs

barrier. Starting from Chapter 4, we use the construction of the TB Hamiltonian

from the relaxed lattice to selectively apply the strain or orbital effects of the alloy

independently. The addition of an electric field to the TB Hamiltonian in Chapter 5

allows us to study the tunnel coupling between the two dots of a QDM. Finally,

adding a magnetic field in Chapter 6 and Chapter 7 allows us to explore spin-mixing

for QDMs and spin texture for in-plane fields, respectively. Additionally, the TB

wavefunctions obtained as eigenstates of the Hamiltonian can be used for various

post-analysis, such as applying a perturbative magnetic field on TB wavefunctions

obtained without a magnetic field.
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Chapter 3: Tight-binding calculations of GaBiAs

Chapters 3 and 4 reuses content published in Phys. Rev. B 99, 075308 (2019).

While GaAs is a typical III–V direct gap semiconductor, GaBi is a negative-gap

semiconductor (semimetal). Moreover, Bi has substantially larger spin-orbit coupling

than As. GaBiAs alloys are expected to be significantly different from typical III–V al-

loys and to have significant local spin-orbit interaction that may provide new tools for

modifying the hole spin physics of InAs QDMs. The purpose of this chapter is to inves-

tigate how GaBiAs alloys should be treated to correctly model their properties in InAs

QDMs and to determine which effects of the alloy barriers influence the QDM states.

For this chapter, we start by analyzing the band structure of GaAs and GaBi

calculated using an atomistic TB model with a single unit cell and periodic boundary

conditions, showing the band inversion present in GaBi. When a single As atom

is replaced with Bi to form a GaBi0.25As0.75 alloy, the band structure shows the

introduction of an additional state under the GaAs valence states, as opposed to

the hybridization of the valence band for both materials. This highlights the need

for atomistic calculations for random alloy distributions, and the inadequacies of

approaches such as virtual crystal approximations (VCAs). We confirm the need for

an atomistic approach with large lattices of bulk GaBixAs1–x with non-periodic hard-

walled boundaries. Finally we have a brief discussion on the spread of the VBE as a

result of the random distribution of the alloy at any given concentration.
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3.1 Band structure of a periodic lattice

To understand the band structure of GaBiAs random alloys, we begin with peri-

odic models of the alloy. First, we start with simple periodic 8 atom unit cells of

GaAs, GaBi, and GaBi0.25As0.75. We calculate the folded band structure by diago-

nalizing the 8 atom TB Hamiltonian. Then, we expand our model to larger unit

cells to explore Bi clustering effects.

3.1.1 Periodic calculation of a single unit cell

For pure GaAs and GaBi, the folded bandstructures along k from Γ to X/2 are

shown in Figure 3.1. GaAs shows the typical behavior of a III-V semiconductor,

with a calculated bandgap of 1.44 eV and an SO split-off 0.33 eV below the VBE.

GaBi, on the other hand, has an inverted band structure. The consequence, seen in

Figure 3.1b, is that the CBE is at −1.45 eV, below the VBE (set to 0). Also, the

heavy-hole bands increase in energy away from the zone center while the electron and

light-hole bands decrease in energy away from the zone center. Finally, the SO band

for GaBi lies slightly below the conduction band, at −1.75 eV.

Next, we take an 8 atom unit cell of pure GaAs and replace the center As atom

with a Bi atom, simulating a 25% Bi GaBi0.25As0.75 alloy where the Bi atoms are

periodically spaced in the lattice. All the TB parameters associated with the center

As atom and its bonds are replaced with Bi and GaBi, respectively. However, all

bond lengths are still taken to be that of GaAs, as the structure is not strain relaxed.

Additionally, since the lattice is unrelaxed, the TB parameters are not scaled with

changes from natural bond length, despite the GaBi bonds being compressed to match

GaAs. Again, we diagonalize this Hamiltonian for a set of k values between the zone
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Figure 3.1: Folded band structure of (a) GaAs and (b) GaBi, from Γ to X. For an 8 atom
unit cell, the bandstructure is twice folded. Both graphs have the VBE set to 0 (eV) for
the respective material. (Black: conduction band edge; Red: heavy holes; Blue: light hole;
Green: spin-orbit split off; Grey: other bands)

center (Γ) and the zone boundary X. The resulting band structure, overlaid with the

previous results for pure GaAs, are shown in Figure 3.2.

There are two primary features of alloying. First, the alloying reduces the bandgap

energy and increases the SO split-off energy. Second, a Bi band exists beneath the

VBE at −2 eV, a feature unique to only a handful of alloy materials. The alloy

behaves as a non-traditional alloy as it is a mixture of a semiconductor and a semi-

metal with drastically different band structures. The reduction in bandgap energy

can be explained under the band anti-crossing (BAC) model, wherein the introduction

of a Bi band below the GaAs VBE pushes the alloy VBE up in energy more than

traditional alloying [1, 37, 54]. For low alloy concentrations, the Bi energies lay

slightly below the VBE of GaAs, resulting in a BAC effect [15, 54]. The BAC effect

disappears at higher concentrations, because band broadening occurs and the Bi band

starts to overlap with the VBE [15]. In Figure 3.2, there is a single “Bi defect state" at

roughly 2 eV below the VBE. There is limited Bi band broadening due to the presence

of only a single Bi atom in the unit cell, therefore, we have a clearly visible defect

state. The existence of this state supports the BAC model [54].
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Figure 3.2: Band structure of GaBi0.25As0.75 (blue), overlaid on top of pure GaAs (red).
One can clearly see the Bi defect state at −2 eV. Placement of Bi atom at the center of the
cell breaks the symmetry, thus, the GaBi0.25As0.75 band structure is not folded.

3.1.2 Bi clusters in few unit cell lattices

Studies have suggested that Bi atoms in GaBixAs1–x tend to form clusters [5, 6,

35, 54]. We explore clustering by selectively replacing additional As atoms in the

original unit cell with Bi. To simulate change in concentration, the size of the unit

cell is expanded by adding GaAs equally to all sides. Since all the Bi atoms are

located in the original 8 atom cell, the periodic repetition of the structure simu-

lates equally spaced “Bi clusters.”

For Bi cluster calculations, we create square structures that are m unit cells in

length, where m = 1, 2, 3, 4, 5. The total number of atoms in our structure is 8 ×m3,

or 8, 64, 216, 512, and 1000 atoms. Periodic conditions are identical to the case

of the unit cell, but scaled to the size of the structure. For example, the struc-

ture with length m = 2a wraps around on itself every 2 lattice constants in each

crystal direction. The Bi replacement begins with the anion at the center of the
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structure, regardless of structure size. Up to three additional next nearest neighbor

anions are replaced with Bi, in the order of
[

1
2

1
20

]
,

[
1
201

2

]
, and

[
01

2
1
2

]
. The lattices

are unrelaxed, and all the bond lengths of GaAs are kept. TB parameters are not

scaled with bond length. Only the energy at the zone center is shown. With this

method, there are two variables affecting Bi concentration. One is the number of

Bi atoms; the other is the size of the structure. Increasing the structure size low-

ers the Bi concentration directly, without increasing cluster size. Adding Bi to the

system increases the concentration, but results in a greater VBE shift than reducing

the structure size by the corresponding amount.
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Figure 3.3: VBE shift above GaAs for GaBixAs1–x of different concentrations of Bi. Dif-
ferent curves represent a different number of Bi atoms in a cluster (located in the center of
the periodic cell). Change in Bi concentration along a curve is created by varying the cell
size (the distance between clusters).

The resulting VBE shifts at Γ for the different cell sizes and Bi concentrations are

shown in Figure 3.3. Each connected curve represents a given number of Bi atoms

per cluster; each data point along a given curve corresponds to a different unit cell

size, with larger Bi concentrations for smaller cell sizes. Following each curve, we
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find the smaller the cell size, the higher the concentration, and the more the VBE

is shifted. Comparing curves, we see that higher Bi atom count per cluster leads to

greater rise in energy for the VBE, despite identical Bi concentration. This implies

that alloying effects are increased by clustering, consistent with literature [53, 54]

For Bi concentrations in the 4% to 10% range, clustering leads to shifts (∼50 meV)

that are a sizable fraction of the actual VBE shifts.

3.2 The random alloy approach

To better model actual QDMs, we must consider random alloys of GaBiAs. We take

a 144a×144a×45a box of pure GaAs, and use a pseudo-random number generator to

select As atoms to replace with Bi. The large lattice is then relaxed using a valence

force field (VFF) method to account for strain due to Bi in the alloyed system. A

TB Hamiltonian is generated from a 50a × 50a × 34a cutout of the relaxed lattice.

The Hamiltonian is diagonalized to find the states closest to the VBE and CBE.

The boundary condition for the VFF is set such that the bond length of the atoms

at bottom of the computational box matches that of a pure GaAs lattice. The TB

Hamiltonian is setup without a periodic boundary condition between opposing sides

of the box. Any dangling bonds caused by the hard boundary at the end of the

computational box are removed by raising the orbital energies by 200 eV. The results

are shown as the black curves in Figure 3.4.

Also shown in Figure 3.4 are results from using a virtual crystal approximation

(VCA) to model alloying. In the VCA model, the alloy is treated as a regular lattice

of GaX, where the VFF and TB parameters for X are the concentration-dependent

averages between parameters for As and Bi. The VCA energies have a linear depen-

dence on alloy concentration. Although both the VCA model and the random alloy

approach show a bandgap reduction of roughly 30 meV/%, only the random alloy
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Figure 3.4: Energy levels of GaBixAs1–x plotted against Bi concentration (x), for a random
alloy approach (black) and a VCA model (blue). The zero on the energy scale here is set to
the VBE for GaAs. The initial (0% Bi) deviation from a perfect 0 eV GaAs VBE is caused
by spin-orbit effects, offsetting the actual VBE from the VBO provided by Vogl [56].

case correctly captures bowing of the VBE. In addition, as indicated in Table 3.1, the

VBE shift obtained with a VCA model is smaller than the prediction of O’Reilly’s

[54] and experimental results [1, 22, 35, 59]. The failures of the VCA model shows the

necessity of including the individual Bi atoms, and reaffirms the importance of the

BAC model. The results for our random alloy model do differ slightly from O’Reilly’s

but can be explained by a difference in strain models. Our results show that an

atomistic treatment of Bi is needed to correctly predict the properties of GaBixAs1–x ,

which would be a random alloy in real materials.

With the random alloy model, we also study the spread of energies stemming from

variations in alloy configuration. These variations are not accounted for by the VCA

nor in a periodic model. For the case of 7% Bi, 40 different alloy configurations

(placement of Bi atoms) are generated by the pseudo-random number generator.

Each configuration is relaxed and diagonalized independently. The resulting energies
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Table 3.1: Band edge shift per alloy percentage (slope in Figure 3.4) for GaBixAs1–x . Two
values taken, one between 0 and 1%, the other between 9 and 10%. Values from O’Reilly et
al., where the system was a smaller random alloy with periodic boundaries, are shown for
comparison [54]. The gap energy, Eg, decreases by the combined amount of the VBE and
CBE shifts.

Change per percent alloy (meV/%) CBE VBE Eg

VCA (1%) −19 9.8 −28.8
VCA (10%) −19 9.8 −28.8
Alloy (1%) −9.2 66 −75.2
Alloy (10%) −5.4 11 −16.4
Periodic [54] (2%) −28 53 −81
Periodic [54] (12%) −28 30 −58

closest to the band edges for each configuration are shown in Figure 3.5. We see a

50 meV spread for the VBE and a 10 meV spread for the CBE. In conjunction with

Figure 3.4 and Table 3.1, we see that the configurational variances accounts for a large

portion of the difference between our predicted energies and O’Reilly’s. The remaining

discrepancies between the random alloy results and O’Reilly’s paper can be attributed

to the difference between non-periodic and periodic boundary conditions, as well as

the fact that we have a different model for strain relaxation. A later paper by O’Reilly

et al. [53], where GaBixAs1–x was placed on top of a GaAs substrate (consistent with

our strain model), shows band edge shifts in agreement with our random alloy results.

In conclusion, for a periodic system, we have reaffirmed the existence of a Bi state

below the band edge which pushes the VBE up through band anti-crossing. Stronger

alloy effects emerge from more densely clustered Bi. For large non-periodic lattices,

the VBE shift of the random alloy model is consistent with literature, while the VCA

model is not consistent with random alloy results. Furthermore, the VBE of the ran-

dom alloy model shows signs of bowing, an effect of band anti-crossing [1, 54], where

the VCA model failed to show signs of BAC. Additionally, the spread in energies at

the VBE for the random alloy case is a combined effect of configurational dependence
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Figure 3.5: Band edge energies for various random alloy configurations with a
GaBi0.07As0.93 cell of nearly 700,000 atoms. The zero on the energy scale here is set to
the VBE for GaAs. Data points are connected via curves solely for better visualization.

and strain [53]. While the valence band is sensitive to both strain and configuration

due the band-anticrossing, the lack of band-anticrossing in the CB removes most of

the configurational dependence from the CBE. These results show that an atomistic

treatment is necessary to correctly model the properties of GaBixAs1–x . Most impor-

tantly, an atomistic treatment is needed to capture the VBE shift, which significantly

determines effects from changes in the barrier in a QDM.
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Chapter 4: Hole state energies in InAs/GaBiAs double dots

In this chapter, we assess the sensitivity of the QDM states to random fluctuations

in the alloy configuration as well as Bi clustering in the alloy barrier. Our results show

that an atomistic treatment is necessary to properly account for the alloy effects.

We separately investigate the effects of (1) the strain induced when the larger Bi

replaces the smaller As and (2) the effects when the As energy levels are replaced

by Bi orbitals and energy levels, i.e., the scattering induced when Bi replaces As.

We find that the induced strain is a global effect, affecting the system beyond just

the alloy region. The strain on the dots caused by the alloy raises the energy of

the dot hole states, resulting in a competition with the lowering of energy that one

would expect from reducing a confinement barrier. Additionally, any asymmetry in

strain between the two dots causes a change in the energy difference between the

corresponding hole states of each dot. In the case where the entire inter-dot region

is alloyed, the bottom dot receives less strain, and the energy difference between the

corresponding top and bottom dot states increases.

4.1 Alloy concentration

We first consider a QDM with GaBiAs everywhere between the InAs QDs and

wetting layers (as shown in Figure 2.1a). Energies obtained from the VCA model

are shown in Figure 4.1 (blue), in comparison with results obtained for a random

alloy configuration (black). From here on, we shall make the distinction between

QD hole/electron states and the valence/conduction band states. The nomenclature
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“holes” and “electrons” shall be reserved for the states confined within the QDs,

whereas valence band and conduction band shall refer generally to electron states

below or above the bulk bandgaps. All energy plots will show conduction electron

and valence electron energies. Due to convention, an increase in hole state energy

is a decrease in valence electron energy, and vice versa.
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Figure 4.1: Energy levels of an InAs QDM with full GaBixAs1–x barrier, calculated with
a random alloy approach (black) and the VCA (blue). Zero on the energy scale here and in
remaining figures is set to the VBE for InAs, which is 0.2 eV above the GaAs VBE.

As shown in Figure 4.1, electron states confined to the dots are weakly affected by

the presence of Bi, due to the relatively small GaBixAs1–x CBE energy shift. The

larger energy difference between the dot electron states and the barrier GaBixAs1–x

CBE also weakens the barrier alloy effects as compared to the holes. From Figure 3.4,

we see that the CBE for bulk GaBixAs1–x is about 0.3 eV above that of the InAs

QD electron states (after accounting for the VBO between GaAs and InAs). The

atomistic treatment of Bi accounts for local Bi effects, without distorting the electron

structure globally, as would happen in the VCA.
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The hole state energies in Figure 4.1 are initially flat, weakly dependent on Bi

concentration, because the lowest energy hole states are well confined to the InAs dots.

In the random alloy model, this breaks down at higher concentrations of Bi, when

the GaBiAs barrier VBE is pushed up into the same energy region as the confined

QD hole states. This results in a breakdown of confinement at 9% to 10% Bi.
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Figure 4.2: Comparison of GaBiAs barrier valence band energy levels (red) with random
alloy InAs QD hole state energy levels (black). Bi barrier energy levels were calculated as
a layer of GaBixAs1–x in a larger lattice of GaAs.

The interaction between the dot hole states and the barrier VBE is supported by the

fact that the hole states are close in energy to the valence band of bulk GaBixAs1–x at

x ≈ 7%. We see the distortion of the dot hole state energy levels as the concentration

of Bi in the barrier surpasses this percentage. To further illustrate this, we calculate

the energies with the two InAs dots and wetting layers replaced with GaAs, leaving

just the GaBixAs1–x sandwiched between GaAs. The energies for this GaBixAs1–x

layer are compared with the energies for the InAs dots in Figure 4.2. This better

illustrates the distortion of the dot energy levels with respect to the encroaching Bi

band energy levels. This also indicates that, past 8% Bi, the valence states need not be
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confined solely to the QDs. Wavefunction plots confirm that, for 10% Bi, significant

hole probability is found in the Bi barrier region rather than in the InAs dots.

4.2 Alloy configuration

To test the effect of alloy configuration, we consider InAs QDMs with 7% Bi in the

GaBiAs barrier. At this percentage, the GaBiAs VBE overlaps with the hole states

in the QDM. For the bulk GaBixAs1–x (Figure 3.5), there is a 10 meV spread in CBE

energies and a 50 meV spread in VBE energies caused by different configurations.

The spread of CBE and VBE energy levels for 20 configurations of a 10a layer of

GaBi0.07As0.93 in GaAs are shown in Figure 4.3 (red). The alloy configurations in

Figure 4.3 have no relation to those in Figure 3.5.
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Figure 4.3: Band edge states for various random alloy configurations of a 10a layer of
GaBi0.07As0.93 in GaAs (red), and QDM states from using the respective alloy configura-
tion as the interdot barrier (black). The plot shows the variation caused by the random
distribution of Bi and the much larger separation between the barrier CBE and the dot
electron states in contrast to the VBE and hole states. Zero on the energy scale is set to
the VBE for InAs.
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The alloy band edges of Figure 3.5 and Figure 4.3 are similar, with the exception

of one case for the CBE. This is an artifact of a particular alloy configuration and is a

very rare occurrence. Of the 41 alloy configurations we tested, configuration # 9 was

the only case to have a significant deviation in the CBE. Looking at the VBE, it might

seem that there is more of a spread for a 10a layer of GaBiAs in GaAs, compared to

bulk GaBiAs. However, the states are less dense because fewer Bi atoms are included

in the computational box. This is not a configurational effect. Disregarding case #

9, the spread in VBE of the GaBiAs barrer is still roughly 50 meV.
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Figure 4.4: Zoomed in cut of Figure 4.3. Valence edge states for various random alloy
configurations of a 10a layer of GaBi0.07As0.93 in GaAs (red), and QDM states from using
the respective alloy configuration in the interdot barrier (black). Zero on the energy scale
is set to the VBE for InAs.

The effect of alloy configuration on the QDM electron and hole states is also shown

in Figure 4.3. We take the GaAs lattice with a GaBiAs barrier shown in red in

Figure 4.3 and add the InAs dots. The alloy configuration with and without the dots

remains the same for the same configuration numbers. The resulting dot states are

shown in Figure 4.3 (black). The electron states remain largely unaffected by alloy
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configuration, as expected. The configurational change of the GaBixAs1–x CBE is

too small and too far away to significantly affect the behavior of the dot electron

states. However, the hole states do see the GaBixAs1–x VBE, because, for x = 0.07,

the alloy VBE energetically overlaps with the hole states. Figure 4.4 shows a zoomed

in view of the GaBiAs VBE and the QDM hole states. At 7% alloy, the ground and

first excited QDM hole states retain their structure regardless of alloy configuration;

the remaining states are shifted to varying degree, roughly correlated to how close

the GaBi0.07As0.93 VBE is to the dot states.

4.3 Alloy induced strain effects and system geometry

4.3.1 Layered GaBiAs barrier

We also consider the case where only a 4a layer within the interdot region is alloyed

(see Figure 2.1b). The overall barrier thickness remains the same, but is now a sand-

wiched structure of GaAs/GaBiAs/GaAs. This shows how the thickness of the alloy

barrier region can influence the QDM states. The resulting hole energies, overlaid

with the dot hole energies with the full GaBiAs barrier are shown in Figure 4.5.

There are two key things to note. First, for the layered GaBiAs barrier, the upward

shift in valence energy doesn’t occurs until a higher concentration of Bi, indicating

that the QD hole states are less perturbed by the alloy region, despite having the

same concentration of Bi within the alloy layer. Second, for the full GaBiAs barrier

there is a larger energy difference between equivalent top and bottom dot states (i.e.,

Ev1 − Ev2, Ev3,v4 − Ev5,v6, etc.), than for the layered barrier. This is because, in

the former case, there is Bi present above and around the sides of the bottom dot,

whereas Bi is only present below the top dot. This geometry of the GaBiAs layer

breaks the symmetry between the top and bottom dots. On the other hand, the 4a
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Figure 4.5: Energy levels of an InAs QDM with the interdot region containing a 4a layer
of GaBixAs1–x (red), compared to a QDM where the entire interdot region is GaBixAs1–x
(blue).

layer of GaBiAs sandwiched between GaAs appies an equal strain to the two dots.

We will see shortly that the increased energy difference is a strain induced effect.

4.3.2 Comparison of alloy induced strain and orbital effects

4.3.2.1 Strain effects

To better understand how the Bi in the barrier perturbs the QDM states, we look

at strain and orbital effects of Bi alloying independently. First, we consider the strain

effects caused by the presence of Bi atoms, as there is an 11% difference in bond

length between GaAs and GaBi. By using the strain relaxed positions of the alloyed

barrier but using the GaAs TB parameters for GaBi, the effects of strain from Bi

are isolated from the effects due to the differences in orbital and hopping energies

of GaBi versus GaAs. For a QDM where the full 10a inter-dot barrier is alloyed,
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calculations are done with and without the InAs dots to show the dot hole states

and the underlying GaBiAs valence band (Figure 4.6).
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Figure 4.6: Comparison of GaBiAs barrier valence energy levels (red) and InAs dot hole
state energy levels (black) with all GaBi tight-binding parameters replaced with those of
GaAs, keeping the strain profile for the GaBiAs barrier. Energy levels found with both
strain and orbital effects included are shown for comparison (yellow).

In Figure 4.6, we see a near-linear increase in dot hole state energy (i.e., a decrease

in valence electron energy) with respect to Bi concentration due to strain. We also

see a steady energy shift of the underlying Bi band due to strain alone. One would

expect the lowered barrier to lower confinement and decrease the hole state energies.

Yet, the significant amount of strain imparted by the alloy onto the dots provides

more confinement on the dot hole states, raising their energies. The larger the dot-

to-dot separation, the less the barrier height effects the dot energies, and the more

the alloy strain is able to raise the hole state energies.

Secondly, there is an increase in energy difference between corresponding top and

bottom states as alloy concentration is increases. The effect is present when both alloy
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strain and orbital effects are considered, and when only strain effects are applied. We

attribute this phenomenon to the difference in strain applied to the top and bottom

dots by the alloy. As the alloy fully extends from wetting layer to wetting layer, the

alloy surrounding the sides of the bottom dot applies a lateral compressive strain

that competes with the vertical compressive strain experienced by both dots. The

competition between the lateral and vertical compressive strain results in a overall

smaller change in atomic positions for the bottom dot. The top dot, without Bi

surrounding its sides, have a larger change in atomic positions from just experiencing

the vertical compressive strain. In Figure 4.2 and Figure 4.6, we see that states

associated with the top dot (the higher hole state energy of the pair) increase in energy

with respect to alloy concentration faster than the states associated with the bottom

dot. The result is the alloy increasing the energy separation of the bottom and top

dot states. Without an asymmetric strain between the two dots, such as in a layered

barrier, this effect is removed and the hole states increase in energy at the same rate.
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Figure 4.7: Strain dependence of valence energy levels of an InAs QDM, with the interdot
region containing a 4a layer of GaBixAs1–x (red) or the entire interdot region as GaBixAs1–x
(blue).
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Figure 4.7 compares the effect of induced strain for a QDM with a full barrier and

a layered barrier. The fully alloyed barrier provides larger energy splitting between

top/bottom dot hole state within a given pair. This arises from symmetry breaking

between the two dots when the sides of the bottom dot are surrounded by Bi. The

similar strain profile in the top and bottom dot for the layered barrier causes energy

levels to increase at a similar rate. Both the fully alloyed barrier and the layered

barrier show a monotonic increase in dot hole energy due to strain. Neither shows a

level repulsion from a Bi band. Slight deviations from a linear dependence show that

the strain profile of the system is still sensitive to configurational differences in the

alloy, further illustrating the global nature of strain effects on the system.

While it is interesting that strain alone is able to lower the barrier height, the

amount of change is not comparable to the change when both strain and orbital

effects are considered. Yet, although the underlying Bi band does not overlap with

the dot hole states in energy and the Bi is not present where the dot states are

spatially, we clearly see that alloy strain has an effect on the QDM hole states. The

strain induced by alloying the barrier has a global effect, not confined to just the alloy

region but able to affect the energies of the states in the QDMs.

4.3.2.2 Orbital effects

We now look at the effect of the difference between As and Bi orbitals, independent

of the strain. To remove the strain induced by the Bi, we relax the structure with the

interdot region as GaAs, and use these atomic positions for the GaBiAs barrier. This

new lattice contains the GaBiAs interdot barrier, with the corresponding TB on-site

and hopping parameters, but uses the “unrelaxed” Bi positions. It is important to

note that the system is partially relaxed. The strain caused by the lattice mismatch

between InAs and GaAs is preserved, a crucial aspect of InAs QDMs, regardless of
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the presence of the alloy. The comparison of the QDM hole states and the Bi band

when strain is ignored is shown in Figure 4.8.
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Figure 4.8: Comparison of GaBiAs barrier valence energy levels (red) with InAs dot hole
state energy levels (black), using the strain profile of a GaAs barrier, effectively leaving
only orbital effects of the Bi alloy. Energy levels found with both strain and orbital effects
included are shown for comparison (yellow).

Interestingly, when considering only the orbital effects of Bi, there is no change to

the dot hole state energies with respect to Bi concentration. This is the case for both

a full GaBiAs barrier and the layered barrier with 4a of GaBiAs. These electronic

changes brought about by the Bi orbitals are confined to the alloyed region. In con-

trast, changes brought about by strain are global, affecting the QDs as well as the Bi

states.

When both induced strain and orbital effects are included (see Figure 4.2), the

barrier GaBiAs VBE is pushed much closer to the dot states than when either the

induced strain alone or orbital effect alone is considered. Both the induced strain and

orbital effects push the barrier VBE towards the dot states, but it is only when the
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combined effect of both is considered that the barrier VBE comes close enough to the

QD states for level repulsion to be significant. For small Bi concentrations, x, the

effect of induced strain dominates and explains the initial increase of QDM hole state

energies. For larger x, the combination of alloy induced strain and Bi orbital effects

are needed to explain the reversal of the QDM hole energy shifts under level repulsion.

4.3.3 Spatial geometry of alloy induced strain

(a) Full Barrier, ground state (b) Full Barrier, first excited state

(c) Layered Barrier, ground state (d) Layered Barrier, first excited state

Figure 4.9: Change in QDM hole state charge density when the alloy strain of a
6% GaBixAs1–x alloy is applied, for (a) the ground/bottom-dot state and (b) first-
excited/top-dot state of a QDM with the entire interdot region as GaBiAs; and for (c)
the ground/bottom-dot state and (d) first-excited/top-dot state of a QDM with a 4a layer
of GaBiAs in the interdot region. Axes labels indicate position in lattice constants; scale
bar indicates difference in wavefunction probability before and after strain is included.
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Figure 4.9 shows the change in InAs QDM hole state probability (charge density)

after alloy strain is introduced (but with orbital differences between Bi and As ig-

nored). The change is calculated as the difference between the 6% alloy case and the

0% alloy case in Figure 4.6. The strain from the alloy further confines the wavefunc-

tion to a single dot, and is the reason we see an increase in QDM hole state energy

at low concentrations of Bi, for both the full and layered barrier.

Figure 4.10a shows the strain from the alloy region clearly propagating away from

the alloy. When the entire interdot region is alloyed, the Bi surrounds the bottom dot,

and the strain is concentrated outside of the bottom dot near the sidewalls. The top

dot, on the other hand, has the strain accumulating uniformly beneath the wetting

layer and propagating through the dot. Therefore, the top dot receives much more

of the alloy induced strain, whereas the bottom dot has strain surrounding it but

not penetrating the dot itself. The result is increased difference between the bottom

(ground) and top (first excited) state energies seen in Figure 4.7.

(a) Full GaBiAs Barrier (b) Partial GaBiAs Barrier

Figure 4.10: Shift in atomic position resulting from alloy strain for an InAs/GaBiAs QDM
with (a) the entire interdot region as GaBi0.06As0.94 or (b) the interdot region containing a 4a
layer of GaBi0.06As0.94. Arrows represent the direction of position shift. Backdrop represents
magnitude of shift; scale bar in units of Å. 2D slice taken along 110-plane (distance in lattice
constants a).

46



For a symmetrically layered interdot barrier, with a 4a layer of GaBiAs sandwiched

between GaAs, the strain is able to propagate above and below the alloy region equally

(see Figure 4.10b). The alloy induced strain is able to affect both dots in a fashion

similar to how the top dot was affected in the full barrier case. However, due to

the distance between the alloy layer and the dots, the strain is diminished by the

time it reaches the dot, resulting in less of an energy shift in comparison with the

top dot in the full barrier case in Figure 4.7.

4.3.4 Dot-to-dot separation

In addition to varying the thickness of the alloy layer in the barrier, we can also

vary the distance between the dots. We have previously shown that the raising of

the dot hole state energies caused by alloy strain is a much stronger effect than

the decrease in energy induced by lowering the barrier, until higher alloy concen-

trations where band repulsion dominates.
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Figure 4.11: QDM valence energies with the a 10a layer of GaBixAs1–x , for a dot-to-dot
separation, defined as wetting layer to wetting layer distance, of 10a (red) and 18a (blue).
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In an extreme example (Figure 4.11), we keep the 10a layer of GaBixAs1–x we had

previously for the fully alloyed barrier, but increase the dot-to-dot (wetting layer to

wetting layer) distance to 18a. The barrier material for the new space between the

dots is filled in with GaAs, creating a layered barrier consisting of a 4a layer for GaAs

(not including the space occupied by the bottom dot), a 10a layer of GaBiAs, and a 4a

layer of GaAs. In comparison to the previous dot separation of 10a, the 18a separation

results in the dot states being less sensitive to the change in barrier height cause by

the alloy. The alloy strain, however, is able to affect the structure globally, and thus

we see a drastic increase in hole states energy as the alloy concentration is increased.
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Figure 4.12: QDM valence energies, all with fully alloyed barrier regions, with varying dot
separations.

If we were to decrease the dot-to-dot separation instead, the dot hole states become

more sensitive to the barrier height. Figure 4.12 shows the dot hole states for QDMs

with progressively closer dots. For all separations, the entire barrier region is GaBiAs.

For dots separations greater than 7a, including previously shown QDMs with layered

barriers, the alloy strain raises the hole state energies. A dot separation of 7a shows a
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transition point, below which the hole state energies decease with alloy concentration.

The smaller dot separation not only results in the dot state being more sensitive to

the barrier height, the state are also closer in energy to the barrier VBE, resulting in

an earlier and stronger onset of band repulsion with respect to alloy concentration.
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Chapter 5: Coherent tunneling of hole states QDMs

This chapter includes material from a paper that is currently under review with

Physical Review B, a preprint of which can be found at arXiv:2309.10115

In the previous chapter, we studied the energies of hole states in QDMs with

GaBixAs1–x barriers at zero applied electric field (i.e. away from resonant coupling).

In this chapter, we study the hole states as a function of applied constant trans-

verse electric field (along the growth axis), which tunes the hole states of the two

QDs through energetic resonance. We show that a maximum three-fold increase of

tunnel coupling is achieved via alloying. Additionally, we have a discussion on local

potentials created in the barrier region by the random nature of the alloy distribu-

tion, resulting in the creation of states localized in the barrier region. We analyze

the separate contributions of the additional strain and the orbital fluctuations intro-

duced by the alloying. We show that the strain introduced by alloying can shift the

field strength required to achieve resonance by applying additional asymmetry to the

system. However, when applied in isolation without the orbital effects of the alloy,

the alloy strain does not affect the intrinsic tunneling behavior of the hole states.

Orbital changes introduced by the alloying, on the other hand, do not affect the lo-

cation of the resonance and better show the increased tunnel coupling from lowering

the barrier energy. Importantly, the combination of alloy strain and orbital effects

lower the barrier height significantly more than either effect individually, which re-

sults in the significant increase in tunnel coupling strength. Finally, we have a brief
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discussion on the optimization of alloy effects by varying the dot-to-dot separation.

We find a 10a dot-to-dot separation to be optimal for alloy enhancement of tun-

nel coupling, and present evidence that the alloy induced change in tunnel coupling

may affect the heavy-hole and light-hole components governing the formation of a

symmetric or anti-symmetric ground state.

5.1 Electrical tuning of hole states

Away from resonance (Figure 5.1b and Figure 5.1c), the hole states are well confined

to their respective dots. The zero-field energy of the dot states are different for the

two dots due to the slight difference in strain caused by the placement of the wetting

layer, breaking mirror symmetry. The tunnel coupling strength between the states of

opposing dots can be characterized by the hybridization of the states when the dots are

brought into energetic resonance (Figure 5.1a). We investigate the coupling strength

by looking at the behavior of the hole state energies as the holes are brought into

resonance by a uniform electric field applied along the stacking axis of the two QDs

[10, 17]. The interaction between the states hybridizes the states to form symmetric

and anti-symmetric pairs, i.e., molecular states. The anti-crossing energy between

the symmetric and anti-symmetric pair at resonance is representative of the strength

of the tunnel coupling between the dots.
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(a) Dots electrically tuned to resonance
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(c) Electrical bias applied past resonance

Figure 5.1: A cartoon representation of the band diagram of InAs/GaBiAs QDMs being
electrically tuned with a field in the stacking direction of the dots. (a) At resonance, hole
states tunnel couple across the two dots to from symmetric and anti-symmetric molecular
states. (b) At zero electrical bias, the hole states are well separated, energetically, by the
difference in strain experienced by each dot. (c) Tuned past resonance, higher energy hole
states and states localized to the alloyed barrier region, can be brought to the same energy
region as the ground state of the lower dot.
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The introduction of GaBiAs in place of GaAs enhances the tunnel coupling in two

distinct ways. First, raising the valence band energy (lowering the energy barrier)

of the barrier material weakens the tunnel barrier and promotes dot-to-dot tunnel

coupling [36]. Second, Bi atoms are larger than As. Introducing Bi to the GaAs

barrier introduces additional strain into the system. If the amount of strain applied

to the two dots by the alloy is not equivalent, the hole state energies of the two

dot are shifted by different amounts, changing the potential bias at which resonance

occurs. Yet, when the alloy strain is applied without the orbital effects of the alloy,

the strength of the tunnel coupling between the dots at resonance remains unaffected.

The random distribution of Bi atoms also creates pockets of local potential in

the barrier, resulting in the presence of hole states with charge densities localized

around a few atoms in the barrier. At lower alloy concentrations, these states re-

main energetically separated from the well behaved dot states. However, at higher

alloy concentrations, the barrier VBE and these localized states in the barrier are

brought into, or even above, the valence energy region of the dot states. At a thresh-

old concentration, these barrier states can be tuned in and out energetic resonance

with the dot states with an electric field (Figure 5.1c). Generally, the barrier states

only very weakly couple to the dot states, but the strength of coupling is very de-

pendent on the strength of the local potential and how close, spatially, the barrier

state is localized with respect to the dot.

5.2 Alloy concentration

Figure 5.2 shows the energy levels of the hole states in response to an electric field

applied along the growth axis. The hole state energies are shown as the energy of the

corresponding valence states, such that the lowest energy hole state is at the top of

the band of valence states. We have set the potential to be zero at the bottom of lower
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dot, so that the energies of the bottom dot states remain unchanged when the field is

applied, while the energies of states mostly localized to the top dot increase linearly

with the field strength and dot separation. The state with the lowest hole energy for

each of the two dots, including the hybrid states they form, are colored black; higher

energy states are colored blue; states that have a significant wavefunction density in

the barrier region between the dots are colored red.

The states of most interest are the ground state and the first excited state, or

the lowest energy hole state for each of the dots (black in Figure 5.2). Looking at

the energy difference between the ground and excited states at each electric field

strength, the minimum energy difference defines the location and strength of the

anticrossing. The larger the anticrossing energy, the stronger the coupling between

the two states, making it easier to tunnel from one dot to the other. Up to 6 %

Bi, we see a steady increase of anticrossing energy between the two lowest energy

hole state of the respective top and bottom dots. We also see that the resonance

occurs at progressively larger field strengths. The change in resonance location is not

due to the tunneling behavior. Rather, the shift results from the increasing initial

(zero-field) difference between the ground and first excited states that is due to the

increased strain on the top dot introduced by the alloy [36]. The presence of Bi

surrounding the bottom dot adds to the asymmetry of the QDM, causing the larger

energy difference between the top and bottom dot states. The larger initial difference

between the states in the top and bottom dots does not result in a larger anticrossing

energy, just an increase in the field strength needed to bring the states into resonance.

The increase in anticrossing energy results from the stronger tunnel coupling between

the two dots, regardless of where the zero-field energies lie relative to each other.
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(b) 2% Bi
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(c) 4% Bi

	0.12

	0.13

	0.14

	0.15

	0.16

	0.17

	0.18

	0 	2 	4 	6 	8 	10

En
er
gy
	(e
V
)

E-field	Strength	(kV/cm)

(d) 6% Bi
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Figure 5.2: Energy levels of an InAs QDM with a GaBixAs1–x full barrier, where (a)
x = 0.00, (b) x = 0.02, (c) x = 0.04, (d) x = 0.06, (e)x = 0.08, and (f) x = 0.10. An electric
field of up to 10 kV cm−1 is applied along the lattice growth axis. Black: the lowest energy
hole state confined to either dot, and the molecular states they form. Blue: higher energy
hole states that are still well confined to the dots. Red: states with charge densities highly
localized to the barrier region.
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As the barrier GaBixAs1–x band edge approaches the energy range of the dot levels,

the dot states lose confinement and leak into the barrier. As a consequence, starting at

around 8% Bi, where the GaBiAs barrier has similar valence band energies to the InAs

dots, we see a loss in well-defined resonance behavior for the dot states (Figures 5.2e

and 5.2f). This is confirmed by spatial plots of the wavefunctions (not shown), where

an increasing proportion of the charge density of the states is in the GaBiAs barrier,

peaking at local clusters of Bi atoms. At 8% Bi, not only is a large part of the wave-

function in the barrier, but the wavefunctions also start losing the modal structure

of dot confinement. At 10% Bi, the wavefunctions are almost entirely in the barrier,

localized around few-atom Bi clusters, resulting in states strongly dependent on the

alloy configuration. In addition to what the wavefunction plots display, the leakage

of charge into the barrier and the configurational variances of the alloy can also be

seen by applying higher electrical biases, as we shall discuss in the next section.
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Figure 5.3: Energy levels of an InAs QDM with a GaBi0.07As0.93, under an electric field
up to 10 kV cm−1 along the lattice growth axis.
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For the geometry of the dots given, we have found 7% alloy to be the optimal con-

centration for tunnel coupling enhancement. Figure 5.3 shows the results for a QMD

with a GaBi0.07As0.93 inter-dot barrier. A threefold increase in anticrossing energy

from the non-alloyed case occurs. A 7% Bi alloy was the highest concentration we

found where all the states were well confined in the dot. While higher alloy concen-

trations can have larger anti-crossing energies, the states tend to lose their dot like

characteristics. Controlled amount of leakage into the barrier can be beneficial in in-

creasing the anticrossing energy and creating a more strongly coupled molecular state.

However, the large amount of confinement loss at 8% and higher alloy concentrations

leads to poorly behaved states that are more sensitive to the alloy disorder.
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Figure 5.4: Energy difference between the top two valence states of a InAs QDM with a
full GaBixAs1–x inter-dot barrier, obtained from a random alloy model.

Figure 5.4 shows the energy splitting between two lowest energy hole states as a

function of the applied field for concentrations up to 7%. These two states repre-

sent the lowest energy state for the bottom dot and the top dot, or, in the case
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of resonance, the symmetric and anti-symmetric between the two dots. The min-

imum energy difference occurs at tunnel resonance. The magnitude of the differ-

ence at resonance is the anti-crossing energy and indicates the strength of the tun-

nel coupling. From Figure 5.4, the resonance shift to higher electrical bias as alloy

concentration increases is clear. Moreover, as the alloy concentration increases, we

see the increase in anticrossing energy, increasing three-fold between a non-alloyed

barrier and a 7% alloy composition.

	5

	6

	7

	8

	9

	10

	11

	12

	13

	14

	15

-10 -8 -6 -4 -2 	0 	2 	4

Δ
E	
(m

eV
)

E-field	Strength	(kV/cm)

7%	Bi
4%	Bi
0%	Bi

Figure 5.5: Energy difference between the bottom two electron states of a InAs QDM with
a full GaBixAs1–x inter-dot barrier, obtained from a random alloy model.

In addition to the hole states, we shall briefly discuss the effects of the GaBiAs bar-

rier on the electron states of the QDM. In Section 4.1, we saw that the alloy had a very

weak to little effect on the energy of the dot electron states. However, we have also

shown in Section 3.2 that the CBE for the GaBiAs does decease with alloy concentra-

tion. This does promote the coherent tunneling of electrons between the two dots of

the QDM. As seen in Figure 5.5, we have about a 50% increase in electron anti-crossing

energy from 6.5 meV without alloying to 9.5 meV at 7% alloy. The electrons are also
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biased in the opposite direction of holes, requiring a negative electric field, or a field

going from the top dot to the bottom dot, in order to bring the states to resonance.

More importantly to note for electrons is the much wider resonance and the overall

higher anti-crossing energy of electrons in comparison to holes. In our QDMs, the

electron charge densities are already well spread out between the two dots. This is due

to the lower effective mass of the electron in comparison to holes, and is consistent

with how these systems ought to behave. The delocalized nature of the electrons

allows for exciton transitions with hole states of either dot, and is crucial in the

utilization of the spin-mixed trion states for qubit rotation.

5.3 Alloy configuration

5.3.1 Random distribution of alloy and localized barrier states

Previously, we found that different Bi alloy configurations in the GaBi0.07As0.93

barrier can have valence band edges that differ by approximately 50 meV [36]. We also

saw in the previous section that we lose well-defined dot energy levels and resonance

behavior when the VBE of these Bi states overlap the energy levels of the InAs QDM

hole states. Here, we discuss what happens to resonant behavior if a few Bi states

are pushed into the dot energy levels by the alloy configuration.

Figure 5.6 shows the hole states of a QDM without an alloyed barrier, with an

external electric field up to 100 kV cm−1 applied in the lattice growth direction. In

Figure 5.6, states localized in the bottom dot can be easily identified by the lack of

electric field dependence, as we have set the potential to be zero at the wetting layer

of the bottom dot; states localized to the top dot can also be clearly identified by

the constant slope of their energies versus field strength. The electric potential at
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Figure 5.6: Energy levels of an InAs QDM without alloy. An electric field of up to
100 kV cm−1 is applied, showing one slope for hole states in the top dot and a close to
flat slope for states in the bottom dot.

the top dot has a linear increase with field strength, resulting in a linear increase

in valance energy for states of the top dot.

Figure 5.7 shows two realizations of a QDM with 7% Bi in the barrier region.

Figure 5.7a shows the same states and alloy distribution as Figure 5.3, but up to

a higher electric field strength. The alloy distribution for Figure 5.7b was selected

based on our previous finding that the specific barrier levels of this alloy distribution

has a large gap between the highest hole state and the next highest hole state (see

Chapter 4). This gives us a barrier state close in energy to the dot states and allows

us to present a picture without too many barrier states to monitor.
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(a) Alloy distribution #1
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Figure 5.7: Energy levels of an InAs QDM with GaBi0.07As0.93 full barrier. (a) Distribution
#1 shows an alloy distribution where the lowest 20 holes states are all confined in the InAs
dots. (b) In contrast, distribution #9 shows a state with its slope in between the dot
states that does not anti-cross with the dot states (red), indicating a hole state that is well
localized within the barrier region.
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For Figure 5.7, different random seeds were chosen to create different random dis-

tributions of the alloy, and only the 20 lowest energy hole states are plotted (each

two-fold degenerate for 10 unique energies). In both cases, we can still clearly iden-

tify states of the bottom and top dot by their slopes. Aside from larger anti-crossing

energies, Figure 5.7a is qualitatively similar to the case without alloy (Figure 5.6),

showing the same energy structure expected of hole states confined to quantum dots.

However, in Figure 5.7b, there is an additional state present (colored red). The rate of

change for the energy of this state with respect to the electric field is in between that

of the bottom and top dot states, indicating a charge distribution located between

the dots, i.e. the barrier. This is confirmed with charge density plots showing a hole

state highly localized to a pocket of Bi atoms in the barrier.

Due to the highly localized nature of this state in the barrier, there is very little

wavefunction overlap between this state and the dot states, resulting in no detectable

anti-crossing between the barrier state and the dots states at the scale we have plot-

ted. Other realizations of the alloy distribution with identifiable states localized in

the barrier also show very weak coupling to the dot states. The higher in energy

the barrier state, or if the state is spatially localized closer to the dots, the more

wavefunction overlap we see between the barrier and dot states. In total, of the 41

alloy configurations of 7% Bi studied, we found 4 cases where we could identify a

state localized to the barrier within the first 20 hole states.

Having additional barrier states mixing with dot states complicates interaction be-

tween the two dots. However, the presence of these barrier states does not alter the

energy structure of the dots, for the 7% concentration we have shown. We still see

clear top-bottom dot pairs and a ladder of excited states, unlike for higher concentra-

tions of Bi where there is a breakdown of well-defined dot states. Furthermore, for the

states of interest (the two lowest energy states, one for each dot), the field strength
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at which resonance occurs can differ, but the anticrossing energy is not sensitive to

configurational differences in the alloy. For low concentrations, alloy concentration

and barrier layer thickness are the dominant effects, while configurational variations

have little effect on the strongly confined ground and first excited states.

5.3.2 Ordered and clustered distributions of alloy

In addition to the random distribution of Bi in the alloy, we also studied the case

of alloys with an ordered placement of the Bi atoms and a weighted placement of Bi

atoms. In the ordered case, a Bi atom is placed every 2 lattice constants, such that

one Bi atom per 8 unit cells gives us an alloy concentration of 3%. If another set

of Bi atoms is placed offset by 1a in all three lattice directions, resulting in two Bi

atoms per 8 unit cells, we have a pseudo-periodic lattice of 6% alloy. For a clustered

alloy, the placement of Bi is performed in two steps. An initial placement of half the

desired concentration is placed randomly with a pseudo-random number generator.

A second sweep of the lattice is then performed, where each As atom would have a

10% increase in chance to be replaced with a Bi atom for each next nearest neighbor

replaced with Bi in the first round. The overall probability of the second round is

normalized such that half the desired concentration of Bi is placed, resulting in the

overall concentration after the two round to equal the initially desired concentration.

Figure 5.8 shows the anti-crossing of the two lowest energy hole states of a QDM

with either an ordered or clustered GaBiAs alloy as the inter-dot barrier; both are

compared with the results of the random alloy distribution seen in Figure 5.4. At

lower alloy concentrations, both the ordered and clustered cases are similar to the

randomly distributed case. At higher concentrations, the ordered alloy has a much

smaller enhancement to the tunneling compared to the random alloy. Starting at 4%

(not shown), the clustered alloy shows a greater shift in the field strength needed to
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(a) Ordered alloy.
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Figure 5.8: Energy difference between the top two valence states of a InAs QDM with a
full GaBixAs1–x inter-dot barrier consisting of (a) a semi-periodic placement of Bi or (b) a
weighted distribution of Bi, both compared to the pseudo-random distribution of Bi.

bring the two dots to resonance when compared to the random alloy. However, the

enhancement to the tunnel coupling strength remains similar and within what would

be expected provided the randomness in the placement of Bi atoms.

The lack of enhanced tunneling for the ordered alloy does not present much of a

concern, as naturally grown GaBiAs will not be in an ordered structure. On the

other hand, Bi atoms do have a tendency to cluster together when grown in GaBiAs.

However, we do not find the tunnel coupling enhancement of the alloy to be sig-

nificantly impacted by such an effect.

5.4 Alloy strain and effects of system geometry

5.4.1 Comparison of strain and orbital effects on resonant behavior

Previously, we determined that strain effects from the GaBixAs1–x layer shift the

zero-field energy levels proportional to the concentration of Bi, and, more importantly,

strain effects cause an increase in the energy difference between top and bottom dot

states [36]. To isolate the effects of strain, we did three calculations: a calculation
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including the modified strain due to alloying but ignoring the orbital changes at each

site, a calculation accounting for the Bi orbitals but ignoring the additional strain from

alloying, and the full calculation with both the orbital and strain effect of the alloy.
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(a) Full GaBiAs layer.
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Figure 5.9: Energy difference of the top two valence states under an electric field, resulting
from pure GaAs barrier (black), unstrained GaBi0.07As0.93 barrier (blue), GaAs barrier with
GaBiAs strain profile (red), and strained GaBi0.07As0.93 barrier (yellow).

We isolate the effects due to the modified strain and the orbital differences between

Bi and As for an alloyed barrier with 7% Bi. The energy difference with respect to

electric field for the top two states for both the full 10a GaBiAs barrier (Figure 2.1a)

and the 4a GaBiAs layer within the larger inter-dot region (Figure 2.1b) are shown in

Figure 5.9. For the QDM with a layered barrier, the anti-crossing splitting between

the ground and first excited states is more than for the QDM with the pure GaAs

barrier, albeit still less than for a QDM with a full GaBiAs barrier (roughly a 1.5

increase instead of the three-fold increase for the full barrier). This is due to an overall

lower alloy content if one were to average the alloy concentration across the alloy and

non-alloy layers of the barrier. However, since the GaBiAs region is symmetric in

regards to the layer geometry and does not wrap around the bottom dot, no additional

asymmetry in strain is imposed on the system. The preserved symmetry between the

top/bottom dot geometry results in a smaller zero-field energy difference between the
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ground and first excited state, leading to less of a shift in the field strength needed

to bring the states into resonance compared to the full barrier case.

As we have shown previously, the orbital effect of the alloy does not greatly im-

pact the hole states energies inside the dot. The alloy does lower the barrier en-

ergy, thus enhancing the tunnel coupling. As the orbital effects are primarily in

the barrier and not the dots, we do not see a differing effect between the top and

bottom dots. This also implies that orbital effects are not geometry dependent, as

shown by the similar results between the full and layered barrier (after account-

ing for average concentration differences).

In contrast, the strain introduced by the alloy can have a weaker effect exclusively

on the bottom dot hole state if the alloy extends to surround the bottom dot. In

both the full and layered barrier, the bottom dot hole state energy is increased (va-

lence energy is decreased) by roughly 5 meV at zero electric field, despite the layered

barrier having a lower average alloy concentration across the full barrier. The top

dot energy, on the other hand, is increased by 7 meV in the full barrier and 5 meV

in the layered barrier, consistent with the higher overall alloy concentration of the

fully alloyed barrier. Since GaBi has a longer bond-length than GaAs, the expan-

sion of the inter-dot barrier translates to an additional compressive strain applied to

the dots. For the QDM with a layered barrier, this strain modification is applied

similarly to the top and bottom dots. However, when the full barrier is alloyed, the

modified barrier wraps around the bottom dot, covering both its top and side faces.

The competition of the alloy compressing the bottom dot vertically and laterally re-

sults in the strain concentrated around the corner of the dot, not penetrating the

interior of the dot. This reduces the effect of the strain added to the bottom dot,

resulting in a larger zero-field energy difference between the top and bottom dot,

moving the resonance to a higher electrical bias.
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The strain increases the hole states energies in the dots, while the orbital effects

of Bi do not directly affect the dot energies. Therefore, strain alone is able to shift

the amount of electrical bias required to achieve resonance. However, alloy strain

alone does not lower the barrier enough to affect the tunneling strength between

the two dots. The effect of the lower tunnel barrier is more strongly observed in

the case where only orbital effects are considered. Moreover, the combination of

the two effects results in a much stronger change in barrier energy and a drastically

stronger increase in tunneling coupling strength.

5.4.2 Dot-to-dot separation

Finally, in addition to varying the thickness of the alloy layer between the dots, we

can also change the thickness of the barrier between the two dots. Figure 5.10 shows

the tunnel coupling strength represented by the anti-crossing energy for different dot-

to-dot separation with respect to alloy concentration. The geometry of each individual

dot and their wetting layer remains the same, but the distance between the two dot

is changed, resulting in a varied barrier thickness. The barrier thickness, denoted

in the plot legend, is defined as the distance between the top of the bottom wetting

layer and the bottom of the top wetting layer.

Separations of 5a have similar relative enhancement to the tunnel coupling by

inclusion of Bi when compared to separations of 10a. However, due to the dots being

in such close proximity, tunneling between the dots is much stronger than any other

dot separation we tested. The utility of dots with spacing so close remains an open

question. On the other hand, dot separations of 13a and 18a can achieve higher

relative enhancement to the tunnel coupling, but still have a weaker overall tunnel

coupling strength compared to the 10a separation. Smaller dot separations also result

in faster delocalization for the dot states with respect to alloy concentration, hence
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Figure 5.10: The anti-crossing energy (taken as the minimum energy difference between
the top two valence states) of QDMs with different dot-to-dot separations increases as more
alloy is introduced into the barrier. The plot is for QDMs with alloy present within the full
barrier region, where hole state confinement is lost at 7%, 7%, 8%, 9%, and 9% alloy for
separations of 5, 7, 10, 13, and 18 lattice constants, a, respectively.

the missing data points for higher alloy concentrations in Figure 5.10; larger dot

separations result in slower delocalization for the dot states with respect to alloy

concentration, hence the inclusion of data points for higher alloy concentration. The

separation of 7a is an odd case for which barely any tunnel enhancement is achieved

by alloying. We believe this to be a transition point related to the crossing over of

anti-bonding to bonding ground state geometries [17].

In summary, we have found an optimal QDM geometry for tunnel coupling enhance-

ment at a top-of-bottom wetting layer to bottom-of-top wetting layer separation of

10a. Additionally, by introducing alloy to the full 10 lattice constant barrier region

between the dots allows us to achieve the maximal amount of tunnel coupling en-

hancement. There is a shift in electrical bias at which resonance occurs, due to the
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additional asymmetry in strain caused by the alloy. However, this effect can easily

be compensated for by increasing the electrical bias applied across the dots.

69



Chapter 6: Spin-orbit induced spin-mixing in QDMs

Hole states in QDs are more strongly confined than electron states. This gives

us the ability to isolate states in either dot unless the hole states are intentionally

brought into resonance with an electric field along the stacking axis of the dots (z-

direction). The lowest-energy hole state spin pair for each dot gives us a four state

system that can be tuned, on demand, in and out of resonance. In addition to the

tunnel resonance discussed in the previous chapter, we can generate a spin-mixing

resonance by introducing cylindrical symmetry breaking, either by an alloy barrier

or by offset dots. Cylindrical symmetry breaking presents a lateral lever-arm, in

which a “torque" is applied to the angular momentum of the system and the induced

spin-orbit coupling leads to spin mixing. The result is that, in addition to the spin-

preserving tunneling seen previously, the hybrid states formed across the two dots

at resonance contains spin-mixed components. The spin-mixed states are what is

required for driving qubit rotation through a Λ transition. The larger the spin-

mixing strength, the faster qubit rotation.

Another aspect of resonance spin behavior for QDMs is the electrical tunability

of the hole state g-factor through resonance. Because the spin-up states (defined

relative to the z axis) have different tunnel coupling rates across the dots compared

to the spin-down states, the relative energy difference of the four hole states do not

remain constant as the dots are brought into resonance. Thus, the effective split-

ting between spin-up and spin-down states either increase or decrease as the dots
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are brought into resonance, depending on whether a symmetric or anti-symmetric

tunnel coupled state was formed.

We now add an applied magnetic field to the TB Hamiltonian in order to calcu-

late magnetic field dependent resonance effects, such as spin-mixing and the change

in g-factor at resonance. The anti-crossing energies of the TB wavefunctions show

a substantial increase in spin-mixing strength with the addition of a GaBiAs bar-

rier. In contrast, the decrease in g-factor at higher alloy concentration also increases

the magnetic field strength required to bring the states to energetically overlap and

form an anti-crossing. By fitting the TB hole state energies to a simple 4 × 4 phe-

nomenological Hamiltonian describing the four-state-mixing at resonance, we are able

to obtain quantifiable values for spin-mixing, tunnel coupling, g-factor, etc. without

the need for high magnetic field strengths. Due to the decrease in g-factor caused

by the alloy, we were required to add a shift in the hole state energy proportional to

the second order of the magnetic field strength. After this addition of a diamagnetic

term, we were able to reaffirm the three-fold enhancement to tunnel coupling previ-

ously estimated by the anti-crossing energy, and we were able to show a three-fold

increase in spin-mixing strength for offset dots.

The addition of Bi to the inter-dot barrier greatly enhances the change in g-factor

at resonance. In conjunction with the enhanced spin-mixing, we are able to form

intra-dot spin-mixing, wherein the spin conjugate states of the same dot hybridizes.

We believe that this new form of intra-dot spin-mixing might be used as a novel form

of spin manipulation. In order to do so, we need to understand the underlying rela-

tion between the spin-orbit effect and the resonance behaviors of QDM hole states.

A perturbative analysis of the magnetic field shows that both the spin-mixing and

resonance g-factor change are effects of the Peierls contribution, or the component
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of the magnetic field applied to the effective spatial angular momentum of the wave-

function. When spin-orbit coupling is removed from the system, there is no longer a

preferred alignment between the spin of the system and the Peierls effective angular

momentum, thus removing any magnetic field effects of the Peierls contribution.

6.1 Resonance effects with a magnetic field – with a pure

GaAs barrier

6.1.1 Dot offset and spin mixing

Initially, without a electric or magnetic field applied, the two spin-states of each dot

are degenerate and, between the two dots, the pairs are energetically separated by the

different strain experienced in their respective dots. The hole state in the bottom dot

experiences less compressive strain than the top dot, resulting in a lower hole state

energy (higher valence electron energy), see Figure 5.1. Previously, we have found

that the typical energy difference between the pair of bottom and top dot states in

our structures at zero electrical bias range from 2.3 meV without an alloyed barrier to

4.4 meV with a 7% alloy barrier. When the top and bottom dot hole states are brought

into energetic resonance with an applied electric field, they form an anti-crossing tun-

nel resonance, as discussed in the previous chapter. If a magnetic field is also applied

along the stacking axis of the dot, the spin degeneracy is lifted, allowing us to ob-

serve four hole states and spin-dependent behavior for resonant dots. Lifting the spin

degeneracy allows us to observe spin-mixing and a spin-dependent tunneling strength.

Figure 6.1 shows the four hole state energies of two different QDM systems, both

with a pure GaAs barrier. Figure 6.1a shows the hole state energies of two perfectly

aligned dots; Figure 6.1b shows the hole state energies when the two dots are laterally

offset by 2a in the x-direction ([100]). The four valence states at zero electrical bias

72



are, from highest to lowest energy (lowest energy hole state to highest energy hole

state), the bottom dot spin down |⇓B⟩, bottom dot spin up |⇑B⟩, top dot spin down

|⇓T ⟩, and top dot spin up |⇑T ⟩. An electric field is applied to bring the dots in and

out of resonance; a magnetic field of 18 T is applied to remove the spin degeneracy

of the states. A high magnetic field is chosen to impose an energetic overlap between

the spin states of opposing dots, in order to clearly observe a crossing or anti-crossing

in energy. High magnetic field strengths are not required for spin-mixing, and the

operational field strength for qubit manipulation is typically less than 2 T.
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Figure 6.1: Hole states of a InAs/GaAs QDM split by a 18 T magnetic field in the z-
direction, brought into and out of resonance with an electrical bias in the z-direction. From
highest to lowest valence energy (lowest to highest hole energy), the levels at far from
resonance are |⇓B⟩, |⇑B⟩, |⇓T ⟩, and |⇑T ⟩. For offset dots, an anti-crossing for spin-mixing
is seen at 1.3 kV cm−1 and 5.1 kV cm−1

When the two dots of the QDM are perfectly aligned along the stacking axis (Fig-

ure 6.1a), the two states of |⇑B⟩ and |⇓T ⟩ do not form a energetic anti-crossing,

implying an absence of mixing between the states. For the offset dots (Figure 6.1b),

the presence of spin-mixing is indicated by the anti-crossing between the states of

opposite spin before and after the main spin-preserving tunnel resonance. The offset

nature of the dots provides the driving force for the creation of spin-mixing. The

cylindrical asymmetry of the system provides a lever arm for inducing torque. Dot
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offsets along [110] and [11̄0] were also modeled and calculated, and they provide

similar spin-mixing results to the offset of [100] shown here. The presence of these

spin-mixed states is what allows optical coherent control of rotations between qubit

states defined by orthogonal heavy hole spin projections.

6.1.2 Four state projections

Another method of showing the hybridization of the states as they are brought into

resonance is to plot their projections onto the far-from-resonance states. We pick the

states at an electrical bias of −5 kV cm−1 to represent the basis states of |⇓B⟩, |⇑B⟩,

|⇓T ⟩, and |⇑T ⟩. The hole states, as they go through resonance, are then projected onto

each of the four basis states to show the component breakdown of the hybridized states

at each electric field strength. The states far from resonance do not perfectly represent

the four spin-up/spin-down and top/bottom dot states, and thus the projection onto

the far-from-resonance states is not perfectly symmetric about resonance. Yet, they

serve as a qualitative tool in understanding the spin-mixing process in QDMs.

Figure 6.2 shows the four states of the aligned QDM in Figure 6.1a, in order of

hole state energy, and the norm of their projections onto the four basis states. Each

of the sub-figures shows the basis state breakdown of one of the energy levels in Fig-

ure 6.1a. Each data point in Figure 6.1a has a corresponding TB wavefunction. This

wavefunction is projected against the four basis states of |⇓B⟩, |⇑B⟩, |⇓T ⟩, and |⇑T ⟩ –

which we have defined as the TB states at −5 kV cm−1. The four projected values of

the TB wavefunctions are the equivalent of an eigenvector if we were to just consider

a four state Hamiltonian. The four projected values at different electric fields are

then collected, for each energy level comprising a sub-figure, to show how each energy

level evolves and mixes the spin states as the two dots are brought into resonance.
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Figure 6.2: Norm of the projections of the four states of an aligned QDM, projected onto
the far-from-resonance basis states. Red, green, blue, and black are projections onto the
|⇓B⟩, |⇑B⟩, |⇓T ⟩, and |⇑T ⟩ states, respectively. Note that the plot does not start at zero
electric field.

At 3.5 kV cm−1, we see the tunnel coupling resonance of the two spin-down states

in Figure 6.2a and Figure 6.2b. The tunnel coupling between the spin-up states

of the two dots is seen in Figure 6.2c and Figure 6.2d. More importantly to note

is the absence of any hybridization between states of opposing spin. At the elec-

trical field strength where the states energetically cross in Figure 6.1, we see an

immediate switchover of the spin-up basis states to the spin-down basis states, and
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vice versa. This is due to the change in level ordering, as each sub-figure repre-

sents a state corresponding to an energy level and not a specific spin characteris-

tic. For Figures 6.2b and 6.2c, the section between 1.5 kV cm−1 and 5 kV cm−1 com-

prise of the opposite spin-state compared to the other electric field strengths, for

each respective plot. We see that this switchover happens solely due to level order-

ing, without the hybridization of the basis states, indicating that no spin-mixing

is present in QDMs with aligned dots.
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Figure 6.3: Norm of the projections of the four states of an offset QDM, projected onto the
far-from-resonance basis states. Red, green, blue, and black are projections onto the |⇓B⟩,
|⇑B⟩, |⇓T ⟩, and |⇑T ⟩ states, respectively. Note that the plot does not start at zero electric
field.
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In contrast, Figure 6.3, which shows the basis breakdown of the states in an offset

QDM, indicates a clear spin-mixing of the states as they undergo resonance. At the

field strengths for spin-mixed anti-crossings, we see that states 2 and 3 consist of a

hybridization of the basis states corresponding to opposite spins from different dots,

with the two remaining bases providing a smaller contribution. States 1 and 4 also

contain small amounts of contribution from basis states opposite their dominant spin.

The spin-mixing between |⇓B⟩ and |⇑T ⟩ is not weaker than that between |⇑B⟩ and

|⇓T ⟩, but states 1 and 4 in Figure 6.3 are not as strongly spin-mixed due to their

energetic separation from their spin-counterparts. Additionally,we notice that the

projections are not perfectly symmetric about resonance. This is partly due to the

states at −5 kV cm−1 not being a perfect representation of the |⇓B⟩, |⇑B⟩, |⇓T ⟩, and

|⇑T ⟩ basis states, but also due to the wetting layer causing the system to not be per-

fectly symmetric in the z-direction (the direction in which the electric field is applied).

6.1.3 Electrical tuning of hole state g-factor

In both the aligned and offset QDM, we see an anti-crossing present between states

with the same spin from opposing dots. This is evidence of the spin preserving tunnel

coupling, which we have discussed at length in the previous chapter. However, with

the addition of a magnetic field, there is an asymmetry between the spin-preserving

tunneling strength based on whether the state is spin-up or spin-down. This difference

in tunneling strength causes an apparent change in hole state g-factor as the states

approach resonance. The resonance g-factor change, and its tunability via alloyed

barriers, is also an important aspect in understanding spin behavior in QDMs.

Unlike spin-mixing, the spin-dependent tunnel coupling is always present and does

not require cylindrical symmetry breaking. While the tunnel coupling between the

dots is spin preserving, the coupling strength between the two up-states is not the
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same as the coupling between the two down-states. This can be seen in Figure 6.1, as

the anti-crossing energy between the mixed states of |⇓B⟩ and |⇓T ⟩ (states 1 and 2 at

3.5 kV cm−1) is noticeably less than the mixed states of |⇑B⟩ and |⇑T ⟩ (states 3 and

4 at 3.5 kV cm−1). The observable difference in tunneling strength induces an equal

but opposite change in the spin-splitting energy, or the effective g-factor, between the

symmetric or anti-symmetric molecular state as the hybridization occurs at resonance.

 0

 0 .5

 1

 1.5

2

 2.5

 1  2  3  4  5

S
pl

itt
in

g 
(m

eV
)

E - field S trength (kV/cm)

(a) Aligned

 0

 0 .5

 1

 1.5

2

 2.5

 1  2  3  4  5

S
pl

itt
in

g 
(m

eV
)

E - field S trength (kV/cm)

(b) Offset dots

Figure 6.4: Effective splitting energy of the hole states E⇓B
−E⇑B

and E⇓T
−E⇑T

as the pairs
are brought into resonance under a 18 T magnetic field. The resonance forms hybridized
symmetric and anti-symmetric states across the two dots with splittings E⇓s − E⇑s and
E⇓a − E⇑a increasing or decreasing due to the difference in spin-preserving tunnel coupling.
A jump is present in the offset case as the anti-crossing from spin-mixing opens a gap in
splitting energy. Green indicates a splitting defined as the energy difference between states
1 and 3, or 2 and 4; purple indicates a splitting defined as the energy difference between
states 1 and 2, or 3 and 4.

If we were to plot the effective splitting of the otherwise spin degenerate states

(Figure 6.4), we see an increase in splitting at resonance for one pair of states, and

a decrease in splitting for the other pair. The energy difference far from resonance,

E⇓B
−E⇑B

and E⇓T
−E⇑T

, can be approximated to be the average of the two splittings,

giving us roughly 83 µeV T−1. We can than characterize the resonance shift in g-factor

by comparing the off resonance splitting with the minimum or maximum splitting,

roughly 66 µeV T−1 (100 µeV T−1) for the bottom (top) dot states.
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While the peak in effective splitting occurs at the same electrical bias as the tunnel

resonance between the two dots, coinciding with the formation of symmetric and anti-

symmetric states, charge density plots show that the splitting and resonance peaks

do not align with the proportion of the wavefunction in each material. Previous

understanding of the resonance behavior depended on the different charge density in

the barrier material for symmetric and anti-symmetric states. It was proposed that

the symmetric state, with the higher charge density in the barrier material, would

have more of the material properties of the barrier, and thus have a lower the g-factor.

However, we have not found evidence to support this argument.

By calculating the projections similar to the ones in the previous section, but onto

basis states hybridized by tunnel coupling (|⇓B⟩ ± |⇓T ⟩, |⇑B⟩ ± |⇑T ⟩), we find that

the lower energy state has a higher symmetric component at resonance (|⇓B⟩ + |⇓T ⟩

for state 1; |⇑B⟩ + |⇑T ⟩ for state 3). By summing over the square of the proba-

bility amplitude of the TB wavefunctions at each site, we can obtain the charge

density for each material or region. We do not find a significant difference in the

probability of the wavefunction to be in the barrier material for the symmetric and

anti-symmetric states. Figure 6.5 shows that very little of the wavefunction proba-

bility, or hole state charge density, is present outside the InAs dot. Moreover, the

maximum difference in charge density does not occur at resonance, where the max-

imum difference in g-factor is obtained. Therefore, we conclude that the change in

hole state g-factor through resonance is driven by a spin-dependent tunneling be-

tween the dots, and has little dependence on the difference in material g-factors.

From analysis on the QDMs with a GaBiAs alloyed barrier (Section 6.5) we find that

the spin-dependence of the tunnel coupling greatly increases from the increase in SO

coupling, resulting in a greater resonance change in effective g-factor. Just as for
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spin-mixing, the electrical tunability of the hole state g-factor is also a property that

can be enhanced by introducing an alloyed material.
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Figure 6.5: Portion of the TB wavefunction to be in the InAs dot region, for a InAs/GaAS
QDM without Bi. The remainder of the wavefunction will be in GaAs, either in the inter-
dot barrier or surrounding substrate.

6.2 Alloy concentration

6.2.1 Low alloy concentrations and splitting reduction

By introducing a GaBiAs alloy in the barrier, we expect both an enhancement

of spin-mixing from the stronger spin-orbit effect of barrier material and a stronger

resonance from a lowered barrier height. Figure 6.6 shows the four holes states of

a QDM passing through resonance, under an 18 T magnetic field applied in the z-

direction, with a 4% Bi random alloy replacing the GaAs inter-dot barrier. With the

GaBi0.04As0.96 barrier, there is a reduction of the resonance g-factor for both pairs

of spin-split states from the non-alloyed case (97 µeV T−1 and 37 µeV T−1 compared
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to 100 µeV T−1 and 66 µeV T−1 without an alloy). Additionally, the off resonance g-

factor calculated by the average of the two splittings has also decreased significantly

from the non-alloyed case (67 µeV T−1 compared to 88 µeV T−1). The combined effect

shows a decrease in off-resonance g-factor and an increase in the resonance g-factor

shift as a result of introducing the alloyed barrier.
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Figure 6.6: Hole states split by a 18 T magnetic field for a 4% alloy barrier. The two dots
of the QDM are either (a) aligned or (b) offset by 2a in the x-direction.

The reduction in g-factor causes the two opposing spin states from the two dots

(|⇑B⟩ and |⇓T ⟩) to not energetically overlap. However, this does not indicate an ab-

sence of spin-mixing, similar to how the low operational field strength (1 T to 2 T) will

not introduce enough splitting energy to energetically overlap the states, but does not

preclude the formation of a spin-mixed state that can drive a Λ-transition. However,

the reduced splitting caused by the alloy does present a challenge for analysis using

the energies of the hole states. Without a clear anti-crossing, the hole state energies do

not provide any qualitative insight on how the alloyed barrier affects the spin-mixing.

Increasing the magnetic field strength further in order to induce an overlap of spin

states from which a hole spin mixing anti-crossing energy can be measured is fea-

sible with the TB model, but this has the potential to introduce unwanted higher
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order magnetic field effects. The decrease in g-factor from the introduction of the

alloyed barrier indicates a relative decrease in the linear terms associated with the

magnetic field. Considering the practical magnetic field strengths such a device will

experience and the desired precision of fitted parameters, we instead modify the

four-state Hamiltonian presented in Ref [16] to account for the splitting reduction

cause by the alloy barrier. We found that the addition of diamagnetic corrections

was necessary to achieve satisfactory fit parameters, but magnetic field terms be-

yond second order are insignificant for the range of field strengths in our calcula-

tions. Further discussion of the fitted model and parameters, especially in regards

to spin-mixing, will be in Section 6.4.

6.2.2 High alloy concentration and intra-dot spin mixing

The 4% alloyed barrier showed a decrease in g-factor of the dots sates caused by the

alloy, and while we have yet to quantify the change in spin-mixing or g-factor tunabil-

ity, the alloy concentration was low enough to not fundamentally change the behavior

of the hole states as they approach resonance. However, increasing the alloy concen-

tration to 7% results in a reordering of the energy levels during resonance, introducing

a new intra-dot level crossing between the two lowest energy hole states (highest en-

ergy valence state). With 7% alloy, we also see a significant widening of resonance, a

phenomena that was also present but not immediately evident with the 4% alloy.

Figure 6.7 shows the hole state energies of a QDM with a 7% random alloy barrier.

As is with the 4% barrier, we still see a lack of any energetic overlap of states from

opposing dots due to a significant alloy reduction in g-factor inhibiting energetic

overlap of the states, even at high magnetic field strengths. Yet, because of the

alloy enhancement of the resonance g-factor change, the change in splitting energy

for the bottom dot states between on and off resonance is now greater the intrinsic
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Figure 6.7: Hole states split by a 18 T magnetic field for a 4% alloy barrier. The two dots
of the QDM are either (a) aligned or (b) offset by 2a in the x-direction. The two states of
the bottom dot (state 1 and state 2) show a small anti-crossing for the offset case.

g-factor of the states far from resonance. For the electrical field strengths around

peak resonance, a negative splitting energy is achieved when the resonance behavior

decreases the g-factor of the bottom dot states more than their intrinsic g-factor. This

reversal of sign for the splitting results in a reordering of the energy levels, creating a

level crossing (or anti-crossing) at the two electric field strengths where the combined

resonance g-factor shift and the intrinsic off-resonance g-factor is zero.
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Figure 6.8: Effective splitting energy of the hole states E⇓B
− E⇑B

and E⇓T
− E⇑T

as the
pairs are brought into resonance under a 18 T magnetic field. The change in g-factor as
a result in resonant behavior overpowers the intrinsic g-factor of the bottom dot states,
thus creating a negative splitting, or a level reordering. The splitting here is plotted as the
energy difference, and is always positive.
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The crossover point where the resonance behavior overpowers the off-resonance

g-factor is much more evident when plotting the effective splitting of the spin pairs

through resonance (Figure 6.8). Just as the system without alloy (Figure 6.4), the two

holes state originating from the bottom (top) dot have a spin splitting that gradually

decreases (increases) as the dots are brought into resonance. However, the alloyed

barrier causes the shift in g-factor between on and off resonance to be much greater

than the non-alloyed system. The alloy also decreases the off resonance g-factor for

the states to roughly 44 µeV T−1. Therefore, the QDM with the 7% alloyed barrier

has an on resonance splitting of −11 µeV T−1 (99 µeV T−1) for the pair of states that

originated in the bottom (top) dot off-resonance. While the strength of the effective

splitting energy scales roughly linear with the magnetic field strength, the point at

which the splitting changes sign remains at the same electrical bias regardless of

magnetic field strength (Figure 6.9). The anti-crossing that occurs at the switchover

for offset dots also scales linearly with magnetic field.
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Figure 6.9: Effective splitting energy of the hole states in a offset QDMs with a
GaBi0.07As0.93 barrier, scaled relative to the strength of the magnetic field. The TB wave-
function energies and splittings are calculated independently at each magnetic field strength,
and then multiplied by a factor relative to 18 T
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Additionally, if a cylindrical symmetry breaking offset is present, the same mecha-

nism that introduces spin-mixing between the two dots now generates a mixing of the

two spin states within the bottom dot. This intra-dot spin-mixing can be reproduced

with the same parameter-fitting four-state Hamiltonian for the systems without ex-

plicit intra-dot mixing (Section 6.4). No additional terms of direct coupling between

the two same-dot hole states need to be added, indicating intra-dot spin-mixing to be

an indirect coupling of hole states through inter-dot spin-mixing and tunnel coupling.

6.3 Alloy configuration

6.3.1 Layered GaBiAs barrier

As opposed to a barrier entirely comprised of GaBiAs, an alternative barrier we

propose is comprised of layers of different materials. In this configuration, bismuth

is only present in a smaller 4a slice within the larger 7a barrier, resulting in a layer

of GaBiAs sandwiched between layers of pure GaAs (Figure 2.1d). This does lower

the overall alloy concentration, and the alloy effects are mostly proportionally weaker

(Figure 6.10). Unlike previous effects, such as the energy levels and the tunnel cou-

pling, we do not see direct effects of alloy strain on the spin-mixing properties of

the QDM. The previously discussed effects, such as a shift in where the resonance

occurs, are still present with a magnetic field applied.

6.3.2 Ordered and clustered distribution of alloy

In addition to the partially alloyed setup, we also ran calculations for different

fully alloyed barriers. Running multiple initial seeds for the random alloy generated

little difference to the four-state resonance behavior, indicating that, for the alloy

concentrations we tested, the four lowest energy dot states are energetically isolated

enough from the more noisy alloy barrier states. Ordered alloys where the Bi was
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Figure 6.10: Energy levels of an InAs QDM with a partial GaBixAs1–x barrier under a
18 T magnetic field. Note scale on x-axis.

placed periodically in the barrier lattice had an overall slightly weaker effect than

the randomly placed alloy, but fundamentally behaved the same. Finally, we had

a clustered alloy, where, after an initial random pass of alloy placement, a second

pass where the chance of placing a Bi atoms is increase by 10% for every next near-

est neighbor of Bi. This simulates the atom migration during MBE growth, where

Bi atoms tend to clump together. Running the TB calculation for clustered alloys

resulted in very similar results to a random alloy at low concentrations. At higher

concentrations, the clustered alloy seems to be able to induce more spin-mixing into

the QDM with aligned dots. We do not have enough realizations of the clustered
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alloy to determine if this is a direct consequence of the clustered placement of Bi or

just an extreme case in the variation of the placement.

6.4 Effective model for spin-mixing

Previously, experimental results for QDMs without alloy were fit to the empirical

model given by Doty in Ref. [16]. The same fit can be used on the energies calcu-

lated from a TB model. By defining pseudo-spin up and down for both dots, we

would have four basis states {EB⇓, EB⇑, ET ⇓, EB⇑}. As such, the system with applied

magnetic field B and electric field F , both in the z-direction, would be described

by a 4 × 4 Hamiltonian, H = H0 + Hsm, with

Hsm =



µBgBB 0 −t+ µBg12B −m

0 −µBgBB m −t− µBg12B

−t+ µBg12B m −dF + µBgTB 0

−m −t− µBg12B 0 −dF − µBgTB


, (6.1)

where gB/T is the hole state g-factor of the bottom/top dot state, g12 is the asym-

metric change in g-factor due to spin-dependent resonant tunneling, t is the tunnel

coupling strength, and m is the spin-mixing strength. µB is the Bohr magneton

and d is the effective distance between the two dots. H0 is just the zero-field off

resonance energies of EB and ET ,

H0 =



EB 0 0 0

0 EB 0 0

0 0 ET 0

0 0 0 ET


. (6.2)
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This model only includes the g-factor of the holes states along the z-direction, and is

thus only valid for cases where magnetic field is also along the the z-direction.

While this Hamiltonian was good enough for previous experimental data, initial

fits to alloyed systems gave inconsistent parameters. The two main issues were the

low observable spin-splitting caused by alloy enhancement of the resonance g-factor

change (g12) and various procedural problems in writing a fitting program. The former

resulted in the necessity of adding a diamagnetic term, which we will address in the

next section, while the latter is documented in Appendix B.

6.4.1 Strong diamagnetic effects

One of the strongest effects of the alloyed barrier was a decrease in observed split-

ting. Not only does the alloy modify the intrinsic g-factor of the dots, it also has a

the strong effect on the resonance behavior contributing to the g-factor tunability.

The reduction in observed splitting results in a difficult fit for gT , gB, and g12, as

well as inconsistent values for the zero field energies ET/B.

Table 6.1: At resonance, observed splitting strength versus diamagnetic shift obtained from
a parabolic fit.

E(B) = ET/B ± µBgB/TB − χB2 0% 4% 7%
First order splitting, bottom dot µBgB (µeV T−1) 37 21 4.3
First order splitting, top dot µBgT (µeV T−1) 51 51 49
Second order magnetic splitting χ (µeV T−2) 1.2 1.3 1.4

A simple parabolic fit of hole states energy at resonance to the magnetic field

strength shows the observed splitting parameter decrease drastically with the addition

of an alloyed barrier (Table 6.1 ). At 10 T, even the moderately alloyed case of 4%

shows an effective first order splitting energy only twice that of the second order

shift in energy. As the alloy progressively causes the first order and second order
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contributions to the energy shift to be more similar, we have a more and more difficult

time fitting gT , gB, and g12 to the 4×4 Hamiltonian Eq 6.1. This issue can be resolved

by adding a diamagnetic shift as an overall energy correction:

Hsm =

µBgBB − χBB2 0 −t + µBg12B −m

0 −µBgBB − χBB2 m −t − µBg12B

−t + µBg12B m −dF + µBgT B − χT B2 0

−m −t − µBg12B 0 −dF − µBgT B − χT B2


,

(6.3)

where χB/T are the diamagnetic correction to the bottom/top dot states, respec-

tively.

While the diamagnetic corrections for the two dots can be fit as either the same

parameter or two separate parameters without affecting the outcome of the other

parameters of the fit much, we have chosen to fit the the diamagnetic corrections as

two separate terms to reflect the slightly different symmetry of the bottom and top

dot with regard to their wetting layers. Additionally, note that we are using the term

“diamagnetic” as a catchall for any and all energy shifts second order in magnetic

field, without accounting for whether they are truly diamagnetic or paramagnetic

in nature. We chose to refer to the second order dependence on magnetic field as

diamagnetic, as the valence energy decreases with respect to magnetic field strength.

The inclusion of the diamagnetic correction also resolves the issue with incon-

sistent fitted results for ET/B. All the fitting parameters in Eq. 6.3, ET/B, gT/B,

χT/B, g12, d, t, and m, have no intrinsic dependence on magnetic field strength, al-

lowing us to keep some parameters constant after fitting to a zero-magnetic field
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results (see Appendix B). This allows us to confirm that, despite the overall dia-

magnetic change in energy, the splitting energy (µBgT/BB) and resonance effect of

µBg12B are still linear with respect to magnetic field and fully capturable with a

first order perturbation theory.

6.4.2 Increased coupling and decreased g-factors with alloyed barrier

After correcting for diamagnetic contributions and various fit adjustments (see

Appendix B), we have a reliable method of obtaining dot g-factors, tunneling strength,

spin-mixing strength, and other system parameters for QDMs with alloyed barriers.

Firstly, in Figure 6.11, we observe the same three fold increase in tunneling strength

for 7% random alloy barriers that we did in Chapter 5.
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Figure 6.11: Fitted values for tunnel coupling, t.

We also see a steady increase in spin-mixing with alloy concentration (Figure 6.12).

Curiously, for the aligned dots, we see no spin-mixing for the 3% ordered alloy and

a spin-mixing comparable to the offset dot for 6 % and 7% clustered alloy. The lack

of dot misalignment in the clustered configuration made the system more sensitive

to unbalanced alloy distributions that may occur in clustered alloys. For the 3%
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ordered alloy, no cylindrical symmetric breaking was present and the alloy proper-

ties could not provide much spin-mixing.
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Figure 6.12: Fitted values for spin-mixing, m.

We are also able to quantify the increase in asymmetric tunneling, g12, due to alloy-

ing. Figure 6.13 shows an increase in asymmetric tunneling with alloy concentration.

The increase in g12 has the least variation between the random and clustered alloy dis-

tributions.
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Figure 6.13: Fitted values for asymmetric tunneling, g12.
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As observed in earlier sections of the paper, there is also a steady decrease in the off

resonance g-factors with increased alloy concentration. The fitted results are shown

in Figure 6.14. The bottom dot starts off with a slightly higher g-factor than the

top dot, but both dots show a similar amount of g-factor reduction as a result of

introducing an alloyed barrier. This is in contrast to the overall energy shift, where

a difference in strain experienced by the top and bottom dot when the barrier was

fully alloyed caused a larger energy shift for the bottom dot.
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Figure 6.14: Fitted values for hole state g-factors, gB and gT . Note that the y-axis does
not go to zero for gB

While the 4-state phenomenological Hamiltonian gives us quantifiable parame-

ters, it does not explain the underlying physics governing said parameters. In the
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next section, we seek further analysis of the TB wavefunctions using a perturba-

tive analysis of the magnetic field.

6.5 Perturbative analysis of alloy spin-orbit effects

One of the strongest effects we see when Bi is added to the inter-dot barrier is

the reduction of spin splitting of the hole states. The application of the magnetic

field in the TB model can be broken down into three contributing factors: the spin

of the state (S⃗), the orbital state at each atomic site (L⃗), and the overall orbital

motion of the wavefunction from the Peierls transformation. Under the full TB

model, the magnetic field dependent terms are,

δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n) (6.4)

and

exp
−ie

ℏ

∫ R⃗n′

R⃗n

A⃗(s⃗, t) · ds⃗

 t0αα′(R⃗n − R⃗n′). (6.5)

To avoid performing the full TB diagonalization for each and every separate con-

tribution, we employ a computationally cheaper method using perturbation theory.

With the unperturbed Hamiltonian of

HB=0
αα′,nn′ =δαα′δnn′ϵαn + δnn′∆αα′ + t0αα′(R⃗n − R⃗n′), (6.6)
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we define a perturbation Hamiltonian of

H1
α′α,nn′(B)

≈δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

+
−ie

ℏ

∫ R⃗n′

R⃗n

A⃗(s⃗) · ds⃗

 t0αα′(R⃗n − R⃗n′)

=δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

− ie

2ℏ


B⃗ ×

R⃗n + R⃗n′

2


 ·

(
R⃗n − R⃗n′

) t0αα′(R⃗n − R⃗m)

=δnn′µB

(
2S⃗αα′,n + L⃗αα′,n

)
· B⃗(R⃗n)

+ ie

2ℏ(B⃗ · n⃗nn′) t0αα′(R⃗n − R⃗n′) (6.7)

with n⃗nn′ =
(
R⃗n × R⃗n′

)
.

The implemented perturbation allows us to obtain the linear response to magnetic

field from each of the three terms or any combination thereof. Computational re-

sources are saved by only needing to run diagonalization of the full TB Hamiltonian

once, without magnetic field. Degenerate first order perturbation is then used to split

pairs of degenerate wavefunctions of the zero-magnetic field states. The perturbative

results are useful for studying low magnetic field strengths without having to recal-

culate the full TB Hamiltonian at the new fields strengths or directions. More details

on the computational methods used can be found in Section 2.2

Linear perturbation theory correctly gives the Zeeman splitting and the ordering

of the states. We have found that the perturbative results accurately capture the

splitting energy, compared to full TB calculations up to 18 T for all tested cases, and

up to 24 T for most cases. Each of the thee contributions and the total splitting

scales linearly with magnetic field strength. Thus, the strength of the magnetic field
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is irrelevant for understanding the three contributing components. Additionally, for

magnetic fields in the Faraday configuration (in the z-direction for our case), the

total splitting energy is approximately the contribution from the Peierls term minus

the sum of the spin and orbital terms. However, the first order perturbation only

calculates the splitting of the degenerate spin states, and is inadequate in regards to

overall energy shifts from higher order magnetic effects such as the diamagnetic shifts,

nor is it able to describe the spin-mixing interaction with states of the opposing dot.
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Figure 6.15: Average splitting of top and bottom dot states with total splitting and each
of the three magnetic contributions. The splitting is obtained with a magnetic field of 1 T
in the z-direction (Faraday configuration). Due to the perturbative model, the splitting can
be written as a linear response to the magnetic field strength in terms of µeV T−1.

Figure 6.15 shows the splitting energy at 1 T for a QDM with fully alloyed barrier, at

zero electrical bias. The data point for each alloy concentration is the average splitting

between the top and bottom dot states (ground and first excited states). As seen in

the splitting energy calculated from the TB hole states, e.g. Figure 6.4 and Figure 6.8,

the splitting of the bottom or top dot state decreases or increases by an equal and

opposite amount as the states are brought into resonance. The average splitting of

the top and bottom dot states thus gives us the splitting without concern of how close

the states are to resonance, which changes with alloy concentration. With resonance

effects removed, the splitting at zero electrical bias, shown in Figure 6.15, shows just
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the alloy dependence and the relationship between the three contributions. We will

discuss the resonance behavior of the three contributions in the next subsection.

The average splitting between the top and bottom dot states (ground and first

excited states) are shown to account for the shift in resonance as a result of alloying.

This removes the resonance change in g-factor, and just shows the alloy dependence.

Prior to alloy concentrations of 8%, before the barrier states start mixing with with

dot states energetically, we see each contribution add up linearly, up to a sign, in-

dicating all three contributions are either aligned or anti-aligned with the magnetic

field. After 8% alloy, the delocalization of dot states sees that the three contributions

no longer interact with the magnetic field independently, with the excited state being

deeper in the valence band receiving a larger effect.

In Figure 6.15, we see the decrease in the intrinsic hole state g-factor with increasing

alloy concentration. All three contributions decrease at a proportionally equal rate.

We also see that the total splitting is equal to the Peierls contribution minus the

sum of the spin and atomic orbital contributions. When the magnetic field is in the

z-direction, the Faraday configuration, the spin is either parallel or anti-parallel to

the magnetic field. The atomic orbital angular momentum and the Peierls angular

momentum are always in the z-direction, due to the flat disk shape geometry of the

dot. The strong spin-orbit coupling of the system aligns the spin with the other two

angular momenta. Only when the contributions are aligned do they share a perturbed

basis, resulting in the total splitting to be equal to the Peierls contribution minus the

sum of the spin and orbital contribution. In the case where the magnetic field is not

in the Faraday configuration, the spin is not able to follow the magnetic field due to

being “locked” to the other two orbital angular momenta. The misalignment results in

a total splitting not characterized by the sum of the three contributions (Figure 6.16).
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Figure 6.16: Average splitting of top and bottom dot states with total splitting and each
of the three magnetic contributions. The splitting is obtained with a magnetic field of 1 T
in the x-direction (Voigt configuration). Due to the perturbative model, the splitting can
be written as a linear response to the magnetic field strength in terms of µeV T−1.

6.5.1 Alloy concentration and g-factor tuning

There are two reasons for the reduction in splitting strength for the hole state in

the bottom dot with the inclusion of an alloyed barrier. First, there is the intrinsic

reduction of the off-resonance g-factor of the states (gT/B), where both strain and

electronic scattering induced by the alloy are contributing factors. This g-factor

reduction occurs at all electric field strengths, independent of whether the two dot

are in energetic resonance. Secondly, there is the on resonance behavior, where spin-

dependent tunneling (g12) can either increase or reduce the effective splitting of the

excited or ground state, respectively. As the alloy both widens and increases the

strength of the resonance, the effective g-factor of the lower energy bottom dot state

decreases drastically. The resonance increases the splitting of the higher energy top

dot state, which competes with intrinsic loss of g-factor.
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Figure 6.17: Breakdown of splitting energy for each contribution of the perturbative Hamil-
tonian, for both aligned and offset dots at (a,b) 0%, (c,d) 4%, and (e,f) 7% alloy concentra-
tion. For offset dots, the true stacking axis of the dots is slightly off from the z-axis due to
the offset. Thus, the offset QDMs dot not have azimuthal symmetry and are slightly mis-
aligned with the magnetic field (applied perfectly along the z-direction), causing the slight
asymmetry between the resonant structure of the bottom and top dots. The splitting is
obtained with a magnetic field of 6 T in the z-direction. Due to the perturbative model, the
splitting can be normalized and written as a linear response to the magnetic field strength
in terms of µeV T−1.
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Figure 6.17 shows the three magnetic contributions to the splitting as the dots

go through resonance. We see that the spin and atomic orbital contributions to the

splitting remains unchanged as the electric field is scanned through resonance. The

only term that contributes to the change in g-factor as the dots go through resonance

is the Peierls term. Additionally, as we increase the alloy concentration, we have a

stronger and wider resonance effect with the Peierls contribution, and, in turn, the

total splitting strength. If we move away from resonance, we also see a clear drop in

the intrinsic g-factor of the hole states. The combination of lower intrinsic g-factor

and an enhanced resonance effect results in the Peierls contribution for 7% alloy to

be less than the spin and atomic orbital contribution combined. As the sign of the

sum of these three terms flip going into or out of resonance, the splitting energy

crosses zero, unless, as is the case for offset dots, there is a anti-crossing. The same

spin-mixing between inter-dot states of opposite spin, also contributes to a intra-dot

spin-mixing between the two spin states of the same dot.

6.5.2 Peierls term, effective angular momentum, and spin

Given a constant magnetic field independent of R⃗n, we can write an effective total

spin, total atomic orbital angular momentum, and total angular momentum of the

wavefunction from the Peierls term. The Hamiltonian of Eq. 6.7 summed over sites

gives us

H1(B) = µB

(
2S⃗tot + L⃗tot − l⃗eff

)
· B⃗, (6.8)

where l⃗eff is the effective spatial angular momentum of the hole states as calculated

by the Peierls term. The choice of sign in front of l⃗eff is arbitrary. We have chosen a

negative sign to represent l⃗eff being anti-aligned with S⃗ when the magnetic field is in

the z direction. For unstrained dots, such as GaAs/AlAs or TB Hamiltonian with the
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strain artificially removed, the confined states of a dot have an
∣∣∣⃗leff

∣∣∣ of 1, reflecting the

characteristics of a heavy-hole. For single InAs dots in GaAs with identical geometry

to the dots in this paper, the strain creates pocket potentials at the four corners of

the dots, adding a nodal structure to the angular momentum and increasing
∣∣∣⃗leff

∣∣∣ to 3.

Figure 6.18 shows the calculated leff
z for our QDMs far off-resonance, where both the

ground and excited state are confined to their respective dots, resulting in a similar

l⃗eff for both. A key feature of flat disk shape dots is their strong confinement in

the z-direction. This results in a strong preference for l⃗eff to be maximally aligned

in the z-direction. Seen in Figure 6.18, if we rotate the magnetic field away from

the z-direction, in this case towards the x-direction, l⃗eff does not follow the magnetic

field. Furthermore, due to the spin-orbit interaction, the spin polarization is locked

to the orbital motion of the wavefunction. Thus, the spin of the hole states also have

a preference of being aligned in the z-direction and do not follow the magnetic field.
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Figure 6.18: Off-resonance leff
z calculated with respect to the direction of the magnetic field.

The natural, off-resonance, angular momentum from the Peierls contribution is similar for
the ground and excited states. Off-resonance is defined as −3 kV cm−1, −4.5 kV cm−1, and
−16 kV cm−1 for the 0%, 4%, and 7% alloy respectively.
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In Figure 6.18, as alloy concentration is increased, leff decreases slightly, which con-

tributes to the reduced intrinsic g-factor of the top and bottom dots found previously

in Section 6.4. We also see that for higher alloy concentrations, the weaker confine-

ment allow for l⃗eff to more freely follow the direction of the magnetic field. The same

again is true for the spin, due to the spin-orbit interaction.

As the dots are brought to tunnel resonance, the ground state (lower energy hole

state) forms a spatially symmetric wavefunction across the two dots, whereas the

excited state (higher energy hole state) forms an anti-symmetric wavefunction. The

ground state thus has a weaker confinement in the z direction, which “unlocks” the

angular momentum from its z-alignment. The result is a weaker leff
z for all directions

of magnetic field (Figure 6.19a). The anti-symmetric ground state, on the other hand,

is now more confined and the leff
z increases as a result (Figure 6.19b).
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(a) Ground (symmetric) state
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Figure 6.19: On-resonance leff
z calculated with respect to the direction of the magnetic field,

for the a) ground and b) first excited hole states. On-resonance is defined as 3.4 kV cm−1,
5.0 kV cm−1, and 5.9 kV cm−1 for the 0%, 4%, and 7% alloy case respectively.

Figure 6.19 also shows that, as the alloy concentration is increased, the resonance

effect of “locking” and “unlocking” l⃗eff is also increased. The effect is drastic enough

that, when the ground state of the 7% alloy case approaches resonance, leff
z is reduced

to the point where alignment against the magnetic field becomes spin-dominant. With
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the spin aligned with the magnetic field, l⃗eff is anti-aligned against the magnetic field,

and thus picks up a negative sign, as seen in Figure 6.19a.

With a spin-orbit interaction, the resonance effects we see here for the leff is again

observed for the spin. However, the overall change in spin polarization when in

magnetic field is in the z-direction is minuscule compared to the change in l⃗eff, thus

there is not a noticeable change in splitting energy on the scale of Figure 6.17.

6.5.3 Spin-orbit effects and g-factor tuning

The spatial angular momentum and the spin are indirectly coupled by the spin-

orbit interaction, and are thus respectively aligned or anti-aligned with the magnetic

field. Without a spin-orbit interaction, the spin is no longer coupled to the angular

momentum of the wavefunction nor the geometry of the dot. In which case, the spin is

allowed to fully follow the direction of the magnetic field. The Peierls term also loses

its resonance behavior. We can show such an effect by removing the spin-orbit inter-

action from the tight-binding Hamiltonian (scaling the physical SO parameter from 1

down to 0). The modified wavefunctions obtained from the TB Hamiltonian are then

used as the basis states for calculating magnetic splitting with perturbation theory.

Figure 6.20 shows the total effective splitting as the SO interaction is turned off. As

the SO interaction is turned off, the effective angular momentum of the wavefunction,

leff, loses its alignment with the magnetic field, and thus the Peierls contribution

to the splitting decreases. The spin, on the other hand, becomes less locked to

the orbital geometry of the wavefunction and dots. The increased spin polarization

increases the spin contribution to the splitting. At a given spin-orbit strength (around

30% of original strength), the combined spin and atomic orbital contributions equals

that of the Peierls contribution. Below this transition point, the magnetic splitting
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Figure 6.20: Effective total splitting as spin-orbit interaction is turned off. The splitting is
obtained with a magnetic field of 6 T in the z-directions. Due to the perturbative model, the
splitting can be normalized and written as a linear response to the magnetic field strength
in terms of µeV T−1.

becomes spin dominant, and the ground state spin is parallel to the magnetic field

(previously being anti-aligned). This switch in preferred spin alignment is represented

by a negative value for the splitting energy.
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(b) Peierls contribution, offset dots
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(c) Atomic orbital contribution, aligned dots
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(d) Atomic orbital contribution, offset dots

	100

	105

	110

	115

	120

	0 	1 	2 	3 	4 	5

S
pl
itt
in
g	
(µ
eV
/T
)

Electric	Field	(kV/cm)

1.0
0.5
0.2
0.1
0

(e) Spin contribution, aligned dots

	100

	105

	110

	115

	120

	0 	1 	2 	3 	4 	5

S
pl
itt
in
g	
(µ
eV
/T
)

Electric	Field	(kV/cm)

1.0
0.5
0.2
0.1
0

(f) Spin contribution, offset dots

Figure 6.21: Magnetic contributions to effective splitting as spin-orbit interaction is turned
off. Note the different y-scale for the different contributions. The atomic orbital contribution
is zero with zero spin-orbit coupling. The atomic orbital and spin contributions would have
a relative sign to the Peierls contribution if preferred spin alignment was considered. The
splitting is obtained with a magnetic field of 6 T in the z-directions. Due to the perturbative
model, the splitting can be normalized and written as a linear response to the magnetic
field strength in terms of µeV T−1.
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Figure 6.21a and Figure 6.21b show that the splitting from the Peierls term de-

creases as the spin-orbit interaction is turned off. The resonant effect of decreas-

ing/increasing the splitting of the symmetric/anti-symmetric molecular state is also

reduced as spin-orbit effects are turned off. The offset dots have an asymmetry

in resonance behavior due to spin-mixing, which is also reduced as the spin is al-

lowed to freely rotate as the SO interaction decrease. The splitting from the atomic

orbitals show the same behavior as the Peierls splitting (Figure 6.21c and Fig-

ure 6.21d), but at a much smaller scale.
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Figure 6.22: Spin polarization of Sz as spin-orbit interaction is turned off.

As the SO interaction is turned off, the spin is able to freely rotate and is not

constrained by the spatial geometry of the system. We see this both as the spin gains

higher polarization (closer to 1) in the direction of the magnetic field (Figure 6.22),

and as spin becomes the only contribution to magnetic splitting (Figure 6.21e and

Figure 6.21f). If SO interaction is turned off completely, we see that the spin becomes

fully polarized, even for the offset dots. Thus, without a spin-orbit interaction, we

would not achieve spin-mixing in QDMs.
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Chapter 7: Spin-texture and electric control of hole spin in

single quantum dots

7.1 Textured spin and spin-locking

7.1.1 Spin-locking in strongly spin-orbit coupled materials

For a free particle, we expect the spin of the particle to follow the magnetic field.

However, due to the strong spin-orbit interaction in III-V materials such as InAs,

particularly for hole states, there is competition between alignment with the magnetic

field, B⃗, and alignment with the spatial orbital motion of the wavefunction, l⃗eff. For

flat disk-shaped QDs that are much wider in the x and y-directions than in the

z-direction, as are typically grown, hole states have much greater spatial angular

momentum in the z-direction. Additionally, as we saw in the previous chapter, strain

also greatly increases the spatial angular momentum of the wavefunction.

If the magnetic field is applied along the growth axis of the dot (the z-axis), as

in the Faraday configuration, the magnetic field and l⃗eff are aligned. Locally, at the

boundary of the dot, l⃗eff points perpendicular to the surface of the dot. This gives

small amounts of spin at the sides of the dot where spin points away from the magnetic

field. However, the overall characteristic of the hole spin is to be aligned with l⃗eff in

the z-direction, and, in turn, anti-aligned with the magnetic field. Figure 7.1a shows

this effect for “hemi-spherical” dots twice as wide as they are tall. For disk-shaped

dots of height 4a and diameter 33.2a, the effects of l⃗eff are even stronger.
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Figure 7.1: Spin-texture, when the magnetic field is in the (a) Faraday or (b) Voigt con-
figuration. Note the scale on the axes indicate the dots are more than twice as wide then
they are tall.

As we rotate the magnetic field away from the z-direction, the spin stays mostly

aligned with l⃗eff. Figure 7.2 shows the z component of l⃗eff and S⃗ as the magnetic

field is rotated along θ in the x-direction, for a disk-shaped dots of radii 12a and

varying heights. We see that, for the flatter dots, l⃗eff and Sz have a reluctance to

follow the magnetic field, with a sharp transition to entirely in x and y when the

magnetic field reaches the xy-plane.
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Figure 7.2: z-component of (a) l⃗eff and (b) S⃗. Maximum spin is scaled to 1 for convenience.
The magnetic field is rotated along θ in the x-direction, for a disk-shaped dot of radius 12a
and varying height.
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In the Voigt configuration (Figure 7.1b), where the magnetic field points in-plane of

the width of the QD, the overall spin and spatial angular momentum of the hole state

also points in-plane. However, locally, both are still influenced by the geometry of the

dot. The flat shape of the dot causes the local spatial angular momentum to retain

much of its polarization in the z-direction. The spin, due to the spin-orbit interaction,

is also locally polarized in the z-direction. The result is a equal and opposite spatial

distribution of the z-component of the spin between the two sides of the dot, where

the overall spin in the z-direction cancels out to zero. The creation of the spin-texture

thus satisfies the spin having to both align with the local spatial angular momentum

and the overall symmetry requirement of a in-plane magnetic field.

7.1.2 Spatial distribution of hole spin

Figure 7.3 shows the direction of the spin at each atomic site, the spin-texture,

for a magnetic field in the [110] direction. Here we see, that in addition to the equal

and opposite spin in the z-direction created by the spin-texture, there is also a spatial

distribution of spin in the x and y directions. Furthermore, the cylindrical dots, we

find that two sides of the dot off-center from the axis of applied magnetic field (the

[1̄10] and the [11̄0] corners in the case of Figure 7.3), also have mirror symmetry and

cancellation along the z-axis of the dot. The bottom half of the dot will have the

spin distribution as shown in Figure 7.3, where as the the top half of the dot will

have the spin at these two corners reversed (not shown).

Our goal for studying spin texture is to allow for electrical control of hole spin.

By applying an in-plane electric field, we are able to bias the charge distribution

towards one side or corner of the dot. The spin-texture created by the magnetic

field is locked to the spatial geometry of the dots, and is not affected by the electric

field. In biasing the charge density, we are able to move the hole state to acquire the
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Figure 7.3: The z = 0 slice of the spin-texture in the xy-plane for the Voigt configuration.

spin polarization associated with different regions of the spin-texture. For example,

applying an electric and magnetic field both in the [110] direction allows us to have

spin polarized in the z-direction, despite both fields being in the xy-plane.

7.2 Electrical manipulation of spin under an in-plane mag-

netic field

We would like to use the properties of spin-texture, in conjunction with electric

fields, as a novel protocol for manipulating hole spins. To do so properly, we should

characterize the time evolution between spin states. However, direct exponentiation

of large atomistic TB Hamiltonians is too computationally expensive. Such problems

are often reduced to a g-tensor formalism,

H(B⃗) = H0 + µBS⃗·
↔
g ·B⃗, (7.1)
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where the g-tensor describes the response to a magnetic field, and semi-classical equa-

tions can be derived that describe the evolution of the state spin. S⃗, in a magnetic

field. However, as we will see in the case of perpendicular electric and magnetic

fields, the g-tensor model breaks down. For now, we analyze the static results of

TB wavefunctions with different applied electric and magnetic fields to gain a better

understanding of the underlying physics of spin-texture.

7.2.1 Parallel fields

Figure 7.4 shows the overall spin of the TB hole state, when the electric and mag-

netic field are both applied in the same direction, [110] in the case of Figure 7.4a and

1̄10 in the case of Figure 7.4b. The dot has a height of 4a including the wetting layer

and a diameter of 33.2a. The full TB calculation, with magnetic field included in the

TB Hamiltonian, was performed to obtain the state from which the spin components

are calculated. The Sz component at zero applied electric field is zero. The Sx and

Sy components are small, but not zero, at zero electric field.
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Figure 7.4: Spin, under an electric field up to 100 kV cm−1 in (a) x + y ([110]) (b) −x + y
(1̄10). A magnetic field of 2 T is applied in the same direction of the electric field. Maximum
spin is scaled to 1 for convenience.
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The initial flat response in Sz is due to strain, causing the wavefunction to be

more localized towards the edges of the dot. This effect is not present in unstrained

dots such as AlAs in GaAs, or by artificially removing the strain during the con-

struction of the TB Hamiltonian. The differing response for Sz when the fields are

applied in [110] versus [1̄10] is a result of the wetting layer breaking inversion sym-

metry. The Sx and Sy components are similar between the two cases, accounting

for the direction of the magnetic field.
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Figure 7.5: Spin, under an electric field up to 200 kV cm−1. Both the electric field and
the magnetic field of 2 T fields are in the [110] direction. Maximum spin is sclaed to 1 for
convenience.

We were able to apply an electric field up to 161.8 kV cm−1 without the hole state

leaking out of the dot. For the strained dots (Figure 7.5), the maximum spin-

polarization in the z-direction was achieved with the hole density pushed up against

the wall of the dot. For unstrained dots (not shown) the maximum polarization

occurs before the state reaches the edge of the dot, at about 80 to 100 kV cm−1, de-

pending on the geometry of the dot. Curiously, Figure 7.5 seems to show spin in the
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z-direction even after the wavefunction leaves the dot. We are not sure if this an

interaction of the hole state with the edge of the dot from the outside or with the

edge of the computational box. We have yet to study spin-texture outside the dots,

in bulk material, or in 2D materials such as quantum wells.

7.2.2 Rotating electric field

A consequence of spin-texture is that we can flip the spin by applying an electric

field in different directions. In the case where the electric and magnetic field are in the

same direction, as shown previously, spin-flip in z can be achieved by reversing the di-

rection of the electric field. The same spin-flip can be achieved by rotating the electric

field. Figure 7.6 shows the spin polarization of the hole state, with different directions

of electric field, while the magnetic field is held constant in the [110] direction.
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Figure 7.6: Spin, with a rotating electric field at 100 kV cm−1; 2 T magnetic field is static,
pointing in the [110] direction. Maximum spin is scaled to 1 for convenience.

When the electric and magnetic fields are perfectly perpendicular, Sz is zero, as

dictated by symmetry. There is always a positive amount of Sx and Sy, regardless
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of the direction of the electric field. The direction for Sx and Sy, at the applied

electric field of 100 kV cm−1, is anti-parallel to the magnetic field due to spin being

the dominate response to magnetic field at this electrical bias. However, the spin

may be parallel at smaller electric field strengths if other angular momenta, such

as leff, is the dominate magnetic contribution.

7.2.3 Perpendicular fields

As alluded to earlier, applying in-plane electric fields perpendicular to the magnetic

field is of special interest, as it can not be adequately described by the g-tensor model.

Figure 7.7 shows the spin-components and the Zeeman splitting of a hole state with

a magnetic field in the [1̄10] direction, and an electric field in the [110] direction.

First, we see a level crossing between an electric field strength of 58.8 kV cm−1 and

64.9 kV cm−1. There is a jump in the spin-components at this location. The Zee-

man splitting energy is calculated as the energy difference between the two lowest

energy hole states,and is thus always positive. Otherwise,we would see the Zee-

man energy cross zero between 58.8 kV cm−1 and 64.9 kV cm−1. Above 65 kV cm−1,

the spin of the lower energy hole state is anti-parallel to the direction of the mag-

netic field. Hole spins prefer to be anti-parallel to the magnetic field, but l⃗eff causes

the spins to prefer a parallel alignment. Anti-parallel alignment of the spin states

with the magnetic field marks a region where spin effects are stronger than the

spatial orbital angular momentum.

Under the g-tensor model,

∆E = µBS⃗·
↔
g ·B⃗. (7.2)
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Figure 7.7: Spin and splitting, under an electric field up to 100 kV cm−1 in [110]; 2 T
magnetic field static in [1̄10]. Maximum spin is scaled to 1 for convenience.

We should be able to characterize zero splitting energy with a finite spin by set-

ting
↔
g to be zero. However, between an electric field strength of 23.3 kV cm−1 and

30.9 kV cm−1, we have a finite splitting produced by no observable spin, unable to

be produced with a g-tensor model. This is a result of, in addition to spin, having

to consider other angular momenta present in the system.

7.3 Spin-orbit analysis of perpendicular fields

7.3.1 Component breakdown of spin and splitting energy

While unable to characterize the behavior of perpendicular fields with a g-tensor

model, we are able to perform the analysis of magnetic contributions similar to the

resonance effects on QDMs. This helps us understand what effects are attributed to

spin-texture or to l⃗eff, and to show how both are attributed to spin-orbit interaction.

Calculations for Figure 7.8, Figure 7.9, and Figure 7.10 were performed with the

full TB Hamiltonian, and not with a perturbative Hamiltonian. l⃗eff can be interpreted

as the first order approximation of the Peierls term. Due to the strong SO interaction

of hole states (Figure 7.8), all three contributions show similar polarization strength

114



for each of the spin-components. Unlike the case for the QDMs, the magnetic field

is now in the in-plane Voigt configuration, whereas it was previously in the Faraday

configuration. The splitting strengths obtained are multiple orders of magnitude

smaller. Since our program outputs energy to a resolution of 0.1 µeV, we start seeing

stair-stepping and rounding errors for smaller values of splitting, such as for the

splitting in Figure 7.8 when only atomic orbital contributions are considered.

For hole states, when only the spin contribution of the magnetic field is applied,

we see the splitting energy crossover zero between 23.3 kV cm−1 and 30.9 kV cm−1,

showing that the finite splitting when all three contributions are present is a re-

sult of angular momenta other than spin.

The level reordering present in the case where only the atomic orbitals are con-

sidered is unrelated to the one with all three contributions. The zero splitting at

58.8 kV cm−1 and 64.9 kV cm−1 is caused by the Peierls contribution counteracting

the spin and atomic orbital contributions. As mentioned previously, l⃗eff has the op-

posite preferred alignment with the magnetic field than that of the spin and atomic

orbital terms. The splitting of the Peierls term thus carries a relative sign in com-

parison to the other two. The sum of the splitting of the three contributions is zero

between 58.8 kV cm−1 and 64.9 kV cm−1. Above 65 kV cm−1, we see that the split-

ting from the spin contribution is the largest of the three, confirming the previous

argument of spin being the most strongly coupled to the magnetic field based of

the anti-alignment spin and magnetic field.
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Figure 7.8: Breakdown of spin and Zeeman splitting energy for each contribution to the
interaction with the magnetic field, for holes. The electric field is in the x + y direction
and the 2 T magnetic field is in the −x + y direction. Maximum spin is scaled to 1 for
convenience.
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7.3.2 Weak spin-orbit coupling of electrons

Electrons (Figure 7.9) have weak SO coupling, not enough for spin texture, but

enough for the Peierls contribution to align spins anti-parallel with the magnetic

field, and the atomic orbital contribution to align spins parallel with magnetic field.

Electron spin alone wants to be parallel with the magnetic field, and is always the

strongest contribution to splitting energy between the three terms at 230.8 µeV. For

all three cases, the spin is nearly at full polarization.

If preferred spin alignment with the magnetic field is taken into consideration,

the splitting from the Peierls term has a relative sign with respect to the spin and

atomic orbital contributions. This similar to the hole states, but with the preferred

directions reversed. For both electrons and holes, the absolute value of the split-

ting energy from the Peierls contribution deceases slightly are the electrical bias is

applied. Unlike holes, electrons do not have sufficient spin-orbit coupling to form

spin-texture, and thus the the spin and atomic orbital contributions to the mag-

netic splitting remain constant.
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Figure 7.9: Breakdown of spin and Zeeman splitting energy for each contribution to the
interaction with the magnetic field, for electrons. The electric field is in the x + y direction
and the 2 T magnetic field is in the −x+y direction. Note the direction of alignment for the
spin. Maximum spin is scaled to 1 for convenience. Numerical rounding effects are present
in (d); the atomic orbital splitting and the spin splitting energies are otherwise constant.
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7.3.3 Uncoupled spin and orbital

By removing the spin-orbit terms from the TB Hamiltonian entirely, both electrons

and holes behave as free particles. Spin-texture is entirely removed. The Peierls term

and the atomic orbitals no longer contribute to the splitting energy. Without a

splitting to lift the degeneracy, the wavefunction is any linear combination of the two

states of the spin-pair. Sx, Sy, and Sz are no longer valid quantum numbers, resulting

in an uninformative plot for the spin (Figure 7.10a and Figure 7.10c.)

Figure 7.10 shows the results obtained for a hole state without spin-orbit interac-

tion, but the results for electrons without spin-orbit interaction are identical, with

the exception that the spin is parallel with magnetic field for the spin-only case.

Both show a Zeeman splitting of 231.6 µeV.

We present such results as an incentive to study QDs in materials with strong

spin-orbit coupling. Showing that spin-orbit coupling is necessary in generating the

required spin-texture for electrical manipulation of the spin polarization.
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Figure 7.10: Breakdown of spin and Zeeman splitting energy for each contribution to the
interaction with the magnetic field, for holes without spin-orbit interaction. The electric
field is in the x + y direction and the 2 T magnetic field is in the −x + y direction. The
results for spin are arbitrary when the state is degenerate. Maximum spin is scaled to 1 for
convenience.
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Chapter 8: Conclusion

Hole spins in self-assembled semiconductor quantum dots offer intriguing possi-

bilities as potential qubit architectures. Hole spins in quantum dot molecules can

be manipulated by indirect optical transitions to provide all-optical control of spin

initialization, manipulation and readout. Initialization and manipulation requires

hole states spin-mixed across the two dots of the QDM. In this thesis, we study

how spin-mixing can be enhanced by engineering the GaAs inter-dot barrier to in-

clude dilute amounts of Bi. The alloyed GaBiAs barrier lowers the tunnel barrier for

hole states, promoting dot-to-dot tunneling, and increases spin-orbit effects, con-

tributing to spin-mixing in the system.

First, we investigated how to treat GaBixAs1–x alloys with an atomistic tight-

binding model. Such an atomistic treatment was necessary to capture the band anti-

crossing behavior of the GaBiAs valence band edge, and allowed for the modeling

of alloy fluctuations and clustering effects. We also showed that a virtual crystal

approximation for the alloy fails to describe the alloy adequately.

In an InAs QDM with a GaBiAs inter-dot barrier, we showed that the energies of

electrons in the dots are not strongly dependent on the presence of Bi in the barrier

nor to fluctuations in the alloy configuration. Hole state energies are not sensitive to

the alloyed barrier at low alloy concentrations, aside from an increase in energy from

the additional lattice strain imposed by the alloy. However, at higher concentrations,

significant reductions in the hole state energies occur as the Bi concentration increases
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in the barrier. This is due to both the loss of confinement as barrier height is reduced

and the band repulsion as the barrier VBE approaches the dot hole states energies.

A three-fold increase in tunnel coupling strength is achieved when alloying the inter-

dot region of a QDM with a GaBi0.07As0.93 alloy. At 7% alloy, the barrier energy is

close to the dot energies while still allowing individual dot confinement of the hole

states. The confinement of the hole states to the dot also protects the states from the

configuration variances of a random alloy. The combined strain and orbital effects

of the alloy increase the valence band edge of the GaBiAs barrier more than each

individual effect in isolation. This carries over to the tunnel coupling strength between

the two dots, as the dot hole states see a much lower tunnel barrier with the combined

effects when compared to each individual effect. The result is a combined effect that

is greater than the sum of the two individual effects. Additionally, we showed that

the strain asymmetry in a fully alloyed barrier, caused by the Bi wrapping around

the bottom dot, results in a larger zero-field energy difference between the top and

bottom dots states. This increases the electric bias needed to bring the dots into

resonance, but does not affect the tunneling behavior of the QDM. We also showed

the alloy enhancement of tunnel coupling for various dot separations, as to find the

optimal geometry for such devices. The 10a wetting layer to wetting layer distance

presented in this paper provided a significant tunnel enhancement without entering

the transition region where a bonding ground state switches with an anti-bonding

ground state. The introduction of alloy significantly affects the heavy and light hole

mixing governed by the spin-orbit effect, which is a key component of the bonding

and anti-bonding reversal, and warrants further investigation.

An additional characteristic of spin-preserving tunnel coupling in QDMs is the

asymmetric tunnel coupling strength dependent on the spin of the hole state, which

governs the change in g-factor brought about when the dots are close to resonance.
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However, the underlying physics of both the asymmetric tunnel coupling and the

spin-mixing is driven by the spin-orbit effect, and both are greatly enhanced by the

introduction of the alloyed barrier. Historically, diamagnetic effects were not consid-

ered of interest due to their relative weakness in comparison to Zeeman splitting. We

have elected to include diamagnetic terms in our phenomenological Hamiltonian in

order to better model the alloyed system. By adding diamagnetic corrections to the

phenomenological 4×4 Hamiltonian, we were able to fit the energies of the TB wave-

function to obtain parameters for spin-mixing, tunnel coupling, g-factors, asymmetric

tunneling, and the diamagnetic corrections. The 7% Bi barrier achieved a three-fold

increase in the tunnel coupling and the spin-mixing strength. Additionally, the com-

bined increase in resonance shift of the g-factor and the increased spin-mixing results

in an observable intra-dot spin-mixing of hole states within the same dot. This opens

the discussion for alternative methods of qubit manipulation, especially if the same

parameter regime can be reached without introducing large amount of alloying.

Using a perturbative application of the magnetic field, we showed that all of the

spin-dependent resonance behaviors in QDMs are dominated by the orbital angular

momentum of the Peierls term. We further emphasis the relation between the spin-

orbit coupling strength and the resonance behavior of QDMs, an aspect of QDMs that

is hard to characterize experimentally. By scaling down or removing the spin-orbit

interaction, we were able to decouple the Peierls term from the spin, removing the or-

bital contributions to the magnetic field splitting. With spin as the only contribution

to the magnetic field splitting, all of the resonance effects of the QDM are removed.

The same demonstration of the relationship between the spin-orbit effect and the

resonance effects of the QDM can be performed for the spin-texture and spin-locking

of in-plane magnetic fields. This thesis concluded with the use spin-texture created

123



by in-plane magnetic fields in conjunction with biasing the charge density with a in-

plane electric field, to achieve an out-of-plane spin polarization in the z direction. In

systems with sufficient spin-orbit strength, we propose the utilization of spin texture

and electric fields as a novel method for rotating the spin in QDs.

In conclusion, we have successfully modeled InAs QDMs with GaBixAs1–x inter-

dot barriers. We explored much of the underlying physics of the hole state reso-

nance behaviors in QDMs. We have shown an sizable alloy enhancement to hole

state spin-mixing, furthering the utility of QDMs as a viable qubit architecture. We

have also shown a direct impact of spin-orbit coupling on the relationship between

the spatial angular momentum of the wavefunction and hole spin, allowing for novel

control of hole spins in strain grown QDs. In conclusion, we have laid the ground-

work for further studies of alloyed materials in QDMs and for electrical control of

hole spins in strong SO materials.
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Appendix A: Alloy clustering and band anti-crossing in bulk

GaBiAs

From February 2018 to April 2019, I mentored an undergraduate student, Jack

Carlton, through the Department of Physics at the University of Maryland, College

Park. We investigated the effects of Bi distribution in GaBiAs alloys. The work he

performed under my supervision is compiled here.

Introduction for Appendix A

GaBixAs1–x is a semiconductor alloy that has yet to be fully explored. Bi-dilute

GaBixAs1–x alloys are of particular interest for their potential applications in spin-

tronics (quantum computing) and optoelectronics (photovoltaics). In spintronics,

GaBixAs1–x is a proposed barrier for InAs QDs in a QDM system. In optoelec-

tronics, GaBixAs1–x is useful in tunable semiconductor lasers and LEDs, as well as

potentially for wavelength tailored photosensors. The key distinction for GaBixAs1–x

semiconductor alloys is the ability to operate as semiconductor lasers in the infrared,

as the energy band gap can be tuned to ≈1 eV.

Bi-dilute GaBiAs systems have been recently grown experimentally. Additionally,

GaBixAs1–x semiconductors have shown natural clustering of Bi atoms in the grown

lattice structures. This clustering has an effect on the semiconductor properties of

GaBixAs1–x such as VBE and electron/hole wavefunctions. However, the behavior of

GaBixAs1–x as a semiconductor of variable atom configuration with Bi clustering is
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not well understood. As a result, we set out to explore these effects (configuration

and concentration) on Bi-dilute GaBixAs1–x alloys.

Previous work has built a foundation for us to start. Kent and Zunger [29] ex-

plored the effects of atom configuration by studying small 64 atom lattices of N-dilute

GaNxP1–x alloys, showing the effects of configuration on the conduction band edge

(CBE) energy and the electron orbital wavefunction. Usman et al. [53] also explored

the effects of atom configuration by editing lattices of 1000 to 8000 atoms of Bi-dilute

GaBixAs1–x . Both of these papers show clustering has a significant effect on the

properties of the alloys. Thus, there is a need for a model that incorporates atomic

configuration in determining the alloy properties of GaBixAs1–x .

The goal of our research is to explore a statistical, spatial, atomistic model of

GaBixAs1–x to view the effects of Bi clustering in lattices of 1000 to 8000 atom

supercells. Our choice for this type of exploration is the atomistic sp3s∗ tight-binding

model. The atomistic TB model allows us to construct a Hamiltonian (and solve for

specific eigenstates) for any spatial atomistic configuration of a GaBixAs1–x lattice.

In this project, we define a cluster score to quantify the amount of clustering in a

given alloyed lattice. We find a direct correlation between the amount of clustering

and increase in VBE. Looking at the probability of the TB wavefunction to be at

Bi sites, we also find a correlation between the total probability of the wavefunc-

tion on Bi sites and the total cluster score of the lattice. However, the individual

site probabilities and the cluster scores of each atomic site show a weaker relation-

ship. A statistical model of how the Bi is spatially distributed in the lattice, and

relating it the spatial properties of the TB wavefunctions, would be a useful tool,

that has yet to be developed.
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A.1 Methods

To understand the effects of semiconductor lattice geometry on properties of the

system as a whole, first, we develop a geometric, atomistic, representation of the

lattice. We begin by creating a lattice file that contains the spatial information and

atom type of a 1000 atom (unpadded) or 8000 atom (padded) lattice shaped in a

cube. The lattice files are then edited in order to create a statistical distribution

of Bi atoms. In the unpadded case, the affected region is the whole lattice; in the

padded case, the affected region is a 1000 atom cube centered inside an 8000 atom

GaAs cube. Then, given the bond length of GaAs and GaBi, the valence force field

method is used to relax the atom positions of the atoms.

Using the TB parameters for GaBi and GaAs, in conjunction with the relaxed lat-

tice file, we then construct a Hamiltonian that considers nearest neighbor interactions

of s, p and s∗ orbitals. Using the Arnoldi Method Package (included in ARPACK),

the Hamiltonian is then partially diagonalized to obtain the states nearest to an

user-inputted energy. This allows us to search for energy states of electrons and holes

nearest the energy band gap; in other words, we find the conduction band edge (CBE)

and valence band edge (VBE) of the lattice. Thus we can observe the effects of Bi

concentration and Bi clustering on the VBE and CBE of each lattice. We choose to

focus primarily on the effects on the VBE of each lattice.

As previously described, there are multiple ways to view clustering; we present

both a qualitative and and quantitative approach. For the qualitative view, we create

three distributions types: random (minimal clustering), Gaussian (maximum cluster-

ing), and “clustered” (an ‘in between” clustering). Each type is a distribution of a

given number of Bi atoms replacing As atoms in a GaAs lattice. The random dis-

tribution has no weights, and is generated by a pseudo-random number generator.
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The Gaussian distribution favors replacements closer to the origin using probabili-

ties given by a radial Gaussian function centered around the origin. The “clustered”

distribution favors replacements near pre-existing Bi sites generated by an initial

smaller random “seed” distribution of Bi atoms. Examples of the distributions are

given in Figure A.1. Using these distributions, we construct a qualitative model for

the effects of statistical clustering on the VBE and CBE of each lattice, thereby

determining their effect on the energy band gap.

(a) Random

(b) Clustered (c) Gaussian

Figure A.1: An example distribution of (a) random, (b) clustered, and (c) Gaussian GaBiAs
alloys.

128



After the distributions are generated, they are characterized with a more quanti-

tative description. For each atomic site i, we define a “site cluster score,” δi:

δi ≡
∑
j∈Bi

|ri − rj|−1, (A.1)

characterizing how close the site i is to all Bi sites, j, in a lattice. For an over-

all lattice, we define a “cluster score,” ρ, equal to the sum of all the site cluster

scores of Bi atoms in the lattice,

ρ ≡
∑
i∈Bi

∑
j∈Bi

|ri − rj|−1, (A.2)

or

ρ =
∑
i∈Bi

δi (A.3)

where both i and j are atomic indices for all sites containing Bi. There are some

limitations to this method of scoring, however. For example, there is not a one-

to-one relationship between each lattice and ρ. Additionally, since the score is

dependent on the number of Bi atoms, it does not accurately compare lattices

of different Bi concentrations.

A.2 The effect of clustering on electron and hole state ener-

gies

For a qualitative comparison, we calculate energy states for the 1000 atom lat-

tices with Bi concentrations 0 < x < 0.10. For each distribution type, 10 different

alloy configurations were developed. By comparing the average of these data sets

(Figure A.2), we find as Bi clustering increases, the energy band gap decreases. This

is effect apparent even at low concentrations (4%). The VBE broadens quicker in

respect to x for more clustered distributions.
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(a) Random

(b) Clustered (c) Gaussian

Figure A.2: Average results of the CBE and VBE, up to a 10% alloy, of a (a) random, (b)
clustered, and (c) Gaussian distribution of Bi. Concentration of Bi is labeled in terms of x,
ranging from 0 to 1 for 0% to 100% alloy concentration.

From the energy state data, it is apparent that clustering has a notable effect on the

VBE for nearly all concentrations of Bi. This shows the inaccuracy of other models

used to predict the VBE, such as the virtual crystal approximation (VCA), which fails

to consider the effects of clustering. Furthermore, when the VCA is used to produce

a dataset of energy states for the 1000 atom lattices, the results do not agree with

experiment, as they fail to capture the band anti-crossing (BAC) effects. Therefore,

the VCA does not act as an accurate model for even “non-clustered” lattices.

We apply our quantitative method of comparison to a dataset of 346 lattices of

x = 0.07. We plot highest valence state energy of each lattice configuration against
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the calculated cluster score, ρ. Since each of our distribution types are statistically

generated, it is unlikely any lattices generated will have the exact same distribution.

As a result, lattices of the same “distribution type” can have different values for ρ.

When plotting VBE energy vs ρ, the data shows more constructively the same conclu-

sion as the qualitative comparisons – the VBE increases as the Bi clustering increases.

Figure A.3: Valence band energy versus alloy cluster score.

A.3 The effect of clustering on probability at Bi sites

A.3.1 Cluster score versus total probability at Bi sites

To further investigate the effects of Bi clustering, we compare the total spatial

probability of hole states at Bi sites, β,

β ≡
∑
i∈Bi

Pi =
∑
i∈Bi

∑
α

a∗
i,αai,α, (A.4)

where Pi is the wavefunction probability at site i, calculated from the sum of the

probability amplitudes of the TB wavefunction, ai,α, for all TB orbitals, α, at site
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i. Higher values of β imply more Bi influence, as a greater β is correlated with a

greater VBE shift (Figure A.4). β is also systematically greater in our more clus-

tered distributions. Therefore, we conclude that Bi clustering increases the total

wavefunction probability at Bi sites.

Figure A.4: Wavefunction probability at Bi sites versus cluster score. The color scale also
shows the correlation of both β and ρ against VBE energy.

For further evidence, we take the 346 lattices of concentration x = 0.07 and use the

VBE states to construct a plot of β vs. the cluster score ρ. We observe that larger

values of β are correlated with larger values of ρ. In other words, alloy configurations

with more bismuth clustering have a larger Bi influence than other configurations of

the same Bi concentration. This result further supports that Bi clusters increase β.

A.3.2 Band anti-crossing versus total probability at Bi sites

All distribution types begin as pure GaAs (x = 0) lattices, therefore all share

the same “starting point” for β. However, the difference types of alloy distribution
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have a different rate of increase for β. We hypothesize that the “speed” of band

broadening increases as lattices become more Bi-clustered. As the bands broaden,

the Bi states underneath the GaAs VBE start to overlap, removing BAC effects of

the alloy. In other words, the intersection between band anti-crossing and crossing

region, playfully dubbed the “anti-crossing crossing crossing” (ACCC), should occur

at smaller values of x for more clustered distributions.

To verify this theory, we use alloys generated iteratively; each lattice corresponding

to the concentration, x, is built using a lattice of lower concentration, x − 0.004, as

a seed. Iteratively generated alloys show the effect of small additions of Bi atoms

without resorting to averaging over a large number of distributions at each concen-

tration. Additionally, these lattices are padded with pure GaAs to form a 8000 atom

lattice. This was done to reduce the effects of boundary conditions, which we found

had little effect on the trend of our plots.

Figure A.5 shows 5 hole states closest to the gap, including the VBE state. In

a traditional alloy, we expect the band edge state to have the most wavefunction

probability at the Bi sites, with subsequent states having progressively less proba-

bility at the Bi sites. However, Bi-dilute GaBiAs has a BAC valence band, repre-

sented by a state with uncharacteristically high probability at the Bi sites (red in

Figure A.5). As Bi concentration is increased, the alloy transitions into a traditional

alloy. The point of the transition, the ACCC, occurs at lower alloy concentrations

for distribution types that are more clustered.

A.4 The effect of clustering on spatial wavefunction behavior

In an effort to determine what causes the Bi clustering’s global effects, we look on

a local scale. We hypothesize that the wavefunction peaks will occur around more

133



0.00 0.02 0.04 0.06 0.08 0.10 0.12

To
ta

l p
ro

ba
bi

lit
y 

at
 B

i s
ite

s
(a) Random

0.00 0.02 0.04 0.06 0.08 0.10 0.12

To
ta

l p
ro

ba
bi

lit
y 

at
 B

i s
ite

s

(b) Clustered

0.00 0.02 0.04 0.06 0.08 0.10 0.12

To
ta

l p
ro

ba
bi

lit
y 

at
 B

i s
ite

s

(c) Gaussian

Figure A.5: Portion of wavefunction at Bi sites for hole states closest to the gap, including
the VBE state, plotted against alloy concentration, x, for (a) random, (b) clustered, and
(c) Gaussian distributions of Bi. Note the difference on the y-scale

clustered Bi sites within the lattice. We observe the spatial probability for each

atom site, Pi, by plotting the atoms on a 3D lattice with overall spatial wavefunction

probability for a single hole state (not shown). From this, we are able to determine

that wavefunction is highly localized at Bi sites. This is expected from our results

concerning Bi probability (β) versus cluster score (ρ), where the Bi atoms, which

represent only 7% of the anions, make up 24% of the wavefunction probability.

To directly observe the effect between clustering and probability, we use the site

cluster score δi to represent the clustering information as one variable. We plotted

the wavefunction probability per site, Pi, vs. the site cluster score, δi, as a final test.
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We find that while there is certainly a correlation between δi and Pi, there seems to

be a limit to the assumption where larger δi directly implies larger Pi. Sites that are

more Bi-clustered do not necessarily imply larger wavefunction value at these sites.

Site probability

δ i
 

Site cluster score vs. probability

0.000

Figure A.6: Site cluster score versus probability. Red, Blue, and Green represent data
from random, cluster, and Gaussian alloy distributions, respectively.

Conclusion for Appendix A

There is a need for a model to predict the behavior of Bi-dilute GaBixAs1–x

alloys. Our methods show the VCA does not accurately predict hole energy states.

We find that the VBE is largely dependent on alloy configuration, more specifically

Bi clustering. By treating Bi clustering as a parameter we are able to support three

separate hypothesis: (i) Lattices with greater Bi clustering yield higher energy VBE.

(ii) Lattices with greater Bi clustering have higher total wavefunction probability on

Bi sites. (iii) Lattices with greater Bi clustering have faster Bi band broadening,

supporting the band anti-crossing model. While we have provided a lattice cluster

score capable of describing the relation between the GaBiAs VBE the clustering

135



of Bi, more work needs to be done to characterize the spatial distribution of the

wavefunction and the cluster score for each atomic site.

136



Appendix B: Full parameter set of effective Hamiltonian

Parameter fitting the TB energies to the 4 × 4 Hamiltonian is done in a two step

process. The parameters for EB/T d, and t0 are first fitted to a set of TB results

calculated without a magnetic field, using the simple Hamiltonian

EB −t0

−t0 ET + dF

 . (B.1)

If we were to reduce the 4 × 4 Hamiltonian at B = 0 to the 2 × 2 model, we would

find t20 = t2 + m2. Therefore to fit the remaining parameters, t is no longer a free

parameter in the model, but calculated as t = Sgn(t0)
√
t20 −m2. t0 and the other

parameters obtained in the first step are not allowed to change between the fit of the

B = 0 (2 × 2 Hamiltonian) model and the B > 0 (4 × 4 Hamiltonian) model.

By holding the parameters of the first step constant, we are able to fit individual

magnetic field strengths without an overcomplete parameter set after the introduc-

tion of diamagnetic parameters. Since the parameters are set up to be independent

of magnetic field strength, comparing fits for different magnetic field strengths allows

us to confirm the validity of the parameters and assure that there are no hidden

magnetic field dependencies unaccounted for in the model. One notable exception

is the spin-mixing, m, for aligned dots with low alloy concentration. We believe

the true value of m in these cases to be too small in comparison to the other pa-

rameters, resulting in a poor fit.
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